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éa

l,
C

a
n

a
d
a

H
3
C

3
J

7

E
d

it
o
r:

A
rt

h
u
r

G
re

tt
on

A
b
st
ra

ct

T
h
e

p
ro

b
le

m
of

te
st

in
g

m
u
tu

a
l

in
d
ep

en
d
en

ce
b

et
w

ee
n

m
an

y
ra

n
d
om

ve
ct

or
s

is
ad

d
re

ss
ed

.
T

h
e

cl
os

el
y

re
la

te
d

p
ro

b
le

m
o
f

te
st

in
g

se
ri

al
in

d
ep

en
d
en

ce
of

a
m

u
lt

iv
ar

ia
te

st
at

io
n
ar

y
se

-
q
u
en

ce
is

a
ls

o
co

n
si

d
er

ed
.

T
h
e

M
öb
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p
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p
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ā
(j

)
k
.

=
1 n

n ∑ l=
1

a
(j

)
k
l
,
ā
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ce,
for

th
e

sim
p
lest

case
|B
|

=
2,

h
a
s

gon
e

u
n
n
o
ticed

in
th

e
d
iscu

ssion
s

of
d
istan

ce
covarian

ce
(S

zékely
an

d
R

izzo,
200

9;
G

retton
et

al.,
2
0
0
9
).

In
S
ection

8.2
of

S
ejd

in
ov

ic
et

al.
(20

13b
),

for
|B
|

=
2,

th
e
H
S
I
C

test
b
ased

on

H
2
(2

)
n
B

w
ith

G
a
u
ssian
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els

w
ith

scale
p
aram

eters
set

at
th

e
in

verse
of

m
ed

ia
n
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in
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t
d
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n
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m
p
ared
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d
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ce
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ce
tests
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g

in
d
ex

α
.
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w
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fou

n
d
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th

e
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d
ep

en
d
en

t
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m
p
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en

t
an
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b
en

ch
m
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ex
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p
le

th
at
V

2
(1
/
3
)

n
B

is
m

o
re

p
ow

erfu
l

th
an

H
2
(2

)
n
B

.
F

ro
m

(1
3),

th
e
H
S
I
C

test
b
ased

on
H

2
(1
/
3
)

n
B

,
w

ith
tran

slation
in

varian
t

kern
els

of
th

e
sta

b
le

d
istrib

u
tion

of
in

d
ex

α
=

1
/3

an
d

v
ery

sm
all

scale
p
aram

eters,
w

o
u
ld

h
av

e
a

p
ow

er
fu

n
ctio

n
in

d
istin

gu
ish

ab
le

from
th

at
ofV

2
(1
/
3
)

n
B

.
In

a
n
oth

er
ex

am
p
le

w
ith

sin
u
soid

ally

d
ep

en
d
en

t
d
a
ta

,
th

e
H
S
I
C

test
b
ased

o
n
H

2
(2

)
n
B

h
as

a
very

p
o
or

p
ow

er
fu

n
ction

com
p
ared

to

V
2
(1
/
6
)

n
B

.
S
ejd
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ov

ic
et

al.
(2013b

)
ex

p
lain

ed
:

“th
e
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p

on
en

t
in

th
e

d
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ce-in
d
u
ced
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el

p
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s
a

sim
ila

r
role
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th

e
b
an

d
w

id
th

of
th

e
G

au
ssian

k
ern

el,
an

d
sm

aller
ex

p
on

en
ts

are
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le
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d
etect

d
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en
d
en

cies
at
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gth

scales.
P

o
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p
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o
f
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e

G
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n
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w
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n

b
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n
d
w
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p
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a

con
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u
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th
e

m
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atch
b

etw
een

th
e
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B
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o
d
e
a
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a
n
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G
u
e
t
so

p
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n
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u
e
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gth
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th
e

m
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d
istrib

u
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s
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b
y

th
e

m
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oin

t
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d
th

e
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gth
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w
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d
ep

en
d
en

cies
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p
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t”.
In

fact,
th

e
ex

p
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en
t
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e
d
istan

ce-
in

d
u
ced

k
ern
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of
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d
istan

ce
covarian

ce
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p
lay
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th

e
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e
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s
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e
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ex
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th
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tran
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d
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H
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I
C
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d
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b
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H
S
I
C
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p
aram
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ce
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B
u
t
H
S
I
C
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scale
p
aram
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p
rop
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m
ay,
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e
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im
p
rove
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d
istan

ce
covarian

ce.

3
.3

A
sy

m
p

to
tic

D
istrib

u
tio

n

E
m

p
irical

p
ro

cesses
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in
(2)

h
ave

b
een

recen
tly

very
u
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l
at

tack
lin

g
p
rob
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s

related
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m
u
tu

al
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d
ep

en
d
en
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b

ecau
se

of
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e
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p
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of
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e
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m
p
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d
istrib

u
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.
L

et
d
B

=
∑

j∈
B
d
j .

E
ach

p
ro

cess
R
n
B
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d
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n
ed
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e
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C
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d
B
,C

)
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p
lex

-valu
ed
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u
ou

s

fu
n
ction

s
d
efi

n
ed

on
R
d
B

.
L

et
d

=
∑

pj=
1
d
j

an
d
t

=
(t1 ,...,td )∈
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d.

T
h
e

follow
in

g
m

ild
tail

con
d
ition
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sörgő,
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m
ed

∫
1

0

ψ̄
(h

)

h (log
1h )

1
/
2
d
h
<
∞
,

(14)

w
h
ere

ψ̄
(h

)
=

su
p {

y
:

0
≤
y
≤

1
,
λ
d {

t
:
|t|∞

<
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,
ψ

(t)
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y }
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h }

,

w
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λ
d
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d
in

g
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R
d

an
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|t|∞
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m
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(|t1 |,...,|td |),
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th

e
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ecreasin
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R
ef
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W
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con
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R
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ed
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F
or
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con
cern

in
g
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e
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h
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e
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e
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en
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T

h
e

sy
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b
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for
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e
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m
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d
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e
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⇒
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d
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w
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R
B

is
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zero
m

ea
n

co
m

p
lex

G
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p
rocess
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B

(t (B
))

=
R
B
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t (B
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n

d
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m
p
lex
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fu

n
ctio

n

E
[R

B
(t (B

))R̄
B

(s
(B

)) ]
=
∏j∈
B

[f
(j)(t (j)−

s
(j))−

f
(j)(t (j))f

(j)(−
s

(j))].

M
o
reo

ver,
th

e
co

llectio
n

o
f

p
rocesses

(R
n
B

:
B
∈
I
p )
⇒

(R
B

:
B
∈
I
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o
n

th
e

p
rod

u
ct

o
f
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p C
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d
B
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)
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a
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m
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n
G

a
u
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p
rocess
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th
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e
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a

rgin
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l
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rocesses

R
B
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B
∈
I
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a
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T
h
e

con
vergen
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of
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n
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als
(4)

also
h
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s
even
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th
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n
ot

d
efi

n
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e
w

h
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(R

d
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b
u
t

on
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e
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ace
of

sq
u
ared

in
tegrab

le
fu

n
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n
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e
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ex

t
th

eorem
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th
e
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m

p
totic

d
istrib

u
tion

o
f
nH

2n
B

is
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ed
.

In
p
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lar,
it

p
rov

id
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th
e

asy
m

p
totic

d
istrib

u
tion

of
nH

2
(α

)
n
B

,
for

an
y
α
∈

(0,2].

T
h

e
o
re

m
6

L
et
W
n
B

=
H

2n
B

.
If
Z

(1
),...,Z

(p
)

a
re

m
u

tu
a
lly

in
d
epen

d
en

t,
th

en
n
W
n
B
⇒

W
B

fo
r

ea
ch

B
∈
I
p ,

w
h
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W
B

=
∫
|R

B
(t (B

))| 2 ∏
j∈
B
d
G

(j)(t (j)).
M

o
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th

e
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n
d
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p
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p
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=
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p
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.
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h
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d
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d
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m
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p
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b
ab
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F
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et
al

.
(2

01
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)
an
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S
ej

d
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ic

et
al

.
(2

01
3b
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e
ei

ge
n
va
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es
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)

1
,λ
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)

2
,.
..

ar
e

th
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e
of

th
e

in
te

gr
al

op
er

a
to

r

S
k̃
(j

)
g
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(j
) )

=

∫ R
d
j

k̃
(j

) (s
(j

) ,
t(
j)

)g
(t

(j
) )d
P

(j
) (t

(j
) ),

w
h
er

e
k

(j
) (
s(
j)
,t

(j
) )

=
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(j
) (
t(
j)
−
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)
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th
e

tr
an

sl
at

io
n

in
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an

t
ke
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el
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an
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j)
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−
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1
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−
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d
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b
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p
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b
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b
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d
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R
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p
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∏
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⇒
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b
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h
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u
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u
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h
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b
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p
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d
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p
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d
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h
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p
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b
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d
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b
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b
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at
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b
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b
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e
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p
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at
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ed
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öb
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th
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in
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ep
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d
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at
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b
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p
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p
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b
e

co
m

p
u
te

d
b
y

so
lv

in
g

a
co

st
ly

op
ti

m
iz

at
io

n
p
ro

b
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b
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.

T
h
e

h
ea

v
y

co
m

p
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b
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b
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p
ir

ic
a
l

ch
ar

ac
te

ri
st

ic
in

d
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p
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d
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p
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d
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d
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at
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h
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p
t

fo
r
α

=
2
,
se

em
s

to
h
av

e
b
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th

is
ch

oi
ce

ap
p

ea
rs

in
th

e
re

ce
n
t

p
a
p

er
b
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b
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b
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d
ep

en
d
en

ce
w

h
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b
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d
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b
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b
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b
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p
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d
is

ta
n
ce

co
va

ri
a
n
ce

te
st

s

V2
(α

)
n
B

to
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at
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c
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h
e
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p
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re
th

an
th
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2n
in
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h
e
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o
p
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efi

n
in
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f
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∑
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b
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h
e
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T
h
e
p
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W
n
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B
∈
I
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b

e
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(see

S
ection
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m
u
tu

a
l

in
d
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en
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en

ce
w
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red
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in

ed
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b
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W
h
en
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lob
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test
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2
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th
e

m
u
tu

al
in

d
ep

en
d
en

ce
h
y
p

oth
esis,

su
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sets

B
∈
I
p
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ield
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g
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p
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b
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d
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.
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p
p
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im
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p-v
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p
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rox
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e

n
u
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u
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.
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p

e
c
tra

l
A

p
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a
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b
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b
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cien

ts
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eigen
valu

es
of

a
n

in
teg

ra
l

o
p

erator
(F

an
et

al.,
201

7).
U

sin
g
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L
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e
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tive
d
istrib

u
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n
ction

b
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n
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e
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p
roach
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osed
b
y

Z
h
an

g
et

al.
(2017).
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estim
ation

of
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en
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es,

ra
th

er
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an
u
sin
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th

e
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h
of
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n
u
m

b
er
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va
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b
y
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ep

en
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en
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ran
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om

N
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variab

les.
T

h
e
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p
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d
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F

or
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b
er
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w
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b
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p
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R
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u
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er
a
p
p
rox

im
ation

is
th

e
perm

u
ta

tio
n

test
w

h
ich
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p
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u
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u
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con
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p
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en
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n
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p
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n
iq

u
es.

A
s

an
ap

p
rox

im
ation

to
th

e
p

erm
u
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n

test
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u
ll
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b
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p
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u
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b
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1
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u
tion
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2n
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b
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u
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b
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d
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d
e
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G
u
e
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so

p
N
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n
g
u
e

th
e
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ltin
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an
d

p
ow

er
fu

n
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ap
p
rop

riately
close

(R
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elln

er,
1996).

G
en

eral
referen

ces
for

p
erm

u
ta

tion
tests

are
E

fron
an

d
T

ib
sh

iran
i

(1993),
G

o
o
d

(2000),
an

d
P

esarin
an

d
S
alm

a
so

(2
010).

5
.3

M
e
th

o
d

s
o
f

M
o
m

e
n
ts

O
th

er
ap

p
rox

im
ation

s
are

b
ased

on
th

e
m

eth
o
d

of
m

om
en

ts.
T

h
e

d
istrib

u
tion

ob
tain

ed
b
y

recom
p
u
tin

g
a

statistic
for

all
(n

!)
p−

1
p

erm
u
tation

s
is

ca
lled

th
e

p
erm

u
tatio

n
d
istrib

u
tion

of
th

e
statistic.

T
h
e

ex
act

fi
rst

th
ree

m
om

en
ts

o
f

th
e

p
erm

u
tation

d
istrib

u
tion

of
statistics

of
th

e
gen

eral
form

(8)
w

ere
ob

tain
ed

b
y

K
azi-A

ou
al

et
al.

(1995)
w

h
en

p
=

2
an

d
gen

eralized
b
y

G
u
etsop

N
an

gu
e

(2016)
to

th
e

case
p
≥

2.
T

h
e

P
earson

ty
p

e
III

ap
p
rox

im
ation

is
a

sh
ifted

gam
m

a
d
istrib

u
tion

w
ith

th
e

sam
e

fi
rst

th
ree

m
om

en
ts

as
th

e
p

erm
u
tation

d
istri-

b
u
tion

.
T

h
e

P
earson

ty
p

e
III

d
istrib

u
tion

is
p
art

of
th

e
origin

al
sy

stem
of

d
istrib

u
tion

s
d
ev

ised
b
y

P
earson

(1895)
in

an
eff

ort
to

m
o
d
el

v
isib

ly
skew

ed
ob

servation
s.

T
h
e

fi
rst

p
u
b
lish

ed
p
ap

er
in

w
h
ich

a
P

earson
ty

p
e

III
d
istrib

u
tion

is
u
sed

as
an

ap
p
rox

im
ation

to
a

p
erm

u
tation

test
is

M
ielk

e
et

al.
(1981).

F
o
r

an
h
istorical

accou
n
t

o
f

th
e

P
earson

ty
p

e
III

d
istrib

u
tion

in
th

e
con

tex
t

of
p

erm
u
tation

tests,
th

e
read

er
is

referred
to

B
erry

et
al.

(2016,
S
ection

1.2.2).
F

or
p

=
2,

G
retton

et
al.

(2008
)

p
rop

osed
th

e
ap

p
rox

im
ation

b
y

a
gam

m
a

d
istrib

u
tion

w
ith

th
e

sam
e

fi
rst

tw
o

m
om

en
ts

as
th

ose
of

th
e

asy
m

p
totic

d
istrib

u
tion

,
n
ot

th
e

p
erm

u
tation

d
istrib

u
tion

,
in

(15).
T

h
ese

fi
rst

tw
o

m
om

en
ts

d
ep

en
d

on
u
n
k
n
ow

n
eigen

-
valu

es
b
u
t

can
b

e
estim

ated
u
sin

g
traces

of
m

atrices
in

volv
in

g
th

e
d
ou

b
ly

-cen
tered

m
atrices

A
(j)

=
(A

(j)
k
l

)
w

ith
ou

t
h
av

in
g

to
com

p
u
te

eigen
valu

es.
A

n
em

p
irical

failu
re

m
o
d
e

of
th

e
gam

m
a

ap
p
rox

im
ation

w
as

d
em

on
strated

in
G

retton
an

d
G

y
örfi

(2010,
F

igu
re

1).
M

ore
recen

tly,
G

u
etsop

N
an

gu
e

(2016,
T

ab
le

2.9)
sim

u
lated

em
p
irical

sign
ifi

ca
n
ce

levels
of
H
S
I
C

for
m

eta-G
au

ssian
d
istrib

u
tion

s
in

th
e

case
p

=
2.

T
h
e

kern
el

w
as

G
au

ssian
w

ith
scalin

g
set

at
th

e
m

ed
ian

of
d
istan

ces.
F

or
sam

p
le

sizes
n

=
15,

25,
50,

an
d

100,
th

e
P

earson
ty

p
e

III
ap

p
rox

im
ation

gave
rates

close
to

th
e

n
om

in
al

rate
of

0.05
for

d
im

en
sion

s
u
p

to
d

1
=
d

2
=

50,
w

h
ereas

th
e

gam
m

a
ap

p
rox

im
ation

gave
rates

close
or

eq
u
al

to
0

as
th

e
d
i-

m
en

sion
s

w
ere

in
creased

.
A

lth
ou

gh
th

e
ex

a
ct

p
erm

u
tation

test
gu

aran
tees

a
n
on

asy
m

p
totic

con
trol

of
th

e
sign

ifi
can

ce
level,

it
sh

ou
ld

b
e

stressed
th

at
n
eith

er
th

e
P

earson
ty

p
e

III
n
or

th
e

gam
m

a
ap

p
rox

im
ation

s
gu

aran
tee

an
asy

m
p
totic

con
trol

of
th

e
sig

n
ifi

can
ce

level.
A

l-
th

ou
gh

p
-valu

es
of

in
d
iv

id
u
al

statistics
W
n
B

can
b

e
accu

rately
ap

p
rox

im
ated

b
y

th
e

P
earson

ty
p

e
III

ap
p
rox

im
ation

for
sm

all
sam

p
les,

th
e

in
d
ep

en
d
en

ce
of

th
ese

p
-valu

es,
gu

aran
teed

b
y

th
e

asy
m

p
totic

d
istrib

u
tion

,
h
old

s
to

a
satisfy

in
g

d
egree

on
ly

in
large

sam
p
les.

T
h
is

is
p
articu

larly
th

e
case

as
so

on
as

p
>

4
an

d
d
j
>

1.
S
olely

for
th

is
reaso

n
,
p
-valu

es
of

glob
al

tests
w

h
ich

com
b
in

e
in

d
iv

id
u
al
p
-valu

es
of

tests
for

su
b
-h

y
p

oth
eses

w
ill

b
e

assessed
b
y

ran
d
om

ization
tests.

5
.4

R
a
n

d
o
m

iz
a
tio

n
T

e
sts

R
an

d
om

ization
tests

are
n
ow

d
escrib

ed
to

ap
p
rox

im
ate

p
-valu

es
of

in
d
iv

id
u
al

test
statis-

tics.
R

an
d
om

ization
tests

for
glob

al
tests

w
h
ich

com
b
in

e
in

d
iv

id
u
al
p
-valu

es
are

d
eferred

to

S
ection

6.
L

et
Q
n

b
e

an
y

test
statistic

su
ch

asJ
2n ,V

2
(α

)
n
B

orH
2
(α

)
n
B

,
B
∈
I
p .

D
en

ote
a

p
erm

u
-

tation
of{

1,...,n}
b
y
σ

=
(σ

(1),...,σ
(n

)).
C

on
sid

er
in

d
ep

en
d
en

t
ran

d
om

p
erm

u
tation

s
σ

1 ,...,σ
p

of{
1,...,n}.

F
or

j
=

1
,...,p

,
th

e
p

erm
u
ta

tion
σ
j

p
erm

u
tes

th
e

ob
servation

s
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T
e
st

s
o
f
M
u
t
u
a
l
o
r
S
e
r
ia
l
In

d
e
p
e
n
d
e
n
c
e

(Z
(j

)
1
,.
..
,Z

(j
)

n
)

to
y
ie

ld
th

e
p

er
m

u
te

d
d
at

a
(Z

(j
)

σ
j
(1

),
..
.,
Z

(j
)

σ
j
(n

))
of

th
e

co
m

p
on

en
t
j.

T
h
e

st
at

is
ti

c
Q
n

is
th

en
re

co
m

p
u
te

d
on

th
e

p
er

m
u
te

d
d
at

a.
T

o
th

is
en

d
,

n
ot

e
th

at
o
n
e

n
ee

d
n
ot

re
co

m
p
u
te

th
e

el
em

en
ts
a

(j
)

k
l

in
(1

0)
or

(1
1)

.
F

o
r
J

2 n
in

(1
7)

,
on

e
si

m
p
ly

p
er

m
u
te

s
ac

co
rd

in
g

to
σ
j

th
e

ro
w

s
an

d
co

rr
es

p
on

d
in

g
co

lu
m

n
s

of
th

e
n
×
n

m
at

ri
x
a

(j
)

=
(a

(j
)

k
l

).
F

or
V2

(α
)

n
B

or

H
2
(α

)
n
B

,
th

is
sa

m
e

ar
gu

m
en

t
ap

p
li
es

to
th

e
m

at
ri

x
A

(j
)

=
(A

(j
)

k
l

)
in

(1
).

A
p
p
ro

x
im

at
e
p
-v

al
u
es

ar
e

n
ow

ob
ta

in
ed

b
y

re
co

m
p
u
ti

n
g

th
e

te
st

st
at

is
ti

c
N

ti
m

es
.

G
en

-
er

at
e
N
p

in
d
ep

en
d
en

t
ra

n
d
om

p
er

m
u
ta

ti
on

s
σ
i,
j
,
i

=
1
,.
..
,N

,
j

=
1
,.
..
,p

.1
F

or
i

=

1
,.
..
,N

,
le

t
Q
n
,i

b
e

th
e

te
st

st
at

is
ti

c
co

m
p
u
te

d
fr

om
th

e
p

er
m

u
te

d
d
at

a
(Z

(j
)

σ
i,
j
(1

),
..
.,
Z

(j
)

σ
i,
j
(n

))
,

j
=

1,
..
.,
p
.

A
n

ap
p
ro

x
im

at
e
p
-v

al
u
e

is
th

en
ob

ta
in

ed
as

fo
ll
ow

s.

(1
)

L
et
Q
n
,0

b
e

th
e

te
st

st
at

is
ti

c
co

m
p
u
te

d
fr

om
th

e
or

ig
in

al
d
at

a.

(2
)

G
en

er
at

e
N

ra
n
d
om

iz
ed

sa
m

p
le

s
fr

om
th

e
or

ig
in

al
d
at

a
an

d
co

m
p
u
te

Q
n
,i

fo
r
i

=
1,
..
.,
N

.

(3
)

A
n

ap
p
ro

x
im

at
e
p
-v

al
u
e

is
th

en
gi

v
en

b
y

1

N
+

1

[ 1
+

N ∑ i=
1

I{
Q
n
,i
≥
Q
n
,0
}] .

T
h
is

ap
p
ro

x
im

at
e
p
-v

al
u
e

of
th

e
ra

n
d
om

iz
at

io
n

te
st

gu
ar

an
ti

es
(b

y
v
ir

tu
e

of
ex

ch
an

ge
ab

il
it

y
of

th
e

va
ri

ab
le

s
Q
n
,i
,
i

=
0
,.
..
,N

)
a

n
on

-a
sy

m
p
to

ti
c

co
n
tr

ol
of

ty
p

e
I

er
ro

r
ra

te
s

fo
r

ea
ch

in
d
iv

id
u
al

te
st

(R
om

an
o

an
d

W
ol

f,
20

0
5,

L
em

m
a

1)
.

T
h
e
N

ra
n
d
o
m

iz
ed

sa
m

p
le

s
ca

n
al

so
b

e
u
se

d
to

co
m

p
u
te

an
ap

p
ro

x
im

at
e

q
u
an

ti
le

of
th

e
te

st
st

at
is

ti
c
Q
n
.

L
et
Q
n
,(

1
),
..
.,
Q
n
,(
N

)
b

e
th

e
or

d
er

st
at

is
ti

cs
of
Q
n
,1
,.
..
,Q

n
,N

,
an

ap
p
ro

x
im

at
e
π

-q
u
an

ti
le

of
Q
n

is
th

e
or

d
er

st
at

is
ti

c
Q
n
,(
bN

π
c)

.
T

h
e

fi
n
it

e
sa

m
p
le

co
n
tr

ol
of

th
e

si
gn

ifi
ca

n
ce

le
ve

l
of

ra
n
d
om

iz
a
ti

on
te

st
s

w
il
l

b
e

as
se

ss
ed

b
y

si
m

u
la

ti
on

s
in

S
ec

ti
on

10
.

6
.
C
o
m
b
in
in
g
p-
v
a
lu
e
s

If
th

e
ex

ac
t

d
is

tr
ib

u
ti

on
fu

n
ct

io
n
F
n
B

of
W
n
B

w
as

k
n
ow

n
,

th
en

1
−
F
n
B

(W
n
B

)
w

ou
ld

b
e

th
e

ex
ac

t
p
-v

al
u
e.

S
in

ce
F
n
B

is
co

n
ti

n
u
ou

s,
th

is
p
-v

al
u
e

w
ou

ld
b

e
ex

ac
tl

y
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
ov

er
th

e
in

te
rv

al
(0
,1

).
M

or
eo

ve
r,

ex
ac

t
p
-v

al
u
es

ob
ta

in
ed

b
y

va
ry

in
g
B

w
ou

ld
a
ls

o
b

e
ap

p
ro

x
im

at
el

y
in

d
ep

en
d
en

t
in

la
rg

e
sa

m
p
le

s.
T

h
is

h
ol

d
s

d
u
e

to
th

e
as

y
m

p
to

ti
c

m
u
tu

al
in

d
ep

en
d
en

ce
of

st
at

is
ti

cs
W
n
B

in
T

h
eo

re
m

6.
A

s
an

ap
p
ro

x
im

at
io

n
,

a
p
-v

al
u
e
p̂
n
B

is
co

m
p
u
te

d
fo

r
ev

er
y

d
ep

en
d
en

ce
st

a
ti

st
ic
W
n
B

,
B
∈
I p

,
u
si

n
g

ra
n
d
om

iz
at

io
n

te
st

s
as

in
S
ec

ti
on

5.
U

n
d
er

th
e

m
u
tu

a
l

in
d
ep

en
d
en

ce
h
y
p

ot
h
-

es
is

,
th

es
e

2
p
−
p
−

1
p
-v

al
u
es

ar
e,

fo
r

la
rg

e
sa

m
p
le

s,
ap

p
ro

x
im

a
te

ly
in

d
ep

en
d
en

t
an

d
al

so
ap

p
ro

x
im

at
el

y
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
on

(0
,1

).
T

h
e

q
u
an

ti
ty
−

2
lo

g
p̂
n
B

th
u
s

h
as

ap
p
ro

x
i-

m
at

el
y

a
χ

2 2
n
u
ll

d
is

tr
ib

u
ti

on
.

F
is

h
er

’s
gl

ob
al

te
st

st
at

is
ti

c
re

je
ct

s
th

e
m

u
tu

a
l

in
d
ep

en
d
en

ce
w

h
en
−

2
∑

B
∈I

p
lo

g
p̂
n
B

is
la

rg
e.

It
re

p
or

ts
a

gl
ob

al
p
-v

al
u
e

of

p̂
n

=
P

 
χ

2 ν
>
−

2
∑ B
∈I

p

lo
g
p̂
n
B

 
,

w
h
er

e
ν

=
2(

2p
−
p
−

1)
.

(1
8)

1
.

S
in
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o
b

se
rv

a
ti

o
n

s
in

o
n

e
co

m
p

o
n

en
t

ca
n

b
e

h
el

d
fi

x
ed

,
N

(p
−

1
)

p
er

m
u

ta
ti

o
n

s
w

o
u

ld
su

ffi
ce

.
H

ow
ev

er
,

tr
ea

ti
n

g
a
ll

co
m

p
o
n

en
ts

th
e

sa
m

e
w

ay
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n
v
en

ie
n
t
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r

p
u

rp
o
se

s
o
f

n
o
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o
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a
n

d
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w

a
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d
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el
o
p

m
en

t.
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7

B
il
o
d
e
a
u
a
n
d

G
u
e
t
so

p
N
a
n
g
u
e

T
h
e

n
u
m

b
er

of
su

b
se

ts
m

ay
b

e
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o
la

rg
e
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r

so
m

e
p

or
on

ly
lo

w
or

d
er
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te

ra
ct

io
n

te
rm

s
m

ay
b

e
of

in
te

re
st

.
In

th
is

ca
se

,
p
-v

al
u
es

of
a

te
st

of
m

u
tu

al
in

d
ep

en
d
en

ce
of

o
rd

er
q,

w
h
er

e
2
≤
q
≤
p
,

ar
e

co
m

p
u
te

d
as

p̂
n

=
P

 
χ

2 ν
>
−

2
∑

B
∈I

p
,|B
|≤
q

lo
g
p̂
n
B

 
,

w
h
er

e
ν

=
2

q ∑ i=
2

( p
i) .

A
n
ot

h
er

w
ay

of
co

m
b
in

in
g

in
d
ep

en
d
en

t
p
-v

al
u
es

le
ad

s
to

T
ip

p
et

t’
s

g
lo

b
al

te
st

w
it

h
a

re
je

c-
ti

on
re

gi
on

co
n
si

st
in

g
of

sm
al

l
va

lu
es

of
m

in
B
∈I

p
p̂
n
B

.
T

ip
p

et
t’

s
te

st
of

m
u
tu

a
l
in

d
ep

en
d
en

ce
of

or
d
er
q

re
p

or
ts

a
co

m
b
in

ed
p
-v

al
u
e

of

p̂
n

=
1
−
( 1
−

m
in

B
∈I

p
,|B
|≤
q
p̂
n
B

) r
,

w
h
er

e
r

=

q ∑ i=
2

( p
i) .

(1
9
)

In
th

e
si

m
u
la

ti
on

s
of

S
ec

ti
on

10
,

al
th

ou
gh

ea
ch

in
d
iv

id
u
al
p
-v

al
u
e

is
w

el
l

ap
p
ro

x
im

a
te

d
b
y

a
u
n
if

or
m

va
ri

ab
le

on
(0
,1

),
th

e
gl

ob
al
p
-v

al
u
es

ob
ta

in
ed

b
y

F
is

h
er

’s
(1

8)
or

T
ip

p
et

t’
s

(1
9
)

m
et

h
o
d

so
m

et
im

es
le

ad
to

a
gl

ob
al

te
st

of
si

gn
ifi

ca
n
ce

le
ve

l
w

h
ic

h
ex

ce
ed

s
th

e
n
o
m

in
a
l
le

ve
l.

T
h
is

w
as

ob
se

rv
ed

es
p

ec
ia

ll
y

fo
r
p
>

4
an

d
so

m
e
d
j
>

1
an

d
ca

n
b

e
at

tr
ib

u
te

d
to

th
e

la
ck

of
in

d
ep

en
d
en

ce
b

et
w

ee
n

st
at

is
ti

cs
W
n
B

in
fi
n
it

e
sa

m
p
le

s.
F

or
a

te
st

of
m

u
tu

al
in

d
ep

en
d
en

ce
of

or
d
er
q,

2
≤
q
≤
p
,

it
is

p
re

fe
ra

b
le

to
ob

ta
in

th
e

gl
ob

a
l
p
-v

al
u
es

u
si

n
g

ra
n
d
o
m

iz
ed

sa
m

p
le

s
as

fo
ll
ow

s
(K

o
ja

d
in

ov
ic

an
d

H
ol

m
es

,
20

09
).

(1
)

C
om

p
u
te

th
e

st
at

is
ti

cs
W
n
B
,0

,
B
∈
I p

an
d
|B
|≤

q,
fr

om
th

e
or

ig
in

al
d
a
ta

.

(2
)

G
en

er
at

e
N

ra
n
d
om

iz
ed

sa
m

p
le

s
fr

om
th

e
or

ig
in

a
l

d
at

a
an

d
le

t
W
n
B
,i

b
e

th
e

st
a
ti

st
ic

s
fr

om
th

e
it

h
ra

n
d
om

iz
ed

sa
m

p
le

.

(3
)

A
n

ap
p
ro

x
im

at
e
p
-v

al
u
e

fo
r

th
e

st
at

is
ti

c
W
n
B
,j

b
as

ed
on

R
om

an
o

an
d

W
o
lf

(2
0
0
5
)

2
is

ψ
(W

n
B
,j

)
=

1

N
+

1

  1
+

∑

i∈
{0
,.
..
,N
}\
{j
}I{

W
n
B
,i
≥
W
n
B
,j
} 

,
j

=
0,

1,
..
.,
N
.

(4
)

F
or
i

=
0,

1
,.
..
,N

,
co

m
p
u
te

F
is

h
er

’s
an

d
T

ip
p

et
t’

s
st

at
is

ti
cs

F
n
,i

=
−

2
∑

B
∈I

p
,|B
|≤
q

lo
g
[ψ

(W
n
B
,i
)]

an
d
T
n
,i

=
m

in
B
∈I

p
,|B
|≤
q
ψ

(W
n
B
,i
).

(5
)

A
p
p
ro

x
im

at
e
p
-v

al
u
es

fo
r

th
e

gl
ob

al
te

st
s

of
F

is
h
er

an
d

T
ip

p
et

t
ar

e
gi

ve
n

re
sp

ec
ti

ve
ly

b
y

1

N
+

1

[ 1
+

N ∑ i=
1

I{
F
n
,i
≥
F
n
,0
}]

an
d

1

N
+

1

[ 1
+

N ∑ i=
1

I{
T
n
,i
≤
T
n
,0
}] .

2
.

T
h

e
n

o
n

-a
sy

m
p

to
ti

c
co

n
tr

o
l

o
f

ty
p

e
I

er
ro

r
ra

te
s

ca
n

n
o
t

b
e

co
n

cl
u

d
ed

fr
o
m

th
e

ex
p

re
ss

io
n
ψ

(W
n
B
,j

)
=

1
N

+
1

[ 1 2
+
∑
N i=

1
I{
W
n
B
,i
≥
W
n
B
,j
}]

in
K

o
ja

d
in

ov
ic

a
n

d
H

o
lm

es
(2

0
0
9
,

p
.

1
1
5
2
).
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T
e
st

s
o
f
M
u
t
u
a
l
o
r
S
e
r
ia
l
In

d
e
p
e
n
d
e
n
c
e

N
o
te

th
a
t

va
riab

les
F
n
,i

(an
d
T
n
,i ),

i
=

0
,...,N

,
are

ex
ch

a
n
geab

le
sin

ce
th

is
is

th
e

case
of

va
ria

b
les

W
n
B
,j ,

an
d

th
u
s

also
ψ

(W
n
B
,j ),

j
=

0
,...,N

,
for

each
fi
x
ed

B
.

T
h
e
p
-valu

es
of

th
e

g
lo

b
a
l

tests
of

F
ish

er
an

d
T

ip
p

ett
in

item
(5)

th
u
s

lea
d

to
a

n
on

-asy
m

p
totic

co
n
trol

of
ty

p
e

I
g
lo

b
a
l

error
rates

(R
om

an
o

an
d

W
olf,

2005,
L

em
m

a
1).

N
eith

er
o
f

th
e

tw
o

m
eth

o
d
s

is
gen

erally
m

ore
p

ow
erfu

l
th

an
th

e
oth

er.
W

h
en

on
ly

a
few

o
f

th
e

in
d
iv

id
u
al

h
y
p

oth
eses

are
stron

gly
false,

T
ip

p
ett’s

m
eth

o
d

is
p
referab

le.
T

o
d
etect

a
ltern

a
tives

fo
r

w
h
ich

m
an

y
of

th
e

in
d
iv

id
u
al

h
y
p

oth
eses

are
eq

u
ally

false,
F

ish
er’s

m
eth

o
d

is
lik

ely
to

b
e

p
referab

le
(W

estb
erg,

1985;
L

ou
gh

in
,

2004).

7
.
D
e
p
e
n
d
o
g
ra

m

T
h
e

d
ep

en
d
o
g
ram

is
d
escrib

ed
for

test
statistics

W
n
B

,
B
∈
I
p ,

w
h
ich

can
b

e
eith

erV
2
(α

)
n
B

o
rH

2
(α

)
n
B

.
G

en
est

an
d

R
ém

illard
(2004)

in
tro

d
u
ced

th
e

d
ep

en
d
ogram

w
h
ich

is
a

grap
h
ical

to
o
l,

w
ith

su
b
sets

ord
ered

b
y

size
on

th
e

h
orizon

tal
ax

is,
an

d
corresp

on
d
in

g
valu

es
W
n
B

rep
resen

ted
b
y

vertical
b
ars

on
th

e
vertical

ax
is.

F
or

each
su

b
set

B
∈
I
p ,

statistics
W
n
B

a
re

co
m

p
u
ted

togeth
er

w
ith

corresp
on

d
in

g
critical

valu
es

given
b
y

th
e
π

-q
u
an

tile,
c
π
B

,
o
b
ta

in
ed

fro
m
N

ran
d
om

ized
sam

p
les

as
in

S
ection

5.
C

ritical
valu

es
are

rep
resen

ted
b
y

d
a
sh

es.
D

ep
en

d
en

ce
in

a
su

b
set

is
d
eclared

w
h
en

th
e

vertical
b
ar

ex
ten

d
s

b
ey

on
d

th
e

d
a
sh

.
If

th
e

n
u
m

b
er

of
su

b
sets

is
large,

a
d
ep

en
d
ogram

of
ord

er
q,

2
≤
q
≤
p
,

can
b

e
co

n
stru

cted
b
y

con
sid

erin
g

on
ly

su
b
sets

of
m

ax
im

u
m

card
in

ality
q.

A
ssu

m
in

g
statistics

W
n
B

a
re

in
d
ep

en
d
en

t,
th

e
ch

oice
π

=
(1
−
α
′)

1
/
r

w
ith

r
=
∑

qi=
2 (

pi )
lead

s
to

a
glob

al
sig

n
ifi

ca
n
ce

lev
el
α
′.

In
d
eed

,
u
n
d
er

th
e

m
u
tu

al
in

d
ep

en
d
en

ce
h
y
p

oth
esis

P
(W

n
B
≤
c
π
B

:
|B
|≤

q)
=
∏|B
|≤
q

P
(W

n
B
≤
c
π
B

)
=
π
r

=
1−

α
′.

T
h
e

d
ep

en
d
o
g
ram

sh
ou

ld
b

e
seen

as
an

ex
p
loratory

to
ol

th
at

can
b

e
u
sed

w
h
en

a
glo

b
al

test
rejects

th
e

m
u
tu

al
in

d
ep

en
d
en

ce
h
y
p

oth
esis.

It
h
elp

s
to

id
en

tify
th

e
d
ep

en
d
en

cy
stru

ctu
res

p
resen

t
in

th
e

d
ata

as
in

F
igu

re
4.

A
d
ep

en
d
ogram

b
u
ilt

from
H
S
I
C

statistics
w

ill
b

e
n
o
rm

a
lized

a
s

in
(13)

so
th

at,
for

sm
all

scale
p
aram

eters,
it

h
as

rou
gh

ly
th

e
sam

e
ord

er
of

m
a
g
n
itu

d
e

a
s

th
e

d
ep

en
d
ogram

b
ased

on
d
istan

ce
covarian

ce
statistics.

A
d
iffi

cu
lty

in
in

terp
retin

g
a

d
ep

en
d
ogram

is
n
ow

illu
strated

w
ith

an
ex

am
p
le.

C
on

-
sid

er
a

m
o
d
el

w
ith

th
ree

d
ep

en
d
en

t
variab

les
Z

(1
),
Z

(2
)

an
d
Z

(3
),

w
h
ere

Z
(1

)
an

d
Z

(2
)

are
d
ep

en
d
en

t,
b
u
t

th
e

p
air

(Z
(1

),Z
(2

))
is

in
d
ep

en
d
en

t
of
Z

(3
).

L
o
ok

in
g

at
T

ab
le

1
w

ith
th

e
tru

e
ch

a
ra

cteristic
fu

n
ction

s,
on

e
can

verify
th

at
µ

1
2 6≡

0,
µ

1
3 ≡

0,
µ

2
3 ≡

0,
an

d
µ

1
2
3 ≡

0.
T

h
erefo

re,
o
n
ly

th
e

test
for

th
e

su
b
set
{1
,2}

is
ex

p
ected

to
b

e
sig

n
ifi

can
t.

T
h
e

test
for

th
e

su
b
set
{1
,2
,3}

is
n
ot

ex
p

ected
to

b
e

sign
ifi

can
t

even
th

ou
gh

th
e

th
ree

variab
les

a
re

d
ep

en
d
en

t.
O

f
cou

rse,
th

e
glob

al
test

is
ex

p
ected

to
b

e
sign

ifi
can

t
as

it
w

ill
com

b
in

e
tests

fo
r

a
ll

su
b
sets.

8
.
T
e
sts

o
f
S
e
ria

l
In

d
e
p
e
n
d
e
n
ce

T
h
e

p
ro

b
lem

of
testin

g
for

serial
in

d
ep

en
d
en

ce
of

a
m

u
ltivariate

station
ary

ergo
d
ic

seq
u
en

ce
is

n
ow

a
d
d
ressed

.
T

h
e

test
statistic

in
th

e
serial

con
tex

t
is

very
sim

ilar.
C

on
sid

er
a

station
-

a
ry

erg
o
d
ic

seq
u
en

ce
Y

1 ,Y
2 ,...

in
R
d
1,

w
h
ere

Y
1

is
d
istrib

u
ted

accord
in

g
to

th
e

ch
aracteristic

fu
n
ctio

n
f

(1
).

L
et
p
≥

2
b

e
a

fi
x
ed

in
teger.

F
o
r

a
seq

u
en

ce
of

len
gth

m
,

let
n

=
m
−
p

+
1

1
5
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B
il
o
d
e
a
u
a
n
d

G
u
e
t
so

p
N
a
n
g
u
e

an
d

Z
k

=
(Z

(1
)

k
,...,Z

(p
)

k
)

=
(Y
k ,Y

k
+

1 ,...,Y
k
+
p−

1 ),
k

=
1,...,n

,
(20)

w
h
ere

Z
(j)
k

=
Y
k
+
j−

1 ,
j

=
1,...,p

.
L

et
f

(t (1
),...,t (p

))
b

e
th

e
join

t
ch

ara
cteristic

fu
n
ction

of
Z

1
=

(Y
1 ,...,Y

p )
an

d
f

(B
)

b
e

th
e

join
t

ch
aracteristic

fu
n
ction

of
Z

(B
)

1
=

(Y
j

:
j
∈
B

).
F

or
ex

am
p
le,

if
p

=
4

an
d

th
e

in
d
ices

in
th

e
su

b
set

B
=
{
1,2,3}

are
tran

slated
b
y

on
e

to
y
ield

C
=
B

+
1

=
{2
,3
,4}

th
en

,
f

(B
)

an
d
f

(C
)

are
th

e
sam

e
ch

aracteristic
fu

n
ction

sin
ce

th
e

p
ro

cess
is

station
ary.

In
th

e
serial

con
tex

t,
a

su
b
set

B
an

d
its

tran
slate,

say
B

+
k
,

can
b

e
treated

as
th

e
sam

e
su

b
set.

T
h
e

setI
p

is
th

u
s

red
u
ced

to
B
p

=
{B
∈
I
p

:
1
∈
B
}

an
d

h
as

n
ow

card
in

ality
2
p−

1−
1.

F
or

a
giv

en
B
∈
B
p ,

th
e

M
öb

iu
s

tran
sform

ation
of

th
e

ch
aracteristic

fu
n
ction

f
for

th
e

set
B

is
giv

en
b
y

µ
B
,s (t (B

))
=
∑C
⊆
B

(−
1
) |B
\
C
|f

(C
)(t (C

))
∏j∈
B
\
C

f
(1

)(t (j)).

T
h
e

su
b
scrip

t
s

stan
d
s

for
serial.

T
h
e

M
öb

iu
s

tran
sform

ation
ch

aracterizes
th

e
serial

in
d
e-

p
en

d
en

ce:
Y

1 ,...,Y
p

are
m

u
tu

ally
in

d
ep

en
d
en

t
if

a
n
d

on
ly

if,
µ
B
,s (t (B

))
=

0,
for

all
B
∈
B
p ,

an
d

all
vectors

t (B
).

T
h
e

corresp
on

d
in

g
p
ro

cess
in

th
e

serial
case

is
d
en

oted
R
n
B
,s

an
d

is
d
efi

n
ed

ex
actly

as
in

(2).
H

ere,
th

e
in

d
ex

set
of

th
e

p
ro

cess
R
n
B
,s

is
th

e
E

u
clid

ean
sp

ace
R
d
B

,
w

h
ere

d
B

=
d

1 |B
|.

N
ote

th
at

all
th

e
em

p
irical

ch
aracteristic

fu
n
ction

s
f

(j)
n

,
j

=
1,...,p

,
are

n
ow

essen
tially

th
e

sam
e

estim
ate

of
th

e
u
n
k
n
ow

n
ch

aracteristic
fu

n
ction

f
(1

).
T

h
ey

are
n
ot

rep
laced

b
y

a
sin

gle
estim

ate
b
ased

on
all

n
ob

servation
s

to
p
reserve

th
e

rep
resen

tation
of

th
e

fu
n
ction

al
(8

)
in

term
s

of
d
ou

b
ly

-cen
tered

m
atrices.

T
h
e

d
ep

en
d
en

ce
statistic

for
th

e
su

b
set

B
is

n
ow

d
efi

n
ed

as
th

e
fu

n
ction

al

W
n
B
,s

=
1n

∫
|R

n
B
,s (t (B

))| 2 ∏j∈
B

d
w

(t (j)).

It
can

b
e

com
p
u
ted

as
b

efore
in

(8).
D

u
e

to
th

e
station

arity,
it

sh
ou

ld
b

e
n
oted

th
at

th
e

sam
e

k
ern

el
is

u
sed

to
d
efi

n
e

th
e

elem
en

ts
a

(j)
k
l

,
for

all
j
∈
B

.
T

w
o

ty
p

es
of

w
eigh

tin
g

m
easu

res
are

con
sid

ered
.

1.
F

or
H
S
I
C

,
d
w

(t (j))
=
d
G

(t (j))
is

a
p
rob

ab
ility

m
easu

re
w

ith
ch

aracteristic
fu

n
ction

ϕ
in

w
h
ich

case

a
(j)
k
l

=
ϕ

(Z
(j)
k
−
Z

(j)
l

).
(21)

T
h
e

d
ep

en
d
en

ce
statistic

is
d
en

oted
W
n
B
,s

=
H

2n
B
,s .

A
s

in
T

h
eorem

2,
th

e
p

op
u
lation

H
ilb

ert-S
ch

m
id

t
in

d
ep

en
d
en

ce
criterion

H
2B
,s

=

∫
|µ
B
,s (t (B

))| 2 ∏j∈
B

d
G

(t (j))

is
con

sisten
tly

estim
ated

b
y
H

2n
B
,s .

T
h
e

p
ro

of
is

om
itted

sin
ce

it
can

b
e

p
roven

as
T

h
eorem

2
u
sin

g
th

e
ergo

d
ic

th
eorem

.
T

h
e

sp
ecial

case
w

h
en

d
G

(t (j))
is

th
e

p
rob

ab
ility

m
easu

re
of

th
e

stab
le

d
istrib

u
tion

of
in

d
ex

α
is

d
en

oted
H

2
(α

)
n
B
,s ,

for
α
∈
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é
d
es

ar
ts

et
d
es

sc
ie

n
ce

s
of

U
n
iv

er
si

té
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zék

ely
et

al.
(2007

,
p
.

2771).

31
JM

L
R

 18(74):1-40, 2017

B
il
o
d
e
a
u
a
n
d

G
u
e
t
so

p
N
a
n
g
u
e

T
h
e

rep
resen

tation
(6)

of
th

e
p
ro

cess
w

a
s

u
n
ex

p
loited

in
S
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re
m

5]
T

h
e

p
ro

ce
ss
R
n
B

(t
)

in
(6

)
is

cl
os

el
y

re
la

te
d

to
th

e
p
ro

ce
ss

R̆
n
B

(t
)

=
1 √
n

n ∑ k
=

1

∏ j∈
B

[ ei
〈t

(j
)
,Z

(j
)

k
〉
−
f

(j
) (t

(j
) )] .

(2
6)

in
w

h
ic

h
m

ar
gi

n
al

ch
ar

ac
te

ri
st

ic
fu

n
ct

io
n
s

ar
e

n
ot

es
ti

m
at

ed
.

T
h
e

p
ro

ce
ss
R̆
n
B

in
(2

6)
is

a
su

m
of

in
d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
ra

n
d
om

va
ri

ab
le

s.
B

il
o
d
ea

u
an

d
L

af
ay

e
d
e

M
ic

h
ea

u
x

(2
00

5,
T

h
eo

re
m

2.
1)

p
ro

ve
d

th
at

th
e

co
ll
ec

ti
on

of
p
ro

ce
ss

es
R̆
n
B

co
n
ve

rg
es

as
st

at
ed

in
T

h
eo

re
m

5
u
n
d
er

th
e

w
ea

k
co

n
d
it

io
n

(1
4)

.
T

h
e

in
d
ep

en
d
en

ce
of

th
e

a
sy

m
p
to

ti
c

p
ro

ce
ss

es
fo

r
B
6=
C

is
v
er

ifi
ed

E
[ R

B
(t

(B
) )R̄

C
(s

(C
) )]

=
E

  
∏ j∈
B

[ ei
〈t

(j
)
,Z

(j
)

k
〉
−
f

(j
) (t

(j
) )] ∏ j∈

C

[ ei
〈s

(j
)
,−
Z

(j
)

k
〉
−
f

(j
) (−

s(
j)

)]  
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B
il
o
d
e
a
u
a
n
d

G
u
e
t
so

p
N
a
n
g
u
e

=
0
,

b
ec

au
se

th
er

e
is

an
in

d
ex
j

in
B

,
b
u
t

n
ot

in
C

,
or

th
e

co
n
v
er

se
,

fo
r

w
h
ic

h
th

e
co

rr
es

p
o
n
d
in

g

te
rm

h
as

ex
p

ec
ta

ti
on

ze
ro

.
T

h
en

,
it

su
ffi

ce
s

to
sh

ow
ρ
sB

(R
n
B
,R̆

n
B

)
P →

0,
fo

r
a
ll
s
≥

1
a
n
d

B
∈
I p

.
T

h
e

re
p
re

se
n
ta

ti
on

in
G

h
ou

d
i

et
al

.
(2

00
1,

p
.
21

2)
h
ol

d
s

fo
r

ch
ar

ac
te

ri
st

ic
fu

n
ct

io
n
s

R
n
B

(t
)

=
∑ C
⊆
B

(−
1)
|C
|∏ j∈

C

[f
(j

)
n

(t
(j

) )
−
f

(j
) (t

(j
) )]
R̆
n
,B
\C

(t
(B
\C

) ).
(2

7
)

F
ro

m
(2

7)
,

it
fo

ll
ow

s
th

at

|R
n
B

(t
(B

) )
−
R̆
n
B

(t
(B

) )|
≤

∑

C
⊆
B
,C
6=
∅

∏ j∈
C

|f
(j

)
n

(t
(j

) )
−
f

(j
) (t

(j
) )||
R̆
n
,B
\C

(t
(B
\C

) )|,
(2

8
)

w
h
er

e
th

e
su

m
h
as

on
ly

a
fi
n
it

e
n
u
m

b
er

of
te

rm
s.

U
si

n
g

th
e

G
li
ve

n
ko

-C
an

te
ll
i

co
n
ve

rg
en

ce
in

C
sö

rg
ő

(1
98

1,
T

h
eo

re
m

2.
1)

an
d

th
e

fa
ct

th
at

th
e

p
ro

ce
ss

es
R̆
n
,B
\C

ar
e

ti
g
h
t,

it
fo

ll
ow

s

th
at

,
fo

r
an

y
s
≥

1,
ρ
s
(R

n
B
,R̆

n
B

)
P →

0.

P
ro

o
f

[T
h
eo

re
m

6]
L

et |[R
n
B

(t
(B

) )]
|2

=

∫
|R

n
B

(t
(B

) )|2
∏ j∈
B

d
G

(j
) (t

(j
) )

b
e

th
e

sq
u
ar

ed
L

2
n
or

m
,

on
th

e
sp

ac
e

of
sq

u
ar

ed
in

te
gr

ab
le

fu
n
ct

io
n
s,

of
th

e
p
ro

ce
ss
R
n
B

.
T

h
en

,
n
W
n
B

=
|[R

n
B

]|2
an

d
n
T̆
n
B

=
|[R̆

n
B

]|2
.

U
se
∫
k̃
(t

(B
) ,
t(
B

) )
∏
j∈
B
d
G

(j
) (
t(
j)

)
<
∞

,

w
h
er

e
k̃

is
d
efi

n
ed

in
(1

6)
,

an
d

T
on

el
li
’s

th
eo

re
m

to
co

n
cl

u
d
e

th
at

W
B

:=
|[R

B
]|2

is
fi
-

n
it

e
al

m
os

t
su

re
ly

.
T

h
e

p
ro

of
co

n
si

st
s

in
sh

ow
in

g
th

e
fo

ll
ow

in
g

tw
o

re
su

lt
s

(H
en

ze
a
n
d

W
ag

n
er

,
19

97
):

(i
)
|[R̆

n
B

]|2
⇒
|[R

B
]|2

an
d

(i
i)
|[R

n
B
−
R̆
n
B

]|2
P →

0.
N

o
te

th
a
t

fr
o
m

(i
)

an
d

th
e

co
n
ti

n
u
ou

s
m

ap
p
in

g
th

eo
re

m
,
|[R̆

n
B

]|
⇒
|[R

B
]|,

w
h
ic

h
,

w
it

h
th

e
tr

ia
n
g
le

in
-

eq
u
al

it
y
∣ ∣ ∣|

[R
n
B

]|
−
|[R̆

n
B

]|
∣ ∣ ∣≤
|[R

n
B
−
R̆
n
B

]|
an

d
(i

i)
,

im
p
li
es
|[R

n
B

]|
⇒
|[R

B
]|

a
n
d
,

th
u
s

|[R
n
B

]|2
⇒
|[R

B
]|2

.
U

si
n
g

a
sl

ig
h
t

ge
n
er

al
iz

at
io

n
of

K
el

le
rm

ei
er

(1
98

0,
T

h
eo

re
m

3
.3

),
it

su
ffi

ce
s

fo
r

(i
)

to
sh

ow
th

e
fo

ll
ow

in
g

u
n
if

or
m

in
te

gr
ab

il
it

y
co

n
d
it

io
n
:

li
m

N
→
∞

li
m

su
p

n
→
∞

∫ {|
t(
j
)
| d j
>
N
,∀
j∈
B
}
E|
R̆
n
B

(t
(B

) )|2
∏ j∈
B

d
G

(j
) (t

(j
) )

=
0.

(2
9
)

It
ca

n
b

e
ve

ri
fi
ed

th
at

E|
R̆
n
B

(t
(B

) )
|2

=
∏
j∈
B

[ 1
−
|f

(j
) (
t(
j)

)|2
] d

o
es

n
ot

d
ep

en
d

o
n
n

.
N

ow
,

fo
r

ea
ch

j
∈
B

,
∫

1
−
|f

(j
) (t

(j
) )|2

d
G

(j
) (t

(j
) )
<
∞

si
n
ce

th
e

in
te

gr
an

d
is

b
ou

n
d
ed

.
T

h
is

p
ro

ve
s

(2
9)

.
F

or
(i

i)
,

si
n
ce

al
l

p
ro

ce
ss

es
R̆
n
,B
\C

a
re

ti
gh

t,
it

su
ffi

ce
s

fr
om

(2
8)

to
sh

ow
th

at
fo

r
al

l
j
∈
B

,

∫
|f

(j
)

n
(t

(j
) )
−
f

(j
) (t

(j
) )|2

d
G

(j
) (t

(j
) )

P →
0
.
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T
e
st

s
o
f
M
u
t
u
a
l
o
r
S
e
r
ia
l
In

d
e
p
e
n
d
e
n
c
e

T
h
is

fo
llow

s
fro

m
th

e
d
om

in
ated

con
vergen

ce
th

eorem
,

sin
ce
f

(j)
n

(t (j))
a
.s.
→

f
(j)(t (j))

an
d

th
e

in
teg

ra
n
d

is
b

o
u
n
d
ed

b
y

4.
T

h
e

w
eak

con
v
ergen

ce
of

th
e

collection
(|[R

n
B

]| 2,
B
∈
I
p )

fo
llow

s
b
y

th
e

sam
e

argu
m

en
t

ab
ove

from
(i’)

(|[R̆
n
B

]| 2,
B
∈
I
p )⇒

(|[R
B

]| 2,
B
∈
I
p )

an
d

(ii)|[R
n
B −

R̆
n
B

]| 2
P→

0,
for

each
B
∈
I
p .

T
h
u
s,

it
rem

ain
s

to
estab

lish
(i’).

F
rom

T
h
eorem

5
a
n
d

th
e

con
tin

u
ou

s
m

ap
p
in

g
th

eorem
, ∑

B
∈I

p
c
B |R̆

n
B

(t (B
))| 2
⇒
∑

B
∈I

p
c
B |R

B
(t (B

))| 2,
for

a
ll

co
n
sta

n
ts
c
B

,
B
∈
I
p .

A
lso, ∑

B
∈I

p
c
B |[R̆

n
B

]| 2⇒
∑

B
∈I

p
c
B |[R

B
]| 2

b
eca

u
se

th
e

follow
in

g
u
n
iform

in
teg

ra
b
ility

con
d
ition

lim
N
→
∞

lim
su

p
n→
∞

∫{|t
(j

)|d
j
>
N
,j=

1
,...,p} E

∣∣∣∣∣∣ ∑B
∈I

p

c
B |R̆

n
B

(t (B
))| 2 ∣∣∣∣∣∣

p
∏j=

1

d
G

(j)(t (j))

≤
∑B
∈I

p |c
B |

lim
N
→
∞

lim
su

p
n→
∞

∫{|t
(j

)|d
j
>
N
,∀
j∈
B
} E|R̆

n
B

(t (B
))| 2 ∏j∈

B

d
G

(j)(t (j))
=

0

is
sa

tisfi
ed

fro
m

(29).
F

in
ally,

(i’)
follow

s
fro

m
th

e
C

ram
ér-W

old
th

eorem
.

T
h
e

m
u
tu

al
in

d
ep

en
d
en

ce
o
f

(|[R
B

]| 2,
B
∈
I
p )

follow
s

from
th

at
of

(R
B
,
B
∈
I
p )

in
T

h
eorem

5.

P
ro

o
f

[T
h
eo

rem
7]

C
on

sid
er

th
e

p
ro

cesses

R̆
n
B
,s (t (B

))
=

1√n

n
∑k

=
1 ∏j∈

B

[e
i〈t

(j
),Z

(j
)

k
〉−

f
(1

)(t (j)) ]
,
B
∈
B
p .

F
in

ite
d
im

en
sio

n
al

w
eak

con
vergen

ce
of

th
e

p
ro

cesses
is

p
roved

.
B

ecau
se

of
overlap

p
in

g
o
f
Y

’s
in

con
secu

tive
Z
k ’s,

th
e
Z
k ’s

form
an

(p
−

1)-d
ep

en
d
en

t
seq

u
en

ce,
see

F
ergu

son
(1

9
9
6
,

p
.

6
9
).

T
h
u
s,

th
e

cen
tral

lim
it

th
eorem

for
su

ch
d
ep

en
d
en

t
seq

u
en

ces
estab

lish
es

th
a
t
R̆
n
B
,s (t (B

))
an

d
R̆
n
C
,s (s

(C
))

are
asy

m
p
totically

an
d

join
tly

n
o
rm

al
w

ith
asy

m
p
totic

cova
ria

n
ce
σ

0
,0

+
2
σ

0
,1

+
···

+
2
σ

0
,p−

1 ,
w

h
ere

σ
0
,u

=
E


∏j∈
B

[e
i〈t

(j
),Z

(j
)

k
〉−

f
(1

)(t (j)) ]∏j∈
C [e

i〈s
(j

),−
Z

(j
)

k
+
u 〉−

f
(1

)(−
s

(j)) ] 
.

A
ll

o
f

th
e

ab
ove

ex
p

ectation
s

are
n
u
ll

u
n
less

B
=
C

(b
oth

in
B
p )

an
d
u

=
0.

N
ex

t,
to

esta
b
lish

w
ea

k
con

vergen
ce

of
th

e
p
ro

cess
on

an
y

com
p
act,

assu
m

e
w

ith
ou

t
loss

of
gen

erality
th

at
n

is
a

m
u
ltip

le
of
p
,

say
n

=
rp

.
T

h
is

am
ou

n
ts

to
n
eglectin

g
at

m
o
st
p−

1
term

s
in

th
e

seq
u
en

ce.
R

ew
rite

th
e

seq
u
en

ce
Z

1 ,Z
2 ,...

as
an

array
w

ith
p

row
s,

each
con

sistin
g

of
r

in
d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

vectors,

Z
1

Z
1
+
p
···

Z
1
+

(r−
1
)p

Z
2

Z
2
+
p
···

Z
2
+

(r−
1
)p

...
...

...
...

Z
p

Z
p
+
p
···

Z
p
+

(r−
1
)p .

T
h
en

,
th

e
ex

p
ression

R̆
n
B
,s (t (B

))
=

1√p

p
∑h

=
1 ∑C
⊆
B

(−
1) |B

\
C
|
∏j∈
B
\
C

f
(1

)(t (j))·
1√r

r−
1

∑i=
0 

e
i〈t

(C
),Z

(C
)

p
i+
h 〉−

∏j∈
C

f
(1

)(t (j)) 
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B
il
o
d
e
a
u
a
n
d

G
u
e
t
so

p
N
a
n
g
u
e

estab
lish

es
w

eak
con

vergen
ce

sin
ce

for
each

p
air

(h
,C

)
in

fi
n
ite

n
u
m

b
er,

th
e

last
su

m
over

i
is

an
em

p
irical

ch
aracteristic

fu
n
ction

p
ro

cess
ov

er
a

com
p
act.

F
in

ally,
R
n
B
,s

an
d
R̆
n
B
,s

are
eq

u
ivalen

t
p
ro

cesses
follow

s
from

th
e

in
eq

u
ality

|R
n
B
,s (t (B

))−
R̆
n
B
,s (t (B

))|≤
∑

C
⊆
B
,C
6=
∅ ∏j∈

C |f
(j)
n

(t (j))−
f

(1
)(t (j))||R̆

n
B
\
C
,s (t (B

\
C

))|,

an
d

th
e

sam
e

argu
m

en
ts

follow
in

g
(28).

R
e
fe
re
n
ce

s

F
.

R
.

B
ach

an
d

M
.

I.
J
ord

an
.

K
ern

el
in

d
ep

en
d
en

t
com

p
on

en
t

an
aly

sis.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
3:1–48,

2002.

S
.

M
.

B
arb

osa.
m

A
r:

M
u

ltiva
ria

te
A

u
to

R
egressive

a
n

a
lysis,

2012.
U

R
L
h
t
t
p
s
:
/
/
C
R
A
N
.

R
-
p
r
o
j
e
c
t
.
o
r
g
/
p
a
c
k
a
g
e
=
m
A
r
.

R
p
acka

ge
version

1.1-2.

R
.

B
eran

,
M

.
B

ilo
d
eau

,
an

d
P

.
L

afaye
d
e

M
ich

eau
x
.

N
on

p
aram

etric
tests

of
in

d
ep

en
d
en

ce
b

etw
een

ran
d
om

vectors.
J

o
u

rn
a
l

o
f

M
u

ltiva
ria

te
A

n
a
lysis,

9
8(9):1805–1824,

2007.

K
.
J
.
B

erry,
P

.
W

.
M

ielke,
J
r.,

an
d

J
.
E

.
J
oh

n
ston

.
P

erm
u

ta
tio

n
S

ta
tistica

l
M

eth
od

s.
S
p
rin

ger
In

tern
ation

al
P

u
b
lish

in
g,

2016.

M
.
B

ilo
d
eau

an
d

D
.
B

ren
n
er.

T
h
eo

ry
o
f

M
u

ltiva
ria

te
S

ta
tistics.

S
p
rin

ger
T

ex
ts

in
S
tatistics.

S
p
rin

ger-V
erlag,

N
ew

Y
ork

,
1999.

M
.

B
ilo

d
eau

an
d

P
.

L
afaye

d
e

M
ich

eau
x
.

A
m

u
ltivariate

em
p
irical

ch
ara

cteristic
fu

n
ctio

n
test

of
in

d
ep

en
d
en

ce
w

ith
n
orm

al
m

argin
als.

J
o
u

rn
a
l

o
f

M
u

ltiva
ria

te
A

n
a
lysis,

95(2):
345–369,

2005.

M
.

B
ilo

d
eau

an
d

P
.

L
afaye

d
e

M
ich

eau
x
.
A

-d
ep

en
d
en

ce
statistics

for
m

u
tu

al
an

d
serial

in
d
ep

en
d
en

ce
of

categorical
variab

les.
J

o
u

rn
a
l

o
f

S
ta

tistica
l
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M
u
ltivariate

em
p
irical

ch
aracteristic

fu
n
ction

s.
Z

eitsch
rift

fü
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öp

f.
M

ea
su

ri
n
g

st
at

is
ti

ca
l

d
ep

en
d
en

ce
w

it
h

H
il
b

er
t-

S
ch

m
id

t
n
or

m
s.

In
S
.

J
ai

n
,

H
.

S
im

on
,

an
d

E
.

T
o
m

it
a,

ed
it

or
s,

A
lg

o
ri

th
-

m
ic

L
ea

rn
in

g
T

h
eo

ry
,

v
ol

u
m

e
37

34
of

L
ec

tu
re

N
o
te

s
in

C
o
m

p
u

te
r

S
ci

en
ce

,
p
ag

es
63

–7
7.

S
p
ri

n
ge

r
B

er
li
n

H
ei

d
el

b
er

g,
20

05
.

A
.

G
re

tt
on

,
K

.
F

u
k
u
m

iz
u
,

C
.-

H
.

T
eo

,
L

.
S
on

g,
B

.
S
ch

öl
k
op

f,
an

d
A

.
S
m

ol
a.

A
ke

rn
el

st
at

is
ti

ca
l

te
st

of
in

d
ep

en
d
en

ce
.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
0
,

p
ag

es
58

5–
59

2.
M

IT
P

re
ss

,
C

am
b
ri

d
ge

,
M

A
,

20
08

.

37
JM

L
R

 1
8(

74
):

1-
40

, 2
01

7

B
il
o
d
e
a
u
a
n
d

G
u
e
t
so

p
N
a
n
g
u
e

A
.

G
re

tt
on

,
K

.
F

u
k
u
m

iz
u
,

an
d

B
.

K
.

S
ri

p
er

u
m

b
u
d
u
r.

D
is

cu
ss

io
n

of
:

B
ro

w
n
ia

n
d
is

ta
n
ce

co
va

ri
an

ce
.

T
h
e

A
n

n
a
ls

o
f

A
p
p
li

ed
S

ta
ti

st
ic

s,
3(

4)
:1

28
5–

12
94

,
20

09
.

A
.

G
u
et

so
p

N
an

gu
e.

T
es

ts
d
e

pe
rm

u
ta

ti
o
n

d
’i

n
d
ép

en
d
a
n

ce
en

a
n

a
ly

se
m

u
lt

iv
a
ri

ée
.

P
h
D

th
es

is
,

U
n
iv

er
si

té
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tti

ng
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cl
ie

nt
m

ay
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tw
an

tt
o

gi
ve

us
al

le
nt

ri
es

in
th

e
da

ta
m

at
ri

x.
In

su
ch

a
se

tti
ng

,o
ur

go
al

is
to

sh
ow

th
at

if
th

e
sa

m
pl

es
th

at
w

e
ge

ta
re

ch
os

en
ca

re
fu

lly
,t

he
to

p-
k

PC
A

an
d

sp
ar

se
PC

A
fe

at
ur

es
of

th
e

da
ta

ca
n

be
re

co
ve

re
d

w
ith

in
so

m
e

pr
ov
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le

er
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bo

un
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.
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pr
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le
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s,

ir
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ec
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e
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w

he
th

er
th

ey
ar

e
ef
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ie

nt
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so
lv

ab
le

(e
.g

.P
C

A
)o

rN
P-

ha
rd

(e
.g
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pa

rs
e

PC
A
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ca

n
be

ap
pr

ox
im
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ed

pr
ov

ab
ly

by
su

ch
el

em
en

t-
w

is
e

sp
ar

se
re

pr
es

en
ta

tio
n

of
th

e
da

ta
.

M
or

e
fo

rm
al

ly
,t

he
da

ta
m

at
ri

x
is

A
∈
R
m
×
n

(m
da

ta
po

in
ts

in
n

di
m

en
si

on
s)

.O
ft

en
,r

ea
ld

at
a

m
at

ri
ce

s
ha

ve
lo

w
ef

fe
ct

iv
e

ra
nk

,s
o

le
tA

k
be

th
e

be
st

ra
nk

-k
ap

pr
ox

im
at

io
n

to
A

w
ith
‖A
−

A
k
‖ 2

be
in

g
sm

al
l,

w
he

re
‖X
‖ 2

is
th

e
sp

ec
tr

al
no

rm
of

m
at

ri
x

X
.A

k
is

ob
ta

in
ed

by
pr

oj
ec

tin
g

A
on

to
th

e
su

bs
pa

ce
sp

an
ne

d
by

its
to

p-
k

pr
in

ci
pa

lc
om

po
ne

nt
s.

In
or

de
r

to
ap

pr
ox

im
at

e
th

is
to

p-
k

pr
in

ci
pa

l
su

bs
pa

ce
,

w
e

ad
op

t
th

e
fo

llo
w

in
g

st
ra

te
gy

.
Se

le
ct

a
sm

al
l

nu
m

be
r,
s,

of
el

em
en

ts
fr

om
A

an
d

pr
od

uc
e

a
sp

ar
se

sk
et

ch
Ã

;u
se

Ã
to

ap
pr

ox
im

at
e

th
e

to
p-
k

pr
in

ci
pa

ls
ub

sp
ac

e.
N

ot
e

th
at

bo
th

PC
A

an
d

th
e

sp
ar

se
PC

A
pr

ob
le

m
ha

ve
th

e
sa

m
e

ob
je

ct
iv

e,
i.e

.,
to

m
ax

im
iz

e
th

e
va

ri
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of

th
e

da
ta

;
ho

w
ev
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he
sp

ar
se

PC
A
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ob
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m
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ad

di
tio

na
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pa
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tr

ai
nt
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ea

ch
pr
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ci

pa
lc

om
po

ne
nt

(a
nd

th
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m
ak

es
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N
P-

ha
rd
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Se

ct
io
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2.

1
an

d
2.

2
co

nt
ai

ns
th

e
fo

rm
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at
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ns
of

PC
A

an
d

sp
ar

se
PC

A
,

re
sp

ec
tiv

el
y.

W
e

gi
ve

th
e

de
ta

ils
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A
lg

or
ith

m
2

to
ap

pr
ox

im
at

e
th

e
to

p-
k

pr
in

ci
pa

ls
ub

sp
ac

e
an

d
th

e
co

rr
es

po
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in
g

th
eo

re
tic

al
gu

ar
an

te
es

in
T

he
or

em
3.

T
he

or
em

4
sh

ow
s

th
e

qu
al

ity
of

ap
pr

ox
im

at
io

n
fo

r
th

e
sp

ar
se

PC
A

pr
ob

le
m

(a
nd

th
is

er
ro

r
bo

un
d

is
ap

pl
ic

ab
le

to
a

la
rg

e
cl

as
s

of
op

tim
iz

at
io

n
pr

ob
le

m
s

as
lo

ng
as

th
e

ob
je

ct
iv

e
fu

nc
tio

n
sa

tis
fie

s
a

ge
ne

ra
liz

ed
no

tio
n

of
L

ip
sc

hi
tz

co
nt

in
ui

ty
to

be
di

sc
us

se
d

la
te

r)
.T

he
ke

y
qu

an
tit

y
th

at
w

e
m

us
tc

on
tr

ol
to

re
co

ve
ra

cl
os

e
ap

pr
ox

im
at

io
n

to
PC

A
an

d
sp

ar
se

PC
A

is
ho

w
w

el
lt

he
sp

ar
se

sk
et

ch
ap

pr
ox

im
at

es
th

e
da

ta
in

th
e

op
er

at
or

no
rm

.T
ha

ti
s,

if
‖A
−

Ã
‖ 2

is
sm

al
lt

he
n

w
e

ca
n

re
co

ve
rP

C
A

an
d

sp
ar

se
PC

A
ef

fe
ct

iv
el

y
fr

om
a

sm
al

ln
um

be
ro

f
sa

m
pl

es
.

Pr
ob

le
m

:E
le

m
en

t-
w

is
e

M
at

ri
x

Sp
ar

si
fic

at
io

n

G
iv

en
A
∈
R
m
×
n

an
d
ε
>

0,
sa

m
pl

e
s

el
em

en
ts

to
ob

ta
in

a
sp

ar
se

sk
et

ch
Ã

fo
rw

hi
ch

‖A
−

Ã
‖ 2
≤
ε

an
d
‖Ã
‖ 0
≤
s.

(1
)

Se
e

SE
C

T
IO

N
1.

1
fo

r
no

ta
tio

ns
.

O
ur

m
ai

n
re

su
lt

ad
dr

es
se

s
th

e
pr

ob
le

m
ab

ov
e.

In
a

nu
ts

he
ll,

w
ith

on
ly

pa
rt

ia
lly

ob
se

rv
ed

da
ta

w
ho

se
el

em
en

ts
ha

ve
be

en
ca

re
fu

lly
se

le
ct

ed
,o

ne
ca

n
re

co
ve

r
an

ap
-

pr
ox

im
at

io
n

to
th

e
to

p-
k

pr
in

ci
pa

ls
ub

sp
ac

e.
A

n
ad

di
tio

na
lb

en
efi

ti
s

th
at

ou
ra

pp
ro

xi
m

at
io

n
to

th
e

to
p-
k

su
bs

pa
ce

us
in

g
ite

ra
te

d
m

at
ri

x
m

ul
tip

lic
at

io
n

(e
.g

.,
po

w
er

ite
ra

tio
ns

)c
an

be
ne

fit
co

m
pu

ta
tio

n-
al

ly
fr

om
sp

ar
si

ty
.

To
co

ns
tr

uc
t
Ã

,
w

e
us

e
a

ge
ne

ra
l

ra
nd

om
iz

ed
ap

pr
oa

ch
w

hi
ch

in
de

pe
nd

en
tly

sa
m

pl
es

(a
nd

re
sc

al
es

)s
el

em
en

ts
fr

om
A

us
in

g
pr

ob
ab

ili
ty
p
ij

to
sa

m
pl

e
el

em
en

tA
ij

.W
e

an
al

yz
e

in
de

ta
il

th
e

ca
se
p
ij
∝
α
|A

ij
|+

(1
−
α

)|A
ij
|2

to
ge

ta
bo

un
d

on
‖A
−

Ã
‖ 2

.
W

e
no

w
m

ak
e

ou
r

di
sc
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si

on
pr

ec
is

e,
st

ar
tin

g
w

ith
ou
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ot

at
io

n.

1.
1
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io
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W
e
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bo
ld
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e
(e

.g
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s
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d
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.g
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x

)
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r
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lu
m

n
ve
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T

he
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w
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X
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d
th

e
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th
co
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m

n
of

X
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et
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e

se
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e

ex
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ra
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e
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∑
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P
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Y
B

R
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-(`
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2 )
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PA
R

S
E

S
A

M
P

L
IN

G
O

F
D

A
TA

E
L

E
M

E
N

T
S

Tw
o

popularsam
pling

probabilities
are

`
1 ,w

here
p
ij

=
|A

ij |/‖A
‖

1
(A

chlioptas
and

M
cSherry

2001;A
chlioptas

etal.2013a),and
`
2 ,w

here
p
ij

=
A

2ij /‖
A
‖

2F
(A

chlioptas
and

M
cSherry

2001;
D

rineas
and

Z
ouzias

2011).
W

e
construct

Ã
as

follow
s:

Ã
ij

=
0

if
(i,j)-th

entry
is

notsam
pled;

sam
pled

elem
ents

A
ij

are
rescaled

to
Ã
ij

=
A
ij /p

ij
w

hich
m

akes
the

sketch
Ã

an
unbiased

estim
atorof

A
,so

E
[Ã

]
=

A
.T

he
sketch

is
sparse

ifthe
num

berofsam
pled

elem
ents

is
sublinear

in
m
n,i.e.,s

=
o(m

n
).Sam

pling
according

to
elem

entm
agnitudes

is
naturalin

m
any

applications,
for

exam
ple

in
a

recom
m

endation
system

users
tend

to
rate

a
product

they
like

(high
positive)

or
dislike

(high
negative).

O
ur

m
ain

sparsification
algorithm

(A
lgorithm

1)
receives

as
inputa

m
atrix

A
and

an
accuracy

param
eter

ε
>

0,
and

sam
ples

s
elem

ents
from

A
in
s

independent,
identically

distributed
trials

w
ith

replacem
ent,according

to
a

hybrid-(`
1 ,`

2 )
probability

distribution
specified

in
E

quation
(3).

T
he

algorithm
returns

Ã
∈
R
m
×
n,a

sparse
and

unbiased
estim

atorof
A

,as
a

solution
to

(1).

1.2
Prior

W
ork

on
E

lem
entSam

pling

A
chlioptas

and
M

cSherry
(2001,2007)pioneered

the
idea

of
`
2

sam
pling

forelem
ent-w

ise
sparsifi-

cation.H
ow

ever,`
2

sam
pling

on
its

ow
n

is
insufficientforprovably

accurate
bounds

on‖
A
−

Ã
‖

2 .
A

s
a

m
atter

of
fact

A
chlioptas

and
M

cSherry
(2001,2007)

observed
that

“sm
all”

entries
need

to
be

sam
pled

w
ith

probabilities
thatdepend

on
their

absolute
values

only,thus
also

introducing
the

notion
of
`
1

sam
pling.

T
he

underlying
reason

forthe
need

of
`
1

sam
pling

is
the

factthatif
a

sm
all

elem
entis

sam
pled

and
rescaled

using
`
2

sam
pling,this

w
ould

resultin
a

huge
entry

in
Ã

(because
of

the
rescaling).

A
s

a
result,the

variance
of
`
2

sam
pling

is
quite

high,resulting
in

poor
theoret-

ical
and

experim
ental

behavior.
`
1

sam
pling

of
sm

all
entries

rectifies
this

issue
by

reducing
the

variance
of

the
overallapproach.

A
rora

etal.(2006)
proposed

a
sparsification

algorithm
thatde-

term
inistically

keeps
large

entries,i.e.,entries
of

A
such

that|A
ij |≥

ε/ √
n

and
random

ly
rounds

the
rem

aining
entries

using
`
1

sam
pling.

Form
ally,entries

of
A

thatare
sm

aller
than

ε √
n

are
set

to
sign

(A
ij )
ε/ √

n
w

ith
probability

p
ij

=
√
n|A

ij |/ε
and

to
zero

otherw
ise.

T
hey

used
an
ε-net

argum
entto

show
that‖

A
−

Ã
‖

2
w

as
bounded

w
ith

high
probability.

D
rineas

and
Z

ouzias
(2011)

bypassed
the

need
for

`
1

sam
pling

by
zeroing-outthe

sm
allentries

of
A

(e.g.,allentries
such

that
|A

ij |
<
ε/2n

fora
m

atrix
A
∈
R
n×

n)and
then

use
`
2

sam
pling

on
the

rem
aining

entries
in

orderto
sparsify

the
m

atrix.T
his

sim
ple

m
odification

im
proves

A
chlioptas

and
M

cSherry
(2007)and

A
rora

etal.(2006),and
com

esw
ith

an
elegantproofusing

the
m

atrix-B
ernstein

inequality
ofR

echt(2011).
N

ote
thatallthese

approaches
need

truncation
of

sm
allentries.

R
ecently,A

chlioptas
etal.(2013a)

show
ed

that
`
1

sam
pling

in
isolation

could
be

done
w

ithoutany
truncation,and

argued
that(under

certain
assum

ptions)
`
1

sam
pling

w
ould

be
betterthan

`
2

sam
pling,even

using
the

truncation.T
heir

proof
is

also
based

on
the

m
atrix-valued

B
ernstein

inequality
of

R
echt(2011).

Finally,the
result

thatis
closestto

ours
is

due
to

A
chlioptas

etal.(2013b),w
here

the
proposed

distribution
is

p
ij

=
ρ
i ·|A

ij |/‖
A

(i) ‖
1

(B
ernstein

distribution)
(2)

w
here,

ρ
i is

a
distribution

overthe
row

s,i.e., ∑
i ρ
i

=
1.

T
his

distribution
is

derived
using

m
atrix-

B
ernstein

inequality
for

a
fixed

sam
pling

budget
s,and

under
som

e
assum

ptions
itis

show
n

to
be

near-optim
al

in
the

sense
that

the
error‖A

−
Ã
‖

2
it

produces
is

w
ithin

a
constant

factor
of

the
sm

allesterror
produced

by
an

optim
aldistribution

over
elem

ents
A
ij .

Sim
ilar

to
this

distribution
w

e
also

use
a

convex
com

bination
ofprobabilities.H

ow
ever,ourproposed

hybrid
distribution

only
relies

on
`
1

and
`
2

probabilities,thus
requiring

considerably
less

prior
inform

ation
aboutthe

data
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A
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A
com

paring
to

B
ernstein

distribution
(A

chlioptas
etal.2013b),w

hile
also

being
m

ore
faithfulto

how
m

atrices
in

practice
are

sam
pled

locally
based

on
elem

entproperties,and
notbased

on
global

properties
ofa

m
atrix.

1.3
O

ur
C

ontributions

W
e

introduce
an

intuitive
hybrid

approach
to

elem
ent-w

ise
m

atrix
sparsification,by

com
bining

`
1

and
`
2

sam
pling.W

e
propose

to
use

sam
pling

probabilities
ofthe

form

p
ij

=
α
· |A

ij |
‖A
‖

1
+

(1−
α

)
A

2ij

‖A
‖

2F

,
α
∈

(0,1]
(3)

for
all
i,j

.
W

e
retain

the
good

properties
of
`
2

sam
pling

thatbias
us

tow
ards

data
elem

ents
in

the
presence

of
sm

allnoise,w
hile

regularizing
sm

aller
entries

using
`
1

sam
pling.

W
e

sum
m

arize
the

m
ain

contributions
below

.
•

W
e

give
a

param
eterized

sam
pling

distribution
in

the
variable

α
∈

(0,1]
that

controls
the

balance
betw

een
`
2

sam
pling

and
`
1

regularization.
T

his
greater

flexibility
allow

s
us

to
achieve

better
accuracy

than
both

`
1

and
`
2 .

Further,
w

e
derive

the
optim

al
hybrid-(`

1 ,`
2 )

distribution,
using

L
em

m
a

1
forany

given
A

,by
com

puting
the

optim
alparam

eter
α
∗

w
hich

achievesthe
desired

accuracy
w

ith
the

sm
allestsam

ple
size

using
ourtheoreticalbound.

Setting
α

=
1

in
our

bounds
w

e
reproduce

the
result

of
A

chlioptas
et

al.(2013a)
w

ho
claim

that
`
1

is
typically

better
than

`
2 .

M
oreover,our

result
show

s
that

α
∗
<

1
w

hich
m

eans
that

the
hybrid

approach
is

betterthan
`
1

(and
`
2 ).T

hus,ourresultgeneralizes
the

resultofA
chlioptas

etal.
(2013a).N

ote
thatthe

B
ernstein

distribution
ofA

chlioptas
etal.(2013b)(fora

given
s)is

a
convex

com
bination

of‘intra-row
’w

eights|A
ij |/‖

A
‖

1 ,w
here

as,ourdistribution
(fora

given
ε)is

a
m

uch
sim

plerand
intuitive

convex
com

bination
of
`
1

and
`
2

probabilities.
•

W
e

propose
A

lgorithm
2

to
provably

recover
PC

A
by

constructing
a

sparse
unbiased

sketch
of

(centered)
data

from
a

lim
ited

num
ber

of
sam

ples.
M

oreover,w
e

show
how

w
e

can
effectively

approxim
ate

the
sparse

PC
A

problem
(N

P-hard)
from

incom
plete

data.
In

fact,
w

e
prove

how
sam

pling
based

sketches
can

approxim
ate

the
solutions

for
a

large
class

of
optim

ization
problem

s
(irrespective

oftheircom
putationalhardness)from

lim
ited

num
berofobserved

data
points.

For
the

above
problem

s
w

e
w

ant
to

derive
probabilities

using
little

or
no

global
inform

ation
aboutthe

data.
T

he
B

ernstein
distribution

in
A

chlioptas
etal.(2013b)requires

additionalinform
a-

tion
aboutrow

norm
s‖A

(i) ‖
1 ,asw

ellas,optim
alconvex

com
binations

ρ
i ,foreach

row
.In

contrast,
ourdistribution

assum
es

only
one

realnum
ber

α
∗.T

his
m

akes
ouroptim

alhybrid
distribution

m
ore

convenientforthe
above

problem
s

in
practice.

•
Finally,w

e
propose

A
lgorithm

3
to

provably
im

plem
enthybrid

sam
pling

using
only

one
pass

over
the

data.
T

his
is

particularly
useful

in
stream

ing
setting

w
here

w
e

receive
data

as
a

stream
of

num
bers

and
w

e
have

only
lim

ited
m

em
ory

to
store

them
.

N
ote

that
B

ernstein
sam

pling
of

A
chlioptas

et
al.

(2013b)
can

be
im

plem
ented

in
stream

ing
setting

as
w

ell;
how

ever,
they

need
inform

ation
(or

estim
ates)

of
those

global
quantities

beforehand.
In

contrast,
w

e
need

no
prior

know
ledge

ofparam
eter

α
w

hich
governs

the
sam

pling
distribution.Surprisingly,w

e
can

set
α
∗

(or
its

estim
ate)ata

laterstage
ofthe

sam
pling

process
w

hen
the

stream
term

inates.
E

xtensive
experim

entalresults
on

im
age,text,biological,and

financialdata
show

thatsketches
using

our
optim

al
hybrid-(`

1 ,`
2 )

sam
pling

achieve
better

quality
of

approxim
ation

to
PC

A
and

sparse
PC

A
problem

s
than

either
`
1

or
`
2

sam
pling

on
theirow

n.
M

oreover,w
e

can
speed

up
such
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O

V
E

R
IN

G
P

C
A

A
N

D
S

PA
R

S
E

P
C

A
V

IA
H

Y
B

R
ID

-(`
1 ,`

2 )
S

PA
R

S
E

S
A

M
P

L
IN

G
O

F
D

A
TA

E
L

E
M

E
N

T
S

according
to
p
ij ’sasin

equation
(3).In

orderto
bound‖

A
−

Ã
‖

2
w

e
firstexpress

A
−

Ã
asa

sum
of

zero-m
ean,independent,random

m
atrices,and

then
use

the
follow

ing
m

atrix-B
ernstein

inequality
in

L
em

m
a

1
(due

to
R

echt2011)thatbounds
the

deviation
ofspectralnorm

s
ofsuch

m
atrices.

L
em

m
a

1
[Theorem

3.2
ofR

echt2011]
Let

M
1 ,M

2 ,...,M
s

be
independent,zero-m

ean
random

m
atrices

in
R
m
×
n.

Suppose
m

ax
t∈

[s] {‖E
(M

t M
Tt

)‖
2 ,‖E

(M
Tt
M

t )‖
2 }
≤
ρ

2,and‖
M

t ‖
2 ≤

γ
for

all
t∈

[s].
Then,for

any
ε
>

0, ∥∥
1s ∑

st=
1
M

t ∥∥
2 ≤

ε
holds,subjectto

a
failure

probability
atm

ost

(m
+
n

)exp (
−
sε

2
/
2

ρ
2
+
γ
ε/

3 )
.

A
popularconstruction

of
M

t ∈
R
m
×
n,t∈

[s],in
L

em
m

a
1

is
M

t
=

A
it
j
t

p
it
j
t
e
it e

Tj
t −

A
for

p
it j
t 6=

0.

C
learly,

1s ∑
st=

1
M

t
=

Ã
−

A
.W

e
can

see
that

ρ
2

and
γ

of
L

em
m

a
1

are
now

dependenton
p
ij

(L
em

m
as

8
and

9),i.e.,differentchoices
of
p
ij

lead
to

differentbounds
on
ρ

2
and

γ.
N

ow
,upper

bounding
the

failure
probability

in
L

em
m

a
1

by
δ
>

0,
w

e
can

express
the

sam
ple

size
s

as
a

function
ofthe

key
quantities

ρ
2

and
γ,and

consequently
as

a
function

of
p
ij :

s≥
2ε
2 ·(ρ

2
+
γ
ε/3)·ln

((m
+
n

)/δ).

Since
ourchoice

of
p
ij

in
(3)is

a
function

ofdistribution
param

eter
α

,w
e

essentially
param

eterize
ρ

2
and

γ
by
α

,and
express

s
as

a
function

of
α

.L
etus

define
f

(α
)

as
follow

s.

f
(α

)
=
ρ

2(α
)

+
γ

(α
)ε‖

A
‖

2 /
3,

w
here

γ
(α

)
=

m
ax
i,j

:

A
ij 6=

0 {
‖A
‖

1

α
+

(1−
α

) ‖
A
‖
1 ·|A

ij |
‖
A
‖
2F

}
+
‖A
‖

2 ,
(6)

ρ
2(α

)
=

m
ax {

m
ax
i

n
∑j=

1

ξ
ij (α

),m
ax
j

m
∑i=

1

ξ
ij (α

) }
−
σ

2m
in
,

(7)

ξ
ij (α

)
=
‖A
‖

2F
/ (

α
·‖

A
‖

2F

|A
ij |·‖

A
‖

1
+

(1−
α

) )
,A

ij 6=
0,

(8)

σ
m
in

is
the

sm
allestsingularvalue

of
A

.Such
param

eterization
gives

us
a

flexibility
to

express
the

sam
ple

size
as

a
function

of
α

:
s(α

)∝
f

(α
).

N
aturally,w

e
w

antto
find

α
∈

(0,1]thatresults
in

the
sm

allest
s(α

).
T

he
optim

al
α

m
ay

be
less

than
1,and

setting
α

=
1

(in
w

hich
case

equation
3

coincides
w

ith
`
1

probabilities
ofA

chlioptas
etal.2013a)m

ay
notproduce

the
sm

allest
s.

W
e

can
see

that
γ

(α
)

prevents
f

(α
)

from
blow

ing
up

(in
case

ofsam
pling

a
tiny

elem
entof

A
)

by
setting

α
aw

ay
from

0
(this

is
a

regularization
step).

T
hus,

ρ
2(α

)
becom

es
the

dom
inating

term
in
f

(α
)

as
γ

(α
)

is
m

ultiplied
by

a
sm

allconstant
ε.

W
e

take
a

closer
look

at
ξ
ij (α

)
as

itis
the

key
quantity

in
ρ

2(α
)

w
hich

is
approxim

ately
the

larger
of

the
largestrow

sum
or

the
largestcolum

n

sum
of
ξ
ij (α

).
W

hile
m

inim
izing

f
(α

),
α

m
aintains

a
trade-off

betw
een

the
tw

o
term

s
α·‖

A
‖
2F

|A
ij |·‖

A
‖
1

and
(1−

α
)

such
thatthe

m
axim

um
row

sum
or

colum
n

sum
of
ξ
ij (α

)
gets

sm
aller.

A
long

row
i

or
colum

n
j,for

sm
aller|A

ij |,w
e

typically
have|A

ij |·‖A
‖

1
<
‖
A
‖

2F
,and

consequently
α
→

1
reduces

ρ
2(α

).
O

n
the

other
hand,

for
larger|A

ij |
w

e
have

|A
ij |·‖A

‖
1
>
‖
A
‖

2F
and

α
aw

ay
from

1
is

preferred
to

reduce
ρ

2(α
).T

hus
α

plays
an

intricate
role

to
reduce

the
overallsam

ple
size
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K
U

N
D

U
,D

R
IN

E
A

S
A

N
D

M
A

G
D

O
N

-IS
M

A
IL

A
lgorithm

1
E

lem
ent-w

ise
M

atrix
Sparsification

1:
Input:

A
∈
R
m
×
n,accuracy

ε
>

0.
2:

Set
s

as
in

eq.(11).
3:

For
t

=
1
...s

(i.i.d.
trials

w
ith

replacem
ent)

random
ly

sam
ple

pairs
of

indices
(it ,j

t )
∈

[m
]×

[n
]w

ith
P

[(it ,j
t )

=
(i,j)]

=
p
ij ,w

here
p
ij

are
as

in
(3),using

α
as

in
(10).

4:
O

utput:S
Ω

(A
)

=
1s ∑

st=
1
A
it
j
t

p
it
j
t
e
it e

Tj
t .

depending
on

the
structure

ofthe
data.N

ote
thatfor

α
=

1
(as

in
A

chlioptas
etal.2013a)w

e
have

ξ
ij (α

)
=
|A

ij |·‖A
‖

1 .T
herefore,forlarger|A

ij |(true
data

points),m
axim

um
row

sum
orcolum

n
sum

of
ξ
ij (α

)
lose

the
benefitof

the
delicate

role
played

by
α
<

1
to

reduce
those

quantities,and
they

becom
e

largerthan
thatfor

α
<

1.T
hus,param

eterization
and

optim
ization

w
ith

α
gives

us
a

strictly
sm

allersam
ple

size
than

thatof
`
1

or
`
2

sam
pling

forthe
problem

in
(1).

O
urm

ain
algorithm

A
lgorithm

1
leads

us
to

the
follow

ing
theorem

.

T
heorem

2
Let

A
∈

R
m
×
n

and
let

ε
>

0
be

an
accuracy

param
eter.

LetS
Ω

be
the

sam
pling

operator
defined

in
(5),and

assum
e

thatthe
m

ulti-set
Ω

is
generated

using
sam

pling
probabilities

{
p
ij }

m
,n

i,j=
1

as
in

(3).Then,w
ith

probability
atleast

1−
δ,‖S

Ω
(A

)−
A
‖

2 ≤
ε‖A
‖

2 ,if

s≥
2

(ε‖
A
‖

2 )
2 ·f

(α
)·

ln
((m

+
n

)/δ).
(9)

F
urtherm

ore,w
e

can
find

α
∗

(optim
al
α

corresponding
to

the
sm

allest
s)by

solving
(10):

α
∗

=
m

in
α∈

(0
,1

] f
(α

),
(10)

and
the

corresponding
optim

alsam
ple

size
is

s ∗
=

2

(ε‖
A
‖

2 )
2 ·f

(α
∗)·ln

((m
+
n

)/δ).
(11)

For
a

given
m

atrix
A

,w
e

can
easily

com
pute

ρ
2(α

)
and

γ
(α

)
for

various
values

of
α

.
G

iven
an

accuracy
ε

and
failure

probability
δ,w

e
can

com
pute

α
∗

corresponding
to

the
tightestbound

on
s.N

ote
that,for

α
=

1
w

e
reproduce

the
results

ofA
chlioptas

etal.(2013a)(w
hich

w
as

expressed
using

various
m

atrix
m

etrics).
H

ow
ever,

α
∗

m
ay

be
sm

aller
than

1,and
is

guaranteed
to

produce
tighter

s
com

paring
to

extrem
e

choices
of
α

(e.g.
α

=
1

for
`
1 ).

W
e

illustrate
this

in
FIG

U
R

E
3.

W
e

give
a

proofofT
heorem

2
in

A
PPE

N
D

IX
A

.

2.1
A

pproxim
ation

ofPC
A

via
E

lem
entSam

pling

T
he

top-k
principal

com
ponents

of
centered

data
A
∈

R
m
×
n

(m
data

points
in
n

dim
ensions),

denoted
by

V
k ∈

R
n×

k,can
be

form
ulated

as
the

solution
to

the
variance

m
axim

ization
problem

:

V
k

=
argm

ax
V
∈
R
n×

k
,V

T
V

=
I trace(V

T
A
T
A

V
).

(12)

T
he

m
axim

um
variance

achievable
using

V
k ,denoted

by
O
P
T
k ,is

the
sum

ofsquares
ofthe

top-k
singularvaluesof

A
.N

ote
thatin

(12)the
optim

alsolution
iscom

puted
using

the
fulldata

A
(w

hich
is

typically
dense).
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Y
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R
ID

-(
` 1
,`

2
)

S
PA

R
S

E
S

A
M

P
L

IN
G

O
F

D
A

TA
E

L
E

M
E

N
T

S

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

6
.2

6
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2

6
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4

6
.2

6

6
.2

8

6
.3

6
.3

2

6
.3

4

6
.3

6

6
.3

8

α

f(α)

Fi
gu

re
3:

Pl
ot

of
f

(α
)

in
eq

n.
(1

0)
fo

rd
at

a
A

0
.1

.W
e

us
e
ε

=
0.

05
an

d
δ

=
0.

1.
x

-a
xi

s
pl

ot
s
α

an
d

y
-a

xi
s

is
in

lo
g

sc
al

e.

A
lg

or
ith

m
2

A
pp

ro
xi

m
at

io
n

of
PC

A
fr

om
D

at
a

Sa
m

pl
es

1:
In

pu
t:

C
en

te
re

d
da

ta
A
∈
R
m
×
n

,s
pa

rs
ity

pa
ra

m
et

er
s
>

0
,a

nd
ra

nk
pa

ra
m

et
er
k

.
2:

Pr
od

uc
e

sp
ar

se
un

bi
as

ed
sk

et
ch

Ã
fr

om
A

,i
n
s

i.i
.d

.t
ri

al
s

us
in

g
A

lg
or

ith
m

11 .
3:

Pe
rf

or
m

ra
nk

tr
un

ca
te

d
SV

D
on

m
at

ri
x

Ã
,i

.e
.,

[Ũ
k
,D̃

k
,Ṽ

k
]

=
SV

D
(Ã

,k
).

4:
O

ut
pu

t:
Ṽ
k

(c
ol

um
ns

of
Ṽ
k

ar
e

th
e

or
de

re
d

pr
in

ci
pa

lc
om

po
ne

nt
s)

.

H
er

e
w

e
di

sc
us

s
a

pr
ov

ab
le

al
go

ri
th

m
(A

lg
or

ith
m

2)
to

ap
pr

ox
im

at
e

PC
A

by
ap

pl
yi

ng
el

em
en

t-
w

is
e

sa
m

pl
in

g.
W

e
pr

od
uc

e
a

sp
ar

se
un

bi
as

ed
es

tim
at

or
Ã

of
ce

nt
er

ed
da

ta
A

by
sa

m
pl

in
g
s

el
em

en
ts

in
i.i

.d
.t

ri
al

s
ac

co
rd

in
g

to
ou

rh
yb

ri
d-

(`
1
,`

2
)

di
st

ri
bu

tio
n

in
(3

).
W

e
us

e
th

is
Ã

in
st

ea
d

of
A

in
(1

2)
to

co
m

pu
te

th
e

ne
w

op
tim

al
so

lu
tio

n
Ṽ
k

Ṽ
k

=
ar

gm
ax

V
∈R

n
×
k
,V

T
V

=
I

tr
ac

e(
V
T
Ã
T
Ã

V
).

(1
3)

T
he

co
m

pu
ta

tio
n

of
ra

nk
-t

ru
nc

at
ed

SV
D

on
sp

ar
se

da
ta

re
qu

ir
es

fe
w

er
flo

at
in

g
po

in
t

op
er

at
io

ns
(t

he
re

fo
re

ca
n

be
fa

st
),

an
d

w
e

co
ns

id
er

th
e

ri
gh

t
si

ng
ul

ar
ve

ct
or

s
Ṽ
k

of
Ã

as
th

e
ap

pr
ox

im
at

e
pr

in
ci

pa
lc

om
po

ne
nt

s
of

A
.

N
at

ur
al

ly
,m

or
e

sa
m

pl
es

pr
od

uc
e

be
tte

r
ap

pr
ox

im
at

io
n.

H
ow

ev
er

,t
hi

s
re

du
ce

s
sp

ar
si

ty
,c

on
se

qu
en

tly
w

e
m

ay
lo

se
th

e
sp

ee
d

ad
va

nt
ag

e.
T

he
or

em
3

sh
ow

s
th

e
qu

al
ity

of
ap

pr
ox

im
at

io
n

of
pr

in
ci

pa
lc

om
po

ne
nt

s
pr

od
uc

ed
by

A
lg

or
ith

m
2.

T
he

or
em

3
Le

tA
∈
R
m
×
n

be
a

gi
ve

n
m

at
ri

x,
an

d
Ã

be
a

sp
ar

se
sk

et
ch

pr
od

uc
ed

by
A

lg
or

ith
m

1.
Le

tṼ
k

be
th

e
P

C
A’

s
of

Ã
co

m
pu

te
d

in
st

ep
3

of
A

lg
or

ith
m

2.
Th

en

1)
‖A
−

A
Ṽ
k
Ṽ
k
T
‖2 F
≤
‖A
−

A
k
‖2 F

+
4
‖A

k
‖2 F
·‖

A
−

Ã
‖ 2
/σ

k
(A

),

2)
‖A

k
−

Ã
k
‖ F
≤
√

8
k
·(
‖A
−

A
k
‖ 2

+
‖A
−

Ã
‖ 2

),

3)
‖A
−

Ã
k
‖ F
≤
‖A
−

A
k
‖ F

+
√

8
k
·(
‖A
−

A
k
‖ 2

+
‖A
−

Ã
‖ 2

).

1.
H

er
e

w
e

av
oi

d
co

m
pu

tin
g
‖A
‖ 2

di
re

ct
ly

an
d

in
st

ea
d

up
pe

rb
ou

nd
it

by
‖A
‖ F

in
γ
(α

)
in

L
em

m
a

8.
In

(1
0)
ρ
2
(α

)
is

th
e

do
m

in
at

in
g

te
rm

(w
e

ig
no

re
σ
m
in

as
it

is
ty

pi
ca

lly
ve

ry
sm

al
l)

an
d
γ
(α

)
is

m
ul

tip
lie

d
by

a
sm

al
lc

on
st

an
tε

;t
hu

s
in

re
al

ity
su

ch
re

la
xa

tio
n

of
γ
(α

)
an

d
ρ
2
(α

)
ha

s
lit

tle
ef

fe
ct

on
α
∗

(w
e

ve
ri

fie
d

it
ex

pe
ri

m
en

ta
lly

).
H

ow
ev

er
,w

e
re

fe
r

to
th

e
α

th
at

w
e

ge
tu

si
ng

th
e

ab
ov

e
as

ne
ar

-o
pt

im
al

.
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T
he

fir
st

in
eq
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lit

y
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T
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3
bo

un
ds

th
e

ap
pr

ox
im

at
io

n
of

pr
oj

ec
te

d
da

ta
on

to
th

e
sp

ac
e

sp
an

ne
d

by
to

p
k

ap
pr

ox
im

at
e

pr
in

ci
pa

lc
om

po
ne

nt
s.

T
he

se
co

nd
an

d
th

ir
d

in
eq

ua
lit

ie
s

m
ea

su
re

th
e

qu
al

ity
of

Ã
k

as
a

su
rr

og
at

e
fo

rA
k

an
d

th
e

qu
al

ity
of

pr
oj

ec
tio

n
of

sp
ar

si
fie

d
da

ta
on

to
ap

pr
ox

im
at

e
pr

in
ci

pa
lc

om
po

ne
nt

s,
re

sp
ec

tiv
el

y.
T

he
pr

oo
fs

of
fir

st
tw

o
in

eq
ua

lit
ie

s
of

T
he

or
em

3
fo

llo
w

fr
om

T
he

or
em

5
an

d
T

he
or

em
8

of
A

ch
lio

pt
as

an
d

M
cS

he
rr

y
(2

00
1)

,r
es

pe
ct

iv
el

y.
T

he
la

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

th
e

tr
ia

ng
le

in
eq

ua
lit

y.
T

he
la

st
tw

o
in

eq
ua

lit
ie

s
ab

ov
e

ar
e

pa
rt

ic
ul

ar
ly

us
ef

ul
in

ca
se

s
w

he
re

A
is

in
he

re
nt

ly
lo

w
-r

an
k

an
d

w
e

ch
oo

se
an

ap
pr

op
ri

at
e
k

fo
rw

hi
ch
‖A
−

A
k
‖ 2

is
sm

al
l.

2.
2

A
pp

ro
xi

m
at

in
g

Sp
ar

se
PC

A
fr

om
In

co
m

pl
et

e
D

at
a

PC
A

co
ns

tr
uc

ts
a

lo
w

di
m

en
si

on
al

su
bs

pa
ce

of
th

e
da

ta
su

ch
th

at
pr

oj
ec

tio
n

of
th

e
da

ta
on

to
th

is
su

bs
pa

ce
pr

es
er

ve
s

as
m

uc
h

in
fo

rm
at

io
n

as
po

ss
ib

le
.

H
ow

ev
er

a
sh

or
tc

om
in

g
of

PC
A

is
th

e
in

-
te

rp
re

ta
tio

n
of

th
e

pr
in

ci
pa

lc
om

po
ne

nt
s

(o
r

fa
ct

or
s)

as
th

ey
ca

n
be

lin
ea

r
co

m
bi

na
tio

ns
of

al
lt

he
or

ig
in

al
va

ri
ab

le
s.

In
m

an
y

ca
se

s
th

e
or

ig
in

al
va

ri
ab

le
s

ha
ve

di
re

ct
ph

ys
ic

al
si

gn
ifi

ca
nc

e
(e

.g
.g

en
es

in
bi

ol
og

ic
al

ap
pl

ic
at

io
ns

or
as

se
ts

in
fin

an
ci

al
ap

pl
ic

at
io

ns
).

In
su

ch
ca

se
s

it
is

de
si

ra
bl

e
to

ha
ve

fa
ct

or
s

w
hi

ch
ha

ve
lo

ad
in

gs
on

on
ly

a
sm

al
ln

um
be

r
of

th
e

or
ig

in
al

va
ri

ab
le

s.
T

he
se

in
te

rp
re

ta
bl

e
fa

ct
or

s
ar

e
sp

ar
se

pr
in

ci
pa

lc
om

po
ne

nt
s

(S
PC

A
).

To
de

riv
e

sp
ar

se
pr

in
ci

pa
lc

om
po

ne
nt

s,
w

e
ad

d
a

sp
ar

si
ty

co
ns

tr
ai

nt
to

th
e

op
tim

iz
at

io
n

pr
ob

le
m

(s
ee

eq
ua

tio
n

14
):

ev
er

y
co

lu
m

n
of

V
sh

ou
ld

ha
ve

at
m

os
tr

no
n-

ze
ro

en
tr

ie
s

(r
is

an
in

pu
tp

ar
am

et
er

),

S
k

=
ar

gm
ax

V
∈R

n
×
k
,V

T
V

=
I,
‖V

(i
)
‖ 0
≤
r

tr
ac

e(
V
T
A
T
A

V
).

(1
4)

T
he

sp
ar

se
PC

A
pr

ob
le

m
is

no
t

on
ly

N
P-

ha
rd

,
bu

t
al

so
in

ap
pr

ox
im

ab
le

(M
ag

do
n-

Is
m

ai
l

20
17

).
T

he
re

ar
e

m
an

y
he

ur
is

tic
sf

or
ob

ta
in

in
g

sp
ar

se
fa

ct
or

s
(C

ad
im

a
an

d
Jo

lli
ff

e,
19

95
;T

re
nd

afi
lo

v
et

al
.,

20
03

;Z
ou

et
al

.,
20

06
;d

’A
sp

re
m

on
te

ta
l.,

20
07

,2
00

8;
M

og
ha

dd
am

et
al

.,
20

06
;S

he
n

an
d

H
ua

ng
,

20
08

)i
nc

lu
di

ng
so

m
e

ap
pr

ox
im

at
io

n
al

go
ri

th
m

s
w

ith
pr

ov
ab

le
gu

ar
an

te
es

A
st

er
is

et
al

.(
20

14
).

T
he

ex
is

tin
g

re
se

ar
ch

ty
pi

ca
lly

ad
dr

es
se

s
th

e
ta

sk
of

ge
tti

ng
ju

st
th

e
to

p
pr

in
ci

pa
lc

om
po

ne
nt

(k
=

1
)

(s
om

e
ex

ce
pt

io
ns

ar
e

M
a

20
13

;
C

ai
et

al
.2

01
3;

W
an

g
et

al
.2

01
4;

L
ei

an
d

V
u

20
15

).
W

hi
le

th
e

sp
ar

se
PC

A
pr

ob
le

m
is

ha
rd

an
d

in
te

re
st

in
g,

it
is

no
tt

he
fo

cu
s

of
th

is
w

or
k.

W
e

ad
dr

es
st

he
qu

es
tio

n:
W

ha
ti

fw
e

do
no

tk
no

w
A

,b
ut

on
ly

ha
ve

a
sp

ar
se

sa
m

pl
in

g
of

so
m

e
of

th
e

en
tr

ie
s

in
A

(i
nc

om
pl

et
e

da
ta

)?
T

he
sp

ar
se

sa
m

pl
in

g
is

us
ed

to
co

ns
tr

uc
ta

sk
et

ch
of

A
,d

en
ot

ed
Ã

.T
he

re
is

no
tm

uc
h

el
se

to
do

bu
ts

ol
ve

th
e

sp
ar

se
PC

A
pr

ob
le

m
w

ith
th

e
sk

et
ch

Ã
in

st
ea

d
of

th
e

fu
ll

da
ta

A
to

ge
tS̃

k
, S̃

k
=

ar
gm

ax
V
∈R

n
×
k
,V

T
V

=
I,
‖V

(i
)
‖ 0
≤
r

tr
ac

e(
V
T
Ã
T
Ã

V
).

(1
5)

W
e

st
ud

y
ho

w
S̃
k

pe
rf

or
m

s
as

an
ap

pr
ox

im
at

io
n

to
S
k

w
ith

re
sp

ec
tiv

e
to

th
e

ob
je

ct
iv

e
th

at
w

e
ar

e
tr

yi
ng

to
op

tim
iz

e,
na

m
el

y
tr

ac
e(

S
T
A
T
A

S
)

—
th

e
qu

al
ity

of
ap

pr
ox

im
at

io
n

is
m

ea
su

re
d

w
ith

re
sp

ec
tt

o
th

e
tr

ue
A

.
W

e
sh

ow
th

at
th

e
qu

al
ity

of
ap

pr
ox

im
at

io
n

is
co

nt
ro

lle
d

by
ho

w
w

el
lÃ

T
Ã

ap
pr

ox
im

at
es

A
T
A

as
m

ea
su

re
d

by
th

e
sp

ec
tr

al
no

rm
of

th
e

de
vi

at
io

n
A
T
A
−

Ã
T
Ã

.
T

hi
s

is
a

ge
ne

ra
lr

es
ul

tt
ha

td
oe

s
no

tr
el

y
on

ho
w

on
e

co
ns

tr
uc

ts
th

e
sk

et
ch

Ã
.

L
em

m
a

4
(S

pa
rs

e
PC

A
fr

om
a

Sk
et

ch
)

Le
t

S
k

be
a

so
lu

tio
n

to
th

e
sp

ar
se

P
C

A
pr

ob
le

m
th

at
so

lv
es

(1
4)

,
an

d
S̃
k

a
so

lu
tio

n
to

th
e

sp
ar

se
P

C
A

pr
ob

le
m

fo
r

th
e

sk
et

ch
Ã

w
hi

ch
so

lv
es

(1
5)

.
Th

en
,

tr
ac

e(
S̃
k
T
A
T
A

S̃
k
)
≥

tr
ac

e(
S
k
T
A
T
A

S
k
)
−

2
k
‖A

T
A
−

Ã
T
Ã
‖ 2
.
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R
E

C
O

V
E

R
IN

G
P

C
A

A
N

D
S

PA
R

S
E

P
C

A
V

IA
H

Y
B

R
ID

-(`
1 ,`

2 )
S

PA
R

S
E

S
A

M
P

L
IN

G
O

F
D

A
TA

E
L

E
M

E
N

T
S

L
em

m
a

4
says

thatifw
e

can
closely

approxim
ate

A
w

ith
Ã

,then
w

e
can

com
pute,from

Ã
,sparse

com
ponents

w
hich

capture
alm

ost
as

m
uch

variance
as

the
optim

al
sparse

com
ponents

com
puted

from
the

fulldata
A

.
W

e
prove

thatL
em

m
a

4
follow

s
as

a
corollary

ofa
m

ore
generalresultgiven

in
T

heorem
10.

In
our

setting,
the

sketch
Ã

is
com

puted
from

a
sparse

sam
pling

of
the

data
elem

ents
in

A
(incom

plete
data).

W
e

use
probabilities

of
the

form
in

(3)
to

determ
ine

w
hich

elem
ents

to
sam

ple
and

how
to

form
the

sketch
such

that
the

error‖
A
T
A
−

Ã
T
Ã
‖

2
is

sm
all.

W
e

can
sim

plify
this

quantity
in

term
s

of‖A
−

Ã
‖

2
as

follow
s.L

et
∆

=
A
−

Ã
.

‖A
T
A
−

Ã
T
Ã
‖

2
=
‖
A
T

∆
+

∆
T
A
−

∆
T

∆
‖

2 ≤
2‖A
‖

2 ‖
∆
‖

2
+
‖∆
‖

22 .
(16)

W
e

com
bine

the
bound

on
‖A
−

Ã
‖

2
for

given
accuracy

ε/k
from

T
heorem

2
w

ith
L

em
m

a
4

to
derive

k‖
A
T
A
−

Ã
T
Ã
‖

2 ≤
ε(2

+
ε/k

)‖
A
‖

22
w

ith
a

sam
ple

size
s

=
k

2·
s ∗

w
here

s ∗
as

in
(11).

H
ow

ever,w
e

sim
plify

this
bound

fora
betterinterpretation

of
s

in
term

s
m

atrix
dim

ensions
m

and
n

and
stable

rank
k̃

=
‖A
‖

2F
/‖A
‖

22 .N
ote

that‖
A
‖

1 ≤
√
m
n‖A
‖
F

from
C

auchy-Schw
artz.T

hen,

γ
(α

)/‖
A
‖

2 ≤
1

+
‖A
‖

1 /(α‖A
‖

2 )≤
1

+
√
m
n
k̃
/
α

=
γ̂
.

(17)

A
lso,from

|A
ij |≤

‖A
‖

2 ,
ρ

2(α
)

in
(7)can

be
sim

plified
as

ξ
ij (α

)
≤
‖
A
‖

2F (
α
k̃‖A
‖

2 /‖
A
‖

1
+

(1−
α

) )
−

1,
(18)

ρ
2(α

)/‖
A
‖

22
≤

m
ax{

m
,n}k̃ (

α
k̃‖A
‖

2 /‖A
‖

1
+

(1−
α

) )
−

1
=
ρ̂

2.
(19)

U
sing

the
above

relaxations
w

e
have

the
follow

ing
theorem

on
sam

ple
size

com
plexity.

T
heorem

5
(Sam

pling
C

om
plexity

for
Sparse

PC
A

)
Sam

ple
s

data-elem
ents

from
A
∈
R
m
×
n

to
form

the
sparse

sketch
Ã

using
A

lgorithm
1.

Let
S
k

be
a

solution
to

the
sparse

P
C

A
problem

that
solves

(14),and
let

S̃
k ,w

hich
solves

(15),be
a

solution
to

the
sparse

P
C

A
problem

for
the

sketch
Ã

form
ed

from
the

s
sam

pled
data

elem
ents.Suppose

the
num

ber
ofsam

ples
s

satisfies

s≥
2k

2ε −
2(ρ̂

2
+
εγ̂
/(3k

))
log

((m
+
n

)/δ),

(ρ̂
2

and
γ̂

are
dim

ensionless
quantities

thatdepend
only

on
A

).Then,w
ith

probability
atleast

1−
δ

trace(S̃
k
T
A
T
A

S̃
k )≥

trace(S
k
T
A
T
A

S
k )−

2ε(2
+
ε/k

)‖
A
‖

22 .

T
he

dependence
of
ρ̂

2
and

γ̂
on

A
are

given
in

(17)
and

(19),respectively.
R

oughly
speaking,w

e
can

ignore
the

term
w

ith
γ̂

since
itis

m
ultiplied

by
ε/k,and

w
e

have
ρ̂

2
=
O

(k̃
m

ax{m
,n}

).
To

paraphrase
T

heorem
5,w

hen
the

stable
rank

k̃
is

a
sm

allconstant,w
ith
O

(k
2

m
ax{

m
,n})

sam
ples,

one
can

recoveralm
ostas

good
sparse

principalcom
ponents

as
w

ith
alldata

(a
possible

price
being

a
sm

allfraction
of

the
optim

alvariance,since
O
P
T
k ≥
‖A
‖

22 ).
A

s
far

as
w

e
know

,the
only

prior
w

ork
related

to
the

problem
w

e
consider

here
is

L
ounici(2013)

w
hich

proposed
a

specific
m

ethod
to

constructsparse
PC

A
from

incom
plete

data.H
ow

ever,w
e

develop
a

generaltoolthatcan
be

used
w

ith
any

existing
sparse

PC
A

heuristic.
M

oreover,w
e

derive
m

uch
sim

pler
bounds

(T
heorem

s
4

and
5)using

m
atrix

concentration
inequalities,as

opposed
to
ε-netargum

ents
in

L
ounici(2013).
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K
U

N
D

U
,D

R
IN

E
A

S
A

N
D

M
A

G
D

O
N

-IS
M

A
IL

2.2.1
S

PA
R

S
E

S
K

E
T

C
H

U
S

IN
G

G
R

E
E

D
Y

T
H

R
E

S
H

O
L

D

W
e

also
give

an
application

of
L

em
m

a
4

to
run

sparse
PC

A
after

“denoising”
the

data
using

a
greedy

thresholding
algorithm

thatsets
the

sm
allelem

ents
to

zero
(see

T
heorem

6).Such
denoising

is
appropriate

w
hen

the
observed

m
atrix

has
been

elem
ent-w

ise
perturbed

by
sm

allnoise,and
the

uncontam
inated

data
m

atrix
is

sparse
and

contains
large

elem
ents.

W
e

show
thatif

an
appropriate

fraction
of

the
(noisy)

data
is

setto
zero,one

can
stillrecover

sparse
principalcom

ponents.
T

his
gives

a
principled

approach
to

regularizing
sparse

PC
A

in
the

presence
ofsm

allnoise
w

hen
the

data
is

sparse.
W

e
give

the
sim

plestscenario
of

incom
plete

data
w

here
L

em
m

a
4

gives
som

e
reassurance

that
one

can
com

pute
good

sparse
principalcom

ponents.Suppose
the

sm
allestdata

elem
ents

have
been

setto
zero.

T
his

can
happen,for

exam
ple,if

only
the

largestelem
ents

are
m

easured,or
in

a
noisy

setting
ifthe

sm
allelem

ents
are

treated
as

noise
and

setto
zero.So

Ã
ij

=

{
A
ij
|A

ij |≥
δ,

0
|A

ij |
<
δ.

R
ecall

k̃
=
‖
A
‖

2F
/‖

A
‖

22
(stable

rank
of

A
),and

define‖
A
δ ‖

2F
=
∑
|A
ij |<

δ
A

2ij .L
et

∆
=

A
−

Ã
.

B
y

construction,‖∆
‖

2F
=
‖A

δ ‖
2F

and‖A
T
A
−

Ã
T
Ã
‖

2 ≤
2‖A
‖

2 ‖
∆
‖

2
+
‖∆
‖

22
from

(16).
Sup-

pose
the

zeroing
of

elem
ents

only
loses

a
fraction

of
the

energy
in

A
,

i.e.
δ

is
selected

so
that

‖
A
δ ‖

2F
≤
ε
2‖

A
‖

2F
/k̃;thatis

an
ε/
k̃

fraction
ofthe

totalvariance
in

A
has

been
lostin

the
unm

ea-

sured
(orzero)data.T

hen‖
∆
‖

2 ≤
‖∆
‖
F
≤
ε‖

A
‖
F
/ √

k̃
=
ε‖A
‖

2 .

T
heorem

6
Suppose

that
Ã

is
created

from
A

by
zeroing

allelem
ents

thatare
less

than
δ,and

δ
is

such
thatthe

truncated
norm

satisfies‖
A
δ ‖

22 ≤
ε
2‖

A
‖

2F
/k̃.

Then
the

sparse
P

C
A

solution
Ṽ
∗

satisfies
trace(Ṽ

∗
T
A

A
Ṽ
∗)≥

trace(V
∗
T
A

A
T
V
∗)−

2
k
ε‖

A
‖

22 (2
+
ε).

T
heorem

6
show

s
thatitis

possible
to

recoversparse
PC

A
aftersetting

sm
allelem

ents
to

zero.T
his

is
appropriate

w
hen

m
ost

of
the

elem
ents

in
A

are
sm

all
noise

and
a

few
of

the
elem

ents
in

A
contain

large
data

elem
ents.Forexam

ple
ifthe

data
consists

ofsparse
O

( √
n
m

)
large

elem
ents

(of
m

agnitude,say
1)and

m
any

n
m
−
O

( √
n
m

)
sm

allelem
ents

w
hose

m
agnitude

is
o(1/ √

n
m

)
(high

signal-to-noise
setting),then

‖A
δ ‖

22 /‖A
‖

22 →
0

and
w

ith
justa

sparse
sam

pling
of

the
O

( √
n
m

)
large

elem
ents

(very
incom

plete
data),w

e
recovernearoptim

alsparse
PC

A
.

N
otonly

do
ouralgorithm

s
preserve

the
quality

ofthe
sparse

principalcom
ponents,butiterative

algorithm
s

forsparse
PC

A
,w

hose
running

tim
e

is
proportionalto

the
num

berofnon-zero
entries

in
the

inputm
atrix,benefitfrom

the
sparsity

of
Ã

.O
urexperim

ents
show

aboutfive-fold
speed

gains
w

hile
producing

near-com
parable

sparse
com

ponents
using

less
than

10%
ofthe

data.

2.3
O

ne-passH
ybrid-(`

1 ,`
2 )Sam

pling

H
ere

w
e

discuss
the

im
plem

entation
ofhybrid-(`

1 ,`
2 )

sam
pling

in
one

pass
overthe

inputm
a-

trix
A

using
O

(s)
m

em
ory,e.g.,a

stream
ing

m
odel.

H
ere

w
e

propose
an

algorithm
,A

lgorithm
3,

to
im

plem
enta

one-pass
version

ofthe
hybrid

sam
pling

w
ithouta

prioriknow
ledge

ofthe
regular-

ization
param

eter
α

.
W

e
use

SE
L

E
C

T-s
algorithm

(A
lgorithm

5
in

A
PPE

N
D

IX
F)

to
im

plem
entone-pass

`
1

and
`
2

sam
pling.

W
e

note
thatsteps

2-3
of

A
lgorithm

3
access

the
elem

ents
of

A
only

once,in
parallel,
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∈
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.
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.
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ra
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∈
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S
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)
←
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:
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j t

)
←
S
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:
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.

13
:

p
←
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S

(t
,3

)|
‖A
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+
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)
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S
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S
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.
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ra
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S
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et
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S
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S
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.

W
e

st
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‖2 F
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d
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‖ 1
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re
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y
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m

pu
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3.
Su
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eq

ue
nt

st
ep

s
do

no
t

ne
ed

fu
rt

he
r
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ce

ss
to

A
.

In
te

re
st

in
gl

y,
w

e
se

t
α

in
st

ep
6

w
he

n
th

e
da

ta
st

re
am

te
rm

in
at

es
.

St
ep

s
9-

15
sa

m
pl

e
s

el
em

en
ts

fr
om

S
1

an
d
S

2
us

in
g

th
e
α

in
st

ep
6,

an
d

pr
od

uc
es

a
sp

ar
se

m
at

ri
x

X
us

in
g

th
e

sa
m

pl
ed

en
tr

ie
s

in
m

ul
tis

et
S

.
T

he
or

em
7

pr
ov
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th

at
A

lg
or

ith
m

3
in

de
ed

sa
m

pl
es

el
em

en
ts

of
A

ac
co

rd
in

g
to

th
e

hy
br
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-(
` 1
,`

2
)

pr
ob

ab
ili

tie
s

in
(3

).

T
he

or
em

7
U

si
ng

th
e

sa
m

e
no

ta
tio

ns
as

in
A

lg
or

ith
m

3,
fo

r
α
∈

(0
,1

],
t

=
1,
..
.,
s,

P
[S

(t
)

=
(i
,j
,A

ij
)]

=
α
·|

A
ij
|

‖A
‖ 1

+
(1
−
α

)
·

A
2 ij

‖A
‖2 F
.

Se
e

pr
oo

f
in

A
PP

E
N

D
IX

E
.N

ot
e

th
at

,T
he

or
em

7
ho

ld
s

fo
r

an
y

ar
bi

tr
ar

y
α
∈

(0
,1

]
in

lin
e

7
of

A
lg

or
ith

m
3,

i.e
.,

A
lg

or
ith

m
4

is
no

te
ss

en
tia

lf
or

co
rr

ec
tn

es
s

of
T

he
or

em
7.

W
e

on
ly

ne
ed
α

to
be

in
de

pe
nd

en
to

ft
he

el
em

en
ts

of
S

1
an

d
S

2
.H

ow
ev

er
,w

e
ca

n
us

e
A

lg
or

ith
m

4
to

ge
ta

go
od

es
tim

at
e

of
α
∗

(S
E

C
T

IO
N

2.
3.

1)
.

In
th
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ca

se
,w

e
ne

ed
ad

di
tio

na
li

nd
ep

en
de

nt
sa

m
pl

es
fr

om
A

to
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ea
rn

’
th

e
pa

ra
m

et
er
α
∗ .

2.
3.

1
E

S
T

IM
A

T
E

O
F
α
∗

F
R

O
M

S
A

M
P

L
E

S

H
er

e
w

e
di

sc
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s
A

lg
or

ith
m
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to
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at
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m

pl
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A

an
d

fe
w

ot
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r
qu

an
tit

ie
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su
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as
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‖A
‖ F
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A
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A
m
in
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he
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A
m
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fin
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A
m
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=
m
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j
:

A
ij
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0

|A
ij
|.
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.
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.
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L
et

Ω
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pl

ed
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ip
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A
ij
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w
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ch
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p
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p
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L
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α
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m
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A
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‖ 1
·|A

ij
|

‖A
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‖2 F
·A

m
in

+
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·‖
A
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∈
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ra
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Ỹ
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Ỹ
j
(α

)
(o

r
Ỹ
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A
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IA
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Y
B

R
ID
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1 ,`
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S

PA
R

S
E

S
A

M
P

L
IN

G
O

F
D

A
TA

E
L

E
M

E
N

T
S

3.E
xperim

ents

W
e

perform
various

elem
ent-w

ise
sam

pling
on

synthetic
and

realdata
to

show
how

w
ellthe

sparse
sketches

preserve
the

structure
of

the
originaldata,in

spectralnorm
.

A
lso,w

e
show

results
on

the
quality

and
com

putation
tim

e
ofthe

principalcom
ponents

and
sparse

principalcom
ponents

derived
from

sparse
sketches.

3.1
A

lgorithm
sfor

Sparse
Sketches

A
lgorithm

1
isourprototypicalalgorithm

to
produce

(unbiased)sparse
sketches

Ã
from

a
given

m
a-

trix
via

various
sam

pling
m

ethods.W
e

constructoursparse
sketch

using
ouroptim

alhybrid-(`
1 ,`

2 )
probabilities,

and
com

pare
its

quality
w

ith
other

sketches
produced

via
`
1

and
`
2

sam
pling.

W
e

borrow
sam

e
definitions

from
(A

chlioptas
etal.2013a)forcom

paring
ourresults

w
ith
`
1

sam
pling.

nd(A
)

:=
‖
A
‖

21

‖A
‖

2F

,
rs

0 (A
)

:=
m

ax
i ‖

A
(i) ‖

0

‖
A
‖

0 /m
,

rs
1 (A

)
:=

m
ax

i ‖
A

(i) ‖
1

‖
A
‖

1 /m
,

w
here

nd
is

num
eric

density
and

rs
is

row
density

skew
ness.A

chlioptas
etal.(2013a)argues

that
`
1

outperform
s
`
2

sam
pling

w
hen

rs
0
>

rs
1 .W

e
com

pute
the

theoreticaloptim
alm

ixing
param

eter
α
∗

by
solving

(10)forvarious
datasets

2,and
com

pare
this

α
∗

w
ith

the
theoreticalcondition

derived
by

A
chlioptasetal.(2013a).Further,w

e
verify

the
accuracy

of
α
∗

by
m

easuringE
=
‖
A
−

Ã
‖

2 /‖A
‖

2

for
distributions

corresponding
to

various
α

,
for

a
given

sam
ple

size
s

3.
W

e
expectE

to
be

the
sm

allestfor
α
≈
α
∗

ratherthan
α

=
1

(`
1 )or

α
≈

0
(`

2 ).

3.2
A

lgorithm
sfor

PC
A

from
Sparse

Sketches

W
e

firstcom
pare

three
algorithm

s
for

com
puting

PC
A

of
the

centered
data

A
.

L
etthe

actualPC
A

ofthe
originaldata

beA
.W

e
use

A
lgorithm

2
to

com
pute

approxim
ate

PC
A

from
random

sam
ples

via
our

optim
al

hybrid-(`
1 ,`

2 )
sam

pling.
L

et
us

denote
this

approxim
ate

PC
A

by
H

.
A

lso,
w

e
com

pute
PC

A
of

a
G

aussian
random

projection
of

the
originaldata

to
com

pare
its

quality
w

ith
H

.
L

etA
G

=
G

A
∈
R
r×
n,w

here
A
∈
R
m
×
n

is
the

originaldata,and
G

is
a
r×

m
standard

G
aussian

m
atrix.L

etthe
PC

A
ofthis

random
projection

A
G

beG
.T

he
quality

ofvarious
PC

A
is

determ
ined

by
m

easuring
how

m
uch

variance
of

the
data

they
can

capture
(as

in
equation

12).
For

this,let
σ
k ,

σ
h ,and

σ
g

denote
the

variance
preserved

byA
,H

,andG
,respectively.N

ote
that,A

andG
require

access
to

the
fulldata,w

hileH
is

com
puted

from
only

few
sam

ples
of

A
.

A
lso,w

e
com

pare
the

com
putation

tim
e

(in
m

illiseconds)
ta ,

th ,and
tG

forA
,H

,andG
,respectively.

Finally,
w

e
com

pare
the

quality
of

our
optim

al
hybrid

sam
pling

w
ith

`
1

sam
pling

and
B

ern-
stein

sam
pling

(A
chlioptas

etal.2013b)
by

quantifying
the

variance,
σ
`
1

and
σ
b ,preserved

by
the

corresponding
sparse

sketches.

3.3
A

lgorithm
sfor

A
pproxim

ate
Sparse

PC
A

from
Sketches

W
e

show
the

experim
ental

results
for

sparse
PC

A
from

a
sketch

using
severalrealdata

m
atrices.

A
s

w
e

m
entioned,sparse

PC
A

is
N

P-H
ard,and

so
w

e
use

heuristics.T
hese

heuristics
are

discussed
next,follow

ed
by

the
data,the

experim
entaldesign

and
finally

the
results.

2.w
e

find
α
∗

from
the

plotof
f
(α

)
for

α
∈
[0
.1
,1
].

3.here
w

e
use

A
,
s,and

α
as

inputto
A

lgorithm
1

to
form

Ã
by
s

i.i.d
sam

ples
from

p
ij

in
(3)forgiven

α
.
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K
U

N
D

U
,D

R
IN

E
A

S
A

N
D

M
A

G
D

O
N

-IS
M

A
IL

L
etG

(ground
truth)

denote
the

algorithm
w

hich
com

putes
the

principal
com

ponents
(w

hich
m

ay
not

be
sparse)

of
the

full
data

m
atrix

A
;

the
optim

al
variance

is
O
P
T
k .

W
e

consider
six

heuristics
forgetting

sparse
principalcom

ponents.
G

m
ax
,r

T
he
r

largest-m
agnitude

entries
in

each
principalcom

ponentgenerated
byG

.
G

sp
,r

r-sparse
com

ponents
using

the
Spasm

toolbox
ofSjstrand

etal.(2012)w
ith

A
.

H
m

ax,r
T

he
r

largestentries
ofthe

principalcom
ponents

forthe
(`

1 ,`
2 )-sam

pled
sketch

Ã
.

H
sp,r

r-sparse
com

ponents
using

Spasm
w

ith
the

(`
1 ,`

2 )-sam
pled

sketch
Ã

.
U

m
ax
,r

T
he
r

largestentries
ofthe

principalcom
ponents

forthe
uniform

ly
sam

pled
sketch

Ã
.

U
sp
,r

r-sparse
com

ponents
using

Spasm
w

ith
the

uniform
ly

sam
pled

sketch
Ã

.
O

utputofan
algorithm

Z
issparse

principalcom
ponents

V
,and

w
e

considerthe
m

etric
f

(Z
)

=
trace(V

T
A
T
A

V
),w

here
A

is
the

originalcentered
data.W

e
considerthe

follow
ing

statistics.
f

(G
m

ax,r )

f
(G

sp,r )
R

elative
loss

of
greedy

thresholding
versus

Spasm
,illustrating

the
value

of
a

good
sparse

PC
A

algorithm
.O

ursketch
based

algorithm
s

do
notaddress

this
loss.

f
(H

m
ax/sp,r )

f
(G

m
ax/sp

,r )
R

elative
loss

of
using

the
(`

1 ,`
2 )-sketch

Ã
instead

of
com

plete
data

A
.

A
ratio

close
to

1
is

desired.
f

(U
m

ax/sp
,r )

f
(G

m
ax/sp,r )

R
elative

loss
of

using
the

uniform
sketch

Ã
instead

ofcom
plete

data
A

.
A

bench-
m

ark
to

highlightthe
value

ofa
good

sketch.
W

e
also

reportthe
com

putation
tim

e
forthe

algorithm
s.W

e
show

results
to

confirm
thatsparse

PC
A

algorithm
s

using
the

(`
1 ,`

2 )-sketch
are

nearly
com

parable
to

those
sam

e
algorithm

s
on

the
com

plete
data;and,gain

in
com

putation
tim

e
from

sparse
sketch

is
proportionalto

the
sparsity.

A
lso,w

e
evaluate

the
quality

of
A

lgorithm
4

to
estim

ate
α
∗

from
a

sm
allnum

ber
of

sam
ples

from
various

data.

3.4
O

ther
Sketching

Probabilities

W
e

consider
p
ij

proportionalto
the

sum
ofrow

and
colum

n
leverage

scores
of

A
(C

hen
etal.2014)

to
produce

sparse
sketch

Ã
using

A
lgorithm

1.
L

et
A

be
an
m
×
n

m
atrix

of
rank

%,and
its

SV
D

is
given

by
A

=
U

Σ
V
T

,w
here

U
and

V
contains

%
orthonorm

alleftand
rightsingular

vectors,
respectively,and

Σ
is

the
diagonalm

atrix
of

singular
values.

W
e

define
leverage

scores
as

follow
s

(as
in

M
ahoney

and
D

rineas
2009)

(row
leverage)

µ
i

=
‖
U

(i) ‖
22 ,
∀
i∈

[m
]

(colum
n

leverage)
ν
j

=
‖
V

(j) ‖
22 ,
∀
j∈

[n
]

and
elem

ent-w
ise

leverage
score

(sim
ilarto

C
hen

etal.2014)

p
lev

=
12

µ
i
+
ν
j

(m
+
n

)%
+

1

2
m
n
,

i∈
[m

],j∈
[n

].

N
ote

that
p
lev

is
a

probability
distribution

on
the

elem
ents

of
A

.A
ta

high
level,the

leverage
scores

of
an

elem
ent

(i,j)
is

proportionalto
the

squared
norm

s
of

the
i-th

row
of

the
leftsingular

m
atrix

and
the

j-th
row

ofthe
rightsingularm

atrix.T
he

constantterm
in
p
lev

prevents
the

rescaled
values

from
blow

ing
up

in
case

of
sam

pling
an

elem
ent

w
ith

tiny
leverage

score.
Such

leverage
score

sam
pling

is
distinctfrom

uniform
sam

pling
only

forlow
-rank

m
atrices

orlow
-rank

approxim
ations

to
m

atrices.
So,w

e
consider

sparsification
of

low
-rank

and
rank-truncated

data,and
com

pare
the

quality
ofsparse

sketches
produced

from
such

low
-rank

m
atrices

using
ouroptim

alhybrid
sam

pling
w

ith
thatofusing

p
lev .
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≈
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=
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.
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Figure
4:

[D
igitdata]

A
pproxim

ation
quality

of
PC

A
(A

lgorithm
2)

from
sam

ples
of

data.
(L

eft)
V

isualization
of

principalcom
ponents

as
16×

1
6

im
age.

Principalcom
ponents

are
or-

dered
from

the
top

row
to

the
bottom

.
First

colum
n

of
PC

A
’s

are
exact

(A
).

Second
colum

n
of

PC
A

’s
(H

)
are

com
puted

on
sparse

sketch
w

ith
7%

non-zeros
of

allthe
ele-

m
ents

via
hybrid

sam
pling

using
optim

al
α

.
T

hird
colum

n
of

PC
A

’s
(G

)
are

com
puted

on
A
G

.
(R

ight)
V

ariance
preserved

by
PC

A
algorithm

s.
H

ybrid
sam

pling
based

PC
A

,
despite

using
less

inform
ation,is

betterthan
PC

A
ofrandom

projection.

Sparsified
D

igit
Sparsified

A
0
.1

#
non-zeros

7%
6%

ta /th /tG
151/30/36

73/18/36

Table
3:

C
om

putationalgain
of

A
lgorithm

2
com

paring
to

exactPC
A

.W
e

reportthe
com

putation
tim

e
ofM

A
T

L
A

B
function

‘svds(A
,k)’foractualdata

A
(ta ),sparsified

data
Ã

(th ),and
random

projection
data

A
G

(tG
).W

e
use

only
7%

and
6%

ofallthe
elem

ents
ofD

igitdata
and

A
0
.1 ,respectively,to

constructrespective
sparse

sketches.
k

=
3

forD
igitand

k
=

5
for

A
0
.1 .

significantly
outperform

s
the

uniform
sketch.

A
m

ore
extensive

com
parison

of
recovered

variance
is

given
in

FIG
U

R
E

6(a).W
e

also
observe

a
speed-up

ofa
factorofabout6

forthe
(`

1 ,`
2 )-sketch.

W
e

pointoutthatthe
uniform

sketch
is

reasonable
for

the
digits

data
because

m
ostdata

elem
ents

are
close

to
either

+
1

or−
1,since

the
pixels

are
eitherblack

orw
hite.

W
e

show
a

visualization
ofthe

principalcom
ponents

in
FIG

U
R

E
5.W

e
observe

thatthe
sparse

com
ponents

from
the

(`
1 ,`

2 )-sketch
are

alm
ostidenticalto

thatoffrom
the

com
plete

data.
TechTC

D
ata.

W
e

sam
ple

approxim
ately

5%
of

the
elem

ents
from

the
centered

data
using

our
(`

1 ,`
2 )-sam

pling,as
w

ellas
uniform

sam
pling.Forthis

data,
f

(G
m

ax
,r )/f

(G
sp,r )≈

0
.84

(r
=

10).
W

e
observe

a
very

significant
quality

difference
betw

een
the

(`
1 ,`

2 )-sketch
and

uniform
sketch.

A
m

ore
extensive

com
parison

of
recovered

variance
is

given
in

FIG
U

R
E

6(b).
W

e
also

observe
a

speed-up
ofa

factorofabout6
forthe

(`
1 ,`

2 )-sketch.U
nlike

the
digits

data
w

hich
is

uniform
ly

near
±

1,the
textdata

is
“spikey”

and
now

itis
im

portantto
sam

ple
w

ith
a

bias
tow

ard
larger

elem
ents,

w
hich

is
w

hy
the

uniform
-sketch

perform
s

very
poorly.
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=
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%
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∗
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0.1)

85.09
%

95.61
%

97.07%
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4:

V
ariance

preserved
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A
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sketches.O
uroptim
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out-
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othersam
pling

m
ethods
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B

ernstein
sam

pling
(A

chlioptas
etal.2013b).

W
e
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9%
non-zeros
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digitdata
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2
%

non-zeros
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data.

C
entered

D
ata

α
∗

r
f
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m
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f
(G

m
ax/sp,r )
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)
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f
(U

m
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D
igit
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0.41/0.38
5.96

Stock
.10

40
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3.72
0.66/0.66

4.76
G

ene
.82

40
0.82/0.88

3.61
0.65/0.15

2.53

Table
5:

C
om

parison
of

sparse
principalcom

ponents
from

the
(`

1 ,`
2 )-sketch

and
uniform

sketch.
R

ecall,G
is

the
ground

truth.

A
s

a
final

com
parison,

w
e

look
at

the
actual

sparse
top

com
ponent

w
ith

sparsity
param

eter
r

=
10.

T
he

topic
ID

s
in

the
TechT

C
data

are
10567=”U

S:
Indiana:

E
vansville”

and
11346=”U

S:
F

lorida”.
T

he
top-10

features
(w

ords)
in

the
fullPC

A
on

the
com

plete
data

are
show

n
in

Table
6.

In
Table

7
w

e
show

w
hich

w
ords

appearin
the

top
sparse

principalcom
ponentw

ith
sparsity

r
=

10
using

various
sparse

PC
A

algorithm
s.W

e
observe

thatthe
sparse

PC
A

from
the

(`
1 ,`

2 )-sketch
w

ith
only

5%
of

the
data

sam
pled

m
atches

quite
closely

w
ith

the
sam

e
sparse

PC
A

algorithm
using

the
com

plete
data

(G
m

ax/sp,r
m

atchesH
m

ax/sp
,r ).

Stock
D

ata.
W

e
sam

ple
about

2%
of

the
non-zero

elem
ents

from
the

centered
data

using
the

(`
1 ,`

2 )-sam
pling,as

w
ellas

uniform
sam

pling.Forthis
data,

f
(G

m
ax
,r )/f

(G
sp,r )≈

0
.9

6
(r

=
10).

W
e

observe
a

very
significant

quality
difference

betw
een

the
(`

1 ,`
2 )-sketch

and
uniform

sketch.
A

m
ore

extensive
com

parison
of

recovered
variance

is
given

in
FIG

U
R

E
6(c).

W
e

also
observe

a
speed-up

of
a

factor
of

about4
for

the
(`

1 ,`
2 )-sketch.

Sim
ilar

to
TechT

C
data

this
data

setis
also

“spikey”,so
biased

sam
pling

tow
ard

largerelem
ents

significantly
outperform

s
the

uniform
-sketch.

W
e

now
look

atthe
actualsparse

top
com

ponentw
ith

sparsity
param

eter
r

=
10.

T
he

top-10
features

(stocks)
in

the
fullPC

A
on

the
com

plete
data

are
show

n
in

Table
8.

In
Table

9
w

e
show

w
hich

stocksappearin
the

top
sparse

principalcom
ponentusing

varioussparse
PC

A
algorithm

s.W
e

observe
thatthe

sparse
PC

A
from

the
(`

1 ,`
2 )-sketch

w
ith

only
2%

of
the

non-zero
elem

ents
sam

-
pled

m
atches

quite
closely

w
ith

the
sam

e
sparse

PC
A

algorithm
using

the
com

plete
data

(G
m

ax/sp,r
m

atchesH
m

ax/sp,r ).
G

ene
E

xpression
D

ata.
W

e
sam

ple
about

9%
of

the
elem

ents
from

the
centered

data
using

the
(`

1 ,`
2 )-sam

pling,as
w

ellas
uniform

sam
pling.

For
this

data,
f

(G
m

ax,r )/f
(G

sp
,r )≈

0.05
(r

=
10)

w
hich

m
eans

a
good

sparse
PC

A
algorithm

is
im

perative.
W

e
observe

a
very

significant
quality

difference
betw

een
the

(`
1 ,`

2 )-sketch
and

uniform
sketch.

A
m

ore
extensive

com
parison

of
re-
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m
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∗

com
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num
ber
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data
elem
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ote
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ostof
the

elem
ents

of
D
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m
agnitude
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to
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ples
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ate

α
∗

accurately.
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M
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w
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i −
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data
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Further,w
e
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-rank
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projecting
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data
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a

low
dim

ensional
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W
e

notice
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top
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principalcom
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linear
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For
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igitdata
show
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hen
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top
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principalcom
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For

TechT
C

and
G

ene
data
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o

respective
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ponents
are

good
enough

to
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datasets
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o

classes
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data

w
e
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top
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PC
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Table
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lists

the
quality
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m
ethods.

Sim
ilarly,for

allother
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our
optim
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hybrid

sam
pling
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α
∗)

outperform
s

the
leverage

score
sam

pling
(Table

15)
for

(low
-

rank)m
atrix

sparsification.
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sparse

PC
A
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sim
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for
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re-
m

ain.C
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com
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PC
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‖
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A
.ProofofT

heorem
2

In
this

section
w

e
provide

a
proofofT

heorem
2

follow
ing

the
proofoutline

ofD
rineas

and
Z

ouzias
(2011);A

chlioptas
etal.(2013a).

W
e

use
L

em
m

a
1

as
our

m
ain

tool.
For

all
t∈

[s]w
e

define
the

m
atrix

M
t ∈

R
m
×
n

as
follow

s:

M
t

=
A
it j
t

p
it j
t

e
it e

Tj
t −

A
.

Itnow
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1s ∑
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1
M
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S

Ω
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)−
A
.W

e
can

bound‖
M

t ‖
2
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t∈

[s].W
e
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follow
ing

quantity:

λ
=
‖A
‖

1 ·|A
ij |

‖A
‖

2F

,
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A
ij 6=

0
(24)

L
em

m
a

8
U
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notation,and
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probabilities
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form
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t∈
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‖
M

t ‖
2 ≤

m
ax
i,j

:

A
ij 6=

0

‖A
‖

1
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‖
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‖

2 .
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t ‖
2

=
‖
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‖
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‖
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‖
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‖
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‖
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1 −
σ

2,

β
1

=
m

ax
i

n
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2F

|A
ij |·‖
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1
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α
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for
A
ij 6=
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∑
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=
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+
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−
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e
al

lo
w

th
e

“L
ip

sc
hi

tz
co

ns
ta

nt
”

to
de

pe
nd

on
th

e
fix

ed
m

at
ri

x
X

bu
tn

ot
th

e
va

ri
ab

le
sV

,X̃
;

th
is

is
m

or
e

ge
ne

ra
lt

ha
n

a
gl

ob
al

ly
L

ip
sh

itz
ob

je
ct

iv
e)

T
he

ne
xt

le
m

m
a

is
th

e
ke

y
to

ol
w

e
ne

ed
to

pr
ov

e
L

em
m

a
4

an
d

it
m

ay
be

of
in

de
pe

nd
en

ti
nt

er
es

ti
n

ot
he

ro
pt

im
iz

at
io

n
se

tti
ng

s.
W

e
ar

e
in

te
r-

es
te

d
in

m
ax

im
iz

in
g
f

(V
,X

)
w

ith
re

sp
ec

tt
o

V
to

ob
ta

in
V
∗ .

B
ut

,w
e

on
ly

ha
ve

an
ap

pr
ox

im
at

io
n

X̃
fo

r
X

,
an

d
so

w
e

m
ax

im
iz

e
f

(V
,X̃

)
to

ob
ta

in
Ṽ
∗ ,

w
hi

ch
w

ill
be

a
su

bo
pt

im
al

so
lu

tio
n

w
ith

re
sp

ec
t

to
X

.
W

e
w

is
h

to
bo

un
d
f

(V
∗ ,

X
)
−
f

(Ṽ
∗ ,

X
)

w
hi

ch
qu

an
tifi

es
ho

w
su

bo
pt

im
al

Ṽ
∗

is
w

ith
re

sp
ec

tt
o

X
.
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L
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m
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10
(S

ur
ro

ga
te

op
tim

iz
at

io
n

bo
un

d)
Le

tf
(V
,X

)
be
γ

-l
oc

al
ly

Li
ps

ch
itz

w.
r.t

.X
ov

er
th

e
do

m
ai

n
V
∈
S.

D
efi

ne
V
∗

=
ar

g
m

ax
V
∈S
f

(V
,X

);
Ṽ
∗

=
ar

g
m

a
x
V
∈S
f

(V
,X̃

).
Th

en
,

f
(V
∗ ,

X
)
−
f

(Ṽ
∗ ,

X
)
≤

2γ
(X

)‖
X
−

X̃
‖ 2
.

In
th

e
le

m
m

a,
th

e
fu

nc
tio

n
f

an
d

th
e

do
m

ai
n
S

ar
e

ar
bi

tr
ar

y.
In

ou
rs

et
tin

g,
X
∈
R
n
×
n

,t
he

do
m

ai
n

S
=
{V
∈
R
n
×
k
;V

T
V

=
I k

;‖
V

(j
) ‖

0
≤
r}

,a
nd
f

(V
,X

)
=

tr
ac

e(
V
T
X

V
).

W
e

fir
st

sh
ow

th
at
f

is
L

ip
sc

hi
tz

w
.r.

t.
X

w
ith

γ
=
k

(a
co

ns
ta

nt
in

de
pe

nd
en

to
f
X

).
L

et
th

e
re

pr
es

en
ta

tio
n

of
V

by
its

co
lu

m
ns

be
V

=
[v

1
,.
..
,v

k
].

T
he

n,

|tr
ac

e(
V
T
X

V
)
−

tr
ac

e(
V
T
X̃

V
)|

=
|tr

ac
e(

(X
−

X̃
)V

V
T

)|
≤

k ∑ i=
1

σ
i(

X
−

X̃
)
≤
k
‖X
−

X̃
‖ 2
,

w
he

re
,
σ
i(

A
)

is
th

e
i-

th
la

rg
es

t
si

ng
ul

ar
va

lu
e

of
A

(w
e

us
ed

Vo
n-

ne
um

an
n’

s
tr

ac
e

in
eq

ua
lit

y
an

d
th

e
fa

ct
th

at
V

V
T

is
a
k

-d
im

en
si

on
al

pr
oj

ec
tio

n)
.

N
ow

,
by

L
em

m
a

10
,

tr
ac

e(
V
∗ T

X
V
∗ )
−

tr
ac

e(
Ṽ
∗T

X
Ṽ
∗ )
≤

2
k
‖X
−

X̃
‖ 2
.

L
em

m
a

4
fo

llo
w

s
by

se
tti

ng
X

=
A
T
A

an
d

X̃
=

Ã
T
Ã

.

A
pp

en
di

x
C

.P
ro

of
of

L
em

m
a

10

In
th

is
se

ct
io

n
w

e
pr

ov
id

e
a

pr
oo

fo
fL

em
m

a
10

.F
ir

st
,w

e
ne

ed
th

e
fo

llo
w

in
g

le
m

m
a.

L
em

m
a

11
Le

tf
an

d
g

be
fu

nc
tio

ns
on

a
do

m
ai

n
S.

Th
en

,

su
p

x
∈S
f

(x
)
−

su
p

y
∈S
g
(y

)
≤

su
p

x
∈S

(f
(x

)
−
g
(x

))
.

Pr
oo

f
su

p
x
∈S

(f
(x

)
−
g
(x

))
≥
f

(x
)
−
g
(x

)
≥
f

(x
)
−

su
p

y
∈S
g
(y

),
∀x
∈
S.

Si
nc

e
R

H
S

ho
ld

s
fo

r
al

lx
,s

u
p
x
∈S

(f
(x

)
−
g
(x

))
is

an
up

pe
r
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d
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r
f

(x
)
−

su
p
y
∈S
g
(U

),
an

d
he

nc
e

su
p

x
∈S

(f
(x

)
−
g
(x

))
≥

su
p

x
∈S

(
f

(x
)
−

su
p

y
∈S
g
(y

))
=

su
p

x
∈S
f

(x
)
−

su
p

y
∈S
g
(y

).

Pr
oo

f(
L
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m

a
10

)
Su

pp
os

e
th
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m

ax
V
∈S
f

(V
,X

)
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V
∗
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d

m
ax

V
∈S
f

(V
,X̃

)
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-
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Ṽ
∗ ,a
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de

fin
e
ε

=
f

(V
∗ ,

X
)
−
f

(Ṽ
∗ ,

X
).

W
e

ha
ve

th
at

ε
=

f
(V
∗ ,

X
)
−
f

(Ṽ
∗ ,

X̃
)

+
f

(Ṽ
∗ ,

X̃
)
−
f

(Ṽ
∗ ,

X
)

=
m

ax V
f

(V
,X

)
−

m
ax U
f

(U
,X̃

)
+
f

(Ṽ
∗ ,

X̃
)
−
f

(Ṽ
∗ ,

X
)

≤
m

ax V

( f
(V
,X

)
−
f

(V
,X̃

))
+
f

(Ṽ
∗ ,

X̃
)
−
f

(Ṽ
∗ ,

X
),

w
he

re
th

e
la

st
st

ep
fo

llo
w

s
fr

om
L

em
m

a
11

.T
he

re
fo

re
,

|ε|
≤

m
ax V

∣ ∣ ∣f
(V
,X

)
−
f

(V
,X̃

)∣ ∣ ∣+
|f

(Ṽ
∗ ,

X̃
)
−
f

(Ṽ
∗ ,

X
)|

≤
m

ax V
γ

(X
)‖

X
−

X̃
‖ 2

+
γ

(X
)‖

X
−

X̃
‖ 2

=
2γ

(X
)‖

X
−

X̃
‖ 2
.
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G
P

C
A

A
N

D
S

PA
R

S
E

P
C

A
V

IA
H

Y
B

R
ID

-(`
1 ,`

2 )
S

PA
R

S
E

S
A

M
P

L
IN

G
O

F
D

A
TA

E
L

E
M

E
N

T
S

(W
e

used
the

L
ipschitz

condition
in

the
second

step.)

A
ppendix

D
.A

n
alternative

proofofL
em

m
a

4

L
et
ε

=
trace(V

T
X

V
)−

trace(Ṽ
T
X

Ṽ
).

ε
=

trace(V
T
X

V
)−

trace(V
T
X̃

V
)

+
trace(V

T
X̃

V
)−

trace(Ṽ
T
X

Ṽ
)

≤
k‖

X
−

X̃
‖

2
+

trace(V
T
X̃

V
)−

trace(Ṽ
T
X

Ṽ
)

≤
k‖

X
−

X̃
‖

2
+

trace(Ṽ
T
X̃

Ṽ
)−

trace(Ṽ
T
X

Ṽ
)

≤
2
k‖X

−
X̃
‖

2 .

Setting
X

=
A
T
A

and
X̃

=
Ã
T
Ã

w
e

derive
the

result.

A
ppendix

E
.

ProofofT
heorem

7

Proof
H

ere
w

e
use

the
notations

in
A

lgorithm
3.L

et,p
1

=
|A
ij |

‖
A
‖
1 ,and

p
2

=
A

2ij

‖
A
‖
2F

.
N

ote
that

t-th
elem

ents
of
S

1
and

S
2

are
sam

pled
independently

w
ith

`
1

and
`
2

probabilities,re-
spectively.W

e
considerthe

follow
ing

disjointevents:

E
1

:
S

1 (t)
=

(i,j,A
ij )∧

S
2 (t)6=

(i,j,A
ij )

E
2

:
S

1 (t)6=
(i,j,A

ij )∧
S

2 (t)
=

(i,j,A
ij )

E
3

:
S

1 (t)
=

(i,j,A
ij )∧

S
2 (t)

=
(i,j,A

ij )

E
4

:
S

1 (t)6=
(i,j,A

ij )∧
S

2 (t)6=
(i,j,A

ij )

L
etus

denote
the

events
x

1
:
x
≤
α

and
x

2
:
x
>
α

.C
learly,

P
[x

1 ]
=
α
,P

[x
2 ]

=
1−

α
.

T
he

elem
ents

S
1 (t)

and
S

2 (t)
are

sam
pled

independently,w
e

have

P
[E

1 ]
=

P
[S

1 (t)
=

(i,j,A
ij )]P

[S
2 (t)6=

(i,j,A
ij )]

=
p

1 (1−
p

2 ).

P
[E

2 ]
=

(1−
p

1 )p
2 ,

P
[E

3 ]
=
p

1 p
2 ,

P
[E

4 ]
=

(1−
p

1 )(1−
p

2 ).

W
e

note
thatα

isindependentofelem
entsof

S
1

and
S

2 .T
herefore,events

x
1

and
x

2
are

independent
ofthe

eventsE
j ,
j

=
1,2

,3
,4.T

hus,

P
[S

(t)
=

(i,j,A
ij )]

=
P

[(E
1 ∧

x
1 )∨

(E
2 ∧

x
2 )∨
E

3 ]

=
P

[E
1 ∧

x
1 ]+

P
[E

2 ∧
x

2 ]+
P

[E
3 ]

=
P

[E
1 ]P

[x
1 ]+

P
[E

2 ]P
[x

2 ]+
P

[E
3 ]

=
p

1 (1−
p

2 )α
+

(1−
p

1 )p
2 (1−

α
)

+
p

1 p
2

=
α
·
p

1
+

(1−
α

)·p
2
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U

N
D

U
,D

R
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E
A

S
A

N
D

M
A

G
D

O
N

-IS
M

A
IL

A
lgorithm

5
SE

L
E

C
T-s:O

ne-pass
SE

L
E

C
T

A
lgorithm

to
Sam

ple
s

E
lem

ents

1:
Input:{

a
1 ,...,a

N },a
i ≥

0,read
in

one
pass

sequentially
overthe

data;num
berofsam

ples
s.

2:
I
[1,...,s]←

0;
V

[1,...,s]←
0

/*
arrays

to
hold

s
indices

and
values

*/
3:
p
i

=
0.

4:
/*

Stream
begins

*/
5:

For
i

=
1,...,N

6:
p
i

=
p
i
+
a
i .

7:
(in

parallel)generate
s

independentuniform
random

num
bers

r
j ∈

[0,1],j
=

1,...,s.
8:

(in
parallel)

I
[j]

=
iand

V
[j]

=
a
i ,if

r
j ≤

a
i /p

i .
9:

E
nd

10:
O

utput:
random

indices
I

and
corresponding

values
V

.

A
ppendix

F.SE
L

E
C

T-s
A

lgorithm

H
ere

w
e

extend
the

SE
L

E
C

T
algorithm

appeared
on

p.
137

of
D

rineas
et

al.
(2006)

to
select

s
elem

entsin
parallel.Forone-pass

`
1

and
`
2

sam
pling

on
elem

entsof
A

w
e

callSE
L

E
C

T-s
algorithm

w
ith

inputs{|A
ij |}

and{
A

2ij },respectively,forall
i,j.

32
JM

L
R

 18(75):1-34, 2017



R
E

C
O

V
E

R
IN

G
P

C
A

A
N

D
S

PA
R

S
E

P
C

A
V

IA
H

Y
B

R
ID

-(
` 1
,`

2
)

S
PA

R
S

E
S

A
M

P
L

IN
G

O
F

D
A

TA
E

L
E

M
E

N
T

S

R
ef

er
en

ce
s

D
.A

ch
lio

pt
as

an
d

F.
M

cS
he

rr
y.

Fa
st

co
m

pu
ta

tio
n

of
lo

w
ra

nk
m

at
ri

x
ap

pr
ox

im
at

io
ns

.I
n

Sy
m

po
si

um
on

th
e

Th
eo

ry
of

C
om

pu
tin

g,
pa

ge
s

61
1–

61
8,

20
01

.

D
.A

ch
lio

pt
as

an
d

F.
M

cS
he

rr
y.

Fa
st

co
m

pu
ta

tio
n

of
lo

w
-r

an
k

m
at

ri
x

ap
pr

ox
im

at
io

ns
.

Jo
ur

na
lo

f
th

e
AC

M
,p

ag
e

54
(2

):
9,

20
07

.

D
.

A
ch

lio
pt

as
,

Z
.

K
ar

ni
n,

an
d

E
.

L
ib

er
ty

.
M

at
ri

x
en

tr
y-

w
is

e
sa

m
pl

in
g

:
Si

m
pl

e
is

be
st

.
In

h
t
t
p
s
:
/
/
p
d
f
s
.
s
e
m
a
n
t
i
c
s
c
h
o
l
a
r
.
o
r
g
/
a
a
6
4
/

b
8
f
b
3
3
8
2
e
4
2
f
9
0
e
e
9
3
a
1
d
d
0
c
7
8
f
1
3
8
3
3
9
6
3
f
.
p
d
f

,2
01

3a
.

D
.A

ch
lio

pt
as

,Z
.K

ar
ni

n,
an

d
E

.L
ib

er
ty

.
N

ea
r-

op
tim

al
en

tr
yw

is
e

sa
m

pl
in

g
fo

r
da

ta
m

at
ri

ce
s.

In
N

eu
ra

lI
nf

or
m

at
io

n
P

ro
ce

ss
in

g
Sy

st
em

s,
pa

ge
s

15
65

–1
57

3,
20

13
b.

S.
A

ro
ra

,E
.H

az
an

,a
nd

S.
K

al
e.

A
Fa

st
R

an
do

m
Sa

m
pl

in
g

A
lg

or
ith

m
fo

rS
pa

rs
if

yi
ng

M
at

ri
ce

s.
In

A
pp

ro
xi

m
at

io
n,

R
an

do
m

iz
at

io
n,

an
d

C
om

bi
na

to
ri

al
O

pt
im

iz
at

io
n.

A
lg

or
ith

m
s

an
d

Te
ch

ni
qu

es
,

pa
ge

s
27

2–
27

9,
vo

l4
11

0.
Sp

ri
ng

er
,2

00
6.

M
.A

st
er

is
,D

.P
ap

ai
lio

po
ul

os
,a

nd
A

.D
im

ak
is

.N
on

-n
eg

at
iv

e
sp

ar
se

PC
A

w
ith

pr
ov

ab
le

gu
ar

an
te

es
.

In
In

te
rn

at
io

na
lC

on
fe

re
nc

e
on

M
ac

hi
ne

Le
ar

ni
ng

,2
01

4.

J.
C

ad
im

a
an

d
I.

Jo
lli

ff
e.

L
oa

di
ng

s
an

d
co

rr
el

at
io

ns
in

th
e

in
te

rp
re

ta
tio

n
of

pr
in

ci
pa

lc
om

po
ne

nt
s.

A
pp

lie
d

St
at

is
tic

s,
22

:2
03

–2
14

,1
99

5.

T.
T.

C
ai

,Z
.M

a,
an

d
Y.

W
u.

Sp
ar

se
pc

a:
O

pt
im

al
ra

te
s

an
d

ad
ap

tiv
e

es
tim

at
io

n.
Th

e
A

nn
al

s
of

St
at

is
tic

s,
41

(6
):

30
74

–3
11

0,
20

13
.

Y.
C

he
n,

S.
B

ho
ja

na
pa

lli
,S

.S
an

gh
av

i,
an

d
R

.W
ar

d.
C

oh
er

en
tM

at
ri

x
C

om
pl

et
io

n.
In

te
rn

at
io

na
l

C
on

fe
re

nc
e

on
M

ac
hi

ne
Le

ar
ni

ng
,p

ag
es

67
4–

68
2,

20
14

.

A
.d

’A
sp

re
m

on
t,

L
.E

.G
ha

ou
i,

M
.I

.J
or

da
n,

an
d

G
.R

.G
.L

an
ck

ri
et

.A
di

re
ct

fo
rm

ul
at

io
n

fo
rs

pa
rs

e
PC

A
us

in
g

se
m

id
efi

ni
te

pr
og

ra
m

m
in

g.
SI

A
M

R
ev

ie
w

,4
9(

3)
:4

34
–4

48
,2

00
7.

A
.

d’
A

sp
re

m
on

t,
F.

B
ac

h,
an

d
L

.
E

.
G

ha
ou

i.
O

pt
im

al
so

lu
tio

ns
fo

r
sp

ar
se

pr
in

ci
pa

l
co

m
po

ne
nt

an
al

ys
is

.
Jo

ur
na

lo
fM

ac
hi

ne
Le

ar
ni

ng
R

es
ea

rc
h,

9:
12

69
–1

29
4,

Ju
ne

20
08

.

T.
D

ra
ch

ev
a,

R
.P

hi
lip

,W
.X

ia
o,

A
G

G
ee

,a
nd

et
al

.
D

is
tin

gu
is

hi
ng

L
un

g
Tu

m
ou

rs
Fr

om
N

or
m

al
L

un
g

B
as

ed
on

a
Sm

al
lS

et
of

G
en

es
.

In
Lu

ng
C

an
ce

r,
pa

ge
s

15
7–

16
4,

55
(2

),
20

07
.

P.
D

ri
ne

as
an

d
A

.Z
ou

zi
as

.
A

no
te

on
el

em
en

t-
w

is
e

m
at

ri
x

sp
ar

si
fic

at
io

n
vi

a
a

m
at

ri
x-

va
lu

ed
B

er
n-

st
ei

n
in

eq
ua

lit
y.

In
In

fo
rm

at
io

n
P

ro
ce

ss
in

g
Le

tte
rs

,p
ag

es
38

5–
38

9,
11

1(
8)

,2
01

1.

P.
D

ri
ne

as
,R

.K
an

na
n,

an
d

M
.W

.M
ah

on
ey

.
Fa

st
m

on
te

ca
rl

o
al

go
ri

th
m

s
fo

r
m

at
ri

ce
s

I:
ap

pr
ox

i-
m

at
in

g
m

at
ri

x
m

ul
tip

lic
at

io
n.

In
SI

A
M

Jo
ur

na
lo

n
C

om
pu

tin
g,

pa
ge

s
13

2–
15

7,
36

(1
),

20
06

.

E
.G

ab
ri

lo
vi

ch
an

d
S.

M
ar

ko
vi

tc
h.

Te
xt

ca
te

go
ri

za
tio

n
w

ith
m

an
y

re
du

nd
an

t
fe

at
ur

es
:

us
in

g
ag

-
gr

es
si

ve
fe

at
ur

e
se

le
ct

io
n

to
m

ak
e

SV
M

s
co

m
pe

tit
iv

e
w

ith
C

4.
5.

In
In

te
rn

at
io

na
lC

on
fe

re
nc

e
on

M
ac

hi
ne

Le
ar

ni
ng

,2
00

4.

33
JM

L
R

 1
8(

75
):

1-
34

, 2
01

7

K
U

N
D

U
,D

R
IN

E
A

S
A

N
D

M
A

G
D

O
N

-I
S

M
A

IL

J.
H

ou
,J

.A
er

ts
,B

.d
en

H
am

er
,a

nd
et

al
.

G
en

e
E

xp
re

ss
io

n-
B

as
ed

C
la

ss
ifi

ca
tio

n
of

N
on

-S
m

al
lC

el
l

L
un

g
C

ar
ci

no
m

as
an

d
Su

rv
iv

al
Pr

ed
ic

tio
n.

In
P

Lo
S

O
ne

,p
ag

e
5(

4)
:e

10
31

2,
20

10
.

J.
J.

H
ul

l.
A

da
ta

ba
se

fo
r

ha
nd

w
ri

tte
n

te
xt

re
co

gn
iti

on
re

se
ar

ch
.

In
IE

E
E

Tr
an

sa
ct

io
ns

on
Pa

tte
rn

A
na

ly
si

s
an

d
M

ac
hi

ne
In

te
lli

ge
nc

e,
pa

ge
s

55
0–

55
4,

16
(5

),
19

94
.

J.
L

ei
an

d
V.

Q
.V

u.
Sp

ar
si

st
en

cy
an

d
ag

no
st

ic
in

fe
re

nc
e

in
sp

ar
se

pc
a.

Th
e

A
nn

al
s

of
St

at
is

tic
s,

43
(1

):
29

9–
32

2,
20

15
.

K
.L

ou
ni

ci
.

Sp
ar

se
pr

in
ci

pa
l

co
m

po
ne

nt
an

al
ys

is
w

ith
m

is
si

ng
ob

se
rv

at
io

ns
.

H
ig

h
D

im
en

si
on

al
P

ro
ba

bi
lit

y
V

I:
Th

e
B

an
ff

Vo
lu

m
e,

pa
ge

s
32

7–
35

6,
20

13
.

Z
.M

a.
Sp

ar
se

pr
in

ci
pa

lc
om

po
ne

nt
an

al
ys

is
an

d
ite

ra
tiv

e
th

re
sh

ol
di

ng
.

Th
e

A
nn

al
s

of
St

at
is

tic
s,

41
(2

):
77

2–
80

1,
20

13
.

M
.M

ag
do

n-
Is

m
ai

l.
N

P-
ha

rd
ne

ss
an

d
in

ap
pr

ox
im

ab
ili

ty
of

sp
ar

se
PC

A
.

In
fo

rm
at

io
n

P
ro

ce
ss

in
g

Le
tte

rs
,1

26
:3

5–
38

,2
01

7.
E

ar
lie

rv
er

si
on

:a
rX

iv
:1

50
2.

05
67

5,
20

15
.

M
.M

ag
do

n-
Is

m
ai

l
an

d
C

.B
ou

ts
id

is
.

O
pt

im
al

sp
ar

se
lin

ea
r

en
co

de
rs

an
d

sp
ar

se
pc

a.
In

N
eu

ra
l

In
fo

rm
at

io
n

P
ro

ce
ss

in
g

Sy
st

em
s,

20
16

.

M
.W

.M
ah

on
ey

an
d

P.
D

ri
ne

as
.C

U
R

m
at

ri
x

de
co

m
po

si
tio

ns
fo

ri
m

pr
ov

ed
da

ta
an

al
ys

is
.I

n
N

at
io

na
l

A
ca

de
m

y
of

Sc
ie

nc
es

,p
ag

es
69

7–
70

2,
10

6
(3

),
20

09
.

B
.M

og
ha

dd
am

,Y
.W

ei
ss

,a
nd

S.
A

vi
da

n.
G

en
er

al
iz

ed
sp

ec
tr

al
bo

un
ds

fo
rs

pa
rs

e
L

D
A

.
In

In
te

rn
a-

tio
na

lC
on

fe
re

nc
e

on
M

ac
hi

ne
Le

ar
ni

ng
,2

00
6.

B
.R

ec
ht

.A
si

m
pl

er
ap

pr
oa

ch
to

m
at

ri
x

co
m

pl
et

io
n.

In
Th

e
Jo

ur
na

lo
fM

ac
hi

ne
Le

ar
ni

ng
R

es
ea

rc
h,

pa
ge

s
34

13
–3

43
0,

12
,2

01
1.

H
.

Sh
en

an
d

Z
.

J.
H

ua
ng

.
Sp

ar
se

pr
in

ci
pa

l
co

m
po

ne
nt

an
al

ys
is

vi
a

re
gu

la
ri

ze
d

lo
w

ra
nk

m
at

ri
x

ap
pr

ox
im

at
io

n.
Jo

ur
na

lo
fM

ul
tiv

ar
ia

te
A

na
ly

si
s,

99
:1

01
5–

10
34

,J
ul

y
20

08
.

K
.

Sj
st

ra
nd

,
L

.H
.

C
le

m
m

en
se

n,
R

.
L

ar
se

n,
an

d
B

.
E

rs
bl

l.
Sp

as
m

:
A

m
at

la
b

to
ol

bo
x

fo
r

sp
ar

se
st

at
is

tic
al

m
od

el
in

g.
In

Jo
ur

na
lo

fS
ta

tis
tic

al
So

ftw
ar

e
(A

cc
ep

te
d

fo
r

pu
bl

ic
at

io
n)

,2
01

2.

N
.T

re
nd

afi
lo

v,
I.

T.
Jo

lli
ff

e,
an

d
M

.U
dd

in
.

A
m

od
ifi

ed
pr

in
ci

pa
lc

om
po

ne
nt

te
ch

ni
qu

e
ba

se
d

on
th

e
la

ss
o.

Jo
ur

na
lo

fC
om

pu
ta

tio
na

la
nd

G
ra

ph
ic

al
St

at
is

tic
s,

12
:5

31
–5

47
,2

00
3.

Z
.W

an
g,

H
.L

u,
an

d
H

.L
iu

.
N

on
co

nv
ex

st
at

is
tic

al
op

tim
iz

at
io

n:
M

in
im

ax
-o

pt
im

al
sp

ar
se

pc
a

in
po

ly
no

m
ia

lt
im

e.
ar

X
iv

pr
ep

ri
nt

ar
X

iv
:1

40
8.

53
52

,2
01

4.

H
.Z

ou
,T

.H
as

tie
,a

nd
R

.T
ib

sh
ir

an
i.

Sp
ar

se
pr

in
ci

pa
lc

om
po

ne
nt

an
al

ys
is

.
Jo

ur
na

lo
fC

om
pu

ta
-

tio
na

l&
G

ra
ph

ic
al

St
at

is
tic

s,
15

(2
):

26
5–

28
6,

20
06

.

34
JM

L
R

 1
8(

75
):

1-
34

, 2
01

7



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
8

(2
0
1
7
)

1
-6

1
S

u
b

m
it

te
d

6
/
1
6
;

R
ev

is
ed

4
/
1
7
;

P
u

b
li

sh
ed

7
/
1
7

Q
u
a
n
ti

fy
in

g
th

e
In

fo
rm

a
ti

v
e
n
e
ss

o
f

S
im

il
a
ri

ty
M

e
a
su

re
m

e
n
ts

A
u

st
in

J
.

B
ro

ck
m

e
ie

r
a
jb

r
o
c
k
m
e
ie
r
@
g
m
a
il
.c
o
m

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

L
iv

er
po

o
l

L
iv

er
po

o
l

L
6
9

3
B

X
,

U
K

T
in

g
ti

n
g

M
u

t
in
g
t
in
g
.m

u
@
m
a
n
c
h
e
st

e
r
.a
c
.u
k

S
o
p

h
ia

A
n

a
n

ia
d

o
u

so
p
h
ia
.a
n
a
n
ia
d
o
u
@
m
a
n
c
h
e
st

e
r
.a
c
.u
k

S
ch

oo
l

o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

M
a
n

ch
es

te
r

M
a
n

ch
es

te
r

M
1

7
D

N
,

U
K

J
o
h

n
Y

.
G

o
u

le
rm

a
s

j.
y
.g
o
u
l
e
r
m
a
s@

l
iv
e
r
p
o
o
l
.a
c
.u
k

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

L
iv

er
po

o
l

L
iv

er
po

o
l

L
6
9

3
B

X
,

U
K

E
d

it
o
r:

C
h
ri

st
o
p
h

L
a
m

p
er

t

A
b
st

ra
ct

In
th

is
p
a
p

er
,

w
e

d
es

cr
ib

e
a
n

u
n
su

p
er

v
is

ed
m

ea
su

re
fo

r
q
u
an

ti
fy

in
g

th
e

‘i
n
fo

rm
at

iv
en

es
s’

of
co

rr
el

a
ti

o
n

m
at

ri
ce

s
fo

rm
ed

fr
o
m

th
e

p
ai

rw
is

e
si

m
il
a
ri

ti
es

or
re

la
ti

o
n
sh

ip
s

am
on

g
d
at

a
in

st
an

ce
s.

T
h
e

m
ea

su
re

q
u
an

ti
fi
es

th
e

h
et

er
og

en
ei

ty
of

th
e

co
rr

el
at

io
n
s

an
d

is
d
efi

n
ed

as
th

e
d
is

ta
n
ce

b
et

w
ee

n
a

co
rr

el
at

io
n

m
at

ri
x

an
d

th
e

n
ea

re
st

co
rr

el
at

io
n

m
at

ri
x

w
it

h
co

n
-

st
an

t
o
ff

-d
ia

go
n
al

en
tr

ie
s.

T
h
is

n
on

-p
a
ra

m
et

ri
c

n
ot

io
n

ge
n
er

a
li
ze

s
ex

is
ti

n
g

te
st

st
at

is
ti

cs
fo

r
eq

u
al

it
y

o
f

co
rr

el
at

io
n

co
effi

ci
en

ts
b
y

al
lo

w
in

g
fo

r
al

te
rn

at
iv

e
d
is

ta
n
ce

m
et

ri
cs

,
su

ch
as

th
e

B
u
re

s
an

d
ot

h
er

d
is

ta
n
ce

s
fr

om
q
u
an

tu
m

in
fo

rm
at

io
n

th
eo

ry
.

F
o
r

se
ve

ra
l

d
is

ta
n
ce

an
d

d
is

si
m

il
a
ri

ty
m

et
ri

cs
,

w
e

d
er

iv
e

cl
o
se

d
-f

or
m

ex
p
re

ss
io

n
s

of
in

fo
rm

a
ti

ve
n
es

s,
w

h
ic

h
ca

n
b

e
ap

p
li
ed

as
o
b

je
ct

iv
e

fu
n
ct

io
n
s

fo
r

m
a
ch

in
e

le
a
rn

in
g

a
p
p
li
ca

ti
o
n
s.

E
m

p
ir

ic
a
ll
y,

w
e

d
em

on
-

st
ra

te
th

a
t

in
fo

rm
a
ti

ve
n
es

s
is

a
u
se

fu
l

cr
it

er
io

n
fo

r
se

le
ct

in
g

ke
rn

el
p
ar

am
et

er
s,

ch
o
os

in
g

th
e

d
im

en
si

on
fo

r
ke

rn
el

-b
as

ed
n
o
n
li
n
ea

r
d
im

en
si

on
al

it
y

re
d
u
ct

io
n
,

an
d

id
en

ti
fy

in
g

st
ru

c-
tu

re
d

gr
a
p
h
s.

W
e

al
so

co
n
si

d
er

th
e

p
ro

b
le

m
o
f

fi
n
d
in

g
a

m
ax

im
a
ll
y

in
fo

rm
a
ti

ve
co

rr
el

at
io

n
m

a
tr

ix
ar

o
u
n
d

a
ta

rg
et

m
at

ri
x
,

an
d

ex
p
lo

re
p
a
ra

m
et

er
iz

in
g

th
e

op
ti

m
iz

at
io

n
in

te
rm

s
of

th
e

co
o
rd

in
a
te

s
of

th
e

sa
m

p
le

o
r

th
ro

u
gh

a
lo

w
er

-d
im

en
si

o
n
al

em
b

ed
d
in

g.
In

th
e

la
tt

er
ca

se
,

w
e

fi
n
d

th
at

m
ax

im
iz

in
g

th
e

B
u
re

s-
b
as

ed
in

fo
rm

at
iv

en
es

s
m

ea
su

re
,

w
h
ic

h
is

m
ax

i-
m

a
l

fo
r

ce
n
te

re
d

ra
n
k
-1

co
rr

el
a
ti

on
m

a
tr

ic
es

,
is

eq
u
iv

al
en

t
to

m
in

im
iz

in
g

a
sp

ec
ifi

c
m

at
ri

x
n
o
rm

,
an

d
p
re

se
n
t

a
n

al
go

ri
th

m
to

so
lv

e
th

e
m

in
im

iz
at

io
n

p
ro

b
le

m
u
si

n
g

th
e

n
or

m
’s

p
ro

x
i-

m
a
l

op
er

at
o
r.

T
h
e

p
ro

p
o
se

d
co

rr
el

at
io

n
d
en

oi
si

n
g

a
lg

or
it

h
m

co
n
si

st
en

tl
y

im
p
ro

v
es

sp
ec

tr
al

cl
u
st

er
in

g.
O

ve
ra

ll
,
w

e
fi
n
d

in
fo

rm
at

iv
en

es
s

to
b

e
a

n
ov

el
an

d
u
se

fu
l
cr

it
er

io
n

fo
r

id
en

ti
fy

in
g

n
o
n
-t

ri
v
ia

l
co

rr
el

at
io

n
st

ru
ct

u
re

.

K
e
y
w

o
rd

s:
co

rr
el

a
ti

on
m

a
tr

ic
es

,
si

m
il
a
ri

ty
in

fo
rm

at
io

n
,

ke
rn

el
m

et
h
o
d
s,

in
fo

rm
at

io
n

th
eo

ry
,

q
u
a
n
tu

m
in

fo
rm

at
io

n
th

eo
ry

,
cl

u
st

er
in

g

c ©
2
0
1
7

A
u

st
in

J
.

B
ro

ck
m

ei
er

,
T

in
g
ti

n
g

M
u

,
S

o
p

h
ia

A
n

a
n

ia
d

o
u

,
a
n

d
J
o
h

n
Y

.
G

o
u

le
rm

a
s.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
2
9
6
.
h
t
m
l
.

JM
L

R
 1

8(
76

):
1-

61
, 2

01
7

B
r
o
c
k
m
e
ie
r
,
M
u
,
A
n
a
n
ia
d
o
u
,
a
n
d

G
o
u
l
e
r
m
a
s

1
.

In
tr

o
d
u
ct

io
n

S
h
an

n
on

’s
en

tr
op

y
m

ea
su

re
s

th
e

d
is

p
er

si
on

of
a

sa
m

p
le

of
ob

je
ct

s
am

on
g

th
e

p
o
ss

ib
le

el
-

em
en

ts
of

a
d
is

cr
et

e
sp

ac
e.

A
sa

m
p
le

co
n
si

st
in

g
so

le
ly

of
re

p
ea

te
d

in
st

an
ce

s
o
f

th
e

sa
m

e
el

em
en

t
h
as

m
in

im
al

en
tr

op
y,

an
d

a
sa

m
p
le

w
h
er

ei
n

ea
ch

ob
je

ct
is

d
is

ti
n
ct

fr
o
m

th
e

re
st

h
as

m
ax

im
u
m

en
tr

op
y.

If
th

es
e

sa
m

p
le

s
co

rr
es

p
on

d
to

th
e

la
b

el
s

as
si

gn
ed

b
y

a
cl

u
st

er
in

g
al

go
ri

th
m

,
th

en
n
ei

th
er

th
e

m
in

im
al

en
tr

op
y

sa
m

p
le

co
rr

es
p

on
d
in

g
to

a
si

n
g
le

cl
u
st

er
,

n
or

th
e

m
ax

im
al

en
tr

op
y

sa
m

p
le

,
w

h
er

e
ea

ch
in

st
an

ce
is

in
it

s
ow

n
cl

u
st

er
,

is
ve

ry
in

fo
rm

a
ti

v
e

ab
ou

t
an

y
u
n
d
er

ly
in

g
or

ga
n
iz

at
io

n
w

it
h
in

th
e

sa
m

p
le

.
In

th
is

w
or

k
,
w

e
in

ve
st

ig
a
te

a
n
d

in
tr

o
-

d
u
ce

u
n
iv

ar
ia

te
m

ea
su

re
s

of
in

fo
rm

a
ti

ve
n

es
s

th
at

ar
e

m
in

im
iz

ed
fo

r
b

ot
h

th
e

m
a
x
im

a
l

a
n
d

m
in

im
al

en
tr

op
y

sa
m

p
le

s.
In

fo
rm

at
iv

en
es

s
is

b
as

ed
on

th
e

h
et

er
og

en
ei

ty
of

th
e

si
m

il
a
ri

ty
m

ea
su

re
m

en
ts

fo
r

a
sa

m
p
le

an
d

is
ap

p
li
ca

b
le

to
sa

m
p
le

s
fr

om
an

y
sp

a
ce

th
a
t

h
a
s

a
p

o
si

-
ti

ve
se

m
id

efi
n
it

e
co

rr
el

at
io

n
m

ea
su

re
.

T
h
e

p
os

it
iv

e
d
efi

n
it

en
es

s
en

su
re

s
th

at
th

e
si

m
il
a
ri

ty
m

ea
su

re
m

en
ts

ca
n

b
e

re
p
re

se
n
te

d
as

in
n
er

-p
ro

d
u
ct

s
in

a
H

il
b

er
t-

sp
ac

e,
or

m
o
re

co
n
cr

et
el

y,
th

at
a

gi
ve

n
sa

m
p
le

ca
n

b
e

em
b

ed
d
ed

in
E

u
cl

id
ea

n
sp

ac
e

re
ga

rd
le

ss
of

th
e

o
ri

g
in

a
l

sp
a
ce

.
T

h
e

re
st

ri
ct

io
n

to
co

rr
el

at
io

n
m

ea
su

re
m

en
ts

en
su

re
s

ea
ch

in
st

an
ce

is
re

p
re

se
n
te

d
b
y

a
v
ec

to
r

w
it

h
eq

u
al

m
ag

n
it

u
d
e,

w
h
ic

h
d
is

ti
n
gu

is
h
es

th
e

eff
ec

t
of

d
iff

er
en

ce
s

in
si

m
il
ar

it
y

fr
o
m

d
iff

er
-

en
ce

s
in

sc
al

e
or

va
ri

an
ce

,
an

d
en

su
re

s
th

at
ea

ch
ob

je
ct

is
eq

u
al

ly
re

p
re

se
n
te

d
.

A
n
y

p
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b
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p
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a
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n
d
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h
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h
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p
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p
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d
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d
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p
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Ã
i,
j

√
Ã
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co

m
b
in

at
or

ia
l

p
ro

b
le

m
s

as
so

ci
at

ed
w

it
h

d
iv

id
in

g
ob

je
ct

s,
su

ch
as

fi
n
d
in

g
th

e
m

a
x
im

u
m

cu
t

of
a

gr
ap

h
(G

o
em

an
s

an
d

W
il
li
am

so
n
,

19
95

).
T

h
e

se
t

of
em

b
ed

d
in

gs
o
f

co
rr

el
a
ti

o
n

m
at

ri
ce

s
is

th
e

ob
li
q
u
e

m
an

if
ol

d
O
B

=
{ Z
∈
R
b×
n

:
‖z
i‖

2
=

1,
∀i
∈

[n
]}

(T
re

n
d
a
fi
lo

v
a
n
d

L
ip

p
er

t,
20

02
;

A
b
si

l
an

d
G

al
li
va

n
,

20
06

),
w

h
er

e
an

y
co

rr
el

at
io

n
m

at
ri

x
ca

n
b

e
w

ri
tt

en
as

Z
>

Z
.

W
h
en

b
=

1,
th

e
ob

li
q
u
e

m
an

if
ol

d
is

si
m

p
ly

th
e

se
t

of
ve

ct
or

s
w

it
h

el
em

en
ts
±

1
.

T
h
e

el
em

en
ts

of
a

co
rr

el
at

io
n

m
at

ri
x

n
ec

es
sa

ri
ly

li
e

w
it

h
in

[−
1,

+
1]

si
n
ce

fr
o
m

th
e

C
a
u
ch

y
-

B
u
n
ya

k
ov

sk
y
-S

ch
w

ar
z

in
eq

u
al

it
y

w
e

h
av

e
|〈z

i,
z
j
〉|
≤
‖z
i‖
·‖

z
j
‖.

W
h
en

th
e

u
n
d
er

ly
in

g
ob

je
ct

s
ar

e
re

al
-v

a
lu

ed
v
ec

to
rs

,
si

m
il
ar

it
y

m
ea

su
re

s
th

a
t

y
ie

ld
co

rr
el

at
io

n
m

at
ri

ce
s

in
cl

u
d
e

th
e

co
si

n
e

si
m

il
ar

it
y
;

va
ri

ou
s

co
rr

el
at

io
n

co
effi

ci
en

ts
,

su
ch

a
s

P
ea

rs
on

’s
,

S
p

ea
rm

an
’s

,
or

K
en

d
al

l’
s;

an
d

p
os

it
iv

e
d
efi

n
it

e
sh

if
t-

in
va

ri
an

t
ke

rn
el

fu
n
ct

io
n
s,

su
ch

as
th

e
L

ap
la

ci
an

or
G

au
ss

ia
n

k
er

n
el

s.
E

ffi
ci

en
t

p
os

it
iv

e
se

m
id

efi
n
it

e
ke

rn
el

s,
w

h
ic

h
ca

n
ge

n
er

al
ly

b
e

n
or

m
al

iz
ed

,
h
av

e
al

so
b

ee
n

d
ev

el
op

ed
fo

r
n
on

-v
ec

to
ri

al
ob

je
ct

s,
su

ch
a
s

st
ri

n
gs

(L
o
d
h
i

et
al

.,
20

02
),

p
oi

n
t

se
ts

(K
on

d
or

an
d

J
eb

ar
a,

20
0
3)

,
an

d
th

e
u
n
iv

a
ri

a
te

p
o
in

t
se

ts
k
n
ow

n
in

n
eu

ro
sc

ie
n
ce

as
sp

ik
e

tr
ai

n
s

(P
ar

k
et

al
.,

20
13

).
N

on
et

h
el

es
s,

so
m

e
si

m
il
a
r-

it
y

m
ea

su
re

s
y
ie

ld
n
or

m
al

iz
ed

b
u
t

in
d
efi

n
it

e
m

at
ri

ce
s.

T
o

ob
ta

in
a

co
rr

el
at

io
n

m
a
tr

ix
,

o
n
e

ap
p
ro

ac
h

is
to

ap
p
ly

a
n
on

-n
eg

at
iv

e
th

re
sh

ol
d

to
th

e
ei

ge
n
va

lu
es

b
y

se
tt

in
g

a
n
y

n
eg

a
ti

ve
ei

ge
n
va

lu
es

to
ze

ro
(H

ig
h
am

,
19

88
)

an
d

th
en

ap
p
ly

th
e

sy
m

m
et

ri
c

n
or

m
al

iz
a
ti

o
n
.

A
n

a
lt

er
-

n
at

iv
e

is
to

fi
n
d

th
e

n
ea

re
st

,
in

te
rm

s
of

E
u
cl

id
ea

n
d
is

ta
n
ce

,
co

rr
el

at
io

n
m

a
tr

ix
(H

ig
h
a
m

,
20

02
;

Q
i

an
d

S
u
n
,

20
06

).
B

ot
h

of
th

es
e

ap
p
ro

ac
h
es

,
h
ow

ev
er

,
m

ay
d
is

to
rt

th
e

m
ea

su
re

s
o
f

si
m

il
ar

it
y.

A
n
ot

h
er

ap
p
ro

ac
h

is
to

tr
ea

t
ea

ch
ro

w
of

th
e

si
m

il
ar

it
y

m
at

ri
x

as
a

ve
ct

o
r-

sp
a
ce

re
p
re

se
n
ta

ti
on

of
ea

ch
ob

je
ct

an
d

co
m

p
u
te

a
se

co
n
d
-o

rd
er

si
m

il
ar

it
y

m
at

ri
x

u
si

n
g

co
si

n
e

si
m

il
ar

it
y

b
et

w
ee

n
th

es
e

ve
ct

or
s.

T
h
e

re
su

lt
w

il
l

b
e

a
co

rr
el

at
io

n
m

a
tr

ix
.

A
fi
n
a
l

p
o
ss

ib
il
it

y
m

ot
iv

at
ed

b
y

sp
ec

tr
al

gr
ap

h
th

eo
ry

(C
h
u
n
g,

19
97

),
is

to
tr

ea
t

th
e

si
m

il
ar

it
y

m
a
tr

ix
a
s

th
e

w
ei

gh
te

d
affi

n
it

y
m

at
ri

x
of

a
gr

ap
h
,

an
d

th
en

co
m

p
u
te

th
e

n
or

m
al

iz
ed

gr
a
p
h

L
a
p
la

ci
an

,
w

h
ic

h
is

al
w

ay
s

a
co

rr
el

at
io

n
m

at
ri

x
w

it
h

n
on

-p
os

it
iv

e
off

-d
ia

go
n
al

en
tr

ie
s.

2
.2

D
e
n

si
ty

M
a
tr

ic
e
s

Q
u
an

tu
m

d
en

si
ty

m
at

ri
ce

s
re

p
re

se
n
t

th
e

p
ro

b
ab

il
it

ie
s

as
so

ci
at

ed
w

it
h

th
e

ou
tc

o
m

es
o
f

m
ea

-
su

re
m

en
ts

on
q
u
an

tu
m

st
at

es
(N

ie
ls

en
an

d
C

h
u
an

g,
20

00
;

H
ay

as
h
i,

20
06

).
Ig

n
o
ri

n
g

th
ei

r
p
h
y
si

ca
l

in
te

rp
re

ta
ti

on
s,

d
en

si
ty

m
at

ri
ce

s
ar

e
tr

ac
e-

n
or

m
al

iz
ed

p
os

it
iv

e
se

m
id

efi
n
it

e
H

er
-

m
it

ia
n

m
at

ri
ce

s.
T

h
is

m
ea

n
s

th
at

st
at

is
ti

ca
l

to
ol

s
d
ev

el
op

ed
to

an
al

y
ze

q
u
a
n
tu

m
d
en

si
ty

m
at

ri
ce

s
ca

n
b

e
ap

p
li
ed

to
p

os
it

iv
e

se
m

id
efi

n
it

e
m

at
ri

ce
s,

in
cl

u
d
in

g
co

rr
el

a
ti

o
n

m
a
tr

ic
es

,
af

te
r

re
sc

al
in

g
th

em
b
y

th
ei

r
tr

ac
e.

Q
u
an

tu
m

in
fo

rm
at

io
n

th
eo

ry
is

b
as

ed
on

th
e

fa
ct

th
at

a
q
u
a
n
tu

m
d
en

si
ty

m
a
tr

ix
is

it
-

se
lf

a
n
on

-c
om

m
u
ta

ti
ve

ge
n
er

al
iz

at
io

n
of

a
p
ro

b
a
b
il
it

y
m

as
s

fu
n
ct

io
n

(N
ie

ls
en

a
n
d

C
h
u
a
n
g
,

20
00

).
T

h
e

p
os

it
iv

e
se

m
id

efi
n
it

en
es

s
an

d
u
n
it

-t
ra

ce
re

st
ri

ct
io

n
s

en
su

re
th

a
t

a
m

a
tr

ix
’s

ei
ge

n
va

lu
es

ar
e

st
ri

ct
ly

p
os

it
iv

e
an

d
su

m
to

1;
th

es
e

ar
e

th
e

sa
m

e
p
ro

p
er

ti
es

th
a
t

a
p
ro

b
-

ab
il
it

y
m

as
s

fu
n
ct

io
n

h
as

.
T

h
is

al
lo

w
s

ex
te

n
si

on
s

of
in

fo
rm

at
io

n
th

eo
re

ti
c

q
u
a
n
ti

ti
es

,
su

ch
as

en
tr

op
y

an
d

m
u
tu

al
in

fo
rm

at
io

n
to

b
e

d
efi

n
ed

fo
r

d
en

si
ty

m
at

ri
ce

s,
an

d
su

b
se

q
u
en

tl
y,

tr
ac

e-
n
or

m
al

iz
ed

p
os

it
iv

e
se

m
id

efi
n
it

e
m

at
ri

ce
s

(S
an

ch
ez

G
ir

al
d
o

et
al

.,
20

15
).

O
u
r

m
ot

iv
at

io
n

fo
r

in
tr

o
d
u
ci

n
g

d
en

si
ty

m
at

ri
ce

s
is

to
le

ve
ra

ge
q
u
an

tu
m

in
fo

rm
a
ti

o
n
-

b
as

ed
d
is

ta
n
ce

m
ea

su
re

s,
w

h
ic

h
h
av

e
u
n
iq

u
e

p
ro

p
er

ti
es

co
m

p
ar

ed
to

m
or

e
fa

m
il
ia

r
m

ea
su

re
s.

A
n
y

co
rr

el
at

io
n

m
at

ri
x

ca
n

b
e

co
n
ve

rt
ed

to
a

d
en

si
ty

m
at

ri
x

b
y

d
iv

id
in

g
b
y
n

.
T

h
e

se
t

o
f
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Q
u
a
n
t
if
y
in
g

t
h
e
In

f
o
r
m
a
t
iv
e
n
e
ss

o
f
S
im

il
a
r
it
y
M
e
a
su

r
e
m
e
n
t
s

resca
led

co
rrela

tion
m

atrices
form

s
a

su
b
set

of
sy

m
m

etric
d
en

sity
m

atrices
w

ith
con

stan
t

d
iag

o
n
a
ls.

In
th

e
n
ex

t
section

,
w

e
in

tro
d
u
ce

ou
r

d
istan

ce-b
ased

fram
ew

ork
for

m
easu

res
of

in
form

a
tiven

ess
th

at
can

u
se

th
e

q
u
an

tu
m

d
istan

ce
m

easu
res.

3
.

D
e
fi
n
in

g
a
n
d

M
e
a
su

rin
g

In
fo

rm
a
tiv

e
n
e
ss

In
th

is
sectio

n
,

w
e

p
rop

ose
a

u
n
ivaria

te
m

easu
re

of
h
ow

in
form

ative
a

given
correlatio

n
m

a
trix

is,
b
a
sed

on
its

d
istan

ce
from

th
e

n
earest

n
on

-in
form

ative
correlation

m
atrix

.
T

h
is

d
ista

n
ce

can
b

e
m

easu
red

u
sin

g
variou

s
d
istan

ce/d
issim

ilarity
m

easu
res

an
d

for
som

e
of

th
ese

m
ea

su
res

w
e

sh
ow

th
at

w
e

can
ob

tain
closed

-form
ex

p
ression

s
of

in
form

ativ
en

ess.

3
.1

N
o
n

-in
fo

rm
a
tiv

e
C

o
rre

la
tio

n
M

a
tric

e
s

A
set

o
f

p
a
irw

ise
correlation

co
effi

cien
ts

is
n
on

-in
form

ativ
e

if
it

in
d
icates

th
at

n
o

p
air

of
o
b

jects
is

a
n
y

m
ore

sim
ilar

th
an

an
y

oth
er

p
air,

i.e.,
th

ere
are

n
o

grou
p
s

of
m

ore
(o

r
less)

rela
ted

o
b

jects.
T

w
o

ex
em

p
lary

cases
of

n
on

-in
form

ativen
ess

corresp
on

d
to

1
.

a
ll

o
b

jects
b

ein
g

in
d
istin

gu
ish

ab
le,

an
d

2
.

a
ll

o
b

jects
b

ein
g

d
istin

ct
an

d
eq

u
ally

d
issim

ilar.

B
y

u
tilizin

g
co

rrelation
m

atrices,
th

ese
cases

can
b

e
rep

resen
ted

b
y

th
e

con
stan

t
m

atrix
J

=
1
1
>

a
n
d

th
e

id
en

tity
m

atrix
I,

resp
ectively.

In
gen

eral,
an

y
correlation

m
atrix

w
ith

co
n
sta

n
t

off
-d

ia
gon

al
elem

en
ts

is
n
on

-in
form

ativ
e.

R
eord

erin
g

th
e

ob
jects,

i.e.,
sim

u
ltan

e-
o
u
sly

p
erm

u
tin

g
th

e
row

s
an

d
colu

m
n
s

of
th

e
correlation

m
atrix

,
w

ill
n
ot

ch
an

ge
a

n
on

-
in

fo
rm

a
tive

m
a
trix

.
T

h
e

set
of

n
on

-in
form

ative
m

atrices
form

s
th

e
n
u
ll

h
y
p

oth
esis

for
tests

o
f
h
o
m

o
g
en

eo
u
s

correlation
co

effi
cien

ts
(B

artlett,
1954;

L
aw

ley
,
1963).

L
ike

th
ese

test
statis-

tics,
in

fo
rm

a
tiven

ess
essen

tially
m

easu
res

h
ow

h
eterogen

eou
s

th
e

off
-d

iagon
al

en
tries

of
th

e
co

rrela
tio

n
m

a
trix

are.
If

w
e

let
ρ

b
e

th
e

valu
e

of
th

e
off

-d
iagon

al
elem

en
ts,

correlation
m

atrices
w

ith
con

stan
t

o
ff

-d
ia

g
o
n
a
l

elem
en

ts
can

b
e

ex
p
ressed

as
A
ρ

=
ρ
J

+
(1−

ρ
)I,

w
h
ere

th
e

ran
ge

of
ρ

m
u
st

b
e

restricted
to

en
su

re
A
ρ

is
a

valid
n
×
n

correlation
m

atrix
.

S
p

ecifi
cally,

sin
ce

J
1

=
n
1

,
th

e
sp

ectru
m

o
f

A
ρ

is
{
ρ
n

+
1−

ρ
,1−

ρ}.
F

or
b

oth
eigen

va
lu

es
to

b
e

n
on

-n
egative,

w
e

m
u
st

h
ave

−
1

n−
1
≤
ρ
≤

1.
It

it
m

o
re

con
ven

ien
t,

h
ow

ever,
to

su
b
stitu

te
ρ

w
ith

a
variab

le
a
∈

[0,1],
so

th
at

it
p
a
ra

m
eterizes

th
e

ex
p
ression

of
a

n
on

-in
form

ativ
e

m
atrix

as
a

con
vex

com
b
in

ation
of

tw
o

o
th

er
n
o
n
-in

fo
rm

ative
m

atrices.
L

in
early

m
ap

p
in

g
ρ
∈
[
−

1
n−

1 ,1 ]
to
a
,

gives
a

=
ρ
(n−

1
)+

1
n

or

eq
u
iva

len
tly

ρ
=

a
n−

1
n−

1
.

S
u
b
stitu

tin
g

th
e

latter
w

ith
in

th
e

ex
p
ression

for
A
ρ

gives
n
a−

1
n−

1
J

+
n

(1−
a
)

n−
1

I,
w

h
ich

is
also

eq
u
al

to
th

e
ex

p
ression

a
J

+
(1
−
a
)
n
n−

1 H
,

w
h
ere

H
=

I−
1n
J

is
th

e
cen

terin
g

m
atrix

.
T

h
e

p
aram

eter
a

is
th

e
m

ean
of

th
e

n
o
n
-in

form
ative

m
atrix

sin
ce

a
=

1
>
A
ρ
1

n
2

,
w

h
ereas

ρ
=

1
>

(A
ρ −

I)1
n

(n−
1
)

is
th

e
m

ea
n

of
its

off
-d

iagon
al

elem
en

ts.
In

th
is

w
o
rk

,
w

e
d
efi

n
e

th
e

set
of

n
on

-in
fo

rm
ative

m
atrices

to
b

e

N
≡
{

N
a

=
a
J

+
(1−

a
)

n

n
−

1
H

:
0
≤
a
≤

1 }
.

(2)

U
n
d
er

th
is

p
a
ram

eterization
,
N

1
=

J
is

th
e

ran
k
-1

con
stan

t
m

atrix
,
N

1n
=

I
is

th
e

id
en

tity

m
a
trix

,
a
n
d

N
0

=
n
n−

1 H
is

a
scaled

version
of

th
e

cen
terin

g
m

atrix
w

ith
ran

k
n
−

1.
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B
r
o
c
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ri

x
.

β
β

β

3
2

1

H
el
li
n
g
er

d
is
ta
n
ce

0
.8

11
.2

β
β

β

3
2

1

E
u
cl
id
ea
n
d
is
ta
n
ce

0
.6

0
.8

11
.2

β
β

β

3
2

1

C
o
si
n
e
d
is
ta
n
ce

0
.8

11
.2

1
.4

β
β

β

3
2

1

K
o
lm

o
g
o
ro
v
d
is
ta
n
ce

0
.6

0
.7

0
.8

0
.9

β
β

β

3
2

1

J
S
d
iv
er
g
en
ce

0
.4

0
.5

0
.6

0
.7

0
.8

F
ig

u
re

3:
E

q
u
id

is
ta

n
t

co
n
to

u
r

li
n
es

fo
r

d
is

ta
n
ce

s
b

et
w

ee
n

p
oi

n
ts

on
th

e
m

a
rg

in
a
l

si
m

p
le

x
d
efi

n
ed

b
y

[β
1
,β

2
,β

3
,0

]
to

th
e

ta
rg

et
p

oi
n
t

[0
,0
,0
.5
,0
.5

].
T

h
e

sh
a
p

e
o
f

th
e

co
n
-

to
u
rs

il
lu

st
ra

te
s

th
at

m
os

t
m

ea
su

re
s,

b
es

id
es

th
e

E
u
cl

id
ea

n
an

d
co

si
n
e

d
is

ta
n
ce

s,
ar

e
in

va
ri

an
t

to
th

e
re

la
ti

ve
p
ro

p
or

ti
o
n

of
β

1
an

d
β

2
.

of
th

e
fo

rm
u
la

ti
on

an
d

co
m

p
u
ta

ti
on

of
th

e
B

u
re

s
d
is

ta
n
ce

an
d

th
e

as
so

ci
at

ed
fi
d
el

it
y

si
m

i-
la

ri
ty

m
ea

su
re

,
w

h
ic

h
ar

e
re

le
va

n
t

to
th

e
st

u
d
y

of
co

rr
el

at
io

n
m

at
ri

ce
s

an
d

in
fo

rm
a
ti

ve
n
es

s,
ar

e
p
re

se
n
te

d
in

A
p
p

en
d
ix

A
.

E
x
a
m

p
le

1
(C

o
m

p
a
ri

so
n

o
f

D
is

ta
n

c
e
/
D

is
si

m
il
a
ri

ty
M

e
a
su

re
s)

W
e

co
m

pa
re

th
e

d
is

-
ta

n
ce

m
ea

su
re

s
fr

o
m

T
a
bl

e
1

o
n

co
rr

el
a
ti

o
n

m
a
tr

ic
es

w
it

h
n

=
3.

In
p
ar

ti
cu

la
r,

w
e

co
n
si

d
er

th
e

se
t

o
f

co
rr

el
at

io
n

m
at

ri
ce

s
X

β
=
β

1
C

1
+
β

2
C

2
+
β

3
C

3
+
β

4
J

th
at

ca
n

b
e

re
p
re

se
n
te

d
as

th
e

co
n
ve

x
co

m
b
in

at
io

n
of

th
e

el
li
p
to

p
e

ve
rt

ic
es

C
i

=
v
iv
> i

a
n
d

J
=

1
1
>

,
w

it
h

v
1

=
[−

1,
1,

1]
>

,
v

2
=

[1
,−

1
,1

]>
an

d
v

3
=

[1
,1
,−

1]
>

.
S
in

ce
∑

i
β
i

=
1,

ea
ch

3
×

3
m

at
ri

x
X

β
co

rr
es

p
on

d
s

to
a

p
oi

n
t

of
a

3-
si

m
p
le

x
.

F
or

v
is

u
al

iz
at

io
n

p
u
rp

o
se

s,
w

e
ca

lc
u
la

te
th

e
d
is

ta
n
ce

b
et

w
ee

n
se

ts
of

co
rr

el
at

io
n

m
at

ri
ce

s
X

β
an

d
a

ta
rg

et
m

a
tr

ix
A

.
A

s
an

ex
am

p
le

,
w

e
se

t
A

to
h
av

e
as

it
s

co
n
ve

x
b
as

is
(B

rø
n
d
st

ed
,

20
12

)
th

e
v
er

ti
ce

s
C

3
a
n
d

J
,

ac
co

rd
in

g
to

A
=

0
.5

C
3

+
0.

5
J

,
an

d
re

st
ri

ct
X

β
to

li
e

on
on

e
fa

ce
of

th
e

te
tr

a
h
ed

ro
n

b
y

fi
x
in

g
β

4
=

0.
F

ig
u
re

2
sh

ow
s

th
e

eq
u
id

is
ta

n
t

co
n
to

u
rs

fo
r

va
ri

ou
s

m
ea

su
re

s.

T
h
e

ke
y

d
is

ti
n
ct

io
n

is
h
ow

co
n
ve

x
co

m
b
in

at
io

n
s

of
C

1
an

d
C

2
aff

ec
t

th
e

ca
lc

u
la

te
d

d
is

ta
n
ce

s
d
(X

β
,A

).
W

e
ca

n
ob

se
rv

e
th

at
th

e
B

u
re

s
d
is

ta
n
ce

is
on

ly
a

fu
n
ct

io
n

o
f
β

3
,

o
r
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Q
u
a
n
t
if
y
in
g

t
h
e
In

f
o
r
m
a
t
iv
e
n
e
ss

o
f
S
im

il
a
r
it
y
M
e
a
su

r
e
m
e
n
t
s

eq
u
iva

len
tly

o
f
β

1
+
β

2 .
T

h
at

is,
th

e
B

u
res

d
istan

ce
is

in
varian

t
to

th
e

relative
p
ro

p
ortion

o
f
β

1
a
n
d
β

2 ,
sin

ce
alon

g
lin

es
w

h
ere

β
3

is
fi
x
ed

,
every

correla
tion

m
atrix

is
eq

u
id

istan
t

fro
m

th
e

ta
rg

et
m

atrix
A

.
T

h
is

in
varian

ce
is

d
esirab

le
sin

ce
n
eith

er
C

1
n
or

C
2

is
in

th
e

co
n
vex

b
a
sis

o
f
th

e
A

.
A

n
eq

u
ivalen

t
in

varian
ce

o
ccu

rs
w

h
en

th
e

corresp
on

d
in

g
vector-b

ased
d
ista

n
ces

4
a
re

com
p
u
ted

b
etw

een
th

e
v
ector

of
co

effi
cien

ts
β

=
[β

1 ,β
2 ,β

3 ,0],
w

h
ich

d
efi

n
es

a
d
iscrete

p
rob

ab
ility

d
istrib

u
tion

,
an

d
th

e
ta

rget
[0
,0,0.5,0.5].

F
igu

re
3

sh
ow

s
th

e
eq

u
id

istan
t

co
n
to

u
rs

fo
r

variou
s

m
easu

res.
E

x
cep

t
for

th
e

E
u
clid

ean
an

d
cosin

e
d
istan

ces,
th

e
d
istan

ce
m

etrics
a
re

in
varian

t
to

th
e

relative
p
rop

ortion
of
β

1
an

d
β

2 ,
sin

ce
th

ese
co

effi
cien

ts
are

n
o
t

in
th

e
su

p
p

ort
of

th
e

target.
In

com
p
arison

,
th

is
b

eh
av

ior
is

n
ot

ex
h
ib

ited
b
y

an
y

of
th

e
o
th

er
m

atrix
m

easu
res

as
ev

id
en

ced
b
y

th
e

n
o
n
lin

ear
con

tou
rs.

F
or

ex
am

p
le,

for
fi
x
ed

β
3

va
lu

es,
th

e
E

u
clid

ean
d
istan

ce
y
ield

s
sh

orter
d
istan

ces
to

A
w

h
en

β
1

=
β

2 .
T

h
e

sam
e

a
p
p
lies

to
th

e
oth

er
m

easu
res,

alth
ou

gh
th

e
eff

ect
is

less
ob

v
iou

s
for

th
e

C
h
ern

off
-b

ased
m

ea
su

re,
w

h
ich

b
eh

aves
sim

ilar
to

th
e

B
u
res

d
istan

ce
for

larger
d
istan

ces,
b
u
t

for
sh

orter
d
ista

n
ces

it
is

a
lso

su
scep

tib
le

to
th

e
sam

e
issu

e.

3
.3

D
e
riv

a
tio

n
o
f

M
e
a
su

re
s

o
f

In
fo

rm
a
tiv

e
n

e
ss

W
e

p
ro

ceed
to

an
aly

tically
d
erive

closed
-form

ex
p
ression

s
of

in
form

ativen
ess

for
a

su
b
set

of
th

e
d
ista

n
ce/

d
issim

ilarity
m

easu
res

from
T

ab
le

1.
In

th
e

d
erivation

s
w

e
u
se

th
e

p
aram

etric
fo

rm
o
f

th
e

n
earest

n
on

-in
form

ativ
e

m
atrix

N
a
?,

w
h
ere

a
?

=
arg

m
in

0≤
a≤

1
d
(K
,N

a )
an

d
K
∈
E

is
th

e
in

p
u
t

correlation
m

atrix
.

G
iven

th
e

n
on

-in
form

ative
m

atrix
N
a
?,

w
e

d
efi

n
e

th
e

in
fo

rm
a
tiven

ess
m

easu
res

as
dN

(K
)

=
d
(K
,N

a
?)

or
12 d

2N
(K

)
=

12 d
2(K

,N
a
?)

for
ch

ord
al

d
ista

n
ces

d
efi

n
ed

on
a

u
n
it

sp
h
ere

w
h
ose

ran
ge

is
in

trin
sically

[0
, √

2];
th

is
en

su
res

th
e

in
fo

rm
a
tiven

ess
m

easu
res

all
ran

ge
b

etw
een

0
an

d
1.

T
h
e

an
aly

tic
ex

p
ression

s
for

a
?

an
d

dN
(K

)
a
re

d
erived

in
A

p
p

en
d
ix

B
,

an
d

th
e

ex
p
ression

s
of

in
form

ativen
ess

are
in

T
ab

le
2.

T
h
ese

ex
p
ression

s
assu

m
e

th
e

in
p
u
t

m
atrix

is
a

correlation
m

atrix
K
∈
E

.
If

K
/∈
E

th
en

th
e

E
u
clid

ean
,

cosin
e,

H
S
IC

,
an

d
C

K
A

m
ea

su
res

com
p
u
te

th
e

d
istan

ce/d
issim

ilarity
b

etw
een

K
a
n
d

th
e

set
of

m
atrices

w
ith

a
d
iagon

al
of

all
on

es
an

d
con

stan
t

off
-d

iagon
al

elem
en

ts,
i.e.,

th
e

set{
N
a }

,
w

h
ere

a
is

u
n
con

strain
ed

.
In

th
is

case,
th

e
n
earest

m
atrix

N
a
?

is
n
o
t

n
ecessa

rily
a

correlation
m

atrix
,

e.g.,
a
?
<

0
or
a
?
>

1.

W
e

n
o
te

th
at

for
th

e
C

h
ern

off
b

ou
n
d

th
e

ex
p
ression

for
in

form
ativen

ess
d
o
es

n
ot

h
ave

a
clo

sed
fo

rm
,

b
u
t

on
ly

req
u
ires

th
e

sam
e

co
m

p
u
tation

al
com

p
lex

ity
as

a
sin

gle
evalu

ation
o
f

th
e

C
h
ern

o
ff

b
ou

n
d
.

A
lso,

th
e

su
b
-B

u
res

in
form

a
tiven

ess
is

n
o
t

strictly
closed

form
,

req
u
irin

g
th

e
m

ax
im

u
m

of
tw

o
algeb

raic
ex

p
ression

s.
W

e
d
id

n
ot

fi
n
d

a
closed

-form
ex

-
p
ressio

n
o
f

in
form

ativ
en

ess
for

n
eith

er
th

e
trace

d
istan

ce
n
or

th
e

q
u
an

tu
m

J
en

sen
-S

h
an

n
on

d
ivergen

ce.
C

o
n
seq

u
en

tly,
com

p
u
tin

g
th

ese
m

easu
res

req
u
ires

a
search

over
th

e
fam

ily
of

n
o
n
-in

fo
rm

a
tive

m
atrices,

w
h
ich

is
costly

sin
ce

ea
ch

search
iteration

req
u
ires

com
p
u
tin

g
eith

er
th

e
sin

g
u
lar

valu
es

or
th

e
eigen

valu
es

of
an

n
×
n

m
atrix

.

E
a
ch

m
ea

su
re

in
T

ab
le

2
is

b
o
u
n
d
ed

b
etw

een
0

an
d

1,
an

d
w

ill
n
ecessa

rily
reach

th
e

low
er

b
o
u
n
d

o
f

0
for

n
on

-in
form

ativ
e

m
atrices.

H
ow

ev
er,

th
e

u
p
p

er
lim

it
of

1
is

a
lo

ose
u
p
p

er
b

o
u
n
d

an
d

m
ay

n
ot

b
e

attain
ab

le.
B

ecau
se

of
th

is
an

d
th

e
fact

th
ere

are
n
o

u
n
its

a
sso

cia
ted

w
ith

in
form

ativen
ess; 5

th
e

n
om

in
al

valu
e

of
in

form
ativen

ess
is

n
ot

m
ean

in
gfu

l
for

4
.

T
h

e
H

ellin
g
er

d
ista

n
ce

is
th

e
v
ecto

r
eq

u
iva

len
t

o
f

th
e

B
u

res
a
n

d
Q

H
d

ista
n

ces,
a
n

d
th

e
K

o
lm

o
g
o
rov

d
ista

n
ce

is
th

e
v
ecto

r
eq

u
iva

len
t

o
f

th
e

tra
ce

d
ista

n
ce.

5
.

In
co

m
p

a
riso

n
,

th
e

u
n

its
o
f

en
tro

p
y

(b
it,

n
a
t,

o
r

h
a
rtley

)
a
re

g
a
u

g
ed

to
th

e
p

ro
b

a
b

ility
o
f

a
n

ev
en

t.

11
JM

L
R

 18(76):1-61, 2017

B
r
o
c
k
m
e
ie
r
,
M
u
,
A
n
a
n
ia
d
o
u
,
a
n
d

G
o
u
l
e
r
m
a
s

T
ab

le
2:

In
form

ativen
ess

m
easu

res
b
ased

on
th

e
d
istan

ce
an

d
d
issim

ilarity
m

easu
res

from
T

ab
le

1.
A

ll
m

easu
res,

ap
art

from
th

e
B

u
res-b

ased
on

e,
are

d
erived

in
A

p
p

en
d
ix

B
.

K
∈
E

is
a

correlation
m

atrix
an

d
k̄

=
1n
2 1
>

K
1

is
th

e
average

of
its

en
tries.

A
ll

m
easu

res
are

b
ou

n
d
ed

w
ith

in
th

e
ran

ge
[0,1].

M
easu

re:
In

form
ativen

ess:
S
im

p
lifi

ed
ex

p
ressio

n
(=

),
o
r

b
o
u
n
d

(≥
):

R
elevan

t
eq

u
atio

n
s:

E
u
clid

ean
dN

(K
)

=
m

in
0≤
a≤

1

1n ‖K
−

N
a ‖
F

=
√

1n
2 ‖

K
‖

2F
−

n
k̄
2−

2
k̄
+

1
n−

1
(B

.1),(B
.2)

C
o
sin

e
12 d

2N
(K

)
=

1−
m

ax
0≤
a≤

1

〈K
,N

a 〉
‖
K
‖
F ‖

N
a ‖
F

=
1−

n
‖
K
‖
F √

n
k̄
2−

2
k̄
+

1
n−

1
(B

.3),(B
.4)

H
S
IC

dN
(K

)
=

m
in

0≤
a≤

1

1n ‖H
K

H
−

H
N
a H
‖
F

=
√

1n
2 ‖

H
K

H
‖

2F
−

(1−
k̄
)
2

n−
1

(B
.5),(B

.6)

C
K

A
12 d

2N
(K

)
=

1−
m

ax
0≤
a≤

1

〈H
K
H
,H

N
a
H
〉

‖
H
K
H
‖
F ‖

H
N
a
H
‖
F

=
1−

n
(1−

k̄
)

‖
H
K
H
‖
F √

n−
1

(B
.7

)

C
h
ern

off
dN

(K
)

=
1−

m
ax

0≤
a≤

1
m

in
0≤
s≤

1

1n 〈K
s,N

1−
s

a
〉

=
1−

q(K
)

(B
.8–B

.1
1)

Q
H

12 d
2N

(K
)

=
1−

m
ax

0≤
a≤

1

1n 〈 √
K
, √

N
a 〉

=
1−

√
(1
>
√
K
1

)
2

n
3

+
tr

2
(H
√
K

)
n

(n−
1
)

(B
.12

),(B
.1

3)

B
u
res

12 d
2N

(K
)

=
1−

m
ax

0≤
a≤

1

1n ‖ √
K
√

N
a ‖∗

≥
i(K

)
=

1−
√
k̄

+
tr

2 √
H
K
H

n
(n−

1
)

(B
.16

),(B
.1

7)

S
u
b
-B

u
res

12 d
2N

(K
)

=
1−

m
ax

0≤
a≤

1 √
G

(
1n
K
,

1n
N
a )

=
1−

√
g
(K

)
(B

.21
–B

.24)

com
p
arin

g
d
iff

eren
tly

-sized
correlation

m
atrices;

n
on

eth
eless,

in
form

ativen
ess

can
b

e
u
sed

for
relative

com
p
a
rison

s
b

etw
een

correlation
m

atrices
of

eq
u
al

size,
ev

en
if

th
ey
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en
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op

y.
(N

ot
e:

T
h
e
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rv
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r
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e
Q

H
an

d
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n
e
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p
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l

p
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e
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b
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h
e
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y
M
e
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r
e
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4
.

O
p
tim

iza
tio

n
o
f

In
fo

rm
a
tiv

e
n
e
ss

In
th

is
sectio

n
,

w
e

in
vestigate

con
strain

ed
op

tim
ization

p
rob

lem
s

b
ased
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fi
n
d
in

g
a

m
ax

i-
m

a
lly

in
fo

rm
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tive
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m
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a

target
m

atrix
.

W
e

cover
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o
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o
p
tim
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a

correlation
m
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,
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d
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s
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a
E

u
clid

ea
n

em
b

ed
d
in

g.
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th
e

latter
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w
e
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e
an
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fu

n
ction

s
fo

r
so

m
e

m
ea

su
res
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form
ativen
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b
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d
irectly
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ed
d
in

g
w

ith
o
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req
u
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g
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e
ex
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calcu
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correlatio
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p
articu

lar,
w

e
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w

h
en

a
p
p
lied
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an

em
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ed
d
in

g,
th

e
B

u
res-b

ased
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fu
n
ction
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vex
an

d
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on
d
s

to
a

n
ovel

m
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n
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,
w
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ich
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a

com
b
in

ation
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trace
sem

in
orm
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on
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sp

aces.
A

s
th
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o
rm
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rox
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th
e

d
efi

n
ition

o
f
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e

p
rox

im
a
l

op
erator

for
th

e
sq

u
ared

trace
n
orm

.
U

sin
g

th
e

B
u
res-b

ased
m

easu
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in

form
a
tiven

ess
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a
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fu
n
ction

,
w

e
d
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e
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tim
ization

p
ro

b
lem
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n
d
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g
a

m
ax

i-
m

a
lly

in
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rm
a
tive

correlation
m

atrix
n
earb

y
a

target
m

atrix
,

w
h
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n
earn

ess
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v
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th
e

E
u
clid

ea
n

d
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ce
b

etw
een

th
e

em
b

ed
d
in

gs.
A

lth
ou

gh
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strain
in

g
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e
em

b
ed

d
in

g
to

en
su

re
it

co
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on
d
s

to
a
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m

atrix
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n
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-con
v
ex
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w

e
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th
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t
to
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ield
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con
vex

op
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th
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w

h
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th
e

origin
al

co
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stra

in
t.

W
e

p
rop

ose
an

altern
atin

g
d
irection

m
eth

o
d

o
f

m
u
ltip

lier
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D
M

M
)

algorith
m

th
a
t

u
ses

th
e

p
rox

im
al

op
erator

for
th

e
B

u
res-b

ased
cost

fu
n
ction

to
so

lv
e

th
is

p
rob

lem
.

4
.1

M
a
x
im

a
lly

In
fo

rm
a
tiv

e
C

o
rre

la
tio

n
M

a
tric

e
s

F
irstly,

w
e

co
n
sid

er
fi
n
d
in

g
a

m
ax

im
ally

in
form

ativ
e

m
atrix

th
at

lies
w

ith
in

an
ε-rad

iu
s

b
all

o
f

a
n

a
rb

itra
ry

target
m

atrix
A

.
T

h
is

op
tim

ization
can

b
e

w
ritten

as

arg
m

ax
K
∈E

dN
(K

)
(4)

s.t.‖
A
−

K
‖
F
≤
ε,

w
h
ere

dN
(K

)
is

th
e

d
istan

ce
to

closest
m

em
b

er
of

th
e

fam
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of
N
a

of
n
on

-in
form

ative
m

a
trices

(o
r

a
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er
b

ou
n
d

on
th

is
d
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ce
in

th
e

case
of

th
e

B
u
res

d
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A

s
n
oted

in
T

h
eo
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4
,

th
e

B
u
res-b

ased
in

form
ativ

en
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a

con
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fu
n
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n
,
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th
e

E
u
clid

ean
a
n
d

H
S
IC

-b
a
sed

m
easu

res
(th

eir
con

vex
ity

can
b

e
verifi

ed
b
y

th
e

p
rop

erties
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th
e

F
rob

e-
n
iu

s
n
o
rm

).
C

o
n
seq

u
en

tly,
for

th
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m
easu

res
m

ax
im

izin
g

th
e

in
form

ativen
ess

is
a

con
vex

m
a
x
im

iza
tio

n
p
rob

lem
w

ith
m

u
ltip
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op

tim
a

n
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o
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rrin
g
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e
ex
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e

p
oin
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o
f

th
e

ellip
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e,
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ev
id

en
ced

b
y

F
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4.

In
p
articu

lar,
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stated
in

T
h
eorem

5
in

A
p
-

p
en

d
ix

B
.7

,
th

e
B

u
res-b

ased
in

form
ativ

en
ess

is
m

ax
im

ized
b
y

th
e

vertices
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th
e

ellip
top

e
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o
n
d
in

g
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,
ran

k
-1
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m
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A
lth

ou
gh

th
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m
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m

ax
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fo

r
a
p
p
ro

p
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m
ay

b
e

a
u
n
iq

u
e

m
ax

im
u
m

w
ith
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e
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cal
n
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b
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o
o
d
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F
o
r
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w
e
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stead

d
efi

n
e

a
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rob
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g
th

e
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-
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t

w
ith

a
p

en
alty

term
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b
y
ρ

(w
h
ere

a
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ρ
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d
s
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a
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all
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m

in
K
∈E

ρ‖A
−

K
‖

2F
+
F

(dN
(K

))
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(5)

w
h
ere

F
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a
m
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oton

ically
d
ecreasin

g
fu

n
ction
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th

e
form

F
:
d
7→

1−
ν
d

2
w
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ν
∈

{
12 ,1}
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=

12
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ch
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d
istan
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F
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,1]).
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m
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,
M
u
,
A
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n
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o
u
,
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G
o
u
l
e
r
m
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s

T
ab

le
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E
x
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s
for

fi
n
d
in

g
th

e
m
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in

form
ativ

e
correlatio

n
m

a
trices

v
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cost
fu
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s
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th
e
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J
ρ (K

)
=
ρ‖A

−
K
‖

2F
+
F

(dN
(K

)).
T

h
e

form
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are
ap

p
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to

all
p
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efi

n
ite

m
easu

res,
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th
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gh
in

form
ativen

ess
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ly

d
efi

n
ed

for
correlation

m
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B
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th
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th
e

E
u
clid

ean
an

d
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e
m

easu
res
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w

ritten
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N
a
?

=
a
?J
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(1−

a
?)

n
n−

1 H
.

M
easu
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F

(d
):

F
(dN

(K
)):

J
ρ (K

)
con

vex
?

E
u
clid

ean
1−

d
2

1−
1n
2 ‖

K
−

N
a
?‖

2F
,

a
?

=
1n
2 〈K

,J
−

I〉
+

1n
ρ
≥

1n
2

C
osin

e
1−

12 d
2

〈K
,N

a
? 〉

‖
K
‖
F ‖

N
a
? ‖
F
,

a
?

=
1n
〈K
,J〉

〈K
,I〉

—

H
S
IC

1−
d

2
1

+
1

n
2
(n−

1
) 〈K

,H
〉
2−

1n
2 ‖

H
K

H
‖

2F
ρ
≥

1n
2

C
K

A
1−

12 d
2

〈K
,H
〉

‖
H
K
H
‖
F √

n−
1

—

Q
H

1−
12 d

2
√

1n
3 〈 √

K
,J〉

2
+

1
n

(n−
1
) 〈 √

K
,H
〉
2

n
o

B
u
res-b

ased
1−

12 d
2
√

1n
2 〈K

,J〉
+

1
n

(n−
1
) ‖ √

K
H
‖

2∗
n
o

fu
n
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F
(dN

(K
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p
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th
e

m
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res
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in
form

ativen
ess

in
T

ab
le

2
w

ith
closed

-
form

ex
p
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s.
T

h
e

ch
oice

of
F

an
d

th
e

resu
ltin

g
ex

p
ression

s
of
F

(dN
(K

))
are

listed
in

T
ab

le
3.

S
in

ce
1
−
ν
d

2
is

con
cav

e
an

d
n
on

in
creasin

g
w

ith
resp

ect
to

d
2,

w
h
en

d
2N

(K
)

is
con

-
vex

,
ρ‖A

−
K
‖

2F
+
F

(dN
(K

))
is

a
d
iff

eren
ce

of
con

v
ex

fu
n
ction

s.
B

y
in

sp
ection

w
e

see
th

at
th

e
cost

fu
n
ction

s
for

th
e

E
u
clid

ean
an

d
H

S
IC

-b
ased

m
easu

res
of

in
form

ativen
ess

are
q
u
ad

ratic
fu

n
ction

s
of

K
an

d
con

vex
6

w
h
en

ρ
≥

1n
2 ,

i.e.,
th

is
ch

oice
of
ρ

corresp
on

d
s

to
a

su
ffi

cien
tly

sm
all

ε-rad
iu

s
b
all,

su
ch

th
at

it
con

tain
s

a
u
n
iq

u
e

m
ax

im
ally

in
form

a
tiv

e
corre-

lation
m

atrix
.

In
con

trast,
th

e
con

vex
ity

of
th

e
cost

fu
n
ction

for
th

e
cosin

e
an

d
C

K
A

-b
ased

m
easu

res
d
ep

en
d
s

on
b

oth
th

e
target

m
atrix

A
a
n
d

th
e

regu
larization

ρ
;

in
certain

cases
th

e
cost

fu
n
ction

m
ay

b
e

con
vex

.
D

u
e

to
th

e
m

atrix
sq

u
are

ro
ot,

n
eith

er
th

e
Q

H
n
or

th
e

B
u
res-b

ased
m

easu
res

are
con

vex
.

In
p
articu

lar,
1n
2 〈K

,J〉
+

1
n

(n−
1
) ‖ √

K
H
‖

2∗
is

con
cave,

as‖ √
K

H
‖

2∗
is

p
rop

ortion
al

to
th

e
sq

u
ared

fi
d
elity

b
etw

een
1

n−
1 H

an
d

1
trK

K
an

d
sq

u
ared

fi
d
elity

is
a

con
cave

fu
n
ction

(U
h
lm

an
n
,

1976
)

as
n
oted

in
T

h
eorem

3
in

A
p
p

en
d
ix

A
.

T
h
e

fu
n
ction

〈 √
K
,C
〉

is
also

con
cave

for
a
n
y

p
ositiv

e
sem

id
efi

n
ite

C
,

a
s

th
e

fu
n
ction

−
〈 √

K
,C
〉

is
con

vex
(B

orw
ein

an
d

L
ew

is,
2010,

S
ection

3.1,
E

x
ercise

25c).

F
irst-ord

er
grad

ien
t

ap
p
roach

es
m

ay
b

e
a
p
p
lied

to
th

e
ex

p
ression

s
in

T
ab

le
3

w
ith

som
e

ad
ju

stm
en

ts
to

en
su

re
th

ey
are

w
ell-d

efi
n
ed

an
d

sm
o
oth

.
F

irstly,
th

e
cost

fu
n
ction

s
cor-

resp
on

d
in

g
to

ch
ord

al
d
istan

ces
(cosin

e,
C

K
A

,
Q

H
,

an
d

B
u
res)

a
re

sq
u
ared

to
rem

ov
e

th
e

scalar
sq

u
are

ro
ots

from
th

e
ex

p
ressio

n
s.

S
econ

d
ly,

sin
ce

th
e

C
K

A
m

easu
re

is
u
n
d
efi

n
ed

at
K

=
J

,
a

log
b
arrier

of
th

e
form

−
log

(1−
k̄
)

sh
ou

ld
b

e
ad

d
ed

to
th

e
cost

fu
n
ction

to
p
reven

t
th

is
case.

T
h
ird

ly,
for

th
e

Q
H

m
easu

re
to

b
e

d
iff

eren
tiab

le,
K

m
u
st

b
e

strictly

6
.

L
ettin

g
x

=
v
ec(K

),
th

ese
tw

o
co

st
fu

n
ctio

n
s

ca
n

b
e

w
ritten

a
s
x
>
M

x
+

x
>
u

+
c,

w
h

ich
is

a
co

n
v
ex

fu
n

ctio
n

if
M

is
p

o
sitiv

e
sem

id
efi

n
ite.

F
o
r

th
e

E
u

clid
ea

n
m

ea
su

re,
M

=
(ρ−

1n
2
)I

+
1

n
3
(n−

1
) v

v
>

w
h

ere

v
=

v
ec(J

−
I).

F
o
r

th
e

H
S

IC
m

ea
su

re,
M

=
ρ
I−

1n
2
H
⊗

H
,

w
h

ere
⊗

in
d

ica
tes

th
e

K
ro

n
eck

er
p

ro
d

u
ct.

In
b

o
th

ca
ses,

M
is

p
o
sitiv

e
sem

id
efi

n
ite

if
ρ
≥

1n
2
.
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n
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e

cl
os

ed
-f
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∈
E

is
a

co
rr

el
at

io
n

m
at

ri
x

an
d
k̄

=
1 n
2
1
>

K
1

is
th
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d
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∇
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−
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−
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−
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−
k̄

n
−

1
J
)

C
K

A
1 2

( 1
−
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√
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√
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√
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p
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r
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b
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d
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(Z
>

Z
) )

=
(

1−
i(Z
>

Z
) )

2
=
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) ‖Z

H
‖

2∗ ,
(7)

w
h
ere

dN
(Z
>

Z
)

=
√
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m
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d
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p
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con
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p
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b
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c
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u
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b
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p
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√
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‖
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d
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d
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erator

(M
oreau

,
196

5)

p
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X
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‖
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‖
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≥

0.
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en
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p
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b
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b
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b
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b
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=

1n ‖
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1n
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+

1
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) ‖

X
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‖
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=

1n ‖
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‖
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+
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) ‖

X̃
‖
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‖x̄‖
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an
d

‖X
‖

2F
=
∥∥
X

(
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+
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) ∥∥
2F

=
∥∥
X̄
∥∥

2F
+
‖
X̃
‖

2F
=
n‖x̄‖

22
+
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‖
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=
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‖
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√
n‖x̄‖
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Ỹ
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=
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Ỹ
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∥∥
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∥∥∥
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=
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p
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r
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m
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b
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b
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’s
cost

fu
n
ction

is
con

v
ex

,
b
u
t

th
e

ob
liq

u
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b
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ra
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b
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at
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b
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b
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p
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w
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b
le

m
,

u
si

n
g

an
au

x
il
ia

ry
va

ri
ab

le
X

as

m
in

X
∈R

b
×
n

Z
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)

(1
2)

s.
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Z
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A
n
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at
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b
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ra
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‖Z
−

X
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b
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b
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d
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at
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b
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b
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p
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at
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ra
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w
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e
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ck
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b
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te
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et
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20
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to

fi
n
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in
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of
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e
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en
te
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ra
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an
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+
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λ
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+
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X
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3)

w
h
er

e
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is
th

e
in

d
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n
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r
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n
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(O
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∞
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at
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n
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,
th

e
st

ep
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e
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Z
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o
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−
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m
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X
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b
×
n
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X
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+
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an
d
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e

fo
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ow

ed
b
y

an
u
p

d
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e
of
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e
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u
al

va
ri
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le

s
U
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p
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p
ro
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p
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at
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p
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b
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p
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c
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m
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o
u
l
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re
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b
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p
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>
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>

0
,

a
n
d
η

=
λ ρ
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←
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←
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←
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←
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=
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+
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q
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=
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d
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←
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d
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b
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Ḱ
=

(1−
η
)K

+
η
I,

w
h
ere

η
=

10 −
6,

to
en

su
re

th
e

correlation
m

atrix
is

p
ositive

d
efi

n
ite.

A
lo

g
-b

arrier
term

of−
log

(1−
1n
2 1
>

K
1

)
is

ad
d
ed

to
th

e
cost

fu
n
ction

for
th

e
C

K
A

m
easu

re.
F

o
r

th
e

B
u
res-b

ased
m

easu
re,

a
sm

o
oth

in
g

p
aram

eter
of
γ

=
10 −

9
is

u
sed

.

W
e

a
p
p
ly

th
e

fi
rst-ord

er
op

tim
izatio

n
on

fi
ve

sy
n
th

etic
d
ata

sets
con

sistin
g

of
n

=
25

tw
o
-d

im
en

sio
n
a
l

p
oin

ts.
A

s
sh

ow
n

in
F

igu
re

12,
th

e
op

tim
ization

ex
h
ib

its
m

o
d
e-seek

in
g—

i.e.,
g
ro

u
p
s

o
f

n
earb

y
p

oin
ts

clu
ster

togeth
er,

w
h
ich

en
h
an

ces
th

e
clu

ster
stru

ctu
re

seen
in

th
e

co
rrelatio

n
m

atrices.

W
e

th
en

a
p
p
ly

th
e

d
en

oisin
g

p
ro

cess
to

a
set

of
gray

scale
im

ages
of

h
an

d
w

ritten
d
igits

in
th

e
U

S
P

S
d
a
ta

set
(H

u
ll,

1994). 1
1

T
ak

in
g

a
ran

d
om

set
of

40
im

ages
for

each
d
igit

y
ield

s
a

sa
m

p
le

w
ith

n
=

400.
T

h
e

resu
ltin

g
correlation

m
atrices

an
d

th
e

im
ages

corresp
on

d
in

g
to

th
e

o
p
tim

ized
p

oin
t

lo
cation

s
are

sh
ow

n
in

F
igu

re
13.

T
h
ere

is
a

clear
d
iff

eren
ce

in
th

e
resu

lts
fo

r
th

e
d
iff

eren
t

m
easu

res:
W

ith
th

e
E

u
clid

ean
m

easu
re,

d
iff

eren
t

d
ig

its
are

1
1
.

T
h

e
U

S
P

S
h

a
n

d
w

ritten
d

ig
its

d
a
ta

set
(H

u
ll,

1
9
9
4
)

is
ava

ila
b

le
fro

m
h
t
t
p
:
/
/
w
e
b
.
s
t
a
n
f
o
r
d
.
e
d
u
/

~
h
a
s
t
i
e
/
E
l
e
m
S
t
a
t
L
e
a
r
n
/
d
a
t
a
.
h
t
m
l
,

w
h

ere
it

is
la

b
eled

‘Z
IP

co
d

e’.

31
JM

L
R

 18(76):1-61, 2017

B
r
o
c
k
m
e
ie
r
,
M
u
,
A
n
a
n
ia
d
o
u
,
a
n
d

G
o
u
l
e
r
m
a
s

O
rig
in
a
l

E
u
c
lid
e
a
n

C
o
s
in
e

H
S
IC

C
K
A

Q
H

B
u
re
s

F
igu

re
13:

S
am

p
le

d
en

oisin
g

on
200

im
ages

fro
m

th
e

U
S
P

S
h
an

d
w

ritten
d
igits

d
ata

set.
T

h
e

correlation
m

atrix
is

form
ed

from
th

e
G

au
ssian

kern
el

ap
p
lied

to
vectors

of
th

e
p
ix

el
valu

es.
T

h
e

fi
rst

row
sh

ow
s

th
e

correlation
m

atrices
an

d
th

e
secon

d
row

sh
ow

s
th

e
corresp

on
d
in

g
im

ages
b
ased

on
th

e
o
p
tim

ized
p
ix

el
valu

es.

grou
p

ed
togeth

er
in

to
in

d
istin

ct
im

ages,
w

h
ile

th
e

rem
ain

in
g

im
ages

rem
ain

u
n
ch

an
ged

.
T

h
e

cosin
e

m
easu

re
on

ly
sligh

tly
m

o
d
ifi

es
th

e
im

ages.
T

h
e

H
S
IC

an
d

C
K

A
m

easu
res

seem
to

m
ap

m
ost

of
th

e
d
igits

to
a

su
b
set

of
stereoty

p
ed

d
igits,

b
u
t

b
esid

es
0’s,

1’s,
a
n
d

7’s/9’s
th

e
corresp

on
d
en

ce
to

th
e

origin
al

d
igits

is
lost.

O
n

th
e

oth
er

h
an

d
,

th
e

Q
H

an
d

B
u
res

m
easu

res
p
ro

d
u
ce

correlation
m

atrices
th

at
corresp

on
d

m
u
ch

m
ore

closely
to

th
e

tru
e

class
stru

ctu
re.

F
u
rth

erm
ore,

th
e

im
ages

ap
p

ear
to

b
e

d
en

oised
w

ith
th

e
m

a
jority

of
th

e
d
igits

m
ap

p
ed

to
stereoty

p
ed

v
ersion

s
of

th
e

origin
al

d
igits.

T
o

q
u
an

tify
th

e
en

h
an

ced
class

stru
ctu

re,
w

e
com

p
u
te

th
e

cen
tered

kern
el

align
m

en
t

b
etw

een
th

e
correlation

m
atrix

for
th

e
grou

n
d
-tru

th
lab

els
an

d
th

e
op

tim
ized

correlation
m

atrix
,

an
d

record
th

e
valu

es
in

T
ab

le
8.

A
s

a
b
aselin

e,
w

e
u
se

th
e

origin
al

co
ord

in
ates

(th
at

is
th

e
origin

al
im

ages)
for

th
e

sam
p
le

an
d

select
a

kern
el

b
an

d
w

id
th

th
at

m
ax

im
izes

th
e

cen
tered

k
ern

el
align

m
en

t.
O

n
ly

th
e

B
u
res

m
easu

re
y
ield

s
a

correlation
m

atrix
w

ith
h
igh

er
cen

tered
kern

el
align

m
en

t
th

an
th

is
b
aselin

e.

T
h
e

Q
H

an
d

B
u
res

m
easu

res
are

also
d
istin

gu
ish

ed
b
y

th
eir

com
p
u
tatio

n
tim

e
as

sh
ow

n
in

T
ab

le
8,

as
th

e
grad

ien
t

calcu
lation

s
for

th
ese

tw
o

m
easu

res
h
ave

h
igh

er
com

p
u
tation

al

3
2

JM
L

R
 18(76):1-61, 2017



Q
u
a
n
t
if
y
in
g

t
h
e
In

f
o
r
m
a
t
iv
e
n
e
ss

o
f
S
im

il
a
r
it
y
M
e
a
su

r
e
m
e
n
t
s

T
ab

le
8:

P
er

fo
rm

an
ce

re
su

lt
s

fo
r

sa
m

p
le

d
en

oi
si

n
g

on
th

e
su

b
se

t
of

20
0

U
S
P

S
d
ig

it
im

ag
es

sh
ow

n
in

F
ig

u
re

13
.

T
h
e

ce
n
te

re
d

ke
rn

el
al

ig
n
m

en
t

(C
A

)
is

ca
lc

u
la

te
d

b
et

w
ee

n
th

e
gr

ou
n
d
-t

ru
th

la
b

el
m

at
ri

x
(a

b
in

a
ry

co
rr

el
at

io
n

m
at

ri
x
)

an
d

th
e

co
rr

el
at

io
n

m
at

ri
x

fo
r

th
e

or
ig

in
al

sa
m

p
le

an
d

th
e

d
en

oi
se

d
sa

m
p
le

fo
r

ea
ch

m
ea

su
re

.
C

om
p
u
ta

ti
o
n

ti
m

e
lo

gg
ed

in
M

A
T

L
A

B
R

20
15

b
on

a
2.

8
G

H
z

In
te

l
C

or
e

i7
w

it
h

16
G

B
R

A
M

.

O
ri

gi
n
al

E
u
cl

id
ea

n
C

os
in

e
H

S
IC

C
K

A
Q

H
B

u
re

s

C
A

to
la

b
el

s:
0.

53
0.

11
0.

45
0.

27
0.

28
0.

47
0.

55
T

im
e

(s
):

—
0.

99
0.

17
1
.5

6
1.

10
50

3.
85

37
.1

3

co
m

p
le

x
it

y
O

(n
3
)

ve
rs

u
s
O

(n
2
)

fo
r

th
e

ot
h
er

m
ea

su
re

s.
T

h
e

Q
H

m
ea

su
re

re
q
u
ir

es
so

lv
in

g
tw

o
S
y
lv

es
te

r
eq

u
at

io
n
s,

an
d

th
e

B
u
re

s
m

ea
su

re
re

q
u
ir

es
a

si
n
gl

e
ei

ge
n
d
ec

om
p

os
it

io
n
.

T
h
is

m
ak

es
th

e
ru

n
n
in

g
ti

m
e

w
it

h
th

e
Q

H
m

ea
su

re
m

u
ch

lo
n
ge

r
in

p
ra

ct
ic

e.

5
.5

C
o
rr

e
la

ti
o
n

M
a
tr

ix
D

e
n

o
is

in
g

W
e

n
ow

d
em

on
st

ra
te

A
lg

or
it

h
m

1
fo

r
co

rr
el

at
io

n
m

at
ri

x
d
en

oi
si

n
g.

T
h
e

al
go

ri
th

m
fi
n
d
s

an
em

b
ed

d
in

g
th

at
m

ax
im

iz
es

th
e

B
u
re

s-
b
as

ed
in

fo
rm

at
iv

en
es

s
w

it
h
in

a
n
ei

gh
b

or
h
o
o
d

of
a

ta
rg

et
em

b
ed

d
in

g.
T

h
e

al
go

ri
th

m
is

co
m

p
le

te
ly

u
n
su

p
er

v
is

ed
an

d
ca

n
b

e
u
se

d
to

ob
ta

in
an

ar
b
it

ra
ry

ra
n
k

em
b

ed
d
in

g.
W

e
u
se

it
to

re
d
u
ce

th
e

ra
n
k

of
an

n
×
n

ke
rn

el
m

at
ri

x
to
b√
n
c

as
a

p
re

p
ro

ce
ss

in
g

fo
r

cl
u
st

er
in

g.

T
h
e

in
it

ia
l

co
rr

el
at

io
n

m
at

ri
x

is
fo

rm
ed

b
y

u
si

n
g

a
G

au
ss

ia
n

ke
rn

el
b

et
w

ee
n

im
ag

es
fo

r
fi
ve

th
u
m

b
n
ai

l
im

ag
e

d
at

a
se

ts
:

O
R

L
,

M
N

IS
T

,
U

M
IS

T
,

U
S
P

S
,

an
d

C
O

IL
-2

0.
1
2

T
h
e

ke
rn

el
b
an

d
w

id
th

h
eu

ri
st

ic
d
es

cr
ib

ed
in

S
ec

ti
on

5.
2

is
ag

ai
n

u
se

d
to

se
le

ct
th

is
p
a
ra

m
et

er
.

T
h
e

in
it

ia
l
ta

rg
et

em
b

ed
d
in

g
w

as
gi

ve
n

as
T

=
√

Σ
U
>

,
w

h
er

e
U

Σ
U
>

=
K

is
th

e
ei

ge
n
d
ec

om
p

o-
si

ti
on

of
th

e
G

au
ss

ia
n

ke
rn

el
m

at
ri

x
.

F
ig

u
re

14
sh

ow
s

a
v
is

u
al

iz
at

io
n

of
th

e
va

ri
ou

s
m

at
ri

ce
s

an
d

al
so

p
lo

ts
th

e
in

fo
rm

at
iv

en
es

s
an

d
ce

n
te

re
d

ke
rn

el
al

ig
n
m

en
t

to
th

e
la

b
el

m
at

ri
x

as
a

fu
n
ct

io
n

of
ra

n
k
.

A
s

d
es

ig
n
ed

,
th

e
d
en

oi
se

d
m

at
ri

ce
s

ar
e

m
or

e
in

fo
rm

at
iv

e
th

an
th

e
or

ig
in

al
m

at
ri

x
an

d
m

or
e

in
fo

rm
at

iv
e

th
an

tr
u
n
ca

te
d

an
d

re
n
or

m
al

iz
ed

k
er

n
el

m
at

ri
ce

s
(c

en
te

re
d

or
u
n
ce

n
te

re
d
)

of
eq

u
al

ra
n
k
.

A
d
d
it

io
n
a
ll
y,

ex
ce

p
t

on
th

e
O

R
L

d
at

a
se

t,
th

e
d
en

oi
se

d
m

at
ri

ce
s

h
av

e
h
ig

h
er

ce
n
te

re
d

ke
rn

el
al

ig
n
m

en
t.

T
o

d
em

on
st

ra
te

th
at

th
e

d
en

oi
si

n
g

p
re

se
rv

es
an

d
en

h
an

ce
s

ta
sk

-r
el

ev
an

t
st

ru
ct

u
re

,
w

e
p

er
fo

rm
sp

ec
tr

al
cl

u
st

er
in

g
w

it
h

an
d

w
it

h
ou

t
d
en

oi
si

n
g.

S
ta

rt
in

g
fr

om
an

em
b

ed
d
in

g
of

th
e

or
ig

in
al

co
rr

el
at

io
n

m
at

ri
x
,

w
e

ob
ta

in
a

d
en

oi
se

d
em

b
ed

d
in

g
Z

w
it

h
a

ra
n
k

of
b√
n
c.

S
in

ce
sp

ec
tr

al
cl

u
st

er
in

g
m

et
h
o
d
s

as
su

m
e

a
n
on

-n
eg

at
iv

e
affi

n
it

y
m

at
ri

x
as

in
p
u
t,

w
e

ap
p
ly

n
on

-
n
eg

at
iv

e
th

re
sh

ol
d
in

g
on

th
e

en
tr

ie
s

of
th

e
d
en

oi
se

d
co

rr
el

at
io

n
m

at
ri

x
K
?

=
Z
>

Z
an

d
tr

ea
t

th
e

re
su

lt
in

g
n
on

-n
eg

at
iv

e,
sy

m
m

et
ri

c
m

at
ri

x
[K

?
] +

as
th

e
in

p
u
t

fo
r

N
g

et
al

.’
s

n
or

m
al

iz
ed

1
2
.

T
h

e
O

li
v
et

ti
R

es
ea

rc
h

L
a
b

o
ra

to
ry

’s
(O

R
L

)
fa

ce
im

a
g
e

d
a
ta

se
t

w
a
s

p
re

v
io

u
sl

y
h

o
st

ed
b
y

A
T

&
T

C
a
m

-
b

ri
d

g
e

a
n

d
is

n
ow

h
o
st

ed
b
y

C
a
m

b
ri

d
g
e

U
n

iv
er

si
ty

C
o
m

p
u

te
r

L
a
b

o
ra

to
ry

:
h
t
t
p
:
/
/
w
w
w
.
c
l
.
c
a
m
.
a
c
.

u
k
/
r
e
s
e
a
r
c
h
/
d
t
g
/
a
t
t
a
r
c
h
i
v
e
/
f
a
c
e
d
a
t
a
b
a
s
e
.
h
t
m
l
.

T
h

e
M

N
IS

T
h

a
n

d
w

ri
tt

en
d

ig
it

s
te

st
se

t
is

av
a
il

-
a
b

le
fr

o
m

h
t
t
p
:
/
/
y
a
n
n
.
l
e
c
u
n
.
c
o
m
/
e
x
d
b
/
m
n
i
s
t
/
.

T
h

e
U

M
IS

T
d

a
ta

se
t

(G
ra

h
a
m

a
n

d
A

ll
in

so
n

,
1
9
9
8
)

is
n

ow
th

e
S

h
effi

el
d

F
a
ce

D
a
ta

b
a
se

h
t
t
p
s
:
/
/
w
w
w
.
s
h
e
f
f
i
e
l
d
.
a
c
.
u
k
/
e
e
e
/
r
e
s
e
a
r
c
h
/
i
e
l
/
r
e
s
e
a
r
c
h
/
f
a
c
e
.

T
h

e
C

O
IL

-2
0

d
a
ta

se
t

co
n

si
st

s
o
f

im
a
g
es

o
f

ro
ta

te
d

o
b

je
ct

s
(N

en
e

et
a
l.

,
1
9
9
6
),

av
a
il

a
b

le
a
t
h
t
t
p
:

/
/
w
w
w
.
c
s
.
c
o
l
u
m
b
i
a
.
e
d
u
/
C
A
V
E
/
s
o
f
t
w
a
r
e
/
s
o
f
t
l
i
b
/
c
o
i
l
-
2
0
.
p
h
p
.

33
JM

L
R

 1
8(

76
):

1-
61

, 2
01

7

B
r
o
c
k
m
e
ie
r
,
M
u
,
A
n
a
n
ia
d
o
u
,
a
n
d

G
o
u
l
e
r
m
a
s

D
e

n
o

is
e

T
ru

n
c
a

te

K
E

IG

C
e

n
te

r 
tr

u
n

c
a

te

K
P

C
A

K
e

rn
e

l 
m

a
tr

ix
C

la
s
s
 l
a

b
e

l 
m

a
tr

ix

1
0

2
0

3
0

ORL

5
0

1
0

0

1
5

0

2
0

0

MNIST

5
0

1
0

0

1
5

0

2
0

0

COIL20

2
0

4
0

6
0

8
0

UMIST

5
0

1
0

0

1
5

0

2
0

0

USPS

6
2

0
3

0

ra
n

k

0
.8

8

0
.9

0
.9

2
C

K
A

 t
o

 l
a

b
e

ls

6
2

0
3

0

ra
n

k

0

0
.2

0
.4

0
.6

In
fo

rm
a

ti
v
e

n
e

s
s

K
E

IG

K
P

C
A

D
e
n
o
is

e

1
5

1
1

0
2

0
0

0
.7

5

0
.8

0
.8

5

1
5

1
1

0
2

0
0

0

0
.2

0
.4

0
.6

0
.8

1
5

1
1

0
2

0
0

0
.8

6

0
.8

8

0
.9

1
5

1
1

0
2

0
0

0
.2

0
.4

0
.6

0
.8

1
0

5
0

8
5

0
.8

0
.8

5

0
.9

1
0

5
0

8
5

0
.2

0
.4

0
.6

0
.8

1
5

1
1

0
2

0
0

0
.7

6

0
.7

8

0
.8

0
.8

2

1
5

1
1

0
2

0
0

0

0
.2

0
.4

0
.6

0
.8

F
ig

u
re

14
:

E
x
am

p
le

s
of

co
rr

el
at

io
n

m
at

ri
x

d
en

oi
si

n
g

on
G

au
ss

ia
n

ke
rn

el
m

a
tr

ic
es

o
b
ta

in
ed

fr
om

sa
m

p
le

s
of

th
e

O
R

L
,
M

N
IS

T
,
C

O
IL

-2
0,

U
M

IS
T

,
an

d
U

S
P

S
d
a
ta

se
ts

.
E

a
ch

sa
m

p
le

co
n
ta

in
s

th
re

e
d
iff

er
en

t
cl

as
se

s.
E

ac
h

ro
w

sh
ow

s
th

e
ke

rn
el

m
a
tr

ix
fo

r
th

e
gr

ou
n
d

tr
u
th

la
b

el
s,

th
e

or
ig

in
al

G
au

ss
ia

n
ke

rn
el

m
at

ri
x
,

th
e

tr
u
n
ca

te
d

a
n
d

re
n
or

m
al

iz
ed

m
at

ri
ce

s
co

rr
es

p
on

d
in

g
to

th
e

u
n
ce

n
te

re
d

ke
rn

el
m

a
tr

ix
(K

E
IG

)
an

d
ce

n
te

re
d

ke
rn

el
m

at
ri

x
(K

P
C

A
),

an
d

th
e

d
en

oi
se

d
co

rr
el

at
io

n
m

a
tr

ix
.

T
h
e

la
tt

er
th

re
e

m
at

ri
ce

s
h
av

e
ra

n
k
b√
n
ca

n
d

th
e

sy
m

m
et

ri
c

n
or

m
al

iz
a
ti

o
n

d
es

cr
ib

ed
in

E
q
u
at

io
n

1
is

ap
p
li
ed

to
en

su
re

th
ey

ar
e

co
rr

el
at

io
n

m
at

ri
ce

s.
T

o
th

e
ri

g
h
t

of
th

e
m

at
ri

ce
s,

th
e

ce
n
te

re
d

ke
rn

el
al

ig
n
m

en
t

(C
K

A
)

to
th

e
gr

ou
n
d
-t

ru
th

la
b

el
m

at
ri

x
an

d
th

e
B

u
re

s-
b
as

ed
in

fo
rm

at
iv

en
es

s
is

sh
ow

n
as

a
fu

n
ct

io
n

o
f

ra
n
k
.

sp
ec

tr
al

cl
u
st

er
in

g
al

go
ri

th
m

(N
g

et
al

.,
20

02
).

F
or

co
m

p
ar

is
on

w
e

al
so

u
se

th
e

sp
ec

tr
al

cl
u
st

er
in

g
m

et
h
o
d

b
y

S
h
i

an
d

M
al

ik
(2

00
0)

w
it

h
ou

t
d
en

oi
si

n
g.

W
e

co
m

p
ar

e
cl

u
st

er
in

g
p

er
fo

rm
an

ce
on

th
e

20
N

ew
sg

ro
u
p

te
x
t

d
at

a
se

t1
3

a
n
d

th
e

fi
ve

im
ag

e
d
at

a
se

ts
u
se

d
in

th
e

p
re

v
io

u
s

ex
am

p
le

.
R

an
d
om

su
b
se

ts
of

d
iff

er
en

t
n
u
m

b
er

o
f

cl
as

se
s

(2
,

3,
4,

a
n
d

5)
ar

e
d
ra

w
n

w
it

h
20

0
sa

m
p
le

s
in

ea
ch

M
on

te
C

ar
lo

d
ra

w
.

F
o
r

th
e

te
x
t

d
at

a
se

t,
ea

ch
d
o
cu

m
en

t
is

re
p
re

se
n
te

d
as

a
b
ag

-o
f-

w
or

d
s

ve
ct

or
(a

sp
a
rs

e
v
ec

to
r

o
f

w
or

d
co

u
n
ts

fo
r

ea
ch

d
o
cu

m
en

t)
,

an
d

in
ea

ch
M

on
te

C
ar

lo
d
iv

is
io

n
,

w
or

d
s

th
a
t

a
re

u
se

d
in

le
ss

th
an

4
d
o
cu

m
en

ts
ar

e
d
ro

p
p

ed
.

T
h
e

re
m

ai
n
in

g
w

or
d

co
u
n
ts

ar
e

m
u
lt

ip
li
ed

b
y

th
e

1
3
.

A
M

A
T

L
A

B
/
O

ct
av

e
v
er

si
o
n

is
p

ro
v
id

ed
b
y

J
a
so

n
R

en
n

ie
h
t
t
p
:
/
/
q
w
o
n
e
.
c
o
m
/
~
j
a
s
o
n
/
2
0
N
e
w
s
g
r
o
u
p
s
/
.

34
JM

L
R

 1
8(

76
):

1-
61

, 2
01

7



Q
u
a
n
t
if
y
in
g

t
h
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r
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p
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b
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d
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en
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.
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u
m

b
er

of
classes

is
u
sed

to
d
eterm

in
e

th
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en
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b
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b
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m
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d
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b
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ra
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p
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d
o
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m
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t
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u
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(th

is
is

th
e
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d
a
rd

T
F

-ID
F

w
eig

h
tin

g
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a
n
d

cosin
e

sim
ilarity

is
u
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to
com

p
u
te

th
e

correlation
m

atrix
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F
or

th
e

im
age

d
a
ta

sets,
th

e
G

au
ssian

kern
el

(th
e

kern
el

b
an

d
w

id
th

h
eu

ristic
d
escrib

ed
in

S
ection

5.2
is

u
sed

o
n
ce

a
g
a
in

).
W

e
fi
x

th
e

n
u
m

b
er

o
f

clu
sters

to
th

e
n
u
m

b
er

of
classes.

T
h
e

resu
lts

in
term

s
o
f

a
ccu

ra
cy

an
d

variation
of

in
form

ation
(M

eilă,
2003)

a
re

record
ed

in
T

ab
le

9.
T

h
e

clu
sterin

g
o
b
ta

in
ed

w
h
en

u
sin

g
th

e
d
en

oised
an

d
th

resh
old

ed
m

atrix
b

etter
m

atch
es

th
e

g
ro

u
n
d

tru
th

(in
term

s
of

b
oth

p
erform

an
ce

m
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th
an

th
e

clu
sterin

g
o
b
tain

ed
u
sin

g
th

e
o
rig

in
a
l
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el

m
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across
alm

ost
every

d
ata

set
an

d
n
u
m

b
er
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B
r
o
c
k
m
e
ie
r
,
M
u
,
A
n
a
n
ia
d
o
u
,
a
n
d

G
o
u
l
e
r
m
a
s

6
.

D
iscu

ssio
n

W
e

h
av

e
in

tro
d
u
ced

a
fram

ew
ork

for
id

en
tify

in
g

n
on

triv
ial

stru
ctu

re
in

correlation
m

atrices
u
sin

g
in

form
ativen

ess,
w

h
ich

is
a

d
istan

ce-b
ased

fram
ew

ork
w

e
h
ave

p
rop

osed
for

m
easu

r-
in

g
th

e
eq

u
ality

of
correlation

co
effi

cien
ts

(B
artlett,

1954;
A

n
d
erson

,
1963;

L
aw

ley
,

19
63;

G
leser,

1968;
A

itk
in

et
al.,

1968;
S
teiger,

198
0;

B
rien

et
a
l.,

1
984).

C
orrelation

m
atrices

ap
-

p
ear

in
variou

s
con

tex
ts

w
ith

in
m

ach
in

e
learn

in
g

an
d

statistical
an

aly
sis.

M
easu

res
w

h
ich

y
ield

correlation
m

atrices
in

clu
d
e

th
e

n
orm

alized
in

n
er

p
ro

d
u
ct;

P
earson

’s,
S
p

earm
an

’s,
an

d
K

en
d
all’s

correlation
co

effi
cien

ts
b

etw
een

sets
of

vectors;
k
ern

el
m

atrices
form

ed
from

n
on

-lin
ear

k
ern

el
fu

n
ction

s
on

d
ata

o
f

variou
s

ty
p

es
(sin

ce
a
n
y

p
ositiv

e
sem

id
efi

n
ite

kern
el

fu
n
ction

can
b

e
n
orm

alized
);

an
d

th
e

n
orm

alized
grap

h
L

ap
lacian

,
w

h
ich

can
rep

resen
t

an
y

set
of

n
on

-n
egative
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ilarity

m
easu

rem
en

ts
on

an
u
n
d
irected

grap
h
.

W
e

d
efi

n
ed

th
e

in
form

ativen
ess
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a

correlation
m

atrix
to

b
e

p
rop

ortio
n
al

to
th

e
d
is-

tan
ce

b
etw

een
it

an
d

th
e

closest
correlation

m
atrix

w
h
ose

off
-d

iagon
al

en
tries

are
all

eq
u
al.

M
otivated

b
y

th
e

fact
th

at
a

scaled
correlation

m
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a

valid
q
u
an
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m

d
en
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m
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,

w
e

ex
p
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q
u
an

tu
m

d
istan

ce
m

etrics,
in

clu
d
in

g
th

e
B

u
res

d
istan

ce.
F

or
sp

ecifi
c

d
istan

ce
m

etrics,
w

e
d
erived
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ex
p
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s
of

th
e

m
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im
a
l

d
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ce,
an

d
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ou
n
d
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e
B
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n
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b
e
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g
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el
p
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e

em
b

ed
d
in

g
d
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en
sion
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d
im

en
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u
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,
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g
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stru
ctu

re
in
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h
s,

an
d
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rst-ord

er
op

tim
ization

s
of
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m

atrices.
In

th
e
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rst
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w

e
ex

p
lored

in
form

ativen
ess
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a
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for

au
tom

atically
selectin

g
an

ap
p
rop

riate
kern
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b
an

d
w

id
th

for
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ectral
clu

sterin
g.

F
or

th
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e

p
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p
osed

in
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tiven

ess
m
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t
th

e
C

K
A

-b
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m
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ou
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erform
B

artlett’s
an

d
L

aw
ley
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u
ality
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w
h
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th

e
C

K
A

m
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w
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th
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T

h
e
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d
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th
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th
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secon
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w

e
in

vestigated
u
sin

g
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to
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e
d
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en
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a
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el-b
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ed
d
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a
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b
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p
erform
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th
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n
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u
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d
im

en
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d
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w
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p
ts)
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al,
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H
,
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d
B

u
res-

b
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p
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al
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m
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form
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et
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=
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d
A

1 2
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1 2
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e
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m
e
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es
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n
d
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(A
,B

)
=
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=
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.
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m
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n
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e
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d
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d
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w
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A
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at
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.
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e
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d
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h
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d
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b
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=
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−
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,B
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.
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b
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Λ
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Λ
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√
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√
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√
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√
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l
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b
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√
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p
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r
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b
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b
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=
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b
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b
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m
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‖
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√
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√
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p
u
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√
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∈
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> ∥∥∗

=
tr √

Q
>

Q
,

w
e

h
ave

∥∥∥
Z
A
Z
>B ∥∥∥∗
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12 ∥∥∥∗
=

tr √
B

12Z
>A

Z
A
B

12
=

tr √
B

12A
B

12
=
∥∥∥
A

12B
12 ∥∥∥∗
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d
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con
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b
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p
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u
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u
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u
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m
atrix

U
A

,
w

h
ich

is
n
ot

n
ecessa

rily
sq

u
a
re,

w
ith

orth
on

orm
al

colu
m

n
s

(an
d
,

b
y

d
efi

n
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a
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∈
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∈
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d
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h
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∈
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∈
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=
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b
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=
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{
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=
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∈
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∈
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u
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m
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=
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A ‖
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B ‖
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p
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p
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⊂
{

(U
A
,U

B
)

:‖U
>B

U
A ‖
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m
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m
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‖
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u
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term
s

of
U
A
,U

B
ach

ieves
th

e
m

ax
im

u
m

w
h
en

U
A

=
[R
,

0
b
A ×

(b
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=
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=
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b
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b
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h
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b
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=
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R
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Z̄
>B )

=
tr
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b
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a
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=
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∥ ∥ ∥√
K

J
∥ ∥ ∥ ∗

+

√
1
−
a

n
−

1

∥ ∥ ∥√
K

H
∥ ∥ ∥ ∗

=

√
a n

1
>

K
1

+

√
1
−
a

n
−

1

∥ ∥ ∥√
K

H
∥ ∥ ∥ ∗

=
√
a
f

(K
,1

)
+
√

1
−
a
f

(K
,0

)
≡

f
(K
,a

).
(B

.1
5
)
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r
it
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M
e
a
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r
e
m
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t
s

A
d
d
ition

ally,
w

e
h
ave

m
ax

a
f

(K
,a

)≤
m

ax
a
f

(K
,a

).
A

s
th

e
m

ax
im

ization
of
f

(K
,a

)
co

r-
resp

o
n
d
s

to
a

lin
ear

p
rogram

con
strain

ed
to

a
circle

p
aram

eterized
b
y

co
o
rd

in
ates √

a
an

d
√

1−
a
,

th
e

u
n
iq

u
e

op
tim

izin
g

valu
e

of
a

is
giv

en
as

a ∗
=

a
rg

m
ax

0≤
a≤

1
f

(K
,a

)
=

f
2(K

,1)

f
2(K

,1)
+
f

2(K
,0)

=
1
>

K
1

1
>

K
1

+
n
n−

1 tr
2 √

H
K

H
.

(B
.16)

S
u
b
stitu

tin
g
a ∗

in
to

E
q
u
ation

B
.15

y
ield

s
f

(K
,a ∗)

=
√
f

2(K
,1)

+
f

2(K
,0).

T
h
is

fi
n
ally

p
rov

id
es

a
low

er
b

ou
n
d

for
d

2N
(K

)
as

12
d

2N
(K

)≥
1−

1√n √
f

2(K
,1)

+
f

2(K
,0)

=
1−

√
1n
2 1
>

K
1

+
1

n
(n−

1
) tr

2 √
H

K
H
≡

i(K
).

(B
.17)

W
e

refer
to
i(K

)
as

th
e

B
u

res-ba
sed

in
fo

rm
a
tiven

ess,
sin

ce √
2i(K

)
is

a
low

er
b

ou
n
d

on
th

e
B

u
res

d
ista

n
ce

b
etw

een
K

an
d

th
e

closest
m

em
b

er
in

th
e

set
of

n
on

-in
form

ative
correlation

m
a
tricesN

.

T
h

e
o
re

m
4

T
h
e

B
u

res-ba
sed

in
fo

rm
a
tiven

ess
i(K

)
is

co
n

vex.
F

o
r

K
1 ,K

0
∈
E

a
n

d
0
≤

α
≤

1
,
i(α

K
1

+
(1−

α
)K

0 )≤
α
i(K

1 )
+

(1−
α

)i(K
0 ).

P
ro

o
f

W
e

w
rite

th
e

B
u
res-b

ased
in

form
ativ

en
ess

as
th

e
com

p
osition

i(K
)

=
g
(f

(K
))

w
h
ere

f
(K

)
=

1n
2 1
>

K
1

+
1

n
(n−

1
) tr

2 √
H

K
H

an
d
g
(u

)
=

1
−
√
u
,

0
≤
u

.
T

h
e

fu
n
ction

f
(K

)
=
〈K
,

1n
2 J〉

+
1

n
(n−

1
) ‖ √

K
√

H
‖

2∗
is

con
cave

as
it

is
th

e
su

m
of

a
lin

ear
fu

n
ctio

n
a
n
d

th
e

co
n
cav

e
fu

n
ction

1
n

(n−
1
) ‖ √

K
√

H
‖

2∗ ,
w

h
ich

is
itself

p
rop

ortion
al

to
th

e
con

cave
fi
d
elity

fu
n
ctio

n
(U

h
lm

an
n
,

1976;
J
ozsa,

1994)
(see

T
h
eo

rem
3

in
A

p
p

en
d
ix

A
).

F
u
rth

erm
ore,

th
e

fu
n
ctio

n
g

is
co

n
vex

an
d

n
on

in
creasin

g.
F

rom
th

ese
p
ro

p
erties,

it
follow

s
th

a
t

i(α
K

1
+

(1−
α

)K
0 )

=
g
(f

(α
K

1
+

(1−
α

)K
0 ))≤

g
(α
f

(K
1 )

+
(1−

α
)f

(K
0 ))

≤
α
g
(f

(K
1 ))

+
(1−

α
)g

(f
(K

0 ))

=
α
i(K

1 )
+

(1−
α

)i(K
0 ),

w
h
ere

th
e

fi
rst

in
eq

u
ality

follow
s

from
th

e
con

cav
ity

of
f

an
d

th
e

m
on

oton
icity

of
g
,

an
d

th
e

seco
n
d

in
eq

u
ality

follow
s

from
th

e
con

v
ex

ity
of
g
.

S
pecia

l
ca

se
1
:

If
K

is
cen

tered
,

th
at

is
K

1
=

0
,

w
e

h
ave
√

K
1

=
0

an
d
f

(K
,a

)
=

√
1−
a

n−
1 tr √

K
.

T
h
erefore,

in
th

is
case

w
e

ob
tain

a
closed

-form
for

E
q
u
ation

B
.14,

g
iven

as

12
d

2N
(K

)
=

1−
1

√
n

(n
−

1) tr √
K
.

(B
.18)

T
h
u
s,

E
q
u
atio

n
B

.17
y
ield

s
an

eq
u
ality

w
ith

12 d
2N

(K
)

=
i(K

).
C

en
tered

correlation
m

atrices
h
ave

zero
-m

ea
n

em
b

ed
d
in

gs,
th

at
is,

Z
1

=
0

,
for

a
n
y

Z
su

ch
th

at
Z
>

Z
=

K
.
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o
c
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m
e
ie
r
,
M
u
,
A
n
a
n
ia
d
o
u
,
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n
d

G
o
u
l
e
r
m
a
s

S
pecia

l
ca

se
2
:

If
K

is
a

ran
k
-1,

th
en
∥∥∥ √

K
√

N
a ∥∥∥∗

=
∥∥∥ √

K
√

N
a ∥∥∥
F

=
√

tr(N
a K

).
In

th
is

case,
w

e
h
ave

f
2(K

,a
)

=
an

1
>

K
1

+
1−

a

n
−

1
tr(H

K
)

=
a
n

2(k̄−
1n
)

n
−

1
+
n

(1−
k̄
)

n
−

1
,

w
h
ere

k̄
=

1n
2 1
>

K
1

is
th

e
average

of
all

th
e

en
tries

of
K

,
an

d
tr(H

K
)

=
n

(1−
k̄
).

T
h
is

sh
ow

s
th

at
f

2(K
,a

)
is

lin
ear

w
ith

resp
ect

to
a
,

an
d

w
ill

b
e

m
ax

im
ized

b
y

th
e

ex
trem

e
valu

es
1

or
0

of
a

(d
ep

en
d
in

g
on

w
h
eth

er
or

n
ot,

k̄
is

greater
th

an
1n
).

S
u
b
stitu

tin
g

th
e

ex
p
ression

of
f

(K
,a

)
in

to
E

q
u
ation

B
.14

an
d

sim
p
lify

in
g

y
ield

s

12
d

2N
(K

)
=

1−
√

m
ax (

k̄
,

1−
k̄

n
−

1 )
.

(B
.19)

S
im

ilarly,
w

h
en

K
is

ran
k
-1,

th
en

tr
2 √

H
K

H
=

tr(H
K

H
)

=
n

(1−
k̄
),

an
d

E
q
u
ation

B
.17

b
ecom

es

i(K
)

=
1−

√
k̄

+
1−

k̄

n
−

1
=

1−
√
k̄
(n
−

2)
+

1

n
−

1
.

(B
.20)

R
an

k
-1

correlation
m

atrices
K

=
v
v
>

w
ith

v
∈
{±

1}
n

corresp
on

d
to

vertices
of

th
e

ellip
top

e
(d

iscu
ssed

in
S
ection

2.1).
U

sin
g

th
e

cu
t

v
ector

v
,

it
is

easy
to

see
th

at
1
>

K
1

=
(v
>

1
)
2

=
(2c−

n
)
2

=
4(c−

n2
)
2,

w
h
ere

c
is

th
e

n
u
m

b
er

of
p

ositive
en

tries
of

v
.

T
h
u
s,

E
q
u
ation

B
.19

can
b

e
d
irectly

ex
p
ressed

in
term

s
of
c

as

12
d

2N
(K

)
=

{
1−

2n √
c(n−

c)
n−

1
,

if
c∈

[
n−
√
n

2
,
n

+
√
n

2

]
,

1−
2n ∣∣c−

n2 ∣∣,
oth

erw
ise,

an
d

likew
ise

E
q
u
ation

B
.20

can
b

e
ex

p
ressed

as

i(K
)

=
1−

2n √
(
c−

n2 )
2
n
−

2

n
−

1
+

n
2

4(n
−

1) .

F
igu

re
15

com
p
ares √

2i(K
)

an
d
dN

(K
)

for
ran

k
-1

m
atrices.

F
or

th
is

case,
i(K

)
p
rov

id
es

a
tigh

t
low

er
b

ou
n
d

ex
cep

t
n
ear

th
e

b
alan

ced
cu

t.
F

in
ally,

w
e

n
ote

th
e

follow
in

g
resu

lt
fo

r
th

e
B

u
res-b

ased
in

form
ativen

ess.

T
h

e
o
re

m
5

F
o
r
n
>

2
a
n

d
even

,
th

e
B

u
res-ba

sed
in

fo
rm

a
tiven

ess
is

m
a
xim

ized
by

ra
n

k-1
co

rrela
tio

n
m

a
trices

th
a
t

a
re

cen
tered

.
T

h
a
t

is,
if

K
?∈

R
n×

n
is

a
ra

n
k-1

co
rrela

tio
n

m
a
trix

w
ith

k̄
?

=
1n
2 1
>

K
?1

=
0,

th
en

i(K
?)

=
m

ax
K
∈E

i(K
).

P
ro

o
f

F
rom

E
q
u
ation

B
.20,

it
follow

s
th

at
i(K

?)
=

1
−
√

1
n−

1 .
M

ax
im

izin
g
i(K

)
ov

er

K
∈
E

corresp
on

d
s

to
m

in
im

izin
g

th
e

ex
p
ression

k̄
+

1
n

(n−
1
) ‖H
√

K
‖

2∗ .
U

sin
g

th
e

m
a
trix

n
orm

in
eq

u
ality

‖
A
‖∗ ≥

‖A
‖
F

,
it

follow
s

th
at

1

n
(n
−

1) ∥∥∥
H
√

K
∥∥∥

2∗ ≥
1

n
(n
−

1) ∥∥∥
H
√

K
∥∥∥

2F
=

1

n
(n
−

1) tr
(H

K
)

=
1−

k̄

n
−

1
.
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√
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)
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:

C
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p
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is
on
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e
d
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n
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e
n
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-i
n
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e

m
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x

fa
m
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y
d
N

(K
)

u
si

n
g

th
e
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ac

t
B

u
re

s
d
is

ta
n
ce
d
B

ve
rs

u
s

th
e

lo
w

er
b

ou
n
d
√

2i
(K

)
fo

r
ra

n
k
-1

m
a
tr

ic
es

K
=

v
v
>

,
w

h
er

e
c

is
th

e
n
u
m

b
er

of
p

os
it

iv
e

el
em

en
ts

in
th

e
cu

t
ve

ct
or

v
.

T
h
e

p
lo

t
on

th
e

ri
gh

t
m

ag
n
ifi

es
th

e
ar

ea
ar

ou
n
d

a
b
al

an
ce

d
cu

t.

S
u
b
st

it
u
ti

n
g

th
is

ex
p
re

ss
io

n
b
ac

k
in

to
th

e
in

fo
rm

at
iv

en
es

s
m

ea
su

re
an

d
m

ax
im

iz
in

g
ov

er
th

e
p

os
si

b
le

va
lu

es
of
k̄
,

it
fo

ll
ow

s
th

at

i(
K

)
≤

1
−
√
k̄

+
1
−
k̄

n
−

1
≤

1
−
√

1

n
−

1
=
i(

K
?
).

B
.8

S
u

b
-B

u
re

s
D

is
si

m
il
a
ri

ty
v
ia

S
u

p
e
r-

F
id

e
li
ty

T
h
e

m
o
d
ifi

ed
fi
d
el

it
y

or
su

p
er

-fi
d
el

it
y

p
ro

v
id

es
an

u
p
p

er
b

ou
n
d

of
fi
d
el

it
y

u
se

d
in

th
e

B
u
re

s
d
is

ta
n
ce

,
an

d
it

s
co

m
p
u
ta

ti
on

h
as

a
lo

w
er

co
m

p
le

x
it

y
(M

en
d
on

ça
et

al
.,

20
08

;
M

is
zc

za
k

et
al

.,
20

09
).

U
si

n
g

su
p

er
-fi

d
el

it
y,

a
lo

w
er

b
ou

n
d

on
th

e
B

u
re

s
d
is

ta
n
ce

ca
n

b
e

fo
rm

ed
,

w
h
ic

h
w

e
re

fe
r

to
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th
e

su
b
-B

u
re

s
d
is

si
m

il
a
ri

ty
.

(W
e

u
se

th
e

te
rm

d
is

si
m

il
ar

it
y

si
n
ce

it
is

n
ot

a
m

et
ri

c,
al

th
ou

gh
a

d
is

ta
n
ce

m
et

ri
c

v
er
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n

b
e
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in
ed

b
y

re
m
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in

g
th

e
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u
ar

e
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ot
in

th
e
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rr

es
p

on
d
in

g
ex

p
re

ss
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n
.)

U
si

n
g

th
e

su
b
-B

u
re

s
d
is

si
m

il
ar

it
y,

th
e

in
fo

rm
at

iv
en

es
s

is

1 2
d

2 N
(K

)
=

1
−

m
ax

0
≤
a
≤

1

√
G

(
1 n
K
,

1 n
N
a
).

T
h
e

su
p

er
-fi

d
el

it
y

b
et

w
ee

n
K
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d

a
n
on

-i
n
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at

iv
e

m
at

ri
x

N
a
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n

b
y

G
(

1 n
K
,

1 n
N
a
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=
1 n
2
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a
〉+

√
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−
∥ ∥1 n

K
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−
∥ ∥1 n

N
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a
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−
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n
−
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√
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a
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∥ ∥2 F

) ,
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b
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p
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d
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p
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d
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−
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v
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b
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∂
G

(
1 n
K
,

1 n
N
a
)

∂
a

=
k̄
n
−

1

n
−

1
+

1
−
a
n

√
n

(1
−
a

2
)

+
2
(1
−
a
)√

1
−
‖1 n

K
‖2 F

n
−

1
,

w
h
ic

h
va

n
is

h
es

w
h
en

k̄
n
−

1

n
−

1
=

a
n
−

1
√
n

(1
−
a

2
)

+
2(

1
−
a
)√

1
−
‖1 n

K
‖2 F

n
−

1
.

S
q
u
ar

in
g

b
ot

h
si

d
es

y
ie

ld
s

a
q
u
ad

ra
ti

c
ex

p
re

ss
io

n
w

h
os

e
ro

ot
s

ar
e

gi
ve

n
b
y

a
±

=
b

+
cn
±
√

(c
n

+
b)

2
−

(c
n

2
+
bn

)(
c

+
b(

2
−
n

))

cn
2

+
bn

,

w
h
er

e
b

=
(k̄
n
−

1
)2

(n
−

1
)2

an
d
c

=
1
−
‖1 n

K
‖2 F

n
−

1
.

T
h
e

su
p

er
-fi

d
el

it
y

is
m

ax
im

iz
ed

w
h
en
a

is
a
t

on
e

of
it

s
li
m

it
s

or
b
y

th
e

ro
o
t

th
a
t

sa
ti

sfi
es

si
gn

(k̄
−

1 n
)

=
si

gn
(a
−

1 n
).

N
ow

,
if

w
e

d
efi

n
e
a

1
≡

m
in

(1
,a

+
)

an
d
a

0
≡

m
ax

(0
,a
−

),
w

e
h
av

e

a
?

=
ar

g
m

ax
0
≤
a
≤

1
G

(
1 n
K
,

1 n
N
a
)

=

{
a

1
if
G

(
1 n
K
,

1 n
N
a
1
)
≥
G

(
1 n
K
,

1 n
N
a
0
)

a
0

ot
h
er

w
is

e.
(B

.2
2
)

T
h
e

m
ax

im
al

su
p

er
-fi

d
el

it
y

is

m
ax

0
≤
a
≤

1
G

(
1 n
K
,

1 n
N
a
)

=
m

ax
( G

(
1 n
K
,

1 n
N
a
1
),
G

(
1 n
K
,

1 n
N
a
0
)
) ≡

g
(K

),
(B

.2
3
)

an
d
,

h
en

ce
,

th
e

su
b
-B

u
re

s
m

ea
su

re
of

in
fo

rm
at

iv
en

es
s

is

1 2
d

2 N
(K

)
=

1
−
√
g
(K

).
(B

.2
4
)

A
lt

h
ou

gh
th

is
cl

os
ed

-f
or

m
ex

p
re

ss
io

n
se

em
s

al
ge

b
ra

ic
al

ly
co

m
p
le

x
,

it
on

ly
d
ep

en
d
s

o
n
k̄

a
n
d

th
e

n
or

m
of

K
.

A
p
p

e
n
d
ix

C
.

S
ta

ti
st

ic
s

fo
r

E
q
u
a
li
ty

o
f

C
o
rr

e
la

ti
o
n

C
o
e
ffi

ci
e
n
ts

In
th

is
ap

p
en

d
ix

,
w

e
p
re

se
n
t

B
ar

tl
et

t’
s

an
d

L
aw

le
y
’s

te
st

st
at

is
ti

cs
fo

r
eq

u
a
li
ty

o
f

co
rr

e-
la

ti
on

co
effi

ci
en

ts
(L

aw
le

y
,

19
63

)
u
si

n
g

n
ot

at
io

n
co

n
si

st
en

t
w

it
h

th
e

p
ro

p
os

ed
m

ea
su
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s

o
f

in
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rm
at
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e
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o
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iv
e
n
e
ss

o
f
S
im

il
a
r
it
y
M
e
a
su

r
e
m
e
n
t
s

C
.1

L
a
w

le
y
’s

T
e
st

S
ta

tistic

L
aw

ley
p
ro

p
osed

a
test

statistic
for

eq
u
ality

of
correlation

co
effi

cien
ts

(L
aw

ley
,
1963),

w
h
ich

is
a

fu
n
ctio

n
o
f

th
e

F
rob

en
iu

s
n
orm

,
elem

en
t-w

ise
m

ean
,

an
d

varian
ce

of
th

e
row

su
m

s
o
f

a
co

rrelatio
n

m
atrix

K
.

T
h
e

test
assu

m
es

th
e

correlation
m

atrix
is

estim
ated

from
m

o
b
serva

tio
n
s

o
f
n

-d
im

en
sion

al
v
ectors.

U
n
d
er

th
e

n
u
ll

h
y
p

oth
esis

th
e

tru
e

co
rrelation

m
atrix

is
N
a ∗

fo
r

som
e

valu
e

0
≤
a ∗≤

1.
L

ettin
g
λ

=
n

(1−
a ∗

)
n−

1
a
n
d
k̄

=
1n
2 1
>

K
1

,
th

e
test

sta
tistic

ca
n

b
e

w
ritten

as

T
1 (K

)
=
mλ

2 (
12
‖K
−

N
k̄ ‖

2F
−

1−
λ

2

n
−
λ

2(n
−

2) ‖K
1
−

N
k̄ 1‖

22 )

=
mλ

2 (
12

(‖K
‖

2F
−

n
2

n
−

1
(k̄

2n
−

2k̄
+

1) )
−

1−
λ

2

n
−
λ

2(n
−

2) ∥∥
K

1
−
n
k̄
1 ∥∥

22 )
,

(C
.1)

w
h
ere

th
e

sim
p
lifi

cation
com

es
from

‖
K
−

N
k̄ ‖

2F
=
‖K
‖

2F
−

(n
k̄
)
2−

(1−
k̄
)
2
n
2

n−
1

=
‖
K
‖

2F
−

n
2

n−
1 (n

k̄
2−

2k̄
+

1).

A
sy

m
p
to

tically
(as

m
→
∞

),
th

e
test

statistic
u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis

h
as

a
χ

2

d
istrib

u
tion

w
ith

12 (n
+

1)(n−
2)

d
egrees

of
freed

om
.

In
p
ractice,

a ∗
is

u
n
k
n
ow

n
,
b
u
t
k̄

can
b

e

u
sed

w
ith

λ
=

n
(1−

k̄
)

n−
1

.
T

h
is

su
b
stitu

tion
d
o
es

n
ot

aff
ect

th
e
χ

2
lim

itin
g

d
istrib

u
tion

(L
aw

ley
,

1
96

3
).

G
iven

o
n
ly

K
,
m

is
u
n
k
n
ow

n
,

an
d

w
h
ile

it
m

u
st

b
e

eq
u
al

or
g
reater

th
an

th
e

ran
k

o
f

K
,

w
e

u
se

th
e

q
u
an

tity
1m
T

1 (K
)

for
com

p
arison

s.

C
.2

B
a
rtle

tt’s
A

sy
m

p
to

tic
T

e
st

S
ta

tistic

S
im

ila
rly,

B
a
rtlett’s

asy
m

p
totic

test
statistic

(L
aw

ley
,

1963)
is

also
a

fu
n
ction

of
th

e
F

rob
e-

n
iu

s
n
o
rm

,
elem

en
t-w

ise
m

ean
,
an

d
varian

ce
of

th
e

row
s

su
m

of
th

e
given

correlatio
n

m
a
trix

.
L

ettin
g
k̄

a
n
d
λ

b
e

d
efi

n
ed

as
b

efore,
th

is
test

statistic
is

T
2 (K

)
=
mλ

2 (
12
‖K
−

N
k̄ ‖

2F
−

1n
‖
K

1
−

N
k̄ 1‖

22 )

=
mλ

2 (
12

(‖K
‖

2F
−

n
2

n
−

1
(k̄

2n
−

2k̄
+

1) )
−

1n

∥∥
K

1
−
k̄
n
1 ∥∥

22 )
.

(C
.2)

F
o
r
n

=
3

th
e

asy
m

p
totic

d
istrib

u
tion

of
th

e
test

statistic
u
n
d
er

th
e

n
u
ll

h
y
p

o
th

esis
is

a
sca

led
χ

2
d
istrib

u
tion

w
ith

tw
o

d
egrees

of
freed

om
(A

n
d
erson

,
1963).

F
or
n
>

3
th

e
test

sta
tistic

u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis

h
as

a
d
istrib

u
tion

d
escrib

ed
b
y

th
e

con
ic

com
b
in

ation
o
f

tw
o
χ

2
d
istrib

u
tion

s;
h
ow

ev
er,

th
is

com
b
in

ation
d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
valu

e
of
a ∗

in
term

s
o
f
λ

(L
aw

ley
,

1963).
A

gain
,

w
e

u
se

th
e

q
u
an

tity
1m
T

2 (K
)

sin
ce

w
e

assu
m

e
m

is
u
n
k
n
ow

n
.

A
p
p

e
n
d
ix

D
.

M
a
trix

N
o
rm

P
ro

p
e
rtie

s
o
f √

h
(·)

T
h

e
o
re

m
6

T
h
e

co
st

fu
n

ctio
n
√
h

(X
)

=
√

1n ‖
X

1n
J‖

2∗
+

1
n

(n−
1
) ‖

X
H
‖

2∗ ,
d
erived

fro
m

th
e

B
u

res-ba
sed

in
fo

rm
a
tiven

ess
m

ea
su

re,
is

a
m

a
trix

n
o
rm

fo
r

X
∈

R
b×
n

th
a
t

sa
tisfi

es
th

e
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B
r
o
c
k
m
e
ie
r
,
M
u
,
A
n
a
n
ia
d
o
u
,
a
n
d

G
o
u
l
e
r
m
a
s

fo
llo

w
in

g
p
ro

perties:
√
h

(X
)≥

0
,

(D
.1)

√
h

(cX
)

=
|c| √

h
(X

)
∀
c,

(D
.2)

√
h

(X
+

Y
)≤

√
h

(X
)

+
√
h

(Y
),

(D
.3)

√
h

(X
)

=
0

iff
X

=
0
.

(D
.4)

F
u

rth
erm

o
re, √

h
(·)

is
co

n
vex.

P
ro

o
f

T
h
e

fi
rst

tw
o

p
rop

erties
of

n
on

-n
egativ

ity
an

d
scalab

ility
are

read
ily

ap
p
aren

t.
W

e
p
ro

ceed
to

sh
ow

th
at √

h
(·)

satisfi
es

th
e

trian
gle

in
eq

u
ality

(D
.3).

F
or

com
p
actn

ess,
w

e
set

α
1

=
1n
,
α

2
=

1
n

(n−
1
) ,

an
d

J́
=

1n
J

.
F

or
all

con
form

ab
le

m
atrices

X
an

d
Y

,
w

e
h
ave

h
(X

+
Y

)
=
α

1 ‖(X
+

Y
)J́‖

2∗
+
α

2 ‖
(X

+
Y

)H
‖

2∗

≤
α

1 (‖
X

J́‖∗
+
‖
Y

J́‖∗ )
2

+
α

2 (‖
X

H
‖∗

+
‖Y

H
‖∗ )

2

=
h

(X
)

+
h

(Y
)

+
2 √
(
α

1 ‖X
J́‖∗ ‖Y

J́‖∗
+
α

2 ‖
X

H
‖∗ ‖Y

H
‖∗ )

2

=
h

(X
)

+
h

(Y
)

+
2 √

α
21 ‖

X
J́‖

2∗ ‖
Y

J́‖
2∗

+
α

22 ‖X
H
‖

2∗ ‖Y
H
‖

2∗
+

2
α

1 α
2 ‖X

J́‖∗ ‖Y
J́‖∗ ‖X

H
‖∗ ‖Y

H
‖∗

≤
h

(X
)

+
h

(Y
)

+
2 √

α
21 ‖

X
J́‖

2∗ ‖
Y

J́‖
2∗

+
α

22 ‖X
H
‖

2∗ ‖Y
H
‖

2∗
+
α

1 α
2 (‖X

J́‖
2∗ ‖Y

H
‖

2∗
+
‖
Y

J́‖
2∗ ‖X

H
‖

2∗ )

=
h

(X
)

+
h

(Y
)

+
2 √

h
(X

)h
(Y

)
=
(√

h
(X

)
+
√
h

(Y
) )

2
,

w
h
ere

th
e

fi
rst

in
eq

u
ality

follow
s

from
th

e
su

b
-ad

d
itiv

ity
an

d
n
on

-n
egativ

ity
of

th
e

trace
n
orm

,
an

d
th

e
secon

d
on

e
from

th
e

arith
m

etic
an

d
geom

etric
m

ean
s

in
eq

u
ality.

T
h
erefore,

tak
in

g
th

e
sq

u
are

ro
ot

y
ield

s √
h

(X
+

Y
)≤

√
h

(X
)

+
√
h

(Y
).

T
o

en
su

re
th

at √
h

(X
)

is
a

n
orm

,
rath

er
th

a
n

a
sem

in
orm

,
w

e
n
ow

sh
ow

th
at

p
rop

erty

(D
.4)

h
old

s.
F

irstly,
if

X
=

0
,

th
en

h
(X

)
=
α

1 ‖
0
J́‖

2∗
+
α

2 ‖
0
H
‖

2∗
=

0.
W

e
p
rove

th
e

con
verse

b
y

con
trad

iction
for

an
y
α

1 ,α
2
>

0.
S
u
p
p

ose
th

at
h

(X
)

=
0

an
d

X
6=

0
.

F
o
r

th
e

trace
n
orm

,‖
X

J́‖
2∗

=
0

iff
X

J́
=

0
,

an
d
‖X

H
‖

2∗
=

0
iff

X
H

=
0

.
S
in

ce
th

e
trace-n

orm
is

n
on

-n
egativ

e
an

d
α

1 ,α
2
>

0,
h

(X
)

=
0

im
p
lies

th
at

X
J́

=
0

an
d

X
H

=
0

.
S
u
m

m
in

g
th

ese
y
ield

s
X

J́
+

X
H

=
0

,
w

h
ich

,
sin

ce
J́

+
H

=
I,

y
ield

s
X

=
0

,
b
u
t

th
is

con
trad

icts
th

e
assu

m
p
tion

th
at

X
6=

0
.

T
h
e

con
vex

ity
of √

h
(·)

follow
s

from
th

e
n
orm

p
rop

erties.
F

or
X

1 ,X
0

an
d

0
≤
α
≤

1,
√
h

(α
X

1
+

(1−
α

)X
0 )≤

√
h

(α
X

1 )
+
√
h

((1−
α

)X
0 )

=
α √

h
(X

1 )
+

(1−
α

) √
h

(X
0 ).

A
p
p

e
n
d
ix

E
.

S
e
co

n
d
-O

rd
e
r

S
p

e
ctra

l
S
o
ft-T

h
re

sh
o
ld

in
g

O
p

e
ra

to
r

T
h
e

trace
n
orm

is
w

ell
k
n
ow

n
as

th
e

tigh
test

con
vex

su
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for
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e
ran

k
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a
m

atrix
(F

azel
et

al.,
2001;

R
ech

t
et

al.,
2010)

an
d
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p
rox
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op
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th
e

sp
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l
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in
g
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M
e
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m
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b
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n
u
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d
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e
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n
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x
t

of
m

at
ri

x
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m
p
le

ti
on

(C
ai

et
al

.,
20

10
;

M
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u
m

d
er

et
al

.,
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10
;
M

a
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al
.,

20
11

).
T

h
e

ge
n
er
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iz

at
io

n
o
f
p
ro

x
im
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s
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ve
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or

s
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m
at

ri
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s
h
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d
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r
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y

ve
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fu

n
ct
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n
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is
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so
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te
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sy
m

m
et

ri
c

(i
n
va
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t
to

p
er

m
u
ta

ti
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an
d

ch
an

ge
of

si
gn
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eq
u
iv

al
en

tl
y

a
n
y

m
at

ri
x

fu
n
ct

io
n
al

th
at

is
u
n
it

ar
il
y

in
va

ri
an

t,
si

n
ce

in
th
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e

ca
se

s
L

ew
is

(1
99

5)
p
ro

ve
d

th
at

th
e

su
b

d
iff

er
en

ti
al

of
th

e
m

at
ri

x
fu

n
ct

io
n
a
l

ca
n

b
e

w
ri

tt
en

as
a

co
m

p
os

it
io

n
of

th
e

su
b

d
iff

er
en

ti
al

of
th

e
ve

ct
or

fu
n
ct

io
n
al

an
d

th
e

si
n
gu

la
r

va
lu

e
fu

n
ct
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n
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(L
ew

is
’s

re
su

lt
ge

n
er

al
iz

es
th

e
cl

as
si

ca
l

th
eo

re
m

b
y

vo
n

N
eu

m
an

n
(1

93
7)

re
la

ti
n
g

sy
m

m
et

ri
c

ga
u
ge

fu
n
ct

io
n
s

to
u
n
it

ar
y

in
va

ri
a
n
t

n
or

m
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ré
sa

n
i.

S
tr

u
ct

u
re

d
sp

ar
si

ty
:

fr
om

m
ix

ed
n
o
rm

s
to

st
ru

c-
tu

re
d

sh
ri

n
ka

ge
.

In
S

P
A

R
S

’0
9

-
S

ig
n

a
l

P
ro

ce
ss

in
g

w
it

h
A

d
a
p
ti

ve
S

pa
rs

e
S

tr
u

ct
u

re
d

R
ep

-
re

se
n

ta
ti

o
n

s,
20

09
.

T
ar

al
d

O
.

K
v̊
al

se
th

.
E

n
tr

op
y

an
d

co
rr

el
at

io
n
:

so
m

e
co

m
m

en
ts

.
IE

E
E

T
ra

n
sa

ct
io

n
s

o
n

S
ys

te
m

s,
M

a
n

,
a
n

d
C

yb
er

n
et

ic
s,

3(
17

):
51

7–
51

9,
19

87
.

G
er

t
R

.
G

.
L

an
ck

ri
et

,
N

el
lo

C
ri

st
ia

n
in

i,
P

et
er

B
ar

tl
et

t,
L

au
re

n
t

E
l

G
h
ao

u
i,

a
n
d

M
ic

h
a
el

I.
J
or

d
an

.
L

ea
rn

in
g

th
e

k
er

n
el

m
at

ri
x

w
it

h
se

m
id

efi
n
it

e
p
ro

gr
am

m
in

g.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

5:
27

–7
2,

20
04

.

M
on

iq
u
e

L
au

re
n
t

an
d

S
va

to
p
lu

k
P

ol
ja

k
.

O
n

a
p

os
it

iv
e

se
m

id
efi

n
it

e
re

la
x
at

io
n

o
f

th
e

cu
t

p
ol

y
to

p
e.

L
in

ea
r

A
lg

eb
ra

a
n

d
it

s
A

p
p
li

ca
ti

o
n

s,
22

3–
22

4:
43

9–
46

1,
19

95
.

M
on

iq
u
e

L
au

re
n
t

an
d

S
va

to
p
lu

k
P

ol
ja

k
.

O
n

th
e

fa
ci

al
st

ru
ct

u
re

of
th

e
se

t
o
f

co
rr

el
a
ti

on
m

at
ri

ce
s.

S
IA

M
J

o
u

rn
a
l

o
n

M
a
tr

ix
A

n
a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
17

(3
):

53
0–

5
4
7
,

1
9
9
6
.

D
.

N
.

L
aw

le
y.

O
n

te
st

in
g

a
se

t
of

co
rr

el
at

io
n

co
effi

ci
en

ts
fo

r
eq

u
al

it
y.

T
h
e

A
n

n
a
ls

o
f

M
a
th

em
a
ti

ca
l

S
ta

ti
st

ic
s,

34
(1

):
14

9–
15

1,
19

63
.

H
os

o
o

L
ee

an
d

Y
on

gd
o

L
im

.
In

va
ri

an
t

m
et

ri
cs

,
co

n
tr

ac
ti

on
s

an
d

n
on

li
n
ea

r
m

a
tr

ix
eq

u
a
ti

o
n
s.

N
o
n

li
n

ea
ri

ty
,

21
(4

):
85

7–
87

8,
20

08
.

A
.

S
.

L
ew

is
.

T
h
e

co
n
ve

x
an

al
y
si

s
of

u
n
it

ar
il
y

in
va

ri
an

t
m

at
ri

x
fu

n
ct

io
n
s.

J
o
u

rn
a
l

o
f

C
o
n

ve
x

A
n

a
ly

si
s,

2(
1/

2
):

17
3–

18
3,

19
95

.

A
.

S
.

L
ew

is
.

D
er

iv
at

iv
es

of
sp

ec
tr

al
fu

n
ct

io
n
s.

M
a
th

em
a
ti

cs
o
f

O
pe

ra
ti

o
n

s
R

es
ea

rc
h
,

2
1
(3

):
57

6–
58

8,
19

96
.

C
h
i-

K
w

on
g

L
i

an
d

B
it

-S
h
u
n

T
am

.
A

n
ot

e
on

ex
tr

em
e

co
rr

el
at

io
n

m
at

ri
ce

s.
S

IA
M

J
o
u

rn
a
l

o
n

M
a
tr

ix
A

n
a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
15

(3
):

90
3–

90
8,

19
94

.

M
.
L

ic
h
m

an
.

U
C

I
m

ac
h
in

e
le

ar
n
in

g
re

p
os

it
or

y,
20

13
.

U
R

L
h
t
t
p
:
/
/
a
r
c
h
i
v
e
.
i
c
s
.
u
c
i
.
e
d
u
/

m
l
.

H
u
m

a
L

o
d
h
i,

C
ra

ig
S
au

n
d
er

s,
J
oh

n
S
h
aw

e-
T

ay
lo

r,
N

el
lo

C
ri

st
ia

n
in

i,
an

d
C

h
ri

s
W

a
tk

in
s.

T
ex

t
cl

as
si

fi
ca

ti
on

u
si

n
g

st
ri

n
g

ke
rn

el
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

2
:4

1
9
–

44
4,

20
02

.

D
av

id
G

.
L

ow
e.

S
im

il
ar

it
y

m
et

ri
c

le
ar

n
in

g
fo

r
a

va
ri

ab
le

-k
er

n
el

cl
as

si
fi
er

.
N

eu
ra

l
C

o
m

p
u

ta
-

ti
o
n

,
7(

1)
:7

2–
85

,
19

95
.

S
h
u
n
lo

n
g

L
u
o

an
d

Q
ia

n
g

Z
h
an

g.
In

fo
rm

at
io

n
al

d
is

ta
n
ce

on
q
u
an

tu
m

-s
ta

te
sp

a
ce

.
P

h
ys

ic
a
l

R
ev

ie
w

A
,

69
(3

):
03

21
06

,
20

04
.

S
h
iq

ia
n

M
a,

D
on

al
d

G
ol

d
fa

rb
,
an

d
L

if
en

g
C

h
en

.
F

ix
ed

p
oi

n
t

an
d

B
re

gm
an

it
er

a
ti

ve
m

et
h
o
d
s

fo
r

m
at

ri
x

ra
n
k

m
in

im
iz

at
io

n
.

M
a
th

em
a
ti

ca
l

P
ro

gr
a
m

m
in

g,
12

8(
1-

2)
:3

21
–3

5
3
,

2
0
1
1
.

58
JM

L
R

 1
8(

76
):

1-
61

, 2
01

7



Q
u
a
n
t
if
y
in
g

t
h
e
In

f
o
r
m
a
t
iv
e
n
e
ss

o
f
S
im

il
a
r
it
y
M
e
a
su

r
e
m
e
n
t
s

A
.

P
.

M
a
jtey,

P
.

W
.

L
am

b
erti,

an
d

D
.

P
.

P
rato.

J
en

sen
-S

h
an

n
on

d
ivergen

ce
as

a
m

easu
re

o
f

d
istin

g
u
ish

ab
ility

b
etw

een
m

ix
ed

q
u
an

tu
m

states.
P

h
ysica

l
R

eview
A

,
72(5):05

2310,
2
0
0
5
.

J
érô
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ša
r\

ja
n
e
z
.d
e
m
sa

r
@
f
r
i.
u
n
i-
l
j.
si

M
a
rc

o
Z

a
ff

a
lo

n
†

z
a
f
fa

l
o
n
@
id
si
a
.c
h

\
F

a
cu

lt
y

o
f

C
o
m

p
u

te
r

a
n

d
In

fo
rm

a
ti

o
n

S
ci

en
ce

,
U

n
iv

er
si

ty
o
f

L
ju

bl
ja

n
a
,

V
ec

n
a

po
t

1
1
3
,

S
I-

1
0
0
0

L
ju

bl
ja

n
a
,

S
lo

ve
n

ia
† I

st
it

u
to

D
a
ll

e
M

o
ll

e
d
i

S
tu

d
i

su
ll

’I
n

te
ll

ig
en

za
A

rt
ifi

ci
a
le

(I
D

S
IA

)

G
a
ll

er
ia

2
,

6
9
2
8

M
a
n

n
o
,

S
w

it
ze

rl
a
n

d

E
d

it
o
r:

D
av

id
B

ar
b

er

A
b
st

ra
ct

T
h
e

m
a
ch

in
e

le
a
rn

in
g

co
m

m
u
n
it

y
ad

op
te

d
th

e
u
se

of
n
u
ll

h
y
p

ot
h
es

is
si

g
n
ifi

ca
n
ce

te
st

in
g

(N
H

S
T

)
in

o
rd

er
to

en
su

re
th

e
st

at
is

ti
ca

l
va

li
d
it

y
of

re
su

lt
s.

M
an

y
sc

ie
n
ti

fi
c

fi
el

d
s

h
ow

ev
er

re
al

iz
ed

th
e

sh
o
rt

co
m

in
gs

of
fr

eq
u
en

ti
st

re
as

o
n
in

g
an

d
in

th
e

m
os

t
ra

d
ic

al
ca

se
s

ev
en

b
an

n
ed

it
s

u
se

in
p
u
b
li
ca

ti
on

s.
W

e
sh

ou
ld

d
o

th
e

sa
m

e:
ju

st
as

w
e

h
av

e
em

b
ra

ce
d

th
e

B
ay

es
ia

n
p
ar

ad
ig

m
in

th
e

d
ev

el
o
p
m

en
t

of
n
ew

m
a
ch

in
e

le
a
rn

in
g

m
et

h
o
d
s,

so
w

e
sh

ou
ld

al
so

u
se

it
in

th
e

a
n
a
ly

si
s

o
f

ou
r

ow
n

re
su

lt
s.

W
e

ar
g
u
e

fo
r

ab
a
n
d
on

m
en

t
of

N
H

S
T

b
y

ex
p

os
in

g
it

s
fa

ll
ac

ie
s

an
d
,

m
or

e
im

p
or

ta
n
tl

y,
off

er
b

et
te

r—
m

or
e

so
u
n
d

an
d

u
se

fu
l—

al
te

rn
at

iv
es

fo
r

it
.

K
e
y
w

o
rd

s:
co

m
p
ar

in
g

cl
as

si
fi
er

s,
n
u
ll

h
y
p

ot
h
es

is
si

gn
ifi

ca
n
ce

te
st

in
g,

p
it

fa
ll
s

of
p
-v

al
u
es

,
B

ay
es

ia
n

h
y
p

ot
h
es

is
te

st
s,

B
ay

es
ia

n
co

rr
el

at
ed

t-
te

st
,

B
ay

es
ia

n
h
ie

ra
rc

h
ic

al
co

rr
el

at
ed

t-
te

st
,

B
ay

es
ia

n
si

g
n
ed

-r
an

k
te

st

1
.

In
tr

o
d
u
ct

io
n

P
ro

gr
es

si
on

of
S
ci

en
ce

an
d

of
th

e
sc

ie
n
ti

fi
c

m
et

h
o
d

go
h
an

d
in

h
an

d
.

D
ev

el
op

m
en

t
of

n
ew

th
eo

ri
es

re
q
u
ir

es
—

an
d

at
th

e
sa

m
e

ti
m

e
fa

ci
li
ta

te
s—

d
ev

el
op

m
en

t
o
f

n
ew

m
et

h
o
d
s

fo
r

th
ei

r
va

li
d
at

io
n
.

P
io

n
ee

rs
of

m
ac

h
in

e
le

ar
n
in

g
w

er
e

p
la

y
in

g
w

it
h

id
ea

s:
n
ew

ap
p
ro

ac
h
es

,
su

ch
as

in
d
u
c-

ti
on

of
cl

as
si

fi
ca

ti
on

tr
ee

s,
w

er
e

w
or

th
y

of
p
u
b
li
ca

ti
on

fo
r

th
e

sa
k
e

of
th

ei
r

in
te

re
st

in
gn

es
s.

A
s

th
e

fi
el

d
p
ro

gr
es

se
d

an
d

fo
u
n
d

m
or

e
p
ra

ct
ic

al
u
se

s,
va

ri
at

io
n
s

of
si

m
il
ar

id
ea

s
b

eg
an

em
er

gi
n
g,

an
d

w
it

h
th

at
th

e
in

te
re

st
in

d
et

er
m

in
in

g
w

h
ic

h
of

th
em

w
or

k
b

et
te

r
in

p
ra

c-
ti

ce
.

A
ty

p
ic

al
ex

am
p
le

ar
e

th
e

d
iff

er
en

t
m

ea
su

re
s

fo
r

as
se

ss
in

g
th

e
q
u
al

it
y

of
at

tr
ib

u
te

s;
d
ec

id
in

g
w

h
ic

h
w

or
k

b
et

te
r

th
an

ot
h
er

s
re

q
u
ir

ed
te

st
s

on
ac

tu
al

,
re

al
-w

or
ld

d
at

a.
P

ap
er

s
th

u
s

ke
p
t

in
tr

o
d
u
ci

n
g

n
ew

m
et

h
o
d
s

an
d

m
ea

su
re

d
,

fo
r

in
st

an
ce

,
cl

as
si

fi
ca

ti
on

ac
cu

ra
ci

es
to

p
ro

ve
th

ei
r

ad
va

n
ta

ge
s

ov
er

th
e

ex
is

ti
n
g

m
et

h
o
d
s.

T
o

en
su

re
th

e
va

li
d
it

y
of

su
ch

cl
ai

m
s,

w
e

ad
op

te
d
—

st
ar

ti
n
g

w
it

h
th

e
w

or
k

of
D

ie
tt

er
ic

h
(1

99
8)

an
d

S
al

zb
er

g
(1

99
7)

,
an

d
la

te
r

fo
ll
ow

ed
b
y

D
em

ša
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ša
r,

2
0
0
8
).

N
o
te

-
w

or
th

y,
th

e
A

m
er

ic
an

S
ta

ti
st

ic
al

A
ss

o
ci

a
ti

on
h
as

re
ce

n
tl

y
m

ad
e

a
st

at
em

en
t

a
g
a
in

st
p
-v

a
lu

es
(W

as
se

rs
te

in
an

d
L

az
ar

,
20

16
).

N
H

S
T

n
ow

ad
ay

s
it

is
al

so
fa

ll
in

g
ou

t
of

fa
vo

u
r

in
o
th

er
fi
el

d
s

of
sc

ie
n
ce

(T
ra

fi
m

ow
an

d
M

ar
k
s,

20
15

).
W

e
b

el
ie

ve
th

at
th

e
fi
el

d
of

m
ac

h
in

e
le

a
rn

in
g

is
ri

p
e

fo
r

a
ch

an
ge

as
w

el
l.

W
e

w
il
l
sp

en
d

a
w

h
ol

e
se

ct
io

n
d
em

on
st

ra
ti

n
g

th
e

m
an

y
p
ro

b
le

m
s

of
N

H
S
T

.
In

a
n
u
ts

h
el

l:
it

d
o
es

n
ot

an
sw

er
th

e
q
u
es

ti
on

w
e

as
k
.

In
a

ty
p
ic

al
sc

en
ar

io
,

a
re

se
a
rc

h
er

p
ro

p
o
se

s
a

n
ew

m
et

h
o
d

an
d

d
es

ir
es

to
p
ro

ve
th

at
it

is
m

or
e

ac
cu

ra
te

th
an

an
o
th

er
m

et
h
o
d

o
n

a
si

n
gl

e
d
at

a
se

t
or

on
a

co
ll

ec
ti

o
n

of
d
at

a
se

ts
.

S
h
e

th
u
s

ru
n
s

th
e

co
m

p
et

in
g

m
et

h
o
d
s

a
n
d

re
co

rd
s

th
ei

r
re

su
lt

s
(c

la
ss

ifi
ca

ti
on

ac
cu

ra
cy

or
an

ot
h
er

ap
p
ro

p
ri

at
e

sc
or

e)
on

on
e

or
m

o
re

d
a
ta

se
ts

,
w

h
ic

h
is

fo
ll
ow

ed
b
y

N
H

S
T

.
T

h
e

d
iff

er
en

ce
b

et
w

ee
n

w
h
at

th
e

re
se

ar
ch

er
h
a
s

in
m

in
d

a
n
d

w
h
at

th
e

N
H

S
T

p
ro

v
id

es
fo

r
is

ev
id

en
t

fr
om

th
e

fo
ll
ow

in
g

q
u
ot

e
fr

om
a

re
ce

n
tl

y
p
u
b
li
sh

ed
p
ap

er
:

“T
h
er

ef
o
re

,
a
t

th
e

9
0
%

co
n

fi
d
en

ce
le

ve
l,

w
e

ca
n

co
n

cl
u

d
e

th
a
t

(.
..

)
m

et
h
od

is
a
bl

e
to

si
gn

ifi
ca

n
tl

y
o
u

tp
er

fo
rm

th
e

o
th

er
a
p
p
ro

a
ch

es
.”

T
h
is

is
w

ro
n
g.

T
h
e

st
at

ed
9
0
%

co
n

fi
d
en

ce
le

ve
l

is
n
ot

th
e

p
ro

b
ab

il
it

y
of

on
e

cl
as

si
fi
er

ou
tp

er
fo

rm
in

g
an

ot
h
er

.
T

h
e

N
H

S
T

co
m

p
u
te

s
th

e
p
ro

b
ab

il
it

y
of

ge
tt

in
g

th
e

ob
se

rv
ed

(o
r

a
la

rg
er

)
d
iff

er
en

ce
b

et
w

ee
n

cl
as

si
fi
er

s
if

th
e

n
u
ll

h
y
p

ot
h
es

is
of

eq
u
iv

al
en

ce
w

as
tr

u
e,

w
h
ic

h
is

n
ot

th
e

p
ro

b
ab

il
it

y
of

on
e

cl
as

si
fi
er

b
ei

n
g

m
o
re

ac
cu

ra
te

th
an

an
ot

h
er

,
gi

ve
n

th
e

ob
se

rv
ed

em
p
ir

ic
al

re
su

lt
s.

A
n
ot

h
er

co
m

m
o
n

p
ro

b
le

m
is

th
at

th
e

cl
ai

m
ed

st
at

is
ti

ca
l

si
gn

ifi
ca

n
ce

m
ig

h
t

h
av

e
n
o

p
ra

ct
ic

al
im

p
ac

t.
In

d
ee

d
,

th
e

co
m

m
on

u
sa

ge
of

N
H

S
T

re
li
es

on
th

e
w

ro
n
g

as
su

m
p
ti

o
n
s

th
at

th
e
p
-v

al
u
e

is
a

re
a
so

n
a
b
le

p
ro

x
y

fo
r

th
e

p
ro

b
ab

il
it

y
of

th
e

n
u
ll

h
y
p

ot
h
es

is
an

d
th

at
st

at
is

ti
ca

l
si

gn
ifi

ca
n
ce

im
p
li
es

p
ra

ct
ic

al
si

gn
ifi

ca
n
ce

.

A
s

w
e

w
ro

te
at

th
e

b
eg

in
n
in

g,
d
ev

el
op

m
en

t
of

S
ci

en
ce

n
ot

on
ly

re
q
u
ir

es
b
u
t

a
ls

o
fa

ci
li
-

ta
te

s
th

e
im

p
ro

v
em

en
t

of
sc

ie
n
ti

fi
c

m
et

h
o
d
s.

A
d
va

n
ce

m
en

t
of

co
m

p
u
ta

ti
on

al
te

ch
n
iq

u
es

a
n
d

p
ow

er
re

in
v
ig

or
at

ed
th

e
in

te
re

st
fo

r
B

ay
es

ia
n

st
at

is
ti

cs
.

B
ay

es
ia

n
m

o
d
el

li
n
g

is
n
ow

w
id

el
y

ad
op

te
d

fo
r

d
es

ig
n
in

g
p
ri

n
ci

p
le

d
al

go
ri

th
m

s
fo

r
le

ar
n
in

g
fr

om
d
at

a
(B

is
h
op

,
2
0
0
7
;

M
u
rp

h
y
,

20
12

).
It

is
ti

m
e

to
al

so
sw

it
ch

to
B

ay
es

ia
n

st
at

is
ti

cs
w

h
en

it
co

m
es

to
an

al
y
si

s
o
f

o
u
r

ow
n

re
su

lt
s.

T
h
e

q
u
es

ti
on

s
w

e
ar

e
ac

tu
al

ly
in

te
re

st
ed

in
—

e.
g.

,
is

m
et

h
o
d

A
b

et
te

r
th

a
n

B
?

B
a
se

d
o
n

th
e

ex
p

er
im

en
ts

,
h
ow

p
ro

b
ab

ly
is

A
b

et
te

r?
H

ow
h
ig

h
is

th
e

p
ro

b
ab

il
it

y
th

at
A

is
b

et
te

r
b
y

m
or

e
th

an
1%

?—
ar

e
q
u
es

ti
on

s
ab

ou
t

p
os

te
ri

or
p
ro

b
ab

il
it

ie
s.

T
h
es

e
ar

e
n
at

u
ra

ll
y

p
ro

v
id

ed
b
y

th
e

B
ay

es
ia

n
m

et
h
o
d
s

(E
d
w

ar
d
s

et
al

.,
19

63
;
D

ic
k
ey

,
19

73
;
B

er
ge

r
an

d
S
el

lk
e,

1
9
8
7
).

T
h
e

co
re

of
th

is
p
ap

er
is

th
u
s

a
se

ct
io

n
th

at
es

ta
b
li
sh

es
th

e
B

ay
es

ia
n

al
te

rn
at

iv
es

to
fr

eq
u
en

ti
st

N
H

S
T

an
d

d
is

cu
ss

es
th

ei
r

in
fe

re
n
ce

an
d

re
su

lt
s.

W
e

ev
en

tu
al

ly
d
es

cr
ib

e
al

so
th

e
so

ft
w

a
re

li
b
ra

ri
es

w
it

h
th

e
n
ec

es
sa

ry
al

go
ri

th
m

s
a
n
d

gi
ve

sh
or

t
in

st
ru

ct
io

n
s

fo
r

th
ei

r
u
se

.

2
.

F
re

q
u
e
n
ti

st
a
n
a
ly

si
s

o
f

e
x
p

e
ri

m
e
n
ta

l
re

su
lt

s

W
h
y

d
o

w
e

n
ee

d
to

go
b

ey
on

d
th

e
fr

eq
u
en

ti
st

an
al

y
si

s
of

ex
p

er
im

en
ta

l
re

su
lt

s?
T

o
a
n
sw

er
th

is
q
u
es

ti
on

,
w

e
w

il
l

fo
cu

s
on

a
p
ra

ct
ic

al
ca

se
:

th
e

co
m

p
ar

is
on

of
th

e
ac

cu
ra

cy
o
f

cl
a
ss

ifi
er

s
on

d
iff

er
en

t
d
at

as
et

s.
W

e
in

it
ia

ll
y

co
n
si

d
er

tw
o

cl
as

si
fi
er

s:
n
ai

ve
B

ay
es

(n
b

c)
a
n
d

av
er

a
g
ed

on
e-

d
ep

en
d
en

ce
es

ti
m

at
or

(a
o
d
e)

.
A

d
es

cr
ip

ti
on

of
th

es
e

al
go

ri
th

m
s

w
it

h
ex

h
a
u
st

iv
e

re
fe

r-
en

ce
s

is
gi

ve
n

in
th

e
b

o
ok

b
y

W
it

te
n

et
al

.
(2

01
1)

.
A

ss
u
m

e
th

at
ou

r
ai

m
is

to
co

m
p
a
re

n
bc

ve
rs

u
s

a
od

e.
T

h
es

e
ar

e
th

e
st

ep
s

w
e

m
u
st

fo
ll
ow

:

2
JM

L
R

 1
8(
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a
T
u
t
o
r
ia
l
f
o
r
C
o
m
pa

r
in
g

M
u
lt

ip
l
e
C
l
a
ssif

ie
r
s
T
h
r
o
u
g
h
B
a
y
e
sia

n
A
n
a
ly

sis

1
.

ch
o
o
se

a
com

p
arison

m
etric;

2
.

select
a

g
rou

p
of

d
atasets

to
evalu

ate
th

e
a
lgorith

m
s;

3
.

p
erfo

rm
m

ru
n
s

of
k
-fold

cross-va
lid

ation
for

each
classifi

er
on

each
d
ataset.

W
e

h
ave

p
erfo

rm
ed

th
ese

step
s

in
W

E
K

A
,

ch
o
osin

g
a
ccu

ra
cy

as
m

etric,
o
n

a
collection

o
f

5
4

d
a
ta

sets
d
ow

n
load

ed
from

th
e

th
e

W
E

K
A

w
eb

site
1

an
d

w
ith

10
ru

n
s

of
10-fold

cro
ss-va

lid
a
tio

n
.

T
ab

le
1

rep
orts

th
e

accu
racies

ob
ta

in
ed

on
each

d
ataset

b
y

each
classifi

er.

F
irst

o
f

a
ll,

w
e

aim
at

k
n
ow

in
g

w
h
ich

is
th

e
b

est
classifi

er
for

each
d
ataset.

T
h
e

an
-

sw
er

to
th

is
q
u
estion

is
p
rob

ab
ilistic,

sin
ce

on
each

d
ata

set
w

e
h
ave

on
ly

estim
ates

of
th

e
p

erfo
rm

a
n
ce

of
each

classifi
er.

D
atasets

10
ru

n
s

of
10-fold

cross-valid
ation

an
n
eal

94.44
98.89

94.44
98.89

...
94.38

97
.75

an
n
eal

96.67
100.0

96.67
100.0

...
96.63

97
.75

au
d
iology

73.91
69.56

73.91
60.87

...
72.73

59
.09

au
d
iology

73.91
69.56

78.26
60.87

...
72.73

59
.09

b
reast-can

cer
90.32

90.32
87.1

86.67
...

86.67
90.0

b
reast-can

cer
87.1

87.1
87.1

86.67
...

83.33
86

.67
cm

c
51.35

50.68
54.73

59.18
...

50.34
48.3

cm
c

52.7
50.68

52.7
55.1

...
52.38

48
.98

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

w
in

e
100.0

95.71
97.14

94.29
...

97.14
97.1

w
in

e
100.0

95.71
97.14

92.86
...

97.14
97.1

yeast
57.72

55.03
59.06

58.39
...

55.4
55.4

yeast
57.05

55.03
59.06

58.39
...

54.05
55.4

zo
o

81.82
100.0

100.0
90.0

...
90.0

10
0.0

zo
o

90.91
100.0

100.0
90.0

...
90.0

10
0.0

T
a
b
le

1
:

A
ccu

racies
for

10
ru

n
s

of
10-fold

cross-valid
ation

on
54

U
C

I
d
atasets

for
n

bc
(b

lu
e

row
)

versu
s

a
od

e
(w

h
ite

row
s).

.

S
in

ce
d
u
rin

g
cross-valid

ation
w

e
h
ave

p
rov

id
ed

b
oth

classifi
ers

w
ith

th
e

sam
e

train
in

g
a
n
d

test
sets,

w
e

can
com

p
are

th
e

classifi
ers

b
y

con
sid

erin
g

th
e

d
iff

eren
ce

in
accu

racies
o
n

ea
ch

test
set.

T
h
is

y
ield

s
th

e
vector

of
d
iff

eren
ces

o
f

a
ccu

ra
cies

x
=
{
x

1 ,x
2 ,...,x

n }
,

w
h
ere

n
=

1
0
0

(10
ru

n
s

of
10-fold

cross-valid
ation

).
W

e
can

com
p
u
te

th
e

m
ean

of
th

e
vecto

r
o
f

d
iff

eren
ces

x
,

i.e.,
th

e
m

ean
d
iff

eren
ce

of
accu

racy
b

etw
een

th
e

tw
o

classifi
ers,

an
d

sta
tistically

eva
lu

ate
w

h
eth

er
th

e
m

ean
d
iff

eren
ce

is
sign

ifi
can

tly
d
iff

eren
t

from
zero.

In
freq

u
en

tist
a
n
a
ly

sis,
w

e
w

ou
ld

p
erform

a
N

H
S
T

u
sin

g
th

e
t-test.

T
h
e

p
rob

lem
is

th
at

th
e

t-test
a
ssu

m
es

th
e

ob
servation

s
to

b
e

in
d
ep

en
d
en

t.
H

ow
ever,

th
e

d
iff

eren
ces

of
accu

racies

1
.

S
ee

h
t
t
p
:
/
/
w
w
w
.
c
s
.
w
a
i
k
a
t
o
.
a
c
.
n
z
/
m
l
/
w
e
k
a
/
.
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A
l
e
ssio

B
e
n
a
v
o
l
i,
G
io
r
g
io

C
o
r
a
n
i,
J
a
n
e
z
D
e
m
sa

r
,
M
a
r
c
o

Z
a
f
fa

l
o
n

are
n
ot

in
d
ep

en
d
en

t
of

each
oth

er
b

ecau
se

of
th

e
overlap

p
in

g
train

in
g

sets
u
sed

in
cross-

valid
ation

.
T

h
u
s

th
e

u
su

al
t-test

is
n

o
t

calib
rated

w
h
en

ap
p
lied

to
th

e
an

aly
sis

of
cross-

valid
ation

resu
lts:

w
h
en

sam
p
lin

g
th

e
d
ata

u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis

its
rate

of
T

y
p

e
I

errors
is

m
u
ch

larger
th

an
α

(D
ietterich

,
1998).

M
oreover,

th
e

correla
tion

can
n
ot

b
e

estim
ated

from
d
ata;

N
ad

eau
an

d
B

en
gio

(2003)
h
ave

p
roven

th
a
t

th
ere

is
n
o

u
n
b
iased

estim
ator

of
th

e
correlation

of
th

e
resu

lts
ob

tain
ed

on
th

e
d
iff

eren
t

fold
s.

In
tro

d
u
cin

g
som

e
ap

p
rox

im
ation

s,
th

ey
h
ave

p
rop

osed
a

h
eu

ristic
to

ch
o
ose

th
e

correlation
p
aram

eter:
ρ

=
n
te

n
to
t ,

w
h
ere

n
te ,

n
tr

an
d
n
to
t

=
n
te

+
n
tr

resp
ectively

d
en

ote
th

e
size

of
th

e
train

in
g

set,
of

th
e

test
set

an
d

of
th

e
w

h
ole

availab
le

d
ata

set. 2

F
re

q
u

e
n
tist

c
o
rre

la
te

d
t-te

st
T

h
e

correlated
t-test

is
b
ased

on
th

e
m

o
d
ifi

ed
S
tu

d
en

t’s
t-statistic:

t(x
,µ

)
=

x
−
µ

√
σ̂

2(
1n

+
ρ

1−
ρ
)

=
x
−
µ

√
σ̂

2(
1n

+
n
te
n
tr ) ,

(1)

w
h
ere

x
=

1n ∑
ni=

1
x
i

an
d
σ̂

=
√

1
n−

1 ∑
ni=

1 (x
i −

x
)
2

are
th

e
sam

p
le

m
ean

an
d

sam
p
le

stan
d
ard

d
ev

iation
of

th
e

d
ata

x
,
ρ

is
th

e
correlation

b
etw

een
th

e
ob

servation
s

an
d
µ

is
th

e
valu

e
of

th
e

m
ean

w
e

aim
at

testin
g.

T
h
e

statistic
follow

s
a

S
tu

d
en

t
d
istrib

u
tion

w
ith

n−
1

d
egrees

of
freed

om
:

S
t (
x̄

;n
−

1,µ
, (

1n
+

ρ

1−
ρ )

σ̂
2 )

.
(2)

F
or

ρ
=

0,
w

e
ob

tain
th

e
trad

ition
al
t-test.

F
or

ρ
=

n
te

n
to
t ,

w
e

ob
tain

th
e

correlated
t-

test
p
rop

osed
b
y

N
ad

eau
an

d
B

en
gio

(2003)
to

accou
n
t

for
th

e
correlation

d
u
e

to
th

e
overlap

p
in

g
train

in
g

sets.
U

su
ally

th
e

test
is

ru
n

in
a

tw
o-sid

ed
fash

ion
.

Its
h
y
p

oth
eses

are:
H

0
:
µ

=
0;

H
1

:
µ
6=

0.
T

h
e

p
-valu

e
of

th
e

statistic
u
n
d
er

th
e

n
u
ll

h
y
p

oth
eses

is:

p
=

2·
(1−

T
n−

1 (|t(x
,0)|)),

(3)

w
h
ereT

n−
1 (|t(x

,0)|)
d
en

otes
th

e
cu

m
u
lative

d
istrib

u
tion

of
th

e
stan

d
ard

ized
S
tu

d
en

t
d
istri-

b
u
tion

w
ith

n−
1

d
egrees

of
freed

om
in
|t(x

,µ
)|

for
µ

=
0
.

F
or

in
stan

ce,
for

th
e

fi
rst

d
ata

set
in

T
ab

le
1

w
e

h
ave

th
at
x̄

=
−

0.0194,
σ̂

=
0.01583

,
ρ

=
1/

10,
n

=
100

an
d

so
t(x̄

,0)
=
−

3.52.
H

en
ce,

th
e

tw
o-sid

ed
p
-valu

e
is
p

=
2·

(1−
T
n−

1 (|t(x
,0)|))

=
0.00065

≈
0.001.

S
om
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at
α

is
th

e
p
ro

p
or

ti
on

of
ca

se
s

in
w

h
ic

h
H

0
w

ou
ld

b
e

fa
ls

el
y

re
je

ct
ed

if
th

e
sa

m
e

ex
p

er
im

en
t

w
as

re
p

ea
te

d
.

T
h
is

w
ou

ld
b

e
tr

u
e

if
th

e
p
-v

al
u
e

re
p
re

se
n
te

d
th

e
p
ro

b
ab

il
it

y
of

th
e

n
u
ll

h
y
p

ot
h
es

is
.

In
re

al
it

y,
α

is
th

e
p
ro

p
or

ti
on

of
ca

se
s

in
w

h
ic

h
ex

p
er

im
en

ts
y
ie

ld
th

e
d
at

a
th

at
is

m
or

e
ex

tr
em

e
th

an
ex

p
ec

te
d

u
n
d
er
H

0
;

th
e

ac
tu

al
p
ro

b
a
b
il
it

y
of

fa
ls

el
y

re
je

ct
in

g
H

0
is

al
so

re
la

te
d

to
th

e
p
ro

b
ab

il
it

y
of
H

0
an

d
th

e
d
a
ta

.

F
or

α
to

b
e

m
ea

n
in

gf
u
l,

it
w

ou
ld

n
ee

d
to

se
t

th
e

re
q
u
ir

ed
eff

ec
t

si
ze

or
at

le
as

t
th

e
p
ro

b
ab

il
it

y
of

th
e

h
y
p

ot
h
es

is
,

n
ot

th
e

li
ke

li
h
o
o
d

of
th

e
d
at

a.

T
h

e
in

fe
re

n
c
e

d
e
p

e
n

d
s

o
n

th
e

sa
m

p
li
n

g
in

te
n
ti

o
n

.
C

on
si

d
er

an
al

y
si

n
g

a
d
at

a
se

t
of
n

ob
se

rv
at

io
n
s

w
it

h
a

N
H

S
T

te
st

.
T

h
e

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
u
se

d
to

d
et

er
m

in
e

th
e

cr
it

ic
al

va
lu

e
of

th
e

te
st

as
su

m
es

th
at

ou
r

in
te

n
ti

on
w

as
to

co
ll
ec

t
ex

ac
tl

y
n

ob
se

rv
a
ti

on
s.

If
th

e
in

te
n
ti

on
w

as
d
iff

er
en

t—
fo

r
in

st
an

ce
in

m
ac

h
in

e
le

ar
n
in

g
yo

u
ty

p
ic

al
ly

co
m

p
ar

e
tw

o
al

go
ri

th
m

s
on

al
l

th
e

d
at

as
et

s
th

at
a
re

av
ai

la
b
le

—
,

th
e

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
ch

an
ge

s
to

re
fl
ec

t
th

e
ac

tu
al

sa
m

p
li
n
g

in
te

n
ti

on
s

(K
ru

sc
h
ke

,
20

10
).

T
h
is

is
n
ev

er
d
on

e,
gi

v
en

th
e

d
iffi

cu
lt

y
of

fo
rm

al
iz

in
g

on
e’

s
in

te
n
ti

on
an

d
of

d
ev

is
in

g
an

ap
p
ro

p
ri

at
e

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
.

T
h
is

p
ro

b
le

m
is

th
u
s

im
p

or
ta

n
t

b
u
t

ge
n
er

al
ly

ig
n
or

ed
.

T
h
u
s

fo
r

th
e

d
at

a
se

t
th

e
h
y
p

ot
h
es

is
te

st
(a

n
d

th
u
s

th
e

p
-v

al
u
e)

sh
ou

ld
b

e
co

m
p
u
te

d
d
iff

er
en

tl
y,

d
ep

en
d
in

g
on

th
e

in
te

n
ti

on
of

th
e

p
er

so
n

w
h
o

co
ll
ec

te
d

th
e

d
at

a
(K

ru
sc

h
ke

,
20

10
).

3
.

B
a
y
e
si

a
n

a
n
a
ly

si
s

o
f

e
x
p

e
ri

m
e
n
ta

l
re

su
lt

s

T
h
er

e
ar

e
tw

o
m

ai
n

B
ay

es
ia

n
ap

p
ro

ac
h
es

fo
r

th
e

an
al

y
si

s
of

ex
p

er
im

en
ta

l
re

su
lt

s.
T

h
e

fi
rs

t
B

ay
es

ia
n

ap
p
ro

ac
h
,

as
N

H
S
T

,
is

al
so

b
as

ed
on

a
n
u
ll

va
lu

e.
T

h
e

an
al

y
st

h
as

to
se

t
u
p

tw
o

co
m

p
et

in
g

m
o
d
el

s
of

w
h
at

va
lu

es
ar

e
p

os
si

b
le

.
O

n
e

m
o
d
el

as
su

m
es

th
at

o
n
ly

th
e

n
u
ll

va
lu

e
is

p
os

si
b
le

.
T

h
e

al
te

rn
at

iv
e

m
o
d
el

as
su

m
es

a
b
ro

ad
ra

n
ge

of
ot

h
er

va
lu

es
is

al
so

p
os

si
b
le

.
B

ay
es

ia
n

in
fe

re
n
ce

is
u
se

d
to

co
m

p
u
te

w
h
ic

h
m

o
d
el

is
m

or
e

cr
ed

ib
le

,
gi

v
en

th
e

d
at

a.
T

h
is

m
et

h
o
d

is
ca

ll
ed

B
a
ye

si
a
n

m
od

el
co

m
pa

ri
so

n
an

d
u
se

s
so

-c
al

le
d

“
B

ay
es

fa
ct

or
s”

(B
er

ge
r,

19
85

;
A

it
k
in

,
19

91
;

K
as

s
an

d
R

af
te

ry
,

19
95

;
B

er
ge

r
an

d
P

er
ic

ch
i,

19
96

).
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A
l
e
ss
io

B
e
n
a
v
o
l
i,
G
io
r
g
io

C
o
r
a
n
i,
J
a
n
e
z
D
e
m
sa

r
,
M
a
r
c
o

Z
a
f
fa

l
o
n

T
h
e

se
co

n
d

B
ay

es
ia

n
ap

p
ro

ac
h

d
o
es

n
ot

se
t

an
y

n
u
ll

va
lu

e.
T

h
e

an
al

y
st

si
m

p
ly

h
a
s

to
se

t
u
p

a
ra

n
ge

of
ca

n
d
id

at
e

va
lu

es
(p

ri
or

m
o
d
el

),
in

cl
u
d
in

g
th

e
ze

ro
eff

ec
t,

an
d

u
se

B
ay

es
ia

n
in

fe
re

n
ce

to
co

m
p
u
te

th
e

re
la

ti
ve

cr
ed

ib
il
it

ie
s

of
al

l
th

e
ca

n
d
id

at
e

va
lu

es
(t

h
e

p
o
st

er
io

r
d
is

tr
ib

u
ti

on
).

T
h
is

m
et

h
o
d

is
ca

ll
ed

B
a
ye

si
a
n

es
ti

m
a
ti

o
n

(G
el

m
an

et
al

.,
2
0
1
4
;

K
ru

sc
h
ke

,
20

15
). T
h
e

ch
oi

ce
of

th
e

m
et

h
o
d

d
ep

en
d
s

on
th

e
si

tu
at

io
n

–
is

a
p

oi
n
t-

w
is

e
n
u
ll

h
y
p

o
th

es
is

p
la

u
si

b
le

?
(B

ay
ar

ri
an

d
B

er
ge

r,
20

13
,

S
ec

.1
8.

2.
3.

1)
In

m
ac

h
in

e
le

ar
n
in

g
th

e
es

ti
m

at
io

n
ap

p
ro

ac
h

is
p
re

fe
ra

b
le

b
ec

au
se

th
er

e
is

n
o
t

p
la

u
si

b
le

re
as

on
to

b
el

ie
ve

th
at

tw
o

d
iff

er
en

t
cl

as
si

fi
er

s
h
av

e
ex

ac
tl

y
th

e
sa

m
e

ac
cu

ra
cy

.
F

o
r

th
is

re
as

on
,

w
e

w
il
l

fo
cu

s
on

th
e

B
ay

es
ia

n
es

ti
m

at
io

n
ap

p
ro

a
ch

th
at

h
er

ea
ft

er
w

e
w

il
l

si
m

p
ly

ca
ll

B
a
ye

si
a
n

a
n

a
ly

si
s.

T
h
e

fi
rs

t
st

ep
in

B
ay

es
ia

n
an

al
y
si

s
is

es
ta

b
li
sh

in
g

a
d
es

cr
ip

ti
ve

m
at

h
em

a
ti

ca
l

m
o
d
el

o
f

th
e

d
at

a.
In

a
p
ar

am
et

ri
c

m
o
d
el

,
th

is
m

at
h
em

at
ic

al
m

o
d
el

is
th

e
th

e
li

ke
li

h
oo

d
fu

n
ct

io
n

th
at

p
ro

v
id

es
th

e
p
ro

b
ab

il
it

y
of

th
e

ob
se

rv
ed

d
at

a
fo

r
ea

ch
ca

n
d
id

at
e

va
lu

e
of

th
e

p
a
ra

m
et

er
(s

)
p
(D
a
ta
|θ

).
T

h
e

se
co

n
d

st
ep

is
to

es
ta

b
li
sh

th
e

cr
ed

ib
il
it

y
fo

r
ea

ch
va

lu
e

of
th

e
p
a
ra

m
et

er
(s

)
b

ef
or

e
ob

se
rv

in
g

d
at

a,
th

e
p
ri

o
r

d
is

tr
ib

u
ti

o
n
p
(θ

).
T

h
e

th
ir

d
st

ep
is

to
u
se

B
ay

es
’

ru
le

to
co

m
b
in

e
li
ke

li
h
o
o
d

an
d

p
ri

or
to

ob
ta

in
th

e
po

st
er

io
r

d
is

tr
ib

u
ti

o
n

of
th

e
p
a
ra

m
et

er
(s

)
gi

ve
n

th
e

d
at

a
p
(θ
|D
a
ta

).
T

h
e

q
u
es

ti
on

s
w

e
p

os
e

in
st

at
is

ti
ca

l
an

al
y
si

s
ca

n
b

e
a
n
sw

er
ed

b
y

q
u
er

y
in

g
th

is
p

os
te

ri
or

d
is

tr
ib

u
ti

on
in

d
iff

er
en

t
w

ay
s.

A
s

a
co

n
cr

et
e

ex
am

p
le

of
B

ay
es

ia
n

an
al

y
si

s
w

e
w

il
l

co
m

p
ar

e
th

e
ac

cu
ra

ci
es

o
f

tw
o

co
m

-
p

et
in

g
cl

as
si

fi
er

s
v
ia

cr
os

s-
va

li
d
at

io
n

on
m

u
lt

ip
le

d
at

a
se

ts
(T

ab
le

1)
.

F
or

th
is

p
u
rp

o
se

,
w

e
w

il
l

ad
op

t
th

e
co

rr
el

a
te

d
B

a
ye

si
a
n
t-

te
st

p
ro

p
os

ed
b
y

C
or

an
i

an
d

B
en

av
ol

i
(2

0
1
5
).

B
a
y
e
si

a
n

c
o
rr

e
la

te
d

t-
te

st
T

h
e

B
ay

es
ia

n
co

rr
el

at
ed

t-
te

st
is

u
se

d
fo

r
th

e
an

al
y
si

s
of

cr
os

s-
va

li
d
at

io
n

re
su

lt
s

o
n

a
si

n
g
le

d
at

as
et

an
d

it
ac

co
u
n
ts

fo
r

th
e

co
rr

el
at

io
n

d
u
e

to
th

e
ov

er
la

p
p
in

g
tr

ai
n
in

g
se

ts
.

T
h
e

te
st

is
b
as

ed
on

th
e

fo
ll
ow

in
g

(g
en

er
at

iv
e)

m
o
d
el

of
th

e
d
at

a:

x
n
×
1

=
1
n
×
1
µ

+
v
n
×
1
,

(4
)

w
h
er

e
x

=
(x

1
,x

2
,.
..
,x

n
)

is
th

e
ve

ct
or

of
d
iff

er
en

ce
s

of
ac

cu
ra

cy
,
1
n
×
1

is
a

v
ec

to
r

o
f

o
n
es

,
µ

is
th

e
p
ar

am
et

er
of

in
te

re
st

(t
h
e

m
ea

n
d
iff

er
en

ce
of

ac
cu

ra
cy

)
an

d
v
∼

M
V

N
(0
,Σ

n
×
n
)

is
a

m
u
lt

iv
ar

ia
te

N
o
rm

al
n
oi

se
w

it
h

ze
ro

m
ea

n
an

d
co

va
ri

an
ce

m
at

ri
x

Σ
n
×
n
.

T
h
e

co
va

ri
a
n
ce

m
at

ri
x

Σ
is

ch
ar

ac
te

ri
ze

d
as

fo
ll
ow

s:
Σ
ii

=
σ

2
an

d
Σ
ij

=
σ

2
ρ

fo
r

al
l
i
6=
j
∈

1
,.
..
,n

,
w

h
er

e
ρ

is
th

e
co

rr
el

at
io

n
an

d
σ

2
is

th
e

va
ri

an
ce

a
n
d
,

th
er

ef
or

e,
th

e
co

va
ri

an
ce

m
a
tr

ix
ta

ke
s

in
to

ac
co

u
n
t

th
e

co
rr

el
at

io
n

d
u
e

to
cr

os
s-

va
li
d
at

io
n
.

H
en

ce
,

th
e

li
ke

li
h
o
o
d

m
o
d
el

o
f

d
a
ta

is

p
(x
|µ
,Σ

)
=

ex
p
(−

1 2
(x
−

1
µ

)T
Σ
−

1
(x
−

1
µ

))

(2
π

)n
/
2
√
|Σ
|

.
(5

)

T
h
e

li
ke

li
h
o
o
d

(5
)

d
o
es

n
ot

al
lo

w
to

es
ti

m
at

e
ρ

fr
om

d
at

a,
si

n
ce

th
e

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

e
of
ρ

is
ρ̂

=
0

re
ga

rd
le

ss
th

e
ob

se
rv

at
io

n
s

(C
or

an
i

an
d

B
en

av
ol

i,
2
0
1
5
).

T
h
is

co
n
fi
rm

s
th

at
ρ

is
n
ot

id
en

ti
fi
ab

le
:

th
u
s

th
e

B
ay

es
ia

n
co

rr
el

at
ed

t-
te

st
ad

o
p
ts

th
e

sa
m

e
h
eu

ri
st

ic
ρ

=
n
te

n
to
t

su
gg

es
te

d
b
y

N
ad

ea
u

an
d

B
en

gi
o

(2
00

3)
.

In
B

ay
es

ia
n

es
ti

m
at

io
n
,

w
e

ai
m

at
es

ti
m

at
in

g
th

e
u
n
k
n
ow

n
p
ar

am
et

er
s
µ
,ν

=
1/
σ

2
a
n
d

in
p
ar

ti
cu

la
r
µ

,
w

h
ic

h
is

th
e

p
ar

am
et

er
of

in
te

re
st

in
th

e
B

ay
es

ia
n

co
rr

el
at

ed
t-

te
st

.
T

o
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a
T
u
t
o
r
ia
l
f
o
r
C
o
m
pa

r
in
g

M
u
lt

ip
l
e
C
l
a
ssif

ie
r
s
T
h
r
o
u
g
h
B
a
y
e
sia

n
A
n
a
ly

sis

en
d
,

w
e

co
n
sid

er
th

e
follow

in
g

p
rior:

p
(µ
,ν|µ

0 ,k
0 ,a

,b)
=
N

(
µ

;µ
0 ,
k

0ν

)
G

(ν
;a
,b)

=
N
G

(µ
,ν

;µ
0 ,k

0 ,a
,b),

w
h
ich

is
a

N
o
rm

al-G
am

m
a

d
istrib

u
tion

(B
ern

ard
o

an
d

S
m

ith
,

2009,
C

h
ap

.
5)

w
ith

p
a
ram

e-
ters

(µ
0 ,k

0 ,a
,b).

T
h
e

N
orm

al-G
am

m
a

p
rior

is
con

ju
gate

to
th

e
likelih

o
o
d

(5
).

If
w

e
ch

o
ose

th
e

p
rio

r
p
a
ra

m
eters{

µ
0

=
0,
k

0
→
∞

,
a

=
−

1/
2,
b

=
0}

(m
atch

in
g

p
rior),

th
e

resu
ltin

g
p

o
sterio

r
d
istrib

u
tion

of
µ

is
th

e
follow

in
g

S
tu

d
en

t
d
istrib

u
tion

:

p
(µ|x

,µ
0 ,k

0 ,a
,b)

=
S
t (
µ

;n
−

1,x̄
, (

1n
+

ρ

1−
ρ )

σ̂
2 )

,
(6)

w
h
ere

x̄
=

∑
ni=

1
x
i

n
an

d
σ̂

2
=

∑
ni=

1
(x
i −
x̄

)
2

n−
1

.
F

or
th

ese
valu

es
of

th
e

p
rior

p
aram

eters,
th

e
p

o
sterio

r
d
istrib

u
tion

of
µ

(6)
coin

cid
es
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∑
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∑
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=
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con
sid

er
th

e
follow

in
g

tw
o

cases
z

=
{−
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=
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=
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√
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e
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p
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m
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d
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d
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h
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b
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ra
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d
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p
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d
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a
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r
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l
e
C
l
a
ssif

ie
r
s
T
h
r
o
u
g
h
B
a
y
e
sia

n
A
n
a
ly

sis

cla
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d
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b
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p
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con
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o
d
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th
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.
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d
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com
p
arison

of
th

e
fi
ve

cla
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d
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d
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b
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ab
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b
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b
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b
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d
ep

en
d
en

t.
S
o

in
o
u
r

cu
rren

t
ex

am
p
le

an
overall

d
esired

sign
ifi

can
ce

level
of
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is

case,
th
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0.005.

T
h
e

B
on

ferron
i

correction
red

u
ces

false
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b
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b
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p
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b
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correction
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p
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m
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ra
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ab
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at
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e
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er
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w
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is
b
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2
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p
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S
T

T
y
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error
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T

y
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e
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u
n
d
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correctio
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h
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p
rob
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T
h
e
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e
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th
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correction
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en
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th
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w
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p
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F
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m
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t
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w
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th
e
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er
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u
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cla
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th
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case
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e
B
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n
i
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w
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b
e
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u
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h
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d
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eren
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con
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at
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oth
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t
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b
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r
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r
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J
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n
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z
D
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sa
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,
M
a
r
c
o

Z
a
f
fa

l
o
n

H
ow

d
o

w
e

m
an

age
th

e
p
rob

lem
of

m
u
ltip

le
h
y
p

oth
esis

testin
g

in
B

ayesian
a
n
aly

sis?
P

arap
h
rasin

g
G

elm
an

et
al.

(2012):
“in

B
ayesian

an
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w

e
u
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d
o

n
ot

h
ave

to
w

orry
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ou
t

m
u
ltip
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com

p
arison
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T

h
e

reaso
n

is
th
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w

e
d
o

n
ot
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orry
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t
T

y
p

e
I
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b
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se
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e
n
u
ll

h
y
p
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h
ard
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b

e
tru

e.”
H

ow
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o
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B
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esian
A

n
a
ly
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m

itigate
false

alarm
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G
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al.
(2012)
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ggest

u
sin

g
m

u
ltilev

el
an

aly
sis

(in
ou

r
case

a
h
ierarch

ical
B

ayesian
m

o
d
el

on
m

u
ltip

le
classifi

ers).
M

u
ltilev

el
m

o
d
els

p
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p
o
olin

g;
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ift
estim

ates
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each

oth
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h
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m
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e
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p
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e

classifi
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th
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p
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d
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T

h
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b
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p
u
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e
in
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.
In
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p
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er,
w

e
in
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alarm
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p
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b
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p
resen

ted
in
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P
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h
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p
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u
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a
l
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.

M
oreover,

th
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e
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e
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is
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p
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b
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b
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b
esid

es
th

e
on

es
w

e
h
av

e
d
iscu

ssed
in

th
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b
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R
co

d
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W
e
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of
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d
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e
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ayesian
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2015)
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in
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W

e
h
ave

also
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p
lem
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ted
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B

ayesian
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tests
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en
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2015b
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en
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d
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n
t
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an
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F
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e
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e
d
evelop

ed
an

ex
ten

sion
of

th
e

B
ay

esian
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n
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d
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u
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p
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b
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in

d
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en
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b
ein

g
m

ore
accu

rate
th

an
th

e
secon

d
or

v
ice

versa.
T

h
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b
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con
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d
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u
ll

h
y
p

oth
esis

sign
ifi

can
ce

tests
(N

H
S
T

)
in

m
a
ch

in
e

learn
in

g
an

d
,

in
p
articu

lar,
for

com
p
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in
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ce,
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B
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b
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N

H
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ted
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rafi

m
ow

an
d
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2015).

W
e

b
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th
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also
in
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ach

in
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learn
in
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tim
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ove
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N

H
S
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d
p
-valu
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r
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r
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h
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s
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à
ti

ca
In

d
u

st
ri

a
l

(C
S

IC
-U

P
C

),
B

a
rc

el
o
n

a
,

S
pa

in
2

L
a
bo

ra
to

ir
e

d
es

sc
ie

n
ce

s
d
u

n
u

m
ér

iq
u

e
d
e

N
a
n

te
s

(L
S

2
N

),
N

a
n

te
s,

F
ra

n
ce

3
N

a
ti

o
n

a
l

In
st

it
u

te
o
f

In
fo

rm
a
ti

cs
,

T
o
ky

o
,

J
a
pa

n

E
d

it
o
r:

G
eo

rg
e

K
on

id
ar

is

A
b
st

ra
ct

P
ro

b
ab

il
is

ti
c

p
la

n
n
er

s
h
av

e
im

p
ro

ve
d

re
ce

n
tl

y
to

th
e

p
oi

n
t

th
at

th
ey

ca
n

so
lv

e
d
iffi

cu
lt

ta
sk

s
w

it
h

co
m

p
le

x
an

d
ex

p
re

ss
iv

e
m

o
d
el

s.
In

co
n
tr

as
t,

le
ar

n
er

s
ca

n
n
ot

ta
ck

le
ye

t
th

e
ex

p
re

ss
iv

e
m

o
d
el

s
th

at
p
la

n
n
er

s
d
o
,

w
h
ic

h
fo

rc
es

co
m

p
le

x
m

o
d
el

s
to

b
e

m
os

tl
y

h
an

d
cr

af
te

d
.

W
e

p
ro

p
os

e
a

n
ew

le
a
rn

in
g

a
p
p
ro

ac
h

th
a
t

ca
n

le
ar

n
re

la
ti

on
a
l

p
ro

b
ab

il
is

ti
c

m
o
d
el

s
w

it
h

b
ot

h
ac

ti
on

eff
ec

ts
an

d
ex

og
en

ou
s

eff
ec

ts
.

T
h
e

p
ro

p
o
se

d
le

ar
n
in

g
ap

p
ro

a
ch

co
m

b
in

es
a

m
u
lt

i-
va

lu
ed

va
ri

a
n
t

o
f

in
d
u
ct

iv
e

lo
gi

c
p
ro

gr
am

m
in

g
fo

r
th

e
ge

n
er

at
io

n
of

ca
n
d
id

a
te

m
o
d
el

s,
w

it
h

an
op

ti
m

iz
a
ti

o
n

m
et

h
o
d

to
se

le
ct

th
e

b
es

t
se

t
o
f

p
la

n
n
in

g
op

er
a
to

rs
to

m
o
d
el

a
p
ro

b
le

m
.

W
e

a
ls

o
sh

ow
h
ow

to
co

m
b
in

e
th

is
le

ar
n
er

w
it

h
re

in
fo

rc
em

en
t

le
ar

n
in

g
al

go
ri

th
m

s
to

so
lv

e
co

m
p
le

te
p
ro

b
le

m
s.

F
in

al
ly

,
ex

p
er

im
en

ta
l

va
li
d
a
ti

o
n

is
p
ro

v
id

ed
th

a
t

sh
ow

s
im

p
ro

ve
m

en
ts

ov
er

p
re

v
io

u
s

w
or

k
in

b
ot

h
si

m
u
la

ti
on

an
d

a
ro

b
o
ti

c
ta

sk
.

T
h
e

ro
b

ot
ic

ta
sk

in
vo

lv
es

a
d
y
n
am

ic
sc

en
ar

io
w

it
h

se
ve

ra
l

ag
en

ts
w

h
er

e
a

m
an

ip
u
la

to
r

ro
b

ot
h
a
s

to
cl

ea
r

th
e

ta
b
le

w
ar

e
on

a
ta

b
le

.
W

e
sh

ow
th

at
th

e
ex

og
en

o
u
s

eff
ec

ts
le

ar
n
ed

b
y

ou
r

ap
p
ro

a
ch

al
lo

w
ed

th
e

ro
b

ot
to

cl
ea

r
th

e
ta

b
le

in
a

m
o
re

effi
ci

en
t

w
ay

.

K
e
y
w

o
rd

s:
L

ea
rn

in
g

M
o
d
el

s
fo

r
P

la
n
n
in

g,
M

o
d
el

-B
a
se

d
R

L
,

P
ro

b
ab

il
is

ti
c

P
la

n
n
in

g,
A

ct
iv

e
L

ea
rn

in
g,

R
ob

ot
L

ea
rn

in
g

1
.

In
tr

o
d
u
ct

io
n

T
as

k
p
la

n
n
in

g
h
as

b
ee

n
a

u
se

fu
l
to

ol
to

so
lv

e
co

m
p
le

x
p
ro

b
le

m
s

w
h
er

e
an

ag
en

t
h
as

to
re

ac
h

a
go

al
b
y

ex
ec

u
ti

n
g

ac
ti

on
s,

in
cl

u
d
in

g
ro

b
ot

ic
ta

sk
s

(K
u
li
ck

et
a
l.
,

20
13

;
M

ar
t́ı

n
ez

et
al

.,
20

15
a)

an
d

sc
h
ed

u
li
n
g

(Z
h
u

et
al

.,
20

14
).

T
as

k
p
la

n
n
er

s
ca

n
fi
n
d

so
lu

ti
on

s
th

at
op

ti
m

iz
e

a
re

w
ar

d
fu

n
ct

io
n

fo
r

an
y

st
at

e,
ev

en
if

th
is

st
at

e
w

as
u
n
ex

p
ec

te
d
.

T
h
e

re
w

ar
d

fu
n
ct

io
n

en
co

d
es

th
e

p
ri

or
it

ie
s

w
h
en

so
lv

in
g

th
e

ta
sk

,
an

d
n
ew

ac
ti

on
s

ca
n

b
e

ad
d
ed

ea
si

ly
to

ex
te

n
d

ta
sk

s. T
ra

d
it

io
n
al

ly
,
ap

p
li
ca

ti
on

s
h
av

e
m

os
tl

y
u
se

d
d
et

er
m

in
is

ti
c

p
la

n
n
er

s
(H

o
ff

m
an

n
an

d
N

eb
el

,
20

01
;
H

el
m

er
t,

20
06

)
as

th
ey

ar
e

ea
si

er
to

se
t-

u
p

an
d

ca
n

so
lv

e
co

m
p
le

x
p
ro

b
le

m
s

w
it

h
m

a
n
y

va
ri

ab
le

s.
R

ec
en

tl
y

th
e

p
la

n
n
in

g
co

m
m

u
n
it

y
h
as

im
p
ro

ve
d

su
cc

es
sf

u
ll
y

th
e

ex
is

ti
n
g

p
la

n
n
er

s
to

so
lv

e
m

or
e

ex
p
re

ss
iv

e
an

d
co

m
p
le

x
ta

sk
s.

In
th

e
la

te
st

In
te

rn
at

io
n
al

P
ro

b
ab

il
is

ti
c

P
la

n
-

n
in

g
C

om
p

et
it

io
n

(I
P

P
C

20
14

)
(V

al
la

ti
et

al
.,

20
15

),
th

e
b

es
t

p
la

n
n
er

s
w

er
e

ab
le

to
so

lv
e

c ©
2
0
1
7

D
a
v
id

M
a
rt́

ın
ez

,
G

u
il

le
m

A
le

n
y
à
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e
th

at
d
o

n
ot

d
ep

en
d

on
an

ac
ti

o
n

(e
.g

.
p

eo
p
le

m
ov

in
g

in
th

e
st

re
et

,
a

tr
affi

c
li
gh

t
tu

rn
s

re
d
,

a
p
la

n
t

g
ro

w
s)

.

H
ow

ev
er

,
th

es
e

p
la

n
n
er

s
re

ly
on

a
m

o
d
el

,
th

at
h
as

to
b

e
ei

th
er

h
an

d
cr

af
te

d
o
r

le
a
rn

ed
.

In
co

n
tr

as
t

to
p
la

n
n
er

s,
le

ar
n
er

s
ca

n
n
ot

ta
ck

le
ye

t
th

e
ex

p
re

ss
iv

e
m

o
d
el

s
as

p
la

n
n
er

s
d
o
,

w
h
ic

h
fo

rc
es

co
m

p
le

x
m

o
d
el

s
to

b
e

m
os

tl
y

h
an

d
cr

af
te

d
.

R
el

at
io

n
al

ac
ti

on
m

o
d
el

s
w

it
h

u
n
ce

rt
a
in

eff
ec

ts
fr

om
a

lo
g

of
co

m
p
le

te
ly

ob
se

rv
ab

le
st

at
e-

ac
ti

on
-s

ta
te

tr
an

si
ti

on
s

ca
n

b
e

le
a
rn

ed
u
si

n
g

th
e

ap
p
ro

ac
h

b
y

P
as

u
la

et
al

.
(2

00
7)

,
b
u
t

in
th

is
p
ap

er
w

e
p
ro

p
os

e
a

n
ew

m
et

h
o
d

th
a
t,

in
ad

d
it

io
n

to
re

la
ti

on
al

p
ro

b
ab

il
is

ti
c

ac
ti

on
m

o
d
el

s,
it

ca
n

al
so

le
ar

n
ex

og
en

ou
s

eff
ec

ts
.

R
el

at
io

n
al

m
o
d
el

le
ar

n
er

s
ca

n
b

e
in

te
gr

at
ed

in
R

ei
n
fo

rc
em

en
t

L
ea

rn
in

g
(R

L
)

a
p
p
ro

a
ch

es
su

ch
as

R
E

X
(L

an
g

et
al

.,
20

12
),

al
lo

w
in

g
an

ag
en

t
to

le
ar

n
a

ta
sk

a
u
to

n
om

o
u
sl

y.
H

ow
ev

er
,

h
eu

ri
st

ic
m

o
d
el

le
ar

n
er

s
m

ay
h
av

e
tr

ou
b
le

le
ar

n
in

g
ce

rt
ai

n
d
om

ai
n
s

if
ex

p
lo

ra
ti

o
n

is
sc

a
rc

e
w

h
en

u
si

n
g

R
E

X
.

T
h
u
s

w
e

sh
ow

th
at

ou
r

ap
p
ro

ac
h

ca
n

b
e

in
te

gr
at

ed
in

V
-M

IN
(M

a
rt́

ın
ez

,
A

le
n
y
à,

an
d

T
or

ra
s,

20
15

b
),

an
ex

te
n
si

on
of

R
E

X
th

a
t

ca
n

su
cc

es
sf

u
ll
y

le
ar

n
su

ch
d
o
m

a
in

s
b
y

ac
ti

v
el

y
re

q
u
es

ti
n
g

a
fe

w
te

ac
h
er

d
em

on
st

ra
ti

on
s.

F
in

al
ly

,
w

e
w

il
l

p
re

se
n
t

h
ow

th
is

le
ar

n
er

ca
n

b
e

in
te

gr
at

ed
in

a
ro

b
ot

to
im

p
ro

v
e

it
s

p
er

fo
rm

an
ce

in
ta

sk
s

w
h
er

e
ex

og
en

ou
s

eff
ec

ts
ar

e
im

p
or

ta
n
t.

S
p

ec
ifi

ca
ll
y,

w
e

sh
ow

a
ro

b
o
t

th
at

h
as

to
h
el

p
cl

ea
ri

n
g

th
e

ta
b
le

w
ar

e
on

a
ta

b
le

.
E

x
og

en
ou

s
eff

ec
ts

al
lo

w
u
s

to
m

o
d
el

th
e

fr
eq

u
en

cy
at

w
h
ic

h
d
iff

er
en

t
ty

p
es

of
ta

b
le

w
ar

e
a
rr

iv
e,

an
d

to
co

or
d
in

at
e

w
it

h
th

e
w

a
it

er
ro

b
ot

s
th

at
ta

ke
p
il
es

of
ta

b
le

w
ar

e
b
ac

k
to

th
e

k
it

ch
en

.
W

h
en

a
m

o
d
el

w
it

h
su

ch
ex

o
g
en

o
u
s

eff
ec

ts
ca

n
b

e
le

ar
n
ed

,
th

e
p

er
fo

rm
an

ce
of

th
e

ta
sk

is
in

cr
ea

se
d

si
gn

ifi
ca

n
tl

y.

T
o

su
m

m
ar

iz
e,

w
e

p
ro

p
os

e
a

n
ov

el
m

et
h
o
d

th
at

ta
k
es

as
in

p
u
t

a
se

t
of

st
a
te

-a
ct

io
n
-s

ta
te

tr
an

si
ti

on
s,

an
d

le
ar

n
s

a
re

la
ti

on
al

m
o
d
el

w
it

h
p
ro

b
ab

il
is

ti
c

an
d

ex
og

en
ou

s
eff

ec
ts

to
b

e
u
se

d
fo

r
p
la

n
n
in

g
.

W
e

al
so

sh
ow

th
at

th
e

le
ar

n
er

ca
n

b
e

in
te

gr
at

ed
in

a
R

L
fr

a
m

ew
o
rk

to
le

ar
n

an
d

so
lv

e
n
ew

ta
sk

s.
T

h
is

R
L

ap
p
ro

ac
h

ca
n

b
e

in
te

gr
a
te

d
in

a
ro

b
ot

d
ec

is
io

n
-m

a
ke

r
to

im
p
ro

v
e

th
e

p
er

fo
rm

an
ce

in
th

e
ta

sk
o
f

cl
ea

ri
n
g

th
e

ta
b
le

w
ar

e
of

a
ta

b
le

.

T
h
is

w
or

k
is

an
ex

te
n
si

on
of

M
ar

t́ı
n
ez

et
al

.
(2

01
6)

,
w

h
er

e
th

e
m

o
d
el

le
a
rn

er
w

a
s

p
re

-
se

n
te

d
.

T
h
e

m
os

t
si

gn
ifi

ca
n
t

ad
d
it

io
n
s

ar
e

th
e

in
te

gr
at

io
n

w
it

h
R

L
,

th
e

ex
p

er
im

en
ts

w
it

h
a

ro
b

ot
,

an
d

sh
ow

in
g

th
e

w
ay

in
p
u
t

tr
an

si
ti

on
s

m
u
st

b
e

n
or

m
al

iz
ed

.

2
.

B
a
ck

g
ro

u
n
d

In
th

is
se

ct
io

n
w

e
p
re

se
n
t

th
e

fo
rm

u
la

ti
on

th
at

w
e

w
il
l

u
se

th
ro

u
gh

ou
t

th
is

p
a
p

er
,

a
s

w
el

l
as

th
e

b
ac

k
gr

ou
n
d

on
re

in
fo

rc
em

en
t

le
ar

n
in

g
re

q
u
ir

ed
to

u
n
d
er

st
an

d
S
ec

ti
on

4
.

2
.1

F
o
rm

u
la

ti
o
n

T
w

o
ty

p
es

of
re

p
re

se
n
ta

ti
on

s
ar

e
co

m
b
in

ed
in

th
is

w
or

k
,

a
re

la
ti

on
al

on
e

fo
r

th
e

p
la

n
n
in

g
op

er
at

or
s,

an
d

a
p
ro

p
os

it
io

n
al

on
e

th
at

w
il
l

b
e

u
se

d
in

te
rn

al
ly

b
y

so
m

e
p
ar

ts
o
f

th
e

le
a
rn

er
.

W
e

as
su

m
e

co
m

p
le

te
ob

se
rv

ab
il
it

y
an

d
u
n
ce

rt
ai

n
eff

ec
ts

.
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

2
.1

.1
R

e
l
a
t
io

n
a
l

F
o
r
m

u
l
a
t
io

n

L
itera

ls
l

a
re

ex
p
ression

s
of

th
e

form
(¬

)v
a
r(t1 ,...,tm

)
w

h
ere

v
a
r

is
a

p
red

icate
sy

m
b

ol
th

a
t

rep
resen

ts
a

variab
le,

(¬
)

m
ean

s
th

at
th

e
atom

m
ay

b
e

op
tion

ally
n
ega

ted
,

an
d
ti

a
re

th
e

term
s.

T
erm

s
can

b
e

variab
les,

w
h
ich

h
av

e
a

p
reced

in
g

“?”
sy

m
b

ol
(e.g.

?X
),

a
n
d

ca
n

a
lso

b
e

ob
jects,

w
h
ich

are
rep

resen
ted

w
ith

o
u
t

an
“
?”

sy
m

b
ol

(e.g.
b

ox
1).

W
e

u
se

a
rela

tio
n
a
l

rep
resen

tation
w

h
ere

ex
p
ression

s
take

ob
jects

as
arg

u
m

en
ts

to
d
efi

n
e

th
eir

g
ro

u
n
d
ed

co
u
n
terp

arts.
A

state
s

is
d
efi

n
ed

as
a

con
ju

n
ction

of
grou

n
d
ed

literals
l g

th
at

fo
llow

th
e

clo
sed

w
orld

assu
m

p
tion

s
=
l g1 ,...,l gN

.
A

p
la

n
n
in

g
op

erator
o∈
O

d
efi

n
es

th
e

p
rob

ab
ility

of
a

literal
tak

in
g

a
valu

e
b
ased

on
a

set
o
f

p
recon

d
ition

s.
O

p
erators

take
th

e
form

o(t1 ,...,tn
)

=
lh

:
p
o ←

l1 ∧
···∧

lm
,(a

)
(1)

w
h
ere

lh
is

th
e

h
ead

of
th

e
op

erator,
p
o

is
th

e
p
rob

ab
ility

of
lh

b
ein

g
tru

e
in

th
e

n
ex

t
sta

te
g
iven

th
a
t

th
e

b
o
d
y

an
d

th
e

action
are

satisfi
ed

,
l1 ∧
···∧

lm
are

th
e

literals
in

th
e

b
o
d
y,

(a
)

is
a
n

o
p
tio

n
a
l

a
ction

,
an

d
ti

are
th

e
term

s
th

at
m

ay
ap

p
ear

in
th

e
h
ead

,
b

o
d
y

an
d

a
ction

.
T

h
e

a
ction

is
o
p
tion

al
so

th
at

op
erators

can
cap

tu
re

b
oth

actio
n

eff
ects

w
h
en

th
ere

is
an

a
ctio

n
,

a
n
d

ex
o
gen

ou
s

eff
ects

w
h
en

th
ere

is
n
o

action
.

O
p

erators
are

n
ot

H
o
rn

clau
ses

as
n
eg

a
tio

n
ca

n
a
p
p

ear
in

b
oth

th
e

b
o
d
y

an
d

th
e

h
ead

.
A

lso
n
ote

th
at

th
is

rep
resen

ta
tion

d
o
es

n
o
t

m
o
d
el

correlated
eff

ects,
as

each
op

erator
can

on
ly

h
ave

on
e

eff
ect.

T
h
ere

can
b

e
tw

o
o
p

era
to

rs
w

ith
th

e
sam

e
b

o
d
y

an
d

d
iff

eren
t

h
ead

s,
b
u
t

th
ey

w
ou

ld
b

e
in

d
ep

en
d
en

t.

E
x
a
m

p
le

1
A

n
exa

m
p
le

o
pera

to
r

fo
r

a
n

a
ctio

n
is:

o
1
(?X

,?Y
,?Z

)
=

ro
bo

t-a
t(?X

,?Y
)

:
0.82

←
ro

bo
t-a

t(?X
,?Z

)∧
a
d
j(?Z

,?Y
)∧

m
o
ve(?X

,?Y
).

If
th

e
“

m
o
ve”

a
ctio

n
is

a
p
p
lied

,
th

e
ro

bo
t

w
o
u

ld
m

o
ve

to
(?X

,?Y
)

w
ith

a
p
ro

ba
bility

o
f

0
.82

if
it

is
o
n

a
n

a
d
ja

cen
t

po
sitio

n
.

A
g
ro

u
n
d
ed

op
erator

on
ly

h
as

o
b

jects
as

term
s.

If
an

op
erator

o
h
as
n

variab
les,

its
g
ro

u
n
d
in

g
s
G
r(o)

are
a

set
of

op
erators,

each
tak

in
g

on
e

of
th

e
p

ossib
le

com
b
in

atio
n
s

of
n

o
b

jects.

E
x
a
m

p
le

2
H

a
vin

g
th

e
o
bjects{

x
1,y

1
,y

2}
a
n

d
th

e
o
pera

to
r
o1(?X

,?Y
),

th
e

po
ssible

gro
u

n
d
-

in
gs

ca
n

be
o
bta

in
ed

by
su

bstitu
tin

g
?X

a
n

d
?Y

fo
r

every
perm

u
ta

tio
n

o
f

2
o
bjects.

O
n

e
po

ssible
gro

u
n

d
in

g
is:

o1
(x

1,y
2,y

1
)

=
ro

bo
t-a

t(x
1,y

2)
:

0.82
←

ro
bo

t-a
t(x

1
,y

1)∧
a
d
j(y

1,y
2)∧

m
o
ve(x

1,y
2).

T
h
e

tra
n
sition

d
y
n
am

ics
are

d
efi

n
ed

b
y

a
set

of
p
lan

n
in

g
op

erators
O

.
A

grou
n
d
ed

o
p

era
to

r
o
g

is
said

to
cov

er
a

state-action
p
air

(s,a
)

w
h
en

th
e

literals
of

th
e

b
o
d
y

are
in
s,

a
n
d

th
e

o
p
tio

n
a
l

action
of

th
e

op
erato

r
is

eith
er
a
,

or
th

e
op

erato
r

h
as

n
o

action
:

cov
(o
g ,s,a

)
=

(bod
y
(o
g )⊂

s)∧
((a

ction
(o
g )

=
a
)∨

(a
ction

(o
g )

=
∅

)).

L
ikew

ise,
a

n
on

-grou
n
d
ed

op
erator

o
covers

(s,a
)

if
on

e
of

its
grou

n
d
in

gs
d
o
es:

cov
(o,s,a

)
=
∃
o
g ∈

G
r(o)|

cov
(o
g ,s,a

).

T
ra

n
sitio

n
s
T

are
d
efi

n
ed

as
trip

les
t

=
(s,a

,s ′)
w

h
ere

s ′
is

th
e

su
ccessor

state
of
s

after
ex

ecu
tin

g
a
.

A
su

ccessor
state

s ′
is

ob
tain

ed
b
y

ap
p
ly

in
g

all
gro

u
n
d
in

gs
of

all
op

erators
to

(s,a
).

W
h
en

a
grou

n
d
ed

op
erator

o
g

is
ap

p
lied

to
(s,a

),
its

h
ead

is
ad

d
ed

to
th

e
state

s ′

w
ith

a
p
rob

a
b
ility

p
o
g

if
cov

(o
g ,s,a

).
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M
a
r
t́
ın

e
z

e
t

a
l
.

E
x
a
m

p
le

3
A

n
exa

m
p
le

tra
n

sitio
n

is:
s:

a
d
j(y

1
,y

2)∧
a
d
j(x

1,x
2)∧

ro
bo

t-a
t(x

1,y
1)∧

m
o
vin

g-o
bsta

cle(x
1,y

2)
a

:
m

o
ve(x

2
,y

1)
s ′:

a
d
j(y

1
,y

2)∧
a
d
j(x

1,x
2)∧

ro
bo

t-a
t(x

2,y
1)∧

m
o
vin

g-o
bsta

cle(x
2,y

2)
W

h
ere

th
e

a
ctio

n
“

m
o
ve”

m
od

ifi
es

th
e

litera
l

“
ro

bo
t-a

t”
,

a
n

d
a
n

exogen
o
u

s
eff

ect
m

od
ifi

es
“

m
o
vin

g-o
bsta

cle”
.

W
e

req
u
ire

op
erators

to
b

e
m

u
tu

ally
ex

clu
sive,

th
ere

can
n
ot

b
e

tw
o

op
erators

w
ith

th
e

sam
e

h
ead

atom
th

at
cover

th
e

sam
e

(s,a
)

as
th

eir
h
ead

s
m

ay
con

fl
ict.

O
n
e

ex
am

p
le

of
su

ch
con

fl
ict

w
ou

ld
b

e
[o
g
,1 (r1)

=
a
t(r1)

:
0.8
←
...]

an
d

[o
g
,2 (r1)

=
¬
a
t(r1)

:
0.6
←
...]

w
h
ere

b
oth

h
ead

s
can

n
ot

h
old

at
th

e
sam

e
tim

e
as

on
e

con
trad

icts
th

e
oth

er.
T

h
e

ob
jective

of
th

is
w

ork
is

to
learn

m
o
d
els

th
at

can
b

e
u
sed

b
y

p
lan

n
ers,

an
d

p
lan

n
ers

req
u
ire

con
fl
ict-

free
op

erators.
A

p
lan

n
er

h
as

to
k
n
ow

p
recisely

th
e

ex
p

ected
eff

ects
of

ap
p
ly

in
g

a
p
lan

n
in

g
op

erator.
If

tw
o

d
iff

eren
t

op
erators

w
ere

to
m

ake
con

fl
ictin

g
ch

an
ges,

th
e

eff
ects

w
ou

ld
b

e
u
n
d
efi

n
ed

.
T

h
is

con
strain

t
is

sim
ilar

to
th

e
on

e
in

P
asu

la
et

al.
(2007)’s

learn
er,

b
u
t

in
th

is
case

a
d
iff

eren
t

op
erator

can
b

e
ap

p
lied

to
each

h
ead

.

If
s ′

is
a

su
ccessor

state
of
s,

w
e

d
efi

n
e
ch
a
n
g
es(s,s ′)

as
th

e
set

of
literals{

c
∈
s ′,c

/∈
s}.

G
iven

a
tran

sition
t

=
(s,a

,s ′)
an

d
a

grou
n
d
ed

op
erator

o
g ,

a
tra

n
sition

ch
an

ge
c
∈

ch
a
n
g
es(s,s ′)

h
as

a
likelih

o
o
d

P
(c|

o
g )

=

{
p
o
g ,

cov
(o
g ,s,a

)∧
(c

=
h
ea
d
(o
g ))

0
,

oth
erw

ise.
(2)

A
n
d

a
set

of
n
on

-grou
n
d
ed

op
eratorsO

gives
th

e
follow

in
g

lik
elih

o
o
d

to
a

ch
an

ge
c:

P
(c|O

)
=

{
P

(c|o
g ),

∃
!o
g ∈

G
r(O

)|
P

(c|o
g )
>

0

0,
oth

erw
ise,

(3)

w
h
ere
∃
!

is
th

e
op

erator
for

u
n
iq

u
en

ess
q
u
an

tifi
cation

.
If

m
ore

th
an

on
e

op
erator

covers
th

e
sam

e
ch

an
ge

given
th

e
sam

e
state-a

ction
p
air,

th
ere

is
a

con
fl
ict

an
d

th
e

b
eh

av
ior

is
u
n
d
efi

n
ed

,
so

a
likelih

o
o
d

of
0

is
given

.

2
.1

.2
P

r
o
p
o
sit

io
n
a
l

F
o
r
m

u
l
a
t
io

n

O
n

th
e

p
rop

osition
al

level,
atom

s
are

m
u
lti-valu

ed
variab

les
th

at
tak

e
th

e
form

p
x,

w
h
ere

p
is

a
p
red

icate
sy

m
b

ol,
x

is
th

e
valu

e,
an

d
atom

s
h
ave

n
o

p
aram

eters.
A

sta
te

is
a

con
ju

n
ction

of
p
rop

osition
al

atom
s
s

=
v
a
r
v
a
l1

1
∧
···∧

v
a
r
v
a
ln

n
su

ch
th

at
v
a
r
v
a
l ′,v

a
r
v
a
l ′′∈

s
im

p
lies

v
a
l ′

=
v
a
l ′′.

W
e

con
sid

er
a

p
ro

ba
bilistic

m
u

lti-va
lu

ed
logic

p
rogra

m
a
s

a
set

of
p
ro

po
sitio

n
a
l

ru
les

r
of

th
e

form

r
=
v
a
r
v
a
l0

0
:
p
r ←

v
a
r
v
a
l1

1
∧
···∧

v
a
r
v
a
ln

n
(4)

w
h
ere

v
a
r
v
a
li

i
for

all
i
≥

0
are

atom
s

an
d
p
r

is
a

p
rob

ab
ility.

A
p
rop

osition
al

ru
le
r

is
in

terp
reted

as
follow

s:
w

ith
p
rob

ab
ility

p
r

th
e

variab
le
v
a
r

0
takes

th
e

valu
e
v
a
l0

in
th

e
n
ex

t
state

if
all

variab
les

v
a
r
i

h
ave

th
e

valu
e
v
a
li

in
th

e
cu

rren
t

state.
F

or
an

y
ru

le
r,
v
a
r
v
a
l0

0
is

called
th

e
h
ea

d
an

d
v
a
r
v
a
l1

1
∧
···∧

v
a
r
v
a
ln

n
are

th
e

literals
in

th
e

bod
y

.
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

E
x
a
m

p
le

4
L

et
’s

co
n

si
d
er

th
e

fo
ll

o
w

in
g

ru
le

s,
r 1

=
a

1
:

0.
7
←
b1

,
r 2

=
b2

:
1.

0
←
a

1
∧
b0

,
r 3

=
a

0
:

0.
3
←
b2

,
th

en
th

e
lo

gi
c

p
ro

gr
a
m
P

=
{r

1
,r

2
,r

3
}

is
a

p
ro

ba
bi

li
st

ic
m

u
lt

i-
va

lu
ed

lo
gi

c
p
ro

gr
a
m

.

F
in

al
ly

,
p
ro

p
os

it
io

n
al

tr
an

si
ti

on
s
E

ar
e

d
efi

n
ed

as
p
ai

rs
of

st
at

es
e

=
(s
,s
′ )

w
h
er

e
s′

is
th

e
su

cc
es

so
r

st
at

e
of
s.

2
.2

R
e
in

fo
rc

e
m

e
n
t

L
e
a
rn

in
g

R
ei

n
fo

rc
em

en
t

le
ar

n
in

g
(R

L
)

is
a

fr
am

ew
or

k
fo

r
se

q
u
en

ti
al

d
ec

is
io

n
-m

ak
in

g
p
ro

b
le

m
s

w
h
er

e
th

e
d
y
n
am

ic
s

of
th

e
en

v
ir

on
m

en
t

ar
e

n
ot

k
n
ow

n
in

ad
va

n
ce

.
A

t
ea

ch
ti

m
e

st
ep

,
th

e
ag

en
t

ta
ke

s
an

ob
se

rv
at

io
n
,

d
ec

id
es

w
h
ic

h
ac

ti
on

to
ex

ec
u
te

,
an

d
is

gi
ve

n
a

re
w

ar
d
.

T
h
e

ag
en

t’
s

go
al

is
to

m
ax

im
iz

e
th

e
to

ta
l

su
m

of
d
is

co
u
n
te

d
re

w
ar

d
s

ov
er

ti
m

e.
In

m
o
d
el

-b
as

ed
R

L
th

e
ag

en
t

m
ai

n
ta

in
s

a
m

o
d
el

th
at

is
u
p

d
at

ed
w

it
h

ev
er

y
tr

an
si

ti
on

,
an

d
a

p
la

n
n
er

u
se

s
th

is
m

o
d
el

to
se

le
ct

th
e

ac
ti

on
to

b
e

ex
ec

u
te

d
.

F
or

m
al

ly
,

fu
ll
y
-o

b
se

rv
ab

le
p
ro

b
le

m
s

w
it

h
u
n
ce

rt
ai

n
ty

ar
e

re
p
re

se
n
te

d
w

it
h

M
ar

ko
v

D
e-

ci
si

on
P

ro
ce

ss
es

(M
D

P
).

A
fi
n
it

e
M

D
P

is
a

fi
ve

-t
u
p
le
〈S
,A
,M

,R
,γ
〉

w
h
er

e
S

is
a

se
t

of
st

at
es

,
A

is
th

e
se

t
of

ac
ti

on
s

th
at

an
ag

en
t

ca
n

p
er

fo
rm

,
M

:
S
×
A
×
S
→

[0
,1

]
is

th
e

tr
an

si
ti

on
m

o
d
el

,
R

:
S
×
A
→

R
is

th
e

re
w

ar
d

fu
n
ct

io
n

an
d
γ
∈

[0
,1

)
is

th
e

d
is

co
u
n
t

fa
ct

or
.

T
h
e

go
al

of
R

L
al

go
ri

th
m

s
is

to
fi
n
d

a
p

ol
ic

y
π

:
S
→

A
th

at
ch

o
os

es
th

e
ac

ti
on

s
to

m
ax

im
iz

e
th

e
va

lu
e

fu
n
ct

io
n
.

T
h
e

su
m

of
ex

p
ec

te
d

re
w

ar
d
s

is
th

e
va

lu
e

fu
n
ct

io
n
V
π
(s

)
=

E
[∑

t
γ
t R

(s
t,
a
t)
|s 0

=
s,
π

]
w

h
ic

h
is

to
b

e
m

ax
im

iz
ed

.

A
s

th
e

m
o
d
el

is
n
ot

k
n
ow

n
in

ad
va

n
ce

,
R

L
ap

p
ro

ac
h
es

h
av

e
to

b
al

an
ce

ex
p
lo

ra
ti

on
(v

is
it

in
g

st
at

e-
ac

ti
on

p
ai

rs
to

le
ar

n
th

e
d
y
n
am

ic
s

re
la

te
d

to
u
n
k
n
ow

n
p
ar

ts
of

th
e

m
o
d
el

,
th

er
eb

y
al

lo
w

in
g

b
et

te
r

p
ol

ic
ie

s
to

b
e

ob
ta

in
ed

in
th

e
fu

tu
re

)
an

d
ex

p
lo

it
at

io
n

(e
x
ec

u
ti

n
g

ac
ti

on
s

to
m

ax
im

iz
e

re
w

ar
d
s

b
as

ed
on

th
e

cu
rr

en
t

m
o
d
el

).

3
.

M
o
d
e
l

L
e
a
rn

e
r

In
th

is
se

ct
io

n
w

e
sh

ow
h
ow

to
le

ar
n

a
re

la
ti

on
al

p
ro

b
ab

il
is

ti
c

m
o
d
el

w
it

h
ex

og
en

ou
s

eff
ec

ts
fr

om
a

lo
g

of
in

p
u
t

st
at

e-
ac

ti
on

tr
an

si
ti

on
s.

T
h
e

le
ar

n
ed

m
o
d
el

w
il
l

co
n
si

st
of

a
se

t
of

p
la

n
n
in

g
op

er
at

or
s

th
at

d
efi

n
e

b
ot

h
ac

ti
on

eff
ec

ts
a
n
d

ex
og

en
ou

s
eff

ec
ts

.

T
h
er

e
ex

is
t

p
re

v
io

u
s

w
or

k
s

th
at

ta
ck

le
th

e
p
ro

b
le

m
of

le
ar

n
in

g
m

o
d
el

s.
S
om

e
of

th
em

es
ti

m
at

e
th

e
p
ar

am
et

er
s

of
a

m
o
d
el

(M
ol

d
ov

an
et

al
.,

20
12

;
T

h
on

et
al

.,
20

1
1)

,
b
u
t

th
e

st
ru

ct
u
re

of
th

e
m

o
d
el

h
as

to
b

e
p
ro

v
id

ed
an

d
on

ly
it

s
p
ar

am
et

er
s

ar
e

le
ar

n
ed

.
T

h
e

w
or

k
b
y

J
im

én
ez

et
al

.
(2

00
8)

ca
n

ca
p
tu

re
th

e
p
re

co
n
d
it

io
n
s

an
d

u
n
ce

rt
ai

n
ty

in
th

e
m

o
d
el

s
gi

ve
n

th
at

th
e

p
os

si
b
le

eff
ec

ts
ar

e
k
n
ow

n
in

ad
va

n
ce

.
A

m
or

e
co

m
p
le

te
ap

p
ro

ac
h

b
y

S
y
ke

s
et

al
.

(2
01

3)
le

ar
n
s

p
ro

b
ab

il
is

ti
c

lo
gi

c
p
ro

gr
am

s,
b
u
t

th
e

re
st

ri
ct

io
n
s

fo
r

th
e

in
it

ia
l

se
t

of
ca

n
d
id

at
e

ru
le

s
n
ee

d
to

b
e

m
an

u
al

ly
co

d
ed

.
In

co
n
tr

as
t,

w
e

le
ar

n
th

e
co

m
p
le

te
m

o
d
el

an
d

n
o

re
st

ri
ct

io
n
s

ar
e

re
q
u
ir

ed
.

M
os

t
ap

p
ro

ac
h
es

th
at

le
ar

n
co

m
p
le

te
m

o
d
el

s
h
an

d
le

d
et

er
m

in
is

ti
c

ta
sk

s,
an

d
al

th
ou

gh
th

ey
ca

n
ta

ck
le

p
ar

ti
al

ob
se

rv
ab

il
it

y
(M

ol
in

ea
u
x

an
d

A
h
a,

20
14

;
M

o
u
rã

o
et

al
.,

20
12

;
Z

h
u
o

an
d

K
am

b
h
am

p
at

i,
20

13
)

or
ap

p
ly

tr
an

sf
er

le
ar

n
in

g
(Z

h
u
o

an
d

Y
an

g
,

20
14

),
th

ey
d
o

n
ot

co
n
si

d
er

u
n
ce

rt
ai

n
eff

ec
ts

.
In

th
is

w
or

k
w

e
fo

cu
s

on
m

o
d
el

s
w

it
h

u
n
ce

rt
ai

n
eff

ec
ts

.
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8(

78
):

1-
44

, 2
01

7

M
a
r
t́
ın

e
z

e
t

a
l
.

T
h
e

m
os

t
si

m
il
ar

ap
p
ro

ac
h
es

to
ou

rs
ar

e
th

os
e

th
at

le
ar

n
re

la
ti

on
al

ac
ti

o
n

m
o
d
el

s
w

it
h

u
n
ce

rt
ai

n
eff

ec
ts

(P
as

u
la

et
al

.,
20

07
;
D

es
h
p
an

d
e

et
al

.,
20

07
;
M

ou
rã

o,
20

14
).

T
h
ey

le
a
rn

th
e

eff
ec

ts
th

at
ea

ch
ac

ti
on

m
ay

h
av

e
fo

r
ea

ch
se

t
of

p
re

co
n
d
it

io
n
s,

w
h
ic

h
ar

e
th

en
re

p
re

se
n
te

d
w

it
h

p
ro

b
ab

il
is

ti
c

S
T

R
IP

S
-l

ik
e

m
o
d
el

s.
H

ow
ev

er
,

th
ey

d
o

n
ot

le
ar

n
ex

o
ge

n
o
u
s

eff
ec

ts
th

a
t

ar
e

n
ot

re
la

te
d

to
an

y
ac

ti
on

.
T

h
es

e
m

et
h
o
d
s

ca
n
n
ot

b
e

ea
si

ly
ex

te
n
d
ed

to
le

ar
n

ex
og

en
ou

s
eff

ec
ts

.
P

as
u
la

et
a
l.

(2
0
0
7
)

an
d

D
es

h
p
an

d
e

et
al

.
(2

00
7)

’s
ap

p
ro

ac
h

u
se

a
lo

ca
l

se
ar

ch
al

go
ri

th
m

th
at

w
o
rk

s
w

el
l

w
h
en

tr
an

si
ti

on
s

ar
e

ex
p
la

in
ed

b
y

on
e

ru
le

,
b
u
t

fa
ce

s
m

an
y

lo
ca

l
m

in
im

a
w

h
en

ta
ck

li
n
g

d
o
m

a
in

s
w

it
h

ex
og

en
ou

s
eff

ec
ts

,
as

tw
o

or
m

or
e

n
ew

ru
le

s
m

ay
h
av

e
to

b
e

ad
d
ed

to
p
ro

p
er

ly
ex

p
la

in
a

tr
an

si
ti

on
.

M
ou

rã
o

(2
01

4)
’s

ap
p
ro

a
ch

ex
h
ib

it
s

a
si

m
il
ar

p
ro

b
le

m
si

n
ce

it
le

a
rn

s
o
n
e

ru
le

p
er

tr
an

si
ti

on
.

T
o

fa
vo

r
a

b
et

te
r

u
n
d
er

st
an

d
in

g
of

th
is

p
ro

b
le

m
,

le
t’

s
as

su
m

e
th

a
t

w
e

h
av

e
a

tr
an

si
ti

on
th

at
is

op
ti

m
al

ly
m

o
d
el

ed
b
y

2
ru

le
s,

on
e

of
w

h
ic

h
re

la
te

s
to

a
n

ex
o
g
en

o
u
s

eff
ec

t.
T

h
es

e
2

ru
le

s
ar

e
li
ke

ly
to

h
av

e
a

ve
ry

lo
w

sc
or

e
in

d
iv

id
u
al

ly
as

th
ey

o
n
ly

co
ve

r
p
ar

t
of

th
e

tr
an

si
ti

on
.

T
h
e

lo
ca

l
se

ar
ch

in
P

as
u
la

’s
le

ar
n
er

w
ou

ld
ch

o
os

e
a

ru
le

th
a
t

co
ve

re
d

th
e

co
m

p
le

te
tr

an
si

ti
on

to
m

ax
im

iz
e

th
e

sc
or

e,
ev

en
if

th
e

ru
le

h
ad

a
lo

t
of

n
o
is

e
a
n
d

lo
w

p
ro

b
ab

il
it

y
to

gu
es

s
th

e
eff

ec
t.

A
s

a
lo

ca
l

se
ar

ch
is

u
se

d
,

th
e

le
ar

n
er

ca
n

o
n
ly

m
a
ke

o
n
e

ch
an

ge
at

a
ti

m
e,

an
d

se
le

ct
in

g
on

ly
on

e
of

th
e

2
op

ti
m

al
ru

le
s

w
ou

ld
d
ec

re
as

e
th

e
sc

o
re

,
so

th
ey

w
ou

ld
n
ev

er
b

e
ch

os
en

.
N

ot
e

th
at

al
th

ou
gh

th
os

e
m

et
h
o
d
s

ca
n
n
ot

le
ar

n
ex

og
en

ou
s

eff
ec

ts
,

th
ey

h
av

e
o
th

er
a
d
-

va
n
ta

ge
s.

P
as

u
la

et
al

.
(2

00
7)

’s
ap

p
ro

ac
h

ca
n

le
ar

n
co

rr
el

at
ed

eff
ec

ts
w

h
il
e

M
o
u
rã

o
(2

0
1
4
)’

s
le

ar
n
er

ca
n

al
so

ta
ck

le
p
ar

ti
al

ob
se

rv
ab

il
it

y.
T

h
er

ef
or

e
th

e
b

es
t

m
et

h
o
d

w
il
l

d
ep

en
d

o
n

th
e

ty
p

e
of

d
om

ai
n

b
ei

n
g

le
ar

n
ed

.
T

h
e

p
ro

b
le

m
of

le
ar

n
in

g
m

in
im

al
eff

ec
ts

fr
om

a
lo

g
of

in
p
u
t

d
at

a
tr

an
si

ti
o
n
s

is
k
n
ow

n
to

b
e

N
P

-H
ar

d
(W

al
sh

,
20

10
).

T
h
e

ap
p
ro

ac
h
es

sh
ow

n
b

ef
or

e,
as

w
el

l
as

ou
r

ap
p
ro

a
ch

,
a
p
p
ly

h
eu

ri
st

ic
s

to
fi
n
d

so
lu

ti
on

s
w

it
h

an
y

n
u
m

b
er

of
in

p
u
t

ex
p

er
ie

n
ce

s.
O

p
ti

m
al

a
p
p
ro

a
ch

es
th

at
le

ar
n

co
m

p
le

te
p
ro

b
ab

il
is

ti
c

m
o
d
el

s
h
av

e
al

so
b

ee
n

p
ro

p
os

ed
(W

al
sh

et
al

.,
2
0
0
9
),

b
u
t

th
ey

re
q
u
ir

e
to

o
m

an
y

in
p
u
t

ex
p

er
ie

n
ce

s
or

as
su

m
p
ti

on
s

n
ot

m
ad

e
in

th
e

cu
rr

en
t

w
o
rk

.
T

h
e

le
ar

n
ed

m
o
d
el

w
il
l

co
n
si

st
of

a
se

t
of

p
la

n
n
in

g
op

er
at

o
rs

th
at

d
efi

n
e

th
e

d
iff

er
en

t
eff

ec
ts

.
T

h
e

p
ro

p
os

ed
m

et
h
o
d

ca
n

b
e

d
iv

id
ed

in
to

tw
o

p
a
rt

s:

•
C

a
n

d
id

a
te

p
la

n
n

in
g

o
pe

ra
to

r
ge

n
er

a
ti

o
n

.
C

an
d
id

at
es

ar
e

ge
n
er

at
ed

w
it

h
th

e
L

F
IT

(L
ea

rn
in

g
F

ro
m

In
te

rp
re

ta
ti

on
T

ra
n
si

ti
on

s)
fr

am
ew

or
k

(I
n
ou

e
et

al
.,

2
0
1
4
).

L
F

IT
in

d
u
ce

s
a

se
t

of
p
ro

p
os

it
io

n
al

ru
le

s
th

at
re

al
iz

e
th

e
gi

ve
n

in
p
u
t

tr
an

si
ti

on
s.

S
p

ec
ifi

ca
ll
y,

an
al

go
ri

th
m

th
at

gu
ar

an
te

es
to

le
a
rn

th
e

se
t

of
m

in
im

al
ru

le
s

is
u
se

d
(R

ib
ei

ro
a
n
d

In
ou

e,
20

14
).

•
P

la
n

n
in

g
o
pe

ra
to

r
se

le
ct

io
n

.
T

o
se

le
ct

th
e

b
es

t
su

b
se

t
of

ca
n
d
id

at
es

,
w

e
d
efi

n
e

a
sc

o
re

fu
n
ct

io
n

th
at

is
m

ax
im

iz
ed

b
y

ca
n
d
id

at
es

th
at

ex
p
la

in
in

p
u
t

tr
an

si
ti

o
n
s

w
h
il
e

b
ei

n
g

ge
n
er

al
en

ou
gh

.
B

as
ed

on
th

is
sc

or
e

fu
n
ct

io
n
,

a
se

ar
ch

op
ti

m
iz

at
io

n
m

et
h
o
d

g
u
id

ed
b
y

an
h
eu

ri
st

ic
fu

n
ct

io
n

is
p
ro

p
os

ed
.

M
or

eo
ve

r,
su

b
op

ti
m

al
so

lu
ti

on
s

to
m

a
ke

co
m

p
le

x
ta

sk
s

tr
ac

ta
b
le

ar
e

p
ro

v
id

ed
.

O
u
r

ap
p
ro

ac
h

co
m

b
in

es
(a

)
L

F
IT

on
th

e
p
ro

p
os

it
io

n
al

le
ve

l
to

en
su

re
th

at
ca

n
d
id

a
te

s
a
re

m
in

im
al

,
(b

)
an

op
ti

m
iz

at
io

n
m

et
h
o
d

th
at

w
or

k
s

on
th

e
re

la
ti

on
al

le
ve

l
to

a
p
p
ly

re
la

ti
o
n
a
l

ge
n
er

al
iz

at
io

n
s

w
h
en

se
le

ct
in

g
su

b
se

ts
,

an
d

(c
)

gr
ou

n
d
ed

in
p
u
t

d
at

a.
S
in

ce
,

a
s

m
en

ti
o
n
ed

,
th

e
ap

p
ro

ac
h

re
q
u
ir

es
th

re
e

d
iff

er
en

t
ty

p
es

of
d
at

a
(g

ro
u
n
d
ed

,
re

la
ti

on
al

an
d

p
ro

p
o
si

ti
o
n
a
l)

,
d
at

a
tr

an
sf

or
m

at
io

n
m

et
h
o
d
s

ar
e

n
ee

d
ed

.
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

3
.1

L
F

IT

T
h
e

L
F

IT
fra

m
ew

ork
(In

ou
e

et
al.,

2014)
is

u
sed

to
ob

tain
th

e
set

of
p
rob

ab
ilistic

can
d
id

ate
ru

les
th

a
t

m
o
d
el

th
e

d
y
n
am

ics.
G

iven
a

b
atch

of
p
rop

osition
al

tran
sition

s
(s,s ′),

L
F

IT
in

d
u
ces

a
n

o
rm

a
l

logic
p
rogra

m
th

at
realizes

th
e

given
tran

sition
s.

T
h
is

fram
ew

ork
h
as

b
een

ex
ten

d
ed

(R
ib

eiro
an

d
In

ou
e,

2014
)

w
ith

a
n
ew

algorith
m

th
at

gu
aran

tees
th

at
th

e
lea

rn
ed

ru
les

a
re

m
in

im
al:

th
e

b
o
d
y

of
each

ru
le

con
stitu

tes
a

p
rim

e
im

p
lican

t
to

in
fer

th
e

h
ea

d
.

It
is

b
ased

on
a

top
-d

ow
n

m
eth

o
d

th
at

gen
erates

h
y
p

oth
eses

b
y

specia
liza

tio
n

fro
m

th
e

m
o
st

gen
eral

ru
les.

M
oreover,

th
e

fram
ew

ork
h
as

b
een

ad
ap

ted
to

cap
tu

re
also

p
ro

b
a
b
ilistic

d
y
n
am

ics
(M

art́ın
ez

et
al.,

2015c).

In
th

is
section

w
e

ex
p
lain

b
riefl

y
h
ow

to
ob

ta
in

p
rob

ab
ilistic

logic
p
rogra

m
s

w
ith

m
in

im
al

ru
les.

F
or

m
o
re

d
etails

p
lease

refer
to

th
e

w
ork

b
y

R
ib

eiro
an

d
In

ou
e

(20
14)

an
d

M
art́ın

ez
et

a
l.

(2
0
1
5
c).

3
.1

.1
R

u
l
e

S
p
e
c
ia

l
iz

a
t
io

n

T
o

lea
rn

m
u
lti-valu

ed
logic

p
rogram

s
w

ith
m

in
im

a
l

ru
les

w
e

n
eed

to
d
efi

n
e

th
e

grou
n
d

reso
lu

tio
n

a
n
d

th
e

least
sp

ecialization
for

m
u
lti-valu

ed
p
rop

ositio
n
al

variab
les.

D
e
fi

n
itio

n
1

(S
u

b
su

m
p

tio
n

)
L

et
r

1
a
n

d
r

2
be

tw
o

ru
les.

If
h
ea
d
(r

1 )
=
h
ea
d
(r

2 )
a
n

d
bod

y
(r

1 )
⊆
bod

y
(r

2 )
th

en
r

1
su

b
su

m
es
r

2 .
L

et
P

be
a

logic
p
rogra

m
a
n

d
r

be
a

ru
le.

P
su

b
su

m
es
r

if
th

ere
exists

a
ru

le
r ′∈

P
th

a
t

su
bsu

m
es
r.

W
e

say
th

a
t

a
ru

le
r

1
is

m
o
re

gen
era

l
th

an
an

oth
er

ru
le
r

2
if
r

1
su

b
su

m
es

r
2

an
d

bod
y
(r

1 )⊂
bod

y
(r

2 ).
In

p
articu

lar,
a

ru
le
r

is
m

o
st

gen
era

l
if

th
ere

is
n
o

ru
le
r ′(6=

r)
th

at
su

b
su

m
es
r

(bod
y
(r)

=
∅).

E
x
a
m

p
le

5
L

et
r

1
a
n

d
r

2
be

th
e

tw
o

fo
llo

w
in

g
ru

les:
r

1
=

(a
1←

b
1),

r
2

=
(a

1←
a

0∧
b
1),

r
1

su
bsu

m
es
r

2
beca

u
se

(bod
y
(r

1 )
=
{b

1}
)⊂

(bod
y
(r

2 )
=
{
a

0,b
1}

).
W

h
en

r
1

a
p
pea

rs
in

a
logic

p
rogra

m
P

,
r

2
is

u
seless

fo
r
P

,
beca

u
se

w
h
en

ever
r

2
ca

n
be

a
p
p
lied

,
r

1
ca

n
be

a
p
p
lied

.

D
e
fi

n
itio

n
2

(C
o
m

p
le

m
e
n
t)

L
et
r

1
a
n

d
r

2
be

tw
o

ru
les,

r
2

is
a

com
p
lem

en
t

o
f
r

1
o
n

v
a
r
v
a
l

if
v
a
r
v
a
l
∈
bod

y
(r

1 ),
v
a
r
v
a
l ′
∈
bod

y
(r

2 ),v
a
l
6=
v
a
l ′

a
n

d
(bod

y
(r

2 )\
{
v
a
r
v
a
l ′}

)
⊆

(bod
y
(r

1 )\{
v
a
r
v
a
l}).

D
e
fi

n
itio

n
3

(G
ro

u
n

d
re

so
lu

tio
n

)
L

et
r

be
a

ru
le,

P
be

a
logic

p
rogra

m
a
n

d
B

be
a

set
o
f

a
to

m
s,
r

ca
n

be
gen

eralized
o
n
v
a
r
v
a
l

if∀
v
a
r
v
a
l ′∈
B
,v
a
l6=

v
a
l ′,∃

r ′∈
P

su
ch

th
a
t
r ′

is
a

co
m

p
lem

en
t

o
f
r

o
n
v
a
r
v
a
l:

g
en
era

lise(r,P
)

=
h
ea
d
(r)←

bod
y
(r)\{

v
a
r
v
a
l}

D
e
fi

n
itio

n
4

(L
e
a
st

sp
e
c
ia

liz
a
tio

n
)

L
et
r

1
a
n

d
r

2
be

tw
o

ru
les

su
ch

th
a
t
h
ea
d
(r

1 )
=

h
ea
d
(r

2 )
a
n

d
r

1
su

bsu
m

es
r

2 .
L

etB
be

a
set

o
f

a
to

m
s.

T
h
e

lea
st

specia
liza

tio
n
ls(r

1 ,r
2 ,B

)
o
f
r

1
o
ver

r
2

w
.r.tB

is

ls(r
1 ,r

2 ,B
)

=
{h
ea
d
(r

1 )←
bod

y
(r

1 )∧
v
a
r
v
a
l ′}

su
ch

th
a
t

v
a
r
v
a
l∈

bod
y
(r

2 )\
bod

y
(r

1 ),
v
a
r
v
a
l ′∈
B
,
v
a
l ′6=

v
a
l
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M
a
r
t́
ın

e
z

e
t

a
l
.

P

1
1
1

IN
P
U
T

1
2
0

O
U
T
P
U
T

1
0
0

0
0
1

1
1
1

IN
P
U
T

1
2
0

1
0
0

0
0
1

P
1

P
2

P
3

O
U
T
P
U
T

F
igu

re
1:

L
e
ft:

A
b
lack

-b
ox

p
rob

ab
ilistic

sy
stem

w
h
ere

on
e

p
rogram

h
as

m
u
ltip

le
p

ossib
le

n
ex

t
states.

R
ig

h
t:

T
h
e

L
F

IT
algorith

m
u
ses

a
set

of
d
eterm

in
istic

p
rogram

s
th

at
form

an
eq

u
ivalen

t
p
rob

ab
ilistic

sy
stem

.
E

ach
d
eterm

in
istic

p
rog

ram
ou

tp
u
ts

on
e

of
th

e
p

ossib
le

n
ex

t
states.

L
east

sp
ecialization

can
b

e
u
sed

o
n

a
ru

le
r

to
avoid

th
e

su
b
su

m
p
tion

of
an

oth
er

ru
le

w
ith

a
m

in
im

al
red

u
ction

of
th

e
gen

erality
of
r.

B
y

ex
ten

sion
,

lea
st

sp
ecialization

can
b

e
u
sed

on
th

e
ru

les
of

a
logic

p
rogram

P
to

avoid
th

e
su

b
su

m
p
tion

of
a

ru
le

w
ith

a
m

in
im

al
red

u
ction

of
th

e
gen

erality
of
P

.
L

et
P

b
e

a
logic

p
ro

gram
,B

b
e

a
set

of
atom

s,
r

b
e

a
ru

le
an

d
S

b
e

th
e

set
of

all
ru

les
of
P

th
at

su
b
su

m
e
r.

T
h
e

least
sp

ecia
lization

ls(P
,r,B

)
of
P

b
y
r

w
.r.tB

is
as

follow
s:ls(P

,r,B
)

=
(P
\
S

)∪
(
⋃r
P ∈

S

ls(r
P
,r,B

))

3
.1

.2
P

r
o
b
a
b
il

ist
ic

L
F

IT

T
o

learn
p
rob

ab
ilistic

sy
stem

s,
L

F
IT

rep
resen

t
th

em
as

a
set

of
d
eterm

in
istic

p
rogram

s.
G

iven
a

state
s,

w
e

com
p
u
te

th
e

set
of

p
ossib

le
n
ex

t
states

b
y

q
u
ery

in
g

each
p
rogram

.
F

igu
re

1
(left)

sh
ow

s
a

p
rob

ab
ilistic

sy
stem

P
w

h
ere

th
e

p
ossib

le
su

ccessors
of

th
e

state
111

can
b

e
100,

120
or

001.
T

h
is

b
eh

av
ior

can
b

e
cap

tu
red

b
y

a
set

of
th

ree
d
eterm

in
istic

p
ro

gram
s

{
P

1,P
2,P

3}
(righ

t),
su

ch
th

at
P

1
ob

tain
s

a
tra

n
sition

e
1

=
({
a

1,b
1,c

1},{a
1,b

1,c
1}

),
P

2
ob

tain
s
e

2
=

({
a

1,b
1,c

1},{a
1,b

2,c
0}

),
an

d
P

3
ob

tain
s
e

3
=

({a
1,b

1,c
1},{a

0,b
0,c

0}
).

E
ach

p
rogram

w
ill

also
en

co
d
e

th
e

b
eh

av
ior

of
th

e
sy

stem
for

all
p

ossib
le

oth
er

states.
T

h
is

rep
resen

tation
allow

s
u
s

to
cap

tu
re

an
y

p
rob

ab
ilistic

sy
stem

d
y
n
am

ics.
It

p
rov

id
es

a
m

o
d
el

th
an

can
rep

ro
d
u
ce

th
e

p
ossib

le
b

eh
av

ior
b
u
t

n
o

in
form

ation
ab

ou
t

w
h
ich

tran
sition

is
m

ore
likely

to
o
ccu

r.
T

o
ou

tp
u
t

su
ch

in
form

ation
,

p
rob

ab
ilities

h
av

e
to

b
e

ex
tracted

from
ob

served
tran

sition
s

an
d

refl
ected

in
th

e
m

o
d
el.

T
h
ere

are
m

an
y

w
ay

s
of

en
co

d
in

g
lik

elih
o
o
d

an
d

p
rob

ab
ilities

in
logic

p
rogram

s,
h
en

ce
h
ere

w
e

ch
o
ose

to
sim

p
ly

con
sid

er
ru

les
likelih

o
o
d

in
d
ep

en
d
en

tly
for
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ac

ti
on

eff
ec

ts
an

d
ex

og
en

ou
s

eff
ec

ts
.

T
o

u
se

L
F

IT
,

fi
rs

t
th

e
re

la
ti

on
al

tr
an

si
ti

on
s

h
av

e
to

b
e

tr
an

sf
or

m
ed

to
p
ro

p
o
si

ti
o
n
a
l

o
n
es

,
an

d
la

te
r,

th
e

ou
tp

u
t

p
ro

p
os

it
io

n
a
l

ru
le

s
to

p
la

n
n
in

g
op

er
at

or
s.

•
S
el

ec
t

th
e

su
b
se

t
of

ca
n
d
id

at
e

p
la

n
n
in

g
op

er
at

or
s

th
at

b
es

t
m

o
d
el

s
th

e
tr

a
in

in
g

tr
a
n
-

si
ti

on
s.

T
h
is

is
d
et

ai
le

d
in

S
ec

ti
on

3.
3.
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

In
p
u
t o

b
s
e
rv

a
tio

n
s

R
e
la

tio
n
a
l

in
te

rp
re

ta
tio

n
P
ro

p
o
s
itio

n
a
l

tra
n

s
itio

n
s

L
F
IT

P
ro

b
a
b
ilis

tic

p
ro

p
o
s
itio

n
a
l ru

le
s

O
p
e
ra

to
r

o
p
tim

iz
a
tio

n
B

e
s
t R

D
D

L
 o

p
e
ra

to
rs

G
ro

u
n
d
e
d

tra
n

s
itio

n
s

R
e
la

tio
n
a
l

tra
n

s
itio

n
s

P
ro

p
o
s
itio

n
a
l

tra
n

s
itio

n
s

P
ro

b
a
b
ilis

tic

p
ro

p
o
s
itio

n
a
l ru

le
s

R
e
la

tio
n
a
l p

la
n
n
in

g

o
p
e
ra

to
rs

F
ig

u
re

2
:

D
ata

rep
resen

tation
u
sed

for
each

m
o
d
u
le.

T
h
e

in
p
u
t

an
d

ou
tp

u
t

d
ata

are
sh

ow
n

in
ellip

ses,
an

d
th

e
p
ro

cessin
g

m
o
d
u
les

are
sh

ow
n

in
b

ox
es.

T
h
e

d
ata

rep
resen

ta-
tio

n
u
sed

is
in

d
icated

at
each

step
.

T
h
e

a
im

o
f

th
ese

tran
sform

ation
s

is
to

g
en

eralize
b

etter,
a

relation
al

rep
resen

tation
is

m
ore

co
m

p
a
ct

a
n
d

g
en

eral
as

an
in

fi
n
ite

n
u
m

b
er

of
ob

jects
can

b
e

rep
resen

ted
b
y

each
varia

b
le.

B
y

rep
la

cin
g

o
b

jects
w

ith
variab

les,
L

F
IT

learn
s

ru
les

th
at

m
o
d
el

relation
al

d
ata.

T
h
e

tra
d
e-o

ff
o
f

learn
in

g
relation

al
gen

eralization
s

is
th

at
th

e
n
u
m

b
er

of
gen

erated
relation

al
tra

n
sitio

n
s

is
la

rger
th

an
th

e
n
u
m

b
er

of
in

p
u
t

grou
n
d
ed

tran
sition

s,
w

h
ich

in
creases

th
e

lea
rn

in
g

tim
e.

3
.2

.1
In

p
u
t

N
o
r
m

a
l
iz

a
t
io

n

T
h
e

fi
rst

step
is

to
n
orm

alize
th

e
in

p
u
t

so
th

at
all

state-action
p
a
irs

(s,a
)

in
th

e
train

in
g

d
a
ta

g
et

th
e

sa
m

e
n
u
m

b
er

of
tran

sition
s.

G
iven

a
tran

sition
t

=
(s
t ,a

t ,s ′t ),
th

e
coverage

of
a

p
a
ir

(s,a
)

b
y
t

is
d
efi

n
ed

as
cov

(t,s,a
)

=
(s
t

=
s)∧

(a
t

=
a
).

T
h
is

step
is

sp
ecially

im
p

ortan
t

if
th

e
learn

er
is

in
tegrated

in
a

R
L

m
eth

o
d
,

as
state-

a
ctio

n
p
a
irs

w
ith

h
igh

ex
p

ected
valu

es
w

ill
b

e
v
isited

m
u
ch

often
th

an
th

ose
w

ith
low

ex
p

ected
valu

es.
W

ith
ou

t
n
orm

alizin
g

th
e

in
p
u
t,

w
h
en

u
sin

g
h
eu

ristic
learn

ers,
th

e
selection

o
f

th
e

b
est

o
p

erators
(S

ection
3.3)

w
ou

ld
b

e
b
iased

to
p

erfectly
m

o
d
el

rep
eated

state-action
p
a
irs

a
n
d

ig
n
o
re

rare
on

es.
T

h
e

n
o
rm

a
lization

is
d
on

e
b
y

rep
eatin

g
tran

sition
s

so
th

at
ev

ery
(s,a

)
gets

a
sim

ilar
n
u
m

b
er

o
f

coverin
g

tran
sition

s:

•
In

p
u

t :
gro

u
n
d
ed

tran
sition

s
T

.

•
G

et
m

a
x
im

u
m

coverage
n
m
a
x

=
m

ax
(s,a

) |{t|
cov

(t,s,a
),
t∈

T}|.

•
F

o
r

ea
ch

(s,a
)

covered
b
y
T
′⊂

T
(w

ith
|T
′|
>

1):

–
N

u
m

b
er

of
tim

es
each

tran
sition

s
sh

ou
ld

b
e

rep
eated

:
n
r
ep

=
n
m
a
x /|T

′|.
–

A
d
d
n
r
ep

tim
es

each
t ′∈

T
′

to
T
o
u
t .

•
O

u
tp

u
t:

n
orm

alized
tran

sition
s
T
o
u
t .
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M
a
r
t́
ın

e
z

e
t

a
l
.

N
ote

th
at

th
is

in
p
u
t

n
orm

alization
is

u
sed

ex
clu

sively
to

calcu
late

th
e

likelih
o
o
d

of
th

e
sets

of
op

erators
(S

ec.
3.3),

an
d

it
is

n
ot

u
sed

for
th

e
R

L
ex

p
loration

n
or

th
e

con
fi
d
en

ce
in

th
e

op
erators.

M
oreov

er,
it

d
o
es

n
ot

h
ave

an
im

p
act

on
p

erform
an

ce
if

im
p
lem

en
ted

correctly.
E

very
tran

sition
sh

ou
ld

h
ave

a
cou

n
ter

rep
resen

tin
g

th
e

n
u
m

b
er

of
tim

es
it

is
rep

eated
to

avoid
ex

tra
com

p
u
tation

.

3
.2

.2
G

r
o
u
n
d
e
d

t
o

R
e
l
a
t
io

n
a
l

T
r
a
n
sit

io
n
s

T
h
e

goal
is

to
ob

tain
a

relation
al

rep
resen

tation
th

at
can

gen
eralize

to
d
iff

eren
t

ob
jects.

If
th

e
d
y
n
am

ics
of

an
ob

ject
are

learn
ed

,
th

e
sam

e
d
y
n
am

ics
can

b
e

ap
p
lied

to
oth

er
ob

jects,
n
ot

req
u
irin

g
ex

am
p
les

of
every

p
ossib

le
grou

n
d
in

g.
S
in

ce
gen

eratin
g

all
p

ossib
le

relation
al

com
b
in

ation
s

of
every

tra
n
sition

w
ou

ld
b

e
h
igh

ly
in

effi
cien

t,
w

e
lim

it
th

e
n
u
m

b
er

of
relation

al
variab

les
to

a
fi
x
ed

n
u
m

b
er
ω

,
w

h
ich

im
p

oses
a

lim
it

on
th

e
m

ax
im

u
m

n
u
m

b
er

of
variab

les
th

at
learn

ed
op

erators
w

ill
h
ave.

T
h
is

ty
p

e
of

con
strain

t
h
as

b
een

freq
u
en

t
in

p
rev

iou
s

w
ork

s
to

tack
le

com
p
lex

d
om

ain
s

(M
ou

rão
et

al.,
2012;

W
alsh

et
al.,

2009;
A

m
ir

an
d

C
h
an

g,
2008).

S
electin

g
th

e
righ

t
valu

e
of
ω

is
im

p
ortan

t.
T

o
learn

eff
ects

th
at

in
v
olve

n
ob

jects,
a

valu
e
ω
≥
n

is
req

u
ired

.
H

ow
ever,

th
e

n
u
m

b
er

of
relation

al
tran

sition
s

scales
ex

p
on

en
tially

w
ith

ω
,

th
u
s

a
large

valu
e

of
ω

is
in

tractab
le.

T
h
is

m
o
d
u
le

gen
erates

all
p

ossib
le

relation
al

tran
sition

s
w

ith
at

m
o
st
ω

va
riab

les.
F

or
every

tran
sition

t∈
T

,
th

e
follow

in
g

m
eth

o
d

is
ap

p
lied

:

•
In

p
u

t :
grou

n
d
ed

tran
sition

t
=

(s,a
,s ′),

m
ax

variab
les

ω
.

W
e

d
efi

n
e

th
e

ob
jects

in
s

as
b
s,i

an
d

th
e

ob
jects

in
a

as
b
a
,i .

T
h
e

action
a

h
as
m

ob
jects.

•
In

itialize
an

em
p
ty

set
V
o
bj

of
ob

ject
com

b
in

ation
s.

•
O

b
tain

com
b
in

ation
s

of
ω

ob
jects.

F
or

each
com

b
in

ation
of
ω−

m
ob

jects
(b
s,1 ,...b

s,ω−
m

)
th

at
are

n
ot

in
th

e
action

(b
s,i 6=

b
a
,j ,∀

i,j)
d
o:

–
C

reate
v
o
bj

=
(b
a
,1 ,...b

a
,m
,b
s,1 ,...b

s,ω−
m

)
w

h
ere

(b
a
,1 ,...b

a
,m

)
a
re

th
e

ob
jects

in
th

e
action

a
.

–
A

d
d
v
o
bj

to
V
o
bj .

•
F

or
each

v
o
bj ∈

V
o
bj :

–
A

n
ew

tran
sition

t ′
=
t

is
created

.

–
R

ep
lace

in
t ′

all
ob

jects
in
v
o
bj

for
variab

les.

–
R

em
ov

e
from

t ′
an

y
rem

ain
in

g
literal

w
ith

ob
jects.

–
A

d
d

th
e

n
ew

tran
sition

t ′
to
T
′.

•
O

u
tp

u
t :

a
set

of
relation

al
tran

sition
s
T
′.

E
x
a
m

p
le

6
G

iven
a

gro
u

n
d
ed

tra
n

sitio
n

(s,a
→
s ′)

:

a
t(r1)∧

roa
d
(r2

,r3)∧
roa

d
(r1

,r3),m
ov
e(r3)→

roa
d
(r1,r3)∧

roa
d
(r2

,r3)∧
a
t(r3),
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

th
e

fo
ll

o
w

in
g

re
la

ti
o
n

a
l

tr
a
n

si
ti

o
n

s
a
re

ge
n

er
a
te

d
(ω

=
2)

:

v o
bj

=
(r

3,
r1

)
:
a
t(

?Y
)
∧
ro
a
d
(?
Y
,?
X

),
m
ov
e(

?X
)
→

ro
a
d
(?
Y
,?
X

)
∧
a
t(

?X
);

v o
bj

=
(r

3,
r2

)
:
ro
a
d
(?
Y
,?
X

),
m
ov
e(

?X
)
→

ro
a
d
(?
Y
,?
X

)
∧
a
t(

?X
).

3
.2

.3
R

e
l
a
t
io

n
a
l

t
o

P
r
o
p
o
si

t
io

n
a
l

T
r
a
n
si

t
io

n
s

T
o

cr
ea

te
th

e
in

p
u
t

th
at

L
F

IT
re

q
u
ir

es
,

w
h
ic

h
ar

e
p
ai

rs
(s
,s
′ )

of
p
ro

p
os

it
io

n
al

st
at

es
,

a
li
b
ra

ry
L
co
n
v

th
at

co
n
ve

rt
s

b
et

w
ee

n
re

la
ti

on
al

an
d

p
ro

p
os

it
io

n
al

at
om

s
is

cr
ea

te
d
.

F
or

ea
ch

re
la

ti
on

al
at

om
d
r
,

a
n
ew

p
ro

p
os

it
io

n
al

at
om

d
p

is
cr

ea
te

d
an

d
th

e
p
ai

r
(d
r
,d
p
)

is
ad

d
ed

to
L
co
n
v
.

U
si

n
g
L
co
n
v
,

ev
er

y
th

in
g

is
su

b
st

it
u
te

d
b
y

it
s

p
ro

p
os

it
io

n
al

co
u
n
te

rp
ar

t:

•
R

el
at

io
n
al

li
te

ra
ls

ar
e

re
p
re

se
n
te

d
w

it
h

p
ro

p
os

it
io

n
a
l

at
om

s
th

at
ta

k
e

th
e

va
lu

es
1

(t
ru

e)
or

0
(f

al
se

).

•
R

el
at

io
n
al

tr
an

si
ti

on
s

ar
e

tr
ip

le
s

(s
,a
,s
′ )

,
w

h
il
e

p
ro

p
os

it
io

n
al

tr
an

si
ti

on
s

ar
e

p
ai

rs
(s
,s
′ )

.
T

h
er

ef
or

e,
an

ad
d
it

io
n
al

m
u
lt

i-
va

lu
ed

at
om

is
ad

d
ed

to
p
ro

p
os

it
io

n
al

tr
an

si
-

ti
on

s
to

re
p
re

se
n
t

th
e

ac
ti

on
(i

f
th

e
ag

en
t

ex
ec

u
te

d
an

ac
ti

on
d
u
ri

n
g

th
at

tr
an

si
ti

on
).

T
h
is

at
om

ta
k
es

as
va

lu
e

th
e

co
rr

es
p

on
d
in

g
ac

ti
on

n
am

e
in
L
co
n
v
,

or
“
n

oa
ct

io
n

”
if

th
er

e
is

n
o

ac
ti

on
.

In
th

e
in

p
u
t,

th
e

“
n

oa
ct

io
n

”
va

lu
e

w
il
l

on
ly

b
e

u
se

d
in

th
os

e
tr

an
si

ti
on

s
w

h
er

e
th

e
ro

b
ot

d
id

n
ot

ex
ec

u
te

an
y

ac
ti

on
.

In
th

e
ou

tp
u
t,

it
id

en
ti

fi
es

ex
og

en
ou

s
eff

ec
ts

.
N

ot
e

th
at

li
te

ra
ls

ar
e

b
in

ar
y,

so
th

e
m

u
lt

i-
va

lu
ed

re
p
re

se
n
ta

ti
o
n

is
on

ly
re

q
u
ir

ed
to

m
o
d
el

th
e

ac
ti

on
,

as
th

er
e

m
ay

b
e

m
or

e
th

an
2

d
iff

er
en

t
a
ct

io
n
s,

an
d

on
ly

on
e

ac
ti

on
ca

n
b

e
ex

ec
u
te

d
p

er
tr

an
si

ti
on

.

E
x
a
m

p
le

7
U

si
n

g
th

e
re

la
ti

o
n

a
l

tr
a
n

si
ti

o
n

s
in

ex
a
m

p
le

6
,

th
e

fo
ll

o
w

in
g

li
br

a
ry

is
cr

ea
te

d
L
co
n
v

=
{(
a
t(

?Y
),
b1

),
(a
t(

?X
),
b2

),
(r
oa
d
(?
Y
,?
X

),
b3

),
(m
ov
e(

?X
),
b4

)}
.

T
h
e

p
ro

po
si

ti
o
n

a
l

tr
a
n

si
ti

o
n

s
o
bt

a
in

ed
by

u
si

n
g
L
co
n
v

a
re

:

(b
1=

1)
∧

(b
3=

1)
∧

(a
ct
io
n

=
b4

)
→

(b
3=

1)
∧

(b
2=

1)
;

(b
3=

1)
∧

(a
ct
io
n

=
b4

)
→

(b
3=

1)
∧

(b
2=

1)
.

3
.2

.4
G

e
n
e
r
a
t
io

n
o
f

R
u
l
e
s

T
h
e

L
F

IT
fr

am
ew

or
k

is
u
se

d
to

ob
ta

in
th

e
se

t
of

p
ro

b
ab

il
is

ti
c

ca
n
d
id

at
e

ru
le

s
fr

om
a

se
t

of
p
ro

p
os

it
io

n
tr

an
si

ti
on

s
(s
,s
′ )

.
L

F
IT

in
d
u
ce

s
a

se
t

of
n

o
rm

a
l

lo
gi

c
p
ro

gr
a
m

s
th

at
re

al
iz

e
th

e
gi

v
en

tr
an

si
ti

on
s.

O
u
r

ap
p
ro

ac
h

u
se

s
th

e
sp

ec
ia

li
za

ti
on

an
d

p
ro

b
ab

il
is

ti
c

al
g
or

it
h
m

of
L

F
IT

,
so

it
le

ar
n
s

th
e

se
ts

of
m

in
im

al
p
ro

b
ab

il
is

ti
c

ru
le

s
th

at
m

o
d
el

al
l

eff
ec

ts
ap

p
ea

ri
n
g

in
th

e
in

p
u
t

tr
an

si
ti

on
s.

T
h
e

le
ar

n
ed

se
ts

ar
e

co
m

b
in

ed
in

to
a

si
n
gl

e
se

t
b

ef
or

e
co

n
ve

rt
in

g
th

em
to

p
la

n
n
in

g
op

er
at

or
s.

L
F

IT
le

ar
n
s

b
ot

h
ac

ti
on

eff
ec

ts
a
n
d

ex
og

en
o
u
s

eff
ec

ts
b

ec
au

se
th

e
ac

ti
on

is
ju

st
an

ot
h
er

at
om

th
at

m
ay

or
m

ay
n
ot

ap
p

ea
r

in
th

e
b

o
d
y

of
a

ru
le

.
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E
x
a
m

p
le

8
U

si
n

g
a

la
rg

er
se

t
o
f

p
ro

po
si

ti
o

n
a
l

tr
a
n

si
ti

o
n

s
su

ch
a
s

th
e

o
n

es
o
bt

a
in

ed
p
re

-
vi

o
u

sl
y,

L
F

IT
co

u
ld

o
bt

a
in

a
se

t
o
f

ru
le

s
su

ch
a
s:

(b
2=

1)
:

0.
8
←

(b
1=

1
)
∧

(b
3=

1)
∧

(a
ct
io
n

=
b4

);

(b
2=

1)
:

0.
1
←

(b
1=

1
)
∧

(b
3=

0)
∧

(a
ct
io
n

=
b4

);

(b
1=

1)
:

0.
6
←

(b
2=

1)
;

··
·

3
.2

.5
P

r
o
p
o
si

t
io

n
a
l

R
u
l
e
s

t
o

P
l
a
n
n
in

g
O

p
e
r
a
t
o
r
s

P
la

n
n
in

g
op

er
at

or
s

(e
q
.

1)
ca

n
b

e
re

co
n
st

ru
ct

ed
fr

om
p
ro

b
ab

il
is

ti
c

ru
le

s
(e

q
.

4
)

b
y

u
si

n
g

th
e

li
b
ra

ry
L
co
n
v

cr
ea

te
d

b
ef

or
e.

F
or

ea
ch

p
ro

p
os

it
io

n
a
l

ru
le

:

•
T

h
e

at
om

s
in

th
e

b
o
d
y

an
d

h
ea

d
of

th
e

ru
le

ar
e

tr
an

sf
or

m
ed

to
re

la
ti

on
a
l

o
n
es

(u
si

n
g

L
co
n
v
),

an
d

ad
d
ed

to
th

e
b

o
d
y

an
d

h
ea

d
of

a
p
la

n
n
in

g
op

er
at

or
.

•
T

h
e

ac
ti

on
is

ex
tr

ac
te

d
fr

om
th

e
m

u
lt

i-
va

lu
ed

ac
ti

on
at

om
in

th
e

ru
le

b
o
d
y.

If
th

e
at

om
is

p
re

se
n
t,

th
e

co
rr

es
p

on
d
in

g
ac

ti
on

in
L
co
n
v

is
ad

d
ed

to
th

e
op

er
a
to

r.

E
x
a
m

p
le

9
G

iv
en

th
a
t

L
F

IT
h
a
d

le
a
rn

ed
th

e
fo

ll
o
w

in
g

ru
le

(b
2=

1)
:

0.
8
←

(b
1=

1)
∧

(b
3=

1)
∧

(a
ct
io
n

=
b4

),

u
si

n
g

th
e

li
br

a
ry
L
co
n
v

ge
n

er
a
te

d
in

ex
a
m

p
le

7
,

th
e

re
su

lt
in

g
o
pe

ra
to

r
o(

?X
,?
Y

)
is

a
t(

?X
)

:
0
.8
←
a
t(

?Y
)
∧
ro
a
d
(?
Y
,?
X

),
m
ov
e(

?X
).

T
ra

d
it

io
n
al

ly
,

P
P

D
D

L
(Y

ou
n
es

an
d

L
it

tm
an

,
20

04
)

h
as

b
ee

n
th

e
st

an
d
a
rd

la
n
g
u
a
g
e

to
m

o
d
el

p
ro

b
ab

il
is

ti
c

d
om

ai
n
s,

b
u
t

it
ca

n
n
ot

m
o
d
el

ex
og

en
ou

s
eff

ec
ts

d
ir

ec
tl

y
(P

P
D

D
L

1
.0

ru
le

s
m

o
d
el

ac
ti

on
s,

n
ot

ex
og

en
ou

s
eff

ec
ts

).
T

h
er

ef
or

e,
ou

r
ap

p
ro

ac
h

u
se

s
th

e
R

D
D

L
la

n
-

gu
ag

e
(S

an
n
er

,
20

10
),

w
h
ic

h
h
as

b
ee

n
th

e
st

an
d
ar

d
fo

r
th

e
la

te
st

p
ro

b
ab

il
is

ti
c

p
la

n
n
in

g
co

m
p

et
it

io
n
s

(I
P

P
C

20
11

an
d

20
14

).
W

ri
ti

n
g

ou
r

p
la

n
n
in

g
op

er
at

or
s

w
it

h
R

D
D

L
is

st
ra

ig
h
t-

fo
rw

ar
d
,

an
d

th
is

la
n
gu

ag
e

ca
n

b
e

u
se

d
d
ir

ec
tl

y
b
y

st
at

e-
of

-t
h
e

ar
t

p
la

n
n
er

s.
R

D
D

L
o
b

je
ct

s
an

d
va

ri
ab

le
s

h
av

e
ty

p
es

,
an

d
a

va
ri

ab
le

ca
n

on
ly

b
e

su
b
st

it
u
te

d
b
y

an
ob

je
ct

o
f

th
e

sa
m

e
ty

p
e.

H
ow

ev
er

,
fo

r
cl

ar
it

y
an

d
si

m
p
li
ci

ty
,

w
e

as
su

m
e

th
ro

u
gh

th
e

p
ap

er
th

a
t

th
er

e
a
re

n
o

ty
p

es
,

as
ad

d
in

g
th

em
is

tr
iv

ia
l.

3
.3

P
la

n
n

in
g

O
p

e
ra

to
r

S
e
le

c
ti

o
n

L
F

IT
p
ro

v
id

es
th

e
se

t
of

m
in

im
al

ru
le

s
(t

h
at

h
av

e
b

ee
n

tr
an

sf
or

m
ed

to
p
la

n
n
in

g
o
p

er
a
to

rs
)

th
at

d
es

cr
ib

e
al

l
th

e
tr

an
si

ti
on

s.
N

o
te

th
at

L
F

IT
le

ar
n
s

th
e

se
t

of
m

in
im

al
ru

le
s,

a
n
d

n
o
t

th
e

m
in

im
al

se
t

of
ru

le
s,

so
m

an
y

op
er

at
or

s
m

ay
m

o
d
el

th
e

sa
m

e
ch

a
n
ge

s
a
n
d

u
n
d
er

fi
t

o
r

ov
er

fi
t.

T
h
e

su
b
se

t
of

op
er

at
or

s
to

m
o
d
el

th
e

tr
an

si
ti

on
d
y
n
am

ic
s

is
se

le
ct

ed
a
s

fo
ll
ow

s:

•
A

sc
or

e
fu

n
ct

io
n

is
d
efi

n
ed

to
ev

al
u
at

e
th

e
p
la

n
n
in

g
op

er
at

or
s.

•
A

h
eu

ri
st

ic
se

ar
ch

al
go

ri
th

m
se

le
ct

s
th

e
se

t
of

op
er

at
or

s
th

at
m

ax
im

iz
es

th
e

sc
o
re

.
N

ot
e

th
at

th
is

se
t

m
ay

d
iff

er
fr

om
th

e
ac

tu
al

m
o
d
el

,
a
s

it
d
ep

en
d
s

o
n

th
e

co
ve

ra
g
e

o
f

th
e

in
p
u
t

tr
an

si
ti

on
s

an
d

th
e

q
u
al

it
y

of
th

e
sc

or
e

fu
n
ct

io
n
.

•
T

h
e

su
b
su

m
p
ti

on
tr

ee
is

u
se

d
to

im
p
ro

ve
effi

ci
en

cy
b
y

p
ar

ti
ti

on
in

g
th

e
se

t
o
f
ca

n
d
id

a
te

s
in

to
sm

al
le

r
su

b
se

ts
.
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

3
.3

.1
S
c
o
r
e

F
u
n
c
t
io

n

T
h
e

sco
re

fu
n
ction

valu
es

th
e

q
u
ality

of
a

set
of

op
erators.

T
h
e

follow
in

g
fu

n
ctio

n
s

are
u
sed

b
y

th
e

sco
re

fu
n
ction

:

•
T

h
e

lik
elih

o
o
d

is
th

e
p
rob

ab
ility

th
at

a
tran

sition
t

=
(s,a

,s ′)
is

covered
b
y

a
set

of
p
la

n
n
in

g
op

eratorsO
:

P
(t|O

)
=

∏

c∈
ch

a
n

g
es(t) P

(c|O
,s,a

).
(5)

•
T

h
e

p
en

a
lty

term
P
en

(o)
=
|bod

y
(o)|

is
th

e
n
u
m

b
er

of
atom

s
in

th
e

op
erator

b
o
d
ies.

•
T

h
e

con
fi
d
en

ce
C
on
f

(T
,ô,ε)

is
ob

ta
in

ed
from

(H
o
eff

d
in

g,
1963)’s

in
eq

u
ality.

T
h
e

p
ro

b
a
b
ility

th
at

an
estim

ate
ô
p
r
o
b

is
accu

rate
en

ou
gh

,
i.e.

|ô
p
r
o
b −

o
p
r
o
b |
≤

ε,
is

b
o
u
n
d
ed

b
y
C
on
f

(T
,ô,ε)≤

1−
e −

2
ε
2|T

ô |,
w

h
ere|T

ô |
is

th
e

n
u
m

b
er

tran
sition

s
cov

ered
b
y
ô.

F
in

a
lly,

th
e

p
ro

p
osed

score
fu

n
ction

is
d
efi

n
ed

as

s(O
,T

)
=

Et∈
T

[log
(P

(t|O
))]−

α ∑o∈O

P
en

(o)

C
on
f

(T
,o,ε) ,

(6)

w
h
ere

α
>

0
is

a
scalin

g
p
aram

eter
for

th
e

p
en

alty
term

.
T

h
is

score
fu

n
ction

is
b
ased

o
n

P
a
su

la
et

a
l.

(2007)’s
on

e,
w

h
ere

th
e

likelih
o
o
d

is
m

ax
im

ized
to

ob
tain

op
erators

th
at

ex
p
la

in
th

e
tran

sition
s

w
ell,

an
d

th
e

p
en

alty
term

is
m

in
im

ized
to

p
refer

gen
eral

op
erators

w
h
en

sp
ecifi

c
o
n
es

h
ave

very
lim

ited
con

trib
u
tion

s.
In

con
trast

to
P

asu
la

et
a
l.’s

ap
p
ro

ach
,

th
e

co
n
fi
d
en

ce
term

is
ad

d
ed

so
th

at
th

e
p

en
alty

is
in

creased
w

h
en

few
tran

sition
s

are
ava

ila
b
le,

a
s

th
e

estim
ates

are
less

reliab
le.

3
.3

.2
H

e
u
r
ist

ic
S
e
a
r
c
h

G
iven

a
set

o
f

op
eratorsO

w
ith

th
e

sam
e

h
ead

,
a

h
eu

ristic
search

m
eth

o
d

is
u
sed

to
fi
n
d

th
e

b
est

su
b
set

of
op

erators
th

at
m

ax
im

izes
th

e
score

fu
n
ction

.
T

o
th

at
en

d
,

w
e

d
efi

n
e

th
e

h
eu

ristic
versio

n
of

th
e

ch
an

ge
likelih

o
o
d

(eq
.

3)
as:

P
h (c|O

)
=



P
(c|o

g ),
∃
!o
g ∈

G
r(O

)|P
(c|o

g )
>

0

1−
δ,

@
o
g ∈

G
r(O

)|cov
(o
g ,s,a

)

0
,

oth
erw

ise
(|G

r(O
)|
>

1),

(7)

w
h
ere

δ
is

a
p
aram

eter
th

at
can

trad
e

q
u
ality

for
effi

cien
cy.

T
h
is

h
eu

ristic
m

o
d
ifi

es
th

e
ch

a
n
g
e

likelih
o
o
d

(eq
.

3)
w

h
en

n
o

op
erator

covers
th

e
ch

an
ge,

giv
in

g
a

likelih
o
o
d

of
1−

δ
in

stea
d

o
f

0
.

T
h
e

h
eu

ristic
score

fu
n
ction

s
h (O

,T
)

is
d
efi

n
ed

as
th

e
score

fu
n
ction

(eq
.

6)
b
u
t

rep
la

cin
g

th
e

stan
d
ard

ch
an

ge
likelih

o
o
d

(eq
.

3)
w

ith
th

is
h
eu

ristic
likelih

o
o
d
.

T
h
is

h
eu

ristic
gets

th
e

ex
p

ected
likelih

o
o
d

th
at

can
b

e
o
b
tain

ed
b
y

ad
d
in

g
n
ew

op
erators

to
O

.
W

h
en

δ
=

0,
it

w
ork

s
as

an
ad

m
issib

le
h
eu

ristic
(p

rop
.

1)
as

it
gives

th
e

m
ax

im
u
m

likelih
o
o
d

=
1

to
u
n
covered

ch
an

ges.
W

h
en

δ
>

0
b
u
t

close
to

0
,

th
en

th
e

h
eu

ristic
p

en
alizes

very
sp

ecifi
c

op
erators

w
h
en

m
ore

gen
era

l
op

erators
w

ith
a

h
igh

lik
elih

o
o
d

are
also
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M
a
r
t́
ın

e
z

e
t

a
l
.

availab
le.

T
h
e

p
ractical

resu
lt

is
th

at
th

e
algorith

m
u
su

ally
ru

n
s

faster,
b
u
t

th
e

h
eu

ristic
is

n
ot

ad
m

issib
le

an
y
m

ore.

A
lgorith

m
2

selects
th

e
b

est
su

b
set

of
op

erators
to

ex
p
lain

th
e

in
p
u
t

tran
sition

s.
In

lin
e

1,
th

e
can

d
id

ate
list

Γ
is

in
itialized

b
y

creatin
g

on
e

sep
arate

su
b
set

for
each

op
erator

in
th

e
in

p
u
t

set
of

can
d
id

atesO
in
p
u
t .

N
ote

th
at

Γ
is

a
set

of
sets

of
p
lan

n
in

g
o
p

erators,
w

h
ich

is
in

itialized
to

Γ
=
{{o

1 }
,...,{

o
n }}

a
ssu

m
in

g
th

atO
in
p
u
t

=
{
o

1 ,...,o
n }

.
A

fterw
ard

s,
lin

es
2-3

fi
n
d

th
e

b
est

su
b
set

in
Γ

(w
h
ich

is
th

e
b

est
set

w
ith

o
n
ly

o
n
e

op
erator).

F
rom

th
at

p
oin

t,
th

e
can

d
id

ate
sets

in
Γ

are
iteratively

join
ed

togeth
er

to
fi
n
d

th
e

b
est

set
w

ith
an

y
n
u
m

b
er

of
op

erators,
u
n
til

n
on

e
h
as
s
h (O

,T
)
>
m
a
x
sco

r
e

(lin
es

4-17).
In

lin
es

5-6,
th

e
can

d
id

ate
O

w
ith

th
e

largest
h
eu

ristic
score

is
selected

an
d

rem
oved

from
Γ

.
T

h
en

,
in

lin
es

7-9
,

n
ew

can
d
id

ates
are

gen
erated

b
y

com
b
in

in
g

th
e

selected
su

b
setO

w
ith

every
su

b
set

in
Γ

.
T

h
e

IsN
ew

m
eth

o
d

ch
eck

s
th

at
th

e
n
ew

can
d
id

ate
h
as

n
ot

b
een

alread
y

an
aly

zed
.

If
an

y
of

th
e

n
ew

can
d
id

ates
h
as

a
n
ew

b
est

score,
it

is
saved

as
th

e
b

est
can

d
id

ate
(lin

es
10-13

).
F

in
ally,

th
e

n
ew

can
d
id

ates
are

ad
d
ed

to
Γ

.

T
h
is

m
eth

o
d

w
ork

s
as

a
search

algorith
m

gu
id

ed
b
y

an
h
eu

ristic.
T

h
e

n
o
d
es

to
b

e
an

aly
zed

are
th

e
su

b
sets

of
op

erators
stored

in
Γ

,
w

h
ere
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n
ea

r
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m

al
.

T
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e
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a
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c
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e
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L
e
a
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o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

a
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X
) 

�

 ¬
b
(?

X
) 

�

 c
(?

X
)

∅

¬
b
(?

X
)

c
(?

X
)

b
(?

X
)

a
(?

X
)

a
(?

X
) ∧

 ¬
b
(?

X
)

a
(?

X
) ∧

c
(?

X
)

F
ig

u
re

3
:

E
x
a
m

p
le

of
a

O
I-su

b
su

m
p
tion

tree.
E

ach
letter

(a,
b
,

c)
rep

resen
ts

a
literal

in
th

e
ex

ten
d
ed

b
o
d
y

of
a

p
lan

n
in

g
op

erator.
T

h
e

leaves
are

th
e

n
o
d
es

p
ain

ted
in

b
lu

e.

in
m

o
st

ca
ses

P
(O

)
>
>
R
eg

(O
).

T
h
e

op
erators

in
th

e
leaves

m
ax

im
ize

P
(O

)
as

th
ey

are
m

o
re

sp
ecia

lized
,

w
h
ile

th
e

op
erators

n
ear

th
e

ro
ot

m
ax

im
ize

R
eg

(O
)

as
th

ey
are

m
ore

g
en

era
l.

T
h
u
s,

th
e

su
b
set

of
leaves

selected
in

th
e

fi
rst

iteration
u
su

ally
is

n
ear

op
tim

al,
a
n
d

a
fterw

ard
s

th
e

m
eth

o
d

on
ly

h
as

to
fi
n
d

th
e

righ
t

level
of

gen
eralization

.

N
ote

th
a
t

if
th

e
O

I-su
b
su

m
p
tion

tree
is

u
sed

,
th

e
b

est
op

erators
m

ay
b

e
close

to
th

e
ro

ot
o
f

th
e

tree
(a

n
d

th
u
s

th
ey

w
ill

b
e

an
aly

zed
at

th
e

en
d
),

so
th

e
learn

er
sh

o
u
ld

n
’t

b
e

u
sed

as
a
n

a
n
y
tim

e
a
lg

o
rith

m
.

H
ow

ever,
th

e
p
ro

cessin
g

tim
e

can
still

b
e

b
ou

n
d
ed

w
ith

satisfactory
resu

lts
b
y

lim
itin

g
th

e
size

of
Γ

to
κ

sets
in

A
lgorith

m
2.

4
.

In
te

g
ra

tio
n

w
ith

R
L

In
th

is
sectio

n
w

e
p
resen

t
h
ow

to
in

tegrate
th

e
m

o
d
el

learn
er

w
ith

a
R

L
ap

p
roach

.
T

h
e

o
b

jective
is

to
allow

an
agen

t
to

learn
an

d
solve

a
task

from
scratch

b
y

u
sin

g
a

task
p
lan

n
er

a
n
d

th
e

learn
er

p
resen

ted
b

efore.

M
o
d
el-b

a
sed

R
L

h
as

p
roven

to
b

e
an

ex
cellen

t
to

ol
to

learn
an

d
solve

a
task

th
at

is
u
n
k
n
ow

n
in

itially
(L

ittm
an

,
2015).

T
h
ere

are
several

R
L

ap
p
roach

es
th

at
can

learn
co

m
p
lete

rela
tion

al
m

o
d
els

for
p
lan

n
in

g
(D

žerosk
i

et
al.,

20
01;

D
iu

k
et

al.,
200

8;
W

alsh
et

a
l.,

2
0
09

),
b
u
t

th
ey

req
u
ire

a
large

am
ou

n
t

of
sam

p
les

to
m

ake
su

re
th

at
th

ey
can

so
lve

th
e

p
ro

b
lem

(W
alsh

,
2010).

O
th

er
ap

p
roach

es
u
se

h
eu

ristics
to

red
u
ce

th
e

n
u
m

b
er

of
sa

m
p
les

n
eed

ed
to

m
ake

th
e

p
rob

lem
tracta

b
le,

su
ch

as
T

E
X

P
L

O
R

E
(H

ester
an

d
S
ton

e,
2
0
1
3
)

a
n
d

R
E

X
(L

an
g

et
al.,

2012).
S
p

ecifi
cally,

R
E

X
u
ses

P
asu

la
et

al.
(2007

)’s
m

o
d
el

lea
rn

er
in

tern
a
lly,

an
d

p
rop

oses
an

ex
p
loration

m
eth

o
d

b
ased

on
R

-M
A

X
(B

rafm
an

an
d

T
en

n
en

h
o
ltz,

2
003)

an
d
E

3
(K

earn
s

an
d

S
in

gh
,

2002)
th

at
tak

es
ad

van
tage

o
f

th
e

relation
al

rep
resen

ta
tio

n
to

gen
eralize

an
d

red
u
ce

th
e

ex
p
loration

req
u
ired

to
lea

rn
relation

al
task

s.
H

ow
ever,

R
E

X
can

ob
tain

m
o
d
els

th
at

are
a

lo
cal

m
in

im
u
m

as
th

ey
cu

t
ex

p
loration

.

O
u
r

o
b

jective
is

to
learn

m
o
d
els

w
ith

ou
t

req
u
irin

g
to

o
m

an
y

in
p
u
t

tran
sition

s.
T

h
erefore

w
e

ch
o
o
se

to
u
se

th
e

V
-M

IN
algorith

m
(M

art́ın
ez,

A
len

y
à,

an
d

T
orras,

2
01

5b
)

as
th

e
R

L
fra

m
ew

o
rk

.
V

-M
IN

ex
ten

d
s

th
e

R
E

X
(L

an
g

et
al.,

2012
)

w
ith

active
learn

in
g:

it
ex

p
lores

1
9
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M
a
r
t́
ın

e
z

e
t

a
l
.

to
learn

th
e

b
asic

d
y
n
am

ics
of

th
e

action
s,

b
u
t

w
h
en

it
can

n
ot

fi
n
d

a
p
lan

w
ith

valu
e

larger
th

an
a

certain
th

resh
old

V
m
in

,
it

req
u
ests

h
elp

from
a

teach
er.

In
con

trast
to

R
E

X
,

V
-M

IN
can

en
su

re
th

at
it

w
ill

solve
th

e
task

w
ith

a
valu

e
larger

th
a
n
V
m
in

(given
th

at
th

e
in

tern
al

learn
er

can
ob

tain
th

e
m

o
d
el

for
th

e
task

).
M

oreover,
it

also
p

erform
s

w
ell

w
ith

scarce
ex

p
loration

,
b

ecau
se

even
if

it
m

isses
th

e
ex

p
loration

of
an

im
p

ortan
t

state-action
p
air,

V
-M

IN
w

ill
v
isit

it
later

(if
it

is
n
eed

ed
to

get
V
m
in

)
b
y

req
u
estin

g
d
em

on
stration

s.

M
an

y
R

L
ap

p
roach

es
fo

cu
s

on
learn

in
g

sp
ecifi

c
task

s,
b
u
t

h
ave

tro
u
b
le

w
h
en

p
arts

of
th

e
p
rob

lem
ch

an
ge.

M
o
d
el-b

ased
ap

p
roach

es
h
ave

b
een

p
rop

o
sed

to
learn

m
o
d
els

th
at

gen
eralize

b
etw

een
d
iff

eren
t

states
an

d
n
u
m

b
er

of
ob

jects
(D

iu
k

et
al.,

2008),
w

h
ile

oth
-

ers
h
av

e
ap

p
lied

tran
sfer

learn
in

g
in

com
b
in

ation
w

ith
R

L
to

reu
se

k
n
ow

led
g
e

in
sim

ilar
task

s
(K

on
id

aris
et

al.,
2012).

T
h
e

R
E

X
an

d
V

-M
IN

algorith
m

s
learn

relation
al

op
erators

th
at

can
b

e
u
sed

b
y

stan
d
ard

p
lan

n
ers,

w
h
ich

p
rov

id
es

a
great

fl
ex

ib
ility

in
th

e
ch

an
ges

th
at

can
b

e
m

ad
e

to
th

e
task

w
ith

ou
t

h
av

in
g

to
relearn

or
ad

ap
t

th
e

m
o
d
el.

U
sin

g
T

ay
lor

an
d

S
ton

e
(2009)’s

tran
sfer

learn
in

g
categorization

,
th

e
follow

in
g

ch
an

ges
can

b
e

d
o
n
e:

•
T

h
e

in
itial

state,
th

e
goal

state,
an

d
th

e
n
u
m

b
er

of
ob

jects
can

b
e

ch
an

ged
w

ith
ou

t
req

u
irin

g
fu

rth
er

learn
in

g.

•
T

h
e

rew
ard

fu
n
ction

can
ch

an
ge

w
ith

ou
t

h
av

in
g

to
m

o
d
ify

th
e

rest
of

th
e

m
o
d
el.

V
-M

IN
in

ad
d
ition

can
in

corp
orate

n
ew

action
s

easily
to

th
e

m
o
d
el

th
rou

gh
d
em

on
stration

s
if

th
ey

are
n
eed

ed
to

get
a

valu
e
>
V
m
in

.
T

h
is

resu
lts

in
an

ap
p
roach

w
ith

go
o
d

ad
ap

tation
cap

ab
ilities

w
h
en

com
p
ared

to
oth

er
w

ork
s

(T
ay

lor
an

d
S
ton

e,
2009),

an
d

it
also

h
as

th
e

ad
van

tage
of

learn
in

g
m

o
d
els

w
ith

less
ex

p
loratory

action
s.

T
h
e

d
raw

b
ack

is
th

at
a

teach
er

is
req

u
ired

.

T
h
e

in
clu

sion
of

a
teach

er
in

th
e

learn
in

g
lo

op
h
as

b
een

a
lso

tack
led

b
y

oth
er

ap
p
roach

es.
In

som
e

m
eth

o
d
s

th
e

teach
er

issu
es

corrective
d
em

on
stration

s
w

h
en

th
e

rob
ot

d
o
esn

’t
p

er-
form

as
d
esired

(M
eriçli

et
al.,

2012;
W

alsh
et

a
l.,

2010),
w

h
ich

im
p
lies

th
at

th
e

tea
ch

er
h
as

to
actively

m
on

itor
th

e
agen

t.
T

h
e

tea
ch

er
h
as

also
b

een
u
sed

to
p
rov

id
e

ap
p
roval

or
d
isap

p
roval

of
th

e
agen

t
p

erform
an

ce
(K

n
ox

an
d

S
ton

e,
2012).

W
h
en

u
sin

g
V

-M
IN

,
th

e
agen

t
is

th
e

on
e

th
at

actively
req

u
ests

h
elp

w
h
en

ever
it

is
n
eed

ed
,

an
d

th
u
s

th
e

teach
er

is
free

from
m

on
itorin

g
th

e
agen

t.
O

th
er

ap
p
roach

es
also

req
u
ire

h
elp

d
irectly

from
th

e
agen

t
(G

rollm
an

a
n
d

J
en

k
in

s,
2007;

C
h
ern

ova
an

d
V

eloso,
2
009),

b
u
t

th
ey

on
ly

learn
from

d
em

on
stration

s,
so

th
ey

h
ave

to
req

u
est

a
larger

n
u
m

b
er

of
d
em

on
stration

s
to

learn
.

A
gos-

tin
i

et
al.

(2017)’s
ap

p
roach

req
u
ests

d
em

on
stration

s
from

th
e

teach
er

w
h
en

th
e

p
lan

n
er

can
n
ot

fi
n
d

a
solu

tion
w

ith
its

cu
rren

t
set

of
p
lan

n
in

g
op

erators.
H

ow
ever,

th
is

ap
p
ro

ach
on

ly
w

ork
s

in
goal-d

riven
d
eterm

in
istic

p
rob

lem
s,

an
d

th
e

in
teraction

w
ith

th
e

teach
er

lack
s

fl
ex

ib
ility

as
it

d
o
es

n
ot

con
sid

er
rew

ard
s.

F
in

ally,
W

alsh
et

al.
(2

011)
p
rop

o
sed

a
sim

ilar
ap

p
roach

to
V

-M
IN

w
h
ere

th
e

agen
t

com
m

u
n
icates

th
e

ex
p

ected
valu

e
to

th
e

teach
er,

an
d

if
it

is
low

er
th

an
th

e
op

tim
al

valu
e

th
en

th
e

teach
er

d
em

on
strates

an
actio

n
.

T
h
is

ap
p
roach

can
learn

S
T

R
IP

S
ru

les
effi

cien
tly,

b
u
t

it
w

ou
ld

req
u
ire

m
an

y
in

p
u
t

ex
p

erien
ces

to
learn

ex
ogen

ou
s

eff
ects

in
th

e
sam

e
w

ay
b

ecau
se

th
e

n
u
m

b
er

of
p

ossib
le

ru
les

w
ou

ld
b

e
m

u
ch

larger.

2
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A
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ri
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m

T
h
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R
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al
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ri

th
m

(L
an
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et
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.,

20
12

)
is

d
ev

is
ed

to
ap

p
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re
la

ti
on

al
ge

n
er

a
li
za

ti
on

s
to

R
-M

A
X

,
re

d
u
ci

n
g

th
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lo

ra
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S
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ar
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ve
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b
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e
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on
al

p
la

n
n
in
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o
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er
at

or
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B
as

ed
on

th
es

e
co

n
te

x
ts

,
ex

p
lo

ra
ti

on
is

re
d
u
ce

d
b
y

d
efi

n
in

g
a

co
n
te

x
t-

b
as

ed
d
en

si
ty

fu
n
ct

io
n

th
at

co
n
si

d
er

s
al

l
p

os
si

b
le

st
at

e-
ac

ti
on

p
a
ir

s
in

a
co

n
te

x
t

to
b

e
eq

u
iv

al
en

t
w

h
en

d
ec

id
in

g
if

a
st

at
e

is
k
n
ow

n
.

A
lt

h
ou

gh
ex

p
lo

ra
ti

on
ge

n
er

al
iz

at
io

n
s

im
p
ro

ve
th

e
le

ar
n
in

g
p

er
fo

rm
an

ce
,

th
ey

al
so

h
av

e
d
ra

w
b
ac

k
s.

U
si

n
g

a
co

n
te

x
t-

b
as

ed
co

u
n
t

fu
n
ct

io
n

im
p
li
es

th
at

n
ot

al
l

st
at

es
ar

e
ex

p
lo

re
d

b
ef

or
e

co
n
si

d
er

in
g

th
em

as
k
n
ow

n
,
as

w
e

as
su

m
e

th
at

al
l
st

at
es

w
it

h
in

a
co

n
te

x
t

b
eh

av
e

li
ke

w
is

e.
T

h
u
s,

st
at

e-
ac

ti
on

p
ai

rs
n
ee

d
ed

to
at

ta
in

th
e

b
es

t
p

ol
ic

y
m

ay
n
ot

b
e

v
is

it
ed

an
d

th
ei

r
co

n
te

x
ts

(i
.e

.
p
la

n
n
in

g
op

er
at

or
s)

n
ot

le
ar

n
ed

.
T

h
e

V
-M

IN
al

go
ri

th
m

re
q
u
es

ts
te

ac
h
er

d
em

on
st

ra
ti

on
s

to
le

ar
n

n
ew

ac
ti

on
s

an
d

co
n
-

te
x
ts

,
an

d
im

p
ro

ve
p

er
fo

rm
an

ce
.

It
u
se

s
th

e
co

n
ce

p
t

of
V
m
in

,
w

h
ic

h
is

th
e

m
in

im
u
m

ex
p

ec
te

d
va

lu
e.

If
th

e
p
la

n
n
er

ca
n
n
ot

ob
ta

in
a

va
lu

e
V
π
(s

)
≥
V
m
in

,
it

ac
ti

v
el

y
re

q
u
es

ts
h
el

p
fr

om
a

te
ac

h
er

,
w

h
o

w
il
l
d
em

on
st

ra
te

th
e

b
es

t
ac

ti
on

a
=
π
∗ (
s i

)
fo

r
th

e
cu

rr
en

t
st
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e
s i

.
T

h
er
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or

e,
w

h
en

ex
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lo

ra
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d
ex

p
lo
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n
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ge

r
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d
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d
em
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ra
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u
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ye
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u
n
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n
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n
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p
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h
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p
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w
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u
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h
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d
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p
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d
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p
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p
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d
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d
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p
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p
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ra
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b
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d
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ra
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b
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d
el

.
U

si
n
g

th
e

le
ar

n
er

p
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b
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b
e

le
ar

n
ed

.

A
n
ot

h
er

im
p

or
ta

n
t

p
ie

ce
is

th
e

p
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p
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b
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b
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p
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h
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p
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R
e
l
a
t
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n
a
l

R
e
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f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

•
T
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n

gle
T

irew
o
rld

.
T

h
is

d
om

ain
is

th
e

easiest
on

e,
it

h
as

u
n
certain

eff
ects,

b
u
t

n
o

ex
o
g
en

o
u
s

eff
ects.

It
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m
o
d
eled

w
ith

5
d
iff

eren
t

p
red

icates,
3

actio
n
s,

7
op

erators,
a
n
d

o
p

era
tors

req
u
ire

at
m

ost
2

term
s
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=

2).
T

h
is

d
om

ain
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es
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a
go

o
d

b
a
selin

e
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co
m

p
a
re

w
ith

th
e
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e

art
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th
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n
ot

ex
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ou
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eff
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•
C

ro
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g
T

ra
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T

h
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d
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h
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an
in
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iate
d
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cu
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It
h
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u
n
certain

eff
ects

a
n
d

ex
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en
ou

s
eff

ects,
w

h
ich

m
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it
m

ore
ch

allen
gin

g,
b
u
t

th
e

com
p
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ity
o
f
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e

m
o
d
el

is
still

m
o
d
erate:

8
p
red

icates,
4

action
s,

6
op

erato
rs,

an
d

op
era

tors
take

at
m

o
st

3
term

s.

•
E

leva
to

rs.
T

h
is

is
th

e
m

ost
ch

allen
gin

g
d
om

ain
.

It
h
as

u
n
certain

eff
ects

an
d

ex
ogen

ou
s

eff
ects.

It
is

m
o
d
eled

w
ith

10
p
red

icates,
4

action
s,

17
op

erators,
an

d
op

erators
take

a
t

m
o
st

3
term

s.

5
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E
v
a
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a
tio

n
o
f

th
e

M
o
d

e
l

L
e
a
rn

e
r

T
o
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lu

ate
th

e
learn

er
p
resen

ted
in

S
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3
th

e
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em
e

u
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b
y

P
asu

la
et

al.
(2007)
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fo
llow

ed
.

T
h
e

learn
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h
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to
ob

tain
m

o
d
els

from
sets
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in

p
u
t

tran
sitio

n
s

(s,a
,s ′)
∈
T

th
a
t

w
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g
en

erated
ran

d
om

ly.
T

o
create

a
tran
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,

fi
rst

th
e

state
s
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b
y

ra
n
d
o
m

ly
a
ssig

n
in

g
a

valu
e

(p
ositiv

e
or

n
egative)

to
every

literal,
b
u
t

en
su

rin
g

th
at

th
e

resu
ltin

g
sta

te
is

valid
(e.g.

in
th

e
elevators

d
om

ain
,

an
elevator

can
n
ot

b
e

in
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o
d
iff

eren
t

fl
o
o
rs

a
t

th
e

sa
m

e
tim

e).
T

h
en

,
th

e
action

a
argu

m
en

ts
are

p
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ran
d
om

ly,
an

d
th

e
state

s ′
is

o
b
tain

ed
b
y

ap
p
ly

in
g

all
op

erators
to

(s,a
).

T
h
e

d
istrib

u
tion

u
sed

to
con

stru
ct
s

is
b
ia

sed
to

g
u
a
ra

n
tee

th
at,

in
at

least
h
alf

of
th

e
ex

am
p
les,

th
e

op
erators

th
at

con
tain

a
h
ave

a
ch

a
n
ce

o
f

ch
a
n
gin

g
th

e
state.

T
h
e

eva
lu

a
tion

of
th

e
learn

ed
m

o
d
els

is
carried

ou
t

b
y

calcu
latin

g
th

e
a
vera

ge
va

ria
tio

n
a
l

d
ista

n
ce

b
etw

een
th

e
tru

e
m

o
d
elO

an
d

th
e

estim
ate
Ô

.
T

h
is

evalu
ation

u
ses

a
n
ew

set
of

sim
ila

rly
g
en

era
ted

ran
d
om

tran
sition

s
T
′:

D
(O
,Ô

)
=

1

|T
′| ∑t∈

T
′ ∣∣∣ P

(t|O
)−

P
(t|Ô

) ∣∣∣
.

(8)

A
s

th
e

a
vera

ge
va

ria
tio

n
a
l

d
ista

n
ce

m
ay

b
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cu
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a
b

o
u
t

th
e

u
tility

of
th

e
learn

ed
m

o
d
els.

A
p
lan

n
er

u
su

ally
(p
>

0
.9

)
y
ield

s
a

p
lan

th
at

can
so

lve
th

e
ta

sk
(op

tim
ally

or
su

b
op

tim
ally

)
w

h
en

th
e

a
vera

ge
va

ria
tio

n
a
l

d
ista

n
ce

is
b

elow
:

•
0.0

9
in

th
e

T
ria

n
gle

T
irew

o
rld

d
o
m

ain
.

•
0.1

5
in

th
e

C
ro

ssin
g

T
ra

ffi
c

d
om

ain
.

•
0.1

in
th

e
E

leva
to

rs
d
om

ain
.

A
s
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e
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ge
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tio

n
a
l
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n
ce

b
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e

p
lan

n
er

w
ill

ob
tain

b
etter

solu
tion

s.
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p
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en
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lgorith

m
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h
ow

it
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e
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te

o
f
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e
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T

h
e

learn
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e
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b
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b
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b
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b
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.
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b
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b
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w
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d
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w
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b
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b
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b
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d
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p
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d
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p
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h
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b
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b
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b
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b
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b
le

m
m

ay
b

ec
om

e
in

tr
a
ct

a
b
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p
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p
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p
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p
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p
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p
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d
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p
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p
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d
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at
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d
er

a
ll

p
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c
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b
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p
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b
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b
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b
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n
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g
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e
tran
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p
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p
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al

p
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n
n
in
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op
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ld
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recon

d
ition
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ra
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e
eff

ectiven
ess

of
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d
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ab
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con
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b
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ab
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p
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b
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asu
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b
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ab
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b
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p
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d
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p
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m
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p
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b
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b
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b
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p
roa
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b
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p
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b
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b
ecau

se
m

ore
actio

n
s

are
ex

ecu
ted

p
er

ep
iso

d
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p
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b
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tegrated

in
V

-M
IN

.
P

a
su

la
et

al.’s
learn

er
p

erfo
rm

s
sligh

tly
b

etter
in
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b
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d
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l
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q
u

e
s
ts

O
u

r a
p

p
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p
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r

learn
er

an
d

P
asu

la
et
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learn

er.
T

h
e

d
iff

eren
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b
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M

D
P
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D
P
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th
at

in
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e
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to
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e
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T

h
e
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e
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h
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p
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ra
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.
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p
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d
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d
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b
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d
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d
s

in
th

e
sam

e
p

osition
as

a
car,

it
w

ill
d
isap

p
ear

in
d
ep

en
d
en

tly
of

th
e

action
ex

ecu
ted

.
O

u
r

m
o
d
el

learn
er

h
as

to
see

on
e

tran
sition

of
th

e
d
isap

p
ear

eff
ect

for
ev

ery
action

u
n
til

it
can

learn
th

e
d
isap

p
ea

r
eff

ect
com

p
letely.

F
igu

re
8

sh
ow

s
th

e
resu

lts
of

V
-M

IN
an

d
R

E
X

w
ith

ou
r

m
o
d
el

learn
er.

P
asu

la
et

al.’s
learn

er
w

as
n
ot

com
p
ared

h
ere

b
ecau

se,
as

m
en

tion
ed

p
rev

io
u
sly,

it
can

n
ot

learn
th

e
ex

ogen
ou

s
eff

ects
in

th
is

task
.

T
h
e

m
ain

p
rob

lem
for

R
E

X
in

th
is

d
om

ain
is

th
at

som
e

actio
n

eff
ects

can
on

ly
b

e
learn

ed
if

th
e

rob
ot

h
as

m
oved

p
rev

iou
sly

an
d

h
as

n
ot

collid
ed

w
ith

a
car.

F
or

ex
am

p
le,

th
e

“m
ove-righ

t”
action

can
on

ly
b

e
learn

ed
if

th
e

rob
ot

m
ov

ed
fi
rst

to
th

e
left

(b
ecau

se
it

starts
in

th
e

b
ottom

-righ
t

corn
er)

an
d

if
it

d
id

n
o
t

collid
e

b
efore

w
ith

an
y

car.
T

h
u
s,

if
th

e
ex

p
loration

th
resh

old
is

low
,

R
E

X
m

ay
start

to
ex

p
loit

w
ith

an
in

com
p
lete

m
o
d
el

th
at

p
rov

id
es

su
b

op
tim

al
resu

lts.
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8:
L

ea
rn

in
g

th
e

C
ro

ss
in

g
T

ra
ffi

c
d
om

ai
n

w
it

h
V

-M
IN

an
d

R
E

X
.

T
h
e

re
su

lt
s

sh
ow

n
ar

e
th

e
m

ea
n
s

ob
ta

in
ed

fr
om

30
0

ru
n
s.

M
D

P
-1

is
th

e
ea

si
es

t
se

t
u
p
:

it
s

st
at

e
sp

ac
e

is
sm

al
l

an
d

th
e

p
ro

b
ab

il
it

y
th

at
a

ca
r

ar
ri

ve
s

to
ea

ch
m

id
d
le

la
n
e

is
0.

3.
M

D
P

-2
h
as

al
so

a
sm

al
l
st

at
e

sp
ac

e
b
u
t

ca
rs

ar
ri

ve
w

it
h

a
p
ro

b
ab

il
it

y
of

0
.6

.
M

D
P

-3
h
as

a
la

rg
er

st
at

e
sp

ac
e

an
d

a
0.

3
p
ro

b
ab

il
it

y
of

ca
r

ar
ri

va
ls

.
T

h
e

ex
p
lo

ra
ti

on
th

re
sh

o
ld

is
ζ

=
3

an
d
V
m
in

is
−

8
in

M
D

P
-1

,
−

12
in

M
D

P
-2

,
an

d
−

15
in

M
D

P
-3

.

In
co

n
tr

as
t,

V
-M

IN
re

q
u
es

ts
d
em

on
st

ra
ti

on
s

w
h
en

th
e

m
o
d
el

s
d
o

n
ot

p
ro

v
id

e
go

o
d

en
ou

gh
p

ol
ic

ie
s,

an
d

th
e

d
em

on
st

ra
ti

on
s

q
u
ic

k
ly

te
ac

h
th

e
m

is
si

n
g

ac
ti

on
eff

ec
ts

.
B

el
ow

w
e

an
al

y
ze

ea
ch

M
D

P
se

p
ar

at
el

y
:

•
In

M
D

P
-1

,
th

e
n
ai

ve
st

ra
te

gy
of

go
in

g
d
ir

ec
tl

y
to

th
e

go
al

h
as

a
h
ig

h
su

cc
es

s
ra

ti
o

(7
0%

),
an

d
th

u
s

it
m

ay
ta

ke
so

m
e

ep
is

o
d
es

u
n
ti

l
th

e
ro

b
ot

co
ll
id

es
w

it
h

a
ca

r.
T

h
e

ro
b

ot
al

w
ay

s
ta

ke
s

th
e

sh
or

te
st

ro
u
te

u
n
ti

l
it

le
ar

n
s

th
at

it
d
is

a
p
p

ea
rs

af
te

r
a

co
ll
is

io
n

w
it

h
a

ca
r

in
d
ep

en
d
en

tl
y

of
th

e
ac

ti
on

ta
k
en

.
T

h
is

in
an

ea
sy

p
ro

b
le

m
so

V
-M

IN
on

ly
re

q
u
ir

es
a

fe
w

te
ac

h
er

d
em

on
st

ra
ti

on
s

d
u
ri

n
g

th
e

fi
rs

t
ep

is
o
d
es

to
ge

t
go

o
d

re
su

lt
s.

R
E

X
ta

ke
s

lo
n
ge

r
to

ge
t

a
h
ig

h
re

w
ar

d
b

ec
au

se
it

h
as

to
ex

p
lo

re
m

or
e

to
ob

ta
in

a
go

o
d

m
o
d
el

.

•
In

M
D

P
-2

,
th

e
su

cc
es

s
ra

ti
o

of
re

ac
h
in

g
th

e
go

al
w

it
h

th
e

sh
or

te
st

ro
u
te

is
on

ly
40

%
.

In
th

is
p
ro

b
le

m
V

-M
IN

re
q
u
ir

es
a

fe
w

ex
tr

a
d
em

on
st

ra
ti

on
s

in
ep

is
o
d
es

2-
6

if
it

co
u
ld

n
ot

le
ar

n
th

e
“m

ov
e-

ri
gh

t”
ac

ti
on

b
ef

or
e.

In
co

n
tr

as
t,

R
E

X
fa

il
ed

to
ob

ta
in

go
o
d

m
o
d
el

s
in

a
fe

w
it

er
at

io
n
s

b
ec

au
se

it
h
ad

al
re

ad
y

co
ll
id

ed
or

w
as

in
an

ed
g
e

ev
er

y
ti

m
e

it
tr

ie
d

to
ex

p
lo

re
an

im
p

or
ta

n
t

ac
ti

on
.

•
M

D
P

-3
w

or
k
s

si
m

il
ar

ly
to

M
D

P
-1

,
b
u
t

as
it

h
a
s

a
la

rg
er

st
at

e
sp

ac
e,

th
e

p
ro

b
ab

il
it

y
of

re
ac

h
in

g
th

e
go

al
w

it
h
ou

t
d
o
d
gi

n
g

ca
rs

is
ar

ou
n
d

50
%

.
T

h
e

la
rg

er
st

at
e

sp
ac

e
al

so
im

p
li
es

th
at

n
ew

p
ro

b
le

m
at

ic
si

tu
at

io
n
s

m
ay

ap
p

ea
r.

F
or

ex
am

p
le

,
th

e
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b
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m
ay
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M
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o
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p
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k
u

p
a
re

a

F
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e
a
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N
e
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w

a
re

a
rr
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in

g
a
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a

F
ig

u
re

9:
T

ab
le

cl
ea

ri
n
g

ta
sk

.
O

n
th

e
b

ot
to

m
ar

ea
,

p
eo

p
le

le
av

e
th

e
u
se

d
ta

b
le

w
a
re

.
O

n
th

e
to

p
ar

ea
,

th
e

ro
b

ot
h
as

to
p
re

p
ar

e
p
il
es

fo
r

th
e

m
ob

il
e

ro
b

ot
s

th
at

ta
ke

ta
b
le

w
a
re

to
th

e
k
it

ch
en

.
T

h
e

m
id

d
le

sp
ac

e
is

fr
ee

fo
r

th
e

ro
b

ot
to

st
or

e
ob

je
ct

s
w

h
il
e

p
il
in

g
th

em
u
p

an
d

w
ai

ti
n
g

fo
r

m
ob

il
e

ro
b

ot
s.

st
ar

t
to

go
u
p
,

an
d

if
to

o
m

an
y

ca
rs

ap
p

ea
r

so
th

at
th

e
ro

b
ot

ca
n
n
ot

d
o
d
g
e

th
em

,
it

h
as

to
go

b
ac

k
d
ow

n
b
y

ex
ec

u
ti

n
g

a
“m

ov
e-

so
u
th

”
a
ct

io
n
.

T
h
e

“m
ov

e-
so

u
th

”
a
ct

io
n

is
n
ot

n
ee

d
ed

in
M

D
P

s
1

an
d

2
,

b
u
t

it
is

n
ee

d
ed

in
so

m
e

ca
se

s
in

M
D

P
-3

.
A

ft
er

th
e

10
th

ep
is

o
d
e,

m
os

t
of

th
e

te
ac

h
er

d
em

on
st

ra
ti

on
s

re
q
u
es

te
d

b
y

V
-M

IN
a
re

to
le

a
rn

h
ow

to
so

lv
e

th
es

e
u
n
ex

p
ec

te
d

p
ro

b
le

m
s

th
at

d
id

n
’t

ap
p

ea
r

in
th

e
si

m
p
le

r
p
ro

b
le

m
s.

A
s

R
E

X
ca

n
n
ot

re
q
u
es

t
te

ac
h
er

d
em

on
st

ra
ti

on
s,

it
h
as

a
h
ar

d
er

ti
m

e
d
ea

li
n
g

w
it

h
th

es
e

u
n
ex

p
ec

te
d

si
tu

at
io

n
s,

an
d

th
is

is
re

fl
ec

te
d

in
a

lo
w

er
ac

cu
m

u
la

te
d

re
w

a
rd

m
ea

n
w

h
en

co
m

p
ar

ed
to

M
D

P
-1

.

6
.

R
o
b

o
t

T
a
b
le

C
le

a
ri

n
g

T
h
is

se
ct

io
n

d
es

cr
ib

es
a

ta
sk

w
h
er

e
a

ro
b

ot
h
as

to
cl

ea
r

th
e

ta
b
le

w
ar

e
la

y
in

g
o
n

a
ta

b
le

.
T

o
th

at
en

d
,

V
-M

IN
w

it
h

th
e

le
ar

n
er

p
re

se
n
te

d
p
re

v
io

u
sl

y
w

as
u
se

d
as

th
e

d
ec

is
io

n
-m

a
ke

r
o
f

th
e

ro
b

ot
to

so
lv

e
th

e
ta

sk
.

T
h
is

ta
sk

re
p
re

se
n
ts

a
ro

b
ot

iz
ed

re
st

au
ra

n
t.

T
h
e

m
a
n
ip

u
la

to
r

ro
b

ot
th

at
w

e
co

n
tr

o
l

h
a
s

to
cl

ea
r

th
e

ta
b
le

w
ar

e
on

a
ta

b
le

.
It

h
a
s

to
co

op
er

at
e

w
it

h
m

ob
il
e

ro
b

ot
s

th
a
t

ca
n

ta
ke

a
p
il
e

of
ta

b
le

w
ar

e
fr

om
th

e
ta

b
le

to
th

e
k
it

ch
en

to
b

e
cl

ea
n
ed

.
T

h
e

n
u
m

b
er

of
m

o
b
il
e

ro
b

o
ts

is
li
m

it
ed

,
so

ou
r

ro
b

ot
sh

ou
ld

p
il
e

ta
b
le

w
ar

e
to

ge
th

er
to

m
in

im
iz

e
th

e
n
u
m

b
er

o
f

p
il
es

to
b

e
ta

ke
n
.

T
h
e

d
iffi

cu
lt

y
of

th
e

ta
sk

co
m

es
fr

om
th

e
fa

ct
th

at
p

eo
p
le

w
il
l

co
n
ti

n
u
o
u
sl

y
b
ri

n
g

n
ew

u
se

d
ta

b
le

w
ar

e
to

th
e

ta
b
le

.
T

h
e

ro
b

ot
h
as

to
or

ga
n
iz

e
co

n
ti

n
u
ou

sl
y

th
e

ta
b
le

w
a
re

on
th

e
ta

b
le

so
th

at
th

er
e

is
al

w
ay

s
en

ou
gh

sp
ac

e
fo

r
p

eo
p
le

to
le

av
e

n
ew

ta
b
le

w
a
re

,
a
n
d

a
ls

o
to

en
su

re
th

at
th

e
m

ob
il
e

ro
b

ot
s

al
w

ay
s

h
av

e
a

p
re

p
ar

ed
p
il
e

of
ta

b
le

w
ar

e
w

h
en

th
ey

co
m

e
to

th
e

ta
b
le

.

T
h
is

ta
sk

is
il
lu

st
ra

te
d

in
F

ig
.

9.
P

eo
p
le

le
av

e
u
se

d
ta

b
le

w
ar

e
on

th
e

b
o
tt

o
m

a
re

a
,

th
e

ro
b

ot
h
as

th
e

ce
n
tr

al
ar

ea
to

or
ga

n
iz

e
ta

b
le

w
ar

e
an

d
cr

ea
te

p
il
es

,
an

d
th

e
to

p
a
re

a
is

w
h
er

e
th

e
m

ob
il
e

ro
b

ot
s

p
ic

k
a

p
il
e

u
p

w
h
en

th
ey

co
m

e
to

th
e

ta
b
le

.
T

h
e
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b
le

w
a
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b
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n
g

u
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d
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u
d
es

p
la

te
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p
s
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d

cu
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y.
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l
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n
n
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g
w
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h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

T
h
e

ro
b

o
t

sy
stem

h
as

th
ree

m
o
d
u
les,

th
e

d
ecision

-m
aker

m
o
d
u
le

th
at

in
clu

d
es

th
e

p
lan

-
n
er

an
d

th
e

lea
rn

er,
th

e
p

ercep
tion

m
o
d
u
le

th
at

ob
tain

s
a

rep
resen

tation
of

th
e

scen
e

th
at

ca
n

b
e

u
sed

b
y

th
e

d
ecision

-m
aker,

an
d

th
e

m
a
n
ip

u
lation

m
o
d
u
le

th
at

ex
ecu

tes
action

s.
T

h
e

p
ercep

tion
m

o
d
u
le

u
ses

a
cam

era
th

at
is

lo
cated

on
top

of
th

e
tab

le
(h

an
gin

g
from

th
e

ceilin
g
)

to
u
p

d
ate

con
tin

u
ou

sly
a

sy
m

b
olic

state
th

at
rep

resen
ts

th
e

tab
le.

T
h
is

state
co

n
sists

o
f

a
set

of
literals

th
at

d
escrib

e
th

e
d
iff

eren
t

lo
cation

s
on

th
e

tab
le.

T
h
ese

literals
a
re:•

“
A

rriv
in

g
L

o
cation

(?lo
c)”

in
d
icates

th
at
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n
ot

n
ee

d
ed

a
s

le
ss

ta
b
le

w
ar

e
ar

ri
ve

d
an

d
th

e
ro

b
ot

co
u
ld

ju
st

m
ak

e
p
il
es

d
ir

ec
tl

y
on

th
e

p
ic

k
u

p
a
re

a
w

it
h

th
e

“p
u
t”

ac
ti

on
.

A
p
p

en
d
ix

A
ex

p
la

in
s

in
m

or
e

d
et

ai
l

th
e

ex
ec

u
ti

on
of

th
e

le
ar

n
in

g
p
ro

ce
ss

a
s

w
el

l
a
s

th
e

b
eh

av
io

r
of

th
e

m
an

ip
u
la

to
r

ro
b

ot
d
u
ri

n
g

th
e

ea
sy

ex
p

er
im

en
t

an
d

th
e

fi
rs

t
m

ed
iu

m
ex

p
er

im
en

t.
It

sh
ou

ld
b

e
n
ot

ed
th

at
d
u
ri

n
g

th
e

le
ar

n
in

g
ex

p
er

im
en

ts
w

e
ob

se
rv

ed
th

a
t

th
e

eff
ec

ti
v
e-

n
es

s
of

th
e

ro
b

ot
ac

ti
on

s
w

as
ve

ry
im

p
or

ta
n
t.

If
ac

ti
on

s
fa

il
ed

of
te

n
,

m
an

y
m

o
re

a
ct

io
n

ex
ec

u
ti

on
s

w
er

e
n
ee

d
ed

to
ob

ta
in

a
p
ro

p
er

m
o
d
el

.
T

h
er

ef
or

e,
b

ef
o
re

ru
n
n
in

g
th

e
ex

p
er

i-
m

en
ts

p
re

se
n
te

d
h
er

e,
th

e
ro

b
ot

ac
ti

on
s

w
er

e
im

p
ro

ve
d

so
th

at
th

ey
su

cc
ee

d
ed

in
m

o
st

ca
se

s
to

m
ak

e
th

e
ta

sk
si

m
p
le

r.

6
.2

E
v
a
lu

a
ti

o
n

o
f

th
e

L
e
a
rn

e
d

M
o
d

e
l

F
in

al
ly

,
an

ex
p

er
im

en
t

w
as

ca
rr

ie
d

ou
t

to
ev

al
u
at

e
th

e
u
se

fu
ln

es
s

of
le

ar
n
in

g
ex

o
g
en

o
u
s

eff
ec

ts
.

H
er

e
w

e
co

m
p
ar

e
th

e
p

er
fo

rm
an

ce
w

h
en

u
si

n
g

th
e

m
o
d
el

le
ar

n
ed

in
th

e
p
re

v
io

u
s

se
ct

io
n
,

w
it

h
an

ot
h
er

m
o
d
el

le
ar

n
ed

w
it

h
n
o

ex
og

en
ou

s
eff

ec
ts

(P
as

u
la

et
a
l.
,

2
0
0
7
).

T
h
e

ex
og

en
ou

s
eff

ec
ts

al
lo

w
th

e
p
la

n
n
er

to
k
n
ow

th
e

p
ro

b
ab

il
it

ie
s

w
it

h
w

h
ic

h
ea

ch
ty

p
e

o
f

ta
b
le

w
ar

e
ar

ri
ve

s,
an

d
th

e
p
ro

b
ab

il
it

y
w

it
h

w
h
ic

h
m

ob
il
e

ro
b

ot
s

co
m

e
to

p
ic

k
p
il
es

u
p
.

T
h
er

e
w

as
a

re
w

ar
d

of
−

1
fo

r
ev

er
y

ob
je

ct
on

th
e

ta
b
le

at
ea

ch
st

ep
,

an
d

a
re

w
a
rd

o
f
−

2
if

n
ew

ta
b
le

w
ar

e
w

as
ar

ri
v
in

g
b
u
t

th
e

ar
ri

v
in

g
ar

ea
w

as
fu

ll
.

T
h
e

re
su

lt
s

ar
e

sh
ow

n
in

T
a
b
le

2
.

•
A

n
op

ti
m

al
ac

ti
on

se
q
u
en

ce
ob

ta
in

ed
a

re
w

ar
d

of
−

9
9.

N
ot

e
th

at
th

is
o
p
ti

m
a
l

a
ct

io
n

se
q
u
en

ce
w

as
n
ot

ob
ta

in
ed

in
a

fa
ir

w
ay

:
it

w
as

cr
ea

te
d

k
n
ow

in
g

in
a
d
va

n
ce

w
h
en

an
d

w
h
ic

h
ty

p
e

of
ta

b
le

w
ar

e
w

as
ar

ri
v
in

g
at

ea
ch

st
ep

,
an

d
w

h
en

a
m

o
b
il
e

ro
b

o
t

ap
p
ro

ac
h
ed

.
In

co
n
tr

as
t

th
e

m
an

ip
u
la

to
r

ro
b

ot
d
id

n
ot

h
av

e
th

is
in

fo
rm

a
ti

o
n
,

it
co

u
ld

on
ly

k
n
ow

th
e

p
ro

b
ab

il
it

ie
s

of
th

es
e

eff
ec

ts
.

•
T

h
e

m
o
d
el

co
n
ta

in
in

g
ex

og
en

ou
s

eff
ec

ts
o
b
ta

in
ed

a
re

w
ar

d
of
−

11
9.

In
th

is
ex

p
er

im
en

t
th

e
m

an
ip

u
la

to
r

ro
b

ot
p

er
fo

rm
ed

w
el

l
in

ge
n
er

al
,

b
u
t

it
cr

ea
te

d
so

m
e

in
effi

ci
en

t
p
il
es
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

O
p
tim

al
M

o
d
el

w
ith

ex
ogen

ou
s

M
o
d
el

w
ith

n
o

ex
og

en
ou

s

S
u
m

o
f

rew
a
rd

s
−

99
−

119
−

136

O
p

era
to

rs
(a

ction
s)

-
8

20

O
p

era
to

rs
(ex

ogen
ou

s)
-

11
0

T
a
b
le

2
:

E
x
ecu

tion
resu

lts
w

ith
th

e
learn

ed
m

o
d
els.

T
h
e

colu
m

n
s

sh
ow

th
e

resu
lts

w
ith

an
o
p
tim

al
seq

u
en

ce
of

action
s,

a
learn

ed
m

o
d
el

con
sid

erin
g

ex
ogen

ou
s

eff
ects,

an
d

a
lea

rn
ed

m
o
d
el

n
ot

con
sid

erin
g

ex
o
gen

ou
s

eff
ects.

T
h
e

row
s

sh
ow

th
e

su
m

of
re-

w
a
rd

s
an

d
th

e
n
u
m

b
er

of
p
lan

n
in

g
op

erators
th

at
rep

resen
t

action
s

an
d

ex
o
gen

ou
s

eff
ects.

a
s

a
m

o
b
ile

rob
ot

w
ou

ld
take

sh
orter

o
r

lon
ger

th
an

ex
p

ected
to

arrive.
M

o
reov

er,
th

e
m

a
n
ip

u
la

tor
rob

ot
to

ok
a

con
servative

strategy
an

d
it

d
id

n
’t

com
p
lete

fast
en

ou
gh

so
m

e
p
iles,

as
it

d
id

n
ot

k
n
ow

if
n
ew

tab
lew

are
w

ou
ld

b
e

arriv
in

g
sh

ortly.
T

h
e

m
o
d
el

co
n
sisted

of
8

p
lan

n
in

g
op

erators
for

action
eff

ects,
an

d
11

p
lan

n
in

g
op

erators
for

ex
o
g
en

o
u
s

eff
ects.

•
T

h
e

m
o
d
el

w
ith

ou
t

ex
ogen

ou
s

eff
ects

ob
tain

ed
a

rew
ard

of−
136.

T
h
is

m
o
d
el

h
ad

m
o
re

tro
u
b
le

to
com

p
lete

th
e

task
.

T
h
e

m
an

ip
u
lator

rob
ot

d
id

n
o
t

k
n
ow

th
at

n
ew

ta
b
lew

a
re

w
ou

ld
arrive

b
ecau

se
it

d
id

n
ot

h
ave

th
e

ex
ogen

ou
s

eff
ect

for
it.

T
h
u
s,

it
tried

to
m

ake
th

e
b

est
p
iles

w
ith

th
e

giv
en

ob
jects,

w
h
ich

resu
lted

in
th

e
ro

b
ot

red
o
in

g
th

e
p
iles

w
h
en

ever
n
ew

tab
lew

are
arrived

(e.g.
if

a
n
ew

cu
p

arriv
ed

,
th

e
rob

ot
w

o
u
ld

p
u
t

it
on

top
of

th
e

oth
er

cu
p
s

in
an

ex
istin

g
p
ile,

a
n
d

b
elow

th
e

cu
tlery

).
T

h
e

m
o
d
el

h
a
d

20
op

erators
th

at
rep

resen
ted

action
eff

ects.
A

s
ex

ogen
ou

s
eff

ects
w

ere
n
ot

lea
rn

ed
sep

arately,
each

op
erator

actu
ally

rep
resen

ted
com

b
in

ation
s

of
an

a
ction

eff
ect

w
ith

ex
og

en
ou

s
eff

ects.
H

ow
ever,

th
ese

op
erators

w
ere

less
eff

ective
to

rep
resen

t
th

e
m

o
d
el

th
an

sep
arate

action
an

d
ex

ogen
ou

s
op

erators,
so

th
e

p
lan

n
er

selected
w

orse
p

o
licies.

A
n
a
ly

zin
g

th
e

resu
lts

w
e

can
see

th
at

th
e

p
rop

osed
learn

er
allow

s
a

rob
ot

to
learn

ta
sk

s
in

clu
d
in

g
ex

o
g
en

ou
s

eff
ects.

G
iven

th
at

on
ly

5
ep

iso
d
es

of
30

action
ex

ecu
tio

n
s

w
ere

u
sed

fo
r

tra
in

in
g
,

th
e

resu
lts

w
ere

go
o
d
.

T
h
e

ex
p

erim
en

t
also

sh
ow

s
th

at
a

m
o
d
el

con
sid

erin
g

ex
o
gen

o
u
s

eff
ects

im
p
roves

th
e

p
erform

an
ce

w
h
en

ex
tern

al
agen

ts
in

teract.
H

ere
th

e
p
lan

n
er

w
a
s

a
b
le

to
fi
n
d

m
u
ch

b
etter

p
lan

s
w

h
en

it
an

ticip
ated

th
at

n
ew

ta
b
lew

are
or

a
m

ob
ile

rob
ot

w
ere

a
rriv

in
g
.

H
ow

ever,
ex

ten
d
in

g
th

is
task

w
ith

a
rich

er
rep

resen
tation

a
n
d

m
ore

ex
tern

al
a
g
en

ts
w

o
u
ld

b
e

costly.
F

or
every

literal
an

d
ex

ogen
ou

s
eff

ect
th

at
gets

ad
d
ed

,
th

e
n
u
m

b
er

of
in

p
u
t

tra
n
sitio

n
s

an
d

com
p
u
tation

al
tim

e
req

u
ired

to
learn

a
m

o
d
el

in
creases

sign
ifi

ca
n
tly.

7
.

C
o
n
clu

sio
n
s

W
e

h
ave

in
tro

d
u
ced

a
n
ew

m
eth

o
d

th
at,

given
a

set
of

in
p
u
t

tra
n
sition

s,
learn

s
a

gen
eral

m
o
d
el

ex
p
la

in
in

g
th

em
.

In
con

trast
to

p
rev

iou
s

ap
p
roach

es,
it

can
learn

ex
o
gen

ou
s

eff
ects

(eff
ects

n
o
t

related
to

an
y

action
),

w
h
ile

still
b

ein
g

sim
ilarly

go
o
d

at
ob

ta
in

in
g

a
relation

al
rep

resen
ta

tio
n

of
th

e
p
rob

lem
an

d
at

learn
in

g
u
n
certain

eff
ects.

M
oreover

op
tim

al
an

d
su

b
o
p
tim

a
l

sea
rch

m
eth

o
d
s

are
p
rov

id
ed

,
so

th
e

b
est

ap
p
roach

can
b

e
ch

osen
d
ep

en
d
in

g
o
n
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M
a
r
t́
ın

e
z

e
t

a
l
.

th
e

q
u
ality

req
u
irem

en
ts,

th
e

d
iffi

cu
lty

of
th

e
p
rob

lem
,

an
d

th
e

learn
in

g
tim

e
availab

le.
T

h
e

m
ain

lim
itation

of
th

e
algorith

m
is

scalab
ility

w
h
en

th
e

n
u
m

b
er

of
gen

erated
p
rop

osition
al

p
red

icates
b

ecom
es

large.

T
h
is

learn
er

can
b

e
com

b
in

ed
w

ith
a

R
L

algorith
m

to
learn

m
o
d
els

from
scratch

.
W

e
valid

ated
ex

p
erim

en
tally

th
at

th
e

in
tegration

in
th

e
V

-M
IN

algorith
m

allow
ed

an
agen

t
to

learn
m

o
d
els

w
ith

a
relatively

sm
all

n
u
m

b
er

of
actio

n
s

a
n
d

teach
er

d
em

on
stration

req
u
ests.

T
h
e

learn
er

w
a
s

also
in

tegrated
in

a
rob

ot
to

p
erform

th
e

task
of

clearin
g

th
e

tab
lew

are
on

a
tab

le.
In

th
is

task
ex

tern
al

agen
ts

in
teracted

,
p

eop
le

b
rou

g
h
t

n
ew

tab
lew

are
con

tin
u
ou

sly
an

d
th

e
m

an
ip

u
lator

rob
ot

h
ad

to
co

op
erate

w
ith

m
ob

ile
rob

ots
to

tak
e

th
e

tab
lew

are
to

th
e

k
itch

en
.

T
h
e

learn
er

w
as

ab
le

to
learn

a
u
sab

le
m

o
d
el

in
ju

st
5

ep
iso

d
es

of
30

action
ex

ecu
tion

s.
F

in
ally,

th
e

m
o
d
el

w
as

u
sed

to
com

p
lete

th
e

task
,

an
d

learn
in

g
m

o
d
els

w
ith

su
ch

ex
ogen

ou
s

eff
ects

p
roved

to
in

crease
th

e
o
b
tain

ed
rew

ard
sign

ifi
ca

n
tly.

M
an

y
rob

otic
p
rob

lem
s

can
n
ot

b
e

learn
ed

yet.
A

s
fu

tu
re

w
ork

,
th

e
learn

er
co

u
ld

b
e

ex
ten

d
ed

to
tack

le
correlated

eff
ects

an
d

p
artial

ob
servation

s.

•
T

h
e

ch
allen

ge
w

ith
correlated

eff
ects

is
to

id
en

tify
th

e
can

d
id

ates.
A

p
ossib

le
p
ath

to
ex

p
lore

is
to

rep
lace

L
F

IT
b
y

R
ib

eiro
et

al.
(20

15)’s
ap

p
roach

,
in

w
h
ich

p
recon

d
ition

s
can

b
e

litera
ls

in
b

oth
th

e
p
rev

iou
s

state
(s
t )

an
d

th
e

resu
ltin

g
state

(s
t+

1 ).
In

th
is

case,
an

eff
ect

(a
literal

in
s
t+

1 )
can

b
e

a
p
recon

d
ition

for
an

oth
er

eff
ect,

so
th

ey
w

ou
ld

b
e

correlated
eff

ects.

•
P

artial
ob

servation
s

w
ou

ld
req

u
ire

to
ch

an
ge

th
e

h
eu

ristic
search

an
d

th
e

cost
fu

n
ction

to
con

sid
er

th
at

th
e

given
state

tran
sition

s
m

ay
b

e
w

ron
g

or
in

com
p
lete.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
is

w
ork

h
as

b
een

su
p
p

orted
b
y

th
e

M
IN

E
C

O
p
ro

ject
R

ob
In

stru
ct

T
IN

2014
-5817

8-R
an

d
th

e
E

u
rop

ean
U

n
ion

’s
H

orizon
2020

research
an

d
in

n
ovation

p
ro

gram
m

e
u
n
d
er

gran
t

agree-
m

en
t

H
2020-IC

T
-2016-1-731761

IM
A

G
IN

E
.

D
.

M
art́ın

ez
is

also
su

p
p

orted
b
y

th
e

S
p
an

ish
M

in
istry

of
E

d
u
cation

,
C

u
ltu

re
an

d
S
p

ort
v
ia

a
F

P
U

d
o
ctoral

gran
t

(F
P

U
12-04173).

A
p
p

e
n
d
ix

A
.

L
e
a
rn

in
g

th
e

T
a
b
le

C
le

a
rin

g
T

a
sk

In
S
ec.

6.1
w

e
ex

p
lain

ed
h
ow

th
e

m
an

ip
u
lator

rob
ot

learn
ed

th
e

tab
le

clearin
g

task
.

T
h
is

ap
p

en
d
ix

sh
ow

s
th

e
d
etailed

ex
ecu

tion
of

th
e

easy
ex

p
erim

en
t

an
d

th
e

fi
rst

m
ed

iu
m

ex
p

er-
im

en
t

to
p
rov

id
e

a
d
eep

er
u
n
d
erstan

d
in

g
of

th
e

learn
in

g
p
ro

cess.

A
.1

E
a
sy

E
x
p

e
rim

e
n
t

T
h
e

states
at

each
iteration

of
th

e
easy

ex
p

erim
en

t
are

sh
ow

n
in

F
ig.

12.
T

h
e

rob
ot

starts
w

ith
n
o

p
rior

k
n
ow

led
ge

an
d

h
as

to
learn

th
e

co
m

p
lete

m
o
d
el.

B
elow

is
an

ex
p
lan

ation
of

th
e

action
s

tak
in

g
p
lace

at
each

iteratio
n
:

1.
In

itially
th

e
rob

ot
d
o
es

n
ot

h
ave

p
rior

k
n
ow

led
ge

an
d

its
m

o
d
el

is
em

p
ty,

so
n
o

actio
n

is
tak

en
.

A
p

erson
b
rin

gs
a

p
late

(ex
ogen

ou
s

eff
ect).

3
6
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

1
2

3
4

5
6

7
8

9
10

11
12

13
14

15
16

17
18

19
20

21
22

23
24

25
26

27
28

29
30

F
ig

u
re

12
:

T
h
e

st
at

e
at

th
e

b
eg

in
n
in

g
of

ea
ch

it
er

at
io

n
d
u
ri

n
g

th
e

ea
sy

ex
p

er
im

en
t.

2.
N

o
ac

ti
on

is
ta

ke
n
.

3.
T

h
e

m
an

ip
u
la

to
r

ro
b

ot
le

ar
n
s

th
at

p
la

te
s

re
m

ai
n

in
th

e
sa

m
e

lo
ca

ti
on

if
n
o

ac
ti

on
is

ta
ke

n
.

A
d
em

on
st

ra
ti

on
is

re
q
u
es

te
d

to
le

ar
n

h
ow

to
d
ea

l
w

it
h

p
la

te
s,

an
d

th
e

te
ac

h
er

d
em

on
st

ra
te

s
th

e
“p

u
t”

ac
ti

on
to

m
ov

e
th

e
p
la

te
to

th
e

p
ic

k
u

p
ar

ea
.

4.
T

h
e

m
an

ip
u
la

to
r

ro
b

ot
ex

ec
u
te

s
th

e
“p

u
t”

ac
ti

on
w

it
h

an
em

p
ty

lo
ca

ti
on

as
p
ar

am
e-

te
r,

so
it

d
o
es

n
ot

m
ov

e
an

y
th

in
g.

A
n
ew

p
la

te
ar

ri
ve

s.

5.
T

h
e

n
ew

p
la

te
is

m
ov

ed
to

th
e

m
id

d
le

of
th

e
ta

b
le

.

6.
T

h
e

m
an

ip
u
la

to
r

ro
b

ot
ex

ec
u
te

s
“p

u
t”

w
it

h
an

em
p
ty

lo
ca

ti
on

.
M

ea
n
w

h
il
e,

a
m

ob
il
e

ro
b

ot
co

m
es

an
d

p
ic

k
s

th
e

p
la

te
on

th
e

p
ic

k
u

p
ar

ea
(a

n
ot

h
er

ty
p

e
of

ex
og

en
ou

s
eff

ec
t)

.

7.
A

ft
er

le
ar

n
in

g
th

at
m

ob
il
e

ro
b

ot
s

p
ic

k
u
p

p
la

te
s

on
th

e
p
ic

k
u

p
ar

ea
,

th
e

m
an

ip
u
la

to
r

ro
b

ot
m

ov
es

th
e

p
la

te
on

th
e

m
id

d
le

to
th

e
p
ic

k
u

p
ar

ea
.

A
cu

p
ar

ri
ve

s
to

th
e

ta
b
le

.

8.
A

d
em

on
st

ra
ti

on
is

re
q
u
es

te
d
,

an
d

th
e

te
ac

h
er

m
ov

es
it

to
th

e
p
ic

k
u

p
ar

ea
w

it
h

a
“p

u
t”

ac
ti

on
.

9.
It

is
n
ot

k
n
ow

n
ye

t
th

at
m

ob
il
e

ro
b

ot
s

al
so

p
ic

k
cu

p
s

u
p
,

so
a

d
em

o
n
st

ra
ti

on
is

re
q
u
es

te
d
.

T
h
e

te
ac

h
er

d
o
es

n
ot

ex
ec

u
te

an
y

ac
ti

on
b

ec
au

se
a

m
ob

il
e

ro
b

ot
is

al
re

ad
y

ar
ri

v
in

g
to

ta
k
e

th
e

p
il
e.

A
n
ew

cu
p

ap
p

ea
rs

.

10
.

T
h
e

le
ar

n
ed

m
o
d
el

is
n
ot

go
o
d

en
ou

gh
ye

t,
so

a
d
em

on
st

ra
ti

o
n

is
re

q
u
es

te
d
.

T
h
e

te
ac

h
er

p
u
ts

th
e

cu
p

in
th

e
ce

n
te

r
of

th
e

ta
b
le

.

11
.

A
n

ex
p
lo

ra
to

ry
“p

u
t”

ac
ti

on
w

it
h

an
em

p
ty

lo
ca

ti
on

is
ta

ke
n
.

A
n
ew

cu
p

ar
ri

ve
s.

12
.

A
d
em

on
st

ra
ti

on
is

re
q
u
es

te
d
.

T
h
e

te
ac

h
er

sh
ow

s
th

at
b

o
th

cu
p
s

ca
n

b
e

p
il
ed

to
ge

th
er

.

13
.

N
o

ac
ti

on
is

ta
ke

n
.

14
.

A
s

a
m

ob
il
e

ro
b

ot
is

ar
ri

v
in

g,
th

e
cu

p
s

ar
e

m
ov

ed
to

th
e

p
ic

k
u

p
ar

ea
.

15
.

T
h
e

m
ob

il
e

ro
b

ot
ta

ke
s

th
e

cu
p
s

an
d

a
n
ew

p
la

te
ap

p
ea

rs
.

37
JM

L
R

 1
8(

78
):

1-
44

, 2
01

7

M
a
r
t́
ın

e
z

e
t

a
l
.

16
.

T
h
e

ro
b

ot
ex

ec
u
te

s
a

“p
u
t”

ac
ti

on
th

at
fa

il
s.

17
.

A
n

ex
p
lo

ra
to

ry
“p

u
t”

ac
ti

on
is

ex
ec

u
te

d
w

it
h

an
em

p
ty

lo
ca

ti
on

(a
n
ew

p
la

n
n
in

g
op

er
at

or
w

it
h

th
e

ac
ti

on
“p

u
t”

an
d

th
e

p
re

co
n
d
it

io
n

“c
u
p
(?

X
)”

w
as

ge
n
er

a
te

d
a
n
d

it
is

ex
p
lo

re
d
).

18
.

A
n

ex
p
lo

ra
to

ry
“p

u
t”

ac
ti

on
is

ex
ec

u
te

d
w

it
h

an
em

p
ty

lo
ca

ti
on

.

19
.

T
h
e

p
la

te
is

m
ov

ed
to

th
e

p
ic

k
u

p
ar

ea
.

A
cu

p
ap

p
ea

rs
.

20
.

T
h
e

n
ew

cu
p

is
m

ov
ed

to
th

e
p
ic

k
u

p
ar

ea
.

A
n
ew

p
la

te
ap

p
ea

rs
.

21
.

A
d
em

on
st

ra
ti

on
is

re
q
u
es

te
d

(t
h
e

ro
b

ot
d
o
es

n
ot

k
n
ow

ye
t

th
at

it
ca

n
p
il
e

p
la

te
s

to
ge

th
er

).
T

h
e

te
ac

h
er

d
ec

id
es

to
p
u
t

th
e

n
ew

p
la

te
on

an
em

p
ty

lo
ca

ti
o
n

b
ec

a
u
se

p
il
in

g
it

on
th

e
p
ic

k
u

p
ar

ea
co

u
ld

b
e

u
n
st

ab
le

.

22
.

A
s

an
ex

p
lo

ra
to

ry
ac

ti
on

,
th

e
cu

p
is

m
ov

ed
to

an
em

p
ty

lo
ca

ti
o
n
.

23
.

A
d
em

on
st

ra
ti

on
is

re
q
u
es

te
d
,

an
d

th
e

te
ac

h
er

p
il
es

th
e

tw
o

p
la

te
s

to
g
et

h
er

.

24
.

N
o

ac
ti

on
w

as
ta

k
en

(e
x
p
lo

ra
ti

on
is

n
ot

n
ee

d
ed

,
so

it
d
ec

id
es

to
w

ai
t

u
n
ti

l
n
ew

o
b

je
ct

s
ar

ri
ve

or
a

m
ob

il
e

ro
b

ot
ap

p
ro

ac
h
es

).
A

n
ew

cu
p

ar
ri

ve
s.

25
.

T
h
e

n
ew

cu
p

is
m

ov
ed

to
th

e
p
il
e

in
th

e
p
ic

k
u

p
a
re

a
b

ec
au

se
a

m
ob

il
e

ro
b

o
t

is
a
rr

iv
in

g
.

26
.

A
s

an
ex

p
lo

ra
ti

on
ac

ti
on

,
th

e
cu

p
is

m
ov

ed
to

a
d
iff

er
en

t
lo

ca
ti

on
on

th
e

ce
n
te

r
o
f

th
e

ta
b
le

.
A

p
la

te
ar

ri
ve

s.

27
.

T
h
e

p
la

te
is

m
ov

ed
to

th
e

ce
n
te

r.

28
.

T
h
e

p
la

te
is

m
ov

ed
to

th
e

p
ic

k
u

p
ar

ea
.

29
.

T
h
e

cu
p

is
p
u
t

on
to

p
of

th
e

p
la

te
.

30
.

A
m

ob
il
e

ro
b

ot
co

m
es

an
d

ta
k
es

th
e

la
st

p
il
e.

A
.2

F
ir

st
M

e
d

iu
m

E
x
p

e
ri

m
e
n
t

H
er

e
th

e
ro

b
ot

re
u
se

s
th

e
k
n
ow

le
d
ge

th
at

it
ob

ta
in

ed
d
u
ri

n
g

th
e

ea
sy

ex
p

er
im

en
t.

T
h
e

st
at

es
at

ea
ch

it
er

at
io

n
of

th
e

fi
rs

t
m

ed
iu

m
ex

p
er

im
en

t
ar

e
sh

ow
n

in
F

ig
.

1
3
.

B
el

ow
is

a
n

ex
p
la

n
at

io
n

of
th

e
ac

ti
on

s
ta

k
in

g
p
la

ce
at

ea
ch

it
er

at
io

n
:

1.
In

it
ia

ll
y

th
er

e
is

n
o

ta
b
le

w
ar

e,
so

n
o

ac
ti

o
n

is
ta

ke
n
.

A
p
la

te
ar

ri
ve

s.

2.
T

h
e

p
la

te
is

“p
u
t”

on
th

e
p
ic

k
u

p
ar

ea
.

A
cu

p
a
rr

iv
es

.

3.
A

n
ex

p
lo

ra
to

ry
“p

u
t”

ac
ti

on
th

at
d
o
es

n
ot

h
in

g
is

ex
ec

u
te

d
(t

h
e

fi
rs

t
p
a
ra

m
et

er
is

a
n

em
p
ty

lo
ca

ti
on

an
d

th
e

se
co

n
d

on
e

is
th

e
cu

p
,

so
it

d
o
es

n
ot

m
ov

e
an

y
th

in
g
).

4.
T

h
e

op
er

at
or

s
le

ar
n
ed

ar
e

n
ot

co
m

p
le

te
en

ou
gh

,
so

a
d
em

on
st

ra
ti

on
is

re
q
u
es

te
d
.

T
h
e

te
ac

h
er

p
la

ce
s

th
e

cu
p

in
th

e
m

id
d
le

of
th

e
ta

b
le

.
A

p
la

te
ar

ri
ve

s
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R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

1
2

3
4

5
6

7
8

9
10

1
1

12
13

14
15

16
17

18
19

20

2
1

22
23

24
25

26
27

28
29

30

F
ig

u
re

13
:

T
h
e

state
at

th
e

b
egin

n
in

g
of

each
iteration

d
u
rin

g
th

e
fi
rst

m
ed

iu
m

ex
p

erim
en

t.

5
.

T
h
e

n
ew

p
late

is
m

oved
to

th
e

p
ick

u
p

area.

6
.

A
s

an
ex

p
loratory

action
,

th
e

p
la

tes
are

m
ov

ed
to

th
e

cen
ter

of
th

e
ta

b
le.

7
.

T
h
e

p
la

tes
are

m
ov

ed
b
ack

to
th

e
p
ick

u
p

area.
A

cu
p

arrives.

8
.

A
s

a
m

o
b
ile

rob
ot

is
arriv

in
g,

it
is

p
iled

u
p

d
irectly

in
th

e
p
ick

u
p

a
rea.

T
h
e

p
ile

on
th

e
p
ick

u
p

area
is

taken
.

9
.

N
o

a
ctio

n
is

taken
(ex

p
loration

is
n
ot

n
eed

ed
,

so
it

d
ecid

es
to

w
ait

u
n
til

n
ew

ob
jects

a
rrive

o
r

a
m

ob
ile

rob
ot

ap
p
roach

es).
A

n
ew

cu
p

arrives

1
0.

T
h
e

n
ew

cu
p

is
p
iled

w
ith

th
e

oth
er

on
e.

1
1.

N
o

actio
n

is
taken

an
d

a
p
late

arrives.

1
2.

T
h
e

n
ew

p
late

is
m

oved
to

th
e

p
ick

u
p

area.

1
3.

C
u
tlery

a
p
p

ears
for

th
e

fi
rst

tim
e.

A
d
em

on
stration

is
req

u
ested

an
d

th
e

teach
er

d
ecid

es
to

m
ove

th
e

cu
p
s

to
th

e
p
ick

u
p

area.
N

ote
th

at
th

e
teach

er
sh

ow
s

th
e

b
est

actio
n
,

a
n
d

n
ot

th
e

action
th

at
w

ou
ld

m
ake

th
e

rob
o
t

learn
th

e
m

ost.
In

th
is

case
it

is
b

etter
to

fi
rst

p
u
t

th
e

cu
p

on
th

e
p
late,

an
d

later
p
u
t

th
e

cu
tlery

on
th

e
cu

p
.

1
4
.

A
s

th
e

action
s

to
m

an
ip

u
late

cu
tlery

h
ave

n
ot

b
een

learn
ed

yet,
an

oth
er

d
em

on
stration

is
req

u
ested

.
T

h
is

tim
e

th
e

teach
er

ex
ecu

tes
a

“p
u
t”

action
to

p
ile

u
p

th
e

fork
.

1
5
.

T
h
e

m
a
n
ip

u
lator

rob
ot

h
as

still
to

learn
th

at
m

ob
ile

rob
ots

also
take

cu
tlery,

so
an

oth
er

d
em

on
stration

is
req

u
ested

.
A

s
a

m
ob

ile
rob

ot
is

arriv
in

g
to

take
th

e
p
ile,

th
e

teach
er

d
o
es

n
ot

ex
ecu

te
an

y
action

.
A

cu
p

arrives.

1
6
.

T
h
e

n
ew

cu
p

is
m

oved
to

th
e

p
ick

u
p

area.

1
7
.

N
o

a
ction

is
taken

.
A

fork
arrives.

1
8
.

T
h
e

n
ew

fork
is

m
oved

to
th

e
cen

ter
of

th
e

tab
le.

1
9
.

T
h
e

fo
rk

is
p
u
t

on
top

of
th

e
cu

p
at

th
e

p
ick

u
p

a
rea.

A
p
late

arrives.
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M
a
r
t́
ın

e
z

e
t

a
l
.

F
igu

re
14:

U
n
stab

le
p
ile

d
u
rin

g
th

e
fi
rst

m
ed

iu
m

ex
p

erim
en

t.
L

e
ft:

th
e

state
b

efore
th

e
m

an
ip

u
lator

rob
ot

p
laced

th
e

p
late

on
th

e
top

p
ile.

C
e
n
te

r:
th

e
p
ile

b
ecam

e
u
n
stab

le,
an

d
th

u
s

it
w

as
n
ot

taken
b
y

m
ob

ile
rob

ots.
R

ig
h
t:

to
m

ake
th

e
p
ile

stab
le

again
,

th
e

p
late

w
as

p
osition

ed
b
ack

in
th

e
tab

le.

20.
T

h
e

n
ew

p
late

is
m

oved
to

th
e

p
ile

at
th

e
p
ick

u
p

area.
H

ow
ever,

th
e

p
ile

b
ecom

es
u
n
stab

le
as

a
p
late

is
on

top
of

a
cu

p
w

ith
a

k
n
ife

(see
F

ig.
14).

21.
A

m
ob

ile
ro

b
ot

com
es,

b
u
t

it
d
o
es

n
ot

take
th

e
p
ile

b
ecau

se
it

is
u
n
stab

le.
A

cu
p

arrives.

22.
T

h
e

m
an

ip
u
lator

rob
ot

h
as

learn
ed

th
at

m
ob

ile
ro

b
ots

d
o

n
o
t

tak
e

u
n
stab

le
p
iles,

so
a

d
em

on
stration

is
req

u
ested

.
T

h
e

teach
er

sh
ow

s
th

at
p
u
ttin

g
th

e
p
late

b
ack

to
th

e
tab

le
m

ak
es

th
e

p
ile

stab
le

again
.

23.
A

s
an

ex
p
loratory

action
,

th
e

p
late

is
p
u
t

again
on

th
e

p
ile,

m
ak

in
g

it
u
n
stab

le.

24.
T

h
e

m
an

ip
u
lator

rob
ot

m
akes

th
e

p
ile

stab
le

aga
in

b
y

rem
ov

in
g

th
e

p
late.

A
m

ob
ile

rob
ot

com
es

an
d

takes
th

e
p
ile

on
th

e
p
ick

u
p

area
as

it
is

stab
le.

25.
T

h
e

cu
p

on
th

e
a
rrivin

g
area

is
m

oved
to

th
e

cen
ter

of
th

e
ta

b
le.

A
n
ew

cu
p

arriv
es.

26.
T

h
e

m
o
d
el

h
as

u
p

d
ated

its
p
rob

ab
ilities

w
ith

w
h
ich

n
ew

ob
jects

an
d

m
ob

ile
rob

ots
arrive,

an
d

th
e

resu
ltin

g
p
lan

h
as

a
valu

e
V

(s)
<
V
m
in

even
th

ou
gh

it
is

a
go

o
d

p
lan

.
T

h
e

p
rob

lem
is

th
at
V
m
in

w
as

to
o

h
igh

,
an

d
th

e
teach

er
u
p

d
ates

it
after

p
ilin

g
th

e
tw

o
cu

p
s

togeth
er.

A
p
late

arrives.

27.
T

h
e

p
late

is
p
iled

on
top

of
th

e
oth

er
p
late.

28.
T

h
e

p
lates

are
m

oved
to

th
e

p
ick

u
p

area.

29.
T

h
e

cu
p
s

are
p
iled

on
top

of
th

e
p
lates.

30.
A

m
ob

ile
ro

b
ot

com
es

an
d

tak
es

th
e

last
p
ile.

40
JM

L
R

 18(78):1-44, 2017



R
e
l
a
t
io

n
a
l

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g
f
o
r

P
l
a
n
n
in

g
w

it
h

E
x
o
g

e
n
o
u
s

E
f
f
e
c
t
s

R
e
fe

re
n
ce

s

A
le

ja
n
d
ro

A
go

st
in

i,
C

ar
m

e
T

or
ra

s,
an

d
F

lo
re

n
ti

n
W

ör
gö
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e
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so

ci
at

io
n

b
et

w
ee

n
ea

ch
ce

ll
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b
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in
im

ag
es

re
fe

rr
ed

to
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s

vo
x
el

)
a
n
d

th
e

re
sp

on
se

in
d
ep

en
d
en

tl
y,

p
ro

v
id

in
g

a
p
-v

al
u
e

‘m
ap

’
(L

az
ar

,
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).

T
h
e

p
-v

al
u
es
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n

b
e

ad
ju

st
ed

fo
r

m
u
lt

ip
le

co
m

p
ar

is
on

s
to

id
en

ti
fy

‘s
ig

n
ifi

ca
n
t’
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b
-r

eg
io

n
s
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th

e
te

n
so

r.
A

lt
h
ou

gh
th

is
ap

p
ro

ac
h

is
w

id
el

y
u
se

d
an

d
ap

p
ea

li
n
g

in
it

s
si

m
p
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ci

ty
,
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ea

rl
y

su
ch

in
d
ep

en
d
en

t
sc

re
en

in
g

ap
p
ro

ac
h
es

h
av

e
ke

y
d
is

ad
va

n
ta

ge
s

re
la

ti
ve

to
m

et
h
o
d
s

th
at
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ke

in
to
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co

u
n
t

th
e
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in

t
im

p
ac

t
of

th
e

ov
er

al
l

.
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h
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d
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h
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.
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p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
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i
c
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n
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b
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u
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en
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p
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a
t
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/
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p
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h
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.
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G
u
h
a
n
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o
g
i
e
t
a
l
.

te
n
so

r
si

m
u
lt

an
eo

u
sl

y.
U

n
fo

rt
u
n
at

el
y,

th
e

li
te

ra
tu

re
on

si
m

u
lt

an
eo

u
s

an
al

y
si

s
a
p
p
ro

a
ch

es
is

sp
ar

se
.

O
n
e

n
ai

ve
ap

p
ro

ac
h

is
to

si
m

p
ly

ve
ct

o
ri

ze
th

e
te

n
so

r
a
n
d

th
en

u
se

ex
is

ti
n
g

m
et

h
o
d
s

fo
r

h
ig

h
-d

im
en

si
on

al
re

gr
es

si
on

.
S
u
ch

ve
ct

or
iz

at
io

n
fa

il
s

to
p
re

se
rv

e
sp

at
ia

l
st

ru
ct

u
re

,
m

a
k
in

g
it

m
or

e
d
iffi

cu
lt

to
le

ar
n

lo
w

-d
im

en
si

on
al

re
la

ti
on

sh
ip

s
w

it
h

th
e

re
sp

on
se

.
E

ffi
ci

en
t

le
a
rn

in
g

is
of

cr
it

ic
al

im
p

or
ta

n
ce

,
as

th
e

sa
m

p
le

si
ze

is
ty

p
ic

al
ly

m
as

si
ve

ly
sm

al
le

r
th

a
n

th
e

to
ta

l
n
u
m

b
er

of
ce

ll
s.

A
lt

er
n
at

iv
e

ap
p
ro

ac
h
es

w
it

h
in

th
e

re
gr

es
si

on
fr

am
ew

or
k

in
cl

u
d
e

fu
n
ct

io
n
a
l

re
gr

es
si

on
an

d
tw

o
st

ag
e

ap
p
ro

ac
h
es

.
T

h
e

fo
rm

er
v
ie

w
s

th
e

te
n
so

r
as

a
d
is

cr
et

iz
a
ti

o
n

o
f

a
co

n
ti

n
u
ou

s
fu

n
ct

io
n
al

p
re

d
ic

to
r.

M
os

t
of

th
e

li
te

ra
tu

re
on

fu
n
ct

io
n
al

p
re

d
ic

to
rs

fo
cu

se
s

on
1D

fu
n
ct

io
n
s;

R
ei

ss
an

d
O

gd
en

(2
01

0)
co

n
si

d
er

th
e

2D
ca

se
,

b
u
t

su
b
st

an
ti

a
l

ch
a
ll
en

g
es

ar
is

e
in

ex
te

n
si

on
s

to
3D

d
u
e

to
d
im

en
si

on
al

it
y

an
d

co
ll
in

ea
ri

ty
am

on
g

ce
ll
s.

R
ec

en
tl

y
W

an
g

et
al

.
(2

01
4)

co
n
si

d
er

ed
3D

re
gu

la
ri

ze
d

fu
n
ct

io
n
al

re
gr

es
si

on
w

it
h

H
aa

r
w

av
el

et
b
a
si

s.
T

h
e

ar
ti

cl
e

is
es

se
n
ti

al
ly

fr
eq

u
en

ti
st

in
n
at

u
re

w
it

h
si

m
u
la

ti
on

st
u
d
ie

s
sh

ow
in

g
o
n
ly

th
e

m
ea

n
sq

u
ar

ed
er

ro
r

an
d

th
e

p
er

ce
n
ta

ge
of

co
rr

ec
tl

y
id

en
ti

fi
ed

ze
ro

an
d

n
on

ze
ro

el
em

en
ts

.
A

d
d
it

io
n
al

ly
,

th
e

ar
ti

cl
e

re
v
ea

ls
th

at
fu

n
ct

io
n
al

re
gr

es
si

on
is

la
rg

el
y

aff
ec

te
d

b
y

th
e

ch
o
ic

e
of

p
ro

p
er

b
as

is
fu

n
ct

io
n
s.

T
h
e

se
co

n
d

se
t

of
ap

p
ro

ac
h
es

,
i.
e.

T
w

o
st

ag
e

a
p
p
ro

a
ch

es
fi
rs

t
co

n
d
u
ct

a
d
im

en
si

on
re

d
u
ct

io
n

st
ep

,
co

m
m

on
ly

u
si

n
g

P
C

A
,
an

d
th

en
fi
t

a
m

o
d
el

u
si

n
g

lo
w

er
d
im

en
si

on
al

p
re

d
ic

to
rs

(C
aff

o
et

al
.,

20
10

).
A

cl
ea

r
d
is

ad
va

n
ta

ge
of

su
ch

ap
p
ro

a
ch

es
is

th
at

th
e

m
ai

n
p
ri

n
ci

p
al

co
m

p
on

en
ts

d
ri

v
in

g
va

ri
ab

il
it

y
in

th
e

ra
n
d
om

te
n
so

r
m

ay
h
av

e
re

la
ti

ve
ly

li
m

it
ed

im
p
ac

t
on

th
e

re
sp

on
se

va
ri

a
b
le

.
P

ot
en

ti
al

ly
,

su
p

er
v
is

ed
P

C
A

co
u
ld

b
e

u
se

d
,

b
u
t

it
is

n
ot

cl
ea

r
h
ow

to
im

p
le

m
en

t
su

ch
an

ap
p
ro

ac
h

in
3D

or
h
ig

h
er

d
im

en
si

on
s.

Z
h
ou

et
al

.
(2

01
3)

p
ro

p
os

e
ex

te
n
d
in

g
ge

n
er

al
iz

ed
li
n
ea

r
re

gr
es

si
on

to
in

cl
u
d
e

a
te

n
so

r
st

ru
ct

u
re

d
p
ar

am
et

er
co

rr
es

p
on

d
in

g
to

th
e

m
ea

su
re

d
te

n
so

r
p
re

d
ic

to
r.

T
o

ci
rc

u
m

ve
n
t

d
iffi

-
cu

lt
ie

s
w

it
h

ex
te

n
si

on
s

to
h
ig

h
er

or
d
er

te
n
so

r
p
re

d
ic

to
rs

,
th

ey
im

p
os

e
ad

d
it

io
n
a
l

st
ru

ct
u
re

on
th

e
te

n
so

r
p
ar

am
et

er
,

su
p
p

os
in

g
it

d
ec

om
p

o
se

s
as

a
ra

n
k
-R

p
ar

af
ac

su
m

(s
ee

S
ec

ti
on

2.
1)

.
T

h
is

m
as

si
ve

ly
re

d
u
ce

s
th

e
eff

ec
ti

ve
n
u
m

b
er

of
p
ar

am
et

er
s

to
b

e
es

ti
m

a
te

d
.

T
h
ey

d
ev

el
op

a
p

en
al

iz
ed

li
ke

li
h
o
o
d

ap
p
ro

ac
h

w
h
er

e
ad

ap
ti

ve
la

ss
o

p
en

al
ti

es
ar

e
b

e
im

p
o
se

d
o
n

in
d
iv

id
u
al

m
ar

gi
n
s

of
th

e
p
ar

af
ac

d
ec

om
p

os
it

io
n
,

fo
cu

si
n
g

on
g
o
o
d

p
oi

n
t

es
ti

m
a
ti

o
n

fo
r

th
e

te
n
so

r
p
ar

am
et

er
.

H
ow

ev
er

,
th

ei
r

m
et

h
o
d

re
li
es

h
ea

v
il
y

on
cr

os
s-

va
li
d
at

io
n

fo
r

se
le

ct
in

g
tu

n
in

g
p
ar

am
et

er
s

w
h
ic

h
ar

e
se

n
si

ti
ve

to
th

e
te

n
so

r
d
im

en
si

on
,

th
e

si
gn

al
-t

o-
n
o
is

e
ra

ti
o

(d
e-

gr
ee
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ar
si

ty
)

an
d

th
e

p
ar

af
ac

ra
n
k
.

G
iv

en
th

a
t

th
er

e
is

n
o

au
to

m
at

ic
se

le
ct

io
n

p
ro

ce
d
u
re

fo
r

th
e

tu
n
in

g
p
ar

am
et

er
s

p
ro

v
id

ed
in

Z
h
ou

et
al

.
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3)

,
th
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h
av

e
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b
e

fe
d

m
a
n
u
a
ll
y

b
y

th
e

en
d

u
se

r
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p
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b
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r
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u
n
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b
le

m
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a
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f

ca
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b
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n
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p
ro
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d
u
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h
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e
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m

p
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x
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f
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e
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o
d
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e
d
at

a.
W

e
p
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p
os

e
a

p
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n
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p
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d
m
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h
o
d
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eff
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ti

ve
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n
k

u
n
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p
o
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a
n
t
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ll
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ci
en
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to
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w
h
il
e

m
ai

n
ta
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in

g
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cu
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ti

m
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in
g

im
p

or
ta

n
t
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ll
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effi

ci
en
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.
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u
r
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or

k
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ve
s
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th

e
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m

at
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n
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tu
n
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g
p
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n
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y
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d
u
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ar
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w
it

h
in
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d
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ro

ss
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m
p

o
n
en
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in
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e

te
n
so

r
fa
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iz
at

io
n
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th

e
te

n
so

r
co

effi
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en
t
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r
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m
al
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se
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ct

io
n
.

In
a
d
d
it

io
n
,

th
e

n
ee

d
fo

r
va

li
d

m
ea

su
re

s
of

u
n
ce

rt
ai

n
ty

on
p
ar

am
et

er
(p

re
d
ic

ti
ve

)
es
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m

a
te

s
is

cr
u
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a
l,
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p

ec
ia
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y
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se

tt
in
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w

it
h
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w

or
m

o
d
er

at
e
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m

p
le

si
ze

s,
w

h
ic

h
n
at

u
ra

ll
y

m
o
ti

va
te

s
o
u
r

B
ay

es
ia

n
ap

p
ro

ac
h
.

R
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en
tl

y
S
u
zu

k
i
(2

01
5)

p
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p
os
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a

B
ay
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ia

n
te

n
so

r
re

gr
es

si
o
n

a
p
p
ro

a
ch

w
it

h
n
ai

v
e

G
au
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ia

n
p
ri

or
on

th
e

co
m

p
on

en
ts

of
th

e
te

n
so

r
fa

ct
or

iz
at

io
n

o
f

th
e

te
n
so

r
co

effi
ci

en
ts

.
In

co
n
tr

as
t,

ou
r

p
ro

p
os

ed
p
ri

or
on

th
e

te
n
so

r
co

effi
ci

en
t

is
m

or
e

so
p
h
is

ti
ca

te
d

in
th

e
se

n
se

th
at

it
im

p
ar
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sh
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g
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w
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B
a
y
e
sia

n
T
e
n
so

r
R
e
g
r
e
ssio

n

in
d
iv

id
u
a
l

p
a
ra

m
eters,

an
d

also
p
rov

id
es

sh
rin

kage
tow

ard
s

low
ran

k
d
ecom

p
osition

of
th

e
ten

so
r

co
effi

cien
t.

S
im

ilarly,
B

ayesian
ten

sor
regression

fram
ew

ork
p
rop

osed
in

G
o
ld

sm
ith

et
a
l.

(2
0
14

)
u
ses

b
in

ary
in

d
icators

to
d
eterm

in
e

w
h
eth

er
a

cell
in

th
e

ten
sor

p
red

ictor
is

p
red

ictive
o
f

th
e

resp
on

se.
F

or
a

ten
sor

p
red

ictor
w

ith
30
×

30
×

3
0

cells,
su

ch
an

a
p
p
ro

a
ch

req
u
ires

to
u
p

d
ate

27000
b
in

ary
in

d
ica

tors
in

each
M

C
M

C
iteration

an
d

is
d
eem

ed
u
n
sa

tisfa
cto

ry
d
u
e

to
m

ix
in

g
issu

es
an

d
p

o
or

in
feren

ce.

O
u
r

a
p
p
roa

ch
d
iff

ers
from

im
age

recon
stru

ction
literatu

re
as

w
e

d
o

n
ot

m
o
d
el

th
e

d
istri-

b
u
tio

n
o
f

th
e

ten
sor

X
(Q

iu
,

2007).
T

h
ere

is
a

con
sid

erab
le

recen
t

literatu
re

on
freq

u
en

tist
ten

so
r

m
o
d
elin

g
in

w
h
ich

on
e

ty
p
ically

en
cou

n
ters

tim
e

series
(gen

erally
to

stu
d
y

so
cial

n
etw

o
rk

s
o
r

im
a
ges

ev
olv

in
g

over
tim

e)
w

ith
resp

on
se

at
every

tim
e

p
oin

t
is

an
array

/ten
sor

(G
era

rd
a
n
d

H
off

,
2015;

H
off

et
al.,

2015).
T

h
ere

is
also

a
B

ayesian
literatu

re
th

at
facilitates

jo
in

t
m

o
d
elin

g
of

a
large

n
u
m

b
er

of
u
n
o
rd

ered
categorical

variab
les

(Z
h
ou

et
al.,

2
015).

O
u
r

fra
m

ew
o
rk

is
fu

n
d
am

en
tally

d
iff

eren
t

from
th

ese
ap

p
roach

es
in

th
e

sen
se

th
at

th
ese

a
re

a
ll

u
n

su
pervised

ten
so

r
m

od
elin

g
a
p
p
roa

ch
w

h
ile

w
e

p
ro

po
se

a
fra

m
ew

o
rk

fo
r

su
pervised

ten
so

r
regressio

n
.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

w
e

are
th

e
fi
rst

to
p
rop

ose
a

n
ov

el
m

u
ltiw

ay
sh

rin
ka

g
e

p
rio

r
in

B
ayesian

ten
sor

regression
fram

ew
o
rk

(w
ith

sca
lar

resp
on

se
on

a
ten

-
so

r
p
red

icto
r)

th
at

accom
m

o
d
ates

sh
rin

kage
of

th
e

ten
sor

co
effi

cien
t

for
th

e
ap

p
ro

p
riate

id
en

tifi
ca

tio
n

o
f

im
p

ortan
t

cells
in

th
e

ten
so

r
p
red

icto
r.

B
esid

es,
w

e
off

er
stron

g
p

osterior
co

n
sisten

cy
resu

lts
on

B
ayesian

ten
sor

regression
fram

ew
ork

w
ith

m
u
ltiw

ay
sh

rin
kage

p
rior.

R
em

a
in

d
er

of
th

e
m

an
u
scrip

t
evolves

as
follow

s.
In

S
ection

2,
w

e
p
rop

ose
th

e
b
asic

fra
m

ew
o
rk

o
f

th
e

ten
sor

regression
m

o
d
el

w
ith

a
sca

lar
resp

on
se,

vector
p
red

icto
rs

an
d

a
ten

so
r

p
red

icto
r.

S
ection

3
ch

aracterizes
d
esirab

le
criteria

for
a

m
u
ltiw

ay
sh

rin
kage

p
rior

an
d

p
ro

p
o
ses

a
n
ov

el
m

u
ltiw

ay
sh

rin
kage

p
rior

on
th

e
ten

sor
co

effi
cien

t.
S
ection

s
4

an
d

5
p
rov

id
e

th
eo

retica
l
resu

lts
on

th
e

con
vergen

ce
of

p
osterior

d
istrib

u
tion

u
n
d
er

th
e

m
u
tiw

ay
sh

rin
kage

p
rio

r
a
n
d

d
eta

ils
on

p
osterior

com
p
u
tation

resp
ectiv

ely.
V

ariou
s

sim
u
latio

n
stu

d
ies

w
ith

2D
a
n
d

3
D

ten
so

r
p
red

ictors
are

p
resen

ted
in

S
ection

s
6

an
d

7
resp

ectively
to

stu
d
y

eff
ectiv

en
ess

o
f

th
e

B
ayesia

n
ten

sor
regression

u
n
d
er

variou
s

d
egrees

of
sp

arsity
an

d
sign

al
stren

gth
.

S
ectio

n
8

is
d
evoted

to
a

real
b
rain

con
n
ectom

e
d
ata

an
aly

sis
u
sin

g
th

e
p
rop

osed
B

ay
esian

ten
so

r
reg

ressio
n

m
o
d
el

alon
g

w
ith

its
com

p
etitors.

T
h
e

m
an

u
scrip

ts
en

d
s

w
ith

a
d
iscu

ssion
.

2
.
T
e
n
so

r
R
e
g
re
ssio

n

T
h
is

section
p
rov

id
es

d
etails

on
th

e
ten

sor
regression

m
o
d
el.

2
.1

B
a
sic

N
o
ta

tio
n

L
et
β

1
=

(β
1
1 ,...,β

1
p
1 ) ′

an
d
β

2
=

(β
2
1 ,...,β

2
p
2 ) ′

b
e

vectors
of

len
gth

p
1

a
n
d
p

2 ,
re-

sp
ectively.

T
h
e

vector
ou

ter
p
ro

d
u
ct
β

1
◦
β

2
is

a
p

1
×
p

2
m

atrix
w

ith
(i,j)-th

en
try

β
1
i β

2
j .

A
D

-w
ay

ou
ter

p
ro

d
u
ct

b
etw

een
vectors

β
j

=
(β
j1 ,...,β

jp
j ),

1
≤

j
≤

D
,

is
a
p

1 ×
···×

p
D

m
u
lti-d

im
en

sion
al

array
d
en

oted
B

=
β

1 ◦
β

2 ◦
···◦

β
D

w
ith

en
tries

(B
)
i1
,...,iD

=
∏
Dj=

1
β
jij .

D
efi

n
e

a
vec(B

)
op

erator
as

stack
in

g
elem

en
ts

of
th

is
D

-w
ay

ten
sor

in
to

a
co

lu
m

n
vector

of
len

gth
∏
Dj=

1
p
j .

F
rom

th
e

d
efi

n
ition

of
ou

ter
p
ro

d
u
cts,

it
is

easy
to

see
th

a
t

vec(β
1 ◦
β

2 ◦···◦
β
D

)
=
β
D
⊗
···⊗

β
1 .

A
s

a
h
igh

er
ord

er
gen

eralization
of

m
a
trix

sin
g
u
la

r
va

lu
e

d
ecom

p
osition

,
T

u
cker

d
ecom

p
osition

of
a
D

-w
ay

ten
sor

B
∈
⊗
Dj=

1 <
p
j

is
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G
u
h
a
n
iy
o
g
i
e
t
a
l
.

often
con

sid
ered

.
T

h
e

T
u
cker

d
ecom

p
osition

(K
old

a
an

d
B

ad
er,

20
09)

can
b

e
ex

p
ressed

as

B
=

R
1

∑r
1
=

1

R
2

∑r
2
=

1 ···
R
D
∑r
D

=
1

λ
r
1
,...,r

D
β

(r
1
)

1
◦
β

(r
2
)

2
◦···◦

β
(r
D

)
D

(1)

w
h
ere

β
(r
j )

j
is

a
p
j

d
im

en
sion

al
v
ector,

1
≤
j
≤
D

,
an

d
Λ

=
(λ
r
1
,...,r

D
)
R

1
,...,R

D
r
1
,...,r

D
=

1
is

referred

to
as

th
e

co
re

ten
so

r.
If

on
e

con
sid

ers{β
(r
j )

j
;1
≤
r
j ≤

R
j ,1
≤
j≤

D
}

as
“factor

load
in

gs”
an

d
λ
r
1
,...,r

D
to

b
e

th
e

corresp
on

d
in

g
co

effi
cien

ts,
th

en
th

e
T

u
cker

d
ecom

p
osition

m
ay

b
e

th
ou

gh
t

of
as

a
m

u
ltiw

ay
an

alogu
e

to
factor

m
o
d
elin

g.
A

ran
k
-R

p
arafac

d
ecom

p
osition

em
erges

as
a

sp
ecial

case
of

T
u
cker

d
ecom

p
osition

1
w

h
en

R
1

=
R

2
=
···

=
R
D

=
R

an
d
λ
r
1
,...,r

D
=
I
(r

1
=
r

2
=
···

=
r
D

).
In

p
a
rticu

lar,
B
∈
⊗
Dj=

1 <
p
j

assu
m

es
a

ran
k
-R

p
arafac

d
ecom

p
osition

if

B
=

R
∑r
=

1

β
(r

)
1
◦···◦

β
(r

)
D

(2)

w
h
ere

β
(r

)
j
,

1
≤
j
≤
D

an
d

1
≤
r
≤
R

are
th

e
p
j

d
im

en
sion

al
‘m

argin
s’.

T
h
e

p
arafac

d
ecom

p
osition

is
m

ore
w

id
ely

u
sed

d
u
e

to
its

relativ
e

sim
p
licity.

2
.2

M
o
d

e
l

F
ra

m
e
w

o
rk

L
et
y
∈
Y

d
en

otes
a

resp
on

se
variab

le,
w

ith
z
∈
X
⊂
<
p

an
d
X
∈
⊗
Dj=

1 <
p
j

scalar
an

d
ten

sor
p
red

ictors,
resp

ectively.
W

e
con

sid
er

a
ten

sor
regression

m
o
d
el

h
av

in
g

a
gen

eral
form

y
∼
f (α

+
z
′γ

+
〈X

,B
〉,σ )

,
〈X

,B
〉

=
vec(X

) ′vec(B
),

(3)

w
h
ere

f
(µ
,σ

)
is

a
fam

ily
of

d
istrib

u
tion

s
h
av

in
g

lo
cation

µ
an

d
scale

σ
,
γ

is
a
p×

1
co

effi
cien

t
for

scalar
p
red

itors
an

d
B
∈
⊗
Dj=

1 <
p
j

is
th

e
ten

sor
p
aram

eter
corresp

on
d
in

g
to

m
easu

red
ten

sor
p
red

ictor
X

.
W

e
fo

cu
s

m
ore

sp
ecifi

ca
lly

on
th

e
G

au
ssian

lin
ear

m
o
d
el

case
w

ith

y
=
α

+
z
′γ

+
〈X

,B
〉

+
ε,
ε∼

N
(0,σ

2).
(4)

T
h
e

co
effi

cien
t

ten
sor

B
h
as ∏

Dj=
1
p
j

elem
en

ts,
n
ecessitatin

g
su

b
stan

tial
d
im

en
sion

ality
red

u
ction

.
A

ran
k
-1

p
arafac

d
ecom

p
osition

assu
m

es
B

=
β

1 ◦
···◦

β
D

an
d

vec(B
)

=
β
D
⊗
···⊗

β
1 .

T
h
is

red
u
ces

to
m

o
d
elin

g
y

=
α

+
z
′γ

+
β
′1 X
β

2
w

h
en
D

=
2,

corresp
on

d
in

g
to

th
e

b
ilin

ear
m

o
d
el

con
sid

ered
in

H
u
n
g

an
d

W
an

g
(2013).

S
in

ce
on

ly
th

e
sin

gle
p
aram

eter
vector

β
j

cap
tu

res
sign

al
alon

g
th

e
jth

d
im

en
sion

,
a

ran
k
-1

assu
m

p
tion

sev
erely

lim
its

fl
ex

ib
ility,

ru
lin

g
ou

t
in

teraction
s

am
on

g
d
im

en
sion

s.
F

ollow
in

g
Z

h
ou

et
al.

(2013),
w

e
u
se

a
m

ore
fl
ex

ib
le

ran
k
-R

p
arafac

d
ecom

p
osition

for
B

=
∑

Rr
=

1
β

(r
)

1
◦···◦

β
(r

)
D

in
tro

d
u
ced

in

(2)
w

ith
β

(r
)

j
∈
<
p
j,

1
≤
j≤

D
,

an
d

1
≤
r≤

R
.

E
x
p
ression

(4)
th

en
b

ecom
es

y
=
α

+
z
′γ

+
〈
X
,
R
∑r
=

1

β
(r

)
1
◦···◦

β
(r

)
D

〉
+
ε

=
α

+
z
′γ

+
∑

(i1
,...,iD

) (X
)
i1
,...,iD

(B
)
i1
,...,iD

+
ε

(5)
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B
a
y
e
si
a
n
T
e
n
so

r
R
e
g
r
e
ss
io
n

w
h
er

e
v
ox

el
(X

) i
1
,.
..
,i
D

of
th

e
te

n
so

r
p
re

d
ic

to
r

h
as

co
rr

es
p

on
d
in

g
p
ar

am
et

er

(B
) i

1
,.
..
,i
D

=
R ∑ r
=

1

D ∏ j=
1

β
(r

)
j,
i j
,

(i
1
,.
..
,i
D

)
∈
V B

=
⊗
D j=

1
{1
,.
..
,p
j
}.

(6
)

T
h
e

m
o
d
el

is
th

er
ef

or
e

n
on

li
n
ea

r
in

th
e

p
ar

am
et

er
s

d
efi

n
in

g
B

.
A

h
ie

ra
rc

h
ic

al
sp

ec
ifi

ca
ti

on
is

co
m

p
le

te
d

b
y

p
la

ci
n
g

p
ri

or
s

ov
er

u
n
k
n
ow

n
m

o
d
el

p
ar

am
et

er
s.

W
h
il
e

p
la

ci
n
g

p
ri

or
s

ov
er

α
an

d
γ

is
st

ra
ig

h
tf

or
w

ar
d
,

S
ec

ti
on

3.
2

fo
cu

se
s

on
sp

ec
ifi

ca
ti

on
of

th
e

p
ri

or
ov

er
te

n
so

r
p
ar

am
et

er
s

w
h
ic

h
is

n
on

tr
iv

ia
l

an
d

on
e

of
th

e
m

ai
n

co
n
tr

ib
u
ti

o
n
s

of
th

is
w

or
k
.

U
n
d
er

th
e

as
su

m
ed

ra
n
k
-R

p
ar

af
ac

d
ec

om
p

os
it

io
n

fo
r
B

,
m

o
d
el

(5
)

re
q
u
ir

es
es

ti
m

at
in

g
p

+
2

+
R
∑

D j=
1
p
j

as
op

p
os

ed
to
p

+
2

+
∏
D j=

1
p
j

p
ar

am
et

er
s

fo
r

th
e

u
n
st

ru
ct

u
re

d
ve

ct
or

iz
ed

(s
at

u
ra

te
d
)

m
o
d
el

.
A

s
w

e
ar

e
in

te
re

st
ed

in
id

en
ti

fy
in

g
ge

om
et

ri
c

su
b
-r

eg
io

n
s

o
f

th
e

te
n
so

r
ac

ro
ss

w
h
ic

h
co

effi
ci

en
ts

ar
e

n
ot

cl
os

e
to

ze
ro

,
w

it
h

th
e

re
m

ai
n
in

g
el

em
en

ts
b

ei
n
g

ve
ry

cl
os

e
to

ze
ro

,
on

e
w

on
d
er

s
w

h
et

h
er

su
ch

d
ra

m
at

ic
d
im

en
si

on
re

d
u
ct

io
n

re
ta

in
s

su
ffi

ci
en

t
fl
ex

ib
il
it

y.
F

in
al

ly
,

w
e

w
ou

ld
li
k
e

to
a
cc

u
ra

te
ly

es
ti

m
at

e
co

effi
ci

en
t

va
lu

es
in

th
es

e
su

b
-

re
gi

on
s.

C
on

si
st

en
t

w
it

h
ou

r
th

eo
re

ti
ca

l
an

al
y
si

s
in

S
ec

ti
on

4,
ex

te
n
si

ve
si

m
u
la

ti
on

st
u
d
ie

s
in

S
ec

ti
on

6
co

n
fi
rm

ou
r

ab
il
it

y
to

ac
co

m
p
li
sh

th
es

e
go

al
s.

2
.3

M
o
d

e
l

Id
e
n
ti

fi
a
b

il
it

y

F
ro

m
m

o
d
el

(5
)

it
is

cl
ea

r
th

at
on

ly
vo

x
el

-l
ev

el
co

effi
ci

en
ts

ar
e

id
en

ti
fi
ed

a
n
d

n
ot

th
e

in
-

d
iv

id
u
al

te
n
so

r
m

ar
gi

n
s

d
efi

n
in

g
th

ei
r

p
ro

d
u
ct

-s
u
m

gi
ve

n
in

(6
).

In
th

e
te

n
so

r
se

tt
in

g,
id

en
ti

fi
ab

il
it

y
re

st
ri

ct
io

n
s

ar
e

u
n
d
er

st
o
o
d

in
li
gh

t
of

th
e

fo
ll
ow

in
g

in
d
et

er
m

in
ac

ie
s:

1.
S

ca
le

in
d
et

er
m

in
a
cy

:
fo

r
ea

ch
r

=
1,
..
.,
R

,
d
efi

n
e
λ
r

=
(λ

1
r
,.
..
,λ

D
r
)

su
ch

th
at

∏
D j=

1
λ
jr

=
1.

T
h
en

re
p
la

ci
n
g
β

(r
)

j
b
y
λ
jr
β

(r
)

j
le

av
es

th
e

te
n
so

r
p
ar

am
et

er
B

u
n
al

te
re

d
.

2.
P

er
m

u
ta

ti
o
n

in
d
et

er
m

in
a
cy

:
∑

R r
=

1
◦D j

=
1
β

(r
)

j
=
∑

R r
=

1
◦D j

=
1
β

(P
(r

))
j

fo
r

an
y

p
er

m
u
ta

ti
on

P
(·)

of
{1
,2
,.
..
,R
}.

In
p
ar

ti
cu

la
r,

th
is

im
p
li
es

th
at
◦D j

=
1
β

(r
)

j
ar

e
n
ot

id
en

ti
fi
ab

le
fo

r
r

=
1,
..
.,
R

.

3.
O

rt
h
og

o
n

a
l

tr
a
n

sf
o
rm

a
ti

o
n

in
d
et

er
m

in
a
cy

(D
=

2
on

ly
):

fo
r

an
y

or
th

on
or

m
al

m
at

ri
x

O
,

on
e

h
as

(β
(r

)
1
O

)
◦(
β

(r
)

2
O

)
=
β

(r
)

1
⊗
β

(r
)

2
.

F
or
D
>

2,
im

p
os

in
g

th
e

fo
ll
ow

in
g

(D
−

1)
R

co
n
st

ra
in

ts
en

su
re

s
id

en
ti

fi
ab

il
it

y
of

th
e

m
a
rg

in
p
ar

am
et

er
s

co
m

p
ri

si
n
g

th
e

ra
n
k
-R

p
ar

af
a
c

d
ec

om
p

os
it

io
n
:

β
(r

)
j,

1
=

1,
1
≤
j
<
D
,

1
≤
r
≤
R
,

an
d

β
(1

)
D
,1
>
··
·>

β
(R

)
D
,1
.

(7
)

In
th

e
co

n
te

x
t

of
B

ay
es

ia
n

te
n
so

r
re

gr
es

si
on

,
ou

r
em

p
h
as

is
is

on
ac

cu
ra

te
es

ti
m

at
io

n
an

d
in

fe
re

n
ce

on
te

n
so

r
p
ar

am
et

er
B

,
an

d
on

st
at

e-
of

-t
h
e-

ar
t

p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

.
Im

p
or

-

ta
n
tl

y,
B

is
al

w
ay

s
id

en
ti

fi
ab

le
ev

en
if

th
e

te
n
so

r
m

a
rg

in
s
β

(r
)

j
’s

ar
e

n
ot

,
h
en

ce
w

e
av

oi
d

im
p

os
in

g
id

en
ti

fi
ab

il
it

y
re

st
ri

ct
io

n
s

on
th

e
la

tt
er

.
A

s
is

ev
id

en
t

fr
om

ou
r

si
m

u
la

ti
on

st
u
d
ie

s,

n
on

-i
d
en

ti
fi
ab

il
it

y
of
β

(r
)

j
d
o
es

n
ot

ap
p

ea
r

to
ca

u
se

co
n
ve

rg
en

ce
is

su
es

an
d

in
-f

ac
t,

si
m

p
li
fi
es

th
e

d
es

ig
n

of
effi

ci
en

t
co

m
p
u
ta

ti
on

al
al

go
ri

th
m

s.
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h
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b
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p
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p
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b
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w
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∼
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τ
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p
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p
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b
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d
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p
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p
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∼
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.
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b
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p
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p
ro

p
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at
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p
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p
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p
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p
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=
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a
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-level

p
rior

is
given

b
y

β
(r

)
j
∼

N (0
,(φ

r τ
)W

jr ),
w
jr,k ∼

E
x
p
(λ

2jr /
2),

λ
jr ∼

G
a(a

λ ,b
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p
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w
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p
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e

d
im

en
sion

s
of

th
e

ten
so

r
grow

w
ith

n
.

T
h
is

p
a
ra

d
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d
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∑
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0
(1

)
1
,n
,···

,β
0
(R

)
1
,n
,···
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b
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.
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e
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d
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<
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ỹ
i

=
y
i −

z
′i γ
−
∑

l6=
r 〈X

i ,B
l 〉

for
1
≤
i
≤
n

;
th

en

Σ
jr

=
(H

(r
)
T

j
H

(r
)

j
/σ

2
+
W
−

1
jr
/(φ

r τ
) )−

1,
µ
jr

=
Σ
jr H

(r
)

j
ỹ
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,ỹ
][σ

2|ỹ
];

d
efi

n
e
ỹ
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b
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p
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p
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p
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p
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p
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r
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p
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at
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b
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re
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d
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e
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p
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d
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con
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d
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p
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b
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b
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p
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p
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b
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d
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b
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d
evelop

ed
h
ere

to
settin

gs
w

h
ere

th
e

m
ea

su
red

re-
sp

o
n
se

fo
r

ea
ch

su
b

ject
is

b
in

ary
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receiv
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ob
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.
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∑
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∑
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con
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∝
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b
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p
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∑

r
δ
r −

1,
an

d
(2)

δ
r

=
1

+
p
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∑
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∑
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∑
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p
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e
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p
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=
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−
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−
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∈
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Γ
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+
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≥
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≥
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.
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≥
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p
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≥
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p
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Φ
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>
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H
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=
B
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∑
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.
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∑
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É

co
le

N
o
rm

a
le

S
u

p
ér

ie
u

re
,

C
N

R
S

,
P

S
L

R
es

ea
rc

h
U

n
iv

er
si

ty
P

a
ri

s,
F

ra
n

ce
.

2
S

ig
n

a
l,

S
ta

ti
st

iq
u

e
et

A
p
p
re

n
ti

ss
a
ge

(S
2
A

)
G

ro
u

p
,

ID
S

D
ep

a
rt

m
en

t,
L

T
C

I

T
el

ec
o
m

-P
a
ri

sT
ec

h

P
a
ri

s,
F

ra
n

ce
.

E
d

it
o
r:

S
at

h
iy

a
K

ee
rt

h
i

A
b
st

ra
ct

C
lu

st
er

in
g

h
ig

h
-d

im
en

si
o
n
a
l

d
at

a
of

te
n

re
q
u
ir

es
so

m
e

fo
rm

of
d
im

en
si

on
a
li
ty

re
d
u
ct

io
n
,

w
h
er

e
cl

u
st

er
ed

va
ri

ab
le

s
ar

e
se

p
ar

at
ed

fr
om

“
n
oi

se
-l

o
o
k
in

g”
va

ri
ab

le
s.

W
e

ca
st

th
is

p
ro

b
-

le
m

as
fi
n
d
in

g
a

lo
w

-d
im

en
si

on
al

p
ro

je
ct

io
n

of
th

e
d
a
ta

w
h
ic

h
is

w
el

l-
cl

u
st

er
ed

.
T

h
is

y
ie

ld
s

a
on

e-
d
im

en
si

on
al

p
ro

je
ct

io
n

in
th

e
si

m
p
le

st
si

tu
at

io
n

w
it

h
tw

o
cl

u
st

er
s,

a
n
d

ex
te

n
d
s

n
at

-
u
ra

ll
y

to
a

m
u
lt

i-
la

b
el

sc
en

ar
io

fo
r

m
o
re

th
a
n

tw
o

cl
u
st

er
s.

In
th

is
p
ap

er
,

(a
)

w
e

fi
rs

t
sh

ow
th

at
th

is
jo

in
t

cl
u
st

er
in

g
an

d
d
im

en
si

on
re

d
u
ct

io
n

fo
rm

u
la

ti
on

is
eq

u
iv

al
en

t
to

p
re

-
v
io

u
sl

y
p
ro

p
os

ed
d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
fr

am
ew

or
k
s,

th
u
s

le
ad

in
g

to
co

n
ve

x
re

la
x
at

io
n
s

of
th

e
p
ro

b
le

m
;

(b
)

w
e

p
ro

p
os

e
a

n
ov

el
sp

ar
se

ex
te

n
si

on
,

w
h
ic

h
is

st
il
l

ca
st

as
a

co
n
ve

x
re

la
x
a
ti

on
an

d
a
ll
ow

s
es

ti
m

a
ti

o
n

in
h
ig

h
er

d
im

en
si

on
s;

(c
)

w
e

p
ro

p
o
se

a
n
a
tu

ra
l

ex
te

n
si

on
fo

r
th

e
m

u
lt

i-
la

b
el

sc
en

a
ri

o
;

(d
)

w
e

p
ro

v
id

e
a

n
ew

th
eo

re
ti

ca
l

a
n
al

y
si

s
of

th
e

p
er

fo
rm

an
ce

of
th

es
e

fo
rm

u
la

ti
on

s
w

it
h

a
si

m
p
le

p
ro

b
a
b
il
is

ti
c

m
o
d
el

,
le

ad
in

g
to

sc
a
li
n
gs

ov
er

th
e

fo
rm

d
=
O

(√
n

)
fo

r
th

e
a
ffi

n
e

in
va

ri
an

t
ca

se
an

d
d

=
O

(n
)

fo
r

th
e

sp
a
rs

e
ca

se
,

w
h
er

e
n

is
th

e
n
u
m

b
er

of
ex

a
m

p
le

s
an

d
d

th
e

am
b
ie

n
t

d
im

en
si

o
n
;

an
d

fi
n
a
ll
y,

(e
)

w
e

p
ro

p
os

e
an

effi
ci

en
t

it
er

at
iv

e
al

g
or

it
h
m

w
it

h
ru

n
n
in

g-
ti

m
e

co
m

p
le

x
it

y
p
ro

p
or

ti
on

al
to

O
(n
d
2
),

im
p
ro

v
in

g
on

ea
rl

ie
r

a
lg

or
it

h
m

s
fo

r
d
is

cr
im

in
a
ti

ve
cl

u
st

er
in

g
w

it
h

th
e

sq
u
a
re

lo
ss

,
w

h
ic

h
h
ad

q
u
ad

ra
ti

c
co

m
p
le

x
it

y
in

th
e

n
u
m

b
er

o
f

ex
am

p
le

s.

1
.

In
tr

o
d
u
ct

io
n

C
lu

st
er

in
g

is
an

im
p

or
ta

n
t

an
d

co
m

m
on

ly
u
se

d
p
re

-p
ro

ce
ss

in
g

to
ol

in
m

an
y

m
ac

h
in

e
le

ar
n
-

in
g

ap
p
li
ca

ti
on

s,
w

it
h

cl
as

si
ca

l
al

go
ri

th
m

s
su

ch
as

K
-m

ea
n
s

(M
ac

Q
u
ee

n
,

19
67

),
li
n
ka

ge
al

go
ri

th
m

s
(G

ow
er

an
d

R
os

s,
19

69
)

or
sp

ec
tr

al
cl

u
st

er
in

g
(N

g
et

al
.,

20
02

).
In

h
ig

h
d
i-

m
en

si
on

s,
th

es
e

u
n
su

p
er

v
is

ed
le

ar
n
in

g
al

go
ri

th
m

s
ty

p
ic

al
ly

h
av

e
p
ro

b
le

m
s

id
en

ti
fy

in
g

th
e

u
n
d
er

ly
in

g
op

ti
m

al
d
is

cr
et

e
n
at

u
re

of
th

e
d
at

a;
fo

r
ex

am
p
le

,
th

ey
ar

e
q
u
ic

k
ly

p
er

tu
rb

ed
b
y

ad
d
in

g
a

fe
w

n
oi

sy
d
im

en
si

on
s.

C
lu

st
er

in
g

h
ig

h
-d

im
en

si
on

al
d
at

a
th

u
s

re
q
u
ir

es
so

m
e

fo
rm

of
d
im

en
si

on
al

it
y

re
d
u
ct

io
n
,

w
h
er

e
cl

u
st

er
ed

va
ri

ab
le

s
ar

e
se

p
ar

at
ed

fr
om

n
on

-i
n
fo

rm
at

iv
e

“n
oi

se
-l

o
ok

in
g”

(e
.g

.,
G

au
ss

ia
n
)

va
ri

ab
le

s.

S
ev

er
al

fr
am

ew
or

k
s

ai
m

at
li
n
ea

rl
y

se
p
ar

at
in

g
n
oi

se
fr

om
si

gn
al

,
th

at
is

fi
n
d
in

g
p
ro

je
c-

ti
on

s
of

th
e

d
at

a
th

at
ex

tr
ac

ts
th

e
si

gn
al

an
d

re
m

ov
es

th
e

n
oi

se
.

T
h
ey

d
iff

er
in

th
e

w
ay

s

c ©
2
0
1
7

N
ic

o
la

s
F

la
m

m
a
ri

o
n

,
B

a
la

m
u

ru
g
a
n

P
a
la

n
ia

p
p

a
n

a
n

d
F

ra
n

ci
s

B
a
ch

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
4
2
9
.
h
t
m
l
.

JM
L

R
 1

8(
80

):
1-

50
, 2

01
7

F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

si
gn

al
s

an
d

n
oi

se
ar

e
d
efi

n
ed

.
A

li
n
e

of
w

or
k

th
at

d
a
te

s
b
ac

k
to

p
ro

je
ct

io
n

p
u
rs

u
it

(F
ri

ed
m

a
n

an
d

S
tu

et
zl

e,
19

81
)

an
d

in
d
ep

en
d
en

t
co

m
p

on
en

t
an

al
y
si

s
(H

y
v
är

in
en

et
al

.,
2
0
0
4
)

d
efi

n
es

th
e

n
oi

se
as

G
au

ss
ia

n
w

h
il
e

th
e

si
gn

al
is

n
on

-G
au

ss
ia

n
(B

la
n
ch

ar
d

et
al

.,
2
0
0
6
;

L
e

R
o
u
x

an
d

B
ac

h
,

20
13

;
D

ie
d
er

ic
h
s

et
al

.,
20

13
).

In
th

is
w

o
rk

,
w

e
fo

ll
ow

D
e

la
T

or
re

a
n
d

K
a
n
a
d
e

(2
00

6)
;
D

in
g

an
d

L
i
(2

00
7)

,
al

on
g

th
e

al
te

rn
at

iv
e

ro
u
te

w
h
er

e
on

e
d
efi

n
es

th
e

si
g
n
a
l
a
s

b
ei

n
g

cl
u
st

er
ed

w
h
il
e

th
e

n
oi

se
is

an
y

n
on

-c
lu

st
er

ed
va

ri
ab

le
.

In
th

e
si

m
p
le

st
si

tu
a
ti

o
n

w
it

h
tw

o
cl

u
st

er
s,

w
e

m
ay

p
ro

je
ct

th
e

d
at

a
in

to
a

on
e-

d
im

en
si

on
a
l

su
b
sp

ac
e.

G
iv

en
a

d
a
ta

m
a
tr

ix
X
∈
R
n
×
d

co
m

p
os

ed
of
n
d
-d

im
en

si
on

al
p

oi
n
ts

,
th

e
go

al
is

to
fi
n
d

a
d
ir

ec
ti

o
n
w
∈
R
d

su
ch

th
at
X
w
∈
R
n

is
w

el
l-

cl
u
st

er
ed

,
e.

g.
,

b
y
K

-m
ea

n
s.

T
h
is

is
eq

u
iv

al
en

t
to

id
en

ti
fy

in
g

b
o
th

a
d
ir

ec
ti

on
to

p
ro

je
ct

,
re

p
re

se
n
te

d
as
w
∈

R
d

an
d

th
e

la
b

el
in

g
y
∈
{−

1
,1
}n

th
a
t

re
p
re

se
n
ts

th
e

p
ar

ti
ti

on
in

to
tw

o
cl

u
st

er
s.

M
os

t
ex

is
ti

n
g

fo
rm

u
la

ti
on

s
ar

e
n
on

-c
on

v
ex

an
d

ty
p
ic

al
ly

p
er

fo
rm

a
fo

rm
o
f

a
lt

er
n
a
ti

n
g

op
ti

m
iz

at
io

n
(D

e
la

T
or

re
an

d
K

an
ad

e,
20

06
;

D
in

g
an

d
L

i,
20

07
),

w
h
er

e
gi

ve
n
y
∈
{−

1
,1
}n

,
th

e
p
ro

je
ct

io
n
w

is
fo

u
n
d

b
y

li
n
ea

r
d
is

cr
im

in
an

t
an

al
y
si

s
(o

r
an

y
b
in

ar
y

cl
a
ss

ifi
ca

ti
on

m
et

h
o
d
),

an
d

gi
v
en

th
e

p
ro

je
ct

io
n
w

,
th

e
cl

u
st

er
in

g
is

ob
ta

in
ed

b
y

th
re

sh
o
ld

in
g
X
w

or
ru

n
n
in

g
K

-m
ea

n
s

on
X
w

.
A

s
sh

ow
n

in
S
ec

ti
on

2,
th

is
al

te
rn

at
in

g
m

in
im

iz
a
ti

o
n

p
ro

ce
d
u
re

h
ap

p
en

s
to

b
e

eq
u
iv

al
en

t
to

m
ax

im
iz

in
g

th
e

(c
en

te
re

d
)

co
rr

el
at

io
n

b
et

w
ee

n
y
∈
{−

1,
1}
n

an
d

th
e

p
ro

je
ct

io
n
X
w
∈
R
d
,

th
at

is

m
ax

w
∈R

d
,y
∈{
−

1
,1
}n

(y
>

Π
n
X
w

)2

‖Π
n
y
‖2 2
‖Π

n
X
w
‖2 2

,

w
h
er

e
Π
n

=
I n
−

1 n
1 n

1> n
is

th
e

u
su

al
ce

n
te

ri
n
g

p
ro

je
ct

io
n

m
at

ri
x

(w
it

h
1 n
∈
R
n

b
ei

n
g

th
e

ve
ct

or
of

al
l

on
es

,
an

d
I n

th
e
n
×
n

id
en

ti
ty

m
at

ri
x
).

T
h
is

co
rr

el
at

io
n

is
eq

u
a
l

to
o
n
e

w
h
en

th
e

p
ro

je
ct

io
n

is
p

er
fe

ct
ly

cl
u
st

er
ed

(i
n
d
ep

en
d
en

tl
y

of
th

e
n
u
m

b
er

of
el

em
en

ts
p

er
cl

u
st

er
).

E
x
is

ti
n
g

m
et

h
o
d
s

ar
e

al
te

rn
at

in
g

m
in

im
iz

at
io

n
al

g
or

it
h
m

s
w

it
h

n
o

th
eo

re
ti

ca
l

g
u
a
ra

n
te

es
.

In
th

is
p
ap

er
,

w
e

re
la

te
th

is
fo

rm
u
la

ti
on

to
d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
fo

rm
u
la

ti
o
n
s

(X
u

et
al

.,
20

04
;

B
ac

h
an

d
H

ar
ch

ao
u
i,

20
07

),
w

h
ic

h
co

n
si

d
er

th
e

p
ro

b
le

m

m
in

v
∈R

d
,
b∈

R
,
y
∈{
−

1
,1
}n

1 n
‖y
−
X
v
−
b1
n
‖2 2
,

(1
)

w
it

h
th

e
in

tu
it

io
n

of
fi
n
d
in

g
la

b
el

s
y

w
h
ic

h
ar

e
ea

sy
to

p
re

d
ic

t
b
y

an
affi

n
e

fu
n
ct

io
n

o
f

th
e

d
at

a.
In

p
ar

ti
cu

la
r,

w
e

sh
ow

th
at

gi
v
en

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
n
u
m

b
er

o
f

p
o
si

ti
ve

la
b

el
s

an
d

n
eg

at
iv

e
la

b
el

s
(i

.e
.,

th
e

sq
u
ar

ed
d
iff

er
en

ce
b

et
w

ee
n

th
e

re
sp

ec
ti

ve
n
u
m

b
er

of
el

em
en

ts
),

th
es

e
tw

o
p
ro

b
le

m
s

ar
e

eq
u
iv

al
en

t,
an

d
h
en

ce
d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
ex

p
li
ci

tl
y

p
er

fo
rm

s
jo

in
t

d
im

en
si

on
re

d
u
ct

io
n

an
d

cl
u
st

er
in

g.

W
h
il
e

th
e

d
is

cr
im

in
at

iv
e

fr
am

ew
or

k
is

b
as

ed
on

co
n
v
ex

re
la

x
at

io
n
s

a
n
d

h
a
s

le
d

to
in

-
te

re
st

in
g

d
ev

el
op

m
en

ts
an

d
ap

p
li
ca

ti
on

s
(Z

h
an

g
et

a
l.
,

20
09

;
L

i
et

al
.,

20
09

;
J
o
u
li
n

et
al

.,
20

10
a,

b
;

W
an

g
et

al
.,

20
10

;
N

iu
et

al
.,

20
13

;
H

u
an

g
et

al
.,

20
15

),
it

h
as

se
v
er

a
l

sh
o
rt

co
m

-
in

gs
w

h
en

u
se

d
w

it
h

th
e

sq
u
ar

e
lo

ss
:

(a
)

th
e

ru
n
n
in

g
-t

im
e

co
m

p
le

x
it

y
of

th
e

se
m

i-
d
efi

n
it

e
fo

rm
u
la

ti
on

s
is

at
le

as
t

q
u
ad

ra
ti

c
in
n

,
an

d
ty

p
ic

al
ly

m
u
ch

m
or

e,
(b

)
n
o

th
eo

re
ti

ca
l

a
n
a
ly

-
si

s
h
as

ev
er

b
ee

n
p

er
fo

rm
ed

,
(c

)
n
o

co
n
ve

x
sp

ar
se

ex
te

n
si

on
h
as

b
ee

n
p
ro

p
o
se

d
to

h
a
n
d
le

d
at

a
w

it
h

m
an

y
ir

re
le

va
n
t

d
im

en
si

on
s,

(d
)

b
al

an
ci

n
g

of
th

e
cl

u
st

er
s

re
m

ai
n
s

a
n

is
su

e,
a
s

it
ty

p
ic

al
ly

ad
d
s

an
ex

tr
a

h
y
p

er
p
ar

am
et

er
w

h
ic

h
m

ay
b

e
h
ar

d
to

se
t.

In
th

is
p
a
p

er
,

w
e

fo
cu

s
on

ad
d
re

ss
in

g
th

es
e

co
n
ce

rn
s.

2
JM

L
R

 1
8(

80
):

1-
50

, 2
01

7



R
o
b
u
st

D
isc

r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

W
h
en

th
ere

are
m

ore
th

an
tw

o
clu

sters,
on

e
con

sid
ers

eith
er

th
e

m
u

lti-la
bel

or
th

e
m

u
lti-

cla
ss

settin
g
s.

T
h
e

m
u
lti-class

p
rob

lem
assu

m
es

th
at

th
e

d
ata

are
clu

stered
in

to
d
istin

ct
cla

sses,
i.e.,

a
sin

gle
class

p
er

ob
servation

,
w

h
ereas

th
e

m
u
lti-lab

el
p
rob

lem
assu

m
es

th
e

d
a
ta

sh
a
re

d
iff

eren
t

lab
els,

i.e.,
m

u
ltip

le
la

b
els

p
er

ob
servation

.
W

e
sh

ow
in

th
is

w
ork

th
at

d
iscrim

in
a
tive

clu
sterin

g
fram

ew
ork

ex
ten

d
s

m
ore

n
atu

rally
to

m
u
lti-lab

el
scen

a
rios

an
d

th
a
t

th
is

ex
ten

sion
h
as

th
e

sam
e

con
vex

relax
ation

.

A
su

m
m

a
ry

of
th

e
con

trib
u
tion

s
of

th
is

p
ap

er
follow

s:

−
In

S
ectio

n
2,

w
e

relate
d
iscrim

in
ative

clu
sterin

g
w

ith
th

e
sq

u
are

loss
to

a
join

t
clu

s-
terin

g
an

d
d
im

en
sion

red
u
ction

form
u
lation

.
T

h
e

p
rop

osed
form

u
lation

takes
care

of
th

e
b
a
la

n
cin

g
h
y
p

erp
aram

eter
im

p
licitly.

−
W

e
p
ro

p
o
se

in
S
ection

3,
a

n
ovel

sp
arse

ex
ten

sio
n

to
d
iscrim

in
a
tiv

e
clu

sterin
g

an
d

sh
ow

th
a
t

it
can

still
b

e
cast

th
rou

gh
a

con
vex

relax
ation

.

−
W

h
en

th
ere

are
m

ore
th

an
tw

o
clu

sters,
w

e
ex

ten
d

n
atu

rally
th

e
sp

arse
form

u
latio

n
to

a
m

u
lti-lab

el
scen

ario
in

S
ection

4.

−
W

e
th

en
p
ro

ceed
to

p
rov

id
e

a
th

eoretical
an

aly
sis

of
th

e
p
rop

osed
form

u
la

tion
s

w
ith

a
sim

p
le

p
rob

ab
ilistic

m
o
d
el

in
S
ection

5,
w

h
ich

eff
ectiv

ely
lead

s
to

scalin
gs

ov
er

th
e

fo
rm

d
=
O

( √
n

)
for

th
e

affi
n
e

in
varian

t
case

an
d
d

=
O

(n
)

for
th

e
1-sp

a
rse

case.

−
F

in
a
lly,

w
e

p
rop

ose
in

S
ection

6
effi

cien
t

iterativ
e

algorith
m

s
w

ith
ru

n
n
in

g-tim
e

com
-

p
lex

ity
fo

r
each

step
eq

u
al

to
O

(n
d

2),
th

e
fi
rst

to
b

e
lin

ea
r

in
th

e
n
u
m

b
er

of
ob

serva-
tio

n
s
n

fo
r

d
iscrim

in
ative

clu
sterin

g
w

ith
th

e
sq

u
are

loss.

T
h
ro

u
g
h
o
u
t

th
is

p
ap

er
w

e
assu

m
e

th
at
X
∈
R
n×

d
is

cen
tered

,
a

com
m

on
p
re-p

ro
cessin

g
step

in
u
n
su

p
erv

ised
(an

d
su

p
erv

ised
)

learn
in

g
.

T
h
is

im
p
lies

th
at
X
>

1
n

=
0

a
n
d

Π
n
X

=
X

.

2
.

J
o
in

t
D

im
e
n
sio

n
R

e
d
u
ctio

n
a
n
d

C
lu

ste
rin

g

In
th

is
sectio

n
,

w
e

fo
cu

s
on

th
e

sin
gle

b
in

ary
la

b
el

case,
w

h
ere

w
e

fi
rst

stu
d
y

th
e

u
su

a
l

n
o
n
-

co
n
vex

fo
rm

u
lation

,
b

efore
d
eriv

in
g

con
vex

relax
ation

s
b
ased

on
sem

i-d
efi

n
ite

p
rogram

m
in

g.
S
o
m

e
o
f

th
e

fo
llow

in
g

resu
lts

are
alread

y
k
n
ow

n
in

th
e

literatu
re;

h
ow

ever,
w

e
state

th
em

h
ere

fo
r

co
m

p
leten

ess.

2
.1

N
o
n

-c
o
n
v
e
x

fo
rm

u
la

tio
n

F
o
llow

in
g

D
e

la
T

orre
an

d
K

an
ad

e
(2006);

D
in

g
an

d
L

i
(20

07);
Y

e
et

al.
(2

008),
w

e
con

sid
er

a
co

st
fu

n
ctio

n
w

h
ich

d
ep

en
d
s

on
y
∈
{−

1
,1}

n
an

d
w
∈
R
d,

w
h
ich

is
su

ch
th

at
altern

atin
g

o
p
tim

iza
tio

n
is

ex
actly

(a)
ru

n
n
in

g
K

-m
ean

s
w

ith
tw

o
clu

sters
on

X
w

to
ob

ta
in
y

given
w

(w
h
en

w
e

say
“
ru

n
n
in

g
K

-m
ean

s”,
w

e
m

ean
so

lv
in

g
th

e
vector

q
u
an

tiza
tion

p
rob

lem
ex

-
a
ctly

),
a
n
d

(b
)

p
erform

in
g

lin
ear

d
iscrim

in
an

t
an

aly
sis

to
ob

tain
w

given
y
.

P
ro

p
o
sitio

n
1

(J
o
in

t
c
lu

ste
rin

g
a
n

d
d

im
e
n

sio
n

re
d

u
c
tio

n
fo

r
tw

o
c
lu

ste
rs)

G
iven

X
∈
R
n×

d
su

ch
th

a
t
X
>

1
n

=
0

a
n

d
X

h
a
s

ra
n

k
d

,
co

n
sid

er
th

e
o
p
tim

iza
tio

n
p
ro

blem

m
a
x

w
∈
R
d
,y∈{−

1
,1}

n

(y >
X
w

)
2

‖
Π
n
y‖

22 ‖
X
w‖

22

.
(2)
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F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

G
iven

y
,

th
e

o
p
tim

a
l
w

is
o
bta

in
ed

a
s
w

=
(X
>
X

) −
1X
>
y

,
w

h
ile

given
w

,
th

e
o
p
tim

a
l
y

is
o
bta

in
ed

by
ru

n
n

in
g
K

-m
ea

n
s

o
n
X
w

.

T
h
is

eq
u
ivalen

ce
m

igh
t

b
e

straigh
tforw

ard
,

h
ow

ever
it

h
as

n
ot

b
een

p
recisely

stated
in

th
e

literatu
re

to
th

e
b

est
of

ou
r

k
n
ow

led
ge.

P
ro

o
f

G
iven

y
,

w
e

n
eed

to
op

tim
ize

th
e

R
ay

leigh
q
u
otien

t
w
>
X
>
y
y >
X
w

w
>
X
>
X
w

w
ith

a
ran

k
-on

e

m
atrix

in
th

e
n
u
m

erator,
w

h
ich

lead
s

to
w

=
(X
>
X

) −
1X
>
y
.

G
iven

w
,

w
e

sh
ow

in
A

p
-

p
en

d
ix

A
,

th
at

th
e

averaged
d
istortion

m
easu

re
of
K

-m
ean

s
on

ce
th

e
m

ean
s

h
av

e
b

een
op

tim
ized

is
ex

actly
eq

u
al

to
(y >

X
w

)
2/‖Π

n
y‖

22 .

A
lg

o
rith

m
.

T
h
e

p
rop

osition
ab

ove
lead

s
to

an
altern

atin
g

op
tim

izatio
n

algorith
m

.
N

ote
th

at
K

-m
ean

s
in

on
e

d
im

en
sion

m
ay

b
e

ru
n

exa
ctly

in
O

(n
log

n
)

(B
ellm

an
,

1973
).

A
fter

h
av

in
g

op
tim

ized
w

ith
resp

ect
to
w

in
E

q
.

(2),
w

e
th

en
n
eed

to
m

ax
im

ize
w

ith
resp

ect
to

y
th

e
fu

n
ction

y >
X

(X
>
X

) −
1
X
>
y

‖
Π
n
y‖

22
,

w
h
ich

h
ap

p
en

s
to

b
e

ex
actly

p
erform

in
g
K

-m
ean

s
on

th
e

w
h
iten

ed
d
ata

(w
h
ich

is
n
ow

in
h
igh

d
im

en
sion

an
d

n
ot

in
1

d
im

en
sion

).
A

t
fi
rst,

it
seem

s
th

at
d
im

en
sion

red
u
ction

is
sim

p
ly

eq
u
iva

len
t

to
w

h
iten

in
g

th
e

d
ata

an
d

p
erform

in
g
K

-
m

ean
s;

w
h
ile

th
is

is
a

form
ally

correct
statem

en
t,

th
e

resu
ltin

g
K

-m
ean

s
p
rob

lem
is

n
ot

easy
to

solve
as

th
e

clu
stered

d
im

en
sion

is
h
id

d
en

in
n
oise;

fo
r

ex
am

p
le,

algorith
m

s
su

ch
as
K

-
m

ean
s+

+
(A

rth
u
r

an
d

V
assilv

itsk
ii,

2007
),

w
h
ich

h
ave

a
m

u
ltip

licative
th

eoretical
gu

aran
tee

on
th

e
fi
n
al

d
istortion

m
easu

re,
are

n
ot

p
rovab

ly
eff

ective
h
ere

b
ecau

se
th

e
m

in
im

al
fi
n
al

d
istortion

is
n
ot

sm
all

(sin
ce

th
e

clu
sters

are
corru

p
ted

b
y

som
e

n
oisy

d
im

en
sion

s),
an

d
th

e
m

u
ltip

licative
gu

aran
tee

is
th

en
m

ean
in

gless.

2
.2

C
o
n
v
e
x

re
la

x
a
tio

n
a
n

d
d

isc
rim

in
a
tiv

e
c
lu

ste
rin

g

T
h
e

d
iscrim

in
ative

clu
sterin

g
form

u
lation

in
E

q
.

(1)
m

ay
b

e
op

tim
ized

for
an

y
y
∈
{−

1,1}
n

in
closed

form
w

ith
resp

ect
to
b

as
b

=
1 >n

(y−
X
v
)

n
=

1 >n
y

n
sin

ce
X

is
cen

tered
.

S
u
b
stitu

tin
g
b

in
E

q
.

(1)
lead

s
u
s

tom
in

v∈
R
d

1n ‖Π
n
y−

X
v‖

22
=

1n ‖
Π
n
y‖

22 −
m

ax
w
∈
R
d

(y >
X
w

)
2

‖
X
w‖

22

,
(3)

w
h
ere

v
is

ob
tain

ed
from

an
y

solu
tion

w
as
v

=
w
y >
X
w

‖
X
w
‖
22 .

T
h
u
s,

given

(y >
1
n
)
2

n
2

=
1n
2 (#
{
i,y

i
=

1}−
#
{
i,y

i
=
−

1} )
2

=
α
∈

[0,1],
(4)

w
h
ich

ch
aracterizes

th
e

asy
m

m
etry

b
etw

een
clu

sters
an

d
w

ith
‖Π

n
y‖

2
=
n

(1−
α

),
w

e
ob

tain
from

E
q
.

(3),
an

eq
u
ivalen

t
form

u
lation

to
E

q
.

(2)
(w

ith
th

e
ad

d
ed

con
strain

t)
as

m
in

y∈{−
1
,1}

n
,
v∈

R
d

1n ‖Π
n
y−

X
v‖

22
su

ch
th

at
(y >

1
n
)
2

n
2

=
α
.

(5)

T
h
is

is
ex

actly
eq

u
ivalen

t
to

a
d
iscrim

in
ative

clu
sterin

g
form

u
lation

w
ith

th
e

sq
u
are

loss
(B

ach
an

d
H

arch
aou

i,
2007)

w
ith

an
ex

p
licit

clu
ster

b
a
lan

ce
con

strain
t.

C
on

seq
u
en

tly
w

e
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R
o
b
u
st

D
is
c
r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

h
av

e
fo

rm
al

ly
es

ta
b
li
sh

ed
th

at
th

e
d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
fo

rm
u
la

ti
on

in
E

q
.
(5

)
is

re
la

te
d

to
th

e
jo

in
t

cl
u
st

er
in

g
an

d
d
im

en
si

on
re

d
u
ct

io
n

fo
rm

u
la

ti
on

in
E

q
.

(2
).

F
ol

lo
w

in
g

B
ac

h
an

d
H

ar
ch

ao
u
i

(2
00

7)
,

w
e

m
ay

op
ti

m
iz

e
E

q
.

(5
)

in
cl

os
ed

fo
rm

w
it

h
re

sp
ec

t
to
v

as
v

=
(X
>
X

)−
1
X
>
y
.

S
u
b
st

it
u
ti

n
g
v

in
E

q
.

(5
)

le
ad

s
u
s

to

m
in

y
∈{
−

1
,1
}n

1 n
y
>
( Π

n
−
X

(X
>
X

)−
1
X
>
) y

su
ch

th
at

(y
>

1 n
)2

n
2

=
α
.

(6
)

T
h
is

co
m

b
in

at
or

ia
l

op
ti

m
iz

at
io

n
p
ro

b
le

m
is

N
P

-h
ar

d
in

ge
n
er

al
(K

ar
p
,

19
72

;
G

ar
ey

et
al

.,
19

76
).

H
en

ce
in

p
ra

ct
ic

e,
it

is
cl

as
si

ca
l
to

co
n
si

d
er

th
e

fo
ll
ow

in
g

co
n
ve

x
re

la
x
at

io
n

of
E

q
.
(6

)
(L

u
o

et
al

.,
20

10
).

F
or

an
y

ad
m

is
si

b
le
y
∈
{−

1,
+

1}
n
,

th
e

m
at

ri
x
Y

=
y
y
>
∈

R
n
×
n

is
a

ra
n
k
-o

n
e

sy
m

m
et

ri
c

p
os

it
iv

e
se

m
i-

d
efi

n
it

e
m

at
ri

x
w

it
h

u
n
it

d
ia

go
n
al

en
tr

ie
s

a
n
d

co
n
ve

rs
el

y
an

y
su

ch
Y

m
ay

b
e

w
ri

tt
en

in
th

e
fo

rm
Y

=
y
y
>

su
ch

th
at

y
is

ad
m

is
si

b
le

fo
r

E
q
.

(6
).

M
or

eo
ve

r
b
y

re
w

ri
ti

n
g

E
q
.

(6
)

as

m
in

y
∈{
−

1
,1
}n

1 n
tr
y
y
>
( Π

n
−
X

(X
>
X

)−
1
X
>
)

su
ch

th
at

1
> n

(y
y
>

)1
n

n
2

=
α
,

w
e

se
e

th
at

th
e

ob
je

ct
iv

e
an

d
co

n
st

ra
in

ts
ar

e
li
n
ea

r
in

th
e

m
at

ri
x
Y

=
y
y
>

an
d

E
q
.

(6
)

is
eq

u
iv

al
en

t
to

m
in

Y
<

0
,

ra
n

k
(Y

)=
1
,

d
ia

g
(Y

)=
1

1 n
tr
Y
( Π

n
−
X

(X
>
X

)−
1
X
>
)

su
ch

th
at

1
> n
Y

1
n

n
2

=
α
.

T
h
en

d
ro

p
p
in

g
th

e
n
on

-c
on

ve
x

ra
n
k

co
n
st

ra
in

t
le

ad
s

u
s

to
th

e
fo

ll
ow

in
g

cl
as

si
ca

l
co

n
v
ex

re
la

x
at

io
n
:

m
in

Y
<

0
,

d
ia

g
(Y

)=
1

1 n
tr
Y
( Π

n
−
X

(X
>
X

)−
1
X
>
)

su
ch

th
at

1
> n
Y

1
n

n
2

=
α
.

(7
)

T
h
is

is
th

e
st

an
d
ar

d
(u

n
re

gu
la

ri
ze

d
)

fo
rm

u
la

ti
on

,
w

h
ic

h
is

ca
st

as
a

se
m

i-
d
efi

n
it

e
p
ro

gr
am

.
T

h
e

co
m

p
le

x
it

y
of

in
te

ri
or

-p
oi

n
t

m
et

h
o
d
s

is
O

(n
7
),

b
u
t

effi
ci

en
t

al
go

ri
th

m
s

in
O

(n
2
)

fo
r

su
ch

p
ro

b
le

m
s

h
av

e
b

ee
n

d
ev

el
op

ed
d
u
e

to
th

e
re

la
ti

on
sh

ip
w

it
h

th
e

m
ax

-c
u
t

p
ro

b
le

m
(J

ou
rn

ée
et

al
.,

20
10

;
W

en
et

al
.,

20
12

).
W

e
n
ot

e
th

at
co

n
v
ex

re
la

x
at

io
n

te
ch

n
iq

u
es

ar
e

al
so

u
se

d
fo

r
se

m
i-

su
p

er
v
is

ed
m

et
h
o
d
s

(D
e

B
ie

an
d

C
ri

st
ia

n
in

i,
20

03
).

G
iv

en
th

e
so

lu
ti

on
Y

,
on

e
m

ay
tr

ad
it

io
n
al

ly
ob

ta
in

a
ca

n
d
id

at
e
y
∈
{−

1
,1
}n

b
y

ru
n
n
in

g
K

-m
ea

n
s

on
th

e
la

rg
es

t
ei

ge
n
ve

ct
or

of
Y

or
b
y

sa
m

p
li
n
g

(G
o
em

an
s

an
d

W
il
li
am

so
n
,

19
95

).
In

th
is

p
ap

er
,

w
e

sh
ow

in
S
ec

ti
on

5
th

at
it

m
ay

b
e

ad
va

n
ta

ge
ou

s
to

co
n
si

d
er

th
e

fi
rs

t
tw

o
ei

ge
n
ve

ct
or

s.

2
.3

U
n

su
c
c
e
ss

fu
l

fu
ll

c
o
n
v
e
x

re
la

x
a
ti

o
n

T
h
e

fo
rm

u
la

ti
on

in
E

q
.

(7
)

im
p

os
es

an
ex

tr
a

p
ar

am
et

er
α

th
at

ch
ar

a
ct

er
is

es
th

e
cl

u
st

er
im

b
al

an
ce

.
It

is
te

m
p
ti

n
g

to
fi
n
d

a
d
ir

ec
t

re
la

x
at

io
n

of
E

q
.

(2
).

It
tu

rn
s

o
u
t

to
le

ad
to

a
tr

iv
ia

l
re

la
x
at

io
n
,

w
h
ic

h
w

e
ou

tl
in

e
b

el
ow

.
W

h
en

op
ti

m
iz

in
g

E
q
.

(2
)

w
it

h
re

sp
ec

t
to
w

,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
-

le
m

m
ax

y
∈{
−

1
,1
}n
y
>
X

(X
>
X

)−
1
X
>
y

y
>

Π
n
y

,
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7

F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

le
ad

in
g

to
a

q
u
as

i-
co

n
ve

x
re

la
x
at

io
n

as

m
ax

Y
<

0
,

d
ia

g
(Y

)=
1

tr
Y
X

(X
>
X

)−
1
X
>

tr
Π
n
Y

,

w
h
os

e
so

lu
ti

on
is

fo
u
n
d

b
y

so
lv

in
g

a
se

q
u
en

ce
of

co
n
ve

x
p
ro

b
le

m
s

(B
oy

d
an

d
V

a
n
d
en

b
er

g
h
e,

20
04

,
S
ec

ti
on

4.
2.

5
).

A
s

sh
ow

n
in

A
p
p

en
d
ix

B
,

th
is

m
ay

b
e

ex
ac

tl
y

re
fo

rm
u
la

te
d

a
s

a
si

n
g
le

co
n
ve

x
p
ro

b
le

m
:

m
ax

M
<

0
,

d
ia

g
(M

)=
1
+

1
>
M

1
n
2

tr
M
X

(X
>
X

)−
1
X
>
.

U
n
fo

rt
u
n
at

el
y,

th
is

re
la

x
at

io
n

al
w

ay
s

le
ad

s
to

tr
iv

ia
l
so

lu
ti

on
s,

an
d

w
e

th
u
s

n
ee

d
to

co
n
si

d
er

th
e

re
la

x
at

io
n

in
E

q
.

(7
)

fo
r

se
ve

ra
l

va
lu

es
of
α

=
1> n
Y

1
n
/n

2
(a

n
d

th
en

th
e

n
o
n
-c

o
n
ve

x
al

go
ri

th
m

ca
n

b
e

ru
n

fr
om

th
e

ro
u
n
d
ed

so
lu

ti
on

of
th

e
co

n
v
ex

p
ro

b
le

m
,

u
si

n
g

E
q
.

(2
)

a
s

a
fi
n
al

ob
je

ct
iv

e)
.

A
lt

er
n
at

iv
el

y,
w

e
m

ay
so

lv
e

th
e

fo
ll
ow

in
g

pe
n

a
li

ze
d

p
ro

b
le

m
fo

r
se

ve
ra

l
va

lu
es

of
ν
>

0:

m
in

Y
<

0
,

d
ia

g
(Y

)=
1

1 n
tr
Y
( Π

n
−
X

(X
>
X

)−
1
X
>
) +

ν n
2
1
> n
Y

1
n
.

(8
)

F
or
ν

=
0,
Y

=
1 n

1> n
is

al
w

ay
s

a
tr

iv
ia

l
so

lu
ti

o
n
.

A
s

ou
tl

in
ed

in
ou

r
th

eo
re

ti
ca

l
se

ct
io

n
a
n
d

as
ob

se
rv

ed
in

ou
r

ex
p

er
im

en
ts

,
it

is
su

ffi
ci

en
t

to
co

n
si

d
er
ν
∈

[0
,1

].
B

y
co

n
ve

x
d
u
al

it
y

(B
or

w
ei

n
an

d
L

ew
is

,
20

00
,

S
ec

.
4.

3)
,

b
ot

h
co

n
st

ra
in

ed
re

la
x
a
ti

o
n

in
E

q
.

(7
)

an
d

p
en

al
iz

ed
re

la
x
at

io
n

in
E

q
.

(8
)

ar
e

fo
rm

al
ly

eq
u
iv

al
en

t
fo

r
sp

ec
ifi

c
ch

o
ic

es
o
f

co
n
st

ra
in

t
p
ar

am
et

er
α

an
d

p
en

al
iz

at
io

n
p
ar

am
et

er
ν

.
W

e
w

il
l

se
e

in
S
ec

ti
o
n

6
th

a
t

th
e

fo
rm

u
la

ti
on

in
E

q
.

(8
)

is
m

or
e

su
it

ab
le

fo
r

al
go

ri
th

m
ic

d
es

ig
n

(B
ac

h
et

al
.,

2
0
1
2
).

2
.4

E
q
u

iv
a
le

n
t

re
la

x
a
ti

o
n

s

O
p
ti

m
iz

in
g

E
q
.

(5
)

w
it

h
re

sp
ec

t
to
v

in
cl

os
ed

fo
rm

as
in

S
ec

ti
on

2.
2

is
fe

a
si

b
le

w
it

h
n
o

re
gu

la
ri

ze
r

or
w

it
h

a
q
u
ad

ra
ti

c
re

gu
la

ri
ze

r.
H

ow
ev

er
,

if
o
n
e

n
ee

d
s

to
ad

d
m

o
re

co
m

p
le

x
re

gu
la

ri
ze

rs
,

w
e

n
ee

d
a

d
iff

er
en

t
re

la
x
at

io
n
.

T
h
er

ef
or

e,
w

e
n
ow

p
ro

p
os

e
a

n
ew

fo
rm

u
la

ti
o
n

of
th

e
d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
fr

am
ew

or
k
.

W
e

st
ar

t
fr

om
th

e
p

en
al

iz
ed

ve
rs

io
n

o
f

E
q
.

(5
),

m
in

y
∈{
−

1
,1
}n
,
v
∈R

d

1 n
‖Π

n
y
−
X
v
‖2 2

+
ν

(y
>

1 n
)2

n
2

,
(9

)

w
h
ic

h
w

e
ex

p
an

d
as

:

m
in

y
∈{
−

1
,1
}n
,
v
∈R

d

1 n
tr

Π
n
y
y
>
−

2 n
tr
X
v
y
>

+
1 n

tr
X
>
X
v
v
>

+
ν

(y
>

1
n
)2

n
2

,
(1

0
)

an
d

re
la

x
as

,
u
si

n
g
Y

=
y
y
>

,
P

=
y
v
>

an
d
V

=
v
v
>

,

m
in

V
,P
,Y

1 n
tr

Π
n
Y
−

2 n
tr
P
>
X

+
1 n

tr
X
>
X
V

+
ν

1> n
Y

1 n
n

2
s.

t.

(
Y

P
P
>
V

)
<

0,
d
ia

g
(Y

)
=

1
.

(1
1
)

W
h
en

op
ti

m
iz

in
g

E
q
.

(1
1)

w
it

h
re

sp
ec

t
to
V

an
d
P

,
w

e
ge

t
ex

ac
tl

y
E

q
.

(8
).

In
d
ee

d
,

th
e

op
ti

m
u
m

is
at

ta
in

ed
fo

r
V

=
(X
>
X

)−
1
X
>
Y
X

(X
>
X

)−
1

an
d
P

=
Y
X

(X
>
X

)−
1

a
s

sh
ow

n
in

A
p
p

en
d
ix

C
.1

.
T

h
er

ef
or

e,
th

e
co

n
v
ex

re
la

x
at

io
n

in
E

q
.

(1
1)

is
eq

u
iv

al
en

t
to

E
q
.

(8
).
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R
o
b
u
st

D
isc

r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

H
ow

ever,
w

e
get

an
in

terestin
g

b
eh

av
ior

w
h
en

op
tim

izin
g

E
q
.

(11)
w

ith
resp

ect
to
P

a
n
d
Y

a
lso

in
closed

form
.

F
or
ν

=
1,

w
e

ob
tain

,
as

sh
ow

n
in

A
p
p

en
d
ix

C
.2,

th
e

follow
in

g
clo

sed
fo

rm
ex

p
ression

s:

Y
=

D
iag

(d
iag

(X
V
X
>

)) −
1
/
2X

V
X
>

D
iag

(d
iag

(X
V
X
>

)) −
1
/
2

P
=

D
iag

(d
iag

(X
V
X
>

)) −
1
/
2X

V
,

lea
d
in

g
to

th
e

p
rob

lem
:m

in
V
<

0
1−

2n

n
∑i=

1 √
(X
V
X
>

)
ii

+
1n

tr(V
X
>
X

).
(12)

T
h
e

form
u
la

tio
n

ab
ove

in
E

q
.

(12)
is

in
terestin

g
for

several
reason

s:
(a)

it
is

form
u
lated

as
a
n

o
p
tim

iza
tion

p
rob

lem
in
V
∈

R
d×
d,

w
h
ich

w
ill

lead
to

algorith
m

s
w

h
ose

ru
n
n
in

g
tim

e
w

ill
d
ep

en
d

o
n
n

lin
early

(see
S
ection

6),
(b

)
it

allow
s

for
easy

ad
d
in

g
of

regu
larizers

(see
S
ectio

n
3
),

w
h
ich

m
ay

b
e

form
u
lated

a
s

con
v
ex

fu
n
ction

s
of
V

=
v
v >

.
A

t
fi
rst

sigh
t

th
is

seem
s

to
b

e
va

lid
on

ly
for

ν
=

1.
H

ow
ever

w
e

n
ow

p
rop

ose
a

reform
u
lation

w
h
ich

can
h
an

d
le

a
ll

p
o
ssib

le
ν
∈

[0,1)
th

rou
gh

a
sim

p
le

d
ata

a
u
gm

en
ta

tion
.

R
e
fo

rm
u

la
tio

n
fo

r
a
n
y
ν

W
h
en

ν
∈

[0,1),
w

e
m

ay
reform

u
late

th
e

ob
jective

fu
n
ction

in
E

q
.

(9
)

a
s

fo
llow

s:

1n ‖
Π
n
y−

X
v‖

22
+
ν

(y >
1
n
)
2

n
2

=
1n ‖Π

n
y−

X
v

+
ν
y >

1
n

n
1
n ‖

22 −
(ν
y >

1
n

n

)
2

+
ν (
y >

1
n

n

)
2

=
1n ‖y−

X
v−

(1−
ν

) y >
1
n

n
1
n ‖

22
+

ν

1−
ν ((1−

ν
) y >

1
n

n

)
2

=
m

in
b∈

R

1n ‖y−
X
v−

b1
n ‖

22
+

ν

1−
ν
b
2,

(13)

sin
ce

1n ‖
y
−
X
v
−
b1
n ‖

22
+

ν
1−
ν
b
2

can
b

e
op

tim
ized

in
closed

form
w

ith
resp

ect
to

b
as

b
=

(1
−
ν

)
y >

1
n

n
.

N
ote

th
at

th
e

w
eig

h
ted

im
b
alan

ce
ratio

(1
−
ν

)
y >

1
n

n
is

m
ad

e
as

an
o
p
tim

iza
tio

n
va

riab
le

in
E

q
.

(13).
T

h
u
s

w
e

h
ave

th
e

follow
in

g
reform

u
lation

m
in

v∈
R
d
,
y∈{−

1
,1}

n

1n ‖
Π
n
y−

X
v‖

22
+
ν

(y >
1
n
)
2

n
2

=
m

in
v∈

R
d
,
b∈

R
,
y∈{−

1
,1}

n

1n ‖
y−

X
v−

b1
n ‖

22
+

ν

1−
ν
b
2,

(14)

w
h
ich

is
a

n
o
n
-cen

tered
p

en
alized

form
u
lation

on
a

h
igh

er-d
im

en
sion

al
p
ro

b
lem

in
th

e
vari-

a
b
le
(
vb )
∈

R
d
+

1.
In

th
e

rest
of

th
e

p
ap

er,
w

e
w

ill
fo

cu
s

on
th

e
case

ν
=

1
for

ease
of

ex
p

o
sitio

n
.

T
h
is

en
ab

les
th

e
u
se

of
th

e
form

u
lation

in
E

q
.

(12),
w

h
ich

is
easier

to
op

ti-
m

ize.
It

is
w

o
rth

n
otin

g
th

at
th

is
is

n
ot

an
algorith

m
ic

restriction
.

O
f

cou
rse

an
y

p
rob

lem
w

ith
ν
∈

[0,1
)

can
b

e
treated

w
ith

eq
u
al

ea
se

b
y

ad
d
in

g
a

con
stan

t
term

a
n
d

a
q
u
ad

ratic
reg

u
la

rizer.
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F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

3
.

R
e
g
u
la

riza
tio

n

T
h
ere

are
sev

eral
n
atu

ral
p

ossib
ilities.

W
e

co
n
sid

er
n
o
rm

s
Ω

su
ch

th
at

Ω
(w

)
2

=
Γ

(w
w
>

)
for

a
certain

con
vex

fu
n
ction

Γ
;

all
n
orm

s
h
ave

th
at

form
(B

ach
et

al.,
2012,

P
rop

osition
5.1).

W
h
en

ν
=

1,
E

q
.

(12)
th

en
b

ecom
es

m
ax

V
<

0

2n

n
∑i=

1 √
(X
V
X
>

)
ii −

1n
tr(V

X
>
X

)−
Γ

(V
).

(15)

T
h
e

q
u
ad

ratic
regu

larizers
Γ

(V
)

=
tr

Λ
V

h
ave

alread
y

b
een

tack
led

b
y

B
ach

an
d

H
arch

aou
i

(2007).
T

h
ey

con
sid

er
th

e
regu

larized
version

of
p
rob

lem
in

E
q
.

(3)

m
in

v∈
R
d

1n ‖
Π
n
y−

X
v‖

22
+
v >

Λ
v
,

(16)

op
tim

ize
in

closed
form

w
ith

resp
ect

to
v

as
v

=
(X
>
X

+
n

Λ
) −

1X
>
y
.

S
u
b
stitu

tin
g
v

in
E

q
.

(16)
lead

s
th

em
to

m
in

Y
<

0
,

d
ia

g
(Y

)=
1

1n
tr
Y
(Π

n −
X

(X
>
X

+
n

Λ
) −

1X
).

In
th

is
p
ap

er,
w

e
p
rop

ose
a

n
ovel

sp
arse

ex
ten

sion
to

d
iscrim

in
ative

clu
sterin

g
fram

ew
ork

w
ith

th
e

sq
u
are

loss.
S
p

ecifi
cally

w
e

form
u
late

a
n
on

-triv
ial

sp
arse

regu
larizer

w
h
ich

is
a

com
b
in

ation
of

w
eigh

ted
sq

u
ared

`
1 -n

orm
an

d
`
2 -n

orm
.

It
lead

s
to

Γ
(V

)
=

tr[D
iag

(a
)V

D
iag

(a
)]+
‖

D
iag

(c)V
D

iag
(c)‖

1 ,
(17)

su
ch

th
at

Γ
(v
v >

)
=
∑

di=
1
a

2i v
2i

+
(∑

di=
1
c
i |v

i | )
2.

T
h
is

allow
s

to
treat

all
situ

ation
s

sim
u
lta-

n
eou

sly,
w

ith
ν

=
1

or
w

ith
ν
∈

[0,1).
T

o
b

e
m

ore
p
recise,

w
h
en

ν
∈

[0,1),
w

e
can

con
sid

er
in

E
q
.

(14),
a

p
rob

lem
of

size
d

+
1

w
ith

a
d
esign

m
atrix

[X
,1
n
]∈

R
n×

(d
+

1
),

a
d
irection

of
p
ro

jection
(
vb )
∈

R
d
+

1
an

d
d
iff

eren
t

w
eigh

ts
for

th
e

last
variab

le
w

ith
a
d
+

1
=

ν
1−
ν

an
d

c
d
+

1
=

0.
N

ote
th

at
th

e
sp

arse
regu

larizers
on

V
in

tro
d
u
ced

in
th

is
p
ap

er
are

sign
ifi

can
tly

d
iff

eren
t

w
h
en

com
p
ared

to
th

e
sp

arse
regu

larizers
on

variab
le
v

in
E

q
.

(3),
for

ex
am

p
le,

con
sid

ered
b
y

W
an

g
et

al.
(2013).

A
straigh

tforw
ard

sp
arse

regu
larizer

on
v

in
E

q
.

(3),
d
esp

ite
lead

in
g

to
a

sp
arse

p
ro

jection
,

d
o
es

n
ot

y
ield

n
atu

ral
gen

eraliza
tion

s
of

th
e

d
iscrim

in
ative

clu
sterin

g
fram

ew
ork

in
term

s
of

th
eory

or
algo

rith
m

s.
In

ou
r

an
aly

sis
an

d
ex

p
erim

en
ts

for
th

e
b
a
lan

ced
clu

sters
(w

h
en

ν
=

1),
th

e
sp

arse
regu

larization
Γ

(·)
=
λ‖·‖

1 ,
for

λ
∈
R

w
ill

often
b

e
con

sid
ered

.
T

h
is

is
eq

u
ivalen

t
to

settin
g

a
=

0
d

an
d
c

=
√
λ

1
d

in
E

q
.

(17).
T

h
e

p
rob

lem
in

E
q
.

(15)
th

en
b

ecom
es

m
ax

V
<

0

2n

n
∑i=

1 √
(X
V
X
>

)
ii −

1n
tr(V

X
>
X

)−
λ‖V
‖

1 .
(18)

T
h
e

sp
arse

regu
larizers

con
sid

ered
in

th
is

p
ap

er
h
ave

a
sign

ifi
can

t
algorith

m
ic

ap
p

eal
for

certain
ap

p
lication

s
in

com
p
u
ter

v
ision

(B
o

jan
ow

sk
i
et

al.,
2013;

A
lay

rac
et

al.,
2016),

au
d
io

p
ro

cessin
g

(L
a
ju

gie
et

al.,
2016)

an
d

n
atu

ral
lan

gu
age

p
ro

cessin
g

(G
rave,

2014).
T

h
ey

a
lso

lead
to

rob
u
st

clu
ster

recovery
u
n
d
er

m
in

or
assu

m
p
tion

s
as

w
ill

b
e

illu
strated

on
a

sim
p
le

ex
am

p
le

in
S
ectio

n
5.

T
h
e

p
ractical

b
en

efi
ts

of
th

e
sp

arse
regu

larizers
w

ill
b

e
fu

rth
er

d
em

on
strated

u
sin

g
em

p
irical

evalu
ation

on
sy

n
th

etic
an

d
real

d
ata

sets
in

S
ection

7.
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R
o
b
u
st

D
is
c
r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

4
.

E
x
te

n
si

o
n

to
M

u
lt

ip
le

L
a
b

e
ls

T
h
e

d
is

cu
ss

io
n

so
fa

r
h
as

fo
cu

ss
ed

on
tw

o
cl

u
st

er
s.

Y
et

it
is

k
ey

in
p
ra

ct
ic

e
to

ta
ck

le
m

or
e

cl
u
st

er
s.

It
is

w
or

th
n
ot

in
g

th
at

th
e

d
is

cr
et

e
fo

rm
u
la

ti
on

s
in

E
q
.

(2
)

an
d

E
q
.

(5
)

ex
te

n
d

d
ir

ec
tl

y
to

m
or

e
th

an
tw

o
cl

u
st

er
s.

H
ow

ev
er

tw
o

d
iff

er
en

t
ex

te
n
si

on
s

o
f

th
e

in
it

ia
l

p
ro

b
le

m
s

E
q
.

(2
)

or
E

q
.

(5
)

ar
e

co
n
ce

iv
ab

le
.

T
h
ey

le
ad

to
p
ro

b
le

m
s

w
it

h
d
iff

er
en

t
co

n
st

ra
in

ts
on

d
iff

er
en

t
op

ti
m

iz
at

io
n

d
om

ai
n
s

an
d
,

co
n
se

q
u
en

tl
y,

to
d
iff

er
en

t
re

la
x
at

io
n
s.

W
e

d
is

cu
ss

th
es

e
p

os
si

b
il
it

ie
s

n
ex

t.

O
n
e

ex
te

n
si

on
is

th
e

m
u

lt
i-

cl
a
ss

ca
se

.
T

h
e

m
u
lt

i-
cl

as
s

p
ro

b
le

m
w

h
ic

h
is

d
ea

lt
w

it
h

b
y

B
ac

h
an

d
H

ar
ch

ao
u
i

(2
00

7)
as

su
m

es
th

at
th

e
d
at

a
ar

e
cl

u
st

er
ed

in
to

K
cl

as
se

s
an

d
th

e
va

ri
ou

s
p
ar

ti
ti

on
s

of
th

e
d
at

a
p

oi
n
ts

in
to

cl
u
st

er
s

ar
e

re
p
re

se
n
te

d
b
y

th
e
K

-c
la

ss
in

d
ic

at
or

m
at

ri
ce

s
y
∈
{0
,1
}n
×
K

su
ch

th
at
y
1 K

=
1 n

.
T

h
e

co
n
st

ra
in

t
y
1 K

=
1 n

en
su

re
s

th
at

on
e

d
at

a
p

oi
n
t

b
el

on
gs

to
on

ly
on

e
cl

u
st

er
.

H
ow

ev
er

as
d
is

cu
ss

ed
b
y

B
ac

h
an

d
H

ar
ch

ao
u
i

(2
00

7
),

b
y

le
tt

in
g
Y

=
y
y
>

,
it

is
p

os
si

b
le

to
li
ft

th
es

e
K

-c
la

ss
in

d
ic

at
or

m
at

ri
ce

s
in

to
th

e
ou

te
r

co
n
ve

x
ap

p
ro

x
im

at
io

n
s
C K

=
{Y
∈
R
n
×
n

:
Y

=
Y
>
,d

ia
g
(Y

)
=

1 n
,Y

<
0
,Y

4
1 K

1 n
1> n
}

(F
ri

ez
e

an
d

J
er

ru
m

,
19

95
),

w
h
ic

h
is

d
iff

er
en

t
fo

r
al

l
va

lu
es

of
K

.
N

ot
e

th
at

le
tt

in
g
K

=
2

co
rr

es
p

on
d
s

to
th

e
p
re

v
io

u
s

se
ct

io
n
s.

In
th

is
p
ap

er
,

w
e

co
n
si

d
er

a
d
iff

er
en

t
n
ov

el
ex

te
n
si

on
fo

r
d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
to

th
e

m
u

lt
i-

la
be

l
ca

se
.

T
h
e

m
u
lt

i-
la

b
el

p
ro

b
le

m
as

su
m

es
th

at
th

e
d
at

a
sh

ar
e
k

la
b

el
s

an
d

th
e

d
at

a-
la

b
el

m
em

b
er

sh
ip

is
re

p
re

se
n
te

d
b
y

m
at

ri
ce

s
y
∈
{−

1
,+

1
}n
×
k
.

In
o
th

er
w

or
d
s,

th
e

m
u
lt

i-
cl

as
s

p
ro

b
le

m
em

b
ed

s
th

e
d
at

a
in

th
e

ex
tr

em
e

p
oi

n
ts

of
a

si
m

p
le

x
,

w
h
il
e

th
e

m
u
lt

i-
la

b
el

p
ro

b
le

m
d
o
es

so
in

th
e

ex
tr

em
e

p
oi

n
ts

of
th

e
h
y
p

er
cu

b
e.

T
h
e

d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
fo

rm
u
la

ti
on

of
th

e
m

u
lt

i-
la

b
el

p
ro

b
le

m
is

m
in

v
∈R

d
×
k
,
y
∈{
−

1
,1
}n
×
k

1 n
‖Π

n
y
−
X
v
‖2 F
,

(1
9)

w
h
er

e
th

e
F

ro
b

en
iu

s
n
or

m
is

d
efi

n
ed

fo
r

an
y

ve
ct

or
or

re
ct

an
gu

la
r

m
at

ri
x

as
‖A
‖2 F

=
tr
A
A
>

=
tr
A
>
A

.
L

et
ti

n
g
k

=
1

h
er

e
co

rr
es

p
on

d
s

to
th

e
p
re

v
io

u
s

se
ct

io
n
s.

T
h
e

d
is

-
cr

et
e

en
se

m
b
le

of
m

at
ri

ce
s
y
∈
{−

1,
+

1}
n
×
k

ca
n

b
e

n
at

u
ra

ll
y

li
ft

ed
in

to
D k

=
{Y
∈
R
n
×
n

:
Y

=
Y
>
,d

ia
g
(Y

)
=
k
1
n
,Y

<
0
},

si
n
ce

d
ia

g
(Y

)
=

d
ia

g
(y
y
>

)
=
∑

k i=
1
y

2 i,
i

=
k
.

A
s

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

in
E

q
.

(7
)

an
d

E
q
.

(8
)

h
av

e
li
n
ea

r
ob

je
ct

iv
e

fu
n
ct

io
n
s,

w
e

ca
n

ch
an

ge
th

e
va

ri
ab

le
fr

om
Y

to
Ỹ

=
Y
/k

to
ch

an
ge

th
e

co
n
st

ra
in

t
d
ia

g
(Y

)
=
k
1
n

to
d
ia

g
(Ỹ

)
=

1
n

w
it

h
ou

t
ch

an
gi

n
g

th
e

op
ti

m
iz

er
of

th
e

p
ro

b
le

m
.

T
h
u
s

th
e

p
ro

b
le

m
s

ca
n

b
e

so
lv

ed
ov

er
th

e
re

la
x
ed

d
om

ai
n
D

=
{Y
∈

R
n
×
n

:
Y

=
Y
>
,d

ia
g
(Y

)
=

1 n
,Y

<
0
}

w
h
ic

h
is

in
d
ep

en
d
en

t
of
k
. N

ot
e

th
at

th
e

d
om

ai
n
D

is
si

m
il
ar

to
th

at
co

n
si

d
er

ed
in

th
e

p
ro

b
le

m
s

in
E

q
.

(8
)

an
d

E
q
.

(1
1)

an
d

th
es

e
co

n
ve

x
re

la
x
at

io
n
s

ar
e

th
e

sa
m

e
re

ga
rd

le
ss

of
th

e
va

lu
e

of
k
.

H
en

ce
th

e
m

u
lt

i-
la

b
el

p
ro

b
le

m
is

a
m

or
e

n
at

u
ra

l
ex

te
n
si

o
n

of
th

e
d
is

cr
im

in
at

iv
e

fr
a
m

ew
or

k
,

w
it

h
a

sl
ig

h
t

ch
an

ge
in

h
ow

th
e

la
b

el
s
y

ar
e

re
co

ve
re

d
fr

om
th

e
so

lu
ti

on
Y

(w
e

d
is

cu
ss

th
is

in
S
ec

ti
on

5.
3)

.

5
.

T
h
e
o
re

ti
ca

l
A

n
a
ly

si
s

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
th

e
fi
rs

t
th

eo
re

ti
ca

l
an

al
y
si

s
fo

r
th

e
d
is

cr
im

in
at

iv
e

cl
u
st

er
in

g
fr

am
ew

or
k

w
it

h
th

e
sq

u
ar

e
lo

ss
.

W
e

st
ar

t
w

it
h

th
e

2-
cl

u
st

er
s

si
tu

at
io

n
:

th
e

n
on

-s
p
ar

se
ca

se
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F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

is
co

n
si

d
er

ed
fi
rs

t
an

d
an

al
y
si

s
is

p
ro

v
id

ed
fo

r
b

ot
h

b
al

an
ce

d
an

d
im

b
al

an
ce

d
cl

u
st

er
s.

O
u
r

st
u
d
y

fo
r

th
e

sp
ar

se
ca

se
cu

rr
en

tl
y

on
ly

p
ro

v
id

es
re

su
lt

s
fo

r
th

e
si

m
p
le

1-
sp

a
rs

e
so

lu
ti

o
n
.

H
ow

ev
er

,
th

e
an

al
y
si

s
al

so
y
ie

ld
s

va
lu

ab
le

in
si

gh
ts

on
th

e
sc

al
in

g
b

et
w

ee
n
n

a
n
d
d
.

W
e

th
en

d
er

iv
e

re
su

lt
s

fo
r

m
u
lt

i-
la

b
el

si
tu

at
io

n
.

F
or

ea
se

of
an

al
y
si

s,
w

e
co

n
si

d
er

th
e

co
n
st

ra
in

ed
p
ro

b
le

m
in

E
q
.

(7
),

th
e

p
en

a
li
ze

d
p
ro

b
-

le
m

in
E

q
.
(8

)
or

th
ei

r
eq

u
iv

al
en

t
re

la
x
at

io
n
s

in
E

q
.
(1

2)
or

E
q
.
(1

8)
u
n
d
er

va
ri

o
u
s

sc
en

a
ri

o
s,

fo
r

w
h
ic

h
w

e
u
se

th
e

sa
m

e
p
ro

of
te

ch
n
iq

u
e.

W
e

fi
rs

t
tr

y
to

ch
ar

ac
te

ri
ze

th
e

lo
w

-r
a
n
k

so
lu

-
ti

on
s

of
th

es
e

re
la

x
at

io
n
s

an
d

th
en

sh
ow

in
ce

rt
ai

n
si

m
p
le

si
tu

at
io

n
s

th
e

u
n
iq

u
en

es
s

o
f

su
ch

so
lu

ti
on

s,
w

h
ic

h
ar

e
th

en
n
on

-a
m

b
ig

u
ou

sl
y

fo
u
n
d

b
y

co
n
ve

x
op

ti
m

iz
at

io
n
.

P
er

tu
rb

a
ti

o
n

ar
gu

m
en

ts
co

u
ld

ex
te

n
d

th
es

e
re

su
lt

s
b
y

w
ea

k
en

in
g

ou
r

as
su

m
p
ti

on
s

b
u
t

ar
e

n
o
t

w
it

h
in

th
e

sc
op

e
of

th
is

p
ap

er
,

an
d

h
en

ce
w

e
d
o

n
ot

in
ve

st
ig

at
e

th
em

fu
rt

h
er

in
th

is
se

ct
io

n
.

5
.1

A
n

a
ly

si
s

fo
r

tw
o

c
lu

st
e
rs

:
n

o
n

-s
p

a
rs

e
p

ro
b

le
m

s

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

se
v
er

al
n
oi

se
m

o
d
el

s
fo

r
th

e
p
ro

b
le

m
,

ei
th

er
ad

d
in

g
ir

re
le

va
n
t

d
im

en
si

on
s

or
p

er
tu

rb
in

g
th

e
la

b
el

ve
ct

or
w

it
h

n
oi

se
.

W
e

co
n
si

d
er

th
es

e
se

p
a
ra

te
ly

fo
r

si
m

p
li
ci

ty
,

b
u
t

th
ey

co
u
ld

al
so

b
e

co
m

b
in

ed
(w

it
h

li
tt

le
ex

tr
a

in
si

gh
t)

.

5
.1
.1

Ir
r
e
l
e
v
a
n
t
d
im

e
n
si
o
n
s

W
e

co
n
si

d
er

an
“i

d
ea

l”
d
es

ig
n

m
at

ri
x
X
∈
R
n
×
d

su
ch

th
at

th
er

e
ex

is
ts

a
d
ir

ec
ti

o
n
v

a
lo

n
g

w
h
ic

h
th

e
p
ro

je
ct

io
n
X
v

is
p

er
fe

ct
ly

cl
u
st

er
ed

in
to

tw
o

d
is

ti
n
ct

re
al

va
lu

es
c 1

a
n
d
c 2

.
S
in

ce
E

q
.

(2
)

is
in

va
ri

an
t

b
y

affi
n
e

tr
an

sf
or

m
at

io
n
,

w
e

ca
n

ro
ta

te
th

e
d
es

ig
n

m
at

ri
x
X

to
h
av

e
X

=
[y
,Z

]
w

it
h
y
∈
{−

1,
1}
n
,

w
h
ic

h
is

cl
u
st

er
ed

in
to

+
1

or
−

1
al

o
n
g

th
e

d
ir

ec
ti

o
n
v

=
(

1
0
d
−
1

) .
T

h
en

af
te

r
b

ei
n
g

ce
n
te

re
d
,

th
e

d
es

ig
n

m
at

ri
x

is
w

ri
tt

en
as

X
=

[Π
n
y
,Z

]
w

it
h

Z
=

[z
1
,.
..
,z
d
−

1
]
∈
R
n
×

(d
−

1
) .

T
h
e

co
lu

m
n
s

of
Z

re
p
re

se
n
t

th
e

n
oi

sy
ir

re
le

va
n
t

d
im

en
si

o
n
s

ad
d
ed

on
to

p
of

th
e

si
gn

al
y
.

5
.1
.2

B
a
l
a
n
c
e
d

p
r
o
b
l
e
m

W
h
en

th
e

p
ro

b
le

m
is

w
el

l
b
al

an
ce

d
(y
>

1 n
=

0)
,
y

is
al

re
ad

y
ce

n
te

re
d

an
d

Π
n
y

=
y
.

T
h
u
s

th
e

d
es

ig
n

m
at

ri
x

is
re

p
re

se
n
te

d
as
X

=
[y
,Z

].
W

e
co

n
si

d
er

h
er

e
th

e
p

en
al

iz
ed

fo
rm

u
la

ti
on

in
E

q
.

(8
)

w
it

h
ν

=
1

w
h
ic

h
is

th
e

on
ly

sc
en

ar
io

w
h
er

e
w

e
ar

e
ab

le
to

p
ro

v
id

e
a

th
eo

re
ti

ca
l

an
al

y
si

s.

L
et

u
s

as
su

m
e

th
at

th
e

co
lu

m
n
s

(z
i)
i=

1
,.
..
,d
−

1
of
Z

ar
e

i.
i.
d
.
w

it
h

sy
m

m
et

ri
c

d
is

tr
ib

u
ti

o
n
z
,

w
it

h
Ez

=
Ez

3
=

0
an

d
su

ch
th

at
‖z
‖ ∞

is
al

m
os

t
su

re
ly

b
ou

n
d
ed

b
y
R
≥

0.
W

e
d
en

o
te

b
y

Ez
2

=
m

it
s

se
co

n
d

m
om

en
t

an
d

b
y
Ez

4
/
(E
z

2
)2

=
β

it
s

(u
n
n
or

m
al

iz
ed

)
k
u
rt

o
si

s.

S
u
rp

ri
si

n
gl

y
th

e
cl

u
st

er
ed

ve
ct

or
y

h
ap

p
en

s
to

ge
n
er

at
e

a
so

lu
ti

on
y
y
>

of
th

e
re

la
x
a
ti

o
n

E
q
.

(8
)

fo
r

al
l

p
os

si
b
le

va
lu

es
of
Z

(s
ee

L
em

m
a

11
in

A
p
p

en
d
ix

D
.2

).
H

ow
ev

er
th

e
p
ro

b
le

m
in

E
q
.

(8
)

sh
ou

ld
h
av

e
a

u
n

iq
u

e
so

lu
ti

on
in

or
d
er

to
al

w
ay

s
re

co
ve

r
th

e
co

rr
ec

t
a
ss

ig
n
m

en
t

y
.

U
n
fo

rt
u
n
at

el
y

th
e

se
m

id
efi

n
it

e
co

n
st

ra
in

t
Y

<
0

of
th

e
re

la
x
at

io
n

m
ak

es
th

e
se

co
n
d
-

or
d
er

in
fo

rm
at

io
n

ar
d
u
ou

s
to

st
u
d
y.

D
u
e

to
th

is
re

as
o
n
,

w
e

co
n
si

d
er

th
e

ot
h
er

eq
u
iv

a
le

n
t

re
la

x
at

io
n

in
E

q
.

(1
2)

fo
r

w
h
ic

h
V
∗

=
v
v
>

is
al

so
so

lu
ti

on
w

it
h
v
∝

(X
>
X

)−
1
X
>
y

(s
ee

L
em

m
a

12
in

A
p
p

en
d
ix

D
.3

).
F

or
tu

n
at

el
y

th
e

se
m

id
efi

n
it

e
co

n
st

ra
in

t
V

<
0

o
f

th
e

p
ro

b
le

m
in

E
q
.
(1

2)
m

ay
b

e
ig

n
or

ed
si

n
ce

th
e

se
co

n
d
-o

rd
er

in
fo

rm
at

io
n

in
V

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
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R
o
b
u
st

D
isc

r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

a
lrea

d
y

p
rov

id
es

u
n
icity

for
th

e
u
n
con

strain
ed

p
ro

b
lem

.
H

en
ce

w
e

are
ab

le
to

en
su

re
th

e
u
n
iq

u
en

ess
of

th
e

solu
tion

w
ith

h
igh

p
rob

ab
ility.

P
ro

p
o
sitio

n
2

L
et

u
s

a
ssu

m
e
d
≥

3
,
β
>

1
a
n

d
m

2≥
β−

3
2
(d

+
β−

4
) :

(a
)

If
n
≥
d

2R
4

1
+

(d
+
β

)m
2

m
2
(β−

1
)

,
V
∗

is
th

e
u

n
iqu

e
so

lu
tio

n
o
f

th
e

p
ro

blem
in

E
q.

(1
2
)

w
ith

h
igh

p
ro

ba
bility.

(b)
If
n
≥

d
2
R

4

m
in{

m
2
(β−

1
),2
m

2
,2
m
} ,
v

is
th

e
p
rin

cipa
l

eigen
vecto

r
o
f

a
n

y
so

lu
tio

n
o
f

th
e

p
ro

blem

in
E

q.
(1

2
)

w
ith

h
igh

p
ro

ba
bility.

L
et

u
s

m
a
ke

th
e

follow
in

g
ob

servation
s:

−
P

ro
o
f

te
ch

n
iq

u
e
:

T
h
e

p
ro

of
relies

on
a

com
p
u
tation

of
th

e
H

essian
of
f

(V
)

=
2n ∑

ni=
1 √

(X
V
X
>

)
ii −

1n
tr
X
>
X
V

w
h
ich

is
th

e
ob

jective
fu

n
ction

in
E

q
.

(12).
W

e
fi
rst

d
eriv

e
th

e
ex

p
ectation

of∇
2f

(V
)

w
ith

resp
ect

to
th

e
d
istrib

u
tion

of
X

.
B

y
th

e
law

o
f

large
n
u
m

b
ers,

it
am

ou
n
ts

to
h
av

e
n

goin
g

to
in

fi
n
ity

in
∇

2f
(V

).
T

h
en

w
e

ex
p
a
n
d

th
e

sp
ectru

m
of

th
is

op
eratorE∇

2f
(V

)
to

low
er-b

ou
n
d

its
sm

allest
eigen

valu
e.

F
in

a
lly

w
e

u
se

con
cen

tration
th

eory
on

m
atrices,

follow
in

g
T

rop
p

(20
12),

to
b

o
u
n
d

th
e

H
essian

∇
2f

(V
)

for
fi
n
ite

n
.

−
E

ff
e
c
t

o
f

k
u

rto
sis:

W
e

rem
in

d
th

at
β
>

1,
w

ith
eq

u
ality

if
an

d
o
n
ly

if
z

follow
s

a
R

a
d
em

a
ch

er
law

(P
(z

=
+

1)
=

P
(z

=
−

1)
=

1
/
2).

T
h
u
s,

if
th

e
n
oisy

d
im

en
sion

s
are

clu
stered

,
th

en
u
n
su

rp
risin

gly,
ou

r
gu

a
ran

tee
is

m
ean

in
gless.

N
ote

th
at

th
e

con
sta

n
t
β

b
eh

aves
like

a
d
istan

ce
of

th
e

d
istrib

u
tion

z
to

th
e

R
ad

em
ach

er
d
istrib

u
tion

.
M

oreover,
β

=
3

if
z

follow
s

a
stan

d
ard

n
orm

al
d
istrib

u
tion

.

−
S

c
a
lin

g
b

e
tw

e
e
n
d

a
n

d
n

:
If

th
e

n
oisy

variab
les

are
n
ot

even
ly

clu
stered

b
etw

een
th

e
sa

m
e

clu
sters{±

1}
(i.e.,

β
>

1),
w

e
recover

a
ran

k
-on

e
solu

tio
n

as
lon

g
as
n

=
O

(d
3);

w
h
ile,

a
s

lon
g

as
n

=
O

(d
2),

th
e

solu
tion

is
n
ot

u
n
iq

u
e

b
u
t

its
p
rin

cip
al

eigen
vector

recovers
th

e
correct

clu
sterin

g.
M

oreover,
as

ex
p
lain

ed
in

th
e

p
ro

of,
its

sp
ectru

m
w

o
u
ld

b
e

very
sp

ik
y.

−
T

h
e

a
ssu

m
p
tion

m
2≥

β−
3

2
(d

+
β−

4
)

is
gen

erally
satisfi

ed
for

larg
e

d
im

en
sion

s.
N

o
te

th
at

m
2d

is
th

e
total

varian
ce

of
th

e
irrelevan

t
d
im

en
sion

s,
an

d
w

h
en

it
is

sm
all,

i.e.,
w

h
en

m
2
≤

β−
3

2
(d

+
β−

4
) ,

th
e

p
rob

lem
is

p
articu

larly
sim

p
le,

an
d

w
e

can
also

sh
ow

th
at
V
∗

is

th
e

u
n
iq

u
e

solu
tion

of
th

e
p
rob

lem
in

E
q
.

(12)
w

ith
h
igh

p
rob

ab
ility

if
n
≥

d
2
R

4

m
2

.
F

in
a
lly,

n
ote

th
at

for
su

b
-G

au
ssian

d
istrib

u
tion

s
(w

h
ere

β
≤

3),
th

e
ex

tra
con

strain
t

is
va

cu
o
u
s,

w
h
ile

for
su

p
er-G

au
ssian

d
istrib

u
tion

s
(w

h
ere

β
≥

3),
th

is
ex

tra
con

strain
t

o
n
ly

a
p
p

ears
for

sm
all

m
.

−
T

h
is

resu
lt

p
rov

id
es

th
e

fi
rst

gu
aran

tee
for

d
iscrim

in
ative

clu
sterin

g.
H

ow
ever

sim
ilar

th
eo

retica
l

resu
lts

h
ave

b
een

d
erived

for
K

-m
ean

s
b
y

O
strov

sk
y

et
al.

(2006)
an

d
G

a
u
ssia

n
m

ix
tu

res
b
y

K
alai

et
al.

(2010
);

M
oitra

an
d

V
alian

t
(2010),

w
h
ere

sep
a
ration

co
n
d
itio

n
s

b
etw

een
th

e
tw

o
clu

sters
are

d
erived

,
u
n
d
er

w
h
ich

th
e

clu
sterin

g
p
rob

lem
is

effi
cien

tly
solv

ed
.

It
w

ou
ld

b
e

of
great

in
terest

to
relate

th
ese

sep
a
ration

co
n
d
ition

s
to

o
u
r

con
d
ition

on
n

an
d
d

b
u
t

th
is

is
ou

tsid
e

th
e

scop
e

of
th

is
w

ork
.
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F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

5
.1
.3

N
o
ise

r
o
b
u
st

n
e
ss

f
o
r
t
h
e
o
n
e
d
im

e
n
sio

n
a
l
b
a
l
a
n
c
e
d

p
r
o
b
l
e
m

W
e

assu
m

e
n
ow

th
at

th
e

d
ata

are
on

e-d
im

en
sion

al
an

d
are

p
ertu

rb
ed

b
y

som
e

n
oise

ε∈
R
n

su
ch

th
at
X

=
y

+
ε

w
ith

y
∈
{−

1
,1}

n
.

T
h
e

solu
tion

of
th

e
relax

ation
in

E
q
.

(8)
recovers

th
e

correct
y

in
th

is
settin

g
on

ly
w

h
en

each
com

p
on

en
t

of
y

an
d
y

+
ε

h
ave

th
e

sam
e

sign
(th

is
is

sh
ow

n
in

A
p
p

en
d
ix

D
.5).

T
h
is

resu
lt

com
es

ou
t

n
a
tu

ra
lly

from
th

e
in

form
ation

on
w

h
eth

er
th

e
sign

s
of
y

an
d
y

+
ε

are
th

e
sam

e
or

n
ot.

F
u
rth

er
if

w
e

assu
m

e
th

at
y

an
d
ε

are
in

d
ep

en
d
en

t,
th

is
con

d
ition

is
eq

u
ivalen

t
to
‖ε‖∞

<
1

alm
ost

su
rely.

5
.1
.4

U
n
b
a
l
a
n
c
e
d

p
r
o
b
l
e
m

W
h
en

th
e

clu
sters

are
im

b
alan

ced
(y >

1
n
6=

0),
th

e
n
atu

ral
ran

k
-on

e
can

d
id

ates
Y
∗

=
y
y >

an
d
V
∗

=
v
v >

are
n
o

lon
ger

solu
tion

s
of

th
e

relax
atio

n
s

in
E

q
.

(8)
(for

ν
=

1)
an

d
E

q
.

(1
2),

as
p
roved

in
A

p
p

en
d
ix

D
.6.

N
everth

eless
w

e
are

ab
le

to
ch

aracterize
som

e
solu

tion
s

of
th

e
p

en
alized

relax
ation

in
E

q
.

(8)
for

ν
=

0.

L
e
m

m
a

3
F

o
r
ν

=
0

a
n

d
fo

r
a
n

y
n

o
n

-n
ega

tive
a
,b∈

R
su

ch
th

a
t
a

+
b

=
1,

Y
=
a
y
y >

+
b1
n
1 >n

is
so

lu
tio

n
o
f

th
e

pen
a
lized

rela
xa

tio
n

in
E

q.
(8

).

H
en

ce
an

y
eigen

vector
of

th
is

solu
tion

Y
w

ou
ld

b
e

su
p
p

orted
b
y

th
e

d
irection

s
y

an
d

1
n
.

M
oreover

w
h
en

th
e

valu
e
α
∗

=
(

1 >n
y

n
)
2

is
k
n
ow

n
,

it
tu

rn
s

ou
t

th
at

w
e

can
ch

aracterize
som

e
solu

tion
s

of
th

e
con

strain
ed

relax
ation

in
E

q
.

(7
),

as
stated

in
th

e
follow

in
g

lem
m

a.

L
e
m

m
a

4
F

o
r
α
≥
α
∗ ,

Y
=

1−
α

1−
α
∗
y
y >

+
(

1−
1−

α

1−
α
∗ )

1
n
1 >n

is
a

ra
n

k-2
so

lu
tio

n
o
f

th
e

co
n

stra
in

ed
rela

xa
tio

n
in

E
q.

(7
)

w
ith

co
n

stra
in

t
pa

ra
m

eter
α

.

T
h
e

eigen
v
ectors

of
Y

en
ab

le
to

recover
y

for
α
∗
≤
α
<

1.
W

e
con

jectu
re

(an
d

ch
eck

ed
em

p
irically

)
th

at
th

is
ran

k
-2

solu
tion

is
u
n
iq

u
e

u
n
d
er

sim
ilar

regim
es

to
th

ose
con

sid
ered

for
th

e
b
alan

ced
case.

T
h
e

p
ro

of
w

ou
ld

b
e

m
ore

in
volved

sin
ce,

w
h
en

ν
6=

1,
w

e
are

n
ot

ab
le

to
d
erive

an
eq

u
ivalen

t
p
rob

lem
in
V

for
th

e
p

en
alized

relax
ation

in
E

q
.

(8)
sim

ilar
to

E
q
.

(12)
for

th
e

b
alan

ced
case.

W
e

also
n
ote

th
at

L
em

m
as

3
an

d
4

w
ill

b
e

d
irect

con
seq

u
en

ces
of

L
em

m
a

8
in

S
ection

5.3.
T

h
u
s
Y

b
ein

g
ran

k
-2,

on
e

sh
ou

ld
really

b
e

carefu
l
an

d
con

sid
er

th
e

fi
rst

tw
o

eigen
vectors

w
h
en

recoverin
g
y

from
a

solu
tion

Y
.

T
h
is

can
b

e
d
on

e
b
y

ro
u
n
d
in

g
th

e
p
rin

cip
al

eigen
vector

of
Π
n
Y

Π
n

=
1−
α

1−
α
∗
Π
n
y
(Π

n
y
) >

as
d
iscu

ssed
in

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

5
L

et
y
ev

be
th

e
p
rin

cipa
l

eigen
vecto

r
o

f
Π
n
Y

Π
n

w
h
ere

Y
is

d
efi

n
ed

in
L

em
m

a
4
,

th
en

sign
(y
ev )

=
y
.

P
ro

o
f

B
y

d
efi

n
ition

of
Y

,
y
ev

=
√

1−
α

1−
α
∗
Π
n
y

th
u
s

sign
(y
ev )

=
sign

(Π
n
y
)

an
d

sin
ce
α
≤

1

th
en

sign
(Π

n
y
)

=
sign

(y−
√
α

1
n
)

=
y
.
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R
o
b
u
st

D
is
c
r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

In
p
ra

ct
ic

e,
co

n
tr

ar
y

to
th

e
st

an
d
ar

d
p
ro

ce
d
u
re

,
w

e
sh

ou
ld

,
fo

r
an

y
ν

,
so

lv
e

th
e

p
en

a
li
ze

d
re

la
x
at

io
n

in
E

q
.

(8
)

an
d

th
en

d
o
K

-m
ea

n
s

o
n

th
e

p
ri

n
ci

p
al

ei
ge

n
ve

ct
or

of
th

e
ce

n
te

re
d

so
lu

ti
on

Π
n
Y

Π
n

in
st

ea
d

of
th

e
so

lu
ti

on
Y

to
re

co
ve

r
th

e
co

rr
ec

t
y
.

T
h
is

p
ro

ce
d
u
re

is
fo

ll
ow

ed
in

ou
r

ex
p

er
im

en
ts

on
re

al
-w

or
ld

d
at

a
in

S
ec

ti
on

7.
2.

5
.2

A
n

a
ly

si
s

fo
r

tw
o

c
lu

st
e
rs

:
o
n

e
-s

p
a
rs

e
p

ro
b

le
m

s

W
e

as
su

m
e

h
er

e
th

at
th

e
d
ir

ec
ti

on
of

p
ro

je
ct

io
n
v

(s
u
ch

th
a
t
X
v

=
y
)

is
l-

sp
ar

se
(b

y
l-

sp
ar

se
w

e
m

ea
n
‖v
‖ 0

=
l)

.
T

h
e
` 1

-n
or

m
re

gu
la

ri
ze

d
p
ro

b
le

m
in

E
q
.

(1
8)

is
n
o

lo
n
ge

r
in

va
ri

an
t

b
y

affi
n
e

tr
an

sf
or

m
at

io
n

an
d

w
e

ca
n
n
ot

co
n
si

d
er

th
at
X

=
[y
,Z

]
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y.
Y

et
th

e
re

la
x
at

io
n

E
q
.

(1
8)

se
em

s
ex

p
er

im
en

ta
ll
y

to
on

ly
h
av

e
ra

n
k
-o

n
e

so
lu

ti
on

s
fo

r
th

e
si

m
p
le
l

=
1

si
tu

at
io

n
.

H
en

ce
w

e
ar

e
ab

le
to

d
er

iv
e

so
m

e
th

eo
re

ti
ca

l
an

a
ly

si
s

on
ly

fo
r

th
is

ca
se

.
It

is
w

or
th

n
ot

in
g

th
e
l

=
1

ca
se

is
si

m
p
le

si
n
ce

it
ca

n
b

e
so

lv
ed

in
O

(d
)

b
y

u
si

n
g

K
-m

ea
n
s

se
p
ar

at
el

y
on

al
l

d
im

en
si

on
s

an
d

ra
n
k
in

g
th

em
.

N
on

et
h
el

es
s

th
e

p
ro

p
o
se

d
sc

al
in

g
al

so
h
ol

d
s

in
p
ra

ct
ic

e
fo

r
l
>

1
(s

ee
F

ig
u
re

1b
).

T
h
er

eb
y

w
e

co
n
si

d
er

d
at

a
X

=
[y
,Z

]
w

it
h
y
∈
{−

1,
1}
n

an
d
Z
∈

R
n
×

(d
−

1
)

w
h
ic

h
ar

e
cl

u
st

er
ed

in
th

e
d
ir

ec
ti

on
v

=
[1
,0
,.
..
,0

]>
∈

R
d
.

W
h
en

ad
d
in

g
a
` 1

-p
en

al
ty

,
th

e
in

it
ia

l
p
ro

b
le

m
in

E
q
.

(5
)

fo
r
α

=
0

is

m
in

y
∈{
−

1
,1
}n
,
v
∈R

d

1 n
‖y
−
X
v
‖2 2

+
λ
‖v
‖2 1
.

(2
0)

W
h
en

op
ti

m
iz

in
g

in
v

th
is

p
ro

b
le

m
is

cl
os

e
to

th
e

L
as

so
(T

ib
sh

ir
an

i,
19

96
)

an
d

a
so

lu
ti

on
is

k
n
ow

n
to

b
e
v
∗ i

=
(y
>
y

+
n
λ

)−
1
y
>
y

=
1

1
+
λ
,
∀i
∈
J

an
d
v
∗ i

=
0
,
∀i
∈
{1
,2
,.
..
,d
}\

J
,

w
h
er

e
J

is
th

e
su

p
p

or
t

of
v
∗ .

T
h
e

ca
n
d
id

at
e
V
∗

=
v
∗ v
∗>

is
st

il
l

a
so

lu
ti

on
of

th
e

re
la

x
at

io
n

in
E

q
.

(1
8)

(s
ee

L
em

m
a

15
in

A
p
p

en
d
ix

E
.1

)
an

d
w

e
w

il
l

in
v
es

ti
ga

te
u
n
d
er

w
h
ic

h
co

n
d
it

io
n
s

on
X

th
is

so
lu

ti
on

is
u
n
iq

u
e.

L
et

u
s

as
su

m
e

as
b

ef
or

e
(z
i)
i=

1
,.
..
,d

ar
e

i.
i.
d
.

w
it

h
d
is

tr
ib

u
ti

on
z

sy
m

m
et

ri
c

w
it

h
Ez

=
Ez

3
=

0,
an

d
d
en

ot
e

b
y
Ez

2
=
m

an
d
Ez

4
/
(E
z

2
)2

=
β

.
W

e
al

so
as

su
m

e
th

at
‖z
‖ ∞

is
al

m
os

t
su

re
ly

b
ou

n
d
ed

b
y

0
≤
R
≤

1.
W

e
ar

e
ab

le
to

en
su

re
th

e
u
n
iq

u
en

es
s

of
th

e
so

lu
ti

on
w

it
h

h
ig

h
-p

ro
b
ab

il
it

y.

P
ro

p
o
si

ti
o
n

6
L

et
u

s
a
ss

u
m

e
d
≥

3
.

(a
)

If
n
≥

d
R

2
1
+

(d
+
β

)m
2

m
2
(β
−

1
)

,
V
∗

is
th

e
u

n
iq

u
e

so
lu

ti
o
n

o
f

th
e

p
ro

bl
em

E
q.

(1
2
)

w
it

h
h
ig

h

p
ro

ba
bi

li
ty

.
(b

)
If
n
≥

d
R

2

m
2
(β
−

1
)
,
v
∗

is
th

e
p
ri

n
ci

pa
l

ei
ge

n
ve

ct
o
r

o
f

a
n

y
so

lu
ti

o
n

o
f

th
e

p
ro

bl
em

E
q.

(1
2
)

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

.

T
h
e

p
ro

of
te

ch
n
iq

u
e

is
ve

ry
si

m
il
ar

to
th

e
on

e
of

P
ro

p
os

it
io

n
2.

W
it

h
th

e
fu

n
ct

io
n

g
(V

)
=

2 n

∑
n i=

1

√
(X
V
X
>

) i
i
−
λ
‖V
‖ 1
−

1 n
tr
X
>
X
V

,
w

e
ca

n
ce

rt
if

y
th

at
g

w
il
l

d
ec

re
as

e
ar

ou
n
d

th
e

so
lu

ti
on

V
∗

b
y

an
al

y
zi

n
g

th
e

ei
ge

n
va

lu
es

of
it

s
H

es
si

an
.

T
h
e

ra
n
k
-o

n
e

so
lu

ti
on

V
∗

is
re

co
ve

re
d

b
y

th
e

p
ri

n
ci

p
al

ei
ge

n
ve

ct
or

of
th

e
so

lu
ti

on
of

th
e

re
la

x
at

io
n

E
q
.

(1
8)

as
lo

n
g

as
n

=
O

(d
).

T
h
u
s

w
e

h
av

e
a

m
u
ch

b
et

te
r

sc
a
li
n
g

w
h
en

co
m

p
ar

ed
to

th
e

n
on

-s
p
ar

se
se

tt
in

g
w

h
er

e
n

=
O

(d
2
).

W
e

al
so

co
n
je

ct
u
re

a
sc

al
in

g
of

or
d
er

n
=
O

(l
d
)

fo
r

a
p
ro

je
ct

io
n

in
a
l-

sp
ar

se
d
ir

ec
ti

on
(s

ee
F

ig
u
re

1b
fo

r
em

p
ir

ic
a
l

re
su

lt
s)

.
T

h
e

p
ro

p
os

it
io

n
d
o
es

n
ot

st
at

e
an

y
p
ar

ti
cu

la
r

va
lu

e
fo

r
th

e
re

gu
la

ri
ze

r
p
ar

a
m

et
er
λ

.
T

h
is

m
ak

es
se

n
se

si
n
ce

th
e

p
ro

p
os

it
io

n
on

ly
h
ol

d
s

fo
r

th
e

si
m

p
le

si
tu

at
io

n
w

h
en

l
=

1.
W

e
p
ro

p
os

e
to

u
se
λ

=
1/
√
n

b
y

an
al

og
y

w
it

h
th

e
L

as
so

.
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5
.3

A
n

a
ly

si
s

fo
r

th
e

m
u

lt
i-

la
b

e
l

e
x
te

n
si

o
n

In
th

is
se

ct
io

n
,

th
e

si
gn

al
s

sh
ar

e
k

la
b

el
s

w
h
ic

h
ar

e
co

rr
u
p
te

d
b
y

so
m

e
ex

tr
a

n
o
is

y
d
im

en
-

si
on

s.
W

e
as

su
m

e
th

e
ce

n
te

re
d

d
es

ig
n

m
at

ri
x

to
b

e
X

=
[Π

n
y
,Z

]
w

h
er

e
y
∈
{−

1,
+

1}
n
×
k

an
d
Z
∈
R
n
×

(d
−
k
) .

W
e

al
so

as
su

m
e

th
at
y

is
fu

ll
-r

an
k

1
.

W
e

d
en

ot
e

b
y
y

=
[y

1
,.
..
,y
k
]

a
n
d

α
i

=
( y
> i

1
n

n

) 2
fo

r
i

=
1,
··
·,
k
.

W
e

co
n
si

d
er

th
e

d
is

cr
et

e
co

n
st

ra
in

ed
p
ro

b
le

m

m
in

v
∈R

d
×
k
,
y
∈{
−

1
,1
}n
×
k

1 n
‖Π

n
y
−
X
v
‖2 F

su
ch

th
at

1
> n
y
y
>

1 n
n

2
=
α

2
,

(2
1
)

an
d

th
e

d
is

cr
et

e
p

en
al

iz
ed

p
ro

b
le

m
fo

r
ν

=
0

m
in

v
∈R

d
×
k
,
y
∈{
−

1
,1
}n
×
k

1 n
‖Π

n
y
−
X
v
‖2 F
.

(2
2
)

A
s

ex
p
la

in
ed

in
S
ec

ti
on

4,
th

es
e

tw
o

d
is

cr
et

e
p
ro

b
le

m
s

ad
m

it
th

e
sa

m
e

re
la

x
a
ti

o
n
s

in
E

q
.

(7
)

an
d

E
q
.

(8
)

w
e

h
av

e
st

u
d
ie

d
fo

r
on

e
la

b
el

.
W

e
n
ow

in
ve

st
ig

at
e

w
h
en

th
e

so
lu

ti
o
n

of
th

e
p
ro

b
le

m
s

in
E

q
.

(2
1)

an
d

in
E

q
.

(2
2)

ge
n
er

at
e

so
lu

ti
on

s
of

th
e

re
la

x
at

io
n
s

in
E

q
.

(7
)

an
d

E
q
.

(8
).

B
y

an
al

og
y

w
it

h
L

em
m

a
3,

w
e

w
an

t
to

ch
ar

ac
te

ri
ze

th
e

so
lu

ti
on

s
of

th
es

e
re

la
x
a
ti

o
n
s

w
h
ic

h
ar

e
su

p
p

or
te

d
b
y

th
e

co
n
st

an
t

ve
ct

or
1 n

an
d

th
e

la
b

el
s

(y
1
,.
..
,y
k
).

T
h
ei

r
g
en

er
a
l

fo
rm

is
Y

=
ỹ
A
ỹ
>

w
h
er

e
A
∈

R
k
×
k

is
sy

m
m

et
ri

c
se

m
i-

d
efi

n
it

e
p

os
it

iv
e

an
d
ỹ

=
[1
n
,y

].
H

ow
ev

er
th

e
in

it
ia

l
y

is
ea

si
ly

re
co

ve
re

d
fr

om
th

e
so

lu
ti

on
Y

on
ly

w
h
en

A
is

d
ia

g
o
n
a
l.

T
o

th
at

en
d

th
e

fo
ll
ow

in
g

le
m

m
a

d
er

iv
es

so
m

e
co

n
d
it

io
n

u
n
d
er

w
h
ic

h
th

e
on

ly
m

a
tr

ix
A

su
ch

th
at

th
e

co
rr

es
p

on
d
in

g
Y

sa
ti

sfi
es

th
e

co
n
st

ra
in

t
of

th
e

re
la

x
at

io
n
s

in
E

q
.

(7
)

a
n
d

E
q
.

(8
)

is
d
ia

go
n
al

.

L
e
m

m
a

7
T

h
e

so
lu

ti
o
n

s
o
f

th
e

m
a
tr

ix
eq

u
a
ti

o
n

d
ia

g
(ỹ
A
ỹ
>

)
=

1 n
w

it
h

u
n

kn
o
w

n
va

ri
a
bl

e
A

a
re

d
ia

go
n

a
l

if
a
n

d
o
n

ly
if

th
e

fa
m

il
y
{1
n
,(
y i

) 1
≤
i≤
k
,(
y i
�
y j

) 1
≤
i<
j≤
k
}

is
li

n
ea

rl
y

in
d
ep

en
d
en

t
w

h
er

e
w

e
d
en

o
te

d
by
�

th
e

H
a
d
a
m

a
rd

(i
.e

.,
po

in
tw

is
e)

p
ro

d
u

ct
be

tw
ee

n
m

a
tr

ic
es

.

In
th

is
w

ay
w

e
ar

e
ab

le
to

ch
ar

ac
te

ri
ze

th
e

so
lu

ti
on

of
re

la
x
at

io
n
s

in
E

q
.

(7
)

a
n
d

E
q
.

(8
)

w
it

h
th

e
fo

ll
ow

in
g

re
su

lt
:

L
e
m

m
a

8
L

et
u

s
a
ss

u
m

e
th

a
t

th
e

fa
m

il
y
{1
n
,(
y i

) 1
≤
i≤
k
,(
y i
�
y j

) 1
≤
i<
j≤
k
}

is
li

n
ea

rl
y

in
d
e-

pe
n

d
en

t.
If
α
≥
α

m
in

=
m

in
1
≤
i≤
k
{α

i}
w

it
h

(α
i)

1
≤
i≤
k

d
efi

n
ed

a
bo

ve
E

q.
(2

1
),

th
e

so
lu

ti
o
n

s
o
f

th
e

co
n

st
ra

in
ed

re
la

xa
ti

o
n

in
E

q.
(7

)
su

p
po

rt
ed

by
th

e
ve

ct
o
rs

(1
n
,y

1
,·
··
,y
k
)

a
re

o
f

th
e

fo
rm

:

Y
=
a

2 0
1 n

1> n
+

k ∑ i=
1

a
2 i
y i
y
> i
,

w
h
er

e
(a
i)

0
≤
i≤
k

sa
ti

sfi
es
∑

k i=
0
a

2 i
=

1
a
n

d
a

2 0
+
∑

k i=
1
a

2 i
α
i

=
α

.

1
.
T
h
is
a
ss
u
m
p
ti
o
n
is
fa
ir
ly

re
a
so
n
a
b
le

si
n
ce

th
e
p
ro
b
a
b
il
it
y
o
f
a
m
a
tr
ix

w
h
o
se

en
tr
ie
s
a
re

i.
i.
d
.
R
a
d
em

a
ch
er

ra
n
d
o
m

va
ri
a
b
le
s
to

b
e
si
n
g
u
la
r
is

co
n
je
ct
u
re
d
to

b
e
1
/
2
+
o(
1
)
(B

o
u
rg
a
in

et
a
l.
,
2
0
1
0
).
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R
o
b
u
st

D
isc

r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

M
o
reo

ver
th

e
so

lu
tio

n
s

o
f

th
e

pen
a
lized

rela
xa

tio
n

in
E

q.
(8

)
fo

r
ν

=
0

w
h
ich

a
re

su
p
-

po
rted

by
th

e
vecto

rs
(1
n
,y

1 ,···
,y
k )

a
re

o
f

th
e

fo
rm

:

Y
=
a

20 1
n
1 >n

+
k
∑i=

1

a
2i y
i y >i

,

w
h
ere

(a
i )

0≤
i≤
k

sa
tisfi

es ∑
ki=

0
a

2i
=

1.

In
th

e
m

u
lti-la

bel
case,

som
e

co
m

b
in

ation
s

of
th

e
con

stan
t

m
atrix

1
n
1 >n

an
d

th
e

ran
k
-

o
n
e

m
a
trices

y
i y >i

are
solu

tion
s

of
con

strain
ed

or
p

en
alized

relax
ation

s.
F

u
rth

erm
ore,

u
n
d
er

so
m

e
a
ssu

m
p
tio

n
s

on
th

e
lab

els
(y
i )

1≤
i≤
k ,

th
ese

com
b
in

ation
s

are
th

e
on

ly
solu

tion
s

w
h
ich

a
re

su
p
p

o
rted

b
y

th
e

vectors
(1
n
,y

1 ,···
,y
k ).

A
n
d

w
e

con
jectu

re
(an

d
ch

ecked
em

p
irically

)
th

a
t

u
n
d
er

a
ssu

m
p
tion

s
sim

ilar
to

th
ose

m
ad

e
for

th
e

b
alan

ced
on

e-la
b

el
case,

all
th

e
solu

-
tio

n
s

o
f

th
e

rela
x
ation

are
su

p
p

orted
b
y

th
e

fa
m

ily
(1
n
,y

1 ,···
,y
k )

an
d

con
seq

u
en

tly
sh

a
re

th
e

sa
m

e
fo

rm
as

in
L

em
m

a
8.

T
h
u
s

th
e

eigen
vector

of
th

e
solu

tion
Y

w
ou

ld
b

e
in

th
e

sp
an

o
f

th
e

d
irection

s
(1
n
,y

1 ,···
,y
k ).

L
et

u
s

con
sid

er
an

eigen
valu

e
d
ecom

p
osition

of
Y

=
F
F
>

=
∑

ki=
0
λ
i e
i e >i

an
d

d
en

ote
b
y

M
=

[a
0 1
n
,a

1 y
1 ,···

,a
k y
k ]

w
h
ere

(a
i )

0≤
i≤
k

are
d
efi

n
ed

in
L

em
m

a
8.

S
in

ce
M
M
>

=
F
F
>

,
th

ere
is

an
orth

ogon
al

tran
sform

ation
R

su
ch

th
at
F
R

=
M

.
W

e
also

d
en

o
te

th
e

p
ro

d
u
ct

F
R

b
y
F
R

=
[ξ

0 ,···
,ξ
K

].
W

e
p
rop

ose
n
ow

a
n

altern
a
tin

g
m

in
im

ization
p
ro

ced
u
re

to
recover

th
e

la
b

els
(y

1 ,···
,y
k )

from
M

.

L
e
m

m
a

9
C

o
n

sid
er

th
e

o
p
tim

iza
tio

n
p
ro

blem

m
in

M
∈M

,
R
∈
R
k×

k
:
R
>
R

=
I
k ‖F

R
−
M
‖

2F
,

w
h
ere
M

=
{
[a

0 1
n
,a

1 y
1 ,···

,a
k y
k ],a
∈
R
k
+

1
:‖a‖

2
=

1,y
i ∈
{±

1}
n}

.
G

iven
M

,
th

e
p
ro

blem
is

equ
iva

len
t

to
th

e
o
rth

ogo
n

a
l

P
rocru

stes
p
ro

blem
(S

ch
ö
n

em
a
n

n
,

1
9
6
6
).

D
en

o
te

by
U

∆
V
>

a
sin

gu
la

r
va

lu
e

d
eco

m
po

sitio
n

o
f
F
>
M

.
T

h
e

o
p
tim

a
l
R

is
o
bta

in
ed

a
s
R

=
U
V
>

.
W

h
ile

given
R

,
th

e
o

p
tim

a
l
M

is
o
bta

in
ed

a
s

M
=

1
√
‖
ξ

1 ‖
21

+
‖
ξ

2 ‖
21

+
...

+
‖
ξ
k ‖

21

[‖
ξ

0 ‖
1

sign
(ξ

0 ),···
,‖ξ

k ‖
1

sign
(ξ
k )].

P
ro

o
f

W
e

g
ive

on
ly

th
e

argu
m

en
t

for
th

e
op

tim
ization

p
rob

lem
w

ith
resp

ect
to
M

.
G

iven
R

,
th

e
o
p
tim

ization
p
rob

lem
in
M

is
eq

u
iva

len
t

to
m

a
x

a∈
R
k
+
1
:‖
a‖

2
=

1
,
y∈{−

1
,1}

n×
k

tr(F
R

) >
M

an
d

tr(F
R

) >
M

=
a

0 ξ >0
1
n

+
∑

ki=
1
a
i ξ >i

y
i

.
T

h
u
s

b
y

p
rop

erty
of

th
e

d
u
al

n
orm

s
th

e
solu

tion
is

g
iven

b
y
y
i

=
sign

(ξ
i )

an
d
a
i

=
‖
ξ
i ‖

1
√
‖
ξ
1 ‖

21
+
‖
ξ
2 ‖

21
+
...+
‖
ξ
k ‖

21 .

T
h
e

m
in

im
iza

tion
p
rob

lem
in

L
em

m
a

9
is

n
on

-con
v
ex

;
h
ow

ev
er

w
e

ob
serve

th
a
t

p
erform

in
g

few
a
ltern

a
tin

g
op

tim
ization

s
is

su
ffi

cien
t

to
recov

er
th

e
correct

(y
1 ,...,y

k )
from

M
.

5
.4

D
isc

u
ssio

n

In
th

is
sectio

n
w

e
stu

d
ied

th
e

tigh
tn

ess
of

con
vex

relax
ation

s
u
n
d
er

sim
p
le

scen
arios

w
h
ere

th
e

rela
x
ed

p
ro

b
lem

ad
m

its
low

-ran
k

solu
tion

s
gen

erated
b
y

th
e

solu
tion

of
th

e
origin

al
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F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

n
on

-con
vex

p
rob

lem
.

U
n
fortu

n
ately

th
e

solu
tion

s
lose

th
e

ch
aracterized

ran
k

w
h
en

th
e

in
itial

p
rob

lem
is

sligh
tly

p
ertu

rb
ed

sin
ce

th
e

ran
k

of
a

m
atrix

is
n
ot

a
con

tin
u
ou

s
fu

n
ction

.
N

everth
eless,

th
e

sp
ectru

m
of

th
e

n
ew

solu
tion

is
really

sp
iked

,
a
n
d

th
u
s

th
ese

resu
lts

are
q
u
ite

con
servative.

W
e

em
p
irically

ob
serve

th
at

th
e

p
rin

cip
al

eigen
vectors

keep
recoverin

g
th

e
correct

in
form

ation
ou

tsid
e

th
ese

scen
arios.

H
ow

ever
th

is
sim

p
le

p
ro

of
m

ech
an

ism
is

n
ot

easily
ad

ap
tab

le
to

h
an

d
le

p
ertu

rb
ed

p
rob

lem
s

in
a

straigh
tforw

ard
w

ay
sin

ce
it

is
d
iffi

cu
lt

to
ch

aracterize
th

e
p
rop

erties
of

eigen
v
ectors

of
th

e
solu

tion
of

a
sem

i-d
efi

n
ite

p
rogram

.
H

en
ce

w
e

are
ab

le
to

d
erive

a
p
rop

er
th

eoretical
stu

d
y

on
ly

for
th

ese
sim

p
le

m
o
d
els.

6
.

A
lg

o
rith

m
s

In
th

is
section

,
w

e
p
resen

t
an

op
tim

ization
algorith

m
w

h
ich

is
ad

ap
ted

to
large

n
settin

gs,
an

d
av

oid
s

th
e
n

-d
im

en
sion

al
sem

id
efi

n
ite

con
strain

t.

6
.1

R
e
fo

rm
u

la
tio

n

W
e

aim
to

solve
th

e
gen

eral
regu

larized
p
rob

lem
w

h
ich

corresp
on

d
s

to
E

q
.

(15)

m
ax

V
<

0

2n

n
∑i=

1 √
(X
V
X
>

)
ii −

1n
tr
V

(X
>
X

+
n

D
iag

(a
)
2)−

‖
D

iag
(c)V

D
iag

(c)‖
1 .

(23)

W
e

con
sid

er
a

sligh
tly

d
iff

eren
t

op
tim

ization
p
rob

lem
:

m
ax

V
<

0

1n

n
∑i=

1 √
(X
V
X
>

)
ii −
‖

D
iag

(c)V
D

iag
(c)‖

1
s.t.

tr
V

(
1n
X
>
X

+
D

iag
(a

)
2)

=
1
.

(24)

W
h
en

c
is

eq
u
al

to
zero,

th
en

E
q
.

(24)
is

ex
actly

eq
u
ivalen

t
to

E
q
.

(23);
w

h
en

c
is

sm
all

(as
w

ill
ty

p
ically

b
e

th
e

case
in

ou
r

ex
p

erim
en

ts),
th

e
solu

tion
s

are
very

sim
ilar—

in
fact,

on
e

can
sh

ow
b
y

L
agran

gian
d
u
ality

th
at

b
y

a
seq

u
en

ce
of

p
rob

lem
s

in
E

q
.

(24),
on

e
m

ay
ob

tain
th

e
solu

tio
n

to
E

q
.

(23).

6
.2

S
m

o
o
th

in
g

B
y

lettin
g
A

=
X
>
X

n
+

D
iag

(a
)
2,

w
e

con
sid

er
a

stron
gly

-co
n
vex

ap
p
rox

im
ation

of
E

q
.

(24)
as:

m
ax

V
<

0

1n

n
∑i=

1 √
(X
V
X
>

)
ii −
‖

D
iag

(c)V
D

iag
(c)‖

1 −
ε

tr[(A
12V
A

12)
log

(A
12V
A

12)]

s.t.
tr(A

12V
A

12)
=

1
,

(25)

w
h
ere
−

tr
M

log
(M

)
is

a
sp

ectral
con

vex
fu

n
ction

called
th

e
von

-N
eu

m
an

n
en

trop
y

(von
N

eu
m

an
n
,

1927).
T

h
e

d
iff

eren
ce

in
th

e
tw

o
p
rob

lem
s

is
k
n
ow

n
to

b
e
ε

log
(d

)
(N

esterov
,

2007).
A

s
sh

ow
n

in
A

p
p

en
d
ix

G
.1,

th
e

d
u
al

p
rob

lem
is

m
in

u∈
R
n+
,C
∈
R
d×
d
:|C

ij |6
c
i c
j

12n

n
∑i=

1

1u
i

+
φ
ε (A

−
12 (

12n
X
>

D
iag

(u
)X
−
C
)A
−

12 ),
(26)

w
h
ere

φ
ε(M

)
is

an
ε-sm

o
oth

ap
p
rox

im
ation

to
th

e
m

ax
im

al
eigen

valu
e

of
th

e
m

atrix
M

.

1
6

JM
L

R
 18(80):1-50, 2017



R
o
b
u
st

D
is
c
r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

6
.3

O
p

ti
m

iz
a
ti

o
n

a
lg

o
ri

th
m

In
or

d
er

to
so

lv
e

E
q
.

(2
6)

,
w

e
sp

li
t

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

in
to

a
sm

o
ot

h
p
ar

t
F

(u
,C

)
=

φ
ε
( A
−

1 2

(
1 2
n
X
>

D
ia

g
(u

)X
−
C
) A
−

1 2

) an
d

a
n
on

-s
m

o
ot

h
p
ar

t
H

(u
,C

)
=

I |C
ij
|6
c i
c j

+
1 2
n

∑
n i=

1
1 u
i
.

W
e

m
ay

th
en

ap
p
ly

F
IS

T
A

(B
ec

k
an

d
T

eb
ou

ll
e,

20
0
9)

u
p

d
at

es
to

th
e

sm
o
ot

h
fu

n
ct

io
n

φ
ε
(A
−

1 2
(

1 2
n
X
>

D
ia

g
(u

)X
−
C

)A
−

1 2
),

al
on

g
w

it
h

a
p
ro

x
im

al
op

er
at

or
fo

r
th

e
n
on

-s
m

o
o
th

te
rm

s
I |C

ij
|6
c i
c j

an
d

1 2
n

∑
n i=

1
1 u
i
,

w
h
ic

h
m

ay
b

e
co

m
p
u
te

d
effi

ci
en

tl
y.

S
ee

d
et

ai
ls

in
A

p
-

p
en

d
ix

G
.2

.

R
u

n
n

in
g
-t

im
e

c
o
m

p
le

x
it

y
.

S
in

ce
w

e
n
ee

d
to

p
ro

je
ct

on
th

e
S
D

P
co

n
e

of
si

ze
d

at
ea

ch
it

er
at

io
n
,

th
e

ru
n
n
in

g-
ti

m
e

co
m

p
le

x
it

y
p

er
it

er
at

io
n

is
O

(d
3

+
d

2
n

);
g
iv

en
th

at
of

te
n

n
>
d
,

th
e

d
om

in
at

in
g

te
rm

is
O

(d
2
n

).
It

is
st

il
l

an
op

en
p
ro

b
le

m
to

m
ak

e
th

is
li
n
ea

r
in
d
.

O
u
r

fu
n
ct

io
n

b
ei

n
g
O

(1
/ε

)-
sm

o
ot

h
,

th
e

co
n
ve

rg
en

ce
ra

te
is

of
th

e
fo

rm
O

(1
/
(ε
t2

))
.

S
in

ce
w

e
st

op
w

h
en

th
e

d
u
al

it
y

ga
p

is
ε

lo
g
(d

)
(a

s
w

e
u
se

sm
o
ot

h
in

g,
it

is
n
ot

u
se

fu
l

to
go

lo
w

er
),

th
e

n
u
m

b
er

of
it

er
at

io
n
s

is
of

o
rd

er
1/

(ε
√

lo
g
(d

))
.

T
h
e

p
ro

p
os

ed
al

go
ri

th
m

is
a

cl
ea

r
im

p
ro

ve
m

en
t

ov
er

th
e

ex
is

ti
n
g

ap
p
ro

ac
h

b
y

B
ac

h
an

d
H

ar
ch

ao
u
i

(2
00

7)
w

h
ic

h
is

q
u
ad

ra
ti

c
in
n

.

7
.

E
x
p

e
ri

m
e
n
ts

W
e

im
p
le

m
en

te
d

th
e

p
ro

p
os

ed
al

go
ri

th
m

in
M

at
la

b
.

T
h
e

co
d
e

h
as

b
ee

n
m

ad
e

av
ai

la
b
le

in
h
t
t
p
s
:
/
/
d
r
i
v
e
.
g
o
o
g
l
e
.
c
o
m
/
u
c
?
e
x
p
o
r
t
=
d
o
w
n
l
o
a
d
&
i
d
=
0
B
5
B
x
9
j
r
p
7
c
e
l
M
k
5
p
O
F
I
4
U
G
t
0
Z
E
k
.

T
w

o
se

ts
of

ex
p

er
im

en
ts

w
er

e
p

er
fo

rm
ed

:
on

e
on

sy
n
th

et
ic

al
ly

ge
n
er

at
ed

d
at

a
se

ts
an

d
th

e
ot

h
er

on
re

al
-w

or
ld

d
at

a
se

ts
.

T
h
e

d
et

a
il
s

ab
ou

t
ex

p
er

im
en

ts
fo

ll
ow

.

7
.1

E
x
p

e
ri

m
e
n
ts

o
n

sy
n
th

e
ti

c
d

a
ta

In
th

is
se

ct
io

n
,

w
e

il
lu

st
ra

te
ou

r
th

eo
re

ti
ca

l
re

su
lt

s
an

d
al

go
ri

th
m

s
on

sy
n
th

et
ic

ex
a
m

p
le

s.
T

h
e

sy
n
th

et
ic

d
at

a
w

er
e

ge
n
er

at
ed

b
y

as
su

m
in

g
a

fi
x
ed

cl
u
st

er
in

g
w

it
h
α
∗
∈

[0
,1

],
al

on
g

a
si

n
gl

e
d
ir

ec
ti

on
an

d
th

e
re

m
ai

n
in

g
va

ri
ab

le
s

w
er

e
w

h
it

en
ed

.
W

e
co

n
si

d
er

cl
u
st

er
in

g
er

ro
r

d
efi

n
ed

fo
r

a
p
re

d
ic

to
r
ȳ
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ȳ
∈
{+

1,
−

1
}n

o
b
ta

in
ed

fr
om

an
al

go
ri

th
m

u
n
d
er

co
m

p
ar

is
on

,
w

as
co

m
p
u
te

d
as

1
−

(ȳ
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)
>

−
2

(n
−

1 >n
y
)

tr
X
X
> (

1
n −

y

2

)(
1
n −

y

2

)
>

=
m

iny
tr
X
X
> (

I−
1

2(n
+

1 >n
y
) (y

y >
+

1
n
1 >n

+
y
1 >n

+
1
n
y >

)

−
1

2(n
−

1 >n
y
) (1

n
1 >n

+
y
y >
−

1
n
y >
−
y
1 >n

) )
.

B
y

th
e
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terin

g
of

X
,

w
e

h
ave

1 >n
X

=
0

an
d

h
en

ce
tr
X
X
>

1
n
1 >n

=
tr
X
X
>

1
n
y >

=
tr
X
X
>
y
1 >n

=
0
.

T
h
erefore,

w
e

ob
tain

m
iny

tr
X
X
> (

I−
1

2(n
+

1 >n
y
) (y

y >
)−

1

2(n
−

1 >n
y
) (y

y >
) )

=
m

iny
tr
X
X
> (

I−
(y
y >

) (
1

2(n
+

1 >n
y
)

+
1

2(n
−

1 >n
y
) ))

=
m

iny
tr
X
X
> (

I−
(y
y >

) (
n

n
2−

(1 >n
y
)
2) ))

=
m

iny
tr
X
X
> (

I−
n
y
y >

n
2−

(1 >n
y
)
2 )
.

T
h
u
s

w
e

h
av

e
th

e
eq

u
ivalen

t
K

-m
ean

s
p
rob

lem
a
s

m
in

y∈{−
1
,1}

n

1n
tr
X
w
w
>
X
> (
I−

n

n
2−

(y >
1)

2
y
y > )

=
1−

m
ax

y∈{−
1
,1}

n

(w
>
X
>
y
)
2

n
2−

(y >
1)

2
.

T
h
u
s

th
e

avera
ged

d
istortion

m
easu

re
of
K

-m
ean

s
w

ith
th

e
op

tim
ized

m
ean

s
is

(y >
Π
n
X
w

)
2

‖
Π
n
y‖

22
.

A
p
p

e
n
d
ix

B
.

F
u
ll

(u
n
su

cce
ssfu

l)
re

la
x
a
tio

n

It
is

tem
p
tin

g
to

fi
n
d

a
d
irect

relax
ation

of
E

q
.
(2).

It
tu

rn
s

ou
t

to
lead

to
a

triv
ial

relax
ation

,
w

h
ich

w
e

o
u
tlin

e
in

th
is

section
.

W
h
en

op
tim

izin
g

E
q
.

(2)
w

ith
resp

ect
to
w

,
w

e
ob

tain

m
a
x

y∈{−
1
,1}

n

y >
X

(X
>
X

) −
1
X
>
y

y >
Π
n
y

,
lead

in
g

to
a

q
u
a
si-con

vex
relax

ation
as

m
a
x

Y
<

0
,

d
ia

g
(Y

)=
1

tr
Y
X

(X
>
X

) −
1
X
>

tr
Π
n
Y

.

U
n
fo

rtu
n
a
tely,

th
is

relax
ation

alw
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s
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s
to
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ial

solu
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s
as

d
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b

elow
.
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F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

C
on

sid
er

th
e

q
u
asi-con

vex
relax

ation

m
ax

Y
<

0
,d

ia
g
(Y

)=
1

tr
Y
X

(X
>
X

) −
1X
>

tr
Π
n
Y

.
(27)

B
y

d
efi

n
ition

of
Π
n

th
is

relax
ation

is
eq

u
al

to:

m
ax

Y
<

0
,d

ia
g
(Y

)=
1

1n

tr
Y
X

(X
>
X

) −
1X
>

1−
1 >n
Y

1
n

n
2

.

L
et
A

=
{
Y

<
0
,

d
iag

(Y
)

=
1}

th
e

feasib
le

set
of

th
is

p
rob

lem
a
n
d

d
efi

n
e
B

=
{M

<
0,

d
iag

(M
)

=
1

+
1 >n
M

1
n

n
2
}
.

L
et
Y
∈
A

,
th

en
M

d
efi

n
ed

b
y
M

=
Y

1−
1 >n

Y
1
n

n
2

b
elon

gs
to
B

sin
ce

1
+

1 >n
M

1
n

n
2

=
1

+
1 >n
Y

1
n

n
2−

1 >n
Y

1
n

=
1

1−
1 >n

Y
1
n

n
2

=
d
iag

(M
).

R
ecip

ro
cally

for
M
∈
B

,
w

e
can

d
efi

n
e

Y
=

M

1
+

1 >n
M

1
n

n
2

,
su

ch
th

at
d
iag

(Y
)

=
1

an
d
Y
∈
A

an
d

th
en

verify
th

at
M

=
Y

1−
1 >n

Y
1
n

n
2

.
T

h
u
s

th
e

p
rob

lem
E

q
.

(27)
is

eq
u
ivalen

t
to

th
e

relax
ation

m
ax

M
<

0
,d

ia
g
(M

)=
1
+

1 >n
M

1
n

n
2

1n
tr
M
X

(X
>
X

) −
1X
>
.

(28)

T
h
e

L
agran

gian
fu

n
ction

of
th

is
p
rob

lem
can

b
e

w
ritten

as:

L
(µ

)
=

tr
M
X

(X
>
X

) −
1X
>
−
µn

>
[d

iag
(M

)−
1
n −

1 >n
M

1
n

n
2

1
n
]

=
tr
M

[X
(X
>
X

) −
1X
>
−

D
iag

(µ
)

+
1 >n
µ

n
2

1
n
1 >n

]+
1n
µ
>

1
n
.

U
sin

g
L

(µ
)

an
d

th
e

P
S
D

con
strain

t
M

<
0,

th
e

d
u
al

p
rob

lem
is

giv
en

b
y

m
in
µ

µ
>

1
n

n
s.t.

D
iag

(µ
)−

1 >n
µ

n
2

1
n
1 >n

<
X

(X
>
X

) −
1X
>
.

S
in

ce
X

(X
>
X

) −
1X
>
<

0,
th

is
im

p
lies

for
th

e
d
u
al

variab
le
µ

:

D
iag

(µ
)−

1 >n
µ

n
2

1
n
1 >n

<
0
⇔

1 >n
D

iag
(µ

) −
11
n
≤

n
2

µ
>

1
n

⇔
n
∑i=

1

1µ
i ≤

n
2

∑
ni=

1
µ
i

⇔
1n

n
∑i=

1

1µ
i ≤

1
1n ∑

ni=
1
µ
i .

H
ow

ever
for

ν
∈
R
n

,
th

e
h
arm

on
ic

m
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[
1n ∑

ni=
1

1ν
i ]−

1
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alw
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s
sm

aller
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e
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m
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m
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1n ∑
ni=

1
ν
i

w
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u
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d
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ν

=
c1
n
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R
.

T
h
u
s

th
e

d
u
al
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le
µ

is
con
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t

a
n
d

th
e

d
iagon

al
con

strain
t
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p
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lem
E

q
.

(28)
sim

p
lifi

es
itself
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a

trace
con

strain
t.

T
h
erefore

th
e

p
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b
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) −
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>
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<

0
,
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+
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M
1
n

n
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M
X
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>
X

) −
1X
>
.
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Π
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re
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n
g
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,
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an
d
V
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,
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V
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1 n
tr

Π
n
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+
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V
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)
<
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=
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d
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e
ge
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y
E
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d
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w
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e
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b
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0
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=
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L
ag
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fu
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th
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b
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q
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b
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=

1 n
tr

Π
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2 n
tr
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+
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+
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−
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=
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Π
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+
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+
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−
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−
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1 n
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>
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−

tr
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Y
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U
si

n
g
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(A
)

an
d

th
e
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ra
in

t

(
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<

0,
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e
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th
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ro

b
le
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m
in A

tr
A
Y

0
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(
1 n
Π
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+
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2
1
n
1
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+
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−
1 n
X

−
1 n
X
>

1 n
X
>
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<

0.

F
ro

m
th

e
S
ch

u
r’

s
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m
p
le

m
en

t
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n
d
it

io
n

of

(
1 n
Π
n

+
ν n
2
1
n
1> n

+
A

−
1 n
X

−
1 n
X
>

1 n
X
>
X

)
<

0,
w

e
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in

1 n
Π
n

+
ν n
2
1
n
1
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+
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<
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)−
1
X
>

.
S
u
b
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it
u
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n
g
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b
ou

n
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r
A

w
e

ge
t
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m
al
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iv

e
fu

n
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n
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lu

e

D
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=
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tr
X

(X
>
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)−
1
X
>
Y

0
−

1 n
tr

Π
n
Y

0
−

ν n
2
1
> n
Y

0
1
n
.

N
ot

e
th
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e
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m

al
d
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al
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iv
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va
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e
D
∗
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b
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m
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g
w

it
h

re
sp

ec
t

to
Y

w
e

ob
ta

in
ex

ac
tl

y
E

q
.

(8
)
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er

ef
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e,
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e
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n
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x
re
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x
at
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n

in
E

q
.

(1
1)

is
eq

u
iv

al
en

t
to

E
q
.

(8
).

M
or

eo
ve

r
th

e
K

ar
u
sh

-K
u
h
n
-T

u
ck

er
(K

K
T

)
co

n
d
it

io
n
s

gi
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s
P
>
−
X

+
V
X
>
X

=
0

an
d
−
Y
X

+
P
X
>
X

=
0

T
h
u
s
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e
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u
m

is
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ed
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r
P

=
Y
X
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>
X

)−
1
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d
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=
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>
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)−
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>
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)−
1
.
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b
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=
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Π
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+
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−
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=
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−
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+
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−
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<
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+
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−
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<

0
,

w
e

o
b
ta

in

B
<

1 n
2
X
>

d
ia

g
(µ

+
1
n
/n

)−
1
X
−

1 n
X
>
X

.
S
u
b
st

it
u
ti

n
g

th
e

b
ou

n
d

fo
r
B

w
e

g
et

th
e

d
u
al

p
ro

b
le

m
as

m
in µ
µ
>

1
n

+
1 n
2

tr
V

0
X
>

d
ia

g
(µ

+
1
n
/
n

)−
1
X
−

1 n
tr
V

0
X
>
X

=
⇒

m
in µ

n ∑ i=
1

(
µ
i
+

1

n
2
µ
i
+
n
x
> i
V

0
x
i)
−

1 n
tr
V

0
X
>
X
.

S
ol

v
in

g
fo

r
µ
i,

w
e

ge
t

µ
∗ i

=
1 n

√
x
> i
V

0
x
i
−

1 n
.

S
u
b
st

it
u
ti

n
g
µ
∗ i

in
to

th
e

d
u
al

ob
je

ct
iv

e
fu

n
ct

io
n
,

w
e

ge
t

th
e

op
ti

m
al

ob
je

ct
iv

e
fu

n
ct

io
n

va
lu

e

D̂
=

2 n

n ∑ i=
1

√
(X
V
X
>

) i
i
−

1
−

1 n
tr
V

0
X
>
X
.

F
u
rt

h
er

m
or

e
th
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d
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−
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=
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=
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=

D
ia

g
(d

ia
g
(X
V
X
>

))
−

1
/
2
X
V

Y
=
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−
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m
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s
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b
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+

(d
+
β
−

2)
m

2
a
n

d
µ

2
=

m
in
{2
m

2
,m

2
(β
−

1)
,2
m
}.

M
o
re

o
ve

r
w

e
d
en

o
te

by
∆

m
in

=

( 1
0

0
c m

in
I d
−

1

)
th

e
ei

ge
n

ve
ct

o
r

a
ss

oc
ia

te
d

to
µ
−

fo
r

w
h
ic

h
w

e
h
a
ve

se
t

w
it

h
o
u

t
lo

ss
o
f

ge
n

er
a
li

ty
th

e
fi

rs
t

co
m

po
n

en
t
a

=
1.

T
h
en

|c m
in
|≤

m

|(d
+
β
−

2)
m

2
−

1
|.

38
JM

L
R

 1
8(

80
):

1-
50

, 2
01

7



R
o
b
u
st

D
isc

r
im

in
a
t
iv
e
C
l
u
st

e
r
in
g

w
it
h
S
pa

r
se

R
e
g
u
l
a
r
iz
e
r
s

U
n
fo

rtu
n
a
tely

µ
−

can
b

ecom
e

sm
all

w
h
en

th
e

d
im

en
sion

in
creases

as
ex

p
lain

ed
b
y

th
e

tig
h
t

b
o
u
n
d
µ
−
≥

m
2
(β−

1
)

1
+

(d
+
β−

2
)m

2 .
H

ow
ever

th
e

corresp
o
n
d
in

g
eigen

v
ector

h
as

a
p
articu

lar

stru
ctu

re
w

e
w

ill
b

e
ab

le
to

ex
p
loit.

P
ro

o
f

F
irst

w
e

n
ote

th
at
µ
−
≤
m

2(β
−

1)
an

d
com

p
u
te

µ
−
≥

2
m

2
⇔

1
+

(d
+
β
−

2)m
2−

√
(1

+
(d

+
β
−

2)m
2)

2−
4
m

2(β
−

1)−
4m

2≥
0

⇔
1

+
(d

+
β
−

2)m
2−

4
m

2≥
√

(1
+

(d
+
β
−

2)m
2)

2−
4m

2(β
−

1
)

⇔
(1

+
(d

+
β
−

2)m
2−

4
m

2)
2≥

(1
+

(d
+
β
−

2)m
2)

2−
4m

2(β
−

1)

an
d

1
+

(d
+
β
−

6)m
2≥

0

⇔
16m

4−
8
m

2(1
+

(d
+
β
−

2)m
2)≥

−
4
m

2(β
−

1)

an
d

1
+

(d
+
β
−

6)m
2≥

0

⇔
2(d

+
β
−

4)m
2≤

β
−

3
︸

︷︷
︸

R
1

an
d

1
+

(d
+
β
−

6
)m

2≥
0

︸
︷︷

︸
R

2

.

−
If
d

=
2,

–
If
β
≤

3
w

e
h
ave

n
ecessary

th
at

β
≤

2
an

d
th

e
fi
rst

term
R

1
im

p
lies

m
2
≥

3−
β

2
(2−

β
)

an
d

th
e

secon
d

term
R

2
im

p
lies

m
2
≤

1/
(4−

β
).

T
h
u
s

w
e

sh
ou

ld
h
ave

(4−
β

)(3−
β

)≤
2(2−

β
)

w
h
ich

is
n
ot

p
ossib

le
sin

ce
th

e
p

oly
n
om

ial
β

2−
5
β

+
8
≥

0.

–
If
β
≥

3,
th

e
fi
rst

term
R

1
im

p
lies

m
2
≤

β−
3

2
(β−

2
)
≤

1
an

d
th

e
secon

d
term

R
2

im
p
lies

m
2≤

1/
(4−

β
)≤

β−
3

2
(β−

2
) ≤

1
fo

r
β
≤

4
an

d
is

alw
ay

s
satisfi

ed
oth

erw
ise.

−
If
d
≥

3
,

th
e

fi
rst

term
R

1
im

p
lies

th
at
β
≥

3
for

w
h
ich

th
e

secon
d

term
R

2
is

alw
ay

s
sa

tisfi
ed

.
It

also
im

p
lies

th
at
m

2≤
β−

3
2
(d

+
β−

4
) ≤

1.

W
e

d
en

o
te

b
y

∆
m

in
=

(
1

0
0

c
m

in I
d−

1 )
th

e
eigen

vector
for

w
h
ich

w
e

h
av

e
set

w
ith

ou
t

loss

o
f

g
en

era
lity

a
=

1
an

d

c
m

in
=

−
1

2(d−
1)m

[√
((d

+
β
−

2)m
2−

1)
2

+
4(d−

1)m
2−

(d
+
β
−

2
)m

2
+

1 ].

C
o
n
seq

u
en

tly
c

m
in ≤

0
an

d
b
y

con
vex

ity
of

th
e

sq
u
are

ro
ot

w
e

h
ave

√
((d

+
β
−

2)m
2−

1)
2

+
4(d−

1)m
2≤

((d
+
β
−

2)m
2−

1)
+

2(d−
1)m

2

|(d
+
β
−

2)m
2−

1| .

T
h
erefo

re

|c
m

in |≤
m

|(d
+
β
−

2)m
2−

1| .

W
e

w
ill

co
n
tro

l
n
ow

th
e

b
eh

av
ior

of
th

e
em

p
irical

ex
p

ectation
b
y

its
ex

p
ecta

tion
th

a
n
k
s

to
co

n
cen

tra
tion

th
eory.

B
y

d
efi

n
ition

T
x

is
a

sy
m

m
etric

p
ositiv

e
lin

ear
o
p

erator
as

its
p
ro

jectio
n
T
⊥x

on
to

th
e

orth
ogon

al
sp

ace
of

∆
m

in .
W

e
can

th
u
s

ap
p
ly

th
e

M
atrix

C
h
er-

n
o
ff

in
eq

u
a
lity

from
T

rop
p

(2012,
T

h
eorem

5.1.1)
to

th
ese

tw
o

op
erators

u
sin

g
‖
T
x ‖
o
p
≤

39
JM

L
R

 18(80):1-50, 2017

F
l
a
m
m
a
r
io
n
,
P
a
l
a
n
ia
p
pa

n
a
n
d

B
a
c
h

‖
x
x
>‖

2≤
tr(x

x
>

)
2≤
‖x‖

42 ≤
R

4d
2.

T
h
en

:

P (
λ

m
in (∑k

=
1

T
x
k )
≤
n
δµ

1 )
≤
d [
e −

(1−
δ
)

δ
δ

]
n
µ
1
/
(2
R

4
d
2
)≤

d
e −

(1−
δ
)
2
n
µ
1
/
(4
R

4
d
2
),

P (
λ

m
in (∑k

=
1

T
⊥x
k )
≤
n
δµ

2 )
≤
d [
e −

(1−
δ
)

δ
δ

]
n
µ
2
/
(2
R

4
d
2
)≤

d
e −

(1−
δ
)
2
n
µ
2
/
(4
R

4
d
2
),

F
or
m

=
1

an
d
d
≥

3
w

e
h
ave

µ
1

=
µ
−
≥

β−
1

β
+
d
≥

m
in{

β−
1

2
β
,
β−

1
2
d
}
≥

m
in{1

/3
,
β−

1
2
d
}
.

D
.5

N
o
ise

ro
b

u
stn

e
ss

fo
r

th
e

o
n

e
d

im
e
n

sio
n

a
l

b
a
la

n
c
e
d

p
ro

b
le

m

W
e

w
an

t
a

con
d
ition

on
ε

su
ch

th
at

th
e

solu
tion

of
th

e
rela

x
ation

E
q
.

(8)
recovers

th
e

righ
t

y
.

W
e

recall
th

e
d
u
al

p
rob

lem
of

th
e

relax
ation

E
q
.

(8)

m
in
µ
>

1
n

s.t.
D

iag
(µ

)<
X

(X
>
X

) −
1X
>
.

T
h
e

K
K

T
con

d
ition

s
are:

−
D

u
al

feasib
ility

:
D

iag
(µ

)<
X

(X
>
X

) −
1X
>

.

−
P

rim
al

feasib
ility

:
D

iag
(Y

)
=

1
n

an
d
Y

<
0.

−
C

om
p
lim

en
tary

slack
n
ess

:
Y

[D
iag

(µ
)−

X
(X
>
X

) −
1X
>

]
=

0

F
or
Y

=
y
y >

a
ran

k
on

e
m

atrix
,

th
e

last
con

d
ition

im
p
lies

D
iag

(µ
)y

=
H
y

an
d

µ
i

=
(X

(X
>
X

) −
1X
>
y
)
i

y
i

.

F
or
X

=
y

+
ε,

w
e

d
en

ote
b
y
ỹ
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‖ỹ‖
2

ỹ
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p
ro

b
ab

il
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ū
k
−

1 2
‖2

+
1 2
n

∑
n i=

1
1 u
i
}

b
y

A
lg

or
it

h
m

2
.

9
:

O
b
ta

in
C
k

=
ar

gm
in
C

{ I C
:|C

ij
|6
c i
c j

+
L 2
‖C
−
C̄
k
−

1 2
‖2 F
}

b
y

th
re

sh
ol

d
in

g
.

1
0
:

t k
=

1
+
√

1
+

4
t2 k
−
1

2
.

1
1
:

(ū
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th

e
se

co
n
d

ch
a
ll
en

g
e.

1
.1

C
h

a
ll
e
n

g
e
s

o
f

U
lt

ra
h

ig
h

F
e
a
tu

re
D

im
e
n

si
o
n

a
li
ty

R
ec

en
tl

y,
th

e
em

er
gi

n
g

tr
en

d
s

of
u
lt

ra
h
ig

h
fe

at
u
re

d
im

en
si

on
al

it
y

h
av

e
b

ee
n

a
n
a
ly

ze
d

in
M

it
ch

el
l

et
al

.
(2

00
4)

,
F

an
et

al
.

(2
00

9)
an

d
Z

h
ai

et
al

.
(2

01
4)

.
F

or
ex

am
p
le

,
th

e
W

eb
co

n
ti

n
u
es

to
ge

n
er

at
e

q
u
in

ti
ll
io

n
b
y
te

s
of

d
at

a
d
ai

ly
(Z

ik
op

ou
lo

s
et

al
.,

20
1
2
;

Z
h
a
i

et
a
l.
,

20
14

),
le

ad
in

g
to

th
re

e
ke

y
ch

al
le

n
ge

s
fo

r
P

D
T

cl
as

si
fi
ca

ti
on

on
th

e
w

eb
sp

am
d
a
ta

se
t

w
it

h
16

,6
09

,1
43

fe
at

u
re

s
(w

h
ic

h
is

co
ll
ec

te
d

fr
om

W
an

g
et

al
.

(2
01

2
))

:

1.
It

is
d
iffi

cu
lt

to
u
n
d
er

st
an

d
an

d
in

te
rp

re
t

P
D

T
on

th
is

d
at

a
se

t.
H

ow
to

m
a
ke

P
D

T
in

te
rp

re
ta

b
le

in
u
lt

ra
h
ig

h
d
im

en
si

on
s

p
os

es
a

cr
it

ic
al

ch
al

le
n
ge

;

2.
M

an
y

fe
at

u
re

s
in

h
ig

h
d
im

en
si

on
al

sp
ac

e
ar

e
u
su

al
ly

n
on

-i
n
fo

rm
at

iv
e

o
r

n
o
is

y.
T

h
o
se

n
oi

sy
fe

at
u
re

s
w

il
l

d
ec

re
as

e
th

e
ge

n
er

al
iz

a
ti

on
p

er
fo

rm
an

ce
of

P
D

T
an

d
d
er

o
g
a
te

fr
o
m

th
ei

r
p
ro

m
is

in
g

re
su

lt
s

fo
r

d
ea

li
n
g

w
it

h
n
on

-l
in

ea
r

se
p
ar

ab
le

d
at

a,
es

p
ec

ia
ll
y

w
h
en

th
er

e
ar

e
m

an
y

n
oi

sy
fe

at
u
re

s;

3.
It

is
d
es

ir
ed

to
id

en
ti

fy
a

sm
al

l
se

t
of

fe
at

u
re

s
th

at
is

ab
le

to
re

p
re

se
n
t

th
e

o
ri

g
in

a
l

fe
at

u
re

sp
ac

e
in

th
is

u
lt

ra
h
ig

h
d
im

en
si

on
al

d
at

a
se

t.

T
o

ov
er

co
m

e
th

es
e

ch
al

le
n
ge

s,
it

is
im

p
er

at
iv

e
to

d
ev

el
op

a
sp

ar
se

P
D

T
w

it
h

re
sp

ec
t

to
in

p
u
t

fe
at

u
re

s
an

d
it

s
co

rr
es

p
on

d
in

g
th

eo
ry

.

1
.2

C
h

a
ll
e
n

g
e
s

o
f

U
lt

ra
h

ig
h

L
a
b

e
l

D
im

e
n

si
o
n
a
li
ty

A
n
n
ot

at
io

n
,

w
h
ic

h
ai

m
s

to
ta

g
ob

je
ct

s
w

it
h

so
m

e
la

b
el

s
to

en
h
an

ce
th

e
se

m
a
n
ti

c
u
n
d
er

-
st

an
d
in

g
of

th
e

ob
je

ct
s,

h
as

ar
is

en
in

va
ri

ou
s

ap
p
li
ca

ti
on

s.
F

or
ex

am
p
le

,
in

im
a
g
e

a
n
n
o
ta

ti
o
n

(B
ou

te
ll

et
al

.,
20

04
;

G
u
il
la

u
m

in
et

al
.,

20
09

),
on

e
n
ee

d
s

to
p
re

d
ic

t
so

m
e

re
le

va
n
t

ke
y
w

o
rd

s,
su

ch
as

be
a
ch

,
sk

y
an

d
tr

ee
,

to
d
es

cr
ib

e
a

n
at

u
ra

l
sc

en
e

im
ag

e.
W

h
en

an
n
ot

at
in

g
d
o
cu

m
en

ts
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M
a
k
in
g

D
e
c
isio

n
T
r
e
e
s
F
e
a
sib

l
e
in

U
lt

r
a
h
ig
h
F
e
a
t
u
r
e
a
n
d

L
a
b
e
l
D
im

e
n
sio

n
s

(S
ch

a
p
ire

a
n
d

S
in

ger,
2000;

P
aralic

an
d

B
ed

n
ar,

2003),
on

e
m

ay
n
eed

to
classify

th
em

in
to

d
iff

eren
t

gro
u
p
s

accord
in

g
to

th
eir

an
n
otation

s,
su

ch
as

N
ew

s,
F

in
a
n

ce
an

d
E

d
u

ca
tio

n
.

In
v
id

eo
a
n
n
o
ta

tion
(S

on
g

et
al.,

2005;
T

an
g

et
al.,

2008),
som

e
lab

els,
su

ch
as

G
o
vern

m
en

t,
P

o
licy

a
n
d

E
lectio

n
are

n
eed

ed
to

d
escrib

e
th

e
su

b
ject

of
th

e
v
id

eo.
In

th
ese

real-w
orld

a
p
p
lica

tion
s,

th
e

ob
ject

n
eed

s
to

b
e

an
n
otated

w
ith

m
u
ltip

le
lab

els.
T

h
u
s,

it
can

b
e

for-
m

u
la

ted
a
s

a
m

u
lti-lab

el
an

n
otation

p
rob

lem
(T

sou
m

akas
et

a
l.,

20
10;

C
h
en

an
d

L
in

,
2012;

D
en

g
et

a
l.,

2
014;

Z
h
an

g
an

d
Z

h
ou

,
2014;

L
iu

an
d

T
sa

n
g,

2015b
;

K
oyejo

et
al.,

2015;
Y

en
et

a
l.,

20
1
6
),

w
h
ich

aim
s

to
an

n
otate

m
u
ltip

le
lab

els
for

each
in

p
u
t

in
stan

ce.

O
n
e

cen
tra

l
ch

allen
gin

g
issu

e
for

p
ractical

m
u
lti-lab

el
an

n
otation

is
scalab

ility
in

u
ltra-

h
ig

h
la

b
el

an
d

featu
re

d
im

en
sion

s.
S
u
p
p

ose
on

e
n
eed

s
to

an
n
otate

th
e

p
resen

ce
or

ab
sen

ce
o
f
q

la
b

els
for

each
testin

g
in

stan
ce

w
ith

m
fea

tu
res,

early
ap

p
roach

es,
su

ch
as

T
sou

m
akas

et
a
l.

(2
0
1
0
)

a
n
d

R
ead

et
al.

(2011),
scalin

g
th

e
n
u
m

b
er

of
an

n
otation

s
to

b
e

lin
ear

w
ith

th
e

n
u
m

b
er

o
f

lab
els,

take
O

(q×
m

)
tim

e
for

an
n
otation

.
W

e
can

n
ot

get
th

e
resu

lts
of

th
ese

ex
h
a
u
stive

ap
p
roach

es
on

th
e

large-scale
d
a
ta

sets
w

ith
in

on
e

w
eek

,
su

ch
as

am
azon

d
ata

set
w

ith
2
,812,281

lab
els

an
d

337,067
featu

res,
w

h
ich

is
collected

fro
m

M
cA

u
ley

et
al.

(2
0
1
5
a
,b

).

R
ecen

tly,
m

an
y

w
ork

s
(T

sou
m

aka
s

et
al.,

2008;
A

graw
al

et
al.,

2013;
P

rab
h
u

an
d

V
arm

a,
2
0
14

)
h
ave

p
u
t

m
ore

eff
ort

in
ex

p
lorin

g
tree-b

ased
algorith

m
s

to
m

in
im

ize
th

e
n
u
m

b
er

of
a
n
n
o
ta

tio
n
s

for
m

u
lti-lab

el
an

n
ota

tion
s

w
ith

u
ltrah

igh
lab

el
d
im

en
sion

s.
A

m
on

g
th

em
,

F
a
stX

M
L

(P
ra

b
h
u

an
d

V
arm

a,
2014)

is
th

e
m

ost
recen

tly
ad

van
ced

tech
n
iq

u
e,

w
h
ich

h
as

sh
ow

n
sta

te-o
f-th

e-art
rap

id
an

n
otation

s.
H

ow
ev

er,
th

ere
is

n
o

gen
eralized

p
erform

an
ce

g
u
a
ran

tee
for

F
astX

M
L

an
d

ou
r

ex
ten

sive
em

p
irical

stu
d
y

verifi
es

th
at

F
astX

M
L

gen
erally

u
n
d
erp

erfo
rm

s
in

term
s

of
an

n
otation

p
erform

an
ce.

M
oreover,

som
e

literatu
re

(T
sou

m
akas

et
a
l.,

2
0
0
8;

M
a
d
jarov

et
al.,

2012)
h
a
s

sh
ow

n
H

om
er

(T
sou

m
akas

et
al.,

2008)
ach

ieves
go

o
d

a
n
n
o
ta

tio
n

p
erform

an
ce.

U
n
fortu

n
ately,

H
om

er
req

u
ires

at
least

O
(q

2)
tim

e
for

train
in

g.
T

h
u
s,

w
e

ca
n
n
o
t

get
th

e
resu

lts
of

H
om

er
even

on
m

ed
iu

m
-sized

d
ata

sets
w

ith
in

on
e

w
eek

.
T

h
e

q
u
estio

n
is:

can
w

e
d
esign

som
e

effi
cien

t,
yet

accu
rate

m
u
lti-la

b
el

an
n
otation

algo
rith

m
s

in
u
ltra

h
ig

h
la

b
el

an
d

featu
re

d
im

en
sion

s?

1
.3

O
u

r
C

o
n
trib

u
tio

n
s

a
n

d
O

rg
a
n

iz
a
tio

n

T
o

a
d
d
ress

th
ese

ch
allen

ges,
w

e
fi
rst

rev
isit

th
e

P
D

T
m

o
d
el.

S
p

ecifi
cally,

w
e

fi
rst

p
resen

t
a

n
ovel

g
en

era
liza

tion
error

b
ou

n
d

for
th

e
P

D
T

,
w

h
ich

takes
in

to
accou

n
t

th
e

d
istrib

u
tio

n
of

th
e

d
a
ta

,
a
n
d

p
rov

id
es

th
e

th
eoretical

ju
stifi

cation
to

learn
a

sp
arse

h
y
p

erp
lan

e
classifi

er
in

ea
ch

d
ecisio

n
n
o
d
e

an
d

p
ru

n
e

th
e

tree.
F

rom
th

e
an

aly
sis

of
o
u
r

b
ou

n
d
,

th
e

train
in

g
error

lo
ss,

th
e

m
a
rg

in
,

th
e

cap
acity

of
th

e
kern

el
m

atrix
d
efi

n
ed

on
th

e
train

in
g

d
ata,

an
d

th
e

co
m

p
lex

ity
o
f

th
e

tree
are

th
e

d
om

in
an

t
factors

th
at

aff
ect

th
e

gen
eralization

p
erform

an
ce

o
f

P
D

T
s.

In
p
articu

lar,
ou

r
b

ou
n
d

in
d
icates

th
at

d
ecreasin

g
train

in
g

error
loss

an
d

th
e

ca
p
a
city

o
f

th
e

kern
el

m
atrix

,
an

d
en

largin
g

th
e

m
argin

can
y
ield

b
etter

gen
eralization

p
erfo

rm
a
n
ce.

S
u
p
p

ose
lin

ear
kern

el
is

u
sed

,
d
ecreasin

g
th

e
cap

acity
of

th
e

kern
el

m
a
trix

ca
n

b
e

d
o
n
e

v
ia

featu
re

selection
.

T
h
ereafter,

w
e

in
tro

d
u
ce

th
e

n
otion

of
b
u
d
get-aw

are
cla

ssifi
er

(B
A

C
)

to
p

erform
featu

re
selection

an
d

op
tim

ize
train

in
g

error
lo

ss
an

d
m

arg
in

sim
u
lta

n
eo

u
sly,

an
d

th
en

d
evelop

a
su

p
erv

ised
b
u
d
geted

tree
(S

B
T

)
to

ach
ieve

n
on

-lin
ear

p
red

ictio
n

p
erfo

rm
an

ce.
T

o
ob

tain
a

stab
le

D
T

stru
ctu

re,
in

stead
of

con
d
u
ctin

g
en

sem
b
le,

w
e

p
ro

p
o
se

a
n

ob
jective

to
learn

cla
ssifi

ers
an

d
to

id
en

tify
a

u
n
iv

ersal
featu

re
su

b
set

th
at
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L
iu

a
n
d

T
sa

n
g

F
igu

re
1:

T
o
p

:
F

req
u
en

cy
of

each
lab

el
on

th
e

corel5
k

an
d

E
u
r-L

ex
(ed

)
d
ata

sets.
m

id
-

d
le

:
F

req
u
en

cy
of

each
lab

el
p

ow
erset

on
th

e
corel5k

an
d

E
u
r-L

ex
(ed

)
d
ata

sets.
b

o
tto

m
:

F
req

u
en

cy
of

sam
p
les

w
ith

th
e

sp
ecifi

c
n
u
m

b
er

of
lab

els
on

th
e

corel5k
an

d
E

u
r-L

ex
(ed

)
d
ata

sets.

m
in

im
izes

th
e

cross
valid

ation
errors

on
each

B
A

C
.

A
fter

th
at,

w
e

fu
rth

er
d
im

in
ish

th
e

gen
eralization

error
b
y

p
ru

n
in

g
th

e
tree.

B
ased

on
B

A
C

,
w

e
can

d
esign

th
e

tree-b
ased

algorith
m

to
h
an

d
le

u
ltrah

igh
featu

re
d
im

en
sion

s.
H

ow
can

on
e

d
eal

w
ith

u
ltrah

igh
lab

el
d
im

en
sion

s?
T

o
an

sw
er

th
is

q
u
estion

,
w

e
fi
rst

u
se

F
igu

re
1

to
d
em

on
strate

th
ree

im
p

ortan
t

p
h
en

om
en

a
of

real-w
orld

m
u
lti-lab

el
an

n
otation

d
ata

sets
from

variou
s

ap
p
lication

d
om

ain
s
1.

W
e

u
se

corel5k
a
n
d

E
u
r-L

ex
(ed

)
d
ata

sets
as

ex
am

p
les.

T
h
e

d
etails

of
th

ese
d
ata

sets
are

sh
ow

n
in

T
ab

le
7.

O
b

se
rv

a
tio

n
s

o
f

L
a
b

e
l

D
istrib

u
tio

n
:

T
h
e

lab
els

of
in

stan
ces

u
su

ally
follow

th
e

d
istrib

u
tion

of
P

ow
er

L
aw

(B
arab

ási
et

al.,
2000)

w
h
ich

is
sh

ow
n

in
(B

h
atia

et
al.,

2015),
as

sh
ow

n
at

th
e

top
of

F
igu

re
1,

w
h
ere

m
an

y
lab

els
h
ave

very
low

lab
el

freq
u
en

cy.
T

h
e

b
ottom

of
F

igu
re

1
sh

ow
s

th
e

sp
arsity

of
lab

els
in

each
in

stan
ce,

w
h
ich

m
ean

s
th

at
th

e
average

n
u
m

b
er

of
lab

els
in

th
e

d
ata

set
is

sm
all.

T
h
e

m
id

d
le

of
F

igu
re

1
sh

ow
s

th
a
t

very
few

lab
el

p
ow

ersets
h
ave

h
igh

freq
u
en

cy.
N

ote
th

at
sim

ilar
ob

servation
s

can
also

b
e

fou
n
d

in
im

age
an

n
otation

task
s

(M
ao

et
al.,

2013).
In

real-w
orld

p
rob

lem
s,

alth
ou

gh
th

e
n
u
m

b
er

of
lab

els
w

ou
ld

b
e

very
large,

th
e

fi
rst

ob
servation

in
d
ica

tes
th

at
on

ly
a

few
lab

els
ap

p
ea

r
very

freq
u
en

tly
;

m
an

y
oth

ers
are

rare.
B

ased
on

th
is

p
ro

p
erty,

w
e

d
esign

a
tree-b

ased
algorith

m
to

red
u
ce

th
e

ov
erall

an
n
otation

s
as

follow
s.

F
req

u
en

t
lab

els
sh

ou
ld

b
e

p
red

icted
fi
rst

in
th

e
d
ecision

tree,
so

th
ere

w
ill

b
e

few
er

an
n
otation

s
in

volved
to

p
red

ict
th

e
freq

u
en

t
lab

els,
an

d
m

ore
an

n
otatio

n
s

for
rare

lab
els.

T
o

ach
ieve

th
is,

w
e

d
evelop

a
n
ov

el
an

n
ota

tion
tree

(A
T

)
algorith

m
,

w
h
ich

is
an

alogou
s

to
th

e
S
h
an

n
on

-F
an

o
co

d
in

g
(S

h
an

n
on

,
1948)

strategy,
to

d
eal

w
ith

m
u
lti-lab

el
an

n
otation

p
rob

lem
s.

M
oreover,

th
e

secon
d

ob
servation

sh
ow

s
th

at
ea

ch
in

stan
ce

ty
p
ically

1
.
h
ttp

:/
/
m
u
la
n
.so

u
rcefo

rg
e.n

et

4
JM

L
R

 18(81):1-36, 2017



M
a
k
in
g

D
e
c
is
io
n
T
r
e
e
s
F
e
a
si
b
l
e
in

U
lt

r
a
h
ig
h
F
e
a
t
u
r
e
a
n
d

L
a
b
e
l
D
im

e
n
si
o
n
s

h
as

fe
w

la
b

el
s,

w
h
ic

h
en

ab
le

s
ea

rl
y

st
op

p
in

g
of

ou
r

tr
ee

m
o
d
el

.
T

h
u
s,

fe
w

er
an

n
ot

at
io

n
s

w
il
l

b
e

m
ad

e
al

on
g

sh
or

te
r

p
at

h
s

in
ou

r
tr

ee
m

o
d
el

fo
r

m
os

t
te

st
in

g
in

st
an

ce
s.

B
as

ed
on

th
e

p
ro

p
er

ty
of

th
e

la
st

ob
se

rv
at

io
n
,

w
e

al
so

d
ev

el
op

th
e

p
ow

er
se

t
tr

ee
(P

T
)

al
go

ri
th

m
to

d
ea

l
w

it
h

th
e

tr
an

sf
or

m
ed

m
u
lt

i-
cl

as
s

an
n
ot

at
io

n
ta

sk
.

T
h
is

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
re

v
ie

w
s

re
la

te
d

w
or

k
.

S
ec

ti
on

3
in

tr
o
d
u
ce

s
a

n
ov

el
d
at

a-
d
ep

en
d
en

t
ge

n
er

al
iz

at
io

n
er

ro
r

b
ou

n
d

fo
r

P
D

T
.

B
as

ed
on

ou
r

an
al

y
si

s,
S
ec

-
ti

on
4

d
ev

el
op

s
th

e
b
u
d
ge

t-
aw

ar
e

cl
as

si
fi
er

(B
A

C
)

to
h
an

d
le

u
lt

ra
h
ig

h
fe

at
u
re

d
im

en
si

on
s.

S
ec

ti
on

5
p
ro

p
os

es
th

e
su

p
er

v
is

ed
b
u
d
ge

te
d

tr
ee

(S
B

T
)

to
co

n
st

ru
ct

a
p

ow
er

fu
l

n
on

-l
in

ea
r

cl
as

si
fi
er

b
y

ar
ra

n
gi

n
g

B
A

C
in

a
tr

ee
-s

tr
u
ct

u
re

.
F

u
rt

h
er

m
or

e,
b
as

ed
on

B
A

C
,

S
ec

ti
on

6
in

tr
o
d
u
ce

s
th

e
sp

ar
se

co
d
in

g
tr

ee
fr

am
ew

or
k

fo
r

m
u
lt

i-
la

b
el

an
n
ot

at
io

n
w

it
h

u
lt

ra
h
ig

h
la

b
el

an
d

fe
at

u
re

d
im

en
si

on
s

an
d

p
ro

v
id

es
ge

n
er

al
iz

at
io

n
er

ro
r

b
ou

n
d

fo
r

ou
r

p
ro

p
os

ed
p

ow
er

se
t

tr
ee

(P
T

)
an

d
an

n
ot

at
io

n
tr

ee
(A

T
).

S
ec

ti
on

7
an

d
S
ec

ti
on

8
p
re

se
n
t

th
e

im
p
le

m
en

ta
ti

on
is

su
es

an
d

ev
al

u
at

e
th

e
p

er
fo

rm
an

ce
of

ou
r

p
ro

p
os

ed
m

et
h
o
d
s

in
u
lt

ra
h
ig

h
d
im

en
si

on
s,

re
-

sp
ec

ti
ve

ly
.

L
as

tl
y,

S
ec

ti
on

9
co

n
cl

u
d
es

th
e

w
or

k
.

2
.

R
e
la

te
d

W
o
rk

In
th

is
se

ct
io

n
,

w
e

in
tr

o
d
u
ce

so
m

e
b
ac

k
g
ro

u
n
d
s

ab
ou

t
th

e
p

er
ce

p
tr

on
d
ec

is
io

n
tr

ee
,

m
u
lt

i-
la

b
el

an
n
ot

at
io

n
,

m
u
lt

ip
le

ke
rn

el
le

ar
n
in

g,
H

u
ff

m
an

co
d
in

g
an

d
S
h
an

n
on

-F
an

o
co

d
in

g.

2
.1

P
e
rc

e
p

tr
o
n

D
e
c
is

io
n

T
re

e

O
C

1
(M

u
rt

h
y

et
al

.,
19

94
)

is
a

p
op

u
la

r
P

D
T

,
w

h
ic

h
b

el
on

gs
to

a
ra

n
d
om

iz
ed

al
go

ri
th

m
th

at
p

er
fo

rm
s

a
ra

n
d
om

iz
ed

h
il
l-

cl
im

b
in

g
se

ar
ch

to
le

ar
n

th
e

cl
as

si
fi
er

s
an

d
b
u
il
d
s

th
e

tr
ee

in
a

to
p
-d

ow
n

ap
p
ro

ac
h
.

M
u
rt

h
y

et
al

.
(1

99
4)

sh
ow

th
e

co
m

p
et

it
iv

e
re

su
lt

s
of

O
C

1
co

m
p
ar

ed
w

it
h

C
4.

5
(Q

u
in

la
n
,

19
93

)
(w

h
ic

h
is

th
e

fa
m

ou
s

ax
is

-p
ar

al
le

l
D

T
)

an
d

ot
h
er

b
as

el
in

es
.

T
h
e

au
th

or
s

in
(B

en
n
et

t
et

al
.,

20
00

)
fi
rs

t
p
ro

v
id

e
th

e
m

ar
gi

n
b

ou
n
d

fo
r

th
e

p
er

ce
p
tr

o
n

d
ec

is
io

n
tr

ee
(P

D
T

),
th

en
u
p

d
at

e
th

e
w

ei
gh

ts
of

O
C

1
w

it
h

th
e

m
a
x
im

u
m

m
ar

g
in

fo
r

ea
ch

n
o
d
e.

H
ow

ev
er

,
th

e
re

su
lt

s
of

B
en

n
et

t
et

al
.

(2
00

0)
sh

ow
th

at
th

e
p

er
fo

rm
an

ce
of

m
o
d
ifi

ed
-O

C
1

w
it

h
th

e
m

ax
im

u
m

m
ar

gi
n

fo
r

ea
ch

n
o
d
e

is
si

m
il
ar

w
it

h
O

C
1.

T
h
e

m
ai

n
re

as
on

m
ay

b
e

th
e

d
at

a
d
ep

en
d
en

cy
of

th
e

b
ou

n
d

co
m

es
fr

om
th

e
m

ar
gi

n
on

ly
.

T
h
e

co
m

b
in

at
io

n
of

b
ag

gi
n
g

an
d

b
u
il
d
in

g
en

se
m

b
le

s
of

tr
ee

s
(B

re
im

an
,

20
01

)
is

a
p

op
-

u
la

r
st

ra
te

gy
to

co
n
tr

ol
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

of
d
ec

is
io

n
tr

ee
s.

M
or

eo
ve

r,
d
u
e

to
P

D
T

’s
p

er
fo

rm
an

ce
is

se
n
si

ti
v
e

to
th

e
tr

ee
st

ru
ct

u
re

,
w

h
ic

h
is

d
et

er
m

in
ed

b
y

th
e

d
is

tr
ib

u
ti

on
of

fe
at

u
re

s,
en

se
m

b
le

s
off

er
an

eff
ec

ti
ve

te
ch

n
iq

u
e

fo
r

ob
ta

in
in

g
in

cr
ea

se
d

ac
cu

ra
cy

b
y

co
m

b
in

-
in

g
th

e
p
re

d
ic

ti
on

s
of

m
an

y
d
iff

er
en

t
tr

ee
s,

su
ch

as
ra

n
d
om

fo
re

st
fe

at
u
re

se
le

ct
io

n
(R

F
F

S
)

(H
as

ti
e

et
al

.,
20

01
)

an
d

G
ra

d
ie

n
t

b
o
os

te
d

fe
at

u
re

se
le

ct
io

n
(G

B
F

S
)

(X
u

et
al

.,
20

14
).

G
B

F
S

is
an

ad
va

n
ce

d
gr

ad
ie

n
t

b
o
os

te
d

D
T

(F
ri

ed
m

an
,

20
00

),
w

h
ic

h
em

p
lo

y
s

gr
ad

ie
n
t

b
o
os

ti
n
g

to
d
o

fe
at

u
re

se
le

ct
io

n
in

D
T

.
G

B
F

S
,

w
h
ic

h
b

el
on

gs
to

ax
is

-p
ar

al
le

l
D

T
,

sh
ow

s
it

s
st

at
e-

of
-

th
e-

ar
t

fe
at

u
re

se
le

ct
io

n
p

er
fo

rm
an

ce
co

m
p
ar

ed
w

it
h
l 1

-r
eg

u
la

ri
ze

d
lo

gi
st

ic
re

g
re

ss
io

n
(L

ee
et

al
.,

20
06

),
R

F
F

S
,

an
d

so
m

e
ot

h
er

p
ro

m
is

in
g

b
as

el
in

es
.

C
os

t-
S
en

si
ti

ve
T

re
e

o
f

C
la

ss
ifi

er
s

(C
S
T

C
)

(X
u

et
al

.,
20

13
)

is
an

ot
h
er

st
at

e-
of

-t
h
e-

ar
t

ap
p
ro

ac
h

fo
r

fe
at

u
re

se
le

ct
io

n
in

D
T

,
w

h
ic

h
fo

ll
ow

s
th

e
P

D
T

.
B

ot
h

ar
e

b
as

ed
on

th
e
l 1

-r
eg

u
la

ri
ze

d
m

o
d
el

(Z
h
u

et
al

.,
20

03
).

U
n
fo

rt
u
n
at

el
y,

th
es

e
l 1

-r
eg

u
la

ri
ze

d
m

et
h
o
d
s

su
ff

er
fr

om
th

re
e

m
a
jo

r
li
m

it
at

io
n
s:

5
JM

L
R

 1
8(

81
):

1-
36

, 2
01

7

L
iu

a
n
d

T
sa

n
g

1.
B

ec
au

se
th

e
sc

al
e

va
ri

at
io

n
o
f

w
ei

gh
t

p
ar

am
et

er
s,

it
is

n
on

-t
ri

v
ia

l
fo

r
th

es
e

m
et

h
o
d
s

to
co

n
tr

ol
th

e
n
u
m

b
er

of
fe

at
u
re

s
to

b
e

se
le

ct
ed

m
ea

n
w

h
il
e

to
re

gu
la

te
th

e
d
ec

is
io

n
fu

n
ct

io
n
;

2.
S
in

ce
l 1

-n
or

m
re

gu
la

ri
za

ti
on

sh
ri

n
k
s

th
e

re
gr

es
so

rs
,
th

e
fe

at
u
re

se
le

ct
io

n
b
ia

s
in

ev
it

a
b
ly

ex
is

ts
in

th
e
l 1

-n
or

m
m

et
h
o
d
s

(Z
h
an

g
an

d
H

u
an

g,
20

08
;

Z
h
an

g,
20

10
a
,b

);

3.
l 1

-n
or

m
re

gu
la

ri
ze

d
m

et
h
o
d
s

ar
e

in
effi

ci
en

t
or

in
fe

as
ib

le
fo

r
h
an

d
li
n
g

th
e

d
a
ta

se
ts

w
it

h
u
lt

ra
h
ig

h
d
im

en
si

on
s.

M
or

eo
v
er

,
th

e
th

eo
re

ti
ca

l
an

d
em

p
ir

ic
al

an
al

y
si

s
in

Z
h
a
n
g

a
n
d

H
u
an

g
(2

00
8)

,
Z

h
an

g
(2

01
0a

),
Z

h
a
n
g

(2
01

0b
),

an
d

T
an

et
al

.
(2

01
4)

h
av

e
sh

ow
n

th
a
t

l 1
-r

eg
u
la

ri
ze

d
m

et
h
o
d
s

ac
h
ie

ve
su

b
op

ti
m

al
p

er
fo

rm
an

ce
in

fe
at

u
re

se
le

ct
io

n
,
co

m
p
a
re

d
w

it
h

th
e

sp
ar

se
m

o
d
el

w
it

h
an

ex
p
li
ci

t
b
u
d
g
et

co
n
st

ra
in

t
on

th
e

w
ei

gh
ts

.

R
eg

io
n
-s

p
ec

ifi
c

an
d

lo
ca

ll
y

li
n
ea

r
m

o
d
el

s
(J

os
e

et
al

.,
20

13
;
O

iw
a

an
d

F
u
ji

m
a
k
i,

2
0
1
4
)

a
re

an
ad

va
n
ce

d
te

ch
n
iq

u
e

fo
r

d
ea

li
n
g

w
it

h
th

e
n
on

-l
in

ea
r

p
ro

b
le

m
.

L
o
ca

l
d
ee

p
ke

rn
el

le
a
rn

in
g

(L
D

K
L

)
(J

os
e

et
al

.,
20

13
)

fo
rm

u
la

te
s

th
e

p
ro

b
le

m
fr

om
a

lo
ca

l
ke

rn
el

le
a
rn

in
g

p
er

sp
ec

-
ti

ve
w

h
er

e
th

ey
le

ar
n

tr
ee

-s
tr

u
ct

u
re

d
p
ri

m
al

fe
at

u
re

em
b

ed
d
in

g
an

d
h
as

sh
ow

n
it

s
su

p
er

io
r

p
er

fo
rm

an
ce

in
(J

os
e

et
al

.,
20

13
).

P
ar

ti
ti

on
-w

is
e

li
n
ea

r
m

o
d
el

s
(O

iw
a

an
d

F
u
ji

m
a
k
i,

2
0
1
4
)

as
si

gn
li
n
ea

r
m

o
d
el

s
to

p
ar

ti
ti

on
s

an
d

re
p
re

se
n
t

re
gi

on
-s

p
ec

ifi
c

li
n
ea

r
m

o
d
el

s
b
y

li
n
ea

r
co

m
-

b
in

at
io

n
s

of
p
ar

ti
ti

on
-s

p
ec

ifi
c

m
o
d
el

s.
T

h
ey

fi
rs

t
fo

rm
al

iz
e

th
e

p
ro

b
le

m
a
s
l 0

p
en

a
li
zi

n
g

p
ro

b
le

m
an

d
th

en
ap

p
ly

a
co

n
v
ex

re
la

x
at

io
n

w
it

h
a

co
m

b
in

at
io

n
of
l 1

p
en

al
ti

es
.

T
h
e

m
o
d
el

is
si

m
il
ar

w
it

h
G

B
F

S
an

d
C

S
T

C
,

w
h
ic

h
is

d
iff

er
en

t
in

p
en

al
iz

in
g

te
rm

s.
In

th
is

p
a
p

er
,

w
e

se
le

ct
G

B
F

S
an

d
C

S
T

C
as

th
e

re
p
re

se
n
ta

ti
v
es

of
th

es
e

k
in

d
s

of
m

et
h
o
d
s

fo
r

co
m

p
a
ri

so
n
.

2
.2

M
u

lt
i-

L
a
b

e
l

A
n

n
o
ta

ti
o
n

M
u
ch

eff
or

t
h
as

b
ee

n
fo

cu
se

d
on

an
n
ot

at
io

n
ta

sk
s,

su
ch

as
im

ag
e

an
n
ot

at
io

n
(B

o
u
te

ll
et

a
l.
,

20
04

)
an

d
v
id

eo
an

n
ot

at
io

n
(S

on
g

et
al

.,
20

05
).

U
su

al
ly

,
an

n
ot

at
io

n
ta

sk
s

ca
n

b
e

fo
rm

u
la

te
d

as
a

m
u
lt

i-
la

b
el

an
n
ot

at
io

n
p
ro

b
le

m
(T

so
u
m

a
ka

s
et

al
.,

20
10

;
C

h
en

an
d

L
in

,
2
0
1
2
;

D
en

g
et

al
.,

20
14

;
Z

h
an

g
an

d
Z

h
ou

,
20

14
;

K
oy

ej
o

et
al

.,
20

15
;

L
iu

an
d

T
sa

n
g
,

2
0
1
5
a
;

G
o
n
g

et
al

.,
20

17
).

A
cc

or
d
in

g
to

th
e

an
n
ot

a
ti

on
co

m
p
le

x
it

y,
w

e
d
iv

id
e

th
es

e
m

et
h
o
d
s

in
to

se
ve

ra
l

ca
te

go
ri

es
:

T
h
e

fi
rs

t
ca

te
go

ry
in

cl
u
d
es

so
m

e
p

op
u
la

r
m

et
h
o
d
s,

su
ch

a
s

B
in

ar
y

R
el

ev
a
n
ce

(B
R

)
(T

so
u
m

ak
as

et
al

.,
20

10
)

an
d

C
la

ss
ifi

er
C

h
ai

n
(C

C
)

(R
ea

d
et

al
.,

20
11

),
th

e
n
u
m

b
er

of
an

n
ot

at
io

n
s

sc
al

e
li
n
ea

rl
y

w
it

h
th

e
le

n
gt

h
of

la
b

el
ve

ct
or

.
A

ll
th

es
e

m
et

h
o
d
s

ca
n
n
o
t

h
a
n
d
le

u
lt

ra
h
ig

h
la

b
el

d
im

en
si

on
s.

T
h
e

se
co

n
d

ca
te

go
ry

in
cl

u
d
es

th
e

en
co

d
in

g-
d
ec

o
d
in

g
st

ra
te

gy
.

F
or

ex
a
m

p
le

,
(Z

h
a
n
g

an
d

S
ch

n
ei

d
er

,
20

11
,

20
12

)
fi
rs

t
u
se

d
iff

er
en

t
p
ro

je
ct

io
n

m
et

h
o
d
s

to
tr

an
sf

or
m

th
e

o
ri

g
in

a
l

la
b

el
sp

ac
e

in
to

an
ot

h
er

sp
ac

e,
an

d
re

co
ve

r
th

e
or

ig
in

al
m

u
lt

ip
le

la
b

el
s

u
si

n
g

a
n

ex
p

en
si

ve
d
ec

o
d
in

g
p
ro

ce
ss

,
w

h
ic

h
in

vo
lv

es
so

lv
in

g
a

q
u
ad

ra
ti

c
p
ro

gr
am

m
in

g
(Q

P
)

p
ro

b
le

m
o
n

a
sp

a
ce

w
it

h
a

co
m

b
in

at
o
ri

al
n
at

u
re

.
T

h
e

th
ir

d
ca

te
go

ry
in

cl
u
d
es

L
ab

el
P

ow
er

se
t

(L
P

)
(T

so
u
m

ak
as

et
al

.,
20

1
0)

a
n
d

it
s

va
ri

a
n
t

(T
so

u
m

ak
as

an
d

V
la

h
av

as
,

20
07

).
L

P
re

d
u
ce

s
a

m
u
lt

i-
la

b
el

an
n
ot

at
io

n
p
ro

b
le

m
in

to
a

m
u
lt

i-
cl

as
s

an
n
ot

at
io

n
p
ro

b
le

m
b
y

tr
ea

ti
n
g

ea
ch

d
is

ti
n
ct

la
b

el
se

t
as

on
e

of
th

e
cl

a
ss

es
fo

r
a

tr
an

sf
or

m
ed

m
u
lt

i-
cl

as
s

le
ar

n
in

g
ta

sk
.

O
n
e

ca
n

th
en

tr
ai

n
a

si
n
gl

e
m

u
lt

i-
cl

a
ss

cl
a
ss

ifi
er

(T
so

u
m

ak
as

et
al

.,
20

10
)

or
m

an
y

b
in

ar
y

cl
as

si
fi
er

s
(f

or
ex

am
p
le

on
e-

v
s-

a
ll

o
r

o
n
e-

v
s-

o
n
e)

fo
r

th
e

tr
an

sf
or

m
ed

m
u
lt

i-
cl

as
s

an
n
ot

at
io

n
p
ro

b
le

m
.

T
h
e

n
u
m

b
er

of
tr

an
sf

o
rm

ed
cl

a
ss

es
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M
a
k
in
g

D
e
c
isio

n
T
r
e
e
s
F
e
a
sib

l
e
in

U
lt

r
a
h
ig
h
F
e
a
t
u
r
e
a
n
d

L
a
b
e
l
D
im

e
n
sio

n
s

is
u
p
p

er
b

o
u
n
d
ed

b
y

m
in

(n
,2
q)

w
h
ere

n
m

ean
s

th
e

size
of

train
in

g
d
ata

set
an

d
q

m
ean

s
th

e
n
u
m

b
er

o
f

lab
els.

F
or

large
valu

es
of
n

an
d
q,

it
im

p
oses

an
ex

trem
ely

h
ig

h
train

in
g

co
m

p
lex

ity.

T
h
e

la
st

ca
tegory

is
tree-b

ased
algorith

m
s,

w
h
ich

h
ave

an
n
otation

costs
th

a
t

a
re

loga-
rith

m
ic

in
th

e
n
u
m

b
er

of
lab

els.
F

astX
M

L
(P

rab
h
u

an
d

V
a
rm

a,
2014)

is
on

e
of

th
e

m
ost

a
d
va

n
ced

tree-b
ased

algorith
m

s.
H

ow
ever,

th
ere

is
n
o

gen
eralized

p
erform

an
ce

gu
aran

tee
fo

r
F

a
stX

M
L

a
n
d

ou
r

ex
ten

sive
em

p
irical

stu
d
y

v
erifi

es
th

at
F

astX
M

L
gen

erally
u
n
d
erp

er-
fo

rm
s

in
term

s
of

an
n
otation

p
erform

an
ce.

H
om

er
(T

sou
m

akas
et

a
l.,

2008)
is

d
evelop

ed
to

u
se

a
d
iv

id
e-an

d
-con

q
u
er-strategy

to
d
iv

id
e

origin
al

p
rob

lem
in

to
k

su
b
-p

rob
lem

s.
S
om

e
litera

tu
re

(T
sou

m
akas

et
al.,

2008;
M

ad
ja

rov
et

al.,
2012)

h
as

sh
ow

n
H

om
er

ach
ieves

go
o
d

a
n
n
o
ta

tio
n

p
erform

an
ce.

H
ow

ever,
H

om
er

req
u
ires

at
leastO

(q
2)

tim
e

fo
r

tra
in

in
g.

T
h
u
s,

w
e

ca
n
n
o
t

get
th

e
resu

lts
of

H
om

er
even

on
m

ed
iu

m
-sized

d
ata

sets
w

ith
in

o
n
e

w
eek

.

2
.3

M
u

ltip
le

K
e
rn

e
l

L
e
a
rn

in
g

B
y

co
m

b
in

in
g

m
u
ltip

le
sets

of
featu

res,
m

u
ltip

le
k
ern

el
learn

in
g

(M
K

L
)

(L
an

ck
riet

et
al.,

2
0
0
4
b
;

R
a
ko

to
m

am
on

jy
et

al.,
2008)

h
as

b
ecom

e
a

p
ow

erfu
l

learn
in

g
p
ara

d
igm

to
en

h
an

ce
th

e
in

terp
reta

b
ility

of
th

e
d
ecision

fu
n
ction

an
d

im
p
rove

p
erform

a
n
ces

of
sin

gle
kern

el
m

eth
-

o
d
s.

M
K

L
h
a
s

b
een

su
ccessfu

lly
ap

p
lied

in
m

a
n
y

task
s,

su
ch

as
ob

ject
recogn

ition
(B

u
cak

et
a
l.,

20
1
4
),

sign
al

p
ro

cessin
g

(S
u
b
rah

m
an

ya
an

d
S
h
in

,
2010),

an
d

g
en

om
ic

d
ata

fu
sion

(L
a
n
ck

riet
et

a
l.,

2004a).

M
a
n
y

effi
cien

t
M

K
L

algorith
m

s
(L

an
ck

riet
et

al.,
2004b

;
B

ach
et

al.,
2004;

S
on

n
en

b
u
rg

et
a
l.,

2
0
0
6
;

R
akotom

am
on

jy
et

al.,
200

8;
L

iu
et

al.,
2
015)

are
d
evelop

ed
.

S
im

p
leM

K
L

(R
a
ko

to
m

a
m

o
n
jy

et
al.,

2008)
is

on
e

of
th

e
m

ost
p

op
u
lar

M
K

L
solvers.

S
im

p
leM

K
L

u
ses

a
su

b
-grad

ien
t

m
eth

o
d

to
solve

th
e

n
on

-sm
o
oth

op
tim

ization
p
rob

lem
.

H
ow

ever,
it

is
ex

-
p

en
sive

to
ca

lcu
late

th
e

su
b
-grad

ien
t

for
large-scale

p
rob

lem
s.

T
an

et
al.

(2014)
d
evelop

an
u
p
-to

-d
a
te

M
K

L
solver,

w
h
ich

m
o
d
ifi

es
accelerated

p
rox

im
al

grad
ien

t
m

eth
o
d

to
solve

th
e

p
rim

a
l

fo
rm

of
M

K
L

an
d

sh
ow

s
p
rom

isin
g

resu
lts.

T
h
is

p
ap

er
w

ill
ad

ap
t

th
is

m
eth

o
d

to
so

lve
ou

r
su

b
p
rob

lem
s.

2
.4

H
u

ff
m

a
n

C
o
d

in
g

a
n

d
S

h
a
n

n
o
n

-F
a
n

o
C

o
d

in
g

H
u
ff

m
a
n

co
d
in

g
(H

u
ff

m
an

,
1952)

is
on

e
of

th
e

m
ost

w
id

esp
read

b
ottom

-u
p

en
co

d
in

g
al-

g
o
rith

m
fo

r
d
a
ta

com
p
ression

.
H

u
ff

m
an

co
d
in

g
u
ses

a
sp

ecifi
c

m
eth

o
d

for
ch

o
osin

g
th

e
rep

resen
ta

tio
n

for
each

sy
m

b
ol,

resu
ltin

g
in

a
p
refi

x
co

d
e,

th
at

is,
th

e
b
it

strin
g

rep
resen

t-
in

g
so

m
e

p
a
rticu

lar
sy

m
b

ol
is

n
ev

er
a

p
refi

x
of

th
e

b
it

strin
g

rep
resen

tin
g

a
n
y

oth
er

sy
m

b
ol.

G
iven

a
set

o
f

sy
m

b
ols

an
d

th
eir

w
eigh

ts
(u

su
ally

p
rop

ortion
al

to
p
rob

ab
ilities),

H
u
ff

m
an

co
d
in

g
a
im

s
to

fi
n
d

a
set

of
p
refi

x
co

d
ew

ord
s

w
ith

m
in

im
u
m

ex
p

ected
co

d
ew

ord
len

g
th

.
B

a
sed

o
n

th
e

freq
u
en

cy
of

o
ccu

rren
ce

of
each

sy
m

b
o
l,

th
e

p
rin

cip
le

of
H

u
ff

m
an

co
d
in

g
is

to
u
se

a
low

er
n
u
m

b
er

of
b
its

to
en

co
d
e

th
e

sy
m

b
ol

th
at

o
ccu

rs
m

ore
freq

u
en

tly.
T

h
e

d
etailed

p
ro

ced
u
re

o
f

H
u
ff

m
an

co
d
in

g
can

b
e

referred
to

H
u
ff

m
an

(1952).
T

h
is

w
o
rk

fi
rst

u
ses

th
e

id
ea

o
f

H
u
ff

m
a
n

co
d
in

g
to

d
eal

w
ith

th
e

lab
el

p
ow

erset
an

n
otation

p
rob

lem
s.

S
h
a
n
n
o
n
-F

an
o

co
d
in

g
(S

h
an

n
on

,
1948)

is
a

top
-d

ow
n

en
co

d
in

g
tech

n
iq

u
e

for
con

stru
ctin

g
a

p
refi

x
co

d
e

b
ased

on
a

set
of

sy
m

b
o
ls

an
d

th
eir

w
eigh

ts.
S
h
an

n
on

-F
an

o
co

d
in

g
arran

ges
th

e
sy

m
b

o
ls

in
ord

er
from

b
iggest

w
eigh

t
to

sm
allest

w
eigh

t,
an

d
th

en
d
iv

id
es

th
em

in
to

tw
o

sets
w

h
o
se

total
w

eigh
ts

are
rou

gh
ly

com
p
arab

le.
T

h
en

,
w

e
en

co
d
e

sy
m

b
ols

in
th

e
fi
rst
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L
iu

a
n
d

T
sa

n
g

T
ab

le
1:

Im
p

ortan
t

n
otation

s
u
sed

in
th

is
p
ap

er.
N

otation
d
escrip

tion

n
n
u
m

b
er

of
in

sta
n
ces

m
d
im

en
sion

ality
of

th
e

in
p
u
t

sp
ace

q
d
im

en
sion

ality
of

th
e

o
u
tp

u
t

sp
a
ce

X
th

e
in

p
u
t

sp
a
ce

over
R

m

Y
th

e
ou

tp
u
t

sp
a
ce

(Y
=
{−

1,1}
fo

r
b
in

ary
cla

ssifi
cation

,
w

h
ile

Y
⊆
{1,2,···

,q}
fo

r
m

u
lti-lab

el
classifi

ca
tio

n
)

x
i

x
i ∈

R
m

is
a

real
vector

rep
resen

tin
g

th
e
i-th

in
p
u
t

o
r

in
stan

ce
y
i

y
i ∈
{−

1
,1}

is
u
sed

to
rep

resen
t

th
e
i-th

la
b

el
for

b
in

ary
cla

ssifi
cation

y
i

y
i ∈
{0,1}

q
is

u
sed

to
rep

resen
t

th
e
i-th

lab
el

set
for

m
u
lti-lab

el
classifi

ca
tion

,
w

h
ere

y
i (j)

=
1

if
an

d
on

ly
if
j∈
Y
i

X
in

stan
ce

m
atrix

,
w

h
ere

X
=

[x
1 ,···

,x
n
] ′

Y
b
in

ary
lab

el
m

atrix
,

w
h
ere

Y
=

[y
1 ,···

,y
n
] ′

%
%

=
[%

1 ,···
,%

m
] ′∈

[0
,1] m

rep
resen

ts
a

featu
re

selectio
n

vector,
an

d
√
%

d
en

otes
th

e
elem

en
tw

ise
sq

u
are

ro
ot

o
p

era
to

r
B

b
u
d
get

con
strain

t
o
n

th
e

w
eig

h
t

co
effi

cien
ts

A
d
om

ain
o
f

d
u
a
l

va
ria

b
le
α

,
w

h
ere
A

=
{α| ∑

ni=
1
α
i ≥

1,0
≤
α
i ≤

C
,i

=
1,···

,n}
E

d
om

ain
o
f
%
,

w
h
ere
E

=
{%
∈

[0
,1] m| ∑

mj
=
1
%
j ≤

B
}

set
as

zero
an

d
sy

m
b

ols
in

th
e

secon
d

set
as

on
e.

A
s

lon
g

as
an

y
sets

w
ith

m
ore

th
an

on
e

m
em

b
er

rem
a
in

,
th

e
sam

e
p
ro

cess
is

rep
eated

on
th

ese
sets.

T
h
e

d
etailed

p
ro

ced
u
re

of
S
h
an

n
on

-F
an

o
co

d
in

g
can

b
e

referred
to

S
h
an

n
on

(1948).
A

n
alogou

s
to

th
e

S
h
an

n
on

-F
an

o
co

d
in

g
strategy,

th
is

w
ork

fi
rst

p
rop

oses
a

n
ov

el
an

n
ota

tion
tree

algorith
m

to
d
eal

w
ith

m
u
lti-lab

el
an

n
otation

p
rob

lem
s.

3
.

D
a
ta

-D
e
p

e
n
d
e
n
t

G
e
n
e
ra

liza
tio

n
E

rro
r

B
o
u
n
d

fo
r

P
D

T

In
sp

ired
b
y

B
artlett

an
d

M
en

d
elson

(2002)
an

d
S
h
aw

e-T
ay

lor
an

d
C

ristian
in

i
(2004),

th
is

section
p
rov

id
es

th
e

gen
eralization

error
b

ou
n
d

fo
r

th
e

P
D

T
,

w
h
ich

takes
in

to
accou

n
t

th
e

d
istrib

u
tion

of
th

e
d
ata.

W
e

b
egin

w
ith

som
e

b
asic

d
efi

n
ition

s.
W

e
d
en

ote
th

e
tra

n
sp

ose
of

vector/m
atrix

b
y

th
e

su
p

erscrip
t
′.

L
et�

rep
resen

t
th

e
elem

en
tw

ise
p
ro

d
u
ct

sig
n
.||·||

d
en

otes
th

e
l2

n
orm

.
IfS

is
a

set,|S|
d
en

otes
its

card
in

ality.
L

et
R

rep
resen

t
real

n
u
m

b
er,

X
b

e
th

e
in

p
u
t

sp
ace

over
R
m

an
d
Y

=
{−

1
,1}

b
e

th
e

ou
tp

u
t

sp
ace.

S
u
p
p

ose
sig

n
(·)

rep
resen

ts
sign

fu
n
ction

;
tr(·)

d
en

otes
th

e
trace

of
m

atrix
argu

m
en

t;
ln

(·)
rep

resen
ts

th
e

n
atu

ral
logarith

m
an

d
Θ

(·)
retu

rn
s

1
if

its
argu

m
en

t
is

greater
th

an
0,

an
d

zero
oth

erw
ise.

Ê
n

d
en

otes
th

e
em

p
irical

risk
over

n
train

in
g

sam
p
les

(x
1 ,y

1 ),···
,(x

n
,y
n
).

L
et
F

b
e

a
class

of
fu

n
ction

s
m

ap
p
in

g
from

X
to

R
.

W
e

follow
th

e
d
efi

n
ition

s
in

K
oltch

in
sk

ii
(2001),

B
artlett

an
d

M
en

d
elson

(2002)
an

d
M

en
d
elson

(2002),
an

d
u
se
R
n
(F

)
an

d
G
n
(F

)
to

d
en

ote
th

e
R

ad
em

ach
er

an
d

G
au

ssian
com

p
lex

ity
of
F

,
resp

ectively.
T

h
e

im
p

orta
n
t

n
otation

s
in

th
is

p
ap

er
are

su
m

m
arized

in
T

ab
le

1.

D
e
fi

n
itio

n
1

(G
e
n

e
ra

liz
e
d

D
e
c
isio

n
T

re
e
s

(G
D

T
),

B
e
n

n
e
tt

e
t

a
l.

(2
0
0
0
)

)
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Ê
n
(φ

(y
F

(x
))

)
+

2
L
R
n
(F

)
+

√
ln

(2
/δ

)

2
n

T
h

e
o
re

m
4

(S
h

a
w

e
-T

a
y
lo

r
a
n

d
C

ri
st

ia
n

in
i

(2
0
0
4
))

F
ix

m
a
rg

in
γ

a
n

d
le

t
F

be
th

e
cl

a
ss

o
f

fu
n

ct
io

n
s

m
a
p
p
in

g
fr

o
m
X
×
Y

to
R

gi
ve

n
by

f
(x
,y

)
=
−
y
g
(x

)
(x
∈
X

,
y
∈
Y)

,
w

h
er

e
g

is
a

li
n

ea
r

fu
n

ct
io

n
in

a
fe

a
tu

re
sp

a
ce

in
d
u

ce
d

by
a

ke
rn

el
k
(·,
·)

w
it

h
E

u
cl

id
ea

n
n

o
rm

a
t

m
o
st

1
.

T
h
en

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

w
it

h
re

sp
ec

t
to
n

tr
a
in

in
g

sa
m

p
le

s
(x

1
,y

1
),
··
·,

(x
n
,y
n
)

d
ra

w
n

in
d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
D

,
w

e
h
a
ve

P
D

(y
6=
si
g
n

(g
(x

))
)
≤

1 n
γ

n ∑ i=
1

ξ i
+

4 n
γ

√
tr

(K
)

+
3

√
ln

(2
/δ

)

2
n

w
h
er

e
K

is
a

ke
rn

el
m

a
tr

ix
d
efi

n
ed

o
n

th
e

tr
a
in

in
g

d
a
ta

w
it

h
k
(·,
·)

a
n

d
ξ i

=
m

ax
(0
,γ
−

y i
g
(x
i)

).

W
e

p
ro

v
id

e
th

e
d
at

a-
d
ep

en
d
en

t
ge

n
er

al
iz

at
io

n
er

ro
r

b
ou

n
d

fo
r

P
D

T
a
s

fo
ll
ow

s:

T
h

e
o
re

m
5

L
et
T

be
a

P
D

T
,

w
h
er

e
th

e
E

u
cl

id
ea

n
n

o
rm

o
f

th
e

li
n

ea
r

fu
n

ct
io

n
s

in
T

is
a
t

m
o
st

1
.

S
u

p
po

se
th

a
t

th
e

d
ep

th
o
f
T

is
n

o
m

o
re

th
a

n
d

,
a
n

d
it

co
n

ta
in

s
n

o
m

o
re

th
a
n

M
le

a
ve

s.
L

et
(x

1
,y

1
),
··
·,

(x
n
,y
n
)

be
n

tr
a
in

in
g

sa
m

p
le

s,
w

h
ic

h
is

ge
n

er
a
te

d
in

d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
a

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n
D

.
T

h
en

,
w

e
ca

n
bo

u
n

d
th

e
ge

n
er

a
li

za
ti

o
n

er
ro

r
w

it
h

p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
δ

to
be

le
ss

th
a
n

∑ l

d
l
∑ i=

1

D
l i
+

5c
d
M
G
n
(T

)

2
+
( (3

d
+

1)
√
n
M

+
1
)√

ln
(6
/δ

)

2n

w
h
er

e
c

is
a

u
n

iv
er

sa
l

sm
a
ll

co
n

st
a
n

t,
d
l(
d
l
≤
d
)

is
th

e
d
ep

th
o
f

le
a
f
l,
D
l i

=
1

n
lγ
l i

∑
n
l
j=

1
ξl i
,j

+

4
n
lγ
l i

√
tr

(K
l)

,
n
l

d
en

o
te

s
th

e
n

u
m

be
r

o
f

sa
m

p
le

s
(x
l 1
,y
l 1
),
··
·,

(x
l n
l
,y
l n
l
)

re
a
ch

in
g

le
a
f
l,
K
l

is

th
e

ke
rn

el
m

a
tr

ix
fo

r
{x

l 1
,·
··
,x

l n
l
},
ξl i
,j

=
m

ax
( 0,

γ
l i
−
y
l i,
j
g
l i(
x
l j
))

,
w

h
er

e
y
l i,
j

re
p
re

se
n

ts
th

e

co
rr

ec
t

o
u

tp
u

t
fo

r
in

p
u

t
x
l j

in
d
ec

is
io

n
n

od
e
i

a
n

d
γ
l i

d
en

o
te

s
th

e
co

rr
es

po
n

d
in

g
m

a
rg

in
.

9
JM

L
R

 1
8(

81
):

1-
36

, 2
01

7

L
iu

a
n
d

T
sa

n
g

P
ro

o
f

F
or

a
tr

ee
of

d
ep

th
d
,

th
e

in
d
ic

at
or

fu
n
ct

io
n

of
a

le
af

is
a

co
n
ju

n
ct

io
n

o
f

n
o

m
o
re

th
an

d
d
ec

is
io

n
fu

n
ct

io
n
s.

M
or

e
sp

ec
ifi

ca
ll
y,

if
th

e
d
ec

is
io

n
tr

ee
co

n
si

st
s

of
d
ec

is
io

n
n
o
d
es

ch
os

en
fr

om
a

cl
as

s
T

of
B

o
ol

ea
n

fu
n
ct

io
n
s,

th
e

in
d
ic

at
or

fu
n
ct

io
n

of
le

af
l

(w
h
ic

h
ta

k
es

va
lu

e
1

at
a

p
oi

n
t
x

if
x

re
ac

h
es
l

an
d

0
ot

h
er

w
is

e)
is

a
co

n
ju

n
ct

io
n

of
d
l

fu
n
ct

io
n
s

fr
o
m

T
,

w
h
er

e
d
l

is
th

e
d
ep

th
of

le
af
l.

W
e

ca
n

re
p
re

se
n
t

th
e

fu
n
ct

io
n

co
m

p
u
te

d
b
y

th
e

tr
ee

as
fo

ll
ow

s:

f
(x

)
=
∑ l

σ
l

d
l ∧ i=
1

h
l,
i(
x

)

w
h
er

e
th

e
su

m
is

ov
er

al
l

le
av

es
l,
σ
l
∈
{±

1
}

is
th

e
la

b
el

of
le

af
l,
h
l,
i
∈
T

,
a
n
d

th
e

co
n
ju

n
ct

io
n

is
u
n
d
er

st
o
o
d

to
m

ap
to
{0
,1
}.

L
et

F
b

e
th

is
cl

as
s

of
fu

n
ct

io
n
s.

C
h
o
o
se

a
fa

m
il
y
{φ

L
:
L
∈

N
}

of
co

st
fu

n
ct

io
n
s

su
ch

th
at

ea
ch

φ
L

d
om

in
at

es
th

e
st

ep
fu

n
ct

io
n

Θ
(−
y
f

(x
))

an
d

h
as

a
L

ip
sc

h
it

z
co

n
st

an
t
L

.
F

or
ea

ch
L

,
T

h
eo

re
m

3
im

p
li
es

th
a
t

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ 1

:

P
(y
6=
f

(x
))
≤
Ê
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er
b

o
u
n
d

b
u
d
get

B
for

th
e

cap
acity

of
th

e
kern

el
m

atrix
,

th
at

is
tr(K

l )
≤

B
.

S
u
p
p

o
se

th
ere

are
n

sam
p
les

(x
1 ,y

1 ),···
,(x

n
,y
n
),
x
i ∈

R
m

(x
i

=
[x
i,1 ,···

,x
i,m

] ′).
L

et
X

=
[x

1 ,···
,x

n
] ′

an
d
Y

=
[y

1 ,···
,y
n
] ′.

S
in

ce
w

e
u
se

lin
ear

kern
el

h
ere,

d
ecreasin

g
th

e
ca

p
a
city

o
f

th
e

k
ern

el
m

atrix
can

b
e

tran
sform

ed
to

a
b
u
d
get

con
strain

t
o
n

th
e

w
eigh

t
co

effi
cien

ts,
w

h
ich

lead
s

to
a

featu
re

selection
p
ro

b
lem

for
th

e
lin

ear
d
ecision

fu
n
ction

.
M

a
th

em
a
tica

lly,
let

K̂
d
en

ote
th

e
kern

el
m

atrix
on

th
e

re-scaled
in

stan
ce:

x̂
i

=
x
i �
√
%
,

w
h
ere

%
=

[%
1 ,···

,%
m

] ′
∈

[0,1] m
rep

resen
ts

a
featu

re
selection

vector
an

d
√
%

d
en

otes
th

e
elem

en
tw

ise
sq

u
are

ro
ot

op
erator.

T
h
e

cap
a
city

con
strain

t
on

th
e

kern
el

m
atrix

is
tr(K̂

)≤
B

,
th

en
tr(K̂

)
=
∑

ni=
1
% ′(x

i �
x
i )≤

n
x̃
m
a
x ∑

mj=
1
%
j ,

w
h
ere

x̃
m
a
x

b
e

th
e

m
ax

im
u
m

elem
en

t
in

[x
1 �

x
1 ,···

,x
n �

x
n
].

L
et

B
/n
x̃
m
a
x

=
B

,
w

h
ere

B
is

a
b
u
d
get

con
strain

t
on

th
e

w
eig

h
t

co
effi

cien
ts.

T
h
u
s
tr(K̂

)≤
B

can
b

e
tran

sform
ed

to
∑

mj=
1
%
j ≤

B
,%
∈

[0,1] m
.

T
h
en

w
e

lea
rn

a
sp

a
rse

lin
ear

d
ecision

fu
n
ction

on
each

n
o
d
e

b
y

m
in

im
izin

g
th

e
train

in
g

error
lo

ss
a
n
d

m
a
x
im

izin
g

th
e

m
argin

at
th

e
sam

e
tim

e.
B

ased
on

T
h
eorem

5
,

w
e

h
erein

after
in

tro
d
u
ce

th
e

n
otion

of
b
u
d
get-aw

are
classifi

er
(B

A
C

).
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L
iu

a
n
d

T
sa

n
g

D
e
fi

n
itio

n
6

(B
u

d
g
e
t-A

w
a
re

C
la

ssifi
e
r

(B
A

C
))

A
ssu

m
e

th
ere

a
re
n

sa
m

p
les

(x
1 ,y

1 ),···,
(x
n
,y
n
)

d
ra

w
n

in
d
epen

d
en

tly
a
cco

rd
in

g
to

a
p
ro

ba
bility

d
istribu

tio
n
D

,
w

h
ere

x
i ∈

R
m

a
n

d
y
i ∈
{±

1}.
%

=
[%

1 ,···
,%
m

] ′∈
[0,1] m

rep
resen

ts
a

fea
tu

re
selectio

n
vecto

r.
L

et
K̂

d
en

o
te

th
e

kern
el

m
a
trix

o
n

th
e

re-sca
led

in
sta

n
ce:

x̂
i

=
x
i �
√
%

a
n

d
th

e
ca

pa
city

co
n

stra
in

t
o
n

th
e

kern
el

m
a
trix

ca
n

be
tra

n
sfo

rm
ed

a
s
∑

mj=
1
%
j
≤
B

w
ith

a
bu

d
get

B
.

A
bu

d
get-a

w
a

re

cla
ssifi

er
co

n
ta

in
s

a
lin

ea
r

d
ecisio

n
fu

n
ctio

n
g
w

(x
)

=
w
′(x

i �
√
%

+
b),||w|| 2

=
1
,

w
h
ere

th
e

pa
ra

m
eters

a
re

o
bta

in
ed

by
so

lvin
g

th
e

fo
llo

w
in

g
p
ro

blem
:

m
in

%∈E
,w
,ξ
,γ −

γ
+
C

n
∑i=

1

ξ
i

s.t.
y
i w
′(x

i �
√
%

+
b)≥

γ
−
ξ
i ,ξ

i ≥
0
,i

=
1,···

,n

||w|| 2
=

1,γ
≥

0

(4)

w
h
ere
E

=
{%
∈

[0,1] m| ∑
mj=

1
%
j
≤
B
}

a
n

d
B

is
a

bu
d
get

co
n

stra
in

t
o
n

th
e

w
eigh

t
coeffi

-
cien

ts.

4
.1

L
e
a
rn

in
g

th
e

B
A

C

F
or

th
e

sake
of

clarity,
w

e
con

sid
er

th
e

fu
n
ction

w
ith

ou
t

an
off

set,
alth

o
u
gh

th
e

m
o
d
el

can
b

e
ex

ten
d
ed

to
th

e
fu

n
ction

w
ith

th
e

off
set.

F
or

p
rob

lem
(4)

w
ith

resp
ect

to
w
,ξ,γ

,
th

e
corre-

sp
on

d
in

g
L

agran
gian

fu
n
ction

is:L
(w
,ξ,γ

,α
,λ
,ψ
,ν

)
=
−
γ

+
C
∑

ni=
1
ξ
i −
∑

ni=
1
α
i (y

i w
′(x

i �
√
%
)−

γ
+
ξ
i )

+
λ

(‖w‖
2−

1)−
∑

ni=
1
ψ
i ξ
i −

ν
γ

,
w

ith
α
i ,ψ

i ,ν
≥

0.
D

iff
eren

tia
tin

g
w

ith
resp

ect
to

th
e

p
rim

al
variab

les
an

d
su

b
stitu

tin
g

th
e

relation
s

ob
tain

ed
in

to
th

e
p
rim

al,
w

e
ob

tain
th

e
follow

in
g

d
u
al

ob
jective

fu
n
ction

:
L

(α
,λ
,%

)
=
−

14
λ ∥∥ ∑

ni=
1
α
i y
i (x

i �
√
%
) ∥∥

2−
λ

.
O

p
ti-

m
izin

g
λ

gives
λ
∗

=
12 ‖ ∑

ni=
1
α
i y
i (x

i �
√
%
)‖,

resu
ltin

g
in
L

(α
,%

)
=
−
∥∥ ∑

ni=
1
α
i y
i (x

i �
√
%
) ∥∥
.

O
p
tim

izin
g

th
e

sq
u
ared

l2 -n
orm

ob
jective

an
d
l2 -n

orm
ob

jective
y
ield

s
th

e
sa

m
e

solu
tion

.
T

o
sim

p
lify

th
e

op
tim

ization
,

w
e

u
se

th
e

sq
u
ared

l2 -n
orm

as
th

e
ob

jective.
T

h
u
s,

p
rob

lem
(4)

can
b

e
eq

u
ivalen

tly
reform

u
lated

a
s

th
e

follow
in

g
p
rob

lem
:

m
in

%∈E
m

ax
α∈A
−

12 ∥∥∥
n
∑i=

1

α
i y
i (x

i �
√
%
) ∥∥∥

2

(5)

w
h
ere
A

=
{
α| ∑

ni=
1
α
i ≥

1,0
≤
α
i ≤

C
,i

=
1,···

,n}
.

L
etG

(α
,%

)
=

12 ∥∥∥ ∑
ni=

1
α
i y
i (x

i �
√
%
) ∥∥∥

2.
A

ccord
in

g
to

th
e

m
in

im
ax

sad
d
le-p

oin
t

th
eorem

(S
ion

,
1958),

w
e

h
ave

th
e

follow
in

g
th

eorem
:

T
h

e
o
re

m
7

A
cco

rd
in

g
to

th
e

m
in

im
a
x

sa
d
d

le-po
in

t
th

eo
rem

in
(S

io
n

,
1
9
5
8
),

th
e

fo
llo

w
in

g
equ

a
lity

h
o
ld

s:

m
in

%∈E
m

ax
α∈A
−
G

(α
,%

)
=

m
ax

α∈A
m

in
%∈E
−
G

(α
,%

)

P
ro

o
f

R
ecall

th
at

b
oth
A

an
d
E

are
con

vex
com

p
act

set.
It

can
b

e
easily

verifi
ed

th
at

th
e

ob
jective

fu
n
ction

is
con

cave
w

ith
resp

ect
to
α

.
A

s
sh

ow
n

in
S
ection

4.1.1,
th

e
ob

jective
fu

n
ction

is
lin

ear
w

ith
resp

ect
to
%
,

an
d

also
is

con
vex

in
%
.

T
h
erefore,

th
e

con
d
ition

s
in

m
in

im
ax

sad
d
le-p

oin
t

th
eorem

in
(S

ion
,

1958)
are

satisfi
ed

h
ere.
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M
a
k
in
g

D
e
c
is
io
n
T
r
e
e
s
F
e
a
si
b
l
e
in

U
lt

r
a
h
ig
h
F
e
a
t
u
r
e
a
n
d

L
a
b
e
l
D
im

e
n
si
o
n
s

A
lg

o
ri

th
m

1
C

u
tt

in
g

P
la

n
e

A
lg

or
it

h
m

fo
r

S
ol

v
in

g
P

ro
b
le

m
(7

)

In
p

u
t:

D
at

a
se

t
{x

i,
y i
}n i=

1
.

In
it

ia
li
ze
α

0
.

1
:
t

=
0,
C t

=
∅.

2
:

re
p

e
a
t

3
:

t
=
t

+
1.

4
:

W
or

st
-c

as
e

an
al

y
si

s:
F

in
d
in

g
th

e
m

o
st

v
io

la
te

d
%
t

b
as

ed
on

α
t−

1
an

d
se

t
C t

=
C t
−

1
∪

{%
t}

.
T

h
e

d
et

ai
ls

ca
n

b
e

re
fe

rr
ed

to
S
ec

ti
on

4.
1.

1.
5
:

M
as

te
r-

p
ro

b
le

m
op

ti
m

iz
at

io
n
:

S
ol

v
in

g
p
ro

b
le

m
(8

)
ov

er
C t

an
d

ob
ta

in
in

g
th

e
op

ti
m

al
so

lu
ti

on
α
t.

T
h
e

d
et

ai
ls

ca
n

b
e

re
fe

rr
ed

to
S
ec

ti
on

4.
1.

2.
6
:

u
n
ti

l
ε-

op
ti

m
al

B
as

ed
on

T
h
eo

re
m

7,
in

st
ea

d
of

d
ir

ec
tl

y
so

lv
in

g
p
ro

b
le

m
(5

),
w

e
ad

d
re

ss
th

e
fo

ll
ow

in
g

p
ro

b
le

m
in

st
ea

d
:

m
in

α
∈A

m
ax

%
∈E

G
(α
,%

)
(6

)

w
h
er

e
w

e
d
ro

p
th

e
n
eg

at
iv

e
si

gn
of

p
ro

b
le

m
(6

)
fo

r
th

e
cl

ar
it

y
of

ou
r

op
ti

m
iz

at
io

n
p
ro

ce
d
u
re

.
B

y
in

tr
o
d
u
ci

n
g

va
ri

ab
le
θ
∈

R
,

p
ro

b
le

m
(6

)
ca

n
b

e
fu

rt
h
er

fo
rm

u
la

te
d

as
a

se
m

i-
in

fi
n
it

e
p
ro

gr
am

m
in

g
(S

IP
)

(P
ee

an
d

R
oy

se
t,

20
11

)
p
ro

b
le

m
:

m
in

α
∈A

,θ
∈R
θ
s.
t.
θ
≥

G
(α
,%

),
∀%
∈
E

(7
)

P
ro

b
le

m
(7

)
in

v
ol

ve
s

in
fi
n
it

e
n
u
m

b
er

of
co

n
st

ra
in

ts
.

In
sp

ir
ed

b
y

th
e

cu
tt

in
g

p
la

n
e

al
go

ri
th

m
(K

el
le

y
,
19

60
),

w
h
ic

h
it

er
at

iv
el

y
re

fi
n
es

a
fe

as
ib

le
co

n
st

ra
in

t
se

t
an

d
th

en
so

lv
es

a
se

q
u
en

ce
of

ap
p
ro

x
im

at
in

g
li
n
ea

r
p
ro

gr
am

s,
w

e
p
ro

p
os

e
A

lg
or

it
h
m

1
to

so
lv

e
p
ro

b
le

m
(7

).
S
p

ec
ifi

ca
ll
y,

gi
ve

n
α
t−

1
,

th
e

w
or

st
-c

as
e

an
al

y
si

s
is

to
in

fe
r

th
e

m
os

t-
v
io

la
te

d
%
t,

an
d

ad
d

it
in

to
th

e
ac

ti
v
e

co
n
st

ra
in

t
se

t
C t

.
T

h
en

,
w

e
u
p

d
at

e
α
t

b
y

so
lv

in
g

th
e

fo
ll
ow

in
g

p
ro

b
le

m
:

m
in

α
∈A

,θ
∈R
θ
s.
t.
θ
≥

G
(α
,%
h
),
∀%

h
∈
C t

(8
)

T
h
e

fo
ll
ow

in
g

co
n
v
er

ge
n
ce

th
eo

re
m

in
d
ic

at
es

th
at

A
lg

or
it

h
m

1
gr

a
d
u
al

ly
ap

p
ro

ac
h
es

to
th

e
op

ti
m

al
so

lu
ti

on
:

T
h

e
o
re

m
8

A
lg

o
ri

th
m

1
st

o
p
s

a
ft

er
a

fi
n

it
e

n
u

m
be

r
o
f

st
ep

s
w

it
h

th
e

gl
o
ba

ll
y

o
p
ti

m
a
l

so
-

lu
ti

o
n

o
f

P
ro

bl
em

(7
).

T
h
e

p
ro

of
ca

n
b

e
ad

ap
te

d
fr

om
T

an
et

al
.

(2
01

4)
.

A
lg

or
it

h
m

1
in

v
o
lv

es
tw

o
m

a
jo

r
st

ep
s:

w
o
rs

t-
c
a
se

a
n

a
ly

si
s

an
d

m
a
st

e
r-

p
ro

b
le

m
o
p

ti
m

iz
a
ti

o
n

,
w

h
ic

h
w

il
l

b
e

d
is

cu
ss

ed
in

th
e

fo
ll
ow

in
g

su
b
se

ct
io

n
s:

4
.1
.1

W
o
r
st

-c
a
se

a
n
a
ly

si
s

T
h
e

w
or

st
-c

as
e

an
al

y
si

s
is

to
so

lv
e

th
e

fo
ll
ow

in
g

m
ax

im
iz

at
io

n
p
ro

b
le

m
:

m
ax %

1 2

∥ ∥ ∥
n ∑ i=

1

α
iy
i(
x
i
�
√
%
)∥ ∥ ∥2

s.
t.

m ∑ j=
1

%
j
≤
B
,%
∈

[0
,1

]m
(9

)
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7

L
iu

a
n
d

T
sa

n
g

N
ot

e
th

at
∥ ∥ ∥∑

n i=
1
α
iy
i(
x
i�
√
%
)∥ ∥ ∥2

=
∑

m j=
1
(∑

n i=
1
α
iy
ix
i,
j
)2
%
j
.

L
et

Ξ
=

(∑
n i=

1
α
iy
ix
i)

2
∈
R
m

.

T
h
en

,
p
ro

b
le

m
(9

)
ca

n
b

e
tr

an
sf

or
m

ed
to

m
ax

%
1 2

∑
m j=

1
Ξ
j
%
j

su
b

je
ct

ed
to
∑

m j=
1
%
j
≤
B
,%
∈

[0
,1

]m
,
w

h
ic

h
is

a
si

m
p
le

li
n
ea

r
p
ro

gr
am

m
in

g
(L

P
)

p
ro

b
le

m
.

W
e

ob
ta

in
th

e
op

ti
m

a
l
so

lu
ti

o
n

fo
r

th
is

L
P

p
ro

b
le

m
b
y

fi
rs

t
so

rt
in

g
Ξ
j
’s

an
d

th
en

se
tt

in
g

th
e

fi
rs

t
B

n
u
m

b
er

s
co

rr
es

p
o
n
d
in

g
to
%
j

to
on

e
an

d
th

e
re

st
s

to
ze

ro
.

T
h
is

p
ro

ce
d
u
re

ta
ke

s
O

(m
lo
g
B

)
ti

m
e

co
m

p
le

x
it

y,
w

h
ic

h
is

v
er

y
effi

ci
en

t.

4
.1
.2

M
a
st

e
r
-p
r
o
b
l
e
m

o
p
t
im

iz
a
t
io
n

N
ot

e
th

at
an

y
%
h
∈
C t

in
d
ex

es
a

se
t

of
fe

at
u
re

s.
F

o
r

si
m

p
li
ci

ty
,
w

e
d
efi

n
e
X
h

=
[x

1
,h
,·
··
,x

n
,h

]′ ∈
R
n
×
B

,
w

h
er

e
x
i,
h

d
en

ot
es

th
e
i-

th
in

st
an

ce
w

it
h

th
e

fe
at

u
re

s
in

d
ex

ed
b
y
%
h
.

B
y

in
tr

o
d
u
ci

n
g

d
u
al

va
ri

ab
le
µ
h
≥

0
fo

r
ea

ch
co

n
st

ra
in

t
d
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u
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ätsch

,
C

h
ristin

S
ch

ä
fer,

an
d

B
ern

h
ard

S
ch

ölkop
f.

L
arge

scale
m

u
ltip

le
k
ern

el
learn

in
g.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
7:1531–1565

,
2006.

N
ira

n
ja

n
A

.
S
u
b
rah

m
an

ya
an

d
Y

u
n
g

C
.

S
h
in

.
S
p
arse

m
u
ltip

le
kern

el
learn

in
g

for
sign

al
p
ro

cessin
g

a
p
p
lication

s.
IE

E
E

T
ra

n
s.

P
a
ttern

A
n

a
l.

M
a
ch

.
In

tell.,
32

(5):788–798,
2010.

M
in

g
k
u
i
T

a
n
,
Ivor

W
.
T

san
g,

an
d

L
i
W

an
g.

T
ow

ard
s

u
ltrah

igh
d
im

en
sion

al
featu

re
selection

fo
r

b
ig

d
a
ta.

J
M

L
R

,
15(1):1371–1429,

2014.

J
in

h
u
i

T
an

g,
X

ian
-S

h
en

g
H

u
a,

G
u
o-J

u
n

Q
i,

Y
an

S
on

g
,

an
d

X
iu

q
in

g
W

u
.

V
id

eo
an

n
otation

b
a
sed

o
n

kern
el

lin
ear

n
eigh

b
orh

o
o
d

p
rop

agation
.

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

M
u

ltim
ed

ia
,

10
(4

):6
2
0–

6
2
8
,

2008.

G
rig

o
rio

s
T

so
u
m

akas
an

d
Ioan

n
is

P
.

V
lah

avas.
R

an
d
om

k
-lab

elsets:
A

n
en

sem
b
le

m
eth

o
d

fo
r

m
u
ltila

b
el

classifi
cation

.
In

E
C

M
L

,
p
ages

406–417,
W

arsaw
,

P
olan

d
,

200
7.

S
p
rin

ger-
V

erla
g
.

G
rig

o
rio

s
T

so
u
m

akas,
Ioan

n
is

K
atak

is,
an

d
Io

an
n
is

V
lah

avas.
E

ff
ective

an
d

effi
cien

t
m

u
lti-

la
b

el
cla

ssifi
cation

in
d
om

ain
s

w
ith

large
n
u
m

b
er

of
lab

els.
In

P
roc.

E
C

M
L

/
P

K
D

D
2
0
0
8

W
o
rksh

o
p

o
n

M
in

in
g

M
u

ltid
im

en
sio

n
a
l

D
a
ta

(M
M

D
’0

8
),

2008.

G
rigo

rio
s

T
so

u
m

akas,
Ioan

n
is

K
atak

is,
an

d
Ioan

n
is

P
.

V
lah

avas.
M

in
in

g
m

u
lti-lab

el
d
ata.

In
D

a
ta

M
in

in
g

a
n

d
K

n
o
w

led
ge

D
isco

very
H

a
n

d
boo

k,
p
ages

66
7–685.

S
p
rin

ger
U

S
,

2010.

35
JM

L
R

 18(81):1-36, 2017

L
iu

a
n
d

T
sa

n
g

D
e

W
an

g,
D

an
esh

Iran
i,

an
d

C
alton

P
u
.

E
volu

tion
ary

stu
d
y

of
w

eb
sp

am
:

W
eb

b
sp

am
corp

u
s

2011
versu

s
w

eb
b

sp
am

corp
u
s

2006.
In

8
th

IE
E

E
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

C
o
lla

bo
ra

tive
C

o
m

p
u

tin
g:

N
etw

o
rkin

g,
A

p
p
lica

tio
n

s
a
n

d
W

o
rksh

a
rin

g,
p
ages

40–49,
2
012.

X
in

d
on

g
W

u
,

V
ip

in
K

u
m

ar,
J
.

R
oss

Q
u
in

lan
,

J
oy

d
eep

G
h
osh

,
Q

ian
g

Y
an

g,
H

irosh
i

M
o-

to
d
a,

G
eoff

rey
J
.

M
cL

ach
lan

,
A

n
gu

s
F

.
M

.
N

g
,

B
in

g
L

iu
,

P
h
ilip

S
.

Y
u
,

Z
h
i-H

u
a

Z
h
ou

,
M

ich
ael

S
tein

b
ach

,
D

av
id

J
.
H

an
d
,
an

d
D

an
S
tein

b
erg.

T
op

10
algorith

m
s

in
d
ata

m
in

in
g.

K
n

o
w

led
ge

a
n

d
In

fo
rm

a
tio

n
S

ystem
s,

14(1):1–37,
200

8.

Z
h
ix

ian
g

E
d
d
ie

X
u
,

M
att

J
.

K
u
sn

er,
K

ilian
Q

.
W

ein
b

erger,
an

d
M

in
m

in
C

h
en

.
C

ost-
sen

sitive
tree

of
classifi

ers.
In

IC
M

L
,

p
ages

133
–141,

2013.

Z
h
ix

ian
g

E
d
d
ie

X
u
,

G
ao

H
u
an

g,
K

ilia
n

Q
.

W
ein

b
erger,

an
d

A
lice

X
.

Z
h
en

g
.

G
rad

ien
t

b
o
osted

featu
re

selection
.

In
P

roceed
in

gs
o
f

th
e

2
0
th

A
C

M
S

IG
K

D
D

In
tern

a
tio

n
a
l

C
o
n

-
feren

ce
o

n
K

n
o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g,

p
ages

522–
531,

2014.

Ian
E

n
-H

su
Y

en
,

X
ian

gru
H

u
an

g,
P

rad
eep

R
av

ik
u
m

ar,
K

ai
Z

h
on

g,
an

d
In

d
erjit

S
.

D
h
illon

.
P

d
-sp

arse
:

A
p
rim

al
an

d
d
u
al

sp
arse

ap
p
roach

to
ex

trem
e

m
u
lticlass

an
d

m
u
ltilab

el
classifi

cation
.

In
IC

M
L

,
p
ages

3069–3077,
2016.

Y
iten

g
Z

h
ai,

Y
ew

-S
o
on

O
n
g,

an
d

Ivor
W

.
T

san
g.

T
h
e

em
ergin

g
“b

ig
d
im

en
sion

a
lity

”.
IE

E
E

C
o
m

p
u

ta
tio

n
a
l

In
telligen

ce
M

a
ga

zin
e,

9(3):14–26,
2014.

C
u
n
-H

u
i
Z

h
an

g.
N

early
u
n
b
iased

variab
le

selection
u
n
d
er

m
in

im
ax

con
cave

p
en

alty.
A

n
n

a
ls

o
f

S
ta

tistics,
38(2):894–942,

2010a.

C
u
n
-H

u
i

Z
h
an

g
an

d
J
ian

H
u
an

g.
T

h
e

sp
arsity

an
d

b
ias

of
th

e
lasso

selection
in

h
igh

-
d
im

en
sion

al
lin

ear
regression

.
A

n
n

a
ls

o
f

S
ta

tistics,
36(4):1

567–1594,
20

08.

M
in

-L
in

g
Z

h
an

g
an

d
Z

h
i-H

u
a

Z
h
ou

.
A

rev
iew

on
m

u
lti-lab

el
learn

in
g

algorith
m

s.
T

K
D

E
,

26(8):1819–1837,
A

u
g

2014.

T
on

g
Z

h
an

g.
A

n
aly

sis
of

m
u
lti-stage

con
v
ex

relax
ation

for
sp

arse
regu

larization
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
11:1081–1107,

2010b
.

Y
i
Z

h
an

g
an

d
J
eff

G
.
S
ch

n
eid

er.
M

u
lti-lab

el
ou

tp
u
t

co
d
es

u
sin

g
can

on
ical

correlation
an

aly
-

sis.
In

F
o
u

rteen
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics,

p
ages

873–882.
J
M

L
R

.org,
2011.

Y
i

Z
h
an

g
an

d
J
eff

G
.

S
ch

n
eid

er.
M

ax
im

u
m

m
argin

o
u
tp

u
t

co
d
in

g
.

In
IC

M
L

,
p
ages

1575–
1582,

E
d
in

b
u
rgh

,
S
cotlan

d
,

J
u
ly

2012
.

O
m

n
ip

ress.

J
i

Z
h
u
,

S
ah

aron
R

osset,
T

revor
H

astie,
an

d
R

ob
ert

T
ib

sh
ira

n
i.

1-n
orm

su
p
p

ort
vector

m
ach

in
es.

In
N

IP
S

,
p
ages

49–56,
2003

.

P
au

l
C

.
Z

ik
op

ou
los,

D
irk

d
eR

o
os,

K
rish

n
an

P
arasu

ram
an

,
T

h
om

as
D

eu
tsch

,
D

av
id

C
orri-

gan
,

an
d

J
am

es
G

iles.
H

a
rn

ess
th

e
P

o
w

er
o
f

B
ig

D
a
ta

–
T

h
e

IB
M

B
ig

D
a
ta

P
la

tfo
rm

.
M

cgraw
-H

ill,
N

ew
Y

ork
,

2012.

3
6

JM
L

R
 18(81):1-36, 2017



Jo
ur
na

l
of

M
ac
hi
ne

L
ea
rn
in
g
R
es
ea
rc
h
18

(2
01
7)

1-
37

Su
bm

it
te
d
10
/1
6;

R
ev
is
ed

6/
17
;
P
ub

lis
he
d
8/
17

L
ea

rn
in

g
Sc

al
ab

le
D

ee
p

K
er

ne
ls

w
it

h
R

ec
ur

re
nt

St
ru

ct
ur

e

M
ar
u
an

A
l-
S
h
ed

iv
at

a
ls

h
ed

iv
at

@
cs

.c
m
u
.e

d
u

C
ar

ne
gi

e
M

el
lo

n
U

ni
ve

rs
it
y

A
n
d
re
w

G
or
d
on

W
il
so
n

a
n
d
r
ew

@
co

r
n
el

l.
ed

u
C

or
ne

ll
U

ni
ve

rs
it
y

Y
u
nu

s
S
aa
tc
h
i

sa
at

ch
i@

ca
n
ta

b.
n
et

Z
h
it
in
g
H
u

zh
it

in
g
h
@

cs
.c

m
u
.e

d
u

C
ar

ne
gi

e
M

el
lo

n
U

ni
ve

rs
it
y

E
ri
c
P
.
X
in
g

ep
x
in

g
@

cs
.c

m
u
.e

d
u

C
ar

ne
gi

e
M

el
lo

n
U

ni
ve

rs
it
y

E
d
it

or
:
N
ei
lL

aw
re
nc
e

A
b
st

ra
ct

M
an

y
ap

pl
ic
at
io
ns

in
sp
ee
ch
,r
ob

ot
ic
s,
fin

an
ce
,a

nd
bi
ol
og

y
de
al

w
it
h
se
qu

en
ti
al

da
ta
,w

he
re

or
de
ri
ng

m
at
te
rs

an
d
re
cu
rr
en
t
st
ru
ct
ur
es

ar
e
co
m
m
on

.
H
ow

ev
er
,
th
is

st
ru
ct
ur
e
ca
nn

ot
be

ea
si
ly

ca
pt
ur
ed

by
st
an

da
rd

ke
rn
el

fu
nc
ti
on

s.
T
o
m
od

el
su
ch

st
ru
ct
ur
e,

w
e
pr
op

os
e

ex
pr
es
si
ve

cl
os
ed
-f
or
m

ke
rn
el

fu
nc
ti
on

s
fo
r
G
au

ss
ia
n
pr
oc
es
se
s.

T
he

re
su
lt
in
g
m
od

el
,G

P
-

LS
T
M
,f
ul
ly

en
ca
ps
ul
at
es

th
e
in
du

ct
iv
e
bi
as
es

of
lo
ng

sh
or
t-
te
rm

m
em

or
y
(L

ST
M
)
re
cu
rr
en
t

ne
tw

or
ks
,w

hi
le
re
ta
in
in
g
th
e
no

n-
pa

ra
m
et
ri
c
pr
ob

ab
ili
st
ic
ad

va
nt
ag

es
of

G
au

ss
ia
n
pr
oc
es
se
s.

W
e
le
ar
n
th
e
pr
op

er
ti
es

of
th
e
pr
op

os
ed

ke
rn
el
s
by

op
ti
m
iz
in
g
th
e
G
au

ss
ia
n
pr
oc
es
s
m
ar
gi
na

l
lik

el
ih
oo

d
us
in
g
a
ne
w

pr
ov
ab

ly
co
nv

er
ge
nt

se
m
i-s

to
ch
as
ti
c
gr
ad

ie
nt

pr
oc
ed
ur
e,

an
d
ex
pl
oi
t

th
e
st
ru
ct
ur
e
of

th
es
e
ke
rn
el
s
fo
r
sc
al
ab

le
tr
ai
ni
ng

an
d
pr
ed
ic
ti
on

.
T
hi
s
ap

pr
oa

ch
pr
ov
id
es

a
pr
ac
ti
ca
lr
ep
re
se
nt
at
io
n
fo
r
B
ay
es
ia
n
LS

T
M
s.

W
e
de
m
on

st
ra
te

st
at
e-
of
-t
he
-a
rt

pe
rf
or
m
an

ce
on

se
ve
ra
lb

en
ch
m
ar
ks
,
an

d
th
or
ou

gh
ly

in
ve
st
ig
at
e
a
co
ns
eq
ue
nt
ia
la

ut
on

om
ou

s
dr
iv
in
g

ap
pl
ic
at
io
n,

w
he
re

th
e
pr
ed
ic
ti
ve

un
ce
rt
ai
nt
ie
s
pr
ov
id
ed

by
G
P
-L
ST

M
ar
e
un

iq
ue
ly

va
lu
ab

le
.

1.
In

tr
od

u
ct

io
n

T
he
re

ex
is
ts

a
va
st

ar
ra
y
of

m
ac
hi
ne

le
ar
ni
ng

ap
pl
ic
at
io
ns

w
he
re

th
e
un

de
rl
yi
ng

da
ta
se
ts

ar
e
se
qu

en
ti
al
.
A
pp

lic
at
io
ns

ra
ng

e
fr
om

th
e
en
ti
re
ty

of
ro
bo

ti
cs
,t

o
sp
ee
ch
,a

ud
io

an
d
vi
de
o

pr
oc
es
si
ng

.
W

hi
le
ne
ur
al

ne
tw

or
k
ba

se
d
ap

pr
oa
ch
es

ha
ve

de
al
tw

it
h
th
e
is
su
e
of

re
pr
es
en

ta
tio

n
le
ar
ni
ng

fo
r
se
qu

en
ti
al

da
ta
,t
he

im
po

rt
an

t
qu

es
ti
on

of
m
od

el
in
g
an

d
pr
op

ag
at
in
g
un

ce
rt
ai
nt
y

ac
ro
ss

ti
m
e
ha

s
ra
re
ly

be
en

ad
dr
es
se
d
by

th
es
e
m
od

el
s.

Fo
r
a
ro
bo

ti
cs

ap
pl
ic
at
io
n
su
ch

as
a

se
lf-
dr
iv
in
g
ca
r,
ho

w
ev
er
,i
t
is

no
t
ju
st

de
si
ra
bl
e,

bu
t
es
se
nt
ia
lt
o
ha

ve
co
m
pl
et
e
pr
ed
ic
ti
ve

de
ns
it
ie
s
fo
r
va
ri
ab

le
s
of

in
te
re
st
.
W

he
n
tr
yi
ng

to
st
ay

in
la
ne

an
d
ke
ep

a
sa
fe

fo
llo

w
in
g

di
st
an

ce
fr
om

th
e
ve
hi
cl
e
fr
on

t,
kn

ow
in
g
th
e
un

ce
rt
ai
nt
y
as
so
ci
at
ed

w
it
h
la
ne
s
an

d
le
ad

ve
hi
cl
es

is
as

im
po

rt
an

t
as

th
e
po

in
t
es
ti
m
at
es
.

c ©
20
17

M
ar
ua

n
A
l-
Sh

ed
iv
at
,
A
nd

re
w

G
or
do

n
W

ils
on

,
Y
un

us
Sa

at
ch
i,
Z
hi
ti
ng

H
u
an

d
E
ri
c
P
.
X
in
g.

L
ic
en
se
:
C
C
-B

Y
4.
0,

se
e
ht

tp
s:

//
cr

ea
ti

ve
co

mm
on

s.
or

g/
li

ce
ns

es
/b

y/
4.

0/
.
A
tt
ri
bu

ti
on

re
qu

ir
em

en
ts

ar
e
pr
ov

id
ed

at
ht

tp
:/

/j
ml

r.
or

g/
pa

pe
rs

/v
18

/1
6-

49
8.

ht
ml

.

JM
L

R
 1

8(
82

):
1-

37
, 2

01
7

A
l-

S
h
ed

iv
at

,
W

il
so

n
,
S
a
at

ch
i,

H
u
,
X

in
g

R
ec
ur
re
nt

m
od

el
s
w
it
h
lo
ng

sh
or
t-
te
rm

m
em

or
y
(L

ST
M
)
(H

oc
hr
ei
te
r
an

d
Sc
hm

id
hu

be
r,

19
97
)
ha

ve
re
ce
nt
ly

em
er
ge
d
as

th
e
le
ad

in
g
ap

pr
oa
ch

to
m
od

el
in
g
se
qu

en
ti
al

st
ru
ct
ur
e.

T
he

L
ST

M
is

an
effi

ci
en
t
gr
ad

ie
nt
-b
as
ed

m
et
ho

d
fo
r
tr
ai
ni
ng

re
cu
rr
en
t
ne
tw

or
ks
.
L
ST

M
s
us
e

a
m
em

or
y
ce
ll
in
si
de

ea
ch

hi
dd

en
un

it
an

d
a
sp
ec
ia
lg

at
in
g
m
ec
ha

ni
sm

th
at

st
ab

ili
ze
s
th
e

flo
w

of
th
e
ba

ck
-p
ro
pa

ga
te
d
er
ro
rs
,
im

pr
ov
in
g
th
e
le
ar
ni
ng

pr
oc
es
s
of

th
e
m
od

el
.
W

hi
le

th
e
L
ST

M
pr
ov

id
es

st
at
e-
of
-t
he
-a
rt

re
su
lt
s
on

sp
ee
ch

an
d
te
xt

da
ta

(G
ra
ve
s
et

al
.,
20
13
;

Su
ts
ke
ve
r
et

al
.,
20
14
),
qu

an
ti
fy
in
g
un

ce
rt
ai
nt
y
or

ex
tr
ac
ti
ng

fu
ll
pr
ed
ic
ti
ve

di
st
ri
bu

ti
on

s
fr
om

de
ep

m
od

el
s
is

st
ill

an
ar
ea

of
ac
ti
ve

re
se
ar
ch

(G
al

an
d
G
ha

hr
am

an
i,
20
16

a)
.

In
th
is

pa
pe

r,
w
e
qu

an
ti
fy

th
e
pr
ed
ic
ti
ve

un
ce
rt
ai
nt
y
of

de
ep

m
od

el
s
by

fo
llo

w
in
g
a

B
ay
es
ia
n
no

np
ar
am

et
ri
c
ap

pr
oa
ch
.
In

pa
rt
ic
ul
ar
,w

e
pr
op

os
e
ke
rn
el

fu
nc
ti
on

s
w
hi
ch

fu
lly

en
ca
ps
ul
at
e
th
e
st
ru
ct
ur
al

pr
op

er
ti
es

of
L
ST

M
s,

fo
r
us
e
w
it
h
G
au

ss
ia
n
pr
oc
es
se
s.

T
he

re
su
lt
in
g
m
od

el
en
ab

le
s
G
au

ss
ia
n
pr
oc
es
se
s
to

ac
hi
ev
e
st
at
e-
of
-t
he
-a
rt

pe
rf
or
m
an

ce
on

se
-

qu
en

ti
al

re
gr
es
si
on

ta
sk
s,

w
hi
le

al
so

al
lo
w
in
g
fo
r
a
pr
in
ci
pl
ed

re
pr
es
en
ta
ti
on

of
un

ce
rt
ai
nt
y

an
d
no

n-
pa

ra
m
et
ri
c
fle

xi
bi
lit
y.

Fu
rt
he
r,
w
e
de
ve
lo
p
a
pr
ov
ab

ly
co
nv

er
ge
nt

se
m
i-s

to
ch
as
ti
c
op

-
ti
m
iz
at
io
n
al
go
ri
th
m

th
at

al
lo
w
s
m
in
i-b

at
ch

up
da

te
s
of

th
e
re
cu
rr
en
t
ke
rn
el
s.

W
e
em

pi
ri
ca
lly

de
m
on

st
ra
te

th
at

th
is

se
m
i-s

to
ch
as
ti
c
ap

pr
oa

ch
si
gn

ifi
ca
nt
ly

im
pr
ov
es

up
on

th
e
st
an

da
rd

no
n-
st
oc
ha

st
ic

fir
st
-o
rd
er

m
et
ho

ds
in

ru
nt
im

e
an

d
in

th
e
qu

al
it
y
of

th
e
co
nv

er
ge
d
so
lu
ti
on

.
Fo

r
ad

di
ti
on

al
sc
al
ab

ili
ty
,w

e
ex
pl
oi
t
th
e
al
ge
br
ai
c
st
ru
ct
ur
e
of

th
es
e
ke
rn
el
s,

de
co
m
po

si
ng

th
e
re
le
va
nt

co
va
ri
an

ce
m
at
ri
ce
s
in
to

K
ro
ne
ck
er

pr
od

uc
ts

of
ci
rc
ul
an

t
m
at
ri
ce
s,

fo
r
O

(n
)

tr
ai
ni
ng

ti
m
e
an

d
O

(1
)
te
st

pr
ed
ic
ti
on

s
(W

ils
on

et
al
.,
20
15
;W

ils
on

an
d
N
ic
ki
sc
h,

20
15
).

O
ur

m
od

el
no

t
on

ly
ca
n
be

in
te
rp
re
te
d
as

a
G
au

ss
ia
n
pr
oc
es
s
w
it
h
a
re
cu

rr
en
t
ke
rn
el
,b

ut
al
so

as
a
de

ep
re
cu

rr
en
t
ne

tw
or
k
w
it
h
pr
ob

ab
ili
st
ic

ou
tp
ut
s,

in
fin

it
el
y
m
an

y
hi
dd

en
un

it
s,

an
d
a
ut
ili
ty

fu
nc

ti
on

ro
bu

st
to

ov
er
fit
ti
ng

.
T
hr
ou

gh
ou

t
th
is

pa
pe

r,
w
e
as
su
m
e
ba

si
c
fa
m
ili
ar
it
y
w
it
h
G
au

ss
ia
n
pr
oc
es
se
s
(G

P
s)
.

W
e
pr
ov

id
e
a
br
ie
f
in
tr
od

uc
ti
on

to
G
P
s
in

th
e
ba

ck
gr
ou

nd
se
ct
io
n;

fo
r
a
co
m
pr
eh
en
si
ve

re
fe
re
nc

e,
se
e,

e.
g.
,R

as
m
us
se
n
an

d
W

ill
ia
m
s
(2
00
6)
.
In

th
e
fo
llo

w
in
g
se
ct
io
ns
,w

e
fo
rm

al
iz
e

th
e
pr
ob

le
m

of
le
ar
ni
ng

fr
om

se
qu

en
ti
al

da
ta
,p

ro
vi
de

ba
ck
gr
ou

nd
on

re
cu
rr
en
t
ne
tw

or
ks

an
d
th
e
LS

T
M
,a

nd
pr
es
en
t
an

ex
te
ns
iv
e
em

pi
ri
ca
le

va
lu
at
io
n
of

ou
r
m
od

el
.
Sp

ec
ifi
ca
lly
,w

e
ap

pl
y
ou

r
m
od

el
to

a
nu

m
be

r
of

ta
sk
s,

in
cl
ud

in
g
sy
st
em

id
en
ti
fic

at
io
n,

en
er
gy

fo
re
ca
st
in
g,

an
d
se
lf-
dr
iv
in
g
ca
r
ap

pl
ic
at
io
ns
.
Q
ua

nt
it
at
iv
el
y,

th
e
m
od

el
is

as
se
ss
ed

on
th
e
da

ta
ra
ng

in
g

in
si
ze

fr
om

hu
nd

re
ds

of
po

in
ts

to
al
m
os
t
a
m
ill
io
n

w
it
h

va
ri
ou

s
si
gn

al
-t
o-
no

is
e
ra
ti
os

de
m
on

st
ra
ti
ng

st
at
e-
of
-t
he
-a
rt

pe
rf
or
m
an

ce
an

d
lin

ea
r
sc
al
in
g
of

ou
r
ap

pr
oa
ch
.
Q
ua

lit
at
iv
el
y,

th
e
m
od

el
is

te
st
ed

on
co
ns
eq
ue
nt
ia
l
se
lf-
dr
iv
in
g
ap

pl
ic
at
io
ns
:
la
ne

es
ti
m
at
io
n
an

d
le
ad

ve
hi
cl
e
po

si
ti
on

pr
ed
ic
ti
on

.
In
de
ed
,
th
e
m
ai
n
fo
cu
s
of

th
is

pa
pe

r
is

on
ac
hi
ev
in
g
st
at
e-

of
-t
he
-a
rt

pe
rf
or
m
an

ce
on

co
ns
eq
ue
nt
ia
la

pp
lic

at
io
ns

in
vo

lv
in
g
se
qu

en
ti
al

da
ta
,f
ol
lo
w
in
g

st
ra
ig
ht
fo
rw

ar
d
an

d
sc
al
ab

le
ap

pr
oa

ch
es

to
bu

ild
in
g
hi
gh

ly
fle

xi
bl
e
G
au

ss
ia
n
pr
oc
es
s.

W
e
re
le
as
e
ou

r
co
de

as
a
lib

ra
ry

at
:
ht

tp
:/

/g
it

hu
b.

co
m/

al
sh

ed
iv

at
/k

er
as

-g
p.

T
hi
s

lib
ra
ry

im
pl
em

en
ts

th
e
id
ea
s
in

th
is

pa
pe

r
as

w
el
l
as

de
ep

ke
rn
el

le
ar
ni
ng

(W
ils
on

et
al
.,

20
16
a)

vi
a
a
G
au

ss
ia
n
pr
oc
es
s
la
ye
r
th
at

ca
n
be

ad
de
d
to

ar
bi
tr
ar
y
de
ep

ar
ch
it
ec
tu
re
s

an
d
de
ep

le
ar
ni
ng

fr
am

ew
or
ks
,f
ol
lo
w
in
g
th
e
K
er
as

A
P
I
sp
ec
ifi
ca
ti
on

.
M
or
e
tu
to
ri
al
s
an

d
re
so
ur
ce
s
ca
n
be

fo
un

d
at

ht
tp

s:
//

pe
op

le
.o

ri
e.

co
rn

el
l.

ed
u/

an
dr

ew
/c

od
e.
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L
ea

r
n
in

g
S
ca

la
ble

D
eep

K
er

n
els

w
ith

R
ecu

r
r
en

t
S
tru

ctu
r
e

2.
B

ackgrou
n
d

W
e
consider

the
problem

oflearning
a
regression

function
that

m
aps

sequences
to

real-valued
target

vectors.
Form

ally,let
X

=
{x

i }
ni=

1
be

a
collection

ofsequences,
x
i

=
[x

1i ,x
2i ,···

,x
li],

each
w
ith

corresponding
length,

li ,
w
here

x
ji
∈
X
,
and

X
is

an
arbitrary

dom
ain.

L
et

y
=
{y

i }
ni=

1 ,
y
i
∈

R
d,

be
a
collection

of
the

corresponding
real-valued

target
vectors.

A
ssum

ing
that

only
the

m
ost

recent
L

steps
of

a
sequence

are
predictive

of
the

targets,the
goalis

to
learn

a
function,

f
:X

L
7→

R
d,from

som
e
fam

ily,F
,based

on
the

available
data.

A
s
a
w
orking

exam
ple,consider

the
problem

ofestim
ating

position
ofthe

lead
vehicle

at
the

next
tim

e
step

from
L
ID

A
R
,G

P
S,and

gyroscopic
m
easurem

ents
of

a
self-driving

car
available

for
a
num

ber
of

previous
steps.

T
his

task
is

a
classicalinstance

of
the

sequence-
to-reals

regression,w
here

a
tem

poralsequence
of

m
easurem

ents
is

regressed
to

the
future

position
estim

ates.
In

our
notation,the

sequences
of

inputs
are

vectors
of

m
easurem

ents,
x

1
=

[x
1],

x
2

=
[x

1,x
2],

...,
x
n

=
[x

1,x
2,···x

n
],
are

indexed
by

tim
e
and

w
ould

be
of

grow
ing

lengths.
T
ypically,input

sequences
are

considered
up

to
a
finite-tim

e
horizon,

L
,

that
is
assum

ed
to

be
predictive

for
the

future
targets

ofinterest.
T
he

targets,
y

1 ,y
2 ,
...,

y
n ,

are
tw

o-dim
ensional

vectors
that

encode
positions

of
the

lead
vehicle

in
the

ego-centric
coordinate

system
of

the
self-driving

car.
N
ote

that
the

problem
of

learning
a
m
apping,

f
:X

L
7→

R
d,

is
challenging.

W
hile

considering
w
hole

sequences
of

observations
as

input
features

is
necessary

for
capturing

long-term
tem

poralcorrelations,it
virtually

blow
s
up

the
dim

ensionality
of

the
problem

.
If

w
e
assum

e
that

each
m
easurem

ent
is
p-dim

ensional,i.e.,X
⊆

R
p,and

consider
L

previous
steps

as
distinct

features,the
regression

problem
w
illbecom

e
(L
×
p
)-dim

ensional.
T
herefore,

to
avoid

overfitting
and

be
able

to
extract

m
eaningfulsignalfrom

a
finite

am
ount

ofdata,it
is

crucialto
exploit

the
sequentialnature

of
observations.

R
ecu

rrent
m
od

els.
O
ne

of
the

m
ost

successfulw
ays

to
exploit

sequentialstructure
of

the
data

is
by

using
a
class

ofrecurrent
m
odels.

In
the

sequence-to-reals
regression

scenario,
such

a
m
odelexpresses

the
m
apping

f
:X

L
7→

R
d
in

the
follow

ing
generalrecurrent

form
:

y
=
ψ

(h
L

)
+
ε
t,

h
t

=
φ

(h
t−

1,x
t)

+
δ
t,
t

=
1,...,L

,
(1)

w
here

x
t
is

an
input

observation
at

tim
e
t,

h
t
is

a
corresponding

latent
representation,

and
y
is

a
target

vector.
Functions

φ
(·)

and
ψ

(·)
specify

m
odeltransitions

and
em

issions,
respectively,and

δ
t
and

ε
t
are

additive
noises.

W
hile

φ
(·)

and
ψ

(·)
can

be
arbitrary,they

are
typically

tim
e-invariant.

T
his

strong
but

realistic
assum

ption
incorporated

into
the

structure
of

the
recurrent

m
apping

significantly
reduces

the
com

plexity
of

the
fam

ily
of

functions,F
,regularizes

the
problem

,and
helps

to
avoid

severe
overfitting.

R
ecurrent

m
odels

can
account

for
various

patterns
in

sequences
by

m
em

orizing
internal

representations
oftheir

dynam
ics

via
adjusting

φ
and

ψ
.
R
ecurrent

neuralnetw
orks

(R
N
N
s)

m
odelrecurrent

processes
by

using
linear

param
etric

m
aps

follow
ed

by
nonlinear

activations:

y
=
ψ

(W
>hy h

t−
1),

h
t

=
φ

(W
>hh h

t−
1,W

>xh x
t−

1),
t

=
1,...,L

,
(2)
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

w
here

W
h
y ,W

h
h ,W

x
h
are

w
eight

m
atrices

to
be

learned
1
and

φ
(·)

and
ψ

(·)
here

are
som

e
fixed

elem
ent-w

ise
functions.

Im
portantly

and
contrary

to
the

standard
hidden

M
arkov

m
odels

(H
M
M
s),the

state
ofan

R
N
N

at
any

tim
e
t
is
distributed

and
effectively

represented
by

an
entire

hidden
sequence,

[h
1,···

,h
t−

1,h
t].

A
m
ajor

disadvantage
ofthe

vanilla
R
N
N
s

is
that

their
training

is
nontrivialdue

to
the

so-called
vanishing

gradient
problem

(B
engio

et
al.,1994):

the
error

back-propagated
through

t
tim

e
steps

dim
inishes

exponentially
w
hich

m
akes

learning
long-term

relationships
nearly

im
possible.

L
S
T
M
.
To

overcom
e
vanishing

gradients,H
ochreiter

and
Schm

idhuber
(1997)

proposed
a
long

short-term
m
em

ory
(LST

M
)
m
echanism

that
places

a
m
em

ory
cell

into
each

hidden
unit

and
uses

differentiable
gating

variables.
T
he

update
rules

for
the

hidden
representation

at
tim

e
t
have

the
follow

ing
form

(here
σ

(·)
and

tan
h

(·)
are

elem
ent-w

ise
sigm

oid
and

hyperbolic
tangent

functions,respectively):

Input

Input
gate

Forget
gate

O
utput

gate

O
utputL

ST
M

g
h

c
g
c

hi

g
i

i t
=

tan
h (

W
>xc x

t
+
W
>hc h

t−
1

+
b
c )
,

g
ti

=
σ
(
W
>xi x

t
+
W
>hi h

t−
1

+
W
>ci c

t−
1

+
b
i )
,

c
t

=
g
tc

c
t−

1
+

g
ti

i t,

g
tc

=
σ
(
W
>xf x

t
+
W
>hf h

t−
1

+
W
>cf c

t−
1

+
b
f )
,

o
t

=
tan

h (c
t )
,

g
to

=
σ
(
W
>xo x

t
+
W
>ho h

t−
1

+
W
>co c

t
+

b
o )
,

h
t

=
g
to

o
t.

(3)

A
s
illustrated

above,
g
ti ,

g
tc ,

and
g
to
correspond

to
the

input,
forget,

and
output

gates,
respectively.

T
hese

variables
take

their
values

in
[0,1]and

w
hen

com
bined

w
ith

the
internal

states,
c
t,and

inputs,
x
t,in

a
m
ultiplicative

fashion,they
play

the
role

of
soft

gating.
T
he

gating
m
echanism

not
only

im
proves

the
flow

of
errors

through
tim

e,but
also,allow

s
the

the
netw

ork
to

decide
w
hether

to
keep,erase,or

overw
rite

certain
m
em

orized
inform

ation
based

on
the

forw
ard

flow
of

inputs
and

the
backw

ard
flow

of
errors.

T
his

m
echanism

adds
stability

to
the

netw
ork’s

m
em

ory.
G
au

ssian
p
rocesses.

T
he

G
aussian

process
(G

P
)
is

a
B
ayesian

nonparam
etric

m
odel

that
generalizes

the
G
aussian

distributions
to

functions.
W
e
say

that
a
random

function
f
is

draw
n
from

a
G
P

w
ith

a
m
ean

function
µ
and

a
covariance

kernel
k,
f
∼
GP

(µ
,k

),
if
for

any
vector

of
inputs,

[x
1 ,x

2 ,...,x
n
],the

corresponding
vector

of
function

values
is

G
aussian:

[f
(x

1 ),f
(x

2 ),...,f
(x
n
)]∼

N
(µ
,K

X
,X

)
,

w
ith

m
ean

µ
,such

that
µ
i

=
µ

(x
i ),and

covariance
m
atrix

K
X
,X

that
satisfies

(K
X
,X

)
ij

=
k

(x
i ,x

j ).
G
P
s
can

be
seen

as
distributions

over
the

reproducing
kernelH

ilbert
space

(R
K
H
S)

offunctions
w
hich

is
uniquely

defined
by

the
kernelfunction,

k
(Schölkopfand

Sm
ola,2002).

1.
T
he

bias
term

s
are

om
itted

for
clarity

of
presentation.
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L
ea

r
n
in

g
S
ca

la
bl

e
D

ee
p

K
er

n
el

s
w

it
h

R
ec

u
r
r
en

t
S
tr

u
ct

u
r
e

G
P
s
w
it
h
R
B
F
ke
rn
el
s
ar
e
kn

ow
n
to

be
un

iv
er
sa
la

pp
ro
xi
m
at
or
s
w
it
h
pr
io
r
su
pp

or
t
to

w
it
hi
n

an
ar
bi
tr
ar
ily

sm
al
le

ps
ilo

n
ba

nd
of

an
y
co
nt
in
uo

us
fu
nc

ti
on

(M
ic
ch
el
li
et

al
.,
20

06
).

A
ss
um

in
g
ad

di
ti
ve

G
au

ss
ia
n
no

is
e,
y
|x
∼
N
( f

(x
),
σ

2
) ,

an
d
a
G
P

pr
io
r
on

f
(x

),
gi
ve
n

tr
ai
ni
ng

in
pu

ts
x
an

d
tr
ai
ni
ng

ta
rg
et
s

y
,t

he
pr
ed

ic
ti
ve

di
st
ri
bu

ti
on

of
th
e
G
P

ev
al
ua

te
d
at

an
ar
bi
tr
ar
y
te
st

po
in
t

x
∗
is
: f ∗
|x
∗,

x
,y
,σ

2
∼
N

(E
[f
∗]
,C

ov
[f
∗]

)
,

(4
)

w
he

re
E[

f ∗
]

=
µ
X

∗
+
K
X

∗,
X

[K
X
,X

+
σ

2
I
]−

1
y
,

C
ov

[f
∗]

=
K
X

∗,
X

∗
−
K
X

∗,
X

[K
X
,X

+
σ

2
I
]−

1
K
X
,X

∗
.

(5
)

H
er
e,
K
X

∗,
X
,K

X
,X

∗
,K

X
,X
,a

nd
K
X

∗,
X

∗
ar
e
m
at
ri
ce
s
th
at

co
ns
is
t
of

th
e
co
va
ri
an

ce
fu
nc
ti
on

,
k
,e

va
lu
at
ed

at
th
e
co
rr
es
po

nd
in
g
po

in
ts
,x
∈

X
an

d
x
∗
∈

X
∗,

an
d
µ
X

∗
is
th
e
m
ea
n
fu
nc
ti
on

ev
al
ua

te
d
at

x
∗
∈

X
∗.

G
P
s
ar
e
fit

to
th
e
da

ta
by

op
ti
m
iz
in
g
th
e
ev
id
en
ce
—
th
e
m
ar
gi
na

l
pr
ob

ab
ili
ty

of
th
e
da

ta
gi
ve
n
th
e
m
od

el
—
w
it
h
re
sp
ec
t
to

ke
rn
el

hy
pe

rp
ar
am

et
er
s.

T
he

ev
id
en

ce
ha

s
th
e
fo
rm

:

lo
g
P

(y
|x

)
=
−
[ y
>

(K
+
σ

2
I
)−

1
y

+
lo

g
d
et

(K
+
σ

2
I
)] +

co
n
st
,

(6
)

w
he
re

w
e
us
e
a
sh
or
th
an

d
K

fo
r
K
X
,X
,a

nd
K

im
pl
ic
it
ly

de
pe

nd
s
on

th
e
ke
rn
el

hy
pe

rp
a-

ra
m
et
er
s.

T
hi
s
ob

je
ct
iv
e
fu
nc

ti
on

co
ns
is
ts

of
a
m
od
el

fit
an

d
a
co
m
pl
ex
ity

pe
na

lty
te
rm

th
at

re
su
lt
s
in

an
au

to
m
at
ic

O
cc
am

’s
ra
zo
r
fo
r
re
al
iz
ab

le
fu
nc
ti
on

s
(R

as
m
us
se
n
an

d
G
ha

hr
am

an
i,

20
01
).

B
y
op

ti
m
iz
in
g
th
e
ev
id
en
ce

w
it
h
re
sp
ec
t
to

th
e
ke
rn
el

hy
pe

rp
ar
am

et
er
s,
w
e
eff

ec
ti
ve
ly

le
ar
n
th
e
th
e
st
ru
ct
ur
e
of

th
e
sp
ac
e
of

fu
nc
ti
on

al
re
la
ti
on

sh
ip
s
be

tw
ee
n
th
e
in
pu

ts
an

d
th
e

ta
rg
et
s.

Fo
r
fu
rt
he
r
de
ta
ils

on
G
au

ss
ia
n
pr
oc
es
se
s
an

d
re
le
va
nt

lit
er
at
ur
e
w
e
re
fe
r
in
te
re
st
ed

re
ad

er
s
to

th
e
cl
as
si
ca
lb

oo
k
by

R
as
m
us
se
n
an

d
W

ill
ia
m
s
(2
00

6)
.

Tu
rn
in
g
ba

ck
to

th
e
pr
ob

le
m

of
le
ar
ni
ng

fr
om

se
qu

en
ti
al

da
ta
,i
t
se
em

s
na

tu
ra
lt

o
ap

pl
y

th
e
po

w
er
fu
l
G
P

m
ac
hi
ne
ry

to
m
od

el
in
g
co
m
pl
ic
at
ed

re
la
ti
on

sh
ip
s.

H
ow

ev
er
,
G
P
s
ar
e

lim
it
ed

to
le
ar
ni
ng

on
ly

pa
ir
w
is
e
co
rr
el
at
io
ns

be
tw

ee
n
th
e
in
pu

ts
an

d
ar
e
un

ab
le

to
ac
co
un

t
fo
r
lo
ng

-t
er
m

de
pe

nd
en

ci
es
,o

ft
en

di
sm

is
si
ng

co
m
pl
ex

te
m
po

ra
ls

tr
uc

tu
re
s.

C
om

bi
ni
ng

G
P
s

w
it
h
re
cu

rr
en
t
m
od

el
s
ha

s
po

te
nt
ia
lt

o
ad

dr
es
se
s
th
is

is
su
e.

3.
R

el
at

ed
w

or
k

T
he

pr
ob

le
m

of
le
ar
ni
ng

fr
om

se
qu

en
ti
al

da
ta
,e

sp
ec
ia
lly

fr
om

te
m
po

ra
ls

eq
ue
nc
es
,i
s
w
el
l

kn
ow

n
in

th
e
co
nt
ro
l
an

d
dy

na
m
ic
al

sy
st
em

s
lit
er
at
ur
e.

St
oc
ha

st
ic

te
m
po

ra
l
pr
oc
es
se
s

ar
e
us
ua

lly
de
sc
ri
be

d
ei
th
er

w
it
h
ge
ne
ra
ti
ve

au
to
re
gr
es
si
ve

m
od
el
s
(A

M
)
or

w
it
h
st
at
e-

sp
ac
e
m
od
el
s
(S
SM

)
(V

an
O
ve
rs
ch
ee

an
d
D
e
M
oo

r,
20
12
).

T
he

fo
rm

er
ap

pr
oa
ch

in
cl
ud

es
no

nl
in
ea
r
au

to
-r
eg
re
ss
iv
e
m
od

el
s
w
it
h
ex
og

en
ou

s
in
pu

ts
(N

A
R
X
)
th
at

ar
e
co
ns
tr
uc

te
d
by

us
in
g,

e.
g.
,n

eu
ra
ln

et
w
or
ks

(L
in

et
al
.,
19

96
)
or

G
au

ss
ia
n
pr
oc
es
se
s
(K

oc
ija

n
et

al
.,
20

05
).

T
he

la
tt
er

ap
pr
oa
ch

ad
di
ti
on

al
ly

in
tr
od

uc
es

un
ob

se
rv
ab

le
va
ri
ab

le
s,
th
e
st
at
e,

an
d
co
ns
tr
uc
ts

5

JM
L

R
 1

8(
82

):
1-

37
, 2

01
7

A
l-

S
h
ed

iv
at

,
W

il
so

n
,
S
a
at

ch
i,

H
u
,
X

in
g

au
to
re
gr
es
si
ve

dy
na

m
ic
s
in

th
e
la
te
nt

sp
ac
e.

T
hi
s
co
ns
tr
uc
ti
on

al
lo
w
s
to

re
pr
es
en
t
an

d
pr
op

ag
at
e
un

ce
rt
ai
nt
y
th
ro
ug

h
ti
m
e
by

ex
pl
ic
it
ly

m
od

el
in
g
th
e
si
gn

al
(v
ia

th
e
st
at
e
ev
ol
ut
io
n)

an
d
th
e
no

is
e.

G
en
er
at
iv
e
SS

M
s
ca
n
be

al
so

us
ed

in
co
nj
un

ct
io
n
w
it
h
di
sc
ri
m
in
at
iv
e
m
od

el
s

vi
a
th
e
F
is
he

r
ke
rn
el

(J
aa

kk
ol
a
an

d
H
au

ss
le
r,
19

99
).

M
od

el
in
g
ti
m
e
se
ri
es

w
it
h
G
P
s
is

eq
ui
va
le
nt

to
us
in
g
lin

ea
r-
G
au

ss
ia
n
au

to
re
gr
es
si
ve

or
SS

M
m
od

el
s
(B

ox
et

al
.,
19
94
).

Le
ar
ni
ng

an
d
in
fe
re
nc
e
ar
e
effi

ci
en
t
in

su
ch

m
od

el
s,
bu

t
th
ey

ar
e
no

t
de

si
gn

ed
to

ca
pt
ur
e
lo
ng

-t
er
m

de
pe

nd
en

ci
es

or
co
rr
el
at
io
ns

be
yo
nd

pa
ir
w
is
e.

W
an

g
et

al
.(
20
05
)
in
tr
od

uc
ed

G
P
-b
as
ed

st
at
e-
sp
ac
e
m
od

el
s
(G

P
-S
SM

)
th
at

us
e
G
P
s
fo
r
tr
an

si
ti
on

an
d/

or
ob

se
rv
at
io
n
fu
nc
ti
on

s.
T
he
se

m
od

el
s
ap

pe
ar

to
be

m
or
e
ge
ne
ra
la

nd
fle

xi
bl
e
as

th
ey

ac
co
un

t
fo
r
un

ce
rt
ai
nt
y
in

th
e
st
at
e
dy

na
m
ic
s,

th
ou

gh
re
qu

ir
e
co
m
pl
ic
at
ed

ap
pr
ox

im
at
e

tr
ai
ni
ng

an
d
in
fe
re
nc

e,
w
hi
ch

ar
e
ha

rd
to

sc
al
e
(T

ur
ne
r
et

al
.,
20

10
;F

ri
go

la
et

al
.,
20
14

).

P
er
ha

ps
th
e
m
os
t
re
ce
nt

re
le
va
nt

w
or
k
to

ou
r
ap

pr
oa

ch
is
re
cu
rr
en
t
G
au

ss
ia
n
pr
oc
es
se
s

(R
G
P
)(

M
at
to
se

ta
l.,

20
15
).

R
G
P
ex
te
nd

st
he

G
P
-S
SM

fr
am

ew
or
k
to

re
gr
es
si
on

on
se
qu

en
ce
s

by
us
in
g
a
re
cu
rr
en
t
ar
ch
it
ec
tu
re

w
it
h
G
P
-b
as
ed

ac
ti
va
ti
on

fu
nc
ti
on

s.
T
he

st
ru
ct
ur
e
of

th
e
R
G
P

m
od

el
m
im

ic
s
th
e
st
an

da
rd

R
N
N
,
w
he
re

ev
er
y
pa

ra
m
et
ri
c
la
ye
r
is

su
bs
ti
tu
te
d

w
it
h
a
G
au

ss
ia
n
pr
oc
es
s.

T
hi
s
pr
oc
ed
ur
e
al
lo
w
s
on

e
to

pr
op

ag
at
e
un

ce
rt
ai
nt
y
th
ro
ug

ho
ut

th
e
ne
tw

or
k
fo
r
an

ad
di
ti
on

al
co
st
.
In
fe
re
nc
e
is
in
tr
ac
ta
bl
e
in

R
G
P,

an
d
effi

ci
en
t
tr
ai
ni
ng

re
qu

ir
es

a
so
ph

is
ti
ca
te
d
ap
pr
ox
im

at
io
n
pr
oc
ed

ur
e,

th
e
so
-c
al
le
d
re
cu
rr
en
t
va
ri
at
io
na

lB
ay
es
.

In
ad

di
ti
on

,t
he

au
th
or
s
ha

ve
to

tu
rn

to
R
N
N
-b
as
ed

ap
pr
ox
im

at
io
n
of

th
e
va
ri
at
io
na

lm
ea
n

fu
nc
ti
on

s
to

ba
tt
le

th
e
gr
ow

th
of

th
e
nu

m
be

r
of

va
ri
at
io
na

l
pa

ra
m
et
er
s
w
it
h
th
e
si
ze

of
da

ta
.
W

hi
le

te
ch
ni
ca
lly

pr
om

is
in
g,

R
G
P
se
em

s
pr
ob

le
m
at
ic

fr
om

th
e
ap

pl
ic
at
io
n
pe

rs
pe

ct
iv
e,

es
pe

ci
al
ly

in
it
s
im

pl
em

en
ta
ti
on

an
d
sc
al
ab

ili
ty

as
pe

ct
s.

O
ur

m
od

el
ha

s
se
ve
ra
l
di
st
in
ct
io
ns

w
it
h

pr
io
r
w
or
k
ai
m
in
g
to

re
gr
es
s
se
qu

en
ce
s
to

re
al
s.

F
ir
st
ly
,
on

e
of

ou
r
go
al
s
is

to
ke
ep

th
e
m
od

el
as

si
m
pl
e
as

po
ss
ib
le

w
hi
le

be
in
g

ab
le

to
re
pr
es
en
t
an

d
qu

an
ti
fy

pr
ed
ic
ti
ve

un
ce
rt
ai
nt
y.

W
e
m
ai
nt
ai
n
an

an
al
yt
ic
al

ob
je
ct
iv
e

fu
nc
ti
on

an
d
re
fr
ai
n
fr
om

co
m
pl
ic
at
ed

an
d
di
ffi
cu
lt
-t
o-
di
ag
no

se
in
fe
re
nc
e
sc
he
m
es
.
T
hi
s

si
m
pl
ic
it
y
is

ac
hi
ev
ed

by
gi
vi
ng

up
th
e
id
ea

of
pr
op

ag
at
in
g
si
gn

al
th
ro
ug

h
a
ch
ai
n
G
P
s

co
nn

ec
te
d
in

a
re
cu
rr
en
t
fa
sh
io
n.

In
st
ea
d,

w
e
pr
op

os
e
to

di
re
ct
ly

le
ar
n
ke
rn
el
s
w
it
h
re
cu
rr
en
t

st
ru
ct
ur
e
vi
a
jo
in
t
op

ti
m
iz
at
io
n
of

a
si
m
pl
e
fu
nc
ti
on

al
co
m
po

si
ti
on

of
a
st
an

da
rd

G
P

w
it
h

a
re
cu
rr
en
t
m
od

el
(e
.g
.,
L
ST

M
),

as
de
sc
ri
be

d
in

de
ta
il
in

th
e
fo
llo

w
in
g
se
ct
io
n.

Si
m
ila

r
ap

pr
oa
ch
es

ha
ve

re
ce
nt
ly

be
en

ex
pl
or
ed

an
d
pr
ov
ed

to
be

fr
ui
tf
ul

fo
r
no

n-
re
cu
rr
en
t
de
ep

ne
tw

or
ks

(W
ils
on

et
al
.,
20

16
a,
b;

C
al
an

dr
a
et

al
.,
20

16
).

W
e
re
m
ar
k
th
at

co
m
bi
na

ti
on

s
of

G
P
s
w
it
h
no

nl
in
ea
r
fu
nc
ti
on

s
ha

ve
al
so

be
en

co
ns
id
er
ed

in
th
e
pa

st
in

a
sl
ig
ht
ly

di
ffe

re
nt

se
tt
in
g
of

w
ar
pe

d
re
gr
es
si
on

ta
rg
et
s
(S
ne
ls
on

et
al
.,
20
03
;W

ils
on

an
d
G
ha

hr
am

an
i,
20
10
;

Lá
za
ro
-G

re
di
lla

,2
01
2)
.
A
dd

it
io
na

lly
,u

nc
er
ta
in
ty

ov
er

th
e
re
cu
rr
en
t
pa

rt
s
of

ou
r
m
od

el
is

re
pr
es
en
te
d
vi
a
dr
op

ou
t,

w
hi
ch

is
co
m
pu

ta
ti
on

al
ly

ch
ea
p
an

d
tu
rn
s
ou

t
to

be
eq
ui
va
le
nt

to
ap

pr
ox
im

at
e
B
ay
es
ia
n
in
fe
re
nc
e
in

a
de
ep

G
au

ss
ia
n
pr
oc
es
s
(D

am
ia
no

u
an

d
L
aw

re
nc
e,

20
13
)
w
it
h
pa

rt
ic
ul
ar

in
te
rm

ed
ia
te

ke
rn
el
s
(G

al
an

d
G
ha

hr
am

an
i,
20
16
a,
b)
.
F
in
al
ly
,
on

e
ca
n
al
so

vi
ew

ou
r
m
od

el
as

a
st
an

da
lo
ne

fle
xi
bl
e
G
au

ss
ia
n
pr
oc
es
s,

w
hi
ch

le
ve
ra
ge
s
le
ar
ni
ng

te
ch
ni
qu

es
th
at

sc
al
e
to

m
as
si
ve

da
ta
se
ts

(W
ils
on

an
d
N
ic
ki
sc
h,

20
15

;W
ils
on

et
al
.,
20

15
).
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L
ea

r
n
in

g
S
ca

la
ble

D
eep

K
er

n
els

w
ith

R
ecu

r
r
en

t
S
tru

ctu
r
e

x
1

x
2

x
3

h
1

h
2

h
3

y
3

(a)

x
1

x
2

x
3

h
11

h
21

h
31

g
1

y
3

x
1

x
2

x
3

x
4

h
12

h
22

h
32

g
2

y
4

x
1

x
2

x
3

x
4

x
5

h
13

h
23

h
33

g
3

y
5

(b)

x

g

φ

y(c)

F
igure

1:
(a)

G
raphical

representation
of

a
recurrent

m
odel

(R
N
N
/L

ST
M
)
that

m
aps

an
input

sequence
to

a
target

value
in

one-step-ahead
prediction

m
anner.

Shaded
variables

are
observable,

diam
ond

variables
denote

determ
inistic

dependence
on

the
inputs.

(b)
G
raphical

m
odel

for
G
P
-

LST
M

w
ith

a
tim

e
lag,

L
=

3,tw
o
training

tim
e
points,

t
=

3
and

t
=

4,and
a
testing

tim
e
point,

t
=

5.
Latent

representations
are

m
apped

to
the

outputs
through

a
G
aussian

field
(denoted

in
red)

that
globally

correlates
predictions.

D
ashed

variables
represent

data
instances

unused
at

the
given

tim
e
step.

(c)
G
raphicalrepresentation

ofa
G
P

w
ith

a
kernelstructured

w
ith

a
param

etric
m
ap,

φ
.

4.
L
earn

in
g

recu
rrent

kern
els

G
aussian

processes
w
ith

different
kernelfunctions

correspond
to

different
structured

proba-
bilistic

m
odels.

For
exam

ple,som
e
specialcases

ofthe
M
atérn

class
ofkernels

induce
m
odels

w
ith

M
arkovian

structure
(Stein,1999).

To
construct

deep
kernels

w
ith

recurrent
structure

w
e
transform

the
originalinput

space
w
ith

an
LST

M
netw

ork
and

build
a
kerneldirectly

in
the

transform
ed

space,as
show

n
in

F
igure

1b.
In

particular,
let

L
φ

:X
L
7→
H

be
an

arbitrary
determ

inistic
transform

ation
of

the
input

sequences
into

som
e
latent

space,H
.
N
ext,

let
k

:H
27→

R
be

a
real-valued

kernel
defined

on
H
.
T
he

decom
position

ofthe
kerneland

the
transform

ation,
k̃

=
k◦
φ
,is

defined
as

k̃
(x
,x
′)

=
k
(φ

(x
),φ

(x
′)),

w
here

x
,x
′∈
X
L
,
and

k̃
: (X

L )
27→

R
.

(7)

It
is

trivialto
show

that
k̃

(x
,x
′)
is

a
valid

kerneldefined
on
X
L
(M

acK
ay,1998,C

h.5.4.3).
In

addition,if
φ

(·)
is

represented
by

a
neuralnetw

ork,the
resulting

m
odelcan

be
view

ed
as

the
sam

e
netw

ork,but
w
ith

an
additionalG

P
-layer

and
the

negative
log

m
arginallikelihood

(N
LM

L)
objective

function
used

instead
of

the
standard

m
ean

squared
error

(M
SE

).
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

Input
em

bedding
is

w
ell-know

n
in

the
G
aussian

process
literature

(e.g.M
acK

ay,1998;
H
inton

and
Salakhutdinov,2008).

R
ecently,W

ilson
et

al.(2016a,b)
have

successfully
scaled

the
approach

and
dem

onstrated
strong

results
in

regression
and

classification
tasks

for
kernels

based
on

feedforw
ard

and
convolutionalarchitectures.

In
this

paper,w
e
apply

the
sam

e
technique

to
learn

kernels
w
ith

recurrent
structure

by
transform

ing
input

sequences
w
ith

a
recurrent

neural
netw

ork
that

acts
as
φ

(·).
In

particular,
a
(m

ulti-layer)
L
ST

M
architecture

is
used

to
em

bed
L

steps
of

the
input

tim
e
series

into
a
single

vector
in

the
hidden

space,H
.
For

the
em

bedding,as
com

m
on,w

e
use

the
last

hidden
vector

produced
by

the
recurrent

netw
ork.

N
ote

that
how

ever,any
variations

to
the

em
bedding

(e.g.,using
other

types
of

recurrent
units,adding

1-dim
ensionalpooling

layers,or
attention

m
echanism

s)
are

allfairly
straightforw

ard
2.

M
ore

generally,the
recurrent

transform
ation

can
be

random
itself

(F
igure

1),w
hich

w
ould

enable
direct

m
odeling

ofuncertainty
w
ithin

the
recurrent

dynam
ics,

but
w
ould

also
require

inference
for

φ
(e.g.,

as
in

M
attos

et
al.,

2015).
In

this
study,

w
e

lim
it
our

consideration
of

random
recurrent

m
aps

to
only

those
induced

by
dropout.

U
nfortunately,once

the
the

M
SE

objective
is
substituted

w
ith

N
LM

L,it
no

longer
factor-

izes
over

the
data.

T
his

prevents
us

from
using

the
w
ell-established

stochastic
optim

ization
techniques

for
training

our
recurrent

m
odel.

In
the

case
of

feedforw
ard

and
convolutional

netw
orks,W

ilson
et

al.(2016a)
proposed

to
pre-train

the
input

transform
ations

and
then

fine-tune
them

by
jointly

optim
izing

the
G
P

m
arginallikelihood

w
ith

respect
to

hyperpa-
ram

eters
and

the
netw

ork
w
eights

using
full-batch

algorithm
s.

W
hen

the
transform

ation
is

recurrent,
stochastic

updates
play

a
key

role.
T
herefore,

w
e
propose

a
sem

i-stochastic
block-gradient

optim
ization

procedure
w
hich

allow
s
m
ini-batching

w
eight

updates
and

fully
joint

training
of

the
m
odelfrom

scratch.

4.1
O
p
tim

ization

T
he

negative
log

m
arginallikelihood

of
the

G
aussian

process
has

the
follow

ing
form

:

L
(K

)
=

y
>

(K
y

+
σ

2I
) −

1y
+

log
d
et(K

y
+
σ

2I
)

+
con

st,
(8)

w
here

K
y

+
σ

2I
(

∆=
K
)
is

the
G
ram

kernel
m
atrix,

K
y ,

is
com

puted
on
{φ

(x
i )}

Ni=
1
and

im
plicitly

depends
on

the
base

kernel
hyperparam

eters,
θ,

and
the

param
eters

of
the

recurrent
neuraltransform

ation,
φ

(·),denoted
W

and
further

referred
as

the
transform

ation
hyperparam

eters.
O
ur

goalis
to

optim
izeL

w
ith

respect
to

both
θ
and

W
.

T
he

derivative
of

the
N
L
M
L

objective
w
ith

respect
to
θ

is
standard

and
takes

the
follow

ing
form

(R
asm

ussen
and

W
illiam

s,2006):

∂L∂
θ

=
12
tr ([K

−
1y

y
>
K
−

1−
K
−

1 ]
∂
K∂
θ

)
,

(9)

2.
D
etails

on
the

particular
architectures

used
in

our
em

piricalstudy
are

discussed
in

the
next

section.
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L
ea

r
n
in

g
S
ca

la
bl

e
D

ee
p

K
er

n
el

s
w

it
h

R
ec

u
r
r
en

t
S
tr

u
ct

u
r
e

w
he
re
∂
K
/∂
θ
is

de
pe

nd
s
on

th
e
ke
rn
el

fu
nc
ti
on

,k
(·,
·),

an
d
us
ua

lly
ha

s
an

an
al
yt
ic

fo
rm

.
T
he

de
ri
va
ti
ve

w
it
h
re
sp
ec
t
to

th
e
l-
th

tr
an

sf
or
m
at
io
n
hy

pe
rp
ar
am

et
er
,W

l,
is

as
fo
llo

w
s:
3

∂
L

∂
W
l

=
1 2

∑ i,
j

( K
−

1
y
y
>
K
−

1
−
K
−

1
) ij

{
(
∂
k
(h

i,
h
j
)

∂
h
i

) >
∂
h
i

∂
W
l

+

(
∂
k
(h

i,
h
j
)

∂
h
j

) >
∂
h
j

∂
W
l

}
,

(1
0)

w
he
re

h
i

=
φ

(x
i)
co
rr
es
po

nd
s
to

th
e
la
te
nt

re
pr
es
en
ta
ti
on

of
th
e
th
e
i-
th

da
ta

in
st
an

ce
.
O
nc
e

th
e
de
ri
va
ti
ve
s
ar
e
co
m
pu

te
d,

th
e
m
od

el
ca
n
be

tr
ai
ne
d
w
it
h
an

y
fir
st
-o
rd
er

or
qu

as
i-N

ew
to
n

op
ti
m
iz
at
io
n
ro
ut
in
e.

H
ow

ev
er
,a

pp
lic

at
io
n
of

th
e
st
oc
ha

st
ic

gr
ad

ie
nt

m
et
ho

d—
th
e
de

fa
ct
o

st
an

da
rd

op
ti
m
iz
at
io
n
ro
ut
in
e
fo
r
de
ep

re
cu
rr
en
t
ne
tw

or
ks
—
is

no
t
st
ra
ig
ht
fo
rw

ar
d:

ne
it
he
r

th
e
ob

je
ct
iv
e,

no
r
it
s
de

ri
va
ti
ve
s
fa
ct
or
iz
e
ov
er

th
e
da

ta
4
du

e
to

th
e
ke
rn
el

m
at
ri
x
in
ve
rs
es
,

an
d
he

nc
e
co
nv

er
ge
nc

e
is

no
t
gu

ar
an

te
ed

.
S
em

i-
st
oc
h
as
ti
c
al
te
rn
at
in
g
gr
ad

ie
nt

d
es
ce
nt
.
O
bs
er
ve

th
at

on
ce

th
e
ke
rn
el
m
at
ri
x,

K
,
is

fix
ed
,
th
e
ex
pr
es
si
on

,
( K
−

1
y
y
>
K
−

1
−
K
−

1
) ,

ca
n
be

pr
ec
om

pu
te
d
on

th
e
fu
ll
da

ta
an

d
fix

ed
.
Su

bs
eq
ue
nt
ly
,E

q.
(1
0)

tu
rn
s
in
to

a
w
ei
gh

te
d
su
m

of
in
de
pe

nd
en
t
fu
nc
ti
on

s
of

ea
ch

da
ta

po
in
t.

T
hi
s
ob

se
rv
at
io
n
su
gg
es
ts

th
at
,
gi
ve
n
a
fix

ed
ke
rn
el

m
at
ri
x,

on
e
co
ul
d

co
m
pu

te
a
st
oc
ha

st
ic

up
da

te
fo
r
W

on
a
m
in
i-b

at
ch

of
tr
ai
ni
ng

po
in
ts

by
on

ly
us
in
g
th
e

co
rr
es
po

nd
in
g
su
b-
m
at
ri
x
of
K
.
H
en

ce
,w

e
pr
op

os
e
to

op
ti
m
iz
e
G
P
s
w
it
h
re
cu

rr
en
t
ke
rn
el
s

in
a
se
m
i-s

to
ch
as
ti
c
fa
sh
io
n,

al
te
rn
at
in
g
be

tw
ee
n
up

da
ti
ng

th
e
ke
rn
el

hy
pe

rp
ar
am

et
er
s,
θ
,

on
th
e
fu
ll
da

ta
fir
st
,
an

d
th
en

up
da

ti
ng

th
e
w
ei
gh

ts
of

th
e
re
cu
rr
en
t
ne
tw

or
k,
W

,
us
in
g

st
oc
ha

st
ic

st
ep

s.
T
he

pr
oc
ed

ur
e
is

gi
ve
n
in

A
lg
or
it
hm

1.
Se
m
i-s

to
ch
as
ti
c
al
te
rn
at
in
g
gr
ad

ie
nt

de
sc
en
t
is
a
sp
ec
ia
lc

as
e
of

bl
oc
k-
st
oc
ha

st
ic

gr
ad

ie
nt

it
er
at
io
n
(X

u
an

d
Y
in
,
20
15
).

W
hi
le

th
e
la
tt
er

sp
lit
s
th
e
va
ri
ab

le
s
in
to

ar
bi
tr
ar
y
bl
oc
ks

an
d
ap

pl
ie
s
G
au

ss
–S

ei
de
lt
yp

e
st
oc
ha

st
ic

gr
ad

ie
nt

up
da

te
s
to

ea
ch

of
th
em

,o
ur

pr
oc
ed
ur
e

al
te
rn
at
es

be
tw

ee
n
ap

pl
yi
ng

de
te
rm

in
is
ti
c
up

da
te
s
to
θ
an

d
st
oc
ha

st
ic

up
da

te
s
to
W

of
th
e

fo
rm
θ

(t
+

1
)
←
θ

(t
)
+
λ

(t
)

θ
g

(t
)

θ
an

d
W

(t
+

1
)
←
W

(t
)
+
λ

(t
)

W
g

(t
)

W
5 .

T
he

co
rr
es
po

nd
in
g
A
lg
or
it
hm

1
is

pr
ov
ab

ly
co
nv

er
ge
nt

fo
r
co
nv

ex
an

d
no

n-
co
nv

ex
pr
ob

le
m
s
un

de
r
ce
rt
ai
n
co
nd

it
io
ns
.
T
he

fo
llo

w
in
g
th
eo
re
m

ad
ap

ts
re
su
lt
s
of

X
u
an

d
Y
in

(2
01

5)
to

ou
r
op

ti
m
iz
at
io
n
sc
he

m
e.

T
h
eo
re
m

1
(i
n
fo
rm

al
)
Se

m
i-
st
oc
ha
st
ic

al
te
rn
at
in
g
gr
ad

ie
nt

de
sc
en

t
co
nv

er
ge
s
to

a
fix

ed
po
in
t
w
he
n
th
e
le
ar
ni
ng

ra
te
,
λ
t,
de
ca
ys

as
Θ

(1
/t

1
+
δ

2
)
fo
r
an

y
δ
∈

(0
,1

].

A
pp

ly
in
g
al
te
rn
at
in
g
gr
ad

ie
nt

to
ou

r
ca
se

ha
s
a
ca
tc
h:

th
e
ke
rn
el

m
at
ri
x
(a
nd

it
s
in
ve
rs
e)

ha
s
to

be
up

da
te
d
ea
ch

ti
m
e
W

an
d
θ
ar
e
ch
an

ge
d,

i.e
.,

on
ev
er
y
m
in
i-b

at
ch

it
er
at
io
n

(m
ar
ke
d
re
d
in

A
lg
or
it
hm

1)
.
C
om

pu
ta
ti
on

al
ly
,t

hi
s
up

da
ti
ng

st
ra
te
gy

de
fe
at
s
th
e
pu

rp
os
e

of
st
oc
ha

st
ic

gr
ad

ie
nt
s
be

ca
us
e
w
e
ha

ve
to

us
e
th
e
en
ti
re

da
ta

on
ea
ch

st
ep
.
T
o
de

al
w
it
h

th
e
is
su
e
of

co
m
pu

ta
ti
on

al
effi

ci
en

cy
,w

e
us
e
id
ea
s
fr
om

as
yn

ch
ro
no

us
op

ti
m
iz
at
io
n.

3.
St
ep

-b
y-
st
ep

de
ri
va
ti
on

s
ar
e
gi
ve
n
in

A
pp

en
di
x
B
.

4.
C
an

no
t
be

re
pr
es
en
te
d
as

su
m
s
of

in
de

pe
nd

en
t
fu
nc
ti
on

s
of

ea
ch

da
ta

po
in
t.

5.
In

pr
in
ci
pl
e,

st
oc
ha

st
ic

up
da

te
s
of

θ
ar
e
al
so

po
ss
ib
le
.
A
s
w
e
w
ill

se
e
ne

xt
,w

e
ch
oo

se
in

pr
ac
ti
ce

to
ke
ep

th
e
ke
rn
el

m
at
ri
x
fix

ed
w
hi
le

pe
rf
or
m
in
g
st
oc
ha

st
ic

up
da

te
s.

D
ue

to
se
ns
it
iv
it
y
of

th
e
ke
rn
el

to
ev
en

sm
al
lc

ha
ng

es
in

θ
,c

on
ve
rg
en

ce
of

th
e
fu
lly

st
oc
ha

st
ic

sc
he

m
e
is

fr
ag
ile

.
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A
l-

S
h
ed

iv
at

,
W

il
so

n
,
S
a
at

ch
i,

H
u
,
X

in
g

A
lg
or
it
h
m

1
Se
m
i-s

to
ch
as
ti
c
al
te
rn
at
in
g

gr
ad

ie
nt

de
sc
en
t.

in
p
u
t
D
at
a
–

(X
,y

),
ke
rn
el

–
k
θ
(·,
·),

re
cu

rr
en
t
tr
an

sf
or
m
at
io
n
–
φ
w

(·)
.

1:
In
it
ia
liz

e
θ
an

d
w
;c

om
pu

te
in
it
ia
lK

.
2:

re
p
ea
t

3:
fo
r
al
l
m
in
i-b

at
ch
es
X
b
in
X

d
o

4:
θ
←
θ

+
up

da
te

θ
(X
,θ
,K

).
an

d
w
←

w
+
up

da
te

w
(X

b
,w
,K

).
5:

U
pd

at
e
th
e
ke
rn
el

m
at
ri
x,
K
.

6:
en

d
fo
r

7:
u
nt
il
C
on

ve
rg
en
ce

ou
tp
u
t
O
pt
im

al
θ
∗
an

d
w
∗

A
lg
or
it
h
m

2
Se
m
i-s

to
ch
as
ti
c
as
yn

ch
ro
no

us
gr
ad

ie
nt

de
sc
en
t.

in
p
u
t
D
at
a
–

(X
,y

),
ke
rn
el

–
k
θ
(·,
·),

re
cu
rr
en
t
tr
an

sf
or
m
at
io
n
–
φ
w

(·)
.

1:
In
it
ia
liz

e
θ
an

d
w
;c

om
pu

te
in
it
ia
lK

.
2:

re
p
ea
t

3:
θ
←
θ

+
up

da
te

θ
(X
,w
,K

).
4:

fo
r
al
l
m
in
i-b

at
ch
es
X
b
in
X

d
o

5:
w
←

w
+
up

da
te

w
(X

b
,w
,K

st
a
le

).
6:

en
d
fo
r

7:
U
pd

at
e
th
e
ke
rn
el

m
at
ri
x,
K
.

8:
u
nt
il
C
on

ve
rg
en
ce

ou
tp
u
t
O
pt
im

al
θ
∗
an

d
w
∗

A
sy
n
ch
ro
n
ou

s
te
ch
n
iq
u
es
.

O
ne

of
th
e
re
ce
nt

tr
en
ds

in
pa

ra
lle

l
an

d
di
st
ri
bu

te
d

op
ti
m
iz
at
io
n
is

ap
pl
yi
ng

up
da

te
s
in

an
as
yn

ch
ro
no

us
fa
sh
io
n
(A

ga
rw

al
an

d
D
uc
hi
,2

01
1)
.

Su
ch

st
ra
te
gi
es

na
tu
ra
lly

re
qu

ir
e
so
m
e
to
le
ra
nc

e
to

de
la
ys

in
pa

ra
m
et
er

up
da

te
s
(L

an
gf
or
d

et
al
.,
20

09
).

In
ou

r
ca
se
,w

e
m
od

ify
A
lg
or
it
hm

1
to

al
lo
w

de
la
ye
d
ke
rn
el

m
at
ri
x
up
da
te
s.

T
he

ke
y
ob

se
rv
at
io
n
is

ve
ry

in
tu
it
iv
e:

w
he
n
th
e
st
oc
ha

st
ic

up
da

te
s
of
W

ar
e
sm

al
l

en
ou

gh
,K

do
es

no
t
ch
an

ge
m
uc
h
be

tw
ee
n
m
in
i-b

at
ch
es
,a

nd
he
nc
e
w
e
ca
n
pe

rf
or
m

m
ul
ti
pl
e

st
oc
ha

st
ic

st
ep
s
fo
r
W

be
fo
re

re
-c
om

pu
ti
ng

th
e
ke
rn
el

m
at
ri
x,
K
,a

nd
st
ill

co
nv

er
ge
.
Fo

r
ex
am

pl
e,
K

m
ay

be
up

da
te
d
on

ce
at

th
e
en
d
of

ea
ch

pa
ss

th
ro
ug

h
th
e
en
ti
re

da
ta

(s
ee

A
lg
or
it
hm

2)
.
To

en
su
re

co
nv

er
ge
nc

e
of

th
e
al
go

ri
th
m
,i
t
is

im
po

rt
an

t
to

st
ri
ke

th
e
ba

la
nc

e
be

tw
ee
n
(a
)
th
e
le
ar
ni
ng

ra
te

fo
r
W

an
d
(b
)
th
e
fr
eq
ue
nc
y
of

th
e
ke
rn
el

m
at
ri
x
up

da
te
s.

T
he

fo
llo

w
in
g
th
eo
re
m

pr
ov

id
es

co
nv

er
ge
nc
e
re
su
lt
s
un

de
r
ce
rt
ai
n
co
nd

it
io
ns
.

T
h
eo
re
m

2
(i
n
fo
rm

al
)
Se
m
i-
st
oc
ha
st
ic

gr
ad
ie
nt

de
sc
en
t
w
it
h
τ
-d
el
ay
ed

ke
rn
el

up
da
te
s

co
nv

er
ge
s
to

a
fix

ed
po
in
t
w
he
n
th
e
le
ar
ni
ng

ra
te
,
λ
t,
de
ca
ys

as
Θ

(1
/τ
t1

+
δ

2
)
fo
r
an

y
δ
∈

(0
,1

].

Fo
rm

al
st
at
em

en
ts
,c

on
di
ti
on

s,
an

d
pr
oo

fs
fo
r
T
he

or
em

s
1
an

d
2
ar
e
gi
ve
n
in

A
pp

en
di
x
C
.2
.

W
hy

st
oc
h
as
ti
c
op

ti
m
iz
at
io
n
?
G
P
s
w
it
h
re
cu
rr
en
t
ke
rn
el
s
ca
n
be

al
so

tr
ai
ne
d
w
it
h

fu
ll-
ba

tc
h
gr
ad

ie
nt

de
sc
en
t,

as
pr
op

os
ed

by
W

ils
on

et
al
.
(2
01
6a
).

H
ow

ev
er
,
st
oc
ha

st
ic

gr
ad

ie
nt

m
et
ho

ds
ha

ve
be

en
pr
ov
ed

to
at
ta
in

be
tt
er

ge
ne
ra
liz

at
io
n
(H

ar
dt

et
al
.,
20
16
)

an
d
of
te
n
de
m
on

st
ra
te

su
pe

ri
or

pe
rf
or
m
an

ce
in

de
ep

an
d
re
cu

rr
en
t
ar
ch
it
ec
tu
re
s
(W

ils
on

an
d
M
ar
ti
ne
z,

20
03
).

M
or
eo
ve
r,

st
oc
ha

st
ic

m
et
ho

ds
ar
e
‘o
nl
in
e’
,
i.e

.,
th
ey

up
da

te
m
od

el
pa

ra
m
et
er
s
ba

se
d
on

su
bs
et
s
of

an
in
co
m
in
g
da

ta
st
re
am

,a
nd

he
nc
e
ca
n
sc
al
e
to

ve
ry

la
rg
e

da
ta
se
ts
.
In

ou
r
ex
pe

ri
m
en
ts
,w

e
de

m
on

st
ra
te

th
at

G
P
s
w
it
h
re
cu
rr
en
t
ke
rn
el
s
tr
ai
ne

d
w
it
h

A
lg
or
it
hm

2
co
nv

er
ge

fa
st
er

(i
.e
.,
re
qu

ir
e
fe
w
er

pa
ss
es

th
ro
ug

h
th
e
da

ta
)
an

d
at
ta
in

be
tt
er

pe
rf
or
m
an

ce
th
an

if
tr
ai
ne

d
w
it
h
fu
ll-
ba

tc
h
te
ch
ni
qu

es
.
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L
ea

r
n
in

g
S
ca

la
ble

D
eep

K
er

n
els

w
ith

R
ecu

r
r
en

t
S
tru

ctu
r
e

S
toch

astic
variation

al
in
feren

ce.
Stochastic

variationalinference
(SV

I)
in

G
aussian

processes
(H

ensm
an

et
al.,

2013)
is

another
viable

approach
to

enabling
stochastic

opti-
m
ization

for
G
P
s
w
ith

recurrent
kernels.

Such
m
ethod

w
ould

optim
ize

a
variationallow

er
bound

on
the

original
objective

that
factorizes

over
the

data
by

construction.
R
ecently,

W
ilson

et
al.(2016b)

developed
such

a
stochastic

variationalapproach
in

the
context

ofdeep
kernellearning.

N
ote

that
unlike

allprevious
existing

w
ork,our

proposed
approach

does
not

require
a
variationalapproxim

ation
to

the
m
arginallikelihood

to
perform

m
ini-batch

training
of

G
aussian

processes.

4.2
S
calab

ility

Learning
and

inference
w
ith

G
aussian

processes
requires

solving
a
linear

system
involving

an
n
×
n
kernelm

atrix,
K
−

1y,and
com

puting
a
log

determ
inant

over
K
.
T
hese

operations
typically

requireO
(n

3)
com

putations
for

n
training

data
points,and

O
(n

2)
storage.

In
our

approach,scalability
is

achieved
through

sem
i-stochastic

training
and

structure-exploiting
inference.

In
particular,

asynchronous
sem

i-stochastic
gradient

descent
reduces

both
the

totalnum
ber

ofpasses
through

the
data

required
for

the
m
odelto

converge
and

the
num

ber
of

calls
to

the
linear

system
solver;

exploiting
the

structure
of

the
kernels

significantly
reduces

the
tim

e
and

m
em

ory
com

plexities
of

the
linear

algebraic
operations.

M
ore

precisely,w
e
replace

allinstances
of

the
covariance

m
atrix

K
y
w
ith

W
K
U
,U
W
>
,

w
here

W
is

a
sparse

interpolation
m
atrix,

and
K
U
,U

is
the

covariance
m
atrix

evaluated
over

m
latent

inducing
points,

w
hich

decom
poses

into
a
K
ronecker

product
of

circulant
m
atrices

(W
ilson

and
N
ickisch,2015;W

ilson
et

al.,2015).
T
his

construction
m
akes

inference
and

learning
scale

asO
(n

)
and

test
predictions

beO
(1

),w
hile

preserving
m
odelstructure.

For
the

sake
ofcom

pleteness,w
e
provide

an
overview

ofthe
underlying

algebraic
m
achinery

in
A
ppendix

A
.

A
ta

high
level,because

W
is
sparse

and
K
U
,U

is
structured

itis
possible

to
take

extrem
ely

fast
m
atrix

vector
m
ultiplications

(M
V
M
s)

w
ith

the
approxim

ate
covariance

m
atrix

K
X
,X
.

O
ne

can
then

use
m
ethods

such
as

linear
conjugate

gradients,w
hich

only
use

M
V
M
s,to

effi
ciently

solve
linear

system
s.

M
V
M

or
scaled

eigenvalue
approaches

(W
ilson

and
N
ickisch,

2015;W
ilson

et
al.,2015)

can
also

be
used

to
effi

ciently
com

pute
the

log
determ

inant
and

its
derivatives.

K
ernelinterpolation

(W
ilson

et
al.,2015)

also
enables

fast
predictions,as

w
e

describe
further

in
the

A
ppendix.

5.
E
xp

erim
ents

W
e
com

pare
the

proposed
G
aussian

processes
w
ith

recurrent
kernels

based
on

R
N
N

and
LST

M
architectures

(G
P
-R

N
N
/LST

M
)
w
ith

a
num

ber
of

baselines
on

datasets
of

various
com

plexity
and

ranging
in

size
from

hundreds
to

alm
ost

a
m
illion

of
tim

e
points.

For
the

datasets
w
ith

m
ore

than
a
few

thousand
points,w

e
use

a
m
assively

scalable
version

of
G
P
s

(see
Section

4.2)
and

dem
onstrate

its
scalability

during
inference

and
learning.

W
e
carry
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

T
able

1:
Statistics

for
the

data
used

in
experim

ents.
SN

R
w
as

determ
ined

by
assum

ing
a
certain

degree
of

sm
oothness

of
the

signal,fitting
kernelridge

regression
w
ith

R
B
F
kernelto

predict
the

targets
from

the
input

tim
e
series,and

regarding
the

residuals
as

the
noise.

T
asks

w
ith

low
average

correlation
betw

een
inputs

and
targets

and
low

er
SN

R
are

harder
prediction

problem
s.

D
ataset

T
ask

#
tim

e
step

s
#

d
im

#
ou

tp
u
ts

A
b
s.

corr.
S
N

R

D
rives

system
ident.

500
1

1
0.7994

25.72
A
ctuator

1,024
1

1
0.0938

12.47

G
E
F

pow
er

load
38,064

11
1

0.5147
89.93

w
ind

pow
er

130,963
16

1
0.1731

4.06

C
ar

speed

932,939

6
1

0.1196
159.33

gyro
yaw

6
1

0.0764
3.19

lanes
26

16
0.0816

—
lead

vehicle
9

2
0.1099

—

out
a
num

ber
of

experim
ents

that
help

to
gain

em
pirical

insights
about

the
convergence

properties
ofthe

proposed
optim

ization
procedure

w
ith

delayed
kernelupdates.

A
dditionally,

w
e
analyze

the
regularization

properties
of

G
P
-R

N
N
/LST

M
and

com
pare

them
w
ith

other
techniques,such

as
dropout.

F
inally,w

e
apply

the
m
odelto

the
problem

of
lane

estim
ation

and
lead

vehicle
position

prediction,both
criticalin

autonom
ous

driving
applications.

5.1
D
ata

an
d
th
e
setu

p

B
elow

,w
e
describe

each
dataset

w
e
used

in
our

experim
ents

and
the

associated
prediction

tasks.
T
he

essentialstatistics
for

the
datasets

are
sum

m
arized

in
T
able

1.
S
ystem

id
entifi

cation
.
In

the
first

set
ofexperim

ents,w
e
used

publicly
available

non-
linear

system
identification

datasets:
A
ctuator

6
(Sjöberg

et
al.,1995)

and
D
rives

7
(W

igren,
2010).

B
oth

datasets
had

one
dim

ensionalinput
and

output
tim

e
series.

A
ctuator

had
the

size
ofthe

valve
opening

as
the

input
and

the
resulting

change
in

oilpressure
as

the
output.

D
rives

w
as

from
a
system

w
ith

m
otors

that
drive

a
pulley

using
a
flexible

belt;the
input

w
as

the
sum

of
voltages

applied
to

the
m
otors

and
the

output
w
as

the
speed

of
the

belt.
S
m
art

grid
d
ata

8.
W
e
considered

the
problem

of
forecasting

for
the

sm
art

grid
that

consisted
oftw

o
tasks

(F
igure

2).
T
he

first
task

w
as

to
predict

pow
er

load
from

the
historical

tem
perature

data.
T
he

data
had

11
input

tim
e
series

com
ing

from
hourly

m
easurem

ents
of

tem
perature

on
11

zones
and

an
output

tim
e
series

that
represented

the
cum

ulative
hourly

pow
er

load
on

a
U
.S.

utility.
T
he

second
task

w
as

to
predict

pow
er

generated
by

w
ind

farm
s
from

the
w
ind

forecasts.
T
he

data
consisted

of
4
different

hourly
forecasts

of
the

w
ind

and
hourly

values
of

the
generated

pow
er

by
a
w
ind

farm
.
E
ach

w
ind

forecast
w
as

a

6.
http://www.iau.dtu.dk/nnbook/systems.html

7.
http://www.it.uu.se/research/publications/reports/2010-020/NonlinearData.zip.

8.
T
he

sm
art

grid
data

w
ere

taken
from

G
lobalE

nergy
Forecasting

K
aggle

com
petitions

organized
in

2012.
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N
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F
igure

4:
T

w
o

charts
on

the
left:

C
onvergence

of
the

optim
ization

in
term

s
of

R
M
SE

on
test

and
N
L
M
L
on

train.
T
he

inset
zoom

s
the

region
of

the
plot

right
beneath

it
using

log
scale

for
the

verticalaxis.
full

and
m

ini
denote

full-batch
and

m
ini-batch

optim
ization

procedures,respectively,
w
hile

16
and

64
refer

to
m
odels

w
ith

the
respective

num
ber

ofunits
per

hidden
layer.

T
w
o

charts
on

the
right:

Test
R
M
SE

for
a
given

architecture
trained

w
ith

a
specified

m
ethod

and/or
learning

rate.

5.2
A
n
alysis

T
his

section
discusses

quantitative
and

qualitative
experim

ental
results.

W
e
only

briefly
introduce

the
m
odelarchitectures

and
the

training
schem

es
used

in
each

ofthe
experim

ents.
W
e
provide

a
com

prehensive
sum

m
ary

of
these

details
in

A
ppendix

E
.

5.2.1
C

o
n
v
erg

en
c
e

o
f

t
h
e

o
pt

im
izat

io
n

To
address

the
question

of
w
hether

stochastic
optim

ization
of

recurrent
kernels

is
necessary

and
to

assess
the

behavior
ofthe

proposed
optim

ization
schem

e
w
ith

delayed
kernelupdates,

w
e
conducted

a
num

ber
of

experim
ents

on
the

A
ctuator

dataset
(F

igure
4).

F
irst,w

e
constructed

tw
o
G
P
-LST

M
m
odels

w
ith

1
recurrent

hidden
layer

and
16

or
64

hidden
units

and
trained

them
w
ith

(non-stochastic)
full-batch

iterative
procedure

(sim
ilar

to
the

proposalofW
ilson

et
al.(2016a))

and
w
ith

our
sem

i-stochastic
optim

izer
w
ith

delayed
kernel

updates
(A

lgorithm
2).

T
he

convergence
results

are
given

on
the

first
tw

o
charts.

B
oth

in
term

s
of

the
error

on
a
held

out
set

and
the

N
LM

L
on

the
training

set,the
m
odels

trained
w
ith

m
ini-batches

converged
faster

and
dem

onstrated
better

finalperform
ance.

N
ext,w

e
com

pared
the

tw
o
optim

ization
schem

es
on

the
sam

e
G
P
-LST

M
architecture

w
ith

different
sizes

ofthe
hidden

layer
ranging

from
2
to

32.
It

is
clear

from
the

third
chart

that,even
though

full-batch
approach

seem
ed

to
find

a
better

optim
um

w
hen

the
num

ber
of

hidden
units

w
as

sm
all,the

stochastic
approach

w
as

clearly
superior

for
larger

hidden
layers.

F
inally,w

e
com

pared
the

behavior
ofA

lgorithm
2
w
ith

different
num

ber
ofm

ini-batches
used

for
each

epoch
(equivalently,the

num
ber

of
steps

betw
een

the
kernelm

atrix
updates)

and
different

learning
rates.

T
he

results
are

give
on

the
last

chart.
A
s
expected,there

is
a

fine
balance

betw
een

the
num

ber
of

m
ini-batches

and
the

learning
rate:

if
the

num
ber

of
m
ini-batches

is
large

(i.e.,the
delay

betw
een

the
kernelupdates

becom
es

too
long)

w
hile

the
learning

rate
ishigh

enough,optim
ization

doesnotconverge;atthe
sam

e
tim

e,an
appropriate

com
bination

of
the

learning
rate

and
the

m
ini-batch

size
leads

better
generalization

than
the

default
batch

approach
of

W
ilson

et
al.(2016a).
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

T
able

3:
A
verage

perform
ance

of
the

m
odels

in
term

s
of

R
M
SE

on
the

system
identification

tasks.
T
he

averages
w
ere

com
puted

over
5
runs;the

standard
deviation

is
given

in
the

parenthesis.
R
esults

for
the

R
G
P

m
odelare

as
reported

by
M
attos

et
al.(2015),available

only
for

the
free

sim
ulation.

D
rives

A
ctu

ator
regression

auto-regression
free

sim
ulation

regression
auto-regression

free
sim

ulation

N
A

R
X

0.33
(0.02)

0.19
(0.03)

0.38
(0.03)

0.49
(0.05)

0.18
(0.01)

0.57
(0.04)

R
N

N
0.53

(0.02)
0.17

(0.04)
0.56

(0.03)
0.56

(0.03)
0.17

(0.01)
0.68

(0.05)
L
S
T

M
0.29

(0.02)
0.14

(0.02)
0.40

(0.02)
0.40

(0.03)
0.19

(0.01)
0.44

(0.03)

G
P

-N
A

R
X

0.28
(0.02)

0.16
(0.04)

0.28
(0.02)

0.46
(0.03)

0.14
(0.01)

0.63
(0.04)

G
P

-R
N

N
0.37

(0.04)
0.16

(0.03)
0.45

(0.03)
0.49

(0.02)
0.15

(0.01)
0.55

(0.04)
G

P
-L

S
T

M
0.25

(0.02)
0.13

(0.02)
0.32

(0.03)
0.36

(0.01)
0.14

(0.01)
0.43

(0.03)

R
G

P
—

—
0.249

—
—

0.368

5.2.2
R

eg
r
essio

n
,
A

u
t
o
-r

eg
r
essio

n
,
a
n
d

F
r
ee

S
im

u
lat

io
n

In
this

set
ofexperim

ents,our
m
ain

goalis
to

provide
a
com

parison
betw

een
three

different
m
odes

of
one-step-ahead

prediction,referred
to

as
(i)

regression,(ii)
autoregression,

and
(iii)

free
sim

ulation,and
com

pare
perform

ance
of

our
m
odels

w
ith

R
G
P
—
a
classicalR

N
N

w
ith

every
param

etric
layer

substituted
w
ith

a
G
aussian

process
(M

attos
et

al.,2015)—
on

the
A
ctuator

and
D
rives

datasets.
T
he

difference
betw

een
the

prediction
m
odes

consists
in

w
hether

and
how

the
inform

ation
about

the
past

targets
is

used.
In

the
regression

scenario,
inputs

and
targets

are
separate

tim
e
series

and
the

m
odel

learns
to

m
ap

input
values

at
a
num

ber
of

past
tim

e
points

to
a
target

value
at

a
future

point
in

tim
e.

A
utoregression,

additionally,
uses

the
true

past
target

values
as

inputs;
in

the
free

sim
ulation

m
ode,

the
m
odellearns

to
m
ap

past
inputs

and
its

ow
n
past

predictions
to

a
future

target.
In

the
experim

ents
in

autoregression
and

free
sim

ulation
m
odes,w

e
used

short
tim

e
lags,

L
=

10,as
suggested

by
M
attos

et
al.(2015).

In
the

regression
m
ode,since

the
m
odeldoes

not
build

the
recurrent

relationships
based

on
the

inform
ation

about
the

targets
(or

their
estim

ates),it
generally

requires
larger

tim
e
lags

that
can

capture
the

state
of

the
dynam

ics.
H
ence

w
e
increased

the
tim

e
lag

to
32

in
the

regression
m
ode.

M
ore

details
are

given
in

A
ppendix

E
.

W
e
present

the
results

in
T
able

3.
W
e
note

that
G
P
-based

architectures
consistently

yielded
im

proved
predictive

perform
ance

com
pared

to
theirvanilla

deep
learning

counterparts
on

both
of

the
datasets,in

each
m
ode.

G
iven

the
sm

allsize
of

the
datasets,w

e
attribute

such
behavior

to
better

regularization
properties

ofthe
negative

log
m
arginallikelihood

loss
function.

W
e
also

found
out

that
w
hen

G
P
-based

m
odels

w
ere

initialized
w
ith

w
eights

of
pre-trained

neural
netw

orks,
they

tended
to

overfit
and

give
overly

confident
predictions

on
these

tasks.
T
he

best
perform

ance
w
as

achieved
w
hen

the
m
odels

w
ere

trained
from

a
random

initialization
(contrary

to
the

findings
of

W
ilson

et
al.,2016a).

In
free

sim
ulation

m
ode

R
G
P

perform
s
best

of
the

com
pared

m
odels.

T
his

result
is

expected—
R
G
P

w
as

particularly
designed

to
represent

and
propagate

uncertainty
through

a
recurrent

process.
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M
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)
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s
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th
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ad
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hi
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B
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ck

m
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d
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es
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e
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e
gr
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tr
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d
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d
m
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w
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h
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rr
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s.

F
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5:

Q
ua
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at
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e
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m
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ri
so
n
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e
L
ST

M
an

d
G
P
-L
ST

M
pr
ed
ic
ti
on

s
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g
ta
sk
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P
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iv
e
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y
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e
G
P
-L
ST

M
m
od
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sh
ow

ed
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ou

r
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ot
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d
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he
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tt
er
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on

e
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n
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e
pr
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ic
ti
ve

di
st
ri
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ti
on

s.

tr
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(F
ig
ur
e
5b

)
ta
sk
s.

W
e
no

te
th
at

G
P
-L
ST

M
no

t
on

ly
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ov
id
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a
m
or
e
ro
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st
fit
,

bu
t
al
so

es
ti
m
at
es

th
e
un

ce
rt
ai
nt
y
of

it
s
pr
ed
ic
ti
on

s.
Su
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in
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at
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n
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rt
he
r
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ed
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tr
ea
m

pr
ed
ic
ti
on

-b
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ed
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on

m
ak
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g,

e.
g.
,s

uc
h
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w
he
th
er

a
se
lf-
dr
iv
in
g
ca
r

sh
ou

ld
sl
ow

do
w
n
an

d
sw

it
ch

to
a
m
or
e
ca
ut
io
us

dr
iv
in
g
st
yl
e
w
he
n
th
e
un

ce
rt
ai
nt
y
is

hi
gh

.
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F
igure

6:
Left

to
right:

R
M
SE

vs.
the

num
ber

of
training

points;
R
M
SE

vs.
the

num
ber

m
odel

param
eters

per
layer;N

LM
L
vs.

the
num

ber
m
odelparam

eters
per

layer
for

G
P
-based

m
odels.

A
ll

m
etrics

are
averages

over
5
runs

w
ith

different
random

initializations,com
puted

on
a
held-out

set.
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N
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N
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F
igure

7:
T
he

charts
dem

onstrate
scalability

oflearning
and

inference
ofM

SG
P
w
ith

an
LST

M
-based

recurrent
kernel.

L
egends

w
ith

points
denote

the
num

ber
of

inducing
points

used.
L
egends

w
ith

percentages
denote

the
percentage

of
the

training
dataset

used
learning

the
m
odel.

5.2.4
S
c
a
la

bilit
y

o
f

t
h
e

m
o
d
el

Follow
ing

W
ilson

et
al.(2015),w

e
perform

ed
a
generic

scalability
analysis

of
the

M
SG

P
-

LST
M

m
odelon

the
car

sensors
data.

T
he

LST
M

architecture
w
as

the
sam

e
as

described
in

the
previous

section:
it

w
as

transform
ing

m
ulti-dim

ensional
sequences

of
inputs

to
a

tw
o-dim

ensionalrepresentation.
W
e
trained

the
m
odelfor

10
epochs

on
10%

,
20%

,
40%

,
and

80%
of

the
training

set
w
ith

100,
200,

and
400

inducing
points

per
dim

ension
and

m
easured

the
average

training
tim

e
per

epoch
and

the
average

prediction
tim

e
per

testing
point.

T
he

m
easured

tim
e
w
as

the
totaltim

e
spent

on
both

LST
M

optim
ization

and
M
SG

P
com

putations.
T
he

results
are

presented
in

F
igure

7.

T
he

training
tim

e
per

epoch
(one

fullpass
through

the
entire

training
data)

grow
s
linearly

w
ith

the
num

ber
oftraining

exam
ples

and
depends

linearly
on

the
num

ber
ofinducing

points
(F

igure
7,tw

o
left

charts).
T
hus,given

a
fixed

num
ber

ofinducing
points

per
dim

ension,the
tim

e
com

plexity
of

M
SG

P
-LST

M
learning

and
inference

procedures
is

linear
in

the
num

ber
of

training
exam

ples.
T
he

prediction
tim

e
per

testing
data

point
is

virtually
constant

and
does

not
depend

on
neither

on
the

num
ber

oftraining
points,nor

on
the

num
ber

ofinducing
points

(F
igure

7,tw
o
right

charts).
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

6.
D

iscu
ssion

W
e
proposed

a
m
ethod

for
learning

kernels
w
ith

recurrent
long

short-term
m
em

ory
structure

on
sequences.

G
aussian

processesw
ith

such
kernels,term

ed
the

G
P
-LST

M
,have

the
structure

and
learning

biases
of

L
ST

M
s,

w
hile

retaining
a
probabilistic

B
ayesian

nonparam
etric

representation.
T
he

G
P
-LST

M
outperform

s
a
range

of
alternatives

on
severalsequence-to-

reals
regression

tasks.
T
he

G
P
-LST

M
also

w
orks

on
data

w
ith

low
and

high
signal-to-noise

ratios,and
can

be
scaled

to
very

large
datasets,allw

ith
a
straightforw

ard,practical,and
generally

applicable
m
odelspecification.

M
oreover,the

sem
i-stochastic

schem
e
proposed

in
our

paper
is

provably
convergent

and
effi

cient
in

practicalsettings,in
conjunction

w
ith

structure
exploiting

algebra.
In

short,
the

G
P
-L
ST

M
provides

a
natural

m
echanism

for
B
ayesian

LST
M
s,quantifying

predictive
uncertainty

w
hile

harm
onizing

w
ith

the
standard

deep
learning

toolbox.
P
redictive

uncertainty
is

of
high

value
in

robotics
applications,such

as
autonom

ous
driving,and

could
also

be
applied

to
other

areas
such

as
financialm

odeling
and

com
putationalbiology.

T
here

are
several

exciting
directions

for
future

research.
T
he

G
P
-L
ST

M
quantifies

predictive
uncertainty

but
does

not
m
odel

the
propagation

of
uncertainty

in
the

inputs
through

a
recurrent

structure.
T
reating

free
sim

ulation
as

a
structured

prediction
problem

and
using

online
corrective

algorithm
s,

e.g.,
D
A
G
G
E
R

(R
oss

et
al.,

2011),
are

likely
to

im
prove

perform
ance

of
G
P
-LST

M
in

the
free

prediction
m
ode.

T
his

approach
w
ould

not
require

explicitly
m
odeling

and
propagating

uncertainty
through

the
recurrence

and
w
ould

m
aintain

the
high

com
putationaleffi

ciency
of

our
m
ethod.

A
lternatively,it

w
ould

be
exciting

to
have

a
probabilistic

treatm
ent

of
allparam

eters
of

the
G
P
-LST

M
kernel,including

allLST
M

w
eights.

Such
an

extension
could

be
com

bined
w
ith

stochastic
variationalinference,to

enable
both

classification
and

non-G
aussian

likelihoods
as

in
W

ilson
et

al.
(2016b),

but
also

open
the

doors
to

stochastic
gradient

H
am

iltonian
M
onte

C
arlo

(C
hen

et
al.,2014)

(SG
-H

M
C
)
for

effi
cient

inference
over

kernelparam
eters.

Indeed,SG
-H

M
C

has
recently

been
used

for
effi

cient
inference

over
netw

ork
param

eters
in

the
B
ayesian

G
A
N

(Saatchiand
W

ilson,2017).
A

B
ayesian

approach
to

m
arginalizing

the
w
eights

ofthe
G
P
-LST

M
kernelw

ould
also

provide
a
principled

probabilistic
m
echanism

for
learning

m
odelhyperparam

eters.
O
ne

could
relax

several
additional

assum
ptions.

W
e
m
odeled

each
output

dim
ension

w
ith

independent
G
P
s
that

shared
a
recurrent

transform
ation.

T
o
capture

the
correlations

betw
een

output
dim

ensions,it
w
ould

be
prom

ising
to

m
ove

to
a
m
ulti-task

form
ulation.

In
the

future,
one

could
also

learn
the

tim
e
horizon

in
the

recurrent
transform

ation,
w
hich

could
lead

to
m
ajor

additionalperform
ance

gains.
F
inally,the

sem
i-stochastic

learning
procedure

naturally
com

plem
ents

research
in

asyn-
chronous

optim
ization

(e.g.,
D
eisenroth

and
N
g,

2015).
In

com
bination

w
ith

stochastic
variationalinference,the

sem
i-stochastic

approach
could

be
used

for
parallelkernellearning,

side-stepping
the

independence
assum

ptions
in

prior
w
ork.

W
e
envision

that
such

efforts
for

G
aussian

processes
w
illharm

onize
w
ith

current
progress

in
B
ayesian

deep
learning.
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oe
pl
it
z
m
at
ri
ce
s:

K
U
,U

=
T

1
⊗

T
2
⊗
··
·⊗

T
P
.

(A
.2
)

T
he

K
ro
ne

ck
er

st
ru
ct
ur
e
al
lo
w
s
to

co
m
pu

te
th
e
ei
ge
nd

ec
om

po
si
ti
on

of
K
U
,U

by
se
pa

ra
te
ly

de
co
m
po

si
ng

T
1
,.
..
,T

P
,e

ac
h
of

w
hi
ch

is
m
uc
h
sm

al
le
r
th
an

K
U
,U
.
Fu

rt
he
r,
to

effi
ci
en
tl
y
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L
ea

r
n
in

g
S
ca

la
ble

D
eep

K
er

n
els

w
ith

R
ecu

r
r
en

t
S
tru

ctu
r
e

eigendecom
pose

a
T
oeplitz

m
atrix,it

can
be

approxim
ated

by
a
circulant

m
atrix

13
w
hich

eigendecom
poses

by
sim

ply
applying

discrete
Fourier

transform
(D

F
T
)
to

its
first

colum
n.

T
herefore,an

approxim
ate

eigendecom
position

ofeach
T

1 ,...,T
P
is

com
puted

via
the

fast
Fourier

transform
(F

F
T
)
and

requires
only

O
(m

log
m

)
tim

e.

A
.3

S
tru

ctu
re

exp
loitin

g
in
feren

ce

To
perform

inference,w
e
need

to
solve

(K
S

K
I
+
σ

2I) −
1y;kernellearning

requires
evaluating

lo
g

d
et(K

S
K

I +
σ

2I).
T
he

first
task

can
be

accom
plished

by
using

an
iterative

schem
e—

linear
conjugate

gradients—
w
hich

depends
only

on
m
atrix

vector
m
ultiplications

w
ith

(K
S

K
I +
σ

2I).
T
he

second
is
done

by
exploiting

the
K
ronecker

and
Toeplitz

structure
of
K
U
,U

for
com

puting
an

approxim
ate

eigendecom
position,as

described
above.

A
.4

F
ast

T
est

P
red

iction
s

To
achieve

constant
tim

e
prediction,w

e
approxim

ate
the

latent
m
ean

and
variance

of
f∗

by
applying

the
sam

e
SK

I
technique.

In
particular,for

a
set

of
n
∗
testing

points,
X
∗ ,w

e
have

E
[f∗ ]

=
µ
X

∗
+
K

X
∗
,X

[K
X
,X

+
σ

2I ]−
1
y

≈
µ
X

∗
+
K̃

X
∗
,X

[K̃
X
,X

+
σ

2I ]−
1
y
,

(A
.3)

w
here

K̃
X
,X

=
W
K
U
,U
W
>
and

K̃
X

∗
,X

=
W
∗ K

U
,U
W
>
,and

W
and

W
∗
are

n×
m

and
n
∗ ×

m
sparse

interpolation
m
atrices,respectively.

Since
K
U
,U
W
>

[K̃
X
,X

+
σ

2I] −
1y

is
precom

puted
at

training
tim

e,at
test

tim
e,w

e
only

m
ultiply

the
latter

w
ith

W
∗
m
atrix

w
hich

results
w
hich

costsO
(n
∗ )

operations
leading

to
O

(1
)
operations

per
test

point.
Sim

ilarly,approxim
ate

predictive
variance

can
be

also
estim

ated
in
O

(1)
operations

(W
ilson

et
al.,2015).

N
ote

that
the

fast
prediction

m
ethodology

can
be

readily
applied

to
any

trained
G
aussian

process
m
odelas

it
is

agnostic
to

the
w
ay

inference
and

learning
w
ere

perform
ed.

A
p
p
en

d
ix

B
.

G
rad

ients
for

G
P

s
w

ith
recu

rrent
kern

els

G
P
s
w
ith

deep
recurrent

kernels
are

trained
by

m
inim

izing
the

negative
log

m
arginal

likelihood
objective

function.
B
elow

w
e
derive

the
update

rules.
B
y
applying

the
chain

rule,w
e
get

the
follow

ing
first

order
derivatives:

∂L∂
γ

=
∂L∂
K
·
∂
K∂
γ
,

∂L
∂
W

=
∂L∂
K
·
∂
K∂
φ
·
∂
φ

∂
W
.

(B
.4)

T
he

derivative
of

the
log

m
arginallikelihood

w
.r.t.

to
the

kernelhyperparam
eters,

θ,and
the

param
eters

ofthe
recurrent

m
ap,

W
,are

generic
and

take
the

follow
ing

form
(R

asm
ussen

13.
W

ilson
et

al.
(2015)

explored
5
different

approxim
ation

m
ethods

know
n
in

the
num

erical
analysis

literature.
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

and
W

illiam
s,2006,C

h.5,E
q.5.9):

∂L∂
θ

=
12 tr ([K

−
1y

y
>
K
−

1−
K
−

1 ]
∂
K∂θ )

,
(B

.5)

∂L
∂
W

=
12 tr ([K

−
1y

y
>
K
−

1−
K
−

1 ]
∂
K

∂
W

)
.

(B
.6)

T
he

derivative
∂
K
/∂
θ
is

also
standard

and
depends

on
the

form
of

a
particular

chosen
kernelfunction,

k
(·,·).

H
ow

ever,com
puting

each
part

of
∂L
/∂
W

is
a
bit

subtle,and
hence

w
e
elaborate

these
derivations

below
.

C
onsider

the
ij-th

entry
ofthe

kernelm
atrix,

K
ij .

W
e
can

think
of
K

as
a
m
atrix-valued

function
of

all
the

data
vectors

in
d-dim

ensional
transform

ed
space

w
hich

w
e
denote

by
H
∈

R
N
×
d.

T
hen

K
ij

is
a
scalar-valued

function
of
H

and
its

derivative
w
.r.t.

the
l-th

param
eter

of
the

recurrent
m
ap,

W
l ,can

be
w
ritten

as
follow

s:

∂
K
ij

∂
W
l

=
tr (

(
∂
K
ij

∂
H

)
>
∂
H

∂
W
l )

.
(B

.7)

N
otice

that
∂
K
ij /∂

H
is

a
derivative

of
a
scalar

w
.r.t.

to
a
m
atrix

and
hence

is
a
m
atrix;

∂
H
/∂
W
l is

a
derivative

of
a
m
atrix

w
.r.t.

to
a
scalar

w
hich

is
taken

elem
ent-w

ise
and

also
gives

a
m
atrix.

A
lso

notice
that

K
ij
is

a
function

of
H
,but

it
only

depends
the

i-th
and

j-th
elem

ents
for

w
hich

the
kernelis

being
com

puted.
T
his

m
eans

that
∂
K
ij /∂

H
w
illhave

only
non-zero

i-th
row

and
j-th

colum
n
and

allow
s
us

to
re-w

rite
(B

.7)
as

follow
s:

∂
K
ij

∂
W
l

=

(
∂
K
ij

∂
h
i )
>
∂
h
i

∂
W
l

+

(
∂
K
ij

∂
h
j )
>
∂
h
j

∂
W
l

=

(
∂
K

(h
i ,h

j )

∂
h
i

)
>
∂
h
i

∂
W
l

+

(
∂
K

(h
i ,h

j )

∂
h
j

)
>
∂
h
j

∂
W
l .

(B
.8)

Since
the

kernelfunction
has

tw
o
argum

ents,the
derivatives

m
ust

be
taken

w
ith

respect
of

each
of

them
and

evaluated
at

the
corresponding

points
in

the
hidden

space,
h
i

=
φ

(x
i )

and
h
j

=
φ

(x
j ).

W
hen

w
e
plug

this
into

(B
.6),w

e
arrive

at
the

follow
ing

expression:

∂L
∂
W
l

=
12

∑i,j

(
K
−

1y
y
>
K
−

1−
K
−

1 )
ij {

(
∂
K

(h
i ,h

j )

∂
h
i

)
>
∂
h
i

∂
W
l

+

(
∂
K

(h
i ,h

j )

∂
h
j

)
>
∂
h
j

∂
W
l }

.

(B
.9)

T
he

sam
e
expression

can
be

w
ritten

in
a
m
ore

com
pact

form
using

the
E
instein

notation
:

∂L
∂
W
l

=
12

(
K
−

1y
y
>
K
−

1−
K
−

1 )
ji (
[
∂
K∂
h

]
jdi

+

[
∂
K∂
h

]
idj )

[
∂
h

∂
W

]
d
l

i

(B
.10)

w
here

d
indexes

the
dim

ensions
of

the
h
and

l
indexes

the
dim

ensions
of
W

.
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L
ea

r
n
in

g
S
ca

la
bl

e
D

ee
p

K
er

n
el

s
w

it
h

R
ec

u
r
r
en

t
S
tr

u
ct

u
r
e

In
pr
ac
ti
ce
,d

er
iv
in
g
a
co
m
pu

ta
ti
on

al
ly

effi
ci
en
t
an

al
yt
ic
al

fo
rm

of
∂
K
/∂

h
m
ig
ht

be
to
o

co
m
pl
ic
at
ed

fo
r
so
m
e
ke
rn
el
s
(e
.g
.,
th
e
sp
ec
tr
al

m
ix
tu
re

ke
rn
el
s
(W

ils
on

an
d
A
da

m
s,

20
13
))
,

es
pe

ci
al
ly

if
th
e
gr
id
-b
as
ed

ap
pr
ox
im

at
io
ns

of
th
e
ke
rn
el

ar
e
en

ab
le
d.

In
su
ch

ca
se
s,

w
e
ca
n

si
m
pl
y
us
e
a
fin

it
e
di
ffe

re
nc
e
ap

pr
ox
im

at
io
n
of

th
is
de
ri
va
ti
ve
.
A
s
w
e
re
m
ar
k
in

th
e
fo
llo

w
in
g

se
ct
io
n,

nu
m
er
ic
al

er
ro
rs

th
at

re
su
lt
fr
om

th
is

ap
pr
ox
im

at
io
n
do

no
t
aff

ec
t
co
nv

er
ge
nc
e
of

th
e
al
go

ri
th
m
.

A
p
p
en

d
ix

C
.

C
on

ve
rg

en
ce

re
su

lt
s

C
on

ve
rg
en

ce
re
su
lt
s
fo
r
th
e
se
m
i-s

to
ch
as
ti
c
al
te
rn
at
in
g
gr
ad

ie
nt

sc
he

m
es

w
it
h
an

d
w
it
ho

ut
de

la
ye
d
ke
rn
el

m
at
ri
x
up

da
te
s
ar
e
ba

se
d
on

(X
u
an

d
Y
in
,2

01
5)
.
T
he

re
ar
e
a
fe
w

no
ta
bl
e

di
ffe

re
nc

es
be

tw
ee
n
th
e
or
ig
in
al

se
tt
in
g
an

d
th
e
on

e
co
ns
id
er
ed

in
th
is

pa
pe

r:

1.
X
u
an

d
Y
in

(2
01

5)
co
ns
id
er

a
st
oc
ha

st
ic

pr
og

ra
m

th
at

m
in
im

iz
es

th
e
ex
pe

ct
at
io
n
of

th
e
ob

je
ct
iv
e
w
.r
.t
.
so
m
e
di
st
ri
bu

ti
on

un
de

rl
yi
ng

th
e
da

ta
:

m
in

x
∈X

f
(x

)
:=

E ξ
F

(x
;ξ

),
(C

.1
1)

w
he
re

ev
er
y
it
er
at
io
n
a
ne
w
ξ
is

sa
m
pl
ed

fr
om

th
e
un

de
rl
yi
ng

di
st
ri
bu

ti
on

.
In

ou
r

ca
se
,t
he

go
al

is
to

m
in
im

iz
e
th
e
ne
ga
ti
ve

lo
g
m
ar
gi
na

ll
ik
el
ih
oo

d
on

a
pa

rt
ic
ul
ar

gi
ve
n

da
ta
se
t.

T
hi
s
is
eq
ui
va
le
nt

to
th
e
or
ig
in
al

fo
rm

ul
at
io
n
(C

.1
1)
,b

ut
w
it
h
th
e
ex
pe

ct
at
io
n

ta
ke
n
w
.r
.t
.
th
e
em

pi
ri
ca
ld

is
tr
ib
ut
io
n
th
at

co
rr
es
po

nd
s
to

th
e
gi
ve
n
da

ta
se
t.

2.
T
he

op
ti
m
iz
at
io
n
pr
oc
ed
ur
e
of

X
u
an

d
Y
in

(2
01
5)

ha
s
ac
ce
ss

to
on

ly
a
si
ng

le
ra
nd

om
po

in
t
ge
ne
ra
te
d
fr
om

th
e
da

ta
di
st
ri
bu

ti
on

at
ea
ch

st
ep
.
O
ur

al
go
ri
th
m

re
qu

ir
es

ha
vi
ng

ac
ce
ss

to
th
e
en
ti
re

tr
ai
ni
ng

da
ta

ea
ch

ti
m
e
th
e
ke
rn
el

m
at
ri
x
is

co
m
pu

te
d.

3.
Fo

r
a
gi
ve
n
sa
m
pl
e,

X
u
an

d
Y
in

(2
01
5)

pr
op

os
e
to

lo
op

ov
er

a
nu

m
be

r
of

co
or
di
na

te
bl
oc
ks

an
d
ap

pl
y
G
au

ss
–S

ei
de
lt
yp

e
gr
ad

ie
nt

up
da

te
st

o
ea
ch

bl
oc
k.

O
ur

se
m
i-s

to
ch
as
ti
c

sc
he
m
e
ha

s
on

ly
tw

o
pa

ra
m
et
er

bl
oc
ks
,θ

an
d
W

,w
he
re
θ
is
up

da
te
d
de
te
rm

in
is
ti
ca
lly

on
th
e
en
ti
re

da
ta
se
t
w
hi
le
W

is
up

da
te
d
w
it
h
st
oc
ha

st
ic

gr
ad

ie
nt

on
sa
m
pl
es

fr
om

th
e
em

pi
ri
ca
ld

is
tr
ib
ut
io
n.

N
ot
in
g
th
es
e
di
ffe

re
nc
es
,
w
e
fir
st

ad
ap

t
co
nv

er
ge
nc
e
re
su
lt
s
fo
r
th
e
sm

oo
th

no
n-
co
nv

ex
ca
se

(X
u
an

d
Y
in
,2

01
5,

T
he
or
em

2.
10
)
to

ou
r
sc
en
ar
io
,a

nd
th
en

co
ns
id
er

th
e
va
ri
an

t
w
it
h

de
la
yi
ng

ke
rn
el

m
at
ri
x
up

da
te
s.

C
.1

S
em

i-
st
oc
h
as
ti
c
al
te
rn
at
in
g
gr
ad

ie
nt

A
s
sh
ow

n
in

A
lg
or
it
hm

1,
w
e
al
te
rn
at
e
be

tw
ee
n
up

da
ti
ng
θ
an

d
W

.
A
t
st
ep

t,
w
e
ge
t
a

m
in
i-b

at
ch

of
si
ze
N
t,

x
t
≡
{x̄

i}
i∈
I t
,w

hi
ch

is
ju
st

a
se
le
ct
io
n
of

po
in
ts

fr
om

th
e
fu
ll
se
t,

x
.

D
efi

ne
th
e
gr
ad

ie
nt

er
ro
rs

fo
r
θ
an

d
W

at
st
ep

t
as

fo
llo

w
s:

δt θ
:=

g̃
t θ
−

g
t θ
,

δt W
:=

g̃
t W
−

g
t W
,

(C
.1
2)
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A
l-

S
h
ed

iv
at

,
W

il
so

n
,
S
a
at

ch
i,

H
u
,
X

in
g

w
he
re

g
T θ

an
d

g
T W

ar
e
th
e
tr
ue

gr
ad

ie
nt
s
an

d
g̃
T θ

an
d

g̃
T W

ar
e
es
ti
m
at
es

14
.
W
e
fir
st

up
da

te
θ

an
d
th
en

W
,a

nd
he

nc
e
th
e
ex
pr
es
si
on

s
fo
r
th
e
gr
ad

ie
nt
s
ta
ke

th
e
fo
llo

w
in
g
fo
rm

:

g̃
t θ
≡

g
t θ

=
1 N
∇

θ
L(
θ
t ,
W

t )
=

1 2N

∑ i,
j

( K
−

1
t

y
y
>
K
−

1
t
−
K
−

1
t

) ij

(
∂
K
t

∂
θ

) ij

(C
.1
3)

g
t W

=
1 N
∇
W
L(
θ
t+

1
,W

t )
=

1 2N

∑ i,
j

( K
−

1
t+

1
y
y
>
K
−

1
t+

1
−
K
−

1
t+

1

) ij

(
∂
K
t+

1

∂
W

) ij(C
.1
4)

g̃
t W

=
1

2
N
t

∑ i,
j∈
I t

( K
−

1
t+

1
y
y
>
K
−

1
t+

1
−
K
−

1
t+

1

) ij

(
∂
K
t+

1

∂
W

) ij

(C
.1
5)

N
ot
e
th
at

as
w
e
ha

ve
sh
ow

n
in

A
pp

en
di
x
B
,w

he
n
th
e
ke
rn
el

m
at
ri
x
is

fix
ed
,g

W
an

d
g̃
W

fa
ct
or
iz
e
ov
er

x
an

d
x
t,
re
sp
ec
ti
ve
ly
.
Fu

rt
he
r,
w
e
de
no

te
al
lt
he

m
in
i-b

at
ch
es

sa
m
pl
ed

be
fo
re

t
as

x
[t
−

1
].

L
em

m
a
1

Fo
r
an

y
st
ep

t,
E[
δt W
|x

[t
−

1
]]

=
E[
δt θ
|x

[t
−

1
]]

=
0.

P
ro
of

F
ir
st
,δ

t θ
≡

0
,a

nd
he
nc
e
E[
δt θ
|x

[t
−

1
]]

=
0
is
tr
iv
ia
l.
N
ex
t,
by

de
fin

it
io
n
of
δt W

,w
e

ha
ve

E[
δt W
|x

[t
−

1
]]

=
E[

g̃
t W
−

g
t W
|x

[t
−

1
]]
.
C
on

si
de

r
th
e
fo
llo

w
in
g:

•
C
on

si
de
r
E[

g
t W
|x

[t
−

1
]]
:

g
t W

is
a
de
te
rm

in
is
ti
c
fu
nc
ti
on

of
θ
t+

1
an

d
W

t .
θ
t+

1
is

be
in
g
up

da
te
d
de
te
rm

in
is
ti
ca
lly

us
in
g

g
t−

1
θ

,
an

d
he
nc
e
on

ly
de
pe

nd
s
on

W
t
an

d
θ
t .

T
he

re
fo
re
,i
t
is

in
de

pe
nd

en
t
of

x
t,
w
hi
ch

m
ea
ns

th
at

E[
g
t W
|x

[t
−

1
]]
≡

g
t W
.

•
N
ow

,c
on

si
de
r
E[

g̃
t W
|x

[t
−

1
]]
:
N
ot
in
g
th
at

th
e
ex
pe

ct
at
io
n
is
ta
ke
n
w
.r
.t
.
th
e
em

pi
ri
ca
l

di
st
ri
bu

ti
on

an
d
K
t+

1
do

es
no

t
de

pe
nd

on
th
e
cu
rr
en
t
m
in
i-b

at
ch
,w

e
ca
n
w
ri
te
:

E[
g̃
t W
|x

[t
−

1
]]

=
E

 
1

2
N
t

∑ i,
j∈
I t

( K
−

1
t+

1
y
y
>
K
−

1
t+

1
−
K
−

1
t+

1

) ij

(
∂
K
t+

1

∂
W

) ij

 

=
N
t

2N
N
t

∑ i,
j

( K
−

1
t+

1
y
y
>
K
−

1
t+

1
−
K
−

1
t+

1

) ij

(
∂
K
t+

1

∂
W

) ij

≡
g
t W
.

(C
.1
6)

F
in
al
ly
,E

[δ
t W
|x

[t
−

1
]]

=
g
t W
−

g
t W

=
0.

In
ot
he
r
w
or
ds
,s
em

i-s
to
ch
as
ti
c
gr
ad

ie
nt

de
sc
en
t
th
at

al
te
rn
at
es

be
tw

ee
n
up

da
ti
ng
θ
an

d
W

co
m
pu

te
s
un

bi
as
ed

es
ti
m
at
es

of
th
e
gr
ad

ie
nt
s
on

ea
ch

st
ep
.

14
.
H
er
e,

w
e
co
ns
id
er

th
e
gr
ad

ie
nt
s
an

d
th
ei
r
es
ti
m
at
es

sc
al
ed

by
th
e
nu

m
be

r
of

fu
ll
da

ta
po

in
ts
,N

,a
nd

th
e

m
in
i-b

at
ch

si
ze
,N

t
,r

es
pe

ct
iv
el
y.

T
he

se
co
ns
ta
nt

sc
al
in
g
is

in
tr
od

uc
ed

fo
r
sa
ke

of
ha

vi
ng

cl
ea
ne

r
pr
oo

fs
.
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L
ea

r
n
in

g
S
ca

la
ble

D
eep

K
er

n
els

w
ith

R
ecu

r
r
en

t
S
tru

ctu
r
e

R
em

ark
1

N
ote

that
in

case
if

(∂
K
t+

1 /∂
W

)
is

com
puted

approxim
ately,

Lem
m
a
1
still

holds
since

both
g
tW

and
E

[g̃
tW
|
x

[t−
1
] ]
w
illcontain

exactly
the

sam
e
num

ericalerrors.

A
ssu

m
p
tion

1
For

any
step

t,E‖δ
tθ ‖

2≤
σ

2t
and

E‖δ
tW
‖

2≤
σ

2t .

Lem
m
a
1
and

A
ssum

ption
1
result

into
a
stronger

condition
than

the
originalassum

ption
given

by
X
u
and

Y
in

(2015).
T
his

is
due

to
the

sem
i-stochastic

nature
of

the
algorithm

,it
sim

plifies
the

analysis,though
it

is
not

critical.
A
ssum

ptions
2
and

3
are

straightforw
ardly

adapted
from

the
originalpaper.

A
ssu

m
p
tion

2
T
he

objective
function,L

,
is

low
er

bounded
and

its
partialderivatives

w
.r.t.

θ
and

W
are

uniform
ly

Lipschitz
w
ith

constant
L
>

0:

‖∇
θ L

(θ
,W

)−
∇

θ L
(θ̃
,W

)‖
≤
L‖
θ
−
θ̃‖,

‖∇
W
L

(θ
,W

)−
∇
W
L

(θ
,W̃

)‖
≤
L‖W

−
W̃
‖
.

(C
.17)

A
ssu

m
p
tion

3
T
here

exists
a
constant

ρ
such

that‖
θ
t‖

2
+

E‖W
t‖

2≤
ρ

2
for

all
t.

L
em

m
a
2

U
nder

A
ssum

ptions
2
and

3,

E‖W
t‖

2≤
ρ

2,
E‖
θ
t‖

2≤
ρ

2,
E‖g

tW
‖

2≤
M

2ρ ,
E‖

g
tθ ‖

2≤
M

2ρ
∀
t,

w
here

M
2ρ

=
4L

2ρ
2

+
2

m
ax{∇

θ L
(θ

0,W
0),∇

W
L

(θ
0,W

0)}.

P
roof

T
he

inequalities
for

E‖θ‖
2
and

E‖
W
‖

2
are

trivial,
and

the
ones

for
E‖g

tθ ‖
2
and

E‖
g
tW
‖

2
are

m
erely

corollaries
from

A
ssum

ption
2.

N
egative

log
m
arginal

likelihood
of

a
G
aussian

process
w
ith

a
structured

kernel
is

a
nonconvex

function
of

its
argum

ents.
T
herefore,

w
e
can

only
show

that
the

algorithm
converges

to
a
stationary

point,i.e.,a
point

at
w
hich

the
gradient

of
the

objective
is

zero.

T
h
eorem

1
Let{

(θ
t,W

t)}
be

a
sequence

generated
from

A
lgorithm

1
w
ith

learning
rates

for
θ
and

W
being

λ
tθ

=
c
tθ
α
t
and

λ
tW

=
c
tW
α
t ,
respectively,

w
here

c
tθ
,c
tW
,α

t
are

positive
scalars,

such
that

0
<

in
ft
c
t{
θ
,W
} ≤

su
pt
c
t{
θ
,W
}
<
∞
,

α
t ≥

α
t+

1 ,
∞∑t=

1

α
t

=
+
∞
,

∞∑t=
1

α
2t
<

+
∞
,
∀
t.

(C
.18)

T
hen,

under
A
ssum

ptions
1
through

3
and

if
σ

=
su

p
t σ

t
<
∞
,
w
e
have

lim
t→
∞
E‖∇
L

(θ
t,W

t)‖
=

0.
(C

.19)
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

P
roof

T
he

proofis
an

adaptation
ofthe

one
given

by
X
u
and

Y
in

(2015)
w
ith

the
follow

ing
three

adjustm
ents:

(1)
w
e
have

only
tw

o
blocks

of
coordinates

and
(2)

updates
for

θ
are

determ
inistic

w
hich

zeros
out

their
variance

term
s,(3)

the
stochastic

gradients
are

unbiased.

•
From

the
Lipschitz

continuity
of∇

W
L

and
∇

θ L
(A

ssum
ption

2),w
e
have:

L
(θ
t+

1,W
t+

1)−
L

(θ
t+

1,W
t)

≤
〈g
tW
,W

t+
1−

W
t〉

+
L2 ‖
W

t+
1−

W
t‖

2

=
−
λ
tW
〈g
tW
,g̃

tW
〉

+
L2

(λ
tW

)
2‖

g̃
tW
‖

2

=
−
(
λ
tW
−
L2

(λ
tW

)
2 )
‖g

tW
‖

2
+
L2

(λ
tW

)
2‖
δ
tW
‖

2−
(λ

tW
−
L

(λ
tW

)
2 )〈g

tW
,δ
tW
〉

=
−
(
λ
tW
−
L2

(λ
tW

)
2 )
‖g

tW
‖

2
+
L2

(λ
tW

)
2‖
δ
tW
‖

2

−
(λ

tW
−
L

(λ
tW

)
2 )(〈g

tW
−
∇
W
L

(θ
t,W

t),δ
tW
〉

+
〈∇

W
L

(θ
t,W

t),δ
tW
〉 )

≤
−
(
λ
tW
−
L2

(λ
tW

)
2 )
‖g

tW
‖

2
+
L2

(λ
tW

)
2‖
δ
tW
‖

2−
(λ

tW
−
L

(λ
tW

)
2 )〈∇

W
L

(θ
t,W

t),δ
tW
〉

+
L2
λ
tθ (λ

tW
+
L

(λ
tW

)
2 )

(‖δ
tW
‖

2
+
‖g

tθ ‖
2),

w
here

the
last

inequality
com

es
from

the
follow

ing
(note

that
g
tW

:=
∇
W
L

(θ
t+

1,W
t)):

−
(λ

tW
−
L

(λ
tW

)
2 )〈∇

W
L

(θ
t+

1,W
t)−
∇
W
L

(θ
t,W

t),δ
tW
〉

≤
∣∣λ
tW
−
L

(λ
tW

)
2 ∣∣‖δ

tW
‖‖∇

W
L

(θ
t+

1,W
t)−
∇
W
L

(θ
t,W

t)‖
≤

L
λ
tθ ∣∣λ

tW
−
L

(λ
tW

)
2 ∣∣‖

δ
tW
‖‖g

tθ ‖

≤
L2
λ
tθ (λ

tW
+
L

(λ
tW

)
2 )

(‖
δ
tW
‖

2
+
‖
g
tθ ‖

2).

A
nalogously,w

e
derive

a
bound

on
L

(θ
t+

1,W
t)−
L

(θ
t,W

t):

L
(θ
t+

1,W
t)−
L

(θ
t,W

t)

≤
−
(
λ
tθ −

L2
(λ
tθ
)
2 )
‖
g
tθ ‖

2
+
L2

(λ
tθ
)
2‖
δ
tθ ‖

2−
(λ

tθ −
L

(λ
tθ
)
2 )〈∇

θ L
(θ
t,W

t),δ
tθ 〉

•
Since

(θ
t,W

t)
is

independent
from

the
current

m
ini-batch,

x
t ,
using

L
em

m
a
1,

w
e

have
that

E〈∇
θ L

(θ
t,W

t),δ
tθ 〉

=
0
and

E〈∇
W
L

(θ
t,W

t),δ
tW
〉

=
0.
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L
ea

r
n
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g
S
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la
bl

e
D

ee
p

K
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s
w

it
h

R
ec

u
r
r
en

t
S
tr

u
ct

u
r
e

Su
m
m
in
g
th
e
tw

o
ob

ta
in
ed

in
eq
ua

lit
ie
s
an

d
ap

pl
yi
ng

A
ss
um

pt
io
n
1,

w
e
ge
t:

E[
L(
θ
t+

1
,W

t+
1
)
−
L(
θ
t ,
W

t )
]

≤
−
( λ

t W
−
L 2

(λ
t W

)2

)
E‖

g
t W
‖2

+
L 2

(λ
t W

)2
σ

+
L 2
λ
t θ

( λ
t W

+
L

(λ
t W

)2
) (σ

+
E‖

g
t θ
‖2

)

−
( λ

t θ
−
L 2

(λ
t θ
)2

)
E‖

g
t θ
‖2

+
L 2

(λ
t θ
)2
σ

≤
−
( cα

t
−
L 2
C

2
α

2 t

)
E‖

g
t W
‖2

+
L
C

2
σ
α
t
+
L 2
C

2
α

2 t
(1

+
L
C
α
t)

(σ
+

E‖
g
t θ
‖2

)

−
( cα

t
−
L 2
C

2
α

2 t

)
E‖

g
t θ
‖2

+
L 2
C

2
α

2 t
σ
,

w
he
re

w
e
de
no

te
d
c

=
m

in
{i

n
f t
ct W

,i
n
f t
ct θ
},
C

=
m

ax
{s

u
p
t
ct W

,s
u
p
t
ct θ
}.

N
ot
e
th
at

fr
om

Le
m
m
a
2,

w
e
al
so

ha
ve

E‖
g
t θ
‖2
≤
M

2 ρ
an

d
E‖

g
t W
‖2
≤
M

2 ρ
.
T
he
re
fo
re
,s

um
m
in
g

th
e
ri
gh

t
ha

nd
si
de

of
th
e
fin

al
in
eq
ua

lit
y
ov
er
t
an

d
us
in
g
(C

.1
8)
,w

e
ha

ve
:

li
m

t→
∞
EL

(θ
t+

1
,W

t+
1
)
−

EL
(θ

0
,W

0
)
≤
−
c
∞ ∑ t=

1

α
t

( E
‖g

t θ
‖2

+
E‖

g
t W
‖2
) .

(C
.2
0)

Si
nc

e
th
e
ob

je
ct
iv
e
fu
nc

ti
on

is
lo
w
er

bo
un

de
d,

th
is

eff
ec
ti
ve
ly

m
ea
ns
:

∞ ∑ t=
1

α
tE
‖g

t θ
‖2
<
∞
,

∞ ∑ t=
1

α
tE
‖g

t W
‖2
<
∞
.

•
F
in
al
ly
,u

si
ng

Le
m
m
a
2,

ou
r
as
su
m
pt
io
ns

an
d
Je
ns
en

’s
in
eq
ua

lit
y,

it
fo
llo

w
s
th
at

∣ ∣ E
‖g

t+
1

W
‖2
−

E‖
g
t W
‖2
∣ ∣ ≤

2L
M
ρ
C
α
t√

2(
M

2 ρ
+
σ

2
).

A
cc
or
di
ng

to
P
ro
po

si
ti
on

1.
2.
4
of

(B
er
ts
ek
as
,1

99
9)
,w

e
ha

ve
E‖

g
t θ
‖2
→

0
an

d
E‖

g
t W
‖2
→

0
as
t
→
∞

,a
nd

he
nc

e

E‖
∇
L(
θ
t ,
W

t )
‖
≤

E‖
∇
W
L(
θ
t ,
W

t )
−

g
t θ
‖+

E‖
g
t θ
‖+

E‖
∇
W
L(
θ
t ,
W

t )
−

g
t θ
‖+

E‖
g
t W
‖

≤
2L
C
√

2(
M

2 ρ
+
σ

2
)α

+
E‖

g
t θ
‖+

E‖
g
t W
‖
→

0
as
t
→
∞
,

w
he
re

th
e
fir
st

te
rm

of
th
e
la
st

in
eq
ua

lit
y
fo
llo

w
s
fr
om

Le
m
m
a
2
an

d
Je
ns
en
’s

in
eq
ua

lit
y.
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A
l-

S
h
ed

iv
at

,
W

il
so

n
,
S
a
at

ch
i,

H
u
,
X

in
g

C
.2

S
em

i-
st
oc
h
as
ti
c
gr
ad

ie
nt

w
it
h
d
el
ay
ed

ke
rn
el

m
at
ri
x
u
p
d
at
es

W
e
sh
ow

th
at

gi
ve
n
a
bo

un
de
d
de
la
y
on

th
e
ke
rn
el

m
at
ri
x
up

da
te
s,

th
e
al
go
ri
th
m

is
st
ill

co
nv

er
ge
nt
.
O
ur

an
al
ys
is

is
ba

se
d
on

co
m
pu

ti
ng

th
e
ch
an

ge
in
δt θ

an
d
δt W

an
d
ap

pl
yi
ng

th
e

sa
m
e
ar
gu

m
en
t
as

in
T
he

or
em

1.
T
he

on
ly

di
ffe

re
nc

e
is

th
at

w
e
ne

ed
to

ta
ke

in
to

ac
co
un

t
th
e
pe

rt
ur
ba

ti
on

s
of

th
e
ke
rn
el

m
at
ri
x
du

e
to

th
e
in
tr
od

uc
ed

de
la
ys
,a

nd
he

nc
e
w
e
ha

ve
to

im
po

se
ce
rt
ai
n
as
su
m
pt
io
ns

on
it
s
sp
ec
tr
um

.

A
ss
u
m
p
ti
on

4
R
ec
ur
re
nt

tr
an

sf
or
m
at
io
ns
,φ

W
(x̄

),
is

L-
Li
ps
ch
itz

w
.r
.t.

W
fo
r
al
lx̄
∈
X
L
:

‖φ
W̃

(x̄
)
−
φ
W

(x̄
)‖
≤
L
‖W̃
−
W
‖.

A
ss
u
m
p
ti
on

5
T
he

ke
rn
el

fu
nc
ti
on

,
k
(·,
·),

is
un

ifo
rm

ly
G
-L
ip
sc
hi
tz

an
d
it
s
fir
st

pa
rt
ia
l

de
ri
va
ti
ve
s
ar
e
un

ifo
rm

ly
J-
Li
ps
ch
it
z:

∥ ∥ ∥k
(h̃

1
,h

2
)
−
k
(h

1
,h

2
)∥ ∥ ∥
≤
G
‖h̃

1
−

h
1
‖,
∥ ∥ ∥k

(h
1
,h̃

2
)
−
k
(h

1
,h

2
)∥ ∥ ∥
≤
G
‖h̃

2
−

h
2
‖,

∥ ∥ ∥∂
1
k
(h

1
,h

2
)
−
∂

1
k
(h̃

1
,h

2
)∥ ∥ ∥
≤
J
‖h̃

1
−

h
1
‖,
∥ ∥ ∥∂

2
k
(h

1
,h

2
)
−
∂

2
k
(h

1
,h̃

2
)∥ ∥ ∥
≤
J
‖h̃

2
−

h
2
‖.

A
ss
u
m
p
ti
on

6
Fo

r
an

y
co
lle
ct
io
n
of

da
ta

re
pr
es
en

ta
tio

ns
,
{h

i}
N i=

1
,
th
e
sm

al
le
st

ei
ge
nv

al
ue

of
th
e
co
rr
es
po
nd

in
g
ke
rn
el

m
at
ri
x,
K
,
is

lo
w
er

bo
un

de
d
by

a
po
si
ti
ve

co
ns
ta
nt
γ
>

0.

N
ot
e
th
at

no
t
on

ly
th
e
as
su
m
pt
io
ns

ar
e
re
le
va
nt

to
pr
ac
ti
ce
,A

ss
um

pt
io
ns

5
an

d
6
ca
n
be

al
so

co
nt
ro
lle

d
by

ch
oo

si
ng

th
e
cl
as
s
of

ke
rn
el

fu
nc
ti
on

s
us
ed

in
th
e
m
od

el
.
Fo

r
ex
am

pl
e,

th
e

sm
al
le
st

ei
ge
nv
al
ue

of
th
e
ke
rn
el

m
at
ri
x,
K
,c

an
be

co
nt
ro
lle

d
by

th
e
sm

oo
th
in
g
pr
op

er
ti
es

of
th
e
ke
rn
el

(R
as
m
us
se
n
an

d
W

ill
ia
m
s,

20
06

).
C
on

si
de
r
a
pa

rt
ic
ul
ar

st
oc
ha

st
ic

st
ep

of
A
lg
or
it
hm

2
at

ti
m
e
t
fo
r
a
gi
ve
n
m
in
i-b

at
ch
,x

t,
as
su
m
in
g
th
at

th
e
ke
rn
el

w
as

la
st

up
da

te
d
τ
st
ep
s
ag
o.

T
he

st
oc
ha

st
ic

gr
ad

ie
nt

w
ill

ta
ke

th
e
fo
llo

w
in
g
fo
rm

:

ĝ
t W

=
1 N
t
∇
W
L(
θ
t+

1
,W

t ,
K
t−
τ
)

=
1

2N
t

∑ i,
j∈
I t

( K
−

1
t−
τ
y
y
>
K
−

1
t−
τ
−
K
−

1
t−
τ

) ij

(
∂
K
t−
τ

∂
W

) ij

.

(C
.2
1)

W
e
ca
n
de
fin

e
δ̂t W

=
ĝ
t W
−

g
t W

an
d
un

ifo
rm

ly
bo

un
d
‖δ̂
t W
−
δt W
‖
in

or
de
r
to

en
ab

le
th
e
sa
m
e

ar
gu

m
en
t
as

in
T
he
or
em

1.
To

do
th
at
,w

e
si
m
pl
y
ne
ed

to
un

de
rs
ta
nd

eff
ec
t
of

pe
rt
ur
ba

ti
on

of
th
e
ke
rn
el

m
at
ri
x
on

g̃
t W
.

L
em

m
a
3

U
nd

er
th
e
gi
ve
n
as
su
m
pt
io
ns
,
th
e
fo
llo

w
in
g
bo
un

d
ho

ld
s
fo
r
al
li
,j

=
1,
..
.,
N
:

∣ ∣ ∣ ∣( K
−

1
t−
τ
y
y
>
K
−

1
t−
τ
−
K
−

1
t−
τ

) ij
−
( K
−

1
t

y
y
>
K
−

1
t
−
K
−

1
t

) ij

∣ ∣ ∣ ∣≤
D

2
‖y
‖2

+
D
,

(C
.2
2)

w
he
re
D

=
γ
−

1
+
( γ
−

2
G
L
τ
λ
σ
√
N
) −

1
.
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L
ea

r
n
in

g
S
ca

la
ble

D
eep

K
er

n
els

w
ith

R
ecu

r
r
en

t
S
tru

ctu
r
e

P
roof

T
he

difference
betw

een
K
−

1
t−
τ
and

K
−

1
t

is
sim

ply
due

to
that

the
form

er
has

been
com

puted
for

W
t−
τ
and

the
latter

for
W

t.
T
o
prove

the
bound,w

e
need

m
ultiple

steps.

•
F
irst,

w
e
need

to
bound

the
elem

ent-w
ise

difference
betw

een
K
t−
τ
and

K
t .

T
his

is
done

by
using

A
ssum

ptions
4
and

5
and

the
triangular

inequality:

|(K
t )
ij −

(K
t−
τ )
ij |
≤

G
(‖φ

W
t (x̄

i )−
φ
W
t−
τ (x̄

i )‖
+
‖
φ
W
t (x̄

j )−
φ
W
t−
τ (x̄

j )‖
)

≤
2G
L‖
W

t−
W

t−
τ‖

=
2
G
L‖

τ
∑s=

1

λ
t−
τ
+
s

W
ĝ
t−
τ
+
s

W
‖

≤
2G
L
τ
λ
σ

•
N
ext,

since
each

elem
ent

of
the

perturbed
m
atrix

is
bounded

by
2
G
L
τ
λ
σ,

w
e
can

bound
its

spectralnorm
as

follow
s:

‖
K
t −

K
t−
τ ‖
≤
‖K

t −
K
t−
τ ‖
F
≤

2
G
L
τ
λ
σ √

N
,

w
hich

m
eans

that
the

m
inim

al
singular

value
of

the
perturbed

m
atrix

is
at

least
σ

1
=
γ
−

2
G
L
τ
λ
σ √

N
due

to
A
ssum

ption
6.

•
T
he

spectralnorm
ofthe

expression
ofinterest

can
be

bounded
(quite

pessim
istically!)

by
sum

m
ing

up
together

the
largest

eigenvalues
of

the
m
atrix

inverses:
∣∣∣∣ (
K
−

1
t−
τ y

y
>
K
−

1
t−
τ −

K
−

1
t−
τ )

ij −
(
K
−

1
t

y
y
>
K
−

1
t
−
K
−

1
t

)
ij ∣∣∣∣

≤
∥∥∥ (K

−
1

t−
τ −

K
−

1
t

)
y
y
>
(K
−

1
t−
τ −

K
−

1
t

)−
(K
−

1
t−
τ −

K
−

1
t

) ∥∥∥

≤
(
γ
−

1
+
(
γ
−

2
G
L
τ
λ
σ √

N
)
−

1 )
2‖

y‖
2

+
γ
−

1
+
(
γ
−

2G
L
τ
λ
σ √

N
)
−

1
.

E
ach

elem
ent

of
a
m
atrix

is
bounded

by
the

largest
eigenvalue.

U
sing

Lem
m
a
3,it

is
straightforw

ard
to

extend
T
heorem

1
to

A
lgorithm

2.

T
h
eorem

2
Let{

(θ
t,W

t)}
be

a
sequence

generated
from

A
lgorithm

2
w
ith

learning
rates

for
θ
and

W
being

λ
tθ

=
c
tθ
α
t
and

λ
tW

=
c
tW
α
t ,
respectively,

w
here

c
tθ
,c
tW
,α

t
are

positive
scalars,

such
that

0
<

in
ft
c
t{
θ
,W
} ≤

su
pt
c
t{
θ
,W
}
<
∞
,

α
t ≥

α
t+

1 ,
∞∑t=

1

α
t

=
+
∞
,

∞∑t=
1

α
2t
<

+
∞
,
∀
t.

(C
.23)

T
hen,

under
A
ssum

ptions
1
through

6
and

if
σ

=
su

p
t σ

t
<
∞
,
w
e
have

lim
t→
∞
E‖∇
L

(θ
t,W

t)‖
=

0.
(C

.24)
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A
l-S

h
ed

ivat,
W

ilso
n
,
S
a
atch

i,
H

u
,
X

in
g

P
roof

T
he

proof
is

identical
to

the
proof

of
T
heorem

1.
T
he

only
difference

is
in

the
follow

ing
upper

bound
on

the
expected

gradient
error:

E‖
δ
tW
‖
≤
σ

+
2
N
D

(D
‖
y‖

2
+

1
)J
ρ,

w
here

D
is

as
given

in
Lem

m
a
3.

R
em

ark
1

E
ven

though
the

provided
bounds

are
crude

due
to

pessim
istic

estim
ates

of
the

perturbed
kernelm

atrix
spectrum

15,
w
e
stillsee

a
fine

balance
betw

een
the

delay,
τ,

and
the

learning
rate,

λ,
as

given
in

the
expression

for
the

D
constant.

A
p
p
en

d
ix

D
.

D
etails

on
th

e
d
atasets

T
he

datasets
varied

in
the

num
ber

of
tim

e
steps

(from
hundreds

to
a
m
illion),input

and
output

dim
ensionality,and

the
nature

of
the

estim
ation

tasks.

D
.1

S
elf-d

rivin
g
car

T
he

follow
ing

is
description

ofthe
inputand

targettim
e
series

used
in

each
ofthe

autonom
ous

driving
tasks

(dim
ensionality

is
given

in
parenthesis).

•
C
ar

sp
eed

estim
ation

:

–
Features:

G
P
S
velocity

(3),fiber
gyroscope

(3).

–
T
argets:

speed
m
easurem

ents
from

the
car

speedom
eter.

•
C
ar

yaw
estim

ation
:

–
Features:

acceleration
(3),com

pass
m
easurem

ents
(3).

–
T
argets:

yaw
in

the
car-centric

fram
e.

•
L
an

e
sequ

en
ce

p
red

iction
:

E
ach

lane
w
as

represented
by

8
cubic

polynom
ial

coeffi
cients

[4
coeffi

cients
for

x
(front)

and
4
coeffi

cients
for

y
(left)

axes
in

the
car-

centric
fram

e].
Instead

of
predicting

the
coeffi

cients
(w

hich
turned

out
to

lead
to

overallless
stable

results),w
e
discretized

the
lane

curves
using

7
points

(initial,final
and

5
equidistant

interm
ediate

points).

–
Features:

lanes
at

a
previous

tim
e
point

(16),G
P
S
velocity

(3),fiber
gyroscope

(3),com
pass

(3),steering
angle

(1).

–
Targets:

coordinates
of

the
lane

discretization
points

(7
points

per
lane

resulting
in

28
totaloutput

dim
ensions).

15.
T
ighter

bounds
can

be
derived

by
inspecting

the
effects

of
perturbations

on
specific

kernels
as

w
ell

as
using

m
ore

specific
assum

ptions
about

the
data

distribution.
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ar
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s
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th
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es
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ar
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th
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s
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th
ei
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G
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A
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iv
at
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ar
e
gi
ve
n
fo
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un

it
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va
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ea
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va
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N
am

e
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T
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e
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L
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U
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it
s∗

T
yp

e
R

eg
u
la

ri
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O
p
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m
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R
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Ad
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32
1

25
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ta
nh

dr
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re
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dr
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Ad
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(0
.0
1)

D
ri
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s

16
1

12
8

G
E
F
-p
ow

er
48

2
25
6

G
E
F
-w

in
d

48
1

64
C
ar

12
8

2
64

∗ E
ac
h
la
ye
r
co
ns
is
te
d
of

th
e
sa
m
e
nu

m
be

r
of

un
it
s
gi
ve
n
in

th
e
ta
bl
e.

∗∗
re

c_
dr

op
ou

t
de
no

te
s
th
e
dr
op

ou
t
ra
te

of
th
e
re
cu

rr
en
t
w
ei
gh

ts
(G

al
an

d
G
ha

hr
am

an
i,
20
16
b)
.

•
E
st
im

at
io
n

of
th
e
n
ea
re
st

fr
on

t
ve
h
ic
le

p
os
it
io
n
:

(x
,y

)
co
or
di
na

te
s
in

th
e

ca
r-
ce
nt
ri
c
fr
am

e.

–
Fe
at
ur
es
:
x
an

d
y
at

a
pr
ev
io
us

ti
m
e
po

in
t
(2
),

G
P
S
ve
lo
ci
ty

(3
),

fib
er

gy
ro
sc
op

e
(3
),
co
m
pa

ss
(3
),
st
ee
ri
ng

an
gl
e
(1
).

–
T
ar
ge
ts
:
x
an

d
y
co
or
di
na

te
s.

A
p
p
en

d
ix

E
.

N
eu

ra
l
ar

ch
it

ec
tu

re
s

D
et
ai
ls

on
th
e
be

st
ne

ur
al

ar
ch
it
ec
tu
re
s
us
ed

fo
r
ea
ch

of
th
e
da

ta
se
ts

ar
e
gi
ve
n
in

T
ab

le
5.
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A
l-

S
h
ed

iv
at
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W

il
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S
a
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ch
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H
u
,
X

in
g

R
ef

er
en

ce
s

A
le
kh

A
ga
rw

al
an

d
Jo

hn
C

D
uc
hi
.
D
is
tr
ib
ut
ed

de
la
ye
d
st
oc
ha

st
ic

op
ti
m
iz
at
io
n.

In
A
dv
an

ce
s

in
N
eu
ra
lI
nf
or
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at
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n
P
ro
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ss
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g
Sy

st
em

s,
pa

ge
s
87

3–
88

1,
20

11
.

Y
os
hu

a
B
en
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o,

P
at
ri
ce

Si
m
ar
d,

an
d
P
ao
lo

Fr
as
co
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.
Le

ar
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lo
ng
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er
m
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pe
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w
it
h

gr
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ie
nt

de
sc
en
t
is

di
ffi
cu
lt
.
N
eu
ra
lN

et
w
or
ks
,
IE

E
E

Tr
an

sa
ct
io
ns

on
,5

(2
):
15
7–
16
6,

19
94
.

D
im

it
ri
P

B
er
ts
ek
as
.
N
on

lin
ea
r
pr
og
ra
m
m
in
g.

A
th
en
a
sc
ie
nt
ifi
c
B
el
m
on

t,
19

99
.

G
eo
rg
e
E
P

B
ox
,G

w
ily

m
M

Je
nk

in
s,

G
re
go
ry

C
R
ei
ns
el
,a

nd
G
re
ta

M
Lj
un

g.
T
im

e
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es

an
al
ys
is
:
fo
re
ca
st
in
g
an

d
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nt
ro
l.
Jo

hn
W

ile
y
&

So
ns
,1

99
4.

R
ob

er
to

C
al
an

dr
a,

Ja
n
P
et
er
s,

C
ar
lE

dw
ar
d
R
as
m
us
se
n,

an
d
M
ar
c
P
et
er

D
ei
se
nr
ot
h.

M
an

i-
fo
ld

ga
us
si
an

pr
oc
es
se
s
fo
r
re
gr
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si
on

.
In

N
eu
ra
lN

et
w
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ks

(I
JC

N
N
),

20
16

In
te
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at
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l
Jo

in
t
C
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fe
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,p
ag
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33

38
–3

34
5.

IE
E
E
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T
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E
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Fo
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an
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C
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s
G
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ha

st
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nt

ha
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at
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M
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Le
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,p
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16

83
–1

69
1,

20
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A
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re
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C
D
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u
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N
ei
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w
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e.
D
ee
p
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us
si
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oc
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s.
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A
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A
T
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21
5,
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M
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P
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.
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m
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N
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at
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ro
ce
ss
in
g
Sy

st
em
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pa
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68
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20
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.

Y
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G
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G
ha

hr
am

an
i.
D
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ut
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im

at
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R
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de
ep

le
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P
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33
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M
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ar
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at
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ra
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at
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ro
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st
em

s,
pa

ge
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19

–1
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7,
20
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b.

A
la
n
G
ra
ve
s,

A
bd

el
-r
ah

m
an

M
oh

am
ed
,a

nd
G
eo
ffr
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H
in
to
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Sp
ee
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co
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it
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n
w
it
h
de
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ne
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or
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.
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A
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,
Sp
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ch

an
d
Si
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P
ro
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g
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C
A
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P
),

20
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IE
E
E

In
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at
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lC
on

fe
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e
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,p
ag
es

66
45

–6
64

9.
IE

E
E
,2

01
3.

M
or
it
z
H
ar
dt
,
B
en

R
ec
ht
,
an

d
Y
or
am

Si
ng

er
.
T
ra
in

fa
st
er
,
ge
ne
ra
liz

e
be

tt
er
:
St
ab

ili
ty

of
st
oc
ha

st
ic

gr
ad

ie
nt

de
sc
en
t.

In
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gs
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T
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at
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e
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M
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Le
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L
ea

r
n
in

g
S
ca

la
ble

D
eep

K
er

n
els

w
ith

R
ecu

r
r
en

t
S
tru

ctu
r
e

Jam
es

H
ensm

an,
N
icolò

Fusi,
and

N
eil

D
L
aw

rence.
G
aussian

processes
for

big
data.

In
P
roceedings

of
the

T
w
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b
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ss

ifi
er

d
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ed

b
y
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e
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r
of

th
e

C
N

N
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ve
n

b
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f
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1
,{

b
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1
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S
im
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o
n
e

ca
n

ta
ck

le
va

ri
ou

s
ot

h
er

p
ro

b
le

m
s,

e.
g.
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gr

es
si

on
or

p
re

d
ic

ti
on

.

In
th

e
re

m
ai

n
d
er

of
th

is
w

or
k

w
e

sh
al

l
fo

cu
s

on
th

e
fe

at
u
re

ex
tr
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ti

on
p
ro
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n
d
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ss

u
m

e
th

at
th

e
p
ar
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et

er
s

of
th

e
C

N
N

m
o
d
el

ar
e

p
re

-t
ra

in
ed

an
d

fi
x
ed

.
T

h
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e,
fo

r
ex

a
m

p
le
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u
ld

h
av

e
b

ee
n

ob
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in
ed

b
y

m
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in
g

th
e
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e
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iv
e
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e

b
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k
p
ro

p
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n
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m

an
d

th
e

st
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c
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n
t
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n
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th
e

V
G

G
n
et

w
or

k
(S

im
on
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n

a
n
d

Z
is

se
rm

a
n
,

20
14
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2
.2

S
p

a
rs

e
-L

a
n

d

T
h
is

se
ct

io
n

p
re

se
n
ts

an
ov

er
v
ie

w
of

th
e

S
p
ar

se
-L

an
d

m
o
d
el

an
d

it
s

m
an

y
ex

te
n
si

o
n
s.

W
e

st
ar

t
w

it
h

th
e

tr
a
d
it

io
n
al

sp
ar

se
re

p
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se
n
ta

ti
on

an
d

th
e

co
re

p
ro

b
le

m
it

ai
m

s
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so
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e,
a
n
d

th
en

p
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s
n
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e
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an
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N

ex
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e
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n
ti

n
u
e
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th

e
d
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ti
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ar
y

le
a
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in
g

ta
sk

b
ot

h
in

th
e

u
n
su

p
er

v
is

ed
an

d
su

p
er

v
is

ed
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se
s.

F
in
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,
w

e
d
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e
th

e
re

ce
n
t

C
S
C

m
o
d
el

,
w

h
ic

h
w

il
l

le
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u
s
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th

e
n
ex

t
se
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n
to

th
e

p
ro

p
os

al
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th
e

M
L

-C
S
C
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o
d
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T

h
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,
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,
w
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l

n
at

u
ra
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y
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n
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th

e
re
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m
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si
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e
C

N
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.1

S
pa

r
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R
e
p
r
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se

n
t
a
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io
n

In
th

e
sp

ar
se

re
p
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se
n
ta

ti
on

m
o
d
el

on
e
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su

m
es

a
si

g
n
al

X
∈

R
N

ca
n

b
e

d
es

cr
ib

ed
a
s

a
m

u
lt

ip
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ti
on
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a
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x
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∈
R
N
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,
al
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a
d
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b
y

a
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ar
se
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o
r

Γ
∈
R
M

.

6
JM

L
R

 1
8(

83
):

1-
52

, 2
01

7



C
o
n
v
o
l
u
t
io
n
a
l
N
e
u
r
a
l
N
e
t
w
o
r
k
s
A
n
a
ly

z
e
d

v
ia

C
o
n
v
o
l
u
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S
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b
e

seen
as
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ation
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e
d
ictio

n
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ry

D
,

coin
ed
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F
o
r

a
fi
x
ed

d
iction

ary,
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a
sign

al
X

,
th

e
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of
recov

erin
g

its
sp

arsest
rep

resen
tation

Γ
is

ca
lled

sp
a
rse

co
d
in

g,
or

sim
p
ly

p
u
rsu

it,
an

d
it

attem
p
ts

to
solve

th
e

follow
in

g
p
rob

lem
(D

o
n
o
h
o

an
d

E
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T
rop

p
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2004;
E

lad
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:
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Γ
‖Γ‖
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D
Γ

=
X
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h
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w
e

h
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d
en

oted
b
y
‖
Γ‖

0
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e
n
u
m

b
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on
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T
h
e
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ove
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s

a
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x
a
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n
in
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e

form
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e
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u
rsu
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(B

P
)

p
rob

lem
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h
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D
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o
h
o
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d

E
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d
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2
0
0
3
;

T
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p
p
,

2006),
form

ally
d
efi

n
ed
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(P
1 )

:
m

in
Γ
‖Γ‖

1
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D
Γ

=
X
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(4)

M
a
n
y

q
u
estio

n
s
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th
e
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ove
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o

d
efi

n
ed

p
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s.

F
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g
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en
a

sign
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X
,
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sp
a
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rep
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tation
u
n
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u
e?

A
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m
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g
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at
su

ch
a

u
n
iq

u
e
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tion
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it

b
e
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g
p
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algorith
m

s
su

ch
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th
e

O
rth

ogon
al

M
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g

P
u
rsu

it
(O

M
P
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(C

h
en

et
a
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P
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et
al.,
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d
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e
B

P
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h
en

et
al.,

2001;
D

au
b

ech
ies

et
al.,

2004)?
T

h
e
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n
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ers
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th
ese

q
u
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s
w

ere
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ow
n
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b

e
p

o
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u
n
d
er

th
e
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m

p
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th
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th
e

n
u
m

b
er
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f
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o
n
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e
u
n
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erly

in
g
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resen

tation
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n
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o

h
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an
d
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p
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th
a
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1

µ
(D
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o
an

d
E

lad
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T
rop

p
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D
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oh
o

et
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h
e

q
u
an
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th
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eren
ce
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e
d
iction
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ein
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m
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n
er

p
ro
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u
ct
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o
a
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m
s
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2.

F
orm
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w

e
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µ
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)
=

m
ax
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j
|d
Ti
d
j |.

T
ig

h
ter

co
n
d
ition

s,
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in
g

on
sh
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er
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s
of

th
e

d
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ary,
w

ere
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su
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g
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e
literatu
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(C

an
d
es

et
al.,

2
006;

S
ch

n
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an
d

V
an

d
ergh

ey
n
st,

2007;
C

an
d
es

et
a
l.,

2
0
0
6
;

C
a
n
d
es

an
d

T
ao,

2007).
H

ow
ev

er,
at

th
is

p
oin

t,
w

e
sh

all
n
ot

d
w

ell
on

th
ese.

O
n
e

o
f

th
e

sim
p
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ap
p
roach

es
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g
th

e
P

0
an

d
P

1
p
rob

lem
s
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th
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an
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ft

th
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T
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b
y
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p
u
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g
th

e
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n
er

p
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d
u
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b
etw
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e
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al
X

an
d
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e
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D
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d
th
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ch
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g
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e
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d
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g
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th
e

h
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h
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resp
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ses.
T

h
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can
b

e
d
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ed
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solv
in

g,
for

som
e

scala
r
β

,
th

e
follow

in
g

p
ro

b
lem

s:

m
in

Γ

12 ‖
Γ
−

D
T
X
‖

22
+
β‖

Γ‖
0

fo
r

th
e

P
0 ,

o
r

m
in

Γ

12 ‖
Γ
−

D
T
X
‖

22
+
β‖

Γ‖
1 ,

(5)

fo
r

th
e

P
1 .

T
h
e

ab
ov

e
are

sim
p
le

p
ro

jection
p
rob

lem
s

th
at

ad
m

it
a

closed
-form

solu
tion

in
th

e
fo

rm
3

o
fH

β
(D

T
X

)
orS

β
(D

T
X

),
w

h
ere

w
e

h
ave

d
efi

n
ed

th
e

h
ard

th
resh

old
in

g
op

erator

2
.

H
erea

fter,
w

e
a
ssu

m
e

th
a
t

th
e

a
to

m
s

a
re

n
o
rm

a
lized

to
a

u
n

it
`
2

n
o
rm

.
3
.

T
h

e
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u

s
rea

d
er

m
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en
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e
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tio
n

b
etw

een
th

e
n

o
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n

s
u
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h

ere
a
n

d
th

e
o
n

es
in

th
e

p
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u

s
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b
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n
,

w
h
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to
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l
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e
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n

b
etw
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C

N
N

a
n

d
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a
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m

o
d

els.
T

h
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n
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n
w
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b

e
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w
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p
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P
a
p
y
a
n
,
R
o
m
a
n
o

a
n
d

E
l
a
d

H
β
(·)

b
y

H
β
(z

)
=



z
,
z
<
−
β

0,
−
β
≤
z
≤
β

z
,
β
<
z
,

an
d

th
e

soft
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resh
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in
g

op
eratorS

β
(·)

b
y

S
β
(z

)
=



z
+
β
,
z
<
−
β

0,
−
β
≤
z
≤
β

z−
β
,
β
<
z
.

B
oth

of
th

e
ab

ove,
d
ep

icted
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F
igu

re
3,

n
u
llify

sm
all

en
tries

an
d

th
u
s

p
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a

sp
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solu
tion

.
H

ow
ever,

w
h
ile

th
e

h
ard

th
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old
in

g
op

erator
d
o
es

n
ot
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ify
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effi
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e
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in

g
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es,

b
y

con
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g
th
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T

h
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e

soft
version

w
ill
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p

ear
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r

th
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A
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for
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e

th
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for
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e
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in
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a
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m
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en
d
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e
p
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D
an

d
on

th
e

ratio
b

etw
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th
e

m
in
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al

an
d

m
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e
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Γ

,
an

d
th

u
s
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w
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w

h
en
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th
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n
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O

M
P
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P
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o

an
d

E
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rop

p
,
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;

D
on

oh
o

et
al.,
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S
till,

u
n
d
er

som
e

con
d
ition

s,
b

oth
algorith

m
s

are
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aran
teed

to
fi
n
d

th
e

tru
e

su
p
p

ort
of

Γ
alon

g
w

ith
an

ap
p
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im
ation

of
its

tru
e

co
effi

cien
ts.

M
oreover,

a
b

etter
estim

ation
of

th
ese

can
b

e
ob

tain
ed

b
y

p
ro

jectin
g

th
e

in
p
u
t

sign
al

on
to

th
e

atom
s

corresp
on

d
in

g
to

th
e

fou
n
d

su
p
p

ort
(in

d
ices

of
th

e
n
on

-zero
en

tries)
b
y

solv
in

g
a

L
east-S

q
u
ares

p
rob

lem
.

T
h
is

step
,

term
ed

d
eb

iasin
g

(E
lad

,
2010),

resu
lts

in
a

m
ore

accu
rate

id
en

tifi
cation

of
th

e
n
on

-zero
valu

es.

2
.2
.2

N
o
n
n
e
g
a
t
iv
e
S
pa

r
se

C
o
d
in
g

T
h
e

n
on

n
egative

sp
arse

rep
resen

tation
m

o
d
el

assu
m

es
a

sign
al

can
b

e
d
ecom

p
osed

in
to

a
m

u
ltip

lication
of

a
d
iction

ary
an

d
a

n
o
n

n
ega

tive
sp

arse
vector.

A
n
atu

ral
q
u
estio

n
arisin

g
from

th
is

is
w

h
eth

er
su

ch
a

m
o
d
ifi

cation
to

th
e

origin
al

S
p
arse-L

an
d

m
o
d
el

aff
ects

its
ex

-
p
ressiven

ess.
T

o
ad

d
ress

th
is,

w
e

h
ereb

y
p
rov

id
e

a
sim

p
le

red
u
ction

from
th

e
origin

al
sp

arse
rep

resen
tation

to
th

e
n
on

n
egative

on
e.

C
on

sid
er

a
sign

al
X

=
D

Γ
,

w
h
ere

th
e

sign
s

of
th

e
en

tries
in

Γ
a
re

u
n
restricted

.
N

otice
th

at
th

is
can

b
e

eq
u
ally

w
ritten

as

X
=

D
Γ
P

+
(−

D
)(−

Γ
N

),

w
h
ere

w
e

h
av

e
sp

lit
th

e
vector

Γ
to

its
p

ositive
co

effi
cien

ts,
Γ
P

,
an

d
its

n
eg

ative
on

es,
Γ
N

.
S
in

ce
th

e
co

effi
cien

ts
in

Γ
P

an
d
−

Γ
N

are
all

p
o
sitive,

on
e

can
th

u
s

assu
m

e
th

e
sig-

n
al

X
ad

m
its

a
n
on

-n
egative

sp
arse

rep
resen

tation
over

th
e

d
iction

a
ry

[D
,−

D
]

w
ith

th
e

vector
[Γ
P
,−

Γ
N

] T
.

T
h
u
s,

restrictin
g

th
e

co
effi

cien
ts

in
th

e
sp

arsity
in

sp
ired

m
o
d
el

to
b

e
n
on

n
egative

d
o
es

n
ot

ch
an

ge
its

ex
p
ressiven

ess.
S
im
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to

th
e
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al

m
o
d
el,

in
th

e
n
on

n
eg

ative
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e
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ld

solve
th

e
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p
u
rsu

it
p
rob

lem
b
y
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p
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in
g

a
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th
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old
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g
algorith
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ow

ev
er,

in
th
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a
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t
m

u
st

b
e
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d
ed

to
th

e
op

tim
ization

p
rob

lem
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E
q
u
ation

(5
),

forcin
g

th
e

ou
tcom

e
to

b
e

p
ositive,

i.e.,

m
in

Γ

12 ‖
Γ
−

D
T
X
‖
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+
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Γ‖
1

s.t.
Γ
≥

0
.
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d
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n
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b
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b
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ra
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ed
to

p
o
si

ti
v
e

en
tr

ie
s)

,
it

ad
m

it
s

a
cl

os
ed

-f
or

m
so

lu
ti

on
S+ β

(D
T
X

),
w

h
er

e
w

e
h
av

e
d
efi

n
ed

th
e

so
ft

n
on

-

n
eg

at
iv

e
th

re
sh

ol
d
in

g
op

er
at

or
S+ β

(·)
a
s

S+ β
(z

)
=

{
0,

z
≤
β

z
−
β
,
β
<
z
.

R
em

ar
ka

b
ly

,
th

e
ab

ov
e

fu
n
ct

io
n

sa
ti

sfi
es

S+ β
(z

)
=

m
ax

(z
−
β
,0

)
=

R
eL

U
(z
−
β

).

In
ot

h
er

w
or

d
s,

th
e

R
eL

U
an

d
th

e
so

ft
n
on

n
eg

at
iv

e
th

re
sh

ol
d
in

g
o
p

er
at

or
ar

e
eq

u
al

,
a

fa
ct

th
at

w
il
l

p
ro

ve
to

b
e

im
p

or
ta

n
t

la
te

r
in

ou
r

w
or

k
.

W
e

sh
ou

ld
n
ot

e
th

at
a

si
m

il
ar

co
n
cl

u
si

on
w

as
re

ac
h
ed

in
(F

aw
zi

et
al

.,
20

15
).

T
o

su
m

m
ar

iz
e

th
is

d
is

cu
ss

io
n
,

w
e

d
ep

ic
t

in
F

ig
u
re

3
th

e
h
ar

d
,

so
ft

,
an

d
n
on

n
eg

at
iv

e
so

ft
th

re
sh

ol
d
in

g
op

er
at

or
s.

2
.2
.3

U
n
su

p
e
r
v
is
e
d

a
n
d

T
a
sk

D
r
iv
e
n
D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

A
t

fi
rs

t,
th

e
d
ic

ti
on

ar
ie

s
em

p
lo

ye
d

in
co

n
ju

n
ct

io
n

w
it

h
th

e
sp

ar
si

ty
in

sp
ir

ed
m

o
d
el

w
er

e
an

al
y
ti

ca
ll
y

d
efi

n
ed

m
at

ri
ce

s,
su

ch
as

th
e

W
av

el
et

an
d

th
e

F
ou

ri
er

(D
au

b
ec

h
ie

s
et

al
.,

19
9
2;

M
al

la
t

an
d

Z
h
an

g,
19

93
;

E
la

d
an

d
B

ru
ck

st
ei

n
,

20
02

;
M

al
la

t,
20

08
).

A
lt

h
ou

g
h

th
e

sp
ar

se
co

d
in

g
p
ro

b
le

m
u
n
d
er

th
es

e
ca

n
b

e
d
on

e
ve

ry
effi

ci
en

tl
y,

ov
er

th
e

ye
ar

s
m

an
y

h
av

e
sh

if
te

d
to

a
d
at

a
d
ri

ve
n

ap
p
ro

ac
h

–
ad

ap
ti

n
g

th
e

d
ic

ti
on

ar
y

D
to

a
se

t
of

tr
ai

n
in

g
si

gn
al

s
at

h
an

d
v
ia

so
m

e
le

ar
n
in

g
p
ro

ce
d
u
re

.
T

h
is

w
as

em
p
ir

ic
al

ly
sh

ow
n

to
le

ad
to

sp
ar

se
r

re
p
re

se
n
ta

ti
on

s
an

d
b

et
te

r
ov

er
al

l
p

er
fo

rm
an

ce
,

at
th

e
co

st
o
f

co
m

p
li
ca

ti
n
g

th
e

in
v
ol

ve
d

p
u
rs

u
it

,
si

n
ce

th
e

d
ic

ti
on

ar
y

w
as

u
su

al
ly

ch
os

en
to

b
e

re
d
u
n
d
an

t
(h

av
in

g
m

or
e

co
lu

m
n
s

th
an

ro
w

s)
.
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P
a
p
y
a
n
,
R
o
m
a
n
o

a
n
d

E
l
a
d

T
h
e

ta
sk

of
le

ar
n
in

g
a

d
ic

ti
on

ar
y

fo
r

re
p
re

se
n
ti

n
g

a
se

t
of

si
gn

al
s
{X

j
} j

ca
n

b
e

fo
rm

u
la

te
d

as
fo

ll
ow

s

m
in

D
,{

Γ
j
} j

∑ j

‖X
j
−

D
Γ
j
‖2 2

+
ξ‖

Γ
j
‖ 0
.

T
h
e

ab
ov

e
fo

rm
u
la

ti
on

is
an

u
n
su

p
er

v
is

ed
le

ar
n
in

g
p
ro

ce
d
u
re

,
an

d
it

w
as

la
te

r
ex

te
n
d
ed

to
a

su
p

er
v
is

ed
se

tt
in

g.
In

th
is

co
n
te

x
t,

gi
ve

n
a

se
t

of
si

gn
al

s
{X

j
} j

,
on

e
at

te
m

p
ts

to
p
re

d
ic

t
th

ei
r

co
rr

es
p

on
d
in

g
la

b
el

s
{h

(X
j
)}
j
.

A
co

m
m

on
a
p
p
ro

ac
h

fo
r

ta
ck

li
n
g

th
is

is
fi
rs

t
so

lv
in

g
a

p
u
rs

u
it

p
ro

b
le

m
fo

r
ea

ch
si

gn
al

X
j

ov
er

a
d
ic

ti
on

ar
y

D
,

re
su

lt
in

g
in

Γ
?
(X

j
,D

)
=

ar
g

m
in

Γ
‖Γ
‖ 0

s.
t.

D
Γ

=
X
j
,

an
d

th
en

fe
ed

in
g

th
es

e
sp

ar
se

re
p
re

se
n
ta

ti
on

s
in

to
a

si
m

p
le

cl
as

si
fi
er

,
d
efi

n
ed

b
y

th
e

p
a
ra

m
-

et
er

s
U

.
T

h
e

ta
sk

of
le

ar
n
in

g
jo

in
tl

y
th

e
d
ic

ti
on

ar
y

D
an

d
th

e
cl

as
si

fi
er

U
w

a
s

a
d
d
re

ss
ed

in
(M

ai
ra

l
et

al
.,

20
12

),
w

h
er

e
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
w

as
p
ro

p
o
se

d

m
in

D
,U

∑ j

`(
h

(X
j
),

U
,Γ

?
(X

j
,D

)) .

T
h
e

lo
ss

fu
n
ct

io
n
`

in
th

e
ab

ov
e

ob
je

ct
iv

e
p

en
a
li
ze

s
th

e
es

ti
m

at
ed

la
b

el
if

it
is

d
iff

er
en

t
fr

om
th

e
tr

u
e
h

(X
j
),

si
m

il
ar

to
w

h
at

w
e

h
av

e
se

en
in

S
ec

ti
on

2.
1.

T
h
e

ab
ov

e
fo

rm
u
la

ti
o
n

co
n
ta

in
s

in
it

th
e

u
n
su

p
er

v
is

ed
op

ti
on

as
a

sp
ec

ia
l

ca
se

,
in

w
h
ic

h
U

is
of

n
o

im
p

o
rt

a
n
ce

,
an

d
th

e
lo

ss
fu

n
ct

io
n

is
th

e
re

p
re

se
n
ta

ti
on

er
ro

r
∑

j
‖X

j
−

D
Γ
? j
‖2 2

.

D
ou

b
le

sp
ar

si
ty

–
fi
rs

t
p
ro

p
os

ed
in

(R
u
b
in

st
ei

n
et

al
.,

20
10

)
an

d
la

te
r

em
p
lo

ye
d

in
(S

u
-

la
m

et
al

.,
20

16
)

–
at

te
m

p
ts

to
b

en
efi

t
fr

om
b

ot
h

th
e

co
m

p
u
ta

ti
on

al
effi

ci
en

cy
o
f

a
n
a
ly

ti
ca

ll
y

d
efi

n
ed

m
at

ri
ce

s,
an

d
th

e
ad

ap
ta

b
il
it

y
o
f

d
at

a
d
ri

ve
n

d
ic

ti
on

ar
ie

s.
In

th
is

m
o
d
el

,
o
n
e

a
s-

su
m

es
th

e
d
ic

ti
on

ar
y

D
ca

n
b

e
fa

ct
or

iz
ed

in
to

a
m

u
lt

ip
li
ca

ti
on

of
tw

o
m

at
ri

ce
s,

D
1

a
n
d

D
2
,

w
h
er

e
D

1
is

an
an

al
y
ti

c
d
ic

ti
on

ar
y

w
it

h
fa

st
im

p
le

m
en

ta
ti

on
,

an
d

D
2

is
a

tr
a
in

ed
sp

a
rs

e
on

e.
A

s
a

re
su

lt
,

th
e

si
gn

al
X

ca
n

b
e

re
p
re

se
n
te

d
as

X
=

D
Γ

2
=

D
1
D

2
Γ

2
,

w
h
er

e
Γ

2
is

sp
ar

se
.

W
e

p
ro

p
os

e
a

d
iff

er
en

t
in

te
rp

re
ta

ti
on

fo
r

th
e

ab
ov

e,
w

h
ic

h
is

u
n
re

la
te

d
to

p
ra

ct
ic

a
l

as
p

ec
ts

.
S
in

ce
b

ot
h

th
e

m
at

ri
x

D
2

an
d

th
e

v
ec

to
r

Γ
2

a
re

sp
ar

se
,

on
e

w
ou

ld
ex

p
ec

t
th

ei
r

m
u
lt

ip
li
ca

ti
on

Γ
1

=
D

2
Γ

2
to

b
e

sp
ar

se
as

w
el

l.
A

s
su

ch
,
th

e
d
ou

b
le

sp
ar

si
ty

m
o
d
el

im
p
li
ci

tl
y

as
su

m
es

th
at

th
e

si
gn

al
X

ca
n

b
e

d
ec

om
p

os
ed

in
to

a
m

u
lt

ip
li
ca

ti
on

of
a

d
ic

ti
o
n
a
ry

D
1

a
n
d

sp
ar

se
v
ec

to
r

Γ
1
,

w
h
ic

h
in

tu
rn

ca
n

al
so

b
e

d
ec

om
p

os
ed

si
m

il
ar

ly
v
ia

Γ
1

=
D

2
Γ

2
.

2
.2
.4

C
o
n
v
o
l
u
t
io
n
a
l
S
pa

r
se

C
o
d
in
g

M
o
d
e
l

D
u
e

to
th

e
co

m
p
u
ta

ti
on

al
co

n
st

ra
in

ts
en

ta
il
ed

w
h
en

d
ep

lo
y
in

g
tr

ai
n
ed

d
ic

ti
o
n
a
ri

es
,

th
is

ap
p
ro

ac
h

se
em

s
va

li
d

on
ly

fo
r

tr
ea

tm
en

t
of

lo
w

-d
im

en
si

on
al

si
gn

al
s.

In
d
ee

d
,

th
e

sp
a
rs

e
re

p
re

se
n
ta

ti
on

m
o
d
el

is
tr

ad
it

io
n
al

ly
u
se

d
fo

r
m

o
d
el

in
g

lo
ca

l
p
at

ch
es

ex
tr

ac
te

d
fr

o
m

a
g
lo

b
a
l

si
gn

al
.

A
n

al
te

rn
at

iv
e,

w
h
ic

h
w

as
re

ce
n
tl

y
p
ro

p
os

ed
,

is
th

e
C

S
C

m
o
d
el

th
a
t

a
tt

em
p
ts

to
re

p
re

se
n
t

th
e

w
h
ol

e
si

gn
al

X
∈
R
N

as
a

m
u
lt

ip
li
ca

ti
on

of
a

gl
ob

al
co

n
v
ol

u
ti

o
n
a
l

d
ic

ti
o
n
a
ry

D
∈

R
N
×
N
m

an
d

a
sp

ar
se

v
ec

to
r

Γ
∈

R
N
m

.
In

te
re

st
in

gl
y,

th
e

fo
rm

er
is

co
n
st

ru
ct

ed
b
y
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C
o
n
v
o
l
u
t
io
n
a
l
N
e
u
r
a
l
N
e
t
w
o
r
k
s
A
n
a
ly

z
e
d

v
ia

C
o
n
v
o
l
u
t
io
n
a
l
S
pa

r
se

C
o
d
in
g

𝑚
=

𝛀
∈
ℝ
𝑛
×
2
𝑛
−
1
𝑚

𝐱
i
∈
ℝ
𝑛

𝛄
i
∈
ℝ

2
𝑛
−
1
𝑚

𝑚

𝑛

F
ig

u
re

4
:

T
h
e
i-th

p
atch

x
i

of
th

e
glob

al
sy

stem
X

=
D

Γ
,

given
b
y

x
i

=
Ω
γ
i .

sh
iftin

g
a

lo
cal

m
atrix

of
size

n×
m

in
all

p
ossib

le
p

osition
s,

resu
ltin

g
in

th
e

sam
e

stru
ctu

re
a
s

th
e

o
n
e

sh
ow

n
in

F
igu

re
1a.

In
th

e
co

n
v
olu

tion
al

m
o
d
el,

th
e

classical
th

eoretical
gu

aran
tees

(w
e

are
referrin

g
to

resu
lts

rep
o
rted

in
(C

h
en

et
al.,

2001;
D

on
oh

o
an

d
E

lad
,

2003;
T

rop
p
,

2006
))

for
th

e
P

0

p
ro

b
lem

,
d
efi

n
ed

in
E

q
u
ation

(3),
are

very
p

essim
istic.

In
p
articu

lar,
th

e
con

d
ition

for
th

e
u
n
iq

u
en

ess
o
f

th
e

u
n
d
erly

in
g

solu
tion

an
d

th
e

req
u
irem

en
t

for
th

e
su

ccess
of

th
e

sp
arse

co
d
in

g
a
lg

o
rith

m
s

d
ep

en
d

on
th

e
glob

al
n
u
m

b
er

of
n
on

-zeros
b

ein
g

less
th

an
12 (

1
+

1
µ

(D
) )

.

F
o
llow

in
g

th
e

W
elch

b
ou

n
d

(W
elch

,
1974),

th
is

ex
p
ression

w
as

sh
ow

n
in

(P
ap

y
an

et
al.,

2
01

6
a
)

to
b

e
im

p
ractical,

allow
in

g
th

e
glob

a
l

n
u
m

b
er

of
n
on

-zeros
in

Γ
to

b
e

ex
trem

ely
low

.
In

ord
er

to
p
rov

id
e

a
b

etter
th

eo
retical

u
n
d
erstan

d
in

g
of

th
is

m
o
d
el,

w
h
ich

ex
p
lo

its
th

e
in

h
eren

t
stru

ctu
re

of
th

e
con

volu
tion

al
d
iction

ary,
a

recen
t

w
ork

(P
ap

ya
n

et
al.,

2
016a)

su
g
g
ested

to
m

easu
re

th
e

sp
arsity

of
Γ

in
a

lo
calized

m
an

n
er.

M
ore

con
cretely,

con
sid

er
th

e
i-th

n
-d

im
en

sion
al

p
atch

of
th

e
g
lob

al
sy

stem
X

=
D

Γ
,

given
b
y

x
i

=
Ω
γ
i .

T
h
e

strip
e-

d
ictio

n
a
ry

Ω
,

w
h
ich

is
of

size
n
×

(2n
−

1)m
,

is
ob

tain
ed

b
y

ex
tractin

g
th

e
i-th

p
atch

from
th

e
g
lo

b
al

d
iction

ary
D

an
d

d
iscard

in
g

all
th

e
zero

colu
m

n
s

from
it.

T
h
e

strip
e

vector
γ
i

is
th

e
co

rresp
on

d
in

g
sp

arse
rep

resen
tation

of
len

gth
(2n
−

1)m
,

con
tain

in
g

all
co

effi
cien

ts
o
f

a
to

m
s

co
n
trib

u
tin

g
to

x
i .

T
h
is

relation
is

illu
strated

in
F

igu
re

4.
N

otab
ly,

th
e

ch
oice

o
f

a
co

n
vo

lu
tio

n
al

d
iction

ary
resu

lts
in

sign
a
ls

su
ch

th
at

every
p
atch

of
len

gth
n

ex
tracted

fro
m

th
em

ca
n

b
e

sp
arsely

rep
resen

ted
u
sin

g
a

sin
gle

sh
ift-in

varian
t

lo
cal

d
iction

ary
Ω

–
a

co
m

m
o
n

a
ssu

m
p
tion

u
su

ally
em

p
loyed

in
sign

al
an

d
im

age
p
ro

cessin
g.

F
o
llow

in
g

th
e

ab
ove

con
stru

ction
,

th
e
`
0
,∞

n
orm

of
th

e
glob

al
sp

arse
v
ecto

r
Γ

is
d
efi

n
ed

to
b

e
th

e
m

a
x
im

al
n
u
m

b
er

of
n
on

-zeros
in

a
strip

e
of

len
gth

(2
n
−

1)m
ex

tracted
from

it.
F

o
rm

a
lly,

‖
Γ‖

S0
,∞

=
m

ax
i
‖
γ
i ‖

0 ,

w
h
ere

th
e

letter
s

em
p
h
asizes

th
at

th
e
`
0
,∞

n
orm

is
com

p
u
ted

b
y

sw
eep

in
g

ov
er

all
strip

es.
G

iven
a

sig
n
a
l

X
,

fi
n
d
in

g
its

sp
arest

rep
resen

tation
Γ

in
th
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p
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eo
re

ti
ca

l
an

al
y
si

s.

W
e

sh
ou

ld
em

p
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p
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b
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at
a
ss

u
m

es
th
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d
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b
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b
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p
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h
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b
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p
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h
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h
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=
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Γ
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=
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d
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∀
1
≤
i
≤
K

‖Γ
i‖

S 0
,∞
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p
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∀
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p
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p
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p
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d
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d
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re
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p
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p
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p
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b
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b
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b
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d
in

g
al

go
ri

th
m

is
in

ca
p
ab

le
of

fi
n
d
in

g
th

e
ex

ac
t

re
p
re

se
n
ta

ti
o
n
s,

{Γ
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e
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u
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b
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p
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=
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b
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p
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Γ
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p
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p
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h
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u
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u
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d
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g
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=
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+
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∀
1
≤
i≤

K
,

o
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i ‖
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Γ
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ob
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b
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b
y

p
resen

tin
g

a
sta

b
ility

cla
im

for
th

e
sim

p
le

h
ard

th
resh

old
in

g
algorith

m
,

rely
in

g
on

th
e
`
0
,∞
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b
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p
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Γ
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p
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b
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d
efi

n
ed

m
0

=
1,

sin
ce

th
e

n
u
m

b
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=

Γ
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p
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Γ
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p
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i‖
S 0
,∞

<
1 2

( 1
+

1
µ

(D
i
)
|Γ

m
in

i
|

|Γ
m
a
x

i
|)
−

1
µ

(D
i
)
ε i
−
1

|Γ
m
a
x

i
|;

a
n

d

b)
T

h
e

th
re

sh
o
ld
β
i

is
ch

o
se

n
a
cc

o
rd

in
g

to
E

qu
a
ti

o
n

(1
9)

(w
it

h
th

e
ε i

d
efi

n
ed

be
lo

w
),

th
en 1

.
T

h
e

su
p
po

rt
o
f

th
e

so
lu

ti
o
n

Γ̂
i

is
eq

u
a
l

to
th

a
t

o
f

Γ
i;

a
n

d

2
.
‖Γ

i
−

Γ̂
i‖

P 2
,∞
≤
ε i

,

w
h
er

e
ε i

=
√
‖Γ

i‖
P 0
,∞
( ε i
−

1
+
µ

(D
i)
( ‖

Γ
i‖

S 0
,∞
−

1)
|Γ

m
a
x

i
|+

β
i) .
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C
o
n
v
o
l
u
t
io
n
a
l
N
e
u
r
a
l
N
e
t
w
o
r
k
s
A
n
a
ly

z
e
d

v
ia

C
o
n
v
o
l
u
t
io
n
a
l
S
pa

r
se

C
o
d
in
g

T
h
e

p
ro

o
f

for
th

e
ab

ove
is

om
itted

sin
ce

it
is

tan
tam

ou
n
t

to
th

at
of

T
h
eorem

8.
A

s
o
n
e

ca
n

see,
th

e
layered

soft
th

resh
old

in
g

algorith
m

is
in

fact
in

ferior
to

its
h
ard

varian
t

d
u
e

to
th

e
a
d
d
ed

con
stan

t
of
β
i

in
th

e
lo

cal
error

level,
ε
i .

T
h
is

resu
lts

in
a

m
ore

strict
a
ssu

m
p
tio

n
o
n

th
e
`
0
,∞

n
orm

of
th

e
variou

s
rep

resen
tation

s
an

d
also

au
gm

en
ts

th
e

b
ou

n
d

o
n

th
e

d
ista

n
ce

b
etw

een
th

e
tru

e
sp

arse
vector

an
d

th
e

on
e

recovered
.

F
ollow

in
g

th
is

o
b
serva

tio
n
,

a
n
atu

ral
q
u
estion

arises;
w

h
y

d
o
es

th
e

d
eep

lea
rn

in
g

com
m

u
n
ity

em
p
loy

th
e

R
eL

U
,

w
h
ich

corresp
on

d
s

to
a

soft
n
on

n
egative

th
resh

old
in

g
op

erator
in

stead
of

an
oth

er
n
o
n
lin

ea
rity

th
at

is
m

ore
sim

ilar
to

its
h
ard

cou
n
terp

art?
O

n
e

p
ossib

le
ex

p
lan

ation
cou

ld
b

e
th

a
t

th
e

fi
lter

train
in

g
stage

of
th

e
C

N
N

b
ecom

es
h
ard

er
w

h
en

th
e

R
eL

U
is

rep
laced

w
ith

a
n
o
n
-co

n
vex

altern
ative,

w
h
ich

also
h
as

d
iscon

tin
u
ities,

su
ch

a
s

th
e

h
ard

th
resh

old
in

g
o
p

erato
r.

T
h
e

a
b

ov
e

th
eorem

gu
aran

tees
th

at
th

e
d
istan

ces
b

etw
een

th
e

origin
al

rep
resen

tation
s

a
n
d

th
e

o
n
es

ob
tain

ed
from

th
e

C
N

N
are

b
ou

n
d
ed

.
E

ven
if

w
e

set
ε
0

=
0,

th
e

recovered
a
ctiva

tion
s

d
ev

iate
from

th
e

tru
e

on
es,

sim
p
ly

b
ecau

se
th

e
lay

ered
th

resh
old

in
g

algorith
m

d
o
es

n
o
t

d
o

a
p

erfect
job

,
ev

en
on

a
n
oiseless

sign
al.

W
h
en

th
e

sign
al

is
n
oisy,

th
ese

d
ev

ia
tio

n
s

a
re

stren
gth

en
ed

,
b
u
t

still
in

a
con

trolled
w

ay.

T
h
is,

b
y

itself,
m

igh
t

n
ot

b
e

su
rp

risin
g.

A
fter

all,
th

e
C

N
N

is
a

d
eterm

in
istic

sy
stem

of
lin

ea
r

o
p

era
tio

n
s

(con
volu

tion
s),

follow
ed

b
y

sim
p
le

n
on

-lin
earities

th
at

are
n
on

-ex
p
a
n
d
in

g.
If

w
e

feed
a

sligh
tly

p
ertu

rb
ed

sign
al

to
su

ch
a

sy
stem

,
it

is
clear

th
at

th
e

activation
s

all
a
lo

n
g

th
e

n
etw

ork
w

ill
b

e
p

ertu
rb

ed
as

w
ell

w
ith

a
b

ou
n
d
ed

eff
ect.

H
ow

ev
er,

th
e

ab
ove

th
eo

rem
sh

ow
s

far
m

ore
th

an
th

at.
T

h
ere

are,
in

fact,
tw

o
ty

p
es

o
f

stab
ilities,

th
e

triv
ial

o
n
e

th
a
t

con
sid

ers
th

e
sen

sitiv
ity

of
th

e
w

h
ole

feed
-forw

ard
n
etw

ork
to

p
ertu

rb
ation

s
in

its
in

p
u
t,

a
n
d

th
e

m
ore

in
tricate

on
e

th
at

sh
ow

s
th

at
th

is
sy

stem
en

ab
les

a
rath

er
a
ccu

rate
recovery

of
th

e
g
e
n

e
ra

tin
g

re
p

re
se

n
ta

tio
n

s.
T

h
e

secon
d

op
tion

is
th

e
stab

ility
w

e
p
rov

e
h
ere.

5
.5

G
u

a
ra

n
te

e
s

fo
r

F
u

lly
C

o
n

n
e
c
te

d
N

e
tw

o
rk

s

O
n
e

sh
o
u
ld

n
o
te

th
at

th
e

con
volu

tion
al

stru
ctu

re
im

p
osed

on
th

e
d
iction

aries
in

ou
r

m
o
d
el

co
u
ld

b
e

rem
ov

ed
,

an
d

th
e

th
eoretical

gu
aran

tees
w

e
h
ave

p
rov

id
ed

a
b

ove
w

ou
ld

still
h
old

.
T

h
e

rea
so

n
b

ein
g

is
th

at
th

e
u
n
con

strain
ed

d
ictio

n
ary

can
b

e
regard

ed
a
s

a
con

v
olu

tion
al

o
n
e,

co
n
stru

cted
from

a
sin

gle
sh

ift
of

a
lo

cal
m

atrix
w

ith
n
o

circu
lar

b
ou

n
d
ary.

In
th

e
co

n
tex

t
o
f

C
N

N
,

th
is

is
an

alogou
s

to
a

fu
lly

con
n
ected

layer.
A

s
su

ch
,

th
e

th
eoretical

a
n
a
ly

sis
p
rov

id
ed

h
ere

sh
ed

s
ligh

t
on

b
oth

con
volu

tion
al

a
n
d

fu
lly

con
n
ected

n
etw

ork
s.

A
d
iff

eren
t

p
o
in

t
of

v
iew

on
th

e
sam

e
m

atter
can

also
b

e
p
rop

osed
;

fu
lly

con
n
ected

layers
can

b
e

v
iew

ed
a
s

co
n
v
olu

tion
al

on
es

w
ith

fi
lters

th
at

cov
er

th
eir

en
tire

in
p
u
t

(L
on

g
et

al.,
2015).

5
.6

W
o
rst-C

a
se

A
n

a
ly

sis

T
h
e

p
rop

o
sed

a
n
aly

sis
takes

a
w

orst-case
p

oin
t

of
v
iew

,
w

h
ere

th
e

n
oise

is
ad

versary
(rath

er
th

a
n

ra
n
d
o
m

),
th

e
n
u
m

b
er

of
n
on

zeros
in

each
strip

e
is

m
ax

im
al

an
d

th
e

ch
aracteristics

o
f

th
e

d
ictio

n
aries

are
sim

p
le.

S
p

ecifi
cally,

th
e

su
ccess

an
d

stab
ility

gu
aran

tees
are

given
in

term
s

o
f

th
e

m
u
tu

al
coh

eren
ces

of
th

e
d
iction

aries.
In

classic
sp

arse
th

eory
it

is
k
n
ow

n
th

a
t

th
is

m
easu

re
is

p
essim

istic.
S
till,

it
is

w
id

ely
u
sed

in
p
rov

in
g

gu
aran

tees
for

sp
arse

rep
resen

tatio
n
s,

p
erh

ap
s

b
ecau

se
it

is
sim

p
le

an
d

in
tu

itive
to

grasp
.
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P
a
p
y
a
n
,
R
o
m
a
n
o

a
n
d

E
l
a
d

S
h
arp

er
b

ou
n
d
s,

rely
in

g
on

stron
ger

ch
aracterization

s
of

th
e

d
iction

ary,
resu

lt
in

sign
if-

ican
tly

h
ard

er
an

aly
sis.

O
n
e

ex
am

p
le

for
a

d
iff

eren
t

ch
a
racterization

is
th

at
of

th
e

average
m

u
tu

al
coh

eren
ce

–
d
efi

n
ed

to
b

e
th

e
av

erag
e

correlation
in

ab
solu

te
valu

e
b

etw
een

tw
o

d
istin

ct
atom

s
taken

from
th

e
d
iction

ary
(in

stead
of

th
e

h
igh

est
correlation

,
as

m
easu

red
b
y

th
e

origin
al

m
u
tu

al
coh

eren
ce).

F
rom

a
th

eoretical
p

oin
t

of
v
iew

,
th

is
m

easu
re

w
as

sh
ow

n
to

lead
to

b
etter

th
eoretical

gu
aran

tees
in

classic
sp

arse
th

eory
(B

a
jw

a
et

a
l.,

201
2).

In
ad

-
d
ition

,
from

a
p
ractical

p
oin

t
of

v
iew

,
it

w
as

p
roven

b
en

efi
cial

p
en

alizin
g

ov
er

th
is

q
u
an

tity
in

com
p
ressed

sen
sin

g
ap

p
lication

s
(E

lad
,

20
07).

O
u
r

an
aly

sis
d
id

n
ot

rely
on

th
e

avera
ge

m
u
tu

al
coh

eren
ce,

b
u
t

rath
er

on
th

e
m

ax
im

al
coh

eren
ce.

S
till,

th
e

tw
o

are
closely

related
,

an
d

follow
in

g
th

e
d
iscu

ssion
a
b

ov
e

w
e

b
elieve

th
at

th
is

m
igh

t
p
red

ict
b

etter
th

e
p

erform
an

ce
of

C
N

N
in

p
ractice.

In
terestin

gly,
th

e
w

ork
of

(S
h
an

g,
2015)

m
easu

red
th

e
average

m
u
tu

al
coh

eren
ces

of
th

e
d
iff

eren
t

lay
ers

in
th

e
“all-

con
v
”

n
etw

ork
,

w
h
ich

w
as

train
ed

on
th

e
Im

ageN
et

d
ataset

(S
p
rin

gen
b

erg
et

al.,
2014).

T
h
e

au
th

ors
fou

n
d

th
at

m
ost

layers
h
ave

a
low

average
m

u
tu

al
coh

eren
ce.

6
.
L
a
y
e
re
d
B
a
sis

P
u
rsu

it

T
h
e

stab
ility

an
aly

sis
p
resen

ted
ab

ove
u
n
veils

tw
o

sig
n
ifi

can
t

lim
itation

s
of

th
e

forw
ard

p
ass

of
th

e
C

N
N

.
F

irst,
th

is
algorith

m
is

in
cap

ab
le

of
recoverin

g
th

e
u
n
iq

u
e

solu
tion

for
th

e
D

C
P
λ

p
rob

lem
,

th
e

ex
isten

ce
of

w
h
ich

is
gu

aran
teed

from
T

h
eorem

4.
T

h
is

acts
again

st
ou

r
ex

p
ectation

s,
sin

ce
in

th
e

trad
ition

al
sp

arsity
in

sp
ired

m
o
d
el

it
is

a
w

ell
k
n
ow

n
fa

ct
th

at
su

ch
a

u
n
iq

u
e

rep
resen

tation
can

b
e

retrieved
,

assu
m

in
g

certain
con

d
ition

s
are

m
et.

T
h
e

secon
d

issu
e

is
w

ith
th

e
con

d
ition

for
th

e
su

ccessfu
l

recov
ery

of
th

e
tru

e
su

p
p

ort.
T

h
e
`
0
,∞

n
orm

of
th

e
tru

e
solu

tion
,

Γ
i ,

is
req

u
ired

to
b

e
less

th
an

an
ex

p
ression

th
at

d
ep

en
d
s

on
th

e
term

|Γ
m

in
i
|/|Γ

m
a
x

i
|.

T
h
e

d
ep

en
d
en

ce
on

th
is

ratio
is

a
d
irect

con
seq

u
en

ce
of

th
e

forw
ard

p
ass

algorith
m

rely
in

g
on

th
e

sim
p
le

th
resh

old
in

g
op

erator
th

at
is

k
n
ow

n
for

h
av

in
g

su
ch

a
th

eoretical
lim

itation
6.

H
ow

ev
er,

altern
ative

p
u
rsu

its
w

h
ose

su
ccess

w
ou

ld
n
ot

d
ep

en
d

on
th

is
ratio

cou
ld

b
e

p
rop

osed
,

as
in

d
eed

w
as

d
on

e
in

th
e

S
p
arse-L

an
d

m
o
d
el;

resu
ltin

g
in

b
oth

th
eoretical

an
d

p
ractical

b
en

efi
ts.

A
solu

tion
for

th
e

fi
rst

p
rob

lem
,

alread
y

p
resen

ted
th

rou
gh

ou
t

th
is

w
ork

,
is

a
tw

o-stage
ap

p
roach

.
F

irst,
ru

n
th

e
th

resh
old

in
g

op
erator

in
ord

er
to

recover
th

e
correct

su
p
p

ort.
T

h
en

,
on

ce
th

e
atom

s
are

ch
osen

,
th

eir
corresp

on
d
in

g
co

effi
cien

ts
can

b
e

ob
tain

ed
b
y

solv
in

g
a

lin
ear

sy
stem

of
eq

u
ation

s.
In

ad
d
ition

to
retriev

in
g

th
e

tru
e

rep
resen

tation
in

th
e

n
oiseless

case,
th

is
step

can
also

b
e

b
en

efi
cial

in
th

e
n
o
isy

scen
ario,

resu
ltin

g
in

a
solu

tion
closer

to
th

e
u
n
d
erly

in
g

on
e.

H
ow

ev
er,

sin
ce

n
o

su
ch

step
ex

ists
in

cu
rren

t
C

N
N

arch
itectu

res,
w

e
refrain

from
fu

rth
er

an
aly

zin
g

its
th

eoretical
im

p
lication

s.

N
ex

t,
w

e
p
resen

t
an

altern
ative

to
th

e
layered

soft
th

resh
old

in
g

a
lg

orith
m

,
w

h
ich

w
ill

tack
le

b
oth

of
th

e
aforem

en
tion

ed
p
rob

lem
s.

R
ecall

th
at

th
e

resu
lt

of
th

e
soft

th
resh

old
in

g
is

a
sim

p
le

ap
p
rox

im
ation

of
th

e
solu

tion
for

th
e

P
1

p
ro

b
lem

,
p
rev

iou
sly

d
efi

n
ed

in
E

q
u
ation

(4).
In

ev
ery

layer,
in

stead
of

ap
p
ly

in
g

a
sim

p
le

th
resh

old
in

g
op

erator
th

at
estim

ates
th

e
sp

arse
vector

b
y

com
p
u
tin

g
Γ̂
i

=
S
β
i (D

Ti
Γ̂
i−

1 );
w

e
p
rop

ose
to

tack
le

th
e

fu
ll

p
u
rsu

it,
i.e.

to

6
.

T
h

e
d

ep
en

d
en

ce
o
n

th
e

ra
tio

is
a
lso

a
d

irect
co

n
seq

u
en

ce
o
f

a
ssu

m
in

g
a

w
o
rst-ca

se
a
n

a
ly

sis.
P

erh
a
p

s
in

rea
lity

th
is

ra
tio

d
o
es

n
o
t

p
lay

su
ch

a
critica

l
ro

le.2
4
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C
o
n
v
o
l
u
t
io
n
a
l
N
e
u
r
a
l
N
e
t
w
o
r
k
s
A
n
a
ly

z
e
d

v
ia

C
o
n
v
o
l
u
t
io
n
a
l
S
pa

r
se

C
o
d
in
g

m
in

im
iz

e

Γ̂
i

=
ar

g
m

in
Γ
i

‖Γ
i‖

1
s.

t.
Γ̂
i−

1
=

D
iΓ
i.

(7
)

N
ot

ic
e

th
at

on
e

co
u
ld

re
ad

il
y

ob
ta

in
th

e
n
on

n
eg

at
iv

e
sp

ar
se

co
d
in

g
p
ro

b
le

m
b
y

si
m

p
ly

ad
d
in

g
an

ex
tr

a
co

n
st

ra
in

t
in

th
e

ab
ov

e
eq

u
at

io
n
,

fo
rc

in
g

th
e

co
effi

ci
en

ts
in

Γ
i

to
b

e
n
on

-
n
eg

at
iv

e.
M

or
e

ge
n
er

al
ly

,
E

q
u
at

io
n

(7
)

ca
n

b
e

w
ri

tt
en

in
it

s
L

ag
ra

n
gi

an
fo

rm
u
la

ti
on

Γ̂
i

=
ar

g
m

in
Γ
i
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e

co
m

p
le

x
it

ie
s

of
va

ri
ou

s
al

go
ri

th
m

s
a
n
d

p
o
si

ti
o
n

ou
r

co
n
tr

ib
u
ti

on
s,

w
e

n
ee

d
to

m
ak

e
so

m
e

co
n
cr

et
e

as
su

m
p
ti

o
n
s

an
d

in
tr

o
d
u
ce

th
e

n
o
ti

o
n

o
f

co
n

d
it

io
n

n
u

m
be

r
an

d
ba

tc
h

co
m

p
le

xi
ty

.

1
.1

C
o
n

d
it

io
n

N
u

m
b

e
r

a
n

d
B

a
tc

h
C

o
m

p
le

x
it

y

L
et
γ

an
d
λ

b
e

tw
o

p
os

it
iv

e
re

al
p
ar

am
et

er
s.

W
e

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

o
n
:

A
ss

u
m

p
ti

o
n

A
E

a
ch

φ
i

is
co

n
ve

x
a
n

d
d
iff

er
en

ti
a
bl

e,
a
n

d
it

s
d
er

iv
a
ti

ve
is

(1
/
γ

)-
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s
(s

a
m

e
a
s
φ
i

be
in

g
(1
/γ

)-
sm

oo
th

),
i.

e.
,

|φ
′ i(
α

)
−
φ
′ i(
β

)|
≤

(1
/γ

)|α
−
β
|,
∀α

,β
∈
R
,

i
=

1,
..
.,
n
.

In
a
d
d
it

io
n

,
th

e
re

gu
la

ri
za

ti
o
n

fu
n

ct
io

n
g

is
λ

-s
tr

o
n

gl
y

co
n

ve
x,

i.
e.

,

g
(x

)
≥
g
(y

)
+
g
′ (
y
)T

(x
−
y
)

+
λ 2
‖x
−
y
‖2 2
,
∀g
′ (
y
)
∈
∂
g
(y

),
x
,y
∈
R
n
.

F
or

ex
am

p
le

,
th

e
lo

gi
st

ic
lo

ss
φ
i(
z
)

=
lo

g
(1

+
ex

p
(−
b i
z
))

is
(1
/4

)-
sm

o
ot

h
,

th
e

sq
u
a
re

d
er

ro
r
φ
i(
z
)

=
(1
/
2)

(z
−
b i

)2
is

1-
sm

o
ot

h
,

an
d

th
e

sq
u
ar

ed
` 2

-n
or

m
g
(x

)
=

(λ
/
2
)‖
x
‖2 2

is
λ

-s
tr

on
gl

y
co

n
ve

x
.

T
h
e

h
in

ge
lo

ss
φ
i(
z
)

=
m

ax
{0
,1
−
b i
z
}

an
d

th
e
` 1

-r
eg

u
la

ri
za

ti
o
n
g
(x

)
=

λ
‖x
‖ 1

d
o

n
ot

sa
ti

sf
y

A
ss

u
m

p
ti

on
A

.
N

ev
er

th
el

es
s,

w
e

ca
n

tr
ea

t
th

em
u
si

n
g

sm
o
o
th

in
g

a
n
d

st
ro

n
gl

y
co

n
ve

x
p

er
tu

rb
at

io
n
s,

re
sp

ec
ti

v
el

y,
so

th
at

ou
r

al
go

ri
th

m
an

d
th

eo
re

ti
ca

l
fr

a
m

ew
o
rk

st
il
l

ap
p
ly

(s
ee

S
ec

ti
on

3)
.

U
n
d
er

A
ss

u
m

p
ti

on
A

,
th

e
gr

ad
ie

n
t

of
ea

ch
co

m
p

on
en

t
fu

n
ct

io
n
,
∇
φ
i(
a
T i
x

),
is

a
ls

o
L

ip
s-

ch
it

z
co

n
ti

n
u
ou

s,
w

it
h

L
ip

sc
h
it

z
co

n
st

an
t
L
i

=
‖a

i‖
2 2
/γ
≤
R

2
/γ

,
w

h
er

e
R

=
m

a
x
i
‖a

i‖
2
.

In
ot

h
er

w
or

d
s,

ea
ch

φ
i(
a
T i
x

)
is

(R
2
/γ

)-
sm

o
ot

h
.

W
e

d
efi

n
e

th
e

co
n

d
it

io
n

n
u

m
be

r

κ
=
R

2
/
(λ
γ

),
(2

)

an
d

fo
cu

s
on

il
l-

co
n
d
it

io
n
ed

p
ro

b
le

m
s

w
h
er

e
κ
�

1.
In

st
at

is
ti

ca
l
le

a
rn

in
g,

th
e

re
g
u
la

ri
za

ti
o
n

p
ar

am
et

er
λ

is
u
su

al
ly

on
th

e
or

d
er

of
1/
√
n

or
1
/n

(e
.g

.,
B

ou
sq

u
et

an
d

E
li
ss

ee
ff

,
2
0
0
2
),

2
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L
R
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S
t
o
c
h
a
st

ic
P
r
im

a
l
-D

u
a
l
C
o
o
r
d
in
a
t
e
M
e
t
h
o
d

th
u
s

th
e

con
d
ition

n
u
m

b
er
κ

is
on

th
e

ord
er

of √
n

or
n

.
It

can
b

e
m

u
ch

la
rger

if
th

e
stron

g
co

n
vex

ity
in
g

is
ad

d
ed

p
u
rely

for
n
u
m

erical
regu

larization
p
u
rp

oses
(see

S
ection

3).
W

e
n
o
te

th
a
t

th
e

a
ctu

al
con

d
ition

in
g

of
p
rob

lem
(1)

m
ay

b
e

b
etter

th
an

κ
,

if
th

e
em

p
irical

lo
ss

fu
n
ctio

n
(1
/n

) ∑
ni=

1
φ
i (a

Ti
x

)
b
y

itself
is

stron
gly

con
v
ex

.
In

th
ose

cases,
ou

r
com

p
lex

ity
estim

a
tes

in
term

s
of
κ

can
b

e
lo

ose
(u

p
p

er
b

ou
n
d
s),

b
u
t

th
ey

are
still

u
sefu

l
in

com
p
arin

g
d
iff

eren
t

a
lg

o
rith

m
s

for
solv

in
g

th
e

sam
e

p
rob

lem
.

L
et
P
?

b
e

th
e

op
tim

al
valu

e
of

p
rob

lem
(1),

i.e.,
P
?

=
m

in
x∈

R
d
P

(x
).

In
ord

er
to

fi
n
d

an
a
p
p
rox

im
a
te

solu
tion

x̂
satisfy

in
g
P

(x̂
)−

P
?≤

ε,
th

e
classical

fu
ll

grad
ien

t
m

eth
o
d

an
d

its
p
rox

im
a
l

va
ria

n
ts

req
u
ireO

((1
+
κ

)
log

(1/ε))
iteration

s
(e.g.,

N
esterov

,
2004,

2013).
A

ccel-
era

ted
fu

ll
g
ra

d
ien

t
m

eth
o
d
s

en
joy

th
e

im
p
roved

iteration
com

p
lex

ity
O

((1
+
√
κ

)
log

(1/ε))
(N

esterov
,

2
0
0
4
;

T
sen

g,
2008;

B
eck

an
d

T
eb

ou
lle,

2009
;

N
esterov

,
2013)

1.
H

ow
ever,

each
it-

era
tio

n
o
f

th
ese

b
atch

m
eth

o
d
s

req
u
ires

a
fu

ll
p
ass

ov
er

th
e

d
ataset,

com
p
u
tin

g
th

e
grad

ien
t

o
f

ea
ch

co
m

p
o
n
en

t
fu

n
ction

an
d

form
in

g
th

eir
average,

w
h
ich

cost
O

(n
d
)

op
era

tion
s

(a
s-

su
m

in
g

th
e

fea
tu

res
vectors

a
i ∈

R
d

are
d
en

se).
In

con
trast,

th
e

sto
ch

astic
grad

ien
t

m
eth

o
d

a
n
d

its
p
rox

im
al

varian
ts

op
erate

on
on

e
sin

gle
com

p
on

en
t
φ
i (a

Ti
x

)
(ch

osen
ran

d
om

ly
)

at
ea

ch
itera

tio
n
,

w
h
ich

on
ly

costsO
(d

).
B

u
t

th
eir

iteratio
n

com
p
lex

ities
are

far
w

orse.
U

n
d
er

A
ssu

m
p
tion

A
,

it
tak

es
th

em
O

(κ
/ε)

iteration
s

to
fi
n
d

an
x̂

su
ch

th
at

E
[P

(x̂
)−

P
?]≤

ε,
w

h
ere

th
e

ex
p

ectation
is

w
ith

resp
ect

to
th

e
ran

d
om

ch
oices

m
ad

e
at

all
th

e
itera

tion
s

(e.g.,
P

o
lya

k
a
n
d

J
u
d
itsk

y
,
1992;

N
em

irov
sk

i
et

al.,
2009;

D
u
ch

i
an

d
S
in

g
er,

2009;
L

a
n
gford

et
al.,

2
0
0
9
;

X
iao

,
2
0
1
0).

T
o

m
a
ke

fa
ir

com
p
arison

s
w

ith
b
atch

m
eth

o
d
s,

w
e

m
easu

re
th

e
com

p
lex

ity
of

sto
ch

astic
o
r

in
crem

en
ta

l
g
rad

ien
t

m
eth

o
d
s

in
term

s
of

th
e

n
u
m

b
er

of
eq

u
ivalen

t
p
asses

over
th

e
d
ataset

req
u
ired

to
rea

ch
an

ex
p

ected
p
recision

ε.
W

e
call

th
is

m
easu

re
th

e
ba

tch
co

m
p
lexity,

w
h
ich

is
u
su

a
lly

o
b
ta

in
ed

b
y

d
iv

id
in

g
th

eir
iteration

com
p
lex

ities
b
y
n

.
F

or
ex

am
p
le,

th
e

b
atch

co
m

p
lex

ity
o
f

th
e

sto
ch

astic
grad

ien
t

m
eth

o
d

isO
(κ
/(n

ε)).
T

h
e

b
atch

com
p
lex

ities
of

fu
ll

g
ra

d
ien

t
m

eth
o
d
s

are
th

e
sam

e
as

th
eir

iteration
com

p
lex

ities.
B

y
ex

p
lo

itin
g

th
e

fi
n
ite

average
stru

ctu
re

in
(1),

several
recen

t
w

ork
(e.g

.,
L

e
R

ou
x

et
a
l.,

2
0
1
2
;

S
h
a
lev

-S
h
w

artz
an

d
Z

h
an

g,
2013

a;
J
oh

n
son

an
d

Z
h
an

g,
2013;

X
iao

an
d

Z
h
an

g,
2
0
1
4
;

D
efa

zio
et

al.,
2014)

p
rop

osed
n
ew

va
rian

ts
of

th
e

sto
ch

astic
grad

ien
t

an
d

d
u
al

co-
o
rd

in
a
te

a
scen

t
m

eth
o
d
s

w
h
ich

ach
ieve

th
e

iteration
com

p
lex

ity
O

((n
+
κ

)
log

(1/ε)).
S
in

ce
th

eir
co

m
p
u
tation

al
cost

p
er

iteration
is
O

(d
),

th
e

eq
u
ivalen

t
b
atch

com
p
lex

ity
is

1
/n

of
th

eir
itera

tion
com

p
lex

ity,
i.e.,O

((1
+
κ
/n

)
log

(1
/ε)).

T
h
is

com
p
lex

ity
h
as

m
u
ch

w
eaker

d
ep

en
d
en

ce
o
n
n

th
an

th
e

fu
ll

grad
ien

t
m

eth
o
d
s,

an
d

also
m

u
ch

w
eaker

d
ep

en
d
en

ce
on

ε
th

a
n

th
e

sto
ch

a
stic

grad
ien

t
m

eth
o
d
s.

In
th

is
p
a
p

er,
w

e
p
rop

ose
a

sto
ch

astic
p
rim

al-d
u
al

co
ord

in
ate

(S
P

D
C

)
m

eth
o
d
,

w
h
ich

h
a
s

th
e

itera
tio

n
com

p
lex

ity
O
((n

+
√
κ
n

)
log

(1/ε) ),
o
r

eq
u
iva

len
tly,

th
e

b
atch

com
p
lex

ity

O
((1

+
√
κ
/n

)
log

(1
/ε) ).

(3)

W
h
en
κ
>
n

,
th

is
is

low
er

th
an

th
eO

((1
+
κ
/n

)
log

(1
/ε))

b
atch

com
p
lex

ity
m

en
tion

ed
ab

ove.
In

d
eed

,
it

rea
ch

es
a

low
er

b
ou

n
d

for
m

in
im

izin
g

fi
n
ite

su
m

s
estab

lish
ed

in
L

an
an

d
Z

h
ou

1
.

F
o
r
th
e
a
n
a
ly
sis

o
f
fu
ll
g
ra
d
ien

t
m
eth

o
d
s,

w
e
sh
o
u
ld

u
se

(R
2/
γ
+
λ
)/
λ
=

1
+
κ
a
s
th
e
co
n
d
itio

n
n
u
m
b
er

o
f
p
ro
b
lem

(1
);

see
N
esterov

(2
0
1
3
,
S
ectio

n
5
.1
).

H
ere

w
e
u
sed

th
e
u
p
p
er

b
o
u
n
d
√
1
+
κ
<

1
+
√
κ
fo
r

ea
sy

co
m
p
a
riso

n
.
W

h
en

κ
�

1
,
th
e
a
d
d
itiv

e
co
n
sta

n
t
1
ca
n
b
e
d
ro
p
p
ed

.
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Z
h
a
n
g

a
n
d

X
ia
o

(2015);
see

also
A

garw
al

an
d

B
ottou

(2015)
an

d
W

o
o
d
w

orth
an

d
S
reb

ro
(2016).

S
everal

oth
er

recen
t

w
ork

also
ach

iev
ed

th
e

sam
e

com
p
lex

ity
b

ou
n
d
,

eith
er

w
ith

a
d
u
al

or
a

p
rim

al
accelerated

ran
d
om

ized
algorith

m
(L

in
et

al.,
2015b

;
L

an
an

d
Z

h
ou

,
2015;

A
llen

-Z
h
u
,

2017)
or

th
rou

gh
th

e
p
rox

im
al-p

oin
t

algorith
m

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2015

;
F

rostig
et

al.,
2015;

L
in

et
al.,

2015a).
W

e
w

ill
d
iscu

ss
th

ese
related

w
o
rk

in
S
ection

5.

1
.2

O
u

tlin
e

o
f

th
e

P
a
p

e
r

O
u
r

ap
p
roach

is
b
ased

on
reform

u
latin

g
p
rob

lem
(1)

as
a

con
vex

-con
cav

e
sad

d
le

p
oin

t
p
rob

lem
,

an
d

th
en

d
ev

isin
g

a
p
rim

al-d
u
al

algorith
m

to
ap

p
rox

im
ate

th
e

sad
d
le

p
oin

t.
M

ore
sp

ecifi
cally,

w
e

rep
lace

each
com

p
on

en
t

fu
n
ction

φ
i (a

Ti
x

)
th

rou
g
h

con
vex

con
ju

gation
,

i.e.,

φ
i (a

Ti
x

)
=

su
p

y
i ∈

R {y
i 〈a

i ,x〉−
φ
∗i (y

i )}
,

w
h
ere

φ
∗i (y

i )
=

su
p
α∈

R {
α
y
i −

φ
i (α

)},
an

d
〈a
i ,x〉

d
en

otes
th

e
in

n
er

p
ro

d
u
ct

of
a
i

an
d
x

(w
h
ich

is
th

e
sam

e
as
a
Ti
x

,
b
u
t

is
m

ore
con

ven
ien

t
for

later
p
resen

tation
).

T
h
is

lead
s

to
a

con
vex

-con
cave

sad
d
le

p
oin

t
p
rob

lem

m
in

x∈
R
d

m
ax

y∈
R
n

{
f

(x
,y

)
d
ef

=
1n

n
∑i=

1 (y
i 〈a

i ,x〉−
φ
∗i (y

i ) )
+
g
(x

) }
.

(4)

U
n
d
er

A
ssu

m
p
tion

A
,

each
φ
i

is
(1
/γ

)-sm
o
oth

,
w

h
ich

im
p
lies

th
at
φ
∗i

is
γ

-stron
gly

con
vex

(see,
e.g.,

H
iriart-U

rru
ty

an
d

L
em

a
réch

al,
2001,

T
h
eorem

4.2.2).
In

a
d
d
ition

,
th

e
regu

lar-
ization

g
is
λ

-stron
gly

con
vex

.
A

s
a

con
seq

u
en

ce,
th

e
sad

d
le

p
oin

t
p
rob

lem
(4)

h
as

a
u
n
iq

u
e

solu
tion

,
w

h
ich

w
e

d
en

ote
b
y

(x
?,y

?).
T

h
e

ab
ove

sad
d
le-p

oin
t

form
u
lation

allow
s

th
e

regu
larized

E
R

M
p
rob

lem
to

b
e

solved
b
y

th
e

p
rim

al-d
u
al

fi
rst-ord

er
algorith

m
s

d
evelop

ed
in

C
h
am

b
olle

an
d

P
o
ck

(2011).
U

n
d
er

A
ssu

m
p
tion

A
,

A
lgorith

m
3

in
C

h
am

b
olle

an
d

P
o
ck

(2011)
h
ave

th
e

com
p
lex

ity
O

(1
+

√
κ

)
log

(1/ε),
w

h
ich

is
th

at
sam

e
as

th
at

of
th

e
accelerated

fu
ll

grad
ien

t
m

eth
o
d
s.

O
u
r

S
P

D
C

m
eth

o
d

can
b

e
v
iew

ed
as

a
ran

d
om

ized
co

ord
in

ate
varian

t
of

th
e

p
rim

al-d
u
al

algorith
m

in
C

h
am

b
olle
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it
ch

ed
th

e
or

d
er

of
u
p

d
at
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g
x
(t
+
1
)

an
d
u
(t
+
1
)

(c
o
m

p
a
ri

n
g

w
it

h
A

lg
or

it
h
m

1)
,

to
b

et
te

r
il
lu

st
ra

te
th

at
x
(t
+
1
)

is
ob

ta
in

ed
b
as

ed
on

an
ex

tr
a
p

o
la

ti
on

fr
om

u
(t
)

to
u
(t
+
1
) .
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ow

ev
er

,
th

is
fo

rm
is

n
ot
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m
m

en
d
ed

in
im

p
le

m
en

ta
ti

o
n
,

b
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a
u
se

u
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)
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u
su

al
ly

a
d
en
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ct
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ev
en
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e
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u
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or
s
a
k
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e
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se
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D
et

a
il
s

o
n

effi
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en
t

im
p
le

m
en

ta
ti

on
of

S
P

D
C

ar
e
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ve

n
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S
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6.
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th
e
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ow
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g

d
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ss
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n
,

w
e
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o
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o
t

m
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e
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se

n
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s
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m

p
ti
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s.

W
it

h
a

si
n
gl

e
p
ro
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ss

or
,

ea
ch

it
er

at
io

n
of

A
lg

or
it

h
m

2
ta

k
es
O

(m
d
)

ti
m

e
to

a
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o
m

p
li
sh

.
S
in

ce
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e
u
p

d
at

es
of

ea
ch

co
or

d
in

at
e
y k

ar
e

in
d
ep

en
d
en

t
o
f

ea
ch

ot
h
er
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w

e
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n
u
se

p
a
ra

ll
el
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m

p
u
ti

n
g

to
ac

ce
le

ra
te

th
e

m
in

i-
b
at

ch
S
P

D
C

m
et

h
o
d
.

C
on

cr
et

el
y,

w
e

ca
n

u
se
m

p
ro

ce
ss

o
rs

to
u
p

d
at

e
th

e
m

co
or

d
in

at
es

in
th

e
su

b
se

t
K

in
p
ar

al
le

l,
th

en
ag

g
re

ga
te

th
em

to
u
p

d
a
te

x
(t
+
1
) .

In
te

rm
s

of
w

al
l-

cl
o
ck

ti
m

e,
ea

ch
it

er
at

io
n

ta
ke

s
O

(d
)

ti
m

e,
w

h
ic

h
is

th
e

sa
m

e
as

ru
n
n
in

g
on

e
it

er
at

io
n

of
th

e
b
as

ic
S
P

D
C

al
go

ri
th

m
.

N
ot

su
rp

ri
si

n
gl

y,
w

e
w

il
l

sh
ow

th
at

th
e

m
in

i-
b
at

ch
S
P

D
C

al
go

ri
th

m
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n
v
er

ge
s

fa
st

er
th

an
S
P

D
C

in
te

rm
s

o
f

th
e

it
er

a
ti

o
n
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m

p
le

x
it

y,
b
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es
m

u
lt

ip
le

d
u
al

co
or

d
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.
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P
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l
C
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r
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in
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e
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e
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o
d
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lg

o
rith

m
2
:

T
h
e

m
in

i-b
atch

S
P

D
C

m
eth

o
d

In
p

u
t:

m
in

i-b
atch

size
m

,
p
aram

eters
τ,σ

,θ
∈
R
+

,
n
u
m

b
er

of
iteratio

n
s
T

,
an

d
th

e
in

itial
p

oin
ts
x
(0
)

an
d
y
(0
).

In
itia

liz
e
:
x
(0
)

=
x
(0
),
u
(0
)

=
(1/n

) ∑
ni=

1
y
(0
)

i
a
i .

fo
r
t

=
0,1

,2
,...,T

−
1

d
o

R
an

d
o
m

ly
p
ick

a
su

b
set

K
⊂
{1,2,...,n}

of
size

m
,

su
ch

th
at

th
e

p
rob

ab
ility

of
ea

ch
in

d
ex

b
ein

g
p
icked

is
eq

u
al

to
m
/
n

.
E

x
ecu

te
th

e
follow

in
g

u
p

d
ates:

y
(t+

1
)

i
=

{
arg

m
ax

β∈
R {

β〈a
i ,x

(t)〉−
φ
∗i (β

)−
12
σ

(β
−
y
(t)
i

)
2 }

if
i∈

K
,

y
(t)
i

if
i
/∈
K
,

(9)

u
(t+

1
)

=
u
(t)

+
1n

∑k∈
K

(y
(t+

1
)

k
−
y
(t)
k

)a
k ,

x
(t+

1
)

=
arg

m
in

x∈
R
d {

g
(x

)
+
〈
u
(t)

+
nm

(u
(t+

1
)−

u
(t)),

x 〉
+
‖x
−
x
(t)‖

22

2
τ

}
,

(10)

x
(t+

1
)

=
x
(t+

1
)

+
θ(x

(t+
1
)−

x
(t)).

e
n

d

O
u

tp
u

t:
x
(T

)
an

d
y
(T

)

2
.1

C
o
n
v
e
rg

e
n

c
e

A
n

a
ly

sis

S
in

ce
th

e
b
a
sic

S
P

D
C

algorith
m

is
a

sp
ecial

case
of

m
in

i-b
atch

S
P

D
C

w
ith

m
=

1,
w

e
o
n
ly

p
resen

t
a

con
vergen

ce
th

eorem
for

th
e

m
in

i-b
atch

version
.

T
h
e

ex
p

ectation
s

in
th

e
fo

llow
in

g
resu

lts
are

taken
w

ith
resp

ect
to

th
e

ran
d
om

variab
les{K

(0
),...,K

(T−
1
)}

,
w

h
ere

K
(t)

d
en

otes
th

e
ran

d
om

su
b
set

K
⊂
{1,...,n}

p
icked

at
th

e
t-th

iteration
of

th
e

m
in

i-b
atch

S
P

D
C

m
eth

o
d
.

T
h

e
o
re

m
1

S
u

p
po

se
A

ssu
m

p
tio

n
A

h
o

ld
s.

L
et

(x
?,y

?)
be

th
e

u
n

iqu
e

sa
d
d

le
po

in
t

o
f
f

d
efi

n
ed

in
(4),

R
=

m
ax{‖a

1 ‖
2
,...,‖

a
n ‖

2 }
,

a
n

d
d
efi

n
e

∆
(t)

=

(
12
τ

+
λ2 )
‖x

(t)−
x
?‖

22
+

(
14
σ

+
γ2 )
‖y

(t)−
y
?‖

22

m

+
f

(x
(t),y

?)−
f

(x
?,y

?)
+
nm

(
f

(x
?,y

?)−
f

(x
?,y

(t)) )
.

(11)

If
th

e
pa

ra
m

eters
τ,σ

a
n

d
θ

in
A

lgo
rith

m
2

a
re

ch
o
sen

su
ch

th
a
t

τ
=

12
R

√
m
γ

n
λ
,

σ
=

12
R

√
n
λ

m
γ
,

θ
=

1−
(
nm

+
2
R √

n

m
λ
γ )
−
1

,
(12)

th
en

fo
r

ea
ch

t≥
1
,

th
e

m
in

i-ba
tch

S
P

D
C

a
lgo

rith
m

a
ch

ieves

E
[∆

(t)]≤
θ
t (

∆
(0
)

+
‖
y
(0
)−

y
?‖

22

4m
σ

)
.
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Z
h
a
n
g

a
n
d

X
ia
o

C
om

p
arin

g
w

ith
T

h
eorem

1
in

Z
h
an

g
an

d
X

iao
(2015),

ou
r

d
efi

n
ition

of
∆

(t)
in

(11)
in

clu
d
es

th
e

ad
d
ition

al
term

s
f

(x
(t),y

?)−
f

(x
?,y

?)
+

nm

(f
(x
?,y

?)−
f

(x
?,y

(t)) ).
T

h
is

is
a

w
eigh

ted
su

m
of

th
e

p
rim

al
an

d
d
u
al

gap
s

for
th

e
sad

d
le-p

oin
t

p
rob

lem
.

It
w

ill
h
elp

u
s

estab
lish

th
e

con
vergen

ce
rate

of
th

e
ob

jective
valu

e
for

th
e

E
R

M
p
rob

lem
in

S
ection

2.2,
w

h
ich

is
m

issin
g

in
Z

h
an

g
an

d
X

iao
(2015).

T
h
e

p
ro

of
of

T
h
eorem

1
is

given
in

A
p
p

en
d
ix

A
.

T
h
e

follow
in

g
corollary

estab
lish

es
th

e
ex

p
ected

iteration
com

p
lex

ity
of

m
in

i-b
atch

S
P

D
C

for
ob

tain
in

g
an

ε-accu
rate

solu
tion

.

C
o
ro

lla
ry

2
S

u
p
po

se
A

ssu
m

p
tio

n
A

h
o
ld

s
a
n

d
th

e
pa

ra
m

eters
τ

,
σ

a
n

d
θ

a
re

set
a
s

in
(12).

In
o
rd

er
fo

r
A

lgo
rith

m
2

to
o
bta

in

E
[‖x

(T
)−

x
?‖

22 ]≤
ε,

E
[‖
y
(T

)−
y
?‖

22 ]≤
ε,

(13)

it
su

ffi
ces

to
h
a
ve

th
e

n
u

m
ber

o
f

itera
tio

n
s
T

sa
tisfy

T
≥
(
nm

+
2
R √

n

m
λ
γ )

log (
Cε )

,

w
h
ere

C
=

∆
(0
)

+
∥∥
y
(t)−

y
? ∥∥

22
/(4m

σ
)

m
in {

1
/(2τ

)
+
λ
/
2
,

(1/
(4σ

)
+
γ
/2)/m

}
.

P
ro

o
f

B
y

T
h
eorem

1,
w

e
h
ave

E
[‖
x
(t)−

x
?‖

22 ]≤
θ
tC

an
d
E

[‖
y
(t)−

y
?‖

22 ]≤
θ
tC

for
each

t
>

0.
T

o
ob

tain
(13),

it
su

ffi
ces

to
en

su
re

th
at
θ
T
C
≤
ε,

w
h
ich

is
eq

u
ivalen

t
to

T
≥

log
(C
/ε)

−
log

(θ)
=

log
(C
/ε)

−
lo

g (
1−

(
(n
/m

)
+

2
R √

(n
/m

)/(λ
γ

) )
−
1 )
.

A
p
p
ly

in
g

th
e

in
eq

u
ality

−
log

(1−
x

)≥
x

to
th

e
d
en

om
in

ator
ab

ove
com

p
letes

th
e

p
ro

of.

R
ecall

th
e

d
efi

n
ition

of
th

e
con

d
ition

n
u
m

b
er
κ

=
R

2/(λ
γ

)
in

(2).
C

o
rollary

2
estab

lish
es

th
at

th
e

iteration
com

p
lex

ity
of

th
e

m
in

i-b
atch

S
P

D
C

m
eth

o
d

for
ach

iev
in

g
(13)

is

O
(((n

/m
)

+
√
κ

(n
/m

) )
log

(1/ε) )
.

S
o

a
larger

b
atch

size
m

lead
s

to
less

n
u
m

b
er

of
iteration

s.
In

th
e

ex
trem

e
case

of
n

=
m

,
w

e
ob

tain
a

fu
ll

b
atch

algorith
m

,
w

h
ich

h
as

iteration
or

b
atch

com
p
lex

ity
O

((1
+
√
κ

)
log

(1
/ε)).

T
h
is

com
p
lex

ity
is

also
sh

ared
b
y

th
e

accelerated
grad

ien
t

m
eth

o
d
s

(N
esterov

,
2004,

2013),
as

w
ell

as
th

e
b
atch

p
rim

al-d
u
al

algorith
m

of
C

h
am

b
olle

an
d

P
o
ck

(2011);
see

d
iscu

ssion
s

in
S
ection

1.1
an

d
related

w
ork

in
S
ection

5
.

S
in

ce
an

eq
u
ivalen

t
p
ass

over
th

e
d
ataset

corresp
on

d
s

to
n
/m

iteration
s,

th
e

b
atch

com
p
lex

ity
(th

e
n
u
m

b
er

of
eq

u
ivalen

t
p
asses

over
th

e
d
ata)

of
m

in
i-b

atch
S
P

D
C

is

O
((1

+
√
κ

(m
/n

) )
log

(1/ε) )
.

T
h
e

ab
ove

ex
p
ression

im
p
lies

th
at

a
sm

aller
b
a
tch

size
m

lead
s

to
less

n
u
m

b
er

of
p
asses

th
rou

gh
th

e
d
ata.

In
th

is
sen

se,
th

e
b
asic

S
P

D
C

m
eth

o
d

w
ith

m
=

1
is

th
e

m
ost

effi
cien

t
on

e.
H

ow
ever,

if
w

e
p
refer

th
e

least
am

ou
n
t

of
w

all-clo
ck

tim
e,

th
en

th
e

b
est

ch
oice

is
to

ch
o
ose

a
m

in
i-b

atch
size

m
th

at
m

atch
es

th
e

n
u
m

b
er

of
p
a
rallel

p
ro

cessors
availab

le.
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e
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c
e

R
a
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o
f

P
ri
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a
l-

D
u

a
l

G
a
p

In
th

e
p
re

v
io

u
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su
b
se
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io

n
,

w
e

es
ta

b
li
sh

ed
it

er
at

io
n

co
m

p
le

x
it

y
of

th
e

m
in

i-
b
at

ch
S
P

D
C

m
et

h
o
d

in
te

rm
s

of
ap

p
ro

x
im

at
in

g
th

e
sa

d
d
le

p
oi

n
t

of
th

e
m

in
im

ax
p
ro

b
le

m
(4

),
m

or
e

sp
ec

ifi
ca

ll
y,

to
m

ee
t

th
e
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q
u
ir

em
en

t
in

(1
3)

.
N

ex
t

w
e

sh
ow

th
at

it
h
a
s

th
e

sa
m

e
or

d
er

of
co

m
p
le

x
it

y
in

re
d
u
ci

n
g

th
e

p
ri

m
al

-d
u
al

ob
je

ct
iv

e
g
ap

P
(x

(t
) )
−
D

(y
(t
) )

,
w

h
er

e
P

(x
)

is
d
efi

n
ed

in
(1

)
an

d D
(y

)
d
ef =

m
in

x
∈R

d
f

(x
,y

)
=

1 n

n ∑ i=
1

−
φ
∗ i(
y i

)
−
g
∗(
−

1 n

n ∑ i=
1

y i
a
i) .

(1
4)

w
h
er

e
g
∗ (
u

)
=

su
p
x
∈R

d
{x

T
u
−
g
(x

)}
is

th
e

co
n
ju

ga
te

fu
n
ct

io
n

of
g
.

U
n
d
er

A
ss

u
m

p
ti

on
A

,
th

e
fu

n
ct

io
n
f

(x
,y

)
d
efi

n
ed

in
(4

)
h
as

a
u
n
iq

u
e

sa
d
d
le

p
oi

n
t

(x
?
,y
?
),

an
d

P
(x
?
)

=
f

(x
?
,y
?
)

=
D

(y
?
).

H
ow

ev
er

,
in

ge
n
er

al
,

fo
r

an
y

p
oi

n
t

(x
,y

)
∈

d
om

(g
)
×

d
om

(φ
∗ )

,
w

e
h
av

e

P
(x

)
=

m
ax y
f

(x
,y

)
≥
f

(x
,y
?
),

D
(y

)
=

m
in x
f

(x
,y

)
≤
f

(x
?
,y

).

T
h
u
s

th
e

re
su

lt
in

T
h
eo

re
m

1
d
o
es

n
ot

tr
an

sl
at

e
d
ir

ec
tl

y
in

to
a

co
n
ve

rg
en

ce
b

ou
n
d

o
n

th
e

p
ri

m
al

-d
u
al

ga
p
.

W
e

n
ee

d
to

b
ou

n
d
P

(x
)

an
d
D

(y
)

b
y
f

(x
,y
?
)

an
d
f

(x
?
,y

),
re

sp
ec

ti
ve

ly
,

in
th

e
op

p
os

it
e

d
ir

ec
ti

on
s.

F
or

th
is

p
u
rp

os
e,

w
e

n
ee

d
th

e
fo

ll
ow

in
g

re
su

lt
ex

tr
ac

te
d

fr
om

Y
u

et
al

.
(2

01
5)

.
W

e
p
ro

v
id

e
th

e
p
ro

of
in

A
p
p

en
d
ix

B
fo

r
co

m
p
le

te
n
es

s.

L
e
m

m
a

3
S

u
p
po

se
A
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u

m
p
ti

o
n

A
h
o
ld

s.
L

et
(x
?
,y
?
)

be
th

e
u

n
iq

u
e

sa
d
d

le
-p

o
in

t
o
f
f

(x
,y

),
a
n

d
R

=
m

ax
1
≤
i≤
n
‖a

i‖
2
.

T
h
en

fo
r

a
n

y
po

in
t

(x
,y

)
∈

d
om

(g
)
×

d
om

(φ
∗ )

,
w

e
h
a
ve

P
(x

)
≤
f

(x
,y
?
)

+
R

2

2
γ
‖x
−
x
?
‖2 2
,

D
(y

)
≥
f

(x
?
,y

)
−

R
2

2
λ
n
‖y
−
y
?
‖2 2
.

C
o
ro

ll
a
ry

4
S

u
p
po

se
A

ss
u

m
p
ti

o
n

A
h
o
ld

s
a
n

d
th

e
pa

ra
m

et
er

s
τ

,
σ

a
n

d
θ

a
re

se
t

a
s

in
(1

2)
.

L
et

∆̃
(0
)

:=
∆

(0
)

+
‖y

(0
)
−
y
?
‖2 2

4
m
σ

.
T

h
en

fo
r

a
n

y
ε
≥

0
,

th
e

it
er

a
te

s
o
f

A
lg

o
ri

th
m

2
sa

ti
sf

y

E[
P

(x
(T

) )
−
D

(y
(T

) )
]
≤
ε

w
h
en

ev
er

T
≥
(
n m

+
2
R

√
n

m
λ
γ

)
lo

g

(
( 1

+
R

2

λ
γ

)
∆̃

(0
)

ε

)
.

P
ro

o
f

T
h
e

fu
n
ct

io
n
f

(x
,y
?
)

is
st

ro
n
gl

y
co

n
ve

x
in
x

w
it

h
p
ar

am
et

er
λ

,
an

d
x
?

is
th

e
m

in
-

im
iz

er
.

S
im

il
ar

ly
,
−
f

(x
?
,y

)
is

st
ro

n
gl

y
co

n
ve

x
in
y

w
it

h
p
ar

am
et

er
γ
/n

,
an

d
is

m
in

im
iz

ed
b
y
y
?
.

T
h
er

ef
or

e,

λ 2
‖x

(t
)
−
x
?
‖2 2
≤
f

(x
(t
) ,
y
?
)
−
f

(x
?
,y
?
),

γ 2n
‖y

(t
)
−
y
?
‖2 2
≤
f

(x
?
,y
?
)
−
f

(x
?
,y

(t
) )
.

(1
5)

9
JM

L
R

 1
8(

84
):

1-
42

, 2
01

7

Z
h
a
n
g

a
n
d

X
ia
o

W
e

b
ou

n
d

th
e

fo
ll
ow

in
g

w
ei

gh
te

d
p
ri

m
al

-d
u
al

ga
p

P
(x

(t
) )
−
P

(x
?
)

+
n m

( D
(y
?
)
−
D

(y
(t
) )
)

≤
f

(x
(t
) ,
y
?
)
−
f

(x
? ,
y
?
)

+
n m

( f
(x
? ,
y
?
)
−
f

(x
? ,
y
(t
) )
)

+
R

2

2γ
‖x

(t
)
−
x
?
‖2 2

+
n m

R
2

2n
λ
‖y

(t
)
−
y
?
‖2 2

≤
∆

(t
)

+
R

2

λ
γ

(
λ 2
‖x

(t
)
−
x
?
‖2 2

+
n m

γ 2
n
‖y

(t
)
−
y
?
‖2 2

)

≤
∆

(t
)

+
R

2

λ
γ

( f
(x

(t
) ,
y
?
)
−
f

(x
?
,y
?
)

+
n m

( f
(x
?
,y
?
)
−
f

(x
?
,y

(t
) )
))

≤
( 1

+
R

2

λ
γ

)
∆

(t
) .

T
h
e

fi
rs

t
in

eq
u
al

it
y

ab
ov

e
is

d
u
e

to
L

em
m

a
3
,

th
e

se
co

n
d

an
d

fo
u
rt

h
in

eq
u
al

it
ie

s
a
re

d
u
e

to
th

e
d
efi

n
it

io
n

of
∆

(t
) ,

an
d

th
e

th
ir

d
in

eq
u
al

it
y

is
d
u
e

to
(1

5)
.

T
ak

in
g

ex
p

ec
ta

ti
o
n
s

o
n

b
o
th

si
d
es

of
th

e
ab

ov
e

in
eq

u
al

it
y,

th
en

ap
p
ly

in
g

T
h
eo

re
m

1,
w

e
ob

ta
in

E
[ P

(x
(t
) )
−
P

(x
?
)

+
n m

( D
(y
?
)
−
D

(y
(t
) )
)]
≤

θt
( 1

+
R

2

λ
γ

)
∆̃

(0
)

=
(1

+
κ

)∆̃
(t
) .

S
in

ce
n
≥
m

an
d
D

(y
?
)
−
D

(y
(t
) )

)
≥

0,
th

is
im

p
li
es

th
e

d
es

ir
ed

re
su

lt
.

3
.

E
x
te

n
si

o
n
s

to
N

o
n
-S

m
o
o
th

o
r

N
o
n
-S

tr
o
n
g
ly

C
o
n
v
e
x

F
u
n
ct

io
n
s

T
h
e

co
m

p
le

x
it

y
b

ou
n
d
s

es
ta

b
li
sh

ed
in

S
ec

ti
on

2
re

q
u
ir

e
ea

ch
φ
i

b
e

(1
/γ

)-
sm

o
o
th

,
a
n
d

th
e

fu
n
ct

io
n
g

b
e
λ

-s
tr

on
gl

y
co

n
ve

x
.

F
or

ge
n
er

al
lo

ss
fu

n
ct

io
n
s

w
h
er

e
ei

th
er

or
b

o
th

o
f

th
es

e
co

n
d
it

io
n
s

fa
il

(e
.g

.,
th

e
h
in

ge
lo

ss
an

d
` 1

-r
eg

u
la

ri
za

ti
on

),
w

e
ca

n
sl

ig
h
tl

y
p

er
tu

rb
th

e
sa

d
d
le

-
p

oi
n
t

fu
n
ct

io
n
f

(x
,y

)
so

th
at

th
e

S
P

D
C

m
et

h
o
d

ca
n

st
il
l

b
e

ap
p
li
ed

.

T
o

b
e

co
n
ci

se
,

w
e

on
ly

co
n
si

d
er

th
e

ca
se

w
h
er

e
n
ei

th
er
φ
i

is
sm

o
o
th

n
o
r
g

is
st

ro
n
g
ly

co
n
ve

x
.

In
st

ea
d
,

w
e

on
ly

as
su

m
e

th
at

ea
ch

φ
i

an
d
g

ar
e

co
n
ve

x
an

d
L

ip
sc

h
it

z
co

n
ti

n
u
o
u
s,

an
d
f

(x
,y

)
h
as

a
sa

d
d
le

p
oi

n
t

(x
?
,y
?
).

W
e

ch
o
os

e
a

sc
al

ar
δ
>

0
a
n
d

co
n
si

d
er

th
e

m
o
d
ifi

ed
sa

d
d
le

-p
oi

n
t

fu
n
ct

io
n
:

f δ
(x
,y

)
d
ef =

1 n

n ∑ i=
1

( y i
〈a
i,
x
〉−

( φ
∗ i(
y i

)
+
δy

2 i

2

))
+
g
(x

)
+
δ 2
‖x
‖2 2
.

(1
6
)

D
en

ot
e

th
e

sa
d
d
le

-p
oi

n
t

of
f δ

b
y

(x
? δ
,y
? δ
).

W
e

em
p
lo

y
th

e
m

in
i-

b
at

ch
S
P

D
C

m
et

h
o
d

in
A

lg
or

it
h
m

2
to

ap
p
ro

x
im

at
e

(x
? δ
,y
? δ
),

tr
ea

ti
n
g
φ
∗ i

+
δ 2
(·)

2
as
φ
∗ i

an
d
g

+
δ 2
‖·
‖2 2

a
s
g
,

w
h
ic

h
ar

e
al

l
δ-

st
ro

n
gl

y
co

n
v
ex

.
W

e
n
ot

e
th

at
ad

d
in

g
st

ro
n
g
ly

co
n
ve

x
p

er
tu

rb
at

io
n

on
φ
∗ i

is
eq

u
iv

a
le

n
t

to
sm

o
ot

h
in

g
φ
i,

w
h
ic

h
b

ec
om

es
(1
/δ

)-
sm

o
ot

h
(s

ee
,
e.

g.
,
N

es
te

ro
v
,
20

05
).

L
et

ti
n
g
γ

=
λ

=
δ,

th
e

p
ar

am
et

er
s
τ
,
σ

an
d
θ

in
(1

2)
b

ec
om

e

τ
=

1 2R

√
m n
,

σ
=

1 2
R

√
n m
,

an
d

θ
=

1
−
(
n m

+
2
R δ

√
n m

) −
1

.
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S
t
o
c
h
a
st

ic
P
r
im

a
l
-D

u
a
l
C
o
o
r
d
in
a
t
e
M
e
t
h
o
d

A
lth

o
u
g
h

(x
?δ ,y

?δ )
is

n
ot

ex
actly

th
e

sad
d
le

p
oin

t
of
f

,
th

e
follow

in
g

corollary
sh

ow
s

th
at

ap
-

p
ly

in
g

S
P

D
C

to
th

e
p

ertu
rb

ed
fu

n
ction

f
δ

eff
ectively

m
in

im
izes

th
e

origin
al

loss
fu

n
ctio

n
P

.
S
im

ila
r

resu
lts

for
th

e
con

v
ergen

ce
of

th
e

p
rim

al-d
u
al

gap
can

also
b

e
estab

lish
ed

.

C
o
ro

lla
ry

5
A

ssu
m

e
th

a
t

ea
ch

φ
i

is
co

n
vex

a
n

d
G
φ
-L

ip
sch

itz
co

n
tin

u
o
u

s,
a
n

d
g

is
co

n
vex

a
n

d
G
g -L

ip
sch

itz
co

n
tin

u
o
u

s.
In

a
d
d
itio

n
,

a
ssu

m
e

th
a
t
f

h
a
s

a
sa

d
d

le
po

in
t

(x
?,y

?)
a
n

d
let

th
e

u
n

iqu
e

sa
d
d

le
po

in
t

o
f
f
δ

be
(x
?δ ,y

?δ ).
D

efi
n

e
tw

o
co

n
sta

n
ts:

C
1

=
(‖x

?‖
22

+
G

2φ
),

C
2

=
(G

φ
R

+
G
g )

2 (
∆

(0
)

δ
+
∥∥
y
(0
)−

y
?δ ∥∥

22
R
/(4 √

m
n

)

1
/(2τ

)
+
λ
/
2

)
,

w
h
ere

∆
(0
)

δ
is

eva
lu

a
ted

a
s

in
(11)

bu
t

in
term

s
o
f

th
e

pertu
rbed

fu
n

ctio
n
f
δ .

If
w

e
ch

oo
se

δ≤
ε/
C
1 ,

th
en

w
e

h
a
ve

E
[P

(x
(T

))−
P

(x
?)]≤

ε
w

h
en

ever

T
≥
(
nm

+
2
Rδ

√
nm

)
lo

g (
4C

2

ε
2

)
.

P
ro

o
f

L
et
ỹ

=
arg

m
ax

y
f

(x
?δ ,y

)
b

e
a

sh
orth

an
d

n
ota

tion
.

W
e

h
av

e

P
(x
?δ )

(i)
=

f
(x
?δ ,ỹ

)
(ii)

≤
f
δ (x

?δ ,ỹ
)

+
δ‖
ỹ‖

22

2
n

(iii)

≤
f
δ (x

?δ ,y
?δ )

+
δ‖
ỹ‖

22

2
n

(iv
)

≤
f
δ (x

?,y
?δ )

+
δ‖ỹ‖

22

2
n

(v
)

≤
f

(x
?,y

?δ )
+
δ‖x

?‖
22

2
+
δ‖ỹ‖

22

2n

(v
i)

≤
f

(x
?,y

?)
+
δ‖
x
?‖

22

2
+
δ‖
ỹ‖

22

2
n

(v
ii)

=
P

(x
?)

+
δ‖x

?‖
22

2
+
δ‖ỹ‖

22

2n
.

H
ere,

eq
u
a
tion

s
(i)

an
d

(v
ii)

u
se

th
e

d
efi

n
ition

of
th

e
fu

n
ction

f
,

in
eq

u
a
lities

(ii)
an

d
(v

)
u
se

th
e

d
efi

n
ition

of
th

e
fu

n
ction

f
δ ,

in
eq

u
a
lities

(iii)
a
n
d

(iv
)

u
se

th
e

fact
th

at
(x
?δ ,y

?δ )
is

th
e

sa
d
d
le

p
o
in

t
of
f
δ ,

an
d

in
eq

u
ality

(v
i)

is
d
u
e

to
th

e
fact

th
at

(x
?,y

?)
is

th
e

sad
d
le

p
oin

t
o
f
f

.S
in

ce
φ
i

is
G
φ
-L

ip
sch

itz
con

tin
u
ou

s,
th

e
d
om

ain
of
φ
∗i

is
in

th
e

in
terval

[−
G
φ
,G

φ
],

w
h
ich

im
p
lies‖ỹ‖

22 ≤
n
G

2φ
(see,

e.g.,
(S

h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2015,

L
em

m
a

1)).
T

h
u
s,

w
e

h
ave

P
(x
?δ )−

P
(x
?)≤

δ2
(‖
x
?‖

22
+
G

2φ
)

=
δ2
C
1 .

(17)

O
n

th
e

o
th

er
h
an

d
,

sin
ce
P

is
(G

φ
R

+
G
g )-L

ip
sch

itz
con

tin
u
ou

s,
T

h
eorem

1
im

p
lies

E
[P

(x
(T

))−
P

(x
?δ )]
≤

(G
φ
R

+
G
g )E

[‖
x
(T

)−
x
?δ ‖

2 ]

≤
√
C
2 (

1−
(
nm

+
2
Rδ

√
nm

)
−
1 )

T
/
2

.
(18)

C
o
m

b
in

in
g

(1
7
)

an
d

(18),
in

ord
er

to
ob

tain
E

[P
(x

(T
))−

P
(x
?)]≤

ε,
it

su
ffi

ces
to

h
ave

C
1 δ≤

ε
an

d

√
C
2 (

1−
(
nm

+
2
Rδ

√
nm

)
−
1 )

T
/
2≤

ε2
.

(19)
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Z
h
a
n
g

a
n
d

X
ia
o

φ
i

g
iteration

com
p
lex

ity
Õ

(·)
(1/γ

)-sm
o
oth

λ
-stron

gly
con

vex
n
/m

+
√

(n
/m

)/(λ
γ

)

(1/γ
)-sm

o
oth

n
on

-stron
gly

con
v
ex

n
/
m

+
√

(n
/m

)/
(εγ

)

n
on

-sm
o
oth

λ
-stron

gly
con

vex
n
/m

+
√

(n
/m

)/(ελ
)

n
on

-sm
o
oth

n
on

-stron
gly

con
v
ex

n
/m

+
√
n
/m

/ε

T
ab

le
1:

Iteration
com

p
lex

ities
of

th
e

S
P

D
C

m
eth

o
d

u
n
d
er

d
iff

eren
t

assu
m

p
tion

s
on

th
e

fu
n
ction

s
φ
i

an
d
g
.

F
or

th
e

last
th

ree
cases,

w
e

solv
e

th
e

p
ertu

rb
ed

sad
d
le-p

oin
t

p
rob

lem
w

ith
δ

=
ε/C

1 .

T
h
e

corollary
is

estab
lish

ed
b
y

fi
n
d
in

g
th

e
sm

a
llest

T
th

a
t

satisfi
es

in
eq

u
ality

(19).

T
h
ere

are
tw

o
oth

er
cases

th
at

can
b

e
con

sid
ered

:
w

h
en

φ
i

is
n
ot

sm
o
oth

b
u
t
g

is
stron

gly
con

v
ex

,
an

d
w

h
en

φ
i

is
sm

o
oth

b
u
t
g

is
n
ot

stron
gly

con
vex

.
T

h
ey

can
b

e
h
an

d
led

w
ith

th
e

sam
e

tech
n
iq

u
e

d
escrib

ed
ab

ove,
an

d
w

e
om

it
th

e
d
etails

h
ere.

A
ltern

atively,
it

is
p

ossib
le

to
u
se

th
e

tech
n
iq

u
es

d
escrib

ed
in

C
h
am

b
olle

an
d

P
o
ck

(2011,
S
ection

5.1)
to

ob
tain

accelerated
su

b
lin

ear
con

vergen
ce

rates
w

ith
ou

t
u
sin

g
stron

gly
con

vex
p

ertu
rb

ation
s.

In
T

ab
le

1,
w

e
list

th
e

com
p
lex

ities
of

th
e

m
in

i-b
atch

S
P

D
C

m
eth

o
d

for
fi
n
d
in

g
an

ε-op
tim

al
solu

tion
of

p
rob

lem
(1)

u
n
d
er

variou
s

assu
m

p
tion

s.
S
im

ilar
resu

lts
are

also
ob

ta
in

ed
in

S
h
alev

-S
h
w

artz
an

d
Z

h
an

g
(2015).

4
.

S
P

D
C

w
ith

N
o
n
-U

n
ifo

rm
S
a
m

p
lin

g

O
n
e

p
oten

tial
d
raw

b
ack

of
th

e
S
P

D
C

algorith
m

is
th

at,
its

con
vergen

ce
rate

d
ep

en
d
s

on
a

p
rob

lem
-sp

ecifi
c

con
stan

t
R

,
w

h
ich

is
th

e
largest

`
2 -n

orm
of

th
e

featu
re

v
ectors

a
i .

A
s

a
con

seq
u
en

ce,
th

e
algorith

m
m

ay
p

erform
b
ad

ly
on

u
n
n
orm

alized
d
ata,

esp
ecially

if
th

e
`
2 -n

orm
s

of
som

e
featu

re
vectors

are
su

b
stan

tially
larger

th
an

oth
ers.

In
th

is
section

,
w

e
p
rop

ose
an

ex
ten

sion
of

th
e

S
P

D
C

m
eth

o
d

to
m

itigate
th

is
p
rob

lem
,

w
h
ich

is
giv

en
in

A
lgorith

m
3.

T
h
e

b
asic

id
ea

is
to

u
se

n
on

-u
n
iform

sam
p
lin

g
in

p
ick

in
g

th
e

d
u
al

co
ord

in
ate

to
u
p

d
ate

at
each

iteration
.

In
A

lgorith
m

3,
w

e
p
ick

co
ord

in
ate

k
w

ith
th

e
p
rob

ab
ility

p
k

=
(1−

α
)
1n

+
α

‖a
k ‖

2
∑

ni=
1 ‖
a
i ‖

2
,

k
=

1,...,n
,

(20)

w
h
ere

α
∈

(0,1)
is

a
p
aram

eter.
In

oth
er

w
o
rd

s,
th

is
d
istrib

u
tion

is
a

(strict)
con

vex
com

-
b
in

ation
of

th
e

u
n
iform

d
istrib

u
tion

an
d

th
e

d
istrib

u
tion

th
at

is
p
rop

ortion
a
l

to
th

e
featu

re
n
orm

s.
T

h
erefore,

in
stan

ces
w

ith
large

featu
re

n
orm

s
are

sam
p
led

m
ore

freq
u
en

tly,
con

-
trolled

b
y
α

.
S
im

u
ltan

eou
sly,

w
e

ad
op

t
an

ad
ap

tive
regu

larization
in

step
(21),

im
p

osin
g

stron
ger

regu
larization

on
su

ch
in

stan
ces.

In
ad

d
ition

,
w

e
ad

ju
st

th
e

w
eigh

t
of
a
k

in
(23)

for
u
p

d
atin

g
th

e
p
rim

al
variab

le.
A

s
a

con
seq

u
en

ce,
th

e
con

vergen
ce

rate
of

A
lgorith

m
3

d
ep

en
d
s

on
th

e
average

n
orm

of
featu

re
vectors,

as
w

ell
as

th
e

p
aram

eter
α

.
T

h
is

is
su

m
-

m
arized

in
th

e
follow

in
g

th
eorem

,
w

h
ose

p
ro

of
is

giv
en

in
A

p
p

en
d
ix

C
.
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M
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d

A
lg
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th
m

3
:

S
P

D
C

m
et

h
o
d

w
it

h
w

ei
gh

te
d

sa
m

p
li
n
g

In
p

u
t:

p
ar

am
et

er
s
τ,
σ
,θ
∈
R
+

,
n
u
m

b
er

of
it

er
at

io
n
s
T

,
in

it
ia

l
p

oi
n
ts
x
(0
)

an
d
y
(0
) .

In
it

ia
li
z
e
:
x
(0
)

=
x
(0
) ,
u
(0
)

=
(1
/n

)
∑

n i=
1
y
(0
)

i
a
i.

fo
r
t

=
0,

1
,2
,.
..
,T
−

1
d

o
R

an
d
om

ly
p
ic

k
k
∈
{1
,2
,.
..
,n
},

w
it

h
p
ro

b
ab

il
it

y
p
k

gi
ve

n
in

(2
0)

.
E

x
ec

u
te

th
e

fo
ll
ow

in
g

u
p

d
at

es
:

y
(t
+
1
)

i
=

{
ar

g
m

ax
β
∈R
{ β
〈a
i,
x
(t
) 〉
−
φ
∗ i(
β

)
−

p
i
n

2
σ

(β
−
y
(t
)

i
)2
}

i
=
k
,

y
(t
)

i
i
6=
k
,

(2
1)

u
(t
+
1
)

=
u
(t
)

+
1 n

(y
(t
+
1
)

k
−
y
(t
)

k
)a
k
,

(2
2)

x
(t
+
1
)

=
ar

g
m

in
x
∈R

d

{
g
(x

)
+
〈 u

(t
)

+
1 p
k

(u
(t
+
1
)
−
u
(t
) )
,
x
〉

+
‖x
−
x
(t
) ‖

2 2

2
τ

}
,

(2
3)

x
(t
+
1
)

=
x
(t
+
1
)

+
θ(
x
(t
+
1
)
−
x
(t
) )
.

e
n

d

O
u

tp
u

t:
x
(T

)
an

d
y
(T

) .

T
h

e
o
re

m
6

S
u

p
po

se
A

ss
u

m
p
ti

o
n

A
h
o
ld

s.
L

et
R

:=
m

ax
i
‖a

i‖
2
,
R

:=
1 n

∑
n i=

1
‖a

i‖
2

a
n

d

R
α

:=
( (1
−
α

)/
R

+
α
/R
) −

1
.

If
th

e
pa

ra
m

et
er

s
τ,
σ
,θ

in
A

lg
o
ri

th
m

3
a
re

ch
o
se

n
su

ch
th

a
t

τ
=

1

2R
α

√
γ n
λ
,

σ
=

1

2
R
α

√
n
λ γ
,

θ
=

1
−
(

n

1
−
α

+
R
α

√
n λ
γ

) −
1

,
(2

4)

th
en

fo
r

ea
ch

t
≥

1
,

w
e

h
a
ve

(
1 2τ

+
λ
) E[
‖x

(t
)
−
x
?
‖2 2

] +
(

1 4σ
+
γ n

) E[
‖y

(t
)
−
y
?
‖2 2

]

≤
θ
t

( (
1 2
τ

+
λ
) ‖
x
(0
)
−
x
?
‖2 2

+
(

1 2
σ

+
γ

1
−
α

) ‖
y
(0
)
−
y
?
‖2 2

) .

N
ot

e
th

at
R
α
≤
R
/α

al
w

ay
s

h
ol

d
s.

If
w

e
ch

o
os

e
α

=
1
/2

,
th

en
th

e
co

n
tr

ac
ti

on
ra

ti
o

θ
is

b
ou

n
d
ed

b
y

1
−
(

n
1
−
α

+
2
R
√

n λ
γ

) −
1
.

C
om

p
ar

in
g

th
is

b
ou

n
d

w
it

h
T

h
eo

re
m

1
w

it
h

m
=

1,
th

e
co

n
ve

rg
en

ce
ra

te
of

T
h
eo

re
m

6
is

d
et

er
m

in
ed

b
y

th
e

av
er

a
ge

n
or

m
of

th
e

fe
at

u
re

s,
R

=
1 n

∑
n i=

1
‖a

i‖
2
,

in
st

ea
d

of
th

e
la

rg
es

t
on

e
R

=
m

ax
i
‖a

i‖
2
.

T
h
is

d
iff

er
en

ce
m

ak
es

A
lg

or
it

h
m

3
m

or
e

ro
b
u
st

to
u
n
n
or

m
al

iz
ed

fe
at

u
re

ve
ct

or
s.

F
or

ex
am

p
le

,
if

th
e
a
i’

s
ar

e
sa

m
p
le

d
i.
i.
d
.

fr
om

a
m

u
lt

iv
ar

ia
te

n
or

m
al

d
is

tr
ib

u
ti

on
,

th
en

m
ax

i{
‖a

i‖
2
}

al
m

os
t

su
re

ly
go

es
to

in
fi
n
it

y
as
n
→
∞

,
b
u
t

th
e

av
er

ag
e

n
or

m
1 n

∑
n i=

1
‖a

i‖
2

co
n
ve

rg
es

to
E[
‖a

i‖
2
].

S
in

ce
θ

is
a

b
ou

n
d

on
th

e
co

n
ve

rg
en

ce
fa

ct
or

,
w

e
w

ou
ld

li
ke

to
m

ak
e

it
as

sm
al

l
as

p
os

si
b
le

.
L

et
ρ

:=
R
/R
−

1.
T

h
e

ex
p
re

ss
io

n
of
θ

in
(2

4)
ca

n
b

e
m

in
im

iz
ed

b
y

ch
o
os

in
g

α
?

=

{
0

if
ρ
≤
√
n
/κ
,

ρ
1
/
2
(κ
/
n
)1
/
4
−
1

ρ
1
/
2
(κ
/
n
)1
/
4
+
ρ

if
ρ
>
√
n
/κ
.

(2
5)

1
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Z
h
a
n
g

a
n
d

X
ia
o

w
h
er

e
κ

=
R

2
/
(λ
γ

)
is

th
e

co
n
d
it

io
n

n
u
m

b
er

.
T

h
e

va
lu

e
of
α
?

w
il
l

b
e

eq
u
a
l

to
ze

ro
if

th
e

co
n
d
it

io
n

n
u
m

b
er

is
la

rg
e

en
ou

gh
,

an
d

in
cr

ea
se

s
sl

ow
ly

to
on

e
as

th
e

co
n
d
it

io
n

n
u
m

b
er

in
cr

ea
se

s.
T

h
u
s,

w
e

ch
o
os

e
a

(m
or

e
co

n
se

rv
at

iv
e)

u
n
if

or
m

d
is

tr
ib

u
ti

on
fo

r
il
l-

co
n
d
it

io
n
ed

p
ro

b
le

m
s,

b
u
t

a
m

or
e

ag
gr

es
si

v
el

y
w

ei
gh

te
d

d
is

tr
ib

u
ti

on
fo

r
w

el
l-

co
n
d
it

io
n
ed

p
ro

b
le

m
s.

F
or

si
m

p
li
ci

ty
of

p
re

se
n
ta

ti
on

,
w

e
d
es

cr
ib

ed
in

A
lg

or
it

h
m

3
a

w
ei

gh
te

d
sa

m
p
li
n
g

S
P

D
C

m
et

h
o
d

w
it

h
si

n
gl

e
d
u
al

co
or

d
in

at
e

u
p

d
at

e,
i.
e.

,
th

e
ca

se
of
m

=
1.

In
fa

ct
,

th
e

n
o
n
-u

n
if

o
rm

sa
m

p
li
n
g

sc
h
em

e
ca

n
al

so
b

e
ex

te
n
d
ed

to
m

in
i-

b
at

ch
S
P

D
C

.
F

or
m

in
i-

b
at

ch
si

ze
m
>

1
,

w
e

ra
n
d
om

ly
p
ic

k
a

su
b
se

t
of

in
d
ic

es
K
⊂
{1
,2
,.
..
,n
}

of
si

ze
m

.
T

h
e

p
ro

b
ab

il
it

y
o
f
i
∈
K

is
d
en

ot
ed

b
y
p
i

an
d

sh
ou

ld
sa

ti
sf

y
th

e
co

n
st

ra
in

t:

m
in
{ 1,

m
( 1
−
α

n
+
α
‖a

i‖
2

n
R

)}
≤

p
i
≤

1
(2

6)

fo
r
i

=
1,
..
.,
n

,
an

d
n ∑ i=
1

p
i

=
m
.

T
h
is

co
n
st

ra
in

t
ca

n
b

e
sa

ti
sfi

ed
b
y

fi
rs

t
ad

d
in

g
al

l
in

d
ic

es
{i

:
p
i

=
1
}

to
th

e
se

t
K

,
th

en
sa

m
p
li
n
g

w
it

h
ou

t
re

p
la

ce
m

en
t

fr
om

th
e

re
m

ai
n
in

g
in

d
ic

es
in

or
d
er

to
m

ak
e
|K
|=

m
.

M
o
re

co
n
cr

et
el

y,
th

er
e

is
an

effi
ci

en
t

sa
m

p
li
n
g-

w
it

h
ou

t-
re

p
la

ce
m

en
t

al
go

ri
th

m
(C

h
a
o
,
1
9
8
2
)

w
h
ic

h

ad
d
s

ea
ch

re
m

ai
n
in

g
in

d
ex
i

to
th

e
se

t
K

w
it

h
p
ro

b
ab

il
it

y
p
ro

p
or

ti
on

a
l

to
1
−
α
n

+
α
‖a
i
‖ 2

n
R

.
It

ca
n

b
e

v
er

ifi
ed

th
at

th
e

lo
w

er
b

ou
n
d

in
(2

6)
h
ol

d
s

w
it

h
su

ch
a

p
ro

ce
d
u
re

.
F

or
th

e
m

in
i-

b
at

ch
ex

te
n
si

on
,

w
e

re
p
la

ce
th

e
u
p

d
at

es
(2

1)
-(

2
3)

b
y

th
e

fo
ll
ow

in
g

u
p

d
a
te

s:

y
(t
+
1
)

i
=

{
ar

g
m

ax
β
∈R
{ β
〈a
i,
x
(t
) 〉
−
φ
∗ i(
β

)
−

p
i
n

2
σ
m

(β
−
y
(t
)

i
)2
}

i
∈
K
,

y
(t
)

i
i
/∈
K
,

u
(t
+
1
)

=
u
(t
)

+
1 n

∑ k
∈K

(y
(t
+
1
)

k
−
y
(t
)

k
)a
k
,

x
(t
+
1
)

=
ar

g
m

in
x
∈R

d

{
g
(x

)
+

〈
u
(t
)

+
1 n

∑ k
∈K

y
(t
+
1
)

k
−
y
(t
)

k

p
k

a
k
,
x

〉
+
‖x
−
x
(t
) ‖

2 2

2
τ

}
,

w
h
ic

h
re

se
m

b
le

s
th

e
u
p

d
at

es
of

A
lg

or
it

h
m

2.
S
im

il
ar

to
th

e
m

in
i-

b
at

ch
S
P

D
C

,
w

e
a
re

a
b
le

to
sh

ow
th

at
b
y

in
cr

ea
si

n
g

th
e

b
at

ch
si

ze
m

,
th

e
co

n
ve

rg
en

ce
ra

te
of

th
e

al
g
o
ri

th
m

w
il
l

b
e

im
p
ro

ve
d
.

O
n

th
e

ot
h
er

h
an

d
,

th
e

lo
w

er
b

ou
n
d

on
p
i

gi
ve

n
b
y

co
n
st

ra
in

t
(2

6
)

im
p
li
es

th
a
t

w
it

h
a

p
ro

p
er

ch
oi

ce
of
α

(e
.g

.
α

=
1/

2)
,

th
e

co
n
ve

rg
en

ce
ra

te
w

il
l

d
ep

en
d

o
n

m
ax
{ R

,
m n
R
}
,

in
st

ea
d

of
th

e
m

ax
im

u
m

n
or

m
R

.
F

or
m

=
1,

w
e

h
av

e
m

ax
{R
,
m n
R
}

=
R

,
so

th
a
t

it
ca

p
tu

re
s

th
e

th
eo

re
ti

ca
l

gu
ar

an
te

e
fo

r
A

lg
or

it
h
m

3
as

a
sp

ec
ia

l
ca

se
.

W
e

om
it

th
e

p
ro

o
f

d
et

a
il
s.

5
.

R
e
la

te
d

W
o
rk

C
h
am

b
ol

le
an

d
P

o
ck

(2
01

1)
co

n
si

d
er

ed
a

cl
as

s
of

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

w
it

h
th

e
fo

ll
ow

in
g

sa
d
d
le

-p
oi

n
t

st
ru

ct
u
re

:

m
in

x
∈R

d
m

ax
y
∈R

n

{ 〈
K
x
,y
〉+

G
(x

)
−
F
∗ (
y
)}
,

(2
7
)
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d
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o
rith

m
τ

σ
θ

b
atch

com
p
lex

ity

C
h
a
m

b
olle-P

o
ck

√
n

‖
A
‖
2 √

γλ
n √

n
‖
A
‖
2 √

λγ
1−

1
1
+
‖
A
‖
2
/
(2 √

n
λ
γ
)

(
1

+
‖
A
‖
2

2 √
n
λ
γ )

log
(1/ε)

S
P

D
C

w
ith

m
=
n

1R √
γλ

1R √
λγ

1−
1

1
+
R
/ √

λ
γ

(
1

+
R
√
λ
γ )

log
(1/ε)

S
P

D
C

w
ith

m
=

1
1R √

γn
λ

1R √
n
λγ

1−
1

n
+
R √

n
/
λ
γ

(
1

+
R
√
n
λ
γ )

log
(1/

ε)

T
a
b
le

2
:

C
o
m

p
arin

g
step

sizes
an

d
com

p
lex

ity
of

S
P

D
C

w
ith

C
h
am

b
olle

an
d

P
o
ck

(2011,
A

lg
o
rith

m
3,

T
h
eorem

3).
H

ere
A
∈

R
n×

d
an

d
its

sp
ectral

n
o
rm
‖A‖

2
u
su

ally
g
row

s
w

ith
n

,
b
u
t

alw
ay

s
b

ou
n
d
ed

b
y
√
n
R

.

w
h
ere

K
∈

R
m
×
d,
G

an
d
F
∗

are
p
rop

er
clo

sed
con

v
ex

fu
n
ction

s,
w

ith
F
∗

itself
b

ein
g

th
e

co
n
ju

g
a
te

o
f

a
con

v
ex

fu
n
ction

F
.

T
h
ey

d
evelop

ed
th

e
follow

in
g

fi
rst-ord

er
p
rim

al-d
u
al

a
lg

o
rith

m
:

y
(t+

1
)

=
arg

m
ax

y∈
R
n {〈K

x
(t),y〉−

F
∗(y

)−
12
σ ‖
y−

y
(t)‖

22 }
,

(28)

x
(t+

1
)

=
arg

m
in

x∈
R
d {〈K

T
y
(t+

1
),x〉

+
G

(x
)

+
12τ ‖x

−
x
(t)‖

22 }
,

(29)

x
(t+

1
)

=
x
(t+

1
)

+
θ(x

(t+
1
)−

x
(t)).

(30)

W
h
en

b
o
th

F
∗

an
d
G

are
stron

gly
con

vex
an

d
th

e
p
aram

eters
τ
,
σ

a
n
d
θ

are
ch

osen
a
p
p
rop

ria
tely,

th
is

algorith
m

ob
tain

s
accelerated

lin
ear

con
vergen

ce
rate

(C
h
am

b
o
lle

an
d

P
o
ck

,
2
0
1
1
,

T
h
eorem

3).

W
e

ca
n

m
a
p

th
e

sad
d
le-p

oin
t

p
rob

lem
(4)

in
to

th
e

form
of

(27)
b
y

lettin
g
A

=
[a

1 ,...,a
n
] T

a
n
d

K
=

1n
A
,

G
(x

)
=
g
(x

),
F
∗(y

)
=

1n

n
∑i=

1

φ
∗i (y

i ).
(31)

T
h
e

S
P

D
C

m
eth

o
d

d
evelop

ed
in

th
is

p
ap

er
ca

n
b

e
v
iew

ed
as

an
ex

ten
sion

of
th

e
b
atch

m
eth

o
d

(2
8
)-(3

0),
w

h
ere

th
e

d
u
al

u
p

d
ate

step
(28)

is
rep

la
ced

b
y

a
sin

g
le

co
ord

in
ate

u
p
-

d
a
te

(5
)

o
r

a
m

in
i-b

atch
u
p

d
ate

(9).
H

ow
ever,

in
ord

er
to

ob
tain

accelerated
con

vergen
ce

ra
te,

m
o
re

su
b
tle

ch
an

ges
are

n
ecessary

in
th

e
p
rim

al
u
p

d
ate

step
.

M
ore

sp
ecifi

cally,
w

e

in
tro

d
u
ced

th
e

au
x
iliary

variab
le
u
(t)

=
1n ∑

ni=
1
y
(t)
i
a
i

=
K
T
y
(t),

an
d

rep
laced

th
e

p
rim

al
u
p

d
a
te

step
(2

9
)

b
y

(6)
an

d
(10).

T
h
e

p
rim

al
ex

trap
ola

tion
step

(30)
stay

s
th

e
sam

e.

T
o

co
m

p
a
re

th
e

b
atch

com
p
lex

ity
of

S
P

D
C

w
ith

th
at

of
(28)-(30),

w
e

u
se

th
e

follow
in

g
fa

cts
im

p
lied

b
y

A
ssu

m
p
tion

A
an

d
th

e
relation

s
in

(31):

‖
K
‖
2

=
1n ‖A‖

2 ,
G

(x
)

is
λ

-stron
g
ly

con
vex

,
an

d
F
∗(y

)
is

(γ
/n

)-stron
gly

con
vex

.

B
a
sed

o
n

th
ese

con
d
ition

s,
w

e
list

in
T

ab
le

2
th

e
eq

u
ivalen

t
p
aram

eters
u
sed

b
y

A
lg

orith
m

3
in

C
h
a
m

b
o
lle

a
n
d

P
o
ck

(2011)
an

d
th

e
b
atch

com
p
lex

ity
o
b
tain

ed
in

T
h
eorem

3
of

th
at

p
a
p

er,
a
n
d

co
m

p
are

th
em

w
ith

S
P

D
C

.
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Z
h
a
n
g

a
n
d

X
ia
o

T
h
e

b
atch

com
p
lex

ity
of

th
e

C
h
am

b
olle-P

o
ck

algorith
m

isÕ
(1

+
‖A‖

2 /
(2 √

n
λ
γ

)),
w

h
ere

th
e
Õ

(·)
n
otation

h
id

es
th

e
log

(1/ε)
factor.

W
e

can
b

ou
n
d

th
e

sp
ectral

n
orm

‖A‖
2

b
y

th
e

F
rob

en
iu

s
n
orm

‖A‖
F

an
d

ob
tain

‖A‖
2 ≤
‖A‖

F
≤
√
n

m
ax
i
{‖a

i ‖
2 }

=
√
n
R
.

(N
ote

th
at

th
e

secon
d

in
eq

u
ality

ab
ove

w
ou

ld
b

e
an

eq
u
ality

if
th

e
colu

m
n
s

of
A

are
n
or-

m
alized

.)
S
o

in
th

e
w

orst
case,

th
e

b
atch

com
p
lex

ity
of

th
e

C
h
am

b
olle-P

o
ck

algorith
m

b
ecom

es
Õ
(

1
+
R
/ √

λ
γ )

=
Õ
(1

+
√
κ )
,

w
h
ere

κ
=
R

2/(λ
γ

),

w
h
ich

m
atch

es
th

e
w

orst-case
com

p
lex

ity
of

th
e

accelerated
grad

ien
t

m
eth

o
d
s

(N
esterov

,
2004,

2013);
see

S
ection

1.1
an

d
also

th
e

d
iscu

ssion
s

in
L

in
et

al.
(2015b

,
S
ection

5).
T

h
is

is
also

of
th

e
sam

e
ord

er
as

th
e

com
p
lex

ity
o
f

S
P

D
C

w
ith

m
=
n

(see
S
ectio

n
2.1).

W
h
en

th
e

con
d
ition

n
u
m

b
er
κ
�

1,
th

ey
can

b
e
√
n

w
orse

th
a
n

th
e

b
atch

com
p
lex

ity
of

S
P

D
C

w
ith

m
=

1,
w

h
ich

isÕ
(1

+
√
κ
/n

).
If

eith
er

G
(x

)
or

F
∗(y

)
in

(27)
is

n
ot

stron
gly

con
vex

,
C

h
am

b
olle

an
d

P
o
ck

(2011,
S
ection

5.1)
p
rop

osed
varian

ts
of

th
e

p
rim

al-d
u
al

b
atch

algorith
m

to
ach

ieve
accelerated

su
b
lin

ear
con

vergen
ce

rates.
It

is
also

p
ossib

le
to

ex
ten

d
th

em
to

co
ord

in
ate

u
p

d
ate

m
eth

o
d
s

for
solv

in
g

p
rob

lem
(1)

w
h
en

eith
er
φ
∗i

or
g

is
n
ot

stron
gly

con
vex

.
T

h
eir

com
p
lex

ities
w

ou
ld

b
e

sim
ilar

to
th

ose
in

T
ab

le
1.

O
u
r

algorith
m

s
an

d
th

eory
can

b
e

read
ily

gen
eralized

to
solv

e
th

e
p
rob

lem
of

m
in

im
ize

x∈
R
d

1n

n
∑i=

1

φ
i (A

Ti
x

)
+
g
(x

),

w
h
ere

each
A
i

is
a
n
d
i ×

d
m

atrix
,

an
d
φ
i

:R
d
i→

R
is

a
sm

o
oth

con
vex

fu
n
ction

.
T

h
is

m
ore

gen
eral

form
u
lation

is
u
sed

,
e.g.,

in
S
h
alev

-S
h
w

artz
an

d
Z

h
an

g
(2

015).
M

ost
recen

tly,
L

an
an

d
Z

h
ou

(2015)
con

sid
ered

th
e

case
w

ith
d
i

=
d

an
d
A
i

=
I
d ,

w
h
ich

corresp
on

d
in

g
to

a
gen

eral
class

of
p
rob

lem
s

w
ith

th
e

fi
n
ite-su

m
(or

fi
n
ite-average)

stru
ctu

re.
H

e
ex

ten
d
ed

th
e

p
rim

al-d
u
al

algorith
m

b
y

rep
lacin

g
th

e
q
u
ad

ratic
p

en
alty

term
s

in
(5)

an
d

(21)
w

ith
th

e
B

regm
an

d
ivergen

ce
asso

ciated
w

ith
th

e
loss

fu
n
ctio

n
s

th
em

selves.
T

h
is

led
to

an
algo

rith
m

th
at

d
o
es

n
ot

rely
on

com
p
u
tin

g
th

e
p
rox

im
al

m
ap

p
in

g
of

th
e

con
ju

gate
φ
?i ,

b
u
t

on
ly

req
u
ires

com
p
u
tin

g
th

e
p
rim

al
grad

ien
t∇

φ
i

at
a

p
articu

la
r

seq
u
en

ce
of

th
e

p
rim

al
variab

les.
A

s
a

resu
lt,

th
e

algorith
m

in
L

an
an

d
Z

h
ou

(2015)
can

b
e

con
sid

ered
as

a
(p

rim
a
l-on

ly
or

d
u
al-

free)
ran

d
om

ized
in

crem
en

tal
grad

ien
t

algorith
m

,
w

h
ich

sh
are

th
e

sam
e

ord
er

of
iteration

com
p
lex

ity
as

S
P

D
C

.

5
.1

D
u

a
l

C
o
o
rd

in
a
te

A
sc

e
n
t

M
e
th

o
d

s

W
e

can
also

solve
th

e
p
rim

al
p
rob

lem
(1)

v
ia

its
d
u
a
l:

m
ax

im
ize

y∈
R
n

{
D

(y
)

d
ef

=
1n

n
∑i=

1 −
φ
∗i (y

i )−
g ∗ (−

1n

n
∑i=

1

y
i a
i ) }

,
(32)

w
h
ere

g ∗(u
)

=
su

p
x∈

R
d {x

T
u
−
g
(x

)}
is

th
e

con
vex

con
ju

gate
of
g
.

D
u
e

to
th

e
p
rob

lem
stru

ctu
re,

it
is

w
ell-k

n
ow

n
th

at
co

ord
in

ate
ascen

t
m

eth
o
d
s

can
b

e
m

ore
effi

cien
t

th
an

fu
ll
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S
t
o
c
h
a
st
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P
r
im

a
l
-D

u
a
l
C
o
o
r
d
in
a
t
e
M
e
t
h
o
d

gr
ad

ie
n
t

m
et

h
o
d
s

fo
r

so
lv

in
g

th
is

p
ro

b
le

m
(e

.g
.,

P
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tt
,
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99

;
C

h
an

g
et

al
.,
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08

;
H

si
eh

et
al

.,
20

08
;

S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g,
20

13
a)

.
In

th
e

st
o
ch

as
ti

c
d
u
al

co
or

d
in

at
e

as
ce

n
t

(S
D

C
A

)
m

et
h
o
d

a
d
u
al

co
or

d
in

at
e
y i

is
p
ic

k
ed

at
ra

n
d
om

d
u
ri

n
g

ea
ch

it
er

at
io

n
an

d
u
p
-

d
at

ed
to

in
cr

ea
se

th
e

d
u
al

ob
je

ct
iv

e
va

lu
e.

S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
(2

01
3a

)
sh

ow
ed

th
at

th
e

it
er

at
io

n
co

m
p
le

x
it

y
of

S
D

C
A

is
O

((
n

+
κ

)
lo

g
(1
/ε

))
,

w
h
ic

h
co

rr
es

p
on

d
s

to
th

e
b
at

ch
co

m
p
le

x
it

y
O

((
1

+
κ
/n

)
lo

g
(1
/ε

))
.

F
or

m
or

e
ge

n
er

al
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
s,

th
er

e
is

a
va

st
li
te

ra
tu

re
on

co
or

d
in

at
e

d
es

ce
n
t

m
et

h
o
d
s;

se
e,

e.
g.

,
th

e
re

ce
n
t

ov
er

v
ie

w
b
y

W
ri

gh
t

(2
01

5)
.

In
p
ar

ti
cu

la
r,

th
e

w
or

k
of

N
es

te
ro

v
(2

01
2)

on
ra

n
d
om

iz
ed

co
or

d
in

at
e

d
es

ce
n
t

sp
ar

ke
d

a
lo

t
of

re
ce

n
t

ac
ti

v
it

ie
s

on
th

is
to

p
ic

.
R

ic
h
tá

ri
k

an
d

T
ak

áč
(2

01
4)

ex
te

n
d
ed

th
e

al
go

ri
th

m
an

d
an

al
y
si

s
to

co
m

p
os

it
e

co
n
ve

x
op

ti
m

iz
at

io
n
.

W
h
en

ap
p
li
ed

to
th

e
d
u
al

p
ro

b
le

m
(3

2)
,

it
b

ec
om

es
on

e
va

ri
an

t
of

th
e

S
D

C
A

al
go

ri
th

m
st

u
d
ie

d
in

S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
(2

01
3a

).
M

in
i-

b
at

ch
an

d
d
is

tr
ib

u
te

d
ve

rs
io

n
s

of
S
D

C
A

h
av

e
b

ee
n

p
ro

p
os

ed
a
n
d

an
al

y
ze

d
in

T
ak

áč
et

al
.

(2
0
13

)
an

d
Y

a
n
g

(2
01

3)
re

sp
ec

ti
ve

ly
.

N
on

-u
n
if

or
m

sa
m

p
li
n
g

sc
h
em

es
si

m
il
ar

to
th

e
on

e
u
se

d
in

A
lg

or
it

h
m

3
h
av

e
b

ee
n

st
u
d
ie

d
fo

r
b

ot
h

st
o
ch

as
ti

c
gr

ad
ie

n
t

an
d

d
u
al

co
or

d
in

at
e

as
ce

n
t

m
et

h
o
d
s

(e
.g

.,
N

ee
d
el

l
et

al
.,

20
16

;
X

ia
o

an
d

Z
h
an

g,
20

14
;

Z
h
ao

an
d

Z
h
an

g,
20

15
;

Q
u

et
al

.,
20

15
).

S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
(2

01
3b

)
p
ro

p
os

ed
an

ac
ce

le
ra

te
d

m
in

i-
b
at

ch
S
D

C
A

m
et

h
o
d

w
h
ic

h
in

co
rp

or
at

es
ad

d
it

io
n
al

p
ri

m
al

u
p

d
at

es
th

a
n

S
D

C
A

,
a
n
d

b
ea

rs
so

m
e

si
m

il
ar

it
y

to
o
u
r

m
in

i-
b
at

ch
S
P

D
C

m
et

h
o
d
.

T
h
ey

sh
ow

ed
th

at
it

s
co

m
p
le

x
it

y
in

te
rp

ol
at

es
b

et
w

ee
n

th
at

of
S
D

C
A

an
d

ac
ce

le
ra

te
d

gr
ad

ie
n
t

m
et

h
o
d
s

b
y

va
ry

in
g

th
e

m
in

i-
b
at

ch
si

ze
m

.
In

p
ar

ti
cu

la
r,

fo
r
m

=
n

,
it

m
at

ch
es

th
at

of
th

e
ac

ce
le

ra
te

d
gr

ad
ie

n
t

m
et

h
o
d
s

(a
s

S
P

D
C

d
o
es

).
B

u
t

fo
r

m
=

1,
th

e
co

m
p
le

x
it

y
of

th
ei

r
m

et
h
o
d

is
th

e
sa

m
e

as
S
D

C
A

,
w

h
ic

h
is

w
o
rs

e
th

a
n

S
P

D
C

fo
r

il
l-

co
n
d
it

io
n
ed

p
ro

b
le

m
s.

In
ad

d
it

io
n
,
S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
(2

01
5)

d
ev

el
op

ed
an

ac
ce

le
ra

te
d

p
ro

x
im

al
S
D

C
A

m
et

h
o
d

w
h
ic

h
ac

h
ie

v
es

th
e

sa
m

e
b
at

ch
co

m
p
le

x
it

y
Õ
( 1

+
√
κ
/n
)

as
S
P

D
C

.
T

h
ei

r
m

et
h
o
d

is
an

in
n
er

-o
u
te

r
it

er
at

io
n

p
ro

ce
d
u
re

,
w

h
er

e
th

e
ou

te
r

lo
op
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a

fu
ll
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im
en

si
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al
a
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el
er

a
te

d
gr

ad
ie

n
t

m
et

h
o
d

in
th

e
p
ri

m
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sp
ac

e
x
∈
R
d
.

A
t

ea
ch

it
er

at
io

n
of

th
e

ou
te

r
lo

op
,

th
e

S
D

C
A

m
et

h
o
d

(S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g,
20

13
a)

is
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ll
ed

to
so

lv
e

th
e

d
u
al

p
ro

b
le

m
(3

2)
w

it
h

cu
st

om
iz
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re

gu
la

ri
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ti
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p
ar

am
et

er
an

d
p
re

ci
si
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.

In
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n
tr

as
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S
P
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C
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a
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h
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w
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d
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n
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or
d
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m
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at
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n
m
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h
o
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s.

T
w

o
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ce
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te

r
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m
et

h
o
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er

iv
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m
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e
ge

n
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ce
le

ra
te

d
p
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x
im

al
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n
t

al
go

ri
th

m
s:

F
ro

st
ig

et
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.
(2

01
5)

an
d

L
in

et
al

.
(2

01
5a

).
B

as
ic

al
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,
on

e
ca

n
re

p
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b
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p
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p
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b
le

m
s.

W
h
en

ap
p
li
ed

to
so

lv
e

th
e

d
u
al

p
ro

b
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b
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Õ
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√
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.
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p
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ra
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p
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p
u
ta

ti
on

al
co

st
of

th
is

ad
d
it

io
n
al

st
ep
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p
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=
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b
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b
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p
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d
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or
s

(W
an

g
an

d
B

an
er

je
e,

20
12

;
O

u
ya

n
g

et
a
l.
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d
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e
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h
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∈
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h
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b
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ra
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p
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b
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b
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p
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p
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p
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p
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p
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b
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b
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n
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ra
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p
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b
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ra
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.
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a
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at
io

n
of

th
e

S
P

D
C

m
et

h
o
d
,

th
e

u
p

d
at

e
of

p
ri

m
al

va
ri

ab
le

s
(i
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at
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p
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p
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b
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.
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b
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at
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p
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h
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p

en
al

ty
an

d
w

h
en
g

is
an

` 1
+
` 2

p
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p
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p
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b
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.
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P
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u
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p
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b
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=
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∆
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∆
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∆
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∆
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p
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e
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p
ro

d
u
ct〈a

k ,x
(t)〉

d
o
es

n
o
t

d
ep

en
d

on
th
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d
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∈
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w
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∆
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=
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∈
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t∈
[t0

+
1,t1 ].

S
u
b
stitu

tin
g

th
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recu
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=
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p
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b
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∆
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∆
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∆
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−
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−
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−
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−
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),

w
h
er

e
a
∈

R
d

an
d
d

=
50

0,
an

d
x
∗

is
th

e
al

l-
on

es
ve

ct
or

.
T

o
m

ak
e

th
e

p
ro

b
le

m
il
l-

co
n
d
it

io
n
ed

,
th

e
co

va
ri

an
ce

m
at

ri
x

Σ
is

se
t

to
b

e
d
ia

go
n
al

w
it

h
Σ
jj

=
j−

2
,

fo
r
j

=
1,
..
.,
d
.

G
iv

en
th

e
se

t
of

ex
am

p
le

s
{a

i,
b i
}n i=

1
,

w
e

th
en

so
lv

ed
a

st
an

d
ar

d
ri

d
ge

re
g
re

ss
io

n
p
ro

b
le

m

m
in

im
iz

e
x
∈R

d

{
P

(x
)

d
ef =

1 n

n ∑ i=
1

1 2
(a
T i
x
−
b i

)2
+
λ 2
‖x
‖2 2

}
.

In
th

e
fo

rm
of

p
ro

b
le

m
(1

),
w

e
h
av

e
φ
i(
z
)

=
z
2
/2

an
d
g
(x

)
=

(1
/
2)
‖x
‖2 2

.
A

s
a

co
n
se

q
u
en

ce
,

th
e

d
er

iv
at

iv
e

of
φ
i

is
1-

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
an

d
g

is
λ

-s
tr

on
g
ly

co
n
ve

x
.
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S
t
o
c
h
a
st

ic
P
r
im

a
l
-D

u
a
l
C
o
o
r
d
in
a
t
e
M
e
t
h
o
d

D
a
ta

set
n
am

e
#

of
sam

p
les

n
#

of
featu

res
d

sp
arsity

size

C
ov

ty
p

e
581,01

2
54

22%
71

M
B

R
C

V
1

20,242
47,23

6
0.16%

37
M

B
N

ew
s20

19,996
1,355,191

0.04%
140

M
B

R
C

V
1-test

677,39
9

47,23
6

0.15%
1.2

G
B

U
R

L
2,396,130

3,231,961
0.004

%
2.2

G
B

T
a
b
le

3
:

C
h
aracteristics

of
real

d
atasets

from
L

IB
S
V

M
d
ata

(F
an

an
d

L
in

,
20

11).

W
e

eva
lu

a
te

th
e

algorith
m

s
b
y

th
e

logarith
m

ic
op

tim
ality

gap
log

(P
(x

(t))−
P

(x
?)),

w
h
ere

x
(t)

is
th

e
ou

tp
u
t

of
th

e
algorith

m
s

after
t

p
asses

over
th

e
en

tire
d
ata

set,
an

d
x
?

is
th

e
g
lo

b
a
l

m
in

im
u
m

.
W

h
en

th
e

regu
larization

co
effi

cien
t

is
relatively

la
rge,

e.g.,
λ

=
10 −

1

o
r

10 −
2,

th
e

p
rob

lem
is

w
ell-con

d
ition

ed
an

d
w

e
ob

serve
fast

con
v
ergen

ce
of

th
e

sto
ch

astic
a
lg

o
rith

m
s

S
A

G
,

S
D

C
A

,
A

S
D

C
A

an
d

S
P

D
C

,
w

h
ich

are
su

b
stan

tially
faster

th
an

th
e

tw
o

b
a
tch

m
eth

o
d
s

A
F

G
an

d
L

-B
F

G
S
.

F
ig

u
re

1
sh

ow
s

th
e

con
vergen

ce
of

th
e

fi
ve

d
iff

eren
t

a
lgorith

m
s

w
h
en

w
e

varied
λ

from
1
0 −

3
to

1
0 −

6.
A

s
th

e
p
lot

sh
ow

s,
w

h
en

th
e

con
d
ition

n
u
m

b
er

is
greater

th
an

n
,

th
e

S
P

D
C

a
lg

o
rith

m
a
lso

con
verges

su
b
stan

tially
faster

th
an

th
e

oth
er

tw
o

sto
ch

astic
m

eth
o
d
s

S
A

G
a
n
d

S
D

C
A

.
It

is
also

n
otab

ly
faster

th
an

L
-B

F
G

S
.

T
h
ese

resu
lts

su
p
p

ort
ou

r
th

eory
th

at
S
P

D
C

en
joy

s
a

faster
con

v
ergen

ce
rate

on
ill-co

n
d
ition

ed
p
rob

lem
s.

In
term

s
of

th
eir

b
atch

co
m

p
lex

ities,
S
P

D
C

is
u
p

to
√
n

tim
es

faster
th

an
A

F
G

,
an

d
(λ
n

) −
1
/
2

tim
es

faster
th

an
S
A

G
a
n
d

S
D

C
A

.

T
h
eoretica

lly,
A

S
D

C
A

en
joy

s
th

e
sam

e
b
atch

com
p
lex

ity
as

S
P

D
C

u
p

to
a

m
u
ltip

licative
co

n
sta

n
t

fa
cto

r.
F

igu
re

1
sh

ow
s

th
at

th
e

em
p
irical

p
erform

an
ce

of
S
P

D
C

is
su

b
stan

tially
fa

ster
th

a
t

o
f

A
S
D

C
A

for
sm

all
λ

.
T

h
is

m
ay

d
u
e

to
th

e
fact

th
at

A
S
D

C
A

follow
s

an
in

n
er-

o
u
ter

itera
tio

n
p
ro

ced
u
re,

w
h
ich

req
u
ires

carefu
l

selection
of

th
e

regu
larization

p
aram

eter
a
n
d

a
ccu

ra
cy

to
reach

for
each

call
of

S
D

C
A

.
S
P

D
C

is
a

sin
gle-lo

op
algorith

m
th

at
n
eed

s
less

p
a
ra

m
eters

to
set

u
p
,

th
u
s

it
can

b
e

em
p
irically

m
ore

effi
cien

t.

7
.2

B
in

a
ry

C
la

ssifi
c
a
tio

n
w

ith
R

e
a
l

D
a
ta

F
in

a
lly

w
e

sh
ow

th
e

resu
lts

of
solv

in
g

th
e

b
in

ary
classifi

ca
tion

p
rob

lem
on

real
d
atasets.

T
h
e

d
a
ta

sets
a
re

ob
tain

ed
from

th
e

L
IB

S
V

M
d
ata

collection
(F

an
an

d
L

in
,

2011)
an

d
su

m
m

a
rized

in
T

ab
le

3.
T

h
e

fi
rst

th
ree

d
atasets

are
selected

to
refl

ect
d
iff

eren
t

relation
s

b
etw

een
th

e
sa

m
p
le

size
n

an
d

th
e

fea
tu

re
d
im

en
sion

ality
d
,

w
h
ich

cover
n
�
d

(C
ov

ty
p

e),
n
≈
d

(R
C

V
1
)

an
d
n
�

d
(N

ew
s20).

T
h
e

rem
ain

in
g

tw
o

are
relativ

ely
larger

d
atasets

(R
C

V
1
-test

a
n
d

U
R

L
)

th
at

w
e

d
id

n
ot

test
in

p
rev

iou
s

ex
p

erim
en

ts
con

d
u
cted

in
Z

h
a
n
g

a
n
d

X
ia

o
(2

0
1
5
).

F
or

all
task

s,
th

e
d
ata

p
oin

ts
take

th
e

form
of

(a
i ,b

i ),
w

h
ere

a
i ∈

R
d

is
th

e
fea

tu
re

vector,
an

d
b
i ∈
{−

1
,1}

is
th

e
b
in

ary
cla

ss
lab

el.
A

s
a

p
rep

ro
cessin

g
step

,
th

e
fea

tu
re

vecto
rs

are
n
orm

alized
to

th
e

u
n
it
`
2 -n

orm
(m

ean
in

g
R

=
1).

O
u
r

g
o
a
l

is
to

m
in

im
ize

th
e

regu
larized

em
p
irical

risk
:

P
(x

)
=

1n

n
∑i=

1

φ
i (a

Ti
x

)
+
λ2 ‖
x‖

22 ,
w

h
ere

φ
i (z

)
=



0
if
b
i z
≥

1
12 −

b
i z

if
b
i z
≤

0
12 (1−

b
i z

)
2

oth
erw

ise.

2
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Z
h
a
n
g

a
n
d

X
ia
o

H
ere,

φ
i

is
th

e
sm

o
oth

ed
h
in

ge
loss

(see,
e.g.,

S
h
a
lev

-S
h
w

artz
an

d
Z

h
an

g,
2013a).

It
is

easy
to

verify
th

at
th

e
con

ju
gate

fu
n
ction

of
φ
i

is
φ
∗i (β

)
=
b
i β

+
12 β

2
for

b
i β
∈

[−
1,0]

an
d
∞

oth
erw

ise.

T
h
e

p
erform

a
n
ce

of
th

e
fi
ve

algorith
m

s
on

th
e

th
ree

sm
aller

d
atasets

are
p
lotted

in
F

igu
re

2
an

d
F

igu
re

3.
In

F
igu

re
2,

w
e

com
p
are

S
P

D
C

w
ith

th
e

tw
o

b
atch

m
eth

o
d
s:

A
F

G
an

d
L

-B
F

G
S
.
T

h
e

resu
lts

sh
ow

th
at

S
P

D
C

is
su

b
stan

tially
faster

th
an

A
F

G
an

d
L

-B
F

G
S

for
relatively

large
λ

,
illu

stratin
g

th
e

ad
van

tage
of

sto
ch

astic
m

eth
o
d
s

over
b
atch

m
eth

o
d
s

on
w

ell-con
d
ition

ed
p
rob

lem
s.

A
s
λ

d
ecreases

to
10 −

8,
th

e
b
atch

m
eth

o
d
s

(esp
ecially

L
-B

F
G

S
)

b
ecom

e
com

p
arab

le
to

S
P

D
C

.

In
F

igu
re

3,
w

e
com

p
are

S
P

D
C

w
ith

th
e

th
ree

sto
ch

astic
m

eth
o
d
s:

S
A

G
,

S
D

C
A

an
d

A
S
D

C
A

.
N

ote
th

at
th

e
sp

ecifi
cation

of
A

S
D

C
A

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
20

15)
req

u
ires

th
e

regu
larization

co
effi

cien
t
λ

satisfi
es
λ
≤

R
2

1
0
n

w
h
ere

R
is

th
e

m
a
x
im

u
m
`
2 -n

orm
of

featu
re

vectors.
T

o
satisfy

th
is

con
strain

t,
w

e
ru

n
A

S
D

C
A

w
ith

λ
∈
{10 −

6,10 −
7,10 −

8}
.

In
F

ig
u
re

3,
th

e
ob

servation
s

are
ju

st
th

e
op

p
osite

to
th

at
of

F
ig

u
re

2.
A

ll
sto

ch
astic

algorith
m

s
h
av

e
com

p
arab

le
p

erform
an

ces
on

relatively
large

λ
,

b
u
t

S
P

D
C

an
d

A
S
D

C
A

b
ecom

es
su

b
stan

-
tially

faster
w

h
en

λ
gets

closer
to

zero.
In

p
articu

lar,
A

S
D

C
A

con
verges

faster
th

an
S
P

D
C

on
th

e
C

ov
ty

p
e

d
ataset,

b
u
t

S
P

D
C

is
faster

on
th

e
rem

ain
in

g
tw

o
d
atasets.

In
ad

d
ition

,
d
u
e

to
th

e
ou

ter-in
n
er

lo
op

stru
ctu

re
of

th
e

A
S
D

C
A

alg
orith

m
,

its
error

rate
oscilla

tes
an

d
m

igh
t

b
e

b
ad

at
early

iteration
s.

In
con

trast,
th

e
cu

rve
o
f

S
P

D
C

is
alm

ost
lin

ear
an

d
it

is
m

ore
stab

le
th

an
A

S
D

C
A

.

F
igu

re
4

p
lots

th
e

con
vergen

ce
resu

lts
on

th
e

last
tw

o
d
atasets,

w
h
ere

b
oth

th
e

sam
p
le

size
n

an
d

th
e

d
im

en
sion

d
are

b
ig.

If
th

e
regu

larization
p
ara

m
eter

λ
is

also
relativ

ely
large,

th
en

th
e

sto
ch

astic
algorith

m
s

(S
P

D
C

,
S
A

G
an

d
S
D

C
A

)
w

ill
gu

aran
tee

to
con

verge
very

q
u
ick

ly,
m

ak
in

g
it

an
easy

op
tim

ization
p
rob

lem
.

W
e

rep
o
rt

ex
p

erim
en

ts
on

sm
all

regu
larization

valu
es

λ
=

10 −
6

an
d
λ

=
10 −

8.
T

h
e

A
S
D

C
A

algorith
m

is
rep

orted
on

λ
=

10 −
8

b
ecau

se
it

satisfi
es

th
e

con
strain

t
λ
≤

R
2

1
0
n

.
C

om
p
arin

g
resu

lts
on

th
e

R
C

V
1

an
d

R
C

V
1-test

d
atasets,

th
e

S
P

D
C

algorith
m

h
as

a
m

ore
sign

ifi
can

t
a
d
van

tage
over

th
e

b
atch

m
eth

o
d
s

(A
F

G
an

d
L

-B
F

G
S
)

on
th

e
b
igger

d
ataset,

b
ecau

se
th

e
sto

ch
astic

algorith
m

con
verges

faster
w

ith
a

larger
sam

p
le

size.
O

n
th

e
oth

er
h
an

d
,
th

e
p

erform
an

ce
gap

s
b

etw
een

S
P

D
C

an
d

th
e

tw
o

oth
er

sto
ch

astic
m

eth
o
d
s

(S
A

G
an

d
S
D

C
A

)
are

less
sign

ifi
can

t
on

th
e

b
igger

d
ataset.

W
e

ob
serve

th
e

sam
e

p
h
en

o
m

en
on

on
th

e
U

R
L

d
ataset.

S
u
m

m
arizin

g
F

igu
re

2,
F

igu
re

3
an

d
F

igu
re

4,
th

e
p

erform
an

ce
of

th
e

S
P

D
C

algorith
m

are
alw

ay
s

com
p
a
rab

le
or

b
etter

th
an

th
e

oth
er

m
eth

o
d
s,

for
variou

s
of

relation
s

b
etw

een
th

e
sam

p
le

size
n

an
d

th
e

d
im

en
sion

d
,

an
d

on
b

oth
sm

all
an

d
large

d
atasets.

7
.3

U
n

ifo
rm

S
a
m

p
lin

g
v
e
rsu

s
N

o
n

-U
n

ifo
rm

S
a
m

p
lin

g

In
th

is
su

b
section

,
w

e
com

p
are

th
e

u
n
iform

sam
p
lin

g
strategy

(A
lgorith

m
1)

an
d

th
e

n
on

-
u
n
iform

sam
p
lin

g
strategy

(A
lgorith

m
3)

for
S
P

D
C

.
W

e
rep

ea
t

th
e

b
in

ary
classifi

cation
ex

p
erim

en
ts

on
th

e
C

ov
ty

p
e,

R
C

V
1

an
d

N
ew

s20
d
atasets,

b
u
t

th
is

tim
e

w
ith

ou
t

p
erform

in
g

featu
re

n
orm

alization
.

M
ore

p
recisely,

for
each

d
ata

p
oin

t
tak

in
g

th
e

form
o
f

(a
i ,b

i ),
w

e
d
on

’t
n
orm

alize
th

e
featu

re
vector

a
i

to
th

e
u
n
it
`
2 -n

o
rm

.
B

u
t

in
stead

,
w

e
m

u
ltip

ly
a

con
stan

t
n
u
m

b
er

to
every

featu
re

vector
so

th
at

th
e

av
erage

`
2 -n

orm
R

is
eq

u
al

to
on

e.
It

en
su

res
th

at
th

e
overall

loss
fu

n
ction

is
1-sm

o
oth

.

2
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ro
u
n
d
t,

an
d

ta
k
in

g
ex

p
ec

ta
ti

on
co

n
d
it

io
n
ed

on
F t

,
w

e
h
av

e

E[
(y

(t
+
1
)

i
−
y
? i
)2
|F
t]

=
m

(ỹ
i
−
y
? i
)2

n
+

(n
−
m

)(
y
(t
)

i
−
y
? i
)2

n
,

E[
(y

(t
+
1
)

i
−
y
(t
)

i
)2
|F
t]

=
m

(ỹ
i
−
y
(t
)

i
)2

n
,

E[
y
(t
+
1
)

i
|F
t]

=
m
ỹ i n

+
(n
−
m

)y
(t
)

i

n

E[
φ
∗ i(
y
(t
+
1
)

i
)|F

t]
=
m n
φ
∗ i(
ỹ i

)
+
n
−
m

n
φ
∗ i(
y
(t
)

i
).

A
s

a
re

su
lt

,
w

e
ca

n
re

p
re

se
n
t

(ỹ
i
−
y
? i
)2

,
(ỹ
i
−
y
(t
)

i
)2

,
ỹ i

an
d
φ
∗ i(
ỹ i

)
in

te
rm

s
o
f

th
e

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

s
on

(y
(t
+
1
)

i
−
y
? i
)2

,
(y

(t
+
1
)

i
−
y
(t
)

i
)2

,
y
(t
+
1
)

i
an

d
φ
∗ i(
y
(t
+
1
)

i
),

re
sp

ec
ti

ve
ly

.
P

lu
gg

in
g

th
es

e
re

p
re

se
n
ta

ti
on

s
in

to
in

eq
u
al

it
y

(4
5)

an
d

re
-a

rr
an

gi
n
g

te
rm

s,
w

e
ob

ta
in

(
1 2σ

+
(n
−
m

)γ

2
n

)
(y

(t
)

i
−
y
? i
)2
≥
(

1 2
σ

+
γ 2

)
E[

(y
(t
+
1
)

i
−
y
? i
)2
|F
t]

+
1 2σ
E[

(y
(t
+
1
)

i
−
y
(t
)

i
)2
|F
t]

−
( m
n

(y
(t
)

i
−
y
? i
)

+
E[
y
(t
+
1
)

i
−
y
(t
)

i
|F
t]
) 〈
a
i,
x
(t
) 〉

+
E[
φ
∗ i(
y
(t
+
1
)

i
)|F

t]
−
φ
∗ i(
y
(t
)

i
)

+
m n

( φ
∗ i(
y
(t
)

i
)
−
φ
∗ i(
y
? i
))
.

(4
6)

T
h
en

su
m

m
in

g
ov

er
al

l
in

d
ic

es
i

=
1,

2,
..
.,
n

an
d

d
iv

id
in

g
b

ot
h

si
d
es

of
th

e
re

su
lt

in
g

in
eq

u
al

it
y

b
y
m

,
w

e
h
av

e
(

1 2σ
+

(n
−
m

)γ

2n

)
‖y

(t
)
−
y
?
‖2 2

m
≥
(

1 2σ
+
γ 2

)
E[
‖y

(t
+
1
)
−
y
?
‖2 2
|F
t]

m
+

1 2
σ

E[
‖y

(t
+
1
)
−
y
(t
) ‖

2 2
|F
t]

m

+
E[

1 m

∑ k
∈K

( φ
∗ k(
y
(t
+
1
)

k
)−
φ
∗ k(
y
(t
)

k
))
∣ ∣ ∣F

t] +
1 n

n ∑ i=
1

( φ
∗ i(
y
(t
)

i
)−
φ
∗ i(
y
? i
))

−
E[
〈 u

(t
)
−
u
?

+
n m

(u
(t
+
1
)
−
u
(t
) )
,
x
(t
)〉
∣ ∣ ∣F

t] ,
(4

7)
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Z
h
a
n
g

a
n
d

X
ia
o

w
h
er

e
w

e
u
se

d
th

e
sh

or
th

an
d

n
ot

at
io

n
s

(a
p
p

ea
re

d
in

A
lg

or
it

h
m

2)

u
(t
)

=
1 n

n ∑ i=
1

y
(t
)

i
a
i,

u
(t
+
1
)

=
1 n

n ∑ i=
1

y
(t
+
1
)

i
a
i,

an
d

u
?

=
1 n

n ∑ i=
1

y
? i
a
i.

(4
8
)

S
in

ce
on

ly
th

e
d
u
al

co
or

d
in

at
es

w
it

h
in

d
ic

es
in
K

ar
e

u
p

d
at

ed
,

w
e

h
av

e

n m
(u

(t
+
1
)
−
u
(t
) )

=
1 m

n ∑ i=
1

(y
(t
+
1
)

i
−
y
(t
)

i
)a
i

=
1 m

∑ k
∈K

(y
(t
+
1
)

k
−
y
(t
)

k
)a
k
.

W
e

al
so

d
er

iv
e

an
in

eq
u
al

it
y

ch
ar

ac
te

ri
zi

n
g

th
e

re
la

ti
on

b
et

w
ee

n
x
(t
+
1
)

a
n
d
x
(t
) .

S
in

ce
th

e
fu

n
ct

io
n

b
ei

n
g

m
in

im
iz

ed
on

th
e

ri
gh

t-
h
an

d
si

d
e

of
(1

0)
h
a
s

st
ro

n
g

co
n
ve

x
it

y
p
a
ra

m
et

er
1/
τ

+
λ

an
d
x
(t
+
1
)

is
th

e
m

in
im

iz
er

,
w

e
h
av

e

g
(x
?
)

+
〈 u

(t
)

+
n m

(u
(t
+
1
)
−
u
(t
) )
,
x
?
〉

+
‖x

(t
)
−
x
?
‖2 2

2
τ

≥
g
(x

(t
+
1
) )

+
〈 u

(t
)

+
n m

(u
(t
+
1
)
−
u
(t
) )
,
x
(t
+
1
)〉

+

(
1 2
τ

+
λ 2

)
‖x

(t
+
1
)
−
x
?
‖2 2

+
‖x

(t
+
1
)
−
x
(t
) ‖

2 2

2τ
.

(4
9
)

R
ea

rr
an

gi
n
g

te
rm

s
an

d
ta

k
in

g
ex

p
ec

ta
ti

on
co

n
d
it

io
n
ed

on
F t

,
w

e
h
av

e

‖x
(t
)
−
x
?
‖2 2

2
τ

≥
(

1 2τ
+
λ 2

)
E[
‖x

(t
+
1
)
−
x
?
‖2 2
|F
t]

+
E[
‖x

(t
+
1
)
−
x
(t
) ‖

2 2
|F
t]

2τ

+
E
[ g

(x
(t
+
1
) )
−
g
(x
?
)|F

t]

+
E[
〈 u

(t
)

+
n m

(u
(t
+
1
)
−
u
(t
) )
,
x
(t
+
1
)
−
x
?
〉∣ ∣ ∣
F t
] .

(5
0
)

In
ad

d
it

io
n
,

w
e

co
n
si

d
er

a
p
ar

ti
cu

la
r

co
m

b
in

at
io

n
of

th
e

sa
d
d
le

-p
oi

n
t

fu
n
ct

io
n

va
lu

es
a
t

d
iff

er
en

t
p

oi
n
ts

.
B

y
th

e
d
efi

n
it

io
n

of
f

(x
,y

)
in

(4
)

an
d

th
e

n
ot

at
io

n
s

in
(4

8)
,

w
e

h
av

e

f
(x

(t
+
1
) ,
y
?
)
−
f

(x
?
,y
?
)

+
n m

( f
(x
?
,y
?
)
−
f

(x
?
,y

(t
+
1
) )
)
−
n
−
m

m

( f
(x
?
,y
?
)
−
f

(x
?
,y

(t
) )
)

=
f

(x
(t
+
1
) ,
y
?
)
−
f

(x
?
,y

(t
) )

+
n m

( f
(x
?
,y

(t
) )
−
f

(x
?
,y

(t
+
1
) )
)

=
〈u
?
,x

(t
+
1
) 〉
−

1 n

n ∑ i=
1

φ
∗ i(
y
? i
)

+
g
(x

(t
+
1
) )
−
〈u

(t
) ,
x
?
〉+

1 n

n ∑ i=
1

φ
∗ i(
y
(t
)

i
)
−
g
(x
?
)

+
n m

( 〈
u
(t
) ,
x
?
〉−

1 n

n ∑ i=
1

φ
∗ i(
y
(t
)

i
)

+
g
(x
?
)
−
〈u

(t
+
1
) ,
x
?
〉+

1 n

n ∑ i=
1

φ
∗ i(
y
(t
+
1
)

i
)
−
g
(x
?
))

=
1 n

n ∑ i=
1

( φ
∗ i(
y
(t
)

i
)
−
φ
∗ i(
y
? i
))

+
1 m

∑ k
∈K

( φ
∗ i(
y
(t
+
1
)

k
)
−
φ
∗ i(
y
(t
)

k
))

+
g
(x

(t
+
1
) )
−
g
(x
?
)

+
〈u
?
,x

(t
+
1
) 〉
−
〈u

(t
) ,
x
?
〉+

n m
〈u

(t
)
−
u
(t
+
1
) ,
x
?
〉.

(5
1
)
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S
t
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P
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M
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h
o
d

N
ex

t
w

e
a
d
d

b
oth

sid
es

of
th

e
in

eq
u
alities

(47)
an

d
(50)

togeth
er,

an
d

th
en

su
b
tract

eq
u
a
lity

(5
1
)

after
tak

in
g

ex
p

ectation
w

ith
resp

ect
to
F
t .

T
h
is

lead
s

to
th

e
follow

in
g

in
-

eq
u
a
lity

:

‖x
(t)−

x
?‖

22

2
τ

+

(
12σ

+
(n
−
m

)γ

2n

)
‖y

(t)−
y
?‖

22

m
+
n
−
m

m

(
f

(x
?,y

?)−
f

(x
?,y

(t)) )

≥
(

12
τ

+
λ2 )

E
[‖
x
(t+

1
)−
x
?‖

22 |F
t ]+

(
12σ

+
γ2 )

E
[‖y

(t+
1
)−

y
?‖

22 |F
t ]

m
+

E
[‖
x
(t+

1
)−

x
(t)‖

22 |F
t ]

2
τ

+
E

[‖
y
(t+

1
)−
y
(t)‖

22 |F
t ]

2σ
m

+
E
[
f

(x
(t+

1
),y

?)−
f

(x
?,y

?)
+
nm

(
f

(x
?,y

?)−
f

(x
?,y

(t+
1
)) ) ∣∣∣∣ F

t ]

+
E
[〈
u
(t)−

u
?

+
nm

(u
(t+

1
)−

u
(t)),

x
(t+

1
)−

x
(t) 〉

∣∣∣ F
t ]
.

(52)

W
e

n
eed

to
low

er
b

ou
n
d

th
e

last
term

on
th

e
righ

t-h
an

d
-sid

e
of

th
e

ab
ove

in
eq

u
ality.

T
o

th
is

en
d
,

w
e

h
av

e

〈
u
(t)−

u
?

+
nm

(u
(t+

1
)−

u
(t)),

x
(t+

1
)−

x
(t) 〉

=

(
y
(t)−

y
?

n
+
y
(t+

1
)−

y
(t)

m

)
T

A
(x

(t+
1
)−

x
(t)−

θ(x
(t)−

x
(t−

1
)))

=
(y

(t+
1
)−

y
?)
T
A

(x
(t+

1
)−

x
(t))

n
−
θ(y

(t)−
y
?)
T
A

(x
(t)−

x
(t−

1
))

n

+
n
−
m

m
n

(y
(t+

1
)−

y
(t))

T
A

(x
(t+

1
)−

x
(t))−

θm
(y

(t+
1
)−

y
(t))

T
A

(x
(t)−

x
(t−

1
)).

(53)

R
eca

ll
th

a
t‖
a
k ‖

2 ≤
R

an
d
,

accord
in

g
to

(12),
1
/τ

=
4σ
R

2.
T

h
erefore,

|(y
(t+

1
)−

y
(t))

T
A

(x
(t+

1
)−

x
(t))|≤

‖
x
(t+

1
)−

x
(t)‖

22

4
τ
/m

+
‖
(y

(t+
1
)−

y
(t))

T
A‖

22

m
/τ

≤
‖
x
(t+

1
)−

x
(t)‖

22

4
τ
/m

+
( ∑

k∈
K
|y

(t+
1
)

k
−
y
(t)
k
|·‖

a
k ‖

2 )
2

4m
σ
R

2

≤
m
‖x

(t+
1
)−

x
(t)‖

22

4τ
+
‖
y
(t+

1
)−

y
(t)‖

22

4
σ

,

S
im

ila
rly,

w
e

h
ave

|(y
(t+

1
)−

y
(t))

T
A

(x
(t)−

x
(t−

1
))|≤

m
‖
x
(t)−

x
(t−

1
)‖

22

4
τ

+
‖
y
(t+

1
)−

y
(t)‖

22

4σ
.

T
h
e

a
b

ov
e

u
p
p

er
b

ou
n
d
s

on
th

e
ab

solu
te

valu
es

im
p
ly

(y
(t+

1
)−

y
(t))

T
A

(x
(t+

1
)−

x
(t))≥

−
m
‖x

(t+
1
)−

x
(t)‖

22

4
τ

−
‖
y
(t+

1
)−

y
(t)‖

22

4σ
,

(y
(t+

1
)−

y
(t))

T
A

(x
(t)−

x
(t−

1
))≥

−
m
‖x

(t)−
x
(t−

1
)‖

22

4
τ

−
‖
y
(t+

1
)−

y
(t)‖

22

4σ
.
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Z
h
a
n
g

a
n
d

X
ia
o

C
om

b
in

in
g

th
e

ab
ove

tw
o

in
eq

u
alities

w
ith

(52)
an

d
(53),

w
e

ob
tain

‖
x
(t)−

x
?‖

22

2τ
+

(
12
σ

+
(n
−
m

)γ

2n

)
‖
y
(t)−

y
?‖

22

m

+
θ (f

(x
(t),y

?)−
f

(x
?,y

?) )
+
n
−
m

m

(
f

(x
?,y

?)−
f

(x
?,y

(t)) )

+
θ ‖x

(t)−
x
(t−

1
)‖

22

4τ
+
θ

(y
(t)−

y
?)
T
A

(x
(t)−

x
(t−

1
))

n

≥
(

12τ
+
λ2 )

E
[‖
x
(t+

1
)−

x
?‖

22 |F
t ]+

(
12σ

+
γ2 )

E
[‖
y
(t+

1
)−

y
?‖

22 |F
t ]

m

+
E
[
f

(x
(t+

1
),y

?)−
f

(x
?,y

?)
+
nm

(
f

(x
?,y

?)−
f

(x
?,y

(t+
1
)) ) ∣∣∣∣ F

t ]

+
E

[‖
x
(t+

1
)−

x
(t)‖

22 |F
t ]

4τ
+

E
[(y

(t+
1
)−

y
?)
T
A

(x
(t+

1
)−

x
(t))|F

t ]

n
.

(54)

N
ote

th
at

w
e

h
ave

ad
d
ed

th
e

n
on

n
egative

term
θ (f

(x
(t),y

?)−
f

(x
?,y

?) )
to

th
e

left-h
an

d
sid

e
in

(54)
to

en
su

re
th

at
each

term
on

on
e

sid
e

of
th

e
in

eq
u
ality

h
a
s

a
corresp

on
d
in

g
term

on
th

e
oth

er
sid

e.

If
th

e
p
aram

eters
τ
,
σ

,
an

d
θ

are
ch

osen
as

in
(1

2),
th

at
is,

τ
=

12R

√
m
γ

n
λ
,

σ
=

12R

√
n
λ

m
γ
,

an
d

θ
=

1−
1

(n
/m

)
+

2
R √

(n
/m

)/
(λ
γ

) ,

T
h
en

th
e

ratios
b

etw
een

th
e

co
effi

cien
ts

of
th

e
corresp

on
d
in

g
term

s
on

b
oth

sid
es

of
th

e
in

eq
u
ality

(54)
are

eith
er

eq
u
al

to
θ

or
b

ou
n
d
ed

b
y
θ.

M
ore

sp
ecifi

cally,

n
−
m

m

/
nm

=
1−

mn
≤

θ,

12τ /
(

12τ
+
λ2 )

=
1−

1

1
+

2
R √

(n
/m

)/
(λ
γ

)
≤

θ,

(
12
σ

+
(n
−
m

)γ

2
n

)
/
(

12σ
+
γ2 )

=
1−

1

n
/m

+
2
R √

(n
/m

)/
(λ
γ

)
=

θ.

T
h
erefore,

if
w

e
d
efi

n
e

th
e

follow
in

g
seq

u
en

ce,

∆̃
(t)

=

(
12
τ

+
λ2 )
‖
x
(t)−

x
?‖

22
+

(
12σ

+
γ2 )
‖
y
(t)−

y
?‖

22

m

+
f

(x
(t),y

?)−
f

(x
?,y

?)
+
nm

(
f

(x
?,y

?)−
f

(x
?,y

(t)) )

+
‖x

(t)−
x
(t−

1
)‖

22

4τ
+

(y
(t)−

y
?)
T
A

(x
(t)−

x
(t−

1
))

n
,

th
en

in
eq

u
ality

(54)
im

p
lies

E [∆̃
(t+

1
)|F

t ]
≤
θ

∆̃
(t).

A
p
p
ly

th
is

relation
recu

rsiv
ely

an
d

tak
in

g
ex

p
ectation

w
ith

resp
ect

to
all

ran
d
om

variab
les

u
p

to
tim

e
t,

w
e

h
ave

E [∆̃
(t) ]
≤

θ
t∆̃

(0
).

(55)
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+
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−
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e
la

st
th

re
e

te
rm

s
in

(5
6)

ar
e

n
on

n
eg

at
iv

e,
an

d
th

er
ef

or
e

w
e

ca
n

re
p
la

ce
∆̃

(t
)

w
it

h
∆

(t
)

on
th

e
le

ft
-h

an
d

si
d
e

of
(5

5)
.

T
o

se
e

th
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∣ ∣
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‖y

(t
)
−
y
?
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p
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p
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‖2 2

4
m
σ

.

T
o

su
m

m
ar

iz
e,

w
e

h
av

e
p
ro

ve
d

E
[ ∆

(t
)]
≤
θt

(
∆
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p
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∇
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F
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b
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b
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=
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∑
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−
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+
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−
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p
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b
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1
))

an
d

b
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+
p
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con
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ỹ
i 〈a

i ,x
∗〉≥

φ
∗i (y ∗i )−
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(ỹ
i −

y ∗i )
2.

(57)

T
h
en

,
fo

llow
in

g
th

e
sam

e
argu

m
en

t
for

estab
lish

in
g

in
eq

u
ality

(45)
an

d
p
lu

gg
in

g
in

in
eq

u
al-

ity
(5

7
),

w
e

o
b
tain

p
i n

2
σ

(y
(t)
i
−
y
?i )

2≥
(
p
i n

2
σ

+
γ )

(ỹ
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=
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p
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+
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.
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+
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+
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︸
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e

last
term

on
th
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=
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p
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1
)).
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∑
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‖
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k ‖
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=
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‖
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(t)‖

22

4τ
+

(y
(t+

1
)

k
−
y
(t)
k

)
2

4σ
.

S
im

ilarly,
w

e
h
ave

|(y
(t+

1
)

k
−
y
(t)
k

)a
Tk

(x
(t)−

x
(t−

1
))|

p
k n

≤
‖
x
(t)−

x
(t−

1
)‖

22

4
τ

+
(y

(t+
1
)

k
−
y
(t)
k

)
2

4
σ

.

C
om

b
in

in
g

th
e

ab
ove

tw
o

in
eq

u
alities

w
ith

low
er

b
ou

n
d
s

(62)
an

d
(63),

w
e

ob
tain

‖
x
(t)−

x
?‖

22

2τ
+

n
∑i=

1 (
12σ

+
(1−

p
i )γ

p
i n

)
(y

(t)
i
−
y
?i )

2≥
(

12τ
+
λ )

E
[‖
x
(t+

1
)−

x
?‖

22 |F
t ]

+
n
∑i=

1 (
12σ

+
γp
i n )

E
[(y

(t+
1
)

i
−
y
?i )

2|F
t ]+

E
[‖x

(t+
1
)−

x
(t)‖

22 |F
t ]−

θ‖
x
(t)−

x
(t−

1
)‖

22

4
τ

+
E

[(y
(t+

1
)−

y
?)
T
A

(x
(t+

1
)−

x
(t))|F

t ]−
θ(y

(t)−
y
?)A

(x
(t)−

x
(t−

1
))

n
.

(64)

36
JM

L
R

 18(84):1-42, 2017



S
t
o
c
h
a
st

ic
P
r
im

a
l
-D

u
a
l
C
o
o
r
d
in
a
t
e
M
e
t
h
o
d

R
ec

al
l

th
at

th
e

p
ar

am
et

er
s
τ
,
σ

,
an

d
θ

ar
e

ch
os

en
to

b
e

τ
=

1

2
R
α

√
γ n
λ
,

σ
=

1

2R
α

√
n
λ γ
,

an
d

θ
=

1
−
(

n

1
−
α

+
R
α

√
n λ
γ

) −
1

.

P
lu

gg
in

g
in

th
es

e
as

si
gn

m
en

ts
an

d
u
si

n
g

th
e

fa
ct

th
at
p
i
≥

1
−
α
n

,
w

e
fi
n
d

th
at

1
/(

2τ
)

1/
(2
τ
)

+
λ

=
1
−
( 1

+
1

2
τ
λ

) −
1

=
1
−
( 1

+
R
α

√
n λ
γ

) −
1
≤
θ,

an
d

fo
r
i

=
1,

2,
..
.,
n

,

1
/(

2σ
)

+
(1
−
p
i)
γ
/(
p
in

)

1
/(

2σ
)

+
γ
/(
p
in

)
=

1
−
(

1 p
i

+
n 2
σ

) −
1
≤

1
−
(

n

1
−
α

+
n

2
σ
γ

) −
1

=
θ.

T
h
er

ef
or

e,
if

w
e

d
efi

n
e

a
se

q
u
en

ce
∆

(t
)

su
ch

th
at

∆
(t
)

=

(
1 2τ

+
λ

)
E[
‖x

(t
)
−
x
?
‖2 2

]+
n ∑ i=
1

(
1 2σ

+
γ p
in

)
E[

(y
(t
)

i
−
y
? i
)2

]

+
E[
‖x

(t
)
−
x
(t
−
1
) ‖

2 2
]

4
τ

+
E[

(y
(t
)
−
y
?
)T
A

(x
(t
)
−
x
(t
−
1
) )

]

n
,

th
en

in
eq

u
al

it
y

(6
4)

im
p
li
es

th
e

re
cu

rs
iv

e
re

la
ti

on
∆

(t
+
1
)
≤
θ
·∆

(t
) ,

w
h
ic

h
im

p
li
es

(
1 2τ

+
λ

)
E[
‖x

(t
)
−
x
?
‖2 2

]+

(
1 2σ

+
γ n

)
E[
‖y

(t
)
−
y
?
‖2 2

]

+
E[
‖x

(t
)
−
x
(t
−
1
) ‖

2 2
]

4
τ

+
E[

(y
(t
)
−
y
?
)T
A

(x
(t
)
−
x
(t
−
1
) )

]

n
≤

θt
∆

(0
) ,

(6
5)

w
h
er

e

∆
(0
)

=

(
1 2
τ

+
λ

)
‖x

(0
)
−
x
?
‖2 2

+
n ∑ i=
1

(
1 2σ

+
γ p
in

)
(y

(0
)

i
−
y
? i
)2

≤
(

1 2
τ

+
λ

)
‖x

(0
)
−
x
?
‖2 2

+

(
1 2σ

+
γ

1
−
α

)
‖y

(0
)
−
y
?
‖2 2
.

T
o

el
im

in
at

e
th

e
la

st
tw

o
te

rm
s

on
th

e
le

ft
-h

an
d

si
d
e

of
in

eq
u
al

it
y

(6
5)

,
w

e
n
ot

ic
e

th
at

|(y
(t
)
−
y
?
)T
A

(x
(t
)
−
x
(t
−
1
) )
|

n
≤
‖x

(t
)
−
x
(t
−
1
) ‖

2 2

4τ
+
‖y

(t
)
−
y
?
‖2 2
‖A
‖2 2

n
2
/τ

≤
‖x

(t
)
−
x
(t
−
1
) ‖

2 2

4τ
+
‖y

(t
)
−
y
?
‖2 2
‖A
‖2 F

n
2
/τ

=
‖x

(t
)
−
x
(t
−
1
) ‖

2 2

4τ
+
‖y

(t
)
−
y
?
‖2 2

∑
n i=

1
‖a

i‖
2 2

4σ
(∑

n i=
1
‖a

i‖
2
)2

≤
‖x

(t
)
−
x
(t
−
1
) ‖

2 2

4τ
+
‖y

(t
)
−
y
?
‖2 2

4
σ

,

w
h
er

e
in

th
e

eq
u
al

it
y

w
e

u
se

d
n
2
/τ

=
4σ
n
2
R

2 α
≥

4
σ
n
2
R

=
4σ

(∑
n i=

1
‖a

i‖
2
)2

.
T

h
is

im
p
li
es

(y
(t
)
−
y
?
)T
A

(x
(t
)
−
x
(t
−
1
) )

n
≥
−
‖x

(t
)
−
x
(t
−
1
) ‖

2 2

4τ
−
‖y

(t
)
−
y
?
‖2 2

4
σ

.

S
u
b
st

it
u
ti

n
g

th
e

ab
ov

e
in

eq
u
al

it
y

in
to

in
eq

u
al

it
y

(6
5)

co
m

p
le

te
s

th
e

p
ro

o
f.

37
JM

L
R

 1
8(

84
):

1-
42

, 2
01

7

Z
h
a
n
g

a
n
d

X
ia
o

R
e
fe

re
n
ce

s

A
le

k
h

A
ga

rw
al

an
d

L
éo
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áč.

P
arallel

co
ord

in
ate

d
escen

t
m

eth
o
d
s

for
b
ig

d
ata

op
ti-

m
ization

.
M

a
th

em
a
tica

l
P

rogra
m

m
in

g,
156(1):433–48

4,
2016.

M
ark

S
ch

m
id

t,
N

icolas
L

e
R

ou
x
,
an

d
F

ran
cis

B
ach

.
M

in
im

izin
g

fi
n
ite

su
m

s
w

ith
th

e
sto

ch
as-

tic
average

grad
ien

t.
T

ech
n
ical

R
ep

ort
H

A
L

00860051,
IN

R
IA

,
P

aris,
F

ran
ce,

2013.

4
0

JM
L

R
 18(84):1-42, 2017



S
t
o
c
h
a
st

ic
P
r
im

a
l
-D

u
a
l
C
o
o
r
d
in
a
t
e
M
e
t
h
o
d

S
h
ai

S
h
al

ev
-S

h
w

ar
tz

an
d

T
on

g
Z

h
an

g.
S
to

ch
as

ti
c

d
u
al

co
or

d
in

at
e

as
ce

n
t

m
et

h
o
d
s

fo
r

re
g-

u
la

ri
ze

d
lo

ss
m

in
im

iz
at

io
n
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

14
:5

67
–
59

9,
20

13
a.

S
h
ai

S
h
al

ev
-S

h
w

ar
tz

an
d

T
on

g
Z

h
an

g.
A

cc
el

er
a
te

d
m

in
i-

b
at

ch
st

o
ch

as
ti

c
d
u
al

co
or

d
in

at
e

as
ce

n
t.

In
C

.J
.C

.
B

u
rg

es
,

L
.

B
ot

to
u
,

M
.

W
el

li
n
g,

Z
.

G
h
ah

ra
m

an
i,

an
d

K
.Q

.
W

ei
n
b

er
ge

r,
ed

it
or

s,
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
6
,

p
ag

es
37

8–
3
85

.
20

13
b
.

S
h
ai

S
h
al

ev
-S

h
w

ar
tz

an
d

T
on

g
Z

h
an

g.
A

cc
el

er
at

ed
p
ro

x
im

al
st

o
ch

as
ti

c
d
u
al

co
or

d
in

at
e

as
ce

n
t

fo
r

re
gu

la
ri

ze
d

lo
ss

m
in

im
iz

at
io

n
.

M
a
th

em
a
ti

ca
l

P
ro

gr
a
m

m
in

g,
15

5(
1)

:1
05

–1
45

,
20

15
.

T
ai

ji
S
u
zu

k
i.

D
u
al

av
er

ag
in

g
an

d
p
ro

x
im

al
gr

ad
ie

n
t

d
es

ce
n
t

fo
r

on
li
n
e

a
lt

er
n
at

in
g

d
ir

ec
-

ti
on

m
u
lt

ip
li
er

m
et

h
o
d
.

In
P

ro
ce

ed
in

gs
o
f

th
e

3
0
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(I

C
M

L
),

p
ag

es
39

2–
40

0,
A

tl
an

ta
,

G
A

,
U

S
A

,
20

13
.

T
ai

ji
S
u
zu

k
i.

S
to

ch
as

ti
c

d
u
al

co
or

d
in

at
e

as
ce

n
t

w
it

h
al

te
rn

at
in

g
d
ir

ec
ti

on
m

et
h
o
d

of
m

u
lt

i-
p
li
er

s.
In

P
ro

ce
ed

in
gs

o
f

th
e

3
1
st

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(I

C
M

L
),

p
ag

es
73

6–
74

4,
B

ei
ji

n
g,

20
14

.

M
ar

ti
n

T
ak

áč
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e
on

e-
ve

rs
u
s-

on
e

ap
p
ro

ac
h

ca
n

le
ad

to
a

ti
e-

in
-v

ot
e

p
ro

b
le

m
a
n
d

th
e

on
e-

v
er

su
s-

re
st

ap
p
ro

ac
h

su
ff

er
s

fr
om

in
co

n
si

st
en

cy
w

h
en

th
er

e
is

n
o

d
o
m

in
a
n
t

cl
a
ss

(L
ee

et
al

.,
20

04
).

It
is

m
or

e
d
es

ir
ab

le
to

co
n
si

d
er

al
l

cl
as

se
s

si
m

u
lt

an
eo

u
sl

y.
In

a
m

u
lt

ic
la

ss
se

tt
in

g
,

th
e

ob
se

rv
ed

d
at

a
ar

e
(x

i,
y i

),
i

=
1,
..
.,
n

,
w

h
er

e
x
i
∈
R
d

is
a

m
u
lt

iv
a
ri

at
e

p
re

d
ic

to
r,

th
e

sc
a
la

r
y i
∈
{1
,.
..
,K
}

is
th

e
co

rr
es

p
on

d
in

g
cl

as
s

la
b

el
,

w
it

h
K

as
th

e
n
u
m

b
er

o
f

cl
a
ss

es
.

M
a
n
y

cl
as

si
fi
ca

ti
on

ap
p
ro

ac
h
es

m
ap

x
to
f

(x
)
∈

R
K

,
an

d
th

e
co

rr
es

p
on

d
in

g
p
re

d
ic

ti
o
n

ru
le

is
ŷ

=
ar

g
m

ax
i
f j

(x
),

w
h
er

e
f j

is
th

e
jt

h
el

em
en

t
of
f

.
In

th
is

ty
p

e
of

ap
p
ro

ac
h
,

a
co

n
st

ra
in

t

su
ch

as
∑

K j=
1
f
j

=
0

is
u
su

al
ly

im
p

os
ed

to
re

m
ov

e
re

d
u
n
d
an

cy
an

d
re

d
u
ce

th
e

d
im

en
si

o
n

of
th

e
p
ro

b
le

m
.

S
ee

Z
h
u

an
d

H
as

ti
e

(2
00

1)
;

L
ee

et
al

.
(2

00
4)

;
L

iu
an

d
S
h
en

(2
0
0
6
);

L
iu

(2
00

7)
;

L
iu

an
d

Y
u
an

(2
01

1)
fo

r
m

or
e

d
is

cu
ss

io
n
.

F
is

h
er

co
n
si

st
en

cy
fo

r
se

ve
ra

l
ex

is
ti

n
g

m
u
lt

ic
at

eg
or

y
h
in

ge
lo

ss
fu

n
ct

io
n
s

ar
e

al
so

p
ro

v
id

ed
in

L
iu

(2
00

7)
.

It
is

st
ra

ig
h
tf

or
w

ar
d

to
se

e
th

at
th

e
su

m
-t

o-
ze

ro
co

n
st

ra
in

t
ca

n
b

e
re

m
ov

ed
if

w
e

re
d
efi

n
e

f
in

R
K

to
b

e
in

R
K
−
1
,

as
th

e
d
eg

re
es

of
fr

ee
d
om

of
f

is
es

se
n
ti

al
ly
K
−

1.
S
ev

er
a
l
cl

a
ss

ifi
er

s
h
av

e
b

ee
n

p
ro

p
os

ed
u
si

n
g

th
is

fa
ct

.
F

or
ex

am
p
le

,
L

an
ge

an
d

W
u

(2
00

8)
p
ro

p
o
se

d
a

ve
rt

ex
b
as

ed
m

o
d
el

th
at

m
ap

s
th

e
d
at

a
x

in
R
d

to
a
f

(x
)
∈
R
K
−
1
,

an
d

p
re

d
ic

ts
th

e
la

b
el

b
a
se

d
on

th
e

d
is

ta
n
ce

of
f

(x
)

to
K

p
re

d
efi

n
ed

ve
rt

ic
es

.
Z

h
an

g
an

d
L

iu
(2

01
4)

p
ro

p
o
se

d
a

si
m

il
a
r

id
ea

w
h
er

e
th

ey
d
efi

n
e

th
e

sa
m

e
K

ve
rt

ic
es

in
th

e
R
k
−
1

sp
a
ce

,
an

d
u
se

th
e

an
g
le

b
et

w
ee

n
f

to
th

es
e

ve
rt

ex
v
ec

to
rs

to
p
re

d
ic

t
la

b
el

s.
M

or
e

d
et

ai
ls

ar
e

gi
ve

n
in

S
ec

ti
on

2
o
f

th
is

p
a
p

er
.
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A
n
g
l
e
-b
a
se

d
M
u
lt

ic
a
t
e
g
o
r
y
D
ist

a
n
c
e
-w

e
ig
h
t
e
d

S
V
M

T
h
e

a
n
g
le-b

ased
m

eth
o
d

can
b

e
v
iew

ed
as

a
n
atu

ral
ex

ten
sion

of
th

e
b
in

ary
large

m
argin

cla
ssifi

er
to

th
e

m
u
lticlass

con
tex

t.
Z

h
an

g
a
n
d

L
iu

(2014)
rep

lace
th

e
u
su

al
fu

n
ction

al
m

argin
b
y

th
e

a
n
g
le

(o
r

in
n
er

p
ro

d
u
ct)

b
etw

een
th

e
p
ro

jection
f

an
d

th
e

vertices.
T

h
eir

sim
u
lation

resu
lts

sh
ow

th
a
t

th
ese

an
gle-b

ased
classifi

ers
h
av

e
go

o
d

p
red

iction
p

erform
an

ce.
T

h
e

F
ish

er
co

n
sisten

cy
o
f

a
fam

ily
of

large
m

argin
classifi

ers
is

also
p
roved

.
H

ow
ever,

a
s

a
sp

ecifi
c

case
in

la
rg

e
m

a
rg

in
classifi

ers,
th

e
an

gle-b
ased

S
V

M
(M

S
V

M
)

m
eth

o
d

is
n
ot

F
ish

er
con

sisten
t

b
eca

u
se

its
lo

ss
fu

n
ction

is
n
ot

a
strictly

m
on

oton
e

d
ecreasin

g
fu

n
ction

.
In

Z
h
an

g
an

d
L

iu
(2

0
1
4
),

F
ish

er
con

sisten
cy

of
a

p
rox

im
al

S
V

M
w

as
p
rop

osed
an

d
p
rov

en
in

stead
.

In
o
u
r

ex
p

erim
en

t
in

S
ection

2,
u
n
d
er

H
D

L
S
S

an
d

im
b
alan

ced
d
ata

settin
g,

w
e

ob
served

th
a
t

M
S
V

M
su

ff
ers

from
d
a
ta

p
ilin

g
issu

e.
B

in
ary

D
W

D
,

b
ased

on
th

e
id

ea
of

Z
h
an

g
an

d
L

iu
(2

0
1
4
),

ca
n

b
e

ex
ten

d
ed

to
m

u
lticategory

an
gle-b

ased
D

W
D

(M
D

W
D

).
T

h
ou

gh
free

fro
m

th
e

d
a
ta

p
ilin

g
con

cern
,

M
D

W
D

su
ff

ers
from

th
e

im
b
alan

ced
issu

e.
B

oth
th

ese
issu

es
w

ere
p
rev

iou
sly

ob
serv

ed
in

th
e

b
in

ary
case

(M
arron

et
al.,

2007;
Q

iao
an

d
Z

h
an

g
,

2015a).

N
o
te

th
a
t

H
u
an

g
et

al.
(2013)

ex
ten

d
ed

th
e

b
in

ary
D

W
D

to
a

version
of

m
u
lticlass

D
W

D
(M

D
W

D
H

).
It

ad
op

ts
th

e
id

ea
of

p
airw

ise
com

p
arison

s
from

on
e-versu

s-on
e

id
ea.

M
D

W
D

H
co

n
sid

ers
a

d
a
ta

p
oin

t
w

ith
lab

el
i

b
ein

g
m

isclassifi
ed

if
th

e
d
iff

eren
ce

of
p
ro

jection
s

o
n
ith

m
em

b
er

a
n
d
jth

m
em

b
er

is
n
egativ

e
(i6=

j).
E

ven
th

ou
gh

it
h
as

n
ice

th
eoretical

p
rop

erties
a
n
d

em
p
irica

l
p

erform
an

ce
as

sh
ow

n
in

th
eir

p
ap

er,
th

e
an

gle-b
ased

m
eth

o
d
s

h
ave

b
etter

g
eo

m
etric

in
terp

retation
.

In
ad

d
ition

,
th

e
p
air-w

ise
n
atu

ral
of

th
e

m
eth

o
d

w
ill

h
ave

m
ore

ex
p

en
sive

co
m

p
u
tation

al
cost,

com
p
ared

to
an

gle-b
a
sed

ap
p
roach

es.
W

e
a
lso

ob
served

th
at

th
e

p
erfo

rm
an

ce
is

sligh
tly

b
etter

th
an

an
gled

-b
ased

M
D

W
D

m
eth

o
d
.

If
th

e
an

gle-b
ased

M
D

W
D

ap
p
ro

a
ch

also
in

corp
orates

th
e

p
airw

ise
id

ea,
th

e
tw

o
ap

p
roach

es
w

ill
h
ave

sim
ilar

em
p
irica

l
p

erform
an

ce.

In
th

is
p
ap

er,
w

e
ad

ap
t

th
e

id
ea

in
Q

iao
an

d
Z

h
an

g
(2

015a)
to

d
evelop

a
h
y
b
rid

of
M

S
V

M
a
n
d

M
D

W
D

.
T

h
e

w
ork

can
also

b
e

v
iew

ed
as

an
ex

ten
sion

of
th

e
b
in

ary
D

W
S
V

M
to

th
e

m
u
lticla

ss
co

n
tex

t.
W

e
p
rove

its
F

ish
er

con
sisten

cy
an

d
u
se

ex
ten

sive
sim

u
latio

n
stu

d
ies

to
sh

ow
th

e
u
sefu

ln
ess

of
ou

r
ap

p
roach

.
F

or
m

an
y

cases,
th

e
n
ov

el
ap

p
roach

ou
tp

erform
s

b
oth

M
D

W
D

an
d

M
S
V

M
,

esp
ecially

u
n
d
er

H
D

L
S
S

an
d

th
e

im
b
alan

ced
case.

T
h
e

rest
o
f

th
is

article
is

organ
ized

as
follow

s.
In

S
ection

2,
w

e
b
riefl

y
rev

iew
th

e
ex

istin
g

m
u
ltica

teg
o
ry

classifi
ers,

an
d

in
tro

d
u
ce

ou
r

an
gle-b

ased
d
istan

ce-w
eigh

ted
su

p
p

ort
vector

m
a
ch

in
e

(M
D

W
S
V

M
)

m
o
d
el.

In
S
ection

3,
w

e
p
rove

th
e

F
ish

er
con

sisten
cy

an
d

sh
ow

som
e

im
b
a
la

n
ce

p
ro

p
erties

of
ou

r
n
ew

ap
p
roach

.
In

S
ection

4,
w

e
p

erform
sim

u
lation

stu
d
ies

to
co

m
p
a
re

o
u
r

m
o
d
el

w
ith

M
S
V

M
an

d
M

D
W

D
.
T

h
e

sen
sitiv

ity
of

th
e

p
red

ictio
n

p
erform

an
ce

in
term

s
o
f

th
e

tu
n
in

g
p
aram

eters
is

also
ex

p
lored

in
th

is
section

.
S
ection

5
in

volves
a

real
a
p
p
lica

tion
a
n
d

S
ection

6
d
iscu

sses
som

e
fu

tu
re

w
ork

for
th

is
m

o
d
el.

T
h
e

p
ro

ofs
of

all
th

eo
rem

s
a
n
d

lem
m

as
are

giv
en

in
th

e
ap

p
en

d
ix

.

2
.
M

e
th

o
d
o
lo
g
y

In
th

is
sectio

n
,

w
e

give
a

gen
eral

in
tro

d
u
ction

to
classifi

catio
n
,

in
clu

d
in

g
th

e
an

gle-b
ased

m
u
ltica

teg
o
ry

classifi
er.

W
e

th
en

sh
ow

som
e

d
raw

b
ack

s
of

th
is

an
gle-b

ased
classifi

cation
,

w
h
ich

m
otiva

tes
ou

r
M

D
W

S
V

M
.
W

e
con

clu
d
e

w
ith

a
d
etailed

in
tro

d
u
ction

of
ou

r
ap

p
roach

,
a
lo

n
g

w
ith

its
im

p
lem

en
tation

.

3
JM

L
R

 18(85):1-21, 2017

S
u
n
,
C
r
a
ig

a
n
d

Z
h
a
n
g

2
.1

C
la

ssifi
c
a
tio

n
a
n

d
L

o
ss

F
u

n
c
tio

n

C
on

sid
er

a
b
in

ary
classifi

cation
p
rob

lem
w

ith
ob

served
d
ata

(x
i ,y

i ),i
=

1,...,n
.

T
h
e

x
i ∈

R
d

is
a

m
u
ltivariate

p
red

ictor
an

d
th

e
scalar

y
i ∈
{1,−

1}
is

th
e

corresp
on

d
in

g
class

lab
el.

T
h
e

goal
is

to
fi
n
d

a
d
ecision

fu
n
ction

f
alon

g
w

ith
its

p
red

iction
ŷ
(x

)
=

sign
(f

(x
))

to
m

in
im

ize
th

e
m

isclassifi
cation

error
E

(Ŷ
6=
Y

).
N

o
te

th
at

w
h
en

y
f

(x
)
>

0,
f

(x
)

g
iv

es
a

correct
p
red

iction
;

oth
erw

ise
f

(x
)

gives
a

m
isclassifi

cation
.

A
n
atu

ra
l

w
ay

to
estim

ate
th

e
m

isclassifi
cation

error
is

to
u
se

th
e

em
p
irical

error
1/
n ∑

I(ŷ
i (x

)6=
y
i )

=
1/n ∑

I(y
i f

(x
i )
<

0),
w

h
ere

I(.)
is

th
e

in
d
icator

fu
n
ction

.
H

ow
ever,

d
u
e

to
th

e
d
iscon

tin
u
ity

an
d

n
on

con
vex

ity
ofI(y

i f
(x

i )
<

0),
it

is
h
ard

to
con

d
u
ct

a
d
irect

m
in

im
ization

.

A
com

m
on

su
rrogate

is
a

con
vex

loss
fu

n
ction

`(.),
w

h
ich

is
com

m
on

ly
u
sed

in
large

m
argin

classifi
ers

(H
astie

et
al.,

2001).
A

large
m

arg
in

classifi
er

can
b

e
v
iew

ed
as

m
in

im
izin

g
th

e
loss

fu
n
ction

given
a

con
strain

t

m
in

f∈
F

n
∑i=

1

`(f
(x

i ),y
i )

+
λ2
J

(f
),

w
h
ere

F
d
en

otes
th

e
fu

n
ction

sp
ace

an
d
J

(.)
is

a
ty

p
e

o
f

n
orm

,
w

h
ich

is
u
sed

to
con

trol
th

e
com

p
lex

ity
of

th
e

m
o
d
el.

T
h
e

fu
n
ction

`(f
,y

)
is

a
loss

fu
n
ction

su
rrogate

for
th

e
0-1

loss.
T

h
e

tu
n
in

g
p
aram

eter
λ

b
alan

ces
th

e
loss

an
d

th
e

n
orm

.
F

or
ex

am
p
le,

th
e

p
op

u
lar

lin
ear

S
V

M
u
ses

th
e

h
in

ge
loss

fu
n
ction

`
S

(u
)

=
(1−

u
)
+

w
h
ere

u
=
y
f

(x
),

an
d

th
e
L
2

n
orm

.

T
h
e

S
V

M
m

eth
o
d

can
also

b
e

v
iew

ed
as

m
ax

im
izin

g
th

e
sm

allest
d
istan

ces
of

all
ob

ser-
vation

s
to

th
e

sep
aratin

g
h
y
p

erp
lan

e.
A

s
d
iscu

ssed
in

S
ection

1,
S
V

M
su

ff
ers

from
th

e
d
a
ta

p
ilin

g
p
rob

lem
in

H
D

L
S
S

settin
g.

M
arro

n
et

al.
(2007)

p
rop

osed
th

e
D

W
D

m
eth

o
d
,

w
h
ich

im
p
roves

th
e

p
erform

an
ce

of
S
V

M
in

th
e

H
D

L
S
S

settin
g.

E
ssen

tially,
D

W
D

m
in

im
izes

th
e

m
ean

of
in

verse
d
istan

ce
of

all
d
ata

vectors
to

th
e

sep
aratin

g
h
y
p

erp
lan

e.
A

s
is

d
iscu

ssed
in

B
artlett

et
al.

(2006);
L

iu
et

al.
(2011);

Q
iao

an
d

Z
h
an

g
(2015a),

D
W

D
is

a
lso

a
large

m
argin

classifi
er,

an
d

its
loss

fu
n
ction

is

`
D

(u
)

=

{
2−

u
u
≤

1

1
/u

oth
erw

ise.
(1)

In
p
ractice,

lots
of

ap
p
lication

s
d
ea

l
w

ith
m

u
lticategory

rath
er

th
an

b
in

ary
classifi

cation
.

F
or

m
u
lticlass

p
rob

lem
s,
y
i ∈
{1
,2
,...,K

}
,i

=
1,...,n

,
w

ith
K

th
e

n
u
m

b
er

o
f

classes.
T

h
e

com
m

on
sim

u
ltan

eou
s

p
ro

ced
u
re

is
to

m
ap
x

to
f

(x
)
∈

R
K

,
an

d
th

e
corresp

on
d
in

g
p
red

iction
ru

le
is
ŷ

=
arg

m
ax

j
f
j (x

),
w

h
ere

f
j

is
th

e
jth

elem
en

t
of
f

.
C

om
m

on
ly

a
su

m
to

zero
con

strain
t

on
f

is
u
sed

as
d
iscu

ssed
in

S
ection

1
to

overcom
e

id
en

tifi
ab

ility
issu

es,
see

m
ore

d
iscu

ssion
in

V
ap

n
ik

an
d

V
ap

n
ik

(1998);
L

ee
et

al.
(2

004);
L

iu
an

d
Y

u
an

(2011).

M
an

y
m

u
lticategory

classifi
cation

m
eth

o
d
s

can
b

e
v
iew

ed
as

th
e

follow
in

g
con

strain
ed

op
tim

ization
p
rob

lem
,

m
in

f∈
F

n
∑i=

1

`(f
(x

i ),y
i )

+
λ2

K
∑j=

1

J
(f
j ),

s.t.
K
∑j=

1

f
j (x

)
=

0.

4
JM

L
R

 18(85):1-21, 2017



A
n
g
l
e
-b
a
se

d
M
u
lt

ic
a
t
e
g
o
r
y
D
is
t
a
n
c
e
-w

e
ig
h
t
e
d

S
V
M

F
or

ex
am

p
le

,
a

m
u
lt

ic
at

eg
or

y
S
V

M
w

it
h

h
in

ge
lo

ss
(V

ap
n
ik

an
d

V
ap

n
ik

,
19

98
)

u
se

s
th

e
lo

ss
fu

n
ct

io
n
`(
f

(x
),
y
)

=
(1
−
f y

(x
))

+
.

H
ow

ev
er

,
u
n
li
k
e

b
in

ar
y

cl
as

si
fi
ca

ti
o
n
,

m
u
lt

ic
at

eg
or

y
cl

as
si

fi
ca

ti
on

w
it

h
a

su
m

to
ze

ro
co

n
st

ra
in

t
d
o
es

n
ot

h
av

e
a

cl
ea

r
ge

o
m

et
ri

c
ex

p
la

n
at

io
n
.

It
al

so
su

ff
er

s
fr

om
ex

p
en

si
ve

co
m

p
u
ta

ti
on

(Z
h
an

g
an

d
L

iu
,

2
01

4)
.

T
o

ov
er

co
m

e
th

es
e

li
m

it
at

io
n
s,

L
an

ge
an

d
W

u
(2

00
8)

p
ro

p
os

ed
th

e
ve

rt
ex

id
ea

w
h
er

e
th

ey
d
efi

n
e
f

as
a
K
−

1
d
im

en
si

on
al

fu
n
ct

io
n

in
st

ea
d

of
a
K

d
im

en
si

on
al

fu
n
ct

io
n
.

T
h
is

re
m

ov
es

th
e

n
ee

d
fo

r
a

su
m

-t
o-

ze
ro

co
n
st

ra
in

t.
A

si
m

il
ar

id
ea

is
u
se

d
la

te
r

b
y

Z
h
an

g
an

d
L

iu
(2

01
4)

to
co

n
d
u
ct

an
gl

e-
b
as

ed
cl

as
si

fi
ca

ti
on

,
w

h
ic

h
w

il
l

b
e

d
is

cu
ss

ed
n
ex

t.

2
.2

A
n

g
le

-b
a
se

d
C

la
ss

ifi
c
a
ti

o
n

F
ra

m
e
w

o
rk

T
h
e

id
ea

of
an

gl
e-

b
as

ed
cl

as
si

fi
ca

ti
on

is
to

m
ap
x

to
f

(x
),

w
h
er

e
f

=
(f

1
,.
..
,f
K
−
1
),

w
it

h
a

se
t

of
K

p
re

d
efi

n
ed

ve
rt

ic
es

in
R
K
−
1
.

W
e

th
en

as
se

ss
w

h
ic

h
v
er

te
x

h
as

th
e

sm
al

le
st

an
gl

e
to

th
e

p
ro

je
ct

io
n
f

,
an

d
th

e
co

rr
es

p
on

d
in

g
la

b
el

is
th

e
p
re

d
ic

ti
on

.
In

Z
h
an

g
an

d
L

iu
(2

01
4)

,
th

e
ve

rt
ic

es
W

=
(W

1
,W

2
,.
..
,W

K
)

ar
e

d
efi

n
ed

as
a

co
ll
ec

ti
on

of
K

ve
ct

or
s

in
R
K
−
1

w
it

h
el

em
en

ts

W
j

=

{
(K
−

1)
−
1
/
2
ζ
,

j
=

1,

−
(1

+
K

1
/
2
)/
{(
K
−

1)
3
/
2
}ζ

+
{K

/(
K
−

1)
}1
/
2
e j
−
1
,

2
≤
j
≤
K
.

T
h
e

u
n
it

ve
ct

or
ζ

is
of

le
n
gt

h
K
−

1,
an

d
e j

is
a

ve
ct

or
in

R
K
−
1

su
ch

th
at

al
l

of
it

s
el

em
en

t
ar

e
0,

ex
ce

p
t

th
e
jt

h
is

1.
In

th
is

se
tt

in
g,
W

fo
rm

a
si

m
p
le

x
w

it
h
K

ve
rt

ic
es

in
a

(K
−

1)
d
im

en
si

on
al

sp
ac

e.
T

h
e

ce
n
te

r
of
W

is
at

th
e

or
ig

in
,

an
d

ea
ch

of
th

e
W
j
,j

=
1
,.
..
,K

h
as

E
u
cl

id
ea

n
n
or

m
of

1.
F

u
rt

h
er

,
it

is
ea

sy
to

ch
ec

k
th

at
th

e
an

gl
e

b
et

w
ee

n
ea

ch
p
ai

r
of

ve
rt

ic
es
W
i

an
d
W
j
,
i
6=
j

is
th

e
sa

m
e.

In
st

ea
d

of
y i

,
W
y
i

is
u
se

d
to

re
p
re

se
n
t

th
e

ob
se

rv
ed

cl
as

s.
T

h
e

p
re

d
ic

ti
on

fu
n
ct

io
n

is
ŷ
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a
sed

fra
m

ew
ork

.
A

p
p
ly

in
g

D
W

S
V

M
to

th
e

an
gle-b

ased
fram

ew
ork

,
w

e
p
rop

ose
a

m
u
lti-

ca
teg

o
ry

a
n
g
le-b

ased
D

W
S
V

M
(M

D
W

S
V

M
)

m
in

f∈
F

1n

n
∑i=

1

α
`
D

(〈f
0 (x

i ),W
y
i 〉)

+
(1−

α
)`
S

(〈f
(x

i ),W
y
i 〉)

+
λ2
J

(f
).

(4)

In
th

is
m

o
d
el
f

(x
i )

=
x
i B

+
β
0

an
d
f
0 (x

i )
=
x
i B

+
β
d0 ,

w
h
ere

B
=

(B
1 ,B

2 ,...,B
K
−
1 ),

ea
ch

o
f

th
e
B
j ,j

=
1,...,K

−
1

is
a

vector
of

len
gth

d
,

w
h
ich

d
o
es

n
ot

in
clu

d
e

th
e

in
ter-

cep
t.T

h
e

p
a
ra

m
eters

β
0 ,β

d0
∈

R
K
−
1

are
in

tercep
t

v
ectors.

N
ote

th
at
f
0

an
d
f

are
on

ly
d
iff

eren
t

in
term

s
of

th
e

in
tercep

t
β
0

an
d
β
d0

resp
ectively.

In
th

is
m

o
d
el,

th
e

in
terest

is
to

fi
n
d
B

,
β
0

a
n
d
β
d0

to
m

in
im

ize
th

e
loss

fu
n
ction

.
F

or
p
red

iction
ŷ

=
arg

m
ax

j 〈W
j ,f̂〉

=
a
rg

m
a
x
j 〈W

j ,x
i B

+
β
0 〉,

h
ow

ev
er,

on
ly
β
0

an
d
B

are
u
sed

.
T

h
is

avo
id

s
th

e
im

b
alan

ced
is-

su
e

co
st

b
y
β
d0 .

N
ote

th
at

th
e

p
red

iction
arg

m
ax

j 〈W
j ,f̂〉

is
eq

u
ivalen

t
to

a
rg

m
in
j ∠

(W
j ,f̂

)
w

h
ere

∠
(a
,b)

rep
resen

ts
th

e
an

gle
b

etw
een

vector
a

an
d
b

.
W

e
p
red

ict
x

w
ith

th
e

lab
el
j

su
ch

th
a
t

vertex
W
j

an
d
f

(x
)

h
as

th
e

sm
allest

an
gle

am
on

g
all∠

(W
j ,f̂

),j
=

1,...,K
.

O
b
-

serve
th

a
t ∑

Kj=
1 〈W

j ,f̂〉
=

0
for

all
x

,
w

h
ich

m
ea

n
s

th
e

an
gle-b

ased
classifi

cation
fram

ew
ork

a
u
to

m
atica

lly
in

clu
d
es

su
m

-to-zero
con

strain
ts.

2
.4

Im
p

le
m

e
n
ta

tio
n

o
f

M
D

W
S

V
M

In
Q

ia
o

a
n
d

Z
h
an

g
(2015a),

th
e

im
p
lem

en
tation

of
th

e
b
in

ary
D

W
S
V

M
(3)

w
as

th
rou

gh
seco

n
d
-o

rd
er

co
n
e

p
rogram

m
in

g.
M

ath
em

atica
lly,

th
e

D
W

S
V

M
m

o
d
el

can
b

e
w

ritten
as

m
in

ω
,β
,β

0
,η
i ,ξ
i

n
∑i=

1 {α
(

1r
i

+
η
i )

+
(1−

α
)ξ
i }
,

s.t.
r
i

=
y
i (x

Ti
ω

+
β

)
+
η
i ,

r
i ≥

0
an

d
η
i ≥

0,

y
i (x

Ti
ω

+
β

)
+
ξ
i ≥

1,
ξ
i ≥

0
,

‖ω‖
2≤

C
.

(5)

T
h
e

fi
rst

co
n
strain

t
r
i

=
y
i (x

Ti
ω

+
β

)
+
η
i

is
th

e
d
istan

ce
from

each
d
ata

vector
i

to
its

sep
a
ra

tin
g

h
y
p

erp
lan

e
(ad

d
in

g
slack

n
ess

to
allow

m
isclassifi

cation
),

w
h
ich

corresp
on

d
s

to
th

e
D

W
D

o
p
tim

ization
.

T
h
e

secon
d

con
strain

t
y
i (x

Ti
ω

+
β

)+
ξ
i ≥

1
is

a
stan

d
ard

con
strain

t
in

S
V

M
o
p
tim

ization
.

B
oth

η
i

an
d
ξ
i

con
trol

th
e

m
isclassifi

cation
rate,

b
u
t

w
ith

d
iff

eren
t

d
ecisio

n
b

o
u
n
d
aries.

T
h
e

th
ird

con
strain

t‖ω‖
2≤

C
is

eq
u
ivalen

t
to

th
e

secon
d

term
in

(2),
th

e
E

u
clid

ea
n

n
orm

.

T
o

ex
ten

d
(5)

to
m

u
lticlass,

w
e

rep
lace

th
e

d
istan

ces
(fu

n
ction

al
m

arg
in

s)
to

th
e

in
n
er

p
ro

d
u
ct

a
s

in
tro

d
u
ced

earlier
in

(2).
T

h
u
s

ou
r

M
D

W
S
V

M
w

ill
h
ave

th
e

follow
in

g
m

a
th

e-
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S
u
n
,
C
r
a
ig

a
n
d

Z
h
a
n
g

m
atical

form
:

m
in

f
,f

0

n
∑i=

1 {α
(

1r
i

+
η
i )

+
(1−

α
)ξ
i }
,

s.t.
r
i

=
〈f

0 (x
i ),W

y
i 〉

+
η
i ,

r
i ≥

0
an

d
η
i ≥

0,

〈f
(x
i ),W

y
i 〉

+
ξ
i ≥

1
,

ξ
i ≥

0,

k−
1

∑j=
1

B
Tj
B
j ≤

C
.

(6)

In
th

is
form

f
0

an
d
f

are
th

e
sam

e
as

in
(4).

It
is

verifi
ed

in
Z

h
an

g
an

d
L

iu
(2014)

th
at

th
e

fi
rst

term
in

th
e

ob
jective

fu
n
ction

∑
ni=

1 (
1r
i

+
η
i )

a
lon

g
w

ith
its

con
strain

t
is

eq
u
ivalen

t
to

th
e

ob
jective

of
th

e
M

D
W

D
m

eth
o
d
,

an
d

th
e

secon
d

term
in

th
e

ob
jective

fu
n
ction

∑
ni=

1
ξ
i

alon
g

w
ith

its
con

strain
t

is
eq

u
ivalen

t
to

th
e

ob
jective

in
th

e
M

S
V

M
m

eth
o
d
.

In
th

is
case,

M
D

W
S
V

M
can

b
e

v
iew

ed
as

a
con

vex
com

b
in

atio
n

of
M

D
W

D
an

d
M

S
V

M
losses

w
h
ere

th
e

p
aram

eter
α

b
alan

ces
th

e
tw

o.
M

o
d
el

(6)
can

b
e

easily
im

p
lem

en
ted

in
M

atlab
u
sin

g
th

e
C

V
X

p
ackage

(G
ran

t
et

al.,
2008).

N
otice

th
e

on
ly

d
iff

eren
ce

b
etw

een
f

(x
)

an
d
f
0 (x

)
is

th
eir

lo
cation

vectors
β
0

an
d

β
d0 .

F
or

p
red

iction
w

e
on

ly
ad

op
t

th
e

lo
cation

vector
from

M
S
V

M
,
w

h
ich

sh
ow

s
in

sen
sitiv

ity
to

th
e

im
b
alan

ced
issu

e
from

F
igu

re
1.

M
oreover,

b
y

com
b
in

in
g

th
e

d
iscrim

in
an

t
d
irection

of
M

D
W

D
an

d
M

S
V

M
,

ou
r

n
ew

m
o
d
el

w
ill

h
ave

a
b

etter
d
iscrim

in
an

t
d
irection

(closer
to

th
e

B
ayes

d
irectio

n
)

th
an

th
e

M
S
V

M
m

eth
o
d

alon
e.

B
oth

im
p
rovem

en
ts

w
ill

b
e

sh
ow

n
in

S
ection

s
4

an
d

5
u
sin

g
sim

u
lation

s
an

d
real

ex
am

p
les.

3
.
T
h
e
o
re
tica

l
P
ro

p
e
rtie

s

F
ish

er
con

sisten
cy

is
a

fu
n
d
am

en
tal

req
u
irem

en
t

for
a

classifi
cation

m
eth

o
d
.

F
ish

er
con

sis-
ten

cy
im

p
lies

th
at

w
h
en

th
e

sam
p
le

size
ap

p
roach

es
in

fi
n
ity,

th
e

classifi
er

b
ecom

es
closer

an
d

closer
to

th
e

B
ayes

classifi
catio

n
ru

le,
w

h
ich

corresp
on

d
s

to
th

e
m

in
im

u
m

m
isclassifi

-
cation

rate.
Q

iao
an

d
Z

h
an

g
(2015a)

ex
p
lored

F
ish

er
con

sisten
cy

of
th

e
b
in

ary
D

W
S
V

M
m

o
d
el.

In
th

e
m

u
lticlass

con
tex

t,
Z

h
an

g
an

d
L

iu
(2014)

ex
ten

d
ed

F
ish

er
co

n
sisten

cy
to

all
large

m
argin

classifi
cation

m
o
d
els

u
n
d
er

th
e

an
gle-b

ased
fram

ew
ork

.
L

et
P
j

=
P

r(Y
=
j|X

=
x

)
for

j
=

1,...,K
.

N
ote

th
at
ŷ

=
arg

m
ax

j
P
j

is
th

e
B

ayes
ru

le.
A

ssu
m

e
th

at
for

a
given

x
,

th
e

v
ector

f
∗(x

)
m

in
im

izes
E

[`{〈f
(X

),W
Y 〉}|X

=
x

],
an

d
th

e
corresp

on
d
in

g
d
ecision

b
ou

n
d
ary

w
ill

th
en

b
e
ŷ

=
arg

m
ax

j 〈f
∗(x

),W
Y 〉.

N
ote

th
at

th
is

is
essen

tially
th

e
lim

it
m

in
im

izer
of

(2)
w

h
en

sam
p
le

size
d
iverges

to
in

fi
n
ity.

F
ish

er
con

sisten
cy

assu
res

th
at

th
ese

tw
o

d
ecision

fu
n
ction

s
are

th
e

sam
e

(
arg

m
ax

j
P
j

=
arg

m
ax

j 〈f
∗(x

),W
Y 〉).

In
th

is
section

,
w

e
w

ill
p
rov

e
th

at
if

u
sin

g
th

e
ap

p
rox

im
ate

S
V

M
loss

fu
n
ction

from
Z

h
an

g
an

d
L

iu
(2014)

in
rep

lacem
en

t
of

h
in

ge
lo

ss,
ou

r
M

D
W

S
M

is
F

ish
er

con
sisten

t.

T
h

e
o
re

m
1

T
h
e

M
D

W
S

V
M

is
F

ish
er

co
n

sisten
t

fo
r

a
n

y
0
<
α
<

1.

F
ish

er
con

sisten
cy

in
T

h
eorem

1
en

su
res

th
at

th
e

m
in

im
izer

of
th

e
ex

p
ected

loss
fu

n
ction

w
ill

assign
an

ob
servation

to
th

e
sam

e
class

as
w

h
at

B
ayes

ru
le

d
o
es.

F
u
rth

erm
ore,

in
ou

r
n
u
m

erical
stu

d
y

in
S
ection

4.2,
w

e
n
otice

th
at

for
M

D
W

S
V

M
m

eth
o
d
,

as
lon

g
as

C
is

fi
x
ed

,
d
iff

eren
t
α

’s
w

ill
give

sim
ilar

p
erform

an
ce

in
b

oth
p
red

iction
error

a
n
d

closen
ess

to
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A
n
g
l
e
-b
a
se

d
M
u
lt

ic
a
t
e
g
o
r
y
D
is
t
a
n
c
e
-w

e
ig
h
t
e
d

S
V
M

th
e

B
ay

es
ru

le
.

T
h
u
s

w
e

w
il
l

fi
x
α

to
b

e
0.

5
in

th
is

p
ap

er
an

d
n
ot

d
is

cu
ss

th
e

ch
oi

ce
of
α

fu
rt

h
er

.
In

th
e

n
ex

t
th

eo
re

m
,
w

e
w

an
t

to
p
ro

v
e

th
a
t

M
D

W
S
V

M
is

in
se

n
si

ti
v
e

to
im

b
al

an
ce

.
U

si
n
g

a
si

m
il
ar

p
ar

ad
ig

m
as

in
O

w
en

(2
00

7)
,

w
e

co
n
si

d
er

th
e

ca
se

th
at

th
e

sa
m

p
le

si
ze

of
on

e
cl

as
s

d
iv

er
ge

s
to

in
fi
n
it

y.
Q

ia
o

an
d

Z
h
an

g
(2

01
5a

)
sh

ow
ed

th
at

,
in

b
in

ar
y

cl
a
ss

ifi
ca

ti
on

,
th

e
in

te
rc

ep
t

te
rm

of
D

W
D

d
iv

er
ge

s,
b
u
t

th
e

in
te

rc
ep

t
of

S
V

M
an

d
D

W
S
V

M
w

il
l

n
ot

d
iv

er
ge

.
T

h
is

sh
ow

s
th

at
S
V

M
is

n
ot

se
n
si

ti
ve

to
im

b
al

an
ce

,
b
u
t

D
W

D
w

il
l

b
e

se
ve

re
ly

a
ff

ec
te

d
.

In
ou

r
m

u
lt

ic
la

ss
se

tt
in

g,
fo

r
si

m
p
li
ci

ty
,

it
is

as
su

m
ed

th
at

on
ly

on
e

of
th

e
cl

as
se

s
is

th
e

d
om

in
an

t
on

e,
an

d
th

e
sa

m
p
le

si
ze

of
al

l
ot

h
er

cl
as

se
s

ar
e

eq
u
al

ly
fi
x
ed

.
W

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
th

ei
r

sa
m

p
le

si
ze

s
ar

e
al

l
1.

U
n
d
er

th
is

se
tt

in
g,

w
e

ca
n

si
m

p
ly

as
su

m
e

ob
se

rv
at

io
n

1
,.
..
,K
−

1
b

el
on

gs
to

th
e

cl
as

s
1,
..
.,
K
−

1
re

sp
ec

ti
ve

ly
,

an
d

ob
se

rv
a
ti

on
s

K
..
.,
n

b
el

on
g

to
cl

as
s

K
.

A
s
n

go
es

to
in

fi
n
it

y,
th

e
cl

as
si

fi
er

te
n
d
s

to
cl

as
si

fy
al

l
th

e
p

oi
n
ts

to
th

e
d
om

in
an

t
cl

as
s
K

.
If

th
is

h
ap

p
en

s,
〈β

0
,W

y
K
〉g

o
es

to
in

fi
n
it

y.
In

th
e

n
ex

t
p
ro

p
o
si

ti
on

,
w

e
p
ro

ve
th

at
th

is
w

il
l
b

e
n
ot

b
e

th
e

ca
se

fo
r

th
e

an
gl

e-
b
as

ed
S
V

M
.
F

u
rt

h
er

m
or

e,
w

e
p
re

se
n
t

in
T

h
eo

re
m

3
th

at
th

e
in

te
rc

ep
t

of
ou

r
M

D
W

S
V

M
m

o
d
el

is
n
ot

se
n
si

ti
v
e

to
im

b
al

an
ce

ei
th

er
.

P
ro

p
o
si

ti
o
n

2
In

M
S

V
M

se
tt

in
g,

w
h
en

th
e

si
ze

o
f

th
e

m
a
jo

ri
ty

cl
a
ss

go
es

to
in

fi
n

it
y,

〈β
0
,W

y
K
〉<
√

2
C
K

m
ax
|x
ij
|+

1
.

T
h

e
o
re

m
3

In
th

e
M

D
W

S
V

M
se

tt
in

g,
w

h
en

th
e

si
ze

o
f

th
e

m
a
jo

ri
ty

cl
a
ss

go
es

to
in

fi
n

it
y,

〈β
0
,W

y
K
〉<
√

2
C
K

m
ax
|x
ij
|+

1
.

N
ot

e
th

at
T

h
eo

re
m

3
d
o
es

n
ot

en
su

re
th

at
th

e
M

D
W

S
V

M
m

et
h
o
d

co
m

p
le

te
ly

ov
er

co
m

es
th

e
im

b
al

an
ce

d
is

su
e.

W
h
en

th
e

sa
m

p
le

si
ze

of
th

e
m

a
jo

ri
ty

gr
ou

p
go

es
to

in
fi
n
it

y,
th

e
m

et
h
o
d

st
il
l

w
il
l

ig
n
or

e
so

m
e

ob
se

rv
at

io
n
s

in
m

in
or

it
y

gr
ou

p
s.

4
.
S
im

u
la
ti
o
n

In
th

is
se

ct
io

n
,

w
e

u
se

th
re

e
si

m
u
la

ti
on

ex
am

p
le

s
to

d
em

on
st

ra
te

th
e

p
er

fo
rm

an
ce

o
f

ou
r

M
D

W
S
V

M
m

et
h
o
d
.

W
e

co
m

p
ar

e
it

to
th

e
an

gl
e-

b
as

ed
S
V

M
(M

S
V

M
)

d
es

cr
ib

ed
in

S
ec

ti
on
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d
ay

to
T

h
u
rs

d
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b
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p
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d
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u
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d
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p
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h
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b
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b
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p
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p
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p
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p
re

d
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.
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d
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ra
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p
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d
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p
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p
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ra
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d
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p
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d
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d
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e
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e intervals

Average calls in each time interval

labelM
onday

Tue~
T

hur

F
riday

F
ig

u
re

4:
A

verage
n
u
m

b
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u
rsd

ay
an

d
F

rid
ay.
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b
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u
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e
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u
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b
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p
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e

avera
g
e

w
ith

in
-grou

p
error

rate.

1
5

JM
L

R
 18(85):1-21, 2017

S
u
n
,
C
r
a
ig

a
n
d

Z
h
a
n
g

th
at

th
e

D
W

S
V

M
u
sed

h
ere

is
a

lin
ear

classifi
er,

w
h
ile

th
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b
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b
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p
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b
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d
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b
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b
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con
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b
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e
lim

itation
s

of
D

W
D

-ty
p

e
m

eth
o
d
s

is
th

at
it

su
ff

ers
from

slow
com

p
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com
p
ared

to
S
V

M
-ty

p
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p
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b
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b
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b
e

ex
p
lored

in
th

e
fu

tu
re.

N
ote

th
at

w
e

on
ly

con
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p
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b
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p
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b
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p
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d
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b
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p
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h
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f
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L
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h
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p
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w
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h
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h
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p
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.
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h
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h
er

co
n

si
st

en
t

fo
r

a
n

y
0
<
α
<

1
.

P
ro

o
f.

R
ec

al
l

th
e

d
efi

n
it

io
n

of
f
∗

is
th

at

(f
∗ ,
f
∗ 0
)

=
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` d
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b
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b
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∆
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∆
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b
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d
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p
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` d
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` d
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∑
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` d
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∑
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` d
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{〈
f
∗ ,
W

2
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b
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b
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p
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r
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p
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b
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∑
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∈
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b
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b
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h
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r
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√
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h
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p
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p
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R
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b
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R
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b
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p
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b
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√
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b
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d
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R
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p
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√
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p
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b
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p
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√
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.
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b
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.
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con
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P
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e
sm

o
oth

n
ess

of
k

or
th

e
d
en
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n
d
er

som
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con
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ition
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th
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kern
el
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efi
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b
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∈
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L
2
(R
d
)

is
a

w
ea

ker
n
o
rm

th
an
‖·‖H
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b
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R
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at‖

µ
P
n −

µ
P ‖
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lts,

it
is

of
in

terest
to

u
n
d
erstan

d
w

h
eth

er
th

ese
rates

are
op

tim
al

in
a

m
in

im
ax

sen
se,
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is
ob

servation
,

w
h
ile

on
e

can
in

tu
itively

argu
e

th
at

th
e

m
in

im
ax

ra
te

o
f

estim
a
tin

g
µ
P

is
n
−

1
/
2

even
ifH

k
is

an
in

fi
n
ite

d
im

en
sion

al
R

K
H

S
,

it
is

d
iffi

cu
lt

to
ex

ten
d

th
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d
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p
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b
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d
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d
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.
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m
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b
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w
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n
el
k

b
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R
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b
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h
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n
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p
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d
ia

l
kern

els)
on

R
d

a
re

p
resen

ted
in

S
ection

s
3

an
d

4
resp

ectively.
T

h
e

p
ro

ofs
of

th
e

resu
lts

are
p
rov

id
ed

in
S
ection

5
w

h
ile

som
e

su
p
p
lem

en
tary

resu
lts

n
eed

ed
in

th
e

p
ro

ofs
are

collected
in

ap
p

en
d
ices.

2
.

D
e
fi
n
itio

n
s

&
N

o
ta

tio
n

D
efi

n
e
‖a‖

2
:=
√
∑

di=
1
a

2i
an

d
〈a
,b〉

:=
∑

di=
1
a
i b
i ,

w
h
ere

a
:=

(a
1 ,...,a

d )∈
R
d

an
d
b

:=

(b
1 ,...,b

d )∈
R
d.
C

(R
d)

(resp
.
C
b (R

d))
d
en

otes
th

e
sp

ace
of

all
con

tin
u
ou

s
(resp

.
b

ou
n
d
ed

con
tin

u
ou

s)
fu

n
ction

s
on

R
d.
f
∈
C

(R
d)

is
said

to
va

n
ish

a
t

in
fi

n
ity

if
for

every
ε
>

0
th

e
set{

x
:|f

(x
)|≥

ε}
is

com
p
act.

T
h
e

class
of

all
con

tin
u
ou

s
f

on
R
d

w
h
ich

va
n
ish

at
in

fi
n
ity

is
d
en

oted
as

C
0 (R

d).
F

or
f
∈
C
b (R

d),‖
f‖∞

:=
su

p
x∈

R
d |f

(x
)|

d
en

otes
th

e
su

p
rem

u
m

n
orm

of
f

.
M
b (R

d)
(resp

.
M

b+
(R

d))
d
en

otes
th

e
set

of
all

fi
n
ite

(resp
.

fi
n
ite

n
on

-n
egative)

B
orel

m
easu

res
on

R
d.

su
p
p
(µ

)
d
en

o
tes

th
e

su
p
p

ort
of
µ
∈
M
b (R

d)
w

h
ich

is
d
efi

n
ed

as
su

p
p
(µ

)
=
{
x
∈

R
d
|

for
an

y
op

en
set

U
su

ch
th

at
x
∈
U
,|µ|(U

)
6=

0}
,

w
h
ere
|µ|

is
th

e
total-variation

of
µ

.
M

1+
(R

d)
d
en

otes
th

e
set

of
B

orel
p
rob

ab
ility

m
easu

res
on

R
d.

F
or

µ
∈
M

b+
(R

d),
L
r(R

d,µ
)

d
en

otes
th

e
B

an
ach

sp
ace

of
r-p

ow
er

(r≥
1)
µ

-in
tegrab

le
fu

n
ction

s
an

d
w

e
w

ill
u
se
L
r(R

d)
for

L
r(R

d,µ
)

if
µ

is
a

L
eb

esgu
e

m
easu

re
on

R
d.

F
or
f
∈
L
r(R

d,µ
),

‖
f‖

L
r
(R
d
,µ

)
:=
(∫R

d |f| r
d
µ )

1
/
r

d
en

otes
th

e
L
r-n

o
rm

of
f

for
1
≤
r
<
∞

an
d

w
e

d
en

ote
it

as
‖·‖

L
r
(R
d
)

if
µ

is
th

e
L

eb
esgu

e
m

easu
re.

T
h
e

con
v
olu

tion
f
∗
g
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o
m

easu
rab
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fu

n
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s
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

f
an

d
g

on
R
d

is
d
efi

n
ed

as

(f
∗g

)(
x

)
:=

∫ R
d

f
(y

)g
(x
−
y
)
d
y
,

p
ro

v
id

ed
th

e
in

te
gr

al
ex

is
ts

fo
r

al
l
x
∈

R
d
.

T
h
e

F
ou

ri
er

tr
an

sf
or

m
s

o
f
f
∈
L

1
(R

d
)

an
d

µ
∈
M
b
(R

d
)

ar
e

d
efi

n
ed

as

f
∧ (
y
)

:=
F

[f
](
y
)

=
(2
π

)−
d
/
2

∫ R
d

f
(x

)
e−

i〈y
,x
〉 d
x
,

y
∈
R
d

an
d

µ
∧ (
y
)

:=
F

[µ
](
y
)

=
(2
π

)−
d
/
2

∫ R
d

e−
i〈y
,x
〉 d
µ

(x
),

y
∈
R
d

re
sp

ec
ti

ve
ly

,
w

h
er

e
i

d
en

ot
es

th
e

im
ag

in
ar

y
u
n
it
√
−

1.

A
k
er

n
el
k

:
R
d
×

R
d
→

R
is

ca
ll
ed

tr
a
n

sl
a
ti

o
n

in
va

ri
a
n

t
if

th
er

e
ex

is
ts

a
sy

m
m

et
ri

c
p

os
it

iv
e

d
efi

n
it

e
fu

n
ct

io
n
,
ψ

su
ch

th
at

k
(x
,y

)
=
ψ

(x
−
y
)

fo
r

al
l
x
,y
∈

R
d
.

B
o
ch

n
er

’s
th

eo
re

m
(s

ee
W

en
d
la

n
d
,

20
05

,
T

h
eo

re
m

6.
6)

p
ro

v
id

es
a

co
m

p
le

te
ch

ar
ac

te
ri

za
ti

on
fo

r
a

p
os

it
iv

e
d
efi

n
it

e
fu

n
ct

io
n
ψ

:
A

co
n
ti

n
u
ou

s
fu

n
ct

io
n
ψ

:
R
d
→

R
is

p
os

it
iv

e
d
efi

n
it

e
if

an
d

on
ly

if
it

is
th

e
F

ou
ri

er
tr

an
sf

or
m

of
Λ
ψ
∈
M

b +
(R

d
),

i.
e.

,

ψ
(x

)
=

1

(2
π

)d
/
2

∫ R
d

e−
i〈x
,w
〉 d

Λ
ψ

(w
),

x
∈
R
d
.

(4
)

A
ke

rn
el
k

is
ca

ll
ed

ra
d
ia

l
if

th
er

e
ex

is
ts
φ

:
R

+
→

R
su

ch
th

at
k
(x
,y

)
=
φ

(‖
x
−
y
‖2 2

)
fo

r
al

l
x
,y
∈
R
d
.

F
ro

m
S
ch

ön
b

er
g’

s
re

p
re

se
n
ta

ti
on

(S
ch

o
en

b
er

g,
19

38
;

W
en

d
la

n
d
,

20
05

,
T

h
eo

re
m

s
7.

13
&

7.
14

)
it

is
k
n
ow

n
th

at
a

k
er

n
el
k

is
ra

d
ia

l
on

ev
er

y
R
d

if
an

d
o
n
ly

if
th

er
e

ex
is

ts
ν
∈
M

b +
([

0,
∞

))
su

ch
th

at
th

e
fo

ll
ow

in
g

h
ol

d
s

fo
r

al
l
x
,y
∈
R
d
:

k
(x
,y

)
=
φ

(‖
x
−
y
‖2

)
=

∫
∞

0
e−

t‖
x
−
y
‖2
d
ν

(t
).

(5
)

S
om

e
ex

am
p
le

s
of

re
p
ro

d
u
ci

n
g

ke
rn

el
s

on
R
d

(i
n

fa
ct

al
l

th
es

e
ar

e
ra

d
ia

l)
th

at
ap

p
ea

r
th

ro
u
gh

ou
t

th
e

p
ap

er
ar

e:

1.
G

a
u

ss
ia

n
:
k
(x
,y

)
=

ex
p
( −
‖x
−
y
‖2 2

2
η
2

) ,
η
>

0;

2.
M

ix
tu

re
o
f

G
a
u

ss
ia

n
s:

k
(x
,y

)
=
∑

M i=
1
β
i
ex

p
( −
‖x
−
y
‖2 2

2
η
2 i

) ,
w

h
er

e
M
≥

2,
η

2 1
≥
η

2 2
≥

··
·≥

η
2 M
>

0,
an

d
p

os
it

iv
e

co
n
st

an
ts
β

1
,.
..
,β
M

su
ch

th
at
∑

M i=
1
β
i

=
C
M
<
∞

;

3.
In

ve
rs

e
M

u
lt

iq
u

a
d
ri

cs
:
k
(x
,y

)
=

(c
2

+
‖x
−
y
‖2 2

)−
γ
,
c,
γ
>

0;

4.
M

a
té

rn
:
k
(x
,y

)
=

c2
τ
−
d

Γ
(τ
−
d 2

)2
τ
−
1
−
d
/
2

( ‖
x
−
y
‖ 2

c

) τ
−
d 2
K

d 2
−
τ
(c
‖x
−
y
‖ 2

),
τ
>
d
/2

,
c
>

0,

w
h
er

e
K
α

is
th

e
m

od
ifi

ed
B

es
se

l
fu

n
ct

io
n

o
f

th
e

th
ir

d
ki

n
d

of
or

d
er
α

an
d

Γ
is

th
e

G
am

m
a

fu
n
ct

io
n
.

A
ke

rn
el
k

is
sa

id
to

b
e

ch
a
ra

ct
er

is
ti

c
if

th
e

m
ea

n
em

b
ed

d
in

g,
µ
k

:
P
→

µ
P

is
in

je
c-

ti
ve

,
w

h
er

e
µ
P

is
d
efi

n
ed

in
(1

).
V

ar
io

u
s

ch
ar

ac
te

ri
za

ti
on

s
fo

r
th

e
in

je
ct

iv
it

y
of
µ
k

(o
r
k
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8(
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):

1-
47

, 2
01

7

T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

b
ei

n
g

ch
ar

ac
te

ri
st

ic
)

ar
e

k
n
ow

n
in

li
te

ra
tu

re
(f

or
d
et

a
il
s,

se
e

S
ri

p
er

u
m

b
u
d
u
r

et
a
l.
,

2
0
1
1

an
d

re
fe

re
n
ce

s
th

er
ei

n
).

If
k

is
a

b
o
u
n
d
ed

co
n
ti

n
u
ou

s
tr

an
sl

at
io

n
in

va
ri

an
t

p
o
si

ti
ve

d
efi

n
it

e
ke

rn
el

on
R
d
,

a
si

m
p
le

ch
ar

ac
te

ri
za

ti
on

ca
n

b
e

ob
ta

in
ed

fo
r

it
to

b
e

ch
ar

ac
te

ri
st

ic
(S

ri
p

e-
ru

m
b
u
d
u
r

et
al

.,
20

10
,

T
h
eo

re
m

9)
:
k

is
ch

ar
ac

te
ri

st
ic

if
an

d
on

ly
if

su
p
p
(Λ

ψ
)

=
R
d

w
h
er

e
Λ
ψ

is
d
efi

n
ed

in
(4

).
T

h
is

ch
ar

ac
te

ri
za

ti
on

im
p
li
es

th
at

th
e

ab
ov

e
m

en
ti

on
ed

ex
a
m

p
le

s
a
re

ch
ar

ac
te

ri
st

ic
ke

rn
el

s.
E

x
am

p
le

s
of

n
o
n
-c

h
ar

ac
te

ri
st

ic
ke

rn
el

s
of

tr
a
n
sl

at
io

n
in

va
ri

a
n
t

ty
p

e
in

cl
u
d
e
k
(x
,y

)
=

si
n

(x
−
y
)

x
−
y
,
x
,y
∈

R
an

d
k
(x
,y

)
=

co
s(
x
−
y
),
x
,y
∈

R
.

M
o
re

g
en

er
a
ll
y,

p
ol

y
n
om

ia
l

ke
rn

el
s

of
an

y
fi
n
it

e
or

d
er

ar
e

n
on

-c
h
ar

ac
te

ri
st

ic
.

3
.

M
in

im
a
x

E
st

im
a
ti

o
n

o
f
µ
P

in
th

e
R

K
H

S
N

o
rm

In
th

is
se

ct
io

n
,
w

e
p
re

se
n
t

ou
r

m
ai

n
re

su
lt

s
re

la
te

d
to

th
e

m
in

im
ax

es
ti

m
at

io
n

o
f
ke

rn
el

m
ea

n
em

b
ed

d
in

gs
(K

M
E

s)
in

th
e

R
K

H
S

n
or

m
.

A
s

d
is

cu
ss

ed
in

S
ec

ti
on

1,
va

ri
ou

s
es

ti
m

a
to

rs
o
f

µ
k
(P

)
ar

e
k
n
ow

n
in

li
te

ra
tu

re
an

d
al

l
th

es
e

h
av

e
a

co
n
v
er

ge
n
ce

ra
te

of
n
−

1
/
2

if
th

e
k
er

n
el

is
b

ou
n
d
ed

.
T

h
e

m
ai

n
go

al
of

th
is

se
ct

io
n

is
to

sh
ow

th
at

th
e

ra
te
n
−

1
/
2

is
a
ct

u
a
ll
y

m
in

im
a
x

op
ti

m
al

fo
r

d
iff

er
en

t
ch

oi
ce

s
of
P

(s
ee

(2
))

u
n
d
er

so
m

e
m

il
d

co
n
d
it

io
n
s

on
k
.

F
ir

st
,

ch
o
os

in
g
P

to
b

e
th

e
se

t
of

a
ll

d
is

cr
et

e
p
ro

b
ab

il
it

y
m

ea
su

re
s

on
R
d
,

in
S
ec

ti
o
n

3
.1

(s
ee

T
h
eo

re
m

1
an

d
C

or
ol

la
ry

2)
,

w
e

p
re

se
n
t

th
e

m
in

im
ax

lo
w

er
b

ou
n
d
s

of
o
rd

er
Ω

(n
−

1
/
2
)

w
it

h
co

n
st

an
t

fa
ct

or
s

d
ep

en
d
in

g
on

ly
on

th
e

p
ro

p
er

ti
es

of
th

e
ke

rn
el

fo
r

tr
an

sl
a
ti

o
n

in
va

ri
a
n
t

an
d

ra
d
ia

l
ke

rn
el

s
re

sp
ec

ti
v
el

y.
N

ex
t

w
e

w
il
l
sh

ow
in

S
ec

ti
on

3.
2

th
a
t

th
e

ra
te
n
−

1
/
2

re
m

a
in

s
m

in
im

ax
op

ti
m

al
fo

r
tr

an
sl

at
io

n
in

va
ri

an
t

an
d

ra
d
ia

l
ke

rn
el

s
ev

en
if

w
e

ch
o
o
se

th
e

cl
a
ss
P

to
co

n
ta

in
on

ly
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

w
it

h
in

fi
n
it

el
y

co
n
ti

n
u
o
u
sl

y
d
iff

er
en

ti
a
b
le

d
en

si
ti

es
.

F
or

tr
an

sl
at

io
n

in
va

ri
an

t
k
er

n
el

s
th

e
re

su
lt

(s
ee

T
h
eo

re
m

6)
is

b
as

ed
on

a
ke

y
in

eq
u
a
li
ty

,
w

h
ic

h
re

la
te

s
th

e
R

K
H

S
d
is

ta
n
ce

b
et

w
ee

n
em

b
ed

d
in

gs
of

G
a
u
ss

ia
n

d
is

tr
ib

u
ti

o
n
s

to
th

e
E

u
cl

id
ea

n
d
is

ta
n
ce

b
et

w
ee

n
th

e
m

ea
n

ve
ct

or
s

of
th

es
e

d
is

tr
ib

u
ti

on
s

(s
ee

P
ro

p
o
si

ti
o
n

3
).

T
h
e

m
in

im
ax

lo
w

er
b

ou
n
d

fo
r

ra
d
ia

l
ke

rn
el

s
(s

ee
T

h
eo

re
m

8)
is

d
er

iv
ed

u
si

n
g

a
sl

ig
h
tl

y
d
iff

er
en

t
ar

gu
m

en
t.

In
st

ea
d

of
ap

p
ly

in
g

th
e

b
ou

n
d

of
T

h
eo

re
m

6
to

th
e

p
ar

ti
cu

la
r

ca
se

o
f

ra
d
ia

l
ke

rn
el

s,
w

e
w

il
l

p
re

se
n
t

a
d
ir

ec
t

an
al

y
si

s
b
as

ed
on

th
e

sp
ec

ia
l

p
ro

p
er

ti
es

of
ra

d
ia

l
ke

rn
el

s.
T

h
is

w
il
l

le
ad

u
s

to
th

e
lo

w
er

b
ou

n
d

w
it

h
al

m
os

t
op

ti
m

al
co

n
st

an
t

fa
ct

or
s,

d
ep

en
d
in

g
o
n
ly

on
th

e
sh

ap
e

of
B

or
el

m
ea

su
re
ν

co
rr

es
p

on
d
in

g
to

th
e

ke
rn

el
.

O
u
r

an
al

y
si

s
is

b
as

ed
on

th
e

fo
ll
ow

in
g

si
m

p
le

id
ea

:
if

a
ke

rn
el
k

is
ch

ar
a
ct

er
is

ti
c,

th
er

e
is

a
on

e-
to

-o
n
e

co
rr

es
p

on
d
en

ce
b

et
w

ee
n

an
y

gi
ve

n
se

t
of

B
or

el
p
ro

b
ab

il
it

y
m

ea
su

re
s
P

d
efi

n
ed

ov
er

R
d

an
d

a
se

t
µ
k
(P

)
of

th
ei

r
em

b
ed

d
in

gs
in

to
th

e
R

K
H

S
H
k
.

T
h
is

m
ea

n
s

th
at

d
is

tr
ib

u
ti

on
s

in
P

ar
e

in
d
ex

ed
b
y

th
ei

r
em

b
ed

d
in

gs
Θ

:=
µ
k
(P

)
an

d
so

(2
)

ca
n

b
e

eq
u
iv

al
en

tl
y

w
ri

tt
en

as

in
f

θ̂ n

su
p

θ
∈Θ

P θ
{ r−

1
n
,k

(H
k
,P

)‖
θ̂ n
−
θ‖
H
k
≥
c k

(H
k
,P

)}
>

0
,

(6
)

w
h
er

e
th

e
go

al
is

to
fi
n
d

th
e

m
in

im
ax

ra
te
r n
,k

(H
k
,P

)
an

d
a

p
os

it
iv

e
co

n
st

a
n
t
c k

(H
k
,P

)
(i

n
d
ep

en
d
en

t
of
n

)
su

ch
th

at
(6

)
h
ol

d
s

an
d
P θ

=
P
n

w
h
en

θ
=
µ
k
(P

).
U

si
n
g

th
is

eq
u
iv

a-
le

n
ce

,
w

e
ob

ta
in

th
e

m
in

im
ax

ra
te

s
b
y

em
p
lo

y
in

g
L

e
C

am
’s

m
et

h
o
d

(T
sy

b
ak

ov
,

2
0
0
8
)—

se
e

T
h
eo

re
m

s
B

.1
an

d
B

.2
fo

r
a

re
fe

re
n
ce

.
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

3
.1

L
o
w

e
r

B
o
u

n
d

s
fo

r
D

isc
re

te
P

ro
b

a
b

ility
M

e
a
su

re
s

T
h
e

fo
llow

in
g

resu
lt

(p
roved

in
S
ection

5.1)
p
resen

ts
a

m
in

im
ax

rate
of
n
−

1
/
2

for
estim

atin
g

µ
k (P

),
w

h
ere

k
is

assu
m

ed
to

b
e

tran
slation

in
varian

t
on

R
d.

T
h

e
o
re

m
1

(T
ra

n
sla

tio
n

in
v
a
ria

n
t

k
e
rn

e
ls)

L
etP

be
th

e
set

o
f

a
ll

B
o
rel

d
iscrete

p
ro

b-
a
bility

m
ea

su
res

o
n
R
d.

S
u

p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),

w
h
ere

ψ
∈
C
b (R

d)
is

po
sitive

d
efi

n
ite

a
n

d
k

is
ch

a
ra

cteristic.
A

ssu
m

e
th

ere
exists

z
∈
R
d

a
n

d
β
>

0,
su

ch
th

a
t
ψ

(0)−
ψ

(z
)≥

β
.

T
h
en

th
e

fo
llo

w
in

g
h
o
ld

s:

in
f

θ̂
n

su
p

P
∈P
P
n {
‖θ̂
n −

µ
k (P

)‖H
k ≥

16 √
2
βn

}
≥

14
.

T
h
e

resu
lt

is
b
a
sed

on
L

e
C

am
’s

m
eth

o
d

in
volv

in
g

tw
o

h
y
p

oth
eses

(see
T

h
eo

rem
B

.1),
w

h
ere

w
e

ch
o
o
se

th
em

to
b

e
K

M
E

s
of

d
iscrete

m
easu

res,
b

oth
su

p
p

orted
on

th
e

sam
e

p
air

of
p

oin
ts

sep
a
ra

ted
b
y
z

in
R
d.

R
e
m

a
rk

(C
h

o
o
sin

g
z

a
n

d
β
)

A
s

d
iscu

ssed
in

S
riperu

m
bu

d
u

r
et

a
l.

(2
0
1
0
,

S
ectio

n
3
.4

),
if
k

is
tra

n
sla

tio
n

in
va

ria
n

t
a
n

d
ch

a
ra

cteristic
o
n
R
d,

th
en

it
is

a
lso

strictly
po

sitive
d
efi

n
ite.

T
h
is

m
ea

n
s

th
a
t
ψ

(0)
>

0
.

M
o
reo

ver,
th

e
fo

llo
w

in
g

h
o
ld

:
(a

)
S

in
ce

ψ
is

po
si-

tive
d
efi

n
ite,

w
e

h
a
ve
|ψ

(x
)|≤

ψ
(0)

fo
r

a
ll
x
∈

R
d

a
n

d
(b)

sin
ce

ψ
is

ch
a
ra

cteristic,
it

ca
n

n
o
t

be
a

co
n

sta
n

t
fu

n
ctio

n
.

T
ogeth

er
th

ese
fa

cts
sh

o
w

th
a
t

th
ere

a
lw

a
ys

exist
z
∈

R
d

a
n

d
β
>

0
sa

tisfyin
g

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
1
.

F
o
r

in
sta

n
ce,

a
G

a
u

ssia
n

kern
el

k
(x
,v

)
=

ex
p (−
‖
x−

v‖
22 /

(2η
2) )

sa
tisfi

es
ψ

(0)−
ψ

(z
)≥
‖z‖

22 /(4η
2)

if‖z‖
22 ≤

2
η

2,
w

h
ere

w
e

u
sed

a
sim

p
le

fa
ct

th
a
t

1−
e −

x≥
x
/2

fo
r

0
≤
x
≤

1.

W
h
ile

T
h
eo

rem
1

d
ealt

w
ith

gen
eral

tran
slation

in
varian

t
kern

els,
th

e
follow

in
g

resu
lt

(p
roved

in
S
ection

5.2)
sp

ecializes
it

to
rad

ial
k
ern

els,
i.e.,

kern
els

of
th

e
form

in
(5),

b
y

p
rov

id
in

g
a

sim
p
le

con
d
ition

on
ν

u
n
d
er

w
h
ich

T
h
eorem

1
h
old

s.

C
o
ro

lla
ry

2
(R

a
d

ia
l

k
e
rn

e
ls)

L
etP

be
th

e
set

o
f

a
ll

B
o
rel

d
iscrete

p
ro

ba
bility

m
ea

su
res

o
n
R
d

a
n

d
k

be
ra

d
ia

l
o
n
R
d,

i.e.,
k
(x
,y

)
=
ψ
ν (x
−
y
)

:=
∫
∞0
e −

t‖
x−

y‖
22d
ν

(t),
w

h
ere

ν
∈

M
b+
([0,∞

))
su

ch
th

a
t

su
p
p
(ν

)6=
{0}.

A
ssu

m
e

th
ere

exist
0
<
t1
<
∞

a
n

d
α
>

0
sa

tisfyin
g

ν
([t1 ,∞

))≥
α

.
T

h
en

th
e

fo
llo

w
in

g
h
o
ld

s:

in
f

θ̂
n

su
p

P
∈P
P
n {‖θ̂

n −
µ
k (P

)‖H
k ≥

16 √
αn }
≥

14
.

R
e
m

a
rk

(C
h

o
o
sin

g
t1

a
n

d
α

)
S

in
ce

su
p
p
(ν

)6=
{
0}

th
e

a
ssu

m
p
tio

n
o
f
ν

[t1 ,∞
)≥

α
is

a
lw

a
ys

sa
tisfi

ed
.

F
o
r

in
sta

n
ce,

if
ν

is
a

p
ro

ba
bility

m
ea

su
re

w
ith

po
sitive

m
ed

ia
n
η

th
en

w
e

ca
n

set
t1

=
η

a
n

d
α

=
12 .

B
a
sed

o
n

th
is,

it
is

ea
sy

to
verify

(see
A

p
pen

d
ix

D
.1

)
th

a
t
α

=
1

fo
r

G
a
u

ssia
n

,
α

=
C
M

fo
r

m
ixtu

re
o
f

G
a
u

ssia
n

kern
els,

α
=

c −
2
γ

2
fo

r
in

verse
m

u
ltiqu

a
d
rics

a
n

d
α

=
12

fo
r

M
a
térn

kern
els.

3
.2

L
o
w

e
r

B
o
u

n
d

s
fo

r
P

ro
b

a
b

ility
M

e
a
su

re
s

w
ith

S
m

o
o
th

D
e
n

sitie
s

S
o

fa
r,

w
e

h
ave

sh
ow

n
th

at
th

e
rate

n
−

1
/
2

is
m

in
im

ax
op

tim
al

for
th

e
p
rob

lem
of

K
M

E
estim

a
tio

n
(b

oth
for

tran
slation

in
varian

t
an

d
rad

ia
l

kern
els).

A
s

d
iscu

ssed
in

S
ection

1,
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T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

sin
ce

th
is

rate
is

in
d
ep

en
d
en

t
of

th
e

sm
o
oth

n
ess

of
th

e
estim

an
d

(w
h
ich

is
d
eterm

in
ed

b
y

th
e

sm
o
oth

n
ess

of
th

e
kern

el),
on

e
m

igh
t

w
on

d
er

w
h
eth

er
th

e
m

in
im

ax
rate

can
b

e
im

p
roved

b
y

restrictin
gP

to
d
istrib

u
tion

s
w

ith
sm

o
oth

d
en

sities.
W

e
sh

ow
in

th
is

section
(see

T
h
eorem

s
6

an
d

8)
th

at
th

is
is

n
ot

th
e

case
b
y

restrictin
g
P

to
con

tain
on

ly
d
istrib

u
tion

s
w

ith
in

fi
n
itely

con
tin

u
ou

sly
d
iff

eren
tiab

le
d
en

sities
an

d
p
rov

in
g

th
e

m
in

im
ax

low
er

b
ou

n
d

of
ord

er
n
−

1
/
2.

W
e

w
ill

start
th

e
an

aly
sis

w
ith

tran
slation

in
varian

t
kern

els
an

d
p
resen

t
a

corresp
on

d
in

g
low

er
b

ou
n
d

in
T

h
eorem

6.
T

h
e

p
ro

of
of

th
is

resu
lt

is
again

b
ased

on
an

ap
p
lication

of
L

e
C

am
’s

m
eth

o
d

in
volv

in
g

tw
o

h
y
p

oth
eses

(see
T

h
eorem

B
.1),

w
h
ere

th
is

tim
e

th
ese

h
y
p

oth
eses

are
ch

osen
to

b
e

em
b

ed
d
in

gs
of

th
e
d
-d

im
en

sion
al

G
au

ssian
d
istrib

u
tion

s.
O

n
e

of
th

e
m

ain
step

s,
w

h
en

ap
p
ly

in
g

T
h
eorem

B
.1,

is
to

low
er

b
o
u
n
d

th
e

d
istan

ce
b

etw
een

th
ese

em
b

ed
d
in

gs.
T

h
is

is
d
on

e
in

th
e

follow
in

g
resu

lt
(p

roved
in

S
ection

5.3),
w

h
ich

essen
tially

sh
ow

s
th

at
if

w
e

take
tw

o
G

au
ssian

d
istrib

u
tion

s
G

(µ
0 ,σ

2I
)

an
d
G

(µ
1 ,σ

2I
)

w
ith

th
e

m
ean

vectors
µ

0 ,µ
1 ∈

R
d

w
h
ich

are
close

en
ou

gh
to

each
oth

er,
th

en
th

e
R

K
H

S
d
istan

ce
b

etw
een

th
e

corresp
on

d
in

g
em

b
ed

d
in

gs
can

b
e

low
er

b
ou

n
d
ed

b
y

th
e

E
u
clid

ean
d
istan

ce‖
µ

0 −
µ

1 ‖
2 .

P
ro

p
o
sitio

n
3

L
et
σ
>

0.
S

u
p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),

w
h
ere

ψ
∈
C
b (R

d)
is

po
sitive

d
efi

n
ite

a
n

d
k

is
ch

a
ra

cteristic.
T

h
en

th
ere

exist
co

n
sta

n
ts
ε
ψ
,σ

2 ,c
ψ
,σ

2
>

0
d
epen

d
in

g
o
n

ly
o
n
ψ

a
n

d
σ

2,
su

ch
th

a
t

th
e

fo
llo

w
in

g
co

n
d
itio

n
h
o
ld

s
fo

r
a
n

y
a
∈
R
d

w
ith
‖
a‖

22 ≤
ε
ψ
,σ

2 :

c
ψ
,σ

2 ≤
m

in
e
z ∈
S
d−

1

2

(2π
)
d
/
2 ∫

R
d

e −
σ
2‖
w
‖
22〈e

z ,w〉
2

cos
(〈a

,w〉)
d
Λ
ψ

(w
)
<
∞
,

(7)

w
h
ere

S
d−

1
is

a
u

n
it

sp
h
ere

in
R
d

a
n

d
Λ
ψ
∈
M

b+
(R

d)
is

d
efi

n
ed

in
(4).

M
o
reo

ver,
fo

r
a
ll

vecto
rs
µ

0 ,µ
1 ∈

R
d

sa
tisfyin

g
‖
µ

0 −
µ

1 ‖
22 ≤

ε
ψ
,σ

2 ,
th

e
fo

llo
w

in
g

h
o
ld

s:

‖
θ

0 −
θ

1 ‖H
k ≥

√
c
ψ
,σ

2

2
‖µ

0 −
µ

1 ‖
2 ,

(8)

w
h
ere

θ
0

a
n

d
θ

1
a
re

K
M

E
s

o
f

G
a
u

ssia
n

m
ea

su
res

G
(µ

0 ,σ
2I

)
a
n

d
G

(µ
1 ,σ

2I
)

respectively.

R
e
m

a
rk

4
(K

M
E

e
x
p

a
n

d
s

sm
a
ll

d
ista

n
c
e
s)

F
o
r

a
G

a
u

ssia
n

kern
el,

it
is

po
ssible

to
sh

o
w

(S
riperu

m
bu

d
u

r
et

a
l.,

2
0
1
2
,

E
xa

m
p
le

3
;

R
a
m

d
a
s

et
a
l.,

2
0
1
5
,

P
ro

po
sitio

n
1
)

th
a
t

‖
θ

0 −
θ

1 ‖
2H
k

=
C

1 (1−
ex

p
(−
C

2 ‖
µ

0 −
µ

1 ‖
22 ) ),

w
h
ere

C
1

a
n

d
C

2
a
re

po
sitive

co
n

sta
n

ts
th

a
t

d
epen

d
o
n

ly
o
n
σ

2
a
n

d
η

2.
T

h
is

sh
o
w

s
th

a
t

(8
)

h
o
ld

s
fo

r
‖
µ

0 −
µ

1 ‖
2
∈

[0,D
],

w
h
ere

D
sa

tisfi
es
C

1 (1−
ex

p
(−
C

2 D
2) )

=
12 D

2c
ψ
,σ

2 .
In

o
th

er
w

o
rd

s,
P

ro
po

sitio
n

3
sta

tes
th

a
t

th
e

m
a
p
p
in

g
f
σ
2
:R

d→
H
k

d
efi

n
ed

by
f
σ
2 (x

)
:=

µ
k (G

(x
,σ

2I
) )

expa
n

d
s

sm
a
ll

d
ista

n
ces.

R
e
m

a
rk

5
(C

o
m

p
u

tin
g
c
ψ
,σ

2
a
n

d
ε
ψ
,σ

2 )
G

en
era

lly
it

m
a
y

be
very

h
a
rd

to
co

m
p
u

te
(o

r
bo

u
n

d
)

th
e

co
n

sta
n

ts
c
ψ
,σ

2
a
n

d
ε
ψ
,σ

2
a
p
pea

rin
g

in
th

e
sta

tem
en

t
o
f

P
ro

po
sitio

n
3
.

H
o
w

ever,
in

so
m

e
ca

ses
th

is
m

a
y

be
still

po
ssible.

In
A

p
pen

d
ix

E
w

e
w

ill
p
ro

vid
e

a
n

exten
sive

a
n

a
lysis

fo
r

th
e

ca
se

o
f

ra
d
ia

l
kern

els.

B
ased

on
P

rop
osition

3,
th

e
follow

in
g

resu
lt

sh
ow

s
th

at
th

e
rate

of
n
−

1
/
2

rem
ain

s
m

in
im

ax
op

tim
al

for
th

e
p
rob

lem
of

K
M

E
estim

ation
w

ith
tran

sla
tion

in
varian

t
kern

els,
even

if
w

e
restrict

th
e

class
of

d
istrib

u
tion

sP
to

con
tain

on
ly

m
easu

res
w

ith
sm

o
oth

d
en

sities.
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

T
h

e
o
re

m
6

(T
ra

n
sl

a
ti

o
n

in
v
a
ri

a
n
t

k
e
rn

e
ls

)
L

et
P

be
th

e
se

t
o
f

d
is

tr
ib

u
ti

o
n

s
o
ve

r
R
d

w
h
o
se

d
en

si
ti

es
a
re

co
n

ti
n

u
o
u

sl
y

in
fi

n
it

el
y

d
iff

er
en

ti
a
bl

e.
S

u
p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),

w
h
er

e
ψ
∈
C
b
(R

d
)

is
po

si
ti

ve
d
efi

n
it

e
a
n

d
k

is
ch

a
ra

ct
er

is
ti

c.
D

efi
n

e
c ψ

:=
c ψ
,1

a
n

d
ε ψ

:=
ε ψ
,1

w
h
er

e
c ψ
,1

a
n

d
ε ψ
,1

a
re

po
si

ti
ve

co
n

st
a
n

ts
th

a
t

sa
ti

sf
y

(7
)

in
P

ro
po

si
ti

o
n

3
.

T
h
en

fo
r

a
n

y
n
≥

1 ε ψ
,

th
e

fo
ll

o
w

in
g

h
o
ld

s:

in
f

θ̂ n

su
p

P
∈P
P
n

{ ‖
θ̂ n
−
µ
k
(P

)‖
H
k
≥

1 2

√
c ψ 2
n

}
≥

1 4
.

P
ro

o
f

T
h
e

p
ro

of
w

il
l

b
e

b
as

ed
on

T
h
eo

re
m

B
.1

.
F

or
th

is
w

e
n
ee

d
to

fi
n
d

tw
o

p
ro

b
ab

il
it

y
m

ea
su

re
s
P

0
an

d
P

1
on

R
d

an
d

co
rr

es
p

on
d
in

g
K

M
E

s
θ 0

an
d
θ 1

,
su

ch
th

at
‖θ

0
−
θ 1
‖ H

k
is

of
th

e
or

d
er

Ω
(n
−

1
/
2
),

w
h
il
e

K
L

(P
n 0
‖P

n 1
)

is
u
p
p

er
b

ou
n
d
ed

b
y

a
co

n
st

an
t

in
d
ep

en
d
en

t
of

n
.

H
er

e
K

L
(P

0
‖P

1
)

d
en

ot
es

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

b
et

w
ee

n
P

0
a
n
d
P

1
,

w
h
ic

h
is

d
efi

n
ed

as
K

L
(P

0
‖P

1
)

=
∫

lo
g
d
P
0

d
P
1
d
P

0
w

h
er

e
P

0
is

ab
so

lu
te

ly
co

n
ti

n
u
ou

s
w

.r
.t

.
P

1
.

P
ic

k
tw

o
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s
G

0
:=

G
(µ

0
,σ

2
I
)

an
d
G

1
:=

G
(µ

1
,σ

2
I
)

fo
r
µ

0
,µ

1
∈
R
d
,

an
d
σ

2
>

0.
It

is
k
n
ow

n
th

at
(T

sy
b
ak

ov
,

20
08

,
S
ec

ti
on

2.
4)

K
L

(G
n 0
‖G

n 1
)

=
n
·‖
µ

0
−
µ

1
‖2 2

2σ
2

,
(9

)

w
h
er

e
G
n 0

an
d
G
n 1

ar
e
n

-f
ol

d
p
ro

d
u
ct

d
is

tr
ib

u
ti

on
s.

C
h
o
os

e
µ

0
an

d
µ

1
su

ch
th

at

‖µ
0
−
µ

1
‖2 2

=
1 n
.

D
en

ot
e

K
M

E
s

of
G

0
an

d
G

1
u
si

n
g
θ 0

an
d
θ 1

re
sp

ec
ti

ve
ly

.
N

ex
t

w
e

w
il
l
ta

ke
σ

2
=

1
an

d
ap

p
ly

P
ro

p
os

it
io

n
3.

S
in

ce
c ψ

an
d
ε ψ

sa
ti

sf
y

(7
)

in
P

ro
p

os
it

io
n

3,
it

fo
ll
ow

s
fr

o
m

P
ro

p
os

it
io

n
3

th
at

fo
r

1/
n
≤
ε ψ

,

‖θ
0
−
θ 1
‖2 H

k
≥
c ψ 2
‖µ

0
−
µ

1
‖2 2

=
c ψ 2
n
.

T
h
is

sh
ow

s
th

at
th

e
fi
rs

t
co

n
d
it

io
n

of
T

h
eo

re
m

B
.1

is
sa

ti
sfi

ed
fo

r
θ 0

an
d
θ 1

w
it

h
s

:=
1 2

√
c ψ
/
(2
n

).
M

or
eo

ve
r,

u
si

n
g

(9
)

w
e

ca
n

sh
ow

th
at

th
e

se
co

n
d

co
n
d
it

io
n

of
T

h
eo

re
m

B
.1

is
sa

ti
sfi

ed
w

it
h
α

=
1 2
.

W
e

co
n
cl

u
d
e

th
e

p
ro

of
w

it
h

an
ap

p
li
ca

ti
on

of
T

h
eo

re
m

B
.1

.

R
e
m

a
rk

7
(L

o
w

e
r

b
o
u

n
d

o
n

th
e

sa
m

p
le

si
z
e
n
)

N
o
te

th
a
t

T
h
eo

re
m

6
h
o
ld

s
o
n

ly
fo

r
la

rg
e

en
o
u

gh
sa

m
p
le

si
ze
n

(i
.e

.,
n
≥

1
/ε
ψ

).
T

h
is

a
ss

u
m

p
ti

o
n

o
n
n

ca
n

be
d
ro

p
pe

d
if

w
e

se
t

‖µ
0
−
µ

1
‖2 2

=
ε ψ
/n

in
th

e
p
ro

o
f.

In
th

is
ca

se
,

th
e

lo
w

er
bo

u
n

d
1 2

√
c ψ
/(

2n
)

w
il

l
be

re
p
la

ce
d

w
it

h
1 2

√
c ψ
ε ψ
/(

2n
),

w
h
il

e
th

e
lo

w
er

bo
u

n
d

o
n

th
e

m
in

im
a
x

p
ro

ba
bi

li
ty

1
/4

w
il

l
be

re
p
la

ce
d

w
it

h

m
ax

(
1 4
e−

ε
ψ 2
,
1
−
√
ε ψ
/4

2

)
.

T
h
e

la
tt

er
is

ge
n

er
a
ll

y
u

n
d
es

ir
a
bl

e,
es

pe
ci

a
ll

y
if
ε ψ

gr
o
w

s
w

it
h
d
→
∞

,
si

n
ce

w
e

w
a
n

t
th

e
m

in
im

a
x

p
ro

ba
bi

li
ty

to
be

lo
w

er
bo

u
n

d
ed

by
so

m
e

u
n

iv
er

sa
l

n
o
n

-z
er

o
co

n
st

a
n

t
th

a
t

d
oe

s
n

o
t

d
ep

en
d

o
n

th
e

p
ro

pe
rt

ie
s

o
f

th
e

p
ro

bl
em

a
t

h
a
n

d
.
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T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

S
in

ce
ra

d
ia

l
ke

rn
el

s
ar

e
p
ar

ti
cu

la
r

in
st

an
ce

s
of

tr
an

sl
at

io
n

in
va

ri
an

t
ke

rn
el

s,
T

h
eo

re
m

6
ca

n
b

e
sp

ec
ia

li
ze

d
b
y

ex
p
li
ci

tl
y

co
m

p
u
ti

n
g

th
e

co
n
st

an
ts
c ψ

an
d
ε ψ

to
d
er

iv
e

a
m

in
im

a
x

lo
w

er
b

ou
n
d

of
or

d
er

Ω
(n
−

1
/
2
).

U
n
fo

rt
u
n
at

el
y,

th
e

re
su

lt
in

g
lo

w
er

b
ou

n
d

w
il
l

d
ep

en
d

o
n

th
e

d
im

en
si

on
al

it
y
d

in
a

ra
th

er
b
ad

w
ay

an
d
,

as
a

co
n
se

q
u
en

ce
,

is
su

b
op

ti
m

a
l

in
so

m
e

si
tu

at
io

n
s.

F
or

in
st

an
ce

,
if

w
e

co
n
si

d
er

a
G

au
ss

ia
n

ke
rn

el
k
(x
,y

)
=

ex
p
( −

1
2
η
2
‖x
−
y
‖2 2

) ,
th

en
a

st
ra

ig
h
tf

or
w

ar
d

co
m

p
u
ta

ti
on

of
c ψ

sh
ow

s
th

a
t

th
e

lo
w

er
b

ou
n
d

in
T

h
eo

re
m

6
h
as

th
e

fo
rm
√

(1
+

2
/η

2
)−
d
/
2
/n

w
h
ic

h
sh

ri
n
k
s

to
ze

ro
as
d
→
∞

,
w

h
il
e

P
ro

p
os

it
io

n
A

.1
(a

ls
o

se
e

R
em

ar
k

A
.2

)
p
ro

v
id

es
a

d
im

en
si

on
in

d
ep

en
d
en

t
u
p
p

er
b

ou
n
d

of
th

e
or

d
er
O
p
(n
−

1
/
2
).

T
h
er

ef
or

e,
in

st
ea

d
of

sp
ec

ia
li
zi

n
g

T
h
eo

re
m

6
to

ra
d
ia

l
ke

rn
el

s,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

re
su

lt
fo

r
ra

d
ia

l
k
er

n
el

s
b
y

u
si

n
g

a
re

fi
n
ed

an
al

y
si

s
w

h
ic

h
y
ie

ld
s

a
m

in
im

ax
ra

te
of

Ω
(n
−

1
/
2
)

th
at

m
at

ch
es

th
e

u
p
p

er
b

ou
n
d

of
P

ro
p

os
it

io
n

A
.1

u
p

to
co

n
st

an
t

fa
ct

or
s

th
at

d
ep

en
d

o
n
ly

o
n

th
e

sh
ap

e
of

B
or

el
m

ea
su

re
ν

.
In

p
a
rt

ic
u
la

r,
w

h
en

sp
ec

ia
li
ze

d
to

th
e

G
au

ss
ia

n
ke

rn
el

,
th

e
re

su
lt

m
at

ch
es

th
e

u
p
p

er
b

ou
n
d

u
p

to
a

co
n
st

an
t

fa
ct

or
in

d
ep

en
d
en

t
of
d
.

T
h

e
o
re

m
8

(R
a
d

ia
l

k
e
rn

e
ls

)
L

et
k

be
ra

d
ia

l
o
n
R
d
,

i.
e.

,
k
(x
,y

)
=
∫ ∞ 0

e−
t‖
x
−
y
‖2 2
d
ν

(t
),

w
h
er

e
ν
∈
M

b +
([

0,
∞

))
a
n

d
P

be
th

e
se

t
o
f

d
is

tr
ib

u
ti

o
n

s
o
ve

r
R
d

w
h
o
se

d
en

si
ti

es
a
re

co
n

ti
n

u
-

o
u

sl
y

in
fi

n
it

el
y

d
iff

er
en

ti
a
bl

e.
A

ss
u

m
e

th
a
t

su
p
p
(ν

)
6=
{0
}

a
n

d
th

er
e

ex
is

t
0
<
t 0
≤
t 1
<
∞

,
0
<
β
<
∞

su
ch

th
a
t
ν

([
t 0
,t

1
])
≥
β

.
T

h
en

th
e

fo
ll

o
w

in
g

h
o
ld

s:

in
f

θ̂ n

su
p

P
∈P
P
n

{
‖θ̂
n
−
µ
k
(P

)‖
H
k
≥

1 50

√
1 n
·β
t 0
t 1
e

( 1
−

2

2
+
d

)}
≥

1 5
.

P
ro

o
f

T
h
e

p
ro

of
,

w
h
ic

h
is

p
re

se
n
te

d
in

S
ec

ti
o
n

5.
4,

is
b
as

ed
on

an
ap

p
li
ca

ti
o
n

o
f

L
e

C
a
m

’s
m

et
h
o
d

in
v
ol

v
in

g
m

u
lt

ip
le

h
y
p

ot
h
es

es
(s

ee
T

h
eo

re
m

B
.2

),
w

h
er

e
w

e
u
se

ex
p

o
n
en

ti
a
l

(i
n
d
)

n
u
m

b
er

of
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s

w
it

h
va

ri
an

ce
s

d
ec

ay
in

g
as

1 d
.

R
e
m

a
rk

(N
o
n

-t
ri

v
ia

l
lo

w
e
r

b
o
u

n
d

a
s
d
→
∞

)
T

h
e

p
ro

o
f

o
f

T
h
eo

re
m

8
is

ba
se

d
o
n

G
a
u

ss
ia

n
d
is

tr
ib

u
ti

o
n

s
w

it
h

va
ri

a
n

ce
s

d
ec

a
yi

n
g

a
s

1
/d

.
A

s
d
→
∞

,
it

is
o
bv

io
u

s
th

e
d
en

-
si

ti
es

o
f

th
es

e
d
is

tr
ib

u
ti

o
n

s
d
o

n
o
t

h
a
ve

u
n

if
o
rm

ly
bo

u
n

d
ed

L
ip

sc
h
it

z
co

n
st

a
n

ts
,

i.
e.

,
th

ey
a
re

a
rb

it
ra

ri
ly

“
pe

a
ky

”
.

H
en

ce
,

if
w

e
ch

oo
se
P

to
be

cl
a
ss

o
f

d
is

tr
ib

u
ti

o
n

s
w

it
h

in
fi

n
it

el
y

d
iff

er
en

ti
a
bl

e
d
en

si
ti

es
th

a
t

h
a
ve

u
n

if
o
rm

ly
bo

u
n

d
ed

L
ip

sc
h
it

z
co

n
st

a
n

ts
,

th
en

a
s
d
→
∞

,
th

e
d
en

si
ti

es
co

n
si

d
er

ed
in

th
e

p
ro

o
f

o
f

T
h
eo

re
m

8
d
o

n
o
t

be
lo

n
g

to
P

.
O

n
th

e
o
th

er
h
a
n

d
,

th
e

d
en

si
ti

es
co

n
si

d
er

ed
in

th
e

p
ro

o
f

o
f

T
h
eo

re
m

6
st

il
l

be
lo

n
g

to
P

bu
t

yi
el

d
in

g
a
n

u
n

in
te

re
st

in
g

re
su

lt
si

n
ce
c ψ
→

0
w

h
en

d
→
∞

.
T

h
er

ef
o
re

,
it

is
a
n

o
pe

n
qu

es
ti

o
n

w
h
et

h
er

a
n

o
n

-t
ri

vi
a
l

lo
w

er
bo

u
n

d
ca

n
be

o
bt

a
in

ed
fo

r
ra

d
ia

l
ke

rn
el

s
(o

r
a
n

y
o
th

er
tr

a
n

sl
a
ti

o
n

in
va

ri
a
n

t
ke

rn
el

s)
if

w
e

ch
oo

se
P

to
co

n
ta

in
o
n

ly
d
is

tr
ib

u
ti

o
n

s
w

it
h

d
en

si
ti

es
h
a
vi

n
g

u
n

if
o
rm

ly
bo

u
n

d
ed

L
ip

sc
h
it

z
co

n
st

a
n

ts
.

R
e
m

a
rk

(A
lt

e
rn

a
ti

v
e

P
ro

o
f)

F
o
r

co
m

p
le

te
n

es
s,

w
e

a
ls

o
p
re

se
n

t
a
n

a
lt

er
n

a
ti

ve
p
ro

o
f

o
f

T
h
eo

re
m

8
in

A
p
pe

n
d
ix

E
.

It
is

ba
se

d
o
n

P
ro

po
si

ti
o
n

3
,

w
h
ic

h
h
o
ld

s
fo

r
a
n

y
tr

a
n

sl
a
ti

o
n

in
-

va
ri

a
n

t
ke

rn
el

.
A

s
a

re
su

lt
,

th
is

p
ro

o
f

le
a
d
s

to
sl

ig
h
tl

y
w

o
rs

e
co

n
st

a
n

ts
co

m
pa

re
d

to
T

h
eo

re
m

8
(w

h
er

e
w

e
u

se
d

a
n

a
n

a
ly

si
s

sp
ec

ifi
c

to
ra

d
ia

l
ke

rn
el

s)
,

a
s

w
el

l
a
s

a
su

pe
rfl

u
o
u

s
co

n
d
it

io
n

o
n

th
e

m
in

im
a

l
sa

m
p
le

si
ze
n

.

In
A

p
p

en
d
ix

D
.2

,
w

e
co

m
p
u
te

th
e

p
os

it
iv

e
co

n
st

an
t
B
k

:=
β
t 0 t 1

th
at

ap
p

ea
rs

in
th

e
lo

w
er

b
ou

n
d

in
T

h
eo

re
m

8
in

a
cl

os
ed

fo
rm

fo
r

G
au

ss
ia

n
,

m
ix

tu
re

of
G

au
ss

ia
n
,

in
ve

rs
e

m
u
lt

i-
q
u
ad

ri
c

an
d

M
at

ér
n

ke
rn

el
s.
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

4
.

M
in

im
a
x

E
stim

a
tio

n
o
f
µ
P

in
th

e
L

2(R
d)

N
o
rm

S
o

fa
r,

w
e

h
ave

d
iscu

ssed
th

e
m

in
im

ax
estim

ation
of

th
e

kern
el

m
ean

em
b

ed
d
in

g
(K

M
E

)
in

th
e

R
K

H
S

n
o
rm

.
In

th
is

section
,

w
e

in
v
estigate

th
e

m
in

im
ax

estim
ation

of
K

M
E

in
L

2(R
d)

n
o
rm

.
T

h
e

rea
son

for
th

is
in

v
estigation

is
as

follow
s.

L
et
k
(x
,y

)
=
ψ

(x
−
y
),
x
,y
∈

R
d,

w
h
ere

ψ
∈
L

1(R
d)∩

C
(R

d)
is

strictly
p

ositive
d
efi

n
ite.

T
h
e

corresp
on

d
in

g
R

K
H

S
is

given
b
y

(see
W

en
d
la

n
d
,

2005,
T

h
eorem

10.12)

H
k

=

{
f
∈
L

2(R
d)∩

C
(R

d)
: ∫

R
d |f

∧
(ω

)| 2
ψ
∧

(ω
)
d
ω
<
∞
}
,

(10)

w
h
ich

is
en

d
ow

ed
w

ith
th

e
in

n
er

p
ro

d
u
ct
〈f
,g〉H

k
=
∫R

d
f
∧

(ω
) g ∧

(ω
)

ψ
∧

(ω
)

d
ω

w
ith

f
∧

b
ein

g
th

e

F
o
u
rier

tra
n
sform

of
f

in
th

e
L

2-sen
se.

It
follow

s
from

(10)
th

at
for

an
y
f
∈
H
k ,

‖f‖
2L
2
(R
d
)

(?
)

=
‖f
∧‖

2L
2
(R
d
)

=

∫

R
d ∣∣f
∧

(ω
) ∣∣ 2

d
ω

=

∫

R
d |f

∧
(ω

)| 2
ψ
∧

(ω
)
ψ
∧

(ω
)
d
ω

(†)≤‖
ψ
∧‖∞
‖f‖

2H
k

(‡)<∞
,

(11)
w

h
ere

(?
)

follow
s

from
P

lan
ch

erel
th

eorem
(W

en
d
lan

d
,

2005,
C

orolla
ry

5.25),
‖f‖H

k
is

d
efi

n
ed

in
(1

0
),

(†)
follow

s
from

H
öld

er’s
in

eq
u
ality,

an
d

(‡)
h
old

s
sin

ce
ψ
∧
∈
C

0 (R
d)

(b
y

R
iem

a
n
n
-L

eb
esgu

e
lem

m
a,

F
ollan

d
,

1999,
T

h
eorem

8.22).
N

ote
th

at
ψ
∧

is
n
on

-n
egativ

e
(W

en
d
la

n
d
,

2
0
0
5,

T
h
eorem

6.11)
an

d
so

th
e

in
eq

u
ality

in
(†)

is
valid

.
It

th
erefore

fo
llow

s
fro

m
(1

1
)

th
a
tH

k
is

con
tin

u
ou

sly
in

clu
d
ed

in
L

2(R
d)

an
d
‖·‖

L
2
(R
d
)

is
a

w
eak

er
n
orm

th
an

‖·‖H
k . 1

T
h
is

m
ean

s
it

is
p

ossib
le

th
at

th
e

m
in

im
ax

rate
of

estim
atin

g
µ
P

in
‖·‖

L
2
(R
d
)

cou
ld

b
e

fa
ster

th
an

its
R

K
H

S
cou

n
terp

art
w

ith
th

e
rate

p
ossib

ly
d
ep

en
d
in

g
on

th
e

sm
o
oth

n
ess

o
f
k
.

H
en

ce,
it

is
of

in
terest

to
an

aly
ze

th
e

m
in

im
ax

rates
of

estim
atin

g
µ
P

in
‖·‖

L
2
(R
d
) .

In
terestin

g
ly,

w
e

sh
ow

in
th

is
section

th
at

th
e

m
in

im
ax

rate
in

th
e
L

2
settin

g
is

still
n
−

1
/
2.

T
h
e

a
n
a
ly

sis
in

th
e
L

2
settin

g
follow

s
id

eas
sim

ilar
to

th
ose

of
th

e
R

K
H

S
settin

g
w

h
erein

,
fi
rst,

in
S
ectio

n
4.1,

w
e

con
sid

er
th

e
m

in
im

ax
rate

of
estim

atin
g
µ
P

for
tran

slation
in

varian
t

a
n
d

ra
d
ia

l
kern

els
w

h
en
P

is
th

e
set

of
all

B
orel

d
iscrete

p
rob

ab
ility

m
ea

su
res

on
R
d

(see
T

h
eo

rem
9

a
n
d

C
orollary

10).
N

ex
t,

in
S
ection

4.2,
w

e
ch

o
ose
P

to
b

e
th

e
set

of
all

p
ro

b
a
b
ility

d
istrib

u
tion

s
th

at
h
ave

in
fi
n
itely

con
tin

u
ou

sly
d
iff

eren
tiab

le
d
en

sities
an

d
stu

d
y

th
e

q
u
estio

n
o
f

m
in

im
ax

rates
for

tra
n
slation

in
varian

t
(see

T
h
eorem

12)
a
n
d

rad
ial

kern
els

(see
T

h
eo

rem
1
3).

F
or

b
oth

th
ese

ch
oices

ofP
,

w
e

sh
ow

th
at

th
e

rate
is
n
−

1
/
2

irresp
ective

o
f

th
e

sm
o
o
th

n
ess

of
k
.

E
x
p
loitin

g
th

e
in

jectiv
ity

of
m

ean
em

b
ed

d
in

g
fo

r
ch

aracteristic
kern

els
(see

th
e

p
aragrap

h
b

elow
an

d
th

e
p
aragrap

h
arou

n
d

(6)),
th

ese
resu

lts
are

d
erived

u
sin

g
L

e
C

am
’s

m
eth

o
d

(see
T

h
eorem

s
B

.1
an

d
B

.2).
C

om
b
in

ed
w

ith
P

rop
osition

A
.1

(also
see

R
em

a
rk

A
.3

),
th

ese
resu

lts
sh

ow
th

at
th

e
em

p
irical

estim
ator,

µ
P
n

is
m

in
im

ax
op

tim
al.

F
in

ally,
in

S
ection

4.3
w

e
d
iscu

ss
th

e
relation

b
etw

een
ou

r
resu

lts
an

d
som

e
cla

ssical
resu

lts
o
f

n
o
n
p
a
ra

m
etric

d
en

sity
estim

ation
,

p
articu

larly,
th

ose
of

th
e

kern
el

d
en

sity
estim

ator.

1
.

T
h

e
co

n
tin

u
o
u

s
in

clu
sio

n
o
f
H
k

in
L

2(R
d)

is
k
n

ow
n

fo
r

G
a
u

ssia
n

k
ern

els
o
n

R
d

(e.g
.,

see
V

ert
a
n
d

V
ert,

2
0
0
6
,

L
em

m
a

1
1
).

S
im

ila
r

resu
lt

is
cla

ssica
l

fo
r

S
o
b

o
lev

sp
a
ces

in
g
en

era
l

(e.g
.,

see
F

o
lla

n
d

,
1
9
9
9
,

S
ectio

n
9
.3

,
p

.3
0
2
)

a
n

d
p

a
rticu

la
rly

fo
r

th
o
se

in
d

u
ced

b
y

M
a
térn

k
ern

els.
S

tein
w

a
rt

a
n

d
C

h
rist-

m
a
n

n
(2

0
0
8
,

T
h
eo

rem
4
.2

6
)

p
rov

id
es

a
g
en

era
l

resu
lt

fo
r

co
n
tin

u
o
u

s
in

clu
sio

n
o
fH

k
in
L

2(µ
)

a
ssu

m
in

g
∫X
√
k
(x
,x

)
d
µ

(x
)
<
∞

w
h

ere
µ

is
a
σ

-fi
n

ite
m

ea
su

re.
H

ow
ev

er,
th

e
resu

lt
d

o
es

n
o
t

h
o
ld

fo
r

tra
n

sla
tio

n

in
va

ria
n
t

k
ern

els
o
n
R
d

a
s

th
e

in
teg

ra
b

ility
co

n
d

itio
n

is
v
io

la
ted

.
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T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

B
efore

w
e

p
ro

ceed
to

th
e

m
ain

resu
lts

of
th

is
section

,
w

e
b
riefl

y
d
iscu

ss
th

e
d
iff

eren
ce

b
etw

een
estim

ation
in

R
K

H
S

an
d
L

2(R
d)

n
orm

s.
S
u
p
p

ose
k
(x
,y

)
=
ψ

(x
−
y
),
x
,y
∈

R
d

w
h
ere

ψ
∈
L

1(R
d)∩

L
2(R

d)∩
C

(R
d)

is
p

ositive
d
efi

n
ite

an
d

ch
aracteristic.

It
is

easy
to

verify
th

at
µ
P
∈
L

1(R
d)∩

L
2(R

d).
S
in

ce
µ
P

=
ψ
∗
P

,
(10)

im
p
lies

‖
µ
P ‖

2H
k

=

∫

R
d |(ψ

∗
P

) ∧| 2
ψ
∧

(ω
)

d
ω

=

∫

R
d |φ

P
(ω

)| 2ψ
∧

(ω
)
d
ω

=
‖φ

P ‖
2L
2
(R
d
,ψ
∧

)
(12)

w
h
ereas

‖µ
P ‖

2L
2
(R
d
)

(?
)

=

∫

R
d |µ
∧P

(ω
)| 2
d
ω

=

∫

R
d |φ

P
(ω

)| 2(ψ
∧

)
2(ω

)
d
ω

=
‖φ

P ‖
2L
2
(R
d
,(ψ
∧

)
2
) ,

(13)

w
h
ere

φ
P

(ω
)

:=
∫
e −

iω
T
x
d
P

(x
)

is
th

e
ch

aracteristic
fu

n
ction

o
f
P

an
d

(?
)

follow
s

from
P

lan
ch

erel’s
th

eorem
.

It
follow

s
from

(12)
an

d
(13)

th
at

th
e

R
K

H
S

n
orm

em
p
h
asizes

th
e

h
igh

freq
u
en

cies
of
φ
P

com
p
ared

to
th

at
of

th
e
L

2-n
orm

.
S
in

ce
ψ

is
ch

aracteristic,
i.e.,

P
7→

µ
k (P

)∈
H
k

is
in

jective,
w

h
ich

is
gu

aran
teed

if
an

d
on

ly
if

su
p
p
(ψ
∧

)
=

R
d

(S
rip

eru
m

b
u
d
u
r

et
al.,

2010,
T

h
eorem

9),
it

follow
s

from
(13)

th
at
P
7→
µ
k (P

)∈
L

1(R
d)∩

L
2(R

d)
is

in
jective.

T
h
erefore

(2)
can

b
e

eq
u
ivalen

tly
w

ritten
a
s

(6)
b
y

rep
lacin

g
‖·‖H

k
w

ith
‖·‖

L
2
(R
d
)

(see
th

e
d
iscu

ssion
arou

n
d

(6))
an

d
w

e
ob

tain
m

in
im

ax
rates

b
y

em
p
loy

in
g

L
e

C
am

’s
m

eth
o
d

as
w

e
d
id

in
th

e
p
rev

iou
s

section
.

4
.1

L
o
w

e
r

B
o
u

n
d

s
fo

r
D

isc
re

te
P

ro
b

a
b

ility
M

e
a
su

re
s

T
h
e

follow
in

g
resu

lt
(p

roved
in

S
ection

5.5)
for

tran
slation

in
varian

t
kern

els
is

b
ased

on
an

ap
p
lication

of
L

e
C

am
’s

m
eth

o
d

in
v
olv

in
g

tw
o

h
y
p

oth
eses

(see
T

h
eorem

B
.1),

w
h
ere

w
e

ch
o
ose

th
em

to
b

e
K

M
E

s
of

d
iscrete

m
easu

res,
b

oth
su

p
p

orted
on

th
e

sam
e

p
a
ir

of
p

oin
ts

sep
arated

b
y

a
vector

z
in

R
d.

T
h

e
o
re

m
9

(T
ra

n
sla

tio
n

in
v
a
ria

n
t

k
e
rn

e
ls)

L
etP

be
th

e
set

o
f

a
ll

B
o
rel

d
iscrete

p
ro

b-
a
bility

m
ea

su
res

o
n
R
d.

S
u

p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),
x
,y
∈
R
d

w
h
ere

ψ
∈
L

2(R
d)∩

C
(R

d)
is

po
sitive

d
efi

n
ite

a
n

d
k

is
ch

a
ra

cteristic.
D

efi
n

e

C
ψz

:=
2 (‖

ψ‖
2L
2
(R
d
) −
∫

R
d

ψ
(y

)ψ
(y

+
z
)d
y )

(14)

fo
r

so
m

e
z
∈
R
d\{

0}
.

T
h
en

C
ψz
>

0
a
n

d

in
f

θ̂
n

su
p

P
∈P
P
n 
‖
θ̂
n −

µ
k (P

)‖
L
2
(R
d
) ≥

16 √
C
ψz

n


≥

14
.

U
sin

g
C

au
ch

y
-S

ch
w

artz
in

eq
u
ality,

th
e

co
n
stan

t
C
ψz

in
T

h
eorem

9
can

b
e

sh
ow

n
(see

th
e

p
ro

of
of

L
em

m
a

15
in

S
ection

5.5)
to

b
e

p
ositive

for
every

z
∈
R
d\{0}

if
k

is
ch

aracteristic,
i.e.,

su
p
p
(Λ

ψ
)

=
R
d

(see
(4)

for
Λ
ψ

).
T

h
e

follow
in

g
resu

lt
(p

rov
ed

in
S
ection

5.6)
sp

ecializes
T

h
eorem

9
to

rad
ial

kern
els.
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

C
o
ro

ll
a
ry

1
0

(R
a
d

ia
l

k
e
rn

e
ls

)
L

et
P

be
th

e
se

t
o
f

a
ll

B
o
re

l
d
is

cr
et

e
p
ro

ba
bi

li
ty

m
ea

su
re

s
o
n
R
d

a
n

d
k

be
ra

d
ia

l
o
n
R
d
,

i.
e.

,
k
(x
,y

)
=
ψ
ν
(x
−
y
)

:=
∫ ∞ 0

e−
t‖
x
−
y
‖2 2
d
ν

(t
),

w
h
er

e
ν
∈

M
b +
([

0,
∞

))
su

ch
th

a
t

su
p
p
(ν

)
6=
{0
}

a
n

d

∫
∞

0
t−
d
/
2
d
ν

(t
)
<
∞
.

(1
5)

A
ss

u
m

e
th

a
t

th
er

e
ex

is
t

0
<
δ 0
≤
δ 1
<
∞

a
n

d
β
>

0
su

ch
th

a
t
ν

([
δ 0
,δ

1
])
≥
β
.

T
h
en

th
e

fo
ll

o
w

in
g

h
o
ld

s:

in
f

θ̂ n

su
p

P
∈P
P
n

  
‖θ̂
n
−
µ
k
(P

)‖
L
2
(R
d
)
≥
β 6

√
1 n

(
π 2
δ 1

) d
/
2
  
≥

1 4
.

In
C

or
ol

la
ry

10
,

si
n
ce

su
p
p
(ν

)
6=
{0
},

th
e

as
su

m
p
ti

on
of
ν

([
δ 0
,δ

1
])
≥
β

is
al

w
ay

s
sa

ti
sfi

ed
.

In
ad

d
it

io
n
,

th
e

co
n
d
it

io
n

(1
5)

on
ν

is
sa

ti
sfi

ed
b
y

G
au

ss
ia

n
,

m
ix

tu
re

of
G

au
ss

ia
n
s,

in
ve

rs
e

m
u
lt

iq
u
ad

ri
c

(w
h
il
e

(1
5)

is
sa

ti
sfi

ed
fo

r
γ
>
d
/
2,

th
e

re
su

lt
in

C
o
ro

ll
ar

y
10

h
ol

d
s

fo
r
γ
>
d
/
4)

an
d

M
at

ér
n

ke
rn

el
s—

re
fe

r
to

R
em

ar
k

A
.3

fo
r

m
or

e
d
et

ai
ls

.
A

ls
o,

fo
r

th
es

e
ex

am
p
le

s
of

ke
rn

el
s,

th
e

p
os

it
iv

e
co

n
st

an
t
A
k

:=
β

2
δ−

d
/
2

1
in

th
e

lo
w

er
b

ou
n
d

in
C

or
ol

la
ry

10
ca

n
b

e
co

m
p
u
te

d
in

a
cl

os
ed

fo
rm

(s
ee

A
p
p

en
d
ix

D
.3

fo
r

d
et

ai
ls

).

4
.2

L
o
w

e
r

B
o
u

n
d

s
fo

r
P

ro
b

a
b

il
it

y
M

e
a
su

re
s

w
it

h
S

m
o
o
th

D
e
n

si
ti

e
s

N
ex

t,
as

w
e

d
id

in
S
ec

ti
on

3.
2,

w
e

ch
o
os

e
P

to
b

e
th

e
se

t
of

al
l

p
ro

b
ab

il
it

y
m

ea
su

re
s

th
at

h
av

e
in

fi
n
it

el
y

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
d
en

si
ti

es
an

d
sh

ow
th

at
th

e
m

in
im

ax
ra

te
of

es
ti

m
at

in
g
µ
P

in
L

2
-n

or
m

fo
r

tr
an

sl
at

io
n

in
va

ri
an

t
(s

ee
T

h
eo

re
m

12
)

a
n
d

ra
d
ia

l
ke

rn
el

s
(s

ee
T

h
eo

re
m

13
)

is
n
−

1
/
2
.

T
h
e

p
ro

of
of

th
es

e
re

su
lt

s
ar

e
ag

ai
n

b
as

ed
on

a
n

ap
p
li
ca

ti
on

of
L

e
C

am
’s

m
et

h
o
d

in
vo

lv
in

g
tw

o
(s

ee
T

h
eo

re
m

B
.1

)
an

d
m

u
lt

ip
le

h
y
p

ot
h
es

es
(s

ee
T

h
eo

re
m

B
.2

),
w

h
er

e
th

es
e

h
y
p

ot
h
es

es
ar

e
ch

os
en

to
b

e
em

b
ed

d
in

gs
of

th
e
d
-d

im
en

si
on

al
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s.

A
s

in
S
ec

ti
on

3.
2,

th
e

re
su

lt
s

of
th

is
se

ct
io

n
ar

e
b
as

ed
on

th
e

fo
ll
ow

in
g

re
su

lt
(p

ro
ve

d
in

S
ec

ti
on

5.
7)

,
w

h
ic

h
is

co
n
ce

p
tu

al
ly

si
m

il
ar

to
th

at
of

P
ro

p
os

it
io

n
3.

P
ro

p
o
si

ti
o
n

1
1

L
et
σ
>

0
.

S
u

p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),

w
h
er

e
ψ
∈
L

1
(R

d
)
∩
C
b
(R

d
)

is
po

si
ti

ve
d
efi

n
it

e
a
n

d
k

is
ch

a
ra

ct
er

is
ti

c.
T

h
en

th
er

e
ex

is
t

co
n

st
a
n

ts
ε ψ
,σ

2
,c
ψ
,σ

2
>

0
d
ep

en
d
in

g
o
n

ly
o
n
ψ

a
n

d
σ

2
,

su
ch

th
a
t

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

h
o
ld

s
fo

r
a
n

y
a
∈
R
d

w
it

h
‖a
‖2 2
≤
ε ψ
,σ

2
:

c ψ
,σ

2
≤

m
in

e z
∈S

d
−
1
2

∫ R
d

e−
σ
2
‖w
‖2 2
〈e
z
,w
〉2

co
s

(〈
a
,w
〉)
( ψ
∧ (
w

))
2
d
w
<
∞
,

(1
6)

w
h
er

e
S
d
−

1
is

a
u

n
it

sp
h
er

e
in

R
d
.

M
o
re

o
ve

r,
fo

r
a
ll

ve
ct

o
rs
µ

0
,µ

1
∈

R
d

sa
ti

sf
yi

n
g
‖µ

0
−

µ
1
‖2 2
≤
ε ψ
,σ

2
,

th
e

fo
ll

o
w

in
g

h
o
ld

s:

‖θ
0
−
θ 1
‖ L

2
(R
d
)
≥
√
c ψ
,σ

2

2
‖µ

0
−
µ

1
‖ 2
,

w
h
er

e
θ 0

a
n

d
θ 1

a
re

K
M

E
s

o
f

th
e

G
a
u

ss
ia

n
m

ea
su

re
s
G

(µ
0
,σ

2
I
)

a
n

d
G

(µ
1
,σ

2
I
)

re
sp

ec
ti

ve
ly

.
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T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

T
h
e

fo
ll
ow

in
g

re
su

lt
fo

r
tr

an
sl

at
io

n
in

va
ri

an
t

ke
rn

el
s

is
es

ta
b
li
sh

ed
u
si

n
g

th
e

a
b

ov
e

re
su

lt
w

h
er

ei
n

th
e

p
ro

of
is

ex
ac

tl
y

th
e

sa
m

e
as

th
at

of
T

h
eo

re
m

6
ex

ce
p
t

fo
r

an
a
p
p
li
ca

ti
o
n

o
f

P
ro

p
os

it
io

n
11

in
p
la

ce
of

P
ro

p
os

it
io

n
3.

T
h

e
o
re

m
1
2

(T
ra

n
sl

a
ti

o
n

in
v
a
ri

a
n
t

k
e
rn

e
ls

)
L

et
P

be
th

e
se

t
o
f

d
is

tr
ib

u
ti

o
n

s
o
ve

r
R
d

w
h
o
se

d
en

si
ti

es
a
re

co
n

ti
n

u
o
u

sl
y

in
fi

n
it

el
y

d
iff

er
en

ti
a
bl

e.
S

u
p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),

w
h
er

e
ψ
∈
L

1
(R

d
)
∩
C
b
(R

d
)

is
po

si
ti

ve
d
efi

n
it

e
a
n

d
k

is
ch

a
ra

ct
er

is
ti

c.
D

efi
n

e
c ψ

:=
c ψ
,1

a
n

d
ε ψ

:=
ε ψ
,1

w
h
er

e
c ψ
,1

a
n

d
ε ψ
,1

a
re

po
si

ti
ve

co
n

st
a
n

ts
th

a
t

sa
ti

sf
y

(1
6)

in
P

ro
po

si
ti

o
n

1
1
.

T
h
en

fo
r

a
n

y
n
≥

1 ε ψ
,

th
e

fo
ll

o
w

in
g

h
o
ld

s:

in
f

θ̂ n

su
p

P
∈P
P
n

{ ‖
θ̂ n
−
µ
k
(P

)‖
L
2
(R
d
)
≥

1 2

√
c ψ 2
n

}
≥

1 4
.

A
s

d
is

cu
ss

ed
in

R
em

ar
k

7,
it

is
p

os
si

b
le

to
re

m
ov

e
th

e
re

q
u
ir

em
en

t
of

m
in

im
al

sa
m

p
le

si
ze

in
T

h
eo

re
m

12
.

A
ls

o,
as

d
is

cu
ss

ed
in

R
em

ar
k

5
an

d
in

th
e

p
ar

ag
ra

p
h

fo
ll
ow

in
g

R
em

a
rk

7
,

th
e

co
n
st

an
ts
c ψ

an
d
ε ψ

ap
p

ea
ri

n
g

in
th

e
b

ou
n
d

in
T

h
eo

re
m

12
ar

e
n
ot

on
ly

d
iffi

cu
lt

to
co

m
p
u
te

b
u
t

al
so

m
ay

d
ep

en
d

on
th

e
d
im

en
si

on
al

it
y
d

in
a

su
p
-o

p
ti

m
al

m
an

n
er

,
p
a
rt

ic
u
la

rl
y

a
s

d
→
∞

.
T

h
er

ef
or

e,
si

m
il
ar

to
w

h
at

w
as

d
on

e
in

S
ec

ti
o
n

3.
2,

w
e

w
il
l

n
ot

sp
ec

ia
li
ze

T
h
eo

re
m

12
to

ra
d
ia

l
ke

rn
el

s
b
u
t

in
st

ea
d

p
re

se
n
t

th
e

fo
ll
ow

in
g

re
su

lt
(p

ro
v
ed

in
S
ec

ti
o
n

5
.8

a
n
d

th
e

p
ro

of
cl

os
el

y
fo

ll
ow

s
th

at
of

T
h
eo

re
m

8)
,

w
h
ic

h
is

b
as

ed
on

a
d
ir

ec
t

an
al

y
si

s
in

vo
lv

in
g

th
e

p
ro

p
er

ti
es

of
ra

d
ia

l
ke

rn
el

s.
F

or
th

e
p
ar

ti
cu

la
r

ca
se

of
a

G
au

ss
ia

n
ke

rn
el

,
th

is
lo

w
er

b
o
u
n
d

m
at

ch
es

th
e

u
p
p

er
b

ou
n
d

of
P

ro
p

os
it

io
n

A
.1

(a
ls

o
se

e
R

em
ar

k
A

.3
)

u
p

to
a

co
n
st

a
n
t

fa
ct

o
r

in
d
ep

en
d
en

t
of
d
.

T
h

e
o
re

m
1
3

(R
a
d

ia
l

k
e
rn

e
ls

)
L

et
k

be
ra

d
ia

l
o
n
R
d
,

i.
e.

,
k
(x
,y

)
=
∫ ∞ 0

e−
t‖
x
−
y
‖2 2
d
ν

(t
),

w
h
er

e
ν
∈
M

b +
([

0,
∞

))
a
n

d
P

be
th

e
se

t
o
f

d
is

tr
ib

u
ti

o
n

s
o
ve

r
R
d

w
h
o
se

d
en

si
ti

es
a
re

co
n

-
ti

n
u

o
u

sl
y

in
fi

n
it

el
y

d
iff

er
en

ti
a
bl

e.
A

ss
u

m
e

th
a
t

(1
5
)

h
o
ld

s,
su

p
p
(ν

)
6=
{0
}

a
n

d
th

er
e

ex
is

t
0
<
δ 0
≤
δ 1
<
∞

,
0
<
β
<
∞

su
ch

th
a
t
ν

([
δ 0
,δ

1
])
≥
β

.
T

h
en

th
e

fo
ll

o
w

in
g

h
o
ld

s:

in
f

θ̂ n

su
p

P
∈P
P
n

  
‖θ̂
n
−
µ
k
(P

)‖
L
2
(R
d
)
≥

1 50

√
1 n

(
π 2δ

1

) d
/
2
β

2
δ 0

δ 1
e

( 1
−

2

2
+
d

)  
≥

1 5
.

T
h
e

co
n
st

an
t
B
k

:=
β

2
δ 0
δ−

d
+
2

2
1

in
th

e
lo

w
er

b
ou

n
d

in
th

e
ab

ov
e

re
su

lt
ca

n
b

e
co

m
p
u
te

d
in

a
cl

os
ed

fo
rm

fo
r

G
au

ss
ia

n
,

m
ix

tu
re

of
G

au
ss

ia
n
,

in
ve

rs
e

m
u
lt

iq
u
ad

ri
c,

a
n
d

M
a
té

rn
ke

rn
el

s
(s

ee
A

p
p

en
d
ix

D
.4

fo
r

d
et

ai
ls

).
T

h
e

fa
ct

or
(π
/2

)d
/
4

ca
n

b
e

el
im

in
at

ed
fr

om
th

e
lo

w
er

b
o
u
n
d

b
y

co
n
si

d
er

in
g

a
re

sc
al

ed
ke

rn
el

(π
/2

)−
d
/
4
ψ

(x
−
y
).

N
ev

er
th

el
es

s,
th

e
b

o
u
n
d

w
il
l
st

il
l
d
ep

en
d

on
d

ex
p

on
en

ti
al

ly
as

ca
p
tu

re
d

b
y

th
e

co
n
st

an
t
B
k
.

T
h
is

ca
n

b
e

fu
rt

h
er

ov
er

co
m

e
b
y

u
si

n
g

th
e

n
or

m
al

iz
ed

k
er

n
el
k
(x
,y

)/
‖ψ
‖ L

2
(R
d
).

In
th

e
p
ar

ti
cu

la
r

ca
se

of
n
or

m
a
li
ze

d
G

a
u
ss

ia
n

ke
rn

el
s

(π
η

2
)−
d
/
2

ex
p
( −

1
2
η
2
‖x
−
y
‖2 2

)
th

is
w

il
l

le
ad

to
d
im

en
si

on
-f

re
e

lo
w

er
b

o
u
n
d
s.

4
.3

R
e
la

ti
o
n

to
K

e
rn

e
l

D
e
n

si
ty

E
st

im
a
ti

o
n

In
th

is
se

ct
io

n
,

w
e

d
is

cu
ss

th
e

re
la

ti
on

b
et

w
ee

n
th

e
es

ti
m

at
io

n
of
µ
P

an
d

d
en

si
ty

es
ti

m
a
ti

o
n
.

T
h
e

p
ro

b
le

m
of

d
en

si
ty

es
ti

m
at

io
n

d
ea

ls
w

it
h

es
ti

m
at

in
g

an
u
n
k
n
ow

n
d
en

si
ty

,
p

b
a
se

d
o
n
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

ra
n
d
o
m

sa
m

p
les

(X
i )
ni=

1
d
raw

n
i.i.d

.
from

it.
O

n
e

of
th

e
p

op
u
lar

n
on

-p
aram

etric
m

eth
o
d
s

fo
r

d
en

sity
estim

ation
is

kern
el

d
en

sity
estim

ation
(K

D
E

),
w

h
ere

th
e

estim
ato

r
is

of
th

e
fo

rm
(T

sy
b
a
kov

,
2008,

S
ection

1.2)

p̂
n
(x

1 ,...,x
d )

=
1

n ∏
di=

1
h
i

n
∑i=

1

K

(
X
i,1 −

x
1

h
1

,···
,
X
i,d −

x
d

h
d

)
.

H
ere

K
:R

d→
R

is
th

e
sm

oo
th

in
g

kern
el

(th
is

k
ern

el
sh

ou
ld

n
ot

b
e

con
fu

sed
w

ith
th

e
rep

ro-
d
u
cin

g
kern

el
k

w
h
ich

w
e

u
sed

th
rou

gh
ou

t
th

e
p
ap

er),
h

1 ,...,h
d
>

0
are

b
an

d
w

id
th

s,
an

d
X
i,j

is
th

e
j-th

co
ord

in
ate

of
th

e
i-th

sam
p
le

p
oin

t.
A

ssu
m

in
g
p
∈
L

2(R
d),

th
e

co
n
sisten

cy
of

p̂
n

is
u
su

a
lly

stu
d
ied

in
th

e
sen

se
of

m
ea

n
in

tegra
ted

squ
a
red

erro
r

(M
IS

E
)
E‖
p̂
n −

p‖
2L
2
(R
d
) ,

w
h
ich

ca
n

b
e

d
ecom

p
osed

in
to

varian
ce

an
d

b
ias

term
s

as:

E‖p̂
n −

p‖
2L
2
(R
d
)

=
E ∥∥
p̂
n −

E
[p̂
n
] ∥∥

2L
2
(R
d
)

+
∥∥
p−

E
[p̂
n
] ∥∥

2L
2
(R
d
) .

(17)

A
ssu

m
e
K

to
b

e
b

ou
n
d
ed

an
d
h

1
=
···

=
h
d

=
h

.
D

efi
n
e
K
h

:=
h
−
dK

(·/
h

).
T

h
en

for
an

y
fi
x
ed

x
∈
R
d,

p̂
n
(x

)
=

1

n
h
d

n
∑i=

1

K

(
X
i −

x

h

)
=

1n

n
∑i=

1

K
h (X

i −
x

)
=

∫

R
d

K
h (z−

x
)
d
P
n
(z

)

a
n
d

E
[p̂
n
(x

)]
=

1h
d ∫

R
d

K

(
z−

x

h

)
p
(z

)d
z

=
(K

h ∗
p
)(x

).

T
h
is

sh
ow

s
th

a
t
p̂
n

=
µ
K
h (P

n
)

an
d
E

[p̂
n
]

=
µ
K
h (P

)
w

h
ere

P
is

th
e

d
istrib

u
tion

w
ith

p
a
s

its
d
en

sity
w

.r.t.
th

e
L

eb
esgu

e
m

easu
re

an
d
P
n

is
th

e
em

p
irical

m
easu

re
con

stru
cted

b
a
sed

on
sa

m
p
les

(X
i )
ni=

1
d
raw

n
from

p
.

T
h
erefore

th
e

resu
lts

of
S
ection

4
(an

d
m

ore
gen

erally
of

th
is

p
ap

er)
a
re

a
b

o
u
t

th
e

m
in

im
ax

rates
for

E
[p̂
n
].

H
ow

ev
er,

n
ote

th
at
K
h

n
eed

n
ot

b
e

p
ositive

d
efi

n
ite

(an
d

th
erefore

n
eed

n
ot

b
e

th
e

rep
ro

d
u
cin

g
k
ern

el
of

som
e

R
K

H
S
).

O
n

th
e

oth
er

h
a
n
d
,
K

h
a
s

to
b

e
p

ositiv
e,

i.e.,
K

(x
)≥

0,∀
x
∈
R
d

an
d

n
orm

alized
,

i.e., ∫R
d
K

(x
)
d
x

=
1

to
y
ield

a
n

estim
ator

th
at

is
a

valid
d
en

sity,
u
n
lik

e
in

kern
el

m
ean

estim
ation

w
h
ere

k
n
eed

n
o
t

b
e

p
o
sitive

n
or

n
orm

alized
.

T
h
e

m
in

im
ax

rate
of
n
−

1
/
2

for
estim

atin
g
E

[p̂
n
]

is
ach

ieved
b
y

th
e

kern
el

d
en

sity
estim

ator
p̂
n

(w
h
ich

is
n
oth

in
g

b
u
t

th
e

em
p
irical

estim
ator

of
µ
K
h (P

))
a
s

it
is

k
n
ow

n
(b

ased
on

a
straigh

tforw
ard

gen
eralization

of
T

sy
b
akov

,
2008,

P
rop

osition
1
.4

fo
r

m
u
ltip

le
d
im

en
sion

s)
th

at

E ∥∥
p̂
n −

E
[p̂
n
] ∥∥

2L
2
(R
d
) ≤
‖
K
‖

2L
2
(R
d
)

n
h
d

,

w
h
ere

w
e

a
ssu

m
e
K
∈
L

2(R
d).

T
h
e

b
an

d
w

id
th

p
aram

eter
h

is
im

m
aterial

in
th

e
estim

atio
n

o
f
µ
K
h (P

)
a
n
d

can
b

e
treated

as
a

con
stan

t
(in

d
ep

en
d
en

t
of
n

)
u
n
like

in
th

e
p
ro

b
lem

o
f

estim
a
tin

g
p

w
h
ere

h
sh

ou
ld

d
ecay

to
zero

at
an

ap
p
rop

riate
rate

for
th

e
b
ias

∥∥
p
−

E
[p̂
n
] ∥∥
L
2
(R
d
)

to
con

verge
to

zero
as
n
→
∞

.
In

p
articu

lar,
if
p

lies
in

a
S
ob
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b
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ce
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−
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1
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b
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o
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ik
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,
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b
u
d
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r
,
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M
u
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n
d
e
t

5
.
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w
e

p
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e

m
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g
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resu
lts
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S
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3
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5
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P
ro
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f

T
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e
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1

P
ick
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o
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s
P

0
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p
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x
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p
0 )δ
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d
P

1
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p

1 δ
x

+
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p
1 )δ
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w

h
ere

x
,v
∈
R
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0
<
p

0
<
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0
<
p

1
<

1
an

d
δ
x
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a

D
irac
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easu
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su

p
p
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a
t
x

.
D

efi
n
e

θ
0

=
µ
k (P

0 )
an

d
θ

1
=
µ
k (P

1 ).
S
in

ce‖
θ

0 ‖
2H
k

=
∫
∫
k
(x
,y

)
d
P

0 (x
)
d
P

0 (y
),

w
h
ich

follow
s

from
th

e
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ro
d
u
cin

g
p
rop
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of
k
,
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easy
to

verify
th

at

‖
θ

0 −
θ

1 ‖
2H
k

=
E

[k
(ξ,ξ ′)]+

E
[k

(η
,η ′)]−

2E
[k

(ξ,η
)],

w
h
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ξ
an

d
η
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ran

d
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d
istrib

u
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g
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P

0
an

d
P

1
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d
ξ ′

an
d
η ′
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d
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en
d
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t
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ies
of
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an
d
η
.

S
in

ce
k

is
tran

slatio
n

in
varian

t,
w

e
h
av

e
k
(v
,v

)
=
k
(x
,x

)
=
ψ

(0)
an

d
k
(x
,v

)
=
k
(v
,x

)
=
ψ

(x
−
v
),

w
h
ich

im
p
ly

‖θ
0 −

θ
1 ‖

2H
k

=
2(p

0 −
p

1 )
2 (ψ

(0)−
ψ

(x
−
v
) ).

(18)

A
lso

n
ote

th
at

K
L

(P
0 ‖P

1 )
=
p

0
log

p
0

p
1

+
(1−

p
0 )

log
1−

p
0

1−
p

1

=
p

0
log (

1
+
p

0 −
p

1

p
1

)
+

(1−
p

0 )
lo

g (
1

+
p

1 −
p

0

1−
p

1 )

(∗
)

≤
log {

p
0 (

1
+
p

0 −
p

1

p
1

)
+

(1−
p

0 ) (
1

+
p

1 −
p

0

1−
p
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1
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p
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0

p
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u
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w
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in
eq

u
ality

log
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w
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h
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p
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p
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=
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=
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w
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u
p
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L
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L

(P
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p
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C
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g
p

0
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(p

0 −
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2
=
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n
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s
K

L
(P

n0 ‖
P
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)≤
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an

d
‖θ

0 −
θ

1 ‖
2H
k

=
29
n (ψ

(0)−
ψ

(x−
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h
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d
v
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a
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x−

v
=
z
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z
∈
R
d
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oin
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for

w
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ψ
(0)−

ψ
(z

)≥
β

an
d
β
>

0.
T

h
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y
ield

s

‖
θ

0 −
θ

1 ‖
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k ≥

2
β9
n
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√
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W
e

ca
n

p
ro

ce
ed

fu
rt

h
er
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n

d
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ss

u
m

e
th
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t

fo
r

ea
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∈
P

th
e
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d
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p
p
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u
p
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n
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m
e
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a
n

t
R

.
In
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ca
se

th
e
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m

e
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n
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g
w
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l

w
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n
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a
s
ψ
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n
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n

th
e
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ll

o
f

ra
d
iu

s
R

ce
n
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re

d
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ro

u
n

d
o
ri
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.

5
.2

P
ro

o
f

o
f

C
o
ro

ll
a
ry

2

T
h
e

p
ro

of
is

b
as

ed
on

ap
p
li
ca

ti
on

of
T

h
eo

re
m

1.
S
in

ce
su

p
p
(ν

)
6=
{0
},

it
fo

ll
ow

s
fr

om
(S

ri
p

er
u
m

b
u
d
u
r

et
al

.,
20

11
,

P
ro

p
os

it
io

n
5)

th
at

k
is

ch
ar

ac
te

ri
st

ic
.

W
e

n
ow

sh
ow

th
at

th
er

e
ex

is
t
z
∈
R
d

an
d
β
>

0,
su

ch
th

at
ψ
ν
(0

)
−
ψ
ν
(z

)
≥
β

.
N

ot
e

th
at

fo
r

an
y
x
∈
R
d

ψ
ν
(0

)
−
ψ
ν
(x

)
=

∫
∞

0

( 1
−
e−

t‖
x
‖2 2

) d
ν

(t
)
≥
∫
∞

t 1

( 1
−
e−

t‖
x
‖2 2

) d
ν

(t
)

≥
∫
∞

t 1

( 1
−
e−

t 1
‖x
‖2 2

) d
ν

(t
)

=
ν

([
t 1
,∞

))
( 1
−
e−

t 1
‖x
‖2 2

)

≥
α
( 1
−
e−

t 1
‖x
‖2 2

)
≥
α
t 1 2
‖x
‖2 2
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

h
ol

d
s

w
h
en

ev
er
‖x
‖2 2
≤

1 t 1
.

C
h
o
os

in
g
z

su
ch

th
at
‖z
‖2 2

=
1 t 1

y
ie

ld
s

ψ
ν
(0

)
−
ψ
ν
(z

)
≥

α 2
.

T
h
e

re
su

lt
th

er
ef

or
e

fo
ll
ow

s
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om
T

h
eo

re
m

1
b
y

ch
o
os

in
g
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=
α 2

.

5
.3

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

3

B
ef

or
e

w
e

p
ro

ve
P

ro
p

os
it

io
n
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fi
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t
w

e
w

il
l

d
er

iv
e

a
cl

os
ed

fo
rm

ex
p
re

ss
io

n
fo

r
th

e
R

K
H

S
d
is
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n
ce

b
et
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ee
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K
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E
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of
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o
d
-d

im
en

si
on

al
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s

w
it

h
th

e
k
er

n
el

b
ei

n
g

tr
an

sl
at

io
n

in
va

ri
an

t,
i.
e.

,
k
(x
,y

)
=
ψ

(x
−
y
).

T
h
ro

u
gh

ou
t

th
is

se
ct

io
n

Λ
ψ

w
il
l

d
en

ot
e

a
fi
n
it

e
n
on

-n
eg

at
iv

e
B

or
el

m
ea

su
re

co
rr

es
p

on
d
in

g
to

th
e

p
os

it
iv

e-
d
efi

n
it

e
fu

n
ct

io
n
ψ

fr
om

(4
).

L
e
m

m
a

1
4

L
et
θ 0

a
n

d
θ 1

be
K

M
E

o
f

G
a
u

ss
ia

n
m

ea
su

re
s
G

(µ
0
,σ

2
I
)

a
n

d
G

(µ
1
,σ

2
I
)

fo
r

µ
0
,µ

1
∈
R
d

a
n

d
σ

2
>

0
.

S
u

p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),

w
h
er

e
ψ
∈
C
b
(R

d
)

is
po

si
ti

ve
d
efi

n
it

e.
T

h
en

‖θ
0
−
θ 1
‖2 H

k
=

2

(2
π

)d
/
2

∫ R
d

e−
σ
2
‖w
‖2 2

(1
−

co
s

(〈
µ

0
−
µ

1
,w
〉)

)
d
Λ
ψ

(w
).

(1
9)

P
ro

o
f

N
ot

e
th

at

‖θ
0
−
θ 1
‖2 H

k
=
‖θ

0
‖2 H

k
+
‖θ

1
‖2 H

k
−

2〈
θ 0
,θ

1
〉 H

k
,

(2
0)

w
h
er

e
〈θ

0
,θ

1
〉 H

k
=

E X
E Y

[k
(X
,Y

)]
w

it
h
X
∼
G
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0
,σ

2
I
)

an
d
Y
∼
G
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1
,σ

2
I
).

W
e

w
il
l

n
ow

d
er

iv
e

th
e
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os

ed
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e
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ro
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=
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b
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∫ R
d

e−
i〈x
−
y
,w
〉 d

Λ
ψ

(w
)

1

(2
π
σ

2
)d
e−

1
2
σ
2
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‖y
−
µ
1
‖2 2
d
x
d
y
,

w
h
er

e
w

e
u
se

d
(4

).
T

h
e

fu
n
ct

io
n

ap
p

ea
ri

n
g

u
n
d
er

th
e

in
te

gr
al

is
ab

so
lu

te
ly

in
te

g
ra

b
le

a
n
d

so
b
y

T
on

el
li
-F

u
b
in

i
th

eo
re

m
(D

u
d
le

y
,

20
02

,
T

h
eo

re
m

4.
4.

5)
w

e
ob

ta
in

〈θ
0
,θ

1
〉 H

k
=
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π
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=
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π
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{ ∫
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π
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2
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e
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e
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p
u
te

th
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ri
er
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c
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=
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b
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µ
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∂ ∂
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〉∣ ∣ ∣
≤
∣ ∣ ∣e
−
σ
2
‖w
‖2 2
w
i∣ ∣ ∣∈
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R
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→

R
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n
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p
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⊆
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),
x
−
y
〉+

m 2
‖x
−
y
‖2 2
.

If
w

e
ca

n
sh

ow
th

at
G

is
st

ro
n
gl

y
co

n
ve

x
on

B
ε

:=
{b
∈
R
d

:
‖b
‖2 2
≤
ε}

fo
r

so
m

e
ε
>

0
,

th
en

w
e

ca
n

ap
p
ly

p
re

v
io

u
s

in
eq

u
al

it
y

w
it

h
y

=
0

an
d
x

=
a

to
ob

ta
in

G
(a

)
≥
m 2
‖a
‖2 2
,
∀a
∈
B
ε.

It
is

k
n
ow

n
th

at
a

tw
ic

e
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
fu

n
ct

io
n
f

is
st

ro
n
gl

y
co

n
ve

x
o
n
A
⊆

R
d

w
it

h
p
ar

am
et

er
m
>

0
if

th
e

m
at

ri
x
∇

2
f

(x
)
−
m
·I

is
p

os
it

iv
e

d
efi

n
it

e
fo

r
al

l
x
∈
A

,
w

h
er

e
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

∇
2f

is
th

e
H

essian
an

d
I
∈
R
d×
d

is
an

id
en

tity
m

atrix
.

N
ex

t
w

e
com

p
u
te

th
e

H
essian

of
G

b
y

o
n
ce

a
g
a
in

em
p
loy

in
g

d
iff

eren
tiation

u
n
d
er

th
e

in
tegral

sign
(ju

stifi
ed

in
th

e
sim

ilar
w

ay
a
s

a
b

ov
e)

to
o
b
tain

∂
2G

(a
)

∂
a
i ∂
a
j

=
2

(2π
)
d
/
2 ∫

R
d

e −
σ
2‖
w
‖
22w

i w
j

cos
(〈a

,w〉)
d
Λ
ψ

(w
),

0
≤
i,j≤

d
.

T
h
u
s

∇
2G

(a
)

=
2

(2π
)
d
/
2 ∫

R
d

e −
σ
2‖
w
‖
22w
w
T

cos
(〈a

,w〉)
d
Λ
ψ

(w
).

In
o
rd

er
to

p
rov

e
th

at
G

is
stron

gly
con

vex
o
n
B
ε ⊆

R
d

w
e

n
eed

to
sh

ow
th

a
t∇

2G
(a

)−
m
·I

is
p

o
sitive

d
efi

n
ite

for
each

a
∈
B
ε

an
d

som
e
m
>

0.
In

oth
er

w
ord

s,
w

e
n
eed

to
sh

ow
th

a
t

th
ere

is
m
>

0
su

ch
th

at
for

each
z
∈
R
d\{

0}
an

d
a
∈
B
ε

th
e

follow
in

g
h
old

s:

〈z
,∇

2G
(a

)z〉≥
m
‖
z‖

22 ,

o
r,

eq
u
iva

len
tly,

2

(2π
)
d
/
2 ∫

R
d

e −
σ
2‖
w
‖
22〈e

z ,w〉
2e −

i〈a
,w
〉d

Λ
ψ

(w
)≥

m
,

(22)

w
h
ere

e
z

:=
z
/‖z‖

2 ∈
R
d

is
a

vector
of

u
n
it

len
gth

p
oin

ted
in

th
e

d
irection

of
z
.

N
ote

th
at

l.h
.s.

o
f

(2
2
)

is
th

e
F

ou
rier

tran
sform

of
a

m
ea

su
reT

z
on

R
d,

w
h
ich

is
ab

so
lu

tely
con

tin
u
ou

s
w

ith
resp

ect
to

Λ
ψ

w
ith

R
ad

on
-N

iko
d
y
m

d
erivative

2
e −

σ
2‖
w
‖
22〈e

z ,w〉
2.

F
ix

a
n
y
z
∈
R
d.

W
e

w
ill

fi
rst

sh
ow

th
at

w
e

can
ap

p
ly

B
o
ch

n
er’s

T
h
eorem

(see
(4))

for
th

e
m

ea
su

re
T
z .

F
or

th
is

w
e

n
eed

to
ch

eck
th

at
it

is
(a)

n
on

-n
egative

an
d

(b
)

fi
n
ite.

P
art

(a
)

is
a
p
p
a
ren

t
from

th
e

facts
th

at
Λ
ψ

is
n
on

-n
egativ

e
an

d
T
z

h
as

a
n
o
n
-n

egative
d
en

sity
w

ith
resp

ect
to

Λ
ψ

.
T

o
ch

eck
(b

)
w

e
w

rite

∫

R
d

dT
z (x

)
=

2

(2π
)
d
/
2 ∫

R
d

e −
σ
2‖
w
‖
22〈e

z ,w〉
2d

Λ
ψ

(w
)
<
∞
,

a
s
e −

σ
2‖
w
‖
22〈e

z ,w〉
2

is
p

ositive
an

d
b

ou
n
d
ed

for
an

y
z
∈
R
d,

w
h
ile

Λ
ψ

is
fi
n
ite.

W
e

con
clu

d
e

fro
m

B
o
ch

n
er’s

T
h
eorem

,
th

at
fu

n
ction

ψ̃
z (x

)
d
efi

n
ed

in
th

e
follow

in
g

w
ay

:

ψ̃
z (x

)
=

∫

R
d

e −
i〈x
,w
〉dT

z (w
),

is
p

o
sitive-d

efi
n
ite.

M
oreover

it
is

w
ell

k
n
ow

n
(D

u
d
ley

,
2002,

T
h
eorem

9.4.4)
th

at
ψ̃
z
∈

C
b (R

d)
a
s
ψ̃
z

is
th

e
ch

aracteristic
fu

n
ction

ofT
z .

F
in

ally,
it

follow
s

fro
m

th
e

d
iscu

ssion
in

(S
rip

eru
m

b
u
d
u
r

et
al.,

2011,
S
ection

3.3),
th

at
if

su
p
p
(T
z )

=
R
d,

th
en

a
b

ou
n
d
ed

an
d

co
n
tin

u
o
u
s

fu
n
ction

ψ̃
z (x

)
is

strictly
p

ositive
d
efi

n
ite.

T
o

ch
eck

th
e

con
d
ition

su
p
p
(T
z )

=
R
d

w
e

n
o
te

th
a
t

su
p
p
(Λ

ψ
)

=
R
d

sin
ce
ψ

is
ch

aracteristic
(S

rip
eru

m
b
u
d
u
r

et
al.,

2010,
T

h
eorem

9
),

a
n
d

n
o

o
p

en
sets

ofR
d

are
con

tain
ed

in
th

e
region

w
h
ere

e −
σ
2‖
w
‖
22〈e

z ,w〉
2

=
0.

S
u
m

m
arizin

g,
w

e
h
ave

estab
lish

ed
th

at
th

e
l.h

.s.
o
f

(22)
is

eq
u
al

to
ψ̃
z (a

),
w

h
ere

ψ̃
z
:
R
d
→

R
is

a
b

ou
n
d
ed

,
con

tin
u
ou

s
an

d
strictly

p
ositiv

e
d
efi

n
ite

fu
n
ction

for
each
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T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

z
∈
R
d\{

0}
.

In
p
articu

lar,
w

e
h
ave

ψ̃
z (0)

>
0

for
all

z
∈
R
d.

N
ote

th
at
ψ̃
z (0)

d
ep

en
d
s

on
z

on
ly

th
rou

gh
its

d
irection

.
N

ex
t

w
e

w
an

t
to

sh
ow

th
a
t

in
f

z∈
S
d

ψ̃
z (0

)
>

0
,

(23)

w
h
ere

th
e

in
fi
m

u
m

is
over

th
e

u
n
it

sp
h
ere

S
d

:=
{
b∈

R
d

:‖b‖
22

=
1}.

N
ote

th
at

th
e

fu
n
ction

F
:
z
→

ψ̃
z (0)

d
efi

n
ed

on
S
d

is
con

tin
u
ou

s.
S
in

ce
S
d

is
closed

an
d

b
ou

n
d
ed

,
w

e
k
n
ow

th
at

F
attain

s
its

m
in

im
u
m

on
it.

In
oth

er
w

o
rd

s,
th

ere
is
z ∗∈

S
d ,

su
ch

th
at

in
f

z∈
S
d

ψ̃
z (0)

=
ψ̃
z ∗(0).

T
h
u
s,

if
in

f
z∈
S
d
ψ̃
z (0)

=
0,

w
e

w
ill

also
get

ψ̃
z ∗(0)

=
0
,

w
h
ich

w
ill

con
trad

ict
th

e
fact

th
at

ψ̃
z (0)

>
0

for
each

z
∈
R
d\{0}.

T
h
is

p
roves

(23).
U

sin
g

L
em

m
a

C
.3

w
e

also
con

clu
d
e

th
at

in
f
z∈
S
d
ψ̃
z
:R

d→
R

is
a

con
tin

u
ou

s
fu

n
ction

.
N

ow
w

e
m

ay
fi
n
ally

con
clu

d
e

th
at

th
ere

are
con

stan
ts
c
ψ
,σ

2 ,ε
ψ
,σ

2
>

0
su

ch
th

at

in
f

z∈
S
d

ψ̃
z (a

)≥
c
ψ
,σ

2

for
all

a
∈
B
ε
ψ
,σ

2 .
F

in
ally,

w
e

take
m

=
c
ψ
,σ

2
an

d
th

is
con

clu
d
es

th
e

p
ro

o
f.

5
.4

P
ro

o
f

o
f

T
h

e
o
re

m
8

T
h
e

p
ro

of
is

b
ased

on
ap

p
lication

of
T

h
eorem

B
.2

w
h
ere

w
e

ch
o
ose

θ
0 ,...,θ

M
to

b
e

K
M

E
s

of
d
-d

im
en

sion
al

G
au

ssian
m

easu
res

w
ith

varian
ces

d
ecay

in
g

to
zero

as
d
→
∞

.

L
et
G

(µ
0 ,σ

2I
)

an
d
G

(µ
1 ,σ

2I
)

b
e

tw
o
d
-d

im
en

sion
al

G
au

ssia
n

d
istrib

u
tion

s
w

ith
m

ean
vectors

µ
0 ,µ

1
∈

R
d

an
d

varian
ce

σ
2
>

0.
D

efi
n
e
θ

0
an

d
θ

1
to

b
e

th
e

em
b

ed
d
in

gs
of

G
(µ

0 ,σ
2I

)
an

d
G

(µ
1 ,σ

2I
)

resp
ectively.

(A
)

D
erivin

g
a

clo
sed

fo
rm

exp
ressio

n
fo

r
‖
θ

0 −
θ

1 ‖
2H
k .

U
sin

g
L

em
m

a
14,

p
resen

ted
in

S
ection

5.3,
w

e
h
av

e

‖
θ

0 −
θ

1 ‖
2H
k

=
2

(2π
)
d
/
2 ∫

R
d

e −
σ
2‖
w
‖
22

(1−
cos

(〈µ
0 −

µ
1 ,w〉))

d
Λ
ψ

(w
),

(24)

w
h
ere

Λ
ψ

is
a

fi
n
ite

n
on

-n
egativ

e
B

orel
m

easu
re

from
th

e
B

o
ch

n
er’s

T
h
eorem

corresp
on

d
in

g
to

th
e

k
ern

el
k
.

W
e

n
ow

sh
ow

th
at

Λ
ψ

is
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

th
e

L
eb

esgu
e

m
easu

re
on

R
d

an
d

h
as

th
e

follow
in

g
d
en

sity
:

λ
ψ

(w
)

=

∫
∞0

1

(2t)
d
/
2
e −
‖
w
‖
22

4
t
d
ν

(t),
w
∈
R
d.

In
d
eed

,
b
y

n
oticin

g
th

at

∫
∞0

(∫

R
d ∣∣∣∣ e −

i〈w
,x〉

1

(2t)
d
/
2
e −
‖
w
‖
22

4
t

∣∣∣∣ d
w )

d
ν

(t)
<
∞

2
0
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M
in
im

a
x
E
st

im
a
t
io
n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

w
e

m
ay

ap
p
ly

T
on

el
li
-F

u
b
in

i
th

eo
re

m
(D

u
d
le

y
,

20
02

,
T

h
eo

re
m

4.
4.

5)
to

in
te

rc
h
a
n
ge

th
e

or
d
er

of
in

te
gr

at
io

n
an

d
ge

t

∫ R
d

e−
i〈w

,x
〉

(2
π

)d
/
2

( ∫
∞

0

1

(2
t)
d
/
2
e−
‖w
‖2 2

4
t
d
ν

(t
))
d
w

=

∫
∞

0

(
∫ R

d

e−
i〈w

,x
〉

(2
π

)d
/
2

1

(2
t)
d
/
2
e−
‖w
‖2 2

4
t
d
w

)
d
ν

(t
)

=

∫
∞

0
e−

t‖
x
‖2 2
d
ν

(t
).

S
u
b
st

it
u
ti

n
g

th
e

fo
rm

of
λ
ψ

in
to

(2
4)

w
e

ca
n

w
ri

te

‖θ
0
−
θ 1
‖2 H

k
=

2

(2
π

)d
/
2

∫ R
d

∫
∞

0
e−

σ
2
‖w
‖2 2

(1
−

co
s

(〈
µ

0
−
µ

1
,w
〉)

)
1

(2
t)
d
/
2
e−
‖w
‖2 2

4
t
d
ν

(t
)
d
w
.

A
p
p
ly

in
g

T
on

el
li
-F

u
b
in

i
th

eo
re

m
on

ce
ag

ai
n

an
d

u
si

n
g

L
em

m
a

C
.1

to
ge

th
er

w
it

h
E

u
le

r’
s

fo
rm

u
la

w
e

ob
ta

in

‖θ
0
−
θ 1
‖2 H

k
=

2

(2
π

)d
/
2

∫
∞

0

1

(2
t)
d
/
2

∫ R
d

e−
‖w
‖2 2
2

(2
σ
2
+

1 2
t
)
(1
−

co
s

(〈
µ

0
−
µ

1
,w
〉)

)
d
w
d
ν

(t
)

=

∫
∞

0

2

(4
σ

2
t

+
1)
d
/
2
d
ν

(t
)
−
∫
∞

0

2

(4
σ

2
t

+
1)
d
/
2
e−

t‖
µ
0
−
µ
1
‖2 2

4
σ
2
t+

1
d
ν

(t
)

=

∫
∞

0
2

(
1

1
+

4
tσ

2

) d
/
2
( 1
−

ex
p

( −
t‖
µ

0
−
µ

1
‖2 2

1
+

4
tσ

2

))
d
ν

(t
).

(2
5)

(B
)

L
o
w

er
bo

u
n

d
in

g
‖θ

0
−
θ 1
‖2 H

k
in

te
rm

s
o

f
‖µ

0
−
µ

1
‖2 2

.

It
fo

ll
ow

s
fr

om
(2

5)
th

at

‖θ
0
−
θ 1
‖2 H

k
≥
∫
t 1

t 0

2

(
1

1
+

4
tσ

2

) d
/
2
( 1
−

ex
p

( −
t‖
µ

0
−
µ

1
‖2 2

1
+

4
tσ

2

))
d
ν

(t
),

w
h
er

e
0
<
t 0
≤
t 1
<
∞

.
N

ot
e

th
at

1
−
e−

x
≥

x 2
fo

r
0
≤
x
≤

1.
U

si
n
g

th
is

w
e

g
et

1
−

ex
p

( −
t‖
µ

0
−
µ

1
‖2 2

1
+

4
tσ

2

)
≥
t‖
µ

0
−
µ

1
‖2 2

2(
1

+
4
tσ

2
)
,
∀t
∈

[t
0
,t

1
]

as
lo

n
g

as

t 1
‖µ

0
−
µ

1
‖2 2
≤

1
+

4
t 1
σ

2
.

(2
6)

T
h
u
s,

as
lo

n
g

as
(2

6)
h
ol

d
s,

w
e

ca
n

lo
w

er
b

ou
n
d

th
e

R
K

H
S

d
is

ta
n
ce

as
:

‖θ
0
−
θ 1
‖2 H

k
≥
∫
t 1

t 0

(
1

1
+

4
tσ

2

) d
/
2
t‖
µ

0
−
µ

1
‖2 2

1
+

4
tσ

2
d
ν

(t
)

=
‖µ

0
−
µ

1
‖2 2

∫
t 1

t 0

t

(1
+

4
tσ

2
)(
d
+

2
)/

2
d
ν

(t
).

(2
7)

2
1

JM
L

R
 1

8(
86

):
1-

47
, 2

01
7

T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

N
ot

e
th

at
th

e
fu

n
ct

io
n
t
7→

t
(1

+
4
tσ

2
)(
d
+
2
)/

2
m

on
ot

o
n
ic

al
ly

in
cr

ea
se

s
on

[0
,

1
2
d
σ
2
],

re
a
ch

es
it

s

gl
ob

al
m

ax
im

u
m

a
t
t

=
1

2
d
σ
2

an
d

th
en

d
ec

re
as

es
on

[
1

2
d
σ
2
,∞

).
T

h
u
s

w
e

h
av

e

∫
t 1

t 0

t

(1
+

4
tσ

2
)(
d
+

2
)/

2
d
ν

(t
)
≥
β

m
in

{
t 0

(1
+

4
t 0
σ

2
)(
d
+

2
)/

2
,

t 1

(1
+

4
t 1
σ

2
)(
d
+

2
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+
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e

n
ee

d
ψ

2
to

b
e

in
te

gr
ab

le
on

R
d
.

S
u
m

m
ar

iz
in

g,
w

e
sh

ow
ed

th
at

a
n
on

-n
eg

at
iv

e,
in

te
g
ra

b
le

,
an

d
co

n
ti

n
u
ou

s
fu

n
ct

io
n

ta
ke

s
th

e
sa

m
e

st
ri

ct
ly

p
os

it
iv

e
va

lu
e
ψ

2
(0

)
>

0
in

fi
n
it

el
y

m
an

y
ti

m
es

,
le

ad
in

g
to

a
co

n
tr

ad
ic

ti
on

.
A

rg
u
in

g
si

m
il
ar

ly
fo

r
λ

=
1

w
il
l

re
su

lt
in

a
co

n
tr
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ic

ti
on

.
T

h
is

m
ea

n
s

th
e
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u
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it
y

in
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)
is

n
ev

er
at
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in

ed
w

h
ic

h
co

n
cl

u
d
es

th
e

p
ro

of
.

T
h
e

p
ro

of
of

T
h
eo

re
m

9
is

ca
rr

ie
d

ou
t

b
y

si
m

p
ly

re
p

ea
ti

n
g

th
e

p
ro

of
of

T
h
eo

re
m

1
b
u
t

re
p
la

ci
n
g

(1
8)

w
it

h
th

e
re

su
lt

in
L

em
m

a
15

an
d

u
si

n
g
x
−
v

:=
z
.

5
.6

P
ro

o
f

o
f

C
o
ro

ll
a
ry

1
0

T
h
e

p
ro

of
w

il
l

b
e

b
as

ed
on

T
h
eo

re
m

9.
T

h
e

m
om

en
t

co
n
d
it

io
n

(1
5)

on
ν

is
su

ffi
ci

en
t

fo
r

ψ
ν
∈
L

2
(R

d
)

to
h
ol

d
(s

ee
R

em
ar

k
A

.3
).

T
h
u
s

w
e

on
ly

n
ee

d
to

co
m

p
u
te

th
e

ex
p
re

ss
io

n
‖ψ

ν
‖2 L

2
(R
d
)
−
∫ R

d
ψ
ν
(y

)ψ
ν
(y

+
z
)d
y

ap
p

ea
ri

n
g

in
(1

4)
.

N
ot

e
th

at

∫ R
d

ψ
ν
(y

)ψ
ν
(y

+
z
)d
y

=

∫ R
d

∫
∞

0

∫
∞

0
e−

t 1
‖y
‖2 2
−
t 2
‖y

+
z
‖2 2
d
ν

(t
1
)d
ν

(t
2
)d
y
.

(3
3)

S
in

ce
∫
∞

0

∫
∞

0

∫ R
d

e−
t 1
‖y
‖2 2
−
t 2
‖y

+
z
‖2 2
d
y
d
ν

(t
1
)d
ν

(t
2
)

=

∫
∞

0

∫
∞

0

(
π

t 1
+
t 2

) d
/
2

e−
t 1
t 2
‖z
‖2 2

t 1
+
t 2
d
ν

(t
1
)d
ν

(t
2
)

≤
ν
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0
,∞

))

∫
∞

0

(
π t 1

) d
/
2

d
ν

(t
1
)
<
∞
,
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T
o
l
st

ik
h
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,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

w
e
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ay
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p
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T
on

el
li
-F

u
b
in

i
th

eo
re

m
to

sw
it

ch
th

e
or

d
er

of
in

te
gr

at
io

n
in

(3
3
)

a
n
d

g
et

∫ R
d

ψ
ν
(y

)ψ
ν
(y

+
z
)d
y

=

∫
∞

0

∫
∞

0

(
π

t 1
+
t 2

) d
/
2

e−
t 1
t 2
‖z
‖2 2

t 1
+
t 2
d
ν

(t
1
)d
ν

(t
2
).

U
si

n
g

th
is

w
e

ge
t

‖ψ
ν
‖2 L

2
(R
d
)
−
∫ R

d

ψ
ν
(y

)ψ
ν
(y

+
z
)d
y

=

∫
∞

0

∫
∞

0

(
π

t 1
+
t 2

) d
/
2
(

1
−
e−

t 1
t 2
‖z
‖2 2

t 1
+
t 2

)
d
ν

(t
1
)d
ν

(t
2
)

≥
(
π 2δ

1

) d
/
2
∫
δ 1
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∫
δ 1

δ 0

(
1
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t 1
t 2
‖z
‖2 2

t 1
+
t 2

)
d
ν

(t
1
)d
ν

(t
2
).

S
in

ce
t 1

an
d
t 2

ar
e

b
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n
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ed

b
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ow
b
y
δ 0
>

0
w

e
m

ay
ta

ke
‖z
‖ 2
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rg

e
en

ou
g
h

so
th

a
t

th
e

fo
ll
ow

in
g

w
il
l

h
ol

d
: ‖ψ

ν
‖2 L

2
(R
d
)
−
∫ R

d

ψ
ν
(y

)ψ
ν
(y

+
z
)d
y
≥
β

2 2

(
π 2δ

1

) d
/
2

.
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P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

1
1

T
h
e

p
ro

of
is

b
as

ed
on

th
e

fo
ll
ow

in
g

re
su

lt
,

w
h
ic

h
p
ro

v
id

es
a

cl
o
se

d
fo

rm
ex

p
re

ss
io

n
fo

r
th

e
L

2
(R

d
)

d
is

ta
n
ce

b
et

w
ee

n
th

e
em

b
ed

d
in

gs
of

G
au

ss
ia

n
m

ea
su

re
s.

L
e
m

m
a

1
6

L
et
θ 0

a
n

d
θ 1

be
K

M
E

o
f

G
a
u

ss
ia

n
m

ea
su

re
s
G

(µ
0
,σ

2
I
)

a
n

d
G

(µ
1
,σ

2
I
)

fo
r

µ
0
,µ

1
∈
R
d

a
n

d
σ

2
>

0
.

S
u

p
po

se
k
(x
,y

)
=
ψ

(x
−
y
),

w
h
er

e
ψ
∈
L

1
(R

d
)
∩
C
b
(R

d
)

is
po

si
ti

ve
d
efi

n
it

e
a
n

d
a
n

d
k

is
ch

a
ra

ct
er

is
ti

c.
T

h
en

‖θ
0
−
θ 1
‖2 L

2
(R
d
)

=
2

∫ R
d

( 1
−
e−

i〈w
,µ

0
−
µ
1
〉)
( ψ
∧ (
w

))
2
e−

σ
2
‖w
‖2
d
w
.

(3
4
)

P
ro

o
f

F
ir

st
of

al
l,

n
ot

e
th

at
ψ
∈
L

2
(R

d
)

si
n
ce

ψ
∈
L

1
(R

d
)

an
d
ψ

is
b

o
u
n
d
ed

.
T

h
is

sh
ow

s
th

at
θ 0
,θ

1
∈
L

2
(R

d
).

W
e

w
il
l

u
se
P

0
an

d
P

1
to

d
en

ot
e

th
e

co
rr

es
p

on
d
in

g
G

a
u
ss

ia
n

d
is

tr
ib

u
ti

on
s
G

(µ
0
,σ

2
I
)

an
d
G

(µ
1
,σ

2
I
).

B
y

d
efi

n
it

io
n

w
e

h
av

e

〈θ
0
,θ

1
〉 L

2
(R
d
)

=

∫ R
d

( ∫

R
d

k
(x
,y

)
d
P

0
(x

))
( ∫

R
d

k
(z
,y

)
d
P

1
(z

))
d
y

=

∫ R
d

( ∫

R
d

∫ R
d

k
(x
,y

)k
(z
,y

)
d
P

0
(x

)
d
P

1
(z

))
d
y
.

U
si

n
g

th
e

fa
ct

th
at
ψ

is
b

ou
n
d
ed

(W
en

d
la

n
d
,

20
05

,
T

h
eo

re
m

6.
2)

w
e

ge
t

∫ R
d

∫ R
d

∫ R
d

∣ ∣ k
(x
,y

)k
(z
,y

)∣ ∣
d
y
d
P

0
(x

)
d
P

1
(z

)
≤
ψ

(0
)

∫
∫
∫ R

d

∣ ∣ k
(x
,y

)∣ ∣
d
y
d
P

0
(x

)
d
P

1
(z

)

=
ψ

(0
)

∫
∫
∫ R

d

∣ ∣ ψ
(x
−
y
)∣ ∣ d
y
d
P

0
(x

)d
P

1
(z

)

=
ψ

(0
)‖
ψ
‖ L

1
(R
d
)

∫
∫ R

d

d
P

0
(x

)d
P

1
(z

)
<
∞
.
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M
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a
x
E
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im
a
t
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n
o
f
K
e
r
n
e
l
M
e
a
n
E
m
b
e
d
d
in
g
s

T
h
is

a
llow

s
u
s

to
u
se

T
on

elli-F
u
b
in

i
th

eorem
(D

u
d
ley

,
2002,

T
h
eorem

4.4.5)
an

d
get

〈θ
0 ,θ

1 〉
L
2
(R
d
)

=

∫

R
d ∫

R
d (∫

R
d

k
(x
,y

)k
(z
,y

)d
y )

d
P

0 (x
)d
P

1 (z
)

=

∫

R
d ∫

R
d (∫

R
d

ψ
(y

)ψ
(y

+
z−

x
)d
y )

d
P

0 (x
)d
P

1 (z
)

(?
)

=
1

(2π
)
d
/
2 ∫

R
d ∫

R
d (∫

R
d

ψ
(y

) ∫

R
d

e −
i〈y

+
z−
x
,w
〉d

Λ
ψ

(w
)d
y )

d
P

0 (x
)d
P

1 (z
)

=
1

(2π
)
d
/
2 ∫

R
d ∫

R
d (∫

R
d ∫

R
d

ψ
(y

)e −
i〈y

+
z−
x
,w
〉d

Λ
ψ

(w
)d
y )

d
P

0 (x
)d
P

1 (z
),

w
h
ere

w
e

u
sed

(4)
in

(?).
S
in

ce
ψ
∈
L

1(R
d)

w
e

h
ave

∫

R
d ∫

R
d ∣∣∣ e −

i〈y
,w
〉ψ

(y
)e −

i〈z−
x
,w
〉 ∣∣∣
d
y
d
Λ
ψ

(w
)

=

∫

R
d ∫

R
d |ψ

(y
)|d

y
d
Λ
ψ

(w
)
<
∞

a
n
d

th
u
s

w
e

ca
n

u
se

T
on

elli-F
u
b
in

i
th

eorem
to

sw
itch

th
e

o
rd

er
of

in
tegra

tion
:

〈θ
0 ,θ

1 〉
L
2
(R
d
)

=
1

(2π
)
d
/
2 ∫

R
d ∫

R
d (∫

R
d ∫

R
d

ψ
(y

)e −
i〈y

+
z−
x
,w
〉d
y
d
Λ
ψ

(w
) )
d
P

0 (x
)d
P

1 (z
)

=

∫

R
d ∫

R
d (∫

R
d

ψ
∧

(w
)e −

i〈z−
x
,w
〉
d
Λ
ψ

(w
) )
d
P

0 (x
)d
P

1 (z
).

(35)

N
ex

t
w

e
a
re

g
o
in

g
to

argu
e

th
at

if
b

oth
ψ

an
d
ψ
∧

b
elon

g
to
L

1(R
d)

(th
e

latter
is

tru
e

a
s

it
fo

llow
s

fro
m

W
en

d
lan

d
,

2005,
C

orolla
ry

6.12)
th

en
ψ
∧

is
th

e
R

ad
on

-N
iko

d
y
m

d
erivative

of
Λ
ψ

w
ith

resp
ect

to
th

e
L

eb
esgu

e
m

easu
re.

T
o

th
is

en
d
,

sin
ce
ψ
∧
∈
L

1(R
d),

F
ou

rier
in

versio
n

th
eo

rem
(W

en
d
lan

d
,

2005,
C

orollary
5
.24)

y
ield

s
th

a
t

for
a
ll
x
∈
R
d,

th
e

follow
in

g
h
old

s:

ψ
(x

)
=

1

(2π
)
d
/
2 ∫

R
d

e
i〈w

,x〉ψ
∧

(w
)d
w
.

O
n

th
e

o
th

er
h
an

d
,

u
sin

g
(4)

an
d

L
em

m
a

C
.2,

w
e

also
h
ave

ψ
(x

)
=

1

(2π
)
d
/
2 ∫

R
d

e
i〈w

,x〉d
Λ
ψ

(w
).

T
h
ese

tw
o

id
en

tities
sh

ow
th

at
for

all
x
∈
R
d

∫

R
d

e
i〈w

,x〉ψ
∧

(w
)d
w

=

∫

R
d

e
i〈w

,x〉d
Λ
ψ

(w
).

(36)

N
o
te

th
at

sin
ce
k

is
tran

slation
in

varian
t

an
d

ch
aracteristic,

ψ
is

a
strictly

p
ositive

d
efi

n
ite

fu
n
ctio

n
(S

rip
eru

m
b
u
d
u
r

et
al.,

2010,
S
ection

3.4)
an

d
th

erefore
it

follow
s

from
(W

en
d
lan

d
,

2
0
0
5
,

T
h
eo

rem
6.11)

th
at
ψ
∧

is
n
on

-n
egative

(an
d

n
on

van
ish

in
g).

S
in

ce
ψ
∧
∈
L

1(R
d)

w
e

co
n
clu

d
e

th
a
t
ψ
∧

is
th

e
R

ad
on

-N
iko

d
y
m

d
erivative
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a

fi
n
ite

n
on

-n
egative

m
easu

re
T
ψ

on
R
d,

w
h
ich

is
a
b
solu

tely
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tin
u
ou

s
w

ith
resp

ect
to

th
e

L
eb

esgu
e

m
easu

re.
(36)

(after
p
rop

er
n
o
rm

aliza
tion

)
sh

ow
s

th
at

th
e

ch
ara

cteristic
fu

n
ction

s
of

m
easu

res
Λ
ψ

an
d
T
ψ

coin
cid

e.
W

e
fi
n
a
lly

co
n
clu

d
e

from
(D

u
d
ley

,
2002,

T
h
eorem

9.5.1)
th

a
t

Λ
ψ

=
T
ψ

,
w

h
ich

m
ean

s
th

at
Λ
ψ

is
a
b
so

lu
tely

co
n
tin

u
ou

s
w

ith
resp

ect
to

th
e

L
eb

esgu
e

m
easu

re
an

d
h
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a
d
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ψ
∧

.
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T
o
l
st

ik
h
in
,
S
r
ip
e
r
u
m
b
u
d
u
r
,
a
n
d

M
u
a
n
d
e
t

R
etu

rn
in

g
to

(35)
w

e
can

w
rite

it
as

〈θ
0 ,θ

1 〉
L
2
(R
d
)

=

∫

R
d ∫

R
d (∫

R
d (ψ

∧
(w

) )
2e −

i〈z−
x
,w
〉
d
w )

d
P

0 (x
)d
P

1 (z
).

W
e

alread
y

sh
ow

ed
th

at
ψ
∈
L

2(R
d).

F
rom

P
lan

ch
erel’s

th
eorem

(W
en

d
lan

d
,

2005,
C

orol-
lary

5.25),
w

e
h
ave
‖ψ‖

L
2
(R
d
)

=
‖ψ
∧‖

L
2
(R
d
)

an
d

th
u
s
ψ
∧
∈
L

2(R
d).

A
n
oth

er
ap

p
lication

of
T

on
elli-F

u
b
in

i
th

eorem
y
ield

s

〈θ
0 ,θ

1 〉
L
2
(R
d
)

=

∫

R
d (ψ

∧
(w

) )
2 (∫

R
d ∫

R
d

e −
i〈z−

x
,w
〉d
P

0 (x
)d
P

1 (z
) )
d
w

=

∫

R
d (ψ

∧
(w

) )
2e
i〈w

,µ
0 −
µ
1 〉e −

σ
2‖
w
‖
22d
w
.

N
oticin

g
th

at
th

e
F

ou
rier

tran
sform

of
a

real
an

d
even

fu
n
ction

is
also

even
,

w
e

con
clu

d
e

th
at
ψ
∧

is
also

even
.

T
h
is

fi
n
ish

es
th

e
p
ro

of
sin

ce‖
θ

0 −
θ

1 ‖
2L
2
(R
d
)

=
‖
θ

1 ‖
2L
2
(R
d
) +
‖
θ

0 ‖
2L
2
(R
d
) −

2〈θ
0 ,θ

1 〉
L
2
(R
d
) .

N
ow

w
e

tu
rn

to
th

e
p
ro

of
of

T
h
eorem

11.
W

e
w

ill
w

rite
Λ̃
ψ
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d
en

ote
a

n
on

-n
egative

fi
n
ite

m
easu

re,
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solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

th
e

L
eb

esgu
e

m
easu

re
w

ith
d
en

sity
(2π

)
d
/
2(ψ
∧

)
2.

T
h
en

(34)
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L
em

m
a

1
6
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b

e
w

ritten
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θ
1 ‖
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2
(R
d
)

=
2

(2π
)
d
/
2 ∫

R
d (

1−
e
i〈w

,µ
0 −
µ
1 〉 )

e −
σ
2‖
w
‖
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Λ̃
ψ
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).

=
2
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)
d
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2 ∫

R
d
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cos(〈w
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e −
σ
2‖
w
‖
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Λ̃
ψ

(w
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w
h
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e
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L
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m
a

14
b
u
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Λ
ψ
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b
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th

e
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∧
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p
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b
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0.
L

et
θ

0
an

d
θ

1
d
en

ote
th

e
kern

el
m

ean
em

b
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2I
)

resp
ectively.
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‖
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con
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b
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∈
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∈
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con
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p
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‖
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∞
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∞
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∞
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∆
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∞
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∆
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∆
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∈
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∈
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∞
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∆
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∆
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∆
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∆
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∆
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≥
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∫
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‖µ

0
−
µ

1
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+
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+
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+

2

w
h
ic

h
w

il
l

b
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∫
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∫
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=

∫
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∫
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+
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∫
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∫
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+
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+
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≥
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∞
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m
ax

(
1 4
e−

α
,
1
−
√
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d
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d
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d
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re
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d
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( c
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−
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.
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=
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=
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p
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∫
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∈
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γ c2

an
d
β

=

{
c−

2
γ

Γ
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∈
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b
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Γ
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∈
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ke

rn
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∼
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∞
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=
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≤
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b
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b
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Γ
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−

d 2
≥

1;

1
4
Γ

(τ
−
d 2

)

( 2
τ
−
d

2
e

) τ
−
d 2
,

fo
r
τ
−
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∈
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∞
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=
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=
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=
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=
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c
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c
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∈
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=
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∈
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∞
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∞
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p
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=
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ixtu
re

o
f

G
a
u

ssia
n

s:
S
et

δ
0

=
1

2
η
21
,
δ

1
=

1
2
η
2M

so
th

at
β

=
C
M

im
p
ly

in
g
B
k

=

C
2M

2
d
/
2
η
d
+
2

M

η
21

.

(iii)
In

verse
m

u
ltiqu

a
d
ric

kern
els:

C
h
o
osin

g
δ

0
=
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c
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c
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Γ
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d2

e
2
γ
,

for
γ
∈
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m
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+
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+
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=
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.
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∧
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p

ed
in

th
e

sa
m

e
cl

u
st

er
b
y
B

b
u
t

in
d
iff

er
en

t
cl

u
st

er
s

b
y
A
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an

d
N

0
0

th
e

n
u
m

b
er

of
el

em
en

t
p
ai

rs
w

h
ic

h
a
re

gr
ou

p
ed

in
d
iff

er
en

t
cl

u
st

er
s

b
y

b
o
th
A

a
n
d

B.
In

tu
it

iv
el

y,
N

1
1

an
d
N

0
0

ar
e

in
d
ic

at
or

s
of

th
e

ag
re

em
en

t
b

et
w

ee
n

th
e

tw
o

cl
u
st

er
in

g
s,

w
h
il
e
N

1
0

an
d
N

0
1

re
fl
ec

t
th

e
d
is

ag
re

em
en

t
b

et
w

ee
n

th
e

cl
u
st

er
in

gs
.

T
h
e

af
or

em
en

ti
on

ed
p
ai

r
co

u
n
ts

ar
e

id
en

ti
fi
ed

fr
om

th
e

co
n
ti

n
ge

n
cy

ta
b
le
T

b
et

w
ee

n
tw

o
cl

u
st

er
in

gs
,

sh
ow

n
in

T
ab

le
3,

b
y

th
e

fo
ll
ow

in
g

se
t

of
eq

u
at

io
n
s

N
1
1

=

K
A
,K
B

∑

k
,m

=
1

( n
k
m 2

)
=

1 2

 
K
A
,K
B

∑

k
,m

=
1

n
2 k
m
−
N

 

N
1
0

=

K
A ∑ k
=
1

( a
k 2

)
−
N

1
1

=
1 2

 
K
A ∑ k
=
1

a
2 k
−
K
A
,K
B

∑

k
,m

=
1

n
2 k
m

 
(2

)

N
0
1

=

K
B

∑ m
=
1

( b
m 2

)
−
N

1
1

=
1 2

 
K
B

∑ m
=
1

b2 m
−
K
A
,K
B

∑

k
,m

=
1

n
2 k
m

 

N
0
0

=

( N
2

)
−
N

1
1
−
N

1
0
−
N

0
1

T
h
e

R
an

d
in

d
ex

b
et

w
ee

n
cl

u
st

er
in

gs
A

an
d
B,

R
I(
A
,B

)
is

th
en

gi
ve

n
b
y

th
e

fu
n
ct

io
n

R
I(
A
,B

)
=
N

1
1

+
N

0
0

( N 2

)

=
2
∑

K
A
,K
B

k
,m

=
1

( n
k
m 2

) −
∑

K
A

k
=
1

( a
k 2

) −
∑

K
B

m
=
1

( b
m 2

) +
( N 2

)
( N 2

)
.

(3
)

It
li
es

b
et

w
ee

n
0

an
d

1,
w

h
er

e
1

in
d
ic

at
es

th
e

cl
u
st

er
in

gs
ar

e
id

en
ti

ca
l

an
d

0
o
cc

u
rs

fo
r

cl
u
st

er
s

w
h
ic

h
d
o

n
ot

sh
ar

e
a

si
n
gl

e
p
ai

r
of

el
em

en
ts

(t
h
is

on
ly

h
ap

p
en

s
w

h
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o
n
e
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u
st
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g
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n
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u
st

e
r
in
g

S
im

il
a
r
it
y

is
th

e
fu

ll
set

o
f

elem
en

ts
an

d
th

e
oth

er
clu

sterin
g

grou
p
s

each
elem

en
t

in
to

its
ow

n
clu

ster).
A

s
th

e
n
u
m

b
er

of
clu

stered
elem

en
ts

in
creases,

th
e

m
easu

re
b

ecom
es

d
om

in
ated

b
y

th
e

n
u
m

b
er

o
f

p
a
irs

w
h
ich

w
ere

classifi
ed

in
to

d
iff

eren
t

clu
sters

(N
0
0 ),

resu
ltin

g
in

d
ecreased

sen
sitiv

ity
to

co-o
ccu

rrin
g

elem
en

t
p
airs

(F
ow

lkes
an

d
M

allow
s,

1983).
A

n
o
th

er
fo

rm
u
lation

of
th

e
R

an
d

in
d
ex

,
u
sed

in
ou

r
later

d
erivation

s,
fo

cu
ses

on
a

b
in

ary
rep

resen
ta

tio
n

of
th

e
elem

en
t

p
airs.

S
p

ecifi
cally,

con
sid

er
th

e
v
ector

U
A

=
[u

1 ,...,u
(
N2 ) ]

w
ith

b
in

a
ry

en
tries

u
α
∈
{−

1
,1}

corresp
on

d
in

g
to

all
p

ossib
le

elem
en

t
p
airs.

U
sin

g
α

to
in

d
ex

over
all

elem
en

t
p
airs

b
y
α

=
(
N2 )−

(
N
−
i+

1
2

)
+
j−

i,
for

i
<
j
≤
N

,
th

en
u
α

=
1

if
elem

en
ts
v
i

a
n
d
v
j

are
in

th
e

sam
e

clu
ster

in
A

an
d
u
α

=
−

1
if

elem
en

ts
v
i

an
d
v
j

are
in

d
iff

eren
t

clu
sters

in
A

.
T

h
ere

are
Q
A1

1s
in
U
A

an
d
Q
A−
1 −

1s
in
U
A

w
ith

Q
A1

=

K
A
∑k
=
1 (

a
k2 )
,

Q
A−
1

=

(
N2 )
−

K
A
∑k
=
1 (

a
k2 )
.

(4)

T
h
e

R
a
n
d

in
d
ex

is
fou

n
d

from
th

e
v
ectors

U
A

an
d
U
B

,
for

clu
sterin

gsA
an

d
B

resp
ectively,

a
s

th
e

n
u
m

b
er

of
1s

in
th

eir
p
ro

d
u
ct

vector,
U
A
�
U
B

,
u
sin

g
elem

en
t-w

ise
m

u
ltip

lication
a
n
d

n
o
rm

a
lized

b
y

th
e

total
size

of
th

e
vectors, (

N2 ).

4
.1

E
x
p

e
c
te

d
R

a
n

d
In

d
e
x
,

P
e
rm

u
ta

tio
n

M
o
d

e
l

(M
p
e
r
m

)

T
h
e

ex
p

ectatio
n

of
th

e
R

an
d

in
d
ex

w
ith

resp
ect

to
th

e
p

erm
u
tation

m
o
d
el

follow
s

from
d
raw

in
g

th
e

en
tries

in
T

ab
le

3
from

th
e

gen
eralized

h
y
p

ergeom
etric

d
istrib

u
tion

.
U

tilizin
g

th
e

p
rev

io
u
s

n
o
tation

w
ith

Q
A1

=
∑

K
A

k
=
1 (

a
k2 ),

th
e

ex
p

ectation
E
p
erm

[R
I
(A
,B

)]
o
f

th
e

R
an

d
in

d
ex

w
ith

resp
ect

to
th

e
p

erm
u
tation

m
o
d
el

for
th

e
clu

ster
size

seq
u
en

ces
of

clu
sterin

gsA
a
n
d
B

is
g
iv

en
b
y

E
p
erm

[R
I(A

,B
)]

=
2Q
A1
Q
B1
−
(
N2 ) (

Q
A1

+
Q
B1 )

+
(
N2 )

2

(
N2 )

2
(5)

(see
F

ow
lkes

an
d

M
allow

s,
1983,

H
u
b

ert
an

d
A

rab
ie,

1985,
or

A
lb

atin
eh

an
d

N
iew

iad
om

ska-
B

u
ga

j,
2
0
11

fo
r

th
e

fu
ll

d
erivation

).
T

h
e

co
m

m
o
n
ly

u
sed

ad
ju

sted
R

an
d

in
d
ex

(A
R

I)
of

H
u
b

ert
an

d
A

rab
ie

(1985)
u
ses

M
p
erm

to
ca

lcu
la

te
th

e
ex

p
ectation

of
th

e
R

an
d

in
d
ex

,
E
p
erm

[R
I(A

,B
)],

as
fou

n
d

in
E

q
u
ation

5.
T

h
is

ex
p

ecta
tio

n
is

th
en

u
sed

in
E

q
u
ation

1,
alon

g
w

ith
th

e
fact

th
at

th
e

m
a
x
im

u
m

valu
e

o
f

th
e

R
a
n
d

in
d
ex

is
m

ax
p
erm

[R
I]

=
1.0,

to
give

A
R

Ip
erm

(A
,B

)
=

(
N2 )∑

K
A
K
B

k
,m

=
1 (

n
k
m
2

)−
∑

K
A

k
=
1 (

a
k2 )∑

K
B

m
=
1 (

b
m2 )

12 (
N2 ) [∑

K
A

k
=
1 (

a
k2 )

+
∑

K
B

m
=
1 (

b
m2 ) ]−

∑
K
A

k
=
1 (

a
k2 )∑

K
B

m
=
1 (

b
m2 )
.

(6)

4
.2

E
x
p

e
c
te

d
R

a
n

d
In

d
e
x
,

F
ix

e
d

N
u

m
b

e
r

o
f

C
lu

ste
rs

W
e

fo
llow

D
u
B

ien
an

d
W

ard
e

(1981)
to

calcu
late

th
e

R
an

d
in

d
ex

b
etw

een
tw

o
clu

sterin
gs

u
n
d
er

th
e

a
ssu

m
p
tion

s
th

at
b

oth
clu

sterin
gs

w
ere

in
d
ep

en
d
en

tly
a
n
d

u
n
ifo

rm
ly

d
raw

n
from

th
e

en
sem

b
le

o
f

clu
sterin
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w

ith
a

fi
x
ed

n
u
m

b
er

of
clu

sters
(M

n
u
m

).
R

ecall
th
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e
R

an
d
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d
ex

b
etw

een
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o
clu

sterin
gs
A

an
d
B
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given

b
y

th
e

n
u
m

b
er
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e
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t-w
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G
a
t
e
s
a
n
d

A
h
n

p
ro

d
u
ct

of
th

e
b
in

ary
rep

resen
tation

s
vectors

U
A

an
d
U
B

.
T

h
e

ex
p

ected
R

an
d

in
d
ex

u
n
d
er

an
y

ran
d
om

m
o
d
el

is
th

en
th

e
ex

p
ected

n
u
m

b
er

o
f

1s
in

th
is

p
ro

d
u
ct

v
ector,

n
orm

alized
b
y

th
e

total
size

of
th

e
vectorE

[R
I
(A
,B

)]
=

E


1
(
N2 )

(
N2 )
∑α
=
1

1
u
Aα
·u
Bα
=
1 

(7)

=
1
(
N2 )

(
N2 )
∑α
=
1 E
[1

u
Aα
·u
Bα
=
1 ]

=
1
(
N2 )

(
N2 )
∑α
=
1

P
(u
Aα
·u
Bα

=
1)

T
h
e

p
ro

d
u
ct
u
Aα
·
u
Bα

eq
u
als

1
w

h
en

eith
er
u
Aα

=
1

a
n
d
u
Bα

=
1,

or
u
Aα

=
−

1
an

d
u
Bα

=
−

1.
S
in

ce
w

e
assu

m
ed

b
oth

clu
sterin

gs
w

ere
in

d
ep

en
d
en

t,
th

is
gives

P
(u
Aα
·
u
Bα

=
1)

=
P

(u
Aα

=
1)P

(u
Bα

=
1)

+
P

(u
Aα

=
−

1)P
(u
Bα

=
−

1)
(8)

w
h
ere

P
(u
Aα

=
1)

is
th

e
p
rob

ab
ility

th
at

th
e

tw
o

elem
en

ts
v
i

an
d
v
j

are
in

th
e

sam
e

clu
ster

in
clu

sterin
g
A

,
w

h
ere

th
e

elem
en

t
p
air

is
in

d
ex

ed
b
y
α

=
(
N2 )−

(N
−
i)(N

−
i+

1
)

2
+
j−

i
w

ith
i
<
j≤

N
.

L
ikew

ise,
P

(u
Aα

=
−

1)
is

th
e

p
rob

ab
ility

th
at

th
e

tw
o

elem
en

ts
v
i

an
d
v
j

are
in

d
iff

eren
t

clu
sters.

U
n
d
er

th
e

assu
m

p
tion

of
M

n
u
m

,
th

ere
is

a
u
n
iform

p
rob

ab
ility

of
selectin

g
a

clu
sterin

g
from

th
e
S

(N
,K
A

)
clu

sterin
gs

of
N

elem
en

ts
in

to
K
A

clu
sters;

w
e

d
efi

n
e,
P
n
u
m

(u
Aα

=
1)

as
th

e
p
rop

ortion
of

th
ese

clu
sterin

gs
w

ith
elem

en
ts
v
i

an
d
v
j

in
th

e
sam

e
clu

ster.
T

o
fi
n
d

th
is

p
rop

ortion
,

n
otice

th
at

w
e

can
en

su
re
v
i

is
in

th
e

sam
e

clu
ster

as
v
j

b
y

fi
rst

p
artition

in
g

all
elem

en
ts

b
esid

es
v
i

in
to
K
A

clu
sters;

th
en

,
w

e
can

ad
d
v
i

to
th

e
sam

e
clu

ster
as
v
j .

S
in

ce
th

ere
are

S
(N
−

1,K
A

)
su

ch
clu

sterin
gs

w
ith

ou
t

elem
en

t
v
i ,

th
is

gives

P
n
u
m

(u
Aα

=
1)

=
S

(N
−

1
,K
A

)

S
(N
,K
A

)
(9)

P
n
u
m

(u
Aα

=
−

1)
=

1−
S

(N
−

1
,K
A

)

S
(N
,K
A

)
.

(10)

F
in

ally,
th

e
ex

p
ected

R
an

d
in

d
ex

b
etw

een
tw

o
clu

sterin
gs
A

an
d
B

w
ith

K
A

an
d
K
B

clu
sters

assu
m

in
g
M

n
u
m

is
giv

en
b
y

E
n
u
m

[R
I(A

,B
)]

=
S

(N
−

1
,K
A

)

S
(N
,K

A
)

S
(N
−

1,K
B

)

S
(N
,K
B

)

+

(
1−

S
(N
−

1
,K
A

)

S
(N
,K
A

)

)
(

1−
S

(N
−

1
,K
B

)

S
(N
,K
B

)

)
.

(11)

W
h
en

N
is

la
rge,

w
e

can
ap

p
rox

im
ate

th
e

S
tirlin

g
n
u
m

b
ers

of
th

e
secon

d
k
in

d
for

a
fi
x
ed

K
b
y
S

(N
,K

)≈
K
N

K
!
.

T
h
is

can
b

e
in

serted
in

to
eq

u
ation

(11)
to

give
th

e
follow

in
g

ap
p
rox

im
ation

for
th

e
m

ean
of

th
e

R
an

d
in

d
ex

assu
m

in
g
M

n
u
m

E
n
u
m

[R
I(A

,B
)]≈

1

K
A
K
B

+

(
1−

1

K
A

)
(

1−
1K
B )

.
(12)
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e
r
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S
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it
y
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te

re
st

in
gl

y,
th

is
su

gg
es

ts
th

at
th

e
R

an
d

in
d
ex

go
es

to
1
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a

ra
te

in
v
er

se
ly

re
la

te
d

to
th

e
sm

al
le

r
n
u
m

b
er

of
cl

u
st

er
s
O

(m
ax
{K
−
1
A
,K
−
1
B
})

.

4
.3

E
x
p

e
c
te

d
R

a
n

d
In

d
e
x
,

A
ll

C
lu

st
e
ri

n
g
s
M

a
ll

T
h
e

av
er

ag
e

of
th

e
R

an
d

in
d
ex

b
et

w
ee

n
tw

o
cl

u
st

er
in

gs
u
n
d
er

th
e

as
su

m
p
ti

on
th

at
th

e
cl

u
s-

te
ri

n
gs

w
er

e
d
ra

w
n

w
it

h
u
n
if

or
m

p
ro

b
ab

il
it

y
fr

om
th

e
se

t
of

al
l

cl
u
st

er
in

gs
d
ir

ec
tl

y
fo

ll
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fr

om
th

e
ra

n
d
om

m
o
d
el

w
it

h
a

fi
x
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n
u
m

b
er
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cl

u
st

er
s

p
re

v
io

u
sl

y
d
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cu
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ed
.

N
am

el
y,

b
e-

ca
u
se

B
el

l
n
u
m

b
er

s
ar

e
re

la
te

d
to

S
ti

rl
in

g
n
u
m

b
er

s
of

th
e

se
co

n
d

k
in

d
b
y
B
N

=
∑

N k
=
1
S

(N
,k

),
a

si
m

il
ar

re
as

on
in

g
as

fo
ll
ow

ed
fo

r
eq

u
at

io
n

(9
)

gi
ve

s

P
a
ll
(u
α

=
1)

=
N ∑ k
=
1

S
(N
,k

)

B
N

P
n
u
m

(u
k α

=
1)

(1
3)

=
1 B
N

N ∑ k
=
1

S
(N
,k

)S
(N
−

1,
k
)

S
(N
,k

)

=
B
N
−
1

B
N

.
(1

4)

U
si

n
g

th
is

p
ro

b
ab

il
it

y
fo

r
th

e
ex

p
ec

ta
ti

on
in

eq
u
at

io
n

(7
)

gi
ve

s
th

e
ex

p
ec

te
d

R
a
n
d

in
d
ex

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
b

ot
h

cl
u
st

er
in

gs
w

er
e

u
n
if

or
m

ly
d
ra

w
n

fr
om

th
e

se
t

o
f

al
l

cl
u
s-

te
ri

n
gs

of
N

el
em

en
ts

E a
ll
[R

I(
A
,B

)]
=

(
B
N
−
1

B
N

) 2
+

( 1
−
B
N
−
1

B
N

) 2
.

(1
5)

W
h
en

N
is

la
rg

e,
w

e
ca

n
ap

p
ro

x
im

at
e

th
e

ra
ti

o
of

su
cc

es
si

ve
B

el
l

n
u
m

b
er

s
b
y
B
N

+
1

B
N
≈

N
lo
g
N

.
U

si
n
g

th
is

ap
p
ro

x
im

at
io

n
in

eq
u
at

io
n

(1
5)

gi
ve

s
th

e
fo

ll
ow

in
g

ap
p
ro

x
im

at
io

n
fo

r
th

e
m

ea
n

of
th

e
R

an
d

in
d
ex

in
M

a
ll

E a
ll
[R

I(
A
,B

)]
≈
(

lo
g
N

N

) 2
+

( 1
−

lo
g
N

N

) 2
.

(1
6)

In
te

re
st

in
gl

y,
th

is
su

gg
es

ts
th

at
th

e
ex

p
ec

te
d

R
an

d
in

d
ex

b
et

w
ee

n
tw

o
ra

n
d
om

cl
u
st

er
in

gs

go
es

to
1

at
a

ra
te
O
( l

o
g
(N

)
N

) ,
in

v
er

se
ly

p
ro

p
or

ti
on

al
to

th
e

n
u
m

b
er

of
el

em
en

ts
.

4
.4

O
n

e
-S

id
e
d

R
a
n

d

C
on

si
d
er

a
re

fe
re

n
ce

cl
u
st

er
in

g
G

th
at

h
as

th
e

cl
u
st

er
si

ze
se

q
u
en

ce
[g

1
,.
..
,g
K
G
].

T
h
e

b
in

ar
y

p
ai

r
ve

ct
or

re
p
re

se
n
ta

ti
on

of
G

h
as

Q
G 1

1s
an

d
Q
G −
1

=
( N 2

) −
Q
G 1
,
−

1
s.

T
h
e

on
e-

si
d
ed

ex
p

ec
ta

ti
on

of
th

e
R

an
d

in
d
ex

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
cl

u
st

er
in

g
A

w
as

ra
n
d
om

ly
d
ra

w
n

fr
om

ei
th

er
th

e
M

n
u
m

or
M

a
ll

ra
n
d
om

m
o
d
el

s
fo

ll
ow

s
fr

om
tr

ea
ti

n
g

th
e

tw
o

cl
u
st

er
in

gs
in

d
ep

en
d
en

tl
y

as
in

eq
u
at

io
n

(8
).

S
in

ce
th

e
cl

u
st

er
se

q
u
en

ce
fo

r
th

e
re

fe
re

n
ce

cl
u
st

er
in

g
is

fi
x
ed

,
th

e
p
ro

b
ab

il
it

y
th

at
a

ra
n
d
om

en
tr

y
in

th
e

b
in

ar
y

p
a
ir

ve
ct

or
is

1
is

gi
v
en

b
y

th
e

9
JM

L
R

 1
8(

87
):

1-
28

, 2
01

7

G
a
t
e
s
a
n
d

A
h
n

fr
ac

ti
on

of
1s

in
th

e
v
ec

to
r

P
n
u
m

(u
G α

=
1)

=
1 ( N 2

)Q
G 1

(1
7
)

=
1 ( N 2

)
K
G

∑ i=
1

( g
i 2

) .

T
h
e

on
e-

si
d
ed

ex
p

ec
ta

ti
on

of
th

e
R

an
d

in
d
ex

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
cl

u
st

er
in

g
A

w
a
s

ra
n
d
om

ly
d
ra

w
n

fr
om

th
e

se
t

of
al

l
cl

u
st

er
in

gs
w

it
h

a
fi
x
ed

n
u
m

b
er

of
cl

u
st

er
s
M

1 n
u
m

is

E1 n
u
m

[R
I(
A
,G

)]
=

(
S

(N
−

1,
K
A

)

S
(N
,K
A

)

Q
G 1

( N 2

))
+

( 1
−
S

(N
−

1
,K
A

)

S
(N
,K
A

)

)
(

1
−
Q
G 1

( N 2

))
.

(1
8
)

T
h
e

on
e-

si
d
ed

ex
p

ec
ta

ti
on

of
th

e
R

an
d

in
d
ex

w
it

h
th

e
as

su
m

p
ti

o
n

th
at

th
e

ra
n
d
o
m

cl
u
s-

te
ri

n
g
A

is
d
ra

w
n

fr
om

th
e

en
se

m
b
le

of
al

l
p
ar

ti
ti

on
s
M

1 a
ll

is

E1 a
ll
[R

I(
A
,G

)]
=
B
N
−
1

B
N

Q
G 1

( N 2

)
+

( 1
−
B
N
−
1

B
N

)
(

1
−
Q
G 1

( N 2

))
.

(1
9
)

5
.
M

u
tu

a
l
In

fo
rm

a
ti
o
n

A
n
ot

h
er

p
ro

m
in

en
t

fa
m

il
y

of
cl

u
st

er
in

g
si

m
il
ar

it
y

m
ea

su
re

s
is

b
as

ed
on

th
e

S
h
a
n
n
o
n

in
fo

r-
m

at
io

n
b

et
w

ee
n

p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta

ti
on

s
of

ea
ch

cl
u
st

er
in

g.
T

h
es

e
p
ro

b
a
b
il
it

y
d
is

tr
i-

b
u
ti

on
s

ar
e

al
so

ca
lc

u
la

te
d

fr
om

th
e

co
n
ti

n
ge

n
cy

ta
b
le
T

,
T

ab
le

3.
T

h
e

p
a
rt

it
io

n
en

tr
o
p
y

H
of

a
cl

u
st

er
in

g
A

is
gi

v
en

b
y

H
(A

)
=
−

K
A ∑ k
=
1

a
k N

lo
g
a
k N
.

(2
0
)

U
si

n
g

th
is

en
tr

op
y,

th
e

m
u
tu

al
in

fo
rm

at
io

n
M

I(
A
,B

)
b

et
w

ee
n

tw
o

cl
u
st

er
in

g
s
A

a
n
d
B

is
gi

ve
n

b
y

M
I(
A
,B

)
=
H

(A
)

+
H

(B
)
−
H

(A
,B

)

=

K
A
,K
B

∑

k
,m

=
1

n
k
m

N
lo

g
n
k
m
N

a
k
b m

.
(2

1
)

T
h
e

m
u
tu

al
in

fo
rm

at
io

n
ca

n
b

e
in

te
rp

re
te

d
as

an
in

ve
rs

e
m

ea
su

re
of

in
d
ep

en
d
en

ce
b

et
w

ee
n

th
e

cl
u
st

er
in

gs
,

or
a

m
ea

su
re

of
th

e
am

ou
n
t

of
in

fo
rm

at
io

n
ea

ch
cl

u
st

er
in

g
h
a
s

a
b

o
u
t

th
e

ot
h
er

.
A

s
it

ca
n

va
ry

in
th

e
ra

n
ge

[0
,m

in
{H

(A
),
H

(B
)}

],
to

fa
ci

li
ta

te
co

m
p
a
ri

so
n
s,

it
is

d
es

ir
ab

le
to

n
or

m
al

iz
e

it
to

th
e

ra
n
ge

[0
,1

].
T

h
er

e
ar

e
at

le
as

t
si

x
p
ro

p
os

al
s

in
th

e
li
te

ra
tu

re
fo

r
th

is
u
p
p

er
b

ou
n
d
,

ea
ch

w
it

h
d
iff

er
en

t
ad

va
n
ta

ge
s

an
d

d
ra

w
b
ac

k
s

m
in
{H

(A
),
H

(B
)}
≤
√
H

(A
)H

(B
)
≤
H

(A
)

+
H

(B
)

2
(2

2
)

≤
m

ax
{H

(A
),
H

(B
)}
≤

m
ax
{l

og
K
A
,l

og
K
B
}
≤

lo
g
N
.

1
0
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Im
pa

c
t
o
f
R
a
n
d
o
m

M
o
d
e
l
s
o
n
C
l
u
st

e
r
in
g

S
im

il
a
r
it
y

T
h
e

resu
ltin

g
m

easu
res

are
all

k
n
ow

n
as

n
orm

alized
m

u
tu

al
in

form
ation

(N
M

I).
T

h
is

m
ea-

su
re

h
a
s

b
een

said
to

ex
h
ib

it
m

ore
d
esirab

le
p
rop

erties
th

an
th

e
R

an
d

in
d
ex

;
for

ex
am

p
le,

it
is

d
ep

en
d
en

t
on

th
e

relative
p
rop

ortion
s

of
th

e
clu

ster
sizes

in
each

clu
sterin

g
rath

er
th

a
n

th
e

n
u
m

b
er

of
elem

en
ts.

H
ow

ever,
d
u
e

to
its

d
ep

en
d
en

ce
on

th
e

n
u
m

b
er

of
clu

sters
in

ea
ch

clu
sterin

g,
it

is
k
n
ow

n
to

favor
com

p
arison

s
b

etw
een

clu
sterin

gs
w

ith
m

ore
clu

sters
reg

a
rd

less
o
f

an
y

oth
er

sh
ared

clu
sterin

g
featu

res
(W

h
ite

an
d

L
iu

,
1994;

V
in

h
et

al.,
2010;

A
m

elio
a
n
d

P
izzu

ti,
2015).

5
.1

E
x
p

e
c
te

d
M

u
tu

a
l

In
fo

rm
a
tio

n
,

P
e
rm

u
ta

tio
n

M
o
d

e
l

(M
p
e
r
m

)

T
h
e

m
u
tu

a
l

in
form

ation
b

etw
een

tw
o

clu
sterin

gs
h
as

also
p
rev

iou
sly

b
een

stu
d
ied

u
n
d
er

th
e

a
ssu

m
p
tio

n
th

a
t

b
oth

clu
sterin

gs
w

ere
ran

d
om

ly
gen

erated
from

th
e

p
erm

u
tation

m
o
d
el

(V
in

h
et

a
l.,

2
0
09;

R
om

an
o

et
al.,

2014;
V

in
h

et
al.,

2010).
E

x
p
an

d
in

g
th

e
d
efi

n
itio

n
of

th
e

m
u
tu

a
l

in
fo

rm
a
tion

gives

E
p
erm

[M
I(A

,B
)]

=
E
p
erm

[H
(A

)]+
E
p
erm

[H
(B

)]−
E
p
erm

[H
(A
,B

)]
(23)

=
H

(A
)

+
H

(B
)−

E
p
erm

[H
(A
,B

)]

w
h
ere

th
e

seco
n
d

lin
e

follow
s

from
th

e
fact

th
at

all
clu

ster
sizes

(an
d

h
en

ce
th

e
en

trop
y
)

a
re

th
e

sa
m

e
fo

r
ev

ery
clu

sterin
g

in
M

p
erm

.

T
h
e

ex
p

ectation
of

th
e

join
t

en
trop

y
w

ith
resp

ect
to
M

p
erm

for
th

e
clu

ster
size

d
istri-

b
u
tio

n
s

of
clu

sterin
gs
A

an
d
B

is
th

e
average

ov
er

all
p

ossib
le

con
tin

gen
cy

tab
les
T

w
ith

en
tries

n

E
p
erm

[H
(A
,B

)]
=
−
∑T

p
(T
|A
,B

)

K
A
∑k
=
1

K
B

∑m
=
1

nN
log (

nN

)
.

(24)

R
ea

rra
n
gin

g
th

e
su

m
m

ation
s,

an
d

recallin
g

th
at

th
e

en
tries

of
th

e
con

tin
gen

cy
tab

les
a
re

h
y
p

er-g
eom

etrically
d
istrib

u
ted

su
ch

th
at

th
e

p
rob

ab
ility

of
each

en
try

p
(n

)
=

(
b
mn )(

N
−
b
m

a
k −

n )
(
Na
k )

(25)

is
o
n
ly

d
ep

en
d
en

t
on

th
e

row
su

m
a
k

an
d

colu
m

n
su

m
b
m

,
giv

es

E
p
erm

[H
(A
,B

)]
=
−

K
A
∑k
=
1

K
B

∑m
=
1 ∑

n

nN
log (

nN

)
(
b
mn )(

N
−
b
m

a
k −

n )
(
Na
k )

.
(26)

A
cco

rd
in

g
to

th
e

h
y
p

er-geom
etric

d
istrib

u
tio

n
,

th
e

su
m

m
ation

over
tab

le
en

tries
n
k
m

o
c-

cu
rs

b
etw

een
th

e
low

er
b

ou
n
d
:

m
ax{0

,a
k

+
b
m
−
N
}

an
d

th
e

u
p
p

er
b

ou
n
d
:

m
in{a

k ,b
m }

.
C

o
m

b
in

in
g

th
is

ex
p
ression

w
ith

th
e

in
d
iv

id
u
al

en
trop

ies
H

(A
)

an
d
H

(B
)

g
iv

es
(V

in
h

et
al.,

2
0
0
9
)

E
p
erm

[M
I(A

,B
)]

=

K
A
∑k
=
1

K
B

∑m
=
1 ∑

n

nN
log (

N
n

a
k b
m

)
(
b
mn )(

N
−
b
m

a
k −

n )
(
Na
k )

.
(27)

1
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G
a
t
e
s
a
n
d

A
h
n

A
s

sh
ow

n
in

R
om

an
o

et
al.

(2014),
th

e
com

p
u
tation

al
co

m
p
lex

ity
of

calcu
latin

g
th

e
ex

p
ected

m
u
tu

al
in

form
ation

assu
m

in
g

th
e

p
erm

u
tatio

n
m

o
d
el

is
of

ord
erO

(m
a
x{K

A
N
,K
B
N
}
).

T
h
e

ad
ju

sted
m

u
tu

al
in

form
ation

(A
M

I)
of

V
in

h
et

al.
(2009)

u
ses

M
p
erm

to
correct

th
e

M
I

for
ch

an
ce

accord
in

g
to

eq
u
ation

(1)
an

d
selectin

g
an

u
p
p

er
b

ou
n
d

m
ax

[M
I]

from
eq

u
ation

(22)
to

give

A
M

I(A
,B

)
=

M
I(A

,B
)−

E
p
erm

[M
I(A

,B
)]

m
ax

p
erm

[M
I]−

E
p
erm

[M
I(A

,B
)] .

(28)

5
.2

E
x
p

e
c
te

d
M

u
tu

a
l

In
fo

rm
a
tio

n
,

F
ix

e
d

N
u

m
b

e
r

o
f

C
lu

ste
rs

(M
n
u
m

)

N
ex

t,
w

e
con

sid
er

th
e

M
u
tu

al
In

form
ation

b
etw

een
tw

o
clu

sterin
gs

u
n
d
er

th
e

assu
m

p
tion

s
th

at
b

oth
clu

sterin
gs

w
ere

in
d
ep

en
d
en

tly
an

d
u
n
iform

ly
d
raw

n
from

th
e

en
sem

b
le

of
clu

ster-
in

gs
w

ith
a

fi
x
ed

n
u
m

b
er

of
clu

sters
(M

n
u
m

).
In

th
is

case,
th

e
ex

p
ected

m
u
tu

al
in

form
ation

is
d
ep

en
d
en

t
on

b
oth

th
e

av
erage

p
artition

en
trop

y
an

d
th

e
join

t
p
artition

en
trop

y

E
n
u
m

[M
I(A

,B
)]

=
E
n
u
m

[H
(A

)]+
E
n
u
m

[H
(B

)]−
E
n
u
m

[H
(A
,B

)].
(29)

T
h
is

ex
p

ectation
can

b
e

fou
n
d

b
y

con
sid

erin
g

th
e

av
erage

p
artition

en
trop

y
an

d
join

t
p
arti-

tion
en

trop
y

sep
arately.

R
ecall

th
at

in
th

e
p

erm
u
tation

m
o
d
elE

p
erm

[H
(A

)]
=
H

(A
)

sin
ce

th
e

clu
ster

sizes
rem

ain
u
n
ch

an
ged

;
h
ow

ev
er,

th
e

sam
e

d
o
es

n
ot

h
old

in
M

n
u
m

.
D

en
otin

g
a

ran
d
om

clu
sterin

g
w

ith
K
A

clu
sters

as
π
K
A

,
an

d
u
sin

g
th

e
n
otion

∑
σ
i ∈
π
K
A

to
in

d
icate

th
e

su
m

m
ation

ov
er

all
clu

sters
in

th
e

clu
sterin

g
π
K
A

,
w

h
ere

th
e

card
in

a
lity

of
th

e
clu

ster
is|σ

i |
=
a
,

th
en

th
e

ex
p

ected
p
artition

en
trop

y
of

a
ran

d
om

clu
sterin

g
in
M

n
u
m

is

E
n
u
m

[H
(A

)]
=
−
∑π
K
A

p
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b
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p
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−
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d
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m
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p
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p
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b
er

o
f

clu
sters

of
size

a
from

a
clu

sterin
g

w
ith

12
JM

L
R

 18(87):1-28, 2017



Im
pa

c
t
o
f
R
a
n
d
o
m

M
o
d
e
l
s
o
n
C
l
u
st

e
r
in
g

S
im

il
a
r
it
y

K
A

cl
u
st

er
s,

th
e

ex
p

ec
te

d
n
u
m

b
er

of
cl

u
st

er
s

of
si

ze
b

fr
om

a
cl

u
st

er
in

g
w

it
h
K
B

cl
u
st

er
s,

an
d

th
en

co
n
si

d
er

in
g

th
e

p
ro

b
ab

il
it

y
of

ov
er

la
p
p
(n
k
m

)
=

(
b

n
k
m

)(
N
−
b

a
−
n
k
m

)

(N a
)

fr
o
m

th
e

re
su

lt
in

g

ra
n
d
om

co
n
ti

n
ge

n
cy

ta
b
le

E n
u
m

[H
(A
,B

)]
=
−
∑ π
K
A

p
n
u
m

(π
K
A

)
∑ π
K
B

p
n
u
m

(π
K
B
)

×
K
A ∑ k
=
1

K
B

∑ m
=
1

∑ n

n N
lo

g

(
N
n

a
k
b m

)
( b
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−
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−

1
)

S
(N
,K
B

)

n N
lo

g
(
n N

)
( b n

)(
N
−
b

a
−
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N
ot

e
th

at
,

w
h
en

u
si

n
g

eq
u
at

io
n

(1
)

to
ad

ju
st

th
e

m
u
tu

al
in

fo
rm

at
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b
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≤
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m
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√
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m
ax
{l

og
K
A
,l

og
K
B
}.

(3
3)

A
s

is
ap

p
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p
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at
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p
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c
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at
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b
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d
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p
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u
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p
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.
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b
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b
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p
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b
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d
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p
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c
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b
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b
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b
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l
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e

ca
se

fo
r

th
e

on
e-

si
d
ed

ex
p

ec
te

d
R

an
d

in
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d
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−
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−
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d
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re

fo
u
r

p
o
ss

ib
il
it

ie
s

w
h
en

u
si

n
g

tw
o

m
ea

su
re

s
to

as
se

ss
si

m
il
ar

it
y

w
it

h
re

sp
ec

t
to

th
e

ra
n
d
o
m

b
a
se

li
n
e:

b
ot

h
ra

n
d
om

m
o
d
el

s
co

n
cl

u
d
e

b
et

te
r

th
an

ch
an

ce
(b

lu
e,

q
u
ad

ra
n
t

I)
,

b
o
th

ra
n
-

d
om

m
o
d
el

s
co

n
cl

u
d
e

w
or

se
th

an
ch

an
ce

(g
re

en
,

q
u
ad

ra
n
t

II
I)

,
M

p
er
m

co
n
cl

u
d
es

b
et

te
r

th
an

ch
an

ce
b
u
t
M

1 n
u
m

co
n
cl

u
d
es

w
o
rs

e
th

an
ch

an
ce

(p
in

k
,

q
u
a
d
ra

n
t

IV
),

an
d

v
is

a-
v
er

sa
(o

ra
n
ge

,
q
u
ad

ra
n
t

II
).

b
,

T
h
e

as
su

m
ed

ra
n
d
om

m
o
d
el

a
ff

ec
ts

th
e

cl
as

si
fi
ca

ti
on

of
cl

u
st

er
in

g
co

m
p
ar

is
on

s
w

it
h

re
sp

ec
t

to
th

e
ra

n
d
om

b
a
se

li
n
e

in
al

l
fo

u
r

ra
n
d
om

m
o
d
el

s
co

n
si

d
er

ed
h
er

e
(M

1 n
u
m
,M

n
u
m
,M

a
ll

an
d
M

1 a
ll
)

v
s.
M

p
er
m

.

C
lu

st
er

in
gs

ar
e

id
en

ti
fi
ed

v
ia

ag
gl

om
er

at
iv

e
h
ie

ra
rc

h
ic

al
cl

u
st

er
in

g
u
si

n
g

co
rr

el
a
ti

o
n

to
co

m
p
u
te

th
e

av
er

ag
e

li
n
ka

ge
b

et
w

ee
n

d
at

a
p

oi
n
ts

,
a

co
m

m
on

cl
u
st

er
in

g
m

et
h
o
d
o
lo

g
y

in
b
io

lo
gy

.
W

h
il
e

m
an

y
ot

h
er

m
et

h
o
d
s

co
u
ld

b
e

u
se

d
(a

n
d

in
d
ee

d
,

w
er

e
co

m
p
ar

ed
in

d
e

S
o
u
to

et
al

.,
20

08
),

w
e

u
se

h
ie

ra
rc

h
ic

al
cl

u
st

er
in

g
as

a
re

p
re

se
n
ta

ti
ve

ex
am

p
le

to
il
lu

st
ra

te
th

e
co

n
se

q
u
en

ce
s

of
th

e
ra

n
d
om

m
o
d
el

.
S
in

ce
h
ie

ra
rc

h
ic

al
cl

u
st

er
in

g
p
ro

d
u
ce

s
a

cl
u
st

er
in

g
w

it
h

th
e

u
se

r
sp

ec
ifi

ed
n
u
m

b
er

of
cl

u
st

er
s,

it
s

si
m

il
ar

it
y

sh
ou

ld
b

e
ad

ju
st

ed
u
si

n
g

th
e

o
n
e-

si
d
ed

A
d
ju

st
ed

R
an

d
in

d
ex

as
su

m
in

g
M

1 n
u
m

,
w

h
er

e
th

e
re

fe
re

n
ce

cl
u
st

er
in

g
is

sp
ec

ifi
ed

fo
r

ea
ch

st
u
d
y

in
d
iv

id
u
al

ly
.

F
ig

u
re

5
sh

ow
s

th
e

si
m

il
ar

it
y

b
et

w
ee

n
th

e
d
er

iv
ed

cl
u
st

er
in

g
an

d
th

e
re

fe
re

n
ce

cl
u
st

er
in

g
fo

r
ea

ch
of

th
e

35
st

u
d
ie

s.
T

h
e

A
d
ju

st
ed

R
an

d
in

d
ex

as
su

m
in

g
M

p
er
m

is
sh

ow
n

o
n

th
e
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Im
pa

c
t
o
f
R
a
n
d
o
m

M
o
d
e
l
s
o
n
C
l
u
st

e
r
in
g

S
im

il
a
r
it
y

x
-a

x
is;

p
o
sitive

scores
(b

lu
e

an
d

p
in

k
p

oin
ts)

d
en

ote
th

e
m

eth
o
d

p
erform

ed
b

etter
th

an
th

e
ra

n
d
om

b
a
selin

e,
w

h
ile

n
egativ

e
scores

(oran
ge

an
d

green
p

oin
ts)

d
en

ote
th

e
m

eth
o
d

p
erfo

rm
ed

w
o
rse

th
an

th
e

ran
d
om

b
aselin

e.
W

h
en

th
e

A
d
ju

sted
R

an
d

in
d
ex

assu
m

in
g
M

1n
u
m

is
u
sed

(y
-a

x
is),

a
d
iff

eren
t

classifi
cation

of
m

eth
o
d

p
erform

an
ce

w
ith

resp
ect

to
th

e
ran

d
om

b
a
selin

e
is

fo
u
n
d
.

O
f

p
articu

lar
n
ote

are
th

e
seven

stu
d
ies

for
w

h
ich

th
e

m
eth

o
d

p
erform

ed
b

etter
th

a
n

ch
a
n
ce

accord
in

g
to
M

p
erm

,
yet,

M
1n
u
m

co
n
clu

d
es

th
e

m
eth

o
d

actu
ally

p
erform

ed
w

o
rse

th
a
n

ch
a
n
ce

(p
in

k
p

oin
ts).

In
th

is
ca

se,
a

ra
n

d
o
m

clu
sterin

g
d
ra

w
n

fro
m

th
e

m
od

el
w

ith
a

fi
xed

n
u

m
ber

o
f

clu
sters

w
o
u

ld
a
ctu

a
lly

perfo
rm

better
th

a
n

a
gglo

m
era

tive
h
iera

rch
ica

l
clu

sterin
g,

yet
th

e
p
ra

ctitio
n

er
u

sin
g

th
e

perm
u

ta
tio

n
m

od
el

w
o
u

ld
in

co
rrectly

co
n

clu
d
e

th
e

m
eth

od
w

a
s

perfo
rm

in
g

better
th

a
n

ch
a
n

ce.
T

h
is

d
iscrep

an
cy

o
ccu

rs
even

w
h
en

th
e

valu
es

of
th

e
A

d
ju

sted
R

an
d

in
d
ex

assu
m

in
g
M

p
erm

are
relativ

ely
h
igh

(>
0
.4).

S
im

ilarly
in

terestin
g

a
re

th
e

th
ree

stu
d
ies

in
w

h
ich

th
e

m
eth

o
d

p
erform

ed
w

orse
th

an
ch

an
ce

accord
in

g
to
M

p
erm

,
yet,

M
1n
u
m

co
n
clu

d
es

th
e

m
eth

o
d

actu
ally

p
erform

ed
b

etter
th

an
ch

an
ce

(oran
ge

p
oin

ts).

7
.
D
iscu

ssio
n

G
iven

th
e

p
revalen

ce
of

clu
sterin

g
m

eth
o
d
s

for
an

aly
zin

g
d
ata,

clu
sterin

g
com

p
arison

is
a

fu
n
d
a
m

en
ta

l
p
rob

lem
th

at
is

p
ertin

en
t

to
n
u
m

erou
s

areas
of

scien
ce.

In
p
articu

lar,
th

e
co

rrectio
n

o
f

clu
sterin

g
sim

ilarity
for

ch
an

ce
serves

to
estab

lish
a

b
aselin

e
th

at
facilitates

co
m

p
a
rison

s
b

etw
een

d
iff

eren
t

clu
sterin

g
solu

tion
s.

E
x
p
an

d
in

g
p
rev

iou
s

stu
d
ies

on
th

e
selectio

n
o
f

a
n

ap
p
rop

riate
m

o
d
el

for
ran

d
om

clu
sterin

gs
(M

eila,
2005;

V
in

h
et

al.,
2
009;

R
o
m

a
n
o

et
al.,

2016),
ou

r
w

ork
p
rov

id
es

an
ex

ten
siv

e
su

m
m

ary
of

ran
d
om

m
o
d
els

an
d

clearly
d
em

o
n
stra

tes
th

e
stron

g
im

p
act

of
th

e
ran

d
om

m
o
d
el

on
th

e
in

terp
reta

tion
of

clu
sterin

g
resu

lts.

O
u
r

resu
lts

u
n
d
erp

in
th

e
im

p
ortan

ce
of

selectin
g

th
e

ap
p
rop

riate
ran

d
om

m
o
d
el

for
a

g
iven

co
n
tex

t.
T

o
th

at
en

d
,

w
e

off
er

th
e

follow
in

g
gu

id
elin

es:

1
.

C
o
n
sid

er
w

h
at

is
fi
x
ed

b
y

th
e

clu
sterin

g
m

eth
o
d
:

d
o

all
clu

sterin
gs

h
ave

a
u
ser

sp
ecifi

ed
n
u
m

b
er

o
f

clu
sters

(u
se
M

n
u
m

),
or

is
th

e
clu

ster
size

seq
u
en

ce
fi
x
ed

(u
se
M

p
erm

)?

2
.

Is
th

e
com

p
arison

again
st

a
referen

ce
clu

sterin
g

(u
se

a
on

e-sid
ed

com
p
arison

),
o
r

are
yo

u
co

m
p
arin

g
tw

o
d
eriv

ed
clu

sterin
gs

(th
en

u
se

a
tw

o-sid
ed

com
p
arison

)?

T
h
e

sp
ecifi

c
com

p
arison

s
stu

d
ied

h
ere

are
n
ot

m
ean

t
to

estab
lish

th
e

su
p

eriority
of

a
p
a
rticu

la
r

clu
sterin

g
id

en
tifi

cation
tech

n
iq

u
e

or
a

sp
ecifi

c
ran

d
om

clu
sterin

g
m

o
d
el,

rath
er,

th
ey

illu
strate

th
e

im
p

ortan
ce

of
th

e
ch

o
ice

of
th

e
ran

d
om

m
o
d
el.

C
ru

cia
lly,

con
clu

sion
s

b
a
sed

o
n

corrected
sim

ilarity
m

easu
res

can
ch

an
ge

d
ep

en
d
in

g
on

th
e

ran
d
om

m
o
d
el

for
clu

sterin
g
s.

T
h
erefore,

p
rev

iou
s

stu
d
ies

w
h
ich

d
id

p
rom

ote
m

eth
o
d
s

b
ased

o
n

ev
id

en
ce

from
co

rrected
sim

ilarity
m

easu
res

sh
ou

ld
b

e
re-evalu

ated
in

th
e

con
tex

t
of

th
e

a
p
p
rop

riate
ra

n
d
o
m

m
o
d
el

for
clu

sterin
gs

(Y
eu

n
g

et
al.,

200
1;

d
e

S
ou

to
et

al.,
2008;

Y
eu

n
g

an
d

R
u
zzo,

2
0
0
1
;

T
h
a
la

m
u
th

u
et

al.,
2006;

M
cN

ich
olas

an
d

M
u
rp

h
y
,

2010
).

T
h
ro

u
g
h
o
u
t

th
is

w
ork

,
w

e
assu

m
ed

a
u
n
iform

p
rob

ab
ility

of
selectin

g
a

p
artition

given
a

co
n
stra

in
t

on
th

e
ty

p
es

of
p
artition

s
in

th
e

en
sem

b
le.

H
ow

ever,
oth

er
p
ro

b
ab

ility
d
is-

trib
u
tio

n
s

cou
ld

b
e

u
sed

w
h
ich

b
etter

m
o
d
el

th
e

clu
sterin

gs
en

cou
n
tered

in
p
ractice.

F
or

ex
am

p
le,

in
stea

d
of

u
sin

g
a

u
n
iform

d
istrib

u
tion

over
th

e
n
u
m

b
er

of
clu

sters,
on

e
cou

ld
co

n
sid

er
a
n

in
ferred

d
istrib

u
tion

for
th

e
n
u
m

b
er

of
clu

sters
actu

ally
u
n
covered

b
y

a
giv

en
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G
a
t
e
s
a
n
d

A
h
n

m
eth

o
d

(e.g.
affi

n
ity

p
rop

agation
).

T
h
is

is
p
articu

larly
relevan

t
w

h
en

con
sid

erin
g
M

a
ll ,

an
ex

trem
e

case
for

ran
d
om

p
artition

s.
A

d
d
ition

ally,
given

th
a
t

m
an

y
sy

stem
s

ex
h
ib

it
clu

s-
terin

gs
w

ith
a

h
eav

y
-tailed

clu
ster

size
seq

u
en

ce,
clu

sterin
gs

w
ith

su
ch

skew
ed

clu
ster

size
d
istrib

u
tion

s
cou

ld
b

e
favored

.
C

h
an

ges
to

th
e

p
rior

p
rob

a
b
ilities

w
ou

ld
likely

ch
an

ge
th

e
ex

p
ectation

s
of

th
e

clu
sterin

g
sim

ilarity
m

easu
res.

T
h
e

b
eh

av
ior

of
th

e
R

an
d

in
d
ex

an
d

M
u
tu

al
In

form
ation

in
th

e
con

tex
t

o
f

th
e

ran
d
om

clu
sterin

g
m

o
d
els

d
iscu

ssed
h
ere

fu
rth

er
reveals

p
rob

lem
s

w
ith

b
oth

m
easu

res.
S
p

ecifi
cally,

th
e

ex
p

ected
sim

ilarity
of

ran
d
om

clu
sterin

gs
in

creases
as

th
e

n
u
m

b
er

of
elem

en
ts

grow
s.

In
tu

ition
w

ou
ld

su
ggest

th
e

op
p

osite;
th

e
sim

ilarity
of

tw
o

ran
d
om

ly
selected

clu
sterin

gs
sh

ou
ld

d
ecrease

as
th

e
n
u
m

b
er

of
elem

en
ts

in
creases

b
ecau

se
it

is
h
ard

er
to

m
atch

th
e

ele-
m

en
t

m
em

b
ersh

ip
s

to
clu

sters
b

etw
een

tw
o

ran
d
om

clu
sterin

gs.
In

stead
,

b
oth

M
I

an
d

R
an

d
are

d
om

in
ated

b
y

th
e

fact
th

at
th

e
ex

p
ected

n
u
m

b
er

of
clu

sters
an

d
clu

ster
size

d
istrib

u
tion

are
con

v
ergin

g
w

ith
in

creasin
g
N

(M
an

sou
r,

2012).
O

u
r

an
aly

sis
also

illu
strates

th
e

d
e-

p
en

d
en

cy
on

th
e

n
orm

alization
term

for
M

I,
w

h
ich

,
com

b
in

ed
w

ith
a

p
rev

iou
sly

estab
lish

ed
b
ias

on
th

e
n
u
m

b
er

of
clu

sters,
su

ggests
m

o
re

care
sh

ou
ld

b
e

taken
w

h
en

in
terp

retin
g

th
e

resu
lts

of
M

I
clu

sterin
g

com
p
arison

s.
In

con
clu

sion
,

ou
r

fram
ew

ork
for

th
e

correction
of

clu
sterin

g
sim

ilarity
for

ch
an

ce
al-

low
s

for
m

ore
con

sciou
s

com
p
arison

s
b

etw
een

clu
sterin

gs.
T

h
e

p
ractition

er
sh

ou
ld

alw
ay

s
p
rov

id
e

ju
stifi

cation
for

th
eir

ch
oice

of
ran

d
om

clu
sterin

g
m

o
d
el

an
d

treatm
en

t
of

on
e-sid

ed
com

p
arison

s.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

th
an

k
Ian

W
o
o
d
,

S
an

tosh
M

an
icka,

J
am

es
B

agrow
,

S
u
n
e

L
eh

m
an

n
,

A
aron

C
lau

set,
R

an
d
all

D
.

B
eer,

an
d

L
u
is

M
.

R
o
ch

a
fo

r
h
elp

fu
l

d
iscu

ssion
s.

W
e

also
th

an
k

tw
o

an
on

y
m

ou
s

rev
iew

ers
for

th
eir

w
on

d
erfu

l
in

sigh
ts

an
d

su
ggestion

s
to

im
p
rove

th
e

p
ap

er.
A

p
ackage

to
com

p
u
ter

th
e

ad
ju

sted
sim

ilarity
m

easu
res

is
availab

le
on

th
e

au
th

or’s
gith

u
b
:

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
a
j
g
a
t
e
s
4
2
/
c
l
u
s
i
m

A
p
p
e
n
d
ix

A
.
S
tirlin

g
a
n
d
B
e
ll
N
u
m
b
e
rs

T
h
e

S
tirlin

g
n
u
m

b
er

of
th

e
secon

d
k
in

d
S

(n
,k

)
gives

th
e

n
u
m

b
er

of
w

ay
s

to
p
artition

a
set

of
n

elem
en

ts
in

to
k

clu
sters,

w
h
ere

S
(n
,k

)
=

1k
!

k
∑j=

0 (−
1)
k−

j (
kj )
j
n
.

(40)

T
h
ere

are
several

recu
rren

ce
relation

s
w

h
ich

also
give

S
(n
,k

),
on

e
of

th
e

m
ost

u
sefu

l
is

th
e

relation

S
(0,0)

=
1

S
(n
,0)

=
S

(0,n
)

=
0

(4
1)

S
(n

+
1
,k

)
=
k
S

(n
,k

)
+
S
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H
ierarchical

Clustering
via

Spreading
M

etrics

spectralclustering
is
due

to
(Rechtetal.,2012)w

hich
approxim

ates
the

nonnegative
m
atrix

factorization
(N

M
F)problem

by
LPs.

LP
relaxations

forhierarchicalclustering
have

also
been

studied
in

(A
ilon

and
Charikar,2005)w

here
the

objective
is

to
fita

tree
m
etric

to
a
data

setgiven
pairw

ise
dissim

ilarities.
W
hile

the
LP

relaxation
and

rounding
algorithm

in
(A

ilon
and

Charikar,2005)issim
ilarin

flavor,the
resultisincom

parable
to

ours(see
Section

8
for

a
discussion).

A
nother

w
ork

thatis
indirectly

related
to

our
approach

is
(D

iSum
m
a
etal.,

2015)w
here

the
authorsstudy

an
ILP

to
obtain

a
closestultram

etric
to

arbitrary
functionson

a
discrete

set.
O
urapproach

isto
give

a
com

binatorialcharacterization
ofthe

ultram
etricsinduced

by
the

costfunction
of

(D
asgupta,2016)w

hich
allow

s
us

to
use

the
tools

from
(D

iSum
m
a
etal.,2015)to

m
odelthe

problem
as

an
ILP.The

naturalLP
relaxation

ofthis
ILP

turns
outto

be
closely

related
to

LP
relaxations

considered
before

forseveralgraph
partitioning

problem
s(see,e.g.,(Leighton

and
Rao,1988,1999;Even

etal.,1999;
K
rauthgam

eretal.,2009))and
w
eusearounding

techniquestudied
in
thiscontextto

round
thisLP

relaxation.

Recently,w
e
becam

e
aw

are
ofindependentw

ork
by

(Charikarand
Chatziafratis,2017)obtaining

sim
ilarre-

sultsforhierarchicalclustering.In
particular(Charikarand

Chatziafratis,2017)im
prove

the
approxim

ation
factorto

O
( α

n ) ,w
here

α
n
istheapproxim

ation
factoroftheuniform

SparsestCutproblem
,by

show
ing

how
to

round
a
spreading

m
etric

SD
P
relaxation.

The
analysis

ofthis
rounding

procedure
also

enabled
them

to
show

thatthetop-dow
n
heuristicof(D

asgupta,2016)actually
returnsan

O
(α

n )approxim
ateclustering

rather
than

an
O

( α
n

log
n

)
approxim

ate
clustering.Thisim

provesthe
approxim

ation
factorto

O
( √

log
n )

using
(A

rora
etal.,2009)forsolving

the
uniform

SparsestCutproblem
.
(Charikarand

Chatziafratis,2017)also
analyzed

a
sim

ilarLP
relaxation

using
the

divide-and-conquer
approxim

ation
algorithm

s
using

spreading
m
etrics

paradigm
of(Even

etal.,2000)togetherw
ith

a
resultof(Bartal,2004)to

show
an

O
(log

n
)
ap-

proxim
ation.Finally,(Charikarand

Chatziafratis,2017)also
gave

sim
ilarconstantfactorinapproxim

ability
resultsforthisproblem

.

1.2
Contribution

W
hilestudying

convex
relaxationsofoptim

ization
problem

sisfairly
natural,forthecostfunction

introduced
in

(D
asgupta,2016)how

ever,itisnotim
m
ediately

clearhow
one

w
ould

go
aboutw

riting
such

a
relaxation.

O
urfirstcontribution

isto
giveacom

binatorialcharacterization
ofthefam

ily
ofultram

etricsinduced
by

this
costfunction

on
hierarchies.Inspired

by
theapproach

in
(D

iSum
m
aetal.,2015)w

heretheauthorsstudy
an

integerlinearprogram
forfinding

theclosestultram
etric,w

eareableto
form

ulatetheproblem
offinding

the
m
inim

um
costhierarchicalclustering

asan
integerlinearprogram

.Interestingly
and

perhapsunsurprisingly,
the

specific
fam

ily
ofultram

etricsinduced
by

thiscostfunction
give

rise
to

linearconstraintsstudied
before

in
the

contextoffinding
balanced

separators
in

w
eighted

graphs.
W
e
then

show
how

to
round

an
optim

al
fractionalsolution

using
thespheregrowing

techniquefirstintroduced
in
(Leighton

and
Rao,1988)(seealso

(G
arg

etal.,1996;Even
etal.,1999;Charikaretal.,2003))to

recovera
tree

ofcostatm
ostO

(log
n

)
tim

es
theoptim

altreeforthiscostfunction.Thegeneralization
ofthiscostfunction

involvesscaling
every

pairw
ise

distances
by

an
arbitrary

strictly
increasing

function
f
satisfying

f(0)
=

0.
W
e
m
odify

the
integerlinear

program
forthisgeneralcaseand

show
thattherounding

algorithm
stillfindsahierarchicalclustering

ofcost
atm

ostO
(log

n
)tim

estheoptim
alclustering

in
thissetting.Com

plem
enting

thealgorithm
s,w

ealso
show

a
constantfactorinapproxim

ability
resultforthisproblem

undertw
o
differentsettings:1)forany

polynom
ial

tim
e
algorithm

underthe
Sm

allSetExpansion
hypothesisand,2)unconditionally,forany

polynom
ialsized

LP
and

SD
P
relaxations.

W
e
conclude

w
ith

an
experim

entalstudy
of

the
integer

linear
program

and
the

rounding
algorithm

on
som

e
synthetic

and
realw

orld
data

sets
to

show
thatthe

approxim
ation

algorithm
often

recoversclusterscloseto
thetrueoptim

um
(according

to
thiscostfunction)and

thatitsprojectionsinto
flatclustersoften

hasa
bettererrorrate

than
the

linkage
based

algorithm
sand

the
k-m

eansalgorithm
.
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2.Prelim
inaries

A
sim

ilarity
based

clustering
problem

consistsofa
datasetV

ofn
pointsand

a
sim

ilarity
function

κ
:V
×

V
→

R
≥

0
such

that
κ
(i,j)

isa
m
easure

ofthe
sim

ilarity
betw

een
iand

jforany
i,j∈

V
.W

e
w
illassum

e
thatthe

sim
ilarity

function
issym

m
etric

i.e.,
κ
(i,j)

=
κ
(j,i)

forevery
i,j∈

V
.N

ote
thatw

e
do

notm
ake

any
assum

ptions
aboutthe

points
in

V
com

ing
from

an
underlying

m
etric

space.
Fora

given
instance

ofa
clustering

problem
w
ehavean

associated
w
eighted

com
pletegraph

K
n w

ith
vertex

setV
and

w
eightfunction

given
by

κ.
A

hierarchicalclustering
ofV

is
a
tree

T
w
ith

a
designated

rootr
and

w
ith

the
elem

ents
ofV

asitsleaves,i.e.,leaves(T
)

=
V
.Forany

setS
⊆

V
w
e
denote

the
lowestcom

m
on

ancestor
ofS

in
T
by

lca(S
).Forpairsofpointsi,j∈

V
w
ew

illabusethenotation
forthesakeofsim

plicity
and

denote
lca({i,j}

)
sim

ply
by

lca(i,j).
Fora

node
v
of

T
w
e
denote

the
subtree

of
T
rooted

atv
by

T
[v

].
The

follow
ing

cost
function

w
asintroduced

by
(D

asgupta,2016)to
m
easure

the
quality

ofthe
hierarchicalclustering

T

cost(T
)

:=
∑

{i,j}∈
E

(K
n ) κ

(i,j)| leaves(T
[lca(i,j)])| .

(1)

The
intuition

behind
thiscostfunction

isasfollow
s.LetT

be
a
hierarchicalclustering

w
ith

designated
root

r
so

thatr
represents

the
w
hole

data
setV

.
Since

leaves(T
)

=
V
,every

internalnode
v
∈

T
represents

a
clusterofits

descendantleaves,w
ith

the
leaves

them
selves

representing
singleton

clusters
ofV

.
Starting

from
r
and

going
dow

n
the

tree,every
distinctpairofpoints

i,j∈
V

w
illbe

eventually
separated

atthe
leaves.If

κ
(i,j)

islarge,i.e.,iand
jare

very
sim

ilarto
each

otherthen
w
e
w
ould

like
them

to
be

separated
as

fardow
n
the

tree
as

possible
if

T
is
a
good

clustering
ofV

.
This

is
enforced

in
the

costfunction
(1):

if
κ
(i,j)islarge

then
the

num
berofleavesoflca(i,j)should

be
sm

alli.e.,lca(i,j)should
be

farfrom
the

root
r
of

T.Such
a
costfunction

isnotunique
how

ever;see
Section

8
forsom

e
othercostfunctionsofa

sim
ilar

flavor.
N
ote

thatw
hile

requiring
κ
to

be
non-negative

m
ightseem

like
an

artificialrestriction,costfunction
(1)

breaksdow
n
w
hen

allthe
κ
(i,j)

<
0,since

in
thiscase

the
trivialclustering

r,T
∗
w
here

T
∗
isthe

stargraph
w
ith

V
asitsleavesisalw

aysthe
m
inim

izer.Therefore
in

the
restofthisw

ork
w
e
w
illassum

e
that

κ
≥

0.
Thisisnotarestriction

com
pared

to
(D

asgupta,2016),sincetheSparsestCutalgorithm
used

asasubroutine
also

requiresthisassum
ption.Letusnow

briefly
recallthe

notion
ofan

ultram
etric.

Definition
1
(Ultram

etric)
An

ultram
etric

on
a
set

X
ofpoints

is
a
distance

function
d

:
X
×

X
→

R

satisfying
the

following
propertiesforevery

x,y,z∈
X

1.
Nonnegativity:

d
(x,y

)≥
0
with

d
(x,y

)
=

0
iff

x
=

y,

2.
Sym

m
etry:

d
(x,y

)
=

d
(y,x

),

3.
Strong

triangleinequality:
d
(x,y

)≤
m

ax{d
(y,z),d

(z,x
)}.

N
otethatdueto

therequirem
entofstrong

triangleinequality,ultram
etricsonly

adm
itacuteisoscelestriangles

and
equilaterialtriangles,in

contrastto
generalm

etricspaces.U
nderthecostfunction

(1),onecan
interpret

thetree
T
asinducing

an
ultram

etric
d

T
on

V
given

by
d

T
(i,j)

:=
| leaves(T

[lca
( i,j) ])| −

1.Thisisan
ultra-

m
etric

since
d

T
(i,j)

=
0
iff

i
=

jand
forany

triple
i,j,k∈

V
w
e
have

d
T
(i,j)≤

m
ax{d

T
(i,k),d

T
(j,k)}.

In
the

follow
ing

definition
w
e
introduce

the
notion

ofnon-trivialultram
etrics,w

hich
turn

outto
be

precisely
the

ultram
etricsthatare

induced
by

tree
decom

positionsofV
corresponding

to
costfunction

(1),asw
e
w
ill

show
in

Corollary
8.

W
e
use

the
notation

x
∼

y
to

denote
an

equivalence
relation

betw
een

x
and

y.
N
ote

thatifd
isan

ultram
etric,then

x
∼

y
iff

d
(x,y

)≤
tisan

equivalence
relation

forevery
t∈

R
.

Definition
2

An
ultram

etric
d
on

a
setofpoints

V
isnon-trivialifthe

following
conditionshold.
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H
ie

ra
rc

hi
ca

l
Cl

us
te

ri
ng

vi
a

Sp
re

ad
in

g
M

et
ri

cs

r

lc
a
(i
,j

)

i
j

Fi
gu

re
1:

Ex
am

pl
e
hi
er
ar
ch
ic
al
cl
us
te
rin

g
sh
ow

in
g
th
e

lc
a
of

tw
o
da
ta
po

in
ts

ia
nd

j.

1.
Fo

re
ve
ry

no
n-
em

pt
y
se
tS
⊆

V
,t
he
re

is
a
pa

ir
of

po
in
ts

i,
j∈

S
su
ch

th
at

d(
i,

j)
≥
|S
|−

1.

2.
Fo

ra
ny

t,
if

S t
is
an

eq
ui
va
le
nc
e
cl
as
so

fV
un

de
rt
he

re
la
tio

n
i∼

ji
ff

d(
i,

j)
≤

t,
th
en

m
ax

i,j
∈S

t
d(

i,
j)
≤
|S

t|
−

1.

N
ot
e
th
at

fo
ra

n
eq
ui
va
le
nc
e
cl
as
s

S t
w
he
re

d(
i,

j)
≤

t
fo
re

ve
ry

i,
j
∈

S t
it
fo
llo

w
s
fro

m
Co

nd
iti
on

1
th
at

t
≥
|S

t|
−

1.
Th

us
in

th
e
ca
se

w
he
n

t
=
|S

t|
−

1
th
e
tw
o
co
nd

iti
on

s
im

pl
y
th
at

th
e
m
ax
im

um
di
sta

nc
e

be
tw
ee
n
an
y
tw
o
po

in
ts
in

S
is

t
an
d
th
at

th
er
e
is
a
pa
ir

i,
j
∈

S
fo
rw

hi
ch

th
is
m
ax
im

um
is
at
ta
in
ed
.
Th

e
fo
llo

w
in
g
le
m
m
a
sh
ow

st
ha
tn

on
-tr
iv
ia
lu

ltr
am

et
ric

sb
eh
av
e
w
el
lu

nd
er

re
str

ic
tio

ns
to

eq
ui
va
le
nc
e
cl
as
se
sS

t
of

th
e
fo
rm

i∼
ji
ff

d(
i,

j)
≤

t.
A
ll
m
iss

in
g
pr
oo

fs
fro

m
th
is
se
ct
io
n
ca
n
be

fo
un

d
in

A
pp

en
di
x
A
.

Le
m
m
a
3

Le
td

be
a
no

n-
tri
vi
al
ul
tra

m
et
ric

on
V
an

d
le
tS

t
⊆

V
be

an
eq
ui
va
le
nc
ec

la
ss
un

de
rt
he

re
la
tio

n
i∼

ji
ff

d(
i,

j)
≤

t.
Th

en
d
re
str

ic
te
d
to

S t
is
a
no

n-
tri
vi
al

ul
tra

m
et
ric

on
S t
.

Th
e
in
tu
iti
on

be
hi
nd

th
e
tw
o
co
nd

iti
on

s
in

D
efi

ni
tio

n
2
is
as

fo
llo

w
s.

Co
nd

iti
on

1
im

po
se
s
a
ce
rta

in
lo
w
er

bo
un

d
by

ru
lin

g
ou

tt
riv

ia
lu

ltr
am

et
ric

sw
he
re
,e
.g
.,

d(
i,

j)
=

1
fo
re

ve
ry

di
sti
nc
tp

ai
ri

,j
∈

V
.O

n
th
e
ot
he
r

ha
nd

Co
nd

iti
on

2
di
sc
re
tiz

es
an
d
im

po
se
sa

n
up

pe
rb

ou
nd

on
d
by

re
str

ic
tin

g
its

ra
ng
et
o
th
es

et
{0

,1
,.

..
,n
−

1}
(s
ee

Le
m
m
a
4)
.
Th

is
ru
le
s
ou

tt
he

ot
he
rs

pe
ct
ru
m

of
tri
vi
al
ity

w
he
re

fo
re

xa
m
pl
e

d(
i,

j)
=

n
fo
re

ve
ry

di
sti
nc
tp

ai
ri

,j
∈

V
w
ith
|V
|=

n.

Le
m
m
a
4

Le
td

be
a
no

n-
tri
vi
al
ul
tra

m
et
ric

on
th
es

et
V
as

in
D
efi
ni
tio

n
2.

Th
en

th
er

an
ge

of
d
is
co
nt
ai
ne
d

in
th
e
se
t{

0,
1,

..
.,

n
−

1}
wi
th
|V
|=

n.

3.
Ul
tr
am

et
ric

sa
nd

H
ier

ar
ch
ica

lC
lu
ste

rin
gs

W
e
sta

rt
w
ith

th
e
fo
llo

w
in
g
ea
sy

le
m
m
a
ab
ou

tt
he

lo
w
es
tc
om

m
on

an
ce
sto

rs
of

su
bs
et
so

fV
in

a
hi
er
ar
ch
ic
al

cl
us
te
rin

g
T
of

V
.S

ee
Fi
gu

re
1
fo
ra

he
lp
fu
li
llu

str
at
io
n.

A
ll
m
iss

in
g
pr
oo

fs
fro

m
th
is
se
ct
io
n
ca
n
be

fo
un

d
in

A
pp

en
di
x
B.

Le
m
m
a
5

Le
tS
⊆

V
wi
th
|S
|≥

2.
If

r
=

lc
a(

S)
th
en

th
er
e
is
a
pa

ir
i,

j∈
S
su
ch

th
at

lc
a(

i,
j)

=
r.
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Ro
y

an
d

Po
ku

tt
a

W
e
w
ill

no
w
sh
ow

th
at
no

n-
tri
vi
al
ul
tra

m
et
ric

so
n

V
as

in
D
efi

ni
tio

n
2
ar
e
ex
ac
tly

th
os
e
th
at
ar
e
in
du

ce
d
by

hi
er
ar
ch
ic
al
cl
us
te
rin

gs
on

V
un

de
rc
os
tf
un

ct
io
n
(1
).
Th

ef
ol
lo
w
in
g
le
m
m
as

ho
w
st
he

fo
rw

ar
d
di
re
ct
io
n:

th
e

ul
tra

m
et
ric

d T
in
du

ce
d
by

an
y
hi
er
ar
ch
ic
al
cl
us
te
rin

g
T
is
no

n-
tri
vi
al
.

Le
m
m
a
6

Le
tT

be
a
hi
er
ar
ch
ic
al

cl
us
te
rin

g
on

V
an

d
le
td

T
be

th
e
ul
tra

m
et
ric

on
V

in
du

ce
d
by

it.
Th

en
d T

is
no

n-
tri
vi
al
.

Th
e
fo
llo

w
in
g
cr
uc
ia
ll
em

m
a
sh
ow

st
he

co
nv
er
se
:e

ve
ry

no
n-
tri
vi
al
ul
tra

m
et
ric

on
V

is
re
al
iz
ed

by
a
hi
er
ar
-

ch
ic
al
cl
us
te
rin

g
T
of

V
.

Le
m
m
a
7

Fo
r
ev
er
y
no

n-
tri
vi
al

ul
tra

m
et
ric

d
on

V
th
er
e
is
a
hi
er
ar
ch
ic
al

cl
us
te
rin

g
T
on

V
su
ch

th
at

fo
r

an
y
pa

ir
i,

j∈
V

we
ha

ve

d T
(i

,j
)

=
|le

av
es

(T
[lc

a
(i

,j
)]

) |
−

1
=

d(
i,

j)
.

M
or
eo
ve
rt
hi
sh

ie
ra
rc
hy

ca
n
be

co
ns
tr
uc
te
d
in

tim
e

O
( n3)

by
Al
go

rit
hm

1
wh

er
e
|V
|=

n.
Le

m
m
as

6
an
d
7
to
ge
th
er
im

pl
y
th
ef
ol
lo
w
in
g
co
ro
lla

ry
ab
ou

tt
he

eq
ui
va
le
nc
eo

fh
ie
ra
rc
hi
ca
lc
lu
ste

rin
gs

an
d

no
n-
tri
vi
al
ul
tra

m
et
ric

s.
Co

ro
lla

ry
8

Th
er
ei
sa

bi
je
ct
io
n
be
tw
ee
n
th
es

et
of
hi
er
ar
ch
ic
al
cl
us
te
rin

gs
T
on

V
an

d
th
es

et
of
no

n-
tri
vi
al

ul
tra

m
et
ric

sd
on

V
sa
tis
fy
in
g
th
e
fo
llo

wi
ng

co
nd

iti
on

s.
1.

Fo
re

ve
ry

hi
er
ar
ch
ic
al

cl
us
te
rin

g
T
on

V
,t
he
re

is
a
no

n-
tri
vi
al

ul
tra

m
et
ric

d T
de
fin

ed
as

d T
(i

,j
)

: =
|le

av
es

T
[lc

a(
i,

j)
] |
−

1
fo
re

ve
ry

i,
j∈

V
.

2.
Fo

re
ve
ry

no
n-
tri
vi
al

ul
tra

m
et
ric

d
on

V
,t
he
re

is
a
hi
er
ar
ch
ic
al

cl
us
te
rin

g
T
on

V
su
ch

th
at

fo
re

ve
ry

i,
j∈

V
we

ha
ve
|le

av
es

T
[lc

a(
i,

j)
] |
−

1
=

d(
i,

j)
.

M
or
eo
ve
rt
hi
sb

ije
ct
io
n
ca
n
be

co
m
pu

te
d
in

O
(n

3 )
tim

e,
wh

er
e
|V
|=

n.
Th

er
ef
or
e
to

fin
d
th
e
hi
er
ar
ch
ic
al
cl
us
te
rin

g
of

m
in
im

um
co
st,

it
su
ffi
ce
st
o
m
in
im

iz
e
〈κ

,d
〉o

ve
rn

on
-tr
iv
ia
l

ul
tra

m
et
ric

s
d

:
V
×

V
→
{0

,.
..

,n
−

1}
,w

he
re

V
is
th
e
da
ta

se
t.

N
ot
e
th
at

th
e
co
st
of

th
e
ul
tra

m
et
ric

d T
co
rr
es
po

nd
in
g
to

a
tre

e
T
is
an

affi
ne

off
se
to

fc
os

t(
T

).
In

pa
rti
cu
la
r,
w
e
ha
ve
〈κ

,d
T
〉

=
co

st
(T

)
−

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
).

A
na
tu
ra
la
pp

ro
ac
h
is
to
fo
rm

ul
at
et
hi
sp

ro
bl
em

as
an

In
te
ge
rL

in
ea
rP

ro
gr
am

(IL
P)

an
d
th
en

stu
dy

LP
or

SD
P

re
la
xa
tio

ns
of

it.
W
ec

on
sid

er
th
ef
ol
lo
w
in
g
IL
P
fo
rt
hi
sp

ro
bl
em

th
at
is
m
ot
iv
at
ed

by
(D

iS
um

m
ae

ta
l.,
20

15
).

W
eh

av
et
he

va
ria

bl
es

x1 ij
,.

..
,x

n−
1

ij
fo
re
ve
ry

di
sti
nc
tp
ai
ri

,j
∈

V
w
ith

xt ij
=

1
if
an
d
on

ly
if

d(
i,

j)
≥

t.
Fo

r
an
y
po

sit
iv
e
in
te
ge
rn

,l
et

[n
]

: =
{1

,2
,.

..
,n
}.

m
in

n−
1

∑ t=
1

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)x

t ij
(IL

P-
ul
tra

m
et
ric

)

s.t
.

xt ij
≥

xt+
1

ij
∀i

,j
∈

V
,t
∈

[n
−

2]
(2
)

xt ij
+

xt jk
≥

xt ik
∀i

,j
,k
∈

V
,t
∈

[n
−

1]
(3
)

∑ i,j
∈S

xt ij
≥

2
∀t
∈

[n
−

1]
,S
⊆

V
,|S
|=

t+
1

(4
)

∑ i,j
∈S

x|
S| ij
≤
|S
|2

  
∑ i,j
∈S

xt ij
+

∑ i∈
S

j/∈
S

( 1
−

xt ij

)  
∀t
∈

[n
−

1]
,S
⊆

V
(5
)

xt ij
=

xt ji
∀i

,j
∈

V
,t
∈

[n
−

1]
(6
)

xt ii
=

0
∀i
∈

V
,t
∈

[n
−

1]
(7
)

xt ij
∈
{0

,1
}

∀i
,j
∈

V
,t
∈

[n
−

1]
(8
)
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H
ierarchical

Clustering
via

Spreading
M

etrics

Input:D
ata

setV
ofn

points,non-trivialultram
etric

d
:V
×

V
→

R
≥

0
O
utput:H

ierarchicalclustering
T
ofV

w
ith

rootr
1

r←
arbitrary

choice
ofdesignated

rootin
V

2
X
←
{r}

3
E
←

∅
4
if

n
=

1
then

5
T
←

(X
,E

)
6

return
r,T

7
else

8
Partition

V
into{V

1 ,...V
m }

underthe
equivalence

relation
i∼

jiff
d
(i,j)

<
n−

1
9

for
l∈
{1,...,m}

do
10

Letrl ,T
l be

outputofA
lgorithm

1
on

V
l ,d|V

l

11
X
←

X
∪

V
(T

l )
12

E
←

E
∪
{r,rl }

13
end

14
T
←

(X
,E

)
15

return
r,T

16
end

Algorithm
1:H

ierarchicalclustering
ofV

from
non-trivialultram

etric

Constraints
(2)and

(7)follow
from

the
interpretation

ofthe
variables

x
tij :

if
d
(i,j)≥

t,i.e.,x
tij

=
1
then

clearly
d
(i,j)≥

t−
1
and

so
x

t−
1

ij
=

1.
Furtherm

ore,forany
i∈

V
w
e
have

d
(i,i)

=
0
and

so
x

tii
=

0
forevery

t∈
[n−

1].
N
ote

thatconstraint(3)is
the

sam
e
as

the
strong

triangle
inequality

(D
efinition

1)
since

the
variables

x
tij are

in{0,1}.Constraint(6)ensuresthatthe
ultram

etric
issym

m
etric.Constraint(4)

ensures
the

ultram
etric

satisfies
Condition

1
ofnon-triviality:

forevery
S
⊆

V
ofsize

t
+

1
w
e
know

that
there

m
ustbe

points
i,j∈

S
such

thatd
(i,j)

=
d
(j,i)≥

torin
otherw

ords
x

tij
=

x
tji

=
1.Constraint(5)

ensuresthattheultram
etricsatisfiesCondition

2
ofnon-triviality.To

seethisnotethattheconstraintisactive
only

w
hen

∑
i,j∈

S
x

tij
=

0
and

∑
i∈

S,j/∈
S (1−

x
tij )

=
0.In

otherw
ords

d
(i,j)≤

t−
1
forevery

i,j∈
S
and

S
isa

m
axim

alsuch
setsince

ifi∈
S
and

j
/∈

S
then

d
(i,j)≥

t.Thus
S
isan

equivalence
classunderthe

relation
i∼

jiff
d
(i,j)≤

t−
1
and

so
forevery

i,j∈
S
w
e
have

d
(i,j)≤

| S| −
1
orequivalently

x | S|
ij

=
0.

The
ultram

etric
d
represented

by
a
feasible

solution
x

tij isgiven
by

d
(i,j)

=
∑

n−
1

t=
1

x
tij .

Definition
9

Forany {
x

tij |t∈
[n−

1],i,j∈
V
}
letE

t be
defined

as
E

t
:=
{{i,j}

|x
tij

=
0 }

.Note
that

ifx
tij isfeasible

forILP-ultram
etric

then
E

t ⊆
E

t+
1
forany

tsince
x

tij ≥
x

t+
1

ij
.The

sets{E
t }

n−
1

t=
1
induce

a
naturalsequence

ofgraphs{G
t }

n−
1

t=
1
where

G
t

=
(V

,E
t )with

V
being

the
data

set.

Fora
fixed

t∈
{1,...,n−

1},itisinstructive
to

study
the

com
binatorialpropertiesofthe

layer-tproblem
,

w
here

w
e
restrictourselvesto

the
constraintscorresponding

to
thatparticulartand

drop
constraints(2)and
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Roy
and

Pokutta

(5)since
they

involve
differentlayersin

theirexpression.

m
in

∑
{i,j}∈

E
(K

n ) κ
(i,j)x

tij
(ILP-layer)

s.t.
x

tij +
x

tjk ≥
x

tik
∀i,j,k∈

V
(9)

∑i,j∈
S x

tij ≥
2

∀S
⊆

V
,| S|

=
t
+

1
(10)

x
tij

=
x

tji
∀i,j∈

V
(11)

x
tii

=
0

∀i∈
V

(12)
x

tij ∈
{0,1}

∀i,j∈
V

(13)

The
follow

ing
lem

m
a
providesa

com
binatorialcharacterization

offeasible
solutionsto

the
layer-tproblem

.

Lem
m
a
10

LetG
t

=
(V

,E
t )

be
the

graph
asin

D
efinition

9
corresponding

to
a
solution

x
tij to

the
layer-t

problem
ILP-layer.

Then
G

t is
a
disjointunion

ofcliques
ofsize≤

t.
M
oreover

this
exactly

characterizes
allfeasible

solutionsofILP-layer.

ProofW
efirstnotethatG

t
=

(V
,E

t )m
ustbeadisjointunion

ofcliquessinceif{i,j}
∈

E
t and{j,k}

∈
E

t
then{i,k}

∈
E

t since
x

tik ≤
x

tij +
x

tjk
=

0
due

to
constraint(9).Suppose

there
isa

clique
in

G
t ofsize

>
t.

Choose
a
subsetS

ofthisclique
ofsize

t
+

1.Then
∑

i,j∈
S

x
tij

=
0
w
hich

violatesconstraint(10).
Conversely,letE

t be
a
subsetofedgessuch

thatG
t

=
(V

,E
t )isa

disjointunion
ofcliquesofsize≤

t.Let
x

tij
=

0
if{i,j}

∈
E

t and
1
otherw

ise.Clearly
x

tij
=

x
tji by

definition.Suppose
x

tij violatesconstraint(9),
so

thatthere
is
a
pair

i,j,k
∈

V
such

thatx
tik

=
1
butx

tij
=

x
tjk

=
0.

H
ow

everthis
im

plies
thatG

t is
not

a
disjointunion

ofcliquessince{i,j},{j,k}
∈

E
t but{i,k}

/∈
E

t .Suppose
x

tij violatesconstraint(10)for
som

e
setS

ofsize
t
+

1.Therefore
forevery

i,j∈
S,w

e
have

x
tij

=
0
since

x
tij

=
x

tji forevery
i,j∈

V
and

so
S
m
ustbe

a
clique

ofsize
t
+

1
in

G
t w

hich
isa

contradiction.

By
Lem

m
a
10

the
layer-tproblem

is
to

find
a
subsetE

t ⊆
E

(K
n )

ofm
inim

um
w
eightunder

κ,such
that

the
com

plem
entgraph

G
t

=
(V

,E
t )

is
a
disjointunion

ofcliques
ofsize≤

t.
N
ote

thatthis
im

plies
that

the
num

berofcom
ponents

in
the

com
plem

entgraph
is≥

dn/
te.The

converse
how

ever,is
notnecessarily

true:
w
hen

t
=

n−
1
then

the
layer

t-problem
is
the

m
inim

um
(w

eighted)cutproblem
w
hose

partitions
m
ay

have
size

largerthan
1.

O
uralgorithm

ic
approach

is
to

solve
an

LP
relaxation

ofILP-ultram
etric

and
then

round
the

solution
to

obtain
a
feasible

solution
to

ILP-ultram
etric.

The
rounding

how
ever

proceeds
iteratively

in
a
layer-w

ise
m
annerand

so
w
e
need

to
m
ake

sure
thatthe

rounded
solution

satisfiesthe
inter-

layerconstraints
(2)and

(5).
The

follow
ing

lem
m
a
gives

a
com

binatorialcharacterization
ofsolutions

that
satisfy

these
tw
o
constraints.

Lem
m
a
11

For
every

t∈
[n−

1],letx
tij be

feasible
for

the
layer-tproblem

ILP-layer.
LetG

t
=

(V
,E

t )

be
the

graph
asin

D
efinition

9
corresponding

to
x

tij ,so
thatby

Lem
m
a
10,G

t isa
disjointunion

ofcliques
K

t1 ,...,K
tlt each

ofsizeatm
ostt.Then

x
tij isfeasibleforILP-ultram

etricifand
onlyifthefollowing

conditions
hold.Nested

cliques
For

any
s≤

tevery
clique

K
sp
for

som
e

p
∈

[ls ]in
G

s is
a
subclique

ofsom
e

clique
K

tq in
G

t where
q∈

[lt ].

Realization
If ∣∣∣ K

tp ∣∣∣
=

s
for

som
e

s
≤

t,then
G

s
contains

K
tp
as

a
com

ponentclique,i.e.,
K

sq
=

K
tp
forsom

e
q∈

[ls ].
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n
fo
rc

on
str
ai
nt
so

ft
yp

e
(1
7)
.G

iv
en

a
cl
ai
m
ed

so
lu
tio

n
xt ij

w
e
ca
n
ch
ec
k
co
ns
tra

in
t(
17

)b
y
ite

ra
tin

g
ov
er

al
lt
∈

[n
−

1]
,v
er
tic

es
i∈

V
,a
nd

siz
es

m
of

th
e

se
tS

fro
m

t+
1
to

n.
Fo

ra
fix

ed
t,

i,
an
d
se
ts
iz
em

so
rt
th
ev

er
tic

es
in

V
\{

i}
in
in
cr
ea
sin

g
or
de
ro

fd
ist
an
ce

fro
m

i(
ac
co
rd
in
g
to

th
e
m
et
ric

d t
)a

nd
le
t S

be
th
e
fir
st

m
ve
rti
ce
si
n
th
is
or
de
rin

g.
If

∑
j∈

S
xt ij
<

m
−

tt
he
n
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H
ierarchical

Clustering
via

Spreading
M

etrics

clearly
x

tij isnotfeasible
forLP-ultram

etric,so
w
e
m
ay

assum
e
that∑

j∈
S

x
tij ≥

m
−

t.M
oreoverthisisthe

only
setto

check:forany
setS

⊆
V

containing
isuch

that| S|
=

m
,∑

j∈
S

x
tij ≥

∑
j∈

S
x

tij ≥
m
−

t.Thusfor
a
fixed

t∈
[n−

1],i∈
V

and
setsize

m
,itsuffi

cesto
check

thatx
tij satisfiesconstraint(17)forthissubset

S.From
now

on
w
e
w
illsim

ply
refer

to
a
feasible

solution
to

LP-ultram
etric

by
the

sequence
of

spreading
m
etrics{d

t }
t∈

[n−
1] itinduces.The

follow
ing

definition
introducesthe

notion
ofan

open
ballB

U
( i,r,t)

of
radius

rcentered
ati∈

V
according

to
the

m
etric

d
t and

restricted
to

the
setU

⊆
V
.

Definition
15

Let{ d
t |t∈

[n−
1]}

be
the

sequence
ofspreading

m
etricsfeasible

forLP-ultram
etric.Let

U
⊆

V
be

an
arbitrary

subsetofV
.
For

a
vertex

i∈
U
,r∈

R
,and

t∈
[n−

1]we
define

the
open

ball
B

U
( i,r,t) ofradius

rcentered
atias

B
U

( i,r,t)
:=
{ j∈

U
|d

t (i,j)
<

r}
⊆

U
.

IfU
=

V
then

we
denoteB

U
( i,r,t) sim

ply
byB

( i,r,t) .

Rem
ark

16
For

every
pair

i,j∈
V

we
have

d
t (i,j)

≥
d

t+
1 (i,j)

by
constraint(15).

Thus
for

any
subset

U
⊆

V
,i∈

U
,r∈

R
,and

t∈
[n−

2],itholdsB
U

( i,r,t) ⊆
B

U
( i,r,t

+
1) .

To
round

LP-ultram
etric

to
geta

feasible
solution

forILP-ultram
etric,w

e
w
illuse

the
technique

ofsphere
growing

w
hich

w
asintroduced

in
(Leighton

and
Rao,1988)to

show
an

O
(log

n
)approxim

ation
forthem

ax-
im

um
m
ulticom

m
odity

flow
problem

.
Recallfrom

Lem
m
a
10

thata
feasible

solution
to

ILP-layerconsists
ofa

decom
position

ofthe
graph

G
t into

a
setofdisjointcliquesofsize

atm
ostt.O

ne
w
ay

to
obtain

such
a

decom
position

isto
choose

an
arbitrary

vertex,grow
a
ballaround

thisvertex
untilthe

expansion
ofthisball

is
below

a
certain

threshold,chop
off

this
balland

declare
itas

a
partition

and
then

recurse
on

the
rem

ain-
ing

vertices.Thisisthe
m
ain

idea
behind

sphere
grow

ing,and
the

param
etersare

chosen
depending

on
the

constraintsofthe
specific

problem
(see,e.g.,(G

arg
etal.,1996;Even

etal.,1999;Charikaretal.,2003)for
a
few

representative
applications

ofthis
technique).

The
firststep

is
to

associate
to

every
ballB

U
( i,r,t)

a
volum

e
vol( B

U
( i,r,t))

and
a
boundary

∂B
U

( i,r,t)
so

thatitsexpansion
isdefined.Forany

t∈
[n−

1]
and

U
⊆

V
w
e
denote

by
γ

Ut
the

value
ofthe

layer-tobjective
forsolution

d
t restricted

to
the

setU
,i.e.,

γ
Ut

:=
∑i,j∈

U
i<

j

κ
(i,j)d

t (i,j).

W
hen

U
=

V
w
e
referto

γ
Ut
sim

ply
by

γ
t .

Since
κ

:
V
×

V
→

R
≥

0 ,itfollow
s
that

γ
Ut
≤

γ
t forany

U
⊆

V
.W

e
are

now
ready

to
define

the
volum

e,boundary,and
expansion

ofa
ballB

U
( i,r,t) .W

e
use

the
definition

of(Even
etal.,1999)m

odified
forrestrictionsto

arbitrary
subsets

U
⊆

V
.

Definition
17

(Even
etal.,1999)LetU

be
an

arbitrary
subsetofV

.Fora
vertex

i∈
U
,radius

r∈
R
≥

0 ,
and

t∈
[n−

1],letB
U

( i,r,t) be
the

ballofradius
rasin

D
efinition

15.Then
we

define
itsvolum

e
as

vol( B
U

( i,r,t))
:=

γ
Ut

n
log

n
+

∑
j,k∈B

U
( i,r,t)

j<
k

κ
(j,k)d

t (j,k)
+

∑
j∈B

U
( i,r,t)

k/∈B
U

( i,r,t)
k∈

U

κ
(j,k)

( r−
d

t (i,j)) .

The
boundary

ofthe
ball

∂B
U

( i,r,t) isthe
partialderivative

ofvolum
e
with

respectto
the

radius:

∂B
U

( i,r,t)
:=

∂
vol( B

U
( i,r,t))

∂r
=

∑
j∈B

U
( i,r,t)

k/∈B
U

( i,r,t)
k∈

U

κ
(j,k).

11
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Roy
and

Pokutta

The
expansion

φ
(B

U
( i,r,t) )ofthe

ballB
U

( i,r,t) isdefined
asthe

ratio
ofitsboundary

to
itsvolum

e,i.e.,

φ
( B

U
( i,r,t))

:=
∂B

U
( i,r,t)

vol( B
U

( i,r,t)) .

The
follow

ing
lem

m
a
show

s
thatthe

volum
e
ofa

ballB
U

( i,r,t)
is
differentiable

w
ith

respectto
r
in

the
interval

(0,∆
]exceptatfinitely

m
any

points(see
e.g.,(Even

etal.,1999)).

Lem
m
a
18

LetB
U

( i,r,t)
be

the
ballcorresponding

to
a
setU

⊆
V
,vertex

i∈
U
,radius

r
∈

R
and

t∈
[n−

1].Then
vol( B

U
( i,r,t))

isdifferentiable
with

respectto
r
in

the
interval

(0,∆
]exceptatfinitely

m
any

points.

Input:D
ata

setV
,{d

t }
t∈

[n−
1] :V

×
V
,

ε
>

0,κ
:V
×

V
→

R
≥

0

O
utput:A

solution
setofthe

form
{

x
tij ∈
{0,1}

|t∈
[⌊

n−
1

1+
ε ⌋],i,j∈

V
}

1
m

ε ←
⌊

n−
1

1+
ε ⌋

2
t←

m
ε

3
C

t+
1 ←
{V}

4
∆
←

ε
1+

ε

5
while

t≥
1
do

6
C

t ←
∅

7
for

U
∈
C

t+
1 do

8
if| U

| ≤
(1

+
ε)tthen

9
C

t ←
C

t ∪
{U
}

10
G
o
to

line
7

11
end

12
while

U
6=

∅
do

13
Letibe

arbitrary
in

U

14
Letr∈

(0,∆
]be

s.t.
φ

( B
U

( i,r,t)) ≤
1∆

log (
vol( B

U
( i,∆

,t))
vol( B

U
( i,0,t)) )

15
C

t ←
C

t ∪
{B

U
( i,r,t) }

16
U
←

U
\B

U
( i,r,t)

17
end

18
end

19
x

tij
=

1
ifi∈

U
1
∈
C

t ,j∈
U

2 ∈
C

t and
U

1 6=
U

2 ,else
x

tij
=

0
20

t←
t−

1
21

end
22

return
{

x
tij |t∈

[m
ε ],i,j∈

V
}

Algorithm
2:Iterative

rounding
algorithm

to
find

a
low

costultram
etric

The
follow

ing
theorem

establishesthatthe
rounding

procedure
ofA

lgorithm
2
ensuresthatthe

cliquesinC
t

are“sm
all”and

thatthecostoftheedgesrem
oved

to
form

them
,isnottoo

high.Italso
show

sthatA
lgorithm

2
can

be
im

plem
ented

to
run

in
tim

e
polynom

ialin
n.

Theorem
19

Let
m

ε
:=
⌊

n−
1

1+
ε ⌋

as
in

Algorithm
2
and

let {
x

tij |t∈
[m

ε ],i,j∈
V
}

be
the

outputofAl-
gorithm

2
run

on
a
feasible

solution
{d

t }
t∈

[n−
1] ofLP-ultram

etric
and

any
choice

of
ε
∈

(0,1).
For

any

12
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H
ie

ra
rc

hi
ca

l
Cl

us
te

ri
ng

vi
a

Sp
re

ad
in

g
M

et
ri

cs

t
∈

[m
ε]
,w

e
ha

ve
th
at

xt ij
is
fe
as
ib
le

fo
r
th
e
la
ye
r-
b(

1
+

ε )
t c

pr
ob

le
m

IL
P-
la
ye
r
an

d
th
er
e
is
a
co
ns
ta
nt

c(
ε)
>

0
de
pe
nd

in
g
on

ly
on

ε
su
ch

th
at ∑

{i
,j}
∈E

(K
n
)

κ
(i

,j
)x

t ij
≤

c(
ε)

(l
og

n)
γ

t.

M
or
eo
ve
r,
Al
go

rit
hm

2
ca
n
be

im
pl
em

en
te
d
to

ru
n
in

tim
e
po

ly
no

m
ia
li
n

n.

Re
m
ar
k
20

A
di
sc
re
te
ve
rs
io
n
of
th
ev

ol
um

et
ric

ar
gu

m
en
tf
or

re
gi
on

gr
ow

in
g
ca
n
be

fo
un

d
in
(G

up
ta
,2
00

5)
.

W
e
ar
e
no
w
re
ad
y
to

pr
ov
e
th
e
m
ai
n
th
eo
re
m

sh
ow

in
g
th
at
w
e
ca
n
ob

ta
in

a
lo
w
co
st
no

n-
tri
vi
al
ul
tra

m
et
ric

fro
m

A
lg
or
ith

m
2.

Th
eo
re
m

21
Le
t{

xt ij
|t
∈

[m
ε]

,i
,j
∈

V
}b

e
th
e
ou

tp
ut

of
Al
go

rit
hm

2
on

an
op
tim

al
so
lu
tio

n
{d

t}
t∈

[n
−

1]

of
LP

-u
ltr
am

et
ric

fo
ra

ny
ch
oi
ce

of
ε
∈

(0
,1

).
D
efi
ne

th
e
se
qu
en
ce
{ yt ij

}
fo
re

ve
ry

t
∈

[n
−

1]
an

d
i,

j∈
V

as

yt ij
: =

{
xb

t/
(1

+
ε)
c

ij
if

t
>

1
+

ε

1
if

t
≤

1
+

ε.

Th
en

yt ij
is
fe
as
ib
le
fo
rI
LP

-u
ltr
am

et
ric

an
d
sa
tis
fie
s

n−
1

∑ t=
1

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)y

t ij
≤

(2
c(

ε)
lo

g
n )

O
PT

wh
er
eO

PT
is
th
eo

pt
im

al
so
lu
tio

n
to
IL
P-
ul
tra

m
et
ric

an
d

c(
ε)

is
th
ec

on
sta

nt
in
th
es

ta
te
m
en
to
fT

he
or
em

19
.

Pr
oo

fN
ot
e
th
at

by
Th

eo
re
m

19
fo
re

ve
ry

t
∈

[m
ε]
,x

t ij
is
fe
as
ib
le

fo
rt
he

la
ye
r-b

(1
+

ε)
tc

pr
ob

le
m

IL
P-

la
ye
ra

nd
th
at

th
er
e
is
a
co
ns
ta
nt

c(
ε)
>

0
su
ch

th
at

fo
re

ve
ry

t
∈

[m
ε]
,w

e
ha
ve

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)x

t ij
≤

(c
(ε

)
lo

g
n )

γ
t.

Le
ty

t ij
be

as
in

th
es

ta
te
m
en
to

ft
he

th
eo
re
m
.T

he
gr
ap
h

G
t

=
(V

,E
t)
as

in
D
efi

ni
tio

n
9
co
rr
es
po

nd
in
g
to

yt ij
fo
rt
≤

1
+

ε
co
ns
ist
so

fi
so
la
te
d
ve
rti
ce
s,
i.e
.,
cl
iq
ue
so

fs
iz
e

1:
By

de
fin

iti
on

yt ij
is
fe
as
ib
le

fo
rt
he

la
ye
r-t

pr
ob

le
m

IL
P-
la
ye
r.
Th

e
co
lle

ct
io
n
C 1

co
rr
es
po

nd
in
g
to

x1 ij
co
ns
ist
so

fc
liq

ue
so

fs
iz
e
at
m
os
t1

+
ε,
ho
w
ev
er

sin
ce

0
<

ε
<

1
it
fo
llo

w
st
ha
tt
he

cl
iq
ue
si
n
C 1

ar
ei
so
la
te
d
ve
rti
ce
sa

nd
so

x1 ij
=

1
fo
re
ve
ry
{i

,j
}
∈

E
(K

n
).

Th
us

∑
i,j

κ
(i

,j
)y

t ij
=

∑
i,j

κ
(i

,j
)x

1 ij
≤

(c
(ε

)
lo

g
n )

γ
1
fo
rt
≤

1
+

ε
by

Th
eo
re
m

19
.
M
or
eo
ve
rf
or

ev
er
y

t
>

1
+

ε,
w
eh

av
e ∑

i,j
κ
(i

,j
)y

t ij
≤

(c
(ε

)
lo

g
n)

γ
bt

/
(1

+
ε)
c
ag
ai
n
by

Th
eo
re
m
19

.W
ec

la
im

th
at

yt ij
is
fe
as
ib
le

fo
rI
LP

-u
ltr
am

et
ric

.T
he

so
lu
tio

n
yt ij

co
rr
es
po

nd
st
o
th
e
co
lle

ct
io
n
C b

t
1+

ε
c
fo
rt
>

1
+

ε
or

to
th
e
co
lle

ct
io
n

C 1
fo
rt
≤

1
+

ε
fro

m
A
lg
or
ith

m
2.

Fo
ra

ny
t
<

m
ε,
ev
er
y
ba
ll
B U

(i
,r

,t
)
∈
C t

co
m
es

fro
m

th
e
re
fin

em
en
t

of
a
ba
ll
B U

′ (
i′ ,

r′
,t
′ )
fo
rs

om
e

i′
∈

V
,r
′
≥

r,
t′
≥

t
an
d

U
′
⊇

U
.
Th

us
yt ij

sa
tis
fie

s
Co

nd
iti
on

N
es
te
d

cl
iq
ue
so

fL
em

m
a
11

.O
n
th
e
ot
he
rh

an
d
lin

e
8
en
su
re
st
ha
ti
f |
B U

(i
,r

,t
) |

=
b(

1
+

ε)
s c

fo
rs
om

e
U
⊆

V
an
d

s
<

tt
he
n
B U

(i
,r

,t
)
al
so

ap
pe
ar
sa

sa
ba
ll
in
C s
.T

he
re
fo
re

yt ij
al
so

sa
tis
fie

sC
on

di
tio

n
Re

al
iz
at
io
n
of

Le
m
m
a
11

an
d
so

is
fe
as
ib
le
fo
rI
LP

-u
ltr
am

et
ric

.T
he

co
st
of

yt ij
is
at
m
os
t

n−
1

∑ t=
1

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)y

t ij
≤

(c
(ε

)
lo

g
n )

(
γ

1
+

n−
1

∑ t=
2

γ
bt

/
(1

+
ε)
c)

≤
2c

(ε
)

lo
g

n
n−

1

∑ t=
1

γ
t

≤
2c

(ε
)

lo
g

n
O

PT
,
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Ro
y

an
d

Po
ku

tt
a

w
he
re

w
e
us
e
th
e
fa
ct

th
at

∑
n−

1
t=

1
γ

t
=

O
PT

(L
P

)
≤

O
PT

sin
ce

LP
-u
ltr
am

et
ric

is
a
re
la
xa
tio

n
of

IL
P-

ul
tra

m
et
ric

.

Th
eo
re
m
21

im
pl
ie
st
he

fo
llo

w
in
g
co
ro
lla

ry
w
he
re
w
ep

ut
ev
er
yt
hi
ng

to
ge
th
er
to
ob

ta
in
ah

ie
ra
rc
hi
ca
lc
lu
ste

r-

In
pu

t:
D
at
a
se
tV

of
n
po

in
ts,

sim
ila

rit
y
fu
nc
tio

n
κ

:V
×

V
→

R
≥

0
O
ut
pu

t:
H
ie
ra
rc
hi
ca
lc
lu
ste

rin
g
of

V
1
So

lv
e
LP

-u
ltr
am

et
ric

to
ob

ta
in

op
tim

al
se
qu
en
ce

of
sp
re
ad
in
g
m
et
ric

s {
d t
|d

t
:V
×

V
→

[0
,1

] }
2
Fi
x
a
ch
oi
ce

of
ε
∈

(0
,1

)

3
m

ε
←
⌊ n
−

1
1+

ε

⌋

4
Le

t{
xt ij
|t
∈

[m
ε]
}
be

th
e
ou

tp
ut

of
A
lg
or
ith

m
2
on

V
,κ

,{
d t
} t∈

[n
−

1]

5
Le

ty
t ij

: =

{
xb

t/
(1

+
ε)
c

ij
if

t
>

1
+

ε

1
if

t
≤

1
+

ε
fo
re

ve
ry

t
∈

[n
−

1]
,i

,j
∈

E
(K

n
)

6
d(

i,
j)
←

∑
n−

1
t=

1
yt ij

fo
re

ve
ry

i,
j∈

E
(K

n
)

7
d(

i,
i)
←

0
fo
re

ve
ry

i∈
V

8
Le

tr
,T

be
th
e
ou

tp
ut

of
A
lg
or
ith

m
1
on

V
,d

9
re
tu
rn

r,
T

Al
go

rit
hm

3:
H
ie
ra
rc
hi
ca
lc
lu
ste

rin
g
of

V
fo
rc

os
tf
un

ct
io
n
(1
)

in
g
of

V
in

tim
e
po

ly
no

m
ia
li
n

n
w
ith
|V
|=

n.
Le

tT
de
no

te
th
e
se
to

fa
ll
po

ss
ib
le
hi
er
ar
ch
ic
al
cl
us
te
rin

gs
of

V
.

Co
ro
lla

ry
22

G
iv
en

a
da

ta
se
tV

of
n
po

in
ts
an

d
a
sim

ila
rit
y
fu
nc
tio

n
κ

:
V
×

V
→

R
≥

0,
Al
go

rit
hm

3
re
tu
rn
sa

hi
er
ar
ch
ic
al

cl
us
te
rin

g
T
of

V
sa
tis
fy
in
g

co
st

(T
)
≤

O
(l

og
n )

m
in

T
′ ∈
T

co
st

(T
′ )

.

M
or
eo
ve
rA

lg
or
ith

m
3
ru
ns

in
tim

e
po

ly
no

m
ia
li
n

n
an

d
lo

g
( m

ax
i,j
∈V

κ
(i

,j
))
.

Pr
oo

fL
et

T̂
be

th
e
op

tim
al
hi
er
ar
ch
ic
al
cl
us
te
rin

g
ac
co
rd
in
g
to

co
st
fu
nc
tio

n
(1
).
By

Co
ro
lla

ry
8
an
d
Th

eo
-

re
m

21
w
e
ca
n
fin

d
a
hi
er
ar
ch
ic
al
cl
us
te
rin

g
T
sa
tis
fy
in
g

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)(
|le

av
es

(T
[lc

a(
i,

j)
])
|−

1)
≤

O
(l

og
n)

 
∑

{i
,j}
∈E

(K
n
)

κ
(i

,j
)
(∣ ∣ ∣

le
av

es
(T̂

[lc
a(

i,
j)

])
∣ ∣ ∣−

1) 
.

Le
tK

: =
∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
).
Th

en
it
fo
llo

w
sf
ro
m
th
ea

bo
ve

ex
pr
es
sio

n
th
at

co
st

(T
)
≤

O
(l

og
n)

co
st

(T̂
)
−

O
(l

og
n)

K
+

K
≤

O
(l

og
n)

co
st

(T̂
).

W
e
ca
n
fin

d
an

op
tim

al
so
lu
tio

n
to

LP
-u
ltr
am

et
ric

du
e
to

Le
m
m
a
14

us
in
g
th
e
El
lip

so
id

al
go

rit
hm

in
tim

e
po

ly
no

m
ia
li
n

n
an
d

lo
g
( m

ax
i,j
∈V

κ
(i

,j
))
.A

lg
or
ith

m
2
ru
ns

in
tim

e
po

ly
no

m
ia
li
n

n
du

e
to

Th
eo
re
m

19
.

Fi
na
lly
,A

lg
or
ith

m
1
ru
ns

in
tim

e
O
( n3)

du
e
to

Le
m
m
a
7.

5.
G
en
er
al
ize

d
Co

st
Fu

nc
tio

n
In

th
is
se
ct
io
n
w
es
tu
dy

th
ef
ol
lo
w
in
g
na
tu
ra
lg
en
er
al
iz
at
io
n
of

co
st
fu
nc
tio

n
(1
)a
lso

in
tro

du
ce
d
by

(D
as
gu

pt
a,

20
16

)w
he
re

th
e
di
sta

nc
e
be
tw
ee
n
th
e
tw
o
po

in
ts
is
sc
al
ed

by
a
fu
nc
tio

n
f

:R
≥

0
→

R
≥

0,
i.e
.,

co
st

f(
T

)
: =

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)

f (
|le

av
es

T
[lc

a(
i,

j)
] |)

.
(2
1)
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H
ierarchical

Clustering
via

Spreading
M

etrics

In
orderthatcostfunction

(21)m
akes

sense,
f
should

be
strictly

increasing
and

satisfy
f(0)

=
0.

Possi-
ble

choicesfor
f
could

be {
x

2,e x−
1,log

(1
+

x
) }.The

top-dow
n
heuristic

in
(D

asgupta,2016)findsthe
optim

alhierarchicalclustering
up

to
an

approxim
ation

factorofcn
log

n
w
ith

cn
being

defined
as

cn
:=

3
α

n
m

ax
1≤

n ′≤
n

f(n ′)
f

( dn ′/
3e)

and
w
here

α
n
istheapproxim

ation
factorfrom

thealgorithm
used

forsolving
uniform

SparsestCutproblem
.

A
naive

approach
to

solving
thisproblem

using
the

ideasofA
lgorithm

2
w
ould

be
to

replace
the

objective
function

ofILP-ultram
etric

by

∑
{i,j}∈

E
(K

n ) κ
(i,j)f (

n−
1

∑t=
1

x
tij )

.

Thism
akesthe

corresponding
analogue

ofLP-ultram
etric

non-linearhow
ever,and

fora
general

κ
and

fitis
notclearhow

to
com

putean
optim

um
solution

in
polynom

ialtim
e.O

nepossiblesolution
isto

assum
ethat

f
isconvex

and
use

the
Frank-W

olfe
algorithm

to
com

pute
an

optim
um

solution.Thatstillleavesthe
problem

ofhow
to

relate
f (

∑
n−

1
t=

1
x

tij )
to

∑
n−

1
t=

1
f (

x
tij )

as
one

w
ould

have
to

do
to

geta
corresponding

version
of

Theorem
21.The

follow
ing

sim
ple

observation
providesan

alternate
w
ay

oftackling
thisproblem

.

O
bservation

23
Let

d
:

V
×

V
→

R
be

an
ultram

etric
and

f
:

R
≥

0
→

R
≥

0
be

a
strictly

increasing
function

such
that

f(0)
=

0.D
efine

the
function

f(d
)

:V
×

V
→

R
as

f(d
)(i,j)

:=
f(d

(i,j)).Then
f(d

)
isalso

an
ultram

etric
on

V
.

Therefore
by

Corollary
8
to

find
a
m
inim

um
costhierarchicalclustering

T
ofV

according
to

the
costfunc-

tion
(21),itsuffi

cesto
m
inim

ize〈κ,d〉w
here

d
isthe

f-im
age

ofa
non-trivialultram

etric
asin

D
efinition

2.
The

follow
ing

lem
m
a
laysdow

n
the

analogue
ofConditions1

and
2
from

D
efinition

2
thatthe

f-im
age

ofa
non-trivialultram

etric
satisfies.A

sin
D
efinition

2,w
e
w
illuse

the
notation

x
∼

y
to

denote
an

equivalence
relation

betw
een

x
and

y.

Lem
m
a
24

Let
f

:
R
≥

0 →
R
≥

0 be
a
strictly

increasing
function

satisfying
f(0)

=
0.An

ultram
etric

d
on

V
isthe

f-im
age

ofa
non-trivialultram

etric
on

V
iff

1.
forevery

non-em
pty

setS
⊆

V
,there

isa
pairofpoints

i,j∈
S
such

thatd
(i,j)≥

f
(| S| −

1) ,

2.
forany

t,ifS
t isanequivalenceclassofV

undertherelation
i∼

jiff
d
(i,j)≤

t,then
m

ax
i,j∈

S
t d

(i,j)≤
f

(| S
t | −

1) .

ProofIf
d
is
the

f-im
age

ofa
non-trivialultram

etric
d ′on

V
then

clearly
d
satisfies

Conditions
1
and

2.
Conversely,letd

be
an

ultram
etric

on
V

satisfying
Conditions

1
and

2.
N
ote

that
f
is
strictly

increasing
and

V
is

a
finite

setand
thus

f −
1
exists

and
is

strictly
increasing

as
w
ell,w

ith
f −

1(0)
=

0.
D
efine

d ′

as
d ′(i,j)

:=
f −

1(d
(i,j))

for
every

i,j
∈

V
.
By

O
bservation

23
d ′is

an
ultram

etric
on

V
satisfying

Conditions1
and

2
ofD

efinition
2
and

so
d ′isa

non-trivialultram
etric

on
V
.

Lem
m
a
24

allow
susto

w
rite

the
analogue

ofILP-ultram
etric

forfinding
the

m
inim

um
costultram

etric
that

isthe
f-im

age
ofa

non-trivialultram
etric

on
V
.N

ote
thatby

Lem
m
a
4
the

range
ofsuch

an
ultram

etric
is

the
set{

f(0),f(1),...,f(n−
1)}.

W
e
have

the
binary

variables
x

tij forevery
distinctpair

i,j∈
V

and

15
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Roy
and

Pokutta

t∈
[n−

1],w
here

x
tij

=
1
ifd

(i,j)≥
f(t)and

x
tij

=
0
ifd

(i,j)
<

f(t).

m
in

n−
1

∑t=
1

∑
{i,j}∈

E
(K

n ) κ
(i,j)

( f(t)−
f(t−

1)) x
tij

(f-ILP-ultram
etric)

s.t.
x

tij ≥
x

t+
1

ij
∀i,j∈

V
,t∈

[n−
2]

(22)

x
tij +

x
tjk ≥

x
tik

∀i,j,k∈
V

,t∈
[n−

1]
(23)

∑i,j∈
S x

tij ≥
2

∀t∈
[n−

1],S
⊆

V
,|S|

=
t
+

1
(24)

∑i,j∈
S x | S|

ij
≤
| S| 2 

∑i,j∈
S x

tij +
∑i∈

S
j/∈

S (1−
x

tij ) 
∀t∈

[n−
1],S

⊆
V

(25)

x
tij

=
x

tji
∀i,j∈

V
,t∈

[n−
1]

(26)

x
tii

=
0

∀i∈
V

,t∈
[n−

1]
(27)

x
tij ∈
{0,1}

∀i,j∈
V

,t∈
[n−

1]
(28)

Ifx
tij isa

feasible
solution

to
f-ILP-ultram

etric
then

the
ultram

etric
represented

by
itisdefined

as

d
(i,j)

:=
n−

1

∑t=
1 (f(t)−

f(t−
1))x

tij .

Constraint(24)ensures
thatd

satisfies
Condition

1
ofLem

m
a
24,since

forevery
S
⊆

V
ofsize

t
+

1
w
e

have
a
pair

i,j∈
S
such

thatd
(i,j)≥

f(t).
Sim

ilarly
constraint

(25)ensures
thatd

satisfies
Condition

2
of

Lem
m
a
24

since
itis

active
if
and

only
if

S
is

an
equivalence

class
of

V
under

the
relation

i∼
jiff

d
(i,j)

<
f(t).

In
this

case
Condition

2
ofLem

m
a
24

requires
m

ax
i,j∈

S
d
(i,j)

≤
f

(| S| −
1)

orin
other

w
ords

x | S|
ij

=
0
forevery

i,j∈
S.

Sim
ilarto

ILP-layerw
e
define

an
analogouslayer-tproblem

w
here

w
e
fix

a
choice

oft∈
[n−

1]and
drop

the
constraintsthatrelate

the
differentlayersto

each
other.

m
in

∑
{i,j}∈

E
(K

n ) κ
(i,j)

( f(t)−
f(t−

1)) x
tij

(f-ILP-layer)

s.t.
x

tij +
x

tjk ≥
x

tik
∀i,j,k∈

V
(29)

∑i,j∈
S x

tij ≥
2

∀S
⊆

V
,| S|

=
t
+

1
(30)

x
tij

=
x

tji
∀i,j∈

V
(31)

x
tii

=
0

∀i∈
V

(32)
x

tij ∈
{0,1}

∀i,j∈
V

(33)

N
otethatf-ILP-ultram

etricand
f-ILP-layerdifferfrom

ILP-ultram
etricand

ILP-layerrespectively
only

in
the

objective
function.

Therefore
Lem

m
as

10
and

11
also

give
a
com

binatorialcharacterization
ofthe

setof
feasible

solutionsto
f-ILP-layerand

f-ILP-ultram
etric

respectively.Sim
ilarly,by

Lem
m
a
12

w
e
m
ay

replace
constraint(24)by

the
follow

ing
equivalentconstraintoverallsubsetsofV

∑j∈
S x

tij ≥
| S| −

t
∀t∈

[n−
1],S

⊆
V

,i∈
S.
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H
ie

ra
rc

hi
ca

l
Cl

us
te

ri
ng

vi
a

Sp
re

ad
in

g
M

et
ri

cs

Th
is
pr
ov
id
es

th
e
an
al
og

ue
of

LP
-u
ltr
am

et
ric

in
w
hi
ch

w
e
dr
op

co
ns
tra

in
t(
25

)a
nd

en
fo
rc
e
it
in

th
er

ou
nd

in
g

pr
oc
ed
ur
e.

m
in

n−
1

∑ t=
1

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)

(
f(

t)
−

f(
t−

1)
)

xt ij
(f-
LP

-u
ltr
am

et
ric

)

s.t
.

xt ij
≥

xt+
1

ij
∀i

,j
∈

V
,t
∈

[n
−

2]
(3
4)

xt ij
+

xt jk
≥

xt ik
∀i

,j
,k
∈

V
,t
∈

[n
−

1]
(3
5)

∑ j∈
S

xt ij
≥
|S
|−

t
∀t
∈

[n
−

1]
,S
⊆

V
,i
∈

S
(3
6)

xt ij
=

xt ji
∀i

,j
∈

V
,t
∈

[n
−

1]
(3
7)

xt ii
=

0
∀i
∈

V
,t
∈

[n
−

1]
(3
8)

0
≤

xt ij
≤

1
∀i

,j
∈

V
,t
∈

[n
−

1]
(3
9)

Si
nc
e
f-L

P-
ul
tra

m
et
ric

di
ffe

rs
fro

m
LP

-u
ltr
am

et
ric

on
ly
in

th
e
ob

je
ct
iv
e
fu
nc
tio

n,
it
fo
llo

w
sf
ro
m

Le
m
m
a
14

th
at

an
op

tim
um

so
lu
tio

n
to

f-L
P-
ul
tra

m
et
ric

ca
n
be

co
m
pu

te
d
in

tim
e
po

ly
no

m
ia
li
n

n.
A
s
be
fo
re
,a

fe
a-

sib
le

so
lu
tio

n
xt ij

of
f-L

P-
ul
tra

m
et
ric

in
du

ce
s
a
se
qu
en
ce
{d

t}
t∈

[n
−

1]
of

sp
re
ad
in
g
m
et
ric

s
on

V
de
fin

ed
as

d t
(i

,j
)

: =
xt ij

.N
ot
e
th
at
in

co
nt
ra
st
to

th
e
ul
tra

m
et
ric

d,
th
e
sp
re
ad
in
g
m
et
ric

s {
d t
} t∈

[n
−

1]
ar
e
in
de
pe
nd

en
t

of
th
e
fu
nc
tio

n
f.

Le
tB

U
(i

,r
,t

)
be

a
ba
ll
of

ra
di
us

r
ce
nt
er
ed

at
i∈

U
fo
rs
om

e
se
tU
⊆

V
as

in
D
efi

ni
tio

n
15

.F
or

a
su
bs
et

U
⊆

V
,l
et

γ
U t
be

de
fin

ed
as

be
fo
re

to
be

th
e
va
lu
e
of

th
e
la
ye
r-t

ob
je
ct
iv
e
co
rr
es
po

nd
in
g
to

a
so
lu
tio

n
d t

of
f-L

P-
ul
tra

m
et
ric

re
str

ic
te
d
to

U
,i
.e
.,

γ
U t

: =
∑ i,j
∈U i<

j

(
f(

t)
−

f(
t−

1)
)

κ
(i

,j
)d

t(
i,

j)
.

A
sb

ef
or
e,
w
e
de
no

te
γ

V t
by

γ
t.
W
e
w
ill

as
so
ci
at
e
a
vo
lu
m
e

vo
l (
B U

(i
,r

,t
))

an
d
a
bo

un
da
ry

∂
B U

(i
,r

,t
)
to

th
e
ba
ll
B U

(i
,r

,t
)
as

in
Se

ct
io
n
4.

De
fin

iti
on

25
Le
tU

be
an

ar
bi
tra

ry
su
bs
et
of

V
.F

or
a
ve
rte

x
i∈

U
,r
ad

iu
sr
∈

R
≥

0,
an

d
t
∈

[n
−

1]
,l
et

B U
(i

,r
,t

)
be

th
e
ba

ll
of

ra
di
us

r
as

in
D
efi
ni
tio

n
15

.T
he
n
we

de
fin

e
its

vo
lu
m
e
as

vo
l (
B U

(i
,r

,t
))

: =
γ

U t
n

lo
g

n
+

(
f(

t)
−

f(
t−

1)
)

     
∑

j,k
∈B

U
(i

,r
,t )

j<
k

κ
(j

,k
)d

t(
j,

k)
+

∑
j∈
B U

(i
,r

,t )
k/∈
B U

(i
,r

,t )
k∈

U

κ
(j

,k
)

(r
−

d t
(i

,j
) )

     
.

Th
e
bo

un
da
ry

of
th
e
ba

ll
∂
B U

(i
,r

,t
)
is
th
e
pa

rt
ia
ld

er
iv
at
iv
e
of

vo
lu
m
e
wi
th

re
sp
ec
tt
o
th
e
ra
di
us
:

∂
B U

(i
,r

,t
)

: =
(

f(
t)
−

f(
t−

1)
)

(
∂

vo
l (
B U

(i
,r

,t
))

∂r

)
=

(
f(

t)
−

f(
t−

1)
)

     
∑

j∈
B U

(i
,r

,t )
k/∈
B U

(i
,r

,t )
k∈

U

κ
(j

,k
)     

.

Th
e
ex
pa
ns
io
n

φ
(B

U
(i

,r
,t

))
of

th
e
ba

ll
B U

(i
,r

,t
)
is
de
fin

ed
as

th
e
ra
tio

of
its

bo
un

da
ry

to
its

vo
lu
m
e,
i.e
.,

φ
(B

U
(i

,r
,t

))
: =

∂
B U

(i
,r

,t
)

vo
l (
B U

(i
,r

,t
))

.
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Ro
y

an
d

Po
ku

tt
a

N
ot
et
ha
tt
he

ex
pa
ns
io
n

φ
(B

U
(i

,r
,t

))
of

D
efi

ni
tio

n2
5i
st
he

sa
m
ea

si
nD

efi
ni
tio

n1
7s

in
ce

th
e (

f(
t)
−

f(
t−

1)
)

te
rm

ca
nc
el
so

ut
.T

hu
so

ne
co
ul
d
ru
n
A
lg
or
ith

m
2
w
ith

th
e
sa
m
e
no

tio
n
of

vo
lu
m
e
as

in
D
efi

ni
tio

n
17

,h
ow

-
ev
er

in
th
at
ca
se

th
e
an
al
og

ou
sv

er
sio

ns
of

Th
eo
re
m
s1

9
an
d
21

do
no

tf
ol
lo
w
as

na
tu
ra
lly
.T

he
fo
llo

w
in
g
is

th
en

a
sim

pl
e
co
ro
lla

ry
of

Th
eo
re
m

19
.

Co
ro
lla

ry
26

Le
tm

ε
: =
⌊ n
−

1
1+

ε

⌋
as

in
Al
go

rit
hm

2.
Le
t{

xt ij
|t
∈

[n
−

1]
,i

,j
∈

V
}

be
th
e
ou

tp
ut

of
Al
-

go
rit
hm

2
us
in
g
th
e
no
tio

n
of

vo
lu
m
e,

bo
un

da
ry

an
d
ex
pa

ns
io
n
as

in
D
efi
ni
tio

n
25

,o
n
a
fe
as
ib
le

so
lu
tio

n
to

f-L
P-
ul
tra

m
et
ric

an
d
an

y
ch
oi
ce

of
ε
∈

(0
,1

).
Fo

r
an

y
t
∈

[m
ε]
,w

e
ha

ve
th
at

xt ij
is

fe
as
ib
le

fo
r
th
e

la
ye
r-
b(

1
+

ε)
tc

pr
ob

le
m
f-I
LP

-la
ye
ra

nd
th
er
e
is
a
co
ns
ta
nt

c(
ε)
>

0
de
pe
nd

in
g
on

ly
on

ε
su
ch

th
at

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)

(
f(

t)
−

f(
t−

1)
)

xt ij
≤

(c
(ε

)
lo

g
n )

γ
t.

Co
ro
lla

ry
26

al
lo
w
su

st
o
pr
ov
et
he

an
al
og

ue
of

Th
eo
re
m
21

,i
.e
.,
w
ec

an
us
eA

lg
or
ith

m
2
to
ge
ta
n
ul
tra

m
et
ric

th
at
is
an

f-
im

ag
eo

fa
no

n-
tri
vi
al
ul
tra

m
et
ric

an
d
w
ho

se
co
st
is
at
m
os
tO

(l
og

n)
tim

es
th
ec

os
to
fa
n
op

tim
al

hi
er
ar
ch
ic
al
cl
us
te
rin

g
ac
co
rd
in
g
to

co
st
fu
nc
tio

n
(2
1)
.

Th
eo
re
m

27
Le
t{

xt ij
|

t
∈

[m
ε]

,i
,j
∈

V
}
be

th
e
ou

tp
ut

of
Al
go

rit
hm

2
us
in
g
th
e
no
tio

n
of

vo
lu
m
e,

bo
un

da
ry
,a

nd
ex
pa

ns
io
n
as

in
D
efi
ni
tio

n
25

on
an

op
tim

al
so
lu
tio

n
{d

t}
t∈

[n
−

1]
of

f-L
P-
ul
tra

m
et
ric

fo
ra

ny
ch
oi
ce

of
ε
∈

(0
,1

).
D
efi
ne

th
e
se
qu
en
ce
{ yt ij

}
fo
re

ve
ry

t
∈

[n
−

1]
an

d
i,

j∈
V

as

yt ij
: =

{
xb

t/
(1

+
ε)
c

ij
if

t
>

1
+

ε

1
if

t
≤

1
+

ε.

Th
en

yt ij
is
fe
as
ib
le
fo
rf
-IL

P-
ul
tra

m
et
ric

an
d
th
er
e
is
a
co
ns
ta
nt

c(
ε)
>

0
su
ch

th
at

n−
1

∑ t=
1

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)

(
f(

t)
−

f(
t−

1)
)

yt ij
≤

(c
(ε

)
lo

g
n )

O
PT

wh
er
e

O
PT

is
th
e
op
tim

al
so
lu
tio

n
to

f-I
LP

-u
ltr
am

et
ric

.

Pr
oo

fI
m
m
ed
ia
te
fro

m
Co

ro
lla

ry
26

an
d
Th

eo
re
m

21
.

Fi
na
lly

w
e
pu

te
ve
ry
th
in
g
to
ge
th
er

to
ob

ta
in

th
e
co
rr
es
po

nd
in
g
A
lg
or
ith

m
4
th
at
ou

tp
ut
sa

hi
er
ar
ch
ic
al
cl
us
-

te
rin

g
of

V
of

co
st
at
m
os
tO

(l
og

n )
tim

es
th
e
op

tim
al
cl
us
te
rin

g
ac
co
rd
in
g
to

co
st
fu
nc
tio

n
(2
1)
.

Co
ro
lla

ry
28

G
iv
en

a
da

ta
se
tV

of
n
po

in
ts
an

d
a
sim

ila
rit
y
fu
nc
tio

n
κ

:V
×

V
→

R
,A

lg
or
ith

m
4
re
tu
rn
s

a
hi
er
ar
ch
ic
al

cl
us
te
rin

g
T
of

V
sa
tis
fy
in
g

co
st

f(
T

)
≤

O
(c

n
+

lo
g

n )
m

in
T
′ ∈
T

co
st

f(
T
′ )

,

wh
er
e

c n
: =

m
ax

n′
∈[

n]
f(

n′
)
−

f(
n′
−

1)
.
M
or
eo
ve
r
Al
go

rit
hm

4
ru
ns

in
tim

e
po

ly
no

m
ia
li
n

n,
lo

g
f(

n)
an

d
lo

g
( m

ax
i,j
∈V

κ
(i

,j
))
.

Pr
oo

fL
et

T̂
be

an
op

tim
al
hi
er
ar
ch
ic
al
cl
us
te
rin

g
ac
co
rd
in
g
to
co
st
fu
nc
tio

n
(2
1)
.B

y
Co

ro
lla

ry
8,
Le

m
m
a2

4
an
d
Th

eo
re
m

27
it
fo
llo

w
st
ha
tw

e
ca
n
fin

d
a
hi
er
ar
ch
ic
al
cl
us
te
rin

g
T
sa
tis
fy
in
g

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)

f (
|le

av
es

(T
[lc

a(
i,

j)
] |
−

1 )
≤

O
(l

og
n)

 
∑

{i
,j}
∈E

(K
n
)

κ
(i

,j
)

f(∣ ∣ ∣
le

av
es

(T̂
[lc

a(
i,

j)
]∣ ∣ ∣−

1) 
.
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H
ierarchical

Clustering
via

Spreading
M

etrics

Recallthatcostf (T
)

:=
∑
{i,j}∈

E
(K

n )
κ
(i,j)f

(| leaves(T
[lca(i,j)]| ) .

LetK
:=

∑
{i,j}∈

E
(K

n )
κ
(i,j).

N
ote

thatforany
hierarchicalclustering

T
′w

e
have

K
≤

costf (T
′)
since

f
is
an

increasing
function.

From
the

above
expression

w
e
inferthat

costf (T
)−

cn K
≤

∑
{i,j}∈

E
(K

n ) κ
(i,j)f

(| leaves(T
[lca(i,j)]| −

1) ≤
O

(log
n

)costf (T̂
),

and
so

costf (T
)
≤

O
(log

n
)costf (T̂

)
+

cn K
≤

O
(cn

+
log

n
)costf (T̂

).
W
e
can

find
an

optim
alsolu-

tion
to

f-LP-ultram
etric

due
to

Lem
m
a
14

using
the

Ellipsoid
algorithm

in
tim

e
polynom

ialin
n,log

f(n
),

and
log (m

ax
i,j∈

V
κ
(i,j) ).

N
ote

the
additionallog

f(n
)
in

the
running

tim
e
since

now
w
e
need

to
binary

search
over

the
interval [0,m

ax
i,j∈

V
κ
(i,j)·

f(n
)·n ].

A
lgorithm

2
runs

in
tim

e
polynom

ialin
n
due

to
Theorem

19.Finally,A
lgorithm

1
runsin

tim
e

O
(n

3 )
due

to
Lem

m
a
7.

Input:D
ata

setV
ofn

points,sim
ilarity

function
κ

:V
×

V
→

R
≥

0 ,
f

:
R
≥

0 →
R
≥

0 strictly
increasing

w
ith

f(0)
=

0
O
utput:H

ierarchicalclustering
ofV

1
Solve

f-LP-ultram
etric

to
obtain

optim
alsequence

ofspreading
m
etrics{ d

t |d
t :V

×
V
→

[0,1]}
2
Fix

a
choice

of
ε∈

(0,1)
3

m
ε ←

⌊
n−

1
1+

ε ⌋

4
Let {

x
tij |t∈

[m
ε ] }

be
the

outputofA
lgorithm

2
on

V
,κ,{d

t }
t∈

[n−
1]

5
Lety

tij :=

{
x bt/

(1+
ε)c

ij
ift

>
1

+
ε

1
ift≤

1
+

ε
forevery

t∈
[n−

1],i,j∈
E

(K
n )

6
d
(i,j)←

∑
n−

1
t=

1
( f(t)−

f(t−
1)) y

tij forevery
i,j∈

E
(K

n )

7
d
(i,i)←

0
forevery

i∈
V

8
Letr,T

be
the

outputofA
lgorithm

1
on

V
,f −

1(d
)

9
return

r,T
Algorithm

4:H
ierarchicalclustering

ofV
forcostfunction

(21)

6.Experim
ents

Finally,w
edescribetheexperim

entsw
eperform

ed.Forsm
alldatasetsILP-ultram

etricand
f-ILP-ultram

etric
describeintegerprogram

m
ing

form
ulationsthatallow

usto
com

putetheexactoptim
alhierarchicalclustering

for
costfunctions

(1)
and

(21)
respectively.

W
e
im

plem
entf-ILP-ultram

etric
w
here

one
can

plug
in

any
strictly

increasing
function

f
satisfying

f(0)
=

0.In
particular,setting

f(x
)

=
x
givesusILP-ultram

etric.
W
e
use

the
M
ixed

IntegerProgram
m
ing

(M
IP)solverG

urobi6.5
(G

urobiO
ptim

ization,2015).
Sim

ilarly,
w
e
also

im
plem

entA
lgorithm

s1,2,and
4
using

G
urobiasourLP

solver.N
ote

thatA
lgorithm

4
needsto

fix
aparam

eterchoice
ε∈

(0,1).In
Sections4

and
5
w
edid

notdiscusstheeffectofthechoiceoftheparam
eter

ε
in

detail.
In

particular,w
e
need

to
choose

an
ε
sm

allenough
such

thatfor
every

U
⊆

V
encountered

in
A
lgorithm

2,vol( B
U

( i,∆
,t))

is
of

the
sam

e
sign

as
vol( B

U
( i,0,t))

for
every

t
∈

[n
−

1],so
that

log (
vol( B

U
( i,∆

,t))
vol( B

U
( i,0,t)) )

isdefined.In
ourexperim

entsw
e
startw

ith
a
particularvalue

of
ε(say

0.5)and
halve

it
tillthe

volum
eshave

the
sam

e
sign.Forthe

sake
ofexposition,w

e
lim

itourselvesto
the

follow
ing

choices
forthe

function
f

{
x,x

2,log
(1

+
x
),e x−

1 }
.
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Roy
and

Pokutta

By
Lem

m
a14

w
ecan

optim
izeoverf-LP-ultram

etricin
tim

epolynom
ialin

n
using

theEllipsoid
m
ethod.In

practicehow
ever,w

eusethedualsim
plex

m
ethod

w
herew

eseparatetriangleinequality
constraints(35)and

spreading
constraints(36)to

obtain
fastcom

putations.Forthe
sim

ilarity
function

κ
:V
×

V
→

R
w
e
lim

it
ourselvesto

using
cosine

sim
ilarity

and
the

G
aussian

kernelw
ith

σ
=

1.They
are

defined
form

ally
below.

Definition
29

(Cosinesim
ilarity)

G
iven

a
data

setV
∈

R
m
forsom

e
m
≥

0,the
cosine

sim
ilarity

κ
cos is

defined
as

κ
cos (x,y

)
:=

〈x,y〉
‖ x‖‖ y‖ ,forany

pairofpoints
x,y∈

V
.

Since
the

LP
rounding

A
lgorithm

2
assum

esthat
κ
≥

0
in

practice
w
e
im

plem
ent1

+
κ

cos ratherthan
κ

cos .

Definition
30

(G
aussian

kernel)
G
iven

a
data

setV
∈

R
m
for

som
e

m
≥

0,the
G
aussian

kernel
κ

gauss

with
standard

deviation
σ
isdefined

as
κ

gauss (x,y
)

:=
exp

(−
‖ x−

y‖
2

2
σ

2

),forany
pairofpoints

x,y∈
V
.

The
m
ain

aim
ofourexperim

entsw
asto

answ
erthe

follow
ing

tw
o
questions.

1.
H
ow

good
isthehierarchalclustering

obtained
from

A
lgorithm

4
asopposed

to
thetrueoptim

aloutput
by

f-ILP-ultram
etric?

2.
H
ow

good
doesA

lgorithm
4
perform

com
pared

to
otherhierarchicalclustering

m
ethods?

Forthefirstquestion,w
earerestricted

to
w
orking

w
ith

sm
alldatasetssincecom

puting
an

optim
um

solution
to

f-ILP-ultram
etric

is
expensive.

In
this

case
w
e
considersynthetic

data
sets

ofsm
allsize

and
sam

ples
of

som
e
data

sets
from

the
U
CIdatabase

(Lichm
an,2013).

The
synthetic

data
sets

w
e
considerare

m
ixtures

ofG
aussiansin

varioussm
alldim

ensionalspaces.Figure
2
show

sa
com

parison
ofthe

costofthe
hierarchy

(according
to

costfunction
(21))returned

by
solving

f-ILP-ultram
etricand

by
A
lgorithm

4
forvariousform

s
of

f
w
hen

the
sim

ilarity
function

is
κ

cos and
κ

gauss .N
ote

thatw
e
norm

alize
the

costofthe
tree

returned
by

f-ILP-ultram
etric

and
A
lgorithm

4
by

the
costofthe

trivialclustering
r,T
∗
w
here

T
∗
isthe

stargraph
w
ith

V
as

its
leaves

and
r
as

the
internalnode.

In
otherw

ords
d

T
∗(i,j)

=
n−

1
forevery

distinctpairi,j∈
V

and
so

the
norm

alized
costofany

tree
liesin

the
interval

(0,1].
Forthe

study
ofthe

second
question,w

e
considersom

e
ofthe

popularalgorithm
sforhierarchicalclustering

such
as

single
linkage,average

linkage,com
plete

linkage,and
W
ard’s

m
ethod

(W
ard

Jr,1963).
To

geta
num

ericalhandle
on

how
good

a
hierarchicalclustering

T
of

V
is,w

e
prune

the
tree

to
getthe

best
k
flat

clusters
and

m
easure

its
error

relative
to

the
targetclustering.

W
e
use

the
follow

ing
notion

of
error

also
know

n
as

Classification
Error

thatis
standard

in
the

literature
forhierarchicalclustering

(see,e.g.,(M
eilă

and
H
eckerm

an,2001)).N
ote

thatw
e
m
ay

think
ofa

flatk-clustering
ofthe

data
V

asa
function

h
m
apping

elem
entsofV

to
a
labelsetL

:=
{1,...,k}.LetS

k denote
the

group
ofperm

utationson
k
letters.

Definition
31

(Classification
Error)

G
iven

a
proposed

clustering
h

:V
→
L
itsclassification

errorrelative
to

a
targetclustering

g
:V
→
L
isdenoted

by
err

( g,h
) and

isdefined
as

err
( g,h

)
:=

m
in

σ∈
S

k [
Pr

x∈
V

[h
(x

)6=
σ

(g
(x

)) ]
.

W
e
com

pare
the

errorofA
lgorithm

4
w
ith

the
various

linkage
based

algorithm
s
thatare

com
m
only

used
forhierarchicalclustering,asw

ellasW
ard’sm

ethod
and

the
k-m

eansalgorithm
.W

e
testA

lgorithm
4
m
ost

extensively
for

f(x
)

=
x
w
hile

doing
a
sm

aller
num

ber
of

tests
for

f(x
)
∈
{

x
2,log

(1
+

x
),e x−

1 }.
N
ote

thatboth
W
ard’sm

ethod
and

the
k-m

eansalgorithm
w
ork

on
the

squared
Euclidean

distance‖ x−
y‖

22
betw

een
tw
o
points

x,y
∈

V
,i.e.,they

both
require

an
em

bedding
ofthe

data
points

into
a
norm

ed
vector

space
w
hich

provides
extra

inform
ation

thatcan
be

potentially
exploited.

Forthe
linkage

based
algorithm

s
w
eusethesam

enotion
ofsim

ilarity
1

+
κ

cos or
κ

gauss thatw
euseforA

lgorithm
4.Forcom

parison
w
eusea

m
ix
ofsyntheticdatasetsasw

ellastheW
ine,Iris,Soybean-sm

all,D
igits,G

lass,and
W
dbcdatasetsfrom

the
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Fi
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m
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ltr
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A
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m
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κ
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s
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κ
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s
(r
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A
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C
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e
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W
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d’
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m
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Fi
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3:

Co
m
pa
ris

on
of

A
lg
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m
4
us
in
g

f(
x)

=
x,

w
ith

ot
he
ra

lg
or
ith

m
sf
or

cl
us
te
rin

g
us
in
g

1
+

κ
co

s
(le

ft)
an
d

κ
ga

us
s
(r
ig
ht
)

U
CI

re
po

sit
or
y
(L
ic
hm

an
,2
01

3)
.F

or
so
m
e
of

th
e
la
rg
er

da
ta
se
ts,

w
e
sa
m
pl
e
un

ifo
rm

ly
at
ra
nd

om
a
sm

al
le
r

nu
m
be
ro

fd
at
a
po

in
ts
an
d
ta
ke

th
e
av
er
ag
e
of

th
e
er
ro
ro

ve
rt
he

di
ffe

re
nt

ru
ns
.F

ig
ur
es

3,
4,
5,
an
d
6
pl
ot

th
e

pe
rfo

rm
an
ce

of
th
e
va
rio

us
al
go

rit
hm

s,
w
ith

th
e

x-
ax
is
re
pr
es
en
tin

g
th
e
da
ta
se
ts
(s
or
te
d
in

de
cr
ea
sin

g
or
de
r

of
av
er
ag
e
cl
as
sifi

ca
tio

n
er
ro
r)
an
d
th
e

y-
ax
is
re
pr
es
en
tin

g
th
e
cl
as
sifi

ca
tio

n
er
ro
r.
Fr
om

th
e
fig

ur
es
,w

e
se
e

th
at
th
e
hi
er
ar
ch
ic
al
cl
us
te
rin

g
re
tu
rn
ed

by
A
lg
or
ith

m
4
w
ith

f(
x)
∈
{ x,

x2 ,l
og

(1
+

x)
,e

x
−

1}
of
te
n
ha
s

be
tte

rp
ro
je
ct
io
ns

in
to

fla
tc

lu
ste

rin
gs

th
an

th
e
ot
he
ra

lg
or
ith

m
s.

Th
is
is
es
pe
ci
al
ly

tru
e
w
he
n
w
e
co
m
pa
re

it
to

th
e
lin

ka
ge

ba
se
d
al
go

rit
hm

s,
sin

ce
th
ey

us
e
th
e
sa
m
e
pa
irw

ise
sim

ila
rit
y
fu
nc
tio

n
as

A
lg
or
ith

m
4,

as
op

po
se
d
to

W
ar
d’
sm

et
ho

d
an
d

k-
m
ea
ns
.

7.
H
ar
dn

es
so

ffi
nd

in
g
th
eo

pt
im

al
hi
er
ar
ch
ica

lc
lu
ste

rin
g

In
th
is
se
ct
io
n
w
e
stu

dy
th
e
ha
rd
ne
ss

of
fin

di
ng

th
e
op

tim
al

hi
er
ar
ch
ic
al

cl
us
te
rin

g
ac
co
rd
in
g
to

co
st
fu
nc
-

tio
n
(1
).
W
es

ho
w
th
at
un

de
rt
he

as
su
m
pt
io
n
of

th
eS

m
al
lS
et
Ex

pa
ns
io
n
(S

SE
)h
yp

ot
he
sis

th
er
ei
sn

o
co
ns
ta
nt

fa
ct
or

ap
pr
ox
im

at
io
n
al
go

rit
hm

fo
rt
hi
s
pr
ob

le
m
.
W
e
al
so

sh
ow

th
at

no
po

ly
no

m
ia
ls
iz
ed

Li
ne
ar

Pr
og

ra
m

21

JM
L

R
 1

8(
88

):
1-

35
, 2

01
7

Ro
y

an
d

Po
ku

tt
a

0
1

2
3

4
5

6
7

8
9

D
at

a
se

ts

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Errorwithrespecttogroundtruth

A
lg

or
it

hm
4,
f

(x
)

=
x

2

A
ve

ra
ge

lin
ka

ge

S
in

gl
e

lin
ka

ge

C
om

pl
et

e
lin

ka
ge

W
ar

d’
s

m
et

ho
d

k-
m

ea
ns

0
1

2
3

4
5

6
7

8
9

D
at

a
se

ts

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Errorwithrespecttogroundtruth

A
lg

or
it

hm
4,
f

(x
)

=
x

2

A
ve

ra
ge

lin
ka

ge

S
in

gl
e

lin
ka

ge

C
om

pl
et

e
lin

ka
ge

W
ar

d’
s

m
et

ho
d

k-
m

ea
ns

Fi
gu

re
4:

Co
m
pa
ris

on
of

A
lg
or
ith

m
4
us
in
g

f(
x)

=
x2 ,

w
ith

ot
he
ra

lg
or
ith

m
sf
or

cl
us
te
rin

g
us
in
g

1
+

κ
co

s
(le

ft)
an
d

κ
ga

us
s
(r
ig
ht
)

0
1

2
3

4
5

6
7

8
9

D
at

a
se

ts

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Errorwithrespecttogroundtruth

A
lg

or
it

hm
4,
f

(x
)

=
lo

g
(1

+
x

)

A
ve

ra
ge

lin
ka

ge

S
in

gl
e

lin
ka

ge

C
om

pl
et

e
lin

ka
ge

W
ar

d’
s

m
et

ho
d

k-
m

ea
ns

0
1

2
3

4
5

6
7

8
9

D
at

a
se

ts

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Errorwithrespecttogroundtruth

A
lg

or
it

hm
4,
f

(x
)

=
lo

g
(1

+
x

)

A
ve

ra
ge

lin
ka

ge

S
in

gl
e

lin
ka

ge

C
om

pl
et

e
lin

ka
ge

W
ar

d’
s

m
et

ho
d

k-
m

ea
ns

Fi
gu

re
5:

Co
m
pa
ris

on
of

A
lg
or
ith

m
4
us
in
g

f(
x)

=
lo

g(
1

+
x)
,w

ith
ot
he
ra

lg
or
ith

m
sf
or

cl
us
te
rin

g
us
in
g

1
+

κ
co

s
(le

ft)
an
d

κ
ga

us
s
(r
ig
ht
)

22

JM
L

R
 1

8(
88

):
1-

35
, 2

01
7



H
ierarchical

Clustering
via

Spreading
M

etrics

0
1

2
3

4
5

6
7

8
9

D
ata

sets

0.0

0.2

0.4

0.6

0.8

1.0

Error with respect to ground truth

A
lgorithm

4,
f

(x
)

=
e
x−

1

A
verage

linkage

S
ingle

linkage

C
om

plete
linkage

W
ard’s

m
etho

d

k-m
eans

0
1

2
3

4
5

6
7

8
9

D
ata

sets

0.0

0.2

0.4

0.6

0.8

1.0

Error with respect to ground truth

A
lgorithm

4,
f

(x
)

=
e
x−

1

A
verage

linkage

S
ingle

linkage

C
om

plete
linkage

W
ard’s

m
etho

d

k-m
eans

Figure
6:

Com
parison

of
A
lgorithm

4
using

f(x
)

=
e x−

1,w
ith

other
algorithm

s
for

clustering
using

1
+

κ
cos (left)and

κ
gauss (right)

(LP)orSem
idefinite

Program
(SD

P)can
give

a
constantfactorapproxim

ation
forthisproblem

w
ithoutthe

need
forany

com
plexity

theoretic
assum

ptions.Both
these

resultsm
ake

use
ofthe

sim
ilarity

ofthisproblem
w
ith

them
inim

um
lineararrangem

entproblem
.To

show
hardnessunderSm

allSetExpansion,w
e
m
ake

use
ofthe

resultof(Raghavendra
etal.,2012)show

ing
thatthere

isno
constantfactorapproxim

ation
algorithm

forthe
M
inim

um
LinearA

rrangem
entproblem

underthe
assum

ption
of

SSE.To
show

the
LP

and
SD

P
in-

approxim
ability

results,w
e
m
ake

use
ofthe

reduction
fram

ew
ork

of(Braun
etal.,2015)togetherw

ith
the

N
P-hardness

proofforM
inim

um
LinearA

rrangem
entdue

to
(G

arey
etal.,1976).

W
e
also

note
thatboth

these
hardnessresultshold

even
forunw

eighted
graphs(i.e.,w

hen
κ
∈
{0,1}).

N
ote

thatthe
individuallayer-tproblem

f-ILP-layerfor
t

=
bn/

2c
is
equivalentto

the
m
inim

um
bisection

problem
forw

hich
the

bestknow
n
approxim

ation
is

O
(log

n
)
due

to
(Räcke,2008),w

hile
the

bestknow
n

bi-criteria
approxim

ation
isO

( √
log

n )
due

to
(A

rora
etal.,2009)and

im
proving

these
approxim

ation
fac-

torsisam
ajoropen

problem
.H

ow
everitisnotclearifan

im
proved

approxim
ation

algorithm
forhierarchical

clustering
undercostfunction

(1)w
ould

im
ply

an
im

proved
algorithm

forevery
layer-tproblem

,w
hich

is
w
hy

aconstantfactorinapproxim
ability

resultisofinterest.W
erecallthefollow

ing
setup

forLP
and

SD
P
re-

ductionsbetw
een

optim
ization

problem
sfrom

(Braun
etal.,2015).W

edenotebyP
=

(S
,I,val),ageneric

optim
ization

problem
consisting

ofsolutions,feasible
instancesand

an
objective

function
respectively.The

(C
,S

)-approxim
ateLP

and
SD

P
com

plexity
ofaproblem

P
isdenoted

by
fcLP (P

,C
,S

)and
fcSD

P (P
,C

,S
)

respectively.
A

reduction
from

problem
P

1
w
ith

approxim
ation

guarantees
(C

1 ,S
1 )

to
a
problem

P
2
w
ith

approxim
ation

guarantees
(C

2 ,S
2 )isform

ally
defined

as:

Definition
32

(Reduction)
(Braun

etal.,2015)LetP
1

=
(S

1 ,I
1 ,val)

and
P

2
=

(S
2 ,I

2 ,val)
be

opti-
m
ization

problem
s
with

guarantees
C

1 ,S
1
and

C
2 ,S

2 ,respectively.
Let

τ
1

=
+

1
ifP

1
is
a
m
axim

ization
problem

,and
τ

1
=
−

1
ifP

1 isa
m
inim

ization
problem

.Sim
ilarly,let

τ
2

=
±

1
depending

on
whetherP

2 is
a
m
axim

ization
problem

ora
m
inim

ization
problem

.
A
reduction

from
P

1 toP
2 respecting

the
guaranteesconsistsof

1.
two

m
appings:∗

:
I

1
→

I
2
and
∗

:S
1
→
S

2
translating

instances
and

feasible
solutions

indepen-
dently;

2.
two

nonnegative
I

1 ×
S

1 m
atrices

M
1 ,M

2
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Roy
and

Pokutta

subjectto
the

conditions

τ
1

[ C
1 (I

1 )−
valI

1 (s1 )]
=

τ
2 [C

2 (I
∗1
)−

valI
∗1 (s ∗1 ) ]

M
1 (I

1 ,s1 )
+

M
2 (I

1 ,s1 )
(40-com

plete)

τ
2 O

PT
( I
∗1
) ≤

τ
2 S

2 (I
∗1
)

if
τ

1 O
PT

( I
1 ) ≤

τ
1 S

1 (I
1 ).

(40-sound)

Them
atrices

M
1 and

M
2 controltheparam

etersofthereduction
relating

theintegrality
gap

ofrelaxationsfor
P

1 to
the

integrality
gap

ofcorresponding
relaxationsforP

2 .Fora
m
atrix

A
,letrk

+
A
and

rk
psd

A
denote

thenonnegativerank
and

psd
rank

ofA
respectively.Thefollow

ing
theorem

isarestatem
entofTheorem

3.2
from

(Braun
etal.,2015)ignoring

constants.

Theorem
33

(Braun
etal.,2015)LetP

1
andP

2
be

optim
ization

problem
swith

a
reduction

from
P

1
toP

2
respecting

the
com

pletenessguarantees
C

1 ,C
2 and

soundnessguarantees
S

1 ,S
2 ofP

1 andP
2 ,respectively.

Then

fcLP (P
1 ,C

1 ,S
1 )≤

rk
+

M
2

+
rk

+
M

1
+

rk
+

M
1 ·fcLP (P

2 ,C
2 ,S

2 ),
(41)

fcSD
P (P

1 ,C
1 ,S

1 )≤
rk

psd
M

2
+

rk
psd

M
1

+
rk

psd
M

1 ·fcSD
P (P

2 ,C
2 ,S

2 ),
(42)

where
M

1 and
M

2 are
the

m
atricesin

the
reduction

asin
D
efinition

32.

Therefore
to

obtain
a
low

erbound
forproblem

P
2 ,itsuffi

cesto
find

a
source

problem
P

1
and

m
atrices

M
1

and
M

2 oflow
nonnegative

rank
and

low
psd

rank,satisfying
D
efinition

32.
Below,w

e
castthe

hierarchicalclustering
problem

(H
C
LU

ST
)as

an
optim

ization
problem

.
W
e
also

recall
a
differentform

ulation
ofcostfunction

(1)due
to

(D
asgupta,2016)thatw

illbe
usefulin

the
analysisofthe

reduction.

Definition
34

(H
C
LU

ST
asoptim

ization
problem

)
The

m
inim

ization
problem

H
C
LU

ST
ofsize

n
consists

of

instances
sim

ilarity
function

κ
:E

(K
n )→

R
≥

0

feasiblesolutions
hierarchicalclustering

r,T
ofV

(K
n )

m
easure

valκ (T
)

=
∑
{i,j}∈

E
(K

n )
κ
(i,j)| leaves(T

[lca(i,j)])| .

W
ew

illalso
m
akeuseofthefollow

ing
alternateinterpretation

ofcostfunction
(1)given

by
(D

asgupta,2016).
Let

κ
:V
×

V
→

R
≥

0
be

an
instance

of
H

C
LU

ST
.Fora

subsetS
⊆

V
,a

splitS
1 ,...,S

k is
a
partition

of
S
into

k
disjointpieces.Fora

binary
splitS

1 ,S
2
w
e
can

define
κ
(S

1 ,S
2 )

:=
∑

i∈
S

1 ,j∈
S

2
κ
(i,j).Thiscan

be
extended

to
k-w

ay
splitsin

the
naturalw

ay:

κ
(S

1 ,...,S
k )

:=
∑

1≤
i≤

j≤
k

κ
(S

i ,S
j ).

Then
the

costofa
tree

T
isthe

sum
overallthe

internalnodesofthe
splitting

costsatthe
nodes,asfollow

s.

cost(T
)

=
∑

splits
S→

(S
1 ,...,S

k )in
T | S| κ

(S
1 ,...,S

k ).

W
e
now

briefly
recallthe

M
A
X
C
U

T
problem

.

Definition
35

(M
A
X
C
U

T
asoptim

ization
problem

)
The

m
axim

ization
problem

M
A
X
C
U

T
ofsize

n
con-

sistsof
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tio

n
of

th
e
co
st
fu
nc
tio

n
(1
)d

ue
to

(D
as
gu

pt
a,
20

16
)(
se
e
ab
ov
e)
.L

et
H

be
th
e
gr
ap
h
on

ve
rte

x
se
t

V
′ i
nd

uc
ed

by
κ
,i
.e
.{

i,
j}
∈

E
(H

)
iff

κ
(i

,j
)

=
1.

Le
tH

de
no

te
th
ec

om
pl
em

en
tg
ra
ph

of
H

an
d
le
tκ

be
th
e

sim
ila

rit
y
fu
nc
tio

n
in
du

ce
d
by

it,
i.e
.,

κ
(i

,j
)

=
1
iff
{i

,j
}
6∈

E
(H

)
an
d

κ
(i

,j
)

=
0
ot
he
rw

ise
.F

or
ah

ie
ra
rc
hi
-

ca
lc
lu
ste

rin
g

T
of

V
′ ,
w
e
de
no

te
by

co
st

H
(T

)
an
d

co
st

H
(T

)
th
e
co
st
of

T
in
du

ce
d
by

κ
an
d

κ
re
sp
ec
tiv

el
y,

i.e
.,

co
st

H
(T

)
: =

∑
{i

,j}
∈E

(H
)
|le

av
es

(T
[lc

a(
i,

j)
])
|a

nd
co

st
H

(T
)

: =
∑
{i

,j}
6∈E

(H
)
|le

av
es

(T
[lc

a(
i,

j)
])
|.

Le
tX

: =
V
′ \

X
.T

he
co
st
of

th
e
tre

e
T
th
at
th
e
cu
tX

m
ap
st
o,

is
gi
ve
n
by

co
st

(T
)

=
co

st
H

(T
)

=

( n
+

n4)
3
−

(n
+

n4 )

3
−

co
st

H
(T

)

=

( n
+

n4)
3
−

(n
+

n4 )

3
−

∑
sp
lit
sS
→

(S
1,

...
,S

k)
in

T
|S
|κ

(S
1,

..
.,

S k
)

=

( n
+

n4)
3
−

(n
+

n4 )

3
−
( n

+
n4)

va
l G

(X
)
−
( |

X
||

E
[X

] |
+
∣ ∣ X
∣ ∣∣ ∣

E
[X

]∣ ∣)
,

25

JM
L

R
 1

8(
88

):
1-

35
, 2

01
7

Ro
y

an
d

Po
ku

tt
a

w
he
re

E
[X

]
an
d

E
[X

]
ar
e
th
e
ed
ge
so

fE
(H

)
in
du

ce
d
on

th
e
se
tX

an
d

X
re
sp
ec
tiv

el
y.

Th
er
ef
or
e,
w
e
ha
ve

th
e
fo
llo

w
in
g
co
m
pl
et
en
es
sr
el
at
io
ns
hi
p
be
tw
ee
n
th
e
tw
o
pr
ob

le
m
s

C
−

va
l G

(X
)

=
1

n
+

n4

( co
st

(T
)
−
(

(n
+

n4 )
3
−

(n
+

n4 )

3
−

C
(n

+
n4 )))

+
|X
||

E
[X

] |
+
∣ ∣ X
∣ ∣∣ ∣

E
[X

]∣ ∣
n4

+
n

.

W
en

ow
de
fin

et
he

m
at
ric

es
M

1
an
d

M
2
as

M
1(

H
,X

)
: =

1
n+

n4
an
d

M
2(

H
,X

)
: =
|X
||

E
[X

] |+
∣ ∣ X
∣ ∣∣ ∣

E
[X

]∣ ∣ .
Cl
ea
rly

,M
1
ha
sO

(1
)
no

nn
eg
at
iv
e
ra
nk

an
d
ps
d
ra
nk

.W
e
cl
ai
m

th
at
th
e
no

nn
eg
at
iv
e
ra
nk

of
M

2
is
at
m
os
t

2 (
n 2)
.
Th

e
ve
ct
or
s

v H
∈

R
2 (

n 2)
co
rr
es
po

nd
in
g
to

th
e
in
sta

nc
es

H
is
de
fin

ed
as

th
e
co
nc
at
en
at
io
n

[u
H

,w
H

]

of
tw
o
ve
ct
or
s

u H
,w

H
∈

R
(n 2)
.
Bo

th
th
e
ve
ct
or
s

u H
,w

H
en
co
de

th
e
ed
ge
s
of

H
sc
al
ed

by
n4

+
n,

i.e
.,

u H
({

i,
j}

)
=

w
H

({
i,

j}
)

=
1/

(n
4

+
n)

iff
{i

,j
}
∈

E
(H

)
an
d

0
ot
he
rw

ise
.
Th

e
ve
ct
or
s

v X
∈

R
2 (

n 2)

co
rr
es
po

nd
in
g
to

th
e
so
lu
tio

ns
ar
e
al
so

de
fin

ed
as

th
e
co
nc
at
en
at
io
n

[u
X

,w
X

]
of

tw
o
ve
ct
or
su

X
,w

X
∈

R
n
.

Th
e
ve
ct
or

u X
en
co
de
s
th
e
ve
rti
ce
s
in

X
sc
al
ed

by
|X
|i
.e
.,

u X
({

i,
j}

)
=
|X
|i
ff

i,
j
∈

X
an
d

0
ot
he
rw

ise
.

Th
e
ve
ct
or

w
X
en
co
de
st
he

ve
rti
ce
si
n

X
sc
al
ed

by
∣ ∣ X
∣ ∣ i
.e
.,

w
X

({
i,

j}
)

=
∣ ∣ X
∣ ∣ i
ff

i,
j∈

X
an
d

0
ot
he
rw

ise
.

Cl
ea
rly

,w
e
ha
ve

M
2(

H
,X

)
=
〈v

H
,v

X
〉a

nd
so

th
e
no

nn
eg
at
iv
e
(a
nd

ps
d)

ra
nk

of
M

2
is
at
m
os
t2

(n 2)
.

So
un

dn
es
sf
ol
lo
w
sd

ue
to

th
e
an
al
ys
is
in

(G
ar
ey

et
al
.,
19

76
)a

nd
by

no
tin

g
th
at
th
e
co
st
of

a
lin

ea
ra

rr
an
ge
-

m
en
to

bt
ai
ne
d
by

pr
oj
ec
tin

g
th
e
le
av
es

of
T
is
a
lo
w
er

bo
un

d
on

co
st

(T
).

By
th
e
an
al
ys
is
in

(G
ar
ey

et
al
.,

19
76

)i
ft
he

op
tim

al
va
lu
e

O
PT

(G
)
of

M
A
X
C
U

T
is
at

m
os
tS

,t
he
n
th
e
op

tim
al

va
lu
e
of

M
LA

on
V
′ ,

κ
is

at
le
as
t (

n4 +
n+

1
3

)
−

Sn
4 .

Th
er
ef
or
e,

it
fo
llo

w
s
th
at

th
e
op

tim
al

va
lu
e
of

H
C
LU

ST
on

V
′ ,

κ
is
al
so

at
le
as
t

(n4 +
n+

1
3

)
−

Sn
4 .

Th
e
co
ns
ta
nt

fa
ct
or

in
ap
pr
ox
im

ab
ili
ty

re
su
lt
fo
rH

C
LU

ST
no
w
fo
llo

w
sd

ue
to

th
e
fo
llo

w
in
g
th
eo
re
m
s.

Th
eo
re
m

38
((C

ha
n
et

al
.,
20

13
,T

he
or
em

3.
2)
)
Fo

ra
ny

ε
>

0
th
er
e
ar
e
in
fin

ite
ly
m
an

y
n
su
ch

th
at

fc
LP

( M
A
X
C
U

T
,1
−

ε,
1 2

+
ε 6

)
≥

nΩ
(l

og
n/

lo
g

lo
g

n )
.

Th
eo
re
m

39
((B

ra
un

et
al
.,
20

15
,T

he
or
em

7.
1)
)
Fo

ra
ny

δ,
ε
>

0
th
er
e
ar
e
in
fin

ite
ly
m
an

y
n
su
ch

th
at

fc
SD

P

( M
A
X
C
U

T
,4 5
−

ε,
3 4

+
δ)

=
nΩ

(l
og

n/
lo

g
lo

g
n)

.
(4
3)

Th
us

w
e
ha
ve

th
e
fo
llo

w
in
g
co
ro
lla

ry
ab
ou

tt
he

LP
an
d
SD

P
in
ap
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ox
im

ab
ili
ty

fo
rt
he

pr
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le
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H
C
LU

ST
.

Co
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ry
40

(L
P
an

d
SD

P
ha
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ne
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fo
rH

C
LU

ST
)
Fo

r
an

y
co
ns
ta
nt

c
≥

1,
H

C
LU

ST
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LP
-h
ar
d
an

d
SD

P-
ha
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wi
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an
in
ap

pr
ox
im

ab
ili
ty
fa
ct
or

of
c.

Pr
oo

fS
tra

ig
ht
fo
rw

ar
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sin

gT
he
or
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s3
8a
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to
ge
th
er
w
ith

Le
m
m
a3

7
an
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y
ch
oo

sin
g

n
la
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no
ug

h.

Th
e
fo
llo

w
in
g
le
m
m
a
sh
ow

s
th
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a
m
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m
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ifi
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tio

n
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th
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ar
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m
en
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n
(R

ag
ha
ve
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ra
et

al
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20
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)a

lso
im

pl
ie
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ta
nt
fa
ct
or

in
ap
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ox
im

ab
ili
ty
re
su
lt
un

de
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Sm
al
lS
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Ex

pa
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SE
)h
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ha
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re
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n
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e
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ap
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ap
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.e
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κ
∈
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}.

Th
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SS
E
hy
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th
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s
th
e
w
el
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U
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G
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Co
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tu
re

(U
G
C)

an
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d
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th
e
tw
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e
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e
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th
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al
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h

G
=

(V
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)
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e
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de
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w
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al
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se
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ra
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.L
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de
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th
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fa
ve
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x
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V
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Fo
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su
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et

S
⊆

V
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(S
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: =
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|/
|V
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e
th
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m
e
of

S,
an
d
le
tφ

(S
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∑
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H
ierarchical

Clustering
via

Spreading
M

etrics

Definition
41

(Sm
allsetexpansion

(SSE)hypothesis(Raghavendra
etal.,2012))

Foreveryconstantη
>

0,there
existssuffi

ciently
sm

all
δ
>

0
such

thatgiven
a
graph

G
=

(V
,E

),itisNP-hard
to

decide
the

fol-
lowing

cases,

Com
pleteness

there
existsa

subsetS
⊆

V
with

volum
e

µ
(S

)
=

δ
and

expansion
φ

(S
)≤

η,

Soundness
every

subsetS
⊆

V
ofvolum

e
µ

(S
)

=
δ
hasexpansion

φ
(S

)≥
1−

η.

U
nderthisassum

ption,(Raghavendraetal.,2012)proved
thefollow

ing
am

plification
resultabouttheexpan-

sion
ofsm

allsetsin
the

graph.

Theorem
42

(Theorem
3.5

(Raghavendra
etal.,2012))

For
allq

∈
N

and
ε ′,γ

>
0
itis

SSE-hard
to

distinguish
the

following
fora

given
graph

H
=

(V
H

,E
H

)

Com
pleteness

There
existdisjointsets

S
1 ,...,S

q
⊆

V
H
satisfying

µ
(S

i )
=

1q
and

φ
(S

i )
≤

ε ′+
o(ε ′)foralli∈

[n
],

Soundness
Forallsets

S
⊆

V
H
we

have
φ

(S
)≥

φG
(1−

ε ′/
2)(µ

(S
))−

γ
/

µ
(S

),

where
φG

(1−
ε ′/

2)(µ
(S

))
is
the

expansion
ofsets

ofvolum
e

µ
(S

)
in

the
infinite

G
aussian

graph
G

(1−
ε ′/

2).

The
follow

ing
lem

m
a
establishesthatitis

SSE-hard
to

approxim
ate

H
C
LU

ST
to

w
ithin

any
constantfactor.

The
argum

entclosely
parallels

Corollary
A
.5

of(Raghavendra
etal.,2012)w

here
itw

as
show

n
thatitis

SSE-hard
to

approxim
ate

M
LA

to
w
ithin

any
constantfactor.

Lem
m
a
43

LetG
=

(V
,E

)
be

a
graph

on
V

with
κ
induced

by
the

edges
E
i.e.,

κ
(i,j)

=
1
iff
{i,j}

∈
E

and
0
otherwise.Then

itis
SSE-hard

to
distinguish

between
the

following
two

cases

Com
pleteness

There
existsa

hierarchicalclustering
T
ofV

with
cost(T

)≤
εn| E| ,

Soundness
Every

hierarchicalclustering
T
ofV

satisfies
cost(T

)≥
c √

εn| E|

forsom
e
constantcnotdepending

on
n.

ProofA
pply

Theorem
42

on
thegraph

G
w
ith

thefollow
ing

choiceofparam
eters:q

=
d2/

εe,ε ′
=

ε/
3
and

γ
=

ε.
Suppose

there
existS

1 ,...,S
q ⊆

V
satisfying

φ
(S

i )≤
ε ′+

o(ε ′)
and| S

i |
=
| V| /

q
≤

ε| V| /
2.

Then
considerthe

tree
r,T

w
ith

the
rootr

having
q
children

corresponding
to

each
S

i ,and
each

S
i being

furtherseparated
into| S

i | leavesatthe
nextlevel.W

e
claim

thatcost(T
)≤

εn| E| .W
e
analyze

thisusing
the

alternate
interpretation

ofcostfunction
(1)(see

above).Every
crossing

edge
betw

een
S

i ,S
j fordistinct

i,j∈
[q]incursa

costofn,butby
assum

ption
there

are
atm

ost
ε| E| /

2
such

edges.Further,any
edge

in
S

i
incursa

cost
nq ≤

εn/
2
and

thustheircontribution
isupperbounded

by
εn| E| .

The
analysisforsoundnessfollow

sby
the

argum
entofCorollary

A
.5

in
(Raghavendra

etal.,2012).In
par-

ticular,ifforevery
S
⊆

V
w
e
have

φ
(S

)
≥

φG
(1−

ε ′/
2)(µ

(S
))−

γ
/

µ
(S

)
then

the
costofthe

optim
al

lineararrangem
enton

G
isatm

ost √
εn| E| .Since

the
costofany

tree
(including

the
optim

altree)isatleast
thecostofthelineararrangem

entinduced
by

projecting
theleafvertices,theclaim

aboutsoundnessfollow
s.
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8.Discussion
In

thisw
ork

w
e
have

studied
the

costfunctions(1)and
(21)forhierarchicalclustering

given
a
pairw

ise
sim

-
ilarity

function
overthe

data
and

show
n
an

O
(log

n
)
approxim

ation
algorithm

forthisproblem
.A

sbriefly
m
entioned

in
Section

2
how

ever,such
a
costfunction

isnotunique.Further,there
isan

intim
ate

connection
betw

een
hierarchicalclusteringsand

ultram
etricsoverdiscrete

setsw
hich

pointsto
otherdirectionsforfor-

m
ulating

acostfunction
overhierarchies.In

particularw
ebriefly

m
ention

therelated
notion

ofhierarchically
well-separated

trees
(H

ST)as
defined

in
(Bartal,1996)(see

also
(Bartaletal.,2001,2003)).

A
k-H

ST
for

k
≥

1
is
a
tree

T
such

thateach
vertex

u
∈

T
has

a
label∆

(u
)
≥

0
such

that∆
(u

)
=

0
ifand

only
if

u
isa

leafof
T.Further,ifu

isa
child

ofv
in

T
then

∆
(u

)≤
∆

(v
)/

k.Itisw
ellknow

n
thatany

ultram
etric

d
on

a
finite

setV
isequivalentto

a
1-H

ST
w
here

V
isthe

setofleavesof
T
and

d
(i,j)

=
∆

( lca(i,j))
for

every
i,j∈

V
.Thusin

the
specialcase

w
hen

∆
(u

)
=
| leavesT

[u
]| −

1
w
e
getthe

costfunction
(1),w

hile
if∆

(u
)

=
f

(| leavesT
[u

]| −
1) forastrictly

increasing
function

fw
ith

f(0)
=

0
then

w
egetcostfunction

(21).
Itturns

outthis
assum

ption
on

∆
enables

us
to

prove
the

com
binatorialresults

ofSection
3
and

give
an

O
(log

n
)approxim

ation
algorithm

to
find

the
optim

alcosttree
according

to
these

costfunctions.Itisan
interesting

problem
to

investigate
costfunctionsand

algorithm
sforhierarchicalclustering

induced
by

other
fam

iliesof∆
thatarise

from
a

k-H
ST

on
V
,i.e.,ifthe

costofT
isdefined

as

cost∆
(T

)
:=

∑
{i,j}∈

E
(K

n ) κ
(i,j)∆

( lca(i,j)) .
(44)

N
otethatnotallchoicesof∆

leadtoam
eaningfulcostfunction.Forexam

ple,choosing
∆

(u
)

=
diam

( T
[u

]) −
1
givesrise

to
the

follow
ing

costfunction

cost(T
)

:=
∑

{i,j}∈
E

(K
n ) κ

(i,j)distT
(i,j)

(45)

w
here

distT
(i,j)isthelength

oftheuniquepath
from

ito
jin

T.In
thiscase,thetrivialclustering

r,T
∗w

here
T
∗
isthe

stargraph
w
ith

V
asitsleavesand

r
asthe

rootisalw
aysa

m
inim

izer;in
otherw

ords,there
isno

incentive
forspreading

outthe
hierarchicalclustering.A

lso
w
orth

m
entioning

isa
long

line
ofrelated

w
ork

on
fitting

tree
m
etrics

to
m
etric

spaces
(see

e.g.,(A
ilon

and
Charikar,2005;Räcke,2008;Fakcharoenphol

etal.,2003)).In
thissetting,thedatapointsV

areassum
ed

to
com

efrom
am

etricspace
d

V
and

theobjective
isto

find
a
hierarchicalclustering

T
so

asto
m
inim

ize‖ d
V
−

d
T ‖

p .Ifthe
pointsin

V
lie

on
the

unitsphere
and

the
sim

ilarity
function

κ
isthe

cosine
sim

ilarity
κ

cos (i,j)
=

1−
d

V
(i,j)/

2,then
the

problem
offitting

a
tree

m
etric

w
ith

p
=

2
m
inim

izesthe
sam

e
objective

ascostfunction
(45).Since

d
V
≤

1
in

thiscase,the
m
inim

izeristhe
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th
e
ou

tp
ut

of
Al
go

rit
hm

2
ru
n
on

a
fe
as
ib
le

so
lu
tio

n
{d

t}
t∈

[n
−

1]
of

LP
-u
ltr
am

et
ric

an
d
an

y
ch
oi
ce

of
ε
∈

(0
,1

).
Fo

r
an

y
t
∈

[m
ε]
,w

e
ha

ve
th
at

xt ij
is
fe
as
ib
le

fo
r
th
e
la
ye
r-
b(

1
+

ε )
t c

pr
ob

le
m

IL
P-
la
ye
r
an

d
th
er
e
is
a
co
ns
ta
nt

c(
ε)
>

0
de
pe
nd

in
g
on

ly
on

ε
su
ch

th
at

∑
{i

,j}
∈E

(K
n
)

κ
(i

,j
)x

t ij
≤

c(
ε)

(l
og

n)
γ

t.
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H
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M
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M
oreover,Algorithm

2
can

be
im

plem
ented

to
run

in
tim

e
polynom

ialin
n.

ProofW
efirstshow

thatforafixed
t,theconstructed

solution
x

tij isfeasibleforthelayer-b(1
+

ε)tc
problem

ILP-layer.LetC
t beasin

A
lgorithm

2
so

thatx
tij

=
1
ifi,jbelong

to
differentsetsinC

t and
x

tij
=

0
otherw

ise.
LetG

t
=

(V
,E

t )
be

asin
D
efinition

9
corresponding

to
x

tij .N
ote

thatforany
t∈

[m
ε ],every

V
i ∈
C

t isa
clique

in
G

t by
construction

(line
19)and

forevery
distinctpairV

i ,V
j ∈
C

t w
e
have

V
i ∩

V
j

=
∅

(lines15
and

16).Therefore
by

Lem
m
a
10,itsuffi

cesto
prove

thatforany
V

i ∈
C

t ,itholds| V
i | ≤
b(1

+
ε)tc.IfV

i
isadded

toC
t in

line
9
then

there
isnothing

to
prove.

Thusletusassum
e
thatV

i isofthe
form

B
U

( i,r,t) forsom
e

U
⊆

V
asin

line
14

so
that

φ
( B

U
( i,r,t)) ≤

1∆
log (

vol( B
U

( i,∆
,t))

vol( B
U

( i,0,t)) ).
N
ote

thatby
Lem

m
a
13

itsuffi
ces

to
show

thatthere
is

such
an

r
∈

(0,∆
].

This
property

follow
sfrom

the
rounding

schem
e
due

to
(Even

etal.,1999)asw
e
w
illexplain

now.
By

Lem
m
a
18

vol( B
U

( i,r,t))
is

differentiable
everyw

here
in

the
interval

(0,∆
]exceptatfinitely

m
any

points
X
.Letthesetofdiscontinuouspointsbe

X
=
{x

1 ,x
2 ,...,x

k−
1 }

w
ith

x
0

=
0
<

x
1
<

x
2 ...x

k−
1
<

x
k

=
∆
.W

e
claim

thatthere
m
ustbe

an
r∈

(0,∆
]\

X
such

that
φ

( B
U

( i,r,t)) ≤
1∆

log (
vol( B

U
( i,∆

,t))
vol( B

U
( i,0,t)) ).

Letus
assum

e
for

the
sake

of
a
contradiction

thatfor
every

r
∈

( 0,∆
] \

X
w
e
have

φ
( B

U
( i,r,t))

>
1∆

log (
vol( B

U
( i,∆

,t))
vol( B

U
( i,0,t)) ).H

ow
everintegrating

both
sidesfrom

0
to

∆
resultsin

a
contradiction:

∫
∆r=

0
φ

( B
U

( i,r,t)) dr
=
∫

∆r=
0

∂B
U

( i,r,t)
vol( B

U
( i,r,t)) dr

(46)

=
k∑i=

1 ∫
x

i

r=
x

i−
1

∂B
U

( i,r,t)
vol( B

U
( i,r,t)) dr

(47)

=
k∑i=

1 ∫
x

i

r=
x

i−
1

d
( vol( B

U
( i,r,t)))

vol( B
U

( i,r,t))
(48)

≤
log

vol( B
U

( i,∆
,t)) −

log
vol( B

U
( i,0,t))

(49)

=
∫

∆r=
0

1∆
log (

vol( B
U

( i,∆
,t))

vol( B
U

( i,0,t)) )
dr,

(50)

w
here

line
49

follow
ssince

f
ism

onotonic
increasing.Forany

t∈
[m

ε ]the
setC

t isa
disjointpartition

of
V

w
ith

ballsofthe
form

B
U

( i,r,t ′)
forsom

e
t ′≥

tand
U
⊆

U
l ∈
C

t ′+
1 :thisiseasily

seen
by

induction
sinceC

m
ε +

1 isinitialized
asV

.Further,aclusterV
i isadded

toC
t eitherin

line15
in
w
hich

caseitisaballof
the

form
B

U
( i,r,t) forsom

e
U
∈
C

t+
1 ,i∈

U
,and

r∈
R

oritisadded
in

line
9
in

w
hich

case
itm

usthave
been

a
ballB

U
( i ′,r ′,t ′) forsom

e
t ′
>

t,U
⊆

U
l ∈
C

t ′+
1 ,i ′∈

V
,and

r ′∈
R
.N

ote
thatforany

t ′≥
tand

U
⊆

V
,itholds

γ
Ut ′ ≤

γ
Ut
since

forevery
pairi,j∈

V
w
e
have

κ
(i,j)≥

0
and

d
t (i,j)≥

d
t ′(i,j)

because
ofconstraint(15).M

oreover,forany
subsetU

⊆
V
w
ehave

γ
Ut
≤

γ
t since

κ,d
t ≥

0.W
eclaim

thatforany

t∈
[ m

ε ] the
totalvolum

e
ofthe

balls
inC

t is
atm

ost (2
+

1
log

n )
γ

t .
Firstnote

thatthe
affi

ne
term

γ
Ut ′

n
log

n

in
the

volum
e
ofa

ballB
U

( i,r,t ′)
inC

t is
upperbounded

by
γ

t
n

log
n
and

appears
atm

ostn
tim

es.
N
extw

e
claim

thatthe
contribution

to
the

totalvolum
e
from

the
term

involving
the

edgesinside
and

crossing
a
ball

B
U

( i,r,t ′) ∈
C

t isatm
ost2

γ
t .Thisisbecause

the
ballsare

disjoint,r−
d

t ′(i,k)≤
d

t ′(j,k)≤
d

t (j,k)for
thecrossing

edgesofaballB
U

( i,r,t ′) ∈
C

t and
acrossing

edgecontributesto
thevolum

eofatm
ost2

balls
inC

t .N
otethatforany

U
⊆

V
,i∈

U
,and

r∈
R
≥

0 w
ehave

vol( B
U

( i,r,t)) ∈
[

γ
Ut

n
log

n , (1
+

1
n

log
n )

γ
Ut ].
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Roy
and

Pokutta

U
sing

thisobservation
and

the
stopping

condition
ofline

14
itfollow

sthat

∑
{i,j}∈

E
(K

n ) κ
(i,j)x

tij
=

∑
{i,j}∈

E
(K

n ):
i,jseparated

inC
t κ

(i,j)

=
12

∑
B

U
( i,r,t ′) ∈C

t :
t ′≥

t
U
⊆

U
l ∈C

t ′+
1

∑
j∈B

U
( i,r,t ′)

k/∈B
U

( i,r,t ′) κ
(j,k)

︸
︷︷

︸
Since

κ
issym

m
etric

=
12

∑
B

U
( i,r,t ′) ∈C

t :
t ′≥

t
U
⊆

U
l ∈C

t ′+
1

∂B
U
(i,r,t ′ )

=
12

∑
B

U
( i,r,t ′) ∈C

t :
t ′≥

t
U
⊆

U
l ∈C

t ′+
1

φ
(B

U
(i,r,t ′ ))

vol (B
U
(i,r,t ′ ))

≤
∑

B
U

( i,r,t ′) ∈C
t :

t ′≥
t

U
⊆

U
l ∈C

t ′+
1

12∆
log (

vol( B
U

( i,∆
,t ′))

vol( B
U

( i,0,t ′)) )
vol (B

U
(i,r,t ′ ))

≤
12∆

( log
( n

log
n

+
1))

︸
︷︷

︸
via

intervalbounds

∑
B

U
( i,r,t ′) ∈C

t :
t ′≥

t
U
⊆

U
l ∈C

t ′+
1

vol (B
U
(i,r,t ′ ))

≤
1

+
ε

2
ε

( log
( n

log
n

+
1))

(
2

+
1

log
n )

γ
t

︸
︷︷

︸
contribution

ofaffi
ne

term
≤

γ
t

log
n

contribution
ofedge

term
s≤

2
γ

t

≤
c(ε)(log

n
)γ

t ,

forsom
e
constantc(ε)

>
0
depending

only
on

ε.
Forthe

run
tim

e
ofA

lgorithm
2
note

thatthe
loop

in
line

5
runs

foratm
ostn−

1
steps,w

hile
the

loop
in

line
7
runsforatm

ostn
steps.Fora

setU
⊆

V
,to

com
pute

the
ballB

U
( i,r,t)

ofleastradius
r
such

that
φ

( B
U

( i,r,t)) ≤
1∆

log (
vol( B

U
( i,∆

,t))
vol( B

U
( i,0,t)) ),sortthe

vertices
in

U
\{i}

in
increasing

orderofdistance
from

i

according
to

d
t .Letthe

verticesin
U
\{i}

in
thissorted

orderbe {
j1 ,...,j| U

| −
1 }.Then

itsuffi
cesto

check
theexpansion

oftheballs{i}
and{i}∪

{j1 ,...,jk }
forevery

k∈
[| U
| −

1] .Itisstraightforw
ard

to
see

that
allthe

otherstepsin
A
lgorithm

2
run

in
tim

e
polynom

ialin
n.
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l
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r
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e
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evelop
m

en
t
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m

a
n
y

of
th

e
a
lgorith

m
s

con
sid

ered
rests

h
eav

ily
o
n

w
ork

in
g
en

eral
con

vex
op

tim
ization

an
d

sto
ch

astic
op

tim
ization

.
A

s
a

few
startin

g
p

o
in

ts,
w

e
refer

th
e

read
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N

em
irov
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y

an
d

Y
u

d
in

(1983)
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d
N

esterov
(2004

,
2
007).

G
o
in

g
th

e
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er
w

ay,
th

e
a
lgorith

m
s

p
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ted
h

ere
can

b
e

a
p

p
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b

atch
op

tim
ization

p
ro

b
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s
of

th
e

form
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m
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R
n

F
(x
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w
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b
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in
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e
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of
f
t
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-
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U
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b
a
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(e.g.,

C
esa-B
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et
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04),
S

h
alev

-S
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w

a
rtz
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01
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C
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5)),
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e
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e
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b
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an
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f-th

e-a
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b
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b
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b
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e
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p
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(2).
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b
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3
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con
crete

b
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b
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F
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R

L
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m
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w
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4.1
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e
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g
F
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R

L
L
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w
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p
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p
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h
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b
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p
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ection
4.2
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d
a
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lts
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sis,
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d
p
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b
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d
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T
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e
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b
ou

n
d
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re
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4.3

as
corolla

ries
of
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lts.

S
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5
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e
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m
p
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p
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f
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+

Ψ
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)
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`
t
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n
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e
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p
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d
Ψ
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Ψ

(x
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‖
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1 ).
F
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a
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S
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n
6

p
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e
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l
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ri
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∈
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.
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∂
f t

(x
t)

C
h

o
os

e
in

cr
em

en
ta

l
co

n
ve

x
re

gu
la

ri
ze

r
r t

,
p

os
si

b
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ra
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n
t
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L
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s
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p
ro

ve
re

gr
et

b
ou

n
d

s
fo

r
M

ir
ro

r
D

es
ce

n
t.

N
e
w

C
o
n
tr

ib
u

ti
o
n

s
T

h
e

p
ri

n
ci

p
a
l

go
al

of
th

is
w

o
rk

is
to

p
ro

v
id

e
a

u
se

fu
l

su
r-

ve
y

of
ce

n
tr

al
re

su
lt

s
in

th
e

an
al

y
si

s
of

ad
ap

ti
v
e

al
g
or

it
h

m
s

fo
r

on
li

n
e

co
n
v
ex

op
ti

-
m

iz
a
ti

on
;

w
h

en
ev

er
p

os
si

b
le

w
e

p
ro

v
id

e
p

re
ci

se
re

fe
re

n
ce

s
to

ea
rl

ie
r

re
su

lt
s

th
at

w
e

re
-p

ro
ve

or
st

re
n

gt
h

en
.

A
ch

ie
v
in

g
th

is
go

a
l

in
a

co
n

ci
se

fa
sh

io
n

re
q
u

ir
es

so
m

e
n

ew
re

su
lt

s,
w

h
ic

h
w

e
su

m
m

ar
iz

e
h

er
e.

T
h

e
F

T
R

L
st

y
le

of
an

al
y
si

s
is

b
ot

h
m

o
d

u
la

r
a
n

d
in

tu
it

iv
e,

b
u

t
in

p
re

v
io

u
s

w
or

k
re

su
lt

ed
in

re
gr

et
b

ou
n

d
s

th
at

ar
e

n
ot

th
e

ti
gh

te
st

p
os

si
b

le
;

w
e

re
m

ed
y

th
is

b
y

in
tr

o
d

u
ci

n
g

th
e

S
tr

on
g

F
T

R
L

L
em

m
a

in
S

ec
ti

on
4.

1
.

T
h

is
al

so
re

la
te

s
th

e
F

T
R

L
an

al
y
si

s
te

ch
n

iq
u
e

to
th

e
p

ri
m

al
-d

u
a
l

st
y
le

o
f

an
al

y
si

s.

B
y

an
al

y
zi

n
g

b
ot

h
F

T
R

L
-P

ro
x
im

al
a
lg

o
ri

th
m

s
(i

n
tr

o
d

u
ce

d
in

th
e

n
ex

t
se

ct
io

n
)

an
d

D
u

al
A

ve
ra

gi
n

g
al

go
ri

th
m

s
in

a
u

n
ifi

ed
m

an
n

er
,

it
is

m
u

ch
ea

si
er

to
co

n
tr

as
t

th
e

st
re

n
gt

h
s

an
d

w
ea

k
n

es
se

s
of

ea
ch

ap
p

ro
ac

h
.

T
h

is
h

ig
h

li
gh

ts
a

te
ch

n
ic

al
b

u
t

im
p

or
ta

n
t

“o
ff

-b
y
-o

n
e”

d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

fa
m

il
ie

s
in

th
e

ad
ap

ti
ve

se
tt

in
g,
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w

el
l
as

an
im

p
or

ta
n
t

d
iff

er
en

ce
w

h
en

th
e

a
lg

o
ri

th
m

is
u

n
co

n
st

ra
in

ed
(a

n
y
x
t
∈
R
n

is
fe

as
ib

le
).

P
er

h
ap

s
th

e
m

os
t

si
gn

ifi
ca

n
t

n
ew

co
n
tr

ib
u

ti
on

is
gi

v
en

in
S

ec
ti

o
n

6,
w

h
er

e
w

e
sh

ow
th

a
t

M
ir

ro
r

D
es

ce
n
t

al
go

ri
th

m
s

(i
n
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u

d
in

g
a
d

ap
ti

ve
al

go
ri

th
m

s
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r
co

m
p

os
it

e
ob

je
ct

iv
es

)
ar

e
in

fa
ct

p
ar

ti
cu

la
r
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an
ce

s
of

th
e

F
T

R
L

-P
ro

x
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al
a
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or
it

h
m
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h

em
a
,

an
d
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n

b
e

an
al

y
ze

d
u

si
n

g
th

e
ge

n
er

a
l
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s
d

ev
el
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ed

fo
r

th
e

an
al

y
si

s
o
f

F
T

R
L

.

2
.

T
h
e

F
T

R
L

A
lg

o
ri

th
m

F
a
m

il
y

a
n
d

G
e
n
e
ra

l
R

e
g
re

t
B

o
u
n
d
s

W
e

b
eg

in
b
y
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d

er
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g
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o
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p
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n
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en
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e
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F

T
R

L
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th
m

s.
F

ir
st

,
th

e
al
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th
m

d
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n

er
h
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ca
n
t

fl
ex

ib
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it
y

in
d

ec
id

in
g

w
h

et
h

er
th

e
su

m
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p
re

v
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u
s

lo
ss

fu
n

ct
io

n
s
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o
p

ti
m

iz
ed

ex
ac
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y
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f 1

:t
(x

)
in

E
q
.

(2
),

or
if

th
e

tr
u

e
lo

ss
es

sh
ou

ld
b

e
re

p
la

ce
d

b
y

a
p

p
ro

p
ri
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e

lo
w

er
b

ou
n

d
s,
f̄ 1

:t
(x

),
fo

r
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m
p

u
ta

ti
on
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effi

ci
en
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.
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l

m
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a
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n
t
x
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en
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e
m
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e
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en

t
x
t.

A
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er
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g
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es
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w
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2
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L
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e
a
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z
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d
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e
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p
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a
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ra
ct

ic
e,

it
m

ay
b

e
in

fe
as

ib
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b
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es
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en
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y
la

rg
e.

A
ke
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in
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w
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b
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2
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d
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t
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∂
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b
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d
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p
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v
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p
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:
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≤
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=
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∈
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d
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w
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b
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n
b

e
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F
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p
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w
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=
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‖2 2
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w
e
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n
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lv

e
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1
=

ar
g

m
in
x
g 1
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+
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)
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in

g
x
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η
g 1
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is
,

th
is

F
T

R
L

al
go

ri
th

m
is

ex
ac

tl
y

co
n

st
an

t
le

ar
n

in
g

ra
te

O
n

li
n

e
G

ra
d

ie
n
t

D
es

ce
n
t)

.

H
ow

ev
er

,
w

e
w

il
l

u
su

a
ll
y

st
at

e
ou

r
re

su
lt

s
in

te
rm

s
of

ge
n

er
a
l
f t

,
si

n
ce

on
e

ca
n

al
w

ay
s

si
m

p
ly

ta
ke

f t
=
f̄ t

w
h

en
ap

p
ro

p
ri

at
e.

In
fa

ct
,

a
n

im
p

or
ta

n
t

as
p

ec
t

of
ou

r
an

al
y
si

s
is

th
a
t

it
d

o
es

n
ot

d
ep

en
d

on
li
n

ea
ri

za
ti

o
n

;
ou

r
re

gr
et

b
ou

n
d

s
h

ol
d

fo
r

th
e

th
e

ge
n

er
al

u
p

d
at

e
of

E
q
.

(2
)

as
w

el
l

as
ap

p
ly

in
g

to
li

n
ea

ri
ze

d
va

ri
an

ts
.

M
or

e
ge

n
er

al
ly

,
w

e
ca

n
ru

n
th

e
a
lg

or
it

h
m

o
n

an
y
f̄ t

th
a
t

sa
ti

sf
y
f̄ t

(x
t)
−
f̄ t

(x
∗ )
≥

f t
(x
t)
−
f t

(x
∗ )

fo
r

al
l
x
∗

an
d

h
av

e
th

e
re

gr
et

b
ou

n
d

ac
h

ie
ve

d
fo

r
th

e
f̄

al
so

ap
p

ly
to

th
e

or
ig

in
al
f

.
T

h
is

is
ge

n
er

a
ll

y
a
cc

o
m

p
li

sh
ed

b
y

co
n

st
ru

ct
in

g
a

lo
w

er
b

ou
n

d
f̄ t

th
at

is
ti

gh
t

a
t
x
t,

th
at

is
f̄ t

(x
)
≤
f t

(x
)

fo
r

al
l
x

an
d

fu
rt

h
er
f̄ t

(x
t)

=
f t

(x
t)

.
A

ti
gh

t
li

n
ea

r
lo

w
er

b
ou

n
d

is
al

w
ay

s
p

o
ss

ib
le

fo
r

co
n
ve

x
fu

n
ct

io
n

s,
b

u
t

fo
r

ex
a
m

p
le

if
th

e
f t

a
re

al
l

st
ro

n
g
ly

co
n
ve

x
,

b
et

te
r

a
lg

or
it

h
m

s
ar

e
p

o
ss

ib
le

b
y

ta
k
in

g
f̄ t

to
b

e
a
n

ap
p

ro
p

ri
a
te

q
u

ad
ra

ti
c

lo
w

er
b

ou
n

d
.

A
m

or
e

in
-d

ep
th

in
tr

o
d

u
ct

io
n

to
th

e
li

n
ea

ri
za

ti
on

of
co

n
ve

x
fu

n
ct

io
n

ca
n

b
e

fo
u

n
d

in
S

h
al

ev
-S

h
w

a
rt

z
(2

01
2,

S
ec

2.
4)

.
W

e
al

so
n
ot

e
th

at
th

e
id

ea
of

re
p

la
ci

n
g

th
e

lo
ss

fu
n

ct
io

n
on

ea
ch

ro
u

n
d

w
it

h
an

ap
p

ro
p
ri

at
e

lo
w

er
b

o
u

n
d

(“
li

n
ea

ri
za

ti
on

of
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A
d
a
p
t
iv
e
O
n
l
in
e
L
e
a
r
n
in
g

co
n
vex

fu
n

ction
s”)

is
d
istin

ct
from

th
e

m
o
d

elin
g

d
ecisio

n
to

rep
lace

a
n

on
-con

vex
lo

ss
fu

n
ction

(e.g.,
th

e
zero-on

e
loss

for
cla

ssifi
cation

)
w

ith
a

con
vex

u
p

p
er

b
ou

n
d

(e.g.,
th

e
h
in

ge
loss).

T
h

is
“con

vex
ifi

cation
b
y

su
rrog

ate
lo

ss”
ap

p
ro

ach
is

d
escrib

ed
in

d
etail

b
y

(S
h

alev
-S

h
w

artz,
2012,

S
ec

2.1
).

2
.2

R
e
g
u

la
riz

a
tio

n
in

F
T

R
L

A
lg

o
rith

m
s

T
h

e
term

“
regu

larization
”

can
h

ave
m

u
ltip

le
m

ean
in

g
s,

an
d

so
in

th
is

section
w

e
clarify

th
e

d
iff

eren
t

roles
regu

lariza
tion

p
lay

s
in

th
e

p
resen

t
w

ork
.

W
e

refer
to

th
e

fu
n

ction
s
r

0
:t

as
regu

la
rization

fu
n

ctio
n

s,
w

ith
r
t

th
e

in
crem

en
tal

in
crease

in
regu

larization
on

rou
n

d
t

(w
e

a
ssu

m
e
r
t (x

)
≥

0).
T

h
is

is
th

e
reg

u
lar-

ization
in

th
e

n
am

e
F

o
llow

-T
h

e-R
egu

larized
-L

ead
er,

an
d

th
ese

r
t

term
s

sh
o
u

ld
b

e
v
iew

ed
as

p
art

of
th

e
algorith

m
itself—

an
alo

gou
s

(a
n

d
in

so
m

e
cases

ex
actly

eq
u

iv
-

alen
t)

to
th

e
learn

in
g

rate
sch

ed
u

le
in

an
O

n
lin

e
G

rad
ien

t
D

escen
t

a
lgorith

m
,

for
ex

am
p

le.
T

h
e

ad
ap

tive
ch

oice
of

th
ese

reg
u

larizers
is

th
e

p
rin

cip
le

to
p

ic
o
f

th
e

cu
rren

t
w

ork
.

W
e

stu
d

y
tw

o
m

ain
classes

of
reg

u
larizers:

•
In

F
T

R
L

-C
en

tered
algorith

m
s,

each
r
t

(a
n

d
h

en
ce
r

0
:t )

is
m

in
im

ized
a
t

a
fi

x
ed

p
oin

t,
x

1
=

arg
m

in
x
r

0 (x
).

A
n

ex
am

p
le

is
D

u
a
l

A
veragin

g
(w

h
ich

also
lin

-
earizes

th
e

lo
sses),

w
h

ere
r

0
:t

is
called

th
e

p
ro

x-fu
n

ctio
n

(N
esterov

,
200

9).

•
In

F
T

R
L

-P
ro

xim
a
l

algorith
m

s,
each

in
crem

en
tal

regu
lariza

tio
n

fu
n

ctio
n
r
t

is
m

in
im

ized
b
y
x
t ,

an
d

w
e

call
su

ch
r
t

in
crem

en
tal

p
rox

im
al

regu
larizers.

W
h

en
w

e
m

ake
n

eith
er

a
p

rox
im

al
n

or
cen

tered
assu

m
p

tion
on

th
e
r
t ,

w
e

refer
to

gen
eral

F
T

R
L

a
lg

orith
m

s.
T

h
eorem

1
(b

elow
)

a
llow

s
u

s
to

an
aly

ze
regu

lariza
tio

n
ch

oices
th

at
d

o
n

o
t

fall
in

to
eith

er
of

th
ese

tw
o

categ
ories,

b
u

t
th

e
C

en
tered

an
d

P
rox

im
al

cases
cover

th
e

algorith
m

s
of

p
ractica

l
in

terest.

T
h

ere
are

a
n
u

m
b

er
of

reason
s

w
e

m
igh

t
w

ish
to

ad
d

ad
d

ition
al

regu
la

rization
term

s
to

th
e

ob
jective

fu
n

ction
in

th
e

F
T

R
L

u
p

d
ate.

In
m

an
y

cases
th

is
is

h
an

d
led

im
m

ed
iately

b
y

ou
r

gen
eral

th
eory

b
y

grou
p

in
g

th
e

ad
d

itio
n

al
regu

larization
term

s
w

ith
eith

er
th

e
f
t

or
th

e
r
t .

H
ow

ever,
in

som
e

cases
it

w
ill

b
e

a
d

van
tageou

s
to

h
an

d
le

th
is

ad
d

ition
al

regu
larization

m
ore

ex
p

licitly.
W

e
stu

d
y

th
is

situ
atio

n
in

d
eta

il
in

S
ection

5.

2
.3

G
e
n

e
ra

l
R

e
g
re

t
B

o
u

n
d

s

In
th

is
section

w
e

in
tro

d
u
ce

tw
o

gen
eral

regret
b

o
u

n
d

s
th

a
t

ca
n

b
e

u
sed

to
a
n

aly
ze

m
an

y
d

iff
eren

t
ad

ap
tiv

e
on

lin
e

alg
orith

m
s.

F
irst,

w
e

in
tro

d
u

ce
som

e
a
d

d
itio

n
a
l

n
otation

an
d

d
efi

n
ition

s.

N
o
ta

tio
n

a
n

d
D

e
fi

n
itio

n
s

A
n

ex
ten

d
ed

-valu
e

con
vex

fu
n

ction
ψ

:R
n
→

R∪{∞
}

satisfi
es

ψ
(θx

+
(1−

θ)y
)≤

θψ
(x

)
+

(1−
θ)ψ

(y
),

7
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M
c
M
a
h
a
n

fo
r
θ∈

(0,1),
an

d
th

e
d

om
ain

of
ψ

is
th

e
con

vex
set

d
om

ψ
≡
{x

:
ψ

(x
)
<
∞
}

(e.g.,
B

oy
d

an
d

V
an

d
en

b
ergh

e
(2004,

S
ec.

3.1.2));
ψ

is
p

rop
er

if∃
x
∈
R
n

s.t.
ψ

(x
)
<

+
∞

an
d
∀
x
∈

R
n
,ψ

(x
)
>
−
∞

.
W

e
refer

to
ex

ten
d

ed
-valu

e
p

rop
er

con
vex

fu
n

ction
s

as
sim

p
ly

“
con

vex
fu

n
ction

s.”
W

e
w

rite
∂
ψ

(x
)

for
th

e
su

b
d
iff

eren
tial

of
ψ

at
x

;
a

su
b

grad
ien

t
g
∈
∂
ψ

(x
)

satisfi
es

∀
y
∈
R
n
,
ψ

(y
)≥

ψ
(x

)
+
g·(y−

x
).

T
h

e
su

b
d

iff
eren

tial
∂
ψ

(x
)

for
a

co
n
vex

ψ
is

a
lw

ay
s

n
on

-em
p

ty
fo

r
x
∈

in
t

(d
om

ψ
),

an
d

ty
p

ically
n

on
-em

p
ty

for
an

y
x
∈

d
om

ψ
for

th
e

fu
n

ction
s
ψ

con
sid

ered
in

th
is

w
ork

;
∂
ψ

(x
)

is
em

p
ty

for
x
6∈

d
om

ψ
(R

o
ckafellar,

1
970

,
T

h
m

.
23

.2).
W

o
rk

in
g

w
ith

ex
ten

d
ed

con
vex

fu
n

ction
s

lets
u

s
en

co
d

e
con

strain
ts

seam
lessly

b
y

u
sin

g
IX

,
th

e
in

d
ica

tor
fu

n
ctio

n
on

a
con

vex
setX

⊆
R
n

given
b
y

IX
(x

)
=

{
0

x
∈
X

∞
oth

erw
ise

,
(4)

sin
ce
IX

is
itself

an
ex

ten
d

ed
con

vex
fu

n
ction

.
G

en
erally

w
e

assu
m

e
X

is
a

closed
con

vex
set.

T
h

is
ap

p
roach

m
akes

it
con

ven
ien

t
to

w
rite

a
rg

m
in
x

as
sh

o
rth

an
d

fo
r

arg
m

in
x∈

R
n
.

A
fu

n
ction

ψ
:R

n
→

R
∪
{∞
}

is
σ

-stro
n

gly
co

n
vex

w
.r.t.

a
n

orm
‖·‖

if
for

all
x
,y
∈
R
n
,

∀
g
∈
∂
ψ

(x
),

ψ
(y

)≥
ψ

(x
)

+
g·

(y−
x

)
+

σ2 ‖
y−

x‖
2.

(5)

If
som

e
ψ

on
ly

satisfi
es

E
q
.

(5
)

for
x
,y
∈
X

fo
r

a
con

v
ex

setX
,

th
en

th
e

fu
n

ction
ψ
′

=
ψ

+
IX

satisfi
es

E
q
.

(5
)

for
all

x
,y
∈

R
n
,

an
d

so
is

stron
g
ly

con
v
ex

b
y

o
u

r
d

efi
n

ition
.

T
h
u

s,
w

e
can

w
ork

w
ith

ψ
′

w
ith

o
u

t
an

y
n

eed
to

ex
p

licitly
refer

to
X

.
T

h
e

co
n

vex
co

n
ju

ga
te

(o
r

F
en

ch
el

con
ju

ga
te)

of
an

arb
itrary

fu
n

ction
ψ

:R
n
→

R
∪
{∞
}

is
ψ
?(g

)≡
su

px
g·x

−
ψ

(x
).

(6)

F
or

a
n

orm
‖·‖

,
th

e
d

u
al

n
orm

is
given

b
y

‖x‖
? ≡

su
p

y
:‖
y‖≤

1
x
·
y
.

It
follow

s
from

th
is

d
efi

n
ition

th
at

for
a
n
y
x
,y
∈
R
n
,
x·y
≤
‖x‖‖y‖

? ,
a

gen
eralization

of
H

öld
er’s

in
eq

u
ality.

W
e

m
ake

h
eav

y
u

se
o
f

n
orm

s‖·‖
(t)

th
a
t

ch
an

ge
a
s

a
fu

n
ction

of
th

e
rou

n
d
t;

th
e

d
u

al
n

orm
of‖·‖

(t)
is‖·‖

(t),? .
O

u
r

b
a
sic

assu
m

p
tion

s
corresp

on
d

to
th

e
fram

ew
ork

of
A

lgorith
m

1,
w

h
ich

w
e

su
m

m
a
rize

togeth
er

w
ith

a
few

tech
n

ical
con

d
ition

s
a
s

follow
s:

S
e
ttin

g
1

W
e

co
n

sid
er

th
e

a
lgo

rith
m

th
a
t

selects
po

in
ts

a
cco

rd
in

g
to

E
q.

(2
)

ba
sed

o
n

co
n

vex
r
t

th
a
t

sa
tisfy

r
t (x

)≥
0

fo
r
t∈
{0
,1
,2
,...}

,
a
ga

in
st

a
sequ

en
ce

o
f

co
n

vex
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A
d
a
p
t
iv
e
O
n
l
in
e
L
e
a
r
n
in
g

lo
ss

fu
n

ct
io

n
s
f t

:
R
n
→

R
∪
{∞
}.

F
u

rt
h
er

,
le

tt
in

g
h

0
:t

=
r 0

:t
+
f 1

:t
w

e
a
ss

u
m

e
d

o
m
h

0
:t

is
n

o
n

-e
m

p
ty

.
R

ec
a
ll

in
g
x
t

=
a
rg

m
in
x
h

0
:t
−

1
(x

),
w

e
fu

rt
h
er

a
ss

u
m

e
∂
f t

(x
t)

is
n

o
n

-e
m

p
ty

.

T
h

e
m

in
or

te
ch

n
ic

al
as

su
m

p
ti

on
s

m
ad

e
h

er
e

d
o

n
ot

ru
le

ou
t

an
y

p
ra

ct
ic

al
a
p

p
li

ca
-

ti
on

s.
W

e
ca

n
n

ow
in

tr
o
d

u
ce

th
e

th
eo

re
m

s
w

h
ic

h
w

il
l

b
e

ou
r

m
ai

n
fo

cu
s.

T
h

e
fi

rs
t

w
il

l
ty

p
ic

al
ly

b
e

ap
p

li
ed

to
F

T
R

L
-C

en
te

re
d

al
go

ri
th

m
s

su
ch

a
s

D
u

a
l

A
ve

ra
g
in

g
:

T
h

e
o
re

m
1

G
e
n

e
ra

l
F

T
R

L
B

o
u

n
d

C
o
n

si
d
er

S
et

ti
n

g
1
,

a
n

d
su

p
po

se
th

e
r t

a
re

ch
o
se

n
su

ch
th

a
t
h

0
:t

+
f t

+
1

=
r 0

:t
+
f 1

:t
+

1
is

1
-s

tr
o
n

gl
y-

co
n

ve
x

w
.r

.t
.

so
m

e
n

o
rm

‖·
‖ (
t)

.
T

h
en

,
fo

r
a
n

y
x
∗
∈
R
n

a
n

d
fo

r
a
n

y
T
>

0,

R
eg

re
t T

(x
∗ )
≤
r 0

:T
−

1
(x
∗ )

+
1 2

T ∑ t=
1

‖g
t‖

2 (t
−

1
),
?
.

O
u

r
se

co
n

d
th

eo
re

m
h

an
d

le
s

p
ro

x
im

a
l

re
gu

la
ri

ze
rs

:

T
h

e
o
re

m
2

F
T

R
L

-P
ro

x
im

a
l
B

o
u

n
d

C
o
n

si
d
er

S
et

ti
n

g
1
,

a
n

d
fu

rt
h
er

su
p
po

se
th

e
r t

a
re

ch
o
se

n
su

ch
th

a
t
h

0
:t

=
r 0

:t
+
f 1

:t
is

1
-s
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h
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.
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w
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e
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h
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b
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b
e

ch
os

en
a
d

ap
ti

v
el

y
to

ad
d

on
ly

as
m

u
ch

st
ro

n
g

co
n
ve

x
it

y
as

n
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e

ot
h

er
h

a
n

d
,

w
h

en
th

e
f t

ar
e

n
ot

st
ro

n
gl

y
co

n
ve

x
(e

.g
.,

li
n

ea
r)

,
a

su
ffi

ci
en

t
co

n
d

it
io

n
fo

r
b

ot
h

th
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d
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b
as

ed
o
n
g t

,
an

d
w

h
en

u
si

n
g

p
ro

x
im

a
l

re
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b
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ra
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ra
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.
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b
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b
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.
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h
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d
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ra
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d
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at
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.
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ca
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p
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d
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b
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is
α
t-

st
ro

n
g
ly

-
co

n
ve

x
w

it
h

re
sp

ec
t

to
a

fi
x
ed

n
or

m
‖·
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b
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b
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d
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at
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T ∑ t=
1
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b
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b
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p
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∈
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b
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b
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w
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b
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ra
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ra
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t
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p
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.
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ra
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h
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n
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b
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r 0

,
b

as
ed

o
n

th
e

eq
u

iv
al

en
ce

ar
g

m
in

x
∈R

n
f 1

:t
(x

)
+
r 0

:t
(x

)
+
I X

(x
)

=
ar

g
m

in
x
∈X

f 1
:t
(x

)
+
r 0

:t
(x

).

F
u

rt
h

er
,
if
r 0

:t
sa

ti
sfi

es
th
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n
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d
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l
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l
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e
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p
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p
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e

regret
b

ou
n

d
:

th
at

is,
if

T
h

eorem
1

on
fu

n
ction

s
r

0 ,r
1 ,...,

gives
a

b
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n
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t ‖
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r
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R
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con
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∈
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b
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b
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t ∈
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in
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r
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con
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d
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f
r
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w
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r
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vex-co

n
ju

ga
te

o
f

r
0
:t .

If
ea

ch
r
t

is
σ
t -stro

n
gly

co
n

vex
w

.r.t.
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√
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b
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b
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=
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=
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b
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at
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3
.1

C
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n
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n
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L
e
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g

R
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n
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con
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=
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p
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=
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b
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w
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.
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w

e
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F

T
R

L
w
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)

=
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η ‖
x‖
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=
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(9)
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h
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n
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see
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1
=
−
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as
w
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A

p
p
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g
eith

er
T
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1
or

2
(reca

ll
th
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b
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.

(7),
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R
egret

T
(x
∗)≤

12η ‖
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22
+
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T
∑t=

1

η‖
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t ‖

22 ,
(10)
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g
L
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√
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2 .
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p
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e
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∗
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∗‖
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R
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h
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G
√
T
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E
q
.

(10
)
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h
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=
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n
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e
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R
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√
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√
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√
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b
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b
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b
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p
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.
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n
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e
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‖
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p
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p
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=
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x∈

R
n
g

1
:t ·x

+
12η ‖

x‖
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l
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n
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.
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p
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at
e

is
eq

u
iv

al
en

t
to

th
e

tw
o
-s

te
p

u
p

d
at

e
w

h
er

e
w

e
fi

rs
t

so
lv

e
th

e
u

n
co

n
st

ra
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b
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b
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b
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ra
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.
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in

th
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d
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p
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ra
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=

Π
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t
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p
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b
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ra
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d

al
go

ri
th

m
w

it
h

li
n

ea
ri

ze
d

lo
ss

fu
n

c-
ti

o
n

s;
th
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≥

0,
so
r 0

:t
is

1-
st

ro
n

gl
y
-c

on
ve

x
w

.r
.t

.
th

e
n

or
m
‖x
‖ (
t)

=
√
σ

0
:t
‖x
‖ 2

,
w

h
ic

h
h

a
s

d
u

al
n

or
m
‖x
‖ (
t)
,?

=
1
√
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∗ ‖
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∗ ‖
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√
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√
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is
p

ro
d

u
ce

s
th
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⊆
{x
|‖
x
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p
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√
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√
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√
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b
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b
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b
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b
el

ie
ve

th
at

th
e

F
T

R
L

-
P

ro
x
im

al
b

o
u

n
d

w
il

l
ac

tu
al

ly
b
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b
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w
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ra
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h
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l
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con
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ra
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∑
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e
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n
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.
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n
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b
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b
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b
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p
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p
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∞

√
∑
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=
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1
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=
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w

h
ere

Q
t

=
d

iag (σ
t,i ),

th
e

d
iagon

al
m

a
trix

w
ith

en
tries

σ
t,i

=
η −

1
t,i
−
η −

1
t−

1
,i .

T
h

is
Q
t

is
p

o
sitive

sem
i-d
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‖
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p
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b
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u
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p
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p
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=
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+
r

1
:t (x

)
is

itself
ju

st
a

q
u

ad
ra

tic
w

h
ich

can
b
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1
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∑
ts=

1
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a
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1
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b
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T
h

at
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th
e

u
p

d
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sim
p
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x
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1
=
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m
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x∈X
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1
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a
1
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x
+

n
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1

2
η
t,i x

2i
w

h
ere

a
t

=
σ
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T
h

is
u

p
d

ate
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b
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solved
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n

a
p
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b
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w
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∞
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F
or

a
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eral
feasib
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eq
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iva
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a
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ro
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u
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ro
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(see

M
cM

ah
an

a
n

d
S

treeter
(2010,

E
q
.

7
)).

P
seu

d
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ra
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b
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w
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r
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d
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p
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∑
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m

th
at

is
a
lm

ost
(b

u
t

n
ot

q
u

ite)
fu

lly
a
d

ap
tive

in
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itial

g
u

ess
G

o
f

th
e

m
a
x
im

u
m

p
er-co
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p
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p
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v
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at
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≥
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e
η t

,i
=

√
2R

√
∑

t s
=

1
g

2 s
,i

F
ig

u
re

1:
E

x
am

p
le

u
p

d
at

es
fo

r
al

go
ri

th
m

s
in

d
iff

er
en

t
b

ra
n

ch
es

of
th

e
F

T
R

L
fa

m
il

y.
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M
c
M
a
h
a
n

√
t‖
x
‖,

an
d

ob
se

rv
e
h

0
:t
(x

)
is

1
-s

tr
on

g
ly

-c
on

v
ex

w
.r

.t
.
‖·
‖ (
t)

(b
y

L
em

m
a

3)
.

T
h
en

,
ap

p
ly

in
g

ei
th

er
T

h
eo

re
m

1
or

2
(r

ec
al

li
n

g
th

ey
co

in
ci

d
e

w
h

en
al

l
r t

(x
)

=
0
),

R
eg

re
t(
x
∗ )
≤

1 2

T ∑ t=
1

‖g
t‖

2 (t
),
?

=
1 2

T ∑ t=
1

1 t
‖g
t‖

2
≤
G

2 2
(1

+
lo

g
T

),

w
h

er
e

w
e

h
av

e
u

se
d

th
e

in
eq

u
al

it
y
∑

T t=
1

1/
t
≤

1
+

lo
g
T

an
d

as
su

m
ed
‖g
t‖
≤
G

.
T

h
is

re
co

ve
rs

,
e.

g.
,

K
ak

ad
e

a
n

d
S

h
al

ev
-S

h
w

a
rt

z
(2

00
8,

C
or

.
1)

fo
r

th
e

th
e

ex
ac

t
F

T
L

al
go

ri
th

m
.

T
h

is
a
lg

or
it

h
m

re
q
u
ir

es
op

ti
m

iz
in

g
ov

er
f 1

:t
ex

a
ct

ly
,

w
h

ic
h

m
ay

b
e

co
m

p
u

ta
ti

on
al

ly
p

ro
h

ib
it

iv
e.

F
or

a
1-

st
ro

n
gl

y
-c

on
ve

x
f t

w
it

h
g t
∈
∂
f t

(x
t)

w
e

h
av

e
b
y

d
efi

n
it

io
n

f t
(x

)
≥
f t

(x
t)

+
g t
·(
x
−
x
t)

+
1 2
‖x
−
x
t‖

2

︸
︷︷

︸
=
f̄
t

.

T
h
u

s,
w

e
ca

n
d

efi
n

e
a
f̄ t

eq
u

al
to

th
e

ri
gh

t-
h

an
d

-s
id

e
of

th
e

ab
ov

e
in

eq
u

al
it

y,
so

f̄ t
(x

)
≤
f t

(x
)

an
d
f̄ t

(x
t)

=
f t

(x
t)

.
T

h
e
f̄ t

ar
e

a
ls

o
1-

st
ro

n
gl

y
-c

o
n
ve

x
w

.r
.t

.
‖·
‖,

a
n

d
so

ru
n

n
in

g
F

T
L

on
th

es
e

fu
n

ct
io

n
s

p
ro

d
u

ce
s

an
id

en
ti

ca
l
re

gr
et

b
ou

n
d

.
T

h
eo

re
m

11
w

il
l

sh
ow

th
a
t

th
e

u
p

d
at

e
x
t+

1
=

ar
g

m
in
x
f̄ 1

:t
(x

)
is

eq
u

iv
al

en
t

to
th

e
O

n
li

n
e

G
ra

d
ie

n
t

D
es

ce
n
t

u
p

d
at

e

x
t+

1
=
x
t
−

1 t
g t
,

sh
ow

in
g

th
is

u
p

d
at

e
is

es
se

n
ti

al
ly

th
e

O
n

li
n

e
G

ra
d

ie
n
t

D
es

ce
n
t

al
g
or

it
h

m
fo

r
st

ro
n

gl
y

co
n
ve

x
fu

n
ct

io
n

s
gi

ve
n

b
y

H
az

an
et

al
.

(2
00

7)
.2

3
.7

A
d

a
p

ti
v
e

D
u

a
l

A
v
e
ra

g
in

g
w

it
h

th
e

E
n
tr

o
p

ic
R

e
g
u

la
ri

z
e
r

W
e

co
n

si
d

er
p

ro
b
le

m
s

w
h

er
e

th
e

al
go

ri
th

m
se

le
ct

s
a

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
on

(e
.g

.,
in

o
rd

er
to

sa
m

p
le

an
ac

ti
on

fr
o
m

a
d

is
cr

et
e

se
t

o
f
n

ch
oi

ce
s)

,
th

a
t

is
x
t
∈

∆
n

w
it

h

∆
n

=
{ x
∣ ∣
∑

n i=
1
x
i

=
1

a
n

d
x
i
≥

0}
.

W
e

a
ss

u
m

e
gr

ad
ie

n
ts

ar
e

b
ou

n
d

ed
so

th
at
‖g
t‖
∞
≤
G
∞

,
w

h
ic

h
is

n
at

u
ra

l
fo

r
ex

a
m

-
p

le
if

ea
ch

ac
ti

on
h

as
a

co
st

in
th

e
ra

n
ge

[−
G
∞
,G
∞

],
so
g t
·x

gi
ve

s
th

e
ex

p
ec

te
d

co
st

of
ch

o
o
si

n
g

an
ac

ti
on

fr
om

th
e

d
is

tr
ib

u
ti

on
x

.
T

h
is

is
th

e
cl

as
si

c
p

ro
b

le
m

of
p

re
d

ic
ti

on
fr

om
ex

p
er

t
ad

v
ic

e
(V

ov
k
,

19
90

;
L

it
tl

es
to

n
e

an
d

W
a
rm

u
th

,
1
99

4;
F

re
u

n
d

an
d

S
ch

a
p

ir
e,

19
95

;
C

es
a-

B
ia

n
ch

i
an

d
L

u
go

si
,

20
0
6)

.

2
.

A
g
a
in

,
th

e
co

n
st

ra
in

t
to

se
le

ct
fr

o
m

a
fi

x
ed

fe
a
si

b
le

se
t
X

ca
n

b
e

a
d

d
ed

ea
si

ly
in

ei
th

er
ca

se
;

h
ow

-
ev

er
,
th

e
n

a
tu

ra
l
w

ay
to

a
d

d
th

e
co

n
st

ra
in

t
to

th
e

F
T

R
L

ex
p

re
ss

io
n

p
ro

d
u

ce
s

a
“
la

zy
-p

ro
je

ct
io

n
”

a
lg

o
ri

th
m

,
w

h
er

ea
s

a
d

d
in

g
th

e
co

n
st

ra
in

t
to

th
e

O
n

li
n

e
G

ra
d

ie
n
t

D
es

ce
n
t

u
p

d
a
te

p
ro

d
u

ce
s

a
“
g
re

ed
y
-p

ro
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io

n
”

a
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o
ri

th
m

.
T

h
is
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su

e
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d
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m

e
d
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A

p
p
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d
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C
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A
d
a
p
t
iv
e
O
n
l
in
e
L
e
a
r
n
in
g

T
h

e
p

rev
iou

sly
in

tro
d

u
ced

alg
orith

m
s

can
b

e
a
p

p
lied

b
y

en
forcin

g
th

e
con

stra
in

t
x
∈

∆
n

b
y

ad
d

in
g
I

∆
n

to
r

0 ,
b

u
t

to
in

stan
tiate

th
eir

b
ou

n
d

s
w

e
can

on
ly

b
ou

n
d

‖
g
t ‖

2
b
y
√
n
G
∞

in
th

is
ca

se,
lead

in
g

to
b

ou
n

d
s

like
O

(G
∞
√
n
T

).
B

y
u

sin
g

a
m

ore
ap

p
rop

riate
regu

larizer,
w

e
ca

n
red

u
ce

th
e

d
ep

en
d

en
ce

o
n

th
e

d
im

en
sion

fro
m
√
n

to
√

lo
g
n

.
In

p
articu

lar,
w

e
u

se
th

e
en

tro
p

ic
regu

larizer,

H
(x

)
=
I

∆
(x

)
+

log
n

+

n
∑i=

1

x
i log

x
i ,

from
w

h
ich

w
e

d
efi

n
e

th
e

follow
in

g
ad

a
p

tiv
e

regu
larization

sch
ed

u
le:

r
0
:t (x

)
=

1η
t H

(x
)

w
h

ere
η
t

=

√
log

n
√
G

2∞
+
∑

ts=
1 ‖g

s ‖
2∞

for
t
≥

0.
N

ote
th

at
a
s

in
A

d
aG

rad
D

u
al

A
verag

in
g
,

w
e

m
ak

e
th

e
learn

in
g

ra
te

sch
ed

u
le
η
t

a
fu

n
ction

of
th

e
ob

serv
ed

g
t .

T
h

e
fu

n
ction

H
(a

n
d

h
en

ce
ea

ch
r

0
:t )

is
m

in
im

ized
b
y

th
e

u
n

iform
d

istrib
u

tion
x

1
=

(1/n
,...,1/n

)
w

h
ere

H
(x

)
=

0,
an

d
so

th
ese

regu
larizers

are
cen

tered
at
x

1 .
N

ote
a
lso

th
a
t
h

is
m

a
x
im

ized
at

th
e

co
rn

ers
of

∆
n

(e.g.,
x

=
(1,0,...,0))

w
h

ere
it

h
a
s

valu
e

log
n

.
T

h
e

en
tro

p
ic

regu
larizer

H
is

1-stron
gly

-co
n
vex

w
ith

resp
ect

to
th

e
L

1
n

orm
over

th
e

p
ro

b
ab

ility
sim

p
lex
X

(e.g.,
S

h
a
lev

-S
h
w

artz
(201

2,
E

x
2.5)),

an
d

it
follow

s
th

at
r

0
:t

is
1-stron

g
ly

con
vex

w
ith

resp
ect

to
th

e
n

orm
‖
x‖

(t)
=

1
√
η
t ‖
x‖

1 ,
a
n

d
‖g‖

2(t),?
=

η
t ‖
g‖

2∞
.

T
h

en
,

ap
p

ly
in

g
T

h
eorem

1,
w

e
h

ave

R
egret(x

∗)≤
r

0
:T−

1 (x
∗)

+
12

T
∑t=

1 ‖g
t ‖

2(t−
1
),?

≤
log

n

η
T−

1
+

12

T
∑t=

1

η
t−

1 ‖g
t ‖

2∞

≤
log

n

η
T−

1
+

√
log

n

2

T
∑t=

1

‖g
t ‖

2∞
√
∑

ts=
1 ‖g

s ‖
2∞

sin
ce
∀
t,
‖
g
t ‖∞
≤
G
∞

≤
2 √√√√
(
G

2∞
+
T−

1
∑t=

1 ‖
g
t ‖

2∞

)
lo

g
n

L
em

m
a

4
a
n

d
‖
g
T ‖∞

≤
G
∞

≤
2G
∞
√
T

log
n
.

T
h

e
last

lin
e

giv
es

an
a
d

ap
tive

(∀
T

)
versio

n
of

S
h
alev

-S
h
w

artz
(201

2,
C

o
r.

2.14
an

d
C

o
r

2.16),
b

u
t

th
e

version
of

th
e

b
ou

n
d

in
term

s
o
f‖
g
t ‖∞

m
ay

b
e

m
u

ch
tig

h
ter

if
th

ere
a
re

m
an

y
rou

n
d

s
w

h
ere

th
e

m
ax

im
u

m
m

agn
itu

d
e

cost
is

m
u

ch
less

th
an

G
∞

.
F

or
sim

ilar
ad

ap
tiv

e
alg

orith
m

s,
see

S
to

ltz
(2

005
,

T
h

m
2.3)

an
d

S
toltz

(20
11

,
T

h
m

1
.4,

E
q
.

(1.22)).
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M
c
M
a
h
a
n

4
.

A
G

e
n
e
ra

l
A

n
a
ly

sis
T

e
ch

n
iq

u
e

In
th

is
sectio

n
,

w
e

p
rove

T
h

eorem
s

1
an

d
2
;

th
e

a
n

aly
sis

tech
n
iq

u
es

d
ev

elop
ed

w
ill

also
b

e
u

sed
in

su
b

seq
u

en
t

section
s

to
an

aly
ze

com
p

osite
ob

jectives
an

d
M

irror
D

escen
t

algorith
m

s.

4
.1

In
d

u
c
tiv

e
L

e
m

m
a
s

In
th

is
section

w
e

p
rove

th
e

follow
in

g
lem

m
a

th
a
t

lets
u

s
a
n

a
ly

ze
a
rb

itra
ry

F
T

R
L

-
sty

le
algorith

m
s:

L
e
m

m
a

5
(S

tro
n

g
F

T
R

L
L

e
m

m
a
)

L
et
f
t

be
a

sequ
en

ce
o
f

a
rbitra

ry
(po

ssibly
n

o
n

-co
n

vex)
lo

ss
fu

n
ctio

n
s,

a
n

d
let

r
t

be
a
rbitra

ry
n

o
n

-n
ega

tive
regu

la
riza

tio
n

fu
n

c-
tio

n
s,

su
ch

th
a
t
x
t+

1
=

arg
m

in
x
h

0
:t (x

)
is

w
ell

d
efi

n
ed

,
w

h
ere

h
0
:t (x

)
≡
f

1
:t (x

)
+

r
0
:t (x

).
T

h
en

,
th

e
a
lgo

rith
m

th
a
t

selects
th

ese
x
t

a
ch

ieves

R
egret(x

∗)≤
r

0
:T

(x
∗)

+
T
∑t=

1

h
0
:t (x

t )−
h

0
:t (x

t+
1 )−

r
t (x

t ).
(16)

T
h

is
lem

m
a

can
b

e
v
iew

ed
as

a
stron

ger
form

of
th

e
m

ore
w

ell-k
n

ow
n

stan
d

ard
F

T
R

L
L

em
m

a
(see

K
ala

i
an

d
V

em
p

ala
(200

5);
H

aza
n

(200
8),

H
a
zan

(20
10,

L
em

m
a

1),
M

cM
ah

an
an

d
S

treeter
(2

010
,

L
em

m
a

3),
an

d
S

h
alev

-S
h
w

a
rtz

(2
01

2,
L

em
m

a
2.3)).

T
h

e
stron

g
version

h
as

th
ree

m
ain

ad
van

tag
es

over
th

e
stan

d
ard

version
:

1)
it

is
essen

tially
tigh

t,
w

h
ich

im
p

roves
th

e
fi

n
al

b
ou

n
d

s
b
y

a
con

sta
n
t

factor,
2)

it
can

b
e

u
sed

to
an

aly
ze

ad
ap

tive
F

T
R

L
-C

en
tered

alg
orith

m
s

in
ad

d
ition

to
F

T
R

L
-P

rox
im

al,
an

d
3)

it
relates

d
irectly

to
th

e
p

rim
al-d

u
a
l

sty
le

of
an

aly
sis.

F
or

com
p

leten
ess,

in
A

p
p

en
d

ix
A

w
e

p
resen

t
th

e
stan

d
ard

versio
n

of
th

e
lem

m
a,

alon
g

w
ith

th
e

p
ro

of
o
f

a
b

o
u

n
d

a
n

alogou
s

to
T

h
eorem

2
(b

u
t

w
eaker

b
y

a
con

stan
t

factor).

T
h

e
S

tron
g

F
T

R
L

L
em

m
a

b
ou

n
d

s
regret

b
y

th
e

su
m

of
tw

o
facto

rs:

•
S

ta
b

ility
T

h
e

term
s

in
th

e
su

m
ov

er
t

m
easu

re
h
ow

m
u

ch
b

etter
x
t+

1
is

for
th

e
cu

m
u

lativ
e

o
b

jectiv
e

fu
n

ctio
n
h

0
:t

th
an

th
e

p
oin

t
a
ctu

ally
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,
x
t :

n
a
m

ely
h

0
:t (x

t )−
h

0
:t (x

t+
1 ).

T
h

ese
p

er-rou
n

d
term

s
can

b
e

seen
a
s

m
easu

rin
g

th
e

stab
ility

of
th

e
algorith

m
,

an
on

lin
e

a
n

alo
g

to
th

e
role

o
f

stab
ility

in
th

e
sto

ch
astic

settin
g

(B
ou

sq
u

et
a
n

d
E

lisseeff
,

2
002;

R
ak

h
lin

et
al.,

20
05;

S
h

a
lev

-
S

h
w

artz
et

al.,
2010).

•
R

e
g
u

la
riz

a
tio

n
T

h
e

term
r

0
:T

(x
∗)

q
u

a
n
tifi

es
h

ow
m

u
ch

regu
la

rization
w

e
h

ave
ad

d
ed

,
m

easu
red

at
th

e
com

p
arator

p
oin

t
x
∗.

T
h

is
cap

tu
res

th
e

in
tu

itive
fact

th
at

if
w

e
co

u
ld

cen
ter

ou
r

regu
lariza

tion
at

x
∗

it
sh

ou
ld

n
ot

in
crease

regret.

A
d

d
in

g
stron

gly
con

v
ex

regu
larizers

w
ill

in
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p
ly

L
em

m
a

5,
w

e
w

ork
to

b
o
u

n
d

th
e

stab
ility

term
s

in
th

e
su

m
in

E
q
.

(16
).

F
ix

a
p

articu
lar

rou
n

d
t.

F
or

L
em

m
a

7
take

φ
1 (x

)
=
h

0
:t−

1 (x
)

a
n

d
φ

2 (x
)

=
h

0
:t−

1 (x
)

+
f
t (x

),
so

x
t

=
arg

m
in
x
φ

1 (x
),

an
d

b
y

a
ssu

m
p

tion
φ

2
is

1-stron
gly

-co
n
vex

w
.r.t.

‖
·‖

(t−
1
) .

T
h

en
,

ap
p

ly
in

g
L

em
m

a
7

to
φ

2
(w

ith
x
′

=
x
t+

1 ),
w

e
h

ave
φ

2 (x
t )−

φ
2 (x

t+
1 )≤

12 ‖
g
t ‖

2(t−
1
),?

for
g
t ∈

∂
f
t (x

t ),
an

d
so

h
0
:t (x

t )−
h

0
:t (x

t+
1 )−

r
t (x

t )
=
φ

2 (x
t )

+
r
t (x

t )−
φ

2 (x
t+

1 )−
r
t (x

t+
1 )−

r
t (x

t )

≤
12 ‖g

t ‖
2(t−

1
),?

w
h

ere
w

e
h

ave
u

sed
th

e
assu

m
p

tio
n

th
at
r
t (x

)≥
0

to
d

rop
th

e−
r
t (x

t+
1 )

term
.

W
e

can
n

ow
p
lu

g
th

is
b

ou
n

d
in

to
L

em
m

a
5
.

H
ow

ever,
w

e
n

eed
to

m
ake

on
e

ad
d

itio
n

a
l

ob
serva

tion
:

th
e

ch
oice

of
r
T

on
ly

im
p

acts
th

e
b

ou
n

d
b
y

in
creasin

g
r

0
:T

(x
∗).

F
u

r-
th

er,
r
T

d
o
es

n
ot

in
fl

u
en

ce
an

y
of

th
e

p
oin

ts
x

1 ,...,x
T

selected
b
y

th
e

a
lgorith

m
.

T
h
u

s,
for

an
aly

sis
p

u
rp

oses,
w

e
ca

n
tak

e
r
T

(x
)

=
0

w
ith

ou
t

loss
of

gen
era

lity,
a
n

d
h

en
ce

rep
lace

r
0
:T

(x
∗)

w
ith

r
0
:T−

1 (x
∗)

in
th

e
fi

n
al

b
ou

n
d

.

F
T

R
L

-P
ro

x
im

a
l
(P

ro
o
f
o
f
T

h
e
o
re

m
2
)

T
h

e
key

is
ag

ain
to

b
ou

n
d

th
e

stab
ility

term
s

in
th

e
su

m
in

E
q
.

(16).
F

ix
a

p
articu

lar
rou

n
d
t,

an
d

tak
e
φ

1 (x
)

=
f

1
:t−

1 (x
)
+

r
0
:t (x

)
=
h

0
:t (x

)−
f
t (x

).
S

in
ce

th
e
r
t

are
p

rox
im

al
(so

x
t

is
a

glo
b

al
m

in
im

izer
o
f
r
t )

w
e

h
ave

x
t

=
arg

m
in
x
φ

1 (x
),

an
d
x
t+

1
=

arg
m

in
x
φ

1 (x
)

+
f
t (x

).
T

h
u

s,

h
0
:t (x

t )−
h

0
:t (x

t+
1 )−

r
t (x

t )≤
h

0
:t (x

t )−
h

0
:t (x

t+
1 )

S
in

ce
r
t (x

)≥
0

=
φ

1 (x
t )

+
f
t (x

t )−
φ

1 (x
t+

1 )−
f
t (x

t+
1 )

≤
12 ‖g

t ‖
2(t),? ,

(21)

w
h

ere
th

e
la

st
lin

e
follow

s
b
y

ap
p

ly
in

g
L

em
m

a
7

to
φ

1
an

d
φ

2 (x
)

=
φ

1 (x
)

+
f
t (x

)
=

h
0
:t (x

).
P

lu
ggin

g
in

to
L

em
m

a
5

co
m

p
letes

th
e

p
ro

of.

P
rim

a
l-d

u
a
l

A
n
a
ly

sis
o
f

G
e
n

e
ra

l
F

T
R

L
o
n

L
in

e
a
riz

e
d

F
u

n
c
tio

n
s

W
e

giv
e

an
altern

ative
p

ro
of

of
T

h
eorem

1
for

lin
ea

r
fu

n
ction

s,
f
t (x

)
=
g
t ·x

,
u

sin
g

E
q
.

(17
).

W
e

rem
ark

th
at

in
th

is
case

x
t

=
O
r
?1
:t−

1 (−
g

1
:t−

1 )
(see

L
em

m
a

1
5

in
A

p
p

en
d

ix
B

).
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a
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g

B
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L
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m
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9,
r? 1

:t
−

1
is

1
-s

tr
on

gl
y
-s

m
o
ot

h
w

it
h

re
sp

ec
t

to
‖·
‖ (
t−

1
),
?
,

an
d

so

r? 1
:t
−

1
(−
g 1

:t
)
≤
r? 1

:t
−

1
(−
g 1

:t
−

1
)
−
x
t
·g
t
+

1 2
‖g
t‖

2 (t
−

1
),
?
,

(2
2
)

an
d

w
e

ca
n

b
ou

n
d

th
e

p
er

-r
ou

n
d

te
rm

s
in

E
q
.

(1
7
)

b
y

r? 1
:t
(−
g 1

:t
)
−
r? 1

:t
−

1
(−
g 1

:t
−

1
)

+
x
t
·g
t
≤
r? 1

:t
(−
g 1

:t
)
−
r? 1

:t
−

1
(−
g 1

:t
)

+
1 2
‖g
t‖

2 (t
−

1
),
?

≤
1 2
‖g
t‖

2 (t
−

1
),
?
,

w
h

er
e

w
e

u
se

E
q
.

(2
2)

to
b

ou
n

d
−
r? 1

:t
−

1
(−
g 1

:t
−

1
)

+
x
t
·g
t,

an
d

th
en

u
se

d
th

e
fa

ct
th

a
t
r? 1

:t
−

1
(−
g 1

:t
)
≥
r? 1

:t
(−
g 1

:t
)

fr
om

L
em

m
a

3.

5
.

A
d
d
it

io
n
a
l

R
e
g
u
la

ri
za

ti
o
n

T
e
rm

s
a
n
d

C
o
m

p
o
si

te
O

b
je

ct
iv

e
s

In
th

is
se

ct
io

n
,

w
e

co
n

si
d

er
ge

n
er

al
iz

ed
F

T
R

L
al

go
ri

th
m

s
w

h
er

e
w

e
in

tr
o
d
u

ce
a
n

ad
d

it
io

n
al

re
gu

la
ri

za
ti

on
te

rm
α
tΨ

(x
)

on
ea

ch
ro

u
n

d
,

w
h

er
e

Ψ
is

a
co

n
ve

x
fu

n
ct

io
n

ta
k
in

g
on

on
ly

n
on

-n
eg

at
iv

e
va

lu
es

,
an

d
th

e
w

ei
g
h
ts
α
t
≥

0
fo

r
t
≥

1
a
re

n
on

-
in

cr
ea

si
n

g
in
t.

W
e

fu
rt

h
er

as
su

m
e

Ψ
an

d
r 0

ar
e

b
ot

h
m

in
im

iz
ed

at
x

1
,

an
d

w
.l

.o
.g

.
Ψ

(x
1
)

=
0

(a
s

u
su

a
l,

ad
d

it
iv

e
co

n
st

an
t

te
rm

s
d

o
n

ot
im

p
a
ct

re
gr

et
).

W
e

g
en

er
al

iz
e

ou
r

d
efi

n
it

io
n

of
h
t

to
h

0
(x

)
=
r 0

(x
)

an
d

h
t(
x

)
=
g t
·x

+
α
tΨ

(x
)

+
r t

(x
),

(2
3)

so
th

e
F

T
R

L
u

p
d

a
te

is

x
t+

1
=

ar
g

m
in

x
h

0
:t
(x

)
=

ar
g

m
in

x
g 1

:t
·x

+
α

1
:t
Ψ

(x
)

+
r 0

:t
(x

).
(2

4)

In
ap

p
li

ca
ti

on
s,

ge
n

er
al

ly
th

e
g t
·x
t

te
rm

s
co

m
e

fr
o
m

th
e

li
n
ea

ri
za

ti
on

o
f
a

lo
ss
` t

,
th

at
is
g t

=
∂
` t

(x
t)

.
H

er
e
` t

is
fo

r
ex

am
p

le
a

lo
ss

fu
n

ct
io

n
m

ea
su

ri
n

g
th

e
p

re
d

ic
ti

on
er

ro
r

on
th

e
tt

h
tr

ai
n

in
g

ex
am

p
le

fo
r

a
m

o
d

el
p

ar
a
m

et
er

iz
ed

b
y
x
t.

(I
t

is
st

ra
ig

h
tf

or
w

ar
d

to
re

p
la

ce
g t
·x

w
it

h
` t

(x
)

in
th

is
se

ct
io

n
,

b
u

t
fo

r
si

m
p

li
ci

ty
w

e
a
ss

u
m

e
li

n
ea

ri
za

ti
on

h
as

b
ee

n
ap

p
li

ed
).

T
h

e
Ψ

te
rm

s
of

te
n

en
co

d
e

a
n

on
-s

m
o
ot

h
re

gu
la

ri
ze

r,
an

d
m

ig
h
t

b
e

ad
d

ed
fo

r
a

va
ri

et
y

of
re

as
on

s.
F

or
ex

am
p

le
,

th
e

ac
tu

al
co

n
ve

x
o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
w

e
a
re

so
lv

in
g

m
ay

it
se

lf
co

n
ta

in
re

gu
la

ri
za

ti
o
n

te
rm

s.
T

h
is

is
p

er
h

a
p
s

m
os

t
cl

ea
r

in
th

e
ca

se
of

ap
p

ly
in

g
an

on
li

n
e

al
go

ri
th

m
to

a
b

at
ch

p
ro

b
le

m
a
s

in
E

q
.

(3
).

F
o
r

ex
a
m

p
le

:

•
A

n
L

2
p

en
al

ty
Ψ

(x
)

=
‖x
‖2 2

m
ig

h
t

b
e

ad
d

ed
in

o
rd

er
to

p
ro

m
ot

e
g
en

er
a
li

za
ti

o
n

in
a

st
at

is
ti

ca
l

se
tt

in
g
,
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in

re
g
u
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d

em
p

ir
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al
ri
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m

in
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iz
at

io
n

.
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M
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a
h
a
n

•
A

n
L

1
p

en
al

ty
Ψ

(x
)

=
‖x
‖ 1

(a
s

in
th

e
L

A
S

S
O

m
et

h
o
d

)
m

ig
h
t

b
e

ad
d

ed
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en
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u
ra

ge
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a
rs

e
so
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ti
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s

a
n

d
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p
ro

ve
g
en

er
al

iz
at

io
n

in
th

e
h

ig
h

-d
im

en
si

on
al

se
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in
g
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�
T

).

•
A

n
in

d
ic

at
or

fu
n

ct
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n
m

ig
h
t

b
e
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d

ed
b
y
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k
in

g
Ψ

(x
)

=
I X
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)
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e
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∈
X

w
h

er
e
X

is
a
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n
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x
se

t
of

fe
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ib
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so
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ti
on

s.

A
s

d
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ed
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S
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on
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th
e

ca
se

of
Ψ

=
I X

ca
n

b
e

h
an

d
le

d
b
y

ou
r

ex
is

ti
n

g
re

su
lt

s.
H

ow
ev

er
,

fo
r

ot
h

er
ch

oi
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s
o
f

Ψ
it

is
ge

n
er

al
ly

p
re

fe
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b
le

to
on

ly
ap

p
ly

th
e

li
n

ea
ri

za
ti

on
to

th
e

p
ar

t
of

th
e

ob
je

ct
iv

e
w

h
er

e
it

is
n

ec
es

sa
ry

co
m

p
u

ta
ti

on
a
ll

y
;

in
th

e
L

1
ca

se
,
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v
en

lo
ss

fu
n

ct
io

n
s
` t

(x
)

+
λ

1
‖x
‖ 1

,
w

e
m

ig
h
t

p
ar

ti
al

ly
li
n

ea
ri

ze
b
y

ta
k
in

g
f̄ t

(x
)

=
g t
·x

+
λ

1
‖x
‖ 1

,
w

h
er

e
g t
∈
∂
` t

(x
t)

.
R

ec
al

l
th

at
th

e
p

ri
m

ar
y

m
o
ti

va
ti

on
fo

r
li

n
ea

ri
za

ti
on

w
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to
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d
u

ce
th

e
co

m
p

u
ta

ti
on

an
d

st
or

ag
e

re
q
u
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em

en
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th

e
al

g
or

it
h
m

.
S

to
ri

n
g

an
d

o
p

ti
m

iz
in

g
ov

er
` 1

:t
m

ig
h
t

b
e

p
ro

h
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it
iv

e;
h

ow
ev

er
,
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r

co
m

m
on
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s

of
Ψ

an
d
r t

,
th

e
op

ti
m

iz
a
ti

on
of

E
q
.

(2
4)

ca
n

b
e

re
p

re
se

n
te

d
an

d
so
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ed

effi
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en
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y
(o

ft
en
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cl

os
ed

fo
rm
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T

h
u

s,
it

is
ad

va
n
ta

ge
ou

s
to

co
n

si
d

er
su

ch
a

co
m

p
o
si

te
re

p
re

se
n
ta

ti
on

.
F

u
rt

h
er

,
ev

en
in

th
e

ca
se

of
a

fe
as

ib
le

se
t

Ψ
=
I X

,
a

ca
re

fu
l

co
n

si
d

er
at

io
n

of
if

an
d

w
h

en
Ψ

is
li

n
ea

ri
ze

d
is

cr
it

ic
a
l

to
u

n
d

er
st

an
d

in
g

th
e

co
n

n
ec

ti
on

b
et

w
ee

n
M

ir
-

ro
r

D
es
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n
t

an
d

F
T

R
L

.
W

e
w

il
l

se
e

th
at

M
ir

ro
r

D
es

ce
n
t

a
lw

a
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li
n

ea
ri

ze
s

th
e

p
a
st

p
en

al
ti

es
α

1
:t
−

1
Ψ

,
w

h
il

e
w

it
h

F
T

R
L

it
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p
os

si
b

le
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d
th

is
ad

d
it

io
n

al
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n
ea

ri
za

-
ti

on
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E

q
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4)

—
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m
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e
th

is
d

is
ti

n
ct

io
n

m
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e
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ea
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w
e

w
il

l
re

fe
r
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e
d
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t
a
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p
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ca
ti

on
of

E
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4)
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e
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at
iv

e
F

T
R

L
al
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ri
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m

.
F

or
Ψ

=
I X
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gi
ve

s
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se
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th
e

d
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ti
n

ct
io

n
b

et
w

ee
n

“l
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y
-p

ro
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io

n
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d

“
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y
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ro
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”
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ri
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m
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A

p
p

en
d
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C
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.

A
n

d
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r
Ψ
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)

=
‖x
‖ 1

,
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is
d
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ti

n
ct

io
n

m
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es
N

at
iv

e
F

T
R

L
al

go
ri
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m

s
p
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fe

ra
b

le
to
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m

p
os
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o
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iv
e

M
ir

ro
r

D
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n
t
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r

ge
n

er
a
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n
g

sp
a
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e
m

o
d

el
s

u
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n
g
L

1
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ri
za

ti
on
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S
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6
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T

h
er

e
ar

e
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o
ty

p
es
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re
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et

b
ou

n
d

s
w

e
m

ay
w

is
h

to
p

ro
v
e

in
th

is
se

tt
in

g
,

d
ep

en
d

in
g

on
w

h
et

h
er

w
e

gr
ou

p
th

e
Ψ

te
rm

s
w

it
h

th
e

o
b

je
ct

iv
e
g t

,
or

w
it

h
th

e
re
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la

ri
ze

r
r t

.
W

e
d
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ss
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e

b
el

ow
.

In
th

e
o
b
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c
ti

v
e

W
e

m
ay

v
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w
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e
α
tΨ
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)

te
rm

s
as

p
a
rt

of
th

e
ob

je
ct

iv
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at
w

e
d
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ir

e
a

b
ou

n
d
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re
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n
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n

ct
io

n
s
f

Ψ t
(x

)
≡
g t
·x

+
α
tΨ

(x
),

th
at

is

R
eg

re
t(
x
∗ ,
f

Ψ
)
≡

T ∑ t=
1

f
Ψ t

(x
t)
−
f

Ψ t
(x
∗ )
.

T
h

is
se

tt
in

g
is

st
u

d
ie

d
b
y

X
ia

o
(2

00
9
)

an
d

D
u

ch
i

et
al

.
(2

01
0b

,
20

11
),

th
ou

gh
in

th
e

le
ss

ge
n

er
al

se
tt

in
g

w
h

er
e

al
l
α
t

=
1.

W
e

ca
n

d
ir

ec
tl

y
ap

p
ly

T
h

eo
re

m
1

o
r

T
h

eo
re

m
2

to
th

e
f

Ψ
in

th
is

ca
se

,
b

u
t

th
is

gi
ve

s
u

s
b

ou
n

d
s

th
at

d
ep

en
d

on
te

rm
s

li
ke
‖g
t

+
g

(Ψ
)

t
‖2 (t

),
?

w
h

er
e
g

(Ψ
)

t
∈
∂

(α
tΨ

)(
x
t)

;
th

is
is

fi
n

e
fo

r
Ψ

=
I X

si
n

ce
w

e
ca

n

th
en

al
w

ay
s

ta
ke
g

(Ψ
)

t
=

0
si

n
ce
x
t
∈
X

,
b

u
t

fo
r

ge
n

er
al

Ψ
th

is
b

ou
n

d
m

ay
b

e
h

ar
d

er
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A
d
a
p
t
iv
e
O
n
l
in
e
L
e
a
r
n
in
g

to
in

terp
ret.

F
u

rth
er,

ad
d

in
g

a
fi

x
ed

k
n

ow
n

p
en

alty
like

Ψ
sh

o
u

ld
in

tu
itively

m
a
ke

th
e

p
rob

lem
n

o
h

ard
er,

a
n

d
w

e
w

ou
ld

lik
e

to
d

em
on

strate
th

is
in

o
u

r
b

ou
n

d
s.

In
th

e
re

g
u

la
riz

e
r

W
e

m
ay

w
ish

to
m

easu
re

lo
ss

o
n

ly
a
gain

st
th

e
fu

n
ction

s
f
t (x

)
=
g
t ·
x

,
th

at
is,

R
egret(x

∗,g
t )≡

T
∑t=

1

g
t ·
x
t −

g
t ·x

∗,

even
th

ou
g
h

w
e

in
clu

d
e

th
e

term
s
α
t Ψ

in
th

e
u

p
d

a
te

of
E

q
.

(2
4).

T
h

is
ap

p
roa

ch
is

n
atu

ral
w

h
en

w
e

are
o
n

ly
con

cern
ed

w
ith

reg
ret

on
th

e
learn

in
g

p
rob

lem
,
f
t (x

)
=

`
t (x

),
b

u
t

w
ish

to
ad

d
(for

ex
am

p
le)

ad
d

ition
al
L

1
regu

larization
in

ord
er

to
p

ro
d

u
ce

sp
arse

m
o
d

els,
as

in
M

cM
ah

a
n

et
al.

(2013
).

In
th

is
case

w
e

can
ap

p
ly

T
h

eorem
1

to
f
t (x

)←
g
t ·x

a
n

d
r
t (x

)←
r
t (x

)+
α
t Ψ

(x
),

n
otin

g
th

at
if

th
e

origin
al
r

0
:t

is
stron

gly
con

vex
w

.r.t.‖·‖
(t) ,

th
en

r
0
:t

+
α

1
:t Ψ

is
a
s

w
ell,

sin
ce

Ψ
is

con
vex

.
H

ow
ever,

if
r
t

is
p

rox
im

al,
r
t

+
α
t Ψ

gen
era

lly
w

ill
n

ot
b

e,
an

d
so

a
m

o
d

ifi
ed

resu
lt

is
n

eed
ed

in
p

lace
o
f

T
h

eorem
2.

T
h

e
fo

llow
in

g
th

eorem
p

rov
id

es
th

is
as

w
ell

as
a

b
ou

n
d

on
R

egret(x
∗,f

Ψ
).

T
h

e
o
re

m
1
0

F
T

R
L

-P
ro

x
im

a
l
B

o
u

n
d

s
fo

r
C

o
m

p
o
site

O
b

je
c
tiv

e
s

L
et

Ψ
be

a
n

o
n

-n
ega

tive
co

n
vex

fu
n

ctio
n

m
in

im
ized

a
t
x

1
w

ith
Ψ

(x
1 )

=
0.

L
et
α
t ≥

0
be

a
n

o
n

-
in

crea
sin

g
sequ

en
ce

o
f

co
n

sta
n

ts.
C

o
n

sid
er

S
ettin

g
1
,

a
n

d
d
efi

n
e
h
t

a
s

in
E

q.
(2

3).
S

u
p
po

se
th

e
r
t

a
re

ch
o
sen

su
ch

th
a
t
h

0
:t

is
1
-stro

n
gly-co

n
vex

w
.r.t.

so
m

e
n

o
rm
‖·‖

(t) ,
a
n

d
fu

rth
er

th
e
r
t

a
re

p
ro

xim
a
l,

th
a
t

is
x
t

is
a

glo
ba

l
m

in
im

izer
o
f
r
t .

W
h
en

w
e

co
n

sid
er

regret
a
ga

in
st
f

Ψt
(x

)
=
g
t ·
x

+
α
t Ψ

(x
),

w
e

h
a
ve

R
egret(x

∗,f
Ψ

)≤
r

0
:T

(x
∗)

+
12

T
∑t=

1 ‖g
t ‖

2(t),? .
(2

5)

W
h
en

w
e

co
n

sid
er

regret
a
ga

in
st

o
n

ly
th

e
fu

n
ctio

n
s
f
t (x

)
=
g
t ·
x

,
w

e
h
a
ve

R
egret(x

∗,g
t )≤

r
0
:T

(x
∗)

+
α

1
:T

Ψ
(x
∗)

+
12

T
∑t=

1 ‖
g
t ‖

2(t),? .
(26)

P
ro

o
f

T
h

e
p

ro
o
f

closely
follow

s
th

e
p

ro
o
f

of
T

h
eorem

2
in

S
ection

4.3,
w

ith
th

e
key

d
iff

eren
ce

th
at

w
e

u
se

C
orollary

8
in

p
lace

of
L

em
m

a
7.

W
e

w
ill

u
se

L
em

m
a

5
to

p
rov

e
b

oth
claim

s.
F

irst,
ob

serve
th

a
t

th
e

sta
b

ility
term

s
h

0
:t (x

t )−
h

0
:t (x

t+
1 )

d
ep

en
d

on
ly

on
h

,
an

d
so

w
e

can
b

ou
n

d
th

em
in

th
e

sa
m

e
w

ay
in

b
o
th

cases.

T
ake

φ
1 (x

)
=
h

0
:t−

1 (x
)

+
r
t (x

).
S

in
ce

th
e
r
t

are
p

rox
im

al
(so

x
t

is
a

glob
a
l

m
in

im
izer

of
r
t )

w
e

h
ave

x
t

=
arg

m
in
x
φ

1 (x
),

an
d
x
t+

1
=

arg
m

in
x
φ

2 (x
)

w
h

ere

2
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M
c
M
a
h
a
n

φ
2 (x

)
=
φ

1 (x
)

+
g
t ·
x

+
α
t Ψ

(x
)

=
h

0
:t (x

).
T

h
en

,
u
sin

g
C

o
rollary

8
lets

u
s

rep
la

ce
E

q
.

(21)
w

ith

h
0
:t (x

t )−
h

0
:t (x

t+
1 )−

r
t (x

t )≤
12 ‖g

t ‖
2(t),?

+
α
t Ψ

(x
t )−

α
t Ψ

(x
t+

1 ).

T
o

ap
p

ly
L

em
m

a
5

w
e

su
m

over
t.

C
o
n

sid
erin

g
on

ly
th

e
Ψ

term
s,

w
e

h
ave

T
∑t=

1

α
t Ψ

(x
t )−

α
t Ψ

(x
t+

1 )
=
α

1 Ψ
(x

1 )−
α
T

Ψ
(x
T

+
1 )

+
T
∑t=

2

α
t Ψ

(x
t )−

α
t−

1 Ψ
(x
t )≤

0
,

sin
ce

Ψ
(x

)≥
0,
α
t ≤

α
t−

1 ,
an

d
Ψ

(x
1 )

=
0.

T
h
u

s,

T
∑t=

1

h
0
:t (x

t )−
h

0
:t (x

t+
1 )−

r
t (x

t )≤
12

T
∑t=

1 ‖g
t ‖

2(t),? .

U
sin

g
th

is
w

ith
L

em
m

a
5

ap
p

lied
to

f
t (x

)
←

g
t ·
x

+
α
t Ψ

(x
)

an
d
r
t ←

r
t

p
roves

E
q
.

(25).
F

or
E

q
.

(2
6),

w
e

ap
p

ly
L

em
m

a
5

ta
k
in

g
f
t (x

)
←

g
t ·
x

an
d
r
t (x

)
←

α
t Ψ

(x
)

+
r
t (x

).

F
o
r

F
T

R
L

-C
en

tered
algorith

m
s,

T
h

eorem
1

im
m

ed
iately

giv
es

a
b

o
u

n
d

for
R

egret(x
∗,g

t ).
F

or
th

e
R

egret(x
∗,f

Ψ
)

case,
w

e
can

p
rove

a
b

ou
n

d
m

atch
in

g
T

h
eo

rem
1

u
sin

g
ar-

gu
m

en
ts

an
alogou

s
to

th
e

ab
ov

e.

6
.

M
irro

r
D

e
sce

n
t,

F
T

R
L

-P
ro

x
im

a
l,

a
n
d

Im
p
licit

U
p

d
a
te

s

R
eca

ll
S

ection
3.1

sh
ow

ed
th

e
eq

u
ivalen

ce
b

etw
een

con
sta

n
t

lea
rn

in
g

rate
O

n
lin

e
G

rad
ien

t
D

escen
t

an
d

a
fi

x
ed

-reg
u

larizer
F

T
R

L
algo

rith
m

.
T

h
is

eq
u

iva
len

ce
is

w
ell-

k
n

ow
n

in
th

e
case

w
h

ere
r
t (x

)
=

0
for

t
≥

1,
th

at
is,

th
ere

is
a

fi
x
ed

stab
ilizin

g
regu

larizer
r

0
in

d
ep

en
d

en
t

of
t,

an
d

fu
rth

er
w

e
ta

ke
X

=
R
n

(e.g.,
R

ak
h

lin
(2

00
8);

H
a
zan

(201
0);

S
h

alev
-S

h
w

artz
(2012)).

O
b

serve
th

at
in

th
is

case
F

T
R

L
-C

en
tered

an
d

F
T

R
L

-P
rox

im
al

coin
cid

e.
In

th
is

section
,

w
e

sh
ow

h
ow

th
is

eq
u

iva
len

ce
ex

ten
d

s
to

ad
ap

tive
regu

larizers
(eq

u
ivalen

tly,
a
d

ap
tive

lea
rn

in
g

rates)
an

d
com

p
osite

ob
-

jectives.
T

h
is

b
u

ild
s

on
th

e
w

ork
o
f

M
cM

a
h

an
(2

011
),

b
u

t
w

e
m

ake
so

m
e

cru
cial

im
p

rovem
en

ts
in

ord
er

to
ob

tain
an

ex
a
ct

eq
u

ivalen
ce

resu
lt

for
a

m
u

ch
b

road
er

cla
ss

of
M

irror
D

escen
t

algorith
m

s
an

d
th

en
u

se
th

is
resu

lt
to

d
erive

regret
b

ou
n

d
s. 3

3
.

S
u

b
seq

u
en

t
to

th
is

w
o
rk

,
S

ra
et

a
l.

(2
0
1
6
)

a
n

a
ly

zed
A

d
a
D

elay,
a
n

a
d

a
p

tiv
e

sto
ch

a
stic

g
ra

d
ien

t
d

escen
t

a
lg

o
rith

m
th

a
t

a
llow

s
fo

r
p

o
ten

tia
lly

in
crea

sin
g

lea
rn

in
g

ra
tes,

a
n

d
J
o
u

la
n

i
et

a
l.

(2
0
1
6
)

p
rov

id
ed

a
m

o
re

g
en

era
l

a
n

a
ly

sis
o
f

M
irro

r
D

escen
t

a
lg

o
rith

m
s

w
ith

n
o
n

-m
o
n

o
to

n
ic

reg
u

la
rizers

in
th

e
o
n

lin
e

settin
g
.

E
x
ten

d
in

g
th

e
F

T
R

L
v
iew

p
resen

ted
h

ere
to

h
a
n

d
le

su
ch

a
lg

o
rith

m
s

is
a
n

in
terestin

g
d

irectio
n

fo
r

fu
tu

re
w

o
rk

.
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A
d
a
p
t
iv
e
O
n
l
in
e
L
e
a
r
n
in
g

A
d

a
p

ti
v
e

M
ir

ro
r

D
e
sc

e
n
t

E
ve

n
in

th
e

n
on

-a
d

ap
ti

ve
ca

se
,

M
ir

ro
r

D
es

ce
n
t

ca
n

b
e

ex
p

re
ss

ed
as

a
va

ri
et

y
of

d
iff

er
en

t
u

p
d

a
te

s,
so

m
e

of
w

h
ic

h
ar

e
eq

u
iv

a
le

n
t

b
u

t
so

m
e

of
w

h
ic

h
ar

e
n
ot

;4
in

p
a
rt

ic
u

la
r,

th
e

in
cl

u
si

on
of

th
e

fe
as

ib
le

se
t

co
n

st
ra

in
t

I X
gi

ve
s

ri
se

to
d

is
ti

n
ct

“l
az

y
p

ro
je

ct
io

n
”

v
s

“g
re

ed
y

p
ro

je
ct

io
n

”
al

go
ri

th
m

s—
th

is
is

su
e

is
d

is
cu

ss
ed

in
d

et
ai

l
in

A
p

p
en

d
ix

C
.

T
o

d
efi

n
e

th
e

ad
ap

ti
v
e

M
ir

ro
r

D
es

ce
n
t

fa
m

il
y

of
al

go
ri

th
m

s
w

e
fi

rs
t

d
efi

n
e

th
e

B
re

gm
an

d
iv

er
g
en

ce
w

it
h

re
sp

ec
t

to
a

co
n
ve

x
d

iff
er

en
ti

a
b

le
fu

n
ct

io
n

5
φ

:

B φ
(u
,v

)
=
φ

(u
)
−
( φ

(v
)

+
Oφ

(v
)
·(
u
−
v
))
.

T
h

e
B

re
g
m

an
d

iv
er

ge
n

ce
is

th
e

d
iff

er
en

ce
at
u

b
et

w
ee

n
φ

an
d
φ

’s
fi

rs
t-

or
d

er
T

ay
lo

r
ex

p
a
n

si
on

ta
ke

n
at
v
.

F
or

ex
am

p
le

,
if

w
e

ta
k
e
φ

(u
)

=
‖u
‖2

,
th

en
B φ

(u
,v

)
=
‖u
−
v
‖2

.

A
n

ad
ap

ti
ve

M
ir

ro
r

D
es

ce
n
t

al
go

ri
th

m
is

d
efi

n
ed

b
y

a
se

q
u

en
ce

o
f

co
n
ti

n
u

ou
sl

y
d

iff
er

en
ti

ab
le

in
cr

em
en

ta
l

re
gu

la
ri

ze
rs
r 0
,r

1
,.
..

,
ch

os
en

so
r 0

:t
is

st
ro

n
gl

y
co

n
v
ex

.
F

ro
m

th
is

,
w

e
d

efi
n

e
th

e
ti

m
e-

in
d
ex

ed
B

re
gm

an
d

iv
er

ge
n

ce
B r

0
:t
,

B r
0
:t
(u
,v

)
=
r 0

:t
(u

)
−
( r

0
:t
(v

)
+

Or
0
:t
(v

)
·(
u
−
v
))
.

T
h

e
ad

ap
ti

ve
M

ir
ro

r
D

es
ce

n
t

u
p

d
at

e
is

th
en

gi
v
en

b
y

x̂
1

=
ar

g
m

in
x

r 0
(x

)

x̂
t+

1
=

ar
g

m
in

x
g t
·x

+
α
tΨ

(x
)

+
B r

0
:t
(x
,x̂

t)
.

(2
7)

W
e

u
se
x̂

to
d

is
ti

n
gu

is
h

th
is

u
p

d
at

e
fr

om
an

F
T

R
L

u
p

d
at

e
w

e
w

il
l
in

tr
o
d

u
ce

sh
or

tl
y.

B
u

il
d

in
g

on
th

e
p

re
v
io

u
s

se
ct

io
n

,
w

e
al

lo
w

th
e

u
p

d
at

e
to

in
cl

u
d

e
an

ad
d

it
io

n
al

re
gu

-
la

ri
za

ti
on

te
rm

α
tΨ

(x
).

A
s

b
ef

or
e,

ty
p

ic
al

ly
g t
·x

sh
ou

ld
b

e
v
ie

w
ed

as
a

su
b

g
ra

d
ie

n
t

ap
p

ro
x
im

at
io

n
to

a
lo

ss
fu

n
ct

io
n
` t

;
it

w
il

l
b

ec
o
m

e
cl

ea
r

th
at

a
k
ey

q
u

es
ti

o
n

is
to

w
h

at
ex

te
n
t

Ψ
is

al
so

li
n

ea
ri
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d

.

M
ir

ro
r

D
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ce
n
t
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go

ri
th

m
s

w
er

e
in
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o
d

u
ce

d
in

N
em

ir
ov
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y

a
n

d
Y

u
d

in
(1

9
83

)
fo

r
th

e
o
p

ti
m

iz
at

io
n

of
a

fi
x
ed

n
on

-s
m

o
ot

h
co

n
ve

x
fu

n
ct

io
n

,
an

d
ge

n
er
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iz

ed
to

B
re

gm
an

d
iv

er
ge

n
ce

s
b
y

B
ec

k
an

d
T

eb
ou

ll
e

(2
00

3)
.

B
ou

n
d

s
fo

r
th

e
on

li
n

e
ca

se
ap

p
ea

re
d

in
W

ar
m

u
th

a
n

d
J
ag

ot
a

(1
99

7)
;

a
ge

n
er

a
l

tr
ea

tm
en

t
in

th
e

on
li

n
e

ca
se

fo
r

co
m

p
os

it
e

ob
je

ct
iv

es
(w

it
h

a
n

on
-a

d
ap

ti
v
e

le
a
rn

in
g

ra
te

)
is

g
iv

en
b
y

D
u

ch
i

et
al

.
(2

0
10

b
).

F
ol

lo
w

in
g

th
is

ex
is

ti
n

g
li

te
ra

tu
re

,
w

e
m

ig
h
t

te
rm

th
e

u
p

d
at

e
of

E
q
.
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)
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d
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C

om
p
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e-
O

b
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e
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n
li

n
e

M
ir

ro
r

D
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ce
n
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fo
r

si
m

p
li
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ty

w
e

si
m

p
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re
fe

r
to

M
ir

ro
r

D
es

ce
n
t

in
th

is
w

or
k
.
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.

In
p

a
rt

ic
u

la
r,

it
is

co
m

m
o
n

to
se

e
u

p
d

a
te

s
w

ri
tt

en
in

te
rm

s
o
f
Or

?
(θ

)
fo

r
a

st
ro

n
g
ly

co
n
v
ex

re
g
u

-
la

ri
ze

r
r,

b
a
se

d
o
n

th
e

fa
ct

th
a
t
Or

?
(−
θ
)

=
a
rg

m
in
x
θ
·x

+
r(
x

)
(s

ee
L

em
m

a
1
5

in
A

p
p

en
d

ix
B

).
5
.

C
er

ta
in

p
ro

p
er

ti
es

o
f

B
re

g
m

a
n

d
iv

er
g
en

ce
s

re
q
u

ir
e
φ

to
b

e
st

ri
ct

ly
co

n
v
ex

,
b

u
t

it
p

ro
v
id

es
a
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n
v
en

ie
n
t

n
o
ta

ti
o
n
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d

efi
n

e
B φ
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)
fo

r
a
n
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d
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er
en
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a
b
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co

n
v
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φ
.
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c
M
a
h
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n

Im
p

li
c
it

u
p

d
a
te

s
F

or
th

e
m

om
en

t,
w

e
n

eg
le

ct
th

e
Ψ

te
rm

s
an

d
co

n
si

d
er

co
n
ve

x
p

er
-r

o
u

n
d

lo
ss

es
` t

.
W

h
il

e
st

an
d

a
rd

O
n

li
n

e
G

ra
d

ie
n
t

D
es

ce
n
t

(o
r

M
ir

ro
r

D
es

ce
n
t)

li
n

ea
ri

ze
s

th
e
` t

to
ar

ri
ve

at
th

e
u

p
d

a
te
x̂
t+

1
=

ar
g

m
in
x
g t
·x

t
+
B r

0
:t
(x
,x̂

t)
,

w
e

ca
n

d
efi

n
e

th
e

al
te

rn
at

iv
e

u
p

d
at

e

x̂
t+

1
=

ar
g

m
in

x
` t

(x
)

+
B r

0
:t
(x
,x̂

t)
,

(2
8)

w
h

er
e

w
e

av
oi

d
li

n
ea

ri
zi

n
g

th
e

lo
ss
` t

.
T

h
is

is
o
ft

en
re

fe
rr

ed
to
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an

im
p

li
ci

t
u

p
d

at
e,

si
n

ce
fo

r
ge

n
er

a
l

co
n
v
ex

` t
it

is
n

o
lo

n
ge

r
p

os
si

b
le

to
so

lv
e

fo
r
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t+

1
in
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ed
fo

rm
.

T
h

e
im

p
li

ci
t

u
p

d
at

e
w

as
in

tr
o
d

u
ce

d
b
y

K
iv

in
en

a
n

d
W

ar
m

u
th

(1
99

7)
,

a
n

d
h
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m

o
re

re
ce

n
tl

y
b

ee
n

st
u

d
ie

d
b
y

K
u

li
s

a
n

d
B

a
rt

le
tt
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01

0)
.

A
ga

in
co

n
si

d
er

in
g

th
e

Ψ
te

rm
s,

th
e

M
ir

ro
r

D
es

ce
n
t

u
p

d
at

e
of

E
q
.

(2
7)

ca
n

b
e

v
ie

w
ed

as
a

p
ar

ti
al

im
p

li
ci

t
u

p
d

at
e:

if
th

e
re

a
l
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ss

p
er

ro
u

n
d

is
` t
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)

+
α
tΨ

(x
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w
e

li
n

ea
ri

ze
th

e
` t

(x
)

te
rm

b
u

t
n

o
t

th
e

Ψ
(x

)
te
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ta
k
in

g
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)
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g t
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α
tΨ
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).

G
en

er
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ly
th

is
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d
on

e
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r
co

m
p

u
ta

ti
on

al
re

as
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r
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m

m
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s
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Ψ
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Ψ
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)
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‖ 1
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Ψ
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)
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I X
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th
e

u
p

d
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te

ca
n

st
il

l
b

e
so
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ed
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os
ed

fo
rm

(o
r

at
le
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t
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a

co
m

p
u

ta
ti

on
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ly
effi

ci
en

t
m

an
n

er
,

e.
g.

,
b
y

p
ro
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n
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ev

er
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w
h
il

e
α
tΨ
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h

a
n

d
le

d
w

it
h

ou
t

li
n

ea
ri
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ti
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,

w
e
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al

l
se

e
th

at
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h
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e
p
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t
α
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−
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Ψ

ar
e

en
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d
ed

in
a

li
n

ea
ri

ze
d

fa
sh
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n
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th

e
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en
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e
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t.

O
n

te
rm
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o
lo

g
y

In
th

e
u

n
p
ro

je
ct

ed
an

d
n

on
-a

d
ap

ti
v
e

ca
se

,
th

e
M

ir
ro

r
D

es
ce

n
t

u
p

d
a
te
x̂
t+

1
=

ar
g

m
in
x
g t
·x

+
B r
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,x̂

t)
is

eq
u
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al

en
t

to
th

e
F

T
R

L
u

p
d

at
e
x
t+

1
=

ar
g

m
in
x
g 1

:t
·x

+
r(
x

)
(s

ee
A

p
p

en
d
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C

).
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fa
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,
S

h
al

ev
-S

h
w

ar
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(2
01

2,
S

ec
.

2.
6)

re
fe

rs
to

th
is

u
p

d
at

e
(w

it
h

li
n

ea
ri

ze
d

lo
ss
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)

ex
p
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y
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M

ir
ro

r
D

es
ce

n
t.
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r
v
ie

w
,

th
e
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y

p
ro

p
er
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th

at
d

is
ti

n
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is
h

es
M

ir
ro

r
D

es
ce

n
t

fr
om

F
T

R
L

is
th

a
t

fo
r

M
ir

ro
r

D
es

ce
n
t,

th
e

st
at

e
o
f

th
e

al
g
or

it
h

m
is

ex
a
ct

ly
x̂
t
∈

R
n
,

th
e
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rr

en
t

fe
as

ib
le

p
oi

n
t.

F
or

F
T

R
L

on
th

e
ot

h
er

h
an

d
,

th
e

st
at

e
is

a
d

iff
er

en
t
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ct

or
in

R
n
,

fo
r

ex
am

p
le
g 1

:t
fo

r
D

u
al

A
ve

ra
g
in

g.
T

h
e

in
d

ir
ec
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es

s
of

th
e

F
T

R
L
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p
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n
ta

ti
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m
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m
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e
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ex
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,
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n
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r
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p
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m

u
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le
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o
f
g 1
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n
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l
m
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e
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m

e
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en
t
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e
x
t.
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M
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ro
r

D
e
sc

e
n
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a
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F
T

R
L
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x
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a
l

A
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o
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m

W
e

w
il

l
sh
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e
M
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ro

r
D
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n
t

u
p

d
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e
of

E
q
.
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7)
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b
e
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p
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e
F

T
R

L
-P
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x
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u

p
d

a
te

g
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F
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u
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2
.
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p

a
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ic
u
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r,
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si
d

er
a

M
ir

ro
r

D
es

ce
n
t

a
lg

or
it

h
m

d
efi

n
ed

b
y
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e

ch
oi
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of
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r
t
≥

0.
T

h
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,
w

e
d

efi
n

e
th

e
F

T
R

L
-P

ro
x
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u

p
d
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e

x
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1
=
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g

m
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x
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·x

+
g

(Ψ
)

1
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−

1
·x

+
α
tΨ

(x
)

+
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(x

)
(2

9)
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A
d
a
p
t
iv
e
O
n
l
in
e
L
e
a
r
n
in
g

M
irror

D
escen

t

x̂
t+

1
=

arg
m

in
x

g
t ·x

+
α
t Ψ

(x
)

+
B
r
0
:t (x

,x̂
t )

(2
7)

M
irror

D
escen

t
as

F
T

R
L

-P
rox

im
al

x̂
t+

1
=

arg
m

in
x

g
1
:t ·
x

+
g

(Ψ
)

1
:t−

1 ·x
+
α
t Ψ

(x
)

+
r

0 (x
)

+
t
∑s=

1 B
r
s (x

,x
s )

=
arg

m
in

x
g

1
:t ·
x

+
g

(Ψ
)

1
:t
·x

+
r

0 (x
)

+
t
∑s=

1 B
r
s (x

,x
s )

w
h

ere
g

(Ψ
)

s
is

a
su

itab
le

su
b

grad
ien

t
fro

m
∂

(α
s Ψ

)(x
s+

1 )

F
igu

re
2:

M
irror

D
escen

t
as

n
orm

ally
p

resen
ted

,
a
n

d
ex

p
ressed

as
an

eq
u
ivalen

t
F

T
R

L
-P

rox
im

al
u

p
d

ate.

for
a
n

ap
p

rop
riate

ch
oice

g
(Ψ

)
t
∈
∂

(α
t Ψ

)(x
t+

1 )
(given

b
elow

),
w

h
ere

r Bt
is

an
in

cre-
m

en
tal

p
rox

im
al

regu
larizer

d
efi

n
ed

in
term

s
of
r
t ,

n
a
m

ely

r B0
(x

)≡
r

0 (x
)

r Bt
(x

)≡
B
r
t (x

,x
t )

=
r
t (x

)−
(r
t (x

t )
+

O
r
t (x

t )·
(x
−
x
t ) )

for
t≥

1.

N
o
te

th
at

r Bt
is

in
d

eed
m

in
im

ized
b
y
x
t

an
d
r Bt

(x
t )

=
0.

W
e

req
u

ire
g

(Ψ
)

t
∈

∂
(α

t Ψ
)(x

t+
1 )

su
ch

th
at

g
1
:t

+
g

(Ψ
)

1
:t

+
O
r B0

:t (x
t+

1 )
=

0.
(30

)

T
h

e
d

ep
en

d
en

ce
of
g

(Ψ
)

t
on

x
t+

1
is

n
ot

p
ro

b
lem

a
tic,

as
g

(Ψ
)

t
is

n
ot

n
ecessary

to

com
p

u
te
x
t+

1
u

sin
g

E
q
.

(29).
T

o
see

(in
d

u
ctively

)
th

at
w

e
can

a
lw

ay
s

fi
n

d
a

a
g

(Ψ
)

t

satisfy
in

g
E

q
.

(3
0),

n
ote

th
e

su
b

d
iff

eren
tial

of
th

e
ob

jective
of

E
q
.

(29
)

at
x

is

g
1
:t

+
g

(Ψ
)

1
:t−

1
+
∂

(α
t Ψ

)(x
)

+
O
r B0

:t (x
).

(31
)

S
in

ce
x
t+

1
is

a
m

in
im

izer,
w

e
k
n

ow
0

is
a

su
b

g
rad

ien
t,

w
h

ich
im

p
lies

th
ere

m
u

st

b
e

a
su

b
grad

ien
t
g

(Ψ
)

t
∈
∂

(α
t Ψ

)(x
t+

1 )
th

at
satisfi

es
E

q
.

(3
0).

T
h

e
fact

w
e

u
se

a
su

b
grad

ien
t

of
Ψ

at
x
t+

1
rath

er
th

an
x
t

is
a

con
seq

u
en

ce
of

th
e

fa
ct

w
e

are
rep

lica
tin

g
th

e
b

eh
av

ior
of

a
(p

artial)
im

p
licit

u
p

d
ate

algorith
m

.
F

in
ally,

n
ote

th
e

u
p

d
ate

x
t+

1
=

arg
m

in
x

g
1
:t ·
x

+
g

(Ψ
)

1
:t
·x

+
r B0

:t (x
)

(32
)
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M
c
M
a
h
a
n

is
eq

u
ivalen

t
to

E
q
.

(29),
sin

ce
E

q
u

ation
s

(30
)

an
d

(31)
im

p
ly

0
is

in
th

e
su

b
grad

ien
t

of
th

e
ob

jective
E

q
.

(2
9)

at
th

e
x
t+

1
given

b
y

E
q
.

(32).
T

h
is

u
p

d
ate

is
ex

a
ctly

a
n

F
T

R
L

-P
rox

im
al

u
p

d
ate

on
th

e
fu

n
ction

s
f
t (x

)
=

(g
t
+
g

(Ψ
)

t
)·x

.
W

ith
th

ese
d

efi
n
ition

s
in

p
lace,

w
e

can
n

ow
sta

te
an

d
p
rove

th
e

m
ain

resu
lt

of
th

is
section

,
n

am
ely

th
e

eq
u

ivalen
ce

of
th

e
tw

o
u
p

d
ates

g
iven

in
F

igu
re

2
:

T
h

e
o
re

m
1
1

T
h
e

M
irro

r
D

escen
t

u
pd

a
te

o
f

E
q.

(27)
a
n

d
th

e
F

T
R

L
-P

ro
xim

a
l

u
p
-

d
a
te

o
f

E
q.

(29)
select

id
en

tica
l

po
in

ts.

P
ro

o
f

T
h

e
p

ro
of

is
b
y

in
d

u
ction

on
th

e
h
y
p

oth
esis

th
a
t
x̂
t

=
x
t .

T
h

is
h

o
ld

s
triv

ially
fo

r
t

=
1,

so
w

e
p

ro
ceed

b
y

a
ssu

m
in

g
it

h
old

s
for

t.
F

irst
w

e
con

sid
er

th
e
x
t

selected
b
y

th
e

F
T

R
L

-P
rox

im
a
l

a
lgorith

m
of

E
q
.

(2
9).

S
in

ce
x
t

m
in

im
izes

th
is

ob
jectiv

e,
zero

m
u

st
b

e
a

su
b
grad

ien
t

a
t
x
t .

L
ettin

g
g

(r
)
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=

O
r
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s )
an

d
n

otin
g
O
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(x
)

=
O
r
t (x

)−
O
r
t (x

t ),
w

e
h
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g

1
:t−

1
+
g

(Ψ
)

1
:t−

1
+
O
r
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:t−
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t )−

g
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)
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1
=

0
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in
g

E
q
.

(31).
S
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ce
x
t

=
x̂
t

b
y
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d

u
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h
y
p

oth
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w
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d
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d
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1 (x̂
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:t−

1 .
(33)
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D
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e
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of
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e
ob

jective
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E
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(27
)
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st
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e
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e

re-w
ritten

in
term

s
of

a
su

b
-

grad
ien

t
u

p
d

ate
u

sin
g

an
ap

p
rop

riate
su

b
gra

d
ien

t
ap

p
rox

im
a
tion

at
th

e
n

ext
p

oin
t.

A
O

n
e
-D

im
e
n

sio
n

a
l

E
x
a
m

p
le

T
o

illu
strate

th
e

p
ractica

l
sig

n
ifi

ca
n

ce
of

th
e

stron
ger

ex
p

licit
L

1
p

en
alty

u
sed

b
y

N
ative

F
T

R
L

,
w

e
co

m
p

a
re

th
e

u
p

d
a
tes

o
f

E
q
.

(34
)

an
d

E
q
.

(35)
on

a
sim

p
le

o
n

e-d
im

en
sion

a
l

ex
a
m

p
le.

T
h

e
grad

ien
ts
g
t

sat-
isfy
‖g
t ‖

2 ≤
G

,
an

d
w

e
u

se
a

feasib
le

set
o
f

rad
iu

s
R

=
2G

.
B

oth
algorith

m
s

u
se

th
e

th
eory

-reco
m

m
en

d
ed

fi
x
ed

learn
in

g
rate

η
=

R
G
√
T

=
2
√
T

(see
S

ection
3
),

again
st

an

ad
ap

tive
ad

v
ersary

th
at

selects
grad

ien
ts
g
t

as
a

fu
n

ction
of
x
t :

g
t

=



−
12 (G

+
λ

)
w

h
en

t
=

1

−
G

w
h

en
t
>

1
a
n

d
x
t ≤

0

G
w

h
en

t
>

1
a
n

d
x
t
>

0
.
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M
c
M
a
h
a
n

B
o
th

algorith
m

s
select

x
1

=
0,

an
d

sin
ce
g

1
=
−

12 (G
+
λ

)
b

oth
a
lgorith

m
s

select

x
2

=
(G
−
λ

)/ √
T

.
A

fter
th

is,
h

ow
ever,

th
eir

b
eh

av
io

r
d

iverges:
M

irro
r

D
escen

t
w

ill
in

d
efi

n
itely

oscillate
b

etw
een

x
2

an
d
−
x

2
for

an
y
λ
<
G

.
O

n
th

e
o
th

er
h

an
d

,
F

T
R

L
learn

s
th

at
x
∗

=
0

is
th

e
op

tim
al

solu
tio

n
after

a
co

n
stan

t
n
u

m
b

er
of

rou
n

d
s,

selectin
g
x
t+

1
=

0
for

an
y
t
>

G2
λ

+
12 .

T
h

e
d

etails
of

th
is

ex
am

p
le

are
w

orked
ou

t
in

A
p

p
en

d
ix

D

F
igu

re
4

p
lots

th
e

p
oin

ts
selected

b
y

th
e

algorith
m

s
as

a
fu

n
ctio

n
of
t,

ta
k
in

g
G

=
11

,
T

=
16,

an
d
λ

=
0
.5.

T
h

is
ex

am
p

le
clearly

d
em

on
strates

th
at,

th
o
u

g
h

M
irror

D
escen

t
an

d
N

ative
F

T
R

L
h

av
e

th
e

sam
e

reg
ret

b
o
u

n
d

s,
N

ative
F

T
R

L
is

m
u

ch
m

ore
likely

to
p

ro
d

u
ce

sp
arse

solu
tio

n
s

an
d

can
a
lso

in
cu

r
less

actu
al

regret.

6
.3

A
n

a
ly

sis
o
f

M
irro

r
D

e
sc

e
n
t

a
s

F
T

R
L

-P
ro

x
im

a
l

H
av

in
g

estab
lish

ed
th

e
eq

u
ivalen

ce
b

etw
een

M
irror

D
escen

t
a
n

d
a

p
articu

la
r

F
T

R
L

-
P

rox
im

al
u

p
d

ate
as

g
iven

in
F

igu
re

2,
w

e
n

ow
u

se
th

e
gen

era
l
a
n

a
ly

sis
tech

n
iq

u
es

for
F

T
R

L
d

evelop
ed

in
th

is
w

ork
to

p
rov

e
reg

ret
b

ou
n

d
s

fo
r

M
irror

D
escen

t
algorith

m
.

T
h

is
is

accom
p

lish
ed

b
y

ap
p

ly
in

g
th

e
S

tron
g

F
T

R
L

lem
m

a
to

th
e

F
T

R
L

-P
rox

im
al

ex
p

ression
for

M
irror

D
escen

t.

F
irst,

w
e

ob
serve

th
at

in
th

e
n

o
n

-com
p

osite
case

(i.e.,
all

α
t

=
0
),

th
en

all

g
(Ψ

)
t

=
0,

an
d

w
e

can
ap

p
ly

T
h

eorem
2

d
irectly

to
E

q
.

(29)
for

th
e

loss
fu

n
ction

s
f
t (x

)
=
g
t ·x

,
w

h
ich

gives
u

s

R
egret(x

∗,g
t )≤

r B0
:T

(x
∗)

+
12

T
∑t=

1 ‖g
t ‖

2(t),?
=

T
∑t=

1 B
r
t (x
∗,x

t )
+

12

T
∑t=

1 ‖
g
t ‖

2(t),? .

In
th

e
case

of
a

com
p

osite-ob
jective

(n
on

triv
ia

l
Ψ

term
s,

in
clu

d
in

g
feasib

le
set

co
n

-
strain

ts
su

ch
as
IX

),
w

e
w

ill
arriv

e
a
t

th
e

sam
e

b
ou

n
d
,

b
u

t
m

u
st

refi
n

e
ou

r
a
n

aly
sis

som
ew

h
at

to
en

com
p

ass
th

e
p

artia
l
im

p
licit

u
p

d
a
te

of
E

q
.
(29).

T
h

is
is

accom
p

lish
ed

in
th

e
follow

in
g

th
eorem

:

T
h

e
o
re

m
1
2

W
e

co
n

sid
er

th
e

M
irro

r
D

escen
t

u
pd

a
te

o
f

E
q.

(27
)

u
n

d
er

th
e

sa
m

e
co

n
d
itio

n
s

a
s

T
h
eo

rem
1
0
.

W
h
en

w
e

co
n

sid
er

regret
a
ga

in
st
f

Ψt
(x

)
=
g
t ·x

+
α
t Ψ

(x
),

w
e

h
a
ve

R
egret(x

∗,f
Ψ

)≤
r B0

:T
(x
∗)

+
12

T
∑t=

1 ‖
g
t ‖

2(t),? .
(38)

W
h
en

w
e

co
n

sid
er

regret
a
ga

in
st

o
n

ly
th

e
fu

n
ctio

n
s
f
t (x

)
=
g
t ·
x

,
w

e
h
a
ve

R
egret(x

∗,g
t )≤

r B0
:T

(x
∗)

+
α

1
:T

Ψ
(x
∗)

+
12

T
∑t=

1 ‖g
t ‖

2(t),? .
(3

9)
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A
d
a
p
t
iv
e
O
n
l
in
e
L
e
a
r
n
in
g

T
h

e
b

ou
n

d
of

E
q
.

(3
8)

m
at

ch
es

D
u

ch
i

et
al

.
(2

01
1,

P
ro

p
.

3)
,6

an
d

al
so

en
co

m
-

p
a
ss

es
T

h
eo

re
m

2
of

D
u
ch

i
et

al
.

(2
0
10

b
).

7

P
ro

o
f

F
ir

st
,

b
y

T
h

eo
re

m
11

,
th

is
a
lg

o
ri

th
m

ca
n

eq
u

iv
al

en
tl

y
b

e
ex

p
re

ss
ed

as
in

E
q
.

(3
2)

.
T

o
si

m
p

li
fy

b
o
ok

k
ee

p
in

g,
w

e
d

efi
n
e

f̄ t
(x

)
=
g t
·x

+
Ψ̄
t(
x

)
w

h
er

e
Ψ̄
t(
x

)
=
α
tΨ

(x
t+

1
)

+
g

(Ψ
)

t
·(
x
−
x
t+

1
),

T
h

en
,

th
e

u
p

d
at

e
x
t+

1
=

ar
g

m
in

x
f̄ 1

:t
(x

)
+
rB 0

:t
(x

)
(4

0)

is
eq

u
iv

al
en

t
to

E
q
.

(3
2)

,
si

n
ce

th
e

ob
je

ct
iv

es
d

iff
er

on
ly

in
co

n
st

an
t

te
rm

s.
N

ot
e

Ψ̄
t(
x
t+

1
)

=
α
tΨ

(x
t+

1
)

an
d

∀x
,
α
tΨ

(x
)
≥

Ψ̄
t(
x

),
(4

1)

w
h

er
e

th
e

se
co

n
d

cl
ai

m
u

se
s

th
e

co
n
v
ex

it
y

of
α
tΨ

.
O

b
se

rv
e

th
at

E
q
.

(4
0)

d
efi

n
es

an
F

T
R

L
-P

ro
x
im

al
a
lg

or
it

h
m

—
w

e
ca

n
im

ag
in

e
th

e
f̄ t

ar
e

co
m

p
u

te
d

b
y

a
b

la
ck

-b
ox

gi
ve

n
f t

w
h

ic
h

so
lv

es
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m

of
E

q
.

(2
9)

in
or

d
er

to
co

m
p

u
te
g

(Ψ
)

t
.

T
h
u

s,
w

e
ca

n
ap

p
ly

th
e

S
tr

on
g

F
T

R
L

L
em

m
a

(L
em

m
a

5)
.

A
ga

in
,

th
e

ke
y

is
b

ou
n

d
in

g
th

e
st

ab
il

it
y

te
rm

s.
U

si
n

g
h
t(
x

)
=
f̄ t

(x
)

+
rB t

(x
),

w
e

h
av

e

T ∑ t=
1

h
1
:t
(x
t)
−
h

1
:t
(x
t+

1
)
−
r t

(x
t)
≤

T ∑ t=
1

1 2
‖g
t‖

2 (t
),
?

+
Ψ̄
t(
x
t)
−

Ψ̄
t(
x
t+

1
),

u
si

n
g

C
or

ol
la

ry
8

as
in

T
h
eo

re
m

10
.

W
e

fi
rs

t
co

n
si

d
er

re
gr

et
ag

a
in

st
th

e
fu

n
ct

io
n
s
f

Ψ t
(x

)
=
g t
·x

+
α
tΨ

(x
).

W
e

ca
n

a
p

p
ly

L
em

m
a

5
to

th
e

fu
n

ct
io

n
s
f̄ t

,
y
ie

ld
in

g

R
eg

re
t(
x
∗ ,
f̄ t

)
≤
rB 0

:T
(x
∗ )

+
T ∑ t=

1

1 2
‖g
t‖

2 (t
),
?

+
Ψ̄
t(
x
t)
−

Ψ̄
t(
x
t+

1
).

6
.

M
a
p

p
in

g
o
u

r
n

o
ta

ti
o
n

to
th

ei
r

n
o
ta

ti
o
n

,
w

e
h

av
e
f t

(x
)

=
` t

(x
)+

α
t
Ψ

(x
)
⇒
φ
t
(x

)
=
f t

(x
)+

ϕ
(x

)
a
n

d
r 1

:t
(x

)
⇒

1 η
ψ
t
(x

).
D

iv
id

in
g

th
ei

r
U

p
d

a
te

(4
)

b
y
η

a
n

d
u

si
n

g
o
u

r
n

o
ta

ti
o
n

,
w

e
a
rr

iv
e

a
t

ex
a
ct

ly
th

e
u

p
d

a
te

o
f

E
q
.

(2
7
).

W
e

ca
n

ta
k
e
η

=
1

in
th

ei
r

b
o
u

n
d

w
.l

.o
.g

..
T

h
en

,
u

si
n

g
th

e
fa

ct
th

a
t
ψ
t

in
th

ei
r

n
o
ta

ti
o
n
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r 1

:t
in

o
u

r
n

o
ta

ti
o
n

,
w

e
h

av
e

B ψ
t
+

1
(x
∗ ,
x
t+

1
)
−
B ψ

t
(x
∗ ,
x
t+

1
)

=
ψ
t+

1
(x
∗ )
−

(ψ
t+

1
(x
t+

1
)

+
Oψ

t+
1
(x
t+

1
)
·(
x
−
x
t+

1
))

−
( ψ

t
(x
∗ )
−

(ψ
t
(x
t+

1
)

+
Oψ

t
(x
t+

1
)
·(
x
−
x
t+

1
))
)

=
r t

+
1
(x
∗ )
−
( r
t+

1
(x
t+

1
)

+
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t+
1
(x
t+

1
)
·(
x
−
x
t+

1
))

=
B r

t
+

1
(x
∗ ,
x
t+

1
).

7
.

W
e

ca
n

ta
k
e

th
ei

r
α

=
1

a
n

d
η

=
1

w
.l

.o
.g
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a
n

d
a
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o
a
ss

u
m

e
o
u

r
Ψ

(x
1
)

=
0
.

T
h

ei
r
r
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o
u

r
Ψ

,
a
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d
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e
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p
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y
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k
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o
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α
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=
1
;
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r
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o
u

r
r 0
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h
o
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r
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T

a
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u
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o
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T
h
u
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b
o
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n
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a
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o
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r
n

o
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o
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re

t
≤
B r

0
(x
∗ ,
x
1
)+

1 2

∑
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m

a
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h
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g
ex

a
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ly
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e
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o
u

n
d

o
f

o
u

r
T

h
eo
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1
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o
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n
g
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(x
∗ )

=
B r
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∗ ,
x
1
)
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se
).
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M
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h
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H
ow

ev
er

,
th

is
d

o
es

n
ot

im
m

ed
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te
ly

y
ie

ld
a

b
ou

n
d

o
n

re
gr

et
a
ga

in
st

th
e
f

Ψ t
.

W
h

il
e

f̄ t
(x
∗ )
≤
f

Ψ t
(x
∗ )

,
ou

r
ac

tu
al

lo
ss
f

Ψ t
(x
t)

co
u

ld
b

e
la

rg
er

th
an

f̄ t
(x
t)

.
T

h
u

s,
in

or
d

er
to

b
ou

n
d

re
gr

et
ag

ai
n

st
f

Ψ t
,

w
e

m
u

st
ad

d
te

rm
s
f

Ψ t
(x
t)
−
f̄ t

(x
t)

=
α
tΨ

(x
t)
−

Ψ̄
t(
x
t)

.
T

h
is

gi
ve

s

R
eg

re
t(
x
∗ ,
f

Ψ t
)
≤

R
eg

re
t(
x
∗ ,
f̄ t

)
+

T ∑ t=
1

α
tΨ

(x
t)
−

Ψ̄
t(
x
t)

≤
rB 0

:T
(x
∗ )

+
T ∑ t=

1

1 2
‖g
t‖

2 (t
),
?

+
Ψ̄
t(
x
t)
−

Ψ̄
t(
x
t+

1
)

+
α
tΨ

(x
t)
−

Ψ̄
t(
x
t)

=
rB 0

:T
(x
∗ )

+
T ∑ t=

1

1 2
‖g
t‖

2 (t
),
?

+
α
tΨ

(x
t)
−
α
tΨ

(x
t+

1
),

w
h

er
e

th
e

eq
u

al
it

y
u

se
s

Ψ̄
t(
x
t+

1
)

=
α
tΨ

(x
t+

1
).

R
ec

a
ll

in
g
∑

T t=
1
α
tΨ

(x
t)
−
α
tΨ

(x
t+

1
)
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0
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om
th

e
p

ro
o
f

of
T

h
eo

re
m
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m
p
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te

s
th

e
p

ro
of

o
f

E
q
.
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F

or
E

q
.

(3
9)

,
ap

p
ly
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g

L
em

m
a

5
w

it
h
r t
←

Ψ̄
t
+
rB t

an
d
f t
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←
g t
·x

y
ie

ld
s

R
eg

re
t(
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∗ ,
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)
≤
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∗ )
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Ψ̄

1
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∗ )

+
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1

1 2
‖g
t‖

2 (t
),
?

+
Ψ̄
t(
x
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−

Ψ̄
t(
x
t+

1
).
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q
.
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1
)
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es

Ψ̄
t(
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−

Ψ̄
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1
)
≤
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−
α
tΨ
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1
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an
d

so
th

e
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m
o
f

th
es

e
te
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s
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n
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n
is

h
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Ψ̄
1
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≤
α
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Ψ
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m
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le

te
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e
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ro
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d
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p
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p
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P
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u
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p
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p
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at
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P
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.
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g
.

20
10

.
U

R
L
h
t
t
p
:
/
/
a
r
x
i
v
.
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.
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ra
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.
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ra
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ra
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d
is

cr
et

e-
ti

m
e

n
on

li
n

ea
r

gr
ad

ie
n
t

d
es

ce
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.

In
In

te
rn

a
ti

o
n

a
l

S
ym

po
si

u
m

o
n

A
rt

ifi
ci

a
l
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re
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at
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.
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.
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d
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n
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l
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H
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H

a
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L
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m
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L
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n
d

a
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=
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h

0
:t (x

)
is

w
ell

d
efi

n
ed

(reca
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=
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r
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b
y

selectin
g
x
t

=
a
rg

m
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p
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t
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b
ein

g
th

e
lea

d
er

is
a
ctu

ally
strictly

better
th

an
alw

ay
s

u
sin

g
th
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b
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p
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e
follow

in
g

w
eaker

v
ersion

o
f

T
h
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n
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r
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con
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p
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L
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w
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m
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−

m
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−
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=
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−
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+
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‖
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‖b
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e
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d
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−
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‖
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∂
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∂
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=
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+
b
·x

.
A

p
p

ly
in

g
L

em
m

a
16

to
φ
′ 1

a
n

d
φ

2
co

m
p
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w
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φ
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φ
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=
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b
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d
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φ
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Ψ
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−

Ψ
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Ψ
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−

Ψ
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φ
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φ
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p
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p
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p

e
n
d
ix

C
.

N
o
n
-A

d
a
p
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v
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p
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th
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=
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+
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=
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=
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=

a
rg

m
in

x
g t
·x

+
B R

(x
,x

t)

F
T

R
L

x
t+
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=
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u
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p
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d
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ri
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b
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p
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h
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R
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h
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d
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=
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p
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h
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u
re

5
a
re

eq
u

iv
a
le

n
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n
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g
m

in
x
−
θ t
·x

+
R

(x
)

u
si

n
g

E
q
.

(4
5)

.
T

h
e

op
ti

m
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p
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=
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=
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b
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−
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=
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−
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=
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l
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e
L
e
a
r
n
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c
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=
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y
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ro
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u
t+
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.
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p
ro

jection
is

n
eed

ed
on

each
rou

n
d

for
b

oth
algorith

m
s

to
p

ro
d

u
ce
x
t

so
g
t ∈

∂
f
t (x

t )
ca

n
b

e
com

p
u

ted
.

B
oth

th
e

L
azy

a
n

d
G

reed
y

fam
ilies

can
b

e
an

a
ly

zed
(in

clu
d

in
g

in
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=
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=
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=
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+
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o
n

a
n

d
co

m
p

le
te

o
n

e
u

p
d

a
te

.
A

sy
n

ch
ro

n
o
u

s
m

et
h

o
d

s
(L

i
et

a
l.

,
2
0
1
4
)

fo
rm

a
n

o
th

er
im

p
o
rt

a
n
t

cl
a
ss

o
f

m
et

h
o
d

s
th

a
t

n
ee

d
s

a
se

p
a
ra

te
st

u
d

y.
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D
ist

r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ssif

ie
r
s

co
m

p
a
rin

g
o
u
r

m
eth

o
d

w
ith

several
ex

istin
g

m
eth

o
d
s

on
a

few
large

scale
d
atasets

are
giv

en
in

sectio
n

6
.

T
h
ese

ex
p

erim
en

ts
stron

g
ly

d
em

on
strate

th
e

effi
cien

cy
of

on
e

version
of

ou
r

m
eth

o
d

th
a
t

ch
o
oses

u
p

d
ate

variab
les

greed
ily.

T
h
is

b
est

version
of

th
e

D
B

C
D

m
eth

o
d

is
d
escrib

ed
in

section
7.

S
ection

8
con

tain
s

som
e

con
clu

d
in

g
com

m
en

ts.

2
.

A
g
e
n
e
ric

a
lg

o
rith

m

V
a
rio

u
s

d
istrib

u
ted

solvers
of

th
e
l1

regu
larization

p
rob

lem
can

b
e

p
u
t

in
a

gen
eric

a
lgorith

m
fo

rm
a
t.

W
e

b
egin

th
is

section
b
y

d
escrib

in
g

th
e

p
rob

lem
form

u
lation

.
T

h
en

w
e

state
th

e
g
en

eric
a
lg

o
rith

m
form

at.
W

e
follow

th
is

b
y

d
iscu

ssin
g

th
e

ch
oices

variou
s

m
eth

o
d
s

m
ak

e
fo

r
th

e
step

s
a
n
d

p
oin

t
ou

t
h
ow

n
ew

ch
oices

for
th

e
step

s
can

lead
to

a
b

etter
d
esign

.

2
.1

P
ro

b
le

m
fo

rm
u

la
tio

n

L
et
w

b
e

th
e

w
eigh

t
vector

w
ith

m
variab

les,
w
j ,
j

=
1,...,m

,
an

d
x
i ∈

R
m

d
en

ote
th

e
i-th

ex
a
m

p
le.

L
et

th
ere

b
e
n

train
in

g
ex

am
p
les

an
d

let
X

d
en

ote
th

e
n×

m
d
ata

m
atrix

,
w

h
ose

i-th
row

is
x
Ti

.
N

ote
th

at
w

e
h
av

e
d
en

oted
vector

com
p

on
en

ts
b
y

su
b
scrip

ts,
e.g.,

w
j

is
th

e
j-th

co
m

p
o
n
en

t
of
w

;
w

e
h
ave

also
u
sed

su
b
scrip

ts
for

in
d
ex

in
g

ex
am

p
les,

e.g.,
x
i

is
th

e
i-th

ex
a
m

p
le,

w
h
ich

itself
is

a
vector.

B
u
t

th
is

w
ill

n
ot

cau
se

con
fu

sion
an

y
w

h
ere.

A
lin

ear
cla

ssifi
er

p
ro

d
u
ces

th
e

ou
tp

u
t
y
i

=
w
T
x
i .

T
h
e

loss
is

a
n
on

lin
ear

con
vex

fu
n
ction

ap
p
lied

o
n

th
e

o
u
tp

u
t.

F
or

b
in

ary
class

la
b

el
c
i ∈
{
1
,−

1}
,

th
e

lo
ss

is
given

b
y
`(y

i ;c
i ).

L
et

u
s

sim
p
ly

v
iew

`(y
i ;c

i )
as

a
fu

n
ction

of
y
i

w
ith

c
i

actin
g

as
a

p
aram

eter.
W

e
w

ill
assu

m
e

th
at

`
is

n
o
n
-n

ega
tiv

e
an

d
con

vex
,
`∈
C

1,
th

e
class

of
con

tin
u
ou

sly
d
iff

eren
tiab

le
fu

n
ction

s,
an

d
th

a
t
` ′

is
L

ip
sch

itz
con

tin
u
ou

s
2.

L
oss

fu
n
ction

s
su

ch
as

least
sq

u
ares

loss,
logistic

loss,
S
V

M
sq

u
a
red

h
in

g
e

loss
an

d
H

u
b

er
loss

satisfy
th

ese
assu

m
p
tion

s.
A

ll
ex

p
erim

en
ts

rep
orted

in
th

is
p
a
p

er
u
se

th
e

sq
u
ared

h
in

ge
loss,

`(y
i ;c

i )
=

m
ax{0

,1−
c
i y
i }

2.
T

h
e

to
tal

loss
fu

n
ction

,
f

:
R
m
→
R

is
f

(w
)

=
1n ∑

i `(y
i ;c

i ).
L

et
u

b
e

th
e
l1

regu
larizer

given
b
y
u

(w
)

=
λ ∑

j |w
j |,

w
h
ere

λ
>

0
is

th
e

regu
larization

con
stan

t.
O

u
r

aim
is

to
solve

th
e

p
ro

b
lem

m
in

w
∈
R
m
F

(w
)

=
f

(w
)

+
u

(w
).

(1)

L
et
g

=
∇
f

.
T

h
e

op
tim

ality
con

d
ition

s
for

(1)
are:

∀
j

:
g
j

+
λ

sign
(w

j )
=

0
if
|w
j |
>

0;
|g
j |≤

λ
if
w
j

=
0.

(2)

F
o
r

p
ro

b
lem

s
w

ith
a

large
n
u
m

b
er

of
featu

res,
it

is
n
atu

ral
to

ran
d
om

ly
p
artition

th
e

co
lu

m
n
s

o
f
X

a
n
d

p
lace

th
e

p
arts

in
P

com
p
u
tin

g
n
o
d
es.

L
et{B

p }
Pp
=

1
d
en

ote
th

is
p
artitio

n
o
fM

=
{1
,...,m

}
,

i.e.,
B
p
⊂
M
∀
p

an
d
∪
p B

p
=
M

.
W

e
w

ill
a
ssu

m
e

th
a

t
th

is
fea

tu
re

pa
rtitio

n
in

g
is

given
a
n

d
th

a
t

a
ll

a
lgo

rith
m

s
o
pera

te
w

ith
in

th
a
t

co
n

stra
in

t.
T

h
e

variab
les

a
sso

cia
ted

w
ith

a
p
articu

lar
p
artition

get
p
laced

in
on

e
n
o
d
e.

G
iven

a
su

b
set

of
variab

les
S

,
let

X
S

b
e

th
e

su
b
m

atrix
of
X

con
tain

in
g

th
e

colu
m

n
s

corresp
on

d
in

g
to
S

.
F

or
a

vector
z
∈
R
m

,
z
S

w
ill

d
en

ote
th

e
vector

con
tain

in
g

th
e

com
p

on
en

ts
of
z

corresp
o
n
d
in

g
to
S

.

2
.

A
fu

n
ction

h
is

L
ip

sch
itz

con
tin

u
ou

s
if

th
ere

ex
ists

a
(L

ip
sch

itz)
con

stan
t
L
≥

0
su

ch
th

at
‖h

(a
)−

h
(b)‖
≤
L‖a−

b‖
∀
a
,b.

3
JM

L
R

 18(91):1-35, 2017

M
a
h
a
ja

n
,
K
e
e
r
t
h
i
a
n
d

S
u
n
d
a
r
a
r
a
ja

n

2
.2

G
e
n

e
ric

a
lg

o
rith

m

A
lgorith

m
1

gives
th

e
gen

eric
algorith

m
.

In
each

iteration
t,

th
e

follow
in

g
step

s
h
ap

p
en

,
in

p
arallel,

in
each

n
o
d
e

(p
):

(a)
a

su
b
set

of
variab

les,
S
tp

is
ch

osen
;
(b

)
a

su
itab

le
a
p
p
rox

im
atin

g
fu

n
ction

,
f
tp

is
form

ed
an

d
th

e
ch

o
sen

va
riab

les
are

op
tim

ized
so

as
to

d
efi

n
e

a
d
irection

;
(c)

a
step

size
is

ch
osen

alon
g

th
at

d
irection

to
u
p

d
ate

th
e

w
eigh

t
vector

on
th

e
ch

osen
variab

les.
T

h
e

ou
tp

u
ts

of
all

ex
am

p
les

are
th

en
com

p
u
ted

u
sin

g
an

A
llR

ed
u

ce
op

eration
(step

(d
))

an
d

th
e

algorith
m

is
term

in
ated

if
op

tim
ality

con
d
ition

s
are

satisfi
ed

(step
(e)).

Item
s

su
ch

as
B
p ,
S
tp ,
w
B
p ,
d
tB
p ,
X
B
p

stay
lo

cal
in

n
o
d
e
p

an
d

d
o

n
ot

n
eed

to
b

e

com
m

u
n
icated

.
S
tep

(d
)

can
b

e
carried

ou
t

u
sin

g
an

A
llR

ed
u

ce
op

eration
(A

garw
al

et
al.,

2013)
over

th
e

n
o
d
es

an
d

th
en
y

b
ecom

es
availab

le
in

all
th

e
n
o
d
es.

T
h
e

grad
ien

t
su

b
vector

g
tB
p

(w
h
ich

is
n
eed

ed
for

solv
in

g
(3))

can
th

en
b

e
com

p
u
ted

lo
cally

as
g
tB
p

=
X
TB
p b

w
h
ere

b∈
R
n

is
a

vector
w

ith
{` ′(y

i )}
as

its
com

p
on

en
ts.

A
lg

o
rith

m
1
:

A
gen

eric
d
istrib

u
ted

algorith
m

C
h
o
ose

w
0

an
d

com
p
u
te
y

0
=
X
w

0;
fo

r
t

=
0,1

...
d

o
fo

r
p

=
1,...,P

d
o

(a)
S
elect

a
w

ork
in

g
su

b
set

of
variab

les
3,
S
tp ⊂

B
p ;

(b
)

F
orm

f
tp (w

B
p ),

an
ap

p
rox

im
ation

of
f

an
d

m
in

im
ize,

ex
actly

or
ap

p
rox

im
ately,

f
tp
+
u

over
on

ly
th

e
w

eigh
ts

corresp
on

d
in

g
to
S
tp :

m
in
f
tp (w

B
p )

+
u

(w
B
p )

s.t.
w
j

=
w
tj ∀

j∈
B
p \

S
tp

(3
)

to
get

w̄
tB
p

an
d

set
d
irection

:
d
tB
p

=
w̄
tB
p −

w
tB
p ;

(c)
C

h
o
ose

α
t

an
d

u
p

d
ate:

w
t+

1
B
p

=
w
tB
p

+
α
td
tB
p ;

e
n

d
(d

)
U

p
d
ate

y
t+

1
=
y
t
+
α
t ∑

p
X
B
p d
tB
p ;

(e)
T

erm
in

ate
if

op
tim

ality
con

d
ition

s
h
old

;

e
n

d

S
tep

s
(d

)
an

d
(e)

of
A

lgorith
m

1
are

q
u
ite

straigh
t-forw

ard
.

B
u
t

th
e

fi
rst

th
ree

step
s,

(a)-variab
le

sam
p
lin

g,
(b

)-fu
n
ction

ap
p
rox

im
ation

,
an

d
(c)-step

size
d
eterm

in
ation

,
can

b
e

im
p
lem

en
ted

in
va

riou
s

w
ay

s
an

d
req

u
ire

a
d
etailed

d
iscu

ssion
.

S
te

p
(a

)
-

v
a
ria

b
le

sa
m

p
lin

g
.

S
om

e
ch

oices
are:

•
(a

.1
)

ran
d
om

selection
(B

rad
ley

et
al.,

2011;
R

ich
tárik

an
d

T
ak

áč,
2014);

•
(a

.2
)

ran
d
om

cy
clic:

ov
er

a
set

of
con

secu
tive

iteration
s

(t)
all

variab
les

are
tou

ch
ed

on
ce

(B
ian

et
al.,

2013);

•
(a

.3
)

greed
y
:

alw
ay

s
ch

o
ose

a
set

of
variab

les
th

at,
in

som
e

sen
se

v
iolate

(2)
th

e
m

ost
at

th
e

cu
rren

t
iterate

(P
en

g
et

al.,
2013;

F
acch

in
ei

et
al.,

2014
);

an
d
,

•
(a

.4
)

greed
y

selection
u
sin

g
th

e
G

au
ss-S

ou
th

w
ell

ru
le

(T
sen

g
an

d
Y

u
n
,

2009;
Y

u
n

et
al.,

2011).
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D
is
t
r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l 1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ss
if
ie
r
s

S
te

p
(b

)
-

fu
n

c
ti

o
n

a
p

p
ro

x
im

a
ti

o
n

.
It

w
ou

ld
b

e
id

ea
l

to
ch

o
os

e
f
t p

to
b

e
f

it
-

se
lf

.
H

ow
ev

er
,

to
m

ak
e

th
e

so
lu

ti
on

si
m

p
le

an
d

effi
ci

en
t,

m
os

t
m

et
h
o
d
s

ch
o
os

e
a

q
u
ad

ra
ti

c
ap

p
ro

x
im

at
io

n
th

at
is

d
ec

ou
p
le

d
at

th
e

in
d
iv

id
u
al

va
ri

ab
le

le
ve

l:

f
t p
(w

t B
p
)

=
∑ j∈
B
p

g j
(w

t )
(w

j
−
w
t j
)

+
L
j 2
(w

j
−
w
t j
)2

(4
)

T
h
e

m
ai

n
ad

va
n
ta

ge
s

of
(4

)
ar

e
it

s
si

m
p
li
ci

ty
an

d
cl

os
ed

-f
or

m
m

in
im

iz
at

io
n

w
h
en

u
se

d
in

(3
).

C
h
oi

ce
s

fo
r
L
j

th
at

h
av

e
b

ee
n

tr
ie

d
ar

e:

•
(b

.1
)
L
j

=
a

L
ip

sc
h
it

z
co

n
st

an
t

fo
r
g j

(B
ra

d
le

y
et

al
.,

20
11

;
P

en
g

et
al

.,
20

13
);

•
(b

.2
)
L
j

=
a

la
rg

e
en

ou
gh

b
ou

n
d

on
th

e
L

ip
sc

h
it

z
co

n
st

an
t

fo
r
g j

to
su

it
th

e
sa

m
p
li
n
g

in
st

ep
(a

)
(R

ic
h
tá

ri
k

an
d

T
ak

áč
,

2
01

4)
;

•
(b

.3
)

ad
ap

ti
ve

ad
ju

st
m

en
t

of
L
j

(F
ac

ch
in

ei
et

al
.,

20
14

);
an

d

•
(b

.4
)
L
j

=
H
t jj

,
th

e
j-

th
d
ia

go
n
al

te
rm

of
th

e
H

es
si

an
at
w
t

(B
ia

n
et

al
.,

20
13

).

S
te

p
(c

)
-

st
e
p

si
z
e
.

T
h
e

ch
oi

ce
s

ar
e:

•
(c

.1
)

al
w

ay
s

fi
x
α
t

=
1

(B
ra

d
le

y
et

al
.,

20
11

;
R

ic
h
tá

ri
k

an
d

T
ak

áč
,

20
14

;
P

en
g

et
al

.,
20

13
);

•
(c

.2
)

u
se

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
id

ea
s

to
ch

o
os

e
{α

t }
so

th
at
∑

t(
α
t )

2
<
∞

an
d

∑
t
|α
t |

=
∞

(F
ac

ch
in

ei
et

al
.,

20
14

);
an

d

•
(c

.3
)

ch
o
os

e
α
t

b
y

li
n
e

se
ar

ch
th

at
is

d
ir

ec
tl

y
ti

ed
to

th
e

op
ti

m
iz

at
io

n
of
F

in
(1

)
(B

ia
n

et
al

.,
20

13
).

2
.3

D
is

c
u

ss
io

n
o
f

ch
o
ic

e
s

fo
r

st
e
p

s
(a

)-
(c

)

T
o

u
n
d
er

st
an

d
th

e
ro

le
of

th
e

va
ri

ou
s

ch
oi

ce
s

b
et

te
r,

le
t

u
s

fi
rs

t
fo

cu
s

o
n

th
e

u
se

of
(4

)
fo

r
f
t p
.

A
lg

or
it

h
m

1
m

ay
n
ot

co
n
ve

rg
e

to
th

e
op

ti
m

al
so

lu
ti

on
d
u
e

to
on

e
of

th
e

fo
ll
ow

in
g

d
ec

is
io

n
s:

(i
)

ch
o
os

in
g

to
o

m
an

y
va

ri
ab

le
s

(|S
t p
|l

ar
ge

)
fo

r
p
ar

al
le

l
u
p

d
at

in
g

in
st

ep
(a

);
(i

i)
ch

o
os

in
g

sm
al

l
va

lu
es

fo
r

th
e

p
ro

x
im

al
co

effi
ci

en
t
L
j

in
st

ep
(b

);
an

d
(i

ii
)

n
ot

co
n
tr

ol
li
n
g

α
t

to
b

e
su

ffi
ci

en
tl

y
sm

al
l

in
st

ep
(c

).
T

h
is

is
b

ec
a
u
se

ea
ch

of
th

e
ab

ov
e

h
as

th
e

p
ot

en
ti

al
to

ca
u
se

la
rg

e
st

ep
si

ze
s

le
ad

in
g

to
in

cr
ea

se
s

in
F

va
lu

e
an

d
,

if
th

is
h
ap

p
en

s
u
n
co

n
tr

ol
le

d
at

al
l

it
er

at
io

n
s

th
en

co
n
v
er

ge
n
ce

to
th

e
m

in
im

u
m

ca
n
n
ot

o
cc

u
r.

D
iff

er
en

t
m

et
h
o
d
s

co
n
tr

ol
ag

ai
n
st

th
es

e
b
y

m
ak

in
g

su
it

ab
le

ch
oi

ce
s

in
th

e
st

ep
s.

T
h
e

ch
oi

ce
m

ad
e

fo
r

st
ep

(c
)

gi
ve

s
a

n
ic

e
d
el

in
ea

ti
on

of
m

et
h
o
d
s.

W
it

h
(c

.1
),

on
e

h
as

to
d
o

a
su

it
ab

le
m

ix
of

la
rg

e
en

ou
gh

L
j

an
d

sm
al

l
en

ou
gh
|S
t p
|.

C
h
oi

ce
(c

.2
)

is
b

et
te

r
si

n
ce

th
e

p
ro

p
er

co
n
tr

ol
of
{α

t }
→

0
ta

ke
s

ca
re

of
co

n
ve

rg
en

ce
;

h
ow

ev
er

,
fo

r
go

o
d

p
ra

ct
ic

al
p

er
fo

rm
an

ce
,
L
j

an
d
α
t

n
ee

d
to

b
e

ca
re

fu
ll
y

ad
ap

te
d
,

w
h
ic

h
is

u
su

al
ly

m
es

sy
.

C
h
oi

ce
(c

.3
)

is
go

o
d

in
m

an
y

w
ay

s:
it

le
ad

s
to

m
on

ot
on

e
d
ec

re
as

e
in
F

;
it

is
go

o
d

th
eo

re
ti

ca
ll
y

an
d

p
ra

ct
ic

al
ly

;
an

d
,
it

al
lo

w
s

b
ot

h
,
sm

al
l
L
j

as
w

el
l
as

la
rg

e
|S
t p
|w

it
h
ou

t
h
in

d
er

in
g

co
n
ve

rg
en

ce
.

3
.

W
e

w
il

l
re

fe
r

to
th

e
w

o
rk

in
g

su
b

se
t

si
ze

,
i.

e.
,
|S
t p
|,

a
s

W
S

S
.
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M
a
h
a
ja

n
,
K
e
e
r
t
h
i
a
n
d

S
u
n
d
a
r
a
r
a
ja

n

E
x
ce

p
t

fo
r

B
ia

n
et

al
.

(2
01

3)
,

T
se

n
g

an
d

Y
u
n

(2
00

9)
an

d
Y

u
n

et
al

.
(2

01
1
)4

,
(c

.3
)

h
as

b
ee

n
u
n
u
se

d
in

ot
h
er

m
et

h
o
d
s

b
ec

au
se

it
is

co
n
si

d
er

ed
as

‘n
ot

-i
n
-l

in
e’

w
it

h
a

p
ro

p
er

p
a
ra

ll
el

ap
p
ro

ac
h

as
it

re
q
u
ir

es
a

se
p
ar

at
e
α
t

d
et

er
m

in
at

io
n

st
ep

re
q
u
ir

in
g

d
is

tr
ib

u
te

d
co

m
p
u
ta

ti
o
n
s

an
d

al
so

n
ee

d
in

g
F

co
m

p
u
ta

ti
on

s
fo

r
se

ve
ra

l
α
t

va
lu

es
w

it
h
in

on
e
t.

W
it

h
li
n
e

se
a
rc

h
,

th
e

ac
tu

al
im

p
le

m
en

ta
ti

on
of

A
lg

or
it

h
m

1
m

er
ge

s
st

ep
s

(c
)

an
d

(d
)

an
d

so
it

d
ev

ia
te

s
sl

ig
h
tl

y
fr

om
th

e
fl
ow

of
A

lg
or

it
h
m

1.
S
p

ec
ifi

ca
ll
y,

w
e

co
m

p
u
te
δy

=
∑

p
X
B
p
d
t B
p

b
ef

o
re

li
n
e

se
a
rc

h
u
si

n
g

A
ll
R

ed
u
ce

.
T

h
en

ea
ch

n
o
d
e

ca
n

co
m

p
u
te
f

at
an

y
α

lo
ca

ll
y

u
si

n
g
y

+
α
δy

.
O

n
ly

a
sc

al
ar

co
rr

es
p

on
d
in

g
to

th
e
l 1

re
gu

la
ri

za
ti

on
te

rm
n
ee

d
s

to
b

e
co

m
m

u
n
ic

a
te

d
fo

r
ea

ch
α

.
T

h
is

m
ea

n
s

th
at

th
e

co
m

m
u
n
ic

at
io

n
co

st
as

so
ci

at
ed

w
it

h
li
n
e

se
ar

ch
is

m
in

im
a
l.

5
B

u
t

tr
u
ly

,
th

e
sl

ig
h
tl

y
in

cr
ea

se
d

co
m

p
u
ta

ti
on

an
d

co
m

m
u
n
ic

at
io

n
co

st
s

is
am

p
ly

m
a
d
e

u
p

b
y

a
re

d
u
ct

io
n

in
th

e
n
u
m

b
er

of
it

er
a
ti

on
s

to
re

ac
h

su
ffi

ci
en

t
op

ti
m

al
it

y.
S
o

w
e

g
o

w
it

h
th

e
ch

oi
ce

(c
.3

)
in

ou
r

m
et

h
o
d
.

T
h
e

ch
oi

ce
of

(4
)

fo
r
f
t p

in
st

ep
(b

)
(i

n
p
ar

ti
cu

la
r,

(b
.4

))
is

p
re

tt
y

m
u
ch

u
n
a
n
im

o
u
sl

y
u
se

d
in

al
l

p
re

v
io

u
s

w
or

k
s.

T
h
is

is
d
on

e
to

m
ak

e
th

e
op

ti
m

iz
at

io
n

si
m

p
le

.
W

h
il
e

th
is

is
fi
n
e

fo
r

co
m

m
u
n
ic

at
io

n
fr

ie
n
d
ly

sy
st

em
s

su
ch

as
m

u
lt

ic
or

e,
it

is
n
ot

th
e

ri
gh

t
ch

o
ic

e
w

h
en

co
m

m
u
n
ic

at
io

n
co

st
s

ar
e

h
ig

h
.

S
u
ch

a
se

tt
in

g
p

er
m

it
s

m
or

e
p

er
-n

o
d
e

co
m

p
u
ta

ti
o
n

ti
m

e,
an

d
th

er
e

is
m

u
ch

to
b

e
ga

in
ed

b
y

u
si

n
g

a
m

or
e

co
m

p
le

x
f
t p
.

W
e

p
ro

p
os

e
th

e
u
se

o
f

a
fu

n
ct

io
n
f
t p

th
at

co
u
p
le

s
th

e
va

ri
ab

le
s

in
S
t p
.

W
e

al
so

ad
vo

ca
te

an
ap

p
ro

x
im

a
te

so
lu

ti
o
n

of
(3

)
(e

.g
.,

a
fe

w
ro

u
n
d
s

of
co

or
d
in

at
e

d
es

ce
n
t

w
it

h
in

ea
ch

n
o
d
e)

in
or

d
er

to
co

n
tr

o
l

th
e

co
m

p
u
ta

ti
on

ti
m

e.
C

ru
ci

al
ga

in
s

ar
e

al
so

p
os

si
b
le

v
ia

re
so

rt
in

g
to

th
e

gr
ee

d
y

ch
oi

ce
s,

(a
.3

)
a
n
d

(a
.4

)
fo

r
ch

o
os

in
g
S
t p
.

O
n

th
e

ot
h
er

h
an

d
,

w
it

h
m

et
h
o
d
s

b
as

ed
on

(c
.1

),
on

e
h
as

to
b

e
ca

re
fu

l
in

u
si

n
g

(a
.3

):
ap

ar
t

fr
om

d
iffi

cu
lt

ie
s

in
es

ta
b
li
sh

in
g

co
n
ve

rg
en

ce
,

p
ra

ct
ic

a
l

p
er

fo
rm

a
n
ce

ca
n

al
so

b
e

b
ad

,
as

w
e

sh
ow

in
se

ct
io

n
6.

3
.

R
e
la

te
d

W
o
rk

O
u
r

in
te

re
st

is
m

ai
n
ly

in
p
ar

al
le

l/
d
is

tr
ib

u
te

d
co

m
p
u
ti

n
g

m
et

h
o
d
s.

T
h
er

e
ar

e
m

a
n
y

p
a
ra

l-
le

l
al

go
ri

th
m

s
ta

rg
et

in
g

a
si

n
gl

e
m

ac
h
in

e
h
av

in
g

m
u
lt

i-
co

re
s

w
it

h
sh

ar
ed

m
em

o
ry

(B
ra

d
le

y
et

al
.,

20
11

;
R

ic
h
tá

ri
k

an
d

T
ak

áč
,

20
15

;
B

ia
n

et
al

.,
20

13
;

P
en

g
et

al
.,

20
13

).
In

co
n
tr

a
st

,
th

er
e

ex
is

t
on

ly
a

fe
w

effi
ci

en
t

al
go

ri
th

m
s

to
so

lv
e

(1
)

w
h
en

th
e

d
at

a
is

d
is

tr
ib

u
te

d
(R

ic
h
tá

ri
k

an
d

T
ak

áč
,

20
16

;
R

av
az

zi
et

al
.,

20
13

)
an

d
co

m
m

u
n
ic

a
ti

on
is

an
im

p
or

ta
n
t

a
sp

ec
t

to
co

n
-

si
d
er

.
In

th
is

se
tt

in
g,

th
e

p
ro

b
le

m
(1

)
ca

n
b

e
so

lv
ed

in
se

ve
ra

l
w

ay
s

d
ep

en
d
in

g
o
n

h
ow

th
e

d
at

a
is

d
is

tr
ib

u
te

d
ac

ro
ss

m
ac

h
in

es
(P

en
g

et
al

.,
20

13
;
B

oy
d

et
al

.,
20

11
):

(A
)

ex
a
m

p
le

(h
o
ri

-
zo

n
ta

l)
sp

li
t,

(B
)

fe
at

u
re

(v
er

ti
ca

l)
sp

li
t

an
d

(C
)

co
m

b
in

ed
ex

am
p
le

an
d

fe
at

u
re

sp
li
t

(a
b
lo

ck
of

ex
am

p
le

s/
fe

at
u
re

s
p

er
n
o
d
e)

.
W

h
il
e

m
et

h
o
d
s

su
ch

as
d
is

tr
ib

u
te

d
F
IS

T
A

(P
en

g
et

al
.,

20
13

)
or

A
D
M
M

(B
oy

d
et

al
.,

20
11

)
a
re

u
se

fu
l

fo
r

(A
),

th
e

b
lo

ck
sp

li
tt

in
g

m
et

h
o
d

(P
a
ri

k
h

an
d

B
oy

d
,

20
13

)
is

u
se

fu
l

fo
r

(C
).

W
e

ar
e

in
te

re
st

ed
in

(B
),

an
d

th
e

m
os

t
re

le
va

n
t

a
n
d

im
-

p
or

ta
n
t

cl
as

s
of

m
et

h
o
d
s

is
p
ar

al
le

l/
d
is

tr
ib

u
te

d
co

or
d
in

at
e

d
es

ce
n
t

m
et

h
o
d
s,

a
s

a
b
st

ra
ct

ed
in

al
go

ri
th

m
1.

M
os

t
of

th
es

e
m

et
h
o
d
s

se
t
f
t p

in
st

ep
(b

)
of

al
go

ri
th

m
1

to
b

e
a

q
u
a
d
ra

ti
c

4
.

A
m

o
n

g
th

es
e

th
re

e
w

o
rk

s,
T

se
n

g
a
n

d
Y

u
n

(2
0
0
9
)

a
n

d
Y

u
n

et
a
l.

(2
0
1
1
)

m
a
in

ly
fo

cu
s

o
n

g
en

er
a
l

th
eo

ry
a
n

d
li

tt
le

o
n

d
is

tr
ib

u
te

d
im

p
le

m
en

ta
ti

o
n

.
5
.

L
a
te

r,
in

se
ct

io
n

5
w

h
en

w
e

w
ri

te
co

st
s,

w
e

w
ri

te
it

to
b

e
co

n
si

st
en

t
w

it
h

A
lg

o
ri

th
m

1
.

T
h

e
to

ta
l

co
st

o
f

a
ll

th
e

st
ep

s
is

th
e

sa
m

e
fo

r
th

e
im

p
le

m
en

ta
ti

o
n

d
es

cr
ib

ed
h
er

e
fo

r
li
n

e
se

a
rc

h
.

F
o
r

g
en

er
ic

it
y

sa
k
e,

w
e

k
ee

p
A

lg
o
ri

th
m

1
a
s

it
is

ev
en

fo
r

th
e

li
n

e
se

a
rc

h
ca

se
.

T
h

e
a
ct

u
a
l

d
et

a
il

s
o
f

th
e

im
p

le
m

en
ta

ti
o
n

fo
r

th
e

li
n

e
se

a
rc

h
ca

se
w

il
l

b
ec

o
m

e
cl

ea
r

w
h

en
w

e
la

y
o
u
t

th
e

fi
n

a
l

a
lg

o
ri

th
m

in
se

ct
io

n
7
.
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D
ist

r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ssif

ie
r
s

a
p
p
rox

im
a
tio

n
th

at
is

d
ecou

p
led

at
th

e
in

d
iv

id
u
al

variab
le

level.
T

ab
le

3
com

p
ares

th
ese

m
eth

o
d
s

a
lo

n
g

variou
s

d
im

en
sion

s. 6

M
o
st

d
im

en
sion

s
arise

n
atu

rally
from

th
e

step
s

of
algorith

m
1,

as
ex

p
lain

ed
in

section
2
.

T
w

o
im

p
ortan

t
p

oin
ts

to
n
ote

are:
(i)

ex
cep

t
R

ich
tárik

an
d

T
ak

áč
(2016)

an
d

ou
r

m
eth

o
d
,

n
on

e
of

th
ese

m
eth

o
d
s

target
an

d
su

ffi
cien

tly
d
iscu

ss
d
istrib

u
ted

settin
g

in
volv

in
g

co
m

m
u
n
ica

tio
n

an
d
,

(ii)
from

a
p
ractical

v
iew

p
oin

t,
it

is
d
iffi

cu
lt

to
en

su
re

stab
ility

an
d

get
g
o
o
d

sp
eed

-u
p

w
ith

n
o

lin
e

search
an

d
n
on

-m
on

oton
e

m
eth

o
d
s.

F
or

ex
am

p
le,

m
eth

o
d
s

su
ch

a
s

B
ra

d
ley

et
a
l.

(2011);
R

ich
tárik

an
d

T
ak

á
č

(2014,
2015

);
P

en
g

et
al.

(2013)
th

at
d
o

n
ot

d
o

lin
e

sea
rch

a
re

sh
ow

n
to

h
ave

th
e

m
on

oton
e

p
rop

erty
on

ly
in

ex
p

ectation
an

d
th

a
t

to
o

o
n
ly

u
n
d
er

certain
con

d
ition

s.
F

u
rth

erm
ore,

variab
le

selection
ru

les,
p
rox

im
a
l

co
effi

cien
ts

a
n
d

o
th

er
m

eth
o
d
-sp

ecifi
c

p
aram

eter
settin

gs
p
lay

im
p

ortan
t

roles
in

ach
iev

in
g

m
on

oto
n
e

co
n
verg

en
ce

a
n
d

im
p
roved

effi
cien

cy.
A

s
w

e
sh

ow
in

section
6,

ou
r

m
eth

o
d

an
d

th
e

p
arallel

co
o
rd

in
a
te

d
escen

t
N

ew
ton

m
eth

o
d

(B
ian

et
al.,

2013)
(see

b
elow

for
a

d
iscu

ssion
)

en
joy

ro
b
u
stn

ess
to

variou
s

settin
gs

an
d

com
e

ou
t

as
clear

w
in

n
ers.

It
is

b
eyo

n
d

th
e

scop
e

of
th

is
p
ap

er
to

give
a

m
ore

d
etailed

d
iscu

ssion
,

b
eyon

d
T

ab
le

3,
o
f

th
e

m
eth

o
d
s

from
a

th
eoretical

con
vergen

ce
p

ersp
ective

on
vario

u
s

assu
m

p
tion

s
an

d
co

n
d
itio

n
s

u
n
d
er

w
h
ich

resu
lts

h
old

.
W

e
on

ly
b
riefl

y
d
escrib

e
an

d
com

m
en

t
on

th
em

b
elow

.

G
e
n

e
ric

C
o
o
rd

in
a
te

D
e
sc

e
n
t

M
e
th

o
d

(S
ch

e
rre

r
e
t

a
l.,

2
0
1
2
a
,b

)
S
ch

errer
et

al.
(2

0
1
2
a
)

a
n
d

S
ch

errer
et

al.
(2012b

)
p
resen

ted
an

ab
stract

fram
ew

ork
for

co
ord

in
ate

d
escen

t
m

eth
o
d
s

(G
e
n
C
D

)
su

itab
le

for
p
arallel

com
p
u
tin

g
en

v
iron

m
en

ts.
S
everal

co
ord

in
ate

d
e-

scen
t

a
lg

o
rith

m
s

su
ch

as
sto

ch
astic

co
ord

in
ate

d
escen

t
(S

h
a
lev

-S
h
w

artz
an

d
T

ew
ari,

2
011),

S
h
o
t
g
u
n

(B
ra

d
ley

et
al.,

2011)
an

d
G
R
O
C
K

(P
en

g
et

al.,
2013)

are
covered

b
y
G
e
n
C
D

.
G
R
O
C
K

is
a

th
read

greed
y

algorith
m

(S
ch

errer
et

al.,
2012a

)
in

w
h
ich

th
e

variab
les

are
selected

g
reed

ily
u
sin

g
grad

ien
t

in
form

ation
.

O
n
e

im
p

ortan
t

issu
e

is
th

at
algorith

m
s

su
ch

a
s
S
h
o
t
g
u
n

a
n
d
G
R
O
C
K

m
ay

n
ot

con
verge

in
p
ractice

d
u
e

to
th

eir
n
o
n
-m

on
oton

e
n
a-

tu
re

w
ith

n
o

lin
e

search
;

w
e

faced
con

vergen
ce

issu
es

on
som

e
d
atasets

in
ou

r
ex

p
erim

en
ts

w
ith

G
R
O
C
K

(see
section

6).
T

h
erefore,

th
e

p
ractical

u
tility

of
su

ch
algorith

m
s

is
lim

ited
w

ith
o
u
t

en
su

rin
g

n
ecessary

d
escen

t
p
rop

erty
th

rou
gh

certain
sp

ectral
rad

iu
s

con
d
ition

s
on

th
e

d
a
ta

m
a
trix

.

D
istrib

u
te

d
C

o
o
rd

in
a
te

D
e
sc

e
n
t

M
e
th

o
d

(R
ich

tá
rik

a
n

d
T

a
k
á
č
,

2
0
1
6
)

T
h
e

m
u
lti-

co
re

p
a
rallel

co
ord

in
ate

d
escen

t
m

eth
o
d

of
R

ich
tárik

an
d

T
ak

áč
(2014)

is
a

m
u
ch

refi
n
ed

versio
n

o
f
G
e
n
C
D

w
ith

carefu
l

ch
oices

for
step

s
(a)-(c)

of
algorith

m
1

an
d

a
su

p
p

ortin
g

sto
ch

a
stic

co
n
vergen

ce
th

eory.
R

ich
tá

rik
an

d
T

ak
áč

(20
16)

ex
ten

d
ed

th
is

to
th

e
d
istrib

u
ted

settin
g
;

so
,

th
is

m
eth

o
d

is
m

ore
relevan

t
to

th
is

p
ap

er.
W

ith
n
o

lin
e

search
,

th
eir

algorith
m

H
Y
D
R
A

(H
y
b
rid

co
ord

in
ate

d
escen

t)
h
as

(ex
p

ected
)

d
escen

t
p
rop

erty
on

ly
for

certain
sa

m
p
lin

g
ty

p
es

of
selectin

g
variab

les
an

d
L
j

valu
es.

O
n
e

key
issu

e
is

settin
g

th
e

righ
t
L
j

va
lu

es
for

g
o
o
d

p
erform

an
ce.

D
oin

g
th

is
accu

rately
is

a
costly

op
eration

;
o
n

th
e

oth
er

h
an

d
,

in
a
ccu

ra
te

settin
g

u
sin

g
ch

eap
er

com
p
u
tation

s
(e.g.,

u
sin

g
th

e
n
u
m

b
er

of
n
on

-zero
elem

en
ts

a
s

su
g
g
ested

in
th

eir
w

ork
)

resu
lts

in
slow

er
con

vergen
ce

(see
section

6).

N
eco

a
ra

a
n
d

C
lip

ici
(2014)

su
ggest

an
oth

er
varian

t
of

p
arallel

co
ord

in
ate

d
escen

t
in

w
h
ich

a
ll

th
e

variab
les

are
u
p

d
ated

in
each

iteration
.

H
Y
D
R
A

an
d

G
R
O
C
K

can
b

e

6
.

A
lth

o
u

g
h

o
u

r
m

eth
o
d

w
ill

b
e

p
resen

ted
o
n

ly
in

sectio
n

4
,

w
e

in
clu

d
e

o
u

r
m

eth
o
d

’s
p

ro
p

erties
in

th
e

la
st

row
o
f

T
a
b

le
3
.

T
h

is
h

elp
s

to
ea

sily
co

m
p

a
re

o
u

r
m

eth
o
d

a
g
a
in

st
th

e
rest.
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M
a
h
a
ja

n
,
K
e
e
r
t
h
i
a
n
d

S
u
n
d
a
r
a
r
a
ja

n

con
sid

ered
as

tw
o

key,
d
istin

ct
m

eth
o
d
s

th
at

rep
resen

t
th

e
set

of
m

eth
o
d
s

d
iscu

ssed
ab

ove.
S
o,

in
ou

r
an

aly
sis

as
w

ell
as

ex
p

erim
en

tal
com

p
arison

s
in

th
e

rest
of

th
e

p
ap

er,
w

e
d
o

n
ot

con
sid

er
th

e
m

eth
o
d
s

in
th

is
set

oth
er

th
an

th
ese

tw
o.

F
le

x
ib

le
P

a
ra

lle
l

A
lg

o
rith

m
(F

P
A

)
(F

a
c
ch

in
e
i

e
t

a
l.,

2
0
1
4
)

T
h
is

m
eth

o
d

h
as

som
e

sim
ilarities

w
ith

ou
r

m
eth

o
d

in
term

s
of

th
e

ap
p
rox

im
ate

fu
n
ction

op
tim

ized
at

th
e

n
o
d
es.

T
h
ou

gh
F

acch
in

ei
et

al.
(2014)

su
ggest

several
ap

p
rox

im
ation

s,
th

ey
u
se

on
ly

(4
)

in
its

fi
n
al

im
p
lem

en
tation

.
M

ore
im

p
ortan

tly,
F
P
A

is
a

n
on

-m
on

oton
e

m
eth

o
d

u
sin

g
a

sto
ch

astic
ap

p
rox

im
ation

step
size

ru
le.

T
u
n
in

g
th

is
step

size
ru

le
alon

g
w

ith
th

e
p
rox

im
al

p
aram

eter
L
j

to
en

su
re

con
vergen

ce
an

d
sp

eed
-u

p
is

h
ard

.
(In

section
6

w
e

con
d
u
ct

ex
p

erim
en

ts
to

sh
ow

th
is.)

U
n
like

ou
r

m
eth

o
d
,
F
P
A

’s
in

n
er

op
tim

ization
stop

p
in

g
criterion

is
u
n
v
erifi

ab
le

(for
e.g.,

w
ith

(6));
also,

F
P
A

d
o
es

n
ot

ad
d
ress

th
e

com
m

u
n
ication

cost
issu

e.

P
a
ra

lle
l

C
o
o
rd

in
a
te

D
e
sc

e
n
t

N
e
w

to
n

(P
C

D
)

(B
ia

n
e
t

a
l.,

2
0
1
3
)

O
n
e

key
d
iff

eren
ce

b
etw

een
oth

er
m

eth
o
d
s

d
iscu

ssed
ab

ov
e

an
d

ou
r
D
B
C
D

m
eth

o
d

is
th

e
u
se

o
f

lin
e

search
.

N
ote

th
at

th
e
P
C
D

m
eth

o
d

can
b

e
seen

as
a

sp
ecial

case
of

D
B
C
D

(see
su

b
section

5.1).
In

D
B

C
D

,
w

e
op

tim
ize

p
er-n

o
d
e

b
lo

ck
variab

les
join

tly,
an

d
p

erform
lin

e
search

across
th

e
b
lo

ck
s

of
variab

les;
as

sh
ow

n
later

in
ou

r
ex

p
erim

en
ta

l
resu

lts,
th

is
h
as

th
e

ad
van

tage
of

red
u
cin

g
th

e
n
u
m

b
er

of
ou

ter
iteration

s,
an

d
ov

erall
w

all
clo

ck
tim

e
d
u
e

to
red

u
ced

com
m

u
n
ication

tim
e

(com
p
ared

to
P
C
D

).

S
y
n

ch
ro

n
iz

e
d

P
a
ra

lle
l

A
lg

o
rith

m
(P

a
trik

sso
n

,
1
9
9
8
b

)
P

atrik
sson

(1998b
)

p
rop

osed
a

J
acob

i
ty

p
e

sy
n
ch

ron
ou

s
p
arallel

algorith
m

w
ith

lin
e

search
u
sin

g
a

g
en

eric
cost

ap
p
rox

i-
m

ation
(C

A
)

fram
ew

ork
for

d
iff

eren
tiab

le
ob

jective
fu

n
ction

s
(P

atrik
sson

,
1998a).

Its
lo

cal
lin

ear
rate

of
con

vergen
ce

resu
lts

h
old

on
ly

for
a

class
of

stron
g

m
on

oton
e
C
A

fu
n
ction

s.
If

w
e

v
iew

th
e

ap
p
rox

im
ation

fu
n
ction

,
f
tp

as
a

m
ap

p
in

g
th

a
t

is
d
ep

en
d
en

t
on

w
t,

P
atrik

sson
(1998b

)
req

u
ires

th
is

m
ap

p
in

g
to

b
e

co
n
tin

u
ou

s,
w

h
ich

is
u
n
n
ecessarily

restrictiv
e.

A
D

M
M

M
e
th

o
d

s
A

ltern
atin

g
d
irection

m
eth

o
d

of
m

u
ltip

liers
is

a
gen

eric
an

d
p

op
u
lar

d
istrib

u
ted

com
p
u
tin

g
m

eth
o
d
.

It
d
o
es

n
ot

fi
t

in
to

th
e

form
at

of
A

lgorith
m

1.
T

h
is

m
eth

o
d

can
b

e
u
sed

to
solve

(1)
in

d
iff

eren
t

d
ata

sp
littin

g
scen

arios
(B

oy
d

et
al.,

2
011;

P
arik

h
an

d
B

oy
d
,

2013).
S
everal

varian
ts

of
glob

al
con

v
ergen

ce
an

d
rate

of
con

vergen
ce

(e.g.,
O

(
1k
))

resu
lts

ex
ist

u
n
d
er

d
iff

eren
t

w
eak

/stron
g

con
vex

ity
a
ssu

m
p
tion

s
on

th
e

tw
o

term
s

of
th

e
ob

-
jective

fu
n
ction

(D
en

g
an

d
Y

in
,

2016;
D

en
g

et
al.,

20
13).

R
ecen

tly,
an

accelera
ted

version
of

A
D
M
M

(G
old

stein
et

al.,
2014)

d
eriv

ed
u
sin

g
th

e
id

eas
of

N
esterov

’s
accelerated

grad
i-

en
t

m
eth

o
d

(N
esterov

,
2012)

h
as

b
een

p
rop

osed
;

th
is

m
eth

o
d

h
as

d
u
al

ob
jective

fu
n
ction

con
vergen

ce
rate

of
O

(
1k
2 )

u
n
d
er

a
stron

g
con

v
ex

ity
assu

m
p
tion

.
A
D
M
M

p
erform

an
ce

is
q
u
ite

go
o
d

w
h
en

th
e

au
gm

en
ted

L
agran

gian
p
aram

eter
is

set
to

th
e

righ
t

valu
e;

h
ow

ever,
gettin

g
a

reason
ab

ly
go

o
d

valu
e

com
es

w
ith

com
p
u
tation

al
cost.

In
section

6
w

e
evalu

ate
ou

r
m

eth
o
d

an
d

fi
n
d

it
to

b
e

m
u
ch

faster.

B
ased

on
th

e
ab

ove
stu

d
y

of
related

w
ork

,
w

e
ch

o
o
se

H
Y
D
R
A

,
G
R
O
C
K

,
P
C
D

an
d

F
P
A

as
th

e
m

ain
m

eth
o
d
s

for
an

aly
sis

an
d

com
p
a
rison

w
ith

ou
r

m
eth

o
d
. 7

T
h
u
s,

T
ab

le
3

gives
variou

s
d
im

en
sion

s
on

ly
for

th
ese

m
eth

o
d
s.

7
.

In
th

e
ex

p
erim

en
ts

o
f

sectio
n

6
,

w
e

a
lso

in
clu

d
e

A
D

M
M

.
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D
is
t
r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l 1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ss
if
ie
r
s

MethodIsF(w
t
)ArelimitsHowisS

t
pBasisforHowisConvergenceConvergence

monotone?forcedon|S
t
p|?chosen?choosingLjα

t
chosentyperate

Existingmethods
HYDRANoNo,ifLjisRandomLipschitzboundforgjFixedStochasticLinear

variedsuitablysuitedtoS
t
pchoice

GROCKNoYesGreedyLipschitzboundforgjFixedDeterministicSub-linear
FPANoNoRandomLipschitzboundforgjAdaptiveDeterministicNone
PCDYesNoRandomHessiandiagonalArmijoStochasticSub-linear

linesearch
Ourmethod

DBCDYesNoRandom/GreedyFreeArmijoDeterministicLocallylinear
linesearch

Table1:PropertiesofselectedmethodsthatfitintotheformatofAlgorithm1.Methods:HYDRA(RichtárikandTakáč,2016),
GROCK(Pengetal.,2013),FPA(Facchineietal.,2014),PCD(Bianetal.,2013).
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8(
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):

1-
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, 2
01

7

M
a
h
a
ja

n
,
K
e
e
r
t
h
i
a
n
d

S
u
n
d
a
r
a
r
a
ja

n

4
.

D
B

C
D

m
e
th

o
d

T
h
e

D
B

C
D

m
et

h
o
d

th
at

w
e

p
ro

p
os

e
fi
ts

in
to

th
e

ge
n
er

al
fo

rm
at

of
A

lg
o
ri

th
m

1
.

It
is

ac
tu

al
ly

a
cl

a
ss

o
f

a
lg

o
ri

th
m

s
th

at
al

lo
w

s
va

ri
ou

s
p

os
si

b
il
it

ie
s

fo
r

st
ep

s
(a

),
(b

)
a
n
d

(c
).

B
el

ow
w

e
la

y
ou

t
th

es
e

p
os

si
b
il
it

ie
s

an
d

es
ta

b
li
sh

a
ge

n
er

al
co

n
ve

rg
en

ce
th

eo
ry

fo
r

th
e

cl
a
ss

of
al

go
ri

th
m

s
th

at
fa

ll
u
n
d
er

D
B

C
D

.
W

e
re

co
m

m
en

d
th

re
e

sp
ec

ifi
c

in
st

an
ti

at
io

n
s

o
f

D
B

C
D

,
an

al
y
ze

th
ei

r
co

st
s

in
se

ct
io

n
5,

em
p
ir

ic
a
ll
y

st
u
d
y

th
em

in
se

ct
io

n
6

an
d

m
ak

e
o
n
e

fi
n
a
l

b
es

t
re

co
m

m
en

d
at

io
n

in
se

ct
io

n
7.

In
th

is
se

ct
io

n
,

w
e

al
so

sh
ow

th
e

re
la

ti
on

s
of

D
B

C
D

to
o
th

er
m

et
h
o
d
s

on
as

p
ec

ts
su

ch
as

va
ri

ab
le

se
le

ct
io

n
,

fu
n
ct

io
n

ap
p
ro

x
im

at
io

n
,

li
n
e

se
a
rc

h
,

et
c.

A
s

th
is

se
ct

io
n

is
tr

av
er

se
d
,

it
is

al
so

u
se

fu
l
to

re
-v

is
it

ta
b
le

3
an

d
co

m
p
ar

e
D

B
C

D
a
g
a
in

st
o
th

er
ke

y
m

et
h
o
d
s.

O
u
r

go
al

is
to

d
ev

el
op

an
effi

ci
en

t
d
is

tr
ib

u
te

d
le

ar
n
in

g
m

et
h
o
d

th
at

jo
in

tl
y

o
p
ti

m
iz

es
th

e
co

st
s

in
vo

lv
ed

in
th

e
va

ri
ou

s
st

ep
s

of
th

e
al

go
ri

th
m

.
W

e
ob

se
rv

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n

th
at

th
e

m
et

h
o
d
s

d
is

cu
ss

ed
th

er
e

la
ck

th
is

ca
re

fu
l

op
ti

m
iz

at
io

n
in

o
n
e

o
r

m
o
re

st
ep

s,
re

su
lt

in
g

in
in

fe
ri

or
p

er
fo

rm
an

ce
.

T
h
is

ca
n

b
e

u
n
d
er

st
o
o
d

b
et

te
r

v
ia

a
co

st
a
n
a
ly

si
s.

T
o

av
oi

d
to

o
m

u
ch

d
ev

ia
ti

on
,

w
e

gi
ve

th
e

gi
st

of
th

is
co

st
an

al
y
si

s
h
er

e
a
n
d

p
o
st

p
o
n
e

th
e

fu
ll

d
et

ai
ls

to
se

ct
io

n
5.

T
h
e

co
st

of
A

lg
or

it
h
m

1
ca

n
b

e
w

ri
tt

en
as
T
P

(C
P co

m
p

+
C
P co

m
m

)

w
h
er

e
P

d
en

ot
es

th
e

n
u
m

b
er

of
n
o
d
es

,
T
P

is
th

e
n
u
m

b
er

of
ou

te
r

it
er

at
io

n
s8

,
a
n
d
,
C
P co

m
p

an
d
C
P co

m
m

re
sp

ec
ti

ve
ly

d
en

ot
e

th
e

co
m

p
u
ta

ti
on

an
d

co
m

m
u
n
ic

at
io

n
co

st
s

p
er

-i
te

ra
ti

o
n
.

In
co

m
m

u
n
ic

at
io

n
h
ea

v
y

si
tu

at
io

n
s,

ex
is

ti
n
g

al
go

ri
th

m
s

h
av

e
C
P co

m
p
�

C
P co

m
m

.
O

u
r

m
et

h
o
d

ai
m

s
to

im
p
ro

v
e

ov
er

al
l

effi
ci

en
cy

b
y

m
ak

in
g

ea
ch

it
er

at
io

n
m

or
e

co
m

p
le

x
(C

P co
m

p
is

in
cr

ea
se

d
)

an
d
,

in
th

e
p
ro

ce
ss

,
m

ak
in

g
T
P

m
u
ch

sm
al

le
r.

4
.1

V
a
ri

a
b

le
se

le
c
ti

o
n

L
et

u
s

n
ow

tu
rn

to
st

ep
(a

)
of

A
lg

or
it

h
m

1.
W

e
p
ro

p
os

e
tw

o
sc

h
em

es
fo

r
va

ri
a
b
le

se
le

ct
io

n
,

i.
e.

,
ch

o
os

in
g
S
t p
⊂
B
p
.

G
a
u

ss
-S

e
id

e
l

sc
h

e
m

e
.

In
th

is
sc

h
em

e,
w

e
fo

rm
cy

cl
es

-
ea

ch
cy

cl
e

co
n
si

st
s

o
f

a
se

t
o
f

co
n
se

cu
ti

ve
it

er
at

io
n
s

-
w

h
il
e

m
ak

in
g

su
re

th
at

ev
er

y
va

ri
ab

le
is

to
u
ch

ed
on

ce
in

ea
ch

cy
cl

e.
W

e
im

p
le

m
en

t
a

cy
cl

e
as

fo
ll
ow

s.
L

et
τ

d
en

ot
e

th
e

it
er

at
io

n
w

h
er

e
a

cy
cl

e
st

a
rt

s.
C

h
o
o
se

a
p

os
it

iv
e

in
te

ge
r
T

(T
m

ay
ch

an
ge

w
it

h
ea

ch
cy

cl
e)

.
F

or
ea

ch
p
,

ra
n
d
om

ly
p
a
rt

it
io

n
B
p

in
to

T
eq

u
al

p
ar

ts
:
{S

t p
}τ

+
T
−

1
t=
τ

.
U

se
th

es
e

va
ri

ab
le

se
le

ct
io

n
s

to
d
o
T

it
er

at
io

n
s.

H
en

ce
fo

rt
h
,

w
e

re
fe

r
to

th
is

sc
h
em

e
a
s

th
e
R

-s
ch

em
e.

D
is

tr
ib

u
te

d
g
re

e
d

y
sc

h
e
m

e
.

T
h
is

is
a

gr
ee

d
y

sc
h
em

e
w

h
ic

h
is

p
u
re

ly
d
is

tr
ib

u
te

d
an

d
so

m
or

e
sp

ec
ifi

c
th

an
th

e
G

au
ss

-S
ou

th
w

el
l

sc
h
em

es
in

T
se

n
g

an
d

Y
u
n

(2
0
0
9
).

9
In

ea
ch

it
er

at
io

n
,

ou
r

sc
h
em

e
ch

o
os

es
va

ri
ab

le
s

b
as

ed
on

h
ow

b
ad

ly
(2

)
is

v
io

la
te

d
fo

r
va

ri
o
u
s
j.

F
or

on
e
j,

an
ex

p
re

ss
io

n
of

th
is

v
io

la
ti

on
is

as
fo

ll
ow

s.
L

et
g
t

an
d
H
t

d
en

ot
e,

re
sp

ec
ti

ve
ly

,
th

e
gr

ad
ie

n
t

an
d

H
es

si
an

at
w
t .

F
or

m
th

e
fo

ll
ow

in
g

on
e

va
ri

ab
le

q
u
ad

ra
ti

c
ap

p
ro

x
im

a
ti

o
n
:

q j
(w

j
)

=
g
t j
(w

j
−
w
t j
)

+
1 2

(H
t jj

+
ν

)(
w
j
−
w
t j
)2

+

λ
|w
j
|−

λ
|w

t j
|

(5
)

8
.

F
o
r

p
ra

ct
ic

a
l

p
u

rp
o
se

s,
o
n

e
ca

n
v
ie

w
T
P

a
s

th
e

n
u

m
b

er
o
f

o
u

te
r

it
er

a
ti

o
n

s
n

ee
d

ed
to

re
a
ch

a
sp

ec
ifi

ed
cl

o
se

n
es

s
to

th
e

o
p

ti
m

a
l

o
b

je
ct

iv
e

fu
n

ct
io

n
va

lu
e.

W
e

w
il

l
sa

y
th

is
m

o
re

p
re

ci
se

ly
in

se
ct

io
n

6
.

9
.

Y
et

,
ou

r
d
is

tr
ib

u
te

d
g
re

ed
y

sc
h
em

e
ca

n
b

e
sh

ow
n

to
im

p
ly

th
e

G
a
u
ss

-S
o
u
th

w
el

l-
q

ru
le

fo
r

a
ce

rt
ai

n
p
ar

am
et

er
se

tt
in

g.
S
ee

th
e

ap
p

en
d
ix

fo
r

d
et

ai
ls

.
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D
ist

r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ssif

ie
r
s

w
h
ere

ν
is

a
sm

all
p

ositive
con

stan
t.

L
et
q̄
j

d
en

ote
th

e
op

tim
al

ob
jective

fu
n
ction

valu
e

o
b
ta

in
ed

b
y

m
in

im
izin

g
q
j (w

j )
over

all
w
j .

S
in

ce
q
j (w

tj )
=

0,
clearly

q̄
j
≤

0.
T

h
e

m
ore

n
eg

a
tive

q̄
j

is,
th

e
b

etter
it

is
to

ch
o
ose

j.

O
u
r

d
istrib

u
ted

greed
y

sch
em

e
fi
rst

ch
o
oses

a
w

ork
in

g
set

size,
W

S
S

(th
e

size
of
S
tp )

an
d

th
en

,
in

ea
ch

n
o
d
e
p
,

it
ch

o
oses

th
e

top
W

S
S

variab
les

from
B
p

accord
in

g
to

sm
alln

ess
of

q̄
j ,

to
fo

rm
S
tp .

H
erea

fter,
w

e
refer

to
th

is
sch

em
e

a
s

th
e
S

-sch
em

e.

It
is

w
o
rth

p
oin

tin
g

ou
t

th
at,

ou
r

d
istrib

u
ted

greed
y

sch
em

e
req

u
ires

m
ore

co
m

p
u
tation

th
a
n

th
e

G
a
u
ss-S

eid
el

sch
em

e.
H

ow
ever,

sin
ce

th
e

in
crea

sed
com

p
u
tation

is
lo

cal,
n
on

-h
eav

y
a
n
d

co
m

m
u
n
ica

tion
is

th
e

real
b

ottlen
eck

,
it

is
n
ot

a
w

o
rrisom

e
factor.

4
.2

F
u

n
c
tio

n
a
p

p
ro

x
im

a
tio

n

L
et

u
s

b
eg

in
w

ith
step

(b
).

T
h
ere

are
th

ree
key

item
s

in
volved

:
(i)

w
h
a
t

are
som

e
of

th
e

ch
o
ices

o
f

a
p
p
rox

im
ate

fu
n
ction

s
p

ossib
le,

u
sed

b
y

ou
r

m
eth

o
d
s

an
d

oth
ers?

(ii)
w

h
at

is
th

e
sto

p
p
in

g
criterion

for
th

e
in

n
er

op
tim

ization
(i.e.,

lo
cal

p
rob

lem
),

an
d
,

(iii)
w

h
at

is
th

e
m

eth
o
d

u
sed

to
solve

th
e

in
n
er

op
tim

ization
?

W
e

d
iscu

ss
all

th
ese

d
etails

b
elow

.
W

e
stress

th
e

m
a
in

p
o
in

t
th

at,
u
n
like

p
rev

iou
s

m
eth

o
d
s,

w
e

allow
f
tp

to
b

e
n
on

-q
u
ad

ratic
an

d
also

to
b

e
a

jo
in

t
fu

n
ction

of
th

e
variab

les
in
w
B
p .

W
e

fi
rst

d
escrib

e
a

gen
eral

set
of

p
rop

erties
th

at
f
tp

m
u
st

sa
tisfy,

an
d

th
en

d
iscu

ss
sp

ecifi
c

in
stan

tiation
s

th
a
t

satisfy
th

ese
p
rop

erties.

C
o
n

d
itio

n
1

.
f
tp ∈
C

1;
g
tp

=
∇
f
tp

is
L

ip
sch

itz
con

tin
u
ou

s,
w

ith
th

e
L

ip
sch

itz
con

stan
t

u
n
iform

ly
b

o
u
n
d
ed

over
all

t;
f
tp

is
stron

gly
con

vex
(u

n
iform

ly
in
t),

i.e.,∃
µ
>

0
su

ch
th

at
f
tp −

µ2 ‖w
B
p ‖

2
is

con
vex

;
an

d
,
f
tp

is
grad

ien
t

con
sisten

t
w

ith
f

at
w
tB
p ,

i.e.,
g
tp (w

tB
p )

=
g
B
p (w

t).

T
h
is

a
ssu

m
p
tion

is
n
ot

restrictive.
G

rad
ien

t
con

sisten
cy

is
essen

tial
b

ecau
se

it
is

th
e

p
ro

p
erty

th
a
t

con
n
ects

f
tp

to
f

an
d

en
su

res
th

at
a

solu
tion

of
(3)

w
ill

m
ake

d
tB
p

a
d
escen

t

d
irectio

n
fo

r
F

at
w
tB
p ,

th
u
s

p
av

in
g

th
e

w
ay

for
a

d
ecrease

in
F

a
t

step
(c).

S
tron

g
con

vex
ity

is
a

tech
n
ica

l
req

u
irem

en
t

th
at

is
n
eed

ed
for

estab
lish

in
g

su
ffi

cien
t

d
ecrease

in
F

in
each

step
o
f

A
lg

o
rith

m
1.

O
u
r

ex
p

erim
en

ts
in

d
icate

th
at

it
is

su
ffi

cien
t

to
set

µ
to

b
e

a
very

sm
a
ll

p
o
sitive

valu
e.

L
ip

sch
itz

con
tin

u
ity

is
an

oth
er

tech
n
ical

con
d
ition

th
at

is
n
eed

ed
for

en
su

rin
g

b
o
u
n
d
ed

n
ess

of
variou

s
q
u
an

tities;
also,

it
is

easily
satisfi

ed
b
y

m
ost

lo
ss

fu
n
ction

s.

C
h

o
ic

e
o
f
f
tp .

L
et

u
s

n
ow

d
iscu

ss
som

e
go

o
d

w
ay

s
of

ch
o
osin

g
f
tp .

F
o
r

a
ll

th
ese

in
sta

n
tia

tio
n

s,
a

p
ro

xim
a
l

term
is

a
d
d
ed

to
get

th
e

stro
n

g
co

n
vexity

requ
ired

by
C

on
d
ition

1
.

•
P

ro
x
im

a
l-J

a
c
o
b

i.
W

e
can

fo
llow

th
e

classical
J
acob

i
m

eth
o
d

in
ch

o
osin

g
f
tp

to
b

e
th

e
restriction

of
f

to
w
tS
tp ,

w
ith

th
e

rem
ain

in
g

variab
les

fi
x
ed

at
th

eir
valu

es
in
w
t.

L
et
B̄
p

d
en

ote
th

e
com

p
lem

en
t

of
B
p ,

i.e.,
th

e
set

of
variab

les
asso

ciated
w

ith
n
o
d
es

o
th

er
th

a
n
p
.

T
h
u
s

w
e

set

f
tp (w

B
p )

=
f

(w
B
p ,w

tB̄
p )

+
µ2 ‖
w
B
p −

w
tB
p ‖

2
(6)

w
h
ere

µ
>

0
is

th
e

p
rox

im
al

con
stan

t.
It

is
w

orth
p

oin
tin

g
ou

t
th

at,
sin

ce
each

n
o
d
e

p
keep

s
a

cop
y

of
th

e
fu

ll
classifi

er
ou

tp
u
t

v
ector

y
aggregated

ov
er

all
th

e
n
o
d
es,

th
e

co
m

p
u
ta

tion
of
f
tp

an
d
g
tp

d
u
e

to
ch

an
ges

in
w
B
p

can
b

e
lo

cally
com

p
u
ted

in
n
o
d
e

p
.

T
h
u
s

th
e

solu
tion

of
(3)

is
lo

cal
to

n
o
d
e
p

an
d

so
step

(b
)

of
A

lgorith
m

1
can

b
e

ex
ecu

ted
in

p
arallel

for
all

p
.
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M
a
h
a
ja

n
,
K
e
e
r
t
h
i
a
n
d

S
u
n
d
a
r
a
r
a
ja

n

•
B

lo
ck

G
L

M
N

E
T

.
G

L
M

N
E

T
(Y

u
an

et
al.,

2012;
F

ried
m

an
et

al.,
201

0)
is

a
seq

u
en

tial
co

ord
in

ate
d
escen

t
m

eth
o
d

th
a
t

h
as

b
een

d
em

on
strated

to
b

e
very

p
rom

isin
g

for
th

e
seq

u
en

tial
solu

tion
of
l1

regu
larized

p
rob

lem
s

w
ith

logistic
loss.

A
t

ea
ch

iteration
,

G
L

M
N

E
T

m
in

im
izes

th
e

secon
d

ord
er

T
ay

lor
series

of
f

at
w
t,

follow
ed

b
y

lin
e

search
alon

g
th

e
d
irection

gen
erated

b
y

th
is

m
in

im
izer.

W
e

can
m

ake
a

d
istrib

u
ted

version
b
y

ch
o
osin

g
f
tp

to
b

e
th

e
secon

d
ord

er
T

ay
lor

series
ap

p
rox

im
ation

of
f

(w
B
p ,w

tB̄
p )

w
ith

resp
ect

to
w
B
p

w
h
ile

k
eep

in
g
w
B̄
p

fi
x
ed

at
w
tB̄
p .

In
oth

er
w

ord
s,

w
e

can
ch

o
ose

f
tp

as

f
tp (w

B
p )

=
Q
t(w

B
p )

+
µ2 ‖
w
B
p −

w
tB
p ‖

2
(7)

w
h
ere

Q
t

is
th

e
q
u
ad

ratic
ap

p
rox

im
ation

of
f

(w
B
p ,w

tB̄
p )

w
ith

resp
ect

to
w
B
p

at
w
tB
p

w
ith

w
tB̄
p

fi
x
ed

.

•
B

lo
ck

L
-B

F
G

S
.

O
n
e

can
keep

a
lim

ited
h
istory

of
w
tB
p

an
d
g
tB
p

an
d

u
se

an
L−

B
F
G
S

ap
p
roach

to
b
u
ild

a
secon

d
ord

er
ap

p
rox

im
ation

of
f

in
each

iteration
to

form
f
tp :

f
tp (w

B
p )

=
(g
tB
p )
T

(w
B
p −

w
tB
p )

+
12

(w
B
p −

w
tB
p )
T
H
B
F
G
S

(w
B
p −

w
tB
p )

+
µ2 ‖w

B
p −

w
tB
p ‖

2

(8)
w

h
ere

H
B
F
G
S

is
a

lim
ited

m
em

ory
B

F
G

S
ap

p
rox

im
ation

of
th

e
H

essian
of
f

(w
B
p ,w

tB̄
p )

w
ith

resp
ect

to
w
B
p

w
ith

w
tB̄
p

fi
x
ed

,
form

ed
u
sin

g
{g
τB
p }
τ≤

t .

•
D

e
c
o
u

p
le

d
q
u

a
d

ra
tic

.
L

ike
in

ex
istin

g
m

eth
o
d
s

w
e

can
also

form
a

q
u
ad

ratic
ap

-
p
rox

im
ation

of
f

th
at

d
ecou

p
les

at
th

e
variab

le
lev

el
-

see
(4).

(A
n

ad
d
ition

al
p
rox

im
al

term
can

b
e

ad
d
ed

.)
If

th
e

secon
d

ord
er

term
is

b
ased

on
th

e
d
iagon

al
elem

en
ts

of
th

e
H

essian
at
w
t,

th
en

th
e

P
C

D
N

algorith
m

g
iven

in
B

ian
et

al.
(2013)

can
b

e
v
iew

ed
as

a
sp

ecial
case

of
ou

r
D

B
C

D
m

eth
o
d
.

P
C

D
N

(B
ian

et
al.,

2013)
is

b
ased

on
G

au
ss-S

eid
el

variab
le

selection
.

B
u
t

it
can

also
b

e
u
sed

in
com

b
in

ation
w

ith
th

e
d
istrib

u
ted

greed
y

sch
em

e
th

at
w

e
p
rop

ose
in

su
b
section

4.1
b

elow
.

A
p

p
ro

x
im

a
te

sto
p

p
in

g
.

In
step

(b
)

of
A

lg
orith

m
1

w
e

m
en

tion
ed

th
e

p
ossib

ility
of

ap
p
rox

im
ately

solv
in

g
(3).

T
h
is

is
irrelevan

t
for

p
rev

iou
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ĝ
t B
p

is
th

e
gr

ad
ie

n
t

w
it

h
re

sp
ec

t
to
w
B
p

of
th

e
ap

p
ro

x
im

at
e

fu
n
ct

io
n
f
t p

fo
rm

ed

in
st

ep
(b

)
of

al
go

ri
th

m
1.

N
ot

e
th

at
ĝ
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g
a

fl
oa

ti
n
g

p
oi

n
t

n
u
m

b
er

an
d

p
er

fo
rm

in
g

on
e

fl
oa

ti
n
g

p
oi

n
t

op
er

a
ti

o
n
.

O
n

a
cl

u
st

er
w

it
h

10
G

b
p
s

co
m

m
u
n
ic

at
io

n
b
an

d
w

id
th

w
h
er

e
w

e
d
id

ou
r

ex
p

er
im

en
ts

,
w

e
fo

u
n
d

th
e

va
lu

e
of
β

to
b

e
in

th
e

ra
n
ge

30
−

10
0.

R
ec

al
l

th
at
n

,
m

an
d
P

d
en

ot
e

th
e

n
u
m

b
er

o
f

ex
am

p
le

s,
fe

at
u
re

s
an

d
n
o
d
es

re
sp

ec
ti

ve
ly

.
T

ab
le

5
gi

ve
s

co
st

ex
p
re

ss
io

n
s

fo
r

d
iff

er
en

t
st

ep
s

of
th

e
al

go
ri

th
m

in
on

e
ou

te
r

it
er

at
io

n
.

H
er

e
c 1

,
c 2

,
c 3

,
c 4

an
d
c 5

ar
e

m
et

h
o
d

d
ep

en
d
en

t
p
ar

am
et

er
s.

T
ab

le
5

gi
ve

s
th

e
co

st
co

n
st

an
ts

fo
r

va
ri

ou
s

m
et

h
o
d
s.

W
e

b
ri

efl
y

d
is

cu
ss

d
iff

er
en

t
co

st
s

b
el

ow
.

1
0
.

S
ee

ch
ap

te
r

9
of

O
rt

eg
a

an
d

R
h
ei

n
b

ol
d
t

(1
97

0)
fo

r
d
efi

n
it

io
n
s

of
Q

-l
in

ea
r

an
d

R
-l

in
ea

r
co

n
ve

r-
ge

n
ce

.
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D
ist

r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ssif

ie
r
s

C
ost

S
tep

s
of

A
lgorith

m
1

S
tep

(a)
S
tep

(b
)

S
tep

(c)
S
tep

(d
)

V
ariab

le
selection

In
n
er

o
p
tim

ization
C

h
o
osin

g
step

size
U

p
d
atin

g
ou

tp
u
t

C
o
m

p
u
ta

tion
c

1
n
zP

c
2
n
zP
|S|
m

c
3 |S|

+
c

4 n
c

5
n
zP
|S|
m

C
o
m

m
u
n
ica

tio
n

-
-

≈
0

≈
β
n

1
1

T
a
b
le

2
:

C
o
st

o
f

variou
s

step
s

of
A

lgorith
m

1.
C
Pcom

p
an

d
C
Pcom

m
a
re

resp
ectively,

th
e

su
m

s
of

costs
in

th
e

com
p
u
tation

an
d

com
m

u
n
icatio

n
row

s.

M
eth

o
d

c
1

c
2

c
3

c
4

c
5

C
om

p
u
tation

C
om

m
u
n
ication

cost
p

er
iteration

cost
p

er
iteration

E
x
istin

g
m

e
th

o
d
s

H
Y
D
R
A

0
1

1
0

1
2
n
zP
|S|
m

+
|S|

β
n

G
R
O
C
K

1
q

1
0

q
n
zP

+
2
q
n
zP
|S|
m

+
|S|

β
n

F
P
A

1
q

1
1

q
n
zP

+
2
q
n
zP
|S|
m

+
|S|

+
n

β
n

P
C
D

0
1

τ
ls

τ
ls

1
2
n
zP
|S|
m

+
τ
ls |S|

+
τ
ls n

β
n

V
a
ria

tio
n

s
o
f

o
u

r
m

e
th

o
d

P
C
D
-S

1
q

τ
ls

τ
ls

q
n
zP

+
2
q
n
zP
|S|
m

+
τ
ls |S|+

τ
ls n

β
n

D
B
C
D
-R

0
k

τ
ls

τ
ls

1
(k

+
1)
n
zP
|S|
m

+
τ
ls |S|+

τ
ls n

β
n

D
B
C
D
-S

1
k
q

τ
ls

τ
ls

q
n
zP

+
q(k

+
1)
n
zP
|S|
m

+
τ
ls |S|

+
τ
ls n

β
n

T
a
b
le

3
:

C
o
st

p
aram

eter
valu

es
an

d
costs

for
d
iff

eren
t

m
eth

o
d
s.
q

lies
in

th
e

ran
ge:

1
≤
q≤

m|S| .
R

an
d
S

refer
to

variab
le

selection
sch

em
es

for
step

(a);
see

su
b
section

4.1.
P
C
D

u
ses

th
e
R

sch
em

e
an

d
so

it
can

also
b

e
referred

to
as

P
C
D
-R

.
T

y
p
ically

τ
ls ,

th
e

n
u
m

b
er

of
α

valu
es

tried
in

lin
e

search
,

is
very

sm
all;

in
ou

r
ex

p
erim

en
ts

w
e

fo
u
n
d

th
at

on
average

it
is

n
ot

m
ore

th
an

10.
T

h
erefore

all
m

eth
o
d
s

h
ave

p
retty

m
u
ch

th
e

sam
e

com
m

u
n
ication

cost
p

er
iteration

.

S
te

p
a
:

M
eth

o
d
s

like
ou

r
D
B
C
D
-S

1
2,

G
R
O
C
K

,
F
P
A

an
d
P
C
D
-S

n
eed

to
calcu

late
th

e
g
ra

d
ien

t
a
n
d

m
o
d
el

u
p

d
ate

to
d
eterm

in
e

w
h
ich

variab
les

to
u
p

d
ate.

H
en

ce,
th

ey
n
eed

to
go

th
ro

u
g
h

th
e

w
h
ole

d
ata

on
ce

(c
1

=
1).

O
n

th
e

oth
er

h
an

d
H
Y
D
R
A

,
P
C
D

an
d
D
B
C
D
-

R
select

va
riab

les
ran

d
om

ly
or

in
a

cy
clic

ord
er.

A
s

a
resu

lt
variab

le
su

b
set

selection
cost

is
n
eg

lig
ib

le
fo

r
th

em
(c

1
=

0).

1
1
.

N
o
te

th
a
t

th
e

co
m

m
u

n
ica

tio
n

la
ten

cy
co

st
(th

e
tim

e
ta

k
en

to
co

m
m

u
n

ica
te

zero
b
y
tes)

is
ig

n
o
red

in
th

e
co

m
m

u
n

ica
tio

n
co

st
ex

p
ressio

n
s

b
eca

u
se

it
is

d
o
m

in
a
ted

b
y

th
e

th
ro

u
g
h

p
u

t
co

st
fo

r
la

rg
e
n

.
M

o
reov

er,
a
s

in
A

g
a
rw

a
l

et
a
l.

(2
0
1
3
),

th
e

b
ro

a
d

ca
st

a
n

d
red

u
ce

o
p

era
to

rs
a
re

p
ip

elin
ed

ov
er

th
e

v
ecto

r
en

tries.
T

h
is

m
ea

n
s

th
a
t

co
m

m
u

n
ica

tio
n

co
st

in
crea

ses
su

b
-lin

ea
rly

w
rt.

log
P

.
If
n

is
a
ssu

m
ed

to
b

e
la

rg
e

(a
s

in
o
u

r
ca

se),
it

is
a
lm

o
st

in
d

ep
en

d
en

t
o
f
log

P
a
n

d
ca

n
b

e
w

ritten
a
p

p
rox

im
a
tely

a
s
β
n

.
1
2
.

T
h

e
D

B
C

D
a
n

d
P

C
D

m
eth

o
d

s
h

av
e

tw
o

va
ria

n
ts,

R
a
n

d
S

co
rresp

o
n

d
in

g
to

d
iff

eren
t

w
ay

s
o
f

im
p

lem
en

t-
in

g
step

a
;

see
su

b
sectio

n
4
.1

.
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M
a
h
a
ja

n
,
K
e
e
r
t
h
i
a
n
d

S
u
n
d
a
r
a
r
a
ja

n

S
te

p
b

:
A

ll
th

e
m

eth
o
d
s

ex
cep

t
D
B
C
D
-S

an
d
D
B
C
D
-R

u
se

th
e

d
ecou

p
led

q
u
ad

ratic
ap

p
rox

im
ation

(4).
F

or
D
B
C
D
-R

an
d
D
B
C
D
-S

,
an

ad
d
ition

al
factor

of
k

com
es

in
c

2

sin
ce

w
e

d
o
k

in
n
er

cy
cles

of
C
D
N

in
each

iteration
.
H
Y
D
R
A

,
P
C
D

a
n
d
D
B
C
D
-R

d
o

a
ran

d
om

or
cy

clic
selection

of
variab

les.
H

en
ce,

a
factor

of
|S|
m

com
es

in
th

e
cost

sin
ce

on
ly

a
su

b
set|S|

of
variab

les
is

u
p

d
ated

in
each

iteration
.

H
ow

ev
er,

m
eth

o
d
s

th
at

d
o

selection
of

variab
les

b
ased

on
th

e
m

agn
itu

d
e

of
u
p

d
ate

or
ex

p
ected

ob
jective

fu
n
ction

d
ecrease

(D
B
C
D
-S

,
G
R
O
C
K

,
F
P
A

an
d
P
C
D
-S

)
favou

r
variab

les
w

ith
low

sp
arsity.

A
s

a
resu

lt,
c

2
for

th
ese

m
eth

o
d
s

h
as

an
ad

d
ition

al
factor

q
w

h
ere

1
≤
q≤

m|S| .

S
te

p
c
:

F
or

m
eth

o
d
s

th
at

d
o

n
ot

u
se

lin
e-search

,
c

3
=

1
an

d
c

4
=

0
1
3.

T
h
e

overall
cost

is
|S|

to
u
p

d
ate

th
e

variab
les.

F
or

m
eth

o
d
s

like
D
B
C
D
-S

,
D
B
C
D
-R

,
P
C
D

an
d
P
C
D
-S

th
at

d
o

lin
e-search

,
c

3
=
c

4
=
τ
ls

w
h
ere

τ
ls

is
th

e
average

n
u
m

b
er

of
step

s
(α

valu
es

tried
)

in
on

e
lin

e
search

.
F

or
each

lin
e

search
step

,
w

e
n
eed

to
recom

p
u
te

th
e

loss
fu

n
ction

w
h
ich

in
volves

goin
g

over
n

ex
am

p
les

on
ce.

M
oreover,

A
llR

ed
u

ce
step

n
eed

s
to

b
e

p
erform

ed
to

su
m

over
th

e
d
istrib

u
ted

l1
regu

larizer
term

.
S
in

ce
on

ly
on

e
scalar

n
eed

s
to

b
e

com
m

u
n
icated

p
er

lin
e

search
step

,
th

e
com

m
u
n
ication

cost
is

d
om

in
ated

b
y

th
e

com
m

u
n
ication

laten
cy,

i.e.
th

e
tim

e
taken

to
com

m
u
n
icate

zero
b
y
tes.

A
s

p
oin

ted
ou

t
in

B
ian

et
al.

(20
13),

τ
ls

can
in

crease
w

ith
P

;
b
u
t

it
is

still
n
egligib

le
com

p
ared

to
n

.
C

om
b
in

ed
w

ith
th

e
fact

th
a
t
n

is
large

in
step

(d
),

w
e

w
ill

ign
ore

th
is

cost
in

th
e

su
b
seq

u
en

t
an

aly
sis.

S
te

p
d

:
T

h
is

step
in

volves
com

p
u
tin

g
an

d
d
oin

g
A

llR
ed

u
ce

on
u
p

d
ated

lo
cal

p
red

iction
s

to
get

th
e

glob
al

p
red

iction
vector

for
th

e
n
ex

t
iteration

an
d

is
com

m
on

for
a
ll

th
e

m
eth

o
d
s.

N
ote

th
at

b
ecau

se
w

e
are

d
ealin

g
w

ith
lin

ear
m

o
d
els,

th
e

u
p

d
ated

p
red

iction
s

n
eed

to
b

e
com

m
u
n
icated

on
ly

on
ce

in
each

iteration
even

for
th

e
m

eth
o
d
s

like
ou

rs
th

at
req

u
ire

lin
e

search
,

i.e.,
th

ere
is

n
o

n
eed

to
com

m
u
n
icate

th
e

u
p

d
ated

p
red

iction
s

again
an

d
again

for
every

lin
e

search
step

in
each

iteration
.

T
h
e

an
aly

sis
given

ab
ov

e
is

on
ly

for
C
Pcom

p
an

d
C
Pcom

m
,
th

e
com

p
u
ta

tion
an

d
com

m
u
n
i-

cation
costs

in
on

e
iteration

.
If
T
P

is
th

e
n
u
m

b
er

of
iteration

s
to

reach
a

certain
op

tim
ality

toleran
ce,

th
en

th
e

total
cost

of
A

lgorith
m

1
is:

C
P

=
T
P

(C
Pcom

p
+
C
Pcom

m
).

F
or
P

n
o
d
es,

sp
eed

-u
p

is
given

b
y
C

1/C
P

.
T

o
illu

strate
th

e
ill-eff

ects
of

com
m

u
n
ication

cost,
let

u
s

take
th

e
m

eth
o
d

of
R

ich
tárik

an
d

T
ak

áč
(2

015).
F

or
illu

stra
tion

,
take

th
e

case
of|S|

=
P

,
i.e.,

on
e

variab
le

is
u
p

d
ated

p
er

n
o
d
e

p
er

iteration
.

F
or

large
P

,
C
P
≈
T
P
C
Pco

m
m

=
T
P
β
n

;
b

oth
β

an
d
n

are
large

in
th

e
d
istrib

u
ted

settin
g.

O
n

th
e

oth
er

h
an

d
,
for

P
=

1,
C
Pcom

m
=

0

an
d
C
P

=
C
Pcom

p
≈

n
z
m

.
T

h
u
s

sp
eed

u
p

=
T

1

T
P
C

1

C
P

=
T

1

T
P

n
z
mβn

.
R

ich
tárik

an
d

T
ak

áč
(2015)

sh
ow

th
at
T

1/T
P

in
creases

n
icely

w
ith

P
.

B
u
t,

th
e

term
β
n

in
th

e
d
en

om
in

ator
of
C

1/C
P

h
as

a
severe

d
etrim

en
tal

eff
ect.

U
n
less

a
sp

ecial
d
istrib

u
ted

sy
stem

w
ith

effi
cien

t
com

m
u
-

n
ication

is
u
sed

,
sp

eed
u
p

h
as

to
n
ecessarily

su
ff

er.
W

h
en

th
e

train
in

g
d
ata

is
h
u
ge

an
d

so
th

e
d
ata

is
forced

to
resid

e
in

d
istrib

u
ted

n
o
d
es,

th
e

righ
t

qu
estio

n
to

a
sk

is
n

o
t

w
h
eth

er
w

e
get

grea
t

speed
u

p
,

bu
t

to
a
sk

w
h
ich

m
eth

od
is

th
e

fa
stest.

G
iven

th
is,

w
e

ask
h
ow

variou
s

ch
oices

in
th

e
step

s
of

A
lgorith

m
1

can
b

e
m

a
d
e

to
d
ecrease

C
P

.
S
u
p
p

ose
w

e
d
ev

ise
ch

oices
su

ch
th

at
(a)

C
Pcom

p
is

in
creased

w
h
ile

still
rem

ain
in

g
in

th
e

zon
e

w
h
ere

C
Pcom

p
�
C
Pcom

m
,

an
d

(b
)

in
th

e
p
ro

cess,
T
P

is
d
ecreased

greatly,
th

en
C
P

can
b

e
d
ecreased

.
T

h
e

b
asic

id
ea

of
ou

r
m

eth
o
d

is
to

u
se

a
m

ore
com

p
lex

f
tp

th
an

th
e

sim
p
le

q
u
ad

ratic
in

(4),
d
u
e

to
w

h
ich

,

T
P

b
ecom

es
m

u
ch

sm
aller.

T
h
e

u
se

of
lin

e
search

,
(c

.3
)

for
step

c
aid

s
th

is
fu

rth
er.

W
e

see

1
3
.

F
or

F
P
A

,
c
4

=
1

sin
ce

ob
jective

fu
n
ction

n
eed

s
to

b
e

com
p
u
ted

to
a
u
to

m
a
tically

set
th

e
p
rox

im
a
l

term
p
aram

eter.
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D
is
t
r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l 1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ss
if
ie
r
s

in
ta

b
le

5
th

at
,
D
B
C
D
-R

an
d
D
B
C
D
-S

h
av

e
th

e
m

ax
im

u
m

co
m

p
u
ta

ti
o
n
a
l

co
st

.
O

n
th

e
ot

h
er

h
an

d
,

co
m

m
u
n
ic

at
io

n
co

st
is

m
or

e
or

le
ss

th
e

sa
m

e
fo

r
al

l
th

e
m

et
h
o
d
s

(e
x
ce

p
t

fo
r

fe
w

sc
al

ar
s

in
th

e
li
n
e

se
ar

ch
st

ep
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fo
u
n
d

th
a
t

se
le

ct
in

g
ρ

u
si

n
g

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

va
lu

e
ga

ve
a

go
o
d

es
ti

m
at

e;
w

e
se

le
ct

ed
ρ
∗

fr
om

a
h
a
n
d
fu

l
o
f
ρ

1
5
.

W
e

em
p

lo
y
ed

A
U

P
R

C
in

st
ea

d
o
f

A
U

C
b

ec
a
u

se
it

d
iff

er
en

ti
a
te

s
m

et
h

o
d

s
m

o
re

fi
n

el
y.
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D
ist

r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ssif

ie
r
s

F
ig

u
re

1
:

S
tu

d
y

of
µ

an
d
k

o
n

K
D

D
an

d
U

R
L

.
L

eft:
th

e
eff

ect
of
µ

.
R

igh
t:

th
e

eff
ect

of
k
,

th
e

n
u
m

b
er

o
f

cy
cles

to
m

in
im

ize
f
tp .
µ

=
1
0 −

1
2

a
n
d
k

=
10

are
g
o
o
d

ch
oices.

P
=

100.

va
lu

es
w

ith
A

D
M

M
ru

n
for

10
iteration

s
(i.e.,

n
ot

fu
ll

train
in

g)
for

each
ρ

valu
e

tried
. 1

6

H
ow

ever,
th

is
step

in
cu

rred
som

e
com

p
u
tation

al/com
m

u
n
ication

tim
e.

N
ote

th
at

each
A

D
M

M
itera

tio
n

op
tim

izes
all

variab
les

an
d

in
volves

m
an

y
in

n
er

iteration
s,

th
u
s

cau
sin

g
even

th
e

ten
iteration

s
each

for
several

ρ
valu

es
to

b
e

sign
ifi

can
tly

large.
In

ou
r

tim
e

p
lots

sh
ow

n
la

ter,
th

e
late

start
of

A
D

M
M

resu
lts

is
d
u
e

to
th

is
cost.

N
ote

th
at

th
is

m
in

im
al

n
u
m

b
er

o
f

ten
iteration

s
w

as
essen

tial
to

get
a

d
ecen

t
ρ ∗.

N
ow

co
n
sid

er
G
R
O
C
K

,
F
P
A

an
d
H
Y
D
R
A

w
h
ich

are
b
ased

on
u
sin

g
L

ip
sch

itz
con

-
sta

n
ts

(L
j ).

W
e

fou
n
d
G
R
O
C
K

to
b

e
eith

er
u
n
stab

le
an

d
d
ivergin

g
or

ex
trem

ely
slow

.
T

h
e

left
sid

e
p
lo

t
in

fi
gu

re
2

d
ep

icts
th

ese
b

eh
av

iors.
T

h
e

solid
red

lin
e

sh
ow

s
th

e
d
ivergen

ce
ca

se.
F
P
A

req
u
ires

an
ad

d
ition

al
p
aram

eter
(γ

)
settin

g
for

th
e

sto
ch

astic
ap

p
rox

im
ation

step
size

ru
le.

O
u
r

ex
p

erien
ce

is
th

at
settin

g
righ

t
valu

es
for

th
ese

p
aram

eters
to

get
go

o
d

p
erfo

rm
a
n
ce

ca
n

b
e

trick
y

an
d

h
igh

ly
d
ataset

d
ep

en
d
en

t.
T

h
e

righ
t

sid
e

p
lot

in
fi
g
u
re

2
sh

ow
s

th
e

ex
trem

ely
slow

con
vergen

ce
b

eh
av

ior
of

F
P
A

;
its

ob
jective

fu
n
ction

also
sh

ow
s

a
n
o
n
-m

o
n
o
to

n
e

b
eh

av
ior.

T
h
erefore,

w
e

d
o

n
ot

in
clu

d
e
G
R
O
C
K

an
d
F
P
A

fu
rth

er
in

ou
r

stu
d
y.

F
o
r
H
Y
D
R
A

w
e

tu
n
ed

L
j

as
follow

s.
W

e
set

th
e

fi
rst

valu
e

of
L
j

to
th

e
th

eoretical
d
efa

u
lt

va
lu

e
p
rop

osed
in

R
ich

tárik
an

d
T

ak
áč

(2016)
an

d
d
ecrea

sed
it

b
y

a
factor

of
β

=
2

ea
ch

tim
e

to
create

fi
ve

valu
es

for
L
j .

T
h
en

w
e

ran
25

itera
tion

s
of

H
Y
D
R
A

for
each

of
th

o
se

fi
ve

va
lu

es
to

ch
ose

th
e

b
est

valu
e

for
L
j

a
n
d

th
en

u
sed

th
at

valu
e

fo
r

a
ll

rem
ain

in
g

itera
tio

n
s.

W
e

fou
n
d

th
at

th
is

sim
p
le

p
ro

ced
u
re

w
as

su
ffi

cien
t

to
arrive

at
a

n
ear-b

est
sin

gle
va

lu
e

fo
r
L
j .

U
n
like

A
D

M
M

,
th

e
cost

of
th

is
tu

n
in

g
step

is
n
egligib

le
com

p
ared

to
th

e
overa

ll
co

st.
R

ich
tárik

,
an

d
T

ak
áč

(R
ich

tárik
an

d
T

ak
áč,

2016)
a
lso

sh
ow

ed
resu

lts
w

ith
th

e
a
sy

n
ch

ro
n
o
u
s

im
p
lem

en
tation

.
F

or
fair

com
p
arison

w
ith

oth
er

sy
n
ch

ro
n
ou

s
ap

p
roach

es,
w

e
sh

ow
resu

lts
w

ith
th

e
sy

n
ch

ron
ou

s
im

p
lem

en
tatio

n
on

ly.
E

x
ten

d
in

g
ou

r
w

ork
to

th
e

a
sy

n
ch

ro
n
o
u
s

settin
g

an
d

com
p
arin

g
w

ith
th

e
asy

n
ch

ron
ou

s
varian

ts
of

oth
er

algorith
m

s
is

a
n

in
terestin

g
fu

tu
re

w
ork

.

1
6
.

T
h

ese
in

itia
l

“
tu

n
in

g
”

itera
tio

n
s

a
re

n
o
t

co
u

n
ted

a
g
a
in

st
th

e
lim

it
o
f

8
0
0

w
e

set
fo

r
th

e
n
u

m
b

er
o
f

itera
tio

n
s.

T
h
u

s,
fo

r
A

D
M

M
,

th
e

to
ta

l
n
u

m
b

er
o
f

itera
tio

n
s

ca
n

g
o

h
ig

h
er

th
a
n

8
0
0
.
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M
a
h
a
ja

n
,
K
e
e
r
t
h
i
a
n
d

S
u
n
d
a
r
a
r
a
ja

n

F
igu

re
2:

L
eft:

D
iverg

en
ce

an
d

slow
con

vergen
ce

o
f
G
R
O
C
K

on
th

e
U
R
L

d
ata

set
(λ

=
2.4×

1
0 −

6

an
d
P

=
25

).
R

ig
h
t:

E
x
trem

ely
slow

con
v
ergen

ce
of

F
P
A

on
th

e
K
D
D

d
ataset

(λ
=

4.6×
10 −

7
an

d
P

=
100

).

6
.3

P
e
rfo

rm
a
n

c
e

E
v
a
lu

a
tio

n

W
e

b
egin

b
y

com
p
arin

g
th

e
effi

cien
cy

of
va

riou
s

m
eth

o
d
s

an
d

d
em

on
stratin

g
th

e
su

p
eriority

of
th

e
n
ew

m
eth

o
d
s

th
at

w
ere

d
ev

elop
ed

in
section

4
an

d
m

otivated
in

section
5.

A
fter

th
is

w
e

an
aly

ze
an

d
ex

p
lain

th
e

reason
s

for
th

e
su

p
eriority.

S
tu

d
y

o
n

A
U

P
R

C
a
n

d
R

F
V

D
:

W
e

h
av

e
com

p
ared

th
e

p
erform

an
ce

of
all

m
eth

o
d
s

b
y

stu
d
y
in

g
th

e
variation

of
A

U
P

R
C

an
d

R
F

V
D

as
a

fu
n
ction

of
tim

e,
for

vario
u
s

ch
o
ices

of
λ

,
r

(n
ote

th
at
r

d
efi

n
es

th
e

w
ork

in
g

set
size,

W
S
S
=
rm

/P
)

an
d

th
e

n
u
m

b
er

of
n
o
d
es

(P
).

T
o

avoid
clu

tterin
g

w
ith

to
o

m
an

y
p
lots,

w
e

p
rov

id
e

on
ly

rep
resen

tative
on

es
-

for
each

d
ataset,

w
e

ch
o
ose

on
e

valu
e

for
λ

an
d

tw
o

valu
es

each
,

for
r

an
d
P

.

F
igu

res
3-6

sh
ow

th
e

R
F

V
D

versu
s

tim
e

p
lots

for
th

e
fou

r
d
atasets;

n
ote

th
e

u
se

of
log

scale
for

R
F

V
D

in
th

ose
p
lots.

F
igu

res
7-10

sh
ow

th
e

A
U

P
R

C
versu

s
tim

e
p
lots.

T
h
e

follow
in

g
ob

servation
s

can
b

e
m

ad
e

from
th

ese
p
lots.

S
u

p
e
rio

r
p

e
rfo

rm
a
n

c
e

o
f

D
B

C
D

-S
.

In
m

ost
cases

D
B
C
D
-S

is
th

e
b

est
p

erform
er.

In
several

of
th

ese
cases,

D
B
C
D
-S

b
eats

o
th

er
m

eth
o
d
s

very
clearly

;
for

ex
am

p
le,

on
U
R
L

w
ith

P
=

100
an

d
r

=
0.01

(see
th

e
b

ottom
left

p
lot

of
fi
gu

re
4),

th
e

tim
e

n
eed

ed
to

reach
log

R
F

V
D

=
-0.5

is
m

an
y

tim
es

sm
aller

th
an

a
n
y

oth
er

m
eth

o
d
.

A
s

an
o
th

er
ex

am
p
le,

w
ith

K
D
D

an
d
r

=
0
.01

(see
th

e
left

sid
e

p
lots

in
fi
g
u
re

3),
if

w
e

set
th

e
log

R
F

V
D

valu
e

to
−

2
as

th
e

stop
p
in

g
criterion

,
D
B
C
D
-S

an
d
P
C
D
-S

are
faster

th
an

all
oth

er
m

eth
o
d
s

b
y

an
ord

er
of

m
agn

itu
d
e.

E
ven

in
cases

w
h
ere

D
B
C
D
-S

is
n
ot

th
e

b
est

(e.g
.,

th
e

case
in

th
e

b
ottom

left
p
lot

of
fi
gu

re
5),

D
B
C
D
-S

p
erform

s
q
u
ite

close
to

th
e

b
est

m
eth

o
d
.

H
o
w

g
o
o
d

is
P

C
D

-S
?

R
ecall

from
su

b
section

4
.5

th
at

P
C
D
-S

is
th

e
variation

of
th

e
P

C
D

N
m

eth
o
d

B
ian

et
al.

(201
3)

u
sin

g
th

e
S
-sch

em
e

for
variab

le
selection

.
In

som
e

cases
su

ch
as

th
e

last
on

e
p

oin
ted

ou
t

in
th

e
p
rev

iou
s

p
aragrap

h
,
P
C
D
-S

gives
an

ex
cellen

t
p

erform
an

ce.
H

ow
ever,

in
m

an
y

oth
er

cases,
P
C
D
-S

d
o
es

n
ot

p
erform

w
ell.

T
h
is

sh
ow

s
th

at
w

ork
in

g
w

ith
q
u
ad

ratic
ap

p
rox

im
atio

n
s

(like
P
C
D
-S

d
o
es)

can
b

e
q
u
ite

in
ferior

com
p
ared

to
u
sin

g
th

e
actu

al
n
on

lin
ear

ob
jective

lik
e
D
B
C
D
-S

d
o
es.

S
-sch

e
m

e
v
e
rsu

s
R

-sch
e
m

e
.

In
gen

eral,
th

e
S
-sch

em
e

of
selectin

g
variab

les
(n

am
ely,

D
B
C
D
-S

an
d
P
C
D
-S

)
p

erform
s

m
u
ch

b
etter

th
an

th
e

R
-sch

em
e

(n
am

ely,
D
B
C
D
-R

an
d
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D
is
t
r
ib
u
t
e
d

b
l
o
c
k

c
o
o
r
d
in
a
t
e
d
e
sc

e
n
t
f
o
r
l 1

r
e
g
u
l
a
r
iz
e
d

c
l
a
ss
if
ie
r
s

P
C
D
-R

),
O

n
ly

on
W

E
B
S
P
A
M

,
P
C
D
-R

d
o
es

sl
ig

h
tl

y
b

et
te

r
th

an
P
C
D
-S

in
so

m
e

ca
se

s.
O

n
e

p
os

si
b
le

re
as

on
fo

r
th

is
is

th
at

W
E
B
S
P
A
M

h
as

a
sm

al
l

n
u
m

b
er

of
ex

a
m

p
le

s,
ca

u
si

n
g

th
e

co
m

m
u
n
ic

at
io

n
co

st
to

b
e

m
u
ch

lo
w

er
th

an
th

e
co

m
p
u
ta

ti
on

co
st

;
n
ot

e
th

at
th

e
S
-s

ch
em

e
re

q
u
ir

es
m

or
e

co
m

p
u
ta

ti
on

th
an

th
e

R
-s

ch
em

e.

E
ff

e
c
t

o
f
r.

T
h
e

ch
oi

ce
of
r

h
as

an
eff

ec
t

on
th

e
sp

ee
d

of
va

ri
ou

s
m

et
h
o
d
s.

B
u
t

th
e

se
n
si

ti
v
it

y
is

n
ot

gr
ea

t.
F

or
D
B
C
D
-S

,
a

re
as

on
ab

le
ch

oi
ce

is
r

=
0.

1.

P
e
rf

o
rm

a
n

c
e

o
f

H
Y

D
R

A
.

T
h
ou

gh
H
Y
D
R
A

h
as

a
g
o
o
d

ra
te

of
d
es

ce
n
t

in
th

e
ob

-
je

ct
iv

e
fu

n
ct

io
n

d
u
ri

n
g

th
e

ve
ry

ea
rl

y
st

ag
es

,
it

b
ec

om
es

q
u
it

e
sl

ow
so

on
af

te
r,

le
a
d
in

g
to

in
fe

ri
or

p
er

fo
rm

an
ce

.
T

h
is

sh
ow

s
u
p

cl
ea

rl
y

ev
en

in
th

e
A

U
P

R
C

p
lo

ts
.

P
e
rf

o
rm

a
n

c
e

o
f

A
D

M
M

.
F

ir
st

n
ot

e
th

at
A
D
M
M

is
in

d
ep

en
d
en

t
of
r

si
n
ce

al
l

th
e

va
ri

ab
le

s
ar

e
u
p

d
at

ed
.

A
D
M
M

h
as

a
la

te
st

ar
t

d
u
e

to
th

e
ti

m
e

n
ee

d
ed

fo
r

tu
n
in

g
th

e
au

gm
en

te
d

la
gr

an
gi

an
p
ar

am
et

er
,
ρ
.

(I
n

so
m

e
ca

se
s

-
se

e
th

e
to

p
tw

o
p
lo

ts
in

fi
gu

re
6

-
th

e
A
D
M
M

cu
rv

es
ar

e
n
ot

ev
en

v
is

ib
le

d
u
e

to
th

e
in

it
ia

l
tu

n
in

g
co

st
b

ei
n
g

re
la

ti
ve

ly
la

rg
e.

)
U

n
fo

rt
u
n
at

el
y,

th
is

tu
n
in

g
st

ep
is

u
n
av

oi
d
ab

le
;

w
it

h
ou

t
it

,
A
D
M
M

’s
p

er
fo

rm
an

ce
w

il
l

b
e

ad
ve

rs
el

y
aff

ec
te

d
.

In
m

an
y

ca
se

s,
D
B
C
D
-S

re
ac

h
es

ex
ce

ll
en

t
so

lu
ti

on
ac

cu
ra

ci
es

ev
en

b
ef

or
e
A
D
M
M

b
eg

in
s

m
ak

in
g

a
n
y

p
ro

gr
es

s.

C
o
n

si
st

e
n

c
y

b
e
tw

e
e
n

R
F

V
D

a
n

d
A

U
P

R
C

p
lo

ts
.

O
n

K
D
D

,
U
R
L

an
d

A
D
S

d
at
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et

s
th

er
e

is
go

o
d

co
n
si

st
en

cy
b

et
w

ee
n

th
e

tw
o

se
ts

of
p
lo

ts
.

F
or

ex
am

p
le

,
th

e
cl

ea
r

su
p

er
io

ri
ty

of
D
B
C
D
-S

se
en

in
th

e
to

p
le

ft
R

F
V

D
p
lo

t
of

fi
gu

re
4

is
al

so
se

en
in

th
e

to
p

le
ft

A
U

P
R

C
p
lo

t
of

fi
gu

re
8.

O
n
ly

on
W

E
B
S
P
A
M

(s
ee

fi
gu

re
6

an
d

fi
gu

re
10

)
th

e
tw

o
se

ts
of

p
lo

ts
h
av

e
so

m
e

in
co
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u
ar

es
an

d
it

s
ap

p
ro

x
im

at
io

n
to

th
e

al
go

ri
th

m
p
ro

ce
ss

in
g

th
e

w
h
ol

e
d
at

a
in

o
n
e

si
n
g
le

m
ac

h
in

e.
R

ec
al

l
(C

ri
st

ia
n
in

i
an

d
S
h
aw

e-
T

ay
lo

r,
20

00
;

E
v
ge

n
io

u
et

al
.,

20
0
0
)

th
a
t

in
a

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
(R

K
H

S
)

(H
K
,‖
·‖
K

)
in

d
u
ce

d
b
y

a
M

er
ce

r
ke

rn
el
K

o
n

a
n

in
p
u
t

m
et

ri
c

sp
ac

e
X

,
w

it
h

a
sa

m
p
le
D

=
{(
x
i,
y i

)}
N i=

1
⊂
X
×
Y

w
h
er

e
Y

=
R

is
th

e
o
u
tp

u
t

sp
ac

e,
th

e
le

as
t

sq
u
ar

es
re

gu
la

ri
za

ti
on

sc
h
em

e
ca

n
b

e
st

at
ed

as

f D
,λ

=
ar

g
m

in
f
∈H

K

  
1 |D
|
∑

(x
,y
)∈
D

(f
(x

)
−
y
)2

+
λ
‖f
‖2 K

  
.

(1
)

H
er

e
λ
>

0
is

a
re

gu
la

ri
za

ti
on

p
ar

am
et

er
an

d
|D
|=

:
N

is
th

e
ca

rd
in

al
it

y
of
D

.
T

h
is

le
a
rn

in
g

al
go

ri
th

m
is

al
so

ca
ll
ed

ke
rn

el
ri

d
ge

re
gr

es
si

on
in

st
at

is
ti

cs
an

d
h
as

b
ee

n
w

el
l

st
u
d
ie

d
in

le
ar

n
in

g
th

eo
ry

.
S
ee

e.
g.

(D
e

V
it

o
et

al
.,

20
05

;
C

ap
on

n
et

to
an

d
D

e
V

it
o,

2
0
0
7
;

S
te

in
w

a
rt

et
al

.,
20

09
;

B
au

er
et

al
.,

20
07

;
S
m

al
e

an
d

Z
h
ou

,
20

07
;

S
te

in
w

ar
t

an
d

C
h
ri

st
m

a
n
n
,

2
0
0
8
).

T
h
e

re
gu

la
ri

za
ti

on
sc

h
em

e
(1

)
ca

n
b

e
ex

p
li
ci

tl
y

so
lv

ed
b
y

u
si

n
g

a
st

an
d
ar

d
m

a
tr

ix
in

v
er

si
o
n

te
ch

n
iq

u
e,

w
h
ic

h
re

q
u
ir

es
co

st
s

of
O

(N
3
)

in
ti

m
e

an
d
O

(N
2
)

in
m

em
or

y.
H

ow
ev

er
,

th
is

m
at

ri
x

in
ve

rs
io

n
te

ch
n
iq

u
e

m
ay

n
ot

co
n
q
u
er

ch
al

le
n
ge

s
on

st
or

ag
es

or
co

m
p
u
ta

ti
o
n
s

a
ri

si
n
g

fr
om

b
ig

d
at

a.
T

h
e

d
is

tr
ib

u
te

d
le

ar
n
in

g
al

go
ri

th
m

st
u
d
ie

d
in

th
is

p
ap

er
st

ar
ts

w
it

h
p
a
rt

it
io

n
in

g
th

e
d
at

a
se

t
D

in
to
m

d
is

jo
in

t
su

b
se

ts
{D

j
}m j

=
1
.

T
h
en

it
as

si
gn

s
ea

ch
d
at

a
su

b
se

t
D
j

to
o
n
e

m
ac

h
in

e
or

p
ro

ce
ss

or
to

p
ro

d
u
ce

a
lo

ca
l

es
ti

m
at

or
f D

j
,λ

b
y

th
e

le
as

t
sq

u
a
re

s
re

g
u
la

ri
za

ti
o
n

sc
h
em

e
(1

).
F

in
al

ly
,

th
es

e
lo

ca
l

es
ti

m
at

or
s

ar
e

co
m

m
u
n
ic

at
ed

to
a

ce
n
tr

al
p
ro

ce
ss

o
r,

a
n
d

a
gl

ob
al

es
ti

m
at

or
f
D
,λ

is
sy

n
th

es
iz

ed
b
y

ta
k
in

g
a

w
ei

gh
te

d
av

er
ag

e

f
D
,λ

=
m ∑ j=
1

|D
j
|

|D
|f

D
j
,λ

(2
)

of
th

e
lo

ca
l

es
ti

m
at

or
s
{f
D
j
,λ
}m j

=
1
.

T
h
is

al
go

ri
th

m
h
as

b
ee

n
st

u
d
ie

d
w

it
h

a
m

a
tr

ix
a
n
a
ly

si
s

ap
p
ro

ac
h

in
(Z

h
an

g
et

al
.,

20
15

)
w

h
er

e
so

m
e

er
ro

r
an

al
y
si

s
h
as

b
ee

n
co

n
d
u
ct

ed
u
n
d
er

so
m

e
ei

ge
n
fu

n
ct

io
n

as
su

m
p
ti

on
s

fo
r

th
e

in
te

gr
al

op
er

at
or

as
so

ci
at

ed
w

it
h

th
e

ke
rn

el
,

p
re

se
n
ti

n
g

er
ro

r
b

ou
n
d
s

in
ex

p
ec

ta
ti

on
.
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D
ist

r
ib
u
t
e
d

L
e
a
r
n
in
g

In
th

is
p
a
p

er
w

e
sh

all
u
se

a
n
ovel

in
tegral

op
erator

ap
p
roach

to
p
rove

th
at
f
D
,λ

is
a

g
o
o
d

a
p
p
rox

im
ation

of
f
D
,λ .

W
e

p
resen

t
a

rep
resen

tation
of

th
e

d
iff

eren
ce

f
D
,λ
−
f
D
,λ

in
term

s
o
f

em
p
irical

in
tegral

op
erators,

an
d

an
aly

ze
th

e
error

f
D
,λ −

f
D
,λ

in
ex

p
ectation

w
ith

o
u
t

a
n
y

eigen
fu

n
ction

assu
m

p
tion

s.
A

s
a

b
y
-p

ro
d
u
ct,

w
e

p
resen

t
th

e
b

est
learn

in
g

ra
tes

in
ex

p
ectation

for
th

e
least

sq
u
ares

regu
larization

sch
em

e
(1)

in
a

gen
eral

settin
g,

w
h
ich

su
rp

risin
gly

h
as

n
ot

b
een

d
on

e
for

a
gen

eral
kern

el
in

th
e

litera
tu

re
(see

d
etailed

co
m

p
a
riso

n
s

b
elow

).

2
.

M
a
in

R
e
su

lts

O
u
r

a
n
a
ly

sis
is

carried
ou

t
in

th
e

stan
d
ard

least
sq

u
ares

regression
fram

ew
o
rk

w
ith

a
B

orel
p
ro

b
a
b
ility

m
ea

su
re
ρ

on
Z

:=
X
×
Y

,
w

h
ere

th
e

in
p
u
t

sp
aceX

is
a

com
p
a
ct

m
etric

sp
ace.

T
h
e

sa
m

p
le
D

is
in

d
ep

en
d
en

tly
d
raw

n
accord

in
g

to
ρ
.

T
h
e

M
ercer

kern
el
K

:X
×
X
→

R
d
efi

n
es

a
n

in
teg

ral
op

erator
L
K

on
H
K

as

L
K

(f
)

=

∫X
K
x f

(x
)d
ρ
X
,

f
∈
H
K
,

(3)

w
h
ere

K
x

is
th

e
fu

n
ction

K
(·,x

)
in
H
K

an
d
ρ
X

is
th

e
m

argin
al

d
istrib

u
tion

of
ρ

o
n
X

.

2
.1

E
rro

r
B

o
u

n
d

s
fo

r
th

e
D

istrib
u

te
d

L
e
a
rn

in
g

A
lg

o
rith

m

O
u
r

erro
r

b
o
u
n
d
s

in
ex

p
ectation

for
th

e
d
istrib

u
ted

learn
in

g
algorith

m
(2)

req
u
ire

th
e

u
n
ifo

rm
b

o
u
n
d
ed

n
ess

con
d
ition

for
th

e
ou

tp
u
t
y
,

th
at

is,
for

som
e

con
stan

t
M

>
0,

th
ere

h
o
ld

s|y|≤
M

a
lm

ost
su

rely.
O

u
r

b
ou

n
d
s

are
stated

in
term

s
of

th
e

ap
p
rox

im
ation

erro
r

‖
f
λ −

f
ρ ‖
ρ ,

(4)

w
h
ere

f
λ

is
th

e
d
ata-free

lim
it

of
(1)

d
efi

n
ed

b
y

f
λ

=
arg

m
in

f∈H
K

{∫Z
(f

(x
)−

y
)
2d
ρ

+
λ‖
f‖

2K }
,

(5)

‖·‖
ρ

d
en

o
tes

th
e

n
orm

of
L
2ρ
X

,
th

e
H

ilb
ert

sp
ace

of
sq

u
are

in
tegrab

le
fu

n
ction

s
w

ith
resp

ect

to
ρ
X

,
a
n
d
f
ρ

is
th

e
regression

fu
n
ction

(con
d
ition

al
m

ean
)

of
ρ

d
efi

n
ed

b
y

f
ρ (x

)
=

∫Y
y
d
ρ
(y|x

),
x
∈
X
,

w
ith

ρ
(·|x

)
b

ein
g

th
e

con
d
ition

al
d
istrib

u
tion

of
ρ

in
d
u
ced

at
x
∈
X

.
S
in

ce
K

is
con

tin
u
ou

s,
sy

m
m

etric
an

d
p

ositive
sem

id
efi

n
ite,

L
K

is
a

com
p
act

p
ositive

o
p

era
to

r
o
f
tra

ce
class

an
d
L
K

+
λ
I

is
in

v
ertib

le.
D

efi
n
e

a
q
u
an

tity
m

easu
rin

g
th

e
com

p
lex

ity
o
fH

K
w

ith
resp

ect
to

ρ
X

,
th

e
eff

ective
d
im

en
sion

(Z
h
an

g,
2005

),
to

b
e

th
e

trace
of

th
e

o
p

era
to

r
(L

K
+
λ
I
) −

1L
K

as

N
(λ

)
=

T
r ((L

K
+
λ
I
) −

1L
K )

,
λ
>

0.
(6)

In
S
ectio

n
6

w
e

sh
all

p
rove

th
e

follow
in

g
fi
rst

m
ain

resu
lt

of
th

is
p
ap

er
con

cern
in

g
error

b
o
u
n
d
s

in
ex

p
ectation

of
f
D
,λ −

f
D
,λ

in
H
K

an
d

in
L
2ρ
X

.
D

en
ote

κ
=

su
p
x∈X

√
K

(x
,x

).
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L
in
,
G
u
o

a
n
d

Z
h
o
u

T
h

e
o
re

m
1

A
ssu

m
e
|y|≤

M
a
lm

o
st

su
rely.

If|D
j |

=
Nm

fo
r
j

=
1,...,m

,
th

en
w

e
h
a
ve

E
∥∥
f
D
,λ −

f
D
,λ ∥∥

ρ ≤
C
κ {

M
√
λ
m
C
m

{
1

+
√
m
C
m }

+
‖
f
ρ −

f
λ ‖
ρ

√
N
λ

m

(
√
N

(λ
)

N
λ

+
√
m
C
m )
}

a
n

d

E
∥∥
f
D
,λ −

f
D
,λ ∥∥

K
≤
C
κ {

M
√
m
C
m

{
1

+
√
m
C
m }

+
‖
f
ρ −

f
λ ‖
ρ

√
N
λ

m

(
√
N

(λ
)

N
λ

+
√
m
C
m )
}
,

w
h
ere

C
κ

is
a

co
n

sta
n

t
d
epen

d
in

g
o
n

ly
o
n
κ

,
a
n

d
C
m

is
th

e
qu

a
n

tity
given

in
term

s
o
f

m
,N
,λ
,N

(λ
)

by

C
m

:=
m

(N
λ

)
2

+
N

(λ
)

N
λ
.

T
o

d
erive

ex
p
licit

learn
in

g
rates

from
th

e
gen

eral
error

b
ou

n
d
s

in
T

h
eorem

1,
on

e
can

q
u
an

tify
th

e
in

crem
en

t
ofN

(λ
)

b
y

th
e

follow
in

g
cap

acity
assu

m
p
tion

,
a

ch
aracteristic

of
th

e
com

p
lex

ity
of

th
e

h
y
p

oth
esis

sp
ace

(C
ap

on
n
etto

an
d

D
e

V
ito,

2007;
B

lan
ch

ard
an

d
K

räm
er,

2010),
N

(λ
)≤

cλ
−
β
,

∀
λ
>

0
(7)

for
som

e
con

stan
ts
β
>

0
an

d
c
>

0.
L

et
{
(λ
` ,ϕ

` )}
`

b
e

a
set

of
n
orm

alized
eigen

p
airs

of
L
K

on
H
K

w
ith
{
ϕ
` }
`

b
ein

g
an

orth
on

orm
al

b
asis

ofH
K

an
d
{
λ
` }
`

arran
ged

in
a

n
on

-
in

creasin
g

ord
er.

A
su

ffi
cien

t
con

d
ition

fo
r

th
e

cap
acity

assu
m

p
tion

(7)
w

ith
0
<
β
<

1
is

λ
`

=
O

(` −
1
/
β
),

w
h
ich

can
b

e
fou

n
d

in
,

e.g.
C

ap
on

n
etto

an
d

D
e

V
ito

(2007).

R
e
m

a
rk

2
T

h
e

su
ffi

cien
t

co
n

d
itio

n
λ
`

=
O

(` −
1
/
β
)

w
ith

th
e

in
d
ex

β
=

d2
τ
<

1
is

sa
tisfi

ed
by

th
e

S
o
bo

lev
spa

ce
W

τ(B
(R

d))
w

ith
th

e
sm

oo
th

n
ess

in
d
ex

τ
>
d
/
2

o
n

a
ba

ll
B

(R
d)

o
f

th
e

E
u

clid
ea

n
spa

ce
R
d

w
h
en

th
e

m
a
rgin

a
l

d
istribu

tio
n
ρ
X

is
th

e
u

n
ifo

rm
d
istribu

tio
n

o
n

B
(R

d),
see

(S
tein

w
a
rt

et
a
l.,

2
0
0
9
;

E
d
m

u
n

d
s

a
n

d
T

riebel,
1
9
9
6
).

C
o
n

d
itio

n
(7

)
w

ith
β

=
1

a
lw

a
ys

h
o
ld

s
tru

e
w

ith
th

e
ch

o
ice

o
f

th
e

co
n

sta
n

t
c

=
κ
2.

In
fa

ct,
th

e
eigen

va
lu

es
o
f

th
e

o
pera

to
r

(L
K

+
λ
I
) −

1L
K

a
re
{

λ
`

λ
` +
λ }

` .
S

o
its

tra
ce

is
given

by

N
(λ

)
=
∑

`
λ
`

λ
` +
λ
≤
∑

`
λ
`
λ

=
T
r(L

K
)

λ
≤
κ
2λ
−
1.

In
th

e
ex

istin
g

literatu
re

on
learn

in
g

rates
for

th
e

classica
l

least
sq

u
ares

algorith
m

(1),

th
e

regu
larization

p
aram

eter
λ

is
often

taken
to

satisfy
th

e
restriction

N
(λ

)
N
λ

=
O

(1)
as

in
(C

ap
on

n
etto

an
d

D
e

V
ito,

2007)
u
p

to
a

logarith
m

ic
factor

or
in

(S
tein

w
art

et
al.,

2009)
u
n
d
er

som
e

assu
m

p
tion

s
on

(K
,ρ
X

)
(see

(14)
b

elow
).

H
ere,

to
d
erive

learn
in

g
rates

for
E
∥∥
f
D
,λ −

f
D
,λ ∥∥

ρ
w

ith
m
≥

1
corresp

on
d
in

g
to

th
e

d
istrib

u
ted

learn
in

g
algorith

m
(2),

w
e

con
sid

er
λ

to
satisfy

th
e

follow
in

g
restriction

w
ith

so
m

e
con

stan
t
C
0
>

0,

0
<
λ
≤
C
0

a
n
d

m
N

(λ
)

N
λ
≤
C
0 .

(8)

C
o
ro

lla
ry

3
A

ssu
m

e
|y|≤

M
a
lm

o
st

su
rely.

If|D
j |

=
Nm

fo
r
j

=
1,...,m

,
a
n

d
λ

sa
tisfi

es
(8

),
th

en
w

e
h
a
ve

E
∥∥
f
D
,λ −

f
D
,λ ∥∥

ρ ≤
C̃
κ √
N

(λ
)

N
λ

{
M
√
λ

+
m
‖
f
ρ −

f
λ ‖
ρ

√
N
λ

}
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D
is
t
r
ib
u
t
e
d

L
e
a
r
n
in
g

a
n

d

E
∥ ∥ f

D
,λ
−
f D

,λ

∥ ∥ K
≤
C̃
κ

√
N

(λ
)

N
λ

{ M
+
m
‖f
ρ
−
f λ
‖ ρ

√
N
λ

}
,

w
h
er

e
C̃
κ

is
a

co
n

st
a
n

t
d
ep

en
d
in

g
o
n

ly
o
n
κ

,
C
0
,

a
n

d
th

e
la

rg
es

t
ei

ge
n

va
lu

e
o
f
L
K

.

In
th

e
sp

ec
ia

l
ca

se
th

at
f ρ
∈
H
K

,
th

e
a
p
p
ro

x
im

at
io

n
er

ro
r

ca
n

b
e

b
ou

n
d
ed

as
‖f
λ
−
f ρ
‖ ρ
≤

‖f
ρ
‖ K
√
λ

.
A

m
or

e
ge

n
er

al
re

gu
la

ri
ty

co
n
d
it

io
n

ca
n

b
e

im
p

os
ed

fo
r

th
e

re
gr

es
si

on
fu

n
ct

io
n

as
f ρ

=
L
r K

(g
ρ
)

fo
r

so
m

e
g ρ
∈
L
2 ρ
X
,
r
>

0
,

(9
)

w
h
er

e
th

e
in

te
gr

al
op

er
at

or
L
K

is
re

ga
rd

ed
as

a
co

m
p
ac

t
p

os
it

iv
e

o
p

er
at

or
on

L
2 ρ
X

an
d

it
s
rt

h
p

ow
er
L
r K

is
w

el
l

d
efi

n
ed

fo
r

an
y
r
>

0.
T

h
e

co
n
d
it

io
n

(9
)

m
ea

n
s
f ρ

li
es

in
th

e
ra

n
ge

of
L
r K

,
an

d
th

e
sp

ec
ia

l
ca

se
f ρ
∈
H
K

co
rr

es
p

on
d
s

to
th

e
ch

oi
ce
r

=
1
/2

.
It

im
p
li
es

‖f
λ
−
f ρ
‖ ρ
≤
λ
r
‖g
ρ
‖ ρ

b
y

L
em

m
a

21
b

el
ow

.
T

h
u
s,

u
n
d
er

co
n
d
it

io
n

(9
),

w
e

ob
ta

in
fr

om
C

or
ol

la
ry

3,
b
y

ch
o
os

in
g
λ

to
m

in
im

iz
e

th
e

or
d
er

of
th

e
er

ro
r

b
ou

n
d

su
b

je
ct

to
th

e
re

st
ri

ct
io

n
(8

),
th

e
fo

ll
ow

in
g

n
ic

e
co

n
ve

rg
en

ce
ra

te
s

fo
r

th
e

er
ro

r
∥ ∥ f

D
,λ
−
f D

,λ

∥ ∥
of

th
e

d
is

tr
ib

u
te

d
le

ar
n
in

g
al

go
ri

th
m

(2
).

C
o
ro

ll
a
ry

4
A

ss
u

m
e

re
gu

la
ri

ty
co

n
d
it

io
n

(9
)

fo
r

so
m

e
0
<
r
≤

1
,

ca
pa

ci
ty

a
ss

u
m

p
ti

o
n

(7
)

w
it

h
β

=
1 2
α

fo
r

so
m

e
α
>

0,
a
n

d
|y
|≤

M
a
lm

o
st

su
re

ly
.

If
|D

j
|=

N m
fo

r
j

=
1,
..
.,
m

w
it

h

m
≤
N

α
m
a
x
{2
r
,1
}+

1 2
+
2
α
(r
−
1
)

2
α

m
a
x
{2
r
,1
}+

1
+
2
α
(r
−
1
)
,

(1
0)

a
n

d
λ

=
( m N
)

2
α

2
α

m
a
x
{2
r
,1
}+

1
,

th
en

w
e

h
a
ve

E
∥ ∥ f

D
,λ
−
f D

,λ

∥ ∥ ρ
≤
C̃
κ
,c
,r

1 √
m

( m N

)
α

m
a
x
{2
r
,1
}

2
α

m
a
x
{2
r
,1
}+

1

a
n

d

E
∥ ∥ f

D
,λ
−
f D

,λ

∥ ∥ K
≤
C̃
κ
,c
,r

1 √
m

( m N

)
α

m
a
x
{2
r
−
1
,0
}

2
α

m
a
x
{2
r
,1
}+

1
,

w
h
er

e
C̃
κ
,c
,r

is
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
N

o
r
m

.

In
pa

rt
ic

u
la

r,
w

h
en

f ρ
∈
H
K

a
n

d
m
≤
N

1
2
+
2
α

,
ta

ki
n

g
λ

=
( m N
)

2
α

2
α
+
1

yi
el

d
s

th
e

ra
te

s

E
∥ ∥ f

D
,λ
−
f D

,λ

∥ ∥ ρ
≤
C̃
κ
,c
,r
N
−

α
2
α
+
1
m
−

1
4
α
+
2

a
n

d
E
∥ ∥ f

D
,λ
−
f D

,λ

∥ ∥ K
≤
C̃
κ
,c
,r

1 √
m
.

R
e
m

a
rk

5
In

C
o
ro

ll
a
ry

4
,

w
e

p
re

se
n

t
le

a
rn

in
g

ra
te

s
in

bo
th
H
K

a
n

d
L
2 ρ
X

n
o
rm

s.
T

h
e

ra
te

s
w

it
h

re
sp

ec
t

to
th

e
L
2 ρ
X

n
o
rm

p
ro

vi
d
e

es
ti

m
a
te

s
fo

r
th

e
ge

n
er

a
li

za
ti

o
n

a
bi

li
ty

o
f

th
e

a
lg

o
ri

th
m

fo
r

re
gr

es
si

o
n

.
T

h
e

ra
te

s
w

it
h

re
sp

ec
t

to
th

e
H
K

n
o
rm

gi
ve

er
ro

r
es

ti
m

a
te

s
w

it
h

re
sp

ec
t

to
th

e
u

n
if

o
rm

m
et

ri
c

d
u

e
to

th
e

re
la

ti
o

n
‖f
‖ ∞
≤
κ
‖f
‖ K

,
a
n

d
m

ig
h
t

be
u

se
d

to
so

lv
e

so
m

e
m

is
m

a
tc

h
p
ro

bl
em

s
in

le
a
rn

in
g

th
eo

ry
w

h
er

e
th

e
ge

n
er

a
li

za
ti

o
n

a
bi

li
ty

o
f

le
a
rn

in
g

a
lg

o
ri

th
m

s
is

m
ea

su
re

d
w

it
h

re
sp

ec
t

to
a

p
ro

ba
bi

li
ty

m
ea

su
re
µ

d
iff

er
en

t
fr

o
m
ρ
X

.

R
e
m

a
rk

6
T

h
e

le
a
rn

in
g

ra
te

s
in

C
o
ro

ll
a
ry

4
a
re

st
a
te

d
fo

r
th

e
n

o
rm

s
o
f

th
e

d
iff

er
en

ce
f
D
,λ
−
f D

,λ
w

h
ic

h
re

fl
ec

ts
th

e
va

ri
a
n

ce
o
f

th
e

d
is

tr
ib

u
te

d
le

a
rn

in
g

a
lg

o
ri

th
m

(2
).

T
h
es

e
ra

te
s

d
ec

re
a
se

a
s
m

in
cr

ea
se

s
(s

u
bj

ec
t

to
th

e
re

st
ri

ct
io

n
(1

0
))

a
n

d
th

er
eb

y
th

e
re

gu
la

ri
za

ti
o
n

pa
-

ra
m

et
er
λ

in
cr

ea
se

s,
w

h
ic

h
is

d
iff

er
en

t
fr

o
m

th
e

le
a
rn

in
g

ra
te

s
p
re

se
n

te
d

fo
r
E
∥ ∥ f

D
,λ
−
f ρ
∥ ∥ ρ

in
(Z

h
a
n

g
et

a
l.

,
2
0
1
5
).

T
o

d
er

iv
e

le
a
rn

in
g

ra
te

s
fo

r
E
∥ ∥ f

D
,λ
−
f ρ
∥ ∥ ρ

by
o
u

r
a
n

a
ly

si
s,

th
e

re
gu

la
ri

za
ti

o
n

pa
ra

m
et

er
λ

sh
o
u

ld
be

in
d
ep

en
d
en

t
o
f
m

,
a
s

sh
o
w

n
in

C
o
ro

ll
a
ry

1
1

be
lo

w
.
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L
in
,
G
u
o

a
n
d

Z
h
o
u

2
.2

O
p

ti
m

a
l

L
e
a
rn

in
g

R
a
te

s
fo

r
L

e
a
st

S
q
u

a
re

s
R

e
g
u

la
ri

z
a
ti

o
n

S
ch

e
m

e

T
h
e

se
co

n
d

m
ai

n
re

su
lt

of
th

is
p
ap

er
is

op
ti

m
al

le
ar

n
in

g
ra

te
s

in
ex

p
ec

ta
ti

o
n

fo
r

th
e

le
a
st

sq
u
ar

es
re

gu
la

ri
za

ti
on

sc
h
em

e
(1

).
W

e
ca

n
ev

en
re

la
x

th
e

u
n
if

or
m

b
ou

n
d
ed

n
es

s
to

a
m

o
m

en
t

co
n
d
it

io
n

th
at

fo
r

so
m

e
co

n
st

an
t
p
≥

1,

σ
2 ρ
∈
L
p ρ
X
,

(1
1
)

w
h
er

e
σ
2 ρ

is
th

e
co

n
d
it

io
n
al

va
ri

an
ce

d
efi

n
ed

b
y
σ
2 ρ
(x

)
=
∫ Y

(y
−
f ρ

(x
))

2
d
ρ
(y
|x

).

T
h
e

fo
ll
ow

in
g

le
ar

n
in

g
ra

te
s

in
ex

p
ec

ta
ti

on
fo

r
th

e
le

a
st

sq
u
ar

es
re

gu
la

ri
za

ti
o
n

sc
h
em

e
(1

)
w

il
l

b
e

p
ro

ve
d

in
S
ec

ti
on

5.
T

h
e

ex
is

te
n
ce

of
f λ

is
en

su
re

d
b
y
E

[y
2
]
<
∞

.

T
h

e
o
re

m
7

A
ss

u
m

e
E

[y
2
]
<
∞

a
n

d
m

o
m

en
t

co
n

d
it

io
n

(1
1
)

fo
r

so
m

e
1
≤
p
≤
∞

.
T

h
en

w
e

h
a
ve

E
[ ‖
f D

,λ
−
f ρ
‖ ρ
] ≤

( 2
+

56
κ
4

+
57
κ
2
) (1

+
κ

)

( 1
+

1

(N
λ

)2
+
N

(λ
)

N
λ

)

{(
1

+
1
√
N
λ

) ‖
f λ
−
f ρ
‖ ρ

+
√
∥ ∥ σ

2 ρ

∥ ∥ p
(
N

(λ
)

N

)
1 2
(1
−

1 p
)
(

1 N
λ

)
1 2
p
} .

(1
2
)

If
th

e
p
ar

am
et

er
s

sa
ti

sf
y
N

(λ
)

N
λ

=
O

(1
),

w
e

h
av

e
th

e
fo

ll
ow

in
g

ex
p
li
ci

t
b

ou
n
d
.

C
o
ro

ll
a
ry

8
A

ss
u

m
e
E

[y
2
]
<
∞

a
n

d
m

o
m

en
t

co
n

d
it

io
n

(1
1
)

fo
r

so
m

e
1
≤
p
≤
∞

.
If
λ

sa
ti

sfi
es

(8
)

w
it

h
m

=
1,

th
en

w
e

h
a
ve

E
[ ‖
f D

,λ
−
f ρ
‖ ρ
] =

O

(
‖f
λ
−
f ρ
‖ ρ

+

(
N

(λ
)

N

)
1 2
(1
−

1 p
)
(

1 N
λ

)
1 2
p

)
.

In
pa

rt
ic

u
la

r,
if
p

=
∞

,
th

a
t

is
,

th
e

co
n

d
it

io
n

a
l

va
ri

a
n

ce
s

a
re

u
n

if
o
rm

ly
bo

u
n

d
ed

,
th

en

E
[ ‖
f D

,λ
−
f ρ
‖ ρ
] =

O

(
‖f
λ
−
f ρ
‖ ρ

+

√
N

(λ
)

N

)
.

In
p
ar

ti
cu

la
r,

w
h
en

re
gu

la
ri

ty
co

n
d
it

io
n

(9
)

is
sa

ti
sfi

ed
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

le
a
rn

in
g

ra
te

s
in

ex
p

ec
ta

ti
on

.

C
o
ro

ll
a
ry

9
A

ss
u

m
e
E

[y
2
]
<
∞

,
m

o
m

en
t

co
n

d
it

io
n

(1
1

)
fo

r
so

m
e

1
≤

p
≤
∞

,
a
n

d

re
gu

la
ri

ty
co

n
d
it

io
n

(9
)

fo
r

so
m

e
0
<
r
≤

1.
If

th
e

ca
pa

ci
ty

a
ss

u
m

p
ti

o
n
N

(λ
)

=
O

(λ
−

1 2
α

)

h
o
ld

s
w

it
h

so
m

e
α
>

0
,

th
en

by
ta

ki
n

g
λ

=
N
−

2
α

2
α

m
a
x
{2
r
,1
}+

1
w

e
h
a
ve

E
[ ‖
f D

,λ
−
f ρ
‖ ρ
] =

O
( N
−

2
r
α

2
α

m
a
x
{2
r
,1
}+

1
+

1 2
p

2
α
−
1

2
α

m
a
x
{2
r
,1
}+

1

) .

In
pa

rt
ic

u
la

r,
w

h
en

p
=
∞

(t
h
e

co
n

d
it

io
n

a
l

va
ri

a
n

ce
s

a
re

u
n

if
o
rm

ly
bo

u
n

d
ed

),
w

e
h
a
ve

E
[ ‖
f D

,λ
−
f ρ
‖ ρ
] =

O
( N
−

2
r
α

2
α

m
a
x
{2
r
,1
}+

1

) .
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D
ist

r
ib
u
t
e
d

L
e
a
r
n
in
g

R
e
m

a
rk

1
0

It
w

a
s

sh
o
w

n
in

(C
a
po

n
n

etto
a
n

d
D

e
V

ito
,

2
0
0
7
;

S
tein

w
a
rt

et
a
l.,

2
0
0
9
;

B
a
u

er
et

a
l.,

2
0
0
7
)

th
a
t

u
n

d
er

th
e

co
n

d
itio

n
o
f

C
o
ro

lla
ry

9
w

ith
p

=
∞

a
n

d
r
∈

[
12 ,1],

th
e

best
lea

rn
in

g
ra

te,
ca

lled
m

in
im

a
x

lo
w

er
ra

te
o
f

co
n

vergen
ce,

fo
r

lea
rn

in
g

a
lgo

rith
m

s
w

ith
o
u

tp
u

t

fu
n

ctio
n

s
in
H
K

is
O
(
N
−

2
r
α

4
α
r
+
1 )

.
S

o
th

e
co

n
vergen

ce
ra

te
w

e
o
bta

in
in

C
o
ro

lla
ry

9
is

o
p
tim

a
l.

C
o
m

b
in

in
g

b
ou

n
d
s

for
∥∥
f
D
,λ −

f
D
,λ ∥∥

ρ
a
n
d
‖
f
D
,λ −

f
ρ ‖
ρ ,

w
e

sh
all

p
rove

in
S
ectio

n
6

th
e

fo
llow

in
g

learn
in

g
rates

in
ex

p
ectation

for
th

e
d
istrib

u
ted

learn
in

g
algorith

m
(2)

for
reg

ressio
n
.

C
o
ro

lla
ry

1
1

A
ssu

m
e
|y|≤

M
a
lm

o
st

su
rely

a
n

d
regu

la
rity

co
n

d
itio

n
(9

)
fo

r
so

m
e

12
<

r
≤

1
.

If
th

e
ca

pa
city

a
ssu

m
p
tio

n
N

(λ
)

=
O

(λ
−

12
α

)
h
o
ld

s
w

ith
so

m
e
α
>

0,|D
j |

=
Nm

fo
r

j
=

1,...,m
,

a
n

d
m

sa
tisfi

es
th

e
restrictio

n

m
≤
N

2
α
(2
r−

1
)

4
α
r
+
1
,

(13)

th
en

by
ta

kin
g
λ

=
N
−

2
α

4
α
r
+
1,

w
e

h
a
ve

E
[∥∥
f
D
,λ −

f
ρ ∥∥
ρ ]

=
O
(
N
−

2
α
r

4
α
r
+
1 )
.

R
e
m

a
rk

1
2

C
o
ro

lla
ry

1
1

sh
o
w

s
th

a
t

d
istribu

ted
lea

rn
in

g
w

ith
th

e
lea

st
squ

a
res

regu
la

riza
-

tio
n

sch
em

e
in

a
R

K
H

S
ca

n
a
ch

ieve
th

e
o
p
tim

a
l

lea
rn

in
g

ra
tes

in
expecta

tio
n

,
p
ro

vid
ed

th
a
t

m
sa

tisfi
es

th
e

restrictio
n

(1
3
).

It
sh

o
u

ld
be

po
in

ted
o
u

t
th

a
t

o
u

r
erro

r
a
n

a
lysis

is
ca

rried
o
u

t
u

n
d
er

regu
la

rity
co

n
d
itio

n
(9

)
w

ith
1
/
2
<
r≤

1
w

h
ile

th
e

w
o
rk

in
(Z

h
a
n

g
et

a
l.,

2
0
1
5
)

focu
sed

o
n

th
e

ca
se

w
ith

r
=

1
/
2
.

W
h
en

r
a
p
p
roa

ch
es

1
/2

,
th

e
n

u
m

ber
m

o
f

loca
l

p
roces-

so
rs

u
n

d
er

th
e

restrictio
n

(1
3
)

red
u

ces
to

1,
w

h
ich

co
rrespo

n
d
s

to
th

e
n

o
n

-d
istribu

ted
ca

se.
In

o
u

r
fo

llo
w

-u
p

w
o
rk,

w
e

w
ill

co
n

sid
er

to
rela

x
th

e
restrictio

n
(1

3
)

in
a

sem
i-su

pervised
lea

rn
in

g
fra

m
ew

o
rk

by
u

sin
g

a
d
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r
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ra
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p
roa
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ra
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d
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a
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p
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p
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ra
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p
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b
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re
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b
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e
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op
erator

d
iff

eren
ce

in
ou

r
stu

d
y

is
th

at
of

th
e

in
verses

of
tw

o
op

erators
d
efi

n
ed

b
y

Q
D
(x

)
=
(L

K
,D

(x
)

+
λ
I )−

1−
(L

K
+
λ
I
) −

1
.

(20)

If
w

e
d
en

ote
A

=
L
K
,D

(x
)
+
λ
I

an
d
B

=
L
K

+
λ
I
,

th
en

ou
r

secon
d

ord
er

d
ecom

p
osition

for
th

e
op

erator
d
iff

eren
ce
Q
D
(x

)
is

a
sp

ecial
case

of
th

e
follow

in
g

secon
d

ord
er

d
ecom

p
osition

for
th

e
d
iff

eren
ce
A
−
1−

B
−
1.

L
e
m

m
a

1
6

L
et
A

a
n

d
B

be
in

vertible
o
pera

to
rs

o
n

a
B

a
n

a
ch

spa
ce.

T
h
en

w
e

h
a
ve

A
−
1−

B
−
1

=
B
−
1{B

−
A}

B
−
1

+
B
−
1{
B
−
A}

A
−
1{
B
−
A}

B
−
1.

(21)

P
ro

o
f

W
e

can
d
ecom

p
ose

th
e

op
erator

A
−
1−

B
−
1

as

A
−
1−

B
−
1

=
B
−
1{
B
−
A}

A
−
1.

(22)

T
h
is

is
th

e
fi
rst

ord
er

d
ecom

p
osition

.
W

rite
th

e
last

term
A
−
1

as
B
−
1

+
(A
−
1−

B
−
1)

an
d

ap
p
ly

an
oth

er
fi
rst

ord
er

d
ecom

p
o-

sition
sim

ilar
to

(22)
as

A
−
1−

B
−
1

=
A
−
1{B

−
A}

B
−
1.

It
follow

s
from

(22)
th

at

A
−
1−

B
−
1

=
B
−
1{B

−
A} {

B
−
1

+
A
−
1{B

−
A}

B
−
1 }
.

T
h
en

th
e

d
esired

id
en

tity
(21)

is
v
erifi

ed
.

T
h
e

lem
m

a
is

p
roved

.

T
o

d
em

on
strate

h
ow

th
e

secon
d

ord
er

d
ecom

p
osition

lead
s

to
tigh

t
error

b
ou

n
d
s

for
th

e
classical

least
sq

u
ares

regu
larization

sch
em

e
(1)

w
ith

th
e

ou
tp

u
t

fu
n
ctio

n
f
D
,λ ,

w
e

recall
th

e
follow

in
g

form
u
la

(see
e.g.

(C
ap

on
n
etto

an
d

D
e

V
ito

,
2007;

S
m

ale
an

d
Z

h
ou

,
2007))

f
D
,λ −

f
λ

=
(L

K
,D

(x
)

+
λ
I )−

1
∆
D
,

∆
D

:=
1|D
| ∑z∈

D

ξ
λ (z

)−
E

[ξ
λ ],

(23)

w
h
ere

∆
D

is
in

d
u
ced

b
y

th
e

ran
d
om

variab
les

ξ
λ

w
ith

valu
es

in
th

e
H

ilb
ert

sp
aceH

K
d
efi

n
ed

as
ξ
λ (z

)
=

(y−
f
λ (x

))K
x ,

z
=

(x
,y

)∈
Z
.

(24)
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D
is
t
r
ib
u
t
e
d

L
e
a
r
n
in
g

T
h
en

w
e

ca
n

ex
p
re

ss
f D

,λ
−
f λ

b
y

m
ea

n
s

of
th

e
n
ot

at
io

n
Q
D
(x

)
=
( L

K
,D

(x
)

+
λ
I
) −

1
−

(L
K

+
λ
I
)−

1
as

f D
,λ
−
f λ

=
[ Q

D
(x

)]
∆
D

+
(L

K
+
λ
I
)−

1
∆
D
.

D
u
e

to
th

e
id

en
ti

ty
b

et
w

ee
n

th
e
L
2 ρ
X

n
or

m
an

d
th

e
H
K

m
et

ri
c

‖g
‖ ρ

=
‖L

1 2 K
g
‖ K
,

∀g
∈
L
2 ρ
X
,

(2
5)

w
e

ca
n

es
ti

m
at

e
th

e
er

ro
r
‖f
D
,λ
−
f λ
‖ ρ

=
‖L

1 2 K
(f
D
,λ
−
f λ

)
‖ K

b
y

b
ou

n
d
in

g
th

e
H
K

n
or

m
of

th
e

fo
ll
ow

in
g

ex
p
re

ss
io

n
ob

ta
in

ed
fr

om
th

e
se

co
n
d

or
d
er

d
ec

om
p

os
it

io
n

(2
1)

w
it

h
B
−
A

=
L
K
−
L
K
,D

(x
)

L
1 2 K

[ Q
D
(x

)]
∆
D

=

{ L
1 2 K

(L
K

+
λ
I
)−

1 2

}
{ (L

K
+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
}

(L
K

+
λ
I
)−

1
∆
D

+

{ L
1 2 K

(L
K

+
λ
I
)−

1 2

}
{ (L

K
+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
}
( L

K
,D

(x
)

+
λ
I
) −

1

{ {
L
K
−
L
K
,D

(x
)}

(L
K

+
λ
I
)−

1 2

}
{ (L

K
+
λ
I
)−

1 2
∆
D

}
.

C
om

b
in

in
g

th
is

ex
p
re

ss
io

n
w

it
h

th
e

op
er

at
or

n
or

m
b

ou
n
d

∥ ∥ ∥ ∥L
1 2 K

(L
K

+
λ
I
)−

1 2

∥ ∥ ∥ ∥
≤

1
an

d
th

e

n
ot

at
io

n

Ξ
D

=
∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
∥ ∥ ∥

(2
6)

fo
r

co
n
v
en

ie
n
ce

,
w

e
fi
n
d

∥ ∥ ∥ ∥L
1 2 K

[ Q
D
(x

)]
∆
D

∥ ∥ ∥ ∥ K
≤

Ξ
D

∥ ∥ ∥(
L
K

+
λ
I
)−

1
∆
D

∥ ∥ ∥ K
+

Ξ
D

∥ ∥ ∥(
L
K
,D

(x
)

+
λ
I
) −

1
∥ ∥ ∥

Ξ
D

∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
∆
D

∥ ∥ ∥ K
.

B
y

d
ec

om
p

os
in

g
(L

K
+
λ
I
)−

1
∆
D

as
(L

K
+
λ
I
)−

1 2
(L

K
+
λ
I
)−

1 2
∆
D

an
d

u
si

n
g

th
e

b
ou

n
d
s

∥ ∥ ∥(
L
K
,D

(x
)

+
λ
I
) −

1
∥ ∥ ∥
≤

1 λ
,
∥ ∥ ∥(
L
K

+
λ
I
)−

1 2

∥ ∥ ∥
≤

1/
√
λ

,
w

e
k
n
ow

th
at

∥ ∥ ∥ ∥L
1 2 K

[ Q
D
(x

)]
∆
D

∥ ∥ ∥ ∥ K
≤
(

Ξ
D √
λ

+
Ξ
2 D λ

)
∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
∆
D

∥ ∥ ∥ K
(2

7)

an
d

‖f
D
,λ
−
f λ
‖ ρ
≤
(

Ξ
D √
λ

+
Ξ
2 D λ

+
1

)
∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
∆
D

∥ ∥ ∥ K
.

(2
8)

T
h
u
s

th
e

cl
as

si
ca

l
le

as
t

sq
u
ar

es
re

gu
la

ri
za

ti
on

sc
h
em

e
(1

)
ca

n
b

e
an

al
y
ze

d
af

te
r

es
ti

-

m
at

in
g

th
e

op
er

at
or

n
or

m
Ξ
D

=
∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
∥ ∥ ∥

an
d

th
e

fu
n
ct

io
n

n
or

m
∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
∆
D

∥ ∥ ∥ K
.

In
th

e
fo

ll
ow

in
g

tw
o

le
m

m
as

,
to

b
e

p
ro

ve
d

in
th

e
ap

p
en

d
ix

,
th

es
e

n
or

m
s

ar
e

es
ti

m
at

ed
in

te
rm

s
of

eff
ec

ti
ve

d
im

en
si

on
s

b
y

m
et

h
o
d
s

in
th

e
ex

is
ti

n
g

li
te

ra
tu

re
(C

ap
on

n
et

to
an

d
D

e
V

it
o,

20
07

;
B

au
er

et
al

.,
20

07
;

B
la

n
ch

ar
d

an
d

K
rä

m
er

,
20

10
).
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L
in
,
G
u
o

a
n
d

Z
h
o
u

L
e
m

m
a

1
7

L
et
D

be
a

sa
m

p
le

d
ra

w
n

in
d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
ρ

.
T

h
en

th
e

fo
ll

o
w

in
g

es
ti

m
a
te

s
fo

r
th

e
o
pe

ra
to

r
n

o
rm

∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
∥ ∥ ∥

h
o
ld

.

(a
)
E

[ ∥ ∥ ∥
(L

K
+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
∥ ∥ ∥2
]
≤

κ
2
N

(λ
)

|D
|
.

(b
)

F
o
r

a
n

y
0
<
δ
<

1,
w

it
h

co
n

fi
d
en

ce
a
t

le
a
st

1
−
δ,

th
er

e
h
o
ld

s

∥ ∥ ∥(
L
K

+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
∥ ∥ ∥
≤
B |
D
|,λ

lo
g
(2
/δ

),
(2

9
)

w
h
er

e
w

e
d
en

o
te

th
e

qu
a
n

ti
ty

B |
D
|,λ

=
2
κ

√
|D
|{

κ
√
|D
|λ

+
√
N

(λ
)}

.
(3

0
)

(c
)

F
o
r

a
n

y
d
>

1,
th

er
e

h
o
ld

s

{ E

[ ∥ ∥ ∥
(L

K
+
λ
I
)−

1 2
{ L

K
−
L
K
,D

(x
)}
∥ ∥ ∥d
]}

1 d

≤
(2
d
Γ

(d
)

+
1
)
1 d
B |
D
|,λ
,

w
h
er

e
Γ

is
th

e
G

a
m

m
a

fu
n

ct
io

n
d
efi

n
ed

fo
r
d
>

0
by

Γ
(d

)
=
∫ ∞ 0

u
d
−
1

ex
p
{−
u
}d
u

.

L
e
m

m
a

1
8

L
et
D

be
a

sa
m

p
le

d
ra

w
n

in
d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
ρ

a
n

d
g

be
a

m
ea

su
ra

bl
e

bo
u

n
d
ed

fu
n

ct
io

n
o
n
Z

a
n

d
ξ g

be
th

e
ra

n
d
o
m

va
ri

a
bl

e
w

it
h

va
lu

es
in
H
K

d
efi

n
ed

by
ξ g

(z
)

=
g
(z

)K
x

fo
r
z

=
(x
,y

)
∈
Z

.
T

h
en

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
h
o
ld

.

(a
)
E

[ ∥ ∥ ∥
(L

K
+
λ
I
)−

1
/
2

(K
x
)∥ ∥ ∥2 K

]
=
N

(λ
).

(b
)

F
o
r

a
lm

o
st

ev
er

y
x
∈
X

,
th

er
e

h
o
ld

s
∥ ∥ ∥(
L
K

+
λ
I
)−

1
/
2

(K
x
)∥ ∥ ∥ K
≤

κ √
λ
.

(c
)

F
o
r

a
n

y
0
<
δ
<

1,
w

it
h

co
n

fi
d
en

ce
a
t

le
a
st

1
−
δ,

th
er

e
h
o
ld

s

∥ ∥ ∥ ∥ ∥(L
K

+
λ
I
)−

1
/
2

(
1 |D
|∑ z
∈D

ξ g
(z

)
−
E

[ξ
g
])
∥ ∥ ∥ ∥ ∥ K
≤

2‖
g
‖ ∞

lo
g
(2
/δ

)
√
|D
|

{
κ

√
|D
|λ

+
√
N

(λ
)}

.

R
e
m

a
rk

1
9

In
th

e
ex

is
ti

n
g

li
te

ra
tu

re
,

th
e

fi
rs

t
o
rd

er
d
ec

o
m

po
si

ti
o
n

(2
2
)

w
a
s

u
se

d
.

T
o

bo
u

n
d

th
e

n
o
rm

o
f
( L

K
,D

(x
)

+
λ
I
) −

1
∆
D

by
th

is
a
p
p
ro

a
ch

,
o
n

e
n

ee
d
s

to
ei

th
er

u
se

th
e

br
u

te

fo
rc

e
es

ti
m

a
te
∥ ∥ ∥(
L
K
,D

(x
)

+
λ
I
) −

1
∥ ∥ ∥
≤

1 λ
le

a
d
in

g
to

su
bo

p
ti

m
a
l

le
a
rn

in
g

ra
te

s,
o
r

a
p
p
ly

in
g

th
e

a
p
p
ro

xi
m

a
ti

o
n

o
f
L
K

by
L
K
,D

(x
)

w
h
ic

h
is

va
li

d
o
n

ly
w

it
h

co
n

fi
d
en

ce
a
n

d
le

a
d
s

to
co

n
fi

d
en

ce
-

ba
se

d
es

ti
m

a
te

s
w

it
h
λ

d
ep

en
d
in

g
o
n

th
e

co
n

fi
d
en

ce
le

ve
l.

In
o
u

r
se

co
n

d
o
rd

er
d
ec

o
m

po
si

ti
o
n

,
w

e
d
ec

o
m

po
se

th
e

in
ve

rs
e

o
pe

ra
to

r
( L

K
,D

(x
)

+
λ
I
) −

1
fu

rt
h
er

a
ft

er
th

e
fi

rs
t

o
rd

er
d
ec

o
m

po
-

si
ti

o
n

(2
2
).

T
h
is

le
a
d
s

to
fi

n
er

es
ti

m
a
te

s
w

it
h

a
n

a
d
d
it

io
n

a
l

fa
ct

o
r
‖(
B
−
A

)B
−

1 2
‖

in
th

e
se

co
n

d
te

rm
o
f

th
e

bo
u

n
d

(2
1
)

a
n

d
gi

ve
s

th
e

re
fi

n
ed

er
ro

r
bo

u
n

d
(2

8
).
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D
ist

r
ib
u
t
e
d

L
e
a
r
n
in
g

5
.

D
e
riv

in
g

E
rro

r
B

o
u
n
d
s

fo
r

L
e
a
st

S
q
u
a
re

s
R

e
g
u
la

riza
tio

n
S
ch

e
m

e

In
th

is
sectio

n
w

e
p
rove

ou
r

m
ain

resu
lt

on
error

b
ou

n
d
s

for
th

e
least

sq
u
ares

regu
larization

sch
em

e
(1

),
w

h
ich

illu
strates

h
ow

to
a
p
p
ly

th
e

seco
n
d

ord
er

d
ecom

p
osition

(21)
for

op
erator

d
iff

eren
ces

in
o
u
r

in
tegral

op
erator

ap
p
ro

ach
.

P
ro

p
o
sitio

n
2
0

A
ssu

m
e
E

[y
2]
<
∞

a
n

d
m

o
m

en
t

co
n

d
itio

n
(1

1
)

fo
r

so
m

e
1
≤
p
≤
∞

.
T

h
en

E
[‖f

D
,λ −

f
λ ‖
ρ ]
≤

(2
+

56
κ
4

+
57
κ
2 ) (

1
+

1

(|D
|λ

)
2

+
N

(λ
)

|D
|λ

)

{
κ

1p √
∥∥
σ
2ρ ∥∥
p (
N

(λ
)

|D
|

)
12
(1−

1p
) (

1

|D
|λ )

12
p

+
κ ‖
f
λ −

f
ρ ‖
ρ

√
|D
|λ

}
.

P
ro

o
f

W
e

ap
p
ly

th
e

error
b

ou
n
d

(28)
an

d
th

e
S
ch

w
arz

in
eq

u
ality

to
get

E
[‖f

D
,λ −

f
λ ‖
ρ ]≤

{
E

[(
1

+
Ξ
D
√
λ

+
Ξ
2Dλ

)
2 ]}

1
/
2{

E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
D ∥∥∥

2K ]}
1
/
2

.(31)

T
h
e

fi
rst

fa
ctor

in
th

e
ab

ove
b

ou
n
d

in
vo

lves
Ξ
D

=
∥∥∥
(L

K
+
λ
I
) −

12 {
L
K
−
L
K
,D

(x
) } ∥∥∥

an
d

it
ca

n
b

e
estim

ated
b
y

ap
p
ly

in
g

L
em

m
a

17
as

{
E

[(
1

+
Ξ
D
√
λ

+
Ξ
2Dλ

)
2 ]}

1
/
2

≤
1

+

{
E

[
Ξ
2Dλ

]}
1
/
2

+

{
E

[
Ξ
4D

λ
2 ]}

1
/
2

≤
1

+

{
κ
2N

(λ
)

|D
|λ

}
1
/
2

+

{
49B

4|D
|,λ

λ
2

}
1
/
2

≤
2

+
56κ

4

(|D
|λ

)
2

+
57κ

2N
(λ

)

|D
|λ

.
(32)

T
o

d
eal

w
ith

th
e

factor
in

th
e

b
o
u
n
d

(31),
w

e
sep

arate
∆
D

=
1|D| ∑

z∈
D
ξ
λ (z

)−
E

[ξ
λ ]

as

∆
D

=
∆
′D

+
∆
′′D ,

w
h
ere

∆
′D

:=
1|D
| ∑z∈

D

ξ
0 (z

),
∆
′′D

:=
1|D
| ∑z∈

D

(ξ
λ −

ξ
0 )

(z
)−

E
[ξ
λ ]

a
re

in
d
u
ced

b
y

an
oth

er
ran

d
om

variab
le
ξ
0

w
ith

valu
es

in
th

e
H

ilb
ert

sp
a
ceH

K
d
efi

n
ed

b
y

ξ
0 (z

)
=

(y−
f
ρ (x

))K
x ,

z
=

(x
,y

)∈
Z
.

(33)

T
h
en

th
e

seco
n
d

factor
in

(31)
can

b
e

sep
arated

a
s

{
E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
D ∥∥∥

2K ]}
1
/
2

≤
{
E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
′D ∥∥∥

2K ]}
1
/
2

+

{
E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
′′D ∥∥∥

2K ]}
1
/
2

.
(34)
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L
in
,
G
u
o

a
n
d

Z
h
o
u

L
et

u
s

b
ou

n
d

th
e

fi
rst

term
of

(34).
O

b
serv

e
th

at

(L
K

+
λ
I
) −

1
/
2

∆
′D

=
∑z∈
D

1|D
| (y−

f
ρ (x

))
(L

K
+
λ
I
) −

1
/
2

(K
x ).

E
ach

term
in

th
is

ex
p
ression

is
u
n
b
iased

b
ecau

se ∫Y
(y−

f
ρ (x

))
d
ρ
(y|x

)
=

0.
T

h
is

u
n
b
iased

-
n
ess

an
d

th
e

in
d
ep

en
d
en

ce
tell

u
s

th
at

{
E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
′D ∥∥∥

2K ]}
1
/
2

=

{
1|D
| E
[∥∥∥

(y−
f
ρ (x

)) [(L
K

+
λ
I
) −

1
/
2 ]

(K
x ) ∥∥∥

2K ]}
1
/
2

=

{
1|D
| E
[
σ
2ρ (x

) ∥∥∥ [(L
K

+
λ
I
) −

1
/
2 ]

(K
x ) ∥∥∥

2K ]}
1
/
2

.
(35)

If
σ
2ρ ∈

L
∞

,
th

en
σ
2ρ (x

)≤
∥∥
σ
2ρ ∥∥∞

an
d

b
y

L
em

m
a

18
w

e
h
ave

{
E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
′D ∥∥∥

2K ]}
1
/
2≤

√
∥∥
σ
2ρ ∥∥∞

√
N

(λ
)/|D

|.

If
σ
2ρ
∈
L
pρ
X

w
ith

1
≤
p
<
∞

,
w

e
take

q
=

p
p−

1
(q

=
∞

for
p

=
1)

satisfy
in

g
1p

+
1q

=
1

an
d

ap
p
ly

th
e

H
öld

er
in

eq
u
ality

E
[|ξη|]≤

(E
[|ξ| p])

1
/
p

(E
[|η| q])

1
/
q

to
ξ

=
σ
2ρ ,
η

=
∥∥∥∥
(L

K
+
λ
I
) −

1
/
2

(K
x ) ∥∥∥∥

2K

to
fi
n
d

E

[
σ
2ρ (x

) ∥∥∥ [(L
K

+
λ
I
) −

1
/
2 ]

(K
x ) ∥∥∥

2K ]
≤
∥∥
σ
2ρ ∥∥
p {

E

[∥∥∥ [(L
K

+
λ
I
) −

1
/
2 ]

(K
x ) ∥∥∥

2
q

K

]}
1
/
q

.

B
u
t

∥∥∥ [(L
K

+
λ
I
) −

1
/
2 ]

(K
x ) ∥∥∥

2
q−

2

K
≤
(
κ
/ √

λ )
2
q−

2

an
d
E

[∥∥∥∥
(L

K
+
λ
I
) −

1
/
2

(K
x ) ∥∥∥∥

2K ]
=
N

(λ
)

b
y

L
em

m
a

18.
S
o

w
e

h
ave

{
E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
′D ∥∥∥

2K ]}
1
/
2

≤
{

1|D
| ∥∥
σ
2ρ ∥∥
p {

κ
2
q−

2

λ
q−

1 N
(λ

) }
1
/
q }

1
/
2

=
√
∥∥
σ
2ρ ∥∥
p κ

1p (
N

(λ
)

|D
|

)
12
(1−

1p
) (

1

|D
|λ )

12
p

.

C
om

b
in

in
g

th
e

ab
ov

e
tw

o
cases,

w
e

k
n
ow

th
at

for
eith

er
p

=
∞

or
p
<
∞

,
th

e
fi
rst

term
of

(34)
can

b
e

b
ou

n
d
ed

as

{
E

[∥∥∥
(L

K
+
λ
I
) −

1
/
2

∆
′D ∥∥∥

2K ]}
1
/
2≤

√
∥∥
σ
2ρ ∥∥
p κ

1p (
N

(λ
)

|D
|

)
12
(1−

1p
) (

1

|D
|λ )

12
p

.
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D
is
t
r
ib
u
t
e
d

L
e
a
r
n
in
g

T
h
e

se
co

n
d

te
rm

of
(3

4)
ca

n
b

e
b

ou
n
d
ed

ea
si

ly
as

{ E

[ ∥ ∥ ∥
(L

K
+
λ
I
)−

1
/
2

∆
′′ D
∥ ∥ ∥2 K

]}
1
/
2

≤
1

√
|D
|{ E

[ (f
ρ
(x

)
−
f λ

(x
))

2
∥ ∥ ∥(
L
K

+
λ
I
)−

1
/
2

(K
x
)∥ ∥ ∥2 K

]}
1
/
2

≤
1

√
|D
|{ E

[ (f
ρ
(x

)
−
f λ

(x
))

2
κ
2 λ

]}
1
/
2

=
κ
‖f
ρ
−
f λ
‖ ρ

√
|D
|λ

.

P
u
tt

in
g

th
e

ab
ov

e
es

ti
m

at
es

fo
r

th
e

tw
o

te
rm

s
of

(3
4)

in
to

(3
1)

an
d

ap
p
ly

in
g

th
e

b
ou

n
d

(3
2)

in
v
ol

v
in

g
Ξ
D

,
w

e
k
n
ow

th
at
E
[ ‖
f D

,λ
−
f λ
‖ ρ
]

is
b

ou
n
d
ed

b
y

( 2
+

56
κ
4

(|D
|λ

)2
+

57
κ
2
N

(λ
)

|D
|λ

)
(
√
∥ ∥ σ

2 ρ

∥ ∥ p
κ

1 p

(
N

(λ
)

|D
|

)
1 2
(1
−

1 p
)
(

1 |D
|λ

)
1 2
p

+
κ
‖f
ρ
−
f λ
‖ ρ

√
|D
|λ

)
.

T
h
en

ou
r

d
es

ir
ed

er
ro

r
b

ou
n
d

fo
ll
ow

s.
T

h
e

p
ro

of
of

th
e

p
ro

p
os

it
io

n
is

co
m

p
le

te
.

P
ro

o
f
o
f
T

h
e
o
re

m
7

C
om

b
in

in
g

P
ro

p
os

it
io

n
20

w
it

h
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y
‖f
D
,λ
−
f ρ
‖ ρ
≤

‖f
D
,λ
−
f λ
‖ ρ

+
‖f
λ
−
f ρ
‖ ρ

,
w

e
k
n
ow

th
at

E
[ ‖
f D

,λ
−
f ρ
‖ ρ
]
≤
‖f
λ
−
f ρ
‖ ρ

+
( 2

+
56
κ
4

+
57
κ
2
)(

1
+

1

(|D
|λ

)2
+
N

(λ
)

|D
|λ

)

{
κ

1 p

√
∥ ∥ σ

2 ρ

∥ ∥ p
(
N

(λ
)

|D
|

)
1 2
(1
−

1 p
)
(

1 |D
|λ

)
1 2
p

+
κ

√
|D
|λ
‖f
λ
−
f ρ
‖ ρ
}
.

T
h
en

th
e

d
es

ir
ed

er
ro

r
b

ou
n
d

h
ol

d
s

tr
u
e,

an
d

th
e

p
ro

of
of

T
h
eo

re
m

7
is

co
m

p
le

te
.

P
ro

o
f

o
f

C
o
ro

ll
a
ry

8
B

y
th

e
d
efi

n
it

io
n

of
eff

ec
ti

ve
d
im

en
si

on
,

N
(λ

)
=
∑ `

λ
`

λ
`

+
λ
≥

λ
1

λ
1

+
λ
.

C
om

b
in

in
g

th
is

w
it

h
th

e
re

st
ri

ct
io

n
(8

)
w

it
h
m

=
1,

w
e

fi
n
d
N

(λ
)
≥

λ
1

λ
1
+
C

0
an

d
N
λ
≥

λ
1

(λ
1
+
C

0
)C

0
.

P
u
tt

in
g

th
es

e
an

d
th

e
re

st
ri

ct
io

n
(8

)
w

it
h
m

=
1

in
to

th
e

er
ro

r
b

ou
n
d

(1
2)

,
w

e
k
n
ow

th
at E
[ ‖
f D

,λ
−
f ρ
‖ ρ
] ≤

( 2
+

56
κ
4

+
57
κ
2
) (1

+
κ

)

( 1
+

(λ
1

+
C
0
)2
C

2 0

λ
2 1

+
C
0

)

{(
1

+
√

(λ
1

+
C
0
)C

0
/λ

1

) ‖
f λ
−
f ρ
‖ ρ

+
√
∥ ∥ σ

2 ρ

∥ ∥ p
(
N

(λ
)

N

)
1 2
(1
−

1 p
)
(

1 N
λ

)
1 2
p
} .

T
h
en

th
e

d
es

ir
ed

b
ou

n
d

fo
ll
ow

s.
T

h
e

p
ro

of
of

C
or

ol
la

ry
8

is
co

m
p
le

te
.

T
o

p
ro

ve
C

or
ol

la
ry

9,
w

e
n
ee

d
th

e
fo

ll
ow

in
g

b
o
u
n
d
s

(S
m

al
e

an
d

Z
h
ou

,
20

07
)

fo
r
‖f
λ
−
f ρ
‖ ρ

an
d
‖f
λ
−
f ρ
‖ K

.
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L
in
,
G
u
o

a
n
d

Z
h
o
u

L
e
m

m
a

2
1

A
ss

u
m

e
re

gu
la

ri
ty

co
n

d
it

io
n

(9
)

w
it

h
0
<
r
≤

1
.

T
h
er

e
h
o
ld

s

‖f
λ
−
f ρ
‖ ρ
≤
λ
r
‖g
ρ
‖ ρ
.

(3
6
)

F
u

rt
h
er

m
o
re

,
if

1
/2
≤
r
≤

1
,

th
en

w
e

h
a
ve

‖f
λ
−
f ρ
‖ K
≤
λ
r
−
1
/
2
‖g
ρ
‖ ρ
.

(3
7
)

P
ro

o
f

o
f

C
o
ro

ll
a
ry

9
B

y
L

em
m

a
2
1,

re
gu

la
ri

ty
co

n
d
it

io
n

(9
)

w
it

h
0
<
r
≤

1
im

p
li
es

‖f
λ
−
f ρ
‖ ρ
≤
λ
r
‖g
ρ
‖ ρ
.

If

N
(λ

)
≤
C
0
λ
−

1 2
α
,

∀λ
>

0

fo
r

so
m

e
co

n
st

an
t
C
0
≥

1,
th

en
th

e
ch

oi
ce
λ

=
N
−

2
α

2
α

m
a
x
{2
r
,1
}+

1
y
ie

ld
s

N
(λ

)

N
λ
≤
C
0
λ
−

1 2
α
−
1

N
=
C
0
N

2
α
+
1

2
α

m
a
x
{2
r
,1
}+

1
−
1
≤
C
0
.

S
o

(8
)

w
it

h
m

=
1

is
sa

ti
sfi

ed
.

W
it

h
th

is
ch

oi
ce

w
e

al
so

h
av

e

(
N

(λ
)

N

)
1 2
(1
−

1 p
)
(

1 N
λ

)
1 2
p

≤
C

1 2
(1
−

1 p
)

0
N
−

2
α

m
a
x
{2
r
,1
}

2
α

m
a
x
{2
r
,1
}+

1
1 2
(1
−

1 p
) N
−

2
α

m
a
x
{2
r
,1
}+

1
−
2
α

2
α

m
a
x
{2
r
,1
}+

1
1 2
p

=
C

1 2
(1
−

1 p
)

0
N
−

α
m
a
x
{2
r
,1
}

2
α

m
a
x
{2
r
,1
}+

1
+

1 2
p

2
α
−
1

2
α

m
a
x
{2
r
,1
}+

1
.

P
u
tt

in
g

th
es

e
es

ti
m

at
es

in
to

C
or

ol
la

ry
8,

w
e

k
n
ow

th
at

E
[ ‖
f D

,λ
−
f ρ
‖ ρ
]

=
O

( N
−

2
α
r

2
α

m
a
x
{2
r
,1
}+

1
+
N
−

α
m
a
x
{2
r
,1
}

2
α

m
a
x
{2
r
,1
}+

1
+

1 2
p

2
α
−
1

2
α

m
a
x
{2
r
,1
}+

1

)

=
O

( N
−
α

m
in
{2
r
,m

a
x
{2
r
,1
}}

2
α

m
a
x
{2
r
,1
}+

1
+

1 2
p

2
α
−
1

2
α

m
a
x
{2
r
,1
}+

1

)
.

B
u
t

w
e

fi
n
d

m
in
{2
r,

m
a
x
{2
r,

1}
}

=
2r

b
y

d
is

cu
ss

in
g

th
e

tw
o

d
iff

er
en

t
ca

se
s

0
<
r
<

1 2
an

d
1 2
≤
r
≤

1.
T

h
en

ou
r

co
n
cl

u
si

o
n

fo
ll
ow

s
im

m
ed

ia
te

ly
.

T
h
e

p
ro

of
of

C
or

ol
la

ry
9

is
co

m
p
le

te
.

6
.

P
ro

o
f

o
f

E
rr

o
r

B
o
u
n
d
s

fo
r

th
e

D
is

tr
ib

u
te

d
L

e
a
rn

in
g

A
lg

o
ri

th
m

T
o

an
al

y
ze

th
e

er
ro

r
f
D
,λ
−
f D

,λ
fo

r
d
is

tr
ib

u
te

d
le

ar
n
in

g,
w

e
re

ca
ll

th
e

n
o
ta

ti
o
n
Q
D
(x

)
=

( L
K
,D

(x
)

+
λ
I
) −

1
−

(L
K

+
λ
I
)−

1
fo

r
th

e
d
iff

er
en

ce
of

in
ve

rs
e

op
er

at
or

s
an

d
u
se

th
e

n
o
ta

ti
o
n

Q
D
j
(x

)
in

vo
lv

in
g

th
e

d
at

a
su

b
se

t
D
j
.

T
h
e

em
p
ir

ic
al

in
te

gr
al

op
er

at
or
L
K
,D
j
(x

)
is

d
efi

n
ed

w
it

h
D

re
p
la

ce
d

b
y

th
e

d
at

a
su

b
se

t
D
j
.

F
or

ou
r

er
ro

r
a
n
al

y
si

s
fo

r
th

e
d
is

tr
ib

u
te

d
le

a
rn

in
g

al
go

ri
th

m
(2

),
w

e
n
ee

d
th

e
fo

ll
ow

in
g

er
ro

r
d
ec

om
p

os
it

io
n

fo
r
f
D
,λ
−
f D

,λ
.
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D
ist

r
ib
u
t
e
d

L
e
a
r
n
in
g

L
e
m

m
a

2
2

A
ssu

m
e
E

[y
2]
<
∞

.
F

o
r
λ
>

0,
w

e
h
a
ve

f
D
,λ −

f
D
,λ

=
m
∑j=

1 |D
j |
|D
| [(

L
K
,D
j (x

)
+
λ
I )
−
1−

(L
K
,D

(x
)

+
λ
I )−

1 ]
∆
j

=
m
∑j=

1 |D
j |
|D
| [Q

D
j (x

) ]
∆
′j

+
m
∑j=

1 |D
j |
|D
| [Q

D
j (x

) ]
∆
′′j −

[Q
D
(x

) ]
∆
D
,

(38)

w
h
ere

∆
j

:=
1

|D
j |
∑z∈
D
j

ξ
λ (z

)−
E

[ξ
λ ],

∆
D

:=
1|D
| ∑z∈

D

ξ
λ (z

)−
E

[ξ
λ ],

a
n

d

∆
′j

:=
1

|D
j |
∑z∈
D
j

ξ
0 (z

),
∆
′′j

:=
1

|D
j |
∑z∈
D
j

(ξ
λ −

ξ
0 )

(z
)−

E
[ξ
λ ].

P
ro

o
f

R
eca

ll
th

e
ex

p
ression

(23)
for

f
D
,λ −

f
λ .

W
h
en

th
e

d
a
ta

su
b
set

D
j

is
u
sed

,
w

e
h
ave

f
D
j ,λ −

f
λ

=
(
L
K
,D
j (x

)
+
λ
I )
−
1

∆
j .

S
o

w
e

k
n
ow

th
a
t

f
D
,λ −

f
λ

=
m
∑j=

1 |D
j |
|D
| {

f
D
j ,λ −

f
λ }

=
m
∑j=

1 |D
j |
|D
| (

L
K
,D
j (x

)
+
λ
I )
−
1

∆
j .

W
e

ca
n

d
ecom

p
ose

∆
D

as

∆
D

=
1|D
| ∑z∈

D

ξ
λ (z

)−
E

[ξ
λ ]
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≥
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√
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+
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.
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rö
m

m
et

h
o
d

fo
r

im
p
ro

ve
d

la
rg

e-
sc

al
e

m
a-

ch
in

e
le

ar
n
in

g.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

17
:1

-6
5,

20
16

.

X
.

G
u
o

an
d

D
.

X
.

Z
h
ou

.
A

n
em

p
ir

ic
al

fe
at

u
re

-b
as

ed
le

ar
n
in

g
al

go
ri

th
m

p
ro

d
u
ci

n
g

sp
ar

se
ap

p
ro

x
im

at
io

n
s.

A
p
p
li

ed
a
n

d
C

o
m

p
u

ta
ti

o
n

a
l

H
a
rm

o
n

ic
A

n
a
ly

si
s,

32
:3

89
-4

00
,

20
1
2.

Z
.C

.
G

u
o,

D
.H

.
X

ia
n
g,

X
.

G
u
o,

an
d

D
.X

.
Z

h
ou

.
T

h
re

sh
ol

d
ed

sp
ec

tr
al

a
lg

o
ri

th
m

s
fo

r
sp

ar
se

ap
p
ro

x
im

at
io

n
s.

A
n

a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
15

:4
33

-4
55

,
20

17
.

L
.

G
y
ör

fy
,

M
.

K
oh

le
r,

A
.

K
rz

y
za

k
,

H
.

W
al

k
.

A
D

is
tr

ib
u

ti
o
n

-F
re

e
T

h
eo

ry
o
f

N
o
n

pa
ra

m
et

ri
c

R
eg

re
ss

io
n

.
S
p
ri

n
ge

r-
V

er
la

g,
B

er
li
n
,

20
02

.

T
.

H
u
,

J
.

F
an

,
Q

.
W

u
,

an
d

D
.

X
.

Z
h
ou

.
R

eg
u
la

ri
za

ti
o
n

sc
h
em

es
fo

r
m

in
im

u
m

er
ro

r
en

tr
o
p
y

p
ri

n
ci

p
le

.
A

n
a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
13

:4
37

-4
55

,
20

15
.

29
JM

L
R

 1
8(

92
):

1-
31

, 2
01

7

L
in
,
G
u
o

a
n
d

Z
h
o
u

J
.

H
.

L
in

,
L

.
R

os
a
sc

o,
an

d
D

.
X

.
Z

h
ou

.
It

er
at

iv
e

re
gu

la
ri

za
ti

on
fo

r
le

ar
n
in

g
w

it
h

co
n
ve

x
lo

ss
fu

n
ct

io
n
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

17
(7

7)
:

1-
38

,
20

16
.

J
.

H
.

L
in

an
d

D
.

X
.

Z
h
ou

.
L

ea
rn

in
g

th
eo

ry
of

ra
n
d
om

iz
ed

K
ac

zm
ar

z
al

go
ri

th
m

.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

16
:3

3
41

-3
3
65

,
20

15
.

S
.

M
en

d
el

so
n

an
d

J
.

N
ee

m
an

.
R

eg
u
la

ri
za

ti
on

in
ke

rn
el

le
ar

n
in

g.
T

h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

38
(1

):
52

6-
56

5,
20

10
.

M
.
M

ei
st

er
an

d
I.

S
te

in
w

ar
t.

O
p
ti

m
al

le
ar

n
in

g
ra

te
s

fo
r

lo
ca

li
ze

d
S
V

M
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

17
:

1-
44

,
20

16
.

I.
P

in
el

is
.

O
p
ti

m
u
m

b
ou

n
d
s

fo
r

th
e

d
is

tr
ib

u
ti

on
s

of
m

ar
ti

n
ga

le
s

in
B

an
ac

h
sp

a
ce

s.
T

h
e

A
n

n
a
ls

o
f

P
ro

ba
bi

li
ty

,
22

:1
67

9-
17

06
,

19
94

.

G
.

R
as

k
u
tt

i,
M

.
W

ai
n
w

ri
gh

t,
an

d
B

.
Y

u
.

E
ar

ly
st

op
p
in

g
an

d
n
on

-p
ar

am
et

ri
c

re
g
re

ss
io

n
:

a
n

op
ti

m
al

d
at

a-
d
ep

en
d
en

t
st

op
p
in

g
ru

le
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

1
5
:3

3
5
-

36
6,

20
14

.

A
.

R
u
d
i,

R
.

C
am

or
ia

n
o,

an
d

L
.

R
os

as
co

.
L

es
s

is
m

or
e:

N
y
st

rö
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H

ov
y

et
al.,

2013).
W

e
aim

to
id

en
tify

u
n
relia

b
le

a
n
d

ad
versarial

w
orkers

u
sin

g
o
n

ly
th

eir
resp

on
ses

an
d

d
o

n
ot

assu
m

e
access

to
a
n
y

tru
e

ta
sk

la
b

els.
F

u
rth

erm
ore,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

w
e

are
u
n
aw

are
of

p
rev

iou
s

stu
d
ies

th
a
t

h
av

e
ad

d
ressed

th
e

p
rob

lem
of

id
en

tify
in

g
ad

v
ersarial

w
ork

ers
w

h
o

can
ad

op
t

a
rbitra

ry
stra

tegies
in

crow
d
sou

rcin
g

sy
stem

s.
R

efer
to

S
ection

1.2
for

fu
rth

er
d
iscu

ssion
o
n

th
is

asp
ect.

F
o
r

th
e

a
b

ove
settin

g,
w

e
d
esign

a
scorin

g
algorith

m
th

at
co

m
p
u
tes

“rep
u
tation

scores”
fo

r
w

o
rkers

to
in

d
icate

th
e

d
egree

to
w

h
ich

th
eir

lab
elin

g
p
attern

s
are

ad
versarial.

W
e

b
ase

o
u
r

a
lg

o
rith

m
s

on
th

e
in

tu
ition

th
at

as
th

e
p

op
u
lation

is
m

ostly
h
on

est
a
n
d

ad
v
ersaries’

la
b

elin
g

p
a
ttern

s
d
iff

er
from

th
ose

of
h
on

est
w

orkers,
ad

versary
lab

elin
g

p
a
ttern

s
sh

o
u
ld

b
e

sta
tistical

o
u
tliers.

T
h
e

rep
u
tation

sco
re

th
en

in
d
icates

th
e

d
egree

to
w

h
ich

a
w

orker’s
la

b
elin

g
p
attern

is
a

statistical
ou

tlier.
T

h
e

ad
versaries

id
en

tifi
ed

b
y

ou
r

algorith
m

s
m

ay
b

e
d
isca

rd
ed

or
p
ro

cessed
sep

arately
d
ep

en
d
in

g
on

th
e

ap
p
lication

.
S
ection

5
sh

ow
s

th
at

d
isca

rd
in

g
a
d
versary

lab
els

can
en

ab
le

stan
d
ard

lab
el

aggrega
tion

algorith
m

s
to

in
fer

tru
e

ta
sk

la
b

els
m

o
re

accu
rately.

W
e

n
o
te

th
a
t

th
e

p
rob

lem
of

id
en

tify
in

g
u
n
relia

b
le

h
on

est
w

orkers
an

d
ad

versaries
from

o
n
ly

th
eir

resp
o
n
ses

is
n
on

triv
ial,

esp
ecially

b
ecau

se
w

e
can

n
ot

access
tru

e
lab

els
for

an
y

of
th

e
ta

sk
s.

In
p
a
rticu

lar,
even

in
th

e
sim

p
le

an
d

com
m

on
ly

ob
serv

ed
case

w
h
ere

ad
versa

ries
a
lw

ay
s

p
rov

id
e

th
e

lab
el

+
1,

th
e

n
atu

ral
ap

p
roach

of
classify

in
g

w
orkers

w
h
o

on
ly

g
ive

+
1

la
b

els
a
s

a
d
v
ersaries

can
h
ave

arb
itrarily

b
ad

p
erform

an
ce

(see
L

em
m

a
2).

F
u
rth

erm
ore,

b
eca

u
se

w
e

d
o

n
ot

restrict
th

e
ad

versary
strategy

in
an

y
w

ay,
d
iff

eren
tiatin

g
th

em
from

h
o
n
est

w
o
rk

ers
can

b
e

d
iffi

cu
lt.

In
fact,

w
e

sh
ow

(see
T

h
eorem

14)
th

a
t

b
y

carefu
lly

ch
o
osin

g
th

eir
resp

o
n
ses,

so
p
h
istica

ted
ad

versarial
w

orkers
can

ren
d
er

th
em

selves
in

d
istin

gu
ish

a
ble

fro
m

h
on

est
o
n
es

an
d

en
su

re
th

at
th

e
tru

e
lab

els
of

som
e

fraction
of

task
s

can
n
ot

b
e

in
ferred

b
etter

th
a
n

a
ran

d
om

gu
ess.

1
.1

M
a
in

c
o
n
trib

u
tio

n
s

O
u
r

w
o
rk

m
a
kes

algorith
m

ic,
th

eoretical,
an

d
em

p
irical

con
trib

u
tio

n
s:

3

3
.

T
h

is
w

o
rk

ex
p

a
n

d
s

o
n

th
e

resu
lts

d
escrib

ed
in

a
p

rev
io

u
s

v
ersio

n
(J

a
g
a
b

a
th

u
la

et
a
l.,

2
0
1
4
)
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

A
lg

o
rith

m
ic

c
o
n
trib

u
tio

n
s.

O
u
r

m
ain

algorith
m

ic
con

trib
u
tion

is
a

rep
u
tation

algo
rith

m
th

at
is

d
esign

ed
to

id
en

tify
ou

tlier
lab

elin
g

p
attern

s.
T

h
is

algorith
m

takes
as

in
p
u
ts

th
e

set
of

w
orkers,

set
of

task
s,

an
d

b
in

ary
lab

els
p
rov

id
ed

b
y

each
w

ork
er.

E
ach

w
orker

m
ay

lab
el

on
ly

a
su

b
set

of
th

e
task

s.
B

eca
u
se

th
e

algorith
m

m
akes

n
o

sp
ecifi

c
assu

m
p
tion

s
on

th
e

w
orker

lab
elin

g
strategies,

it
id

en
tifi

es
ou

tliers
b
y

pen
a
lizin

g
w

orkers
for

th
e

n
u
m

b
er

of
“con

fl
icts”

th
ey

are
in

volved
in

.
S
p

ecifi
cally,

su
p
p

ose
each

task
receiv

es
b

oth
+

1
an

d
−

1
lab

els.
F

or
each

task
tj ,

th
e

algorith
m

m
ain

tain
s

th
e

n
u
m

b
er
d

+j
of

+
1

lab
els,

n
u
m

b
er
d −j

of

−
1

lab
els,

an
d

a
p

en
alty

b
u
d
get

of
2.

In
tu

itively,
if
d

+j
>
d −j

,
th

en
th

e
w

ork
er

assign
in

g
−

1
to
tj

is
“m

ore”
of

an
ou

tlier
th

an
a

w
orker

assign
in

g
lab

el
+

1.
A

ccord
in

gly,
th

e
algorith

m
m

akes
th

e
follow

in
g

d
ecision

s:
(a)

h
ow

m
u
ch

of
th

e
p

en
alty

b
u
d
get

to
allo

cate
to

ea
ch

w
orker

for
each

task
an

d
(b

)
h
ow

to
aggreg

ate
th

e
p

en
alties

allo
ca

ted
to

each
w

orker
to

arrive
at

th
e

fi
n
al

rep
u
tation

score.

W
e

p
rop

ose
tw

o
algorith

m
s

th
at

d
iff

er
in

h
ow

th
ey

m
a
ke

th
ese

tw
o

d
ecision

s.
T

h
e

fi
rst

algorith
m

(A
lgorith

m
1)

p
erfo

rm
s

a
“soft”

assign
m

en
t:

it
allo

cates
a

p
en

alty
of

1/d
+j

(resp
.

1/d −j
)

to
every

w
ork

er
w

h
o

h
as

p
rov

id
ed

th
e

lab
el

+
1

(resp
.−

1)
to

task
tj

an
d

com
-

p
u
tes

th
e

n
et

p
en

alty
as

th
e

average
of

th
e

p
en

alties
allo

cated
across

all
task

s
a
ssig

n
ed

to
a

w
orker.

4
T

h
e

secon
d

algorith
m

(A
lgorith

m
2)

p
erform

s
a

“h
ard

”
assign

m
en

t:
in

stea
d

of
sp

read
in

g
th

e
p

en
a
lty

score
of

1
ov

er
all

w
orkers

w
h
o

p
rov

id
e

th
e

lab
el

+
1

(resp
.−

1),
it

id
en

-
tifi

es
on

e
“rep

resen
tative”

w
orker

am
on

g
th

e
w

o
rkers

w
h
o

p
rov

id
e

th
e

lab
el

+
1

(resp
.−

1)
to

task
tj

an
d

allo
cates

th
e

en
tire

p
en

alty
of

1
to

th
e

rep
resen

tativ
e

w
orker.

T
h
e

n
et

p
en

alty
for

th
e

w
orker

is
com

p
u
ted

b
y

su
m

m
in

g
th

e
accru

ed
p

en
alties

across
all

assign
ed

task
s.

If
th

e
rep

resen
tative

w
orker

is
ch

osen
u
n
iform

ly
at

ran
d
om

,
th

en
a

w
orker

w
h
o

agrees
w

ith
th

e
m

a
jority

is
less

lik
ely

to
b

e
ch

osen
an

d
th

erefore
less

likely
to

receive
th

e
p

en
alty.

H
ow

ever,
w

e
sh

ow
th

at
it

is
m

ore
ap

p
rop

riate
to

ch
o
ose

th
e

rep
resen

tative
w

orker
in

a
“lo

ad
-b

ala
n
ced

”
fash

ion
b
y

u
sin

g
th

e
con

cep
t

of
o
p
tim

a
l

sem
i-m

a
tch

in
g

(H
arvey

et
al.,

2003),
w

h
ere

th
e

sem
i-

m
atch

in
g

is
d
efi

n
ed

on
th

e
b
ip

artite
grap

h
b

etw
een

th
e

w
orkers

an
d

task
s,

in
w

h
ich

every
w

orker
is

con
n
ected

to
th

e
task

s
th

at
it

h
as

lab
eled

.
B

oth
p

en
alty

assign
m

en
ts

are
b
ased

on
th

e
in

tu
ition

th
at

w
h
en

th
ere

are
m

ore
h
on

est
w

orkers
th

an
ad

versaries,
th

e
form

er
are

m
ore

lik
ely

to
agree

w
ith

th
e

m
a

jority
an

d
th

erefore
receive

low
er

p
en

alties.

T
h

e
o
re

tic
a
l

c
o
n
trib

u
tio

n
s.

W
e

an
aly

ze
ou

r
algorith

m
s

u
n
d
er

th
ree

settin
gs:

(a)
th

ere
are

n
o

ad
versaries

an
d

h
on

est
w

orkers
ad

op
t

th
e

on
e-coin

m
o
d
el;

(b
)

h
on

est
w

orkers
ad

op
t

th
e

on
e-coin

m
o
d
el

an
d

ad
versaries,

th
e
U
n
iform

strategy
in

w
h
ich

th
ey

lab
el

all
assign

ed
task

s
+

1;
an

d
(c)

h
on

est
w

orkers
ad

op
t

th
e

sp
am

m
er-h

am
m

er
m

o
d
el

(K
arger

et
al.,

2011)
an

d
th

e
ad

versaries
are

so
p
h
istica

ted
,

h
av

in
g

in
fi
n
ite

com
p
u
tation

al
cap

acity
an

d
k
n
ow

led
ge

of
h
on

est
w

orkers’
lab

els.
F

or
th

e
fi
rst

tw
o

settin
gs,

w
e

d
erive

gu
aran

tees
for

th
e

soft-p
en

alty
algorith

m
an

d
sh

ow
th

at
th

ese
gu

aran
tees

ex
ten

d
to

a
ran

d
om

,
n
orm

alized
ap

p
rox

im
ation

of
th

e
h
ard

-p
en

alty
algorith

m
;

w
e

an
aly

ze
th

is
ap

p
rox

im
ation

b
ecau

se
th

e
h
ard

-p
en

alty
algorith

m
is

n
ot

an
aly

tically
tractab

le
in

th
ese

settin
gs.

F
or

th
e

last
settin

g
,

w
e

sh
ow

th
at

th
e

h
ard

-p
en

alty
algorith

m
is

rob
u
st

to
sop

h
isticated

ad
versary

strategies
b
u
t

th
e

soft-p
en

alty
algorith

m
is

v
u
ln

erab
le.

S
p

ecifi
cally,

th
e

ex
am

p
le

at
th

e
en

d
of

S
ection

3.1
sh

ow
s

an
in

stan
ce

of
an

ad
versary

strateg
y

for
w

h
ich

th
e

soft-p
en

alty
algorith

m
m

isclassifi
es

4
.

W
e

d
o

n
o
t

ex
p

licitly
d
efi

n
e

th
e

rep
u

ta
tio

n
sco

re.
It

ca
n

b
e

in
terp

reted
a
s

th
e

in
v
erse

o
f

th
e

n
et

p
en

a
lty

—
h

ig
h

er
th

e
p

en
a
lty,

th
e

low
er

is
th

e
rep

u
ta

tio
n

,
a
n

d
v
ice-v

ersa
.
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

al
l

ad
ve

rs
ar

ie
s

as
h
on

es
t.

W
e

al
so

sh
ow

(s
ee

L
em

m
a

13
)

th
at

ex
is

ti
n
g

la
b

el
ag

gr
eg

at
io

n
al

go
ri

th
m

s
ca

n
p

er
fo

rm
ve

ry
p

o
or

ly
in

th
e

p
re

se
n
ce

of
so

p
h
is

ti
ca

te
d

ad
ve

rs
ar

ie
s.

F
or

th
e

fi
rs

t
tw

o
se

tt
in

gs
,

w
e

an
al

y
ze

ou
r

al
go

ri
th

m
s

u
n
d
er

a
st

an
d
a
rd

p
ro

b
ab

il
is

ti
c

m
o
d
el

fo
r

cr
ow

d
so

u
rc

in
g

in
w

h
ic

h
th

er
e

ar
e
n

w
or

ke
rs

;
th

e
w

or
ke

r-
ta

sk
as

si
gn

m
en

t
gr

ap
h

is
(l
,r

)-
re

gu
la

r,
th

at
is

,
ea

ch
w

or
ke

r
la

b
el

s
l

ta
sk

s
an

d
ea

ch
ta

sk
is

la
b

el
ed

b
y
r

w
or

ke
rs

;
an

d
th

e
p

op
u
la

ti
on

is
d
es

cr
ib

ed
b
y

th
re

e
p
ar

am
et

er
s:

fr
ac

ti
on

q
of

h
on

es
t

w
or

ke
rs

,
fr

ac
ti

on
γ

of
ta

sk
s

w
it

h
+

1
tr

u
e

la
b

el
s,

an
d

av
er

ag
e

re
li
ab

il
it

y
µ

of
h
on

es
t

w
or

ke
rs

u
n
d
er

th
e

o
n
e-

co
in

m
o
d
el

.
R

ec
al

l
th

at
th

e
re

li
ab

il
it

y
of

an
h
on

es
t

w
or

k
er

is
d
efi

n
ed

as
th

e
p
ro

b
ab

il
it

y
of

p
ro

v
id

in
g

th
e

co
rr

ec
t

re
sp

on
se

fo
r

an
y

gi
ve

n
ta

sk
.

T
h
is

se
tu

p
b

es
t

re
p
re

se
n
ts

th
e

se
tt

in
g

of
cr

ow
d
so

u
rc

ed
cl

as
si

fi
ca

ti
on

in
w

h
ic

h
ta

sk
s

m
ay

b
e

as
si

gn
ed

ac
co

rd
in

g
to

an
(l
,r

)-
re

gu
la

r
gr

ap
h
.

A
n

(l
,r

)-
re

gu
la

r
gr

ap
h

is
an

al
y
ti

ca
ll
y

tr
ac

ta
b
le

,
an

d
K

ar
ge

r
et

a
l.

(2
01

4)
sh

ow
ed

th
at

it
ac

h
ie

ve
s

or
d
er

-o
p
ti

m
al

p
er

fo
rm

an
ce

(w
it

h
re

sp
ec

t
to

th
e

b
es

t
co

m
b
in

at
io

n
of

ta
sk

as
si

gn
m

en
t

an
d

in
fe

re
n
ce

al
go

ri
th

m
)

w
h
en

gi
ve

n
a

ta
sk

as
si

gn
m

en
t

b
u
d
ge

t.
W

e
d
er

iv
e

th
e

ex
p

ec
te

d
p

en
al

ti
es

re
ce

iv
ed

b
y

h
on

es
t

an
d

ad
ve

rs
ar

ia
l

w
or

ke
rs

an
d

b
ou

n
d

th
e

as
y
m

p
to

ti
c

er
ro

r
ra

te
or

m
is

cl
a
ss

ifi
ca

ti
o
n

ra
te

of
a

th
re

sh
ol

d
cl

as
si

fi
er

:
gi

ve
n

a
p

en
al

ty
th

re
sh

ol
d
θ,

th
e

th
re

sh
ol

d
cl

as
si

fi
er

cl
as

si
fi
es

a
w

or
ke

r
as

h
on

es
t

if
it

s
p

en
al

ty
is

le
ss

th
an

o
r

eq
u
al

to
θ

an
d

as
ad

ve
rs

ar
ia

l
ot

h
er

w
is

e.
T

h
en

,
th

e
m

is
cl

a
ss

ifi
ca

ti
on

ra
te

is
d
efi

n
ed

as
th

e
ex

p
ec

te
d

fr
ac

ti
on

of
er

ro
rs

m
ad

e
b
y
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ers

lab
elin

g
m

an
y

task
s

an
d

som
e

task
s

receiv
in

g
m

an
y

la-
b

els
(F

ra
n
k
lin

et
al.,

2011).
T

h
is

stu
d
y

also
off

ers
in

sig
h
ts

in
to

th
e

settin
gs

u
n
d
er

w
h
ich

th
e

so
ft-

o
r

h
a
rd

-p
en

alty
algorith

m
is

ap
p
rop

riate;
sp

ecifi
cally,

th
ese

algorith
m

s
are

m
ore

a
p
p
ro

p
ria

te
w

h
en

th
e

ad
versaries

h
ave

low
er

an
d

h
igh

er
d
egrees,

resp
ectively.

1
.2

R
e
la

te
d

W
o
rk

O
u
r

w
o
rk

is
p
a
rt

of
th

e
literatu

re
on

crow
d
sou

rcin
g

th
at

p
rop

oses
statistical

tech
n
iq

u
es

to
ex

p
lo

it
th

e
red

u
n
d
an

cy
in

collected
lab

els
to

sim
u
ltan

eou
sly

in
fer

th
e

laten
t

reliab
ilities

of
w

o
rkers

a
n
d

tru
e

task
lab

els.
In

p
articu

lar,
ou

r
w

ork
is

related
to

th
ree

b
ro

ad
stream

s.
T

h
e

fi
rst

strea
m

fo
cu

ses
on

“crow
d
sou

rced
classifi

cation
”,

n
am

ely,
in

ferrin
g

u
n
d
erly

in
g

tru
e

la
b

els
o
f

ta
sk

s
w

h
en

w
ork

ers
ad

op
t

sp
ecifi

c
p
rob

ab
ilistic

lab
elin

g
strategies.

O
u
r

rep
u
tation

a
lg

o
rith

m
ca

n
w

ork
in

con
ju

n
ction

w
ith

an
y

of
th

ese
m

eth
o
d
s,

p
ossib

ly
b
y

fi
lterin

g
ou

t
low

rep
u
ta

tio
n

w
ork

ers.
T

h
e

secon
d

stream
p
rop

oses
m

eth
o
d
s

to
ex

p
licitly

fi
lter

ou
t

low
-

relia
b
ility

w
o
rk

ers;
it

is
sim

ilar
in

sp
irit

to
ou

r
ap

p
roach

.
T

h
e

th
ird

stream
fo

cu
ses

on
m

eth
o
d
s

to
a
d
d
ress

sop
h
isticated

attack
s

in
on

lin
e

settin
gs;

it
is

related
to

ou
r

treatm
en

t
o
f

so
p
h
istica

ted
ad

versaries.

C
ro

w
d

so
u

rc
e
d

c
la

ssifi
c
a
tio

n
.

T
h
e

literatu
re

on
crow

d
sou

rced
classifi

cation
is

vast.
M

ost
stu

d
ies

a
re

b
a
sed

on
th

e
w

orker
m

o
d
el

p
rop

osed
b
y

D
aw

id
an

d
S
ken

e
(1979),

w
h
ich

is
a

g
en

era
liza

tio
n

o
f

th
e

on
e-coin

m
o
d
el

to
task

s
w

ith
m

ore
th

an
tw

o
categories.

T
h
e

stan
d
ard

so
lu

tio
n

is
to

u
se

th
e

ex
p

ectation
-m

a
x
im

ization
(E

M
)

alg
orith

m
(or

its
varian

ts)
to

estim
ate

w
o
rker

relia
b
ility

p
aram

eters
an

d
tru

e
task

lab
els

(S
m

y
th

et
a
l.,

19
95;

R
ay

kar
et

a
l.,

20
10).

T
h
e

m
eth

o
d
s

p
rop

osed
in

L
iu

et
al.

(2012)
a
n
d

C
h
en

et
al.

(2013)
take

a
B

ay
esian

ap
p
roach

b
y

a
ssu

m
in

g
d
iff

eren
t

p
riors

over
th

e
w

orker
relia

b
ility

p
aram

eters.
W

h
iteh

ill
et

al.
(2009)

in
clu

d
ed

ta
sk

d
iffi

cu
lty

as
an

ad
d
ition

al
p
aram

eter
in

th
e

m
o
d
el,

an
d

W
elin

d
er

et
al.

(2010)
stu

d
ied

a
m

o
d
el

w
ith

m
u
lti-d

im
en

sion
al

laten
t

variab
les

for
each

w
orker,

su
ch

as
com

p
e-

ten
ce,

ex
p

ertise,
an

d
b
ias.

Z
h
ou

et
al.

(2012,
2015)

in
tro

d
u
ced

a
n
a
tu

ral
gen

eralization
of

th
e

D
aw

id
-S

ken
e

m
o
d
el

th
at

cap
tu

res
task

s
w

ith
d
iff

erin
g

d
iffi

cu
lties

an
d

p
rop

osed
a

m
in

-
im

a
x

en
tro

p
y

b
ased

ap
p
roach

w
h
ich

w
ork

s
w

ell
in

real
d
atasets.

A
lth

ou
gh

m
ost

of
th

ese
a
p
p
ro

a
ch

es
sh

ow
im

p
roved

p
erform

an
ce

on
real-w

orld
d
atasets,

th
ey

off
er

n
o

th
eoretical

g
u
a
ra

n
tees

o
n

th
e

resu
ltin

g
estim

ates
of

tru
e

task
lab

els
an

d
m

o
d
el

p
aram

eters.

F
ro

m
a

th
eo

retical
p

ersp
ective,

th
e

crow
d
sou

rced
classifi

cation
p
rob

lem
h
a
s

b
een

stu
d
ied

in
tw

o
d
istin

ct
regim

es:
d
en

se
an

d
spa

rse.
In

th
e

d
en

se
regim

e,
it

is
a
ssu

m
ed

th
at

each
w

o
rker

h
a
s

a
certain

p
rob

ab
ility

of
lab

elin
g

each
task

.
A

s
th

e
p
ro

b
lem

size
(or

n
u
m

b
er

of
w

o
rkers)

in
crea

ses,
each

task
receives

an
in

creasin
g

n
u
m

b
er

of
resp

on
ses;

th
erefore,

th
e

tru
e

la
b

els
of

a
ll

ta
sk

s
are

even
tu

ally
id

en
tifi

ed
correctly

(w
ith

h
igh

p
rob

ab
ility

).
T

h
e

th
eoretical

a
n
a
ly

sis
th

erefo
re

fo
cu

ses
on

id
en

tify
in

g
th

e
ra

te
at

w
h
ich

th
e

algorith
m

estim
ates

con
verge

to
th

e
tru

e
ta

sk
lab

els
u
n
d
er

d
iff

eren
t

settin
gs.

T
h
e

d
en

se
regim

e
w

as
fi
rst

stu
d
ied

b
y

G
h
osh

et
a
l.

(2
0
1
1
),

w
h
o

p
rop

osed
a

sp
ectral

m
eth

o
d

to
in

fer
task

lab
els.

M
ore

recen
tly,

G
ao

an
d

Z
h
o
u

(2
0
1
6
)

stu
d
ied

th
e

m
in

im
ax

op
tim

al
error

ra
te

of
a

p
ro

jected
E

M
alg

orith
m

u
n
d
er

th
e

o
n
e-co

in
m

o
d
el,

an
d

L
i

an
d

Y
u

(2014)
p
rov

id
ed

u
p
p

er
b

ou
n
d
s

on
th

e
error

rate
o
f

w
eigh

ted
m

a
jo

rity
vo

tin
g

algorith
m

s
for

th
e

D
aw

id
-S

k
en

e
m

o
d
el.

Z
h
an

g
et

al.
(20

14)
sh

ow
ed

th
at

th
e

E
M

a
lg

o
rith

m
for

th
e

D
aw

id
-S

ken
e

m
o
d
el

ach
ieves

th
e

op
tim

al
con

v
ergen

ce
rate

w
h
en

in
itia

lized
u
sin

g
a

sp
ectral

m
eth

o
d
.
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

In
th

e
spa

rse
regim

e,
each

task
is

assign
ed

a
“sm

all”
n
u
m

b
er

of
w

ork
ers,

th
at

is,
of

size
O

(1),
so

th
at

th
e

a
ccu

racy
d
o
es

n
ot

in
crease

w
ith

p
rob

lem
size.

K
arger

et
al.

(2014)
w

ere
th

e
fi
rst

to
an

aly
ze

th
is

scen
ario;

th
ey

p
rop

osed
an

iterativ
e

m
essage-p

assin
g

algorith
m

for
esti-

m
atin

g
tru

e
task

lab
els

as
w

ell
as

a
task

assign
m

en
t

sch
em

e
th

at
m

in
im

izes
th

e
total

p
rice

th
at

m
u
st

b
e

p
aid

to
ach

ieve
an

overall
target

accu
racy.

T
h
ey

sh
ow

ed
th

at
th

eir
algorith

m
is

op
tim

al
b
y

com
p
arin

g
it

again
st

an
oracle

estim
ator

th
at

k
n
ow

s
th

e
reliab

ility
of

ev
ery

w
orker.

D
alv

i
et

al.
(2013)

p
rop

osed
m

eth
o
d
s

b
ased

on
sin

gu
lar-valu

e
d
ecom

p
osition

(S
V

D
)

an
d

an
aly

zed
th

e
con

sisten
cy

of
th

eir
estim

ators
for

th
e

on
e-coin

m
o
d
el.

R
ecen

tly,
K

h
etan

an
d

O
h

(2016)
an

aly
zed

th
e

“G
en

eralized
D

aw
id

-S
ken

e
M

o
d
el”

in
tro

d
u
ced

b
y

Z
h
ou

et
al.

an
d

sh
ow

ed
th

at
sp

ectral
ap

p
roach

es
ach

ieve
n
ear-op

tim
al

p
erform

an
ce,

w
h
ereas

O
k

et
a
l.

(2016)
p
rov

ed
th

at
b

elief
p
rop

agation
(B

P
)

is
op

tim
al,

th
at

is,
it

m
atch

es
th

e
p

erform
an

ce
of

th
e

M
A

P
estim

ator,
u
n
d
er

th
e

on
e-coin

m
o
d
el

w
h
en

each
w

orker
is

assign
ed

at
m

ost
tw

o
task

s.
In

ou
r

th
eoretical

an
aly

sis,
w

e
fo

cu
s

on
th

is
regim

e.
T

h
e

key
d
istin

ction
of

o
u
r

w
ork

from
p
rev

iou
s

stu
d
ies

is
th

at
w

e
fo

cu
s

on
ch

aracterizin
g

th
e

m
isclassifi

cation
rate

of
ou

r
algorith

m
in

classify
in

g
w

orkers,
as

op
p

osed
to

th
e

a
ccu

ra
cy

of
recoverin

g
tru

e
task

lab
els.

D
e
te

c
tin

g
U

n
re

lia
b

le
/
A

d
v
e
rsa

ria
l

w
o
rk

e
rs.

S
om

e
stu

d
ies

h
ave

aim
ed

to
ex

p
licitly

d
etect

an
d
/or

rem
ov

e
u
n
reliab

le
w

orkers
b
ased

on
ob

served
lab

els.
O

n
e

ap
p
roach

is
to

u
se

“gold
stan

d
ard

”
task

s,
th

at
is,

task
s

w
h
ose

tru
e

lab
els

a
re

alread
y

k
n
ow

n
,

to
id

en
tify

low
-reliab

ility
w

ork
ers

(S
n
ow

et
al.,

2008;
D

ow
n
s

et
al.,

2010;
L

e
et

al.,
2010).

H
ow

ev
er,

accessin
g

tru
e

task
lab

els
can

b
e

d
iffi

cu
lt

an
d

m
igh

t
in

volve
ad

d
ition

al
p
ay

m
en

t.
In

th
is

w
ork

,
w

e
d
o

n
ot

assu
m

e
access

to
an

y
gold

stan
d
ard

task
s

an
d

id
en

tify
ad

versarial
w

o
rk

ers
b
ased

on
ly

on
th

e
p
rov

id
ed

lab
els.

V
u
u
ren

s
et

al.
(2011)

d
efi

n
ed

scores
cu

stom
ized

to
sp

ecifi
c

ad
versary

strategies
to

id
en

tify
an

d
rem

ove
th

em
.

S
im

ilarly,
H

ov
y

et
al.

(2013)
m

o
d
eled

th
e

w
orker

p
op

u
lation

as
con

sistin
g

of
tw

o
ty

p
es—

th
ose

w
h
o

alw
ay

s
p
rov

id
e

th
e

correct
lab

el
an

d
sp

am
m

ers
w

h
o

p
rov

id
e

u
n
iform

ly
ran

d
om

lab
els—

an
d

estim
ated

each
w

orker’s
tru

st-
w

orth
in

ess
b
y

u
sin

g
th

e
ob

served
lab

els.
In

con
trast

to
th

ese
stu

d
ies,

w
e

allow
ad

versaries
to

ad
op

t
arb

itrary
strategies.

Ip
eirotis

et
al.

(2010)
p
rop

osed
a

m
eth

o
d

fo
r

q
u
an

tify
in

g
w

orker
q
u
ality

b
y

tran
sform

in
g

th
e

ob
served

lab
els

in
to

soft
p

osterior
lab

els
b
ased

on
th

e
estim

ated
co

n
fu

sio
n

m
a
trix

(D
aw

id
an

d
S
ken

e,
1979).

S
im

ilar
to

ou
r

w
ork

,
th

eir
ap

p
roach

com
p
u
tes

an
ex

p
ected

cost
for

each
w

orker,
w

h
ere

th
e

h
igh

er
th

e
cost,

th
e

low
er

is
th

e
w

orker’s
q
u
al-

ity.
R

ay
kar

an
d

Y
u

(2012)
p
rop

osed
an

em
p
irical

B
ayesian

algorith
m

to
elim

in
ate

w
orkers

w
h
ose

lab
els

are
n
ot

correlated
w

ith
th

e
tru

e
lab

el
(called

spa
m

m
ers),

an
d

estim
ated

con
-

sen
su

s
lab

els
from

th
e

rem
ain

in
g

w
orkers.

B
oth

of
th

ese
w

ork
s

rely
on

th
e

D
aw

id
-S

ken
e

m
o
d
el,

w
h
ereas

ou
r

algorith
m

s
d
o

n
ot

a
ssu

m
e

k
n
ow

led
ge

of
th

e
p
rob

ab
ilistic

m
o
d
el

u
sed

b
y

w
orkers.

S
om

e
stu

d
ies

h
ave

tried
to

q
u
an

tify
th

e
p
rice

of
h
av

in
g

ad
versarial

w
orkers

u
n
d
er

som
e

restricted
settin

gs.
G

h
osh

et
al.

(2011)
(in

th
e

d
en

se
regim

e)
an

d
K

a
rger

et
al.

(2013)
(in

th
e

sp
arse

regim
e)

con
sid

ered
m

aliciou
s

w
orkers

w
h
o

can
collu

d
e

an
d

p
rov

id
e

arb
itrary

resp
on

ses
to

d
egrad

e
th

e
p

erform
an

ce
of

th
e

aggregation
algorith

m
s

an
d

sh
ow

ed
th

at
th

eir
ap

p
roach

es
are

rob
u
st

to
m

an
ip

u
lation

b
y

a
sm

all
con

stan
t

fraction
of

su
ch

ad
versaries.

H
ow

ever,
b

oth
th

ese
w

ork
s

assu
m

e
sp

ecifi
c

stru
ctu

res
on

th
e

w
orker-task

assign
m

en
t

grap
h

an
d

d
o

n
ot

con
sid

er
ad

v
ersaries

w
h
o

can
ad

ap
t

th
eir

resp
o
n
ses

b
ased

on
th

e
lab

els
su

b
-

m
itted

b
y

h
on

est
w

orkers.
O

u
r

an
a
ly

sis
con

sid
ers

a
rbitra

ry
w

orker-task
assign

m
en

t
grap

h
s,

an
d

w
e

allow
ad

versaries
to

ch
o
ose

th
eir

lab
els

b
ased

on
ob

served
h
on

est
w

orkers’
resp

on
ses.
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

S
y
b

il
a
tt

a
ck

s.
F

in
al

ly
,

ou
r

w
or

k
is

al
so

b
ro

ad
ly

re
la

te
d

to
th

e
ri

ch
li
te

ra
tu

re
on

id
en

ti
fy

in
g

S
yb

il
id

en
ti

ti
es
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on

li
n
e

so
ci

al
n
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w
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k
s.

M
os

t
su
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h
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es
(Y

u
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.,

20
06

,
2
00
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D

an
ez

is
an

d
M
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09
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ra
n

et
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is
w
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at
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20
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gr
ap

h
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ct

u
re

b
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w
ee
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u
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li
m
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u
p
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ve
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fl
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s
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h
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co
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x
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e
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at
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th
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n
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w
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k
st
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re
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u
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re
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sh
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s
b

et
w

ee
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w
or

ke
rs

,
an

d
b

ec
au

se
m

os
t

cr
ow

d
so

u
rc

in
g

ta
sk

s
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si

m
p
ly

co
u
n
ti

n
g

th
e

n
u
m

b
er

of
co

n
fl
ic

ts
m

ay
ov

er
-p

en
al

iz
e

h
on

es
t

w
or

ke
rs

w
h
o

la
b

el
a

la
rg

e
n
u
m

b
er

of
ta

sk
s.

T
o

ov
er

co
m

e
th

is
is

su
e,

w
e

p
ro

p
os

e
tw

o
p

en
al

ty
al

lo
ca

ti
on

te
ch

n
iq

u
es

,
re

su
lt

in
g

in
tw

o
va

ri
an

ts
of

ou
r

al
go

ri
th

m
:

(a
)

so
ft

-p
en

a
lt

y
an

d
(b

)
h
a
rd

-p
en

a
lt

y.
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

3
.1

S
o
ft

P
e
n

a
lty

In
th

e
so

ft-pen
a
lty

algorith
m

(see
A

lgorith
m

1),
for

an
y

task
tj

in
th

e
con

fl
ict

set,
w

e
a
llo

ca
te

a
p

en
a
lty

of
1
/d

+j
an

d
1/d −j

to
all

w
ork

ers
w

h
o

p
rov

id
e

th
e

lab
el

+
1

an
d
−

1
fo

r
tj ,

resp
ectively.

T
h
en

,
for

each
w

orker,
w

e
com

p
u
te

th
e

n
et

pen
a
lty

b
y

av
eragin

g
th

e
p

en
alties

a
cro

ss
a
ll

a
ssig

n
ed

(con
fl
ict)

task
s.

T
h
e

a
b

ove
a
llo

cation
of

p
en

alties
im

p
licitly

rew
ard

s
agreem

en
ts

am
on

g
w

orker
resp

on
ses

b
y

m
a
k
in

g
th

e
p

en
alty

in
versely

p
rop

ortion
al

to
th

e
n
u
m

b
er

of
oth

er
w

ork
ers

th
at

ag
ree

w
ith

a
w

orker.
In

p
articu

lar,
if

a
w

o
rker

agrees
w

ith
th

e
m

a
jority

op
in

ion
on

som
e

task
,

th
en

it
is

a
llo

cated
a

low
er

p
en

alty
th

an
a

w
orker

w
h
o

d
isagrees

w
ith

th
e

m
a

jority.
F

u
r-

th
er,

avera
g
in

g
n
orm

alizes
for

th
e

n
u
m

b
er

of
task

s
lab

eled
b
y

an
y

w
orker.

T
h
e

algorith
m

relies
o
n

th
e

fo
llow

in
g

in
tu

ition
for

allo
catin

g
p

en
alties:

assu
m

in
g

th
e

av
erag

e
reliab

ility
of

h
o
n
est

w
o
rkers

to
b

e
>

12 ,
w

e
ex

p
ect

th
at

h
on

est
w

orkers
p
rov

id
e

th
e

correct
resp

on
se

to
th

e
a
ssig

n
ed

task
s

on
average.

F
u
rth

erm
ore,

b
ecau

se
th

ere
are

m
ore

h
on

est
w

ork
ers

th
an

a
d
versa

ries,
w

e
ex

p
ect

th
e

m
a
jority

resp
on

se
to

b
e

th
e

sam
e

as
th

e
tru

e
la

b
el

of
th

e
ta

sk
fo

r
m

o
st

ta
sk

s.
T

h
erefore,

w
e

ex
p

ect
th

a
t

th
e

ab
ove

allo
ca

tion
of

p
en

alties
assign

s
low

er
p

en
a
lties

to
h
ig

h
-reliab

ility
h
on

est
w

orkers
an

d
h
igh

er
p

en
alties

to
low

-reliab
ility

h
on

est
a
n

d
a
d
versa

ria
l

w
orkers.

W
e

form
alize

th
is

in
tu

ition
in

S
ection

4,
w

h
ere

w
e

p
rove

th
eo-

retica
l

g
u
a
ran

tees
for

th
e

soft-p
en

alty
algorith

m
.

W
e

sh
ow

th
at

th
e

soft-p
en

alty
algorith

m
p

erfo
rm

s
w

ell
in

id
en

tify
in

g
low

-reliab
ility

h
on

est
w

orkers
as

w
ell

as
ad

versarial
w

ork
ers

em
p
loy

in
g

d
eterm

in
istic

strategies
(see

T
h
eorem

s
3,

4,
6,

an
d

10).
O

u
r

resu
lts

d
em

on
strate

th
e

a
sy

m
p
totic

con
sisten

cy
of

th
e

soft-p
en

alty
alg

orith
m

in
id

en
tify

in
g

a
d
versaries

u
n
d
er

sta
n
d
a
rd

a
ssu

m
p
tion

s
on

th
e

stru
ctu

re
of

th
e

w
orker-task

assign
m

en
t

grap
h
.

A
lth

o
u
g
h

th
e

soft-p
en

alty
algorith

m
can

su
ccessfu

lly
id

en
tify

ad
versarial

w
orkers

ad
op

t-
in

g
certain

ty
p

es
of

strategies,
its

p
erform

an
ce

d
ep

en
d
s

on
th

e
com

p
lex

ity
of

th
ese

strategies.
If

a
d
v
ersa

ria
l

w
ork

ers
are

n
on

-collu
d
in

g
an

d
ad

op
t

n
on

-d
elib

erate
strategies,

th
en

th
e

soft-
p

en
a
lty

a
lgo

rith
m

can
id

en
tify

th
em

from
th

e
ob

served
resp

on
ses.

H
ow

ever,
th

is
algorith

m
co

u
ld

b
e

m
an

ip
u
lated

b
y

m
ore

sop
h
isticated

ad
versaries

w
h
o

can
collu

d
e

togeth
er

an
d

ad
ap

t
th

eir
la

b
elin

g
strategy

to
target

certain
task

s
to

low
er

th
eir

p
en

alty
scores.

In
p
articu

lar,
th

e
so

ft-p
en

a
lty

algorith
m

treats
each

task
in

isolation
w

h
en

assign
in

g
p

en
alties;

th
erefore,

it
is

su
scep

tib
le

to
attack

b
y

d
eterm

in
ed

ad
versaries

w
h
o

can
cleverly

d
ecid

e
th

eir
resp

on
ses

b
a
sed

o
n

h
o
n
est

w
orkers’

lab
els

an
d

th
e

stru
ctu

re
of

th
e

w
ork

er-task
assign

m
en

t
grap

h
to

ca
u
se

m
a
x
im

u
m

“d
am

age”.
F

or
ex

am
p
le,

su
p
p

ose
th

at
th

e
su

b
grap

h
ofB

b
etw

een
h
on

est
w

o
rkers

an
d

task
s

is
r-righ

t
regu

lar,
th

at
is,

each
task

receives
lab

els
from

ex
actly

r
h
on

est
w

o
rkers

(su
ch

g
rap

h
s

are
com

m
on

ly
u
sed

in
p
ractice,

see
K

arger
et

al.,
20

14
an

d
O

k
et

al.,
2
0
1
6
),

a
n
d

a
ll

h
on

est
w

ork
ers

are
p

erfectly
reliab

le.
N

ow
,

su
p
p

ose
th

at
th

ere
are

k
>
r

a
d
versa

ries
a
n
d

th
at

each
ad

versary
p
rov

id
es

th
e

in
correct

resp
on

se
to

a
ll

task
s.

T
h
en

,
ev

-
ery

ta
sk

h
a
s
r

correct
resp

on
ses,

all
p
rov

id
ed

b
y

h
on

est
w

orkers,
an

d
k

in
co

rrect
resp

on
ses,

a
ll

p
rov

id
ed

b
y

ad
versaries,

resu
ltin

g
in

n
et

p
en

alties
of

1
/r

for
each

h
on

est
w

orker
an

d
1
/
k

fo
r

each
a
d
versary

(n
ote

th
at

th
e

d
eg

ree
of

th
e

w
orkers

d
o
es

n
ot

aff
ect

th
e

n
et

p
en

a
lty

b
eca

u
se

th
e

p
en

alty
received

from
each

task
is

th
e

sam
e).

B
ecau

se
k
>
r,

ad
versaries

re-
ceive

low
er

p
en

alties
th

an
d
o

h
on

est
w

o
rkers.

T
h
erefore,

fi
lterin

g
ou

t
k

w
orkers

w
ith

th
e

h
ig

h
est

p
en

a
lties

w
ill

alw
ay

s
fi
lter

ou
t

h
on

est
w

orkers.
F

u
rth

erm
ore,

n
atu

ral
aggregation

a
lg

o
rith

m
s

(su
ch

as
sim

p
le

m
a

jority
or

w
eigh

ted
m

a
jority

w
ith

p
en

alties
as

w
eigh

ts)
resu

lt

1
1
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

in
in

correct
lab

els
for

all
task

s
(see

L
em

m
a

13).
In

fact,
for

su
ch

w
orst-case

ad
v
ersaries,

w
e

can
estab

lish
th

e
follow

in
g

resu
lt:

T
h

e
o
re

tic
a
l

R
e
su

lt
(R

e
fe

r
to

T
h

e
o
re

m
1
4
).

G
iven

a
n

y
co

llectio
n

o
f

h
o
n

est
w

o
rker

respo
n

ses,
th

ere
exists

a
n

a
d
versa

ry
stra

tegy
th

a
t

ca
n

a
ch

ieve
a

lo
w

er
bo

u
n

d
o
n

th
e

fra
ctio

n
o
f

ta
sks

w
h
o
se

tru
e

la
bels

ca
n

n
o
t

be
in

ferred
co

rrectly
(better

th
a
n

a
ra

n
d
o
m

gu
ess)

by
a
n
y

la
bel

a
ggrega

tio
n

a
lgo

rith
m

th
a
t

is
a
gn

o
stic

to
th

e
w

o
rker

a
n

d
ta

sk
id

en
tities.

S
ection

4.2.2
p
rov

id
es

a
form

al
d
escrip

tion
of

th
e

resu
lt.

T
h
e

p
ro

of
relies

on
th

e
fact

th
at

sop
h
isticated

ad
versaries

can
ren

d
er

th
em

selv
es

in
d
istin

gu
ish

a
ble

from
h
on

est
w

orkers
b
y

carefu
lly

ch
o
osin

g
th

eir
resp

on
ses.

T
h
is

sh
ow

s
th

at
id

en
tify

in
g

su
ch

w
orst-case

ad
versarial

w
orkers

can
b

e
d
iffi

cu
lt.

T
o

d
eal

w
ith

su
ch

a
d
v
ersarial

b
eh

av
io

r,
w

e
u
se

th
e

h
a
rd

-pen
a
lty

algorith
m

.

A
lg

o
rith

m
1
so

f
t
p
e
n
a
lt

y

1
:

In
p

u
t:
W

,T
,

an
d
L

2
:

F
or

ev
ery

task
tj ∈
T
cs ,

allo
cate

p
en

alty
s
ij

to
each

w
orker

w
i ∈

W
j

as
follow

s:

s
ij

=



1d
+j

,
ifL

ij
=

+
1

1d −j
,

ifL
ij

=
−

1

3
:

O
u

tp
u

t:
N

et
p

en
alty

of
w

orker
w
i :

p
en

(w
i )

=

∑
t
j ∈T

i ∩
T
c
s
s
ij

|T
i ∩
T
cs |

A
lg

o
rith

m
2
h
a
r
d

p
e
n
a
lt

y

1
:

In
p

u
t:
W

,T
,

an
d
L

2
:

C
reate

a
b
ip

artite
grap

h
B
cs

a
s

follow
s:

(i)
E

ach
w

orker
w
i ∈

W
is

rep
resen

ted
b
y

a
n
o
d
e

on
th

e
left

(ii)
E

ach
task

tj ∈
T
cs

is
rep

resen
ted

b
y

tw
o

n
o
d
es

on
th

e
righ

t,
t +j

an
d
t −j

(iii)
A

d
d

th
e

ed
ge

(w
i ,t +j

)
if

L
ij

=
+

1
or

ed
ge

(w
i ,t −j

)
ifL

ij
=
−

1
3
:

C
om

p
u
te

an
op

tim
al

sem
i-m

atch
in

gM
on

B
cs

4
:

O
u

tp
u

t:
N

et
p

en
alty

of
w

orker
w
i :

p
en

(w
i )

=
d
egM

(w
i )

3
.2

H
a
rd

P
e
n

a
lty

T
o

d
eal

w
ith

sop
h
isticated

ad
versaries,

w
e

p
rop

ose
a

h
a
rd

p
en

alty
allo

catio
n

sch
em

e
(A

l-
gorith

m
2)

in
w

h
ich

th
e

p
en

alty
allo

cation
for

a
p
articu

lar
task

takes
in

to
accou

n
t

th
e

stru
ctu

re
of

th
e

w
orker-task

assign
m

en
t

grap
h

an
d

th
e

resp
on

ses
of

oth
er

w
orkers

o
n

a
ll

oth
er

task
s.

In
p
a
rticu

lar,
in

stead
of

d
istrib

u
tin

g
th

e
p

en
alty

even
ly

across
all

w
ork

ers
th

at
resp

on
d

to
a

given
task

,
th

is
algorith

m
ch

o
oses

tw
o

“rep
resen

tative”
w

ork
ers

to
p

en
alize

for
each

con
fl
ict

task
:

on
e

each
am

on
g

th
ose

w
h
o

p
rov

id
e

th
e

lab
el

+
1

an
d
−

1.
T

h
e

rep
re-

sen
tative

w
orkers

are
ch

osen
in

a
load

-b
alan

ced
m

an
n
er

to
“sp

read
”

th
e

p
en

alty
acro

ss
all

w
orkers

an
d

th
ereb

y
avoid

over-p
en

a
lizin

g
w

o
rkers

w
h
o

p
rov

id
e

lab
els

for
a

large
n
u
m

b
er

of
task

s.
T

h
e

n
et

p
en

alty
of

each
w

orker
is

th
e

su
m

of
p

en
alties

accru
ed

across
a
ll

(con
fl
ict)

task
s

assign
ed

to
th

is
w

orker.
In

tu
itively,

su
ch

a
h
ard

allo
cation

of
p

en
alties

w
ill

p
en

alize
w

orkers
w

ith
h
igh

er
d
egrees

(i.e.
large

n
u
m

b
er

of
assign

ed
task

s)
an

d
m

an
y

con
fl
icts

(w
h
o

are
p

oten
tial

w
orst-case

ad
versaries),

th
ereb

y
lead

in
g

to
a

low
rep

u
tation

.

T
o

ch
o
ose

rep
resen

tativ
e

w
orkers

in
a

load
-b

alan
ced

fash
ion

,
w

e
u
se

th
e

con
cep

t
of

o
p
tim

a
l

sem
i-m

a
tch

in
gs

(H
arvey

et
al.,

2003)
in

b
ip

artite
grap

h
s.

F
or

a
b
ip

artite
grap

h
G

=
(V

1 ∪
V

2 ,E
),

a
sem

i-m
a
tch

in
g

in
G

is
a

set
of

ed
ges

M
⊆
E

su
ch

th
at

each
vertex

in
V

2
is

in
cid

en
t

to
ex

actly
on

e
ed

ge
in
M

(n
ote

th
at

vertices
in
V

1
cou

ld
b

e
in

cid
en

t
to

12
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

m
u
lt

ip
le

ed
ge

s
in
M

).
A

se
m

i-
m

at
ch

in
g

ge
n
er

al
iz

es
th

e
n
ot

io
n

of
m

at
ch

in
gs

on
b
ip

ar
ti

te
gr

ap
h
s.

T
h
e

op
ti

m
al

se
m

i-
m

at
ch

in
g

is
th

e
se

m
i-

m
at

ch
in

g
w

it
h

th
e

m
in

im
u
m

co
st

.
W

e
u
se

th
e

co
m

m
on

d
eg

re
e-

b
as

ed
co

st
fu

n
ct

io
n

d
efi

n
ed

as
fo

ll
ow

s:
fo

r
ea

ch
u
∈
V

1
,

le
t
d
eg
M

(u
)

d
en

ot
e

th
e

d
eg

re
e

of
u

,
th

at
is

,
th

e
n
u
m

b
er

of
ed

ge
s

in
M

th
at

ar
e

in
ci

d
en

t
to
u

,
an

d
le

t
co
st
M

(u
)

b
e

d
efi

n
ed

as co
st
M

(u
)

:=

d
eg
M

(u
)

∑ i=
1

i
=
d
eg
M

(u
)
·(
d
eg
M

(u
)

+
1)

2

T
h
en

,
an

o
p
ti

m
a
l

se
m

i-
m

a
tc

h
in

g
is

on
e

th
at

m
in

im
iz

es
∑

u
∈V

1
co
st
M

(u
).

In
tu

it
iv

el
y,

an
op

ti
m

al
se

m
i-

m
at

ch
in

g
fa

ir
ly

m
at

ch
es
V

2
ve

rt
ic

es
ac

ro
ss
V

1
ve

rt
ic

es
su

ch
th

at
th

e
“l

oa
d
”

on
an

y
V

1
ve

rt
ex

is
m

in
im
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e
p
ro

p
or

ti
on

of
b

en
ig

n
on

es
an

d
a

co
rr

es
p

on
d
in

gl
y

sm
al

l
p
ro

p
or

ti
on

of
m

a
li
g
n
a
n
t

o
n
es

,
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

T
1T
2

A
dv.

(A
)

H
onest

(H
2 )

H
onest

(H
1 )

-1 true labels

+1 true labels

F
ig

u
re

1
:

E
x
am

p
le

w
h
ere

fi
lterin

g
w

orkers
w

h
o

give
on

ly
+

1
lab

els
p

erform
s

p
o
orly

lea
d
in

g
a

“
sm

a
rt”

w
orker

to
lab

el
all

assign
ed

im
ages

a
s

b
en

ign
w

ith
ou

t
carefu

lly
con

sid
erin

g
ea

ch
im

a
g
e.

T
h
erefore,

th
e
U
n
iform

strategy
actu

ally
com

p
rises

a
sp

ectru
m

of
strategies

of
va

ry
in

g
d
eg

rees
of

“sm
artn

ess”,
w

ith
h
igh

er
valu

es
of
γ

in
d
icatin

g
sm

arter
strategies.

A
n
a
tu

ral
w

ay
to

id
en

tify
ad

versaries
w

h
o

ad
op

t
th

e
U
n
iform

strategy
is

to
classify

all
w

o
rkers

w
h
o

h
ave

lab
eled

a
ll

assign
ed

task
s

+
1

as
ad

versaries.
H

ow
ever,

w
e

sh
ow

th
at

th
is

ap
p
ro

a
ch

ca
n

h
ave

arb
itrarily

large
m

iscla
ssifi

ca
tio

n
ra

te,
b

ecau
se

it
m

ay
m

isclassify
alm

ost
a
ll

(a
sy

m
p
to

tic
fraction

ap
p
roach

in
g

1)
p

erfectly
reliab

le
h
on

est
w

ork
ers

as
ad

v
ersarial.

L
e
m

m
a

2
(H

a
rd

n
e
ss

o
f

id
e
n
tify

in
g
U
n
iform

a
d

v
e
rsa

ria
l

w
o
rk

e
rs)

C
o
n

sid
er

a
sim

p
le

bin
a
ry

cla
ssifi

er
Î

n
a
tu

ra
l (·)

a
s

fo
llo

w
s:

Î
n

a
tu

ra
l (w

i )
=

{
a
d
versa

ria
l,

if
w
i

gives
a
ll

+
1

la
bels

h
o
n

est,
o
.w

.

T
h
en

,
th

e
m

iscla
ssifi

ca
tio

n
ra

te,
th

a
t

is,
fra

ctio
n

o
f

in
co

rrectly
cla

ssifi
ed

w
o
rkers,

o
f

th
e

a
bo

ve
cla

ssifi
er

ca
n

be
a
rbitra

rily
clo

se
to

1
.

P
ro

o
f

S
u
p
p

o
se

th
e

collection
of

task
s

p
artition

s
in

to
tw

o
sets,

T
1

an
d
T

2 ,
con

sistin
g

of
ta

sk
s

th
a
t

h
ave

tru
e

lab
els−

1
an

d
+

1,
resp

ectively
(see

F
igu

re
1).

T
h
e

ad
versary

A
follow

s
th

e
U
n
iform

strategy
an

d
lab

els
all

task
s

in
T

1
as

+
1.

T
h
ere

are
tw

o
grou

p
s

of
h
on

est
w

o
rkers—

H
1

a
n
d
H

2 —
w

h
o

are
p

erfectly
reliab

le,
th

at
is,

th
ey

alw
ay

s
p
rov

id
e

th
e

correct
la

b
el.

T
h
e

w
o
rkers

in
H

1
lab

el
all

ta
sk

s
in
T

1 ∪
T

2 ,
an

d
w

orkers
in
H

2
lab

el
on

ly
th

e
task

s
in

T
2 .

N
ow

,
b

ecau
se

h
on

est
w

orkers
H

2
give

on
ly

+
1

lab
els,

th
e

classifi
er
Î

n
a
tu

ra
l

m
isclassifi

es
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

all
h
on

est
w

orkers
in
H

2
as

ad
v
ersaries.

In
oth

er
w

ord
s,

w
e

h
ave

1

|H
1 ∪

H
2 |

∑

h∈
H

1 ∪
H

2

1 [Î
n

a
tu

ra
l (h

)6=
h
on
est ]

=
|H

2 |
|H

1 ∪
H

2 |

w
h
ere

1
[·]

d
en

otes
th

e
in

d
icator

fu
n
ction

.
S
u
p
p

ose
H

2
com

p
rises

a
large

fraction
of

h
on

est
w

orkers,
th

at
is,|H

2 |
=

(1−
ρ
)|H

1 ∪
H

2 |
fo

r
som

e
“sm

all”
ρ
>

0.
T

h
en

,
it

follow
s

from
th

e
ab

ove
eq

u
ation

th
at

th
e

m
isclassifi

cation
rate

of
th

e
n
atu

ral
classifi

er
Î

n
a
tu

ra
l (·)

is
1−

ρ
,

w
h
ich

can
b

e
arb

itrarily
close

to
1.

T
h
e

ab
ove

lem
m

a
sh

ow
s

th
at

th
e

p
rob

lem
of

id
en

tify
in

g
ad

versaries
is

n
on

triv
ial

even
for

th
e
U
n
iform

strategy
case,

an
d

ou
r

an
aly

sis
b

elow
p
rov

id
es

p
recise

con
d
ition

s
u
n
d
er

w
h
ich

w
e

can
id

en
tify

su
ch

ad
v
ersarial

w
orkers.

In
p
articu

lar,
for

th
e

th
e

scen
ario

ou
tlin

ed
in

th
e

p
ro

of
ab

ove,
ou

r
soft-p

en
alty

algorith
m

assign
s

a
p

en
alty

of
1|A|

to
ad

v
ersaries,

1
|H

1 |
to

h
on

est
w

orkers
in
H

1 ,
an

d
zero

p
en

alty
to

h
on

est
w

orkers
in
H

2
(b

ecau
se

th
ey

are
n
ot

p
art

of
an

y
con

fl
icts).

C
on

seq
u
en

tly,
as

lon
g

as|H
1 |
>
|A|,

ou
r

algorith
m

correctly
sep

arates
ou

t

h
on

est
w

orkers
from

ad
v
ersaries

b
y

ch
o
osin

g
a

th
resh

o
ld
θ
∈
(

1
|H

1 | ,
1|A| )

an
d

classify
in

g
all

w
orkers

w
ith

p
en

alty
>
θ

as
ad

v
ersarial.

B
ecau

se
th

e
p

erform
an

ce
of

th
e

algorith
m

d
ep

en
d
s

on
th

e
sp

ecifi
c

crow
d
sou

rced
clas-

sifi
cation

in
stan

ce
(w

orker-task
assign

m
en

t
grap

h
,

tru
e

task
lab

els,
reliab

ilities
of

h
on

est
w

orkers),
w

e
con

d
u
ct

a
p
rob

ab
ilistic

an
aly

sis
u
n
d
er

a
n
atu

ral
gen

era
tiv

e
m

o
d
el.

F
or

ou
r

an
aly

sis,
w

e
fo

cu
s

on
w

orker-task
assign

m
en

t
grap

h
sB

th
at

are
(l,r)-regu

lar,
in

w
h
ich

each
w

orker
is

assign
ed

l
task

s
an

d
each

task
is

lab
eled

b
y
r

w
orkers.

T
h
ese

assign
m

en
t

grap
h
s

are
an

aly
tically

tractab
le

an
d

h
av

e
b

een
sh

ow
n

b
y

K
arger

et
al.

(2014)
to

ach
iev

e
ord

er-
op

tim
al

p
erform

an
ce

(w
ith

resp
ect

to
th

e
b

est
com

b
in

ation
of

task
assign

m
en

t
an

d
in

feren
ce

algorith
m

)
w

h
en

given
a

certain
b
u
d
get

for
task

assign
m

en
t.

T
o

gen
erate

th
e

crow
d
sou

rcin
g

in
stan

ce,
w

e
u
se

th
e

p
rob

ab
ilistic

m
o
d
el

of
crow

d
sou

rced
lab

elin
g

p
rop

osed
b
y

K
arger

et
al.

(2014)
b
u
t

ex
ten

d
ed

to
in

corp
orate

ad
versarial

w
orkers:

G
e
n

e
ra

tiv
e

m
o
d

e
l.

S
u
p
p

ose
th

e
fraction

q∈
(0,1]

of
h
on

est
w

orkers,
n
u
m

b
er

of
task

s
m

,
n
u
m

b
er

of
w

orkers
n

,
w

orker
d
egree

l
>

1,
an

d
task

d
egree

r
>

1
are

fi
x
ed

.
L

et
γ
∈

[0,1]
d
en

ote
th

e
p
revalen

ce
(or

p
rop

ortio
n
)

of
task

s
w

ith
tru

e
lab

els
+

1
an

d
F

(·),
th

e
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

(C
D

F
)

of
th

e
h
on

est
w

ork
er

reliab
ilities

u
n
d
er

th
e

on
e-coin

m
o
d
el,

w
ith

µ
∈

[0,1]
d
en

otin
g

th
e

m
ean

.
S
am

p
le

a
crow

d
sou

rced
classifi

cation
in

stan
ce

as
follow

s:

1.
W

o
rker-ta

sk
a
ssign

m
en

t
gra

p
h
:

A
ssign

m
task

s
to
n

w
orkers

u
sin

g
th

e
co

n
fi

gu
ra

tio
n

m
od

el—
take

n
·l

h
alf-ed

ges
for

w
o
rk

er
n
o
d
es

an
d
m
·r

h
alf-ed

ges
for

th
e

task
n
o
d
es,

p
ick

a
ran

d
om

p
erm

u
tation

of
w

orker
h
alf-ed

ges,
an

d
m

ap
th

em
to

task
h
alf-ed

ges.

2.
T

ru
e

ta
sk

la
bels:

F
or

each
task

tj ,
sam

p
le

th
e

tru
e

lab
el
Y
j ∈
{−

1,+
1}

in
d
ep

en
d
en

tly
accord

in
g

to
th

e
B

ern
ou

lli
d
istrib

u
tion

w
ith

P
r[Y

j
=

+
1]

=
γ

.

3.
W

o
rker

id
en

tities:
F

or
each

w
orker

w
i ,

set
its

id
en

tity
to

h
o
n

est
w

ith
p
rob

ab
ility

q
an

d
a
d
versa

ria
l

w
ith

p
rob

ab
ility

1−
q.

4.
H

o
n

est
w

o
rker

relia
bilities

a
n

d
respo

n
ses:

If
w
i

is
h
on

est,
sam

p
le

its
reliab

ility
M

i
=

µ
i

from
th

e
d
istrib

u
tion

F
(·).

F
or

each
task

tj
assign

ed
to
w
i ,

set
th

e
resp

on
se
w
i (tj )

to
Y
j

w
ith

p
rob

ab
ility

µ
i

an
d
−
Y
j

w
ith

p
rob

ab
ility

1−
µ
i .
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Id
e
n
t
if
y
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g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

5.
A

d
ve

rs
a
ri

a
l

w
o
rk

er
re

sp
o
n

se
s:

If
w
i

is
ad

ve
rs

ar
ia

l,
se

t
th

e
re

sp
o
n
se
w
i(
t j

)
=

+
1

fo
r

al
l

ta
sk

s
t j

as
si

gn
ed

to
w
i.

T
h
e

ab
ov

e
ge

n
er

at
iv

e
m

o
d
el

m
ay

b
e

ju
st

ifi
ed

as
fo

ll
ow

s.
F

ir
st

,
th

e
co

n
fi

gu
ra

ti
o
n

m
od

el
is

a
si

m
p
le

ra
n
d
om

co
n
st

ru
ct

io
n

to
ge

n
er

at
e

gr
ap

h
s

th
at

is
p

op
u
la

r
in

ra
n
d
om

gr
ap

h
li
te

r-
at

u
re

(B
ol

lo
b
ás

,
20

01
).

It
m

ay
re

su
lt

in
a

gr
ap

h
w

it
h

m
u
lt

i-
ed

ge
s

(w
h
er

e
tw

o
n
o
d
es

ar
e

co
n
n
ec

te
d

b
y

m
or

e
th

an
on

e
ed

ge
);

h
ow

ev
er

,
th

e
n
u
m

b
er

of
d
ou

b
le

-e
d
ge

s
co

n
v
er

ge
s

to
a

P
oi

ss
on

d
is

tr
ib

u
ti

on
w

it
h

m
ea

n
(l
−

1)
(r
−

1
)/

2
(s

ee
B

ol
lo

b
ás

,
20

01
).

T
h
er

ef
o
re

,
th

e
p
ro

p
or

-
ti

on
of

n
o
d
es

w
it

h
m

u
lt

i-
ed

ge
s

is
≈
lr
/n

,
w

h
ic

h
te

n
d
s

to
ze

ro
as
n
→
∞

as
lo

n
g

as
l

=
o(
n

)
an

d
r

is
co

n
st

an
t.

T
h
e

m
o
d
el

fo
r

tr
u
e

ta
sk

la
b

el
s,

w
or

ke
r

id
en

ti
ti

es
,

an
d

re
li
ab

il
it

ie
s

m
ay

b
e

ju
st

ifi
ed

b
y

su
p
p

os
in

g
th

at
th

e
m

ta
sk

s
T

=
{t

1
,.
..
,t
m
}

ar
e

d
ra

w
n

fr
om

a
“l

ar
ge

”
p

op
u
la

ti
on

of
ta

sk
s

w
it

h
a

p
re

va
le

n
ce
γ

of
+

1
ta

sk
s

an
d

w
or

ke
rs

ar
e

d
ra

w
n

fr
om

a
“l

ar
ge

”
p

op
u
la

ti
on

w
it

h
a

p
ro

p
or

ti
on

1
−
q

of
ad

ve
rs

ar
ie

s
an

d
a

p
ro

p
or

ti
on

q
of

h
on

es
t

w
or

ke
rs

,
w

h
os

e
re

li
ab

il
it

ie
s

h
av

e
th

e
d
is

tr
ib

u
ti

on
F

(·)
.

T
h
en

,
th

e
d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
s

fo
r

th
e

tr
u
e

ta
sk

la
b

el
s,

w
or

ke
r

id
en

ti
ti

es
,

an
d

h
on

es
t

w
or

ke
r

re
li
ab

il
it

ie
s

w
il
l

b
e

m
et

w
h
en

th
e

ta
sk

as
si

gn
m

en
t

is
ra

n
d
om

iz
ed

an
d

th
er

e
is

n
o

d
is

ti
n
ct

io
n

b
et

w
ee

n
sa

m
p
li
n
g

w
it

h
an

d
w

it
h
ou

t
re

p
la

ce
m

en
t

b
ec

au
se

of
th

e
la

rg
e

p
op

u
la

ti
on

si
ze

s.
T

h
e

m
o
d
el

fo
r

ge
n
er

at
in

g
h
on

es
t

w
or

ke
r

re
sp

on
se

s
is

th
e

st
an

d
ar

d
on

e-
co

in
m

o
d
el

.
S
ee

K
ar

ge
r

et
al

.
(2

01
4)

fo
r

a
d
et

ai
le

d
d
is

cu
ss

io
n

of
th

e
se

tt
in

gs
u
n
d
er

w
h
ic

h
th

e
ab

ov
e

p
ro

b
ab

il
is

ti
c

m
o
d
el

is
re

as
on

ab
le

.
F

or
ou

r
th

eo
re

ti
ca

l
an

al
y
si

s,
w

e
as

su
m

e
th

at
n
on

-c
o
n
fl
ic

t
ta

sk
s

(w
it

h
al

l
+

1
or
−

1
la

b
el

s)
ar

e
n

o
t

ig
n
or

ed
/d

ro
p
p

ed
fo

r
th

e
p
u
rp

os
es

of
p

en
al

ty
co

m
p
u
ta

ti
on

.
T

h
is

as
su

m
p
ti

on
m

ak
es

th
e

an
al

y
si

s
le

ss
cu

m
b

er
so

m
e

an
d

m
ay

b
e

ju
st

ifi
ed

b
y

n
ot

in
g

th
at

fo
r

a
la

rg
e

en
o
u
gh

r,
th

e
p
ro

b
ab

il
it

y
th

at
a

ta
sk

w
il
l

b
e

n
o
n
-c

on
fl
ic

t
is

lo
w

.
E

ve
n

if
a

ta
sk

is
n
on

-c
o
n
fl
ic

t,
w

e
ex

p
ec

t
li
tt

le
im

p
ac

t
fr

om
it

s
in

cl
u
si

on
b

ec
au

se
th

e
p

en
al

ty
fr

om
th

is
ta

sk
w

il
l

b
e

1
/r

,
w

h
ic

h
is

n
eg

li
gi

b
le

fo
r

la
rg

e
va

lu
es

of
r.

W
e

a
ls

o
te

st
ed

th
is

a
ss

er
ti

on
n
u
m

er
ic

al
ly

an
d

ob
se

rv
ed

n
eg

li
gi

b
le

d
iff

er
en

ce
s

in
th

e
p

er
fo

rm
an

ce
s

of
th

e
tw

o
va

ri
an

ts
(w

it
h

an
d

w
it

h
ou

t
d
ro

p
p
in

g
h
ig

h
-d

eg
re

e
n
on

-c
on

fl
ic

t
ta

sk
s)

of
th

e
so

ft
-p

en
al

ty
al

go
ri

th
m

(s
ee

S
ec

ti
on

5)
.

4
.1
.1

A
n
a
ly

si
s
o
f
e
x
p
e
c
t
e
d

p
e
n
a
lt

ie
s

W
e

fi
rs

t
an

al
y
ze

th
e

ex
p

ec
te

d
p

en
al

ti
es

re
ce

iv
ed

b
y

h
on

es
t

an
d

ad
ve

rs
ar

ia
l

w
or

ke
rs

u
n
d
er

th
e

ab
ov

em
en

ti
on

ed
ge

n
er

at
iv

e
m

o
d
el

an
d

id
en

ti
fy

th
e

co
n
d
it

io
n
s

fo
r

p
op

u
la

ti
on

p
ar

am
et

er
s

q,
µ

,
an

d
γ

u
n
d
er

w
h
ic

h
h
on

es
t

w
or

ke
rs

re
ce

iv
e

lo
w

er
ex

p
ec

te
d

p
en

al
ti

es
.

L
et

P
E

N
i

d
en

ot
e

th
e

p
en

al
ty

as
si

gn
ed

b
y

th
e

so
ft

-p
en

al
ty

al
go

ri
th

m
to

w
or

ke
r
w
i;

n
ot

e
th

at
it

is
a

ra
n
d
om

va
ri

ab
le

u
n
d
er

th
e

ab
ov

em
en

ti
on

ed
ge

n
er

at
iv

e
m

o
d
el

.
F

ir
st

,
w

e
fo

cu
s

on
th

e
cl

as
si

ca
l

se
tt

in
g

in
w

h
ic

h
th

er
e

ar
e

n
o

ad
ve

rs
ar

ia
l

w
o
rk

er
s;

th
er

e-
fo

re
,
A

=
∅.

W
e

ob
ta

in
th

e
fo

ll
ow

in
g

re
su

lt
:

T
h

e
o
re

m
3

(R
e
p

u
ta

ti
o
n

s
c
o
n

si
st

e
n
t

w
it

h
re

li
a
b

il
it

ie
s)

W
h
en

q
=

1
(i

.e
.,

th
er

e
a
re

n
o

a
d
ve

rs
a
ri

a
l

w
o
rk

er
s)

a
n

d
µ
>

1 2
,

w
e

h
a
ve

E
[P

E
N
i
|M

i
=
µ

1
]
<

E
[P

E
N
i
|M

i
=
µ

2
]
⇐
⇒

µ
1
>
µ

2

fo
r

a
n

y
w

o
rk

er
w
i.

T
h
eo

re
m

3
sh

ow
s

th
at

th
e

ex
p

ec
te

d
re

p
u
ta

ti
o
n

sc
or

es
ar

e
co

n
si

st
en

t
w

it
h

h
on

es
t

w
or

ke
rs

’
re

li
ab

il
it

ie
s:

as
th

e
h
on

es
t

w
or

ke
r’

s
re

li
ab

il
it

y
d
ec

re
as

es
,

th
e

ex
p

ec
te

d
p

en
al

ty
in

cr
ea

se
s,
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

th
at

is
,

th
e

ex
p

ec
te

d
re

p
u
ta

ti
on

sc
o
re

d
ec

re
as

es
.

A
s

h
o
n
es

t
w

or
ke

r
re

li
ab

il
it

ie
s

ca
p
tu

re
th

ei
r

p
ro

p
en

si
ti

es
to

m
ak

e
m

is
ta

k
es

,
ou

r
al

go
ri

th
m

fl
ag

s
w

or
ke

rs
w

h
o

ar
e

p
ro

n
e

to
m

a
k
in

g
m

is
ta

ke
s,

as
d
es

ir
ed

.
C

on
se

q
u
en

tl
y,

fi
lt

er
in

g
ou

t
lo

w
-r

ep
u
ta

ti
on

w
or

k
er

s
fi
lt

er
s

o
u
t

w
o
rk

er
s

w
it

h
lo

w
re

li
ab

il
it

ie
s

(w
e

m
ak

e
th

is
cl

ai
m

p
re

ci
se

in
S
ec

ti
on

4.
1.

2
b

el
ow

).
N

ex
t,

w
e

co
n
si

d
er

th
e

ca
se

in
w

h
ic

h
A
6=
∅

an
d

th
er

e
is

a
fr

ac
ti

on
1
−
q

o
f

w
o
rk

er
s

w
h
o

ar
e

ad
v
er

sa
ri

al
an

d
ad

op
t

th
e
U
n
if
or
m

st
ra

te
g
y.

L
et
p
h

an
d
p
a

d
en

ot
e

th
e

ex
p

ec
te

d
p

en
a
lt

ie
s

th
at

a
w

or
ke

r
re

ce
iv

es
co

n
d
it

io
n
ed

on
b

ei
n
g

h
on

es
t

an
d

ad
ve

rs
ar

ia
l,

re
sp

ec
ti

v
el

y,
th

a
t

is
,

p
h

=
E

[P
E

N
i
|w

i
is

h
on

es
t

]
an

d
p
a

=
E

[P
E

N
i
|w

i
is

ad
ve

rs
a
ri

a
l

]

B
ec

au
se

of
sy

m
m

et
ry

,
th

es
e

ex
p

ec
ta

ti
on

s
d
o

n
ot

d
ep

en
d

on
w

or
ke

r
in

d
ic

es
.

T
h
en

,
w

e
o
b
ta

in
th

e
fo

ll
ow

in
g

re
su

lt
:

T
h

e
o
re

m
4

(P
e
n

a
lt

ie
s

u
n

d
e
r
U
n
if
or
m

st
ra

te
g
y
)

W
h
en

q
<

1
,
µ
>

1 2
,

a
n

d
th

e
a
d
ve

r-
sa

ri
es

a
d
o
p
t

th
e
U
n
if
or
m

st
ra

te
gy

,
w

e
o
bt

a
in

p
h
<
p
a
⇐
⇒
( qµ

>
1 2

a
n

d
µ

1
−
µ
·h

(µ
,q

)
>

γ

1
−
γ

)

w
h
er

e
h

(µ
,q

)
is

a
st

ri
ct

ly
in

cr
ea

si
n

g
fu

n
ct

io
n

in
q

fo
r

a
fi

xe
d
µ

,
a
n

d
it

is
d
efi

n
ed

a
s

h
(µ
,q

)
=
g
(1
−
Q

)
−
g
(Q

)

g
(P

)
−
g
(1
−
P

)
w

h
er

e
P

:=
qµ

+
(1
−
q)
,Q

:=
1
−
qµ
,

a
n

d
g
(x

)
:=

1
−
x
r

r
·(

1
−
x

).

T
h
e

ab
ov

e
re

su
lt

re
ve

al
s

th
e

co
n
d
it

io
n
s

fo
r

th
e

p
ar

am
et

er
s
q,
µ

,
an

d
γ

u
n
d
er

w
h
ic

h
th

e
so

ft
-p

en
al

ty
al

go
ri

th
m

is
su

cc
es

sf
u
l

in
as

si
gn

in
g

lo
w

er
p

en
al

ti
es

to
h
on

es
t

w
o
rk

er
s

th
a
n

to
ad

ve
rs

ar
ie

s.
T

o
u
n
d
er

st
an

d
th

is
,

w
e

fi
rs

t
fo

cu
s

on
th

e
co

n
d
it

io
n
qµ

>
1
/2

.
N

ot
e

th
at

b
ec

a
u
se
µ
≤

1
,

th
is

co
n
d
it

io
n

im
p
li
es

th
at

th
e

p
op

u
la

ti
on

m
u
st

co
n
si

st
of

m
or

e
h
on

es
t

w
or

ke
rs

th
a
n

a
d
v
er

-
sa

ri
es

(q
>

1/
2)

.
T

h
is

is
b

ec
au

se
ou

r
al

go
ri

th
m

is
d
es

ig
n
ed

to
id

en
ti

fy
“o

u
tl

ie
r”

re
sp

o
n
se

p
at

te
rn

s—
th

os
e

w
h
ic

h
d
ev

ia
te

fr
om

th
e

m
a

jo
ri

ty
—

an
d

fo
r

ad
v
er

sa
ri

es
to

b
e

d
ec

la
re

d
o
u
t-

li
er

s,
th

ey
m

u
st

n
ec

es
sa

ri
ly

b
e

in
th

e
m

in
or

it
y.

F
u
rt

h
er

m
or

e,
n
ot

e
th

at
th

e
n
ec

es
sa

ry
co

n
d
it

io
n
µ
>

1/
(2
q)

im
p
li
es

th
at

fo
r

o
u
r

a
lg

o
ri

th
m

to
b

e
su

cc
es

sf
u
l,

th
e

av
er

ag
e

re
li
ab

il
it

y
µ

of
th

e
h
on

es
t

w
or

k
er

s
m

u
st

b
e

“
la

rg
e

en
o
u
g
h
”;

sp
ec

ifi
ca

ll
y,

it
m

u
st

ex
ce

ed
1 2
q

(f
or

a
fi
x
ed

q)
.

T
o

ob
ta

in
an

in
tu

it
iv

e
u
n
d
er

st
a
n
d
in

g
o
f

th
is

co
n
d
it

io
n

(t
h
e

p
ro

of
is

gi
v
en

in
A

p
p

en
d
ix

A
.1

.2
),

n
ot

e
th

e
fo

ll
ow

in
g.

C
on

si
d
er

a
ta

sk
w

it
h

tr
u
e

la
b

el
+

1.
T

h
en

,
in

ex
p

ec
ta

ti
on

,
th

er
e

ar
e
rq
µ

h
on

es
t

w
or

ke
rs

an
d

(1
−
q)
·r

a
d
ve

rs
a
ri

es
w

h
o

p
ro

v
id

e
th

e
re

sp
on

se
+

1
an

d
rq
·(

1
−
µ

)
h
on

es
t

w
or

k
er

s
w

h
o

p
ro

v
id

e
th

e
re

sp
o
n
se
−

1
.

N
ow

,
th

e
ad

ve
rs

ar
ie

s
w

il
l
ag

re
e

w
it

h
th

e
m

a
jo

ri
ty

if
an

d
on

ly
if
r
·(q
µ

+
(1
−
q)

)
≥
rq
·(1
−
µ

),
th

at
is

,
µ
≥

1
−

1
/(

2q
).

S
im

il
ar

ly
,

w
h
en

th
e

tr
u
e

la
b

el
of

a
ta

sk
is
−

1
,

th
en

in
ex

p
ec

ta
ti

o
n
,

th
er

e
ar

e
r
·(
q
·(

1
−
µ

)
+

(1
−
q)

)
w

or
ke

rs
p
ro

v
id

in
g

+
1

la
b

el
a
n
d
rq
µ

w
or

ke
rs

p
ro

v
id

in
g

−
1

la
b

el
.

A
ga

in
,

th
e

ad
v
er

sa
ri

es
w

il
l

b
e

in
th

e
m

a
jo

ri
ty

in
ex

p
ec

ta
ti

on
if

a
n
d

o
n
ly

if
µ
≤

1
/(

2q
).

It
th

u
s

fo
ll
ow

s
th

at
if
µ
∈

[1
−

1 2
q
,

1 2
q
],

th
en

th
e

ad
ve

rs
ar

ie
s

a
re

a
lw

ay
s

in
m

a
jo

ri
ty

in
ex

p
ec

ta
ti

on
,

an
d

th
er

ef
or

e,
th

ey
w

il
l

re
ce

iv
e

a
lo

w
er

p
en

al
ty

.
B

ec
a
u
se
µ
>

1
/2

an
d

1
−

1 2
q
≤

1/
2,

a
n
ec

es
sa

ry
co

n
d
it

io
n

fo
r

th
e

w
o
rk

er
to

re
ce

iv
e

a
lo

w
er

p
en

a
lt

y
w

h
en

b
ei

n
g

h
on

es
t

is
th

er
ef

or
e
µ
>

1 2
q
,

th
at

is
,
qµ

>
1 2
.

18
JM

L
R

 1
8(

93
):

1-
67

, 2
01

7



Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

N
ow

a
ssu

m
in

g
th

at
th

e
fi
rst

con
d
ition

is
m

et,
th

at
is,
qµ

>
1/

2,
w

e
fo

cu
s

on
th

e
secon

d
co

n
d
itio

n
:

µ
1−
µ
·
h

(µ
,q)

>
γ

1−
γ
.

W
h
en

γ
=

1,
th

is
con

d
ition

is
n
ot

m
et

(u
n
less

µ
=

1
),

an
d

th
erefo

re,
h
o
n
est

w
orkers

receive
h
igh

er
ex

p
ected

p
en

alties
th

an
ad

v
ersa

ries.
T

h
is

is
b

ecau
se

if
a
ll

ta
sk

s
h
av

e
a

tru
e

lab
el

+
1,

th
en

in
ex

p
ectation

,
th

ere
is

a
fraction

qµ
+

1−
q
>

1
/2

(b
eca

u
se

qµ
>

1
/2)

of
w

orkers
p
rov

id
in

g
th

e
lab

el
+

1
to

each
task

,
im

p
ly

in
g

th
at

th
e

a
d
versa

ries
a
lw

ay
s

agree
w

ith
th

e
m

a
jority

lab
el

for
each

task
.

A
s

a
resu

lt,
o
u
r

algorith
m

fi
lters

o
u
t

h
o
n
est

w
ork

ers;
h
ow

ever,
it

m
u
st

b
e

n
oted

th
at

ad
versaries

actu
ally

h
ave

h
igh

er
(p

erfect)
relia

b
ilities

in
th

is
sp

ecial
case.

S
im

ilarly,
w

h
en

µ
=

1,
th

at
is,

h
on

est
w

orkers
are

p
erfectly

relia
b
le,

th
e

con
d
ition

is
alw

ay
s

m
et

b
ecau

se
h
on

est
w

orkers
a
re

in
th

e
m

a
jority

a
t

ea
ch

ta
sk

(in
ex

p
ectation

);
sp

ecifi
cally,

w
h
en

th
e

tru
e

lab
el

is
+

1,
all

resp
on

ses
are

+
1,

a
n
d

w
h
en

th
e

tru
e

lab
el

is−
1,

all
h
on

est
w

orkers
(a

fraction
q
>

1
/2)

p
rov

id
e

th
e

la
b

el−
1.

N
ex

t,
w

e
in

v
estigate

th
e

p
erform

an
ce

of
ou

r
algorith

m
as

th
e

ad
versary

strategies
b

ecom
e

“
sm

a
rter”

.
A

s
n
oted

ab
ove,

th
e
U
n
iform

strategy
com

p
rises

a
sp

ectru
m

of
strategies

of
vary

in
g

d
eg

rees
of

“sm
artn

ess”,
w

ith
h
igh

er
valu

es
of
γ

in
d
icatin

g
sm

arter
strategies.

C
o
ro

lla
ry

5
(P

e
n

a
ltie

s
u

n
d

e
r

sm
a
rte

r
a
d

v
e
rsa

ry
stra

te
g
ie

s)
S

u
p
po

se
µ
>

12
is

fi
xed

a
n

d
qµ

>
12 .

T
h
en

,
it

fo
llo

w
s

th
a
t

p
h
<
p
a
⇐
⇒

q
>
h
−

1
µ

(
γ

1−
γ )

w
h
ere

h
µ
(q)

:=
µ

1−
µ
·
h

(µ
,q)

a
n

d
h
−

1
µ

(·)
is

th
e

in
verse

o
f
h
µ
(·).

In
o
th

er
w

o
rd

s,
fo

r
fi

xed

µ
>

12 ,
w

e
requ

ire
a

m
in

im
u

m
fra

ctio
n

o
f

h
o
n

est
w

o
rkers

to
en

su
re

th
a
t

a
d
versa

ries
receive

a
h
igh

er
pen

a
lty

th
a
n

h
o
n

est
w

o
rkers,

a
n

d
th

is
fra

ctio
n

in
crea

ses
a
s
γ

in
crea

ses.

T
h
e

a
b

ov
e

resu
lt

sh
ow

s
th

at
as

th
e

ad
versary

strategies
b

ecom
e

sm
arter,

it
b

ecom
es

m
o
re

d
iffi

cu
lt

to
d
istin

gu
ish

th
em

from
h
on

est
w

ork
ers.

S
p

ecifi
cally,

b
ecau

se
h
−

1
µ

(·)
is

a
strictly

in
crea

sin
g

fu
n
ction

,
w

e
req

u
ire

h
on

est
w

ork
ers

to
h
ave

a
larger

m
a

jority
as
γ

in
creases

to
en

su
re

th
a
t

th
ey

receive
low

er
ex

p
ected

p
en

alties
th

an
ad

versaries.

4
.1
.2

A
sy

m
p
t
o
t
ic

id
e
n
t
if
ic
a
t
io
n
o
f
a
d
v
e
r
sa

r
ie
s
a
n
d

h
o
n
e
st

w
o
r
k
e
r
s

A
ssu

m
in

g
th

a
t

th
e

ex
p

ected
p

en
alties

of
ad

v
ersaries

an
d

h
on

est
w

orkers
are

sep
arated

,
w

e
n
ow

d
erive

th
e

asy
m

p
totic

error
rates,

d
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n

of
h
on

es
t

w
o
rk

er
s

th
a
t

is
m

is
cl

as
si

fi
ed

sc
al

es
as
O

(1
/n

2
ε2

)
+
F

(µ̂
(q
,θ

))
.

T
h
e

fi
rs

t
te

rm
te

n
d
s

to
ze

ro
a
s
n
→
∞

.
T

h
e

se
co

n
d

te
rm

d
en

ot
es

th
e

p
ro

b
ab

il
it

y
th

at
h
on

es
t

w
or

ke
r

re
li
ab

il
it

y
is

le
ss

th
a
n

o
r

eq
u
al

to
µ̂

(q
,θ

).
In

ot
h
er

w
or

d
s,

ou
r

al
go

ri
th

m
m

is
cl

as
si

fi
es

lo
w

-r
el

ia
b
il
it

y
w

or
ke

rs
a
s

a
d
ve

rs
a
ri

es
.

In
th

e
sp

ec
ia

l
ca

se
w

h
en

al
l

h
on

es
t

w
or

ke
rs

h
av

e
th

e
sa

m
e

re
li
ab

il
it

y
µ

,
it

im
m

ed
ia

te
ly

fo
ll
ow

s
th

at
th

e
p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

is
a

p
oi

n
t

m
as

s
at
µ

,
fr

om
w

h
ic

h
it

fo
ll
ow

s
th

a
t

F
(µ̂

(q
,θ

))
=

0
b

ec
au

se
µ̂

(q
,θ

)
<
µ

.
In

th
is

ca
se

,
th

e
m

is
cl

as
si

fi
ca

ti
on

er
ro

r
fo

r
th

e
h
o
n
es

t
w

or
ke

rs
al

so
te

n
d
s

to
ze

ro
as
n
→
∞

.
W

e
n
ot

e
th

at
th

e
d
ep

en
d
en

ce
of

th
e

h
on

es
t

w
or

ke
r

m
is

cl
as

si
fi
ca

ti
on

ra
te

o
n
F

(µ̂
(q
,θ

))
is

fu
n
d
am

en
ta

l
to

ou
r

al
go

ri
th

m
.

A
s

an
ex

am
p
le

,
co

n
si

d
er

th
e

ca
se

w
h
en

th
e

re
li
a
b
il
it

y
d
is

tr
ib

u
ti

on
is

a
tw

o-
p

oi
n
t

d
is

tr
ib

u
ti

on
w

it
h

p
ro

b
ab

il
it

y
m

as
s
µ

at
1

an
d

th
e

re
m

a
in

in
g

1
−
µ

m
as

s
at

0.
T

h
is

d
is

tr
ib

u
ti

on
re

su
lt

s
in

tw
o

ty
p

es
of

h
on

es
t

w
or

k
er

s:
w

o
rk

er
s

w
h
o

al
w

ay
s

p
ro

v
id

e
th

e
co

rr
ec

t
re

sp
on

se
an

d
th

os
e

th
at

al
w

ay
s

p
ro

v
id

e
th

e
in

co
rr

ec
t

re
sp

o
n
se

.
N

ot
e

th
at

th
e

av
er

ag
e

re
li
ab

il
it

y
u
n
d
er

th
is

d
is

tr
ib

u
ti

on
is
µ

.
L

et
p

0
a
n
d
p

1
d
en

o
te

th
e

ex
p

ec
te

d
p

en
al

ti
es

u
n
d
er

ou
r

ge
n
er

at
iv

e
m

o
d
el

fo
r

a
w

or
k
er

co
n
d
it

io
n
ed

on
b

ei
n
g

h
o
n
es

t
w

it
h

re
li
ab

il
it

ie
s

0
an

d
1,

re
sp

ec
ti

v
el

y.
T

h
en

,
it

fo
ll
ow

s
fr

o
m

L
em

m
a

19
in

th
e

A
p
p

en
d
ix

th
at

p
1

=
γ
·g

(1
−
P

)
+

(1
−
γ

)
·g

(Q
)

p
a

=
γ
·g

(1
−
P

)
+

(1
−
γ

)
·g

(1
−
Q

)

p
0

=
γ
·g

(P
)

+
(1
−
γ

)
·g

(1
−
Q

)

F
ro

m
T

h
eo

re
m

4,
it

fo
ll
ow

s
th

at
P
>

1/
2

an
d
Q
<

1
/2

is
n
ec

es
sa

ry
to

en
su

re
p
h
<
p
a
.

C
om

b
in

ed
w

it
h

th
e

fa
ct

th
at

g
(·)

is
in

cr
ea

si
n
g,

th
is

im
p
li
es

th
at

g
(Q

)
<
g
(1
−
Q

)
a
n
d

g
(1
−
P

)
<
g
(P

).
A

s
a

re
su

lt
,

w
e

ob
ta

in
p

1
<
p
a
<
p

0
.

It
n
ow

fo
ll
ow

s
th

at
w

h
en
n
→
∞

,
th

e
p

en
al

ti
es

of
h
on

es
t

w
or

ke
rs

w
it

h
re

li
ab

il
it

y
0

co
n
ce

n
tr

at
e

ar
ou

n
d
p

0
,

an
d

co
n
se

q
u
en

tl
y,

th
ey

ar
e

cl
as

si
fi
ed

as
ad

ve
rs

ar
ia

l
w

h
en

ev
er

th
e

th
re

sh
ol

d
θ
<
p
a
,

re
su

lt
in

g
in

a
m

is
cl

a
ss

ifi
ca

ti
o
n

er
ro

r
of

1
−
µ

.
H

ow
ev

er
,

it
sh

ou
ld

b
e

n
ot

ed
th

at
h
o
n
es

t
w

or
ke

rs
cl

as
si

fi
ed

a
s

a
d
ve

rs
a
ri

es
in

d
ee

d
h
av

e
lo

w
re

li
ab

il
it

ie
s.

S
im

il
ar

to
th

e
p
ro

of
of

T
h
eo

re
m

6
ab

ov
e,

th
e

p
ro

of
of

T
h
eo

re
m

10
p
ro

ce
ed

s
in

tw
o

st
ep

s.
T

h
e

fi
rs

t
te

rm
in

th
e

er
ro

r
b

ou
n
d

of
T

h
eo

re
m

10
co

m
es

fr
om

L
em

m
a

8
b

ec
a
u
se

w
e

im
m

ed
ia

te
ly

d
ec

la
re

an
er

ro
r

w
h
en

ev
er

th
e

as
si

gn
m

en
t

gr
ap

h
is

n
ot

lo
ca

ll
y

tr
ee

-l
ik

e.
T

h
e

se
co

n
d

te
rm

co
m

es
fr

om
th

e
ca

se
w

h
en
B w

i
,2

is
in

d
ee

d
a

tr
ee

b
y

in
vo

k
in

g
th

e
fo

ll
ow

in
g

co
n
ce

n
tr

at
io

n
re

su
lt

:

L
e
m

m
a

1
1

(C
o
n

c
e
n
tr

a
ti

o
n

o
f

w
o
rk

e
r

p
e
n

a
lt

ie
s)

S
u

p
po

se
th

a
t
q
<

1
a
n

d
B w

i
,2

is
a

tr
ee

.
U

n
d
er

th
e

ge
n

er
a
ti

ve
m

od
el

,
gi

ve
n

a
n

y
re

li
a
bi

li
ty

va
lu

e
µ̂
∈

(0
,1

)
a
n

d
ε
>

0
,

th
e

pe
n

a
lt

y
a
ss

ig
n

ed
to

w
o
rk

er
w
i

co
n

ce
n

tr
a
te

s
a
s

P
r

(
P

E
N
i
≥

E[
P

E
N
i
|M

i
=
µ̂

]+
ε
∣ ∣ ∣I

(w
i)

=
h
o
n

es
t)
≤

ex
p

(
−

2
lε

2

(1
−

1/
r)

2

)
+
F

(µ̂
)
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

a
n

d

P
r (

P
E

N
i ≤

p
a −

ε ∣∣∣
I

(w
i )

=
a
d
versa

ria
l )
≤

ex
p (

−
2
lε

2

(1−
1/r)

2 )

T
h
e

p
ro

of
o
f

th
e

ab
ove

resu
lt

is
sim

ilar
to

th
at

of
L

em
m

a
9.

F
or

th
e

case
of

ad
versarial

w
o
rkers,

w
e

u
se

H
o
eff

d
in

g’s
argu

m
en

t
to

estab
lish

th
e

con
cen

tratio
n
.

F
or

th
e

case
of

h
on

est
w

o
rkers,

th
e

fi
rst

term
follow

s
d
irectly

from
L

em
m

a
9

w
h
en

w
i

h
as

reliab
ility

µ
i
>
µ̂

an
d

th
e

seco
n
d

term
is

th
e

p
rob

ab
ility

th
at

th
e

reliab
ility

µ
i ≤

µ̂
.

T
h
e

a
b

ove
resu

lts
estab

lish
th

at
th

e
soft-p

en
alty

algorith
m

su
ccessfu

lly
id

en
tifi

es
low

-
relia

b
ility

h
on

est
w

ork
ers

an
d

ad
v
ersaries

ad
op

tin
g

th
e
U
n
iform

strategy
asy

m
p
totica

lly
w

ith
h
ig

h
p
ro

b
a
b
ility.

N
ote

th
at

all
resu

lts
also

ex
ten

d
to

th
e

ran
d
om

,
n
orm

alized
varian

t
of

th
e

h
a
rd

-p
en

alty
a
lgorith

m
m

en
tion

ed
in

S
ection

3.3,
w

h
ere

th
e

ex
p

ectation
is

taken
over

th
e

g
en

era
tive

m
o
d
el

a
n

d
th

e
ran

d
om

ized
h
ard

-p
en

alty
algorith

m
(see

A
p
p

en
d
ix

A
.3).

W
e

w
o
u
ld

like
to

n
ote

th
at

sim
ilar

resu
lts

can
b

e
d
eriv

ed
if

it
is

assu
m

ed
th

at
h
on

est
w

o
rkers

em
p
loy

th
e

tw
o-coin

m
o
d
el

(in
stea

d
of

th
e

on
e-coin

m
o
d
el

assu
m

ed
in

th
e

p
reced

in
g

a
n
a
ly

sis).
H

ow
ev

er,
th

e
p
recise

error
b

ou
n
d
s

req
u
ire

sign
ifi

can
tly

m
ore

n
ota

tion
to

ex
p
lain

,
w

ith
o
u
t

a
d
d
in

g
to

o
m

u
ch

in
term

s
of

in
sigh

ts.
In

stead
,

w
e

evalu
ate

th
e

p
erform

an
ce

of
ou

r
a
lg

o
rith

m
fo

r
th

e
tw

o-coin
m

o
d
el

in
th

e
n
u
m

erical
ex

p
erim

en
ts

an
d

sh
ow

th
at

it
is

still
ab

le
to

id
en

tify
u
n
iform

ad
versaries

an
d

low
-reliab

ility
h
on

est
w

orkers
(see

S
ection

5.1).

4
.2

H
a
rd

-p
e
n

a
lty

a
lg

o
rith

m
:

so
p

h
istic

a
te

d
a
d

v
e
rsa

ry
stra

te
g
ie

s

In
th

e
p
reced

in
g

an
aly

sis,
w

e
fo

cu
sed

on
com

m
on

ad
versary

strategies
in

w
h
ich

ad
ver-

sa
ries

w
ere

n
o
t

in
ten

tion
ally

m
aliciou

s.
H

ow
ever,

ex
istin

g
stu

d
ies

p
rov

id
e

am
p
le

ev
id

en
ce

fo
r

th
e

p
resen

ce
of

w
orkers

w
ith

m
aliciou

s
in

ten
t

in
p
u
b
lic

crow
d
sou

rcin
g

sy
stem

s,
w

h
ere

w
o
rkers

ch
o
o
se

w
h
ich

task
s

to
lab

el
an

d
th

e
w

orker
lab

els
are

p
u
b
lic.

T
h
ese

w
orkers

are
u
su

a
lly

h
ired

o
n
lin

e
b
y

an
attacker

(W
an

g
et

al.,
2012)

to
create

fake
acco

u
n
ts

an
d

m
an

ip
-

u
la

te
ra

tin
g
s/

rev
iew

s
to

alter
th

e
aggregate

ratin
gs

or
ran

k
in

gs
received

b
y

task
s.

S
p

ecifi
c

ex
a
m

p
les

in
clu

d
e

w
orkers

on
D

igg
a
lterin

g
th

e
“p

op
u
larity

”
of

ad
vertisem

en
ts

an
d

p
h
ish

-
in

g
a
rticles

(T
ran

et
al.,

2009),
fake

rev
iew

grou
p
s

collab
oratively

targetin
g

p
ro

d
u
cts

on
A

m
a
zon

(M
u
k
h
erjee

et
al.,

2012),
w

orkers
p
rov

id
in

g
fa

k
e

ratin
gs

an
d

rev
iew

s
to

alter
th

e
a
g
g
reg

a
te

ra
tin

gs
of

restau
ran

ts
on

Y
elp

(M
olav

i
K

ak
h
k
i

et
al.,

2013),
an

d
m

a
liciou

s
crow

d
b

eh
av

io
r

in
on

lin
e

su
rvey

s
(G

ad
ira

ju
et

al.,
2015).

R
efer

to
th

e
recen

t
w

ork
b
y

W
an

g
et

al.
(2

0
1
4
)

fo
r

m
o
re

ex
am

p
les.

M
otivated

b
y

th
ese

ex
a
m

p
les,

w
e

stu
d
y

settin
gs

w
ith

so
p
h
isti-

ca
ted

a
d
versa

ries,
w

h
o

are
d
efi

n
ed

as
follow

s:

D
e
fi

n
itio

n
1
2

(S
o
p

h
istic

a
te

d
a
d

v
e
rsa

rie
s)

S
o
p
h
istica

ted
a
d
versa

ries
p
ro

vid
e

respo
n

ses
w

ith
th

e
o
bjective

o
f

m
a

xim
izin

g
th

e
n

u
m

ber
o
f

ta
sks

w
h
o
se

in
ferred

la
bels

a
re

d
iff

eren
t

fro
m

th
e

la
bels

th
ey

w
o
u

ld
o
th

erw
ise

h
a
ve

received
fro

m
a
n

y
la

bel
a
ggrega

tio
n

a
lgo

rith
m

.
T

h
ey

a
re

co
m

p
u

ta
tio

n
a
lly

u
n

bo
u

n
d
ed

a
n

d
co

llu
d
in

g,
a
n

d
th

ey
po

ssess
kn

o
w

led
ge

a
bo

u
t

th
e

la
bels

p
ro

vid
ed

by
h
o
n

est
w

o
rkers;

th
erefo

re,
th

ey
ca

n
a
d
o
p
t

a
rbitra

ry
respo

n
se

stra
tegies.

O
u
r

d
efi

n
itio

n
a
llow

s
sop

h
isticated

ad
versaries

to
n
ot

ju
st

b
e

m
aliciou

s
b
u
t

also
b

e
cap

ab
le

o
f

ex
ecu

tin
g

th
e

m
ost

com
p
lex

strategies.
In

p
ractice,

an
ad

v
ersary

m
ay

ad
o
p
t

feasib
le

stra
teg

ies
w

ith
vary

in
g

com
p
lex

ities
d
ep

en
d
in

g
on

th
e

ap
p
lication

co
n
tex

t
an

d
th

eir
ob

jec-
tives.

F
o
cu

sin
g

on
th

e
m

ost
sop

h
isticated

ad
versary

m
ak

es
o
u
r

an
aly

sis
b
road

ly
ap

p
licab

le,
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

in
d
ep

en
d
en

t
of

th
e

ap
p
lication

con
tex

t.
F

u
rth

er,
w

e
d
o

n
ot

restrict
th

e
stru

ctu
re

of
th

e
w

orker-task
assign

m
en

t
grap

h
b

ecau
se

u
n
like

in
a

crow
d
sou

rced
-classifi

cation
task

,
w

e
h
av

e
n
o

con
trol

on
w

h
ich

task
s

each
w

orker
lab

els.
W

e
fi
rst

n
ote

th
at

ex
istin

g
lab

el
aggrega

tion
algorith

m
s

can
h
av

e
arb

itrarily
b
ad

p
er-

form
an

ce
in

th
e

p
resen

ce
of

sop
h
isticated

ad
versaries,

even
if

w
e

assu
m

e
th

at
all

h
on

est
w

orkers
are

p
erfectly

reliab
le:

L
e
m

m
a

1
3

(H
a
rd

n
e
ss

o
f

re
c
o
v
e
rin

g
tru

e
ta

sk
la

b
e
ls)

S
u

p
po

se
h
o
n

est
w

o
rkers

a
re

per-
fectly

relia
ble,

th
a
t

is,
th

ey
a
lw

a
ys

p
ro

vid
e

th
e

co
rrect

respo
n

se.
L

et
th

e
a
ssign

m
en

t
gra

p
h

betw
een

h
o
n

est
w

o
rkers

a
n

d
ta

sks
be

su
ch

th
a
t

ea
ch

ta
sk

receives
respo

n
ses

fro
m

a
t

m
o
st

r
>

1
h
o
n

est
w

o
rkers.

S
u

p
po

se
th

ere
a
re
k
>
r

so
p
h
istica

ted
a
d
versa

ries,
a
n

d
ea

ch
a
d
-

versa
ry

p
ro

vid
es

th
e

in
co
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al
.

H
ow

ev
er

,
it

b
ec

om
es

in
te

rp
re

ta
b
le

fo
r

(r
,γ
,α

)-
b
ip

ar
ti

te
ex

p
a
n
d
er

s,
a
s

d
efi

n
ed

n
ex

t.

D
e
fi

n
it

io
n

1
5

(E
x
p

a
n

d
e
rs

)
A

n
h
o
n

es
t

w
o
rk

er
-t

a
sk

a
ss

ig
n

m
en

t
gr

a
p
h
B H

=
(H
∪
T

;E
),

w
it

h
ed

ge
s
E

be
tw

ee
n

th
e

h
o
n

es
t

w
o
rk

er
s
H

a
n

d
ta

sk
s
T

,
is

(r
,γ
,α

)-
bi

pa
rt

it
e

ex
pa

n
d
er

if
(i

)
B H

is
r-

ri
gh

t
re

gu
la

r,
th

a
t

is
,

ea
ch

ta
sk

is
la

be
le

d
by

r
h
o
n

es
t

w
o
rk

er
s

a
n

d
(i

i)
fo

r
a
ll

T
′
⊆
T

su
ch

th
a
t
|T
′ |
≤
γ
|T
|,

th
e

p
re

-i
m

a
ge

o
f
T
′

sa
ti

sfi
es
|P

re
Im

(T
′ )
|≥

α
|T
′ |,

w
h
er

e
P

re
Im

(T
′ )

is
th

e
se

t
o
f

a
ll

h
o
n

es
t

w
o
rk

er
s

w
h
o

la
be

l
a
t

le
a
st

o
n

e
ta

sk
in
T
′ .

N
ot

e
th

at
th

e
d
efi

n
it

io
n

en
ta

il
s

th
at
α
≤
r.

W
e

h
av

e
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y
o
f

T
h
eo

re
m

1
4

w
h
en
B H

is
(r
,γ
,α

)-
b
ip

ar
ti

te
ex

p
an

d
er

.

C
o
ro

ll
a
ry

1
6

(L
o
w

e
r

b
o
u

n
d

fo
r

e
x
p

a
n

d
e
rs

)
S

u
p
po

se
B H

is
(r
,γ
,α

)-
bi

pa
rt

it
e

ex
pa

n
d
er

.
T

h
en

,
k

a
d
ve

rs
a
ry

id
en

ti
ti

es
ca

n
a
ff

ec
t

a
t

le
a
st
L

ta
sk

s
su

ch
th

a
t
bk r
c≤

2L
≤
dk α
e,

p
ro

vi
d
ed

dk α
e+

1
<
γ
·|
T
|.

F
u

rt
h
er

m
o
re

,
gi

ve
n

a
n

y
co

n
st

a
n

t
r,

th
er

e
ex

is
ts
γ
>

0
su

ch
th

a
t

a
u

n
i-

fo
rm

ly
ra

n
d
o
m
B H

is
(r
,γ
,r
−

2)
-b

ip
a
rt

it
e

ex
pa

n
d
er

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
/2

,
in

w
h
ic

h
ca

se
th

e
lo

w
er

bo
u

n
d
L

=
1 2
d

k
r
−

2
e.

T
h
e

p
ro

of
is

p
ro

v
id

ed
in

A
p
p

en
d
ix

A
.5

.
T

h
e

ab
ov

e
st

at
em

en
t

sa
y
s

th
a
t

if
th

e
h
o
n
es

t
w

or
ke

r-
ta

sk
as

si
gn

m
en

t
gr

ap
h
B H

is
co

n
st

ru
ct

ed
ra

n
d
om

ly
,

th
en

k
ad

ve
rs

ar
y

id
en

ti
ti

es
ca

n
aff

ec
t

at
le

as
t

1 2
bk r
c

ta
sk

s.
T

h
e

b
ou

n
d

im
p
li
es

th
at

th
e

ab
il
it

y
of

th
e

ad
v
er

sa
ri

es
to

a
ff

ec
t

ta
sk

s
in

cr
ea

se
s

li
n
ea

rl
y

as
th

e
n
u
m

b
er

of
id

en
ti

ti
es
k

in
cr

ea
se

s.
F

u
rt

h
er

,
th

e
d
a
m

a
g
e

th
a
t

k
ad

ve
rs

ar
ie

s
ca

n
d
o

d
ec

re
as

es
in

ve
rs

el
y

w
it

h
th

e
n
u
m

b
er

of
h
on

es
t

w
or

ke
rs
r

w
h
o

p
ro

v
id

e
la

b
el

s
fo

r
ea

ch
ta

sk
.

B
ot

h
im

p
li
ca

ti
on

s
a
re

in
tu

it
iv

e.
A

s
ca

n
b

e
se

en
fr

om
th

e
p
ro

o
f,

th
e

lo
w

er
b

ou
n
d

1 2
bk r
co

n
L

in
C

or
ol

la
ry

16
h
ol

d
s

fo
r

al
l
r-

ri
gh

t
re

gu
la

r
gr

ap
h
s,

ev
en

if
th

ey
a
re

n
ot

ex
p
an

d
er

s.

H
av

in
g

es
ta

b
li
sh

ed
th

e
ab

ov
e

lo
w

er
b

ou
n
d

an
d

in
li
gh

t
of

L
em

m
a

13
,
th

e
n
a
tu

ra
l
q
u
es

ti
on

to
as

k
is

as
fo

ll
ow

s:
d
o
es

th
er

e
ex

is
t

a
la

b
el

ag
gr

eg
at

io
n

al
go

ri
th

m
fo

r
w

h
ic

h
w

e
ca

n
p
ro

ve
an

u
p
p

er
b

ou
n
d

on
th

e
n
u
m

b
er

of
aff

ec
te

d
ta

sk
s,

ir
re

sp
ec

ti
ve

of
th

e
st

ra
te

g
y

em
p
lo

ye
d

b
y

th
e

so
p
h
is

ti
ca

te
d

ad
v
er

sa
ri

es
?

B
el

ow
,

w
e

sh
ow

su
ch

a
la

b
el

ag
gr

eg
at

io
n

al
go

ri
th

m
th

a
t

is
a

n
at

u
ra

l
ex

te
n
si

on
of

th
e

h
ar

d
-p

en
al

ty
al

go
ri

th
m

.

26
JM

L
R

 1
8(

93
):

1-
67

, 2
01

7



Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

4
.2
.2

A
c
c
u
r
a
c
y
o
f
h
a
r
d
-p
e
n
a
lt

y
a
l
g
o
r
it
h
m

W
e

in
tro

d
u
ce

th
e

pen
a
lty-ba

sed
la

bel
a
ggrega

tio
n

algorith
m

(see
A

lgo
rith

m
3)

for
ou

r
an

al-
y
sis,

w
h
ich

is
a

n
atu

ral
ex

ten
sion

of
th

e
h
ard

-p
en

alty
algorith

m
to

also
p

erform
lab

el
ag-

g
reg

a
tio

n
:

A
lg

o
rith

m
3
p
e
n
a
lt

y
-b
a
se

d
l
a
b
e
l
a
g
g
r
e
g
a
t
io
n

1
:

In
p

u
t:
W

,T
,

an
d
L

2
:

P
erfo

rm
step

s
2

an
d

3
of

th
e

h
ard

-p
en

alty
algorith

m
3
:

F
o
r

each
ta

sk
tj ,

let
w
t
+j
,w

t −j
b

e
w

orker
n
o
d
es

th
at

task
n
o
d
es
t +j
,t −j

are
resp

ectively

m
a
p
p

ed
to

in
op

tim
al

sem
i-m

atch
in

g
M

in
S
tep

2
4
:

O
u

tp
u

t

ŷ
j

=



+
1

if
d
egM

(w
t
+j

)
<
d
egM

(w
t −j

)

−
1

if
d
egM

(w
t
+j

)
>
d
egM

(w
t −j

)

←
{−

1
,+

1}
oth

erw
ise

(h
ere

ŷ
j

refers
to

th
e

ou
tp

u
t

lab
el

for
task

tj
an

d
←
{−

1,+
1}

m
ean

s
th

at
ŷ
j

is
d
raw

n
u
n
ifo

rm
ly

a
t

ran
d
om

from
{−

1,+
1}

)

F
o
r

ou
r

a
n
a
ly

sis,
w

e
con

sid
er

th
e

follow
in

g
m

o
d
el

for
h
on

est
w

ork
er

resp
o
n
ses

th
at

is
b
a
sed

o
n

th
e

spa
m

m
er-h

a
m

m
er

m
o
d
el

p
op

u
larly

u
sed

in
p
rev

iou
s

stu
d
ies

(K
arger

et
al.,

2
0
1
1
;

L
iu

et
a
l.,

2012;
O

k
et

al.,
201

6;
K

h
etan

a
n
d

O
h
,

2016):
0
≤
ε
<

1
fraction

of
h
on

est
w

orkers
are

“
sp

am
m

ers,”
th

at
is,

th
ey

m
ake

m
istakes

in
th

eir
resp

on
ses,

an
d

th
e

rem
ain

in
g

1−
ε

fraction
a
re

“h
am

m
ers,”

th
at

is,
th

ey
are

p
erfectly

reliab
le

an
d

alw
ay

s
p
rov

id
e

th
e

co
rrect

resp
o
n
se.

In
th

e
th

eorem
b

elow
,B

cs
H

refers
to

th
e

b
ip

artite
grap

h
created

as
follow

s:
(i)

ea
ch

h
o
n
est

w
ork

er
h

is
rep

resen
ted

b
y

a
n
o
d
e

on
th

e
left;

(ii)
each

task
tj
∈
T

is
rep

resen
ted

b
y

(at
m

ost)
tw

o
n
o
d
es

on
th

e
righ

t,
t +j

an
d
t −j

;
an

d
(iii)

ad
d

th
e

ed
ge

(h
,t +j

)

(resp
.

(h
,t −j

))
if

h
on

est
w

orker
h

lab
els

task
tj

as
+

1
(resp

.
−

1).
T

h
en

,
w

e
can

sh
ow

th
e

fo
llow

in
g
:

T
h

e
o
re

m
1
7

(A
c
c
u

ra
c
y

o
f

p
e
n

a
lty

-b
a
se

d
la

b
e
l

a
g
g
re

g
a
tio

n
)

S
u

p
po

se
th

a
t|A|

=
k

a
n

d
let

ε∈
[0,1

)
d
en

o
te

th
e

fra
ctio

n
o
f

h
o
n

est
w

o
rkers

w
h
o

m
a
ke

m
ista

kes
in

th
eir

respo
n

ses.
F

u
rth

erm
o
re,

let
d

1 ≥
d

2 ≥
···≥

d|H
|

d
en

o
te

th
e

d
egrees

o
f

h
o
n

est
w

o
rkers

in
th

e
o
p
tim

a
l

sem
i-m

a
tch

in
g

o
n
B
cs
H

.
F

o
r

a
n

y
tru

e
la

belin
g
y

o
f

th
e

ta
sks

a
n

d
u

n
d
er

A
lgo

rith
m

3
(w

ith
th

e
co

n
ven

tio
n

th
a
t
d
i

=
0

fo
r
i
>
|H
|):

1
.

If
ε

=
0,

th
ere

exists
a
n

a
d
versa

ry
stra

tegy
σ
∗

su
ch

th
a
t

th
e

n
u

m
ber

o
f

a
ff

ected
ta

sks
is

a
t

lea
st

12 ∑
k−

1
i=

1
d
i

2
.

A
ssu

m
in

g
th

a
t

ea
ch

ta
sk

receives
a
t

lea
st

o
n

e
co

rrect
respo

n
se

fro
m

th
e

h
o
n

est
w

o
rkers,

n
o

a
d
versa

ry
stra

tegy
ca

n
a
ff

ect
m

o
re

th
a
n
U

ta
sks

w
h
ere

(a
)
U

=
k
+
ε·|H
|

∑i=
1
d
i ,

w
h
en

a
t

m
o
st

o
n

e
a
d
versa

ry
p
ro

vid
es

co
rrect

respo
n

ses

(b)
U

=
2
k
+
ε·|H
|

∑i=
1

d
i ,

in
th

e
gen

era
l

ca
se27
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L
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

A
few

rem
ark

s
are

in
ord

er.
F

irst,
it

can
b

e
sh

ow
n

th
at

for
op

tim
al

sem
i-m

atch
in

gs,
th

e
d
egree

seq
u
en

ce
d

1 ,d
2 ,...,d|H

|
is

u
n
iq

u
e

(see
th

e
p
ro

of
in

A
p
p

en
d
ix

A
.7),

an
d

th
erefore,

th
e

b
ou

n
d
s

in
th

e
th

eorem
ab

ove
are

u
n
iq

u
ely

d
efi

n
ed

given
B
cs
H

.
T

h
e

resu
lt

of
T

h
eorem

17
p
rov

id
es

b
oth

a
low

er
an

d
u
p
p

er
b

ou
n
d

for
th

e
n
u
m

b
er

of
task

s
th

at
ca

n
b

e
aff

ected
b
y

k
ad

versaries
u
n
d
er

th
e

p
en

alty
-b

ased
lab

el
aggregation

algorith
m

,
irresp

ective
of

th
e

ad
-

versary
strategy.

T
h
is

is
rem

arkab
le,

esp
ecially

b
ecau

se
w

e
estab

lish
ed

th
at

ex
istin

g
lab

el
aggregation

algorith
m

s
can

b
e

arb
itrarily

b
ad

(L
em

m
a

13).
A

ssu
m

in
g

h
on

est
w

orkers
are

alw
ay

s
correct,

th
at

is,
ε

=
0,

ou
r

ch
a
racterization

is
reason

ab
ly

tigh
t

w
h
en

all
b
u
t

(at
m

ost)
on

e
ad

versary
p
rov

id
e

in
correct

resp
on

ses.
In

th
is

case,
th

e
gap

b
etw

een
th

e
u
p
p

er
an

d
a

con
stan

t
factor

of
th

e
low

er
b

o
u
n
d

is
d
k ,

w
h
ich

can
b

e
“sm

all”
for

large
en

ou
gh

k
.

H
ow

ever,
ou

r
ch

aracterization
is

lo
ose

in
th

e
gen

eral
case

w
h
en

ad
versaries

can
p
rov

id
e

arb
itrary

resp
on

ses.
H

ere,
th

e
gap

is ∑
2
k
i=
k
d
i ;

w
e

a
ttrib

u
te

th
is

to
ou

r
p
ro

of
tech

n
iq

u
e

an
d

con
jectu

re
th

at
th

e
u
p
p

er
b

ou
n
d

of ∑
ki=

1
d
i

also
ap

p
lies

to
th

e
m

ore
gen

eral
case.

W
h
en

ε
>

0,
th

e
u
p
p

er
b

ou
n
d
U

in
creases

b
ecau

se
th

ere
are

m
ore

in
correct

resp
on

ses
an

d
,

in
tu

rn
,

th
e

scop
e

for
ad

versaries
to

aff
ect

a
larger

n
u
m

b
er

of
task

s.

O
n
e

m
igh

t
w

on
d
er

w
h
eth

er
w

e
co

u
ld

p
erform

a
sim

ilar
an

aly
sis

for
th

e
case

w
h
en

h
on

-
est

w
orkers

follow
th

e
on

e-coin
m

o
d
el.

G
iven

th
e

com
p
lex

ity
of

an
aly

zin
g

op
tim

al
sem

i-
m

atch
in

gs,
ou

r
cu

rren
t

p
ro

of
tech

n
iq

u
e

d
o
es

n
ot

read
ily

ex
ten

d
to

th
is

scen
ario,

an
d

th
ere-

fore,
th

ere
is

an
op

p
ortu

n
ity

to
im

p
rove

th
e

an
aly

sis
in

fu
tu

re
w

ork
.

O
p
tim

a
lity

o
f

pen
a
lty-ba

sed
la

bel
a
ggrega

tio
n

.
W

e
n
ow

com
p
are

th
e

u
p
p

er
b

ou
n
d
U

in
T

h
eorem

17
to

th
e

low
er

b
ou

n
d
L

in
T

h
eorem

14
in

th
e

case
w

h
en

h
on

est
w

orkers
are

p
erfectly

reliab
le,

th
at

is,
ε

=
0.

W
e

sh
ow

th
at

(see
A

p
p

en
d
ix

A
.8)

w
h
en

th
e

d
egrees

d
1 ,d

2 ,...,d|H
|

are
all

d
istin

ct,
L
≥

12 ∑
k−

1
i=

1
d
i .

C
om

b
in

ed
w

ith
T

h
eorem

14,
th

is
sh

ow
s

th
at
k

ad
versaries

can
aff

ect
at

least
12 ∑

k−
1

i=
1
d
i

task
s

irrespective
o
f

th
e

lab
el

a
ggregation

algorith
m

u
sed

to
aggregate

th
e

w
orker

resp
on

ses.
F

rom
T

h
eorem

17,
w

e
also

h
ave

th
at

u
n
d
er

th
e

p
en

alty
-b

ased
lab

el
aggregation

a
lgorith

m
,
k

ad
versaries

can
aff

ect
at

m
ost

U
=

∑
2
k
i=

1
d
i ≤

3( ∑
k−

1
i=

1
d
i )

task
s

(as
lon

g
as
k
≥

2).
T

h
erefore,

ou
r

algorith
m

ach
iev

es
con

stan
t

factor
op

tim
ality

in
recoverin

g
th

e
tru

e
lab

els
of

task
s

irrespective
of

th
e

ad
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n
cl

u
si

on
w

e
d
ra

w
is

th
at

fi
lt

er
in

g
ou

t
w

or
ke

rs
fl
ag

ge
d

b
y

ou
r

a
lg

o
ri

th
m

s
a
s

ad
ve

rs
ar

ie
s

b
o
os

ts
th

e
p
re

d
ic

ti
ve

ac
cu

ra
cy

of
st

at
e-

of
-t

h
e-

ar
t

ag
gr

eg
a
ti

on
al

go
ri

th
m

s
si

g
n
ifi

-
ca

n
tl

y
ac

ro
ss

th
e

d
at

as
et

s:
th

e
av

er
ag

e
im

p
ro

ve
m

en
t

in
ac

cu
ra

cy
fo

r
m
v

is
3
.7

%
,
e
m

is
3
.4

%
,

k
o
s

is
30
.2

%
,
k
o
s(
n
o
r
m
)

is
4.

4%
,
sp

e
c
-e
m

is
12
.6

%
,

an
d
m
m
c
e

is
4.

7%
w

h
en

u
si

n
g

th
e

h
ar

d
-p

en
al

ty
al

go
ri

th
m

.
T

h
e

im
p
ro

v
em

en
t

is
la

rg
e

fo
r
k
o
s

b
ec

au
se

it
is

d
es

ig
n
ed

fo
r

re
g
u
la

r
gr

ap
h
s

(w
it

h
al

l
w

or
ke

rs
h
av

in
g

th
e

sa
m

e
d
eg

re
e

an
d

al
l

ta
sk

s
h
av

in
g

th
e

sa
m

e
d
eg

re
e)

a
n
d

su
ff

er
s

in
p

er
fo

rm
an

ce
on

re
al

-w
or

ld
gr

ap
h
s

th
at

ar
e

n
ot

re
gu

la
r.

S
ec

on
d
,

w
e

n
o
te

th
a
t

ou
r

m
et

h
o
d
s

ca
n

b
o
os

t
th

e
p

er
fo

rm
an

ce
of

th
e
m
v

a
n
d
k
o
s

al
g
or

it
h
m

s
to

th
e

le
ve

l
o
f

th
e

p
op

u
la

r
e
m

al
go

ri
th

m
.

T
h
e
m
v

al
go

ri
th

m
is

si
m

p
le

to
im

p
le

m
en

t,
an

d
th

e
k
o
s

a
lg

o
ri

th
m

is
d
es

ig
n
ed

fo
r

sc
en

ar
io

s
w

h
er

e
th

e
u
n
d
er

ly
in

g
as

si
gn

m
en

t
gr

ap
h

is
ra

n
d
om

(l
,r

)-
re

g
u
la

r
a
n
d

h
as

st
ro

n
g

th
eo

re
ti

ca
l

gu
ar

an
te

es
an

d
ro

b
u
st

n
es

s
to

d
iff

er
en

t
in

it
ia

li
za

ti
on

s
(K

a
rg

er
et

a
l.
,

20
14

).
O

u
r

re
su

lt
s

su
gg

es
t

th
at

im
p
le

m
en

ti
n
g

th
e
m
v

an
d
k
o
s

al
go

ri
th

m
s

in
co

n
ju

n
ct

io
n

w
it

h
ou

r
re

p
u
ta

ti
on

al
go

ri
th

m
s

ca
n

al
lo

w
u
s

to
ob

ta
in

th
ei

r
re

sp
ec

ti
ve

si
m

p
li
ci

ty
a
n
d

ro
-

b
u
st

n
es

s
al

on
g

w
it

h
st

ro
n
g

p
ra

ct
ic

al
p

er
fo

rm
a
n
ce

(e
ve

n
fo

r
ir

re
gu

la
r

gr
ap

h
s)

co
m

p
a
ra

b
le

8
.

T
h

e
d

a
ta

se
ts

s
t
a
g
e
2
,
t
a
s
k
2
,
a
n

d
t
w
e
e
t
s

co
n
ta

in
se

v
er

a
l
w

o
rk

er
s

w
h

o
p

ro
v
id

ed
re

sp
o
n

se
s

fo
r

o
n

ly
a

si
n

g
le

ta
sk

.
9
.

T
h

e
p

er
fo

rm
a
n

ce
w

a
s

ro
b

u
st

to
th

e
ch

o
ic

e
o
f
k
.

W
e

m
a
tc

h
ed

o
r

im
p

ro
v
ed

th
e

a
cc

u
ra

cy
o
f

th
e

u
n

d
er

ly
in

g
la

b
el

a
g
g
re

g
a
ti

o
n

a
lg

o
ri

th
m

in
6
6
%

a
n
d

7
0
%

o
f

ca
se

s
o
n

av
er

a
g
e

fo
r

th
e

so
ft

-
a
n

d
h

a
rd

-p
en

a
lt

y
a
lg

o
ri

th
m

,
re

sp
ec

ti
v
el

y.

30
JM

L
R

 1
8(

93
):

1-
67

, 2
01

7



Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

to
th

a
t

o
f

th
e
e
m

algorith
m

.
1
0

F
in

ally,
b

eca
u
se

d
iscard

in
g

th
e

lab
els

o
f

certain
w

o
rk

ers
im

p
roves

th
e

p
red

ictive
accu

racy,
ou

r
resu

lts
su

ggest
th

at
stan

d
ard

p
rob

a
b
ilistic

m
o
d
els

(in
clu

d
in

g
th

e
tw

o-coin
m

o
d
el)

are
in

su
ffi

cien
t

to
cap

tu
re

th
e

lab
elin

g
p
attern

s
of

w
orkers

in
rea

l-w
o
rld

d
a
tasets.

T
o

ga
in

in
sigh

ts
in

to
th

e
ty

p
es

of
w

orkers
id

en
tifi

ed
b
y

ou
r

algorith
m

s,
w

e
con

d
u
cted

a
q
u
a
lita

tive
a
n
aly

sis
of

th
e

lab
elin

g
p
attern

s
of

th
e

w
orkers

th
a
t

w
ere

fi
ltered

ou
t.

W
e

o
b
served

th
e

fo
llow

in
g

k
ey

ty
p

es:

1
.

W
o
rkers

w
h
o

lab
eled

at
least

10
task

s,
of

w
h
ich

m
ore

th
an

95%
h
ad

th
e

sam
e

lab
el.

F
o
r

in
sta

n
ce,

ou
r

algorith
m

s
d
etected

six
su

ch
w

orkers
in

th
e
t
e
m
p

d
ataset,

fi
ve

in
th

e
t
a
s
k
2

d
a
taset,

an
d

on
e

in
th

e
t
w
e
e
t
s

d
ataset.

F
or

th
e
s
t
a
g
e
2

d
ataset,

w
e

d
etected

tw
o

w
ork

ers
w

h
o

gav
e

all
+

1
lab

els
an

d
on

e
w

orker
w

h
o

gave
all

b
u
t

a
sin

gle
resp

on
se

a
s−

1
;

it
sh

ou
ld

b
e

n
oted

th
at

th
e

em
p
irically

calcu
lated

p
revalen

ce
γ

of
+

1
task

s
in

th
e
s
t
a
g
e
2

d
ataset

w
as

0
.83,

p
oten

tially
su

ggestin
g

th
at

th
e

tw
o

w
orkers

w
h
o

gave
a
ll

+
1

la
b

els
w

ere
ad

op
tin

g
“sm

art”
strateg

ies.

2
.

W
o
rkers

w
h
o

p
rov

id
e

lab
els

in
d
ep

en
d
en

t
of

tru
e

task
lab

els.
F

or
in

stan
ce,

w
e

d
etected

fo
u
r

su
ch

w
ork

ers
in

th
e
r
t
e

d
ataset,

sev
en

w
ork

ers
in

th
e
t
e
m
p

d
ataset,

sev
en

in
th

e
t
a
s
k
2

d
ataset,

th
ree

in
th

e
s
t
a
g
e
2

d
ataset,

an
d

on
e

in
th

e
t
w
e
e
t
s

d
a
taset,

w
h
ose

lab
el

p
a
ttern

s
a
re

su
ch

th
at

th
e

em
p
irical

fraction
s
α̂

an
d
β̂

of
correct

resp
on

ses
am

on
g

th
e

ta
sk

s
w

ith
tru

e
lab

els
+

1
an

d
−

1,
resp

ectively,
satisfy

|α̂
+
β̂
−

1|≤
0.05.

R
ay

kar
a
n
d

Y
u

(2
0
1
2
)

sh
ow

ed
th

at
su

ch
w

orkers
eff

ectively
assign

a
lab

el
of

+
1

w
ith

p
rob

ab
ility

α̂
a
n
d
−

1
w

ith
p
rob

ab
ility

1−
α̂

in
d
ep

en
d
en

t
of

th
e

tru
e

ta
sk

la
b

el.

3
.

W
o
rkers

w
ith

skew
ed

reliab
ilities.

S
u
ch

w
orkers

w
ere

accu
rate

on
task

s
w

ith
on

e
ty

p
e

o
f

tru
e

lab
el,

say,
+

1,
b
u
t

n
ot

on
oth

ers,
say,

task
s

w
ith

tru
e

lab
el−

1.
S
u
ch

lab
el

p
a
ttern

s
of

w
orkers

m
ay

b
e

in
d
icative

of
task

s
th

at
req

u
ire

su
b

jective
assessm

en
ts.

F
o
r

in
sta

n
ce,

w
e

fou
n
d

fou
r

w
orkers

in
th

e
t
w
e
e
t
s

d
ataset

an
d

tw
o

w
orkers

in
s
t
a
g
e
2

d
a
ta

set
th

at
h
ad

skew
ed

reliab
ilities.

In
th

e
t
w
e
e
t
s

d
ataset,

w
o
rkers

w
ere

ask
ed

to
ra

te
th

e
sen

tim
en

t
of

a
tw

eet
as

b
ein

g
p

o
sitive

or
n
egative.

A
s

th
e

n
otion

of
tw

eet
sen

tim
en

t
can

b
e

su
b

jective,
w

orkers
w

ith
b
iased

v
iew

s
of

th
e

sen
tim

en
t

m
ake

sy
stem

a
tic

errors
on

on
e

ty
p

e
of

task
.

A
sim

ilar
ex

p
lan

ation
ap

p
lies

to
th

e
s
t
a
g
e
2

d
a
ta

set,
in

w
h
ich

w
orkers

w
ere

asked
to

la
b

el
a

top
ic-d

o
cu

m
en

t
p
air

as
relevan

t
or

n
o
t,

req
u
irin

g
a

p
oten

tially
su

b
jectiv

e
assessm

en
t.

S
ee

K
am

ar
et

a
l.

(2015)
for

m
ore

ex
a
m

p
les.

In
su

m
m

a
ry,

ou
r

rep
u
tation

algorith
m

s
are

su
ccessfu

l
in

id
en

tify
in

g
ad

v
ersarial

w
o
rkers

a
d
o
p
tin

g
a

b
ro

ad
set

of
strategies.

F
u
rth

erm
ore,

alth
ou

gh
n
ot

rep
orted

,
th

e
em

p
irical

relia
b
ilities

o
f

th
e

w
orkers

fi
ltered

ou
t

u
sin

g
ou

r
algorith

m
s

w
ere

on
average

lo
w

er
th

an
th

o
se

o
f

u
n
fi
ltered

w
orkers.

T
h
is

su
ggests

th
at

th
e

lab
els

ou
r

a
lgorith

m
s

d
isca

rd
a
re

from
low

-relia
b
ility

w
orkers

w
h
o

p
rov

id
e

little
to

n
o

in
form

ation
ab

ou
t

th
e

tru
e

task
lab

els;
th

is
ex

p
la

in
s

th
e

im
p
roved

accu
racy

w
e

ob
tain

.

1
0
.

N
o
te

th
a
t

th
e

E
M

a
lg

o
rith

m
ca

n
a
lso

h
av

e
th

eo
retica

l
g
u

a
ra

n
tees

w
ith

a
p

p
ro

p
ria

te
in

itia
liza

tio
n

s
(see

G
a
o

a
n

d
Z

h
o
u

,
2
0
1
6

a
n

d
Z

h
a
n

g
et

a
l.

2
0
1
4
).
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

5
.2

Id
e
n
tify

in
g

lo
w

-re
lia

b
ility

h
o
n

e
st

w
o
rk

e
rs

a
n

d
a
d

v
e
rsa

rie
s

W
e

u
se

a
sim

u
lation

stu
d
y

to
sh

ow
th

at
ou

r
rep

u
tation

algorith
m

s
su

ccessfu
lly

id
en

tify
low

-
reliab

ility
h
on

est
w

orkers
an

d
ad

v
ersaries

w
h
en

th
e

w
orker-task

assign
m

en
t

grap
h
s

h
av

e
p

ow
er-law

d
egree

d
istrib

u
tion

s
for

th
e

w
orker

an
d

task
n
o
d
es.

S
u
ch

grap
h

stru
ctu

res
are

com
m

on
in

m
an

y
real-w

orld
crow

d
sou

rcin
g

scen
arios

(F
ran

k
lin

et
al.,

2
011).

T
h
e

resu
lts

of
th

e
sim

u
lation

stu
d
y

com
p
lem

en
t

th
e

th
eoretical

resu
lts

p
resen

ted
in

S
ection

4.1
for

(l,r)-regu
lar

assig
n
m

en
t

grap
h
s,

w
h
ich

sh
ow

th
at

th
e

soft-p
en

alty
algorith

m
su

ccessfu
lly

id
en

tifi
es

low
-reliab

ility
h
on

est
w

orkers
an

d
ad

v
ersaries

ad
op

tin
g

th
e
U
n
iform

strategy.

F
or

ou
r

stu
d
y,

w
e

u
sed

th
e

follow
in

g
b
road

p
ro

ced
u
re:

(a)
gen

erate
a

ran
d
om

crow
d
-

sou
rcin

g
in

stan
ce

from
th

e
grou

n
d
-tru

th
m

o
d
el,

(b
)

gen
erate

sy
n
th

etic
resp

on
ses

from
th

e
w

orkers
for

a
sam

p
le

of
task

s,
(c)

fi
lter

ou
t

w
o
rkers

w
ith

th
e

h
igh

est
p

en
alties

a
ccord

in
g

to
ou

r
rep

u
tation

algorith
m

s,
an

d
(d

)
com

p
u
te

th
e

p
recisio

n
,
th

at
is,

th
e

fraction
of

fi
ltered

-ou
t

w
orkers

w
h
o

are
ad

v
ersarial

an
d

w
h
o

h
ave

low
em

p
irical

reliab
ilities.

S
e
tu

p
o
f

stu
d

y
.

W
e

con
sid

ered
a

total
of
n

=
100

w
orkers.

T
h
e

p
rob

ab
ility

q
th

at
a

w
orker

is
h
on

est
w

as
set

to
0.7;

th
erefore,

on
average,

th
ere

are
3
0

ad
v
ersaries

am
on

g
th

e
100

w
ork

ers.
T

h
e

p
revalen

ce
γ

of
+

1
task

s
w

as
set

to
0.5.

W
e

sam
p
led

w
orker

d
egrees

accord
in

g
to

a
p

ow
er-law

d
istrib

u
tion

(w
ith

ex
p

on
en

t
a

=
2
.5)

w
ith

th
e

m
in

im
u
m

d
egree

eq
u
al

to
5,

an
d

th
en

,
w

e
u
sed

th
e

P
y
th

on
n
etw

orkx
lib

rary
(H

a
gb

erg
et

al.,
2008)

to
gen

erate
th

e
w

orker-task
assign

m
en

t
grap

h
. 1

1
N

ote
th

at
th

e
n
u
m

b
er

of
task

s
m

is
d
eterm

in
ed

from
th

e
total

n
u
m

b
er

of
w

orkers
an

d
th

e
sam

p
led

w
ork

er
d
egrees.

A
s

th
e

w
orker

d
egrees

are
skew

ed
,
th

e
p

erform
an

ce
of

th
e

algorith
m

s
is

in
fl
u
en

ced
b
y

th
e

ad
versary

d
egrees.

T
o

cap
tu

re
th

is,
w

e
con

sid
ered

tw
o

scen
arios:

(a)
ad

versaries
h
ave

h
igh

d
egrees

an
d

(b
)

ad
versaries

h
ave

low
d
egrees.

T
o

en
su

re
th

at
ad

versaries
on

average
h
ave

h
igh

d
egrees,

w
e

set
w

orker
w

in
th

e
sam

p
led

w
orker-task

assign
m

en
t

grap
h

to
b

e
h
o
n
est

w
ith

p
rob

ab
ility

q
w

=
q·

(d
m

a
x −

d
w

)/
(d

m
a
x −

d
a
v
g )

an
d

to
b

e
ad

versarial
w

ith
p
rob

a
b
ility

1
−
q
w

,
w

h
ere

d
w

is
th

e
d
egree

of
w

orker
w

an
d
d

m
a
x ,
d

m
in ,

an
d
d

a
v
g

are
th

e
m

ax
im

u
m

,
m

in
im

u
m

,
an

d
average

d
egrees,

resp
ectiv

ely.
S
im

ila
rly,

to
en

su
re

th
a
t

ad
versaries

on
average

h
ave

low
er

d
egrees,

w
e

set
q
w

=
q·(d

w
−
d

m
in )/

(d
a
v
g −

d
m

in ).
S
ee

A
p
p

en
d
ix

B
for

d
etails.

F
or

each
scen

ario,
after

th
e

w
ork

er-task
assign

m
en

t
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=
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th
e

ca
se

w
h
en
W

ij
=
−

1.
N

ow
,

w
h
en
B

is
lo

ca
ll
y

tr
ee

-l
ik

e
at

w
o
rk

er
n
o
d
e
w
i,

th
e

ar
gu

m
en

ts
in

le
m

m
a

9
an

d
11

es
ta

b
li
sh

th
at

th
e

ra
n
d
om

va
ri

ab
le

s
{S

ij
:
t j
∈
T i
}

a
re

st
il
l

m
u
tu

al
ly

in
d
ep

en
d
en

t
co

n
d
it

io
n
ed

on
th

e
id

en
ti

ty
of

w
or

k
er
w
i

(t
h
is

al
so

re
li
es

o
n

th
e

fa
ct

th
at

ea
ch

ta
sk

is
tr

ea
te

d
in

d
ep

en
d
en

tl
y

w
h
en

co
m

p
u
ti

n
g

th
e

ra
n
d
om

se
m

i-
m

a
tc

h
in

g
).

T
h
er

ef
or

e,
w

e
ca

n
ap

p
ly

th
e

H
o
eff

d
in

g’
s

b
ou

n
d

to
es

ta
b
li
sh

th
e

co
n
ce

n
tr

at
io

n
o
f
th

e
p

en
a
lt

ie
s

u
n
d
er

th
e

ra
n
d
om

,
n
or

m
al

iz
ed

va
ri

an
t

of
th

e
h
ar

d
-p

en
al

ty
al

go
ri

th
m

ar
ou

n
d

th
e

ex
p

ec
te

d
va

lu
es

.

A
.4

P
ro

o
f

o
f

L
e
m

m
a

1
3

F
or

th
e

si
m

p
le

m
a
jo

ri
ty

al
go

ri
th

m
,

it
is

ea
sy

to
se

e
th

at
ea

ch
ta

sk
h
as
k

in
co

rr
ec

t
re

sp
o
n
se

s
an

d
at

m
os

t
r
<
k

co
rr

ec
t

re
sp

on
se

s
an

d
co

n
se

q
u
en

tl
y,

it
ou

tp
u
ts

th
e

in
co

rr
ec

t
la

b
el

fo
r

a
ll

ta
sk

s. F
or

th
e

ex
p

ec
ta

ti
on

-m
ax

im
iz

at
io

n
(E

M
)

a
lg

or
it

h
m

,
re

ca
ll

th
at

th
e

ge
n
er

a
ti

ve
m

o
d
el

fo
r

w
or

ke
r

ra
ti

n
gs

w
as

as
fo

ll
ow

s:
th

e
tr

u
e

ta
sk

la
b

el
s

ar
e

sa
m

p
le

d
fr

om
a

p
o
p
u
la

ti
o
n

w
it

h
γ
∈

[0
,1

]
fr

ac
ti

on
of

ta
sk

s
h
av

in
g

+
1

tr
u
e

la
b

el
.

E
ac

h
w

or
k
er

w
i

h
a
s

re
li
a
b
il
it

y
p
ar

am
et

er
µ
i
∈

[0
,1

],
w

h
ic

h
sp

ec
ifi

es
th

e
p
ro

b
ab

il
it

y
th

at
w
i

p
ro

v
id

es
th

e
co

rr
ec

t
la

b
el

on
an

y
ta

sk
.

T
h
en

,
gi

ve
n

th
e

re
sp

on
se

m
at

ri
x
L,

th
e

lo
g-

li
k
el

ih
o
o
d

of
th

e
p
a
ra

m
et

er
s,

Θ
=

(µ
1
,µ

2
,·
··
,µ

n
,γ

)
u
n
d
er

th
is

ge
n
er

at
iv

e
m

o
d
el

ca
n

b
e

w
ri

tt
en

as
:

lo
g

P
r[
L
|Θ

]
=

m ∑ j
=
1

lo
g

(a
j
·γ

+
b j
·(

1
−
γ

))

w
h
er

e
M

(j
)

is
th

e
se

t
of

w
or

ke
rs

w
h
o

la
b

el
ta

sk
t j

an
d

a
j

=
∏

i∈
M

(j
)

µ
i1

[L
ij

=
+

1
]
·(

1
−
µ
i)

1
[L
ij

=
−

1
]

b j
=

∏

i∈
M

(j
)

(1
−
µ
i)

1
[L
ij

=
+

1
]
·µ

i1
[L
ij

=
−

1
]

T
h
e

ob
je

ct
iv

e
is

to
fi
n
d

th
e

m
o
d
el

p
ar

am
et

er
s

Θ
∗

th
at

m
ax

im
iz

e
th

e
lo

g
-l

ik
el

ih
o
o
d
,

i.
e.

Θ
∗

=
ar

g
m

ax
Θ

lo
g

P
r[
L
|Θ

].
T

h
e

E
M

al
go

ri
th

m
co

m
p
u
te

s
th

e
m

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

es
(M

L
E

)
of

th
e

m
o
d
el

p
ar

am
et

er
s

b
y

in
tr

o
d
u
ci

n
g

th
e

la
te

n
t

tr
u
e

la
b

el
o
f

ea
ch

ta
sk

,
d
en

ot
ed

b
y

th
e

ve
ct

or
y

=
[y

1
,y

2
,.
..
,y
m

].
T

h
e

co
m

p
le

te
d
at

a
lo

g-
li
ke

li
h
o
o
d

ca
n

th
en

b
e

w
ri

tt
en

as
:

lo
g

P
r[
L,
y
|Θ

]
=

m ∑ j=
1

( y j
lo

g
(a
j
γ

)
+

(1
−
y j

)
lo

g
(1
−
γ

)b
j

)
(1

)

E
ac

h
it

er
at

io
n
x

of
th

e
E

M
al

go
ri

th
m

co
n
si

st
s

of
tw

o
st

ep
s:
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

•
E

-ste
p

:
G

iven
th

e
resp

on
se

m
atrix

L
an

d
th

e
cu

rren
t

estim
ate

of
th

e
m

o
d
el

p
aram

e-
ters

Θ
(x

),
th

e
con

d
ition

al
ex

p
ectation

of
th

e
co

m
p
lete

d
ata

log-likelih
o
o
d

is
com

p
u
ted

a
s

E
{

lo
g

P
r[L

,y
|Θ

(x
)] }

=
m
∑j=

1 (
γ

(x
)

j
log

(a
(x

)
j
γ

(x
))

+
(1−

γ
(x

)
j

)
log

(1−
γ

(x
))b

(x
)

j

)

w
h
ere

th
e

ex
p

ectation
is

w
.r.t

to
P

r[y
|L

;Θ
(x

)]
an

d
γ

(x
)

j
=

P
r[y

j
=

+
1|L

;Θ
(x

)].
U

sin
g

B
ayes

th
eorem

,
w

e
can

com
p
u
te

γ
(x

)
j

=
P

r[{L
ij

:
i∈

M
(j)}

|y
j

=
+

1;Θ
(x

)]·
P

r[y
j

=
+

1|Θ
(x

)]

P
r[{L

ij
:
i∈

M
(j)}

|Θ
(x

)]

=
a

(x
)

j
γ

(x
)

a
(x

)
j
γ

(x
)

+
b
(x

)
j

(1−
γ

(x
))

(2)

w
h
ere

th
e

fi
rst

eq
u
ality

follow
s

from
th

e
fact

th
at

lab
els

for
d
iff

eren
t

task
s
tj

are
in

d
e-

p
en

d
en

t
o
f

each
oth

er
an

d
th

e
secon

d
eq

u
ality

follow
s

from
th

e
law

of
total

p
rob

ab
ility.

•
M

-ste
p

:
B

ased
on

th
e

cu
rren

t
p

osterior
estim

ates
of

th
e

tru
e

lab
els

γ
(x

)
j

an
d

th
e

re-

sp
o
n
se

m
atrixL

,
th

e
m

o
d
el

p
aram

eters
are

u
p

d
ated

b
y

m
ax

im
izin

g
E
{

log
P

r[L
,y
|Θ

(x
)] }

,
w

h
ich

ca
n

b
e

sh
ow

n
to

b
e

a
low

er
b

ou
n
d

on
th

e
d
ata

log-likelih
o
o
d

(eq
u
ation

(1
)).

T
h
e

p
reva

len
ce

of
p

ositive
task

s
γ

is
u
p

d
ated

as:

γ
(x

+
1
)

=

∑
mj=

1
γ

(x
)

j

m
(3)

S
im

ila
rly,

th
e

p
aram

eter
µ
i

is
u
p

d
ated

as:

µ
(x

+
1
)

i
=

∑
j∈
N

(i) (
1

[L
ij

=
+

1
]γ

(x
)

j
+

1
[L
ij

=
−

1
](1−

γ
(x

)
j

) )

|N
(i)|

(4)

w
h
ere

N
(i)

is
th

e
set

of
task

s
assign

ed
to

w
orker

w
i .

T
h
ese

tw
o

step
s

are
iterated

u
n
til

con
vergen

ce
of

th
e

log-likelih
o
o
d

log
P

r[L
|Θ

].
A

fter
co

n
verg

en
ce,

th
e

tru
e

lab
els

of
th

e
task

s
a
re

estim
ated

as:

ŷ
j

=
2·1

[γ
(K

)
j
≥

0.5]−
1

(5)

w
h
ere

K
is

th
e

n
u
m

b
er

of
iteration

s
to

con
vergen

ce.
S
in

ce
th

e
origin

al
p
rob

lem
is

n
on

-con
vex

,
th

e
E

M
algorith

m
con

verges
to

a
lo

cal
op

tim
u
m

in
g
en

era
l.

Its
p

erform
an

ce
critically

d
ep

en
d
s

on
th

e
in

itializatio
n

of
th

e
p

osterior
estim

a
tes

γ
(0

)
j

fo
r

ea
ch

ta
sk
tj .

A
p

op
u
lar

ap
p
roach

is
to

u
se

th
e

m
a

jority
estim

ate
(see

R
ay

kar
an

d

Y
u

(2
0
1
2
)),

g
iven

b
y
γ

(0
)

j
:=

∑
i∈
M

(j
)
1

[L
ij =

+
1
]

|M
(j)|

.
W

e
sh

ow
th

at
th

is
in

itialization
resu

lts
in

in
co

rrect
la

b
els

for
all

th
e

task
s.

S
u
p
p

o
se

th
a
t

th
e

tru
e

lab
els

for
all

task
s

are
+

1,
i.e

y
j

=
+

1
for

all
1
≤
j
≤
m

.
T

h
en

a
ll

h
o
n
est

w
o
rker

lab
els

are
+

1
an

d
ad

v
ersa

ry
lab

els
are
−

1.
F

u
rth

er,
sin

ce
each

task
h
as
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

m
ore

ad
versary

th
an

h
on

est
lab

els,
w

e
h
ave

th
at
γ

(0
)

j
<

0
.5

for
all

1
≤
j
≤
m

.
G

iven
th

is,

it
easy

to
see

from
eq

u
ation

(4)
th

at
µ

(1
)

i
<

0.5
w

h
en

ever
w
i

is
h
on

est
an

d
µ

(1
)

i
>

0
.5

for
all

ad
versarial

w
orkers

w
i .

In
ad

d
ition

,
w

e
h
av

e
γ

(1
)
<

0.5
w

h
ich

follow
s

from
eq

u
ation

(3).
W

ith
th

ese
estim

ates,
w

e
u
p

d
ate

th
e

p
osterio

r
p
rob

ab
ilities

γ
j

for
each

task
tj .

A
gain

,
it

follow
s

th
at
γ

(1
)

j
<

0
.5

for
all

1
≤
j≤

m
,

u
sin

g
th

e
u
p

d
ate

ru
le

in
eq

u
ation

(2).
T

h
e

ab
ov

e

seq
u
en

ce
of

claim
s

sh
ow

s
th

at
γ

(x
)

j
<

0
.5

for
all

iteration
s
x
≥

1
an

d
con

seq
u
en

tly,
ŷ
j

=
−

1
for

all
task

s
tj

(u
sin

g
eq

u
ation

(5)).
T

h
erefore,

th
e

E
M

algorith
m

ou
tp

u
ts

in
correct

lab
els

for
all

task
s.

N
ow

,
let

u
s

co
n
sid

er
th

e
gen

eral
case.

If
w

e
in

itialize
u
sin

g
th

e
m

a
jority

estim
ate,

w
e

ob
tain

th
at
γ

(0
)

j
>

0.5
for

all
task

s
w

ith
tru

e
lab

el
y
j

=
−

1
an

d
γ

(0
)

j
<

0
.5

for
a
ll

task
s

w
ith

y
j

=
+

1.
T

h
en

,
it

follow
s

from
eq

u
ation

(4)
th

at
µ

(1
)

i
<

0
.5

for
all

h
on

est
w

orkers
w
i

an
d

µ
(1

)
i

>
0.5

for
ad

versarial
w

orkers
w
i .

In
ad

d
ition

,
if

w
e

lo
ok

at
th

e
u
p

d
ate

eq
u
ation

s
(3)

an
d

(4)
togeth

er,
w

e
also

get
th

at
µ

(1
)

i
≥

m
ax

(1−
γ

(1
),γ

(1
))

for
all

ad
versa

ries
w
i .

T
o

see
th

is,
fi
rst

n
ote

th
at

ad
versaries

lab
el

on
all

th
e

task
s,

so
th

at|N
(i)|

=
m

for
an

ad
versarial

w
orker

w
i .

N
ex

t,
let

N
+

(i)
an

d
N
−

(i)
d
en

ote
th

e
set

of
task

s
for

w
h
ich

ad
v
ersary

w
i

la
b

els

+
1

an
d
−

1
resp

ectively.
If
N

+
(i)

is
em

p
ty,

th
en

w
e

h
ave

µ
(1

)
i

=
1−

γ
(1

).
A

lso,
sin

ce
w

e
h
ave

all
ad

v
ersary

lab
els

as−
1,

w
e

h
ave

γ
(0

)
j

<
0
.5

for
all

1
≤
j≤

m
an

d
th

erefore
γ

(1
)
<

1−
γ

(1
).

T
h
erefore,

in
th

is
case

w
e

h
ave

µ
(1

)
i
≥

m
ax

(1−
γ

(1
),γ

(1
)).

A
sy

m
m

etric
argu

m
en

t
ca

n
b

e
ap

p
lied

w
h
en

N
−

(i)
is

em
p
ty.

S
o

su
p
p

ose
th

at
b

oth
N

+
(i)

an
d
N
−

(i)
are

n
on

-em
p
ty,

th
en

w
e

h
ave

from
eq

u
ation

(4):

µ
(1

)
i

=

∑
j∈
N

(i) (
1

[L
ij

=
+

1]γ
(0

)
j

+
1

[L
ij

=
−

1](1−
γ

(0
)

j
) )

|N
(i)|

=

∑
j∈
N

+
(i)
γ

(0
)

j
+
∑

j∈
N
−

(i) (1−
γ

(0
)

j
)

m

>

∑
j∈
N

+
(i)
γ

(0
)

j
+
∑

j∈
N
−

(i)
γ

(0
)

j

m

(sin
ce
γ

(0
)

j
<

0.5
if

ad
versaries

lab
el
tj

as
−

1)

=

∑
j∈
N

(i)
γ

(0
)

j

m

=
γ

(1
)

w
h
ere

th
e

last
eq

u
ality

follow
s

from
eq

u
ation

(3).
S
im

ilarly,
w

e
can

sh
ow

th
at
µ

(1
)

i
>

1−
γ

(1
)

an
d

th
e

claim
follow

s.

N
ow

,
let

M
h (j)

an
d
M
a (j)

d
en

ote
th

e
set

of
h
on

est
an

d
ad

v
ersarial

w
ork

ers
lab

elin
g

task
tj .

C
on

sid
er

a
task

tj
for

w
h
ich

th
e

tru
e

lab
el
y
j

=
−

1
.

N
ow

,
w

e
h
ave

tw
o

cases:

C
a
se

1
:
γ

(1
)≥

0
.5.

F
irst

ob
serv

e
th

at
sin

ce
µ

(1
)

i
<

0
.5

for
all

h
on

est
w

orkers
w
i ,

w
e

h
ave

µ
(1

)
i

<
1−

µ
(1

)
i

for
all

h
on

est
w

orkers
w
i .

S
im

ila
rly,

w
e

h
ave

1−
µ

(1
)

i
<
µ

(1
)

i
for

all

4
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U
n
r
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l
e
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A
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r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

ad
ve

rs
ar

ia
l

w
or

ke
rs
w
i.

T
h
en

,
w

e
h
av

e

b(1
)

j
·(

1
−
γ

(1
) )

=

 
∏

i∈
M

(j
)

(1
−
µ

(1
)

i
)1

[L
ij

=
+

1
]
·(
µ

(1
)

i
)1

[L
ij

=
−

1
] 
·(

1
−
γ

(1
) )

=
∏

i∈
M
h

(j
)

µ
(1

)
i
·
∏

i∈
M
a
(j

)(1
−
µ

(1
)

i
)
·(

1
−
γ

(1
) )

(s
in

ce
h
on

es
t

w
or

ke
r

re
sp

on
se

is
−

1
an

d
ad

ve
rs

ar
y

re
sp

on
se

is
+

1)

<
∏

i∈
M
h

(j
)(1
−
µ

(1
)

i
)
·
∏

i∈
M
a
(j

)

µ
(1

)
i
·γ

(1
)

=
a

(1
)

j
·γ

(1
)

w
h
er

e
th

e
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
ob

se
rv

at
io

n
ab

ov
e

an
d

th
e

fa
ct

th
at
γ

(1
)
≥

0.
5.

U
si

n
g

eq
u
at

io
n

(2
),

it
fo

ll
ow

s
th

at
γ

(1
)

j
>

0
.5

.

C
a
se

2
:
γ

(1
)
<

0.
5.

In
th

is
sc

en
ar

io
,

w
e

h
av

e:

b(1
)

j
·(

1
−
γ

(1
) )

=

 
∏

i∈
M

(j
)

(1
−
µ

(1
)

i
)1

[L
ij

=
+

1
]
·(
µ

(1
)

i
)1

[L
ij

=
−

1
] 
·(

1
−
γ

(1
) )

=
∏

i∈
M
h

(j
)

µ
(1

)
i
·
∏

i∈
M
a
(j

)(1
−
µ

(1
)

i
)
·(

1
−
γ

(1
) )

=
∏

i∈
M
h

(j
)

µ
(1

)
i
·(

1
−
µ

(1
)

w
i 1

)
·(

1
−
γ

(1
) )
·

∏

i∈
M
a
(j

)\
{i

1
}(1
−
µ

(1
)

i
)

(w
h
er

e
w
i 1

is
so

m
e

ad
ve

rs
ar

ia
l

w
or

ke
r)

≤
∏

i∈
M
h

(j
)

µ
(1

)
i
·µ

(1
)

w
i 1
·γ

(1
)
·

∏

i∈
M
a
(j

)\
{i

1
}(1
−
µ

(1
)

i
)

(
si

n
ce

1
−
γ

(1
)
≤
µ

(1
)

w
i 1

b
ec

au
se
w
i 1

is
ad

v
er

sa
ri

al
;

se
e

d
is

cu
ss

io
n

b
ef

or
e

C
as

e
1
)

<
∏

i∈
M
h

(j
)(1
−
µ

(1
)

i
)
·µ

(1
)

w
i 1
·γ

(1
)
·

∏

i∈
M
a
(j

)\
{i

1
}µ

(1
)

i

(f
ro

m
C

as
e

1
ab

ov
e)

=
a

(1
)

j
·γ

(1
)

C
on

se
q
u
en

tl
y,

in
b

ot
h

ca
se

s,
th

e
p

os
te

ri
or

p
ro

b
ab

il
it

y
γ

(1
)

j
>

0
.5

gi
ve

n
th

at
th

e
tr

u
e

la
b

el
w

as
y j

=
−

1.
A

sy
m

m
et

ri
c

ar
gu

m
en

t
sh

ow
s

th
at
γ

(1
)

j
<

0
.5

if
y j

=
+

1.
T

h
en

,
th

e
ab

ov
e

se
q
u
en

ce
of

cl
ai

m
s

es
ta

b
li
sh

es
th

at
th

is
re

m
ai

n
s

tr
u
e

fo
r

al
l

it
er

at
io

n
s

in
th

e
fu

tu
re

.
F

in
al

ly
,

st
ep

(5
)

im
p
li
es

th
at

th
e

ou
tp

u
t

la
b

el
is

in
co

rr
ec

t
fo

r
al

l
ta

sk
s.
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J
a
g
a
b
a
t
h
u
l
a
,
S
u
b
r
a
m
a
n
ia
n
a
n
d

V
e
n
k
a
t
a
r
a
m
a
n

A
.5

P
ro

o
f

o
f

T
h

e
o
re

m
1
4

W
e

p
ro

v
e

th
e

re
su

lt
fo

r
th

e
th

e
ca

se
w

h
en

th
er

e
ex

is
ts

a
t

le
as

t
on

e
su

b
se

t
T
′
⊆
T

su
ch

th
at

P
re

Im
(T
′ )
≤
k
.

O
th

er
w

is
e,

th
e

lo
w

er
b

ou
n
d
L

=
0

b
y

d
efi

n
it

io
n

an
d

th
e

re
su

lt
o
f

th
e

th
eo

re
m

is
tr

iv
ia

ll
y

tr
u
e.

L
et
H
∗

d
en

ot
e

th
e

se
t

P
re

Im
(T
∗ )

w
h
er

e

T
∗

d
ef =

ar
g

m
ax

T
′ ⊆
T

:
|P

re
Im

(T
′ )
|≤
k

∣ ∣ T
′∣ ∣ .

W
e

co
n
st

ru
ct

an
ad

ve
rs

ar
y

st
ra

te
gy

σ
∗

u
n
d
er

w
h
ic

h
at

le
as

t
L

ta
sk

s
a
re

a
ff

ec
te

d
fo

r
so

m
e

tr
u
e

la
b

el
in

g
of

th
e

ta
sk

s,
fo

r
an

y
d
ec

is
io

n
ru

le
R
∈
C.

S
p

ec
ifi

ca
ll
y

fo
r

a
fi
x
ed

h
o
n
es

t
w

or
ke

r-
ta

sk
as

si
gn

m
en

t
gr

ap
h
B H

an
d

gr
ou

n
d
-t

ru
th

la
b

el
in

g
y

of
th

e
ta

sk
s,

co
n
si

d
er

th
e

fo
ll
ow

in
g

ad
ve

rs
ar

y
st

ra
te

gy
(t

h
at

d
ep

en
d
s

on
th

e
ob

ta
in

ed
h
on

es
t

w
or

ke
r

re
sp

o
n
se

s)
:

le
tt

in
g

H
∗

=
{ h

1
,h

2
,.
..
,h
|H
∗ |
}

an
d

th
e

se
t

of
ad

ve
rs

ar
ie

s
A

=
{a

1
,a

2
,.
..
,a
k
},

w
e

h
av

e
(r

ec
a
ll

th
e

n
ot

at
io

n
in

S
ec

ti
on

2)

a
i(
t)

=

{
−
h
i(
t)

if
t
∈
T
∗

h
i(
t)

ot
h
er

w
is

e
∀i

=
1,

2,
..
.,
|H
∗ |

(6
)

In
ot

h
er

w
or

d
s,

th
e

ad
ve

rs
ar

ie
s

la
b

el
fl

ip
th

e
la

b
el

s
of

th
e

h
on

es
t

w
or

ke
rs
H
∗

fo
r

ta
sk

s
in
T
∗

an
d

co
p
y

th
ei

r
re

sp
on

se
s

fo
r

al
l

ot
h
er

ta
sk

s.
N

ot
e

th
at

si
n
ce
|H
∗ |
≤
k

b
y

co
n
st

ru
ct

io
n
,

th
e

ab
ov

e
st

ra
te

gy
is

fe
as

ib
le

.
In

ad
d
it

io
n
,

if
|H
∗ |
<
k
,

th
en

w
e

on
ly

u
se
|H
∗ |

of
th

e
k

a
d
ve

rs
a
ry

id
en

ti
ti

es
.

L
et
L(
y

)
d
en

ot
e

th
e
n
×
m

la
b

el
in

g
m

at
ri

x
ob

ta
in

ed
fo

r
th

is
ad

ve
rs

a
ry

st
ra

te
g
y,

w
h
er

e
w

e
ex

p
li
ci

tl
y

d
en

ot
e

th
e

d
ep

en
d
en

ce
on

th
e

tr
u
e

la
b

el
ve

ct
or
y

.
H

er
e
n

d
en

o
te

s
th

e
to

ta
l

n
u
m

b
er

of
w

or
ke

rs
.

N
ow

co
n
si

d
er

th
e

sc
en

ar
io

in
w

h
ic

h
th

e
tr

u
e

la
b

el
s

of
al

l
ta

sk
s

in
T
∗

w
er

e
re

ve
rs

ed
,

le
t

th
is

gr
ou

n
d
-t

ru
th

b
e

d
en

ot
ed

as
ỹ

.
L

et
h̃

(t
)

d
en

ot
e

th
e

re
sp

on
se

of
h
on

es
t

w
o
rk

er
h

fo
r

ta
sk

t
in

th
e

n
ew

sc
en

ar
io

.
S
in

ce
,

h
on

es
t

w
or

ke
rs

al
w

ay
s

re
sp

on
d

co
rr

ec
tl

y,
w

e
h
av

e
th

a
t:

h̃
(t

)
=

{
−
h

(t
)

if
t
∈
T
∗

h
(t

)
ot

h
er

w
is

e
∀
h
∈
H

(7
)

C
or

re
sp

on
d
in

gl
y,

ac
co

rd
in

g
to

th
e

ad
ve

rs
ar

y
la

b
el

in
g

st
ra

te
gy

σ
∗

d
es

cr
ib

ed
a
b

ov
e,

th
e

a
d
-

ve
rs

ar
y

re
sp

on
se

s
w

ou
ld

al
so

ch
an

ge
.

In
p
ar

ti
cu

la
r,

u
si

n
g
ã
i(
t)

to
d
en

o
te

th
e

a
d
ve

rs
a
ry

re
sp

on
se

in
th

e
n
ew

sc
en

ar
io

,
w

e
h
av

e

ã
i(
t)

=

{
−
h̃
i(
t)

if
t
∈
T
∗

h̃
i(
t)

ot
h
er

w
is

e
∀i

=
1,

2,
..
.,
|H
∗ |

(8
)

F
in

al
ly

,
le

t
L(
ỹ

)
d
en

ot
e

th
e

la
b

el
in

g
m

at
ri

x
in

th
is

n
ew

sc
en

ar
io

.
W

e
n
ow

a
rg

u
e

th
a
t

L(
ỹ

)
=
P
L(
y

)
fo

r
so

m
e
n
×
n

p
er

m
u
ta

ti
on

m
at

ri
x
P

.
In

or
d
er

to
se

e
th

is
,

fo
r

a
n
y

w
o
rk

er
w

(h
on

es
t

or
ad

ve
rs

ar
y
),

le
t
r(
w

)
an

d
r̃(
w

)
re

sp
ec

ti
ve

ly
d
en

ot
e

th
e

ro
w

ve
ct

o
rs

in
m

a
tr

ic
es

L(
y

)
an

d
L(
ỹ

).
W

e
sh

ow
th

at
L(
ỹ

)
ca

n
b

e
ob

ta
in

ed
fr

om
L(
y

)
th

ro
u
g
h

a
p

er
m

u
ta

ti
o
n

of
th

e
ro

w
s.

F
ir

st
ob

se
rv

e
th

at
fo

r
an

y
h
on

es
t

w
or

ke
r
h
/∈
H
∗ ,

w
e

m
u
st

h
av

e
b
y

d
efi

n
it

io
n

o
f

P
re

Im
th

at
h

(t
)

=
0

fo
r

an
y
t
∈
T
∗ .

T
h
u
s,

it
fo

ll
ow

s
fr

om
eq

u
at

io
n

(7
)

th
at
h̃

(t
)

=
−
h

(t
)

=
0

=
h

(t
)

5
0
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Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

fo
r

a
n
y
t∈
T
∗.

F
u
rth

erm
ore,

h̃
(t)

=
h

(t)
for

an
y
t
/∈
T
∗

b
y

(7).
T

h
erefo

re,
w

e
h
ave

th
at

r̃(h
)

=
r(h

)
fo

r
an

y
h
/∈
H
∗.

N
ex

t,
con

sid
er

an
h
on

est
w

orker
h
i ∈

H
∗

for
som

e
i.

It
can

b
e

a
rg

u
ed

th
a
t
r̃(h

i )
=
r(a

i ).
T

o
see

th
is,

for
an

y
task

t
/∈
T
∗,

w
e

h
ave

b
y

eq
u
ation

(7)
th

at
h̃
i (t)

=
h
i (t)

=
a
i (t),

w
h
ere

th
e

secon
d

eq
u
ality

follow
s

from
eq

u
ation

(6).
S
im

ilarly,
fo

r
a
n
y
t∈
T
∗,

w
e

h
av

e
h̃
i (t)

=
−
h
i (t)

=
a
i (t)

again
u
sin

g
eq

u
ation

(6).
T

h
u
s,

w
e

h
av

e
sh

ow
n

th
a
t

th
e

row
s
r̃(h

i )
=
r(a

i )
for

an
y

1
≤
i≤
|H
∗|.

A
sy

m
m

etric
arg

u
m

en
t

sh
ow

s
th

at
r̃(a

i )
=
r(h

i )
fo

r
all

1
≤
i≤
|H
∗|.

C
on

seq
u
en

tly,L
(ỹ

)
is

ob
tain

ed
from

L
(y

)
b
y

sw
ap

p
in

g
row

s
co

rresp
o
n
d
in

g
to
h
i

w
ith

a
i

for
all

i
=

1,2,...,|H
∗|.

N
ow

th
at

w
e

h
ave

sh
ow

n
L

(ỹ
)

=
P
L

(y
)

for
som

e
p

erm
u
tation

m
atrix

P
,

it
follow

s
fro

m
th

e
fa

ct
th

at
R
∈
C

th
at
R

(L
(ỹ

))
=
R

(L
(y

)).
T

h
u
s,

th
e

lab
els

ou
tp

u
t

b
y
R

for
all

ta
sk

s
in
T
∗

is
th

e
sam

e
u
n
d
er

b
oth

scen
arios.

A
s

a
resu

lt,
it

follow
s

th
at

A
ff

(R
,σ
∗,y

)
+

A
ff

(R
,σ
∗,ỹ

)
=
|T
∗|

=
2∗

L
an

d
th

erefore,
eith

er
A

ff
(R
,σ
∗,y

)≥
L

or
A

ff
(R
,σ
∗,ỹ

)≥
L

.

In
o
th

er
w

o
rd

s,
th

ere
ex

ists
a

grou
n
d
-tru

th
task

lab
elin

g
for

w
h
ich

th
e

n
u
m

b
er

of
aff

ected
ta

sk
s

is
a
t

lea
st
L

,
an

d
sin

ce
w

e
take

a
m

ax
im

u
m

over
all

p
ossib

le
grou

n
d
-tru

th
lab

elin
gs,

th
e

resu
lt

o
f

th
e

th
eorem

follow
s.

F
u
rth

er,
an

y
d
ecision

ru
le

th
at

ou
tp

u
ts

lab
els

ran
d
om

ly
in

ca
se

of
ties

(i.e
eq

u
al

n
u
m

b
er

of
+

1
an

d
−

1
resp

on
ses)

w
ill

ach
iev

e
th

e
low

er
b

ou
n
d
L

,
in

clu
d
in

g
th

e
sim

p
le

m
a
jority

d
ecision

ru
le.

M
isc

la
ssifi

c
a
tio

n
o
f

w
o
rk

e
rs.

S
in

ce
w

e
allow

th
e

sop
h
isticated

ad
versa

ries
to

ad
op

t
a
rb

itra
ry

stra
tegies,

w
e

n
eed

to
assu

m
e

som
e

ch
aracteristic

p
rop

erty
th

at
h
elp

s
to

id
en

tify
h
o
n
est

w
o
rkers.

In
th

e
th

eorem
w

e
assu

m
ed

th
at

all
h
on

est
w

orkers
are

p
erfectly

reliab
le,

so
th

a
t

th
ey

a
gree

w
ith

each
oth

er
on

th
eir

lab
els

for
all

task
s.

G
iven

th
is,

a
n
y

M
L

algorith
m

th
a
t

is
try

in
g

to
sep

arate
h
on

est
w

orkers
from

th
e

sop
h
isticated

ad
v
ersaries

w
ill

ou
tp

u
t

tw
o

g
ro

u
p
s

o
f

w
o
rkers,

say
W

1 ,W
2

su
ch

th
at
W

1 ∪
W

2
=
H
∪
A

an
d
W

1 ∩
W

2
=
φ

.
F

u
rth

er,
let

u
s

su
p
p

o
se

th
a
t

th
e

algorith
m

h
as

k
n
ow

led
ge

of
k
—

th
e

n
u
m

b
er

of
sop

h
isticated

ad
v
ersaries,

so
th

a
t

th
e

o
u
tp

u
t

satisfi
es
|W

1 |
=
n
−
k

an
d
|W

2 |
=
k

w
h
ere
|H
∪
A|

=
n

.
W

e
call

an
o
u
tp

u
t

(W
1 ,W

2 )
va

lid
if

all
w

orkers
in
W

1
agree

w
ith

each
oth

er
on

th
eir

lab
els

for
all

task
s.

N
o
te

th
a
t

th
e

“
tru

e”
ou

tp
u
t
W

1
=
H

an
d
W

2
=
A

is
valid

.
W

e
argu

e
th

a
t

fo
r

th
e

ab
ov

e
a
d
versa

ry
stra

tegy,
th

e
ou

tp
u
t
W

1
=

(H
\
H
∗)∪

A
an

d
W

2
=
H
∗

is
also

valid
,

w
h
ere

H
∗

is
a
s

d
efi

n
ed

in
th

e
p
ro

of
ab

ove.

T
o

see
th

is,
n
ote

th
at

th
e

algorith
m

can
id

en
tify

th
e

setT
∗

of
task

s
for

w
h
ich

th
ere

are
co

n
fl
icts,

i.e.
b

oth
+

1
an

d
−

1
lab

els,
an

d
p
artition

th
e

set
of

w
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b
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b
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∑h∈
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∆
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∑a∈
A (d

a (N
(E
∪
F
′))

+
∆
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∑h∈
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∪
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ŷ j

=
si

gn
(m

j) 6
2

JM
L

R
 1

8(
93

):
1-

67
, 2

01
7



Id
e
n
t
if
y
in
g

U
n
r
e
l
ia
b
l
e
a
n
d

A
d
v
e
r
sa

r
ia
l
C
r
o
w
d

W
o
r
k
e
r
s

W
e

ch
o
se
k

m
a
x

=
100

in
ou

r
ex

p
erim

en
ts.

S
im

u
la

tio
n

D
e
ta

ils.
H

ere
w

e
d
iscu

ss
h
ow

w
e

im
p

osed
th

e
d
egree

b
ias

on
ad

versaries
in

o
u
r

sim
u
lation

stu
d
y.

G
iven

a
w

o
rker-task

assig
n
m

en
t

grap
h
,

let
d
w

d
en

ote
th

e
d
egree

o
f

w
o
rk

er
w

a
n
d
d

m
in ,d

a
v
g ,d

m
a
x

d
en

ote
resp

.
th

e
m

in
im

u
m

,
average

an
d

m
ax

im
u
m

w
orker

d
eg

rees.

•
A

d
versa

ries
h
a
ve

h
igh

d
egrees.

F
or

each
w

orker
w

,
d
efi

n
e
q
w

=
q·

d
m
a
x −
d
w

d
m
a
x −
d
a
v
g .

T
h
en

,
ea

ch
w

o
rker

w
is

an
ad

versary
w

ith
p
rob

ab
ility

1−
q
w

.
F

irst,
n
ote

th
at

th
e

ex
p

ected
n
u
m

b
er

o
f

h
on

est
w

orkers
is

given
b
y

∑

w

q
w

=
q

d
m

a
x −

d
a
v
g ∑

w

(d
m

a
x −

d
w

)
=
q·n

N
ex

t,
w

e
can

see
th

at
w

orkers
w

ith
h
igh

er
d
egrees

h
ave

a
sm

aller
q
w

,
w

h
ich

im
p
lies

th
at

th
ey

h
ave

a
greater

ch
an

ce
of

b
ein

g
an

ad
versary.

In
an

an
alogou

s
m

an
n
er,

w
e

d
ea

l
w

ith
th

e
case

of
low

d
egrees.

•
A

d
versa

ries
h
a
ve

lo
w

d
egrees.

F
or

each
w

ork
er
w

,
d
efi

n
e
q
w

=
q·

d
w −

d
m
in

d
a
v
g −
d
m
in

.
T

h
en

,
each

w
o
rker

w
is

an
ad

versary
w

ith
p
rob

a
b
ility

1−
q
w

.
A

gain
,

w
e

h
ave

th
at

th
e

ex
p

ected
n
u
m

b
er

o
f

h
on

est
w

orkers
is

given
b
y

∑

w

q
w

=
q

d
a
v
g −

d
m

in ∑

w

(d
w
−
d

m
in )

=
q·n

In
th

is
ca

se,
low

er
th

e
d
egree

d
w

,
h
igh

er
th

e
ch

an
ce

(1−
q
w

)
th

at
a

w
orker

is
ch

osen
a
s

a
n

a
d
versary.

R
e
fe
re
n
ce

s

B
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d
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p
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b
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p
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lism

an
d

tra
n

scrip
tio

n
(B

aru
tcu

oglu
et

al.,
20

06);
an

im
a
g
e

m
ay

h
ave

b
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r
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b
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b
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.
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b
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b
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d
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b
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h
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p
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b
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d
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b
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p
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p
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u
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.
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p
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ca
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p
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p
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p
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con
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b
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u
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b
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b
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atk
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b
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b
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b
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b
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com

p
u
ta

tion
al

issu
es

an
d

ap
p
li-

cation
s:

1)
C

om
p
u
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b
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p
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b
u
rd

en
of

la
b

ellin
g

d
ata.

W
e

call
th

is
k
in

d
of

d
ata

“b
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p
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b
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b
e

u
sed

to
tack

le
th

is
k
in

d
of

b
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b
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b
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.
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b
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b
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h
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b
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ra
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b
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b
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b
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ra
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b
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b
el

le
ar

n
in

g
w

h
ic

h
in

d
ep

en
d
en

tl
y

tr
ai

n
s

a
b
in

ar
y

cl
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b
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;
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g
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b
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b
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e.

C
C

M
C

ex
p
loits

th
e

cla
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b
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d
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d
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.
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b
in

a
ry

classifi
cation

p
rob

lem
for

class
ζ
j

(λ
k ).

G
C

C
M

C
follow

s
th
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b
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b
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b
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b
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p
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b
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d
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n
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∈
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d
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=
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∈
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d
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]
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0-1

loss
fu

n
ction

.
S
o,
er
D

[h
]

=
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]
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d
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m
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b
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e

follow
in

g
gen

eral
corollary

re-
gard

in
g

th
e

b
ou

n
d

of
th

e
cov

erin
g

n
u
m

b
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r
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.
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m
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b
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]
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b
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∈
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o
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∈
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∃
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∈
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j ∈
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p
ressio

n
I (y

t 6=
h
(x
t ) )

eva
lu
a
tes

to
1
if
y
t 6=
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r
d
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≥
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−
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≥
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<
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b
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p
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−
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≥
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p
le

s
s

ge
n

er
a
te

d
in

d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
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d
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p
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e
fo

ll
o
w

in
g

p
ro

ba
bi

li
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∃
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m
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=
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∑
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p
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d
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p
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ŝ
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p
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d
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{ŝ
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tĥ
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ŷ
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ŷ

)
≥

2
γ̂
i

+
r i
}|
>
m
ε}
.

H
er

e,
−
m
a
x
tĥ
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m
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ĥ
≥
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ĥ
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−
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(ĥ
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ŝˆ̄ s
|p

os
si

b
il
it

ie
s

of
f̃

th
at

sa
ti

sf
y

th
e

in
eq

u
al

it
y

fo
r
k
i.

N
ot

e
th

at
|B

k
i
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ŝˆ̄ s
|)

+
··
·+

E
(|B

k
q
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Ĝ

,
so

f
a
t π

(Ĝ
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(γ
),

w
h
er

e
Ĝ

=
{ĥ
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ŝˆ̄ s
))
≤

2(
32
m

)d
lo

g
(
8
e
m d

)

w
h
er

e
d

=
f
a
t π

(Ĝ
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sé
et

al
.,

20
1
6
),

so
th

e
ri

ch
st

ru
ct

u
re

in
fo

rm
at

io
n

am
on

g
cl

as
se

s
is

m
is

si
n
g

in
V

G
G

an
d

R
es

N
et

.
W

e
u
se

th
e

so
u
rc

e
co

d
e

p
ro

v
id

ed
b
y

th
e

re
sp

ec
ti

ve
au

th
or

s
w

it
h

d
ef

a
u
lt

p
ar

am
et

er
s.

F
ol

lo
w

in
g

H
e

et
a
l.

(2
0
1
6
),

w
e

u
se

th
e

34
-l

ay
er

re
si

d
u
al

n
et

s
d
u
e

to
th

e
li
m

it
of

co
m

p
u
ta

ti
on

al
re

so
u
rc

es
,

an
d

a
ls

o
ex

tr
a
ct

5
.
h
tt
p
:/
/
w
w
w
.i
m
a
g
e-
n
et
.o
rg
/
ch
a
ll
en

g
es
/
L
S
V
R
C
/
2
0
1
2
/

22
JM

L
R

 1
8(

94
):

1-
38

, 2
01

7



A
n
E
a
sy

-t
o
-h
a
r
d

L
e
a
r
n
in
g

P
a
r
a
d
ig
m

f
o
r
M
u
lt

ip
l
e
C
l
a
sse

s
a
n
d

M
u
lt

ip
l
e
L
a
b
e
l
s

T
a
b
le

7
:

T
estin

g
error

rate
(in

%
)

of
V

G
G

,
R

esN
et-34,

A
D

IO
S

an
d

C
C

M
C

-F
G

on
th

e
IL

S
V

R
C

2012
d
ata

set.

M
e
t
h
o
d

V
G
G

R
e
sN

e
t
-3
4

A
D
IO

S
C
C
M
C
-F

G
+
V
G
G

f
e
a
t
u
r
e
s

C
C
M
C
-F

G
+
R
e
sN

e
t
f
e
a
t
u
r
e
s

T
e
st

in
g

E
r
r
o
r

2
3
.9
5

2
1
.5
1

2
1
.2
8

2
3
.9
8
(ω

=
1
0
)

2
1
.8
5
(ω

=
1
0
)

2
2
.6
7
(ω

=
3
0
)

2
0
.1
1
(ω

=
3
0
)

2
0
.7
3
(ω

=
5
0
)

1
9
.8
4
(ω

=
5
0
)

2
0
4
8
-d

im
en

sio
n
al

featu
res

b
y

th
e

R
esN

et-34.
A

ccord
in

g
to

S
im

on
y
an

an
d

Z
isserm

a
n

(2014),
w

e
ex

tra
ct

4
0
9
6
-d

im
en

sion
al

featu
res

from
th

e
16-layer

of
th

e
V

G
G

.
H

ere,
ω

is
set

to
10,

30
a
n
d

5
0

fo
r

o
u
r

m
eth

o
d
.

T
h
e

classifi
cation

resu
lts

are
rep

orted
in

T
ab

le
7.

F
rom

th
is

tab
le,

w
e

can
ob

serve
th

at

•
A

D
IO

S
o
u
tp

erform
s

V
G

G
an

d
R

esN
et-3

4,
w

h
ich

verifi
es

A
D

IO
S
’s

claim
:

ex
istin

g
d
eep

lea
rn

in
g

a
p
p
roach

es
d
o

n
ot

take
in

to
accou

n
t

th
e

often
u
n
k
n
ow

n
b
u
t

n
everth

eless
rich

rela
tio

n
sh

ip
s

b
etw

een
classes,

th
is

k
n
ow

led
ge

ab
ou

t
th

e
rich

class
stru

ctu
re

(an
d

oth
er

d
eep

stru
ctu

re
in

d
ata)

is
som

etim
e

referred
to

as
d
ark

k
n
ow

led
ge

(e.g.
b
y

H
in

ton
et

a
l.

(2
0
1
5)

an
d

B
a

an
d

C
aru

an
a

(2
014)).

•
W

ith
o
u
t

th
e

restriction
of

th
e

assu
m

p
tion

s
an

d
con

strain
ts

u
sed

in
A

D
O

IS
,

ou
r

m
eth

o
d

a
ch

iev
es

b
etter

p
erform

an
ce

th
a
n

A
D

IO
S

w
ith

th
e

in
creasin

g
valu

e
of
ω

.

•
C

C
M

C
-F

G
w

ith
R

esN
et

featu
res

ob
tain

s
b

etter
p

erform
an

ce
th

an
C

C
M

C
-F

G
w

ith
V

G
G

fea
tu

res,
w

h
ich

d
em

on
strates

th
at

ou
r

p
rop

o
sed

m
eth

o
d

can
b

e
fu

rth
er

im
p
roved

b
a
sed

o
n

b
etter

featu
res.

•
B

a
sed

on
th

e
d
eep

learn
in

g
featu

res,
C

C
M

C
-F

G
con

sisten
tly

im
p
rov

es
V

G
G

an
d

R
esN

et-3
4

w
ith

th
e

in
creasin

g
valu

e
of
ω

.
T

h
e

resu
lts

valid
ate

ou
r

an
aly

sis
a
n
d

th
e

b
etter

o
rd

erin
g

of
classes

ob
tain

s
th

e
b

etter
p

erform
an

ce.
N

ote
th

a
t

th
e

ab
ov

e
m

en
-

tio
n
ed

resu
lts

w
ere

ob
tain

ed
u
sin

g
58,700

train
in

g
d
a
ta

p
oin

ts.
W

e
con

clu
d
e

th
at

w
ith

lim
ited

d
ata,

th
e

u
sage

of
stru

ctu
re

in
form

ation
is

h
elp

fu
l.

W
e

co
n
jectu

re
th

at
th

is
a
d
va

n
tage

m
ay

u
ltim

ately
van

ish
as

m
ore

an
d

m
ore

d
ata

b
eco

m
es

availab
le

for
tra

in
in

g.

7
.2

E
x
p

e
rim

e
n
t

o
n

M
u

lti-la
b

e
l

C
la

ssifi
c
a
tio

n

W
e

co
n
d
u
ct

ex
p

erim
en

ts
on

ten
real-w

orld
m

u
lti-lab

el
d
ata

sets
w

ith
variou

s
d
om

ain
s

from
th

ree
w

eb
sites. 6

7
8

T
h
e

E
U

R
L

E
X

S
M

an
d

E
U

R
L

E
X

E
D

d
ata

sets
are

p
rep

ro
cessed

accord
-

in
g

to
th

e
ex

p
erim

en
tal

settin
gs

in
D

em
b

czy
n
sk

i
et

al.
(2010)

an
d

Z
h
an

g
an

d
S
ch

n
eid

er
(2

0
1
2
).

T
h
e

statistics
of

d
ata

sets
are

p
resen

ted
in

T
a
b
le

8
.

W
e

com
p
are

ou
r

algorith
m

s
w

ith
so

m
e

b
aselin

e
m

eth
o
d
s:

B
R

,
C

C
,
E

C
C

,
C

C
A

(Z
h
an

g
an

d
S
ch

n
eid

er,
2
011)

an
d

M
M

O
C

(Z
h
a
n
g

a
n
d

S
ch

n
eid

er,
2012).

E
C

C
is

averaged
ov

er
sev

eral
C

C
p
red

iction
s

w
ith

ran
d
om

6
.
h
ttp

:/
/
m
u
la
n
.so

u
rcefo

rg
e.n

et
7
.
h
ttp

:/
/
m
eka

.so
u
rcefo

rg
e.n

et/
#
d
a
ta
sets

8
.
h
ttp

:/
/
cse.seu

.ed
u
.cn

/
p
eo
p
le/

zh
a
n
g
m
l/
R
eso

u
rces.h

tm
#
d
a
ta

23
JM

L
R

 18(94):1-38, 2017

L
iu
,
T
sa

n
g

a
n
d

M
ü
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ôm
e

L
ou

ra
d
ou

r,
R

on
an

C
ol

lo
b

er
t,

a
n
d

J
as

on
W

es
to

n
.

C
u
rr

ic
u
lu

m
le

a
rn

-
in

g.
In

IC
M

L
,

p
ag

es
41

–4
8,

20
09

.

A
li
n
a

B
ey

ge
lz

im
er

,
J
oh

n
L

an
gf

or
d
,

Y
u
ry

L
if

sh
it

s,
G

re
go

ry
B

.
S
o
rk

in
,

an
d

A
le

x
a
n
d
er

L
.

S
tr

eh
l.

C
on

d
it

io
n
al

p
ro

b
ab

il
it

y
tr

ee
es

ti
m

at
io

n
an

al
y
si

s
an

d
a
lg

or
it

h
m

s.
In

P
ro

ce
ed

in
gs

o
f

th
e

T
w

en
ty

-F
if

th
C

o
n

fe
re

n
ce

o
n

U
n

ce
rt

a
in

ty
in

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

,
p
a
g
es

5
1
–
5
8,

20
09

a.

A
li
n
a

B
ey

ge
lz

im
er

,
J
oh

n
L

an
gf

or
d
,

an
d

P
ra

d
ee

p
R

av
ik

u
m

ar
.

E
rr

or
-c

or
re

ct
in

g
to

u
rn

a
m

en
ts

.
In

P
ro

ce
ed

in
gs

o
f

th
e

2
0
th

C
o
n

fe
re

n
ce

o
n

A
lg

o
ri

th
m

ic
L

ea
rn

in
g

T
h
eo

ry
,

p
a
g
es

2
4
7
–
2
6
2
,

20
09

b
.

M
at

th
ew

R
.

B
ou

te
ll
,

J
ie

b
o

L
u
o,

X
ip

en
g

S
h
en

,
an

d
C

.M
.C

h
ri

st
op

h
er

M
.

B
ro

w
n
.

L
ea

rn
in

g
m

u
lt

i-
la

b
el

sc
en

e
cl

as
si

fi
ca

ti
on

.
P

a
tt

er
n

R
ec

og
n

it
io

n
,

37
(9

):
17

57
–1

77
1,

20
0
4
.

Ig
n
as

B
u
d
v
y
ti

s,
V

ij
ay

B
ad

ri
n
ar

ay
an

an
,

an
d

R
ob

er
to

C
ip

ol
la

.
L

ab
el

p
ro

p
a
ga

ti
o
n

in
co

m
p
le

x
v
id

eo
se

q
u
en

ce
s

u
si

n
g

se
m

i-
su

p
er

v
is

ed
le

ar
n
in

g.
In

B
ri

ti
sh

M
a
ch

in
e

V
is

io
n

C
o
n

fe
re

n
ce

,
p
ag

es
1–

12
.

B
ri

ti
sh

M
ac

h
in

e
V

is
io

n
A

ss
o
ci

at
io

n
,

20
10

.

Y
ao

-N
an

C
h
en

an
d

H
su

an
-T

ie
n

L
in

.
F

ea
tu

re
-a

w
ar

e
la

b
el

sp
ac

e
d
im

en
si

on
re

d
u
ct

io
n

fo
r

m
u
lt

i-
la

b
el

cl
as

si
fi
ca

ti
on

.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
5
,

p
ag

es
15

38
–1

54
6,

20
12

.

K
ai

-Y
an

g
C

h
ia

n
g,

C
h
o-

J
u
i

H
si

eh
,

N
ag

ar
a
ja

n
N

at
ar

a
ja

n
,

In
d
er

ji
t

S
.

D
h
il
lo

n
,

a
n
d

A
m

b
u
j

T
ew

ar
i.

P
re

d
ic

ti
on

an
d

cl
u
st

er
in

g
in

si
gn

ed
n
et

w
or

k
s:

a
lo

ca
l

to
gl

ob
a
l

p
er

sp
ec

ti
ve

.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

15
(1

):
11

77
–1

2
13

,
20

14
.

K
ai

-Y
an

g
C

h
ia

n
g,

C
h
o-

J
u
i

H
si

eh
,

an
d

In
d
er

ji
t

S
.

D
h
il
lo

n
.

M
at

ri
x

co
m

p
le

ti
o
n

w
it

h
n
o
is

y
si

d
e

in
fo

rm
at

io
n
.

In
N

IP
S

,
p
ag

es
34

47
–3

45
5,

20
15

.

W
ei

C
h
u

an
d

Z
ou

b
in

G
h
ah

ra
m

an
i.

G
au

ss
ia

n
p
ro

ce
ss

es
fo

r
or

d
in

al
re

gr
es

si
o
n
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

6:
10

19
–1

04
1,

20
05

.

M
ou

st
ap

h
a

C
is

sé
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b
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p
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at
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b
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p
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p
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b
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p
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b
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at
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p
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b
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p
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at
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p
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b
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b
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b
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b
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b
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b
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d
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.
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b
se

rv
ed

,
th

en
th

e
m

et
h
o
d

of
es

ti
m

at
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b
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p
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p
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b
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p
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b
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p
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p
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p
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p
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p
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p
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d
is

tr
ib

u
ti

on
as

so
ci

a
te

d
w

it
h

a
fi
n
it

e
sa

m
p
le

ca
n

b
e

q
u
it

e
d
iff

er
en

t
fr

om
th

e
p

op
u
la

ti
on

d
is

tr
ib

u
ti

on
.

F
or

th
es

e
re

as
on

s,
w

e
ar

gu
e

th
at

as
a

m
in

im
u
m

,
it

sh
ou

ld
b

e
re

q
u
ir

ed
th

a
t

cl
a
ss

p
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u
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at
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p
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b
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b
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at
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p
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p
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con
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t
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p
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h
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d
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p
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m
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p
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p
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b
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e

‘con
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b
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.

83).

•
P

rio
r

p
ro
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ecial
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p
e
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set
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ift
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b
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p
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p
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b
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b
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b
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p
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b
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b
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er
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ree

ap
p
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u
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•
In

S
ectio

n
4,

w
e

ex
p
lore

b
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revalen
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e
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er
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p
rob

ab
ility

sh
ift.
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e
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revalen

ces
even

in
th

e
p
resen

ce
of

th
at

q
u
ite

b
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e
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•
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d
d
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a
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b
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h
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n
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of
th

e
featu

res
of

an
in

stan
ce,

Y
d
en

otes
th

e
class

of
th

e
in

stan
ce.

•
P

:
P

rob
ab

ility
d
istrib

u
tion

of
th

e
train

in
g

set.

•
Q

:
P

rob
ab

ility
d
istrib

u
tion

of
th

e
test

set.

•
P

[Y
=
i|X

]:
F

eatu
re-con

d
ition

al
p
rob

ab
ility

of
class

i
in

th
e

train
in

g
set

(an
alogou

s
for

Q
).

•
P

[X
∈
S
|Y

=
i]:

P
[X
|Y

]
d
en

otes
th

e
class-con

d
ition

al
d
istrib

u
tion

of
th

e
featu

res
in

th
e

train
in

g
set.

P
[X
∈
S
|Y

=
i]

stan
d
s

for
th

e
p
rob

ab
ility

th
at

th
e

realisation
of
X

is
an

elem
en

t
of

th
e

set
S

,
con

d
ition

al
on

th
e

class
of

th
e

in
sta

n
ce

b
ein

g
i

(an
alogou

s
for

Q
).

•
g

:X
→
{
0,1}

:
C

lassifi
er

th
at

assign
s

class
g
(x

)
to

a
realisation

x
of

th
e

featu
res

of
an

in
stan

ce.

•
f
0 ,f

1 :
C

lass-con
d
ition

al
featu

re
d
en

sities
on

th
e

train
in

g
set.

•
h
0 ,h

1 :
C

lass-con
d
ition

al
featu

re
d
en

sities
on

th
e

test
set.

2
.
E
stim

a
tin

g
P
rio

r
P
ro

b
a
b
ilitie

s

In
th

is
section

,
w

e
recall

som
e

b
asic

co
n
cep

ts
from

th
e

th
eo

ry
of

b
in

ary
classifi

ca
tion

an
d

q
u
an

tifi
cation

to
b
u
ild

th
e

b
asis

for
th

e
d
iscu

ssion
of

p
revalen

ce
estim

ation
ap

p
roa

ch
es

in
S
ection

3
an

d
th

e
n
u
m

erical
ex

am
p
les

in
S
ection

4.
T

h
e

con
cep

ts
d
iscu

ssed
in

clu
d
e

B
ayes

classifi
ers

an
d

d
iff

eren
t

ty
p

es
of

d
ata

set
sh

ift
in

clu
d
in

g
p
rior

p
rob

ab
ility

sh
ift

an
d

its
ex

ten
sion

called
h
ere

‘in
varian

t
d
en

sity
ratio’-ty

p
e

d
ata

set
sh

ift.
In

ad
d
ition

,
w

e
in

tro
d
u
ce

th
e

n
otion

of
u
n
b
iased

n
ess

of
p
revalen

ce
estim

ators
in

th
e

sh
ap

e
of

F
ish

er
con

sisten
cy

w
h
ich

is
m

ost
ap

p
rop

riate
in

th
e

q
u
an

tifi
cation

con
tex

t
cen

tra
l

for
th

is
p
a
p

er.

2
.1

B
in

a
ry

C
la

ssifi
c
a
tio

n
a
n

d
B

a
y
e
s

E
rro

r
a
t

P
o
p

u
la

tio
n

L
e
v
e
l

T
h
e

b
asic

m
o
d
el

w
e

con
sid

er
is

a
ran

d
om

vector
(X
,Y

)
w

ith
valu

es
in

a
p
ro

d
u
ctX

×
{
0
,1}

of
sets.

F
or

ex
am

p
le,

in
ap

p
lication

s
for

cred
it

scorin
g,

w
e

m
igh

t
h
av

e
X

=
R
d

for
som

e
p

ositive
in

teger
d
.

A
realisation

of
X
∈
X

is
in

terp
reted

as
th

e
v
ector

of
featu

res
of

an
ob

served
in

stan
ce.

Y
∈
{0
,1}

is
th

e
class

of
th

e
ob

served
in

stan
ce.

F
or

th
e

p
u
rp

ose
of

th
is

p
ap

er,
0

is
th

e
in

terestin
g

(p
ositive)

class,
as

in
H

ern
án

d
ez-O

rallo
et

al.
(2012).

C
la

ssifi
ca

tio
n

p
ro

blem
.

O
n

th
e

b
asis

of
th

e
ob

served
featu

res
X

of
an

in
stan

ce,
m

ak
e

a
gu

ess
(p

red
iction

)
g
(X

)∈
{
0,1}

of
th

e
in

stan
ce’s

class
Y

su
ch

th
at

th
e

p
rob

a
b
ility

of
an

error
is

m
in

im
al.

In
m

ath
em

atical
term

s:
F

in
d
g ∗

:X
→
{0,1}

su
ch

th
at

P
[g ∗(X

)6=
Y

]
=

m
ing

P
[g

(X
)6=

Y
].

(1a)

T
h
e

fu
n
ction

s
g

in
(1a)

u
sed

for
p
red

ictin
g
Y

are
called

(crisp
)

classifi
ers.

T
h
e

valu
e

of
th

e
m

in
im

u
m

in
(1a)

is
called

B
a
yes

erro
r.

(1a)
acco

u
n
ts

for
tw

o
p

ossib
ilities

to
m

ake
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F
is
h
e
r
C
o
n
si
st

e
n
c
y
f
o
r
P
r
io
r
P
r
o
b
a
b
il
it
y
S
h
if
t

cl
as

si
fi
ca

ti
on

er
ro

rs
:

‘P
re

d
ic

t
0

if
th

e
tr

u
e

cl
as

s
is

1’
=
{g

(X
)

=
0
,Y

=
1}
,

an
d

‘P
re

d
ic

t
1

if
th

e
tr

u
e

cl
as

s
is

0’
=
{g

(X
)

=
1
,Y

=
0}
.

C
o
st

-s
en

si
ti

ve
er

ro
rs

.
In

p
ra

ct
ic

e,
th

e
co

n
se

q
u
en

ce
s

of
th

es
e

tw
o

er
ro

n
eo

u
s

p
re

d
ic

ti
o
n
s

m
ig

h
t

h
av

e
d
iff

er
en

t
se

ve
ri

ti
es

.
S
ay

th
e

co
st

re
la

te
d

to
‘p

re
d
ic

t
0

if
th

e
tr

u
e

cl
as

s
is

1’
is

c 1
≥

0,
an

d
th

e
co

st
re

la
te

d
to

‘p
re

d
ic

t
1

if
th

e
tr

u
e

cl
as

s
is

0’
is
c 0
≥

0.
T

o
d
ea

l
w

it
h

th
e

is
su

e
of

d
iff

er
en

t
se

v
er

it
ie

s,
a

co
st

-s
en

si
ti

v
e

ve
rs

io
n

of
(1

a)
ca

n
b

e
st

u
d
ie

d
:

c 1
P

[g
∗ (
X

)
=

0,
Y

=
1]

+
c 0

P
[g
∗ (
X

)
=

1,
Y

=
0]

=

m
in g
c 1

P
[g

(X
)

=
0,
Y

=
1]

+
c 0

P
[g

(X
)

=
1,
Y

=
0
].

(1
b
)

T
o

m
ak

e
th

is
p
ro

b
le

m
n
on

-t
ri

v
ia

l,
of

co
u
rs

e
on

e
h
as

to
as

su
m

e
th

at
c 0

+
c 1
>

0.
B

a
ye

s
cl

a
ss

ifi
er

.
A

so
lu

ti
on

g
∗

to
(1

b
)

an
d

th
er

ef
or

e
al

so
to

(1
a)

(c
as

e
of
c 0

=
c 1

=
1)

ex
is

ts
an

d
is

w
el

l-
k
n
ow

n
(s

ee
S
ec

ti
on

2.
2

o
f

va
n

T
re

es
,

19
68

,
or

S
ec

ti
on

1.
3

of
E

lk
an

,
20

01
):

g
∗ (
X

)
=

{
0
,

if
P

[Y
=

0
|X

]
>

c 1
c 0
+
c 1
,

1
,

if
P

[Y
=

0
|X

]
≤

c 1
c 0
+
c 1
.

(2
)

In
th

is
eq

u
at

io
n
,

P
[Y

=
0
|X

]
d
en

ot
es

th
e

(n
o
n
-e

le
m

en
ta

ry
)

co
n
d
it

io
n
al

p
ro

b
a
b
il
it

y
of

th
e

ev
en

t
Y

=
0

gi
ve

n
X

,
as

d
efi

n
ed

in
st

an
d
ar

d
te

x
tb

o
ok

s
on

st
at

is
ti

ca
l

le
ar

n
in

g
a
n
d

p
ro

b
ab

il
it

y
th

eo
ry

(s
ee

A
p
p

en
d
ix

A
.7

of
D

ev
ro

ye
et

al
.,

19
96

,
a
n
d

S
ec

ti
o
n

4.
1

o
f

D
u
rr

et
t,

19
96

,
re

sp
ec

ti
ve

ly
).

B
ei

n
g

a
fu

n
ct

io
n

of
X

,
P

[Y
=

0
|X

]
is

al
so

a
n
on

-c
on

st
an

t
ra

n
d
om

va
ri

ab
le

w
h
en

ev
er
X

an
d
Y

ar
e

n
ot

st
o
ch

as
ti

ca
ll
y

in
d
ep

en
d
en

t.
In

th
e

fo
ll
ow

in
g,

w
e

al
so

ca
ll

P
[Y

=
0
|X

]
fe

a
tu

re
-c

o
n

d
it

io
n

a
l

cl
a
ss

p
ro

ba
bi

li
ty

.
T

h
e

fu
n
ct

io
n
g
∗ (
X

)
as

d
efi

n
ed

in
(2

)
is

ca
ll
ed

a
B

ay
es

cl
as

si
fi
er

.
A

p
ro

of
of

(2
)

is
al

so
p
ro

v
id

ed
in

A
p
p

en
d
ix

B
b

el
ow

(s
ee

L
em

m
a

5)
.

T
h
at

p
ro

of
sh

ow
s,

in
p
ar

ti
cu

la
r,

th
at

th
e

so
lu

ti
on

g
∗

to
(1

b
)

is
u
n
iq

u
e

in
th

e
se

n
se

of
P

[g
∗ (
X

)
=
g̃
(X

)]
=

1
fo

r
an

y
ot

h
er

m
in

im
is

er
g̃

of
(1

b
),

as
lo

n
g

as
th

e
d
is

tr
ib

u
ti

on
of

th
e

ra
ti

o
of

th
e

cl
as

s-
co

n
d
it

io
n
al

fe
at

u
re

d
en

si
ti

es
is

co
n
ti

n
u
ou

s
(s

ee
S
ec

ti
on

2.
4

fo
r

th
e

d
efi

n
it

io
n

of
th

e
d
en

si
ty

ra
ti

o)
.

2
.2

B
in

a
ry

C
la

ss
ifi

c
a
ti

o
n

a
n

d
B

a
y
e
s

E
rr

o
r

a
t

S
a
m

p
le

L
e
v
e
l

In
th

eo
ry

,
th

e
b
in

ar
y

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
w

it
h

co
st

-s
en

si
ti

ve
er

ro
rs

is
co

m
p
le

te
ly

so
lv

ed
in

S
ec

ti
on

2.
1.

In
p
ra

ct
ic

e,
h
ow

ev
er

,
th

er
e

ar
e

is
su

es
th

at
ca

n
m

ak
e

th
e

B
ay

es
cl

as
si

fi
er

(2
)

u
n
fe

as
ib

le
:

•
T

y
p
ic

al
ly

,
th

e
jo

in
t

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
of

(X
,Y

)
is

n
ot

ex
ac

tl
y

k
n
ow

n
b
u
t

h
as

to
b

e
in

fe
rr

ed
fr

om
a

fi
n
it

e
sa

m
p
le

(c
al

le
d

‘t
ra

in
in

g
se

t’
)

(x
1
,t
r
,y

1
,t
r
),
..
.,

(x
m
,t
r
,y
m
,t
r
)
∈

X
×
{0
,1
}.

If
X

is
h
ig

h
-d

im
en

si
on

al
th

is
m

ay
b

e
d
iffi

cu
lt

an
d

re
q
u
ir

e
a

la
rg

e
sa

m
p
le

si
ze

to
re

d
u
ce

er
ro

rs
d
u
e

to
ra

n
d
om

va
ri

at
io

n
.

•
A

s
th

e
B

ay
es

cl
as

si
fi
er

is
ex

p
li
ci

tl
y

gi
v
en

b
y

(2
),

on
e

ca
n

tr
y

to
av

oi
d

es
ti

m
at

in
g

th
e

en
ti

re
d
is

tr
ib

u
ti

on
of

(X
,Y

)
an

d
,

in
st

ea
d
,

on
ly

es
ti

m
at

e
th

e
fe

at
u
re

-c
on

d
it

io
n
al

p
ro

b
ab

il
it

y
P

[Y
=

0
|X

]
(a

ls
o

ca
ll
ed

p
os

te
ri

or
p
ro

b
ab

il
it

y
).

H
ow

ev
er

,
th

is
ta

sk
is

n
ot

si
gn

ifi
ca

n
tl

y
si

m
p
le

r
th

an
es

ti
m

at
in

g
th

e
d
is

tr
ib

u
ti

on
of

(X
,Y

),
as

il
lu

st
ra

te
d

b
y

th
e

fa
ct

th
at

m
et

h
o
d
s

fo
r

th
e

es
ti

m
at

io
n

of
n
on

-e
le

m
en

ta
ry

co
n
d
it

io
n
al

p
ro

b
ab

il
it

ie
s

co
n
st

it
u
te

a
m

a
jo

r
b
ra

n
ch

of
ap

p
li
ed

st
a
ti

st
ic

s.
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T
a
sc

h
e

B
y

st
ru

ct
u
ra

l
as

su
m

p
ti

on
s

on
th

e
n
at

u
re

of
th

e
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
(1

b
),

th
e

a
p
p
ro

a
ch

b
as

ed
on

d
ir

ec
t

es
ti

m
at

io
n

of
th

e
fe

at
u
re

-c
on

d
it

io
n
al

p
ro

b
ab

il
it

y
ca

n
b

e
re

n
d
er

ed
m

o
re

a
c-

ce
ss

ib
le

.
L

og
is

ti
c

re
gr

es
si

on
p
ro

v
id

es
th

e
p

os
si

b
ly

m
os

t
im

p
or

ta
n
t

ex
am

p
le

fo
r

th
is

a
p
p
ro

a
ch

(s
ee

,
e.

g.
,

C
ra

m
er

,
20

03
).

B
u
t

th
e

p
ri

ce
of

th
e

u
n
d
er

ly
in

g
as

su
m

p
ti

on
s

m
ay

b
e

h
ig

h
a
n
d

in
-

cl
u
d
e

si
gn

ifi
ca

n
t

d
et

er
io

ra
ti

on
of

go
o
d
n
es

s
of

fi
t.

T
h
at

is
w

h
y

al
te

rn
at

iv
e

a
p
p
ro

a
ch

es
b
a
se

d
on

d
ir

ec
t

im
p
le

m
en

ta
ti

on
of

th
e

op
ti

m
is

at
io

n
of

th
e

ri
gh

t-
h
an

d
si

d
e

of
(1

b
)

a
re

p
o
p
u
la

r.
L

es
sm

an
n

et
al

.
(2

01
5)

gi
ve

a
su

rv
ey

of
th

e
va

ri
et

y
of

m
et

h
o
d
s

av
ai

la
b
le

,
ju

st
fo

r
a
p
p
li
ca

ti
on

to
cr

ed
it

sc
or

in
g.

A
s

m
en

ti
on

ed
in

th
e

in
tr

o
d
u
ct

io
n
,

on
e

of
th

e
to

p
ic

s
of

th
is

p
ap

er
is

an
in

v
es

ti
g
a
ti

o
n

in
to

th
e

q
u
es

ti
on

of
w

h
et

h
er

ce
rt

ai
n

q
u
an

ti
fi
er

s
ar

e
F

is
h
er

co
n
si

st
en

t.
In

S
ec

ti
o
n

4
b

el
ow

,
th

e
d
em

on
st

ra
ti

on
of

la
ck

of
F

is
h
er

co
n
si

st
en

cy
is

b
as

ed
on

co
u
n
te

r-
ex

am
p
le

s
w

h
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h
a
re

n
on

-t
ri

v
ia

l
b
u
t

si
m

p
le

en
ou

gh
to

al
lo

w
fo

r
th

e
ex

ac
t

co
m

p
u
ta

ti
on

o
f

th
e

fe
at

u
re
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o
n
d
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io
n
al
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s
p
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b
ab

il
it

ie
s

an
d

h
en
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al

so
th

e
B

ay
es
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as

si
fi
er

s.

2
.3

D
a
ta

S
e
t

S
h

if
t

E
ve

n
if

on
e

h
as

su
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ee
d
ed

in
es

ti
m

at
in

g
a

B
ay

es
cl

as
si

fi
er

or
at

le
as

t
a

re
a
so

n
a
b
ly

g
o
o
d

ap
p
ro

x
im

at
e

B
ay

es
cl

as
si

fi
er

,
is

su
es

m
ay
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is

e
th

at
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oi
l

it
s
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ec

ti
v
e

d
ep

lo
y
m

en
t.

Q
u
it

e
of

te
n
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it
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su

m
ed

th
at

an
y

in
st

an
ce

w
it

h
k
n
ow

n
fe

at
u
re

s
ve

ct
or
x

b
u
t

u
n
k
n
ow

n
cl

a
ss
y

th
at

is
p
re

se
n
te

d
fo

r
cl

as
si

fi
ca

ti
on

h
as

b
ee

n
d
ra

w
n

at
ra

n
d
om

fr
om

th
e

sa
m

e
p

o
p
u
la

ti
o
n

as
th

e
tr

ai
n
in

g
se

t.
H

ow
ev

er
,

fo
r

a
n
u
m

b
er

o
f

re
as

on
s

th
is

as
su

m
p
ti

on
ca

n
b

e
w

ro
n
g

(s
ee

,
e.

g.
,

Q
u
iñ

on
er

o-
C

an
d
el

a
et

al
.,

20
09

;
K

u
ll

an
d

F
la

ch
,

20
14

;
M

o
re

n
o-

T
or

re
s

et
a
l.
,

2
0
1
2
;

D
al

P
oz

zo
lo

et
al

.,
20

15
).

A
lo

t
of

re
se

ar
ch

h
as

b
ee

n
u
n
d
er

ta
ke

n
an

d
is

on
go

in
g

o
n

m
et

h
o
d
s

to
d
ea

l
w

it
h

th
is

p
ro

b
le

m
of

so
-c

al
le

d
d
at

a
se

t
sh

if
t.

In
th

is
p
ap

er
,

w
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

va
ri

an
t

of
th

e
p
ro

b
le

m
:

•
T

h
er

e
is

a
tr

ai
n
in

g
d
at

a
se

t
(x

1
,t
r
,y

1
,t
r
),
..
.,

(x
m
,t
r
,y
m
,t
r
)
∈
X
×
{0
,1
}

w
h
ic

h
is

a
s-

su
m

ed
to

b
e

an
in

d
ep

en
d
en

t
a
n
d

id
en

ti
ca

ll
y

d
is

tr
ib

u
te

d
sa

m
p
le

fr
om

th
e

p
o
p
u
la

ti
o
n

d
is

tr
ib

u
ti

on
P

(X
,Y

)
of

th
e

ra
n
d
om

ve
ct

or
(X
,Y

)
as

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
.1

.

•
T

h
er

e
is

an
ot

h
er

d
at

a
se

t,
th

e
te

st
d
at

a
se

t,
(x

1
,t
e
,y

1
,t
e
),
..
.,

(x
n
,t
e
,y
n
,t
e
)
∈
X
×
{0
,1
}

w
h
ic

h
is

as
su

m
ed

to
b

e
an

in
d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
sa

m
p
le

fr
o
m

a
p

os
si

b
ly

d
iff

er
en

t
p

op
u
la

ti
on

d
is

tr
ib

u
ti

on
Q

(X
,Y

).
M

or
eo

ve
r,

tr
ai

n
in

g
a
n
d

te
st

d
a
ta

h
av

e
b

ee
n

in
d
ep

en
d
en

tl
y

ge
n
er

at
ed

.

•
F

or
th

e
in

st
an

ce
s

in
th

e
tr

ai
n
in

g
d
at

a
se

t,
th

ei
r

cl
as

s
la

b
el

s
ar

e
v
is

ib
le

a
n
d

ca
n

b
e

m
ad

e
u
se

of
fo

r
le

ar
n
in

g
cl

as
si

fi
er

s
(i

.e
.

so
lv

in
g

op
ti

m
is

at
io

n
p
ro

b
le

m
(1

b
))

.

•
F

or
th

e
in

st
an

ce
s

in
th

e
te

st
d
at

a
se

t,
th

ei
r

cl
as

s
la

b
el

s
ar

e
in

v
is

ib
le

to
u
s

o
r

b
ec

o
m

e
v
is

ib
le

on
ly

w
it

h
la

rg
e

d
el

ay
.

T
h
is

as
su

m
p
ti

on
is

in
te

n
d
ed

to
d
es

cr
ib

e
a

se
tt

in
g

w
h
er

e
th

e
te

st
in

st
an

ce
s

a
rr

iv
e

b
a
tc

h
-

w
is

e,
n
ot

as
a

st
re

am
.

W
e

al
so

as
su

m
e

th
at

th
e

si
ze

s
m

of
th

e
tr

ai
n
in

g
se

t
an

d
n

o
f

th
e

te
st

se
t

ar
e

re
as

on
ab

ly
la

rg
e

su
ch

th
at

tr
y
in

g
to

in
fe

r
p
ro

p
er

ti
es

of
th

e
re

sp
ec

ti
ve

p
o
p
u
la

ti
o
n

d
is

tr
ib

u
ti

on
s

m
ak

es
se

n
se

.

A
s

fa
r

as
th

e
th

eo
ry

fo
r

th
is

p
ap

er
is

co
n
ce

rn
ed

,
w

e
w

il
l

ig
n
or

e
th

e
is

su
es

ca
u
se

d
b
y

th
e

fa
ct

th
at

w
e

k
n
ow

th
e

tr
ai

n
in

g
d
at

a
se

t
d
is

tr
ib

u
ti

on
P

(X
,Y

)
an

d
th

e
te

st
d
a
ta

se
t
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F
ish

e
r
C
o
n
sist

e
n
c
y
f
o
r
P
r
io
r
P
r
o
b
a
b
il
it
y
S
h
if
t

d
istrib

u
tion

Q
(X
,Y

)
on

ly
b
y

in
feren

ce
from

fi
n
ite

sam
p
les.

In
stead

w
e

w
ill

assu
m

e
th

at
w

e
ca

n
d
irectly

d
ea

l
w

ith
th

e
p

op
u
lation

d
istrib

u
tion

s
P

(X
,Y

)
an

d
Q

(X
,Y

).
T

h
rou

g
h
ou

t
th

e
w

h
o
le

p
a
p

er,
w

e
m

ake
th

e
assu

m
p
tion

th
at

th
ere

are
b

oth
p

ositive
an

d
n
eg

ative
in

sta
n
ces

in
b

o
th

o
f

th
e

p
op

u
lation

s,
i.e.

it
h
old

s
th

at

0
<

P
[Y

=
0]
<

1
an

d
0
<

Q
[Y

=
0]
<

1
.

(3)

T
h
e

p
ro

b
lem

th
at

P
(X
,Y

)
an

d
Q

(X
,Y

)
m

ay
n
ot

b
e

th
e

sam
e

is
treated

u
n
d
er

d
iff

eren
t

n
am

es
in

th
e

literatu
re

(M
oren

o-T
orres

et
al.,

2012):
d
ata

set
sh

ift,
d
o
m

ain
a
d
ap

tation
,

p
o
p
u
la

tio
n

d
rift

an
d

oth
ers.

T
h
ere

are
several

fa
cets

of
th

e
p
rob

lem
:

•
C

la
ssifi

ers
m

ay
h
ave

to
b

e
ad

ap
ted

to
th

e
test

set
or

re-train
ed

.

•
T

h
e

fea
tu

re-con
d
ition

al
p
rob

ab
ilities

m
ay

h
ave

to
b

e
ad

ap
ted

to
th

e
test

set
or

re-
estim

a
ted

.

•
T

h
e

u
n
co

n
d
ition

al
class

p
rob

ab
ilities

(also
called

p
rior

p
rob

ab
ilities

o
r

p
revalen

ces)
m

ay
h
ave

to
b

e
re-ad

ju
sted

for
th

e
test

set
or

re-estim
ated

.

Q
u

a
n

tifi
ca

tio
n

.
In

th
is

p
ap

er,
w

e
fo

cu
s

on
th

e
estim

ation
of

th
e

p
revalen

ces
Q

[Y
=

0]
a
n
d

Q
[Y

=
1
]

in
th

e
test

set,
as

p
aram

eters
of

d
istrib

u
tion

Q
(X
,Y

).
T

h
is

p
rob

lem
is

ca
lled

q
u
a
n
tifi

cation
(F

orm
an

,
2008)

an
d

of
its

ow
n

in
terest

b
ey

on
d

its
au

x
iliary

fu
n
ction

fo
r

cla
ssifi

ca
tio

n
an

d
estim

ation
of

th
e

featu
re-con

d
ition

al
p
rob

a
b
ilities

(G
on

zález
et

al.,
2
0
1
6
).

2
.4

Q
u

a
n
tifi

c
a
tio

n
in

th
e

P
re

se
n

c
e

o
f

P
rio

r
P

ro
b

a
b

ility
S

h
ift

In
tech

n
ica

l
term

s,
th

e
q
u
an

tifi
cation

p
rob

lem
as

p
resen

ted
in

S
ection

2.3
can

b
e

d
escrib

ed
a
s

fo
llow

s:

•
W

e
k
n
ow

th
e

join
t

d
istrib

u
tio

n
of

featu
res

an
d

class
lab

els
(X
,Y

)
u
n
d
er

th
e

train
in

g
set

p
rob

ab
ility

d
istrib

u
tion

P
.

•
W

e
k
n
ow

th
e

d
istrib

u
tion

of
th

e
featu

res
X

u
n
d
er

th
e

test
set

p
rob

a
b
ility

d
istrib

u
tion

Q
.

•
H

ow
ca

n
w

e
in

fer
th

e
p
revalen

ces
of

th
e

classes
u
n
d
er

Q
,
i.e.

th
e

p
rob

ab
ilities

Q
[Y

=
0]

a
n
d

Q
[Y

=
1]

=
1−

Q
[Y

=
0],

b
y

m
ak

in
g

b
est

p
ossib

le
u
se

of
ou

r
k
n
ow

led
ge

o
f
P

(X
,Y

)
a
n
d

Q
(X

)?

T
h
is

q
u
estion

can
n
ot

b
e

an
sw

ered
w

ith
ou

t
assu

m
in

g
th

at
th

e
test

set
p
rob

ab
ility

d
istrib

u
tion

Q
sh

a
res

so
m

e
p
rop

erties
w

ith
th

e
train

in
g

set
p
rob

ab
ility

d
istrib

u
tion

P
.

T
h
is

m
ean

s
to

m
ake

m
o
re

sp
ecifi

c
assu

m
p
tion

s
ab

ou
t

th
e

stru
ctu

re
of

th
e

d
ata

set
sh

ift
b

etw
een

train
in

g
set

a
n
d

test
set.

In
th

e
literatu

re,
a

variety
of

d
iff

eren
t

ty
p

es
of

d
ata

set
sh

ift
h
ave

b
een

d
iscu

ssed
.

S
ee

M
oren

o-T
orres

et
al.

(2012),
K

u
ll

an
d

F
lach

(2014)
or

H
ofer

(20
15)

for
a

n
u
m

b
er

o
f

ex
am

p
les,

in
clu

d
in

g
‘covariate

sh
ift’

a
n
d

‘p
rior

p
rob

ab
ility

sh
ift’

w
h
ich

p
o
ssib

ly
a
re

th
e

tw
o

m
ost

stu
d
ied

ty
p

es
of

d
ata

set
sh

ift.
T

h
is

p
ap

er
fo

cu
sses

o
n

p
rior

p
ro

b
ab

ility
sh

ift.
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T
a
sc

h
e

2
.4
.1

P
r
io
r
P
r
o
b
a
b
il
it
y
S
h
if
t

T
h
is

ty
p

e
of

d
ata

set
sh

ift
also

h
as

b
een

called
‘glob

al
sh

ift’
(H

ofer
an

d
K

rem
p
l,

2013).
T

h
e

assu
m

p
tion

of
p
rior

p
rob

ab
ility

sh
ift

is,
in

p
articu

lar,
ap

p
rop

riate
for

circu
m

stan
ces

w
h
ere

th
e

featu
res

of
an

in
stan

ce
are

cau
sed

b
y

th
e

in
stan

ce’s
class

m
em

b
ersh

ip
(F

aw
cett

an
d

F
lach

,
2005).

T
ech

n
ically,

p
rior

p
rob

ab
ility

sh
ift

can
b

e
d
escrib

ed
as

‘th
e

class-co
n
d
ition

al
featu

re
d
istrib

u
tion

s
of

th
e

train
in

g
an

d
test

sets
are

th
e

sam
e’,

i.e.

Q
[X
∈
S
|Y

=
0]

=
P

[X
∈
S
|Y

=
0]

an
d

Q
[X
∈
S
|Y

=
1]

=
P

[X
∈
S
|Y

=
1],

(4)

for
all

m
easu

rab
le

sets
S
⊂
X

.
N

ote
th

at
(4)

d
o
es

n
o
t

im
p
ly

Q
[X
∈
S

]
=

P
[X
∈
S

]
for

all
m

easu
rab

le
S
⊂
X

b
ecau

se
th

e
train

in
g

set
class

d
istrib

u
tion

P
(Y

)
an

d
th

e
test

set
class

d
istrib

u
tion

Q
(Y

)
still

can
b

e
d
iff

eren
t.

In
th

is
p
ap

er,
w

e
w

ill
rev

isit
th

ree
ap

p
roach

es
to

th
e

estim
ation

of
th

e
p
revalen

ces
in

p
op

u
lation

Q
in

th
e

p
resen

ce
of

p
rior

p
rob

ab
ility

sh
ift

as
d
efi

n
ed

b
y

(4).
S
p

ecifi
ca

lly,
w

e
w

ill
ch

eck
b

oth
in

th
eory

an
d

b
y

sim
p
le

ex
am

p
les

if
th

ese
th

ree
ap

p
roach

es
satisfy

th
e

b
asic

estim
ation

q
u
ality

criterion
of

F
ish

er
con

sisten
cy.

F
or

th
is

p
u
rp

ose,
a

sligh
t

gen
eralisation

of
p
rior

p
rob

ab
ility

sh
ift

called
‘in

varian
t

d
en

sity
ratio’-ty

p
e

d
ata

set
sh

ift
w

ill
p
rov

e
u
sefu

l.
B

efore
w

e
in

tro
d
u
ce

it,
let

u
s

b
riefl

y
recall

som
e

facts
on

con
d
ition

a
l

p
rob

ab
ilities

an
d

p
rob

ab
ility

d
en

sities.

2
.4
.2

F
e
a
t
u
r
e
-C

o
n
d
it
io
n
a
l
C
l
a
ss

P
r
o
b
a
b
il
it
ie
s
a
n
d

C
l
a
ss-C

o
n
d
it
io
n
a
l

F
e
a
t
u
r
e
D
e
n
sit

ie
s

T
y
p
ically,

th
e

class-con
d
ition

al
featu

re
d
istrib

u
tion

s
P

(X
|Y

=
i),

i
=

0,1,
of

a
d
ata

set
h
ave

got
d
en

sities
f
0

an
d
f
1

resp
ectively

w
ith

resp
ect

to
som

e
referen

ce
m

easu
re

like
th

e
d
-d

im
en

sion
al

L
eb

esgu
e

m
easu

re.
T

h
en

also
th

e
u
n
con

d
ition

al
featu

re
d
istrib

u
tion

P
(X

)
h
as

a
d
en

sity
f

w
h
ich

can
b

e
rep

resen
ted

as

f
(x

)
=

P
[Y

=
0]f

0 (x
)

+
(1−

P
[Y

=
0])

f
1 (x

)
for

all
x
∈
X
.

(5a)

M
oreover,

th
e

featu
re-con

d
ition

al
class

p
rob

ab
ility

P
[Y

=
0|X

]
can

b
e

ex
p
ressed

in
term

s
of

th
e

d
en

sities
f
0

an
d
f
1 :

P
[Y

=
0|X

](x
)

=
P

[Y
=

0]f
0 (x

)

P
[Y

=
0]f

0 (x
)

+
(1−

P
[Y

=
0])

f
1 (x

) ,
x
∈
X
.

(5b
)

C
on

versely,
assu

m
e

th
at

th
ere

is
a

d
en

sity
f

of
th

e
u
n
con

d
ition

al
featu

re
d
istrib

u
tion

P
(X

)
an

d
th

e
featu

re-con
d
ition

al
cla

ss
p
rob

ab
ility

P
[Y

=
0|X

]
is

k
n
ow

n
.

T
h
en

th
e

class-
con

d
ition

al
featu

re
d
en

sities
f
0

an
d
f
1

are
d
eterm

in
ed

a
s

follow
s:

f
0 (x

)
=

P
[Y

=
0|X

](x
)

P
[Y

=
0]

f
(x

),
x
∈
X
,

f
1 (x

)
=

1−
P

[Y
=

0|X
](x

)

1−
P

[Y
=

0]
f

(x
),

x
∈
X
.

(6)

2
.4
.3

In
v
a
r
ia
n
t
D
e
n
sit

y
R
a
t
io

A
ssu

m
e

th
at

th
ere

are
d
en

sities
f
0

an
d
f
1

for
th

e
class-con

d
itio

n
al

featu
re

d
istrib

u
tion

s
P

(X
|Y

=
i),

i
=

0
,1,

of
th

e
train

in
g

set
p

op
u
lation

.
W

e
th

en
say

th
at

th
e

d
ata

set
sh

ift
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F
is
h
e
r
C
o
n
si
st

e
n
c
y
f
o
r
P
r
io
r
P
r
o
b
a
b
il
it
y
S
h
if
t

fr
om

p
op

u
la

ti
on

P
to

Q
is

of
‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
-t

y
p

e
if

th
er

e
ar

e
al

so
d
en

si
ti

es
h
0

an
d

h
1

re
sp

ec
ti

ve
ly

fo
r

th
e

cl
as

s-
co

n
d
it

io
n
al

d
is

tr
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u
ti
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s

Q
(X
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=
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,
i

=
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1,
of

th
e

te
st

se
t,

an
d

it
h
ol

d
s

th
at

f 0
(x

)

f 1
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)
=

h
0
(x

)

h
1
(x

)
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r
al

l
x
∈
X
.

(7
)

N
ot

e
th
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b
y

(6
),

th
e

d
en

si
ty

ra
ti

o
f
0

f
1

ca
n

b
e

re
w

ri
tt

en
as

f 0
(x

)

f 1
(x

)
=

P
[Y

=
0
|X

](
x

)

1
−

P
[Y

=
0
|X

](
x

)

1
−

P
[Y

=
0]

P
[Y

=
0]

,
x
∈
X
,

(8
)
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lo

n
g

as
P

[Y
=

0
|X

](
x

)
<

1.
H

en
ce

th
e

d
en

si
ty

ra
ti

o
ca

n
b

e
ca
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u
la

te
d

w
it
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t
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d
ge

of
th

e
va
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d
en
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ti
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if

th
e
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d
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s
p
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il
it
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p
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at
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e
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.

O
b
v
io

u
sl

y,
‘i
n
va

ri
an

t
d
en

si
ty

ra
ti
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p
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ed

b
y

p
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or
p
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b
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il
it
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if
t

if
al

l
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n
d
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n
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d
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t
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en

si
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va
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an
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en
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ra
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e
d
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sh

if
t
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d
is

cu
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ed
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m

e
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et

ai
l

b
y

T
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e
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01

4)
.

It
is

an
in

te
re

st
in

g
ty

p
e

of
d
at

a
se

t
sh

if
t

fo
r

se
ve

ra
l

re
as

on
s:

1)
‘I

n
va

ri
an

t
d
en

si
ty

ra
ti

o’
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te
n
d
s

th
e
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n
ce

p
t

of
p
ri

or
p
ro

b
ab

il
it

y
sh

if
t.

2)
C

on
ce

p
tu

al
ly

,
‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
is

si
m

il
ia

r
to

co
va

ri
at

e
sh

if
t.

T
o

se
e

th
is

re
ca

ll
fi
rs

t
th

at
co

va
ri

at
e

sh
if

t
is

d
efi

n
ed

b
y

th
e

p
ro

p
er

ty
th
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t

th
e

fe
at

u
re

-c
on

d
it

io
n
al
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s
p
ro
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il
it

ie
s

of
th

e
tr
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n
in

g
an

d
te

st
se

ts
ar

e
th

e
sa

m
e
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en
o-

T
or
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et
al

.,
20
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,

S
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on

4.
1)

:
P
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=

0
|X

]
=

Q
[Y

=
0
|X

].
(9

a)

T
h
en

,
if

th
er

e
ar

e
d
en

si
ti
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of

th
e
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as

s-
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n
d
it

io
n
al

fe
at

u
re

d
is

tr
ib

u
ti

on
s

u
n
d
er

P
a
n
d

Q
li
ke
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r

(7
),

(9
a)

ca
n

b
e

re
w

ri
tt

en
as

P
[Y

=
0]

1
−

P
[Y

=
0]

f 0
(x

)

f 1
(x

)
=

Q
[Y

=
0]

1
−

Q
[Y

=
0]

h
0
(x

)

h
1
(x

)
fo

r
al

l
x
∈
X
.

(9
b
)

H
en

ce
,
co

va
ri

at
e

sh
if

t
al

so
ca

n
b

e
d
es

cr
ib

ed
in

te
rm

s
of

th
e

ra
ti

o
of

th
e

cl
as

s-
co

n
d
it

io
n
al

d
en

si
ti

es
,

li
ke

‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
.

T
h
e

tw
o

ty
p

es
of

d
at

a
se

t
sh

if
t

co
in

ci
d
e

if
P

[Y
=

0]
=

Q
[Y

=
0]

,
i.
e.

if
th

e
cl

a
ss

p
re

va
le

n
ce

s
in

th
e

tr
ai

n
in

g
an

d
te

st
se

ts
ar

e
th

e
sa

m
e.

3)
T

h
e

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

es
of

cl
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s
p
re

va
le

n
ce

s
u
n
d
er

p
ri

or
p
ro

b
ab

il
it

y
sh

if
t

ac
tu

al
ly

ar
e

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

es
u
n
d
er

‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
,
to

o
(T

as
ch

e,
20

14
,

p
.

15
2

an
d

R
em

ar
k

1)
.

H
en

ce
th

ey
ca

n
b

e
ca

lc
u
la

te
d

w
it

h
th

e
E

M
(e

x
p

ec
ta

ti
o
n
-

m
ax

im
is

at
io

n
)

al
go

ri
th

m
as

d
es

cr
ib

ed
b
y

S
ae

re
n
s

et
al

.
(2

00
1)

.

4)
In

te
rm

s
of

th
e

d
at

a
se

t
sh

if
t

ta
x
on

om
y

of
M

or
en

o-
T

or
re

s
et

al
.

(2
01

2)
,

‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
is

a
n
on

-t
ri

v
ia

l
b
u
t

m
an

ag
ea

b
le

‘o
th

er
’

sh
if

t,
i.
e.

it
is

n
ei

th
er

a
p
ri

or
-

p
ro

b
ab

il
it

y
sh

if
t,

n
or

a
co

va
ri

at
e

sh
if

t,
n
or

a
co

n
ce

p
t

sh
if

t.

B
y

p
ro

p
er

ti
es

1)
an

d
2)

,
‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
h
as

g
ot

co
n
ce

p
tu

al
si

m
il
ar

it
ie

s
w

it
h

b
ot

h
p
ri

or
p
ro

b
ab

il
it

y
sh

if
t

an
d

co
va

ri
at

e
sh

if
t.

In
S
ec

ti
o
n

4
b

el
ow

,
w

e
w

il
l

m
ak

e
u
se

of
it

s
m

an
-

ag
ea

b
il
it

y
p
ro

p
er

ty
4)

to
co

n
st

ru
ct

an
ex

am
p
le

of
d
at

a
se

t
sh

if
t

th
at

re
v
ea

ls
th

e
li
m

it
at

io
n
s
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so

m
e
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m
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on

ap
p
ro
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h
es

to
th

e
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ti
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at
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n
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s
p
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va
le

n
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s.
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T
a
sc

h
e

2
.5

F
is

h
e
r

C
o
n

si
st

e
n

c
y

In
S
ec

ti
on

1,
F

is
h
er

co
n
si

st
en

cy
of

an
es

ti
m

at
or

h
as

b
ee

n
d
es

cr
ib

ed
as

th
e

p
ro

p
er

ty
th

a
t

th
e

tr
u
e

va
lu

e
of

a
p
ar

am
et

er
re

la
te

d
to

a
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
is

re
co

ve
re

d
w

h
en

th
e

es
ti

m
at

or
is

ap
p
li
ed

to
th

e
d
is

tr
ib

u
ti

on
on

th
e

w
h
ol

e
p

op
u
la

ti
on

.
In

th
is

se
ct

io
n
,

w
e

a
p
p
ly

th
e

n
ot

io
n

of
F

is
h
er

co
n
si

st
en

cy
to

th
e

q
u
an

ti
fi
ca

ti
on

of
b
in

ar
y

cl
as

s
p
re

va
le

n
ce

s.
In

p
ra

ct
ic

e,
es

ti
m

at
or

s
ar

e
of

te
n

F
is

h
er

co
n
si

st
en

t
an

d
as

y
m

p
to

ti
ca

ll
y

co
n
si

st
en

t
(w

ea
k
ly

or
st

ro
n
gl

y,
se

e
S
ec

ti
on

10
.4

of
va

n
d
er

V
aa

rt
,

19
98

,
fo

r
th

e
d
efi

n
it

io
n
s)

at
th

e
sa

m
e

ti
m

e.
G

er
ow

(1
98

9)
d
is

cu
ss

es
th

e
q
u
es

ti
on

s
of

w
h
en

th
is

is
th

e
ca

se
a
n
d

w
h
at

co
n
ce

p
t

F
is

h
er

(1
92

2)
or

ig
in

al
ly

d
efi

n
ed

.
O

u
r

fo
cu

s
on

F
is

h
er

co
n
si

st
en

cy
is

n
ot

m
ea

n
t

to
im

p
ly

th
a
t

as
y
m

p
to

ti
c

co
n
si

st
en

cy
is

a
le

ss
im

p
or

ta
n
t

p
ro

p
er

ty
.

In
th

e
co

n
te

x
t

of
st

at
is

ti
ca

l
le

a
rn

in
g,

as
y
m

p
to

ti
c

co
n
si

st
en

cy
se

em
s

to
h
av

e
en
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ye

d
q
u
it

e
a

lo
t

of
at

te
n
ti

on
,

as
sh

ow
n

fo
r

in
st

a
n
ce

b
y

th
e

ex
is

te
n
ce

of
b

o
ok

s
li
ke

D
ev

ro
ye

et
al

.
(1

99
6)

.
In

ad
d
it

io
n
,

th
e

co
n
ve

rg
en

ce
a
sp

ec
t

of
as

y
m

p
to

ti
c

co
n
si

st
en

cy
of

te
n

ca
n

b
e

ch
ec

k
ed

em
p
ir

ic
al

ly
b
y

ob
se

rv
in

g
th

e
b

eh
av

io
u
r

o
f

la
rg

e
sa

m
p
le

s.
H

ow
ev

er
,

in
so

m
e

ca
se

s
it

m
ig

h
t

b
e

u
n
cl

ea
r

if
th

e
li
m

it
o
f

a
se

em
in

g
ly

as
y
m

p
to

ti
ca

ll
y

co
n
si

st
en

t
la

rg
e

sa
m

p
le

is
ac

tu
al

ly
th

e
ri

g
h
t

on
e.

T
h
is

is
w

h
y,

th
a
n
k
s

to
it

s
si

m
il
ar

it
y

to
th

e
co

n
ce

p
t

of
u
n
b
ia

se
d
n
es

s
w

h
ic

h
al

so
re

fe
rs

to
ge

tt
in

g
th

e
ri

g
h
t

va
lu

e
o
f

a
p
ar

am
et

er
,

F
is

h
er

co
n
si

st
en

cy
b

ec
om

es
an

im
p

or
ta

n
t

p
ro

p
er

ty
.

D
e
fi

n
it

io
n

1
(F

is
h

e
r

c
o
n

si
st

e
n

c
y
)

In
th

e
d
a

ta
se

t
sh

if
t

se
tt

in
g

o
f

th
is
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pe

r
a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
.3

,
w

e
sa

y
th

a
t

a
n

es
ti

m
a

to
r
T

(Q
),

a
p
p
li

ed
to

th
e

el
em

en
ts

Q
o
f

a
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m
il

y
Q

o
f
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p
u
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ti

o
n

d
is

tr
ib

u
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o
n

s
o
f

th
e

te
st

se
t,

is
F

is
h
er
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n

si
st

en
t

in
Q

fo
r

th
e

p
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va
le

n
ce

o
f

cl
a
ss

0
if

it
h
o
ld

s
th

a
t

T
(Q

)
=

Q
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=
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r

a
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Q
∈
Q
.

(1
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)

T
h
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d
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n
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st
en
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d
efi

n
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n

b
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C
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a
n
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H
in

k
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(1
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4)
q
u
ot

ed
in

S
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ti
on

1.
F

or
it
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q
u
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th

e
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ca
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n
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a
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il
y

o
f

d
is

tr
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u
ti

o
n
s
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w

h
ic

h
th

e
p
ar
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et

er
‘r
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er
y
’

p
ro

p
er

ty
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p
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.
T

h
e
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m

il
y
Q
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m
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t
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r

th
e

p
u
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p
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e
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t

of
d
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ib

u
ti
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Q
th
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e
re
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d
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a
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g
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t

d
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u
ti
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P

b
y

p
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or
p
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b
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il
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y
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if
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b
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).

3
.
T
h
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e
A
p
p
ro

a
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e
s
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E
st
im

a
ti
n
g
C
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ss

P
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v
a
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n
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s
u
n
d
e
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P
ri
o
r

P
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b
a
b
il
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S
h
if
t
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w
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u
d
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p
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e
es
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m

at
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n
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b
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s
p
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n
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at
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p
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b
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n
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b
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n
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•
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E
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m
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at
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b
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b
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m
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u
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n
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•
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D
E

-I
te

ra
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r
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d
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at
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b
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e
b
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b
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n
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d
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,
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re
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b
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b
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F
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e
r
C
o
n
sist

e
n
c
y
f
o
r
P
r
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r
P
r
o
b
a
b
il
it
y
S
h
if
t

et
a
l.

(2
0
16

).
A

ccord
in

g
to

th
at

research
,

for
th

e
estim

ation
of

b
in
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p
revalen
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th

e
C

D
E

-Itera
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a
p
p
roach
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s
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p

erform
eq

u
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w
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g
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A
C

w
h
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b
y
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w

a
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u
n
d
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e

p
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u
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E
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m

.
In
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w
e
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e
tech

n
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l
d
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p
roach
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w
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p
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n
u
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o
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b
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.
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a
d
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itio
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e
ch
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e
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estim
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a
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b
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con
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p
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con
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b
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ab
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b
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=
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=
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=
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=
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=
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=
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=
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=

0])
P

[g
(X

)
=
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=
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=
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=
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=
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=
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=
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b
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at
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p
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b
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=
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b
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=
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=
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=
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=
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ositive

rate’,
a
s

m
easu

red
for

classifi
er
g
(X

)
on

th
e

tra
in

in
g

set.
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b
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n
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h
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h
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b
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b
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ab
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ositive.
H

en
ce,

w
h
en

ever
in

p
ractice

d
iff

eren
t

classifi
ers

give
sign

ifi
can

tly
d
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d
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d
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=
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=
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=
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=
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=
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∈
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b
y
Q

in
v
a
ria

n
t

=
Q

in
v
a
ria

n
t (P

)
th

e
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p
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p
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n
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g ∗
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=
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b
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con
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m
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b
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h
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u
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p
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d
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.
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d
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d
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d
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d
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d
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=

0.
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Q
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=
0]
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an
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th
er
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o
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th

e
o
n
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q
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en
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d
efi

n
ed

an
d

sa
ti

sfi
es
T
R

(Q
)

=
Q

[Y
=
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ra
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e
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an
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e
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b
e
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ed
o
n
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te
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se

t
sa

m
p
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1
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e
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in

S
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ti
on
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3

b
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e
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p
le
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er
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i,
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+
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−
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w
h
er

e
R
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ld

b
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ra
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E
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ra

te
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to
su
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sf
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p
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p
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3
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re
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at
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e
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ai
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se

t
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u
e

an
d
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e
p

o
si

ti
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ra
te

s
o
f

th
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cl
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.
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th

e
p

os
it

iv
e

cl
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th
e
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e

es
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e

tr
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it
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e
ra

te
ca

n
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e
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b
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e
u
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m
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b

e
h
ar

d
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ie
ve

w
it

h
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ti
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S
im

il
ar

ly
,

if
th

e
n
eg

at
iv

e
cl

as
s

is
th

e
m

in
or

it
y

cl
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s,
th

e
es

ti
m

a
ti
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o
f

th
e

fa
ls

e
p
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it

iv
e

ra
te

ca
n

b
e
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A

p
p
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e
E
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d
b
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at
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b
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ty

ra
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A
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e
h
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d
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h
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.

T
h
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w

h
y

a
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er
n
a
ti
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m

et
h
o
d
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r

q
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ti
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e
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ay
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e.
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p
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o
d
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cl
u
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ve
ly

on
le

ar
n
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p
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p
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b
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b
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p
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ra
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h
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b
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d
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p
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e
q
u
an
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ra
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d
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u
n
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m
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h
o
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e
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n
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v
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X
u
e
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e

C
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E
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te
ra

te
a
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d
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an
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u
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en

t
of

th
e

E
M
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it

h
m

,
w

it
h

th
e
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n
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t
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u
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o
n
d
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n
a
l

cl
a
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p
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p
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b
y
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p
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at
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n
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e
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t.
In

th
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b
u
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a
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w
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e
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a
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a
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b
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u
n
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n
g

n
ot

at
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w
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th

e
fo

ll
ow

in
g

d
es

cr
ip

ti
on

of
th

e
C

D
E

-I
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ra
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=
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=
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d
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=
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=
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)
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.

1
4

JM
L

R
 1

8(
95

):
1-

32
, 2

01
7



F
ish

e
r
C
o
n
sist

e
n
c
y
f
o
r
P
r
io
r
P
r
o
b
a
b
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d
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=
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b
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=
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=
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=
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=
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=
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u
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b
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h
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p
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b
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a
t
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a
C

D
E

-con
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m
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d

w
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-A

C
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In
th

is
p
ap

er,
w

e
p
rove

co
n
vergen

ce
of

C
D

E
-Iterate

a
n
d
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sh

ow
th

at
it

d
o
es

n
ot

ou
tp

erform
‘C

D
E

-A
C

’
(A

d
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sted
C

o
u
n
t

in
th

e
n
otation

of
th

is
p
ap

er)
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class
d
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u
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ation

u
n
d
er

p
rior

p
ro
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b
ility

sh
ift,
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u
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th
e
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of
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u
e

an
d

W
eiss.

T
h
e

p
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o
f

o
f

th
e

con
vergen
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E
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ab

ove
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p
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P
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6
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A
p
p

en
d
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B
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elow
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T
h
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sh

ow
n

th
at

th
e

lim
it
q ∗

=
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∞
q
k

solves
th

e
fo

llow
in

g
eq

u
ation

1:

q ∗
=


Q
[R

(X
)≥

1−
q ∗
q ∗

]
,
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q
0 ≥

q
1

an
d
q
k
>
q ∗

for
all

k
,

Q
[R

(X
)
>

1−
q ∗
q ∗

]
,
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h
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R
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)
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d
efi

n
ed

b
y

(15).
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h
e
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u
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l
in
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r
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b
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y
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p
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w
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a
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th
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p
e
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set
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e
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e
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).
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w
e

restrict
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p
e
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d
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set
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ift
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ab
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ift
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p
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d
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p
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of
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eith
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th
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o

fam
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istrib
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A
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w
e

sh
ow

b
y

ex
am

p
le

in
th

e
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e
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er
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u
m
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l
E
x
a
m
p
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n
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w
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fou
n
d

th
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C
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an
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p
revalen

ces
is

F
ish

er
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t
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r

p
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r
p
ro

b
a
b
ility

sh
ift

w
h
ile
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E
M
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m

is
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F
ish

er
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sisten
t

for
th

e
m

ore
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en
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l
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va
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n
t

d
en
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p
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d
a
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set
sh

ift.
W

e
h
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e
n
ot
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sw
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th
e

q
u
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C

D
E

-Itera
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F

ish
er

con
sisten

t
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eith
er
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th
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o
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ata

set
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ift
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p
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T
h
e

p
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an
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ator
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b
e

F
ish

er
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sisten
t
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g
th
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h
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b

e
p
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n
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F
ish

er
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cy
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b
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g
a
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u
n
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T
h
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e
p
u
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th
e
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g
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b
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n
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W
e
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ow

b
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am

p
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th
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1
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S
u

b
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e
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n
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n
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itio
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a
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)
h

a
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a
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f
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a
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Q
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>
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=
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.
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h
e

•
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D
E

-Iterate
is

n
ot

F
ish

er
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sisten
t
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p
rior

p
ro

b
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ility
sh

ift
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d
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en
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for

‘in
varian

t
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en

sity
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p
e
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ata
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ift
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eith
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n
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ish
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sisten
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for
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p
e
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a
ta
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ift,
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p
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at
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d
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d
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ab
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d
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d
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d
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p
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d
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d
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d
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ab
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p
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d
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b
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g
set

m
o
d
el

for
th

e
follow

in
g

reason
s:

•
L

ogistic
regression

fi
n
d
s

th
e

correct
featu

re-con
d
ition

al
class

p
rob

ab
ilities.

•
N

eed
ed

algorith
m

s
are

availab
le

in
com

m
o
n

softw
are

p
ackages

lik
e

R
.

•
T

h
e

ratio
of

th
e

class-con
d
ition

al
featu

re
d
en

sities
h
as

a
p
articu

larly
sim

p
le

sh
ap

e,
see

(21b
)

b
elow

.

•
T

h
e

b
in

orm
al

m
o
d
el

w
ith

eq
u
al

varian
ces

h
as

b
een

fou
n
d

u
sefu

l
b

efore
for

a
sim

ilar
ex

p
erim

en
t

(T
asch

e,
2016).

T
h
resh

o
ld

s
fo

r
B

a
yes

cla
ssifi

er
u

n
d
er

d
a
ta

set
sh

ift.
W

e
d
ep

loy
th

e
log

istic
regression

as
co

d
ed

b
y

R
C

ore
T

eam
(2014).

T
h
erefore,

it
is

con
ven

ien
t

to
alw

ay
s

u
se

th
e

featu
re-

con
d
ition

al
class-p

rob
ab

ility
P

[Y
=

0|X
]

as
th

e
B

ayes
classifi

er,
b

oth
for

th
e

train
in

g
set

an
d

for
th

e
test

set
after

a
p

ossib
le

d
ata

set
sh

ift
(th

en
w

ith
a

m
o
d
ifi

ed
th

resh
old

).
In

ord
er

to
b

e
ab

le
to

d
o

so,
w

e
ob

serve
th

at,
u
n
d
er

p
rior

p
rob

ab
ility

sh
ift

or
ev

en
‘in

varian
t

d
en

sity
ratio’-ty

p
e

d
ata

set
sh

ift,
th

e
test

set
B

ay
es

classifi
er
g
test (X

)
for

th
e

cost-sen
sitive

error
criterion

(1b
)

can
b

e
rep

resen
ted

b
oth

as

g
test (X

)
(2
)

=

{
0,

if
Q

[Y
=

0|X
]
>

c
1

c
0
+
c
1 ,

1,
if

Q
[Y

=
0|X

]≤
c
1

c
0
+
c
1 ,

1
6
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F
is
h
e
r
C
o
n
si
st

e
n
c
y
f
o
r
P
r
io
r
P
r
o
b
a
b
il
it
y
S
h
if
t

an
d

as
(s

ee
S
ae

re
n
s

et
al

.,
20

01
,

S
ec

ti
on

2.
2)

g t
es
t(
X

)
=

                  

0
,

if
P

[Y
=

0
|X

]
>

c 1
1
−
Q
[Y

=
0
]

1
−
P
[Y

=
0
]

c 1
1
−
Q
[Y

=
0
]

1
−
P
[Y

=
0
]

+
c 0

Q
[Y

=
0
]

P
[Y

=
0
]

,

1
,

if
P

[Y
=

0
|X

]
≤

c 1
1
−
Q
[Y

=
0
]

1
−
P
[Y

=
0
]

c 1
1
−
Q
[Y

=
0
]

1
−
P
[Y

=
0
]

+
c 0

Q
[Y

=
0
]

P
[Y

=
0
]

.

(1
8)

4
.1

D
e
si

g
n

o
f

th
e

E
x
p

e
ri

m
e
n
t

In
th

e
su

b
se

q
u
en

t
se

ct
io

n
s

4.
2,

4.
3

an
d

4.
4,

w
e

co
n
d
u
ct

th
e

fo
ll
ow

in
g

ex
p

er
im

en
t

an
d

re
p

or
t

it
s

re
su

lt
s2

:

•
F

or
a

gi
ve

n
tr

ai
n
in

g
se

t
(s

am
p
le

an
d

p
op

u
la

ti
on

)
re

p
re

se
n
te

d
b
y

d
is

tr
ib

u
ti

on
P

(X
,Y

),
w

e
d
et

er
m

in
e

th
e

B
ay

es
cl

as
si

fi
er

th
at

is
op

ti
m

al
fo

r
m

in
im

is
in

g
th

e
B

ay
es

er
ro

r
(1

a)
.

W
e

re
p
re

se
n
t

th
e

B
ay

es
cl

as
si

fi
er

b
y

a
d
ec

is
io

n
th

re
sh

ol
d

ap
p
li
ed

to
th

e
fe

at
u
re

-
co

n
d
it

io
n
al

p
ro

b
ab

il
it

y
of

cl
as

s
0

as
in

(2
),

w
it

h
c 0

=
1

=
c 1

.

•
W

e
cr

ea
te

te
st

se
ts

(b
y

si
m

u
la

ti
on

or
as

p
op

u
la

ti
on

d
is

tr
ib

u
ti

on
),

re
p
re

se
n
te

d
b
y

d
is

-
tr

ib
u
ti

on
s

Q
(X
,Y

),
w

h
ic

h
ar

e
re

la
te

d
to

th
e

tr
ai

n
in

g
se

t
b
y

ce
rt

ai
n

ty
p

es
of

d
at

a
se

t
sh

if
t,

in
cl

u
d
in

g
p
ri

or
p
ro

b
ab

il
it

y
sh

if
t

a
n
d

‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
-t

y
p

e
d
at

a
se

t
sh

if
t.

•
O

n
th

e
te

st
se

ts
,

w
e

d
ep

lo
y

th
re

e
d
iff

er
en

t
q
u
an

ti
fi
ca

ti
on

m
et

h
o
d
s

fo
r

th
e

es
ti

m
a
ti

on
of

th
e

p
re

va
le

n
ce

of
cl

as
s

0
(s

ee
al

so
D

efi
n
it

io
n

3
b

el
ow

):
C

D
E

-I
te

ra
te

(d
efi

n
ed

in
S
ec

ti
on

3.
4)

,
A

d
ju

st
ed

C
ou

n
t

(d
efi

n
ed

in
S
ec

ti
o
n

3.
1)

,
an

d
E

M
-a

lg
o
ri

th
m

(d
efi

n
ed

in
S
ec

ti
on

3.
2)

.

•
B

as
ed

on
th

e
es

ti
m

at
ed

cl
as

s
0

p
re

va
le

n
ce

s,
w

e
ad

ap
t

th
e

th
re

sh
ol

d
of

th
e

B
ay

es
cl

as
si

fi
er

ac
co

rd
in

g
to

(1
8)

su
ch

th
at

it
w

ou
ld

b
e

op
ti

m
al

fo
r

m
in

im
is

in
g

th
e

B
ay

es
er

ro
r

(e
q
u
iv

al
en

tl
y

fo
r

m
ax

im
is

in
g

th
e

cl
as

si
fi
ca

ti
on

ac
cu

ra
cy

)
if

th
e

es
ti

m
at

ed
p
re

va
le

n
ce

w
er

e
eq

u
al

to
th

e
tr

u
e

te
st

se
t

cl
as

s
0

p
re

va
le

n
ce

an
d

th
e

te
st

se
t

w
er

e
re

la
te

d
to

th
e

tr
ai

n
in

g
se

t
b
y

p
ri

or
p
ro

b
ab

il
it

y
sh

if
t

or
b
y

‘i
n
va

ri
an

t
d
en

si
ty

ra
ti

o’
-t

y
p

e
d
at

a
se

t
sh

if
t.

•
W

e
re

p
or

t
th

e
fo

ll
ow

in
g

re
su

lt
s

fo
r

sa
m

p
le

s
an

d
p

op
u
la

ti
on

s:

–
C

la
ss

ifi
ca

ti
on

ac
cu

ra
cy

an
d

F
-m

ea
su

re
(s

ee
(2

3
a)

an
d

(2
3b

)
fo

r
th

e
d
efi

n
it

io
n
s)

of
th

e
ad

ap
te

d
B

ay
es

cl
as

si
fi
er

w
h
en

ap
p
li
ed

to
th

e
te

st
se

t,
b

ec
au

se
th

es
e

m
ea

su
re

s
w

er
e

u
se

d
b
y

X
u
e

an
d

W
ei

ss
(2

00
9)

.

–
E

st
im

at
ed

p
re

va
le

n
ce

s
of

cl
as

s
0,

fo
r

d
ir

ec
t

co
m

p
a
ri

so
n

of
es

ti
m

at
io

n
re

su
lt

s
an

d
tr

u
e

va
lu

es
.

–
R

el
at

iv
e

er
ro

r:
If
q

is
th

e
tr

u
e

p
ro

b
ab

il
it

y
an

d
q̃

th
e

es
ti

m
at

ed
p
ro

b
ab

il
it

y,
th

en
w

e
ta

b
u
la

te

m
ax

(
|q̃
−
q|

q
,
|1
−
q̃
−

(1
−
q)
|

1
−
q

)
=

|q̃
−
q|

m
in

(q
,1
−
q)
.

(1
9)

2
.

T
h

e
R

-s
cr

ip
ts

u
se

d
fo

r
cr

ea
ti

n
g

th
e

ta
b

le
s

a
n

d
fi

g
u

re
s

o
f

th
is

p
a
p

er
ca

n
b

e
re

ce
iv

ed
u

p
o
n

re
q
u

es
t

fr
o
m

th
e

a
u
th

o
r.
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T
a
sc

h
e

R
el

at
iv

e
er

ro
r

b
eh

av
es

si
m

il
ar

to
K

u
ll
b
ac

k
-L

ei
b
le

r
d
is

ta
n
ce

u
se

d
b
y

K
a
rp

ov
et

a
l.

(2
01

6)
,
b
u
t

is
d
efi

n
ed

al
so

fo
r
q̃

=
0

an
d
q̃

=
1

an
d
,
m

or
eo

ve
r,

h
as

a
m

o
re

in
tu

it
iv

e
in

te
rp

re
ta

ti
on

.

M
od

el
le

d
cl

a
ss

p
re

va
le

n
ce

s.
T

h
e

se
tt

in
g

is
b
ro

ad
ly

th
e

sa
m

e
as

fo
r

th
e

ar
ti

fi
ci

a
l

d
a
ta

se
t

in
K

ar
p

ov
et

al
.

(2
01

6)
.

F
or

ea
ch

m
o
d
el

,
w

e
co

n
si

d
er

a
tr

ai
n
in

g
se

t
w

it
h

cl
as

s
p
ro

b
a
b
il
it

ie
s

50
%

,
co

m
b
in

ed
w

it
h

te
st

se
ts

w
it

h
cl

as
s

0
p
ro

b
ab

il
it

ie
s

1%
,

5%
,

10
%

,
30

%
,

5
0
%

,
7
0
%

,
9
0
%

,
95

%
an

d
99

%
.

F
or

th
e

sa
m

p
le

s
as

w
el

l
as

fo
r

th
e

p
op

u
la

ti
on

d
is

tr
ib

u
ti

on
s,

w
e

d
ep

lo
y

th
e

es
ti

m
at

io
n

ap
p
ro

ac
h
es

w
h
os

e
ac

ro
n
y
m

s
ar

e
g
iv

en
in

th
e

fo
ll
ow

in
g

d
efi

n
it

io
n

to
es

ti
m

a
te

th
e

te
st

se
t

cl
as

s
0

p
re

va
le

n
ce

s.

D
e
fi

n
it

io
n

3
(A

c
ro

n
y
m

s
fo

r
e
st

im
a
ti

o
n

a
p

p
ro

a
ch

e
s)

T
h
e

fo
ll

o
w

in
g

es
ti

m
a
ti

o
n

a
p
p
ro

a
ch

es
a
re

u
se

d
in

th
is

se
ct

io
n

:

•
C

D
E

-I
te

ra
te

in
th

re
e

va
ri

a
n

ts
:

–
C

D
E

1
:

F
ir

st
it

er
a
ti

o
n

o
f

th
e

a
lg

o
ri

th
m

d
es

cr
ib

ed
in

S
ec

ti
o
n

3
.4

.
Id

en
ti

ca
l

w
it

h
C

la
ss

if
y

&
C

o
u

n
t

o
f

F
o
rm

a
n

(2
0
0
8
).

–
C

D
E

2
:

S
ec

o
n

d
it

er
a
ti

o
n

o
f

th
e

a
lg

o
ri

th
m

d
es

cr
ib

ed
in

S
ec

ti
o
n

3
.4

.

–
C

D
E
∞

:
C

D
E

-I
te

ra
te

co
n

ve
rg

ed
,

a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

3
.4

.

•
A

C
:

A
d
ju

st
ed

C
o
u

n
t

a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

3
.1

.

•
E

M
:

E
M

-a
lg

o
ri

th
m

a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

3
.2

.

4
.2

T
ra

in
in

g
S

e
t:

B
in

o
rm

a
l;

T
e
st

S
e
t:

B
in

o
rm

a
l

W
e

co
n
si

d
er

th
e

cl
as

si
ca

l
b
in

or
m

al
m

o
d
el

w
it

h
eq

u
al

va
ri

an
ce

s
as

an
ex

am
p
le

th
a
t

fi
ts

w
el

l
in

to
th

e
p
ri

or
p
ro

b
ab

il
it

y
sh

if
t

se
tt

in
g

of
S
ec

ti
on

2.
4.

W
e

sp
ec

if
y

th
e

b
in

or
m

a
l

m
o
d
el

b
y

d
efi

n
in

g
th

e
cl

as
s-

co
n
d
it

io
n
al

fe
at

u
re

d
is

tr
ib

u
ti

on
s.

•
T

ra
in

in
g

se
t:

B
ot

h
cl

as
s-

co
n
d
it

io
n
a
l

fe
at

u
re

d
is

tr
ib

u
ti

on
s

ar
e

n
or

m
al

,
w

it
h

eq
u
a
l

va
ri

-
an

ce
s,

i.
e.

P
(X
|Y

=
0)

=
N

(µ
,σ

2
),

P
(X
|Y

=
1)

=
N

(ν
,σ

2
),

(2
0
a
)

w
it

h
µ
<
ν

an
d
σ
>

0.

•
T

es
t

se
t:

S
am

e
as

tr
ai

n
in

g
se

t.

•
F

or
th

is
se

ct
io

n
’s

n
u
m

er
ic

al
ex

p
er

im
en

t,
th

e
fo

ll
ow

in
g

p
ar

am
et

er
va

lu
es

h
av

e
b

ee
n

ch
os

en
:

µ
=

0,
ν

=
2,

σ
=

1.
(2

0
b
)

F
or

th
e

sa
k
e

of
b
re

v
it

y,
in

th
e

fo
ll
ow

in
g

w
e

so
m

et
im

es
re

fe
r

to
th

e
se

tt
in

g
o
f

th
is

se
ct

io
n

as
‘d

ou
b
le

’
b
in

or
m

al
.

T
h
e

fe
at

u
re

-c
on

d
it

io
n
al

cl
as

s
p
ro

b
ab

il
it

y
P

[Y
=

0
|X

]
in

th
e

tr
a
in

in
g

se
t

is
gi

ve
n

b
y

P
[Y

=
0
|X

](
x

)
=

1

1
+

ex
p
(a
x

+
b)
,

x
∈
R
,

(2
1a

)
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F
ish

e
r
C
o
n
sist

e
n
c
y
f
o
r
P
r
io
r
P
r
o
b
a
b
il
it
y
S
h
if
t

w
ith

a
=

ν−
µ

σ
2
>

0
an

d
b

=
µ
2−
ν
2

2
σ
2

+
log (

1−
P
[Y

=
0
]

P
[Y

=
0
]

)
.

F
o
r

th
e

d
en

sity
ratio

R
acco

rd
in

g
to

(1
5
),

w
e

o
b
ta

in

R
(x

)
=

ex
p (

x
µ−

ν
σ
2

+
ν
2−
µ
2

2
σ
2

)
,

x
∈
R
.

(21b
)

F
o
r

th
e

sa
m

p
le

version
of

th
e

ex
am

p
le

in
th

is
section

,
w

e
create

b
y

M
on

te-C
arlo

sim
u
-

la
tio

n
a

tra
in

in
g

sam
p
le
((x

1
,tr ,y

1
,tr ),...,(x

m
,tr ,y

m
,tr ) )

∈
(R
×
{0,1}

)
m

a
n
d

test
sam

p
les

((x
1
,te ,y

1
,te ),

...,
(x
n
,te ,y

n
,te ) )

∈
(R
×
{0
,1})

n
w

ith
class-con

d
ition

al
featu

re
d
istrib

u
tion

s
g
iven

b
y

(2
0
a
)

th
at

ap
p
rox

im
ate

th
e

train
in

g
set

p
op

u
lation

d
istrib

u
tion

P
an

d
th

e
test

set
p

o
p
u
la

tio
n

d
istrib

u
tion

s
Q

as
d
escrib

ed
in

gen
eral

term
s

in
S
ection

2.4
an

d
m

ore
sp

ecifi
cally

h
ere

b
y

(20
a
),

(20b
)

an
d

th
e

resp
ective

class
0

p
revalen

ces.

•
In

p
rin

cip
le,

(x
1
,tr ,y

1
,tr ),...,(x

m
,tr ,y

m
,tr )
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d
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d
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b
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=
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=
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p
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b
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b
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p
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=
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b
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con
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m
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b
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ab
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b
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b
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p
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estim
ation

n
u
m

b
ers

in
th

e
u
p
p

er
p
an

el
of

T
ab

le
1,

w
e

can
con

clu
d
e

th
at

in
p
ractice

C
D

E
2

m
ay

p
rov

id
e

estim
ates

of
th

e
class

0
p
revalen

ce
th

at
are

b
etter

or
at

least
n
ot

m
u
ch

w
orse

th
an

th
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b
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rep
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C
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=
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=
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=
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=
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=
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=
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=
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p
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d
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d
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p
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d
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p
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d
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at
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p
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p
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p
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u
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p
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y
fo

r
p

a
ra

ll
el

im
p

le
m

en
ta

ti
on

o
f

S
G

M
.

T
h

e
st

u
d

y
in

th
is

p
ap

er
fi

ll
s

in
th

es
e

ga
p

s
in

th
e

ca
se

w
h

er
e

th
e

lo
ss

fu
n

ct
io

n
is

th
e

le
a
st

sq
u

ar
es

lo
ss

.
W

e
co

n
si

d
er

a
va

ri
an

t
of

S
G

M
fo

r
le

as
t

sq
u

ar
es

,
w

h
er

e
gr

ad
ie

n
ts

a
re

sa
m

p
le

d
u

n
if

o
rm

ly
at

ra
n

d
om

an
d

m
in

i-
b

at
ch

es
ar

e
a
ll

ow
ed

.
T

h
e

n
u

m
b

er
of

p
as

se
s,

th
e

st
ep

-s
iz

e
a
n
d

th
e

m
in

i-
b

at
ch

si
ze

ar
e

th
en

p
ar

am
et

er
s

to
b

e
d

et
er

m
in

ed
.

O
u

r
m

ai
n

re
su

lt
s

h
ig

h
li

gh
t

th
e

re
sp

ec
ti

ve
ro

le
s

of
th

es
e

p
ar

am
et

er
s

an
d

sh
ow

h
ow

ca
n

th
ey

b
e

ch
os

en
so

th
at

th
e

co
rr

es
p

on
d

in
g

so
lu

ti
o
n

s
a
ch

ie
ve

op
ti

m
al

le
ar

n
in

g
er

ro
rs

in
a

va
ri

et
y

o
f

se
tt

in
gs

.
In

p
a
rt

ic
u

la
r,

w
e

sh
ow

fo
r

th
e

fi
rs

t
ti

m
e

th
at

m
u

lt
i-

p
as

s
S

G
M

w
it

h
ea

rl
y

st
op

p
in

g
a
n

d
a

u
n

iv
er

sa
l

st
ep

-s
iz

e
ch

oi
ce

ca
n

ac
h

ie
ve

op
ti

m
al

co
n
ve

rg
en

ce
ra

te
s,

m
at

ch
in

g
th

os
e

of
ri

d
ge

re
gr

es
si

on
(S

m
a
le

an
d

Z
h

ou
,

20
07

;
C

a
p

on
n

et
to

an
d

D
e

V
it

o,
20

07
).

F
u

rt
h

er
,

ou
r

an
al

y
si

s
sh

ow
s

h
ow

th
e

m
in

i-
b
a
tc

h
si

ze
an

d
th

e
st

ep
-s

iz
e

ch
o
ic

e
ar

e
ti

gh
tl

y
re

la
te

d
.

In
d

ee
d

,
la

rg
er

m
in

i-
b

at
ch

si
ze

s
al

lo
w

co
n

si
d

er
in

g
la

rg
er

st
ep

-s
iz

es
w

h
il

e
k
ee

p
in

g
th

e
o
p

ti
m

al
le

a
rn

in
g

b
ou

n
d

s.
T

h
is

re
su

lt
gi

ve
s

in
si

g
h
ts

on
h

ow
to

ex
p

lo
it

m
in

i-
b

at
ch

es
fo

r
p

ar
al

le
l

co
m

p
u

ta
ti

o
n

s
w

h
il
e

p
re

se
rv

in
g

op
ti

m
al

st
a
ti

st
ic

al
ac

cu
ra

cy
.

F
in

al
ly

,
w

e
n

ot
e

th
at

a
re

ce
n
t

w
o
rk

(R
os

as
co

an
d

V
il

la
,

20
15

)
is

re
la

te
d

to
th

e
an

al
y
si

s
in

th
e

p
a
p

er
.

T
h

e
ge

n
er

a
li

za
ti

on
p

ro
p

er
ti

es
o
f

a
m

u
lt

i-
p

as
s

in
cr

em
en

ta
l

gr
a
d

ie
n
t

ar
e

an
al

y
ze

d
in

(R
os

as
co

an
d

V
il

la
,

20
15

),
fo

r
a

cy
cl

ic
,

ra
th

er
th

a
n

a
st

o
ch

as
ti

c,
ch

oi
ce

of
th

e
gr

ad
ie

n
ts

an
d

w
it

h
n

o
m

in
i-

b
at

ch
es

.
T

h
e

an
al

y
si

s
in

th
is

la
tt

er
ca

se
ap

p
ea

rs
to

b
e

h
ar

d
er

an
d

re
su

lt
s

in
(R

o
sa

sc
o

a
n

d
V

il
la

,
20

15
)

gi
ve

go
o
d

le
ar

n
in

g
b

ou
n

d
s

on
ly

in
re

st
ri

ct
ed

se
tt

in
g

an
d

co
n

si
d

er
in

g
it

er
at

es
ra

th
er

th
an

th
e

ex
ce

ss
ri

sk
.

C
om

p
ar

ed
to

(R
os

as
co

an
d

V
il

la
,
2
01

5)
ou

r
re

su
lt

s
sh

ow
h

ow
st

o
ch

a
st

ic
it

y
ca

n
b

e
ex

p
lo

it
ed

to
g
et

fa
st

ra
te

s
a
n

d
an

al
y
ze

th
e

ro
le

of
m

in
i-

b
at

ch
es

.
T

h
e

b
as

ic
id

ea
o
f

ou
r

p
ro

of
is

to
a
p

p
ro

x
im

a
te

th
e

S
G

M
le

a
rn

in
g

se
q
u

en
ce

in
te

rm
s

of
th

e
b

at
ch

gr
ad

ie
n
t

d
es

ce
n
t

se
q
u

en
ce

,
se

e
S

u
b

se
ct

io
n

3.
7

fo
r

fu
rt

h
er

d
et

ai
ls

.
T

h
is

al
lo

w
s

to
st

u
d

y
b

at
ch

an
d

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

s
si

m
u

lt
an

eo
u

sl
y,

a
n

d
m

ay
b

e
al

so
u

se
fu

l
fo

r
an

al
y
zi

n
g

ot
h

er
le

ar
n
in

g
al

go
ri

th
m

s.

T
h

is
p

ap
er

is
an

ex
te

n
d

ed
v
er

si
on

of
a

p
ri

or
co

n
fe

re
n

ce
p

ap
er

(L
in

a
n
d

R
os

as
co

,
20

16
).

In
(L

in
a
n

d
R

os
as

co
,

20
16

),
w

e
gi

ve
co

n
ve

rg
en

ce
re

su
lt

s
w

it
h

op
ti

m
al

ra
te

s
fo

r
th

e
at

ta
in

ab
le

ca
se
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-pa
ss

S
G
M

(i.e.,
assu

m
in

g
th

e
ex

isten
ce

of
at

lea
st

on
e

m
in

im
izer

of
th

e
ex

p
ected

risk
over

th
e

h
y
p

oth
esis

sp
ace)

in
a

fi
x
ed

step
-size

settin
g.

In
th

is
n

ew
versio

n
,

w
e

give
co

n
vergen

ce
resu

lts
w

ith
o
p
tim

al
rates,

for
b

oth
th

e
attain

ab
le

an
d

n
on

-attain
ab

le
cases,

an
d

con
sid

er
m

o
re

gen
era

l
step

-size
ch

oices.
T

h
e

ex
ten

sion
from

th
e

attain
ab

le
case

to
th

e
n

o
n

-a
ttain

ab
le

case
is

n
on

-triv
ial.

A
s

w
ill

b
e

seen
from

th
e

p
ro

o
f,

in
con

trast
to

th
e

attain
ab

le
case,

a
d

iff
eren

t
an

d
refi

n
ed

estim
ation

is
n

eed
ed

for
th

e
n

on
-attain

ab
le

case.
In

terestin
g
ly,

as
a

b
y
p

ro
d

u
ct

of
th

is
p

ap
er,

w
e

a
lso

d
erived

op
tim

al
rates

for
th

e
b
atch

grad
ien

t
d

escen
t

m
eth

o
d

s
in

th
e

n
on

-attain
ab

le
ca

se.
T

o
th

e
b

est
of

ou
r

k
n

ow
led

ge,
su

ch
a

resu
lt

m
ay

b
e

th
e

fi
rst

k
in

d
for

b
atch

grad
ien

t
m

eth
o
d

s,
w

ith
ou

t
req

u
irin

g
an

y
ex

tra
u

n
lab

eled
d

ata
as

th
at

in
(C

ap
on

n
etto

an
d

Y
a
o,

2010).
F

in
ally,

w
e

a
lso

ad
d

n
ovel

co
n
vergen

ce
resu

lts
for

th
e

iterates
sh

ow
in

g
th

at
th

ey
co

n
v
erge

to
th

e
m

in
im

al
n

o
rm

so
lu

tion
of

th
e

ex
p

ected
risk

w
ith

op
tim

al
ra

tes.
T

h
e

rest
of

th
is

p
ap

er
is

organ
ized

as
follow

s.
S

ection
2

in
tro

d
u

ces
th

e
lea

rn
in

g
settin

g
an

d
th

e
S

G
M

algorith
m

.
M

ain
resu

lts
w

ith
d

iscu
ssion

s
an

d
p

ro
of

sketch
es

are
p

resen
ted

in
S

ection
3.

P
relim

in
a
ry

lem
m

as
n

ecessary
for

th
e

p
ro

ofs
w

ill
b

e
given

in
S

ection
4

w
h

ile
d

etailed
p

ro
ofs

w
ill

b
e

con
d

u
cted

in
S

ection
s

5
to

8.
F

in
ally,

sim
p

le
n
u

m
erical

sim
u

lation
s

are
g
iven

in
S

ection
9

to
com

p
lem

en
t

ou
r

th
eoretical

resu
lts.

N
o
ta

tio
n

F
o
r

an
y
a
,b∈

R
,
a∨

b
d

en
o
tes

th
e

m
ax

im
u

m
of
a

a
n

d
b.

N
is

th
e

set
of

all
p

o
sitive

in
teg

ers.
F

or
an

y
T
∈
N
,

[T
]

d
en

otes
th

e
set{1

,···
,T}

.
F

o
r

an
y

tw
o

p
o
sitive

seq
u

en
ces{

a
t }
t∈

[T
]

an
d
{
b
t }
t∈

[T
] ,

th
e

n
otation

a
t .

b
t

fo
r

all
t∈

[T
]

m
ea

n
s

th
at

th
ere

ex
ists

a
p

ositive
con

stan
t

C
≥

0
su

ch
th

at
C

is
in

d
ep

en
d

en
t

of
t

an
d

th
a
t
a
t ≤

C
b
t

for
a
ll
t∈

[T
].

2
.
L
e
a
rn

in
g
w
ith

S
G
M

W
e

b
egin

b
y

in
tro

d
u

cin
g

th
e

learn
in

g
settin

g
w

e
con

sid
er,

an
d

th
en

d
escrib

e
th

e
S

G
M

learn
in

g
algorith

m
.

F
ollow

in
g

(R
osasco

an
d

V
illa,

2015
),

th
e

fo
rm

u
lation

w
e

con
sid

er
is

clo
se

to
th

e
settin

g
of

fu
n

ction
al

regression
,

an
d

covers
th

e
rep

ro
d

u
cin

g
k
ern

el
H

ilb
ert

sp
a
ce

(R
K

H
S

)
settin

g
as

a
sp

ecial
case,

see
A

p
p

en
d

ix
A

.
In

p
a
rticu

lar,
it

red
u

ces
to

sta
n

d
a
rd

lin
ea

r
reg

ression
fo

r
fi
n

ite
d

im
en

sion
s.

2
.1

L
e
a
rn

in
g

P
ro

b
le

m
s

L
et
H

b
e

a
sep

arab
le

H
ilb

ert
sp

ace,
w

ith
in

n
er

p
ro

d
u

ct
an

d
in

d
u

ced
n

o
rm

d
en

o
ted

b
y
〈·,·〉

H

a
n

d
‖·‖

H
,

resp
ectively.

L
et

th
e

in
p

u
t

sp
ace

X
⊆
H

a
n

d
th

e
ou

tp
u

t
sp

ace
Y
⊆

R
.

L
et
ρ

b
e

an
u

n
k
n

ow
n

p
rob

ab
ility

m
easu

re
on

Z
=
X
×
Y
,
ρ
X

(·)
th

e
in

d
u

ced
m

arg
in

al
m

easu
re

o
n
X

,
an

d
ρ
(·|x

)
th

e
con

d
ition

al
p

rob
ab

ility
m

easu
re

on
Y

w
ith

resp
ect

to
x
∈
X

an
d
ρ
.

C
on

sid
erin

g
th

e
sq

u
a
re

loss
fu

n
ction

,
th

e
p

rob
lem

u
n

d
er

stu
d

y
is

th
e

m
in

im
ization

o
f

th
e

risk,

in
f

ω∈
H
E

(ω
),
E

(ω
)

=

∫

X
×
Y

(〈ω
,x〉

H
−
y
)
2d
ρ
(x
,y

),
(1)

w
h

en
th

e
m

easu
re
ρ

is
k
n

ow
n

on
ly

th
rou

gh
a

sam
p

le
z

=
{
z
i

=
(x
i ,y

i )}
mi=

1
of

size
m
∈

N
,

in
d

ep
en

d
en

tly
an

d
id

en
tically

d
istrib

u
ted

(i.i.d
.)

a
cco

rd
in

g
to
ρ
.

In
th

e
fo

llow
in

g,
w

e
m

easu
re

th
e

q
u

ality
of

an
ap

p
rox

im
ate

solu
tio

n
ω̂
∈
H

(an
estim

a
tor)

con
sid

erin
g

th
e

excess
risk,

i.e.,

E
(ω̂

)−
in

f
ω∈

H
E

(ω
).

(2)

T
h

rou
gh

ou
t

th
is

p
ap

er,
w

e
a
ssu

m
e

th
at

th
ere

ex
ists

a
con

stan
t
κ
∈

[1,∞
[,

su
ch

th
at

〈x
,x
′〉
H
≤
κ

2,
∀
x
,x
′∈

X
.

(3)
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L
in

a
n
d

R
o
sa

sc
o

2
.2

S
to

ch
a
stic

G
ra

d
ie

n
t

M
e
th

o
d

W
e

stu
d

y
th

e
follow

in
g

varian
t

of
S

G
M

,
p

ossib
ly

w
ith

m
in

i-b
atch

es.
U

n
like

som
e

o
f

th
e

va
ri-

a
n
ts

stu
d

ied
in

th
e

literatu
re,

th
e

algorith
m

w
e

co
n
sid

er
in

th
is

p
ap

er
d

o
es

n
ot

in
v
olve

an
y

ex
p

licit
p

en
alty

term
or

an
y

p
ro

jection
step

,
in

w
h

ich
ca

se
on

e
d

o
es

n
ot

n
eed

to
tu

n
e

th
e

p
en

a
lty

/
p

ro
jection

p
aram

eter.

A
lg

o
rith

m
1

L
et
b∈

[m
].

G
iven

a
n

y
sa

m
p
le

z
,

th
e
b-m

in
iba

tch
stoch

a
stic

gra
d
ien

t
m

eth
od

is
d
efi

n
ed

by
ω

1
=

0
a
n

d

ω
t+

1
=
ω
t −

η
t 1b

bt
∑

i=
b(t−

1
)+

1 (〈ω
t ,x

j
i 〉
H
−
y
j
i )x

j
i ,

t
=

1,...,T
,

(4
)

w
h
ere
{
η
t
>

0}
is

a
step

-size
sequ

en
ce.

H
ere,

j
1 ,j

2 ,···
,j
bT

a
re

i.i.d
.

ra
n

d
o
m

va
ria

bles
fro

m
th

e
u

n
ifo

rm
d
istribu

tio
n

o
n

[m
]

1.

W
e

a
d

d
som

e
com

m
en

ts
on

th
e

ab
ov

e
algorith

m
.

F
irst,

d
iff

eren
t

ch
o
ices

for
th

e
m

in
i-b

atch
size

b
can

lea
d

to
d

iff
eren

t
algorith

m
s.

In
p

articu
lar,

for
b

=
1
,

th
e

ab
ove

alg
orith

m
corresp

on
d

s
to

a
sim

p
le

S
G

M
,
w

h
ile

for
b

=
m
,
it

is
a

sto
ch

astic
version

of
th

e
b

atch
grad

ien
t

d
escen

t.
In

th
is

p
a
p

er,
w

e
are

p
a
rticu

larly
in

terested
in

th
e

cases
o
f
b

=
1

an
d
b

=
√
m
.

S
econ

d
,

oth
er

ch
oices

o
n

th
e

in
itial

valu
e,

rath
er

th
an

ω
1

=
0,

is
p

o
ssib

le.
In

fact,
follow

in
g

from
ou

r
p

ro
o
fs

in
th

is
p

ap
er,

th
e

in
terested

read
ers

can
see

th
a
t

th
e

con
vergen

ce
resu

lts
sta

ted
in

th
e

n
ex

t
su

b
section

s
still

h
old

for
oth

er
ch

oices
of

in
itial

valu
es.

F
in

ally,
th

e
n
u

m
b

er
of

total
itera

tion
s
T

can
b

e
b

igg
er

th
an

th
e

n
u

m
b

er
of

sam
p

le
p

oin
ts
m

.
T

h
is

in
d

icates
th

at
w

e
can

u
se

th
e

sam
p

le
m

ore
th

an
o
n

ce,
or

in
an

oth
er

w
ord

s,
w

e
can

ru
n

th
e

a
lg

orith
m

w
ith

m
u
ltip

le
p

asses
ov

er
th

e
d

ata.
H

ere
an

d
in

w
h

at
follow

s,
th

e
n
u

m
b

er
o
f

‘p
asses’

over
th

e
d

ata
is

referred
to
d
bt
m
e

a
t
t

iteration
s

o
f

th
e

algorith
m

.

T
h

e
a
im

o
f

th
is

p
ap

er
is

to
d

erive
ex

cess
risk

b
ou

n
d

s
fo

r
A

lgo
rith

m
1.

T
h

rou
gh

o
u

t
th

is
p

a
p

er,
w

e
a
ssu

m
e

th
at{η

t }
t

is
n

on
-in

creasin
g,

an
d
T
∈
N

w
ith

T
≥

3.
W

e
d

en
ote

b
y

J
t

th
e

set
{
j
l

:
l

=
b(t−

1)
+

1
,···

,bt}
an

d
b
y

J
th

e
set{

j
l

:
l

=
1,···

,bT}
.

3
.
M

a
in

R
e
su

lts
w
ith

D
iscu

ssio
n
s

In
th

is
sectio

n
,

w
e

fi
rst

state
som

e
b
asic

assu
m

p
tio

n
s.

T
h

en
,

w
e

p
resen

t
a
n

d
d

iscu
ss

o
u

r
m

ain
resu

lts.

3
.1

A
ssu

m
p

tio
n

s

T
h

e
follow

in
g

assu
m

p
tion

is
rela

ted
to

a
m

om
en

t
assu

m
p

tio
n

on
|y| 2.

It
is

w
eaker

th
an

th
e

o
ften

co
n

sid
ered

b
ou

n
d

ed
o
u

tp
u

t
assu

m
p

tion
,

su
ch

as
th

e
b

in
ary

cla
ssifi

cation
p

rob
lem

s
w

h
ere

Y
=
{−

1
,1}.

A
ssu

m
p

tio
n

1
T

h
ere

exists
co

n
sta

n
ts
M
∈

]0,∞
[

a
n

d
v
∈

]1,∞
[

su
ch

th
a
t

∫

Y
y

2
ld
ρ
(y|x

)≤
l!M

lv
,
∀
l∈

N
,

(5)

ρ
X

-a
lm

o
st

su
rely.

1
.
N
o
te

th
a
t,

th
e
ra
n
d
o
m

va
ria

b
les

j
1 ,···

,j
b
T
a
re

co
n
d
itio

n
a
lly

in
d
ep

en
d
en

t
g
iv
en

th
e
sa
m
p
le

z
.
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-
pa

ss
S
G
M

T
o

p
re

se
n
t

ou
r

n
ex

t
as

su
m

p
ti

on
,

w
e

in
tr

o
d

u
ce

th
e

op
er

at
o
r
L ρ

:
L

2
(H
,ρ
X

)
→

L
2
(H
,ρ
X

),
d

efi
n

ed
b
y
L ρ

(f
)

=
∫ X
〈x
,·〉

H
f

(x
)ρ
X

(x
).

H
er

e,
L

2
(H
,ρ
X

)
is

th
e

H
il

b
er

t
sp

ac
e

of
sq

u
ar

e
in

te
gr

al
fu

n
ct

io
n

s
fr

om
H

to
R

w
it

h
re

sp
ec

t
to
ρ
X

,
w

it
h

n
or

m
,

‖f
‖ ρ

=

( ∫

X
|f

(x
)|2
d
ρ
X

(x
)) 1

/
2

.

U
n

d
er

A
ss

u
m

p
ti

on
(3

),
L ρ

ca
n

b
e

p
ro

v
ed

to
b

e
p

os
it

iv
e

tr
ac

e
cl

as
s

op
er

at
or

s
(C

u
ck

er
an

d
Z

h
ou

,

2
00

7)
,

an
d

h
en

ce
Lζ ρ

w
it

h
ζ
∈
R

ca
n

b
e

d
efi

n
ed

b
y

u
si

n
g

th
e

sp
ec

tr
a
l

th
eo

ry
.

It
is

w
el

l
k
n

ow
n

(s
ee

e.
g.

,
C

u
ck

er
an

d
Z

h
ou

,
2
00

7)
th

at
th

e
fu

n
ct

io
n

m
in

im
iz

in
g
∫ Z

(f
(x

)
−

y
)2
d
ρ
(z

)
ov

er
al

l
m

ea
su

ra
b

le
fu

n
ct

io
n

s
f

:
H
→

R
is

th
e

re
g
re

ss
io

n
fu

n
ct

io
n

,
gi

ve
n

b
y

f ρ
(x

)
=

∫ Y
y
d
ρ
(y
|x

),
x
∈
X
.

(6
)

D
efi

n
e

a
n

ot
h

er
H

il
b

er
t

sp
ac

e
H
ρ

=
{f

:
X
→

R
|∃
ω
∈
H

w
it

h
f

(x
)

=
〈ω
,x
〉 H
,ρ
X

-a
lm

o
st

su
re

ly
}.

U
n

d
er

A
ss

u
m

p
ti

on
(3

),
it

is
ea

sy
to

se
e

th
at

H
ρ

is
a

su
b

sp
ac

e
of
L

2
(H
,ρ
X

).
L

et
f H

b
e

th
e

p
ro

je
ct

io
n

of
th

e
re

gr
es

si
on

fu
n

ct
io

n
f ρ

on
to

th
e

cl
os

u
re

o
f
H
ρ

in
L

2
(H
,ρ
X

).
It

is
ea

sy
to

se
e

th
at

th
e

se
ar

ch
fo

r
a

so
lu

ti
on

of
P

ro
b

le
m

(1
)

is
eq

u
iv

al
en

t
to

th
e

se
ar

ch
of

a
li

n
ea

r
fu

n
ct

io
n

in
H
ρ

to
ap

p
ro

x
im

at
e
f H

.
F

ro
m

th
is

p
oi

n
t

of
v
ie

w
,

b
o
u

n
d

s
o
n

th
e

ex
ce

ss
ri

sk
of

a
le

a
rn

in
g

al
go

ri
th

m
on

H
ρ

or
H

,
n

at
u

ra
ll

y
d

ep
en

d
on

th
e

fo
ll

ow
in

g
a
ss

u
m

p
ti

on
,

w
h

ic
h

q
u

an
ti

fi
es

h
ow

w
el

l,
th

e
ta

rg
et

fu
n

ct
io

n
f H

ca
n

b
e

ap
p

ro
x
im

at
ed

b
y
H
ρ
.

A
ss

u
m

p
ti

o
n

2
T

h
er

e
ex

is
t
ζ
>

0
a
n

d
R
>

0
,

su
ch

th
a
t
‖L
−
ζ

ρ
f H
‖ ρ
≤
R
.

T
h

e
ab

ov
e

as
su

m
p

ti
on

is
fa

ir
ly

st
an

d
ar

d
in

n
on

-p
ar

am
et

ri
c

re
gr

es
si

on
(C

u
ck

er
an

d
Z

h
o
u

,
20

07
;

R
os

as
co

an
d

V
il

la
,

20
15

).
T

h
e

b
ig

ge
r
ζ

is
,

th
e

m
o
re

st
ri

n
ge

n
t

th
e

as
su

m
p

ti
o
n

is
,

si
n

ce

Lζ
1 ρ
(L

2
(H
,ρ
X

))
⊆
Lζ

2 ρ
(L

2
(H
,ρ
X

))
w

h
en

ζ 1
≥
ζ 2
.

In
p

ar
ti

cu
la

r,
fo

r
ζ

=
0,

w
e

ar
e

m
ak

in
g

n
o

as
su

m
p

ti
on

,
w

h
il

e
fo

r
ζ

=
1/

2,
w

e
ar

e
re

q
u

ir
in

g
f H
∈
H
ρ
,

si
n

ce
(R

os
as

co
an

d
V

il
la

,
2
01

5
)

H
ρ

=
L1

/
2

ρ
(L

2
(H
,ρ
X

))
.

(7
)

In
th

e
ca

se
of
ζ
≥

1/
2,
f H
∈
H
ρ
,

w
h

ic
h

im
p

li
es

P
ro

b
le

m
(1

)
h

as
at

le
as

t
on

e
so

lu
ti

o
n

in
th

e
sp

a
ce
H

.
In

th
is

ca
se

,
w

e
d

en
ot

e
ω
†

as
th

e
so

lu
ti

on
w

it
h

th
e

m
in

im
al
H

-n
o
rm

.
F

in
al

ly
,

th
e

la
st

as
su

m
p

ti
on

re
la

te
s

to
th

e
ca

p
ac

it
y

of
th

e
h
y
p

ot
h

es
is

sp
ac

e.

A
ss

u
m

p
ti

o
n

3
F

o
r

so
m

e
γ
∈]

0,
1]

a
n

d
c γ
>

0
,
L ρ

sa
ti

sfi
es

tr
(L

ρ
(L

ρ
+
λ
I
)−

1
)
≤
c γ
λ
−
γ
,

fo
r

a
ll
λ
>

0.
(8

)

T
h

e
le

ft
h

an
d

-s
id

e
o
f
of

(8
)

is
ca

ll
ed

as
th

e
eff

ec
ti

ve
d

im
en

si
on

(C
a
p

on
n

et
to

an
d

D
e

V
it

o
,
20

07
),

or
th

e
d

eg
re

es
of

fr
ee

d
om

(Z
h
a
n

g,
20

05
).

It
ca

n
b

e
re

la
te

d
to

co
ve

ri
n

g/
en

tr
o
p
y

n
u

m
b

er
co

n
d

it
io

n
s,

se
e

(S
te

in
w

ar
t

an
d

C
h

ri
st

m
an

n
,

20
08

)
fo

r
fu

rt
h

er
d

et
ai

ls
.

A
ss

u
m

p
ti

o
n

3
is

al
w

ay
s

tr
u

e
fo

r
γ

=
1

an
d
c γ

=
κ

2
,

si
n

ce
L ρ

is
a

tr
ac

e
cl

as
s

op
er

at
o
r

w
h

ic
h

im
p

li
es

th
e

ei
g
en

va
lu

es
o
f
L ρ

,
d

en
o
te

d
as
σ
i,

sa
ti

sf
y

tr
(L

ρ
)

=
∑

i
σ
i
≤
κ

2
.
T

h
is

is
re

fe
rr

ed
to

as
th

e
ca

p
ac

it
y

in
d

ep
en

d
en

t
se

tt
in

g
.

A
ss

u
m

p
ti

on
3

w
it

h
γ
∈]

0,
1]

al
lo

w
s

to
d

er
iv

e
b

et
te

r
er

ro
r

ra
te

s.
It

is
sa

ti
sfi

ed
,

e.
g.

,
if

th
e

ei
ge

n
va

lu
es

of
L ρ

sa
ti

sf
y

a
p

ol
y
n

om
ia

l
d

ec
ay

in
g

co
n

d
it

io
n
σ
i
∼
i−

1
/
γ
,

o
r

w
it

h
γ

=
0

if
L ρ

is
fi

n
it

e
ra

n
k
.
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, 2
01

7

L
in

a
n
d

R
o
sa

sc
o

3
.2

O
p

ti
m

a
l

R
a
te

s
fo

r
S

G
M

a
n

d
B

a
tc

h
G

M
:

S
im

p
li

fi
e
d

V
e
rs

io
n

s

W
e

st
a
rt

w
it

h
th

e
fo

ll
ow

in
g

co
ro

ll
ar

ie
s,

w
h

ic
h

a
re

th
e

si
m

p
li

fi
ed

ve
rs

io
n

s
of

o
u

r
m

ai
n

re
su

lt
s

st
at

ed
in

th
e

n
ex

t
su

b
se

ct
io

n
s.

C
o
ro

ll
a
ry

1
(O

p
ti

m
a
l

R
a
te

fo
r

S
G

M
)

U
n

d
er

A
ss

u
m

p
ti

o
n

s
2

a
n

d
3
,

le
t
|y
|
≤
M

a
lm

o
st

su
re

ly
fo

r
so

m
e
M

>
0
.

L
et
p
∗

=
dm

1
2
ζ
+
γ
ei

f
2
ζ

+
γ
>

1,
o
r
p
∗

=
dm

1
−
ε e

w
it

h
ε
∈]

0,
1
[

o
th

er
w

is
e.

C
o
n

si
d
er

th
e

S
G

M
w

it
h

1
)
b

=
1,
η t
'

1 m
fo

r
a
ll
t
∈

[(
p
∗m

)]
,

a
n

d
ω̃
p
∗

=
ω
p
∗m

+
1
.

If
δ
∈]

0,
1]

a
n

d
m
≥
m
δ
,

th
en

w
it

h
p
ro

ba
bi

li
ty

2
a
t

le
a
st

1
−
δ,

it
h
o
ld

s

E J
[E

(ω̃
p
∗
)]
−

in
f

H
E
≤
C

{
m
−

2
ζ

2
ζ
+
γ

w
h
en

2
ζ

+
γ
>

1
;

m
−

2
ζ
(1
−
ε)

o
th

er
w

is
e.

(9
)

F
u

rt
h
er

m
o
re

,
th

e
a
bo

ve
a
ls

o
h
o
ld

s
fo

r
th

e
S

G
M

w
it

h
3

2
)
b

=
√
m
,
η t
'

1 √
m

fo
r

a
ll
t
∈

[(
p
∗√
m

)]
,

a
n

d
ω̃
p
∗

=
ω
p
∗√

m
+

1
.

In
th

e
a
bo

ve
,
m
δ

a
n

d
C

a
re

po
si

ti
ve

co
n

st
a
n

ts
d
ep

en
d
in

g
o
n
κ

2
,‖
T ρ
‖,
M
,ζ
,R
,c
γ
,γ

,
a

po
ly

n
o
m

ia
l

o
f

lo
g
m

a
n

d
lo

g
(1
/δ

),
a
n

d
m
δ

a
ls

o
o
n
δ

(a
n

d
a
ls

o
o
n
‖f
H
‖ ∞

in
th

e
ca

se
th

a
t
ζ
<

1
/2

).

W
e

a
d

d
so

m
e

co
m

m
en

ts
on

th
e

ab
ov

e
re

su
lt

.
F

ir
st

,
th

e
a
b

ov
e

re
su

lt
as

se
rt

s
th

at
,

at
p
∗

p
as

se
s

ov
er

th
e

d
at

a
,
th

e
S

G
M

w
it

h
tw

o
d

iff
er

en
t

fi
x
ed

st
ep

-s
iz

e
an

d
fi

x
ed

m
in

i-
b

at
ch

si
ze

ch
oi

ce
s,

ac
h

ie
ve

s
op

ti
m

al
le

ar
n

in
g

er
ro

r
b

ou
n

d
s,

m
at

ch
in

g
(o

r
im

p
ro

v
in

g)
th

os
e

of
ri

d
ge

re
gr

es
si

on
(S

m
a
le

an
d

Z
h

ou
,

2
00

7;
C

ap
on

n
et

to
an

d
D

e
V

it
o,

2
00

7)
.

S
ec

o
n

d
,

ac
co

rd
in

g
to

th
e

a
b

ov
e

re
su

lt
,

u
si

n
g

m
in

i-
b

at
ch

al
lo

w
s

to
u

se
a

la
rg

er
st

ep
-s

iz
e

w
h

il
e

a
ch

ie
v
in

g
th

e
sa

m
e

o
p

ti
m

al
er

ro
r

b
ou

n
d

s.
F

in
a
ll

y,
th

e
a
b

ov
e

re
su

lt
ca

n
b

e
fu

rt
h

er
si

m
p

li
fi

ed
in

so
m

e
sp

ec
ia

l
ca

se
s.

F
o
r

ex
am

p
le

,
if

w
e

co
n

si
d

er
th

e
ca

p
ac

it
y

in
d

ep
en

d
en

t
ca

se
,

i.
e.

,
γ

=
1,

an
d

as
su

m
in

g
th

a
t
f H
∈
H
ρ
,

w
h

ic
h

is
eq

u
iv

al
en

t
to

m
a
k
in

g
A

ss
u

m
p

ti
on

2
w

it
h
ζ

=
1/

2
as

m
en

ti
on

ed
b

ef
or

e,
th

e
er

ro
r

b
ou

n
d

is
O

(m
−

1
/
2
),

w
h

il
e

th
e

n
u

m
b

er
of

p
as

se
s
p
∗

=
d√
m
e.

R
e
m

a
rk

1
(F

in
it

e
D

im
e
n

si
o
n

a
l

C
a
se

)
W

it
h

a
si

m
p
le

m
od

ifi
ca

ti
o
n

o
f

o
u

r
p
ro

o
fs

,
w

e
ca

n
d
er

iv
e

si
m

il
a
r

re
su

lt
s

fo
r

th
e

fi
n

it
e

d
im

en
si

o
n

a
l

ca
se

,
i.

e.
,
H

=
R
d
,

w
h
er

e
in

th
is

ca
se

,
γ

=
0.

In
pa

rt
ic

u
la

r,
le

tt
in

g
ζ

=
1/

2
,

u
n

d
er

th
e

sa
m

e
a
ss

u
m

p
ti

o
n

s
o
f

C
o
ro

ll
a
ry

1
,

if
o
n

e
co

n
si

d
er

s
th

e
S

G
M

w
it

h
b

=
1

a
n

d
η t
'

1 m
fo

r
a
ll
t
∈

[m
2
],

th
en

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

,
E J

[E
(ω
m

2
+

1
)]
−

in
f H
E
.
d
/
m
,

p
ro

vi
d
ed

th
a
t
m

&
d

lo
g
d
.

R
e
m

a
rk

2
F

ro
m

th
e

p
ro

o
fs

,
o
n

e
ca

n
ea

si
ly

se
e

th
a
t

if
f H

a
n

d
E(
ω̃
p
∗
)
−

in
f H
E

a
re

re
p
la

ce
d

re
sp

ec
ti

ve
ly

by
f ∗
∈
L

2
(H
,ρ
X

)
a
n

d
‖〈
·,ω̃

p
∗
〉 H
−
f ∗
‖2 ρ

,
in

bo
th

th
e

a
ss

u
m

p
ti

o
n

s
a
n

d
th

e
er

ro
r

bo
u

n
d
s,

th
en

a
ll

th
eo

re
m

s
a
n

d
th

ei
r

co
ro

ll
a
ri

es
o
f

th
is

pa
pe

r
a
re

st
il

l
tr

u
e,

a
s

lo
n

g
a
s
f ∗

sa
ti

sfi
es

∫ X
(f
∗
−
f ρ

)(
x

)K
x
d
ρ
X

=
0
.

A
s

a
re

su
lt

,
if

w
e

a
ss

u
m

e
th

a
t
f ρ

sa
ti

sfi
es

A
ss

u
m

p
ti

o
n

2
(w

it
h
f H

re
p
la

ce
d

by
f ρ

),
a
s

ty
p
ic

a
ll

y
d
o
n

e
in

(S
m

a
le

a
n

d
Z

h
o
u

,
2
0
0
7
;

C
a
po

n
n

et
to

a
n

d
D

e
V

it
o
,

2
0
0
7
;

S
te

in
w

a
rt

et
a
l.

,
2

0
0
9
;

C
a
po

n
n

et
to

a
n

d
Y

a
o
,

2
0
1
0
)

fo
r

th
e

R
K

H
S

se
tt

in
g,

w
e

h
a
ve

th
a
t

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

,

E J
‖〈
·,ω̃

p
∗
〉 H
−
f ρ
‖2 ρ
≤
C

{
m
−

2
ζ

2
ζ
+
γ

w
h
en

2
ζ

+
γ
>

1;

m
−

2
ζ
(1
−
ε)

o
th

er
w

is
e.

In
th

is
ca

se
,

th
e

fa
ct

o
r
‖f
H
‖ ∞

fr
o
m

th
e

u
p
pe

r
bo

u
n

d
s

fo
r

th
e

ca
se

ζ
<

1
/2

is
ex

a
ct

ly
‖f
ρ
‖ ∞

a
n

d
ca

n
be

co
n

tr
o
ll

ed
by

th
e

co
n

d
it

io
n
|y
|≤

M
(a

n
d

m
o
re

ge
n

er
a
ll

y,
by

A
ss

u
m

p
ti

o
n

1
).

S
in

ce

2
.
H
er
e,

‘h
ig
h
p
ro
b
a
b
il
it
y
’
re
fe
rs

to
th
e
sa
m
p
le

z
.

3
.
H
er
e,

w
e
a
ss
u
m
e
th
a
t
√
m

is
a
n
in
te
g
er
.

6
JM

L
R

 1
8(

97
):

1-
47

, 2
01

7



O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-pa
ss

S
G
M

m
a
n

y
co

m
m

o
n

R
K

H
S

s
a
re

u
n

iversa
lly

co
n

sisten
t

(S
tein

w
a
rt

a
n

d
C

h
ristm

a
n

n
,

2
0
0
8
),

m
a
kin

g
A

ssu
m

p
tio

n
2

o
n
f
ρ

is
n

a
tu

ra
l

a
n

d
m

o
reo

ver,
d
erivin

g
erro

r
bo

u
n

d
s

w
ith

respect
to
f
ρ

seem
s

to
be

m
o
re

in
terestin

g
in

th
is

ca
se.

A
s

a
b
y
p

ro
d

u
ct

of
ou

r
p

ro
ofs

in
th

is
p
ap

er,
w

e
d

erive
th

e
fo

llow
in

g
op

tim
a
l

resu
lts

for
b

atch
grad

ien
t

m
eth

o
d

s
(G

M
),

d
efi

n
ed

b
y
ν

1
=

0
a
n

d

ν
t+

1
=
ν
t −

η
t

1m

m
∑i=

1 (〈ν
t ,x

i 〉
H
−
y
i )x

i ,
t

=
1,...,T

.
(10)

C
o
ro

lla
ry

2
(O

p
tim

a
l

R
a
te

fo
r

B
a
tch

G
M

)
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

a
n

d
n

o
ta

tio
n

s
o
f

C
o
ro

l-
la

ry
1
,

co
n

sid
er

ba
tch

G
M

(1
0
)

w
ith

η
t '

1
.

If
m

is
la

rge
en

o
u

gh
,

th
en

w
ith

h
igh

p
ro

ba
bility,

(9
)

h
o
ld

s
fo

r
ω̃
p∗

=
ν
p∗

+
1 .

In
th

e
ab

ove
co

ro
llary,

th
e

co
n
vergen

ce
rates

a
re

op
tim

al
for

2ζ
+
γ
>

1
.

T
o

th
e

b
est

of
ou

r
k
n

ow
led

ge,
th

ese
resu

lts
are

th
e

fi
rst

on
es

w
ith

m
in

im
a
x

ra
tes

(C
a
p

on
n

etto
a
n

d
D

e
V

ito
,

2007;
B

lan
ch

ard
an

d
M

ü
cke,

2016)
for

th
e

b
a
tch

G
M

in
th

e
n

on
-a

ttain
a
b

le
case.

P
a
rticu

la
rly,

th
ey

im
p

rove
th

e
resu

lts
in

th
e

p
rev

iou
s

literatu
re,

see
S

u
b

section
3.6

for
m

o
re

d
iscu

ssion
s.

C
orollaries

1
an

d
2

cov
er

th
e

m
ain

con
trib

u
tion

s
of

th
is

p
ap

er.
In

th
e

follow
in

g
su

b
section

s,
w

e
w

ill
p

resen
t

th
e

m
ain

th
eorem

s
of

th
is

p
a
p

er,
follow

in
g

w
ith

severa
l

co
rolla

ries
a
n

d
sim

p
le

d
iscu

ssion
s,

from
w

h
ich

on
e

ca
n

d
erive

th
e

sim
p

lifi
ed

version
s

sta
ted

in
th

is
su

b
section

.
In

th
e

n
ex

t
su

b
section

,
w

e
p

resen
t

resu
lts

for
S

G
M

in
th

e
a
tta

in
a
b

le
ca

se
w

h
ile

resu
lts

in
th

e
n

on
-

attain
ab

le
case

w
ill

b
e

giv
en

in
S

u
b

sectio
n

3.4,
a
s

th
e

b
ou

n
d

s
for

th
ese

tw
o

ca
ses

a
re

d
iff

eren
t

an
d

p
articu

larly
th

eir
p

ro
ofs

req
u

ire
d

iff
eren

t
estim

ation
s.

A
t

last,
resu

lts
w

ith
m

o
re

sp
ecifi

c
co

n
vergen

ce
rates

for
b
atch

G
M

w
ill

b
e

p
resen

ted
in

S
u

b
sectio

n
3.5

.

3
.3

M
a
in

R
e
su

lts
fo

r
S

G
M

:
A

tta
in

a
b

le
C

a
se

In
th

is
su

b
section

,
w

e
p

resen
t

con
vergen

ce
resu

lts
in

th
e

a
ttain

a
b

le
case,

i.e.,
ζ
≥

1/
2
,

follow
in

g
w

ith
sim

p
le

d
iscu

ssion
s.

O
n

e
of

ou
r

m
a
in

th
eorem

s
in

th
e

a
ttain

ab
le

case
is

sta
ted

n
ex

t,
an

d
p

rov
id

es
error

b
o
u

n
d

s
for

th
e

stu
d

ied
alg

orith
m

.
F

or
th

e
sake

o
f

read
ab

ility,
w

e
on

ly
p

resen
t

resu
lts

in
a

fi
x
ed

step
-size

settin
g

in
th

is
section

.
R

esu
lts

in
a

gen
eral

settin
g

(η
t

=
η

1 t −
θ

w
ith

0
≤
θ
<

1
can

b
e

fou
n

d
in

S
ection

7.

T
h

e
o
re

m
1

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
ζ
≥

1
/2

,
δ
∈

]0,1
[,
η
t

=
η
κ
−

2
fo

r
a
ll
t∈

[T
],

w
ith

η
≤

1
8
(lo

g
T

+
1
) .

If
m
≥
m
δ ,

th
en

th
e

fo
llo

w
in

g
h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ:

fo
r

a
ll

t∈
[T

],

E
J
[E

(ω
t+

1 )]−
in

f
H
E
≤
q

1 (η
t) −

2
ζ

+
q

2 m
−

2
ζ

2
ζ
+
γ
(1

+
m
−

1
2
ζ
+
γ
η
t)

2
lo

g
2
T

log
2

1δ

+
q

3 η
b −

1(1∨
m
−

1
2
ζ
+
γ
η
t)

log
T
.

(11)

H
ere,

m
δ ,q

1 ,q
2

a
n

d
q

3
a
re

po
sitive

co
n

sta
n

ts
d
epen

d
in

g
o
n
κ

2,‖T
ρ ‖
,M

,v
,ζ
,R
,c
γ ,γ

,
a
n

d
m
δ

a
lso

o
n
δ

(w
h
ich

w
ill

be
given

exp
licitly

in
th

e
p
roo

f).

T
h

ere
are

th
ree

term
s

in
th

e
u

p
p

er
b

ou
n

d
s

of
(1

1).
T

h
e

fi
rst

term
d

ep
en

d
s

on
th

e
reg

u
larity

of
th

e
target

fu
n

ction
an

d
it

arises
from

b
ou

n
d

in
g

th
e

b
ia

s,
w

h
ile

th
e

last
tw

o
term

s
resu

lt
from

estim
atin

g
th

e
sa

m
p

le
varian

ce
an

d
th

e
com

p
u

tatio
n

al
varia

n
ce

(d
u

e
to

th
e

ran
d

om
ch

oices
of

th
e

p
o
in

ts),
resp

ectively.
T

o
d

erive
o
p

tim
al

rates,
it

is
n

ecessary
to

b
alan

ce
th

ese
th

ree
term

s.
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L
in

a
n
d

R
o
sa

sc
o

S
o
lv

in
g

th
is

trad
e-off

p
ro

b
lem

lead
s

to
d

iff
eren

t
ch

oices
on

η
,
T

,
an

d
b,

corresp
on

d
in

g
to

d
iff

eren
t

regu
lariza

tio
n

strateg
ies,

as
sh

ow
n

in
su

b
seq

u
en

t
corollaries.

T
h

e
fi

rst
corollary

gives
gen

eralization
error

b
ou

n
d
s

fo
r

sim
p

le
S

G
M

,
w

ith
a

u
n

iversal
step

-
size

d
ep

en
d

in
g

on
th

e
n
u

m
b

er
of

sam
p

le
p

o
in

ts.

C
o
ro

lla
ry

3
U

n
d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
ζ
≥

1
/2

,
δ
∈

]0,1[,
b

=
1

a
n

d
η
t '

1m
fo

r
a
ll

t∈
[m

2].
If
m
≥
m
δ ,

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

th
ere

h
o
ld

s

E
J
[E

(ω
t+

1 )]−
in

f
H
E
.
{(

mt )
2
ζ

+
m
−

2
ζ
+
2

2
ζ
+
γ (

tm

)
2 }
·lo

g
2
m

log
2

1δ
,
∀
t∈

[m
2],

(12)

a
n

d
in

pa
rticu

la
r,

E
J
[E

(ω
T
∗
+

1 )]−
in

f
H
E
.
m
−

2
ζ

2
ζ
+
γ

lo
g

2
m

lo
g

2
1δ
,

(13)

w
h
ere

T
∗

=
dm

2
ζ
+
γ
+
1

2
ζ
+
γ
e.

H
ere,

m
δ

is
exa

ctly
th

e
sa

m
e

a
s

in
T

h
eo

rem
1
.

R
e
m

a
rk

3
Ign

o
rin

g
th

e
loga

rith
m

ic
term

a
n

d
lettin

g
t

=
p
m

,
E

q.
(1

2
)

beco
m

es

E
J
[E

(ω
p
m

+
1 )]−

in
f

H
E
.
p −

2
ζ

+
m
−

2
ζ
+
2

2
ζ
+
γ
p

2.

A
sm

a
ller

p
m

a
y

lea
d

to
a

la
rger

bia
s,

w
h
ile

a
la

rger
p

m
a
y

lea
d

to
a

la
rger

sa
m

p
le

erro
r.

F
ro

m
th

is
po

in
t

o
f

view
,
p

h
a
s

a
regu

la
riza

tio
n

eff
ect.

T
h

e
seco

n
d

corollary
p

rov
id

es
erro

r
b

ou
n

d
s

for
S

G
M

w
ith

a
fi

x
ed

m
in

i-b
a
tch

size
a
n

d
a

fi
x
ed

step
-size

(w
h
ich

d
ep

en
d

on
th

e
n
u

m
b

er
of

sam
p

le
p

oin
ts).

C
o
ro

lla
ry

4
U

n
d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
ζ
≥

1/
2,
δ∈

]0,1
[,
b

=
d √
m
e

a
n

d
η
t '

1
√
m

fo
r

a
ll
t∈

[m
2].

If
m
≥
m
δ ,

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

th
ere

h
o
ld

s

E
J
[E

(ω
t+

1 )]−
in

f
H
E
.
{( √

mt

)
2
ζ

+
m
−

2
ζ
+
2

2
ζ
+
γ (

t
√
m

)
2 }

lo
g

2
m

log
2

1δ
,
∀
t∈

[m
2],

(14)

a
n

d
pa

rticu
la

rly,

E
J
[E

(ω
T
∗
+

1 )]−
in

f
H
E
.
m
−

2
ζ

2
ζ
+
γ

lo
g

2
m

lo
g

2
1δ
,

(15)

w
h
ere

T
∗

=
dm

1
2
ζ
+
γ

+
12e.

T
h

e
ab

ov
e

tw
o

corollaries
fo

llow
from

T
h

eorem
1

w
ith

th
e

sim
p

le
o
b

servation
th

at
th

e
d

o
m

in
atin

g
term

s
in

(11)
are

th
e

term
s

related
to

th
e

b
ia

s
an

d
th

e
sam

p
le

varian
ce,

w
h

en
a

sm
all

step
-size

is
ch

o
sen

.
T

h
e

on
ly

free
p

aram
eter

in
(12

)
an

d
(1

4)
is

th
e

n
u

m
b

er
of

iteration
s/

p
asses.

T
h

e
id

eal
sto

p
p

in
g

ru
le

is
ach

ieved
b
y

b
a
lan

cin
g

th
e

tw
o

term
s

related
to

th
e

b
ias

an
d

th
e

sa
m

p
le

va
rian

ce,
sh

ow
in

g
th

e
regu

larization
eff

ect
of

th
e

n
u

m
b

er
of

p
a
sses.

S
in

ce
th

e
id

eal
stop

p
in

g
ru

le
d

ep
en

d
s

on
th

e
u

n
k
n

ow
n

p
aram

eters
ζ

a
n

d
γ

,
a

h
old

-ou
t

cro
ss-valid

ation
p

ro
ced

u
re

is
often

u
sed

to
tu

n
e

th
e

stop
p

in
g

ru
le

in
p

ractice.
U

sin
g

an
argu

m
en

t
sim

ilar
to

th
a
t

in
C

h
ap

ter
6

fro
m

(S
tein

w
a
rt

an
d

C
h
ristm

an
n

,
2008),

it
is

p
ossib

le
to

sh
ow

th
at

th
is

p
ro

ced
u

re
ca

n
ach

iev
e

th
e

sam
e

con
vergen

ce
rate.

W
e

give
som

e
fu

rth
er

rem
ark

s.
F

irst,
th

e
u

p
p

er
b

ou
n

d
in

(13)
is

op
tim

al
u

p
to

a
lo

garith
m

ic
fa

ctor,
in

th
e

sen
se

th
at

it
m

atch
es

th
e

m
in

im
a
x

low
er

rate
in

(C
ap

o
n

n
etto

a
n

d
D

e
V

ito
,

2
007;

B
la

n
ch

ard
an

d
M

ü
cke,

2016).
S

econ
d

,
accord

in
g

to
C

o
rollaries

3
a
n

d
4,

bT
∗

m
'
m

1
2
ζ
+
γ

p
asses
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-
pa

ss
S
G
M

ov
er

th
e

d
at

a
ar

e
n

ee
d

ed
to

ob
ta

in
op

ti
m

a
l

ra
te

s
in

b
o
th

ca
se

s.
F

in
a
ll

y,
in

co
m

p
a
ri

n
g

th
e

si
m

p
le

S
G

M
an

d
th

e
m

in
i-

b
at

ch
S

G
M

,
C

or
ol

la
ri

es
3

an
d

4
sh

ow
th

a
t

a
la

rg
er

st
ep

-s
iz

e
is

al
lo

w
ed

to
u
se

fo
r

th
e

la
tt

er
.

In
th

e
n

ex
t

re
su

lt
,

b
ot

h
th

e
st

ep
-s

iz
e

an
d

th
e

st
o
p

p
in

g
ru

le
ar

e
tu

n
ed

to
ob

ta
in

op
ti

m
al

ra
te

s
fo

r
si

m
p

le
S

G
M

w
it

h
m

u
lt

ip
le

p
as

se
s.

In
th

is
ca

se
,

th
e

st
ep

-s
iz

e
a
n
d

th
e

n
u

m
b

er
of

it
er

at
io

n
s

ar
e

th
e

re
gu

la
ri

za
ti

o
n

p
ar

am
et

er
s.

C
o
ro

ll
a
ry

5
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

le
t
ζ
≥

1/
2,
δ
∈]

0,
1[

,
b

=
1

a
n

d
η t
'
m
−

2
ζ

2
ζ
+
γ

fo
r

a
ll
t
∈

[m
2
].

If
m
≥
m
δ
,

a
n

d
T
∗

=
dm

2
ζ
+
1

2
ζ
+
γ
e,

th
en

(1
3
)

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

T
h

e
n

ex
t

co
ro

ll
ar

y
sh

ow
s

th
a
t

fo
r

so
m

e
su

it
ab

le
m

in
i-

b
at

ch
si

ze
s,

o
p

ti
m

al
ra

te
s

ca
n

b
e

ac
h

ie
ve

d
w

it
h

a
co

n
st

an
t

st
ep

-s
iz

e
(w

h
ic

h
is

n
ea

rl
y

in
d

ep
en

d
en

t
of

th
e

n
u

m
b

er
of

sa
m

p
le

p
oi

n
ts

)
b
y

ea
rl

y
st

op
p

in
g.

C
o
ro

ll
a
ry

6
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

le
t
ζ
≥

1/
2,
δ
∈]

0,
1
[,
b

=
dm

2
ζ

2
ζ
+
γ
e

a
n

d
η t
'

1
lo

g
m

fo
r

a
ll
t
∈

[m
].

If
m
≥
m
δ
,

a
n

d
T
∗

=
dm

1
2
ζ
+
γ
e,

th
en

(1
3
)

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

A
cc

or
d

in
g

to
C

or
ol

la
ri

es
5

an
d

6
,

ar
ou

n
d
m

1
−
γ

2
ζ
+
γ

p
as

se
s

ov
er

th
e

d
at

a
ar

e
n

ee
d

ed
to

a
ch

ie
ve

th
e

b
es

t
p

er
fo

rm
an

ce
in

th
e

ab
ov

e
tw

o
st

ra
te

gi
es

.
In

co
m

p
ar

is
on

s
w

it
h

C
o
ro

ll
a
ri

es
3

an
d

4

w
h

er
e

ar
ou

n
d
m

ζ
+
1

2
ζ
+
γ

p
as

se
s

ar
e

re
q
u

ir
ed

,
th

e
la

tt
er

se
em

s
to

re
q
u

ir
e

fe
w

er
p

as
se

s
ov

er
th

e
d

at
a.

H
ow

ev
er

,
in

th
is

ca
se

,
on

e
m

ig
h
t

h
av

e
to

ru
n

th
e

al
go

ri
th

m
s

m
u

lt
ip

le
ti

m
es

to
tu

n
e

th
e

st
ep

-s
iz

e,
or

th
e

m
in

i-
b

at
ch

si
ze

.

R
e
m

a
rk

4
1
)

If
w

e
m

a
ke

n
o

a
ss

u
m

p
ti

o
n

o
n

th
e

ca
pa

ci
ty

,
i.

e.
,
γ

=
1,

C
o
ro

ll
a
ry

5
re

co
ve

rs
th

e
re

su
lt

in
(Y

in
g

a
n

d
P

o
n

ti
l,

2
0
0
8
)

fo
r

o
n

e
pa

ss
S

G
M

.
2
)

If
w

e
m

a
ke

n
o

a
ss

u
m

p
ti

o
n

o
n

th
e

ca
pa

ci
ty

a
n

d
a
ss

u
m

e
th

a
t
f H
∈
H
ρ
,

fr
o
m

C
o
ro

ll
a
ri

es
5

a
n

d
6
,

w
e

se
e

th
a
t

th
e

o
p
ti

m
a
l

co
n

ve
rg

en
ce

ra
te
O

(m
−

1
/
2
)

ca
n

be
a
ch

ie
ve

d
a
ft

er
o
n

e
pa

ss
o
ve

r
th

e
d
a
ta

in
bo

th
o
f

th
es

e
tw

o
st

ra
te

gi
es

.
In

th
is

sp
ec

ia
l

ca
se

,
C

o
ro

ll
a
ri

es
5

a
n

d
6

re
co

ve
r

th
e

re
su

lt
s

fo
r

o
n

e
pa

ss
S

G
M

in
,

e.
g.

,
(S

h
a
m

ir
a
n

d
Z

h
a
n

g,
2
0
1
3
;

D
ek

el
et

a
l.

,
2
0
1
2
).

T
h

e
n

ex
t

re
su

lt
gi

ve
s

ge
n

er
al

iz
at

io
n

er
ro

r
b

o
u

n
d

s
fo

r
‘b

at
ch

’
S

G
M

w
it

h
a

co
n

st
an

t
st

ep
-s

iz
e

(n
ea

rl
y

in
d

ep
en

d
en

t
of

th
e

n
u

m
b

er
of

sa
m

p
le

p
oi

n
ts

).

C
o
ro

ll
a
ry

7
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

le
t
ζ
≥

1
/
2,
δ
∈]

0,
1[

,
b

=
m

a
n

d
η t
'

1
lo

g
m

fo
r

a
ll
t
∈

[m
].

If
m
≥
m
δ
,

a
n

d
T
∗

=
dm

1
2
ζ
+
γ
e,

th
en

(1
3
)

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

T
h

eo
re

m
1

an
d

it
s

co
ro

ll
ar

ie
s

gi
ve

co
n
ve

rg
en

ce
re

su
lt

s
w

it
h

re
sp

ec
t

to
th

e
ta

rg
et

fu
n

ct
io

n
va

lu
es

.
In

th
e

n
ex

t
th

eo
re

m
an

d
co

ro
ll

a
ry

,
w

e
w

il
l

p
re

se
n
t

co
n
ve

rg
en

ce
re

su
lt

s
in
H

-n
o
rm

.

T
h

e
o
re

m
2

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

s
o
f

T
h
eo

re
m

1
,

th
e

fo
ll

o
w

in
g

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

:
fo

r
a
ll
t
∈

[T
]

E J
[‖
ω
t
−
ω
† ‖

2 H
]
≤
q 1

(η
t)

1
−

2
ζ

+
q 2
m
−

2
ζ
−
1

2
ζ
+
γ
(1

+
m
−

1
2
ζ
+
γ
η
t)

2
lo

g
2
T

lo
g

2
1 δ

+
q 3
η

2
tb
−

1
.

(1
6)

H
er

e,
q 1
,q

2
a
n

d
q 3

a
re

po
si

ti
ve

co
n

st
a
n

ts
d
ep

en
d
in

g
o
n
κ

2
,‖
T ρ
‖,
M
,v
,ζ
,R
,c
γ
,

a
n

d
γ

(w
h
ic

h
ca

n
be

gi
ve

n
ex

p
li

ci
tl

y
in

th
e

p
ro

o
f)

.
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L
in

a
n
d

R
o
sa

sc
o

T
h

e
p

ro
o
f

o
f

th
e

ab
ov

e
th

eo
re

m
is

si
m

il
ar

as
th

at
fo

r
T

h
eo

re
m

1
,

an
d

w
il

l
b

e
gi

v
en

in
S

u
b
se

ct
io

n
8
.

A
ga

in
,

th
e

u
p

p
er

b
ou

n
d

in
(1

6)
is

co
m

p
o
se

d
of

th
re

e
te

rm
s

re
la

te
d

to
b

ia
s,

sa
m

p
le

va
ri

a
n

ce
,

a
n

d
co

m
p

u
ta

ti
o
n

al
va

ri
an

ce
.

B
al

an
ci

n
g

th
es

e
th

re
e

te
rm

s
le

ad
s

to
d

iff
er

en
t

ch
oi

ce
s

o
n
η
,
T

,
an

d
b,

a
s

sh
ow

n
in

th
e

fo
ll

ow
in

g
co

ro
ll

ar
y.

C
o
ro

ll
a
ry

8
W

it
h

th
e

sa
m

e
a
ss

u
m

p
ti

o
n

s
a
n

d
n

o
ta

ti
o
n

s
fr

o
m

a
n

y
o
n

e
o
f

C
o
ro

ll
a
ri

es
3

to
7
,

th
e

fo
ll

o
w

in
g

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

:

E J
[‖
ω
T
∗ +

1
−
ω
† ‖

2 H
]
.
m
−

2
ζ
−
1

2
ζ
+
γ

lo
g

2
m

lo
g

2
1 δ
.

T
h

e
co

n
ve

rg
en

ce
ra

te
in

th
e

ab
ov

e
co

ro
ll

ar
y

is
op

ti
m

a
l

u
p

to
a

lo
ga

ri
th

m
ic

fa
ct

or
,

a
s

it
m

at
ch

es
th

e
m

in
im

a
x

ra
te

sh
ow

n
in

(B
la

n
ch

ar
d

an
d

M
ü

ck
e,

2
01

6)
.

In
th

e
n

ex
t

su
b

se
ct

io
n

,
w

e
w

il
l

p
re

se
n
t

co
n
ve

rg
en

ce
re

su
lt

s
in

th
e

n
on

-a
tt

ai
n

ab
le

ca
se

,
i.

e.
,

ζ
<

1/
2.

3
.4

M
a
in

R
e
su

lt
s

fo
r

S
G

M
:

N
o
n

-a
tt

a
in

a
b

le
C

a
se

O
u

r
m

ai
n

th
eo

re
m

in
th

e
n

on
-a

tt
ai

n
ab

le
ca

se
is

st
a
te

d
n

ex
t,

an
d

p
ro

v
id

es
er

ro
r

b
ou

n
d

s
fo

r
th

e
st

u
d

ie
d

a
lg

or
it

h
m

.
H

er
e,

w
e

p
re

se
n
t

re
su

lt
s

w
it

h
a

fi
x
ed

st
ep

-s
iz

e,
w

h
er

ea
s

ge
n

er
al

re
su

lt
s

w
it

h
a

d
ec

ay
in

g
st

ep
-s

iz
e

w
il

l
b

e
gi

ve
n

in
S
ec

ti
on

7
.

T
h

e
o
re

m
3

U
n

d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

le
t
ζ
≤

1/
2,
δ
∈]

0,
1
[,
η t

=
η
κ
−

2
fo

r
a
ll
t
∈

[T
],

w
it

h
0
<
η
≤

1
8
(l

o
g
T

+
1
)
.

T
h
en

th
e

fo
ll

o
w

in
g

h
o
ld

s
fo

r
a
ll
t
∈

[T
]

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ:

1
)

if
2
ζ

+
γ
>

1
a
n

d
m
≥
m
δ
,

th
en

E J
[E

(ω
t+

1
)]
−

in
f

H
E
≤
( q 1

(η
t)
−

2
ζ

+
q 2
m
−

2
ζ

2
ζ
+
γ

) (1
∨
m
−

1
2
ζ
+
γ
η
t)

3
lo

g
4
T

lo
g

2
1 δ

+
q 3
η
b−

1
(1
∨
m
−

1
2
ζ
+
γ
η
t)

lo
g
T

;

(1
7)

2
)

if
2
ζ

+
γ
≤

1
a
n

d
fo

r
so

m
e
ε
∈]

0,
1[

,
m
≥
m
δ,
ε,

th
en

E J
[E

(ω
t+

1
)]
−

in
f

H
E
≤
( q 1

(η
t)
−

2
ζ

+
q 2
m
γ

(1
−
ε)
−

1
) (1
∨
η
m
ε−

1
t)

3
lo

g
4
T

lo
g

2
1 δ

+
q 3
η
b−

1
(1
∨
m
ε−

1
η
t)

lo
g
T
.

H
er

e,
m
δ

(o
r
m
δ,
ε)

,
q 1
,q

2
a
n

d
q 3

a
re

po
si

ti
ve

co
n

st
a
n

ts
d
ep

en
d
in

g
o
n

ly
o
n
κ

2
,‖
T ρ
‖,
M
,v
,ζ
,R
,c
γ
,γ

,
‖f
H
‖ ∞

,
a
n

d
m
δ

(o
r
m
δ,
ε)

a
ls

o
o
n
δ

(a
n

d
ε)

.

T
h

e
u

p
p

er
b

ou
n

d
s

in
(1

1)
(f

or
th

e
at

ta
in

ab
le

ca
se

)
an

d
(1

7
)

(f
or

th
e

n
on

-a
tt

a
in

ab
le

ca
se

)
ar

e
si

m
il

ar
,

w
h

er
ea

s
th

e
la

tt
er

h
as

an
ex

tr
a

lo
ga

ri
th

m
ic

fa
ct

or
.

C
on

se
q
u
en

tl
y,

in
th

e
su

b
se

q
u

en
t

co
ro

ll
ar

ie
s,

w
e

d
er

iv
e
O

(m
−

2
ζ

2
ζ
+
γ

lo
g

4
m

)
fo

r
th

e
n

on
-a

tt
ai

n
a
b

le
ca

se
.

In
co

m
p

ar
is

on
w

it
h

th
at

fo
r

th
e

at
ta

in
ab

le
ca

se
,

th
e

co
n
ve

rg
en

ce
ra

te
fo

r
th

e
n

on
-a

tt
ai

n
ab

le
ca

se
h

as
an

ex
tr

a
lo

g
2
m

fa
ct

or
.

S
im

il
a
r

to
C

or
o
ll

ar
ie

s
3

an
d

4
,

an
d

a
s

d
ir

ec
t

co
n

se
q
u

en
ce

s
of

th
e

a
b

ov
e

th
eo

re
m

,
w

e
h

av
e

th
e

fo
ll

ow
in

g
ge

n
er

al
iz

a
ti

on
er

ro
r

b
o
u

n
d

s
fo

r
th

e
st

u
d

ie
d

al
g
or

it
h

m
w

it
h

d
iff

er
en

t
ch

oi
ce

s
of

p
a
ra

m
et

er
s

in
th

e
n

on
-a

tt
ai

n
ab

le
ca

se
.
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9
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

le
t
ζ
≤

1
/2

,
δ
∈]

0,
1[

,
b

=
1

a
n

d
η t
'

1 m
fo

r
a
ll

t
∈

[m
2
].

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

th
e

fo
ll

o
w

in
g

h
o
ld

s:

1
)

if
2
ζ

+
γ
>

1
,
m
≥
m
δ

a
n

d
T
∗

=
dm

1
+
2
ζ
+
γ

2
ζ
+
γ
e,

th
en

E J
[E

(ω
T
∗ +

1
)]
−

in
f

H
E
.
m
−

2
ζ

2
ζ
+
γ

lo
g

4
m

lo
g

2
1 δ

;
(1
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10
JM

L
R

 1
8(

97
):

1-
47

, 2
01

7



O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-pa
ss

S
G
M

2
)

if
2ζ

+
γ
≤

1
,

a
n

d
fo

r
so

m
e
ε∈

]0,1[,
m
≥
m
δ,ε ,

a
n

d
T
∗

=
dm

2−
εe,

th
en

E
J
[E

(ω
T
∗
+

1 )]−
in

f
H
E
.
m
−

2
ζ
(1−

ε)
lo

g
4
m

lo
g

2
1δ
.

(19)

H
ere,

m
δ

a
n

d
m
δ,ε

a
re

given
by

T
h
eo

rem
3
.

C
o
ro

lla
ry

1
0

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
ζ
≤

1/
2

,
δ∈

]0,1[,
b'
√
m

a
n

d
η
t '

1
√
m

fo
r

a
ll
t∈

[m
2].

W
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

th
ere

h
o
ld

s

1
)

if
2ζ

+
γ
>

1
,
m
≥
m
δ

a
n

d
T
∗

=
dm

1
2
ζ
+
γ

+
12e,

th
en

(1
8
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≥
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p
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+
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at
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( √
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( √
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b/m
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r
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b
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b
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con
vergen

ce
rates

O
(m
−

2
ζ

2
ζ
+
1)

w
ith

o
u

t
co

n
sid

er-

in
g

A
ssu

m
p
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−
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ra
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b
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b
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b
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con
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b
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g

to
C

or
ol

la
ri

es
1

an
d

2,
it

se
em

s
th

at
b

ot
h

si
m

p
le

S
G

M
(w

it
h

st
ep

-s
iz

e
η t
'
m
−

1
)

an
d

b
a
tc

h
G

M
(w

it
h

st
ep

-s
iz

e
η t
'

1)
h

av
e

th
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p
le

x
it

ie
s

(w
h

ic
h

ar
e

re
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d
iff

er
en

ce
b

et
w

ee
n

th
es

e
tw

o
al

go
ri

th
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p
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p
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.
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r
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d
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at
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w
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−
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co
m

p
u

ta
ti

on
al

co
m

p
le

x
it

y.
T

h
is

su
g
ge

st
s

th
at

S
G

M
m

ay
h

av
e

so
m

e
co

m
p

u
ta

ti
on

al
ad

va
n
ta

ge
ov

er
b

a
tc

h
G

M
.

3
.7

P
ro

o
f

S
k
e
tc

h
(E

rr
o
r

D
e
c
o
m

p
o
si

ti
o
n

)

T
h

e
ke

y
to

ou
r

p
ro

of
is

a
n

ov
el

er
ro

r
d

ec
om

p
os

it
io

n
,

w
h

ic
h

m
ay

b
e

al
so

u
se

d
in

a
n

al
y
si

n
g

ot
h

er
le

ar
n

in
g

al
go

ri
th

m
s.

O
n
e

m
ay

al
so

u
se

th
e

ap
p

ro
ac

h
in

(B
ou

sq
u

et
an

d
B

ot
to

u
,

2
00

8;
L

in
et

al
.,

20
16

b
,a

)
w

h
ic

h
is

b
as

ed
on

th
e

fo
ll

ow
in

g
er

ro
r

d
ec

o
m

p
os

it
io

n
,

EE
(ω
t)
−

in
f

H
E

=
[E

(E
(ω
t)
−
E z

(ω
t)

)
+

EE
z
(ω̃

)
−
E(
ω̃

)]
+

E(
E z

(ω
t)
−
E z

(ω̃
))

+
E(
ω̃

)
−

in
f

H
E,

w
h

er
e
ω̃
∈
H

is
so

m
e

su
it

ab
ly

in
te

rm
ed

ia
te

el
em

en
t

a
n

d
E z

d
en

o
te

s
th

e
em

p
ir

ic
a
l

ri
sk

ov
er

z
,

i.
e.

,

E z
(·)

=
1 m

m ∑ i=
1

(〈
·,x

i〉
−
y i

)2
.

(2
0)

H
ow

ev
er

,
on

e
ca

n
on

ly
d

er
iv

e
a

su
b

-o
p
ti

m
al

co
n
v
er

ge
n

ce
ra

te
,

si
n

ce
th

e
p

ro
of

p
ro

ce
d

u
re

in
vo

lv
es

u
p

p
er

b
ou

n
d

in
g

th
e

le
ar

n
in

g
se

q
u

en
ce

to
es

ti
m

a
te

th
e

sa
m

p
le

er
ro

r
(t

h
e

fi
rs

t
te

rm
o
f

ri
g
h
t-

h
an

d
si

d
e)

.
A

ls
o,

in
th

is
ca

se
,

th
e

‘r
eg

u
la

ri
ty

’
of

th
e

re
gr

es
si

on
fu

n
ct

io
n

ca
n

n
ot

b
e

fu
ll

y
u

ti
li

ze
d

fo
r

es
ti

m
at

in
g

th
e

b
ia

s
(t

h
e

la
st

te
rm

).
T

h
an

k
s

to
th

e
p

ro
p

er
ty

of
sq

u
ar

es
lo

ss
,

w
e

ca
n

ex
p

lo
it

a
d

iff
er

en
t

er
ro

r
d

ec
om

p
os

it
io

n
le

ad
in

g
to

b
et

te
r

re
su

lt
s.

T
o

d
es

cr
ib

e
th

e
d

ec
om

p
os

it
io

n
,
w

e
n

ee
d

to
in

tr
o
d

u
ce

tw
o

se
q
u

en
ce

s.
T

h
e

po
p
u

la
ti

o
n

it
er

a
ti

o
n

is
d

efi
n

ed
b
y
µ

1
=

0
an

d

µ
t+

1
=
µ
t
−
η t

∫ X
(〈
µ
t,
x
〉 H
−
f ρ

(x
))
x
d
ρ
X

(x
),

t
=

1,
..
.,
T
.

(2
1)

T
h

e
a
b

ov
e

it
er

at
ed

p
ro

ce
d

u
re

is
id

ea
l

a
n

d
ca

n
n

ot
b

e
im

p
le

m
en

te
d

in
p

ra
ct

ic
e,

si
n

ce
th

e
d

is
tr

i-
b

u
ti

on
ρ
X

is
u

n
k
n

ow
n

in
ge

n
er

al
.

R
ep

la
ci

n
g
ρ
X

b
y

th
e

em
p
ir

ic
al

m
ea

su
re

a
n

d
f ρ

(x
i)

b
y
y i

,
w

e
d

er
iv

e
th

e
sa

m
p
le

it
er

a
ti

o
n

(a
ss

o
ci

at
ed

w
it

h
th

e
sa

m
p

le
z
),

i.
e.

,
(1

0
).

C
le

ar
ly

,
µ
t

is
d

et
er

m
in

is
ti

c
a
n

d
ν t

is
a
H

-v
al

u
ed

ra
n

d
om

va
ri

ab
le

d
ep

en
d

in
g

on
z
.

G
iv

en
th

e
sa

m
p

le
z
,

th
e

se
q
u

en
ce
{ν
t}
t

h
as

a
n

at
u

ra
l

re
la

ti
on

sh
ip

w
it

h
th

e
le

ar
n

in
g

se
q
u

en
ce
{ω

t}
t,

si
n

ce

E J
[ω
t]

=
ν t
.

(2
2)

In
d

ee
d

,
ta

k
in

g
th

e
ex

p
ec

ta
ti

on
w

it
h

re
sp

ec
t

to
J
t

on
b

o
th

si
d

es
of

(4
),

an
d

n
ot

in
g

th
at
ω
t

d
ep

en
d

s
o
n

ly
on

J
1
,·
··
,J

t−
1

(g
iv

en
an

y
z
),

on
e

h
as

E J
t
[ω
t+

1
]

=
ω
t
−
η t

1 m

m ∑ i=
1

(〈
ω
t,
x
i〉 H
−
y i

)x
i,

1
3
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L
in

a
n
d

R
o
sa

sc
o

a
n

d
th

u
s,

E J
[ω
t+

1
]

=
E J

[ω
t]
−
η t

1 m

m ∑ i=
1

(〈
E J

[ω
t]
,x

i〉 H
−
y i

)x
i,

t
=

1,
..
.,
T
,

w
h

ic
h

sa
ti

sfi
es

th
e

it
er

at
iv

e
re

la
ti

on
sh

ip
g
iv

en
in

(1
0
).

B
y

an
in

d
u

ct
io

n
ar

gu
m

en
t,

(2
2
)

ca
n

th
en

b
e

p
ro

ve
d

.

L
et
S ρ

:
H
→

L
2
(H
,ρ
X

)
b

e
th

e
li

n
ea

r
m

ap
d

efi
n

ed
b
y

(S
ρ
ω

)(
x

)
=
〈ω
,x
〉 H
,∀
ω
,x
∈
H
.

W
e

h
av

e
th

e
fo

ll
ow

in
g

er
ro

r
d

ec
om

p
os

it
io

n
.

P
ro

p
o
si

ti
o
n

1
W

e
h
a
ve

E J
[E

(ω
t)

]−
in

f
H
E
≤

2
‖S

ρ
µ
t
−
f H
‖2 ρ

+
2
‖S

ρ
ν t
−
S ρ
µ
t‖

2 ρ
+

E J
[‖
S ρ
ω
t
−
S ρ
ν t
‖2 ρ

].
(2

3)

P
ro

o
f

F
or

a
n
y
ω
∈
H

,
w

e
h

av
e

(R
o
sa

sc
o

a
n

d
V

il
la

,
2
01

5)

E(
ω

)
−

in
f

ω
∈H
E(
ω

)
=
‖S

ρ
ω
−
f H
‖2 ρ
.

T
h
u

s,
E(
ω
t)
−

in
f H
E

=
‖S

ρ
ω
t
−
f H
‖2 ρ
,

an
d

E J
[‖
S ρ
ω
t
−
f H
‖2 ρ

]
=

E J
[‖
S ρ
ω
t
−
S ρ
ν t

+
S ρ
ν t
−
f H
‖2 ρ

]

=
E J

[‖
S ρ
ω
t
−
S ρ
ν t
‖2 ρ

+
‖S

ρ
ν t
−
f H
‖2 ρ

]+
2
E J
〈S
ρ
ω
t
−
S ρ
ν t
,S

ρ
ν t
−
f H
〉 ρ
.

U
si

n
g

(2
2
)

in
th

e
ab

ov
e

eq
u

a
li

ty
,

w
e

ge
t,

E J
[‖
S ρ
ω
t
−
f H
‖2 ρ

]
=

E J
[‖
S ρ
ω
t
−
S ρ
ν t
‖2 ρ

+
‖S

ρ
ν t
−
f H
‖2 ρ

].

T
h

e
p

ro
of

is
fi

n
is

h
ed

b
y

co
n

si
d

er
in

g,

‖S
ρ
ν t
−
f H
‖2 ρ

=
‖S

ρ
ν t
−
S ρ
µ
t
+
S ρ
µ
t
−
f H
‖2 ρ
≤

2‖
S ρ
ν t
−
S ρ
µ
t‖

2 ρ
+

2
‖S

ρ
µ
t
−
S ρ
f H
‖2 ρ
.

T
h

er
e

ar
e

th
re

e
te

rm
s

in
th

e
u

p
p

er
b

o
u

n
d

of
th

e
er

ro
r

d
ec

o
m

p
os

it
io

n
(2

3)
.

W
e

re
fe

r
to

th
e

d
et

er
m

in
is

ti
c

te
rm
‖S

ρ
µ
t
−
f H
‖2 ρ

a
s

th
e

bi
a
s,

th
e

te
rm
‖S

ρ
ν t
−
S ρ
µ
t‖

2 ρ
d

ep
en

d
in

g
o
n

z
as

th
e

sa
m

p
le

va
ri

a
n

ce
,

an
d
E J

[‖
S ρ
ω
t
−
S ρ
ν t
‖2 ρ

]
as

th
e

co
m

p
u

ta
ti

o
n

a
l

va
ri

a
n

ce
.

T
h

e
b

ia
s

te
rm

,
w

h
ic

h
is

d
et

er
m

in
is

ti
c,

h
a
s

b
ee

n
w

el
l

st
u

d
ie

d
in

th
e

li
te

ra
tu

re
,

se
e

e.
g
.,

(Y
a
o

et
al

.,
20

0
7)

a
n

d
al

so
(R

o
sa

sc
o

an
d

V
il

la
,

2
01

5)
.

T
h

e
m

ai
n

n
ov

el
ti

es
o
f

th
is

p
ap

er
a
re

th
e

es
ti

m
at

e
of

th
e

sa
m

p
le

an
d

co
m

p
u

ta
ti

on
a
l

va
ri

an
ce

s
an

d
th

e
d

iffi
cu

lt
p

ar
t

is
th

e
es

ti
m

at
e

of
th

e
co

m
p

u
ta

ti
on

al
va

ri
a
n
ce

s.
T

h
e

p
ro

of
of

th
es

e
re

su
lt

s
is

q
u

it
e

le
n

gt
h
y

an
d

m
a
ke

s
u

se
o
f

so
m

e
id

ea
s

fr
om

(Y
a
o

et
al

.,
20

0
7;

S
m

a
le

a
n

d
Z

h
ou

,
20

07
;

B
au

er
et

al
.,

20
0
7;

Y
in

g
a
n

d
P

o
n
ti

l,
20

08
;

T
a
rr

es
an

d
Y

ao
,

2
01

4;
R

u
d

i
et

al
.,

20
15

).
T

h
es

e
th

re
e

er
ro

r
te

rm
s

w
il

l
b

e
es

ti
m

at
ed

in
S

ec
ti

on
s

5
an

d
6
.

T
h

e
b

ou
n

d
s

in
T

h
eo

re
m

s
1

an
d

3
th

u
s

fo
ll

ow
p

lu
gg

in
g

th
es

e
es

ti
m

at
io

n
s

in
th

e
er

ro
r

d
ec

o
m

p
os

it
io

n
,

se
e

S
ec

ti
on

7
fo

r
m

or
e

d
et

ai
ls

.
T

h
e

p
ro

of
fo

r
T

h
eo

re
m

2
is

si
m

il
ar

,
se

e
S

ec
ti

on
8

fo
r

th
e

d
et

ai
ls

.

4
.
P
re
li
m
in
a
ry

A
n
a
ly
si
s

In
th

is
se

ct
io

n
,

w
e

in
tr

o
d

u
ce

so
m

e
n

ot
at

io
n

an
d

p
re

li
m

in
ar

y
le

m
m

as
th

at
ar

e
n

ec
es

sa
ry

to
o
u

r
p

ro
of

s.
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-pa
ss

S
G
M

4
.1

N
o
ta

tio
n

W
e

fi
rst

in
tro

d
u

ce
som

e
n

otation
s.

F
or

t
∈

N
,

Π
Tt+

1 (L
)

=
∏
Tk
=
t+

1 (I
−
η
k L

)
for

t
∈

[T
−

1]
an

d
Π
TT

+
1 (L

)
=

I
,

for
a
n
y

op
erator

L
:
H
→
H
,

w
h

ere
H

is
a

H
ilb

ert
sp

ace
an

d
I

d
e-

n
otes

th
e

id
en

tity
op

erator
on
H

.
E

[ξ]
d

en
o
tes

th
e

ex
p

ectation
of

a
ran

d
om

varia
b

le
ξ.

F
or

a
g
iven

b
ou

n
d

ed
op

erato
r
L

:
L

2(H
,ρ
X

)
→

H
,‖L‖

d
en

o
tes

th
e

op
erato

r
n

o
rm

o
f
L

,
i.e.,

‖
L‖

=
su

p
f∈
L
2
(H
,ρ
X

),‖
f‖
ρ
=

1 ‖L
f‖

H
.

W
e

w
ill

u
se

th
e

co
n
ven

tio
n

al
n

otation
s

on
su

m
m

ation
an

d

p
ro

d
u

ction
: ∏

ti=
t+

1
=

1
an

d
∑

ti=
t+

1
=

0.

W
e

n
ex

t
in

tro
d

u
ce

som
e

au
x
iliary

op
era

tors.
L

et
S
ρ

:
H
→

L
2(H

,ρ
X

)
b

e
th

e
lin

ear
m

ap
ω
→
〈ω
,·〉

H
,

w
h

ich
is

b
o
u

n
d

ed
b
y
κ

u
n

d
er

A
ssu

m
p

tion
(3

).
F

u
rth

erm
o
re,

w
e

co
n

sid
er

th
e

ad
jo

in
t

op
eratorS

∗ρ
:
L

2(H
,ρ
X

)→
H

,
th

e
covarian

ce
op

eratorT
ρ

:
H
→
H

g
iven

b
y
T
ρ

=
S
∗ρ S

ρ ,
an

d
th

e
op

erator
L
ρ

:
L

2(H
,ρ
X

)
→

L
2(H

,ρ
X

)
giv

en
b
y
S
ρ S
∗ρ .

It
can

b
e

easily
p

roved
th

at
S
∗ρ g

=
∫
X
x
g
(x

)d
ρ
X

(x
)

an
d
T
ρ

=
∫
X 〈·,x〉

H
x
d
ρ
X

(x
).

T
h

e
o
p

eratorsT
ρ

an
d
L
ρ

ca
n

b
e

p
roved

to
b

e
p

o
sitiv

e
trace

class
op

erators
(an

d
h

en
ce

com
p

act).
F

o
r

an
y
ω
∈
H

,
it

is
easy

to
p

rove
th

e
follow

in
g

isom
etry

p
rop

erty
(S

tein
w

art
a
n

d
C

h
ristm

an
n

,
20

08)

‖S
ρ ω‖

ρ
=
‖ √
T
ρ ω‖

H
.

(24)

W
e

d
efi

n
e

th
e

sam
p

lin
g

op
eratorS

x
:
H
→

R
m

b
y

(S
x
ω

)
i

=
〈ω
,x

i 〉
H
,
i∈

[m
],

w
h

ere
th

e
n

orm
‖·‖

R
m

in
R
m

is
th

e
E

u
clid

ean
n

orm
tim

es
1/ √

m
.

Its
a
d

join
t

op
eratorS

∗x
:R

m
→

H
,

d
efi

n
ed

b
y
〈S
∗x y
,ω〉

H
=
〈y
,S

x
ω〉R

m
for

y
∈
R
m

is
th

u
s

g
iv

en
b
y
S
∗x y

=
1m

∑
mi=

1
y
i x
i .

M
o
reover,

w
e

can
d

efi
n

e
th

e
em

p
irical

covarian
ce

op
era

torT
x

:
H
→
H

su
ch

th
atT

x
=
S
∗x S

x
.

O
b
v
iou

sly,

T
x

=
1m

m
∑i=

1 〈·,x
i 〉
H
x
i .

W
ith

th
ese

n
o
tation

s,
(21)

an
d

(1
0)

ca
n

b
e

rew
ritten

a
s

µ
t+

1
=
µ
t −

η
t (T

ρ µ
t −
S
∗ρ f
ρ ),

t
=

1,...,T
,

(25)

an
d

ν
t+

1
=
ν
t −

η
t (T

x
ν
t −
S
∗x
y

),
t

=
1,...,T

,
(26)

resp
ectively.

U
sin

g
th

e
p

ro
jection

th
eorem

,
on

e
can

p
rove

th
at

S
∗ρ f
ρ

=
S
∗ρ fH

.
(27)

In
d

eed
,

sin
ce

fH
is

th
e

p
ro

jection
of

th
e

regressio
n

fu
n

ction
f
ρ

on
to

th
e

clo
su

re
of

H
ρ

in
L

2(H
,ρ
X

),
accord

in
g

to
th

e
p

ro
jection

th
eorem

,
o
n

e
h

as

〈fH
−
f
ρ ,S

ρ ω〉
ρ

=
0,

∀
ω
∈
H
,

w
h

ich
can

b
e

w
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∀
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e
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p
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∈
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∑k

=
1

k −
θ≤

t 1−
θ

1−
θ
.

L
e
m

m
a

1
3

L
et
θ
∈
R

a
n

d
t∈

N
.

T
h
en

t
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+
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p
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p
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b
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p
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b
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≤
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‖
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=
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>
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+
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≥
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=
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b
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p
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∈
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∑
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∈
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∈
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‖ ρ
≤
R
ζ
ζ
η
−
ζ
t(
θ
−

1
)ζ
.

(3
4)

T
h

e
ab

ov
e

re
su

lt
is

es
se

n
ti

al
ly

p
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d

in
(Y

ao
et

al
.,

20
07

),
se

e
al

so
(R

o
sa

sc
o

an
d

V
il

la
,

20
15

)
w

h
en

st
ep

-s
iz

e
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p
le

te
n

es
s,

w
e

p
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p
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p
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p
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∨
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2.

S
ee

A
p

p
en

d
ix

C
for

th
e

p
ro

of.
N

o
n

-a
tta

in
a
b

le
c
a
se

:
0
<
ζ
<

1
/2

.
L

et
w
i

=
(fH

(x
i )−

y
i )(T

ρ
+
λ

) −
1
/
2x
i ,

fo
r

all
i
∈

[m
].

N
otin

g
th

at
b
y

(27
),

a
n

d
ta

k
in

g
th

e
ex

p
ectation

w
ith

resp
ect

to
th

e
ra

n
d

o
m

variab
le

(x
,y

)
(from

th
e

d
istrib

u
tio

n
ρ
),

E
[ω

]
=

E
[(fH

(x
)−

f
ρ (x

))(T
ρ

+
λ

) −
1
/
2x

]
=

0
.

A
p

p
ly

in
g

H
öld

er’s
in

eq
u

a
lity,

for
an

y
l≥

2,

E
[‖
w
−

E
[w

]‖
lH

]
=

E
[‖
w‖

lH
]≤

2
l−

1E
[(|fH

(x
)| l

+
|y| l)‖

(T
ρ

+
λ

) −
1
/
2x‖

lH
]

≤
2
l−

1 ∫

X
(‖fH ‖

l∞
+

∫

Y
|y| ld

ρ
(y|x

))‖
(T
ρ

+
λ

) −
1
/
2x‖

lH
d
ρ
X

(x
).

U
sin

g
C

au
ch

y
-S

ch
w

arz’s
in

eq
u

ality
an

d
A

ssu
m

p
tio

n
1

w
h

ich
im

p
lies,

∫

Y
y
ld
ρ
(y|x

)≤
(∫

Y
|y| 2

ld
ρ
(y|x

) )
12≤
√
l!M

lv
≤
l!( √

M
)
l √
v
,

(42)

w
e

get

E
[‖w
−

E
[w

]‖
lH

]≤
2
l−

1(‖fH ‖
l∞

+
l!( √

M
)
l √
v
) ∫

X
‖
(T
ρ

+
λ

) −
1
/
2x‖

lH
d
ρ
X

(x
).

(43)

B
y

A
ssu

m
p

tion
(3),

‖(T
ρ

+
λ
I
) −

12x‖
H
≤
‖
x‖

H
√
λ
≤

κ√λ
.

(44)
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L
in

a
n
d

R
o
sa

sc
o

B
esid

es,
u

sin
g

th
e

fact
th

at
E

[‖ξ‖
2H

]
=

E
[tr(ξ⊗

ξ)]
=

tr(E
[ξ⊗

ξ])
an

d
E

[x
⊗
x

]
=
T
ρ ,

w
e

k
n

ow
th

a
t∫

X
‖(T

ρ
+
λ
I
) −

12x‖
2H
d
ρ
X

(x
)

=
tr((T

ρ
+
λ
I
) −

12T
ρ (T

ρ
+
λ
I
) −

12)
=

tr((T
ρ

+
λ
I
) −

1T
ρ ),

an
d

a
s

a
resu

lt
of

th
e

ab
ove

an
d

A
ssu

m
p

tion
3,

∫

X
‖
(T
ρ

+
λ
I
) −

12x‖
2H
d
ρ
X

(x
)≤

c
γ λ
−
γ.

It
th

u
s

follow
s

th
at

∫

X
‖
(T
ρ

+
λ

) −
1
/
2x‖

lH
d
ρ
X

(x
)≤

(
κ√λ )

l−
2 ∫

X
‖
(T
ρ

+
λ

) −
1
/
2x‖

2H
d
ρ
X

(x
)≤

(
κ√λ )

l−
2

c
γ λ
−
γ.

(45)

P
lu

g
gin

g
th

e
ab

ov
e

in
eq

u
ality

in
to

(43),

E
[‖w
−

E
[w

]‖
lH

]
≤

2
l−

1(‖
fH ‖

l∞
+
l!( √

M
)
l √
v
) (

κ√λ )
l−

2

c
γ λ
−
γ

≤
12
l! (

2
κ

(‖
fH ‖∞

+
√
M

)
√
λ

)
l−

2

4c
γ √

v
(‖
fH ‖∞

+
√
M

)
2λ
−
γ.

T
h

erefore,
u

sin
g

L
em

m
a

11,
w

e
get

th
at

w
ith

p
rob

ab
ility

a
t

least
1−

δ,

∥∥∥∥∥
(T
ρ

+
λ

) −
12

1m

m
∑i=

1

(fH
(x
i )−

y
i )
x
i ∥∥∥∥∥
H

=

∥∥∥∥∥
1m

m
∑i=

1 (E
[w
i ]−

w
i ) ∥∥∥∥∥

H

≤
4( √

M
+
‖
fH ‖∞

) (
κ

m
√
λ

+

√
√
v
c
γ

√
m
λ
γ

)
log

2δ
.

(46)

W
e

n
ex

t
let

ξ
i

=
(T
ρ

+
λ

) −
1
/
2(〈µ

k ,x
i 〉−

fH
(x
i ))x

i ,
fo

r
all

i∈
[m

].
W

e
assu

m
e

th
at
k
≥

2.
(T

h
e

p
ro

o
f

for
th

e
case

k
=

1
is

sim
p

ler
as
µ

1
=

0
.)

It
is

easy
to

see
th

at
th

e
ex

p
ectatio

n
o
f

each
ξ
i

w
ith

resp
ect

to
th

e
ran

d
om

variab
le

(x
i ,y

i )
is

E
[ξ]

=
(T
ρ

+
λ

) −
1
/
2(T

ρ µ
k −
S
∗ρ fH

)
=

(T
ρ

+
λ

) −
1
/
2(T

ρ µ
k −
S
∗ρ f
ρ ),

a
n

d

‖ξ‖
H
≤

(‖S
ρ µ

k ‖∞
+
‖
fH ‖∞

)‖(T
ρ

+
λ

) −
1
/
2x‖

H
.

B
y

A
ssu

m
p

tion
(3),‖S

ρ µ
k ‖∞

≤
κ‖µ

k ‖
H

.
It

th
u

s
follow

s
from

th
e

ab
ov

e
an

d
(44)

th
at

‖
ξ‖
H
≤

(κ‖µ
k ‖
H

+
‖fH ‖∞

)
κ√λ
.

B
esid

es,

E‖ξ‖
2H
≤
κ

2λ
E

(µ
k (x

)−
fH

(x
))

2
=
κ

2λ
‖S

ρ µ
k −

fH ‖
2ρ ≤

κ
2R

2

λ

(
ζ

2 ∑
k−

1
i=

1
η
i )

2
ζ≤

κ
2R

2

λ

(
1

∑
ki=

1
η
i )

2
ζ

,

2
0
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-
pa

ss
S
G
M

w
h

er
e

fo
r

th
e

la
st

in
eq

u
al

it
y,

w
e

u
se

d
(3

3)
.

A
p

p
ly

in
g

L
em

m
a

11
an

d
(3

6
),

w
e

g
et

th
a
t

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−
δ,

∥ ∥ ∥ ∥ ∥(T
ρ

+
λ

)−
1
/
2
[

1 m

m ∑ i=
1

(µ
k
(x
i)
−
f H

(x
i)

)x
i
−

(T
ρ
µ
k
−
S∗ ρ
f ρ

)]

∥ ∥ ∥ ∥ ∥ H

≤
2
κ

 
κ
‖µ

k
‖ H

+
‖f
H
‖ ∞

m
√
λ

+
R √
m
λ

(
1

∑
k i=

1
η i

)
ζ
 

lo
g

2 δ

≤
2
κ

  
κ
R

+
‖f
H
‖ ∞

m
√
λ

+
κ
R
( ∑

k i=
1
η i

)1 2
−
ζ

m
√
λ

+
R √
m
λ

(
1

∑
k i=

1
η i

)
ζ
  

lo
g

2 δ
.

In
tr

o
d

u
ci

n
g

th
e

ab
ov

e
es

ti
m

a
te

an
d

(4
6)

in
to

th
e

fo
ll

ow
in

g
in

eq
u

al
it

y

‖(
T ρ

+
λ

)−
1
/
2
N
k
‖ H
≤
∥ ∥ ∥ ∥ ∥(T

ρ
+
λ

)−
1 2

1 m

m ∑ i=
1

(f
H

(x
i)
−
y i

)
x
i∥ ∥ ∥ ∥ ∥ H

+

∥ ∥ ∥ ∥ ∥(T
ρ

+
λ

)−
1
/
2
[

1 m

m ∑ i=
1

(µ
k
(x
i)
−
f H

(x
i)

)x
i
−

(T
ρ
µ
k
−
S∗ ρ
f ρ

)]

∥ ∥ ∥ ∥ ∥ H
,

a
n

d
th

en
su

b
st

it
u

ti
n

g
w

it
h

(3
6)

,
b
y

a
si

m
p

le
ca

lc
u

la
ti

on
,

on
e

ca
n

p
ro

ve
th

e
d

es
ir

ed
re

su
lt

b
y

sc
al

in
g
δ.

T
h

e
n

ex
t

le
m

m
a

is
fr

om
R

u
d

i
et

al
.

(2
01

5)
,

an
d

is
d

er
iv

ed
a
p

p
ly

in
g

a
re

ce
n
t

B
er

n
st

ei
n

in
eq

u
al

it
y

fr
om

(T
ro

p
p

,
20

12
;

M
in

sk
er

,
2
01

1
)

fo
r

a
su

m
o
f

ra
n

d
om

o
p

er
a
to

rs
.

L
e
m

m
a

1
9

L
et
δ 2
∈

(0
,1

)
a
n

d
9
κ
2

m
lo

g
m δ 2
≤
λ
≤
‖T

ρ
‖.

T
h
en

th
e

fo
ll

o
w

in
g

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ 2
,

‖(
T x

+
λ
I
)−

1 2
T

1 2 ρ
‖
≤
‖(
T x

+
λ
I
)−

1 2
(T
ρ

+
λ
I
)1 2
‖
≤

2.
(4

7)

N
ow

w
e

ar
e

in
a

p
os

it
io

n
to

es
ti

m
at

e
th

e
sa

m
p

le
va

ri
an

ce
.

P
ro

p
o
si

ti
o
n

3
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

le
t
η 1
κ

2
≤

1
a
n

d
0
<
λ
≤
‖T

ρ
‖.

A
ss

u
m

e
th

a
t

(4
7
)

h
o
ld

s.
T

h
en

fo
r

a
ll
t
∈

[T
]

:
1
)

if
ζ
≥

1
/
2,

a
n

d
(4

0
)

h
o
ld

,
th

en
fo

r
t
∈
N
,

‖S
ρ
ν t

+
1
−
S ρ
µ
t+

1
‖ ρ

≤
4(
R
κ

2
ζ

+
√
M

)

(
κ

m
√
λ

+

√
2
√
v
c γ

√
m
λ
γ

)
(
t−

1
∑ k

=
1

2
η k

∑
t i=
k
+

1
η i

+
4
λ

t−
1

∑ k
=

1

η k
+
√

2κ
2
η t

)
lo

g
4 δ 1
.

(4
8)
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L
in

a
n
d

R
o
sa

sc
o

2
)

if
ζ
<

1
/2
,

a
n

d
(4

1
)

h
o
ld

fo
r

a
n

y
t
∈

[T
],

th
en

fo
r
t
∈

[T
]

:

‖S
ρ
ν t

+
1
−
S ρ
µ
t+

1
‖ ρ
≤
(
t−

1
∑ k

=
1

2
η k

∑
t i=
k
+

1
η i

+
4
λ
t−

1
∑ k

=
1

η k
+
√

2
κ

2
η t

)

×

 
2
( 3
‖f
H
‖ ∞

+
3
√
M

+
κ
R
)(

κ

m
√
λ

+

√
2√

v
c γ

√
m
λ
γ

)
+

2
κ

2
R
( ∑

t i=
1
η i
)1 2
−
ζ

m
√
λ

 
lo

g
3T δ 1

+
2
κ
R

√
m
λ

lo
g

3T δ 1

  
t−

1
∑ k

=
1

2
η k

( ∑
k i=

1
η i

) ζ
∑

t i=
k
+

1
η i

+
4
λ
t−

1
∑ k

=
1

η k
( ∑

k i=
1
η i

) ζ
+

√
2
κ

2
η t

( ∑
t i=

1
η i
) ζ

  
.

(4
9)

P
ro

o
f

F
or

n
ot

at
io

n
al

si
m

p
li

ci
ty

,
w

e
le

t
T ρ
,λ

=
T ρ

+
λ
I

an
d
T x

,λ
=
T x

+
λ
I
.

N
o
te

th
at

b
y

L
em

m
a

17
,

w
e

h
av

e
(3

7)
.

W
h

en
k
∈

[t
−

1]
,

b
y

re
w

ri
ti

n
g
T

1 2 ρ
Π
t k
+

1
(T

x
)N

k
as

T
1 2 ρ
T
−

1 2
x
,λ
T

1 2 x
,λ

Π
t k
+

1
(T

x
)T

1 2 x
,λ
T
−

1 2
x
,λ
T

1 2 ρ
,λ
T
−

1 2
ρ
,λ
N
k
,

w
e

ca
n

u
p

p
er

b
ou

n
d
‖T

1 2 ρ
Π
t k
+

1
(T

x
)N

k
‖ H

as

‖T
1 2 ρ
Π
t k
+

1
(T

x
)N

k
‖ H
≤
‖T

1 2 ρ
T
−

1 2
x
,λ
‖‖
T

1 2 x
,λ

Π
t k
+

1
(T

x
)T

1 2 x
,λ
‖‖
T
−

1 2
x
,λ
T

1 2 ρ
,λ
‖‖
T
−

1 2
ρ
,λ
N
k
‖ H
.

A
p

p
ly

in
g

(4
7)

,
th

e
a
b

ov
e

ca
n

b
e

re
la

x
ed

as

‖T
1 2 ρ
Π
t k
+

1
(T

x
)N

k
‖ H
≤

4‖
T

1 2 x
,λ

Π
t k
+

1
(T

x
)T

1 2 x
,λ
‖‖
T
−

1 2
ρ
,λ
N
k
‖ H
,

w
h

ic
h

is
eq

u
iv

al
en

t
to ‖T

1 2 ρ
,λ

Π
t k
+

1
(T

x
)N

k
‖ H
≤

4
‖T

x
,λ

Π
t k
+

1
(T

x
)‖
‖T
−

1 2
ρ
,λ
N
k
‖ H
.

T
h
u

s,
fo

ll
ow

in
g

fr
o
m
η k
κ

2
≤

1
w

h
ic

h
im

p
li

es
η k
‖T

x
‖
≤

1,

‖T
x
,λ

Π
t k
+

1
(T

x
)‖
≤
‖T

x
Π
t k
+

1
(T

x
)‖

+
‖λ

Π
t k
+

1
(T

x
)‖

≤
‖T

x
Π
t k
+

1
(T

x
)‖

+
λ
.

A
p

p
ly

in
g

L
em

m
a

15
w

it
h
ζ

=
1

to
b

ou
n

d
‖T

x
Π
t k
+

1
(T

x
)‖

,
w

e
ge

t

‖T
x
,λ

Π
t k
+

1
(T

x
)‖
≤

1

e
∑

t j=
k
+

1
η j

+
λ
.

W
h

en
k

=
t,

‖T
1 2 ρ
Π
t k
+

1
(T

x
)N

k
‖ H

=
‖T

1 2 ρ
N
t‖
H
≤
‖T

1 2 ρ
‖‖
T

1 2 ρ
,λ
‖‖
T
−

1 2
ρ
,λ
N
t‖
H

≤
‖T

ρ
‖1 2

(‖
T ρ
‖+

λ
)1 2
‖T
−

1 2
ρ
,λ
N
t‖
H
.

S
in

ce
λ
≤
‖T

ρ
‖
≤

tr
(T
ρ
)
≤
κ

2
,

w
e

d
er

iv
e

‖T
1 2 ρ
Π
t k
+

1
(T

x
)N

t‖
H
≤
√

2
κ

2
‖T
−

1 2
ρ
,λ
N
t‖
H
.
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O
p
t
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a
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ss
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G
M

F
rom

th
e

ab
ove

an
aly

sis,
w

e
see

th
at ∑

tk
=

1
η
k ∥∥∥∥ T

12
ρ

Π
tk
+

1 (T
x
)N

k ∥∥∥∥
H

can
b

e
u

p
p

er
b

ou
n

d
ed

b
y

≤


t−

1
∑k

=
1

η
k /2‖T

−
12

ρ
,λ
N
k ‖
H

∑
ti=
k
+

1
η
i

+
λ
t−

1
∑k

=
1

η
k ‖T

−
12

ρ
,λ
N
k ‖
H

+
√

2κ
2η
t ‖T

−
12

ρ
,λ
N
t ‖
H 

.

P
lu

ggin
g

(4
0)

(or
(4

1))
in

to
th

e
ab

ove,
an

d
th

en
com

b
in

in
g

w
ith

(37
),

w
e

g
et

th
e

d
esired

b
ou

n
d

(48)
(or

(49)).
T

h
e

p
ro

of
is

com
p

lete.

S
ettin

g
η
t

=
η

1 t −
θ

in
th

e
ab

ove
p

rop
ositio

n
,

w
ith

th
e

b
asic

estim
ates

from
S

ectio
n

4,
w

e
g
et

th
e

follow
in

g
ex

p
licit

b
ou

n
d

s
for

th
e

sam
p

le
varian

ce.

P
ro

p
o
sitio

n
4

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
η
t

=
η

1 t −
θ

w
ith

η
1 ∈

]0,κ
−

2]
a
n

d
θ
∈

[0,1[.
A

ssu
m

e
th

a
t

(4
7
)

h
o
ld

s.
T

h
en

th
e

fo
llo

w
in

g
h
o
ld

s
fo

r
a
ll
t∈

[T
]

a
n

d
a
n

y
0
<
λ
≤
‖T

ρ ‖
:

1
)

If
ζ
≥

1
/2
,

a
n

d
(4

0
)

h
o
ld

s
fo

r
a
ll
t∈

[T
],

‖S
ρ ν
t+

1 −
S
ρ µ

t+
1 ‖
ρ

≤
4(R

κ
2
ζ

+
√
M

) (
8
λ
η

1 t 1−
θ

1−
θ

+
4

log
t

+
4

+
√

2η
1 κ

2 )
(

κ

m
√
λ

+

√
2 √

v
c
γ

√
m
λ
γ

)
log

4δ
1
.

(50)

2
)

If
ζ
<

1
/2
,

a
n

d
(4

1
)

h
o
ld

s
fo

r
a
ll
t∈

[T
],

‖S
ρ ν
t+

1 −
S
ρ µ

t+
1 ‖
ρ ≤

(
8λ
η

1 t 1−
θ

1−
θ

+
4

lo
g
t

+
4

+
√

2η
1 κ

2 )
log

3
Tδ
1

×
(

2 (
3‖
fH ‖∞

+
3 √

M
+
κ
R ) (

κ

m
√
λ

+

√
2 √

v
c
γ

√
m
λ
γ

)
+

(
κ

1−
θ √

η
1 t 1−

θ

m
+

1 )
4κ
R

√
m
λ

1

(η
1 t 1−

θ)
ζ )

.

(51)

P
ro

o
f

B
y

P
rop

osition
3,

w
e

h
av

e
(48)

or
(49

).
N

ote
th

at

t−
1

∑k
=

1

η
k

∑
ti=
k
+

1
η
i

=
t−

1
∑k

=
1

k −
θ

∑
ti=
k
+

1
i −
θ
≤

t−
1

∑k
=

1

k −
θ

(t−
k
)t −

θ
.

A
p

p
ly

in
g

L
em

m
a

14,
w

e
get

t−
1

∑k
=

1

η
k

∑
ti=
k
+

1
η
i ≤

2
+

2
lo

g
t,

a
n

d
b
y

L
em

m
a

12,

t−
1

∑k
=

1

η
k

=
η

1

t−
1

∑k
=

1

k −
θ≤

2
η

1 t 1−
θ

1−
θ
.
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L
in

a
n
d

R
o
sa

sc
o

In
tro

d
u

cin
g

th
e

last
tw

o
estim

ates
in

to
(48)

an
d

(49
),

on
e

can
get

(50)
an

d
th

a
t

‖S
ρ ν
t+

1 −
S
ρ µ

t+
1 ‖
ρ ≤

(
8
λ
η

1 t 1−
θ

1−
θ

+
4

log
t

+
4

+
√

2
η

1 κ
2 )

×


2 (

3‖fH ‖∞
+

3 √
M

+
κ
R ) (

κ

m
√
λ

+

√
2 √

v
c
γ

√
m
λ
γ

)
+

4κ
2R
(η

1 t 1−
θ )

12 −
ζ

(1−
θ)m
√
λ


log

3
Tδ
1

+
2
κ
R

√
m
λ

lo
g

3Tδ
1


t−

1
∑k

=
1

2
η
k

(∑
ki=

1
η
i )
ζ∑

ti=
k
+

1
η
i

+
4
λ

t−
1

∑k
=

1

η
k

(∑
ki=

1
η
i )
ζ

+

√
2
κ

2η
t

(∑
ti=

1
η
i )
ζ 

.

T
o

p
rove

(51
),

it
rem

ain
s

to
estim

ate
th

e
last

term
of

th
e

a
b

ove.
A

gain
,

u
sin

g
L

em
m

as
1
2,

13
an

d
14,

w
e

get

t−
1

∑k
=

1

η
k

(∑
ki=

1
η
i )
ζ∑

ti=
k
+

1
η
i

=
1η
ζ1

t−
1

∑k
=

1

k −
θ

(∑
ki=

1
i −
θ )

ζ∑
ti=
k
+

1
i −
θ

≤
1η
ζ1

t−
1

∑k
=

1

k −
θ

(k
1−
θ/2)

ζ(t−
k
)t −

θ
=

2
ζ

η
ζ1

t θ
t−

1
∑k

=
1

k −
(θ

+
ζ
(1−

θ
))

t−
k

≤
2
ζ

η
ζ1

t θ2t −
(θ

+
ζ
(1−

θ
))(1

+
log

t)≤
4
(1

+
lo

g
t)

(η
1 t 1−

θ)
ζ
,

t−
1

∑k
=

1

η
k

(∑
ki=

1
η
i )
ζ

=
η

1−
ζ

1

t−
1

∑k
=

1

k −
θ

(∑
ki=

1
i −
θ )

ζ
≤

2
ζη

1−
ζ

1

t−
1

∑k
=

1

k −
(θ

+
ζ
(1−

θ
))≤

2
(η

1 t 1−
θ)

1−
ζ

(1−
θ)

,
a
n

d

η
t

(∑
ti=

1
η
i )
ζ

=
η

1 t −
θ

(∑
ti=

1
η

1 i −
θ )
ζ
≤

2
ζ

η
1 t −

θ

(η
1 t 1−

θ)
ζ
≤
√

2
η

1

(η
1 t 1−

θ)
ζ
.

T
h

erefo
re,

‖S
ρ ν
t+

1 −
S
ρ µ

t+
1 ‖
ρ ≤

(
8
λ
η

1 t 1−
θ

1−
θ

+
4

log
t

+
4

+
√

2
η

1 κ
2 )

×


2 (

3‖fH ‖∞
+

3 √
M

+
κ
R ) (

κ

m
√
λ

+

√
2 √

v
c
γ

√
m
λ
γ

)
+

4κ
2R
(η

1 t 1−
θ )

12 −
ζ

(1−
θ)m
√
λ


log

3
Tδ
1

+
2
κ
R

√
m
λ

lo
g

3
Tδ
1

(
8

+
8

log
t

+
8λ
η

1 t 1−
θ

1−
θ

+
2
κ

2η
1 )

1

(η
1 t 1−

θ)
ζ
.

R
earran

gin
g

term
s,

w
e

can
p

rove
th

e
secon

d
p

a
rt.

In
con

clu
sion

,
w

e
get

th
e

follow
in

g
resu

lt
fo

r
th

e
sam

p
le

va
rian

ce.

T
h

e
o
re

m
5

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
δ

1 ,δ
2
∈

]0,1[
a
n

d
9
κ
2

m
log

mδ
2
≤
λ
≤
‖T

ρ ‖
.

L
et

η
t

=
η

1 t −
θ

fo
r

a
ll
t∈

[T
],

w
ith

η
1 ∈

]0,κ
−

2]
a
n

d
θ∈

[0,1[.
T

h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

1 −
δ

2 ,
th

e
fo

llo
w

in
g

h
o
ld

s
fo

r
a
ll
t∈

[T
]

:
1
)

if
ζ
≥

1
/2

,
w

e
h
a
ve

(5
0
).

2
)

if
ζ
<

1
/2
,

w
e

h
a
ve

(5
1
).
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-
pa

ss
S
G
M

6
.
E
st
im

a
ti
n
g
C
o
m
p
u
ta
ti
o
n
a
l
V
a
ri
a
n
ce

In
th

is
se

ct
io

n
,

w
e

es
ti

m
at

e
th

e
co

m
p

u
ta

ti
o
n

a
l

va
ri

an
ce

,
E[
‖S

ρ
ω
t
−
S ρ
ν t
‖2 ρ

].
F

o
r

th
is

,
a

se
ri

es
of

le
m

m
as

is
in

tr
o
d

u
ce

d
.

6
.1

C
u

m
u

la
ti

v
e

E
rr

o
r

W
e

h
av

e
th

e
fo

ll
ow

in
g

le
m

m
a,

w
h

ic
h

sh
ow

s
th

at
th

e
co

m
p

u
ta

ti
on

al
va

ri
a
n

ce
ca

n
b

e
co

n
tr

ol
le

d
b
y

a
su

m
o
f

w
ei

gh
te

d
em

p
ir

ic
al

ri
sk

s.

L
e
m

m
a

2
0

W
e

h
a
ve

E J
‖S

ρ
ω
t+

1
−
S ρ
ν t

+
1
‖2 ρ
≤
κ

2 b

t ∑ k
=

1

η
2 k

∥ ∥ ∥ ∥T
1 2 ρ
Π
t k
+

1
(T

x
)∥ ∥ ∥ ∥2

E J
[E

z
(ω
k
)]
.

(5
2)

P
ro

o
f

S
in

ce
ω
t+

1
an

d
ν t

+
1

ar
e

gi
ve

n
b
y

(4
)

an
d

(2
6)

,
re

sp
ec

ti
ve

ly
,

ω
t+

1
−
ν t

+
1

=
(ω
t
−
ν t

)
+
η t

  
(T

x
ν t
−
S∗ x

y
)
−

1 b

bt ∑

i=
b(
t−

1
)+

1

(〈
ω
t,
x
j i
〉 H
−
y j
i
)x
j i

  

=
(I
−
η t
T x

)(
ω
t
−
ν t

)
+
η t b

bt ∑

i=
b(
t−

1
)+

1

{(
T x
ω
t
−
S∗ x

y
)
−

(〈
ω
t,
x
j i
〉 H
−
y j
i
)x
j i
}.

A
p

p
ly

in
g

th
is

re
la

ti
on

sh
ip

it
er

at
iv

el
y,

ω
t+

1
−
ν t

+
1

=
Π
t 1
(T

x
)(
ω

1
−
ν 1

)
+

1 b

t ∑ k
=

1

bk ∑

i=
b(
k
−

1
)+

1

η k
Π
t k
+

1
(T

x
)M

k
,i
,

w
h

er
e

w
e

d
en

ot
e

M
k
,i

=
(T

x
ω
k
−
S∗ x

y
)
−

(〈
ω
k
,x

j i
〉 H
−
y j
i
)x
j i
.

(5
3)

S
in

ce
ω

1
=
ν 1

=
0,

th
en ω
t+

1
−
ν t

+
1

=
1 b

t ∑ k
=

1

bk ∑

i=
b(
k
−

1
)+

1

η k
Π
t k
+

1
(T

x
)M

k
,i
.

T
h

er
ef

or
e,

E J
‖S

ρ
ω
t+

1
−
S ρ
ν t

+
1
‖2 ρ

=
1 b2
E J

∥ ∥ ∥ ∥ ∥ ∥

t ∑ k
=

1

bk ∑

i=
b(
k
−

1
)+

1

η k
S ρ

Π
t k
+

1
(T

x
)M

k
,i

∥ ∥ ∥ ∥ ∥ ∥2 ρ

=
1 b2

t ∑ k
=

1

bk ∑

i=
b(
k
−

1
)+

1

η
2 k
E J
∥ ∥ S

ρ
Π
t k
+

1
(T

x
)M

k
,i

∥ ∥2 ρ
,

(5
4)

w
h

er
e

fo
r

th
e

la
st

eq
u

al
it

y,
w

e
u

se
th

e
fa

ct
th

at
if
k
6=
k
′ ,

or
k

=
k
′

b
u

t
i
6=
i′

4
,

th
en

E J
〈S
ρ
Π
t k
+

1
(T

x
)M

k
,i
,S

ρ
Π
t k
′ +

1
(T

x
)M

k
′ ,
i′
〉 ρ

=
0.

4
.
T
h
is

is
p
o
ss
ib
le

o
n
ly

w
h
en

b
≥

2
.
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L
in

a
n
d

R
o
sa

sc
o

In
d

ee
d

,
if
k
6=
k
′ ,

w
it

h
ou

t
lo

ss
of

ge
n

er
al

it
y,

w
e

co
n

si
d

er
th

e
ca

se
k
<
k
′ .

R
ec

al
li

n
g

th
at
M
k
,i

is
gi

ve
n

b
y

(5
3
)

an
d

th
a
t

g
iv

en
an

y
z
,
ω
k

is
d

ep
en

d
in

g
on

ly
o
n

J
1
,·
··
,J

k
−

1
,

w
e

th
u

s
h

av
e

E J
〈S
ρ
Π
t k
+

1
(T

x
)M

k
,i
,S

ρ
Π
t k
′ +

1
(T

x
)M

k
′ ,
i′
〉 ρ

=
E J

1
,··
·,J

k
′ −

1
〈S
ρ
Π
t k
+

1
(T

x
)M

k
,i
,S

ρ
Π
t k
′ +

1
(T

x
)E

J
k
′[
M
k
′ ,
i′

]〉 ρ
=

0.

If
k

=
k
′

b
u

t
i
6=
i′
,

w
it

h
ou

t
lo

ss
of

ge
n

er
al

it
y,

w
e

as
su

m
e
i
<
i′
.

B
y

n
ot

in
g

th
a
t
ω
k

is
d

ep
en

d
in

g
on

ly
on

J
1
,·
··
,J

k
−

1
an

d
M
k
,i

is
d

ep
en

d
in

g
on

ly
o
n
ω
k

an
d
z j
i

(g
iv

en
a
n
y

sa
m

p
le

z
),

E J
〈S
ρ
Π
t k
+

1
(T

x
)M

k
,i
,S

ρ
Π
t k
+

1
(T

x
)M

k
,i
′ 〉 ρ

=
E J

1
,··
·,J

k
−
1
〈S
ρ
Π
t k
+

1
(T

x
)E

j i
[M

k
,i
],
S ρ

Π
t k
′ +

1
(T

x
)E

j i
′[
M
k
,i
′ ]
〉 ρ

=
0.

U
si

n
g

th
e

is
o
m

et
ry

p
ro

p
er

ty
(2

4)
to

(5
4
),

E J
∥ ∥ S

ρ
Π
t k
+

1
(T

x
)M

k
,i

∥ ∥2 ρ
=

E J
∥ ∥ ∥ ∥T

1 2 ρ
Π
t k
+

1
(T

x
)M

k
,i

∥ ∥ ∥ ∥2 H

≤
∥ ∥ ∥ ∥T

1 2 ρ
Π
t k
+

1
(T

x
)∥ ∥ ∥ ∥2

E J
‖M

k
,i
‖2 H

,

an
d

b
y

ap
p

ly
in

g
th

e
in

eq
u

a
li

ty
E[
‖ξ
−

E[
ξ]
‖2 H

]
≤

E[
‖ξ
‖2 H

],

E J
‖M

k
,i
‖2 H
≤

E J
‖(
〈ω
k
,x

j i
〉 H
−
y j
i
)x
j i
‖2 H
≤
κ

2
E J

[(
〈ω
k
,x

j i
〉 H
−
y j
i
)2

]
=
κ

2
E J

[E
z
(ω
k
)]
,

w
h

er
e

fo
r

th
e

la
st

in
eq

u
a
li

ty
w

e
u

se
(3

).
T

h
er

ef
or

e,
w

e
ca

n
ge

t
th

e
d

es
ir

ed
re

su
lt

.

T
o

es
ti

m
at

e
th

e
co

m
p

u
ta

ti
on

al
va

ri
an

ce
fr

o
m

(5
2)

,
w

e
n

ee
d

to
fu

rt
h

er
d

ev
el

op
u

p
p

er
b

ou
n

d
s

fo
r

th
e

em
p

ir
ic

al
ri

sk
s

an
d

th
e

w
ei

gh
te

d
fa

ct
or

s,
w

h
ic

h
w

il
l

b
e

gi
ve

n
in

th
e

fo
ll

ow
in

g
tw

o
su

b
-

se
ct

io
n

s.

6
.2

B
o
u

n
d

in
g

th
e

E
m

p
ir

ic
a
l

R
is

k

T
h

is
su

b
se

ct
io

n
is

d
ev

ot
ed

to
u

p
p

er
b

ou
n

d
in

g
E J

[E
z
(ω
l)

].
T

h
e

p
ro

ce
ss

re
li

es
on

so
m

e
to

o
ls

fr
om

co
n
ve

x
an

al
y
si

s
an

d
a

d
ec

om
p

os
it

io
n

re
la

te
d

to
th

e
w

ei
g
h
te

d
av

er
a
ge

s
an

d
th

e
la

st
it

er
at

es
fr

om
(S

h
a
m

ir
an

d
Z

h
an

g,
20

13
;

L
in

et
al

.,
20

16
b

).
W

e
b

eg
in

b
y

in
tr

o
d

u
ci

n
g

th
e

fo
ll

ow
in

g
le

m
m

a,
a

fa
ct

b
as

ed
on

th
e

sq
u

ar
e

lo
ss

’
sp

ec
ia

l
p

ro
p

er
ti

es
.

L
e
m

m
a

2
1

G
iv

en
a
n

y
sa

m
p
le

z
,

a
n

d
l
∈
N

,
le

t
ω
∈
H

be
in

d
ep

en
d
en

t
fr

o
m

J
l,

th
en

η l
(E

z
(ω
l)
−
E z

(ω
))
≤
‖ω

l
−
ω
‖2 H
−

E J
l
‖ω

l+
1
−
ω
‖2 H

+
η

2 l
κ

2
E z

(ω
l)
.

(5
5
)

P
ro

o
f

S
in

ce
ω
t+

1
is

gi
ve

n
b

e
(4

),
su

b
tr

ac
ti

n
g

b
ot

h
si

d
es

of
(4

)
b
y
ω

,
ta

k
in

g
th

e
sq

u
ar

e
H

-n
o
rm

,
an

d
ex

p
an

d
in

g
th

e
in

n
er

p
ro

d
u

ct
,

‖ω
l+

1
−
ω
‖2 H

=
‖ω

l
−
ω
‖2 H

+
η

2 l b2

∥ ∥ ∥ ∥ ∥ ∥

bl ∑

i=
b(
l−

1
)+

1

(〈
ω
l,
x
j i
〉 H
−
y j
i
)x
j i

∥ ∥ ∥ ∥ ∥ ∥2 H

+
2
η l b

bl ∑

i=
b(
l−

1
)+

1

(〈
ω
l,
x
j i
〉 H
−
y j
i
)〈
ω
−
ω
l,
x
j i
〉 H
.
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(3),‖

x
j
i ‖
H
≤
κ

,
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d
th

u
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∥∥∥∥∥∥
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∑

i=
b(l−

1
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1 (〈ω
l ,x

j
i 〉
H
−
y
j
i )x

j
i ∥∥∥∥∥∥

2H

≤


bl
∑

i=
b(l−

1
)+

1 |〈ω
l ,x

j
i 〉
H
−
y
j
i |κ 

2

≤
κ

2b
bl
∑

i=
b(l−

1
)+

1 (〈ω
l ,x

j
i 〉
H
−
y
j
i )

2,

w
h

ere
fo

r
th

e
la

st
in

eq
u

ality,
w

e
u

sed
C

au
ch

y
-S

ch
w

arz
in

eq
u

ality.
T

h
u

s,

‖ω
l+

1 −
ω‖

2H
≤
‖ω

l −
ω‖

2H
+
η

2l κ
2

b

bl
∑

i=
b(l−

1
)+

1 (〈ω
l ,x

j
i 〉
H
−
y
j
i )

2

+
2
η
l

b

bl
∑

i=
b(l−

1
)+

1 (〈ω
l ,x

j
i 〉
H
−
y
j
i )(〈ω

,x
j
i 〉
H
−
〈ω
l ,x

j
i 〉
H

).

U
sin

g
th

e
b

asic
in

eq
u

ality
a
(b−

a
)≤

(b
2−

a
2)/

2
,∀
a
,b∈

R
,

‖ω
l+

1 −
ω‖

2H
≤
‖ω

l −
ω‖

2H
+
η

2l κ
2

b

bl
∑

i=
b(l−

1
)+

1 (〈ω
l ,x

j
i 〉
H
−
y
j
i )

2

+
η
lb

bl
∑

i=
b(l−

1
)+

1 ((〈ω
,x

j
i 〉
H
−
y
j
i )

2−
(〈ω

l ,x
j
i 〉
H
−
y
j
i )

2 )
.

N
otin

g
th

at
ω
l

an
d
ω

are
in

d
ep

en
d

en
t

fro
m

J
l ,

an
d

tak
in

g
th

e
ex

p
ectatio

n
o
n

b
o
th

sid
es

w
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ect

to
J
l ,E

J
l ‖ω

l+
1 −

ω‖
2H
≤
‖ω

l −
ω‖

2H
+
η

2l κ
2E

z (ω
l )

+
η
l (E

z (ω
)−
E
z (ω

l ))
,

w
h

ich
lead

s
to

th
e

d
esired

resu
lt

b
y

rearra
n

gin
g

term
s.

T
h

e
p

ro
of

is
co

m
p

lete.

U
sin

g
th

e
ab

ove
lem

m
a

an
d

a
d

ecom
p

osition
related

to
th

e
w

eigh
ted

averages
an

d
th

e
la

st
iterates

from
(S

h
am

ir
an

d
Z

h
an

g,
2013

;
L

in
et

al.,
201

6b
),

w
e

ca
n

p
rove

th
e

follow
in

g
rela

tio
n

sh
ip

.

L
e
m

m
a

2
2

L
et
η

1 κ
2≤

1
/2

fo
r

a
ll
t∈

N
.

T
h
en

η
t E

J
[E

z (ω
t )]≤

4E
z (0) 1t

t
∑l=

1

η
l
+

2
κ

2
t−

1
∑k

=
1

1

k
(k

+
1)

t−
1

∑i=
t−
k

η
2i E

J
[E

z (ω
i )].

(56)

P
ro

o
f

F
or
k

=
1,···

,t−
1,

1k

t
∑

i=
t−
k
+

1

η
i E

J
[E

z (ω
i )]−

1

k
+

1

t
∑i=
t−
k

η
i E

J
[E

z (ω
i )]

=
1

k
(k

+
1) {

(k
+

1)

t
∑

i=
t−
k
+

1

η
i E

J
[E

z (ω
i )]−

k

t
∑i=
t−
k

η
i E

J
[E

z (ω
i )] }

=
1

k
(k

+
1)

t
∑

i=
t−
k
+

1 (η
i E

J
[E

z (ω
i )]−

η
t−
k E

J
[E

z (ω
t−
k )]).
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,t−
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e
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in

et
a
l.,

2
01

6b
)

η
t E

J
[E

z (ω
t )]

=
1t

t
∑i=

1

η
i E

J
[E

z (ω
i )]+

t−
1

∑k
=

1

1

k
(k

+
1)

t
∑

i=
t−
k
+

1 (η
i E

J
[E

z (ω
i )]−

η
t−
k E

J
[E

z (ω
t−
k )]).

S
in

ce
{η
t }
t

is
d
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g

an
d
E
J
[E

z (ω
t−
k )]
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o
n
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e
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e
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b
e
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η
t E

J
[E

z (ω
t )]≤
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∑i=

1
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i E

J
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z (ω
i )]+
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+
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)

t
∑
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k
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1

η
i E

J
[E

z (ω
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E
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k )].
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)
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th
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w
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b
ou

n
d

th
e

last
tw

o
term

s
o
f

th
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o
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n
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rst
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t
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e

of
(57),

w
e

a
p

p
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L
em

m
a

2
1

w
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ω
=

0
to
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η
l E

J
(E

z (ω
l )−
E
z (0))≤

E
J
[‖
ω
l ‖

2H
−
‖
ω
l+

1 ‖
2H

]+
η

2l κ
2E

J
[E

z (ω
l )].

R
ea

rra
n

gin
g
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η
l (1−

η
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2)E
J
[E

z (ω
l )]≤

E
J
[‖ω

l ‖
2H
−
‖
ω
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1 ‖
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η
l E
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η
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l E
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E
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[‖
ω
l ‖

2H
−
‖
ω
l+

1 ‖
2H

]+
η
l E

z (0).

S
u

m
m

in
g

u
p
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l

=
1,···

,t,

t
∑l=

1

η
l E

J
[E

z (ω
l )]/2

≤
E
J
[‖w

1 ‖
2H
−
‖
ω
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1 ‖
2H
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E
z (0)

t
∑l=

1
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tro

d
u
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ω
1

=
0,‖ω
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1 ‖
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≥
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d
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en
m

u
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ly
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g
b
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b
y

2
/t,

w
e

g
et
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∑l=

1

η
l E

J
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z (ω
l )]≤
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z (0) 1t
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∑l=

1

η
l .

(58)

It
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s
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b

ou
n

d
th

e
last
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(5
7).

L
et
k
∈

[t−
1]

a
n

d
i∈
{t−

k
,···

,t}
.

N
o
te

th
at

given
th

e
sam

p
le

z
,
ω
i

is
d

ep
en

d
in

g
on

ly
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J
1 ,···

,J
i−

1
w

h
en

i
>

1
a
n

d
ω

1
=

0.
T

h
u

s,
w

e
ca

n
ap

p
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L
em

m
a

21
w

ith
ω

=
ω
t−
k

to
d

erive

η
i (E

z (ω
i )−
E
z (ω

t−
k ))≤

‖ω
i −

ω
t−
k ‖

2H
−

E
J
i ‖ω

i+
1 −

ω
t−
k ‖

2H
+
η

2i κ
2E

z (ω
i ).

T
h

erefore,

η
i E

J
[E

z (ω
i )−
E
z (ω

t−
k )]≤

E
J
[‖ω

i −
ω
t−
k ‖

2H
−
‖
ω
i+

1 −
ω
t−
k ‖

2H
]+

η
2i κ

2E
J
[E

z (ω
i )].

S
u

m
m

in
g

u
p

over
i

=
t−

k
,···

,t,

t
∑i=
t−
k

η
i E

J
[E

z (ω
i )−
E
z (ω

t−
k )]≤

κ
2

t
∑i=
t−
k

η
2i E

J
[E

z (ω
i )].
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∑
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)]

.
W

e
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u
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k
n

ow
th
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th

e
la

st
te
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(5
7)

ca
n

b
e

u
p

p
er

b
o
u

n
d

ed
b
y

κ
2
t−

1
∑ k

=
1

1

k
(k

+
1)

t ∑

i=
t−
k

η
2 i
E J

[E
z
(ω
i)

]

=
κ

2
t−

1
∑ k

=
1

1

k
(k

+
1)

t−
1

∑
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t−
k

η
2 i
E J

[E
z
(ω
i)

]+
κ

2
η

2 t
E J

[E
z
(ω
t)

]
t−

1
∑ k

=
1

1

k
(k

+
1
).

U
si

n
g

th
e

fa
ct

th
at

t−
1

∑ k
=

1

1

k
(k

+
1)

=

t−
1

∑ k
=

1

(
1 k
−

1

k
+

1

)
=

1
−

1 t
≤

1,

an
d
κ

2
η t
≤

1
/
2,

w
e

ge
t

th
at

th
e

la
st

te
rm

of
(5

7
)

ca
n

b
e

b
ou

n
d

ed
as

t−
1

∑ k
=

1

1

k
(k

+
1)

t ∑

i=
t−
k
+

1

η i
(E

J
[E

z
(ω
i)

]−
E J

[E
z
(ω
t−
k
)]

)

≤
κ

2
t−

1
∑ k

=
1

1

k
(k

+
1
)

t−
1

∑

i=
t−
k

η
2 i
E J

[E
z
(ω
i)

]+
η t
E J

[E
z
(ω
t)

]/
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.

P
lu

g
gi

n
g

th
e

ab
ov

e
an

d
(5

8)
in

to
th

e
d

ec
om

p
os

it
io

n
(5

7
),

an
d

re
ar

ra
n

g
in

g
te

rm
s

η t
E J

[E
z
(ω
t)

]/
2
≤

2
E z

(0
)1 t

t ∑ l=
1

η l
+
κ

2
t−

1
∑ k

=
1

1

k
(k

+
1
)

t−
1

∑

i=
t−
k

η
2 i
E J

[E
z
(ω
i)

],

w
h

ic
h

le
ad

s
to

th
e

d
es

ir
ed

re
su

lt
b
y

m
u

lt
ip

ly
in

g
b

o
th

si
d

es
b
y

2
.

T
h

e
p

ro
of

is
co

m
p

le
te

.

W
e

al
so

n
ee

d
th

e
fo

ll
ow

in
g

le
m

m
a,

w
h

os
e

p
ro

of
ca

n
b

e
d

on
e

u
si

n
g

a
n

in
d

u
ct

io
n

a
rg

u
m

en
t.

L
e
m

m
a

2
3

L
et
{u

t}
T t=

1
,
{A

t}
T t=

1
a
n

d
{B

t}
T t=

1
be

th
re

e
se

qu
en

ce
s

o
f

n
o
n

-n
eg

a
ti

ve
n

u
m

be
rs

su
ch

th
a
t
u

1
≤
A

1
a
n

d
u
t
≤
A
t
+
B
t

su
p

i∈
[t
−

1
]
u
i,

∀t
∈
{2
,3
,·
··
,T
}.

(5
9)

L
et

su
p
t∈

[T
]
B
t
≤
B
<

1
.

T
h
en

fo
r

a
ll
t
∈

[T
],

su
p

k
∈[
t]
u
k
≤

1

1
−
B

su
p

k
∈[
t]
A
k
.

(6
0)

P
ro

o
f

W
h

en
t

=
1,

(6
0)

h
ol

d
s

tr
iv

ia
ll

y
si

n
ce
u

1
≤
A

1
an

d
B
<

1.
N

ow
as

su
m

e
fo

r
so

m
e
t
∈
N

w
it

h
2
≤
t
≤
T
,

su
p

i∈
[t
−

1
]
u
i
≤

1

1
−
B

su
p

i∈
[t
−

1
]
A
i.

T
h

en
,

b
y

(5
9)

,
th

e
ab

ov
e

h
y
p

ot
h

es
is

,
an

d
B
t
≤
B

,
w

e
h

av
e

u
t
≤
A
t
+
B
t

su
p

i∈
[t
−

1
]
u
i
≤
A
t
+

B
t

1
−
B

su
p

i∈
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−

1
]
A
i
≤

su
p

i∈
[t

]
A
i
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+

B
t

1
−
B

)
≤

su
p

i∈
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]
A
i

1

1
−
B
.
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L
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a
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d
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o
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o

C
o
n
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q
u
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p
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∈[
t]
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k
≤

1
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−
B
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p
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A
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th
er
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y

sh
ow

in
g
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ee
d
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o
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r
t.
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y
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h
em

at
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al
in

d
u
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n
,
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h
ol

d
s

fo
r

ev
er

y
t
∈
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].

T
h

e
p

ro
of

is
co

m
p

le
te

.

N
ow

w
e

ca
n

b
ou

n
d
E J

[E
z
(ω
k
)]

a
s

fo
ll

ow
s.

L
e
m

m
a

2
4

L
et
η 1
κ

2
≤

1/
2

a
n

d
fo

r
a
ll
t
∈
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]

w
it

h
t
≥

2
,

1 η t

t−
1

∑ k
=

1

1

k
(k

+
1
)

t−
1

∑

i=
t−
k

η
2 i
≤

1
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2
.

(6
1)

T
h
en

fo
r

a
ll
t
∈

[T
],

su
p

k
∈[
t]
E J

[E
z
(ω
k
)]
≤
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E z
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)

su
p

k
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t]
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1

η k
k

k ∑ l=
1

η l
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.
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2
)

P
ro

o
f

B
y

L
em

m
a

22
,

w
e

h
av

e
(5

6)
.

D
iv

id
in

g
b

ot
h

si
d

es
b
y
η t

,
w

e
ca

n
re

la
x

th
e

in
eq

u
a
li

ty
a
s

E J
[E

z
(ω
t)

]
≤

4E
z
(0

)
1 η t
t

t ∑ l=
1

η l
+

2
κ

2
1 η t

t−
1

∑ k
=

1

1

k
(k

+
1)

t−
1

∑
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t−
k

η
2 i

su
p

i∈
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−

1
]
E J
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z
(ω
i)

].
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L
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m

a
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w

e
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t
u
t

=
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z
(ω
t)

],
A
t

=
4E

z
(0

)
1 η
t
t

∑
t l=

1
η l
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d

B
t

=
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2
1 η t

t−
1

∑ k
=

1

1

k
(k

+
1)

t−
1

∑
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k

η
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.
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d
it

io
n
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)
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p
t∈
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B
t
≤
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.

T
h
u
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h
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d
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d
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e
d
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b
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h
e
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p
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w
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n
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d
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m

a
to

b
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n
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p
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p
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w
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M
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√
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≤
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.
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+
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≥
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√
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>
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>
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J ‖S

ρ ω
t+

1 −
S
ρ ν
t+

1 ‖
2ρ ≤

16M
v
κ

2

b
su

p
k∈

[t] {
1

η
k k

k
∑l=

1

η
l }
(
t−

1
∑k

=
1

η
2k

∑
ti=
k
+

1
η
i

+
4
λ
t−

1
∑k

=
1

η
2k

+
η

2t κ
2 )

.(64
)

P
ro

o
f

A
ccord

in
g

to
L

em
m

as
20

an
d

24,
w

e
h

ave
(52)

an
d

(62).
It

th
u

s
follow

s
th

at

E
J ‖S

ρ ω
t+

1 −
S
ρ ν
t+

1 ‖
2ρ ≤

8E
z (0)κ

2

b
su

p
k∈

[t] {
1

η
k k

k
∑l=

1

η
l }

t
∑k

=
1

η
2k ∥∥∥∥ T

12
ρ

Π
tk
+

1 (T
x
) ∥∥∥∥

2

.

N
ow

th
e

p
ro

o
f

can
b

e
fi

n
ish

ed
b
y

ap
p

ly
in

g
L

em
m

a
26

w
h

ich
tells

u
s

th
at

t
∑k

=
1

η
2k ∥∥∥∥ T

12
ρ

Π
tk
+

1 (T
x
) ∥∥∥∥

2

=
t−

1
∑k

=
1

η
2k ∥∥∥∥ T
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(c
)

B
at
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G

M

F
ig

u
re

2
:

M
is

cl
as

si
fi

ca
ti

on
E

rr
or

s
fo

r
gr

ad
ie

n
t-

b
as

ed
le

a
rn

in
g

al
go

ri
th

m
s

on
B

re
a
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C
a
n
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r

d
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as
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L
in

a
n
d

R
o
sa

sc
o

u
n

if
o
rm

ly
d

is
tr

ib
u

te
d

in
[0
,1

],
an

d
ω
i

is
a

G
au

ss
ia

n
n

oi
se

w
it

h
ze

ro
m

ea
n

an
d

st
an

d
ar

d
d

ev
ia

ti
o
n

1,
fo

r
ea

ch
i
∈

[m
].

W
e

p
er

fo
rm

th
re

e
ex

p
er

im
en

ts
w

it
h

th
e

sa
m

e
H

,
a

R
K

H
S

as
so

ci
at

ed
w

it
h

a
G

au
ss

ia
n

k
er

n
el
K

(x
,x
′ )

=
ex

p
(−

(x
−
x
′ )

2
/(

2σ
2
))

w
h

er
e
σ

=
0.

2.
In

th
e

fi
rs

t
ex

p
er

im
en

t,
w

e
ru

n
m

in
i-

b
at

ch
S

G
M

,
w

h
er

e
th

e
m

in
i-

b
at

ch
si

ze
b

=
√
m
,

an
d

th
e

st
ep

-s
iz

e
η t

=
1
/(

8√
m

).
In

th
e

se
co

n
d

ex
p

er
im

en
t,

w
e

ru
n

si
m

p
le

S
G

M
w

h
er

e
th

e
st

ep
-s

iz
e

is
fi

x
ed

as
η t

=
1/

(8
m

),
w

h
il

e
in

th
e

th
ir

d
ex

p
er

im
en

t,
w

e
ru

n
b

at
ch

G
M

u
si

n
g

th
e

fi
x
ed

st
ep

-s
iz

e
η t

=
1/

8
.

F
o
r

m
in

i-
b

a
tc

h
S

G
M

an
d

S
G

M
,

th
e

to
ta

l
er

ro
r
‖S

ρ
ω
t
−
f ρ
‖2 L

2 ρ̂
,

th
e

b
ia

s
‖S

ρ
µ̂
t
−
f ρ
‖2 L

2 ρ̂
,

th
e

sa
m

p
le

va
ri

an
ce
‖S

ρ
ν t
−
S ρ
µ̂
t‖

2 L
2 ρ̂

an
d

th
e

co
m

p
u

ta
ti

on
al

va
ri

an
ce
‖S

ρ
ω
t
−
S ρ
ν t
‖2 L

2 ρ̂
,

av
er

ag
ed

ov
er

5
0

tr
ia

ls
,

ar
e

d
ep

ic
te

d
in

F
ig

u
re

s

1a
an

d
1
b

,
re

sp
ec

ti
ve

ly
.

F
or

b
at

ch
G

M
,

th
e

to
ta

l
er

ro
r
‖S

ρ
ν t
−
f ρ
‖2 L

2 ρ̂
,

th
e

b
ia

s
‖S

ρ
µ̂
t
−
f ρ
‖2 L

2 ρ̂

a
n

d
th

e
sa

m
p

le
va

ri
an

ce
‖S

ρ
ν t
−
µ̂
t‖

2 L
2 ρ̂
,

av
er

ag
ed

ov
er

5
0

tr
ia

ls
ar

e
d

ep
ic

te
d

in
F

ig
u

re
1c

.
H

er
e,

w
e

re
p

la
ce

th
e

u
n

k
n

ow
n

m
ar

gi
n

al
d

is
tr

ib
u

ti
on

ρ
X

b
y

an
em

p
ir

ic
a
l

m
ea

su
re
ρ̂

=
1

2
0
0
0

∑
2
0
0
0

i=
1
δ x̂
i
,

w
h

er
e

ea
ch
x̂
i

is
u

n
if

or
m

ly
d
is

tr
ib

u
te

d
in

[0
,1

].
F

ro
m

F
ig

u
re

1a
o
r

1b
,

w
e

se
e

th
at

a
s

th
e

n
u

m
b

er
o
f

p
as

se
s

in
cr

ea
se

s5
,

th
e

b
ia

s
d

ec
re

as
es

,
w

h
il

e
th

e
sa

m
p

le
er

ro
r

in
cr

ea
se

s.
F

u
rt

h
er

m
or

e,
w

e
se

e
th

at
in

co
m

p
ar

is
on

s
w

it
h

th
e

b
ia

s
an

d
th

e
sa

m
p

le
er

ro
r,

th
e

co
m

p
u

ta
ti

o
n

al
er

ro
r

is
n

eg
li

g
ib

le
.

In
al

l
th

es
e

ex
p

er
im

en
ts

,
th

e
m

in
im

al
to

ta
l

er
ro

r
is

ac
h
ie

v
ed

w
h

en
th

e
b

ia
s

a
n

d
th

e
sa

m
p

le
er

ro
r

ar
e

b
al

an
ce

d
.

T
h

es
e

em
p

ir
ic

al
re

su
lt

s
sh

ow
th

e
eff

ec
ts

of
th

e
th

re
e

te
rm

s
fr

om
th

e
er

ro
r

d
ec

om
p

o
si

ti
on

,
an

d
co

m
p

le
m

en
t

th
e

d
er

iv
ed

b
ou

n
d

(1
1
),

a
s

w
el

l
as

th
e

re
gu

la
ri

za
ti

on
eff

ec
t

o
f

th
e

n
u

m
b

er
o
f

p
as

se
s

ov
er

th
e

d
at

a.
F

in
al

ly
,

w
e

te
st

ed
th

e
si

m
p

le
S

G
M

,
m

in
i-

b
a
tc

h
S

G
M

,
a
n

d
b

at
ch

G
M

,
u

si
n

g
si

m
il

ar
st

ep
-s

iz
es

as
th

os
e

in
th

e
fi

rs
t

si
m

u
la

ti
on

,
on

th
e

B
re

a
st

C
a
n

ce
r

d
at

a-
se

t6
.

T
h

e
cl

a
ss

ifi
ca

ti
o
n

er
ro

rs
on

th
e

tr
ai

n
in

g
se

t
an

d
th

e
te

st
in

g
se

t
of

th
es

e
th

re
e

a
lg

or
it

h
m

s
ar

e
d

ep
ic

te
d

in
F

ig
u

re
2.

W
e

se
e

th
a
t

al
l

of
th

es
e

a
lg

or
it

h
m

s
p

er
fo

rm
si

m
il

ar
ly

,
w

h
ic

h
co

m
p

le
m

en
t

th
e

b
ou

n
d

s
in

C
or

ol
la

ri
es

3,
4

an
d

7.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h

is
m

at
er

ia
l

is
b

as
ed

u
p

on
w

or
k

su
p

p
or

te
d

b
y

th
e

C
en

te
r

fo
r

B
ra

in
s,

M
in

d
s

a
n

d
M

a
ch

in
es

(C
B

M
M

),
fu

n
d

ed
b
y

N
S

F
S
T

C
aw

ar
d

C
C

F
-1

23
12

16
.

L
.

R
.

ac
k
n

ow
le

d
ge

s
th

e
fi

n
an

ci
al

su
p

p
or

t
of

th
e

It
al

ia
n

M
in

is
tr

y
of

E
d

u
ca

ti
on

,
U

n
iv

er
si

ty
an

d
R

es
ea

rc
h

F
IR

B
p

ro
je

ct
R

B
F

R
12

M
3A

C
.

A
p
p
e
n
d
ic
e
s

A
.
L
e
a
rn

in
g
w
it
h

K
e
rn

e
l
M

e
th

o
d
s

L
et

th
e

in
p

u
t

sp
ac

e
Ξ

b
e

a
cl

os
ed

su
b

se
t

of
E

u
cl

id
ea

n
sp

ac
e
R
d
,

th
e

ou
tp

u
t

sp
ac

e
Y
⊆

R
.

L
et

µ
b

e
an

u
n

k
n

ow
n

b
u

t
fi

x
ed

B
or

el
p

ro
b

a
b

il
it

y
m

ea
su

re
o
n

Ξ
×
Y

.
A

ss
u

m
e

th
at
{(
ξ i
,y
i)
}m i=

1
ar

e
i.

i.
d

.
fr

om
th

e
d

is
tr

ib
u

ti
on

µ
.

A
re

p
ro

d
u

ci
n

g
ke

rn
el
K

is
a

sy
m

m
et

ri
c

fu
n

ct
io

n
K

:
Ξ
×

Ξ
→

R
su

ch
th

at
(K

(u
i,
u
j
))
` i,
j=

1
is

p
o
si

ti
v
e

se
m

id
efi

n
it

e
fo

r
a
n
y

fi
n

it
e

se
t

o
f

p
oi

n
ts
{u

i}
` i=

1
in

Ξ
.

T
h

e
ke

rn
el
K

d
efi

n
es

a
re

p
ro

d
u

ci
n

g
k
er

n
el

H
il

b
er

t
sp

ac
e

(R
K

H
S

)
(H

K
,‖
·‖

K
)

as
th

e
co

m
p

le
ti

on
o
f

th
e

li
n

ea
r

sp
an

o
f

th
e

se
t
{K

ξ
(·)

:=
K

(ξ
,·)

:
ξ
∈

Ξ
}

w
it

h
re

sp
ec

t
to

th
e

in
n

er
p

ro
d

u
ct

〈K
ξ
,K

u
〉 K

:=
K

(ξ
,u

).
F

or
an

y
f
∈
H
K

,
th

e
re

p
ro

d
u

ci
n

g
p
ro

p
er

ty
h

ol
d

s:
f

(ξ
)

=
〈K

ξ
,f
〉 K
.

5
.
N
o
te

th
a
t
th
e
te
rm

in
o
lo
g
y
‘r
u
n
n
in
g
th
e
a
lg
o
ri
th
m

w
it
h
p
p
a
ss
es
’
m
ea
n
s
‘r
u
n
n
in
g
th
e
a
lg
o
ri
th
m

w
it
h
dm

p
/
be

it
er
a
ti
o
n
s’
,
w
h
er
e
b
is

th
e
m
in
i-
b
a
tc
h
si
ze
.

6
.
h
t
t
p
s
:
/
/
a
r
c
h
i
v
e
.
i
c
s
.
u
c
i
.
e
d
u
/
m
l
/
d
a
t
a
s
e
t
s
/
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-pa
ss

S
G
M

E
x
a
m

p
le

1
(S

o
b

o
le

v
S

p
a
c
e
s)

L
et
X

=
[0,1]

a
n

d
th

e
kern

el

K
(x
,x
′)

=

{
(1−

y
)x
,
x
≤
y
;

(1−
x

)y
,
x
≥
y
.

T
h
en

th
e

kern
el

in
d
u

ces
a

S
o
bo

lev
S

pa
ce
H

=
{f

:
X
→

R|f
is

a
bso

lu
tely

co
n

tin
u

o
u

s
,f

(0)
=

f
(1

)
=

0,f
∈
L

2(X
)}
.

In
learn

in
g

w
ith

kern
el

m
eth

o
d

s,
on

e
con

sid
ers

th
e

fo
llow

in
g

m
in

im
izatio

n
p

rob
lem

in
f

f∈H
K

∫

Ξ×
Y

(f
(ξ)−

y
)
2d
µ

(ξ,y
).

S
in

ce
f

(ξ)
=
〈K

ξ ,f〉
b
y

th
e

rep
ro

d
u

cin
g

p
rop

erty,
th

e
a
b

ove
can

b
e

rew
ritten

a
s

in
f

f∈H
K

∫

Ξ×
Y

(〈f
,K

ξ 〉−
y
)
2d
µ

(ξ,y
).

L
ettin

g
X

=
{K

ξ
:
ξ
∈

Ξ}
an

d
d

efi
n

in
g

a
n

o
th

er
p

ro
b

a
b

ility
m

easu
re
ρ
(K

ξ ,y
)

=
µ

(ξ,y
),

th
e

a
b

ove
red

u
ces

to
th

e
lea

rn
in

g
settin

g
in

S
ectio

n
2.

B
.
F
u
rth

e
r
C
o
ro

lla
rie

s
fo
r
S
G
M

in
th

e
n
o
n
-a
tta

in
a
b
le

ca
se

In
th

is
section

,
w

e
state

th
e

con
verg

en
ce

resu
lts

for
th

e
S

G
M

w
ith

d
iff

eren
t

p
ara

m
eter

ch
oices

sim
ilar

as
th

ose
in

C
orollaries

5–7,
in

th
e

n
on

-attain
ab

le
case.

T
h

ese
resu

lts
are

d
irect

con
se-

q
u

en
ces

of
T

h
eorem

3
.

C
o
ro

lla
ry

2
8

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
ζ
≤

1/
2

,
δ∈

]0,1[,
b

=
1,

a
n

d
η
t '

m
−

2
ζ

(2
ζ
+
γ
)∨

1

fo
r

a
ll
t∈

[m
2].

W
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

th
e

fo
llo

w
in

g
h
o
ld

s:

1
)

if
2
ζ

+
γ
>

1
,
m
≥
m
δ

a
n

d
T
∗

=
dm

2
ζ
+
1

2
ζ
+
γe,

th
en

w
e

h
a
ve

(1
8
);

2
)

if
2
ζ

+
γ
≤

1
,

a
n

d
fo

r
so

m
e
ε∈

]0,1[,
m
≥
m
δ,ε ,

a
n

d
T
∗

=
dm

1
+

2
ζ−
εe,

th
en

w
e

h
a
ve

(1
9
).

C
o
ro

lla
ry

2
9

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
ζ
≤

1/
2

,
δ
∈

]0,1[,
b
'
m

2
ζ

(2
ζ
+
γ
)∨

1,
a
n

d
η
t '

1
lo

g
m

fo
r

a
ll
t∈

[m
].

W
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

th
e

fo
llo

w
in

g
h
o
ld

s:

1
)

if
2ζ

+
γ
>

1
,
m
≥
m
δ

a
n

d
T
∗

=
dm

1
2
ζ
+
γe,

th
en

w
e

h
a
ve

(1
8
);

2
)

if
2
ζ

+
γ
≤

1
,

a
n

d
fo

r
so

m
e
ε∈

]0,1[,
m
≥
m
δ,ε ,

a
n

d
T
∗

=
dm

1−
εe,

th
en

w
e

h
a
ve

(1
9
).

C
o
ro

lla
ry

3
0

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
3
,

let
ζ
≤

1
/
2

,
δ∈

]0,1[,
b

=
m

a
n

d
η
t '

1
lo

g
m

fo
r

a
ll
t∈

[m
].

W
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

th
e

fo
llo

w
in

g
h
o
ld

s:

1
)

if
2ζ

+
γ
>

1
,
m
≥
m
δ

a
n

d
T
∗

=
dm

1
2
ζ
+
γe,

th
en

w
e

h
a
ve

(1
8
);

2
)

if
2
ζ

+
γ
≤

1
,

a
n

d
fo

r
so

m
e
ε∈

]0,1[,
m
≥
m
δ,ε ,

a
n

d
T
∗

=
dm

1−
εe,

th
en

w
e

h
a
ve

(1
9
).

C
.
P
ro

o
fs

fo
r
L
e
m
m
a
s

P
ro

o
f

[of
L

em
m

a
12]

N
ote

th
at

t
∑k

=
1

k −
θ≤

1
+

t
∑k

=
2 ∫

k

k−
1
u
−
θd
u

=
1

+

∫
t

1
u
−
θd
u

=
t 1−

θ−
θ

1−
θ
,
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L
in

a
n
d

R
o
sa

sc
o

w
h

ich
lead

s
to

th
e

fi
rst

p
art

of
th

e
d

esired
resu

lt.
S

im
ila

rly,

t
∑k

=
1

k −
θ≥

t
∑k

=
1 ∫

k
+

1

k
u
−
θd
u

=

∫
t+

1

1
u
−
θd
u

=
(t

+
1)

1−
θ−

1

1−
θ

,

a
n

d
b
y

m
ean

va
lu

e
th

eorem
,

(t
+

1)
1−
θ−

1
≥

(1−
θ)t(t

+
1) −

θ≥
(1−

θ)t 1−
θ/

2.
T

h
is

p
rov

es
th

e
secon

d
p

a
rt

of
th

e
d

esired
resu

lt.
T

h
e

p
ro

of
is

co
m

p
lete.

P
ro

o
f

[o
f

L
em

m
a

13]
N

ote
th

at

t
∑k

=
1

k −
θ

=
t
∑k

=
1

k −
1k

1−
θ≤

t m
a
x
(1−

θ
,0

)
t
∑k

=
1

k −
1,

a
n

d

t
∑k

=
1

k −
1≤

1
+

t
∑k

=
2 ∫

k

k−
1
u
−

1d
u

=
1

+
log

t.

P
ro

o
f

[o
f

L
em

m
a

14]
N

ote
th

at

t−
1

∑k
=

1

1

t−
k
k −

q
=

t−
1

∑k
=

1

k
1−
q

(t−
k
)k
≤
t m

a
x
(1−

q
,0

)
t−

1
∑k

=
1

1

(t−
k
)k
,

an
d

th
a
t

b
y

L
em

m
a

13,

t−
1

∑k
=

1

1

(t−
k
)k

=
1t

t−
1

∑k
=

1 (
1

t−
k

+
1k )

=
2t

t−
1

∑k
=

1

1k
≤

2t
(1

+
lo

g
t).

P
ro

o
f

[o
f

P
ro

p
osition

2]
S
in

ce
µ
t+

1
is

giv
en

b
y

(2
5),

in
tro

d
u

cin
g

w
ith

(27),

µ
t+

1
=
µ
t −

η
t (T

ρ µ
t −
S
∗ρ fH

).
(78)

T
h
u

s,
S
ρ µ

t+
1

=
S
ρ µ

t −
η
t S
ρ (T

ρ µ
t −
S
∗ρ fH

)
=
S
ρ µ

t −
η
t L

ρ (S
ρ µ

t −
fH

).
(79

)

S
u

b
tractin

g
b

oth
sid

es
b
y
fH

,

S
ρ µ

t+
1 −

fH
=

(I−
η
t L

ρ )(S
ρ µ

t −
fH

).

U
sin

g
th

is
eq

u
ality

iteratively,
w

ith
µ

1
=

0,

S
ρ µ

t+
1 −

fH
=
−

Π
t1 (L

ρ )fH
.

T
ak

in
g

th
e
L

2(H
,ρ
X

)-n
orm

,
b
y

A
ssu

m
p

tio
n

2,

‖S
ρ µ

t+
1 −

fH ‖
ρ

=
‖
Π
t1 (L

ρ )fH ‖
ρ ≤
‖Π

t1 (L
ρ )L

ζρ ‖
R
.
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-
pa

ss
S
G
M

B
y

ap
p

ly
in

g
L

em
m

a
15

,
w

e
ge

t
(3

3)
.

C
o
m

b
in

in
g

(3
3)

w
it

h
L

em
m

a
1
2,

w
e

ge
t

(3
4)

.
T

h
e

p
ro

of
is

co
m

p
le

te
.

P
ro

o
f

[o
f

L
em

m
a

16
]

F
ro

m
(7

8)
,

w
e

h
av

e

µ
t+

1
=

(I
−
η t
T ρ

)µ
t
+
η t
S∗ ρ
f H
.

A
p

p
ly

in
g

th
is

re
la

ti
on

sh
ip

it
er

at
iv

el
y,

an
d

u
si

n
g
µ

1
=

0,
w

e
ge

t

µ
t+

1
=

t ∑ k
=

1

η k
Π
t k
+

1
(T
ρ
)S
∗ ρf
H

=
t ∑ k
=

1

η k
S∗ ρ

Π
t k
+

1
(L

ρ
)f
H
.

T
h

er
ef

or
e,

u
si

n
g

A
ss

u
m

p
ti

on
2

an
d

sp
ec

tr
al

th
eo

ry
,

‖µ
t+

1
‖ H
≤
∥ ∥ ∥ ∥ ∥

t ∑ k
=

1

η k
S∗ ρ

Π
t k
+

1
(L

ρ
)L

ζ ρ

∥ ∥ ∥ ∥ ∥R
≤
R

m
a
x

σ
∈]

0
,κ

2
]
σ

1
/
2
+
ζ

t ∑ k
=

1

η k
Π
t k
+

1
(σ

).

C
a
se

ζ
≥

1
/2
.

F
or

an
y
σ
∈]

0,
κ

2
],

σ
1
/
2
+
ζ

t ∑ k
=

1

η k
Π
t k
+

1
(σ

)
≤
κ

2
ζ
−

1
σ

t ∑ k
=

1

η k
Π
t k
+

1
(σ

)
≤
κ

2
ζ
−

1
,

w
h

er
e

fo
r

th
e

la
st

in
eq

u
a
li

ty
,

w
e

u
se

d

t ∑ k
=

1

η k
σ

Π
t k
+

1
(σ

)
=

t ∑ k
=

1

(1
−

(1
−
η k
σ

))
Π
t k
+

1
(σ

)
=

t ∑ k
=

1

Π
t k
+

1
(σ

)
−

t ∑ k
=

1

Π
t k
(σ

)
=

1
−

Π
t 1
(σ

).
(8

0)

T
h
u

s,

‖µ
t+

1
‖ H
≤
R
κ

2
ζ
−

1
.

C
a
se

ζ
<

1
/2
.

If
∑

t k
=

1
η k
≤
κ
−

2
,

th
en

fo
r

a
n
y
σ
≤
κ

2
,

σ
1
/
2
+
ζ

t ∑ k
=

1

η k
Π
t k
+

1
(σ

)
≤
σ

1
/
2
+
ζ

t ∑ k
=

1

η k
≤
κ

2
ζ
−

1
.

If
∑

t k
=

1
η k
>
κ
−

2
,

th
en

fo
r

an
y
σ
≤

(∑
t k
=

1
η k

)−
1
,

σ
1
/
2
+
ζ

t ∑ k
=

1

η k
Π
t k
+

1
(σ

)
≤
σ

1
/
2
+
ζ

t ∑ k
=

1

η k
≤
(

t ∑ k
=

1

η k

)
1
/
2
−
ζ

,

w
h

il
e

fo
r
κ

2
≥
σ
≥

(∑
t k
=

1
η k

)−
1
,

b
y

(8
0)

,

σ
1
/
2
+
ζ

t ∑ k
=

1

η k
Π
t k
+

1
(σ

)
=
σ
ζ
−

1
/
2

t ∑ k
=

1

η k
σ

Π
t k
+

1
(σ

)
≤
σ
ζ
−

1
/
2
≤
(

t ∑ k
=

1

η k

)
1
/
2
−
ζ

.

F
ro

m
th

e
ab

ov
e

a
n

al
y
si

s,
w

e
ge

t
th

at

m
ax

σ
∈]

0
,κ

2
]
σ

1
/
2
+
ζ

t ∑ k
=

1

η k
Π
t k
+

1
(σ

)
≤
κ

2
ζ
−

1
∨
(

t ∑ k
=

1

η k

)
1
/
2
−
ζ

,
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L
in

a
n
d

R
o
sa

sc
o

a
n

d
th

u
s

‖µ
t+

1
‖ H
≤
R

  
κ

2
ζ
−

1
∨
(

t ∑ k
=

1

η k

)
1
/
2
−
ζ
  
.

T
h

e
p

ro
of

is
co

m
p

le
te

.

P
ro

o
f

[o
f

L
em

m
a

18
(1

)]
B

o
u

n
d
in

g
∥ ∥ ∥(
T ρ

+
λ

)−
1 2

( S
∗ ρf
ρ
−
S∗ x

y
)∥ ∥ ∥
H

:

F
or

al
l
i
∈

[m
],

le
t
w
i

=
y i

(T
ρ

+
λ
I
)−

1 2
x
i.

O
b
v
io

u
sl

y,
fr

om
th

e
d

efi
n

it
io

n
s

of
f ρ

(s
ee

(6
))

an
d
S ρ

,

E[
w

1
]

=
E x

1
[f
ρ
(x

1
)(
T ρ

+
λ
I
)−

1 2
x

1
]

=
(T
ρ

+
λ
I
)−

1 2
S∗ ρ
f ρ
.

T
h
u

s,

(T
ρ

+
λ

)−
1 2
( S
∗ ρf
ρ
−
S∗ x

y
) =

1 m

m ∑ i=
1

(E
[w
i]
−
w
i)
.

W
e

n
ex

t
es

ti
m

at
e

th
e

co
n

st
an

ts
B

an
d
σ

2
(w

1
)

in
(2

8)
.

N
o
te

th
a
t

fo
r

an
y
l
≥

2
,

E[
‖w

1
−

E[
w

1
]‖
l H

]
≤

E[
(‖
w

1
‖ H

+
E[
‖w

1
‖ H

])
l ]
.

B
y

u
si

n
g

H
öl

d
er

’s
in

eq
u

al
it

y
tw

ic
e,

E[
‖w

1
−

E[
w

1
]‖
l H

]
≤

2
l−

1
E[
‖w

1
‖l H

+
(E

[‖
w

1
‖ H

])
l ]
≤

2
l−

1
E[
‖w

1
‖l H

+
E[
‖w

1
‖l H

]]
.

T
h

e
ri

g
h
t-

h
an

d
si

d
e

is
ex

ac
tl

y
2l
E[
‖w

1
‖l H

].
T

h
er

ef
or

e,
b
y

re
ca

ll
in

g
th

e
d

efi
n
it

io
n

of
w

1
an

d
ex

p
an

d
in

g
th

e
in

te
gr

at
io

n
,

E[
‖w

1
−

E[
w

1
]‖
l H

]
≤

2l
∫ X
‖(
T ρ

+
λ
I
)−

1 2
x
‖l H
∫ Y

y
l d
ρ
(y
|x

)d
ρ
X

(x
).

(8
1)

In
tr

o
d

u
ci

n
g

(4
2)

an
d

(4
5)

in
to

th
e

ab
ov

e
in

eq
u

a
li

ty
,

w
e

h
av

e

E[
‖w

1
−

E[
w

1
]‖
l H

]
≤
l!

(2
√
M

)l
√
v

(
κ √
λ

) l
−

2

c γ
λ
−
γ

=
1 2
l!

(
2κ
√
M

√
λ

)
l−

2

8
M
√
v
c γ
λ
−
γ
.

A
p

p
ly

in
g

B
er

n
st

ei
n

in
eq

u
al

it
y

w
it

h
B

=
2
κ
√
M

√
λ

an
d
σ

=
√

8
M
√
v
c γ
λ
−
γ
,

w
e

ge
t

th
at

w
it

h

p
ro

b
ab

il
it

y
at

le
as

t
1
−

δ 1 2
,

th
er

e
h

ol
d

s

∥ ∥ ∥(
T ρ

+
λ

)−
1 2
( S
∗ ρf
ρ
−
S∗ x

y
)∥ ∥ ∥
H

=

∥ ∥ ∥ ∥ ∥
1 m

m ∑ i=
1

(E
[w
i]
−
w
i)

∥ ∥ ∥ ∥ ∥ H
≤

4√
M

(
κ

m
√
λ

+

√
2
√
v
c γ

√
m
λ
γ

)
lo

g
4 δ 1
.

(8
2)

B
o
u

n
d
in

g
‖(
T ρ

+
λ

)−
1 2
(T
ρ
−
T x

)‖
:

L
et
ξ i

=
(T
ρ

+
λ

)−
1 2
x
i
⊗
x
i,

fo
r

al
l
i
∈

[m
].

It
is

ea
sy

to
se

e
th

at
E[
ξ i

]
=

(T
ρ

+
λ

)−
1 2
T ρ
,

a
n

d

th
at

(T
ρ

+
λ

)−
1 2
(T
ρ
−
T x

)
=

1 m

∑
m i=

1
(E

[ξ
i]
−
ξ i

).
D

en
ot

e
th

e
H

il
b

er
t-

S
ch

m
id

t
n

o
rm

of
a

b
o
u

n
d

ed
o
p

er
at

or
fr

om
H

to
H

b
y
‖·
‖ H

S
.

N
ot

e
th

a
t

‖ξ
1
‖2 H

S
=
‖x

1
‖2 H

T
ra

ce
((
T ρ

+
λ

)−
1
/
2
x

1
⊗
x

1
(T
ρ

+
λ

)−
1
/
2
)

=
‖x

1
‖2 H

T
ra

ce
((
T ρ

+
λ

)−
1
x

1
⊗
x

1
).
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O
p
t
im

a
l
R
a
t
e
s
f
o
r
M
u
lt

i-pa
ss

S
G
M

B
y

A
ssu

m
p

tion
(3),

‖ξ
1 ‖
H
S
≤
√
κ

2T
race((T

ρ
+
λ

) −
1x

1 ⊗
x

1 )≤
√
κ

2T
ra

ce(x
1 ⊗

x
1 )/λ

≤
κ

2/ √
λ
,

an
d

fu
rth

erm
ore,

b
y

A
ssu

m
p

tion
3,

E
[‖
ξ

1 ‖
2H
S

]≤
κ

2E
T

race((T
ρ

+
λ

) −
1x

1 ⊗
x

1 )
=
κ

2T
race((T

ρ
+
λ

) −
1T
ρ )≤

κ
2c
γ λ
−
γ.

A
ccord

in
g

to
L

em
m

a
11,

w
e

get
th

at
w

ith
p

rob
ab

ility
at

least
1−

δ
12
,

th
ere

h
o
ld

s

‖
(T
ρ

+
λ

) −
12(T

ρ −
T
x
)‖
H
S
≤

2
κ (

2κ

m
√
λ

+

√
c
γ

√
m
λ
γ )

log
4δ
1
.

(83)

F
in

ally,
u

sin
g

th
e

trian
gle

in
eq

u
ality,

w
e

h
ave,

‖
(T
ρ

+
λ

) −
12N

k ‖
H
≤
‖(T

ρ
+
λ

) −
12(T

ρ −
T
x
)‖‖µ

k ‖
H

+
∥∥∥

(T
ρ

+
λ

) −
12 (S

∗ρ f
ρ −
S
∗x
y ) ∥∥∥

H
.

A
p

p
ly

in
g

(35)
to

th
e

ab
ove,

in
tro

d
u

cin
g

w
ith

(8
2)

an
d

(8
3),

an
d

th
en

n
otin

g
th

a
t
κ
≥

1
an

d
v
≥

1
,

on
e

can
p

rove
th

e
fi

rst
p

art
o
f

th
e

lem
m

a.

P
ro

o
f

[of
L

em
m

a
27]

O
b
v
iou

sly,
fH

=
S
ρ ω
†

a
n

d
th

u
sT

ρ ω
†

=
S
∗ρ fH

.
C

o
m

b
in

in
g

w
ith

A
ssu

m
p

-

tion
2
,T

ρ ω
†

=
S
∗ρ L

ζρ L
−
ζ

ρ
fH

=
T
ζρ S
∗ρ L
−
ζ

ρ
fH

,
an

d
ω
†

=
T
†ρ T

ζρ S
∗ρ L
−
ζ

ρ
fH
.

S
u

b
tractin

g
ω
†

from
b

oth

sid
es

of
(78),

a
n

d
u

sin
g
S
∗ρ fH

=
T
ρ ω
†,

w
e

k
n

ow
th

at

µ
t+

1 −
ω
†

=
(I−

η
t T
ρ )(µ

t −
ω
†).

A
p

p
ly

in
g

th
is

relation
sh

ip
iteratively,

w
ith

µ
1

=
0,

µ
t+

1 −
ω
†

=
−

Π
t1 (T

ρ )ω
†

=
−

Π
t1 (T

ρ )T
†ρ T

ζρ S
∗ρ L
−
ζ

ρ
fH
.

T
h

erefore,

‖µ
t+

1 −
ω
†‖
H
≤
‖Π

t1 (T
ρ )T

†ρ T
ζρ S
∗ρ ‖
R
≤
‖Π

t1 (T
ρ )T

ζ−
1
/
2

ρ
‖R
.

A
p

p
ly

in
g

L
em

m
a

1
5,

on
e

ca
n

get
th

e
d

esired
resu

lt.
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m
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u
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sp
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u
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a
n

d
th

e
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m
p
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=
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)
ρ

th
e

fi
x
ed

p
rob

ab
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m
easu

re
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Z
ρ
X
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re
on

Y
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.r.t.
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∈
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ρ

z
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e
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z
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1
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z
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e
sam

p
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th
e

sam
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le
z

E
th

e
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risk
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efi
n

ed
b
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(1)
E
z

th
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p
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risk

w
.r.t

th
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sam
p

le
z

d
efi

n
ed

b
y

(20)
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ph
iju

o
et

al
.,

20
17

c;
A

sh
ra

ph
iju

o
an

d
W

an
g,

20
17

b;
A

sh
ra

ph
iju

o
et

al
.,

20
16

a;
A

sh
ra

ph
iju

o
an

d
W

an
g,

20
17

a;
A

sh
ra

ph
iju

o
et

al
.,

20
17

d,
a,

b)
.

H
ow

ev
er

,
in

m
an

y
pr

ac
tic

al
lo

w
-r

an
k

da
ta

co
m

pl
et

io
n

pr
ob

le
m

s,
th

e
ra

nk
m

ay
no

t
be

kn
ow

n
a

pr
io

ri
.

In
th

is
pa

pe
r,

w
e

in
ve

st
ig

at
e

th
is

pr
ob

le
m

an
d

w
e

ai
m

to
ap

pr
ox

im
at

e
th

e
ra

nk
ba

se
d

on
th

e
gi

ve
n

en
tr

ie
s,

w
he

re
it

is
as

su
m

ed
th

at
th

e
or

ig
in

al
da

ta
is

ge
ne

ri
ca

lly
ch

os
en

fr
om

th
e

m
an

if
ol

d
co

rr
es

po
nd

in
g

to
th

e
un

kn
ow

n
ra

nk
.

T
he

on
ly

ex
is

tin
g

w
or

k
th

at
tr

ea
ts

th
is

pr
ob

le
m

fo
r

a
si

ng
le

-
vi

ew
m

at
ri

x
da

ta
ba

se
d

on
th

e
sa

m
pl

in
g

pa
tte

rn
is

(P
im

en
te

l-
A

la
rc

ón
an

d
N

ow
ak

,
20

16
),

w
hi

ch
re

qu
ir

es
so

m
e

st
ro

ng
as

su
m

pt
io

ns
in

cl
ud

in
g

th
e

ex
is

te
nc

e
of

a
co

m
pl

et
io

n
w

ho
se

ra
nk
r

is
a

lo
w

er
bo

un
d

on
th

e
un

kn
ow

n
tr

ue
ra

nk
r∗

,i
.e

.,
r∗
≥
r.

W
e

st
ar

tb
y

in
ve

st
ig

at
in

g
th

e
si

ng
le

-v
ie

w
m

at
ri

x
to

pr
ov

id
e

a
ne

w
an

al
ys

is
th

at
do

es
no

tr
eq

ui
re

su
ch

as
su

m
pt

io
n

an
d

al
so

w
e

ca
n

ex
te

nd
ou

ra
pp

ro
ac

h
to

tr
ea

tt
he

C
P

ra
nk

te
ns

or
m

od
el

.M
or

eo
ve

r,
w

e
fu

rt
he

rg
en

er
al

iz
e

ou
ra

pp
ro

ac
h

to
tr

ea
tv

ec
to

rr
an

k
da

ta
m

od
el

s
in

cl
ud

in
g

th
e

m
ul

ti-
vi

ew
m

at
ri

x,
th

e
Tu

ck
er

ra
nk

te
ns

or
an

d
th

e
te

ns
or

-t
ra

in
(T

T
)r

an
k

te
ns

or
.F

or
ea

ch
of

th
es

e
da

ta
m

od
el

s,
w

e
ob

ta
in

th
e

up
pe

rb
ou

nd
on

th
e

sc
al

ar
ra

nk
or

co
m

po
ne

nt
-

w
is

e
up

pe
rb

ou
nd

on
th

e
un

kn
ow

n
ve

ct
or

ra
nk

,d
et

er
m

in
is

tic
al

ly
ba

se
d

on
th

e
sa

m
pl

in
g

pa
tte

rn
an

d
th

e
ra

nk
of

a
gi

ve
n

co
m

pl
et

io
n.

W
e

al
so

ob
ta

in
su

ch
bo

un
d

th
at

ho
ld

s
w

ith
hi

gh
pr

ob
ab

ili
ty

ba
se

d
on

th
e

sa
m

pl
in

g
pr

ob
ab

ili
ty

.M
or

eo
ve

r,
fo

rt
he

si
ng

le
-v

ie
w

m
at

ri
x,

w
e

pr
ov

id
e

so
m

e
nu

m
er

ic
al

re
su

lts
to

sh
ow

ho
w

tig
ht

ou
rp

ro
ba

bi
lis

tic
bo

un
ds

on
th

e
ra

nk
ar

e
(i

n
te

rm
s

of
th

e
sa

m
pl

in
g

pr
ob

ab
ili

ty
).

In
pa

rt
ic

ul
ar

,w
e

us
ed

nu
cl

ea
r

no
rm

m
in

im
iz

at
io

n
to

fin
d

a
co

m
pl

et
io

n
an

d
de

m
on

st
ra

te
ou

r
pr

op
os

ed
m

et
ho

d
in

ob
ta

in
in

g
a

tig
ht

bo
un

d
on

th
e

un
kn

ow
n

ra
nk

.
In

ge
ne

ra
l,

pr
ov

id
in

g
a

co
m

pl
et

io
n

re
qu

ir
es

m
uc

h
le

ss
sa

m
pl

es
th

an
re

co
ve

ri
ng

th
e

or
ig

in
al

sa
m

pl
ed

da
ta

.
T

he
go

al
of

th
is

pa
pe

r
is

to
so

lv
e

th
e

fu
nd

am
en

ta
l

pr
ob

le
m

of
ra

nk
de

te
rm

in
at

io
n

fo
rt

he
or

ig
in

al
sa

m
pl

ed
da

ta
gi

ve
n

an
ar

bi
tr

ar
y

lo
w

-r
an

k
da

ta
co

m
pl

et
io

n.
O

ne
po

ss
ib

le
ap

pl
ic

at
io

n
sc

en
ar

io
is

to
im

pr
ov

e
up

on
th

e
lo

w
-r

an
k

co
m

pl
et

io
n

ob
ta

in
ed

by
th

e
co

nv
ex

re
la

xa
tio

n
m

et
ho

ds
.

Sp
ec

ifi
ca

lly
,u

si
ng

co
nv

ex
op

tim
iz

at
io

n
(m

in
im

iz
at

io
n

of
nu

cl
ea

r
an

d
at

om
ic

no
rm

s
or

su
m

m
at

io
n

of
nu

cl
ea

r
no

rm
s

of
m

at
ri

ci
za

tio
ns

an
d

un
fo

ld
in

gs
)

or
an

y
ot

he
r

m
et

ho
ds

in
th

e
lit

er
at

ur
e,

w
e

m
ay

be
ab

le
to

fin
d

a
fa

ir
ly

lo
w

-r
an

k
“c

om
pl

et
io

n”
of

th
e

or
ig

in
al

da
ta

,w
hi

ch
is

no
tn

ec
es

sa
ri

ly
eq

ua
l(

or
ev

en
cl

os
e)

to
th

e
or

ig
in

al
sa

m
pl

ed
da

ta
.T

he
n,

un
de

rs
om

e
ci

rc
um

st
an

ce
s,

th
e

ra
nk

of
th

e
ob

ta
in

ed
co

m
pl

et
io

n
us

in
g

an
y

ra
nk

in
de

pe
nd

en
tm

et
ho

d
ca

n
be

an
up

pe
r

bo
un

d
on

th
e

ra
nk

of
th

e
or

ig
in

al
sa

m
pl

ed
da

ta
(a

nd
so

m
et

im
es

th
e

ob
ta

in
ed

ra
nk

ca
n

be
ex

ac
tly

eq
ua

l
to

th
e

ra
nk

of
th

e
or

ig
in

al
sa

m
pl

ed
da

ta
).

W
e

ta
ke

ad
va

nt
ag

e
of

th
e

ge
om

et
ri

c
an

al
ys

is
on

th
e

m
an

if
ol

d
of

th
e

co
rr

es
po

nd
in

g
da

ta
w

hi
ch

le
ad

s
to

th
e

fu
nd

am
en

ta
lc

on
di

tio
ns

on
th

e
sa

m
pl

in
g

pa
tte

rn
(i

nd
ep

en
de

nt
of

th
e

va
lu

e
of

en
tr

ie
s)

(P
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en
te

l-
A

la
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A
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o
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TA

C
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M
P

L
E

T
IO

N

juo
etal.,2016a;A

shraphijuo
and

W
ang,2017a)

such
thatgiven

an
arbitrary

low
-rank

com
pletion

w
e

can
provide

a
tightupperbound

on
the

rank.To
illustrate

how
such

approxim
ation

is
even

pos-
sible

considerthe
follow

ing
exam

ple.
A

ssum
e

thatan
n

1 ×
n

2
rank-2

m
atrix

is
chosen

generically
from

the
corresponding

m
anifold.H

ence,any
2×

2
subm

atrix
ofthis

m
atrix

is
full-rank

w
ith

proba-
bility

one
(due

to
the

genericity
assum

ption).M
oreover,note

thatany
3×

3
subm

atrix
ofthis

m
atrix

is
not

full-rank.
A

s
a

result,
by

observing
the

sam
pled

entries
w

e
can

find
som

e
bounds

on
the

rank.U
sing

the
analysis

in
(Pim

entel-A
larcón

etal.,2016d;A
shraphijuo

etal.,2017c;A
shraphijuo

and
W

ang,2017b;A
shraphijuo

etal.,2016a;A
shraphijuo

and
W

ang,2017a)on
finite

com
pletablity

of
the

sam
pled

data
(finite

num
ber

of
com

pletions)
for

differentdata
m

odels,w
e

characterize
both

determ
inistic

and
probablistic

bounds
on

the
unknow

n
rank.

T
he

rem
ained

of
the

paper
is

organized
as

follow
s.

In
Section

2,w
e

introduce
the

data
m

odels
and

problem
statem

ent.In
Sections

3
and

4
w

e
characterize

ourdeterm
intic

and
probablistic

bounds
forscalar-rank

cases
(single-view

m
atrix

and
C

P
tensor)and

vector-rank
cases

(m
ulti-view

m
atrix,

Tuckertensorand
T

T
tensor),respectively.Finally,Section

5
concludes

the
paper.

2.D
ata

M
odelsand

Problem
Statem

ent

2.1
M

atrix
M

odels

2.1.1
S

IN
G

L
E-V

IE
W

M
A

T
R

IX

A
ssum

e
thatthe

sam
pled

m
atrix

U
is

chosen
generically

from
the

m
anifold

ofthe
n

1 ×
n

2
m

atrices
of

rank
r ∗,w

here
r ∗

is
unknow

n.
T

he
m

atrix
V
∈

R
n

1 ×
r ∗

is
called

a
basis

for
U

if
each

colum
n

of
U

can
be

w
ritten

as
a

linearcom
bination

ofthe
colum

ns
of

V
.D

enote
Ω

as
the

binary
sam

pling
pattern

m
atrix

that
is

of
the

sam
e

size
as

U
and

Ω
(~x

)
=

1
if

U
(~x

)
is

observed
and

Ω
(~x

)
=

0
otherw

ise,w
here

~x
=

(x
1 ,x

2 )
represents

the
entry

corresponding
to

row
num

ber
x

1
and

colum
n

num
ber

x
2 .M

oreover,define
U

Ω
as

the
m

atrix
obtained

from
sam

pling
U

according
to

Ω
,i.e.,

U
Ω

(~x
)

=

{
U

(~x
)

if
Ω

(~x
)

=
1,

0
if

Ω
(~x

)
=

0.
(1)

2.1.2
M

U
LT

I-V
IE

W
M

A
T

R
IX

T
he

m
atrix

U
∈

R
n×

(n
1
+
n

2
)

is
sam

pled.
D

enote
a

partition
of

U
as

U
=

[U
1 |U

2 ]w
here

U
1
∈

R
n×

n
1

and
U

2
∈

R
n×

n
2

representthe
firstand

second
view

s
of

data,respectively.
T

he
sam

pling
pattern

isdefined
as

Ω
=

[Ω
1 |Ω

2 ],w
here

Ω
1

and
Ω

2
representthe

sam
pling

patternscorresponding
to

the
firstand

second
view

s
ofdata,respectively.A

ssum
e

thatrank(U
1 )

=
r ∗1 ,rank

(U
2 )

=
r ∗2

and
rank(U

)
=
r ∗,and

also
U

is
chosen

generically
from

the
m

anifold
structure

w
ith

above
param

eters.
D

enote
r ∗

=
(r ∗1 ,r ∗2 ,r ∗)

w
hich

is
assum

ed
unknow

n.

2.2
Tensor

M
odels

A
ssum

e
thata

d-w
ay

tensorU
∈
R
n

1 ×
···×

n
d

issam
pled.Forthe

sake
ofsim

plicity
in

notation,define
N
i ,

(
Π
ij=

1
n
j ),

N̄
i ,

(
Π
dj=
i+

1
n
j )

and
N
−
i ,

N
d
n
i .

D
enote

Ω
as

the
binary

sam
pling

pattern
tensor

thatis
of

the
sam

e
size

asU
and

Ω
(~x

)
=

1
ifU

(~x
)

is
observed

and
Ω

(~x
)

=
0

otherw
ise,

w
hereU

(~x
)

represents
an

entry
oftensorU

w
ith

coordinate
~x

=
(x

1 ,...,x
d ).M

oreover,defineU
Ω
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,X
IA

O
D

O
N

G
W

A
N

G
,

A
N

D
V

A
N

E
E

T
A

G
G

A
R

W
A

L

as
the

tensorobtained
from

sam
plingU

according
to

Ω
,i.e.,

U
Ω

(~x
)

=

{
U

(~x
)

if
Ω

(~x
)

=
1,

0
if

Ω
(~x

)
=

0.
(2)

For
each

subtensorU
′

of
the

tensorU
,

define
N

Ω
(U
′)

as
the

num
ber

of
observed

entries
in
U
′

according
to

the
sam

pling
pattern

Ω
.

D
efine

the
m

atrix
Ũ

(i) ∈
R
N
i ×
N̄
ias

the
i-th

unfolding
ofthe

tensorU
,such

thatU
(~x

)
=

Ũ
(i) (M̃

i (x
1 ,...,x

i ),M̃
−
i (x

i+
1 ,...,x

d )),w
here

M̃
i

:
(x

1 ,...,x
i )→

{
1,2,...,N

i }
and

M̃
−
i

:
(x
i+

1 ,...,x
d )→

{1
,2
,...,N̄

i }
are

tw
o

bijective
m

appings.
L

etU
(i) ∈

R
n
i ×
N
−
ibe

the
i-th

m
atricization

ofthe
tensorU

,such
thatU

(~x
)

=
U

(i) (x
i ,M

i (x
1 ,

...,x
i−

1 ,x
i+

1 ,...,x
d )),w

here
M
i

:
(x

1 ,...,x
i−

1 ,x
i+

1 ,...,x
d )
→
{
1,2,...,N

−
i }

is
a

bijec-
tive

m
apping.O

bserve
thatforany

arbitrary
tensorA

,the
firstm

atricization
and

the
firstunfolding

are
the

sam
e,i.e.,A

(1
)

=
Ã

(1
) .

In
w

hatfollow
s,w

e
introduce

three
differenttensorranks,i.e.,the

C
P

rank,Tuckerrank
and

T
T

rank.

2.2.1
C

P
D

E
C

O
M

P
O

S
IT

IO
N

T
he

C
P

rank
of

a
tensorU

,rank
C

P (U
)

=
r,is

defined
as

the
m

inim
um

num
ber

r
such

thatthere
exist

a
li ∈

R
n
ifor

1
≤
i≤

d
and

1
≤
l≤

r,such
that

U
=

r
∑l=

1

a
l1 ⊗

a
l2 ⊗

...⊗
a
ld ,

(3)

orequivalently,

U
(x

1 ,x
2 ,...,x

d )
=

r
∑l=

1

a
l1 (x

1 )a
l2 (x

2 )
...a

ld (x
d ),

(4)

w
here⊗

denotes
the

tensorproduct(outerproduct)and
a
li (x

i )
denotes

the
x
i -th

entry
ofvector

a
li .

N
ote

that
a
l1 ⊗

a
l2 ⊗

...⊗
a
ld ∈

R
n

1 ×
···×

n
d

is
a

rank-1
tensor,l

=
1,2

,...,r.

2.2.2
T

U
C

K
E

R
D

E
C

O
M

P
O

S
IT

IO
N

G
ivenU

∈
R
n

1 ×
···×

n
d

and
X
∈
R
n
i ×
n
′i,the

productU
′,
U
×
i
X
∈
R
n

1 ×
···×

n
i−

1 ×
n
′i ×
n
i+

1 ×
···×

n
d

is
defined

as

U
′(x

1 ,···,x
i−

1 ,k
i ,x

i+
1 ,···,x

d ),
n
i

∑x
i =

1 U
(x

1 ,···,x
i−

1 ,x
i ,x

i+
1 ,···,x

d )X
(x
i ,k

i ).
(5)

T
he

Tucker
rank

of
a

tensorU
is

defined
as

rank
Tucker (U

)
=
r

=
(m

1 ,...,m
d )

w
here

m
i

=
rank(U

(i) ),i.e.,the
rank

ofthe
i-th

m
atricization,

i
=

1
,...,d.

T
he

Tuckerdecom
position

ofU
is

given
by

U
(~x

)
=

m
1

∑k
1
=

1 ···
m
d

∑k
d
=

1 C
(k

1 ,...,k
d )T

1 (k
1 ,x

1 )
...T

d (k
d ,x

d ),
(6)
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A
N

K
D

A
TA

C
O

M
P

L
E

T
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N

or
in

sh
or

t

U
=
C
×
d i=

1
T
i,

(7
)

w
he

re
C
∈
R
m

1
×
···
×
m
d

is
th

e
co

re
te

ns
or

an
d

T
i
∈
R
m
i
×
n
i

ar
e
d

or
th

og
on

al
m

at
ri

ce
s.

2.
2.

3
T

T
D

E
C

O
M

P
O

S
IT

IO
N

T
he

se
pa

ra
tio

n
or

T
T

ra
nk

of
a

te
ns

or
is

de
fin

ed
as

ra
nk

T
T
(U

)
=
r

=
(u

1
,.
..
,u

d
−
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∈
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an
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∈
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∈
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su
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Sa
m
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da
ta
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an
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om
m

en
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Si
ng
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ie
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m
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x

U
∈
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1
×
n
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at
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x

U
=

[U
1
|U
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∈
R
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1
+
n
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=

(r
∗ 1
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∗ 2
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ra
nk
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∈
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∈
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=
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(Ũ
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em
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th
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th
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g
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e

ra
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th
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ra
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ve
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si
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le
-v

ie
w
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C
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w
he

re
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e
ra
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ra
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.
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e
L

eb
es

gu
e

m
ea

su
re

s
on

R
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w
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at
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R
A

N
K

D
E

T
E

R
M

IN
A

T
IO

N
F

O
R

L
O

W
-R

A
N

K
D

A
TA

C
O

M
P

L
E

T
IO

N

R
ecallthatthe

true
rank

r ∗
is

assum
ed

unknow
n.

D
efinition

2
LetS

Ω
denote

the
setofallnaturalnum

bers
r

such
thatboth

C
onditions

A
r

and
B
r

hold.

L
em

m
a

3
There

exists
a

num
ber

r
Ω

such
thatS

Ω
=
{1
,2
,...,r

Ω }.

Proof
A

ssum
e

that
1
<
r
≤

m
in{

n
1 ,n

2 }
and

r
∈
S

Ω
.

It
suffices

to
show

r
−

1
∈
S

Ω
.

B
y

contradiction,
assum

e
that

r−
1
/∈
S

Ω
.

T
herefore,

according
to

L
em

m
a

1,
there

exist
infinitely

m
any

com
pletions

of
U

of
rank

r−
1

and
there

existatm
ostfinitely

m
any

com
pletions

of
U

of
rank

r.
C

onsider
a

rank
r−

1
com

pletion
U
r−

1 .
N

ote
thatchanging

one
single

entry
(a

non-observed
entry)

of
U
r−

1 ,for
exam

ple
U
r−

1 (1,1)
=
x,to

a
random

num
ber

in
y
∈

R
changes

the
rank

of
this

m
atrix

by
atm

ost
1

and
basically

since
w

e
are

changing
to

a
random

num
ber,itcan

be
easily

seen
thatthe

rank
does

notdecrease
w

ith
probability

one.
H

ence,the
rank

of
the

m
odified

m
atrix

U
′r−

1
w

ould
be

either
r−

1
or
r.

A
ssum

e
thatthe

rank
has

been
increased

to
r.

T
hen,w

e
show

there
exist

infinitely
m

any
com

pletions
of

rank
r,

w
hich

contradicts
the

assum
ption.

In
fact,

for
any

value
of

U
r−

1 (1,1)
except

x,this
m

atrix
w

ould
be

a
rank

r
com

pletion.
To

observe
this

m
ore

clearly,consider
the

r×
r

subm
atrix

of
U
′r−

1
w

hose
determ

inantis
notzero

due
to

changing
the

value
of

U
r−

1 (1,1).
Itis

easily
observed

thatthis
subm

atrix
includes

U
′r−

1 (1,1)
and

letassum
e

itis
U
′r−

1 (1
:
r,1

:
r),and

therefore
the

determ
inantof

U
′r−

1 (2
:
r,2

:
r)

is
a

nonzero
num

ber
(otherw

ise
the

rank
w

ould
notincrease

by
changing

the
value

of
U
r−

1 (1,1)).
H

ence,itis
easy

to
see

thatfor
any

value
of

U
r−

1 (1,1)
except

x,
U
′r−

1
w

ould
be

a
rank

r
com

pletion,and
therefore

there
existinfinitely

m
any

com
pletions

ofrank
r

and
proofis

com
plete

in
this

scenario.
N

ow
,assum

e
thatchanging

any
ofthe

non-observed
entries

does
notincrease

the
rank

of
U
r−

1 .
T

hen,this
contradicts

the
assum

ption
thatthere

exists
a

fullrank
com

pletion
of

the
sam

pled
data

since
there

does
notexistany

com
pletion

ofrank
higherthan

r−
1.

T
he

follow
ing

theorem
provides

a
relationship

betw
een

the
unknow

n
rank

r ∗
and

r
Ω

.

T
heorem

4
W

ith
probability

one,exactly
one

ofthe
follow

ing
statem

ents
holds

(i)
r ∗∈

S
Ω

=
{
1,2,...,r

Ω };
(ii)For

any
arbitrary

com
pletion

ofthe
sam

pled
m

atrix
U

ofrank
r,w

e
have

r
/∈
S

Ω
.

Proof
Suppose

thatthere
does

notexista
com

pletion
ofthe

sam
pled

m
atrix

U
ofrank

r
such

that
r
∈
S

Ω
.

T
herefore,it

is
easily

verified
that

statem
ent

(ii)
holds

and
statem

ent
(i)

does
not

hold.
O

n
the

otherhand,assum
e

thatthere
exists

a
com

pletion
ofthe

sam
pled

m
atrix

U
ofrank

r,w
here

r
∈
S

Ω
.H

ence,statem
ent(ii)does

nothold
and

to
com

plete
the

proofitsuffices
to

show
thatw

ith
probability

one,statem
ent(i)holds.

O
bserve

that
r
Ω
∈
S

Ω
,and

therefore
C

ondition
A
r
Ω

holds.H
ence,each

colum
n

of
U

includes
atleast

r
Ω

+
1

observed
entries.

O
n

the
other

hand,the
existence

of
a

com
pletion

of
the

sam
pled

m
atrix

U
of

rank
r
∈
S

Ω
results

in
the

existence
of

a
basis

X
∈

R
n

1 ×
r

such
that

each
colum

n
of

U
is

a
linear

com
bination

of
the

colum
ns

of
X

,
and

thus
there

exists
Y
∈

R
r×
n

2
such

that
U

Ω
=

(X
Y

)
Ω

.
H

ence,given
X

,each
observed

entry
U

(i,j)
results

in
a

degree-1
polynom

ialin
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,X
IA

O
D

O
N

G
W

A
N

G
,

A
N

D
V

A
N

E
E

T
A

G
G

A
R

W
A

L

term
s

ofthe
entries

of
Y

as
the

follow
ing

U
(i,j)

=
r
∑l=

1

X
(i,l)Y

(l,j).
(11)

C
onsiderthe

firstcolum
n

of
U

and
recallthatitincludesatleastr

Ω
+

1
≥
r
+

1
observed

entries.
T

he
genericity

of
the

coefficients
of

the
above-m

entioned
polynom

ials
results

that
using

r
of

the
observed

entries
the

firstcolum
n

of
Y

can
be

determ
ined

uniquely.
T

his
is

because
there

exists
a

unique
solution

fora
system

of
r

linearequations
in
r

variables
thatare

linearly
independent.T

hen,
there

exists
atleastone

m
ore

observed
entry

besides
these

r
observed

entries
in

the
firstcolum

n
of

U
and

it
can

be
w

ritten
as

a
linear

com
bination

of
the

r
observed

entries
that

have
been

used
to

obtain
the

first
colum

n
of

Y
.

L
et

U
(i1 ,1),

...,
U

(ir ,1)
denote

the
r

observed
entries

that
have

been
used

to
obtain

the
firstcolum

n
of

Y
and

U
(ir

+
1 ,1)

denote
the

other
observed

entry.
H

ence,
the

existence
ofa

com
pletion

ofthe
sam

pled
m

atrix
U

ofrank
r∈
S

Ω
results

in
an

equation
as

the
follow

ing

U
(ir

+
1 ,1

)
=

r
∑l=

1

tl U
(il ,1),

(12)

w
here

tl ’s
are

constant
scalars,

l
=

1,...,r.
A

ssum
e

that
r ∗

/∈
S

Ω
,

i.e.,
statem

ent
(i)

does
not

hold.
T

hen,note
that

r ∗≥
r

+
1

and
U

is
chosen

generically
from

the
m

anifold
of
n

1 ×
n

2
rank-

r ∗
m

atrices,and
therefore

an
equation

of
the

form
of

(12)
holds

w
ith

probability
zero.

M
oreover,

according
to

L
em

m
a

1
there

existatm
ostfinitely

m
any

com
pletions

ofthe
sam

pled
m

atrix
ofrank

r.
T

herefore,there
exista

com
pletion

of
U

of
rank

r
w

ith
probability

zero,w
hich

contradicts
the

initialassum
ption

thatthere
existsa

com
pletion

ofthe
sam

pled
m

atrix
U

ofrank
r,w

here
r∈
S

Ω
.

N
ote

thatthe
existing

w
ork

thattreats
the

sim
ilar

problem
for

a
single-view

m
atrix

data
based

on
the

sam
pling

pattern
is

(Pim
entel-A

larcón
and

N
ow

ak,2016),w
hich

requires
som

e
strong

as-
sum

ptions
including

the
existence

of
a

com
pletion

w
hose

rank
r

is
a

low
er

bound
on

the
unknow

n
true

rank
r ∗,i.e.,r ∗≥

r.W
e

provide
a

new
analysis

thatdoes
notrequire

such
assum

ption
and

also
based

on
ournew

analysis,w
e

can
extend

ourapproach
to

treatotherdata
structures.

C
orollary

5
C

onsider
an

arbitrary
num

ber
r ′∈

S
Ω

.
Sim

ilar
to

Theorem
4,

it
follow

s
that

w
ith

probability
one,exactly

one
ofthe

follow
ings

holds
(i)
r ∗∈

{1,2,...,r ′};
(ii)For

any
arbitrary

com
pletion

ofthe
sam

pled
m

atrix
U

ofrank
r,w

e
have

r
/∈
{1,2,...,r ′}.

A
s

a
resultofC

orollary
5,w

e
have

the
follow

ing.

C
orollary

6
A

ssum
ing

that
there

exists
a

rank-r
com

pletion
of

the
sam

pled
m

atrix
U

such
that

r∈
S

Ω
,then

w
ith

probability
one

r ∗≤
r.

C
orollary

7
Let

U
∗

denote
an

optim
alsolution

to
the

follow
ing

N
P

-hard
optim

ization
problem

m
inim

ize
U
′∈

R
n

1 ×
n

2
rank(U

′)
(13)

subjectto
U
′Ω

=
U

Ω
.
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−
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bers

w
ithin

an
interval)

n
1 ×

r
m

atrix
and

r×
n

2
m

atrix.T
hen,each

entry
ofthe

random
ly

generated
m

atrix
is

sam
pled

uniform
ly

at
random

and
independently

across
entries

w
ith

som
e

sam
pling

probability
p.

A
fterw

ards,
w

e
apply

the
nuclear

norm
m

inim
ization

m
ethod

proposed
in

(C
andes

and
R

echt,
2012)

for
m

atrix
com

pletion,
w

here
the

non-convex
objective

function
in

(13)
is

relaxed
by

using
nuclear

norm
,

w
hich

is
the

convex
hullofthe

rank
function,as

follow
s

m
inim

ize
U
′∈

R
n

1 ×
n

2
‖
U
′‖∗

(17)

subjectto
U
′Ω

=
U

Ω
,

w
here‖

U
′‖∗

denotes
the

nuclearnorm
of

U
′.L

et
Û
∗

denote
an

optim
alsolution

to
(17)and

recall
that

U
∗

denotes
an

optim
alsolution

to
(13).Since

(17)is
a

convex
relaxation

to
(13),w

e
conclude

that
Û
∗

is
a

suboptim
alsolution

to
(13),and

therefore
rank

(U
∗)≤

rank(Û
∗).W

e
used

the
M

atlab
program

found
online

(Shabat,2015)to
solve

(17).
A

s
an

exam
ple,

w
e

generate
a

random
m

atrix
U
∈

R
3
0
0×

1
5
0
0
0

(the
sam

e
size

as
the

m
atrix

in
Fig.

1)
of

rank
r

as
described

above
for

r
∈
{1
,...,50}

and
som

e
values

of
the

sam
pling

probability
p.

T
hen,w

e
obtain

the
rank

of
the

com
pletion

given
by

(17)
and

denote
itby

r ′.
D

ue
to

the
random

ness
ofthe

sam
pled

m
atrix,w

e
repeatthis

procedure
5

tim
es.W

e
calculate

the
“gap”

r ′−
r

in
each

ofthese
5

runsand
denote

the
m

axim
um

and
m

inim
um

am
ong

these
5

num
bersby

d
m

ax
and

d
m

in ,respectively.
H

ence,
d

m
ax

and
d

m
in

representthe
loosest(w

orst)
and

tightest(best)
gaps

betw
een

the
rank

obtained
by

(17)and
rank

ofthe
originalsam

pled
m

atrix
over

5
runs,respectively.

In
Figs.

3–6,the
m

axim
um

and
m

inim
um

gaps
are

plotted
as

a
function

of
rank

of
the

m
atrix,for

differentsam
pling

probabilities.
W

e
have

the
follow

ing
observations.

•
A

ccording
to

Fig.1,for
p

=
0.54

and
p

=
0.58

w
e

can
ensure

thatthe
rank

ofany
com

pletion
is

an
upper

bound
on

the
rank

of
the

sam
pled

m
atrix

or
r ∗

w
ith

probability
atleast

0.6
and

0.8,respectively.
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Figure
3:T

he
gaps

betw
een

the
rank

ofthe
obtained

m
atrix

via
(17)and

thatofthe
originalsam

pled
m

atrix
for

p
=

0.46.

0
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Figure
4:T

he
gaps

betw
een

the
rank

ofthe
obtained

m
atrix

via
(17)and

thatofthe
originalsam

pled
m

atrix
for

p
=

0.50.

•
A

s
w

e
can

observe
in

Figs.
3–6,the

defined
gap

is
alw

ays
a

nonnegative
num

ber,w
hich

is
consistentw

ith
previous

observation
thatfor

p
=

0.54
and

p
=

0.58
w

e
can

certify
thatw

ith
high

probability
(≥

0
.6)

the
rank

of
any

com
pletion

is
an

upper
bound

on
the

rank
of

the
sam

pled
m

atrix
or
r ∗.

•
For

p
=

0
.54

and
p

=
0
.58

that
w

e
have

theoretical
results

(as
m

entioned
in

the
first

ob-
servation)

the
gap

obtained
by

(17)
is

very
close

to
zero.

T
his

phenom
enon

(thatw
e

do
not

have
a

rigorous
justification

for)show
s

thatas
soon

as
w

e
can

certify
ourproposed

theoretical
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=
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Proof
Sim

ilar
to

the
proof

of
T

heorem
4,itsuffices

to
show

thatthe
assum

ption
r ∗

/∈
S

Ω
results

that
there

exists
a

com
pletion

ofU
of

C
P

rank
r,

w
here

r
∈
S

Ω
,

w
ith

probability
zero.

D
efine

V
=

(V
1 ,...,V

r )
as

the
basis

ofthe
rank-r

C
P

decom
position

ofU
as

in
(3),w

hereV
l

=
a
l1 ⊗

a
l2 ⊗

...⊗
a
ld−

1 ∈
R
n

1 ×
...n

d−
1

is
a

rank-1
tensor

and
a
li is

defined
in

(3)
for

1
≤
l≤

r
and

1
≤
i≤

d.
D

efineY
=

(a
1d ,...,a

rd )
andV

⊗
d Y

=
∑

rl=
1 V

l ⊗
a
ld .O

bserve
thatU

=
∑

rl=
1 V

l ⊗
a
ld

=
V
⊗
d Y

.
O

bserve
thateach

row
of

U
(d

)
includes

atleast
r

Ω
+

1
observed

entries
since

C
ondition

A
r
Ω

holds.
M

oreover,
the

existence
of

a
com

pletion
of

the
sam

pled
tensorU

of
rank

r
∈
S

Ω
results

in
the

existence
of

a
basisV

=
(V

1 ,...,V
r )

such
that

there
existsY

=
(a

1d ,...,a
rd )

and
U

Ω
=

(V
⊗
d Y

)
Ω

.
A

s
a

result,
given

V
,

each
observed

entry
ofU

results
in

a
degree-1

polynom
ial

in
term

s
ofthe

entries
ofY

as

U
(~x

)
=

r
∑l=

1 V
l (x

1 ,...,x
d−

1 )a
ld (x

d ).
(19)

N
ote

that
r

Ω
≥
r

and
each

row
of

U
(d

)
includes

at
least

r
Ω

+
1
≥
r

+
1

observed
entries.

C
onsider

r
+

1
of

the
observed

entries
of

the
firstrow

of
U

(d
)

and
w

e
denote

them
byU

(~x
1 ),

...,
U

(~x
r
+

1 ),w
here

the
lastcom

ponentof
the

vector
~x
i is

equalto
one,

1
≤
i≤

r
+

1.
Sim

ilar
to

the
proofofT

heorem
4,genericity

ofU
results

in

U
(~x
r
+

1 )
=

r
∑l=

1

tl U
(~x
i ),

(20)

w
here

tl ’s
are

constantscalars,
l

=
1
,...,r.O

n
the

otherhand,according
to

L
em

m
a

13
there

exist
atm

ostfinitely
m

any
com

pletions
of

the
sam

pled
tensor

of
rank

r.
T

herefore,there
exista

com
-

pletion
of

U
ofrank

r
w

ith
probability

zero.
M

oreover,an
equation

ofthe
form

of(20)holds
w

ith
probability

zero
as
r ∗≥

r
+

1
andU

is
chosen

generically
from

the
m

anifold
oftensors

ofrank-r ∗.
T

herefore,there
exists

a
com

pletion
ofrank

r
w

ith
probability

zero.

C
orollary

17
C

onsider
an

arbitrary
num

ber
r ′∈

S
Ω

.
Sim

ilar
to

Theorem
16,itfollow

s
thatw

ith
probability

one,exactly
one

ofthe
follow

ings
holds

(i)
r ∗∈

{1,2,...,r ′};
(ii)For

any
arbitrary

com
pletion

ofthe
sam

pled
tensorU

ofrank
r,w

e
have

r
/∈
{1
,2
,...,r ′}.

C
orollary

18
A

ssum
ing

thatthere
exists

a
C

P
rank-r

com
pletion

ofthe
sam

pled
tensorU

such
that

r∈
S

Ω
,w

e
conclude

thatw
ith

probability
one

r ∗≤
r.

C
orollary

19
LetU

∗
denote

an
optim

alsolution
to

the
follow

ing
N

P
-hard

optim
ization

problem

m
inim

izeU
′∈

R
n

1 ×
···×

n
d

rank
C

P (U
′)

(21)

subjectto
U
′Ω

=
U

Ω
.

A
ssum

e
thatrank

C
P (U

∗)∈
S

Ω
.

Then,C
orollary

18
results

that
r ∗

=
rank

C
P (U

∗)
w

ith
probability

one.T
he

follow
ing

lem
m

a
isL

em
m

a
15

in
(A

shraphijuo
and

W
ang,2017b),w

hich
isthe

probabilistic
version

ofL
em

m
a

13
in

term
s

ofthe
sam

pling
probability.
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,X
IA

O
D

O
N

G
W

A
N

G
,

A
N

D
V

A
N

E
E

T
A

G
G

A
R

W
A

L

L
em

m
a

20
A

ssum
e

that
n

1
=
n

2
=
···

=
n
d

=
n

,
d
>

2,
n
>

m
ax{

200
,r(d−

2)}
and

r
≤

n6 .
M

oreover,assum
e

thatthe
sam

pling
probability

satisfies

p
>

1

n
d−

2
m

ax {
27

log (
nε )

+
9

log (
2
r(d−

2)

ε

)
+

18
,6r }

+
1

4 √
n
d−

2
.

(22)

Then,w
ith

probability
atleast

(1−
ε) (

1−
ex

p
(−
√
n
d−

2

2
) )
n

2,w
e

have
r∈
S

Ω
.

T
he

follow
ing

corollary
is

the
probabilistic

version
ofC

orollaries
18

and
19.

C
orollary

21
A

ssum
ing

thatthere
exists

a
C

P
rank-r

com
pletion

ofthe
sam

pled
tensorU

such
that

the
conditions

given
in

Lem
m

a
20

hold,w
ith

the
sam

pling
probability

satisfying
(22),w

e
conclude

thatw
ith

probability
atleast

(1−
ε) (

1−
ex

p
(−
√
n
d−

2

2
) )
n

2

w
e

have
r ∗≤

r.Therefore,given
that

(22)holds
for

r
=

rank
(U
∗)

and
U
∗

denotes
an

optim
alsolution

to
the

optim
ization

problem
(21),

w
ith

probability
atleast

(1−
ε) (

1−
ex

p
(−
√
n
d−

2

2
) )
n

2

w
e

have
r ∗

=
rank

(U
∗).

3.2.1
N

U
M

E
R

IC
A

L
R

E
S

U
LT

S

W
e

generate
a

random
tensorU

∈
R

8×
8×

8×
8×

8×
8

of
C

P-rank
2

by
adding

tw
o

random
rank-1

tensors.
T

he
color

scale
represents

the
low

er
bound

on
the

probability
that

w
e

can
guarantee

the
rank

ofa
given

com
pletion

isan
upperbound

on
the

true
value

ofrank.T
hen,w

e
solve

the
follow

ing
convex

optim
ization

problem
fordifferentvalues

ofthe
sam

pling
probability.

m
inim

izeU
′∈

R
n

1 ×
···×

n
d

‖Ũ
′(3

) ‖∗
(23)

subjectto
U
′Ω

=
U

Ω
.

N
ote

thatrank
ofany

ofthe
unfoldingsofa

tensorisa
low

erbound
on

the
C

P-rank
ofthattensor.

H
ence,

w
e

m
inim

ize
the

nuclear
norm

of
the

unfolding
w

ith
the

possible
m

axim
um

rank
am

ong
all

unfoldings
as

Ũ
(3

)
∈

R
5
1
2×

5
1
2.

T
hen,

w
e

use
the

M
atlab

toolbox
found

online
“Tensorlab”

to
calculate

the
C

P-rank
of

the
obtained

tensor
via

solving
convex

program
(23)

(there
are

other
m

ethodsto
calculate

C
P

decom
position,e.g.,(Pim

entel-A
larcón,2016)).In

Figure
7,gap

represents
the

C
P-rank

ofthe
solution

of(23)m
inus

the
C

P-rank
ofthe

originalsam
pled

tensor.

4.Vector-R
ank

C
ases

4.1
M

ulti-V
iew

M
atrix

L
etP

1
and

P
2

denote
the

L
ebesgue

m
easures

on
R
n×

r ∗1
and

R
r ∗1 ×

n
1,respectively.M

oreover,letP
3

and
P

4
denote

the
L

ebesgue
m

easures
on

R
n×

(r ∗−
r ∗1

)
and

R
r ∗2 ×

n
2,respectively.

In
this

paper,w
e

assum
e

thatU
ischosen

generically
from

the
m

anifold
corresponding

to
rank

vector
(r ∗1 ,r ∗2 ,r ∗),i.e.,

the
entries

of
U

are
draw

n
independently

w
ith

respectto
L

ebesgue
m

easure
on

the
corresponding

m
anifold.H

ence,the
probability

m
easuresofallstatem

entsin
thissubsection

areP
1 ×

P
2 ×

P
3 ×

P
4 .

T
he

follow
ing

C
onditions

w
illbe

used
frequently

in
this

subsection.
C

ondition
A
r
1
,r

2 :
E

ach
colum

n
of

U
1

and
U

2
include

at
least

r
1

and
r

2
sam

pled
entries,

respectively.
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2
an

d
r.

H
en

ce
,i

n
an

y
po

ss
ib

le
sc

en
ar

io
(r

1
<
r∗ 1

or
r 2
<
r∗ 2

or
r
<
r∗

)
th

e
si

m
ila

r
pr

oo
f

as
in

T
he

or
em

4
(f

or
si

ng
le

-v
ie

w
m

at
ri

x)
re

su
lts

th
at

th
er

e
ex

is
ts

a
co

m
pl

et
io

n
of

U
of

ra
nk

ve
ct

or
r,

w
he

re
r
∈
S Ω

,w
ith

pr
ob

ab
ili

ty
ze

ro
.

C
or

ol
la

ry
27

C
on

si
de

r
a

su
bs

et
S′ Ω

of
S Ω

su
ch

th
at

fo
r

an
y

tw
o

m
em

be
rs

of
S Ω

th
at
r′
�
r′
′ a

nd
r′
′ ∈
S′ Ω

w
e

ha
ve
r′
∈
S′ Ω

.T
he

n,
w

ith
pr

ob
ab

ili
ty

on
e,

ex
ac

tly
on

e
of

th
e

fo
llo

w
in

gs
ho

ld
s

(i
)r
∗
∈
S′ Ω

;
(i

i)
Fo

r
an

y
ar

bi
tr

ar
y

co
m

pl
et

io
n

of
U

of
ra

nk
ve

ct
or
r,

w
e

ha
ve
r
/∈
S′ Ω

.

Pr
oo

f
N

ot
e

th
at

th
e

pr
op

er
ty

in
th

e
st

at
em

en
to

fL
em

m
a

25
ho

ld
s

fo
rS
′ Ω

as
w

el
la

s
S Ω

.M
or

eo
ve

r,
as
S′ Ω
⊆
S Ω

,f
or

an
y
r
∈
S′ Ω

th
er

e
ex

is
ts

at
m

os
tfi

ni
te

ly
m

an
y

co
m

pl
et

io
ns

of
U

of
ra

nk
ve

ct
or
r,

an
d

th
er

ef
or

e
th

e
re

st
of

th
e

pr
oo

fi
s

th
e

sa
m

e
as

th
e

pr
oo

fo
fT

he
or

em
26

.

C
or

ol
la

ry
28

A
ss

um
in

g
th

at
th

er
e

ex
is

ts
a

co
m

pl
et

io
n

of
U

w
ith

ra
nk

ve
ct

or
r

su
ch

th
at
r
∈
S Ω

,
th

en
w

ith
pr

ob
ab

ili
ty

on
e
r∗
�
r.

T
he

fo
llo

w
in

g
le

m
m

a
w

hi
ch

is
a

re
-s

ta
te

m
en

to
fT

he
or

em
3

in
(A

sh
ra

ph
iju

o
et

al
.,

20
17

c)
gi

ve
s

th
e

nu
m

be
ro

fs
am

pl
es

pe
rc

ol
um

n
th

at
is

ne
ed

ed
to

en
su

re
th

at
C

on
di

tio
ns
A
r 1
,r

2
an

d
B
r 1
,r

2
,r

ho
ld

w
ith

hi
gh

pr
ob

ab
ili

ty
.
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L
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T
IO
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L
em

m
a

29
Suppose

thatthe
follow

ing
inequalities

hold
n6
≥

m
ax{

r
1 ,r

2 ,(r
1

+
r

2 −
r)}

,
(25)

n
1
≥

(r−
r

2 )(n
−
r

1 ),
(26)

n
2
≥

(r−
r

1 )(n
−
r

2 ),
(27)

n
1

+
n

2
≥

(r−
r

2 )(n
−
r

1 )
+

(r−
r

1 )(n
−
r

2 )

+
(r

1
+
r

2 −
r)(n

−
(r

1
+
r

2 −
r)).

(28)

M
oreover

assum
e

thateach
colum

n
of

U
is

observed
in

atleast
lentries,uniform

ly
atrandom

and
independently

across
entries,w

here

l
>

m
a
x {

9
log (

nε )
+

3
log (

3
m

ax{r−
r

2 ,r−
r

1 ,r
1

+
r

2 −
r}

ε

)
+

6
,2r

1 ,2r
2 }

.
(29)

Then,w
ith

probability
atleast

1−
ε,r∈

S
Ω

.

T
he

follow
ing

proposition
is

the
probabilistic

version
of

T
heorem

26
in

term
s

of
the

sam
pling

probability
instead

ofverifying
C

onditions
A
r
1
,r

2
and

B
r
1
,r

2
,r .

Proposition
30

Suppose
that

(25)-(28)
hold

for
r

and
that

each
entry

of
the

sam
pled

m
atrix

is
observed

uniform
ly

atrandom
and

independently
across

entries
w

ith
probability

p,w
here

p
>

1n
m

a
x {

9
log (

nε )
+

3
log (

3
m

ax{r−
r

2 ,r−
r

1 ,r
1

+
r

2 −
r}

ε

)
+

6
,2
r

1 ,2
r

2 }
+

14 √
n
.

Then,w
ith

probability
atleast

(1−
ε) (

1−
ex

p
(−
√
n2

) )
n

1
+
n

2,w
e

have
r∈
S

Ω
.

Proof
T

he
proposition

is
easy

to
verify

using
L

em
m

a
29

and
L

em
m

a
9

(sim
ilar

to
the

proof
for

Proposition
11).

C
orollary

31
A

ssum
ing

thatthere
existsa

com
pletion

ofU
ofrank

vector
r

such
that(25)-(28)hold

and
the

sam
pling

probability
satisfies(30),then

w
ith

probability
atleast(1−

ε) (
1−

ex
p
(−
√
n2

) )
n

1
+
n

2

w
e

have
r ∗�

r .

4.2
Tucker-R

ank
Tensor

L
etP

i denote
the

L
ebesgue

m
easures

on
R
n
i ×
m
∗i,
i

=
j

+
1
,...,d,and

P
0

denotes
the

L
ebesgue

m
easures

on
R
m
∗j
+

1 ×
m
∗j
+

2 ×
...×

m
∗d.

In
this

subsection,
w

e
assum

e
that

the
sam

pled
tensorU

∈
R
n

1 ×
...×

n
d

is
chosen

generically
from

the
m

anifold
of

tensors
of

rank
r ∗

=
rank

Tucker (U
)

=
(m
∗j+

1 ,...,m
∗d )

(w
here

r ∗
is

unknow
n),

or
in

other
w

ords,
the

entries
ofU

are
draw

n
indepen-

dently
w

ith
respect

to
L

ebesgue
m

easure
on

the
corresponding

m
anifold.

H
ence,

the
probability

m
easures

ofallstatem
ents

in
this

subsection
are

P
0 ×

P
j+

1 ×
P
j+

2 ×
...×

P
d .

W
ithout

loss
of

generality
assum

e
that

m
∗j+

1
≥
...≥

m
∗d

throughout
this

subsection.
A

lso,
given

r
=

(m
j+

1 ,...,m
d ),define

the
follow

ing
function

g
r (x

)
=

d
∑i=
j+

1

m
in 

r
i , 

x
−

i−
1

∑i ′=
j+

1

r
i ′ 

+ 
r
i .

(30)
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,X
IA

O
D

O
N

G
W

A
N

G
,

A
N

D
V

A
N

E
E

T
A

G
G

A
R

W
A

L

D
efinition

32
For

any
i∈
{j

+
1,...,d}

andS
i ⊆
{1
,...,n

i },defineU
(S
i )as

a
setcontaining

the
entries

of|S
i |row

s
(corresponding

to
the

elem
ents

ofS
i )of

U
(i) .M

oreover,defineU
(S
j
+

1
,...,S

d
)

=

U
(S
j
+

1
)∪

...∪
U

(S
d
).

C
ondition

A
Tucker
r

:T
here

exist ∑
di=
j+

1
(n
i m

i )
observed

entries
such

thatforanyS
i ⊆
{1
,...,

n
i }

for
i∈
{j

+
1
,...,d},U

(S
j
+

1
,...,S

d
)includes

atm
ost ∑

di=
j+

1 |S
i |m

i ofthe
m

entioned ∑
di=
j+

1

n
i m

i observed
entries.

L
etP

be
a

setof ∑
di=
j+

1
(n
i m

i )observed
entriessuch

thatthey
satisfy

C
onditionA

Tucker
r

.N
ow

,
w

e
constructa

(j
+

1) th-order
binary

constrainttensor
Ω̆
r

in
som

e
sense

sim
ilar

to
thatin

Section
3.2.Forany

subtensorY
∈
R
n

1 ×
n

2 ×
···×

n
j ×

1×
···×

1
ofthe

tensorU
,let

N
Ω

(Y
P

)
denote

the
num

ber
ofsam

pled
entries

inY
thatbelong

toP
.

T
he

sam
pled

tensorU
includes

n
j+

1 n
j+

2 ···n
d

subtensorsthatbelong
to
R
n

1 ×
n

2 ×
···×

n
j ×

1×
···×

1

and
w

e
labelthese

subtensors
by
Y

(t
j
+

1
,...,t

d
)

w
here

(tj+
1 ,...,td )

represents
the

coordinate
of

the

subtensor.
D

efine
a

binary
valued

tensorY̆
(t
j
+

1
,···,t

d
) ∈

R
n

1 ×
n

2 ×
···×

n
j ×

d−
j

︷
︸︸

︷
1×

...×
1
×
k,w

here
k

=

N
Ω

(Y
(t
j
+

1
,...,t

d
) )−

N
Ω

(Y
P(t
j
+

1
,...,t

d
) )

and
its

entries
are

described
as

the
follow

ing.
W

e
can

look
at

Y̆
(t
j
+

1
,···,t

d
) as

k
tensorseach

belongsto
R
n

1 ×
n

2 ×
···×

n
j ×

1×
···×

1.Foreach
ofthe

m
entioned

k
tensors

inY̆
(t
j
+

1
,···,t

d
) w

e
setthe

entries
corresponding

to
the

N
Ω

(Y
P(t
j
+

1
,...,t

d
) )

observed
entries

thatbelong

toP
equalto

1.Foreach
ofthe

other
k

observed
entries,w

e
pick

one
ofthe

k
tensors

ofY̆
(t
j
+

1
,···,t

d
)

and
setits

corresponding
entry

(the
sam

e
location

as
thatspecific

observed
entry)equalto

1
and

set
the

restofthe
entries

equalto
0.

Forthe
sake

ofsim
plicity

in
notation,w

e
treattensorsY̆

(t
j
+

1
,···,t

d
) asa

m
em

berofR
n

1 ×
n

2 ×
···×

n
j ×
k

instead
ofR

n
1 ×
n

2 ×
···×

n
j ×

d−
j

︷
︸︸

︷
1×
···×

1
×
k.

N
ow

,by
putting

together
all
n
j+

1 n
j+

2 ···n
d

tensors
in

dim
ension

(j
+

1),
w

e
construct

a
binary

valued
tensor

Ω̆
r
∈

R
n

1 ×
n

2 ×
···×

n
j ×
K
j,

w
here

K
j

=

N
Ω

(U
)−
∑

di=
j+

1
(n
i m

i )and
callittheconstrainttensor

(A
shraphijuo

etal.,2016a).In
(A

shraphi-
juo

etal.,2016a),an
exam

ple
is

given
on

the
construction

of
Ω̆
r .

C
ondition

B
Tucker
r

:
T

he
constrainttensor

Ω̆
r

consists
a

subtensor
Ω̆
′r ∈

R
n

1 ×
n

2 ×
···×

n
j ×
K

such

thatK
=
(

Π
ji=

1 n
i )(

Π
di=
j+

1 m
i )−

∑
di=
j+

1
m

2i
and

forany
K
′∈
{1,2,...,K

}
and

any
subtensor

Ω̆
′′r ∈

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
K
′of

Ω̆
′r

w
e

have
(

Π
di=
j+

1 m
i )(

f
j+

1 (Ω̆
′′r ) )
−
g
r (
f
j+

1 (Ω̆
′′r ) )
≥
K
′,

(31)

w
here

f
j+

1 (Ω̆
′′r )

denotes
the

num
berofnonzero

colum
ns

ofthe
(j

+
1)-th

m
atricization

of
Ω̆
′′r .

T
he

follow
ing

lem
m

a
is

a
re-statem

entofT
heorem

3
in

(A
shraphijuo

etal.,2016a).

L
em

m
a

33
W

ith
probability

one,there
are

only
finitely

m
any

com
pletions

ofrank
r ∗

ofthe
sam

pled
tensor

ifand
only

ifC
onditionsA

Tucker
r ∗

andB
Tucker
r ∗

hold.

D
efinition

34
LetS

Ω
denote

the
set

of
all

rank
vectors

r
such

that
both

C
onditionsA

Tucker
r

and
B

Tucker
r

hold.

L
em

m
a

35
A

ssum
e
r∈
S

Ω
.Then,for

any
rank

vector
r ′�

r,w
e

have
r ′∈
S

Ω
.
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L
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IO

N

Pr
oo

f
N

ot
e

th
at

th
e

di
m

en
si

on
of

th
e

m
an

if
ol

d
co

rr
es

po
nd

in
g

to
r

is
( Π

j i=
1
n
i)(

Π
d i=
j+

1
m
i)

+
∑

d i=
j+

1
n
im

i
−
∑

d i=
j+

1
m

2 i
,a

nd
th

us
by

re
du

ci
ng

th
e

va
lu

e
of
m
i 0

by
on

e
(f

or
i 0
∈
{j

+
1
,.
..
,d
})

,

th
e

va
lu

e
of

th
e

m
en

tio
ne

d
di

m
en

si
on

re
du

ce
s

by
at

le
as

t( Π
j i=

1
n
i) +

n
i
−

2m
i
+

1
,w

hi
ch

is
gr

ea
te

r
th

an
ze

ro
si

nc
e
m
i
≤
n
i.

T
he

re
st

of
th

e
pr

oo
fi

s
si

m
ila

rt
o

th
e

pr
oo

fo
fL

em
m

a
3.

D
efi

ni
tio

n
36

D
efi

ne
S Ω

(r
)

as
a

su
bs

et
of
S Ω

,w
hi

ch
in

cl
ud

es
al

lr
′ ∈
S Ω

th
at
r′
�
r.

T
he

fo
llo

w
in

g
th

eo
re

m
gi

ve
s

a
re

la
tio

ns
hi

p
be

tw
ee

n
r∗

an
d
S Ω

.

T
he

or
em

37
W

ith
pr

ob
ab

ili
ty

on
e,

ex
ac

tly
on

e
of

th
e

fo
llo

w
in

g
st

at
em

en
ts

ho
ld

s
(i

)r
∗
∈
S Ω

;
(i

i)
Fo

r
an

y
ar

bi
tr

ar
y

co
m

pl
et

io
n

of
th

e
sa

m
pl

ed
te

ns
or
U

of
ra

nk
r,

w
e

ha
ve
r
/∈
S Ω

(r
∗ )

.

Pr
oo

f
Si

m
ila

r
to

th
e

pr
oo

f
of

T
he

or
em

4,
to

co
m

pl
et

e
th

e
pr

oo
f

it
su

ffi
ce

s
to

sh
ow

th
at

th
e

as
-

su
m

pt
io

n
r∗

/∈
S Ω

re
su

lts
th

at
th

er
e

ex
is

ts
a

co
m

pl
et

io
n

of
U

of
ra

nk
r,

w
he

re
r
∈
S Ω

(r
∗ )

,w
ith

pr
ob

ab
ili

ty
ze

ro
.

N
ot

e
th

at
r
∈
S Ω

(r
∗ )
⊆
S Ω

re
su

lts
th

at
C

on
di

tio
ns
A

Tu
ck

er
r

an
d
BT

uc
ke

r
r

ho
ld

.
M

or
eo

ve
r,

no
te

th
at
r
�
r∗

an
d

si
nc

e
r∗

/∈
S Ω

w
e

co
nc

lu
de

th
at

th
er

e
ex

is
ts
i 0
∈
{j

+
1
,.
..
,d
}

su
ch

th
at
m
i 0
<
m
∗ i 0

.A
s

a
re

su
lt,
∑

d i=
j+

1
n
im

i
<
∑

d i=
j+

1
n
im
∗ i.

C
on

di
tio

n
BT

uc
ke

r
r

en
su

re
s

th
er

e
ex

is
ts

at
le

as
to

ne
m

or
e

ob
se

rv
ed

en
tr

y
(o

th
er

w
is

e
th

e
co

ns
tr

ai
nt

te
ns

or
do

es
no

te
xi

st
)

be
si

de
s

th
e
∑

d i=
j+

1
n
im

i
m

en
tio

ne
d

ob
se

rv
ed

en
tr

ie
s.

G
iv

en
th

e
ba

si
s
C
∈

R
n

1
×
..
.×
n
j
×
m
j
+

1
×
..
.×
m
d

as
in

(7
),

th
er

e
ex

is
t∑

d i=
j+

1
n
im

i
va

ri
ab

le
s

in
th

e
co

rr
es

po
nd

in
g

Tu
ck

er
de

co
m

po
si

tio
n.

H
ow

ev
er

,
w

e
ha

ve
∑

d i=
j+

1
n
im

i
+

1
po

ly
no

m
ia

ls
in

te
rm

s
th

es
e
∑

d i=
j+

1
n
im

i

va
ri

ab
le

s
an

d
th

er
ef

or
e

th
e

la
st

po
ly

no
m

ia
ls

ca
n

be
w

ri
tte

n
as

al
ge

br
ai

c
co

m
bi

na
tio

n
of

th
e

ot
he

r
∑

d i=
j+

1
n
im

i
po

ly
no

m
ia

ls
.

T
hi

s
le

ad
s

to
a

lin
ea

r
eq

ua
tio

n
in

te
rm

s
of

th
e
∑

d i=
j+

1
n
im

i
+

1
co

r-
re

sp
on

di
ng

ob
se

rv
ed

en
tr

ie
s.

O
n

th
e

ot
he

r
ha

nd
,

th
e
∑

d i=
j+

1
n
im

i
ob

se
rv

ed
en

tr
ie

s
sa

tis
fy

th
e

pr
op

er
ty

st
at

ed
as

C
on

di
tio

n
A

Tu
ck

er
r

an
d

it
is

ea
si

ly
ve

ri
fie

d
th

at
th

er
e

ex
is

t∑
d i=
j+

1
n
im
∗ i

en
tr

ie
s

(o
bs

er
ve

d
an

d
no

n-
ob

se
rv

ed
)

sa
tis

fy
in

g
C

on
di

tio
n
A

Tu
ck

er
r
∗

su
ch

th
at

th
e

un
io

n
of

th
e

m
en

tio
ne

d
∑

d i=
j+

1
n
im

i
en

tr
ie

s
w

ith
an

y
ar

bi
tr

ar
y

ot
he

r
ob

se
rv

ed
en

tr
y

be
a

su
bs

et
of

th
os

e
∑

d i=
j+

1
n
im
∗ i

en
tr

ie
s.

H
ow

ev
er

,U
is

ge
ne

ri
ca

lly
ch

os
en

fr
om

th
e

m
an

if
ol

d
co

rr
es

po
nd

in
g

to
r∗

an
d

th
er

ef
or

e
a

pa
rt

ic
ul

ar
lin

ea
r

eq
ua

tio
n

in
te

rm
s

of
th

e
m

en
tio

ne
d
∑

d i=
j+

1
n
im
∗ i

en
tr

ie
s

ho
ld

s
w

ith
pr

ob
ab

ili
ty

ze
ro

.T
he

re
st

of
th

e
pr

oo
fi

s
si

m
ila

rt
o

th
e

pr
oo

fo
fT

he
or

em
4.

C
or

ol
la

ry
38

A
ss

um
in

g
th

at
th

er
e

ex
is

ts
a

co
m

pl
et

io
n

of
U

w
ith

ra
nk

ve
ct

or
r

su
ch

th
at
r
∈
S Ω

,w
e

co
nc

lu
de

th
at

w
ith

pr
ob

ab
ili

ty
on

e
r∗
�
r.

T
he

fo
llo

w
in

g
le

m
m

a
is

C
or

ol
la

ry
2

in
(A

sh
ra

ph
iju

o
et

al
.,

20
16

a)
,w

hi
ch

en
su

re
s

th
at

C
on

di
-

tio
ns
A

Tu
ck

er
r

an
d
BT

uc
ke

r
r

ho
ld

w
ith

hi
gh

pr
ob

ab
ili

ty
.

L
em

m
a

39
A

ss
um

e
th

at
∑

d i=
j+

1
m

2 i
≤

Π
d i=
j+

1
m
i,

Π
d i=
j+

1
n
i
≥

N
j
Π
d i=
j+

1
m
i
−
∑

d i=
j+

1
m

2 i
,

Π
d i=
j+

1
m
i
≤
N
j
,w

he
re
N
j

=
Π
j i=

1
n
i.

F
ur

th
er

m
or

e,
as

su
m

e
th

at
w

e
ob

se
rv

e
ea

ch
en

tr
y

of
U

w
ith
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJ
U

O
,X

IA
O

D
O

N
G

W
A

N
G

,A
N

D
V

A
N

E
E

T
A

G
G

A
R

W
A

L

pr
ob

ab
ili

ty
p

,w
he

re

p
>

1 N
j

(
6

lo
g

(N
j
)

+
2

lo
g

(
m

ax

{
2
∑

d i=
j+

1
r2 i

ε
,
2Π

d i=
j+

1
r i
−

2
∑

d i=
j+

1
r2 i

ε

}
)

+
4

)
+

1
4√
N
j

.

Th
en

,w
ith

pr
ob

ab
ili

ty
at

le
as

t(
1
−
ε)

(
1
−

ex
p
(−

√
Π
j i=

1
n
i

2
))

Π
d i=
j
+

1
n
i

,r
∈
S Ω

.

T
he

fo
llo

w
in

g
co

ro
lla

ry
is

th
e

pr
ob

ab
ili

st
ic

ve
rs

io
n

of
T

he
or

em
37

.

C
or

ol
la

ry
40

A
ss

um
in

g
th

at
th

er
e

ex
is

ts
a

co
m

pl
et

io
n

of
th

e
sa

m
pl

ed
te

ns
or
U

of
Tu

ck
er

ra
nk
r

su
ch

th
at

th
e

as
su

m
pt

io
ns

in
Le

m
m

a
39

ho
ld

an
d

th
e

sa
m

pl
in

g
pr

ob
ab

ili
ty

sa
tis

fie
s

(3
2)

,t
he

n
w

ith

pr
ob

ab
ili

ty
at

le
as

t(
1
−
ε)

(
1
−

ex
p
(−

√
Π
j i=

1
n
i

2
))

Π
d i=
j
+

1
n
i

w
e

ha
ve
r∗
�
r.

4.
2.

1
N

U
M

E
R

IC
A

L
R

E
S

U
LT

S

W
e

ge
ne

ra
te

a
ra

nd
om

te
ns

or
U
∈

R
8
×

8
×

8
×

8
×

8
×

8
of

Tu
ck

er
-r

an
k

(1
,3
,3
,2
,2

).
T

he
co

lo
r

sc
al

e
re

pr
es

en
ts

th
e

lo
w

er
bo

un
d

on
th

e
pr

ob
ab

ili
ty

th
at

w
e

ca
n

gu
ar

an
te

e
th

e
ra

nk
of

a
gi

ve
n

co
m

pl
et

io
n

is
a

co
m

po
ne

nt
-w

is
e

up
pe

rb
ou

nd
on

th
e

tr
ue

ra
nk

.T
he

n,
w

e
so

lv
e

th
e

fo
llo

w
in

g
co

nv
ex

op
tim

iz
at

io
n

pr
ob

le
m

fo
rd

iff
er

en
tv

al
ue

s
of

th
e

sa
m

pl
in

g
pr

ob
ab

ili
ty

.

m
in

im
iz

e U
′ ∈

R
n

1
×
···
×
n
d

‖
d ∑ i=

1

U
′ (i

)‖
∗

(3
2)

su
bj

ec
tt

o
U′ Ω

=
U Ω
.

T
he

n,
w

e
ca

lc
ul

at
e

ra
nk

of
ea

ch
m

at
ri

ci
za

tio
n

of
th

e
te

ns
or

ob
ta

in
ed

vi
a

so
lv

in
g

(3
2)

to
fin

d
its

Tu
ck

er
-r

an
k.

In
th

is
sc

en
ar

io
,f

or
ea

ch
co

m
po

ne
nt

of
th

e
Tu

ck
er

-r
an

k,
w

e
fin

d
th

e
pe

rc
en

ta
ge

of
er

ro
r

vi
a
m
i
−
m
∗ i

n
−
m
∗ i
×

10
0%

,w
he

re
n

=
8,
m
i

an
d
m
∗ i

ar
e

th
e
i-

th
ra

nk
co

m
po

ne
nt

of
th

e
ob

ta
in

ed
te

ns
or

an
d

or
ig

in
al

te
ns

or
,r

es
pe

ct
iv

el
y.

H
en

ce
,1

00
%

er
ro

r
si

m
pl

y
m

ea
ns

th
at

th
e

co
rr

es
po

nd
in

g
m

at
ri

ci
za

tio
n

is
fu

ll
ra

nk
.

In
Fi

gu
re

8,
ga

p
re

pr
es

en
ts

th
e

av
er

ag
e

of
th

e
de

fin
ed

er
ro

r
ov

er
al

l
co

m
po

ne
nt

s
of

Tu
ck

er
-r

an
k,

i.e
.,

ov
er

al
lm

at
ri

ci
za

tio
ns

.

4.
3

T
T-

R
an

k
Te

ns
or

L
et

P i
de

no
te

th
e

L
eb

es
gu

e
m

ea
su

re
s

on
R
u
∗ i−

1
×
n
i
×
u
∗ i
,
i

=
1,
..
.,
d

,
w

he
re
u
∗ 0

=
u
∗ d

=
1.

In
th

is
su

bs
ec

tio
n,

w
e

as
su

m
e

th
at

th
e

sa
m

pl
ed

te
ns

or
U
∈

R
n

1
×
..
.×
n
d

is
ch

os
en

ge
ne

ri
ca

lly
fr

om
th

e
m

an
if

ol
d

of
te

ns
or

s
of

ra
nk

r∗
=

ra
nk

T
T
(U

)
=

(u
∗ 1
,.
..
,u
∗ d−

1
)

(w
he

re
r∗

is
un

kn
ow

n)
,o

r
in

ot
he

r
w

or
ds

,
th

e
en

tr
ie

s
of
U

ar
e

dr
aw

n
in

de
pe

nd
en

tly
w

ith
re

sp
ec

t
to

L
eb

es
gu

e
m

ea
su

re
on

th
e

co
rr

es
po

nd
in

g
m

an
if

ol
d.

H
en

ce
,t

he
pr

ob
ab

ili
ty

m
ea

su
re

s
of

al
l

st
at

em
en

ts
in

th
is

su
bs

ec
tio

n
ar

e
P 1
×
..
.
×

P d
.

C
on

di
tio

n
A

T
T
r

:E
ac

h
ro

w
of

th
e
d

-t
h

m
at

ri
ci

za
tio

n
of

th
e

sa
m

pl
ed

te
ns

or
,i

.e
.,

U
(d

)
in

cl
ud

es
at

le
as

tu
d
−

1
ob

se
rv

ed
en

tr
ie

s.
W

e
co

ns
tr

uc
tt

he
d

-w
ay

bi
na

ry
va

lu
ed

co
ns

tr
ai

nt
te

ns
or

Ω̆
u
d
−

1
si

m
ila

r
to

th
at

in
Se

ct
io

n
3.

2
as

th
e

fo
llo

w
in

g.
C

on
si

de
ra

ny
su

bt
en

so
rY
∈
R
n

1
×
n

2
×
···
×
n
d
−

1
×

1
of

th
e

te
ns

or
U.

T
he

sa
m

pl
ed

te
ns

or
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Figure
8:T

he
rank

gap
asa

function
ofsam

pling
probability

forU
∈
R

8×
8×

8×
8×

8×
8

ofTucker-rank
(1,3

,3
,2
,2

).

U
includes

n
d

subtensors
thatbelong

to
R
n

1 ×
n

2 ×
···×

n
d−

1 ×
1

and
letY

i for
1
≤
i≤

n
d

denote
these

n
d

subtensors.D
efine

a
binary

valued
tensorY̆

i ∈
R
n

1 ×
n

2 ×
···×

n
d−

1 ×
k
i,w

here
k
i

=
N

Ω
(Y

i )−
u
d−

1

and
its

entries
are

described
as

the
follow

ing.
W

e
can

look
atY̆

i
as
k
i

tensors
each

belongs
to

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
1.

Foreach
ofthe

m
entioned

k
i tensors

inY̆
i w

e
setthe

entries
corresponding

to
u
d−

1
ofthe

observed
entries

equalto
1.Foreach

ofthe
other

k
i observed

entries,w
e

pick
one

ofthe
k
i tensors

ofY̆
i and

setits
corresponding

entry
(the

sam
e

location
as

thatspecific
observed

entry)
equalto

1
and

setthe
restofthe

entries
equalto

0.In
the

case
that

k
i

=
0

w
e

sim
ply

ignoreY̆
i ,i.e.,

Y̆
i

=
∅B
y

putting
togetherall

n
d

tensors
in

dim
ension

d,w
e

constructa
binary

valued
tensor

Ω̆
u
d−

1 ∈
R
n

1 ×
n

2 ×
···×

n
d−

1 ×
K

,w
here

K
=
∑

n
d
i=

1
k
i

=
N

Ω
(U

)−
u
d−

1 n
d

and
callitthe

constrainttensor.
O

bserve
thateach

subtensorof
Ω̆
u
d−

1
w

hich
belongsto

R
n

1 ×
n

2 ×
···×

n
d−

1 ×
1

includesexactly
u
d−

1 +
1

nonzero
entries.

In
(A

shraphijuo
and

W
ang,2017a),

an
exam

ple
is

given
on

the
construction

of
Ω̆
u
d−

1 .
C

ondition
B

T
T
r

:
Ω̆
u
d−

1
consists

a
subtensor

Ω̆
′u
d−

1 ∈
R
n

1 ×
n

2 ×
···×

n
d−

1 ×
K

such
that

K
=
∑

d−
1

i=
1

u
i−

1 n
i u
i −
∑

d−
1

i=
1
u

2i
and

forany
K
′∈
{1
,2
,...,K

}
and

any
subtensor

Ω̆
′′ud−

1 ∈
R
n

1 ×
n

2 ×
···×

n
d−

1 ×
K
′

of
Ω̆
′u
d−

1
w

e
have

d−
1

∑i=
1 (
u
i−

1 f
i (Ω̆
′′ud−

1 )u
i −

u
2i )

+
≥
K
′,

(33)

w
here

f
i (Ω̆
′′ud−

1 )
denotes

the
num

berofnonzero
row

s
ofthe

i-th
m

atricization
of

Ω̆
′′ud−

1 .
T

he
follow

ing
lem

m
a

is
a

re-statem
entofT

heorem
1

in
(A

shraphijuo
and

W
ang,2017a).

L
em

m
a

41
W

ith
probability

one,there
are

only
finitely

m
any

com
pletions

ofrank
r ∗

ofthe
sam

pled
tensor

ifand
only

ifC
onditionsA

TTr ∗
andB

TT
r ∗

hold.

D
efinition

42
LetS

Ω
denote

the
setofallrank

vectors
r

such
thatboth

C
onditionsA

TTr
and
B

TT
r

hold.
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M
O

R
T

E
Z

A
A

S
H

R
A

P
H

IJU
O

,X
IA

O
D

O
N

G
W

A
N

G
,

A
N

D
V

A
N

E
E

T
A

G
G

A
R

W
A

L

T
he

follow
ing

lem
m

a
w

illbe
used

in
L

em
m

a
44.

L
em

m
a

43
u
i ≤

m
in{

u
i−

1 n
i ,u

i+
1 n

i+
1 }

for
1
≤
i≤

d−
1.

Proof
W

e
first

show
that

u
i
≤

u
i−

1 n
i ,

w
hich

is
easily

verified
for

i
=

1
as

Ũ
1

includes
n

1

row
s

and
u

0
=

1,
and

therefore
assum

e
that

i
>

1.
D

efine
the

(d
−

1)-w
ay

tensorU
li
∈

R
n

1 ×
...×

n
i−

1 ×
n
i+

1 ×
...×

n
d

such
thatU

li(x
1 ,...,x

i−
1 ,x

i+
1 ,...,x

d )
=
U

(x
1 ,...,x

i−
1 ,li ,x

i+
1 ,...,

x
d )

for
1
≤
i
≤
d

and
1
≤
li
≤
n
i .

A
lso,

recall
that

Ũ
li(i−

1
)

denotes
the

(i−
1)-th

unfold-

ing
ofU

li.
O

bserve
that

Ũ
li(i−

1
)

is
a

subset
of

colum
ns

of
m

atrix
Ũ

(i−
1
)

(those
colum

ns
that

correspond
to

the
entries

ofU
w

ith
the

i-th
com

ponent
of

the
location

equal
to
li ).

T
herefore,

rank(Ũ
li(i−

1
) )≤

rank
(Ũ

(i−
1
) )

=
u
i−

1 .

O
n

the
other

hand,
observe

that
Ũ
li(i−

1
)

is
a

subset
of

row
s

of
Ũ

(i)
(those

row
s

that
corre-

spond
to

the
entries

ofU
w

ith
the

i-th
com

ponent
of

the
location

equal
to
li ).

H
ence,

the
union

of
row

s
of

Ũ
li(i−

1
) ’s

for
1
≤
li ≤

n
i

constitute
all

row
s

of
Ũ

(i) .
T

herefore,
u
i

=
rank(Ũ

(i) )
≤

∑
n
i
li =

1 rank
(Ũ

li(i−
1
) )≤

n
i u
i−

1 .
Sim

ilarly,w
e

can
show

that
u
i ≤

u
i+

1 n
i+

1
to

com
plete

the
proof.

L
em

m
a

44
A

ssum
e
r∈
S

Ω
.Then,for

any
r ′�

r ,w
e

have
r ′∈
S

Ω
.

Proof
N

ote
thatthe

dim
ension

of
the

m
anifold

corresponding
to
r

is ∑
di=

1
u
i−

1 n
i u
i −

∑
d−

1
i=

1
u

2i .
If

w
e

reduce
the

value
of
u
i

by
one,the

value
of

the
m

entioned
dim

ension
reduces

by
u
i−

1 n
i

+
u
i+

1 n
i+

1 −
2
u
i
+

1.
A

ccording
to

L
em

m
a

43,
u
i−

1 n
i
+
u
i+

1 n
i+

1 −
2u

i
+

1
is

greater
than

zero,
and

therefore
r ′�

r
results

thatthe
dim

ension
of

the
m

anifold
corresponding

to
r

is
greater

than
thatcorresponding

to
r ′.T

he
restofthe

proofis
sim

ilarto
the

proofofL
em

m
a

3.

D
efinition

45
D

efineŜ
Ω

as
the

setofallrank
vectors

r
∈
S

Ω
such

thatthere
exists

a
rank

vector
r ′∈

S
Ω

w
ith

r
�
r ′and

u
d−

1
<
u
′d−

1
(instead

of
u
d−

1
≤
u
′d−

1 ).
N

ote
thatŜ

Ω
also

satisfies
the

property
in

Lem
m

a
44.

T
heorem

46
W

ith
probability

one,exactly
one

ofthe
follow

ing
statem

ents
holds:

(i)
r ∗∈

Ŝ
Ω

;
(ii)For

any
arbitrary

com
pletion

ofthe
sam

pled
tensorU

ofrank
r,w

e
have

r
/∈
Ŝ

Ω
.

Proof
Sim

ilarto
the

proofofT
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Ŝ′ Ω

.

C
or

ol
la

ry
48

A
ss

um
in

g
th

at
th

er
e

ex
is

ts
a

co
m

pl
et

io
n

of
U

w
ith

ra
nk

ve
ct

or
r

su
ch

th
at
r
∈
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t

w
it

h
m

in
im

u
m

ca
rd

in
al

it
y

is
N
P

-c
om

p
le

te
in

ge
n
er

al
(K

ar
p
,

19
72

).
H

ow
ev

er
,

m
in

im
u
m

F
A

S
is

so
lv

ab
le

in
p

ol
y
n
om

ia
l

ti
m

e
fo

r
so

m
e

sp
ec

ia
l

gr
ap

h
s

su
ch

as
p
la

n
ar

g
ra

p
h
s

(L
u
cc

h
es

i
a
n
d

Y
ou

n
ge

r,
19

78
)

an
d

re
d
u
ci

b
le

fl
ow

gr
ap

h
s

(R
am

ac
h
an

d
ra

n
,

19
88

),
an

d
a

p
o
ly

n
o
m

ia
l

ti
m

e
ap

p
ro

x
im

at
io

n
sc

h
em

e
w

as
d
ev

el
op

ed
fo

r
a

sp
ec

ia
l

ca
se

of
m

in
im

u
m

F
A

S
,

w
h
er

e
ex

a
ct

ly
o
n
e

ar
c

ex
is

ts
b

et
w

ee
n

an
y

tw
o

n
o
d
es

,
ca

ll
ed

to
u
rn

am
en

t
(K

en
y
on

-M
at

h
ie

u
an

d
S
ch

u
d
y
,

2
0
0
7)

.

D
A

G
s

ar
e

al
so

ex
te

n
si

v
el

y
st

u
d
ie

d
in

B
ay

es
ia

n
n
et

w
o
rk

le
ar

n
in

g.
G

iv
en

o
b
se

rv
a
ti

o
n
a
l

d
at

a
w

it
h
m

fe
at

u
re

s,
th

e
go

al
is

to
fi
n
d

th
e

tr
u
e

u
n
k
n
ow

n
u
n
d
er

ly
in

g
n
et

w
or

k
o
f

th
e

n
o
d
es

(f
ea

tu
re

s)
w

h
il
e

th
e

se
le

ct
ed

ar
cs

(d
ep

en
d
en

cy
re

la
ti

on
sh

ip
b

et
w

ee
n

fe
at

u
re

s)
d
o

n
o
t

cr
ea

te
a

cy
cl

e.
In

th
e

li
te

ra
tu

re
,

ap
p
ro

ac
h
es

ar
e

cl
as

si
fi
ed

in
to

th
re

e
ca

te
go

ri
es

:
(i

)
sc

o
re

-b
a
se

d
ap

p
ro

ac
h
es

th
at

tr
y

to
op

ti
m

iz
e

a
sc

or
e

fu
n
ct

io
n

d
efi

n
ed

to
m

ea
su

re
fi
tn

es
s,

(i
i)

co
n
st

ra
in

t-
b
as

ed
ap

p
ro

ac
h
es

th
at

te
st

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
to

ch
ec

k
ex

is
te

n
ce

o
f

a
rc

s
b

et
w

ee
n

n
o
d
es

(i
ii
)

an
d

h
y
b
ri

d
ap

p
ro

ac
h
es

th
at

u
se

b
ot

h
co

n
st

ra
in

t
an

d
sc

or
e-

b
a
se

d
a
p
p
ro

a
ch

es
.

A
lt

h
ou

gh
th

er
e

ar
e

m
an

y
ap

p
ro

ac
h
es

b
a
se

d
on

th
e

co
n
st

ra
in

t-
b
a
se

d
or

h
y
b
ri

d
a
p
p
ro

a
ch

es
,

ou
r

fo
cu

s
is

so
lv

in
g

(1
)

b
y

m
ea

n
s

of
sc

or
e-

b
as

ed
ap

p
ro

ac
h
es

.
F

o
r

a
d
et

ai
le

d
d
is

cu
ss

io
n

of
co

n
st

ra
in

t-
b
as

ed
an

d
h
y
b
ri

d
ap

p
ro

ac
h
es

an
d

m
o
d
el

s
fo

r
u
n
d
ir

ec
te

d
gr

ap
h
s,

th
e

re
a
d
er

is
re

fe
rr

ed
to

A
ra

ga
m

an
d

Z
h
ou

(2
01

5)
an

d
H

a
n

et
al

.
(2

01
6)

.

F
or

es
ti

m
at

in
g

th
e

tr
u
e

n
et

w
or

k
st

ru
ct

u
re

b
y

a
sc

or
e-

b
as

ed
ap

p
ro

ac
h
,

va
ri

o
u
s

fu
n
c-

ti
on

s
h
av

e
b

ee
n

u
se

d
as

d
iff

er
en

t
fu

n
ct

io
n
s

gi
ve

d
iff

er
en

t
so

lu
ti

on
s

an
d

b
eh

av
e

d
iff

er
en

tl
y.

M
an

y
w

or
k
s

fo
cu

s
on

p
en

al
iz

ed
le

as
t

sq
u
ar

es
,

w
h
er

e
p

en
al

ty
is

u
se

d
to

ob
ta

in
sp

a
rs

e
so

-
lu

ti
on

s.
P

op
u
la

r
ch

oi
ce

s
of

th
e

p
en

al
ty

te
rm

in
cl

u
d
e

B
IC

(L
am

an
d

B
ac

ch
u
s,

1
9
9
4
),
L

0
-

p
en

al
ty

(C
h
ic

ke
ri

n
g,

20
02

;
V

an
d
e

G
ee

r
an

d
B

ü
h
lm

an
n
,
20

1
3)

,
L

1
-p

en
al

ty
(H

a
n

et
a
l.
,
2
0
1
6
),

an
d

co
n
ca

ve
p

en
al

ty
(A

ra
ga

m
an

d
Z

h
ou

,
20

15
).

L
am

an
d

B
ac

ch
u
s

(1
9
94

)
u
se

m
in

im
u
m

-
d
es

cr
ip

ti
on

le
n
gt

h
as

a
sc

or
e

fu
n
ct

io
n
,

w
h
ic

h
is

eq
u
iv

al
en

t
to

B
IC

.
C

h
ic

ke
ri

n
g

(2
0
0
2
)

p
ro

-
p

os
es

a
tw

o-
p
h
as

e
gr

ee
d
y

al
go

ri
th

m
,

ca
ll
ed

gr
ee

d
y

eq
u
iv

al
en

ce
se

ar
ch

,
w

it
h

th
e
L

1
n
o
rm

p
en

al
ty

.
V

an
d
e

G
ee

r
an

d
B

ü
h
lm

an
n

(2
01

3)
st

u
d
y

th
e

p
ro

p
er

ti
es

of
th

e
L

0
n
o
rm

p
en

a
lt

y
an

d
sh

ow
p

os
it

iv
e

as
p

ec
ts

of
u
si

n
g
L

0
re

gu
la

ri
za

ti
on

.
R

as
k
u
tt

i
a
n
d

U
h
le

r
R

a
sk

u
tt

i
a
n
d

U
h
le

r
(2

01
3)

u
se

a
va

ri
an

t
of

th
e
L

0
n
or

m
.

T
h
ey

u
se

ca
rd

in
al

it
y

of
th

e
se

le
ct

ed
su

b
g
ra

p
h

as
th

e
sc

or
e

fu
n
ct

io
n

w
h
er

e
th

e
su

b
gr

ap
h
s

n
ot

sa
ti

sf
y
in

g
th

e
M

ar
ko

v
as

su
m

p
ti

on
a
re

p
en

a
li
ze

d
w

it
h

a
v
er

y
la

rg
e

p
en

al
ty

.
A

ra
ga

m
an

d
Z

h
ou

(2
01

5)
in

tr
o
d
u
ce

a
ge

n
er

al
iz

ed
p

en
a
lt

y,
w

h
ic

h
in

cl
u
d
es

th
e

co
n
ca

v
e

p
en

al
ty

,
an

d
d
ev

el
op

a
co

or
d
in

at
e

d
es

ce
n
t

al
go

ri
th

m
.

H
a
n

et
a
l.

(2
0
16

)
u
se

th
e
L

1
n
or

m
p

en
al

ty
an

d
p
ro

p
os

e
a

T
ab

u
se

ar
ch

b
as

ed
gr

ee
d
y

al
g
or

it
h
m

fo
r

re
d
u
ce

d
ar

c
se

ts
b
y

n
ei

gh
b

or
h
o
o
d

se
le

ct
io

n
in

th
e

p
re

-p
ro

ce
ss

in
g

st
ep

.

W
it

h
an

y
ch

oi
ce

of
a

sc
or

e
fu

n
ct

io
n
,

op
ti

m
iz

in
g

th
e

sc
or

e
fu

n
ct

io
n

is
co

m
p
u
ta

ti
o
n
a
ll
y

ch
al

le
n
gi

n
g,

b
ec

au
se

th
e

n
u
m

b
er

of
p

os
si

b
le

D
A

G
s

of
G

gr
ow

s
su

p
er

-e
x
p

on
en

ti
a
ll
y

in
th

e
n
u
m

b
er

of
n
o
d
es

m
an

d
le

ar
n
in

g
B

ay
es

ia
n

n
et

w
or

k
s

is
al

so
sh

ow
n

to
b

e
N
P

-c
o
m

p
le

te
(C

h
ic

ke
ri

n
g,

19
96

).
M

an
y

h
eu

ri
st

ic
al

go
ri

th
m

s
h
av

e
b

ee
n

d
ev

el
op

ed
b
as

ed
o
n

g
re

ed
y

h
il
l

cl
im

b
in

g
(C

h
ic

ke
ri

n
g,

20
02

;
H

ec
ke

rm
an

et
al

.,
19

95
;

H
an

et
al

.,
20

16
)

or
co

or
d
in

a
te

d
es

ce
n
t

(F
u

an
d

Z
h
ou

,
20

13
),

or
en

u
m

er
at

io
n

(R
as

k
u
tt

i
a
n
d

U
h
le

r,
20

13
)

w
h
en

th
e

sc
o
re

fu
n
ct

io
n

2
JM

L
R

 1
8(

99
):

1-
32

, 2
01
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B
a
y
e
sia

n
N
e
t
w
o
r
k

L
e
a
r
n
in
g

v
ia

T
o
p
o
l
o
g
ic
a
l
O
r
d
e
r

itself
is

th
e

m
a
in

fo
cu

s.
T

h
ere

also
ex

ist
ex

act
solu

tion
ap

p
roach

es
b
ased

on
m

a
th

em
atical

p
ro

g
ra

m
m

in
g
.

O
n
e

of
th

e
n
atu

ral
ap

p
roach

es
is

b
ased

on
cy

cle
p
rev

en
tio

n
con

strain
ts,

w
h
ich

a
re

rev
iew

ed
in

S
ection

2.
T

h
e

m
o
d
el

is
covered

in
H

an
et

al.
(2016)

as
a

b
en

ch
m

ark
for

th
eir

a
lg

o
rith

m
,

b
u
t

th
e

M
IP

b
ased

ap
p
roach

d
o
es

n
o
t

scale;
com

p
u
tation

al
tim

e
in

creases
d
ra

stica
lly

a
s

d
ata

size
in

creases
an

d
th

e
u
n
d
erly

in
g

algorith
m

can
n
ot

solve
larger

in
sta

n
ces.

B
a
h
a
rev

et
a
l.

(2015)
stu

d
ied

M
IP

m
o
d
els

for
m

in
im

u
m

F
A

S
b
ased

on
trian

gle
in

eq
u
alities

a
n
d

set
coverin

g
m

o
d
els.

S
everal

w
ork

s
h
av

e
b

een
fo

cu
sed

on
th

e
p

oly
h
ed

ral
stu

d
y

of
th

e
a
cy

clic
su

b
g
ra

p
h

p
oly

top
es

(B
olotash

v
ili

et
al.,

1999;
G

o
em

an
s

an
d

H
all,

1996;
G

rötsch
el

et
a
l.,

1
9
8
5
;

L
eu

n
g

an
d

L
ee,

1994).
In

gen
eral,

M
IP

m
o
d
els

h
ave

gotten
rela

tively
less

a
tten

tio
n

d
u
e

to
th

e
scalab

ility
issu

e.
In

th
is

p
a
p

er,
w

e
p
rop

ose
an

M
IP

m
o
d
el

an
d

iterative
algorith

m
s

b
ased

on
th

e
follow

in
g

w
ell-k

n
ow

n
p
ro

p
erty

of
D

A
G

s
(C

o
ok

et
al.,

1998).

P
ro

p
e
rty

1
A

d
irected

gra
p
h

is
a

D
A

G
if

a
n

d
o
n

ly
if

it
h
a
s

a
to

po
logica

l
o
rd

er.

A
to

po
logica

l
o
rd

er
or

to
po

logica
l

so
rt

of
a

D
A

G
is

a
lin

ear
o
rd

erin
g

of
all

of
th

e
n
o
d
es

in
th

e
g
ra

p
h

su
ch

th
a
t

th
e

grap
h

con
tain

s
arc

(u
,v

)
if

an
d

on
ly

if
u

ap
p

ears
b

efore
v

in
th

e
ord

er
(C

o
rm

en
et

a
l.,

2009).
S
u
p
p

ose
th

at
Z

is
th

e
ad

jacen
cy

m
a
trix

of
an

acy
clic

gra
p
h
.

T
h
en

,
b
y

so
rtin

g
th

e
n
o
d
es

of
acy

clic
grap

h
G

(Z
)

b
ased

on
th

e
top

ological
ord

er,
w

e
can

create
a

low
er

tria
n
g
u
la

r
m

a
trix

from
Z

,
w

h
ere

row
an

d
colu

m
n

in
d
ices

of
th

e
low

er
trian

gu
lar

m
atrix

are
in

th
e

to
p

o
lo

g
ical

ord
er.

T
h
en

,
an

y
arc

in
th

e
low

er
trian

gu
lar

m
atrix

can
b

e
u
sed

w
ith

ou
t

crea
tin

g
a

cy
cle.

B
y

con
sid

erin
g

all
arcs

in
th

e
low

er
trian

gu
lar

m
atrix

,
w

e
can

op
tim

ize
F

in
(1

)
w

ith
o
u
t

w
o
rry

in
g

to
create

a
cy

cle.
T

h
is

is
an

ad
van

tage
com

p
ared

to
arc-b

ased
sea

rch
,

w
h
ere

a
cy

clicity
n
eed

s
to

b
e

ex
am

in
ed

w
h
en

ever
an

arc
is

a
d
d
ed

.
A

lth
ou

gh
th

e
sea

rch
sp

ace
o
f

to
p

o
lo

g
ica

l
o
rd

ers
is

v
ery

large,
a

sm
art

search
strategy

for
a

top
ological

ord
er

m
ay

lead
to

a
b

etter
a
lg

orith
m

th
an

th
e

ex
istin

g
arc-b

ased
search

m
eth

o
d
s.

N
o
d
e

o
rd

erin
gs

are
u
sed

fo
r

B
ayesia

n
N

etw
ork

learn
in

gs
b
ased

on
M

arkov
ch

ain
M

on
te

C
arlo

m
eth

o
d
s

(E
llis

an
d

W
o
n
g
,

2
0
0
8
;

F
ried

m
an

an
d

K
oller,

2003;
N

iin
im

äk
i

et
al.,

2016)
as

altern
atives

to
n
etw

ork
stru

ctu
re-b

ased
ap

p
roach

es.
T

h
e

p
ro

p
o
sed

M
IP

assign
s

n
o
d
e

ord
ers

to
all

n
o
d
es

a
n
d

a
d
d

con
strain

ts
to

satisfy
P

rop
-

erty
1
.

T
h
e

iterative
algorith

m
s

search
over

th
e

top
ological

ord
er

sp
ace

b
y

m
ov

in
g

fro
m

o
n
e

to
p

o
lo

g
ica

l
ord

er
to

an
oth

er
ord

er.
T

h
e

fi
rst

algorith
m

u
ses

th
e

grad
ien

t
to

fi
n
d

a
b

etter
to

p
o
lo

g
ica

l
o
rd

er
an

d
th

e
secon

d
algorith

m
u
ses

h
istorical

ch
oice

of
arcs

to
d
efi

n
e

th
e

score
o
f

th
e

n
o
d
es.

W
ith

th
e

p
rop

osed
M

IP
m

o
d
el

an
d

algorith
m

s
for

(1),
w

e
con

sid
er

a
G

au
ssia

n
B

ayesian
n
etw

o
rk

learn
in

g
p
rob

lem
w

ith
L

1
p

en
alty

for
sp

arsity,
w

h
ich

is
d
iscu

ssed
in

d
eta

il
in

S
ection

4
.

O
u
t

o
f

m
a
n
y

p
ossib

le
m

o
d
els

in
th

e
literatu

re,
w

e
p
ick

th
e
L

1 -p
en

alized
least

sq
u
are

m
o
d
el

fro
m

recen
tly

p
u
b
lish

ed
w

ork
of

H
an

et
al.

(2016),
w

h
ich

solv
es

th
e

p
rob

lem
u
sin

g
a

T
a
b
u

sea
rch

b
a
sed

greed
y

algorith
m

.
T

h
e

algorith
m

is
on

e
of

th
e

latest
alg

orith
m

s
b
ased

o
n

a
rc

sea
rch

an
d

is
sh

ow
n

to
b

e
scalab

le
w

h
en
m

is
large.

F
u
rth

er,
th

eir
score

fu
n
ction

,
L

1

p
en

a
lized

lea
st

sq
u
ares,

is
con

vex
an

d
can

b
e

solved
b
y

stan
d
ard

m
ath

em
atical

o
p
tim

ization
p
a
cka

g
es.

H
en

ce,
w

e
select

th
e

score
fu

n
ctio

n
fro

m
H

an
et

al.
(2016)

an
d

u
se

th
eir

algorith
m

a
s

a
b

en
ch

m
a
rk
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p
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p
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d
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m
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b
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p
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d
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b
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b
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d
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b
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b
lem

w
ith

L
1 -p

en
alized

least
sq

u
are

is
in

tro
d
u
ced

an
d
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p
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p
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n
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=
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=
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∈
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=
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d
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p
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w
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n
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w
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.
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p
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p
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secon
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d
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b
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b
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b
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b
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b
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b
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b
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in
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p
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p
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e
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d
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p
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d
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b
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p
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≤
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≤
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≤
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∈
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∈
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b
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d
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p
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p
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p
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b
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p
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p
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p
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p
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p
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ra
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d
el

w
e

p
ro

p
os

e
h
as
O

(m
2
)

va
ri

ab
le

s
a
n
d
O

(m
2
)

co
n
st

ra
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∈
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∈
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at
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p
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p
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p
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p
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k

=
j 2

,
w

e
h
av

e
∑

r
∈J
r(
O
j 2
r
−
O
j 1
r
)
>

0
in

(5
c)

an
d

at
m

o
st

o
n
e

o
f
z j

1
j 2

an
d
z j

2
j 1

ca
n

b
e

1
b
y

(5
d
).

W
h
en

j
=
j 2

an
d
k

=
j 1

,
w

e
h
av

e
∑

r
∈J
r(
O
j 1
r
−
O
j 2
r
)
<

0
in

(5
c)

an
d

w
e

m
u
st

h
av

e
z j

1
j 2

=
1

b
y

th
e

le
ft

h
an

d
si

d
e

of
(5

c)
.

T
h
er

ef
or

e,
w

e
h
av

e
co

rr
ec

t
va

lu
e
z j

1
j 2

=
1

w
h
en

π
∗ j 2
>
π
∗ j 1

.
T

h
is

co
m

p
le

te
s

th
e

p
ro

of
.

In
T

ab
le

1,
w

e
co

m
p
ar

e
th

e
M

IP
m

o
d
el

s
in

tr
o
d
u
ce

d
in

th
is

se
ct

io
n
.

A
lt

h
o
u
g
h

a
ll

th
re

e
M

IP
m

o
d
el

s
h
av

e
O

(m
2
)

b
in

ar
y

va
ri

ab
le

s,
M
IP
to

h
as

m
o
re

b
in

ar
y

va
ri

ab
le

s
th

a
n
M
IP
cp

a
n
d

M
IP
in

d
u
e

to
O
k
q
’s

.
M

IP
m

o
d
el

s
M
IP
in

an
d
M
IP
to

h
av

e
p

ol
y
n
om

ia
ll
y

m
an

y
co

n
st

ra
in

ts
,

w
h
er

ea
s
M
IP
cp

h
as

ex
p

on
en

ti
al

ly
m

an
y

co
n
st

ra
in

ts
.

M
IP
to

h
as

th
e

sm
al

le
st

n
u
m

b
er

o
f

co
n
st

ra
in

ts
am

on
g

th
e

th
re

e
M

IP
m

o
d
el

s.
In

th
e

co
m

p
u
ta

ti
on

al
ex

p
er

im
en

t,
w

e
u
se

a
va

ri
at

io
n

of
th

e
cu

tt
in

g
p
la

n
e

al
go

ri
th

m
fo

r
M
IP
cp

as
it

h
as

ex
p

on
en

ti
al

ly
m

a
n
y

co
n
st

ra
in

ts
.

F
or

M
IP
in

an
d
M
IP
to

,
w

e
d
o

n
ot

u
se

a
cu

tt
in

g
p
la

n
e

al
g
or

it
h
m

.

3
.

A
lg

o
ri

th
m

s
b
a
se

d
o
n

T
o
p

o
lo

g
ic

a
l

O
rd

e
r

A
lt

h
ou

gh
th

e
M

IP
m

o
d
el

s
in

tr
o
d
u
ce

d
in

S
ec

ti
on

2
gu

ar
an

te
e

op
ti

m
al

it
y,

th
e

ex
ec

u
ti

o
n

ti
m

e
fo

r
so

lv
in

g
an

in
te

ge
r

p
ro

gr
am

m
in

g
p
ro

b
le

m
ca

n
b

e
ex

p
on

en
ti

al
in

p
ro

b
le

m
si

ze
.

F
u
rt

h
er

,
th

e
ex

ec
u
ti

on
ti

m
e

co
u
ld

in
cr

ea
se

d
ra

st
ic

al
ly

in
m

,
a
s

al
l

of
th

e
m

o
d
el

s
re

q
u
ir

e
a
t

le
a
st
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B
a
y
e
sia

n
N
e
t
w
o
r
k

L
e
a
r
n
in
g

v
ia

T
o
p
o
l
o
g
ic
a
l
O
r
d
e
r

N
am

e
R

eferen
ce

#
b
in

ary
varia

b
les

#
con

strain
ts

M
IP
cp

(2)
O

(m
2)

ex
p

on
en

tial
M
IP
in

(4)
O

(m
2)

O
(m

3)
M
IP
to

(5)
O

(m
2)

O
(m

2)

T
a
b
le

1:
N

u
m

b
er

of
b
in

ary
variab

les
an

d
con

strain
ts

of
M

IP
m

o
d
els

O
(m

2)
b
in

a
ry

variab
les

an
d
O

(m
2)

con
strain

ts.
In

ord
er

to
d
eal

w
ith

larger
grap

h
s,

w
e

p
ro

p
o
se

iterative
algorith

m
s

for
(1)

b
ased

o
n

P
rop

erty
1.

O
b
serve

th
at,

if
w

e
are

giv
en

a
to

p
o
lo

g
ica

l
o
rd

er
of

th
e

n
o
d
es,

th
en

Z
an

d
O

are
au

tom
a
tically

d
eterm

in
ed

in
(5).

In
oth

er
w

o
rd

s,
w

e
ca

n
easily

ob
tain

a
su

b
set

of
th

e
arcs

su
ch

th
a
t

all
o
f

th
e

arcs
can

b
e

u
sed

w
ith

ou
t

crea
tin

g
a

cy
cle.

L
et
R̄

b
e

th
e

d
eterm

in
ed

ad
jacen

cy
m

atrix
given

to
p

olo
gical

ord
er
π̄

.
In

d
eta

il,
w

e
set

R̄
jk

=
1

if
π̄
j
>
π̄
k ,
R̄
jk

=
0

oth
erw

ise.

L
et
a
dj(π̄

)
b

e
th

e
fu

n
ction

gen
eratin

g
R̄

given
in

p
u
t

top
ological

ord
er
π̄

.
If

w
e

are
giv

en
π̄

,
th

en
w

e
ca

n
g
en

erate
R̄

b
y
a
dj(π̄

),
an

d
solv

in
g

(1)
can

b
e

w
ritten

as

m
in
Y

F
(Y

)
s.t.

R̄
≥
su
p
p
(Y

).
(6)

N
o
te

th
a
t

(6
)

h
as

acy
clic

con
strain

t
R̄
≥
su
p
p
(Y

),
n
ot

R̄
=
su
p
p
(Y

).
T

h
e

in
eq

u
ality

is
n
eed

ed
w

h
en

w
e

try
to

ob
tain

a
sp

arse
solu

tion
,

i.e.,
on

ly
a

su
b
set

of
th

e
a
rcs

is
selected

a
m

o
n
g

a
ll

p
o
ssib

le
arcs

im
p
lied

b
y
R̄

.
A

s
lon

g
as

w
e

satisfy
th

e
in

eq
u
ality,

Y
form

s
an

a
cy

clic
su

b
g
ra

p
h
.

H
en

ce,
R̄

can
b

e
d
iff

eren
t

from
ad

ja
cen

cy
m

atrix
su
p
p
(Y

)
in

an
op

tim
al

solu
tio

n
o
f

(6
),

an
d

an
y

arc
(j,k

)
su

ch
th

at
R̄
jk

=
1

can
b

e
selected

w
ith

ou
t

creatin
g

a
cy

cle.
F

o
r

th
is

reason
,

w
e

call
R̄

an
a
d
ja

cen
cy

ca
n

d
id

a
te

m
a
trix.

T
h
e

algorith
m

s
p
rop

o
sed

la
ter

in
th

is
section

solve
(6)

b
y

p
rov

id
in

g
d
iff

eren
t
π̄

an
d
R̄

=
a
dj(π̄

)
in

each
iteration

.
In

fa
ct,

(6
)

is
sep

arab
le

in
to
m

su
b

p
ro

b
lem

s
if
F

is
sep

arab
le.

L
et
Y
k

an
d
Z
k

b
e

th
e
k
th

co
lu

m
n
s

o
f
Y

an
d
R

,
resp

ectively,
for

n
o
d
e
k
.

T
h
en

,
solv

in
g

m
in
Y
k

F
k (Y

k )
s.t.

R̄
k ≥

su
p
p
(Y
k ),

(7)

fo
r

a
ll
k
∈
J

g
ives

th
e

sam
e

solu
tion

as
solv

in
g

(6)
if
F

is
sep

a
rab

le
as
F

(Y
)

=
∑

k∈
J
F
k (Y

k ).
In

S
ectio

n
3
.1,

a
lo

cal
im

p
rovem

en
t

algorith
m

for
a

given
top

ological
o
rd

er
is

p
resen

ted
.

T
h
e

a
lg

o
rith

m
sw

ap
s

p
airs

of
n
o
d
es

in
th

e
ord

er.
In

b
oth

of
th

e
iterative

algorith
m

s
p
rop

osed
in

S
ection

s
3
.2

an
d

3.3,
w

e
u
se

th
e

lo
cal

im
p
rovem

en
t

algorith
m

p
resen

ted
in

th
e

follow
in

g
sectio

n
.

3
.1

T
o
p

o
lo

g
ic

a
l

O
rd

e
r

S
w

a
p

p
in

g
A

lg
o
rith

m

A
lg

o
rith

m
1

tries
to

im
p
rove

th
e

solu
tion

b
y

sw
ap

p
in

g
th

e
top

ological
ord

er.
In

each
itera

tio
n
,

th
e

a
lgorith

m
d
eterm

in
es

th
e

n
o
d
es

to
sw

ap
th

at
h
ave

ord
er
s

1
an

d
s

2
in

L
in

e
3
,

w
h
ere

s
2

=
s

1
+

1
im

p
lies

th
at

w
e

select
tw

o
n
o
d
es

w
h
ich

are
n
eigh

b
ors

in
th

e
cu

rren
t

to
p

o
lo

g
ical

o
rd

er.
T

h
en

in
L

in
e

4,
th

e
actu

al
n
o
d
e

in
d
ices

k
1

an
d
k

2
su

ch
th

at
π
k

1
=
s

1
an

d
π
k

2
=
s

2
a
re

d
etected

.
T

h
e

con
d
ition

in
L

in
e

5
is

to
avoid

m
ea

n
in

gless
com

p
u
tation

w
h
en

Y
∗

is
sp

a
rse.

If|Y
∗k2
k

1 |
>

0,
w

e
k
n
ow

fo
r

su
re

th
at
Y
∗k2
k

1
=

0
after

sw
ap

p
in

g
th

e
ord

ers
of
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P
a
r
k

a
n
d

K
l
a
b
ja

n

k
1

an
d
k

2
an

d
th

u
s

w
e

w
ill

get
a

d
iff

eren
t

so
lu

tion
.

H
ow

ever,
if
Y
∗k2
k

1
=

0,
w

e
w

ill
still

h
av

e
Y
∗k2
k

1
=

0
after

th
e

sw
ap

forced
b
y

th
e

n
ew

ord
er.

In
L

in
e

6,
w

e
create

a
n
ew

top
ological

ord
er
π̄

b
y

sw
ap

p
in

g
n
o
d
es
k

1
an

d
k

2
in
π
∗.

A
fter

ob
tain

in
g

ad
jacen

cy
can

d
id

ate
m

atrix
R̄

in
L

in
e

7,
w

e
solve

(6)
w

ith
R̄

.
It

is
w

orth
n
otin

g
th

at,
if
F

is
sep

arab
le,

w
e

on
ly

n
eed

to
solve

(7)
w

ith
k

=
k

1
an

d
k

2
b

ecau
se

th
e

valu
es

of
R̄

are
th

e
sam

e
w

ith
R
∗

ex
cep

t
for

k
1

an
d
k

2
as

th
e

ord
er

d
iff

eren
ce

w
as

1
in
π
∗.

In
L

in
e

9,
w

e
u
p

d
ate

th
e

b
est

solu
tion

if
th

e
n
ew

solu
tion

is
b

etter.
T

h
e

iteration
s

con
tin

u
e

u
n
til

th
ere

is
n
o

im
p
rovem

en
t

in
th

e
p
ast

m
iteration

s,
w

h
ich

im
p
lies

th
at

w
e

w
ou

ld
sw

ap
th

e
sam

e
n
o
d
es

if
w

e
p
ro

ceed
after

th
is

iteration
.

A
lgorith

m
1

is
illu

strated
b
y

th
e

follow
in

g
toy

ex
am

p
le.

A
lg

o
rith

m
1

T
O

S
A

(T
op

ological
O

rd
er

S
w

ap
p
in

g
A

lgorith
m

)

R
e
q
u

ire
:
Y
′,
R
′,
π
′

E
n

su
re

:
B

est
solu

tion
Y
∗,R

∗,π
∗

1
:

(Y
∗,R

∗,π
∗)←

(Y
′,R
′,π
′),
t←

0
2
:

W
h

ile
th

ere
is

an
im

p
rovem

en
t

in
th

e
p
ast

m
iteration

s
3
:

t←
t

+
1,
s

1 ←
(t

m
o
d

(m
−

1))
+

1,
s

2 ←
s

1
+

1
4
:

(k
1 ,k

2 )←
n
o
d
e

in
d
ices

satisfy
in

g
π
k

1
=
s

1
an

d
π
k

2
=
s

2

5
:

If
|Y
∗k2
k

1 |
>

0
th

e
n

6
:

π̄
←

π
∗,
π̄
k

1
=
s

2 ,
π̄
k

2
=
s

1

7
:

R̄
←

a
dj(π̄

)
8
:

Ȳ
←

solve
(6)

w
ith

R̄
9
:

If
F

(Ȳ
)
<
F

(Y
∗)

th
e
n

u
p

d
ate

(Y
∗,R

∗,π
∗)

1
0
:

E
n

d
if

1
1
:

E
n

d
W

h
ile

E
x
a
m

p
le

1
C

o
n

sid
er

a
gra

p
h

w
ith

m
=

4
n

od
es.

L
et

u
s

a
ssu

m
e

th
a
t

in
p
u

ts
a
re

π
′

=
(2,3

,1
,4)

w
ith

co
rrespo

n
d
in

g
o
rd

er
3−

1−
2−

4,

Y
′
=



0
0

0
.5

0
0

0
0
.5

0
0

0
0

0
0
.4

0
.8

0
.1

0


,

a
n

d
R
′
=



0
0

1
0

0
0

1
0

0
0

0
0

1
1

1
0


.

In
itera

tio
n

1
,
t

=
1,
s

1
=

1,
s

2
=

2,
k

1
=

3,
a
n

d
k

2
=

1.
H

en
ce,

w
e

a
re

sw
a
p
p
in

g
n

od
es

3
a
n

d
1
.

S
in

ce
|Y
∗1
3 |

=
0.5

>
0,
π̄

=
(1,3,2,4)

is
crea

ted
in

L
in

e
6
,

w
h
ere

th
e

a
ssocia

ted
o
rd

er
is

1−
3−

2−
4.

If
π̄

gives
a
n

im
p
ro

ved
o
bjective

fu
n

ctio
n

va
lu

e,
th

en
π
∗

is
u

pd
a
ted

in
L

in
e

9
.

L
et

u
s

a
ssu

m
e

th
a
t
π
∗

is
n

o
t

u
pd

a
ted

.
In

itera
tio

n
2
,
t

=
2
,
s

1
=

2
,
s

2
=

3
,
k

1
=

1
,

a
n

d
k

2
=

2.
S

in
ce
|Y
∗2
1 |

=
0,

L
in

es
6

-
9

a
re

n
o
t

execu
ted

.
�

3
.2

Ite
ra

tiv
e

R
e
o
re

rin
g

A
lg

o
rith

m

W
e

p
rop

ose
an

iterative
reord

erin
g

algorith
m

b
a
sed

on
P

rop
erty

1,
w

h
ich

solves
(6)

in
each

iteration
aim

in
g

to
op

tim
ize

(1).
In

each
iteration

of
th

e
algorith

m
,

all
n
o
d
es

are
sorted

b
ased

on
scores

d
efi

n
ed

b
y

(i)
m

erit
scores

of
th

e
arcs,

(ii)
h
istorica

l
ch

oice
of

th
e

arcs
(u

sed
as

w
eigh

ts),
(iii)

an
d

som
e

ran
d
om

com
p

on
en

ts.
T

h
en

th
e

sorted
n
o
d
e

ord
er

is
d
irectly
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B
a
y
e
si
a
n
N
e
t
w
o
r
k

L
e
a
r
n
in
g

v
ia

T
o
p
o
l
o
g
ic
a
l
O
r
d
e
r

u
se

d
as

a
to

p
ol

og
ic

al
or

d
er

.
T

h
e

se
le

ct
ed

ar
cs

b
y

th
e

to
p

ol
og

ic
al

or
d
er

gi
ve

u
p

d
at

es
o
n

ar
c

w
ei

gh
ts

.
L

et
u
s

fi
rs

t
d
efi

n
e

n
ot

at
io

n
.

ν
=

u
n
if

or
m

ra
n
d
om

va
ri

ab
le

on
[ν
lb
,ν
u
b
],
ν l
b
<

1
<
ν u
b

ρ
jk

=
p
re

-d
et

er
m

in
ed

m
er

it
sc

or
e

o
f

ar
c

(j
,k

)
fo

r
j
∈
J
,k
∈
J

w
jk

=
w

ei
gh

t
of

ar
c

(j
,k

)
fo

r
j
∈
J
,k
∈
J

c k
=

sc
or

e
of

n
o
d
e
k
,
k
∈
J

T
h
e

ra
n
ge

[ν
lb
,ν
u
b
]

of
th

e
u
n
if

or
m

ra
n
d
om

va
ri

ab
le
ν

b
al

an
ce

s
th

e
ra

n
d
o
m

n
es

s
a
n
d

st
ru

c-
tu

re
d

sc
or

es
.

N
ot

e
th

at
ρ
jk

sh
ou

ld
b

e
d
et

er
m

in
ed

b
as

ed
on

th
e

d
at

a
an

d
th

e
ch

ar
ac

te
ri

st
ic

of
th

e
p
ro

b
le

m
co

n
si

d
er

ed
,

w
h
er

e
la

rg
er
ρ
jk

im
p
li
es

th
at

ar
c

(j
,k

)
is

at
tr

ac
ti

ve
.

B
as

ed
on

th
e

ar
c

m
er

it
sc

or
es
ρ
,

th
e

sc
or

e
fo

r
n
o
d
e
k
,
k
∈
J

,
is

d
efi

n
ed

as

c k
=
ν
·(
∑ j∈
J
k

w
jk
ρ
jk

) ,
k
∈
J
,

(8
)

w
h
ic

h
ca

n
b

e
in

te
rp

re
te

d
as

a
w

ei
gh

te
d

su
m

m
at

io
n

of
ρ
jk

’s
m

u
lt

ip
li
ed

b
y

p
er

tu
rb

at
io

n
ra

n
d
om

n
u
m

b
er
ν

.
H

en
ce

,
n
o
d
es

w
it

h
h
ig

h
sc

or
es

ar
e

a
tt

ra
ct

iv
e.

In
it

ia
ll
y,

al
l

ar
cs

h
av

e
eq

u
al

w
ei

gh
ts

an
d

th
e

w
ei

gh
ts

ar
e

u
p

d
a
te

d
in

ea
ch

it
er

at
io

n
b
as

ed
on

th
e

to
p

ol
o
gi

ca
l

or
d
er

in
th

e
it

er
at

io
n
.

If
R̄

=
a
dj

(π̄
)

is
th

e
ad

ja
ce

n
cy

ca
n
d
id

at
e

m
at

ri
x

in
th

e
it

er
a
ti

on
,

th
en

,
th

e
w

ei
gh

ts
ar

e
u
p

d
at

ed
b
y

w
jk

=
w
jk

+
1
,

if
R̄
jk

=
1.

(9
)

T
h
e

ov
er

al
l

al
go

ri
th

m
ic

fr
am

ew
or

k
is

su
m

m
ar

iz
ed

in
A

lg
or

it
h
m

2.
In

L
in

e
1,

w
ei

gh
ts

w
jk

’s
ar

e
in

it
ia

li
ze

d
to

1
an

d
t̄,

w
h
ic

h
co

u
n
ts

th
e

n
u
m

b
er

of
it

er
at

io
n
s

w
it

h
ou

t
a

b
es

t
so

lu
ti

on
u
p

d
at

e,
is

in
it

ia
li
ze

d
.

A
ls

o,
a

ra
n
d
om

or
d
er
π
∗

of
th

e
n
o
d
es

is
ge

n
er

at
ed

,
an

d
th

e
co

rr
es

p
on

d
in

g
so

lu
ti

on
b

ec
om

es
th

e
b

es
t

so
lu

ti
on

.
In

ea
ch

it
er

at
io

n
,

fi
rs

t
n
o
d
e

sc
or

es
c k

’s
ar

e
ca

lc
u
la

te
d

(L
in

e
3)

,
th

en
to

p
ol

og
ic

al
o
rd

er
π̄

is
ob

ta
in

ed
b
y

so
rt

in
g

th
e

n
o
d
es

,
a
n
d

fi
n
al

ly
ad

ja
ce

n
cy

ca
n
d
id

at
e

m
at

ri
x
R̄

is
ge

n
er

a
te

d
(L

in
e

4)
.

T
h
en

,
in

L
in

es
5

an
d

6,
so

lu
ti

on
Ȳ

is
ob

ta
in

ed
b
y

so
lv

in
g

(6
)

w
it

h
R̄

an
d

th
e

b
es

t
so

lu
ti

on
is

u
p

d
at

ed
if

av
ai

la
b
le

.
In

L
in

es
7

-
10

,
T

O
S

A
is

ex
ec

u
te

d
if

th
e

cu
rr

en
t

so
lu

ti
on

is
w

it
h
in

a
ce

rt
ai

n
p

er
ce

n
ta

ge
α

fr
om

th
e

b
es

t
so

lu
ti

on
.

L
in

es
11

an
d

12
u
p

d
at

e
t̄,

an
d

L
in

e
13

u
p

d
at

es
w
jk

’s
.

T
h
is

en
d
s

th
e

it
er

at
io

n
an

d
th

e
al

go
ri

th
m

co
n
ti

n
u
es

u
n
ti

l
π̄

is
co

n
ve

rg
ed

o
r

th
er

e
is

n
o

u
p

d
at

e
of

th
e

b
es

t
so

lu
ti

on
in

th
e

la
st
t∗

it
er

at
io

n
s.

A
lg

or
it

h
m

2
is

il
lu

st
ra

te
d

b
y

th
e

fo
ll
ow

in
g

to
y

ex
a
m

p
le

.

E
x
a
m

p
le

2
C

o
n

si
d
er

a
gr

a
p
h

w
it

h
m

=
3

n
od

es
.

In
th

e
cu

rr
en

t
it

er
a
ti

o
n

,
le

t
u

s
a
ss

u
m

e
th

a
t

w
e

a
re

gi
ve

n

ρ
=

 
0

0
.5

0
.5

0
.2

0
0
.2

0
.3

0
.3

0

 
a
n

d
w

=

 
0

1
2

1
0

1
2

1
0

  .

N
o
te

th
a
t

w
e

h
a
ve
∑

j∈
J

1
w
j1
ρ
j1

=
0.

2
·1

+
0.

3
·2

=
0.

8,
∑

j∈
J

2
w
j2
ρ
j2

=
0.

5
·1

+
0.

3
·1

=
0.

8
,

a
n

d
∑

j∈
J

3
w
j3
ρ
j3

=
0.

4
·2

+
0
.2
·1

=
1.

If
ra

n
d
o
m

n
u

m
be

rs
(ν

)
a
re

0
.9

,
1
.1

,
0
.8

fo
r

n
od

es
1
,2

,
a
n

d
3
,

re
sp

ec
ti

ve
ly

,
th

en
by

(8
),
c 1

=
0.

9
·0
.8

=
0
.7

2,
c 2

=
1.

1
·0
.8

=
0
.8

8,
a
n

d
c 3

=
0
.8
·1

=
0
.8

.
T

h
en

in
L

in
e

4
,

w
e

o
bt

a
in

π̄
=

(3
,1
,2

),
w

it
h

co
rr

es
po

n
d
in

g
o
rd

er
2
−

3
−

1
,

a
n

d
R̄

=
[0
,1
,1

;0
,0
,0

;0
,1
,0

].
A

ft
er

o
bt

a
in

in
g
Ȳ

a
n

d
u

pd
a
ti

n
g

th
e

be
st

so
lu

ti
o
n

in
L

in
es

5
-1

2
,

th
e

w
ei

gh
ts

a
re

u
pd

a
te

d
by

(9
)

a
s

fo
ll

o
w

s.

9
JM

L
R

 1
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1-
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01

7

P
a
r
k

a
n
d

K
l
a
b
ja

n

A
lg

o
ri

th
m

2
IR

(I
te

ra
ti

v
e

R
eo

rd
er

in
g)

R
e
q
u

ir
e
:

M
er

it
sc

or
e
ρ
∈
R
m
×
m

,
te

rm
in

a
ti

on
p
ar

am
et

er
t∗

,
T

O
S

A
ex

ec
u
ti

o
n

p
a
ra

m
et

er
α

E
n

su
re

:
B

es
t

so
lu

ti
on

Y
∗ ,
R
∗ ,
π
∗

1
:
w
jk
←

1,
π
∗
←

a
ra

n
d
om

or
d
er

,
R
∗
←
a
dj

(π
∗ )

,
π̄
←
π
∗ ,
Y
∗
←

so
lv

e
(6

)
w

it
h
R
∗ ,
t̄
←

0

2
:

W
h

il
e

(i
)
π̄

is
n
ot

co
n
ve

rg
en

t
or

(i
i)
t̄
<
t∗

3
:

C
al

cu
la

te
sc

or
e
c k

b
y

(8
)

4
:

π̄
←

so
rt

n
o
d
es

w
it

h
re

sp
ec

t
to
c k

,
R̄
←
a
dj

(π̄
)

5
:

Ȳ
←

so
lv

e
(6

)
w

it
h
R̄

6
:

If
F

(Ȳ
)
<
F

(Y
∗ )

th
e
n

u
p

d
at

e
(Y
∗ ,
R
∗ ,
π
∗ )

7
:

If
F

(Ȳ
)
<
F

(Y
∗ )
·(

1
+
α

)
8
:

(Y
′ ,
R
′ ,
π
′ )
←

T
O

S
A

(Ȳ
,R̄
,π̄

),
9
:

If
F

(Y
′ )
<
F

(Y
∗ )

th
e
n

u
p

d
at

e
(Y
∗ ,
R
∗ ,
π
∗ )

1
0
:

E
n

d
If

1
1
:

If
(Y
∗ ,
R
∗ ,
π
∗ )

is
u
p

d
at

ed
th

e
n
t̄
←

0
1
2
:

E
ls

e
t̄
←
t̄

+
1

1
3
:

U
p

d
at

e
w

ei
gh

ts
b
y

(9
)

1
4
:

E
n

d
W

h
il

e

w
n
ew

=

 
0

1
2

1
0

1
2

1
0

 
+
R̄

=

 
0

2
3

1
0

1
2

2
0

 

T
h
is

en
d
s

th
e

cu
rr

en
t

it
er

a
ti

o
n

.
�

3
.3

G
ra

d
ie

n
t

D
e
sc

e
n
t

A
lg

o
ri

th
m

In
th

is
se

ct
io

n
,

w
e

p
ro

p
os

e
a

gr
ad

ie
n
t

d
es

ce
n
t

al
go

ri
th

m
b
as

ed
on

P
ro

p
er

ty
1
.

T
h
e

a
lg

o-
ri

th
m

it
er

at
iv

el
y

ex
ec

u
te

s:
(i

)
m

ov
in

g
to

w
ar

d
an

im
p
ro

v
in

g
d
ir

ec
ti

on
b
y

gr
ad

ie
n
ts

,
(i

i)
D

A
G

st
ru

ct
u
re

is
re

co
v
er

ed
an

d
to

p
ol

og
ic

al
or

d
er

is
ob

ta
in

ed
b
y

a
p
ro

je
ct

io
n

st
ep

.
T

h
e

a
lg

o
ri

th
m

is
b
as

ed
on

th
e

st
an

d
ar

d
gr

ad
ie

n
t

d
es

ce
n
t

fr
am

ew
or

k
w

h
il
e

th
e

p
ro

je
ct

io
n

st
ep

ta
ke

s
ca

re
of

th
e

ac
y
cl

ic
it

y
co

n
st

ra
in

ts
b
y

ge
n
er

at
in

g
a

to
p

ol
og

ic
al

or
d
er

fr
om

th
e

cu
rr

en
t

(p
o
ss

ib
ly

cy
cl

ic
)

so
lu

ti
on

m
at

ri
x
.

In
or

d
er

to
d
is

ti
n
gu

is
h

th
e

so
lu

ti
on

s
w

it
h

an
d

w
it

h
ou

t
th

e
a
cy

cl
ic

it
y

p
ro

p
er

ty
,

w
e

u
se

th
e

fo
ll
ow

in
g

n
ot

at
io

n
.

U
t
∈
R
m
×
m

=
d
ec

is
io

n
va

ri
ab

le
m

at
ri

x
w

it
h
ou

t
ac

y
cl

ic
it

y
re

q
u
ir

em
en

t
in

it
er

a
ti

o
n
t

Y
t
∈
R
m
×
m

=
d
ec

is
io

n
va

ri
ab

le
m

at
ri

x
sa

ti
sf

y
in

g
G

(s
u
p
p
(Y

t )
)
∈
A

in
it

er
a
ti

o
n
t

L
et
γ
t

b
e

th
e

st
ep

si
ze

in
it

er
at

io
n
t,
∇
F

(Y
t )

b
e

th
e

d
er

iv
at

iv
e

of
F

at
Y
t ,

an
d
G
t
∈
R
m
×
m

b
e

a
w

ei
gh

t
m

at
ri

x
th

at
w

ei
gh

s
ea

ch
el

em
en

t.
W

e
as

su
m

e
‖∇

F
(Y

t )
‖ ∞
≤
M

1
fo

r
a

co
n
st

a
n
t

M
1
,

w
h
er

e
‖·
‖ ∞

is
th

e
u
n
if

or
m

(i
n
fi
n
it

y
)

n
or

m
.

T
h
e

u
p

d
at

e
fo

rm
u
la

U
t

=
Y
t
−
γ
t[ ∇

F
(Y

t )
◦G

t] ,
t
≥

0,
(1

0
)

1
0
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L

R
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B
a
y
e
sia

n
N
e
t
w
o
r
k

L
e
a
r
n
in
g

v
ia

T
o
p
o
l
o
g
ic
a
l
O
r
d
e
r

u
p

d
a
tes

Y
t

b
a
sed

on
th

e
w

eigh
ted

grad
ien

t,
w

h
ere◦

rep
resen

ts
th

e
en

try
w

ise
o
r

H
ad

am
ard

p
ro

d
u
ct

o
f

th
e

tw
o

m
atrices.

G
iven

top
ological

ord
er
π
t,

w
e

d
efi

n
e
G
t

as

G
tjk

=
(

1
+

1π
tk )

π
tk,

j∈
J
k

(11)

to
b
a
la

n
ce

g
ra

d
ien

ts
of

th
e

n
o
d
es

w
ith

d
iff

eren
t

ord
ers

(sm
all

an
d

larg
e

valu
es

of
π
tk ).

F
or

n
o
d
es
k

1
a
n
d
k

2
w

ith
π
tk
1

=
1

an
d
π
tk
2

=
m

,
m

ost
of

th
e

grad
ien

ts
for

n
o
d
e
k

1
are

zero
an

d
m

o
st

o
f

th
e

g
rad

ien
ts

for
n
o
d
e
k

2
are

n
on

zero.
W

eigh
t

(11)
tries

to
ad

ju
st

th
is

gap
.

N
ote

th
a
t

w
e

h
ave

2
≤
G
tjk ≤

e
for

an
y

large
m

.
S
in

ce
U
t

m
ay

n
ot

satisfy
acy

clic
con

strain
ts,

in
o
rd

er
to

o
b
ta

in
a

D
A

G
,

th
e

algorith
m

n
eed

s
to

solve
th

e
p
ro

jection
p
rob

lem

Y
∗

=
argm

in
Y
‖
Y
−
U
t‖

22
s.t.

G
(su

p
p
(Y

))∈
A
,

(12)

w
h
ere
‖·‖

2
is

th
e
L

2
n
orm

.

P
ro

p
o
sitio

n
2

If
U
t

is
a
rbitra

ry,
th

en
o
p
tim

iza
tio

n
p
ro

blem
(12)

isN
P

-h
a
rd

.

P
ro

o
f

R
ecall

th
at

feed
b
ack

arc
set

is
N
P

-com
p
lete

(K
arp

,
1972)

an
d

m
ax

im
u
m

acy
clic

su
b
g
ra

p
h

is
th

e
d
u
al

of
th

e
feed

b
ack

arc
set

p
ro

b
lem

.
W

ith
U
t

=
1,

(12)
b

ecom
es

th
e

w
eig

h
ted

m
ax

im
u
m

acy
clic

su
b
grap

h
p
ro

b
lem

.
T

h
erefore,

(12)
isN
P

-com
p
lete.

B
eca

u
se

so
lv

in
g

(12)
to

op
tim

ality
d
o
es

n
ot

gu
aran

tee
an

o
p
tim

al
solu

tion
for

(1
),

w
e

u
se

a
g
reed

y
strategy

to
solve

(12).
T

h
e

greed
y

algorith
m

,
p
resen

ted
in

A
lgorith

m
3,

seq
u
en

tia
lly

d
eterm

in
es

an
d

fi
x
es

th
e

top
ological

ord
er

of
a

n
o
d
e

w
h
ere

in
each

itera
tion

th
e

p
ro

b
lem

is
solved

op
tim

ally
giv

en
th

e
cu

rren
tly

fi
x
ed

n
o
d
es

an
d

co
rresp

on
d
in

g
ord

ers.
T

h
e

d
eta

iled
d
erivation

s
of

th
e

algorith
m

an
d

th
e

p
ro

of
th

at
each

iteration
is

op
tim

al,
given

a
lrea

d
y

fi
x
ed

n
o
d
e

ord
ers,

are
availab

le
in

A
p
p

en
d
ix

6.
In

oth
er

w
ord

s,
w

e
sh

ow
th

at
L

in
e

3
is

‘lo
ca

lly
’

o
p
tim

al,
i.e.,

it
selects

th
e

b
est

n
ex

t
n
o
d
e

given
th

at
th

e
ord

er
q

+
1
,q

+
2
,···

,m
is

fi
x
ed

.
In

ea
ch

iteration
,

in
L

in
e

3,
th

e
algorith

m
fi
rst

calcu
lates

score
∑

j∈
J̄
(Ū

tjk )
2

for

ea
ch

n
o
d
e
k

in
J̄

an
d

p
ick

s
n
o
d
e
k ∗

w
ith

th
e

m
in

im
u
m

valu
e.

T
h
en

,
in

L
in

e
4,

th
e

ord
er

o
f

th
e

selected
n
o
d
e

is
fi
x
ed

to
q.

T
h
e

fi
x
ed

n
o
d
e

is
th

en
ex

clu
d
ed

from
th

e
active

set
J̄

a
n
d

itera
te
q

is
d
ecreased

b
y

1
in

L
in

e
5.

A
t

th
e

en
d

of
th

e
algo

rith
m

,
w

e
can

d
eterm

in
e
Ȳ

b
a
sed

o
n

th
e

o
rd

er
π̄

d
eterm

in
ed

an
d

(18)
in
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on

s
a
re

eq
u
iv

a
le

n
t.

H
en

ce
,

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
h
ol

d
s.

P
ro

p
o
si

ti
o
n

4
In

A
lg

o
ri

th
m

4
,
Y
t

co
n

ve
rg

es
in
t.

4
.

E
st

im
a
ti

o
n

o
f

G
a
u
ss

ia
n

B
a
y
e
si

a
n

N
e
tw

o
rk

s

In
th

is
se

ct
io

n
,
w

e
in

tr
o
d
u
ce

th
e

G
au

ss
ia

n
B

ay
es

ia
n

n
et

w
or

k
le

a
rn

in
g

p
ro

b
le

m
,
w

h
ic

h
fo

ll
ow

s
th

e
fo

rm
of

(1
).

T
h
e

go
al

is
to

le
ar

n
or

es
ti

m
at

e
u
n
k
n
ow

n
st

ru
ct

u
re

b
et

w
ee

n
th

e
n
o
d
es

o
f

a
gr

ap
h
,
w

h
er

e
th

e
er

ro
r

is
n
or

m
al

ly
d
is

tr
ib

u
te

d
.

T
h
e

n
et

w
or

k
ca

n
b

e
es

ti
m

at
ed

b
y

o
p
ti

m
iz

in
g

a
sc

or
e

fu
n
ct

io
n
,

te
st

in
g

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
,

or
a

m
ix

of
th

e
tw

o,
a
s

d
es

cr
ib

ed
in

S
ec

ti
on

1.
A

m
on

g
th

e
th

re
e

ca
te

go
ri

es
,

w
e

se
le

ct
th

e
sc

or
e

b
as

ed
ap

p
ro

ac
h

w
it

h
th

e
L

1
-

p
en

al
iz

ed
le

as
t

sq
u
ar

e
fu

n
ct

io
n

re
ce

n
tl

y
st

u
d
ie

d
in

H
an

et
a
l.

(2
0
16

).

L
et
X
∈

R
n
×
m

b
e

a
d
at

a
se

t
w

it
h
n

ob
se

rv
at

io
n
s

an
d
m

fe
at

u
re

s.
L

et
I

=
{1
,·
··
,n
}

an
d
J

=
{1
,·
··
,m
}

b
e

th
e

in
d
ex

se
t

of
o
b
se

rv
at

io
n
s

an
d

fe
at

u
re

s,
re

sp
ec

ti
v
el

y.
F

o
r

ea
ch

k
∈
J

,
w

e
b
u
il
d

a
re

gr
es

si
on

m
o
d
el

in
or

d
er

to
ex

p
la

in
fe

at
u
re
k

u
si

n
g

a
su

b
se

t
o
f

va
ri

a
b
le

s
in
J
k
.

In
ot

h
er

w
or

d
s,

w
e

se
t

fe
at

u
re
k

as
th

e
re

sp
on

se
va

ri
ab

le
an

d
a

sp
ar

se
su

b
se

t
o
f
J
k

as
ex

p
la

n
at

or
y

va
ri

ab
le

s
of

th
e

re
gr

es
si

o
n

m
o
d
el

fo
r

va
ri

ab
le
k
.

In
or

d
er

to
o
b
ta

in
a

su
b
se

t
of
J
k
,

th
e

L
A

S
S
O

p
en

al
ty

fu
n
ct

io
n

is
ad

d
ed

.
C

on
si

d
er

in
g

re
gr

es
si

on
m

o
d
el

s
fo

r
a
ll
k
∈
J

to
ge

th
er

,
th

e
p
ro

b
le

m
ca

n
b

e
re

p
re

se
n
te

d
on

a
gr

ap
h
.

E
ac

h
fe

at
u
re

is
a

n
o
d
e

in
th

e
g
ra

p
h
,

an
d

th
e

d
ir

ec
te

d
ar

c
fr

om
n
o
d
e
j

to
n
o
d
e
k

re
p
re

se
n
ts

ex
p
la

n
at

or
y

an
d

re
sp

o
n
se

va
ri

a
b
le

re
la

ti
on

sh
ip

b
et

w
ee

n
n
o
d
e
j

an
d
k
.

T
h
e

go
al

is
to

m
in

im
iz

e
th

e
su

m
of

p
en

a
li
ze

d
S
S
E

ov
er

al
l

re
gr

es
si

on
m

o
d
el

s
fo

r
k
∈
J

,
w

h
il
e

th
e

se
le

ct
ed

ar
cs

d
o

n
ot

cr
ea

te
a

cy
cl

e.
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B
a
y
e
sia

n
N
e
t
w
o
r
k

L
e
a
r
n
in
g

v
ia

T
o
p
o
l
o
g
ic
a
l
O
r
d
e
r

L
et
β
jk ,

j∈
J
k,
k
∈
J

,
b

e
th

e
co

effi
cien

t
of

attrib
u
te
j

for
d
ep

en
d
en

t
variab

le
k
.

T
h
en

th
e

p
ro

b
lem

ca
n

b
e

w
ritten

as

m
in
β

1n

∑k∈
J ∑i∈

I

(x
ik −

∑j∈
J
k

β
jk x

ij )
2

+
λ ∑k∈

J

∑j∈
J
k |β

jk |
s.t.

G
(su

p
p
(β

))∈
A
,

(14)

w
h
ich

fo
llow

s
th

e
form

of
(1).

In
H

an
et

al.
(2016),

in
d
iv

id
u
al

w
eigh

ts
are

u
sed

for
th

e
p

en
alty

term
,

i.e.,
λ ∑

k∈
J ∑

j∈
J
k
w
jk |β

jk |,
h
ow

ever,
in

th
e

com
p
u
tation

al
ex

p
erim

en
t,

w
e

set
a
ll

w
eig

h
ts

eq
u
al

to
1

for
sim

p
licity.

L
et
Z
jk

=
1

if
attrib

u
te
j

is
u
sed

for
d
ep

en
d
en

t
variab

le
k

an
d
Z
jk

=
0

oth
erw

ise.
T

h
en

,
w

e
ca

n
fo

rm
u
la

te
M
IP
to

for
(14)

as

m
in

1n

∑k∈
J ∑i∈

I

(x
ik −

∑j∈
J
k

β
jk x

ij )
2

+
λ ∑k∈

J

∑j∈
J
k |β

jk |
(15a)

s.t.
|β
jk |≤

M
Z
jk ,

j∈
J
k,k
∈
J
,

(15b
)

Z
jk −

m
Z
k
j ≤

∑r∈
J

r(O
k
r −

O
jr ),

j∈
J
k,k
∈
J
,

(15c)

Z
jk

+
Z
k
j ≤

1,
j∈

J
k,k
∈
J
,

(1
5d

)
∑q∈
J

O
k
q

=
1,

k
∈
J
,

(15e)

∑k∈
J

O
k
q

=
1,

q∈
J
,

(15f)

Z
,O
∈
{0
,1}

m
×
m
,

(15g
)

β
jk

n
ot

restricted
,

j∈
J
k∪
{
0}
,k
∈
J
,

(15h
)

w
h
ere

M
is

a
large

con
stan

t.
N

ote
th

at
(15b

)
is

th
e

lin
ear

con
strain

t
corresp

on
d
in

g
to

Z
=
su
p
p
(Y

)
in

(5).
S
im

ilarly,
(15a),

(15b
),

(4c)
-

(4e)
an

d
(15h

)
can

b
e

u
sed

to
form

u
late

M
IP
in

fo
r

(1
4
).

F
or

M
IP
cp

,
(15a),

(15b
),

(15h
),

an
d

th
e

con
strain

ts
in

(2)
can

b
e

u
sed

for
(1

4).N
o
te

th
a
t
M

in
(15b

)
p
lay

s
an

im
p

ortan
t

role
in

com
p
u
tation

al
effi

cien
cy

an
d

op
tim

ality.
If
M

is
to

o
sm

a
ll,

th
e

M
IP

m
o
d
el

can
n
ot

gu
aran

tee
op

tim
ality.

If
M

is
to

o
larg

e,
th

e
solu

tion
tim

e
ca

n
b

e
a
s

large
as

en
u
m

eration
.

T
h
e

algorith
m

for
gettin

g
a

valid
valu

e
for

M
in

P
ark

a
n
d

K
la

b
ja

n
(2

013)
can

b
e

u
sed

.
H

ow
ever,

th
e

valid
valu

e
of

b
ig
M

fo
r

m
u
ltip

le
lin

ear
reg

ressio
n

is
o
ften

to
o

large
(P

ark
an

d
K

lab
jan

,
2013).

F
or

(15),
w

e
ob

serv
ed

th
at

a
sim

p
le

h
eu

ristic
p
resen

ted
in

S
ection

5
w

ork
s

w
ell.

In
ea

ch
iteration

of
IR

(A
lgorith

m
2)

an
d
G
D

(A
lgorith

m
4),

w
e

are
given

top
ological

o
rd

er
π̄

an
d

m
atrix

R̄
=

a
dj(π̄

).
L

et
S
k

=
{
j
∈
J
k|R̄

jk
=

1}
b

e
th

e
set

of
selected

ca
n
d
id

a
te

arcs
for

d
ep

en
d
en

t
variab

le
k
.

G
iven

fi
x
ed

R̄
,

(14)
is

sep
arab

le
in

to
m

L
A

S
S
O

lin
ea

r
reg

ressio
n

p
rob

lem
s

m
in

1n

∑i∈
I

(x
ik −

∑j∈
S
k

β
jk x

ij )
2

+
λ
∑j∈
S
k |β

jk |,
k
∈
J
.

(16)

15
JM

L
R

 18(99):1-32, 2017

P
a
r
k

a
n
d

K
l
a
b
ja

n

5
.

C
o
m

p
u
ta

tio
n
a
l

E
x
p

e
rim

e
n
t

F
or

all
com

p
u
tation

al
ex

p
erim

en
ts,

a
server

w
ith

tw
o

X
eon

2.70G
H

z
C

P
U

s
an

d
24G

B
R

A
M

is
u
sed

.
A

lth
ou

gh
th

ere
are

m
an

y
p
ap

ers
stu

d
y
in

g
B

ay
esian

n
etw

ork
learn

in
g

w
ith

va
riou

s
error

m
easu

res
an

d
p

en
alties,

h
ere

w
e

fo
cu

s
on

m
in

im
izin

g
th

e
L

A
S
S
O

ty
p

e
ob

jectiv
e

(S
S
E

an
d

p
en

alty
)

an
d

w
e

p
icked

on
e

of
th

e
latest

p
ap

er
of

H
an

et
al.

(2016)
w

ith
th

e
sam

e
ob

jective
fu

n
ction

as
a

b
en

ch
m

ark
.

T
h
e

M
IP

m
o
d
els

M
IP
cp

,
M
IP
in

,
an

d
M
IP
to

are
im

p
lem

en
ted

w
ith

C
P

L
E

X
12.6

in
C

#
.

F
or

M
IP
cp

,
in

stead
of

im
p
lem

en
tin

g
th

e
origin

a
l

cu
ttin

g
p
la

n
e

algorith
m

,
w

e
u
se

C
P

L
E

X
L

azy
C

allb
ack

,
w

h
ich

is
sim

ilar
to

th
e

cu
ttin

g
p
lan

e
algo

rith
m

.
In

stead
of

solv
in

g
(3)

to
op

tim
ally

from
scratch

in
each

iteration
,

w
e

solve
(2)

w
ith

L
azy

C
allb

ack
,

w
h
ich

allow
s

u
p

d
atin

g
(ad

d
in

g)
con

strain
ts

(cy
cle

p
reven

tion
con

strain
ts)

in
th

e
p
ro

cess
of

th
e

b
ran

ch
an

d
b

ou
n
d

algorith
m

w
h
en

ever
an

in
teger

solu
tion

w
ith

cy
cles

is
fou

n
d
.

G
iven

a
solu

tion
w

ith
th

e
cy

cles,
w

e
d
etect

all
cy

cles
an

d
ad

d
cy

cle
p
rev

en
tion

con
strain

ts
for

th
e

d
etected

cy
cles.

F
or

M
IP
cp

,
M
IP
in

,
an

d
M
IP
to

,
w

e
set

b
ig
M

as
follow

s.
G

iven
λ

,
w

e
solve

(14)
w

ith
ou

t
acy

clic
con

strain
ts.

H
en

ce,
w

e
are

allow
ed

to
u
se

all
arcs

in
J
k

for
each

m
o
d
el
k
∈
J

.
T

h
en

,
w

e
ob

tain
th

e
estim

ated
u
p
p

er
b

ou
n
d

for
b
ig
M

b
y

M
=

2 (
m

ax
j∈
J
k
,k∈

J |β
jk | )

.
(17)

W
e

ob
served

th
at

th
e

ab
ov

e
form

u
la

gives
large

en
o
u
gh

b
ig
M

for
all

cases
in

th
e

follow
in

g
ex

p
erim

en
t.

In
A

p
p

en
d
ix

6,
w

e
p
resen

t
com

p
arison

of
regression

co
effi

cien
ts

of
im

p
lan

ted
n
etw

ork
(D

A
G

)
w

ith
b
ig

M
valu

es
b
y

(17).
T

h
e

resu
lt

sh
ow

s
th

at
th

e
b
ig

M
valu

e
in

(17)
is

alw
ay

s
valid

for
all

cases
con

sid
ered

.
W

e
com

p
are

ou
r

algorith
m

s
an

d
m

o
d
els

w
ith

th
e

a
lgorith

m
in

H
an

et
al.

(2016),
w

h
ich

w
e

d
en

ote
as

D
IS
T

h
ere.

T
h
eir

algorith
m

starts
w

ith
n
eigh

b
orh

o
o
d

selection
(N

S
),

w
h
ich

fi
lters

u
n
attractive

arcs
an

d
rem

oves
th

em
from

con
sid

eration
.

T
h
e

p
ro

ced
u
re

is
sp

ecifi
-

cally
d
evelop

ed
for

h
igh

d
im

en
sion

al
varia

b
le

selection
w

h
en

m
is

m
u
ch

larger
th

an
n

.
In

ou
r

ex
p

erim
en

t,
m

an
y

in
stan

ces
con

sid
ered

are
n
ot

h
ig

h
d
im

en
sion

al
a
n
d

som
e

h
ave

d
en

se
solu

tion
s.

F
u
rth

er,
b
y

fi
lterin

g
arcs,

th
ere

ex
ists

a
p
rob

ab
ility

th
at

an
arc

in
th

e
op

tim
al

solu
tion

can
b

e
rem

ov
ed

.
H

en
ce,

w
e

d
eactivated

th
e

n
eigh

b
orh

o
o
d

selection
step

of
th

eir
origin

al
algorith

m
,

w
h
ere

th
e

R
scrip

t
of

th
e

origin
al

algo
rith

m
is

availab
le

on
th

e
jou

rn
al

w
eb

site.
F

or
G
D

an
d
IR

,
th

e
algorith

m
s

are
w

ritten
in

R
(R

C
ore

T
eam

,
2016

).
W

e
u
se

glm
n
et

p
ackage

(F
ried

m
a
n

et
al.,

2010)
fu

n
ction

glm
n
et

for
solv

in
g

L
A

S
S
O

lin
ear

regression
p
rob

-
lem

s
in

(16).
F

or
IR

,
w

e
u
se

p
aram

eters
α

=
0
.01

,
t ∗

=
10,

ν
lb

=
0
.8,

an
d
ν
u
b

=
1
.2.

F
or

G
D

,
w

e
u
se

p
aram

eters
α

=
0
.01,

t ∗1
=

10,
an

d
t ∗2

=
5.

B
ecau

se
b

oth
G
D

an
d
IR

start
w

ith
a

ran
d
om

solu
tion

,
th

ey
p

erform
d
iff

eren
t

w
ith

d
iff

eren
t

ran
d
o
m

solu
tion

s.
F

u
rth

er,
sin

ce
w

e
ob

serv
e

th
at

th
e

ex
ecu

tion
tim

e
of

G
D

an
d
IR

are
m

u
ch

faster
th

an
D
IS
T

,
w

e
d
ecid

ed
to

ru
n
G
D

an
d
IR

w
ith

10
d
iff

eren
t

ran
d
om

seed
s

an
d

rep
ort

th
e

b
est

solu
tion

.
T

o
em

p
h
asize

th
e

n
u
m

b
er

of
d
iff

eren
t

ran
d
om

seed
s

for
G
D

an
d
IR

,
w

e
u
se

th
e

n
otation

G
D
10

an
d
IR
10

in
th

e
rest

of
th

e
section

.
W

e
fi
rst

test
all

algorith
m

s
w

ith
sy

n
th

etic
in

stan
ces

gen
erated

u
sin

g
R

p
ackage

p
calg

(K
alisch

et
al.,

2012).
F

u
n
ction

ran
d
om

D
A
G

is
u
sed

to
gen

erate
a

D
A

G
an

d
fu

n
ction

rm
vD

A
G

is
u
sed

to
gen

erate
m

u
ltivariate

d
ata

w
ith

th
e

stan
d
ard

n
orm

al
error

d
istrib

u
tion

.
F

irst,

1
6
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n
N
e
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w
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r
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L
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g

v
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T
o
p
o
l
o
g
ic
a
l
O
r
d
e
r

a
D

A
G

is
ge

n
er

at
ed

b
y
ra
n
d
om

D
A
G

fu
n
ct

io
n
.

N
ex

t,
th

e
ge

n
er

a
te

d
D

A
G

an
d

ra
n
d
om

co
-

effi
ci

en
ts

ar
e

u
se

d
to

cr
ea

te
ea

ch
co

lu
m

n
(w

it
h

st
an

d
ar
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.
O

n
th

e
oth

er
h
an

d
,

even
th

ou
gh

G
D
10

p
rov

id
es

th
e

b
est

ob
jective

fu
n
ction

valu
es

for
m

ost
of

th
e

cases,
th

e
d
T

P
an

d
u
T

P
valu

es
of

G
D
10

are
n
ot

alw
ay

s
th

e
b

est.
T

h
e

h
igh

est
valu

e
am

on
g

th
e

th
ree

a
lgorith

m
s

in
each

row
is

in
b

old
face.

W
h
ile

δ
so

l
valu

es
of

D
IS
T

are
th

e
largest

am
on

g
th

e
th

ree
algorith

m
s,

d
T

P
an

d
u
T

P
valu

es
are

th
e

b
est

in
som

e
cases.

W
h
en

λ
is

sm
all,

D
IS
T

ten
d
s

to
h
ave

h
igh

er
d
T

P
an

d
u
T

P
.

H
ow

ever,
as
λ

in
creases,

G
D
10

gives
th

e
b

est
d
T

P
a
n
d

u
T

P
valu

es.
T

o
fu

rth
er

im
p
rove

th
e

p
red

iction
p

ow
er,

w
e

m
ay

n
eed

w
eigh

tin
g

featu
res

or
ob

servation
s.

F
rom

T
ab

le
2,

w
e

ob
serve

th
at

a
sligh

t
ch

an
g
e

in
solu

tion
q
u
ality

δ
so

l
aff

ects
th

e
fi
n
al

selection
of

D
A

G
sign

ifi
can

tly.
A

lso,
th

e
b

est
ob

jectiv
e

fu
n
ction

valu
e

d
o
es

n
ot

n
ecessarily

give
th

e
h
igh

est
tru

e
p

ositiv
e

valu
e

sin
ce

th
e
L

1 -n
orm

p
en

alized
least

sq
u
are

(14)
m

ay
n
ot

b
e

th
e

b
est

score
fu

n
ction

.
In

F
igu

re
7,

w
e

p
resen

t
th

e
g
rap

h
s

of
k
n
ow

n
casu

al
in

teraction
s

(a),
estim

ated
su

b
grap

h
b
y
G
D
10

(b
),
IR
10

(c),
an

d
D
IS
T

(d
).

A
ll

grap
h
s

are
ob

tain
ed

w
ith

λ
=

0.25,
b
u
t

th
e

n
u
m

b
ers

of
arcs

are
d
iff

eren
t

(see
T

ab
le

2).
In

fact,
th

e
d
iff

eren
ce

b
etw

een
δ

so
l
valu

es
of

IR
10

an
d
D
IS
T

is
less

th
an

1%
w

h
ile

th
e

su
b
grap

h
s

h
ave

o
n
ly

10
com

m
on

arcs.
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T
ab
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2:

P
er

fo
rm

an
ce

on
th

e
re

al
d
at

a
se

t
fr

om
S
ac

h
s

et
al

.
(2

00
5)

(a
)

(b
)

(c
)

(d
)

F
ig

u
re

7:
K

n
ow

n
D

A
G

(a
)

an
d

es
ti

m
at

ed
su

b
gr

ap
h
s

w
it

h
λ

=
0.

25
b
y
G
D
10

(b
),

IR
10

(c
),

an
d
D
IS
T

(d
)

6
.

C
o
n
cl

u
si

o
n

W
e

p
ro

p
os

e
an

M
IP

m
o
d
el

an
d

it
er

at
iv

e
al

go
ri

th
m

s
b
as

ed
on

to
p

ol
og

ic
al

or
d
er

.
A

lt
h
ou

gh
th

e
co

m
p
u
ta

ti
on

al
ex

p
er

im
en

t
is

co
n
d
u
ct

ed
fo

r
G

au
ss

ia
n

B
ay

es
ia

n
n
et

w
or

k
le

ar
n
in

g,
a
ll

th
e

p
ro

p
os

ed
m

o
d
el

an
d

al
go

ri
th

m
s

ar
e

ap
p
li
ca

b
le

fo
r

p
ro

b
le

m
s

fo
ll
ow

in
g

th
e

fo
rm

in
(1

).
W

h
il
e

m
an

y
M

IP
m

o
d
el

s
an

d
al

go
ri

th
m

s
ar

e
d
es

ig
n
ed

b
as

ed
on

ar
c

se
ar

ch
,

u
si

n
g

to
p

o
lo

gi
ca

l
o
rd

er
p
ro

v
id

es
so

m
e

ad
va

n
ta

ge
s

th
at

im
p
ro

v
e

so
lu

ti
on

q
u
al

it
y

an
d

al
go

ri
th

m
effi

ci
en

cy
.

1.
D

A
G

co
n
st

ra
in

ts
(a

cy
cl

ic
it

y
co

n
st

ra
in

ts
)

ar
e

a
u
to

m
at

ic
al

ly
sa

ti
sfi

ed
w

h
en

ar
cs

fr
om

h
ig

h
or

d
er

n
o
d
es

to
lo

w
or

d
er

n
o
d
es

ar
e

u
se

d
.

2.
In

ap
p
ly

in
g

th
e

co
n
ce

p
t

fo
r

M
IP

,
a

lo
w

er
n
u
m

b
er

of
co

n
st

ra
in

ts
is

n
ee

d
ed

(O
(m

2
))

w
h
er

ea
s

ar
c

b
as

ed
m

o
d
el

in
g

ca
n

h
av

e
ex

p
on

en
ti

a
ll
y

m
an

y
co

n
st

ra
in

ts
in

th
e

w
or

st
ca

se
.

3.
In

ap
p
ly

in
g

th
e

co
n
ce

p
t

in
d
es

ig
n
in

g
it

er
at

iv
e

al
go

ri
th

m
s,

on
e

of
th

e
b
ig

ge
st

m
er

it
s

is
th

e
ca

p
ab

il
it

y
of

u
ti

li
zi

n
g

th
e

m
ax

im
u
m

n
u
m

b
er

of
ar

cs
p

os
si

b
le

(m
(m
−

1
)

2
),

w
h
il
e

ar
c

b
as

ed
al

go
ri

th
m

s
st

ru
gg

le
w

it
h

u
si

n
g

al
l

p
os

si
b
le

ar
cs

.

T
h
e

p
ro

p
os

ed
M

IP
m

o
d
el

h
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th
e

sm
al

le
st

n
u
m

b
er

of
co

n
st
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in

ts
w

h
il
e

th
e

n
u
m
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b
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y
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s
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th

e
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m
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or
d
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w
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h
th

e
al
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ad

y
k
n
ow

n
M

IP
m

o
d
el

s.
It

p
er

fo
rm

s
as

go
o
d

as
a

cu
tt

in
g

p
la

n
e

al
go

ri
th

m
.

T
h
e

p
ro

p
os

ed
it

er
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iv
e

al
go

ri
th

m
s

ge
t

th
e

b
ig

g
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t
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e

so
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ti
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is
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se
.

T
h
e

re
su

lt
p
re

se
n
te

d
in

S
ec

ti
o
n

5
.1

cl
ea

rl
y
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d
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at
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th
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th
e

to
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w
h
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th
e

d
en

si
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o
f

th
e
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lt
in

g
so
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ti

on
is

h
ig

h
.

O
n

th
e

ot
h
er

h
an

d
,

ar
c-

b
as

ed
se

ar
ch

al
go

ri
th

m
s,

re
p
re

se
n
te

d
b
y

D
IS

T
in

ou
r

ex
p

er
im

en
t,

ca
n

b
e

effi
ci

en
t

w
h
en

th
e

d
es

ir
ed

so
lu

ti
o
n
s

ar
e

ve
ry

sp
a
rs

e.
C

om
p
ar

in
g

al
l

m
o
d
el

s
an

d
al

go
ri

th
m

s
u
se

d
in

th
e

ex
p

er
im

en
t,

w
e

ob
se

rv
e

th
a
t

th
e

M
IP

m
o
d
el

s
ar

e
n
ot

co
m

p
et

it
iv

e
or

sc
al

e
w

el
l

co
m

p
ar

ed
to

th
e

h
eu

ri
st

ic
al

go
ri

th
m

s
ex

ce
p
t

fo
r

sm
al

l
in

st
an

ce
s.

T
h
e

ex
p

er
im

en
t

sh
ow

s
th

at
th

e
so

lu
ti

on
ti

m
es

of
th

e
M

IP
m

o
d
el

s
a
re

si
gn

ifi
ca

n
tl

y
aff

ec
te

d
b
y

th
e

n
u
m

b
er

of
n
o
d
es
m

.
F

or
G

au
ss

ia
n

B
ay

es
ia

n
n
et

w
o
rk

le
a
rn

in
g
,

w
e

ob
se

rv
e

th
at

la
rg

e
n

co
u
ld

al
so

d
ec

re
as

e
th

e
M

IP
m

o
d
el

effi
ci

en
cy

ev
en

w
h
en

m
is

sm
a
ll

(S
ec

ti
on

5.
4)

.
A

m
on

g
th

e
it

er
at

iv
e

al
go

ri
th

m
s,

w
e

re
co

m
m

en
d
D
IS
T

fo
r

v
er

y
sp

a
rs

e
h
ig

h
d
im

en
si

on
al

d
at

a
an

d
G
D
10

an
d
IR
10

fo
r

d
en

se
d
at

a.
A

m
on

g
th

e
tw

o
to

p
o
lo

g
ic

a
l

o
rd

er
b
as

ed
al

go
ri

th
m

s,
G
D
10

p
er

fo
rm

s
sl

ig
h
tl

y
b

et
te

r
an

d
is

m
or

e
st

ab
le

.
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a
y
e
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N
e
t
w
o
r
k

L
e
a
r
n
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g

v
ia

T
o
p
o
l
o
g
ic
a
l
O
r
d
e
r

A
p
p

e
n
d
ix

A
.

G
re

e
d
y

A
lg

o
rith

m
fo

r
P

ro
je

ctio
n

P
ro

b
le

m

In
th

is
sectio

n
,

w
e

p
resen

t
th

e
d
etail

d
erivation

s
an

d
p
ro

ofs
of

A
lgorith

m
3

(greed
y

).
T

h
e

a
lg

o
rith

m
seq

u
en

tially
d
eterm

in
es

top
ological

ord
er

b
y

op
tim

izin
g

th
e

p
ro

jection
p
rob

lem
g
iven

a
n

alrea
d
y

fi
x
ed

ord
er

u
p

to
th

e
iteration

p
oin

t.
S
olv

in
g

th
e

p
ro

jectio
n

p
rob

lem
is

N
P

-co
m

p
lete

an
d

ou
r

algorith
m

m
ay

n
ot

giv
e

a
glob

al
op

tim
al

solu
tion

.
H

ow
ever,

th
e

resu
lt

o
f

th
is

section
sh

ow
s

th
at

A
lgorith

m
3

gives
an

op
tim

al
ch

oice
of

th
e

n
ex

t
n
o
d
e

to
h
ave

fi
x
ed

o
rd

er
given

p
re-fi

x
ed

ord
ers.

W
e

sta
rt

b
y

d
escrib

in
g

som
e

p
rop

erties
of
Y
∗

in
th

e
follow

in
g

th
ree

lem
m

as.
F

or
th

e
fo

llow
in

g
lem

m
as,

let
π
∗j

rep
resen

t
th

e
top

ological
ord

er
of

n
o
d
e
j

d
efi

n
ed

b
y
Y
∗.

L
e
m

m
a

5
F

o
r

a
n

y
Y
∗jk ,

w
e

m
u

st
h
a
ve

eith
er
Y
∗jk

=
0

o
r
Y
∗jk

=
U
tjk .

P
ro

o
f

F
o
r

a
co

n
trad

iction
,

let
u
s

assu
m

e
th

at
th

ere
ex

ist
in

d
ices

q
an

d
r

su
ch

th
at
Y
∗qr 6=

0
a
n
d
Y
∗qr
6=
U
tqr .

L
et

u
s

create
a

n
ew

solu
tion

Ȳ
su

ch
th

at
Ȳ

=
Y
∗

ex
cep

t
Ȳ
q
r

=
U
tqr .

N
o
te

th
a
t
Ȳ

is
a

feasib
le

solu
tion

to
(12)

b
ecau

se
su
p
p
(Ȳ

)≤
su
p
p
(Y
∗)

elem
en

t-w
ise

sin
ce

Y
∗qr 6=

0
.

F
u
rth

er,
w

e
h
av

e‖Y
∗−

U
t‖

2
>
‖Ȳ
−
U
t‖

2
b

ecau
se

(Y
∗qr −

U
tqr )

2
>

0
=

(Ȳ
q
r −

U
tqr )

2

a
n
d
Ȳ

=
Y
∗

ex
cep

t
Y
∗qr 6=

Ȳ
q
r .

T
h
is

con
trad

icts
o
p
tim

ality
of
Y
∗.

N
o
te

th
a
t

L
em

m
a

5
im

p
lies

th
at

solv
in

g
(12)

is
essen

tially
ch

o
osin

g
b

etw
een

0
an

d
U
∗jk

for
Y
∗jk .

T
h
is

selection
is

also
b
ased

on
th

e
follow

in
g

p
rop

erty.

L
e
m

m
a

6
If
π
∗j
>
π
∗k ,

th
en

Y
∗jk

=
U
tjk .

P
ro

o
f

F
o
r

a
con

trad
iction

,
let

u
s
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m

e
th

at
th

ere
ex

ist
in

d
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q
an

d
r

su
ch

th
at
Y
∗qr 6=

U
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h
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π
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>
π
∗r .

L
et

u
s
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a

n
ew

solu
tion

Ȳ
su
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Ȳ

=
Y
∗

ex
cep

t
Ȳ
q
r

=
U
tqr .

1
.

If
Y
∗qr 6=

0
,
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en

Ȳ
is

a
D

A
G
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p
p
(Ȳ

)≤
su
p
p
(Y
∗)

elem
en

t-w
ise.

2
.
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Y
∗qr

=
0
,
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b

e
u
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e
solu

tion
w
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Ĵ
k (U

tjk )
2

to
th

e
o
bjective

fu
n

ctio
n

va
lu

e
fo

r
(12).

In
o
th

er
w

o
rd

s,
th

e
co

n
tribu

tio
n

o
f

n
od

e
k

is
th

e
squ

a
red

su
m

o
f
U
tjk

fo
r

n
od

es
w

ith
π
∗j
<
π
∗k .

2
7

JM
L

R
 18(99):1-32, 2017

P
a
r
k

a
n
d

K
l
a
b
ja

n

P
ro

o
f

F
or

n
o
d
e
k
,

w
e

can
d
erive

∑
j∈
J
(Y
∗jk −

U
tjk )

2
=
∑

j∈
J\
Ĵ
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Ȳ
jk ∗

=
U
tjk ∗

fo
r

a
ll

j∈
J
k.

L
e
m

m
a

9
A

n
o
p
tim

a
l

so
lu

tio
n

to
(19)

m
u

st
h
a
ve
Ȳ
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Figure
1:

W
e

present
a

toolto
analyze

stability
for

a
given

controller
and

G
aussian

process
(G

P)
dynam

ics
m

odel.
O

ur
tool

analytically
derives

a
stability

region
w

here
convergence

to
the

goalis
guaranteed.

T
hus,we

can
provide

stability
guarantees

for
m

any
ofthe

existing
G

P
based

learning
controlapproaches.

existing
learning

controlapproaches
based

on
G

Ps.
T

he
paper

is
organized

as
follow

s:
first,

we
briefly

review
related

work
and

introduce
the

problem
to

be
addressed.Section

2
provides

necessary
background

for
the

stability
analysis.

In
Section

3,we
analyze

closed-loop
control

system
s

w
ith

dynam
ics

given
as

the
m

ean
ofa

G
P.Subsequently,we

study
the

case
w

hen
the

dynam
icsare

given
asthe

fullG
P

distribution
in

Section
4.

Section
5

providesem
pirical

evaluations
on

benchm
ark

controltasks.
A

conclusion
is

given
in

Section
6.

1.1
R

elated
W

ork

To
date,only

very
few

specialcases
ofsystem

dynam
ics

and
policies

learned
from

data
have

been
analyzed

with
respectto

stability.Forexam
ple,Perkinsand

Barto
(2003)and

N
akanishi

et
al.(2002)

analyze
the

scenario
ofan

agent
sw

itching
between

given
safe

controllers.
K

im
and

N
g

(2005)m
onitorstability

whilelearning
controlforthespecialcaseofa

linearcontroller
and

linear
dynam

ics.
R

ecently,stability
properties

ofautoregressive
system

s
w

ith
dynam

ics
given

as
the

m
ean

ofa
G

P
w

ere
analyzed

by
B

eckers
and

H
irche

(2016),w
ho

derive
an

upper
bound

on
the

num
ber

ofequilibrium
points

for
squared

exponentialand
som

e
special

cases
ofpolynom

ialcovariance
functions.

Furtherm
ore,the

authors
com

pute
an

invariant
set

and
show

the
boundedness

ofallsystem
trajectories.

H
ow

ever,no
controlinputs

are
considered

in
this

work
and

no
asym

ptotic
stability

results
are

given.
Furtherm

ore,the
fullG

P
distribution

is
not

considered
in

(B
eckers

and
H

irche,2016).
To

the
best

ofour
know

ledge,stability
analysis

for
closed-loop

controlw
ith

probabilistic
m

odels,such
as

G
Ps,

and
arbitrary

policies
has

not
been

addressed
so

far.
In

classic
controltheory,the

first
form

alanalysis
ofclosed-loop

dynam
ics

dates
back

to
the

19th
century

(R
outh,1877;H

urw
itz,1895;Lyapunov,1892).

Lyapunov’s
approach

allow
s

to
analyze

stability
for

nonlinear
determ

inistic
system

s
ẋ

=
f(x).

It
studies

the
system

behavior
around

equilibrium
points,i.e.,points,w

here
allderivatives

ẋ
ofthe

state
x

vanish
and

the
system

com
es

to
a

hold.
A

n
equilibrium

point
x
e

is
stable,iffor

every
ε
>

0
a
δ
>

0
exists

such
that

‖
x(t)−

x
e ‖
<
ε

for
every

solution
x(t)

ofthe
differential

equation
w

ith
‖x(t0 )−

x
e ‖
<
δ

and
t≥

t0 .
T

he
equilibrium

point
is

asym
ptotically

stable,
ifit

is
stable

and
δ

can
be

chosen
such

that‖
x(t)−

x
e ‖
→

0
as
t→
∞

,see
(K

halil,2014).
O

ne
approach

to
proving

stability
of
x
e

is
to

find
a

Lyapunov
function,i.e.,a

non-negative
function,that

vanishes
only

at
x
e

and
decreases

along
system

trajectories.
T

his
approach

can
be

applied
to

nonlinear
dynam

ics.
H

owever,finding
a

Lyapunov
function

is
typically

challenging
as

there
exists

no
generalm

ethod
for

this
task.

3
JM

L
R

 18(100):1-37, 2017

V
inogradska,

B
ischoff,

N
guyen-T

uong
and

P
eters

Additionally
to

the
diffi

culty
offinding

a
suitable

Lyapunov
function,classicalLyapunov

approaches
are

highly
challenging

as
proving

nonnegativity
ofa

nonlinear
function

is
in

generalintractable.
In

(Parrilo,2000),a
relaxation

ofthe
positive

definiteness
problem

for
polynom

ials
was

introduced:
a

polynom
ialis

clearly
nonnegative,ifit

can
be

w
ritten

as
a

sum
ofsquares

(SO
S)

ofpolynom
ials.

Fortunately,checking
w

hether
a

polynom
ialcan

be
w

ritten
as

SO
S

can
be

form
ulated

as
a

sem
idefinite

program
(SD

P)
and

can
be

solved
in

polynom
ialtim

e.
T

hus,for
polynom

ialsystem
dynam

ics
one

can
search

for
polynom

ial
Lyapunov

functionsconveniently
by

solving
the

corresponding
SD

P.ThisSO
S

relaxation
has

been
successfully

applied
to

a
num

ber
ofnonlinear

stability
problem

s
as

finding
the

region
ofattraction

ofa
system

(Chesi,2004;M
ajum

daretal.,2014),robustanalysis(Topcu
etal.,

2010b)
or

controller
design

(M
oore

and
Tedrake,2014).

W
hile

there
are

som
e

lim
itations

to
these

m
ethods

(M
ajum

dar
et

al.,2014;A
hm

adiand
Parrilo,2011),SO

S
approaches

are
of

high
practicalim

portance.H
owever,SO

S
m

ethodscan
only

beapplied
directly

to
polynom

ial
dynam

ics.N
onpolynom

ialdynam
icsm

ustberecastaspolynom
ialsystem

sby
an

(autom
ated)

procedure
(Papachristodoulou

and
Prajna,2005).

T
his

recasting
procedure

introduces
new

variables
and

constraints
for

each
nonpolynom

ialterm
and

can,thus,significantly
increase

the
size

ofthe
SD

P
that

m
ust

be
solved.

Especially
for

nonparam
etric

and
nonpolynom

ial
m

odels
as,e.g.,a

G
P

w
ith

squared
exponentialor

M
atérn

kernels,recasting
often

leads
to

SD
Ps

that
are

com
putationally

infeasible
(Topcu

et
al.,2010a).

Forconsideration
ofuncertainty

in
the

dynam
ics,stochastic

differentialequations(SD
Es)

have
been

introduced
(A

dom
ian,1983).

SD
Es

are
differentialequations

w
here

som
e

term
s

are
stochastic

processes.
In

the
presence

ofuncertainty,
x
e

is
stable

in
probability,iffor

every
ε
>

0
and

p
>

0,there
exists

δ
>

0
such

that
P{‖x(t)−

x
e ‖
>
ε}
<
p

for
t
>
t0

and
solutions

x(t)
w

ith
‖x(t0 )−

x
e ‖
<
δ.

Furtherm
ore,

x
e

is
asym

ptotically
stable

in
probability,

ifit
is

stable
in

probability
and

P{‖x(t)−
x
e ‖
>
ε}
→

0
for

a
suitable

δ,see
(K

hasm
inskii

and
M

ilstein,2011).
Stability

follow
s

from
the

existence
ofa

superm
artingale,a

stochastic
Lyapunov

function
analogue.

H
owever,superm

artingales
exist

only
ifthe

noise
vanishes

at
the

equilibrium
point.

R
elaxing

the
superm

artingale
criterion

allows
for

stability
statem

ents
for

a
finite

tim
e

horizon
(Steinhardt

and
Tedrake,2012;K

ushner,1966).
K

ushner’s
(1966)

approach
requiresa

superm
artingaleto

befound
m

anually,which
ischallenging

in
m

ostcases.
Steinhardt

and
Tedrake

(2012)
address

this
diffi

culty
by

constructing
a

superm
artingale

via
SO

S
program

m
ing.

T
his

approach
is

suitable
for

system
s

w
ith

polynom
ialdynam

ics
and

shares
som

e
ofthe

diffi
culties

ofSO
S

approaches
as

described
above.

W
hen

controlling
a

system
,

uncertainty
m

ay
arise

from
m

odeling
inaccuracies,

the
presence

of(external)
disturbances

and
the

lack
ofdata,as

som
e

system
param

eters
are

not
known

in
advance

butonly
during

operation.
R

obustness
ofnonlinearsystem

s
to

structured
orunstructured

uncertainty
hasbeen

considered
in

classicalcontroltheory,e.g.,via
the

sm
all

gain
theorem

(Zhou
and

D
oyle,1998).H

owever,these
approachestypically

lead
to

an
infinite

num
berofnonlinearm

atrix
inequalitiesand

cannotbe
solved

analytically.A
notherapproach

is
to

take
uncertainty

into
account

w
hen

designing
a

controller.
T

hus,a
controller

m
ust

be
suitable

for
a

fam
ily

ofsystem
s

that
is

specified,e.g.,by
bounds

for
m

odelparam
eters

or
for

nonparam
etric

uncertainties
as

bounds
for

the
operator

norm
ofthe

unknow
n

dynam
ics.

R
obust

control(Skogestad
and

Postlethwaite,2005;Zhou
and

D
oyle,1998)

designs
a

single
controller

that
is

provably
stable

for
allsystem

s
in

the
specified

fam
ily

–
often

at
cost

of
overallcontroller

perform
ance.

A
daptive

control(N
arendra

and
A

nnasw
am

y,2012;Tao,
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.
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+
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=
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→
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at
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Stability
of

C
ontrollers

for
G

aussian
P

rocess
D

ynam
ics

In
this

section,we
provide

tools
to

check
the

stability
ofa

closed-loop
controlstructure

w
ith

a
given

differentiable
M

arkovian
controlpolicy

π
and

G
P

m
ean

dynam
ics.

For
this

class
offorward

dynam
ics,the

next
state

x
(t+

1)is
given

as
the

m
ean

ofthe
G

P
predictive

distribution
at

the
inputs

x
(t),u

=
π

(x
(t)).

Firstly,
w

e
consider

infinite
tim

e
horizons.

In
this

case,we
attem

pt
to

find
a

region
ofstarting

points
in

the
state

space,such
that

trajectories
starting

in
this

region
are

guaranteed
to

converge
to

the
desired

point
x
d

as
t→

∞
.

To
obtain

this
result,w

e
analyze

the
sensitivity

of
the

G
P

predictive
m

ean
to

variations
in

the
input

space
and

derive
upper

bounds
for

the
distance

ofthe
predictions

at
two

different
points.

T
his

analysis
can

be
used

to
find

a
region

around
the

target
point

x
d,

w
here

the
next

state
is

closer
to
x
d

than
the

point
before.

It
follow

s
straightforwardly,that

the
fullm

etric
ballofm

axim
alradius,w

hich
lies

com
pletely

inside
this

region,is
a

stability
region.

A
lltrajectories

that
start

inside
ofthis

m
etric

ballconverge
to

the
target

point
as

t→
∞

.
Furtherm

ore,we
willshow

that
in

this
m

etric
ball,the

distance
ofthe

current
state

to
the

target
decreases

exponentially.
W

e
w

illexploit
this

statem
ent

to
derive

som
e

finite
tim

e
horizon

and
robustness

results.
For

finite
tim

e
horizons,we

aim
to

find
a

region
in

the
state

space,such
thatthe

state
doesnotdeviate

m
ore

than
a

given
tolerance

from
the

target
w

hen
the

tim
e

horizon
is

reached.
T

he
robustness

analysis
deals

w
ith

asym
ptotic

stability
ofthe

G
P

m
ean

dynam
ics

w
hen

disturbances
are

present.
W

e
derive

conditions
for

these
disturbances,such

that
convergence

to
the

target
state

x
d

is
stillguaranteed.

In
the

follow
ing,we

w
illbriefly

review
the

notion
ofstability

em
ployed

for
the

analysis
and

derive
the

m
ain

result
ofthis

section:
an

algorithm
to

find
a

stability
region.

A
fter

proving
correctness

ofthis
algorithm

,we
w

illderive
statem

ents
on

finite
tim

e
stability

of
the

G
P

m
ean

dynam
ics

and
on

infinite
tim

e
stability

ofthe
disturbed

system
.

3.1
Stability

N
otion

Ifthe
system

dynam
ics
f

isgiven
by

the
m

ean
ofa

G
P,the

resulting
closed-loop

structure
is

determ
inistic.

To
assess

the
quality

ofa
controller

π
,w

hich
aim

s
to

stabilize
the

system
at

the
reference

point
x
d,we

propose
an

algorithm
to

find
a

stability
region

ofthe
closed-loop

system
.

D
efinition

1
T

he
reference

point
x
d

is
stable,iffor

every
ε
>

0
there

exists
δ
>

0,such
that‖

x
(t)−

x
d‖
<
ε

for
t=

1
,2
,...and

‖
x

(0)−
x
d‖
<
δ.

If
x
d

is
stable

and
there

exists
a

δ0
>

0
such

that‖x
(t)−

x
d‖
→

0
for

t→
∞

,‖
x

(0)−
x
d‖
<
δ0 ,

x
d

is
asym

ptotically
stable.

A
subset

X
c

ofthe
state

space
is

a
stability

region,
if‖

x
(t)−

x
d‖
→

0
as

t→
∞

for
all

x
(0)∈

X
c.

Please
note

that
π

is
im

plicit
in

this
definition,as

the
states

x
(t)for

t=
1,2,...depend

on
π

via
x

(t+
1)=

f(x
(t),π

(x
(t))).

T
his

definition
m

atches
Lyapunov’s

stability
notion

(K
halil,

2014).
W

e
w

illpresent
an

algorithm
that

checks
asym

ptotic
stability

of
x
d

by
constructing

a
stability

region
X
c.

W
hen

the
tim

e
horizon

considered
isfinite,we

are
interested

in
finding

allstarting
states,

such
that

the
distance

to
the

target
is

at
m

ost
a

given
ε
>

0.

D
efinition

2
A

subset
X
c

ofthe
state

space
is

an
(ε,T

)-stability
region,if‖x

(t)−
x
d‖
<
ε

holds
for

all
x

0∈
X
c

and
t≥

T
.
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V
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B
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N
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uong
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P
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:
elem
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S
−

:
elem
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of

S
+

reference
point

x
d

stability
region

X
c

span
〈S

+〉
x

d

Figure
3:

Basic
idea

ofA
lgorithm

1
to

construct
a

stability
region:

for
a

finite
set

ofstates
S,em

ploy
upper

bound
from

Lem
m

a
3

to
check

w
hether

the
successor

state
is

closer
to
x
d,obtaining

sets
S

+
and

S
−.

R
eturn

m
etric

ballofm
axim

alradius
that

fits
into

the
span

〈S
+〉
x
d

as
stability

region
X
c.

For
x

(0)∈
X
c,the

controlled
system

never
leaves

X
c

and
converges

to
x
d

as
t→
∞

.

In
thefollowing,weproposean

algorithm
to

verify
asym

ptoticstability
of
x
dasin

D
efinition

1
and

prove
its

correctness.
Subsequently,we

show
how

to
find

finite
tim

e
statem

ents
as

in
D

efinition
2.

3.2
A

lgorithm
Sketch

In
this

section,w
e

derive
an

algorithm
,that

can
find

a
stability

region
ofa

closed-loop
controlstructure

w
ith

G
P

m
ean

dynam
ics.

To
find

a
stability

region,we
analyze

how
the

distance
between

the
current

state
and

the
target

evolves.
T

he
basic

idea
ofthe

algorithm
involves

positively
invariant

sets,i.e.,sets
that

once
entered,the

system
w

illnever
leave

again
(Blanchini,1999).

M
ore

precisely,we
aim

to
find

all
x,such

that

‖
x

(t+
1)−

x
d‖
<
γ‖
x

(t)−
x
d‖

(2)

for
x

(t)=
x

and
a

fixed
0
<
γ
<

1.
A

ssum
e

there
is

a
region

containing
x
d

w
here

Eq.(2)
holds.Forallstatesin

thisregion,the
distance

to
the

targetpointdecreasesin
one

tim
e

step.
Ifitispossible

to
fita

fullm
etric

ballcentered
atthe

targetpoint
x
d

in
thisregion,then

all
trajectories

starting
in

the
ballw

illnever
leave

it.
In

addition,the
distance

ofthe
current

state
to

the
reference

point
x
d

w
illdecrease

in
every

step
by

at
least

factor
γ.

T
hus,it

follows
im

m
ediately

from
the

existence
ofsuch

a
ballthat

the
target

point
is

asym
ptotically

stable.
H

owever,finding
a

region
in

closed
form

w
here

Eq.(2)
holds,is

usually
intractable.

Instead,we
follow

an
algorithm

ic
approach

to
construct

a
stability

region.
T

he
proposed

algorithm
(A

lg.1)
finds

a
region

w
here

Eq.(2)
holds

ifone
exists.

It
em

ploysan
upperbound

for‖
x

(t+
1)−

x
d‖,thatdependsonly

on
x

(t).W
ith

thisupperbound
we

can
check

whetherEq.(2)holdsfora
(finite)setofpoints.H

owever,to
find

a
continuous

state
space

region
where

Eq.(2)
holds,this

upper
bound

m
ust

allow
for

generalization
from

discrete
points.

M
ore

precisely,w
e

need
an

upper
bound

of‖x
(t+

1)−
x
d‖

that
depends

on
x

(t)sm
oothly,thus,having

bounded
gradients,and

can
be

handled
conveniently.

W
e

em
ploy

an
upper

bound
derived

from
sensitivity

analysis
ofthe

G
P

m
ean

to
variations

in
the

input
space.

T
his

bound
depends

on
x

(t)in
a

w
ay

that
can

be
exploited

to
com

pute
a

finite
set

ofpoints
S,e.g.,a

grid
that

is
suffi

cient
to

consider
as

follow
s:

For
any

grid
point,we

check
ifEq.(2)holds,obtaining

the
set

S
+

with
the

grid
pointsthatfulfillEq.(2)

and
the

rest
in
S
−.

Let〈S
+〉
x
d

be
the

polygon
spanned

by
the

connected
com

ponent
of
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St
ab

il
it

y
of

C
on

tr
ol

le
rs

fo
r

G
au

ss
ia

n
P

ro
ce

ss
D

yn
am

ic
s

A
lg

or
it

hm
1

St
ab

ili
ty

re
gi

on
X
c

fo
r

G
P

m
ea

n
dy

na
m

ic
s

In
pu

t:
dy

na
m

ic
s

G
P
f

,c
on

tr
ol

po
lic

y
π

,x
d
,γ

O
ut

pu
t:

st
ab

ili
ty

re
gi

on
X
c

1:
C

on
st

ru
ct

gr
id
S

w
ith

Le
m

m
a

4,
S

+
←
∅,
X
c
←
∅

2:
fo

r
x

(0
)
∈
S

do
3:

C
om

pu
te

up
pe

r
bo

un
d
C

(x
(0

) ,
x
d
,π

)≥
‖x

(1
)
−
x
d
‖

w
ith

Le
m

m
a

3
4:

if
C
<
γ
‖x

(0
)
−
x
d
‖

th
en

S
+
←
S

+
∪
{x
}

fi
5:

od
6:

if
〈S

+
〉 x
d

ex
ist

s
th

en
7:

Fi
t

m
et

ric
ba

ll
B(
x
d
)⊆
〈S

+
〉 x
d

8:
X
c
←
B(
x
d
)

fi
9:

re
tu

rn
X
c

S
+

,w
hi

ch
co

nt
ai

ns
x
d
.

W
e

ca
n

ch
oo

se
S

su
ch

th
at

Eq
.(

2)
ho

ld
s

fo
r

al
lp

oi
nt

s
in
〈S

+
〉 x
d
,

se
e

Fi
gu

re
3.

A
lg

or
ith

m
1

gi
ve

s
an

ov
er

vi
ew

,S
ec

.3
.3

pr
ov

id
es

te
ch

ni
ca

ld
et

ai
ls

an
d

pr
ov

es
co

rr
ec

tn
es

s
of

th
e

ap
pr

oa
ch

.

3.
3

C
or

re
ct

ne
ss

of
th

e
A

lg
or

it
hm

In
th

is
se

ct
io

n,
we

el
ab

or
at

e
on

th
e

co
m

pu
ta

tio
n

st
ep

s
of

A
lg

or
ith

m
1

an
d

pr
ov

e
th

at
th

e
re

tu
rn

ed
st

at
e

sp
ac

e
re

gi
on

X
c

is
a

st
ab

ili
ty

re
gi

on
of

th
e

cl
os

ed
-lo

op
sy

st
em

in
th

e
se

ns
e

of
D

efi
ni

tio
n

1.
Fu

nd
am

en
ta

lt
o

A
lg

or
ith

m
1

is
th

e
up

pe
r

bo
un

d
fo

r
‖x

(t
+

1)
−
x
d
‖,

w
hi

ch
ca

n
be

ob
ta

in
ed

as
fo

llo
ws

.
W

e
de

no
te
x̂

: =
(x
,π

(x
))

ᵀ
an

d
re

ca
ll

th
at
f

(x̂
)i

st
he

G
P

pr
ed

ict
iv

e
m

ea
n

at
x̂

,s
ee

Eq
.(

1)
.

Le
m

m
a

3
Le

tx̂
,x̂

d
∈

R
D

+
F

an
d
B
∈

R
D
×
D

be
a

po
si

tiv
e

de
fin

ite
m

at
ri

x.
T

he
di

st
an

ce
of

G
P

pr
ed

ic
tiv

e
m

ea
ns
f

(x̂
)

an
d
f

(x̂
d
)

in
th

e
m

et
ri

cs
in

du
ce

d
by

B
is

bo
un

de
d

by

‖f
(x̂

)−
f

(x̂
d
)‖

2 B
≤

(x̂
−
x̂
d
)ᵀ M

(x
,x

d
,π

)(
x̂
−
x̂
d
)=

: C
(x
,x

d
,π

)

wi
th

a
sy

m
m

et
ri

c
m

at
ri

x
M

.
Th

is
m

at
ri

x
ca

n
be

co
ns

tr
uc

te
d

ex
pl

ic
itl

y
an

d
de

pe
nd

s
on
x
,x

d

an
d

th
e

po
lic

y
π

.

P
ro

of
T

hi
s

st
at

em
en

t
is

ob
vi

ou
sly

tr
ue

fo
r
x

=
x
d
,s

o
le

t
x
6=
x
d
.

Ev
al

ua
tin

g

‖f
(x̂

)−
f

(x̂
d
)‖

2 B
=
D ∑

m
,m
′ =

1

N ∑ i,
k
=

1b m
m
′ (k

m
(x̂
,x̂

i )
−
k
m

(x̂
d ,
x̂
i ))

(k
m
′ (x̂
,x̂

k
)−
k
m
′ (x̂

d ,
x̂
k
))
β
m
iβ
m
′ k

(3
)

we
re

al
ize

th
e

ne
ed

fo
ra

n
up

pe
rb

ou
nd

of
k
m

(x̂
,x̂

i )
−
k
m

(x̂
d
,x̂

i ).
R

ec
al

lt
ha

tt
he

co
va

ria
nc

e
fu

nc
tio

ns
k
m

ar
e

di
ffe

re
nt

ia
bl

e
w

ith
bo

un
de

d
de

riv
at

iv
es

w
ith

re
sp

ec
t

to
x

an
d

al
so

,t
ha

t
th

e
co

nt
ro

lp
ol

ic
y
π

is
di

ffe
re

nt
ia

bl
e

w
ith

re
sp

ec
t

to
th

e
st

at
e
x

.
T

hu
s,

we
ca

n
in

te
gr

at
e

th
e

gr
ad

ien
tfi

eld
of
k
m

al
on

g
a

cu
rv

e
τ

fro
m
x̂
d

to
x̂

.
A

s
th

is
pa

th
in

te
gr

al
do

es
no

td
ep

en
d

on
th

e
pa

rt
ic

ul
ar

cu
rv

e
τ

,w
e

m
ay

ch
oo

se
τ

=
τ
D

+
F
..
.τ

1
as

th
e

cu
rv

e
al

on
g

th
e

ed
ge

s
of

th
e

hy
pe

rc
ub

e
de

fin
ed

by
x̂
d

an
d
x̂

,i
.e

.,
τ
j p
(t

)=
x̂
p

if
p
≤
j
−

1,
τ
j p
(r

)=
x̂
d p

+
r(
x̂
p
−
x̂
d p
)

w
ith
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 1
8(

10
0)

:1
-3

7,
 2

01
7

V
in

og
ra

ds
ka

,
B

is
ch

of
f,

N
gu

ye
n-

T
uo

ng
an

d
P

et
er

s

r
∈

[0
;1

]i
fp

=
j,

an
d
τ
j p
(t

)=
x̂
d p

ot
he

rw
ise

.
T

hi
s

de
fin

iti
on

yi
el

ds

k
m

(x̂
,x̂

i )
−
k
m

(x̂
d
,x̂

i )
=
D

+
F

∑ j=
1

x̂
j
∫ x̂
d j

∂
k
m

(χ
,x̂

i )
∂
χ
j

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ χ
=
τ
j

d
χ
j

(4
)

an
d

we
co

m
pu

te
th

e
pa

rt
ia

ld
er

iv
at

iv
es

∂
k

m
(x̂
,x̂

d
) /
∂
x̂

j
in

al
ls

ta
te

-a
ct

io
n

sp
ac

e
di

m
en

sio
ns

1
≤
j
≤
D

+
F

.
W

e
re

w
rit

e
th

e
su

m
in

Eq
.(

3)
by

su
bs

tit
ut

in
g

Eq
.(

4)
an

d
th

e
pa
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ia

ld
er

iv
at
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th

e
co
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e
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.
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fin
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e
th
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ea
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in
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e
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te

gr
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in
te
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al

le
ng
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s

(x̂
j
−
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d j
)(
x̂
p
−
x̂
d j
),

th
is

su
m

ca
n

be
re

w
rit

te
n

as
a
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ad

ra
tic

fo
rm

.
T

he
en

tr
ie

s
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M

ca
n

be
ch
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en

to
fo

rm
a

sy
m

m
et
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m

at
rix

by
m
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g
M
p
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=
M
jp
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of
th

e
co

effi
ci

en
t

of
(x̂
j
−
x̂
d j
)(
x̂
p
−
x̂
d p
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Fo
r

an
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in

t
in

th
e

st
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e
ac

tio
n

sp
ac
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ca
n

fin
d

an
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pe
r
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un

d
fo

r
th

e
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st
an

ce
of

its
pr

ed
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tio
n

an
d

th
e

ta
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et
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t.

N
ot

e
th

at
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an

ce
es

tim
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ed
by

Le
m

m
a

3
de

pe
nd
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he
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th

e
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en
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Th

is
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ct
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ex
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a
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e
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s
M
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a
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m
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m
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pe
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<
c‖
x
−
x
d
‖

fo
r
c
<

1,
th

er
e

ex
ist

∆
j

su
ch

th
at
‖f

(ẑ
)−

f
(x̂

d
)‖
B
<
c‖
z
−
x
d
‖,

fo
r

al
lz

wi
th
|ẑ j
−
x̂
j
|<

∆
j
,1
≤
j
≤
D

+
F

.

P
ro

of
So

lv
in

g
fo

r
th

e
ei

ge
nv

al
ue

s
of
M

(x
,x

d
,π

),
th

e
se

t
Q
x

: =
{v
∈

R
D

+
F
|(
v
−
x̂
d
)ᵀ

M
(x
,x

d
,π

)(
v
−
x̂
d
)<

a
}

ca
n

be
de

te
rm

in
ed

.
It

is
sy

m
m

et
ric

to
th

e
ax

es
de

fin
ed

by
th

e
ei

ge
nv

ec
to

rs
of
M

(x
,x

d ,
π

)
an

d
m

ee
ts

th
em

at
±
a
−

1√
λ

.
Fo

r
z

=
x

+
∆

w
e

w
an

t
to

en
su

re
z
∈
Q
z
,i

fx
∈
Q
x
.

T
hu

s,
w

e
es

tim
at

e
ho

w
m

uc
h

th
e

ei
ge

nv
al

ue
s

of
M

(z
,x

d ,
π

)
di

ffe
r

fr
om

th
os

e
of
M

(x
,x

d ,
π

).
A

s
M

(x
,x

d ,
π

)
is

sy
m

m
et

ric
,t

he
ei

ge
nv

al
ue

pr
ob

le
m

ha
s

co
nd

iti
on

κ
(λ
,M

(x
,x

d ,
π

))
=

1
fo

r
an

y
ei

ge
nv

al
ue

λ
.

T
hu

s,
|∂λ
/∂
x̂

j
|≤
‖∂
M

(x
,x

d
,π

) /
∂
x̂

j
‖.

C
om

pu
tin

g
‖∂
M

(x
,x

d
,π

) /
∂
x̂

j
‖

or
up

pe
r

bo
un

ds
fo

r
th

is
ex

pr
es

sio
n

al
lo

w
s

so
lv

in
g

fo
r

al
l∆

j
.

W
e

ar
e

no
w

ab
le

to
co

m
pu

te
a

gr
id
S

,s
uc

h
th

at
it

is
su

ffi
ci

en
t

to
ch

ec
k

Eq
.(

2)
fo

r
al

lg
rid

po
in

ts
to

re
tr

ie
ve

a
(c

on
tin

uo
us

)
st

ab
ili

ty
re

gi
on

.
W

hi
le

th
e

gr
id

w
id

th
m

ay
be

co
m

e
sm

al
l,

th
er

e
is

a
lo

we
r

bo
un

d
fo

r
it.

A
s

th
e

G
P

fa
lls

ba
ck

to
th

e
pr

io
r

fa
r

aw
ay

fro
m

tr
ai

ni
ng

da
ta

,
th

e
en

tr
ie

s
of
M

ar
e

bo
un

de
d

fo
r

bo
un

de
d

m
ea

n
pr

io
rs

an
d,

be
in

g
co

nt
in

uo
us

,L
ip

sc
hi

tz
.

T
hu

s,
a

lo
we

r
bo

un
d

ex
ist

s.

T
he

or
em

5
T

he
re

gi
on

X
c

re
tu

rn
ed

by
A

lg
or

ith
m

1
is

a
st

ab
ili

ty
re

gi
on

.
A

ll
tr

aj
ec

to
ri

es
st

ar
tin

g
in

X
c

m
ov

e
cl

os
er

to
th

e
de

si
re

d
po

in
t
x
d

in
ea

ch
st

ep
.

C
on

ve
rg

en
ce

to
x
d

is
gu

ar
an

te
ed

fo
r

al
lp

oi
nt

s
in
X
c

as
t
→
∞

.
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Stability
of

C
ontrollers

for
G

aussian
P

rocess
D

ynam
ics

P
roof W

e
exploitLem

m
a

4
to

com
pute

a
grid

S
asthe

firststep
in

A
lgorithm

1.Em
ploying

Lem
m

a
3,the

algorithm
checks

for
allpoints

in
S

w
hether

Eq.(2)
holds,obtaining

the
sets

S
+

and
S
−,respectively.

Lem
m

a
4

ensures
that

Eq.(2)
also

holds
for

allpoints
inside

the
polygon

〈S
+〉
x
d .

For
every

point
in
〈S

+〉
x
d ,the

next
state

is
closer

to
the

target
point

x
d.

Fitting
a

fullm
etric

ballB(x
d)

in
〈S

+〉
x
d ,we

recover
an

invariant
set

X
c.

M
ore

precisely,
the

trajectories
starting

in
X
c

m
ove

closer
to
x
d

w
ith

every
tim

e
step.

T
heorem

5
provides

an
asym

ptotic
stability

result
for

closed-loop
control

system
s

w
ith

dynam
ics

given
as

the
m

ean
of

a
G

P
and

can,thus,can
be

applied
to

a
broad

class
of

dynam
ics

system
s.

H
ow

ever,the
procedure

is
based

on
a

grid
in

the
state

space
and

as
a

consequence
suffers

from
the

curse
ofdim

ensionality.
T

his
lim

itation
is

not
surprising,

as
it

is
wellknow

n
that

estim
ating

stability
regions

ofhigh
degree

is
N

P-hard
(A

hm
adi

et
al.,2013).

H
owever,severalapproaches

can
help

to
scale

the
proposed

m
ethod

to
higher

dim
ensions.

Instead
ofcom

puting
a

globalgrid
w

idth
∆

as
in

Lem
m

a
4,the

proofcan
straightforwardly

be
adapted

to
com

pute
localgrid

w
idths.

Such
localgrid

w
idths

depend
on

the
m

agnitude
ofthe

derivatives
ofthe

G
P

m
ean

w
ith

respect
to

the
inputs

and,thus,
can

be
substantially

larger
than

the
globalone,e.g.,w

hen
m

oving
away

from
training

data
or

w
here

the
dynam

ics
is

very
slow

.
W

ith
this

technique,the
num

ber
ofgrid

points
can

be
greatly

reduced.
Furtherm

ore,as
w

e
are

constructing
an

inner
approxim

ation
to

the
full

stability
region,the

order
ofthe

grid
points

processed
by

A
lgorithm

1
can

be
m

odified
to

avoid
redundant

com
putations.

W
hen

starting
at

the
equilibrium

point
and

expanding
the

considered
grid

points
spherically

according
to

the
chosen

distance
m

etrics,com
putation

can
be

stopped
as

soon
as

the
first

grid
point

is
tested

to
lie

outside
the

stability
region.

T
his

first
negative

test
point

lim
its

the
stability

region
and

allgrid
points

w
ith

the
sam

e
or

greater
distance

to
x
d

need
not

be
considered

anym
ore.

3.4
F

inite
T

im
e

H
orizons

and
R

obustness
In

this
section,w

e
w

illem
ploy

the
proposed

A
lgorithm

1
to

derive
results

for
finite

tim
e

horizons
and

stability
in

the
presence

ofdisturbances.

3.4.1
F

inite
T

im
e

G
P

M
ean

Stability

A
bove,we

proposed
an

algorithm
to

check
asym

ptotic
stability

ofthe
target

x
d

and
to

find
a

stability
region,ifone

exists.
In

thissection,we
are

interested
in

finding
allstarting

states
w

hich
deviate

from
the

target
by

at
m

ost
a

given
tolerance

ε
>

0
after

T
<
∞

tim
esteps.

State
space

regionsthatfulfillthiscriterion
were

introduced
in

D
efinition

2
as(ε,T

)-stability
regions.

T
he

m
ain

result
ofthis

section
follow

s
from

the
infinite

tim
e

horizon
results

ofSec.3.3.
R

ecallthat
A

lgorithm
1

com
putes

a
state

space
region

X
c

and
γ
<

1,such
that

‖x
(t+

1)−
x
d‖
<
γ‖x

(t)−
x
d‖

for
all
x

(t)∈
X
c.

W
e

can
exploit

this
result

to
find

a
state

space
region

X
cε,T ,such

that
‖
x

(T
)−

x
d‖
<
ε

for
all
x

(0)∈
X
cε,T .

Lem
m

a
6

Let
ε
>

0,
T
<
∞

and
X
c⊆

X
,γ
<

1
such

that‖
x

(t+
1)−

x
d‖
<
γ‖
x

(t)−
x
d‖

for
all

t=
1,2,...and

x
(0)∈

X
c.

Then
‖
x

(T
)−
x
d‖
<
ε

forall
x

(0)∈
X
cwith

‖
x

(0)−
x
d‖
<

ε/
γ

T.
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V
inogradska,

B
ischoff,

N
guyen-T

uong
and

P
eters

P
roof

C
hoosing

x
(0)∈

X
c

and
iteratively

em
ploying

‖
x

(t+
1)−

x
d‖
<
γ‖
x

(t)−
x
d‖

we
get

‖
x

(T
)−

x
d‖
<
γ
T‖x

(0)−
x
d‖

!<
ε.

Solving
for

ε,we
obtain

‖x
(0)−

x
d‖
<

ε/
γ

T
and,thus,

X
cε,T

:=
B
ε/
γ

T(x
d)isan

(ε,T
)-stability

region.
Lem

m
a

6
enables

finite
tim

e
horizon

statem
ents.

For
a

given
tolerance

ε
we

can
com

pute
a

region
X
cε,T

such
that‖

x
(t)−

x
d‖
<
ε

for
all

t≥
T

if
x

(0)∈
X
cε,T .

Such
stability

statem
ents

are
relevantform

any
applicationsascontrollersare

often
designed

forfinite
system

runtim
es.

3.4.2
R

obustness
of

G
P

M
ean

D
ynam

ics

In
this

section,we
w

illanalyze
the

behavior
ofclosed-loop

controlsystem
s

w
ith

dynam
ics

given
as

the
m

ean
ofa

G
P

w
hen

disturbances
are

present.
M

ore
precisely,we

assum
e

that
the

next
state

is
given

as
x

(t+
1)=

f
(
x

(t),u
(t) )

+
r

(t)
(5)

w
ith

the
disturbance

r
(t)
<
∞

at
tim

e
t,that

does
not

depend
on

the
system

state.
W

e
aim

to
find

conditions
for

r
(t)

<
∞

such
that

x
(t)

stillconverges
to
x
d

as
t→

∞
.

Let
R

(t):=
‖
r

(t)‖
be

the
m

agnitude
ofthe

disturbance
at

tim
e
t.

B
ased

on
Equation

(2)
w

e
derive

an
upperbound

for
R

(t).R
ecallthatA

lgorithm
1

returnsa
stability

region
X
c,which

is
a

fullm
etric

balland
let

ρ
be

the
radius

ofthis
ball.

C
onvergence

to
the

target
state

is
guaranteed,as

long
as

the
system

does
not

leave
X
c

and
R

(t)→
0

as
t→
∞

.

T
heorem

7
Let

X
cbe

a
fullm

etric
ballofradius

ρ
thatisa

stability
region

ofthe
undisturbed

closed-loop
controlsystem

with
G

P
m

ean
dynam

ics.
For

x
(0)∈

X
c,the

system
in

Eq.(5)
converges

to
the

targetstate
x
d,ifR

(t)≤
ρ−

γ‖x
(t)−

x
d‖

(6)

for
all

t
and

there
exists

som
e
T

0
such

that

R
(t)
<

(c−
γ)‖x

(t)−
x
d‖

(7)

with
a

constant
c
<

1
holds

for
all

t≥
T

0 .

P
roof

Firstly,w
e

w
illshow

that
x

(t+
1)∈

X
c,if

x
(t)∈

X
c

and
Eq.(6)

holds.
Em

ploying
Equation

(5),we
get

‖
x

(t+
1)−

x
d‖

=
‖
f(x

(t),u
(t))+

r
(t)−

x
d‖
≤
‖
f(x

(t),u
(t))−

x
d‖

+
R

(t)
(8)

and
assum

ing
x

(t)∈
X
c,it

follow
s

‖x
(t+

1)−
x
d‖
≤
γ‖x

(t)−
x
d‖

+
R

(t).
(9)

Itfollows‖
x

(t+
1)−

x
d‖
≤
ρ,if

R
(t)≤

ρ−
γ‖x

(t)−
x
d‖

and,thus,
x

(t+
1)∈

X
c.By

induction,
x

(t)∈
X
c

for
all

t
>

0,if
x

(0)∈
X
c

and
Equation

(6)
holds

for
all

t.
Ifthe

disturbance
r

(t)
vanishes

after
a

finite
num

ber
oftim

e
steps,it

is
suffi

cient
to

ensure
Equation

(6)
to

show
convergence

to
the

target
state.

A
fter

this
finite

num
ber

of
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St
ab

il
it

y
of

C
on

tr
ol

le
rs

fo
r

G
au

ss
ia

n
P

ro
ce

ss
D

yn
am

ic
s

di
st

ur
be

d
st

ep
s,

th
e

sy
st

em
st

at
e

w
ill

st
ill

lie
in
X
c

an
d

fo
r

al
lt

im
e

st
ep

s
to

co
m

e,
th

e
dy

na
m

ic
s

w
ill

re
se

m
bl

e
th

e
no

n-
di

st
ur

be
d

dy
na

m
ic

s.
C

on
ve

rg
en

ce
is

th
en

gu
ar

an
te

ed
by

T
he

or
em

5.
N

ex
t,

we
wi

ll
sh

ow
th

at
x

(t
)

co
nv

er
ge

st
o
x
d
,i

ft
he

di
st

ur
ba

nc
e
r

(t
)

de
cr

ea
se

ss
uffi

cie
nt

ly
fa

st
,a

ss
ta

te
d

in
Eq

ua
tio

n
(7

).
Fo

rx
(t

)
∈
X
c
,E

qu
at

io
n

(9
)h

ol
ds

.
To

en
su

re
co

nv
er

ge
nc

e
to

x
d
,w

e
ai

m
to

de
cr

ea
se

th
e

di
st

an
ce

to
th

e
ta

rg
et

st
at

e
w

ith
ev

er
y

tim
e

st
ep

.
T

hu
s,

‖x
(t

+
1)
−
x
d
‖
≤
γ
‖x

(t
)
−
x
d
‖+

R
(t

)
! <
c
‖x

(t
)
−
x
d
‖

(1
0)

fo
r

a
co

ns
ta

nt
c
<

1.
So

lv
in

g
fo

r
R

(t
) ,

we
ob

ta
in

Eq
.(

7)
.

T
hi

s
th

eo
re

m
pr

ov
id

es
a

cr
ite

rio
n

fo
r

th
e

di
st

ur
ba

nc
e

su
ch

th
at

th
e

cl
os

ed
-lo

op
co

nt
ro

l
sy

st
em

w
ill

st
ill

co
nv

er
ge

to
th

e
ta

rg
et

st
at

e.
H

ow
ev

er
,i

n
pr

ac
tic

e,
Eq

ua
tio

ns
(6

)
an

d
(7

)
m

ay
be

di
ffi

cu
lt

to
ve

rif
y,

as
th

ey
in

vo
lv

e
‖x

(t
) −
x
d
‖

fo
ra

ll
t.

W
e

de
riv

e
a

clo
se

d-
fo

rm
up

pe
r

bo
un

d
fo

r
th

e
m

ag
ni

tu
de

R
(t

)
of

th
e

di
st

ur
ba

nc
e
r

(t
) .

Le
m

m
a

8
T

he
In

eq
ua

lit
y

(6
)

ho
ld

s
fo

r
al

lt
,i

f

R
(t

)
≤
ρ
−
(
γ
t ‖
x

(0
)
−
x
d
‖+

t−
1

∑ k
=

1
γ
k
R

(k
))
.

(1
1)

T
he

in
eq

ua
lit

y
(7

)
ho

ld
s

fo
r
t
≥
T

0,
if

R
(t

)
≤

(c
t+

1
−
γ
ct

)‖
x
T

0
−
x
d
‖.

(1
2)

P
ro

of
Bo

th
in

eq
ua

lit
ie

s
ca

n
be

ob
ta

in
ed

by
ite

ra
tiv

el
y

ap
pl

yi
ng

Eq
s.

(6
)

an
d

(7
).

‖x
(t

+
1)
−
x
d
‖
≤
γ
‖x

(t
)
−
x
d
‖+

R
(t

)

≤
γ
( γ
‖x

(t
−

1)
−
x
d
‖+

R
(t
−

1)
)

+
R

(t
)

≤
γ
t ‖
x

(0
)
−
x
d
‖+

t−
1

∑ k
=

1
γ
k
R

(k
)

+
R

(t
)

! <
ρ

an
d

an
al

og
ou

sly

‖x
(t

+
1)
−
x
d
‖
≤
γ
‖x

(t
)
−
x
d
‖+

R
(t

)

<
γ

(c
‖x

(t
−

1)
−
x
d
‖)

+
R

(t
)

<
γ
ct
‖x

(T
0)
−
x
d
‖+

R
(t

)
! <
ct

+
1 ‖
x

(T
0)
−
x
d
‖.

Em
pl

oy
in

g
Le

m
m

a
8,

w
e

ca
n

an
al

yz
e

st
ab

ili
ty

fo
r

di
st

ur
be

d
sy

st
em

tr
aj

ec
to

rie
s,

if
th

e
m

ag
ni

tu
de

of
th

e
di

st
ur

ba
nc

e
(o

r
an

up
pe

r
bo

un
d

fo
r

th
e

m
ag

ni
tu

de
)

is
kn

ow
n

fo
r

ev
er

y
tim

e
st

ep
.
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V
in

og
ra

ds
ka

,
B

is
ch

of
f,

N
gu

ye
n-

T
uo

ng
an

d
P

et
er

s

4.
St

oc
ha

st
ic

St
ab

ili
ty

of
G

P
D

yn
am

ic
s

In
th

is
se

ct
io

n,
we

st
ud

y
cl

os
ed

-lo
op

sy
st

em
s

w
ith

dy
na

m
ic

s
gi

ve
n

as
a

fu
ll

G
P

di
st

rib
ut

io
n.

Fo
r

an
y

qu
er

y
po

in
t
x

(t
)

a
G

P
pr

ed
ic

ts
th

e
ne

xt
st

at
e
x

(t
+

1)
to

be
no

rm
al

ly
di

st
rib

ut
ed

.
If,

ho
we

ve
r,
x

(t
)

is
no

t
a

po
in

t,
bu

t
a

di
st

rib
ut

io
n,

th
e

in
te

gr
al

p
( x

(t
+

1)
)

=
∫ R

D
p
( x

(t
+

1)
|x

(t
))
p
( x

(t
))
d
x

(t
)

(1
3)

de
te

rm
in

es
th

e
ne

xt
st

at
e

di
st

rib
ut

io
n.

N
ot

e
th

at
p
(x

(t
+

1)
|x

(t
) )

is
G

au
ss

ia
n

w
ith

re
sp

ec
t

to
x

(t
+

1)
.

T
he

ne
xt

st
at

e
di

st
rib

ut
io

n
p
(x

(t
+

1)
),

ho
we

ve
r,

is
no

t
G

au
ss

ia
n,

ev
en

if
p
(x

(t
) )

is.
G

en
er

al
ly

,p
(x

(t
+

1)
)

is
an

al
yt

ic
al

ly
in

tr
ac

ta
bl

e
an

d
on

ly
ap

pr
ox

im
at

io
ns

,e
.g

.,
vi

a
m

om
en

t
m

at
ch

in
g

(Q
ui

ño
ne

ro
-C

an
de

la
et

al
.,

20
03

)
or

lin
ea

riz
at

io
n

(K
o

an
d

Fo
x,

20
08

),
ca

n
be

co
m

pu
te

d.
T

he
se

m
et

ho
ds

su
ffe

r
fro

m
se

ve
re

in
ac

cu
ra

ci
es

in
m

an
y

ca
se

s,
e.

g.
,t

he
y

ca
nn

ot
ha

nd
le

di
st

rib
ut

io
ns

w
ith

m
ul

tip
le

m
od

es
.

A
lso

,n
o

po
in

tw
ise

ap
pr

ox
im

at
io

n
er

ro
r

bo
un

ds
ar

e
av

ai
la

bl
e.

T
hu

s,
th

es
e

m
et

ho
ds

ar
e

un
su

ita
bl

e
fo

r
st

ab
ili

ty
an

al
ys

is.
In

th
is

pa
pe

r,
we

pr
op

os
e

nu
m

er
ica

lq
ua

dr
at

ur
e

(S
ec

.4
.2

.1
)t

o
ap

pr
ox

im
at

e
p
(x

(t
+

1)
),

in
st

ea
d.

Th
is

te
ch

ni
qu

e
yi

el
ds

sig
ni

fic
an

tly
be

tt
er

re
su

lts
,e

.g
.,

it
ca

n
ha

nd
le

di
st

rib
ut

io
ns

w
ith

m
ul

tip
le

m
od

es
.

In
ad

di
tio

n,
er

ro
r

an
al

ys
is

is
re

ad
ily

av
ai

la
bl

e
(W

as
ow

ic
z,

20
06

;M
as

je
d-

Ja
m

ei
,2

01
4)

an
d

ca
n

be
em

pl
oy

ed
to

de
riv

e
st

ab
ili

ty
gu

ar
an

te
es

fo
r

a
fin

ite
tim

e
ho

riz
on

.
W

e
w

ill
al

so
an

al
yz

e
th

e
cl

os
ed

-lo
op

sy
st

em
be

ha
vi

ou
r

fo
r

in
fin

ite
tim

e
ho

riz
on

s.
T

he
pr

op
os

ed
nu

m
er

ica
lq

ua
dr

at
ur

e
ap

pr
ox

im
at

io
n

co
nv

er
ge

st
o

a
st

at
io

na
ry

lim
iti

ng
di

st
rib

ut
io

n.
U

nf
or

tu
na

te
ly

,t
he

er
ro

r
bo

un
ds

ba
se

d
on

qu
ad

ra
tu

re
er

ro
r

an
al

ys
is

do
no

t
ap

pl
y

w
he

n
in

fin
ite

ly
m

an
y

tim
es

te
ps

ar
e

ta
ke

n.
H

ow
ev

er
,w

e
wi

ll
sh

ow
th

at
clo

se
d-

lo
op

co
nt

ro
ls

ys
te

m
s

w
ith

G
P

dy
na

m
ic

s
ex

po
se

th
e

sa
m

e
in

fin
ite

tim
e

ho
riz

on
be

ha
vi

or
–

th
ey

co
nv

er
ge

to
a

st
at

io
na

ry
di

st
rib

ut
io

n.
In

th
e

fo
llo

w
in

g,
we

w
ill

di
sc

us
s

fin
ite

tim
e

st
oc

ha
st

ic
st

ab
ili

ty
,i

nt
ro

du
ce

an
al

go
rit

hm
to

fin
d

a
st

ab
ili

ty
re

gi
on

ba
se

d
on

nu
m

er
ic

al
qu

ad
ra

tu
re

,a
nd

pr
ov

e
its

co
rr

ec
tn

es
s.

Su
bs

e-
qu

en
tly

,w
e

wi
ll

ela
bo

ra
te

on
th

e
co

ns
tr

uc
tio

n
of

go
od

qu
ad

ra
tu

re
ru

les
fo

r
m

ul
ti-

st
ep

-a
he

ad
pr

ed
ic

tio
ns

.
Fi

na
lly

,w
e

w
ill

an
al

yz
e

th
e

sy
st

em
be

ha
vi

or
fo

r
in

fin
ite

tim
e

ho
riz

on
s.

4.
1

St
ab

ili
ty

N
ot

io
n

C
on

sid
er

a
de

te
rm

in
ist

ic
sy

st
em

,t
ha

t
is

lo
ca

lly
,b

ut
no

t
gl

ob
al

ly
,a

sy
m

pt
ot

ic
al

ly
st

ab
le

.
A

dd
in

g
no

ise
to

th
e

sy
st

em
m

ay
re

nd
er

th
e

ta
rg

et
po

in
t

un
st

ab
le

.
Es

pe
ci

al
ly

w
he

n
no

ise
is

un
bo

un
de

d
(e

.g
.,

G
au

ss
ia

n)
,a

ll
tr

aj
ec

to
rie

s
w

ill
ev

en
tu

al
ly

le
av

e
an

y
ba

ll
ar

ou
nd

th
e

ta
rg

et
po

in
t

w
ith

pr
ob

ab
ili

ty
on

e.
Fo

r
th

is
re

as
on

,i
n

th
e

st
ud

y
of

SD
Es

,o
th

er
st

ab
ili

ty
no

tio
ns

th
an

Ly
ap

un
ov

’s,
ar

e
co

m
m

on
.

In
pa

rt
ic

ul
ar

,b
ou

nd
in

g
th

e
pr

ob
ab

ili
ty

to
dr

ift
aw

ay
fro

m
th

e
ta

rg
et

ov
er

a
fin

ite
tim

e
T

is
de

sir
ab

le
,a

s
in

th
e

fo
llo

w
in

g
de

fin
iti

on
(K

us
hn

er
,1

96
6)

.
D

efi
ni

ti
on

9
Le

tQ
1,
Q

2
be

su
bs

et
s

of
th

e
st

at
e

sp
ac

e
X

,w
ith

Q
2

op
en

an
d
Q

1
⊂
Q

2
⊂
X

.
T

he
sy

st
em

is
fin

ite
tim

e
st

ab
le

wi
th

re
sp

ec
t

to
Q

1,
Q

2,
1
−
λ
,T

,
if
x

(0
)
∈
Q

1
im

pl
ie

s
P
{x

(t
)
∈
Q

2}
≥

1
−
λ

fo
r

al
lt
≤
T

.
H

ow
ev

er
,w

e
ar

e
in

te
re

st
ed

in
fin

di
ng

a
se

t
Q
s

of
in

iti
al

co
nd

iti
on

s,
su

ch
th

at
th

e
go

al
Q

is
re

ac
he

d
w

ith
in

tim
e
T

w
ith

a
de

sir
ed

pr
ob

ab
ili

ty
(c

f.
St

ei
nh

ar
dt

an
d

Te
dr

ak
e

20
12

).
D

efi
ni

ti
on

10
T

he
se

t
Q
s

is
a

st
ab

ili
ty

re
gi

on
wi

th
re

sp
ec

t
to

th
e

ta
rg

et
re

gi
on

Q
,

tim
e

ho
ri

zo
n
T

an
d

su
cc

es
s

pr
ob

ab
ili

ty
1−

λ
,i

fP
{x

(T
)
∈
Q
}
≥

1−
λ

ho
ld

s
fo

r
al

lx
(0

)
∈
Q
s

wi
th

λ
>

0
an

d
th

e
ta

rg
et

re
gi

on
Q
⊂
X

.
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Stability
of

C
ontrollers

for
G

aussian
P

rocess
D

ynam
ics

A
lgorithm

2
Stability

region
for

G
P

dynam
ics

Input:
dynam

ics
G

P
f,controlpolicy

π
,tim

e
horizon

T
,target

region
Q

,approxim
ation

error
tolerance

etol ,desired
success

probability
1−

λ
O

utput:
stability

region
X
c

1:
C

onstruct
grid

S
w

ith
Lem

m
a

12
2:
S

+
←
∅

3:
C

om
pute

quadrature
w
,ξ

based
on

Eq.(18)
and

Lem
m

a
11,such

that‖ε
T ‖C(X

)
<
etol

4:
φ
←

(f(ξ
1 ,π

(ξ
1 )),...,f(ξ

N
,π

(ξ
N

))) ᵀ
5:
m
←

( ∫
Q
φ

1 (x)d
x
,..., ∫

Q
φ
N

(x)d
x) ᵀ

6:
for

x
∈
S

do
7:

p(x
(1))←

f(x
,π

(x))
8:

x
(T

)←
α

(T
)φ

9:
P
m
in {
x

(T
)∈

Q
}
←
α

(T
)m
−

vol(Q
)‖
ε
T ‖C(X

)
10:

if
P
m
in {
x

(T
)∈
Q
}
>

1−
λ

then
S

+←
S

+
t
{
x}

fi
11:

od
12:

return
X
c←
〈S

+〉

T
his

definition
focuses

on
reaching

a
target

Q
after

tim
e
T

,w
hereas

D
efinition

9
bounds

the
exit

probability
from

a
region

Q
2

w
ithin

tim
e

0≤
t≤

T
.

T
he

m
ethods

proposed
in

this
paper

can
be

em
ployed

to
analyze

stability
in

the
sense

ofboth
definitions.

In
the

following,
we

w
illpresent

an
algorithm

to
find

a
stability

region
according

to
D

efinition
10.

4.2
A

lgorithm
Sketch

W
e

w
illnow

discuss
how

to
find

a
stability

region
as

in
D

efinition
10

for
a

closed-loop
system

w
ith

G
P

dynam
ics.

To
analyze

system
behavior,the

capability
to

com
pute

next
state

distributionsiscrucial.A
sdiscussed

previously,Eq.(13)isanalytically
intractable

and
approxim

ation
m

ethods
m

ust
be

em
ployed.

W
e

propose
num

ericalquadrature
to

approxi-
m

ately
propagate

distributions.
W

e
willshow

thatnum
ericalquadrature

approxim
atesstate

distributions
as

G
aussian

m
ixture

m
odels.

Fortunately,com
putation

ofm
ulti-step-ahead

predictions
becom

es
convenient

and
fast

even
for

long
tim

e
horizons.

H
owever,relying

on
approxim

ations
ofthe

state
distribution

is
not

suffi
cient

for
stability

guarantees.
T

he
error

introduced
by

approxim
ation

and
error

propagation
m

ust
be

bounded
to

recover
reliable

statem
entson

the
probability

for
x

(T
)to

be
in

a
set

Q
.Thiserrorbound

ε
t (x)attim

e
tcan

be
obtained

follow
ing

one
ofthe

available
quadrature

error
analyses,e.g.,by

M
asjed-Jam

ei
(2014).

W
ith

num
ericalquadrature

and
quadrature

erroranalysis,we
can

com
pute

a
lowerbound

for
the

success
probability,i.e.,the

probability
for

x
(T

)to
be

in
the

target
set

Q
.

A
priori,

this
enables

checking
success

probabilities
for

a
finite

set
ofpoints.

Fortunately,as
in

the
case

ofG
P

m
ean

dynam
ics,the

statem
ent

can
be

generalized
to

continuous
regions.

O
ur

algorithm
constructs

a
grid

in
the

state
space

and
com

putes
success

probabilities
for

allgrid
points.

W
e

prove
that

a
stability

region
can

be
inferred

from
these

grid
point

results.
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V
inogradska,

B
ischoff,

N
guyen-T

uong
and

P
eters

In
the

following,we
elaborate

on
num

ericalquadrature
asapproxim

ate
inference

m
ethod

and,studying
quadrature

errorpropagation,prove
the

correctnessofthe
proposed

approach.
T

he
presented

toolis
outlined

in
A

lgorithm
2.

4.2.1
N

um
erical

Q
uadrature

U
ncertainty

P
ropagation

In
m

ost
applications,especially

w
hen

the
states

have
physicalinterpretations,the

state
space

is
bounded.

For
this

reason,we
assum

e
X

=
[a

1 ,b1 ]×
···×

[a
D
,b
D ]and

solve

F
[p(x

(t))] :=
∫

X
p(x

(t+
1)|

x
(t))p(x

(t))d
x

(t).
(14)

W
e

propose
num

ericalquadrature
to

approxim
ate

this
integral.

W
e

choose
a

com
posed

G
aussian

product
quadrature

rule,which
willbe

detailed
in

Section
4.4.

For
the

rest
ofthis

section,it
is

suffi
cient

to
note

that
our

quadrature
rule

provides
a

set
ofevaluation

points
X

and
positive

weights
w
n

for
allnodes

ξ
n
∈

X.
Integral(14)

is
then

approxim
ated

by

F
[p(x

(t))]≈
∑ξ
n∈

X w
n
p(x

(t+
1)|
x

(t)=
ξ
n)p(x

(t)=
ξ
n),

(15)

resulting
in

a
weighted

sum
ofG

aussian
distributions.

T
he

approxim
ate

state
distribution

at
tim

e
t+

1
can

be
given

by

p(x
(t+

1))≈
φ
ᵀα

(t+
1)

(16)

w
ith

α
(t+

1)
n

:=
w
n
p(x

(t)=
ξ
n),φ

n (x) :=
p(x

(t+
1)=

x
|
x

(t)=
ξ
n).

N
ote

that
the

G
aussian

basisfunctions
φ
n (x)do

notchangeovertim
e,so

thestatedistribution
attim

e
tisrepresented

by
the

weightvector
α

(t).
To

propagate
any

distribution
m

ultiple
stepsthrough

the
G

P,the
basis

functions
φ
n

m
ust

be
calculated

only
once

and
the

task
reduces

to
sequentialupdates

ofthe
weight

vector
α

.
A

s
p(x

(t))≈
φ
ᵀα

(t),the
weight

vector
α

(t+
1)is

given
by

α
(t+

1)=
diag(w

)Φ
α

(t)=
(diag(w

)Φ
)
tα

(1)
(17)

w
ith

the
m

atrix
Φ

,Φ
i
j =

φ
j (ξ

i)
w

ith
1≤

i,j≤
n,w

hich
contains

the
basis

function
values

at
allgrid

points.
In

practice,it
is

helpfulto
norm

alize
the

m
atrix

diag(w
)Φ

such
that

each
colum

n
sum

s
to

1.
In

this
case,unit

vectors
w

illbe
m

apped
to

unit
vectors.

T
his

ensures
that

our
approxim

ate
state

distribution
is

in
fact

a
probability

density,i.e.,integrates
to

1.
O

ur
algorithm

aim
s

to
find

a
stability

region
Q
s ,

i.e.,
a

region
w

here
the

success
probability

is
at

least
1
−
λ

for
a

given
tim

e
horizon

T
,

target
region

Q
,

and
λ
>

0.
C

om
puting

m
=
∫
Q
φ

(x)d
x,the

probability
for

x
(T

)to
be

in
Q

is
approxim

ately
m

ᵀα
(T

).

4.3
C

orrectness
of

the
A

lgorithm
W

e
w

ill
now

show
that

the
region

returned
by

A
lgorithm

2
is

a
stability

region
as

in
D

efinition
10.

In
Section

4.2.1,
w

e
proposed

num
ericalquadrature

to
approxim

ate
G

P
predictionswhen

the
inputisa

distribution.H
owever,to

obtain
stability

guaranteesitisnot
suffi

cient
to

consider
approxim

ate
solutions.

For
a

lower
bound

on
the

success
probability,

additionalknow
ledge

about
the

approxim
ation

error
and

how
it

is
propagated

through
the

dynam
ics

G
P

is
essential.
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St
ab

il
it

y
of

C
on

tr
ol

le
rs

fo
r

G
au

ss
ia

n
P

ro
ce

ss
D

yn
am

ic
s

W
he

n
ap

pr
ox

im
at

e
in

fe
re

nc
e

st
ep

s
ar

e
ca

sc
ad

ed
fo

r
m

ul
ti-

st
ep

-a
he

ad
pr

ed
ic

tio
ns

,e
rr

or
s

ar
e

in
tr

od
uc

ed
an

d
pr

op
ag

at
ed

th
ro

ug
h

th
e

dy
na

m
ic

s.
Ty

pi
ca

lly
,e

rr
or

pr
op

ag
at

io
n

fo
rt

ifi
es

in
iti

al
er

ro
rs

w
ith

ev
er

y
tim

e
st

ep
.

T
he

di
ffe

re
nc

e
of

ap
pr

ox
im

at
io

n
an

d
tr

ue
di

st
rib

ut
io

n
af

te
ra

fin
ite

tim
e

is
bo

un
de

d.
Fo

rt
un

at
ely

,n
um

er
ica

lq
ua

dr
at

ur
e

al
lo

ws
to

co
nt

ro
lt

hi
se

rr
or

bo
un

d
by

re
fin

in
g

th
e

us
ed

qu
ad

ra
tu

re
ru

le
.

T
he

de
riv

at
io

n
of

an
up

pe
r

bo
un

d
fo

r
th

e
ap

pr
ox

im
at

io
n

er
ro

r
af

te
r

a
fin

ite
nu

m
be

r
of

tim
e

st
ep

s
re

lie
s

he
av

ily
on

qu
ad

ra
tu

re
er

ro
r

an
al

ys
is,

i.e
.,

up
pe

r
bo

un
ds

fo
r

th
e

er
ro

rs
th

at
ar

e
m

ad
e

in
on

e
tim

e
st

ep
wh

en
nu

m
er

ica
lq

ua
dr

at
ur

e
is

em
pl

oy
ed

.S
ev

er
al

er
ro

ra
na

ly
se

sf
or

nu
m

er
ic

al
qu

ad
ra

tu
re

ar
e

av
ai

la
bl

e
(M

as
je

d-
Ja

m
ei

,2
01

4;
D

av
is

et
al

.,
20

14
;W

as
ow

ic
z,

20
06

;
Ev

an
s,

19
94

)
w

ith
th

e
cl

as
sic

an
al

ys
es

re
ly

in
g

on
hi

gh
er

or
de

r
de

riv
at

iv
es

of
th

e
fu

nc
tio

n
to

be
in

te
gr

at
ed

.
W

e
w

ill
em

pl
oy

th
e

er
ro

r
an

al
ys

is
by

M
as

je
d-

Ja
m

ei
(2

01
4)

th
at

re
qu

ire
s

fir
st

or
de

rd
er

iv
at

iv
es

on
ly.

M
or

e
pr

ec
ise

ly
(M

as
je

d-
Ja

m
ei

20
14

,T
he

or
em

2.
1)

,f
or

a
di

ffe
re

nt
ia

bl
e

fu
nc

tio
n
f

w
ith

ν 1
(x

)≤
f
′ (x

)≤
ν 2

(x
)

w
ith

co
nt

in
uo

us
fu

nc
tio

ns
ν 1
,ν

2
th

e
qu

ad
ra

tu
re

er
ro

r
is

up
pe

r
an

d
lo

we
r

bo
un

de
d

m
≤

N ∑ i=
1
w
if

(ξ
i)
−

b ∫ a

f
(x

)d
x
≤
M

(1
8)

w
ith

th
e

bo
un

ds

m
=

N ∑ i=
0

ξ i
+

1
∫ ξ i

( ν 1
(t

)v
i(t

)+
|v i

(t
)|

2
+
ν 2

(t
)v
i(t

)−
|v i

(t
)|

2

)
d
t

M
=

N ∑ i=
0

ξ i
+

1
∫ ξ i

( ν 1
(t

)v
i(t

)−
|v i

(t
)|

2
+
ν 2

(t
)v
i(t

)+
|v i

(t
)|

2

)
d
t

fo
r
ξ 0

=
a
,ξ

N
+

1
=
b

an
d
v i

=
t
−
( a

+
∑
i j=

1
w
i) ,i

=
0,
..
.,
n

.
In

th
e

fo
llo

w
in

g,
we

em
pl

oy
th

is
re

su
lt

to
de

riv
e

an
er

ro
r

bo
un

d
fo

r
th

e
po

in
tw

ise
ap

pr
ox

im
at

io
n

er
ro

r
of

th
e

pr
op

os
ed

m
ul

ti-
st

ep
-a

he
ad

pr
ed

ic
tio

ns
ba

se
d

on
nu

m
er

ic
al

qu
ad

ra
tu

re
.

Le
m

m
a
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Le

t
x

(0
)
∈
X

an
d
ε T

be
th

e
po

in
tw

is
e

ap
pr

ox
im

at
io

n
er

ro
r
ε T

(x
)=

p
(x

(T
)

=
x

)−
φ

(x
)ᵀ
α

(T
)

at
tim

e
T

.
Th

er
e

ex
ist

s
an

up
pe

r
bo

un
d

fo
r
‖ε
T
‖ C

(X
)

th
at

ca
n

be
co

nt
ro

lle
d

by
th

e
ch

oi
ce

of
qu

ad
ra

tu
re

ru
le

.

P
ro

of
T

he
st

at
em

en
t

ob
vi

ou
sly

ho
ld

s
fo

r
T

=
0

an
d

fo
r
T

=
1,

as
p
(x

(1
) )

is
G

au
ss

ia
n

an
d

co
m

pu
te

d
ex

ac
tly

.
If
T
≥

2,
an

er
ro

r
is

in
tr

od
uc

ed
as

p
(x

(t
) )

ca
nn

ot
be

co
m

pu
te

d
an

al
yt

ic
al

ly
fo

r
t
≥

2.
Em

pl
oy

in
g

nu
m

er
ic

al
qu

ad
ra

tu
re

to
co

m
pu

te
p
(x

(2
) )

,
w

e
ob

ta
in

p
(x

(2
) )

=
φ
ᵀ α

(2
)

+
ε 2

w
ith

ou
r

ap
pr

ox
im

at
io

n
φ
ᵀ α

(2
)

an
d

th
e

un
kn

ow
n

in
iti

al
qu

ad
ra

tu
re

er
ro

r
ε 2

(x
).

H
ow

ev
er

,t
he

er
ro

r
an

al
ys

is
by

M
as

je
d-

Ja
m

ei
(2

01
4,

T
he

or
em

2.
1)

gi
ve

s
us

a
bo

un
d

fo
r
‖ε

2‖
C(
X

)
: =

m
ax
x
∈X
|ε 2

(x
)|.

W
he

n
pr

op
ag

at
in

g
fu

rt
he

r,
an

un
kn

ow
n,

bo
un

de
d

er
ro

r
te

rm
an

d
an

ap
pr

ox
im

at
io

n
te

rm
m

us
t

be
ha

nd
le

d.
Fo

r
th

e
ap

pr
ox

im
at

io
n

te
rm

,
w

e
ge

t
F

[φ
ᵀ α

(t
) ]

=
φ
ᵀ α

(t
+

1)
+
εᵀ
α

(t
)

w
ith

qu
ad

ra
tu

re
er

ro
r

bo
un

ds
ε

=
(ε
i(x

))
i

fo
r

th
e

in
te

gr
al

s
(1

4)
,w

he
n

se
tt

in
g
p
(x

(t
) )

=
φ
i.

T
he

er
ro

r
te

rm
ε t

(x
)

is
pr

op
ag

at
ed

to
F

[ε t
]w

ith
m

ax
x
∈X
|F

[ε t
]|
≤
C
‖ε
t‖
C(
X

)
an

d
C

=
m

ax
x
∈X
∫ p

(x
(t

+
1)
|x

(t
) )
d
x

(t
) .

Fi
na

lly
,t

he
er

ro
r

at
tim

e
T

is
bo

un
de

d
by
‖ε
T
‖ C

(X
)
≤
‖ε
‖ᵀ
α

(T
−

1)
+
∑
T
−

2
t=

2
C
t ‖
ε‖

ᵀ α
(t

) +
C
t−

1 ‖
ε 2
‖,

wh
er

e
ε

an
d
ε 2

ca
n
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V
in

og
ra

ds
ka

,
B

is
ch

of
f,

N
gu

ye
n-

T
uo

ng
an

d
P

et
er

s

be
m

ad
e

ar
bi

tr
ar

ily
sm

al
lb

y
re

fin
in

g
th

e
qu

ad
ra

tu
re

ru
le

.
Le

m
m

a
11

th
eo

re
tic

al
ly

en
ab

le
s

st
ab

ili
ty

gu
ar

an
te

es
fo

r
fin

ite
tim

e
ho

riz
on

s
T

.
H

ow
ev

er
,

as
w

ith
an

y
ap

pr
ox

im
at

io
n

of
th

e
di

st
rib

ut
io

n
(1

4)
,t

hi
s

er
ro

r
bo

un
d

gr
ow

s
ex

po
ne

nt
ia

lly
w

ith
T

,
w

hi
le

qu
ad

ra
tu

re
er

ro
r

de
cr

ea
se

s
po

ly
no

m
ia

lly
w

ith
fu

nc
tio

n
ev

al
ua

tio
ns

.
T

hi
s

dr
aw

ba
ck

lim
its

re
al

-w
or

d
ap

pl
ic

at
io

n
of

Le
m

m
a

11
to

sm
al

lT
,b

ut
we

fo
un

d
th

at
ty

pi
ca

lly
,

ap
pr

ox
im

at
io

n
be

ha
ve

s
fa

r
be

tt
er

th
an

th
e

wo
rs

t-
ca

se
bo

un
d.

Fo
r

an
y

st
ar

tin
g

po
in

t,
we

ca
n

no
w

co
m

pu
te

th
e

ap
pr

ox
im

at
e

st
at

e
di

st
rib

ut
io

n
at

tim
e

T
an

d
a

lo
w

er
bo

un
d

on
th

e
su

cc
es

s
pr

ob
ab

ili
ty

,i
.e

.,
th

e
pr

ob
ab

ili
ty

fo
r
x

(T
)

to
be

in
th

e
ta

rg
et

re
gi

on
Q

.
It

re
m

ai
ns

to
sh

ow
th

at
it

is
su

ffi
ci

en
t

to
co

m
pu

te
th

e
su

cc
es

s
pr

ob
ab

ili
ty

fo
r

a
di

sc
re

te
se

t
of

st
ar

tin
g

st
at

es
an

d
ge

ne
ra

liz
e

to
th

e
un

de
rly

in
g

co
nt

in
uo

us
st

at
e

sp
ac

e
re

gi
on

.

Le
m

m
a

12
Le

t
x
,z
∈

R
D

be
st

ar
tin

g
st

at
es

an
d
T
∈

N
.

If
P
{x

(T
)
∈
Q
}
≥

1
−
λ

,
th

er
e

ex
is

t∆
j

su
ch

th
at
P
{z

(T
)
∈
Q
}
≥

1
−
λ

fo
r

al
lz

wi
th
|z j
−
x
j
|<

∆
j
,1
≤
j
≤
D

.

P
ro

of
Fi

rs
tly

,
w

e
no

te
th

at
th

e
ab

so
lu

te
er

ro
r

bo
un

d
do

es
no

t
de

pe
nd

on
th

e
st

ar
tin

g
st

at
e.

T
he

st
at

e
di

st
rib

ut
io

n
p
(x

(1
) )

is
th

e
G

P
pr

ed
ic

tio
n

at
th

e
qu

er
y

po
in

t
x

(0
) .

T
hu

s,
fo

r
T

=
1

th
e

cl
ai

m
fo

llo
w

s
fr

om
Le

m
m

a
4.

W
he

n
t
≥

2,
on

ly
an

ap
pr

ox
im

at
io

n
of

th
e

st
at

e
di

st
rib

ut
io

n
is

kn
ow

n.
T

he
m

ix
tu

re
m

od
el

we
ig

ht
s

at
tim

e
t

=
2

de
pe

nd
on

ly
on

th
e

va
lu

es
of
p
(x

(1
) )

at
th

e
se

to
fe

va
lu

at
io

n
po

in
ts

X
.

Th
us

,t
he

lem
m

a
fo

llo
ws

fo
rT

=
2.

If
t
>

2,
th

e
di

ffe
re

nc
e

of
th

e
ap

pr
ox

im
at

e
di

st
rib

ut
io

ns
fo

r
th

e
st

ar
tin

g
po

in
ts
x

an
d
z

is

φ
ᵀ (
α

(t
)

x
−
α

(t
)

z
)=

φ
ᵀ (

di
ag

(w
)Φ

)t−
2 (α

(2
)

x
−
α

(2
)

z
).

T
hu

s,
th

e
di

ffe
re

nc
e

in
ap

pr
ox

im
at

e
pr

ob
ab

ili
ty

m
as

s
is

lin
ea

r
in

(α
(2

)
x
−
α

(2
)

z
).

T
hi

s
fa

ct
co

nc
lu

de
s

th
e

pr
oo

f.
Fi

na
lly

,w
e

ar
e

ab
le

to
pr

ov
e

th
e

m
ai

n
re

su
lt

of
th

is
se

ct
io

n,
th

e
co

rr
ec

tn
es

s
of

A
lg

or
ith

m
2.

T
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or
em
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T

he
re

gi
on

X
c

re
tu

rn
ed

by
A

lg
or

ith
m

2
is

a
st

ab
ili

ty
re

gi
on

in
th

e
se

ns
e

of
D

efi
ni

tio
n

10
.

Fo
r

al
ls

ta
rt

in
g

po
in

ts
x

(0
)
∈
X
c
,t

he
pr

ob
ab

ili
ty

m
as

s
in

th
e

ta
rg

et
re

gi
on

Q
at

tim
e
T

is
at

lea
st

1
−
λ

.

P
ro

of
Fo

r
th

e
fir

st
st

ep
in

A
lg

or
ith

m
2

we
ex

pl
oi

t
Le

m
m

a
12

to
co

ns
tr

uc
t

a
gr

id
S

.
Fo

r
S

,
st

ab
ili

ty
fo

llo
ws

fo
rt

he
re

gi
on

ar
ou

nd
th

eg
rid

po
in

ts
S

+
wi

th
su

cc
es

sp
ro

ba
bi

lit
y

gr
ea

te
rt

ha
n

1−
λ

.S
ec

on
dl

y,
em

pl
oy

in
g

Le
m

m
a

11
we

de
te

rm
in

e
a

qu
ad

ra
tu

re
ru

le
th

at
en

su
re

st
he

po
in

t-
wi

se
er

ro
ra

tt
im

eT
to

be
at

m
os

te
to

l.
Fi

na
lly

,w
ec

om
pu

te
ap

pr
ox

im
at

es
uc

ce
ss

pr
ob

ab
ili

tie
s

fo
r

al
lg

rid
po

in
ts

,a
s

in
Se

c.
4.

2.
1.

Su
bt

ra
ct

in
g

th
e

m
ax

im
um

er
ro

r
m

as
s
e t

ol
vo

l(Q
)

in
ta

r-
ge

tr
eg

io
n
Q

,w
e

ob
ta

in
al

lg
rid

po
in

ts
S

+ ,
wh

ich
ha

ve
a

su
cc

es
sp

ro
ba

bi
lit

y
of

at
lea

st
1−
λ

.

4.
4

C
on

st
ru

ct
io

n
of

N
um

er
ic

al
Q

ua
dr

at
ur

es
fo

r
U

nc
er

ta
in

ty
P

ro
pa

ga
ti

on
In

th
e

se
ct

io
ns

ab
ov

e,
we

in
tr

od
uc

ed
nu

m
er

ica
lq

ua
dr

at
ur

e
to

ap
pr

ox
im

at
e

G
P

pr
ed

ict
io

ns
at

un
ce

rt
ai

n
in

pu
ts

an
d

sh
ow

ed
th

at
th

is
ap

pr
ox

im
at

e
in

fe
re

nc
e

m
et

ho
d

ca
n

be
us

ed
to

de
riv

e
fin

ite
tim

e
ho

riz
on

st
ab

ili
ty

gu
ar

an
te

es
.

T
he

pr
es

en
te

d
th

eo
re

tic
al

re
su

lts
ar

e
va

lid
fo

r
an

y
ch

oi
ce

of
qu

ad
ra

tu
re

ru
le

th
at

al
lo

ws
fo

rq
ua

dr
at

ur
e

er
ro

ra
na

ly
sis

.
H
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n
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tic
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Stability
of

C
ontrollers

for
G

aussian
P

rocess
D

ynam
ics

0
0
.5

1
0

0
.5 1(a)

Product
Q

uadrature

−
2

−
1

0
1

2
−

5

−
2 0 2 5

(b)
M

ountain
C

ar

Figure
4:

Construction
ofsuitable

quadrature
rules.

Plot(a)showsthe
nodesofa

G
aussian

product
quadrature

rule
on

the
unit

square.
H

ere,the
quadrature

rule
for

the
unit

square
was

constructed
as

an
outer

product
ofthe

G
aussian

quadrature
rule

w
ith

5
nodes.

T
he

state
space

partition
for

the
m

ountain
car

system
obtained

with
A

lgorithm
3

is
shown

in
(b).

For
each

rectangle
in

this
partition,a

G
aussian

product
quadrature

such
as

(a)
is

em
ployed.

choice
ofa

suitable
quadrature

rule
is

crucialto
the

applicability
ofthe

proposed
algorithm

.
T

hus,in
the

follow
ing,we

w
illelaborate

on
how

to
find

“good”
quadrature

rules
for

a
given

G
P

dynam
ics

and
controlpolicy.

G
aussian

product
quadrature

extends
univariate

G
aussian

quadrature
to

a
m

ultivariate
ruleusing

a
productgrid

ofevaluation
points.Thisconstruction

hassom
edesirableproperties,

such
as

positive
quadrature

weights
and

readily
available

quadrature
nodes.

H
owever,being

an
outerproductofone-dim

ensionalrules,itsuffersfrom
the

curse
ofdim

ensionality.In
this

paper,we
apply

num
ericalquadrature

to
integralsasin

Equation
(14).Typically,the

system
trajectories

are
not

uniform
ly

spread
over

the
state

space.
Instead,they

are
concentrated

in
a

significantly
sm

aller
region.

W
e

exploit
this

observation
to

im
prove

the
effi

ciency
of

product
grid

quadrature
and

cope
w

ith
the

curse
ofdim

ensionality.
For

this
purpose,w

e
partition

the
state

space
X

=
X

1 t
···t

X
L

and
apply

a
G

aussian
product

quadrature
to

each
obtained

subregion
X
l .

T
he

next
state

distribution,cf.Equation
(14),can

be
w

ritten
as

F
[p(x

(t))] :=
∫

X
p(x

(t+
1)|

x
(t))p(x

(t))d
x

(t)=
L
∑l=

1 ∫

X
l p(x

(t+
1)|

x
(t))p(x

(t))d
x

(t)

and,applying
a

num
ericalquadrature

rule
w

ith
nodes

X
l for

each
integral,we

get

F
[p(x

(t))]≈
L
∑l=

1

∑ξ
n∈

X
l w

n
l p(x

(t+
1)|

x
(t)=

ξ
n)p(x

(t)=
ξ
n).

Setting
X

=
X

1 t
···t

X
L ,we

recover
Equation

(15).
T

hus,com
posed

quadrature
rules

can
be

handled
just

as
a

single
G

aussian
product

rule.
W

e
exploit

this
to

construct
quadrature

ruleswhich
are

effi
cientforthe

com
putation

ofnextstate
distributionsforourparticularG

P
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V
inogradska,

B
ischoff,

N
guyen-T

uong
and

P
eters

A
lgorithm

3
C

onstruction
ofcom

posed
quadrature

rules
Input:

dynam
ics

G
P
f

:
(
x

(t),u
(t) )
7→
x

(t+
1),controlpolicy

π
:
x
7→
π
θ (x)

w
ith

param
e-

ters
θ,state

space
X

,m
axim

um
partition

size
L

m
ax

O
utput:

com
posed

quadrature
rule

w
ith

nodes
X

and
weight

vector
w

1:
Initialize

partition
X

=
X

1 t
···t

X
s

and
quadrature

X
=

X
1 t
···t

X
s

with
s
<
L

m
ax

2:
w

hile
s
<
L

m
ax

do
3:

Sam
ple

starting
state

x
(0),policy

param
eters

θ
∗

4:
C

om
pute

m
ean

rollout
τ

0
=
x

(0),...,τ
H

w
ith

dynam
ics

G
P
f

and
policy

π
θ
∗

5:
for

l=
1,...,s

do
6:

if
vol(X

l )/|X
l |m

in
τ

i ∈
X

l Var(τ
i )
<

1
then

subdivide
X
l ,add

nodes
to

X
fi

7:
od

8:
od

9:
return

quadrature
nodes

X
and

weights
w

dynam
icsm

odeland
controller.In

otherwords,we
aim

to
find

a
partition

X
=
X

1 t
···t

X
L

ofthe
state

space,such
that

integral(14)
is

approxim
ated

wellby
the

resulting
quadrature

rule.
For

this
purpose,we

m
aintain

a
partition

ofthe
state

space,sam
ple

m
ean

trajectories
τ

=
τ

0 ,...,τ
H

and
subdivide

regions
X
l that

w
ere

visited
and

fulfilla
certain

criterion.
M

ore
precisely,we

subdivide
X
l if

X
l doesnotcontain

enough
quadrature

nodesto
integrate

predictive
distributions

from
the

dynam
ics

G
P

w
ell.

To
estim

ate
w

hether
X
l should

be
divided,we

introduce

ρ
l (τ) :=

vol(X
l )

|X
l |m

in
τ
i ∈
X
l Var(τ

i ) ,
(19)

w
here

Var(τ
i )

denotes
the

variance
ofthe

G
P

predictive
distribution

at
the

point
τ
i ,and

subdivide
X
l if

ρ
l (τ)

is
greater

than
1.

T
his

criterion
relates

the
higher

order
derivatives

of
G

P
predictions

which
fallinside

X
l with

the
quadrature

node
density

in
X
l .

Constructing
a

com
posed

quadraturerulewith
thisapproach

willconcentratem
ostquadraturenodesin

state
space

regions
that

are
visited

frequently
w

hen
follow

ing
system

trajectories.
A

lgorithm
3

sum
m

arizes
our

approach
and

Figure
4

illustrates
the

constructed
quadrature

rules.

4.5
G

P
D

ynam
ics

w
ith

Infinite
T

im
e

H
orizons

In
Section

4.2,we
proposed

num
ericalquadrature

to
approxim

ate
nextstate

distributionsfor
closed-loop

controlsystem
s,where

the
dynam

icsisgiven
asa

fullG
aussian

process.
Forthis

approxim
ate

inference,pointwise
errorboundsare

available.Based
on

thiserroranalysis,we
were

able
to

derive
stability

guarantees
for

finite
tim

e
horizons.

In
this

section,we
analyze

the
case

w
hen

the
tim

e
horizon

is
infinite.

U
nfortunately,error

bounds
as

in
Section

4.3
cannot

be
given

in
this

case.
A

s
w

e
w

ill
see,

the
num

erical
quadrature

approxim
ation

converges
to

a
stationary

lim
it

distribution,i.e.,this
distribution

does
not

depend
on

the
starting

state,as
t

goes
to

infinity.
A

s
the

quadrature
error

cannot
be

bounded
in

this
case,there

is
no

guarantee
that

the
system

dynam
ics

w
illconverge

to
the

sam
e

distribution.
H

ow
ever,w

e
w

illshow
that

closed-loop
controlsystem

s
w

ith
G

P
dynam

ics
also

converge
to

a
stationary

distribution
as
t→
∞

for
m

any
choices

ofthe
prior.

W
e

w
illfirst

analyze

20
JM

L
R

 18(100):1-37, 2017



St
ab

il
it

y
of

C
on

tr
ol

le
rs

fo
r

G
au

ss
ia

n
P

ro
ce

ss
D

yn
am

ic
s

th
e

be
ha

vi
or

of
th

e
pr

op
os

ed
nu

m
er

ic
al

qu
ad

ra
tu

re
ap

pr
ox

im
at

io
n

an
d

su
bs

eq
ue

nt
ly

st
ud

y
as

ym
pt

ot
ic

be
ha

vi
or

of
cl

os
ed

-lo
op

co
nt

ro
ls

ys
te

m
s

w
ith

G
P

dy
na

m
ic

s.

4.
5.

1
A

sy
m

pt
ot

ic
B

eh
av

io
r

of
N

Q
A

pp
ro

xi
m

at
ed

G
P

D
yn

am
ic

s

In
th

is
se

ct
io

n
we

st
ud

y
th

e
pr

op
er

tie
s

of
nu

m
er

ic
al

qu
ad

ra
tu

re
as

ap
pr

ox
im

at
e

in
fe

re
nc

e
wh

en
th

et
im

eh
or

izo
n

is
in

fin
ite

.R
ec

al
lt

ha
tw

ith
nu

m
er

ica
lq

ua
dr

at
ur

et
he

st
at

ed
ist

rib
ut

io
n

is
ap

pr
ox

im
at

ed
by

p
(x

(t
) )≈

φ
ᵀ α

(t
)

(1
6

re
vi

sit
ed

)
w

ith
G

au
ss

ia
n

ba
sis

fu
nc

tio
ns
φ

=
(φ

1,
..
.,
φ
N

)ᵀ
,t

ha
t

do
no

t
ch

an
ge

ov
er

tim
e,

an
d

th
e

we
ig

ht
ve

ct
or
α

(t
)

at
tim

e
t.

A
s

st
at

ed
in

Eq
ua

tio
n

(1
7)

,t
he

we
ig

ht
ve

ct
or
α

(t
)

is
up

da
te

d
by

α
(t

+
1)

=
di

ag
(w

)Φ
α

(t
)

(1
7

re
vi

sit
ed

)
w

ith
th

e
po

sit
iv

e
m

at
rix

di
ag

(w
)Φ

as
in

Se
ct

io
n

4.
2.

1.
M

or
e

pr
ec

ise
ly

,d
ia

g(
w

)Φ
is

a
le

ft
st

oc
ha

st
ic

m
at

rix
.

T
hu

s,
an

y
co

lu
m

n
ve

ct
or
β

w
ith

no
rm
‖β
‖ 1

=
1

is
m

ap
pe

d
to

a
un

it
ve

ct
or

,i
.e

.‖
di

ag
(w

)Φ
β
‖ 1

=
1.

In
th

is
ca

se
,E

qu
at

io
n

(1
7)

re
pr

es
en

ts
a

po
w

er
ite

ra
tio

n
w

hi
ch

le
ad

s
to

th
e

fo
llo

w
in

g
th

eo
re

m
.

T
he

or
em

14
Le

t(
X
,w

)
be

a
qu

ad
ra

tu
re

ru
le

wi
th

po
sit

iv
e

we
ig

ht
s
w

on
th

e
st

at
e

sp
ac

e
X

an
d
f

:(
x

(t
) ,
u

(t
) )
7→
x

(t
+

1)
be

a
dy

na
m

ic
s

G
P.

Th
e

ap
pr

ox
im

at
e

st
at

e
di

st
ri

bu
tio

n
p
(x

(t
) )
≈

φ
ᵀ α

(t
)

ob
ta

in
ed

by
ca

sc
ad

in
g

ap
pr

ox
im

at
e

on
e

st
ep

ah
ea

d
pr

ed
ic

tio
ns

wi
th

th
e

qu
ad

ra
tu

re
(X
,w

)
co

nv
er

ge
s

to
a

un
iq

ue
st

at
io

na
ry

di
st

ri
bu

tio
n,

in
de

pe
nd

en
to

ft
he

st
ar

tin
g

di
st

ri
bu

tio
n,

as
t
→
∞

.
P

ro
of

C
on

sid
er

Eq
ua

tio
n

(1
7)

.
T

he
m

at
rix

di
ag

(w
)Φ

ha
s

no
rm

on
e,

as
ea

ch
of

its
co

lu
m

ns
su

m
s

to
on

e.
T

hu
s,

as
th

e
st

ar
tin

g
we

ig
ht

s
α

(0
)

fo
rm

a
st

oc
ha

st
ic

ve
ct

or
,E

qu
at

io
n

(1
7)

ta
ke

s
th

e
fo

rm
of

a
po

we
r

ite
ra

tio
n,

se
e

(G
ol

ub
an

d
Va

n
Lo

an
,2

01
3,

Se
ct

io
n

7.
3)

.
B

y
th

e
Pe

rr
on

-F
ro

be
ni

us
th

eo
re

m
th

e
la

rg
es

t
m

ag
ni

tu
de

ei
ge

nv
al

ue
λ

1
of

di
ag

(w
)Φ

is
po

sit
iv

e
an

d
sim

pl
e.

M
or

e
pr

ec
ise

ly,
th

e
eig

en
va

lu
e

of
di

ag
(w

)Φ
wi

th
th

e
hi

gh
es

ta
bs

ol
ut

e
va

lu
e

is
λ

1
=

1.
T

he
co

rr
es

po
nd

in
g

do
m

in
an

t
ei

ge
nv

ec
to

r
v

1
is

po
sit

iv
e.

N
o

ot
he

r
ei

ge
nv

ec
to

rs
of

di
ag

(w
)Φ

ar
e

no
n-

ne
ga

tiv
e.

T
hu

s,
th

e
po

w
er

ite
ra

tio
n

in
Eq

ua
tio

n
(1

7)
co

nv
er

ge
s

to
th

e
do

m
in

an
t

ei
ge

nv
ec

to
r,

if
α

(0
)

ha
s

a
no

nz
er

o
pr

oj
ec

tio
n

on
th

e
ei

ge
ns

pa
ce

of
λ

1
=

1.
A

s
α

(0
)

is
a

no
n-

ne
ga

tiv
e

un
it

ve
ct

or
an

d
v

1
is

po
sit

iv
e,

th
e

pr
oj

ec
tio

n
to

th
e

do
m

in
an

t
ei

ge
ns

pa
ce

is
v

1ᵀ α
(0

)
>

0.
Th

us
,t

he
nu

m
er

ica
lq

ua
dr

at
ur

e
ap

pr
ox

im
at

io
n

of
p
(x

(t
) )

co
nv

er
ge

st
o
φ
ᵀ v

1.
T

hi
s

th
eo

re
m

sh
ow

s
th

at
th

e
nu

m
er

ic
al

qu
ad

ra
tu

re
ap

pr
ox

im
at

io
n

to
th

e
sy

st
em

st
at

e
co

nv
er

ge
st

o
a

st
at

io
na

ry
di

st
rib

ut
io

n.
Th

e
lim

iti
ng

di
st

rib
ut

io
n

co
rr

es
po

nd
st

o
th

e
do

m
in

an
t

ei
ge

nv
ec

to
r

of
th

e
ite

ra
tio

n
m

at
rix

di
ag

(w
)Φ

an
d

do
es

no
t

de
pe

nd
on

th
e

st
ar

tin
g

st
at

e.
H

ow
ev

er
,n

o
bo

un
d

fo
r

th
e

ap
pr

ox
im

at
io

n
er

ro
r

ca
n

be
ob

ta
in

ed
fo

r
th

e
lim

it
t
→
∞

.
T

hu
s,

in
co

nt
ra

st
to

fin
ite

tim
e

ho
riz

on
an

al
ys

is,
no

st
at

em
en

t
ab

ou
t

th
e

tr
ue

sy
st

em
st

at
e

fo
llo

w
s

fro
m

th
is

re
su

lt.
In

th
e

fo
llo

w
in

g,
we

w
ill

st
ud

y
as

ym
pt

ot
ic

be
ha

vi
or

of
cl

os
ed

-lo
op

co
nt

ro
l

sy
st

em
s

w
ith

G
P

dy
na

m
ic

s
to

se
e

w
he

th
er

th
e

(e
xa

ct
)

sy
st

em
st

at
e

co
nv

er
ge

s
to

a
lim

iti
ng

di
st

rib
ut

io
n

as
we

ll.

4.
5.

2
A

sy
m

pt
ot

ic
B

eh
av

io
r

of
G

P
D

yn
am

ic
s

W
e

ha
ve

se
en

th
at

em
pl

oy
in

g
th

e
nu

m
er

ic
al

qu
ad

ra
tu

re
ap

pr
ox

im
at

io
n

fo
r

ne
xt

st
at

e
di

st
ri-

bu
tio

ns
,c

lo
se

d-
lo

op
co

nt
ro

ls
ys

te
m

s
w

ith
G

P
dy

na
m

ic
s

co
nv

er
ge

to
a

lim
iti

ng
di

st
rib

ut
io

n.

21
JM

L
R

 1
8(

10
0)

:1
-3

7,
 2

01
7

V
in

og
ra

ds
ka

,
B

is
ch

of
f,

N
gu

ye
n-

T
uo

ng
an

d
P

et
er

s

In
th

is
se

ct
io

n,
we

wi
ll

sh
ow

th
at

th
es

e
clo

se
d-

lo
op

co
nt

ro
ls

ys
te

m
se

xp
os

e
th

e
sa

m
e

be
ha

vi
or

ev
en

if
no

ap
pr

ox
im

at
io

ns
ar

e
em

pl
oy

ed
.

M
or

e
pr

ec
ise

ly
,a

cl
os

ed
-lo

op
co

nt
ro

ls
ys

te
m

w
ith

dy
na

m
ic

s
gi

ve
n

as
a

G
P

w
ill

fin
al

ly
co

nv
er

ge
to

a
lim

iti
ng

di
st

rib
ut

io
n

th
at

is
in

de
pe

nd
en

t
of

th
e

st
ar

tin
g

st
at

e
fo

r
m

an
y

co
m

m
on

ch
oi

ce
s

of
th

e
pr

io
r.

To
ob

ta
in

th
is

re
su

lt,
we

ap
pl

y
M

ar
ko

v
C

ha
in

th
eo

ry
as

in
(M

ey
n

an
d

Tw
ee

di
e,

20
09

).
C

on
sid

er
a

M
ar

ko
v

ch
ai

n
Σ

=
{Σ

1,
Σ

2,
..
.}

w
ith

th
e

ra
nd

om
va

ria
bl

es
Σ
t

ta
ki

ng
va

lu
es

in
R
D

an
d

a
M

ar
ko

v
ke

rn
el
P

:R
D
×
B(

R
D

)→
R

,i
.e

.,
P

(·,
A

)
is

a
no

n-
ne

ga
tiv

e
m

ea
su

ra
bl

e
fu

nc
tio

n
on

R
D

,P
(x
,·)

is
a

pr
ob

ab
ili

ty
m

ea
su

re
on
B(

R
D

)
an

d

P
µ
[Σ

0
∈
A

0,
··
·,

Σ
n
∈
A
n
]=

∫

y
0∈
A

0··
·

∫

y
n
−

1∈
A
n
−

1

µ
(d
y

0)
P

(y
0,
d
y

1)
··
·P

(y
n
−

1,
A
n
)

(2
0)

fo
r

an
y

in
iti

al
di

st
rib

ut
io

n
µ

an
d
n
∈

N
.

W
e

w
ill

em
pl

oy
so

m
e

de
fin

iti
on

s
an

d
re

su
lts

fro
m

(M
ey

n
an

d
Tw

ee
di

e,
20

09
)

to
pr

ov
e

ou
r

cl
ai

m
.

D
efi

ni
ti

on
15

T
he

fo
llo

wi
ng

de
fin

iti
on

s
wi

ll
he

lp
de

sc
ri

bi
ng

M
ar

ko
v

ch
ai

ns
an

d
th

e
se

ts
th

ey
(r

e-
)e

nt
er

.

1.
Fo

r
A
∈
B(

R
D

)
an

d
Σ

0
∈
A

,t
he

fir
st

re
tu

rn
tim

e
τ A

is
gi

ve
n

as

τ A
: =

m
in
{n
≥

1:
Σ
n
∈
A
}.

W
e

al
so

de
fin

e
th

e
re

tu
rn

tim
e

pr
ob

ab
ili

ty
L

(x
,A

):
=

P
x
(τ
A
<
∞

).

2.
W

e
ca

ll
Σ
ϕ

-ir
re

du
ci

bl
e,

if
th

er
e

ex
is

ts
a

m
ea

su
re
ϕ

on
B(

R
D

),
su

ch
th

at
ϕ

(A
)
>

0
im

pl
ie

s
L

(x
,A

)
>

0
fo

r
al

lx
∈
X

an
d
A
∈
B(

R
D

).
ψ

is
a

m
ax

im
al

irr
ed

uc
ib

ili
ty

m
ea

su
re

,
if

Σ
is
ψ

-ir
re

du
ci

bl
e

an
d
ϕ
≺
ψ

,
i.e

.,
ψ

(A
)

=
0
⇒

ϕ
(A

)
=

0,
fo

r
al

l
ir

re
du

ci
bi

lit
y

m
ea

su
re

s
ϕ

of
Σ

.

3.
W

e
sa

y
th

at
th

e
se

tC
∈
B(

R
D

)
is

sm
al

l,
if

th
er

e
ex

is
ts

a
pr

ob
ab

ili
ty

m
ea

su
re
ν

,s
uc

h
th

at
P
n
(x
,A

)≥
δν

(A
)

wi
th

so
m

e
in

te
ge

r
n

,δ
>

0
fo

r
al

lx
∈
C

an
d

al
lA
∈
B(

R
D

).

Fo
r

fin
ite

or
co

un
ta

bl
e

st
at

e
sp

ac
es

,a
M

ar
ko

v
ke

rn
el

de
fin

es
th

e
pr

ob
ab

ili
ty

to
m

ov
e

fro
m

on
e

st
at

e
to

an
ot

he
r.

T
he

st
at

e
sp

ac
e

pa
rt

iti
on

s
in

to
co

m
m

un
ic

at
io

n
cl

as
se

s,
su

ch
th

at
al

l
st

at
es

in
on

e
cla

ss
ca

n
be

re
ac

he
d

wi
th

po
sit

iv
e

pr
ob

ab
ili

ty
fro

m
an

y
ot

he
rs

ta
te

in
th

e
sa

m
e

cl
as

s.
If

th
er

e
is

on
ly

on
e

co
m

m
un

ic
at

io
n

cl
as

s,
th

e
M

ar
ko

v
ch

ai
n

is
ca

lle
d

irr
ed

uc
ib

le
–

its
an

al
ys

is
ca

nn
ot

be
fu

rt
he

rr
ed

uc
ed

to
th

e
co

ns
id

er
at

io
n

of
m

ul
tip

le
ch

ai
ns

wi
th

sm
al

ler
st

at
e

sp
ac

es
.

T
he

co
m

m
un

ic
at

io
n

st
ru

ct
ur

e
ha

s
an

im
m

en
se

eff
ec

t
on

th
e

lo
ng

te
rm

be
ha

vi
or

of
a

M
ar

ko
v

ch
ai

n.
H

ow
ev

er
,w

he
n

co
ns

id
er

in
g

ge
ne

ra
ls

ta
te

sp
ac

es
(e

.g
.,

co
nt

in
uo

us
as

in
ou

r
ca

se
),

th
e

pr
ob

ab
ili

ty
to

re
ac

h
on

e
sin

gl
e

st
at

e
w
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be
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ro

.
T

he
co
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ep

t
of
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m

m
un

ic
at

io
n

is
th

us
ge

ne
ra

liz
ed
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Bo

re
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et
s

vi
a
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ed

uc
ib

ili
ty

m
ea

su
re

s.
Ev

er
y

irr
ed

uc
ib

le
M

ar
ko

v
ch

ai
n

ha
s

m
ax

im
um

irr
ed
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ib

ili
ty

m
ea

su
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e
T
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.
W

hi
le

th
es

e
ar

e
no

t
un

iq
ue

,a
ll

m
ax

im
um

irr
ed

uc
ib

ili
ty

m
ea

su
re

s
of

a
M

ar
ko

v
ch

ai
n

ar
e

eq
ui

va
le

nt
,i

.e
.,

th
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ha
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th
e

sa
m

e
nu

ll
se

ts
.

Sm
al

ls
et

s
pl

ay
an
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po
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an

t
ro

le
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th
e

an
al

ys
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M

ar
ko

v
ch

ai
ns
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ge

ne
ra

l
st
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ac

es
,a

s
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ey
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al

og
ou

sly
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sin
gl

e
st
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re

te
st

at
e

sp
ac

es
.

Se
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ich
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ist
of

on
e

sin
gl

e
po
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ar
e

sm
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l.
H

ow
ev
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,i

t
ca

n
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sh
ow

n
th
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r
irr
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ib
le

M
ar

ko
v
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ai
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d
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e
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ty
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a
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m
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ls
et
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n
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Stability
of

C
ontrollers

for
G

aussian
P

rocess
D

ynam
ics

T
heorem

16
LetΣ

be
ϕ-irreducible.

Then
there

exists
a

m
axim

alirreducibility
m

easure
ψ,

which
is

equivalentto
ψ
′(A

) :=
∫

X
ϕ(d

y)K
a

12 (y
,A

)

with
the

transition
kernel

K
a

12 (y
,A

)=
∑
∞n=

1
P
n(x

,A
)2 −

(n+
1).

P
roof

T
he

proofis
given

in
(M

eyn
and

Tweedie,2009,Proposition
4.2.2).

W
e

aim
to

analyze
the

asym
ptotic

behavior
of

M
arkov

chains
that

are
defined

by
our

closed-loop
controlstructure

w
ith

G
P

dynam
ics.

O
ne

type
ofasym

ptotic
behavior

that
is

w
ell-know

n
from

M
arkov

chains
on

discrete
state

spaces
is

periodicity.
T

he
notion

of
periodicity

can
be

extended
to

M
arkov

chains
on

generalstate
spaces

as
follow

s.

D
efinition

17
Let

Σ
be

irreducible
with

m
axim

alirreducibility
m

easure
ψ.

T
he

period
of

Σ
is

the
largest

integer
d
>

0,
such

that
there

exist
non-em

pty,
pairwise

disjoint
sets

X
1 ,···

,X
d ⊆

R
D

with

P
(x
,X

i+
1 )=

1
for

all
x
∈
X
i ,1
≤
i≤

d−
1

and
P

(x
,X

1 )=
1

for
x
∈
X
d

and

ψ

(
d⋃i=

1
X
i )

=
1.

If
d

=
1

we
callΣ

aperiodic,if
d
>

1
the

M
arkov

chain
Σ

is
periodic.

N
ext,w

e
apply

the
definitions

above
to

establish
som

e
properties

ofclosed-loop
control

system
s

w
ith

G
P

dynam
ics.

Fortunately,
the

topology
of

R
D

and
the

G
aussian

state
predictions

obtained
from

a
G

P
largely

facilitate
the

analysis.

Lem
m

a
18

T
he

M
arkov

chain
Σ

on
R
D

defined
by

a
G

P
forward

dynam
ics

is
irreducible

with
respectto

the
Lebesgue

m
easure

λ
and

aperiodic.
Also,allcom

pactsets
are

sm
all.

P
roof

T
he

transition
probabilities

are
G

aussian,i.e.,

P
(x
,·)=

N
(m

(x),S(x))

and
the

M
arkov

kernelhas
a

G
aussian

density
q:

R
D
×

R
D
→

R.
T

hus,
q(x

,y)
>

0
for

all
x
,y
∈

R
D

and
for

any
A
⊆

R
D

w
ith

λ(A
)
>

0
it

holds

P
(x
,A

)=
∫

A
q(x

,y)λ(d
y)
>

0,

so
Σ

is
irreducible

w
ith

respect
to

the
Lebesgue

m
easure

λ.
A

ssum
e

Σ
has

period
d
>

1,
i.e.,

P
(x
,X

i )
=

1
for

x
∈
X
i−

1 ,
then

1
=
P

(x
,X

i )
=

∫
X
i
q(x

,y)λ(d
y)

and,as
q
>

0,it
follow

s
that

the
com

plem
ent

X
i

of
X
i

is
a
λ-nullset,

i.e.,
λ(X

i )
=

0.
H

ow
ever,

as
X
i ,X

j
are

disjoint
for

j
6=
i

it
holds

X
j
⊆
X
i .

It
follow

s
λ(X

j )=
0

for
j6=

i.
A

nalogously
as

for
X
i ,
λ(X

j )=
0.

A
s
λ

is
a

non-trivialm
easure,this

is
a

contradiction.
T

hus,
d

=
1

and
Σ

is
aperiodic.

Finally,as
P

has
a

continuous,positive
density,there

is
a

low
er

bound
δ
>

0
for

this
density

on
any

com
pact

set.
T

hus,allcom
pact

sets
are

sm
all.
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V
inogradska,

B
ischoff,

N
guyen-T

uong
and

P
eters

A
bove,we

showed
that

the
M

arkov
chains

considered
are

aperiodic.
T

he
M

arkov
chain

can
stillre-enter

sets
infinitely

often
w

ith
positive

probability.
A

stronger
form

ofthis
property

isH
arrisrecurrence.A

swe
willsee

later,H
arrisrecurrence

along
with

som
e

otherproperties
im

plies
the

existence
and

uniqueness
ofan

invariant
state

distribution.

D
efinition

19
Let

A
∈
B(R

D)
and

consider
the

event

{Σ
∈
A

infinitely
often}

:=
∞⋂N
=

1

∞⋃k=
N {Σ

k ∈
A}
.

T
he

set
A

is
called

H
arris

recurrent,if

Q
(x
,A

) :=
P
x {Σ

∈
A

infinitely
often}

=
1.

T
he

M
arkov

chain
Σ

is
H

arris
recurrent,

if
it

is
ψ-irreducible

and
A
∈
B(X

)
is

H
arris

recurrentif
ψ(A

)
>

0.
W

e
say

thatthe
m

easure
µ

is
an

invariant
m

easure
for

the
M

arkov
kernel

P
,if

µ(A
)=

∫

X
µ(d
x)P

(x
,A

),

or
shortly

µ
P

=
µ.

The
M

arkov
chain

Σ
is

positive
H

arris
recurrent,ifitis

H
arris

recurrentand
adm

its
an

invariantprobability
m

easure.

Finally,we
can

state
som

e
conditions

for
the

existence
and

uniqueness
ofan

invariant
state

distribution
aswellasconvergence

ofthe
system

state
to

thisdistribution
(in

totalvariation).

T
heorem

20
Ifthe

chain
Σ

is
ϕ-irreducible,aperiodic

and
positive

H
arris

recurrent,then
itadm

its
a

unique
invariantprobability

m
easure

µ
∗and

for
allprobability

m
easures

ν
itholds

‖
ν
P
n−

µ
∗‖
T
V

:=
sup

A
∈B

(R
D

) |µ
∗(A

)−
ν(A

)|→
0

as
n
→
∞

.

P
roof

T
he

proofcan
be

found
in

(M
eyn

and
Tweedie,2009,T

heorem
13.0.1).

To
em

ploy
this

theorem
to

our
case

of
closed-loop

control
system

s
w

ith
G

P
dynam

ics,
it

rem
ains

to
establish

H
arris

recurrence.
H

ow
ever,

it
can

be
challenging

to
verify

the
definition

directly.
Fortunately,drift

criteria
can

be
em

ployed.
In

the
follow

ing,w
e

w
ill

w
rite

P
f

:=
∫
P

(x
,d
y)f(y)

for
any

function
f:

R
D
→

R
for

notationalconvenience.

T
heorem

21
Let

P
be

a
ϕ-irreducible

and
aperiodic

M
arkov

kernel.
If

there
exists

a
function

V
:

R
D
→

[0
,∞

)
with

P
V
≤
V

+
c1
A

(21)
for

a
sm

allset
A

,a
constant

c
<
∞

,and
the

sets
{x
|
V

(x)≤
r}

are
sm

allfor
all

r
∈

R,
then

P
is

H
arris

recurrent.
P

is
positive

H
arris

recurrent,ifEq.(21)
can

be
m

odified
to

P
V
≤
V
−
ε+

c1
A

(22)

for
som

e
ε
>

0.
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1.

8,
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.0
.1

).
Su

ch
a

fu
nc

tio
n
V

is
ca

lle
d

dr
ift

fu
nc

tio
n.

It
is

th
e

st
oc

ha
st

ic
an

al
og

ue
to

a
Ly

ap
un

ov
fu

nc
tio

n.
In

eq
ua

lit
y

(2
1)

st
at

es
th

at
w

he
ne

ve
r

th
e

sy
st

em
st

at
e

is
ou

ts
id

e
of

th
e

sm
al

ls
et

A
,V

is
ex

pe
ct

ed
to

de
cr

ea
se

in
th

e
fo

llo
w

in
g

st
ep

.
T

hu
s,

th
e

sy
st

em
te

nd
s

to
w

ar
ds

th
e

m
in

im
um

of
V

,w
hi

ch
is

a
re

cu
rr

en
tb

eh
av

io
r.

Th
e

sp
ee

d
of

co
nv

er
ge

nc
e

ca
n

be
in

co
rp

or
at

ed
in

a
dr

ift
cr

ite
rio

n
as

we
ll.

D
efi

ni
ti

on
22

Th
e

M
ar

ko
v

K
er

ne
lP

ha
s

ge
om

et
ric

dr
ift

to
wa

rd
s

a
se

tA
,i

ft
he

re
ex

ist
s

a
fu

nc
tio

n
V

:R
D
→

[1
,∞

],
fin

ite
fo

r
so

m
e
x

,a
nd

β
<

1,
c
<
∞

,s
uc

h
th

at

P
V
≤
β
V

+
c1
A
.

(2
3)

W
e

sa
y

th
at

a
ϕ

-ir
re

du
ci

bl
e

M
ar

ko
v

K
er

ne
lP

wi
th

in
va

ri
an

tp
ro

ba
bi

lit
y

m
ea

su
re
µ
∗

is
V

-g
eo

m
et

ric
al

ly
er

go
di

c
on

a
se

tA
fo

r
a

fu
nc

tio
n
V

:R
D
→

[1
,∞

],
if

su
p

|f
|≤
V
|∫

f
d
(P

n
(x
,·)
−
µ
∗ )
|≤

cV
(x

)ρ
n

(2
4)

fo
r

al
lx
∈
A

,a
co

ns
ta

nt
c
<
∞

an
d
ρ
<

1
an

d
V

(x
)<
∞

fo
r

al
lx
∈
A

.

W
ew

ill
em

pl
oy

ge
om

et
ric

dr
ift

fu
nc

tio
ns

to
pr

ov
et

he
co

nv
er

ge
nc

eo
fM

ar
ko

v
ch

ai
ns

ge
ne

ra
te

d
by

cl
os

ed
-lo

op
co

nt
ro

ls
ys

te
m

s
w

ith
G

P
fo

rw
ar

d
dy

na
m

ic
s

at
an

ex
po

ne
nt

ia
lc

on
ve

rg
en

ce
sp

ee
d,

irr
es

pe
ct

iv
e

of
th

e
st

ar
tin

g
st

at
e.

St
ud

yi
ng

th
e

dr
ift

fu
nc

tio
n
V

(x
)=

1
+
‖x
‖2

,t
he

fo
llo

w
in

g
cr

ite
rio

n
fo

r
ge

om
et

ric
er

go
di

ci
ty

ca
n

be
de

riv
ed

.

T
he

or
em
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A

M
ar

ko
v

ke
rn

el
P

wi
th

G
au

ss
ia

n
tr
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si

tio
n

pr
ob

ab
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te
s

ha
s

V
-g

eo
m

et
ri

c
dr

ift
to

wa
rd

s
a

co
m

pa
ct

se
ti

fa
nd

on
ly

if

lim
su

p
‖x
‖→
∞

‖m
(x

)‖
2

+
tr

(S
(x

))
‖x
‖2

<
1

(2
5)

wi
th

th
e

m
ea

n
m

ap
m

(x
)

an
d

va
ri

an
ce

m
ap

S
(x

).
It

fo
llo

ws
th

at
P

ha
s

a
un

iq
ue

in
va
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an

t
pr

ob
ab

ili
ty

m
ea

su
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d

is
V
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m
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ri
ca
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P
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n
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m

a
3.

2,
C

or
ol
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3.
3)

.
Fi

na
lly

,w
e

ca
n
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ov

e
th

e
m
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n
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th
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e
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P
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s
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di
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t
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e
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g

st
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e.
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R
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he

re
th

e
fo

rw
ar

d
dy

na
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P
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at
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e
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P
ro

of
W

e
ha
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ve
rif

y
Eq

.(
25

).
A

s
th

e
G

P
pr

ed
ic

tio
ns

fa
ll
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ck

to
th

e
ze

ro
m

ea
n

pr
io

r
fa

r
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fro

m
th

e
tr

ai
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ng
da

ta
,‖
m

(x
)‖

2
+

tr
(S

(x
))

co
nv

er
ge

s
to
∑
D k
=

1
σ

2 k,
f

as
‖x
‖
→
∞

.
T

hu
s,

lim
su

p
‖x
‖→
∞

‖m
(x

)‖
2

+
tr

(S
(x

))
‖x
‖2

=
0
<

1,
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e
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Stability
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C
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Figure
5:

Stability
regions

for
G

P
m

ean
dynam

ics
on

the
two

benchm
ark

tasks.
T

his
figure

show
s

em
pirically

obtained
stability

regions
in

gray,points
that

did
not

converge
in

red.
T

he
ellipsoid

indicates
the

stability
region

returned
by

A
lgorithm

1.

−
0
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0
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1
−

1

−
0
.5 0

0
.5

P
osition

Velocity

Figure
6:

Finite
tim

e
stability

ofG
P

m
ean

dynam
ics.The

black
ellipsoid

m
arksthe

(infinite
tim

e)
stability

region
obtained

w
ith

A
lgorithm

1.
T

he
blue

ellipsoids
m

ark
the

(ε,T
)-stability

regions
w

ith
ε

=
0.05

and
T

=
10,20,30,40,50

tim
esteps

(inner
to

outerellipsoid).
Forany

starting
pointinside

ofone
blue

ellipsoid,the
distance

to
the

target
is

less
than

ε
after

T
tim

esteps.

converge
to

it,are
not

considered
in

the
presented

theory.
Instead,alltrajectories

starting
in

the
theoretically

obtained
stability

region
m

ove
towards

the
target

point
contractively.

N
ext,we

com
pute

finite
tim

e
(ε,T

)-stability
regions

as
in

Lem
m

a
6.

Figure
6

show
s

the
obtained

regions
for

ε
=

0
.05

and
different

choices
of
T

.
B

y
construction,these

are
fullm

etric
balls

around
the

reference
point

and
lie

com
pletely

inside
ofthe

stability
region

obtained
w

ith
A

lgorithm
1.

Finally,weconsiderrobustnessoftheG
P

m
ean

dynam
ics.W

eintroducedisturbancesand
apply

the
convergence

criteria
from

T
heorem

7
and

Lem
m

a
8.

W
e

sam
ple

the
starting

tim
e

and
duration

aswellasthe
m

agnitude
ofthe

disturbance.The
direction

ofthe
disturbance

is
then

sam
pled

independently
for

every
tim

e
step

w
here

a
disturbance

is
present.

T
he

results
are

show
n

in
Figure

7.
N

ote
that

robustness
results

such
as

T
heorem

7
and

Lem
m

a
8

m
ust
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Figure
7:

R
obustness

ofG
P

m
ean

dynam
ics.

D
isturbances

were
sam

pled
for

a
finite

tim
e

period.
T

he
undisturbed

trajectory
is

colored
blue,the

distrubed
trajectories

are
colored

green.
O

ur
robustness

criterion
from

Theorem
7

and
Lem

m
a

8
guarantees

the
convergence

ofthe
disturbed

trajectory
in

the
left

picture.
For

both
other

pictures,our
criterion

cannot
guarantee

convergence
ofthe

disturbed
trajectory

to
the

target.
A

s
such

criteria
m

ust
be

based
on

w
orst

case
estim

ates
of

the
disturbance,som

e
disturbed

trajectories
stillconverge

to
the

target
(as

in
the

right
picture).
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Figure
8:

Thisfigure
illustratesm

ulti-step-ahead
prediction

when
the

inputisa
distribution.

Starting
w

ith
a

norm
ally

distributed
state

centered
around

the
inflection

point
of

the
right

slope
in

the
m

ountain
car

dom
ain,we

com
pute

a
rollout

incorporating
uncertainty.

The
plotsshow

the
state

distribution
afterT=

30
tim

e
stepsobtained

w
ith

our
num

erical
quadrature

approach
(a),

m
om

ent
m

atching
(c)

and
the

reference
M

onte
C

arlo
sam

pling
result

(b).

consider
the

worst
case

scenario.
T

hus,there
are

trajectories
w

here
the

robustness
criteria

are
not

able
to

guarantee
convergence,although

they
converge

to
the

target
state.
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fic
an

tly
sm

al
le

r
th

an
th

e
tr

ue
st

ab
ili

ty
re

gi
on

.
Fo

r
lo

ng
tim

e
ho

riz
on

s,
th
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is

dr
aw

ba
ck

of
N

Q
(H
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;
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e
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ou
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d
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at
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ra
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ra
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.
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at
io

na
ry

di
st

rib
ut

io
n,

w
e

co
ns

id
er

ed
th
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e
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C
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ics

−
0
.1

0
0
.1

−
5 0 5

Position

Angle

(a)
C

art-Pole,O
ur

N
Q

−
0
.1

0
0
.1

−
5 0 5

Position

Angle(b)
C

art-Pole,M
C

Sam
pling

Figure
10:

Success
probabilities

for
the

cart-pole
system

.
T

he
dynam

ics
are

given
as

G
P

full
distribution

and
the

tim
e

horizon
is

100s.
T

he
color

scale
encodes

the
success

probability
from

zero
(red)

to
one

(gray).
T

he
plots

show
the

results
for

ẋ
=

0
,θ̇

=
0

obtained
w

ith
num

erical
quadrature

(a)
and

M
onte

C
arlo

sam
pling

(b).

G
P

dynam
ics.

Subsequently,w
e

conclude
the

paper
w

ith
a

short
sum

m
ary

ofthe
m

ain
contributions

and
a

briefoutlook
on

possible
future

work
in

this
direction.

6.1
Sum

m
ary

of
C

ontributions

In
this

paper,we
analyzed

stability
ofclosed-loop

controlsystem
s

w
ith

G
aussian

process
forw

ard
m

odeldynam
ics.

W
e

considered
tw

o
possible

types
ofsystem

dynam
ics:

(i)
the

m
ean

and
(ii)

the
fullG

P
predictive

distribution.
In

the
first

case,
w

e
studied

asym
ptotic

stability
as

w
ellas

finite
tim

e
horizons

and
robustness

to
disturbances.

W
e

presented
an

algorithm
to

construct
a

region
in

the
state

space
such

that
trajectories

starting
inside

this
region

are
guaranteed

to
converge

to
the

target
point

and
stay

there
for

alltim
es.

For
finite

tim
e

horizons,we
showed

how
to

find
a

state
space

region
such

that
the

target
state

w
illbe

reached
at

tim
e

horizon
up

to
a

certain
tolerance.

Studying
robustness,we

derived
a

criterion
for

disturbances
such

that
the

system
rem

ains
asym

ptotically
stable.

T
he

theoreticalresults
have

been
evaluated

on
benchm

ark
problem

s
and

com
pared

to
em

pirically
obtained

results.
In

the
second

case,we
introduced

a
novelapproach

based
on

num
ericalquadrature

to
approxim

ately
propagate

uncertainties
through

a
G

P.In
contrast

to
other

state-of-the-art
m

ethods,our
approach

can
m

odelcom
plex

distributions
w

ith
m

ultiple
m

odes.
Evaluation

results
closely

m
atch

the
true

distribution
approxim

ated
by

extensive
sam

pling.
W

e
used

the
introduced

approxim
ate

inference
m

ethod
to

derive
finite-tim

e
stability

guaranteesbased
on

quadrature
error

analysis.
Em

piricalM
onte

C
arlo

results
confirm

our
theoreticalresults

on
the

tw
o

benchm
ark

problem
s.

Furtherm
ore,w

e
considered

the
system

behavior
w

hen
the

tim
e

horizon
is

infinite.
W

e
showed

that,applying
num

ericalquadrature
to

propagate
distributionsthrough

the
G

P,the
system

state
convergesto

a
lim

iting
distribution

thatdoes
not

depend
on

the
starting

state.
M

otivated
by

this
result,we

studied
the

system
behavior
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Figure
11:

A
sym

ptotic
behavior

ofclosed-loop
system

s
w

ith
G

P
dynam

ics.
Plot

(a)
show

s
the

m
ean

dynam
ics

function
w

ith
the

m
ean

m
(x)

ofthe
G

P
prediction

at
the

query
point

x
on

the
y

axis.W
hen

considering
the

m
ean

dynam
ics,there

are
two

fixpoints
x

1
=
−

0.1
and

x
2

=
0.1.

For
any

starting
point−

1
<
x
<

0,the
m

ean
trajectory

converges
to
x

1
and

analogously
for

all0
<
x
<

1
the

trajectories
converge

to
x

2 .
N

ow
we

consider
the

fullG
P

dynam
ics

and
take

the
uncertainty

into
account.

Plot
(b)

show
s

a
histogram

ofthe
probability

density
after

10000
tim

e
steps

w
hen

starting
at
x

=
−

0
.1,obtained

w
ith

M
onte

C
arlo.

T
his

result
m

atches
the

histogram
obtained

w
hen

starting
at
x

=
0.1

or
at

any
other

point.
T

hus,the
system

converges
to

a
unique,invariant

lim
iting

distribution.

forinfinite
tim

e
horizonswithoutapplying

any
approxim

ate
inference

steps.W
e

succeeded
to

show
that

closed-loop
controlsystem

s
w

ith
dynam

ics
given

as
fullG

P
distribution

converge
to

a
unique

and
invariant

lim
iting

distribution
that

does
not

depend
on

the
starting

state
form

any
choicesofthe

covariance
function.

O
verall,the

proposed
m

ethodsprovide
stability

guarantees
for

m
any

existing
learning

controlapproaches
based

on
G

Ps.

6.2
D

iscussion
and

N
ext

Steps

W
hile

the
proposed

m
ethods

apply
to

m
any

interesting
exam

ples
oflearning

controlin
the

literature,the
analysiscould

be
extended

in
severaldirections.Firstly,forclosed-loop

control
w

ith
G

P
dynam

ics,we
considered

G
Ps

w
ith

stationary
covariance

functions
and

zero
m

ean
prior.

To
include

other
choices

ofthe
prior,e.g.,nonstationary

covariance
functions

and
unbounded

m
ean

priors,novelcriteria
to

ensure
H

arris
recurrence

m
ust

be
found.

A
nother

interesting
question

is
how

the
stability

ofG
P

dynam
ics

is
affected

by
disturbances

in
the

input
space.

W
hile

som
e

results
could

straightforw
ardly

be
follow

ed
for

dynam
ics

given
as

the
m

ean
ofa

G
P,the

task
seem

s
a

lot
m

ore
challenging

w
hen

uncertainty
is

included.
M

any
ofthe

subtle,intricate
argum

ents
applied

to
show

convergence
ofthe

system
to

a
lim

iting
distribution

m
ust

be
carefully

reconsidered
w

hen
disturbances

are
present.
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d
er

an
ap

p
li
ca

ti
on

to
n
on

-p
ar

am
et

ri
c

re
gr

es
si

on
in

S
ec

ti
on

6
an

d
u
se

th
e

k
n
ow

n
lo

w
er

b
ou

n
d
s

on
th

e
st

at
is

ti
ca

l
p

er
fo

rm
an

ce
(w

it
h
ou

t
co

m
p
u
ta

ti
on

al
li
m

it
s)

,
w

h
ic

h
h
a
p
p

en
to

m
at

ch
ou

r
b

ou
n
d
s

ob
ta

in
ed

fr
om

a
si

n
gl

e
p
as

s
on

th
e

d
at

a
an

d
th

u
s

sh
ow

o
p
ti

m
a
li
ty

o
f

ou
r

al
go

ri
th

m
in

a
w

id
e

va
ri

et
y

of
p
ar

ti
cu

la
r

tr
ad

e-
off

s
b

et
w

ee
n

b
ia

s
an

d
va

ri
a
n
ce

.

O
u
r

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s:
in

S
ec

ti
on

2,
w

e
p
re

se
n
t

th
e

m
ai

n
p
ro

b
le

m
w

e
ta

ck
le

,
n
am

el
y

le
as

t-
sq

u
a
re

s
re

gr
es

si
on

,
th

en
in

tr
o
d
u
ce

th
e

tw
o

al
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ri
th

m
s

th
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w
e
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n
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d
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e
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w
ell

as
th

e
tw

o
ty

p
es

of
oracles

on
th

e
grad

ien
t

in
S
ection

2.3
.

In
S
ection

3,
w

e
p
resen

t
n
ew

resu
lts

for
averaged

sto
ch

astic
grad

ien
t

d
escen

t
th

at
set

th
e

sta
ge

for
S
ection

4,
w

h
ere

w
e

p
resen

t
ou

r
m

ain
n
ovel

resu
lt

lead
in

g
to

an
accelerated

algorith
m

w
h
ich

is
rob

u
st

to
n
o
ise.

O
u
r

tigh
ter

an
aly

sis
of

con
vergen

ce
rates

b
ased

on
fi
n
er

d
im

en
sion

-free
q
u
an

tities
is

p
resen

ted
in

S
ection

5,
an

d
th

eir
op

tim
ality

for
kern

el-b
ased

n
on

-p
aram

etric
regression

is
stu

d
ied

in
S
ection

6.
O

rgan
ization

of
th

e
m

ain
resu

lts
is

su
m

m
arized

in
th

e
T

ab
le

1
b

ellow
.

A
v
e
ra

g
e
d

A
lg

o
.

A
v
e
ra

g
e
d

A
c
c
e
le

ra
te

d
A

lg
o
.

D
im

e
n

sio
n

d
e
p

e
n

d
e
n
t

ra
te

s
S

ectio
n

3
S

ectio
n

4

A
d
d
itive

N
o
ise

L
em

m
a

1 ♦
T

h
eorem

3
M

u
ltip

lica
tive

N
oise

T
h
eorem

2 ♦
\

D
im

e
n

sio
n

in
d

e
p

e
n

d
e
n
t

ra
te

s
S

ectio
n

5
S

ectio
n

5

A
d
d
itive

N
o
ise

]
T

h
eorem

5

M
u
ltip

lica
tive

N
oise

4
th

rem
ark

after
C

or.
6
[

\

K
e
rn

e
l

re
g
re

ssio
n

se
ttin

g
S

ectio
n

6
S

ectio
n

6

A
d
d
itive

N
o
ise

]
T

h
eorem

8

M
u
ltip

lica
tive

N
oise

T
h
eorem

7
[

\

T
a
b
le

1
:

O
rg

a
n
ization

of
th

e
p
ap

er.♦
:

W
e

ex
ten

d
resu

lts
from

(B
ach

an
d

M
ou

lin
es,

2013)
to

th
e

settin
g

in
w

h
ich

ex
tra

regu
larization

is
ad

d
ed

;
]:

ap
art

from
L

em
m

a
1

w
h
ich

is
u
sefu

l
to

d
evelop

in
tu

ition
of

th
e

d
iff

eren
t

term
s

in
th

e
u
p
p

er
b

ou
n
d
,

w
e

d
o

n
ot

state
resu

lt
for

th
e

averag
ed

alg
orith

m
w

ith
ad

d
itive

n
oise,

as
th

e
m

ost
p

ow
erfu

l
resu

lt
is

for
th

e
m

u
ltip

licative
n
oise;

[:
th

ese
resu

lts
recover

resu
lts

from
D

ieu
leveu

t
an

d
B

ach
(2015)

(w
ith

th
e

u
se

of
an

ex
tra

regu
larization

);
\:

it
is

still
a
n

o
p

en
p
rob

lem
to

get
resu

lts
in

th
e

accelerated
settin

g
for

a
m

u
ltip

licative
n
oise

o
ra

cle.

2
.
L
e
a
st-S

q
u
a
re
s
R
e
g
re
ssio

n

In
th

is
sectio

n
,
w

e
p
resen

t
ou

r
least-sq

u
ares

regression
fram

ew
ork

,
w

h
ich

is
risk

m
in

im
ization

w
ith

th
e

sq
u
a
re

loss,
togeth

er
w

ith
th

e
m

ain
assu

m
p
tion

s
regard

in
g

ou
r

m
o
d
el

an
d

ou
r

a
lg

o
rith

m
s.

T
h
ese

algorith
m

s
w

ill
rely

on
sto

ch
astic

grad
ien

t
oracles,

w
h
ich

w
ill

com
e

in
tw

o
k
in

d
s,

a
n

a
d
d
itive

n
oise

w
h
ich

d
o
es

n
o
t

d
ep

en
d

on
th

e
cu

rren
t

iterate,
w

h
ich

w
ill

corresp
on

d
in

p
ractice

to
th

e
fu

ll
k
n
ow

led
ge

of
th

e
covarian

ce
m

atrix
,

a
n
d

a
“m

u
ltip

licative/ad
d
itive”

n
o
ise,

w
h
ich

co
rresp

on
d
s

to
th

e
regu

lar
sto

ch
astic

grad
ien

t
ob

tain
ed

from
a

sin
gle

p
air

of
o
b
serva

tio
n
s.

T
h
is

secon
d

oracle
is

m
u
ch

h
ard

er
to

an
aly

ze.

2
.1

S
ta

tistic
a
l

A
ssu

m
p

tio
n

s

W
e

co
n
sid

er
th

e
follow

in
g

gen
eral

settin
g:

•
H

is
a
d
-d

im
en

sion
al

E
u
clid

ean
sp

ace
w

ith
d
≥

1.
T

h
e

(tem
p

orary
)

restrictio
n

to
fi
n
ite

d
im

en
sion

w
ill

b
e

relax
ed

in
S
ection
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D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

•
T

h
e

ob
servation

s
(x
n
,y
n
)∈

H
×
R

,
n
≥

1,
are

in
d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

(i.i.d
.),

an
d

su
ch

th
at

E‖x
n ‖

2
an

d
E
y

2n
are

fi
n
ite.

•
W

e
con

sid
er

th
e

lea
st-squ

a
res

regressio
n

p
rob

lem
,

n
am

ely
th

e
m

in
im

iza
tion

of
th

e
ex

p
ected

loss
f

(θ)
=

12 E
(〈x

n
,θ〉−

y
n
)
2

w
h
ich

is
a

q
u
ad

ratic
fu

n
ction

.

W
e

fi
rst

in
tro

d
u
ce

an
assu

m
p
tion

on
th

e
d
istrib

u
tion

of
x
n
.

C
o
v
a
ria

n
c
e

m
a
trix

.
W

e
d
en

ote
b
y

Σ
=

E
(x
n ⊗

x
n
)∈

R
d×
d

th
e

p
op

u
lation

covarian
ce

m
atrix

,
w

h
ich

is
th

e
H

essian
of
f

at
all

p
oin

ts.
W

ith
ou

t
loss

of
gen

erality,
w

e
can

assu
m

e
Σ

is
in

vertib
le

b
y

red
u
cin

g
H

to
th

e
m

in
im

al
su

b
sp

ace
w

h
ere

all
x
n
,
n
≥

1,
lie

alm
ost

su
rely.

T
h
is

im
p
lies

th
at

all
eigen

valu
es

of
Σ

are
strictly

p
ositive

(b
u
t

th
ey

m
ay

b
e

arb
itrarily

sm
all).

F
ollow

in
g

B
ach

an
d

M
ou

lin
es

(2013),
w

e
assu

m
e

th
ere

ex
ists

R
>

0
su

ch
th

at

E‖
x
n ‖

2x
n ⊗

x
n
4
R

2Σ
,

(A
1 )

w
h
ere

A
4
B

m
ean

s
th

at
B
−
A

is
p

ositiv
e

sem
i-d

efi
n
ite.

T
h
is

assu
m

p
tion

im
p
lies

in
p
articu

lar
th

at
(a)

E‖
x
n ‖

4
is

fi
n
ite

an
d

(b
)

tr
Σ

=
E‖
x
n ‖

2
≤
R

2
sin

ce
tak

in
g

th
e

trace
of

th
e

p
rev

iou
s

in
eq

u
ality

w
e

get
E‖x

n ‖
4
≤
R

2E‖
x
n ‖

2
an

d
u
sin

g
C

au
ch

y
-S

ch
w

arz
in

eq
u
ality

w
e

get
E‖
x
n ‖

2≤
√

E‖
x
n ‖

4≤
R √

E‖
x
n ‖

2.

A
ssu

m
p
tion

(A
1 )

is
satisfi

ed
,

for
ex

am
p
le,

fo
r

least-sq
u
are

regression
w

ith
alm

ost
su

rely
b

ou
n
d
ed

d
ata,

sin
ce
‖x

n ‖
2≤

R
2

alm
ost

su
rely

im
p
lies

E‖
x
n ‖

2x
n ⊗

x
n
4

E [R
2x
n ⊗

x
n ]

=
R

2Σ
.

T
h
is

assu
m

p
tion

is
also

tru
e

for
d
ata

w
ith

in
fi
n
ite

su
p
p

ort
an

d
a

b
ou

n
d
ed

ku
rto

sis
for

th
e

p
ro

jection
of

th
e

covariates
x
n

on
an

y
d
irection

z
∈

H
,

e.g,
for

w
h
ich

th
ere

ex
ists

κ
>

0,
su

ch
th

at:

∀
z
∈
H
,

E〈z
,x

n 〉
4≤

κ〈z
,Σ
z〉

2.
(1)

In
d
eed

,
b
y

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality,

E
q
u
ation

(1)
im

p
lies

for
all

(z
,t)
∈

H
2,

th
e

fol-
low

in
g

b
ou

n
d
E〈z

,x
n 〉

2〈t,x
n 〉

2≤
κ〈z

,Σ
z〉〈t,Σ

t〉,
w

h
ich

in
tu

rn
im

p
lies

th
at

fo
r

all
p

ositive
sem

i-d
efi

n
ite

sy
m

m
etric

m
atrices

M
,N

,
w

e
h
av

e
E〈x

n
,M

x
n 〉〈x

n
,N

x
n 〉≤

κ
tr(M

Σ
)

tr(N
Σ

).
E

q
u
ation

(1),
w

h
ich

is
tru

e
for

G
au

ssian
v
ecto

rs
w

ith
κ

=
3,

th
u
s

im
p
lies

(A
1 )

for
R

2
=

κ
tr

Σ
=
κE‖

x
n ‖

2.

In
th

e
n
ex

t
tw

o
p
aragrap

h
s,

w
e

in
tro

d
u
ce

som
e

q
u
an

tities
th

at
w

ill
b

e
im

p
o
rtan

t
in

th
e

an
aly

sis,
in

ord
er

to
get

tigh
ter

b
ou

n
d
s.

E
ig

e
n
v
a
lu

e
d

e
c
a
y
.

M
ost

con
vergen

ce
b

ou
n
d
s

d
ep

en
d

on
th

e
d
im

en
sion

d
of

H
.

H
ow

ever
it

is
p

ossib
le

to
d
erive

d
im

en
sion

-free
an

d
often

tigh
ter

con
vergen

ce
rates

b
y

con
sid

erin
g

b
ou

n
d
s

d
ep

en
d
in

g
on

th
e

valu
e

tr
Σ
b

for
b∈

[0,1].
G

iven
b,

if
w

e
con

sid
er

th
e

eigen
valu

es
of

Σ
ord

ered
in

d
ecreasin

g
ord

er,
w

h
ich

w
e

d
en

ote
b
y
s
i ,

th
en

tr
Σ
b

=
∑

i s
bi ,

an
d

th
e

eigen
valu

es
d
ecay

1
at

least
as

(tr
Σ
b)

1
/
b

i 1
/
b

.
M

oreover,
it

is
k
n
ow

n
th

at
(tr

Σ
b)

1
/
b

is
d
ecreasin

g

in
b

an
d

th
u
s,

th
e

sm
aller

th
e
b,

th
e

stron
ger

th
e

assu
m

p
tion

.
F

or
b

goin
g

to
0

th
en

tr
Σ
b

ten
d
s

to
d

an
d

w
e

are
b
ack

in
th

e
classical

low
-d

im
en

sion
al

case.
W

h
en

b
=

1,
w

e
sim

p
ly

get
tr

Σ
=

E‖
x
n ‖

2,
w

h
ich

w
ill

corresp
on

d
to

th
e

w
eakest

assu
m

p
tion

in
ou

r
con

tex
t.

1
.

In
d

eed
fo

r
a
n
y
i≥

1
,

w
e

h
av

e
is
bi ≤

∑
it=

1
s
bt ≤

tr(Σ
b).
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a
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R
e
g
r
e
ss
io
n

O
p

ti
m

a
l

p
re

d
ic

to
r.

In
fi
n
it

e
d
im

en
si

on
th

e
re

gr
es

si
on

fu
n
ct

io
n
f

(θ
)

=
1 2
E(
〈x
n
,θ
〉−

y n
)2

al
w

ay
s

ad
m

it
s

a
gl

ob
al

m
in

im
u
m
θ ∗

=
Σ
† E

(y
n
x
n
).

W
h
en

in
it

ia
li
zi

n
g

al
go

ri
th

m
s

at
θ 0

=
0

or
re

gu
la

ri
zi

n
g

b
y

th
e

sq
u
ar

ed
n
or

m
,

ra
te

s
of

co
n
v
er

ge
n
ce

ge
n
er

al
ly

d
ep

en
d

on
‖θ
∗‖

,
a

q
u
an

ti
ty

w
h
ic

h
co

u
ld

b
e

ar
b
it

ra
ri

ly
la

rg
e.

H
ow

ev
er

th
er

e
ex

is
ts

a
sy

st
em

at
ic

u
p
p

er
-b

o
u
n
d

2
‖Σ

1 2
θ ∗
‖
≤

2√
Ey

2 n
.

T
h
is

le
ad

s
n
at

u
ra

ll
y

to
th

e
co

n
si

d
er

at
io

n
of

co
n
ve

rg
en

ce
b

ou
n
d
s

d
ep

en
d
in

g
on
‖Σ

r
/
2
θ ∗
‖

fo
r
r
≤

1.
In

in
fi
n
it

e
d
im

en
si

on
th

is
w

il
l

co
rr

es
p

on
d

to
as

su
m

in
g
‖Σ

r
/
2
θ ∗
‖
<
∞

.
T

h
is

n
ew

as
su

m
p
ti

on
re

la
te

s
th

e
op

ti
m

al
p
re

d
ic

to
r

w
it

h
so

u
rc

es
of

il
l-

co
n
d
it

io
n
in

g
(s

in
ce

Σ
is

th
e

H
es

si
an

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
f

),
th

e
sm

al
le

r
r,

th
e

st
ro

n
ge

r
ou

r
as

su
m

p
ti

on
,

w
it

h
r

=
1

co
rr

es
p

on
d
in

g
to

n
o

as
su

m
p
ti

on
at

al
l,
r

=
0

to
θ ∗

in
H

an
d
r

=
−

1
to

a
co

n
ve

rg
en

ce
of

th
e

b
ia

s
of

le
as

t-
sq

u
ar

es

re
gr

es
si

on
w

it
h

av
er

ag
ed

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

in
O
( ‖

Σ
−
1
/
2
θ ∗
‖2

n
2

) (D
ie

u
le

ve
u
t

an
d

B
ac

h
,

20
15

;
D

éf
os

se
z

an
d

B
ac

h
,

20
15

).
In

th
is

p
ap

er
,

w
e

w
il
l

u
se

ar
b
it

ra
ry

in
it

ia
l

p
oi

n
ts
θ 0

an
d

th
u
s

ou
r

b
ou

n
d
s

w
il
l

d
ep

en
d

on
‖Σ

r
/
2
(θ

0
−
θ ∗

)‖
.

F
in

al
ly

,
w

e
m

ak
e

an
as

su
m

p
ti

on
on

th
e

jo
in

t
d
is

tr
ib

u
ti

on
of

(x
n
,y
n
).

N
o
is

e
.

W
e

d
en

ot
e

b
y
ε n

=
y n
−
〈θ
∗,
x
n
〉

th
e

re
si

d
u
al

fo
r

w
h
ic

h
w

e
h
av

e
E[
ε n
x
n
]

=
0.

A
lt

h
ou

gh
w

e
d
o

n
ot

h
av

e
E[
ε n
|x
n
]

=
0

in
ge

n
er

al
u
n
le

ss
th

e
m

o
d
el

is
w

el
l-

sp
ec

ifi
ed

,
w

e
as

su
m

e
th

e
n
oi

se
to

b
e

a
st

ru
ct

u
re

d
p
ro

ce
ss

su
ch

th
at

th
er

e
ex

is
ts
σ
>

0
w

it
h

E[
ε2 n
x
n
⊗
x
n
]
4
σ

2
Σ
.

(A
2
)

A
ss

u
m

p
ti

on
(A

2
)

is
sa

ti
sfi

ed
fo

r
ex

am
p
le

fo
r

d
at

a
al

m
os

t
su

re
ly

b
ou

n
d
ed

or
w

h
en

th
e

m
o
d
el

is
w

el
l-

sp
ec

ifi
ed

,
(e

.g
.,
y n

=
〈θ
∗,
x
n
〉+

ε n
,

w
it

h
(ε
n
) n
∈N

i.
i.
d
.

of
va

ri
an

ce
σ

2
an

d
in

d
ep

en
d
en

t
of
x
n
).

2
.2

A
v
e
ra

g
e
d

G
ra

d
ie

n
t

M
e
th

o
d

s
a
n

d
A

c
c
e
le

ra
ti

o
n

W
e

fo
cu

s
in

th
is

p
ap

er
on

st
o
ch

as
ti

c
g
ra

d
ie

n
t

m
et

h
o
d
s

w
it

h
an

d
w

it
h
ou

t
ac

ce
le

ra
ti

on
fo

r
th

e
le

as
t-

sq
u
ar

es
fu

n
ct

io
n

re
gu

la
ri

ze
d

b
y

λ 2
‖θ
−
θ 0
‖2

fo
r
λ
∈

R
+

.
T

h
e

re
gu

la
ri

za
ti

on
w

il
l

b
e

u
se

fu
l

w
h
en

d
er

iv
in

g
ti

gh
te

r
co

n
ve

rg
en

ce
ra

te
s

in
S
ec

ti
on

5,
an

d
it

h
as

th
e

ad
d
it

io
n
al

b
en

efi
t

of
m

ak
in

g
th

e
p
ro

b
le

m
λ

-s
tr

on
gl

y
-c

on
ve

x
.

S
to

ch
as

ti
c

gr
ad

ie
n
t

d
es

ce
n
t

(r
ef

er
re

d
to

fr
om

n
ow

on
as

“S
G

D
”)

,
ap

p
li
ed

to
th

e
re

gu
la

ri
ze

d
p
ro

b
le

m
,

ca
n

b
e

d
es

cr
ib

ed
fo

r
n
≥

1
as

θ n
=
θ n
−

1
−
γ
f
′ n(
θ n
−

1
)
−
γ
λ

(θ
n
−

1
−
θ 0

),
(2

)

st
ar

ti
n
g

fr
om

θ 0
∈

H
,

w
h
er

e
γ
>

0
is

ei
th

er
ca

ll
ed

th
e

st
ep

-s
iz

e
in

op
ti

m
iz

at
io

n
or

th
e

le
ar

n
in

g
ra

te
in

m
ac

h
in

e
le

ar
n
in

g,
an

d
f
′ n(
θ n
−

1
)

is
an

u
n
b
ia

se
d

es
ti

m
at

e
of

th
e

gr
ad

ie
n
t

of
f

at
θ n
−

1
,

th
at

is
,

it
s

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

gi
ve

n
al

l
ot

h
er

so
u
rc

es
of

ra
n
d
om

n
es

s
is

eq
u
al

to
f
′ (
θ n
−

1
).

A
cc

el
er

at
ed

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

is
d
efi

n
ed

,
fo

r
th

e
re

gu
la

ri
ze

d
p
ro

b
le

m
,

b
y

an
it

er
at

iv
e

sy
st

em
w

it
h

tw
o

p
ar

am
et

er
s

(θ
n
,ν
n
)

sa
ti

sf
y
in

g
fo

r
n
≥

1

θ n
=

ν n
−

1
−
γ
f
′ n(
ν n
−

1
)
−
γ
λ

(ν
n
−

1
−
θ 0

)

ν n
=

θ n
+
δ(
θ n
−
θ n
−

1

) ,
(3

)

2
.

In
d

ee
d

fo
r

a
ll
θ
∈
R
d

a
n

d
in

p
a
rt

ic
u

la
r
θ

=
0
,
b
y

M
in

k
ow

sk
i’

s
in

eq
u

a
li

ty
,
‖Σ

1 2
θ ∗
‖−
√

Ey
2 n

=
√

E〈
θ ∗
,x
n
〉2
−

√
Ey

2 n
≤
√

E(
〈θ
∗,
x
n
〉−

y
n
)2
≤
√

E(
〈θ
,x
n
〉−

y
n
)2
≤
√

E(
y
n
)2

.
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D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

st
ar

ti
n
g

fr
om

θ 0
=
ν 0
∈

H
,

w
it

h
γ
,δ
∈

R
2

an
d
f
′ n(
θ n
−

1
)

d
es

cr
ib

ed
as

b
ef

o
re

.
It

m
ay

b
e

re
fo

rm
u
la

te
d

as
th

e
fo

ll
ow

in
g

se
co

n
d
-o

rd
er

re
cu

rs
io

n

θ n
=

(1
−
γ
λ

)(
θ n
−

1
+
δ(
θ n
−

1
−
θ n
−

2
))
−
γ
f
′ n(
θ n
−

1
+
δ(
θ n
−

1
−
θ n
−

2
))

+
γ
λ
θ 0
.

T
h
e

m
o
m

en
tu

m
co

effi
ci

en
t
δ
∈

R
is

ch
os

en
to

ac
ce

le
ra

te
th

e
co

n
ve

rg
en

ce
ra

te
(N

es
-

te
ro

v
,

19
83

;
B

ec
k

an
d

T
eb

ou
ll
e,

20
09

)
an

d
h
a
s

it
s

ro
ot

s
in

th
e

h
ea

v
y
-b

al
l

a
lg

o
ri

th
m

fr
o
m

P
ol

ya
k

(1
96

4)
.

W
e

es
p

ec
ia

ll
y

co
n
ce

n
tr

at
e

h
er

e,
fo

ll
ow

in
g

P
ol

ya
k

an
d

J
u
d
it

sk
y

(1
9
9
2
),

o
n

th
e

av
er

ag
e

of
th

e
se

q
u
en

ce

θ̄ n
=

1

n
+

1

n ∑ i=
0

θ n
,

(4
)

an
d

w
e

n
ot

e
th

at
it

ca
n

b
e

co
m

p
u
te

d
on

li
n
e

as
θ̄ n

=
n
n

+
1
θ̄ n
−

1
+

1
n

+
1
θ n

.

T
h
e

ke
y

in
gr

ed
ie

n
t

in
th

e
al

go
ri

th
m

s
p
re

se
n
te

d
ab

ov
e

is
th

e
u
n
b
ia

se
d

es
ti

m
a
te

o
n

th
e

gr
ad

ie
n
t
f
′ n(
θ)

,
w

h
ic

h
ca

n
ta

ke
tw

o
fo

rm
s

th
at

w
e

n
ow

d
es

cr
ib

e
in

ou
r

se
tt

in
g
.

2
.3

A
d

d
it

iv
e

v
e
rs

u
s

M
u

lt
ip

li
c
a
ti

v
e

S
to

ch
a
st

ic
O

ra
c
le

s
o
n

th
e

G
ra

d
ie

n
t

W
e

co
n
si

d
er

th
e

st
an

d
ar

d
st

o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
fr

am
ew

or
k

(K
u
sh

n
er

a
n
d

Y
in

,
2
0
0
3
).

T
h
at

is
,
w

e
le

t
(F

n
) n
≥

0
b

e
th

e
in

cr
ea

si
n
g

fa
m

il
y

of
σ

-fi
el

d
s

th
at

a
re

ge
n
er

at
ed

b
y

a
ll

va
ri

a
b
le

s
(x
i,
y i

)
fo

r
i
≤
n

,
an

d
su

ch
th

at
fo

r
ea

ch
θ
∈
H

th
e

ra
n
d
om

va
ri

ab
le
f
′ n(
θ)

is
sq

u
a
re

-i
n
te

g
ra

b
le

an
d
F
n
-m

ea
su

ra
b
le

w
it

h
E[
f
′ n(
θ)
|F
n
−

1
]

=
f
′ (
θ)
,

fo
r

al
l
n
≥

0
.

C
on

se
q
u
en

tl
y

it
is

o
f

th
e

fo
rm

f
′ n(
θ)

=
f
′ (
θ)
−
ξ n
,

(A
3
)

w
h
er

e
th

e
n
oi

se
p
ro

ce
ss
ξ n

is
F
n
-m

ea
su

ra
b
le

w
it

h
E[
ξ n
|F
n
−

1
]

=
0

a
n
d
E[
‖ξ
n
‖2

]
is

fi
n
it

e.
W

e
w

il
l

co
n
si

d
er

tw
o

d
iff

er
en

t
gr

ad
ie

n
t

or
ac

le
s.

A
d

d
it

iv
e

n
o
is

e
.

T
h
e

fi
rs

t
or

ac
le

is
th

e
su

m
of

th
e

tr
u
e

gr
ad

ie
n
t
f
′ (
θ)

an
d

a
n

in
d
ep

en
d
en

t
ze

ro
-m

ea
n

n
oi

se
th

at
d
o
es

n
ot

d
ep

en
d

on
θ.

T
h
is

or
ac

le
is

eq
u
al

to

f
′ n(
θ)

=
Σ
θ
−
y n
x
n
.

(5
)

S
in

ce
f
′ (
θ)

=
Σ
θ
−
Ey

n
x
n
,
th

e
or

ac
le

ab
ov

e
h
as

a
n
oi

se
v
ec

to
r
ξ n

=
y n
x
n
−
Ey

n
x
n

in
d
ep

en
d
en

t
of
θ

an
d

th
er

ef
or

e
sa

ti
sfi

es
A

ss
u
m

p
ti

on
(A

3
).

F
u
rt

h
er

m
o
re

w
e

al
so

as
su

m
e

th
a
t

th
er

e
ex

is
ts

τ
∈
R

su
ch

th
at

E[
ξ n
⊗
ξ n

]
4
τ

2
Σ
,

(A
4
)

th
at

is
,

th
e

n
oi

se
h
as

a
p
ar

ti
cu

la
r

st
ru

ct
u
re

ad
ap

te
d

to
le

as
t-

sq
u
ar

es
re

gr
es

si
o
n
.

F
o
r

o
p
ti

m
al

re
su

lt
s

fo
r

u
n
st

ru
ct

u
re

d
n
oi

se
,

w
it

h
co

n
ve

rg
en

ce
ra

te
fo

r
th

e
n
oi

se
p
ar

t
in
O

(1
/
√
n

),
se

e
L

a
n

(2
01

2)
.

O
u
r

or
ac

le
ab

ov
e

w
it

h
an

ad
d
it

iv
e

n
oi

se
w

h
ic

h
is

in
d
ep

en
d
en

t
of

th
e

cu
rr

en
t

it
er

a
te

co
rr

es
p

on
d
s

to
th

e
fi
rs

t
se

tt
in

g
st

u
d
ie

d
in

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
(R

ob
b
in

s
a
n
d

M
o
n
ro

,
19

51
;

D
u
fl
o,

19
97

;
P

ol
ya

k
an

d
J
u
d
it

sk
y
,

19
92

).
W

h
il
e

u
se

d
b
y

B
ac

h
an

d
M

ou
li
n
es

(2
0
1
3
)

as
an

ar
ti

fa
ct

of
p
ro

of
,

fo
r

le
as

t-
sq

u
ar

es
re

gr
es

si
on

,
su

ch
an

ad
d
it

iv
e

n
oi

se
co

rr
es

p
o
n
d
s

to
th

e
si

tu
at

io
n

w
h
er

e
th

e
d
is

tr
ib

u
ti

on
of
x

is
k
n
ow

n
so

th
at

th
e

p
op

u
la

ti
on

co
va

ri
a
n
ce

m
a
tr

ix
is

co
m

p
u
ta

b
le

,
b
u
t

th
e

d
is

tr
ib

u
ti

on
of

th
e

ou
tp

u
ts

(y
n
) n
∈N

re
m

ai
n
s

u
n
k
n
ow

n
.

T
h
u
s

it
m

ay
b

e
se

en
as

an
in

te
rm

ed
ia

te
se

t-
u
p

b
et

w
ee

n
re

gr
es

si
on

es
ti

m
at

io
n

w
it

h
fi
x
ed

a
n
d

ra
n
d
o
m

d
es

ig
n

(s
ee

,
e.

g.
,

G
y
ör

fi
et

al
.,

20
06

,
S
ec

ti
on

1.
9)

.
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C
o
n
v
e
r
g
e
n
c
e
R
a
t
e
s
f
o
r
L
e
a
st

-S
q
u
a
r
e
s
R
e
g
r
e
ssio

n

A
ssu

m
p
tio

n
(A

4 )
w

ill
b

e
satisfi

ed
,

for
ex

am
p
le

if
th

e
ou

tp
u
ts

are
alm

ost
su

rely
b

ou
n
d
ed

b
eca

u
se

E
[ξ
n ⊗

ξ
n
]4

E
[y

2n x
n ⊗

x
n
]4

τ
2Σ

if
y

2n
≤
τ

2
alm

ost
su

rely.
B

u
t

it
w

ill
also

b
e

for
d
a
ta

sa
tisfy

in
g

E
q
u
ation

(1)
sin

ce
w

e
w

ill
h
av

e

E
[ξ
n ⊗

ξ
n
]
4

E
[y

2n x
n ⊗

x
n
]

=
E

[(〈θ∗ ,x
n 〉

+
ε
n
)
2x
n ⊗

x
n
]

4
2E

[〈θ∗ ,x
n 〉

2x
n ⊗

x
n
]+

2
σ

2Σ
4

2(κ‖Σ
1
/
2θ∗ ‖

2
+
σ

2)Σ
4

2(4
κE

[y
2n ]+

σ
2)Σ

,

a
n
d

th
u
s

A
ssu

m
p
tion

(A
4 )

is
satisfi

ed
w

ith
τ

2
=

2(4κE
[y

2n ]+
σ

2).

S
to

ch
a
stic

n
o
ise

(“
m

u
ltip

lic
a
tiv

e
/
a
d

d
itiv

e
”
).

T
h
is

corresp
on

d
s

to:

f
′n (θ)

=
(〈x

n
,θ〉−

y
n
)x
n

=
(Σ

+
ζ
n
)(θ−

θ∗ )−
Ξ
n
,

(6)

w
ith

ζ
n

=
x
n ⊗

x
n −

Σ
an

d
Ξ
n

=
(y
n −
〈x
n
,θ∗ 〉)x

n
=
ε
n
x
n
.

T
h
is

o
racle

corresp
on

d
s

to
regu

lar
S
G

D
,

w
h
ich

is
often

referred
to

as
th

e
lea

st-m
ean

-sq
u
are

(L
M

S
)

algorith
m

for
lea

st-sq
u
ares

reg
ressio

n
,

w
h
ere

th
e

n
oise

com
es

from
sam

p
lin

g
a

sin
gle

p
air

of
ob

serva
tion

s.
W

h
ile

still
sa

tisfy
in

g
A

ssu
m

p
tion

(A
3 ),

it
com

b
in

es
an

ad
d
itive

n
oise

Ξ
n

in
d
ep

en
d
en

t
o
f
θ

as
in

E
q
.

(5)
a
n
d

a
m

u
ltip

licative
n
oise

ζ
n
.

T
h
is

m
u
ltip

licative
n
oise

m
akes

th
is

sto
ch

a
stic

oracle
h
ard

er
to

a
n
a
ly

ze
w

h
ich

ex
p
lain

s
w

h
y

it
is

often
ap

p
rox

im
ated

b
y

an
ad

d
itive

n
oise

oracle.
H

ow
ever

it
is

th
e

m
ost

w
id

ely
u
sed

an
d

m
ost

p
ractical

on
e.

N
ote

th
at

for
th

e
oracle

in
E

q
.

(6),
from

E
q
u
a
tio

n
(A

2 ),
w

e
h
ave

E
[Ξ
n ⊗

Ξ
n
]4

σ
2Σ

.
It

h
as

a
sim

ilar
form

to
A

ssu
m

p
tion

(A
4 )

w
h
ich

is
va

lid
fo

r
th

e
ad

d
itive

n
oise

oracle
in

E
q
.

(5):
w

e
u
se

d
iff

eren
t

con
stan

ts
σ

2
an

d
τ

2
to

h
ig

h
lig

h
t

th
e

d
iff

eren
ce

b
etw

een
th

ese
tw

o
oracles.

3
.
A
v
e
ra

g
e
d
S
to

ch
a
stic

G
ra

d
ie
n
t
D
e
sce

n
t

In
th

is
sectio

n
,

w
e

p
rov

id
e

con
vergen

ce
b

ou
n
d
s

for
regu

larized
averaged

sto
ch

astic
grad

ien
t

d
escen

t.
T

h
e

m
ain

n
ov

elty
com

p
ared

to
th

e
w

ork
of

B
ach

an
d

M
ou

lin
es

(2013)
is

(a)
th

e
p
resen

ce
o
f

reg
u
larization

,
w

h
ich

w
ill

b
e

u
sefu

l
w

h
en

d
eriv

in
g

tigh
ter

con
vergen

ce
rates

in
S
ectio

n
5

a
n
d

(b
)

a
m

u
ch

sim
p
ler

p
ro

of.
W

e
fi
rst

con
sid

er
th

e
ad

d
itive

n
oise

in
S
ection

3.1
b

efo
re

co
n
sid

erin
g

th
e

m
u
ltip

licative/ad
d
itive

n
oise

in
S
ection

3.2.

3
.1

A
d

d
itiv

e
N

o
ise

W
e

stu
d
y

h
ere

th
e

con
vergen

ce
of

th
e

averaged
S
G

D
recu

rsion
d
efi

n
ed

b
y

E
q
.

(2
)

u
n
d
er

th
e

sim
p
le

o
racle

d
efi

n
ed

in
E

q
.

(5).
F

or
least-sq

u
ares

regression
,

it
takes

th
e

fo
rm

:

θ
n

=
[I−

γ
Σ
−
γ
λ
I ]θ

n−
1

+
γ
y
n
x
n

+
λ
γ
θ

0 .
(7)

T
h
is

is
a
n

easy
ad

ap
tation

of
th

e
w

ork
of

B
ach

an
d

M
ou

lin
es

(2
013,

L
em

m
a

2)
for

th
e

reg
u
la

rized
case.

L
e
m

m
a

1
A

ssu
m

e
(A

4 ).
C

o
n

sid
er

th
e

recu
rsio

n
in

E
q.

(7)
w

ith
a
n

y
regu

la
riza

tio
n

pa
ra

m
-

eter
λ
∈
R

+
a
n

d
a
n

y
co

n
sta

n
t

step
-size

γ
su

ch
th

a
t
γ

(Σ
+
λ
I
)4

I
.

T
h
en

E
f

(θ̄
n
)−

f
(θ∗ )≤

(
λ

+
1γ
n )

2‖Σ
1
/
2(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )‖
2

+
τ

2
tr [Σ

2(Σ
+
λ
I
) −

2 ]

n
.

(8)

W
e

ca
n

m
a
k
e

th
e

follow
in

g
ob

servation
s:
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D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

•
T

h
e

p
ro

of
(see

A
p
p

en
d
ix

A
)

relies
on

th
e

fact
th

at
θ
n −

θ∗
is

ob
tain

ab
le

in
closed

form
sin

ce
th

e
cost

fu
n
ction

is
q
u
ad

ratic
an

d
th

u
s

th
e

recu
rsion

s
are

lin
ear,

an
d

follow
s

from
P

oly
ak

an
d

J
u
d
itsk

y
(1992).

•
T

h
e

con
stra

in
t

on
th

e
step

-size
γ

is
eq

u
ivalen

t
to
γ

(L
+
λ

)6
1

w
h
ere

L
is

th
e

larg
est

eigen
valu

e
of

Σ
an

d
w

e
th

u
s

recover
th

e
u
su

al
step

-size
from

d
eterm

in
istic

grad
ien

t
d
escen

t
(N

esterov
,

2004).

•
W

h
en
n

ten
d
s

to
in

fi
n
ity,

th
e

algorith
m

con
v
erges

to
th

e
m

in
im

u
m

of
f

(θ)+
λ2 ‖
θ−

θ
0 ‖

2

an
d

ou
r

p
erform

an
ce

gu
aran

tee
b

eco
m

es
λ

2‖Σ
1
/
2(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )‖
2.

T
h
is

is
th

e
stan

d
ard

“b
ias

term
”

from
regu

larized
rid

ge
regression

(H
su

et
al.,

2014)
w

h
ich

w
e

n
at-

u
rally

recover
h
ere.

T
h
e

term
τ
2n

tr [Σ
2(Σ

+
λ
I
) −

2 ]
is

u
su

ally
referred

to
as

th
e

“vari-

an
ce

term
”

(H
su

et
al.,

2014),
an

d
is

eq
u
al

to
τ
2n

tim
es

th
e

q
u
an

tity
tr [Σ

2(Σ
+
λ
I
) −

2 ],
w

h
ich

is
often

called
th

e
d
egrees

of
freed

om
of

th
e

rid
ge

reg
ression

p
rob

lem
(G

u
,
2013).

•
F

or
fi
n
ite

n
,

th
e

fi
rst

term
in

E
q
.

(8)
is

th
e

u
su

al
b
ias

term
w

h
ich

d
ep

en
d
s

on
th

e
d
istan

ce
from

th
e

in
itial

p
oin

t
θ

0
to

th
e

ob
jective

p
oin

t
θ∗

w
ith

an
ap

p
rop

riate
n
orm

.
It

in
clu

d
es

a
regu

larization
-b

ased
com

p
on

en
t

w
h
ich

is
p
rop

ortion
al

to
λ

2
an

d
op

tim
ization

-b
ased

com
p

on
en

t
w

h
ich

d
ep

en
d
s

on
(γ
n

) −
2.

T
h
e

regu
larization

-b
ased

b
ias

ap
p

ears
b

ecau
se

th
e

algorith
m

ten
d
s

to
m

in
im

ize
th

e
regu

larized
fu

n
ction

in
stead

of
th

e
tru

e
fu

n
ction

f
.

•
G

iven
E

q
.

(8),
it

is
n
atu

ral
to

set
λ
γ

=
1n
,

an
d

th
e

tw
o

com
p

o
n
en

ts
of

th
e

b
ias

term
are

ex
actly

of
th

e
sam

e
ord

er
lead

in
g

to
4

γ
2
n
2 ‖Σ

1
/
2(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )‖
2.

It

corresp
on

d
s

u
p

to
a

con
stan

t
factor

to
th

e
b
ias

term
of

regu
larized

least-sq
u
ares

(H
su

et
al.,

2014),
b
u
t

it
is

ach
ieved

b
y

an
algorith

m
accessin

g
on

ly
n

sto
ch

astic
grad

ien
ts.

N
ote

th
at

w
h
en

λ
or
γ

d
ep

en
d

on
n

,
th

is
term

is
n
ot

n
ecessarily

of
o
rd

er
O

(n
−

2),
as

th
e

n
u
m

erator
m

igh
t

b
e

arb
itrarily

large.
N

ote
a
lso

th
at

h
ere

as
in

th
e

rest
of

th
e

p
ap

er,
w

e
on

ly
p
rove

resu
lts

in
th

e
fi
n
ite

h
orizo

n
settin

g,
m

ean
in

g
th

a
t

th
e

n
u
m

b
er

of
sam

p
les

is
k
n
ow

n
in

ad
van

ce
an

d
th

e
p
ara

m
eters

γ
,λ

m
ay

b
e

ch
osen

as
fu

n
ction

s
of
n

,
b
u
t

rem
ain

con
stan

t
alon

g
th

e
iteration

s
(w

h
en

λ
or
γ

d
ep

en
d

o
n
n

,
ou

r
b

ou
n
d
s

on
ly

h
old

for
th

e
last

iterate).

•
N

ote
th

at
th

e
b
ias

term
can

also
b

e
b

ou
n
d
ed

b
y

1γ
n ‖

Σ
1
/
2(Σ

+
λ
I
) −

1
/
2(θ

0 −
θ∗ )‖

2
on

ly

w
h
en
‖
θ

0 −
θ∗ ‖

is
fi
n
ite

(n
ote

th
e

d
iff

eren
ce

in
th

e
p

ow
ers

of
n

an
d

(Σ
+
λ
I
) −

1).
S
ee

th
e

p
ro

of
in

A
p
p

en
d
ix

A
.2

for
d
etails.

•
T

h
e

secon
d

term
in

E
q
.

(8)
is

th
e

varian
ce

term
.

It
d
ep

en
d
s

on
th

e
n
o
ise

in
th

e
grad

ien
t.

W
h
en

th
is

on
e

is
n
ot

stru
ctu

red
th

e
varian

ce
tu

rn
s

to
b

e
also

b
ou

n
d
ed

b
y

γ
tr (Σ

(Σ
+
λ
I
) −

1E
[ξ
n
⊗
ξ
n
] )

(see
A

p
p

en
d
ix

A
.3)

an
d

w
e

recover
for

γ
=
O

(1/ √
n

),
th

e
u
su

al
rate

of
1√n

for
S
G

D
in

th
e

sm
o
oth

case
(S

h
alev

-S
h
w

artz
et

al.,
2009).

•
O

verall
w

e
g
et

th
e

sam
e

p
erform

an
ce

as
th

e
em

p
irical

risk
m

in
im

izer
w

ith
fi
x
ed

d
esign

,
b
u
t

w
ith

an
algorith

m
th

at
p

erform
s

a
sin

gle
p
ass

over
th

e
d
ata

.

•
W

h
en

λ
=

0
w

e
recover

L
em

m
a

2
of

B
ach

an
d

M
ou

lin
es

(2013).
In

th
is

case
th

e

varian
ce

term
τ
2
d
n

is
op

tim
al

ov
er

all
estim

ators
in

H
(T

sy
b
akov

,
2008)

even
w

ith
ou

t
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C
o
n
v
e
r
g
e
n
c
e
R
a
t
e
s
f
o
r
L
e
a
st

-S
q
u
a
r
e
s
R
e
g
r
e
ss
io
n

co
m

p
u
ta

ti
on

al
li
m

it
s,

in
th

e
se

n
se

th
at

n
o

es
ti

m
at

or
th

at
u
se

s
th

e
sa

m
e

in
fo

rm
at

io
n

ca
n

im
p
ro

v
e

u
p

on
th

is
ra

te
.

3
.2

M
u

lt
ip

li
c
a
ti

v
e
/
A

d
d

it
iv

e
N

o
is

e

W
h
en

th
e

ge
n
er

al
st

o
ch

as
ti

c
or

ac
le

in
E

q
.

(6
)

is
co

n
si

d
er

ed
,

th
e

re
gu

la
ri

ze
d

L
M

S
al

go
ri

th
m

d
efi

n
ed

b
y

E
q
.

(2
)

ta
ke

s
th

e
fo

rm
:

θ n
=
[ I
−
γ
x
n
⊗
x
n
−
γ
λ
I
] θ
n
−

1
+
γ
y n
x
n

+
λ
γ
θ 0
.

(9
)

W
e

h
av

e
a

ve
ry

si
m

il
ar

re
su

lt
w

it
h

an
ad

d
it

io
n
al

co
rr

ec
ti

ve
te

rm
(s

ec
on

d
li
n
e

b
el

ow
)

co
m

-
p
ar

ed
to

L
em

m
a

1.

T
h

e
o
re

m
2

A
ss

u
m

e
(A

1
,2

).
C

o
n

si
d
er

th
e

re
cu

rs
io

n
in

E
q.

(9
).

F
o
r

a
n

y
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
λ
∈
R

+
a
n

d
fo

r
a
n

y
co

n
st

a
n

t
st

ep
-s

iz
e
γ

su
ch

th
a
t

2γ
(R

2
+

2
λ

)
≤

1
w

e
h
a
ve

:

Ef
(θ̄
n
)
−
f

(θ
∗)
6

3
( 2λ

+
1 γ
n

) 2
‖Σ

1
/
2
(Σ

+
λ
I
)−

1
(θ

0
−
θ ∗

)‖
2

+
6
σ

2

n
+

1
tr
[ Σ

2
(Σ

+
λ
I
)−

2
]

+
3

∥ ∥ (
Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)∥ ∥
2
tr

(Σ
(Σ

+
λ
I
)−

1
)

γ
2
(n

+
1)

2
.

W
e

ca
n

m
ak

e
th

e
fo

ll
ow

in
g

re
m

ar
k
s:

•
T

h
e

p
ro

of
(s

ee
A

p
p

en
d
ix

B
)

re
li
es

on
a

b
ia

s-
va

ri
an

ce
d
ec

om
p

os
it

io
n
,

ea
ch

te
rm

b
ei

n
g

tr
ea

te
d

se
p
ar

at
el

y.
W

e
ad

ap
t

a
p
ro

of
te

ch
n
iq

u
e

fr
om

B
ac

h
a
n
d

M
ou

li
n
es

(2
01

3)
w

h
ic

h
co

n
si

d
er

s
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

re
cu

rs
io

n
s

in
E

q
.

(9
)

an
d

in
E

q
.

(7
).

•
A

s
in

L
em

m
a

1,
th

e
b
ia

s
te

rm
ca

n
al

so
b

e
b

ou
n
d
ed

b
y

1 γ
n
‖Σ

1
/
2
(Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)‖
2

an
d

th
e

va
ri

an
ce

te
rm

b
y
γ

tr
[Σ

(Σ
+
λ
I
)−

1
ξ n
⊗
ξ n

]
(s

ee
p
ro

of
in

A
p
p

en
d
ic

es
B

.4
an

d
B

.5
).

T
h
is

is
u
se

fu
l

in
p
ar

ti
cu

la
r

w
h
en

co
n
si

d
er

in
g

u
n
st

ru
ct

u
re

d
n
oi

se
.

•
T

h
e

va
ri

an
ce

te
rm

is
th

e
sa

m
e

as
in

th
e

p
re

v
io

u
s

ca
se

.
H

ow
ev

er
th

er
e

is
a

re
si

d
u
al

te
rm

th
at

n
ow

ap
p

ea
rs

w
h
en

w
e

go
to

th
e

fu
ll
y

st
o
ch

as
ti

c
or

ac
le

(s
ec

on
d

li
n
e)

.
T

h
is

te
rm

w
il
l
go

to
ze

ro
w

h
en
γ

te
n
d
s

to
ze

ro
an

d
ca

n
b

e
co

m
p
ar

ed
to

th
e

co
rr

ec
ti

ve
te

rm
w

h
ic

h
al

so
ap

p
ea

rs
w

h
en

H
su

et
al

.
(2

01
4)

go
fr

om
fi
x
ed

to
ra

n
d
om

d
es

ig
n
.

N
ev

er
th

el
es

s
ou

r
b

ou
n
d
s

ar
e

m
or

e
co

n
ci

se
th

an
th

ei
rs

,
m

ak
in

g
si

gn
ifi

ca
n
tl

y
fe

w
er

a
ss

u
m

p
ti

on
s

an
d

re
ly

in
g

on
an

effi
ci

en
t

si
n
gl

e-
p
as

s
al

go
ri

th
m

.

•
In

th
is

se
tt

in
g,

th
e

st
ep

-s
iz

e
m

ay
n
ot

ex
ce

ed
1
/(

2
(R

2
+

2λ
))

,
w

h
er

ea
s

w
it

h
an

ad
d
it

iv
e

n
oi

se
in

L
em

m
a

1
th

e
co

n
d
it

io
n

is
γ
≤

1
/(
L

+
λ

),
a

q
u
an

ti
ty

w
h
ic

h
ca

n
b

e
m

u
ch

b
ig

ge
r

th
an

1/
(2

(R
2

+
2
λ

))
,

as
L

is
th

e
sp

ec
tr

al
ra

d
iu

s
o
f

Σ
w

h
er

ea
s
R

2
is

of
th

e
o
rd

er
of

tr
(Σ

).
N

ot
e

th
at

in
p
ra

ct
ic

e,
co

m
p
u
ti

n
g
L

is
as

h
ar

d
as

co
m

p
u
ti

n
g
θ ∗

so
th

at
th

e
st

ep
-s

iz
e
γ
∝

1
/R

2
is

a
go

o
d

p
ra

ct
ic

al
ch

oi
ce

.
S
ee

D
éf

os
se

z
an

d
B

ac
h

(2
01

5)
fo

r
la

rg
er

al
lo

w
ed

st
ep

-s
iz

es
th

at
re

q
u
ir

e
m

or
e

in
fo

rm
at

io
n
.

•
F

or
λ

=
0

th
e

er
ro

r
is

b
ou

n
d
ed

b
y

3
(1

+
d
)

(γ
n

)2
‖Σ
−

1
/
2
(θ

0
−
θ ∗

)‖
2

+
6
σ
2
d

n
+

1
.

W
e

re
co

ve
r

re
su

lt
s

fr
om

D
éf

os
se

z
an

d
B

ac
h

(2
01

5)
w

it
h

a
n
on

-a
sy

m
p
to

ti
c

b
ou

n
d

b
u
t

w
e

lo
se

th
e

ad
va

n
-

ta
ge

of
h
av

in
g

an
as

y
m

p
to

ti
c

eq
u
iv

al
en

t
(i

.e
.,

a
li
m

it
ra

th
er

th
an

an
u
p
p

er
-b

ou
n
d
).

W
e

n
ot

e
th

at
th

e
as

su
m

p
ti

on
(A

1
,2

)
ar

e
cl

os
e

to
th

e
m

in
im

al
as

su
m

p
ti

on
s

re
q
u
ir

ed
to

ob
ta

in
th

e
op

ti
m

al
ra

te
of

co
n
ve

rg
en

ce
of
σ

2
d
/n

(L
ec

u
é

an
d

M
en

d
el

so
n
,
20

16
;
O

li
ve

ir
a,

20
16

)
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 1
8(

10
1)

:1
-5

1,
 2

01
7

D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

4
.
A
cc
e
le
ra

te
d
S
to

ch
a
st
ic

A
v
e
ra

g
e
d
G
ra

d
ie
n
t
D
e
sc
e
n
t

W
e

st
u
d
y

th
e

co
n
ve

rg
en

ce
u
n
d
er

th
e

st
o
ch

as
ti

c
or

ac
le

fr
om

E
q
.

(5
)

of
av

er
ag

ed
a
cc

el
er

a
te

d
st

o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

d
efi

n
ed

b
y

E
q
.

(3
)

w
h
ic

h
ca

n
b

e
re

w
ri

tt
en

fo
r

th
e

le
a
st

-s
q
u
a
re

s
fu

n
ct

io
n
f

as
a

se
co

n
d
-o

rd
er

it
er

at
iv

e
sy

st
em

w
it

h
co

n
st

an
t

co
effi

ci
en

ts
:

θ n
=
[ I
−
γ

Σ
−
γ
λ
I
][
θ n
−

1
+
δ(
θ n
−

1
−
θ n
−

2
)] +

γ
y n
x
n

+
γ
λ
θ 0
.

(1
0
)

W
h
en

u
si

n
g

av
er

ag
in

g,
w

e
re

fe
r

to
th

is
al

go
ri

th
m

as
“a

ve
ra

ge
d
-a

cc
el

er
at

ed
-S

G
D

”
.

T
h

e
o
re

m
3

A
ss

u
m

e
(A

4
).

F
o
r

a
n

y
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
λ
∈
R

+
a
n

d
fo

r
a
n

y
co

n
st

a
n

t

st
ep

-s
iz

e
γ

(Σ
+
λ
I
)
4
I

,
w

e
h
a
ve

fo
r

a
n

y
δ
∈
[ 1
−
√
γ
λ

1
+
√
γ
λ
,1
] ,

fo
r

th
e

re
cu

rs
io

n
in

E
q.

(1
0
):

Ef
(θ̄
n
)
−
f

(θ
∗)
≤

2( λ
+

36

γ
(n

+
1)

2

) ‖
Σ

1
/
2
(Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)‖
2

+
8
τ

2
tr
[ Σ

2
(Σ

+
λ
I
)−

2
]

n
+

1
.

T
h
e

n
u
m

er
ic

al
co

n
st

an
ts

ar
e

p
ar

ti
al

ly
ar

ti
fa

ct
s

o
f

th
e

p
ro

of
(s

ee
A

p
p

en
d
ic

es
C

a
n
d

E
).

T
h
an

k
s

to
a

w
is

e
u
se

of
ti

gh
t

in
eq

u
al

it
ie

s,
th

e
b

ou
n
d

is
in

d
ep

en
d
en

t
of
δ

an
d

va
li
d

fo
r

a
ll

λ
∈
R

+
.

T
h
is

re
su

lt
s

in
th

e
si

m
p
le

fo
ll
ow

in
g

co
ro

ll
ar

y
fo

r
λ

=
0,

w
h
ic

h
co

rr
es

p
o
n
d
s

to
th

e
p
ar

ti
cu

la
rl

y
si

m
p
le

re
cu

rs
io

n
(w

it
h

av
er

ag
in

g
to

ob
ta

in
θ̄ n

):

θ n
=
[ I
−
γ

Σ
] (2

θ n
−

1
−
θ n
−

2
)

+
γ
y n
x
n
.

(1
1
)

C
o
ro

ll
a
ry

4
A

ss
u

m
e

(A
4
).

F
o
r

a
n

y
co

n
st

a
n

t
st

ep
-s

iz
e
γ

Σ
4
I

,
w

e
h
a
ve

fo
r
δ

=
1,

Ef
(θ̄
n
)
−
f

(θ
∗)
≤

36
‖θ

0
−
θ ∗
‖2

γ
(n

+
1)

2
+

8
τ

2
d

n
+

1
.

(1
2
)

W
e

ca
n

m
ak

e
th

e
fo

ll
ow

in
g

ob
se

rv
at

io
n
s:

•
T

h
e

p
ro

of
te

ch
n
iq

u
e

re
li
es

on
d
ir

ec
t

m
om

en
t

co
m

p
u
ta

ti
on

s
in

ea
ch

ei
g
en

su
b
sp

a
ce

ob
ta

in
ed

b
y

O
’D

on
og

h
u
e

an
d

C
a
n
d
ès

(2
01

3)
in

th
e

d
et

er
m

in
is

ti
c

ca
se

.
In

d
ee

d
a
s

Σ
is

a
sy

m
m

et
ri

c
m

at
ri

x
,

th
e

sp
ac

e
ca

n
b

e
d
ec

om
p

os
ed

on
an

or
th

on
or

m
al

ei
g
en

b
a
si

s
o
f

Σ
,

an
d

th
e

it
er

at
io

n
s

ar
e

d
ec

ou
p
le

d
in

su
ch

an
ei

g
en

b
as

is
.

A
lt

h
ou

gh
w

e
o
n
ly

p
ro

v
id

e
a
n

u
p
p

er
-b

ou
n
d
,

th
is

is
in

fa
ct

an
eq

u
al

it
y

p
lu

s
ot

h
er

ex
p

on
en

ti
al

ly
sm

al
l

te
rm

s
a
s

sh
ow

n
in

th
e

p
ro

of
w

h
ic

h
re

li
es

on
li
n
ea

r
al

ge
b
ra

,
w

it
h

d
iffi

cu
lt

ie
s

ar
is

in
g

fr
om

th
e

fa
ct

th
a
t

th
is

se
co

n
d
-o

rd
er

sy
st

em
ca

n
b

e
ex

p
re

ss
ed

as
a

li
n
ea

r
st

o
ch

as
ti

c
d
y
n
a
m

ic
a
l

sy
st

em
w

it
h

n
on

-s
y
m

m
et

ri
c

m
at

ri
ce

s.
W

e
on

ly
p
ro

v
id

e
a

re
su

lt
fo

r
ad

d
it

iv
e

n
o
is

e.

•
T

h
e

fi
rs

t
b

ou
n
d

1
γ
n
2
‖θ

0
−
θ ∗
‖2

in
E

q
.

(1
2)

co
rr

es
p

on
d
s

to
th

e
u
su

al
ac

ce
le

ra
te

d
ra

te
.

It
h
as

b
ee

n
sh

ow
n

b
y

N
es

te
ro

v
(2

00
4
)

to
b

e
th

e
op

ti
m

al
ra

te
of

co
n
ve

rg
en

ce
fo

r
op

ti
m

iz
in

g
a

q
u
ad

ra
ti

c
fu

n
ct

io
n

w
it

h
a

fi
rs

t-
or

d
er

m
et

h
o
d

th
at

ca
n

a
cc

es
s

o
n
ly

to
se

q
u
en

ce
s

of
gr

ad
ie

n
ts

w
h
en

n
≤
d
.

W
e

re
co

v
er

b
y

av
er

a
gi

n
g

an
al

go
ri

th
m

d
ed

ic
a
te

d
to

st
ro

n
gl

y
-c

on
ve

x
fu

n
ct

io
n

th
e

tr
ad

it
io

n
al

co
n
ve

rg
en

ce
ra

te
fo

r
n
on

-s
tr

o
n
g
ly

co
n
ve

x
fu

n
ct

io
n
s.

E
ve

n
if

it
se

em
s

su
rp

ri
si

n
g,

th
e

al
go

ri
th

m
w

or
k
s

al
so

fo
r
λ

=
0

a
n
d
δ

=
1

(s
ee

al
so

si
m

u
la

ti
on

s
in

S
ec

ti
on

7)
.
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C
o
n
v
e
r
g
e
n
c
e
R
a
t
e
s
f
o
r
L
e
a
st

-S
q
u
a
r
e
s
R
e
g
r
e
ssio

n

•
T

h
e

seco
n
d

b
ou

n
d

in
E

q
.

(12)
also

m
atch

es
th

e
op

tim
al

statistical
p

erform
an

ce
τ
2
d
n

d
escrib

ed
in

th
e

ob
servation

s
follow

in
g

L
em

m
a

1.
A

ccord
in

gly
th

is
algorith

m
ach

ieves
jo

in
t

b
ia

s/varian
ce

op
tim

ality
(w

h
en

m
easu

red
in

term
s

of
τ

2
an

d
‖θ

0 −
θ∗ ‖

2).

•
W

e
h
av

e
th

e
sam

e
rate

of
con

vergen
ce

for
th

e
b
ias

w
h
en

com
p
ared

to
th

e
regu

lar
N

esterov
acceleration

w
ith

ou
t

averagin
g

stu
d
ied

b
y

F
lam

m
arion

an
d

B
ach

(2015),
w

h
ich

co
rresp

on
d
s

to
ch

o
osin

g
δ
n

=
1−

2
/n

for
all

n
.

H
ow

ever
if

th
e

p
rob

lem
is
µ

-
stro

n
g
ly

con
vex

,
th

is
latter

w
as

sh
ow

n
to

also
con

v
erge

at
th

e
lin

ear
rate

O
((1−

γ
µ

)
n )

a
n
d

th
u
s

is
ad

ap
tive

to
h
id

d
en

stron
g-con

vex
ity

(sin
ce

th
e

algorith
m

d
o
es

n
ot

n
eed

to
k
n
ow

µ
to

ru
n
).

T
h
is

ex
p
lain

s
th

at
it

en
d
s

u
p

con
vergin

g
faster

for
q
u
ad

ratic
fu

n
ction

sin
ce

fo
r

large
n

th
e

con
vergen

ce
at

rate
1/n

2
b

ecom
es

slow
er

th
an

th
e

on
e

a
t

rate
(1−

γ
µ

)
n

even
for

v
ery

sm
all

µ
.

T
h
is

is
con

fi
rm

ed
in

ou
r

ex
p

erim
en

ts
in

S
ection

7.
T

h
a
n
k
s

to
th

is
ad

ap
tiv

ity,
w

e
can

also
sh

ow
u
sin

g
th

e
sam

e
to

ols
an

d
con

sid
erin

g
its

w
eig

h
ted

average
θ̃
n

=
2

n
(n

+
1
) ∑

nk
=

0
k
θ
k

th
at

th
e

b
ias

term
ofE

f
(θ̃
n
)−

f
(θ∗ )

h
as

a
co

n
verg

en
ce

rate
of

ord
er
(λ

2
+

1
γ
2
(n

+
1
)
4 )‖

Σ
1
/
2(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )‖
2

w
ith

ou
t

an
y

ch
a
n
g
e

in
th

e
varian

ce
term

.
T

h
is

h
as

to
b

e
com

p
ared

to
th

e
b
ias

of
av

eraged
S
G

D
(λ

+
1

γ
(n

+
1
)
2 )‖

Σ
1
/
2(Σ

+
λ
I
) −

1(θ
0 −
θ∗ )‖

2
in

S
ection

3
an

d
m

ay
lead

to
faster

con
vergen

ce

fo
r

th
e

b
ias

in
p
resen

ce
of

h
id

d
en

stron
g-con

vex
ity.

•
O

vera
ll,

th
e

b
ias

term
is

im
p
rov

ed
w

h
ereas

th
e

varian
ce

term
is

n
ot

d
egrad

ed
an

d
a
ccelera

tion
is

th
u
s

rob
u
st

to
n
oise

in
th

e
grad

ien
ts.

T
h
ereb

y,
w

h
ile

secon
d
-ord

er
fi
n
ite

d
iff

eren
ce

m
eth

o
d
s

for
op

tim
izin

g
q
u
ad

ratic
fu

n
ction

s
in

th
e

sin
gu

lar
case,

su
ch

a
s

co
n
ju

g
ate

grad
ien

t
(P

oly
ak

,
1987,

S
ection

6.1)
a
re

n
otoriou

sly
h
igh

ly
sen

sitive
to

n
o
ise,

w
e

are
ab

le
to

p
rop

ose
a

v
ersion

w
h
ich

is
rob

u
st

to
sto

ch
astic

n
oise.

•
N

o
te

th
a
t

w
h
en

th
ere

is
n
o

assu
m

p
tion

on
th

e
covarian

ce
of

th
e

n
oise

w
e

still
h
ave

th
e

va
ria

n
ce

b
ou

n
d
ed

b
y
γ
n2

tr [Σ
(Σ

+
λ
I
) −

1V
];

settin
g
γ

=
1/n

3
/
2

an
d
λ

=
0

lead
s

to
th

e

b
o
u
n
d
‖
θ
0 −
θ∗ ‖

2
√
n

+
tr
V
√
n

.
W

e
recover

th
e

u
su

al
rate

for
accelerated

sto
ch

a
stic

grad
ien

t

in
th

e
n
o
n
-stron

gly
-con

vex
case

(X
iao

,
2010).

W
h
en

th
e

va
lu

es
of

th
e

b
ias

an
d

th
e

va
ria

n
ce

a
re

k
n
ow

n
,

w
e

can
ach

ieve
th

e
op

tim
al

trad
e-off

of
L

an
(2012)

R
2‖
θ
0 −
θ∗ ‖

2

n
2

+
‖
θ
0 −
θ∗ ‖ √

tr
V

√
n

for
γ

=
m

in {
1/R

2,
‖
θ
0 −
θ∗ ‖

√
tr
V
n
3
/
2 }

.

5
.
T
ig
h
te
r
D
im

e
n
sio

n
-In

d
e
p
e
n
d
e
n
t
C
o
n
v
e
rg

e
n
ce

R
a
te
s

W
e

h
ave

seen
in

C
orollary

4
ab

ove
th

at
th

e
averaged

accelerated
grad

ien
t

a
lgorith

m
m

atch
es

th
e

low
er

b
o
u
n
d
s
τ

2d
/n

an
d

Ln
2 ‖θ

0 −
θ∗ ‖

2
for

th
e

p
red

iction
error.

H
ow

ev
er

th
e

algorith
m

p
erfo

rm
s

b
etter

in
alm

ost
all

cases
ex

cep
t

th
e

w
orst-case

scen
arios

co
rresp

o
n
d
in

g
to

th
e

low
er

b
ou

n
d
s.

F
or

ex
am

p
le

th
e

algorith
m

m
ay

still
p
red

ict
w

ell
w

h
en

th
e

d
im

en
sion

d
is

m
u
ch

b
ig

g
er

th
an

n
.

S
im

ilarly
th

e
n
orm

of
th

e
op

tim
al

p
red

ictor‖
θ∗ ‖

2
m

ay
b

e
h
u
ge

an
d

th
e

p
red

ictio
n

still
go

o
d
,

as
grad

ien
ts

algorith
m

s
h
ap

p
en

to
b

e
ad

ap
tive

to
th

e
d
iffi

cu
lty

of
th

e
p
ro

b
lem

:
in

d
eed

,
if

th
e

p
rob

lem
is

sim
p
ler,

th
e

con
v
ergen

ce
rate

of
th

e
gra

d
ien

t
algorith

m
w

ill
b

e
im

p
roved

.
In

th
is

section
,

w
e

p
rov

id
e

su
ch

a
th

eoretical
gu

aran
tee.

T
h
e

fo
llow

in
g

b
ou

n
d

stan
d
s

for
th

e
avera

ged
a
ccelera

ted
algorith

m
.

It
ex

ten
d
s

p
rev

io
u
sly

k
n
ow

n
b

o
u
n
d
s

in
th

e
kern

el
least-m

ean
-sq

u
ares

settin
g

(D
ieu

lev
eu

t
a
n
d

B
ach

,
2015).
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D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

T
h

e
o
re

m
5

A
ssu

m
e

(A
4 );

fo
r

a
n

y
regu

la
riza

tio
n

pa
ra

m
eter

λ
∈
R

+
a
n

d
fo

r
a
n

y
co

n
sta

n
t

step
-size

su
ch

th
a
t
γ

(Σ
+
λ
I
)4

I
w

e
h
a
ve

fo
r
δ∈

[
1−
√
γ
λ

1
+
√
γ
λ
,1 ],

fo
r

th
e

recu
rsio

n
in

E
q.

(1
0
):

E
f

(θ̄
n
)−

f
(θ∗ )≤

m
in

r∈
[0
,1

],
b∈

[0
,1

] [
2‖

Σ
r
/
2(θ

0 −
θ∗ )‖

2
λ
−
r (

36

γ
(n

+
1)

2
+
λ )

+
8
τ

2
tr(Σ

b)λ
−
b

n
+

1

]
.

T
h
e

p
ro

of
is

straigh
tforw

ard
b
y

u
p
p

er
b

ou
n
d
in

g
th

e
term

s
com

in
g

from
regu

larization
,

d
ep

en
d
in

g
on

Σ
(Σ

+
λ
I
) −

1,
b
y

a
p

ow
er

of
λ

tim
es

th
e

con
sid

ered
q
u
an

tities.
M

ore
p
recisely,

th
e

q
u
an

tity
tr(Σ

(Σ
+
λ
I
) −

1)
can

b
e

seen
as

an
eff

ective
d
im

en
sion

of
th

e
p
rob

lem
(G

u
,
2013),

an
d

is
u
p
p

er
b

ou
n
d
ed

b
y
λ
−
b
tr(Σ

b)
for

an
y
b∈

[0;1].
S
im

ilarly,‖Σ
1
/
2(Σ

+
λ
I
) −

1
/
2θ∗ ‖

2
can

b
e

u
p
p

er
b

ou
n
d
ed

b
y
λ
−
r‖

Σ
r
/
2(θ

0 −
θ∗ )‖

2.
A

d
etailed

p
ro

of
of

th
ese

resu
lts

is
given

in
A

p
p

en
d
ix

D
.

In
ord

er
to

b
en

efi
t

from
th

e
acceleratio

n
,

w
e

ch
o
ose

λ
=

(γ
n

2) −
1.

W
ith

su
ch

a
ch

oice
w

e
h
ave

th
e

follow
in

g
corollary

:

C
o
ro

lla
ry

6
A

ssu
m

e
(A

4 ),
fo

r
a
n

y
co

n
sta

n
t

step
-size

γ
(Σ

+
λ
I
)
4
I

,
w

e
h
a
ve

fo
r
λ

=
1

γ
(n

+
1
)
2

a
n

d
δ∈

[1−
2

n
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im
u
m

is
at

ta
in

ed
fo

r
th

e
re

gr
es

si
o
n

fu
n
ct

io
n

d
efi

n
ed

ab
ov

e.
T

h
is

fu
n
ct

io
n

h
ow

ev
er

is
n

o
t

in
H

in
ge

n
er

al
.

M
or

eo
ve

r
th

er
e

ex
is

ts
a
n

op
er

at
or

Σ
:
H
→

H
,

w
h
ic

h
ex

te
n
d
s

th
e

fi
n
it

e-
d
im

en
si

on
al

p
op

u
la

ti
on

co
va

ri
a
n
ce

m
a
tr

ix
,

th
at

w
il
l

al
lo

w
th

e
ch

ar
ac

te
ri

za
ti

on
of

th
e

sm
o
ot

h
n
es

s
of
g H

.
T

h
is

op
er

at
or

is
k
n
ow

n
to

b
e

tr
ac

e
cl

as
s

w
h
en

E ρ
X

[K
(x
n
,x

n
)]
<
∞

.
D

at
a

p
oi

n
ts
x
i

ar
e

m
ap

p
ed

in
to

th
e

R
K

H
S
,

v
ia

th
e

fe
at

u
re

m
ap

:
x
7→

K
x
,

w
h
er

e
K
x

:
H
→

R
is

a
fu

n
ct

io
n

in
th

e
R

K
H

S
,

su
ch

th
at
K
x

:
y
7→
K

(x
,y

).
T

h
e

re
p
ro

d
u
ci

n
g

p
ro

p
er

ty
3

al
lo

w
s

to
ex

p
re

ss
th

e
m

in
im

iz
at

io
n

p
ro

b
le

m
(1

4)
as

a
le

as
t-

sq
u
ar

es
li
n
ea

r
re

gr
es

si
o
n

p
ro

b
le

m
:

fo
r

an
y
g
∈
H

,
f

(g
)

=
1 2
E ρ

[(
〈g
,K

x
n
〉 H
−
y n

)2
],

an
d

ca
n

th
u
s

b
e

se
en

as
an

ex
te

n
si

o
n

to
th

e
in

fi
n
it

e-
d
im

en
si

on
al

se
tt

in
g

of
li
n
ea

r
le

as
t-

sq
u
ar

es
re

gr
es

si
on

.
H

ow
ev

er
,

in
su

ch
a

se
tt

in
g,

b
ot

h
q
u
an

ti
ti

es
‖Σ

r
/
2
θ ∗
‖ H

(w
h
er

e
‖·
‖ H

st
an

d
s

fo
r

th
e

n
o
rm

as
so

ci
at

ed
w

it
h

th
e

in
n
er

p
ro

d
u
ct

in
th

e
H

il
b

er
t

sp
ac

e
H

)
an

d
tr

(Σ
b
)

m
a
y

ex
is

t
o
r

n
o
t.

It
th

u
s

ar
is

es
as

a
n
at

u
ra

l
a
ss

u
m

p
ti

o
n

to
co

n
si

d
er

th
e

sm
al

le
r
r
∈

[−
1;

1]
a
n
d

th
e

sm
a
ll
er

b
∈

[0
;1

]
su

ch
th

at

•
‖Σ

r
/
2
θ ∗
‖ H

<
∞

(m
ea

n
in

g
th

at
Σ
r
/
2
θ ∗
∈
H

),
(A

5
)

•
tr

(Σ
b
)
<
∞

.
(A

6
)

T
h
e

q
u
an

ti
ti

es
co

n
si

d
er

ed
in

S
ec

ti
on

s
2

an
d

5
ar

e
th

e
n
at

u
ra

l
fi
n
it

e-
d
im

en
si

o
n
a
l

tw
in

s
of

th
es

e
as

su
m

p
ti

on
s.

H
ow

ev
er

in
in

fi
n
it

e
d
im

en
si

on
a

q
u
an

ti
ty

m
ay

ex
is

t
or

n
o
t

a
n
d

it
is

th
u
s

an
as

su
m

p
ti

on
to

co
n
si

d
er

it
s

ex
is

te
n
ce

,
w

h
er

ea
s

it
ca

n
on

ly
b

e
ch

ar
a
ct

er
iz

ed
b
y

it
s

va
lu

e,
b
ig

or
sm

al
l,

in
fi
n
it

e
d
im

en
si

on
.

T
h
e

fi
rs

t
as

su
m

p
ti

on
is

ge
n
er

al
ly

ca
ll
ed

th
e

“
so

u
rc

e
co

n
d
it

io
n
”,

th
e

se
co

n
d

on
e

th
e

“c
ap

ac
it

y
co

n
d
it

io
n
”.

In
th

e
la

st
d
ec

ad
e,

D
e

V
it

o
et

al
.(

20
05

);
C

u
ck

er
an

d
S
m

al
e

(2
00

2)
st

u
d
ie

d
n
o
n
-p

a
ra

m
et

ri
c

le
as

t-
sq

u
ar

es
re

gr
es

si
on

in
th

e
R

K
H

S
fr

am
ew

or
k
.

T
h
es

e
w

o
rk

s
w

er
e

ex
te

n
d
ed

to
d
er

iv
e

ra
te

s
of

co
n
ve

rg
en

ce
d
ep

en
d
in

g
on

as
su

m
p
ti

on
(A

5
):

Y
in

g
an

d
P

o
n
ti

l
(2

00
8
)

st
u
d
ie

d
u
n
-

re
gu

la
ri

ze
d

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

an
d

d
er

iv
ed

as
y
m

p
to

ti
c

ra
te

of
co

n
ve

rg
en

ce
O

(n
−

1
−
r

2
−
r
),

fo
r
r
≤

1
an

d
p
ro

v
ed

th
at

on
e

co
u
ld

d
er

iv
e

si
m

il
ar

ra
te

s
of

co
n
v
er

ge
n
ce

fo
r

0
≤
r
≤

1
fr

o
m

3
.

It
st

a
te

s
th

a
t

fo
r

a
n
y

fu
n

ct
io

n
g
∈

H
,
〈g
,K

x
〉 H

=
g
(x

),
w

h
er

e
〈·,
·〉 H

d
en

o
te

s
th

e
sc

a
la

r
p

ro
d

u
ct

in
th

e
H

il
b

er
t

sp
a
ce

.
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C
o
n
v
e
r
g
e
n
c
e
R
a
t
e
s
f
o
r
L
e
a
st

-S
q
u
a
r
e
s
R
e
g
r
e
ssio

n

Z
h
a
n
g

(20
0
4
),

w
h
o

stu
d
ies

sto
ch

astic
grad

ien
t

d
escen

t
w

ith
av

eragin
g;

w
h
ereas

T
a
rrès

an
d

Y
a
o

(2
0
1
1
)

g
ive

sim
ilar

p
erform

an
ce

for−
1
≤
r≤

0.
In

terestin
gly,

Y
in

g
a
n
d

P
on

til
(2008)

d
o

n
ot

h
av

e
satu

ration
,

m
ean

in
g

th
at

th
e

rate
still

im
p
roves

for
r

sm
aller

th
an
−

1.
A

s
it

w
ill

a
p
p

ea
r,

a
n
y

algorith
m

b
ased

on
a

u
n
iform

averagin
g

sch
em

e
faces

a
satu

ration
issu

e
:

o
n
e

ca
n
n
o
t

fo
rg

et
in

itial
con

d
ition

s
faster

th
an

n
−

2,
w

h
ich

m
akes

th
e

algorith
m

su
b
-op

tim
al

in
situ

a
tio

n
s

in
w

h
ich

th
e

op
tim

al
p
red

ictor
is

very
sm

o
oth

(A
5

h
o
ld

s
w

ith
r≤
−

1).
H

ow
-

ever,
th

ese
p
a
p

ers
on

ly
p
rove

rates
in

th
e

cap
acity

-in
d
ep

en
d
en

t
settin

g,
m

ean
in

g
w

ith
ou

t

a
ssu

m
p
tio

n
o
n

th
e

sp
ectru

m
of

th
e

covarian
ce

m
atrix

.
A

lth
ou

gh
th

e
ra

te
O

(n
−

1−
r

2−
r)

is
o
p
ti-

m
a
l
in

th
is

settin
g,

it
com

es
from

a
w

orst-case
an

aly
sis.

C
on

sid
erin

g
th

e
ca

p
acity

-d
ep

en
d
en

t
settin

g
is

m
o
re

ch
allen

gin
g,

b
u
t

allow
s

to
d
erive

tigh
ter

an
d

m
ore

realistic
rates

(a
cap

acity
co

n
d
itio

n
a
lw

ay
s

stan
d
s

u
n
d
er

th
e

trace
class

assu
m

p
tion

th
at

is
m

ad
e).

M
oreover,

th
e

ca
p
a
city

-in
d
ep

en
d
en

t
settin

g
also

d
o
es

n
ot

allow
to

recov
er

fi
n
ite-d

im
en

sion
al

rates.
U

p
to

o
u
r

k
n
ow

led
ge,

th
ere

is
n
o

on
e

p
ass

sto
ch

astic
grad

ien
t

algorith
m

w
h
ich

d
o
es

n
ot

h
ave

sa
tu

ra
tio

n
w

h
ile

gettin
g

th
e

m
in

im
ax

rate
u
n
d
er

b
oth

th
e

cap
acity

con
d
ition

an
d

sou
rce

co
n
d
itio

n
.

In
a

recen
t

w
ork

,
L

in
an

d
R

osasco
(2016)

ach
iev

es
op

tim
ality

w
ith

o
u
t

sa
tu

ra
tion

w
ith

m
u
ltip

le
p
asses.

W
e

sh
ow

in
th

e
n
ex

t
p
aragrap

h
s

th
at

w
e

can
d
erive

a
tigh

ter
an

d
o
p
tim

a
l

ra
te

fo
r

b
oth

averaged
-S

G
D

(recoverin
g

resu
lts

from
D

ieu
leveu

t
an

d
B

ach
(2015))

a
n
d

avera
g
ed

-a
ccelerated

-S
G

D
,

for
a

larger
class

of
kern

els
for

th
e

latter.
N

ote
th

at
th

e
avera

gin
g

sch
em

e
for

th
e

R
K

H
S

settin
g

w
as

origin
ally

con
sid

ered
b
y

Y
ao

(2006).
W

e
w

ill
fi
rst

d
escrib

e
resu

lts
for

avera
ged

-S
G

D
,
th

en
in

crease
th

e
valid

ity
region

of
th

ese
rates

(w
h
ich

d
ep

en
d
s

on
r,b)

u
sin

g
averag

ed
accelerated

S
G

D
.

W
e

sh
ow

th
a
t

th
e

d
eriv

ed
rates

m
a
tch

statistical
rates

for
ou

r
settin

g
an

d
th

u
s

ou
r

algorith
m

s
reach

th
e

op
tim

al
p
red

ictio
n

p
erfo

rm
an

ce
for

certain
b

an
d
r.

6
.1

A
v
e
ra

g
e
d

S
G

D

W
e

h
ave

th
e

follow
in

g
resu

lt,
p
roved

in
A

p
p

en
d
ix

D
a
n
d

follow
in

g
from

T
h
eorem

2:
for

so
m

e
fi
x
ed

b,r,
w

e
ch

o
ose

th
e

b
est

step
-size

γ
,

th
at

op
tim

izes
th

e
b
ias-varian

ce
trad

e-off
,

w
h
ile

still
sa

tisfy
in

g
th

e
con

strain
t
γ
≤

1
/(2R

2).
W

e
get

a
resu

lt
for

th
e

sto
ch

astic
oracle

(m
u
ltip

lica
tive/

ad
d
itive

n
oise).

T
h

e
o
re

m
7

W
ith

λ
=

1γ
n

,
w

e
h
a
ve,

if
r≤

b,
u

n
d
er

A
ssu

m
p
tio

n
s

(A
1
,2
,5
,6 )

a
n

d
th

e
stoch

a
s-

tic
o
ra

cle
E

q.
(6

),
fo

r
a
n

y
co

n
sta

n
t

step
-size

γ
su

ch
th

a
t

2γ
(R

2
+

2
λ

)≤
1,

w
ith

γ
∝
n
−
b
+
r

b
+
1−
r,

fo
r

th
e

recu
rsio

n
in

E
q.

(9
):

E
f

(θ̄
n
)−

f
(θ∗ )

≤
(

(27
+
o(1)) ∥∥

Σ
r
/
2(θ

0 −
θ∗ ) ∥∥

2
+

6
σ

2
tr(Σ

b) )
n
−

1−
r

b
+
1−
r.

W
e

ca
n

m
a
k
e

th
e

follow
in

g
rem

ark
s:

•
T

h
e

term
o(1)

stan
d
s

for
a

q
u
an

tity
w

h
ich

is
d
ecreasin

g
to

0
w

h
en

n
→
∞

.
M

ore
sp

ecifi
ca

lly,
th

is
con

stan
t

is
sm

aller
th

an
3

tr(Σ
b)

d
iv

id
ed

b
y
n
χ
,
w

h
ere

χ
is

b
igger

th
a
n

0
(see

A
p
p

en
d
ix

D
).

T
h
e

resu
lt

com
es

from
E

q
.

(13)
(w

h
ich

follow
s

from
T

h
eorem

5),
w

ith
th

e
ch

oice
of

th
e

op
tim

al
step

-size.

•
W

e
recover

th
e

sam
e

errors
b

ou
n
d
s

as
in

D
ieu

leveu
t

an
d

B
ach

(2
01

5),
b
u
t

w
ith

a
sim

p
ler

an
aly

sis
resu

ltin
g

from
th

e
con

sid
eration

of
th

e
regu

larized
version

of
th

e
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D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

p
rob

lem
asso

ciated
w

ith
a

ch
oice

of
λ

.
H

ow
ever,

w
e

on
ly

recover
rates

in
th

e
fi
n
ite

h
orizon

settin
g.

•
T

h
is

resu
lt

sh
ow

s
th

at
w

e
get

th
e

op
tim

alrate
of

con
vergen

ce
u
n
d
er

A
ssu

m
p
tion

s
(A

5
,6 ),

for
r≤

b.
T

h
is

p
oin

t
w

ill
b

e
d
iscu

ssed
in

m
o
re

d
etails

after
T

h
eorem

8.

W
e

n
ow

tu
rn

to
th

e
averaged

accelerated
S
G

D
algorith

m
.

W
e

p
rove

th
at

it
en

joy
s

th
e

op
tim

al
rate

of
con

vergen
ce

for
a

larger
class

of
p
ro

b
lem

s,
b
u
t

on
ly

for
th

e
ad

d
itive

n
oise

w
h
ich

corresp
on

d
s

to
k
n
ow

in
g

th
e

d
istrib

u
tion

of
x
n
.

6
.2

A
v
e
ra

g
e
d

-A
c
c
e
le

ra
te

d
S

G
D

S
im

ilarly,
ch

o
osin

g
th

e
b

est
step

-size
γ

,
it

co
m

es
from

T
h
eorem

5,
th

at
in

th
e

R
K

H
S

settin
g,

u
n
d
er

ad
d
ition

al
A

ssu
m

p
tion

s
(A

5
,6 ),

w
e

h
ave

for
th

e
th

e
averaged

accelerated
algorith

m
th

e
follow

in
g

resu
lt:

T
h

e
o
re

m
8

W
ith

λ
=

1
γ
n
2 ,

w
e

h
a
ve,

if
r
≤
b

+
1/2

,
u

n
d
er

A
ssu

m
p
tio

n
s

(A
4
,5
,6 ),

fo
r

a
n

y

co
n

sta
n

t
step

-size
γ
≤

1
L

+
λ

,
w

ith
γ
∝
n
−
2
b
+
2
r−

1
b
+
1−
r

,
fo

r
th

e
recu

rsio
n

in
E

q.
(1

0
):

E
f

(θ̄
n
)−

f
(θ∗ )

≤
(

74 ∥∥
Σ
r
/
2(θ

0 −
θ∗ ) ∥∥

2
+

8
τ

2
tr(Σ

b) )
n
−

1−
r

b
+
1−
r.

W
e

can
m

ak
e

th
e

follow
in

g
rem

ark
s:

•
T

h
e

rate
1−
r

b+
1−
r

is
alw

ay
s

b
etw

een
0

an
d

1,
an

d
im

p
roves

w
h
en

ou
r

assu
m

p
tion

s
gets

stron
ger

(r
gettin

g
sm

aller,
b

gettin
g

sm
aller).

U
ltim

ately,
w

ith
b→

0,
an

d
r
→
−

1,
w

e
recover

th
e

fi
n
ite-d

im
en

sion
al
n
−

1
ra

te.

•
W

e
can

ach
ieve

th
is

op
tim

al
rate

w
h
en

r
≤
b

+
1
/2.

B
eyon

d
,

if
r
>
b

+
1
/
2,

th
e

rate
is

on
ly
n
−

2
(1−

r
).

In
d
eed

,
th

e
b
ias

term
can

n
ot

d
ecrease

fa
ster

th
an

n
−

2
(1−

r
),

as
γ

is
com

p
elled

to
b

e
u
p
p

er
b

ou
n
d
ed

.

•
T

h
e

sam
e

p
h
en

om
en

on
ap

p
ears

in
th

e
u
n
-accelerated

averaged
situ

ation
,

as
sh

ow
n

b
y

T
h
eorem

7,
b
u
t

th
e

critical
valu

e
w

as
th

en
r
≤
b.

T
h
ere

is
th

u
s

a
region

(p
recisely

b
<

r
≤

b
+

1
/2)

in
w

h
ich

on
ly

th
e

accelerated
algorith

m
gets

th
e

op
tim

al
rate

of
con

vergen
ce.

N
ote

th
at

w
e

in
crease

th
e

op
tim

ality
region

tow
ard

s
op

tim
ization

p
rob

lem
s

w
h
ich

are
m

ore
ill-con

d
ition

ed
,

n
atu

rally
b

en
efi

tin
g

from
acceleration

.

•
T

h
is

algorith
m

can
n
ot

b
e

com
p
u
ted

in
p
ractice

(at
least

w
ith

com
p
u
tation

al
lim

its).
In

d
eed

,
w

ith
ou

t
an

y
fu

rth
er

assu
m

p
tion

on
th

e
kern

el
K

,
it

is
n
ot

p
ossib

le
to

com
p
u
te

im
ages

of
vectors

b
y

th
e

covarian
ce

op
erator

Σ
in

th
e

R
K

H
S
.
H

ow
ever,

as
ex

p
lain

ed
in

th
e

follow
in

g
rem

ark
,

th
is

is
en

ou
gh

to
sh

ow
som

e
form

of
op

tim
ality

of
ou

r
algorith

m
.

N
ote

th
at

th
e

easy
com

p
u
tab

ility
is

a
great

ad
van

tag
e

of
th

e
m

u
ltip

licative/ad
d
itive

n
oise

varian
t

of
th

e
algorith

m
s,

for
w

h
ich

th
e

cu
rren

t
p

oin
t
θ
n

can
alw

ay
s

b
e

ex
p
ressed

as
a

fi
n
ite

su
m

of
featu

res
θ
n

=
∑

ni=
1
α
i K

x
i ,

w
ith

α
i
∈

R
,

lead
in

g
to

a
tractab

le
algorith

m
.

A
n

accelerated
varian

t
of

S
G

D
n
atu

rally
arises

from
ou

r
algorith

m
,

w
h
en

con
sid

erin
g

th
is

sto
ch

astic
oracle

from
E

q
.

(6
).

S
u
ch

a
varian

t
can

b
e

im
p
lem

en
ted

b
u
t

d
o
es

n
ot

b
eh

ave
sim

ilarly
for

large
step

sizes,
say,

γ
'

1/
(2R

2).
It

is
an

op
en

p
rob

lem
to

p
rove

con
vergen

ce
resu

lts
for

av
eraged

accelerated
grad

ien
t

u
n
d
er

th
is

m
u
ltip

licative/ad
d
itive

n
oise.
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c
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r
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s
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e
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ss
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n

•
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e
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te
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h
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p
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b
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st
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ti
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p
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ti
ve
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h
is
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ss

to
th

e
sa

m
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le
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oi

n
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an
d

th
e

d
is

tr
ib

u
ti

on
of
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n

ca
n

p
er

fo
rm

b
et

te
r

fo
r

al
l

fu
n
ct

io
n
s

th
at

sa
ti

sf
y

a
ss

u
m

p
ti

on
(A

6
),

fo
r

a
ke

rn
el

sa
ti

sf
y
-

in
g

(A
5
).

In
d
ee

d
it

is
eq

u
iv

al
en

t
to

as
su

m
in

g
th

at
th

e
fu

n
ct

io
n

li
ve

s
in

so
m

e
el

li
p
so

id
in

th
e

sp
ac

e
of

sq
u
ar

ed
in

te
gr

ab
le

fu
n
ct

io
n
s.

N
ot

e
th

at
th

e
st

at
is

ti
ca

l
m

in
im

iz
at

io
n

p
ro

b
le

m
(a

n
d

th
u
s

th
e

lo
w

er
b

ou
n
d
)

d
o
es

n
ot

d
ep

en
d

on
th

e
ke

rn
el

,
an

d
is

va
li
d

w
it

h
-

ou
t

co
m

p
u
ta

ti
on

al
li
m

it
s.

T
h
e

ca
se

of
le

ar
n
in

g
w

it
h

ke
rn

el
s

is
st

u
d
ie

d
b
y

C
ap

on
n
et

to
an

d
D

e
V

it
o

(2
00

7)
w

h
ic

h
sh

ow
s

th
es

e
m

in
im

ax
co

n
ve

rg
en

ce
ra

te
s

u
n
d
er

(A
5
,6

),
u
n
d
er

as
su

m
p
ti

on
th

at
−

1
≤
r
≤

0
(b

u
t

st
at

e
th

at
it

ca
n

b
e

ea
si

ly
ex

te
n
d
ed

to
0
≤
r
≤

1)
.

T
h
ey

d
o

n
ot

as
su

m
e

k
n
ow

le
d
ge

of
th

e
d
is

tr
ib

u
ti

on
of

th
e

in
p
u
ts

;
h
ow

ev
er

,
M

as
sa

rt
(2

00
7)

an
d

T
sy

b
ak

ov
(2

00
8)

d
is

cu
ss

op
ti

m
al

ra
te

s
on

el
li
p
so

id
s,

a
n
d

G
y
ör

fi
et

al
.

(2
00

6)
p
ro

ve
s

si
m

il
ar

re
su

lt
s

fo
r

ce
rt

ai
n

cl
as

s
of

fu
n
ct

io
n
s

u
n
d
er

a
k
n
ow

n
d
is

tr
ib

u
ti

on
fo

r
th

e
in

p
u
t

d
at

a,
sh

ow
in

g
th

at
th

e
k
n
ow

le
d
ge

of
th

e
d
is

tr
ib

u
ti

on
d
o
es

n
ot

m
ak

e
an

y
d
iff

er
en

ce
.

T
h
is

m
in

im
ax

st
at

is
ti

ca
l

ra
te

st
an

d
s

w
it

h
ou

t
co

m
p
u
ta

ti
o
n
al

li
m

it
s

an
d

is
th

u
s

va
li
d

fo
r

b
ot

h
al

go
ri

th
m

s
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d
d
it

iv
e

n
oi

se
th

at
co

rr
es

p
on

d
s

to
k
n
ow

in
g

Σ
,

an
d

m
u
lt

ip
li
ca

ti
ve

/a
d
d
it

iv
e

n
oi

se
).

T
h
e

op
ti

m
al

tr
ad

eo
ff

is
d
er

iv
ed

fo
r

an
ex

te
n
d
ed

re
gi

on
of
b,
r

(n
am

el
y
r
≤
b

+
1/

2
in

st
ea

d
of
r
≤
b)

in
th

e
ac

ce
le

ra
te

d
ca

se
w

h
ic

h
sh

ow
s

th
e

im
p
ro

ve
m

en
t

u
p

on
n
on

-a
cc

el
er

at
ed

av
er

ag
ed

S
G

D
.

•
T

h
e

ch
oi

ce
of

th
e

op
ti

m
al
γ

is
d
iffi

cu
lt

in
p
ra

ct
ic

e,
as

th
e

p
ar

am
et

er
s
b,
r

ar
e

u
n
k
n
ow

n
,

an
d

th
is

re
m

ai
n
s

an
op

en
p
ro

b
le

m
in

ge
n
er

al
(s

ee
,

e.
g.

,
B

ir
gé

,
20

01
,

fo
r

so
m

e
m

et
h
o
d
s

fo
r

n
on

-p
ar

am
et

ri
c

re
gr

es
si

on
),

ev
en

if
in

th
e

ca
p
ac

it
y
-i

n
d
ep

en
d
en

t
se

tt
in

g,
O

ra
b

on
a

(2
01

4)
h
as

p
ro

p
os

ed
an

al
go

ri
th

m
th

at
ad

a
p
ts

to
th

e
u
n
k
n
ow

n
p
ar

am
et

er
r.

•
N

ot
e

th
at

w
e

d
o

n
ot

gi
ve

ra
te

s
in

te
rm

s
of

n
or

m
in

th
e

R
H

K
S

(i
.e

.,
an

u
p
p

er
b

o
u
n
d

on
‖θ̄
n
−
θ ∗
‖ H

),
b

ec
au

se
w

e
m

ai
n
ly

a
im

at
ex

te
n
d
in

g
op

ti
m

al
it

y
of

p
re

d
ic

ti
on

er
ro

r
ra

te
to

il
l-

co
n
d
it

io
n
ed

ca
se

s
(i

.e
.

si
tu

at
io

n
s

fo
r

w
h
ic

h
r
≥
b
≥

0)
.

In
su

ch
a

si
tu

at
io

n
,

H
il
b

er
t

sp
ac

es
n
or

m
b

ou
n
d
s

w
ou

ld
n
ot

b
e

re
le

va
n
t

as
th

e
op

ti
m

al
es

ti
m

at
or

d
o
es

n
ot

ev
en

li
ve

in
th

e
R

K
H

S
.

7
.
E
x
p
e
ri
m
e
n
ts

W
e

il
lu

st
ra

te
n
ow

ou
r

th
eo

re
ti

ca
l

re
su

lt
s

on
sy

n
th

et
ic

ex
am

p
le

s.
F

or
d

=
25

w
e

co
n
si

d
er

n
or

m
al

ly
d
is

tr
ib

u
te

d
in

p
u
ts
x
n

w
it

h
ra

n
d
om

co
va

ri
an

ce
m

at
ri

x
Σ

w
h
ic

h
h
as

ei
ge

n
va

lu
es

1
/i

3
,

fo
r
i

=
1,
..
.,
d
,

an
d

ra
n
d
om

op
ti

m
u
m
θ ∗

an
d

st
ar

ti
n
g

p
oi

n
t
θ 0

su
ch

th
at
‖θ

0
−
θ ∗
‖

=
1.

T
h
e

ou
tp

u
ts
y n

ar
e

ge
n
er

at
ed

fr
om

a
li
n
ea

r
fu

n
ct

io
n

w
it

h
h
o
m

o
sc

ed
as

ti
c

n
oi

se
w

it
h

u
n
it

si
gn

al
to

n
oi

se
-r

at
io

(σ
2

=
1)

,
w

e
ta

k
e
R

2
=

tr
Σ

th
e

av
er

ag
e

ra
d
iu

s
of

th
e

d
at

a
an

d
a

st
ep

-s
iz

e
γ

=
1
/R

2
an

d
λ

=
0.

T
h
e

ad
d
it

iv
e

n
oi

se
or

ac
le

is
u
se

d
.

W
e

sh
ow

re
su

lt
s

av
er

ag
ed

ov
er

10
re

p
li
ca

ti
on

s.

W
e

co
m

p
ar

e
th

e
p

er
fo

rm
an

ce
of

av
er

ag
ed

S
G

D
(A

v
S
G

D
),

A
cc

S
G

D
(u

su
al

N
es

te
ro

v
ac

-
ce

le
ra

ti
on

fo
r

co
n
ve

x
fu

n
ct

io
n
s)

an
d

ou
r

n
ov

el
av

er
ag

ed
ac

ce
le

ra
te

d
S
G

D
fr

om
S
ec

ti
on

4
A

v
A

cc
S
G

D
(w

h
ic

h
is

n
ot

th
e

av
er

ag
in

g
of

A
cc

S
G

D
b

ec
au

se
th

e
m

om
en

tu
m

te
rm

is
p
ro

p
or

-
ti

on
al

to
1
−

3
/n

fo
r

A
cc

S
G

D
in

st
ea

d
of

b
ei

n
g

eq
u
al

to
1

fo
r

A
v
A

cc
S
G

D
),

on
tw

o
d
iff

er
en

t
p
ro

b
le

m
s:

on
e

d
et

er
m

in
is

ti
c

(‖
θ 0
−
θ ∗
‖

=
1,
σ

2
=

0)
w

h
ic

h
w

il
l

il
lu

st
ra

te
h
ow

th
e

b
ia

s
te

rm
b

eh
av

es
,

an
d

on
e

p
u
re

ly
st

o
ch

as
ti

c
(‖
θ 0
−
θ ∗
‖

=
0,
σ

2
=

1)
w

h
ic

h
w

il
l

il
lu

st
ra

te
h
ow

th
e

va
ri

an
ce

te
rm

b
eh

av
es

.
F

or
th

e
b
ia

s
(l

ef
t

p
lo

t
of

F
ig

u
re

1)
,

A
v
S
G

D
co

n
ve

rg
es

at
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1)

:1
-5

1,
 2

01
7

D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

lo
g

1
0
(n

)
0

2
4

6

log
10

[f(θ)-f(θ
*
)]

-1
4

-1
2

-1
0-8-6-4-20

B
ia

s

A
v
A

c
c
S

G
D

A
c
c
S

G
D

A
v
S

G
D

lo
g

1
0
(n

)
0

2
4

6

log
10

[f(θ)-f(θ
*
)]

-1
4

-1
2

-1
0-8-6-4-20

V
a

r
ia

n
c

e

A
v
A

c
c
S

G
D

A
c
c
S

G
D

A
v
S

G
D

F
ig

u
re

1:
S
y
n
th

et
ic

p
ro

b
le

m
(d

=
25

)
an

d
γ

=
1/
R

2
.

L
ef

t:
B

ia
s.

R
ig

h
t:

V
a
ri

a
n
ce

.

sp
ee

d
O

(1
/n

),
w

h
il
e

A
v
A

cc
S
G

D
an

d
A

cc
S
G

D
co

n
ve

rg
e

b
ot

h
at

sp
ee

d
O

(1
/
n

2
).

H
ow

ev
er

,
as

m
en

ti
on

ed
in

th
e

ob
se

rv
at

io
n
s

fo
ll
ow

in
g

C
or

ol
la

ry
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A
cc

S
G

D
ta

ke
s

ad
va

n
ta

g
e

o
f

th
e

h
id

d
en

st
ro

n
g

co
n
ve

x
it

y
of

th
e

le
as

t-
sq

u
ar

es
fu

n
ct

io
n

an
d

st
ar

ts
co

n
ve

rg
in

g
li
n
ea

rl
y

a
t

th
e

en
d
.

F
or

th
e

va
ri

an
ce

(r
ig

h
t

p
lo

t
of

F
ig

u
re

1)
,

A
cc

S
G

D
is

n
ot

co
n
ve

rg
in

g
to

th
e

o
p
ti

m
u
m

an
d

ke
ep

s
os

ci
ll
at

in
g

w
h
er

ea
s

A
v
S
G

D
an

d
A

v
A

cc
S
G

D
b

ot
h

co
n
ve

rg
e

to
th

e
o
p
ti

m
u
m

a
t

a
sp

ee
d
O

(1
/n

).
H

ow
ev

er
A

v
S
G

D
re

m
ai

n
s

sl
ig

h
tl

y
fa

st
er

in
th

e
b

eg
in

n
in

g.
N

ot
e

th
at

fo
r

sm
al

l
n

,
or

w
h
en

th
e

b
ia
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‖θ

0
−
θ ∗
‖2
/n

2
is

m
u
ch

b
ig

ge
r

th
a
n

th
e

va
ri

a
n
ce

σ
2
d
/n

,
th

e
b
ia

s
m

ay
h
av

e
a

st
ro

n
ge

r
eff

ec
t,

al
th

ou
gh

as
y
m

p
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ti
ca

ll
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th
e

va
ri

a
n
ce

a
lw

ay
s

d
om

in
at

es
.

It
is

th
u
s

es
se

n
ti

al
to

h
av

e
an

al
go

ri
th

m
w

h
ic

h
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op
ti

m
al

in
b

ot
h

re
g
im

es
;

th
is

is
ac

h
ie

ve
d

b
y

A
v
A

cc
S
G

D
.
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n
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u
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p
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,
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ra
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ra
te

d
gr

ad
ie

n
t

d
es

ce
n
t

w
a
s

ro
b
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p
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d
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n
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w
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h
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m
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b
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p
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m
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p
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p
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b
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k
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id

en
it

s
ap

p
li
ca

b
il
it

y.
M

or
eo

v
er

,
ou

r
ac

ce
le

ra
te

d
gr

ad
ie

n
t

an
a
ly

si
s

is
p

er
fo

rm
ed

fo
r

a
d
d
it

iv
e

n
o
is

e
(i

.e
.,

fo
r

le
as

t-
sq

u
ar

es
re

gr
es

si
on

,
w

it
h

k
n
ow

le
d
ge

o
f

th
e

p
op

u
la

ti
on

co
va

ri
an

ce
m

a
tr

ix
)

a
n
d

it
w

ou
ld

b
e

in
te

re
st

in
g

to
st

u
d
y

th
e

ro
b
u
st

n
es

s
of

ou
r

re
su

lt
s

in
th

e
co

n
te

x
ts

o
f

le
a
st

-m
ea

n
sq

u
ar

es
an

d
on

li
n
e

le
ar

n
in

g.
F

in
al

ly
,

ou
r

an
al

y
si

s
re

li
es

on
si

n
gl

e
ob

se
rv

at
io

n
s

p
er

it
er

a
ti

on
an

d
co

u
ld

b
e

m
ad

e
fi
n
er

b
y

u
si

n
g

m
in

i-
b
at

ch
es

(C
ot

te
r

et
al

.,
20

11
;

D
ek

el
et

a
l.
,

2
0
1
2
),

w
h
ic

h
sh

ou
ld

n
ot

ch
an

ge
th

e
va

ri
an

ce
te

rm
b
u
t

co
u
ld

im
p
ac

t
th

e
b
ia

s
te

rm
.
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e
R
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L
e
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st

-S
q
u
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r
e
s
R
e
g
r
e
ssio

n

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

a
u
th

o
rs

w
ou

ld
like

to
th

an
k

D
am

ien
G

arreau
for

in
terestin

g
d
iscu

ssion
s

an
d

th
e

re-
v
iew

ers
fo

r
th

eir
con

stru
ctive

an
d

h
elp

fu
l

com
m

en
ts.

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

o
f
S
e
ctio

n
3

W
e

fi
rst

p
rov

e
th

e
resu

lts
of

S
ection

3
.

A
.1

P
ro

o
f

o
f

L
e
m

m
a

1

W
e

p
ro

o
f

h
ere

L
em

m
a

1
w

h
ich

is
th

e
ex

ten
sion

of
L

em
m

a
2

of
B

ach
an

d
M

ou
lin

es
(2013)

fo
r

th
e

reg
u
la

rized
case.

T
h
e

p
ro

of
tech

n
iq

u
e

relies
on

th
e

fact
th

at
recu

rsion
s

in
E

q
.

(7)
a
re

lin
ea

r
sin

ce
th

e
cost

fu
n
ction

is
q
u
ad

ratic
w

h
ich

allow
s

u
s

to
ob

tain
θ
n −

θ∗
in

closed
fo

rm
.F
o
r

a
n
y

reg
u
larization

p
aram

eter
λ
∈
R

+
a
n
d

an
y

con
stan

t
step

-size
γ

(Σ
+
λ
I
)4

I
w

e
m

ay
rew

rite
th

e
regu

larized
sto

ch
astic

grad
ien

t
recu

rsion
in

E
q
.

(7)
as:

θ
n −

θ∗
=

[I−
γ

Σ
−
γ
λ
I ](θ

n−
1 −

θ∗ )
+
γ
ξ
n

+
λ
γ

(θ
0 −

θ∗ ).

W
e

th
u
s

g
et

fo
r
n
≥

1
th

e
ex

p
an

sion

θ
n −

θ∗
=

(I−
γ

Σ
−
γ
λ
I
)
n
(θ

0 −
θ∗ )

+
γ

n
∑k

=
1 (I−

γ
Σ
−
γ
λ
I
)
n−

kξ
k

+
γ
λ

n
∑k

=
1 (I−

γ
Σ
−
γ
λ
I
)
n−

k(θ
0 −

θ∗ )

=
(I−

γ
Σ
−
γ
λ
I
)
n
(θ

0 −
θ∗ )

+
γ

n
∑k

=
1 (I−

γ
Σ
−
γ
λ
I
)
n−

kξ
k

+
λ [I−

(I−
γ

Σ
−
γ
λ
I
)
n ](Σ

+
λ
I
) −

1(θ
0 −

θ∗ )

=
(I−

γ
Σ
−
γ
λ
I
)
n
[I−

λ
(Σ

+
λ
I
) −

1](θ
0 −

θ∗ )
+
γ

n
∑k

=
1 (I−

γ
Σ
−
γ
λ
I
)
n−

kξ
k

+
λ

(Σ
+
λ
I
) −

1(θ
0 −

θ∗ ).

W
e

th
en

h
av

e
u
sin

g
th

e
d
efi

n
ition

of
th

e
average

n
(θ̄
n−

1 −
θ∗ )

=
n−

1
∑j=

0 (θ
j −

θ∗ )

=
n−

1
∑j=

0 (I−
γ

Σ
−
γ
λ
I
)
j[I−

λ
(Σ

+
λ
I
) −

1](θ
0 −

θ∗ )
+
γ
n−

1
∑j=

0

j
∑k

=
1 (I−

γ
Σ
−
γ
λ
I
)
n−

kξ
k

+
n
λ

(Σ
+
λ
I
) −

1(θ
0 −

θ∗ ).
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D
ie
u
l
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t
,
F
l
a
m
m
a
r
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n
a
n
d

B
a
c
h

F
or

w
h
ich

w
e

w
ill

com
p
u
te

th
e

tw
o

su
m

s
sep

arately

n−
1

∑j=
0 (I−

γ
Σ
−
γ
λ
I
)
j[I−

λ
(Σ

+
λ
I
) −

1](θ
0 −

θ∗ )

=
1γ [I−

(I−
γ

Σ
−
γ
λ
I
)
n ](Σ

+
λ
I
) −

1[I−
λ

(Σ
+
λ
I
) −

1](θ
0 −

θ∗ ),

an
d

γ
n−

1
∑j=

0

j
∑k

=
1 (I−

γ
Σ
−
γ
λ
I
)
j−
kξ
k

=
γ
n−

1
∑k

=
1 (

n−
1

∑j=
k (I−

γ
Σ
−
γ
λ
I
)
j−
k )
ξ
k

=
γ
n−

1
∑k

=
1 (

n−
1−
k

∑j=
0

(I−
γ

Σ
−
γ
λ
I
)
j )
ξ
k

=
n−

1
∑k

=
1 [I−

(I−
γ

Σ
−
γ
λ
I
)
n−

k ](Σ
+
λ
I
) −

1ξ
k .

G
ath

erin
g

th
e

th
ree

term
s

togeth
er,

w
e

th
u
s

h
ave

n
(θ̄
n−

1 −
θ∗ )

=
1γ [I−

(I−
γ

Σ
−
γ
λ
I
)
n ](Σ

+
λ
I
) −

1[I−
λ

(Σ
+
λ
I
) −

1](θ
0 −

θ∗ )

+
n−

1
∑k

=
1 [I−

(I−
γ

Σ
−
γ
λ
I
)
n−

k ](Σ
+
λ
I
) −

1ξ
k

+
n
λ

(Σ
+
λ
I
) −

1(θ
0 −

θ∗ )

=
[

1γ [I−
(I−

γ
Σ
−
γ
λ
I
)
n ][I−

λ
(Σ

+
λ
I
) −

1]+
n
λ
I ](Σ

+
λ
I
) −

1(θ
0 −

θ∗ )

+
n−

1
∑k

=
1 [I−

(I−
γ

Σ
−
γ
λ
I
)
n−

k ](Σ
+
λ
I
) −

1ξ
k .

U
sin

g
stan

d
ard

m
artin

gale
sq

u
are

m
om

en
t

in
eq

u
alities

w
h
ich

am
ou

n
t

to
co

n
sid

er
ξ
i ,
i

=
1
,...,n

in
d
ep

en
d
en

t,
th

e
varian

ce
of

th
e

su
m

is
th

e
su

m
of

varian
ces

an
d

w
e

h
ave

for
V

=
E
ξ
n ⊗

ξ
n

n
2E‖Σ

1
/
2(θ̄

n−
1 −

θ∗ )‖
2

=
∑

n−
1

k
=

1
tr [I−

(I−
γ

Σ
−
γ
λ
I
)
n−

k ]
2Σ

(Σ
+
λ
I
) −

2V

+
∥∥∥ [

1γ [I−
(I−

γ
Σ
−
γ
λ
I
)
n ][I−

λ
(Σ

+
λ
I
) −

1]+
n
λ
I ]Σ

1
/
2(Σ

+
λ
I
) −

1(θ
0 −

θ∗ ) ∥∥∥
2.

(15)

S
in

ce
all

th
e

m
atrices

in
th

is
eq

u
ality

are
sy

m
m

etric
p

ositive-d
efi

n
ite

w
e

are
allow

ed
to

b
ou

n
d

[
1γ [I−

(I−
γ

Σ
−
γ
λ
I
)
n ][I−

λ
(Σ

+
λ
I
) −

1]+
n
λ
I ]
4

(
1γ

+
n
λ )
I

(16)

[I−
(I−

γ
Σ
−
γ
λ
I
)
n−

k ]
2
4

I
.
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e
g
r
e
ss
io
n

T
h
is

co
n
cl

u
d
es

p
ro

of
of

th
e

L
em

m
a

1

E‖
Σ

1
/
2
(θ̄
n
−

1
−
θ ∗

)‖
2
≤
(

1 n
γ

+
λ
) 2
‖Σ

1
/
2
(Σ

+
λ
I
)−

1
(θ

0
−
θ ∗

)‖
2 +

1 n
tr

Σ
(Σ

+
λ
I
)−

2
V
.

(1
7)

A
.2

P
ro

o
f

W
h

e
n

O
n

ly
‖θ

0
−
θ ∗
‖

Is
F

in
it

e

U
n
fo

rt
u
n
at

el
y
‖Σ
−

1
(θ

0
−
θ ∗

)‖
m

ay
n
ot

b
e

fi
n
it

e.
H

ow
ev

er
w

e
ca

n
u
se

th
at

fo
r

al
l
u
∈

[0
,1

]

w
e

h
av

e
1
−

(1
−
u

)n

n
u

≤
1

4
an

d
h
av

e
th

er
ef

or
e

th
e

b
ou

n
d

[ 1 γ

[ I
−

(I
−
γ

Σ
−
γ
λ
I
)n
] [I
−
λ

(Σ
+
λ
I
)−

1
]+

n
λ
I
] [Σ

+
λ
I
]−

1

4
[ 1 γ

[ I
−

(I
−
γ

Σ
−
γ
λ
I
)n
] +

n
λ
I
] [Σ

+
λ
I
]−

1

4
[ 1 γ

[ I
−

(I
−
γ

Σ
−
γ
λ
I
)n
] [Σ

+
λ
I
]−

1
+
n
λ

[Σ
+
λ
I
]−

1
]

4
I

+
n
I
.

C
om

b
in

in
g

w
it

h
E

q
.

(1
6)

w
e

h
av

e

∥ ∥ ∥[
1 γ

[ I
−

(I
−
γ

Σ
−
γ
λ
I
)n
] [I
−
λ

(Σ
+
λ
I
)−

1
]+

n
λ
I
] Σ

1
/
2
(Σ

+
λ
I
)−

1
(θ

0
−
θ ∗

)∥ ∥ ∥2

≤
(n

+
1)
( 1 γ

+
n
λ
) ‖

Σ
1
/
2
(Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)‖
2
,

w
h
ic

h
im

p
li
es

th
at

E‖
Σ

1
/
2
(θ̄
n
−

1
−
θ ∗

)‖
2
≤

2
(

1 n
γ

+
λ
) ‖

Σ
1
/
2
(Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)‖
2

+
1 n

tr
Σ

(Σ
+
λ
I
)−

2
V
,

(1
8)

w
h
ic

h
is

in
te

re
st

in
g

w
h
en

on
ly
‖θ

0
−
θ ∗
‖

is
fi
n
it

e.

A
.3

P
ro

o
f

W
h

e
n

th
e

N
o
is

e
Is

N
o
t

S
tr

u
c
tu

re
d

T
h
e

b
ou

n
d

in
E

q
.

(1
7)

b
ec

om
es

le
ss

in
te

re
st

in
g

w
h
en

th
e

n
oi

se
is

n
ot

st
ru

ct
u
re

d
.

H
ow

ev
er

u
si

n
g

th
e

sa
m

e
te

ch
n
iq

u
e

w
e

h
av

e
th

at
[ I
−

(I
−
γ

Σ
−
γ
λ
I
)n
−
k
] 2

(Σ
+
λ
I
)−

1
4

(n
−
k
)γ
I

an
d

w
e

ge
t

th
e

fo
ll
ow

in
g

u
p
p

er
-b

ou
n
d

on
th

e
va

ri
an

ce

n ∑ k
=

1

tr
[ I
−

(I
−
γ

Σ
−
γ
λ
I
)n
−
k
] 2

Σ
(Σ

+
λ
I
)−

2
V
≤

γ
n ∑ k
=

1

(n
−
k
)

tr
Σ

(Σ
+
λ
I
)−

1
V

≤
γ
n

(n
+

1)

2
tr

Σ
(Σ

+
λ
I
)−

1
V
.

4
.

si
n

ce
1
−
(1
−
u
)n

u
=
∑
n k
=
0
(1
−
u

)k
≤
n
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,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

T
h
er

ef
or

e
w

e
ge

t

E‖
Σ

1
/
2
(θ̄
n
−

1
−
θ ∗

)‖
2
≤
(

1 n
γ

+
λ
) 2
‖Σ

1
/
2
(Σ

+
λ
I
)−

1
(θ

0
−
θ ∗

)‖
2 +
γ

tr
Σ

(Σ
+
λ
I
)−

1
V
,

(1
9
)

w
h
ic

h
is

m
ea

n
in

gf
u
l

w
h
en

th
e

n
oi

se
is

n
ot

st
ru

ct
u
re

d
.

A
p
p
e
n
d
ix

B
.
P
ro

o
f
o
f
T
h
e
o
re
m

2

In
th

is
se

ct
io

n
,

w
e

w
il
l

p
ro

ve
T

h
eo

re
m

2.
T

h
e

p
ro

of
re

li
es

on
a

d
ec

om
p

os
it

io
n

o
f

th
e

er
ro

r
as

th
e

su
m

of
th

re
e

m
ai

n
te

rm
s

w
h
ic

h
w

il
l

b
e

st
u
d
ie

d
se

p
ar

at
el

y.
W

e
st

at
e

d
ec

o
m

p
o
si

ti
o
n

in
S
ec

ti
on

B
.1

th
en

p
ro

v
e

u
p
p

er
b

ou
n
d
s

fo
r

th
e

d
iff

er
en

t
te

rm
s

in
S
ec

ti
on

s
B

.2
a
n
d

B
.3

.

B
.1

E
x
p

a
n

si
o
n

o
f

th
e

R
e
c
u

rs
io

n

W
e

m
ay

re
w

ri
te

th
e

re
gu

la
ri

ze
d

st
o
ch

as
ti

c
gr

ad
ie

n
t

re
cu

rs
io

n
as

:

θ n
=

[ I
−
γ
x
n
⊗
x
n
−
γ
λ
I
] θ
n
−

1
+
γ
ε n
x
n

+
γ
〈x
n
,θ
∗〉
x
n

+
λ
γ
θ 0

θ n
−
θ ∗

=
[ I
−
γ
x
n
⊗
x
n
−
γ
λ
I
] (θ

n
−

1
−
θ ∗

)
+
γ
ε n
x
n

+
λ
γ

(θ
0
−
θ ∗

).

F
or
i
>
k
,

le
t

M
(i
,k

)
=
[ I
−
γ
x
i
⊗
x
i
−
γ
λ
I
] ·
··
[ I
−
γ
x
k
⊗
x
k
−
γ
λ
I
]

b
e

an
op

er
at

or
fr

om
H

to
H

.
W

e
h
av

e
th

e
ex

p
an

si
on

θ n
−
θ ∗

=
M

(n
,1

)(
θ 0
−
θ ∗

)
+
γ

n ∑ k
=

1

M
(n
,k

+
1)
ε k
x
k

+
γ

n ∑ k
=

1

M
(n
,k

+
1)
λ

(θ
0
−
θ ∗

).

O
u
r

go
al

is
to

st
u
d
y

th
es

e
th

re
e

te
rm

s
se

p
ar

at
el

y
an

d
b

ou
n
d
‖Σ

1
/
2
(θ̄
n
−
θ ∗

)‖
fo

r
ea

ch
o
f

th
em

.

B
.2

R
e
g
u

la
ri

z
a
ti

o
n

-B
a
se

d
B

ia
s

T
e
rm

T
h
is

is
th

e
te

rm
:
θ n
−
θ ∗

=
γ
∑

n k
=

1
M

(n
,k

+
1)
λ

(θ
0
−
θ ∗

),
w

h
ic

h
co

rr
es

p
o
n
d
s

to
th

e
re

cu
rs

io
n

θ n
−
θ ∗

=
( I
−
γ
x
n
⊗
x
n
−
γ
λ
I
) (θ

n
−

1
−
θ ∗

)
+
λ
γ

(θ
0
−
θ ∗

),
(2

0
)

in
it

ia
li
ze

d
w

it
h
θ 0

=
θ ∗

,
an

d
n
o

n
oi

se
.

F
ol

lo
w

in
g

th
e

p
ro

of
te

ch
n
iq

u
e

of
B

ac
h

an
d

M
o
u
li
n
es

(2
01

3)
,

w
e

ar
e

go
in

g
to

co
n
si

d
er

a
re

la
te

d
re

cu
rs

io
n

b
y

re
p
la

ci
n
g

in
E

q
u
at

io
n

(2
0)

th
e

o
p

er
at

o
r
x
n
⊗
x
n

b
y

it
s

ex
p

ec
ta

ti
o
n

Σ
.

T
h
u
s,

w
e

co
n
si

d
er
η n

d
efi

n
ed

as

η n
−
θ ∗
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γ

n ∑ k
=

1

(I
−
γ

Σ
−
λ
γ
I
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−
k
λ
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θ ∗
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η 0
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θ ∗
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d

η n
−
θ ∗

=
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−
γ

Σ
−
λ
γ
I
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n
−

1
−
θ ∗

)
+
λ
γ
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−
θ ∗

).
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/
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θ ∗
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,
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y
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‖Σ
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/
2
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θ ∗

)‖
a
n
d

‖Σ
1
/
2
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−
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θ
0 −

η
0

=
0,

an
d

θ
n −

η
n

=
[I−

γ
x
n ⊗

x
n −

λ
γ
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n−
1 −

η
n−
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+
γ [Σ
−
x
n ⊗

x
n ](η

n−
1 −

θ∗ ).

W
e

ca
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e

recu
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η
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u
sin
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d
ard
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lin

e
lea

rn
in

g
p
ro

ofs
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irov

sk
i

et
al.,

2009):

‖θ
n −

η
n ‖

2
6
‖
θ
n−

1 −
η
n−

1 ‖
2−

2γ 〈θ
n−

1 −
η
n−

1 ,(x
n ⊗

x
n

+
λ
I
)(θ

n−
1 −

η
n−

1 ) 〉

+
2γ 〈θ

n−
1 −

η
n−

1 , [Σ
−
x
n ⊗

x
n ](η

n−
1 −

θ∗ ) 〉

+
γ

2 ∥∥ [x
n ⊗

x
n

+
λ
I ](θ

n−
1 −

η
n−

1 )−
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−
x
n ⊗

x
n ](η

n−
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θ∗ ) ∥∥
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y
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in
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n
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p
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F
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1 ,
w
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g
fi
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e
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E

(Σ
−

x
n
⊗
x
n |F
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=
0
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d
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e
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u
ality
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+
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2
≤
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2

+
b
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en

d
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g
E

[(x
n ⊗

x
n
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R
2Σ

,
w

h
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m
p
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A
1 .

E (‖θ
n −

η
n ‖

2|F
n−

1 )
6
‖
θ
n−

1 −
η
n−

1 ‖
2−

2
γ 〈θ

n−
1 −

η
n−

1 ,(Σ
+
λ
I
)(θ

n−
1 −

η
n−

1 ) 〉

+
2
γ

2E ( ∥∥ [x
n ⊗

x
n

+
λ
I ](θ

n−
1 −

η
n−

1 ) ∥∥
2|F

n−
1 )

+
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γ
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−
x
n ⊗

x
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n−
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1 )
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θ
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2
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n−
1 −

η
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I
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+
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λ
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+
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p
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6

1

2
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γ
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2
+

2
λ
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θ
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η
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1 ‖
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E‖θ
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η
n ‖

2 ]

+
γ
R

2
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2

+
2
λ

) 〈η
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1 −
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1 −
θ∗ )〉.

T
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u
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γ
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2
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2
λ
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η
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η
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1 ) 〉
6
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θ
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=

0,
th

en
u
sin

g
con

vex
ity

to
u
p
p

er
b

ou
n
d
〈θ̄
n −
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1 ∑

nk
=
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1
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+
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+
1 ][λ

(Σ
+
λ
I
) −

1(θ
0 −
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M
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1
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λ
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1
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1
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2
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λ
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1
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+
λ
I
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θ∗ )‖

+
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R
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Σ
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+
λ
I
) −

1(θ
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/
2

6
‖
λ
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/
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I
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√

2γ
R
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b
ias
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Σ

1
/
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n −
θ∗ )‖

26
‖λ

Σ
1
/
2(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )‖
2 (1

+
√

2
γ
R

2 )
2.

(21)
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e
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W
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w
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con
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a

fu
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ex
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of
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e

fu
n
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valu
e
‖
Σ

1
/
2(θ̄

n −
θ∗ )‖

2.
T

h
is

corresp
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d
s

to

θ
n −

θ∗
=
M

(n
,1)(θ

0 −
θ∗ )

+
γ

n
∑k

=
1

M
(n
,k

+
1)ε

k x
k .

W
e

h
ave

E
n
∑i=

0

n
∑j=

0 〈θ
i −

θ∗ ,Σ
(θ
j −

θ∗ )〉
=

E
n
∑i=

0 〈θ
i −

θ∗ ,Σ
(θ
i −

θ∗ )〉
+

2E
n−

1
∑i=

0

n
∑j=
i+

1 〈θ
i −

θ∗ ,Σ
(θ
j −

θ∗ )〉.
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0

n ∑
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1
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i
−
θ ∗
,Σ

(θ
j
−
θ ∗

)〉

=
E
n
−

1
∑ i=

0

n ∑

j=
i+

1

〈 θ i
−
θ ∗
,Σ

[ M
(j
,i

+
1)

(θ
i
−
θ ∗

)
+

j ∑

k
=
i+

1

M
(j
,k

+
1)
γ
ε k
x
k

]〉

=
E
n
−

1
∑ i=

0

n ∑

j=
i+

1

〈θ
i
−
θ ∗
,Σ
M

(j
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−
θ ∗

)〉
b

ec
au

se
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an
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θ i

ar
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ep

en
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en

t,

=
E
n
−

1
∑ i=

0

n ∑

j=
i+

1

〈θ
i
−
θ ∗
,Σ

(I
−
γ

Σ
−
γ
λ
I
)j
−
i (
θ i
−
θ ∗

)〉
as
M

(j
,i

+
1)

an
d
θ i

ar
e

in
d
ep

en
d
en

t,

=
E
n
−

1
∑ i=

0

〈 θ i
−
θ ∗
,γ
−

1
Σ

(Σ
+
λ
I
)−

1
[ (I
−
γ

Σ
−
γ
λ
I
)
−

(I
−
γ

Σ
−
γ
λ
I
)n
−
i+

1
] (θ

i
−
θ ∗

)〉

6
E

n ∑ i=
0

〈 θ i
−
θ ∗
,γ
−

1
Σ

(Σ
+
λ
I
)−

1
(I
−
γ

Σ
−
γ
λ
I
)(
θ i
−
θ ∗

)〉
u
si

n
g

(Σ
+
λ
I
)
4
I
,

=
γ
−

1
E

n ∑ i=
0

〈θ
i
−
θ ∗
,Σ

(Σ
+
λ
I
)−

1
(θ
i
−
θ ∗

)〉
−

E
n ∑ i=

0

〈θ
i
−
θ ∗
,Σ

(θ
i
−
θ ∗

)〉
.

W
e

th
u
s

si
m

p
ly

n
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d
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b
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n
d
γ
−

1
E
∑

n i=
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〈θ
i
−
θ ∗
,Σ

(Σ
+
λ
I
)−

1
(θ
i
−
θ ∗

)〉
,

to
ge

t
a

b
ou

n
d
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n

2
E‖

Σ
1
/
2
(θ̄
n
−
θ ∗

)‖
2
.

R
e
c
u
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n
o
n

o
p

e
ra

to
rs

.
W

e
h
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e:

E[
M

(i
,k

)Σ
(Σ

+
λ
I
)−

1
M

(i
,k

)∗
]

=
E[
M

(i
,k

+
1)
[ I
−
γ
x
k
⊗
x
k
−
γ
λ
I
] Σ

(Σ
+
λ
I
)−

1

[ I
−
γ
x
k
⊗
x
k
−
γ
λ
I
] M

(i
,k

+
1)
∗]

=
E[
M

(i
,k

+
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(Σ
+
λ
I
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1
−

2γ
Σ

+
γ

2
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k
⊗
x
k

+
λ
I
] Σ
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+
λ
I
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1
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k
⊗
x
k

+
λ
I
])
M

(i
,k

+
1)
∗]

4
E[
M

(i
,k

+
1)
[ Σ

(Σ
+
λ
I
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1
−

2
γ

Σ

+
γ

2
(R

2
+

2
λ

)Σ
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(i
,k

+
1)
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=
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M

(i
,k

+
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Σ
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λ
I
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1
M

(i
,k

+
1
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−
γ
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2
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M

(i
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+
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Σ
M

(i
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+
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w
h
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h
le
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M

(i
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+
1)

Σ
M
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+
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4

1
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2
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+
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+
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(Σ

+
λ
I
)
−
γ

Σ
.

N
o
is

e
te

rm
.

F
or
θ 0
−
θ ∗
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θ ∗
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θ ∗
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θ ∗

)〉
,
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e
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r
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u
a
r
e
s
R
e
g
r
e
ssio

n

w
ith

θ
i −

θ∗
=
M

(i,1)(θ
0 −

θ∗ ),
th

at
is

γ
−

1E
n
∑i=

0

tr [M
(i,1) ∗Σ

(Σ
+
λ
I
) −

1M
(i,1)(θ

0 −
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0 −
θ∗ ) ∗ ].

W
e

fo
llow

h
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th
e

p
ro

of
of

D
éfossez

an
d

B
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(2015
)

an
d

con
sid

er
th

e
op

erator
T

from
sy

m
m

etric
m

a
trices

to
sy

m
m

etric
m

atrices
d
efi

n
ed

as

T
A

=
(Σ

+
λ
I
)A

+
A

(Σ
+
λ
I
)−

γ
E
[(x

n ⊗
x
n

+
λ
I
)A

(x
n ⊗

x
n

+
λ
I
) ].

o
f

th
e

fo
rm

T
A

=
(Σ

+
λ
I
)A

+
(Σ

+
λ
I
)A
−
γ
S
A

.
T

h
e

o
p

era
to

r
S

is
self-ad

join
t

an
d

p
ositive.

M
oreover:

〈A
,S
A〉

=
E

tr [A
(x
n ⊗

x
n

+
λ
I
)A

(x
n ⊗

x
n

+
λ
I
) ]

=
tr [2

A
2λ

Σ
+
λ

2A
2 ]

+
E

tr [〈x
n
,A
x
n 〉

2 ]

6
tr [2A

2λ
Σ

+
λ

2A
2 ]

+
E

tr [‖x
n ‖

2x
n ⊗

x
n
,A

2 ]
u
sin

g
C

au
ch

y
-S

ch
w

a
rz

in
eq

u
ality,

6
tr [2A

2λ
Σ

+
λ

2A
2 ]

+
R

2
tr

Σ
A

2

6
(R

2
+

2
λ

)
tr [Σ

+
λ
I
]A

2.

W
e

h
ave

fo
r

a
n
y

sy
m

m
etric

m
atrix

A
:

E
M

(i,1) ∗A
M

(i,1)
=

(I−
γ
T

)
iA
.

T
h
u
s,

γ
−

1E
n
∑i=

0

tr [M
(i,1) ∗Σ

(Σ
+
λ
I
) −

1M
(i,1

)(θ
0 −

θ∗ )(θ
0 −

θ∗ ) ∗ ]
=
γ
−

1E
n
∑i=

0 〈〈(I−
γ
T

)
iA
,E

0 〉〉

w
ith

E
0

=
(θ

0 −
θ∗ )(θ

0 −
θ∗ ) ∗

an
d
A

=
Σ

(Σ
+
λ
I
) −

1.
T

h
is

lead
s

to

γ
−

1E〈〈γ
−

1T
−

1(I−
(I−

γ
T

)
n

+
1)A

,E
0 〉〉,

w
h
ere
〈〈·,·〉〉

d
en

ote
th

e
d
ot-p

ro
d
u
ct

b
etw

een
self-ad

join
t

op
erators.

T
h
e

su
m

is
less

th
an

its
lim

it
for

n
→
∞

,
an

d
th

u
s,

w
e

can
get

rid
of

th
e

term
(I−

γ
T

)
n

+
1,

a
n
d

w
e

n
eed

to
b

ou
n
dγ
−

2〈〈M
,E

0 〉〉
=
γ
−

2〈〈T
−

1(Σ
(Σ

+
λ
I
) −

1),E
0 〉〉,

w
ith

M
:=

T
−

1 [Σ
(Σ

+
λ
I
) −

1 ],
i.e.,

su
ch

th
at

Σ
(Σ

+
λ
I
) −

1
=

(Σ
+
λ
I
)M

+
M

(Σ
+
λ
I
)−

γE
(x
n ⊗

x
n

+
λ
I
)M

(x
n ⊗

x
n

+
λ
I
)

=
(Σ

+
λ
I
)M

+
M

(Σ
+
λ
I
)−

γ
S
M
.

(23)

S
o

th
at

:

M
=
[(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1 [Σ
(Σ

+
λ
I
) −

1 ]
+
γ [(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1S
M

=
12

Σ
(Σ

+
λ
I
) −

2
+
γ [(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1S
M
.
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γ
−

2〈〈M
,E

0 〉〉
=
γ
−

2〈〈 12
Σ

(Σ
+
λ
I
) −

2
+
γ [(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1S
M
,E

0 〉〉

=
12
γ
−

2〈〈Σ
(Σ

+
λ
I
) −

2,E
0 〉〉

+
γ
−

1〈〈S
M
, [(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1E
0 〉〉

=
12
γ
−

2
tr(Σ

(Σ
+
λ
I
) −

2E
0 )

+
γ
−

1〈〈S
M
, [(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1E
0 〉〉.

M
oreover,

E
0

=
(θ

0 −
θ∗ )(θ

0 −
θ∗ ) ∗

=
(Σ

+
λ
I
)
1
/
2(Σ

+
λ
I
) −

1
/
2(θ

0 −
θ∗ )(θ

0 −
θ∗ ) ∗(Σ

+
λ
I
) −

1
/
2(Σ

+
λ
I
)
+

1
/
2

4
[(θ

0 −
θ∗ ) ∗(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )]
(Σ

+
λ
I
),

as
(Σ

+
λ
I
) −

1
/
2(θ

0 −
θ∗ )(θ

0 −
θ∗ ) ∗(Σ

+
λ
I
) −

1
/
24

(θ
0 −

θ∗ ) ∗(Σ
+
λ
I
) −

1(θ
0 −

θ∗ )I
.

T
h
u
s,

as
[(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
)] −

1
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an
n
on

-d
ecreasin

g
op

erator
on

(S
n
(R

),4
)

(see
tech

n
ical

L
em

m
a

15
in

A
p
p

en
d
ix

E
):

[(Σ
+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1E
0

4
[(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1 ([(θ
0 −

θ∗ ) ∗(Σ
+
λ
I
) −

1(θ
0 −

θ∗ )](Σ
+
λ
I
) )

=
(θ

0 −
θ∗ ) ∗(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )
2

I
.

T
h
u
s

as
S
M

is
p

ositive
:

γ
−

2〈〈M
,E

0 〉〉
≤

1

2γ
2

tr(Σ
(Σ

+
λ
I
) −

2E
0 )

+
(θ

0 −
θ∗ ) ∗(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )
2γ

tr(S
M

).

M
oreover

w
e

can
u
p
p

er
b

ou
n
d

tr(S
M

)
:

u
sin

g
E

q
u
ation

(23)
w

e
h
ave

tr(Σ
(Σ

+
λ
I
) −

1)
=

2
tr(Σ

+
λ
I
)M
−
γ

trE
(x
n ⊗

x
n

+
λ
I
)M

(x
n ⊗

x
n

+
λ
I
)

th
en

,
u
sin

g
A

ssu
m

p
tion

(A
1 )

:

trE
(x
n ⊗

x
n
+
λ
I
)M

(x
n ⊗

x
n
+
λ
I
)6

R
2

tr
M

Σ
+

2
tr
M

Σ
λ

+
λ

2
tr
M
6

(R
2+

2λ
)

tr
M

(Σ
+
λ
I
).

T
h
is

im
p
lies

tr [Σ
(Σ

+
λ
I
) −

1 ]
>

(
2

R
2

+
2
λ
−
γ )

trE
(x
n ⊗

x
n

+
λ
I
)M

(x
n ⊗

x
n

+
λ
I
),

>
1

R
2

+
2
λ

trE
(x
n ⊗

x
n

+
λ
I
)M

(x
n ⊗

x
n

+
λ
I
)

sin
ce
γ

(R
2

+
2
λ

)6
1,

>
1

R
2

+
2
λ

tr
S
M
.

T
h
u
s

fi
n
ally

:

γ
−

2〈〈M
,E

0 〉〉≤
1

2
γ

2
tr
E

0 Σ
(Σ

+
λ
I
) −

2

+
(θ

0 −
θ∗ ) ∗(Σ

+
λ
I
) −

1(θ
0 −

θ∗ )
2γ

(R
2

+
2
λ

)
tr(Σ

(Σ
+
λ
I
) −

1),

w
h
ich

lead
s

to
th

e
d
esired

error
term

.
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‖θ
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θ ∗
‖
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h
en
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=

0,
w

it
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se
,
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:
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1
E

n ∑ i=
0

〈θ
i
−
θ ∗
,θ
i
−
θ ∗
〉,

w
it

h
θ i
−
θ ∗

=
M
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)(
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−
θ ∗

),
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is

γ
−

1
E

n ∑ i=
0

tr
[ M

(i
,1
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M
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,1

)(
θ 0
−
θ ∗
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−
θ ∗
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d
efi

n
it
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n
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M
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w
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av
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th
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EM
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4
I
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in
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1
E
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0

〈θ
i
−
θ ∗
,θ
i
−
θ ∗
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+

1)
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0
−
θ ∗
‖2
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.

F
or

th
e

re
gu

la
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za
ti

on
-b

as
ed

b
ia

s
w

e
al

so
h
av

e

‖λ
Σ

1
/
2
(Σ

+
λ
I
)−

1
(θ

0
−
θ ∗

)‖
2
≤
λ
‖Σ

1
/
2
(Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)‖
2
.

B
.5

P
ro

o
f

W
h

e
n

th
e

N
o
is

e
Is

N
o
t

S
tr

u
c
tu

re
d

F
or
‖θ

0
−
θ ∗
‖

=
0

w
e

h
av

e
θ n
−
θ ∗

=
γ
∑

n k
=

1
M

(n
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+
1)
ε k
x
k

w
h
ic

h
le

ad
s

to

E‖
Σ

1
/
2
(θ
n
−
θ ∗

)‖
2

=
γ

2
n ∑ k
=

1

tr
EM

(n
,k

+
1)
∗ Σ
M

(n
,k

+
1)
V
,

w
h
er

e
V

=
Eε

2 k
x
k
x
∗ k.

A
n
d

u
si

n
g

th
e

re
cu

rs
io

n
on

op
er

at
or

s
in

E
q
.

(2
2)

b
y

ch
an

gi
n
g

or
d
er

of
el

em
en

ts
w

e
h
av

e

E[
M

(n
,k

+
1)
∗ Σ
M

(n
,k

+
1)
] 4

1

γ
(2
−
γ

(R
2

+
2
λ

))

( E
[ M

(n
,k

+
1)
∗ Σ

(Σ
+
λ
I
)−

1
M

(n
,k

+
1)
]

−
E
[ M

(n
,k

)∗
Σ

(Σ
+
λ
I
)−

1
M

(n
,k

)])
.

A
n
d

b
y

ad
d
in

g
th

e
te

rm
s

E‖
Σ

1
/
2
(θ
n
−
θ ∗

)‖
2
4

γ
2

γ
(2
−
γ

(R
2

+
2
λ

))
tr

Σ
(Σ

+
λ
I
)−

1
V
,

W
e

co
n
cl

u
d
e

b
y

co
n
ve

x
it

y

E‖
Σ

1
/
2
(θ̄
n
−
θ ∗

)‖
2
4

γ
2

γ
(2
−
γ

(R
2

+
2
λ

))
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Σ
(Σ

+
λ
I
)−

1
V
.
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-
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d
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d
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d
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d
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u
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p
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=
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−
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−
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=
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n
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∈
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e
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ra
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−

θ ∗
,Σ

(θ
−
θ ∗
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−
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−
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−
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θ ∗
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∈
H

an
d
θ 1

=
[ I
−
γ

Σ
−
γ
λ
I
] θ

0
+
γ
ξ 1

+
γ
λ
θ 0

+
γ

Σ
θ ∗
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θ ∗
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θ ∗
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θ ∗
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θ ∗
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−
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=
I
−
γ

Σ
−
γ
λ
I
,
F

=
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=
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∑
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=
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Θ
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∈
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+
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ra
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=
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Θ̄
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m
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secon
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con
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b
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p
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b
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p
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b
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=
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th

e
fu

n
ction

valu
e

an
d
C

=
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recu
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=
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Θ
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=
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=
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∑
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∑
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=
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+
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+
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+
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∥∥∥
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∥∥∥
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m
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=
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+
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∥∥∥
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λ ‖
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0 ‖
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con
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p
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p
totic

a
n
aly

sis,
w

h
ich

sh
all

on
ly

b
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d
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p
erator

F
w

ill
h
ave

on
ly
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p
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∥ ∥ ∥C
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∥ ∥ ∥C
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b
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n
ex

p
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≈
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s
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r
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eq

u
al

it
y

u
p
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te
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p
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s
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b
e
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y,
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b
e
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on

e
in
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e
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.
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n
g

th
e
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x
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n
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m
m
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e
h
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e
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r
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( c
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=
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(γ
Σ

+
γ
λ
I
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−
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I
−
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Σ

+
γ
λ
I
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−
I

I

)

(I
−
F
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1

=
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Σ

+
γ
λ
I
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1
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I
−
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Σ

+
γ
λ
I
)−

1
)

(γ
Σ

+
γ
λ
I
)−

1
(1

+
δ)
I
−
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γ

Σ
+
γ
λ
I
)−

1

)
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C
1
/
2
(I
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)−
1
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( c
1
/
2
(γ

Σ
+
γ
λ
I
)−
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1
/
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Σ

+
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0
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.
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h
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te
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∥ ∥ ∥C
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2
(I
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F

)−
1
Θ
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θ ∗
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T
h
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p
u
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te
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is
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.
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s
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.

F
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th
e

b
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s
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w

e
h
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e

Θ̃
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−
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F
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Θ
λ

=
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θ ∗
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θ ∗
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λ
I
)−

1
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−
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I
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Σ
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λ
I
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+
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Σ
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I
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1

)
( θ

0
−
θ ∗
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θ ∗
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θ ∗
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θ ∗
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θ ∗
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=

( [I
−
λ

(Σ
+
λ
I
)−

1
](
θ 0
−
θ ∗
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θ ∗
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∥ ∥ ∥C
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∥ ∥ ∥ ∥ ∥( c
1
/
2
(γ

Σ
+
γ
λ
I
)−

1
δc

1
/
2
( I
−

(γ
Σ

+
γ
λ
I
)−

1
)

0
0

)
Θ̃

0

∥ ∥ ∥ ∥ ∥2
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θ ∗
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√
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√
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∥ ∥ ∥C
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∥ ∥ ∥2
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θ ∗
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2 √
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θ ∗
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c
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=
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0
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( c
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Σ
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0
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=
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z
a
ti

o
n

B
a
se

d
T

e
rm

W
e

d
er

iv
e

n
ow

d
ir

ec
t

co
m

p
u
ta

ti
on

b
ot

h
th

e
b
ia

s
an

d
va

ri
an

ce
te

rm
s.

T
h
is

is
n
o
t

re
q
u
ir

ed
fo

r
th

e
re

gu
la

ri
za

ti
on

b
as

ed
te

rm
w

h
os

e
p
re

v
io

u
s

ex
p
re

ss
io

n
in

E
q
.

(2
6)

is
a
lr

ea
d
y

n
o
n
-

as
y
m

p
to

ti
c.

F
ol

lo
w

in
g

O
’D

on
og

h
u
e

an
d

C
an

d
ès

(2
01

3)
w

e
co

n
si

d
er

an
ei

ge
n
-d

ec
o
m

p
o
si

ti
o
n

of
th

e
m

at
ri

x
F

,
in

or
d
er

to
st

u
d
y

in
d
ep

en
d
en

tl
y

th
e

re
cu

rs
io

n
on

ei
ge

n
sp

ac
es

.
W

e
a
ss

u
m

e
Σ

h
as

ei
ge

n
va

lu
es

(s
i)

an
d

w
e

d
ec

om
p

os
e

ve
ct

or
s

in
an

ei
g
en

ve
ct

or
b
as

is
of

Σ
w

e
d
en

o
te

b
y

(p
i)

,
w

it
h
θi n

=
p
> i
θ n

an
d
ξi n

=
p
> i
ξ n

an
d

w
e

h
av

e
th

e
re

d
u
ce

d
eq

u
at

io
n
:

Θ
i n

+
1

=
F
iΘ

i n
+
γ

Ξ
i n

+
1
.

w
it

h
Θ
i 0

=
Θ̃
i 0
,
F
i

=

( (1
+
δ)
T
i
−
δT

i

1
0

) ,
w

it
h
T
i

=
1
−
γ
s i
−
γ
λ

.

C
o
m

p
u

ti
n

g
in

it
ia

l
p

o
in

t
Θ̃
i 0
.

Θ̃
i 0

=
Θ
i 0
−
γ
λ

(I
−
F
i)
−

1
Θ
i λ
,

w
it

h
Θ
i 0

=

( θ
i 0
−
θi ∗

θi 0
−
θi ∗

) ,

Θ
i λ

=

( θ
i 0
−
θi ∗

0

)
an

d
(I
−
F
i)
−

1
gi

ve
n

in
E

q
.

(2
5)

.
T

h
u
s

Θ̃
i 0

=

( θ
i 0
−
θi ∗

θi 0
−
θi ∗

)
−

γ
λ

(γ
s i

+
γ
λ

)

( 1
δ(

(γ
s i

+
γ
λ

)
−

1)
1

(1
+
δ)

(γ
s i

+
γ
λ

)
−
δ)
( θ

i 0
−
θi ∗

0

)

=

(
(1
−

λ
λ

+
s i

)(
θi 0
−
θi ∗

)

(1
−

λ
λ

+
s i

)(
θi 0
−
θi ∗

))
.

(2
7
)
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C
o
n
v
e
r
g
e
n
c
e
R
a
t
e
s
f
o
r
L
e
a
st

-S
q
u
a
r
e
s
R
e
g
r
e
ssio

n

S
tu

d
y

o
f
sp

e
c
tru

m
o
f
F
i .

D
ep

en
d
in

g
on
δ,
F
i
m

ay
h
ave

tw
o

d
istin

ct
com

p
lex

eigen
valu

es
o
f

sa
m

e
m

o
d
u
lu

s,
on

ly
on

e
(d

ou
b
le)

eigen
valu

e,
or

tw
o

real
eig

en
valu

es.
W

e
on

ly
con

sid
er

th
e

tw
o

form
er

cases,
w

h
ich

w
e

d
etail

b
elow

.
In

d
eed

,
th

e
ch

aracteristic
p

oly
n
om

ial

χ
F
i (X

)
d
ef
=

d
et(X

I−
F
i )

=
X

2−
(1

+
δ)(1−

γ
(s
i
+
λ

))X
+
δ(1−

γ
(s
i
+
λ

))

h
a
s

d
iscrim

in
a
n
t

∆
i

=
(1−

γ
(s
i
+
λ

))((1
+
δ)

2(1−
γ

(s
i
+
λ

))−
4δ)

w
h
ich

is
n
on

p
ositive

as

fa
r

a
s
δ∈

[δ−
;δ

+
],

w
ith

δ−
=

1− √
γ

(s
i +
λ

)

1
+ √

γ
(s
i +
λ

) ,
δ

+
=

1
+ √

γ
(s
i +
λ

)

1− √
γ

(s
i +
λ

) .

C
.3
.1

T
w
o

D
ist

in
c
t
E
ig
e
n
v
a
l
u
e
s

W
e

fi
rst

assu
m

e
th

at
F
i

h
as

tw
o

d
istin

ct
com

p
lex

eigen
valu

es
r±

=
(1

+
δ
)(1−

γ
(s
i +
λ

))±
√
−

1 √
−

∆
i

2

w
h
ich

a
re

co
n
ju

gate.
T

h
u
s

th
e

ro
ots

are
of

th
e

fo
rm

ρ
i e ±

iω
i

w
ith

ρ
i

=
√
δ(1−

γ
(s
i
+
λ

)),

co
s(ω

i )
=

(1
+
δ
)(1−

γ
(s
i +
λ

))
2
ρ
i

,
ω
i ∈

[−
π
/2

;π
/2]

an
d

sin
(ω
i )

=
√
−

∆
i

2
ρ
i

.

L
et
Q
i

=

(
r −i

r
+i

1
1

)
b

e
th

e
tran

sfer
m

atrix
in

to
an

eigen
b
asis

of
F
i ,

i.e.,
F
i

=
Q
i D

i Q
−

1
i

w
ith

D
i

=

(
r −i

0
0

r
+i )

an
d
Q
−

1
i

=
1

r −i
−
r
+i

(
1
−
r

+i

−
1

r −i

)
.

C
o
m

p
u

tin
g
P
i,k .

W
e

fi
rst

com
p
u
te

th
e

m
atrix

P
i,k :

W
ith

C
1
/
2

i
=

(√
c
i

0
0

0 )
,C

1
/
2

i
Q
i

=

(
r −i √

c
i
r

+i √
c
i

0
0

)

w
e

h
ave

C
1
/
2

i
Q
i (I−

D
ki )(I−

D
i ) −

1
=
√
c
i (

1−
(r −i

)
k

1−
r −i

r −i
1−

(r
+i

)
k

1−
r
+i

r
+i

0
0

)
,

a
n
d
,

w
h
en

d
evelop

in
g

an
d

regrou
p
in

g
term

s
w

h
ich

d
ep

en
d

on
k
,

w
e

get
:

P
i,k

=
C

1
/
2

i
Q
i (I−

D
ki )(I−

D
i ) −

1Q
−

1
i

=

√
c
i

r −i
−
r

+i

(
1−

(r −i
)
k

1−
r −i

r −i
−

1−
(r

+i
)
k

1−
r
+i

r
+i

1−
(r

+i
)
k

1−
r
+i

r −i
r

+i
−

1−
(r −i

)
k

1−
r −i

r
+i
r −i

0
0

)

=
√
c
i (

1
(1−

r −i
)(1−

r
+i

)

−
r
+i
r −i

(1−
r −i

)(1−
r
+i

)

0
0

)

−
√
c
i

r −i
−
r

+i

(
(r −i

)
k
+
1

1−
r −i
−

(r
+i

)
k
+
1

1−
r
+i

(r
+i

)
k
+
1

1−
r
+i

r −i
−

(r −i
)
k
+
1

1−
r −i

r
+i

0
0

)
.

W
e

a
lso

h
ave

P
i,k

=
C

1
/
2

i
Q
i (I−

D
ki )(I−

D
i ) −

1Q
−

1
i

=
∑

k−
1

j=
0
R
i,j

w
ith

R
i,j

=
C

1
/
2

i
Q
i D

ji Q
−

1
i

=
√
c
i (

(r −i
)
j+

1
(r

+i
)
j+

1

0
0

)
Q
−

1
i

=

√
s
i

r −i
−
r

+i

(
(r −i

)
j+

1−
(r

+i
)
j+

1
−
r

+i
(r −i

)
j+

1
+
r −i

(r
+i

)
j+

1

0
0

)
,

3
5
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D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

b
u
t

com
p
u
tin

g
error

term
s

b
ased

in
R
i,j

b
efore

su
m

m
in

g
th

ese
errors

gives
a

lo
oser

error

b
ou

n
d

th
an

a
tigh

t
calcu

lation
u
sin

g
P
i,k .

M
ore

p
recisely,

if
w

e
u
se
P
i,k Θ

i0
=
∑

k−
1

j=
0
R
i,j Θ

i0

to
u
p
p

er
b

ou
n
d
‖
P
i,k Θ

i0 ‖
≤
∑

k−
1

j=
0 ‖R

i,j Θ
i0 ‖

,
w

e
en

d
u
p

w
ith

a
w

o
rse

b
ou

n
d
.

B
ia

s
te

rm
.

T
h
u
s,

for
th

e
b
ias

term
:

P
i,k Θ

i0
=
√
c
i θ
i0

1−
r

+i
r −i

(1−
r −i

)(1−
r

+i
) −

√
c
i θ
i0

r −i
−
r

+i

(
[(r −i

)
k
+

1
1−
r
+i

1−
r −i
−

(r
+i

)
k
+

1
1−
r −i

1−
r
+i ]

0

)

=

√
c
i θ
i0

√
(1−

r −i
)(1−

r
+i

) 
[
(1−

r
+i
r −i

)−
ρ
ki
A

1 ]
√

(1−
r −i

)(1−
r
+i

)

0


,

w
h
ere

ρ
ki A

1
=

(r −i
)
k
+

1(1−
r

+i
)
2−

(r
+i

)
k
+

1(1−
r −i

)
2

r −i
−
r

+i

.

T
h
is

can
b

e
b

ou
n
d

w
ith

th
e

follow
in

g
lem

m
a

L
e
m

m
a

1
0

F
o
r

a
ll
ρ
∈

(0,1)
a
n

d
ω
∈

[−
π
/2;π

/2
]

a
n

d
r ±

=
ρ
(cos(ω

)±
√
−

1
sin

(ω
))

w
e

h
a
ve:

∣∣∣∣ 1−
r

+
r −
−
ρ
k|A

1 |
|1−

r
+|

∣∣∣∣ ≤
3

+
3
ρ
k≤

6
(28)

W
e

n
ote

th
at

th
e

ex
act

con
stan

t
seem

s
em

p
irically

to
b

e
2.

T
h
is

lem
m

a
is

p
roved

as
L

em
m

a
16

in
A

p
p

en
d
ix

E
.

T
h
is

gives
for

th
e

b
ias

term

‖P
i,k Θ

i0 ‖
=

√
c
i (θ

i0 )
√

(1−
r −i

)(1−
r

+i
) [

1
√

(1−
r −i

)(1−
r

+i
) (

(1−
r

+i
r −i

)−
ρ
ki A

1 )]

≤
6

√
c
i (θ

i0 )
√
γ

(s
i
+
λ

) ,

sin
ce:

(1−
r −i

)(1−
r

+i
)

=
1−

2
R
e

(r
+i

)
+
|r

+i | 2
=

1−
(1

+
δ)(1−

γ
(s
i
+
λ

))
+
δ(1−

γ
(s
i
+
λ

))

=
γ

(s
i
+
λ

).3
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C
o
n
v
e
r
g
e
n
c
e
R
a
t
e
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a
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-S
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u
a
r
e
s
R
e
g
r
e
ss
io
n

W
e

al
so

h
av

e
a

lo
os

er
b

ou
n
d

u
si

n
g
P
i,
k
Θ
i 0

=
∑

k
−

1
j=

0
R
i,
j
Θ
i 0
.

R
i,
j
Θ
i 0

=

√
c i
θi 0

r− i
−
r+ i

( (1
−
r+ i

)(
r− i

)j
+

1
−

(1
−
r− i

)(
r+ i

)j
+

1
)

=
√
c i
θi 0

(
(r
− i

)j
+

1
−

(r
+ i

)j
+

1

r− i
−
r+ i

−
r+ i

(r
− i

)j
+

1
−
r− i

(r
+ i

)j
+

1

r− i
−
r+ i

)
u
si

n
g

D
e

M
oi

v
re

’s
fo

rm
u
la

,

=
√
c i
θi 0

(
ρ
j+

1
i

si
n
(ω
i(
j

+
1)

)

ρ
i
si

n
(ω
i)

−
ρ
ie
iω
i
ρ
j+

1
i

e−
iω
i
(j

+
1
)
−
ρ
ie
−
iω
i
ρ
j+

1
i

e+
iω
i
(j

+
1
)

ρ
ie
−
iω
i
−
ρ
ie
iω
i

)

=
√
c i
θi 0

(
ρ
j+

1
i

si
n
(ω
i(
j

+
1)

)

ρ
i
si

n
(ω
i)

−
ρ
j+

1
i

e−
iω
i
j
−
e+

iω
i
j

e−
iω
i
−
ei
ω
i

)

=
√
c i
θi 0

(
ρ
j i

si
n
(ω
i(
j

+
1)

)

si
n
(ω
i)

−
ρ
j+

1
i

si
n
(ω
ij

)

si
n
(ω
i)

)

≤
(1

+
e−

1
)√
c i
θi 0

u
si

n
g

L
em

m
a

17
(s

ee
p
ro

of
in

A
p
p

en
d
ix

E
),

w
h
ic

h
al

so
gi

ve
s

fo
r

th
e

b
ia

s
te

rm ‖P
i,
k
Θ
i 0
‖
≤

(1
+
e−

1
)√
c i
θi 0
k
.

T
h
u
s

w
e

h
av

e
th

e
fi
n
al

b
ou

n
d
:

‖P
i,
k
Θ
i 0
‖2
≤

m
in

{
36

c i
(θ
i 0
)2

γ
(s
i
+
λ

),
6
n

(1
+
e−

1
)

c i
(θ
i 0
)2

√
γ

(s
i
+
λ

),
n

2
(1

+
e−

1
)2
c i

(θ
i 0
)2

}
.

(2
9)

V
a
ri

a
n

c
e

te
rm

.
A

s
fo

r
th

e
va

ri
an

ce
te

rm
,

w
it

h
V
i

=

( v
i

0
0

0) ,
w

e
h
av

e
tr
P
i,
k
V
iP
i,
k

=

∥ ∥ ∥P
i,
k

( √
v i 0

)
∥ ∥ ∥2

.

∥ ∥ ∥P
i,
k

( √
v i 0

)
∥ ∥ ∥

=

√
v i
c i

(1
−
r− i

)(
1
−
r+ i

)[ 1
+

(r
− i

)k
+

1
(1
−
r+ i

)
−

(r
+ i

)k
+

1
(1
−
r− i

)

r+ i
−
r− i

]

=

√
v i
c i

γ
(s
i
+
λ

)[ 1
−
ρ
k i
B
i,
k

] ,

w
h
er

e

ρ
k i
B
i,
k

=
−

(r
− i

)k
+

1
(1
−
r+ i

)
−

(r
+ i

)k
+

1
(1
−
r− i

)

r+ i
−
r− i

,

w
h
ic

h
w

e
ca

n
b

ou
n
d

u
si

n
g

th
e

fo
ll
ow

in
g

L
em

m
a:

L
e
m

m
a

1
1

F
o
r

a
ll
ρ
∈

(0
,1

)
a
n

d
ω
∈

[−
π
/2

;π
/2

]
a
n

d
r±

=
ρ
(c

os
(ω

)
±
√
−

1
si

n
(ω

))
w

e
h
a
ve

:
∣ ∣ ∣ ∣ρ
k
B
k

∣ ∣ ∣ ∣≤
1
.7

5.

3
7

JM
L

R
 1

8(
10

1)
:1

-5
1,

 2
01

7

D
ie
u
l
e
v
e
u
t
,
F
l
a
m
m
a
r
io
n
a
n
d

B
a
c
h

W
h
er

e
w

e
n
ot

e
th

at
th

e
ex

ac
t

m
a
jo

ra
ti

on
se

em
s

to
b

e
1.

3.
T

h
is

L
em

m
a

is
p
ro

ve
d

a
s

L
em

m
a

18
in

A
p
p

en
d
ix

E
.

W
e

ca
n

al
so

h
av

e
a

lo
os

er
b

ou
n
d

u
si

n
g
P
i,
k

(
v

1
/
2

i 0

)
=
∑

k
−

1
j=

0
R
i,
j

(
v

1
/
2

i 0

)
a
n
d

R
i,
j

(
v

1
/
2

i 0

)
=

√
c i
v i

r− i
−
r+ i

( (r
− i

)j
+

1
−

(r
+ i

)j
+

1
)

=
√
c i
v i

ρ
j+

1
i

si
n
(ω
i(
j

+
1)

)

ρ
i
si

n
(ω
i)

≤
(j

+
1)
√
c i
v i
,

u
si

n
g

th
e

in
eq

u
al

it
y
|s

in
(k
ω
i)
|≤

k
|s

in
(ω
i)
|

an
d
∥ ∥ P

i,
k

(
v

1
/
2

i 0

)
∥ ∥
≤
√
c i
v
i
(k

+
1
)k

2
.

T
h
is

gi
v
es

fo
r

th
e

V
ar

ia
n
ce

te
rm

n ∑ k
=

1

tr
P
i,
k
V
iP
i,
k
≤

v i
c i

n ∑ k
=

1

m
in

{
[ 1
−
ρ
k i
B

1
,k

] 2

γ
2
(s
i
+
λ

)2
,

[ 1
−
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)∥ ∥

∥ ∥ (
Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)∥ ∥
≤

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Σ
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/
2
(Σ

+
λ
I
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1
/
2
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣∥ ∥

Σ
r
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(θ

0
−
θ ∗

)∥ ∥

≤
(

1 λ

)
1
+
r

2
∥ ∥ Σ

r
/
2
(θ

0
−
θ ∗

)∥ ∥

≤
λ
−

1
+
r

2

∥ ∥ Σ
r
/
2
(θ

0
−
θ ∗

)∥ ∥

‖Σ
1
/
2
(Σ

+
λ
I
)−

1
/
2
(θ

0
−
θ ∗

)‖
≤

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Σ
1
/
2
−
r
/
2
(Σ

+
λ
I
)−

1
/
2
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣∥ ∥

Σ
r
/
2
(θ

0
−
θ ∗

)∥ ∥

≤
(

1 λ

)
1
−
(1
−
r
)

2
∥ ∥ Σ

r
/
2
(θ

0
−
θ ∗

)∥ ∥

≤
λ
−
r 2

∥ ∥ Σ
r
/
2
(θ

0
−
θ ∗

)∥ ∥
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q
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em
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d
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e

d
erive

from
T

h
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w

h
en
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γ

=
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1,

an
d

u
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g
L

em
m

as
13

an
d

14
,

th
e

fo
llow

in
g

b
o
u
n
d
,

u
n
d
er

assu
m

p
tion

s
of

T
h
eorem

2
:

E
f

(θ̄
n
)−

f
(θ∗ )≤

(18
+

R
es(n

,b,r,γ
))‖Σ

r
/
2(θ

0 −
θ∗ )‖

2

(γ
n

)
1−
r

2

+
6σ

2
tr(Σ

b)γ
b

n
1−
b

.

W
h
ere

R
es(n

,b,r,γ
)

:=
3γ

1
+
bn
b
tr(Σ

b)
if−

1
≤
r
≤

0
an

d
R

es(n
,b,r,γ

)
:=

0
if

0
≤
r
≤

1.

W
h
en

ch
o
o
sin

g
th

e
op

tim
al
γ
∝
n
−
b
+
r

b
+
1−
r,

w
e

h
ave

th
a
t
γ

1
+
bn
b

=
n
−

1
+

1
+
b

1
+
b−
r

=
n
χ
,

w
ith

χ
=

−
r

1
+
b−
r ≥

0
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r≤

0.
T

h
u
s

th
e

resid
u
al

term
is

alw
ay

s
van

ish
in

g
for

r≤
0

an
d

d
o
es

n
ot

ex
ist

fo
r
r≥

0.

D
.2
.2

T
h
e
o
r
e
m

5

T
h
eo

rem
5

d
irectly

follow
s

from
L

em
m

as
13

an
d

14
an

d
th

e
ch

oice
of
γ
∝
n
−
2
b
+
2
r−

1
b
+
1−
r

.

A
p
p
e
n
d
ix

E
.
T
e
ch

n
ica

l
L
e
m
m
a
s

T
h
e

fo
llow

in
g

seq
u
en

ce
of

L
em

m
as

ap
p

ear
in

th
e

p
ro

of.
T

h
ey

are
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d
ep

en
d
en

t
a
n
d
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o
n

sim
p
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calcu
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s.
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1
5

T
h
e

o
pera

to
r [(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1
is

a
n

o
n

-d
ecrea

sin
g

o
pera

to
r

o
n

(S
n
,4

).

P
ro

o
f

L
em

m
a

m
ean

s
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for
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m
atrices

M
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∈
S
n
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)
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th
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M
4
N

,
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en

[(Σ
+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1M
4
[(Σ

+
λ
I
)⊗

I
+
I⊗

(Σ
+
λ
I
) ]−

1N
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u
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at
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y
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A
∈
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+
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)⊗

I
+
I⊗
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+
λ
I
) ]−
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∈
S
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).
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n
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A
∈
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b
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d
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m
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∑
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∈
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I
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I⊗
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+
λ
I
) ]−

1ω
ω
>

=
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+
µ
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2
λ
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r

a
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ρ
∈
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a
n

d
ω
∈
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π
/2;π
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]

a
n

d
r ±

=
ρ
(cos(ω

)±
√
−

1
sin

(ω
))

w
e

h
a
ve:

∣∣∣∣ 1−
r

+
r −
−
ρ
k|A

1 |
|1−

r
+|

∣∣∣∣ ≤
m

in{1
+
ρ

+
e −

1
+

4
ρ
k,2

+
ρ

+
√

5
ρ
k
+

1}
≤

6
.
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o
f

W
e

n
ote

th
at
ρ
ki A

1
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a
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n
u
m

b
er
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is

is
a

q
u
otien

t
of

p
u
re
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p
lex

n
u
m

b
ers,

w
h
ich
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e
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e
d
iff

eren
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b
etw

een
a
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p
lex

an
d
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W
e
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rst

w
rite

A
1

as
a

com
b
in

ation
of

sin
e

an
d

cosin
e

fu
n
ction

s:

ρ
ki A

1
=

(r −i
)
k
+

1(1−
r

+i
)
2−

(r
+i

)
k
+

1(1−
r −i

)
2

r −i
−
r

+i

=
−

(r −i
)
k
+

1−
(r

+i
)
k
+

1−
2r −i

r
+i

((r −i
)
k−

(r
+i

)
k)

+
(r −i

r
+i

)(r −i
)
k−

1−
(r

+i
)
k−

1)

ρ
i sin

ω
i

=
−
ρ
k
+

1
i

sin
((k

+
1)ω

i )−
2ρ

k
+

2
i

sin
(k
ω
i )

+
ρ
k
+

3
i

sin
((k−

1)ω
i )

ρ
i sin

ω
i

.

T
h
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q
u
an
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b
e

sim
p
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w

h
en

ρ
→

1
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ω
→

0.
W

e
th

u
s

m
o
d
ify

th
e

ex
p
ression

of
A

1
to

m
ak

e
th

ese
d
ep

en
d
en

cies
clearer:

−
A

1
=

sin
((k

+
1)ω

i )−
2
ρ
i sin

(k
ω
i )

+
ρ

2i
sin

((k−
1)ω

i )

sin
ω
i

=
(cos(ω

)−
ρ
)(sin

(k
ω

)−
ρ

sin
((k−

1)ω
))

+
cos(k

ω
)

sin
(ω

)−
ρ

cos((k−
1)ω

)
sin

(ω
)

sin
ω
i

d
evelop

in
g

sin
(a

+
b)

=
sin

(a
)

cos(b)
+

cos(a
)

sin
(b)

an
d

regrou
p
in

g
term

s,

=
(cos(ω

)−
ρ
)
2

sin
((k−

1)ω
)

+
(cos(ω

)−
ρ
)

sin
(ω

)
cos((k−

1)ω
)

+
cos(k

ω
)

sin
(ω

)

sin
ω
i

+
−
ρ

cos((k−
1)ω

)
sin

(ω
)

sin
ω
i

=
(cos(ω

)−
ρ
)
2

sin
((k−

1)ω
)

sin
ω
i

+
(cos(ω

)−
ρ
)

cos((k−
1)ω

)
+

cos(k
ω

)−
ρ

cos((k−
1)ω

)

sim
p
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in
g

ex
p
ression

,
th

en
d
evelop

in
g

th
e

cosin
e,

=
(cos(ω

)−
ρ
)
2

sin
((k−

1)ω
)

sin
ω
i

+
2(cos(ω

)−
ρ
)

cos((k−
1)ω

)
+

sin
(ω

)
sin

((k−
1)ω

).
(33)
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W

e
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p
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er
b

ou
n
d
:

∣ ∣ ∣ ∣1
−
r+
r−
−
ρ
k
|A

1
|

|1
−
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|

∣ ∣ ∣ ∣.

W
e

th
u
s
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n
si

d
er
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p
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at
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y
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e
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t
an

d
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n
d
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rm

.

1
−
r+ i
r− i

|1
−
r+ i
|

=
1
−
ρ

2

|1
−
r+ i
|≤

1
+
ρ

(e
x
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t
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ω

=
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T
h
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u
si

n
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E
q
u
at

io
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ρ
k i
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1
|
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−
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ρ
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(c
o
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ω

)−
ρ
)2
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−

1
)ω

)
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ω
i

+
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ω

)
−
ρ
)
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−

1)
ω

)
+
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(ω

)
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n
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−

1)
ω

)
√

(1
−
ρ

co
s
ω

)2
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ρ

2
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n
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C
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si
d
er

in
g
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ar

at
el

y
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e
th
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e
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s
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e

n
u
m
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u
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n
g

n
u
m
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s
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m
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a
t

fo
r

an
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∈
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−
b|
≤
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a
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∣ ∣ ∣ ∣ ∣ ∣
ρ
k

(c
o
s(
ω

)−
ρ
)2

si
n

((
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−

1
)ω

)
si

n
ω
i

√
(1
−
ρ

co
s
ω

)2
+
ρ

2
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n
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(ω

)∣ ∣ ∣ ∣ ∣ ∣≤
ρ
k

(c
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)
−
ρ
)

si
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−

1)
ω
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n
ω
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|(c
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(ω
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−
ρ
)|
≤
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−
ρ
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ω
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≤
ρ
k
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−

1
)
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−
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ω

)

si
n
ω
i

+
ρ
k
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−
ρ
)

si
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−

1)
ω

)
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n
ω
i

w
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n
g
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s(
ω

)
−
ρ

=
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s(
ω

)
−

1
+

1
−
ρ

≤
ρ
k
(1
−
ρ
)(
k
−

1)
+
ρ
k

(c
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(ω
)
−

1)
si

n
((
k
−

1)
ω

)

si
n
ω
i
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|s

in
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−

1)
ω

)|
≤
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−

1)
si

n
(ω

)|,

≤
ρ
k
(1
−
ρ
)k
−

(1
−
ρ
)ρ
k

+
ρ
k

(c
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(ω
)
−

1)
si

n
((
k
−

1)
ω

)

si
n
ω
i

w
ri

ti
n
g
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s(
ω

)
−

1
=

2
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n
2
(ω
/2
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≤
ρ
k
(1

+
(1
−
ρ
))
k
−
ρ
k
−

(1
−
ρ
)ρ
k

+
ρ
k

2
si

n
2
(ω
/2

)

si
n
ω
i

u
si

n
g

1
+

(1
−
ρ
)k
≤

(1
+

(1
−
ρ
))
k
,

≤
ρ
k
(1

+
(1
−
ρ
))
k
−
ρ
k
−

(1
−
ρ
)ρ
k

+
ρ
k

ta
n
(ω
/2

)

an
d
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n
(ω
/2

)
≤

1
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π
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−
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−
ρ
)ρ
k

u
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n
g
ρ
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−
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−
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−
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≤

1,
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√
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∣ ∣ ∣ ∣
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√
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≤
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−
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−
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−
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+
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−
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−
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−
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−
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∈[
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+
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−
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+
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√
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−
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(1
−
ρ

co
s(
ω

))
.

L
e
m

m
a

1
7

F
o
r

a
n

y
ρ
i
∈

(0
;1

),
fo

r
a
n

y
ω
i
∈

[−
π
/2

;π
/2

]

ρ
j i

si
n
(ω
i(
j

+
1)

)

si
n
(ω
i)

−
ρ
j+
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=
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é

an
d

S
.

M
en

d
el

so
n
.

P
er

fo
rm

an
ce

of
em

p
ir

ic
a
l

ri
sk

m
in

im
iz

a
ti

on
in

li
n
ea

r
a
g
g
re

g
a
-

ti
on

.
B

er
n

o
u

ll
i,

22
(3

):
15

20
–1

53
4,

20
16

.

J
.

L
in

an
d

L
.

R
os

as
co

.
O

p
ti

m
al

le
ar

n
in

g
fo

r
m

u
lt

i-
p
as

s
st

o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d
s.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

6
0
5
.0

8
8
8
2
,

20
16

.

P
.

M
as

sa
rt

.
C

o
n

ce
n

tr
a
ti

o
n

In
eq

u
a
li

ti
es

a
n

d
M

od
el

S
el

ec
ti

o
n

.
L

ec
tu

re
N

ot
es

in
M

a
th

em
a
ti

cs
.

S
p
ri

n
ge

r,
20

07
.

P
.

M
cC

u
ll
ag

h
an

d
J
.

A
.

N
el

d
er

.
G

en
er

a
li

ze
d

L
in

ea
r

M
od

el
s.

M
on

og
ra

p
h
s

on
S
ta

ti
st

ic
s

a
n
d

A
p
p
li
ed

P
ro

b
ab

il
it

y
.

C
h
ap

m
an

&
H

al
l,

L
on

d
on

,
se

co
n
d

ed
it

io
n
,

19
89

.

A
.

S
.

N
em

ir
ov

sk
i,

A
.

J
u
d
it

sk
y,

G
.

L
an

,
an

d
A

.
S
h
ap

ir
o.

R
ob

u
st

st
o
ch

as
ti

c
a
p
p
ro

x
im

a
ti

o
n

ap
p
ro

ac
h

to
st

o
ch

as
ti

c
p
ro

gr
am

m
in

g.
S

IA
M

J
.

O
p
ti

m
.,

19
(4

):
15

74
–1

60
9,

2
0
0
9
.

Y
.

N
es

te
ro

v
.

A
m

et
h
o
d

of
so

lv
in

g
a

co
n
ve

x
p
ro

gr
am

m
in

g
p
ro

b
le

m
w

it
h

co
n
ve

rg
en

ce
ra

te
O

(1
/k

2
).

S
o
vi

et
M

a
th

em
a
ti

cs
D

o
kl

a
d
y,

27
(2

):
37

2–
37

6,
19

83
.

Y
.

N
es

te
ro

v
.

In
tr

od
u

ct
o
ry

L
ec

tu
re

s
o
n

C
o
n

ve
x

O
p
ti

m
iz

a
ti

o
n

,
vo

lu
m

e
87

of
A

p
p
li

ed
O

p
ti

-
m

iz
a
ti

o
n

.
K

lu
w

er
A

ca
d
em

ic
P

u
b
li
sh

er
s,

B
os

to
n
,

M
A

,
20

04
.

A
b
as

ic
co

u
rs

e.

B
.

O
’D

on
og

h
u
e

an
d

E
.

C
an

d
ès

.
A

d
ap

ti
ve

re
st

ar
t

fo
r

ac
ce

le
ra

te
d

gr
ad

ie
n
t

sc
h
em

es
.

F
o
u

n
-

d
a
ti

o
n

s
o
f

C
o
m

p
u

ta
ti

o
n

a
l

M
a
th

em
a
ti

cs
,

p
ag

es
1–

18
,

20
13

.

R
.

I.
O

li
v
ei

ra
.

T
h
e

lo
w

er
ta

il
of

ra
n
d
om

q
u
ad

ra
ti

c
fo

rm
s

w
it

h
ap

p
li
ca

ti
on

s
to

o
rd

in
a
ry

le
as

t
sq

u
ar

es
.

P
ro

ba
b.

T
h
eo

ry
R

el
a
te

d
F

ie
ld

s,
16

6(
3-

4)
:1

17
5–

11
94

,
20

16
.

50
JM

L
R

 1
8(

10
1)

:1
-5

1,
 2

01
7



C
o
n
v
e
r
g
e
n
c
e
R
a
t
e
s
f
o
r
L
e
a
st

-S
q
u
a
r
e
s
R
e
g
r
e
ssio

n

F
.

O
ra

b
o
n
a
.

S
im

u
ltan

eou
s

m
o
d
el

selection
an

d
op

tim
ization

th
rou

g
h

p
ara

m
eter-free

sto
ch

a
stic

learn
in

g.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

).
201

4.

B
.

T
.

P
o
lyak

.
S
om

e
m

eth
o
d
s

of
sp

eed
in

g
u
p

th
e

co
n
vergen

ce
of

iteration
m

eth
o
d
s.{U

S
S

R}
C

o
m

p
u

ta
tio

n
a
l

M
a
th

em
a
tics

a
n

d
M

a
th

em
a
tica

l
P

h
ysics,

4(5):1–17,
1964

.

B
.

T
.

P
o
ly

a
k
.

In
trod

u
ctio

n
to

O
p
tim

iza
tio

n
.

T
ran

slation
s

S
eries

in
M

ath
em

atics
an

d
E

n
gi-

n
eerin

g.
O

p
tim

ization
S
oftw

are,
In

c.,
P

u
b
lication

s
D

iv
ision

,
N

ew
Y

ork
,

1987.

B
.

T
.

P
o
lya

k
a
n
d

A
.

B
.

J
u
d
itsk

y.
A

cceleration
of

sto
ch

astic
ap

p
rox

im
ation

b
y

averagin
g.

S
IA

M
J

.
C

o
n

tro
l

O
p
tim

.,
30(4):838–855,

1992.

H
.

R
o
b
b
in

s
a
n
d

S
.

M
on

ro.
A

sto
ch

astic
ap

p
rox

iation
m

eth
o
d
.

T
h
e

A
n

n
a
ls

o
f

M
a
th

em
a
tica

l
S

ta
tistics,

2
2(3):400–407,

1951.

A
.

R
u
d
i,

R
.

C
a
m

orian
o,

an
d

L
.

R
osasco.

L
ess

is
M

ore:
N

y
ström

C
om

p
u
tation

al
R

egu
lar-

iza
tio

n
.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2015.

M
.

S
ch

m
id

t,
N

.
L

e
R

ou
x
,

an
d

F
.

B
ach

.
C

on
vergen

ce
rates

of
in

ex
act

p
rox

im
al-gra

d
ien

t
m

eth
o
d
s

for
con

v
ex

op
tim

ization
.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
(N

IP
S

),
2
0
1
1
.

B
.

S
ch

ö
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les)

an
d

im
p

orta
n
tly,

w
e

d
evelop

h
ere

n
ew

p
rob

ab
ilistic

resu
lts

on
su

m
s

o
f

cu
m

u
la

tiv
e

d
istrib

u
tion

fu
n
ction

s
of

ran
d
om

variab
les,

th
at

are
of

ow
n

in
terest.

A
ssig

n
in

g
a

set
of

lab
els

in
stead

of
a

sin
gle

on
e

for
an

in
p
u
t

ex
am

p
le

is
n
ot

n
ew

(V
ov

k
et

a
l.,

2
0
0
5
;
W

u
et

al.,
2004;

d
el

C
oz

et
al.,

2009;
L

ei
et

al.,
2013;

C
h
orom

an
ska

et
al.,

2016).
O

n
e

o
f

th
e

m
ost

p
op

u
lar

m
eth

o
d
s

is
b
ased

on
C

o
n

fo
rm

a
l

P
red

ictio
n

ap
p
ro

ach
(V

ov
k

et
al.,

1
99

9
;

V
ov

k
,

2
0
02;

V
ov

k
et

al.,
2005).

In
th

e
m

u
lticlass

cla
ssifi

cation
fram

ew
ork

,
th

e
goal

of
th

is
a
lg

o
rith

m
is

to
b
u
ild

th
e

sm
allest

set
of

lab
els

su
ch

th
at

its
classifi

cation
error

is
b

elow
a

p
re-sp

ecifi
ed

level.
S
in

ce
ou

r
p
ro

ced
u
re

aim
s

at
m

in
im

izin
g

th
e

classifi
cation

error
w

h
ile

keep
in

g
u
n
d
er

con
trol

th
e

size
of

th
e

set,
C

o
n

fo
rm

a
l

P
red

ictio
n

ca
n

b
e

seen
as

a
d
u
al

of
o
u
r

m
eth

o
d
.

It
is

w
orth

m
en

tion
in

g
th

a
t

con
form

al
p
red

ictors
ap

p
roach

es
n
eed

tw
o

la
b

eled
d
a
ta

sets
w

h
ere

w
e

on
ly

n
eed

on
e

lab
eled

d
ataset,

th
e

secon
d

b
ein

g
u
n
lab

eled
.

W
e

refer
to

th
e

very
in

terestin
g

statistical
stu

d
y

of
C

o
n

fo
rm

a
l

P
red

icto
rs

in
th

e
b
in

ary
case

in
th

e
p
a
p

er
b
y

L
ei

(2
014).

N
o
ta

tio
n

:
F

irst,
w

e
state

gen
eral

n
otation

.
L

et
Y

=
{
1,...,K

}
,

w
ith

K
≥

2
b

ein
g

an
in

teg
er.

L
et

(X
,Y

)
b

e
th

e
gen

eric
d
ata-stru

ctu
re

tak
in

g
its

valu
es

in
X
×
Y

w
ith

d
istrib

u
tion

P
.

T
h
e

g
o
a
l

in
classifi

cation
is

to
p
red

ict
th

e
lab

el
Y

given
an

ob
servation

of
X

.
T

h
is

is
p

erfo
rm

ed
b
a
sed

on
a

classifi
er

(or
classifi

cation
ru

le)
s

w
h
ich

is
a

fu
n
ction

m
ap

p
in

g
X

on
to

Y
.

L
etS

b
e

th
e

set
of

all
classifi

ers.
T

h
e

m
isclassifi

cation
risk

R
asso

ciated
w

ith
s
∈
S

is
d
efi

n
ed

a
s

R
(s)

=
P

(s(X
)6=

Y
).

M
o
reover,

th
e

m
in

im
izer

of
R

overS
is

th
e

B
ayes

classifi
er,

d
en

oted
b
y
s ∗,

an
d

is
ch

arac-
terized

b
y

s ∗(·)
=

argm
ax

k∈Y
p
k (·),

w
h
ere

p
k (x

)
=

P
(Y

=
k|X

=
x

)
for

x
∈
X

an
d
k
∈
Y

.
L

et
u
s

n
ow

co
n
sid

er
m

ore
sp

ecifi
c

n
otation

related
to

th
e

m
u
lticlass

con
fi
d
en

ce
set

settin
g.
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D
e
n
is

a
n
d

H
e
b
ir
i

L
et

a
con

fi
d
en

ce
set

b
e

an
y

m
easu

rab
le

fu
n
ction

th
at

m
ap

sX
o
n
to

2 Y
.

L
et

Γ
b

e
a

con
fi
d
en

ce
set.

T
h
is

con
fi
d
en

ce
set

is
ch

aracterized
b
y

tw
o

attrib
u
tes.

T
h
e

fi
rst

on
e

is
th

e
risk

asso
ciated

to
th

e
con

fi
d
en

ce
set

R
(Γ

)
=

P
(Y

/∈
Γ

(X
))
,

(1)

an
d

is
related

to
its

accu
racy.

T
h
e

secon
d

attrib
u
te

is
lin

ked
to

th
e

in
form

ation
given

b
y

th
e

con
fi
d
en

ce
set.

It
is

d
efi

n
ed

as

I
(Γ

)
=

E
(|Γ

(X
)|)
,

(2)

w
h
ere
|·|

stan
d
s

for
th

e
card

in
ality.

M
oreover,

for
som

e
β
∈

[1,K
],

w
e

say
th

at,
for

tw
o

con
fi
d
en

ce
sets

Γ
an

d
Γ
′

su
ch

th
atI

(Γ
)

=
I

(Γ
′)

=
β

,
th

e
con

fi
d
en

ce
set

Γ
is

“b
etter”

th
an

Γ
′

ifR
(Γ

)≤
R

(Γ
′).

O
rga

n
iza

tio
n

o
f

th
e

pa
per:

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

a
s

follow
s.

N
ex

t
sectio

n
is

d
evoted

to
th

e
d
efi

n
ition

an
d

th
e

m
ain

p
ro

p
erties

of
th

e
oracle

con
fi
d
en

ce
set

for
m

u
lticlass

classifi
cation

.
T

h
e

em
p
irical

risk
m

in
im

ization
p
ro

ced
u
re

is
p
rov

id
ed

in
S
ection

3.
R

ates
of

con
vergen

ce
for

th
e

con
fi
d
en

ce
set

th
at

resu
lts

from
th

is
m

in
im

ization
can

also
b

e
fou

n
d

in
th

is
section

.
W

e
p
resen

t
an

ap
p
lication

of
ou

r
p
ro

ced
u
re

to
aggregatio

n
of

con
fi
d
en

ce
sets

in
S
ection

4.
W

e
fi
n
ally

d
raw

som
e

con
clu

sion
s

an
d

p
resen

t
p

ersp
ectives

of
ou

r
w

ork
in

S
ection

5.
P

ro
ofs

of
ou

r
resu

lts
are

p
o
stp

on
ed

to
th

e
A

p
p

en
d
ix

.

2
.

C
o
n
fi
d
e
n
ce

se
t

fo
r

m
u
lticla

ss
cla

ssifi
ca

tio
n

In
th

e
p
resen

t
section

,
w

e
d
efi

n
e

a
class

of
con

fi
d
en

ce
sets

th
at

are
su

itab
le

for
m

u
lticlass

classifi
cation

an
d

referred
as

O
ra

cle
β

-sets.
F

or
som

e
β
∈

(0,K
),

th
ese

sets
are

sh
ow

n
to

b
e

op
tim

al
accord

in
g

to
th

e
risk

(1)
w

ith
an

in
form

ation
(2)

eq
u
al

to
β

.
M

oreover,
b
asic

b
u
t

fon
d
am

en
tal

p
rop

erties
of

O
racle

β
-sets

can
b

e
fou

n
d

in
P

rop
osition

1,
w

h
ile

P
rop

osition
7

p
rov

id
es

an
oth

er
in

terp
retation

of
th

ese
sets.

2
.1

N
o
ta

tio
n

a
n

d
d

e
fi

n
itio

n

F
irst

of
all,

w
e

in
tro

d
u
ce

in
th

is
section

a
class

o
f

co
n
fi
d
en

ce
sets

th
at

sp
ecifi

es
oracle

con
fi
d
en

ce
sets.

L
et
β
∈

(0,K
)

b
e

a
d
esired

in
form

a
tion

level.
T

h
e

so-called
O

ra
cle

β
-sets

are
op

tim
al

accord
in

g
to

th
e

risk
(1)

am
on

g
all

th
e

con
fi
d
en

ce
sets

Γ
su

ch
th

atI
(Γ

)
=
β

.
T

h
rou

gh
ou

t
th

e
p
ap

er
w

e
m

ake
th

e
follow

in
g

assu
m

p
tion

(A
1
)

F
o
r

a
ll
k
∈
{
1,...,K

}
,

th
e

cu
m

u
la

tive
d
istribu

tio
n

fu
n

ctio
n
F
p
k

o
f
p
k (X

)
is

co
n

tin
u

-
o
u

s.

T
h
e

d
efi

n
ition

of
th

e
O

ra
cle

β
-set

relies
on

th
e

con
tin

u
ou

s
an

d
d
ecreasin

g
fu

n
ction

G
d
efi

n
ed

for
an

y
t∈

[0,1]
b
y

G
(t)

=
K
∑k

=
1

F̄
p
k (t),

w
h
ere

for
an

y
k
∈
{1
,...,K

},
w

e
d
en

ote
b
y
F̄
p
k

th
e

tail
d
istrib

u
tion

fu
n
ction

of
p
k (X

),
th

at
is,
F̄
p
k

=
1−

F
p
k

w
ith

F
p
k

b
ein

g
th

e
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

(c.d
.f.)

of
p
k (X

).
T

h
e

gen
eralized

in
verse

G
−

1
of
G

is
giv

en
b
y

(see
(van

d
er

V
aart,

1998)):

G
−

1(β
)

=
in

f{
t∈

[0,1]
:
G

(t)≤
β},

∀
β
∈

(0,K
).
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C
o
n
f
id
e
n
c
e
S
e
t
s
f
o
r
C
l
a
ss
if
ic
a
t
io
n

T
h
e

fu
n
ct

io
n
s
G

an
d
G
−

1
ar

e
ce

n
tr

al
in

th
e

co
n
st

ru
ct

io
n

of
th

e
O

ra
cl

e
β

-s
et

s.
W

e
th

en
p
ro

v
id

e
so

m
e

of
th

ei
r

u
se

fu
l

p
ro

p
er

ti
es

in
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
.

P
ro

p
o
si

ti
o
n

1
T

h
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s

o
n
G

h
o
ld

i)
F

o
r

ev
er

y
t
∈

(0
,1

)
a
n

d
β
∈

(0
,K

),
G
−

1
(β

)
≤
t
⇔
β
≥
G

(t
).

ii
)

F
o
r

ev
er

y
β
∈

(0
,K

),
G

(G
−

1
(β

))
=
β

.

ii
i)

L
et
ε

be
a

ra
n

d
o
m

va
ri

a
bl

e,
in

d
ep

en
d
en

t
o
f
X

,
a
n

d
d
is

tr
ib

u
te

d
fr

o
m

a
u

n
if

o
rm

d
is

tr
i-

bu
ti

o
n

o
n
{1
,.
..
,K
}

a
n

d
le

t
U

be
u

n
if

o
rm

ly
d
is

tr
ib

u
te

d
o
n

[0
,K

].
D

efi
n

e

Z
=

K ∑ k
=

1

p
k
(X

)1
{ε

=
k
}.

If
th

e
fu

n
ct

io
n
G

is
co

n
ti

n
u

o
u

s,
th

en
G

(Z
)
L =
U

a
n

d
G
−

1
(U

)
L =
Z

.

T
h
e

p
ro

of
of

P
ro

p
os

it
io

n
1

re
li
es

on
L

em
m

a
1

in
th

e
A

p
p

en
d
ix

.
N

ow
,

w
e

a
re

ab
le

to
d
efi

n
ed

th
e

O
ra

cl
e
β

-s
et

:

D
e
fi

n
it

io
n

2
L

et
β
∈

(0
,K

),
th

e
O

ra
cl

e
β

-s
et

is
gi

ve
n

by

Γ
∗ β(
X

)
=
{k
∈
{1
,.
..
,K
}

:
G

(p
k
(X

))
≤
β
}

=
{ k
∈
{1
,.
..
,K
}

:
p
k
(X

)
≥
G
−

1
(β

)}
.

T
h
is

d
efi

n
it

io
n

of
th

e
O

ra
cl

e
β

-s
et

is
in

tu
it

iv
e

an
d

ca
n

b
e

re
la

te
d

to
th

e
b
in

ar
y

cl
as

si
fi
ca

ti
on

w
it

h
re

je
ct

op
ti

on
se

tt
in

g
(C

h
ow

,
19

70
;
H

er
b

ei
an

d
W

eg
ka

m
p
,
20

06
;
D

en
is

an
d

H
eb

ir
i,

20
15

)
in

th
e

fo
ll
ow

in
g

w
ay

:
a

la
b

el
k

is
as

si
g
n
ed

to
th

e
O

ra
cl

e
β

-s
et

if
th

e
p
ro

b
ab

il
it

y
p
k
(X

)
is

la
rg

e
en

ou
gh

.
It

is
w

or
th

n
ot

in
g

th
at

th
e

fu
n
ct

io
n
G

p
la

y
s

th
e

sa
m

e
ro

le
as

th
e

c.
d
.f

.
of

th
e

sc
or

e
fu

n
ct

io
n

u
se

d
b
y

D
en

is
an

d
H

eb
ir

i
(2

01
5)

.
A

s
em

p
h
as

iz
ed

b
y

P
ro

p
os

it
io

n
1,

th
ei

r
in

tr
o
d
u
ct

io
n

al
lo

w
s

to
co

n
tr

ol
ex

ac
tl

y
th

e
in

fo
rm

at
io

n
(2

).
In

d
ee

d
,

it
fo

ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
th

e
O

ra
cl

e
β

-s
et

th
at

fo
r

ea
ch

β
∈

(0
,K

)

|Γ
∗ β(
X

)|
=

K ∑ k
=

1

1
{p
k
(X

)≥
G
−

1
(β

)}
,

an
d

th
en
I(

Γ
∗ β)

=
E
[ |Γ
∗ β(
X

)|]
=
G

(G
−

1
(β

))
.

T
h
er

ef
or

e,
P

ro
p

os
it

io
n

1
en

su
re

s
th

at

I(
Γ
∗ β)

=
β
.

T
h
is

la
st

d
is

p
la

y
p

oi
n
ts

ou
t

th
at

th
e

O
ra

cl
e
β

-s
et

s
ar

e
in

d
ee

d
β

-l
ev

el
(t

h
at

is
,
it

s
in

fo
rm

at
io

n
eq

u
al

s
β

).
In

th
e

n
ex

t
se

ct
io

n
,

w
e

fo
cu

s
on

th
e

st
u
d
y

of
th

e
ri

sk
of

th
es

e
or

ac
le

co
n
fi
d
en

ce
se

ts
.

R
e
m

a
rk

3
N

a
tu

ra
ll

y,
th

e
d
efi

n
it

io
n

o
f

O
ra

cl
e
β

-s
et

s
ca

n
be

ex
te

n
d
ed

to
a
n

y
β
∈

[0
,K

].
H

o
w

ev
er

,
th

e
li

m
it

ca
se

s
β

=
0

a
n

d
β

=
K

a
re

o
f

li
m

it
ed

in
te

re
st

a
n

d
a
re

co
m

p
le

te
ly

tr
iv

ia
l.

W
e

th
en

ex
cl

u
d
e

th
es

e
tw

o
li

m
it

ca
se

s
fr

o
m

th
e

p
re

se
n

t
st

u
d
y.
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 1
8(

10
2)

:1
-2

8,
 2

01
7

D
e
n
is

a
n
d

H
e
b
ir
i

2
.2

P
ro

p
e
rt

ie
s

o
f

th
e

o
ra

c
le

c
o
n

fi
d

e
n

c
e

se
ts

L
et

u
s

fi
rs

t
st

at
e

th
e

op
ti

m
al

it
y

of
th

e
O

ra
cl

e
β

-s
et

:

P
ro

p
o
si

ti
o
n

4
L

et
A

ss
u

m
p
ti

o
n

(A
1
)

be
sa

ti
sfi

ed
.

F
o
r

a
n

y
β
∈

(0
,K

),
w

e
h
a
ve

bo
th

:

1
.

T
h
e

O
ra

cl
e
β

-s
et

Γ
∗ β

sa
ti

sfi
es

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

y:

R
( Γ
∗ β)

=
in

f
Γ
R

(Γ
)
,

w
h
er

e
th

e
in

fi
m

u
m

is
ta

ke
n

o
ve

r
a
ll
β

-l
ev

el
co

n
fi

d
en

ce
se

ts
.

2
.

F
o
r

a
n

y
β

-l
ev

el
co

n
fi

d
en

ce
se

t
Γ

,
th

e
fo

ll
o
w

in
g

h
o
ld

s

0
≤
R

(Γ
)
−
R
( Γ
∗ β)

=
E

 
∑

k
∈(

Γ
∗ β

(X
)

∆
Γ

(X
))

∣ ∣ p
k
(X

)
−
G
−

1
(β

)∣ ∣ 
,

(3
)

w
h
er

e
th

e
sy

m
bo

l
∆

st
a
n

d
s

fo
r

th
e

sy
m

m
et

ri
c

d
iff

er
en

ce
o
f

tw
o

se
ts

,
th

a
t

is
,

fo
r

tw
o

su
bs

et
s
A

a
n

d
B

o
f
{1
,.
..
,K
},

w
e

w
ri

te
A

∆
B

=
(A
\B

)
∪

(B
\A

).

S
ev

er
al

re
m

ar
k
s

ca
n

b
e

m
ad

e
fr

om
P

ro
p

os
it

io
n

4.
F

ir
st

,
fo

r
β
∈

(0
,K

),
th

e
O

ra
cl

e
β

-s
et

is
op

ti
m

al
fo

r
th

e
m

is
cl

as
si

fi
ca

ti
on

ri
sk

,
ov

er
th

e
cl

as
s

o
f
β

-l
ev

el
co

n
fi
d
en

ce
se

ts
.

M
o
re

ov
er

,
th

e
ex

ce
ss

ri
sk

of
an

y
β

-l
ev

el
co

n
fi
d
en

ce
se

t
re

li
es

o
n

th
e

b
eh

av
io

r
of

th
e

sc
o
re

fu
n
ct

io
n
s

p
k

ar
ou

n
d

th
e

th
re

sh
ol

d
G
−

1
(β

).
F

in
al

ly
,

w
e

ca
n

n
ot

e
th

at
if
K

=
2

an
d
β

=
1
,

w
h
ic

h
im

p
li
es

th
at

G
−

1
(β

)
=

1/
2,

E
q
u
at

io
n

(3
)

re
d
u
ce

s
to

th
e

m
is

cl
as

si
fi
ca

ti
o
n

ex
ce

ss
ri

sk
in

b
in

ar
y

cl
as

si
fi
ca

ti
on

.

R
e
m

a
rk

5
O

n
e

w
a
y

to
bu

il
d

a
co

n
fi

d
en

ce
se

t
Γ

w
it

h
in

fo
rm

a
ti

o
n
β

is
to

se
t

Γ
a
s

th
e
β

to
p

le
ve

ls
co

n
d
it

io
n

a
l

p
ro

ba
bi

li
ti

es
.

In
th

e
se

qu
el

th
is

m
et

h
od

is
re

fe
rr

ed
a
s

th
e
m
a
x

p
ro

ce
d
u

re
.

T
h
is

st
ra

te
gy

is
n

a
tu

ra
l

bu
t

a
ct

u
a
ll

y
su

bo
p
ti

m
a
l

a
s

sh
o
w

n
by

th
e

fi
rs

t
po

in
t

o
f

P
ro

po
si

ti
o
n

4
.

A
s

a
n

il
lu

st
ra

ti
o
n

,
w

e
co

n
si

d
er

a
si

m
u

la
ti

o
n

sc
h
em

e
w

it
h
K

=
10

cl
a
ss

es
.

W
e

ge
n

er
a
te

(X
,Y

)
a
cc

o
rd

in
g

to
a

m
ix

tu
re

m
od

el
.

M
o
re

p
re

ci
se

ly
,

i)
th

e
la

be
l
Y

is
d
is

tr
ib

u
te

d
fr

o
m

a
u

n
if

o
rm

d
is

tr
ib

u
ti

o
n

o
n
{1
,.
..
,K
};

ii
)

co
n

d
it

io
n

a
l

o
n
Y

=
k

,
th

e
fe

a
tu

re
X

is
ge

n
er

a
te

d
a
cc

o
rd

in
g

to
a

m
u

lt
iv

a
ri

a
te

ga
u

ss
ia

n
d
is

tr
ib

u
ti

o
n

w
it

h
m

ea
n

pa
ra

m
et

er
µ
k
∈
R

1
0

a
n

d
id

en
ti

ty
co

va
ri

a
n

ce
m

a
tr

ix
.

F
o
r

ea
ch

k
=

1,
..
.,
K

,
th

e
ve

ct
o
rs
µ
k

a
re

i.
i.

d
re

a
li

za
ti

o
n

s
o
f

u
n

if
o
rm

d
is

tr
ib

u
ti

o
n

o
n

[0
,4

].

F
o
r
β

=
2

w
e

ev
a
lu

a
te

th
e

ri
sk

s
o
f

th
e

O
ra

cl
e
β

-s
et

a
n

d
th

e
m
a
x

p
ro

ce
d
u

re
a
n

d
o
bt

a
in

re
sp

ec
ti

ve
ly

0.
05

a
n

d
0
.0

9
(w

it
h

ve
ry

sm
a
ll

va
ri

a
n

ce
).

R
e
m

a
rk

6
A

n
im

po
rt

a
n

t
m

o
ti

va
ti

o
n

be
h
in

d
th

e
in

tr
od

u
ct

io
n

o
f

co
n

fi
d
en

ce
se

ts
a
n

d
in

pa
r-

ti
cu

la
r

o
f

O
ra

cl
e
β

-s
et

s
is

th
a
t

th
ey

m
ig

h
t

o
u

tp
er

fo
rm

th
e

B
a
ye

s
ru

le
w

h
ic

h
ca

n
be

se
en

a
s

th
e

O
ra

cl
e
β

-s
et

a
ss

oc
ia

te
d

to
β

=
1.

T
h
is

ga
p

in
pe

rf
o
rm

a
n

ce
is

ev
en

la
rg

er
w

h
en

th
e

n
u

m
-

be
r

o
f

cl
a
ss

es
K

is
la

rg
e

a
n

d
th

er
e

is
a

bi
g

co
n

fu
si

o
n

be
tw

ee
n

cl
a
ss

es
.

S
u

ch
im

p
ro

ve
m

en
t

w
il

l
be

il
lu

st
ra

te
d

in
th

e
n

u
m

er
ic

a
l

st
u

d
y

(s
ee

S
ec

ti
o
n

4
.3

).

W
e

en
d

u
p

th
is

se
ct

io
n

b
y

p
ro

v
id

in
g

an
ot

h
er

ch
ar

ac
te

ri
za

ti
on

of
th

e
O

ra
cl

e
β

-s
et

.
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C
o
n
f
id
e
n
c
e
S
e
t
s
f
o
r
C
l
a
ssif

ic
a
t
io
n

P
ro

p
o
sitio

n
7

F
o
r
t∈

[0,1],
a
n

d
Γ

a
co

n
fi

d
en

ce
set,

w
e

d
efi

n
e

L
t (Γ

)
=

P
(Y

/∈
Γ

(X
))

+
tI

(Γ
).

F
o
r
β
∈

[0,K
],

th
e

fo
llo

w
in

g
equ

a
lity

h
o
ld

s:

L
G
−

1
(β

) (Γ
∗β
)

=
m

in
Γ
L
G
−

1
(β

) (Γ
).

T
h
e

p
ro

o
f

o
f

th
is

p
rop

osition
relies

on
th

e
sam

e
argu

m
en

ts
as

th
ose

of
P

rop
ositio

n
4.

It
is

th
en

o
m

itted
.

P
rop

osition
7

states
th

at
th

e
O

racle
β

-set
is

d
efi

n
ed

as
th

e
m

in
im

izer,
over

a
ll

co
n
fi
d
en

ce
sets

Γ
,

of
th

e
risk

fu
n
ction

L
t

w
h
en

th
e

tu
n
in

g
p
aram

eter
t

is
set

eq
u
al

to
G
−

1(β
).

N
o
te

m
oreover

th
at

th
e

risk
fu

n
ction

L
t

is
a

trad
e-off

,
con

trolled
b
y

th
e

p
aram

eter
t,

b
etw

een
th

e
risk

of
a

con
fi
d
en

ce
set

on
th

e
on

e
h
an

d
,

an
d

th
e

in
form

ation
p
rov

id
ed

b
y

th
is

co
n
fi
d
en

ce
set

on
th

e
oth

er
h
an

d
.

H
en

ce,
th

e
risk

fu
n
ction

L
t

can
b

e
v
iew

ed
as

a
g
en

era
liza

tio
n

to
th

e
m

u
lticlass

case
of

th
e

risk
fu

n
ction

p
rov

id
ed

b
y

C
h
ow

(1970)
an

d
H

erb
ei

a
n
d

W
egkam

p
(2006)

for
b
in

ary
classifi

cation
w

ith
reject

op
tion

settin
g
.

3
.

E
m

p
irica

l
risk

m
in

im
iza

tio
n

In
th

is
sectio

n
w

e
in

tro
d
u
ce

an
d

stu
d
y

con
fi
d
en

ce
sets

w
h
ich

rely
on

th
e

m
in

im
ization

o
f

co
n
v
ex

risk
s.

T
h
eir

d
efi

n
ition

s
an

d
m

ain
p
rop

erties
a
re

given
in

S
ection

s
3.1-3.2.

A
s

a
co

n
seq

u
en

ce,
w

e
d
ed

u
ce

a
d
ata-d

riv
en

p
ro

ced
u
re

d
escrib

ed
in

S
ection

3.3
w

ith
several

th
eo

retica
l

p
ro

p
erties,

su
ch

as
rates

of
con

vergen
ce,

th
at

w
e

d
em

on
strate

in
S
ection

3.4.

3
.1

φ
-risk

L
et
f

=
(f

1 ,...,f
K

)
:X
→

R
K

b
e

a
score

fu
n
ction

an
d
G
f (.)

=
∑

Kk
=

1
F̄
f
k (.).

A
ssu

m
in

g
th

a
t

th
e

fu
n
ction

G
f

is
con

tin
u
ou

s
an

d
given

an
in

form
ation

level
β
∈

(0,K
),

th
ere

ex
ists

δ∈
R

,
su

ch
th

a
t
G
f (−

δ)
=
β

.
G

iven
th

is
sim

p
le

b
u
t

im
p

ortan
t

fa
ct,

w
e

d
efi

n
e

th
e

con
fi
d
en

ce
set

Γ
f
,δ

a
sso

cia
ted

to
f

an
d
δ

as

Γ
f
,δ (X

)
=
{
k

:
f
k (X

)≥
−
δ}
.

(4)

In
th

is
w

ay,
th

e
con

fi
d
en

ce
set

Γ
f
,δ

con
sists

of
top

scores,
an

d
th

e
th

resh
old

δ
is

fi
x
ed

so
th

a
tI

(Γ
f
,δ )

=
β

.
A

s
a

con
seq

u
en

ce,
w

e
n
atu

rally
aim

at
solv

in
g

th
e

p
rob

lem

m
in

f∈F
R

(Γ
f
,δ ),

w
h
ere
F

is
a

class
of

fu
n
ction

s.
D

u
e

to
com

p
u
tation

al
issu

es,
it

is
con

v
en

ien
t

to
fo

cu
s

on
a

co
n
vex

su
rro

g
ate

of
th

e
p
rev

iou
s

m
in

im
ization

p
rob

lem
.

T
o

th
is

en
d
,

let
φ

:R
→

R
b

e
a

co
n
vex

fu
n
ctio

n
.

W
e

d
efi

n
e

th
e
φ

-risk
of
f

b
y

R
φ

(f
)

=
E

[
K
∑k

=
1

φ
(Z

k f
k (X

)) ]
,

(5)

w
h
ere

Z
k

=
2

1
{
Y

=
k} −

1
for

all
k

=
1,...,K

.
T

h
erefore,

ou
r

target
score

b
ecom

es

f̄
∈

argm
in

f∈F
R
φ

(f
)
,
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D
e
n
is

a
n
d

H
e
b
ir
i

for
th

e
p
u
rp

ose
of

b
u
ild

in
g

th
e

con
fi
d
en

ce
Γ
f̄
,δ .

In
th

e
seq

u
el,

w
e

also
in

tro
d
u
ce
f
∗,

th
e

m
in

im
izer

over
th

e
class

of
all

m
easu

ra
b
le

fu
n
ction

s,
of

th
e
φ

-risk
.

T
h
e

n
otation

su
p
p
resses

th
e

d
ep

en
d
en

ce
on

φ
.

It
is

w
orth

m
en

tion
in

g
at

th
is

p
oin

t
th

at
th

e
d
efi

n
ition

of
th

e
risk

fu
n
ction

R
φ

is
d
ictated

b
y

E
q
u
ation

(3)
an

d
su

its
for

con
fi
d
en

ce
sets.

M
oreover,

th
is

fu
n
c-

tion
d
iff

ers
from

th
e

classical
risk

fu
n
ction

u
sed

in
th

e
m

u
lticlass

settin
g

(see
(T

ew
ari

an
d

B
artlett,

2007)).
T

h
e

reason
b

eh
in

d
th

is
is

th
at

b
u
ild

in
g

a
con

fi
d
en

ce
set

is
closer

to
K

b
in

ary
classifi

cation
p
rob

lem
s.

3
.2

C
la

ssifi
c
a
tio

n
c
a
lib

ra
tio

n
fo

r
c
o
n

fi
d

e
n

c
e

se
ts

C
on

vex
ifi

cation
of

th
e

risk
in

classifi
cation

is
a

stan
d
ard

tech
n
iq

u
e.

In
th

is
section

w
e

ad
ap

t
classical

resu
lts

an
d

to
ols

to
con

fi
d
en

ce
sets

in
th

e
m

u
lticlass

settin
g.

W
e

refer
th

e
read

er
to

earlier
p
ap

ers
for

in
terestin

g
d
evelop

m
en

ts
(Z

h
an

g
,

2004;
B

artlett
et

al.,
2006;

Y
u
an

an
d

W
egkam

p
,

2010).
O

n
e

of
th

e
m

ain
im

p
ortan

t
con

cep
t

w
h
en

w
e

d
eal

w
ith

co
n
vex

ifi
cation

of
th

e
risk

is
th

e
n
otion

of
calib

ration
of

th
e

loss
fu

n
ction

φ
.

T
h
is

p
rop

erty
p

erm
its

to
con

n
ect

con
fi
d
en

ce
sets

d
ed

u
ced

from
th

e
con

vex
risk

an
d

from
th

e
classifi

cation
risk

.

D
e
fi

n
itio

n
8

W
e

sa
y

th
a
t

th
e

fu
n

ctio
n
φ

is
co

n
fi

d
en

ce
set

ca
libra

ted
if

fo
r

a
ll
β
>

0,
th

ere
exists

δ ∗∈
R

su
ch

th
a
t

Γ
f
∗
,δ ∗

=
Γ
∗β
,

w
ith

f
∗

bein
g

th
e

m
in

im
izer

o
f

th
e
φ

-risk

f
∗∈

argm
in

f
R
φ

(f
)
,

w
h
ere

th
e

in
fi

m
u

m
is

ta
ken

o
ver

th
e

cla
ss

o
f

a
ll

m
ea

su
ra

ble
fu

n
ctio

n
s.

H
en

ce,
th

e
co

n
fi

d
en

ce
set

ba
sed

o
n
f
∗

co
in

cid
es

w
ith

th
e

B
a
yes

co
n

fi
d
en

ce
set.

G
iven

th
is,

w
e

can
state

th
e

follow
in

g
p
rop

osition
th

at
gives

a
ch

aracterizatio
n

of
th

e
con

-
fi
d
en

ce
set

calib
ration

p
rop

erty
in

term
s

of
th

e
fu

n
ctio

n
G

.

P
ro

p
o
sitio

n
9

T
h
e

fu
n

ctio
n
φ

is
co

n
fi

d
en

ce
set

ca
libra

ted
if

a
n

d
o
n

ly
if

fo
r

a
ll
β
∈

(0,K
),

th
ere

exists
δ ∗∈

R
su

ch
th

a
t
φ
′(δ ∗)

a
n

d
φ
′(−

δ ∗)
bo

th
exists,

φ
′(δ ∗)

<
0,
φ
′(−

δ ∗)
<

0
a
n

d

G
−

1(β
)

=
φ
′(δ ∗)

φ
′(δ ∗)

+
φ
′(−

δ ∗)
,

w
h
ere

φ
′

d
en

o
tes

th
e

d
eriva

tive
o
f
φ

.

T
h
e

p
ro

of
of

th
e

p
rop

osition
follow

s
th

e
lin

es
of

T
h
eorem

1
in

th
e

p
ap

er
b
y

Y
u
an

an
d

W
egkam

p
(2010)

w
ith

m
in

or
m

o
d
ifi

cation
s.

T
h
ese

ch
aracterizatio

n
s

of
calib

ration
for

con
-

fi
d
en

ce
sets

gen
eralize

th
e

n
otion

of
calib

ration
in

th
e

classifi
cation

settin
g

as
w

ell
as

th
e

n
ecessary

an
d

su
ffi

cien
t

con
d
ition

for
th

e
m

in
im

izer
of

th
e
φ

-risk
to

b
e

calib
rated

.
In

d
eed

,
if

w
e

p
ick

δ
=

0
in

D
efi

n
ition

8
an

d
P

rop
osition

9
w

e
ex

actly
com

e
b
ack

to
th

e
calib

ration
p
rop

erty
in

th
e

classical
classifi

cation
settin

g
(see

(B
artlett

et
al.,

2006)).
N

ote
th

at
com

-
m

on
ly

u
sed

loss
fu

n
ction

s
as

b
o
ostin

g
(x
7→

ex
p
(−
x

)),
least

sq
u
a
res

(x
7→

(x
−

1)
2)

an
d

logistic
(x
7→

log
(1

+
ex

p
(−
x

)))
are

ex
am

p
les

of
calib

rated
losses

(see
for

in
stan

ce
(B

artlett
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C
o
n
f
id
e
n
c
e
S
e
t
s
f
o
r
C
l
a
ss
if
ic
a
t
io
n

et
al

.,
20

06
;

W
eg

ka
m

p
an

d
Y

u
an

,
20

11
))

.
N

ow
,

fo
r

so
m

e
sc

or
e

fu
n
ct

io
n
f

an
d

so
m

e
re

al
n
u
m

b
er
δ

su
ch

th
at
G
f
(−
δ)

=
β

,
w

e
d
efi

n
e

th
e

ex
ce

ss
ri

sk

∆
R

(Γ
f
,δ

)
=
R

(Γ
f
,δ

)
−
R

(Γ
∗ β)
,

an
d

th
e

ex
ce

ss
φ

-r
is

k
∆
R
φ
(f

)
=
R
φ

(f
)
−
R
φ

(f
∗ )
.

W
e

al
so

in
tr

o
d
u
ce

th
e

m
ar

gi
n
al

co
n
d
it

io
n
al

ex
ce

ss
φ

-r
is

k
on

f
=

(f
1
,.
..
,f
K

)
as

∆
R
k φ
(f

(X
))

=
p
k
(X

)(
φ

(f
k
(X

))
−
φ

(f
∗ k(
X

))
)

+
(1
−
p
k
(X

))
(φ

(−
f k

(X
))
−
φ

(−
f
∗ k(
X

))
),

fo
r
k

=
1
,.
..
,K

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

sh
ow

s
th

at
th

e
co

n
si

st
en

cy
in

te
rm

s
of
φ

-r
is

k
im

p
li
es

th
e

co
n
si

st
en

cy
in

te
rm

s
of

cl
as

si
fi
ca

ti
on

ri
sk
R

.

T
h

e
o
re

m
1
0

A
ss

u
m

e
th

a
t
φ

is
co

n
fi

d
en

ce
se

t
ca

li
br

a
te

d
a
n

d
a
ss

u
m

e
th

a
t

th
er

e
ex

is
ts

co
n

-
st

a
n

ts
C
>

0
a
n

d
s
≥

1
su

ch
th

a
t1

|p
k
(X

)
−
G
−

1
(β

)|s
≤
C

∆
R
k φ
(−
δ∗

).
(6

)

L
et
f̂ n

be
a

se
qu

en
ce

o
f

sc
o
re

s.
W

e
a
ss

u
m

e
th

a
t

fo
r

ea
ch

n
,

th
e

fu
n

ct
io

n
G
f̂
n

is
co

n
ti

n
u

o
u

s.

L
et
δ n
∈
R

be
su

ch
th

a
t
G
f̂
n
(−
δ n

)
=
β

,
th

en

∆
R
φ
(f̂
n
)
P →

0
⇒

∆
R

(Γ
f̂
n
,δ
n
)
P →

0.

T
h
e

th
eo

re
m

en
su

re
s

th
at

th
e

co
n
ve

rg
en

ce
in

te
rm

s
of
φ

ri
sk

im
p
li
es

th
e

co
n
v
er

ge
n
ce

in
te

rm
s

of
ri

sk
R

.
T

h
is

co
n
ve

rg
en

ce
is

m
ad

e
p

os
si

b
le

si
n
ce

w
e

m
an

ag
e,

in
th

e
p
ro

of
,

to
b

ou
n
d

th
e

ex
ce

ss
ri

sk
b
y

(a
p

ow
er

of
)

th
e

ex
ce

ss
φ

-r
is

k
.

T
h
e

as
su

m
p
ti

on
n
ee

d
ed

in
th

is
th

eo
re

m
is

al
so

st
an

d
ar

d
an

d
is

fo
r

in
st

an
ce

sa
ti

sfi
ed

fo
r

th
e

b
o
os

ti
n
g,

le
as

t
sq

u
ar

e
an

d
lo

g
is

ti
c

lo
ss

es
w

it
h

th
e

p
ar

am
et

er
s

b
ei

n
g

eq
u
al

to
2

(s
ee

(B
a
rt

le
tt

et
al

.,
20

06
))

.

3
.3

D
a
ta

-d
ri

v
e
n

p
ro

c
e
d

u
re

In
th

is
se

ct
io

n
w

e
p
ro

v
id

e
th

e
st

ep
s

of
th

e
co

n
st

ru
ct

io
n

of
ou

r
em

p
ir

ic
al

co
n
fi
d
en

ce
se

t
th

a
t

is
d
ed

u
ce

d
fr

om
th

e
em

p
ir

ic
al

ri
sk

m
in

im
iz

a
ti

on
.

B
ef

or
e

go
in

g
in

to
fu

rt
h
er

d
et

ai
ls

,
le

t
u
s

fi
rs

t
m

en
ti

on
th

at
ou

r
p
ro

ce
d
u
re

is
se

m
i-

su
p

er
v
is

ed
in

th
e

se
n
se

th
at

it
re

q
u
ir

es
tw

o
d
at

as
et

s,
on

e
of

w
h
ic

h
b

ei
n
g

u
n
la

b
el

ed
.

H
en

ce
w

e
in

tr
o
d
u
ce

a
fi
rs

t
d
at

a
se

t
D n

=
{(
X
i,
Y
i)
,
i

=
1,
..
.,
n
},

w
h
ic

h
co

n
si

st
s

of
in

d
ep

en
d
en

t
co

p
ie

s
of

(X
,Y

).
W

e
d
efi

n
e

th
e

em
p
ir

ic
al
φ

-r
is

k
a
ss

o
ci

at
ed

to
a

sc
or

e
fu

n
ct

io
n
f

(w
h
ic

h
is

th
e

em
p
ir

ic
al

co
u
n
te

rp
ar

t
of
R
φ

gi
ve

n
in

(5
))

:

R̂
φ
(f

)
=

1 n

n ∑ i=
1

K ∑ k
=

1

φ
(Z

i k
f k

(X
i)

),
(7

)

w
h
er

e
Z
i k

=
2

1
{Y
i
=
k
}
−

1
fo

r
al

l
k

=
1,
..
.,
K

.
W

e
al

so
d
efi

n
e

th
e

em
p
ir

ic
al

ri
sk

m
in

im
iz

er
ov

er
F

,
a

co
n
ve

x
se

t
of

sc
or

e
fu

n
ct

io
n
s,

as

f̂
=

ar
g

m
in

f
∈F

R̂
φ
(f

).

1
.

W
it

h
a
b

u
se

o
f

n
o
ta

ti
o
n

,
w

e
w

ri
te

∆
R
k φ
(−
δ∗

)
in

st
ea

d
o
f

∆
R
k φ
((
−
δ∗
,.
..
,−
δ∗

))
si

n
ce

n
o

co
n

fu
si

o
n

ca
n

o
cc

u
r.
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D
e
n
is

a
n
d

H
e
b
ir
i

A
t

th
is

p
oi

n
t,

w
e

h
av

e
in

h
an

d
s

th
e

op
ti

m
al

sc
or

e
fu

n
ct

io
n
f̂

an
d

n
ee

d
to

b
u
il
d

th
e

co
rr

e-
sp

on
d
in

g
co

n
fi
d
en

ce
se

t
w

it
h

th
e

ri
gh

t
ex

p
ec

te
d

si
ze

.
H

ow
ev

er
,

le
t

u
s

b
ef

or
e

in
tr

o
d
u
ce

a
n

in
te

rm
ed

ia
te

co
n
fi
d
en

ce
se

t
th

at
w

ou
ld

h
el

p
co

m
p
re

h
en

si
o
n

si
n
ce

it
m

im
ic

s
th

e
o
ra

cl
e
β

-s
et

Γ
∗

w
it

h
re

ga
rd

to
it

s
co

n
st

ru
ct

io
n

u
si

n
g
f̂

in
st

ea
d

of
f
∗ .

F
or

th
is

p
u
rp

os
e,

w
e

d
efi

n
e

F
f̂
k
(t

)
=

P X
( f̂ k

(X
)
≤
t|D

n

) ,

fo
r
t
∈

R
,

w
h
er

e
P X

is
th

e
m

ar
gi

n
al

d
is

tr
ib

u
ti

on
of
X

.
A

s
fo

r
th

e
c.

d
.f

.
of
p
k

a
n
d
f k

,
w

e
m

ak
e

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
:

(A
2
)

T
h
e

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

o
n

fu
n

ct
io

n
s
F
f̂
k

w
it

h
k

=
1,
..
.,
K

a
re

co
n

ti
n

u
o
u

s.

A
t

th
is

p
oi

n
t,

w
e

ar
e

ab
le

to
d
efi

n
e

an
em

p
ir

ic
al

ap
p
ro

x
im

at
io

n
of

th
e

O
ra

cl
e
β

-s
et

fo
r

β
∈

(0
,K

):

Γ̃
β
(X

)
=
{ k
∈
{1
,.
..
,K
}

:
G̃

(f̂
k
(X

))
≤
β
}
,

(8
)

w
h
er

e
fo

r
t
∈
R

G̃
(t

)
=

K ∑ k
=

1

F̄
f̂
k
(t

),
(9

)

w
it

h
F̄
f̂
k

=
1
−
F
f̂
k
.

S
in

ce
th

e
fu

n
ct

io
n
G̃

d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
d
is

tr
ib

u
ti

o
n

o
f
X

,
w

e

co
n
si

d
er

a
se

co
n
d

b
u
t

in
te

re
st

in
gl

y
u

n
la

be
le

d
d
at

as
et
D N

=
{X

i,
i

=
1,
..
.,
N
},

in
d
ep

en
d
en

t
of
D n

in
or

d
er

to
co

m
p
u
te

th
e

em
p
ir

ic
al

ve
rs

io
n
s

of
th

e
F̄
f̂
k
’s

.
B

y
n
ow

,
w

e
ca

n
d
efi

n
e

th
e

em
p
ir

ic
al
β

-s
et

b
as

ed
on

f̂
:

D
e
fi

n
it

io
n

1
1

L
et
f̂

be
th

e
m

in
im

iz
er

o
f

th
e

em
p
ir

ic
a
l
φ

-r
is

k
gi

ve
n

in
(7

)
ba

se
d

o
n
D n

,
a
n

d
co

n
si

d
er

th
e

u
n

la
be

le
d

d
a
ta

se
t
D N

.
L

et
β
∈

(0
,K

).
T

h
e

em
p
ir

ic
a
l
β

-s
et

is
gi

ve
n

by

Γ̂
β
(X

)
=
{ k
∈
{1
,.
..
,K
}

:
Ĝ

(f̂
k
(X

))
≤
β
}
,

(1
0
)

w
h
er

e

Ĝ
(.

)
=

1 N

N ∑ i=
1

K ∑ k
=

1

1
{f̂
k
(X

i
)≥
.}
.

T
h
e

m
os

t
im

p
or

ta
n
t

re
m

ar
k

ab
ou

t
th

e
co

n
st

ru
ct

io
n

of
th

is
d
at

a-
d
ri

ve
n

co
n
fi
d
en

ce
se

t
is

th
at

it
is

m
ad

e
in

a
se

m
i-

su
p

er
v
is

ed
w

ay
.

In
d
ee

d
,

th
e

es
ti

m
at

io
n

of
th

e
ta

il
d
is

tr
ib

u
ti

on
fu

n
ct

io
n
s

of
f̂ k

re
q
u
ir

es
on

ly
a

se
t

of
u

n
la

be
le

d
ob

se
rv

at
io

n
s.

T
h
is

is
p
ar

ti
cu

la
rl

y
a
tt

ra
ct

iv
e

in
ap

p
li
ca

ti
on

s
w

h
er

e
th

e
n
u
m

b
er

of
la

b
el

ob
se

rv
at

io
n
s

is
sm

al
l

(b
ec

au
se

la
b

el
li
n
g

ex
a
m

p
le

s
is

ti
m

e
co

n
su

m
in

g
or

m
ay

b
e

co
st

ly
)

an
d

w
h
er

e
on

e
h
as

in
h
an

d
se

ve
ra

l
u
n
la

b
el

ed
fe

a
tu

re
s

th
at

ca
n

b
e

u
se

d
to

m
ak

e
p
re

d
ic

ti
on

m
or

e
ac

cu
ra

te
.

A
s

an
im

p
or

ta
n
t

co
n
se

q
u
en

ce
is

th
a
t

th
e

es
ti

m
at

io
n

of
th

e
ta

il
d
is

tr
ib

u
ti

on
fu

n
ct

io
n
s

of
f̂ k

d
o
es

n
ot

d
ep

en
d

on
th

e
n
u
m

b
er

o
f

ob
se

rv
at

io
n
s

in
ea

ch
cl

as
s

la
b

el
.

T
h
at

is
to

sa
y,

th
is

u
n
la

b
el

ed
d
at

as
et

ca
n

b
e

u
n
b
a
la

n
ce

d
w

it
h

re
sp

ec
t

to
th

e
cl

as
se

s,
th

at
ca

n
o
ft

en
o
cc

u
r

in
m

u
lt

ic
la

ss
cl

as
si

fi
ca

ti
on

se
tt

in
g
s

w
h
er

e
th

e
n
u
m

b
er

of
cl

as
se

s
K

is
q
u
it

e
la

rg
e.

N
ex

t
se

ct
io

n
d
ea

ls
w

it
h

th
e

th
eo

re
ti

ca
l

p
er

fo
rm

a
n
ce

of
th

e
em

p
ir

ic
al
β

-s
et

s.
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C
o
n
f
id
e
n
c
e
S
e
t
s
f
o
r
C
l
a
ssif

ic
a
t
io
n

3
.4

R
a
te

s
o
f

c
o
n
v
e
rg

e
n

c
e

In
th

is
S
ection

,
w

e
p
rov

id
e

rates
of

con
v
ergen

ce
for

th
e

em
p
irical

con
fi
d
en

ce
sets

d
efi

n
ed

in
S
ectio

n
3.3

.
F

irst,
w

e
state

som
e

ad
d
ition

al
n
otation

.
In

th
e

seq
u
el,

th
e

sy
m

b
ols

P
a
n
d

E
sta

n
d

fo
r

gen
eric

p
rob

ab
ility

an
d

ex
p

ectation
,

resp
ectively.

M
oreover,

given
th

e

em
p
irica

l
β

-set
Γ̂
β

from
D

efi
n
ition

11
,

w
e

con
sid

er
th

e
risk

R
(

Γ̂
β )

=
P
(
Y
/∈

Γ̂
β
(X

) )
an

d

th
e

in
fo

rm
a
tion

I (
Γ̂
β )

=
E
[|Γ̂

β
(X

)| ].
O

u
r

fi
rst

resu
lt

en
su

res
th

at
Γ̂
β

is
of

level
β

u
p

to

a
term

o
f

o
rd

er
K
/ √

N
.

P
ro

p
o
sitio

n
1
2

F
o
r

ea
ch

β
∈

(0,K
),

th
e

fo
llo

w
in

g
equ

a
lity

h
o
ld

s

I (
Γ̂
β )

=
β

+
O

(
K√N

)
.

In
o
rd

er
to

p
recise

rates
of

con
vergen

ce
for

th
e

risk
,

w
e

n
eed

to
form

u
late

several
assu

m
p
-

tio
n
s.

F
irst,

w
e

con
sid

er
loss

fu
n
ction

s
φ

w
h
ich

h
ave

in
com

m
on

th
at

th
e

m
o
d
u
lu

s
of

co
n
vex

ity
o
f

th
eir

u
n
d
erly

in
g

risk
fu

n
ction

R
φ
,

d
efi

n
ed

b
y

δ(ε)
=

in
f {

R
φ
(f

)
+
R
φ
(g

)

2
−
R
φ (

f
+
g

2

)
,

K
∑k

=
1 E

X

[(f
k −

g
k )

2(X
) ]≥

ε
2 }

,
(11)

sa
tisfi

es
δ(ε)

≥
c

1 ε
2

for
som

e
c

1
>

0
(w

e
refer

to
(B

artlett
et

a
l.,

2006;
B

artlett
a
n
d

M
en

d
elso

n
,
2
0
0
6)

for
m

ore
d
etails

on
m

o
d
u
lu

s
of

con
vex

ity
for

classifi
cation

risk
).

M
oreover,

w
e

a
ssu

m
e

th
at
φ

is
classifi

cation
calib

rated
an

d
L

-L
ip

sch
itz

for
L
>

0.
O

n
th

e
oth

er
h
an

d
,

fo
r
α
>

0
,

w
e

assu
m

e
a

m
argin

con
d
ition

M
kα

on
each

p
k ,k

=
1,...,K

(T
sy

b
akov

,
2004).

M
kα

:
P
X

(0
<
|p
k (X

)−
G
−

1(β
)|≤

t )≤
c

2 t α
,

for
som

e
con

stan
t
c

2
>

0
an

d
for

all
t
>

0.

It
is

im
p

o
rta

n
t

to
n
ote

th
at

sin
ce

w
e

assu
m

e
th

a
t

th
e

d
istrib

u
tion

fu
n
ction

s
of
p
k (X

)
are

co
n
tin

u
o
u
s

fo
r

each
k
,

w
e

h
ave

P
X

(0
<
|p
k (X

)−
G
−

1(β
)|≤

t )→
0

w
ith

t→
0.

T
h
erefore,

th
e

m
a
rg

in
co

n
d
ition

on
ly

p
recise

th
e

rate
o
f

th
is

d
ecay

to
0.

N
ow

,
w

e
p
rov

id
e

th
e

rate
of

co
n
verg

en
ce

th
at

w
e

can
ex

p
ect

for
th

e
em

p
irical

con
fi
d
en

ce
sets

d
efi

n
ed

b
y

E
q
u
ation

(10).

T
h

e
o
re

m
1
3

A
ssu

m
e

th
a
t
‖
f‖∞

≤
B

fo
r

a
ll
f
∈
F

.
L

et
M
n

=
N

(1/n
,L
∞
,F

)
be

th
e

ca
rd

in
a
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∞
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p
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>
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∆
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>
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ob
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b
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p
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p
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+
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.
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p
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p
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p
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at
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p
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b
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p
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p
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e

R
fu

n
ct

io
n
s

ar
e

u
se

d
w

it
h

st
an

d
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p
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p
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p
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p
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e
F

o
re

st
ty

pe
m

a
p
p
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p
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d
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o
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r
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P
l
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r
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b
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n
b
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e
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b
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t
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t
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ch

class
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servation
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T
h
e

origin
al

d
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con
tain
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3

covariates
(ea

ch
cova

ria
te

con
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of
64

featu
res).

In
ord

er
to

m
ake

th
e

p
rob

lem
m

ore
ch

allen
gin

g,
w

e
d
ro

p
2

cova
ria

tes.
T

o
g
et

a
n

in
d
ication

of
th

e
statistical

sign
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can
ce,

it
m
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sen

se
to

com
p
are

ou
r

aggre-
g
a
ted

co
n
fi
d
en

ce
set
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C
V
)

to
th

e
con

fi
d
en

ce
sets

th
at
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ea

ch
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m
p

o
n
en

t
o
f

th
e

lib
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ry.
R
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sp
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w

e
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d
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form
ation
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n
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d
en

ce
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o
n
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d
a
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T
o

d
o

so,
w

e
u
se

th
e
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a
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n
p
rin
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le.

In
p
articu

lar,
w

e
ru

n
B
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1
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0

tim
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th
e

p
ro

ced
u
re

w
h
ere

w
e

sp
lit

th
e

d
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e
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th
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a
sam

p
le
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size

n
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b
u
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th
e

sco
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a
sam

p
le

of
size

N
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estim
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e
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n
ction

G
an

d
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e
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d
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sets;
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n
d
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m
p
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M
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an

d
th
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e
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b
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ca
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t
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p
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b
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=
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b
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p
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h
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p
articu

lar
ou

r
aggregated

con
fi
d
en

ce
set.

F
irst,

w
e

n
ote

th
at

th
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b
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d
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b
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ca
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u
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p
resen

t
p
ap

er
p
rop

ose
a

n
ew

p
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h
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con
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d
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d
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at
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p
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im
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d
ep

en
d
en

ce
(lin

ea
rity

o
n
K

)
is

th
e

correct
on
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b
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p
tion

.15
JM

L
R

 18(102):1-28, 2017

D
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n
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e
b
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section
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ro
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of

ou
r

resu
lts.

L
et

u
s

fi
rst

ad
d
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otation

th
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w
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b
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rou
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e
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ran
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b
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w
e

d
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ote
b
y
P
Z

th
e
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d
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y
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p
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p

e
n
d
ix

A
.

T
e
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e
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rst
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m
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con
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2
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e
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in
teg

er,
an

d
Z
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K
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K

ran
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M
oreov

er
w

e
d
efi

n
e

fu
n
ction

H
b
y
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H
(t)

=
1K

K
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=
1

F
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∀
t∈

[0,1],

w
h
ere

for
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F
k

is
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e
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m
u
lative

d
istrib

u
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n
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F
in

ally,
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d
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n
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H
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H
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∀
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L
e
m
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a

1
L
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d
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m
a
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d
istribu
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n
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a
n

d
in

d
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o
f
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L
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U

d
istribu
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m
a

u
n

ifo
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d
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W

e
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n
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Z
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K
∑k
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1

Z
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{
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If
H

is
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n
tin

u
o
u

s
th

en

H
(Z

)
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U

an
d
H
−
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Z

P
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o
f

F
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th
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H
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w
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ε
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H
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−
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u
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con
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of,
w

e
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=
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1

F
k (t)

=
K
∑k

=
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k ≤
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=
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=
P

(Z
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h
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Ĝ
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(f̂
k
(X

))
−
β
|)
≤
C
′ K √
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∈
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{∣ ∣ ∣
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∣ ∣ ∣≤
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≥
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≥
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Ĝ

(f̂
k
(X

)
−
G̃

(f̂
k
(X

))
|≥
|G̃

(f̂
k
(X

))
−
β
|)

=

K ∑ k
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Ĝ
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d
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d
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n
al

on
D n

an
d

u
n
d
er

A
ss

u
m

p
ti

on
(A

2)
,

w
e

ap
p
ly

L
em

m
a

1
w

it
h

Z
k

=
f̂ k

(X
),
Z

=
∑

K k
=

1
Z
k
1
{ε

=
k
}

an
d

th
en

ob
ta

in
th

at
G̃

(Z
)

is
u
n
if

o
rm

ly
d
is

tr
ib

u
te

d
on

[0
,K

].
T

h
er

ef
or

e,
fo

r
al

l
j
≥

0
an

d
γ
>

0,
w

e
d
ed

u
ce

1 K

K ∑ k
=

1

P X
( |
G̃

(f̂
k
(X

))
−
β
|≤

2
j
γ
|D

n

)
=

P X
( |
G̃

(Z
)
−
β
|≤

2
j
γ
|D

n

)

≤
2j

+
1
γ

K
.

H
en

ce
,

fo
r

al
l
j
≥

0,
w

e
ob

ta
in

K ∑ k
=

1

P
(A

k j
)
≤

2j
+

1
γ
.

(1
5)

N
ex

t,
w

e
ob

se
rv

e
th

at
fo

r
al

l
j
≥

1

K ∑ k
=

1

P
( |
Ĝ

(f̂
k
(X

)
−
G̃

(f̂
k
(X

))
|≥
|G̃

(f̂
k
(X

))
−
β
|,A

k j

)
≤

K ∑ k
=

1

E (
D
n
,X

)

[ P D
N

( |
Ĝ

(f̂
k
(X

))
−
G̃

(f̂
k
(X

))
|≥

2j
−

1
γ
|D

n
,X
) 1

A
k j

] .
(1

6)
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D
e
n
is

a
n
d

H
e
b
ir
i

N
ow

,
si

n
ce

co
n
d
it

io
n
al

on
(D

n
,X

),
Ĝ

(f̂
k
(X

))
is

an
em

p
ir

ic
al

m
ea

n
of

i.
i.
d

ra
n
d
o
m

va
ri

a
b
le

s
of

co
m

m
on

m
ea

n
G̃

(f̂
k
(X

))
∈

[0
,K

],
w

e
d
ed

u
ce

fr
om

H
o
eff

d
in

g’
s

in
eq

u
al

it
y

th
a
t

P D
N

( |
Ĝ

(f̂
k
(X

))
−
G̃

(f̂
k
(X

))
|≥

2
j−

1
γ
|D

n
,X
)
≤

2
ex

p

( −
N
γ

2
22
j−

1

K
2

)
.

T
h
er

ef
or

e,
fr

om
In

eq
u
al

it
ie

s
(1

4)
,

(1
5)

an
d

(1
6)

,
w

e
ge

t

K ∑ k
=

1

P
( |
Ĝ

(f̂
k
(X

)
−
G̃

(f̂
k
(X

))
|≥
|G̃

(f̂
k
(X

))
−
β
|)

≤
K ∑ k
=

1

P
( A

k 0

)
+
∑ j≥

1

2
ex

p

( −
N
γ

2
22
j−

1

K
2

)
(

K ∑ k
=

1

P
( A

k j

))

≤
2γ

+
γ
∑ j≥

1

2j
+

2
ex

p

( −
N
γ

2
22
j−

1

K
2

)
.

F
in

al
ly

,
ch

o
os

in
g
γ

=
K √
N

in
th

e
ab

ov
e

in
eq

u
al

it
y,

w
e

fi
n
is

h
th

e
p
ro

of
of

th
e

le
m

m
a
.

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

4

L
et
β
>

0
an

d
Γ

b
e

a
co

n
fi
d
en

ce
se

t
su

ch
th

at
I(

Γ
)

=
β

.
F

ir
st

,
w

e
n
ot

e
th

a
t

th
e

fo
ll
ow

in
g

d
ec

om
p

os
it

io
n

h
ol

d
s

R
(Γ

)
−
R

(Γ
∗ β)

=
K ∑ j=

1

K ∑ k
=

1

E

[
K ∑ l=

1

(1
{Y

/∈Γ
(X

)}
−

1
{Y

/∈Γ
∗ β

(X
)}

)1
{Y

=
l}

1
{|

Γ
(X

)|=
k
}1
{|

Γ
∗ β

(X
)|=

j}

]

=
K ∑ j=

1

K ∑ k
=

1

E

[
K ∑ l=

1

(1
{l
/∈Γ

(X
)}
−

1
{l
/∈Γ
∗ β

(X
)}

)p
l(
X

)1
{|

Γ
(X

)|=
k
}1
{|

Γ
∗ β

(X
)|=

j}

]

=

K ∑ j=
1

K ∑ k
=

1

E

[
K ∑ l=

1

(1
{l
∈Γ
∗ β

(X
)\

Γ
(X

)}
−

1
{l
∈Γ

(X
)\

Γ
∗ β

(X
)}

)p
l(
X

)1
{|

Γ
(X

)|=
k
,|Γ
∗ β

(X
)|=

j}

] ,

w
h
er

e
w

e
co

n
d
it

io
n
ed

b
y
X

to
ge

t
th

e
se

co
n
d

eq
u
al

it
y.

F
ro

m
th

e
la

st
d
ec

o
m

p
o
si

ti
o
n

a
n
d

w
it

h

E
[|Γ

(X
)|]

=
E
[ |Γ
∗ β(
X

)|]

=
E

 
K ∑ j=

1

K ∑ k
=

1

k
1
{|

Γ
(X

)|=
k
}1
{|

Γ
∗ β

(X
)|=

j}

 

=
E

 
K ∑ j=

1

K ∑ k
=

1

j1
{|

Γ
(X

)|=
k
}1
{|

Γ
∗ β

(X
)|=

j}

 
,
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C
o
n
f
id
e
n
c
e
S
e
t
s
f
o
r
C
l
a
ssif

ic
a
t
io
n

w
e

ca
n

ex
p
ress

th
e

ex
cess

risk
as

th
e

su
m

of
tw

o
term

s:

R
(Γ

)−
R

(Γ
∗β
)

=
K
∑j=

1

K
∑k

=
1 E

[(
K
∑l=

1

1
{
l∈

Γ
∗β

(X
)\

Γ
(X

)} p
l (X

)−
jG
−

1(β
) )

1
{|Γ

(X
)|=

k} 1
{|Γ
∗β

(X
)|=

j} ]

+
K
∑j=

1

K
∑k

=
1 E

[(
k
G
−

1(β
)−

K
∑l=

1

1
{
l∈

Γ
(X

)\
Γ
∗β

(X
)} p

l (X
) )

1
{|Γ

(X
)|=

k} 1
{|Γ
∗β

(X
)|=

j} ]
.

(17)

N
ow

,
fo

r
j,k
∈
{1,...,K

}
on

th
e

even
t{|Γ

(X
)|

=
k
,|Γ
∗β
(X

)|
=
j}

,
w

e
h
ave

k
=

K
∑l=

1

1
{
l∈

Γ
(X

)\
Γ
∗β

(X
)}

+
K
∑l=

1

1
{
l∈

Γ
(X

)∩
Γ
∗β

(X
)} ,

a
n
d

j
=

K
∑l=

1

1
{
l∈

Γ
∗β

(X
)\

Γ
(X

)}
+

K
∑l=

1

1
{
l∈

Γ
(X

)∩
Γ
∗β

(X
)} .

T
h
erefo

re,
sin

ce
l∈

Γ
∗β
⇔
p
l (X

)≥
G
−

1(β
),

E
q
u
a
lity

(1
7
)

y
ield

s
th

e
resu

lt.

A
p
p

e
n
d
ix

C
.

P
ro

o
f

o
f

T
h
e
o
re

m
1
0

F
irst

w
e

reca
ll

th
at

f̂
n

=
(f̂
n
,1 ,...,f̂

n
,K

)
is

a
seq

u
en

ce
of

score
fu

n
ction

s
an

d
δ
n
∈

R
is

su
ch

th
a
t
G
f̂
n
(−
δ
n
)

=
β

.
W

e
su

p
p
ress

th
e

d
ep

en
d
en

ce
on

n
to

sim
p
lify

n
otatio

n
an

d
w

rite

f̂
=

(f̂
1 ,...,f̂

K
)

an
d
δ

for
f̂

an
d
δ
n

resp
ectively.

M
oreover,

sin
ce

th
ere

is
n
o

d
ou

b
t,

w
e

also
su

p
p
ress

ev
ery

w
h
ere

th
e

d
ep

en
d
en

ce
on

X
.

W
e

also
d
efi

n
e

th
e

ev
en

ts

B
k

=
{
f̂
k ∈

(−
δ,−

δ ∗)
or

f̂
k ∈

(−
δ ∗,−

δ)},
(18)

fo
r
k

=
1
,...,K

.
W

e
aim

at
con

trollin
g

th
e

ex
cess

risk
∆
R

(Γ
f̂
,δ ).

S
in

ce
th

e
risk

R
is

d
eco

m
p

o
sa

b
le,

it
is

con
ven

ien
t

to
in

tro
d
u
ce

“m
argin

al
ex

cess
risk

s”:

∆
R
k(Γ

f
,δ )

=
1
{
k∈

(Γ
f̂
,δ

∆
Γ
∗β

)} |p
k −

G
−

1(β
)|.

R
eca

ll
also

th
a
t

b
y

con
vex

ity
of

th
e

loss
fu

n
ction

φ
,

w
e

h
ave

th
at

for
all

x
,y
∈
R

,

φ
(y

)−
φ

(x
)≥

φ
′(x

)(y−
x

).
(19)

A
ssu

m
e

th
at
f̂
k
≤
−
δ

an
d
f̂
k
≤
−
δ ∗
≤
f
∗k ,

w
h
ich

tran
slates

as
p
k −

G
−

1(β
)≥

0,
w

e
get

th
a
n
k
s

to
(1

9
)

p
k (φ

(f̂
k )−

φ
(−
δ))−

(1−
p
k )(φ

(−
f̂
k )−

φ
(δ))≥

(φ
′(δ ∗)−

φ
′(−

δ ∗))(p
k −

G
−

1(β
))(f̂

k
+
δ ∗)≥

0
.

S
im

ila
rly,

if
f̂
k ≥
−
δ

an
d
f̂
k ≥
−
δ ∗≥

f
∗k ,

th
at

is,
p
k −

G
−

1(β
)≤

0
w

e
h
ave

p
k (φ

(f̂
k )−

φ
(−
δ))−

(1−
p
k )(φ

(−
f̂
k )−

φ
(δ))≥

0
.
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D
e
n
is

a
n
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H
e
b
ir
i

N
ote

th
at

in
th

e
follow

in
g

tw
o

cases

•
f̂
k ≤

−
δ

an
d

f
∗k ≤
−
δ ∗;

•
f̂
k ≥

−
δ

an
d

f
∗k ≥
−
δ ∗,

w
e

h
ave

∆
R
k(Γ

f̂
,δ )

=
0.

T
h
erefore,

from
th

e
ab

ov
e

in
eq

u
alities,

on
B
ck

an
d

b
y

assu
m

p
-

tion
(6)

w
e

get
1
B
ck 1
{
k∈

(Γ
f̂
,δ

∆
Γ
∗β

)} |p
k −

G
−

1(β
)| s≤

C
(∆
R
kφ (f̂

)).
(20)

T
h
erefore,

sin
ce
s≥

1,
w

e
h
ave

(
E

[
K
∑k

=
1

1
B
ck ∩{

k∈
(Γ
f̂
,δ

∆
Γ
∗β

)} |p
k −

G
−

1(β
)| ])

s

≤
1K

K
∑k

=
1 E
[1

B
ck ∩{

k∈
Γ
f̂
,δ

∆
Γ
∗β } K

s|p
k −

G
−

1(β
)| s ]

≤
C
K
s−

1∆
R
φ
(f̂

).

M
oreoverE

[
K
∑k

=
1

1
B
k 1
{
k∈

(Γ
f̂
,δ

∆
Γ
∗β

)} |p
k −

G
−

1(β
)| ]

≤
K
∑k

=
1 P

(B
k )

≤
E
[|G

f̂ (−
δ)−

G
f̂ (−

δ ∗)| ]

≤
E
[|G

f
∗(−

δ ∗)−
G
f̂ (−

δ ∗)| ]
.

F
in

ally,
w

e
get

th
e

follow
in

g
b

ou
n
d

∆
R

(Γ
f̂
,δ )≤

K
s−

1
s

∆
R
φ
(f̂

)
1
/
s

+
E
[|G

f
∗(−

δ ∗)−
G
f̂ (−

δ ∗)| ]
.

N
ow

w
e

ob
serve

th
at|1
{
f̂
k ≥
−
δ ∗} −

1
{
f
∗k ≥
−
δ ∗} |≤

1
{|p

k −
G
−

1
(β

)| s≤
C

∆
R
kφ

(f̂
)} .

(21)

T
h
erefore,

for
each

γ
>

0,
w

e
h
ave

E
X

[|G
f
∗(−

δ ∗)−
G
f̂ (−

δ ∗)| ]
≤

K
∑k

=
1 P

X

(|p
k (X

)−
G
−

1(β
)| s≤

C
∆
R
kφ (f̂

) )

≤
K
∑k

=
1 P

X

(|p
k (X

)−
G
−

1(β
)|≤

γ
1
/
s )

+
P
X

(
γ
≤
C

∆
R
kφ (f̂

) )
.

N
ow

u
sin

g
M

arkov
In

eq
u
ality,

w
e

h
av

e
th

at

K
∑k

=
1 P

X

(
γ
≤
C

∆
R
kφ (f̂

) )
≤

Cγ

K
∑k

=
1 E

X

[∆
R
kφ (f̂

) ]

≤
C

∆
R
φ
(f̂

)

γ
.
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S
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T
h
e

ab
ov

e
in

eq
u
al

it
y

y
ie

ld
s

E X
[ |G

f
∗
(−
δ∗

)
−
G
f̂
(−
δ∗

)|]
≤
C

∆
R
φ
(f̂

)

γ
+

K ∑ k
=

1

P X
( |
p
k
(X

)
−
G
−

1
(β

)|
≤
γ

1
/
s
) .

(2
2)

H
en

ce
,

w
it

h
E

q
u
at

io
n

(2
1)

,
w

e
ge

t

∆
R

(Γ
f̂
,δ

)
≤
K

s
−

1
s

∆
R
φ
(f̂

)1
/
s

+
C

∆
R
φ
(f̂

)

γ
+

K ∑ k
=

1

P X
( |
p
k
(X

)
−
G
−

1
(β

)|
≤
γ

1
/
s
) .

T
h
e

te
rm
∑

K k
=

1
P X
( |p

k
(X

)
−
G
−

1
(β

)|
≤
γ

1
/
s
) →

0
w

h
en
γ
→

0,
gi

ve
n

th
at

th
e

d
is

tr
ib

u
ti

on

fu
n
ct

io
n

of
th

e
p
′ ks

ar
e

co
n
ti

n
u
ou

s.
T

h
en

u
si

n
g

th
e

co
n
ve

rg
en

ce
in

d
is

tr
ib

u
ti

on
of

∆
R
φ
(f̂

)
to

ze
ro

,
th

e
la

st
in

eq
u
al

it
y

en
su

re
s

th
e

d
es

ir
ed

re
su

lt
.

A
p
p

e
n
d
ix

D
.

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

1
2

F
or

an
y
β
∈

(0
,K

),
an

d
co

n
d
it

io
n
al

on
D n

w
e

d
efi

n
e

G̃
−

1
(β

)
=

in
f{
t
∈
R

:
G̃

(t
)
≤
β
}.

(2
3)

W
e

n
ot

e
th

at
A

ss
u
m

p
ti

on
(A

2)
en

su
re

s
th

at
t
7→
G̃

(t
)

is
co

n
ti

n
u
ou

s
an

d
th

en

G̃
(G̃
−

1
(β

))
=
β
.

N
ow

,
w

e
h
av

e

|Γ̃
β
(X

)|
=

K ∑ k
=

1

1
{G̃

(f̂
k
(X

))
≤
β
}

=
K ∑ k
=

1

1
{f̂
k
(X

)≥
G̃
−

1
(β

)}
.

H
en

ce
,

th
e

la
st

eq
u
at

io
n

im
p
li
es

th
at

E X
[ |Γ̃

β
(X

)||
D n
] =

K ∑ k
=

1

P X
( f̂ k

(X
)
≥
G̃
−

1
(β

)|D
n

)
=
G̃

(G̃
−

1
(β

))
=
β
.

(2
4)

T
h
er

ef
or

e,
w

e
ob

ta
in

E
[ |Γ̃

β
(X

)|]
=
β

.
A

ls
o,

w
e

ca
n

w
ri

te
∣ ∣ ∣E
[∣ ∣ ∣

Γ̂
β
(X

)∣ ∣ ∣]
−
β
∣ ∣ ∣
≤

∣ ∣ ∣E
[ |Γ̂

β
(X

)|
−
|Γ̃
β
(X

)|]
∣ ∣ ∣

≤
∣ ∣ ∣ ∣ ∣E

[
K ∑ k
=

1

( 1
{Ĝ

(f̂
k
(X

))
≤
β
}
−

1
{G̃

(f̂
k
(X

))
≤
β
})]

∣ ∣ ∣ ∣ ∣

≤
E
[ |Γ̂

β
(X

)
∆

Γ̃
β
(X

)|]

≤
K ∑ k
=

1

E
[ |1
{Ĝ

(f̂
k
(X

))
≤
β
}
−

1
{G̃

(f̂
k
(X

))
≤
β
}|]

≤
K ∑ k
=

1

P
( |
Ĝ

(f̂
k
(X

)
−
G̃

(f̂
k
(X

))
|≥
|G̃

(f̂
k
(X

))
−
β
|)
.
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su
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.
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p
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f

o
f
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h
e
o
re
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W
h
en

th
er

e
is
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o
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b
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e

su
p
p
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th

e
d
ep

en
d
en

ce
on

X
.

F
ir

st
,
le

t
u
s

st
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a
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ed
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su
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n
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d
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th
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re

m
.

L
e
m
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a

3
C

o
n

si
d
er

Γ
f̂
,δ

th
e

co
n

fi
d
en

ce
se

t
ba

se
d

o
n

th
e

sc
o
re

fu
n

ct
io

n
f̂

w
it

h
in

fo
rm

a
ti

o
n

β
(t

h
a
t

is
,
G
f̂
(−
δ)

=
β

).
U

n
d
er

a
ss

u
m

p
ti

o
n

s
M

k α
,

th
e

fo
ll

o
w

in
g

h
o
ld

s

∆
R

(Γ
f̂
,δ

)
≤
C

(α
,s

)
{ K

1
−

1
/
(s

+
λ
−
λ
s)

∆
R
φ
(f̂

)1
/
(s

+
λ
−
λ
s)

+
K

1
−
λ
/
(s

+
λ
−
λ
s)

∆
R
φ
(f̂

)λ
/
(s

+
λ
−
λ
s)
}
,

w
h
er

e
λ

=
α
α

+
1

a
n

d
C

(α
,s

)
is

n
o
n

n
eg

a
ti

ve
co

n
st

a
n

t
w

h
ic

h
d
ep

en
d
s

o
n

ly
o
n
α

a
n

d
s.

P
ro

o
f

F
or

ea
ch

k
=

1
,.
..
,K

,
w

e
d
efi

n
e

th
e

fo
ll
ow

in
g

ev
en

ts
S
k

=
B
c k
∩
{k
∈

(Γ
f̂
,δ

∆
Γ
∗ β)
}

an
d
T
k

=
B
k
∩
{k
∈

(Γ
f̂
,δ

∆
Γ
∗ β)
},

w
h
er

e
th

e
B
k
’s

ar
e

th
e

ev
en

ts
gi

ve
n

in
E

q
.

(1
8
).

N
ow

w
e

ob
se

rv
e

th
at

∆
R

(Γ
f̂
,δ

)
=

E

[
K ∑ k
=

1

1
S
k
|p
k
−
G
−

1
(β

)|] +
E

[
K ∑ k
=

1

1
T
k
|p
k
−
G
−

1
(β

)|]
=

∆
R

1
(Γ
f̂
,δ

)+
∆
R

2
(Γ
f̂
,δ

),

w
h
er

e

∆
R

1
(Γ
f̂
,δ

)
=

E

[
K ∑ k
=

1

1
S
k
|p
k
−
G
−

1
(β

)|] ,

∆
R

2
(Γ
f̂
,δ

)
=

E

[
K ∑ k
=

1

1
T
k
|p
k
−
G
−

1
(β

)|] .

T
h
e

en
d

of
th

e
p
ro
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co

n
si
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s

in
co

n
tr
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li
n
g

ea
ch

of
th

es
e

tw
o

te
rm

s.
L

et
u
s

fi
rs

t
co

n
si

d
er

∆
R

1
(Γ
f̂
,δ

).
F

or
ε
>

0,
w

e
h
av

e

∆
R

1
(Γ
f̂
,δ

)
=

E

[
K ∑ k
=

1

1
S
k
|p
k
−
G
−

1
(β

)|
( 1
{|
p
k
−
G
−

1
(β

)|≥
ε}

+
1
{|
p
k
−
G
−

1
(β

)|≤
ε}
)]

≤
E

[
K ∑ k
=

1

1
S
k
ε1
−
s
|p
k
−
G
−

1
(β

)|s
]

+
ε
K ∑ k
=

1

P(
S
k
)

≤
C
ε1
−
s
∆
R
φ
(f̂

)
+
ε
K ∑ k
=

1

P(
S
k
),

(2
5
)

w
h
er

e
w

e
u
se

d
th

e
as

su
m

p
ti

on
(6
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an

d
m

or
e

p
re

ci
se

ly
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0)
to

d
ed

u
ce

th
e
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eq

u
a
li
ty

.
T

o
co

n
tr

ol
∑

K k
=

1
P(
S
k
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w
e

re
q
u
ir

e
th

e
fo

ll
ow

in
g

re
su

lt
th

at
is

a
d
ir

ec
t

a
p
p
li
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o
n

o
f
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em

m
a
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e
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c
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4
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n
d
er
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e
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ssu
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p
tio

n
s
M

kα
w

e
h
a
ve

K
∑k

=
1 P

(S
k )≤

C
(α

) (
K

1
/
α
∆
R

1 (Γ
f̂
,δ ) )

α
α

+
1
,

w
h
ere

C
(α

)
>

0
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a
co

n
sta

n
t

th
a
t

d
epen

d
s

o
n

ly
o
n
α

.

P
ro

o
f

T
h
e

p
ro

of
of

th
is

resu
lt

relies
on

th
e

follow
in

g
sim

p
le

fact:
for
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ε
>

0

E
[1
S
k |p

k −
G
−

1(β
)| ]
≥

εE
[1
S
k 1
{|p

k −
G
−

1
(β

)|≥
ε} ]

≥
ε
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(S
k )−

c
2 ε
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].
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h
o
o
sin

g
ε

=
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1
c
2
K
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1
) ∑
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=

1 P
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1
/
α

w
e

get
th

e
lem

m
a.

W
e

g
o

b
a
ck

to
th

e
p
ro

of
of

L
em

m
a

3.
A

p
p
ly

in
g

L
em

m
a

4
to

(25),
w

e
get

∆
R

1 (Γ
f̂
,δ )≤

C
ε

1−
s∆
R
φ
(f̂

)
+
εC

(α
) (
K

1
/
α
∆
R

1 (Γ
f̂
,δ ) )

α
α

+
1
.

C
h
o
o
sin

g
ε

=
s−

1
sC

(α
) K

(λ−
1
)∆
R

1 (Γ
f̂
,δ )

(1−
λ

),
w

e
ob

tain

∆
R

1 (Γ
f̂
,δ )≤

C
1 (α

,s)K
1−

1
/
(s−

λ
s+
λ

)∆
R
φ
(f̂

)
1
/
(s+

λ−
λ
s),

(26)

fo
r
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n
o
n

n
eg

a
tive

con
stan

t
C
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,s)

th
a
t

d
ep

en
d
s

on
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α

a
n
d
s.

L
et

u
s

n
ow

fo
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s
on

th
e

secon
d
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,

∆
R

2 (Γ
f̂
,δ ).

S
in

ce
th

e
assu

m
p
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s
of

T
h
eorem
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re

sa
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w
e

can
u
se

E
q
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ation
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y
γ
>
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C

om
b
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ed
w

ith
th

e
M

argin
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m
p
-
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n
s
M
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w

e
o
b
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∆
R
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E
X
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f
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δ ∗)−
G
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≤
C

∆
R
φ
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)

γ
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γ
α
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h
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γ

,
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∆
R
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C
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λ
/
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λ
s)∆

R
φ
(f̂

)
λ
/
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λ
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n
eg
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t
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,s)
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d
ep

en
d
s
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α

an
d
s.
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h
e

resu
lt
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in

th
e

lem
m
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d
ed

u
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b
y
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b
in
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th
e
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eq

u
ation
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E
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u
ation

(26)
an

d
b
y

settin
g

C
(α
,s)

=
m

a
x{C

1 (α
,s);C

2 (α
,s)}.

W
e

n
ow
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te

a
n
oth

er
im

p
ortan

t
lem

m
a

th
at

d
escrib

es
th

e
b
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av

io
r

of
th

e
em

p
irical

m
in

i-
m

izer
of

th
e
φ
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on

th
e

classF
:

L
e
m

m
a

5
L

et
f̄
∈
F
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th

e
m

in
im

izer
o
f
R
φ
(f

)
o
ver
F

.
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

-
rem

1
3
,

w
e

h
a
ve

th
a
tE
[R

φ
(f̂
n
)−

R
φ
(f̄

) ]≤
3
K
L

n
+
K
C

(B
,L

)
log

(N
n
)

n
,

w
h
ere

C
(B
,L

)
>

0
is

a
co

n
sta

n
t

th
a
t

o
n

ly
d
epen

d
s

o
n

th
e

co
n

sta
n

t
B

given
in

th
e

P
ro

po
si-

tio
n

1
4

a
n

d
o
n

th
e

L
ip
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itz
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n
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n

t
L
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D
e
n
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a
n
d

H
e
b
ir
i

P
ro

o
f

F
irst,

accord
in

g
to

E
q
.

(11),
for

each
f
∈
F

,
w

e
can

w
rite

R
φ
(f

)
+
R
φ
(f̄

)

2
−
R
φ (

f
+
f̄

2

)
≥
δ 
√√√√

K
∑k

=
1 E

X

[(f
k −

f̄
k )

2(X
) ] 

,

H
en

ce,
b
y

assu
m

p
tion

on
th

e
m

o
d
u
lu

s
of

con
v
ex

ity,
w

e
d
ed

u
ce

R
φ
(f

)
+
R
φ
(f̄

)

2
−
R
φ (

f
+
f̄

2

)
≥
c

1

K
∑k

=
1 E

X

[(f
k −

f̄
k )

2(X
) ]
.

S
in

ce
R
φ (

f
+
f̄

2

)
≥
R
φ
(f̄

),
w

e
ob

tain

K
∑k

=
1 E

X

[(f
k −

f̄
k )

2(X
) ]≤

12
c

1
R
φ
(f

)−
R
φ
( f̄

).

N
ow

,
d
en

otin
g

b
y
h

(z
,f

(x
))

=
∑

Kk
=

1
φ

(z
k f
k (x

))−
φ

(z
k f̄
k (x

)),
w

e
get

th
e

follow
in

g
b

o
u
n
d

E
X

[h
2(Z

f
(X

)) ]
≤

K
L

2
K
∑k

=
1 E

X

[(f
k −

f̄
k )

2(X
) ]

≤
K
L

2

2
c

1
E
X

[h
(Z
f

(X
))],

(27)

w
h
ere

L
is

th
e

L
ip

sch
itz

con
stan

t
L

for
φ

.
O

n
th

e
oth

er
h
an

d
,

w
e

h
ave

th
e

follow
in

g
d
ecom

p
osition

R
φ
(f̂

)−
R
φ
(f̄

)
=
R
φ
(f̂

)
+

2(R̂
φ
(f̂

)−
R̂
φ
(f̄

))−
2(R̂

φ
(f̂

)−
R̂
φ
(f̄

))−
R
φ
(f̄

).

A
lso,

sin
ce
R̂
φ
(f̂

)−
R̂
φ
(f̄

)≤
0,

w
e

get

R
φ
(f̂

)−
R
φ
(f̄

)
≤

(R
φ
(f̂

)−
R
φ
(f̄

))−
2(R̂

φ
(f̂

)−
R̂
φ
(f̄

))

≤
3K

L

n
+

su
p

f∈F
n (R

φ
(f

)−
R
φ
(f̄

))−
2(R̂

φ
(f

)−
R̂
φ
(f̄

)),

w
h
ere
F
n

is
th

e
ε-n

et
ofF

w
.r.t

th
e
L
∞

-n
orm

an
d

w
ith

ε
=

1
/n

.
N

ow
,

u
sin

g
B

ern
stein

’s
In

eq
u
ality,

w
e

h
ave

th
at

for
all

f
∈
F
n

an
d
t
>

0

P
(

(R
φ
(f

)−
R
φ
(f̄

))−
2(R̂

φ
(f

)−
R̂
φ
(f̄

))≥
t )
≤

P
(

2((R
φ
(f

)−
R
φ
(f̄

))−
(R̂

φ
(f

)−
R̂
φ
(f̄

))≥
t

+
R
φ
(f

)−
R
φ
(f̄

) )

≤
ex

p (−
n

(t
+

E
[h

(Z
,f

(X
))])

2/8

E
[h

2(Z
,f

(X
))])

+
(2
K
L
B
/3)(t

+
E

[h
(Z
,f

(X
))])) )

.

U
sin

g
E

q
.

(27),
w

e
get

for
all

f
∈
F
n

P
(

(R
φ
(f

)−
R
φ
(f̄

))−
2(R̂

φ
(f

)−
R̂
φ
(f̄

))≥
t )
≤

ex
p (−

n
t

8(K
L

2/
(2c

1 )
+
K
L
B
/3) )

,
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T
h
er

ef
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e,
u
si

n
g

a
u
n
io

n
b

ou
n
d

ar
gu

m
en

t,
an

d
th

en
in

te
gr

at
in

g
w

e
d
ed

u
ce

th
at

E
[ R

φ
(f̂

)
−
R
φ
(f̄

)]
≤

3K
L

n
+

E

[
su

p
f
∈F

n

(R
φ
(f

)
−
R
φ
(f̄

))
−

2(
R̂
φ
(f

)
−
R̂
φ
(f̄

))

]

≤
3K

L

n
+
K
C

(B
,L

)
lo

g
(M

n
)

n
.

W
e

ar
e

n
ow

re
ad

y
to

co
n
cl

u
d
e

th
e

p
ro

of
of

th
e

th
eo

re
m

.
W

e
h
av

e
th

e
fo

ll
ow

in
g

in
eq

u
al

it
y

|R
(Γ̂
β
)
−
R
∗ β|
≤

∆
R

(Γ̃
β
)

+
|R

(Γ̂
β
)
−
R

(Γ̃
β
)|.

(2
8)

W
e

d
ea

l
w

h
ic

h
ea

ch
te

rm
s

in
th

e
r.

h
.s

se
p
ar

at
el

y.
F

ir
st

,
w

e
h
av

e
fr

om
J
en

se
n
’s

In
eq

u
al

it
y

th
at

( E
[ ∆
R

(Γ̃
β
)])

s
+
λ
−
λ
s

λ
≤

E
[ ∆
R

(Γ̃
β
)s

+
λ
−
λ
s

λ

] .

H
en

ce
,

fr
om

L
em

m
a

3,
w

e
d
ed

u
ce

( E
[ ∆
R

(Γ̃
β
)])

s
+
λ
−
λ
s

λ
≤
C

(α
,s

)s
+
λ
−
λ
s

λ
K

s
+
λ
−
λ
s

λ
−

1
E
[ ∆

R
φ
(f̂

)] .

M
or

eo
ve

r,
fr

om
L

em
m

a
5,

w
e

h
av

e
th

at

E
[ ∆

R
φ
(f̂

)] ≤
in

f
f
∈F

∆
R
φ
(f

)
+

3
K
L

n
+
K
C

(B
,L

)
lo

g
(M

n
)

n
.

T
h
er

ef
or

e,
w

e
ca

n
w

ri
te

E
[ ∆
R

(Γ̃
β
)] ≤

C
(α
,s

)K
1
−
λ
/
(s

+
λ
−
λ
s)

{
in

f
f
∈F

∆
R
φ
(f

)
+

3
K
L

n
+
K
C

(B
,L

)
lo

g
(N

n
)

n

} λ
/
(s

+
λ
−
λ
s)

.

(2
9)

F
or

th
e

se
co

n
d

te
rm
|R

(Γ̂
β
)
−
R

(Γ̃
β
)|

in
(2

8)
,

w
e

ob
se

rv
e

th
at

1
{Y

/∈Γ̂
β

(X
)}
−

1
{Y

/∈Γ̃
β

(X
)}

=
K ∑ k
=

1

1
{Y

=
k
}1
{k
/∈Γ̂

β
(X

) }
−

K ∑ k
=

1

1
{Y

=
k
}1
{k
/∈Γ̃

β
(X

) }
.

T
h
er

ef
or

e,
w

e
ca

n
w

ri
te

E
[ 1

Y
/∈ Γ̂

β
(X

)}
−

1
{Y

/∈Γ̃
β

(X
)}

]
=

K ∑ k
=

1

E
[ p
k
(X

)
( 1
{k
/∈Γ̂

β
(X

) }
−

1
{k
/∈Γ̃

β
(X

)}

)]

=
K ∑ k
=

1

E
[ p
k
(X

)
( 1
{Ĝ

(f̂
k
(X

))
>
β
}−

1
{G̃

(f̂
k
(X

))
>
β
})]

.
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D
e
n
is

a
n
d

H
e
b
ir
i

S
in

ce
0
≤
p
k
(X

)
≤

1
fo

r
al

l
k
∈
{1
,.
..
,K
},

th
e

la
st

eq
u
al

it
y

im
p
li
es

∣ ∣ ∣R
( Γ̂

β

)
−

R
( Γ̃

β

)∣ ∣ ∣
=
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al
et

al.,
2
009;

W
en

et
al.,

2014)
h
as

fo
cu

sed
o
n

lea
rn

in
g

a
n

op
tim

al
ran

k
in

g
of

a
su

b
set

of
item

s,
to

b
e

p
resen

ted
to

an
u
ser,

w
ith

p
erfo

rm
a
n
ce

ju
d
ged

b
y

a
sim

p
le

0-1
lo

ss.
T

h
e

loss
in

a
rou

n
d

is
0

if
am

on
g

th
e

top
k

(o
u
t

o
f
m

)
item

s
p
resen

ted
to

a
u
ser,

th
e

u
ser

fi
n
d
s

at
least

on
e

relevan
t

item
.

A
ll

of
th

e
w

ork
fa

lls
u
n
d
er

th
e

fram
ew

ork
of

o
n

lin
e

ba
n

d
it

learn
in

g.
In

con
trast,

ou
r

m
o
d
el

fo
cu

ses
on

o
p
tim

a
l

ra
n
k
in

g
of

th
e

en
tire

list
of

item
s,

w
h
ere

th
e

p
erform

an
ce

of
th

e
sy

stem
is

ju
d
ged

b
y

p
ra

ctica
l

ra
n
k
in

g
m

easu
res

like
D

C
G

an
d

A
P

.
T

h
e

ch
allen

ge
is

to
d
ecid

e
w

h
en

an
d

h
ow

effi
cien

t
learn

in
g

is
p

ossib
le

w
ith

th
e

h
igh

ly
restricted

feed
b
ack

m
o
d
el.

T
h
eoretically,

th
e

to
p
k

feed
b
ack

m
o
d
el

is
n
eith

er
fu

ll-feed
b
ack

n
o
r

b
a
n
d
it-feed

b
ack

sin
ce

n
ot

even
th

e
lo

ss
(q

u
a
n
tifi

ed
b
y

som
e

ran
k
in

g
m

easu
re)

at
each

rou
n
d

is
revealed

to
th

e
learn

er.
T

h
e

a
p
p
ro

p
riate

fra
m

ew
ork

to
stu

d
y

th
e

p
rob

lem
is

th
at

of
pa

rtia
l

m
o
n

ito
rin

g
(C

esa-B
ian

ch
i

et
a
l.,

2
0
0
6
).

A
very

recen
t

p
ap

er
sh

ow
s

an
oth

er
p
ractical

ap
p
lication

of
p
artial

m
on

itorin
g

in
th

e
sto

ch
a
stic

settin
g

(L
in

et
al.,

2014).
R

ecen
t

ad
van

ces
in

th
e

classifi
cation

of
p
artial

m
o
n
ito

rin
g

g
a
m

es
tell

u
s

th
at

th
e

m
in

im
a
x

regret,
in

an
ad

versarial
settin

g,
is

g
overn

ed
b
y

a
(tw

o
-cla

ss)
p
rop

erty
of

th
e

loss
an

d
feed

b
ack

fu
n
ction

s,
called

glo
ba

l
o
bserva

bility
an

d
loca

l
o
bserva

bility
(B

artok
et

al.,
201

4;
F

oster
an

d
R

ak
h
lin

,
2012).

O
u

r
c
o
n
trib

u
tio

n
s:

W
e

in
stan

tiate
th

ese
g
en

eral
ob

serva
b
ility

n
otion

s
for

ou
r

p
rob

-
lem

w
ith

to
p

1
(k

=
1)

feed
b
ack

.
W

e
p
rov

e
th

at,
for

som
e

ran
k
in

g
m

easu
res,

n
am

ely
P

a
irw

iseL
o
ss

(D
u
ch

i
et

al.,
2010),

D
C

G
an

d
P

recisio
n
@
n

(L
iu

et
al.,

200
7),

glob
al

ob
serv

-
a
b
ility

h
o
ld

s.
T

h
is

im
m

ed
iately

sh
ow

s
th

at
th

e
u
p
p

er
b

ou
n
d

on
regret

scales
as
O

(T
2
/
3).

S
p

ecifi
ca

lly
fo

r
P

airw
iseL

oss
an

d
D

C
G

,
w

e
fu

rth
er

p
rov

e
th

at
lo

cal
ob

serva
b
ility

fails,
w

h
en

restricted
to

th
e

top
1

feed
b
ack

case,
illu

stratin
g

th
at

th
eir

m
in

im
a
x

regret
scales

as
Θ

(T
2
/
3).

H
ow

ever,
th

e
g
en

eric
algorith

m
th

at
en

joy
s
O

(T
2
/
3)

regret
for

glob
ally

ob
servab

le
gam

es
n
ecessa

rily
m

a
in

tain
s

ex
p
licit

w
eigh

ts
on

each
action

in
learn

er’s
action

set.
It

is
im

p
racti-

ca
l

in
o
u
r

ca
se

to
d
o

so,
sin

ce
th

e
learn

er’s
action

set
is

th
e

ex
p

on
en

tially
large

set
of
m

!
ran

k
in

g
s

over
m

ob
jects.

W
e

p
rop

ose
a

gen
eric

algorith
m

for
learn

in
g

w
ith

top
k

feed
b
ack

,
w

h
ich

u
ses

b
lo

ck
in

g
an

d
a

b
lack

-b
ox

fu
ll

in
form

ation
algorith

m
.

S
p

ecifi
cally,

w
e

in
sta

n
ti-

a
te

th
e

b
la

ck
b

ox
algorith

m
w

ith
F

ollow
T

h
e

P
ertu

rb
ed

L
ead

er
(F

T
P

L
)

strategy,
w

h
ich

lea
d
s

to
a
n

effi
cien

t
algorith

m
ach

iev
in

g
O

(T
2
/
3)

regret
b

ou
n
d

for
P

airw
iseL

oss,
D

C
G

an
d
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C
h
a
u
d
h
u
r
i
a
n
d

T
e
w
a
r
i

P
recision

@
n

,
w

ith
O

(m
log

m
)

tim
e

sp
en

t
p

er
step

.
M

oreover,
th

e
regret

of
ou

r
effi

cien
t

algorith
m

h
as

a
logarith

m
ic

d
ep

en
d
en

ce
on

n
u
m

b
er

of
learn

er’s
action

s
(i.e.,

p
oly

n
om

ial
d
ep

en
d
en

ce
on

m
),

w
h
ereas

th
e

gen
eric

algorith
m

h
as

a
lin

ear
d
ep

en
d
en

ce
on

n
u
m

b
er

of
action

s
(i.e.,

ex
p

on
en

tial
d
ep

en
d
en

ce
o
n
m

).

F
or

several
m

easu
res,

th
eir

n
o
rm

a
lized

version
s

are
also

con
sid

ered
.

F
or

ex
am

p
le,

th
e

n
orm

alized
version

s
of

P
airw

iseL
oss,

D
C

G
an

d
P

recision
@
n

are
called

A
U

C
(C

ortes
an

d
M

oh
ri,

2004),
N

D
C

G
(J

ärvelin
an

d
K

ek
äläin

en
,

2002)
an

d
A

P
resp

ectively.
W

e
sh

ow
an

u
n
ex

p
ected

resu
lt

for
th

e
n
orm

alized
v
ersion

s:
th

ey
d
o

n
o
t

ad
m

it
su

b
-lin

ear
regret

algo-
rith

m
s

w
ith

top
1

feed
b
ack

.
T

h
is

is
d
esp

ite
th

e
fact

th
at

th
e

op
p

osite
is

tru
e

for
th

eir
u
n
n
orm

alized
cou

n
terp

arts.
In

tu
itively,

th
e

n
orm

alization
m

ak
es

it
h
ard

to
con

stru
ct

an
u
n
b
iased

estim
ator

of
th

e
(u

n
ob

served
)

relevan
ce

vectors.
W

e
are

ab
le

to
tran

sla
te

th
is

in
tu

itive
h
u
rd

le
in

to
a

p
rovab

le
im

p
ossib

ility.

W
e

also
p
resen

t
som

e
p
relim

in
ary

ex
p

erim
en

ts
on

sim
u
lated

d
ata

sets
to

ex
p
lore

th
e

p
erform

an
ce

of
ou

r
effi

cien
t

algorith
m

an
d

com
p
are

its
regret

to
its

fu
ll

in
form

ation
cou

n
-

terp
art.

1
.2

C
o
n
te

x
tu

a
l

S
e
ttin

g

T
h
e

req
u
irem

en
t

of
h
av

in
g

a
fi
x
ed

set
of

item
s

to
ran

k
,

in
th

e
fi
rst

p
art

of
ou

r
w

ork
,

som
ew

h
at

lim
its

p
ractical

ap
p
licab

ility.
In

fact,
in

th
e

classic
m

u
lti-arm

ed
b
an

d
it

p
rob

lem
,

w
h
ile

n
on

-con
tex

tu
al

b
an

d
its

h
ave

receiv
ed

a
lot

of
atten

tion
,

th
e

au
th

ors
L

an
gford

an
d

Z
h
an

g
(2008)

m
en

tion
th

at
“settin

gs
w

ith
n
o

con
tex

t
in

form
ation

are
ra

re
in

p
ractice”.

T
h
e

secon
d

p
art

of
ou

r
w

ork
in

tro
d
u
ces

con
tex

t,
b
y

com
b
in

in
g

q
u
ery

-level
ran

k
in

g
w

ith
th

e
ex

p
licit

b
u
t

restricted
feed

b
ack

m
o
d
el.

A
t

each
rou

n
d
,

th
e

ad
versary

gen
erates

a
d
o
cu

m
en

t
list

of
len

gth
m

,
p

ertain
in

g
to

a
q
u
ery.

T
h
e

learn
er

sees
th

e
list

an
d

p
ro

d
u
ces

a
real

valu
ed

score
vector

to
ran

k
th

e
d
o
cu

m
en

ts.
W

e
assu

m
e

th
at

th
e

ran
k
in

g
is

gen
erated

b
y

sortin
g

th
e

score
vector

in
d
escen

d
in

g
ord

er
of

its
en

tries.
T

h
e

ad
v
ersary

th
en

gen
erates

a
relevan

ce
vector

b
u
t,

like
in

th
e

n
on

-con
tex

tu
al

settin
g,

th
e

learn
er

gets
to

see
th

e
relevan

ce
of

on
ly

th
e

top
k

item
s

of
th

e
ran

ked
list.

T
h
e

learn
er’s

loss
in

ea
ch

ro
u
n
d
,

b
ased

on
th

e
learn

er’s
score

vector
an

d
th

e
fu

ll
relevan

ce
vector,

is
m

easu
red

b
y

som
e

co
n
tin

u
ou

s
ran

k
in

g
su

rrogates.
W

e
fo

cu
s

on
con

tin
u
ou

s
su

rrogates,
e.g.,

th
e

cross
en

trop
y

su
rrogate

in
L

istN
et

(C
a
o

et
al.,

2007)
an

d
h
in

ge
su

rrogate
in

R
an

k
S
V

M
(J

oach
im

s,
2002),

in
stead

of
d
iscon

tin
u
ou

s
ran

k
in

g
m

easu
res

like
D

C
G

,
or

A
P

,
b

ecau
se

th
e

latter
lead

to
in

tractab
le

op
tim

ization
p
rob

lem
s

in
th

e
q
u
ery

-d
o
cu

m
en

ts
settin

g.
J
u
st

lik
e

in
th

e
n
on

-con
tex

tu
al

settin
g,

w
e

n
ote

th
at

th
e

top
k

feed
b
ack

m
o
d
el

is
n
eith

er
fu

ll
feed

b
ack

n
or

b
an

d
it

feed
b
ack

m
o
d
els.

T
h
e

p
rob

lem
is

an
in

stan
ce

of
p
artial

m
on

itorin
g,

exten
d
ed

to
a

settin
g

w
ith

sid
e

in
fo

rm
a
tio

n
(d

o
cu

m
en

ts
list)

an
d

an
in

fi
n

ite
set

o
f

lea
rn

er’s
m

o
ves

(all
real

valu
ed

score
vectors).

F
or

su
ch

an
ex

ten
sion

of
p
artial

m
on

itorin
g

th
ere

ex
ists

n
o

gen
eric

th
eoretical

or
algorith

m
ic

fram
ew

ork
to

th
e

b
est

of
ou

r
k
n
ow

led
ge.

O
u

r
c
o
n
trib

u
tio

n
s:

In
th

is
settin

g,
fi
rst,

w
e

p
rop

ose
a

gen
eral,

effi
cien

t
algorith

m
for

on
lin

e
learn

in
g

to
ran

k
w

ith
top

k
feed

b
ack

an
d

sh
ow

th
at

it
w

ork
s

in
con

ju
n
ction

w
ith

a
n
u
m

b
er

of
ran

k
in

g
su

rrogates.
W

e
ch

aracterize
th

e
m

in
im

u
m

feed
b
ack

req
u
ired

,
i.e.,

th
e

valu
e

of
k
,

for
th

e
algorith

m
to

w
ork

w
ith

a
p
articu

lar
su

rrogate
b
y

form
ally

relatin
g

th
e

feed
b
ack

m
ech

an
ism

w
ith

th
e

stru
ctu

re
of

th
e

su
rrogates.

W
e

th
en

ap
p
ly

ou
r

gen
eral

tech
n
iq

u
es

to
th

ree
con

vex
ran

k
in

g
su

rrogates
an

d
on

e
n
on

-con
vex

su
rrogate.
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O
n
l
in
e
L
e
a
r
n
in
g

t
o

R
a
n
k

co
n
ve

x
su

rr
og

at
es

co
n
si

d
er

ed
ar

e
fr

om
th

re
e

m
a

jo
r

le
ar

n
in

g
to

ra
n
k
in

g
m

et
h
o
d
s:

sq
u
ar

ed
lo

ss
fr

om
a

po
in

tw
is

e
m

et
h
o
d

(C
os

so
ck

an
d

Z
h
an

g,
20

08
),

h
in

ge
lo

ss
u
se

d
in

th
e

pa
ir

w
is

e
R

an
k
S
V

M
(J

oa
ch

im
s,

20
02

)
m

et
h
o
d
,

an
d

(m
o
d
ifi

ed
)

cr
os

s-
en

tr
op

y
su

rr
og

at
e

u
se

d
in

th
e

li
st

w
is

e
L

is
tN

et
(C

ao
et

al
.,

20
07

)
m

et
h
o
d
.

T
h
e

n
on

-c
on

v
ex

su
rr

og
at

e
co

n
si

d
er

ed
is

th
e

S
m

o
ot

h
D

C
G

su
rr

og
at

e
(C

h
ap

el
le

an
d

W
u
,

2
01

0)
.

F
or

th
e

th
re

e
co

n
ve

x
su

rr
og

at
es

,
w

e
es

ta
b
li
sh

an
O

(T
2
/
3
)

re
gr

et
b

ou
n
d
.

T
h
e

co
n
ve

x
su

rr
og

at
es

w
e

m
en

ti
on

ed
ab

ov
e

ar
e

w
id

el
y

u
se

d
b
u
t

ar
e

k
n
ow

n
to

fa
il

to
b

e
ca

li
b
ra

te
d

w
it

h
re

sp
ec

t
to

N
D

C
G

(R
av

ik
u
m

ar
et

al
.,

20
11

).
O

u
r

se
co

n
d

co
n
tr

ib
u
ti

on
is

to
sh

ow
th

at
fo

r
th

e
en

ti
re

cl
as

s
of

N
D

C
G

ca
li
b
ra

te
d

su
rr

og
at

es
,

n
o

on
li
n
e

al
go

ri
th

m
ca

n
h
av

e
su

b
-l

in
ea

r
(i

n
T

)
re

gr
et

w
it

h
to

p
1

fe
ed

b
ac

k
,

i.
e.

,
th

e
m

in
im

ax
re

gr
et

of
an

o
n
li
n
e

ga
m

e
fo

r
an

y
N

D
C

G
ca

li
b
ra

te
d

su
rr

og
at

e
is

Ω
(T

).
T

h
e

p
ro

of
fo

r
th

is
re

su
lt

re
li
es

on
ex

p
lo

it
in

g
a

co
n
n
ec

ti
on

b
et

w
ee

n
th

e
co

n
st

ru
ct

io
n

of
op

ti
m

al
ad

ve
rs

ar
y

st
ra

te
gi

es
fo

r
h
op

el
es

s
fi

n
it

e
a
ct

io
n

p
ar

ti
al

m
on

it
or

in
g

ga
m

es
(P

ic
co

lb
on

i
an

d
S
ch

in
d
el

h
au

er
,

20
01

)
an

d
th

e
st

ru
ct

u
re

of
N

D
C

G
ca

li
b
ra

te
d

su
rr

og
at

es
.

W
e

on
ly

fo
cu

s
on

N
D

C
G

ca
li
b
ra

te
d

su
rr

og
at

es
fo

r
th

e
im

po
s-

si
bi

li
ty

re
su

lt
s

si
n
ce

n
o

(c
on

ve
x
)

su
rr

og
at

e
ca

n
b

e
ca

li
b
ra

te
d

fo
r

A
P

an
d

E
R

R
(C

al
au

ze
n
es

et
al

.,
20

12
).

T
h
is

im
p

os
si

b
il
it

y
re

su
lt

is
th

e
fi
rs

t
of

it
s

k
in

d
fo

r
a

n
at

u
ra

l
p
ar

ti
al

m
on

it
or

in
g

p
ro

b
le

m
w

it
h

si
d
e

in
fo

rm
at

io
n

w
h
en

th
e

le
ar

n
er

’s
ac

ti
on

sp
a
ce

is
in

fi
n
it

e.
N

ot
e,

h
ow

ev
er

,
th

at
th

er
e

d
o
es

ex
is

t
w

or
k

on
p
ar

ti
al

m
on

it
or

in
g

p
ro

b
le

m
s

w
it

h
co

n
ti

n
u
ou

s
le

ar
n
er

ac
ti

on
s,

b
u
t

w
it

h
ou

t
si

d
e

in
fo

rm
at

io
n

(K
le

in
b

er
g

an
d

L
ei

gh
to

n
,
20

03
;
C

es
a-

B
ia

n
ch

i
et

al
.,

20
06

),
an

d
v
ic

e
v
er

sa
(B

ar
tó

k
an

d
S
ze

p
es

v
ár

i,
20

12
;

G
en

ti
le

an
d

O
ra

b
on

a,
2
01

4)
.

W
e

ap
p
ly

ou
r

al
go

ri
th

m
s

on
b

en
ch

m
ar

k
ra

n
k
in

g
d
at

a
se

ts
,

d
em

on
st

ra
ti

n
g

th
e

ab
il
it

y
to

effi
ci

en
tl

y
le

ar
n

a
ra

n
k
in

g
fu

n
ct

io
n

in
an

on
li
n
e

fa
sh

io
n
,

fr
om

h
ig

h
ly

re
st

ri
ct

ed
fe

ed
b
ac

k
.

T
h
e

re
st

of
th

e
p
ap

er
is

d
iv

id
ed

in
to

th
e

fo
ll
ow

in
g

se
ct

io
n
s.

S
ec

ti
on

2
an

d
it

s
su

b
-

se
ct

io
n
s

d
et

ai
l

th
e

n
ot

at
io

n
s,

d
efi

n
it

io
n
s

an
d

te
ch

n
ic

al
it

ie
s

as
so

ci
at

ed
w

it
h

on
li
n
e

ra
n
k
in

g
w

it
h

re
st

ri
ct

ed
fe

ed
b
ac

k
in

th
e

n
on

-c
on

te
x
tu

al
se

tt
in

g.
S
ec

ti
on

3
an

d
it

s
su

b
se

ct
io

n
s

d
et

ai
l

th
e

n
ot

at
io

n
s,

d
efi

n
it

io
n
s

an
d

te
ch

n
ic

al
it

ie
s

as
so

ci
at

ed
w

it
h

on
li
n
e

ra
n
k
in

g
w

it
h

re
st

ri
ct

ed
fe

ed
b
ac

k
in

th
e

co
n
te

x
tu

al
se

tt
in

g.
S
ec

ti
on

4
d
em

on
st

ra
te

s
th

e
p

er
fo

rm
an

ce
of

ou
r

al
go

-
ri

th
m

s
on

si
m

u
la

te
d

an
d

co
m

m
er

ci
al

d
at

a
se

ts
.

S
ec

ti
on

5
d
is

cu
ss

es
op

en
q
u
es

ti
on

s
an

d
fu

tu
re

d
ir

ec
ti

on
s

of
re

se
ar

ch
.

2
.
O
n
li
n
e
R
a
n
k
in
g
w
it
h
R
e
st
ri
ct
e
d
F
e
e
d
b
a
ck

-
N
o
n
C
o
n
te
x
tu

a
l
S
e
tt
in
g

A
ll

p
ro

of
s

n
ot

in
m

ai
n

te
x
t

ar
e

in
A

p
p

en
d
ix

A
.

2
.1

N
o
ta

ti
o
n

a
n

d
P

re
li
m

in
a
ri

e
s

T
h
e

fi
x
ed

m
it

em
s

to
b

e
ra

n
ke

d
ar

e
n
u
m

b
er

ed
{1
,2
,.
..
,m
}.

A
p

er
m

u
ta

ti
on

σ
gi

ve
s

a
m

ap
p
in

g
fr

om
ra

n
k
s

to
it

em
s

an
d

it
s

in
v
er

se
σ
−
1

gi
ve

s
a

m
ap

p
in

g
fr

om
it

em
s

to
ra

n
k
s.

T
h
u
s,
σ
−
1
(i

)
=
j

m
ea

n
s

it
em

i
is

p
la

ce
d

a
t

p
os

it
io

n
j

w
h
il
e
σ

(i
)

=
j

m
ea

n
s

it
em

j
is

p
la

ce
d

at
p

os
it

io
n
i.

T
h
e

su
p

er
v
is

io
n

is
in

fo
rm

of
a

re
le

va
n
ce

v
ec

to
r
R

=
{0
,1
,.
..
,n
}m

,
re

p
re

se
n
ti

n
g

re
le

va
n
ce

of
ea

ch
d
o
cu

m
en

t
to

th
e

q
u
er

y.
If
n

=
1,

th
e

re
le

va
n
ce

ve
ct

or
is

b
in

ar
y

gr
ad

ed
.

F
or
n
>

1,
re

le
va

n
ce

ve
ct

or
is

m
u
lt

i-
gr

ad
ed

.
R

(i
)

d
en

ot
es
it

h
co

m
p

on
en

t
of
R

,
i.
e.

,
re

le
va

n
ce

of
it

em
i.

T
h
e

su
b
sc

ri
p
t
t

is
ex

cl
u
si

v
el

y
u
se

d
to

d
en

ot
e

ti
m

e
t.

W
e

d
en

ot
e
{1
,.
..
,n
}

b
y

[n
].

T
h
e

le
ar

n
er

ca
n

ch
o
os

e
fr

om
m

!
ac

ti
on

s
(p

er
m

u
ta

ti
on

s)
w

h
er

ea
s

n
at

u
re

/a
d
ve

rs
ar

y
ca

n
ch

o
os

e
fr

om
(n

+
1)
m

ou
tc

om
es

(w
h
en

th
er

e
ar

e
n

re
le

va
n
ce

le
v
el

s,
n
≥

1)
.

W
e

so
m

et
im

es
re

fe
r

to
th

e
le

ar
n
er

’s
it

h
ac

ti
on

(i
n

so
m

e
fi
x
ed

or
d
er

in
g

of
m

!
av

ai
la

b
le
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C
h
a
u
d
h
u
r
i
a
n
d

T
e
w
a
r
i

ac
ti

on
s)

as
σ
i

(r
es

p
.

ad
ve

rs
ar

y
’s
it

h
ac

ti
on

as
R
i)

.
N

ot
e

th
at
σ
−
1

i
si

m
p
ly

m
ea

n
s

th
a
t

w
e

ar
e

v
ie

w
in

g
p

er
m

u
ta

ti
on

σ
i

as
m

ap
p
in

g
fr

om
it

em
s

to
ra

n
k
s.

A
ls

o,
a

v
ec

to
r

ca
n

b
e

ro
w

o
r

co
lu

m
n

v
ec

to
r

d
ep

en
d
in

g
on

co
n
te

x
t.

A
t

ro
u
n
d
t,

th
e

le
ar

n
er

ou
tp

u
ts

a
p

er
m

u
ta

ti
on

(r
an

k
in

g)
σ
t

of
th

e
o
b

je
ct

s
(p

o
ss

ib
ly

u
si

n
g

so
m

e
in

te
rn

al
ra

n
d
om

iz
at

io
n
,

b
as

ed
on

fe
ed

b
ac

k
h
is

to
ry

so
fa

r)
,

an
d

si
m

u
lt

a
n
eo

u
sl

y,
ad

ve
rs

ar
y

ge
n
er

at
es

re
le

va
n
ce

ve
ct

or
R
t.

T
h
e

q
u
al

it
y

of
σ
t

is
ju

d
ge

d
a
ga

in
st
R
t

b
y

so
m

e
ra

n
k
in

g
m

ea
su

re
R
L

.
C

ru
ci

a
ll

y,
o
n

ly
th

e
re

le
va

n
ce

o
f

th
e

to
p
k

ra
n

ke
d

o
bj

ec
ts

a
re

re
ve

a
le

d
to

th
e

le
a
rn

er
a
t

en
d

o
f

ro
u

n
d
t.

T
h
u
s,

th
e

le
ar

n
er

ge
ts

to
k
n
ow

n
ei

th
er
R
t

(f
u
ll

in
fo

rm
a
ti

o
n

p
ro

b
le

m
)

n
or
R
L

(σ
t,
R
t)

(b
an

d
it

p
ro

b
le

m
).

T
h
e

ob
je

ct
iv

e
of

th
e

le
ar

n
er

is
to

m
in

im
iz

e
th

e
ex

p
ec

te
d

re
gr

et
w

it
h

re
sp

ec
t

to
b

es
t

p
er

m
u
ta

ti
on

in
h
in

d
si

gh
t:

E σ
1
,.
..
,σ
T

[
T ∑ t=
1

R
L

(σ
t,
R
t)

]
−

m
in σ

T ∑ t=
1

R
L

(σ
,R

t)
.

(1
)

W
h
en

R
L

is
a

ga
in

,
n
ot

lo
ss

,
w

e
n
ee

d
to

n
eg

at
e

th
e

q
u
an

ti
ty

ab
ov

e.
T

h
e

w
o
rs

t-
ca

se
re

g
re

t
of

a
le

ar
n
er

st
ra

te
gy

is
it

s
m

ax
im

al
re

gr
et

ov
er

al
l

p
os

si
b
le

ch
oi

ce
s

of
R

1
,.
..
,R

T
.

T
h
e

m
in

im
a
x

re
g
re

t
is

th
e

m
in

im
al

w
or

st
-c

as
e

re
gr

et
ov

er
al

l
le

ar
n
er

st
ra

te
gi

es
.

2
.2

R
a
n

k
in

g
M

e
a
su

re
s

W
e

co
n
si

d
er

ra
n
k
in

g
m

ea
su

re
s

w
h
ic

h
ca

n
b

e
ex

p
re

ss
ed

in
th

e
fo

rm
f

(σ
)
·R

,
w

h
er

e
th

e
fu

n
ct

io
n
f

:
R
m
→

R
m

is
co

m
p

os
ed

of
m

co
p
ie

s
of

a
u
n
iv

ar
ia

te
,

m
on

ot
on

ic
,

sc
a
la

r
va

l-
u
ed

fu
n
ct

io
n
.

T
h
u
s,
f

(σ
)

=
[f
s
(σ
−
1
(1

))
,f

s
(σ
−
1
(2

))
,.
..
,f

s
(σ
−
1
(m

))
],

w
h
er

e
f
s

:
R
→

R
.

M
on

ot
on

ic
(i

n
cr

ea
si

n
g)

m
ea

n
s
f
s
(σ
−
1
(i

))
≥
f
s
(σ
−
1
(j

))
,

w
h
en

ev
er
σ
−
1
(i

)
>
σ
−
1
(j

).
M

o
n
o
-

to
n
ic

(d
ec

re
as

in
g)

is
d
efi

n
ed

si
m

il
a
rl

y.
T

h
e

fo
ll
ow

in
g

p
op

u
la

r
ra

n
k
in

g
m

ea
su

re
s

ca
n

b
e

ex
p
re

ss
ed

in
th

e
fo

rm
f

(σ
)
·R

.
P

a
ir

w
is

e
L

o
ss

&
S

u
m

L
o
ss

:
P

ai
rw

is
eL

os
s

is
re

st
ri

ct
ed

to
b
in

ar
y

re
le

va
n
ce

ve
ct

o
rs

a
n
d

d
efi

n
ed

as
:

P
L

(σ
,R

)
=

m ∑ i=
1

m ∑ j=
1

I
(σ
−
1
(i

)
<
σ
−
1
(j

))
I
(R

(i
)
<
R

(j
))

P
ai

rw
is

eL
os

s
ca

n
n
ot

b
e

d
ir

ec
tl

y
ex

p
re

ss
ed

in
th

e
fo

rm
of
f

(σ
)
·R

.
In

st
ea

d
,

w
e

co
n
si

d
er

S
u

m
L

o
ss

,
d
efi

n
ed

as
:

S
u
m
L
os
s(
σ
,R

)
=

m ∑ i=
1

σ
−
1
(i

)
R

(i
)

S
u
m

L
os

s
h
as

th
e

fo
rm

f
(σ

)
·R

,
w

h
er

e
f

(σ
)

=
σ
−
1
.

It
h
a
s

b
ee

n
sh

ow
n

b
y

A
il
o
n

(2
0
1
4
)

th
at

re
gr

et
u
n
d
er

th
e

tw
o

m
ea

su
re

s
ar

e
eq

u
al

:

T ∑ t=
1

P
L

(σ
t,
R
t)
−

T ∑ t=
1

P
L

(σ
,R

t)
=

T ∑ t=
1

S
u
m
L
os
s(
σ
t,
R
t)
−

T ∑ t=
1

S
u
m
L
os
s(
σ
,R

t)
.

(2
)

D
is

c
o
u

n
te

d
C

u
m

u
la

ti
v
e

G
a
in

:
D

C
G

is
a

ga
in

fu
n
ct

io
n

w
h
ic

h
ad

m
it

s
n
o
n
-b

in
a
ry

re
le

va
n
ce

ve
ct

or
s

an
d

is
d
efi

n
ed

as
:

D
C
G

(σ
,R

)
=

m ∑ i=
1

2
R
(i
)
−

1

lo
g
2
(1

+
σ
−
1
(i

))

6
JM

L
R

 1
8(

10
3)

:1
-5

0,
 2

01
7



O
n
l
in
e
L
e
a
r
n
in
g

t
o

R
a
n
k

a
n
d

b
eco

m
es ∑

mi=
1

R
(i)

lo
g
2
(1
+
σ
−
1
(i))

for
R

(i)∈
{
0,1}

.
T

h
u
s,

for
b
in

ary
relevan

ce,
D
C
G

(σ
,R

)

h
a
s

th
e

fo
rm

f
(σ

)·R
,

w
h
ere

f
(σ

)
=

[
1

lo
g
2
(1
+
σ
−
1
(1
)) ,

1
lo
g
2
(1
+
σ
−
1
(2
)) ,...,

1
lo
g
2
(1
+
σ
−
1
(m

)) ].

P
re

c
isio

n
@

n
G

a
in

:
P

recision
@
n

is
a

gain
fu

n
ctio

n
restricted

to
b
in

ary
relevan

ce
an

d
is

d
efi

n
ed

a
s

P
recision

@
n

(σ
,R

)
=

m
∑i=

1

I
(σ
−
1(i)≤

n
)
R

(i)

P
recisio

n
@
n

ca
n

b
e

w
ritten

as
f

(σ
)·
R

w
h
ere

f
(σ

)
=

[I
(σ
−
1(1)

<
n

),...,I
(σ
−
1(m

)
<
n

)].
It

sh
o
u
ld

b
e

n
o
ted

th
at

for
n

=
k

(i.e.,
w

h
en

feed
b
ack

is
on

top
n

item
s),

feed
b
ack

is
actu

ally
th

e
sa

m
e

a
s

fu
ll

in
form

ation
feed

b
ack

,
for

w
h
ich

effi
cien

t
algorith

m
s

alread
y

ex
ist

(K
alai

a
n
d

V
em

p
a
la,

2
005).

N
o
rm

a
liz

e
d

m
e
a
su

re
s

a
re

n
o
t

o
f

th
e

fo
rm

f(σ
)·R

:
P

airw
iseL

oss,
D

C
G

an
d

P
recision

@
n

a
re

u
n
n
orm

alized
version

s
of

p
op

u
lar

ran
k
in

g
m

easu
res,

n
am

ely,
A

rea
U

n
d
er

C
u
rve

(A
U

C
),

N
orm

alized
D

iscou
n
ted

C
u
m

u
lativ

e
G

ain
(N

D
C

G
)

an
d

A
verage

P
recision

(A
P

)
resp

ectively.
N

on
e

of
th

ese
can

b
e

ex
p
ressed

in
th

e
form

f
(σ

)·
R

.
N

D
C

G
:

N
D

C
G

is
a

gain
fu

n
ction

,
ad

m
its

n
on

-b
in

ary
relevan

ce
an

d
is

d
efi

n
ed

as:

N
D
C
G

(σ
,R

)
=

1

Z
(R

)

m
∑i=

1

2
R
(i)−

1

log
2 (1

+
σ
−
1(i))

a
n
d

b
eco

m
es

1
Z
(R

) ∑
mi=

1
R
(i)

lo
g
2
(1
+
σ
−
1
(i))

for
R

(i)∈
{0
,1}.

H
ere

Z
(R

)
=

m
ax
σ

∑
mi=

1
2
R
(i)−

1
lo
g
2
(1
+
σ
−
1
(i))

is
th

e
n
o
rm

a
lizin

g
factor

(Z
(R

)
=

m
ax
σ

∑
mi=

1
R
(i)

lo
g
2
(1
+
σ
−
1
(i))

for
b
in

ary
relevan

ce).
It

can
b

e

clea
rly

seen
th

at
N
D
C
G

(σ
,R

)
=
f

(σ
)·g

(R
),

w
h
ere

f
(σ

)
is

sam
e

as
in

D
C

G
b
u
t
g
(R

)
=

R
Z
(R

)
is

n
o
n
-lin

ea
r

in
R

.
A

P
:

A
vera

g
e

P
recision

is
a

gain
fu

n
ction

,
restricted

to
b
in

ary
relevan

ce
an

d
is

d
efi

n
ed

a
s:

A
P

(σ
,R

)
=

1

‖
R‖

1

m
∑i=

1

∑j≤
i I

(R
(σ

(j))
=

1)

i
I
(R

(σ
(i)

=
1))

It
ca

n
b

e
clea

rly
seen

th
at

A
P

can
n
ot

b
e

ex
p
ressed

in
th

e
form

f
(σ

)·
R

.
A

U
C

:
A

U
C

is
a

loss
fu

n
ction

,
restricted

to
b
in

ary
relevan

ce
an

d
is

d
efi

n
ed

as:

A
U
C

(σ
,R

)
=

1

N
(R

)

m
∑i=

1

m
∑j=

1

I
(σ
−
1(i)

<
σ
−
1(j))I

(R
(i)

<
R

(j))

w
h
ere

N
(R

)
=

( ∑
mi=

1
I
(R

(i)
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om

th
e

ob
se

rv
at

io
n

th
at

fo
r

a
p
ar

ti
cu

la
r
j,

[(
S
> σ̃ j

(a
)
) R

1
,2
,(
S
> σ̃ j

(a
)
) R

2
,2
,.
..
,

(S
> σ̃ j

(a
)
) R

2
m
,2

]
fo

rm
s

th
e

2n
d

co
lu

m
n

of
(S
> σ̃ j

(a
)
),

i.
e.

,
(S
> σ̃ j

(a
)
) :
,2

.

2
.4
.2

L
o
c
a
l
O
b
se

r
v
a
b
il
it
y

D
e
fi

n
it

io
n

4
:

T
w

o
P

ar
et

o-
op

ti
m

al
(l

ea
rn

er
’s

)
ac

ti
on

s
i

an
d
j

ar
e

ca
ll
ed

n
ei

gh
bo

ri
n

g
a
ct

io
n

s
if
C
i
∩
C
j

is
a

(2
m
−

2)
d
im

en
si

on
al

p
ol

y
to

p
e

(w
h
er

e
C
i

is
p
ro

b
ab

il
it

y
ce

ll
o
f

a
ct

io
n
σ
i)

.
T

h
e

n
ei

gh
bo

rh
oo

d
a
ct

io
n

se
t

of
tw

o
n
ei

gh
b

or
in

g
(l

ea
rn

er
’s

)
ac

ti
on

s
i

a
n
d
j

is
d
efi

n
ed

a
s

N
+ i,
j

=
{k
∈

[m
!]

:
C
i
∩
C
j
⊆
C
k
}.

D
e
fi

n
it

io
n

5
:

A
p
ai

r
of

n
ei

gh
b

or
in

g
(l

ea
rn

er
’s

)
ac

ti
on

s
i

an
d
j

is
sa

id
to

b
e

lo
ca

ll
y

ob
se

rv
ab

le
if
` i
−
` j
∈
⊕
k
∈N

+ i,
j
C
ol

(S
> k

).
T

h
e

co
n
d
it

io
n

of
lo

ca
l

o
bs

er
va

bi
li

ty
h
o
ld

s
if

ev
er

y

p
ai

r
of

n
ei

gh
b

or
in

g
(l

ea
rn

er
’s

)
ac

ti
on

s
is

lo
ca

ll
y

ob
se

rv
ab

le
.

W
e

n
ow

sh
ow

th
at

lo
ca

l
ob

se
rv

ab
il
it

y
co

n
d
it

io
n

fa
il
s

fo
r
L
,H

u
n
d
er

S
u
m

L
o
ss

.
F

ir
st

,
w

e
p
re

se
n
t

th
e

fo
ll
ow

in
g

tw
o

le
m

m
as

ch
ar

ac
te

ri
zi

n
g

P
ar

et
o-

op
ti

m
al

ac
ti

o
n
s

an
d

n
ei

g
h
b

o
ri

n
g

ac
ti

on
s

fo
r

S
u
m

L
os

s.

L
e
m

m
a

2
.

F
o
r

S
u

m
L

o
ss

,
ea

ch
o
f

le
a
rn

er
’s

a
ct

io
n
σ
i

is
P

a
re

to
-o

p
ti

m
a
l,

w
h
er

e
P

a
re

to
-

o
p
ti

m
a
li

ty
h
a
s

be
en

d
efi

n
ed

in
D

efi
n

it
io

n
1
.

P
ro

o
f.

F
or

an
y
p
∈

∆
,

w
e

h
av

e
` i
·p

=
∑

2
m

j=
1
p
j

(σ
−
1

i
·R

j
)

=
σ
−
1

i
·(
∑

2
m

j=
1
p
j
R
j
)

=
σ
−
1

i
·E

[R
],

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

ta
ke

n
w

.r
.t

.
p
.
l i
·p

is
m

in
im

iz
ed

w
h
en

ra
n
k
in

g
of

ob
je

ct
s

a
cc

o
rd

in
g

to
σ
i
an

d
ex

p
ec

te
d

re
le

va
n
ce

of
ob

je
ct

s
a
re

in
op

p
os

it
e

or
d
er

.
T

h
at

is
,
th

e
ob

je
ct

w
it

h
h
ig

h
es

t
ex

p
ec

te
d

re
le

va
n
ce

is
ra

n
ke

d
1

an
d

so
on

.
F

or
m

al
ly

,
l i
·p

is
m

in
im

iz
ed

w
h
en

E[
R

(σ
i(

1
))

]
≥

E[
R

(σ
i(

2)
)]
≥
..
.
≥

E[
R

(σ
i(
m

))
].

T
h
u
s,

fo
r

ac
ti

on
σ
i,

p
ro

b
ab

il
it

y
ce

ll
is

d
efi

n
ed

as
C
i

=
{p
∈

∆
:
∑

2
m

j=
1
p
j

=
1,

E[
R

(σ
i(

1
))

]
≥

E[
R

(σ
i(

2)
)]
≥
..
.
≥

E[
R

(σ
i(
m

))
]}

.
N

ot
e

th
at

,
p
∈
C
i

iff
ac

ti
on

i
is

op
ti

m
al

w
.r

.t
.
p
.

S
in

ce
C
i

is
ob

v
io

u
sl

y
n
on

-e
m

p
ty

an
d

it
h
as

on
ly

1
eq

u
al

it
y

co
n
st

ra
in

t
(h

en
ce

2
m
−

1
d
im

en
si

o
n
a
l)

,
ac

ti
on

i
is

P
ar

et
o

op
ti

m
al

.
T

h
e

ab
ov

e
h
ol

d
s

tr
u
e

fo
r

al
l

le
ar

n
er

’s
ac

ti
on

s
σ
i.

L
e
m

m
a

3
.

A
pa

ir
o
f

le
a
rn

er
’s

a
ct

io
n

s
{σ

i,
σ
j
}

is
a

n
ei

gh
bo

ri
n

g
a
ct

io
n

s
pa

ir
,

if
th

er
e

is
ex

a
ct

ly
o
n

e
pa

ir
o
f

o
bj

ec
ts

,
n

u
m

be
re

d
{a

,
b}

,
w

h
o
se

po
si

ti
o
n

s
d
iff

er
in
σ
i

a
n

d
σ
j
.

M
o
re

o
ve

r,
a

n
ee

d
s

to
be

p
la

ce
d

ju
st

be
fo

re
b

in
σ
i

a
n

d
b

n
ee

d
s

to
p
la

ce
d

ju
st

be
fo

re
a

in
σ
j
.
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O
n
l
in
e
L
e
a
r
n
in
g

t
o

R
a
n
k

P
roo

f.
F

ro
m

L
em

m
a

2,
w

e
k
n
ow

th
at

every
on

e
o
f

learn
er’s

action
s

is
P

areto-op
tim

al
an

d
C
i ,

a
sso

cia
ted

w
ith

action
σ
i ,

h
as

stru
ctu

re
C
i

=
{p
∈

∆
: ∑

2
m

j=
1
p
j

=
1
,
E

[R
(σ
i (1))]≥

E
[R

(σ
i (2

))]≥
...≥

E
[R

(σ
i (m

))]}.
L

et
σ
i (k

)
=
a
,
σ
i (k

+
1)

=
b.

L
et

it
also

b
e

tru
e

th
at
σ
j (k

)
=
b,
σ
j (k

+
1)

=
a

an
d

σ
i (n

)
=
σ
j (n

),
∀
n
6=
{k
,
k

+
1}

.
T

h
u
s,

ob
jects

in
{
σ
i ,σ

j }
are

sam
e

in
all

p
laces

ex
cep

t
in

a
p
a
ir

o
f

co
n
secu

tive
p
laces

w
h
ere

th
e

ob
jects

are
in

terch
an

ged
.

T
h
en

,
C
i ∩

C
j

=
{p
∈

∆
: ∑

2
m

j=
1
p
j

=
1
,
E

[R
(σ
i (1

)]≥
...≥

E
[R

(σ
i (k

)]
=

E
[R

(σ
i (k

+
1
)]≥

...≥
E

[R
(σ
i (m

)]}.
H

en
ce,

th
ere

are
tw

o
eq

u
alities

in
th

e
n
on

-em
p
ty

set
C
i ∩

C
j

a
n
d

it
is

a
n

(2
m
−

2)
d
im

en
sion

al
p

oly
top

e.
H

en
ce

con
d
ition

of
D

efi
n
ition

4
h
old

s
tru

e
an

d
{
σ
i ,σ

j }
a
re

n
eigh

b
orin

g
action

s
p
air.

L
em

m
a

2
a
n
d

3
are

u
sed

to
estab

lish
th

e
follow

in
g

resu
lt:

T
h

e
o
re

m
4
.

T
h
e

loca
l

o
bserva

bility
co

n
d
itio

n
,

a
s

per
D

efi
n

itio
n

5
,

fa
ils

w
.r.t.

lo
ss

m
a
trix

L
a
n

d
feed

ba
ck

m
a
trix

H
d
efi

n
ed

fo
r

S
u

m
L

o
ss,

a
lrea

d
y

a
t
m

=
3.

P
roo

f.
W

e
w

ill
ex

p
licitly

sh
ow

th
at

lo
cal

ob
servab

ility
con

d
ition

fails
b
y

con
sid

erin
g

th
e

ca
se

w
h
en

n
u
m

b
er

of
ob

jects
is
m

=
3.

S
p

ecifi
cally,

action
p
air
{σ

1 ,
σ
2 },

in
T

ab
le

1
are

n
eig

h
b

o
rin

g
a
ction

s,
u
sin

g
L

em
m

a
3

.
N

ow
every

oth
er

action
{σ

3 ,σ
4 ,σ

5 ,σ
6 }

eith
er

p
laces

o
b

ject
2

a
t

to
p

or
ob

ject
3

at
top

.
It

is
ob

v
iou

s
th

at
th

e
set

of
p
rob

ab
ilities

for
w

h
ich

E
[R

(1
)]≥

E
[R

(2)]
=
E

[R
(3)]

can
n
ot

b
e

a
su

b
set

of
an

y
C
3 ,C

4 ,C
5 ,C

6 .
F

rom
D

ef.
4,

th
e

n
eig

h
b

o
rh

o
o
d

a
ction

set
of

action
s
{
σ
1 ,σ

2 }
is

p
recisely

σ
1

an
d
σ
2

an
d

con
tain

s
n
o

oth
er

a
ctio

n
s.

B
y

d
efi

n
ition

of
sign

al
m

atrices
S
σ
1 ,
S
σ
2

an
d

en
tries

`
1 ,
`
2

in
T

ab
le

1
a
n
d

2,
w

e
h
ave,

S
σ
1

=
S
σ
2

=

[
1

1
1

1
0

0
0

0
0

0
0

0
1

1
1

1

]

`
1 −

`
2

=
[

0
1
−

1
0

0
1
−

1
0
]
.

(3)

It
is

clea
r

th
a
t
`
1 −

`
2
/∈
C
ol(S

>σ
1 ).

H
en

ce,
D

efi
n
ition

5
fails

to
h
old

.

2
.5

M
in

im
a
x

R
e
g
re

t
B

o
u

n
d

W
e

esta
b
lish

th
e

m
in

im
ax

regret
for

S
u
m

L
oss

b
y

com
b
in

in
g

resu
lts

on
glob

al
an

d
lo

cal
o
b
serva

b
ility.

F
irst,

w
e

get
a

low
er

b
ou

n
d

b
y

com
b
in

in
g

ou
r

T
h
eorem

4
w

ith
T

h
eorem

4
of

B
a
rto

k
et

al.
(2

014).

C
o
ro

lla
ry

5
.

C
o
n

sid
er

th
e

o
n

lin
e

ga
m

e
fo

r
S

u
m

L
o
ss

w
ith

to
p
-1

feed
ba

ck
a
n

d
m

=
3.

T
h
en

,
fo

r
every

lea
rn

er’s
a
lgo

rith
m

,
th

ere
is

a
n

a
d
versa

ry
stra

tegy
gen

era
tin

g
releva

n
ce

vecto
rs,

su
ch

th
a
t

th
e

expected
regret

o
f

th
e

lea
rn

er
is

Ω
(T

2
/
3).

T
h
e

fa
ct

th
at

th
e

gam
e

is
glob

ally
ob

servab
le

(
T

h
eorem

1
),

com
b
in

ed
w

ith
T

h
eorem

3
.1

in
C

esa
-B

ia
n
ch

i
et

al.
(2006),

giv
es

an
algorith

m
(in

sp
ired

b
y

th
e

algorith
m

origin
ally

g
iven

in
P

icco
lb

on
i

an
d

S
ch

in
d
elh

au
er

(2
001))

ob
tain

in
g
O

(T
2
/
3)

regret.

C
o
ro

lla
ry

6
.

T
h
e

a
lgo

rith
m

in
F

igu
re

1
o
f

C
esa

-B
ia

n
ch

i
et

a
l.

(2
0
0
6
)

a
ch

ieves
O

(T
2
/
3)

regret
bo

u
n

d
fo

r
S

u
m

L
o
ss.
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C
h
a
u
d
h
u
r
i
a
n
d

T
e
w
a
r
i

H
ow

ever,
th

e
a
lgorith

m
in

C
esa-B

ian
ch

i
et

al.
(20

06)
is

in
tractab

le
in

ou
r

settin
g

sin
ce

th
e

algorith
m

n
ecessarily

en
u
m

erates
all

th
e

action
s

of
th

e
learn

er
in

each
ro

u
n
d
,

w
h
ich

is
ex

p
on

en
tial

in
m

in
ou

r
case

(m
!

to
b

e
ex

act).
M

oreover,
th

e
regret

b
o
u
n
d

of
th

e
a
lgorith

m
also

h
as

a
lin

ear
d
ep

en
d
en

ce
on

th
e

n
u
m

b
er

of
action

s,
w

h
ich

ren
d
ers

th
e

b
ou

n
d

u
seless.

D
isc

u
ssio

n
:

T
h
e

resu
lts

ab
ove

estab
lish

th
at

th
e

m
in

im
ax

regret
for

S
u
m

L
oss,

restricted
to

to
p
-1

feed
ba

ck,
is

Θ
(T

2
/
3).

T
h
eorem

4
of

B
artok

et
al.

(2014)
say

s
th

e
follow

in
g:

A
p
artial

m
on

itorin
g

gam
e

w
h
ich

is
b

oth
glob

ally
an

d
lo

cally
ob

servab
le

h
as

m
in

im
ax

regret
Θ

(T
1
/
2),

w
h
ile

a
gam

e
w

h
ich

is
glob

ally
ob

servab
le

b
u
t

n
o
t

lo
ca

lly
ob

servab
le

h
as

m
in

im
ax

regret
Θ

(T
2
/
3).

In
T

h
eorem

1,
w

e
p
roved

glob
al

ob
servab

ility,
w

h
en

feed
b
ack

is
restricted

to
relevan

ce
of

top
ran

k
ed

item
.

T
h
e

glob
al

ob
servab

ility
resu

lt
au

tom
atically

ex
ten

d
s

to
feed

b
ack

on
top

k
item

s,
for

k
>

1
.

T
h
is

is
b

ecau
se

for
top

k
feed

b
ack

,
w

ith
k
>

1,
th

e
learn

er
receives

strictly
greater

in
form

ation
at

en
d

of
each

rou
n
d

th
an

top
1

feed
b
ack

(for
ex

am
p
le,

th
e

learn
er

can
ju

st
th

row
aw

ay
releva

n
ce

feed
b
ack

on
item

s
ran

ked
2n

d
on

w
ard

s).
S
o,

w
ith

top
k

feed
b
ack

,
for

gen
eral

k
,

th
e

gam
e

w
ill

rem
a
in

at
least

glob
ally

ob
servab

le.
In

fact,
ou

r
algorith

m
in

th
e

n
ex

t
section

w
ill

ach
ieve

O
(T

2
/
3)

regret
b

ou
n
d

for
S
u
m

L
oss

w
ith

top
k

feed
b
ack

,
k
≥

1.
H

ow
ever,

th
e

sam
e

is
n
ot

tru
e

for
failu

re
of

lo
cal

ob
servab

ility.
F

eed
b
ack

on
m

ore
th

an
top

ran
k
ed

item
can

m
ake

th
e

gam
e

strictly
easier

for
th

e
learn

er
an

d
m

ay
m

ake
lo

cal
ob

servab
ility

con
d
ition

h
old

,
for

som
e
k
>

1.
In

fact,
fo

r
k

=
m

(fu
ll

feed
b
ack

),
th

e
gam

e
w

ill
b

e
a

sim
p
le

fu
ll

in
form

ation
gam

e
(d

isregard
in

g
com

p
u
tation

al
com

p
lex

ity
),

an
d

h
en

ce
lo

cally
ob

servab
le.

2
.6

A
lg

o
rith

m
fo

r
O

b
ta

in
in

g
M

in
im

a
x

R
e
g
re

t
u

n
d

e
r

S
u

m
L

o
ss

w
ith

T
o
p
k

F
e
e
d

b
a
ck

W
e

fi
rst

p
rov

id
e

a
gen

eral
algorith

m
ic

fram
ew

ork
for

gettin
g

an
O

(T
2
/
3)

regret
b

ou
n
d

for
S
u
m

L
oss,

w
ith

feed
b
ack

on
top

k
ran

ked
item

s
p

er
rou

n
d
,

for
k
≥

1.
W

e
th

en
in

stan
tiate

a
sp

ecifi
c

algorith
m

,
w

h
ich

sp
en

d
s
O

(m
log

m
)

tim
e

p
er

rou
n
d

(th
u
s,

h
igh

ly
effi

cien
t)

an
d

ob
tain

s
a

regret
of

rate
O

(p
oly

(m
)
T
2
/
3).

2
.6
.1

G
e
n
e
r
a
l
A
l
g
o
r
it
h
m
ic

F
r
a
m
e
w
o
r
k

O
u
r

algorith
m

com
b
in

es
blockin

g
w

ith
a

ran
d
om

ized
fu

ll
in

fo
rm

a
tio

n
algorith

m
.

W
e

fi
rst

d
iv

id
e

tim
e

h
orizon

T
in

to
b
lo

ck
s

(referred
to

as
b
lo

ck
in

g).
W

ith
in

each
b
lo

ck
,

w
e

allot
a

sm
all

n
u
m

b
er

of
rou

n
d
s

for
p
u
re

exp
lo

ra
tio

n
,

w
h
ich

allow
s

u
s

to
estim

ate
th

e
average

of
th

e
fu

ll
relevan

ce
v
ectors

gen
erated

b
y

th
e

ad
versary

in
th

at
b
lo

ck
.

T
h
e

estim
ated

average
vector

is
cu

m
u
lated

over
b
lo

ck
s

an
d

th
en

fed
to

a
fu

ll
in

form
ation

algo
rith

m
for

th
e

n
ex

t
b
lo

ck
.

T
h
e

ran
d
om

ized
fu

ll
in

form
ation

algorith
m

exp
lo

its
th

e
in

form
ation

received
at

th
e

b
egin

n
in

g
of

th
e

b
lo

ck
to

m
ain

tain
d
istrib

u
tion

over
p

erm
u
tation

s
(learn

er’s
actio

n
s).

In
each

rou
n
d

in
th

e
n
ew

b
lo

ck
,

action
s

are
ch

osen
accord

in
g

to
th

e
d
istrib

u
tion

an
d

p
resen

ted
to

th
e

u
ser.

T
h
e

key
p
ro

perty
of

th
e

ran
d
om

ized
fu

ll
in

form
ation

algorith
m

is
th

is:
th

e
algorith

m
sh

ou
ld

h
ave

an
ex

p
ected

regret
rate

of
O

(C
√
T

),
w

h
ere

th
e

regret
is

th
e

d
iff

eren
ce

b
etw

een
cu

m
u
lative

loss
of

th
e

algorith
m

an
d

cu
m

u
lative

loss
of

b
est

action
in

h
in

d
sigh

t,
over

T
rou

n
d
s,

an
d
C

is
a

p
aram

eter
sp

ecifi
c

to
th

e
fu

ll
in

form
ation

algorith
m

.

12
JM

L
R

 18(103):1-50, 2017



O
n
l
in
e
L
e
a
r
n
in
g

t
o

R
a
n
k

O
u
r

al
go

ri
th

m
is

m
ot

iv
at

ed
b
y

th
e

re
d
u
ct

io
n

fr
om

b
an

d
it

-f
ee

d
b
ac

k
to

fu
ll

fe
ed

b
a
ck

sc
h
em

e
gi

ve
n

in
B

lu
m

an
d

M
an

so
u
r

(2
00

7
).

H
ow

ev
er

,
th

e
re

d
u
ct

io
n

ca
n

n
o
t

be
d
ir

ec
tl

y
a
p
p
li

ed
to

o
u

r
p
ro

bl
em

,
b

ec
au

se
w

e
ar

e
n
ot

in
th

e
b
an

d
it

se
tt

in
g

an
d

h
en

ce
d
o

n
o
t

k
n
ow

lo
ss

of
an

y
ac

ti
on

.
F

u
rt

h
er

,
th

e
al

go
ri

th
m

of
B

lu
m

an
d

M
an

so
u
r

(2
00

7)
n
ec

es
sa

ri
ly

sp
en

d
s

N
ro

u
n
d
s

p
er

b
lo

ck
to

tr
y

ou
t

ea
ch

of
th

e
N

av
ai

la
b
le

ac
ti

on
s

—
th

is
is

im
p
ra

ct
ic

al
in

ou
r

se
tt

in
g

si
n
ce
N

=
m

!.
A

lg
or

it
h
m

1
d
es

cr
ib

es
ou

r
ap

p
ro

ac
h
.

A
k
ey

as
p

ec
t

is
th

e
fo

rm
at

io
n

of
es

ti
m

at
e

of
av

er
ag

e
re

le
va

n
ce

ve
ct

or
of

a
b
lo

ck
(l

in
e

16
),

fo
r

w
h
ic

h
w

e
h
av

e
th

e
fo

ll
ow

in
g

le
m

m
a:

L
e
m

m
a

7
.

L
et

th
e

a
ve

ra
ge

o
f

(f
u

ll
)

re
le

va
n

ce
ve

ct
o
rs

o
ve

r
th

e
ti

m
e

pe
ri

od
{1
,2
,.
..
,t
}

be

d
en

o
te

d
a
s
R
a
v
g

1
:t

,
th

a
t

is
,
R
a
v
g

1
:t

=
∑

t n
=
1

R
n t
∈
R
m

.
L

et
{i

1
,i

2
,.
..
,i
dm

/
k
e}

be
dm

/k
ea

rb
it

ra
ry

ti
m

e
po

in
ts

,
ch

o
se

n
u

n
if

o
rm

ly
a
t

ra
n

d
o
m

,
w

it
h
o
u

t
re

p
la

ce
m

en
t,

fr
o
m
{1
,.
..
,t
}.

A
t

ti
m

e
po

in
t
i j

,
o
n

ly
k

d
is

ti
n

ct
co

m
po

n
en

ts
o
f

re
le

va
n

ce
ve

ct
o
r
R
i j

,
i.

e.
,
{R

i j
(k
·(
j
−

1)
+

1)
,R

i j
(k
·

(j
−

1)
+

2)
,.
..
,R

i j
(k
·j

)}
,

be
co

m
e

kn
o
w

n
,
∀j
∈
{1
,.
..
,d
m
/k
e}

(f
o
r
j

=
dm

/k
e,

th
er

e
m

ig
h
t

be
le

ss
th

a
n
k

co
m

po
n

en
ts

a
va

il
a
bl

e)
.

T
h
en

th
e

ve
ct

o
r

fo
rm

ed
fr

o
m

th
e
m

re
ve

a
le

d
co

m
po

n
en

ts
,

i.
e.
R̂
t

=
[R

i j
(k
·(
j
−

1)
+

1)
,R

i j
(k
·(
j
−

1
)

+
2)
,.
..
,R

i j
(k
·j

)]
{j

=
1
,2
,.
..
,dm

/
k
e}

is
a
n

u
n

bi
a
se

d
es

ti
m

a
to

r
o
f
R
a
v
g

1
:t

.

P
ro

o
f.

W
e

ca
n

w
ri

te
R̂
t

=
∑
dm

/
k
e

j=
1

∑
k `=

1
R
i j

(k
·(
j
−

1)
+
`)
e k
·(j
−
1
)+
`,

w
h
er

e
e i

is
th

e
m

d
im

en
si

on
al

st
an

d
ar

d
b
as

is
ve

ct
or

al
on

g
co

or
d
in

at
e
j.

T
h
en

,
ta

k
in

g
ex

p
ec

ta
ti

on
ov

er
th

e

ra
n
d
om

ly
ch

os
en

ti
m

e
p

oi
n
ts

,
w

e
h
av

e:
E
i 1
,.
..
,i
dm

/
k
e(
R̂
t)

=
∑
dm

/
k
e

j=
1

E
i j

[∑
k `=

1
R
i j

(k
·(
j
−

1)
+

`)
e k
·(j
−
1
)+
`]

=
∑

m j=
1

∑
k `=

1

∑
t n
=
1

R
n
(k
·(
j
−

1)
+
`)
e k
·(j
−
1
)+
`

t
=
R
a
v
g

1
:t

.

S
u
p
p

os
e

w
e

h
av

e
a

fu
ll

in
fo

rm
at

io
n

al
go

ri
th

m
w

h
os

e
re

gr
et

in
T

ro
u
n
d
s

is
u
p
p

er
b

ou
n
d
ed

b
y
C
√
T

fo
r

so
m

e
co

n
st

an
t
C

an
d

le
t
C
I

b
e

th
e

m
ax

im
u
m

lo
ss

th
at

th
e

le
ar

n
er

ca
n

su
ff

er
in

a
ro

u
n
d
.

N
ot

e
th

at
C
I

d
ep

en
d
s

on
th

e
lo

ss
u
se

d
an

d
on

th
e

ra
n
ge

of
th

e
re

le
va

n
ce

sc
or

es
.

W
e

h
av

e
th

e
fo

ll
ow

in
g

re
gr

et
b

ou
n
d
,

ob
ta

in
ed

fr
om

ap
p
li
ca

ti
on

of
A

lg
or

it
h
m

1
on

S
u
m

L
os

s
w

it
h

to
p
k

fe
ed

b
ac

k
.

T
h

e
o
re

m
8
.

L
et
C
,C

I
be

th
e

co
n

st
a
n

ts
d
efi

n
ed

a
bo

ve
.

T
h
e

ex
pe

ct
ed

re
gr

et
u

n
d
er

S
u

m
L

o
ss

,
o
bt

a
in

ed
by

a
p
p
ly

in
g

A
lg

o
ri

th
m

1
,

w
it

h
re

le
va

n
ce

fe
ed

ba
ck

o
n

to
p
k

ra
n

ke
d

it
em

s
pe

r
ro

u
n

d
(k
≥

1)
,

a
n

d
th

e
ex

pe
ct

a
ti

o
n

be
in

g
ta

ke
n

o
ve

r
ra

n
d
o
m

iz
ed

le
a
rn

er
’s

a
ct

io
n

s
σ
t,

is

E

[
T ∑ t=
1

S
u
m
L
os
s(
σ
t,
R
t)

]
−

m
in σ

T ∑ t=
1

S
u
m
L
os
s(
σ
t,
R
t)
≤
C
I
dm

/k
eK

+
C

T √
K
.

(4
)

O
p
ti

m
iz

in
g

o
ve

r
bl

oc
k

si
ze
K

,
th

e
fi

n
a
l

re
gr

et
bo

u
n

d
is

:

E

[
T ∑ t=
1

S
u
m
L
os
s(
σ
t,
R
t)

]
−

m
in σ

T ∑ t=
1

S
u
m
L
os
s(
σ
t,
R
t)
≤

2(
C
I
)1
/
3
C

2
/
3
dm

/k
e1
/
3
T
2
/
3
.

(5
)

2
.6
.2

C
o
m
p
u
t
a
t
io
n
a
l
ly

E
f
f
ic
ie
n
t
A
l
g
o
r
it
h
m

w
it
h
F
T
P
L

W
e

in
st

an
ti

at
e

ou
r

ge
n
er

al
al

go
ri

th
m

w
it

h
F

o
ll

o
w

T
h
e

P
er

tu
rb

ed
L

ea
d
er

(F
T

P
L

)
fu

ll
in

fo
r-

m
at

io
n

al
go

ri
th

m
(K

al
ai

an
d

V
em

p
al

a,
20

05
).

T
h
e

fo
ll
ow

in
g

ch
oi

ce
s

n
ee

d
to

b
e

m
ad

e
in

A
lg

or
it

h
m

1
to

im
p
le

m
en

t
F

T
P

L
as

th
e

fu
ll

in
fo

rm
at

io
n

al
go

ri
th

m
:

13
JM

L
R

 1
8(

10
3)

:1
-5

0,
 2

01
7

C
h
a
u
d
h
u
r
i
a
n
d

T
e
w
a
r
i

A
lg

o
ri

th
m

1
R

an
k
in

gw
it

h
T

op
-k

F
ee

d
b
ac

k
(R

T
op

-k
F

)-
N

on
C

on
te

x
tu

al

1:
T

=
T

im
e

h
or

iz
on

,
K

=
N

o.
of

(e
q
u
al

si
ze

d
)

b
lo

ck
s,

F
I=

ra
n
d
om

iz
ed

fu
ll

in
fo

rm
a
ti

on
al

go
ri

th
m

.
2:

T
im

e
h
or

iz
on

d
iv

id
ed

in
to

eq
u
al

si
ze

d
b
lo

ck
s
{B

1
,.
..
,B

K
},

w
h
er

e
B

i
=
{(
i
−

1)
(T
/
K

)
+

1
,.
..
,i

(T
/
K

)}
.

3
:

In
it

ia
li
ze
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an
d

th
en

so
rt

in
g

th
e

it
em

s
b
y

p
er

tu
rb

ed
sc

or
e.

T
h
e

ra
n
d
om

p
er

tu
rb

at
io

n
p
u
ts

an
im

p
li
ci

t
w

ei
g
h
t

o
n

ea
ch

of
th

e
m

!
ac

ti
on

s
an

d
so

rt
in

g
is

b
as

ic
al

ly
sa

m
p
li
n
g

ac
co

rd
in

g
to

th
e

w
ei

gh
ts

.
T

h
is

is
a
n

ad
va

n
ta

ge
ov

er
ge

n
er

al
fu

ll
in

fo
rm

at
io

n
al

go
ri

th
m

s
b
as

ed
on

ex
p

on
en

ti
al

w
ei

g
h
ts

,
w

h
ic

h
m

ai
n
ta

in
ex

p
li
ci

t
w

ei
gh

t
on

ac
ti

on
s

an
d

sa
m

p
le

s
fr

om
it

.
W

e
al

so
n
ot

e
th

a
t

w
e

a
re

u
si

n
g

F
T

P
L

w
it

h
u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
a

h
y
p

er
cu

b
e

as
ou

r
p

er
tu

rb
a
ti

on
d
is

tr
ib

u
ti

o
n
.

O
th

er
ch

oi
ce

s,
su

ch
as

th
e

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
,

ca
n

le
ad

to
sl

ig
h
tl

y
b

et
te

r
d
ep

en
d
en

ce
o
n

th
e

d
im

en
si

on
m

(s
ee

th
e

d
is

cu
ss

io
n

fo
ll
ow

in
g

th
e

p
ro

of
of

C
or

ol
la

ry
9

in
th

e
a
p
p

en
d
ix

).
O

u
r

b
ou

n
d
s,

th
er

ef
or

e,
d
o

n
ot

n
ec

es
sa

ri
ly

y
ie

ld
th

e
op

ti
m

al
d
ep

en
d
en

ce
o
n
m

.

1
F

o
r

ex
a
m

p
le

,
a
ss

u
m

e
m

=
7

a
n

d
k

=
2
.

T
h

en
p

la
ce

it
em

s
(1
,2

)
in

ce
ll

1
,

it
em

s
(3
,4

)
in

ce
ll

2
,

it
em

s
(5
,6

)
in

ce
ll

3
a
n

d
it

em
7

in
ce

ll
4
.
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O
n
l
in
e
L
e
a
r
n
in
g

t
o

R
a
n
k

W
e

h
ave

th
e

follow
in

g
corollary

:

C
o
ro

lla
ry

9
.

T
h
e

expected
regret

o
f

S
u

m
L

o
ss,

o
bta

in
ed

by
a
p
p
lyin

g
A

lgo
rith

m
1
,

w
ith

F
T

P
L

fu
ll

in
fo

rm
a
tio

n
a
lgo

rith
m

a
n

d
feed

ba
ck

o
n

to
p
k

ra
n

ked
item

s
a
t

en
d

o
f

ea
ch

ro
u

n
d

(k
≥

1
),

a
n

d
K

=
O

(
m

1
/
3T

2
/
3

dm
/ke

2
/
3 )

,
ε

=
O

(
1

√
m
K

),
is:

E

[
T
∑t=

1

S
u
m
L
oss(σ

t ,R
t ) ]
−

m
in
σ

T
∑t=

1

S
u
m
L
oss(σ

t ,R
t )≤

O
(m

7
/
3dm

/
ke

1
/
3T

2
/
3).

(6)

w
h
ere

O
(·)

h
id

es
so

m
e

n
u

m
eric

co
n

sta
n

ts.

A
ssu

m
in

g
th

atdm
/ke∼

m
/k

,
th

e
regret

rate
in

C
o
rollary

9
is
O

(
m

8
/
3T

2
/
3

k
1
/
3

)

2
.7

R
e
g
re

t
B

o
u

n
d

s
fo

r
P

a
irw

ise
L

o
ss,

D
C

G
a
n

d
P

re
c
isio

n
@

n

P
a
irw

ise
L

o
ss:

A
s

w
e

saw
in

E
q
.
2,

th
e

regret
of

S
u
m

L
oss

is
sam

e
as

regret
of

P
airw

iseL
oss.

T
h
u
s,

S
u
m

L
o
ss

in
C

orollary
9

can
b

e
rep

laced
b
y

P
airw

iseL
oss

to
g
et

ex
actly

sam
e

resu
lt.

D
C

G
:
A

ll
th

e
resu

lts
of

S
u
m

L
oss

can
b

e
ex

ten
d
ed

to
D

C
G

(see
A

p
p

en
d
ix

A
).

M
oreover,

th
e

resu
lts

ca
n

b
e

ex
ten

d
ed

even
for

m
u
lti-grad

ed
relevan

ce
vecto

rs.
T

h
u
s,

th
e

m
in

im
ax

reg
ret

u
n
d
er

D
C

G
,

restricted
to

feed
ba

ck
o
n

to
p

ra
n

ked
item

,
even

w
h
en

th
e

ad
versary

ca
n

p
lay

m
u
lti-g

rad
ed

relevan
ce

vectors,
is

Θ
(T

2
/
3).

T
h
e

m
a
in

d
iff

eren
ces

b
etw

een
S
u
m

L
oss

an
d

D
C

G
are

th
e

follow
in

g.
T

h
e

form
er

is
a

lo
ss

fu
n
ction

;
th

e
latter

is
a

gain
fu

n
ction

.
A

lso,
for

D
C

G
,
f

(σ
)6=

σ
−
1

(see
d
efi

n
ition

in
S
ec.2

.2
)

a
n
d

w
h
en

relevan
ce

is
m

u
lti-grad

ed
,

D
C

G
can

n
ot

b
e

ex
p
ressed

as
f

(σ
)·
R

,
as

clea
r

from
d
efi

n
ition

.
N

everth
eless,

D
C

G
can

b
e

ex
p
ressed

as
f

(σ
)·
g
(R

),
,

w
h
ere

g
(R

)
=

[g
s(R

(1
)),g

s(R
(2)),...,g

s(R
(m

))],
g
s(i)

=
2
i−

1
is

con
stru

cted
from

u
n
ivariate,

m
on

oton
ic,

sca
la

r
va

lu
ed

fu
n
ction

s
(g

(R
)

=
R

for
b
in

ary
grad

ed
relevan

ce
vectors).

T
h
u
s,

A
lgorith

m
1

ca
n

b
e

a
p
p
lied

(w
ith

sligh
t

variation
),

w
ith

F
T

P
L

fu
ll

in
form

ation
algorith

m
an

d
top

k
feed

b
a
ck

,
to

a
ch

ieve
regret

of
O

(T
2
/
3)

2.
T

h
e

sligh
t

variation
is

th
at

d
u
rin

g
exp

lo
ra

tio
n

ro
u
n
d
s,

w
h
en

relevan
ce

feed
b
ack

is
collected

to
form

th
e

estim
ator

at
en

d
o
f

th
e

b
lo

ck
,

th
e

releva
n
ces

sh
o
u
ld

b
e

tran
sform

ed
b
y

fu
n
ction

g
s(·)..

T
h
e

estim
ate

is
th

en
con

stru
cted

in
th

e
tra

n
sfo

rm
ed

sp
ace

an
d

fed
to

th
e

fu
ll

in
form

ation
algorith

m
.

In
th

e
exp

lo
ita

tio
n

rou
n
d
,

th
e

selectio
n

o
f
σ
t

rem
ain

s
ex

actly
sam

e
as

in
S
u
m

L
oss,

i.e.,
σ
t

=
M

(ŝ
i−

1
+
p
t )

w
h
ere

M
(y

)
=

a
rg

m
in

σ
σ
−
1·
y
.

T
h
is

is
b

ecau
se

argm
ax

σ
f

(σ
)·
y

=
argm

in
σ

σ
−
1·
y
,

b
y

d
efi

n
ition

of

f
(σ

)
in

D
C

G
.

L
et

releva
n
ce

v
ectors

ch
osen

b
y

ad
versary

h
ave

n
+

1
grad

es,
i.e.,

R
∈
{0
,1
,...,n}

m
.

In
p
ra

ctice,
n

is
alm

ost
alw

ay
s

less
th

an
5.

W
e

h
ave

th
e

follow
in

g
corollary

:

C
o
ro

lla
ry

1
0
.

T
h
e

expected
regret

o
f

D
C

G
,

o
bta

in
ed

by
a
p
p
lyin

g
A

lgo
rith

m
1
,

w
ith

F
T

P
L

fu
ll

in
fo

rm
a
tio

n
a
lgo

rith
m

a
n

d
feed

ba
ck

o
n

to
p
k

ra
n

ked
item

s
a
t

en
d

o
f

ea
ch

ro
u

n
d

(k
≥

1
),

2N
o
te

th
a
t

th
ere

is
n

o
p

ro
b

lem
in

a
p

p
ly

in
g

L
em

m
a

7
to

D
C

G
.

T
h

is
is

b
eca

u
se

w
e

a
re

try
in

g
to

estim
a
te

∑
tn
=
1
g
(R

n
)

t
,

w
h

ich
ca

n
b

e
estim

a
ted

b
y

co
n

sid
erin

g
th

e
releva

n
ce

feed
b

a
ck

s
th

em
selv

es
tra

n
sfo

rm
ed

b
y
g
(·)

15
JM

L
R

 18(103):1-50, 2017

C
h
a
u
d
h
u
r
i
a
n
d

T
e
w
a
r
i

a
n

d
K

=
O

(
m

1
/
3T

2
/
3

dm
/ke

2
/
3 )

,
ε

=
O

(
1

(2
n−

1
)
2 √

m
K

),
is:

m
ax
σ

T
∑t=

1

D
C
G

(σ
t ,R

t )−
E

[
T
∑t=

1

D
C
G

(σ
t ,R

t ) ]
≤
O

((2
n−

1)m
4
/
3dm

/ke
1
/
3T

2
/
3).

(7)

A
ssu

m
in

g
th

atdm
/ke∼

m
/k

,
th

e
regret

rate
in

C
orollary

1
0

is
O

(
(2
n−

1)m
5
/
3T

2
/
3

k
1
/
3

)
.

P
re

c
isio

n
@

n
:

S
in

ce
P

recision
@
n

=
f

(σ
)·R

,
th

e
glob

a
l

ob
servab

ility
p
rop

erty
o
f

S
u
m

L
oss

can
b

e
easily

ex
ten

d
ed

to
it

an
d

A
lgorith

m
1

can
b

e
ap

p
lied

,
w

ith
F

T
P

L
fu

ll
in

form
ation

algorith
m

an
d

top
k

feed
b
ack

,
to

a
ch

iev
e

regret
of
O

(T
2
/
3).

In
th

e
exp

lo
ita

tio
n

rou
n
d
,

th
e

selection
of
σ
t

rem
ain

s
ex

actly
sam

e
as

in
S
u
m

L
oss,

i.e.,
σ
t

=
M

(ŝ
i−

1
+
p
t )

w
h
ere

M
(y

)
=

argm
in

σ
σ
−
1·y

.

H
ow

ever,
th

e
lo

cal
ob

servab
ility

p
rop

erty
of

S
u
m

L
oss

d
o
es

n
ot

ex
ten

d
to

P
recision

@
n

.
T

h
e

reason
is

th
at

w
h
ile

f
(·)

of
S
u
m

L
oss

is
strictly

m
on

oton
ic,

f
(·)

of
P

recision
@
n

is
m

on
oton

ic
b
u
t

n
ot

strict.
P

recision
@
n

d
ep

en
d
s

on
ly

on
th

e
ob

jects
in

th
e

top
n

p
osition

s
of

th
e

ran
ked

list,
irrespective

o
f

th
e

o
rd

er.
A

carefu
l

rev
iew

sh
ow

s
th

at
L

em
m

a
3

fails
to

ex
ten

d
to

th
e

case
of

P
recision

@
n

,
d
u
e

to
lack

of
strict

m
on

oton
icity.

T
h
u
s,

w
e

can
n
ot

d
efi

n
e

th
e

n
eigh

b
orin

g
action

set
of

th
e

P
areto

op
tim

al
action

p
airs,

an
d

h
en

ce
can

n
ot

p
rove

or
d
isp

rov
e

lo
cal

ob
servab

ility.
W

e
h
ave

th
e

fo
llow

in
g

corollary
:

C
o
ro

lla
ry

1
1
.

T
h
e

expected
regret

o
f

P
recisio

n
@
n

,
o
bta

in
ed

by
a
p
p
lyin

g
A

lgo
rith

m
1
,

w
ith

F
T

P
L

fu
ll

in
fo

rm
a
tio

n
a
lgo

rith
m

a
n

d
feed

ba
ck

o
n

to
p
k

ra
n

ked
item

s
a
t

en
d

o
f

ea
ch

ro
u

n
d

(k
≥

1),
a
n

d
K

=
O

(
m

1
/
3T

2
/
3

dm
/ke

2
/
3 )

,
ε

=
O

(
1

√
m
K

),
is:

m
ax
σ

T
∑t=

1

P
recision

@
n

(σ
t ,R

t )−
E

[
T
∑t=

1

P
recision

@
n

(σ
t ,R

t ) ]
≤
O

(n
m

1
/
3dm

/ke
1
/
3T

2
/
3).

(8)

A
ssu

m
in

g
th

atdm
/ke∼

m
/k

,
th

e
regret

rate
in

C
orollary

11
is
O

(
n
m

2
/
3T

2
/
3

k
1
/
3

)
.

2
.8

N
o
n

-E
x
iste

n
c
e

o
f

S
u

b
lin

e
a
r

R
e
g
re

t
B

o
u

n
d

s
fo

r
N

D
C

G
,

A
P

a
n

d
A

U
C

A
s

stated
in

S
ec.

2.2,
N

D
C

G
,

A
P

an
d

A
U

C
are

n
orm

alized
version

s
of

m
easu

res
D

C
G

,
P

recision
@
n

an
d

P
airw

iseL
oss.

W
e

h
av

e
th

e
follow

in
g

lem
m

a
for

all
th

ese
n
orm

alized
ran

k
-

in
g

m
easu

res.

L
e
m

m
a

1
2
.

T
h
e

glo
ba

l
o
bserva

bility
co

n
d
itio

n
,

a
s

per
D

efi
n

itio
n

1
,

fa
ils

fo
r

N
D

C
G

,
A

P
a
n

d
A

U
C

,
w

h
en

feed
ba

ck
is

restricted
to

to
p

ra
n

ked
item

.

C
om

b
in

in
g

th
e

ab
ove

lem
m

a
w

ith
T

h
eorem

2
of

B
artok

et
al.

(2014),
w

e
con

clu
d
e

th
at

th
ere

ca
n

n
o
t

exist
a
n

y
a
lgo

rith
m

w
h
ich

h
a
s

su
b-lin

ea
r

regret
fo

r
a
n

y
o
f

th
e

fo
llo

w
in

g
m

ea
su

res:
N

D
C

G
,

A
P

o
r

A
U

C
,

w
h
en

restricted
to

to
p

1
feed

ba
ck.

1
6
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O
n
l
in
e
L
e
a
r
n
in
g

t
o

R
a
n
k

T
h

e
o
re

m
1
3
.

T
h
er

e
ex

is
ts

a
n

o
n

li
n

e
ga

m
e,

fo
r

N
D

C
G

w
it

h
to

p
-1

fe
ed

ba
ck

,
su

ch
th

a
t

fo
r

ev
er

y
le

a
rn

er
’s

a
lg

o
ri

th
m

,
th

er
e

is
a
n

a
d
ve

rs
a
ry

st
ra

te
gy

ge
n

er
a
ti

n
g

re
le

va
n

ce
ve

ct
o
rs

,
su

ch
th

a
t

th
e

ex
pe

ct
ed

re
gr

et
o
f

th
e

le
a
rn

er
is

Ω
(T

).
F

u
rt

h
er

m
o
re

,
th

e
sa

m
e

lo
w

er
bo

u
n

d
h
o
ld

s
if

N
D

C
G

is
re

p
la

ce
d

by
A

P
o
r

A
U

C
.

3
.
O
n
li
n
e
R
a
n
k
in
g
w
it
h
R
e
st
ri
ct
e
d
F
e
e
d
b
a
ck

-
C
o
n
te
x
tu

a
l
S
e
tt
in
g

A
ll

p
ro

of
s

n
ot

in
th

e
m

ai
n

te
x
t

ar
e

in
A

p
p

en
d
ix

B
.

3
.1

P
ro

b
le

m
S

e
tt

in
g

a
n

d
L

e
a
rn

in
g

to
R

a
n

k
A

lg
o
ri

th
m

F
ir

st
,

w
e

in
tr

o
d
u
ce

so
m

e
ad

d
it

io
n
al

n
ot

at
io

n
s

to
S
ec

ti
on

2.
1.

In
th

e
co

n
te

x
tu

a
l
se

tt
in

g,
ea

ch
q
u
er

y
an

d
as

so
ci

at
ed

it
em

s
(d

o
cu

m
en

ts
)

ar
e

re
p
re

se
n
te

d
jo

in
tl

y
as

a
fe

at
u
re

m
at

ri
x
.

E
ac

h
fe

at
u
re

m
at

ri
x
,
X
∈
R
m
×
d
,

co
n
si

st
s

of
a

li
st

of
m

d
o
cu

m
en

ts
,

ea
ch

re
p
re

se
n
te

d
as

a
fe

at
u
re

ve
ct

or
in

R
d
.

T
h
e

fe
at

u
re

m
at

ri
ce

s
ar

e
co

n
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`
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`
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u
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m
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sed
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en
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d
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eren
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fu
n
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n

s
in

th
e

d
eco
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po

sitio
n

stru
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re).
M

o
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ver,
w

h
en

F
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)
ca

n
be

w
ritten

in
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o
f

E
q

1
0

,
w

ith
`

=
k

,
a
n

u
n

bia
sed

estim
a
to

r
o
f
F

(x
),

ba
sed

o
n

{σ
,x

σ
(1
) ,...,x

σ
(k
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,
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(σ
,x
σ
(1
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σ
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) )
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∑
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1
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σ
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∑
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S
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n
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o
f
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n

d
p
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(k

))
is

a
s

in
E

q
9

.

Illu
stra

tiv
e

E
x
a
m

p
le
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e
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e

sim
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le

ex
am

p
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con

cretely
illu
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te

th
e
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ct

fu
n
ctio

n
s
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L

em
m

a
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L
et
F

(·)
b

e
th

e
id

en
tity

fu
n
ction

,
an

d
x
∈
R
m

.
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h
u
s,
F

(x
)

=
x

a
n
d

th
e

fu
n
ction

d
ecom

p
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k
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1
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ord

in
ate

o
f

x
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F

(x
)

=
∑
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1
x
i e
i ,

w
h
ere

e
i ∈

R
m

is
th

e
stan

d
ard

b
asis

vector
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g
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ord
in

a
te
i.

H
en

ce,
h
i (x
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=
x
i e
i .

B
ased

o
n

to
p
-1

feed
b
ack

,
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in
g

is
an

u
n
b
iased

estim
ator

of
F

(x
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g
(σ
,x

σ
(1
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=
x
σ
(1
) e
σ
(1
)

p
(σ

(1))
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h
ere

p
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=

∑π∈
S
m
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=
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er
ex

am
p
le,
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F
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R
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2
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∈

R
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et
F
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)

=
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1
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2
+
x
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.
T

h
en

th
e

fu
n
ction

d
ecom

p
oses

ov
er
k
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1

co
or-

d
in

ate
o
f
x
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s
F

(x
)

=
x
1 e

1
+
x
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1
+
e
2 )

+
x
3 e

2 ,
w

h
ere

e
i ∈

R
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en

ce,
h
1 (x
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=
x
1 e
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h
2 (x

2 )
=
x
2 (e

1
+
e
2 )

an
d
h
3 (x

3 )
=
x
3 e
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A

n
u
n
b
iased

estim
ator

b
ased
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-1
feed

b
ack
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(1
) )
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.
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n
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u

rro
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te
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o
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b
e
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en
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k
in
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rrogate
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an

u
n
b
iased

estim
ator
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g
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b
e
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feed
b
ack
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W
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w

ill
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se
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n
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u
es
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n

lin
e
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n

vex
o
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tim
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n
to

ob
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form
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aran
tees.

W
e

w
ill
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u
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con
stru

ct
th
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u
n
b
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sed
estim

ator
of

fou
r

m
a
jor
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n
k
in
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su

rrogates.
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th

em
are

p
op

u
lar
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n

vex
su

rro
g
ates,
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e
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in
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m
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d
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n
d
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m
eth

o
d
s.

T
h
e

fou
rth
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e
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a

p
op

u
lar

n
o
n
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n

vex
su

rrogate.
S

h
o
rth

a
n

d
n

o
ta

tio
n
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W

e
n
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th
at

b
y
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ain
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=
w
t φ
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t w
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t )=
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>t ∇

s
w
t
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w
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t ),

w
h
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w
t
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t w

t .
S
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ce
X
t

is
d
eterm
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g,
w

e
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cu
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u
n
b
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estim
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o
f∇

s
w
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w
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,R

t )
an

d
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a
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n
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C
h
a
u
d
h
u
r
i
a
n
d

T
e
w
a
r
i
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r
d
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w

e
d
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w
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s
w

an
d

th
e
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b
scrip

t
t
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rou
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ou

t.
T

h
u
s,
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ou

r
d
eriva-
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s,
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=
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X

=
X
t ,
s

=
s
w
t

t
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ot
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σ
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σ̃
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n
d
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ot
σ
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R
=
R
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i
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d
ard

b
asis
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R
m

alon
g
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ord

in
ate

i
an

d
p
(·)
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in

E
q
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9
w

ith
P

=
P
t

w
h
ere

P
t

is
th

e
d
istrib

u
tion

in
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n
d
t
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A
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m

2.

3
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.1

C
o
n
v
e
x
S
u
r
r
o
g
a
t
e
s

P
o
in
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ise

M
e
th

o
d

:
W

e
w

ill
con
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ct

th
e

u
n
b
iased

estim
ator
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th

e
grad

ien
t
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sq

u
ared

loss
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osso
ck

an
d

Z
h
an
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φ
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)
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‖
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h
e
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ien
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R
m
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e
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u
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f
R
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(σ
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u
n
b
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estim
ator
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=
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P
a
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ise
M

e
th
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:
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e

w
ill
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ct
th

e
u
n
b
iased

estim
ator
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th

e
grad

ien
t

of
h
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ge-
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rrogate
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an
k
S
V

M
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φ
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(s,R
)
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∑
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1
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(i)
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R
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m
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T
h
e

grad
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t
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:

∇
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1

m
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>
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e
i )∈

R
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.

S
in

ce
s
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q
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an
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L
em

m
a

14,
w

e
can

con
stru
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F

(R
)
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F
(R

)
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F
s (R

)
=

m
∑i=

1

m
∑j=
1
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i h
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h
s,i,j (R
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=
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(R

(i)
>
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(j))I
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s(j)
>
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j −
e
i ).

S
in
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F
s (R

)
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d
ecom

p
osab

le
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2
co

ord
in
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R

at
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e,

w
e
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n
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ct
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u
n
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sed

estim
a
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r
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m
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p
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feed
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ck
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σ
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(σ
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(σ
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T
h
e

u
n
b
iased

estim
ator
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X
>
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h
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),σ
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(σ
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(σ
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+
h
s,σ
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),σ
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(σ
(2)),R

(σ
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p
(σ
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+
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W
e

n
ote

th
at

th
e

u
n
b
iased

estim
ator
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cted
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top
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feed
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ack
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T

h
e
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lem

m
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in
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n
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w
ith
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e
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ecessary

con
d
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L

em
m
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sh
ow

s
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it
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th

e
m

in
im

u
m
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form

ation
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u
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to
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stru
ct

th
e

u
n
b
iased

estim
ator.
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e
m
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h
e
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o
f

R
a
n

kS
V

M
su

rroga
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φ
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m

(s,R
)
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n

n
o
t

be
d
eco

m
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sed
o
ver

1
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in

a
te

o
f

R
a
t
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tim

e.

L
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ise
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e
th

o
d

:
C
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vex

su
rrogates

d
ev

elop
ed

for
listw

ise
m

eth
o
d
s

of
learn

in
g

to
ran

k
are

d
efi

n
ed
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th

e
en

tire
score

vector
an

d
relevan
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vector.

G
rad

ien
ts

of
su

ch
su

rro-
gates

can
n
ot

u
su

ally
b

e
d
ecom

p
osed

over
co

ord
in

ates
of

th
e

relevan
ce

vector.
W

e
w

ill
fo

cu
s

on
th

e
cross-en

trop
y

su
rrogate

u
sed

in
th

e
h
igh

ly
cited

L
istN

et
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ao
et
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ran
k
in

g
algorith

m
an

d
sh

ow
h
ow

a
very

n
atu

ral
m

o
d
ifi

cation
to

th
e

su
rrogate

m
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grad

ien
t

estim
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le
in

ou
r

p
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feed
b
ack

settin
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T
h
e
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th
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of

th
e

L
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et
m

eth
o
d

u
se

a
cross-en
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y

su
rrogate
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o
p
rob
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ility

d
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u
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p
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u
tation
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b
y

score
an

d
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O
n
l
in
e
L
e
a
r
n
in
g
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o

R
a
n
k

fo
rm

al
ly

,
th

e
su

rr
og

at
e

is
d
efi

n
ed
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fo

ll
ow

s4
.

D
efi

n
e
m

m
ap

s
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om
R
m

to
R
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:
P
j
(v
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=
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p
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(j
))
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∑
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ex
p
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r
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∈
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h
en
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r
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re
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n
ce

ve
ct
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∑
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g
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∇
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∑
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∑
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e
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ow
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ie

n
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φ
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T
h
e

gr
a
d
ie

n
t

o
f

L
is
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et
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rr

og
a
te
φ
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N
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)
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n
n

o
t

be
d
ec

o
m
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se

d
o
ve

r
k
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fo

r
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=
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o
rd

in
a
te

s
o
f

R
a
t

a
ti

m
e.

In
fa

ct
,

an
ex

am
in

at
io

n
of

th
e

p
ro

of
of

th
e

ab
ov

e
le

m
m

a
re

ve
al

s
th
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d
ec

om
p

os
ab

il
it

y
at

an
y
k
<
m

d
o
es

n
ot

h
ol

d
fo

r
th

e
gr

ad
ie

n
t

of
L

is
N

et
su

rr
og

at
e,

th
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gh
w

e
o
n
ly

p
ro

ve
it

fo
r
k

=
1,

2
(s

in
ce

fe
ed

b
ac

k
fo

r
to

p
k

it
em

s
w

it
h
k
>

2
d
o
es

n
ot

se
em

p
ra

ct
ic

al
).

D
u
e

to
L

em
m

a
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,
th

is
m

ea
n
s

th
at

if
w

e
w

an
t

to
ru

n
A

lg
.

2
u
n
d
er

to
p
-k

fe
ed

b
a
ck

,
a

m
o
d
ifi

ca
ti

on
of

L
is

tN
et

is
n
ee

d
ed

.
W

e
n
ow

m
ak

e
su

ch
a

m
o
d
ifi

ca
ti

on
.

W
e

fi
rs

t
n
ot

e
th

at
th

e
cr

os
s-

en
tr

op
y

su
rr

og
at

e
of

L
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tN
et

ca
n

b
e

ea
si

ly
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ed
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om
a

st
an

d
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d
d
iv

er
ge

n
ce
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v
iz

.
K

u
ll
b
ac

k
-L

ie
b
le

r
d
iv

er
ge

n
ce
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L

et
p
,q
∈

R
m

b
e

2
p
ro

b
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il
it

y
d
is

tr
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u
ti
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s
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1
p
i

=
∑

m i=
1
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.
T

h
en

K
L

(p
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)
=
∑

m i=
1
p
i
lo

g
(p
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−
∑

m i=
1
p
i
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g
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i)
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m i=

1
p
i
+
∑

m i=
1
q i

.
T

ak
in

g
p
i

=
P
i(
R

)
an

d
q i

=
P
i(
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∀
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]
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h
er

e
P
i(
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)
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d
efi

n
ed

in
φ
L
N
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an

d
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ot
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φ
L
N

(s
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)
n
ee

d
s

to
b

e
m
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ed

w
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h
u
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n
or

e
th

e
∑
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p
i
lo
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K
L
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en
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rr
og

at
e
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L
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u
r

n
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u
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o
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b
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L
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n
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an
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iv
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e
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R
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to
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∈
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d
efi

n
e
p
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=
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an

d
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=
P
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.
T

h
en

,
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e
m

o
d
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rr
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e
φ
K
L
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:
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)
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e
fi
n
al

regret
b

ou
n
d
:

5T
h

e
in
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n
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n
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u
s
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t
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f
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e
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p
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ra
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n
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u

n
d
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n

b
e

m
a
x
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u
m
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f
O

(1
),

a
s
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n

g
a
s
φ

(s,R
)
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b

o
u

n
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ed
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s
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n

d
∀
R

.
T
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b
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u
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n
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ra
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C
h
a
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d
h
u
r
i
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d
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h
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1
9
.

F
o
r
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o
f
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n
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a
n

d
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(X

t ,R
t ){

t∈
[T

]} ,
a
p
p
lyin

g
A

lgo
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m
2

w
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p
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feed
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r
φ
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K
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φ
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m
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w
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p
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n
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:

E

[
T
∑t=

1

φ
(s̃
t ,R

t ) ]
−

m
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w
:‖
w
‖
2 ≤
U

T
∑t=

1

φ
(X

t w
,R

t )≤
C
φ
O
(
T
2
/
3 )

(15)

w
h
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C
φ
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a

su
rroga
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d
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n
,

a
s
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1
8
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n
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tio
n

is
ta

ken
o
ver

u
n

d
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f
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e
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b
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ra
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b
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w
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m
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u
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a
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-con
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)
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h
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b
een
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aracterized

b
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n
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d
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rogate
to

b
e
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w
.r.t

N
D
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G

.
F
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d

d
istrib

u
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η
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ace
Y

,
let
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(s,η

)
=

E
R
∼
η φ

(s,R
).

M
oreover,

w
e

d
efi

n
e
G

(R
)

=
(G

(R
1 ),...,G

(R
m

)) >
.

Z
(R

)
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d
efi

n
ed
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S
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2.2.

T
h

e
o
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m
2
0
.

(R
a
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m
a
r
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a
l.,

2
0
1
1
,

T
h
m

.
6
)

A
su

rroga
te
φ
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N

D
C

G
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libra
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iff
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r
a
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n
η

o
n

releva
n

ce
spa
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Y
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m
7→
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e
u
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ritten
a
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s ∗φ
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)
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E
R
∼
η [
G

(R
)

Z
(R

) ])
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(16)
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form

ally,
E

q
.

16
states
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argsort(s ∗φ
(η

))⊆
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sort(E
R
∼
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G
(R

)
Z
(R

) ]).
R
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u
m
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et

al.

(2011)
giv

e
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N

D
C

G
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ra
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D
C

G
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th
e

N
D

C
G

calib
rated
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u
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loss
is‖s−

G
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)
Z
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) ‖
22 .
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b
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.

F
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th
e
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ra

n
k
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m

e
w
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p
1
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y
N
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C

G
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rroga
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a
n

a
d
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ch
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a
t
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e

lea
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expected

regret
is

Ω
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).

W
e
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th
e

p
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eorem

.
3
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P
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d
S
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d
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n
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b
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d
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im
p

ossib
ility
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b
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h
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d
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b
y
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g
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n
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r
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b
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b
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b
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p
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P
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b
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b
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p
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b
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b
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d
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p
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p
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h
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h
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R
e
su

lt
s:

W
e

p
lo

tt
ed

av
er

ag
e

re
gr

et
ov

er
ti

m
e

u
n
d
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p
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o
b
servab

ility
d
o
es

h
o
ld

w
ith

m
=

3,
as

th
e

n
orm

alizin
g

factors
for

all
relevan

ce
v
ectors

w
ith

n
on

-triv
ial

m
ix

tu
re

o
f

0
a
n
d

1
are

sam
e

(i.e,
w

h
en

releva
n
ce

vecto
r

h
as

1
irrelevan

t
a
n
d

2
relevan

t
o
b

jects,
an

d
1

relevan
t

an
d

2
irrelevan

t
ob

jects,
th

e
n
orm

alizin
g

facto
rs

are
sam

e).
T

h
e

n
o
rm

a
lizin

g
fa

ctor
ch

an
ges

from
m

=
4

on
w

ard
s;

h
en

ce
glob

al
ob

servab
ility

fails.
T

a
b
le

1
w

ill
b

e
ex

ten
d
ed

sin
ce
m

=
4.

In
stead

of
illu

stratin
g

th
e

fu
ll

tab
le,

w
e

p
o
in

t
ou

t
th

e
im

p
o
rtan

t
facts

ab
ou

t
th

e
loss

m
atrix

tab
le

w
ith

m
=

4
for

A
U

C
.

T
h
e

2
4

relevan
ce

vectors
h
ead

in
g

th
e

colu
m

n
s

are:
R

1
=

0
0
0
0
,
R

2
=

0001
,
R

3
=

0010
,
R

4
=

0100
,
R

5
=

1000
,
R

6
=

0011
,
R

7
=

0
1
0
1,

R
8

=
1
0
0
1,

R
9

=
0110,

R
1
0

=
1010,

R
1
1

=
1100,

R
1
2

=
0111,

R
1
3

=
101

1,
R

1
4

=
1
1
0
1,
R

1
5

=
1
1
10,

R
1
6

=
1111.

W
e

w
ill

calcu
late

th
e

losses
of

1st
an

d
last

(24th
)

action
,

w
h
ere

σ
1

=
1234

an
d
σ
2
4

=
4
3
2
1
.

`
σ
1

=
[0,1

,2
/3
,1
/3
,0
,1
,3
/4
,1
/
2,1/

2,1/
4,0,1,2/

3,1/
3
,0
,0

]

`
σ
2
4

=
[0,0

,1
/3
,2
/3
,1
,0
,1
/4
,1
/
2,1/

2,3/
4,1,0,1/

3
,2
/3
,1
,0]

A
U

C
,

lik
e

S
u
m

L
oss,

is
a

loss
fu

n
ctio

n
.

T
h
e

d
iff

eren
ce

b
etw

een
th

e
tw

o
v
ectors

is:

`
σ
1 −

`
σ
2
4

=
[0,1

,1
/3
,−

1
/3
,−

1
,1
,1
/2
,0
,0
,−

1
/2
,−

1
,1
,1
/3
,−

1
/3
,−

1
,0].

T
h
e

sig
n
al

m
atrices

for
A

U
C

w
ith

m
=

4
w

ill
b

e
sligh

tly
d
iff

eren
t.

T
h
is

is
b

ecau
se

th
ere

a
re

2
4

sig
n
al

m
atrices,

corresp
on

d
in

g
to

24
action

s.
H

ow
ever,

grou
p
s

of
6

action
s

w
ill

sh
a
re

th
e

sa
m

e
sign

al
m

atrix
.

F
or

ex
am

p
le,

all
6

p
erm

u
tation

s
th

a
t

p
lace

ob
ject

1
fi
rst

w
ill

h
ave

sa
m

e
sig

n
al

m
atrix

,
all

6
p

erm
u
tation

s
th

at
p
lace

ob
ject

2
fi
rst

w
ill

h
ave

sam
e

sign
al

m
a
trix

,
a
n
d

so
on

.
F

or
sim

p
licity,

w
e

d
en

ote
th

e
sign

al
m

atrices
as
S
1 ,S

2 ,S
3 ,S

4 ,
w

h
ere

S
i

co
rresp

o
n
d
s

to
sign

al
m

atrix
w

h
ere

ob
ject

i
is

p
laced

at
top

.
W

e
h
ave:

S
1

=

[
1

1
1

1
0

1
1

0
1

0
0

1
0

0
0

0
0

0
0

0
1

0
0

1
0

1
1

0
1

1
1

1

]

S
2

=

[
1

1
1

0
1

1
0

1
0

1
0

0
1

0
0

0
0

0
0

1
0

0
1

0
1

0
1

1
0

1
1

1

]

S
3

=

[
1

1
0

1
1

0
1

1
0

0
1

0
0

1
0

0
0

0
1

0
0

1
0

0
1

1
0

1
1

0
1

1

]

S
4

=

[
1

0
1

1
1

0
0

0
1

1
1

0
0

0
1

0
0

1
0

0
0

1
1

1
0

0
0

1
1

1
0

1

]

It
ca

n
n
ow

b
e

easily
ch

ecked
th

at
`
σ
1 −

`
σ
2
4

d
o
es

n
ot

lie
in

th
e

(com
b
in

ed
)

colu
m

n
sp

an
o
f

tran
sp

o
ses

o
f
S
1 ,S

2 ,S
3 ,S

4 .
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i
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T
e
w
a
r
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A
p
p
e
n
d
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B
.
P
ro

o
fs

fo
r
C
o
n
te
x
tu

a
l
S
e
ttin

g

W
e

p
rov

id
e

tech
n
ical

d
etails

of
resu

lts
of

O
n
lin

e
R

an
k
in

g
w

ith
R

estricted
F

eed
b
ack

-
C

on
-

tex
tu

al
S
ettin

g.
P

ro
o
f

o
f

L
e
m

m
a

1
4

:
W

e
restate

th
e

lem
m

a
b

efore
giv

in
g

th
e

p
ro

of,
for

ease
of

read
in

g:
L

e
m

m
a

1
4

:
L

et
F

:R
m
7→

R
a

b
e

a
vector

valu
ed

fu
n
ction

,
w

h
ere

m
≥

1,
a
≥

1.
F

or
a

fi
x
ed

x
∈

R
m

,
let

k
en

tries
of
x

b
e

ob
served

at
ran

d
om

.
T

h
at

is,
for

a
fi
x
ed

p
rob

ab
ility

d
istrib

u
tion

P
an

d
som

e
ran

d
om

σ
∼

P
(S
m

),
ob

serv
ed

tu
p
le

is
{
σ
,x

σ
(1
) ,...,x

σ
(k
) }.

T
h
e

n
ecessary

con
d
ition

for
ex

isten
ce

of
an

u
n
b
iased

estim
ator

of
F

(x
),

th
at

can
b

e
con

stru
cted

from
{σ
,x

σ
(1
) ,...,x

σ
(k
) }

,
is

th
at

it
sh

ou
ld

b
e

p
ossib

le
to

d
ecom

p
ose

F
(x

)
over

k
(or

less)
co

ord
in

ates
of
x

at
a

tim
e.

T
h
at

is,
F

(x
)

sh
ou

ld
h
ave

th
e

follow
in

g
stru

ctu
re:

F
(x

)
=

∑

(i1
,i2
,...,i` )∈

m
P
` h

i1
,i2
,...,i` (x

i1 ,x
i2 ,...,x

i` )

w
h
ere

`
≤

k
,
m
P
`

is
`

p
erm

u
tation

s
of

m
an

d
h

:
R
`
7→

R
a.

M
oreover,

w
h
en

F
(x

)
can

b
e

w
ritten

in
form

of
E

q
10

,
w

ith
`

=
k
,

an
u
n
b
iased

estim
ator

of
F

(x
),

b
ased

on
{
σ
,x

σ
(1
) ,...,x

σ
(k
) },

is,

g
(σ
,x

σ
(1
) ,...,x

σ
(k
) )

=

∑
(j

1
,j
2
,...,j

k
)∈
S
k

h
σ
(j

1
),...,σ

(j
k
) (x

σ
(j

1
) ,...,x

σ
(j
k
) )

∑
(j

1
,...,j

k
)∈
S
k

p
(σ

(j
1 ),...,σ

(j
k ))

w
h
ere

S
k

is
th

e
set

of
k
!

p
erm

u
tation

s
of

[k
]

an
d
p
(σ

(1),...,σ
(k

))
is

as
in

E
q

9
.

P
roo

f.
F

or
a

fi
x
ed

x
∈
R
m

an
d

p
rob

ab
ility

d
istrib

u
tion

P
,

let
th

e
ran

d
om

p
erm

u
tation

b
e

σ
∼

P
(S
m

)
an

d
th

e
ob

served
tu

p
le

b
e
{σ
,x

σ
(1
) ,...,x

σ
(k
) }

.
L

et
Ĝ

=
G

(σ
,x

σ
(1
) ,...,x

σ
(k
) )

b
e

an
u
n
b
iased

estim
ator

of
F

(x
)

b
ased

on
th

e
ran

d
om

ob
served

tu
p
le.

T
ak

in
g

ex
p

ectation
,

w
e

get:

F
(x

)
=
E
σ∼

P [Ĝ
]

=
∑π∈
S
m

P
(π

)G
(π
,x

π
(1
) ,...,x

π
(k
) )

=
∑

(i1
,i2
,...,ik

)∈
m
P
k

∑π∈
S
m

P
(π

)I
(π

(1)
=
i1 ,π

(2)
=
i2 ,...,π

(k
)

=
ik )G

(π
,x

i1 ,x
i2 ,...,x

ik )

W
e

n
ote

th
atP

(π
)∈

[0,1]
is

in
d
ep

en
d
en

t
of
x

for
all

π
∈
S
m

.
T

h
en

w
e

can
u
se

th
e

follow
in

g
con

stru
ction

of
fu

n
ction

h
(·):

h
i1
,i2
,...,ik (x

i1 ,...,x
ik )

=
∑π∈
S
m

P
(π

)I
(π

(1)
=
i1 ,π

(2)
=
i2 ,...,π

(k
)

=
ik )G

(π
,x

i1 ,x
i2 ,...,x

ik )

an
d

th
u
s,

F
(x

)
=

∑

(i1
,i2
,...,ik

)∈
m
P
k

h
i1
,i2
,...,ik (x

i1 ,x
i2 ,...,x

i )

H
en

ce,
w

e
con

clu
d
e

th
at

for
ex

isten
ce

of
an

u
n
b
iased

estim
a
tor

b
ased

on
th

e
ran

d
om

ob
-

served
tu

p
le,

it
sh

ou
ld

b
e

p
ossib

le
to

d
ecom

p
ose

F
(x

)
over

k
(or

less)
co

ord
in

ates
of
x

at
a

tim
e.

T
h
e

“less
th

an
k
”

co
o
rd

in
ates

argu
em

en
t

follow
s

sim
p
ly

b
y

n
otin

g
th

at
if

40
JM

L
R

 18(103):1-50, 2017



O
n
l
in
e
L
e
a
r
n
in
g

t
o

R
a
n
k

F
(x

)
ca

n
b

e
d
ec

om
p

os
ed

ov
er
`

co
or

d
in

at
es

at
a

ti
m

e
(`
<
k
)

an
d

ob
se

rv
at

io
n

tu
p
le
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{σ
,x

σ
(1
),
..
.,
x
σ
(k
))
},

th
en

an
y
k
−
`

ob
se

rv
at

io
n
s

ca
n

b
e

th
ro

w
n

aw
ay

an
d

th
e

re
st

u
se

d
fo

r
co

n
st

ru
ct

io
n

of
th

e
u
n
b
ia

se
d

es
ti

m
at

or
.

T
h
e

co
n
st

ru
ct

io
n

of
th

e
u
n
b
ia

se
d

es
ti

m
at

or
p
ro

ce
ed

s
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fo
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L
et
F

(x
)

=
∑

m i=
1
h
i(
x
i)

an
d

fe
ed

b
ac

k
is

fo
r

to
p
-1

it
em
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=
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T
h
e

u
n
b
ia

se
d

es
ti

m
at

or
ac
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rd

in
g

to
L

em
m

a.
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is
:

g
(σ
,x

σ
(1
))

=
h
σ
(1
)(
x
σ
(1
))

p
(σ

(1
))

=
h
σ
(1
)(
x
σ
(1
))

∑
π
P(
π

)I
(π

(1
)

=
σ

(1
))

T
ak

in
g

ex
p

ec
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ti
on

w
.r

.t
.
σ

,
w

e
ge

t:

E σ
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(σ
,x

σ
(1
))

]
=

m ∑ i=
1

h
i(
x
i)

(∑
π
P(
π

)I
(π

(1
)

=
i)

)
∑

π
P(
π

)I
(π

(1
)

=
i)

=
m ∑ i=
1

h
i(
x
i)

=
F

(x
)

N
ow

,
le

t
F

(x
)

=
m ∑

i6=
j=

1

h
i,
j
(x
i,
x
j
)

an
d

th
e

fe
ed

b
ac

k
is

fo
r

to
p
-2

it
em

(k
=

2)
.

T
h
e

u
n
b
ia

se
d

es
ti

m
at

or
ac

co
rd

in
g

to
L

em
m

a.
14

is
:

g
(σ
,x

σ
(1
),
x
σ
(2
))

=
h
σ
(1
),
σ
(2
)(
x
σ
(1
),
x
σ
(2
))

+
h
σ
(2
),
σ
(1
)(
x
σ
(2
),
x
σ
(1
))

p
(σ

(1
),
σ

(2
))

+
p
(σ

(2
),
σ

(1
))

W
e

w
il
l

u
se

th
e

fa
ct

th
at

fo
r

an
y

2
p

er
m

u
ta

ti
on

s
σ
1
,σ

2
,

w
h
ic

h
p
la

ce
s

th
e

sa
m

e
2

ob
je

ct
s

in
to

p
-2

p
os

it
io

n
s

b
u
t

in
op

p
os

it
e

or
d
er

,
es

ti
m

a
to

rs
b
as

ed
on

σ
1

(i
.e

,
g
(σ

1
,x

σ
1
(1
),
x
σ
1
(2
))

)
an

d
σ
2

(i
.e

,
g
(σ

2
,x

σ
2
(1
),
x
σ
2
(2
))

)
h
av

e
sa

m
e

n
u
m

er
at

or
an

d
d
en

om
in

at
or

.
F

or
eg

.,
le

t
σ
1
(1

)
=

i,
σ
1
(2

)
=
j.

N
u
m

er
at

or
an

d
d
en

om
in

a
to

r
fo

r
g
(σ

1
,x

σ
1
(1
),
x
σ
1
(2
))

ar
e
h
i,
j
(x
i,
x
j
)+

h
j,
i(
x
j
,x

i)
an

d
p
(i
,j

)
+
p
(j
,i

)
re

sp
ec

ti
ve

ly
.

N
ow

le
t
σ
2
(1

)
=
j,
σ
2
(2

)
=
i.

T
h
en

n
u
m

er
at

or
an

d
d
en

om
-

in
at

or
fo

r
g
(σ

2
,x

σ
2
(1
),
x
σ
2
(2
))

ar
e
h
j,
i(
x
j
,x

i)
+
h
i,
j
(x
i,
x
j
)

an
d
p
(j
,i

)
+
p
(i
,j

)
re

sp
ec

ti
ve

ly
.

T
h
en

,
ta

k
in

g
ex

p
ec

ta
ti

on
w

.r
.t

.
σ

,
w

e
ge

t:

E σ
g
(σ
,x

σ
(1
),
x
σ
(2
))

=
m ∑

i6=
j=

1

(h
i,
j
(x
i,
x
j
)

+
h
j,
i(
x
j
,x

i)
)p

(i
,j

)

p
(i
,j

)
+
p
(j
,i

)

=
m ∑

i>
j=

1

(h
i,
j
(x
i,
x
j
)

+
h
j,
i(
x
j
,x

i)
)(
p
(i
,j

)
+
p
(j
,i

))

p
(i
,j

)
+
p
(j
,i

)

=
m ∑

i>
j=

1

(h
i,
j
(x
i,
x
j
)

+
h
j,
i(
x
j
,x

i)
)

=
m ∑

i6=
j=

1

h
i,
j
(x
i,
x
j
)

=
F

(x
)

T
h
is

ch
ai

n
of

lo
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c
ca

n
b

e
ex

te
n
d
ed

fo
r

an
y
k
≥
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E

x
p
li
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fo
r

ge
n
er

al
k
≤
m

,
le

t
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i 1
,i

2
,.
..
,i
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)

d
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ot
e

al
l

p
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m
u
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ti
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s
of

th
e

se
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,i
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T
h
en

,
ta

k
in

g
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p
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ta
ti
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u
n
b
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m
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w
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u
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∑
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∑
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∑
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m ∑
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∑
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∑
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∑
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a
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i.
e.

,
th

e
le

ar
n
er

ca
n

ch
o
os

e
an

y
sc

or
e

v
ec

to
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h
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b
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b
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b
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b
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=
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d
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d
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b
sc

ri
b

e
to

th
at

as
su

m
p
ti

on
.

T
h
e

as
su

m
p
ti

on
w

as
ta

ke
n

to
av

oi
d

so
m

e
b

ou
n
d
ar

y
co

n
d
it

io
n
s.
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b
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at
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b
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p
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∪ p
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d
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b
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p
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p
la

in
th

e
in

tu
it

io
n

in
a

ri
go

ro
u
s

w
ay

.

K
e
y

in
si

g
h
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b
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’s
fe

ed
b
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b
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b
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.
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d
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ra
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p
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s∗ p̃
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p
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p
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p
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re
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re
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d
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ra
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=
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=
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0
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b
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⇒
E
R
∼
p [R

]
=

E
R
∼
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g
from

th
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]
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b
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=
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b
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.,
20

03
).

T
h
e

op
ti

m
is

ed
fr

ee
-e

n
er

gy
is

F
(q

o
p

t ,
θ)

=
−
N 2

lo
g
(2
π

)
−

1 2
lo

g
|K̃

ff
|−

1 2
y
ᵀ K̃
−

1
ff

y
−

1

2
σ

2 y

tr
ac

e(
K

ff
−

Q
ff

).
(4

)

N
ot

ic
e

th
at

th
e

fr
ee

-e
n
er

gy
h
as

an
ad

d
it

io
n
a
l

tr
ac

e
te

rm
as

co
m

p
ar

ed
to

th
e

m
a
rg

in
a
l

li
ke

li
h
o
o
d

ob
ta

in
ed

fr
om

th
e

D
T

C
ge

n
er

at
iv

e
m

o
d
el

ap
p
ro

ac
h

(s
ee

E
q
u
at

io
n

(2
)

a
s
α
→

0
).

T
h
e

tr
ac

e
te

rm
is

p
ro

p
or

ti
on

al
to

th
e

su
m

of
th

e
va

ri
an

ce
s

of
th

e
tr

ai
n
in

g
fu

n
ct

io
n

va
lu

es
gi

ve
n

th
e

p
se

u
d
o-

p
oi

n
ts

,
p
(f
|u

),
it

th
er

eb
y

en
co

u
ra

ge
s

p
se

u
d
o-

in
p
u
t

lo
ca

ti
on

s
th

a
t

ex
p
la

in
th

e
ob

se
rv

ed
d
at

a
w

el
l.

T
h
is

te
rm

ac
ts

as
a

re
gu

la
ri

se
r

th
at

p
re

ve
n
ts

ov
er

fi
tt

in
g

w
h
ic

h
p
la

gu
es

th
e

ge
n
er

at
iv

e
m

o
d
el

fo
rm

u
la

ti
on

of
D

T
C

.

T
h
e

V
F

E
ap

p
ro

ac
h

ca
n

b
e

ex
te

n
d
ed

to
n
on

-l
in

ea
r

m
o
d
el

s
in

cl
u
d
in

g
cl

as
si

fi
ca

ti
o
n

(H
en

s-
m

an
et

al
.,

20
15

),
la

te
n
t

va
ri

ab
le

m
o
d
el

s
(T

it
si

as
an

d
L

aw
re

n
ce

,
20

10
)

an
d

st
a
te

sp
a
ce

m
o
d
el

s
(F

ri
go

la
et

al
.,

20
14

;
M

cH
u
tc

h
on

,
20

14
)

b
y

re
st

ri
ct

in
g
q(

u
)

to
b

e
G

a
u
ss

ia
n

a
n
d

op
ti

m
is

in
g

it
s

p
ar

am
et

er
s.

In
d
ee

d
,

th
is

u
n
co

ll
ap

se
d

fo
rm

of
th

e
b

ou
n
d

ca
n

b
e

b
en

efi
ci

al
in

th
e

co
n
te

x
t

of
re

gr
es

si
on

to
o

as
it

is
am

en
ab

le
to

st
o
ch

as
ti

c
op

ti
m

is
at

io
n

(H
en

sm
a
n

et
al

.,
20

13
).

A
d
d
it

io
n
al

ap
p
ro

x
im

at
io

n
is

so
m

et
im

es
re

q
u
ir

ed
to

co
m

p
u
te

a
n
y

re
m

a
in

in
g

in
tr

ac
ta

b
le

n
on

-l
in

ea
r

in
te

gr
al

s,
b
u
t

th
es

e
ar

e
of

te
n

lo
w

-d
im

en
si

on
al

.
F

o
r

ex
am

p
le

,
w

h
en

th
e

li
ke

li
h
o
o
d

d
ep

en
d
s

on
on

ly
on

e
la

te
n
t

fu
n
ct

io
n

va
lu

e,
as

is
ty

p
ic

al
ly

th
e

ca
se

fo
r

re
g
re

ss
io

n
an

d
cl

as
si

fi
ca

ti
on

,
th

e
b

ou
n
d

re
q
u
ir

es
on

ly
1D

in
te

gr
al

s
E q

(f
n

)
[l
og
p
(y
n
|f n
,θ

)]
w

h
ic

h
m

ay
b

e
ev

al
u
at

ed
u
si

n
g

q
u
ad

ra
tu

re
(H

en
sm

an
et

al
.,

20
15

).

T
h
e

V
F

E
ap

p
ro

ac
h

ca
n

al
so

b
e

ex
te

n
d
ed

to
em

p
lo

y
in

te
r-

d
om

ai
n

va
ri

a
b
le

s
(Á

lv
a
re

z
et

a
l.
,

20
10

;
T

ob
ar

et
al

.,
20

15
;

M
at

th
ew

s
et

al
.,

20
16

).
T

h
e

ap
p
ro

ac
h

co
n
si

d
er

s
th

e
a
u
g
m

en
te

d
ge

n
er

at
iv

e
m

o
d
el
p
(f
,g
|θ)

w
h
er

e
to

re
m

in
d

th
e

re
ad

er
th

e
au

x
il
ia

ry
p
ro

ce
ss

is
d
efi

n
ed

b
y

a
li
n
ea

r
in

te
gr

al
tr

an
sf

or
m

at
io

n
,
g
(z

)
=
∫
w

(z
,z
′ )
f

(z
′ )

d
z
′ .

V
ar

ia
ti

on
al

in
fe

re
n
ce

is
n
ow

p
er

-
fo

rm
ed

ov
er

b
ot

h
la

te
n
t

p
ro

ce
ss

es
q(
f
,g

)
=
q(
f
,u
,g
6=

u
|θ)

=
p
(f
,g
6=

u
|u
,θ

)q
(u

).
H

er
e

th
e

p
se

u
d
o-

d
at

a
h
av

e
b

ee
n

p
la

ce
d

in
to

th
e

au
x
il
ia

ry
p
ro

ce
ss

w
it

h
th

e
id

ea
b

ei
n
g

th
a
t

th
ey

ca
n
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U
n
if
y
in
g

G
a
u
ssia

n
P
r
o
c
e
ss

A
p
p
r
o
x
im

a
t
io
n
s

in
d
u
ce

rich
er

d
ep

en
d
en

cies
in

th
e

origin
al

d
om

ain
th

at
m

o
d
el

th
e

tru
e

p
osterior

m
ore

accu
-

ra
tely.

In
fact,

if
th

e
lin

ear
in

tegral
tran

sform
a
tion

is
p
aram

eterised
th

en
th

e
tran

sform
ation

ca
n

b
e

lea
rn

ed
so

th
at

it
ap

p
rox

im
ates

th
e

p
osterior

m
ore

accu
rately.

A
key

co
n
cep

t
u
n
d
erp

in
n
in

g
th

e
V

F
E

fram
ew

ork
is

th
at

th
e

p
seu

d
o-in

p
u
t

lo
cation

s
(an

d
th

e
p
aram

eters
of

th
e

in
ter-d

om
ain

tran
sform

ation
,

if
em

p
loyed

)
are

p
u
rely

p
aram

eters
of

th
e

a
p
p
rox

im
a
te

p
osterior,

h
en

ce
th

e
n
am

e
‘variation

al
p
aram

eters’.
T

h
is

d
istin

ction
is

im
p

o
rta

n
t

a
s

it
m

ean
s,

for
ex

am
p
le,

th
at

w
e

are
free

to
ad

d
p
seu

d
o-d

ata
a
s

m
ore

stru
ctu

re
o
f

th
e

u
n
d
erly

in
g

fu
n
ction

is
revealed

,
w

ith
ou

t
alterin

g
th

e
m

o
d
ellin

g
assu

m
p
tion

s
(e.g.

see
B

u
i

et
a
l.

(2
0
1
7)

for
an

ex
am

p
le

in
on

lin
e

in
feren

ce).
M

oreover,
sin

ce
th

e
p
seu

d
o-in

p
u
t

lo
ca

tio
n
s

a
re

va
riation

al
p
aram

eters,
p
lacin

g
p
riors

over
th

em
is

u
n
n
ecessary

in
th

is
fram

e-
w

o
rk

.
U

n
lik

e
th

e
m

o
d
el

p
aram

eters,
op

tim
isation

of
variation

al
p
aram

eters
is

au
tom

atically
p
ro

tected
fro

m
overfi

ttin
g

as
th

e
op

tim
isatio

n
is

m
in

im
isin

g
th

e
K

L
d
iverg

en
ce

b
etw

een
th

e
a
p
p
rox

im
a
te

p
o
sterior

an
d

th
e

tru
e

p
osterior.

In
d
eed

,
alth

ou
gh

th
e

D
T

C
p

osterior
is

recov
-

ered
in

th
e

reg
ression

settin
g,

as
w

e
h
ave

seen
th

e
free-en

ergy
is

n
o
t

eq
u
a
l
to

th
e

log
-m

arg
in

al
likelih

o
o
d

o
f

th
e

D
T

C
gen

erative
m

o
d
el,

con
tain

in
g

an
ad

d
ition

al
term

th
at

su
b
sta

n
tially

im
p
roves

th
e

q
u
ality

of
th

e
op

tim
ised

p
seu

d
o-p

oin
t

in
p
u
t

lo
cation

s.

T
h
e

fa
cts

th
at

th
e

form
of

th
e

D
T

C
ap

p
rox

im
ation

can
b

e
recovered

from
a

d
irect

a
p
p
rox

im
a
te

in
feren

ce
ap

p
roach

an
d

th
at

th
is

n
ew

p
ersp

ective
lead

s
to

su
p

erior
p
seu

d
o-

in
p
u
t

o
p
tim

isa
tion

,
raises

th
e

q
u
estion

:
can

th
is

also
b

e
d
on

e
fo

r
F

IT
C

an
d

P
IT

C
?

2
.3

S
p

a
rse

G
P

A
p

p
ro

x
im

a
tio

n
v
ia

A
p

p
ro

x
im

a
te

In
fe

re
n

c
e
:

E
P

E
x
p

ecta
tio

n
P

rop
agation

(E
P

)
is

a
d
eterm

in
istic

in
feren

ce
m

eth
o
d

(M
in

ka,
2001

)
th

at
is

k
n
ow

n
to

o
u
tp

erform
V

F
E

m
eth

o
d
s

in
G

P
classifi

cation
w

h
en

n
on

-sp
a
rse

fu
lly

-factored
ap

-
p
rox

im
a
tio

n
s
q(f)

=
∏
n
q
n
(fn

)
are

u
sed

(N
ick

isch
an

d
R

asm
u
ssen

,
2008).

M
otivated

b
y

th
is

o
b
serva

tion
,

E
P

h
as

b
een

com
b
in

ed
w

ith
th

e
ap

p
rox

im
a
te

gen
erative

m
o
d
ellin

g
ap

p
roach

to
h
a
n
d
le

n
o
n
-lin

ear
likelih

o
o
d
s

(N
a
ish

-G
u
zm

an
an

d
H

old
en

,
2007;

H
ern

á
n
d
ez-L

ob
a
to

an
d

H
ern

á
n
d
ez-L

ob
ato,

2016).
T

h
is

b
egs

th
e

q
u
estion

:
can

th
e

sp
arsifi

cation
an

d
th

e
n
on

-lin
ear

a
p
p
rox

im
atio

n
b

e
h
an

d
led

in
a

sin
gle

E
P

in
feren

ce
stage,

as
for

V
F

E
?

A
ston

ish
in

gly
C

sató
a
n
d

O
p
p

er
n
o
t

on
ly

d
evelop

ed
su

ch
a

m
eth

o
d

in
2002

(C
sató

an
d

O
p
p

er,
2002),

p
red

at-
in

g
m

u
ch

o
f

th
e

w
ork

m
en

tion
ed

ab
ove,

th
ey

sh
ow

ed
th

at
it

is
eq

u
ivalen

t
to

ap
p
ly

in
g

th
e

F
IT

C
a
p
p
rox

im
ation

an
d

ru
n
n
in

g
E

P
if

fu
rth

er
ap

p
rox

im
ation

is
req

u
ired

.
In

ou
r

v
iew

,
th

is
is

a
cen

tra
l

resu
lt,

b
u
t

it
ap

p
ears

to
h
ave

b
een

largely
overlo

oked
b
y

th
e

fi
eld

.
S
n
elson

w
a
s

m
a
d
e

aw
are

of
it

w
h
en

w
ritin

g
h
is

th
esis

(S
n
elson

,
2007),

b
riefl

y
ack

n
ow

led
gin

g
C

sató
a
n
d

O
p
p

er’s
con

trib
u
tion

.
Q

i
et

al.
(2010)

ex
ten

d
ed

C
sa

tó
an

d
O

p
p

er’s
w

ork
to

u
tilise

in
ter-d

o
m

a
in

p
seu

d
o-p

oin
ts

an
d

th
ey

ad
d
ition

ally
recogn

ised
th

a
t

th
e

E
P

en
ergy

fu
n
ction

a
t

co
n
verg

en
ce

is
eq

u
al

to
th

e
F

IT
C

log-m
argin

al
likelih

o
o
d

ap
p
rox

im
ation

.
In

terestin
gly,

n
o

a
d
d
ition

a
l
term

arises
as

it
d
o
es

w
h
en

th
e

V
F

E
ap

p
roach

gen
eralised

th
e

D
T

C
gen

era
tive

m
o
d
el

a
p
p
ro

a
ch

.
W

e
are

u
n
aw

are
of

oth
er

w
ork

in
th

is
v
ein

.

It
is

h
a
rd

to
k
n
ow

for
certain

w
h
y

th
ese

im
p

ortan
t

resu
lts

are
n
ot

w
id

ely
k
n
ow

n
,

b
u
t

a
co

n
trib

u
tin

g
fa

ctor
is

th
at

th
e

ex
p

osition
in

th
ese

p
ap

ers
is

largely
at

M
arr’s

algorith
m

ic
level

(D
aw

so
n
,
19

9
8
),

an
d

d
o
es

n
ot

fo
cu

s
on

th
e

com
p
u
tation

al
level,

m
ak

in
g

th
em

ch
allen

gin
g

to
u
n
d
ersta

n
d
.

M
oreover,

C
sató

an
d

O
p
p

er’s
p
ap

er
w

as
w

ritten
b

efore
E

P
w

as
form

u
la

ted
in

a
g
en

era
l

w
ay

a
n
d

th
e

p
resen

tation
,

th
erefore,

d
o
es

n
ot

follow
w

h
at

h
as

b
ecom

e
th

e
stan

d
ard

7
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B
u
i,
Y
a
n
a
n
d

T
u
r
n
e
r

ap
p
roach

.
In

fact,
as

th
e

fo
cu

s
w

as
on

lin
e

in
feren

ce,
A

ssu
m

ed
D

en
sity

F
ilterin

g
(K

u
sh

n
er

an
d

B
u
d
h
ira

ja,
2000;

Ito
an

d
X

ion
g,

2000)
w

as
em

p
loyed

rath
er

th
an

fu
ll-b

low
n

E
P

.

2
.4

C
o
n
trib

u
tio

n
s

O
n
e

of
th

e
p
rim

ary
con

trib
u
tion

s
of

th
is

p
ap

er
is

to
p
rov

id
e

a
clear

com
p
u
tation

al
ex

p
osi-

tion
of

C
sató

an
d

O
p
p

er’s
E

P
p
ro

ced
u
re

in
clu

d
in

g
an

ex
p
licit

form
of

th
e

ap
p
rox

im
atin

g
d
istrib

u
tion

an
d

fu
ll

d
etails

ab
ou

t
each

step
.

In
ad

d
itio

n
to

b
rin

gin
g

clarity
w

e
m

ake
th

e
follow

in
g

n
ovel

con
trib

u
tion

s:

•
W

e
sh

ow
th

at
a

gen
eralisatio

n
o
f

E
P

called
P

ow
er

E
P

can
su

b
su

m
e

th
e

E
P

an
d

V
F

E
ap

p
roach

es
(an

d
th

erefore
F

IT
C

an
d

D
T

C
)

in
to

a
sin

gle
u
n
ifi

ed
fram

ew
ork

.
M

ore
p
recisely,

th
e

fi
x
ed

p
oin

ts
of

P
ow

er
E

P
y
ield

th
e

F
IT

C
an

d
V

F
E

p
o
sterior

d
istrib

u
tion

u
n
d
er

d
iff

eren
t

lim
its

an
d

th
e

P
ow

er
E

P
m

argin
al

likelih
o
o
d

estim
ate

(th
e

n
egativ

e
‘P

ow
er

E
P

en
ergy

’)
recov

ers
th

e
F

IT
C

m
argin

al
lik

elih
o
o
d

an
d

th
e

V
F

E
to

o.
C

ritically,
th

e
con

n
ection

to
th

e
V

F
E

m
eth

o
d

lean
s

on
th

e
n
ew

in
terp

retation
of

T
itsias’s

ap
p
roach

(M
atth

ew
s

et
al.,20

16)
ou

tlin
ed

in
th

e
p
rev

iou
s

section
th

at
d
irectly

em
p
loy

s
th

e
ap

p
rox

im
ate

p
osterior

over
fu

n
ction

valu
es

(rath
er

th
an

a
u
gm

en
tin

g
th

e
m

o
d
el

w
ith

p
seu

d
o-p

oin
ts).

T
h
e

co
n
n
ection

th
erefore

also
req

u
ires

a
form

u
lation

of
P

ow
er

E
P

th
at

in
volves

K
L

d
ivergen

ce
m

in
im

isation
b

etw
een

sto
ch

a
stic

p
ro

cesses.

•
W

e
sh

ow
h
ow

version
s

of
P

E
P

th
at

are
in

term
ed

iate
b

etw
een

th
e

ex
istin

g
V

F
E
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h
er
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r
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d
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A

s
th

e
a
p
p
ro

x
im

a
ti

o
n

re
ta

in
s

th
e

ex
ac

t
p
ri

or
it

ex
p
li
ci

tl
y

d
ep

en
d
s

on
th

e
h
y
p

er
p
ar

am
et

er
s
θ.

H
ow

ev
er

,
w

e
w

il
l

su
p
p
re

ss
th

is
d
ep

en
d
en

ce
to

li
gh

te
n

th
e

n
ot

at
io

n
.

B
ef

or
e

d
es

cr
ib

in
g

th
e

d
et

ai
ls

of
th

e
P

E
P

al
go

ri
th

m
,

it
is

il
lu

m
in

at
in

g
to

co
n
si

d
er

a
n

al
te

rn
at

iv
e

in
te

rp
re

ta
ti

on
of

th
e

ap
p
ro

x
im

at
io

n
.

T
og

et
h
er

,
th

e
ap

p
ro

x
im

a
te

li
ke

li
h
o
o
d

fu
n
ct

io
n
s

sp
ec

if
y

an
u
n
n
or

m
al

is
ed

G
au

ss
ia

n
ov

er
th

e
p
se

u
d
o-

p
oi

n
ts

th
at

ca
n

b
e

w
ri

tt
en

∏
n
t n

(u
)

=
N

(ỹ
;W̃

u
,Σ̃

)
(a

ss
u
m

in
g

th
at

th
e

p
ro

d
u
ct

of
th

es
e

fa
ct

or
s

is
n
o
rm

a
li
sa

b
le

w
h
ic

h
m

ay
n
ot

b
e

th
e

ca
se

fo
r

h
ea

v
y

ta
il
ed

li
k
el

ih
o
o
d
s,

fo
r

ex
am

p
le

).
T

h
e

ap
p
ro

x
im

a
te

p
o
st

er
io

r
ab

ov
e

ca
n

th
er

ef
or

e
b

e
th

ou
gh

t
of

as
th

e
(e

x
ac

t)
G

P
p

os
te

ri
or

re
su

lt
in

g
fr

o
m

a
su

rr
o
g
a
te

re
gr

es
si

on
p
ro

b
le

m
w

it
h

su
rr

og
at

e
ob

se
rv

at
io

n
s

ỹ
th

at
ar

e
ge

n
er

at
ed

fr
om

li
n
ea

r
co

m
b
in

a
-

ti
on

s
of

th
e

p
se

u
d
o-

p
oi

n
ts

an
d

ad
d
it

iv
e

su
rr

og
at

e
n
oi

se
ỹ

=
W̃

u
+

Σ̃
1
/
2
ε.

W
e

n
o
te

th
a
t

th
e
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U
n
if
y
in
g

G
a
u
ssia

n
P
r
o
c
e
ss

A
p
p
r
o
x
im

a
t
io
n
s

tru
e p

o
sterio

r
ap

p
ro

x
im

ate p
o
sterio

r

tru
e jo

in
t d

istrib
u
tio

n
ap

p
ro

x
im

ate jo
in

t d
istrib

u
tio

n

refin
e

F
ig

u
re

2
:

P
ersp

ectives
on

th
e

ap
p
rox

im
atin

g
fam

ily.
T

h
e

tru
e

join
t

d
istrib

u
tion

ov
er

th
e

u
n
k
n
ow

n
fu

n
ction

f
an

d
th

e
N

d
ata

p
oin

ts
y

(top
left)

com
p
rises

th
e

G
P

p
rior

an
d

an
in

tractab
le

likelih
o
o
d

fu
n
ction

.
T

h
is

is
ap

p
rox

im
ated

b
y

a
su

rrog
ate

regression
m

o
d
el

w
ith

a
join

t
d
istrib

u
tion

over
th

e
fu

n
ction

f
a
n
d
M

su
rroga

te
d
ata

p
oin

ts
ỹ

(to
p

righ
t).

T
h
e

su
rrogate

regression
m

o
d
el

em
p
loy

s
th

e
sam

e
G

P
p
rior,

b
u
t

u
ses

a
G

a
u
ssian

likelih
o
o
d

fu
n
ction

p
(ỹ|u

,W̃
,Σ̃

)
=
N

(ỹ
;W̃

u
,Σ̃

).
T

h
e

in
tractab

le
tru

e
p

osterior
(b

ottom
left)

is
a
p
p
rox

im
ated

b
y

refi
n
in

g
th

e
su

rrogate
d
ata

ỹ
,

th
eir

in
p
u
t

lo
cation

s
z

an
d

th
e

p
ara

m
eters

of
th

e
su

rrogate
m

o
d
el

W̃
a
n
d

Σ̃
.

p
seu

d
o-p

o
in

ts
u

live
on

th
e

laten
t

fu
n
ction

(or
an

in
ter-d

om
ain

tran
sform

ation
th

ereof)
an

d
th

e
su

rro
g
a
te

o
b
servation

s
ỹ

w
ill

n
ot

gen
erally

lie
on

th
e

laten
t

fu
n
ction

.
T

h
e

su
rrogate

o
b
serva

tio
n
s

an
d

th
e

p
seu

d
o-p

oin
ts

are
th

erefore
an

alogou
s

to
th

e
d
ata

y
an

d
th

e
fu

n
ction

valu
es

f
in

a
n
o
rm

al
G

au
ssian

P
ro

cess
regression

p
rob

lem
,

resp
ectively.

T
o

m
ake

th
e

p
ap

er
m

ore
sp

ecifi
c

o
n

th
is

p
oin

t,
w

e
h
ave

d
efi

n
ed

p
aram

eters
for

th
e

su
rrogate

regressio
n

p
rob

lem
ex

p
licitly

in
A

p
p

en
d
ix

H
.

T
h
e

P
E

P
algorith

m
w

ill
im

p
licitly

iteratively
refi

n
e
{ỹ
,W̃

,Σ̃}
su

ch
th

a
t

ex
a
ct

in
feren

ce
in

th
e

sim
p
le

su
rroga

te
regression

m
o
d
el

retu
rn

s
a

p
osterior

an
d

m
a
rg

in
a
l

likelih
o
o
d

estim
ate

th
at

is
‘close’

to
th

at
retu

rn
ed

b
y

p
erform

in
g

ex
act

in
feren

ce
in

th
e

in
tra

cta
b
le

com
p
lex

m
o
d
el

(see
F

igu
re

2).

3
.3

T
h

e
E

P
A

lg
o
rith

m

O
n
e

m
eth

o
d

fo
r

u
p

d
atin

g
th

e
ap

p
rox

im
ate

likelih
o
o
d

factors
tn

(u
)

w
ou

ld
b

e
to

m
in

im
ise

th
e

u
n
n
o
rm

a
lised

K
L

d
ivergen

ce
b

etw
een

th
e

join
t

d
istrib

u
tio

n
an

d
each

of
th

e
d
istrib

u
tion

s
fo

rm
ed

b
y

rep
lacin

g
on

e
of

th
e

likelih
o
o
d
s

b
y

th
e

corresp
on

d
in

g
ap

p
rox

im
atin

g
factor

(L
i
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B
u
i,
Y
a
n
a
n
d

T
u
r
n
e
r

et
al.,

2015),

argm
in

t
n

(u
)

K
L

[
p
(f
,y|θ) ∣∣∣∣ ∣∣∣∣ p

(f
,y|θ)tn

(u
)

p
(y
n |fn

,θ)

]
=

argm
in

t
n

(u
)

K
L

[p ∗\
n
(f

)p
(y
n |fn

,θ)||p ∗\
n
(f

)tn
(u

)].

H
ere

w
e

h
av

e
in

tro
d
u
ced

th
e

leave-on
e-ou

t
join

t
p ∗\
n
(f

)
=
p
(f
,y|θ)/p

(y
n |fn

,θ)
w

h
ich

m
akes

clear
th

at
th

e
m

in
im

isation
w

ill
cau

se
th

e
ap

p
rox

im
a
te

factors
to

ap
p
rox

im
a
te

th
e

lik
e-

lih
o
o
d
s

in
th

e
con

tex
t

of
th

e
leave-on

e-ou
t

join
t.

U
n
fortu

n
ately,

su
ch

an
u
p

d
ate

is
still

in
tractab

le.
In

stead
,

E
P

ap
p
rox

im
ates

th
is

id
ealised

p
ro

ced
u
re

b
y

rep
lacin

g
th

e
ex

act
leave-

on
e-ou

t
join

t
on

b
oth

sid
es

of
th

e
K

L
b
y

th
e

ap
p
rox

im
ate

leave-on
e-ou

t
join

t
(ca

lled
th

e
cav

ity
)
p ∗\
n
(f

)≈
q ∗\n

(f
)

=
q ∗(f

)/tn
(u

).
N

ot
o
n
ly

d
o
es

th
is

im
p
rov

e
tractab

ility,
b
u
t

it
also

m
ean

s
th

at
th

e
n
ew

p
ro

ced
u
re

eff
ectively

refi
n
es

th
e

ap
p
rox

im
atin

g
d
istrib

u
tion

d
irectly

at
each

stage,
rath

er
th

an
settin

g
th

e
com

p
on

en
t

p
arts

in
isolation

,

K
L

[q ∗\n
(f

)p
(y
n |fn

,θ)||q ∗\n
(f

)tn
(u

)]
=

K
L

[q ∗\n
(f

)p
(y
n |fn

,θ)||q ∗(f
)].

H
ow

ever,
th

e
u
p

d
ates

for
th

e
ap

p
rox

im
atin

g
factors

are
n
ow

cou
p
led

an
d

so
th

e
u
p

d
ates

m
u
st

n
ow

b
e

iterated
,

u
n
like

in
th

e
id

ealised
p
ro

ced
u
re.

In
th

is
w

ay,
E

P
iterativ

ely
refi

n
es

th
e

ap
p
rox

im
ate

factors
or

su
rrogate

lik
elih

o
o
d
s

so
th

at
th

e
G

P
p

osterior
of

th
e

su
rrogate

regression
task

‘b
est’

ap
p
rox

im
ates

th
e

p
osterior

of
th

e
origin

al
regression

/classifi
cation

p
rob

lem
.

3
.4

T
h

e
P

o
w

e
r

E
P

A
lg

o
rith

m

P
ow

er
E

P
is,

algorith
m

ically,
a

m
ild

gen
eralisation

o
f
th

e
E

P
algorith

m
th

at
in

stead
rem

ov
es

(or
in

clu
d
es)

a
fraction

α
of

th
e

ap
p
rox

im
ate

(or
tru

e)
lik

elih
o
o
d

fu
n
ction

s
in

th
e

follow
in

g
step

s:

1.
D

e
le

tio
n

:
com

p
u
te

th
e

cav
ity

d
istrib

u
tion

b
y

rem
ov

in
g

a
fraction

of
on

e
ap

p
rox

im
ate

factor,
q ∗\n

(f
)∝

q ∗(f
)/t αn

(u
).

2.
P

ro
je

c
tio

n
:

fi
rst,

com
p
u
te

th
e

tilted
d
istrib

u
tion

b
y

in
corp

oratin
g

a
corresp

on
d
in

g
frac-

tion
of

th
e

tru
e

likelih
o
o
d

in
to

th
e

cav
ity,

p̃
(f

)
=
q ∗\n

(f
)p
α
(y
n |fn

,θ).
S
econ

d
,

p
ro

ject
th

e
tilted

d
istrib

u
tion

on
to

th
e

ap
p
rox

im
ate

p
osterior

u
sin

g
th

e
K

L
d
iverg

en
ce

for
u
n
n
or-

m
alised

d
en

sities,

q ∗(f
)←

argm
in

q ∗
(f

)∈Q
K

L
[p̃

(f
)||q ∗(f

)].

H
ere
Q

is
th

e
set

of
allow

ed
q ∗(f

)
d
efi

n
ed

b
y

E
q
u
ation

(6
).

3.
U

p
d

a
te

:
com

p
u
te

a
n
ew

fraction
of

th
e

ap
p
rox

im
ate

factor
b
y

d
iv

id
in

g
th

e
n
ew

ap
p
rox

-
im

ate
p

osterior
b
y

th
e

cav
ity,

t αn
,n

ew
(u

)
=
q ∗(f

)/q ∗\n
(f

),
an

d
in

corp
ora

te
th

is
fraction

b
ack

in
to

ob
tain

th
e

u
p

d
ated

factor,
tn

(u
)

=
t 1−

α
n
,o

ld (u
)t αn

,n
ew

(u
).

T
h
e

ab
ov

e
step

s
are

iteratively
rep

ea
ted

for
each

factor
th

at
n
eed

s
to

b
e

ap
p
rox

im
ated

.
N

otice
th

at
th

e
p
ro

ced
u
re

on
ly

in
volves

on
e

likelih
o
o
d

factor
to

b
e

h
an

d
led

at
a

tim
e.

In
th

e
case

of
an

aly
tically

in
tractab

le
likelih

o
o
d

fu
n
ction

s,
th

is
often

req
u
ires

on
ly

low
d
im

en
-

sion
al

in
tegrals

to
b

e
com

p
u
ted

.
In

oth
er

w
ord

s,
P

E
P

h
as

tran
sform

ed
a

h
igh

d
im

en
sion

al
in

tractab
le

in
tegral

th
at

is
h
ard

to
ap

p
rox

im
ate

in
to

a
set

of
low

d
im

en
sion

al
in

tra
ctab

le
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U
n
if
y
in
g

G
a
u
ss
ia
n
P
r
o
c
e
ss

A
p
p
r
o
x
im

a
t
io
n
s

in
te

gr
al

s
th

at
ar

e
si

m
p
le

r
to

ap
p
ro

x
im

at
e.

T
h
e

p
ro

ce
d
u
re

is
n
ot

gu
ar

an
te

ed
to

co
n
v
er

ge
in

ge
n
er

al
,

b
u
t

w
e

d
id

n
ot

ob
se

rv
e

an
y

co
n
ve

rg
en

ce
is

su
es

in
ou

r
ex

p
er

im
en

ts
.

F
u
rt

h
er

m
or

e,
it

ca
n

b
e

sh
ow

n
to

b
e

n
u
m

er
ic

al
ly

st
ab

le
w

h
en

th
e

fa
ct

or
s

ar
e

lo
g-

co
n
ca

v
e

(a
s

in
G

P
re

gr
es

si
on

an
d

cl
as

si
fi
ca

ti
on

w
it

h
ou

t
p
se

u
d
o-

d
at

a)
(S

ee
ge

r,
20

08
).

If
P

ow
er

E
P

co
n
v
er

ge
s,

th
e

fr
ac

ti
on

al
u
p

d
at

es
ar

e
eq

u
iv

al
en

t
to

ru
n
n
in

g
th

e
or

ig
in

al
E

P
p
ro

ce
d
u
re

,
b
u
t

re
p
la

ci
n
g

th
e

K
L

m
in

im
is

at
io

n
w

it
h

an
al

p
h
a-

d
iv

er
ge

n
ce

m
in

im
is

at
io

n
(Z

h
u

an
d

R
oh

w
er

,
19

95
;

M
in

ka
,

20
05

),

D
α
[p
∗ (
f

)||
q∗

(f
)]

=
1

α
(1
−
α

)

∫
[ α
p
∗ (
f

)
+

(1
−
α

)q
∗ (
f

)
−
p
∗ (
f

)α
q∗

(f
)1
−
α
] d
f
.

W
h
en

α
=

1,
th

e
al

p
h
a-

d
iv

er
ge

n
ce

is
th

e
in

cl
u
si

ve
K

L
d
iv

er
ge

n
ce

D
1
[p
∗ (
f

)||
q∗

(f
)]

=
K

L
[p
∗ (
f

)||
q∗

(f
)]

re
co

ve
ri

n
g

E
P

as
ex

p
ec

te
d

fr
om

th
e

P
E

P
al

go
ri

th
m

.
A

s
α
→

0
th

e
ex

cl
u
-

si
ve

K
L

d
iv

er
ge

n
ce

is
re

co
ve

re
d
,
D
→

0
[p
∗ (
f

)||
q∗

(f
)]

=
K

L
[q
∗ (
f

)||
p
∗ (
f

)]
,
an

d
si

n
ce

m
in

im
is

in
g

a
se

t
of

lo
ca

l
ex

cl
u
si

ve
K

L
d
iv

er
ge

n
ce

s
is

eq
u
iv

a
le

n
t

to
m

in
im

is
in

g
a

si
n
gl

e
gl

o
b
al

ex
cl

u
si

ve
K

L
d
iv

er
ge

n
ce

(M
in

ka
,

20
05

),
th

e
P

ow
er

E
P

so
lu

ti
on

is
th

e
m

in
im

u
m

of
a

va
ri

a
ti

on
al

fr
ee

-
en

er
gy

(s
ee

A
p
p

en
d
ix

B
fo

r
m

or
e

d
et

ai
ls

).
In

th
e

cu
rr

en
t

ca
se

,
w

e
w

il
l

n
ow

sh
ow

ex
p
li
ci

tl
y

th
at

th
es

e
ca

se
s

of
P

ow
er

E
P

re
co

ve
r

F
IT

C
an

d
T

it
si

as
’s

V
F

E
so

lu
ti

on
re

sp
ec

ti
ve

ly
.

3
.5

G
e
n

e
ra

l
R

e
su

lt
s

fo
r

G
a
u

ss
ia

n
P

ro
c
e
ss

P
o
w

e
r

E
P

T
h
is

se
ct

io
n

d
es

cr
ib

es
th

e
P

ow
er

E
P

st
ep

s
in

fi
n
er

d
et

ai
l
sh

ow
in

g
th

e
co

m
p
le

x
it

y
is
O

(N
M

2
)

an
d

la
y
in

g
th

e
gr

ou
n
d

w
or

k
fo

r
th

e
eq

u
iv

al
en

ce
re

la
ti

on
sh

ip
s.

T
h
e

A
p
p

en
d
ix

F
in

cl
u
d
es

a
fu

ll
d
er

iv
at

io
n
.

W
e

st
ar

t
b
y

d
efi

n
in

g
th

e
ap

p
ro

x
im

at
e

fa
ct

or
s

to
b

e
in

n
at

u
ra

l
p
ar

am
et

er
fo

rm
,

m
ak

in
g

it
si

m
p
le

to
co

m
b
in

e
an

d
d
el

et
e

th
em

,
t n

(u
)

=
Ñ

(u
;z
n
,T

1
,n
,T

2
,n

)
=
z n

ex
p
(u

ᵀ T
1
,n
−

1 2
u
ᵀ T

2
,n

u
).

W
e

co
n
si

d
er

fu
ll

ra
n
k

T
2
,n

,
b
u
t

w
il
l

sh
ow

th
at

th
e

op
ti

m
a
l

fo
rm

is
ra

n
k

1.
T

h
e

p
ar

am
et

er
is

at
io

n
m

ea
n
s

th
e

ap
p
ro

x
im

at
e

p
os

te
ri

or
ov

er
th

e
p
se

u
d
o-

p
o
in

ts
h
as

n
at

u
ra

l
p
ar

am
et

er
s

T
1
,u

=
∑

n
T

1
,n

an
d

T
2
,u

=
K
−

1
u

u
+
∑

n
T

2
,n

in
d
u
ci

n
g

an
ap

p
ro

x
im

a
te

p
os

te
ri

or
,

q∗
(f
|θ

)
=
Z P

E
P
GP

(f
;m

f,
V

ff
′ )

.
T

h
e

m
ea

n
an

d
co

va
ri

an
ce

fu
n
ct

io
n
s

of
th

e
ap

p
ro

x
im

at
e

p
os

te
ri

or
ar

e m
f

=
K

fu
K
−

1
u

u
T
−

1
2
,u

T
1
,u

;
V

ff
′

=
K

ff
′
−

Q
ff
′
+

K
fu

K
−

1
u

u
T
−

1
2
,u

K
−

1
u

u
K

u
f′
.

D
e
le

ti
o
n

:
T

h
e

ca
v
it

y
fo

r
d
at

a
p

oi
n
t
n

,
q∗ \
n
(f

)
∝
q∗

(f
)/
tα n

(u
),

h
as

a
si

m
il
ar

fo
rm

to
th

e

p
os

te
ri

or
,
b
u
t

th
e

n
at

u
ra

l
p
ar

am
et

er
s

ar
e

m
o
d
ifi

ed
b
y

th
e

d
el

et
io

n
st

ep
,
T
\n 1
,u

=
T

1
,u
−
α

T
1
,n

an
d

T
\n 2
,u

=
T

2
,u
−
α

T
2
,n

,
y
ie

ld
in

g
th

e
fo

ll
ow

in
g

m
ea

n
an

d
co

va
ri

an
ce

fu
n
ct

io
n
s

m
\n f

=
K

fu
K
−

1
u

u
T
\n
,−

1
2
,u

T
\n 1
,u

;
V
\n ff
′

=
K

ff
′
−

Q
ff
′
+

K
fu

K
−

1
u

u
T
\n
,−

1
2
,u

K
−

1
u

u
K

u
f′
.

P
ro

je
c
ti

o
n

:
T

h
e

ce
n
tr

al
st

ep
in

P
ow

er
E

P
is

th
e

p
ro

je
ct

io
n
.

O
b
ta

in
in

g
th

e
n
ew

ap
p
ro

x
-

im
at

e
u
n
n
or

m
al

is
ed

p
os

te
ri

or
q∗

(f
)

b
y

m
in

im
is

in
g

K
L

[p̃
(f

)||
q∗

(f
)]

w
ou

ld
n
äı

ve
ly

ap
p

ea
r

in
tr

ac
ta

b
le

.
F

or
tu

n
at

el
y,

R
e
m

a
rk

1
D

u
e

to
th

e
st

ru
ct

u
re

o
f

th
e

a
p
p
ro

xi
m

a
te

po
st

er
io

r,
q∗

(f
)

=
p
(f
6=

u
|u

)q
∗ (

u
),

th
e

o
bj

ec
ti

ve
,

K
L

[p̃
(f

)||
q∗

(f
)]

is
m

in
im

is
ed

w
h
en

E p̃
(f

)[
φ

(u
)]

=
E q
∗ (

u
)[
φ

(u
)]

,
w

h
er

e
φ

(u
)

=
{u
,u

u
ᵀ }

a
re

th
e

su
ffi

ci
en

t
st

a
ti

st
ic

s,
th

a
t

is
w

h
en

th
e

m
o
m

en
ts

a
t

th
e

p
se

u
d
o
-i

n
p
u

ts
a
re

m
a
tc

h
ed

.
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01
7

B
u
i,
Y
a
n
a
n
d

T
u
r
n
e
r

T
h
is

is
th

e
ce

n
tr

al
re

su
lt

fr
om

w
h
ic

h
co

m
p
u
ta

ti
on

al
sa

v
in

g
s

ar
e

d
er

iv
ed

.
F

u
rt

h
er

m
o
re

,
th

is
m

om
en

t
m

at
ch

in
g

co
n
d
it

io
n

w
ou

ld
ap

p
ea

r
to

n
ec

es
si

ta
te

co
m

p
u
ta

ti
on

of
a

se
t

o
f

in
te

g
ra

ls
to

fi
n
d

th
e

ze
ro

th
,

fi
rs

t
an

d
se

co
n
d

m
om

en
ts

.
H

ow
ev

er
,

th
e

te
ch

n
iq

u
e

k
n
ow

n
a
s

‘d
iff

er
en

ti
-

at
io

n
u
n
d
er

th
e

in
te

gr
al

si
gn

’2
p
ro

v
id

es
a

u
se

fu
l

sh
or

tc
u
t

th
at

on
ly

re
q
u
ir

es
o
n
e

in
te

g
ra

l
to

co
m

p
u
te

th
e

lo
g-

n
or

m
al

is
er

of
th

e
ti

lt
ed

d
is

tr
ib

u
ti

on
,

lo
g
Z̃
n

=
lo

g
E q
∗ \n

(f
)[
p
α
(y
n
|f n

)]
,

b
ef

o
re

d
iff

er
en

ti
at

in
g

w
.r

.t
.

th
e

ca
v
it

y
m

ea
n

to
gi

v
e

m
u

=
m
\n u

+
V
\n u

f n

d
lo

g
Z̃
n

d
m
\n f n

;
V

u
=

V
\n u

+
V
\n u

f n

d
2

lo
g
Z̃
n

d
(m
\n f n

)2
V
\n f n

u
.

(7
)

U
p

d
a
te

:
H

av
in

g
co

m
p
u
te

d
th

e
n
ew

ap
p
ro

x
im

at
e

p
os

te
ri

or
,

th
e

ap
p
ro

x
im

a
te

fa
ct

o
r

t n
,n

ew
(u

)
=
q∗

(f
)/
q∗ \
n
(f

)
ca

n
b

e
st

ra
ig

h
tf

or
w

ar
d
ly

ob
ta

in
ed

,
re

su
lt

in
g

in
,

T
1
,n
,n

ew
=

V
−

1
u

m
u
−

(V
\n u

)−
1
m
\n u
,

T
2
,n
,n

ew
=

V
−

1
u
−

(V
\n u

)−
1
,
z
α n

=
Z̃
n
eG

(q
\n ∗

(u
))
−
G(
q
∗ (

u
))
,

w
h
er

e
w

e
h
av

e
d
efi

n
ed

th
e

lo
g-

n
or

m
al

is
er

as
th

e
fu

n
ct

io
n
al
G(
Ñ

(u
;z
,T

1
,T

2
))

=
lo

g
∫
Ñ

(u
;z
,T

1
,T

2
)d

u
.

R
em

ar
ka

b
ly

,
th

es
e

re
su

lt
s

an
d

E
q
u
at

io
n

(7
)

re
ve

al
s

th
a
t

T
2
,n
,n
ew

is
a

ra
n
k
-1

m
at

ri
x
.

A
s

su
ch

,
th

e
m

in
im

a
l

an
d

si
m

p
le

st
w

ay
to

p
ar

am
et

er
is

e
th

e
a
p
p
ro

x
i-

m
at

e
fa

ct
or

is
t n

(u
)

=
z n
N

(K
f n

u
K
−

1
u

u
u

;g
n
,v
n
),

w
h
er

e
g n

an
d
v n

ar
e

sc
al

ar
s,

re
su

lt
in

g
in

a
si

gn
ifi

ca
n
t

m
em

or
y

sa
v
in

g
an

d
O

(N
M

2
)

co
st

.
In

ad
d
it

io
n

to
p
ro

v
id

in
g

th
e

ap
p
ro

x
im

at
e

p
os

te
ri

or
af

te
r

co
n
v
er

ge
n
ce

,
P

ow
er

E
P

a
ls

o
p
ro

v
id

es
an

ap
p
ro

x
im

at
e

lo
g-

m
ar

gi
n
al

li
ke

li
h
o
o
d

fo
r

m
o
d
el

se
le

ct
io

n
an

d
h
y
p

er
p
a
ra

m
et

er
op

ti
m

is
at

io
n
,

lo
g
Z P

E
P

=
lo

g

∫
p
(f

)
∏ n

t n
(u

)d
f

=
G(
q∗

(u
))
−
G(
p
∗ (

u
))

+
∑ n

lo
g
z n
.

(8
)

A
rm

ed
w

it
h

th
es

e
ge

n
er

al
re

su
lt

s,
w

e
n
ow

co
n
si

d
er

th
e

im
p
li
ca

ti
on

s
fo

r
G

a
u
ss

ia
n

P
ro

ce
ss

re
gr

es
si

on
.

3
.6

G
a
u

ss
ia

n
R

e
g
re

ss
io

n
c
a
se

W
h
en

th
e

m
o
d
el

co
n
ta

in
s

G
au

ss
ia

n
li
ke

li
h
o
o
d

fu
n
ct

io
n
s,

cl
os

ed
-f

or
m

ex
p
re

ss
io

n
s

fo
r

th
e

P
ow

er
E

P
ap

p
ro

x
im

at
e

fa
ct

or
s

at
co

n
v
er

ge
n
ce

ca
n

b
e

ob
ta

in
ed

an
d

h
en

ce
th

e
a
p
p
ro

x
im

a
te

p
os

te
ri

or
:

t n
(u

)
=
N

(K
f n

u
K
−

1
u

u
u

;y
n
,α
D

f n
f n

+
σ

2 y
),

q(
u

)
=
N

(u
;K

u
fK
−

1
ff

y
,K

u
u
−

K
u

f
K
−

1
ff

K
fu

)

w
h
er

e
K

ff
=

Q
ff

+
α

d
ia

g
(D

ff
)

+
σ

2 y
I

an
d

D
ff

=
K

ff
−

Q
ff

as
d
efi

n
ed

in
S
ec

ti
o
n

2
.

T
h
es

e
an

al
y
ti

c
ex

p
re

ss
io

n
s

ca
n

b
e

ri
go

ro
u
sl

y
p
ro

ve
n

to
b

e
th

e
st

ab
le

fi
x
ed

p
oi

n
t

of
th

e
P

ow
er

E
P

p
ro

ce
d
u
re

u
si

n
g

R
em

ar
k

1.
B

ri
efl

y,
a
ss

u
m

in
g

th
e

fa
ct

or
s

ta
ke

th
e

fo
rm

ab
ov

e,
th

e
n
a
tu

ra
l

p
ar

am
et

er
s

of
th

e
ca

v
it

y
q∗ \
n
(u

)
b

ec
om

e,

T
\n 1
,u

=
T

1
,u
−
α
γ
n
y n

K
f n

u
K
−

1
u

u
,

T
\n 2
,u

=
T

2
,u
−
α
γ
n
K
−

1
u

u
K

u
f n

K
f n

u
K
−

1
u

u
,

2
.

In
th

is
ca

se
,

th
e

d
o
m

in
a
te

d
co

n
v
er

g
en

ce
th

eo
re

m
ca

n
b

e
u

se
d

to
ju

st
if

y
th

e
in

te
rc

h
a
n

g
e

o
f

in
te

g
ra

ti
o
n

a
n

d
d

iff
er

en
ti

a
ti

o
n

(s
ee

e.
g
.

B
ro

w
n

,
1
9
8
6
).
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U
n
if
y
in
g

G
a
u
ssia

n
P
r
o
c
e
ss

A
p
p
r
o
x
im

a
t
io
n
s

w
h
ere

γ
−

1
n

=
α
D

fn
fn

+
σ

2y .
T

h
e

su
b
tracted

q
u
an

tities
in

th
e

eq
u
ation

s
ab

ove
are

ex
actly

th
e

co
n
trib

u
tio

n
th

e
likelih

o
o
d

factor
m

akes
to

th
e

cav
ity

d
istrib

u
tio

n
(see

R
em

ark
1)

so
∫
q ∗\n

(f
)p
α
(y
n |fn

)d
f6=

u
=
q ∗\n

(u
) ∫

p
(fn |u

)p
α
(y
n |fn

)d
fn
∝
q ∗(u

).
T

h
erefore,

th
e

p
o
sterior

a
p
p
rox

im
a
tio

n
rem

ain
s

u
n
ch

an
ged

after
an

u
p

d
ate

an
d

th
e

form
for

th
e

fa
ctors

ab
ove

is
th

e
fi
x
ed

p
o
in

t.
M

o
reover,

th
e

ap
p
rox

im
ate

log-m
argin

a
l
likelih

o
o
d

is
also

an
aly

tically
tra

ctab
le,

lo
gZ

P
E

P
=
−
N2

log
(2π

)−
12

log|K
ff |−

12
y
ᵀK
−

1
ff

y
−

1−
α

2
α

∑

n

log (1
+
α
D

fn
fn
/σ

2y )
.

W
e

n
ow

lo
o
k

a
t

sp
ecial

cases
an

d
th

e
corresp

on
d
en

ce
to

th
e

m
eth

o
d
s

d
iscu

ssed
in

S
ection

2.

R
e
m

a
rk

2
W

h
en

α
=

1
[E

P
],

th
e

P
o
w

er
E

P
po

sterio
r

beco
m

es
th

e
F

IT
C

po
sterio

r
in

E
qu

a
tio

n
(1

)
a
n

d
th

e
P

o
w

er
E

P
a
p
p
ro

xim
a
te

m
a
rgin

a
l

likelih
ood

beco
m

es
th

e
F

IT
C

m
a
rgin

a
l

likelih
ood

in
E

qu
a
tio

n
(2).

In
o
th

er
w

o
rd

s,
th

e
F

IT
C

a
p
p
ro

xim
a
tio

n
fo

r
G

P
regressio

n
is,

su
rp

risin
gly,

equ
iva

len
t

to
ru

n
n

in
g

a
n

E
P

a
lgo

rith
m

fo
r

spa
rse

G
P

po
sterio

r
a
p
p
ro

xim
a
tio

n
to

co
n

vergen
ce.

R
e
m

a
rk

3
A

s
α
→

0
th

e
a
p
p
ro

xim
a
te

po
sterio

r
a
n

d
a
p
p
ro

xim
a
te

m
a
rgin

a
l

likelih
ood

a
re

id
en

tica
l

to
th

a
t

o
f

th
e

V
F

E
a
p
p
roa

ch
in

E
qu

a
tio

n
s

(3)
a
n

d
(4)

(T
itsia

s,
2
0
0
9
).

T
h
is

resu
lt

u
ses

th
e

lim
it:

lim
x→

0
x
−

1
log

(1
+
x

)
=

1.
S

o
F

IT
C

a
n

d
T

itsia
s’s

V
F

E
a
p
p
roa

ch
em

p
lo

y
th

e
sa

m
e

fo
rm

o
f

p
seu

d
o
-po

in
t

a
p
p
ro

xim
a
tio

n
,

bu
t

refi
n

e
it

in
d
iff

eren
t

w
a
ys.

R
e
m

a
rk

4
F

o
r

fi
xed

h
yperpa

ra
m

eters,
a

sin
gle

pa
ss

o
f

P
o
w

er
E

P
is

su
ffi

cien
t

fo
r

co
n

ver-
gen

ce
in

th
e

regressio
n

ca
se.

3
.7

E
x
te

n
sio

n
s:

S
tru

c
tu

re
d

,
In

te
r-d

o
m

a
in

a
n

d
M

u
lti-p

o
w

e
r

P
o
w

e
r

E
P

A
p

p
ro

x
im

a
tio

n
s

T
h
e

fra
m

ew
o
rk

can
n
ow

b
e

gen
eralised

in
th

ree
orth

ogon
al

d
irection

s:

1
.

en
a
b
le

stru
ctu

red
ap

p
rox

im
ation

s
to

b
e

h
an

d
led

th
at

retain
m

ore
d
ep

en
d
en

cies
in

th
e

sp
irit

o
f

P
IT

C
(see

S
ection

2.1)

2
.

in
co

rp
o
ra

te
in

ter-d
om

ain
p
seu

d
o-p

oin
ts

th
ereb

y
ad

d
in

g
fu

rth
er

fl
ex

ib
ility

to
th

e
form

o
f

th
e

a
p
p
rox

im
ate

p
osterior

3
.

em
p
loy

d
iff

eren
t

p
ow

ers
α

for
each

factor
(th

ereb
y

en
ab

lin
g

e.g
.

V
F

E
u
p

d
ates

to
b

e
u
sed

fo
r

som
e

d
ata

p
oin

ts
an

d
E

P
for

oth
ers).

G
iven

th
e

grou
n
d
w

ork
ab

ov
e,

th
ese

th
ree

ex
ten

sion
s

a
re

straigh
tforw

ard
.

In
ord

er
to

h
an

d
le

stru
ctu

red
a
p
p
rox

im
ation

s,
w

e
take

in
sp

iration
from

P
IT

C
an

d
p
artition

th
e

d
ata

in
to

B
d
isjo

in
t

b
lo

ck
s

y
b

=
{
y
n }

n∈B
b

(see
S
ection

2.1).
E

ach
P

E
P

factor
u
p

d
ate

w
ill

th
en

a
p
p
rox

im
a
te

a
n

en
tire

b
lo

ck
w

h
ich

w
ill

con
tain

a
set

of
d
ata

p
o
in

ts,
rath

er
th

an
ju

st
a

sin
g
le

o
n
e.

T
h
is

is
related

to
a

form
of

E
P

ap
p
rox

im
atio

n
th

at
h
as

recen
tly

b
een

u
sed

to
d
istrib

u
te

M
o
n
te

C
arlo

algorith
m

s
across

m
an

y
m

ach
in

es
(G

elm
an

et
al.,

2014
;

X
u

et
al.,

2
0
1
4
).

In
o
rd

er
to

h
an

d
le

in
ter-d

om
ain

variab
les,

w
e

d
efi

n
e

a
n
ew

d
om

ain
v
ia

a
lin

ea
r

tran
sform

g
(x

)
=
∫

d
x
′W

(x
,x
′)f

(x
′)

w
h
ich

n
ow

co
n
tain

s
th

e
p
seu

d
o-p

oin
ts
g

=
{g6=

u
,u}.

C
h
oices

for

1
5

JM
L

R
 18(104):1-72, 2017

B
u
i,
Y
a
n
a
n
d

T
u
r
n
e
r

W
(x
,x
′)

in
clu

d
e

G
au

ssian
s

or
w

avelets.
T

h
ese

tw
o

ex
ten

sion
s

m
ean

th
at

th
e

ap
p
rox

im
ation

b
ecom

es,

p
(f
,g

) ∏

b

p
(y
b |f

)≈
p
(f
,g

) ∏

b

tb (u
)

=
q ∗(f

).

P
ow

er
E

P
is

th
en

p
erform

ed
u
sin

g
p
rivate

p
ow

ers
α
b

for
ea

ch
d
ata

b
lo

ck
,

w
h
ich

is
th

e
th

ird
gen

eralisation
m

en
tion

ed
ab

ov
e.

A
n
aly

tic
solu

tion
s

are
again

availab
le

(covarian
ce

m
a
trices

n
ow

in
corp

orate
th

e
in

ter-d
om

ain
tran

sform
)

tb (u
)

=
N

(K
fb u

K
−

1
u

u
u

;y
b ,α

b D
fb fb

+
σ

2y I),
q(u

)
=
N

(u
;K

u
f K
−

1
ff

y
,K

u
u −

K
u

f K
−

1
ff

K
fu

),

w
h
ere

K
ff

=
Q

ff
+

b
lk

d
iag

({α
b D

fb fb }
Bb=

1 )
+
σ

2y I
an

d
b
lk

d
iag

b
u
ild

s
a

b
lo

ck
-d

iagon
al

m
atrix

from
its

in
p
u
ts.

T
h
e

ap
p
rox

im
ate

log-m
argin

al
lik

elih
o
o
d

can
also

b
e

ob
tain

ed
in

closed
-

form
,

logZ
P

E
P

=
−
N2

log
(2π

)−
12

log|K
ff |−

12
y
ᵀK
−

1
ff

y
+
∑

b

1−
α
b

2α
b

lo
g (I

+
α
b D

fb fb /σ
2y )
.

R
e
m

a
rk

5
W

h
en

α
b

=
1

a
n

d
W

(x
,x
′)

=
δ(x
−

x
′)

th
e

stru
ctu

red
P

o
w

er
E

P
po

sterio
r

beco
m

es
th

e
P

IT
C

po
sterio

r
a
n

d
th

e
P

o
w

er
E

P
a
p
p
ro

xim
a
te

m
a
rgin

a
l

likelih
ood

beco
m

es
th

e
P

IT
C

m
a
rgin

a
l

likelih
ood

.
A

d
d
itio

n
a
lly,

w
h
en

B
=
N

w
e

reco
ver

F
IT

C
a
s

d
iscu

ssed
in

S
ectio

n
3
.6

.

R
e
m

a
rk

6
W

h
en

α
b →

0
a
n

d
W

(x
,x
′)

=
δ(x−

x
′)

th
e

stru
ctu

red
P

o
w

er
E

P
po

sterio
r

a
n

d
a
p
p
ro

xim
a
te

m
a
rgin

a
l

likelih
ood

beco
m

es
id

en
tica

l
to

th
e

V
F

E
a
p
p
roa

ch
(T

itsia
s,

2
0
0
9
).

T
h
is

is
a

resu
lt

o
f

th
e

equ
iva

len
ce

o
f

loca
l

a
n

d
glo

ba
l

exclu
sive

K
L

d
ivergen

ce
m

in
im

isa
tio

n
.

S
ee

A
p
pen

d
ix

B
fo

r
m

o
re

d
eta

ils
a
n

d
F

igu
re

1
fo

r
m

o
re

rela
tio

n
sh

ip
s.

3
.8

C
la

ssifi
c
a
tio

n

F
or

classifi
cation

,
th

e
n
on

-G
au

ssian
lik

elih
o
o
d

p
rev

en
ts

an
an

aly
tic

solu
tion

.
A

s
su

ch
,

th
e

iterative
P

ow
er

E
P

p
ro

ced
u
re

is
req

u
ired

to
ob

tain
th

e
ap

p
rox

im
ate

p
osterior.

T
h
e

p
ro-

jection
step

req
u
ires

com
p
u
tation

of
th

e
log-n

orm
aliser

of
th

e
tilted

d
istrib

u
tion

,
log

Z̃
n

=
log

E
q ∗\
n

(f
) [p

α
(y
n |f

)]
=

log
E
q ∗\
n

(fn
) [Φ

α
(y
n
fn

)].
F

or
gen

eral
α

,
th

is
q
u
an

tity
is

n
ot

availab
le

in

closed
form

3.
H

ow
ever,

it
in

volves
a

on
e-d

im
en

sion
al

ex
p

ectation
of

a
n
on

-lin
ear

fu
n
ction

of
a

n
orm

ally
-d

istrib
u
ted

ran
d
om

variab
le

an
d
,

th
erefore,

ca
n

b
e

ap
p
rox

im
ated

u
sin

g
n
u
m

eri-
cal

m
eth

o
d
s,

e.g.
G

au
ss-H

erm
ite

q
u
ad

ratu
re.

T
h
is

p
ro

ced
u
re

gives
an

ap
p
rox

im
ation

to
th

e
ex

p
ectation

,
resu

ltin
g

in
an

ap
p
rox

im
ate

u
p

d
ate

for
th

e
p

osterio
r

m
ean

an
d

covarian
ce.

T
h
e

ap
p
rox

im
ate

log-m
argin

al
likelih

o
o
d

can
also

b
e

ob
tain

ed
an

d
u
sed

for
h
y
p

erp
aram

eter
op

-
tim

isation
.

A
s
α
→

0,
it

b
ecom

es
th

e
va

riation
al

free-en
ergy

u
sed

in
H

en
sm

an
et

al.
(2015)

w
h
ich

em
p
loy

s
q
u
ad

ratu
re

for
th

e
sam

e
p
u
rp

ose.
T

h
ese

relatio
n
sh

ip
s

are
sh

ow
n

in
F

igu
re

1
w

h
ich

also
sh

ow
s

th
at

in
ter-d

om
ain

tran
sform

ation
s

an
d

stru
ctu

red
ap

p
rox

im
ation

s
h
av

e

3
.

ex
cep

t
fo

r
sp

ecia
l

ca
ses,

e.g
.

w
h

en
α

=
1

a
n

d
Φ

(x
)

is
th

e
p

ro
b

it
in

v
erse

lin
k

fu
n

ctio
n

,
Φ

(x
)

=
∫
x−∞
N

(a
;0
,1

)d
a
.

1
6

JM
L

R
 18(104):1-72, 2017



U
n
if
y
in
g

G
a
u
ss
ia
n
P
r
o
c
e
ss

A
p
p
r
o
x
im

a
t
io
n
s

n
ot

ye
t

b
ee

n
fu

ll
y

ex
p
lo

re
d

in
th

e
cl

as
si

fi
ca

ti
on

se
tt

in
g.

In
ou

r
v
ie

w
,

th
e

in
te

r-
d
om

ai
n

ge
n
-

er
al

is
at

io
n

w
ou

ld
b

e
a

se
n
si

b
le

on
e

to
p
u
rs

u
e

an
d

it
is

m
at

h
em

at
ic

al
ly

an
d

al
go

ri
th

m
ic

a
ll
y

st
ra

ig
h
tf

or
w

ar
d
.

T
h
e

st
ru

ct
u
re

d
ap

p
ro

x
im

at
io

n
va

ri
an

t
is

m
or

e
co

m
p
li
ca

te
d

as
it

re
q
u
ir

es
m

u
lt

ip
le

n
on

-l
in

ea
r

li
ke

li
h
o
o
d
s

to
b

e
h
an

d
le

d
at

ea
ch

st
ep

of
E

P
.

T
h
is

w
il
l

re
q
u
ir

e
fu

rt
h
er

ap
p
ro

x
im

at
io

n
su

ch
as

u
si

n
g

M
on

te
C

ar
lo

m
et

h
o
d
s

(G
el

m
a
n

et
al

.,
20

14
;

X
u

et
al

.,
20

14
).

In
ad

d
it

io
n
,

w
h
en

α
=

1,
M

=
N

an
d

th
e

p
se

u
d
o-

p
oi

n
ts

ar
e

at
th

e
tr

ai
n
in

g
in

p
u
ts

,
th

e
st

an
d
ar

d
E

P
al

go
ri

th
m

fo
r

G
P

cl
as

si
fi
ca

ti
on

is
re

co
v
er

ed
(R

as
m

u
ss

en
an

d
W

il
li
am

s,
20

05
,

se
c.

3.
6)

.
S
in

ce
th

e
p
ro

p
os

ed
P

ow
er

E
P

ap
p
ro

ac
h

is
ge

n
er

al
,

an
ex

te
n
si

o
n

to
ot

h
er

li
ke

li
h
o
o
d

fu
n
ct

io
n
s

is
as

si
m

p
le

as
fo

r
V

F
E

m
et

h
o
d
s

(D
ez

fo
u
li

an
d

B
on

il
la

,
20

15
).

F
or

ex
am

p
le

,
th

e
m

u
lt

in
om

ia
l

p
ro

b
it

li
ke

li
h
o
o
d

ca
n

b
e

h
an

d
le

d
in

th
e

sa
m

e
w

ay
as

th
e

b
in

ar
y

ca
se

,
w

h
er

e
th

e
lo

g-
n
or

m
al

is
er

of
th

e
ti

lt
ed

d
is

tr
ib

u
ti

on
ca

n
b

e
co

m
p
u
te

d
u
si

n
g

a
C

-d
im

en
si

on
al

G
au

ss
ia

n
q
u
ad

ra
tu

re
[C

is
th

e
n
u
m

b
er

of
cl

as
se

s]
(S

ee
ge

r
an

d
J
or

d
an

,
20

04
)

or
n
es

te
d

E
P

(R
ii
h
im

äk
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b
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e
n
ex

t
gen

eration
of

G
P

ap
p
rox

im
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h
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a
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a
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=
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∏
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p
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b
ra

a
n
d

F
u
n
ct

io
n

E
x
p
a
n
si

o
n

Id
e
n
ti

ti
e
s

T
h
e

W
o
o
d
b
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b
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=
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−
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−
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b
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=
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−

1
−
A
−

1
U
C

(C
+
C
V
A
−
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−
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b
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b
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b
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b
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=
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=
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Ñ

(u
;z
n
,T

1
,n
,T

2
,n

)
=
z
n

ex
p
(u

ᵀT
1
,n
−

12 u
ᵀT

2
,n

u
).

W
e

in
itially

con
sid

er
fu

ll
ran

k
T

2
,n

,
b
u
t

w
ill

sh
ow

th
at

th
e

op
tim

al
form

is
ran

k
1.

T
h
e

n
ex

t
goal

is
to

relate
th

ese
p
aram

eters
to

th
e

ap
p
rox

im
ate

G
P

p
osterior.

T
h
e

ap
p
rox

im
ate

p
osterior

ov
er

th
e

p
seu

d
o-ou

tp
u
ts

h
as

n
atu

ral
p
aram

eters
T

1
,u

=
∑

n
T

1
,n

an
d

T
2
,u

=
K
−

1
u

u
+
∑

n
T

2
,n

.
T

h
is

in
d
u
ces

an
ap

p
rox

im
ate

G
P

p
osterior

w
ith

m
ean

an
d

covarian
ce

fu
n
ction

,

m
f

=
K

fu
K
−

1
u

u
T
−

1
2
,u

T
1
,u

=
K

fu
γ
,

V
ff
′

=
K

ff
′−

Q
ff
′
+

K
fu

K
−

1
u

u
T
−

1
2
,u

K
−

1
u

u
K

u
f ′

=
K

ff
′−

K
fu
β
K

u
f ′,

w
h
ere

γ
an

d
β

are
lik

elih
o
o
d
-d

ep
en

d
en

t
term

s
w

e
w

ish
to

store
an

d
u
p

d
ate

u
sin

g
P

E
P

;
γ

an
d
β

fu
lly

sp
ecify

th
e

ap
p
rox

im
ate

p
o
sterior.

D
e
le

tio
n

ste
p

:
T

h
e

cav
ity

for
d
ata

p
oin

t
n

,
q \
n
(f

)∝
q ∗(f

)/t αn
(u

),
h
as

a
sim

ilar
form

to

th
e

p
osterior,

b
u
t

th
e

n
atu

ral
p
aram

eters
are

m
o
d
ifi

ed
b
y

th
e

d
eletion

,
T
\
n

1
,u

=
T

1
,u −

α
T

1
,n

an
d

T
\
n

2
,u

=
T

2
,u −

α
T

2
,n

,
y
ield

in
g

a
n
ew

m
ea

n
an

d
covarian

ce
fu

n
ction

m
\
n

f
=

K
fu

K
−

1
u

u
T
\
n
,−

1
2
,u

T
\
n

1
,u

=
K

fu
γ
\
n
,

V
\
n

ff
′

=
K

ff
′−

Q
ff
′
+

K
fu

K
−

1
u

u
T
\
n
,−

1
2
,u

K
−

1
u

u
K

u
f ′

=
K

ff
′−

K
fu
β
\
n
K

u
f ′.

P
ro

je
c
tio

n
ste

p
:

T
h
e

cen
tral

step
in

P
ow

er
E

P
is

th
e

p
ro

jection
step

.
O

b
tain

in
g

th
e

n
ew

ap
p
rox

im
ate

u
n
n
orm

alised
p

osterior
q ∗(f

)
su

ch
th

at
K

L
[p̃

(f
)||q ∗(f

)]
is

m
in

im
ised

w
ou

ld
n
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=
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=
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at
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b
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re
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p
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d
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p
ro

je
ct

io
n

an
d

in
cl

u
si

on
st

ep
s,

b
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p
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at
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.
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p
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b
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p
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∝
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b
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reu
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b
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reu
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d
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n
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p
in

g
th

e
sy

m
b

ols
(an

d
q
u
an

tities)
for
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) d
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∝
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ᵀn
u

;g
n
,v
n
)

∝
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∝
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b
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−
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=
d
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−
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−
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∞
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=
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r
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\
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−
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−
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−
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\
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p
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−
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+
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−
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+

(1−
α

)v −
1

n
) −

1,

g
n
←
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+
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p
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e
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∑
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=
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ᵀ n,

(3
3)

V
ca

v
,n
−

1
m

ca
v
,n

=
V
−

1
m
−
α

w
n
τ n
g n
.
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−
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=
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b
st

it
u
ti

n
g

E
q
u
at

io
n

(3
5)

an
d

E
q
u
at

io
n

(3
6)

b
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n ∗
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b
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p
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−
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−
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Unifying Gaussian Process Approximations
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Unifying Gaussian Process Approximations
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Unifying Gaussian Process Approximations
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ili
ty

fr
om

st
at
e
s
to

st
at
e
s̃,

an
d
rπ s

is
th
e
ex
pe

ct
ed

st
at
e
tr
an

si
ti
on

re
w
ar
d
at

st
at
e
s.

T
he

so
lu
ti
on

V
π
to

th
e
B
el
lm

an
eq
ua

ti
on

is
th
e
va
lu
e
ve
ct
or
,w

it
h
V
π
(s

)
be

in
g
th
e
to
ta
le

xp
ec
te
d
re
w
ar
d
st
ar
ti
ng

at
st
at
e
s.

In
th
e
bl
ac
kb

ox
si
m
ul
at
io
n
en
vi
ro
nm

en
t,
P
π
,r
π
ar
e
un

kn
ow

n
bu

t
ca
n
be

sa
m
pl
ed

fr
om

a
si
m
ul
at
or
.
A
s
a
re
su
lt
,s

ol
vi
ng

th
e
B
el
lm

an
eq
ua

ti
on

be
co
m
es

a
sp
ec
ia
lc

as
e
of

th
e
st
oc
ha

st
ic

co
m
po

si
ti
on

op
ti
m
iz
at
io
n
pr
ob

le
m
: m

in
x
∈X

‖E
[A

]x
−

E[
b

]‖
2
,

(2
)

w
he
re
A
,B
,b

ar
e
ra
nd

om
m
at
ri
ce
s
an

d
ra
nd

om
ve
ct
or
s
su
ch

th
at

E[
A

]
=
I
−
γ
P
π
an

d
E[
b]

=
rπ

.
It

ca
n
be

vi
ew

ed
as

th
e
co
m
po

si
ti
on

of
th
e
sq
ua

re
no

rm
fu
nc
ti
on

f
(·)
≡
f v

(·)
=
‖·
‖

an
d
th
e
ex
pe

ct
ed

lin
ea
r
fu
nc
ti
on

g
(x

)
=

E[
A

]x
−

E[
b

].
W
e
w
ill

gi
ve

m
or
e
de
ta
ils

on
th
e

re
in
fo
rc
em

en
t
le
ar
ni
ng

ap
pl
ic
at
io
n
in

Se
ct
io
n
4.

A
no

th
er

m
ot
iv
at
in
g
ex
am

pl
e
is

ri
sk
-a
ve
rs
e
le
ar
ni
ng

.
Fo

r
ex
am

pl
e,

co
ns
id
er

th
e
m
ea
n-

va
ri
an

ce
m
in
im

iz
at
io
n
pr
ob

le
m

m
in

x
∈X

E a
,b

[h
(x

;a
,b

)]
+
λ
V
ar
a
,b

[h
(x

;a
,b

)]
,

w
he
re

h
(x

;a
,b

)
is

so
m
e
lo
ss

fu
nc
ti
on

pa
ra
m
et
er
iz
ed

by
ra
nd

om
va
ri
ab

le
s
a
an

d
b,

an
d

λ
>

0
is

a
re
gu

la
ri
za
ti
on

pa
ra
m
et
er
.
In

pa
rt
ic
ul
ar
,
th
e
m
ea
n-
va
ri
an

ce
m
in
im

iz
at
io
n
ta
ke
s

th
e
co
m
po

si
ti
on

fo
rm

w
he
re
g
(x

)
=

(E
[x

],
E[
h

(x
;a
,b

)]
),

an
d
f

(y
1
,y

2
)

=
E[
h

(y
1
;a
,b

)]
+

λ
E(
h

(y
1
;a
,b

)
−
y 2

) 2
.
It
s
ba

tc
h
ve
rs
io
n
ta
ke
s
th
e
fo
rm

m
in

x
∈X

1 N

N ∑ i=
1

h
(x

;a
i,
b i

)
+
λ N

N ∑ i=
1

(
h

(x
;a
i,
b i

)
−

1 N

N ∑ i=
1

h
(x

;a
i,
b i

))
2

.
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A
cceler

atin
g

S
to

ch
a
stic

C
o
m
po

sitio
n

O
ptim

izatio
n

H
ere

the
variance

term
is

the
com

position
ofthe

m
ean

square
function

and
an

expected
loss

function.

A
lthough

the
stochastic

com
position

problem
(1)

w
as

barely
studied,it

actually
finds

a
broad

spectrum
ofem

erging
applications

in
estim

ation
and

m
achine

learning
(see

W
ang

et
al.

(2017)
for

a
list

of
applications).

Fast
optim

ization
algorithm

s
w
ith

theoreticalguarantees
w
illlead

to
new

com
putation

tools
and

online
learning

m
ethods

for
a
broader

problem
class,

no
longer

lim
ited

to
the

expectation
m
inim

ization
problem

.

1.2
R
elated

W
orks

an
d
C
ontrib

u
tion

s

C
ontrary

to
the

expectation
m
inim

ization
problem

,“unbiased"
gradient

sam
ples

are
no

longer
available

for
the

stochastic
com

position
problem

(1).
T
he

objective
is
nonlinear

in
the

joint
probability

distribution
of

(w
,v

),w
hich

substantially
com

plicates
the

problem
.
In

a
recent

w
ork

by
D
entcheva

et
al.(2016),a

specialcase
of

the
stochastic

com
position

problem
,i.e.,

risk-averse
optim

ization,
has

been
studied.

A
central

lim
it

theorem
has

been
established,

show
ing

that
the

K
-sam

ple
batch

problem
converges

to
the

true
problem

at
the

rate
of

O
(1/ √

K
)
in

a
proper

sense.
For

the
case

w
here

R
(x

)
=

0,W
ang

et
al.(2017)

has
proposed

and
analyzed

a
class

of
stochastic

com
positionalgradient/subgradient

m
ethods

(SC
G
D
).T

he
SC

G
D

involves
tw

o
iterations

of
different

tim
e
scales,one

for
estim

ating
x
∗
by

a
stochastic

quasi-gradient
iteration,the

other
for

m
aintaining

a
running

estim
ate

of
g
(x
∗).

W
ang

and
Liu

(2016)
studies

the
SC

G
D

in
the

setting
w
here

sam
ples

are
corrupted

w
ith

M
arkov

noises
(instead

of
i.i.d.

zero-m
ean

noises).
B
oth

w
orks

establish
alm

ost
sure

convergence
of

the
algorithm

and
severalconvergence

rate
results,w

hich
are

the
best-know

n
convergence

rate
prior

to
the

current
paper.

T
he

idea
of

using
tw

o-tim
escale

quasi-gradient
traced

back
to

the
earlier

w
ork

E
rm

oliev
(1976).

It
proposed

for
the

first
tim

e
a
stochastic

iteration
that

updates
the

solution
and

an
auxiliary

variable
using

tw
o
different

stepsizes.
T
he

increm
entaltreatm

ent
of

proxim
al

gradient
iteration

has
been

studied
extensively

for
the

expectation
m
inim

ization
problem

,see
for

exam
ples

N
edić

and
B
ertsekas

(2001);N
em

irovskiet
al.(2009);W

ang
et

al.(2015);W
ang

and
B
ertsekas

(2016)
and

references
therein.

H
ow

ever,except
for

W
ang

et
al.(2017)

and
W
ang

and
Liu

(2016),allof
these

w
orks

focus
on

variants
of

the
expectation

m
inim

ization
problem

and
do

not
apply

to
the

stochastic
com

position
problem

(1).
A
nother

w
ork

partially
related

to
this

paper
is

by
D
ai

et
al.

(2017).
T
hey

consider
a
special

case
of

problem
(1)

arising
in

kernelestim
ation,w

here
they

assum
e
that

allfunctions
f
v ’s

are
convex

and
their

conjugate
functions

f
?v ’s

can
be

easily
obtained/sam

pled.
U
nder

these
additionalassum

ptions,
they

essentially
rew

rite
the

problem
into

a
saddle

point
optim

ization
involving

functional
variables.

In
this

paper,w
e
propose

a
new

accelerated
stochastic

com
positionalproxim

algradient
(A

SC
-P

G
)
m
ethod

that
applies

to
the

penalized
problem

(1),w
hich

is
a
m
ore

generalproblem
than

the
one

considered
in

W
ang

et
al.(2017).

W
e
use

a
coupled

m
artingale

stochastic
analysis

to
show

that
A
SC

-P
G

achieves
significantly

better
sam

ple-error
com

plexity
in

various
cases.

W
e
also

show
that

A
SC

-P
G

exhibits
optim

alsam
ple-error

com
plexity

in
tw

o
im

portant
special

cases:
the

case
w
here

the
outer

function
is

linear
and

the
case

w
here

the
inner

function
is

linear.
N
ote

that
the

current
w
ork

has
a
prelim

inary
conference

version
(W

ang
et

al.,2016).
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W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

T
he

current
journalversion

provides
m
ore

com
plete

technicaldetails
as

w
ellas

im
portant

theoreticalextensions
(T

heorem
3).

O
ur

m
ajor

contributions
are

sum
m
arized

as
follow

s:

1.
W
e
propose

the
first

stochastic
proxim

al-gradientm
ethod

for
the

stochastic
com

position
problem

.
T
his

is
the

first
algorithm

that
is
able

to
address

the
nonsm

ooth
regularization

penalty
R

(·)
w
ithout

deteriorating
the

convergence
rate.

2.
W
e
obtain

a
convergence

rate
O

(K
−
4
/
9)

for
sm

ooth
optim

ization
problem

s
that

are
not

necessarily
convex,w

here
K

is
the

num
ber

of
queries

to
the

stochastic
first-order

oracle.
T
his

im
proves

the
best

know
n
convergence

rate
and

provides
a
new

benchm
ark

for
the

stochastic
com

position
problem

.

3.
W
e
provide

a
com

prehensive
analysis

and
results

that
apply

to
various

specialcases.
In

particular,our
results

contain
as

specialcases
the

know
n
optim

alrate
results

for
the

expectation
m
inim

ization
problem

,i.e.,
O

(1
/ √

K
)
for

generalobjectives
and

O
(1
/K

)
for

strongly
convex

objectives.

4.
In

the
specialcase

w
here

the
inner

function
g
(·)

is
a
linear

m
apping,w

e
show

that
it
is

suffi
cient

to
use

one
tim

escale
to

guarantee
convergence.

O
ur

result
achieves

the
non-

im
provable

rate
of

convergence
O

(1/K
)
for

optim
alstrongly

convex
optim

ization
and

O
(1/ √

K
)
for

convex
optim

ization
and

nonconvex
sm

ooth
optim

ization.
It

im
plies

that
the

inner
linearity

does
not

bring
fundam

entaldiffi
culty

to
the

stochastic
com

position
problem

.

5.
W
e
show

that
the

proposed
m
ethod

leads
to

a
new

on-policy
reinforcem

ent
learning

algorithm
.
T
he

new
learning

algorithm
achieves

the
optim

alconvergence
rate

O
(1/ √

K
)

for
solving

B
ellm

an
equations

based
on

K
observations

of
state-to-state

transitions.

In
com

parison
w
ith

W
ang

et
al.(2017),our

analysis
is
m
ore

succinct
and

leads
to

stronger
results.

To
the

best
of

our
know

ledge,T
heorem

s
1,2,3

in
this

paper
provide

the
best-know

n
rates

for
the

stochastic
com

position
problem

.

P
ap

er
O
rgan

ization
.

Section
2
states

the
sam

pling
oracle

and
the

accelerated
stochastic

com
positionalproxim

algradient
algorithm

(A
SC

-P
G
).Section

3
states

the
convergence

rate
results

in
the

case
ofgeneralnonconvex

objective
and

in
the

case
ofstrongly

convex
objective,

respectively.
Section

4
describes

an
application

of
A
SC

-P
G

to
reinforcem

ent
learning

and
gives

num
ericalexperim

ents.

N
otation

s
an

d
D
efi

n
ition

s.
For

x
∈
<
n,w

e
denote

by
x
′its

transpose,and
by
‖
x‖

its
E
uclidean

norm
(i.e.,‖x‖=

√
x
′x).

For
tw

o
sequences{y

k }
and
{
z
k },w

e
w
rite

y
k

=
O

(z
k )

if
there

exists
a
constant

c
>

0
such

that‖
y
k ‖≤

c‖
z
k ‖

for
each

k.
W
e
denote

by
I value
condition

the
indicator

function,w
hich

returns
“value”

if
the

“condition”
is

satisfied;otherw
ise

0.
W
e

denote
by

H
∗
the

optim
alobjective

function
value

of
problem

(1),denote
by

X
∗
the

set
of

optim
alsolutions,and

denote
by
P
S

(x
)
the

E
uclidean

projection
of

x
onto

S
for

any
convex

set
S
.
W
e
also

denote
by

short
that

f
(y

)
=

E
v [f

v (y
)]and

g
(x

)
=

E
w

[g
w

(x
)].
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A
cc

el
er

at
in

g
S
to

ch
a
st

ic
C

o
m
po

si
ti

o
n

O
pt

im
iz

at
io

n

2.
A

lg
or

it
h
m

W
e
fo
cu
s
on

th
e
bl
ac
k-
bo

x
sa
m
pl
in
g
en
vi
ro
nm

en
t.

Su
pp

os
e
th
at

w
e
ha

ve
ac
ce
ss

to
a
st
oc
ha

st
ic

fir
st
-o
rd
er

or
ac
le
,w

hi
ch

re
tu
rn
s
ra
nd

om
re
al
iz
at
io
ns

of
fir
st
-o
rd
er

in
fo
rm

at
io
n
up

on
qu

er
ie
s.

T
hi
s
is

a
ty
pi
ca
ls

im
ul
at
io
n
or
ac
le

th
at

is
av
ai
la
bl
e
in

bo
th

on
lin

e
an

d
ba

tc
h
le
ar
ni
ng

.
M
or
e

sp
ec
ifi
ca
lly

,a
ss
um

e
th
at

w
e
ar
e
gi
ve
n
a
S
am

p
li
n
g
O
ra
cl
e
(S
O
)
su
ch

th
at

•
G
iv
en

so
m
e

x
∈
<n

,t
he

S
O

re
tu
rn
s
a
ra
nd

om
ve
ct
or
g w

(x
)
an

d
a
no

is
y
su
bg

ra
di
en
t

∇
g w

(x
).

•
G
iv
en

so
m
e

y
∈
<m

,t
he

S
O

re
tu
rn
s
a
no

is
y
gr
ad

ie
nt
∇
f v

(y
).

N
ow

w
e
pr
op

os
e
th
e
A
cc
el
er
at
ed

St
oc
ha

st
ic

C
om

po
si
ti
on

al
P
ro
xi
m
al

G
ra
di
en
t
(A

SC
-P

G
)

al
go
ri
th
m
,s

ee
A
lg
or
it
hm

1.
A
SC

-P
G

is
a
ge
ne
ra
liz

at
io
n
of

th
e
SC

G
D

pr
op

os
ed

by
W
an

g
et

al
.(

20
17

),
in

w
hi
ch

a
pr
ox
im

al
st
ep

is
us
ed

to
re
pl
ac
e
th
e
pr
oj
ec
ti
on

st
ep
.

A
lg
or
it
h
m

1
A
cc
el
er
at
ed

St
oc
ha

st
ic

C
om

po
si
ti
on

al
P
ro
xi
m
al

G
ra
di
en
t
(A

SC
-P

G
)

R
eq
u
ir
e:

x
1
∈
<n

,S
O
,K

,s
te
ps
iz
e
se
qu

en
ce
s
{α

k
}K k

=
1
,a

nd
{β

k
}K k

=
1
.

E
n
su
re
:
{x

k
}K k

=
1

1:
In
it
ia
liz

e
z
1

=
x
1
an

d
y
1

=
0.

2:
fo
r
k

=
1,
··
·,
K

d
o

3:
Q
ue

ry
th
e
S
O

an
d
ob

ta
in

gr
ad

ie
nt

sa
m
pl
es
∇
f v
k
(y
k
),
∇
g w

k
(z
k
).

4:
U
pd

at
e
th
e
m
ai
n
it
er
at
e
by

x
k
+
1

=
pr
ox
α
k
R
(·)
( x

k
−
α
k
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)) .

5:
U
pd

at
e
au

xi
lla

ry
it
er
at
es

by
an

ex
tr
ap
ol
at
io
n-
sm

oo
th
in
g
sc
he

m
e:

z
k
+
1

=

( 1
−

1 β
k

)
x
k

+
1 β
k
x
k
+
1
,

y
k
+
1

=
(1
−
β
k
)y
k

+
β
k
g w

k
+
1
(z
k
+
1
),

w
he

re
th
e
sa
m
pl
e
g w

k
+
1
(z
k
+
1
)
is

ob
ta
in
ed

vi
a
qu

er
yi
ng

th
e
S
O
.

6:
en

d
fo
r

In
A
lg
or
it
hm

1,
th
e
ex
tr
ap
ol
at
io
n-
sm

oo
th
in
g
sc
he
m
e
(i
.e
.,
th
e

(y
,z

)-
st
ep
)
is

cr
it
ic
al

to
th
e
ac
ce
le
ra
ti
on

of
co
nv

er
ge
nc
e.

T
he

ac
ce
le
ra
ti
on

is
du

e
to

th
e
fa
st

ru
nn

in
g
es
ti
m
at
io
n
of

th
e
un

kn
ow

n
qu

an
ti
ty

g
(x
k
)

:=
E w

[g
w

(x
k
)]
.
A
t
it
er
at
io
n
k
,
th
e
ru
nn

in
g
es
ti
m
at
e

y
k
of

g
(x
k
)
is
ob

ta
in
ed

us
in
g
a
w
ei
gh

te
d
sm

oo
th
in
g
sc
he
m
e,

co
rr
es
po

nd
in
g
to

th
e

y
-s
te
p;

w
hi
le

th
e

ne
w

qu
er
y
po

in
t

z
k
+
1
is

ob
ta
in
ed

th
ro
ug

h
ex
tr
ap

ol
at
io
n,

co
rr
es
po

nd
in
g
to

th
e

z
-s
te
p.

T
he

up
da

te
s
ar
e
co
ns
tr
uc
te
d
in

a
w
ay

su
ch

th
at

y
k
is

a
ne
ar
ly

un
bi
as
ed

es
ti
m
at
e
of
g
(x
k
).

To
se
e

ho
w

th
e
ex
tr
ap

ol
at
io
n-
sm

oo
th
in
g
sc
he
m
e
w
or
ks
,w

e
le
t
th
e
w
ei
gh

ts
be

ξ(
k
)

t
=

{
β
t
∏
k i=
t+

1
(1
−
β
i)
,

if
k
>
t
≥

0

β
k
,

if
k

=
t
≥

0
.

(3
)
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W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

T
he

n,
w
e
ca
n
ve
ri
fy

th
e
fo
llo

w
in
g
im

po
rt
an

t
re
la
ti
on

s:

x
k
+
1

=
k ∑ t=
0

ξ(
k
)

t
z
t+

1
,

y
k
+
1

=
k ∑ t=
0

ξ(
k
)

t
g w

t+
1
(z
t+

1
),

w
hi
ch

es
se
nt
ia
lly

sa
y
th
at

x
k
+
1
is

a
da

m
pe

d
w
ei
gh

te
d
av
er
ag
e
of
{z
t+

1
}k

+
1

0
an

d
y
k
+
1
is

a
da

m
pe

d
w
ei
gh

te
d
av
er
ag

e
of
{g
w
t+

1
(z
t+

1
)}
k
+
1

0
.

A
n
A
n
al
yt
ic
al

E
xa

m
p
le

of
th
e
E
xt
ra
p
ol
at
io
n
-S
m
oo

th
S
ch
em

e
N
ow

co
ns
id
er

th
e

sp
ec
ia
lc

as
e
w
he
re
g w

(·)
is

al
w
ay

s
a
lin

ea
r
m
ap

pi
ng

g w
(z

)
=
A
w
z

+
b z

an
d
β
k

=
1
/(
k

+
1
).

W
e
ca
n
ve
ri
fy

th
at
ξ(
k
)

t
=

1/
(k

+
1)

fo
r
al
lt
.
T
he

n
w
e
ha

ve

g
(x
k
+
1
)

=
1

k
+

1

k ∑ t=
0

E[
A
w

]z
t+

1
+
E[

b
w

],
y
k
+
1

=
1

k
+

1

k ∑ t=
0

A
w
t+

1
z
t+

1
+

1

k
+

1

k ∑ t=
0

b
w
t+

1
.

In
th
is

w
ay
,w

e
ca
n
se
e
th
at

th
e
sc
al
ed

er
ro
r

k
(y
k
+
1
−
g
(x
k
+
1
))

=
k ∑ t=
0

(A
w
t+

1
−

E[
A
w

])
z
t+

1
+

k ∑ t=
0

(b
w
t+

1
−

E[
b
w

])

is
a
ze
ro
-m

ea
n
an

d
ze
ro
-d
ri
ft
m
ar
ti
ng

al
e.

U
nd

er
ad

di
ti
on

al
te
ch
ni
ca
la

ss
um

pt
io
ns
,w

e
ha

ve

E[
‖y

k
+
1
−
g
(x
k
+
1
)‖

2
]
≤
O

(
1 k

)
.

N
ot
e
th
at

th
e
ze
ro
-d
ri
ft

pr
op

er
ty

of
th
e
er
ro
r
m
ar
ti
ng

al
e
is

th
e
ke
y
to

th
e
fa
st

co
nv

er
ge
nc

e
ra
te
.
T
he

ze
ro
-d
ri
ft

pr
op

er
ty

co
m
es

fr
om

th
e
ne

ar
-u
nb

ia
se
dn

es
s
of

y
k
,w

hi
ch

is
du

e
to

th
e

sp
ec
ia
lc

on
st
ru
ct
io
n
of

th
e
ex
tr
ap

ol
at
io
n-
sm

oo
th
in
g
sc
he
m
e.

In
th
e
m
or
e
ge
ne
ra
lc

as
e
w
he
re

g w
is

no
t
ne
ce
ss
ar
ily

lin
ea
r,

w
e
ca
n
us
e
a
si
m
ila

r
ar
gu

m
en
t
to

sh
ow

th
at

y
k
is

a
ne
ar
ly

un
bi
as
ed

es
ti
m
at
e
of
g
(x
k
).

A
s
a
re
su
lt
,t
he

ex
tr
ap

ol
at
io
n-
sm

oo
th
in
g
(y
,z
)-
st
ep

en
su
re
s
th
at

y
k
tr
ac
ks

th
e
un

kn
ow

n
qu

an
ti
ty
g
(x
k
)
effi

ci
en
tl
y.

3.
M

ai
n

R
es

u
lt

s

W
e
pr
es
en
t
ou

r
m
ai
n
th
eo
re
ti
ca
lr
es
ul
ts

in
th
is
se
ct
io
n.

N
ot
e
th
at

fo
r
ea
se

of
pr
es
en
ta
ti
on

,w
e

de
fe
r
al
ld

et
ai
le
d
pr
oo

fs
fo
r
th
e
th
eo
re
m
s,

an
d
te
ch
ni
ca
ll
em

m
as

to
A
pp

en
di
x.

Le
t
us

be
gi
n

by
st
at
in
g
ou

r
as
su
m
pt
io
ns
.
N
ot
e
th
at

al
la

ss
um

pt
io
ns

in
vo
lv
in
g
ra
nd

om
re
al
iz
at
io
ns

of
v
,w

ho
ld

w
it
h
pr
ob

ab
ili
ty

1.

A
ss
u
m
p
ti
on

1
T
he

sa
m
pl
es

ge
ne
ra
te
d
by

th
e
S
O

ar
e
un

bi
as
ed

in
th
e
fo
llo

w
in
g
se
ns
e:

1.
E {

w
k
,v
k
}(
∇
g
> w k

(x
)∇
f v
k
(y

))
=
∇
g
>

(x
)∇
f

(y
)
∀k

=
1,

2
,·
··
,K

,
∀x
,∀

y
.

2.
E w

k
(g
w
k
(x

))
=
g
(x

)
∀x

.

N
ot
e
th
at
w
k
an

d
v k

ar
e
no

t
ne
ce
ss
ar
ily

in
de
pe
nd

en
t.

A
ss
u
m
p
ti
on

2
T
he

sa
m
pl
e
gr
ad
ie
nt
s
an

d
va
lu
es

ge
ne
ra
te
d
by

th
e
S
O

sa
ti
sf
y

E w
(‖
g w

(x
)
−
g
(x

)‖
2
)
≤
σ
2
∀x
.
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A
cceler

atin
g

S
to

ch
a
stic

C
o
m
po

sitio
n

O
ptim

izatio
n

A
ssu

m
p
tion

3
T
he

sam
ple

gradients
generated

by
the

S
O

are
uniform

ly
bounded,

and
the

penalty
function

R
has

bounded
gradients.

‖∇
f
v (x

)‖≤
Θ

(1),
‖∇

g
w

(x
)‖≤

Θ
(1),

‖
∂
R

(x
)‖≤

Θ
(1)

∀
x
,∀
w
,∀
v

A
ssu

m
p
tion

4
T
here

exists
L
F
,L

f ,L
g
>

0
such

that

1.
F

(z
)−

F
(x

)≤
〈∇
F

(x
),z−

x〉
+

L
F2
‖
z−

x‖
2
∀
x
∀
z.

2.
‖∇

f
v (y

)−
∇
f
v (w

)‖≤
L
f ‖

y
−

w
‖
∀
y
∀
w
∀
v
.

3.
‖g

(x
)−

g
(z

)−
∇
g
(z

) >
(x
−

z
)‖≤

L
g2 ‖

x
−

z‖
2
∀
x
∀
z
.

C
ondition

1
of

A
ssum

ption
4
requires

that
the

function
F

(·)
is
L
f -sm

ooth.
C
ondition

2
requires

that
f
v
has

Lipschitz
gradient

for
all

v.
C
ondition

3
requires

that
the

function
g
(·)

is
L
g
sm

ooth.
N
ote

that
the

case
w
here

L
f

=
0
or
L
g

=
0
coincides

w
ith

the
specialcase

w
here

either
f
v
or
g
is

linear,respectively.
T
he

constants
L
F
,L

f ,L
g
jointly

characterize
the

sm
oothness

and
com

plexity
of

stochastic
com

position
optim

ization.
T
hey

do
not

adm
it

any
straightforw

ard
dependence

relation.
O
urfirstm

ain
resultconcernsw

ith
generaloptim

ization
problem

sw
hich

are
notnecessarily

convex.

T
h
eorem

1
(S
m
ooth

(N
on

convex)
O
p
tim

ization
)
LetA

ssum
ptions

1,2,3,and
4
hold.

D
enote

by
F

(x
)

:=
(E

v (f
v )◦

E
w

(g
w

))(x
)
for

short
and

suppose
that

R
(x

)
=

0
in

(1)
and

E
(F

(x
k ))

is
bounded

from
above.

C
hoose

α
k

=
k −

a
and

β
k

=
2
k −

b
w
here

a
∈

(0
,1

)
and

b∈
(0,1

)
in

A
lgorithm

1.
T
hen

w
e
have

∑
Kk
=
1 E

(‖∇
F

(x
k )‖

2)

K
≤
O

(K
a−

1
+
L
2f L

g K
4
b−

4
aI

lo
g
K

4
a−

4
b=

1
+
L
2f K
−
b

+
K
−
a).

(4)

If
L
g 6=

0
and

L
f
6=

0,
choose

a
=

5/
9
and

b
=

4/9,
yielding

∑
Kk
=
1 E

(‖∇
F

(x
k )‖

2)

K
≤
O

(K
−
4
/
9).

(5)

If
L
g

=
0
or
L
f

=
0,

choose
a

=
b

=
1/

2,
yielding

∑
Kk
=
1 E

(‖∇
F

(x
k )‖

2)

K
≤
O

(K
−
1
/
2).

(6)

T
he

result
of

T
heorem

1
strictly

im
proves

the
best-know

n
results

given
by

W
ang

et
al.

(2017).
F
irst

the
result

of
(5)

im
proves

the
finite-sam

ple
error

bound
from

O
(k −

2
/
7)

to
O

(k −
4
/
9)

for
general

convex
and

nonconvex
optim

ization.
T
his

im
proves

the
best

know
n

convergence
rate

and
provides

a
new

benchm
ark

for
the

stochastic
com

position
problem

.
N
ote

that
it
is
possible

to
relax

the
condition

“E
(F

(x
k ))

is
bounded

from
above"

in
T
heorem

1.
H
ow

ever,it
w
ould

m
ake

the
analysis

m
ore

cum
bersom

e
and

yield
an

additionalterm
log

K
in

the
error

bound.
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W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

O
ur

second
m
ain

result
concerns

strongly
convex

objective
functions.

W
e
say

that
the

objective
function

H
is
optim

ally
strongly

convex
w
ith

param
eter

λ
>

0
if

H
(x

)−
H

(P
X
∗(x

))≥
λ‖x
−
P
X
∗(x

)‖
2
∀
x
.

(7)

(see
Liu

and
W
right

(2015)).
N
ote

that
any

strongly
convex

function
is

optim
ally

strongly
convex,but

the
reverse

does
not

hold.
For

exam
ple,the

objective
function

(2)
in

on-policy
reinforcem

ent
learning

is
alw

ays
optim

ally
strongly

convex
(even

ifE
(A

)
is

a
rank

deficient
m
atrix),but

not
necessarily

strongly
convex.

W
e
point

out
that

there
are

other
class

of
functions

that
are

not
strongly

convex,
for

w
hich

first-order
algorithm

s
stillachieve

linear
convergence.

See
K
arim

iet
al.(2016)

and
N
ecoara

et
al.(2015)

for
exam

ples.
For

ease
of

presentation,in
this

w
ork,w

e
only

consider
optim

ally
strongly

convex
functions.

T
h
eorem

2
(Strongly

C
onvex

O
ptim

ization)
Suppose

that
the

objective
function

H
(x

)
in

(1)
is

optim
ally

strongly
convex

w
ith

param
eter

λ
>

0
defined

in
(7).

Set
α
k

=
C
a k −

a
and

β
k

=
C
b k −

b
w
here

C
a
>

4
λ,

C
b
>

2,
a
∈

(0
,1

],
and

b
∈

(0
,1

]
in

A
lgorithm

1.
U
nder

A
ssum

ptions
1,

2,
3,

and
4,

w
e
have

E
(‖x

K
−
P
X
∗(x

K
)‖

2)≤
O
(
K
−
a

+
L
2f L

g K
−
4
a
+
4
b

+
L
2f K
−
b )
.

(8)

If
L
g 6=

0
and

L
f
6=

0,
choose

a
=

1
and

b
=

4/
5,

yielding

E
(‖

x
K
−
P
X
∗(x

K
)‖

2)≤
O

(K
−
4
/
5).

(9)

If
L
g

=
0
or
L
f

=
0,

choose
a

=
1
and

b
=

1,
yielding

E
(‖

x
K
−
P
X
∗(x

K
)‖

2)≤
O

(K
−
1).

(10)

Let
us

discuss
the

results
ofT

heorem
2.

In
the

generalcase
w
here

L
f
6=

0
and

L
g 6=

0,the
convergence

rate
in

(9)
is

consistent
w
ith

the
result

of
W
ang

et
al.(2017).

N
ow

consider
the

specialcase
w
here

L
g

=
0,i.e.,the

inner
m
apping

is
linear.

T
his

result
finds

an
im

m
ediate

application
to

B
ellm

an
error

m
inim

ization
problem

(2)
w
hich

arises
from

reinforcem
ent

learning
problem

in
(and

w
ith

`
1
norm

regularization).
T
he

proposed
A
SC

-P
G

algorithm
is

able
to

achieve
the

optim
alrate

O
(1/K

)
w
ithout

any
extra

assum
ption

on
the

outer
function

f
v .

To
the

best
ofour

know
ledge,this

is
the

best
(also

optim
al)

sam
ple-error

com
plexity

for
on-policy

reinforcem
ent

learning.

T
h
eorem

3
(G

eneralC
onvex

O
ptim

ization)
Suppose

that
both

F
(x

)
and

H
(x

)
are

convex,
and

the
feasible

set
X

is
bounded.

Set
α
k

=
Θ

(k −
a)

and
β
k

=
Θ

(k −
b)

w
ith

a
∈

(0
,1

),
and

b∈
(0,1]

in
A
lgorithm

1.
U
nder

A
ssum

ptions
1,

2,
3,

and
4,

w
e
have

for
any

c
>

0:

H
(x̄
K

)−
H
∗≤

O
(
K
a−

1
+
K
a−

cI
lo
g
K

c=
1

+
K
−
a

(11)

+
L
2f L

g K
−
5
a
+
4
b+
cI

lo
g
K

6
a−

4
b−
c=

1
+
L
2f K
−
a−

b+
cI

lo
g
K

2
a
+
b−
c=

1 )
.
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A
cc

el
er

at
in

g
S
to

ch
a
st

ic
C

o
m
po

si
ti

o
n

O
pt

im
iz

at
io

n

w
he
re

x̄
K

:=
∑
K

+
1

k
=
2
α
k
x
k

∑
K

+
1

k
=
2
α
k
.
If
L
g
6=

0
an

d
L
f
6=

0,
ch
oo
se
a

=
5/

7,
b

=
4/

7,
c

=
1,

yi
el
di
ng

H
(x̄
K

)
−
H
∗
≤
O

(K
−
2
/
7
).

(1
2)

If
L
g

=
0
or
L
f

=
0,

ch
oo
se
a

=
1/

2,
b

=
1,

an
d
c

=
1,

yi
el
di
ng

H
(x̄
K

)
−
H
∗
≤
O

(K
−
1
/
2

lo
g
K

).
(1
3)

T
he

or
em

3
gi
ve
s
st
ro
ng

er
re
su
lt
s
th
an

th
e
be

st
-k
no

w
n
re
su
lt
s
of

W
an

g
et

al
.(

20
17

)
an

d
re
qu

ir
es

m
ild

er
as
su
m
pt
io
ns
.
In

th
e
ge
ne

ra
lc

as
e
w
he

re
L
f
6=

0
an

d
L
g
6=

0,
th
e
co
nv

er
ge
nc

e
ra
te

in
(1
2)

m
at
ch
es

th
e
re
su
lt

of
W
an

g
et

al
.(

20
17
).

W
he
n
ei
th
er
L
g

=
0
(i
.e
.,
th
e
in
ne
r

m
ap

pi
ng

is
lin

ea
r
or

L
f

=
0
(i
.e
.,

th
e
ou

te
r
m
ap

pi
ng

is
lin

ea
r)
,
th
e
pr
op

os
ed

A
SC

-P
G

al
go

ri
th
m

is
ab

le
to

ac
hi
ev
e
th
e
op

ti
m
al

ra
te
O

(1
/
√
K

)
up

to
a
lo
ga

ri
th
m
ic

fa
ct
or
.

R
em

ar
ks

T
he

or
em

s
1,

2,
an

d
3
gi
ve

im
po

rt
an

t
im

pl
ic
at
io
ns

ab
ou

t
th
e
sp
ec
ia
lc

as
es

w
he
re

L
f

=
0
or
L
g

=
0
.
In

th
es
e
ca
se
s,

w
e
ar
gu

e
th
at

ou
r
co
nv

er
ge
nc
e
ra
te

(1
0)

is
“o
pt
im

al
"

w
it
h
re
sp
ec
t
to

th
e
sa
m
pl
e
si
ze
K
.
T
o
se
e
th
is
,
it

is
w
or
th

po
in
ti
ng

ou
t
th
e
O

(1
/K

)
ra
te

of
co
nv

er
ge
nc
e
is
op

ti
m
al

fo
r
st
ro
ng

ly
co
nv

ex
ex
pe

ct
at
io
n
m
in
im

iz
at
io
n
pr
ob

le
m
.
B
ec
au

se
th
e
ex
pe

ct
at
io
n
m
in
im

iz
at
io
n
pr
ob

le
m

is
a
sp
ec
ia
l
ca
se

of
th
e
pr
ob

le
m

(1
),

th
e
O

(1
/K

)
co
nv

er
ge
nc

e
ra
te

m
us
t
be

op
ti
m
al

fo
r
th
e
st
oc
ha

st
ic

co
m
po

si
ti
on

pr
ob

le
m

to
o.

Si
m
ila

rl
y,

th
e

O
(1
/
√
K

)
ra
te

of
co
nv

er
ge
nc
e
is

al
so

op
ti
m
al

fo
r
ge
ne
ra
l
co
nv

ex
op

ti
m
iz
at
io
n
du

e
to

th
e

sa
m
e
ar
gu

m
en
t.

•
C
on

si
de
r
th
e
ca
se

w
he
re
L
f

=
0,

w
hi
ch

m
ea
ns

th
at

th
e
ou

te
r
fu
nc
ti
on
f v

(·)
is
lin

ea
r
w
it
h

pr
ob

ab
ili
ty

1.
T
he

n
th
e
st
oc
ha

st
ic

co
m
po

si
ti
on

pr
ob

le
m

(1
)
re
du

ce
s
to

an
ex
pe

ct
at
io
n

m
in
im

iz
at
io
n
pr
ob

le
m

si
nc
e

(E
v
f v
◦E

w
g w

)(
x

)
=

E v
(f
v
(E

w
g w

(x
))

)
=

E v
E w

(f
v
◦g

w
)(

x
).

T
he

re
fo
re
,i
t
m
ak
es

a
pe

rf
ec
t
se
ns
e
to

ob
ta
in

th
e
op

ti
m
al

co
nv

er
ge
nc

e
ra
te
.

•
C
on

si
de
r
th
e
ca
se

w
he
re
L
g

=
0
,w

hi
ch

m
ea
ns

th
at

th
e
in
ne
r
fu
nc
ti
on

g
(·)

is
a
lin

ea
r

m
ap

pi
ng

.
T
he

re
su
lt

is
qu

it
e
su
rp
ri
si
ng

.
N
ot
e
th
at

ev
en

g
(·)

is
a
lin

ea
r
m
ap

pi
ng

,
it

do
es

no
t
re
du

ce
pr
ob

le
m

(1
)
to

an
ex
pe

ct
at
io
n
m
in
im

iz
at
io
n
pr
ob

le
m
.
H
ow

ev
er
,t
he

A
SC

-P
G

st
ill

ac
hi
ev
es

th
e
op

ti
m
al

co
nv

er
ge
nc
e
ra
te
.
T
hi
s
su
gg
es
ts

th
at
,w

he
n
in
ne
r

lin
ea
ri
ty

ho
ld
s,

th
e
st
oc
ha

st
ic

co
m
po

si
ti
on

pr
ob

le
m

(1
)
is

no
t
fu
nd

am
en
ta
lly

m
or
e

di
ffi
cu

lt
th
an

th
e
ex
pe

ct
at
io
n
m
in
im

iz
at
io
n
pr
ob

le
m
.

T
he

co
nv

er
ge
nc
e
ra
te

re
su
lt
s
un

ve
ile

d
in

T
he
or
em

s
1
an

d
2
ar
e
th
e
be

st
kn

ow
n
re
su
lt
s
fo
r

th
e
co
m
po

si
ti
on

pr
ob

le
m
.
W
e
be

lie
ve

th
at

th
ey

pr
ov
id
e
im

po
rt
an

t
ne
w

re
su
lt

w
hi
ch

pr
ov
id
es

in
si
gh

ts
in
to

th
e
co
m
pl
ex
it
y
of

th
e
st
oc
ha

st
ic

co
m
po

si
ti
on

pr
ob

le
m
.

4.
A

p
p
li
ca

ti
on

to
R

ei
n
fo

rc
em

en
t

L
ea

rn
in

g

In
th
is
se
ct
io
n,

w
e
ap

pl
y
th
e
pr
op

os
ed

A
SC

-P
G

al
go
ri
th
m

to
co
nd

uc
t
po

lic
y
va
lu
e
ev
al
ua

ti
on

in
re
in
fo
rc
em

en
t
le
ar
ni
ng

th
ro
ug

h
at
ta
ck
in
g
B
el
lm

an
eq
ua

ti
on

s.
Su

pp
os
e
th
at

th
er
e
ar
e

in
to
ta
l
S

st
at
es
.
L
et

th
e
po

lic
y
of

in
te
re
st

be
π
.
D
en
ot
e
th
e
va
lu
e
fu
nc
ti
on

of
st
at
es

by
V
π
∈
<S

,w
he
re
V
π
(s

)
de
no

te
s
th
e
va
lu
e
of

be
in
g
at

st
at
e
s
un

de
r
po

lic
y
π
.
T
he

B
el
lm

an
eq
ua

ti
on

of
th
e
pr
ob

le
m

is

V
π
(s

1
)

=
E π
{r
s 1
,s

2
+
γ
·V

π
(s

2
)|s

1
}
fo
r
al
ls

1
,s

2
∈
{1
,.
..
,S
},
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W
a
n
g
,
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,
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n
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F
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k
×

1
0

4

0
3

6
9

‖wk−w
∗
‖ 02468

A
S

C
-P

G

a
-S

C
G

D

G
T

D
2

-M
P

k
×

1
0

4

0
3

6
9

‖Φwk−Xw
∗
‖

0369

1
2

A
S

C
-P

G

a
-S

C
G

D

G
T

D
2
-M

P

lo
g
(k
)

7
.5

8
8
.5

log(‖wk−w
∗
‖) -0

.50

0
.51

1
.52

A
S

C
-P

G

a
-S

C
G

D

G
T

D
2

-M
P

lo
g
(k
)

7
.5

8
8
.5

log(‖Φwk−Φw
∗
‖)

0

0
.51

1
.52

2
.5

A
S

C
-P

G

a
-S

C
G

D

G
T

D
2

-M
P

F
ig
ur
e
1:

E
m
pi
ri
ca
lc

on
ve
rg
en
ce

ra
te

of
th
e
A
SC

-P
G

al
go
ri
th
m

an
d
th
e
G
T
D
2-
M
P
al
go
ri
th
m

un
de

r
E
xp

er
im

en
t
1
av
er
ag

ed
ov
er

10
0
ru
ns
,w

he
re

w
k
de

no
te
s
th
e
so
lu
ti
on

at
th
e

k
-t
h
it
er
at
io
n.

w
he

re
r s

1
,s

2
de

no
te
s
th
e
re
w
ar
d
of

m
ov

in
g
fr
om

st
at
e
s 1

to
s 2
,a

nd
th
e
ex
pe

ct
at
io
n
is

ta
ke
n

ov
er

al
lp

os
si
bl
e
fu
tu
re

st
at
e
s 2

co
nd

it
io
ne
d
on

cu
rr
en
t
st
at
e
s 1

an
d
th
e
po

lic
y
π
.
W
e
ha

ve
th
at

th
e
so
lu
ti
on

V
∗
∈
<S

to
th
e
ab

ov
e
eq
ua

ti
on

sa
ti
sfi
es

th
at
V
∗

=
V
π
.
H
er
e
a
m
od

er
at
el
y

la
rg
e
S

w
ill

m
ak
e
so
lv
in
g
th
e
B
el
lm

an
eq
ua

ti
on

di
re
ct
ly

im
pr
ac
ti
ca
l.

To
re
so
lv
e
th
e
cu

rs
e
of

di
m
en
si
on

al
it
y,

in
m
an

y
pr
ac
ti
ca
la

pp
lic

at
io
ns
,w

e
ap

pr
ox
im

at
e
th
e
va
lu
e
of

ea
ch

st
at
e
by

so
m
e
lin

ea
r
m
ap

of
it
s
fe
at
ur
e
φ
s
∈
<d

,w
he
re
d
<
S

to
re
du

ce
th
e
di
m
en
si
on

.
In

pa
rt
ic
ul
ar
,

w
e
as
su
m
e
th
at
V
π
(s

)
≈
φ
T s
w
∗
fo
r
so
m
e

w
∗
∈
<m

.
T
o
co
m
pu

te
w
∗ ,

w
e
fo
rm

ul
at
e
th
e
pr
ob

le
m

as
a
B
el
lm

an
re
si
du

al
m
in
im

iz
at
io
n
pr
ob

le
m

th
at

m
in w

S ∑ s=
1

(φ
T s
w
−
q π
,s

(w
))

2
,

w
he
re
q π
,s

(w
)

=
E π
{r
s,
s′

+
γ
·φ

T s′
w
}

=
∑

s′
P
π ss
′(
{r
s,
s′

+
γ
·φ

T s′
w

);
γ
<

1
is
a
di
sc
ou

nt
fa
ct
or
,

an
d
r s
,s
′
is
th
e
ra
nd

om
re
w
ar
d
of

tr
an

si
ti
on

fr
om

st
at
e
s
to

st
at
e
s′
.
It

is
cl
ea
rl
y
se
en

th
at

th
e

pr
op

os
ed

A
SC

-P
G

al
go

ri
th
m

co
ul
d
be

di
re
ct
ly

ap
pl
ie
d
to

so
lv
e
th
is

pr
ob

le
m

w
he

re
w
e
ta
ke

g
(w

)
=

(φ
T 1
w
,q
π
,1

(w
),
..
.,
φ
T S
w
,q
π
,S

(w
))
∈
<2

S
,

f
( (φ

T 1
w
,q
π
,1

(w
),
..
.,
φ
T S
w
,q
π
,S

(w
))
)

=
S ∑ s=
1

(φ
s
w
−
q π
,s

(w
))

2
∈
<.
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A
cceler

atin
g

S
to

ch
a
stic

C
o
m
po

sitio
n

O
ptim

izatio
n

W
e
point

out
that

the
g
(·)

function
here

is
a
linear

m
ap.

B
y
our

theoretical
analysis,

w
e

expect
to

achieve
a
faster

O
(1
/k

)
rate

of
convergence,w

hich
is

justified
em

pirically
in

our
later

sim
ulation

study.
W
e
consider

three
experim

ents,
w
here

in
the

first
tw

o
experim

ents,
w
e
com

pare
our

proposed
accelerated

A
SC

-P
G

algorithm
w
ith

accelerated
SC

G
D

(a-SC
G
D
)
algorithm

(W
ang

et
al.,

2017)
and

the
recently

proposed
G
T
D
2-M

P
algorithm

(L
iu

et
al.,

2015).
A
lso,

in
the

first
tw

o
experim

ents,w
e
do

not
add

any
regularization

term
,i.e.

R
(·)

=
0.

W
e
point

out
here

that
in

experim
ents

1
and

2,
since

there
is

no
penalization

term
,
i.e.,

R
(·)

=
0,

the
A
SC

-P
G

algorithm
essentially

m
atches

the
a-SC

G
D

algorithm
in

W
ang

et
al.

(2017).
H
ow

ever,note
that

the
choice

of
stepsizes{

α
k }

and
{
β
k }

of
A
SC

-P
G

are
different

from
the

stepsizes
ofa-SC

G
D
,w

here
for

A
SC

-P
G
α
k

=
k −

1
and

β
k

=
k −

1,and
for

a-SC
G
D
α
k

=
k −

1

and
β
k

=
k −

4
/
5.

In
the

third
experim

ent,
w
e
add

an
`
1 -penalization

term
λ‖w
‖
1 .

In
all

cases,w
e
choose

the
step

sizes
via

com
parison

studies
as

in
D
ann

et
al.(2014):

•
E
xperim

ent
1:

W
e
use

the
B
aird’s

exam
ple

(B
aird,

1995),
w
hich

is
a
w
ell-know

n
exam

ple
to

test
the

off-policy
convergent

algorithm
s.

T
his

exam
ple

contains
S

=
6

states,and
tw

o
actions

at
each

state.
W
e
refer

the
readers

to
B
aird

(1995)
for

m
ore

detailed
inform

ation
of

the
exam

ple.

•
E
xperim

ent
2:

W
e
generate

a
M
arkov

decision
problem

(M
D
P
)
using

sim
ilar

setup
as

in
W

hite
and

W
hite

(2016).
In

each
instance,w

e
random

ly
generate

an
M
D
P

w
hich

contains
S

=
100

states,and
three

actions
at

each
state.

T
he

dim
ension

of
the

G
iven

one
state

and
one

action,the
agent

can
m
ove

to
one

offour
next

possible
states.

In
our

sim
ulation,w

e
generate

the
transition

probabilities
for

each
M
D
P

instance
uniform

ly
from

[0,1]and
norm

alize
the

sum
oftransitions

to
one,and

w
e
generate

the
rew

ard
for

each
transition

also
uniform

ly
in

[0,1].

•
E
xperim

ent
3:

W
e
generate

the
data

sam
e
as

E
xperim

ent
2
except

that
w
e
have

a
larger

d
=

100
dim

ensionalfeature
space,w

here
only

the
first

4
com

ponents
of

w
∗
are

non-zeros.
W
e
add

an
`
1 -regularization

term
,
λ‖w
‖
1 ,to

the
objective

function.

D
enote

by
w
k
the

solution
at

the
k-th

iteration.
For

the
first

tw
o
experim

ents,
w
e

report
the

em
piricalconvergence

perform
ance

‖
w
k −

w
∗‖

and
‖Φ

w
k −

Φ
w
∗‖,w

here
Φ

=
(φ

1 ,...,φ
S
)
T
∈
<
S×

d
and

Φ
w
∗

=
V
,
and

all
w
k ’s

are
averaged

over
100

runs,
in

the
first

tw
o
subfigures

ofF
igures

1
and

2.
It

is
seen

that
the

A
SC

-P
G

algorithm
achieves

the
fastest

convergence
rate

em
pirically

in
both

experim
ents.

To
further

evaluate
our

theoreticalresults,
w
e
plot

lo
g
(t)

vs.
log

(‖
w
k −

w
∗‖

)
(or

log
(‖Φ

w
k −

Φ
w
∗‖

)
averaged

over
100

runs
for

the
first

tw
o
experim

ents
in

the
second

tw
o
subfigures

of
F
igures

1
and

2.
T
he

em
piricalresults

further
support

our
theoreticalanalysis

that‖
w
k −

w
∗‖

2=
O

(1/k
)
for

the
A
SC

-P
G

algorithm
w
hen

g
(·)

is
a
linear

m
apping.

For
E
xperim

ent
3,as

the
optim

alsolution
is
unknow

n,w
e
run

the
A
SC

-P
G

algorithm
for

one
m
illion

iterations
and

take
the

corresponding
solution

as
the

optim
alsolution

ŵ
∗,and

w
e
report‖

w
k −

ŵ
∗‖

and
‖
Φ

w
k −

Φ
ŵ
∗‖

averaged
over

100
runs

in
F
igure

3.
It

is
seen

the
the

A
SC

-P
G

algorithm
achieves

fast
em

piricalconvergence
rate.
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W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

k
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1
0

4
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6
9

‖wk −w
∗‖

0 2 4 6
A

S
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-P
G

a
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C
G
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G
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P
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×

1
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4
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3
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G
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G
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D
2

-M
P
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(
k
)

7
.5

8
8
.5

9
9
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1
0

log(‖wk −w
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A

S
C
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a
-S

C
G

D

G
T

D
2
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P

log
(
k
)

7
.5

8
8
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9
.5

1
0

log(‖Φwk −Φw
∗‖)

0 1 2 3 4
A

S
C

-P
G

a
-S

C
G

D

G
T

D
2

-M
P

F
igure

2:
E
m
piricalconvergence

rate
ofthe

A
SC

-P
G

algorithm
and

the
G
T
D
2-M

P
algorithm

under
E
xperim

ent
2
averaged

over
100

runs,w
here

w
k
denotes

the
solution

at
the

k-th
iteration.

k
×

1
0

4

0
2

4
6

8

‖wt − ŵ
∗‖

0 1 2 3 4 5
la

m
b

d
a

 =
 1

e
-3

la
m

b
d
a

 =
 5

e
-4

t
×

1
0

4

0
2

4
6

8

‖Φwk −Φŵ
∗‖

0 5

1
0

1
5

2
0

2
5

la
m

b
d
a
 =

 1
e
-3

la
m

b
d
a
 =

 5
e
-4

F
igure

3:
E
m
piricalconvergence

rate
of

the
A
SC

-P
G

algorithm
w
ith

the
`
1 -regularization

term
λ‖

w
‖
1
under

E
xperim

ent
3
averaged

over
100

runs,w
here

w
k
denotes

the
solution

at
the

t-th
iteration.

5.
C

on
clu

sion

W
e
develop

the
first

proxim
algradient

m
ethod

for
stochastic

com
position

optim
ization

w
ith

nonsm
ooth

penalties.
T
he

algorithm
updates

by
interacting

w
ith

a
stochastic

first-order
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A
cc

el
er

at
in

g
S
to

ch
a
st

ic
C

o
m
po

si
ti

o
n

O
pt

im
iz

at
io

n

or
ac
le
.

F
in
it
e-
sa
m
pl
e
co
nv

er
ge
nc
e
ra
te
s
ar
e
es
ta
bl
is
he
d
un

de
r
a
va
ri
et
y
of

as
su
m
pt
io
ns
,

w
hi
ch

pr
ov
id
e
ne
w

ra
te

be
nc
hm

ar
ks

th
at

im
pr
ov
e
th
e
be

st
-k
no

w
n
re
su
lt
s
pr
io
r
to

th
is

pa
pe

r.
A
pp

lic
at
io
n
of

th
e
A
SC

-P
G

to
re
in
fo
rc
em

en
t
le
ar
ni
ng

le
ad

s
to

a
ne
w

on
-p
ol
ic
y
le
ar
ni
ng

al
go
ri
th
m
,w

hi
ch

ac
hi
ev
es

fa
st
er

co
nv

er
ge
nc
e
th
an

th
e
be

st
kn

ow
n
al
go
ri
th
m
s.

Fo
r
fu
tu
re

re
se
ar
ch
,i
t
re
m
ai
ns

op
en

w
he
th
er

or
un

de
r
w
ha

t
ci
rc
um

st
an

ce
s
th
e
cu
rr
en
t
O

(K
−
4
/
9
)
ca
n
be

fu
rt
he
r
im

pr
ov
ed
.
A
no

th
er

di
re
ct
io
n
is

to
cu
st
om

iz
e
an

d
ad

ap
t
th
e
al
go
ri
th
m

an
d
an

al
ys
is

to
m
or
e
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c
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ob

le
m
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is
in
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om
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in
fo
rc
em

en
t
le
ar
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an
d
ri
sk
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e
op
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m
iz
at
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in
or
de
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to

fu
lly

ex
pl
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t
th
e
po

te
nt
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lo

f
th
e
pr
op

os
ed

m
et
ho

d.

A
ck

n
ow

le
d
gm

en
ts

W
e
th
an

k
th
e
E
di
to
r,

th
e
A
ct
io
n

E
di
to
r
an

d
tw

o
an

on
ym

ou
s
re
vi
ew

er
s
fo
r
th
e
ca
re
fu
l

co
ns
id
er
at
io
n
an

d
in
va
lu
ab

le
su
gg
es
ti
on

s,
w
hi
ch

he
lp

us
fu
rt
he
r
im

pr
ov
e
th
e
pa

pe
r.

T
hi
s

pr
oj
ec
t
is

in
pa

rt
su
pp

or
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d
by

N
SF

gr
an
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C
F
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C
N
S-
15
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D
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C
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M
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16
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d
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at
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D
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g
A
bu

se
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an

t
P
50

D
A
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38
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T
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nt
en
t
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th
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m
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us
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t
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so
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e
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on
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y
of

th
e
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th
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s
an

d
do
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t
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ily

re
pr
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en
t
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e
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ci
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ew
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N
at
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na
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D
ru
g
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se
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th
e
N
at
io
na

lI
ns
ti
tu
te
s

of
H
ea
lt
h.

A
p
p
en

d
ix

T
hi
s
ap

pe
nd

ix
in
cl
ud

es
al
ld

et
ai
le
d
pr
oo

fs
fo
r
th
e
th
eo
re
m
s
in

th
e
m
ai
n
te
xt
.
T
he

ke
y
id
ea

of
de
ri
vi
ng

th
e
ra
te

co
nv

er
ge
nc
e
of

ou
r
al
go
ri
th
m

is
to

fin
d
a
se
qu

en
ce

of
ra
nd

om
ve
ct
or
s

as
so
ci
at
ed

w
it
h
th
e
ou

tp
ut

so
lu
ti
on

s
at

ea
ch

it
er
at
io
n,

w
hi
ch

co
nv

er
ge

at
fa
st

ra
te
s.

To
be

tt
er

an
al
yz
e
th
e
co
nv

er
ge
nc
e
pr
oc
es
s,

w
e
ha

ve
co
ns
tr
uc
te
d
tw

o
au

xi
lia

ry
se
qu

en
ce
s
of

ra
nd

om
va
ri
ab

le
s
{m

k
}
an

d
{n

k
},

w
hi
ch

ar
e
de
fin

ed
in

th
e
be

gi
nn

g
of

Le
m
m
a
7,

th
at

co
nv

er
ge

jo
in
tl
y

to
0
at

a
fa
st

ra
te
.
T
he

co
nv

er
ge
nc
e
of
{m

k
}
an

d
{n

k
}
fu
rt
he
r
im

pl
y
th
at
{x

k
}
an

d
{y

k
}

co
nv

er
ge

ra
pi
dl
y
to

th
ei
r
lim

it
s
re
sp
ec
ti
ve
ly
.
T
he
n
w
e
ar
e
ab

le
to

im
pr
ov
e
th
e
co
nv

er
ge
nc
e

ra
te

of
y
k
.
In
tu
it
iv
el
y,

w
e
sh
ow

th
at

th
e
im

pr
ov
ed

it
er
at
e

y
k
tr
ac
ks

th
e
un

kn
ow

n
qu

an
ti
ty

E[
g
(x
k
)]

m
or
e
cl
os
el
y
th
an

in
th
e
pr
ev
io
us

w
or
k.

T
hi
s
ex
pl
ai
ns

w
hy

ou
r
ne
w

al
go
ri
th
m

ac
hi
ev
es

an
im

pr
ov
ed

ra
te

of
co
nv

er
ge
nc

e
an

d
sa
m
pl
e
co
m
pl
ex
it
y.

A
.

P
ro

of
to

T
h
eo

re
m

1

In
th
is

se
ct
io
n,

w
e
pr
ov
id
e
th
e
de
ta
ile

d
pr
oo

f
fo
r
T
he
or
em

1.
W
e
st
ar
t
by

so
m
e
te
ch
ni
ca
l

le
m
m
as
,
T
he

fir
st

on
e
pr
ov

id
es

a
co
nv

er
ge
nc
e
re
su
lt

of
th
e
ge
ne
ra
te
d
so
lu
ti
on

s,
w
he
re

w
e

bo
un

d
th
e
te
rm
‖x

k
−

x
k
+
1
‖2

as
k
in
cr
ea
se
s.

L
em

m
a
4

U
nd

er
A
ss
um

pt
io
n
3,

tw
o
su
bs
eq
ue
nt

it
er
at
es

in
A
lg
or
it
hm

1
sa
ti
sf
y

‖x
k
−

x
k
+
1
‖2
≤

Θ
(α

2 k
).

P
ro
of

Fr
om

th
e
de

fin
it
io
n
of

th
e
pr
ox

im
al

op
er
at
io
n,

w
e
ha

ve

x
k
+
1

=
pr
ox
α
k
R
(·)

(x
k
−
α
k
∇
g
> w k

(x
k
)∇
f v
k
(y
k
))
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W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

=
ar

g
m

in
x

1 2
‖x
−

x
k

+
α
k
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)‖

2
+
α
k
R

(x
).

T
he

op
ti
m
al
it
y
co
nd

it
io
n
su
gg

es
ts

th
e
fo
llo

w
in
g
eq
ua

lit
y:

x
k
+
1
−

x
k

=
−
α
k
(∇
g
> w k

(x
k
)∇
f v
k
(y
k
)

+
s k

+
1
)

(1
4)

w
he
re

s k
+
1
∈
∂
R

(x
k
+
1
)
is
so
m
e
ve
ct
or

in
th
e
su
b-
di
ffe

re
nt
ia
ls
et

of
R

(·)
at

x
k
+
1
.
T
he
n
ap

pl
y

th
e
bo

un
de

dn
es
s
co
nd

it
io
n
in

A
ss
um

pt
io
n
3
to

yi
el
d

‖x
k
+
1
−

x
k
‖

=
α
k
‖(
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)

+
s k

+
1
)‖

≤
α
k
(‖
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)‖

+
‖s
k
+
1
‖)

≤
α
k
(‖
∇
g
> w k

(x
k
)‖
‖∇

f v
k
(y
k
)‖

+
‖s
k
+
1
‖)

(A
ss
um

pt
io
n
3)

≤
Θ

(1
)α

k
,

w
hi
ch

im
pl
ie
s
th
e
cl
ai
m
.

N
ex
t,

w
e
pr
ov
id
e
a
si
m
pl
e
bo

un
d
w
hi
ch

qu
an

ti
fie

s
th
e
di
ffe

re
nc
e
be

tw
ee
n
th
e
ra
nd

om
va
ri
ab

le
‖∇

g
> w

(x
)∇

v
f

(g
(x

))
−
∇
g
> w

(x
)∇

v
f

(y
))
‖
an

d
it
s
po

pu
la
ti
on

ve
rs
io
n
‖y
−
g
(x

)‖
.

L
em

m
a
5

U
nd

er
A
ss
um

pt
io
ns

3
an

d
4,

w
e
ha
ve

‖∇
g
> w

(x
)∇

v
f

(g
(x

))
−
∇
g
> w

(x
)∇

v
f

(y
))
‖
≤

Θ
(L

f
‖y
−
g
(x

)‖
).

P
ro
of

W
e
ha

ve

‖∇
g
> w

(x
)∇
f v

(g
(x

))
−
∇
g
> w

(x
)∇
f v

(y
))
‖

≤
‖∇

g
> w

(x
)‖
‖∇

f v
(g

(x
))
−
∇
f v

(y
)‖

(A
ss
um

pt
io
n
3)

≤
Θ

(1
)‖
∇
f v

(g
(x

))
−
∇
f v

(y
)‖

(A
ss
um

pt
io
n
4)

≤
Θ

(L
f
)‖

y
−
g
(x

)‖
.

It
co
m
pl
et
es

th
e
pr
oo

f.

T
he

n,
w
e
pr
ov
e
tw

o
le
m
m
as

w
hi
ch

pr
ov
id
es

th
e
co
nv

er
ge
nc
e
ra
te

of
E(
‖y

k
−
g
(x
k
)‖

2
).

L
em

m
a
6

G
iv
en

tw
o
se
qu
en
ce
s
of

po
si
ti
ve

sc
al
ar
s
{s
k
}∞ k

=
1
an

d
{γ

k
}∞ k

=
1
sa
ti
sf
yi
ng

s k
+
1
≤

(1
−
γ
k

+
C
1
γ
2 k
)s
k

+
C
2
k
−
a

(1
5)

w
he
re
C
1
≥

0,
C
2
≥

0,
an

d
a
≥

0.
Le

tt
in
g
γ
k
∈
<

as
γ
k

=
C
3
k
−
b
w
he
re
b
∈

(0
,1

]
an

d
C
3
>

2,
th
e
se
qu
en
ce

ca
n
be

bo
un

de
d
by

v k
≤
C
k
−
c

w
he
re
C

an
d
c
ar
e
de
fin

ed
as

C
:=

m
ax

k
≤
(C

1
C

2 3
)1
/
b
+
1
s k
k
c

+
C
2

C
3
−

2
an

d
c

:=
a
−
b.

In
ot
he
r
w
or
ds
,
w
e
ha
ve

s k
≤

Θ
(k
−
a
+
b
).

14
JM

L
R

 1
8(

10
5)

:1
-2

3,
 2

01
7



A
cceler

atin
g

S
to

ch
a
stic

C
o
m
po

sitio
n

O
ptim

izatio
n

P
roof

W
e
prove

it
by

induction.
F
irst

it
is

easy
to

verify
that

the
claim

holds
for

k
≤

(C
1 C

23
)
1
/
b
from

the
definition

for
C
.
N
ext

w
e
prove

from
“k”

to
“k

+
1”,that

is,given
s
k ≤

C
k −

c
for

k
>

(C
1 C

23
)
1
/
b,w

e
need

to
prove

s
k
+
1 ≤

C
(k

+
1) −

c.

s
k
+
1
≤

(1−
γ
k

+
C
1 γ

2k )s
k

+
C
2 k −

a

≤
(1−

C
3 k −

b
+
C
1 C

23
k −

2
b)C

k −
c

+
C
2 k −

a

=
C
k −

c−
C
C
3 k −

b−
c

+
C
C
1 C

23
k −

2
b−
c

+
C
2 k −

a.
(16)

T
o
prove

that
(16)

is
bounded

by
C

(k
+

1) −
c,it

suffi
ces

to
show

that

∆
:=

(k
+

1) −
c−

k −
c

+
C
3 k −

b−
c−

C
1 C

23
k −

2
b−
c
>

0
and

C
≥
C
2 k −

a

∆
.

From
the

convexity
offunction

h
(t)

=
t −
c,w

e
have

the
inequality

(k
+

1) −
c−
k −

c≥
(−
c)k −

c−
1.

T
herefore

w
e
obtain

∆
≥

−
ck −

c−
1

+
C
3 k −

b−
c−

C
1 C

23
k −

2
b−
c

(b≤
1
,
k
>
(C

1
C

23
)
1
/
b)

≥
(C

3 −
2)(k −

b−
c)

(C
3
>
2
)

>
0
.

T
o
verify

the
second

one,w
e
have

C
2 k −

a

∆
≤

C
2

C
3 −

2
k −

a
+
b+
c
(c=

a
+
b)

=
C
2

C
3 −

2
≤
C

w
here

the
last

inequality
is

due
to

the
definition

of
C
.
It

com
pletes

the
proof.

L
em

m
a
7

C
hoose

β
k
to

be
β
k

=
C
b k −

b
w
here

C
b
>

2,
b∈

(0
,1

],
and

α
k

=
C
a k −

a.
U
nder

A
ssum

ptions
1
and

2,
w
e
have

E
(‖y

k −
g
(x
k )‖

2)≤
L
g Θ

(k −
4
a
+
4
b)

+
Θ

(k −
b).

(17)

P
roof

D
enote

by
m
k
+
1

m
k
+
1

:=
k
∑t=

0

ξ
(k
)

t
‖
x
k
+
1 −

z
t+

1 ‖
2

and
n
k
+
1

n
k
+
1

:=

∥∥∥∥∥
k
∑t=

0

ξ
(k
)

t
(g
w
t+

1 (z
t+

1 )−
g
(z
t+

1 )) ∥∥∥∥∥

for
short.
From

Lem
m
a
10

in
(W

ang
et

al.,2017),w
e
have

‖
y
k −

g
(x
k )‖

2≤
(
L
g

2
m
k

+
n
k )

2≤
L
g m

2k
+

2
n
2k .

(18)

15
JM

L
R

 18(105):1-23, 2017

W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

From
Lem

m
a
11

in
(W

ang
et

al.,2017),
m
k
+
1
can

be
bounded

by

m
k
+
1
≤

(1−
β
k )m

k
+
β
k q
k

+
2β
k ‖

x
k −

x
k
+
1 ‖

2
(19)

w
here

q
k
is

bounded
byq
k
+
1

≤
(1−

β
k )q

k
+

4β
k ‖

x
k
+
1 −

x
k ‖

2

(Lem
m
a
4)

≤
(1−

β
k )q

k
+

Θ
(1)α

2k

β
k

≤
(1−

β
k )q

k
+

Θ
(k −

2
a
+
b).

T
aking

s
k

=
q
k ,and

γ
k

=
β
k ,applying

Lem
m
a
6
im

plies
the

follow
ing

decay
rate

q
k ≤

Θ
(k −

2
a
+
b+
b)

=
Θ

(k −
2
a
+
2
b).

T
ogether

w
ith

(19),w
e
have

m
k
+
1
≤

(1−
β
k )m

k
+
β
k q
k

+
2β
k ‖

x
k −

x
k
+
1 ‖

2

≤
(1−

β
k )m

k
+

Θ
(k −

2
a
+
b)

+
Θ

(k −
2
a
+
b)

≤
(1−

β
k )m

k
+

Θ
(k −

2
a
+
b),

w
hich

leads
to

m
k ≤

Θ
(k −

2
a
+
2
b)

and
m

2k ≤
Θ

(k −
4
a
+
4
b).

(20)

by
using

Lem
m
a
6
again.

T
hen

w
e
estim

ate
the

upper
bound

for
E

(n
2k ).

From
Lem

m
a
11

in
(W

ang
et

al.,2017),w
e
know

E
(n

2k )
is

bounded
by

E
(n

2k
+
1 )≤

(1−
β
k )

2E
(‖
n
k ‖

2)
+
β
2k σ

2g
=

(1−
2
β
k

+
β
2k )E

(‖n
k ‖

2)
+
β
2k σ

2g .

B
y
using

Lem
m
a
6
again,w

e
have

E
(n

2k )≤
Θ

(k −
b).

(21)

N
ow

w
e
are

ready
to

estim
ate

the
upper

bound
of‖y

k
+
1 −

g
(x
k
+
1 )‖

2
by

follow
ing

(18)

E
(‖y

k −
g
(x
k )‖

2)
≤

L
g E

(m
2k )

+
2E

(n
2k )

(20)
+(21)
≤

L
g Θ

(k −
4
a
+
4
b)

+
Θ

(k −
b).

It
com

pletes
the

proof.

N
ow

w
e
are

ready
to

prove
T
heorem

1.

P
roof

to
T
h
eorem

1.
From

the
Lipschitzian

condition
in

A
ssum

ption
4,w

e
have

F
(x
k
+
1 )−

F
(x
k )
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A
cc

el
er

at
in

g
S
to

ch
a
st

ic
C

o
m
po

si
ti

o
n

O
pt

im
iz

at
io

n

≤
〈∇
F

(x
k
),

x
k
+
1
−

x
k
〉+

L
F 2
‖x

k
+
1
−

x
k
‖2

(L
em

m
a
6)

≤
−
α
k
〈∇
F

(x
k
),
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)〉

+
Θ

(α
2 k
)

=
−
α
k
‖∇

F
(x
k
)‖

2
+
α
k
〈∇
F

(x
k
),
∇
F

(x
k
)
−
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)〉

︸
︷︷

︸
=
:T

+
Θ

(α
2 k
)

(2
2)

N
ex
t
w
e
es
ti
m
at
e
th
e
up

pe
r
bo

un
d
fo
r
E(
T

):

E(
T

)
=

E(
〈∇
F

(x
k
),
∇
F

(x
k
)
−
∇
g
> w k

(x
k
)∇
f v
k
(g

(x
k
))
〉)

+
E(
〈∇
F

(x
k
),
∇
g
> w k

(x
k
)∇
f v
k
(g

(x
k
))
−
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)〉

)

(A
ss
um

pt
io
n
1)

=
E(
〈∇
F

(x
k
),
∇
g
> w k

(x
k
)∇
f v
k
(g

(x
k
))
−
∇
g
> w k

(x
k
)∇
f v
k
(y
k
))
〉)

≤
1 2
E(
‖∇

F
(x
k
)‖

2
)

+
1 2
E(
‖∇

g
> w k

(x
k
)∇
f v
k
(g

(x
k
))
−
∇
g
> w k

(x
k
)∇
f v
k
(y
k
)‖

2
)

(L
em

m
a
5)

≤
1 2
E(
‖∇

F
(x
k
)‖

2
)

+
Θ

(L
2 f
)E

(‖
y
k
−
g
(x
k
)‖

2
).

T
ak

e
ex
pe

ct
at
io
n
on

bo
th

si
de

s
of

(2
2)

an
d
su
bs
ti
tu
te

E(
T

)
by

it
s
up

pe
r
bo

un
d:

α
k 2
‖∇

F
(x
k
)‖

2

≤
E(
F

(x
k
))
−

E(
F

(x
k
+
1
))

+
Θ

(L
2 f
α
k
)E

(‖
y
k
−
g
(x
k
)‖

2
)

+
Θ

(α
2 k
)

(L
em

m
a
7)

≤
E(
F

(x
k
))
−

E(
F

(x
k
+
1
))

+
L
g
Θ

(L
2 f
α
k
)Θ

(k
−
4
a
+
4
b
)

+
Θ

(L
2 f
α
k
k
−
b
)

+
Θ

(α
2 k
)

≤
E(
F

(x
k
))
−

E(
F

(x
k
+
1
))

+
L
2 f
L
g
Θ

(k
−
5
a
+
4
b
)

+
L
2 f
Θ

(k
−
a
−
b
)

+
Θ

(k
−
2
a
)

w
hi
ch

su
gg

es
ts

th
at

E(
‖∇

F
(x
k
)‖

2
)

≤
2
α
−
1

k
E(
F

(x
k
))
−

2α
−
1

k
E(
F

(x
k
+
1
))

+
L
2 f
L
g
Θ

(k
−
4
a
+
4
b
)

+
L
2 f
Θ

(k
−
b
)

+
Θ

(k
−
a
)

≤
2
k
a
E(
F

(x
k
))
−

2k
a
E(
F

(x
k
+
1
))

+
L
2 f
L
g
Θ

(k
−
4
a
+
4
b
)

+
L
2 f
Θ

(k
−
b
)

+
Θ

(k
−
a
).

(2
3)

Su
m

E
q.

(2
3)

fr
om

k
=

1
to
K

an
d
ob

ta
in

∑
K k
=
1
E(
‖∇

F
(x
k
)‖

2
)

K
≤

2
K
−
1
α
−
1

1
F

(x
1
)

+
K
−
1
K ∑ k
=
2

((
k

+
1)
a
−
k
a
)E

(F
(x
k
))

+
K
−
1
K ∑ k
=
1

L
2 f
L
g
Θ

(k
−
4
a
+
4
b
)

+
K
−
1
L
2 f

K ∑ k
=
1

Θ
(k
−
b
)

+
K
−
1
K ∑ k
=
1

Θ
(k
−
a
)

≤
2
K
−
1
F

(x
0
)

+
K
−
1
K ∑ k
=
2

a
k
a
−
1
E(
F

(x
k
))

+
K
−
1
K ∑ k
=
1

L
2 f
L
g
Θ

(k
−
4
a
+
4
b
)

+
K
−
1
L
2 f

K ∑ k
=
1

Θ
(k
−
b
)

+
K
−
1
K ∑ k
=
1

Θ
(k
−
a
)
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W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

≤
O

(K
a
−
1

+
L
2 f
L
g
K

4
b−

4
a
Il
o
g
K

4
a
−
4
b=

1
+
L
2 f
K
−
b

+
K
−
a
),

w
he
re

th
e
se
co
nd

in
eq
ua

lit
y
us
es

th
e
fa
ct

th
at
h

(t
)

=
ta

is
a
co
nc
av
e
fu
nc
ti
on

su
gg
es
ti
ng

(k
+

1)
a
≤
k
a

+
a
k
a
−
1
,a

nd
th
e
la
st

in
eq
ua

lit
y
us
es

th
e
co
nd

it
io
n
E(
F

(x
k
))
≤

Θ
(1

).
Le

tt
in
g
a
∗

=
5/

9
an

d
b∗

=
4/

9,
w
e
ob

ta
in

th
e
de

si
re
d
co
nv

er
ge
nc

e
ra
te
O

(K
−
4
/
9
).

B
.

P
ro

of
to

T
h
eo

re
m

2

In
th
is

se
ct
io
n,

w
e
pr
ov

id
e
th
e
de
ta
ile

d
pr
oo

f
fo
r
T
he
or
em

2.
T
he

pr
oo

f
is

ba
se
d
on

th
e

fo
llo

w
in
g
ke
y
le
m
m
a,

w
hi
ch

pr
ov

id
es

a
“c
on

tr
ac
ti
on

”
pr
op

er
ty

of
(E

(H
(x
k
+
1
))
−
H
∗ )

an
d

E(
‖x

k
+
1
−
P X

∗
(x
k
+
1
)‖

2
).

L
em

m
a
8

A
ss
um

e
th
at

bo
th
F

(x
)
an

d
R

(x
)
ar
e
co
nv

ex
.
U
nd

er
A
ss
um

pt
io
ns

1,
2,

3,
an

d
4,

th
e
it
er
at
es

ge
ne
ra
te
d
by

A
lg
or
it
hm

1
sa
ti
sfi
es

fo
r
an

y
se
qu
en
ce

of
po
si
ti
ve

sc
al
ar
s
{φ

k
}:

2α
k
(E

(H
(x
k
+
1
))
−
H
∗ )

+
E(
‖x

k
+
1
−
P X

∗
(x
k
+
1
)‖

2
)

(2
4)

≤
(1

+
φ
k
)E

(‖
x
k
−
P X

∗
(x
k
)‖

2
)

+
Θ

(α
3 k
)

+
Θ

(L
2 f
α
2 k
/φ

k
)E

(‖
y
k
−
g
(x
k
)‖

2
)

+
Θ

(α
2 k
).

P
ro
of

Fo
llo

w
in
g
th
e
lin

e
of

th
e
pr
oo

f
to

Le
m
m
a
4,

w
e
ha

ve

x
k
+
1
−

x
k

=
−
α
k
(∇
g
> w k

(x
k
)∇
f v
k
(y
k
)

+
s k

+
1
)

(2
5)

w
he

re
s k

+
1
∈
∂
R

(x
k
+
1
)
is

so
m
e
ve
ct
or

in
th
e
su
b-
di
ffe

re
nt
ia
ls

et
of
R

(·)
at

x
k
+
1
.
T
he

n
w
e

co
ns
id
er
‖x

k
+
1
−
P X

∗
(x
k
+
1
)‖

2
:

‖x
k
+
1
−
P X

∗
(x
k
+
1
)‖

2

≤
‖x

k
+
1
−

x
k

+
x
k
−
P X

∗
(x
k
)‖

2

=
‖x

k
−
P X

∗
(x
k
)‖

2
−
‖x

k
+
1
−

x
k
‖2

+
2
〈x
k
+
1
−

x
k
,x

k
+
1
−
P X

∗
(x
k
)〉

(2
5) =
‖x

k
−
P X

∗
(x
k
)‖

2
−
‖x

k
+
1
−

x
k
‖2
−

2α
k
〈∇
g
> w k

(x
k
)∇
f v
k
(y
k
)

+
s k

+
1
,

x
k
+
1
−
P X

∗
(x
k
)〉

=
‖x

k
−
P X

∗
(x
k
)‖

2
−
‖x

k
+
1
−

x
k
‖2

+
2α

k
〈∇
g
> w k

(x
k
)∇
f v
k
(y
k
),
P X

∗
(x
k
)
−

x
k
+
1
〉

+
2
α
k
〈s
k
+
1
,
P X

∗
(x
k
)
−

x
k
+
1
〉

≤
‖x

k
−
P X

∗
(x
k
)‖

2
−
‖x

k
+
1
−

x
k
‖2

+
2α

k
〈∇
g
> w k

(x
k
)∇
f v
k
(y
k
),
P X

∗
(x
k
)
−

x
k
+
1
〉

+
2
α
k
(R

(P
X
∗
(x
k
))
−
R

(x
k
+
1
))

(d
ue

to
th
e
co
nv

ex
it
y
of
R

(·)
)

≤
‖x

k
−
P X

∗
(x
k
)‖

2
−
‖x

k
+
1
−

x
k
‖2

+
2α

k
〈∇
F

(x
k
),
P X

∗
(x
k
)
−

x
k
+
1
〉

︸
︷︷

︸
T
1

+
2α

k
〈∇
g
> w k

(x
k
)∇
f v
k
(y
k
)
−
∇
F

(x
k
),
P X

∗
(x
k
)
−

x
k
+
1
〉

︸
︷︷

︸
T
2

+
2α

k
(R

(P
X
∗
(x
k
))
−
R

(x
k
+
1
))

(2
6)

w
he
re

th
e
se
co
nd

eq
ua

lit
y
fo
llo

w
s
fr
om
‖a

+
b‖

2
=
‖b
‖2
−
‖a
‖2

+
2〈
a
,
a

+
b〉

w
it
h
a

=
x
k
+
1
−

x
k

an
d
b

=
x
k
−
P X

∗
(x
k
).

W
e
ne
xt

es
ti
m
at
e
th
e
up

pe
r
bo

un
d
fo
r
T
1
an

d
T
2
re
sp
ec
ti
ve
ly
:

T
1

=
〈∇
F

(x
k
),

x
k
−

x
k
+
1
〉+
〈∇
F

(x
k
),
−

x
k

+
P X

∗
(x
k
)〉
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A
cceler

atin
g

S
to

ch
a
stic

C
o
m
po

sitio
n

O
ptim

izatio
n

≤
F

(x
k )−

F
(x
k
+
1 )

+
L
F2
‖x

k
+
1 −

x
k ‖

2

︸
︷︷

︸
due

to
A

ssum
ption

4

+
F

(P
X
∗(x

k ))−
F

(x
k )

︸
︷︷

︸
due

to
the

convexity
of
F
(·)

=
F

(P
X
∗(x

k ))−
F

(x
k
+
1 )

+
L
F2
‖x

k
+
1 −

x
k ‖

2

≤
F

(P
X
∗(x

k ))−
F

(x
k
+
1 )

+
Θ

(α
2k ),

w
here

the
last

inequality
uses

Lem
m
a
4.

T
2

=
〈∇
F

(x
k )−

∇
g >w

k (x
k )∇

f
v
k (y

k ),
x
k −
P
X
∗(x

k )〉
+
〈∇
F

(x
k )−

∇
g >w

k (x
k )∇

f
v
k (y

k ),
x
k
+
1 −

x
k 〉

≤
〈∇
F

(x
k )−

∇
g >w

k (x
k )∇

f
v
k (g

(x
k )),

x
k −
P
X
∗(x

k )〉
︸

︷︷
︸

T
2
,1

+
〈∇
g >w

k (x
k )∇

f
v
k (g

(x
k ))−

∇
g >w

k (x
k )∇

f
v
k (y

k ),
x
k −
P
X
∗(x

k )〉
︸

︷︷
︸

T
2
,2

+
α
k2
‖∇

F
(x
k )−

∇
g >w

k (x
k )∇

f
v
k (y

k )‖
2

︸
︷︷

︸
T
2
,3

+
1

2
α
k ‖x

k −
x
k
+
1 ‖

2

w
here

the
last

line
is

due
to

the
inequality

〈a
,b〉
≤

1
2
α
k ‖a‖

2+
α
k2 ‖
b‖

2.
For

T
2
,1 ,

w
e
have

E
(T

2
,1 )

=
0
due

to
A
ssum

ption
1.

For
T
2
,2 ,w

e
have

T
2
,2

≤
α
k

2
φ
k ‖∇

g >w
k (x

k )∇
f
v
k (g

(x
k ))−

∇
g >w

k (x
k )∇

f
v
k (y

k )‖
2+

φ
k

2α
k ‖

x
k −
P
X
∗(x

k )‖
2

(Lem
m
a
5)

≤
Θ

(
L
2f

α
k

φ
k )
‖
y
k −

g
(x
k )‖

2+
φ
k

2α
k ‖x

k −
x
k
+
1 ‖

2.

T
2
,3
can

be
bounded

by
a
constant

T
2
,3 ≤

2‖∇
F

(x
k )‖

2+
2‖∇

g >w
k ∇
f
v
k (y

k )‖
2
(A

ssum
ption

3
)

≤
Θ

(1).

T
ake

expectation
on

T
2
and

put
allpieces

into
it:

E
(T

2 )
≤

Θ

(
L
2f

α
k

φ
k )
‖
y
k −

g
(x
k )‖

2+
1

2α
k

(φ
k ‖

x
k −
P
X
∗(x

k )‖
2+
‖x

k −
x
k
+
1 ‖

2)
+

Θ
(α

k ).

T
aking

expectation
on

both
sides

of
(26)

and
plugging

the
upper

bounds
of
T
1
and

T
2
into

it,w
e
obtain

2
α
k (E

(H
(x
k
+
1 ))−

H
∗)

+
E

(‖
x
k
+
1 −
P
X
∗(x

k
+
1 )‖

2)

≤
(1

+
φ
k )E

(‖
x
k −
P
X
∗(x

k )‖
2)

+
Θ

(α
3k )

+
Θ

(L
2f α

2k /φ
k )E

(‖y
k −

g
(x
k )‖

2)
+

Θ
(α

2k ),

w
hich

com
pletes

the
proof.
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W
a
n
g
,
L
iu

,
a
n
d

F
a
n
g

T
hen,w

e
prove

the
T
heorem

2
based

on
the

previous
lem

m
a.

P
roof

to
T
h
eorem

2
A
pply

the
optim

ally
strong

convexity
in

(7)
to

Lem
m
a
8,yielding

(1
+

2
λ
α
k )E

(‖
x
k
+
1 −
P
X
∗(x

k
+
1 )‖

2)

≤
(1

+
φ
k )E

(‖
x
k −
P
X
∗(x

k )‖
2)

+
Θ

(α
3k )

+
Θ

(L
2f α

2k /
φ
k )E

(‖
y
k −

g
(x
k )‖

2)
+

Θ
(α

2k ).

It
follow

s
by

dividing
1

+
2
λ
α
k
on

both
sides

E
(‖

x
k
+
1 −
P
X
∗(x

k
+
1 )‖

2)

≤
1

+
φ
k

1
+

2
λ
α
k E

(‖
x
k −
P
X
∗(x

k )‖
2)

+
Θ

(α
3k )

+
Θ

(L
2f α

2k /φ
k )E

(‖y
k −

g
(x
k )‖

2)
+

Θ
(α

2k ).

C
hoosing

φ
k

=
λ
α
k −

2λ
2α

2k ≥
0
.5λ

α
k
yields

E
(‖x

k
+
1 −
P
X
∗(x

k
+
1 )‖

2)

≤
(1−

λ
α
k )E

(‖
x
k −
P
X
∗(x

k )‖
2)

+
Θ

(α
2k )

+
Θ

(L
2f α

k )

λ
E

(‖
g
(x
k )−

y
k ‖

2)

≤
(1−

λ
α
k )E

(‖x
k −
P
X
∗(x

k )‖
2)

+
Θ

(k −
2
a)

+
Θ

(L
g L

2f k −
5
a
+
4
b

+
L
2f k −

a−
b).

A
pply

Lem
m
a
6
and

substitute
the

subscript
k
by

K
to

obtain
the

first
claim

in
(8)

E
(‖x

K
−
P
X
∗(x

K
)‖

2)≤
O
(
K
−
a

+
L
2f L

g K
−
4
a
+
4
b

+
L
2f K
−
b )
.

T
he

follow
ed

specification
of
a
and

b
can

easily
verified.

C
.

P
roof

to
T

h
eorem

3

In
w
hat

follow
s,w

e
provide

the
detailed

proof
to

T
heorem

3.

P
roof

to
T
h
eorem

3
Let

P
k

=
2α

k (E
(H

(x
k
+
1 ))−

H
∗)

+
E

(‖x
k
+
1 −
P
X
∗(x

k
+
1 )‖

2),w
hich

is
the

left
hand

side
of

inequality
(24).

Sum
m
ing

P
k
up

from
k

=
1
to
k

=
K

and
taking

φ
k

=
Θ

(k −
c)

yields

2
K
∑k
=
1

α
k (E

(H
(x
k
+
1 ))−

H
∗)

+
E

(‖x
K
+
1 −
P
X
∗(x

K
+
1 )‖

2)

≤
(1

+
φ
1 )E

(‖
x
1 −
P
X
∗(x

1 )‖
2)

+
K
∑k
=
2

φ
k E

(‖
x
k −
P
X
∗(x

k )‖
2)

+
K
∑k
=
2

Θ
(L

2f α
2k /φ

k )E
(‖

y
k −

g
(x
k )‖

2)
+

Θ
(α

2k )

≤
Θ

(1)
+

Θ

(
K
∑k
=
2

φ
k )

+
Θ

(K
1−

2
a)

+
K
∑k
=
2

Θ
(L

2f α
2k /φ

k )E
(‖y

k −
g
(x
k )‖

2)
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A
cc

el
er

at
in

g
S
to

ch
a
st

ic
C

o
m
po

si
ti

o
n

O
pt

im
iz

at
io

n

≤
Θ

(1
)

+
Θ
( K

1
−
c
Il
o
g
K

c=
1

)
+
O

(K
1
−
2
a
)

+
K ∑ k
=
2

Θ
(L

2 f
α
2 k
/φ

k
)E

(‖
y
k
−
g
(x
k
)‖

2
).

(2
7)

N
ot
e
th
at

th
e
se
co
nd

in
eq
ua

lit
y
ho

ld
s
by

th
e
co
nd

it
io
n
th
at

th
e
fe
as
ib
le

se
t
X

is
bo

un
de
d,

an
d
th
us
‖x

k
−
P X

∗
(x
k
)‖

2
is

bo
un

de
d.

W
e
co
nt
in
ue

to
bo

un
d
th
e
la
st

te
rm

on
th
e
ri
gh

t
ha

nd
si
de

of
(2
7)
:

K ∑ k
=
2

Θ
(L

2 f
α
2 k
/φ

k
)E

(‖
y
k
−
g
(x
k
)‖

2
)

(L
em

m
a
7)

≤
K ∑ k
=
2

L
2 f
L
g
Θ

(k
−
6
a
+
4
b−
c
)

+
L
2 f
Θ

(k
−
2
a
−
b−
c
)

≤
L
2 f
L
g
Θ

(K
1
−
6
a
+
4
b−
c
Il
o
g
K

6
a
−
4
b−
c=

1
)

+
L
2 f
Θ

(K
1
−
2
a
−
b−
c
Il
o
g
K

2
a
+
b−
c=

1
).

(2
8)

P
lu
gg

in
g
(2
8)

in
to

(2
7)

an
d
di
vi
di
ng

2
∑

K k
=
1
α
k
on

bo
th

si
de

s:

2
∑

K k
=
1
α
k
H

(x
k
+
1
)
−
H
∗

2
∑

K k
=
1
α
k

≤
Θ

(1
)

+
Θ
( K

1
−
c
Il
o
g
K

c=
1

)
+

Θ
(K

1
−
2
a
)

2
∑

K k
=
1
α
k

+
L
2 f
L
g
Θ

(K
1
−
6
a
+
4
b+
c
Il
o
g
K

6
a
−
4
b−
c=

1
)

+
L
2 f
Θ

(K
1
−
2
a
−
b+
c
Il
o
g
K

2
a
−
b+
c=

1
)

2
∑

K k
=
1
α
k

≤
O

(K
a
−
1
)

+
O

(K
a
−
c
Il
o
g
K

c=
1

)
+
O

(K
−
a
)

+
O

(L
2 f
L
g
K
−
5
a
+
4
b+
c
Il
o
g
K

6
a
−
4
b−
c=

1
)

+
O

(L
2 f
K
−
a
−
b+
c
Il
o
g
K

2
a
+
b−
c=

1
)

=
O
( K

a
−
1

+
K
a
−
c
Il
o
g
K

c=
1

+
K
−
a

+
L
2 f
L
g
K
−
5
a
+
4
b+
c
Il
o
g
K

6
a
−
4
b−
c=

1
+
L
2 f
K
−
a
−
b+
c
Il
o
g
K

2
a
+
b−
c=

1

) .

w
he
re

th
e
la
st

in
eq
ua

lit
y
us
es

th
e
fa
ct
∑

K k
=
1
α
k
≥

Θ
(K

1
−
a
).

T
o
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ill

take
p

0 (x
)

to
b

e
a

d
ia

gon
al

cova
rian

ce
G

au
ssia

n
.

W
e

refer
to

th
is

ex
p

on
en

tial
fam

ily
as

th
e

ba
se

expo
n

en
tia

l
fa

m
ily.

W
e

a
ssu

m
e

th
at

ou
r

train
in

g
d
ata

set
is

sp
read

across
a

clu
ster

of
n

com
p
u
te

n
o
d
es

or
w

orkers,
w

ith
log

likelih
o
o
d
`
i (x

)
on

com
p
u
te

n
o
d
e
i

=
1
,...,n

.
F

or
ex

am
p
le,

if
w

e
let

{S
i }

b
e

a
p
a
rtition

of
th

e
d
ata

in
d
ices,

each
com

p
u
te

n
o
d
e
i

cou
ld

store
th

e
corresp

on
d
in

g
su

b
set

o
f

th
e

d
ata

D
i

=
{
y
c }
c∈
S
i ,

so
th

at
th

e
log

likelih
o
o
d
`
i (x

)
is

a
su

m
over

term
s,

each
co

rresp
on

d
in

g
to

th
e

log
d
en

sity
of

on
e

d
ata

p
oin

t
stored

on
n
o
d
e
i,

`
i (x

)
=
∑c∈
S
i log

p
(y
c |
x

).

C
ova

ria
tes

a
n
d

in
p
u
t

vectors
can

b
e

easily
in

corp
orated

in
th

e
ab

ove.
T

h
e

target
p

osterior
d
istrib

u
tio

n
is

th
en

,

p̃
(x

)
:=

p
(x
|{D

i }
ni=

1 )∝
p

0 (x
)

ex
p (

n
∑i=

1

`
i (x

) )
.

(2)

U
sin

g
n
eu

ra
l

n
etw

ork
s

as
an

ex
am

p
le,
x

corresp
on

d
s

to
all

learn
ab

le
w

eigh
ts

an
d

b
iases

in
a

n
etw

o
rk

,
lo

g
p
(y
c |
x

)
gives

th
e

p
rob

ab
ility

of
th

e
class

of
d
ata

item
c

given
th

e
corresp

on
d
in

g
in

p
u
t

vecto
r,

a
n
d

th
e

G
au

ssian
p
rior

corresp
on

d
s

to
w

eigh
t

d
ecay.

T
h
e

lea
rn

in
g

task
is

th
en

to
com

p
u
te

th
e

p
osterior

d
istrib

u
tion

.
F

or
ex

am
p
le,

w
e

m
ay

w
a
n
t

to
estim

a
te

th
e

p
osterior

m
ean

or
varian

ce
of

th
e

m
o
d
el

p
aram

eters
x

,
or

w
e

m
ay

w
a
n
t

to
d
raw

sam
p
les

d
istrib

u
ted

accord
in

g
to

p̃
(x

),
u
sin

g
th

ese
to

p
red

ict
on

test
d
ata

b
y

avera
g
in

g
th

e
p
red

ictive
d
en

sities
over

th
e

sam
p
les

as
a

M
on

te
C

arlo
estim

ate
of

th
e

m
argin

a
l

p
red

ictive
d
en

sity.
In

th
e

rest
of

th
e

p
ap

er
w

e
w

ill
aim

to
ob

tain
th

ese
effi

cien
tly

b
u
t

a
p
p
rox

im
ately.

3
.
V
a
ria

tio
n
a
l
In

fe
re
n
ce

in
a
n
E
x
te
n
d
e
d
E
x
p
o
n
e
n
tia

l
F
a
m
ily

In
g
en

era
l,

th
e

likelih
o
o
d

fu
n
ction

s
are

in
tractab

le
an

d
ap

p
rox

im
ation

s
are

n
ecessary.

In
th

is
p
a
p

er
w

e
w

ill
form

u
late

th
e

learn
in

g
task

as
variatio

n
al

in
feren

ce
in

an
ex

ten
d
ed

ex
-

p
o
n
en

tia
l

fa
m

ily.
In

p
articu

lar,
w

e
w

ill
con

sid
er

a
class

of
variation

al
m

eth
o
d
s

k
n
ow

n
as

po
w

er
expecta

tio
n

p
ro

pa
ga

tio
n

(p
ow

er
E

P
)

(M
in

ka,
2004).

3
.1

E
x
te

n
d

e
d

E
x
p

o
n

e
n
tia

l
F
a
m

ily

T
o

sta
rt

w
ith

,
w

e
m

ay
triv

ially
form

u
late

th
e

target
p

osterior
d
istrib

u
tion

as
a
n

exten
d
ed

expo
n

en
tia

l
fa

m
ily

d
istribu

tio
n

w
ith

su
ffi

cien
t

statistics
s̃(x

)
:=

[s(x
),`

1 (x
),...,`

n
(x

)]
an

d
n
atu

ra
l

p
a
ra

m
eters

θ̃
:=

[θ
0 ,1

n
]

w
h
ere

1
n

is
a

vector
of

1’s
of

len
gth

n
:

p̃
(x

)
=

ex
p (

θ̃ >
s̃(x

)−
Ã

(θ̃) )
.
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H
a
se

n
c
l
e
v
e
r
e
t
a
l
.

T
h
e

ex
ten

d
ed

log
p
artition

fu
n
ction

Ã
(θ̃)

is
(u

p
to

a
con

stan
t)

th
e

log
m

argin
al

p
rob

ab
ility

of
th

e
d
ata,Ã

(θ̃)
=

log ∫
ex

p (
θ̃ >
s̃(x

) )
d
x

=
log ∫

ex
p (

θ >0
s(x

)
+

n
∑i=

1

`
i (x

) )
d
x

=
log

E
θ
0 [

ex
p (

n
∑i=

1

`
i (x

) )
]

+
A

(θ
0 )

=
log

p
({
D
i }
ni=

1 )
+
A

(θ
0 ).

D
en

otin
g

th
e

con
vex

con
ju

gate
b
y
Ã
∗(µ̃

)
an

d
th

e
ex

ten
d
ed

m
ean

d
om

ain
b
y
M̃
⊂

R
d
+
n
,

th
e

p
rob

lem
of

p
o
sterior

com
p
u
tation

can
b

e
ex

p
ressed

as
th

e
fo

llow
in

g
con

cave
variation

al
m

ax
im

ization
p
rob

lem
:

m
ax

µ̃∈M̃
θ̃ >
µ̃
−
Ã
∗(µ̃

).
(3)

F
or

ex
am

p
le,

if
th

e
p
rior

ex
p

on
en

tial
fam

ily
is

a
d
iago

n
al

covarian
ce

G
au

ssian
,

th
en

th
e

op
tim

al
m

ean
p
aram

eter
is
µ̃
∗

:=
[µ
∗,ν ∗1 ,...ν ∗n ],

w
h
ere

µ
∗

:=
E
θ̃ [s(x

)]∈
R
d

corresp
on

d
s

to
th

e
p

osterior
m

ean
s

an
d

varian
ces

of
th

e
m

o
d
el

p
aram

eters
x

,
w

h
ile

ν ∗i
:=

E
θ̃ [`

i (x
)]

is
th

e
p

osterior
ex

p
ectation

of
th

e
ith

log
likelih

o
o
d
`
i (x

).
H

en
ce

th
e

ex
ten

d
ed

m
ean

p
aram

eters
cap

tu
re

th
e

im
p

ortan
t

asp
ects

of
th

e
p

osterior
d
istrib

u
tion

.

3
.2

P
o
w

e
r

E
x
p

e
c
ta

tio
n

P
ro

p
a
g
a
tio

n

In
th

is
section

w
e

d
erive

an
oth

er
class

of
variation

al
ap

p
rox

im
a
tion

s
corresp

on
d
in

g
to

a
gen

eralization
of

ex
p

ectation
p
rop

agation
(E

P
)

(M
in

ka,
20

01)
called

p
ow

er
E

P
(M

in
ka,

2004).
T

h
e

d
erivation

is
a

straigh
tforw

ard
gen

eralisation
of

th
e

variation
al

form
u
lation

of
W

ain
w

righ
t

an
d

J
ord

an
(2008)

from
E

P
to

p
ow

er
E

P
.

F
or

each
w

orker
n
o
d
e
i

let
β
i
>

0
b

e
a

giv
en

p
ositive

real
n
u
m

b
er.

T
y
p
ically,

w
e

take
β
i

=
1

w
h
ich

corresp
on

d
s

to
stan

d
ard

E
P

,
w

h
ile

β
i →
∞

corresp
on

d
s

to
variation

al
B

ayes
(W

iegerin
ck

an
d

H
eskes,

2003,
M

in
ka,

20
04).

In
th

e
form

u
lation

of
W

ain
w

righ
t

an
d

J
ord

an
(2008),

E
P

in
v
olves

tw
o

ap
p
rox

im
ation

s;
b

oth
asso

ciated
w

ith
sim

p
ler

ex
p

on
en

tial
fam

ilies,
w

h
ich

w
e

refer
to

as
loca

lly
exten

d
ed

expo
n

en
tia

l
fa

m
ilies

(or
som

etim
es

loca
l

expo
n

en
tia

l
fa

m
ilies).

F
or

each
i,

let
th

e
ith

lo
cally

ex
ten

d
ed

ex
p

on
en

tial
fa

m
ily

b
e

a
sso

ciated
w

ith
th

e
su

ffi
cien

t
statistics

fu
n
ction

s
i (x

)
:=

[s(x
),`

i (x
)].

L
et

Θ
i ,M

i ,
A
i ,
A
∗i

b
e

th
e

asso
ciated

(lo
cal)

n
atu

ral
d
om

ain
,

m
ean

d
om

ain
,

log
p
artition

fu
n
ction

an
d

n
egative

en
trop

y
resp

ec-
tively.

A
d
istrib

u
tion

in
th

is
lo

cally
ex

ten
d
ed

ex
p

on
en

tial
fam

ily
w

ith
n
atu

ral
p
aram

eter
[θ
i ,η

i ]∈
Θ
i

h
as

th
e

formp
θ
i ,η
i (x

)
=

ex
p (

θ >i
s(x

)
+
η
i `
i (x

)−
A
i (θ,η

i ) )
,

(4)

w
h
ich

is
a

d
istrib

u
tion

ob
tain

ed
b
y

tiltin
g

a
tractab

le
d
istrib

u
tion

w
ith

d
en

sity
p
rop

ortion
al

to
ex

p
(θ >i

s(x
))

b
y

a
sin

gle
in

tracta
b
le

likelih
o
o
d

ex
p
(`
i (x

))
raised

to
th

e
p

ow
er

of
η
i .

T
h
is

fam
ily

can
b

e
th

ou
gh

t
of

as
treatin

g
th

e
ith

likelih
o
o
d

term
ex

actly,
w

h
ile

ap
p
rox

im
atin

g
all

oth
er

likelih
o
o
d

term
s

b
y

p
ro

jectin
g

th
em

on
to

th
e

tractab
le

b
ase

ex
p

on
en

tial
fam

ily,
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D
is
t
r
ib
u
t
e
d

B
a
y
e
si
a
n
L
e
a
r
n
in
g

w
it
h
S
t
o
c
h
a
st

ic
N
a
t
u
r
a
l
G
r
a
d
ie
n
t
E
P

th
e

h
op

e
b

ei
n
g

th
at

th
is

fa
m

il
y

is
st

il
l

tr
ac

ta
b
le

w
h
il
e

b
ei

n
g

cl
os

er
to

th
e

tr
u
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
p̃
(x

).
F

or
th

e
fi
rs

t
ap

p
ro

x
im

at
io

n
,

th
e

ex
te

n
d
ed

n
eg

at
iv

e
en

tr
op

y
Ã
∗

is
ap

p
ro

x
im

at
ed

u
si

n
g

a
tr

ee
-l

ik
e

ap
p
ro

x
im

at
io

n
co

n
st

ru
ct

ed
u
si

n
g

on
ly

th
e

lo
ca

ll
y

ex
te

n
d
ed

n
eg

at
iv

e
en

tr
op

ie
s,

Ã
∗ (

[µ
,ν

1
,.
..
,ν
n
])
≈
A
∗ (
µ

)
+

n ∑ i=
1

β
i(
A
∗ i(
µ
,ν
i)
−
A
∗ (
µ

))
.

T
h
is

ap
p
ro

x
im

at
io

n
is

re
la

te
d

to
th

e
B

et
h
e

en
tr

op
y

of
lo

op
y

b
el

ie
f

p
ro

p
ag

at
io

n
(Y

ed
id

ia
et

al
.,

20
01

)
an

d
fr

ac
ti

on
al

b
el

ie
f

p
ro

p
ag

at
io

n
(W

ie
ge

ri
n
ck

an
d

H
es

ke
s,

20
03

).
S
ec

on
d
ly

,
th

e
ex

te
n
d
ed

m
ea

n
d
om

ai
n
M̃

is
ap

p
ro

x
im

at
ed

b
y

a
lo

ca
l

m
ea

n
d
om

ai
n
,

L
:=
{[
µ
,ν

1
,.
..
,ν
n
]

:
[µ
,ν
i]
∈
M

i
fo

r
al

l
i

=
1,
..
.,
n
}.

(5
)

T
h
e

lo
ca

l
m

ea
n

d
om

ai
n

is
an

ou
te

r
b

ou
n
d
,
L
⊃
M̃

.
In

tu
it

iv
el

y,
th

e
co

n
st

ra
in

ts
d
es

cr
ib

ed
b
y

M̃
ar

e
re

p
la

ce
d

b
y

th
e

w
ea

k
er

co
n
st

ra
in

ts
d
es

cr
ib

ed
b
y

th
e

lo
ca

l
m

ea
n

d
om

ai
n
s.

W
e

as
su

m
e

th
at

w
or

k
in

g
w

it
h

th
e

lo
ca

l
ex

p
on

en
ti

al
fa

m
il
ie

s
in

th
es

e
w

ay
s

w
il
l

b
e

m
or

e
tr

a
ct

ab
le

th
an

w
or

k
in

g
w

it
h

th
e

fu
ll

ex
te

n
d
ed

ex
p

on
en

ti
al

fa
m

il
y.

L
et
µ

0
∈
M

b
e

a
m

ea
n

p
ar

am
et

er
in

th
e

b
as

e
ex

p
on

en
ti

al
fa

m
il
y.

F
or

th
e
it

h
lo

ca
l

ex
p

on
en

ti
al

fa
m

il
y,

w
e

d
en

ot
e

a
m

ea
n

p
ar

am
et

er
b
y

[µ
i,
ν i

]
∈
M

i,
an

d
re

q
u
ir

e
th

e
m

ar
gi

n
al

-
iz

at
io

n
co

n
st

ra
in

t
µ
i

=
µ

0
.

T
h
e

p
ow

er
E

P
va

ri
at

io
n
al

p
ro

b
le

m
,

w
h
ic

h
is

n
ot

in
ge

n
er

al
co

n
ca

ve
,

is
,

m
ax

µ
0
,[
µ
i
,ν
i
]n i
=
1

θ> 0
µ

0
+

n ∑ i=
1

1
·ν
i
−
A
∗ (
µ

0
)
−

n ∑ i=
1

β
i(
A
∗ i(
µ
i,
ν i

)
−
A
∗ (
µ
i)

)

su
b

je
ct

to
µ

0
∈
M

[µ
i,
ν i

]
∈
M

i
fo

r
i

=
1,
..
.,
n

µ
0

=
µ
i

fo
r
i

=
1,
..
.,
n

(6
)

N
ot

e
in

p
ar

ti
cu

la
r

th
at

th
e

en
tr

op
y

an
d

m
ea

n
d
om

ai
n

in
th

e
or

ig
in

al
va

ri
a
ti

on
al

p
ro

b
le

m
(3

)
h
av

e
b

ee
n

re
p
la

ce
d

b
y

th
ei

r
re

sp
ec

ti
ve

ap
p
ro

x
im

at
io

n
s.

3
.3

D
e
ri

v
in

g
E

P
a
n

d
P

o
w

e
r

E
P

U
p

d
a
te

s

In
th

is
se

ct
io

n
,

fo
r

co
m

p
le

te
n
es

s’
sa

ke
,

w
e

d
er

iv
e

th
e

u
p

d
at

es
fo

r
E

P
an

d
p

ow
er

E
P

as
fi
x
ed

-
p

oi
n
t

eq
u
at

io
n
s

th
at

so
lv

e
th

e
va

ri
at

io
n
al

p
ro

b
le

m
.

R
ea

d
er

s
fa

m
il
ia

r
w

it
h

th
is

d
er

iv
at

io
n

ca
n

sk
ip

ah
ea

d
to

se
ct

io
n

3.
4.

F
ir

st
w

e
in

tr
o
d
u
ce

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
λ
i

fo
r

th
e

eq
u
al

it
y

co
n
st

ra
in

ts
µ

0
=
µ
i,

so
th

at
th

e
ab

ov
e

is
eq

u
iv

al
en

t
to

,

m
ax

µ
0
,[
µ
i
,ν
i
]n i
=
1

m
in

[λ
i
]n i
=
1

θ> 0
µ

0
−
A
∗ (
µ

0
)

+
n ∑ i=

1

( ν i
−
λ
> i

(µ
i
−
µ

0
)
−
β
i(
A
∗ i(
µ
i,
ν i

)
−
A
∗ (
µ
i)

))

︸
︷︷

︸
=

:L
(µ

0
,[
µ
i
,ν
i
,λ
i
]n i
=
1
)

su
b

je
ct

to
µ

0
∈
M

[µ
i,
ν i

]
∈
M

i
fo

r
i

=
1,
..
.,
n

(7
)
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 1
8(

10
6)

:1
-3

7,
 2

01
7

H
a
se

n
c
l
e
v
e
r
e
t
a
l
.

w
h
er

e
th

e
d
om

ai
n

of
λ
i

is
R
d
.

L
et

th
e

L
a
gr

an
gi

an
ab

ov
e

b
e

d
en

ot
ed

b
y
L

(µ
0
,[
µ
i,
ν i
,λ

i]
n i=

1
).

T
h
e

K
ar

u
sh

-K
u
h
n
-T

u
ck

er
(K

K
T

)
co

n
d
it

io
n
s

of
th

e
ab

ov
e

va
ri

at
io

n
al

p
ro

b
le

m
h
av

e
to

b
e

sa
t-

is
fi
ed

at
an

op
ti

m
u
m

,
an

d
si

m
p
ly

in
v
ol

ve
se

tt
in

g
th

e
d
er

iv
at

iv
es

w
it

h
re

sp
ec

t
to
µ

0
,µ

i,
ν i
,λ

i

to
ze

ro
:

d
L

d
λ
i

=
0

:
µ
i

=
µ

0
(8

a
)

d
L

d
µ

0
=

0
:

θ 0
−
∇
A
∗ (
µ

0
)

+

n ∑ j=
1

λ
j

=
0

θ 0
+

n ∑ j=
1

λ
j

=
∇
A
∗ (
µ

0
)

(8
b
)

d
L

d
µ
i

=
0

:
−
λ
i
−
β
i∇

µ
i
A
∗ i(
µ
i,
ν i

)
+
β
i∇
A
∗ (
µ
i)

=
0

θ 0
+

n ∑ j=
1

λ
j
−
β
−

1
i
λ
i

=
∇
µ
i
A
∗ i(
µ
i,
ν i

)
(8

c)

d
L

d
ν i

=
0

:
β
−

1
i

=
∇
ν
i
A
∗ i(
µ
i,
ν i

)
(8

d
)

E
q
u
at

io
n

(8
b
)

sh
ow

s
th

at
an

op
ti

m
al
µ

0
h
as

to
b

e
th

e
m

ea
n

p
ar

am
et

er
co

rr
es

p
o
n
d
in

g
to

a
(b

as
e)

ex
p

on
en

ti
al

fa
m

il
y

d
is

tr
ib

u
ti

on
w

it
h

n
at

u
ra

l
p
ar

am
et

er
θ 0

+
∑

n j=
1
λ
j
.

S
p

ec
ifi

ca
ll
y,

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
ca

n
b

e
ap

p
ro

x
im

at
ed

as
,

p̃
(x

)
∝
p

0
(x

)
ex

p

 
n ∑ j=

1

` j
(x

) 
≈

ex
p

  

 
θ 0

+
n ∑ j=

1

λ
j

 
>

s(
x

)  
.

(9
)

In
ot

h
er

w
or

d
s,

w
e

ca
n

in
te

rp
re

t
λ
j

as
th

e
n
at

u
ra

l
p
ar

am
et

er
of

an
ex

p
o
n
en

ti
a
l

fa
m

il
y

ap
p
ro

x
im

at
io

n
to

th
e

li
ke

li
h
o
o
d

fa
ct

or
ex

p
(`
j
(x

))
.

F
u
rt

h
er

,
fr

om
(8

c)
an

d
(8

d
)

ab
ov

e,
w

e
se

e
th

at
th

e
op

ti
m

al
[µ
i,
ν i

]
is

th
e

m
ea

n
p
a
ra

m
et

er
as

so
ci

at
ed

w
it

h
th

e
lo

ca
l

p
os

te
ri

or
d
is

tr
ib

u
ti

on
,

p
i(
x

)
∝

ex
p

  

 
θ 0

+
n ∑ j=

1

λ
j
−
β
−

1
i
λ
i 
>

s(
x

)
+
β
−

1
i
` i

(x
)  

.
(1

0)

F
or

st
an

d
ar

d
E

P
,

w
h
er

e
β
i

=
1,

w
e

ge
t,

p
i(
x

)
∝

ex
p

  

 
θ 0

+
∑ j6=

i

λ
j

 
>

s(
x

)
+
` i

(x
)  

.

T
h
e

ab
ov

e
lo

ca
l

p
os

te
ri

or
d
is

tr
ib

u
ti

on
is

k
n
ow

n
as

th
e

ti
lt

ed
d
is

tr
ib

u
ti

on
in

E
P

,
w

it
h

th
e

te
rm

(θ
0

+
∑

n j=
1
λ
j
−
β
−

1
i
λ
i)
>
s(
x

)
co

rr
es

p
on

d
in

g
to

th
e

ca
v
it

y
d
is

tr
ib

u
ti

on
w

it
h

(t
h
e
β
−

1
i

th
p

ow
er

of
)

th
e

ex
p

on
en

ti
al

fa
m

il
y

ap
p
ro

x
im

at
io

n
to

th
e
it

h
li
ke

li
h
o
o
d

re
m

ov
ed

,
a
n
d

re
p
la

ce
d

1
0
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D
ist

r
ib
u
t
e
d

B
a
y
e
sia

n
L
e
a
r
n
in
g

w
it
h
S
t
o
c
h
a
st

ic
N
a
t
u
r
a
l
G
r
a
d
ie
n
t
E
P

b
y

(th
e
β
−

1
i

th
p

ow
er

of)
th

e
lik

elih
o
o
d

factor
itself.

E
ach

step
of

E
P

in
volves

fi
rst

co
m

p
u
tin

g
[µ
i ,ν

i ]
a
s

th
e

m
ean

p
aram

eter
of

th
e

tilted
d
istrib

u
tion

,
th

en
u
p

d
atin

g
λ
i ,

u
sin

g
(8a)

an
d

(8
b
):

λ
n

ew
i

=
∇
A
∗(µ

i )−
θ

0 −
∑j6=

i

λ
j ,

(11)

w
h
ere

w
e

recall
th

at∇
A
∗(µ

i )
com

p
u
tes

th
e

n
atu

ral
p
aram

eter
co

rresp
on

d
in

g
to

th
e

m
ean

p
a
ra

m
eter

µ
i

in
th

e
b
ase

ex
p

on
en

tial
fam

ily.
T

h
e

E
P

u
p

d
ate

en
su

res
th

at
th

e
ex

p
ectation

of
th

e
su

ffi
cien

t
statistics

fu
n
ction

u
n
d
er

th
e

tilted
d
istrib

u
tion

p
i (x

)
an

d
u
n
d
er

its
ex

p
o
n
en

tial
fa

m
ily

ap
p
rox

im
ation

(w
ith

n
atu

ral
p
aram

eters
θ

0
+
∑

nj=
1
λ
j −

β
−

1
i
λ
i +
β
−

1
i
λ

n
ew
i

)
m

atch
.

A
t

co
n
verg

en
ce,

th
is

en
su

res
th

at
th

e
ex

p
ectation

s
u
n
d
er

all
th

e
tilted

d
istrib

u
tion

s
an

d
u
n
d
er

th
e

a
p
p
rox

im
a
ted

p
osterior

d
istrib

u
tion

(9)
m

atch
.

N
o
te

th
a
t

th
e

(p
ow

er)
E

P
u
p

d
ates

are
d
erived

as
fi
x
ed

p
oin

t
eq

u
ation

s
an

d
h
ave

n
o

g
u
aran

tees
o
f

con
vergen

ce.
In

p
ractice,

d
am

p
ed

u
p

d
ates

ca
n

b
e

u
sed

to
avoid

oscillation
s

w
ith

o
u
t

a
ff

ectin
g

th
e

fi
x
ed

p
oin

ts:

λ
n

ew
i

=
α
λ
i
+

(1−
α

) 
∇
A
∗(µ

i )−
θ

0 −
∑j6=

i

λ
j 

.
(12)

w
h
ere

α
∈

[0,1)
is

a
d
am

p
in

g
factor.

A
n
oth

er
p

oten
tial

issu
e

is
th

at
λ

n
ew
i

as
com

p
u
ted

m
ay

n
o
t

lie
in

th
e

n
a
tu

ral
d
om

ain
Θ

,
in

w
h
ich

case
h
igh

er
d
am

p
in

g
factors

en
su

rin
g

th
at

it
d
o
es

ca
n

b
e

u
sed

,
o
r

th
e

u
p

d
ate

can
b

e
d
iscard

ed
.

3
.4

C
o
m

p
u

tin
g

M
e
a
n

P
a
ra

m
e
te

rs

A
ssu

m
in

g
th

a
t

th
e

b
ase

ex
p

on
en

tial
fam

ily
is

tractab
le,

th
e

ab
ov

e
step

s
o
f

E
P

in
volv

e
ad

-
d
itio

n
s,

su
b
tra

ction
s,

an
d

con
version

s
b

etw
een

m
ean

an
d

n
atu

ral
p
aram

eters
so

are
ea

sy
to

co
m

p
u
te.

T
h
e

on
ly

d
iffi

cu
lty

is
in

th
e

com
p
u
tation

of
th

e
m

ean
p
aram

eters
(ex

p
ectation

s
o
f

th
e

su
ffi

cien
t

statistics
fu

n
ction

)
of

th
e

tilted
d
istrib

u
tion

s,
w

h
ich

in
volve

th
e

lo
g

likeli-
h
o
o
d
s
`
i (x

).
In

ty
p
ical

ap
p
lication

s
of

E
P

to
grap

h
ica

l
m

o
d
els,

th
ese

are
eith

er
ob

tain
ed

a
n
a
ly

tica
lly

o
r

u
sin

g
n
u
m

erical
q
u
ad

ratu
re.

In
m

o
re

co
m

p
lex

an
d

gen
eral

scen
arios,

b
oth

an
aly

tic
or

q
u
ad

ratu
re-b

ased
m

eth
o
d
s

are
ru

led
o
u
t.

A
su

ccessfu
l

an
d

com
m

on
class

o
f

m
eth

o
d
s

for
calcu

latin
g

ex
p

ectation
s

u
n
d
er

o
th

erw
ise

in
tractab

le
d
istrib

u
tion

s
is

M
on

te
C

arlo.
A

n
u
m

b
er

of
p
ap

ers
h
av

e
p
rop

osed
su

ch
a
n

a
p
p
ro

a
ch

,
in

clu
d
in

g
B

arth
elm

é
an

d
C

h
op

in
(2011),

H
eess

et
al.

(2013),
G

elm
a
n

et
al.

(2
01

4
)

u
sin

g
im

p
ortan

ce
sam

p
lin

g
an

d
X

u
et

al.
(2

014),
G

elm
an

et
al.

(20
14)

u
sin

g
M

arkov
ch

a
in

M
o
n
te

C
a
rlo

(M
C

M
C

).
In

ad
d
ition

,
H

eess
et

al.
(201

3),
E

slam
i
et

al.
(2014),

J
itk

rittu
m

et
a
l.

(2
01

5
)

u
se

learn
in

g
tech

n
iq

u
es

to
sp

eed
-u

p
th

e
p
ro

cess
b
y

d
irectly

p
red

ictin
g

th
e

n
a
tu

ra
l

p
a
ra

m
eters

given
p
rop

erties
of

th
e

tilted
d
istrib

u
tion

.
W

e
h
ave

ex
p
lored

th
e

sam
p
lin

g
v
ia

m
om

en
t

sh
arin

g
(S

M
S
)

a
lgorith

m
(X

u
et

a
l.,

2014)
in

th
e

co
n
tex

t
of

d
istrib

u
ted

B
ayesian

learn
in

g
of

d
eep

n
eu

ral
n
etw

o
rk

s.
U

n
fortu

n
ately,

th
e

S
M

S
a
lgo

rith
m

d
id

n
ot

w
ork

ev
en

for
relatively

sm
all

n
eu

ral
n
etw

ork
s

a
n
d

d
ata

sets,
p
a
rtly

b
eca

u
se

of
th

e
h
igh

d
im

en
sion

ality
an

d
p
artly

b
ecau

se
th

e
M

on
te

C
arlo

estim
ation

is
in

h
eren

tly
sto

ch
astic,

b
oth

of
w

h
ich

w
e

fou
n
d

aff
ected

th
e

con
vergen

ce
of

th
e

E
P

fi
x
ed

p
o
in

t
eq

u
a
tio

n
s.
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H
a
se

n
c
l
e
v
e
r
e
t
a
l
.

4
.
S
to

ch
a
stic

N
a
tu

ra
l-g

ra
d
ie
n
t
E
x
p
e
cta

tio
n
P
ro

p
a
g
a
tio

n

In
th

is
section

w
e

w
ill

d
erive

a
n
ovel

con
vergen

t
sto

ch
astic

ap
p
rox

im
ation

b
ased

altern
ativ

e
to

E
P

an
d

p
ow

er
E

P
,

w
h
ich

op
tim

ises
th

e
sam

e
variation

al
ob

jective
b
u
t

is
sign

ifi
can

tly
m

ore
toleran

t
of

M
on

te
C

arlo
n
oise.

O
u
r

algorith
m

is
d
eriv

ed
u
sin

g
a

m
o
d
ifi

ed
variation

al
ob

jective
w

ith
ad

d
ition

al
au

x
iliary

variab
les

b
u
t

w
ith

th
e

sam
e

op
tim

a
as

th
e

origin
al

p
rob

-
lem

,
an

d
solv

in
g

th
e

d
u
al

p
rob

lem
u
sin

g
a

sto
ch

astic
ap

p
rox

im
ation

algorith
m

(R
ob

b
in

s
an

d
M

on
ro,

1951).
In

th
e

follow
in

g
w

e
w

ill
u
se

“E
P

”
to

refer
to

b
oth

E
P

an
d

p
ow

er
E

P
for

sim
p
licity.

4
.1

A
u

x
ilia

ry
V

a
ria

tio
n

a
l

P
ro

b
le

m

F
or

each
i,

w
e

in
tro

d
u
ce

an
au

x
iliary

n
atu

ral
p
aram

eter
vector

θ ′i
∈

Θ
,

an
d

in
tro

d
u
ce

a
term

−
∑

ni=
1

K
L

(p
µ
i ‖
p
θ ′i )

in
to

th
e

variation
al

ob
jectiv

e
(7),

w
h
ere

p
µ
i

an
d
p
θ ′i

are
th

e
b
ase

ex
p

on
en

tial
fam

ily
d
istrib

u
tion

given
b
y

m
ean

p
aram

eter
µ
i

an
d

n
atu

ral
p
aram

eter
θ ′i ,

resp
ectively.

T
h
is

resu
lts

in
a

low
er

b
ou

n
d

on
th

e
origin

al
ob

jective
an

d
is

rem
in

iscen
t

of
th

e
E

M
algorith

m
(D

em
p
ster

et
al.,

1977,
N

eal
an

d
H

in
ton

,
1999)

an
d

of
ty

p
ical

variation
al

B
ayes

ap
p
rox

im
ation

s
(B

eal,
2003,

W
ain

w
righ

t
an

d
J
ord

an
,

2008).
P

lu
ggin

g
th

e
relevan

t
form

u
la

for
th

e
K

L
d
ivergen

ce
(1)

in
to

(7),
w

e
h
ave

th
e

resu
ltin

g
variation

a
l

p
rob

lem

m
ax

µ
0
,[µ

i ,ν
i ,θ ′i ] ni=

1

θ >0
µ

0 −
A
∗(µ

0 )
+

n
∑i=

1 (
ν
i −

β
i (
A
∗i (µ

i ,ν
i )−

µ
>i
θ ′i

+
A

(θ ′i ) ))

su
b

ject
to

µ
0 ∈
M

[µ
i ,ν

i ]∈
M

i
for

i
=

1,...,n

θ ′i ∈
Θ

for
i

=
1,...,n

µ
0

=
µ
i

for
i

=
1,...,n

(13)

M
ax

im
izin

g
over

θ ′i
w

h
ile

keep
in

g
th

e
oth

er
variab

les
fi
x
ed

w
ill

sim
p
ly

set
θ ′i

=
∇
A
∗(µ

i ),
so

th
at

th
e

K
L

term
s

van
ish

an
d

resu
ltin

g
in

th
e

origin
al

p
rob

lem
(6).

O
n

th
e

oth
er

h
an

d
,

th
e

con
strain

ed
m

ax
im

ization
over

th
e

origin
a
l

p
aram

eters
µ

0 ,[µ
i ,ν

i ] ni=
1

req
u
ires

in
tro

d
u
cin

g
L

agran
ge

m
u
ltip

liers,

m
ax

[θ ′i ] ni=
1

m
ax

µ
0
,[µ

i ,ν
i ] ni=

1

m
in

[λ
i ] ni=

1 θ >0
µ

0 −
A
∗(µ

0 )
+

n
∑i=

1 (ν
i −

λ
>i (µ

i −
µ

0 )−
β
i (A
∗i (µ

i ,ν
i )−

µ
>i
θ ′i

+
A

(θ ′i ) ))

su
b

ject
to

µ
0 ∈
M

[µ
i ,ν

i ]∈
M

i
for

i
=

1,...,n

θ ′i ∈
Θ

for
i

=
1,...,n

(14)

W
e

can
solve

th
is

in
n
er

con
strain

ed
op

tim
ization

b
y

tran
sform

in
g

to
th

e
con

vex
d
u
al.

N
otic-

in
g

th
at

th
e

L
agran

gian
is

con
cave

in
µ

0 ,[µ
i ,ν

i ] ni=
1

an
d

th
at

S
later’s

con
d
ition

h
old

s,
th

e

1
2
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D
is
t
r
ib
u
t
e
d

B
a
y
e
si
a
n
L
e
a
r
n
in
g

w
it
h
S
t
o
c
h
a
st

ic
N
a
t
u
r
a
l
G
r
a
d
ie
n
t
E
P

d
u
al

it
y

ga
p

is
ze

ro
an

d
w

e
h
av

e,

m
ax

[θ
′ i]
n i=

1

m
in

[λ
i
]n i
=
1

m
ax

µ
0
,[
µ
i
,ν
i
]n i
=
1θ> 0
µ

0
−
A
∗ (
µ

0
)

+
n ∑ i=

1

( ν i
−
λ
> i(
µ
i
−
µ

0
)
−
β
i( A
∗ i(
µ
i,
ν i

)
−
µ
> iθ
′ i+

A
(θ
′ i)))

su
b

je
ct

to
µ

0
∈
M

[µ
i,
ν i

]
∈
M

i
fo

r
i

=
1,
..
.,
n

θ′ i
∈

Θ
fo

r
i

=
1,
..
.,
n

(1
5)

N
ow

m
ax

im
iz

in
g

ov
er
µ

0
,[
µ
i,
ν i
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=
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b
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m
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︸
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∈
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m
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m
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m
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=
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m
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at
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at
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c
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h
is

d
es

cr
ib

ed
n
ex

t.
T

h
e

st
ru

ct
u
re
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m
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b
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d
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at
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b
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b
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b
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p
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m
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u
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m
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d
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c
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ra
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∇
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∇
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∇
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b
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n
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e

co
rr

es
p

on
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m
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p
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w
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e
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v
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p
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ra
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a
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ra
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n
ct

io
n

th
a
t

is
lo

n
g

in
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e
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t
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l

b
e
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b
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b
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v
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r
e
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p
ar

am
et

er
sp

ac
e

as
a

R
ie

m
a
n
n
ia

n
m

a
n
-

if
ol

d
w

h
er

e
th

e
m

et
ri

c
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b
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b
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b
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p
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b
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b
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ra
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p
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b
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p
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b
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b
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at
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n
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e
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g
m

ea
n

p
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d
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∇
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γ
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∇
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∇
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1
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1
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+
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∇
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p
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p
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p
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∇
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∇
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u
k
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d
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∇
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i
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∇
A

 
θ 0

+
n ∑ j=

1

λ
(t

)
j

 
 

(1
9
)

w
h
er

e
th

e
co

rr
es

p
on

d
in

g
n
at

u
ra

l
p
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∇
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at
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p
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d
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p
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d
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p
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p
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p
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d
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−
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i
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−
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−
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−
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w
h
il
e

th
e

se
co

n
d

te
rm

is
th

e
m

ea
n

p
ar

am
et

er
of

th
e

cu
rr

en
t

ex
p

on
en

ti
al

fa
m

il
y

a
p
p
ro

x
im

a-
ti

on
to

th
e

gl
ob

al
p

os
te

ri
or

.
T

h
ei

r
d
iff

er
en

ce
gi

ve
s

th
e

u
p

d
at

e
fo

r
th

e
m

ea
n

p
a
ra

m
et

er
o
f

th
e

li
ke

li
h
o
o
d

ap
p
ro

x
im

at
io

n
.

T
h
e

gr
ad

ie
n
t

is
ze

ro
w

h
en

b
ot

h
te

rm
s

ar
e

eq
u
a
l,

p
re

ci
se

ly
th

e
co

n
d
it

io
n

fr
om

w
h
ic

h
th
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c
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ra
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.
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p
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D
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t
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d

B
a
y
e
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n
L
e
a
r
n
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g

w
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h
S
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o
c
h
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N
a
t
u
r
a
l
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r
a
d
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at
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ob
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b
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p
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∇
A


θ

0
+

n
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p
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d
iff

er
en

t
d
om

ai
n
s.

H
ow

ev
er

,
on

e
d
ra

w
b
ac

k
of

n
eu

ra
l

n
et

w
or

k
s

tr
ai

n
ed

b
y

st
o
ch

as
ti

c
op

ti
m

is
at

io
n

te
ch

n
iq

u
es

is
th

at
th

ey
d
o

n
ot

p
ro

v
id

e
u
n
ce

rt
ai

n
ty

es
ti

m
at

es
.

B
ot

h
b
la

ck
-b

ox
va

ri
at

io
n
al

m
et

h
o
d
s

an
d

st
o
ch

as
ti

c
gr

ad
ie

n
t

M
C

M
C

m
et

h
o
d
s

ca
n

b
e

ap
p
li
ed

to
n
eu

ra
l

n
et

w
or

k
s

y
ie

ld
in

g
u
n
ce

rt
ai

n
ty

es
ti

m
at

es
.

P
ro

b
ab

il
is

ti
c

b
ac

k
p
ro

p
ag

at
io

n
(H

er
n
an

d
ez

-L
ob

at
o

an
d

A
d
am

s,
20

15
,

P
B

P
)

re
li
es

on
as

su
m

ed
d
en

si
ty

fi
lt

er
in

g
(A

D
F

),
a

se
q
u
en

ti
al

fo
rm

of
E

P
.

O
th

er
ap

p
ro

ac
h
es

ar
e

b
a
se

d
on

m
ea

n
fi
el

d
va

ri
a-

ti
on

al
in

fe
re

n
ce

,
w

h
ic

h
op

ti
m

is
es

a
lo

w
er

b
ou

n
d

of
th

e
m

ar
g
in

al
li
ke

li
h
o
o
d
.

G
ra

ve
s

(2
01

1)
p
ro

p
os

ed
an

al
go

ri
th

m
u
si

n
g

a
b
ia

se
d

M
on

te
C

ar
lo

es
ti

m
at

e
of

th
is

lo
w

er
b

ou
n
d

to
op

ti
-

m
is

e
it

.
M

or
e

re
ce

n
tl

y,
th

is
ap

p
ro

ac
h

h
as

b
ee

n
ex

te
n
d
ed

b
y

B
lu

n
d
el

l
et

al
.

(2
01

5,
B

ay
es

b
y

B
ac

k
p
ro

p
)

w
h
o

ob
ta

in
u
n
b
ia

se
d

M
on

te
C

ar
lo

es
ti

m
at

es
of

th
e

sa
m

e
ob

je
ct

iv
e

u
si

n
g

th
e

re
p
ar

am
et

ri
za

ti
on

tr
ic

k
(K

in
gm

a
an

d
W

el
li
n
g,

20
14

).

5
.
T
h
e
P
o
st
e
ri
o
r
S
e
rv

e
r

O
u
r

d
ev

el
op

m
en

t
of

S
N

E
P

is
m

ot
iv

at
ed

b
y

th
e

p
ro

b
le

m
of

d
is

tr
ib

u
te

d
B

ay
es

ia
n

le
a
rn

in
g

ou
tl

in
ed

in
S
ec

ti
on

2.
2,

w
h
er

e
ea

ch
lo

g
li
k
el

ih
o
o
d

te
rm

` i
(x

)
co

rr
es

p
on

d
s

to
th

e
lo

g
p
ro

b
ab

il
-

it
y
/d

en
si

ty
of

th
e

d
at

a
su

b
se

t
on

w
or

ke
r

n
o
d
e
i.

U
si

n
g

S
N

E
P

,
ea

ch
w

or
ke

r
n
o
d
e

it
er

at
iv

el
y

le
ar

n
s

an
ex

p
on

en
ti

al
fa

m
il
y

ap
p
ro

x
im

at
io

n
of
` i

(x
),

w
it

h
a

m
as

te
r

n
o
d
e

co
or

d
in

at
in

g
th

e
le

ar
n
in

g
ac

ro
ss

w
or

ke
rs

.
W

e
ca

ll
th

e
m

as
te

r
n
o
d
e

th
e

po
st

er
io

r
se

rv
er

,
as

it
m

ai
n
ta

in
s

an
d

se
rv

es
th

e
ex

p
on

en
ti

al
fa

m
il
y

ap
p
ro

x
im

at
io

n
of

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
,

ob
ta

in
ed

b
y

co
m

b
in

in
g

th
e

p
ri

or
w

it
h

th
e

li
ke

li
h
o
o
d

ap
p
ro

x
im

at
io

n
s

at
th

e
w

or
ke

rs
.

In
m

or
e

d
et

ai
l,

th
e

p
os

te
ri

or
se

rv
er

m
ai

n
ta

in
s

th
e

n
at

u
ra

l
p
ar

am
et

er
θ p

o
st

er
io

r
:=

θ 0
+

∑
n j=

1
λ
j

of
th

e
gl

ob
al

p
os

te
ri

or
ap

p
ro

x
im

at
io

n
,
w

h
il
e

ea
ch

w
or

k
er

n
o
d
e
i

m
ai

n
ta

in
s

th
e

m
ea

n
an

d
n
at

u
ra

l
p
ar

am
et

er
s
γ
i,
λ
i

of
th

e
li
ke

li
h
o
o
d

ap
p
ro

x
im

at
io

n
an

d
th

e
st

at
e

of
th

e
M

C
M

C
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H
a
se

n
c
l
e
v
e
r
e
t
a
l
.

sa
m

p
le

r
x
i.

It
al

so
m

ai
n
ta

in
s

th
e

au
x
il
ia

ry
p
ar

am
et

er
θ′ i

u
se

d
in

th
e

ou
te

r
lo

o
p
.

L
ea

rn
in

g
at

th
e

w
or

ke
r

p
ro

ce
ed

s
b
y

al
te

rn
at

in
g

b
et

w
ee

n
th

e
M

C
M

C
(2

1)
an

d
in

n
er

lo
op

u
p

d
a
te

s
(2

2
),

w
it

h
p

er
io

d
ic

ou
te

r
lo

op
u
p

d
at

es
(2

3)
.

T
h
es

e
u
p

d
at

es
re

q
u
ir

e
ac

ce
ss

to
th

e
d
a
ta

su
b
se

t
a
t

th
e

n
o
d
e,

as
w

el
l

as
th

e
ca

v
it

y
d
is

tr
ib

u
ti

on
,

w
it

h
n
at

u
ra

l
p
ar

am
et

er
s
θ −

i
:=

θ 0
+
∑

j6=
i
λ
j
,

w
h
ic

h
is

ob
ta

in
ed

b
y

ge
tt

in
g
θ p

o
st

er
io

r
fr

om
th

e
p

os
te

ri
or

se
rv

er
an

d
su

b
tr

ac
ti

n
g

th
e

lo
ca

l
λ
i.

C
om

m
u
n
ic

at
io

n
b

et
w

ee
n

th
e

w
or

ke
r

n
o
d
e

an
d

th
e

p
os

te
ri

o
r

se
rv

er
in

vo
lv

es
th

e
w

o
rk

er
fi
rs

t
se

n
d
in

g
th

e
p

os
te

ri
or

se
rv

er
th

e
d
iff

er
en

ce
∆
i

:=
λ

n
ew
i
−
λ

o
ld
i

b
et

w
ee

n
th

e
cu

rr
en

t
n
a
tu

ra
l

p
ar

am
et

er
s
λ

n
ew
i

an
d

th
e

on
e

d
u
ri

n
g

th
e

p
re

v
io

u
s

co
m

m
u
n
ic

at
io

n
w

it
h

th
e

se
rv

er
,
λ

o
ld
i

.
T

h
e

p
os

te
ri

or
se

rv
er

u
p

d
at

es
it

s
gl

ob
al

p
os

te
ri

or
ap

p
ro

x
im

at
io

n
v
ia
θn

ew
p

o
st

er
io

r
=
θo

ld
p

o
st

er
io

r
+

∆
i,

an
d

se
n
d
s

th
e

n
ew

va
lu

e
θn

ew
p

o
st

er
io

r
b
ac

k
to

th
e

w
or

k
er

.
T

h
e

w
or

ke
r

in
tu

rn
u
se

s
th

is
to

u
p

d
a
te

th
e

ca
v
it

y,
θn

ew −
i

=
θn

ew
p

o
st

er
io

r
−
λ

n
ew
i

.

T
h
e

p
se

u
d
o
co

d
e

fo
r

th
e

ov
er

al
l

a
lg

or
it

h
m

is
gi

ve
n

in
A

lg
or

it
h
m

1.
N

ot
e

th
a
t

a
ll

co
m

m
u
-

n
ic

at
io

n
s

ar
e

p
er

fo
rm

ed
as

y
n
ch

ro
n
ou

sl
y

an
d

in
a

n
on

-b
lo

ck
in

g
fa

sh
io

n
.

In
p
a
rt

ic
u
la

r,
S
te

p
s
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7
ar

e
p

er
fo

rm
ed

in
a

se
p
ar

at
e

co
ro

u
ti

n
e

fr
om

th
e

m
ai

n
lo

op
(S

te
p
s

7-
1
8
),

a
n
d

S
te

p
1
5

ca
n

h
ap

p
en

se
v
er

al
it

er
at

io
n
s

of
th

e
m

ai
n

lo
op

af
te

r
S
te

p
14

.
T

h
is

is
so

th
at

co
m

p
u
te

n
o
d
es

ca
n

sp
en

d
m

os
t

of
th

ei
r

ti
m

e
le

ar
n
in

g
(S

te
p
s

8-
10

)
an

d
d
o

n
ot

h
av

e
to

w
a
it

fo
r

n
et

w
o
rk

co
m

m
u
n
ic

at
io

n
s

to
co

m
p
le

te
.

H
ow

ev
er

,
th

is
m

ea
n
s

th
at

th
e

p
re

v
io

u
s

co
p
y

o
f

th
e

n
a
tu

ra
l

p
ar

am
et

er
λ
i

u
se

d
w

h
en

th
e

la
st

m
es

sa
ge

w
a
s

se
n
t

to
th

e
m

as
te

r
(S

te
p

13
)

n
ee

d
s

to
b

e
st

or
ed

,
in

ad
d
it

io
n

to
th

e
m

os
t

re
ce

n
t

on
e.

W
e

al
so

n
ot

e
th

at
fa

st
er

co
m

p
u
te

n
o
d
es

n
ee

d
n
ot

w
ai

t
fo

r
sl

ow
er

on
es

si
n
ce

th
ey

ea
ch

le
ar

n
th

ei
r

ow
n

se
p
ar

at
e

li
ke

li
h
o
o
d

a
p
p
ro

x
im

a
ti

o
n

p
ar

am
et

er
s.

It
w

ou
ld

b
e

in
te

re
st

in
g

fo
r

fu
tu

re
re

se
ar

ch
to

ex
p
lo

re
ad

ap
ti

ve
m

et
h
o
d
s

to
a
ll
ow

fa
st

er
co

m
p
u
te

n
o
d
es

to
in

cr
ea

se
th

e
d
at

a
su

b
se

ts
th

at
th

ey
le

ar
n

fr
o
m

,
an

d
sl

ow
er

o
n
es

to
d
ec

re
as

e,
to

b
al

an
ce

th
e

le
ar

n
in

g
p
ro

gr
es

s
ac

ro
ss

co
m

p
u
te

n
o
d
es

m
or

e
ev

en
ly

.
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D
is

c
u

ss
io

n
a
n
d

R
e
la

te
d

W
o
rk

s

O
u
r

n
am

in
g

of
th

e
p

os
te

ri
or

se
rv

er
co

n
tr

as
ts

w
it

h
th

at
of

th
e

p
ar

am
et

er
se

rv
er
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h
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.,
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)
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h
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h
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ty
p
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u
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d
fo

r
m
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u
m
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ke
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h
o
o
d

(o
r

m
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u
m
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p
ir
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a
l
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sk

)
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m

at
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n
of

m
o
d
el

p
ar
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et

er
s.

N
ot

e
h
ow

ev
er

th
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ou
r

al
go

ri
th

m
ic

co
n
tr

ib
u
ti

o
n

is
eff

ec
-

ti
ve

ly
or

th
og

on
al

to
(A

h
m

ed
et

al
.,

2
01

2)
,
w

h
o

p
ro

p
os

ed
a

ge
n
er
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an

d
ro

b
u
st

co
m

p
u
ta

ti
o
n
al

ar
ch

it
ec

tu
re

fo
r

d
is

tr
ib

u
te

d
m

ac
h
in

e
le

ar
n
in

g.
W

e
b

el
ie

ve
it

is
p

os
si

b
le

to
im

p
le

m
en

t
o
u
r

al
go

ri
th

m
u
si

n
g

th
e

p
ar

am
et

er
se

rv
er

so
ft

w
ar

e
fr

am
ew

or
k
.

O
n
e

of
th

e
d
iffi

cu
lt

ie
s

of
th

e
p
ar

am
et

er
se

rv
er

ar
ch

it
ec

tu
re

is
th

at
le

ar
n
in

g
h
a
p
p

en
s

at
th

e
le

v
el

of
p
ar

am
et

er
s,

w
it

h
a

si
n
gl

e
se

t
of

p
ar

am
et

er
s

b
ei

n
g

m
ai

n
ta

in
ed

ac
ro

ss
th

e
cl

u
st

er
.

S
in

ce
th

e
d
at

a
su

b
se

ts
on

w
or

k
er

s
ar

e
d
is

jo
in

t,
th

e
le

ar
n
in

g
on

ea
ch

w
or

k
er

te
n
d
s

to
m

a
ke

th
e

lo
ca

l
co

p
y

of
th

e
p
ar

am
et

er
s

d
iv

er
ge

fr
om

th
o
se

on
th

e
p
ar

am
et

er
se

rv
er

a
n
d

o
n

o
th

er
w

or
ke

rs
.

A
s

a
re

su
lt

,
fr

eq
u
en

t
sy

n
ch

ro
n
is

at
io

n
w

it
h

th
e

p
ar

am
et

er
se

rv
er

is
n
ec

es
sa

ry
to

p
re

ve
n
t

st
al

e
p
ar

am
et

er
s

an
d

gr
ad

ie
n
ts

.
A

s
an

ex
am

p
le

,
in

th
e

D
is

tB
el

ie
f

m
et

h
o
d

(D
ea

n
et

al
.,

20
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ex

p
er

im
en

ts
w

er
e

co
n
d
u
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ed
w

h
er

e
th

e
co

m
m

u
n
ic

at
io

n
w

it
h

th
e

m
a
st

er
w

a
s

p
er

fo
rm

ed
af

te
r

ev
er

y
it

er
at

io
n
,

w
h
ic

h
ca

n
si

gn
ifi

ca
n
tl

y
sl

ow
d
ow

n
th

e
le

ar
n
in

g
p
ro

ce
ss

.
O

n
th

e
ot

h
er

h
an

d
,

on
e

of
th

e
in

te
re

st
in

g
as

p
ec

ts
o
f

th
e

p
os

te
ri

or
se

rv
er

is
th

at
it

li
ft

s
le

a
rn

in
g

fr
om

th
e

le
ve

l
of

p
ar

am
et

er
s

to
th

e
le

ve
l

of
d
is

tr
ib

u
ti

on
s

ov
er

p
ar

am
et

er
s.

A
s

a
re

su
lt

ea
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w
or

ke
r

ca
n

m
ai

n
ta
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a

d
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n
ct

p
ar
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se

t
in
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e

M
C

M
C
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m

p
le

r
an

d
a

d
is

ti
n
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li
ke

li
h
o
o
d

ap
p
ro

x
im

at
io

n
(s
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th
e

li
ke
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h
o
o
d
s
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d
iff

er
en

t
w

or
ke

rs
ar

e
in

d
ee

d
d
iff

er
en

t
a
s

th
ey

h
av

e
d
iff

er
en

t
d
at

a
su

b
se
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)

w
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h
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t
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q
u
ir
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g
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u
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t
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m
m

u
n
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at
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n
w
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h
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e
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o
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r
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D
ist

r
ib
u
t
e
d

B
a
y
e
sia

n
L
e
a
r
n
in
g

w
it
h
S
t
o
c
h
a
st

ic
N
a
t
u
r
a
l
G
r
a
d
ie
n
t
E
P

A
lg

o
rith

m
1

P
osterior

S
erv

er:
D

istrib
u
ted

B
ayesian

L
earn

in
g

v
ia

S
N

E
P

1
:

fo
r

ea
ch

co
m

p
u
te

n
o
d
e
i

=
1,...,n

a
sy

n
ch

ro
n

o
u

sly
d

o

2
:

let
γ

(1
)

i
b

e
th

e
in

itial
m

ean
p
aram

eter
o
f

lo
cal

likelih
o
o
d

ap
p
rox

im
a
tion

.

3
:

let
λ

o
ld
i

:=
λ

(1
)

i
:=
∇
A
∗(γ

(1
)

i
)

b
e

th
e

in
itial

n
atu

ral
p
aram

eter
o
f

lo
cal

likelih
o
o
d

a
p
p
rox

im
ation

.

4
:

let
θ−

i
:=

θ
0

+
∑

j6=
i λ

(1
)

j
b

e
th

e
in

itial
n
atu

ral
p
aram

eter
of

cav
ity

d
istrib

u
tion

5
:

let
θ ′i

:=
θ−

i
+
λ

(1
)

i
b

e
th

e
in

itial
au

x
iliary

p
aram

eter.

6
:

let
x

(1
)

i
∼
p
θ−
i +
λ
(1

)
i

b
e

th
e

in
itial

state
of

M
C

M
C

sam
p
ler.

7
:

fo
r
t

=
1,2

,...
u
n
til

con
vergen

ce
d

o
8
:

u
p

d
ate

lo
cal

state
v
ia

M
C

M
C

:

x
(t+

1
)

i
∼
K
i (·|

x
(t)
i

;θ ′i −
β
−

1
i
λ

(t)
i
,β
−

1
i

)

9
:

u
p

d
a
te

lo
cal

likelih
o
o
d

ap
p
rox

im
ation

:

γ
(t+

1
)

i
:=

γ
(t)
i

+
ε
t (
s(x

(t+
1
)

i
)−
∇
A
(
θ−

i
+
λ

(t)
i

))

λ
(t+

1
)

i
:=
∇
A
∗(γ

(t+
1
)

i
)

1
0
:

e
v
e
ry

N
o
u

ter
iteration

s
d

o
:

u
p

d
ate

au
x
iliary

p
aram

eter:

θ ′i
:=

θ−
i
+
λ

(t)
i

1
1
:

e
v
e
ry

N
sy

n
c

iteration
s

a
sy

n
ch

ro
n

o
u

sly
d

o
:

com
m

u
n
icate

w
ith

p
osterior

server:

1
2
:

let
∆
i

:=
λ

(t)
i
−
λ

o
ld
i

.

1
3
:

u
p

d
ate

λ
o
ld
i

:=
λ

(t)
i

.
1
4
:

se
n

d
∆
i

to
p

osterior
serv

er.
1
5
:

re
c
e
iv

e
θ

p
o
sterio

r
from

p
osterior

serv
er.

1
6
:

u
p

d
ate

θ−
i

:=
θ

p
o
sterio

r −
λ

o
ld
i

.
1
7
:

e
n

d
fo

r
1
8
:

e
n

d
fo

r
1
9
:

fo
r

th
e

p
o
sterior

serv
er

d
o

2
0
:

let
θ

p
o
sterio

r
:=

θ
0

+
∑

nj=
1
λ

(1
)

i
b

e
th

e
in

itial
n
atu

ral
p
aram

eter
of

th
e

p
osterio

r
ap

-
p
rox

im
a
tion

.
2
1
:

m
a
in

tain
a

q
u
eu

e
of

m
essages

from
w

ork
ers.

2
2
:

fo
r

ea
ch

m
essage

∆
i

received
from

som
e

w
orker

i
d

o
2
3
:

u
p

d
a
te
θ

p
o
sterio

r
:=

θ
p

o
sterio

r
+

∆
i .

2
4
:

se
n

d
θ

p
o
sterio

r
to

w
orker

i.
2
5
:

e
n

d
fo

r
2
6
:

e
n

d
fo

r
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H
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n
c
l
e
v
e
r
e
t
a
l
.

T
h
e

on
ly

role
of

com
m

u
n
ication

h
ere

is
for

th
e
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ity

d
istrib

u
tion

s,
w

h
ich

can
b

e
th

o
u
gh

t
of

as
a

w
ay

for
th

e
sy

stem
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fo
cu

s
th

e
lea

rn
in

g
h
ap

p
en

in
g

on
th

e
w

orkers
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e

relevan
t
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s
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th

e
p
aram

eter
sp
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(X

u
et

al.,
2014).

E
m

p
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th
e

p
recise

p
aram

eterisation
of

th
e

cav
ity

d
istrib

u
tion

is
n
ot
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im

p
ortan

t.
F

or
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e
ex

am
p
le,

su
p
p

ose
b

oth
th

e
p
rior

an
d

lik
elih

o
o
d
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s

are
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b
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g

G
au

ssian
s

an
d

th
e

tractab
le

fam
ily
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G
au

ssian
.

T
h
en

th
e

likelih
o
o
d

ap
p
rox

im
ation

w
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in
fact

d
ep

en
d

on
th

e
cav

ity
d
istrib

u
tion

at
all,

an
d

w
ill

con
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to
th

e
tru

e
likelih

o
o
d

on
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w
orker

in
d
ep

en
d
en

tly.
S
ee
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Z

h
an

g
et

al.
(2015a)

for
elastic-av

eragin
g

S
G

D
,

a
sim
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g
each

w
orker

a
sep
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p
aram

eter
vector,

u
sin
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an

A
D

M
M
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m
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o
d
ology.

6
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E
x
p
e
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p
erim

en
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S
N

E
P
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e

p
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O

u
r
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en
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le
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h
t
t
p
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/
b
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g
b
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e
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.
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i
t
h
u
b
.
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o
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t
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r
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r
S
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r
v
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,
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e
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u
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3
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r
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p
,

th
e
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an
d

w
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n
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ro
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at
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g
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e
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b
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ossib
le;

for
ex

am
p
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G

P
U
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n
o
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com
m

u
n
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g
over

a
n
etw

ork
u
sin

g
M

P
I.

F
or
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e

M
C

M
C
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p
ler

on
w

orkers,
w

e
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an
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version
of

sto
ch
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t

L
an

gev
in

d
y
n
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(S

G
L

D
)

(W
ellin

g
an

d
T
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,

2011)
related

to
A

d
am

(K
in
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a

an
d

B
a
,

2015),
w

h
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m

ore
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p
u
ta-

tion
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scalab
le
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larger

n
eu

ral
n
etw

ork
m

o
d
els

an
d

d
ata

sets
th

an
stan

d
ard

M
C

M
C

(see
A

p
p

en
d
ix

B
for

d
etails).

O
u
r

n
eu

ral
n
etw

ork
m

o
d
els

are
im

p
lem

en
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in
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e
M

o
ch

a
4

d
eep

learn
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g
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p
ackage.

6
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C
o
m
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a
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n
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S
M

S
o
n

B
a
y
e
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n
L

o
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R
e
g
re

ssio
n

In
th

is
section

w
e

com
p
are

S
N

E
P

again
st

S
a
m

p
lin

g
via

M
o
m

en
t

S
h
a
rin

g
(S

M
S
)

(X
u

et
al.,

2014),
a

related
algorith

m
for

d
istrib

u
ted

B
ayesian

learn
in

g
w

h
ereb

y
each

w
orker

h
as

a
sep

arate
M

C
M

C
sam

p
ler

an
d

co
ord

in
ation

a
cross

w
orkers

is
ach

ieved
u
sin

g
p
lain

E
P

.
S
M

S
w

as
origin

ally
p
rop

osed
to

scale
u
p

M
C

M
C

m
eth

o
d
s

an
d

as
su

ch
it

assu
m

es
th

at
M

C
M

C
ch

ain
s

can
b

e
ru

n
for

m
an

y
iteration

s
to

con
verg

en
ce

in
b

etw
een

com
m

u
n
ication

s
w

ith
th

e
m

aster.
S
M

S
u
ses

th
e

M
C

M
C

iterates
to

estim
ate

th
e

m
o
m

en
ts

req
u
ired

for
E

P
u
p

d
ates

an
d

so,
as

d
iscu

ssed
in

th
e

in
tro

d
u
ction

,
req

u
ires

a
large

n
u
m

b
er

o
f

iteration
s

to
p
ro

d
u
ce

th
e

low
M

on
te

C
arlo

n
oise

for
E

P
u
p

d
ates

to
w

ork
p
rop

erly.

W
e

illu
strate

b
elow

th
e

d
iff

erin
g

d
y
n
am

ics
of

S
M

S
an

d
S
N

E
P

w
h
en

ap
p
lied

to
a

B
ayesian

logistic
regression

m
o
d
el

w
ith

sim
u
lated

d
ata

.
W

e
to

ok
a

sim
ilar

setu
p

as
in

th
e

S
M

S
p
ap

er
(X

u
et

al.,
2014),

gen
eratin

g
a

d
ataset

D
=
{
(z
c ,y

c )}
Nc=

1
w

h
ere

covariates
z
c
∈

R
d

an
d

resp
on

se
y
c ∈
{0
,1}.

T
h
e

con
d
ition

al
d
istrib

u
tion

of
y
c

given
z
c
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d

w
eig

h
ts
x

is

p
(y
c

=
1
|
z
c ,x

)
=
σ

(z >c
x

)
(26)

w
h
ere

σ
d
en

otes
th

e
logistic

fu
n
ction

.
W

e
u
sed

a
G

au
ssian

p
rior

p
0 (x

)
=
N

(x
;0
d ,10I

d )
on

x
an

d
th

e
aim

is
to

con
stru

ct
an

ap
p
rox

im
a
tion

to
th

e
p

osterior
p
(x
|D

).
W

e
gen

erated

3
.
h
t
t
p
:
/
/
j
u
l
i
a
l
a
n
g
.
o
r
g
.

4
.
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
p
l
u
s
k
i
d
/
M
o
c
h
a
.
j
l
.
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D
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w
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h
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t
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=
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00

0
d
at

a
p
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n
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w
it

h
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u
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n
g
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d
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z c
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)
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∈
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∈
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b
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h
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I d
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y c
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w
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at
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p
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at
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p
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b
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at
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p
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d
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p
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p
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p
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p
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T c
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p
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d
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B
en
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R
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A
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st
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ct

D
ic
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ar
ie
s
ar
e
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io
ns

of
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or
s
us
ed

fo
r
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e
re
pr
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en
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a
cl
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s
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ve
ct
or
s
in

E
uc
lid

ea
n
sp
ac
es
.
R
ec
en
t
re
se
ar
ch

on
op

ti
m
al

di
ct
io
na

ri
es

is
fo
cu
se
d
on

co
ns
tr
uc
ti
ng

di
ct
io
-

na
ri
es

th
at

off
er

sp
ar
se

re
pr
es
en
ta
ti
on

s,
i.e
.,
` 0
-o
pt
im

al
re
pr
es
en
ta
ti
on

s.
H
er
e
w
e
co
ns
id
er

th
e
pr
ob

le
m

of
fin

di
ng

op
ti
m
al

di
ct
io
na

ri
es

w
it
h
w
hi
ch

re
pr
es
en
ta
ti
on

s
of

a
gi
ve
n
cl
as
s
of

ve
ct
or
s
is

op
ti
m
al

in
an

` 2
-s
en
se
:
op

ti
m
al
it
y
of

re
pr
es
en
ta
ti
on

is
de
fin

ed
as

at
ta
in
in
g
th
e

m
in
im

al
av
er
ag
e
` 2
-n
or
m

of
th
e
co
effi

ci
en
ts

us
ed

to
re
pr
es
en
t
th
e
ve
ct
or
s
in

th
e
gi
ve
n
cl
as
s.

W
it
h
th
e
he
lp

of
re
ce
nt

re
su
lt
s
on

ra
nk

-1
de
co
m
po

si
ti
on

s
of

sy
m
m
et
ri
c
po

si
ti
ve

se
m
id
efi

-
ni
te

m
at
ri
ce
s,

w
e
pr
ov

id
e
an

ex
pl
ic
it

de
sc
ri
pt
io
n
of
` 2
-o
pt
im

al
di
ct
io
na

ri
es

as
w
el
la

s
th
ei
r

al
go
ri
th
m
ic

co
ns
tr
uc
ti
on

s
in

po
ly
no

m
ia
lt
im

e.

K
ey

w
or

d
s:

` 2
-o
pt
im

al
di
ct
io
na

ry
,r

an
k-

1
de
co
m
po

si
ti
on

,fi
ni
te

ti
gh

t
fr
am

es

1.
In

tr
od

u
ct

io
n

A
di
ct
io
na

ry
is
a
co
lle

ct
io
n
of

ve
ct
or
s
in

a
fin

it
e-
di
m
en

si
on

al
ve
ct
or

sp
ac
e
ov
er

R
,w

it
h
w
hi
ch

ot
he

r
ve
ct
or
s
of

th
e
ve
ct
or

sp
ac
e
ar
e
re
pr
es
en
te
d.

A
di
ct
io
na

ry
is
a
ge
ne

ra
liz

at
io
n
of

a
ba

si
s:

W
hi
le

th
e
nu

m
be

r
of

ve
ct
or
s
in

a
ba

si
s
is
ex
ac
tl
y
eq
ua

lt
o
th
e
di
m
en

si
on

of
th
e
ve
ct
or

sp
ac
e,

a
di
ct
io
na

ry
m
ay

co
nt
ai
n
m
or
e
el
em

en
ts
.
In

th
is
ar
ti
cl
e
w
e
co
ns
id
er

a
pr
ob

le
m

of
fin

di
ng

an
op

ti
m
al

di
ct
io
na

ry
,
w
he

re
op

ti
m
al
it
y
is

in
te
rp
re
te
d
as

th
e
m
in
im

um
ex
pe

ct
ed

av
er
ag

e
si
ze

of
th
e
co
effi

ci
en
ts

re
qu

ir
ed

to
re
pr
es
en
t
a
ce
rt
ai
n
co
lle

ct
io
n
of

ve
ct
or
s
dr
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n
fr
om

a
gi
ve
n

pr
ob

ab
ili
ty
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st
ri
bu

ti
on
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W
e
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n
w
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h
a
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e
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m
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e
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e
pr
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m
s
tr
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d
in

th
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t
V
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a
ra
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or
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at
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s
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’
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2
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w
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h
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e
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at
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n
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m
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ra
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d
be

lo
w
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R
ay
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n

S
h
er

if
f

a
n
d

D
eb

a
si

sh
C

h
at

te
r
je

e

x

y

V

d
1

d
2

(a
)

x

y

V

d
1̊

d
2̊

(b
)

F
ig
ur
e
1:

C
om

pa
ri
so
n
of

tw
o
di
ct
io
na

ri
es
.

Su
pp

os
e
th
at

ou
r
di
ct
io
na

ry
co
ns
is
ts

of
th
e
ve
ct
or
s
d

1
“

` 1
´ε

˘ J
an

d
d

2
“

` 1
ε˘
J

in
R

2
,
w
it
h
a
sm

al
l
po

si
ti
ve

va
lu
e
of
ε.

Si
nc

e
w
e
m
us
t
re
pr
es
en
t
V

us
in
g
d

1
an

d
d

2
,
th
e

co
rr
es
po

nd
in
g
co
effi

ci
en
ts
α

1
an

d
α

2
m
us
t
be

su
ch

th
at
α

1

` 1
ε˘
J
`
α

2

` 1
´ε

˘ J
“
V
«

` 0
2
˘ J

.
A

qu
ic
k
ca
lc
ul
at
io
n
sh
ow

s
th
at

th
e
m
ag

ni
tu
de

s
of

th
e
co
effi

ci
en
ts
α

1
an

d
α

2
sh
ou

ld
th
en

be
ap

pr
ox
im

at
el
y
eq
ua

lt
o

1{
pεq

w
it
h
hi
gh

pr
ob

ab
ili
ty
.
T
o
w
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he

m
ag

ni
tu
de
s
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th
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e
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effi

ci
en
ts
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e
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e
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r
sm

al
lv
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ue

s
of
ε.

It
is

th
er
ef
or
e
m
or
e
ap

pr
op

ri
at
e
in

th
is

si
tu
at
io
n

to
co
ns
id
er

a
di
ct
io
na

ry
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ns
is
ti
ng

of
ve
ct
or
s
d

1̊
“

` ε
1
˘ J

an
d
d
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“

` ´
ε

1
˘ J
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re
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t
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e
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m
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of
V
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n
w
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,t
he

m
ag

ni
tu
de

s
of

th
e
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effi

ci
en
ts

of
th
e
re
pr
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en
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ti
on

s
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e
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1
w
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h
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gh
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ob

ab
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ty
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va
lu
es

ar
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m
pa

ra
ti
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r
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m
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to
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lu
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os
e
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1
{pε
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d
w
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e
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at
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at
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ra
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pr
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s
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ra
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at
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iv
e.

C
on

si
de
r
a
lin

ea
r

ti
m
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t
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m
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by
th
e
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n

x
pt
`

1
q“

A
x
ptq
`
B
u
ptq
,

t
“

0,
1,
..
.,

(1
)

w
he

re
th
e
‘s
ys
te
m

m
at
ri
x’
A
PR

n
ˆn

an
d
th
e
‘c
on

tr
ol

m
at
ri
x’
B
PR

n
ˆm

ar
e
gi
ve
n,

w
it
h
th
e

in
it
ia
lb

ou
nd

ar
y
co
nd

it
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n
x
p0q

“
x̄
PR

n
fix

ed
.
Fo

r
an

ar
bi
tr
ar
ily

se
le
ct
ed

x̂
PR

n
,c

on
si
de

r
th
e
st
an

da
rd

re
ac
ha
bi
lit
y
pr
ob
le
m

fo
r
(1
),

th
at
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:
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le
,fi

nd
a
se
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en
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q t
Ă

R
m

of
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ro
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ec
to
rs

th
at

st
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r
th
e
sy
st
em

st
at
es

to
x̂
.

(2
)

A
ne
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ss
ar
y
an

d
su
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en
t
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n
fo
r
su
ch

a
se
qu

en
ce

to
ex
is
t
fo
r
ev
er
y
pa

ir
px̄
,x̂
qi
s
th
at

th
e
ra
nk

of
th
e
m
at
ri
x
R
K
pA
,B
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` B
A
B

¨¨¨
A
n
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B
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eq
ua
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o
n
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hi
ch

w
e
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fo
r
th
e
m
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en
t.

Le
tt
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g
K
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m
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ě
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n
k
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“
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e
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O
ptim

a
l

D
ictio

n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
epr

esen
tatio

n

index’of(1),w
e
see

at
once

that
the

controlvectorspuptqq
K
´

1
t“

0
needed

to
execute

the
transfer

of
the

states
of

(1)
from

x̄
to
x̂
m
ust

be
a
solution

to
the

linear
equation

x̂´
A
K
x̄“

K
´

1
ÿt“

0

A
tB
uptq“

R
K pA

,Bq ¨˚̊˚̋

upK
´

1q
...

up1q
up0q

˛‹‹‹‚
.

It
is

now
natural

to
consider

the
‘control

cost’
of

transferring
x̄
to
x̂,

for
w
hich,

a
natural

candidate
is

the
associated

`
2
perform

ance
index

ř
K
´

1
i“

0
‖uptq‖

2.
Since

in
practice,

the
`
2

perform
ance

index
is

analogous
to

the
am

ount
of

energy
spent

to
control

the
system

,
its

practical
im

portance
can

hardly
be

overstated
in

the
context

of
control.

Let
us

list
three

exam
ples:

˝
In

attitude
control/orientation

problem
s
of

space
vehicles,one

m
ust

execute
m
ost

of
the

rapid
m
anoeuvre

using
the

energy
from

the
lim

ited
am

ount
of

fuelon
board,or

w
ith

the
energy

available
from

on-board
batteries;

m
inim

izing
the

energy
expenditure,

therefore,
is

crucial.
˝

In
controlled

autom
ated

m
obile

robots
(e.g.,

autom
ated

cars)
designed

to
reach

a
given

location
w
ithin

a
certain

tim
e,reduction

ofenergy
consum

ption
leads

directly
to

reduction
in

fuelconsum
ed.

˝
In

controlof
electronic

system
s
such

as
pow

er
electronic

drives,the
associated

`
2
perfor-

m
ance

index
involves

inform
ation

ofthe
am

ount
ofpow

er
draw

n
from

the
electricity

grid
to

controlthe
system

,leading
directly

to
m
inim

ization
ofpow

er
consum

ption
and

thereby
heating.

M
inim

ization
of

control
effort

has
been

an
integral

part
of

control
theory,

and
is

generally
studied

under
the

class
ofLinear

Q
uadratic

problem
s;see,e.g.,(B

ertsekas,1995),(A
nderson

and
M
oore,2007),(C

larke,2013),(Liberzon,2012),orany
standard

book
on

optim
alcontrol.

It
is
evident

that
the

task
ofdesigning

controlsystem
s
that

require
m
inim

um
controlenergy

for
their

typicalm
anoeuvres

is
of

great
im

portance.
It

is
a
standard

practice
to

study
the

reachability
problem

(2),
for

x̄
“

0
and

x̂
on

the
unit

sphere;
due

to
linearity

of
(1),

this
specialcase

provides
suffi

cient
insight

into
the

generalcase.
Let

us
consider

the
follow

ing
optim

alcontrolproblem
:

m
in

im
ize

puptqq
t

E „
K
´

1
ÿt“

0 ‖
uptq‖

2 

su
b

ject
to

$’&’%

xpt`
1q“

A
xptq`

B
uptq

for
all

t“
0,...,K

´
1
,

xp0q“
0
,

xpK
q“

x̂
distributed

according
to
µ
,

(3)

w
here

µ
is

a
probability

distribution
on

R
d.

It
is

know
n
that

if
x̂
is

uniform
ly

distributed
over

the
unit

sphere,then
the

optim
alcontrolproblem

(3)
adm

its
an

unique
optim

alsolution
and

the
optim

um
value

is
proportional

to
tr `W

´
1

A
,B ˘,

w
here

W
A
,B

:“
R
K pA

,BqR
K pA

,Bq J
is
the

controllability
gram

m
ian

ofthe
system

;for
details

see,e.g.,(M
üller

and
W
eber,1972)

and
(P

asqualetti
et

al.,
2014).

It
can

be
readily

show
n
that

if
Σ

:“
Erx̂

x̂ Js
is

w
ell

defined,
then

the
optim

um
value

of
(3)

is
equalto

tr `Σ
W
´

1
A
,B ˘.

E
vidently,for

a
given

distribution
of
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M
o
h
a
m
m
ed

R
ay

ya
n

S
h
er

iff
a
n
d

D
eba

sish
C

h
atter

jee

x̂,different
linear

system
s
(1)

—
described

com
pletely

by
the

pairpA
,Bq

—
incur

different
optim

um
values

tr `Σ
W
´

1
A
,B ˘

of
(3).

A
gainst

the
above

backdrop,consider
the

question
ofdesigning

the
linear

controlsystem
(1)

such
that

the
value

of
(3)

is
as

low
as

possible.
Since

m
ost

control
problem

s
involve

designing
controlsequences

to
execute

a
class

ofdesired
m
anoeuvres,for

a
given

distribution
of
x̂
it
is

then
naturalto

design
the

linear
system

s
in

order
to

m
inim

ize
the

optim
um

value
tr `Σ

W
´

1
A
,B ˘

of
the

optim
al

control
problem

(3).
In

this
case,

the
system

design
problem

is
sim

ilar
to

the
one

offinding
an
`
2 -optim

aldictionary
as

described
above:

here
the

m
atrices

A
and

B
are

to
be

designed,w
ithin

a
feasible

region,such
that

the
colum

n
vectors

constituting
the

m
atrix

R
K pA

,Bq
lead

to
m
inim

al
expected

average
cost

of
reachability,

i.e.,
m
inim

al
value

of
(3).

Such
problem

s
routinely

arise
in

netw
orked

control,w
here

the
pairpA

,Bq
is
a

function
ofthe

constituentsystem
sand

the
connectivity

ofthe
netw

ork.
From

an
operational

standpoint,itis
good

fora
netw

orked
system

to
have

its
com

ponents
connected

in
a
w
ay

such
that

the
resulting

system
incurs

sm
allexpected

average
state

transfer
costs.

Indeed,control
system

s
are

typically
designed

(M
üller

and
W
eber,

1972)
by

optim
izing

a
figure

of
m
erit

/
m
easure

of
quality

/
m
easure

of
controllability;

in
particular,

netw
orked

control
system

s
are

designed
in

(P
asqualetti

et
al.,

2014)
using

a
m
easure

of
quality

defined
there.

B
ased

on
this

w
ork

on
`
2 -optim

al
dictionaries,

w
e
have

proposed
a
novel

m
easure

of
quality

in
(Sheriff

and
C
hatterjee,2017),and

further
developm

ents
for

algorithm
ic

synthesis
of

large-
scale

controlsystem
s
w
illbe

reported
elsew

here.
B
esides

these
applications

in
controltheory

and
practice,one

ofthe
key

objective
ofour

w
ork

here
is
to

investigate
and

understand
the

physical
nature

of
the

`
2 -optim

al
dictionaries

independent
of

their
connection

w
ith

control
theory.

Such
a
study

w
ill

shed
light

on
other

control
theoretic

properties
of

observability
and

estim
ation.

T
here

has
been

significant
recent

research
into

finding
optim

aldictionaries,briefly
out-

lined
in

(T
ošić

and
Frossard,

2011);
current

research
centers

around
the

developm
ent

of
learning

algorithm
s
for

finding
optim

al
dictionaries.

M
uch

of
the

thrust
is

on
arriving

at
dictionaries

that
offer

sparse
representations

of
sam

ple
vectors.

O
ne

of
the

first
learning

algorithm
s
to

develop
a
dictionary

that
offers

sparse
representation

of
im

ages
w
as

given
in

(O
lshausen

and
F
ield,

1997).
Since

then
m
any

learning
algorithm

s
have

been
developed

to
obtain

dictionaries
that

offer
sparse

representation
along

w
ith

other
special

properties
such

as
online

com
putation

capability
(M

airal
et

al.,
2009a),

better
classification

property
(M

airal
et

al.,
2009b;

Y
ang

et
al.,

2011),
better

adaptive
properties

(Skretting
and

E
ngan,

2010);severalother
algorithm

s
are

given
in

(K
.D

elgado
et

al.,2003;Y
aghoobiet

al.,2009;
M
allat

and
Zhang,1993).

T
he

problem
addressed

in
this

article
differs

from
the

m
ainstream

research
of

finding
dictionaries

offering
sparse

(`
0 -optim

al)
representations

in
the

sense
that

our
objective

is
to

find
dictionaries

that
give

m
inim

um
average

`
2 -norm

of
the

coeffi
cient

vector
used

for
representation.

Intuitively,
optim

ization
of

the
`
2 -norm

of
the

representation
vector

tends
to

‘distribute’
the

inform
ation

of
the

data
being

represented
am

ong
all

com
ponents

of
the

representation
vector;

this
m
akes

the
representation

robust
to

accidental
changes

in
the

coeffi
cients.

˝
A
n
advantage

of
considering

the
`
2 -cost

is
that

it
involves

a
norm

arising
from

an
inner

product;
consequently,

it
com

es
w
ith

a
rich

set
of

properties
associated

w
ith

it.
T
hese

properties
are

crucially
em

ployed
in

this
article

to
m
odify

the
intrinsically

non-convex
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it
,
f
pvq

: “
α

is
th
e
co
effi

ci
en
t
ve
ct
or

us
ed

to
re
pr
es
en
t
th
e
sa
m
pl
e
v
.

W
e
ca
ll

su
ch

a
m
ap

R
V
Q
v
ÞÝÑ

f
pvq

P
R
K

a
sc
he
m
e

of
re
pr
es
en
ta
ti
on

.
R
ep

re
se
nt
at
io
n
of

sa
m
pl
es

of
th
e
ra
nd

om
ve
ct
or

V
us
in
g
a
di
ct
io
na

ry
D
K

an
d
a
sc
he

m
e
f
is

sa
id

to
be

pr
op
er

if
an

y
ve
ct
or
v
PR

V
ca
n
be

un
iq
ue

ly
re
pr
es
en
te
d

an
d
th
en

ex
ac
tl
y
re
co
ns
tr
uc

te
d
ba

ck
.
It

is
cl
ea
r
th
at

fo
r
pr
op

er
re
pr
es
en
ta
ti
on

of
V

w
it
h
a

di
ct
io
na

ry
D
K

co
ns
is
ti
ng

of
ve
ct
or
s
td
iuK i
“1

,t
he

m
ap

pi
ng

R
V
Qv

ÞÝÑ
f
pvq

PR
K

sh
ou

ld
be

an
in
je
ct
io
n
th
at

sa
ti
sfi
es

V
“

` d
1

d
2
¨¨¨

d
K

˘ f
pV
q

µ
-a
lm

os
t
su
re
ly
.

(5
)

A
sc
he

m
e
f

of
re
pr
es
en
ta
ti
on

is
sa
id

to
be

fe
as
ib
le

if
fo
r
so
m
e
fe
as
ib
le

di
ct
io
na

ry
D
K

: “
td
iuK i
“1

P
D K

th
e
eq
ua

lit
y
` d

1
d

2
¨¨¨

d
K

˘ f
pV
q
“

V
is

sa
ti
sfi
ed

al
m
os
t
su
re
ly
.

W
e

de
no

te
by
F

th
e
se
t
of

al
lf
ea
si
bl
e
sc
he

m
es

of
re
pr
es
en
ta
ti
on

.
G
iv
en

a
sc
he

m
e
f
of

re
pr
es
en
ta
ti
on

,
th
e
(r
an

do
m
)
co
st

as
so
ci
at
ed

w
it
h
re
pr
es
en
ti
ng

V
is
gi
ve
n
by
‖f
pV
q‖2

.
T
he

pr
ob

le
m

of
fin

di
ng

an
` 2
-o
pt
im

al
di
ct
io
na

ry
ca
n
no

w
be

po
se
d
as
:

F
in
d
a
pa

ir
co
ns
is
ti
ng

of
a
di
ct
io
na

ry
D
K̊
PD

K
an

d
a
fe
as
ib
le
sc
he

m
e
f
˚
of

re
pr
e-

se
nt
at
io
n
su
ch

th
at

th
e
av
er
ag

e
co
st

E
µ

“ ‖
f
˚ pV

q‖2
‰ of

re
pr
es
en
ta
ti
on

is
m
in
im

al
.

H
er
e
th
e
su
bs
cr
ip
t
µ
in
di
ca
te
s
th
e
di
st
ri
bu

ti
on

of
ra
nd

om
ve
ct
or
V

w
it
h
re
sp
ec
t
to

w
hi
ch

th
e
ex
pe

ct
at
io
n
is

ev
al
ua

te
d.

In
ot
he

r
w
or
ds
,w

e
ha

ve
th
e
fo
llo

w
in
g
op

ti
m
iz
at
io
n
pr
ob

le
m
:

m
in

im
iz

e
D
K
,f

E
µ

“ ‖
f
pV
q‖2

‰

su
b

je
ct

to

#
D
K
PD

K
,

f
PF

.

(6
)

2.
R
ec
al
l
(P

ar
th
as
ar
at
hy

,
20
05
,
T
he

or
em

2.
1,

D
efi

ni
ti
on

2.
1,

pp
.
27
-2
8)

th
at

th
e
su
pp

or
t
of
µ
is

th
e
se
t
of

po
in
ts
z
PR

n
su
ch

th
at

th
e
µ
-m

ea
su
re

of
ev
er
y
op

en
ne

ig
hb

ou
rh
oo

d
of
z
is

po
si
ti
ve
.
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O
ptim

a
l

D
ictio

n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
epr

esen
tatio

n

T
he

problem
given

in
(6)

w
ill

be
referred

to
as

the
`
2 -optim

al
dictionary

problem
.
It

should
be

noted
that

the
`
2 -optim

aldictionary
problem

is
non-convex

due
to

the
constraint

that
the

dictionary
vectorstd

i u
Ki“

1
of

a
feasible

dictionary
m
ust

be
of

unit
length.

E
ven

if
w
e
change

this
constraint

tot‖d
i ‖ď

1u
from

t‖
d
i ‖“

1u,w
hich

m
akes

the
feasible

region
of

dictionary
vectors

convex,the
set

offeasible
schem

es
ofrepresentation

is
not

know
n
to

be
a

convex
set

a
priori.

In
this

article
w
e
solve

the
`
2 -optim

aldictionary
problem

given
in

(6)
in

tw
o
steps:

(Step
I)

W
e
let

X
V
“

R
n.

(Step
II)

W
e
let

X
V

be
any

proper
nontrivialsubspace

ofR
n. 3

T
he

rem
ainder

of
this

section
is

devoted
to

describing
Steps

I
and

II
by

exposing
our

m
ain

results,follow
ed

by
discussions,a

num
ericalexam

ple,and
a
treatm

ent
ofthe

im
portant

case
of

the
uniform

distribution
on

the
unit

sphere
ofR

n.

2.1
S
tep

I:
X
V
“

R
n

If
X
V
“

R
n,

a
dictionary

of
vectors

D
K
“
td
i u
Ki“

1 Ă
R
n
is

feasible
if
and

only
if‖

d
i ‖“

1
for

all
i“

1,...,K
,and

sp
antd

i u
Ki“

1 “
R
n.

T
hus,the

`
2 -optim

ization
problem

(6)
reduces

to:
m

in
im

ize
td
i u
Ki“

1
,f

E
µ “‖fpVq‖

2 ‰

su
b

ject
to

$’’&’’%

‖
d
i ‖“

1
for

all
i“

1,...,K
,

sp
antd

i u
Ki“

1 “
R
n
,

´
d

1
d

2
¨¨¨

d
K ¯

fpVq“
V

µ-alm
ost

surely
.

(7)

Let
Σ
V

:“
E
µ rV

V
Js.

W
e
claim

that
Σ
V

is
positive

definite.
Indeed,

if
not,

then
there

exists
a
nonzero

vector
x
P
R
n
such

that
x J
V
“

0
alm

ost
surely,

w
hich

contradicts
the

assum
ption

that
X
V
“

R
n.

E
xistence

and
characterization

of
the

optim
alsolutions

to
(7)

is
done

by
the

follow
ing:

T
h
eorem

1.
C
onsider

the
optim

ization
problem

(7),
and

let
Σ
V

:“
E
µ “V

V
J ‰.

˝
(7)

adm
its

an
optim

alsolution.

˝
T
he

optim
alvalue

corresponding
to

(7)
is

`trpΣ
1{2
V
q ˘

2

K
.

˝
O
ptim

alsolutions
of

(7)
are

characterized
by:

Ź
a
dictionary

D
K̊
“
td
i̊ u
Ki“

1
that

is
feasible

for
(7)

and
that

satisfies

Kÿi“
1

d
i̊ d
i̊ J“

M
˚

:“
K

tr `Σ
1{2
V

˘
Σ

1{2
V
,

(8)

and
Ź

a
schem

e
f ˚D

˚K pvq
:“

`d
1̊

d
2̊
¨¨¨

d
K̊ ˘`

v.
M
oreover,

alloptim
aldictionary-schem

e
pairs

can
be

obtained
via

the
procedure

described
in

A
lgorithm

2
on

p.
22.

3.
T
he

trivial
case

of
X
V
“
t0u

is
discarded

because
then

there
is

nothing
to

prove;
w
e
therefore

lim
it

ourselves
to

‘nontrivial’subspaces
ofR

n.
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M
o
h
a
m
m
ed

R
ay

ya
n

S
h
er

iff
a
n
d

D
eba

sish
C

h
atter

jee

2.2
S
tep

II:
X
V
is

a
strict

n
ontrivial

su
b
sp
ace

of
R
n

Let
X
V
be

any
proper

nontrivialsubspace
ofR

n.
In

this
situation

it
is
reasonable

to
expect

that
no

optim
al

dictionary
that

solves
(6)

contains
elem

ents
that

do
not

belong
to

X
V
.

T
hat

this
indeed

happens
is

the
assertion

of
the

follow
ing

Lem
m
a,w

hose
proof

is
provided

in
Section

4:

L
em

m
a
2.

O
ptim

al
solutions,

if
any

exists,
of

problem
(6)

are
such

that
the

optim
al

dic-
tionary

vectorstd
i̊ u
Ki“

1
satisfy

d
i̊ P

X
V

for
all

i“
1
,...,K

.

Lem
m
a
2
guarantees

that
if
the

problem
(6)

adm
its

a
solution,

then
the

corresponding
optim

aldictionary
vectors

m
ust

be
elem

ents
of
X
V
.
T
his

m
eans

that
it
is
enough

to
optim

ize
over

dictionaries
w
ith

their
elem

ents
in
X
V

instead
of

the
w
hole

of
R
n.

T
herefore,

the
constraint

sp
antd

i u
Ki“

1 Ą
R
V

can
be

equivalently
stated

as
sp

a
ntd

i u
Ki“

1 “
X
V
.

Let
the

dim
ension

of
X
V

be
m

w
ith

m
ă
n,

and
letB

“
tb
i u
mi“

1
be

a
basis

for
X
V
.
It

should
be

noted
that

X
V
“

im
agepΣ

V q,
and

therefore,
a
basis

of
X
V

can
be

obtained
by

com
puting

a
basis

of
the

subspace
im

agepΣ
V q.

A
n
exam

ple
of

such
a
basis

of
X
V

is
the

collection
of

unit
eigenvectors

of
Σ
V

corresponding
to

its
non-zero

eigenvalues.
F
ix

a
basisB

“
tb
i u
mi“

1
of
X
V
.
Let

B
be

a
m
atrix

containing
the

vectorstb
i u
mi“

1
as

its
colum

ns:
B

:“
`b

1
b
2
¨¨¨

b
m ˘

.

If
δ
i
is

the
representation

of
the

dictionary
vector

d
i
in

the
basisB

,i.e.,
d
i “

B
δ
i ,then

the
constraints

on
the

fam
ilytd

i u
Ki“

1
get

transform
ed

to
the

follow
ing

ones
ontδ

i u
Ki“

1 :
˝
‖d

i ‖
2“

1
ñ

δ Ji `B
J
B
˘δ
i “

1,and
˝

sp
antd

i u
Ki“

1 Ą
R
V

ñ
sp

antd
i u
Ki“

1 “
X
V

ñ
sp

antδ
i u
Ki“

1 “
R
m
.

W
e
define

the
random

vector

V
X

:“
`pB

J
Bq ´

1B
J ˘V

.

T
hen

V
X

is
an

R
m

valued
random

vector
w
hich

is
the

representation
ofrandom

vector
V

in
the

basisB
.
For

every
schem

e
f
that

is
feasible

for
(6),

let
us

define
an

associated
schem

e
for

representing
sam

ples
of

the
random

vector
V
X

by

R
m
Q
vÞÝÑ

f
X pvq

:“
fpB

vqP
R
K
.

T
he

conditions
on

feasibility
of
f
in

(6)
im

ply
that

the
schem

e
f
X

is
feasible

iffor
a
feasible

dictionary
of

vectorstδ
i u
Ki“

1 ,
`δ

1
δ

2
¨¨¨

δ
K ˘

f
X pV

X q“
V
X

µ-alm
ost

surely.

In
other

w
ords,

in
contrast

to
the

problem
(6),

w
here

the
optim

ization
is

carried
out

over
vectors

in
R
n,w

e
can

equivalently
consider

the
sam

e
problem

in
R
m
,but

w
ith

the
follow

ing
m
odified

constraints:

m
in

im
ize

tδ
i u
Ki“

1
,f
X

E
µ “‖

f
X pV

X q‖
2 ‰

su
b

ject
to

$’’&’’%

δ Ji `B
J
B
˘δ
i “

1
for

all
i“

1
,...,K

,

sp
antδ

i u
Ki“

1 “
R
m
,

´
δ

1
δ

2
¨¨¨

δ
K ¯

f
X pV

X q“
V
X

µ-alm
ost

surely
.

(9)
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O
pt

im
a
l

D
ic

ti
o
n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
ep

r
es

en
ta

ti
o
n

In
re
la
ti
on

to
th
e
pr
ob

le
m

(9
)
le
t
us

de
fin

e
th
e
fo
llo

w
in
g
qu

an
ti
ti
es

$ ’ ’ ’ & ’ ’ ’ %

Σ
V

: “
E
µ
rV
V
J s

Σ
: “
pB
J B
q´

1
{2
` B

J Σ
V
B
˘ pB

J B
q´

1
{2

H
˚

: “
K

tr
` Σ

1
{2
˘`
pB
J B
q´

1
{2

Σ
1
{2
pB
J B
q´

1
{2
˘ .

(1
0)

Si
nc

e
th
e
su
pp

or
t
of
V
X

is
m
-d
im

en
si
on

al
,w

e
co
nc

lu
de

fr
om

pr
ev
io
us

di
sc
us
si
on

th
at

Σ
V
X

: “
E
µ

“ V
X
V
J X
‰
is

po
si
ti
ve

de
fin

it
e.

Si
nc

e
Σ
“
pB
J B
q1{

2
Σ
V
X
pB
J B
q1{

2
,
it

fo
llo

w
s
th
at

Σ
is

po
si
ti
ve

de
fin

it
e,

w
hi
ch

in
tu
rn

im
pl
ie
s
th
at
H
˚
is

po
si
ti
ve

de
fin

it
e.

T
o
su
m
m
ar
iz
e,
an
` 2
-o
pt
im

al
di
ct
io
na

ry
-s
ch
em

e
pa

ir
th
at

so
lv
es

th
e
op

ti
m
iz
at
io
n
pr
ob

le
m

(6
)
is
eq
ui
va
le
nt
ly

ob
ta
in
ed

fr
om

an
op

ti
m
al

so
lu
ti
on

of
th
e
pr
ob

le
m

(9
),
an

d
is
ch
ar
ac
te
ri
ze
d

by
th
e
fo
llo

w
in
g:

T
h
eo
re
m

3.
C
on

si
de
r
th
e
op
ti
m
iz
at
io
n
pr
ob
le
m

(9
).

˝
(9
)
ad
m
it
s
an

op
ti
m
al

so
lu
ti
on

.

˝
T
he

op
ti
m
al

va
lu
e
co
rr
es
po
nd

in
g
to

(9
)
is

` tr
pΣ

1
{2
q˘ 2

K
.

˝
O
pt
im

al
so
lu
ti
on

s
of

(9
)
ar
e
ch
ar
ac
te
ri
ze
d
by
:

Ź
a
di
ct
io
na

ry
D
K̊
“
tδ i̊
uK i“

1
th
at

is
fe
as
ib
le

fo
r
(9
)
an

d
th
at

sa
ti
sfi
es

K ÿ i“
1

δ i̊
δ i̊
J
“
H
˚ ,

(1
1)

an
d

Ź
a
sc
he
m
e
f X̊
pu
q: “

` δ
1̊

δ 2̊
¨¨¨

δ K̊
˘ `
u
.

C
on

se
qu
en
tly

,
an

op
ti
m
al

so
lu
ti
on

of
th
e
` 2
-o
pt
im

al
di
ct
io
na

ry
pr
ob
le
m

(6
)
co
ns
is
ti
ng

of
an

` 2
-o
pt
im

al
di
ct
io
na

ry
-s
ch
em

e
pa
ir

is
gi
ve
n
by

˝
A

co
lle
ct
io
n
of

ve
ct
or
s
td
i̊
uK i“

1
de
fin

ed
as
d
i̊

: “
B
δ i̊

fo
r
i
“

1
,2
,.
..
,K

,
an

d
˝
th
e
sc
he
m
e
f
˚ pv
q: “

` d
1̊

d
2̊
¨¨¨

d
K̊

˘ `
v
.

M
or
eo
ve
r,

al
l
op
ti
m
al

di
ct
io
na

ry
-s
ch
em

e
pa
ir
s
ca
n

be
ob
ta
in
ed

vi
a
th
e
pr
oc
ed
ur
e
gi
ve
n

in
A
lg
or
it
hm

3
on

p.
26
.

2.
3
D
is
cu

ss
io
n
an

d
a
nu

m
er
ic
al

ex
am

p
le

R
em

ar
k
4.

T
he

pr
ob

le
m

(6
)
do

es
no

t
a
pr
io
ri

hy
po

th
es
iz
e
an

affi
ne

/l
in
ea
r
st
ru
ct
ur
e
of

ca
nd

id
at
e
sc
he
m
es
.

T
he

fa
ct

th
at

lin
ea
r
sc
he

m
es

ar
e
op

ti
m
al

in
(6
)
is

on
e
of

th
e
cr
uc

ia
l

as
se
rt
io
ns

of
bo

th
T
he

or
em

1
an

d
T
he

or
em

3.

R
em

ar
k
5.

A
lg
or
it
hm

ic
co
m
pu

ta
ti
on

of
an

` 2
-o
pt
im

al
di
ct
io
na

ry
re
lie

s
on

th
e
se
co
nd

m
o-

m
en
t

Σ
V

of
th
e
ra
nd

om
ve
ct
or
V
.
C
om

pl
et
e
kn

ow
le
dg

e
of

th
e
di
st
ri
bu

ti
on

µ
is
,
th
er
ef
or
e,

un
ne

ce
ss
ar
y.

T
hi
s
is
an

ad
va
nt
ag

e
si
nc

e
in

pr
ac
ti
ca
ls
it
ua

ti
on

s,
le
ar
ni
ng

/e
st
im

at
in
g

Σ
V
fr
om

da
ta

is
co
m
pa

ra
ti
ve
ly

le
ss

de
m
an

di
ng

th
an

ge
tt
in
g
a
de

sc
ri
pt
io
n
of

th
e
di
st
ri
bu

ti
on

µ
it
se
lf.

R
em

ar
k
6.

Le
t
M
PS

n
ˆn `

be
su
ch

th
at

im
ag

epM
q“

X
V
,l
et
B
“
tb i
um i“

1
be

a
ba

si
s
fo
r
X
V

ev
al
ua

te
d
as

a
ba

si
s
fo
r

im
ag

epM
q.

Le
t

B
: “

` b
1

b 2
¨¨¨

b m
˘
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M
o
h
a
m
m
ed

R
ay

ya
n

S
h
er

if
f

a
n
d

D
eb

a
si

sh
C

h
at

te
r
je

e

Σ
pM
q: “

pB
J B
q´

1
{2
` B

J M
B
˘ pB

J B
q´

1
{2

H
pM
q: “

K

tr
´ `

Σ
pM
q˘ 1

{2
¯`
pB
J B
q´

1
{2
` Σ
pM
q˘ 1

{2
pB
J B
q´

1
{2
˘ .

Su
pp

os
e
th
at
td
iuK i
“1

an
d
f
p¨q

ar
e
th
e
di
ct
io
na

ry
an

d
th
e
sc
he

m
e
ob

ta
in
ed

us
in
g
th
e
pr
o-

ce
du

re
gi
ve
n
in

A
lg
or
it
hm

3
us
in
g
M

an
d
K

as
in
pu

ts
.
B
y
si
m
pl
ify

in
g
th
e
ps
eu

do
-in

ve
rs
e

` d
1

d
2
¨¨¨

d
K

˘ `
in
f
p¨q

,t
he

av
er
ag

e
co
st
J
pM
qo

fr
ep

re
se
nt
in
g
V

us
in
g
th
e
sc
he

m
e
f
p¨q

tu
rn
s
ou

t
to

be

J
pM
q“

E
µ

” V
J B
pB
J B
q´

1
` H
pM
q˘ ´

1
pB
J B
q´

1
B
J V

ı

“
tr
´ `
H
pM
q˘ ´

1
pB
J B
q´

1
B
J Σ

V
B
pB
J B
q´

1
¯

“
tr
´ `
H
pM
q˘ ´

1
pB
J B
q´

1
{2

Σ
pB
J B
q´

1
{2
¯

“
tr
´ pB

J B
q´

1
{2
` H
pM
q˘ ´

1
pB
J B
q´

1
{2

Σ
¯

“
1 K

tr
´ `

Σ
pM
q˘ 1

{2
¯

tr
´ `

Σ
pM
q˘ ´

1
{2

Σ
¯ .

(1
2)

Le
t
S

: “
 T
PS

n
ˆn `

ˇ̌ im
ag

epT
q“

X
V

( .
Si
nc

e
th
e
se
qu

en
ce

of
m
ap

s

S
QT

ÞÝÑ
Σ
pT
q
PS

m
ˆm ``

,

Sm
ˆm ``

QT
ÞÝÑ

T
1
{2
PS

m
ˆm ``

,

Sm
ˆm ``

QT
ÞÝÑ

T
´1

Σ
PS

m
ˆm ``

,

Sm
ˆm `

QT
ÞÝÑ

tr
pT
q
PR

,

ar
e,

ev
id
en
tl
y,

co
nt
in
uo

us
,
it

fo
llo

w
s
at

on
ce

th
at

th
e
m
ap

S
Q
M
ÞÝÑ

J
pM
qP

R
is

al
so

co
nt
in
uo

us
.
If
p Σ V

de
no

te
s
th
e
es
ti
m
at
ed

se
co
nd

m
om

en
t
of
V
,a

nd
th
e
es
ti
m
at
io
n
is
ca
rr
ie
d

ou
t
w
it
h
a
la
rg
e
en

ou
gh

nu
m
be

r
of

sa
m
pl
es

of
V
,w

it
h
pr
ob

ab
ili
ty

on
e
w
e
ha

ve
im

a
g
ep
p Σ V
q“

X
V
.
T
he

re
fo
re
,b

y
co
nt
in
ui
ty

of
M
ÞÝÑ

J
pM
q,

w
e
se
e
at

on
ce

th
at

J
pp Σ

V
qÝ
ÝÝ
ÝÝ
ÝÑ

p Σ V
ÝÑ

Σ
V

J
pΣ

V
q“

` tr
pΣ

1
{2
q˘ 2

K
.

R
em

ar
k
7.

T
he

op
ti
m
al

av
er
ag

e
co
st

of
re
pr
es
en
ta
ti
on

of
a
ra
nd

om
ve
ct
or
V

is
in
ve
rs
el
y

pr
op

or
ti
on

al
to

th
e
si
ze
K

of
th
e
op

ti
m
al

di
ct
io
na

ry
,a

s
is
ev
id
en
t
fr
om

th
e
op

ti
m
al

co
st
s
in

T
he

or
em

s
1
an

d
3.

T
o
w
it
,t

he
op

ti
m
al

av
er
ag

e
co
st

of
re
pr
es
en
ta
ti
on

de
cr
ea
se
s
m
on

ot
on

i-
ca
lly

w
it
h
K
,w

hi
ch

is
ex
pe

ct
ed

.

R
em

ar
k
8.

` 2
-o
pt
im

al
di
ct
io
na

ri
es

fo
r
re
pr
es
en
ti
ng

a
ra
nd

om
ve
ct
or
V

ar
e
al
so

op
ti
m
al

fo
r

re
pr
es
en
ti
ng

an
y
sc
al
ar

m
ul
ti
pl
e
α
V

of
V

fo
r
an

y
0
‰
α
PR

.
In
de

ed
,
it

is
cl
ea
r
th
at
H
˚

de
fin

ed
in

(1
0)

is
in
va
ri
an

t
un

de
r
no

nz
er
o
sc
al
ar

m
ul
ti
pl
ic
at
io
ns

of
V
.
T
he

re
fo
re
,`

2
-o
pt
im

al
di
ct
io
na

ri
es

ar
e
al
so

in
va
ri
an

t
un

de
r
no

nz
er
o
sc
al
ar

m
ul
ti
pl
ic
at
io
ns

of
th
e
ra
nd

om
ve
ct
or
V
.

T
hi
s
fa
ct

al
so

fo
llo

w
s
fr
om

th
e
ob

se
rv
at
io
n
m
ad

e
in

R
em

ar
k
4.

R
em

ar
k
9.

A
n
` 2
-o
pt
im

al
di
ct
io
na

ry
as

ch
ar
ac
te
ri
ze
d
by

T
he
or
em

3
ap

pe
ar
s
th
er
e
in

th
e

fo
rm

of
w
ha

ti
sk

no
w
n
as

a
ra
nk
-1

de
co
m
po
si
ti
on

of
th
e
po

si
ti
ve

de
fin

it
e
m
at
ri
x
H
˚ .

E
le
m
en
ts
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O
ptim

a
l

D
ictio

n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
epr

esen
tatio

n

of
the

theory
of

rank-1
decom

positions
of

positive
definite

m
atrices

is
discussed

below
in

Section
3.

T
his

particular
decom

position
plays

a
crucial

rôle
in

transform
ing

the
search

space
of

the
`
2 -optim

al
dictionary

problem
(7)

from
the

set
of

dictionaries
to

the
set

of
sym

m
etric

positive
definite

m
atrices

w
ith

real
entries,

and
translating

the
non-convex

`
2 -

optim
aldictionary

problem
into

a
tractable

convex
one.

R
em

ark
10.

A
ll
`
2 -optim

aldictionaries
are

unique
upto

rank-1
decom

positions
ofa

unique
positive

definite
m
atrix

that
is

obtained
from

the
second

m
om

ent
ErV

V
Js

of
the

random
vector

V
.
T
hat

is,for
a
given

random
vector

w
hose

sam
ples

are
to

be
optim

ally
represented,

every
`
2 -optim

al
dictionary

is
obtained

from
a
rank-1

decom
position

of
a
unique

positive
definite

m
atrix.

R
em

ark
11.

Looking
ahead

at
A
lgorithm

3,
it

becom
es

evident
that

non-uniqueness
of

optim
aldictionaries

can
be

attributed
to

the
non-uniqueness

in
the

selection
of
C

in
Step

5
ofA

lgorithm
3,and

the
elem

ent
ofchoice

associated
to

the
selection

of
p
j
and

p
k
in

Step
2
of

A
lgorithm

1.
T
he

num
ber

ofoptim
alsolutions

m
ay

be
infinite

depending
on

the
distribution

of
the

random
vector

V
.
For

instance,if
V

is
uniform

ly
distributed

over
the

unit
sphere

of
R
n
and

K
“
n,then

the
elem

ents
in

an
`
2 -optim

aldictionary
form

an
orthonorm

albasis
of

R
n.

(T
he

specialcase
ofuniform

distribution
of
V

over
spheres

is
discussed

in
Section

2.4.)
O
f
course,there

are
infinitely

m
any

orthonorm
albases

ofR
n
for

ně
2.

R
em

ark
12.

From
A
lgorithm

3
on

p.
26

w
e
can

infer
that

by
calculating

the
m
atrix

B
there,

consisting
of

the
eigenvectors

of
Σ
V

corresponding
to

its
non-zero

eigenvalues,
the

com
putations

ofpB
J
Bq ´

1{2,
Σ

1{2,
and

C
in

the
decom

position
given

in
Step

5
becom

e
straightforw

ard.
T
herefore,

the
chief

com
putational

load
in

A
lgorithm

3
consists

of
eigen-

decom
position

of
Σ
V

and
that

in
A
lgorithm

1
(in

Step
6),both

of
w
hich

can
be

perform
ed

in
polynom

ialtim
e.

E
xam

p
le

1.
Let

V
“

ˆ
V

1

V
2 ˙

be
a
random

vector
taking

values
in

R
2,w

ith
V

1
and

V
2
being

independent
random

variables.
Let

the
density

functions
of
V

1
and

V
2
be

ρ
V
1 pvq“

2pv´
1q1r1

,2s pvq
and

ρ
V
2 pvq“

2p2´
vq1r1

,2s pvq,
respectively.

T
he

support
of
V

is,
therefore,

the
squarer1,2sˆ

r1
,2s.

E
lem

entary
calcu-

lations
lead

to
Σ
V

:“
E
ρ rV

V
Js“

ˆ
17{6

2
0{9

20{9
11{6 ˙

.
W
e
em

ployed
the

procedure
described

in
A
lgorithm

2
for

the
given

m
atrix

Σ
V

and
K
“

3
in

m
at

la
b.

A
n
optim

al
dictionary

ty
1̊
,y

2̊
,y

3̊ u
w
as

obtained,w
ith

y
1̊ “

ˆ
0
.9789

0
.2045 ˙

,
y

2̊ “
ˆ

0
.6792

0
.7339 ˙

,
y

3̊ “
ˆ

0
.58

70
0
.80

96 ˙
;

the
optim

um
value

of
the

objective
function

w
as

reported
to

be
1.8930.

T
his

collection
ty
i̊ u

3i“
1
of

optim
al

vectors
are

m
arked

w
ith

crosses
on

the
circum

ference
of

the
unit

cir-
cle

show
n
in

F
igure

2.
A

second
optim

al
dictionary

tz
1̊
,z

2̊
,z

3̊ u
w
as

obtained,
also

using
A
lgorithm

2,w
ith

dictionary
vectors

z
1̊ “

ˆ
0.4214
0.9069 ˙

,
z

2̊ “
ˆ

0.9284
0.3717 ˙

,
z

3̊ “
ˆ

0.8513
0.5247 ˙

,
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M
o
h
a
m
m
ed

R
ay

ya
n

S
h
er

iff
a
n
d

D
eba

sish
C

h
atter

jee

w
ith

an
identicaloptim

alvalue
as

in
the

form
er

case.
T
he

vectorstz
i̊ u

3i“
1
are

m
arked

w
ith

dark
circles

on
the

circum
ference

of
the

unit
circle

in
F
igure

2.

x
1

x
2

F
igure

2:
T
he

tw
o
optim

aldictionaries
in

E
xam

ple
1.

It
is

expected
that

the
optim

aldictionary
vectors

are
concentrated

tow
ards

the
bottom

right
corner

ofthe
supportr1

,2sˆ
r1,2s

(the
region

w
ith

strong
shading

in
figure

2).
In

the
optim

al
solution

tz
i̊ u

3i“
1 ,

tw
o
vectors

z
2̊
and

z
3̊
point

to
the

region
w
here

density
of
V

is
concentrated

the
m
ost.

A
lso,

for
the

solution
ty
i̊ u

3i“
1 ,

tw
o
vectors

y
2̊
and

y
3̊
are

oriented
tow

ards
the

center
of

the
squarer1

,2sˆ
r1
,2s,

w
ith

the
rem

aining
vector

pointing
tow

ards
the

region
of

higher
density.

T
hese

results
correlate

positively
w
ith

w
hat

m
ay

be
expected

out
of
`
2 -optim

aldictionaries.

2.4
U
n
iform

d
istrib

u
tion

over
th
e
u
n
it

sp
h
ere

W
e
shall

test
our

results
on

the
im

portant
case

of
µ
being

the
uniform

distribution
on

the
unit

sphere.
N
ote

that
due

to
(rigid)

rotationalsym
m
etry

ofthe
distribution,it

follow
s
that

rigid
rotations

of
optim

aldictionaries
in

this
case

are
also

optim
al.

Let
us

consider
a
dictionary

consisting
of

(unit)
vectors

that
are

‘close’
to

each
other,

i.e.,
the

inner
product

betw
een

any
tw

o
elem

ents
of

the
dictionary

is
close

to
1.

It
is

quite
evident

that
such

a
dictionary

is
not

optim
alfor

representing
uniform

ly
distributed

sam
ples

due
to

the
fact

that
sam

ples
of
V

that
are

alm
ost

orthogonalto
the

dictionary
vectors

carry
equal

priority
as

any
other

vector
but

require
large

coeffi
cients

for
their

representation.
It

is,
therefore,

m
ore

natural
to

search
for

dictionaries
in

w
hich

the
constituent

vectors
are

‘m
axim

ally
spaced

out’.
Severalexam

ples
ofcollections

ofvectors
that

are
‘m

axim
ally

spaced
out’m

ay
be

found
in

(B
enedetto

and
F
ickus,

2003,
Section

4).
C
ollections

of
vectors

that
are

m
axim

ally
far

apart
from

each
other

are
know

n
to

attain
‘equilibria’

under
the

actions
of

different
kinds

of
forces

defined
and

explained
in

(B
enedetto

and
F
ickus,

2003,
Section

4)
and

(Saff
and

K
uijlaars,1997,p.6).

Such
collections

ofvectors
are

generalized
by

the
ideas

oftight
fram

es
as

explained
in

(B
enedetto

and
F
ickus,2003);see

also
(C

hristensen,2016;D
aubechies

et
al.,

1986;B
enedetto

and
F
ickus,2003;Zim

m
erm

ann,2001)
for

related
inform

ation.
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O
pt

im
a
l

D
ic

ti
o
n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
ep

r
es

en
ta

ti
o
n

W
e
re
ca
ll
he
re

so
m
e
st
an

da
rd

de
fin

it
io
ns

fo
r
co
m
pl
et
en

es
s
an

d
to

pr
ov

id
e
th
e
ne

ce
ss
ar
y

su
bs
tr
at
um

fo
r
ou

r
ne

xt
re
su
lt
.
Le

t
n
,K

be
po

si
ti
ve

in
te
ge
rs

su
ch

th
at
K
ě
n
.
W
e
sa
y
th
at

a
co
lle

ct
io
n
of

ve
ct
or
s
tx

iuK i
“1

is
a
fr
am

e
fo
r
R
n
if
th
er
e
ex
is
t
so
m
e
co
ns
ta
nt
s
c,
C
ą

0
su
ch

th
at

c
‖x
‖2
ď

K ÿ i“
1

xx
i,
x
y2
ď
C
‖x
‖2

fo
r
al
lx
PR

n
.

W
e
sa
y
th
at

a
fr
am

e
tx

iuK i
“1
Ă

R
n
is

ti
gh
t
if
c
“
C
.
In

ad
di
ti
on

,
if
tx

iuK i
“1
Ă

R
n
is

a
ti
gh

t
fr
am

e
an

d
‖x

i‖
“

1
fo
r
al
li
“

1
,2
,.
..
,K

,w
e
sa
y
th
at

th
e
co
lle

ct
io
n
tx

iuK i
“1

is
a
c-
un

it
no

rm
ti
gh
t
fr
am

e
(a
c-
U
N
T
F
).

W
e
ha

ve
th
e
fo
llo

w
in
g
co
nn

ec
ti
on

be
tw

ee
n
` 2
-o
pt
im

al
di
ct
io
na

ri
es

an
d
U
N
T
Fs
:

P
ro
p
os
it
io
n
13

.
A

di
ct
io
na

ry
D
K
“
td
iuK i
“1

is
op
ti
m
al

fo
r
re
pr
es
en
ti
ng

sa
m
pl
es

of
a
ra
n-

do
m

ve
ct
or
V

th
at

is
un

ifo
rm

ly
di
st
ri
bu
te
d
ov
er

th
e
su
rf
ac
e
of

th
e
un

it
sp
he
re

of
R
n
if
an

d
on

ly
if
th
e
co
lle
ct
io
n
td
iuK i
“1

of
ve
ct
or
s
co
ns
ti
tu
te

a
K n
-U

N
T
F
.

P
ro
of

If
V

is
un

ifo
rm

ly
di
st
ri
bu

te
d
ov
er

th
e
un

it
sp
he

re
,
w
e
ha

ve
Σ
V
“

E
rV
V
J s
“

1 n
I n
.

A
cc
or
di
ng

to
T
he

or
em

1
th
e
co
lle

ct
io
n
td
iuK i
“1

is
an

op
ti
m
al

di
ct
io
na

ry
if
an

d
on

ly
if

K ÿ i“
1

d
id
J i
“

K

tr
`

1 ? n
I n
˘´

1 ? n
I n

¯
“
K n
I n
.

(1
3)

Si
nc

e
th
e
fa
m
ily
td
iuK i
“1

m
us
t
sp
an

R
n
by

de
fin

it
io
n,

it
is

a
fr
am

e.
T
he

fr
am

e
op
er
at
or

fo
r

th
e
fr
am

e
td
iuK i
“1

is
gi
ve
n
by

(B
en

ed
et
to

an
d
F
ic
ku

s,
20

03
,S

ec
ti
on

2)

R
n
Qy

ÞÝÑ
S
py
q: “

K ÿ i“
1

xd
i,
y
yd

i
“

ˆ
K ÿ i“

1

d
id
J i˙ y

PR
n
,

w
he

re
xv
,w
y“

v
J w

is
th
e
st
an

da
rd

in
ne

r
pr
od

uc
t
in

R
n
.

(B
en

ed
et
to

an
d
F
ic
ku

s,
20

03
,

T
he

or
em

3.
1)

as
se
rt
s
th
at

a
co
lle

ct
io
n
of

un
it

no
rm

ve
ct
or
s
td
iuK i
“1

fo
rm

s
a
ti
gh

t
fr
am

e
in

R
n
if
an

d
on

ly
if
th
e
co
lle

ct
io
n
is
a
K n
-U

N
T
F
.F

ro
m

(B
en

ed
et
to

an
d
F
ic
ku

s,
20

03
,T

he
or
em

2.
1)

it
fo
llo

w
s
th
at

a
co
lle

ct
io
n
of

ve
ct
or
s
td
iuK i
“1

is
a
K n
-U

N
T
F
if
an

d
on

ly
if

S
“

K ÿ i“
1

d
id
J i
“
K n
I n
.

(1
4)

T
he

as
se
rt
io
n
fo
llo

w
s
fr
om

(1
3)

an
d
(1
4)
.

3.
A

p
ar

ti
cu

la
r

cl
as

s
of

ra
n
k-
1

d
ec

om
p
os

it
io

n
s

of
m

at
ri

ce
s

W
e
co
lle

ct
an

d
es
ta
bl
is
h
he

re
so
m
e
re
su
lt
so

n
th
e
th
eo
ry

of
ra
nk

-1
de

co
m
po

si
ti
on

so
fm

at
ri
ce
s.

W
hi
le

th
es
e
fa
ct
s
w
ill

be
ne
ed

ed
fo
r
ou

r
m
ai
n
re
su
lt
s,
th
ey

ar
e
al
so

of
in
de

pe
nd

en
t
in
te
re
st
.

A
st
an

da
rd

re
su
lt
in

m
at
ri
x
th
eo
ry

(B
ha

ti
a,

20
09

,p
.2

)
st
at
es

th
at

a
sy
m
m
et
ri
c
po

si
ti
ve

se
m
id
efi

ni
te

m
at
ri
x

w
it
h

re
al

en
tr
ie
s
M

P
Sn
ˆn `

,
ca
n

be
de

co
m
po

se
d

as
Y
Y
J

fo
r
so
m
e
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M
o
h
a
m
m
ed

R
ay

ya
n

S
h
er

if
f

a
n
d

D
eb

a
si

sh
C

h
at

te
r
je

e

Y
PR

n
ˆr

,w
he

re
r

: “
ra

n
k
pM
q.

Le
t
y i

in
di
ca
te

th
e
i
th

co
lu
m
n
of

th
e
m
at
ri
x
Y
.
T
he
n
th
e

eq
ua

lit
y
M
“
Y
Y
J
is

eq
ui
va
le
nt

to

M
“

r ÿ i“
1

y i
y
J i.

M
or
e
ge
ne

ra
lly

fo
r
K
ě
r,

le
t M

: “
ˆ

M
O
n
ˆp
K
´r
q

O
pK
´r
qˆ
n

I K
´r

˙
,

w
he

re
O

is
a
ze
ro

m
at
ri
x
of

or
de

r
n
ˆ
pK

´
rq.

If
w
e
co
ns
id
er

th
e
de

co
m
po

si
ti
on

of
M

as
M
“
Y
Y
J
w
it
h
Y
PR

pn
`K

´r
qˆ
K
,a

nd
in
di
ca
te

by
Y

th
e
up

pe
r
n
ˆ
K

m
at
ri
x
bl
oc
k
of
Y
,

w
e
ge
t
M
“
Y
Y
J .

In
ot
he

r
w
or
ds

M
“

K ÿ i“
1

y i
y
J i.

(1
5)

T
he

re
ar
e
nu

m
er
ou

s
w
ay

s
of

de
co
m
po

si
ng

po
si
ti
ve

se
m
id
efi
ni
te

m
at
ri
ce
s;

so
m
e
of

th
em

ar
e

di
sc
us
se
d
in

(Z
ha

ng
,2

01
1,

T
he

or
em

7.
3)
.
T
he

sp
ec
ia
lit
y
of

a
pa

rt
ic
ul
ar

de
co
m
po

si
ti
on

lie
s

in
th
e
ch
ar
ac
te
ri
st
ic
s
ex
hi
bi
te
d
by

th
e
ve
ct
or
s
y i
’s
.
A

pa
rt
ic
ul
ar

ra
nk

-1
de

co
m
po

si
ti
on

w
hi
ch

w
e
w
ill

us
e
to

so
lv
e
th
e
` 2
-o
pt
im

al
di
ct
io
na

ry
pr
ob

le
m

is
th
e
on

e
w
he

re
fo
r
ev
er
y
M
PS

n
ˆn `

an
d
K
ě
r

: “
ra

n
k
pM
qt

he
re

ex
is
ts

a
co
lle

ct
io
n
of

ve
ct
or
s
ty
iuK i
“1
Ă

R
n
th
at

sa
ti
sf
y

M
“

K ÿ i“
1

y i
y
J i

an
d

y
J iy

i
“

tr
pM
q

K
fo
r
al
li
“

1,
..
.,
K
.

(1
6)

W
e
ar
e
no

w
in

a
po

si
ti
on

to
pr
es
en
t
A
lg
or
it
hm

1
an

d
it
s
as
so
ci
at
ed

T
he
or
em

14
,
w
ho

se
co
ro
lla

ri
es

w
ill

gi
ve

us
th
e
ne

ed
ed

ra
nk

-1
de

co
m
po

si
ti
on

of
(1
6)
.
W
e
m
en
ti
on

th
at

A
lg
or
it
hm

1
is
,i
n
pr
in
ci
pl
e,

si
m
ila

r
to

P
ro
ce
du

re
1
of

(S
tu
rm

an
d
Zh

an
g,

20
03

),
an

d
in

pa
rt
ic
ul
ar
,t
he

as
se
rt
io
ns

of
T
he

or
em

14
an

d
it
s
co
ro
lla

ri
es

ca
n
be

ob
ta
in
ed

by
ap

pl
yi
ng

(S
tu
rm

an
d
Zh

an
g,

20
03

,
P
ro
po

si
ti
on

3
an

d
C
or
ol
la
ry

4)
vi
a
so
m
e
st
ra
ig
ht
fo
rw

ar
d
m
od

ifi
ca
ti
on

s.
H
ow

ev
er
,
w
e

pr
ov
id
e
th
e
co
m
pl
et
e
pr
oo

fs
he

re
fo
r
th
e
sa
ke

of
co
m
pl
et
en

es
s.

T
h
eo
re
m

14
.
Fo

r
an

y
m
at
ri
x

Λ
PR

n
ˆn

th
er
e
ex
is
ts

an
or
th
on

or
m
al

co
lle
ct
io
n
px
iqn i
“1
Ă

R
n

of
ve
ct
or
s
sa
ti
sf
yi
ng

x
J iΛ

x
i
“

tr
pΛ
q

n
fo
r
al
l
i
“

1,
..
.,
n
,

M
or
eo
ve
r,

su
ch

a
co
lle
ct
io
n
ca
n
be

ob
ta
in
ed

fr
om

A
lg
or
it
hm

1.

P
ro
of

F
ir
st

w
e
es
ta
bl
is
h
th
at

th
e
co
lle

ct
io
n
of

ve
ct
or
s
px
iqn
´1
i“

1
co
nt
ai
ne
d
in
S
n
´1

(r
ec
al
l

th
at
S
n
´1

is
ge
ne

ra
te
d
in

th
e
fo
r
lo
op

in
th
e
A
lg
or
it
hm

1,
)
ar
e
or
th
on

or
m
al
,
an

d
sa
ti
sf
y

x
J iΛ

x
i
“

tr
pΛ
q

n
fo
r
i
“

1,
..
.,
n
´

1.
W
e
sh
al
lp

ro
ve

th
is

by
in
du

ct
io
n
on

i.
T

he
in

du
ct

io
n

ba
se

:
Fo

r
i
“

1
,w

e
ha

ve
P

1
“
pe 1
,e

2
,.
..
,e
n
q.

Si
nc
e
ř
n m
“1
eJ m

Λ
e m
“

tr
pΛ
q,

ve
ct
or
s
p
j
,p
k
PP

1
ex
is
t
su
ch

th
at
p
J jΛ

p
j
ď

tr
pΛ
q

n
ď
p
J kΛ

p
k
.
W
e
so
lv
e
fo
r
θ
in

th
e
eq
ua

ti
on

g p
j
;p
k
pθq

: “
` p1

´
θqp

j
`
θp
k
qJ

Λ
pp1
´
θqp

j
`
θp
k

˘

pp1
´
θq2
`
θ2
q

“
tr
pΛ
q

n
.

(1
7)
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O
ptim

a
l

D
ictio

n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
epr

esen
tatio

n

A
lgorith

m
1:

C
alculation

of
orthonorm

albases
à
la

T
heorem

14
In
p
u
t:

A
m
atrix

Λ
P
R
nˆ

n.
O
u
tp
u
t:

A
n
orthonorm

alcollection
of

vectorspx
i q
ni“

1 Ă
R
n
such

that
x Ji

Λ
x
i “

trpΛq
n

for
all

i“
1,...,n.

1
Initialize

quantities
by

S
0 “

H
,
i“

1.
2
for

i
from

1
topn´

1q
3
d
oS 1i “

S
i´

1 Z
pe

1 ,e
2 ,...,e

n q.
P
i “

O
rth

opS 1i qzS
i´

1 .
F
ind

p
j ,p

k P
P
i
such

that
p Jj

Λ
p
j ď

trpΛq
n
ď
p Jk

Λ
p
k .

Let
Θ
Pr0

,1s
be

a
solution

of
the

equation
(in

θ)

`p1´
θqp

j `
θp
k ˘J

Λ `p1´
θqp

j `
θp
k ˘“

trpΛq
n

`p1´
θq

2`
θ

2 ˘

D
efine

x
i

:“
p1´

Θqp
j `

Θ
p
k

pp1´
Θq

2`
Θ

2q
1{2 .

D
efine

S
i

:“
S
i´

1 Z
px
i q.

4
en

d
for

loop
5
S 1n “

S
n´

1 Z
pe

1 ,e
2 ,...,e

n q.
6
O
utput

S
n

:“
O

rth
opS 1n q.

W
e
know

that
a
solution

exists
inr0

,1s
because

for
θ“

0
w
e
have

g
p
j ;p

k p0q“
„pp1´

θqp
j `

θp
k q J

Λpp1´
θqp

j `
θp
k q

pp1´
θq

2`
θ

2q


θ“
0 “

p Jj
Λ
p
j ď

trpΛq
n

,

for
θ“

1
w
e
have

g
p
j ;p

k p1q“
„pp1´

θqp
j `

θp
k q J

Λpp1´
θqp

j `
θp
k q

pp1´
θq

2`
θ

2q


θ“
1 “

p Jk
Λ
p
k ě

trpΛq
n

,

and
g
p
j ;p

k p¨q
is

a
continuous

function
of
θ.

Let
Θ

be
such

a
solution.

T
hen,

follow
ing

the
notation

in
A
lgorithm

1,w
e
have

x
1

:“
p1´

Θqp
j `

Θ
p
k

a
p1´

Θq
2`

Θ
2
.

Since
p
j ,p

k
are

elem
ents

of
P

1 ,they
are

orthonorm
al;therefore,

‖
x

1 ‖“
b
p1´

Θq
2‖p

j ‖
2`

Θ
2‖
p
k ‖

2

a
p1´

Θq
2`

Θ
2

“
1,

and
since

Θ
is

a
solution

of
equation

(17)
w
e
have

x J1
Λ
x

1 “
trpΛq
n

.
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M
o
h
a
m
m
ed

R
ay

ya
n

S
h
er

iff
a
n
d

D
eba

sish
C

h
atter

jee

Induction
hypothesis:

A
ssum

e
that

for
som

e
i
betw

een
1
and

n´
1
the

collection
S
i “

px
` q
i`“

1
is

orthonorm
al,and

satisfies

x J̀
Λ
x
` “

trpΛq
n

for
all

`“
1,...,i.

Induction
step:

In
view

of
the

induction
hypothesis,w

e
define

S 1i`
1

:“
S
i Z
pe

1 ,e
2 ,...,e

n q“
px

1 ,x
2 ,...x

i ,e
1 ,e

2 ,...,e
n q,

and
com

puteO
rth

opS 1i`
1 q“

px
1 ,x

2 ,...,x
i ,p

1 ,p
2 ,...,p

n´
i q,

P
i`

1 “
pp

1 ,p
2 ,...,p

n´
i q

as
in

A
lgorithm

1.
Since

the
collectionpx

` q
i`“

1 Z
pp
` q
n´

i
`“

1
is
an

orthonorm
albasis

for
R
n,w

e
have

i
ÿ`“

1

x J̀
Λ
x
` `

n´
i

ÿ`“
1

p J̀
Λ
p
` “

trpΛq,

leading
to

n´
i

ÿ`“
1

p J̀
Λ
p
` “

pn´
iq

n
trpΛq.

T
hus,

there
exist

vectors
p
j ,p

k P
P
i`

1
such

that
p Jj

Λ
p
j ď

trpΛq
n

ď
p Jk

Λ
p
k .

Let
us

consider
the

equation

g
p
j ,p

k pθq
:“
pp1´

θqp
j `

θp
k q J

Λpp1´
θqp

j `
θp
k q

pp1´
θq

2`
θ

2q
“

trpΛq
n

(18)

in
θ.

From
argum

ents
given

in
the

case
of
i“

1,
w
e
know

that
a
solution

Θ
of

(18)
exists

onr0
,1s.

W
e
define

x
i`

1
:“
p1´

Θqp
j `

Θ
p
k

a
p1´

Θq
2`

Θ
2
.

Since
p
j ,p

k
are

orthogonal
to

the
vectorspx

` q
i`“

1 ,
so

is
any

linear
com

bination
of
p
j ,p

k .
T
herefore,

x
i`

1
is

orthogonalto
the

vectorspx
` q
i`“

1 ,w
hich,along

w
ith

the
fact

that

‖
x
i`

1 ‖“
b
p1´

Θq
2‖p

j ‖
2`

Θ
2‖
p
k ‖

2

a
p1´

Θq
2`

Θ
2

“
1,

m
akes

the
collectionpx

` q
i`

1
`“

1
orthonorm

al.
A
lso,since

Θ
is

a
solution

of
(18),w

e
get

x Ji`
1 Λ
x
i`

1 “
trpΛq
n

.

T
herefore,by

m
athem

aticalinduction,w
e
conclude

that
the

collectionpx
i q
n´

1
i“

1
contained

in
S
n´

1
has

the
required

properties.
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e
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,
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(R

an
k-

1
de

co
m
po

si
ti
on

).
Le

t
X
PS

n
ˆn `

,
de
fin

e
r

: “
ra

n
k
pX
q,

an
d
le
t
T
P

Sn
ˆn

.
T
he
re

ex
is
ts

a
co
lle
ct
io
n
of

ve
ct
or
s
tx

iur i
“1
Ă

R
n
su
ch

th
at

X
“

r ÿ j“
1

x
j
x
J j,

an
d

x
J iT

x
i
“

1 r
tr
pX
T
qf

or
al
l
i
“

1
,.
..
,r
.

P
ro
of

W
e
kn

ow
(B

ha
ti
a,

20
09
,
p.

2)
th
at

an
y
sy
m
m
et
ri
c
po

si
ti
ve

se
m
id
efi

ni
te

m
at
ri
x
X

w
it
h
re
al

en
tr
ie
s
an

d
of

ra
nk

r
ca
n
be

de
co
m
po

se
d
as
C
C
J
w
he

re
C
PR

n
ˆr

.
Le

t
us

de
fin

e
Λ
P
R
r
ˆr

as
Λ

: “
C
J T

C
.
A
cc
or
di
ng

to
T
he

or
em

14
a
co
lle

ct
io
n
of

or
th
on

or
m
al

ve
ct
or
s

ty
iur i
“1
Ă

R
r
ca
n
be

ob
ta
in
ed

su
ch

th
at

y
J iC

J T
C
y i
“
y
J iΛ

y i
“

tr
pΛ
q

r
.

W
e
de

fin
e
a
co
lle
ct
io
n
tx

iur i
“1
Ă

R
r
by

x
i

: “
C
y i

fo
r
i
“

1,
..
.,
r.

T
he

n
r ÿ i“
1

x
ix
J i
“
C

ˆ
r ÿ i“
1

y i
y
J i˙ C

J
“
C
I r
C
J
“
X
.

M
or
eo
ve
r,
fo
r
ev
er
y
i
“

1
,.
..
,r
,

x
J iT

x
i
“
y
J iC

J T
C
y i
“

tr
pΛ
q

r
“

1 r
tr
pC
J T

C
q“

1 r
tr
pX
T
q.

T
he

as
se
rt
io
n
fo
llo

w
s.

C
or
ol
la
ry

15
is
ge
ne

ra
liz
ed

sl
ig
ht
ly

by
th
e
fo
llo

w
in
g
on

e;
w
e
sh
al
le

m
pl
oy

th
is
pa

rt
ic
ul
ar

fo
rm

to
so
lv
e
th
e
` 2
-o
pt
im

al
di
ct
io
na

ry
pr
ob

le
m

in
T
he

or
em

1.
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.
Le

t
M
PS

n
ˆn `

an
d
de
fin

e
r

: “
ra

n
k
pM
q.

Le
t
A
PS

n
ˆn

an
d
K
ě
r
be

gi
ve
n.

T
he
re

ex
is
ts

a
co
lle
ct
io
n
of

ve
ct
or
s
ty
iuK i
“1
Ă

R
n
su
ch

th
at

M
“

K ÿ j“
1

y j
y
J j,

an
d

y
J iA

y i
“

1 K
tr
pM

A
qf

or
al
l
i
“

1,
..
.,
K
.

(1
9)

P
ro
of

Le
t
us

co
ns
id
er

th
e
sq
ua

re
m
at
ri
ce
s
X
,T

of
or
de
r
K
`
n
´
r
in

C
or
ol
la
ry

15
to

be

X
: “

ˆ
M

O
n
ˆp
K
´r
q

O
pK
´r
qˆ
n

I K
´r

˙
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d
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ˆ

A
O
n
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K
´r
q

O
pK
´r
qˆ
n

O
pK
´r
qˆ
pK
´r
q˙
.

T
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n
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n
k
pX
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K
by
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.
T
he

re
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re
,
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s
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Ă

R
n
`K

´r
ex
is
t
sa
ti
sf
yi
ng

th
e
pr
op

er
ti
es

in
C
or
ol
la
ry

15
.
Le

t
us

de
no

te
R
n
Qy

i
: “

` x
i1

..
.
x
in

˘ J
fo
r
i
“

1
,.
..
,K

;
in

ot
he

r
w
or
ds
,y

i
is

th
e
ve
ct
or

fo
rm

ed
by

th
e
fir
st
n
co
m
po

ne
nt
s
of
x
i.

T
he
n

K ÿ i“
1

y i
y
J i
“
M
,

an
d
fo
r
an

y
i
“

1
,.
..
,K

, y
J iA

y i
“
x
J iT

x
i
“

1 K
tr
pX
T
q“

1 K
tr
pM

A
q.

T
he

as
se
rt
io
n
fo
llo

w
s
at

on
ce
.

4.
P

ro
of

s
of

T
h
eo

re
m

1,
L
em

m
a

2,
an

d
T

h
eo

re
m

3

4.
1
P
ro
of

of
T
h
eo
re
m

1

P
ro
of

Fo
r
a
gi
ve
n
di
ct
io
na

ry
D
K
P
D K

of
ve
ct
or
s
td
iuK i
“1

th
at

is
fe
as
ib
le

fo
r
(7
),

le
t
us

de
fin

e
a
sc
he

m
e
of

re
pr
es
en
ta
ti
on

R
n
Qv

ÞÝÑ
f D̊

K
pvq

: “
` d

1
d

2
¨¨¨

d
K

˘ `
v
PR

K
.

Q
ui
te

cl
ea
rl
y,

` d
1

d
2
¨¨¨

d
K

˘ f
D̊
K
pvq

“
v

fo
r
an

y
v
P

R
n

by
th
e
de

fin
it
io
n

of
th
e

ps
eu

do
-in

ve
rs
e
be

ca
us
e
if

sp
an
td
iuK i
“1
“

R
n
,
th
en

` d
1

d
2
¨¨¨

d
K

˘ `
v
so
lv
es

th
e
eq
ua

-
ti
on

` d
1

d
2
¨¨¨

d
K

˘ x
“
v
.
T
he

re
fo
re
,

` d
1

d
2
¨¨¨

d
K

˘ f
D̊
K
pV
q“

V
µ
-a
lm

os
t
su
re
ly
.

W
e
kn

ow
th
at
f D̊

K
pvq

“
` d

1
d

2
¨¨¨

d
K

˘ `
v
is

th
e
so
lu
ti
on

of
th
e
le
as
t
sq
ua

re
s
pr
ob

le
m

m
in

im
iz

e
x
PR

K
‖x
‖2

su
b

je
ct

to
` d

1
d

2
¨¨¨

d
K

˘ x
“
v
.
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O
ptim

a
l

D
ictio

n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
epr

esen
tatio

n

T
herefore,

for
an

arbitrary
f
P
F

such
that `d

1
d

2
¨¨¨

d
K ˘

fpvq“
v
for

all
vP

R
n,

w
e

m
ust

have
∥∥
f
D̊
K pvq ∥∥

2ď
‖fpvq‖

2
for

all
vP

R
n
.

T
herefore,

∥∥
f
D̊
K pVq ∥∥

2ď
‖fpVq‖

2
µ-alm

ost
surely

,

and
hence,

E
µ “ ∥∥

f
D̊
K pVq ∥∥

2 ‰ď
E
µ “‖

fpVq‖
2 ‰.

M
inim

izing
over

allfeasible
dictionaries

and
schem

es,w
e
get

in
f

D
K PD

K
E
µ “ ∥∥

f
D̊
K pVq ∥∥

2 ‰ď
in

f
D
K PD

K
,

fPF
E
µ “‖

fpVq‖
2 ‰

(20)

T
he

problem
on

the
left-hand

side
of

the
inequality

(20)
is

m
in

im
ize

td
i u
Ki“

1

E
µ “ ∥∥

f
D̊
K pVq ∥∥

2 ‰

su
b

ject
to

#
‖d

i ‖“
1
for

all
i“

1
,...,K

,
sp

antd
i u
Ki“

1 “
R
n
.

(21)

From
(20)

w
e
can

conclude
that

the
optim

alvalue,ifit
exists,ofproblem

(7)
is
bounded

be-
low

by
the

optim
alvalue,ifit

exists,ofthe
one

given
in

(21).
O
ur

strategy
is
to

dem
onstrate

that
optim

ization
problem

(21)
adm

its
a
solution,and

w
e
shallfurnish

a
feasible

solution
of

(7)
that

achieves
a
value

of
the

objective
function

that
is

equalto
the

optim
alvalue

of
the

problem
(21).

T
his

w
illsolve

(7).
Let

D
:“

`d
1

d
2
¨¨¨

d
K ˘.

T
he

objective
function

in
(21)

can
be

com
puted

as

E
µ “ ∥∥

f
D̊
K pVq ∥∥

2 ‰“
E
µ “ ∥∥

D
`
V
∥∥

2 ‰

“
E
µ “V

JpD
`q J

D
`
V
‰

“
E
µ “V

J `D
JpD

D
Jq ´

1 ˘J `D
JpD

D
Jq ´

1 ˘V
‰

“
E
µ “V

JpD
D
Jq ´

1D
D
JpD

D
Jq ´

1V
‰

“
E
µ “V

JpD
D
Jq ´

1V
‰

“
E
µ “trpV

JpD
D
Jq ´

1Vq ‰

“
E
µ “trpV

V
JpD

D
Jq ´

1q ‰

“
tr `E

µ “V
V
J ‰pD

D
Jq ´

1 ˘
.

Letting
Σ
V

:“
E
µ “V

V
J ‰

and
w
riting

D
D
J
“

ř
Ki“

1
d
i d Ji

the
optim

ization
problem

(21)
is

rephrased
as

m
in

im
ize

td
i u
Ki“

1

tr ˆ
Σ
V ˆ

Kÿi“
1

d
i d Ji ˙

´
1 ˙

su
b

ject
to

#
‖d

i ‖“
1
for

all
i“

1
,...,K

,
sp

antd
i u
Ki“

1 “
R
n
.

(22)
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M
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R
ay
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n

S
h
er

iff
a
n
d

D
eba

sish
C

h
atter

jee

Let
S

be
the

feasible
set

for
the

problem
in

(22).
A
t
first

(22)
appears

to
be

non-convex.
Let

us
dem

onstrate
that

the
objective

function
of

(22)
is

convex
in
D
D
J.

W
e
know

that
w
henever

Σ
V

is
a
positive

definite
m
atrix,

trpΣ
V
M
´

1q“
tr ´

Σ
1{2
V
M
´

1Σ
1{2
V

¯“
tr ´`Σ

´
1{2

V
M

Σ
´

1{2
V

˘´
1 ¯
.

From
(B

hatia,1997,p.113
and

E
xercise

V
.1.15,p.117)

w
e
know

that
inversion

ofa
m
atrix

is
a
m
atrix

convex
m
ap

on
the

set
ofpositive

definite
m
atrices.

T
herefore,for

any
θPr0,1s

and
M

1 ,M
2 P

S
nˆ

n
``

w
e
have

´
Σ
´

1{2
V

`p1´
θqM

1 `
θM

2 ˘Σ
´

1{2
V

¯´
1

“
´p1´

θq ´
Σ
´

1{2
V

M
1 Σ
´

1{2
V

¯`
θ ´

Σ
´

1{2
V

M
2 Σ
´

1{2
V

¯¯´
1

ĺ
p1´

θq ´
Σ
´

1{2
V

M
1 Σ
´

1{2
V

¯´
1`

θ ´
Σ
´

1{2
V

M
2 Σ
´

1{2
V

¯´
1
,

(23)

w
here

A
ĺ
B

im
plies

that
B
´
A

is
positive

sem
idefinite.

Since
trp¨q

is
a
linear

functional
over

the
set

of
nˆ

n
m
atrices

w
e
have

tr ´
Σ
V `p1´

θqM
1 `

θM
2 ˘´

1 ¯“
tr ´´

Σ
´

1{2
V

`p1´
θqM

1 `
θM

2 ˘Σ
´

1{2
V

¯´
1 ¯

ď
p1´

θq
tr ´´

Σ
´

1{2
V

M
1 Σ
´

1{2
V

¯´
1 ¯`

θ
tr ´´

Σ
´

1{2
V

M
2 Σ
´

1{2
V

¯´
1 ¯

ď
p1´

θq
trpΣ

V
M
´

1
1
q`

θ
trpΣ

V
M
´

1
2
q.

In
other

w
ords,the

function
M
ÞÝÑ

trpΣ
V
M
´

1q
is
a
convex

function
on

the
set

ofsym
m
etric

and
positive

definite
m
atrices.

M
oreover,w

e
know

thatfora
collectiontd

i u
Ki“

1
thatisfeasible

for
(22),

D
K
Qtd

i u
Ki“

1 ÞÝÑ
hpd

1 ,...,d
K q

:“
Kÿi“

1

d
i d Ji

m
aps

into
the

set
ofpositive

definite
m
atrices.

T
herefore,the

objective
function

in
(22)

is
a

convex
function

on
im

agephq.
T
his

allow
s
us

to
translate

the
feasible

set
ofthe

optim
ization

problem
(22)

to
the

set
of

m
atrices

M
form

ed
by

all
feasible

collectionstd
i u
Ki“

1 ,
i.e.,

on
hpD

K q.
Let

R
:“

 
M
P
S
nˆ

n
``

ˇ̌
trpM

q“
K
(.

O
n
the

one
hand,from

C
orollary

16
w
ith

A
“
I
n ,

w
e
know

that
any

sym
m
etric

and
positive

definite
m
atrix

M
P
R

can
be

decom
posed

as

M
“

Kÿi“
1

d
i d Ji

w
ith
‖
d
i ‖“

c
trpM

q
K

“
1
for

all
i“

1
,...,K

.

T
he

fact
that

M
is
positive

definite
im

plies
that

sp
antd

i u
Ki“

1 “
R
n.

T
herefore,td

i u
Ki“

1 P
D
K

and
M
“
hpd

1 ,...,d
K q,w

hich
im

plies
that

R
Ă
hpSq.

(24)
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O
pt

im
a
l

D
ic

ti
o
n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
ep

r
es

en
ta

ti
o
n

O
n
th
e
ot
he

r
ha

nd
,
fo
r
an

y
co
lle

ct
io
n
of

ve
ct
or
s
td
iuK i
“1
P
D K

,
w
e
ha

ve
h
pd 1

,.
..
,d
K
q“

ř
K i“

1
d
id
J i
PS

n
ˆn ``

an
d

tr
` h
pd 1

,.
..
,d
K
q˘
“

ř
K i“

1
d
J id

i
“
K
.
T
he

re
fo
re
,b

y
de

fin
it
io
n
of
R
,

h
pS
qĂ

R
.

(2
5)

Fr
om

(2
4)

an
d

(2
5)

w
e
co
nc

lu
de

th
at

h
pD

K
q
“

R
.

T
he

op
ti
m
iz
at
io
n

pr
ob

le
m

(2
2)

is
,

th
er
ef
or
e,

eq
ui
va
le
nt

to
th
e
on

e
w
he

re
th
e
fe
as
ib
le

se
t
is
th
e
se
t
of

po
si
ti
ve

de
fin

it
e
m
at
ri
ce
s

w
it
h
tr
ac
e
K
,i
.e
.,
fr
om

(2
2)
,

m
in

im
iz

e
M
PS
n
ˆn ``

tr
` Σ

V
M
´1
˘

su
b

je
ct

to
tr
pM
q´

K
“

0
.

(2
6)

T
he

op
ti
m
iz
at
io
n
pr
ob

le
m

in
(2
6)

is
co
nv

ex
si
nc

e
it
s
ob

je
ct
iv
e
fu
nc
ti
on

is
co
nv

ex
(a
s
a

fu
nc

ti
on

of
M

)
an

d
th
e
fe
as
ib
le
re
gi
on

is
th
e
in
te
rs
ec
ti
on

of
a
co
nv

ex
co
ne

Sn
ˆn ``

an
d
th
e
affi

ne
sp
ac
e
 M

PR
n
ˆn

ˇ̌ tr
pM
q´

K
“

0( .
In

th
e
lig

ht
of

(B
oy

d
an

d
V
an

de
nb

er
gh

e,
20

04
,p

.2
44

)
it

fo
llo

w
s
th
at

(2
6)

ca
n
be

so
lv
ed

by
co
ns
id
er
in
g
ju
st

th
e
fir
st

or
de

r
op

ti
m
al
it
y
co
nd

it
io
ns
.

T
he

se
fir
st

or
de

r
op

ti
m
al
it
y
co
nd

it
io
ns

ar
e
ex
pr
es
se
d
in

te
rm

s
of

a
La

gr
an

gi
an

L
pM

,γ
q: “

tr
pM

´1
Σ
V
q`

γ
` tr
pM
q´

K
˘ ,

co
nt
ai
ni
ng

a
K
K
T

m
ul
ti
pl
ie
r
γ
at

an
op

ti
m
al

po
in
t
M
˚
as

0
“
∇
M
L
pM

˚ ,
γ
q“
∇
M

´ tr
pM

´1
Σ
V
q`

γ
` tr
pM
q´

K
˘¯

ˇ̌ ˇ̌ M
“M

˚

“
´`
pM

˚ q´
1
Σ
V
pM

˚ q´
1
˘ J
`
γ
I n
.

(2
7)

B
ut

si
nc

e
M
˚ ,

Σ
V
PS

n
ˆn ``

,b
y
sy
m
m
et
ry

it
fo
llo

w
s
th
at
pM

˚ q´
1
Σ
V
pM

˚ q´
1
“
γ
I n
,l
ea
di
ng

to

Σ
V
“
γ
pM

˚ q2
.

(2
8)

Si
nc

e
Σ
V
‰
O
n
ˆn

,w
e
ge
t
γ
‰

0
,a

nd
w
ri
te
M
˚
as

M
˚
“

1 ? γ
Σ

1
{2
V
.

T
o
ev
al
ua

te
γ
w
e
us
e
th
e
fa
ct

th
at

by
co
ns
tr
uc

ti
on

K
“

tr
pM

˚ q
“

1 ? γ
tr
` Σ

1
{2
V

˘ ,w
hi
ch

gi
ve
s

γ
“

ˆ
tr
` Σ

1
{2
V

˘

K

˙ 2
.

In
ot
he

r
w
or
ds
,t

he
fin

al
ex
pr
es
si
on

of
th
e
op

ti
m
iz
er
M
˚
in

th
e
pr
ob

le
m

(2
6)

is

M
˚
“

K

tr
` Σ

1
{2
V

˘Σ
1
{2
V
.

(2
9)

It
fo
llo

w
s
th
at

th
e
op

ti
m
al

va
lu
e
of

th
e
pr
ob

le
m

(2
6)

(a
nd

th
er
ef
or
e
of

(2
2)
)
is

` tr
pΣ

1
{2
V
q˘ 2

K
.

T
he

re
fo
re
,t
hi
s
va
lu
e
m
us
t
be

a
lo
w
er

bo
un

d
of

th
e
op

ti
m
al

va
lu
e,

if
it
ex
is
ts
,f
or

th
e
pr
ob

le
m

(7
).
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D
eb
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C

h
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e
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m
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g
C
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ry

16
w
it
h
A
“
I n
,w

e
de

co
m
po

se
M
˚
as

M
˚
“

K ÿ i“
1

d
i̊
d
i̊
J

w
it
h
‖d

i̊
‖
“

1
fo
r
ea
ch
i
“

1,
..
.,
K
.

(3
0)

Le
t
us

co
ns
id
er

th
e
di
ct
io
na

ry
D
K̊

co
ns
is
ti
ng

of
th
e
ve
ct
or
s
td
i̊
uK i“

1
ob

ta
in
ed

ab
ov
e.

Si
nc

e
X
V
“

R
n
,
th
e
m
at
ri
ce
s

Σ
V
,Σ

1
{2
V

,
an

d
M
˚
ar
e
of

ra
nk

n
,
an

d
th
er
ef
or
e,

sp
an
td
i̊
uK i“

1
“

R
n
.

A
lo
ng

w
it
h
th
e
fa
ct

th
at
‖d

i̊
‖
“

1,
w
e
se
e
th
at

th
e
di
ct
io
na

ry
D
K̊

of
ve
ct
or
s
td
i̊
uK i“

1
is

fe
as
ib
le

fo
r
th
e
pr
ob

le
m

(7
).

Le
t
us

de
fin

e
th
e
sc
he

m
e

R
n
Qv

ÞÝÑ
f
˚ D˚ K
pvq

: “
` d

1̊
d

2̊
¨¨¨

d
K̊

˘ `
v
PR

K
.

It
is
ev
id
en
t
th
at

th
is
sc
he

m
e
f
˚ D˚ K

is
fe
as
ib
le

fo
r
(7
).

B
ut

th
en

th
e
ob

je
ct
iv
e
fu
nc

ti
on

in
(7
)

ev
al
ua

te
d
at
D
K
“
D
K̊

an
d
f
“
f
˚ D˚ K

m
us
t
be

eq
ua

l
to

` tr
pΣ

1
{2
V
q˘ 2

K
.
Si
nc

e
th
is

pa
rt
ic
ul
ar

va
lu
e
is

al
so

a
lo
w
er

bo
un

d
fo
r
th
e
op

ti
m
al

va
lu
e
of

(7
),

th
e
pr
ob

le
m

(7
)
is

so
lv
ab

le
.
A
n

op
ti
m
al

di
ct
io
na

ry
-s
ch
em

e
pa

ir
is

gi
ve
n
by

$ & %
D
K̊
“
td
i̊
uK i“

1
ob

ta
in
ed

fr
om

th
e
de
co
m
po

si
ti
on

(3
0)
,a

nd

R
n
Qv

ÞÝÑ
f
˚ pv
q: “

´ d
1̊

d
2̊
¨¨¨

d
K̊

¯ `
v
PR

K
.

(3
1)

T
he

pr
oo

f
is

no
w

co
m
pl
et
e.

W
e
pr
ov
id
e
th
e
A
lg
or
it
hm

2
th
at

co
m
pu

te
s
op

ti
m
al

di
ct
io
na

ry
-s
ch
em

e
pa

ir
s
fo
r
th
e
ca
se

X
V
“

R
n
.
T
he

in
pu

ts
to

th
e
al
go
ri
th
m

ar
e
th
e
m
at
ri
x

Σ
V

an
d
th
e
si
ze
K

of
a
di
ct
io
na

ry
:

A
lg
or
it
h
m

2:
` 2
-o
pt
im

al
di
ct
io
na

ry
fo
r
th
e
ca
se
X
V
“

R
n
.

In
p
u
t:

A
m
at
ri
x

Σ
V
PS

n
ˆn ``

an
d
a
nu

m
be

r
K
ě
n
.

O
u
tp
u
t:

A
n
` 2
-o
pt
im

al
di
ct
io
na

ry
-s
ch
em

e
pa

ir
` td

i̊
uK i“

1
,f
˚˘
.

1
D
efi

ne
M

1
: “

K

tr
` Σ

1
{2
V

˘
Σ

1
{2
V

.

2
D
efi

ne
M

2
: “

ˆ
M

1
O
n
ˆp
K
´n
q

O
pK
´n
qˆ
n

I K
´n

˙
,A

: “
ˆ

I n
O
n
ˆp
K
´n
q

O
pK
´n
qˆ
n

O
pK
´n
qˆ
pK
´n
q˙

3
C
om

pu
te
C
PR

K
ˆK

su
ch

th
at
M

2
“
C
C
J .

4
D
efi

ne
Λ
PR

K
ˆK

by
Λ

: “
C
J A

C
,a

nd
ap

pl
y
A
lg
or
it
hm

1
to

ge
t
a
co
lle

ct
io
n
of

ve
ct
or
s
tx

iuK i
“1
Ă

R
K
.

5
D
efi

ne
th
e
co
lle

ct
io
n
tv
iuK i
“1
Ă

R
K

by
v i

: “
C
x
i
fo
r
i
“

1
,.
..
,K

.
6
D
efi

ne
th
e
` 2
-o
pt
im

al
di
ct
io
na

ry
td
i̊
uK i“

1
Ă

R
n
su
ch

th
at

th
e
jt
h
co
m
po

ne
nt

of
d
i̊
is

gi
ve
n
by

d
i̊
pjq

: “
v i
pjq

fo
r
j
“

1
,.
..
,n

an
d
fo
r
ev
er
y
i
“

1,
..
.,
K
.

7
D
efi

ne
th
e
op

ti
m
al

sc
he

m
e
R
n
Qv

ÞÝÑ
f
˚ pv
q: “

` d
1̊

d
2̊
¨¨¨

d
K̊

˘ `
v
.

4.
2
P
ro
of

of
L
em

m
a
2

P
ro
of

W
e
ar
gu

e
by

co
nt
ra
di
ct
io
n.

Su
pp

os
e
th
at

th
e
as
se
rt
io
n
of

th
e
Le

m
m
a
is
fa
ls
e.

If
w
e

de
no

te
by

x
i
th
e
or
th
og

on
al

pr
oj
ec
ti
on

of
d
i
on

X
V

an
d
by

y i
th
e
or
th
og

on
al

pr
oj
ec
ti
on

of

22
JM

L
R

 1
8(

10
7)

:1
-2

8,
 2

01
7



O
ptim

a
l

D
ictio

n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
epr

esen
tatio

n

d
i
on

the
orthogonalcom

plem
ent

of
X
V
,w

e
m
ust

have
‖
x
i ‖ă

1
for

at
least

one
value

of
i.

If
f
is

an
optim

alschem
e
of

representation,feasibility
of
f
gives,for

any
vP

R
V
,

v“
Kÿi“

1

d
i f
i pvq“

ˆ
Kÿi“

1

x
i f
i pvq ˙

`
ˆ
Kÿi“

1

y
i f
i pvq ˙

“
Kÿi“

1
,

‖
x
i ‖‰

0

x
i f
i pvq`

0.
(32)

F
ix

a
unit

vector
xP

X
V
,and

define
a
dictionarytd

i̊ u
Kk“

1
by

d
i̊

:“
$&%

x
i

‖
x
i ‖

if
‖x

i ‖‰
0
,

x
otherw

ise.

T
hen

clearlysp
antd

i̊ u
Ki“

1 Ą
sp

antx
i u
Ki“

1 Ą
R
V

and
‖
d
i̊ ‖“

1
for

all
i“

1,...,K
.

In
other

w
ords,the

dictionary
ofvectorstd

i̊ u
Ki“

1
is
feasible

for
the

problem
(6).

Let
us

now
define

a
schem

e
f ˚

by

R
nQ

vÞÝÑ
f ˚pvq

:“
d
iagt‖

x
1 ‖
,‖x

2 ‖
,...,‖x

K ‖ufpvqP
R
K
.

For
any

vP
R
V
,using

the
dictionary

consisting
of

vectorstd
i̊ u
Ki“

1
w
e
get

Kÿi“
1

d
i̊ f
i̊ pvq“

Kÿi“
1

d
i̊ ‖x

i ‖
f
i pvq“

Kÿi“
1
,

‖
x
i ‖‰

0

x
i

‖
x
i ‖
‖
x
i ‖
f
i pvq“

v
,

(33)

w
here

the
last

equality
follow

s
from

(32).
T
hus,

f ˚p¨q
along

w
ith

the
dictionary

of
vectors

td
i̊ u
Ki“

1
is

feasible
for

problem
(6).

B
ut

for
any

vP
R
V

w
e
have

‖f ˚pvq‖
2“

Kÿi“
1 `f

i̊ pvq ˘
2“

Kÿi“
1 ‖x

i ‖
2 `f

i pvq ˘
2ă

Kÿi“
1 `f

i pvq ˘
2“
‖
fpvq‖

2
,

w
here

the
inequality

is
due

to
the

fact
that‖

x
i ‖ă

1
for

at
least

one
i.

T
his

contradicts
the

assum
ption

that
the

pairtd
i u
Ki“

1
along

w
ith

the
schem

e
f
is

optim
alfor

(6).

4.3
P
roof

of
T
h
eorem

3

P
roof

T
he

problem
(9)

is
sim

ilar
to

problem
(7)

except
for

the
first

constraint.
In

(7)
w
e
optim

ize
over

vectors
taking

values
on

the
surface

of
the

unit
sphere,w

hereas
in

(9)
w
e

optim
ize

overvectors
taking

values
on

the
surface

ofthe
ellipsoid

 
xP

R
m
ˇ̌
x JpB

J
Bqx“

1 (.
Follow

ing
the

argum
ents

in
the

proof
of

T
heorem

1
till

(22),
one

can
conclude

that
the
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M
o
h
a
m
m
ed

R
ay

ya
n

S
h
er

iff
a
n
d

D
eba

sish
C

h
atter

jee

optim
alvalue,ifit

exists,ofproblem
(9)

is
bounded

below
by

the
optim

alvalue,ifit
exists,

of
the

problem

m
in

im
ize

tδ
i u
Ki“

1

tr ˆ
Σ
V
X ˆ

Kÿi“
1

δ
i δ Ji ˙

´
1 ˙

su
b

ject
to

#
δ Ji pB

J
Bqδ

i “
1
for

all
i“

1
,2
,...,K

,

sp
antδ

i u
Ki“

1 “
R
m
,

(34)

w
here

Σ
V
X

:“
E
µ “V

X
V
JX ‰“

`pB
J
Bq ´

1B
J ˘

E
µ “V

V
J ‰`pB

J
Bq ´

1B
J ˘J.

Let
us

define:
˝
S

to
be

the
feasible

region
of

the
problem

(34),
˝
R

:“
 
H
P
S
mˆ

m
``

ˇ̌
tr `HpB

J
Bq ˘q“

K
(,and

˝
the

m
ap

`R
m ˘

K
Qpδ

1 ,δ
2 ,...,δ

K qÞÝÑ
hpδ

1 ,δ
2 ,...,δ

K q
:“

ř
Ki“

1
δ
i δ Ji P

S
mˆ

m
`

.
From

C
orollary

16
w
e
see

that
for

every
H
P
R

there
exists

a
collection

of
vectorstδ

i u
Ki“

1

such
that

Kÿi“
1

δ
i δ Ji “

H
and

δ Ji pB
J
Bqδ

i “
tr `HpB

J
Bq ˘

K
“

1,

w
hich,along

w
ith

the
fact

that
ran

kpHq“
m
ñ

sp
antδ

i u
Ki“

1 “
R
m
,im

ply
that

R
Ă
hpSq.

(35)

M
oreover,for

any
collectiontδ

i u
Ki“

1 P
S
,w

e
have

tr `hpδ
1 ,δ

2 ,...,δ
K qpB

J
Bq ˘“

Kÿi“
1

δ Ji pB
J
Bqδ

i “
K

and
hpδ

1 ,δ
2 ,...,δ

K qP
S
mˆ

m
``

,

w
hich

im
plies

that
hpSqĂ

R
.

(36)

From
(35)

and
(36)

w
e
conclude

that
R
“
hpSq.

In
other

w
ords,instead

of
optim

izing
over

the
feasible

collection
of

vectors
in
S

in
(34),

one
can

equivalently
optim

ize
over

the
set

of
sym

m
etric

positive
definite

m
atrices

in
R
.
T
his

consideration
leads

us
to

the
problem

:

m
in

im
ize

H
P
S
m
ˆ
m

``
tr `Σ

V
X
H
´

1 ˘

su
b

ject
to

tr `HpB
J
Bq ˘´

K
“

0
.

(37)

Letting
M

:“
pB
J
Bq

1{2HpB
J
Bq

1{2,w
e
w
rite

the
optim

ization
problem

(37)
w
ith

M
as

the
variable

instead
of
H
.
D
ue

to
this

change
of

variables,the
constraint

and
the

objective
function

becom
e

tr `HpB
J
Bq ˘“

tr `pB
J
Bq

1{2HpB
J
Bq

1{2 ˘“
trpM

q,
and

tr `Σ
V
X
H
´

1 ˘“
tr `Σ

V
X pB

J
Bq

1{2M
´

1pB
J
Bq

1{2 ˘

“
tr `pB

J
Bq

1{2Σ
V
X pB

J
Bq

1{2M
´

1 ˘

“
tr `Σ

M
´

1 ˘,
(38)
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O
pt

im
a
l

D
ic

ti
o
n
a
ry

fo
r

L
ea

st
S
q
u
a
r
es

R
ep

r
es

en
ta

ti
o
n

w
he

re
Σ

: “
pB
J B
q1{

2
Σ
V
X
pB
J B
q1{

2

“
pB
J B
q1{

2
` pB

J B
q´

1
B
J˘

E
µ

“ V
V
J‰
` pB

J B
q´

1
B
J˘
J p
B
J B
q1{

2

“
pB
J B
q´

1
{2
` B

J Σ
V
B
˘ pB

J B
q´

1
{2
.

(3
9)

U
si
ng

(3
8)

w
e
w
ri
te

th
e
pr
ob

le
m

(3
7)

eq
ui
va
le
nt
ly

as
:

m
in

im
iz

e
M
PS
n
ˆn ``

tr
` Σ
M
´1
˘

su
b

je
ct

to
tr
pM
q´

K
“

0
.

(4
0)

T
he

pr
ob

le
m

(4
0)

is
id
en
ti
ca
lt

o
(2
6)
,
w
hi
ch

im
pl
ie
s
th
at

th
e
pr
ob

le
m

(4
0)

is
so
lv
ab

le
,
an

d
an

op
ti
m
iz
er

is

M
˚

: “
K

tr
` Σ

1
{2
˘ Σ

1
{2
.

T
he

re
fo
re
,t
he

pr
ob

le
m

(3
7)

is
so
lv
ab

le
,a

nd
an

op
ti
m
iz
er

is

H
˚

: “
pB
J B
q´

1
{2
M
˚ pB

J B
q´

1
{2

“
K

tr
` Σ

1
{2
˘`
pB
J B
q´

1
{2

Σ
1
{2
pB
J B
q´

1
{2
˘ .

(4
1)

Fr
om

C
or
ol
la
ry

16
it

fo
llo

w
s
th
at

th
er
e
ex
is
ts

a
co
lle

ct
io
n
tδ i̊
uK i“

1
of

ve
ct
or
s
su
ch

th
at

K ÿ i“
1

δ i̊
δ i̊
J
“
H
˚

an
d

δ i̊
J`
B
J B

˘ δ
i̊
“

tr
` H

˚ pB
J B
q˘

K
“

1.

E
m
pl
oy
in
g
ar
gu

m
en
ts

si
m
ila

r
to

th
os
e
gi
ve
n
in

th
e
pr
oo

fo
fT

he
or
em

1,
w
e
no

w
co
nc

lu
de

th
at

th
e
pa

ir
˝

th
e
co
lle

ct
io
n
of

ve
ct
or
s
tδ i̊
uK i“

1
,a

nd
˝

th
e
sc
he

m
e
f X̊
pu
q“

` δ
1̊

δ 2̊
¨¨¨

δ K̊
˘ `
u
,

is
op

ti
m
al

fo
r
th
e
pr
ob

le
m

(9
).

U
si
ng

th
e
op

ti
m
al

so
lu
ti
on

of
(9
),

w
e
de

fin
e
a
di
ct
io
na

ry
-

sc
he

m
e
pa

ir
as
:

$ & %
d
i̊

: “
B
δ i̊

fo
r
i
“

1
,.
..
,K

,

R
n
Qv

ÞÝÑ
f
˚ pv
q: “

f X̊

´ `
pB
J B
q´

1
B
J˘
v
¯
“

´ δ 1̊
δ 2̊

¨¨¨
δ K̊

¯ `
` pB

J B
q´

1
B
J˘
v
. (4

2)
It

is
cl
ea
r
th
at

th
e
pa

ir
in

(4
2)

is
fe
as
ib
le

fo
r
th
e
pr
ob

le
m

(6
),

an
d
th
at

th
e
co
rr
es
po

nd
in
g

ob
je
ct
iv
e
fu
nc

ti
on

ev
al
ua

te
s
to

th
e
op

ti
m
al

va
lu
e
of

th
e
pr
ob

le
m

(3
4)
.
T
he

re
fo
re
,a

lo
ng

w
it
h

th
e
as
se
rt
io
n
of

Le
m
m
a
2
w
e
ca
n
co
nc

lu
de

th
at

th
e
pr
ob

le
m

(6
)
is

so
lv
ab

le
,
an

d
in

fa
ct

an

op
ti
m
al

so
lu
ti
on

is
gi
ve
n
by

(4
2)

w
it
h
th
e
op

ti
m
al

va
lu
e
of

` tr
pΣ

1
{2
q˘ 2

K
.
T
hi
s
co
m
pl
et
es

th
e

pr
oo

f. A
si
n
th
e
ca
se
X
V
“

R
n
,w

e
no

w
pr
ov
id
e
th
e
A
lg
or
it
hm

3
to

ob
ta
in

an
op

ti
m
al

di
ct
io
na

ry
-

sc
he

m
e
pa

ir
fo
r
th
e
ge
ne

ra
l
` 2
-o
pt
im

al
di
ct
io
na

ry
pr
ob

le
m

(6
).

T
he

al
go

ri
th
m

ta
ke
s
th
e
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M
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h
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ed

R
ay

ya
n

S
h
er

if
f

a
n
d

D
eb

a
si

sh
C

h
at

te
r
je

e

m
at
ri
x

Σ
V

an
d
th
e
si
ze

of
th
e
di
ct
io
na

ry
K

as
it
s
in
pu

ts
.
Fr
om

Σ
V

w
e
ex
tr
ac
t
a
m
at
ri
x

B
PR

n
ˆm

co
nt
ai
ni
ng

a
se
t
of

ba
si
s
ve
ct
or
s
fo
r

im
ag

epΣ
V
qi
n
it
s
co
lu
m
ns
,t
he

se
ve
ct
or
s
fo
rm

a
ba

si
s
fo
r
X
V
.

A
lg
or
it
h
m

3:
A

pr
oc
ed

ur
e
to

ob
ta
in
` 2
-o
pt
im

al
di
ct
io
na

ry
.

In
p
u
t:

A
m
at
ri
x

Σ
V
PS

n
ˆn `

an
d
a
nu

m
be

r
K
ě
m

: “
d
im
pX

V
q“

ra
n
k
pΣ

V
q.

O
u
tp
u
t:

A
n
` 2
-o
pt
im

al
di
ct
io
na

ry
-s
ch
em

e
pa

ir
` ty

i̊
uK i“

1
,f
˚˘
.

1
C
om

pu
te

a
ba

si
s
tb i
um i“

1
fo
r

im
ag

epΣ
V
qa

nd
de

fin
e
B

: “
` b

1
b 2

¨¨¨
b m

˘ .
2
D
efi

ne
Σ

: “
pB
J B
q´

1
{2
` B

J Σ
V
B
˘ pB

J B
q´

1
{2
.

3
C
om

pu
te
H

: “
K

tr
` Σ

1
{2
˘`
pB
J B
q´

1
{2

Σ
1
{2
pB
J B
q´

1
{2
˘ .

4
D
efi

ne
M

: “
ˆ

H
O
m
ˆp
K
´m

q
O
pK
´m

qˆ
m

I K
´m

˙
,A

: “
ˆ

B
J B

O
m
ˆp
K
´m

q
O
pK
´m

qˆ
m

O
pK
´m

qˆ
pK
´m

q˙

5
C
om

pu
te
C
PR

K
ˆK

su
ch

th
at
M
“
C
C
J .

6
D
efi

ne
Λ
PR

K
ˆK

by
Λ

: “
C
J A

C
,a

nd
ap

pl
y
A
lg
or
it
hm

1
to

ge
t
a
co
lle

ct
io
n
of

ve
ct
or
s
tx

iuK i
“1
Ă

R
K
.

7
D
efi

ne
th
e
co
lle

ct
io
n
tv
iuK i
“1
Ă

R
K

as
v i

: “
C
x
i
fo
r
i
“

1,
..
.,
K
.

8
D
efi

ne
th
e
co
lle

ct
io
n
tδ i̊
uK i“

1
Ă

R
m

su
ch

th
at

th
e
jt
h
co
m
po

ne
nt

of
δ i̊

is
gi
ve
n
by

δ i̊
pjq

: “
v i
pjq

fo
r
j
“

1,
..
.,
m

an
d
fo
r
ev
er
y
i
“

1,
..
.,
K
.

9
D
efi

ne
th
e
` 2
-o
pt
im

al
di
ct
io
na

ry
td
i̊
uK i“

1
Ă

R
n
as
d
i̊

: “
B
δ i̊

fo
r
i
“

1
,.
..
,K

.
10

D
efi

ne
th
e
op

ti
m
al

sc
he

m
e
R
n
Qv

ÞÝÑ
f
˚ pv
q: “

` d
1̊

d
2̊
¨¨¨

d
K̊

˘ `
v
PR

K
.

5.
C

on
cl

u
si

on
an

d
fu

tu
re

d
ir

ec
ti

on
s

In
th
is
ar
ti
cl
e
w
e
ha

ve
pr
ov

id
ed

an
ex
pl
ic
it
so
lu
ti
on

of
th
e
` 2
-o
pt
im

al
di
ct
io
na

ry
pr
ob

le
m

in
th
e
fo
rm

of
a
ra
nk
-1

de
co
m
po
si
ti
on

of
a
sp
ec
ifi
c
po

si
ti
ve

de
fin

it
e
m
at
ri
x
de

ri
ve
d
fr
om

gi
ve
n

da
ta
,t
og

et
he

r
w
it
h
al
go

ri
th
m
s
to

co
m
pu

te
th
e
co
rr
es
po

nd
in
g
` 2
-o
pt
im

al
di
ct
io
na

ri
es
.

T
he

an
al
ys
is
in

th
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n
e

es
ti

m
at

e
f̂ j

to
b

e
d
efi

n
ed

in
(3

)
(W

ah
b
a

(1
99

0)
).

A
k
n
ow

n
p
ro

p
er

ty
of

th
e

ab
ov

e
D

&
C

st
ra

te
gy

is
th

at
it

ca
n

p
re

se
rv

e
st

at
is

ti
ca

l
effi

ci
en

cy
fo

r
a

w
id

e-
ra

n
gi

n
g

ch
oi

ce
of
s

(a
s

d
em

on
st

ra
te

d
in

F
ig

u
re

1)
,

sa
y

lo
g
s/

lo
g
N
∈

[0
,0
.4

],
w

h
il
e

la
rg

el
y

re
d
u
ci

n
g

co
m

p
u
ta

ti
on

al
b
u
rd

en
as

lo
g
s/

lo
g
N

in
cr

ea
se

s
(a

s
d
em

o
n
st

ra
te

d
in

F
ig

u
re

2)
.

A
n

im
p

or
ta

n
t

ob
se

rv
at

io
n

fr
om

F
ig

u
re

1
is

th
at

th
er

e
is

a
n

o
b
v
io

u
s

b
lo

w
u
p

fo
r

m
ea

n
sq

u
ar

ed
er

ro
rs

of
f̄

w
h
en

th
e

ab
ov

e
ra

ti
o

is
b

ey
on

d
so

m
e

th
re

sh
o
ld

,
e.

g
,

0.
8

fo
r

N
=

10
00

0.
H

en
ce

,
w

e
ar

e
in

te
re

st
ed

in
k
n
ow

in
g

w
h
et

h
er

th
er

e
ex

is
ts

a
cr

it
ic

a
l

va
lu

e
o
f

lo
g
s/

lo
g
N

in
th

eo
ry

,
b

ey
on

d
w

h
ic

h
st

at
is

ti
ca

l
op

ti
m

al
it

y
n
o

lo
n
ge

r
ex

is
ts

.
F

o
r

ex
a
m

p
le

,
m

ea
n

sq
u
ar

ed
er

ro
rs

w
il
l

n
ev

er
ac

h
ie

ve
m

in
im

ax
op

ti
m

al
lo

w
er

b
ou

n
d

(a
t

ra
te

le
ve

l)
n
o

m
at

te
r

h
ow

sm
o
ot

h
in

g
p
ar

am
et

er
s

ar
e

tu
n
ed

.
S
u
ch

a
sh

ar
p
n
es

s
re

su
lt

p
a
rt

ly
ca

p
tu

re
s

th
e

co
m

p
u
ta

ti
on

al
li
m

it
of

th
e

p
ar

ti
cu

la
r

D
&

C
al

go
ri

th
m

co
n
si

d
er

ed
in

th
is

p
a
p

er
,

a
ls

o
co

m
p
le

m
en

ti
n
g

th
e

u
p
p

er
b

ou
n
d

re
su

lt
s

in
S
h
an

g
an

d
C

h
en

g
(2

01
5)

;
Z

h
an

g
et

a
l.

(2
0
1
5
);

Z
h
ao

et
al

.
(2

01
6)

.
O

u
r

fi
rs

t
co

n
tr

ib
u
ti

on
is

to
es

ta
b
li
sh

a
sh

ar
p

u
p
p

er
b

ou
n
d

of
s

u
n
d
er

w
h
ic

h
f̄

a
ch

ie
ve

s
th

e
m

in
im

ax
op

ti
m

al
ra

te
N
m
/
(2
m

+
1
) ,

w
h
er

e
m

re
p
re

se
n
ts

th
e

sm
o
ot

h
n
es

s
of
f 0

.
B

y
“
sh

a
rp

”
u
p
p

er
b

ou
n
d
,

w
e

m
ea

n
th

e
la

rg
es

t
p

os
si

b
le

u
p
p

er
b

ou
n
d

fo
r
s

to
ga

in
st

at
is

ti
ca

l
o
p
ti

m
a
li
ty

.
T

h
is

re
su

lt
is

es
ta

b
li
sh

ed
b
y

d
ir

ec
tl

y
co

m
p
u
ti

n
g

(n
on

-a
sy

m
p
to

ti
c)

u
p
p

er
an

d
lo

w
er

b
o
u
n
d
s

of
m

ea
n

sq
u
ar

ed
er

ro
r

of
f̄

.
T

h
es

e
tw

o
b

ou
n
d
s

h
ol

d
u

n
if

o
rm

ly
as
s

d
iv

er
ge

s,
a
n
d

th
u
s

im
p
ly

th
at

th
e

ra
te

of
m

ea
n

sq
u
ar

ed
er

ro
r

tr
an

si
ts

on
ce
s

re
ac

h
es

th
e

ra
te
N

2
m
/
(2
m

+
1
) ,

w
h
ic

h
w

e
ca

ll
as

p
h
as

e
tr

an
si

ti
on

in
d
iv

id
e-

an
d
-c

on
q
u
er

es
ti

m
at

io
n
.

In
fa

ct
,

th
e

ch
oi

ce
o
f

sm
o
o
th

in
g

p
ar

am
et

er
,

d
en

ot
ed

as
λ

,
al

so
p
la

y
s

a
ve

ry
su

b
tl

e
ro

le
in

th
e

ab
ov

e
p
h
as

e
tr

a
n
si

ti
o
n
.

F
or

ex
am

p
le

,
λ

is
n
ot

n
ec

es
sa

ri
ly

ch
os

en
at

an
op

ti
m

a
l

le
ve

l
w

h
en

s
at

ta
in

s
th

e
a
b

ov
e

b
o
u
n
d

a
s

il
lu

st
ra

te
d

in
F

ig
u
re

3.
O

u
r

se
co

n
d

co
n
tr

ib
u
ti

on
is

a
sh

ar
p

u
p
p

er
b

ou
n
d

of
s

u
n
d
er

w
h
ic

h
a

si
m

p
le

W
a
ld

-t
y
p

e
te

st
in

g
m

et
h
o
d

b
as

ed
on

f̄
is

m
in

im
ax

op
ti

m
a
l

in
th

e
se

n
se

of
In

gs
te

r
(1

9
9
3
).

It
is

n
ot

su
rp

ri
si

n
g

th
at

ou
r

te
st

in
g

m
et

h
o
d

is
co

n
si

st
en

t
n
o

m
at

te
r
s

is
fi
x
ed

or
d
iv

er
g
es

a
t

a
n
y

ra
te

.
R

at
h
er

,
th

is
sh

ar
p

b
ou

n
d

is
en

ti
re

ly
d
et

er
m

in
ed

b
y

an
al

y
zi

n
g

it
s

(n
on

-a
sy

m
p
to

ti
c)

p
ow

er
.

S
p

ec
ifi

ca
ll
y,

w
e

fi
n
d

th
at

ou
r

te
st

in
g

m
et

h
o
d

is
m

in
im

a
x

op
ti

m
al

if
an

d
on

ly
if
s

d
o
es

n
ot

gr
ow

fa
st

er
th

an
N

(4
m
−

1
)/

(4
m

+
1
) .

A
ga

in
,

w
e

ob
se

rv
e

a
su

b
tl

e
in

te
rp

la
y

b
et

w
ee

n
s

a
n
d
λ

a
s

d
ep

ic
te

d
in

F
ig

u
re

3.
O

n
e

th
eo

re
ti

ca
l

in
si

gh
t

ob
ta

in
ed

in
ou

r
se

tu
p

is
th

at
a

m
o
re

sm
o
ot

h
re

gr
es

si
o
n

fu
n
ct

io
n

ca
n

b
e

op
ti

m
al

ly
es

ti
m

at
ed

or
te

st
ed

at
a

sh
or

te
r

ti
m

e.
In

ad
d
it

io
n
,

th
e

a
b

ov
e

F
ig

u
re

3
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C
O
M
P
U
T
A
T
IO

N
A
L

L
IM

IT
S
O
F

A
D
IS

T
R
IB

U
T
E
D

A
L
G
O
R
IT

H
M

F
ig

u
re

1
:

M
ea

n
-squ

a
re

erro
rs

(M
S

E
)

o
f
f̄

ba
sed

o
n

5
0

0
in

d
epen

d
en

t
rep

lica
tio

n
s

u
n

d
er

d
iff

eren
t

ch
o

ices
o

f

N
a

n
d
s.

T
h

e
va

lu
es

o
f

M
S

E
sta

y
a

t
lo

w
levels

fo
r

va
rio

u
s

ch
o

ice
o

f
s

w
ith

lo
g
s/

lo
g
N
∈

[0
,0
.7

].

T
ru

e
regressio

n
fu

n
ctio

n
is
f
0 (z

)
=

0
.6
b
3
0
,1
7 (z

)
+

0
.4
b
3
,1
1 (z

)
w

ith
b
a
1
,a

2
th

e
d

en
sity

fu
n

ctio
n

fo
r

B
eta

(a
1 ,a

2 ).

0.0
0.2

0.4
0.6

0.8

0.0 1.0 2.0 3.0

log(s)/log(N
)

Time (seconds)

N
=10000

F
ig

u
re

2
:

C
o

m
p

u
tin

g
tim

e
o

f
f̄

ba
sed

o
n

a
sin

gle
rep

lica
tio

n
u

n
d

er
d

iff
eren

t
ch

o
ices

o
f

s
w

h
en

N
=

1
0
,0

0
0
.

T
h

e
la

rger
th

e
s,

th
e

sm
a

ller
th

e
co

m
p

u
tin

g
tim

e.

im
p
lies

th
a
t
s

an
d
λ

p
lay

an
in

terch
an

geab
le

role
in

ob
tain

in
g

statistical
op

tim
ality.

T
h
ere-

fo
re,

w
e

a
rg

u
e

th
at

it
m

igh
t

b
e

attem
p
tin

g
to

v
iew

sam
p
le

sp
littin

g
as

an
altern

ative
form

o
f

reg
u
la

rizatio
n
,

com
p
lem

en
tin

g
th

e
u
se

of
p

en
alization

in
sm

o
oth

in
g

sp
lin

e.
In

p
ractice,

3
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Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

0

b

a

2
m

2
m
+
1

2
m

2
m
+
1

0

b

a

4
m

4
m
+
1

4
m
−

1

4
m
+
1

F
igu

re
3:

T
w

o
lin

es
in

d
ica

te
th

e
ch

o
ices

o
f
s
�
N
a

a
n

d
λ
�
N
−
b,

lea
d

in
g

to
m

in
im

a
x

o
p

tim
a

l
estim

a
tio

n

ra
te

(left)
a

n
d

m
in

im
a

x
o

p
tim

a
l

testin
g

ra
te

(righ
t).

W
h

erea
s

(a
,b)’s

o
u

tsid
e

th
ese

tw
o

lin
es

lea
d

to
su

bo
p

tim
a

l
ra

tes.
R

esu
lts

a
re

ba
sed

o
n

sm
oo

th
in

g
sp

lin
e

regressio
n

w
ith

regu
la

rity
m
≥

1
.

w
e

p
rop

ose
to

select
λ

v
ia

a
d
istrib

u
ted

version
of

gen
eralized

cross
va

lid
ation

(G
C

V
);

see
X

u
et

al.
(2017).

In
th

e
en

d
,

w
e

w
an

t
to

m
en

tion
th

at
ou

r
th

eoretical
resu

lts
are

d
ev

elop
ed

in
on

e-
d
im

en
sion

al
m

o
d
els

u
n
d
er

fi
x
ed

d
esign

.
T

h
is

settin
g

allow
s

u
s

to
d
evelop

p
ro

ofs
b
ased

on
ex

act
an

aly
sis

of
variou

s
F

ou
rier

series,
cou

p
led

w
ith

p
rop

erties
of

circu
lan

t
B

ern
ou

lli
p

oly
n
om

ial
kern

el
m

atrix
.

T
h
e

m
a
jor

goal
of

th
is

w
ork

is
to

p
rov

id
e

som
e

th
eoretical

in
-

sigh
ts

in
a

relatively
sim

p
le

setu
p
,

w
h
ich

are
u
sefu

l
in

ex
ten

d
in

g
ou

r
resu

lts
to

m
ore

gen
eral

setu
p

su
ch

as
ran

d
om

or
m

u
lti-d

im
en

sion
al

d
esign

.
E

ff
orts

tow
ard

th
is

d
irection

h
ave

b
een

m
ad

e
b
y

L
iu

et
al.

(2017)
w

h
o

d
erived

u
p
p

er
b

ou
n
d
s

of
s

for
op

tim
al

estim
ation

or
testin

g
in

variou
s

n
on

p
aram

etric
m

o
d
els

w
h
en

d
esign

is
ran

d
om

an
d

m
u
lti-d

im
en

sion
al.

2
.
S
m
o
o
th

in
g
S
p
lin

e
M

o
d
e
l

S
u
p
p

ose
th

at
w

e
ob

serve
sam

p
les

from
m

o
d
el

(1).
T

h
e

regression
fu

n
ction

f
is

sm
o
o
th

in
th

e
sen

se
th

at
it

b
elon

gs
to

an
m

-ord
er

(m
≥

1)
p

erio
d
ic

S
ob

olev
sp

ace:

S
m

(I)
=

{
∞∑ν
=

1

f
ν ϕ

ν (·)
:
∞∑ν
=

1

f
2ν γ
ν
<
∞
}
,

w
h
ere

I
:=

[0,1]
an

d
for

k
=

1,2
,...,

ϕ
2
k−

1 (t)
=
√

2
cos(2π

k
t),

ϕ
2
k (t)

=
√

2
sin

(2π
k
t),
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C
O
M
P
U
T
A
T
IO

N
A
L

L
IM

IT
S
O
F

A
D
IS

T
R
IB

U
T
E
D

A
L
G
O
R
IT

H
M

γ
2
k
−

1
=
γ

2
k

=
(2
π
k
)2
m
.

T
h
e

en
ti

re
d
at

as
et

is
d
is

tr
ib

u
te

d
to

ea
ch

m
ac

h
in

e
in

a
u
n
if

or
m

m
an

n
er

as
fo

ll
ow

s.
F

or
j

=
1,
..
.,
s,

th
e
jt

h
m

ac
h
in

e
is

as
si

gn
ed

w
it

h
sa

m
p
le

s
(Y
i,
j
,t
i,
j
),

w
h
er

e

Y
i,
j

=
y i
s−
s+
j−

1
an

d
t i
,j

=
is
−
s

+
j
−

1

N

fo
r
i

=
1,
..
.,
n

.
O

b
v
io

u
sl

y,
t 1
,j
,.
..
,t
n
,j

ar
e

ev
en

ly
sp

ac
ed

p
oi

n
ts

(w
it

h
a

g
ap

1/
n

)
ac

ro
ss

I.
A

t
th

e
jt

h
m

ac
h
in

e,
w

e
h
av

e
th

e
fo

ll
ow

in
g

su
b
-m

o
d
el

:

Y
i,
j

=
f

(t
i,
j
)

+
ε i
,j
,
i

=
1,
..
.,
n
,

(2
)

w
h
er

e
ε i
,j

=
ε i
s−
s+
j−

1
,

an
d

ob
ta

in
th

e
jt

h
su

b
-e

st
im

at
e

as

f̂ j
=

ar
g

m
in

f
∈S

m
(I

)
` j
,n
,λ

(f
).

H
er

e,
` j
,n
,λ

re
p
re

se
n
ts

a
p

en
al

iz
ed

sq
u
ar

e
cr

it
er

io
n

fu
n
ct

io
n

b
as

ed
on

th
e

jt
h

su
b
sa

m
p
le

:

` j
,n
,λ

(f
)

=
1 2
n

n ∑ i=
1

(Y
i,
j
−
f

(t
i,
j
))

2
+
λ 2
J

(f
,f

),
(3

)

w
it

h
λ
>

0
b

ei
n
g

a
sm

o
ot

h
in

g
p
ar

am
et

er
an

d
J

(f
,g

)
=
∫ I
f

(m
) (
t)
g

(m
) (
t)
d
t1

3
.
M

in
im

a
x
O
p
ti
m
a
l
E
st
im

a
ti
o
n

In
th

is
se

ct
io

n
,

w
e

in
ve

st
ig

at
e

th
e

im
p
ac

t
of

th
e

n
u
m

b
er

of
m

ac
h
in

es
on

th
e

m
ea

n
sq

u
ar

ed
er

ro
r

of
f̄

.
S
p

ec
ifi

ca
ll
y,

T
h
eo

re
m

3.
1

p
ro

v
id

es
an

(n
on

-a
sy

m
p
to

ti
c)

u
p
p

er
b

ou
n
d

fo
r

th
is

m
ea

n
sq

u
ar

ed
er

ro
r,

w
h
il
e

T
h
eo

re
m

3.
2

p
ro

v
id

es
a

(n
on

-a
sy

m
p
to

ti
c)

lo
w

er
b

ou
n
d
.

N
ot

ab
ly

,
b

ot
h

b
ou

n
d
s

h
ol

d
u
n
if

or
m

ly
as
s

d
iv

er
g
es

.
F

ro
m

th
es

e
b

ou
n
d
s,

w
e

ob
se

rv
e

an
in

te
re

st
in

g
p
h
as

e
tr

an
si

ti
on

p
h
en

om
en

on
th

at
f̄

is
m

in
im

ax
op

ti
m

al
if
s

d
o
es

n
ot

gr
ow

fa
st

er
th

an
N

2
m
/
(2
m

+
1
)

an
d

an
op

ti
m

al
λ
�
N
−

2
m
/
(2
m

+
1
)

is
ch

os
en

,
b
u
t

th
e

m
in
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b
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p
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.
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b
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b
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p
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p
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p
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ra
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u
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√
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p
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a
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>
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.
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∫
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√
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−
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−

1
)

(5
)

fo
r

a
n

y
fi

xe
d

1
≤
s
≤
N

.
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p
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e
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p
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p
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b
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∫
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+
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−
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+
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−
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−
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−
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+
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+
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d
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−
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d
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g
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b
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b
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p
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.
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at
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.
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d
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R
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d
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ra
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u
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p
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p
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−
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=
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d
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p
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p
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p
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b
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p
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p
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ra
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b
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h
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n
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>
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.
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−
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∈
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n
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0 ∈
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0 ∈
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−
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−
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e
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er
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−
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+
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p
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b
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r
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<
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<
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U
p
p

er
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b
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b
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p
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−
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+
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1 ∫
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=
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=
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∞
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=

m
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−
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b
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∈
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b
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m
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b
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∈
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+
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b
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∈
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i.e.,
b6=

2m
/
(2m

+
1),

su
b

op
tim

al
estim

a
tio

n
a
lm

o
st

alw
ay

s
o
ccu

rs.
M

ore
ex

p
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+
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+
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≤
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+
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+
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+
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<
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+
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<
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+
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=
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R
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w
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p
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p
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p
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bta

in
in

g
o
p
tim

a
l

estim
a

tio
n

(a
lth

o
u

gh
w

e
rea

lize
th

a
t

o
u

r
d
a
ta

is
d
istribu

ted
in

a
glo

ba
l

m
a
n

n
er).

R
e
m

a
rk

3
.3

U
n

d
er

repea
ted

cu
rves

w
ith

a
co

m
m

o
n

d
esign

,
C

a
i

a
n

d
Y

u
a
n

(2
0
1
1
)

o
bserved

a
sim

ila
r

p
h
a
se

tra
n

sitio
n

p
h
en

o
m

en
o
n

fo
r

th
e

m
in

im
a
x

ra
te

o
f

a
tw

o
-sta

ge
estim

a
te,

w
h
ere

th
e

ra
te

tra
n

sits
w

h
en

th
e

n
u

m
ber

o
f

sa
m

p
le

cu
rves

is
n

ea
rly

N
2
m
/
(2
m

+
1
).

T
h
is

co
in

cid
es

w
ith

o
u

r
o
bserva

tio
n

fo
r
s.

H
o
w

ever,
th

e
co

m
m

o
n

d
esign

a
ssu

m
p
tio

n
,

u
po

n
w

h
ich

th
eir

resu
lts

cru
cia

lly
rely,

clea
rly

d
oes

n
o
t

a
p
p
ly

to
o
u

r
d
ivid

e-a
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p
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li
d
at

io
n

m
et

h
o
d

is
ap

p
li
ed

to
ea

ch
su

b
-s

am
p
le

;
se

e
X

u
et

a
l.

(2
0
1
7
).
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A
L
G
O
R
IT

H
M

A
n
o
th

er
th

eoretically
in

terestin
g

d
irection

is
h
ow

m
u
ch

ad
ap

tive
estim

a
tion

(w
h
ere

m
is

u
n
k
n
ow

n
)

ca
n

aff
ect

th
e

com
p
u
tation

al
lim

its.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

th
a
n
k

P
h
D

stu
d
en

t
M

eim
ei

L
iu

at
P

u
rd

u
e

for
th

e
sim

u
lation

stu
d
y.

Z
u
o
fen

g
S
h
an

g’s
resea

rch
is

sp
o
n
sored

b
y

N
S
F

D
M

S
-1764280.

G
u
an

g
C

h
en

g’s
research

is
sp

on
sored

b
y

N
S
F

(C
A

R
E

E
R

A
w

ard
D

M
S
-1151692,

D
M

S
-14180

42),
S
im

m
on

s
F

ellow
sh

ip
in

M
ath

em
atics

an
d

O
C

E
o
f

N
ava

l
R

esearch
(O

N
R

N
00014-15-1-2331).

G
u
an

g
C

h
en

g
gratefu

lly
ack

n
ow

led
ges

S
ta

tistica
l

an
d

A
p
p
lied

M
ath

em
atical

S
cien

ces
In

stitu
te

(S
A

M
S
I)

for
th

e
h
osp

itality
a
n
d

su
p
p

o
rt

d
u
rin

g
h
is

v
isit

in
th

e
2013-M

assiv
e

D
ata

P
rogram

.

6
.
A
p
p
e
n
d
ix

P
ro

o
fs

o
f

o
u
r

resu
lts

are
in

clu
d
ed

in
th

is
section

.

6
.1

P
ro

o
fs

in
S

e
c
tio

n
3

P
ro

o
f

[P
ro

o
f

of
T

h
eorem

3.1]
W

e
d
o

a
b
it

p
relim

in
ary

an
aly

sis
b

efore
p
rov

in
g

(4)
an

d
(5).

It
fo

llow
s

fro
m

W
ah

b
a

(1990)
th

at
(S

m
(I),J

)
is

a
rep

ro
d
u
cin

g
kern

el
H

ilb
ert

sp
ace

w
ith

rep
ro

d
u
cin

g
kern

el
fu

n
ction

K
(x
,y

)
=
∞∑ν
=

1

ϕ
ν (x

)ϕ
ν (y

)

γ
ν

=
2
∞∑k
=

1

cos(2
π
k
(x
−
y
))

(2π
k
)
2
m

,
x
,y
∈
I.

F
o
r

co
n
ven

ien
ce,

d
efi

n
e
K
x (·)

=
K

(x
,·)

fo
r

an
y
x
∈

I.
It

follow
s

from
th

e
rep

resen
ter

th
eo

rem
(W

ah
b
a

(1990))
th

at
th

e
op

tim
ization

to
p
rob

lem
(3)

h
as

a
solu

tio
n

f̂
j

=
n
∑i=

1

ĉ
i,j K

t
i,j ,

j
=

1,2
,...,s,

(16)

w
h
ere

ĉ
j

=
(ĉ

1
,j ,...,ĉ

n
,j )
T

=
n
−

1(Σ
j
+
λ
I
n
) −

1Y
j ,
Y
j

=
(Y

1
,j ,...,Y

n
,j )
T

,
I
n

is
n×

n
id

en
tity

m
atrix

,
an

d
Σ
j

=
[K

(ti,j ,ti ′,j )/n
]1≤

i,i ′≤
n
.

It
is

easy
to

see
th

at
Σ

1
=

Σ
2

=
···

=
Σ
s .

F
or

co
n
ven

ien
ce,

d
en

ote
Σ

=
Σ

1 .
S
im

ilarly,
d
efi

n
e

K
′(x
,y

)
=
∞∑ν
=

1

ϕ
ν (x

)ϕ
ν (y

)

γ
2ν

=
2
∞∑k
=

1

cos(2
π
k
(x
−
y
))

(2π
k
)
4
m

,
x
,y
∈
I.

F
or

1
≤
j≤

s,
let

Ω
j

=
[K
′(ti,j ,ti ′,j )/n

]1≤
i,i ′≤

n
.

It
is

easy
to

see
th

at
Ω

1
=

Ω
2

=
···

=
Ω
s .

F
o
r

co
n
ven

ien
ce,

d
en

ote
Ω

=
Ω

1 ,
an

d
let

Φ
ν
,j

=
(ϕ

ν (t1
,j ),...,ϕ

ν (tn
,j )).

It
is

ea
sy

to
ex

am
in

e
th

at

f̄
=

∞∑ν
=

1 ∑
sj=

1
Φ
ν
,j (Σ

+
λ
I
n
) −

1Y
j

N
γ
ν

ϕ
ν

=

∞∑ν
=

1 ∑
sj=

1
Φ
ν
,j (Σ

+
λ
I
n
) −

1(f0
,j

+
ε
j )

N
γ
ν

ϕ
ν ,

(17)
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Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

an
d

E
{
f̄}

=

∞∑ν
=

1 ∑
sj=

1
Φ
ν
,j (Σ

+
λ
I
n
) −

1f0
,j

N
γ
ν

ϕ
ν ,

(18)

w
h
ere

f0
,j

=
(f

0 (t1
,j ),...,f

0 (tn
,j ))

T
a
n
d
ε
j

=
(ε

1
,j ,...,ε

n
,j )
T

.
W

e
n
ow

lo
ok

at
Σ

an
d

Ω
.

F
or

0
≤
l≤

n
−

1,
let

c
l

=
2n

∞∑k
=

1

cos(2
π
k
l/n

)

(2π
k
)
2
m

,

d
l

=
2n

∞∑k
=

1

cos(2
π
k
l/n

)

(2π
k
)
4
m

.

S
in

ce
c
l

=
c
n−

l
an

d
d
l

=
d
n−

l
for

l
=

1,2
,...,n

−
1,

Σ
an

d
Ω

are
b

oth
sy

m
m

etric
circu

lan
t

of
ord

er
n

.
L

et
ε

=
ex

p
(2π √

−
1/n

).
Ω

an
d

Σ
sh

are
th

e
sam

e
n
orm

alized
eigen

vectors
as

x
r

=
1√n

(1,ε
r,ε

2
r,...,ε

(n−
1
)r)

T
,
r

=
0,1

,...,n
−

1
.

L
et
M

=
(x

0 ,x
1 ,...,x

n−
1 ).

D
en

ote
M
∗

as
th

e
con

ju
gate

tran
sp

ose
of
M

.
C

learly,
M
M
∗

=
I
n

an
d

Σ
,Ω

ad
m

its
th

e
follow

in
g

d
ecom

p
osition

Σ
=
M

Λ
c M
∗,

Ω
=
M

Λ
d M
∗,

(19)

w
h
ere

Λ
c

=
d
iag

(λ
c,0 ,λ

c,1 ,...,λ
c,n−

1 )
an

d
Λ
d

=
d
ia

g(λ
d
,0 ,λ

d
,1 ,...,λ

d
,n−

1 )
w

ith
λ
c,l

=
c

0
+
c

1 ε
l
+
...

+
c
n−

1 ε
(n−

1
)l

an
d
λ
d
,l

=
d

0
+
d

1 ε
l
+
...

+
d
n−

1 ε
(n−

1
)l.

D
irect

calcu
lation

s
sh

ow
th

at

λ
c,l

=

{
2 ∑

∞k
=

1
1

(2
π
k
n

)
2
m
,

l
=

0,
∑
∞k
=

1
1

[2
π

(k
n−

l)] 2
m

+
∑
∞k
=

0
1

[2
π

(k
n

+
l)] 2

m
,

1
≤
l≤

n
−

1
.

(20)

λ
d
,l

=

{
2 ∑

∞k
=

1
1

(2
π
k
n

)
4
m
,

l
=

0,
∑
∞k
=

1
1

[2
π

(k
n−

l)] 4
m

+
∑
∞k
=

0
1

[2
π

(k
n

+
l)] 4

m
,

1
≤
l≤

n
−

1.
(21)

It
is

easy
to

ex
am

in
e

th
at

λ
c,0

=
2c̄
m

(2π
n

) −
2
m
,
λ
d
,0

=
2d̄

m
(2π

n
) −

4
m
,

(22)

an
d

for
1
≤
l≤

n
−

1,

λ
c,l

=
1

[2π
(n
−
l)] 2

m
+

1

(2π
l)

2
m

+
∞∑k
=

2

1

[2π
(k
n
−
l)] 2

m
+
∞∑k
=

1

1

[2π
(k
n

+
l)] 2

m
,

λ
d
,l

=
1

[2π
(n
−
l)] 4

m
+

1

(2π
l)

4
m

+
∞∑k
=

2

1

[2π
(k
n
−
l)] 4

m
+
∞∑k
=

1

1

[2π
(k
n

+
l)] 4

m
,

(23)
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N
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U
T
E
D

A
L
G
O
R
IT

H
M

an
d

fo
r
c̄ m

:=
∑
∞ k=

1
k
−

2
m

,
c m

:=
∑
∞ k=

2
k
−

2
m

,
d̄
m

:=
∑
∞ k=

1
k
−

4
m

,
d
m

:=
∑
∞ k=

2
k
−

4
m

,

c m
(2
π
n

)−
2
m
≤
∞ ∑ k
=

2

1

[2
π

(k
n
−
l)

]2
m
≤
c̄ m

(2
π
n

)−
2
m
,

c m
(2
π
n

)−
2
m
≤
∞ ∑ k
=

1

1

[2
π

(k
n

+
l)

]2
m
≤
c̄ m

(2
π
n

)−
2
m
,

d
m

(2
π
n

)−
4
m
≤
∞ ∑ k
=

2

1

[2
π

(k
n
−
l)

]4
m
≤
d̄
m

(2
π
n

)−
4
m
,

d
m

(2
π
n

)−
4
m
≤
∞ ∑ k
=

1

1

[2
π

(k
n

+
l)

]4
m
≤
d̄
m

(2
π
n

)−
4
m
.

F
or

si
m

p
li
ci

ty
,

w
e

d
en

ot
e
I

=
E
{‖
f̄
−
E
{f̄
}‖

2 2
}

an
d
I
I

=
‖E
{f̄
}
−
f 0
‖2 2

.
H

en
ce

,
M

S
E
f
0
(f̄

)
=
I

+
I
I
.

P
ro

o
f

o
f

(4
)
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Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

U
si

n
g

(1
9)

–
(2

3)
,

w
e

ge
t

th
at

I
=

∞ ∑ ν
=

1

∑
s j=

1
E
{|

Φ
ν
,j

(Σ
+
λ
I n

)−
1
ε j
|2 }

N
2
γ

2 ν

=
∞ ∑ ν
=

1

∑
s j=

1
tr

ac
e(

(Σ
+
λ
I n

)−
1
Φ
T ν
,j

Φ
ν
,j

(Σ
+
λ
I n

)−
1
)

N
2
γ

2 ν

=
n N

2

s ∑ j=
1

tr
ac

e

(
(Σ

+
λ
I n

)−
1
∞ ∑ ν
=

1

Φ
T ν
,j

Φ
ν
,j
/n

γ
2 ν

(Σ
+
λ
I n

)−
1

)

=
n N

2

s ∑ j=
1

tr
ac

e
( (Σ

+
λ
I n

)−
1
Ω

(Σ
+
λ
I n

)−
1
)

=
1 N

tr
ac

e
( M

(Λ
c

+
λ
I n

)−
1
Λ
d
(Λ

c
+
λ
I n

)−
1
M
∗)

=
1 N

n
−

1
∑ l=

0

λ
d
,l

(λ
+
λ
c,
l)

2

≤
2
d̄
m

N
(2
c̄ m

+
(2
π
n

)2
m
λ

)2

+
(1

+
d̄
m

)N
−

1
n
−

1
∑ l=

1

(2
π

(n
−
l)

)−
4
m

+
(2
π
l)
−

4
m

(λ
+

(2
π

(n
−
l)

)−
2
m

+
(2
π
l)
−

2
m

)2

≤
2
d̄
m

N
(2
c̄ m

+
(2
π
n

)2
m
λ

)2

+
2(

1
+
d̄
m

)N
−

1
∑

1
≤
l≤
n
/
2

(2
π
l)
−

4
m

+
(2
π

(n
−
l)

)−
4
m

(λ
+

(2
π
l)
−

2
m

+
(2
π

(n
−
l)

)−
2
m

)2

≤
2
d̄
m

N
(2
c̄ m

+
(2
π
n

)2
m
λ

)2
+

4(
1

+
d̄
m

)N
−

1
∑

1
≤
l≤
n
/
2

(2
π
l)
−

4
m

(λ
+

(2
π
l)
−

2
m

)2

≤
2
d̄
m

N
(2
c̄ m

+
(2
π
n

)2
m
λ

)2
+

2(
1

+
d̄
m

)

π
N
h

∫
π
n
h

0

1

(1
+
x

2
m

)2
d
x

≤
b m

(
1 N

+
1 N
h

∫
π
n
h

0

1

(1
+
x

2
m

)2
d
x

)
,

w
h
er

e
b m
≥

1
is

an
ab

so
lu

te
co

n
st

an
t

d
ep

en
d
in

g
on

m
on

ly
.

T
h
is

p
ro

v
es

(4
).

P
ro

o
f

o
f

(5
)

T
h
ro

u
gh

ou
t,

le
t
η

=
ex

p
(2
π
√
−

1/
N

).
F

or
1
≤
j,
l
≤
s,

d
efi

n
e

Σ
j,
l

=
1 n

∞ ∑ ν
=

1

Φ
T ν
,j

Φ
ν
,l

γ
ν

,

σ
j,
l,
r

=
2 n

∞ ∑ k
=

1

co
s
( 2π

k
( r n
−

j−
l

N

))

(2
π
k
)2
m

,
r

=
0,

1
,.
..
,n
−

1
.
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U
T
E
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A
L
G
O
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H
M

It
ca

n
b

e
sh

ow
n

th
at

Σ
j,l

is
a

circu
lan

t
m

atrix
w

ith
elem

en
ts
σ
j,l,0 ,σ

j,l,1 ,...,σ
j,l,n−

1 ,
th

ere-
fo

re,
b
y

B
ro

ck
w

ell
an

d
D

av
is

(1987)
w

e
get

th
at

Σ
j,l

=
M

Λ
j,l M

∗,
(24)

w
h
ere

M
is

th
e

sam
e

as
in

(19),
an

d
Λ
j,l

=
d
iag(λ

j,l,0 ,λ
j,l,1 ,...,λ

j,l,n−
1 ),

w
ith

λ
j,l,r ,

for
r

=
1,...,n

−
1
,

giv
en

b
y

th
e

follow
in

g

λ
j,l,r

=
n−

1
∑t=

0

σ
j,l,t ε

r
t

=
2n

n−
1

∑t=
0

∞∑k
=

1

cos (
2
π
k (

tn −
j−
l

N

))

(2π
k
)
2
m

ε
r
t

=
1n

∞∑k
=

1

η −
k
(j−

l) ∑
n−

1
t=

0
ε

(k
+
r
)t

+
η
k
(j−

l) ∑
n−

1
t=

0
ε

(r−
k
)t

(2π
k
)
2
m

=
∞∑q
=

1

η −
(q
n−

r
)(j−

l)

[2π
(qn
−
r)] 2

m
+
∞∑q
=

0

η
(q
n

+
r
)(j−

l)

[2π
(qn

+
r)] 2

m
,

(25)

a
n
d

fo
r
r

=
0
,

g
iven

b
y

λ
j,l,0

=
n−

1
∑t=

0

σ
j,l,t

=
1n

∞∑k
=

1 ∑
n−

1
t=

0
ε
k
tη
k
(j−

l)
+
∑

n−
1

t=
0
ε −

k
tη −

k
(j−

l)

(2π
k
)
2
m

=
∞∑q
=

1

η
q
n

(j−
l)

+
η −

q
n

(j−
l)

(2π
qn

)
2
m

.
(26)

F
o
r
p
≥

0
,

1
≤
v
≤
n

,
0
≤
r≤

n
−

1
an

d
1
≤
j≤

s,
d
efi

n
e

A
p
,v
,r,j

=
1s

s
∑l=

1

λ
j,l,r x

∗r Φ
T2
(p
n

+
v
)−

1
,l ,

B
p
,v
,r,j

=
1s

s
∑l=

1

λ
j,l,r x

∗r Φ
T2
(p
n

+
v
),l .

B
y

d
irect

ca
lcu

lation
,

w
e

h
ave

for
1
≤
v
≤
n
−

1,

Φ
2
(p
n

+
v
)−

1
,l x

r
=

√
n
/
2 (
η

(p
n

+
v
)(l−

1
)I

(r
+
v

=
n

)
+
η −

(p
n

+
v
)(l−

1
)I

(v
=
r) )

,

Φ
2
(p
n

+
v
),l x

r
=

√
−
n
/
2 (
η

(p
n

+
v
)(l−

1
)I

(r
+
v

=
n

)−
η −

(p
n

+
v
)(l−

1
)I

(v
=
r) )

,

(27)

a
n
d

Φ
2
(p
n

+
n

)−
1
,l x

r
=

√
n
/
2I

(r
=

0) (
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.
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s.

It
fo

ll
ow

s
b
y

(1
8)

th
at

f̄
j

=
∞ ∑ ν
=

1

∑
s l=

1
Φ
ν
,l
(Σ

+
λ
I n

)−
1
f 0
,l

N
γ
ν

Φ
T ν
,j

=
1 s

s ∑ l=
1

(
1 n

∞ ∑ ν
=

1

Φ
T ν
,j

Φ
ν
,l

γ
ν

)
(Σ

+
λ
I n

)−
1
f 0
,l

=
1 s

s ∑ l=
1

Σ
j,
l(

Σ
+
λ
I n

)−
1
f 0
,l

=
1 s

s ∑ l=
1

M
Λ
j,
l(

Λ
c

+
λ
I n

)−
1
M
∗ f

0
,l
,

17
JM

L
R

 1
8(

10
8)

:1
-3

7,
 2

01
7

Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

to
ge

th
er

w
it

h
(3

3)
,

le
ad

in
g

to
th

at

M
∗ f̄

j
=

1 s

s ∑ l=
1

Λ
j,
l(

Λ
c

+
λ
I n

)−
1
M
∗ f

0
,l

=
∞ ∑ µ
=

1

f
0 µ

    

1 s

∑
s l=

1
λ
j
,l
,0
x
∗ 0Φ

T µ
,l

λ
+
λ
c
,0

. . .
1 s

∑
s l=

1
λ
j
,l
,n
−
1
x
∗ n−

1
Φ
T µ
,l

λ
+
λ
c
,n
−
1

    

=
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)−

1

    

1 s

∑
s l=

1
λ
j
,l
,0
x
∗ 0Φ

T 2
(p
n
+
v
)−

1
,l

λ
+
λ
c
,0

. . .
1 s

∑
s l=

1
λ
j
,l
,n
−
1
x
∗ n−

1
Φ
T 2
(p
n
+
v
)−

1
,l

λ
+
λ
c
,n
−
1

    

+
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)

    

1 s

∑
s l=

1
λ
j
,l
,0
x
∗ 0Φ

T 2
(p
n
+
v
),
l

λ
+
λ
c
,0

. . .
1 s

∑
s l=

1
λ
j
,l
,n
−
1
x
∗ n−

1
Φ
T 2
(p
n
+
v
),
l

λ
+
λ
c
,n
−
1

    

=
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)−

1

   

A
p
,v
,0
,j

λ
+
λ
c
,0

. . .
A
p
,v
,n
−
1
,j

λ
+
λ
c
,n
−
1

   
+
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)

   

B
p
,v
,0
,j

λ
+
λ
c
,0

. . .
B
p
,v
,n
−
1
,j

λ
+
λ
c
,n
−
1

   

=
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)−

1

  

a
p
,v

λ
+
λ
c
,0
x
∗ 0
Φ
T 2
(p
n

+
v
)−

1
,j

. . .
a
p
,v

λ
+
λ
c
,n
−
1
x
∗ n−

1
Φ
T 2
(p
n

+
v
)−

1
,j

  

+
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)

  

a
p
,v

λ
+
λ
c
,0
x
∗ 0
Φ
T 2
(p
n

+
v
),
j

. . .
a
p
,v

λ
+
λ
c
,n
−
1
x
∗ n−

1
Φ
T 2
(p
n

+
v
),
j

  
.

O
n

th
e

ot
h
er

h
an

d
,

M
∗ f

0
,j

=
∞ ∑ µ
=

1

f
0 µ
M
∗ Φ

T µ
,j

=
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)−

1
M
∗ Φ

T 2
(p
n

+
v
)−

1
,j

+
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)M
∗ Φ

T 2
(p
n

+
v
),
j

=
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)−

1

  
x
∗ 0
Φ
T 2
(p
n

+
v
)−

1
,j

. . .
x
∗ n−

1
Φ
T 2
(p
n

+
v
)−

1
,j

  
+
∞ ∑ p
=

0

n ∑ v
=

1

f
0 2
(p
n

+
v
)

  
x
∗ 0
Φ
T 2
(p
n

+
v
),
j

. . .
x
∗ n−

1
Φ
T 2
(p
n

+
v
),
j

  
.

18
JM

L
R

 1
8(

10
8)

:1
-3

7,
 2

01
7



C
O
M
P
U
T
A
T
IO

N
A
L

L
IM

IT
S
O
F

A
D
IS

T
R
IB

U
T
E
D

A
L
G
O
R
IT

H
M

T
h
erefore,

M
∗(f̄

j −
f0
,j )

=
∞∑p
=

0

n
∑v
=

1

f
02
(p
n

+
v
)−

1 
b
p
,v
,0 x
∗0 Φ

T2
(p
n

+
v
)−

1
,j

...
b
p
,v
,n−

1 x
∗n−

1 Φ
T2
(p
n

+
v
)−

1
,j



+
∞∑p
=

0

n
∑v
=

1

f
02
(p
n

+
v
) 

b
p
,v
,0 x
∗0 Φ

T2
(p
n

+
v
),j

...
b
p
,v
,n−

1 x
∗n−

1 Φ
T2
(p
n

+
v
),j


,

(34)

w
h
ere

b
p
,v
,r

=
a
p
,v

λ
+
λ
c
,r −

1,
for

p
≥

0,
1
≤
v
≤
n

an
d

0
≤
r≤

n
−

1.
It

h
o
ld

s
th

e
triv

ial
ob

servation
b
k
s+
g
,v
,r

=
b
g
,v
,r

for
k
≥

0,
0
≤
g
≤
s−

1
,

1
≤
v
≤
n

a
n
d

0
≤

r
≤

n
−

1.
D

efi
n
e
C
g
,r

=
∑
∞k
=

0 (f
02
(k
N

+
g
n

+
n−

r
)−

1 −
√
−

1
f

02
(k
N

+
g
n

+
n−

r
) )

an
d

D
g
,r

=
∑
∞k
=

0 (f
02
(k
N

+
g
n

+
r
)−

1
+
√
−

1f
02
(k
N

+
g
n

+
r
) ),

for
0
≤
g
≤
s−

1
an

d
0
≤
r≤

n
−

1.
A

lso

d
en

o
te
C
g
,r

a
n
d
D
g
,r

as
th

eir
con

ju
gate.

B
y

(27)
an

d
(28),

an
d

d
irect

ca
lcu

latio
n
s

w
e

get
th

a
t,

fo
r

1
≤
j≤

s
an

d
1
≤
r≤

n
−

1,

δ
j,r
≡

∞∑p
=

0 (
n
∑v
=

1

f
02
(p
n

+
v
)−

1 b
p
,v
,r x
∗r Φ

T2
(p
n

+
v
)−

1
,j

+
n
∑v
=

1

f
02
(p
n

+
v
) b
p
,v
,r x
∗r Φ

T2
(p
n

+
v
),j )

=

√
n2

∞∑p
=

0 [(f
02
(p
n

+
n−

r
)−

1 −
√
−

1
f

02
(p
n

+
n−

r
) )b

p
,n−

r,r η −
(p
n

+
n−

r
)(j−

1
)

+
(f

02
(p
n

+
r
)−

1
+
√
−

1
f

02
(p
n

+
r
) )b

p
,r,r η

(p
n

+
r
)(j−

1
) ]
,

(35)

lea
d
in

g
to

th
a
t

s
∑j
=
1 |δ

j
,r | 2

=
n2

s
∑j
=
1 ∣∣∣∣
∞∑p
=
0 [(f

02
(p
n
+
n−

r
)−

1 −
√
−

1
f
02
(p
n
+
n−

r
) )b

p
,n−

r
,r η
−
(p
n
+
n−

r
)(j−

1
)

+
(f

02
(p
n
+
r
)−

1
+
√
−

1
f
02
(p
n
+
r
) )b

p
,r
,r η

(p
n
+
r
)(j−

1
) ] ∣∣∣∣

2

=
n2

s
∑j
=
1 ∣∣∣∣

s−
1

∑g
=
0 (
C
g
,r b

g
,n−

r
,r η
−
(g
n
+
n−

r
)(j−

1
)

+
D
g
,r b

g
,r
,r η

(g
n
+
r
)(j−

1
) )
∣∣∣∣
2

=
n2

s−
1

∑g
,g ′=

0

s
∑j
=
1 (C

g
,r b

g
,n−

r
,r η
−
(g
n
+
n−

r
)(j−

1
)

+
D
g
,r b

g
,r
,r η

(g
n
+
r
)(j−

1
))

×
(C

g ′,r b
g ′,n−

r
,r η

(g ′n
+
n−

r
)(j−

1
)

+
D
g ′,r b

g ′,r
,r η
−
(g ′n

+
r
)(j−

1
))

=
N2

s−
1

∑g
=
0 (|C

g
,r | 2b

2g
,n−

r
,r

+
C
g
,r D

s−
1−
g
,r b

g
,n−

r
,r b

s−
1−
g
,r
,r

+
D
g
,r C

s−
1−
g
,r b

g
,r
,r b

s−
1−
g
,n−

r
,r

+
|D

g
,r | 2b

2g
,r
,r )

=
N2

s−
1

∑g
=
0 |C

g
,r b

g
,n−

r
,r

+
D
s−

1−
g
,r b

s−
1−
g
,r
,r | 2

(3
6
)

≤
N

s−
1

∑g
=
0 (|C

g
,r | 2b

2g
,n−

r
,r

+
|D

s−
1−
g
,r | 2b

2s−
1−
g
,r
,r )

=
N

s−
1

∑g
=
0 (|C

g
,r | 2b

2g
,n−

r
,r

+
|D

g
,r | 2b

2g
,r
,r ).

19
JM

L
R

 18(108):1-37, 2017

Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

It
is

easy
to

see
th

at
for

0
≤
g
≤
s−

1
an

d
1
≤
r≤

n
−

1,

|C
g
,r | 2

=
(
∞∑k
=

0

f
02
(k
N

+
g
n

+
n−

r
)−

1 )
2

+
(
∞∑k
=

0

f
02
(k
N

+
g
n

+
n−

r
) )

2

≤
∞∑k
=

0 (|f
02
(k
N

+
g
n

+
n−

r
)−

1 | 2
+
|f

02
(k
N

+
g
n

+
n−

r
) | 2)(k

N
+
g
n

+
n
−
r)

2
m

×
∞∑k
=

0 (k
N

+
g
n

+
n
−
r) −

2
m

≤
∞∑k
=

0 (|f
02
(k
N

+
g
n

+
n−

r
)−

1 | 2
+
|f

02
(k
N

+
g
n

+
n−

r
) | 2)(k

N
+
g
n

+
n
−
r)

2
m

×
2
m

2m
−

1
(g
n

+
n
−
r) −

2
m
,

(37)

an
d

|D
g
,r | 2

≤
∞∑k
=

0 (|f
02
(k
N

+
g
n

+
r
) | 2

+
|f

02
(k
N

+
g
n

+
r
)−

1 | 2)(k
N

+
g
n

+
r)

2
m

×
2
m

2
m
−

1
(g
n

+
r) −

2
m
.

(38)

F
or

1
≤
g
≤
s−

1,
w

e
h
ave

a
g
,n−

r ≤
λ
c,r ,

w
h
ich

fu
rth

er
lead

s
to|b

g
,n−

r,r |≤
2.

M
ean

w
h
ile,

b
y

(20),
w

e
h
ave

0
≤
λ
c,r −

a
0
,r ≤

(2π
(n
−
r)) −

2
m

+
2
c̄
m

(2π
n

) −
2
m
≤

(1
+

2
c̄
m

)(2π
(n
−
r)) −

2
m
.

T
h
en

w
e

h
ave

|b
0
,r,r |

=
λ

+
λ
c,r −

a
0
,r

λ
+
λ
c,r

≤
λ

+
(1

+
2c̄
m

)(2
π

(n
−
r)) −

2
m

λ
+

(2
π
r) −

2
m

+
(2
π

(n
−
r)) −

2
m

≤
(1

+
2
c̄
m

)
λ

+
(2
π

(n
−
r)) −

2
m

λ
+

(2
π
r) −

2
m

+
(2
π

(n
−
r)) −

2
m
,

lead
in

g
to

r −
2
m
b
20
,r,r

≤
r −

2
m

(1
+

2
c̄
m

)
2 (

λ
+

(2
π

(n
−
r)) −

2
m

λ
+

(2
π

(n
−
r)) −

2
m

+
(2
π
r) −

2
m

)
2

≤
r −

2
m

(1
+

2
c̄
m

)
2 (

λ
+

(2
π

(n
−
r)) −

2
m

λ
+

(2
π

(n
−
r)) −

2
m

+
(2
π
r) −

2
m

)

≤
(2π

)
2
m

(1
+

2
c̄
m

)
2(λ

+
(π
n

) −
2
m

).
(39)

T
h
e

last
in

eq
u
ality

can
b

e
p
roved

in
tw

o
d
iff

eren
t

cases:
2r
≤
n

an
d

2
r
>
n

.
S
im

ilarly,
it

can
b

e
sh

ow
n

th
at

(n
−
r) −

2
m
b
20
,n−

r,r ≤
(2π

)
2
m

(1
+

2
c̄
m

)
2(λ

+
(π
n

) −
2
m

).
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H
M

T
h
en

w
e

h
av

e
b
y

(3
7)

–(
39

)
th

at

n
−

1
∑ r
=

1

s−
1

∑ g
=

0

|D
g
,r
|2 b

2 g
,r
,r
≤

n
−

1
∑ r
=

1

s−
1

∑ g
=

1

∞ ∑ k
=

0

(|f
0 2
(k
N

+
g
n

+
r
)|2

+
|f

0 2
(k
N

+
g
n

+
r
)−

1
|2 )(

k
N

+
g
n

+
r)

2
m

×
2m

2
m
−

1
(g
n

+
r)
−

2
m

2
2

+
n
−

1
∑ r
=

1

∞ ∑ k
=

0

(|f
0 2
(k
N

+
r
)|2

+
|f

0 2
(k
N

+
r
)−

1
|2 )(

k
N

+
r)

2
m

×
2m

2
m
−

1
r−

2
m
b2 0
,r
,r

≤
c′ m

(λ
+
n
−

2
m

)
n
−

1
∑ r
=

1

s−
1

∑ g
=

0

∞ ∑ k
=

0

(|f
0 2
(k
N

+
g
n

+
r
)|2

+
|f

0 2
(k
N

+
g
n

+
r
)−

1
|2 )

×
(2
π

(k
N

+
g
n

+
r)

)2
m
,

(4
0)

w
h
er

e
c′ m

=
m

ax
{(

2π
)−

2
m

8
m

2
m
−

1
,(

1
+

2
c̄ m

)2
2
m

2
m
−

1
}.

S
im

il
ar

ly
,

on
e

ca
n

sh
ow

th
at

n
−

1
∑ r
=

1

s−
1

∑ g
=

0

|C
g
,r
|2 b

2 g
,n
−
r,
r
≤

c′ m
(λ

+
n
−

2
m

)
n
−

1
∑ r
=

1

s−
1

∑ g
=

0

∞ ∑ k
=

0

(|f
0 2
(k
N

+
g
n

+
r
)|2

+
|f

0 2
(k
N

+
g
n

+
r
)−

1
|2 )

×
(2
π

(k
N

+
g
n

+
r)

)2
m
.

(4
1)

C
om

b
in

in
g

(4
0)

an
d

(4
1)

w
e

ge
t

th
at

n
−

1
∑ r
=

1

s ∑ j=
1

|δ j
,r
|2
≤

2c
′ m

(λ
+
n
−

2
m

)N
n
−

1
∑ r
=

1

s−
1

∑ g
=

0

∞ ∑ k
=

0

(|f
0 2
(k
N

+
g
n

+
r
)|2

+
|f

0 2
(k
N

+
g
n

+
r
)−

1
|2 )

×
(2
π

(k
N

+
g
n

+
r)

)2
m
.

(4
2)

T
o

th
e

en
d

of
p
ro

of
of

(5
),

b
y

(3
4)

w
e

h
av

e
fo

r
1
≤
j
≤
s,

δ j
,0
≡

∞ ∑ p
=

0

(
n ∑ v
=

1

f
0 2
(p
n

+
v
)−

1
b p
,v
,0
x
∗ 0
Φ
T 2
(p
n

+
v
)−

1
,j

+
n ∑ v
=

1

f
0 2
(p
n

+
v
)b
p
,v
,0
x
∗ 0
Φ
T 2
(p
n

+
v
),
j

)

=
∞ ∑ p
=

0

( f
0 2
(p
n

+
n

)−
1
b p
,n
,0
x
∗ 0
Φ
T 2
(p
n

+
n

)−
1
,j

+
f

0 2
(p
n

+
n

)b
p
,n
,0
x
∗ 0
Φ
T 2
(p
n

+
n

),
j

)

=

√
n 2

∞ ∑ p
=

0

[ (f
0 2
(p
n

+
n

)−
1
−
√
−

1
f

0 2
(p
n

+
n

))
b p
,n
,0
η
−

(p
+

1
)n

(j
−

1
)

+
(f

0 2
(p
n

+
n

)−
1

+
√
−

1
f

0 2
(p
n

+
n

))
b p
,n
,0
η

(p
+

1
)n

(j
−

1
)]

=

√
n 2

s−
1

∑ g
=

0

[
∞ ∑ k
=

0

(f
0 2
(k
N

+
g
n

+
n

)−
1
−
√
−

1f
0 2
(k
N

+
g
n

+
n

))
b g
,n
,0
η
−

(g
n

+
n

)(
j−

1
)

+
∞ ∑ k
=

0

(f
0 2
(k
N

+
g
n

+
n

)−
1

+
√
−

1
f

0 2
(k
N

+
g
n

+
n

))
b g
,n
,0
η

(g
n

+
n

)(
j−

1
)]

=

√
n 2

s−
1

∑ g
=

0

[ C
g
,0
b g
,n
,0
η
−

(g
n

+
n

)(
j−

1
)

+
D
g
,n
b g
,n
,0
η

(g
n

+
n

)(
j−

1
)]
,

(4
3)
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Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

w
h
ic

h
,

to
ge

th
er

w
it

h
C

au
ch

y
-S

ch
w

ar
tz

in
eq

u
al

it
y,

(3
7)

–(
38

),
an

d
th

e
tr

iv
ia

l
fa

ct
|b g

,n
,0
|≤

2
fo

r
0
≤
g
≤
s
−

1,
le

ad
s

to

s ∑ j=
1

|δ j
,0
|2
≤

n
s ∑ j=

1

∣ ∣s−
1

∑ g
=

0

C
g
,0
b g
,n
,0
η
−

(g
n

+
n

)(
j−

1
)∣ ∣2

+
n

s ∑ j=
1

∣ ∣s−
1

∑ g
=

0

D
g
,n
b g
,n
,0
η

(g
n

+
n

)(
j−

1
)∣ ∣2

=
N

 
s−

1
∑ g
=

0

|C
g
,0
|2 b

2 g
,n
,0

+
s−

1
∑ g
=

0

|D
g
,n
|2 b

2 g
,n
,0

 

≤
2
c′ m
n
−

2
m
N

s−
1

∑ g
=

0

∞ ∑ k
=

0

(|f
0 2
(k
N

+
g
n

+
n

)−
1
|2

+
|f

0 2
(k
N

+
g
n

+
n

)|2
)
×

(2
π

(k
N

+
g
n

+
n

))
2
m
.

(4
4)

C
om

b
in

in
g

(4
2)

an
d

(4
4)

w
e

ge
t

th
at

s ∑ j=
1

n ∑ i=
1

(E
{f̄
}(
t i
,j

)
−
f 0

(t
i,
j
))

2
=

n
−

1
∑ r
=

0

s−
1

∑ g
=

0

|δ j
,r
|2

≤
2
c′ m

(λ
+
n
−

2
m

)N
n ∑ i=

1

s−
1

∑ g
=

0

∞ ∑ k
=

0

(|f
0 2
(k
N

+
g
n

+
i)
|2

+
|f

0 2
(k
N

+
g
n

+
i)
−

1
|2 )

×
(2
π

(k
N

+
g
n

+
i)

)2
m

=
2c
′ m

(λ
+
n
−

2
m

)N
J

(f
0
).

(4
5)

N
ex

t
w

e
w

il
l

ap
p
ly

(4
5)

to
sh

ow
(5

).
S
in

ce
f̂ j

is
th

e
m

in
im

iz
er

of
` j
,n
,λ

(f
),

it
sa

ti
sfi

es
fo

r
1
≤
j
≤
s,

−
1 n

n ∑ i=
1

(Y
i,
j
−
f̂ j

(t
i,
j
))
K
t i
,j

+
λ
f̂ j

=
0.

T
ak

in
g

ex
p

ec
ta

ti
on

s,
w

e
ge

t
th

at

1 n

n ∑ i=
1

(E
{f̂
j
}(
t i
,j

)
−
f 0

(t
i,
j
))
K
t i
,j

+
λ
E
{f̂
j
},

th
er

ef
or

e,
E
{f̂
j
}

is
th

e
m

in
im

iz
er

to
th

e
fo

ll
ow

in
g

fu
n
ct

io
n
a
l

` 0
j
(f

)
=

1 2n

n ∑ i=
1

(f
(t
i,
j
)
−
f 0

(t
i,
j
))

2
+
λ 2
J

(f
).

D
efi

n
e
g j

=
E
{f̂
j
}.

S
in

ce
` 0
j
(g
j
)
≤
` 0
j
(f

0
),

w
e

ge
t

1 2n

n ∑ i=
1

(g
j
(t
i,
j
)
−
f 0

(t
i,
j
))

2
+
λ 2
J

(g
j
)
≤
λ 2
J

(f
0
).

T
h
is

m
ea

n
s

th
at
J

(g
j
)
≤
J

(f
0
),

le
ad

in
g

to

‖1 s

s ∑ j=
1

g
(m

)
j
‖ 2
≤

1 s

s ∑ j=
1

‖g
(m

)
j
‖ 2
≤
√
J

(f
0
).

(4
6
)
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A
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R
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U
T
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D

A
L
G
O
R
IT

H
M

N
o
te

th
a
t
E
{
f̄}

=
1s ∑

sj=
1
g
j .

D
efi

n
e
g
(t)

=
(E
{
f̄}(t)−

f
0 (t))

2.
B

y
(E

ggerm
on

t
an

d
L

a
R

iccia
,

2
0
0
9
,

L
em

m
a

(2.24),
p
p
.

58),
(46)

a
n
d
m
≥

1
w

e
get

th
at

∣∣∣∣
1N

N
−

1
∑l=

0

g
(l/N

)−
∫

1

0
g
(t)d

t ∣∣∣∣
≤

2N

∫
1

0

∣∣ 1s

s
∑j=

1

g
j (t)−

f
0 (t) ∣∣×

∣∣ 1s

s
∑j=

1

g ′j (t)−
f
′0 (t) ∣∣d

t

≤
2N
‖

1s

s
∑j=

1

g
j −

f
0 ‖

2 ×
‖

1s

s
∑j=

1

g ′j −
f
′0 ‖

2

≤
2N
‖

1s

s
∑j=

1

g
(m

)
j
−
f

(m
)

0
‖

22 ≤
8J

(f
0 )

N
.

(47)

C
o
m

b
in

in
g

(4
5)

an
d

(47)
w

e
get

th
at

‖
E
{
f̄}−

f
0 ‖

22 ≤
c

2m
J

(f
0 )(λ

+
n
−

2
m

+
N
−

1),

w
h
ere

c
2m

=
m

ax{
8
,2
c ′m }

.
T

h
is

com
p
letes

th
e

p
ro

of
of

(5).

P
ro

o
f

[P
ro

o
f

o
f

T
h
eorem

3.2]
S
u
p
p

ose
f

0
=
∑
∞ν
=

1
f

0ν ϕ
ν

w
ith

f
0ν

satisfy
in

g

|f
0ν | 2

=

{
C
n
−

1(2π
(n

+
r)) −

2
m
,
ν

=
2(n

+
r)−

1,1
≤
r≤

n
/2
,

0
,

oth
erw

ise.
(48)

It
is

ea
sy

to
see

th
at
J

(f
0 )

=
∑

1≤
r≤
n
/
2 |f

02
(n

+
r
)−

1 | 2(2π
(n

+
r))

2
m
≤
C

.

C
o
n
sid

er
th

e
d
ecom

p
osition

(34)
an

d
let

δ
j,r

b
e

d
efi

n
ed

as
in

(35)
an

d
(4

3).
It

can
b

e
ea

sily
ch

eck
ed

th
at

C
g
,r

=
0

for
1
≤
r
≤
n
/2

an
d

0
≤
g
≤
s−

1.
F

u
rth

erm
ore,

for
1
≤
r≤

n
/
2
,

λ
c,r −

a
1
,r

=
∞∑u
=

0 (2π
(u
n

+
r)) −

2
m

+
∞∑u
=

1 (2π
(u
n
−
r)) −

2
m
−
∞∑u
=

0 (2π
(u
N

+
n

+
r)) −

2
m

−
∞∑u
=

1 (2π
(u
N
−
n
−
r)) −

2
m
≥

(2π
r) −

2
m
.

T
h
erefo

re,

b
21
,r,r

=

(
λ

+
λ
c,r −

a
1
,r

λ
+
λ
c,r

)
2

≥
(

λ
+

(2
π
r) −

2
m

λ
+

2(1
+
c̄
m

)(2
π
r) −

2
m

)
2≥

1

4(1
+
c̄
m

)
2
.

(49)
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Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

U
sin

g
(36)

an
d

(49),
w

e
h
ave

s
∑j=

1 (f̄
j −

f0
,j )
T

(f̄
j −

f0
,j )

=
s
∑j=

1

n−
1

∑r
=

0 |δ
j,r | 2

≥
∑

1≤
r≤
n
/
2

s
∑j=

1 |δ
j,r | 2

=
∑

1≤
r≤
n
/
2

N2

s−
1

∑g
=

0 |C
g
,r b

g
,n−

r,r
+
D
s−

1−
g
,r b

s−
1−
g
,r,r | 2

=
∑

1≤
r≤
n
/
2

N2

s−
1

∑g
=

0 |D
s−

1−
g
,r | 2b

2s−
1−
g
,r,r

=
∑
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r≤
n
/
2

N2

s−
1

∑g
=

0 |D
g
,r | 2b
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,r,r

≥
∑

1≤
r≤
n
/
2

N2
|D

1
,r | 2b

21
,r,r

≥
N

8(1
+
c̄
m

)
2

∑

1≤
r≤
n
/
2 |f

02
(n

+
r
)−

1 | 2

≥
N
C

16(3
π

)
2
m

(1
+
c̄
m

)
2
n
−

2
m
≡
a
m
N
C
n
−

2
m
,

w
h
ere

a
m

=
1

1
6
(3
π

)
2
m

(1
+
c̄
m

)
2
<

1
is

an
ab

solu
te

con
stan

t
d
ep

en
d
in

g
on

m
on

ly.
T

h
en

th
e

con
clu

sion
follow

s
b
y

(47).
P

ro
of

is
com

p
leted

.

6
.2

P
ro

o
fs

in
S

e
c
tio

n
4

P
ro

o
f

[P
ro

of
of

T
h
eorem

4.1]
F

or
1
≤
j,l≤

s,
d
efi

n
e

Ω
j,l

=
1n

∞∑ν
=

1

Φ
Tν
,j Φ

ν
,l

γ
2ν

,

σ̃
j,l,r

=
2n

∞∑k
=

1

cos (
2π
k (

rn −
j−
l

N

))

(2π
k
)
4
m

,
r

=
0,1

,...,n
−

1
.

C
learly

Ω
j,l

is
a

circu
lan

t
m

atrix
w

ith
elem

en
ts
σ̃
j,l,0 ,σ̃

j,l,1 ,...,σ̃
j,l,n−

1 .
F

u
rth

erm
ore,

b
y

argu
m

en
ts

(24)–(26)
w

e
get

th
at

Ω
j,l

=
M

Γ
j,l M

∗,
(50)

w
h
ere

M
is

th
e

sam
e

as
in

(19),
an

d
Γ
j,l

=
d
iag(δ

j,l,0 ,δ
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∞∑q
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+
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︸
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·
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·
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·
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·
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·
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∆
ε,

w
h
er

e
ε

=
(ε
T 1
,.
..
,ε
T s

)T
an

d
∆
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∆
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∆
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∈
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∆
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∆
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∆
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∆
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∆
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.
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∆
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,λ
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d
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∆
3
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e

fo
rm

er
.
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d
ir

ec
t
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s,
w
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∆

2
)

=
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A

2
B
A

2
B
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e
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M
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c
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λ
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2
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2
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b
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s ∑ g
=

1

A
g
,n
−
r
η

(g
−

1
)n

(j
−
l)

∣ ∣ ∣ ∣2
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2
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A
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A
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=
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∆
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n
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1
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∑
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8
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π
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λ
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≥
2
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+
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∑
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n
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π
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π
r
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m

)4

=
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∑
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n
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+
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∫
n
h
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+
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π
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M
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n
w

h
il
e,
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3)
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d
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r

1
≤
r
≤
n
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2
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1
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c
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>
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∑
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−
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+
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>
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−
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−
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−
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h
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+
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>
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q
u
en

ce
of

al
te

rn
at

iv
e

h
y
p

ot
h
es

es
:
f
∈
B

an
d
‖f
‖ 2
≥
C
ε
d
N
,λ

.
D

efi
n
e

f j
=

(f
(t

1
,j

),
..
.,
f

(t
n
,j

))
T

fo
r

1
≤
j
≤
s.

T
h
en

it
ca

n
b

e
sh

ow
n

th
at

N
sT

N
,λ

=
N
s
∞ ∑ ν
=

1

f̄
2 ν

=
s ∑ j,
l=

1

Y
T j

(Σ
+
λ
I n

)−
1
Ω
j,
l(

Σ
+
λ
I n

)−
1
Y
l

=
s ∑ j,
l=

1

Y
T j
M

(Λ
c

+
λ
I n

)−
1
Γ
j,
l(

Λ
c

+
λ
I n

)−
1
M
∗ Y
l

=
s ∑ j,
l=

1

fT j
M

(Λ
c

+
λ
I n

)−
1
Γ
j,
l(

Λ
c

+
λ
I n

)−
1
M
∗ f
l

+
s ∑ j,
l=

1

fT j
M

(Λ
c

+
λ
I n

)−
1
Γ
j,
l(

Λ
c

+
λ
I n

)−
1
M
∗ ε
l

+
s ∑ j,
l=

1

εT j
M

(Λ
c

+
λ
I n

)−
1
Γ
j,
l(

Λ
c

+
λ
I n

)−
1
M
∗ f
l

+
s ∑ j,
l=

1

εT j
M

(Λ
c

+
λ
I n

)−
1
Γ
j,
l(

Λ
c

+
λ
I n

)−
1
M
∗ ε
l

≡
T

1
+
T

2
+
T

3
+
T

4
.

(6
0)
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Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

N
ex

t
w

e
w

il
l

an
al

y
ze

al
l

th
e

fo
u
r

te
rm

s
in

th
e

ab
ov

e.
L

et
f

=
∑
∞ ν=

1
f ν
ϕ
ν
.

F
o
r

0
≤
r
≤

n
−

1
an

d
1
≤
l
≤
s,

d
efi

n
e
d
l,
r

=
x
∗ rf
l.

T
h
en

it
h
ol

d
s

th
at

d
l,
r

=
∞ ∑ p
=

0

n ∑ v
=

1

f 2
(p
n

+
v
)−

1
x
∗ rΦ

T 2
(p
n

+
v
)−

1
,l

+
∞ ∑ p
=

0

n ∑ v
=

1

f 2
(p
n

+
v
)x
∗ rΦ

T 2
(p
n

+
v
),
l.

U
si

n
g

(2
7)

an
d

(2
8)

,
w

e
ge

t
th

at
fo

r
1
≤
r
≤
n
−

1,

d
l,
r

=
∞ ∑ p
=

0

n
−

1
∑ v
=

1

f 2
(p
n

+
v
)−

1

(√
n 2

)
( η
−

(p
n

+
v
)(
l−

1
) I

(r
+
v

=
n

)
+
η

(p
n

+
v
)(
l−

1
) I

(r
=
v
))

+
∞ ∑ p
=

0

n
−

1
∑ v
=

1

f 2
(p
n

+
v
)

( −
√
−
n 2

)
( η
−

(p
n

+
v
)(
l−

1
) I

(r
+
v

=
n

)
−
η

(p
n

+
v
)(
l−

1
) I

(r
=
v
))

=

√
n 2

∞ ∑ p
=

0

[ (f
2
(p
n

+
n
−
r
)−

1
−
√
−

1f
2
(p
n

+
n
−
r
))
η
−

(p
n

+
n
−
r
)(
l−

1
)

+
(f

2
(p
n

+
r
)−

1
+
√
−

1f
2
(p
n

+
r
))
η

(p
n

+
r
)(
l−

1
)]
,

(6
1
)

an
d

fo
r
r

=
0,

d
l,

0
=

∞ ∑ p
=

0

f 2
(p
n

+
n

)−
1
x
∗ 0
Φ
T 2
(p
n

+
n

)−
1
,l

+
∞ ∑ p
=

0

f 2
(p
n

+
n

)x
∗ 0
Φ
T 2
(p
n

+
n

),
l

=

√
n 2

∞ ∑ p
=

0

[ (f
2
(p
n

+
n

)−
1
−
√
−

1
f 2

(p
n

+
n

))
η
−

(p
n

+
n

)(
l−

1
)

+
(f

2
(p
n

+
n

)−
1

+
√
−

1
f 2

(p
n

+
n

))
η

(p
n

+
n

)(
l−

1
)]
.

(6
2
)

W
e

fi
rs

t
lo

ok
at
T

1
.

It
ca

n
b

e
ex

am
in

ed
d
ir

ec
tl

y
th

at

T
1

=
s ∑ j,
l=

1

(d
j,

0
,.
..
,d
j,
n
−

1
)d

ia
g

(
δ j
,l
,0

(λ
+
λ
c,

0
)2
,.
..
,

δ j
,l
,n
−

1

(λ
+
λ
c,
n
−

1
)2

)
×

(d
l,

0
,.
..
,d
l,
n
−

1
)T

=
n
−

1
∑ r
=

0

∑
s j,
l=

1
δ j
,l
,r
d
j,
r
d
l,
r

(λ
+
λ
c,
r
)2

.
(6

3
)

U
si

n
g

si
m

il
ar

ar
gu

m
en

ts
as

(2
9)

–(
33

),
on

e
ca

n
sh

ow
th

at
fo

r
p
≥

0,
1
≤
v
≤
n

,
0
≤
r
≤
n
−

1
an

d
1
≤
j
≤
s,

1 s

s ∑ l=
1

δ j
,l
,r
x
∗ rΦ

T 2
(p
n

+
v
)−

1
,l

=
b p
,v
x
∗ rΦ

T 2
(p
n

+
v
)−

1
,j
,

1 s

s ∑ l=
1

δ j
,l
,r
x
∗ rΦ

T 2
(p
n

+
v
),
l

=
b p
,v
x
∗ rΦ

T 2
(p
n

+
v
),
j
,

(6
4
)

w
h
er

e

b p
,v

=

{
∑

u
≥
−
p
/
s

1
(2
π

(u
N

+
p
n

+
v
))

4
m

+
∑

u
≥

(p
+

1
)/
s

1
(2
π

(u
N
−
p
n
−
v
))

4
m
,

fo
r

1
≤
v
≤
n
−

1
,

∑
u
≥
−
p
/
s

1
(2
π

(u
N

+
p
n

+
n

))
4
m

+
∑

u
≥

(p
+

2
)/
s

1
(2
π

(u
N
−
p
n
−
n

))
4
m
,

fo
r
v

=
n
.
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(64
),

w
e

h
av

e

s
∑j
,l=

1

δ
j
,l,r d

j
,r d

l,r
=

s
∑j
=
1

d
j
,r

s
∑l=

1

δ
j
,l,r d

l,r

=

s
∑j
=
1

d
j
,r

s
∑l=

1

δ
j
,l,r (

∞∑p
=
0

n
∑v
=
1

f
2
(p
n
+
v
)−

1 x
∗r Φ

2
(p
n
+
v
)−

1
,l

+

∞∑p
=
0

n
∑v
=
1

f
2
(p
n
+
v
) x
∗r Φ

T2
(p
n
+
v
),l )

=

s
∑j
=
1

d
j
,r (

∞∑p
=
0

n
∑v
=
1

f
2
(p
n
+
v
)−

1

s
∑l=

1

δ
j
,l,r x

∗r Φ
T2
(p
n
+
v
)−

1
,l

+

∞∑p
=
0

n
∑v
=
1

f
2
(p
n
+
v
)

s
∑l=

1

δ
j
,l,r x

∗r Φ
T2
(p
n
+
v
),l )

=
s

s
∑j
=
1

d
j
,r (

∞∑p
=
0

n
∑v
=
1

f
2
(p
n
+
v
)−

1 b
p
,v x
∗r Φ

T2
(p
n
+
v
)−

1
,j

+

∞∑p
=
0

n
∑v
=
1

f
2
(p
n
+
v
) b
p
,v x
∗r Φ

T2
(p
n
+
v
),j )

.

It
th

en
fo

llow
s

from
(61)

an
d

(62),
triv

ial
facts

b
s−

1−
g
,r

=
b
g
,n−

r
an

d
C
g
,n−

r
=
D
g
,r

(b
o
th
C
g
,r

a
n
d
D
g
,r

are
d
efi

n
ed

sim
ilarly

as
th

ose
in

th
e

p
ro

of
of

T
h
eorem

3.1,
b
u
t

w
ith

f
0

th
erein

rep
la

ced
b
y
f

),
an

d
d
irect

calcu
lation

s
th

at
for

1
≤
r≤

n
−

1

s
∑j
,l=

1

δ
j
,l,r d

j
,r d

l,r
=

sn2

s
∑j
=
1

∞∑p
=
0 [(f

2
(p
n
+
n−

r
)−

1
+
√
−

1
f
2
(p
n
+
n−

r
) )η

(p
n
+
n−

r
)(j−

1
)

+
(f

2
(p
n
+
r
)−

1 −
√
−

1
f
2
(p
n
+
r
) )η
−
(p
n
+
r
)(j−

1
) ]

×
∞∑p
=
0 [(f

2
(p
n
+
n−

r
)−

1 −
√
−

1
f
2
(p
n
+
n−

r
) )b

p
,n−

r η
−
(p
n
+
n−

r
)(j−

1
)

+
(f

2
(p
n
+
r
)−

1
+
√
−

1
f
2
(p
n
+
r
) )b

p
,r η

(p
n
+
r
)(j−

1
) ]

=
N2

s
∑j
=
1

s−
1

∑g
=
0

∞∑k
=
0 [(f

2
(k
N

+
g
n
+
n−

r
)−

1
+
√
−

1
f
2
(k
N

+
g
n
+
n−

r
) )η

(g
n
+
n−

r
)(j−

1
)

+
(f

2
(k
N

+
g
n
+
r
)−

1 −
√
−

1
f
2
(k
N

+
g
n
+
r
) )η
−
(g
n
+
r
)(j−

1
) ]

×
s−

1
∑g
=
0

∞∑k
=
0 [(f

2
(k
N

+
g
n
+
n−

r
)−

1 −
√
−

1
f
2
(k
N

+
g
n
+
n−

r
) )b

k
s
+
g
,n−

r η
−
(g
n
+
n−

r
)(j−

1
)

+
(f

2
(k
N

+
g
n
+
r
)−

1
+
√
−

1
f
2
(k
N

+
g
n
+
r
) )b

k
s
+
g
,r η

(g
n
+
r
)(j−

1
) ]

=
N2

s
∑j
=
1 [

s−
1

∑g
=
0

C
g
,r η

(g
n
+
n
)(j−

1
)

+

s−
1

∑g
=
0

D
g
,r η
−
g
n
(j−

1
) ]

×
[
s−

1
∑g
=
0

b
g
,n−

r C
g
,r η
−
(g
n
+
n
)(j−

1
)

+

s−
1

∑g
=
0

b
g
,r D

g
,r η

g
n
(j−

1
) ]

=
N
s2

(
s−

1
∑g
=
0

b
g
,n−

r |C
g
,r | 2

+

s−
1

∑g
=
0

b
s−

1−
g
,r C

g
,r D

s−
1−
g
,r

+

s−
1

∑g
=
0

b
s−

1−
g
,n−

r D
g
,r C

s−
1−
g
,r

+

s−
1

∑g
=
0

b
g
,r |D

g
,r | 2 )

,
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Z
.
S
h
a
n
g

&
G
.
C
h
e
n
g

w
h
ich

lead
s

to

n−
1

∑r
=

1 ∑
sj,l=

1
δ
j,l,r d

j,r d
l,r

(λ
+
λ
c,r )

2
=
N
s2

n−
1

∑r
=

1 ∑
s−

1
g
=

0
b
g
,r |C

s−
1−
g
,r

+
D
g
,r | 2

(λ
+
λ
c,r )

2
.

(65)

S
in

ce
J

(f
)≤

C
,

eq
u
ivalen

tly, ∑
∞ν
=

1 (f
22
ν−

1
+
f

22
ν )(2π

ν
)
2
m
≤
C

,
w

e
get

th
at

∑

1≤
r≤
n
/
2 (f

22
r−

1
+
f

22
r )≥

‖f‖
22 −

C
(2π

n
) −

2
m
.

(66)

M
ean

w
h
ile,

for
1
≤
r
≤
n
/2,

u
sin

g
sim

ila
r

a
rgu

m
en

ts
as

(40)
an

d
(41)

on
e

can
sh

ow
th

at
th

ere
ex

ists
a

con
stan

t
c ′m

rely
in

g
o
n
C

an
d
m

s.t.

|C
s−

1
,r

+
D

0
,r | 2

=

(
f

2
r−

1
+
∞∑k
=

0

f
2
(k
N

+
N
−
r
)−

1
+
∞∑k
=

1

f
2
(k
N

+
r
)−

1 )
2

+

(
f

2
r

+
∞∑k
=

1

f
2
(k
N

+
r
) −

∞∑k
=

0

f
2
(k
N

+
N
−
r
) )

2

≥
12

(f
22
r−

1
+
f

22
r−

1 )−
c ′m
N
−

2
m
,

(67)

an
d

|C
s−

1
,r

+
D

0
,r | 2(2π

r)
2
m

≤
4 [

(
∞∑k
=

0

f
2
(k
N

+
N
−
r
)−

1 )
2

+
(
∞∑k
=

0

f
2
(k
N

+
N
−
r
) )

2

+
(
∞∑k
=

0

f
2
(k
N

+
r
)−

1 )
2

+
(
∞∑k
=

0

f
2
(k
N

+
r
) )

2 ]
(2π

r)
2
m

≤
(

4
∞∑k
=

0

f
22
(k
N

+
N
−
r
)−

1 (2π
(k
N

+
N
−
r))

2
m
∞∑k
=

0 (2π
(k
N

+
N
−
r)) −

2
m

+
4
∞∑k
=

0

f
22
(k
N

+
N
−
r
) (2π

(k
N

+
N
−
r))

2
m
∞∑k
=

0 (2π
(k
N

+
N
−
r)) −

2
m

+
4
∞∑k
=

0

f
22
(k
N

+
r
)−

1 (2π
(k
N

+
r))

2
m
∞∑k
=

0 (2π
(k
N

+
r)) −

2
m

+
4
∞∑k
=

0

f
22
(k
N

+
r
) (2π

(k
N

+
r))

2
m
∞∑k
=

0 (2π
(k
N

+
r)) −

2
m )
×

(2π
r)

2
m

≤
(

8
m

2
m
−

1

∞∑k
=

0 (f
22
(k
N

+
N
−
r
)−

1
+
f

22
(k
N

+
N
−
r
) )γ

k
N

+
N
−
r (2π

(N
−
r)) −

2
m

+
8
m

2
m
−

1

∞∑k
=

0 (f
22
(k
N

+
r
)−

1
+
f

22
(k
N

+
r
) )γ

k
N

+
r (2π

r) −
2
m )
×

(2π
r)

2
m
,
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w
h
ic

h
,

to
ge

th
er

w
it

h
th

e
fa

ct
N
≥

2r
fo

r
1
≤
r
≤
n
/
2,

le
ad

s
to

th
at

∑

1
≤
r
≤
n
/
2

|C
s−

1
,r

+
D

0
,r
|2 (2

π
r)

2
m
≤
c′ m
.

(6
8)

F
u
rt

h
er

m
or

e,
it

ca
n

b
e

ve
ri

fi
ed

th
at

fo
r

1
≤
r
≤
n
/2

,

λ
2 c,
r
−
b 0
,r

(λ
+
λ
c,
r
)
(2
π
r)
−

2
m
≤

((
2π
r)
−

2
m

+
(2
π

(n
−
r)

)−
2
m

+
c̄ m

(2
π
n

)−
2
m

)2
−

(2
π
r)
−

4
m

((
2π
r)
−

2
m

+
(2
π

(n
−
r)

)−
2
m

)2
(2
π
r)
−

2
m

≤
c′ m
n
−

2
m
,

(6
9)

w
h
ic

h
le

ad
s

to
th

at

(λ
+
λ
c,
r
)2
−
b 0
,r

(λ
+
λ
c,
r
)2

(2
π
r)
−

2
m

=
λ

2
+

2
λ
λ
c,
r

(λ
+
λ
c,
r
)2

(2
π
r)
−

2
m

+
λ

2 c,
r
−
b 0
,r

(λ
+
λ
c,
r
)2

(2
π
r)
−

2
m

≤
2
λ

+
c′ m
n
−

2
m
.

(7
0)

T
h
en

,
u
si

n
g

(6
3)

–(
65

)
an

d
(6

6)
–(

70
)

on
e

ge
ts

th
at

T
1
≥

N
s 2

∑

1
≤
r
≤
n
/
2

b 0
,r
|C
s−

1
,r

+
D

0
,r
|2

(λ
+
λ
c,
r
)2

=
N
s 2

 
∑

1
≤
r
≤
n
/
2

|C
s−

1
,r

+
D

0
,r
|2
−

∑

1
≤
r
≤
n
/
2

(λ
+
λ
c,
r
)2
−
b 0
,r

(λ
+
λ
c,
r
)2

|C
s−

1
,r

+
D

0
,r
|2 

≥
N
s 2

(
1 2
‖f
‖2 2
−
c′ m
n
−

2
m
−
c′ m
N
−

2
m
−
c′ m

(2
λ

+
c′ m
n
−

2
m

))
≥
C
′ N
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g
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u
s
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a
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zz
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lo
gi
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W

e
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ow
th
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l
th

re
e

ap
p
ro

ac
h
es

le
ad

to
th

e
sa

m
e

co
n
ve

x
p
ro

g
ra

m
m

in
g

ob
je

ct
iv

e.
W

e
th

en
d
efi

n
e

H
L

-M
R

F
s

b
y

ge
n
er

al
iz

in
g

th
is

u
n
ifi

ed
in

fe
re

n
ce

o
b

je
ct

iv
e

a
s

a
w

ei
gh

te
d

su
m

of
h
in

ge
-l

os
s

fe
at

u
re

s
an

d
u
si

n
g

th
em

as
th

e
w

ei
gh

te
d

fe
at

u
re

s
o
f

g
ra

p
h
ic

a
l

m
o
d
el

s.
S
in

ce
H

L
-M

R
F

s
ge

n
er

al
iz

e
ap

p
ro

ac
h
es

th
at

re
as

on
ab

ou
t

re
la

ti
o
n
a
l

d
a
ta

w
it

h
w

ei
gh

te
d

lo
gi

ca
l

k
n
ow

le
d
ge

b
as

es
,

th
ey

re
ta

in
th

e
sa

m
e

h
ig

h
le

v
el

of
ex

p
re

ss
iv

it
y.

A
s

w
e

sh
ow

in
S
ec

ti
on

6.
4,

th
ey

ar
e

eff
ec

ti
ve

fo
r

m
o
d
el

in
g

b
ot

h
d
is

cr
et

e
an

d
co

n
ti

n
u
o
u
s

d
a
ta

.

W
e

al
so

in
tr

o
d
u
ce

p
ro

ba
bi

li
st

ic
so

ft
lo

gi
c

(P
S
L

),
a

n
ew

p
ro

b
ab

il
is

ti
c

p
ro

g
ra

m
m

in
g

la
n
-

gu
ag

e
th

at
m

ak
es

H
L

-M
R

F
s

ea
sy

to
d
efi

n
e

an
d

u
se

fo
r

la
rg

e,
re

la
ti

on
al

d
a
ta

se
ts

.1
T

h
is

id
ea

h
as

b
ee

n
ex

p
lo

re
d

fo
r

ot
h
er

cl
as

se
s

of
m

o
d
el

s,
su

ch
as

M
a
rk

ov
lo

gi
c

n
et

w
o
rk

s
(R

ic
h
a
rd

-
so

n
an

d
D

om
in

go
s,

20
06

)
fo

r
d
is

cr
et

e
M

R
F

s,
re

la
ti

on
al

d
ep

en
d
en

cy
n
et

w
or

k
s

(N
ev

il
le

a
n
d

J
en

se
n
,

20
07

)
fo

r
d
ep

en
d
en

cy
n
et

w
o
rk

s,
an

d
p
ro

b
ab

il
is

ti
c

re
la

ti
on

al
m

o
d
el

s
(G

et
o
o
r

et
a
l.
,

20
02

)
fo

r
B

ay
es

ia
n

n
et

w
or

k
s.

W
e

b
u
il
d

on
th

es
e

p
re

v
io

u
s

ap
p
ro

ac
h
es

,
as

w
el

l
a
s

th
e

co
n
-

n
ec

ti
on

b
et

w
ee

n
h
in

ge
-l

os
s

p
ot

en
ti

al
s

an
d

lo
gi

ca
l

cl
au

se
s,

to
d
efi

n
e

P
S
L

.
In

a
d
d
it

io
n

to

1
.

A
n

o
p

en
so

u
rc

e
im

p
le

m
en

ta
ti

o
n

,
tu

to
ri

a
ls

,
a
n

d
d

a
ta

se
ts

a
re

av
a
il

a
b

le
a
t
h
t
t
p
:
/
/
p
s
l
.
l
i
n
q
s
.
o
r
g
.
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

p
ro

b
a
b
ilistic

ru
les,

P
S
L

p
rov

id
es

sy
n
tax

th
at

en
ab

les
u
sers

to
easily

ap
p
ly

m
an

y
co

m
m

on
m

o
d
elin

g
tech

n
iq

u
es,

su
ch

as
d
om

ain
an

d
ran

g
e

con
strain

ts,
b
lo

ck
in

g
an

d
can

op
y

fu
n
ction

s,
a
n
d

a
g
g
reg

a
te

variab
les

d
efi

n
ed

over
o
th

er
ran

d
om

variab
les.

O
u
r

n
ex

t
co

n
trib

u
tion

is
to

in
tro

d
u
ce

a
n
u
m

b
er

of
in

feren
ce

an
d

learn
in

g
alg

orith
m

s.
F

irst,
w

e
ex

am
in

e
M

A
P

in
feren

ce,
i.e.,

th
e

p
rob

lem
of

fi
n
d
in

g
a

m
ost

p
ro

b
ab

le
assign

m
en

t
to

th
e

u
n
o
b
served

ran
d
om

variab
les.

M
A

P
in

feren
ce

in
H

L
-M

R
F

s
is

alw
ay

s
a

con
v
ex

op
-

tim
iza

tio
n
.

A
lth

ou
gh

an
y

off
-th

e-sh
elf

op
tim

ization
to

olk
it

cou
ld

b
e

u
sed

,
su

ch
m

eth
o
d
s

ty
p
ica

lly
d
o

n
o
t

leverage
th

e
sp

arse
d
ep

en
d
en

cy
stru

ctu
res

com
m

on
in

grap
h
ical

m
o
d
els.

W
e

in
tro

d
u
ce

a
con

sen
su

s-op
tim

ization
ap

p
roach

to
M

A
P

in
feren

ce
for

H
L

-M
R

F
s,

sh
ow

in
g

h
ow

th
e

p
ro

b
lem

can
b

e
d
ecom

p
osed

u
sin

g
th

e
altern

atin
g

d
irection

m
eth

o
d

of
m

u
ltip

liers
(A

D
M

M
)

an
d

h
ow

th
e

resu
ltin

g
su

b
p
rob

lem
s

can
b

e
solved

an
aly

tically
fo

r
h
in

ge-loss
p

oten
-

tia
ls.

O
u
r

a
p
p
roach

en
ab

les
H

L
-M

R
F

s
to

easily
scale

b
eyo

n
d

th
e

cap
ab

ilities
of

off
-th

e-sh
elf

o
p
tim

iza
tio

n
so

ftw
are

or
sam

p
lin

g-b
ased

in
feren

ce
in

d
iscrete

M
R

F
s.

W
e

th
en

sh
ow

h
ow

to
lea

rn
H

L
-M

R
F

s
from

train
in

g
d
ata

u
sin

g
a

variety
of

m
eth

o
d
s:

stru
ctu

red
p

ercep
tron

,
m

ax
im

u
m

p
seu

d
olikelih

o
o
d
,

an
d

large
m

a
rgin

estim
ation

.
S
in

ce
stru

ctu
red

p
ercep

tron
an

d
la

rg
e

m
a
rg

in
estim

ation
rely

on
in

feren
ce

as
su

b
rou

tin
es,

an
d

m
ax

im
u
m

p
seu

d
olikelih

o
o
d

estim
a
tio

n
is

effi
cien

t
b
y

d
esign

,
all

of
th

ese
m

eth
o
d
s

are
h
igh

ly
scalab

le
for

H
L

-M
R

F
s.

W
e

eva
lu

a
te

th
em

on
core

relation
al

learn
in

g
an

d
stru

ctu
red

p
red

iction
task

s,
su

ch
as

collec-
tive

cla
ssifi

cation
an

d
lin

k
p
red

iction
.

W
e

sh
ow

th
at

H
L

-M
R

F
s

off
er

p
red

ictive
accu

racy
co

m
p
a
ra

b
le

to
an

alogou
s

d
iscrete

m
o
d
els

w
h
ile

scalin
g

m
u
ch

b
etter

to
larg

e
d
ata

sets.

T
h
is

p
a
p

er
b
rin

gs
togeth

er
an

d
ex

p
an

d
s

w
o
rk

o
n

scalab
le

m
o
d
els

for
stru

ctu
red

d
ata

th
at

ca
n

b
e

eith
er

d
iscrete,

con
tin

u
ou

s,
or

a
m

ix
tu

re
of

b
oth

(B
ro

ech
eler

et
al.,

2
010a;

B
a
ch

et
al.,

2
0
1
2
,
2
0
1
3
,
2
01

5b
).

T
h
e

eff
ectiven

ess
of

H
L

-M
R

F
s

an
d

P
S
L

h
as

b
een

d
em

on
strated

on
m

an
y

p
ro

b
lem

s,
in

clu
d
in

g
in

form
ation

ex
traction

(L
iu

et
al.,

2
016)

an
d

au
to

m
a
tic

k
n
ow

led
ge

b
ase

co
n
stru

ctio
n

(P
u
jara

et
al.,

2013),
ex

tractin
g

an
d

evalu
atin

g
n
atu

ral-lan
gu

age
a
rgu

m
en

ts
o
n

th
e

W
eb

(S
am

ad
i

et
al.,

2016),
h
igh

-lev
el

com
p
u
ter

v
ision

(L
o
n
d
on

et
al.,

2013),
d
ru

g
d
iscovery

(F
a
k
h
raei

et
al.,

2014)
an

d
p
red

ictin
g

d
ru

g-d
ru

g
in

teraction
s

(S
rid

h
ar

et
a
l.,

20
16),

n
a
tu

ra
l

la
n
g
u
age

sem
an

tics
(B

eltagy
et

al.,
2014;

S
rid

h
ar

et
al.,

2015;
D

en
g

an
d

W
ieb

e,
2
0
1
5
;

E
b
ra

h
im

i
et

al.,
2016),

au
tom

ob
ile-traffi

c
m

o
d
elin

g
(C

h
en

et
al.,

201
4),

recom
m

en
d
er

sy
stem

s
(K

o
u
k
i

et
al.,

2015),
in

form
ation

retrieval
(A

lsh
u
kaili

et
al.,

2016),
an

d
p
red

ictin
g

a
ttrib

u
tes

(L
i
et

al.,
2014)

an
d

tru
st

(H
u
an

g
et

al.,
2013;

W
est

et
al.,

201
4)

in
so

cial
n
etw

ork
s.

T
h
e

a
b
ility

to
easily

in
corp

orate
laten

t
va

riab
les

in
to

H
L

-M
R

F
s

an
d

P
S
L

(B
a
ch

et
al.,

2015a)
h
a
s

en
a
b
led

fu
rth

er
ap

p
lication

s,
in

clu
d
in

g
m

o
d
elin

g
laten

t
top

ics
in

tex
t

(F
ou

ld
s

et
al.,

2
0
1
5
),

a
n
d

p
red

ictin
g

stu
d
en

t
ou

tcom
es

in
m

assiv
e

op
en

on
lin

e
cou

rses
(M

O
O

C
s)

(R
am

esh
et

a
l.,

2
0
1
4
,

2
0
15).

R
esearch

ers
h
ave

also
stu

d
ied

h
ow

to
m

ake
H

L
-M

R
F

s
an

d
P

S
L

even
m

ore
sca

la
b
le

b
y

d
evelop

in
g

d
istrib

u
ted

im
p
lem

en
tation

s
(M

iao
et

al.,
20

13;
M

agliacan
e

et
a
l.,

2
0
1
5
).

T
h
at

th
ey

are
alread

y
b

ein
g

w
id

ely
ap

p
lied

in
d
icates

H
L

-M
R

F
s

an
d

P
S
L

a
d
d
ress

a
n

o
p

en
n
eed

in
th

e
m

ach
in

e
learn

in
g

com
m

u
n
ity.

T
h
e

p
a
p

er
is

organ
ized

as
follow

s.
In

S
ection

2,
w

e
fi
rst

con
sid

er
m

o
d
els

fo
r

stru
ctu

red
p
red

iction
th

a
t

are
d
efi

n
ed

u
sin

g
logical

clau
ses.

W
e

u
n
ify

th
ree

d
iff

eren
t

a
p
p
roach

es
to

sca
la

b
le

in
feren

ce
in

su
ch

m
o
d
els,

sh
ow

in
g

th
at

th
ey

all
op

tim
ize

th
e

sam
e

con
v
ex

ob
jec-

tive.
W

e
th

en
gen

eralize
th

is
ob

jective
in

S
ection

3
to

d
efi

n
e

H
L

-M
R

F
s.

In
S
ection

4
,

w
e

in
tro

d
u
ce

P
S
L

,
sp

ecify
in

g
th

e
lan

gu
age

an
d

giv
in

g
m

an
y

ex
am

p
les

of
com

m
on

u
sag

e.
N

ex
t

w
e

in
tro

d
u
ce

a
scalab

le
m

essage-p
assin

g
algorith

m
for

M
A

P
in

feren
ce

in
S
ection

5
an

d
a
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

n
u
m

b
er

of
learn

in
g

algorith
m

s
in

S
ection

6,
evalu

atin
g

th
em

on
a

ran
ge

of
task

s.
F

in
ally,

in
S
ection

7,
w

e
d
iscu

ss
related

w
ork

.

2
.
U
n
ify

in
g
C
o
n
v
e
x
In

fe
re
n
ce

fo
r
L
o
g
ic-B

a
se
d
G
ra

p
h
ica

l
M

o
d
e
ls

In
m

an
y

stru
ctu

red
d
om

ain
s,

p
rop

osition
al

an
d

fi
rst-ord

er
logics

a
re

u
sefu

l
to

ols
for

d
escrib

-
in

g
th

e
in

tricate
d
ep

en
d
en

cies
th

at
con

n
ect

th
e

u
n
k
n
ow

n
variab

les.
H

ow
ever,

th
ese

d
om

ain
s

are
u
su

ally
n
oisy

;
d
ep

en
d
en

cies
am

on
g

th
e

variab
les

d
o

n
ot

alw
ay

s
h
old

.
T

o
ad

d
ress

th
is,

logical
sem

an
tics

can
b

e
in

corp
orated

in
to

p
rob

ab
ility

d
istrib

u
tion

s
to

create
m

o
d
els

th
at

cap
tu

re
b

oth
th

e
stru

ctu
re

an
d

th
e

u
n
certain

ty
in

m
ach

in
e

learn
in

g
task

s.
O

n
e

com
m

on
w

ay
to

d
o

th
is

is
to

u
se

logic
to

d
efi

n
e

featu
re

fu
n
ction

s
in

a
p
rob

ab
ilistic

m
o
d
el.

W
e

fo
cu

s
on

M
arkov

ran
d
om

fi
eld

s
(M

R
F

s),
a

p
op

u
lar

class
of

p
rob

a
b
ilistic

grap
h
ical

m
o
d
els.

In
for-

m
ally,

an
M

R
F

is
a

d
istrib

u
tion

th
at

assign
s

p
ro

b
ab

ility
m

ass
u
sin

g
a

scorin
g

fu
n
ction

th
at

is
a

w
eigh

ted
com

b
in

ation
of

featu
re

fu
n
ction

s
called

p
oten

tials.
W

e
w

ill
u
se

logical
clau

ses
to

d
efi

n
e

th
ese

p
oten

tials.
W

e
fi
rst

d
efi

n
e

M
R

F
s

m
ore

form
ally

to
in

tro
d
u
ce

n
ecessary

n
otation

:

D
e
fi

n
itio

n
1

L
et
x

=
(x

1 ,...,x
n
)

be
a

vecto
r

o
f

ra
n

d
o
m

va
ria

bles
a
n

d
let
φ

=
(φ

1 ,...,φ
m

)
be

a
vecto

r
o
f

po
ten

tia
ls

w
h
ere

ea
ch

po
ten

tia
l
φ
j (x

)
a
ssign

s
co

n
fi

gu
ra

tio
n

s
o
f

th
e

va
ria

bles
a

rea
l-va

lu
ed

sco
re.

A
lso

,
let
w

=
(w

1 ,...,w
m

)
be

a
vecto

r
o
f

rea
l-va

lu
ed

w
eigh

ts.
T

h
en

,
a

M
a
rk

o
v

ra
n

d
o
m

fi
e
ld

is
a

p
ro

ba
bility

d
istribu

tio
n

o
f

th
e

fo
rm

P
(x

)∝
ex

p (
w
>
φ

(x
) )

.
(1)

In
an

M
R

F
,

th
e

p
oten

tials
sh

ou
ld

cap
tu

re
h
ow

th
e

d
om

ain
b

eh
aves,

assig
n
in

g
h
igh

er
sco

res
to

m
ore

p
rob

ab
le

con
fi
gu

ration
s

of
th

e
variab

les.
If

a
m

o
d
eler

d
o
es

n
ot

k
n
ow

h
ow

th
e

d
om

ain
b

eh
aves,

th
e

p
oten

tials
sh

ou
ld

cap
tu

re
h
ow

it
m

igh
t

b
eh

ave,
so

th
at

a
learn

in
g

algorith
m

can
fi
n
d

w
eigh

ts
th

at
lead

to
a
ccu

rate
p
red

iction
s.

L
ogic

p
rov

id
es

an
ex

cellen
t

form
alism

for
d
efi

n
in

g
su

ch
p

oten
tials

in
stru

ctu
red

an
d

relation
al

d
om

ain
s.

W
e

n
ow

in
tro

d
u
ce

som
e

n
otation

to
m
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Ŵ
=
∑ C
j
∈C

w
j

  
1
−
∏ i∈
I
+ j

(1
−
p
i)
∏ i∈
I
− j

p
i  

.
(6

)

O
p
ti

m
iz

in
g
Ŵ
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b
e

th
e

op
ti

m
u
m

of
th

e
li
n
ea

r
p
ro

g
ra

m

ar
g

m
ax

ŷ
∈[

0
,1

]n

∑ C
j
∈C

w
j

m
in

    
∑ i∈
I
+ j

ŷ i
+
∑ i∈
I
− j

(1
−
ŷ i

),
1

    
.

(7
)

O
b
se

rv
e

th
at

ob
je

ct
iv

es
(4

)
an

d
(7

)
ar

e
of

th
e

sa
m

e
fo

rm
,

ex
ce

p
t

th
at

th
e

va
ri

a
b
le

s
a
re

re
la

x
ed

to
th

e
u
n
it

h
y
p

er
cu

b
e

in
ob

je
ct

iv
e

(7
).

G
o
em

an
s

an
d

W
il
li
am

so
n

(1
9
9
4
)

p
ro

ve
d

th
at

if
p
i

is
se

t
to
ŷ
? i

fo
r

al
l
i,

th
en

Ŵ
≥
.6

3
2
Z
?
,

w
h
er

e
Z
?

is
th

e
op

ti
m

al
to

ta
l

w
ei

g
h
t

fo
r

th
e

M
A

X
S
A

T
p
ro

b
le

m
.

If
ea

ch
p
i

is
se

t
u
si

n
g

an
y

fu
n
ct

io
n

in
a

sp
ec

ia
l

cl
a
ss

,
th

en
th

is
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

low
er

b
o
u
n
d

im
p
roves

to
a

.75
ap

p
rox

im
a
tion

.
O

n
e

sim
p
le

ex
am

p
le

of
su

ch
a

fu
n
ction

is

p
i

=
12
ŷ
?i

+
14
.

(8)

In
th

is
w

ay,
o
b

jective
(7)

lead
s

to
an

ex
p

ected
.75

ap
p
rox

im
ation

of
th

e
M

A
X

S
A

T
solu

tion
.

T
h
e

fo
llow

in
g

m
eth

o
d

of
con

d
ition

al
p
rob

ab
ilities

(A
lon

an
d

S
p

en
cer,

2008)
can

fi
n
d

a
sin

g
le

B
o
o
lea

n
assign

m
en

t
th

at
ach

ieves
at

least
th

e
ex

p
ected

score
from

a
set

of
rou

n
d
in

g
p
ro

b
a
b
ilities,

a
n
d

th
erefore

at
least

.75
of

th
e

M
A

X
S
A

T
solu

tion
w

h
en

ob
jective

(7)
an

d
fu

n
ctio

n
(8

)
a
re

u
sed

to
ob

tain
th

em
.

E
ach

variab
le
x
i

is
greed

ily
set

to
th

e
valu

e
th

at
m

ax
im

izes
th

e
ex

p
ected

w
eigh

t
ov

er
th

e
u
n
assig

n
ed

variab
les,

con
d
ition

ed
on

eith
er

p
ossib

le
valu

e
o
f
x
i

a
n
d

th
e

p
rev

iou
sly

assign
ed

variab
les.

T
h
is

greed
y

m
ax

im
izatio

n
can

b
e

ap
p
lied

q
u
ick

ly
b

eca
u
se,

in
m

an
y

m
o
d
els,

variab
les

on
ly

p
articip

a
te

in
a

sm
all

fraction
of

th
e

clau
ses,

m
ak

in
g

th
e

ch
a
n
ge

in
ex

p
ectation

q
u
ick

to
com

p
u
te

for
each

variab
le.

S
p

ecifi
cally,

referrin
g

to
th

e
d
efi

n
ition

of
Ŵ

(6),
th

e
assig

n
m

en
t

to
x
i

on
ly

n
eed

s
to

m
ax

im
ize

ov
er

th
e

clau
ses

C
j

in
w

h
ich

x
i

p
a
rticip

ates,
i.e.,

i∈
I

+j
∪
I −j

,
w

h
ich

is
u
su

ally
a

sm
all

set.
T

h
is

a
p
p
rox

im
ation

is
p

ow
erfu

l
b

ecau
se

it
is

a
tractab

le
lin

ear
p
ro

gram
th

at
com

es
w

ith
stro

n
g

g
u
a
ran

tees
on

solu
tion

q
u
ality.

H
ow

ever,
even

th
ou

gh
it

is
tractab

le,
gen

eral-
p
u
rp

o
se

con
v
ex

op
tim

ization
to

olk
its

d
o

n
ot

scale
w

ell
to

large
M

A
P

p
rob

lem
s.

In
th

e
fo

llow
in

g
su

b
section

,
w

e
u
n
ify

th
is

ap
p
rox

im
ation

w
ith

a
com

p
lem

en
tary

on
e

d
evelo

p
ed

in
th

e
p
ro

b
a
b
ilistic

grap
h
ical

m
o
d
els

com
m

u
n
ity.

2
.2

L
o
c
a
l

C
o
n

siste
n

c
y

R
e
la

x
a
tio

n

A
n
o
th

er
a
p
p
ro

ach
to

ap
p
rox

im
atin

g
ob

jective
(4)

is
to

ap
p
ly

a
relax

ation
d
evelop

ed
for

M
a
rkov

ra
n
d
o
m

fi
eld

s
called

lo
cal

con
sisten

cy
relax

ation
(W

ain
w

righ
t

an
d

J
ord

an
,

2008).
T

h
is

a
p
p
ro

a
ch

starts
b
y

v
iew

in
g

M
A

P
in

feren
ce

as
an

eq
u
ivalen

t
op

tim
ization

over
m

argin
al

p
ro

b
a
b
ilities. 2

F
or

each
φ
j ∈

φ
,

let
θ
j

b
e

a
m

argin
al

d
istrib

u
tion

over
join

t
assign

m
en

ts
x
j .

F
o
r

ex
a
m

p
le,

θ
j (x

j )
is

th
e

p
rob

ab
ility

th
at

th
e

su
b
set

o
f

varia
b
les

asso
ciated

w
ith

p
oten

tial
φ
j

is
in

a
p
a
rticu

lar
join

t
state

x
j .

A
lso,

let
x
j (i)

d
en

ote
th

e
settin

g
of

th
e

variab
le

w
ith

in
d
ex

i
in

th
e

state
x
j .

W
ith

th
is

variation
al

form
u
lation

,
in

feren
ce

can
b

e
relax

ed
to

an
op

tim
ization

ov
er

th
e

fi
rst-o

rd
er

loca
l

po
lyto

pe
L

.
L

et
µ

=
(µ

1 ,...,µ
n
)

b
e

a
vector

o
f

p
rob

ab
ility

d
istrib

u
tion

s,
w

h
ere

µ
i (k

)
is

th
e

m
argin

al
p
rob

ab
ility

th
a
t
x
i

is
in

state
k
.

T
h
e

fi
rst-ord

er
lo

cal
p

oly
top

e
is

L
,


(θ
,µ

)≥
0

∣∣∣∣∣∣∣∣

∑
x
j |x

j (i)=
k
θ
j (x

j )
=
µ
i (k

)
∀
i,j,k

∑
x
j
θ
j (x

j )
=

1
∀
j

∑
K
i −

1
k
=

0
µ
i (k

)
=

1
∀
i


,

(9)

w
h
ich

co
n
strain

s
each

m
argin

al
d
istrib

u
tion

θ
j

over
join

t
states

x
j

to
b

e
con

sisten
t

on
ly

w
ith

th
e

m
a
rg

in
al

d
istrib

u
tion

s
µ

over
in

d
iv

id
u
al

variab
les

th
at

p
articip

ate
in

th
e

p
oten

tial
φ
j .

M
A

P
in

feren
ce

can
th

en
b

e
ap

p
rox

im
ated

w
ith

th
e

fi
rst-o

rd
er

loca
l

co
n

sisten
cy

rela
x-

a
tio

n
:

arg
m

ax
(θ
,µ

)∈
L

m
∑j=

1

w
j ∑x

j

θ
j (x

j )
φ
j (x

j ),
(10)

2
.

T
h

is
trea

tm
en

t
is

fo
r

d
iscrete

M
R

F
s.

W
e

h
av

e
o
m

itted
a

d
iscu

ssio
n

o
f

co
n
tin

u
o
u

s
M

R
F

s
fo

r
co

n
cisen

ess.
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

w
h
ich

is
an

u
p
p

er
b

ou
n
d

on
th

e
tru

e
M

A
P

ob
jective.

M
u
ch

w
ork

h
as

fo
cu

sed
on

solv
in

g
th

e
fi
rst-ord

er
lo

cal
con

sisten
cy

relax
ation

for
large-scale

M
R

F
s,

w
h
ich

w
e

d
iscu

ss
fu

rth
er

in
S
ection

7.
T

h
ese

algorith
m

s
are

ap
p

ealin
g

b
ecau

se
th

ey
are

w
ell-su

ited
to

th
e

sp
arse

d
ep

en
d
en

cy
stru

ctu
res

com
m

on
in

M
R

F
s,

so
th

ey
can

scale
to

large
p
ro

b
lem

s.
H

ow
ev

er,
in

gen
eral,

th
e

solu
tion

s
can

b
e

fraction
al,

an
d

th
ere

are
n
o

gu
aran

tees
on

th
e

ap
p
rox

im
ation

q
u
ality

of
a

tractab
le

d
iscretization

of
th

ese
fraction

al
solu

tion
s.

W
e

sh
ow

th
at

for
M

R
F

s
w

ith
p

oten
tials

d
efi

n
ed

b
y
C

an
d

n
on

n
egative

w
eigh

ts,
lo

cal
con

sisten
cy

relax
ation

is
eq

u
ivalen

t
to

M
A

X
S
A

T
rela

x
atio

n
.

T
h

e
o
re

m
2

F
o
r

a
n

M
R

F
w

ith
po

ten
tia

ls
co

rrespo
n

d
in

g
to

d
isju

n
ctive

logica
l

cla
u

ses
a
n

d
a
ssocia

ted
n

o
n

n
ega

tive
w

eigh
ts,

th
e

fi
rst-o

rd
er

loca
l

co
n

sisten
cy

rela
xa

tio
n

o
f

M
A

P
in

feren
ce

is
equ

iva
len

t
to

th
e

M
A

X
S

A
T

rela
xa

tio
n

o
f

G
oem

a
n

s
a
n

d
W

illia
m

so
n

(1
9
9
4
).

S
pecifi

ca
lly,

a
n

y
pa

rtia
l

o
p
tim

u
m
µ
?

o
f

o
bjective

(1
0
)

is
a
n

o
p
tim

u
m
ŷ
?

o
f

o
bjective

(7
),

a
n

d
vice

versa
.

W
e

p
rov

e
T

h
eorem

2
in

A
p
p

en
d
ix

A
.

O
u
r

p
ro

o
f

an
aly

zes
th

e
lo

cal
con

sisten
cy

relax
atio

n
to

d
erive

an
eq

u
ivalen

t,
m

ore
com

p
act

op
tim

ization
over

on
ly

th
e

variab
le

p
seu

d
om

argin
als
µ

th
at

is
id

en
tical

to
th

e
M

A
X

S
A

T
relax

ation
.

T
h
eorem

2
is

sign
ifi

can
t

b
ecau

se
it

sh
ow

s
th

at
th

e
rou

n
d
in

g
gu

aran
tees

of
M

A
X

S
A

T
relax

ation
also

ap
p
ly

to
lo

cal
con

sisten
cy

relax
ation

,
an

d
th

e
scalab

le
m

essage-p
assin

g
algo

rith
m

s
d
evelo

p
ed

for
lo

cal
con

sisten
cy

relax
ation

also
ap

p
ly

to
M

A
X

S
A

T
relax

ation
.

2
.3

 L
u

k
a
sie

w
ic

z
L

o
g
ic

T
h
e

p
rev

iou
s

tw
o

su
b
section

s
sh

ow
ed

th
at

th
e

sam
e

con
vex

p
rogra

m
can

ap
p
rox

im
ate

M
A

P
in

feren
ce

in
d
iscrete,

logic-b
ased

m
o
d
els,

w
h
eth

er
v
iew

ed
from

th
e

p
ersp

ective
of

ran
d
om

ized
algorith

m
s

or
variation

al
m

eth
o
d
s.

In
th

is
su

b
section

,
w

e
sh

ow
th

at
th

is
con

vex
p
rogram

can
also

b
e

u
sed

to
reason

ab
ou

t
n
atu

rally
con

tin
u
ou

s
in

form
ation

,
su

ch
as

sim
ilarity,

vagu
e

or
fu

zzy
con

cep
ts,

an
d

real-valu
ed

d
ata.

In
stead

of
in

terp
retin

g
th

e
clau

ses
C

u
sin

g
B

o
olean

logic,
w

e
can

in
terp

ret
th

em
u
sin

g
 L

u
kasiew

icz
logic

(K
lir

an
d

Y
u
an

,
1995),

w
h
ich

ex
ten

d
s

B
o
olean

logic
to

in
fi
n
ite-valu

ed
logic

in
w

h
ich

th
e

p
rop

osition
s
x

can
take

tru
th

valu
es

in
th

e
con

tin
u
ou

s
in

terval
[0,1].

E
x
ten

d
in

g
tru

th
valu

es
to

a
con

tin
u
ou

s
d
om

ain
en

ab
les

th
em

to
rep

resen
t

con
cep

ts
th

at
are

vagu
e,

in
th

e
sen

se
th

at
th

ey
are

often
n
eith

er
co

m
p
letely

tru
e

n
or

com
p
letely

false.
F

or
ex

am
p
le,

th
e

p
rop

osition
s

th
at

a
sen

sor
va

lu
e

is
h
igh

,
tw

o
en

tities
are

sim
ilar,

or
a

p
rotein

is
h
igh

ly
ex

p
ressed

can
all

b
e

cap
tu

red
in

a
m

ore
n
u
an

ced
m

an
n
er

in
 L

u
kasiew

icz
log

ic.
W

e
can

also
u
se

th
e

n
ow

con
tin

u
ou

s
valu

ed
x

to
rep

resen
t

q
u
an

tities
th

at
are

n
atu

rally
con

tin
u
ou

s
(scaled

to
[0,1]),

su
ch

a
s

actu
al

sen
sor

valu
es,

sim
ilarity

scores,
an

d
p
rotein

ex
p
ression

lev
els.

T
h
e

ab
ility

to
reason

ab
ou

t
con

tin
u
ou

s
valu

es
is

valu
ab

le,
as

m
an

y
im

p
ortan

t
ap

p
lication

s
are

n
ot

en
tirely

d
iscrete.

T
h
e

ex
ten

sion
to

con
tin

u
ou

s
valu

es
req

u
ires

a
co

rresp
on

d
in

g
ex

ten
d
ed

in
terp

retation
of

th
e

logical
op

erators∧
(con

ju
n
ction

),∨
(d

isju
n
ction

),
an

d
¬

(n
egation

).
T

h
e

 L
u
kasiew

icz
t-n

orm
an

d
t-co-n

orm
are∧

an
d
∨

op
erators

th
a
t

corresp
on

d
to

th
e

B
o
olean

logic
op

erators
for

in
teger

in
p
u
ts

(alon
g

w
ith

th
e

n
egation

op
erator¬

):

x
1 ∧

x
2

=
m

ax{
x

1
+
x

2 −
1,0}

(11)

x
1 ∨

x
2

=
m

in{
x

1
+
x

2 ,1}
(12)

¬
x

=
1−

x
.

(13)

8
JM

L
R

 18(109):1-67, 2017



H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
is
t
ic

S
o
f
t
L
o
g
ic

T
h
e

an
al

og
ou

s
M

A
X

S
A

T
p
ro

b
le

m
fo

r
 L

u
ka

si
ew

ic
z

lo
gi

c
is

th
er

ef
or

e

ar
g

m
ax

x
∈[

0
,1

]n

∑ C
j
∈C

w
j

m
in

    
∑ i∈
I
+ j

x
i
+
∑ i∈
I
− j

(1
−
x
i)
,1

    
,

(1
4)

w
h
ic

h
is

id
en

ti
ca

l
in

fo
rm

to
th

e
re

la
x
ed

M
A

X
S
A

T
ob

je
ct

iv
e

(7
).

T
h
er

ef
or

e,
if

an
M

R
F

is
d
efi

n
ed

ov
er

co
n
ti

n
u
ou

s
va

ri
ab

le
s

w
it

h
d
om

ai
n

[0
,1

]n
an

d
th

e
lo

gi
ca

l
k
n
ow

le
d
ge

b
as

e
C

d
efi

n
in

g
th

e
p

ot
en

ti
al

s
is

in
te

rp
re

te
d

u
si

n
g

 L
u
ka

si
ew

ic
z

lo
gi

c,
th

en
ex

a
ct

M
A

P
in

fe
re

n
ce

is
id

en
ti

ca
l

to
fi
n
d
in

g
th

e
op

ti
m

u
m

u
si

n
g

th
e

u
n
ifi

ed
,

re
la

x
ed

in
fe

re
n
ce

ob
je

ct
iv

e
d
er

iv
ed

fo
r

B
o
ol

ea
n

lo
gi

c
in

th
e

p
re

v
io

u
s

tw
o

su
b
se

ct
io

n
s.

T
h
is

re
su

lt
sh

ow
s

th
e

eq
u
iv

al
en

ce
of

al
l

th
re

e
ap

p
ro

ac
h
es

:
M

A
X

S
A

T
re

la
x
at

io
n
,

lo
ca

l
co

n
si

st
en

cy
re

la
x
at

io
n
,

an
d

M
A

X
S
A

T
u
si

n
g

 L
u
ka

si
ew

ic
z

lo
gi

c.
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.
H
in
g
e
-L

o
ss

M
a
rk

o
v
R
a
n
d
o
m

F
ie
ld
s

W
e

h
av

e
sh

ow
n

th
at

a
sp

ec
ifi

c
fa

m
il
y

of
co

n
v
ex

p
ro

gr
am

s
ca

n
b

e
u
se

d
to

re
as

on
sc

al
ab

ly
an

d
ac

cu
ra

te
ly

ab
ou

t
b

ot
h

d
is

cr
et

e
an

d
co

n
ti

n
u
ou

s
in

fo
rm

at
io

n
.

In
th

is
se

ct
io

n
,

w
e

ge
n
er

al
iz

e
th

is
fa

m
il
y

to
d
efi

n
e

h
in

ge
-l

o
ss

M
a
rk

o
v

ra
n

d
o
m

fi
el

d
s

(H
L

-M
R

F
s)

,
a

n
ew

k
in

d
of

p
ro

b
ab

il
is

-
ti

c
gr

ap
h
ic

al
m

o
d
el

.
H

L
-M

R
F

s
re

ta
in

th
e

co
n
ve

x
it

y
an

d
ex

p
re

ss
iv

it
y

of
co

n
ve

x
p
ro

gr
am

s
d
is

cu
ss

ed
in

S
ec

ti
on

2,
an

d
ad

d
it

io
n
al

ly
su

p
p

or
t

an
ev

en
ri

ch
er

sp
ac

e
of

d
ep

en
d
en

ci
es

.

T
o

b
eg

in
,

w
e

d
efi

n
e

H
L

-M
R

F
s

as
d
en

si
ty

fu
n
ct

io
n
s

ov
er

co
n
ti

n
u
ou

s
va

ri
ab

le
s
y

=
(y

1
,.
..
,y
n
)

w
it

h
jo

in
t

d
om

ai
n

[0
,1

]n
.

T
h
es

e
va

ri
ab

le
s

h
av

e
d
iff

er
en

t
p

o
ss

ib
le

in
te

rp
re

ta
-

ti
on

s
d
ep

en
d
in

g
on

th
e

ap
p
li
ca

ti
on

.
S
in

ce
w

e
ar

e
ge

n
er

a
li
zi

n
g

th
e

in
te

rp
re

ta
ti

on
s

ex
p
lo

re
d

in
S
ec

ti
on

2,
H

L
-M

R
F

M
A

P
st

at
es

ca
n

b
e

v
ie

w
ed

as
ro

u
n
d
in

g
p
ro

b
ab

il
it

ie
s

or
p
se

u
d
o-

m
ar

gi
n
al

s,
or

th
ey

ca
n

re
p
re

se
n
t

n
at

u
ra

ll
y

co
n
ti

n
u
ou

s
in

fo
rm

at
io

n
.

M
or

e
ge

n
er

al
ly

,
th

ey
ca

n
b

e
v
ie

w
ed

si
m

p
ly

as
d
eg

re
es

of
b

el
ie

f,
co

n
fi
d
en

ce
s,

or
ra

n
k
in

gs
of

p
os

si
b
le

st
at

es
;

an
d

th
ey

ca
n

d
es

cr
ib

e
d
is

cr
et

e,
co

n
ti

n
u
ou

s,
or

m
ix

ed
d
om

ai
n
s.

T
h
e

ap
p
li
ca

ti
on

d
om

ai
n

ty
p
i-

ca
ll
y

d
et

er
m

in
es

w
h
ic

h
in

te
rp

re
ta

ti
on

is
m

os
t

ap
p
ro

p
ri

at
e.

T
h
e

fo
rm

al
is

m
s

an
d

al
go

ri
th

m
s

d
es

cr
ib

ed
in

th
e

re
st

of
th

is
p
ap

er
ar

e
ge

n
er

al
w

it
h

re
sp

ec
t

to
su

ch
in

te
rp

re
ta

ti
on

s.

3
.1

G
e
n

e
ra

li
z
e
d

In
fe

re
n

c
e

O
b

je
c
ti

v
e

T
o

d
efi

n
e

H
L

-M
R

F
s,

w
e

w
il
l

fi
rs

t
ge

n
er

al
iz

e
th

e
u
n
ifi

ed
in

fe
re

n
ce

ob
je

ct
iv

e
of

S
ec

ti
on

2
in

se
ve

ra
l

w
ay

s,
w

h
ic

h
w

e
fi
rs

t
re

st
at

e
in

te
rm

s
of

th
e

H
L

-M
R

F
va

ri
ab

le
s
y

:

ar
g

m
ax

y
∈[

0
,1

]n

∑ C
j
∈C

w
j

m
in

    
∑ i∈
I
+ j

y i
+
∑ i∈
I
− j

(1
−
y i

),
1    

.
(1

5)

F
or

n
ow

,
w

e
ar

e
st

il
l

as
su

m
in

g
th

at
th

e
ob

je
ct

iv
e

te
rm

s
ar

e
d
efi

n
ed

u
si

n
g

a
w

ei
gh

te
d

k
n
ow

l-
ed

ge
b
as

e
C

,
b
u
t

w
e

w
il
l

q
u
ic

k
ly

d
ro

p
th

is
re

q
u
ir

em
en

t.
T

o
d
o

so
,

w
e

ex
am

in
e

on
e

te
rm

in
is

ol
at

io
n
.

O
b
se

rv
e

th
at

th
e

m
ax

im
u
m

va
lu

e
o
f

a
n
y

u
n
w

ei
gh

te
d

te
rm

is
1,

w
h
ic

h
is

ac
h
ie

v
ed

w
h
en

a
li
n
ea

r
fu

n
ct

io
n

of
th

e
va

ri
ab

le
s

is
at

le
as

t
1.

W
e

sa
y

th
at

th
e

te
rm

is
sa

ti
sfi

ed
w

h
en

-
ev

er
th

is
o
cc

u
rs

.
W

h
en

a
te

rm
is

u
n
sa

ti
sfi

ed
,

w
e

ca
n

re
fe

r
to

it
s

d
is

ta
n

ce
to

sa
ti

sf
a
ct

io
n

,
w

h
ic

h
is

h
ow

fa
r

it
is

fr
om

ac
h
ie

v
in

g
it

s
m

ax
im

u
m

va
lu

e.
A

ls
o

ob
se

rv
e

th
at

w
e

ca
n

re
w

ri
te

9
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L
R
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8(
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9)
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7,
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7

B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

th
e

op
ti

m
iz

at
io

n
ex

p
li
ci

tl
y

in
te

rm
s

o
f

d
is

ta
n
ce

s
to

sa
ti

sf
ac

ti
on

:

ar
g

m
in

y
∈[

0
,1

]n

∑ C
j
∈C

w
j

m
ax

    
1
−
∑ i∈
I
+ j

y i
−
∑ i∈
I
− j

(1
−
y i

),
0

    
,

(1
6)

so
th

at
th

e
ob

je
ct

iv
e

is
eq

u
iv

al
en

tl
y

to
m

in
im

iz
e

th
e

to
ta

l
w

ei
gh

te
d

d
is

ta
n
ce

to
sa

ti
sf

a
ct

io
n
.

E
ac

h
u
n
w

ei
gh

te
d

ob
je

ct
iv

e
te

rm
n
ow

m
ea

su
re

s
h
ow

fa
r

th
e

li
n
ea

r
co

n
st

ra
in

t

1
−
∑ i∈
I
+ j

y i
−
∑ i∈
I
− j

(1
−
y i

)
≤

0
(1

7
)

is
fr

om
b

ei
n
g

sa
ti

sfi
ed

.

3
.1
.1

R
e
l
a
x
e
d

L
in
e
a
r
C
o
n
st

r
a
in
t
s

W
it

h
th

is
v
ie

w
of

ea
ch

te
rm

as
a

re
la

x
ed

li
n
ea

r
co

n
st

ra
in

t,
w

e
ca

n
ea

si
ly

ge
n
er

a
li
ze

th
em

to
ar

b
it

ra
ry

li
n
ea

r
co

n
st

ra
in

ts
.

W
e

n
o

lo
n
ge

r
re

q
u
ir

e
th

at
th

e
in

fe
re

n
ce

ob
je

ct
iv

e
b

e
d
efi

n
ed

u
si

n
g

on
ly

lo
gi

ca
l

cl
au

se
s,

an
d

in
st

ea
d

ea
ch

te
rm

ca
n

b
e

d
efi

n
ed

u
si

n
g

an
y

fu
n
ct

io
n
` j

(y
)

th
at

is
li
n
ea

r
in
y

.
T

h
es

e
fu

n
ct

io
n
s

ca
n

ca
p
tu

re
m

or
e

ge
n
er

al
d
ep

en
d
en

ci
es

,
su

ch
a
s

b
el

ie
fs

ab
ou

t
th

e
ra

n
ge

of
va

lu
es

a
va

ri
ab

le
ca

n
ta

ke
an

d
ar

it
h
m

et
ic

re
la

ti
on

sh
ip

s
am

o
n
g

va
ri

a
b
le

s.
T

h
e

n
ew

in
fe

re
n
ce

ob
je

ct
iv

e
is

ar
g

m
in

y
∈[

0
,1

]n

m ∑ j=
1

w
j

m
ax
{`
j
(y

),
0}
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In
th

is
fo

rm
,
ea

ch
te

rm
re

p
re

se
n
ts

th
e

d
is

ta
n
ce

to
sa

ti
sf

ac
ti

on
of

a
li
n
ea

r
co

n
st

ra
in

t
` j

(y
)
≤

0
.

T
h
at

co
n
st

ra
in

t
co

u
ld

b
e

d
efi

n
ed

u
si

n
g

lo
gi

ca
l

cl
au

se
s

as
d
is

cu
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ed
ab

ov
e,

o
r

it
co

u
ld

b
e

d
efi

n
ed

u
si

n
g

ot
h
er

k
n
ow

le
d
ge

ab
ou

t
th

e
d
om

ai
n
.

T
h
e

w
ei

gh
t
w
j

in
d
ic

at
es

h
ow

im
p

o
rt

a
n
t

it
is

to
sa

ti
sf

y
a

co
n
st

ra
in

t
re

la
ti

ve
to

ot
h
er

s
b
y
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al

in
g

th
e

d
is

ta
n
ce

to
sa

ti
sf

a
ct

io
n
.

T
h
e

h
ig

h
er

th
e

w
ei

gh
t,

th
e

m
or

e
d
is

ta
n
ce

to
sa

ti
sf

ac
ti

on
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p
en
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ed
.

A
d
d
it

io
n
al
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,

tw
o

re
la

x
ed

in
eq

u
al

it
y

co
n
st

ra
in

ts
,
` j

(y
)
≤

0
an

d
−
` j

(y
)
≤

0,
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n
b

e
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m
b
in

ed
to

re
p
re

se
n
t

a
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x
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u
al

it
y
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n
st

ra
in

t
` j

(y
)
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n
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r
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m
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b
it

ra
ry
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r
co

n
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,
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a
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n
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ra
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m
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b
e
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ed

at
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l
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.
H
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d
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n
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p
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n
t
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o
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g
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s.
T

h
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en
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gr
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p
s
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s
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p
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n
t
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u
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a
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y
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u
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p
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b
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a

m
u
lt
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l
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a
b
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,
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d
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n
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n
al

o
r

p
a
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l
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n
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on
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st
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n
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p
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n
t

b
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k
gr

ou
n
d

k
n
ow
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d
g
e

a
b

o
u
t

th
e

d
om

ai
n
,

re
st

ri
ct

in
g

th
e

d
om

ai
n

to
re

g
io

n
s

th
at

ar
e

fe
as

ib
le

in
th

e
re

al
w

or
ld

.
A

d
d
it

io
n
a
ll
y,

th
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ca
n
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co

d
e

m
or

e
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m
p
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x
m

o
d
el
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m

p
on

en
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d
efi

n
in

g
a
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n
d
om
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ri

a
b
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a
s

a
n
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eg
at

e
ov
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ot

h
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u
n
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rv
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va

ri
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w
h
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h
w

e
d
is

cu
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fu
rt

h
er

in
S
ec

ti
o
n

4
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W
e

ca
n

th
in

k
of

in
cl

u
d
in

g
h
ar

d
co

n
st

ra
in

ts
as

al
lo

w
in

g
a

w
ei

g
h
t
w
j

to
ta

ke
a
n

in
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n
it

e
va
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e.

A
ga

in
,

tw
o

in
eq

u
al

it
y

co
n
st

ra
in

ts
ca

n
b

e
co

m
b
in

ed
to

re
p
re

se
n
t

an
eq

u
a
li
ty

co
n
-

st
ra

in
t.

H
ow

ev
er

,
w

h
en

w
e

in
tr

o
d
u
ce

an
in

fe
re

n
ce
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ri
th

m
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r
H

L
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R
F
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S
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o
n
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

w
ill

b
e

u
sefu

l
to

treat
h
ard

con
strain

ts
sep

arately
from

relax
ed

on
es,

an
d

fu
rth

er,
treat

h
ard

in
eq

u
a
lity

co
n
strain

ts
sep

arately
from

h
ard

eq
u
ality

con
strain

ts.
T

h
erefore,

in
th

e
d
efi

n
ition

o
f

H
L

-M
R

F
s,

w
e

w
ill

d
efi

n
e

th
ese

th
ree

com
p

on
en

ts
sep

arately.

3
.1
.3

G
e
n
e
r
a
l
iz
e
d

H
in
g
e
-L

o
ss

F
u
n
c
t
io
n
s

T
h
e

o
b

jective
term

s
m

easu
rin

g
each

con
strain

t’s
d
istan

ce
to

satisfaction
are

h
in

ge
losses.

T
h
ere

is
a

fl
a
t

region
,

on
w

h
ich

th
e

d
ista

n
ce

to
satisfaction

is
0
,

an
d

an
a
n
gled

region
,

on
w

h
ich

th
e

d
ista

n
ce

to
satisfaction

grow
s

lin
ea

rly
aw

ay
from

th
e

h
y
p

erp
lan

e
`
j (y

)
=

0.
T

h
is

lo
ss

fu
n
ctio

n
is

u
sefu

l—
as

w
e

d
iscu

ss
in

th
e

p
rev

iou
s

section
,

it
is

a
b

ou
n
d

on
th

e
ex

p
ected

lo
ss

in
th

e
d
iscrete

settin
g,

am
on

g
oth

er
th

in
gs—

b
u
t

it
is

n
ot

ap
p
rop

riate
for

all
m

o
d
elin

g
situ

a
tio

n
s.

A
p
iecew

ise-lin
ear

loss
fu

n
ction

m
akes

M
A

P
in

feren
ce

“w
in

n
er

take
all,”

in
th

e
sen

se
th

a
t

it
is

p
referab

le
to

fu
lly

satisfy
th

e
m

ost
h
igh

ly
w

eigh
ted

ob
jectiv

e
term

s
co

m
p
letely

b
efo

re
red

u
cin

g
th

e
d
istan

ce
to

satisfaction
of

term
s

w
ith

low
er

w
eigh

ts.
F

or
ex

am
p
le,

co
n
sid

er
th

e
fo

llow
in

g
op

tim
ization

p
rob

lem
:

arg
m

in
y
1 ∈

[0
,1

]
w

1
m

ax{
y

1 ,0}
+
w

2
m

ax{1−
y

1 ,0}
.

(1
9)

If
w

1
>
w

2 ≥
0
,

th
en

th
e

op
tim

izer
is
y

1
=

0
b

ecau
se

th
e

term
th

at
p
refers

y
1

=
0

overru
les

th
e

term
th

a
t

p
refers

y
1

=
1.

T
h
e

resu
lt

d
o
es

n
ot

in
d
icate

an
y

am
b
igu

ity
or

u
n
certain

ty,
b
u
t

if
th

e
tw

o
o
b

jective
term

s
are

p
oten

tials
in

a
p
rob

ab
ilistic

m
o
d
el,

it
is

som
etim

es
p
referab

le
th

a
t

th
e

resu
lt

refl
ect

th
e

con
fl
ictin

g
p
referen

ces.
W

e
can

ch
an

ge
th

e
in

feren
ce

p
rob

lem
so

th
a
t

it
sm

o
o
th

ly
trad

es
off

satisfy
in

g
con

fl
ictin

g
ob

jective
term

s
b
y

sq
u
arin

g
th

e
h
in

ge
lo

sses.
O

b
serve

th
at

in
th

e
m

o
d
ifi

ed
p
rob

lem

arg
m

in
y
1 ∈

[0
,1

]
w

1
(m

ax{y
1 ,0}

)
2

+
w

2
(m

ax{1−
y

1 ,0})
2

(2
0)

th
e

o
p
tim

izer
is

n
ow

y
1

=
w

2
w

1
+
w

2 ,
refl

ectin
g

th
e

relative
in

fl
u
en

ce
of

th
e

tw
o

loss
fu

n
ction

s.

A
n
o
th

er
ad

van
tage

of
sq

u
ared

h
in

ge-lo
ss

fu
n
ction

s
is

th
at

th
ey

can
b

eh
ave

m
ore

in
tu

-
itively

in
th

e
p
resen

ce
of

h
ard

con
strain

ts.
C

on
sid

er
th

e
p
rob

lem

arg
m

in
(y

1
,y

2
)∈

[0
,1

] 2
m

ax{
0.9−

y
1 ,0}

+
m

ax{
0.6−

y
2 ,0}

su
ch

th
at

y
1

+
y

2 ≤
1
.

(21)

T
h
e

fi
rst

term
p
refers

y
1 ≥

0
.9,

th
e

secon
d

term
p
refers

y
2 ≥

0
.6,

an
d

th
e

co
n
stra

in
t

req
u
ires

th
a
t
y

1
a
n
d
y

2
are

m
u
tu

ally
ex

clu
sive.

S
u
ch

p
rob

lem
s

are
very

com
m

on
an

d
arise

w
h
en

co
n
fl
ictin

g
ev

id
en

ce
of

d
iff

eren
t

stren
gth

s
su

p
p

ort
tw

o
m

u
tu

ally
ex

clu
sive

p
ossib

ilities.
T

h
e

ev
id

en
ce

va
lu

es
0.9

an
d

0.6
cou

ld
com

e
from

m
an

y
sou

rces,
in

clu
d
in

g
b
ase

m
o
d
els

train
ed

to
m

a
ke

in
d
ep

en
d
en

t
p
red

iction
s

on
in

d
iv

id
u
al

ran
d
om

variab
les,

d
om

ain
-sp

ecia
lized

sim
ilarity

fu
n
ctio

n
s,

or
sen

sor
read

in
gs.

F
or

th
is

p
rob

lem
,

an
y

solu
tion

y
1 ∈

[0.4,0.9]
an

d
y

2
=

1−
y

1

is
a
n

o
p
tim

izer.
T

h
is

solu
tion

set
in

clu
d
es

cou
n
terin

tu
itive

op
tim

izers
like

y
1

=
0
.4

an
d

y
2

=
0.6

,
even

th
ou

gh
th

e
ev

id
en

ce
su

p
p

ortin
g
y

1
is

stron
ger.

A
gain

,
sq

u
a
red

h
in

ge
losses
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

en
su

re
th

e
op

tim
izers

b
etter

refl
ect

th
e

relative
stren

gth
of

ev
id

en
ce.

F
or

th
e

p
rob

lem

arg
m

in
(y

1
,y

2
)∈

[0
,1

] 2
(m

ax{0
.9−

y
1 ,0})

2
+

(m
ax{0

.6−
y

2 ,0})
2

su
ch

th
at

y
1

+
y

2 ≤
1
,

(22)

th
e

on
ly

op
tim

izer
is
y

1
=

0.65
an

d
y

2
=

0.35,
w

h
ich

is
a

m
ore

in
form

ative
solu

tion
.

W
e

th
erefore

com
p
lete

ou
r

gen
era

lized
in

feren
ce

ob
jective

b
y

allow
in

g
eith

er
h
in

ge-loss
or

sq
u
ared

h
in

ge-loss
fu

n
ction

s.
U

sers
of

H
L

-M
R

F
s

h
ave

th
e

ch
oice

of
eith

er
on

e
for

each
p

oten
tial,

d
ep

en
d
in

g
on

w
h
ich

is
ap

p
rop

riate
for

th
eir

task
.

3
.2

D
e
fi

n
itio

n

W
e

can
n
ow

form
ally

state
th

e
fu

ll
d
efi

n
itio

n
of

H
L

-M
R

F
s.

T
h
ey

are
d
efi

n
ed

so
th

at
a

M
A

P
state

is
a

solu
tion

to
th

e
gen

eralized
in

feren
ce

ob
jective

p
rop

osed
in

th
e

p
rev

iou
s

su
b
section

.
W

e
state

th
e

d
efi

n
ition

in
a

con
d
ition

al
form

for
later

con
ven

ien
ce,

b
u
t

th
is

d
efi

n
ition

is
fu

lly
gen

eral
sin

ce
th

e
vector

of
con

d
ition

in
g

variab
les

m
ay

b
e

em
p
ty.

D
e
fi

n
itio

n
3

L
et
y

=
(y

1 ,...,y
n
)

be
a

vecto
r

o
f
n

va
ria

bles
a
n

d
x

=
(x

1 ,...,x
n
′)

a
vecto

r
o
f
n
′

va
ria

bles
w

ith
jo

in
t

d
o
m

a
in
D

=
[0,1] n

+
n
′.

L
et
φ

=
(φ

1 ,...,φ
m

)
be

a
vecto

r
o
f
m

co
n

tin
u

o
u

s
po

ten
tia

ls
o
f

th
e

fo
rm

φ
j (y

,x
)

=
(m

ax{`
j (y

,x
),0}

)
p
j

(23)

w
h
ere

`
j

is
a

lin
ea

r
fu

n
ctio

n
o
f
y

a
n

d
x

a
n

d
p
j ∈
{1
,2}.

L
et
c

=
(c

1 ,...,c
r )

be
a

vecto
r

o
f

r
lin

ea
r

co
n

stra
in

t
fu

n
ctio

n
s

a
ssocia

ted
w

ith
in

d
ex

sets
d
en

o
tin

g
equ

a
lity

co
n

stra
in

ts
E

a
n

d
in

equ
a
lity

co
n

stra
in

tsI
,

w
h
ich

d
efi

n
e

th
e

fea
sible

set

D̃
=

{
(y
,x

)∈
D

∣∣∣∣
c
k (y

,x
)

=
0,∀

k
∈
E

c
k (y

,x
)≤

0
,∀
k
∈
I

}
.

(24)

F
o
r

(y
,x

)
∈
D

,
given

a
vecto

r
o
f
m

n
o
n

n
ega

tive
free

pa
ra

m
eters,

i.e.,
w

eigh
ts,

w
=

(w
1 ,...,w

m
),

a
c
o
n

stra
in

e
d

h
in

g
e
-lo

ss
e
n

e
rg

y
fu

n
c
tio

n
f
w

is
d
efi

n
ed

a
s

f
w

(y
,x

)
=

m
∑j=

1

w
j φ
j (y

,x
)
.

(25)

W
e

n
ow

d
efi

n
e

H
L

-M
R

F
s

b
y

p
lacin

g
a

p
ro

b
ab

ility
d
en

sity
over

th
e

in
p
u
ts

to
a

con
-

strain
ed

h
in

ge-loss
en

ergy
fu

n
ction

.
N

ote
th

at
w

e
n
ega

te
th

e
h
in

ge-loss
en

ergy
fu

n
ction

so
th

at
states

w
ith

low
er

en
ergy

are
m

ore
p
rob

ab
le,

in
con

trast
w

ith
D

efi
n
ition

1.
T

h
is

ch
an

ge
is

m
ad

e
for

later
n
otation

al
con

ven
ien

ce.

D
e
fi

n
itio

n
4

A
h

in
g
e
-lo

ss
M

a
rk

o
v

ra
n

d
o
m

fi
e
ld

P
o
ver

ra
n

d
o
m

va
ria

bles
y

a
n

d
co

n
-

d
itio

n
ed

o
n

ra
n

d
o
m

va
ria

bles
x

is
a

p
ro

ba
bility

d
en

sity
d
efi

n
ed

a
s

fo
llo

w
s:

if
(y
,x

)
/∈
D̃

,
th

en
P

(y|x
)

=
0
;

if
(y
,x

)∈
D̃

,
th

en

P
(y|x

)
=

1

Z
(w
,x

)
ex

p
(−
f
w

(y
,x

))
(26)
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In
th

e
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th
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p
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,

w
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to
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ra
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c
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ge
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al
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u
rp

os
e

p
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il
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p
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gr
am
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p
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S
L
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w
s

H
L
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F
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b
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ly

ap
p
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a

b
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ge
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u
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b
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n
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ra
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In
m

o
d
el

s
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r
st
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u
re

d
d
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th
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e
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e

ve
ry
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te
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p
ea

te
d

p
at

te
rn

s
of

p
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p
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p
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u
d
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n
gt

h
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b
et

w
ee

n
si
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p
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p
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p
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d
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n
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ra
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d
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d
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d
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p
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p
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d
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p
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ra
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h
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d
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d
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b
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d
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at

b
eg

in
w

it
h

a
le

tt
er

(f
ro

m
th

e
se

t
{A
,.
..
,Z
,a
,.
..
,z
})

,
fo

ll
ow

ed
b
y

ze
ro

or
m

o
re

le
tt

er
s,

n
u
m

er
ic

d
ig

it
s,

or
u
n
d
er

sc
or

es
.

P
S
L

p
ro

gr
am

s
ar

e
gr

ou
n
d
ed

ou
t

ov
er

d
at

a,
so

th
e

u
n
iv

er
se

ov
er

w
h
ic

h
to

g
ro

u
n
d

m
u
st

b
e

d
efi

n
ed

.

D
e
fi

n
it

io
n

6
A

c
o
n

st
a
n
t

is
a

st
ri

n
g

th
a
t

d
en

o
te

s
a
n

el
em

en
t

in
th

e
u

n
iv

er
se

o
ve

r
w

h
ic

h
a

P
S

L
p
ro

gr
a
m

is
gr

o
u

n
d
ed

.

C
on

st
an

ts
ar

e
th

e
el

em
en

ts
in

a
u
n
iv

er
se

of
d
is

co
u
rs

e.
T

h
ey

ca
n

b
e

en
ti

ti
es

o
r

a
tt

ri
b
u
te

s.
F

or
ex

am
p
le

,
th

e
co

n
st

an
t
"
p
e
r
s
o
n
1
"

ca
n

d
en

ot
e

a
p

er
so

n
,

th
e

co
n
st

an
t
"
A
d
a
m
"

ca
n

d
en

o
te

a
p

er
so

n
’s

n
am

e,
an

d
th

e
co

n
st

an
t
"
3
0
"

ca
n

d
en

ot
e

a
p

er
so

n
’s

ag
e.

In
P

S
L

p
ro

g
ra

m
s,

co
n
st

an
ts

ar
e

w
ri

tt
en

as
st

ri
n
gs

in
d
ou

b
le

o
r

si
n
gl

e
q
u
ot

es
.

C
o
n
st

an
ts

u
se

b
a
ck

sl
a
sh

es
a
s

es
ca

p
e

ch
ar

ac
te

rs
,
so

th
ey

ca
n

b
e

u
se

d
to

en
co

d
e

q
u
ot

es
w

it
h
in

co
n
st

an
ts

.
It

is
a
ss

u
m

ed
th

at
co

n
st

an
ts

ar
e

u
n
am

b
ig

u
ou

s,
i.
e.

,
d
iff

er
en

t
co

n
st

an
ts

re
fe

r
to

d
iff

er
en

t
en

ti
ti

es
a
n
d

a
tt

ri
b
u
te

s.
3

G
ro

u
p
s

of
co

n
st

an
ts

ca
n

b
e

re
p
re

se
n
te

d
u
si

n
g

va
ri

ab
le

s.

D
e
fi

n
it

io
n

7
A

v
a
ri

a
b

le
is

a
n

id
en

ti
fi

er
fo

r
w

h
ic

h
co

n
st

a
n

ts
ca

n
be

su
bs

ti
tu

te
d
.

V
ar

ia
b
le

s
an

d
co

n
st

an
ts

ar
e

th
e

ar
gu

m
en

ts
to

lo
gi

ca
l

p
re

d
ic

a
te

s.
T

og
et

h
er

,
th

ey
a
re

g
en

er
i-

ca
ll
y

re
fe

rr
ed

to
as

te
rm

s.

D
e
fi

n
it

io
n

8
A

te
rm

is
ei

th
er

a
co

n
st

a
n

t
o
r

a
va

ri
a
bl

e.

T
er

m
s

ar
e

co
n
n
ec

te
d

b
y

re
la

ti
on

sh
ip

s
ca

ll
ed

p
re

d
ic

at
es

.

D
e
fi

n
it

io
n

9
A

p
re

d
ic

a
te

is
a

re
la

ti
o
n

d
efi

n
ed

by
a

u
n

iq
u

e
id

en
ti

fi
er

a
n

d
a

po
si

ti
ve

in
te

ge
r

ca
ll

ed
it

s
a
ri

ty
,

w
h
ic

h
d
en

o
te

s
th

e
n

u
m

be
r

o
f

te
rm

s
it

a
cc

ep
ts

a
s

a
rg

u
m

en
ts

.
E

ve
ry

p
re

d
ic

a
te

in
a

P
S

L
p
ro

gr
a
m

m
u

st
h
a
ve

a
u

n
iq

u
e

id
en

ti
fi

er
a
s

it
s

n
a
m

e.

W
e

re
fe

r
to

a
p
re

d
ic

at
e

u
si

n
g

it
s

id
en

ti
fi
er

an
d

ar
it

y
ap

p
en

d
ed

w
it

h
a

sl
as

h
.

F
o
r

ex
a
m

p
le

,
th

e
p
re

d
ic

at
e
F
r
i
e
n
d
s
/
2

is
a

b
in

ar
y

p
re

d
ic

at
e,

i.
e.

,
ta

k
in

g
tw

o
ar

gu
m

en
ts

,
w

h
ic

h
re

p
re

se
n
ts

w
h
et

h
er

tw
o

co
n
st

an
ts

ar
e

fr
ie

n
d
s.

A
s

an
ot

h
er

ex
am

p
le

,
th

e
p
re

d
ic

at
e
N
a
m
e
/
2

ca
n

re
la

te
a

p
er

so
n

to
th

e
st

ri
n
g

th
at

is
th

at
p

er
so

n
’s

n
am

e.
A

s
a

th
ir

d
ex

am
p
le

,
th

e
p
re

d
ic

a
te

E
n
r
o
l
l
e
d
I
n
C
l
a
s
s
/
3

ca
n

re
la

te
tw

o
en

ti
ti

es
,

a
st

u
d
en

t
an

d
p
ro

fe
ss

or
,

w
it

h
a
n

a
d
d
it

io
n
a
l

at
tr

ib
u
te

,
th

e
su

b
je

ct
of

th
e

cl
as

s.
P

re
d
ic

at
es

an
d

te
rm

s
ar

e
co

m
b
in

ed
to

cr
ea

te
at

om
s.

D
e
fi

n
it

io
n

1
0

A
n

a
to

m
is

a
p
re

d
ic

a
te

co
m

bi
n

ed
w

it
h

a
se

qu
en

ce
o
f

te
rm

s
o
f

le
n

gt
h

eq
u

a
l

to
th

e
p
re

d
ic

a
te

’s
a
ri

ty
.

T
h
is

se
qu

en
ce

is
ca

ll
ed

th
e

a
to

m
’s

a
rg

u
m

en
ts

.
A

n
a
to

m
w

it
h

o
n

ly
co

n
st

a
n

ts
fo

r
a
rg

u
m

en
ts

is
ca

ll
ed

a
gr

o
u

n
d

a
to

m
.

G
ro

u
n
d

at
om

s
ar

e
th

e
b
as

ic
u
n
it

s
of

re
as

on
in

g
in

P
S
L

.
E

ac
h

re
p
re

se
n
ts

a
n

u
n
k
n
ow

n
or

ob
se

rv
at

io
n

of
in

te
re

st
an

d
ca

n
ta

k
e

a
n
y

va
lu

e
in

[0
,1

].
F

or
ex

am
p
le

,
th

e
g
ro

u
n
d

a
to

m
F
r
i
e
n
d
s
(
"
p
e
r
s
o
n
1
"
,

"
p
e
r
s
o
n
2
"
)

re
p
re

se
n
ts

w
h
et

h
er

"
p
e
r
s
o
n
1
"

an
d
"
p
e
r
s
o
n
2
"

a
re

fr
ie

n
d
s.

A
to

m
s

th
at

ar
e

n
ot

gr
ou

n
d

ar
e

p
la

ce
h
ol

d
er

s
fo

r
se

ts
o
f

gr
ou

n
d

at
om

s.
F

or
ex

a
m

p
le

,
th

e
at

om
F
r
i
e
n
d
s
(
X
,

Y
)

st
an

d
s

fo
r

al
l

gr
ou

n
d

at
om

s
th

at
ca

n
b

e
ob

ta
in

ed
b
y

su
b
st

it
u
ti

n
g

co
n
st

an
ts

fo
r

va
ri

ab
le

s
X

an
d
Y
.

3
.

N
o
te

th
a
t

a
m

b
ig

u
o
u

s
re

fe
re

n
ce

s
to

u
n

d
er

ly
in

g
en

ti
ti

es
ca

n
b

e
m

o
d

el
ed

b
y

u
si

n
g

d
iff

er
en

t
co

n
st

a
n
ts

fo
r

d
iff

er
en

t
re

fe
re

n
ce

s
a
n

d
re

p
re

se
n
ti

n
g

w
h

et
h

er
th

ey
re

fe
r

to
th

e
sa

m
e

u
n

d
er

ly
in

g
en

ti
ty

a
s

a
p

re
d

ic
a
te

.
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

4
.1
.2

In
p
u
t
s

A
s

w
e

h
ave

alread
y

stated
,

P
S
L

d
efi

n
es

tem
p
lates

for
h
in

ge-loss
p

oten
tials

an
d

h
ard

lin
ear

co
n
stra

in
ts

th
a
t

are
grou

n
d
ed

ou
t

over
a

d
ata

set
to

in
d
u
ce

a
H

L
-M

R
F

.
W

e
n
ow

d
escrib

e
h
ow

th
a
t

d
a
ta

set
is

rep
resen

ted
an

d
p
rov

id
ed

as
th

e
in

p
u
ts

to
a

P
S
L

p
rogram

.
T

h
e

fi
rst

in
p
u
ts

a
re

tw
o

sets
o
f

p
red

icates:
a

set
C

of
clo

sed
p
red

icates,
th

e
atom

s
of

w
h
ich

are
com

p
letely

o
b
served

,
a
n
d

a
setO

of
o
pen

p
red

icates,
th

e
atom

s
of

w
h
ich

m
ay

b
e

u
n
ob

served
.

T
h
e

th
ird

in
p
u
t

is
th

e
ba

se
A

,
w

h
ich

is
th

e
set

of
all

grou
n
d

atom
s

u
n
d
er

con
sid

eration
.

A
ll

atom
s

in
A

m
u
st

h
ave

a
p
red

icate
in

eith
er

C
or

O
.

T
h
ese

are
th

e
atom

s
th

at
can

b
e

su
b
stitu

ted
in

to
th

e
ru

les
a
n
d

con
strain

ts
of

a
P

S
L

p
rogram

,
an

d
each

w
ill

later
b

e
asso

cia
ted

w
ith

a
H

L
-

M
R

F
ra

n
d
o
m

variab
le

w
ith

d
om

ain
[0
,1].

T
h
e

fi
n
al

in
p
u
t

is
a

fu
n
ction

O
:A
→

[0,1]∪
{∅}

th
a
t

m
a
p
s

th
e

grou
n
d

atom
s

in
th

e
b
ase

to
eith

er
an

ob
served

valu
e

in
[0
,1

]
or

a
sy

m
b

ol∅
in

d
ica

tin
g

th
a
t

it
is

u
n
ob

served
.

T
h
e

fu
n
ction

O
is

on
ly

valid
if

all
atom

s
w

ith
a

p
red

icate
in

C
a
re

m
ap

p
ed

to
a

[0
,1]

valu
e.

N
ote

th
a
t

th
is

d
efi

n
ition

m
ak

es
th

e
sets

C
an

d
O

red
u
n
d
an

t
in

a
sen

se,
sin

ce
th

ey
can

b
e

d
erived

from
A

an
d
O

,
b
u
t

it
w

ill
b

e
con

ven
ien

t
later

to
h
av

e
C

a
n
d
O

ex
p
licitly

d
efi

n
ed

.

U
ltim

a
tely,

th
e

m
eth

o
d

for
sp

ecify
in

g
P

S
L

’s
in

p
u
ts

is
im

p
lem

en
tation

-sp
ecifi

c,
sin

ce
d
iff

eren
t

ch
o
ices

m
ake

it
m

ore
or

less
con

ven
ien

t
for

d
iff

eren
t

scen
arios.

In
th

is
p
ap

er,
w

e
w

ill
a
ssu

m
e

th
at

C
,
O

,A
,

an
d
O

ex
ist,

an
d

w
e

rem
ain

agn
ostic

ab
ou

t
h
ow

th
ey

w
ere

sp
ecifi

ed
.

H
ow

ever,
to

m
ake

th
is

asp
ect

of
u
sin

g
P

S
L

m
ore

con
crete,

w
e

w
ill

d
escrib

e
on

e
p

o
ssib

le
m

eth
o
d

for
d
efi

n
in

g
th

em
h
ere.

O
u
r

ex
a
m

p
le

m
eth

o
d

for
sp

ecify
in

g
P

S
L

’s
in

p
u
ts

is
tex

t-b
ased

.
T

h
e

fi
rst

section
of

th
e

tex
t

in
p
u
t

is
a

d
efi

n
ition

of
th

e
con

stan
ts

in
th

e
u
n
iv

erse,
w

h
ich

are
grou

p
ed

in
to

ty
p

es.
A

n
ex

a
m

p
le

u
n
iverse

d
efi

n
ition

follow
s.

P
e
r
s
o
n

=
{
"
a
l
e
x
i
s
"
,

"
b
o
b
"
,

"
c
l
a
u
d
i
a
"
,

"
d
a
v
i
d
"}

P
r
o
f
e
s
s
o
r

=
{
"
a
l
e
x
i
s
"
,

"
b
o
b
"}

S
t
u
d
e
n
t

=
{
"
c
l
a
u
d
i
a
"
,

"
d
a
v
i
d
"}

S
u
b
j
e
c
t

=
{
"
c
o
m
p
u
t
e
r

s
c
i
e
n
c
e
"
,

"
s
t
a
t
i
s
t
i
c
s
"}

T
h
is

u
n
iverse

in
clu

d
es

six
con

stan
ts,

fou
r

w
ith

tw
o

ty
p

es
("
a
l
e
x
i
s
"
,
"
b
o
b
"
,
"
c
l
a
u
d
i
a
"
,

a
n
d
"
d
a
v
i
d
"
)

a
n
d

tw
o

w
ith

on
e

ty
p

e
("
c
o
m
p
u
t
e
r

s
c
i
e
n
c
e
"

an
d
"
s
t
a
t
i
s
t
i
c
s
"
).

T
h
e

n
ex

t
section

of
in

p
u
t

is
th

e
d
efi

n
ition

of
p
red

icates.
E

ach
p
red

icate
in

clu
d
es

th
e

ty
p

es
o
f

co
n
sta

n
ts

it
takes

as
argu

m
en

ts
an

d
w

h
eth

er
it

is
closed

.
F

or
ex

am
p
le,

w
e

can
d
efi

n
e

p
red

ica
tes

for
an

ad
v
isor-stu

d
en

t
relation

sh
ip

p
red

iction
task

as
fo

llow
s:

A
d
v
i
s
e
s
(
P
r
o
f
e
s
s
o
r
,

S
t
u
d
e
n
t
)

D
e
p
a
r
t
m
e
n
t
(
P
e
r
s
o
n
,

S
u
b
j
e
c
t
)

(
c
l
o
s
e
d
)

E
n
r
o
l
l
e
d
I
n
C
l
a
s
s
(
S
t
u
d
e
n
t
,

S
u
b
j
e
c
t
,

P
r
o
f
e
s
s
o
r
)

(
c
l
o
s
e
d
)

In
th

is
case,

th
ere

is
on

e
op

en
p
red

icate
(A
d
v
i
s
e
s
)

an
d

tw
o

closed
p
red

ica
tes

(D
e
p
a
r
t
m
e
n
t

a
n
d
E
n
r
o
l
l
e
d
I
n
C
l
a
s
s
).
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

T
h
e

fi
n
al

section
of

in
p
u
t

is
an

y
asso

ciated
ob

servation
s.

T
h
ey

can
b

e
sp

ecifi
ed

in
a

list,
for

ex
am

p
le:

A
d
v
i
s
e
s
(
"
a
l
e
x
i
s
"
,

"
d
a
v
i
d
"
)

=
1

D
e
p
a
r
t
m
e
n
t
(
"
a
l
e
x
i
s
"
,

"
c
o
m
p
u
t
e
r

s
c
i
e
n
c
e
"
)

=
1

D
e
p
a
r
t
m
e
n
t
(
"
b
o
b
"
,

"
c
o
m
p
u
t
e
r

s
c
i
e
n
c
e
"
)

=
1

D
e
p
a
r
t
m
e
n
t
(
"
c
l
a
u
d
i
a
"
,

"
s
t
a
t
i
s
t
i
c
s
"
)

=
1

D
e
p
a
r
t
m
e
n
t
(
"
d
a
v
i
d
"
,

"
s
t
a
t
i
s
t
i
c
s
"
)

=
1

In
ad

d
ition

,
valu

es
for

atom
s

w
ith

th
e
E
n
r
o
l
l
e
d
I
n
C
l
a
s
s

p
red

icate
cou

ld
also

b
e

sp
ecifi

ed
.

If
a

grou
n
d

atom
d
o
es

n
ot

h
ave

a
sp

ecifi
ed

valu
e,

it
w

ill
h
ave

a
d
efau

lt
ob

served
valu

e
of

0
if

its
p
red

icate
is

closed
or

rem
ain

u
n
ob

served
if

its
p
red

icate
is

op
en

.
W

e
n
ow

d
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e
h
ow

th
is

tex
t

in
p
u
t

is
p
ro

cessed
in

to
th

e
form

al
in

p
u
ts

C
,O

,A
,

an
d

O
.

F
irst,

each
p
red

icate
is

ad
d
ed

to
eith

er
C

or
O

b
ased

on
w

h
eth

er
it

is
an

n
otated

w
ith

th
e
(
c
l
o
s
e
d
)

tag.
T

h
en

,
for

each
p
red

icate
in

C
or

O
,

grou
n
d

atom
s

of
th

at
p
red

icate
are

ad
d
ed

to
A

w
ith

each
seq

u
en

ce
of

con
stan

ts
as

a
rgu

m
en

ts
th

at
can

b
e

created
b
y

selectin
g

a
con

stan
t

of
each

of
th

e
p
red

icate’s
argu

m
en

t
ty

p
es.

F
or

ex
am

p
le,

assu
m

e
th

at
th

e
in

p
u
t

fi
le

con
tain

s
a

sin
gle

p
red

icate
d
efi

n
ition

C
a
t
e
g
o
r
y
(
D
o
c
u
m
e
n
t
,

C
a
t
N
a
m
e
)

w
h
ere

th
e

u
n
iverse

is
D
o
c
u
m
e
n
t

=
{
"
d
1
"
,"
d
2
"}

an
d
C
a
t
N
a
m
e

=
{
"
p
o
l
i
t
i
c
s
"
,"
s
p
o
r
t
s
"}

.
T

h
en

,

A
=



C
a
t
e
g
o
r
y
(
"
d
1
"
,

"
p
o
l
i
t
i
c
s
"
)
,

C
a
t
e
g
o
r
y
(
"
d
1
"
,

"
s
p
o
r
t
s
"
)
,

C
a
t
e
g
o
r
y
(
"
d
2
"
,

"
p
o
l
i
t
i
c
s
"
)
,

C
a
t
e
g
o
r
y
(
"
d
2
"
,

"
s
p
o
r
t
s
"
)


.

(28)

F
in

ally,
w

e
d
efi

n
e

th
e

fu
n
ction

O
.

A
n
y

atom
in

th
e

ex
p
licit

list
of

ob
servation

s
is

m
a
p
p

ed
to

th
e

given
valu

e.
T

h
en

,
an

y
rem

ain
in

g
atom

s
in
A

w
ith

a
p
red

icate
in

C
are

m
ap

p
ed

to
0,

an
d

an
y

w
ith

a
p
red

icate
in

O
are

m
ap

p
ed

to
∅
.

B
efore

m
ov

in
g

on
,

w
e

also
n
ote

th
at

P
S
L

im
p
lem

en
tation

s
can

su
p
p

ort
p
red

icates
an

d
atom

s
th

at
are

d
efi

n
ed

fu
n
ction

ally.
S
u
ch

p
red

icates
can

b
e

th
ou

gh
t

of
as

a
ty

p
e

of
closed

p
red

icate.
T

h
eir

ob
served

valu
es

are
d
efi

n
ed

as
a

fu
n
ction

of
th

eir
argu

m
en

ts.
O

n
e

of
th

e
m

ost
com

m
on

ex
am

p
les

is
in

eq
u
ality,

atom
s

of
w

h
ich

can
b

e
rep

resen
ted

w
ith

th
e

sh
orth

an
d

in
fi
x

op
erator

!
=
.

F
or

ex
am

p
le,

th
e

follow
in

g
atom

h
as

a
valu

e
of

1
w

h
en

tw
o

va
riab

les
A

an
d
B

are
rep

laced
w

ith
d
iff

eren
t

con
stan

ts
an

d
0

w
h
en

rep
laced

w
ith

th
e

sam
e

con
stan

t.

A
!
=

B

S
u
ch

fu
n
ction

ally
d
efi

n
ed

p
red

icates
can

b
e

im
p
lem

en
ted

w
ith

ou
t

req
u
irin

g
th

eir
valu

es
over

all
argu

m
en

ts
to

b
e

sp
ecifi

ed
b
y

th
e

u
ser.

4
.1
.3

R
u
l
e
s
a
n
d

G
r
o
u
n
d
in
g

B
efore

in
tro

d
u
cin

g
th

e
sy

n
tax

an
d

sem
an

tics
of

sp
ecifi

c
P

S
L

ru
les,

w
e

d
efi

n
e

th
e

grou
n
d
in

g
p
ro

ced
u
re

th
at

in
d
u
ces

H
L

-M
R

F
s

in
gen

eral.
G

iven
th

e
in

p
u
tsC

,O
,A

,
an

d
O

,
P

S
L

in
d
u
ces
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v
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n
d
o
m

F
ie
l
d
s
a
n
d

P
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b
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is
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R
F
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ll
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d
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∈
A
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at
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w
it

h
a

ra
n
d
om

va
ri

ab
le

w
it

h
d
om

ai
n

[0
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].
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O

(a
)

=
∅,

th
en

th
e

va
ri

ab
le

is
in

cl
u
d
ed

in
th

e
fr

ee
va

ri
ab

le
s

y
,

an
d

ot
h
er

w
is

e
it

is
in

cl
u
d
ed

in
th

e
ob

se
rv

at
io

n
s
x

w
it

h
a

va
lu

e
of
O

(a
).

W
it

h
th

e
va

ri
ab

le
s

in
th

e
d
is

tr
ib

u
ti

on
d
efi

n
ed

,
ea

ch
ru

le
in

th
e

P
S
L

p
ro

gr
am

is
a
p
p
li
ed

to
th

e
in

p
u
ts

an
d

p
ro

d
u
ce

s
h
in

ge
-l

os
s

p
ot

en
ti

al
s

or
h
ar

d
li
n
ea

r
co

n
st

ra
in

ts
,

w
h
ic

h
ar

e
ad

d
ed

to
th

e
H

L
-M

R
F

.
In

th
e

re
st

of
th

is
su

b
se

ct
io

n
,

w
e

d
es

cr
ib

e
tw

o
k
in

d
s

of
P

S
L

ru
le

s:
lo

gi
ca

l
ru

le
s

an
d

ar
it

h
m

et
ic

ru
le

s.

4
.1
.4

L
o
g
ic
a
l
R
u
l
e
s

T
h
e

fi
rs

t
k
in

d
of

P
S
L

ru
le

is
a

lo
gi

ca
l

ru
le

,
w

h
ic

h
is

m
ad

e
u
p

of
li
te

ra
ls

.

D
e
fi

n
it

io
n

1
1

A
li
te

ra
l

is
a
n

a
to

m
o
r

a
n

eg
a
te

d
a
to

m
.

In
P

S
L

,
th

e
p
re

fi
x

op
er

at
or

!
or

~
is

u
se

d
fo

r
n
eg

at
io

n
.

A
n
eg

a
te

d
at

om
h
as

a
va

lu
e

of
on

e
m

in
u
s

th
e

va
lu

e
of

th
e

u
n
m

o
d
ifi

ed
at

om
.

F
or

ex
am

p
le

,
if
F
r
i
e
n
d
s
(
"
p
e
r
s
o
n
1
"
,

"
p
e
r
s
o
n
2
"
)

h
as

a
va

lu
e

of
0.

7,
th

en
!
F
r
i
e
n
d
s
(
"
p
e
r
s
o
n
1
"
,

"
p
e
r
s
o
n
2
"
)

h
a
s

a
va

lu
e

of
0.

3.

D
e
fi

n
it

io
n

1
2

A
lo

g
ic

a
l

ru
le

is
a

d
is

ju
n

ct
iv

e
cl

a
u

se
o
f

li
te

ra
ls

.
L

og
ic

a
l

ru
le

s
a
re
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th

er
w

ei
gh

te
d

o
r

u
n

w
ei

gh
te

d
.

If
a

lo
gi

ca
l

ru
le

is
w

ei
gh

te
d
,

it
is

a
n

n
o
ta

te
d

w
it

h
a

n
o
n

n
eg

a
ti

ve
w

ei
gh

t
a
n

d
o
p
ti

o
n

a
ll

y
a

po
w

er
o
f

tw
o
.

L
og

ic
al

ru
le

s
ex

p
re

ss
lo

gi
ca

l
d
ep

en
d
en

ci
es

in
th

e
m

o
d
el

.
A

s
in

B
o
ol

ea
n

lo
gi

c,
th

e
n
eg

at
io

n
,

d
is

ju
n
ct

io
n

(w
ri

tt
en

as
||

or
|),

an
d

co
n
ju

n
ct

io
n

(w
ri

tt
en

as
&
&

or
&
)

op
er

at
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s
ob

ey
D

e
M
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n
’s

L
aw
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A
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an
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p
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ti
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(w
ri

tt
en
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-
>

or
<
-
)

ca
n

b
e

re
w

ri
tt

en
as

th
e

n
eg

a
ti

on
of

th
e

b
o
d
y

d
is

ju
n
ct

ed
w

it
h

th
e

h
ea

d
.

F
or

ex
am

p
le

P
1
(
A
,

B
)

&
&

P
2
(
A
,

B
)

-
>

P
3
(
A
,

B
)
||

P
4
(
A
,

B
)

≡
!
(
P
1
(
A
,

B
)

&
&

P
2
(
A
,

B
)
)
||

P
3
(
A
,

B
)
||

P
4
(
A
,

B
)

≡
!
P
1
(
A
,

B
)
||

!
P
2
(
A
,

B
)
||

P
3
(
A
,

B
)
||

P
4
(
A
,

B
)

T
h
er

ef
or

e,
an

y
fo

rm
u
la

w
ri

tt
en

as
an

im
p
li
ca

ti
on

w
it

h
(1

)
a

li
te

ra
l

or
co

n
ju

n
ct

io
n

of
li
te

ra
ls

in
th

e
b

o
d
y

an
d

(2
)

a
li
te

ra
l

or
d
is

ju
n
ct

io
n

of
li
te

ra
ls

in
th

e
h
ea

d
is

al
so

a
va

li
d

lo
gi

ca
l

ru
le

,
b

ec
au

se
it

is
eq

u
iv

al
en

t
to

a
d
is

ju
n
ct

iv
e

cl
au

se
.

T
h
er

e
ar

e
tw

o
k
in

d
s

of
lo

gi
ca

l
ru

le
s:

w
ei

gh
te

d
or

u
n
w

ei
gh

te
d
.

A
w

ei
gh

te
d

lo
gi

ca
l
ru

le
is

a
te

m
p
la

te
fo

r
a

h
in

ge
-l

os
s

p
ot

en
ti

al
th

at
p

en
al

iz
es

h
ow

fa
r

th
e

ru
le

is
fr

om
b

ei
n
g

sa
ti

sfi
ed

.
A

w
ei

gh
te

d
lo

gi
ca

l
ru

le
b

eg
in

s
w

it
h

a
n
on

n
eg

at
iv

e
w

ei
gh

t
an

d
op

ti
on

al
ly

en
d
s

w
it

h
an

ex
p

on
en

t
of

tw
o

(^
2
).

F
or

ex
am

p
le

,
th

e
w

ei
gh

te
d

lo
g
ic

al
ru

le

1
:

A
d
v
i
s
o
r
(
P
r
o
f
,

S
)

&
&

D
e
p
a
r
t
m
e
n
t
(
P
r
o
f
,

S
u
b
)

-
>

D
e
p
a
r
t
m
e
n
t
(
S
,

S
u
b
)

h
as

a
w

ei
gh

t
of

1
an

d
in

d
u
ce

s
p

ot
en

ti
al

s
p
ro

p
ag

at
in

g
d
ep

ar
tm

en
t

m
em

b
er

sh
ip

fr
om

ad
v
is

or
s

to
ad

v
is

ee
s.

A
n

u
n
w

ei
gh

te
d

lo
gi

ca
l

ru
le

is
a

te
m

p
la

te
fo

r
a

h
ar

d
li
n
ea

r
co

n
st

ra
in

t
th

at
re

q
u
ir

es
th

at
th

e
ru

le
al

w
ay

s
b

e
sa

ti
sfi

ed
.

F
or

ex
am

p
le

,
th

e
u
n
w

ei
gh

te
d

lo
gi

ca
l

ru
le

F
r
i
e
n
d
s
(
X
,

Y
)

&
&

F
r
i
e
n
d
s
(
Y
,

Z
)

-
>

F
r
i
e
n
d
s
(
X
,

Z
)

.

in
d
u
ce

s
h
ar

d
li
n
ea

r
co

n
st

ra
in

ts
en

fo
rc

in
g

th
e

tr
an

si
ti

v
it

y
of

th
e
F
r
i
e
n
d
s
/
2

p
re

d
ic

at
e.

N
ot

e
th

e
p

er
io

d
(.

)
th

at
is

u
se

d
to

em
p
h
as

iz
e

th
a
t

th
is

ru
le

is
al

w
ay

s
en

fo
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ed
an

d
d
is

am
b
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u
at

e
it

fr
om

w
ei

gh
te

d
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le
s.
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 2

01
7

B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

A
lo

gi
ca

l
ru

le
is

gr
ou

n
d
ed

ou
t

b
y

p
er

fo
rm

in
g

al
l

d
is

ti
n
ct

su
b
st

it
u
ti

on
s

fr
o
m

va
ri

a
b
le

s
to

co
n
st

an
ts

su
ch

th
at

th
e

re
su

lt
in

g
gr

ou
n
d

at
om

s
ar

e
in

th
e

b
as

e
A

.
T

h
is

p
ro

ce
d
u
re

p
ro

d
u
ce

s
a

se
t

of
gr

o
u

n
d

ru
le

s,
w

h
ic

h
ar

e
ru

le
s

co
n
ta

in
in

g
on

ly
gr

ou
n
d

at
om

s.
E

ac
h

g
ro

u
n
d

ru
le

w
il
l

th
en

b
e

in
te

rp
re

te
d

as
ei

th
er

a
p

ot
en

ti
al

or
h
ar

d
co

n
st

ra
in

t
in

th
e

in
d
u
ce

d
H

L
-M

R
F

.
F

or
n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

,
w

e
as

su
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
al

l
th

e
ra

n
d
o
m

va
ri

a
b
le

s
ar

e
u
n
ob

se
rv

ed
,

i.
e.

,
O

(a
)

=
∅,
∀a
∈
A

.
If

th
e

in
p
u
t

d
at

a
co

n
ta

in
an

y
ob

se
rv

a
ti

o
n
s,

th
e

fo
ll
ow

in
g

d
es

cr
ip

ti
on

st
il
l

ap
p
li
es

,
ex

ce
p
t

th
at

so
m

e
fr

ee
va

ri
ab

le
s

w
il
l

b
e

re
p
la

ce
d

w
it

h
ob

se
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at
io

n
s

fr
om

x
.
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h
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fi
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t
st

ep
in

in
te

rp
re

ti
n
g

a
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ou
n
d

ru
le

is
to

m
ap

it
s

d
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ju
n
ct

iv
e
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se
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a
li
n
ea
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st

ra
in
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h
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ap

p
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g
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b
as

ed
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e
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o
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e

d
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iv
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ti
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2.
A

n
y

gr
ou

n
d

P
S
L

ru
le

is
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d
is

ju
n
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io
n

of
li
te

ra
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,
so

m
e

o
f

w
h
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h
ar

e
n
eg
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ed
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L
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I

+
b

e
th

e
se

t
of

in
d
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of
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e

va
ri
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s
th
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rr
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p
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d
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om

s
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a
t

a
re

n
o
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n
eg
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ed
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th

e
gr

ou
n
d

ru
le

,
w

h
en

ex
p
re
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ed
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a

d
is

ju
n
ct

iv
e
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au

se
,

a
n
d
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li
ke

w
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e,
le

t
I
−

b
e

th
e

in
d
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es
of

th
e

va
ri

ab
le

s
co

rr
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p
on

d
in
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at
om
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th

at
ar

e
n
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ed
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h
en
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th

e
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a
u
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m
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th
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u
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it
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−
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I
+
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−
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I
−
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−
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≤

0
.
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9
)
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e
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l
ru

le
th

at
te

m
p
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te
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n
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ru
le

is
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ei
gh

te
d

w
it
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o
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d
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o
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an
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at
ed

w
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^
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en

th
e

p
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en
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)
=

m
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−
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−
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I
−
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−
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0  

(3
0
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to
th

e
H

L
-M

R
F

w
it

h
a

p
ar

am
et

er
of
w

.
If

th
e

ru
le

is
w

ei
gh

te
d

w
it

h
a

w
ei

g
h
t
w

an
d

an
n
ot

at
ed

w
it

h
^
2
,

th
en

th
e

p
ot

en
ti

al

φ
(y
,x

)
=

 
m

ax

  
1
−
∑ i∈
I
+

y i
−
∑ i∈
I
−

(1
−
y i

),
0  

 
2

(3
1)

is
ad

d
ed

to
th

e
H

L
-M

R
F

w
it

h
a

p
ar

am
et

er
of
w

.
If

th
e

ru
le

is
u
n
w

ei
gh

te
d
,

th
en

th
e

fu
n
ct

io
n

c(
y
,x

)
=

1
−
∑ i∈
I
+

y i
−
∑ i∈
I
−

(1
−
y i

)
(3

2
)

is
ad

d
ed

to
th

e
se

t
of

co
n
st

ra
in

t
fu

n
ct

io
n
s

an
d

it
s

in
d
ex

is
in

cl
u
d
ed

in
th

e
se

t
I

to
d
efi

n
e

a
h
ar

d
in

eq
u
al

it
y

co
n
st

ra
in

t
c(
y
,x

)
≤

0.
A

s
an

ex
am

p
le

of
th

e
gr

ou
n
d
in

g
p
ro

ce
ss

,
co

n
si

d
er

th
e

fo
ll
ow

in
g

lo
g
ic

al
ru

le
.

A
s

p
a
rt

of
a

p
ro

gr
am

fo
r

li
n
k

p
re

d
ic

ti
on

,
it

is
of

te
n

h
el

p
fu

l
to

m
o
d
el

th
e

tr
an

si
ti

v
it

y
of

a
re

la
ti

o
n
sh

ip
.

3
:

F
r
i
e
n
d
s
(
A
,

B
)

&
&

F
r
i
e
n
d
s
(
B
,

C
)

-
>

F
r
i
e
n
d
s
(
C
,

A
)

^
2

Im
ag

in
e

th
at

th
e

in
p
u
t

d
at

a
ar

e
C

=
{}

,
O

=
{F
r
i
e
n
d
s
/
2
},

A
=

              

F
r
i
e
n
d
s
(
"
p
1
"
,

"
p
2
"
)
,

F
r
i
e
n
d
s
(
"
p
1
"
,

"
p
3
"
)
,

F
r
i
e
n
d
s
(
"
p
2
"
,

"
p
1
"
)
,

F
r
i
e
n
d
s
(
"
p
2
"
,

"
p
3
"
)
,

F
r
i
e
n
d
s
(
"
p
3
"
,

"
p
1
"
)
,

F
r
i
e
n
d
s
(
"
p
3
"
,

"
p
2
"
)

              

,
(3

3
)

1
8
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

a
n
d
O

(a
)

=
∅
,∀
a
∈
A

.
T

h
en

,
th

e
ru

le
w

ill
in

d
u
ce

six
g
rou

n
d

ru
les.

O
n
e

su
ch

gro
u
n
d

ru
le

is

3
:

F
r
i
e
n
d
s
(
"
p
1
"
,

"
p
2
"
)

&
&

F
r
i
e
n
d
s
(
"
p
2
"
,

"
p
3
"
)

-
>

F
r
i
e
n
d
s
(
"
p
3
"
,

"
p
1
"
)

^
2

w
h
ich

is
eq

u
iva

len
t

to
th

e
follow

in
g.

3
:

!
F
r
i
e
n
d
s
(
"
p
1
"
,

"
p
2
"
)
||

!
F
r
i
e
n
d
s
(
"
p
2
"
,

"
p
3
"
)
||

F
r
i
e
n
d
s
(
"
p
3
"
,

"
p
1
"
)

^
2

If
th

e
a
to

m
s
F
r
i
e
n
d
s
(
"
p
1
"
,

"
p
2
"
)
,
F
r
i
e
n
d
s
(
"
p
2
"
,

"
p
3
"
)
,

an
d
F
r
i
e
n
d
s
(
"
p
3
"
,

"
p
1
"
)

co
rresp

o
n
d

to
th

e
ran

d
om

variab
les

y
1 ,
y

2 ,
an

d
y

3 ,
resp

ectively,
th

en
th

is
grou

n
d

ru
le

is
in

terp
reted

a
s

th
e

w
eigh

ted
h
in

ge-loss
p

oten
tial

3
(m

ax{
y

1
+
y

2 −
y

3 −
1,0}

)
2
.

(34)

S
in

ce
th

e
g
ro

u
n
d
in

g
p
ro

cess
u
ses

th
e

m
ap

p
in

g
from

S
ection

2,
logical

ru
les

can
b

e
u
sed

to
rea

son
a
ccu

rately
an

d
effi

cien
tly

ab
ou

t
b

o
th

d
iscrete

an
d

con
tin

u
ou

s
in

form
ation

.
T

h
ey

a
re

a
co

n
v
en

ien
t

m
eth

o
d

for
con

stru
ctin

g
H

L
-M

R
F

s
w

ith
th

e
u
n
ifi

ed
in

feren
ce

ob
jective

fo
r

w
eig

h
ted

lo
gical

k
n
ow

led
ge

b
ases

as
th

eir
M

A
P

in
feren

ce
ob

jective.
T

h
ey

also
allow

th
e

u
ser

to
sea

m
lessly

in
corp

orate
som

e
of

th
e

ad
d
ition

al
featu

res
of

H
L

-M
R

F
s,

su
ch

as
sq

u
a
red

p
o
ten

tials
an

d
h
ard

con
strain

ts.
N

ex
t,

w
e

in
tro

d
u
ce

an
even

m
ore

fl
ex

ib
le

class
of

P
S
L

ru
les.

4
.1
.5

A
r
it
h
m
e
t
ic

R
u
l
e
s

A
rith

m
etic

ru
les

in
P

S
L

are
m

ore
gen

eral
tem

p
la

tes
for

h
in

ge-loss
p

oten
tials

an
d

h
ard

lin
ea

r
con

stra
in

ts.
L

ik
e

logical
ru

les,
th

ey
com

e
in

w
eigh

ted
an

d
u
n
w

eigh
ted

varian
ts,

b
u
t

in
stea

d
o
f

u
sin

g
logical

op
erators

th
ey

u
se

arith
m

etic
op

erators.
In

gen
era

l,
an

arith
m

etic
ru

le
rela

tes
tw

o
lin

ear
com

b
in

ation
s

of
atom

s
w

ith
an

in
eq

u
ality

or
an

eq
u
ality.

A
sim

p
le

ex
a
m

p
le

en
forces

th
e

m
u
tu

al
ex

clu
siv

ity
of

lib
eral

an
d

con
servative

id
eolo

gies.

L
i
b
e
r
a
l
(
P
)

+
C
o
n
s
e
r
v
a
t
i
v
e
(
P
)

=
1

.

J
u
st

like
lo

g
ica

l
ru

les,
arith

m
etic

ru
les

are
gro

u
n
d
ed

ou
t

b
y

p
erform

in
g

all
p

ossib
le

su
b
sti-

tu
tio

n
s

o
f

co
n
stan

ts
for

variab
les

to
m

ak
e

grou
n
d

atom
s

in
th

e
b
ase
A

.
In

th
is

ex
a
m

p
le,

ea
ch

su
b
stitu

tio
n

for
L
i
b
e
r
a
l
(
P
)

an
d
C
o
n
s
e
r
v
a
t
i
v
e
(
P
)

is
con

strain
ed

to
su

m
to

1.
S
in

ce
th

e
ru

le
is

u
n
w

eigh
ted

an
d

arith
m

etic,
it

d
efi

n
es

a
h
ard

con
strain

t
c(y

,x
)

a
n
d

its
in

d
ex

w
ill

b
e

in
clu

d
ed

in
E

b
ecau

se
it

is
an

eq
u
ality

con
strain

t.
T

o
m

a
ke

a
rith

m
etic

ru
les

m
ore

fl
ex

ib
le

an
d

easy
to

u
se,

w
e

d
efi

n
e

som
e

a
d
d
ition

al
sy

n
tax

.
T

h
e

fi
rst

is
a

g
en

eralized
d
efi

n
ition

of
atom

s
th

at
can

b
e

su
b
stitu

ted
w

ith
su

m
s

o
f

g
rou

n
d

a
to

m
s,

ra
th

er
th

an
ju

st
a

sin
gle

atom
.

D
e
fi

n
itio

n
1
3

A
su

m
m

a
tio

n
a
to

m
is

a
n

a
to

m
th

a
t

ta
kes

term
s

a
n

d
/
o
r

su
m

va
ria

bles
a
s

a
rgu

m
en

ts.
A

su
m

m
a
tio

n
a
to

m
rep

resen
ts

th
e

su
m

m
a
tio

n
s

o
f

gro
u

n
d

a
to

m
s

th
a
t

ca
n

be
o
bta

in
ed

by
su

bstitu
tin

g
in

d
ivid

u
a
l

co
n

sta
n

ts
fo

r
va

ria
bles

a
n

d
su

m
m

in
g

o
ver

a
ll

po
ssible

co
n

sta
n

ts
fo

r
su

m
va

ria
bles.

A
su

m
va

riab
le

is
rep

resen
ted

b
y

p
rep

en
d
in

g
a

p
lu

s
sy

m
b

ol
(+

)
to

a
variab

le.
F

o
r

ex
a
m

p
le,

th
e

su
m

m
a
tio

n
atom

F
r
i
e
n
d
s
(
P
,

+
F
)
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

is
a

p
laceh

old
er

fo
r

th
e

su
m

of
all

grou
n
d

atom
s

w
ith

p
red

icate
F
r
i
e
n
d
s
/
2

in
A

th
at

sh
are

a
fi
rst

argu
m

en
t.

N
ote

th
at

su
m

va
riab

les
ca

n
b

e
u
sed

at
m

ost
on

ce
in

a
ru

le,
i.e.,

each
su

m
variab

le
in

a
ru

le
m

u
st

h
ave

a
u
n
iq

u
e

id
en

tifi
er.

S
u
m

m
ation

atom
s

are
u
sefu

l
b

ecau
se

th
ey

can
d
escrib

e
d
ep

en
d
en

cies
w

ith
ou

t
n
eed

in
g

to
sp

ecify
th

e
n
u
m

b
er

of
atom

s
th

a
t

can
p
articip

ate.
F

or
ex

am
p
le,

th
e

arith
m

etic
ru

le

L
a
b
e
l
(
X
,

+
L
)

=
1

.

say
s

th
at

lab
els

for
each

con
stan

t
su

b
stitu

ted
for

X
sh

ou
ld

su
m

to
on

e,
w

ith
ou

t
n
eed

in
g

to
sp

ecify
h
ow

m
an

y
p

ossib
le

lab
els

th
ere

are.

T
h
e

su
b
stitu

tion
s

for
su

m
variab

les
ca

n
b

e
restricted

u
sin

g
logical

clau
ses

as
fi
lters.

D
e
fi

n
itio

n
1
4

A
fi

lte
r

c
la

u
se

is
a

logica
l

cla
u

se
d
efi

n
ed

fo
r

a
su

m
va

ria
ble

in
a
n

a
rith

m
etic

ru
le.

T
h
e

logica
l

cla
u

se
o
n

ly
co

n
ta

in
s

a
to

m
s

(1
)

w
ith

p
red

ica
tes

th
a
t

a
p
pea

r
in

C
a
n

d
(2

)
th

a
t

o
n

ly
ta

ke
a
s

a
rgu

m
en

ts
(a

)
co

n
sta

n
ts,

(b)
va

ria
bles

th
a
t

a
p
pea

r
in

th
e

a
rith

m
etic

ru
le,

a
n

d
(c)

th
e

su
m

va
ria

ble
fo

r
w

h
ich

it
is

d
efi

n
ed

.

F
ilter

clau
ses

restrict
th

e
su

b
stitu

tion
s

for
a

su
m

variab
le

in
th

e
corresp

on
d
in

g
arith

m
etic

ru
le

b
y

on
ly

in
clu

d
in

g
su

b
stitu

tion
s

for
w

h
ich

th
e

clau
se

evalu
ates

to
tru

e.
T

h
e

fi
lters

are
evalu

ated
u
sin

g
B

o
olean

logic.
E

ach
grou

n
d

atom
a

is
treated

as
h
av

in
g

a
va

lu
e

of
0

if
an

d
on

ly
ifO

(a
)

=
0.

O
th

erw
ise,

it
is

treated
as

h
av

in
g

a
va

lu
e

of
1.

F
or

ex
am

p
le,

im
agin

e
th

at
w

e
w

an
t

to
restrict

th
e

su
m

m
ation

in
th

e
follow

in
g

arith
m

etic
ru

le
to

on
ly

con
stan

ts
th

at
satisfy

a
p
rop

erty
P
r
o
p
e
r
t
y
/
1
.

L
i
n
k
(
X
,

+
Y
)

<
=

1
.

T
h
en

,
w

e
can

ad
d

th
e

follow
in

g
fi
lter

clau
se.

{
Y
:

P
r
o
p
e
r
t
y
(
Y
)}

T
h
en

,
th

e
h
ard

lin
ear

con
strain

ts
tem

p
lated

b
y

th
e

arith
m

etic
ru

le
w

ill
on

ly
su

m
over

con
stan

ts
su

b
stitu

ted
for

Y
su

ch
th

at
P
r
o
p
e
r
t
y
(
Y
)

is
n
on

-zero.

In
arith

m
etic

ru
les,

atom
s

can
also

b
e

m
o
d
ifi

ed
w

ith
co

effi
cien

ts.
T

h
ese

co
effi

cien
ts

can
b

e
h
ard

-co
d
ed

.
A

s
a

sim
p
le

ex
am

p
le,

in
th

e
ru

le

S
u
s
c
e
p
t
i
b
l
e
(
X
)

>
=

0
.
5

B
i
o
m
a
r
k
e
r
1
(
X
)

+
0
.
5

B
i
o
m
a
r
k
e
r
2
(
X
)

.

th
e

p
rop

erty
S
u
s
c
e
p
t
i
b
l
e
/
1
,

w
h
ich

rep
resen

ts
th

e
d
egree

to
w

h
ich

a
p
atien

t
is

su
scep

tib
le

to
a

p
articu

lar
d
isease,

m
u
st

b
e

at
least

th
e

average
va

lu
e

of
tw

o
b
iom

arkers.

P
S
L

also
su

p
p

orts
tw

o
form

s
of

co
effi

cien
t-d

efi
n
in

g
sy

n
tax

.
T

h
e

fi
rst

form
of

co
effi

cien
t

sy
n
tax

is
a

card
in

ality
fu

n
ction

th
at

cou
n
ts

th
e

n
u
m

b
er

of
term

s
su

b
stitu

ted
for

a
su

m
variab

le.
C

ard
in

ality
fu

n
ction

s
en

ab
le

ru
les

th
at

d
ep

en
d

on
th

e
n
u
m

b
er

o
f

su
b
stitu

tion
s

in
ord

er
to

b
e

scaled
correctly,

su
ch

as
w

h
en

averagin
g.

C
ard

in
ality

is
d
en

oted
b
y

en
closin

g
a

su
m

variab
le,

w
ith

ou
t

th
e
+
,

in
p
ip

es.
F

or
ex

am
p
le,

th
e

ru
le

1
/

|
Y
|

F
r
i
e
n
d
s
(
X
,

+
Y
)

=
F
r
i
e
n
d
l
i
n
e
s
s
(
X
)

.
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g
e
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o
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M
a
r
k
o
v
R
a
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F
ie
l
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s
a
n
d

P
r
o
b
a
b
il
is
t
ic

S
o
f
t
L
o
g
ic

d
efi

n
es

th
e
F
r
i
e
n
d
l
i
n
e
s
s
/
1

p
ro

p
er

ty
of

a
p

er
so

n
X

in
a

so
ci

al
n
et

w
or

k
as

th
e

av
er

a
ge

st
re

n
gt

h
of

th
ei

r
ou

tg
oi

n
g

fr
ie

n
d
sh

ip
li
n
k
s.

In
ca

se
s

in
w

h
ic

h
F
r
i
e
n
d
s
/
2

is
n
ot

sy
m

m
et

ri
c,

w
e

ca
n

ex
te

n
d

th
is

ru
le

to
su

m
ov

er
b

ot
h

ou
tg

oi
n
g

an
d

in
co

m
in

g
li
n
k
s

a
s

fo
ll
ow

s.

1
/

|
Y
1
|

|
Y
2
|

F
r
i
e
n
d
s
(
X
,

+
Y
1
)

+
1

/
|
Y
1
|

|
Y
2
|

F
r
i
e
n
d
s
(
+
Y
2
,

X
)

=
F
r
i
e
n
d
l
i
n
e
s
s
(
X
)

.

T
h
e

se
co

n
d

fo
rm

of
co

effi
ci

en
t

sy
n
ta

x
is

b
u
il
t-

in
co

effi
ci

en
t

fu
n
ct

io
n
s.

T
h
e

ex
ac

t
se

t
of

su
p
p

or
te

d
fu

n
ct

io
n
s

is
im

p
le

m
en

ta
ti

on
sp

ec
ifi

c,
b
u
t

st
an

d
ar

d
fu

n
ct

io
n
s

li
k
e

m
ax

im
u
m

an
d

m
in

im
u
m

sh
ou

ld
b

e
in

cl
u
d
ed

.
C

o
effi

ci
en

t
fu

n
ct

io
n
s

ar
e

p
re

p
en

d
ed

w
it

h
@

an
d

u
se

sq
u
ar

e
b
ra

ck
et

s
in

st
ea

d
of

p
ar

en
th

es
es

to
d
is

ti
n
gu

is
h

th
em

fr
om

p
re

d
ic

at
es

.
C

o
effi

ci
en

t
fu

n
ct

io
n
s

ca
n

ta
ke

ei
th

er
sc

al
ar

s
or

ca
rd

in
al

it
y

fu
n
ct

io
n
s

as
ar

gu
m

en
ts

.
F

or
ex

am
p
le

,
th

e
fo

ll
ow

in
g

ru
le

fo
r

m
at

ch
in

g
tw

o
se

ts
of

co
n
st

an
ts

re
q
u
ir

es
th

at
th

e
su

m
of

th
e
M
a
t
c
h
e
d
/
2

at
om

s
b

e
th

e
m

in
im

u
m

of
th

e
si

ze
s

of
th

e
tw

o
se

ts
.

M
a
t
c
h
e
d
(
+
X
,

+
Y
)

=
@
M
i
n
[
|
X
|
,

|
Y
|
]

.

N
ot

e
th

at
P

S
L

’s
co

effi
ci

en
t

sy
n
ta

x
ca

n
al

so
b

e
u
se

d
to

d
efi

n
e

co
n
st

an
ts

,
as

in
th

is
ex

am
p
le

.

S
o

fa
r

w
e

h
av

e
fo

cu
se

d
on

u
si

n
g

ar
it

h
m

et
ic

ru
le

s
to

d
efi

n
e

te
m

p
la

te
s

fo
r

li
n
ea

r
co

n
st

ra
in

ts
,

b
u
t

th
ey

ca
n

al
so

b
e

u
se

d
to

d
efi

n
e

h
in

ge
-l

os
s

p
ot

en
ti

al
s.

F
or

ex
am

p
le

,
th

e
fo

ll
ow

in
g

ar
it

h
-

m
et

ic
ru

le
p
re

fe
rs

th
at

th
e

d
eg

re
e

to
w

h
ic

h
a

p
er

so
n
X

is
ex

tr
ov

er
te

d
(r

ep
re

se
n
te

d
w

it
h

E
x
t
r
o
v
e
r
t
e
d
/
1
)

d
o
es

n
ot

ex
ce

ed
th

e
av

er
ag

e
ex

tr
ov

er
si

o
n

of
th

ei
r

fr
ie

n
d
s:

2
:

E
x
t
r
o
v
e
r
t
e
d
(
X
)

<
=

1
/

|
Y
|

E
x
t
r
o
v
e
r
t
e
d
(
+
Y
)

^
2

{Y
:

F
r
i
e
n
d
s
(
X
,

Y
)

|
|

F
r
i
e
n
d
s
(
Y
,

X
)
}

T
h
is

ru
le

is
a

te
m

p
la

te
fo

r
w

ei
gh

te
d

h
in

ge
-l

os
s

p
ot

en
ti

al
s

of
th

e
fo

rm

2

(
m

ax

{
y i
′
−

1 |F
|∑ i∈
F
y i
,0

}
)

2

,
(3

5)

w
h
er

e
y i
′

is
th

e
va

ri
ab

le
co

rr
es

p
on

d
in

g
to

a
gr

ou
n
d
in

g
of

th
e

at
om

E
x
t
r
o
v
e
r
t
e
d
(
X
)

an
d

F
is

th
e

se
t

of
th

e
in

d
ic

es
of

th
e

va
ri

ab
le

s
co

rr
es

p
on

d
in

g
to

E
x
t
r
o
v
e
r
t
e
d
(
Y
)

a
to

m
s

of
th

e
fr

ie
n
d
s
Y

th
at

sa
ti

sf
y

th
e

ru
le

’s
fi
lt

er
cl

au
se

.
N

ot
e

th
at

th
e

w
ei

gh
t

of
2

is
d
is

ti
n
ct

fr
om

th
e

co
effi

ci
en

ts
in

th
e

li
n
ea

r
co

n
st

ra
in

t
`(
y
,x

)
≤

0
d
efi

n
in

g
th

e
h
in

ge
-l

os
s

p
ot

en
ti

al
.

If
th

e
ar

it
h
m

et
ic

ru
le

w
er

e
an

eq
u
al

it
y

in
st

ea
d

of
an

in
eq

u
al

it
y,

ea
ch

gr
ou

n
d
in

g
w

o
u
ld

b
e

tw
o

h
in

ge
-l

os
s

p
ot

en
ti

al
s,

on
e

u
si

n
g
`(
y
,x

)
≤

0
an

d
on

e
u
si

n
g
−
`(
y
,x

)
≤

0.
In

th
is

w
ay

,
ar

it
h
m

et
ic

ru
le

s
ca

n
d
efi

n
e

ge
n
er

al
h
in

ge
-l

os
s

p
ot

en
ti

al
s.

F
or

co
m

p
le

te
n
es

s,
w

e
st

at
e

th
e

fu
ll
,

fo
rm

al
d
efi

n
it

io
n

of
a
n

ar
it

h
m

et
ic

ru
le

an
d

d
efi

n
e

it
s

gr
ou

n
d
in

g
p
ro

ce
d
u
re

.

D
e
fi

n
it

io
n

1
5

A
n

a
ri

th
m

e
ti

c
ru

le
is

a
n

in
eq

u
a
li

ty
o
r

eq
u

a
li

ty
re

la
ti

n
g

tw
o

li
n

ea
r

co
m

bi
-

n
a
ti

o
n

s
o
f

su
m

m
a
ti

o
n

a
to

m
s.

E
a
ch

su
m

va
ri

a
bl

e
in

a
n

a
ri

th
m

et
ic

ru
le

ca
n

be
u

se
d

o
n

ce
.

A
n

a
ri

th
m

et
ic

ru
le

ca
n

be
a
n

n
o
ta

te
d

w
it

h
fi

lt
er

cl
a
u

se
s

fo
r

a
su

bs
et

o
f

it
s

su
m

va
ri

a
bl

es
th

a
t

re
st

ri
ct

it
s

gr
o
u

n
d
in

gs
.

A
ri

th
m

et
ic

ru
le

s
a
re

ei
th

er
w

ei
gh

te
d

o
r

u
n

w
ei

gh
te

d
.

If
a
n

a
ri

th
m

et
ic

ru
le

is
w

ei
gh

te
d
,

it
is

a
n

n
o
ta

te
d

w
it

h
a

n
o
n

n
eg

a
ti

ve
w

ei
gh

t
a
n

d
o
p
ti

o
n

a
ll

y
a

po
w

er
o
f

tw
o
.

2
1
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R
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9)
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7

B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

A
n

ar
it

h
m

et
ic

ru
le

is
gr

ou
n
d
ed

ou
t

b
y

p
er

fo
rm

in
g

al
l
d
is

ti
n
ct

su
b
st

it
u
ti

on
s

fr
o
m

va
ri

a
b
le

s
to

co
n
st

an
ts

su
ch

th
at

th
e

re
su

lt
in

g
gr

ou
n
d

at
om

s
ar

e
in

th
e

b
as

e
A

.
In

ad
d
it

io
n
,

su
m

m
a
ti

o
n

at
om

s
ar

e
re

p
la

ce
d

b
y

th
e

ap
p
ro

p
ri

at
e

su
m

m
at

io
n
s

ov
er

gr
ou

n
d

at
om

s
(p

os
si

b
ly

re
st

ri
ct

ed
b
y

co
rr

es
p

on
d
in

g
fi
lt

er
cl

au
se

s)
an

d
th

e
co

effi
ci

en
t

is
d
is

tr
ib

u
te

d
ac

ro
ss

th
e

su
m

m
a
n
d
s.

T
h
is

le
ad

s
to

a
se

t
of

gr
ou

n
d

ru
le

s
fo

r
ea

ch
ar

it
h
m

et
ic

ru
le

gi
ve

n
a

se
t

of
in

p
u
ts

.
If

th
e

a
ri

th
m

et
ic

ru
le

is
an

u
n
w

ei
gh

te
d

in
eq

u
al

it
y,

ea
ch

gr
ou

n
d

ru
le

ca
n

b
e

al
ge

b
ra

ic
al

ly
m

an
ip

u
la

te
d

to
b

e
of

th
e

fo
rm

c(
y
,x

)
≤

0.
T

h
en

c(
y
,x

)
is

ad
d
ed

to
th

e
se

t
of

co
n
st

ra
in

t
fu

n
ct

io
n
s

a
n
d

it
s

in
d
ex

is
ad

d
ed

to
I.

If
in

st
ea

d
th

e
ar

it
h
m

et
ic

ru
le

is
an

u
n
w

ei
gh

te
d

eq
u
al

it
y,

ea
ch

g
ro

u
n
d

ru
le

is
m

an
ip

u
la

te
d

to
c(
y
,x

)
=

0,
c(
y
,x

)
is

ad
d
ed

to
th

e
se

t
of

co
n
st

ra
in

t
fu

n
ct

io
n
s,

a
n
d

it
s

in
d
ex

is
ad

d
ed

to
E.

If
th

e
ar

it
h
m

et
ic

ru
le

is
a

w
ei

g
h
te

d
in

eq
u
al

it
y

w
it

h
w

ei
g
h
t
w

,
ea

ch
gr

ou
n
d

ru
le

is
m

an
ip

u
la

te
d

to
`(
y
,x

)
≤

0
an

d
in

cl
u
d
ed

as
a

p
ot

en
ti

al
of

th
e

fo
rm

φ
(y
,x

)
=

m
ax
{`

(y
,x

),
0
}

(3
6
)

w
it

h
a

w
ei

gh
t

of
w

.
If

th
e

ar
it

h
m

et
ic

ru
le

is
a

w
ei

gh
te

d
eq

u
al

it
y

w
it

h
w

ei
gh

t
w

,
ea

ch
g
ro

u
n
d

ru
le

is
ag

ai
n

m
an

ip
u
la

te
d

to
`(
y
,x

)
≤

0
an

d
tw

o
p

ot
en

ti
al

s
ar

e
in

cl
u
d
ed

,

φ
1
(y
,x

)
=

m
ax
{`

(y
,x

),
0}
,
φ

2
(y
,x

)
=

m
ax
{−
`(
y
,x

),
0
}
,

(3
7)

ea
ch

w
it

h
a

w
ei

gh
t

of
w

.
In

ei
th

er
ca

se
,

if
th

e
w

ei
gh

te
d

ar
it

h
m

et
ic

ru
le

is
a
n
n
o
ta

te
d

w
it

h
^
2
,

th
en

th
e

in
d
u
ce

d
p

ot
en

ti
al

s
ar

e
sq

u
ar

ed
.

4
.2

E
x
p

re
ss

iv
it

y

A
n

im
p

or
ta

n
t

q
u
es

ti
on

is
th

e
ex

p
re

ss
iv

it
y

of
P

S
L

,
w

h
ic

h
u
se

s
d
is

ju
n
ct

iv
e

cl
a
u
se

s
w

it
h

p
o
s-

it
iv

e
w

ei
gh

ts
fo

r
it

s
lo

gi
ca

l
ru

le
s.

O
th

er
lo

gi
c-

b
as

ed
la

n
gu

ag
es

su
p
p

or
t

d
iff

er
en

t
ty

p
es

o
f

cl
au

se
s,

su
ch

as
M

ar
ko

v
lo

gi
c

n
et

w
or

k
s

(R
ic

h
ar

d
so

n
an

d
D

om
in

go
s,

20
06

),
w

h
ic

h
su

p
p

o
rt

cl
au

se
s

w
it

h
co

n
ju

n
ct

io
n
s

an
d

cl
au

se
s

w
it

h
n
eg

at
iv

e
w

ei
gh

ts
.

A
s

w
e

d
is

cu
ss

in
th

is
se

ct
io

n
,

P
S
L

’s
lo

gi
ca

l
ru

le
s

ca
p
tu

re
a

ge
n
er

al
cl

as
s

of
st

ru
ct

u
ra

l
d
ep

en
d
en

ci
es

,
ca

p
a
b
le

o
f

m
o
d
el

-
in

g
ar

b
it

ra
ry

p
ro

b
ab

il
is

ti
c

re
la

ti
on

sh
ip

s
am

on
g

B
o
ol

ea
n

va
ri

ab
le

s,
su

ch
as

th
o
se

d
efi

n
ed

b
y

M
ar

ko
v

lo
gi

c
n
et

w
or

k
s.

T
h
e

ad
va

n
ta

ge
of

P
S
L

is
th

at
it

d
efi

n
es

H
L

-M
R

F
s,

w
h
ic

h
a
re

m
u
ch

m
or

e
sc

al
ab

le
th

an
d
is

cr
et

e
M

R
F

s
an

d
of

te
n

ju
st

as
a
cc

u
ra

te
,

as
w

e
sh

ow
in

S
ec

ti
o
n

6
.4

.

T
h
e

ex
p
re

ss
iv

it
y

of
P

S
L

is
ti

ed
to

th
e

ex
p
re

ss
iv

it
y

of
th

e
M

A
X

S
A

T
p
ro

b
le

m
,

si
n
ce

th
ey

b
ot

h
u
se

th
e

sa
m

e
cl

as
s

of
w

ei
gh

te
d

cl
au

se
s.

T
h
er

e
ar

e
tw

o
co

n
d
it

io
n
s

o
n

th
e

cl
a
u
se

s:
(1

)
th

ey
h
av

e
n
on

n
eg

at
iv

e
w

ei
gh

ts
,

an
d

(2
)

th
ey

a
re

d
is

ju
n
ct

iv
e.

W
e

fi
rs

t
co

n
si

d
er

th
e

n
on

n
eg

at
iv

it
y

re
q
u
ir

em
en

t
an

d
sh

ow
th

at
ca

n
ac

tu
al

ly
b

e
v
ie

w
ed

as
a

re
st

ri
ct

io
n

o
n

th
e

st
ru

ct
u
re

of
a

cl
au

se
.

T
o

il
lu

st
ra

te
,

co
n
si

d
er

a
w

ei
gh

te
d

d
is

ju
n
ct

iv
e

cl
au

se
of

th
e

fo
rm

−
w

:

  
∨ i∈
I
+ j

x
i  
∨
  
∨ i∈
I
− j

¬x
i  

.
(3

8
)

If
th

is
cl

au
se

w
er

e
p
ar

t
of

a
ge

n
er

al
iz

ed
M

A
X

S
A

T
p
ro

b
le

m
,

in
w

h
ic

h
th

er
e

w
er

e
n
o

re
st

ri
c-

ti
on

s
on

w
ei

gh
t

si
gn

or
cl

au
se

st
ru

ct
u
re

,
b
u
t

th
e

go
al

w
er

e
st

il
l

to
m

ax
im

iz
e

th
e

su
m

o
f

th
e

w
ei

gh
ts

of
th

e
sa

ti
sfi

ed
cl

au
se

s,
th

en
th

is
cl

au
se

co
u
ld

b
e

re
p
la

ce
d

w
it

h
an

eq
u
iv

a
le

n
t

o
n
e

2
2
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

w
ith

o
u
t

ch
a
n
g
in

g
th

e
op

tim
izer:

w
:


∧i∈
I
+j ¬

x
i 
∧

∧i∈
I −j

x
i 

.
(39)

N
o
te

th
a
t

th
e

clau
se

h
as

b
een

ch
an

ged
in

th
ree

w
ay

s:
(1

)
th

e
sign

of
th

e
w

eigh
t

h
as

b
een

ch
a
n
g
ed

,
(2

)
th

e
d
isju

n
ction

s
h
ave

b
een

rep
laced

w
ith

con
ju

n
ction

s,
an

d
(3)

th
e

literals
h
ave

a
ll

b
een

n
egated

.
D

u
e

to
th

is
eq

u
ivalen

ce,
th

e
restriction

on
th

e
sign

of
th

e
w

eigh
ts

is
su

b
su

m
ed

b
y

th
e

restriction
on

th
e

stru
ctu

re
of

th
e

clau
ses.

In
oth

er
w

ord
s,

an
y

set
of

cla
u
ses

ca
n

b
e

con
verted

to
a

set
w

ith
n
on

n
egative

w
eigh

ts
th

at
h
as

th
e

sam
e

op
tim

izer,
b
u
t

it
m

ig
h
t

req
u
ire

in
clu

d
in

g
con

ju
n
ction

s
in

th
e

clau
ses.

It
is

also
easy

to
verify

th
at

if
E

q
u
a
tio

n
(3

8)
is

u
sed

to
d
efi

n
e

a
p

oten
tial

in
a

d
iscrete

M
R

F
,

rep
lacin

g
it

w
ith

a
p

oten
tial

d
efi

n
ed

b
y

(3
9)

leav
es

th
e

d
istrib

u
tion

u
n
ch

an
ged

,
d
u
e

to
th

e
n
orm

alizin
g

p
artition

fu
n
ction

.
W

e
n
ow

co
n
sid

er
th

e
req

u
irem

en
t

th
at

clau
ses

b
e

d
isju

n
ctive

an
d

illu
strate

h
ow

con
-

ju
n
ctive

cla
u
ses

can
b

e
rep

laced
b
y

an
eq

u
ivalen

t
set

of
d
isju

n
ctive

clau
ses.

T
h
e

id
ea

is
to

co
n
stru

ct
a

set
of

d
isju

n
ctive

clau
ses

su
ch

th
at

all
assign

m
en

ts
to

th
e

variab
les

are
m

ap
p

ed
to

th
e

sa
m

e
score,

u
p

to
a

con
stan

t.
A

sim
p
le

ex
am

p
le

is
rep

lacin
g

a
con

ju
n
ction

w
:
x

1 ∧
x

2
(40)

w
ith

d
isju

n
ctio

n
s

w
:
x

1 ∨
x

2
(41)

w
:
¬
x

1 ∨
x

2
(42)

w
:
x

1 ∨
¬
x

2
.

(43)

O
b
serve

th
a
t

th
e

total
score

for
all

assign
m

en
ts

to
th

e
variab

les
rem

ain
s

th
e

sam
e,

u
p

to
a

co
n
sta

n
t.

T
h
is

ex
am

p
le

gen
eralizes

to
a

p
ro

ced
u
re

for
en

co
d
in

g
an

y
B

o
olean

M
R

F
in

to
a

set
of

d
isju

n
ctive

cla
u
ses

w
ith

n
on

n
egative

w
eigh

ts.
P

ark
(2002)

sh
ow

ed
th

at
th

e
M

A
P

p
rob

lem
fo

r
a
n
y

d
iscrete

B
ayesian

n
etw

ork
can

b
e

rep
resen

ted
as

an
in

stan
ce

o
f

M
A

X
S
A

T
.

F
or

d
istrib

u
tio

n
s

o
f

b
ou

n
d
ed

factor
size,

th
e

M
A

X
S
A

T
p
rob

lem
h
as

size
p

oly
n
om

ial
in

th
e

n
u
m

b
er

o
f

va
riab

les
an

d
factors

of
th

e
d
istrib

u
tion

.
W

e
d
escrib

e
h
ow

an
y

B
o
olean

M
R

F
ca

n
b

e
rep

resen
ted

w
ith

d
isju

n
ctive

clau
ses

an
d

n
on

n
egative

w
eigh

ts.
G

iven
a

B
o
olean

M
R

F
w

ith
a
rb

itrary
p

oten
tials

d
efi

n
ed

b
y

m
ap

p
in

g
s

from
join

t
states

of
su

b
sets

of
th

e
variab

les
to

sco
res,

a
n
ew

M
R

F
is

created
as

follow
s.

F
or

each
p

oten
tial

in
th

e
origin

a
l

M
R

F
,

a
n
ew

set
o
f

p
o
ten

tia
ls

d
efi

n
ed

b
y

d
isju

n
ctive

clau
ses

is
created

.
A

con
ju

n
ctive

clau
se

is
created

co
rresp

o
n
d
in

g
to

each
en

try
in

th
e

p
oten

tial’s
m

ap
p
in

g
w

ith
a

w
eigh

t
eq

u
a
l

to
th

e
score

a
ssig

n
ed

b
y

th
e

w
eigh

ted
p

oten
tial

in
th

e
origin

al
M

R
F

.
T

h
en

,
th

ese
clau

ses
are

con
verted

to
eq

u
iva

len
t

d
isju

n
ctive

clau
ses

as
in

th
e

ex
am

p
le

o
f

E
q
u
a
tion

s
(38)

an
d

(39)
b
y

also
fl
ip

p
in

g
th

e
sig

n
o
f

th
eir

w
eigh

ts
an

d
n
egatin

g
th

e
literals.

O
n
ce

th
is

is
d
on

e
for

all
en

tries
of

all
p

o
ten

tia
ls,

w
h
a
t

rem
ain

s
is

an
M

R
F

d
efi

n
ed

b
y

d
isju

n
ctive

clau
ses,

so
m

e
of

w
h
ich

m
igh

t
h
ave

n
eg

a
tive

w
eigh

ts.
W

e
m

ak
e

all
w

eigh
ts

p
ositiv

e
b
y

ad
d
in

g
a

su
ffi

cien
tly

large
con

stan
t

to
a
ll

w
eig

h
ts

o
f

all
clau

ses,
w

h
ich

leaves
th

e
d
istrib

u
tion

u
n
ch

an
ged

d
u
e

to
th

e
n
orm

alizin
g

p
a
rtitio

n
fu

n
ction

.
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

It
is

im
p

ortan
t

to
n
ote

tw
o

caveats
w

h
en

con
vertin

g
arb

itrary
B

o
olean

M
R

F
s

to
M

R
F

s
d
efi

n
ed

u
sin

g
on

ly
d
isju

n
ctiv

e
clau

ses
w

ith
n
on

n
egativ

e
w

eigh
ts.

F
irst,

th
e

n
u
m

b
er

of
clau

ses
req

u
ired

to
rep

resen
t

a
p

oten
tial

in
th

e
origin

a
l

M
R

F
is

ex
p

on
en

tial
in

th
e

d
egree

of
th

e
p

oten
tial.

In
p
ractice,

th
is

is
rarely

a
sig

n
ifi

can
t

lim
itation

,
sin

ce
M

R
F

s
often

con
tain

low
-

d
egree

p
oten

tials.
T

h
e

oth
er

im
p

ortan
t

p
oin

t
is

th
at

th
e

step
of

ad
d
in

g
a

con
stan

t
to

all
th

e
w

eigh
ts

in
creases

th
e

total
score

of
th

e
M

A
P

state.
S
in

ce
th

e
b

ou
n
d

of
G

o
em

an
s

an
d

W
illiam

son
(1994)

is
relativ

e
to

th
is

score,
th

e
b

ou
n
d

is
lo

osen
ed

for
th

e
orig

in
al

p
rob

lem
th

e
larger

th
e

con
stan

t
ad

d
ed

to
th

e
w

eigh
ts

is.
T

h
is

is
to

b
e

ex
p

ected
,
sin

ce
even

ap
p
rox

im
atin

g
M

A
P

is
N

P
-h

ard
in

gen
eral

(A
b

d
elb

ar
an

d
H

ed
etn

iem
i,

1998).
W

e
h
ave

d
escrib

ed
h
ow

gen
eral

stru
ctu

ral
d
ep

en
d
en

cies
can

b
e

m
o
d
eled

w
ith

th
e

logical
ru

les
of

P
S
L

.
It

is
p

ossib
le

to
rep

resen
t

arb
itrary

lo
gical

relation
sh

ip
s

w
ith

th
em

.
T

h
e

p
ro

cess
for

con
v
ertin

g
gen

eral
ru

les
to

P
S
L

’s
logical

ru
les

can
b

e
d
on

e
au

tom
atically

an
d

m
ad

e
tran

sp
aren

t
to

th
e

u
ser.

W
e

h
av

e
elected

in
th

is
section

to
d
efi

n
e

P
S
L

’s
logical

ru
les

w
ith

ou
t

m
ak

in
g

th
is

con
version

au
tom

atic
to

m
ake

clear
th

e
u
n
d
erly

in
g

form
alism

.

4
.3

M
o
d

e
lin

g
P

a
tte

rn
s

P
S
L

is
a

fl
ex

ib
le

lan
gu

age,
an

d
th

ere
are

som
e

p
attern

s
of

u
sage

th
at

com
e

u
p

in
m

an
y

ap
p
lication

s.
W

e
illu

strate
som

e
of

th
em

in
th

is
su

b
sectio

n
w

ith
a

n
u
m

b
er

of
ex

am
p
les.

4
.3
.1

D
o
m
a
in

a
n
d

R
a
n
g
e
R
u
l
e
s

In
m

an
y

p
rob

lem
s,

th
e

n
u
m

b
er

of
relation

s
th

at
can

b
e

p
red

icted
am

on
g

som
e

con
stan

ts
is

k
n
ow

n
.

F
or

b
in

ary
p
red

icates,
th

is
b
ack

grou
n
d

k
n
ow

led
ge

can
b

e
v
iew

ed
as

con
strain

ts
on

th
e

d
om

ain
(fi

rst
argu

m
en

t)
or

ran
ge

(secon
d

argu
m

en
t)

of
th

e
p
red

icate.
F

or
ex

am
p
le,

it
m

igh
t

b
e

b
ack

grou
n
d

k
n
ow

led
ge

th
at

each
en

tity,
su

ch
as

a
d
o
cu

m
en

t,
h
as

ex
actly

on
e

lab
el.

A
n

arith
m

etic
ru

le
to

ex
p
ress

th
is

follow
s.

L
a
b
e
l
(
D
o
c
u
m
e
n
t
,

+
L
a
b
e
l
N
a
m
e
)

=
1

.

T
h
e

p
red

icate
L
a
b
e
l

is
said

to
b

e
fu

n
ctio

n
a
l.

A
ltern

atively,
som

etim
es

it
is

th
e

fi
rst

argu
m

en
t

th
at

sh
ou

ld
b

e
su

m
m

ed
over.

F
or

ex
-

am
p
le,

im
agin

e
th

e
task

of
p
red

ictin
g

relation
sh

ip
s

am
on

g
stu

d
en

ts
an

d
p
rofesso

rs.
P

erh
a
p
s

it
is

k
n
ow

n
th

at
each

stu
d
en

t
h
as

ex
actly

on
e

ad
v
isor.

T
h
is

con
strain

t
ca

n
b

e
w

ritten
as

follow
s.

A
d
v
i
s
o
r
(
+
P
r
o
f
e
s
s
o
r
,

S
t
u
d
e
n
t
)

=
1

.

T
h
e

p
red

icate
A
d
v
i
s
o
r

is
said

to
b

e
in

verse
fu

n
ctio

n
a
l.

F
in

ally,
im

agin
e

a
scen

ario
in

w
h
ich

tw
o

so
cial

n
etw

ork
s

are
b

ein
g

align
ed

.
T

h
e

goal
is

to
p
red

ict
w

h
eth

er
each

p
air

of
p

eop
le,

on
e

from
each

n
etw

ork
,

is
th

e
sam

e
p

erson
,

w
h
ich

is
rep

resen
ted

w
ith

atom
s

of
th

e
S
a
m
e

p
red

icate.
E

ach
p

erson
align

s
w

ith
at

m
ost

on
e

p
erson

in
th

e
oth

er
n
etw

ork
,

b
u
t

m
igh

t
n
ot

align
w

ith
an

y
o
n
e.

T
h
is

can
b

e
ex

p
ressed

w
ith

th
e

follow
in

g
tw

o
arith

m
etic

ru
les.

S
a
m
e
(
P
e
r
s
o
n
1
,

+
P
e
r
s
o
n
2
)

<
=

1
.

S
a
m
e
(
+
P
e
r
s
o
n
1
,

P
e
r
s
o
n
2
)

<
=

1
.

T
h
e

p
red

icate
S
a
m
e

is
said

to
b

e
b

oth
pa

rtia
l

fu
n

ctio
n

a
l

an
d

pa
rtia

l
in

verse
fu

n
ctio

n
a
l.
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
is
t
ic

S
o
f
t
L
o
g
ic

M
an

y
va

ri
at

io
n
s

on
th

es
e

ex
am

p
le

s
ar

e
p

os
si

b
le

.
F

or
ex

am
p
le

,
th

ey
ca

n
b

e
ge

n
er

al
iz

ed
to

p
re

d
ic

at
es

w
it

h
m

or
e

th
an

tw
o

ar
gu

m
en

ts
.

A
d
d
it

io
n
al

ar
gu

m
en

ts
ca

n
ei

th
er

b
e

fi
x
ed

or
su

m
m

ed
ov

er
in

ea
ch

ru
le

.
A

s
an

ot
h
er

ex
am

p
le

,
d
om

ai
n

an
d

ra
n
ge

ru
le

s
ca

n
in

co
rp

or
at

e
m

u
lt

ip
le

p
re

d
ic

at
es

,
so

th
at

an
en

ti
ty

ca
n

p
ar

ti
ci

p
at

e
in

a
fi
x
ed

n
u
m

b
er

of
re

la
ti

on
s

co
u
n
te

d
am

on
g

m
u
lt

ip
le

p
re

d
ic

at
es

.

4
.3
.2

S
im

il
a
r
it
y

M
an

y
p
ro

b
le

m
s

re
q
u
ir

e
ex

p
li
ci

tl
y

re
a
so

n
in

g
ab

ou
t

si
m

il
ar

it
y,

ra
th

er
th

an
si

m
p
ly

w
h
et

h
er

en
ti

ti
es

ar
e

th
e

sa
m

e
or

d
iff

er
en

t.
F

or
ex

am
p
le

,
re

as
on

in
g

w
it

h
si

m
il
ar

it
y

h
as

b
ee

n
ex

p
lo

re
d

u
si

n
g

ke
rn

el
m

et
h
o
d
s,

su
ch

as
k
F

oi
l

(L
an

d
w

eh
r

et
al

.,
20

10
)

th
at

b
as

es
si

m
il
ar

it
y

co
m

p
u
ta

-
ti

on
on

th
e

re
la

ti
on

al
st

ru
ct

u
re

of
th

e
d
at

a
.

T
h
e

co
n
ti

n
u
ou

s
va

ri
ab

le
s

of
H

L
-M

R
F

s
m

ak
e

m
o
d
el

in
g

si
m

il
ar

it
y

st
ra

ig
h
tf

or
w

ar
d
,

an
d

P
S
L

’s
su

p
p

or
t

fo
r

fu
n
ct

io
n
al

ly
d
efi

n
ed

p
re

d
ic

at
es

m
ak

es
it

ev
en

ea
si

er
.

F
or

ex
am

p
le

,
in

an
en

ti
ty

re
so

lu
ti

on
ta

sk
,

th
e

d
eg

re
e

to
w

h
ic

h
tw

o
en

ti
ti

es
ar

e
b

el
ie

ve
d

to
b

e
th

e
sa

m
e

m
ig

h
t

d
ep

en
d

on
h
ow

si
m

il
ar

th
ei

r
n
am

es
ar

e.
A

ru
le

ex
p
re

ss
in

g
th

is
d
ep

en
d
en

cy
is

1
.
0

:
N
a
m
e
(
P
1
,

N
1
)

&
&

N
a
m
e
(
P
2
,

N
2
)

&
&

S
i
m
i
l
a
r
(
N
1
,

N
2
)

-
>

S
a
m
e
(
P
1
,

P
2
)

T
h
is

ru
le

u
se

s
th

e
S
i
m
i
l
a
r

p
re

d
ic

at
e

to
m

ea
su

re
si

m
il
ar

it
y.

S
in

ce
it

is
a

fu
n
ct

io
n
al

ly
d
efi

n
ed

p
re

d
ic

at
e,

it
ca

n
b

e
im

p
le

m
en

te
d

as
on

e
of

m
an

y
d
iff

er
en

t,
p

os
si

b
ly

d
o
m

a
in

sp
ec

ia
li
ze

d
,

st
ri

n
g

si
m

il
ar

it
y

fu
n
ct

io
n
s.

A
n
y

si
m

il
a
ri

ty
fu

n
ct

io
n

th
at

ca
n

ou
tp

u
t

va
lu

es
in

th
e

ra
n
ge

[0
,1

]
ca

n
b

e
u
se

d
.

4
.3
.3

P
r
io
r
s

If
n
o

p
ot

en
ti

al
s

ar
e

d
efi

n
ed

ov
er

a
p
ar

ti
cu

la
r

at
om

,
th

en
it

is
eq

u
al

ly
p
ro

b
ab

le
th

a
t

it
h
as

an
y

va
lu

e
b

et
w

ee
n

ze
ro

an
d

on
e.

O
ft

en
,

h
ow

ev
er

,
it

sh
ou

ld
b

e
m

or
e

p
ro

b
ab

le
th

a
t

an
at

om
h
as

a
va

lu
e

of
ze

ro
,

u
n
le

ss
th

er
e

is
ev

id
en

ce
th

a
t

it
h
as

a
n
on

ze
ro

va
lu

e.
S
in

ce
at

om
s

ty
p
ic

al
ly

re
p
re

se
n
t

th
e

ex
is

te
n
ce

of
so

m
e

en
ti

ty
,

at
tr

ib
u
te

,
or

re
la

ti
on

,
th

is
b
ia

s
p
ro

m
ot

es
sp

ar
si

ty
am

on
g

th
e

th
in

gs
in

fe
rr

ed
to

ex
is

t.
F

u
rt

h
er

,
if

th
er

e
is

a
p

ot
en

ti
al

th
at

p
re

fe
rs

th
at

an
at

om
sh

ou
ld

h
av

e
a

va
lu

e
th

at
is

at
le

as
t

so
m

e
n
u
m

er
ic

co
n
st

an
t,

su
ch

a
s

w
h
en

re
a
so

n
in

g
w

it
h

si
m

il
ar

it
ie

s
as

d
is

cu
ss

ed
in

S
ec

ti
on

4.
3.

2,
it

of
te

n
sh

ou
ld

al
so

b
e

m
or

e
p
ro

b
ab

le
th

at
an

at
om

is
n
o

h
ig

h
er

in
va

lu
e

th
an

is
n
ec

es
sa

ry
to

sa
ti

sf
y

th
at

p
ot

en
ti

al
.

T
o

ac
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b
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b
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ra
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p
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p
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d
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p
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p
ly

to
at

om
s

of
th

e
L
i
n
k

p
re

d
ic

at
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c
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b
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p
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p
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d
ic

ti
on

ta
sk

th
e

go
al

is
to

p
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b
le

li
n
k
s

gr
ow

s
q
u
ad

ra
ti

ca
ll
y

w
it

h
th

e
n
u
m

b
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.
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b
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b
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b
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b
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ca
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b
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b
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p
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r
a
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d
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h
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h
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h
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b
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li
n
k
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b
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c
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L
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b
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in
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u
d
in

g
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a
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b
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b
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b
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d
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d
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e
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h
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d
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d
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b
e

d
et

er
m

in
is

ti
c

fu
n
ct

io
n
s

of
se

ts
of

ot
h
er

ra
n
d
o
m

va
ri

a
b
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b
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b
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p
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p
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d
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re
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.
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i
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n
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.
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r
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n
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b
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d
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p
re

d
ic

ti
ve

o
f

sp
ec

ifi
c

in
te

re
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g
al

go
ri

th
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re
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h
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b
er

of
gr

ou
n
d
in

gs
of

th
e

fi
rs

t
ru

le
va

ri
es

fr
o
m

p
er

so
n

to
p

er
so

n
b
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b
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n
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p
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p
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d
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ra
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p
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p
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d
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b
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b
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p
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n
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d
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p
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i
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i
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n
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+
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i
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p
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i
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i
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ra
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r
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o
v
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a
n
d
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l
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n
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b
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g
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b
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e
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n
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ex
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p
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con
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er
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e
p
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g
w

h
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o
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th

e
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u
n
d
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u
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h
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th
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b
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u
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p
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stead

,
w

e
can

u
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d
irectly
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p
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e

tw
o
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frien
d
s
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A
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n
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n
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:
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∩
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∪
B
|
.

J
a
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F
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i
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P
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n
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d
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fu

n
ction

al).

S
a
m
e
F
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i
e
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F
A
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|
F
B
|
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S
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P
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F
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F
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i
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F
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i
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F
B
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S
a
m
e
P
e
r
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n
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+
P
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P
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S
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P
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P
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P
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i
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tersection

o
f

th
e

tw
o

sets,
an

d
th

e
m

ax
im

u
m

of
th

e
sizes

of
th

e
tw

o
sets

of
frien

d
s

as
a

low
er

b
o
u
n
d

o
n

th
e

size
o
f

th
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P
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algorith
m

s
fo

r
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con
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er
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m
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)
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e
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n
d
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varia
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b
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e
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m
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>
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c
k (y

,x
)

=
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∀
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∀
k
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p
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p
erform

in
g

M
A

P
in

feren
ce

m
an

y
tim

es
w

ith
d
iff

eren
t

w
eig

h
ts

(as
w

e
d
iscu

ss
in

S
ection

6).
H

ere,
H

L
-M

R
F

s
h
ave

a
d
istin

ct
ad

van
tage

ov
er

gen
eral
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

d
iscrete

m
o
d
els,

sin
ce

m
in

im
izin

g
f
w

is
a

con
vex

op
tim

ization
ra

th
er

th
an

a
com

b
in

atorial
on

e.
T

h
ere

are
m

an
y

off
-th

e-sh
elf

solu
tion

s
for

con
vex

op
tim

iza
tion

,
th

e
m

ost
p

op
u
lar

of
w

h
ich

are
in

terior-p
oin

t
m

eth
o
d
s,

w
h
ich

h
ave

w
orst-case

p
oly

n
om

ial
tim

e
com

p
lex

ity
in

th
e

n
u
m

b
er

of
variab

les,
p

oten
tials,

an
d

con
strain

ts
(N

esterov
an

d
N

em
irov

sk
ii,

1994).
A

lth
ou

gh
in

p
ractice

th
ey

p
erform

b
etter

th
an

th
eir

w
orst-case

b
ou

n
d
s

(W
righ

t,
2005

),
th

ey
d
o

n
ot

scale
w

ell
to

large
stru

ctu
red

p
red

iction
p
rob

lem
s

(Y
a
n
ov

er
et

al.,
2006).

W
e

th
erefore

in
tro

d
u
ce

a
n
ew

algorith
m

for
ex

act
M

A
P

in
feren

ce
d
esign

ed
to

scale
to

large
H

L
-M

R
F

s
b
y

leveragin
g

th
e

sp
arse

con
n
ectiv

ity
stru

ctu
re

of
th

e
p

oten
tials

an
d

h
ard

con
strain

ts
th

at
are

ty
p
ical

of
m

o
d
els

for
real-w

orld
task

s.

5
.1

C
o
n

se
n

su
s

O
p

tim
iz

a
tio

n
F
o
rm

u
la

tio
n

O
u
r

algorith
m

u
ses

co
n

sen
su

s
o
p
tim

iza
tio

n
,

a
tech

n
iq

u
e

th
at

d
iv

id
es

an
op

tim
ization

p
rob

-
lem

in
to

in
d
ep

en
d
en

t
su

b
p
rob

lem
s

an
d

th
en

iterates
to

reach
a

con
sen

su
s

on
th

e
op

tim
u
m

(B
oy

d
et

al.,
2011).

G
iven

a
H

L
-M

R
F
P

(y|x
),

w
e

fi
rst

con
stru

ct
an

eq
u
ivalen

t
M

A
P

p
rob

-
lem

in
w

h
ich

each
p

oten
tial

an
d

h
ard

con
strain

t
is

a
fu

n
ction

of
d
iff

eren
t

varia
b
les.

T
h
e

variab
les

are
th

en
con

strain
ed

to
m

ake
th

e
n
ew

an
d

origin
al

M
A

P
p
rob

lem
s

eq
u
ivalen

t.
W

e
let
y

(L
,j)

b
e

a
lo

cal
cop

y
of

th
e

variab
les

in
y

th
at

are
u
sed

in
th

e
p

oten
tial

fu
n
ction

φ
j ,

j
=

1,...,m
an

d
y

(L
,k

+
m

)
b

e
a

cop
y

of
th

ose
u
sed

in
th

e
con

strain
t

fu
n
ction

c
k ,
k

=
1,...,r.

W
e

refer
to

th
e

con
caten

ation
of

all
of

th
ese

vectors
as
y
L

.
W

e
also

in
tro

d
u
ce

a
ch

aracteristic

fu
n
ction

χ
k

for
each

con
strain

t
fu

n
ction

w
h
ere

χ
k [c

k (y
(L
,k

+
m

) ,x
) ]

=
0

if
th

e
con

strain
t

is

satisfi
ed

an
d

in
fi
n
ity

if
it

is
n
ot.

L
ikew

ise,
let

χ
[0
,1

]
b

e
a

ch
aracteristic

fu
n
ction

th
at

is
0

if
th

e
in

p
u
t

is
in

th
e

in
terval

[0,1]
an

d
in

fi
n
ity

if
it

is
n
ot.

W
e

d
rop

th
e

con
strain

ts
on

th
e

d
om

ain
of
y

,
lettin

g
th

em
ran

ge
in

p
rin

cip
le

over
R
n

an
d

in
stead

u
se

th
ese

ch
aracteristic

fu
n
ction

s
to

en
force

th
e

d
om

ain
con

strain
ts.

T
h
is

form
u
lation

w
ill

m
ake

com
p
u
tation

easier
w

h
en

th
e

p
rob

lem
is

later
d
ecom

p
osed

.
F

in
ally,

let
y

(C
,̂i)

b
e

th
e

variab
les

in
y

th
at

corresp
o
n
d

to
y

(L
,̂i) ,

î
=

1,...,m
+
r.

O
p

erators
b

etw
een

y
(L
,̂i)

an
d
y

(C
,̂i)

are
d
efi

n
ed

elem
en

t-w
ise,

p
airin

g
th

e
corresp

on
d
in

g
cop

ied
variab

les.
C

on
sen

su
s

op
tim

ization
solves

th
e

reform
u
lated

M
A

P
p
rob

lem

arg
m

in
(y
L
,y

)

m
∑j=

1

w
j φ
j (
y

(L
,j) ,x )

+
r
∑k

=
1

χ
k [c

k (
y

(L
,k

+
m

) ,x )]
+

n
∑i=

1

χ
[0
,1

] [y
i ]

su
ch

th
at

y
(L
,̂i)

=
y

(C
,̂i)
∀
î

=
1,...,m

+
r
.

(45)

In
sp

ection
sh

ow
s

th
at

p
rob

lem
s

(44)
an

d
(45

)
are

eq
u
ivalen

t.

T
h
is

reform
u
lation

en
ab

les
u
s

to
relax

th
e

eq
u
ality

con
strain

ts
y

(L
,̂i)

=
y

(C
,̂i)

in
ord

er

to
d
iv

id
e

p
rob

lem
(45)

in
to

in
d
ep

en
d
en

t
su

b
p
rob

lem
s

th
at

are
easier

to
solve,

u
sin

g
th

e
altern

atin
g

d
irection

m
eth

o
d

of
m

u
ltip

liers
(A

D
M

M
)

(G
low

in
sk

i
an

d
M

arro
cco,

1975;
G

ab
ay

an
d

M
ercier,

1976;
B

oy
d

et
al.,

2011).
T

h
e

fi
rst

step
is

to
form

th
e

a
u

gm
en

ted
L

a
gra

n
gia

n
fu

n
ction

for
th

e
p
rob

lem
.

L
et
α

=
(α

1 ,...,α
m

+
r )

b
e

a
con

caten
ation

of
vectors

of
L

agran
ge
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
is
t
ic

S
o
f
t
L
o
g
ic

m
u
lt

ip
li
er

s.
T

h
en

th
e

au
gm

en
te

d
L

ag
ra

n
gi

an
is

L(
y
L
,α
,y

)
=

m ∑ j=
1

w
j
φ
j

( y
(L
,j

),
x
)

+
r ∑ k
=

1

χ
k

[ c k

( y
(L
,k

+
m

),
x
)]

+
n ∑ i=

1

χ
[0
,1

]
[y
i]

+
m

+
r

∑ î=
1

α
> î

( y
(L
,̂i

)
−
y

(C
,̂i

))
+
ρ 2

m
+
r

∑ î=
1

∥ ∥ ∥y
(L
,̂i

)
−
y

(C
,̂i

)∥ ∥ ∥2 2
(4

6)

u
si

n
g

a
st

ep
-s

iz
e

p
ar

am
et

er
ρ
>

0.
A

D
M

M
fi
n
d
s

a
sa

d
d
le

p
oi

n
t

of
L(
y
L
,α
,y

)
b
y

u
p

d
a
ti

n
g

th
e

th
re

e
b
lo

ck
s

of
va

ri
ab

le
s

at
ea

ch
it

er
at

io
n
t:

α
t î
←
α
t−

1
î

+
ρ
( y

t−
1

(L
,̂i

)
−
y
t−

1
(C
,̂i

))
∀î

=
1,
..
.,
m

+
r

(4
7)

y
t L
←

ar
g

m
in

y
L

L
( y

L
,α

t ,
y
t−

1
)

(4
8)

y
t
←

ar
g

m
in

y
L
( y

t L
,α

t ,
y
)

(4
9)

T
h
e

A
D

M
M

u
p

d
at

es
en

su
re

th
at
y

co
n
ve

rg
es

to
th

e
gl

ob
al

op
ti

m
u
m
y
?
,

th
e

M
A

P
st

at
e

of
P

(y
|x

),
as

su
m

in
g

th
at

th
er

e
ex

is
ts

a
fe

a
si

b
le

as
si

gn
m

en
t

to
y

.
W

e
ch

ec
k

co
n
ve

rg
en

ce
u
si

n
g

th
e

cr
it

er
ia

su
gg

es
te

d
b
y

B
oy

d
et

al
.

(2
01

1)
,

m
ea

su
ri

n
g

th
e

p
ri

m
al

an
d

d
u
al

re
si

d
u
al

s
at

th
e

en
d

of
it

er
at

io
n
t,

d
efi

n
ed

as

‖r̄
t ‖

2
,

 
m

+
r

∑ î=
1

‖y
t (L
,̂i

)
−
y
t (C
,̂i

)‖
2 2

 
1 2

‖s̄
t ‖

2
,
ρ

(
n ∑ i=

1

K i
(y
t i
−
y
t−

1
i

)2

)
1 2

(5
0)

w
h
er

e
K i

is
th

e
n
u
m

b
er

of
co

p
ie

s
m

ad
e

of
th

e
va

ri
ab

le
y i

,
i.
e.

,
th

e
n
u
m

b
er

of
d
iff

er
en

t
p

ot
en

ti
al

s
an

d
co

n
st

ra
in

ts
in

w
h
ic

h
th

e
va

ri
ab

le
p
ar

ti
ci

p
at

es
.

T
h
e

u
p

d
at

es
ar

e
te

rm
in

at
ed

w
h
en

b
ot

h
of

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

ar
e

sa
ti

sfi
ed

‖r̄
t ‖

2
≤
εa

b
s√ √ √ √

n ∑ i=
1

K i
+
εr

el
m

ax

    

 
m

+
r

∑ î=
1

‖y
t (L
,̂i

)‖
2 2

 
1 2

,(
n ∑ i=

1

K i
(y
t i)

2

)
1 2

    
(5

1)

‖s̄
t ‖

2
≤
εa

b
s√ √ √ √

n ∑ i=
1

K i
+
εr

el

 
m

+
r

∑ î=
1

‖α
t î‖

2 2

 
1 2

(5
2)

u
si

n
g

co
n
v
er

ge
n
ce

p
ar

am
et

er
s
εa

b
s

an
d
εr

el
.

5
.2

B
lo

ck
U

p
d

a
te

s

W
e

n
ow

d
es

cr
ib

e
h
ow

to
im

p
le

m
en

t
th

e
A

D
M

M
b
lo

ck
u
p

d
a
te

s
(4

7)
,
(4

8)
,
an

d
(4

9)
.

U
p

d
at

in
g

th
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
α

is
a

si
m

p
le

st
ep

in
th

e
gr

ad
ie

n
t

d
ir

ec
ti

on
(4

7)
.

U
p

d
at

in
g

th
e

lo
ca

l
co

p
ie

s
y
L

(4
8)

d
ec

om
p

os
es

ov
er

ea
ch

p
ot

en
ti

al
an

d
co

n
st

ra
in

t
in

th
e

H
L

-M
R

F
.

F
or

th
e
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 1
8(

10
9)

:1
-6

7,
 2

01
7

B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

va
ri

ab
le

s
y

(L
,j

)
fo

r
ea

ch
p

ot
en

ti
al
φ
j
,

th
is

re
q
u
ir

es
in

d
ep

en
d
en

tl
y

op
ti

m
iz

in
g

th
e

w
ei

g
h
te

d
p

ot
en

ti
al

p
lu

s
a

sq
u
ar

ed
n
or

m
:

ar
g

m
in

y
(L
,j
)

w
j

( m
ax
{ ` j

(y
(L
,j

),
x

),
0
})

p
j

+
ρ 2

∥ ∥ ∥ ∥y
(L
,j

)
−
y

(C
,j

)
+

1 ρ
α
j

∥ ∥ ∥ ∥2 2

.
(5

3
)

A
lt

h
ou

gh
th

is
op

ti
m

iz
at

io
n

p
ro

b
le

m
is

co
n
v
ex

,
th

e
p
re

se
n
ce

of
th

e
h
in

ge
fu

n
ct

io
n

co
m

p
li
ca

te
s

it
.

It
co

u
ld

b
e

so
lv

ed
in

p
ri

n
ci

p
le

w
it

h
an

it
er

at
iv

e
m

et
h
o
d
,
su

ch
as

an
in

te
ri

or
-p

o
in

t
m

et
h
o
d
,

b
u
t

su
ch

m
et

h
o
d
s

w
ou

ld
b

ec
om

e
ve

ry
ex

p
en

si
ve

ov
er

m
an

y
A

D
M

M
u
p

d
at

es
.

F
o
rt

u
n
a
te

ly
,

w
e

ca
n

re
d
u
ce

th
e

p
ro

b
le

m
to

ch
ec

k
in

g
se

v
er

al
ca

se
s

an
d

fi
n
d

so
lu

ti
on

s
m

u
ch

m
o
re

q
u
ic

k
ly

.

T
h
er

e
ar

e
th

re
e

ca
se

s
fo

r
y
? (L
,j

),
th

e
op

ti
m

iz
er

of
p
ro

b
le

m
(5

3)
,

w
h
ic

h
co

rr
es

p
o
n
d

to

th
e

th
re

e
re

gi
on

s
in

w
h
ic

h
th

e
so

lu
ti

on
co

u
ld

li
e:

(1
)

th
e

re
gi

on
`(
y

(L
,j

),
x

)
<

0
,

(2
)

th
e

re
gi

on
`(
y

(L
,j

),
x

)
>

0,
an

d
(3

)
th

e
re

gi
on

`(
y

(L
,j

),
x

)
=

0.
W

e
ch

ec
k

ea
ch

ca
se

b
y

re
p
la

ci
n
g

th
e

p
ot

en
ti

al
w

it
h

it
s

va
lu

e
on

th
e

co
rr

es
p

on
d
in

g
re

gi
on

,
op

ti
m

iz
in

g,
an

d
ch

ec
k
in

g
if

th
e

op
ti

m
iz

er
is

in
th

e
co

rr
ec

t
re

gi
on

.
W

e
ch

ec
k

th
e

fi
rs

t
ca

se
b
y

re
p
la

ci
n
g

th
e

p
o
te

n
ti

a
l
φ
j

w
it

h
ze

ro
.

T
h
en

,
th

e
op

ti
m

iz
er

of
th

e
m

o
d
ifi

ed
p
ro

b
le

m
is
y

(C
,j

)
−
α
j
/ρ

.
If
` j

(y
(C
,j

)
−

α
j
/ρ
,x

)
≤

0,
th

en
y
? (L
,j

)
=
y

(C
,j

)
−
α
j
/ρ

,
b

ec
au

se
it

op
ti

m
iz

es
b

ot
h

th
e

p
ot

en
ti

a
l

a
n
d

th
e

sq
u
ar

ed
n
or

m
in

d
ep

en
d
en

tl
y.

If
in

st
ea

d
` j

(y
(C
,j

)
−
α
j
/ρ
,x

)
>

0,
th

en
w

e
ca

n
co

n
cl

u
d
e

th
at

` j
(y

? (L
,j

),
x

)
≥

0,
le

ad
in

g
to

on
e

of
th

e
n
ex

t
tw

o
ca

se
s.

In
th

e
se

co
n
d

ca
se

,
w

e
re

p
la

ce
th

e
m

ax
im

u
m

te
rm

w
it

h
th

e
in

n
er

li
n
ea

r
fu

n
ct

io
n
.

T
h
en

th
e

op
ti

m
iz

er
of

th
e

m
o
d
ifi

ed
p
ro

b
le

m
is

fo
u
n
d

b
y

ta
k
in

g
th

e
gr

ad
ie

n
t

of
th

e
o
b

je
ct

iv
e

w
it

h
re

sp
ec

t
to
y

(L
,j

),
se

tt
in

g
th

e
gr

ad
ie

n
t

eq
u
al

to
th

e
ze

ro
ve

ct
or

,
a
n
d

so
lv

in
g

fo
r
y

(L
,j

).
In

ot
h
er

w
or

d
s,

th
e

o
p
ti

m
iz

er
is

th
e

so
lu

ti
on

fo
r
y

(L
,j

)
to

th
e

eq
u
at

io
n

∇
y
(L
,j
)

[ w
j

( ` j
(y

(L
,j

),
x

)) p
j

+
ρ 2

∥ ∥ ∥ ∥y
(L
,j

)
−
y

(C
,j

)
+

1 ρ
α
j

∥ ∥ ∥ ∥2 2

]
=

0
.

(5
4
)

T
h
is

co
n
d
it

io
n

d
efi

n
es

a
si

m
p
le

sy
st

em
of

li
n
ea

r
eq

u
at

io
n
s.

If
p
j

=
1,

th
en

th
e

co
effi

ci
en

t
m

at
ri

x
is

d
ia

go
n
al

an
d

tr
iv

ia
l

to
so

lv
e.

If
p
j

=
2,

th
en

th
e

co
effi

ci
en

t
m

at
ri

x
is

sy
m

m
et

ri
c

an
d

p
os

it
iv

e
d
efi

n
it

e,
an

d
th

e
sy

st
em

ca
n

b
e

so
lv

ed
v
ia

C
h
ol

es
k
y

d
ec

om
p

o
si

ti
o
n
.

(S
in

ce
th

e
p

ot
en

ti
al

s
of

an
H

L
-M

R
F

of
te

n
h
av

e
sh

ar
ed

st
ru

ct
u
re

s,
p

er
h
ap

s
te

m
p
la

te
d

b
y

a
P

S
L

p
ro

gr
am

,
th

e
C

h
ol

es
k
y

d
ec

om
p

os
it

io
n
s

ca
n

b
e

ca
ch

ed
an

d
sh

ar
ed

am
on

g
p

o
te

n
ti

a
ls

fo
r

im
p
ro

ve
d

p
er

fo
rm

an
ce

.)
L

et
y
′ (L
,j

)
b

e
th

e
op

ti
m

iz
er

of
th

e
m

o
d
ifi

ed
p
ro

b
le

m
,

i.
e.

,
th

e

so
lu

ti
on

to
eq

u
at

io
n

(5
4)

.
If
` j

(y
′ (L
,j

),
x

)
≥

0,
th

en
y
? (L
,j

)
=
y
′ (L
,j

)
b

ec
au

se
w

e
k
n
ow

th
e

so
lu

ti
on

li
es

in
th

e
re

gi
on

` j
(y

(L
,j

),
x

)
≥

0
an

d
th

e
ob

je
ct

iv
e

of
p
ro

b
le

m
(5

3
)

a
n
d

th
e

m
o
d
ifi

ed
ob

je
ct

iv
e

ar
e

eq
u
al

on
th

at
re

gi
o
n
.

In
fa

ct
,

if
p
j

=
2,

th
en

` j
(y
′ (L
,j

),
x

)
≥

0

w
h
en

ev
er
` j

(y
(C
,j

)
−
α
j
/ρ
,x

)
≥

0,
b

ec
a
u
se

th
e

m
o
d
ifi

ed
te

rm
is

sy
m

m
et

ri
c

a
b

o
u
t

th
e

li
n
e

` j
(y

(L
,j

),
x

)
=

0.
W

e
th

er
ef

or
e

w
il
l

on
ly

re
ac

h
th

e
fo

ll
ow

in
g

th
ir

d
ca

se
w

h
en

p
j

=
1
.

If

` j
(y

(C
,j

)
−
α
j
/ρ
,x

)
>

0
an

d
` j

(y
′ (L
,j

),
x

)
<

0,
th

en
w

e
ca

n
co

n
cl

u
d
e

th
a
t
y
? (L
,j

)
is

th
e

p
ro

je
ct

io
n

of
y

(C
,j

)
−
α
j
/ρ

on
to

th
e

h
y
p

er
p
la

n
e
c k

(y
(L
,j

),
x

)
=

0.
T

h
is

co
n
st

ra
in

t
m

u
st

b
e

ac
ti

ve
b

ec
au

se
it

is
v
io

la
te

d
b
y

th
e

op
ti

m
iz

er
s

o
f

b
ot

h
m

o
d
ifi

ed
ob

je
ct

iv
es

(M
a
rt

in
s

et
a
l.
,

20
15

,
L

em
m

a
17

).
S
in

ce
th

e
p

ot
en

ti
al

h
as

a
va

lu
e

of
ze

ro
w

h
en

ev
er

th
e

co
n
st

ra
in

t
is

a
ct

iv
e,

so
lv

in
g

p
ro

b
le

m
(5

3)
re

d
u
ce

s
to

th
e

p
ro

je
ct

io
n

op
er

at
io

n
.
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e
-L

o
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M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

F
o
r

th
e

lo
cal

cop
ies
y

(L
,k

+
m

)
for

each
con

strain
t
c
k ,

th
e

su
b
p
rob

lem
is

easier:

arg
m

in
y
(L
,k

+
m

)

χ
k [c

k (y
(L
,k

+
m

) ,x
) ]

+
ρ2

∥∥∥∥
y

(L
,k

+
m

) −
y

(C
,k

+
m

)
+

1ρ
α
k
+
m ∥∥∥∥

22

.
(55)

W
h
eth

er
c
k

is
a
n

eq
u
ality

or
in

eq
u
ality

co
n
strain

t,
th

e
solu

tion
is

th
e

p
ro

jection
of
y

(C
,k

+
m

) −
α
k
+
m
/
ρ

to
th

e
feasib

le
set

d
efi

n
ed

b
y

th
e

con
strain

t.
If
c
k

is
an

eq
u
a
lity

con
strain

t,
i.e.,

k
∈

E
,
th

en
th

e
o
p
tim

izer
y
?(L
,k

+
m

)
is

th
e

p
ro

jection
of
y

(C
,k

+
m

) −
α
k
+
m
/ρ

on
to
c
k (y

(L
,k

+
m

) ,x
)

=
0
.

If,
o
n

th
e

o
th

er
h
an

d
,
c
k

is
an

in
eq

u
ality

con
strain

t,
i.e.,

k
∈
I

,
th

en
th

ere
are

tw
o

cases.
F

irst,
if
c
k (y

(C
,k

+
m

) −
α
k
+
m
/ρ
,x

)
≤

0,
th

en
th

e
solu

tion
is

sim
p
ly
y

(C
,k

+
m

) −
α
k
+
m
/ρ

.

O
th

erw
ise,

it
is

again
th

e
p
ro

jection
on

to
c
k (y

(L
,k

+
m

) ,x
)

=
0.

T
o

u
p

d
a
te

th
e

variab
les
y

(49),
w

e
solve

th
e

op
tim

ization

arg
m

in
y

n
∑i=

1

χ
[0
,1

] [y
i ]+

ρ2

m
+
r

∑î=
1 ∥∥∥∥
y

(L
,̂i) −

y
(C
,̂i)

+
1ρ
α
î ∥∥∥∥

22

.
(56)

T
h
e

o
p
tim

izer
is

th
e

state
in

w
h
ich

y
i

is
set

to
th

e
average

of
its

corresp
on

d
in

g
lo

cal
co

p
ies

a
d
d
ed

w
ith

th
eir

corresp
on

d
in

g
L

agran
ge

m
u
ltip

liers
d
iv

id
ed

b
y

th
e

step
size

ρ
,

an
d

th
en

clip
p

ed
to

th
e

[0
,1]

in
terval.

M
ore

form
ally,

let
c
o
p
i
e
s
(y
i )

b
e

th
e

set
of

lo
cal

cop
ies

y
c

of
y
i ,

ea
ch

w
ith

a
corresp

on
d
in

g
L

agran
ge

m
u
ltip

lier
α
c .

T
h
en

,
w

e
u
p

d
ate

each
y
i

u
sin

g

y
i ←

1

|c
o
p
i
e
s
(y
i )|

∑

y
c ∈

c
o
p
i
e
s
(y
i ) (

y
c

+
α
c

ρ

)
(57)

a
n
d

clip
th

e
resu

lt
to

[0,1].
S
p

ecifi
cally,

if,
after

u
p

d
ate

(5
7),

y
i
>

1,
th

en
w

e
set

y
i

to
1

a
n
d

likew
ise

set
it

to
0

if
y
i
<

0.
A

lg
o
rith

m
1

sh
ow

s
th

e
com

p
lete

p
seu

d
o
co

d
e

for
M

A
P

in
feren

ce.
T

h
e

m
eth

o
d

starts
b
y

in
itia

lizin
g

lo
cal

cop
ies

of
th

e
variab

les
th

a
t

ap
p

ear
in

each
p

oten
tial

an
d

con
strain

t,
a
lo

n
g

w
ith

a
co

rresp
on

d
in

g
L

agran
ge

m
u
ltip

lier
for

each
cop

y.
T

h
en

,
u
n
til

con
v
ergen

ce,
it

itera
tively

p
erfo

rm
s

th
e

u
p

d
ates

(47),
(48),

an
d

(49).
In

th
e

p
seu

d
o
co

d
e,

w
e

h
ave

in
terleaved

u
p

d
a
tes

(4
7
)

a
n
d

(48),
u
p

d
atin

g
b

oth
th

e
L

agran
ge

m
u
ltip

liers
α
î

an
d

th
e

lo
cal

cop
ies
y

(L
,̂i)

to
g
eth

er
fo

r
ea

ch
su

b
p
rob

lem
,
b

ecau
se

th
ey

are
lo

cal
op

eratio
n
s

th
at

d
o

n
ot

d
ep

en
d

on
oth

er
va

ria
b
les

o
n
ce
y

is
u
p

d
ated

in
th

e
p
rev

iou
s

iteration
.

T
h
is

in
d
ep

en
d
en

ce
reveals

an
oth

er
ad

va
n
ta

g
e

o
f

ou
r

in
feren

ce
algorith

m
:

it
is

very
easy

to
p
arallelize.

T
h
e

u
p

d
ates

(47)
an

d
(4

8
)

ca
n

b
e

p
erform

ed
in

p
arallel,

th
e

resu
lts

gath
ered

,
u
p

d
ate

(4
9)

p
erform

ed
,

an
d

th
e

u
p

d
a
ted

y
b
ro

a
d
cast

b
ack

to
th

e
su

b
p
rob

lem
s.

P
arallelization

m
akes

ou
r

M
A

P
in

feren
ce

a
lg

o
rith

m
even

faster
an

d
m

ore
scalab

le.

5
.3

L
a
z
y

M
A

P
In

fe
re

n
c
e

O
n
e

in
terestin

g
an

d
u
sefu

l
p
rop

erty
of

H
L

-M
R

F
s

is
th

at
it

is
n
ot

alw
ay

s
n
ecessary

to
co

m
p
letely

m
a
terialize

th
e

d
istrib

u
tion

in
ord

er
to

fi
n
d

a
M

A
P

state.
C

o
n
sid

er
a

su
b
set

φ̂
o
f

th
e

in
d
ex

set{
1,...,m

}
of

th
e

p
oten

tials
φ

.
O

b
serve

th
a
t

if
a

feasib
le

a
ssig

n
m

en
t

to
y

m
in

im
izes

∑j∈
φ̂

w
j φ
j (y

,x
)

(58)
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

A
lg

o
rith

m
1

M
A

P
In

feren
ce

for
H

L
-M

R
F

s

In
p

u
t:

H
L

-M
R

F
P

(y|x
),
ρ
>

0

In
itialize

y
(L
,j)

as
lo

cal
cop

ies
of

variab
les
y

(C
,j)

th
at

are
in
φ
j ,
j

=
1,...,m

In
itialize

y
(L
,k

+
m

)
as

lo
cal

cop
ies

of
variab

les
y

(C
,k

+
m

)
th

at
are

in
c
k ,
k

=
1,...,r

In
itialize

L
agra

n
ge

m
u
ltip

liers
α
î

corresp
on

d
in

g
to

cop
ies
y

(L
,̂i) ,

î
=

1,...,m
+
r

w
h

ile
n
ot

con
verged

d
o

fo
r
j

=
1,...,m

d
o

α
j ←

α
j

+
ρ
(y

(L
,j) −

y
(C
,j) )

y
(L
,j) ←

y
(C
,j) −

1ρ
α
j

if
`
j (y

(L
,j) ,x

)
>

0
th

e
n

y
(L
,j) ←

arg
m

in
y
(L
,j
)
w
j (
`
j (y

(L
,j) ,x

) )
p
j

+
ρ2 ∥∥∥
y

(L
,j) −

y
(C
,j)

+
1ρ
α
j ∥∥∥

22
if
`
j (y

(L
,j) ,x

)
<

0
th

e
n

y
(L
,j) ←

P
ro

j`
j =

0 (y
(C
,j) −

1ρ
α
j )

e
n

d
if

e
n

d
if

e
n

d
fo

r

fo
r
k

=
1,...,r

d
o

α
k
+
m
←
α
k
+
m

+
ρ
(y

(L
,k

+
m

) −
y

(C
,k

+
m

) )

y
(L
,k

+
m

) ←
P

ro
jc
k (y

(C
,k

+
m

) −
1ρ
α
k
+
m

)
e
n

d
fo

r

fo
r
i

=
1,...,n

d
o

y
i ←

1
|c
o
p
i
e
s
(y
i )| ∑

y
c ∈

c
o
p
i
e
s
(y
i ) (

y
c

+
α
cρ )

C
lip

y
i

to
[0,1]

e
n

d
fo

r

e
n

d
w

h
ile
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F
ie
l
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s
a
n
d

P
r
o
b
a
b
il
is
t
ic

S
o
f
t
L
o
g
ic

an
d
φ
j
(y
,x

)
=

0
,∀
j
/∈
φ̂

,
th

en
th

at
as

si
gn

m
en

t
m

u
st

b
e

a
M

A
P

st
at

e
b

ec
au

se
0

is
th

e
gl

ob
al

m
in

im
u
m

fo
r

an
y

p
ot

en
ti

al
.

T
h
er

ef
or

e,
if

w
e

ca
n

id
en

ti
fy

a
se

t
of

p
ot

en
ti

al
s

th
at

is
sm

al
l,

su
ch

th
at

al
l

th
e

ot
h
er

p
ot

en
ti

al
s

ar
e

0
in

a
M

A
P

st
at

e,
th

en
w

e
ca

n
p

er
fo

rm
M

A
P

in
fe

re
n
ce

in
a

re
d
u
ce

d
am

ou
n
t

of
ti

m
e.

O
f

co
u
rs

e,
id

en
ti

fy
in

g
th

is
se

t
is

as
h
ar

d
as

M
A

P
in

fe
re

n
ce

it
se

lf
,

b
u
t

w
e

ca
n

it
er

a
ti

ve
ly

gr
ow

th
e

se
t

b
y

st
ar

ti
n
g

w
it

h
an

in
it

ia
l

se
t,

p
er

fo
rm

in
g

in
fe

re
n
ce

ov
er

th
e

cu
rr

en
t

se
t,

ad
d
in

g
an

y
p

ot
en

ti
al

s
th

at
h
av

e
n
on

ze
ro

va
lu

es
,

an
d

re
p

ea
ti

n
g.

S
in

ce
th

e
la

zy
in

fe
re

n
ce

p
ro

ce
d
u
re

re
q
u
ir

es
th

at
th

e
as

si
gn

m
en

t
b

e
fe

a
si

b
le

,
th

er
e

ar
e

tw
o

w
ay

s
to

h
an

d
le

an
y

co
n
st

ra
in

ts
in

th
e

H
L

-M
R

F
.

O
n
e

is
to

in
cl

u
d
e

al
l

co
n
st

ra
in

ts
in

th
e

in
fe

re
n
ce

p
ro

b
le

m
fr

om
th

e
b

eg
in

n
in

g.
T

h
is

st
ra

te
gy

en
su

re
s

fe
as

ib
il
it

y,
b
u
t

th
e

id
ea

of
la

zy
gr

ou
n
d
in

g
ca

n
al

so
b

e
ex

te
n
d
ed

to
co

n
st

ra
in

ts
to

im
p
ro

ve
p

er
fo

rm
an

ce
fu

rt
h
er

.
J
u
st

as
w

e
ch

ec
k

if
p

ot
en

ti
al

s
ar

e
u
n
sa

ti
sfi

ed
,

i.
e.

,
n
on

ze
ro

,
w

e
ca

n
al

so
ch

ec
k

if
co

n
st

ra
in

ts
ar

e
u
n
sa

ti
sfi

ed
,

i.
e.

,
v
io

la
te

d
.

S
o

th
e

al
go

ri
th

m
n
ow

it
er

at
iv

el
y

gr
ow

s
th

e
se

t
of

ac
ti

ve
p

ot
en

ti
al

s
an

d
ac

ti
ve

co
n
st

ra
in

ts
,

ad
d
in

g
an

y
th

at
ar

e
u
n
sa

ti
sfi

ed
u
n
ti

l
th

e
M

A
P

st
at

e
of

th
e

H
L

-M
R

F
d
efi

n
ed

b
y

th
e

ac
ti

ve
p

ot
en

ti
al

s
an

d
co

n
st

ra
in

ts
is

al
so

a
fe

as
ib

le
M

A
P

st
at

e
of

th
e

tr
u
e

H
L

-M
R

F
.

T
h
e

effi
ci

en
cy

of
la

zy
M

A
P

in
fe

re
n
ce

ca
n

b
e

im
p
ro

ve
d

h
eu

ri
st

ic
al

ly
b
y

n
ot

ad
d
in

g
al

l
u
n
sa

ti
sfi

ed
p

ot
en

ti
al

s
an

d
co

n
st

ra
in

ts
,

b
u
t

in
st

ea
d

on
ly

ad
d
in

g
th

os
e

th
at

ar
e

u
n
sa

ti
sfi

ed
b
y

so
m

e
th

re
sh

ol
d
.

T
h
is

h
eu

ri
st

ic
ca
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B
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c
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u
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A
D
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b
e

th
e
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b
e
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b
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b
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d
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p
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m
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secon
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m
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m
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p
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b
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p
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d
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∈
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d
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b
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∑j∈
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d
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i.e.,

w
j

=
W
q ,

for
each

j∈
tq .

E
q
u
ivalen

tly,
w

e
can

rew
rite

th
e

h
in
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=

(Φ
1 (y

,x
),...,Φ

s (y
,x

)).
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p
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∂
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p
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d
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b
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e
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p
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p
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e

valu
es

of
th

e
p

o
ten

tials
at

th
e

m
ost

p
rob

a
b
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P
∗ (
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n ∏ i=
1

P
∗ (
y i
|M

B
(y
i)
,x

)
(6

2)

=
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1

1

Z
i(
W
,y
,x

)
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p
[ −
f
i w

(y
i,
y
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)]
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(6
3)

Z
i(
W
,y
,x

)
=

∫ y
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p
[ −
f
i w

(y
i,
y
,x

)]
;
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4)

f
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(y
i,
y
,x

)
=
∑ j:
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φ
j

w
j
φ
j
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},
x
) .
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∈
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at
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p
ar

ti
al

d
er

iv
at

iv
e

of
th

e
lo

g-
p
se

u
d
ol

ik
el

ih
o
o
d

w
it

h
re

sp
ec

t
to
W
q

is

∂
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∂
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p
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p
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u
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∀ỹ
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e

d
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a
st

at
e
ỹ

a
n
d

th
e

tr
a
in

-
in

g
la

b
el

st
at

e
y

.
A

co
m

m
on

as
su

m
p
ti

on
is

th
at

th
e

lo
ss

fu
n
ct

io
n

d
ec

om
p

o
se

s
ov

er
th

e
p
re

d
ic

ti
on

co
m

p
on

en
ts

,
i.
e.

,
L

(y
,ỹ

)
=
∑

i
L

(y
i,
ỹ i

).
In

th
is

w
or

k
,

w
e

u
se

th
e
` 1

d
is

ta
n
ce

as
th

e
lo

ss
fu

n
ct

io
n
,

so
L

(y
,ỹ

)
=
∑

i
‖y
i
−
ỹ i
‖ 1

.
S
in

ce
w

e
d
o

n
ot

ex
p

ec
t

a
ll

p
ro

b
le

m
s

to
b

e
p

er
fe

ct
ly

se
p
ar

ab
le

,
w

e
re

la
x

th
e

la
rg

e-
m

ar
gi

n
co

n
st

ra
in

t
w

it
h

a
p

en
al

iz
ed

sl
a
ck

ξ.
W

e
ob

ta
in

a
co

n
ve

x
le

ar
n
in

g
ob

je
ct

iv
e

fo
r

a
la

rg
e-

m
ar

gi
n

so
lu

ti
on

m
in

W
≥

0

1 2
||W
||2

+
C
ξ

s.
t.
W
>

(Φ
(y
,x

)
−

Φ
(ỹ
,x

))
≤
−
L

(y
,ỹ

)
+
ξ,
∀ỹ
,

(6
8
)

w
h
er

e
Φ

(y
,x

)
=

(Φ
1
(y
,x

),
..
.,

Φ
s
(y
,x

))
an

d
C
>

0
is

a
u
se

r-
sp

ec
ifi

ed
p
ar

am
et

er
.

T
h
is

fo
r-

m
u
la

ti
on

is
an

al
og

ou
s

to
th

e
m

ar
gi

n
-r

es
ca

li
n
g

ap
p
ro

ac
h

b
y

J
oa

ch
im

s
et

al
.

(2
0
0
9
).

T
h
o
u
g
h

su
ch

a
st

ru
ct

u
re

d
ob

je
ct

iv
e

is
n
at

u
ra

l
a
n
d

in
tu

it
iv

e,
it

s
n
u
m

b
er

of
co

n
st

ra
in

ts
is

th
e

ca
r-

d
in

al
it

y
of

th
e

ou
tp

u
t

sp
ac

e,
w

h
ic

h
h
er

e
is

in
fi
n
it

e.
F

o
ll
ow

in
g

th
ei

r
ap

p
ro

ac
h
,

w
e

o
p
ti

m
iz

e
su

b
je

ct
to

th
e

in
fi
n
it

e
co

n
st

ra
in

t
se

t
u
si

n
g

a
cu

tt
in

g-
p
la

n
e

a
lg

o
ri

th
m

:
w

e
gr

ee
d
il
y

g
ro

w
a

se
t

K
of

co
n
st

ra
in

ts
b
y

it
er

at
iv

el
y

ad
d
in

g
th

e
w

o
rs

t-
v
io

la
te

d
co

n
st

ra
in

t
gi

ve
n

b
y

a
se

pa
ra

ti
o
n

o
ra

cl
e,

th
en

u
p

d
at

in
g
W

su
b

je
ct

to
th

e
cu

rr
en

t
co

n
st

ra
in

ts
.

T
h
e

go
al

of
th

e
cu

tt
in

g
-p

la
n
e

ap
p
ro

ac
h

is
to

effi
ci

en
tl

y
fi
n
d

th
e

se
t

of
ac

ti
ve

co
n
st

ra
in

ts
at

th
e

so
lu

ti
on

fo
r

th
e

fu
ll

o
b
-

je
ct

iv
e,

w
it

h
ou

t
h
av

in
g

to
en

u
m

er
at

e
th

e
in

fi
n
it

e
in

ac
ti

v
e

co
n
st

ra
in

ts
.

T
h
e

w
o
rs

t-
v
io

la
te

d
co

n
st

ra
in

t
is

ar
g

m
in

ỹ
W
>

Φ
(ỹ
,x

)
−
L

(y
,ỹ

).
(6

9)

T
h
e

se
p
ar

at
io

n
or

ac
le

p
er

fo
rm

s
lo

ss
-a

u
gm

en
te

d
in

fe
re

n
ce

b
y

ad
d
in

g
ad

d
it

io
n
a
l

p
o
te

n
ti

a
ls

to
th

e
H

L
-M

R
F

.
F

or
gr

ou
n
d

tr
u
th

in
{0
,1
},

th
es

e
lo

ss
-a

u
gm

en
ti

n
g

p
ot

en
ti

a
ls

ar
e

a
ls

o
ex

a
m

p
le

s
of

h
in

ge
-l

os
se

s,
an

d
th

u
s

ad
d
in

g
th

em
si

m
p
ly

cr
ea

te
s

an
a
u
gm

en
te

d
H

L
-M

R
F

.
T

h
e

w
o
rs

t-
v
io

la
te

d
co

n
st

ra
in

t
is

th
en

co
m

p
u
te

d
as

st
a
n
d
ar

d
in

fe
re

n
ce

on
th

e
lo

ss
-a

u
g
m

en
te

d
H

L
-

M
R

F
.

H
ow

ev
er

,
gr

ou
n
d

tr
u
th

va
lu

es
in

th
e

in
te

ri
or

(0
,1

)
ca

u
se

an
y

d
is

ta
n
ce

-b
a
se

d
lo

ss
to

b
e

co
n
ca

ve
,

w
h
ic

h
re

q
u
ir

e
th

e
se

p
ar

at
io

n
or

ac
le

to
so

lv
e

a
n
on

-c
on

v
ex

ob
je

ct
iv

e.
In

th
is

ca
se

,
w

e
u
se

th
e

d
iff

er
en

ce
o
f

co
n

ve
x

fu
n

ct
io

n
s

a
lg

o
ri

th
m

(A
n

an
d

T
ao

,
20

05
)

to
fi
n
d

a
lo

ca
l

op
ti

m
u
m

.
S
in

ce
th

e
co

n
ca

ve
p

or
ti

on
of

th
e

lo
ss

-a
u
gm

en
te

d
in

fe
re

n
ce

ob
je

ct
iv

e
p
iv

o
ts

a
ro

u
n
d

th
e

gr
ou

n
d

tr
u
th

va
lu

e,
th

e
su

b
gr

ad
ie

n
ts

ar
e

1
or
−

1,
d
ep

en
d
in

g
on

w
h
et

h
er

th
e

cu
rr

en
t

va
lu

e
is

gr
ea

te
r

th
an

th
e

gr
ou

n
d

tr
u
th

.
W

e
si

m
p
ly

ch
o
os

e
an

in
it

ia
l

d
ir

ec
ti

o
n

fo
r

in
te

ri
or

la
b

el
s

b
y

ro
u
n
d
in

g,
an

d
fl
ip

th
e

d
ir

ec
ti

o
n

of
th

e
su

b
gr

ad
ie

n
ts

fo
r

va
ri

a
b
le

s
w

h
o
se

so
lu

ti
o
n

st
at

es
ar

e
n
ot

in
th

e
in

te
rv

al
co

rr
es

p
on

d
in

g
to

th
e

su
b
gr

ad
ie

n
t

d
ir

ec
ti

on
u
n
ti

l
co

n
v
er

g
en

ce
.
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
ist

ic
S
o
f
t
L
o
g
ic

G
iven

a
set

K
of

con
strain

ts,
w

e
solv

e
th

e
S
V

M
o
b

jective
as

in
th

e
p
rim

al
form

m
in

W
≥

0

12 ||W
|| 2

+
C
ξ

s.t.
K
.

(70)

W
e

th
en

iteratively
in

voke
th

e
sep

aration
oracle

to
fi
n
d

th
e

w
orst-v

iolated
con

strain
t.

If
th

is
n
ew

co
n
strain

t
is

n
ot

v
iolated

,
or

its
v
iolation

is
w

ith
in

n
u
m

erical
to

leran
ce,

w
e

h
ave

fo
u
n
d

th
e

m
a
x
-m

argin
solu

tion
.

O
th

erw
ise,

w
e

ad
d

th
e

n
ew

co
n
stra

in
t

to
K

,
an

d
rep

eat.
O

n
e

fa
ct

o
f

n
ote

is
th

at
th

e
large-m

argin
criterion

alw
ay

s
req

u
ires

so
m

e
slack

for
H

L
-

M
R

F
s

w
ith

sq
u
ared

p
oten

tials.
S
in

ce
th

e
sq

u
ared

h
in

ge
p

oten
tial

is
q
u
ad

ratic
an

d
th

e
loss

is
lin

ea
r,

th
ere

alw
ay

s
ex

ists
a

sm
all

en
ou

gh
d
istan

ce
from

th
e

grou
n
d

tru
th

su
ch

th
at

an
a
b
so

lu
te

(i.e.,
lin

ear)
d
istan

ce
is

greater
th

an
th

e
sq

u
ared

d
istan

ce.
In

th
ese

cases,
th

e
sla

ck
p
a
ra

m
eter

tra
d
es

off
b

etw
een

th
e

p
eaked

n
ess

of
th

e
learn

ed
q
u
ad

ratic
en

ergy
fu

n
ction

an
d

th
e

m
a
rg

in
criterion

.

6
.4

E
v
a
lu

a
tio

n
o
f

L
e
a
rn

in
g

T
o

d
em

on
stra

te
th

e
fl
ex

ib
ility

an
d

eff
ectiv

en
ess

of
learn

in
g

w
ith

H
L

-M
R

F
s,

w
e

test
th

em
o
n

fo
u
r

d
iverse

task
s:

n
o
d
e

lab
elin

g,
lin

k
lab

elin
g,

lin
k

p
red

iction
,

an
d

im
ag

e
com

p
letion

. 6

E
a
ch

o
f

th
ese

ex
p

erim
en

ts
rep

resen
ts

a
p
rob

lem
d
om

ain
th

at
is

b
est

solv
ed

w
ith

stru
ctu

red
-

p
red

iction
a
p
p
roach

es
b

ecau
se

th
eir

d
ep

en
d
en

cies
are

h
igh

ly
stru

ctu
ral.

T
h
e

ex
p

erim
en

ts
sh

ow
th

at
H

L
-M

R
F

s
p

erform
as

w
ell

as
or

b
etter

th
an

can
on

ical
ap

p
roach

es.
F

o
r

th
ese

d
iverse

task
s,

w
e

com
p
are

again
st

a
n
u
m

b
er

of
com

p
etin

g
m

eth
o
d
s.

F
or

n
o
d
e

a
n
d

lin
k

la
b

elin
g,

w
e

com
p
are

H
L

-M
R

F
s

to
d
iscrete

M
arkov

ran
d
om

fi
eld

s
(M

R
F

s).
W

e
co

n
stru

ct
th

em
w

ith
M

ark
ov

logic
n
etw

ork
s

(M
L

N
s)

(R
ich

ard
son

an
d

D
om

in
gos,

2
006),

w
h
ich

tem
p
la

te
d
iscrete

M
R

F
s

u
sin

g
logical

ru
les

sim
ilarly

to
P

S
L

.
W

e
p

erform
in

feren
ce

in
d
iscrete

M
R

F
s

u
sin

g
G

ib
b
s

sam
p
lin

g
,

a
n
d

w
e

fi
n
d

ap
p
rox

im
ate

M
A

P
sta

tes
d
u
rin

g
learn

-
in

g
u
sin

g
th

e
search

algorith
m

M
ax

W
alk

S
at

(R
ich

ard
son

an
d

D
om

in
gos,

2006).
F

or
lin

k
p
red

iction
fo

r
p
referen

ce
p
red

iction
,

a
ta

sk
th

at
is

in
h
eren

tly
con

tin
u
ou

s
an

d
n
on

triv
ial

to
en

co
d
e

in
d
iscrete

logic,
w

e
com

p
are

again
st

B
ayesian

p
rob

ab
ilistic

m
atrix

factorization
(B

P
M

F
)

(S
a
la

k
h
u
td

in
ov

an
d

M
n
ih

,
20

08).
F

in
ally,

for
im

age
com

p
letion

,
w

e
ru

n
th

e
sam

e
ex

p
erim

en
ta

l
setu

p
as

P
o
on

an
d

D
om

in
gos

(2011)
an

d
com

p
are

again
st

th
e

resu
lts

th
ey

rep
o
rt,

w
h
ich

in
clu

d
e

tests
u
sin

g
su

m
p
ro

d
u
ct

n
etw

ork
s,

d
eep

b
elief

n
etw

ork
s

(H
in

ton
an

d
S
a
la

k
h
u
td

in
ov

,
2006),

an
d

d
eep

B
oltzm

an
n

m
ach

in
es

(S
a
lak

h
u
td

in
ov

an
d

H
in

ton
,

2009).
W

e
tra

in
H

L
-M

R
F

s
an

d
d
iscrete

M
R

F
s

w
ith

all
th

ree
learn

in
g

m
eth

o
d
s:

stru
ctu

red
p

er-
cep

tro
n

(S
P

),
m

ax
im

u
m

p
seu

d
olikelih

o
o
d

estim
ation

(M
P

L
E

),
an

d
large-m

argin
estim

ation
(L

M
E

).
W

h
en

a
p
p
rop

riate,
w

e
evalu

ate
statistical

sign
ifi

can
ce

u
sin

g
a

p
aired

t-test
w

ith
re-

jectio
n

th
resh

o
ld

0.01.
W

e
d
escrib

e
th

e
H

L
-M

R
F

s
u
sed

for
ou

r
ex

p
erim

en
ts

u
sin

g
th

e
P

S
L

ru
les

th
a
t

d
efi

n
e

th
em

.
T

o
in

v
estigate

th
e

d
iff

eren
ces

b
etw

een
lin

ea
r

an
d

sq
u
a
red

p
oten

tials
w

e
u
se

b
o
th

in
ou

r
ex

p
erim

en
ts.

H
L

-M
R

F
-L

refers
to

a
m

o
d
el

w
ith

all
lin

ear
p

oten
tials

a
n
d

H
L

-M
R

F
-Q

to
on

e
w

ith
all

sq
u
ared

p
oten

tials.
W

h
en

train
in

g
w

ith
S
P

an
d

M
P

L
E

,
w

e
u
se

1
0
0

g
ra

d
ien

t
step

s
an

d
a

step
size

of
1.0

(u
n
less

oth
erw

ise
n
o
ted

),
an

d
w

e
averag

e
th

e
itera

tes
a
s

in
voted

p
ercep

tron
.

F
or

L
M

E
,

w
e

set
C

=
0.1.

W
e

ex
p

erim
en

ted
w

ith
variou

s
settin

g
s,

b
u
t

th
e

scores
of

H
L

-M
R

F
s

an
d

d
iscrete

M
R

F
s

w
ere

n
ot

sen
sitive

to
ch

an
ges.

6
.

C
o
d

e
is

ava
ila

b
le

a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
s
t
e
p
h
e
n
b
a
c
h
/
b
a
c
h
-
j
m
l
r
1
7
-
c
o
d
e
.
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

6
.4
.1

N
o
d
e
L
a
b
e
l
in
g

W
h
en

classify
in

g
d
o
cu

m
en

ts,
lin

k
s

b
etw

een
th

ose
d
o
cu

m
en

ts—
su

ch
as

h
y
p

erlin
k
s,

citation
s,

or
sh

ared
au

th
orsh

ip
—

p
rov

id
e

ex
tra

sign
al

b
eyon

d
th

e
lo

cal
featu

res
of

in
d
iv

id
u
al

d
o
cu

-
m

en
ts.

C
ollectively

p
red

ictin
g

d
o
cu

m
en

t
classes

w
ith

th
ese

lin
k
s

ten
d
s

to
im

p
rov

e
accu

racy
(S

en
et

al.,
2008).

W
e

classify
d
o
cu

m
en

ts
in

citation
n
etw

ork
s

u
sin

g
d
ata

from
th

e
C

ora
an

d
C

iteseer
scien

tifi
c

p
ap

er
rep

ositories.
T

h
e

C
ora

d
ata

set
con

tain
s

2,708
p
ap

ers
in

sev
en

categories,
an

d
5,429

d
irected

citation
lin

k
s.

T
h
e

C
iteseer

d
ata

set
con

tain
s

3,312
p
ap

ers
in

six
categories,

an
d

4,591
d
irected

citation
lin

k
s.

L
et

th
e

p
red

icate
C
a
t
e
g
o
r
y
/
2

rep
resen

t
th

e
category

of
each

d
o
cu

m
en

t
an

d
C
i
t
e
s
/
2

rep
resen

t
a

citation
from

on
e

d
o
cu

m
en

t
to

an
oth

er.

T
h
e

p
red

iction
task

is,
given

a
set

of
seed

d
o
cu

m
en

ts
w

h
ose

lab
els

are
ob

served
,

to
in

fer
th

e
rem

ain
in

g
d
o
cu

m
en

t
classes

b
y

p
rop

ag
atin

g
th

e
seed

in
form

ation
th

rou
gh

th
e

n
etw

ork
.

F
or

each
of

20
ru

n
s,

w
e

sp
lit

th
e

d
ata

sets
50

/50
in

to
train

in
g

an
d

testin
g

p
artition

s,
an

d
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p
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h
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p
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b
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R
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en
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an
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h
in

e
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ar
n
in
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e
lo

n
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b
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n
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l
d
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d
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m
in

g
(I

L
P

)
(M

u
g
gl

et
on

an
d

D
e

R
a
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d
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e
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d
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ra
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n
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b
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el
at

io
n
s,

an
ti
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re
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n
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p
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ec
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ro
ss

m
an

y
d
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b
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b
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f
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b
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d
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p
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b
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b
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d
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n
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d
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ra
re

in
re

al
-w

or
ld

d
at

a.

A
n
ot

h
er

b
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b
ab

il
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d
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b
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d
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d
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h
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u
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h
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h
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d
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b
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d
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b
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con
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R
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b
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b
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grap
h

d
ata

or
n
etw

ork
d
ata.

M
o
d
elin

g
relation

al
d
ata

is
in

h
eren

tly
com

p
licated

b
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b
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p
in

g
stru

ctu
ral

d
ep

en
d
en

cies
th

at
are

ty
p
ically

p
resen

t.
T

h
is
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m
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p
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h
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d
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b
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h
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n
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p
red

ictio
n

(S
P

)
(B

ak
ir

et
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p
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b
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p
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p
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p
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p
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e
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b
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e

en
ergy

fu
n
ctio

n
b
u
t

u
n
favored

b
y

th
e

loss
fu

n
ction

.
O

ften
,

th
e

loss
fu

n
ction

d
ecom

p
oses

over
th

e
co

m
p

o
n
en

ts
o
f

th
e

p
red

iction
sp

ace,
so

th
e

com
b
in

ed
en

ergy
fu

n
ction

an
d

loss
fu

n
ction

can
o
ften

b
e

v
iew

ed
as

sim
p
ly

th
e

en
ergy

fu
n
ction

of
an

oth
er

stru
ctu

red
p
red

icto
r

th
at

is
eq

u
ally

ch
a
llen

g
in

g
o
r

easy
to

op
tim

ize,
su

ch
as

w
h
en

th
e

sp
a
ce

of
stru

ctu
res

is
a

set
of

d
iscrete

vecto
rs

a
n
d

th
e

loss
fu

n
ction

is
th

e
H

am
m

in
g

d
istan

ce.

It
is

co
m

m
on

d
u
rin

g
large-m

argin
estim

ation
th

a
t

n
o

settin
g

of
th

e
p
aram

eters
can

p
red

ict
a
ll

th
e

train
in

g
d
ata

w
ith

ou
t

error.
In

th
is

case,
th

e
train

in
g

d
ata

is
said

to
n
ot

b
e

sep
a
ra

b
le,

a
gain

gen
eralizin

g
th

e
n
otion

of
lin

ear
sep

arab
ility

in
th

e
featu

re
sp

ace
from

b
in

ary
cla

ssifi
ca

tion
.

T
h
e

solu
tion

to
th

is
p
rob

lem
is

to
ad

d
slack

variab
les

to
th

e
con

strain
ts

th
a
t

req
u
ire

th
e

train
in

g
d
ata

to
b

e
assign

ed
th

e
b

est
score.

T
h
e

m
agn

itu
d
e

of
th

e
slack

varia
b
les

a
re

p
en

alized
in

th
e

learn
in

g
ob

jective,
so

estim
ation

m
u
st

trad
e

off
b

etw
een

th
e

n
o
rm

o
f

th
e

p
a
ram

eters
an

d
v
iolatin

g
th

e
con

strain
ts.

J
oach

im
s

et
al.

(2009
)

ex
ten

d
th

is
fo

rm
u
la

tio
n

to
a

“on
e

slack
”

form
u
lation

,
in

w
h
ich

a
sin

gle
slack

variab
le

is
u
sed

for
a
ll

th
e

co
n
stra

in
ts

acro
ss

all
train

in
g

ex
am

p
les,

w
h
ich

is
m

ore
effi

cien
t.

W
e

u
se

th
is

fram
ew

ork
for

la
rg

e-m
argin

estim
ation

for
H

L
-M

R
F

s
in

S
ection

6.3.

T
h
e

rep
eated

in
feren

ces
req

u
ired

for
large-m

argin
learn

in
g,

on
e

to
fi
n
d

th
e

m
ost-v

iolated
co

n
stra

in
t

a
t

ea
ch

iteration
,

can
b

ecom
e

com
p
u
tation

ally
ex

p
en

sive.
T

h
erefore

research
ers

h
ave

ex
p
lo

red
sp

eed
in

g
u
p

learn
in

g
b
y

in
terleav

in
g

th
e

in
feren

ce
p
rob

lem
w

ith
th

e
lea

rn
in

g
p
ro

b
lem

.
In

th
e

cu
ttin

g-p
lan

e
form

u
lation

d
iscu

ssed
ab

ove,
th

e
ob

jective
is

eq
u
iva

len
tly

a
sa

d
d
le-p

o
in

t
p
rob

lem
,

w
ith

th
e

solu
tion

a
t

th
e

m
in

im
u
m

w
ith

resp
ect

to
th

e
p
aram

eters
a
n
d

th
e

m
a
x
im

u
m

w
ith

resp
ect

to
th

e
in

feren
ce

variab
les.

T
askar

et
al.

(2005)
p
rop

o
sed

d
u
alizin

g
th

e
in

n
er

in
feren

ce
p
rob

lem
to

form
a

join
t

m
in

im
ization

.
F

or
S
P

p
rob

lem
s

w
ith

a
tigh

t
d
u
a
lity

g
a
p
,

i.e.,
th

e
d
u
al

p
rob

lem
h
as

th
e

sam
e

op
tim

al
valu

e
as

th
e

p
rim

al
p
rob

lem
,

th
is

a
p
p
ro

a
ch

lea
d
s

to
an

eq
u
ivalen

t,
con

v
ex

op
tim

ization
th

at
can

b
e

solved
for

all
variab

les
sim

u
lta

n
eo

u
sly.

In
oth

er
w

ord
s,

th
e

learn
in

g
an

d
m

ost-v
iolated

con
strain

t
p
rob

lem
s

are

51
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B
a
c
h
,
B
r
o
e
c
h
e
l
e
r
,
H
u
a
n
g
,
a
n
d

G
e
t
o
o
r

solved
sim

u
ltan

eou
sly,

greatly
red

u
cin

g
train

in
g

tim
e.

F
or

p
rob

lem
s

w
ith

n
on

-tigh
t

d
u
ality

gap
s,

e.g.,
M

A
P

in
feren

ce
in

gen
eral,

d
iscrete

M
R

F
s,

M
esh

i
et

al.
(2010)

sh
ow

ed
th

at
th

e
sam

e
p
rin

cip
le

can
b

e
ap

p
lied

b
y

u
sin

g
ap

p
rox

im
ate

in
feren

ce
algorith

m
s

like
d
u
al

d
ecom

p
osition

to
b

ou
n
d

th
e

p
rim

al
ob

jectiv
e.

A
related

p
rob

lem
to

p
aram

eter
learn

in
g

is
stru

ctu
re

lea
rn

in
g,

i.e.,
id

en
tify

in
g

an
ac-

cu
rate

d
ep

en
d
en

cy
stru

ctu
re

for
a

m
o
d
el.

A
com

m
on

S
R

L
a
p
p
roach

is
search

in
g

ov
er

th
e

sp
ace

of
tem

p
lates

for
P

G
M

s.
F

or
p
rob

ab
ilistic

relation
al

m
o
d
els,

F
ried

m
an

et
al.

(1999)
learn

ed
stru

ctu
res

d
escrib

ed
in

th
e

vo
cab

u
lary

of
relation

al
sch

em
as.

F
or

m
o
d
els

th
at

are
tem

p
lated

w
ith

fi
rst-ord

er-logic-like
lan

gu
ages,

su
ch

as
P

S
L

an
d

M
L

N
s,

th
ese

ap
p
roach

es
take

th
e

form
of

ru
le

learn
in

g.
B

ased
on

ru
le-learn

in
g

tech
n
iq

u
es

from
in

d
u
ctive

logic
p
ro-

gram
m

in
g

(e.g.,
R

ich
ard

s
an

d
M

o
on

ey
,

1992;
D

e
R

aed
t

an
d

D
eh

asp
e,

1996)
a

series
of

ap
p
roach

es
h
av

e
sou

gh
t

to
learn

M
L

N
ru

les
from

rela
tion

al
d
ata.

In
itially,

K
ok

an
d

D
o
m

in
-

gos
(2005)

learn
ed

ru
les

b
y

gen
eratin

g
can

d
id

ates
an

d
p

erform
in

g
a

b
eam

search
to

id
en

tify
ru

les
th

at
im

p
roved

a
w

eigh
ted

p
seu

d
olikelih

o
o
d

ob
jective.

T
h
en

,
M

ih
alkova

an
d

M
o
on

ey
(2007)

ob
served

th
at

th
e

p
rev

iou
s

ap
p
roach

gen
erated

can
d
id

ate
ru

les
w

ith
ou

t
regard

to
th

e
d
ata,

so
th

ey
in

tro
d
u
ced

an
ap

p
ro

ach
th

at
u
sed

th
e

d
ata

to
gu

id
e

th
e

p
rop

o
sa

l
of

ru
les

v
ia

rela
tio

n
a
l

pa
th

fi
n

d
in

g.
K

ok
an

d
D

om
in

gos
(2010)

im
p
roved

on
th

at
b
y

fi
rst

p
erform

-
in

g
grap

h
clu

sterin
g

to
fi
n
d

com
m

on
m

o
tifs,

w
h
ich

are
com

m
on

su
b
grap

h
s,

to
gu

id
e

ru
le

p
rop

osal.
T

h
ey

ob
serv

ed
th

at
m

o
d
ify

in
g

a
ru

le
set

on
e

clau
se

at
a

tim
e

often
g
ot

stu
ck

in
p

o
or

lo
cal

op
tim

a,
an

d
b
y

u
sin

g
th

e
m

otifs
as

refi
n
em

en
t

op
erators

in
stead

,
th

ey
w

ere
ab

le
to

con
verge

to
b

etter
op

tim
a.

O
th

er
ap

p
roach

es
to

stru
ctu

re
learn

in
g

search
d
irectly

over
grou

n
d
ed

P
G

M
s,

in
clu

d
in

g
`
1 -regu

larized
p
seu

d
olik

elih
o
o
d

m
ax

im
ization

(R
av

ik
u
m

ar
et

al.,
2010b

)
an

d
graftin

g
(P

erk
in

s
et

al.,
2003;

Z
h
u

et
al.,

2010).
T

h
ese

m
eth

o
d
s

can
all

b
e

ex
ten

d
ed

to
H

L
-M

R
F

s
an

d
P

S
L

.

8
.
C
o
n
clu

sio
n

In
th

is
p
ap

er
w

e
in

tro
d
u
ced

H
L

-M
R

F
s,

a
n
ew

class
of

p
rob

ab
ilistic

grap
h
ica

l
m

o
d
els

th
at

u
n
ite

an
d

gen
eralize

several
ap

p
roach

es
to

m
o
d
elin

g
relation

al
an

d
stru

ctu
red

d
ata

:
B

o
olean

logic,
p
rob

ab
ilistic

grap
h
ical

m
o
d
els,

an
d

fu
zzy

logic.
H

L
-M

R
F

s
can

cap
tu

re
relax

ed
,

p
rob

-
ab

ilistic
in

feren
ce

w
ith

B
o
olean

logic
a
n
d

ex
act,

p
rob

a
b
ilistic

in
feren

ce
w

ith
fu

zzy
logic,

m
ak

in
g

th
em

u
sefu

l
m

o
d
els

for
b

oth
d
iscrete

an
d

co
n
tin

u
ou

s
d
ata.

H
L

-M
R

F
s

also
gen

eral-
ize

th
ese

in
feren

ce
tech

n
iq

u
es

w
ith

ad
d
ition

a
l
ex

p
ressiv

ity,
allow

in
g

for
even

m
ore

fl
ex

ib
ility.

H
L

-M
R

F
s

are
a

sign
ifi

can
t

ad
d
itio

n
to

th
e

th
e

lib
rary

of
m

ach
in

e
learn

in
g

to
ols

b
ecau

se
th

ey
em

b
o
d
y

a
u
sefu

l
p

oin
t

in
th

e
sp

ectru
m

of
m

o
d
els

th
at

trad
e

off
b

etw
een

scala
b
ility

an
d

ex
p
ressiv

ity.
A

s
w

e
sh

ow
ed

,
th

ey
can

b
e

easily
a
p
p
lied

to
a

w
id

e
ran

ge
o
f

stru
ctu

red
p
rob

lem
s

in
m

ach
in

e
learn

in
g

an
d

ach
ieve

h
ig

h
-q

u
ality

p
red

ictiv
e

p
erform

an
ce,

com
p

etitive
w

ith
or

su
rp

assin
g

th
e

p
erform

an
ce

of
can

o
n
ical

ap
p
roach

es.
H

ow
ev

er,
th

ese
oth

er
m

o
d
els

eith
er

d
o

n
ot

scale
as

w
ell,

like
d
iscrete

M
R

F
s,

or
are

n
o
t

as
versatile

in
th

eir
ab

ility
to

cap
tu

re
a

w
id

e
ran

ge
of

p
rob

lem
s,

like
B

ayesian
p
rob

a
b
ilistic

m
atrix

factorization
.

W
e

also
in

tro
d
u
ced

P
S
L

,
a

p
rob

ab
ilistic

p
ro

gram
m

in
g

lan
gu

age
for

H
L

-M
R

F
s.

P
S
L

m
akes

H
L

-M
R

F
s

easy
to

d
esign

,
allow

in
g

u
sers

to
en

co
d
e

th
eir

id
eas

for
stru

ctu
ral

d
ep

en
-

d
en

cies
u
sin

g
an

in
tu

itiv
e

sy
n
tax

b
ased

on
fi
rst-ord

er
logic.

P
S
L

also
h
elp

s
accelerate

a
tim

e-con
su

m
in

g
asp

ect
of

th
e

m
o
d
elin

g
p
ro

cess:
refi

n
in

g
a

m
o
d
el.

In
con

trast
w

ith
oth

er
ty

p
es

of
m

o
d
els

th
at

req
u
ire

sp
ecialized

in
feren

ce
an

d
learn

in
g

algorith
m

s
d
ep

en
d
in

g
on

5
2
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H
in
g
e
-L

o
ss

M
a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
il
is
t
ic

S
o
f
t
L
o
g
ic

w
h
ic

h
st

ru
ct

u
ra

l
d
ep

en
d
en

ci
es

ar
e

in
cl

u
d
ed

,
H

L
-M

R
F

s
ca

n
en

co
d
e

m
an

y
ty

p
es

of
d
ep

en
-

d
en

ci
es

an
d

sc
al

e
w

el
l

w
it

h
th

e
sa

m
e

in
fe

re
n
ce

an
d

le
ar

n
in

g
al

go
ri

th
m

s.
P

S
L

m
ak

es
it

ea
sy

to
q
u
ic

k
ly

ad
d
,

re
m

ov
e,

an
d

m
o
d
if

y
d
ep

en
d
en

ci
es

in
th

e
m

o
d
el

an
d

re
ru

n
in

fe
re

n
ce

an
d

le
ar

n
in

g,
al

lo
w

in
g

u
se

rs
to

q
u
ic

k
ly

im
p
ro

ve
th

e
q
u
al

it
y

of
th

ei
r

m
o
d
el

s.
F

in
al

ly
,

b
ec

au
se

P
S
L

u
se

s
a

fi
rs

t-
or

d
er

sy
n
ta

x
,

ea
ch

P
S
L

p
ro

gr
a
m

ac
tu

al
ly

sp
ec

ifi
es

an
en

ti
re

cl
as

s
of

H
L

-
M

R
F

s,
p
ar

am
et

er
iz

ed
b
y

th
e

p
ar

ti
cu

la
r

d
at

a
se

t
ov

er
w

h
ic

h
it

is
gr

ou
n
d
ed

.
T

h
er

ef
or

e,
a

m
o
d
el

or
co

m
p

on
en

ts
of

a
m

o
d
el

re
fi
n
ed

fo
r

on
e

d
at

a
se

t
ca

n
ea

si
ly

b
e

ap
p
li
ed

to
o
th

er
s.

N
ex

t,
w

e
in

tr
o
d
u
ce

d
in

fe
re

n
ce

an
d

le
ar

n
in

g
al

go
ri

th
m

s
th

at
sc

al
e

to
la

rg
e

p
ro

b
le

m
s.

T
h
e

M
A

P
in

fe
re

n
ce

al
go

ri
th

m
is

fa
r

m
or

e
sc

al
ab

le
th

an
st

an
d
ar

d
to

ol
s

fo
r

co
n
v
ex

op
ti

m
iz

at
io

n
b

ec
au

se
it

le
ve

ra
ge

s
th

e
sp

ar
si

ty
th

at
is

so
co

m
m

on
to

th
e

d
ep

en
d
en

ci
es

in
st

ru
ct

u
re

d
p
re

d
ic

ti
on

.
T

h
e

su
p

er
v
is

ed
le

ar
n
in

g
al

go
ri

th
m

s
ex

te
n
d

st
an

d
ar

d
le

ar
n
in

g
o
b

je
ct

iv
es

to
H

L
-

M
R

F
s.

T
og

et
h
er

,
th

is
co

m
b
in

at
io

n
of

an
ex

p
re

ss
iv

e
fo

rm
al

is
m

,
a

u
se

r-
fr

ie
n
d
ly

p
ro

b
ab

il
is

ti
c

p
ro

gr
am

m
in

g
la

n
gu

ag
e,

an
d

h
ig

h
ly

sc
al

ab
le

al
go

ri
th

m
s

en
a
b
le

s
re

se
ar

ch
er

s
an

d
p
ra

ct
it

io
n
er

s
to

ea
si

ly
b
u
il
d

la
rg

e-
sc

al
e,

ac
cu

ra
te

m
o
d
el

s
of

re
la

ti
on

al
an

d
st

ru
ct

u
re

d
d
at

a.
7

T
h
is

p
ap

er
al

so
la

y
s

th
e

fo
u
n
d
at

io
n

fo
r

m
an

y
li
n
es

of
fu

tu
re

w
or

k
.

O
u
r

an
al

y
si

s
of

lo
ca

l
co

n
si

st
en

cy
re

la
x
at

io
n

(L
C

R
)

as
a

h
ie

ra
rc

h
ic

al
op

ti
m

iz
at

io
n

is
a

ge
n
er

al
p
ro

o
f

te
ch

n
iq

u
e,

an
d

it
co

u
ld

b
e

u
se

d
to

d
er

iv
e

co
m

p
ac

t
fo

rm
s

fo
r

ot
h
er

L
C

R
ob

je
ct

iv
es

.
A

s
in

th
e

ca
se

of
M

R
F

s
d
efi

n
ed

u
si

n
g

lo
gi

ca
l

cl
au

se
s,

su
ch

co
m

p
ac

t
fo

rm
s

ca
n

si
m

p
li
fy

an
al

y
si

s
an

d
co

u
ld

le
ad

to
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u
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p
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p
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d
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p
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p
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b
ab

il
it

y
th

at
a

va
ri

ab
le

is
in

a
p
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ra
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w
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p
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p
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h
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ra
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p
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h
er

e
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d
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p
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b
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d
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p

eo
p
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P
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ra
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n
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n
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.
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d
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b
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p
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b
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b
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p
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p
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at
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h
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p
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p
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p
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.
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.
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p
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p
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p
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p
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p
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p
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p
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p
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ra
l

in
th

e
cl

au
se
C
j

is
fa

ls
e.

)

W
e

b
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b
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h
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p
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p
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u
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u
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p
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p
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d
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p
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m
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∑ C
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m
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∑
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∑
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p
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b
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H
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e
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o
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a
r
k
o
v
R
a
n
d
o
m

F
ie
l
d
s
a
n
d

P
r
o
b
a
b
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ic
S
o
f
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L
o
g
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w
j φ
j (x

).
O
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b
y
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jectiv
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d
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e
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p
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t
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g
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)
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θ
?j (x
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>
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I
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∑i∈
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θ
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.

P
ro

o
f
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t
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∑i∈
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∑i∈
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µ
i )
<
∑x
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θ
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j )
.

A
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,
b
y
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m

m
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g
all
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e
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)
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d
(74),

∑

x
j |x
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x
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θ
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I
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b
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p
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n
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p
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t
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d
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b
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d
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x
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Fj
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>
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p
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of.

W
e

n
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t
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φ̂
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d
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b
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>

0
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,
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∑

x
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I
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+
∑i∈
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e

p
rove

th
e
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K
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con
d
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K
u
h
n
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T
u
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S
in

ce
p
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m
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a
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b
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d
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o
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ritin
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K
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T
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d
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d
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n
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.
F

or
a

sta
te
x
j ,

w
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e
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th

at
d
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.
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I
+j
∪
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b
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d
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re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
3
4
2
.
h
t
m
l
.

JM
L

R
 1

8(
11

0)
:1

-4
9,

 2
01

7

L
in

a
n
d

L
i

2
0
0
9
;

C
h
a
n

et
a
l.
,

2
0
1
0
;

A
g
h
a
ee

p
o
u
r

et
a
l.
,

2
0
1
1
;

L
in

et
a
l.
,

2
0
1
6
;

M
el

n
y
k
ov

,
2
0
1
6
).

In
th

e
st

at
is

ti
ca

l
le

ar
n
in

g
li
te

ra
tu

re
,

a
p
ro

m
in

en
t

m
et

h
o
d

fo
r

m
er

gi
n
g

m
u
lt

ip
le

m
ix

tu
re

co
m

p
on

en
ts

in
to

on
e

cl
u
st

er
is

b
as

ed
on

th
e

m
o
d
es

of
th

e
m

ix
tu

re
d
en

si
ty

,
th

e
so

-c
al

le
d

m
o
d
al

cl
u
st

er
in

g
b
y

L
i

et
al

.
(2

00
7)

.
W

e
d
is

cu
ss

th
is

m
et

h
o
d

in
m

o
re

d
et

ai
l

in
S
ec

ti
on

2.

D
es

p
it

e
th

ei
r

w
id

e
a
p
p
li
ca

ti
o
n
s,

ex
is

ti
n
g

m
ix

tu
re

m
o
d
el

in
g

a
p
p
ro

a
ch

es
a
re

se
v
er

el
y

ch
a
ll
en

g
ed

b
y

h
ig

h
d
im

en
si

o
n
a
l

d
a
ta

en
co

u
n
te

re
d

in
ce

rt
a
in

re
se

a
rc

h
a
re

a
s,

fo
r

ex
a
m

p
le

,
ce

ll
su

b
se

t
id

en
ti

fi
ca

ti
o
n

u
si

n
g

d
a
ta

g
en

er
a
te

d
b
y

th
e

h
ig

h
-t

h
ro

u
g
h
p
u
t

si
n
g
le

-c
el

l
te

ch
n
o
lo

-
gi

es
(P

er
fe

tt
o

et
al

.,
20

04
;

B
an

d
u
ra

et
al

.,
20

09
;

M
ae

ck
er

et
al

.,
20

12
;

C
h
at

to
p
ad

h
ya

y
et

al
.,

20
14

;
S
p
it

ze
r

an
d

N
ol

an
,

20
16

).
T

h
es

e
d
at

a
se

ts
co

n
ta

in
a

la
rg

e
n
u
m

b
er

of
h
ig

h
ly

u
n
b
al

an
ce

d
cl

u
st

er
s.

F
u
rt

h
er

m
o
re

,
th

e
m

o
st

in
te

re
st

in
g

cl
u
st

er
s

fo
r

sc
ie

n
ti

fi
c

in
v
es

ti
g
a
ti

o
n

a
re

o
ft

en
o
f

re
m

a
rk

a
b
ly

lo
w

o
cc

u
rr

en
ce

.
E

v
en

w
h
en

th
e

d
a
ta

d
im

en
si

o
n

is
n
o
t

im
p
re

ss
iv

el
y

la
rg

e
b
y

to
d
ay

’s
st

a
n
d
a
rd

,
sa

y
in

th
e

o
rd

er
o
f

te
n
s,

ex
is

ti
n
g

m
et

h
o
d
s

h
av

e
m

u
ch

d
iffi

cu
lt

y
fo

r
d
et

ec
ti

n
g

cl
u
st

er
s

o
f

v
er

y
lo

w
p
ro

b
a
b
il
it

ie
s.

L
ow

p
ro

b
a
b
il
it

y
m

ix
tu

re
co

m
p

o
n
en

ts
te

n
d

to
b

e
“
co

n
ce

a
le

d
”

b
y

la
rg

e
b

a
ck

g
ro

u
n

d
cl

u
st

er
s

in
th

e
d

a
ta

.
F

o
r

th
e

u
su

a
l

m
ix

tu
re

m
o
d

el
in

g
ap

p
ro

ac
h
,

in
or

d
er

to
ca

p
tu

re
th

e
ra

re
cl

u
st

er
s,

w
e

m
u
st

in
cr

ea
se

th
e

n
u
m

b
er

of
co

m
p

on
en

ts
d
ra

m
a
ti

ca
ll
y.

O
n

th
e

o
th

er
h
a
n
d
,

th
e

cu
rs

e
o
f

d
im

en
si

o
n
a
li
ty

p
re

v
en

ts
th

e
u
se

o
f

m
a
n
y

co
m

p
on

en
ts

;
th

e
gr

ow
in

g
co

m
p
u
ta

ti
on

al
in

te
n
si

ty
is

al
so

a
co

n
ce

rn
.

O
u
r

n
ew

m
et

h
o
d

is
m

o
ti

va
te

d
b
y

th
e

p
o
p
u
la

r
m

a
n
u
a
l

g
a
ti

n
g

a
n
a
ly

si
s

o
f

si
n
g
le

-c
el

l
cy

to
m

et
ry

d
at

a
(d

et
ai

ls
in

S
ec

ti
on

5.
2)

,
in

w
h
ic

h
th

e
va

ri
ab

le
s

ar
e

d
iv

id
ed

in
to

gr
ou

p
s

b
as

ed
on

p
ri

or
in

fo
rm

at
io

n
an

d
ex

am
in

ed
se

q
u
en

ti
al

ly
.

T
h
e

ke
y

id
ea

h
er

e
is

to
ex

p
lo

it
th

e
ch

ai
n
-l

ik
e

d
ep

en
d
en

ce
a
m

o
n
g

g
ro

u
p
s

o
f

va
ri

a
b
le

s
in

th
e

co
n
st

ru
ct

io
n

o
f

a
m

ix
tu

re
m

o
d
el

.
L

in
et

a
l.

(2
0
1
3
)

u
se

d
th

is
id

ea
to

b
u

il
d

a
re

la
ti

v
el

y
p

ri
m

it
iv

e
m

o
d

el
.

In
th

is
a
p

p
ro

a
ch

,
th

e
va

ri
a
b

le
s

ar
e

p
ar

ti
ti

on
ed

in
to

tw
o

gr
ou

p
s,

an
d

th
e

m
ix

tu
re

m
o
d
el

is
es

ti
m

at
ed

u
si

n
g

th
e

h
ie

ra
rc

h
ic

a
l

D
ir

ic
h
le

t
p
ro

ce
ss

p
ri

or
.

T
h
is

tw
o-

b
lo

ck
m

o
d
el

is
su

b
st

an
ti

al
ly

m
or

e
effi

ci
en

t
an

d
ac

cu
ra

te
in

ra
re

cl
u
st

er
s

id
en

ti
fi
ca

ti
on

th
an

th
e

co
n
ve

n
ti

on
al

m
ix

tu
re

m
o
d

el
s

ar
e.

T
h
e

ex
is

ti
n
g

m
et

h
o
d
,

h
ow

ev
er

,
is

u
n

a
b

le
to

m
ov

e
b

ey
o
n

d
tw

o
va

ri
a
b

le
b

lo
ck

s
in

p
ra

ct
ic

e
d

u
e

to
th

e
ex

p
o
n

en
ti

a
l

co
m

p
u
ta

ti
o
n
a
l

co
m

p
le

x
it

y.
T

h
e

M
a
rk

ov
ch

a
in

M
o
n
te

C
a
rl

o
(M

C
M

C
)

si
m

u
la

ti
o
n

fo
r

th
e

tw
o
-b

lo
ck

m
o
d
el

is
a
lr

ea
d
y

h
ig

h
ly

in
te

n
si

v
e

a
n
d

is
co

u
p
le

d
b
y

th
e

lo
n
g
-s

ta
n
d
in

g
is

su
e

o
f

la
b

el
sw

it
ch

in
g

w
h
en

M
C

M
C

is
a
p
p
li
ed

to
es

ti
m

a
te

m
ix

tu
re

m
o
d
el

s
(e

.g
.,

R
ic

h
a
rd

so
n

a
n
d

G
re

en
(1

99
7)

;
C

el
eu

x
et

al
.

(2
00

0)
;

S
te

p
h
en

s
(2

00
0)

).

T
h
e

ai
m

of
th

is
p
ap

er
is

to
d
es

ig
n

an
eff

ec
ti

ve
an

d
co

m
p
u
ta

ti
on

al
ly

ac
ce

ss
ib

le
st

at
is

ti
ca

l
m

o
d
el

th
a
t

ca
n

fi
t

d
a
ta

ro
b
u
st

ly
in

b
o
th

h
ig

h
a
n
d

lo
w

p
ro

b
a
b
il
it

y
re

g
io

n
s

a
n
d

ca
n

id
en

ti
fy

cl
u
st

er
s

of
n
on

-G
au

ss
ia

n
sh

ap
es

.
W

e
p
ro

p
os

e
a

n
ew

m
o
d
el

to
ex

p
lo

it
se

q
u
en

ti
al

d
ep

en
d
en

ce
a
m

o
n
g

va
ri

a
b
le

g
ro

u
p
s.

W
e

a
ls

o
d
ev

el
o
p

a
n

a
lg

o
ri

th
m

to
se

a
rc

h
fo

r
su

ch
a

d
ep

en
d
en

ce
st

ru
ct

u
re

w
h
en

it
is

u
n
k
n
ow

n
.

O
u
r

ex
p

er
im

en
ts

sh
ow

th
at

ev
en

if
th

e
se

q
u
en

ti
al

d
ep

en
d
en

ce
is

n
ot

b
ac

ke
d

u
p

b
y

d
om

ai
n

k
n
ow

le
d
ge

,
it

ca
n

st
il
l

b
e

u
se

fu
l

as
a

m
at

h
em

at
ic

al
m

ec
h
an

is
m

fo
r

p
ar

si
m

on
io

u
s

m
o
d
el

in
g.

O
u
r

m
a
jo

r
co

n
tr

ib
u
ti

o
n
s

in
cl

u
d
e:

(1
)

W
e

d
ev

el
o
p

a
h
id

d
en

M
a
rk

o
v

m
od

el
o
n

va
ri

a
bl

e
bl

oc
ks

(H
M

M
-V

B
)

to
le

v
er

a
g
e

th
e

se
q
u
en

ti
a
l

d
ep

en
d

en
ce

st
ru

ct
u

re
a
m

o
n

g
va

ri
a
b

le
g
ro

u
p

s.
T

o
th

e
b

es
t

of
ou

r
k
n

ow
le

d
ge

,
th

is
w

or
k

is
th

e
fi

rs
t

to
ex

p
lo

it
se

q
u

en
ti

al
d

ep
en

d
en

ce
am

on
g

va
ri

ab
le

gr
ou

p
s

b
y

H
M

M
.

(2
)

W
e

d
er

iv
e

th
e

B
au

m
-W

el
ch

es
ti

m
at

io
n

al
go

ri
th

m
fo

r
H

M
M

-V
B

an
d

th
e

n
ew

M
od

a
l

B
a
u

m
-W

el
ch

(M
B

W
)

al
go

ri
th

m
fo

r
fi
n
d
in

g
m

o
d
es

of
a

H
M

M
-V

B
,

b
as

ed
o
n

w
h
ic

h
cl

u
st

er
s

a
re

fo
rm

ed
.

M
B

W
a
ch

ie
v
es

li
n
ea

r
co

m
p
u
ta

ti
o
n
a
l

co
m

p
le

x
it

y
w

it
h
o
u
t

co
m

p
ro

m
is

in
g

op
ti

m
al

it
y.

(3
)

W
e

d
ev

el
op

a
se

ar
ch

al
go

ri
th

m
to

d
et

er
m

in
e

th
e

gr
ou

p
in

g
an

d
or

d
er

in
g

of
th

e
va

ri
ab

le
s

fo
r

a
H

M
M

-V
B

w
h
en

va
ri

ab
le

gr
ou

p
s

ar
e

n
ot

p
re

-s
p

ec
ifi

ed
.

(4
)

W
e

2
JM

L
R

 1
8(

11
0)
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C
l
u
st

e
r
in
g

w
it
h
H
M
M
-V

B

d
evelop

th
eorem

s
on

th
e

id
en

tifi
ab

ility
of

H
M

M
-V

B
giv

en
th

e
variab

le
b

lo
ck

stru
ctu

re
an

d
th

e
id

en
tifi

ab
ility

of
th

e
variab

le
b

lo
ck

s
u

n
d

er
certain

con
d

ition
s.

W
e

p
rove

th
e

con
sisten

cy
o
f

th
e

B
IC

criterion
for

fi
n
d
in

g
th

e
variab

le
b
lo

ck
s

in
a

sp
ecia

l
case.

T
h
e

rest
o
f

th
e

p
a
p

er
is

o
rg

a
n
ized

a
s

fo
llow

s.
In

S
ectio

n
2
,

w
e

in
tro

d
u
ce

n
o
ta

tio
n
s

a
n
d

overv
iew

ex
istin

g
tech

n
iq

u
es

m
ost

relevan
t

to
ou

r
p
rop

osed
m

eth
o
d
s.

In
S
ection

3,
w

e
p
resen

t
H

M
M

-V
B

an
d

effi
cien

t
algorith

m
s

for
m

o
d
el

fi
ttin

g
an

d
m

o
d

al
clu

sterin
g.

In
S
ection

4,
w

e
p

rov
id

e
th

eoretical
resu

lts
on

id
en

tifi
ab

ility,
con

sisten
cy,

an
d

th
e

m
o
d

e
search

algorith
m

for
H

M
M

-V
B

.
P

ro
o
fs

o
f

th
e

th
eo

rem
s

a
p
p

ea
r

in
A

p
p

en
d
ix

B∼
D

.
In

S
ectio

n
5
,

ex
p

erim
en

ta
l

resu
lts

a
re

rep
o
rted

fo
r

b
o
th

sim
u

la
ted

a
n

d
rea

l
d

a
ta

in
clu

d
in

g
m

a
ss

cy
to

m
etry,

sin
g
le-cell

gen
om

ics,
an

d
im

age
d
ata.

C
om

p
arison

s
are

m
ad

e
w

ith
som

e
com

p
etin

g
m

o
d
els

an
d

p
op

u
lar

m
eth

o
d
s.

W
e

con
clu

d
e

w
ith

d
iscu

ssion
s

in
S
ection

6.

2
.
P
re
lim

in
a
rie

s

G
iv

en
a

ra
n

d
o
m

v
ecto

r
X

=
(X

1 ,X
2 ,...,X

d ) ′∈
R
d,

let
x
i

=
(x
i1 ,...,x

id ) ′∈
R
d

b
e

th
e
i-th

sam
p
le

of
X

,
w

h
ere

i
=

1,...,n
.

D
en

ote
b
y
X

=
(x

1 ,x
2 ,...,x

n
)∈
R
n×

d
th

e
d
ata

m
atrix

,
an

d
w

e
let
X
j

b
e

th
e
j-th

co
lu

m
n

o
f
X

w
h
ich

co
n
ta

in
s

th
e

va
lu

es
o
f
X
j

a
cro

ss
a
ll

th
e

sa
m

p
le

p
o
in

ts.
F

o
r

ea
se

of
n
otation

,
w

e
let

x
∈
R
d

b
e

a
realization

of
th

e
ran

d
om

vector
X

.

T
h

e
fi

n
ite

G
a
u

ssia
n

m
ix

tu
re

m
o
d

el
(G

M
M

)
is

co
m

m
o
n

ly
u

sed
fo

r
clu

sterin
g
.

A
G

M
M

w
ith

M
co

m
p

o
n
en

ts
h
a
s

th
e

d
en

sity
fu

n
ctio

n
:
f

(x|θ)
=
∑

Mk
=

1
π
k φ

(x|θ
k )

,
w

h
ere

π
k

is
th

e
m

ix
tu

re
co

m
p

o
n
en

t
p
rio

r
p
ro

b
a
b
ility

a
n
d
φ

(·|
θ
k )

is
th

e
m

u
ltiva

ria
te

n
o
rm

a
l

d
en

sity
p
a
ra

m
eterized

b
y
θ
k

=
(µ
k ,Σ

k ),
µ
k

b
ein

g
th

e
d
-d

im
en

sio
n
a
l

m
ea

n
v
ecto

r
a
n
d

Σ
k

th
e

d×
d

cova
ria

n
ce

m
a
trix

.
F

o
r

m
o
d
el

estim
a
tio

n
,

a
la

ten
t

in
d
ica

to
r
Z
∈
{
1
,2
,...,M

}
w

ith
P

(Z
=
k
)

=
π
k

is
u
sed

.
S
p

ecifi
ca

lly,
co

n
d
itio

n
in

g
o
n
Z

=
k
,
X

fo
llow

s
th

e
k
-th

co
m

p
o
n
en

t
d
istrib

u
tion

.
Z

is
also

called
th

e
com

p
on

en
t

id
en

tity
of
X

.
T

o
p

erform
clu

sterin
g,

th
e

u
su

al
a
p
p
ro

a
ch

is
to

co
m

p
u
te

th
e

p
o
sterio

r
p
ro

b
a
b
ility

P
(Z

=
k|X

=
x

)
a
n
d

a
ssig

n
x

to
th

e
clu

ster
w

ith
th

e
m

ax
im

u
m

p
osterior.

H
ow

ever,
th

is
ap

p
roach

is
in

ad
eq

u
ate

to
m

o
d
el

clu
sters

w
ith

a
rb

itra
ry

sh
a
p

es
a
n
d

ca
n
n
o
t

en
su

re
th

a
t

th
e

clu
sters

a
re

rea
so

n
a
b
ly

sep
a
ra

ted
.

O
n
e

m
a

jor
id

ea
ex

p
lored

in
th

e
literatu

re
is

to
m

erge
m

u
ltip

le
m

ix
tu

re
com

p
on

en
ts

for
a

b
etter

an
d

m
ore

fl
ex

ib
le

rep
resen

tation
of

an
in

d
iv

id
u
al

clu
ster.

W
e

refer
to

M
eln

y
kov

an
d

M
aitra

(2
0
1
0
)

for
a

th
o
rou

gh
rev

iew
on

clu
sterin

g
b
ased

on
fi
n
ite

m
ix

tu
re

m
o
d
els.

B
a
n
fi
eld

a
n
d

R
aftery

(1993)
an

d
C

eleu
x

a
n
d

G
ovaert

(1995)
p
rop

ose
to

d
ecom

p
ose

th
e

cova
ria

n
ce

m
a
trix

o
f

th
e

m
ix

tu
re

co
m

p
o
n
en

ts
in

a
G

M
M

in
to

p
a
rts

th
a
t

co
n
tro

l
v
o
lu

m
e,

sh
a
p

e,
a
n
d

o
rien

ta
tio

n
resp

ectiv
ely

a
n
d

a
llow

m
o
d
el

co
n
stra

in
ts

to
b

e
im

p
o
sed

in
th

ese
a
sp

ects
eith

er
in

d
iv

id
u
a
lly

o
r

b
y

co
m

b
in

a
tio

n
.

A
m

o
d
el

selectio
n

criterio
n

is
th

en
u
sed

to
ch

o
ose

a
G

M
M

in
term

s
of

n
ot

on
ly

th
e

n
u
m

b
er

of
com

p
on

en
ts

b
u

t
also

th
e

con
strain

ts
on

cova
ria

n
ce

m
a
trices.

A
p

o
p

u
la

r
R

p
a
cka

g
e,

n
a
m

ely
M
c
l
u
s
t

(F
ra

ley
a
n

d
R

a
ftery

,
2
0
0
6
),

is
im

p
lem

en
ted

fo
r

th
is

m
eth

o
d
,

w
h
ich

w
e

w
ill

u
se

for
com

p
arison

.

T
h
e

M
o
d
al

E
M

(M
E

M
)

algorith
m

d
evelop

ed
b
y

L
i
et

al.
(2007)

p
erform

s
effi

cien
t

m
ergin

g
of

m
ix

tu
re

com
p

on
en

ts.
It

resem
b
les

th
e

ex
p

ectation
-m

ax
im

ization
(E

M
)

algorith
m

(D
em

p
-

ster
et

al.,
1977),

as
refl

ected
b
y

th
e

n
am

e
“m

o
d
al

E
M

”.
H

ow
ever,

th
e

ob
jective

of
M

E
M

is
to

fi
n
d

an
in

creasin
g

p
ath

from
an

y
d
ata

p
oin

t
to

a
lo

cal
m

ax
im

u
m

of
a

given
d
en

sity.
H

en
ce,

th
e

op
tim

ization
ob

jective
of

M
E

M
is

to
fi

n
d

a
lo

cal
m

ax
im

izer
over

x
for

f
(x|θ)

u
n

d
er

a
given

θ,
w

h
ile

E
M

is
to

fi
n
d

lo
ca

l
m

a
x
im

a
ov

er
θ

fo
r
f

(x|θ)
g
iv

en
x

.
C

o
n
sid

er
a

g
en

era
l

m
ix

tu
re

d
en

sity
f

(x
)

=
∑

Mk
=

1
π
k f
k (x

),
w

h
ere

f
k (x

)
is

th
e

d
en

sity
o
f

th
e
k
-th

m
ix

tu
re

co
m

p
o
n
en

t.
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L
in

a
n
d

L
i

S
tartin

g
from

an
y

in
itial

valu
e

d
en

oted
b
y

x
[0

],
M

E
M

solves
a

lo
cal

m
ax

im
u
m

of
th

e
m

ix
tu

re

d
en

sity
b
y

th
e

fo
llow

in
g

tw
o

itera
tiv

e
step

s:
(1

)
A

t
itera

tio
n
r,

let
p
k

=
π
k
f
k
(x

[r
])

f
(x

[r
])

,
k

=
1
,

...,
M

;
(2

)
U

p
d
a
te

x
[r

+
1
]

=
argm

ax
x ∑

Mk
=

1
p
k

log
f
k (x

).
M

E
M

sto
p
s

w
h
en

a
p
re-sp

ecifi
ed

sto
p
p
in

g
criterio

n
is

m
et.

S
p

ecifi
ca

lly
fo

r
G

M
M

w
ith

f
(x

)
=
∑

Mk
=

1
π
k φ

(x|µ
k ,Σ

k ),
M

E
M

b
ecom

es

1.
E

-step
:

S
olv

e

p
k

=
π
k φ

k (x
[r

]|
µ
k ,Σ

k )

f
(x

[r
])

,
k

=
1,
...,

M
.

(1)

2.
M

-step
:

S
olv

e

x
[r

+
1
]
=

(
M∑k
=

1

p
k ·

Σ
−

1
k

)
−

1· (
M∑k
=

1

p
k ·Σ

−
1

k
µ
k )

.
(2)

T
h
e

co
m

p
u
ta

tio
n
a
l

effi
cien

cy
o
f

M
E

M
en

a
b
led

th
e

d
ev

elo
p
m

en
t

o
f

a
n
ew

clu
sterin

g
a
p
p
ro

a
ch

b
y

L
i

et
a
l.

(2
0
0
7
),

referred
to

a
s

m
od

a
l

clu
sterin

g.
In

L
i

et
a
l.

(2
0
0
7
),

a
n
o
n
-

p
aram

etric
G

au
ssian

kern
el

d
en

sity
estim

ate
is

u
sed

,
an

d
M

E
M

is
ap

p
lied

to
fi
n
d

th
e

m
o
d
e

asso
ciated

w
ith

every
p

oin
t.

D
ata

p
oin

ts
asso

ciated
w

ith
th

e
sam

e
m

o
d
e

are
assign

ed
to

th
e

sa
m

e
clu

ster.
In

L
ee

a
n
d

L
i

(2
0
1
2
),

m
o
d
a
l

clu
sterin

g
b
a
sed

o
n

th
e

g
en

era
l

fi
n
ite

G
M

M
is

stu
d

ied
.

F
o
r

co
m

p
u

ta
tio

n
a
l

effi
cien

cy,
in

stea
d

o
f

a
p

p
ly

in
g

M
E

M
to

ev
ery

d
a
ta

p
o
in

t,
it

is
ap

p
lied

to
th

e
m

ean
s

of
th

e
m

ix
tu

re
com

p
on

en
ts.

C
om

p
on

en
ts

w
ith

m
ean

vectors
asso

ciated
w

ith
th

e
sam

e
m

o
d

e
are

m
erged

in
to

on
e

clu
ster.

W
h

eth
er

a
p

oin
t-w

ise
m

o
d

e
asso

ciation
or

a
co

m
p

o
n

en
t-w

ise
m

o
d

e
a
sso

cia
tio

n
is

p
referred

d
ep

en
d

s
o
n

th
e

n
a
tu

re
o
f

th
e

a
p

p
lica

tio
n

an
d

th
e

com
p
u
tation

al
resou

rces.
In

p
ractice,

th
e

d
iff

eren
ce

in
th

e
clu

sterin
g

resu
lts

w
e

h
ave

ob
served

is
q
u
ite

sm
all.

W
e

refer
to

th
e

clu
sterin

g
m

eth
o
d

b
ased

on
com

p
on

en
t-w

ise
m

o
d
e

asso
ciation

as
m

od
a
l

G
M

M
an

d
u
se

it
as

a
b
aselin

e
for

com
p
arison

w
ith

ou
r

n
ew

m
eth

o
d
.

U
n
d
er

th
e

fram
ew

ork
of

m
o
d
al

clu
sterin

g,
th

e
p
u
rp

ose
of

a
m

ix
tu

re
com

p
on

en
t

is
p
rim

arily
fo

r
g
o
o
d

d
en

sity
estim

a
tio

n
.

W
e

n
o

lo
n
g
er

rely
o
n

a
o
n
e-to

-o
n
e

co
rresp

o
n
d
en

ce
b

etw
een

m
ix

tu
re

co
m

p
o
n
en

ts
a
n
d

clu
sters.

M
o
d
e

a
sso

cia
tio

n
a
lso

en
su

res
th

a
t

d
iff

eren
t

clu
sters

o
f

d
ata

are
w

ell
sep

arated
.

S
ee

L
i

et
al.

(2007)
for

m
ore

d
etailed

d
iscu

ssion
on

th
ese

ad
van

tages.
T

h
e

fl
ex

ib
ility

p
rov

id
ed

b
y

m
o
d
a
l

clu
sterin

g
fo

r
fi
ttin

g
d
a
ta

is
p
recisely

w
h
a
t

w
e

n
eed

fo
r

th
e

ap
p
lication

s
w

e
con

sid
er.

In
th

e
n
ex

t
section

,
w

e
p
rop

ose
a

H
M

M
-ty

p
e

m
o
d
el

w
h
ich

can
b

e
ca

st
a
s

a
m

ix
tu

re
m

o
d
el

w
ith

a
n

en
o
rm

o
u
s

n
u
m

b
er

o
f

co
m

p
o
n
en

ts,
ev

en
ex

ceed
in

g
th

e
d
ata

size.
T

h
is

com
p
lex

ity
cau

ses
n
o

d
iffi

cu
lty

in
clu

sterin
g

v
ia

m
o
d
e

asso
ciation

.

3
.
H
id
d
e
n
M

a
rk

o
v
M

o
d
e
l
o
n
V
a
ria

b
le

B
lo
ck

s

A
s

d
iscu

ssed
in

S
ectio

n
1
,

in
so

m
e

sp
ecifi

c
a
p
p
lica

tio
n

d
o
m

a
in

s,
a

seq
u
en

tia
l

d
ep

en
d
en

ce
stru

ctu
re

a
m

o
n

g
g
ro

u
p

s
o
f

va
ria

b
les

is
ava

ila
b

le.
T

h
is

d
ep

en
d

en
ce

p
ro

m
p

ts
u

s
to

m
o
d

el
a

su
b

set
of

variab
les

con
d

ition
in

g
on

som
e

oth
er

su
b

set
of

variab
les.

If
w

e
v
iew

th
e

seq
u

en
tial

ord
erin

g
of

th
e

variab
le

b
lo

ck
s

as
a

“tim
elin

e”,
it

seem
s

n
atu

ral
to

em
p
loy

a
H

M
M

-ty
p

e
m

o
d
el,

w
h
ere

ea
ch

va
ria

b
le

b
lo

ck
fo

llow
s

a
m

ix
tu

re
d
istrib

u
tio

n
a
n
d

th
e

sta
tistica

l
d
ep

en
d
en

ce
a
m

o
n

g
th

e
b

lo
ck

s
is

ca
p

tu
red

b
y

th
e

M
a
rk

ov
p

ro
cess

o
f

th
e

u
n

d
erly

in
g

sta
tes

(th
a
t

is,
th

e
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C
l
u
st

e
r
in
g

w
it
h
H
M
M
-V

B

m
ix

tu
re

co
m

p
o
n
en

t
id

en
ti

ti
es

).
T

h
e

d
es

cr
ip

ti
o
n

o
f

a
co

n
v
en

ti
o
n
a
l

H
M

M
is

p
ro

v
id

ed
in

A
p
p

en
d
ix

A
.

W
e

ca
ll

ou
r

n
ew

m
o
d
el

H
id

d
en

M
a
rk

o
v

M
od

el
o
n

V
a
ri

a
bl

e
B

lo
ck

s
(H

M
M

-V
B

).
S
u
p
p

o
se

th
e
d
-d

im
en

si
o
n
a
l

ra
n
d
o
m

v
ec

to
r
X

is
p
a
rt

it
io

n
ed

in
to
T

b
lo

ck
s

in
d
ex

ed
b
y

t
=

1,
2,
..
.,
T

.
L

et
th

e
n
u
m

b
er

of
va

ri
ab

le
s

in
b
lo

ck
t

b
e
d
t,

w
h
er

e
∑

T t=
1
d
t

=
d
.

A
ss

u
m

e
th

at
th

e
d

1
va

ri
ab

le
s

in
b
lo

ck
1

h
av

e
in

d
ic

es
b

ef
or

e
th

e
d

2
va

ri
ab

le
s

in
b
lo

ck
2,

an
d

so
on

.
In

ge
n
er

al
,

ob
v
io

u
sl

y,
su

ch
an

or
d
er

in
g

of
va

ri
ab

le
s

m
ay

n
ot

h
ol

d
.

B
u
t

th
is

is
on

ly
a

m
at

te
r

of
n
am

in
g

th
e

va
ri

ab
le

s
an

d
h

as
n

o
eff

ec
t

on
ou

r
re

su
lt

s.
L

et
X

(t
)

d
en

ot
e

th
e
t-

th
va

ri
ab

le
b

lo
ck

.
W

it
h

ou
t

lo
ss

o
f

g
en

er
a
li
ty

,
le

t
X

(1
)

=
(X

1
,X

2
,.
..
,X

d
1
)′

a
n
d
X

(t
)

=
(X

m
t
+

1
,X

m
t
+

2
,.
..
,X

m
t
+
d
t
)′

,
w

h
er

e
m
t

=
∑

t−
1

τ
=

1
d
τ
,

fo
r
t

=
2,
..
.,
T

.
D

en
o
te

th
e

u
n
d
er

ly
in

g
st

a
te

o
f
X

(t
)

a
s
s t

,
t

=
1
,.
..
,T

.
L

et
th

e
in

d
ex

se
t

o
f
s t

b
e

S t
=
{1
,2
,.
..
,M

t}
,

w
h
er

e
M
t

is
th

e
n
u
m

b
er

o
f

m
ix

tu
re

co
m

p
o
n
en

ts
fo

r
va

ri
a
b
le

b
lo

ck
X

(t
) ,

t
=

1
,.
..
,T

.
L

et
th

e
se

t
o
f

a
ll

p
o
ss

ib
le

se
q
u
en

ce
s

b
e
Ŝ

=
S 1
×
S 2
··
·×
S T

.
|Ŝ
|=
∏
T t=

1
M
t.

W
e

as
su

m
e:

1.
{s

1
,s

2
,.
..
,s
T
}

fo
ll
ow

a
M

ar
ko

v
ch

ai
n
.

L
et
π
k

=
P

(s
1

=
k
),
k
∈
S 1

.
L

et
th

e
tr

an
si

ti
on

p
ro

b
a
b
il
it

y
m

a
tr

ix
A
t

=
(a

(t
)

k
,l
)

b
et

w
ee

n
s t

a
n
d
s t

+
1

b
e

d
efi

n
ed

b
y
a

(t
)

k
,l

=
P

(s
t+

1
=

l|s
t

=
k
),
k
∈
S t

,
l
∈
S t

+
1
.

2.
G

iv
en

s t
,
X

(t
)

is
co

n
d
it

io
n
a
ll
y

in
d
ep

en
d
en

t
fr

o
m

o
th

er
s t
′

a
n
d
X

(t
′ )

,
fo

r
a
ll
t′
6=
t.

W
e

a
ls

o
a
ss

u
m

e
th

a
t

g
iv

en
s t

=
k
,

th
e

co
n
d
it

io
n
a
l

d
en

si
ty

o
f
X

(t
)

is
th

e
G

a
u
ss

ia
n

d
is

tr
ib

u
ti

on
φ

(X
(t

)
|µ

(t
)

k
,Σ

(t
)

k
).

L
et

s
=
{s

1
,.
..
,s
T
}.

A
re

al
iz

at
io

n
of
X

is
x

,
an

d
a

re
al

iz
at

io
n

of
X

(t
)

is
x

(t
) .

T
o

su
m

m
ar

iz
e,

th
e

d
en

si
ty

of
H

M
M

-V
B

is
gi

ve
n

b
y

f
(x

)
=
∑ s∈
Ŝ

(
π
s 1

T
−

1
∏ t=

1

a
(t

)
s t
,s
t+

1

)
·
T ∏ t=

1

φ
(x

(t
) |µ

(t
)

s t
,Σ

(t
)

s t
).

(3
)

R
em

a
rk

1
:

F
ig

u
re

1
il
lu

st
ra

te
s

tw
o

m
a

jo
r

d
iff

er
en

ce
s

b
et

w
ee

n
H

M
M

-V
B

an
d

th
e

co
n
ve

n
ti

on
al

H
M

M
.

(1
)

T
h
e

va
ri

a
b
le

b
lo

ck
s
X

(t
) ’

s
a
re

n
o
t

fr
o
m

th
e

sa
m

e
v
ec

to
r

sp
a
ce

.
H

en
ce

,
th

e
p
a
ra

m
et

er
s

o
f

th
e

d
is

tr
ib

u
ti

o
n

o
f
X

(t
)

g
iv

en
s t

=
k

d
ep

en
d

n
o
t

o
n
ly

o
n
k

b
u
t

a
ls

o
o
n
t;

(2
)

T
h
e

u
n
d
er

ly
in

g
M

a
rk

ov
ch

a
in

fo
r
{s

1
,.
..
,s
T
}

is
n
o
t

ti
m

e
in

va
ri

a
n
t.

In
fa

ct
,

th
e

st
a
te

sp
a
ce

S t
va

ri
es

w
it

h
t.

R
em

a
rk

2
:

A
lt

h
o
u

g
h

th
e

d
en

si
ty

fu
n

ct
io

n
o
f

H
M

M
-V

B
in

E
q
.

(3
)

in
d

ic
a
te

s
b

lo
ck

d
ia

g
o
n

a
l

co
va

ri
a
n
ce

m
a
tr

ic
es

,
th

er
e

a
re

im
p

o
rt

a
n
t

d
iff

er
en

ce
s

fr
o
m

a
ty

p
ic

a
l

G
M

M
w

it
h

th
e

sa
m

e
co

n
st

ra
in

t
on

th
e

co
va

ri
an

ce
.

F
ir

st
,

th
e

G
au

ss
ia

n
m

ea
n

ve
ct

or
s

in
E

q
.

(3
)

re
si

d
e

on
a

la
tt

ic
e

in
th

e
C

a
rt

es
ia

n
p
ro

d
u
ct

sp
a
ce
R
d
1
×
R
d
2
··
·×
R
d
T

.
S
ec

o
n
d
ly

,
th

e
n
u
m

b
er

o
f

co
m

p
o
n
en

ts
g
ro

w
s

ex
p

o
n
en

ti
a
ll
y

w
it

h
T

.
In

fa
ct

,
it

is
o
ft

en
la

rg
er

th
a
n

th
e

sa
m

p
le

si
ze

.
T

h
e

en
o
rm

o
u
s

n
u

m
b

er
o
f

co
m

p
o
n

en
ts

ca
n

n
o
t

b
e

h
a
n

d
le

d
b
y

a
ty

p
ic

a
l

co
va

ri
a
n
ce

co
n

st
ra

in
ed

G
M

M
fr

o
m

ei
th

er
es

ti
m

at
io

n
or

co
m

p
u
ta

ti
on

al
fe

as
ib

il
it

y
p

er
sp

ec
ti

ve
s.

R
em

a
rk

3
:

S
in

ce
H

M
M

s
ca

n
b

e
re

p
re

se
n
te

d
a
s

si
n
g
ly

co
n
n
ec

te
d

d
ir

ec
te

d
a
cy

cl
ic

g
ra

p
h
s,

H
M

M
-V

B
is

a
sp

ec
ia

l
ca

se
o
f

g
ra

p
h
ic

a
l

m
o
d
el

s
(e

.g
.,

B
is

h
o
p

(2
0
0
6
);

K
o
ll

er
a
n

d
F

ri
ed

m
a
n

(2
0
0
9
))

.
W

e
n
a
m

ed
o
u
r

m
o
d
el

H
M

M
-V

B
b

ec
a
u
se

w
e

d
er

iv
ed

th
e

es
ti

m
a
ti

o
n

m
et

h
o
d

b
a
se

d
on

th
e

p
op

u
la

r
B

au
m

-W
el

ch
al

go
ri

th
m

fo
r

H
M

M
.

M
or

eo
ve

r,
H

M
M

it
se

lf
is

a
w

id
el

y
k
n

ow
n

m
o
d
el

in
m

ac
h
in

e
le

ar
n
in

g
as

w
el

l
as

st
at

is
ti

cs
.
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L
in

a
n
d

L
i

F
ig

u
re

1:
C

om
p
ar

is
on

b
et

w
ee

n
H

M
M

-V
B

an
d

H
M

M
m

o
d
el

s.
T

h
e

ob
se

rv
at

io
n
s

u
n
d
er

H
M

M
h
av

e
to

b
e

of
a

fi
x
ed

d
im

en
si

on
,

2
in

th
is

il
lu

st
ra

ti
on

.
T

y
p
ic

al
ly

,
on

ly
on

e
tr

an
si

ti
on

p
ro

b
ab

il
it

y
m

at
ri

x
is

ap
p
li
ed

th
ro

u
gh

ti
m

e,
an

d
th

e
se

t
of

d
is

tr
ib

u
ti

on
s

co
n
d
it

io
n
ed

on
th

e
st

at
es

at
an

y
ti

m
e

sp
ot

is
al

so
fi
x
ed

.
H

M
M

-V
B

m
o
d
el

s
d
at

a
ac

ro
ss

b
lo

ck
s

of
d
iff

er
en

t
va

ri
ab

le
s,

p
os

si
b
ly

of
d
iff

er
en

t
d
im

en
si

on
s.

B
ot

h
th

e
tr

an
si

ti
on

p
ro

b
ab

il
it

y
m

a
tr

ix
a
n

d
th

e
se

t
o
f

co
n

d
it

io
n

a
l

d
is

tr
ib

u
ti

o
n

s
a
re

d
efi

n
ed

in
d

iv
id

u
a
ll

y
a
t

ev
er

y
“t

im
e”

sp
ot

.

3
.1

M
a
x
im

u
m

L
ik

e
li
h

o
o
d

E
st

im
a
ti

o
n

H
M

M
is

u
su

a
ll
y

es
ti

m
a
te

d
b
y

th
e

E
M

a
lg

o
ri

th
m

.
H

ow
ev

er
,

b
ec

a
u
se

th
e

ca
rd

in
a
li
ty

o
f
S̄

g
ro

w
s

ex
p

o
n
en

ti
a
ll
y

w
it

h
th

e
se

q
u
en

ce
le

n
g
th

,
th

e
co

m
p
u
ta

ti
o
n
a
l

co
m

p
le

x
it

y
o
f

a
d
ir

ec
t

ap
p
li
ca

ti
on

of
E

M
is

of
ex

p
on

en
ti

al
co

m
p
le

x
it

y.
T

h
is

te
ch

n
ic

al
h
u
rd

le
w

as
ov

er
co

m
e

b
y

th
e

B
a
u

m
-W

el
ch

(B
W

)
a
lg

o
ri

th
m

w
h
ic

h
a
ch

ie
v
es

co
m

p
le

x
it

y
o
f

li
n
ea

r
o
rd

er
in

th
e

se
q
u
en

ce
le

n
g
th

a
n
d

q
u
a
d
ra

ti
c

in
th

e
n
u
m

b
er

o
f

st
a
te

s
w

it
h
o
u
t

co
m

p
ro

m
is

in
g

o
p
ti

m
a
li
ty

.
T

h
e

B
W

a
lg

o
ri

th
m

,
a

sp
ec

ia
l

in
st

a
n
ce

o
f

E
M

,
w

a
s

d
ev

el
o
p

ed
in

th
e

1
9
6
0
’s

b
ef

o
re

th
e

g
en

er
a
l

E
M

a
lg

o
ri

th
m

w
a
s

d
ev

el
o
p

ed
in

th
e

1
9
7
0
’s

.
A

s
a

re
su

lt
,

w
e

st
il
l

ca
ll

th
e

es
ti

m
a
ti

o
n

a
lg

o
ri

th
m

B
a
u
m

-W
el

ch
,

fo
ll
ow

in
g

th
e

co
n
v
en

ti
o
n

o
f

th
e

li
te

ra
tu

re
o
n

H
M

M
.

W
e

p
re

se
n
t

th
e

B
W

al
go

ri
th

m
fo

r
H

M
M

m
o
d
el

es
ti

m
at

io
n

in
A

p
p

en
d
ix

A
.

F
or

a
d
et

ai
le

d
ex

p
os

u
re

to
H

M
M

,
w

e
re

fe
r

to
Y

ou
n
g

et
al

.
(1

99
7)

.

W
e

n
ow

p
re

se
n
t

th
e

co
rr

es
p

o
n

d
in

g
B

W
a
lg

o
ri

th
m

fo
r

H
M

M
-V

B
.

It
ca

n
b

e
p

ro
v
ed

th
a
t

th
e

B
W

al
go

ri
th

m
fo

r
H

M
M

is
an

ex
ac

t
E

M
al

go
ri

th
m

.
T

h
e

d
er

iv
at

io
n

of
th

e
B

W
al

go
ri

th
m

fo
r

H
M

M
-V

B
is

si
m

il
a
r

to
th

e
d
er

iv
a
ti

o
n

o
f

B
W

fo
r

th
e

u
su

a
l

H
M

M
.

W
e

th
u
s

o
m

it
it

h
er

e.
C

le
a
rl

y,
it

is
n

o
t

m
ea

n
in

g
fu

l
to

es
ti

m
a
te

H
M

M
-V

B
u

si
n

g
a

si
n

g
le

se
q
u

en
ce

,
w

h
ic

h
is

es
se

n
ti

al
ly

a
si

n
gl

e
d
at

a
p

oi
n
t

in
th

is
ca

se
.

H
M

M
-V

B
is

af
te

r
al

l
a

m
o
d
el

fo
r
X
∈
R
d
.

D
en

o
te

b
y

x
i

=
(x

(1
)

i
,x

(2
)

i
,.
..
,
x

(T
)

i
)′

th
e

o
rd

er
ed

a
n
d

g
ro

u
p

ed
i-

th
sa

m
p
le

a
cc

o
rd

in
g

to
th

e
g
iv

en
va

ri
a
b
le

b
lo

ck
s.

W
e

d
en

o
te

th
e

o
ri

g
in

a
l
i-

th
sa

m
p
le

b
ef

o
re

o
rd

er
in

g
b
y

x̆
i.

C
o
n
si

d
er

es
ti

m
a
ti

o
n

o
f

H
M

M
-V

B
b
a
se

d
o
n

a
d
a
ta

se
t
{x

1
,x

2
,.
..
,x

n
}.

W
e

d
efi

n
e
L
k
(x
i,
t)

an
d
H
k
,l
(x
i,
t)

si
m

il
ar

ly
as

in
E

q
.

(8
)

a
n
d

E
q
.

(9
)

in
A

p
p

en
d
ix

A
.

F
or
i

=
1,
..
.,
n

,

L
k
(x
i,
t)

=
P

(s
i,
t

=
k
|x

i)
,
k
∈
S t
,

(4
)

H
k
,l
(x
i,
t)

=
P

(s
i,
t

=
k
,s
i,
t+

1
=
l
|x

i)
,
k
∈
S t
,l
∈
S t

+
1
.

(5
)
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C
l
u
st

e
r
in
g

w
it
h
H
M
M
-V

B

T
h
e

B
W

alg
orith

m
iterates

th
e

follow
in

g
tw

o
step

s:

1
.

E
-step

:
U

n
d
er

th
e

cu
rren

t
set

o
f

p
a
ra

m
eters,

co
m

p
u
te
L
k (x

i ,t),
i

=
1
,...,n

,
k
∈
S
t ,

t
=

1,...,T
,

an
d
H
k
,l (x

i ,t),
i

=
1,...,n

,
k
∈
S
t ,
l∈
S
t+

1 ,
t

=
1,...,T

−
1.

2.
M

-step
:

U
p

d
ate

p
aram

eters
b
y

µ
(t)
k

=

∑
ni=

1
L
k (x

i ,t)x
(t)
i

∑
ni=

1
L
k (x

i ,t)
,
k
∈
S
t ,
t

=
1,...,T

,

Σ
(t)
k

=

∑
ni=

1
L
k (x

i ,t) (
x

(t)
i
−
µ

(t)
k

)(
x

(t)
i
−
µ

(t)
k

)
′

∑
ni=

1
L
k (x

i ,t)
,
k
∈
S
t ,
t

=
1,...,T

,

a
(t)
k
,l

=

∑
ni=

1
H
k
,l (x

i ,t)
∑

ni=
1
L
k (x

i ,t)
,
k
∈
S
t ,
l∈
S
t+

1 ,
t

=
1,...,T

−
1
,

π
k ∝

n
∑i=

1

L
k (x

i ,1),
k
∈
S

1 ,
s.t. ∑k∈S

1

π
k

=
1.

T
h

e
a
b

ov
e

eq
u
a
tio

n
s

ca
n

b
e

ea
sily

ex
ten

d
ed

to
th

e
ca

se
o
f

w
eig

h
ted

sa
m

p
le

p
o
in

ts.
It

ca
n

o
ccu

r
in

p
ractice

th
at

each
sam

p
le

p
oin

t
is

assign
ed

w
ith

a
w

eigh
t.

F
or

in
stan

ce,
q
u
an

tization
is

o
ften

u
sed

to
red

u
ce

th
e

d
a
ta

size
sig

n
ifi

ca
n
tly.

In
stea

d
o
f

u
sin

g
th

e
o
rig

in
a
l

d
a
ta

,
o
n
e

m
ay

u
se

th
e

q
u
a
n
tized

p
o
in

ts,
ea

ch
o
f

w
h
ich

ca
n

rep
resen

t
a

d
iff

eren
t

n
u
m

b
er

o
f

o
rig

in
a
l

p
oin

ts
an

d
h
en

ce
is

assign
ed

w
ith

a
w

eigh
t

p
rop

ortion
al

to
th

at
n
u

m
b

er.
S
u
p
p

ose
w

eigh
t
w
i

is
assign

ed
to

sam
p

le
x
i .

T
h

e
E

-step
is

n
ot

aff
ected

.
In

th
e

M
-step

,
w

e
can

sim
p

ly
m

u
ltip

ly
w
i

in
fro

n
t

o
f

each
su

m
m

an
d

ap
p

eared
in

th
e

eq
u
ation

s
ab

ove.
T

h
e

fo
rw

a
rd

-b
a
ck

w
a
rd

a
lg

o
rith

m
fo

r
co

m
p
u
tin

g
L
k (x

i ,t)
a
n
d
H
k
,l (x

i ,t)
is

essen
tia

lly
th

e
sam

e
as

th
e

forw
ard

-b
ack

w
ard

algorith
m

for
th

e
u
su

al
H

M
M

.
T

h
e

fact
th

at
th

e
variab

le
b
lo

ck
s

a
re

n
o
t

fro
m

th
e

sa
m

e
v
ecto

r
sp

a
ce

a
n
d

th
e

sta
te

sp
a
ces

va
ry

w
ith

t
d
o
es

n
o
t

ca
u
se

a
n
y

in
trin

sic
d
iff

eren
ce.

S
u
p
p
ress

th
e

sam
p
le

in
d
ex

i
an

d
con

sid
er

on
e

sam
p
le

p
o
in

t
x

.
D

efi
n
e

th
e

fo
rw

a
rd

p
ro

b
a
b
ility

α
k (x

,t)
a
s

th
e

jo
in

t
p
ro

b
a
b
ility

o
f

o
b
serv

in
g

th
e

fi
rst

t
va

ria
b
le

b
lo

ck
s
x

(τ
),
τ

=
1,...,t,

an
d

b
ein

g
in

state
k

at
tim

e
t:

α
k (x

,t)
=
P

(x
(1

),x
(2

),...,x
(t),s

t
=
k
),

k
∈
S
t .

T
h
is

p
ro

b
a
b
ility

can
b

e
evalu

ated
b
y

th
e

follow
in

g
recu

rsive
form

u
la:

α
k (x

,1
)

=
π
k φ

(x
(1

)|
µ

(1
)

k
,Σ

(1
)

k
)
,
k
∈
S

1
,

α
k (x

,t)
=

φ
(x

(t)|
µ

(t)
k
,Σ

(t)
k

)
∑l∈S
t−

1

α
l (x
,t−

1)a
(t−

1
)

l,k
,

1
<
t≤

T
,
k
∈
S
t .

D
efi

n
e

th
e

b
ack

w
ard

p
rob

ab
ility

β
k (x

,t)
as

th
e

con
d
ition

al
p
rob

ab
ility

of
ob

serv
in

g
th

e
va

ria
b
le

b
lo

ck
s

after
tim

e
t,
x

(τ
),
τ

=
t

+
1
,...,T

,
giv

en
th

e
state

a
t

b
lo

ck
t

is
k
:

β
k (x

,t)
=

P
(x

(t+
1
),...,x

(T
)|
s
t

=
k
),

1
≤
t≤

T
−

1,
k
∈
S
t ,

S
et

β
k (x

,T
)

=
1,

for
all

k
∈
S
T
.
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L
in

a
n
d

L
i

T
h
e

b
ack

w
ard

p
rob

ab
ility

can
b

e
evalu

ated
u
sin

g
th

e
follow

in
g

recu
rsion

:

β
k (x

,T
)

=
1
,

k
∈
S
T
,

β
k (x

,t)
=

∑l∈S
t+

1

a
(t)
k
,l φ

(x
(t+

1
)|
µ

(t+
1
)

l
,Σ

(t+
1
)

l
)β
l (x
,t

+
1),

1
≤
t
<
T
,
k
∈
S
t .

T
h
e

p
rob

ab
ilities

L
k (x

,t)
an

d
H
k
,l (x

,t)
are

solved
b
y

L
k (x

,t)
=

P
(s
t

=
k
|
x

)
=
P

(x
,s
t

=
k
)

P
(x

)
=
α
k (x

,t)β
k (x

,t)

P
(x

)
,
k
∈
S
t ,

H
k
,l (x

,t)
=
P

(s
t

=
k
,s
t+

1
=
l|

x
)

=
P

(x
,s
t

=
k
,s
t+

1
=
l)

P
(x

)

=
1

P
(x

) α
k (x

,t)a
(t)
k
,l φ

(x
(t+

1
)|
µ

(t+
1
)

l
,Σ

(t+
1
)

l
)β
l (x
,t

+
1),

k
∈
S
t ,
l∈
S
t+

1 .

T
h
e

n
orm

alizin
g

factor
P

(x
)

=
∑

k∈S
t
α
k (x

,t)β
k (x

,t)
h
old

s
for

an
y
t.

T
o

in
itia

lize
th

e
m

o
d
el,
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e
a

la
ttice

G
M

M
on

a
variab

le
p
artition

P
as

a
G

M
M

th
at

b
ears

th
e

form

f
(x

)
=

M
1

∑i1
=

1

M
2

∑i2
=

1 ···
M
T

∑iT
=

1

π
(i1 ,...,iT

)·
T∏t=

1

φ
(x

(t)|
θ

(t)
it

).
(6)

F
o
r

a
la

ttice
G

M
M

,
a

co
m

p
o
n
en

t
is

in
d
ex

ed
b
y

a
T

-tu
p
le

(i1 ,...,iT
).

D
en

o
te

th
e

n
u
m

b
er

o
f

co
m

p
o
n
en

ts
fo

r
ea

ch
va

ria
b
le

b
lo

ck
co

llectiv
ely

b
y
M

=
{M

1 ,...,M
t }

.
W

e
in

tro
d
u
ce

la
ten

t
sta

te
va

ria
b
les

s
t

fo
r

ea
ch

b
lo

ck
X

(t),
s
t ∈
{1
,...,M

t }
,
t

=
1
,...,T

.
T

h
e

jo
in

t
p
m

f
o
f
s
t ’s

is
g
iv

en
b
y
π

(i1 ,...,iT
).

W
e

u
se

Π
(s

1 ,...,s
T

)
to

d
en

o
te

th
e

jo
in

t
p
m

f
of
s

1 ,...,s
T

an
d

Π
(s
t
1 ,s

t
2 ,...,s

t
k )

to
d
en

ote
th

e
m

argin
al

p
m

f
of

an
y

su
b
set

of
th

e
laten

t
states.

Θ
(t)

=
{
θ

(t)
it
,it

=
1
,...,M

t }
is

th
e

grid
o
f

p
a
ra

m
eters

fo
r

va
ria

b
le

b
lo

ck
X

(t).
C

lea
rly,

a
la

ttice-G
M

M
is

a
m

ix
tu

re
o
f

co
m

p
o
n
en

ts
w

h
o
se

p
a
ra

m
eters

a
re

p
o
in

ts
fro

m
th

e
C

a
rtesia

n
p
ro

d
u
ct

o
f

th
e

g
rid

o
f

ea
ch

va
ria

b
le

b
lo

ck
:

Θ
=

Θ
(1

)×
Θ

(2
)···×

Θ
(T

).
W

e
call

Θ
th

e
la

ttice
of

p
aram

eters
for

th
e

fu
ll

d
im

en
sio

n
al

vector
X

.

W
e

say
θ

(t)
it
∈

Θ
(t)

exists
if
P

(s
t

=
it )

>
0,

or
eq

u
ivalen

tly
th

ere
is

at
least

on
e

set
of
i1 ,

...,
it−

1 ,
it+

1 ,
...,

iT
su

ch
th

at
π

(i1 ,i2 ,...,iT
)
>

0.
W

e
say

th
at

th
e

grid
Θ

(t)
is

d
istin

ct

if
θ

(t)
it
6=
θ

(t)
i ′t

fo
r

a
n
y
it 6=

i ′t .
T

h
e

g
rid

Θ
(t)

is
n

o
n

-red
u

n
d
a
n

t
if

it
is

d
istin

ct
a
n
d

ev
ery

θ
(t)
it
∈

Θ
(t),

it
=

1,...,M
t ,

ex
ists.

If
Θ

(t)
is

n
ot

n
on

-red
u

n
d

an
t,

th
en

w
e

can
sh

rin
k

th
e

grid
Θ

(t)
b
y

elim
in

atin
g

som
e
θ
it ’s

an
d
/or

m
ergin

g
id

en
tical

θ
it ’s

in
th

e
set.

L
attice

Θ
is

n
o
n

-red
u

n
d
a
n

t
if

all
Θ

(t),
t

=
1,...,T

are
n
on

-red
u
n
d
an

t.

2.
T

igh
t

va
ria

ble
pa

rtitio
n

:P
is

a
tigh

t
va

ria
ble

pa
rtitio

n
(or

sim
p
ly

tigh
t

p
artition

)
for

a
la

ttice
G

M
M

if
b
y

E
q
.

(6),
th

e
co

m
p

o
n

en
t

p
rio

r
π

(i1 ,...,iT
)
>

0
fo

r
a
ll

th
e
T

-tu
p

les
(i1 ,...,iT

).
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C
l
u
st

e
r
in
g

w
it
h
H
M
M
-V

B

3.
M

a
xi

m
u

m
va

ri
a
bl

e
pa

rt
it

io
n

:
A

va
ri

ab
le

p
ar

ti
ti

on
P 1

is
n

es
te

d
in

p
ar

ti
ti

on
P 2

,
d
en

ot
ed

b
y
P 1
�
P 2

or
P 2
≺
P 1

,
if

ev
er

y
va

ri
ab

le
b
lo

ck
of
P 1

is
a

su
b
se

t
of

a
va

ri
ab

le
b
lo

ck
of

P 2
.

T
h

a
t

is
,

th
e

p
a
rt

it
io

n
P 1

ca
n

b
e

o
b

ta
in

ed
fr

o
m
P 2

b
y

fu
rt

h
er

d
iv

id
in

g
a

va
ri

a
b

le
b
lo

ck
in

to
sm

a
ll
er

b
lo

ck
s.
P

is
a

m
a
xi

m
u

m
va

ri
a
bl

e
pa

rt
it

io
n

(o
r

si
m

p
ly

m
a
x
im

u
m

p
ar

ti
ti

on
)

fo
r

a
la

tt
ic

e
G

M
M

if
P

is
a

ti
gh

t
va

ri
ab

le
p
ar

ti
ti

on
an

d
th

er
e

ex
is

ts
n
o

ot
h
er

ti
gh

t
p
ar

ti
ti

on
P
′

fo
r

th
e

G
M

M
su

ch
th

at
P
′ �
P

.

W
e

le
t
M

to
d
en

o
te

th
e

co
ll
ec

ti
o
n

o
f

p
a
ra

m
et

er
s

th
a
t

sp
ec

if
y

a
la

tt
ic

e
G

M
M

o
n

th
e

va
ri

ab
le

p
ar

ti
ti

on
P

.
M

=
{M

,Θ
,Π

(s
1
,.
..
,s
T

)}
.

W
e

al
so

u
se
M

X
(t
)

to
d
en

ot
e

th
e

m
ar

gi
n
al

G
M

M
fo

r
X

(t
)

d
er

iv
ed

fr
om
M

.
F

or
in

st
an

ce
,
M

X
(
t)

=
{M

t,
Θ

(t
) ,

Π
(s
t)
}.

S
im

il
ar

ly
,

w
e

ca
n

h
av

e
m

ar
gi

n
al

G
M

M
fo

r
m

u
lt

ip
le

va
ri

ab
le

b
lo

ck
s,

e.
g.

,
M

X
(t
)
,X

(t
+
1
)
.

S
u
p
p

o
se
O

is
a

p
er

m
u
ta

ti
o
n

fu
n
ct

io
n

fr
o
m

o
n
e

in
d
ex

se
t

to
a
n
o
th

er
a
n
d

Γ
is

a
se

t
o
f

in
d
ex

ed
p
a
ra

m
et

er
s.

W
e

d
en

o
te

th
e

p
er

m
u
te

d
p
a
ra

m
et

er
s

b
y
O

(Γ
).

F
o
r

in
st

a
n
ce

,
if

Γ
=
{µ

1
,µ

2
,µ

3
}

an
d
O

p
er

m
u
te

s
{1
,2
,3
}

to
{3
,2
,1
},

th
en
O

(Γ
)

=
{µ

3
,µ

2
,µ

1
}.

C
on

si
d
er

an
in

d
ex

gi
ve

n
b
y

a
T

-t
u
p
le

(i
1
,.
..
,i
T

)
an

d
O
t

is
a

p
er

m
u
ta

ti
on

fu
n
ct

io
n

on
th

e
tt

h
p

os
it

io
n
i t

.
W

e
u
se
O

1
:T

=
O

1
×
O

2
··
·×
O
T

to
d
en

ot
e

th
e

p
er

m
u
ta

ti
on

on
th

e
T

-t
u
p
le

:
(i

1
,i

2
,.
..
,i
T

)
→

(O
1
(i

1
),
O

2
(i

2
),
..
.,
O
T

(i
T

))
.

L
e
m

m
a

1
T

h
e

id
en

ti
fi

a
bi

li
ty

o
f

G
M

M
gi

ve
s

th
a
t
∑

M k
=

1
π
k
φ

(X
|µ
k
,Σ

k
)

=
∑

M
∗

l=
1
π
∗ lφ

(X
|µ
∗ l,

Σ
∗ l)

w
it

h
d
is

ti
n

ct
(µ
k
,Σ

k
)’

s,
d
is

ti
n

ct
(µ
∗ l,

Σ
∗ l)

’s
,

a
n

d
a
ll

th
e

p
ri

o
rs
π
k
>

0
a
n

d
π
∗ l
>

0,
k

=
1,
..
.,
M

,
l

=
1
,.
..
,M
∗

im
p
li

es
M

=
M
∗

a
n

d
u

p
to

a
pe

rm
u

ta
ti

o
n

o
f

m
ix

tu
re

co
m

po
n

en
ts

,
π
k

=
π
∗ k,

µ
k

=
µ
∗ k

a
n

d
Σ
k

=
Σ
∗ k.

S
ee

fo
r

in
st

an
ce

Y
ak

ow
it

z
an

d
S
p
ra

gi
n
s

(1
96

8)
;

T
it

te
ri

n
gt

on
et

al
.

(1
98

5)
.

T
h

e
o
re

m
2

L
et
M

a
n

d
M
′

be
tw

o
se

ts
o
f

pa
ra

m
et

er
s

fo
r

a
la

tt
ic

e
G

M
M

o
n

th
e

sa
m

e
va

ri
a
bl

e
pa

rt
it

io
n
P

.
A

ss
u

m
e

th
a
t
M

a
n

d
M
′

sp
ec

if
y

th
e

sa
m

e
d
en

si
ty

fu
n

ct
io

n
a
n

d
th

ei
r

la
tt

ic
es

Θ
a
n

d
Θ
′

a
re

bo
th

n
o
n

-r
ed

u
n

d
a
n

t.
T

h
en

th
e

n
u

m
be

r
o
f

co
m

po
n

en
ts

fo
r

ea
ch

va
ri

a
bl

e
bl

oc
k
M
t

=
M
′ t,
t

=
1,
..
.,
T

.
T

h
er

e
ex

is
ts

a
u

n
iq

u
e

pe
rm

u
ta

ti
o
n
O
t

:
i t
→
i′ t

fo
r

ea
ch

va
ri

a
bl

e
bl

oc
k
X

(t
)

su
ch

th
a
t
M
′ X

(t
)

=
O
t(
M

X
(t
)
)

a
n

d
M
′ =
O

1
:T

(M
).

R
em

a
rk

:
M
t

=
M
′ t

a
n
d
M
′ X

(t
)

=
O
t(
M

X
(t
)
)

a
re

si
m

p
le

re
su

lt
s

o
f

L
em

m
a

1
.

T
h
e

a
ss

u
m

p
ti

o
n

th
a
t

Θ
a
n
d

Θ
′

a
re

n
o
n
-r

ed
u
n
d
a
n
t

d
o
es

n
o
t

im
p
ly

ev
er

y
p
ri

o
r

in
E

q
.

(6
)

is
p

os
it

iv
e.

H
en

ce
L

em
m

a
1

ca
n
n
ot

b
e

d
ir

ec
tl

y
ap

p
li
ed

to
p
ro

ve
M

an
d
M
′

ar
e

id
en

ti
ca

l
u
p

to
p

er
m

u
ta

ti
on

.
W

e
p
ro

v
id

e
th

e
p
ro

of
fo

r
T

h
eo

re
m

2
in

A
p
p

en
d
ix

B
.

T
h
e

ge
n
er

ic
H

M
M

-V
B

d
en

si
ty

in
E

q
.

(3
),

gi
ve

n
a

p
re

-d
et

er
m

in
ed

va
ri

ab
le

b
lo

ck
st

ru
ct

u
re

ca
n

b
e

re
-w

ri
tt

en
as

f
(x

)
=

M
1

∑ i 1
=

1

M
2

∑ i 2
=

1

··
·M

T
∑ i T

=
1

( π
i 1
a

(1
)

i 1
,i
2
a

(2
)

i 2
,i
3
··
·a

(T
−

1
)

i T
−
1
,i
T

)
·
T ∏ t=

1

φ
(x

(t
) |µ

(t
)

i t
,Σ

(t
)

i t
).

(7
)

It
is

cl
ea

r
th

a
t

H
M

M
-V

B
is

a
la

tt
ic

e
G

M
M

o
n

p
a
rt

it
io

n
P

.
S
p

ec
ifi

ca
ll
y,

th
e

p
a
ra

m
et

er
se

t

M
fo

r
a

H
M

M
-V

B
is
M

=
{M

,Θ
,π
i 1
,a

(t
−

1
)

i t
−
1
,i
t
,i

1
=

1,
..
.,
M

1
,i
t

=
1,
..
.,
M
t,
t

=
2,
..
.,
T
}.

W
e

p
ro

ve
th

e
fo

ll
ow

in
g

le
m

m
a

in
A

p
p

en
d
ix

B
w

h
ic

h
sp

ec
ifi

es
th

e
co

n
d
it

io
n
s

u
n
d
er

w
h
ic

h
a

H
M

M
-V

B
h
as

n
on

-r
ed

u
n
d
an

t
la

tt
ic

e.
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 1
8(

11
0)

:1
-4

9,
 2

01
7

L
in

a
n
d

L
i

L
e
m

m
a

3
T

h
e

H
M

M
-V

B
in

E
q.

(7
)

h
a
s

n
o
n

-r
ed

u
n

d
a
n

t
la

tt
ic

e
Θ

if
a
n

d
o
n

ly
if

Θ
is

d
is

ti
n

ct
a
n

d
π
i 1
>

0
,

fo
r
∀i

1
∈
{1
,.
..
,M

1
}

a
n

d
fo

r
∀t

=
2
,.
..
,T

a
n

d
i t
∈
{1
,.
..
,M

t}
,

th
er

e
ex

is
ts

a
t

le
a
st

o
n

e
i t
−

1
∈
{1
,.
..
,M

t−
1
}

su
ch

th
a
t
a

(t
−

1
)

i t
−
1
,i
t
>

0.

C
o
ro

ll
a
ry

4
F

o
r

a
gi

ve
n

va
ri

a
bl

e
bl

oc
k

st
ru

ct
u

re
,

if
tw

o
H

M
M

-V
B

s,
M

a
n

d
M
′ ,

bo
th

h
a
ve

n
o
n

-r
ed

u
n

d
a
n

t
la

tt
ic

es
Θ

a
n

d
Θ
′ ,

a
n

d
d
efi

n
e

th
e

sa
m

e
d
en

si
ty

fu
n

ct
io

n
,

th
en

th
er

e
ex

is
ts

a
u

n
iq

u
e

pe
rm

u
ta

ti
o
n
O
t

fo
r

th
e

m
ix

tu
re

co
m

po
n

en
ts

o
f

ev
er

y
va

ri
a
bl

e
bl

oc
k
X

(t
) ,
t

=
1,
..
.,
T

,
su

ch
th

a
t
M
′ =
O

1
:T

(M
).

R
em

a
rk

:
C

o
ro

ll
a
ry

4
es

ta
b
li
sh

es
th

e
id

en
ti

fi
a
b
il
it

y
o
f

H
M

M
-V

B
u
n
d
er

a
g
iv

en
va

ri
a
b
le

b
lo

ck
st

ru
ct

u
re

.
B

y
T

h
eo

re
m

2
,

it
is

o
b
v
io

u
s

th
a
t
M
′

=
O

1
:T

(M
),

Θ
′

=
O

1
:T

(Θ
),

a
n
d

Π
′ (
s 1
,.
..
,s
T

)
=
O

1
:T

(Π
(s

1
,.
..
,s
T

))
.

W
e

o
n
ly

n
ee

d
to

sh
ow

th
a
t

th
e

la
st

eq
u
a
ti

o
n

im
p
li
es

th
a
t

th
e

tr
a
n
si

ti
o
n

p
ro

b
a
b
il
it

ie
s

a
re

id
en

ti
ca

l
u
p

to
p

er
m

u
ta

ti
o
n
O

1
:T

.
W

e
p
ro

v
e

th
is

in
A

p
p

en
d
ix

B
.

W
e

h
av

e
so

fa
r

a
ss

u
m

ed
th

a
t

th
e

p
a
rt

it
io

n
P

fo
r

th
e

la
tt

ic
e

G
M

M
is

g
iv

en
.

A
n
a
tu

ra
l

q
u
es

ti
on

is
w

h
et

h
er
P

is
id

en
ti

fi
ab

le
.

T
o

an
sw

er
th

e
q
u
es

ti
on

,
w

e
as

su
m

e
P

is
a

ti
gh

t
va

ri
ab

le
p
a
rt

it
io

n
.

W
it

h
o
u
t

th
is

co
n
st

ra
in

t,
w

e
ca

n
ex

p
re

ss
a
n
y

G
M

M
w

it
h
M

co
m

p
o
n
en

ts
a
s

a
la

tt
ic

e
G

M
M

w
it

h
ev

er
y

b
lo

ck
co

n
ta

in
in

g
a

si
n
g
le

va
ri

a
b
le

a
n
d

ev
er

y
b
lo

ck
b

ei
n
g

a
ss

ig
n
ed

w
it

h
M

co
m

p
on

en
ts

.
T

h
e

n
u
m

b
er

of
co

m
p

on
en

ts
fo

r
th

e
la

tt
ic

e
G

M
M

w
il
l

b
e
M

d
w

it
h

on
ly

M
co

m
p

on
en

ts
as

si
gn

ed
w

it
h

n
on
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p
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er

io
n

o
f

id
en

ti
ca

l
m

o
d
es

,
th

en
n
ea

rl
y

ev
er

y
im

ag
e

b
ec

om
es

a
si

n
gl

e
cl

u
st

er
.

W
e

ob
ta

in
la

rg
er

cl
u
st

er
s

w
h
en

th
e

cr
it

er
io

n
is

re
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at
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d
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u
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ra
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u
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u
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u
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u
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er
s

th
at

ar
e

al
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os
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ec
ta

b
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b
y

ex
is

ti
n
g
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re
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o
d
el

in
g

a
p
p
ro

a
ch
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u
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u
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er
in
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d
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ra

te
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ri

th
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p
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u
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p
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er
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ta
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h
e

cl
u
st

er
s
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re

se
p
ar
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ed

b
y

th
e

h
or

iz
on

ta
l

b
a
rs

.
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u
st

er
in

g
,

b
o
th

n
ec

es
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ry
fo

r
m

a
k
in

g
th

e
n
ew
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o
d
el

a
p
ra

ct
ic

a
l

to
o
l

in
la

rg
e-

sc
a
le

d
a
ta

an
al

y
si

s.
B

ec
au

se
th

e
n
u

m
b

er
of

m
ix

tu
re

co
m

p
on

en
ts

gr
ow

s
ex

p
on

en
ti

al
ly

w
it

h
th

e
n
u

m
b

er
of

va
ri

ab
le

gr
ou

p
s,

ex
is

ti
n
g

E
M

an
d

M
E

M
al

go
ri

th
m

s
fo

r
es

ti
m

at
io

n
an

d
m

o
d
e

id
en

ti
fi
ca

ti
on

h
av

e
in

tr
ac

ta
b
le

ex
p

on
en

ti
al

co
m

p
le

x
it

y.
W

e
h
av

e
d
er

iv
ed

an
d

im
p
le

m
en

te
d

al
go

ri
th

m
s

w
it

h
li
n
ea

r
co

m
p
le

x
it

y
in

th
e

n
u
m

b
er

of
va

ri
ab

le
b
lo

ck
s

fo
r

b
ot

h
ta

sk
s.

W
e

h
av

e
so

fa
r

d
ec

la
re

d
cl

u
st

er
s

b
as

ed
on

as
so

ci
at

io
n

w
it

h
id

en
ti

ca
l

m
o
d
es

.
D

u
e

to
th

e
h
u
ge

n
u
m

b
er

of
m

ix
tu

re
co

m
p

on
en

ts
in

th
e

G
M

M
ca

st
ed

fr
om

H
M

M
-V

B
,

m
an

y
ti

n
y

cl
u
st

er
s

ca
n

b
e

ge
n
er

at
ed

.
T

h
e

to
ta

l
n
u
m

b
er

of
p

oi
n
ts

in
th

os
e

cl
u
st

er
s

ca
n

b
e

a
sm

al
l

fr
ac

ti
on

of
th

e
en

ti
re

d
at

a.
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th
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si
tu

at
io

n
,

m
or

e
so

p
h
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ti
ca

te
d

m
et

h
o
d
s

th
at

m
ea

su
re

th
e

se
p
ar

ab
il
it

y
of

th
es

e
ti

n
y

cl
u

st
er

s
an

d
ot

h
er

la
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er
on
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n
b

e
u

se
d

fo
r

cl
u

st
er
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g

(e
.g

.,
L

ee
an

d
L
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A

s
an

ot
h
er

d
ir

ec
ti

on
of

fu
tu

re
w

or
k
,

w
e

ca
n

te
st

th
e

ca
p
ab

il
it

y
of

th
e

va
ri

ab
le

b
lo

ck
se

ar
ch

a
lg

o
ri

th
m

to
re

v
ea

l
h
id

d
en

d
ep

en
d
en

ce
st

ru
ct

u
re

a
m

o
n
g

th
e
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ri

a
b
le

s
o
r

to
h
el

p
va

li
d
a
te

ex
is
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n
g

ga
ti

n
g
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h
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e

w
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ow
le

d
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r
th
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N
at

io
n

al
S

ci
en

ce
F

ou
n

d
at

io
n

u
n
d
er

g
ra

n
t

E
C

C
S
-1

4
6
2
2
3
0

a
n
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e

re
v
ie

w
er

s
a
n
d

th
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C
l
u
st

e
r
in
g

w
it
h
H
M
M
-V

B

A
p
p
e
n
d
ix

A

W
e

p
resen

t
h
ere

th
e

con
ven

tion
al

H
M

M
an

d
th

e
B

au
m

-W
elch

(B
W

)
algorith

m
for

estim
ation

.
C

o
n
sid

er
seq

u
en

tia
l

d
a
ta

x
=
{
x

1 ,x
2 ,...,x

t ,...,x
T }

,
w

ith
x
t ∈
R
d.

S
a
m

e
a
s

in
th

e
m

ix
tu

re
m

o
d
el,

assu
m

e
th

ere
is

an
u
n
d
erly

in
g

state
s
t

asso
ciated

w
ith

every
x
t ,

for
t

=
1,...,T

.
T

h
e

u
n
d
erly

in
g

sta
te

is
th

e
co

u
n
terp

a
rt

o
f

th
e

m
ix

tu
re

co
m

p
o
n
en

t
id

en
tity

in
G

M
M

.
T

h
e

sta
te

s
t ∈
S

=
{
1
,2
,...,M

},
w

h
ere

M
is

th
e

n
u
m

b
er

o
f

sta
tes.

L
et

th
e

set
o
f

a
ll

p
o
ssib

le
sta

te
seq

u
en

ces
b

e
S̄

,
th

a
t

is,
th

e
set

o
f
T

-tu
p
les

o
n
S

.
|S̄|=

M
T

.
D

en
o
te

s
=
{s

1 ,...,s
T }
∈
S̄

.
T

h
e

b
a
sic

assu
m

p
tion

s
of

a
H

M
M

are:

1
.

T
h
e

u
n
d
erly

in
g

sta
tes
{s

1 ,s
2 ,...,s

T }
fo

llow
a

M
a
rk

ov
ch

a
in

.
T

h
e

M
a
rk

ov
ch

a
in

is
u
su

a
lly

tim
e

in
va

ria
n
t

w
ith

tra
n
sitio

n
p
ro

b
a
b
ility

m
a
trix

A
=

(a
k
,l ),

w
h
ere

a
k
,l

=
P

(s
t+

1
=
l|
s
t

=
k

),
k
,l∈
S

.
D

en
ote

th
e

in
itial

p
rob

ab
ilities

of
states

b
y
π
k

=
P

(s
1

=
k
),
k
∈
S

.

2
.

G
iv

en
th

e
h
id

d
en

sta
te
s
t ,

th
e

o
b
serva

tio
n
x
t

is
co

n
d
itio

n
a
lly

in
d
ep

en
d
en

t
fro

m
s
t ′

a
n
d
x
t ′

fo
r

an
y
t ′6=

t,
an

d
th

e
d
istrib

u
tion

of
x
t

given
s
t

d
ep

en
d
s

on
s
t ,

b
u
t

n
ot

on
t.

D
en

ote
th

e
con

d
ition

al
d
en

sity
of
P

(x
t |s

t
=
k
)

b
y
ϕ
k (x

t ).
In

p
articu

lar,
for

G
au

ssian
H

M
M

,
ϕ
k (x

t )
=
φ

(x
t |µ

k ,Σ
k ).

In
su

m
m

a
ry,

P
(x
,s)

=
P

(s)P
(x
|
s)

=
π
s
1 ϕ

s
1 (x

1 )a
s
1
,s

2 ϕ
s
2 (x

2 )···a
s
T
−
1
,s
T
ϕ
s
T

(x
T

),

P
(x

)
=
∑s∈S̄

P
(s)P

(x
|
s)

=
∑s∈S̄

π
s
1 ϕ

s
1 (x

1 )a
s
1
,s

2 ϕ
s
2 (x

2 )···a
s
T
−
1
,s
T
ϕ
s
T

(x
T
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T
h
e

p
aram

eters
to

b
e

estim
ated

in
a

H
M

M
are

th
e

tran
sition

p
rob

ab
ilities:

a
k
,l ,
k
,l

=
1,...,M

,
th

e
in

itia
l

p
ro

b
ab

ilities:
π
k ,
k

=
1,...,M

,
an

d
µ
k ,

Σ
k

for
each

state
k

=
1,...,M

.
U

n
d
er

a
set

of
p
aram

eters,
let

L
k (t)

b
e
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e
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ition

al
p
rob

ab
ility
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b

ein
g
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state

k
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o
sitio

n
t

g
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en
th

e
en
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o
b
serv
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seq

u
en
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x

=
{x

1 ,x
2 ,...,x

T }
.

L
et
I
(·)

b
e

th
e

in
d
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r

fu
n
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n
th

a
t

eq
u
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1
w

h
en

th
e
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m

en
t

is
tru
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d
0

oth
erw
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T

h
en

L
k (t)

=
P

(s
t

=
k|x

)
=
∑

s

P
(s|

x
)I

(s
t

=
k
),

k
∈
S
.

(8)

L
et
H
k
,l (t)

b
e

th
e

con
d
ition

al
p
rob

ab
ility

of
b

ein
g

in
state

k
at

p
osition

t
an

d
b

ein
g

in
state

l
at

p
osition

t
+

1,
i.e.,

seein
g

a
tran

sition
from

k
to
l

at
t,

given
th

e
en

tire
ob

served
seq

u
en

ce
x

.
T

h
en

H
k
,l (t)

=
P

(s
t

=
k
,s
t+

1
=
l|x

)

=
∑

s

P
(s|

x
)I

(s
t

=
k
)I

(s
t+

1
=
l)
,
k
,l∈
S
.

(9)

N
o
te

th
a
t
L
k (t)

=
∑

Ml=
1
H
k
,l (t), ∑

Mk
=

1
L
k (t)

=
1
.

S
in

ce
s
∈
S̄

a
n
d

th
e
|S̄|=

M
T

,
it

is
in

feasib
le

to
com

p
u

te
L
k (t)

an
d
H
k
,l (t)

b
y

th
e

ab
ove

eq
u

ation
s

d
irectly.

A
s

p
art

of
th

e
B

W
a
lg

o
rith

m
,

th
e

fo
rw

a
rd

-ba
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a
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a
lg

o
rith

m
is

u
sed

to
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m
p

u
te
L
k (t)

a
n

d
H
k
,l (t)

effi
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T

h
e
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ou

n
t
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com

p
u
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n
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L
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D
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e
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b
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k (t)
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s

th
e
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in
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p
ro

b
a
b
ility

o
f

o
b
serv
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g

th
e

fi
rst
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1,...,t,

an
d

b
ein

g
in

state
k

at
tim

e
t:

α
k (t)

=
P

(x
1 ,x

2 ,...,x
t ,s

t
=
k
).

T
h
is

p
rob

ab
ility

can
b

e
evalu

ated
b
y
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e
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g
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form

u
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α
k (1)

=
π
k ϕ

k (x
1 ),

1
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≤
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,

α
k (t)

=
ϕ
k (x

t )
M∑l=

1

α
l (t−

1)a
l,k ,

1
<
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T
,

1
≤
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≤
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.

D
efi

n
e

th
e
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ck

w
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rd
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ro
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a
b
ility
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k (t)
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th
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d
itio

n
a
l

p
ro
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a
b
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o
f

o
b
serv

in
g

th
e

vectors
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tim
e
t,
x
τ ,
τ

=
t
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1
,...,T

,
given

th
e

state
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tim
e
t
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k
.

β
k (t)

=
P

(x
t+

1 ,...,x
T
|
s
t

=
k
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1
≤
t≤

T
−

1,

β
k (T

)
=

1
,

for
all

k
.

A
s

w
ith

th
e

fo
rw

a
rd

p
ro

b
a
b
ility,

th
e

b
a
ck

w
a
rd

p
ro

b
a
b
ility

ca
n

b
e

eva
lu

a
ted

u
sin

g
th

e
follow

in
g

recu
rsion

:

β
k (T

)
=

1
,

β
k (t)

=
M∑l=

1

a
k
,l ϕ

l (x
t+

1 )β
l (t

+
1)
,

1
≤
t
<
T
.

T
h
e

p
rob

ab
ilities

L
k (t)

an
d
H
k
,l (t)

are
solved

b
y

L
k (t)

=
P

(s
t

=
k
|
x

)
=
P

(x
,s
t

=
k
)

P
(x

)
=

1

P
(x

) α
k (t)β

k (t),

H
k
,l (t)

=
P

(s
t

=
k
,s
t+

1
=
l|

x
)

=
P

(x
,s
t

=
k
,s
t+

1
=
l)

P
(x

)

=
1

P
(x

) α
k (t)a

k
,l ϕ

l (x
t+

1 )β
l (t

+
1),

w
h
ere

P
(x

)
=
∑

Mk
=

1
α
k (t)β

k (t).

F
o
r

n
o
ta

tio
n

a
l

b
rev

ity,
w

e
a
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m
e

a
ll

th
e

seq
u

en
ces

a
re

o
f

len
g
th
T

.
T

h
e

ex
ten

sio
n

to
seq

u
en

ces
of

d
iff

eren
t

len
gth

s
is

triv
ial.

D
en

ote
th

e
ith

seq
u

en
ce

b
y

x
i

=
{
x
i,1 ,x

i,2 ,...,x
i,T },

i
=

1
,...,n

.
In

ea
ch

itera
tio

n
,

w
e

co
m

p
u
te

th
e

fo
rw

a
rd

a
n

d
b
a
ck

w
a
rd

p
ro

b
a
b
ilities

fo
r

ea
ch

seq
u

en
ce

sep
arately

as
p

rev
iou

sly
d

escrib
ed

.
W

e
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p

u
te
L
k (t)
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|Ŝ
|,

gr
ow

s
ex

p
on

en
ti

al
ly

w
it

h
T

(a
ss

u
m

in
g

si
m

il
ar
|S
t|)

.

B
ec

au
se

Σ
s

is
b
lo

ck
d
ia

go
n
al

,
w

e
h
av

e

 
∑ s∈
Ŝ
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Ŝ
P

(s
|x

)
( Σ

(T
)

s T

) −
1
µ

(T
)

s T

)

              

.

H
en

ce
th

e
tt

h
va

ri
ab

le
b
lo

ck
of

x
is

gi
v
en

b
y

x
(t

)
=

 
∑ s∈
Ŝ
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p
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sim
u
ltan

eou
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b
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d
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b
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d
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e
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3,
w

e
p
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b
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.
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d
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p
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d
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b
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p
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b
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p
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p
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d
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b
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d
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b
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d
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b
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m
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d
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b
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d
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p
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.
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p
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rem
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b
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d
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b
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d
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m
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d
get

P
ercep

tron
(R

B
P

)
(C

avallan
ti

et
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b
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d
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d
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d
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ra
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d
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n
el

le
ar

n
in

g,
th

e
p
ro

b
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d
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ra
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b
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p
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at
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b
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b
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p
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p
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h
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p
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at
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b
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b
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p
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b
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p
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ra
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p
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h
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b
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h
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p
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h
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d
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d
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p
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p
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p
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at
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p
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at
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b
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=
Φ

(x
)T

Φ
(x
′ )

is
a

ke
rn

el

fu
n
ct

io
n
,
e

=
[1

] N
×

1
is

th
e

ve
ct

or
of

al
l

1,
an

d
y

=
[y
i]
T i=

1
,.
..
,N

.

T
h
e

d
u
al

op
ti

m
iz

at
io

n
p
ro

b
le

m
ca

n
b

e
so

lv
ed

u
si

n
g

th
e

so
lv

er
s

(J
oa

ch
im

s,
1
9
9
9
;

C
h
a
n
g

an
d

L
in

,
20

11
).

H
ow

ev
er

,
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

th
e

so
lv

er
s

is
ov

er
-q

u
a
d
ra

ti
c

(S
h
al

ev
-S

h
w

ar
tz

an
d

S
re

b
ro

,
20

08
)

an
d

th
e

d
u
al

fo
rm

d
o
es

n
ot

ap
p

ea
l
to

th
e

o
n
li
n
e

le
a
rn

in
g

se
tt

in
g.

T
o

sc
al

e
u
p

S
V

M
an

d
m

ak
e

it
ap

p
ea

li
n
g

to
th

e
on

li
n
e

le
ar

n
in

g,
w

e
re

w
ri

te
th

e
co

n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
in

E
q
.

(1
)

in
th

e
p
ri

m
a
l

fo
rm

as
fo

ll
ow

s

m
in w

(
λ 2
‖w
‖2

+
1 N

N ∑ i=
1

l(
w

;x
i,
y i

))
(2

)

w
h
er

e
l(

w
;x
,y

)
=

m
ax
( 0
,1
−
y
w

T
Φ

(x
))

3
is

H
in

ge
lo

ss
.

In
ou

r
cu

rr
en

t
in

te
re

st
,

th
e

ad
va

n
ta

ge
s

of
fo

rm
u
la

ti
n
g

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
o
f

S
V

M
in

th
e

p
ri

m
al

fo
rm

as
in

E
q
.

(2
)

ar
e

at
le

as
t

tw
o-

fo
ld

.
F

ir
st

,
it

en
co

u
ra

ge
s

th
e

a
p
p
li
ca

ti
o
n

o
f

S
G

D
-b

as
ed

m
et

h
o
d

to
p
ro

p
os

e
a

so
lu

ti
on

fo
r

th
e

on
li
n
e

le
ar

n
in

g
co

n
te

x
t.

S
ec

o
n
d
,

it
a
ll
ow

s
u
s

to
ex

te
n
d

H
in

ge
lo

ss
to

an
y

ap
p
ro

p
ri

at
e

lo
ss

fu
n
ct

io
n
s

(c
f.

S
ec

ti
on

7)
to

en
ri

ch
a

w
id

er
cl

as
s

of
p
ro

b
le

m
s

th
at

ca
n

b
e

ad
d
re

ss
ed

.

3
.

W
e

ca
n

el
im

in
a
te

th
e

b
ia

s
b

b
y

si
m

p
ly

a
d

ju
st

in
g

th
e

k
er

n
el

.
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A
p
p
r
o
x
im

a
t
io
n
V
e
c
t
o
r
M
a
c
h
in
e
s

4
.
P
ro

b
le
m

S
e
ttin

g

W
e

co
n
sid

er
tw

o
follow

in
g

op
tim

ization
p
rob

lem
s

for
b
atch

an
d

on
lin

e
settin

gs
resp

ectively
in

E
q
s.

(3
)

a
n
d

(4)

m
in
w

f
(w

),
λ2 ‖

w
‖

2
+

E
(x
,y

)∼
P
N

[l(w
;x
,y

)]

,
λ2
‖w
‖

2
+

1N

N
∑i=

1

l(w
;x

i ,y
i )

(3)

m
in
w

f
(w

),
λ2
‖w
‖

2
+

E
(x
,y

)∼
P
X
,Y

[l(w
;x
,y

)]
(4)

w
h
ere

l(w
;x
,y

)
is

a
co

n
vex

loss
fu

n
ction

,P
X
,Y

is
th

e
join

t
d
istrib

u
tion

of
(x
,y

)
overX

×
Y

w
ith

th
e

d
a
ta

d
om

ain
X

an
d

th
e

lab
el

d
om

ain
Y

,
an

d
P
N

sp
ecifi

es
th

e
em

p
irical

d
istrib

u
tio

n
over

th
e

tra
in

in
g

setD
=
{
(x

1 ,y
1 )
,...,(x

N
,y
N

)}
.

F
u
rth

erm
ore,

w
e

assu
m

e
th

at
th

e
con

v
ex

lo
ss

fu
n
ctio

n
l(w

;x
,y

)
satisfi

es
th

e
follow

in
g

p
rop

erty
:

th
ere

ex
ists

tw
o

p
ositiv

e
n
u
m

b
ers

A
a
n
d
B

su
ch

th
at
∥∥∥
l ′(w

;x
,y

) ∥∥∥
≤
A
‖w
‖

1
/
2

+
B
,∀

w
,x
,y

.
A

s
d
em

on
strated

in
S
ection

7
,

th
is

co
n
d
itio

n
is

valid
for

all
com

m
on

lo
ss

fu
n
ction

s.
H

ereafter,
fo

r
giv

en
an

y
fu

n
ction

g
(w

),
w

e
u
se

th
e

n
otation

g
′(w

0 )
to

d
en

ote
th

e
gra

d
ien

t
(or

an
y

su
b
-g

rad
ien

t)
of
g

(.)
w

.r.t
w

eva
lu

a
ted

a
t

w
0 .

It
is

clea
r

th
at

giv
en

a
fi
x
ed

w
,

th
ere

ex
ists

a
ran

d
om

variab
le
g

su
ch

th
a
t
E

[g
|
w

]
=

f
′(w

).
In

fa
ct,

w
e

can
sp

ecify
g

=
λ
w

+
l ′(w

;x
t ,y

t )
w

h
ere

(x
t ,y

t )
∼

P
X
,Y

or
P
N

.
W

e
a
ssu

m
e

th
a
t

a
po

sitive
sem

i-d
efi

n
ite

(p
.s.d

.)
an

d
iso

tro
p
ic

(iso.)
kern

el
R

asm
u
ssen

a
n
d

W
illia

m
s

(2005)
is

u
sed

,
i.e.,

K
(
x
,x
′ )

=
k (∥∥∥

x
−
x
′ ∥∥∥

2 )
,

w
h
ere

k
:
X
→

R
is

a
n

a
p
p
ro

p
ria

te
fu

n
ction

.
L

et
Φ

(.)
b

e
th

e
featu

re
m

ap
corresp

on
d
in

g
th

e
kern

el
(i.e.,

K
(
x
,x
′ )

=
Φ

(x
)
T

Φ
(
x
′ )

).
T

o
sim

p
lify

th
e

con
v
ergen

ce
an

aly
sis,

w
ith

ou
t

loss
of

gen
era

lity

w
e

fu
rth

er
a
ssu

m
e

th
at
‖Φ

(x
)‖

2
=
K

(x
,x

)
=

1,∀
x
∈
X

.
F

in
ally,

w
e

d
en

ote
th

e
op

tim
al

so
lu

tio
n

o
f

o
p
tim

ization
p
rob

lem
in

E
q
.

(3)
or

(4)
b
y

w
∗,

th
at

is,
w
∗

=
a
rgm

in
w
f

(w
).

5
.
S
to

ch
a
stic

G
ra

d
ie
n
t
D
e
sce

n
t
M

e
th

o
d

W
e

in
tro

d
u
ce

th
e

stan
d
ard

k
ern

el
sto

ch
astic

grad
ien

t
d
escen

t
(S

G
D

)
in

A
lgorith

m
1

w
h
erein

th
e

sta
n
d
a
rd

learn
in

g
rate

η
t

=
1λ
t

is
u
sed

(S
h
alev

-S
h
w

artz
et

al.,
2007,

2011).
L

et
α
t

b
e

a

sca
la

r
su

ch
th

a
t
l ′(w

t ;x
t ,y

t )
=
α
t Φ

(x
t )

(w
e

n
ote

th
at

th
is

scala
r

ex
ists

fo
r

all
com

m
on

loss
fu

n
ctio

n
s

a
s

p
resen

ted
in

S
ection

7).
It

is
ap

p
aren

t
th

at
at

th
e

iteration
t

th
e

m
o
d
el

w
t

h
as

th
e

fo
rm

o
f

w
t

=
∑

ti=
1
α

(t)
i

Φ
(x
i ).

T
h
e

vector
x
i

(1
≤
i≤

t)
is

said
to

b
e

a
su

p
po

rt
vecto

r

if
its

co
effi

cien
t
α

(t)
i

is
n
on

zero.
T

h
e

m
o
d
el

is
rep

resen
ted

th
rou

gh
th

e
su

p
p

ort
vectors,

a
n
d

h
en

ce
w

e
can

d
efi

n
e

th
e

m
o
d
el

size
to

b
e
∥∥
α

(t) ∥∥
0

an
d

m
o
d
el

sp
arsity

as
th

e
ratio

b
etw

een
th

e
cu

rren
t

m
o
d
el

size
an

d
t

(i.e., ∥∥
α

(t) ∥∥
0
/t).

S
in

ce
it

is
likely

th
at
α
t

is
n
o
n
zero

(e.g
.,

w
ith

H
in

ge
loss,

it
h
ap

p
en

s
if
x
t

lies
in

th
e

m
argin

s
o
f

th
e

cu
rren

t
h
y
p

erp
lan

e),
th

e
sta

n
d
a
rd

kern
el

S
G

D
algorith

m
is

v
u
ln

erab
le

to
th

e
cu

rse
of

kern
elization

,
th

at
is,

th
e

m
o
d
el

size,
is

a
lm

ost
lin

early
grow

n
w

ith
th

e
d
ata

size
accu

m
u
lated

over
tim

e
S
tein

w
art

(2003
).

C
o
n
seq

u
en

tly,
th

e
com

p
u
tation

grad
u
a
lly

b
ecom

es
slow

er
or

even
in

feasib
le

w
h
en

th
e

d
ata

size
g
row

s
ra

p
id

ly.
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L
e
,
N
g
u
y
e
n
,
N
g
u
y
e
n
,
a
n
d

P
h
u
n
g

A
lg

o
rith

m
1

S
to

ch
astic

G
rad

ien
t

D
escen

t
algo

rith
m

.

In
p

u
t:
λ

,
p
.s.d

.
kern

el
K

(.,.)
=

Φ
(·)

T
Φ

(·)
1
:

w
1

=
0

2
:

fo
r
t

=
1,2,...T

d
o

3
:

R
eceive

(x
t ,y

t )
//(x

t ,y
t )∼

P
X
,Y

o
r
P
N

4
:

η
t

=
1λ
t

5
:

g
t

=
λ
w
t
+
l ′(w

t ;x
t ,y

t )
=
λ
w
t
+
α
t Φ

(x
t )

6
:

w
t+

1
=

w
t −

η
t g
t

=
t−

1
t

w
t −

η
t α
t Φ

(x
t )

7
:

e
n

d
fo

r

O
u

tp
u

t:
w
T

=
1T

∑
Tt=

1
w
t

or
w
T

+
1

6
.
A
p
p
ro
x
im

a
tio

n
V
e
cto

r
M

a
ch

in
e
s
fo
r
L
a
rg

e
-sca

le
O
n
lin

e
L
e
a
rn

in
g

In
th

is
section

,
w

e
in

tro
d
u
ce

ou
r

p
rop

osed
A

p
p
rox

im
ation

V
ector

M
ach

in
e

(A
V

M
)

for
on

lin
e

learn
in

g.
T

h
e

m
ain

id
ea

is
th

at
w

e
em

p
loy

an
ov

erlap
p
in

g
p
artition

of
su

ffi
cien

tly
sm

all
cells

to
cover

th
e

d
ata

d
om

ain
,

i.e.,X
or

Φ
(X

);
w

h
en

a
n

in
stan

ce
arrives,

w
e

ap
p
rox

im
ate

th
is

in
stan

ce
b
y

a
corresp

on
d
in

g
core

p
oin

t
in

th
e

cell
th

at
con

tain
s

th
is

in
stan

ce.
O

u
r

in
tu

ition
b

eh
in

d
th

is
ap

p
rox

im
ation

p
ro

ced
u
re

is
th

at
sin

ce
th

e
in

stan
ce

is
ap

p
rox

im
ated

b
y

its
n
eigh

b
or,

th
e

p
erform

an
ce

w
ou

ld
n
ot

b
e

sign
ifi

can
tly

com
p
rom

ised
w

h
ile

gain
in

g
sign

ifi
can

t
sp

eed
u
p
.

W
e

start
th

is
section

w
ith

th
e

d
efi

n
ition

of
δ-cov

erage,
its

p
rop

erties
an

d
con

n
ection

w
ith

th
e

featu
re

sp
ace.

W
e

th
en

p
resen

t
A

V
M

an
d

th
e

con
vergen

ce
an

aly
sis.

6
.1

δ-c
o
v
e
ra

g
e

o
v
e
r

a
d

o
m

a
in

T
o

facilitate
ou

r
tech

n
ical

d
evelop

m
en

t
in

seq
u
el,

w
e

in
tro

d
u
ce

th
e

n
otion

of
δ-cov

era
ge

in
th

is
su

b
section

.
W

e
fi
rst

start
w

ith
th

e
u
su

al
d
efi

n
ition

of
a

d
iam

eter
for

a
set.

D
e
fi

n
itio

n
1
.

(d
ia

m
eter

)
G

iv
en

a
set

A
,

th
e

d
iam

eter
of

th
is

set
is

d
efi

n
ed

as
D

(A
)

=
su

p
x
,x
′∈
A ||x
−
x
′||.

T
h
is

is
th

e
m

ax
im

al
p
airw

ise
d
istan

ce
b

etw
een

an
y

tw
o

p
o
in

ts
in
A

.

N
ex

t,
giv

en
a

d
om

ain
X

(e.g.,
th

e
d
ata

d
om

ain
,

in
p
u
t

sp
ace)

w
e

in
tro

d
u
ce

th
e

con
cep

t
of
δ-coverage

forX
u
sin

g
a

collection
of

sets.

D
e
fi

n
itio

n
2
.

(δ-co
vera

ge
)

T
h
e

collection
of

setsP
=

(P
i )
i∈
I

is
said

to
b

e
an

δ-coverag
e

of
th

e
d
om

ain
X

iff
X
⊂
∪
i∈
I P

i
an

d
D

(P
i )≤

δ,∀
i∈

I
w

h
ere

I
is

th
e

in
d
ex

set
(n

ot
n
ecessarily

d
iscrete)

an
d

each
elem

en
t
P
i ∈
P

is
fu

rth
er

referred
to

as
a

cell.
F

u
rth

erm
ore

if
th

e
in

d
ex

set
I

is
fi
n
ite,

th
e

collection
P

is
called

a
fi

n
ite

δ-cov
erage.

D
e
fi

n
itio

n
3
.

(co
re

set,
co

re
po

in
t)

G
iven

an
δ-cov

erage
P

=
(P

i )
i∈
I

over
a

given
d
om

ain
X

,
for

each
i∈

I
,

w
e

select
an

arb
itrary

p
oin

t
c
i

from
th

e
cell

P
i ,

th
en

th
e

collection
of

all
c
i

(s)
is

called
th

e
co

re
set
C

of
th

e
δ-cov

erage
P

.
E

ach
p

oin
t
c
i ∈
C

is
fu

rth
er

referred
to

as
a

co
re

po
in

t.

W
e

sh
ow

th
at

th
ese

d
efi

n
ition

s
can

b
e

a
lso

ex
ten

d
ed

to
th

e
featu

re
sp

ace
w

ith
th

e
m

ap
p
in

g
Φ

an
d

kern
el
K

v
ia

th
e

follow
in

g
th

eorem
.
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A
p
p
r
o
x
im

a
t
io
n
V
e
c
t
o
r
M
a
c
h
in
e
s

T
h

e
o
re

m
4
.

A
ss

u
m

e
th

a
t

th
e

p
.s

.d
.

a
n

d
is

o
tr

o
p
ic

ke
rn

el
K

(x
,x
′ )

=
k
( |
|x
−
x
′ ||

2
) ,

w
h
er

e

k
(.

)
is

a
m

o
n

o
to

n
ic

a
ll

y
co

n
ti

n
u

o
u

s
d
ec

re
a
si

n
g

fu
n

ct
io

n
w

it
h
k

(0
)

=
1,

is
ex

a
m

in
ed

a
n

d
Φ

(.
)

is
it

s
in

d
u

ce
d

fe
a
tu

re
m

a
p
.

If
P

=
(P

i)
i∈
I

is
a
n
δ-

co
ve

ra
ge

o
f

th
e

d
o
m

a
in
X

th
en

Φ
(P

)
=

(Φ
(P

i)
) i
∈I

is
a
ls

o
a
n
δ Φ

-c
o
ve

ra
ge

o
f

th
e

d
o
m

a
in

Φ
(X

),
w

h
er

e
δ Φ

=
√

2
(1
−
k

(δ
2
))

is
a

m
o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
fu

n
ct

io
n

a
n

d
li
m

δ
→

0
δ Φ

=
0.

In
p
ar

ti
cu

la
r,

th
e

G
au

ss
ia

n
ke

rn
el

gi
ve

n
b
y
K

(x
,x
′ )

=
ex

p
(−
γ
∥ ∥ ∥x
−
x
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.
E

sp
ec

ia
ll
y,

if
w

e
u
se

th
e

al
w

ay
s-

on
se

tt
in

g
(i

.e
.,
P

(Z
t

=
1
)

=
1
,
∀t

),
th

e
m

o
d
el

si
ze

is
b

ou
n
d
ed

re
ga

rd
le

ss
of

th
e

d
at

a
d
is

tr
ib

u
ti

on
an

d
d
at

a
ar

ri
va

l
o
rd

er
.

T
h

e
o
re

m
1
5
.

L
et

u
s

d
en

o
te

P
(Z

t
=

1)
=
p
t,

P
(Z

t
=

0)
=
q t

,
a
n

d
th

e
n

u
m

be
r

o
f

ce
ll

s
ge

n
er

a
te

d
a
ft

er
th

e
it

er
a
ti

o
n
t

by
M
t.

If
w

e
d
efi

n
e

th
e

m
od

el
si

ze
,

i.
e.

,
th

e
si

ze
o
f

su
p
po

rt
se

t,
a
ft

er
th

e
it

er
a
ti

o
n
t

by
S
t,

th
e

fo
ll

o
w

in
g

st
a
te

m
en

t
h
o
ld

s

E
[S
T

]
≤

T ∑ t=
1

q t
+

T ∑ t=
1

p
tE

[M
t
−
M
t−

1
]
≤

T ∑ t=
1

q t
+

E
[M

T
]

S
pe

ci
a
ll

y,
if

w
e

u
se

so
m

e
sp

ec
ifi

c
se

tt
in

gs
fo

r
p
t,

w
e

ca
n

bo
u

n
d

th
e

m
od

el
si

ze
E

[S
t]

a
cc

o
rd

-
in

gl
y

a
s

fo
ll

o
w

s
i)

If
p
t

=
1,
∀t

th
en

E
[S
T

]
≤

E
[M

T
]
≤
|P
|,

w
h
er

e
|P
|s

pe
ci

fi
es

th
e

si
ze

o
f

th
e

pa
rt

it
io

n
P

,
i.

e.
,

it
s

n
u

m
be

r
o
f

ce
ll

s.

ii
)

If
p
t

=
m

ax
( 0
,1
−

β t

) ,
∀t

th
en

E
[S
T

]
≤
β

(l
og

(T
)

+
1)

+
E

[M
T

].

ii
i)

If
p
t

=
m

ax
( 0,

1
−

β tρ

) ,
∀t

,
w

h
er

e
0
<
ρ
<

1
,

th
en

E
[S
T

]
≤

β
T

1
−
ρ

1
−
ρ

+
E

[M
T

].
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A
p
p
r
o
x
im

a
t
io
n
V
e
c
t
o
r
M
a
c
h
in
e
s

iv)
If
p
t

=
m

a
x (

0,1−
βt
ρ )
,∀
t,

w
h
ere

ρ
>

1
,

th
en

E
[S
T

]≤
β
ζ

(ρ
)

+
E

[M
T

]≤
β
ζ

(ρ
)

+
|P
|,

w
h
ere

ζ
(.)

is
ζ

-
R

iem
a
n

n
fu

n
ctio

n
d
efi

n
ed

by
th

e
in

tegra
l
ζ

(s)
=

1
Γ

(s) ∫
+
∞

0
t
s−

1

e
s−

1 d
t.

R
em

a
rk

1
6.

W
e

u
se

tw
o

p
aram

eters
β

an
d
ρ

to
fl
ex

ib
ly

con
trol

th
e

rate
of

a
p
p
rox

im
ation

p
t .

It
is

ev
id

en
t

th
at

w
h
en

β
in

creases,
th

e
rate

of
a
p
p
rox

im
ation

d
ecreases

an
d

con
seq

u
en

tly
th

e
m

o
d
el

size
an

d
accu

racy
in

crease.
O

n
th

e
oth

er
h
an

d
,

w
h
en

ρ
in

creases,
th

e
rate

of
a
p
p
rox

im
a
tio

n
in

creases
as

w
ell

an
d

it
follow

s
th

at
th

e
m

o
d
el

size
an

d
accu

racy
d
ecreases.

W
e

co
n
d
u
cted

ex
p

erim
en

t
to

in
vestigate

h
ow

th
e

variation
of

th
ese

tw
o

p
ara

m
eters

in
fl
u
en

ce
th

e
m

o
d
el

size
an

d
accu

racy
(cf.

S
ection

9.2).

R
em

a
rk

1
7.

T
h
e

item
s

i)
an

d
iv

)
in

T
h
eorem

15
in

d
icate

th
at

if
P

(Z
t

=
1)

=
p
t

=

m
ax (

0
,1−

βt
ρ )

,
w

h
ere

ρ
>

1
or
ρ

=
+
∞

,
th

en
th

e
m

o
d
el

size
is

b
ou

n
d
ed

b
y
β
ζ

(ρ
)+
|P
|
(b

y

co
n
ven

tio
n

w
e

d
efi

n
e
ζ

(+
∞

)
=

0).
In

fact,
th

e
tigh

t
u
p
p

er
b

ou
n
d

is
β
ζ

(ρ
)
+
E

[M
T

],
w

h
ere

M
T

is
th

e
n
u
m

b
er

of
u
n
iq

u
e

cells
u
sed

so
far.

It
is

em
p
irically

p
roven

th
at
M
T

cou
ld

b
e

very
sm

a
ll

co
m

p
arin

g
w

ith
T

an
d
|P
|.

In
ad

d
ition

,
sin

ce
all

su
p
p

ort
sets

of
w
t (1
≤
t≤

T
)

a
re

a
ll

la
in

in
th

e
core

set,
if

w
e

ou
tp

u
t

th
e

average
w
T

=
∑
Tt=

1
w
t

T
or

α
-su

ffi
x

average

w
αT

=
1α
T

∑
Tt=

(1−
α

)T
+

1
w
T

,
th

e
m

o
d
el

size
is

still
b

ou
n
d
ed

.

R
em

a
rk

1
8.

T
h
e

item
s

ii)
an

d
iii)

in
T

h
eorem

15
in

d
icate

th
at

if
P

(Z
t

=
1)

=
p
t

=

m
ax (

0
,1−

βt
ρ )

,
w

h
ere

0
<
ρ
≤

1
th

en
alth

ou
g
h

th
e

m
o
d
el

size
is

n
ot

b
ou

n
d
ed

,
it

w
ou

ld

slow
ly

in
crease

com
p
arin

g
w

ith
T

,
i.e.,

log
(T

)
or
T

1−
ρ

w
h
en

ρ
is

arou
n
d

1.

6
.3

C
o
n

stru
c
tio

n
o
f
δ-C

o
v
e
ra

g
e

In
th

is
sectio

n
,
w

e
retu

rn
to

th
e

con
stru

ction
of
δ-covera

ge
d
efi

n
ed

in
S
ection

6.1
an

d
p
resen

t
tw

o
m

eth
o
d
s

to
con

stru
ct

a
fi
n
ite

δ-cov
erage.

T
h
e

fi
rst

m
eth

o
d

em
p
loy

s
h
y
p

ersp
h
ere

cells
(cf.

A
lg

o
rith

m
3)

w
h
ereas

th
e

secon
d

m
eth

o
d

u
tilizes

th
e

h
y
p

errectan
gle

cells
(cf.

A
lgorith

m
4
).

In
th

ese
tw

o
m

eth
o
d
s,

th
e

cells
in

cov
erage

are
con

stru
cted

o
n

th
e

fl
y

w
h
en

th
e

in
com

in
g

in
sta

n
ces

a
rriv

e.
B

oth
are

th
eoretically

p
roven

to
b

e
a

fi
n
ite

coverage.

A
lg

o
rith

m
3

C
on

stru
ctin

g
h
y
p

ersp
h
ere

δ-coverage.

1
:P

=
∅

2
:
n

=
0

3
:

fo
r
t

=
1,2,...

d
o

4
:

R
eceive

(x
t ,y

t )
5
:

it
=

a
rg

m
in
k≤

n ‖x
t −

c
k ‖

6
:

if
‖x

t −
c
it ‖
≥
δ/2

th
e
n

7
:

n
=
n

+
1

8
:

c
n

=
x
t

9
:

it
=
n

1
0
:

P
=
P
∪

[B
(c
n
,δ/2)]

1
1
:

e
n

d
if

1
2
:

e
n

d
fo

r
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L
e
,
N
g
u
y
e
n
,
N
g
u
y
e
n
,
a
n
d

P
h
u
n
g

A
lg

o
rith

m
4

C
on

stru
ctin

g
h
y
p

errectan
gle

δ-coverage.

1
:P

=
∅

2
:
a

=
δ/ √

d
3
:
n

=
0

4
:

fo
r
t

=
1,2,...

d
o

5
:

R
eceive

(x
t ,y

t )
6
:

it
=

0
7
:

fo
r
i

=
1

to
n

d
o

8
:

if
‖x

t −
c
i ‖∞

<
a

th
e
n

9
:

it
=
i

1
0
:

b
re

a
k

1
1
:

e
n

d
if

1
2
:

e
n

d
fo

r
1
3
:

if
it

=
0

th
e
n

1
4
:

n
=
n

+
1

1
5
:

c
n

=
x
t

1
6
:

it
=
n

1
7
:

P
=
P
∪

[R
(c
n
,a

)]
1
8
:

e
n

d
if

1
9
:

e
n

d
fo

r

A
lgorith

m
3

em
p
loy

s
a

collection
of

op
en

h
y
p

ersp
h
ere

cellB
(c,R

),
w

h
ich

is
d
efi

n
ed

as
B

(c,R
)

=
{
x
∈
R
d

:‖x
−
c‖
<
R }

,
to

cov
er

th
e

d
ata

d
om

ain
.

S
im

ilar
to

A
lgorith

m
3,

A
lgorith

m
4

u
ses

a
collection

of
op

en
h
y
p

errectan
gle
R

(c,a
),

w
h
ich

is
giv

en
b
y
R

(c,a
)

=
{
x
∈
R
d

:‖x
−
c‖∞

<
a }

,
to

cover
th

e
d
ata

d
om

ain
.

B
oth

A
lgorith

m
s

3
an

d
4

are
con

stru
cted

in
th

e
com

m
on

sp
irit:

if
th

e
in

com
in

g
in

stan
ce

(x
t ,y

t )
is

ou
tsid

e
all

cu
rren

t
cells,

a
n
ew

cell
w

h
ose

cen
tre

or
vertex

is
th

is
in

stan
ce

is
gen

erated
.

It
is

n
otew

orth
y

th
at

th
e

varia
b
le
it

in
th

ese
tw

o
algorith

m
s

sp
ecifi

es
th

e
cell

th
at

con
tain

s
th

e
n
ew

in
com

in
g

in
stan

ce
an

d
is

th
e

sam
e

as
itself

in
A

lgorith
m

2.

T
h
eorem

19
estab

lish
es

th
at

regard
less

of
th

e
d
ata

d
istrib

u
tion

an
d

d
ata

arrival
ord

er,
A

lgorith
m

s
3

an
d

4
alw

ay
s

gen
erate

a
fi
n
ite

δ-coverage
w

h
ich

im
p
lies

a
b

ou
n
d

on
th

e
m

o
d
el

size
of

A
V

M
.

It
is

n
otew

orth
y

at
th

is
p

oin
t

th
at

in
som

e
scen

arios
of

d
ata

arrival,
A

lgo-
rith

m
s

3
an

d
4

m
igh

t
n
ot

gen
erate

a
coverage

for
th

e
en

tire
sp

ace
X

.
H

ow
ever,

sin
ce

th
e

gen
erated

seq
u
en

ce{
x
t }
t

can
n
ot

b
e

ou
tsid

e
th

e
set∪

i B
(c
i ,δ)

an
d
∪
i R

(c
i ,δ),

w
ith

ou
t

loss
of

gen
erality

w
e

can
restrictX

to
∪
i B

(c
i ,δ)

or∪
i R

(c
i ,δ)

b
y

assu
m

in
g

th
atX

=
∪
i B

(c
i ,δ)

orX
=
∪
i R

(c
i ,δ).

T
h

e
o
re

m
1
9
.

L
et

u
s

co
n

sid
er

th
e

co
vera

ges
fo

rm
ed

by
th

e
ru

n
n

in
g

o
f

A
lgo

rith
m

s
3

a
n

d
4
.

If
th

e
d
a
ta

d
o
m

a
in
X

is
co

m
pa

ct
(i.e.,

clo
se

a
n

d
bo

u
n

d
ed

)
th

en
th

ese
co

vera
ges

a
re

a
ll

fi
n

ite
δ-co

vera
ges

w
h
o
se

sizes
a
re

a
ll

d
epen

d
en

t
o
n

th
e

d
a
ta

d
o
m

a
in
X

a
n

d
in

d
epen

d
en

t
w

ith
th

e
sequ

en
ce

o
f

in
co

m
in

g
d
a
ta

in
sta

n
ces

(x
t ,y

t )
received

.

R
em

a
rk

20.
T

h
eorem

19
also

reveals
th

at
reg

ard
less

of
th

e
d
ata

arrival
ord

er,
th

e
m

o
d
el

size
of

A
V

M
is

alw
ay

s
b

ou
n
d
ed

(cf.
R

em
ark

17).
R

eferrin
g

to
th

e
w

ork
of

(C
u
cker

an
d

S
m

ale,
2002),

it
is

k
n
ow

n
th

at
th

is
m

o
d
el

size
can

n
ot

ex
ceed

(
4
D

(X
)

δ

)
d.

H
ow

ever
w

ith

1
6
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A
p
p
r
o
x
im

a
t
io
n
V
e
c
t
o
r
M
a
c
h
in
e
s

m
an

y
p

os
si

b
le

d
at

a
ar

ri
va

l
or

d
er

s,
th

e
n
u
m

b
er

of
ac

ti
v
e

ce
ll
s

or
th

e
m

o
d
el

si
ze

of
A

V
M

is
si

gn
ifi

ca
n
tl

y
sm

al
le

r
th

an
th

e
af

or
em

en
ti

on
ed

th
eo

re
ti

ca
l

b
ou

n
d
.

6
.4

C
o
m

p
le

x
it

y
A

n
a
ly

si
s

W
e

n
ow

p
re

se
n
t

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

ou
r

A
V

M
(s

)
w

it
h

th
e

h
y
p

er
sp

h
er

e
δ-

co
ve

ra
ge

at
th

e
it

er
at

io
n
t.

T
h
e

co
st

to
fi
n
d

th
e

h
y
p

er
sp

h
er

e
ce

ll
in

S
te

p
5

of
A

lg
or

it
h
m

2
is

O
( d

2
M
t)

.
T

h
e

co
st

to
ca

lc
u
la

te
α
t

in
S
te

p
6

of
A

lg
or

it
h
m

2
is

O
(S
t)

if
w

e
co

n
si

d
er

th
e

ke
rn

el
op

er
at

io
n

as
a

u
n
it

op
er

at
io

n
.

If
` 2

lo
ss

is
u
se

d
an

d
λ
≤

1,
w

e
n
ee

d
to

d
o

a
p
ro

je
ct

io
n

on
to

th
e

h
y
p

er
sp

h
er

e
B
( 0
,y

m
a
x
λ
−

1
/
2
)

w
h
ic

h
re

q
u
ir

es
th

e
ev

al
u
at

io
n

of
th

e
le

n
gt

h
of

th
e

ve
ct

or
w
t
−
η t
h
t

(i
.e

.,
‖w

t
−
η t
h
t‖

)
w

h
ic

h
co

st
s
S
t

u
n
it

op
er

at
io

n
s

u
si

n
g

in
cr

em
en

ta
l

im
p
le

-
m

en
ta

ti
on

.
T

h
er

ef
or

e,
th

e
co

m
p
u
ta

ti
on

al
op

er
at

io
n

at
th

e
it

er
at

io
n
t

of
A

V
M

(s
)

is
ei

th
er

O
( d

2
M
t
+
S
t)

=
O
((
d

2
+

1
) S

t)
or

O
( d

2
M
t
+
S
t
+
S
t)

=
O
((
d

2
+

2
) S

t)
(s

in
ce
M
t
≤
S
t)

.

7
.
S
u
it
a
b
il
it
y
o
f
L
o
ss

F
u
n
ct
io
n
s

W
e

in
tr

o
d
u
ce

si
x

ty
p

es
of

lo
ss

fu
n
ct

io
n
s

th
at

ca
n

b
e

u
se

d
in

ou
r

p
ro

p
os

ed
al

go
ri

th
m

,
n
am

el
y

H
in

ge
,

L
og

is
ti

c,
` 2

,
` 1

,
ε−

in
se

n
si

ti
ve

,
an

d
τ
-s

m
o
ot

h
H

in
ge

.
W

e
ve

ri
fy

th
at

th
es

e
lo

ss
fu

n
c-

ti
on

s
sa

ti
sf

y
in

g
th

e
n
ec

es
sa

ry
co

n
d
it

io
n
,

th
at

is
,
∥ ∥ ∥l
′
(w

;x
,y

)∥ ∥ ∥
≤
A
‖w
‖1
/
2

+
B

fo
r

so
m

e

ap
p
ro

p
ri

at
e

p
os

it
iv

e
n
u
m

b
er

s
A
,B

(t
h
is

is
re

q
u
ir

ed
fo

r
ou

r
p
ro

b
le

m
fo

rm
u
la

ti
on

p
re

se
n
te

d
in

S
ec

ti
on

4)
.

F
or

co
m

p
re

h
en

si
b
il
it

y,
w

it
h
ou

t
lo

ss
of
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resu

ltin
g

in
less

p
ow

erfu
l

p
red

iction
cap

ab
ility.

T
h
is

can
b

e
ob

served
in

F
ig.

2b
a
n
d

F
ig

.
3
b
,

w
h
ich

d
ep

ict
th

e
average

m
istake

rates
in

3D
as

a
fu

n
ction

of
th

ese
valu

es
for

d
a
ta

set
a
9
a

a
n
d

cod
-rn

a
.

H
ere

β
=

0
m

ean
s

th
at

th
e

m
o
d
el

alw
ay

s
p

erfo
rm

s
ap

p
rox

im
ation

w
ith

o
u
t

resp
ect

to
th

e
valu

e
of
ρ
.

F
rom

th
ese

v
isu

alization
s,

w
e

fou
n
d

th
at

th
e

A
V

M
w

ith
a
lw

ay
s-o

n
ap

p
rox

im
ation

m
o
d
e

still
can

ach
ieve

fairly
com

p
arab

le
classifi

cation
resu

lts.
T

h
u
s

w
e

set
β

=
0

for
all

follow
in

g
ex

p
erim

en
ts.

9
.3

B
a
tch

C
la

ssifi
c
a
tio

n

W
e

n
ow

ex
a
m

in
e

th
e

p
erform

an
ces

of
A

V
M

s
in

classifi
catio

n
task

follow
in

g
b
atch

m
o
d
e.

W
e

u
se

eig
h
t

d
atasets:

a
9
a
,

w
8
a
,

cod
-rn

a
,

K
D

D
C

u
p
9
9
,

ijcn
n

1
,

co
vtype,

po
ker

an
d

a
irlin

es
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L
e
,
N
g
u
y
e
n
,
N
g
u
y
e
n
,
a
n
d

P
h
u
n
g

(d
elayed

an
d

n
on

-d
elay

ed
lab

els).
W

e
create

tw
o

version
s

of
ou

r
ap

p
roach

:
A

V
M

w
ith

H
in

ge
loss

(A
V

M
-H

in
ge)

an
d

A
V

M
w

ith
L

ogistic
loss

(A
V

M
-L

ogit).
It

is
n
otew

orth
y

th
at

th
e

H
in

ge
loss

is
n
ot

a
sm

o
oth

fu
n
ction

w
ith

u
n
d
efi

n
ed

grad
ien

t
at

th
e

p
oin

t
th

at
th

e
classifi

cation
con

fi
d
en

ce
y
f

(x
)

=
1.

F
ollow

in
g

th
e

su
b
-grad

ien
t

d
efi

n
ition

,
in

ou
r

ex
p

erim
en

t,
w

e
com

p
u
te

th
e

grad
ien

t
given

th
e

con
d
ition

th
at
y
f

(x
)
<

1,
an

d
set

it
to

0
oth

erw
ise.

B
a
se

lin
e
s.

F
or

d
iscrim

in
ative

p
erform

an
ce

com
p
arison

,
w

e
recru

it
th

e
fo

llow
in

g
state-of-

th
e-art

b
aselin

es
to

train
kern

el
S
V

M
s

for
classifi

cation
in

b
atch

m
o
d
e:

•
L

IB
S
V

M
:

on
e

of
th

e
m

ost
w

id
ely

-u
sed

an
d

state-of-th
e-art

im
p
lem

en
tation

s
for

b
atch

kern
el

S
V

M
solver

(C
h
an

g
an

d
L

in
,

2011).
W

e
u
se

th
e

on
e-v

s-all
ap

p
ro

ach
as

th
e

d
efau

lt
settin

g
for

th
e

m
u
lticlass

task
s;

•
L

L
S
V

M
:

low
-ran

k
lin

earization
S
V

M
algorith

m
th

at
ap

p
rox

im
ates

kern
el

S
V

M
op

ti-
m

ization
b
y

a
lin

ear
S
V

M
u
sin

g
low

-ran
k

d
ecom

p
osition

of
th

e
kern

el
m

atrix
(Z

h
an

g
et

al.,
2012);

•
B

S
G

D
-M

:
b
u
d
geted

sto
ch

astic
grad

ien
t

d
escen

t
algorith

m
w

h
ich

ex
ten

d
s

th
e

P
ega

sos
algorith

m
(S

h
alev

-S
h
w

artz
et

al.,
2011)

b
y

in
tro

d
u
cin

g
a

m
ergin

g
strategy

for
su

p
p

ort
vector

b
u
d
get

m
ain

ten
an

ce
(W

an
g

et
al.,

2012);

•
B

S
G

D
-R

:
b
u
d
geted

sto
ch

astic
grad

ien
t

d
escen

t
algorith

m
w

h
ich

ex
ten

d
s

th
e

P
egasos

algorith
m

(S
h
alev

-S
h
w

artz
et

al.,
2011)

b
y

in
tro

d
u
cin

g
a

rem
oval

strategy
for

su
p
p

ort
vector

b
u
d
get

m
ain

ten
an

ce
(W

an
g

et
al.,

2012);

•
F

O
G

D
:

F
ou

rier
on

lin
e

grad
ien

t
d
escen

t
algorith

m
th

at
ap

p
lies

th
e

ran
d
om

F
ou

rier
featu

res
for

ap
p
rox

im
atin

g
kern

el
fu

n
ction

s
(L

u
et

al.,
2015);

•
N

O
G

D
:
N

y
strom

on
lin

e
grad

ien
t

d
escen

t
(N

O
G

D
)

algorith
m

th
at

ap
p
lies

th
e

N
y
strom

m
eth

o
d

to
ap

p
rox

im
ate

large
kern

el
m

atrices
(L

u
et

al.,
2015).

H
y
p

e
rp

a
ra

m
e
te

rs
se

ttin
g
.

T
h
ere

are
a

n
u
m

b
er

o
f

d
iff

eren
t

h
y
p

erp
aram

eters
for

all
m

eth
o
d
s.

E
ach

m
eth

o
d

req
u
ires

a
d
iff

eren
t

set
of

h
y
p

erp
aram

eters,
e.g.,

th
e

regu
larization

p
aram

eters
(C

in
L

IB
S
V

M
,
λ

in
P

egasos
an

d
A

V
M

),
th

e
learn

in
g

rates
(η

in
F

O
G

D
an

d
N

O
G

D
),

th
e

coverage
d
iam

eter
(δ

in
A

V
M

)
an

d
th

e
R

B
F

kern
el

w
id

th
(γ

in
all

m
eth

o
d
s).

T
h
u
s,

for
a

fair
co

m
p
arison

,
th

ese
h
y
p

erp
aram

eters
are

sp
ecifi

ed
u
sin

g
cross-valid

ation
on

train
in

g
su

b
set.

P
articu

larly,
w

e
fu

rth
er

p
artition

th
e

train
in

g
set

in
to

80%
for

learn
in

g
an

d
20

%
for

val-
id

ation
.

F
or

large-scale
d
atab

ases,
w

e
u
se

on
ly

1%
of

train
in

g
set,

so
th

at
th

e
search

in
g

can
fi
n
ish

w
ith

in
an

a
ccep

tab
le

tim
e

b
u
d
get.

T
h
e

h
y
p

erp
ara

m
eters

are
varied

in
certain

ran
ges

an
d

selected
for

th
e

b
est

p
erform

an
ce

on
th

e
va

lid
ation

set.
T

h
e

ran
ges

are
given

as
fol-

low
s:
C
∈
{

2 −
5,2 −

3,...,2
1
5 }

,
λ
∈
{

2 −
4/
N
,

2 −
2/
N
,...,

2
1
6/
N},

γ
∈
{

2 −
8,2 −

4,2 −
2,2

0,2
2,2

4,2
8 }

,
η
∈
{
16.0

,8
.0,4.0,2.0,0.2,0.02

,0
.002

,0
.0002}

w
h
ere

N
is

th
e

n
u
m

b
er

of
d
a
ta

p
oin

ts.
T

h
e

coverage
d
iam

eter
δ

of
A

V
M

is
selected

follow
in

g
th

e
ap

p
roach

d
escrib

ed
in

S
ection

9.2.
F

or
th

e
b
u
d
get

size
B

in
N

O
G

D
an

d
P

egasos
algorith

m
,

an
d

th
e

featu
re

d
im

en
sion

D
in

F
O

G
D

for
each

d
ataset,

w
e

u
se

id
en

tical
valu

es
to

th
o
se

u
sed

in
S
ection

7.1
.1

of
L

u
et

al.
(2015).

24
JM

L
R

 18(111):1-55, 2017



A
p
p
r
o
x
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n
V
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h
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d
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st
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g
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s
ar

e
re

p
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te
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in
T

ab
le

3.
O

ve
ra

ll
,

th
e
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at

ch
al

go
ri

th
m

s
ac

h
ie

ve
th

e
h
ig

h
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cu

ra
ci

es
w

h
il
st

th
os

e
of

on
li
n
e

al
go

ri
th

m
s

ar
e

lo
w
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b
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fa
ir

ly
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m
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et
it

iv
e.

T
h
e

on
li
n
e

le
ar

n
in

g
m

o
d
el

s,
h
ow

ev
er

,
ar

e
m

u
ch

sp
ar

se
r,

re
su

lt
in

g
in

a
su

b
st

an
ti

al
sp

ee
d
-u

p
,

in
w

h
ic

h
th

e
tr

ai
n
in

g
ti

m
e

co
st

s
an

d
m

o
d
el

si
ze

s
of

A
V

M
s

ar
e

sm
al

le
st

w
it

h
or

d
er

s
of

m
ag

n
it

u
d
e

lo
w

er
th

an
th

os
e

of
th

e
st

an
d
ar

d
b
at

ch
m

et
h
o
d
s.

M
or

e
sp

ec
ifi

ca
ll
y,

th
e

L
IB

S
V

M
ou

tp
er

fo
rm

s
th

e
ot

h
er

ap
p
ro

ac
h
es

in
m

os
t

of
d
at

as
et

s,
on

w
h
ic

h
it

s
tr

ai
n
in

g
p
h
as

e
fi
n
is

h
es

w
it

h
in

th
e

ti
m

e
li
m

it
(i

.e
.,

tw
o

h
ou

rs
),

ex
ce

p
t

fo
r

th
e

ij
cn

n
1

d
at

a
w

h
er

ei
n

it
s

te
st

in
g

sc
or

e
is

le
ss

ac
cu

ra
te

b
u
t

ve
ry

cl
os

e
to

th
at

of
B

S
G

D
-M

.
T

h
e

L
L

S
V

M
ac

h
ie

ve
s

go
o
d

re
su

lt
s

w
h
ic

h
ar

e
sl

ig
h
tl

y
lo

w
er

th
an

th
os

e
of

th
e

st
at

e-
of

-t
h
e-

ar
t

b
at

ch
ke

rn
el

al
go

ri
th

m
.

T
h
e

m
et

h
o
d
,

h
ow

ev
er

,
d
o
es

n
ot

su
p
p

or
t

m
u
lt

ic
la

ss
cl

as
si

fi
ca

ti
on

.
T

h
es

e
tw

o
b
at

ch
al

g
or

it
h
m

s
–

L
IB

S
V

M
an

d
L

L
S
V

M
co

u
ld

n
ot

b
e

tr
ai

n
ed

w
it

h
in

th
e

al
lo

w
ab

le
am

ou
n
t

of
ti

m
e

on
la

rg
e-

sc
al

e
d
at

as
et

s
(e

.g
.,

a
ir

li
n

es
),

th
u
s

a
re

n
ot

sc
al

ab
le

.

F
u
rt

h
er

m
or

e,
si

x
on

li
n
e

al
go

ri
th

m
s

in
ge

n
er

al
h
av

e
si

gn
ifi

ca
n
t

ad
va

n
ta

ge
s

a
ga

in
st

th
e

b
at

ch
m

et
h
o
d
s

in
co

m
p
u
ta

ti
on

al
effi

ci
en

cy
,

es
p

ec
ia

ll
y

w
h
en

ru
n
n
in

g
on

la
rg

e-
sc

al
e

d
at

as
et

s.
A

m
on

g
th

es
e

al
go

ri
th

m
s,

th
e

B
S
G

D
-M

(P
eg

a
so

s+
m

er
gi

n
g)

ob
ta

in
s

th
e

h
ig

h
es

t
cl

as
si

fi
ca

ti
on

sc
or

es
,

b
u
t

su
ff

er
s

fr
om

a
h
ig

h
co

m
p
u
ta

ti
on

al
co

st
.

T
h
is

ca
n

b
e

se
en

in
al

m
o
st

al
l

d
at

as
et

s,
es

p
ec

ia
ll
y

fo
r

th
e

ai
rl

in
es

d
at

as
et

on
w

h
ic

h
it

s
le

ar
n
in

g
ex

ce
ed

s
th

e
ti

m
e

li
m

it
.

T
h
e

sl
ow

tr
ai

n
in

g
of

B
S
G

D
-M

is
ca

u
se

d
b
y

th
e

m
er

gi
n
g

st
ep

w
it

h
co

m
p
u
ta

ti
o
n
al

co
m

p
le

x
it

y
O
( B

2
)

(B
is

th
e

b
u
d
ge

t
si

ze
).

B
y

co
n
tr

as
t,

th
e

B
S
G

D
-R

(P
eg

as
os

+
re

m
ov

a
l)

ru
n
s

fa
st

er
th

an
th

e
m

er
gi

n
g

ap
p
ro

ac
h
,

b
u
t

su
ff

er
s

fr
om

ve
ry

h
ig

h
in

ac
cu

ra
te

re
su

lt
s

d
u
e

to
it

s
n
ai

ve
b
u
d
ge

t
m

ai
n
te

n
an

ce
st

ra
te

gy
,

th
at

si
m

p
ly

d
is

ca
rd

s
th

e
m

os
t

re
d
u
n
d
an

t
su

p
p

or
t

v
ec

to
r

w
h
ic

h
m

ay
co

n
ta

in
im

p
or

ta
n
t

in
fo

rm
at

io
n
.

In
te

rm
s

of
p
re

d
ic

ti
ve

p
er

fo
rm

a
n
ce

,
ou

r
p
ro

p
os

ed
m

et
h
o
d
s

ou
tp

er
fo

rm
th

e
re

ce
n
t

ad
-

va
n
ce

d
on

li
n
e

le
ar

n
in

g
al

go
ri

th
m

s
–

F
O

G
D

an
d

N
O

G
D

in
m

os
t

sc
en

ar
io

s.
T

h
e

A
V

M
-b

as
ed

m
o
d
el

s
ar

e
ab

le
to

ac
h
ie

ve
sl

ig
h
tl

y
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b
u
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ir
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co

m
p
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su
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m

p
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ed
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h

th
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e
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e

st
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-t
h
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ar
t

L
IB

S
V

M
al

go
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th
m

.
In

te
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s
of

sp
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an
d

sp
ee

d
,

th
e

A
V

M
s

ar
e

th
e

fa
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t
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in
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e
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ai
n
in

g
an

d
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st
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g
p
h
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s
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k
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b
le

sm
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le
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m
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h
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d
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p
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h
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p
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h
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h
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.
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d
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n
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b
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b
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e
ex

is
ti

n
g

S
V

M
so

lv
er

s
fo

r
la

rg
e-

sc
al

e
cl

as
si

fi
ca

ti
on

ta
sk

s. F
in

al
ly

,
co

m
p
ar

in
g

tw
o

ve
rs

io
n
s

of
A

V
M

s,
it

ca
n

b
e

se
en

th
at

th
e

d
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va
b
ly

tr
ac

k
a

ch
a
n

gi
n

g
lo

g-
co

n
ca

ve
d
is

tr
ib

u
ti

o
n

w
it

h
a

sm
al

l
n
u
m

b
er

(o
r

ev
en

on
ly

o
n

e
st

ep
)

of
a

ra
n
d
om

w
al

k
,

p
ro

v
id

ed
th

at
th

e
d
is

tr
ib

u
ti

o
n

ch
a
n
g
es

sl
ow

ly
en

ou
gh

.
S

u
ch

a
re

su
lt

se
em

s
o
u

t
o

f
re

a
ch

w
it

h
o
th

er
ra

n
d
o
m

w
a
lk

m
et

h
od

s
d
u

e
to

th
e

la
ck

o
f

sc
a
le

-f
re

e
bo

u
n

d
s

o
n

co
n

d
u

ct
a
n

ce
.

W
e

as
su

m
e

th
at

w
e

ca
n

co
m

p
u
te

a
se

lf
-c

o
n

co
rd

a
n

t
ba

rr
ie

r
(s

ee
S
ec

ti
on

5
an

d
A

p
p

en
d
ix

8
)

fo
r

th
e

se
t
K

,
a

re
q
u
ir

em
en

t
th

at
is

sa
ti

sfi
ed

in
m

an
y

ca
se

s
of

in
te

re
st

.
F

o
r

in
st

a
n
ce

,
th

e
se

lf
-c

on
co

rd
an

t
b
ar

ri
er

ca
n

b
e

re
ad

il
y

co
m

p
u
te

d
in

cl
os

ed
fo

rm
if
K

is
d
efi

n
ed

v
ia

li
n
ea

r
a
n
d

q
u
ad

ra
ti

c
co

n
st

ra
in

ts
.

W
h
il
e

th
e

av
ai

la
b
il
it

y
of

th
e

b
ar

ri
er

is
a

st
ro

n
ge

r
as

su
m

p
ti

o
n

th
a
n
,

fo
r

in
st

an
ce

,
ac

ce
ss

to
a

se
p
ar

at
io

n
or

ac
le

fo
r
K

,
th

e
b
ar

ri
er

gi
ve

s
a

b
et

te
r

h
a
n
d
le

o
n

th
e

ge
om

et
ry

of
th

e
sp

ac
e

an
d

y
ie

ld
s

fa
st

m
ix

in
g

of
th

e
M

ar
ko

v
ch

ai
n
.

In
S
ec

ti
on

5,
w

e
il
lu

st
ra

te
th

e
m

et
h
o
d

w
it

h
in

se
ve

ra
l

d
iv

er
se

ap
p
li
ca

ti
on

d
o
m

a
in

s.
A

s
on

e
of

th
e

ex
am

p
le

s,
w

e
co

n
si

d
er

th
e

p
ro

b
le

m
of

u
p

d
at

in
g

th
e

p
os

te
ri

or
w

it
h

re
sp

ec
t

to
a

co
n
ju

ga
te

p
ri

or
in

an
ex

p
on

en
ti

al
fa

m
il
y,

w
h
er

e
th

e
p
ar

a
m

et
er

is
ta

k
in

g
va

lu
es

in
a

sp
a
ce

o
f
a

2
JM

L
R

 1
8(

11
2)

:1
-2

9,
 2

01
7



E
f
f
ic
ie
n
t
S
a
m
p
l
in
g

fi
x
ed

d
im

en
sio

n
ality

given
b
y

th
e

su
ffi

cien
t

statistics.
T

h
e

con
strain

ts
th

en
con

stitu
te

a
p
rior

k
n
ow

led
g
e

a
b

o
u
t

th
e

p
ossib

le
lo

cation
of

th
e

p
aram

eter.
A

s
an

oth
er

ex
am

p
le,

w
e

con
sid

er
sa

m
p
lin

g
fro

m
a

tim
e-vary

in
g

tru
n
cated

d
istrib

u
tion

,
as

w
ell

as
th

e
ex

ten
sion

to
sam

p
lin

g
fro

m
m

ix
tu

re
m

o
d
els

fi
tted

to
stream

in
g

d
ata.

W
e

em
p
loy

th
e

sam
p
lin

g
tech

n
iq

u
e

to
th

e
cla

ssica
l
p
ro

b
lem

of
lin

ear
op

tim
ization

v
ia

sim
u
lated

an
n
ealin

g.
T

h
e

fi
n
al

ex
am

p
le

con
cern

s
th

e
p
ro

b
lem

o
f

regret
m

in
im

ization
w

h
ere

th
e

log-con
cav

e
d
istrib

u
tion

arises
n
atu

rally
from

th
e

ex
p

o
n
en

tia
l

w
eigh

tin
g

sch
em

e.

T
h
e

p
a
p

er
is

organ
ized

as
follow

s.
In

th
e

n
ex

t
section

w
e

stu
d
y

th
e

geom
etry

of
th

e
setK

in
d
u
ced

b
y

a
self-con

cord
an

t
b
arrier

an
d

p
rove

a
key

isop
erim

etric
in

eq
u
ality

in
th

e
co

rresp
o
n
d
in

g
R

iem
an

n
ian

m
etric.

T
h
e

M
a
rkov

ch
ain

for
a

g
iven

log-con
cave

d
istrib

u
tion

is
d
efi

n
ed

in
S
ection

3.
C

on
d
ition

s
on

th
e

size
of

a
step

are
in

tro
d
u
ced

in
S
ection

3.1,
a
n
d

a
low

er
b

o
u
n
d

on
th

e
con

d
u
ctan

ce
of

th
e

ch
ain

is
p
roved

in
S
ection

3.2.
S
ection

4
co

n
ta

in
s

m
a
in

resu
lts

ab
ou

t
track

in
g

tim
e-vary

in
g

d
istrib

u
tion

s
given

ap
p
rop

ria
te

m
easu

res
o
f

ch
a
n
g
e

b
etw

een
tim

e
step

s.
S
ection

5
is

d
evoted

to
ap

p
lication

s.
F

in
ally,

S
ection

s
6

an
d

7
co

n
ta

in
a
ll

th
e

rem
ain

in
g

p
ro

ofs.

2
.

G
e
o
m

e
try

In
d
u
ce

d
b
y

th
e

S
e
lf-C

o
n
co

rd
a
n
t

B
a
rrie

r

T
h
e

M
a
rkov

ch
ain

stu
d
ied

in
th

is
p
ap

er
u
ses

as
a

p
rop

o
sal

a
G

au
ssian

d
istrib

u
tion

w
ith

a
cova

rian
ce

th
at

ap
p
rox

im
ates

w
ell

th
e

lo
cal

geom
etry

of
th

e
setK

at
th

e
cu

rren
t

p
oin

t.
T

h
is

lo
ca

l
g
eo

m
etry

p
lay

s
a

cru
cial

role
in

th
e

th
eory

of
in

terior
p

oin
t

m
eth

o
d
s

for
op

ti-
m

iza
tio

n
,

yet
fo

r
ou

r
p
u
rp

oses
a

h
an

d
le

on
th

e
lo

ca
l

geom
etry

y
ield

s
a

go
o
d

low
er

b
ou

n
d

o
n

co
n

d
u

cta
n

ce
of

th
e

M
arkov

ch
ain

.
F

u
rth

er
in

trigu
in

g
sim

ilarities
b

etw
een

o
p
tim

ization
a
n
d

sa
m

p
lin

g
w

ill
b

e
p

oin
ted

ou
t

th
rou

gh
ou

t
th

e
p
ap

er.

W
e

refer
to

(N
em

irov
sk

ii,
2004)

for
an

in
tro

d
u
ction

to
th

e
th

eory
of

in
terior

p
oin

t
m

eth
-

o
d
s,

a
su

b
ject

cen
tered

arou
n
d

th
e

n
otion

of
a

self-con
cord

an
t

b
arrier.

O
n
ce

w
e

h
ave

d
efi

n
ed

a
self-co

n
co

rd
a
n
t

b
arrier

for
K

,
th

e
lo

cal
geom

etry
is

d
efi

n
ed

th
rou

gh
th

e
H

essian
of

th
e

b
a
rrier

a
t

th
e

cu
rren

t
p

oin
t.

F
or

th
e

read
er

u
n
fam

iliar
w

ith
th

e
litera

tu
re

on
self-con

cord
an

t
b
a
rriers,

it
is

u
sefu

l
to

th
in

k
of

th
e

sim
p
le

2-d
im

en
sion

al
ex

am
p
le

of
F

(x
)

=
−

log
x

1 −
log

x
2

d
efi

n
ed

o
n

th
e

p
ositive

q
u
ad

ran
tK

=
[0,∞

)
2,

w
ith

x
=

(x
1 ,x

2 ).
T

h
e

H
essian

of
F

at
x

is
[
1/
x

21
0

0
1/
x

22 ]
,

an
d

a
u
n
it

b
all

cen
tered

at
x

an
d

resh
ap

ed
accord

in
g

to
th

is
m

atrix
is

th
e

ellip
se

th
a
t

tou
ch

es
th

e
ax

es,
as

sh
ow

n
b

elow
.

T
h
at

is,
th

e
ellip

soid
corresp

on
d
s

w
ell

to
th

e

x
1

x
2

lo
ca

l
g
eo

m
etry

ofK
at

th
e

p
oin

t
x

.

F
o
r

a
fu

n
ction

F
on

th
e

in
terior

in
t(K

)
h
av

in
g

con
tin

u
ou

s
d
erivatives

of
ord

er
k
,

for
vecto

rs
h

1 ,...,h
k ∈

R
d

an
d
x
∈
in
t(K

),
for

k
≥

1,
w

e
recu

rsively
d
efi

n
e

D
kF

(x
)[h

1 ,...,h
k ],

lim
ε→

0

D
k−

1(x
+
εh
k )[h

1 ,...,h
k−

1 ]−
D
k−

1(x
)[h

1 ,...,h
k−

1 ]

ε
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N
a
r
a
y
a
n
a
n
a
n
d

R
a
k
h
l
in

w
h
ere

D
0F

(x
),

F
(x

).
L

et
F

b
e

a
self-con

co
rd

an
t

b
arrier

ofK
w

ith
a

p
aram

eter
ν

(see
A

p
-

p
en

d
ix

8
for

th
e

p
recise

d
efi

n
ition

an
d

S
ection

5
for

ex
am

p
les).

T
h
e

valu
e

of
th

e
p
aram

eter
ν

d
ep

en
d
s

on
th

e
sh

ap
e

ofK
an

d
th

e
ch

oice
of
F

.
T

h
e

b
arrier

p
aram

eter
w

ill
en

ter
m

an
y

of
th

e
resu

lts
in

th
is

p
ap

er,
b
u
t

it
is

w
orth

m
en

tion
in

g
th

at
th

ere
alw

ay
s

ex
ists

a
b
arrier

w
ith

ν
=
O

(d
).

T
h
e

b
arrier

in
d
u
ces

a
R

iem
an

n
ian

m
etric

w
h
ose

m
etric

ten
sor

is
th

e
H

essian
of
F

(N
es-

terov
an

d
T

o
d
d
,

2008).
In

oth
er

w
ord

s,
th

e
m

etric
ten

sor
on

th
e

tan
gen

t
sp

ace
at
x

assign
s

to
a

vector
v

th
e

len
gth

‖
v‖

2x
,
D

2F
(x

)[v
,v

],

an
d

to
a

p
air

of
v
ectors

v
,w

,
th

e
in

n
er

p
ro

d
u
ct

〈v
,w〉

x
,
D

2F
(x

)[v
,w

]
.

T
h
e

u
n
it

b
all

in
‖·‖

x
arou

n
d

a
p

oin
t
x

is
called

th
e

D
ikin

ellip
so

id
(N

em
irov

sk
ii,

2004),
an

d
it

d
escrib

es
w

ell
th

e
lo

cal
geom

etry
ofK

a
t
x

in
th

e
follow

in
g

sen
se:

(i)
th

e
u
n
it

D
ik

in
ellip

soid
at

an
y

p
oin

t
is

con
tain

ed
in
K

,
an

d
(ii)

th
e

D
ik

in
ellip

soid
of

rad
iu

s
r

=
2(1

+
3ν

)
con

tain
s

sy
m

(K
,x

)
=
{K
−
x}∩

−
{K
−
x}

.
T

h
e

ran
d
om

w
alk

,
in

tro
d
u
ced

in
th

e
n
ex

t
section

,
is

a
n

iso
tro

p
ic,

i.e.
th

e
step

s
ch

an
ge

in
size

an
d

sh
ap

e
from

p
oin

t
to

p
oin

t.
It

is
th

en
u
sefu

l
to

con
n
ect

th
e

p
rop

erties
of

th
is

ran
d
om

w
alk

d
irectly

to
th

e
R

iem
an

n
ian

d
istan

ce
th

at
is

d
efi

n
ed

in
term

s
of

th
e

H
essian

of
F

.
M

ore
p
recisely,

for
x
,y
∈
K

,
let

ρ
(x
,y

)
b

e
th

e
R

iem
an

n
ian

d
istan

ce
ρ
(x
,y

)
=

in
f
Γ ∫

z ‖d
Γ‖

z
w

h
ere

th
e

in
fi
m

u
m

is
tak

en
over

all
rectifi

ab
le

p
ath

s
Γ

from
x

to
y
.

L
etM

b
e

th
e

m
etric

sp
ace

w
h
ose

p
oin

t
set

isK
an

d
m

etric
is
ρ
,

an
d

d
efi

n
e
ρ
(S

1 ,S
2 )

=
in

f
x∈
S
1
,y∈

S
2

ρ
(x
,y

).
T

h
e

fi
rst

m
ain

in
gred

ien
t

of
th

e
an

aly
sis

is
an

isop
erim

etric
in

eq
u
ality.

T
h

e
o
re

m
1

L
et
S

1
a
n

d
S

2
be

m
ea

su
ra

ble
su

bsets
o
fK

a
n

d
µ

a
p
ro

ba
bility

m
ea

su
re

su
p
po

rted
o
n
K

th
a
t

po
ssesses

a
d
en

sity
w

h
o
se

loga
rith

m
is

co
n

ca
ve.

T
h
en

it
h
o
ld

s
th

a
t

µ
((K
\
S

1 )\
S

2 )≥
1

2(1
+

3
ν

) ρ
(S

1 ,S
2 )µ

(S
1 )µ

(S
2 ).

T
h
e

th
eorem

en
su

res
th

at
tw

o
su

b
sets

w
ell-sep

arated
in
ρ

d
istan

ce
m

u
st

h
ave

a
large

m
ass

b
etw

een
th

em
.

A
low

er
b

ou
n
d

on
con

d
u
ctan

ce
of

ou
r

M
ark

ov
ch

ain
w

ill
follow

fro
m

th
is

isop
erim

etric
in

eq
u
ality.

W
e

rem
ark

th
at

con
vex

ity
of

th
e

set
K

is
cru

cial
for

th
e

ab
ove

p
rop

erty.
A

classical
ex

am
p
le

of
a

n
on

-con
vex

sh
ap

e
w

ith
a

“b
ottlen

eck
”

is
a

d
u
m

b
b

ell.
F

or
th

is
b

o
d
y,

th
e

ab
ove

statem
en

t
clearly

fails,
an

d
a

“lo
cal”

ran
d
om

w
alk

on
su

ch
a

b
o
d
y

gets
trap

p
ed

in
eith

er
of

th
e

tw
o

p
arts

for
a

lon
g

tim
e.

2
.1

C
o
n

n
e
c
tio

n
s

to
In

te
rio

r
P

o
in

t
M

e
th

o
d

s

In
terestin

gly,
th

e
id

ea
of

track
in

g
a

ch
a
n
gin

g
d
istrib

u
tion

w
ith

on
ly

on
e

step
of

a
ra

n
d
om

w
alk

p
arallels

th
e

tech
n
iq

u
e

of
follow

in
g

a
cen

tral
p
ath

in
th

e
th

eory
of

in
terior

p
oin

t
m

eth
o
d
s

for
op

tim
ization

,
as

d
iscu

ssed
in

(N
aray

an
an

an
d

R
a
k
h
lin

,
2010).

In
th

e
an

aly
sis

of
in

terior
p

oin
t

m
eth

o
d
s,

th
e

lo
cal

(acco
rd

in
g

to
th

e
D

ik
in

ellip
soid

in
tro

d
u
ced

in
th

e
n
ex

t
section

)
q
u
ad

ratic
con

vergen
ce

of
th

e
D

am
p

ed
N

ew
ton

step
cou

n
ters

th
e

slow
ly

ch
an

gin
g

“tem
p

eratu
re

p
aram

eter”
of

th
e

b
arrier

to
en

su
re

su
ffi

cien
cy

of
on

e
op

tim
ization

step
;

in
ou

r
m

eth
o
d
,

th
e

geom
etric

ergo
d
icity

of
th

e
scale-free

ran
d
om

w
alk

(w
h
ich

is
b
ased

on
th

e
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p
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b
al

an
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s
th

e
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d
it

iv
e

ch
an

ge
in

th
e

d
is

tr
ib

u
ti

on
d
u
e

to
th

e
ch

an
gi

n
g

te
m

p
er

at
u
re

.
O

n
ce

ag
ai

n
,

th
e

sc
al

e-
fr

ee
p
ro

p
er

ty
of

th
e

D
ik

in
w

al
k
,

in
tr

o
d
u
ce

d
b

el
ow

,
is

cr
u
ci

al
fo

r
d
ra

w
in

g
th

is
p
a
ra

ll
el

b
et

w
ee

n
on

e-
st

ep
in

te
ri

or
p

oi
n
t

m
et

h
o
d
s

an
d

ou
r

on
e-

st
ep

ra
n
d
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if ∫K
f

(x
)d
γ

(x
)

=
0
,

it
h
o
ld

s
th

a
t

‖E
kf‖

γ ≤
(

1−
Φ

2

2

)
k
/
2‖
f‖

γ
.

T
o

p
rove

a
low

er
b

ou
n
d

on
con

d
u
ctan

ce
Φ

,
w

e
fi
rst

relate
th

e
R

iem
an

n
ian

m
etric

ρ
to

th
e

p
ro

p
osed

M
arkov

C
h
ain

.
In

tu
itively,

th
e

follow
in

g
resu

lt
say

s
th

at
fo

r
clo

se-b
y

p
oin

ts,
th

eir
tra

n
sition

d
istrib

u
tion

s
can

n
ot

b
e

far
ap

art
in

th
e

total
variation

d
istan

ce
d
T
V

.

L
e
m

m
a

3
If
x
,y
∈
K

a
n

d
ρ
(x
,y

)≤
r

C
√
d

fo
r

so
m

e
co

n
sta

n
t
C

,
th

en

d
T
V

(P
x ,P

y )≤
1−

1C
′

fo
r

so
m

e
co

n
sta

n
t
C
′.

L
em

m
a

3
to

geth
er

w
ith

th
e

isop
erim

etric
in

eq
u
ality

of
T

h
eorem

1
give

a
low

er
b

ou
n
d

on
co

n
d
u
cta

n
ce

o
f

th
e

M
arkov

C
h
ain

.
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N
a
r
a
y
a
n
a
n
a
n
d

R
a
k
h
l
in

L
e
m

m
a

4
L

et
µ

be
a

log-co
n

ca
ve

d
istribu

tio
n

w
ith

su
p
po

rt
o
n
K

w
h
o
se

d
en

sity
w

ith
respect

to
th

e
L

ebesgu
e

m
ea

su
re

is
p
ro

po
rtio

n
a
l

to
ex

p{−
s(x

)}
,

a
n

d
su

p
po

se
a
n

a
p
p
ro

p
ria

te
step

size
co

n
d
itio

n
(S

ectio
n

3
.1

)
fo

r
th

e
M

a
rko

v
ch

a
in

is
sa

tisfi
ed

.
T

h
en

th
ere

exists
a

co
n

sta
n

t
C
>

0
su

ch
th

a
t

th
e

co
n

d
u

cta
n

ce
o
f

th
e

a
bo

ve
M

a
rko

v
ch

a
in

is
bo

u
n

d
ed

belo
w

a
s

Φ
≥

r

C
ν √

d
.

W
e

rem
ark

th
at

th
e

step
size

r
en

ters
th

e
low

er
b

ou
n
d

on
Φ

.
W

h
ile

w
e

w
ou

ld
like

th
e

step
s

to
b

e
large,

th
e

con
d
ition

s
ou

tlin
ed

earlier
d
ictate

a
lim

itation
on

h
ow

large
r

can
b

e.
In

p
articu

lar,
w

e
alw

ay
s

h
ave

r
≤

1
/d

.
T

h
e

step
size

n
eed

s
to

b
e

even
sm

aller
for

fu
n
ction

s
s

for
w

h
ich

a
lin

ear
ap

p
rox

im
ation

is
p

o
or.

W
e

also
rem

ark
th

at
L

em
m

a
4

estab
lish

es
a

sca
le-free

b
ou

n
d

on
th

e
con

d
u
ctan

ce,
th

at
is,

a
b

ou
n
d

th
at

d
o
es

n
ot

d
ep

en
d

on
th

e
m

easu
re

of
th

e
set

S
1

in
th

e
d
efi

n
ition

(2).
S
u
ch

a
scale-free

con
d
u
ctan

ce
is

n
eed

ed
for

th
e

g
eom

etric
ergo

d
icity

of
th

e
ch

ain
.

4
.

T
ra

ck
in

g
th

e
D

istrib
u
tio

n
s

H
av

in
g

sp
ecifi

ed
th

e
M

arkov
ch

ain
an

d
th

e
step

size,
w

e
n
ow

tu
rn

to
th

e
p
rob

lem
of

track
in

g
a

seq
u
en

ce
of

d
istrib

u
tion

s
µ

1 ,...,µ
t ,....

F
or

each
t
≥

1,
d
efi

n
e

a
M

ark
ov

ch
ain

w
ith

p
aram

eters
r
t

an
d
s
t ,

an
d

let
its

tran
sition

kern
el

b
e

d
en

oted
b
y
P
t (x
,B

)
for

x
∈
K

an
d

B
∈
B

.
L

et
Φ
t

d
en

ote
th

e
con

d
u
ctan

ce
of

th
is

ch
ain

.
T

h
e

ch
ain

w
ill

b
e

ru
n

for
τ
t

step
s

startin
g

from
th

e
en

d
of

th
e

ch
ain

at
tim

e
t−

1.
F

orm
ally,

let
th

e
i-th

step
of

th
e
t-th

ch
ain

b
e

d
en

oted
b
y

th
e

ran
d
om

variab
le
X
t,i .

D
efi

n
e
τ

0
=

0
an

d
let

σ
0
,0

b
e

th
e

in
itial

d
istrib

u
tion

of
X

0
,0 .

T
h
en

X
t,i

h
as

d
istrib

u
tion

σ
0
,0 P

τ
1

1
···P

τ
t−

1

t−
1
P
it

an
d

w
e

h
ave

m
ad

e
th

e
id

en
tifi

cation
X
s,τ

s
=
X
s+

1
,0 ,

glu
in

g
th

e
su

ccessive
ch

ain
s

togeth
er.

L
et

th
e

d
istrib

u
tion

of
X
t,i

b
e

d
en

oted
b
y
σ
t,i .

B
y

th
e

d
efi

n
ition

of
th

e
ch

ain
,
σ
t,i

is
a

d
istrib

u
tion

w
ith

b
ou

n
d
ed

d
en

sity,
su

p
p

orted
on
K

.

X
t,i

X
t,i+

1

K

F
igu

re
1:

S
tep

s
of

th
e

D
ik

in
W

alk
.

T
h
e

n
ex

t
p

oin
t

is
sam

p
led

from
a

G
au

ssia
n

d
istrib

u
-

tion
w

ith
a

sh
ap

e
(con

tou
rs

d
ep

icted
w

ith
d
ash

ed
lin

es)
corresp

on
d
in

g
to

D
ik

in
ellip

soid
s.

T
h
ese

ellip
soid

s
ap

p
rox

im
ate

w
ell

th
e

lo
cal

geom
etry.

4
.1

M
e
a
su

rin
g

th
e

C
h

a
n

g
e

L
et‖·‖

t
d
en

ote
th

eL
2

n
orm

w
ith

resp
ect

to
th

e
m

easu
re
µ
t ,

d
efi

n
ed

as‖
f‖

t
=
(∫K

f
2d
µ
t )

1
/
2

for
a

m
easu

rab
le

fu
n
ction

f
:K

→
R

.
F

u
rth

er,
let
‖
·‖K

d
en

ote
th

e
su

p
rem

u
m

n
orm
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E
f
f
ic
ie
n
t
S
a
m
p
l
in
g

‖f
‖ K

=
su

p
x
∈K
|f

(x
)|

an
d

le
t

β
t+

1
=

m
ax
{‖
d
µ
t/
d
µ
t+

1
‖ K

,‖
d
µ
t+

1
/d
µ
t‖
K
}
.

(3
)

T
h
is

ra
ti

o
p
ro

v
id

es
an

u
p
p

er
b

ou
n
d

on
th

e
p

oi
n
t-

w
is

e
ch

an
ge

of
th

e
d
en

si
ty

fu
n
ct

io
n
.

A
st

ra
ig

h
tf

or
w

ar
d

w
ay

to
u
p
p

er
b

ou
n
d
β
t+

1
is

b
y

w
ri

ti
n
g

su
p

x
∈K

e−
s t

(x
)

e−
s t

+
1
(x

)

∫ K
e−

s t
+
1
(x

) d
x

∫ K
e−

s t
(x

) d
x
≤

su
p

x
∈K
e2
|s
t
(x

)−
s t

+
1
(x

)|

an
d
,

h
en

ce
,

lo
g
β
t+

1
≤

2
‖s
t(
x

)
−
s t

+
1
(x

)‖
K
.

(4
)

A
n
ot

h
er

w
ay

to
m

ea
su

re
th

e
ch

an
ge

in
su

cc
es

si
ve

d
is

tr
ib

u
ti

o
n
s

is
w

it
h

re
sp

ec
t

to
th

e
L 2

n
or

m
:

α
t+

1
=
‖d
µ
t/
d
µ
t+

1
‖ t

+
1
.

(5
)

In
co

n
tr

as
t

to
th

e
p

oi
n
t-

w
is

e
ch

an
ge

,
th

e
ra

ti
o
α
t+

1
is

m
or

e
d
iffi

cu
lt

to
ca

lc
u
la

te
.

In
th

is
re

sp
ec

t,
th

e
fo

ll
ow

in
g

re
su

lt
,

w
h
ic

h
fo

ll
ow

s
fr

om
th

e
p
ro

of
of

(L
ov

ás
z

an
d

V
em

p
al

a,
20

06
;

K
al

ai
an

d
V

em
p
al

a,
20

06
),

w
il
l

b
e

u
se

fu
l:

L
e
m

m
a

5
L

et
s t

be
a

co
n

ve
x

fu
n

ct
io

n
a
n

d
s t

+
1

=
(1
−
δ)
−

1
s t

.
L

et
µ
t

a
n

d
µ
t+

1
be

d
efi

n
ed

a
s

in
(1

).
T

h
en

α
t+

1
≤
( 1

+
δ2

1
−

2
δ

) d
/
2

In
pa

rt
ic

u
la

r,
if
δ
≤
d
−

1
/
2
≤

1/
3,

th
en

α
t+

1
≤

5.

W
e

re
m

ar
k

th
at

th
e

ra
ti

o
b

et
w

ee
n
µ
t

an
d
µ
t+

1
m

ea
su

re
d

in
th

e
su

p
re

m
u
m

n
or

m
m

ay
b

e
ex

p
on

en
ti

al
ly

la
rg

e,
w

h
il
e

th
e
L 2

ch
an

ge
is

sm
al

l.
A

s
in

(L
ov

ás
z

an
d

V
em

p
al

a,
20

06
;

K
al

ai
an

d
V

em
p
al

a,
20

06
),

th
is

fa
ct

w
il
l

b
e

cr
u
ci

al
in

th
is

p
ap

er
w

h
en

w
e

st
u
d
y

si
m

u
la

te
d

an
n
ea

li
n
g.

4
.2

T
ra

ck
in

g
th

e
D

is
tr

ib
u

ti
o
n

s:
M

a
in

R
e
su

lt
s

D
en

ot
e

th
e

er
ro

r
in

ap
p
ro

x
im

at
in

g
th

e
st

at
io

n
ar

y
d
is

tr
ib

u
ti

on
at

th
e

en
d

of
t-

th
ch

a
in

b
y

ξ t
,
∥ ∥ ∥ ∥d
σ
t,
τ
t

d
µ
t
−

1

∥ ∥ ∥ ∥ t
(6

)

an
d

le
t

∆
t
,

r2 t
C
ν

2
d
.

T
h

e
o
re

m
6

T
h
e

er
ro

rs
ξ t

sa
ti

sf
y

th
e

re
cu

rr
en

ce

ξ t
≤

(1
−

∆
t)
τ t

(β
3
/
2

t
ξ t
−

1
+
√
β
t(
β
t
−

1)
)

(7
)

fo
r

a
n

y
t
≥

1.
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 1
8(

11
2)

:1
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9,
 2

01
7

N
a
r
a
y
a
n
a
n
a
n
d

R
a
k
h
l
in

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

6]
W

e
it

er
at

iv
el

y
ap

p
ly

T
h
eo

re
m

2
w

it
h
f

=
d
σ
t,
j

d
µ
t
−

1
a
n
d

th
e

st
at

io
n
ar

y
d
is

tr
ib

u
ti

on
γ

=
µ
t,

an
d

ob
se

rv
e

th
a
t
E
f

ta
ke

s
σ
t,
j

to
σ
t,
j
+
1
.

T
h
en

fr
o
m

L
em

m
a

4
,

fo
r
t
≥

1
an

d
i
≥

1,
∥ ∥ ∥ ∥d
σ
t,
i

d
µ
t
−

1

∥ ∥ ∥ ∥ t
≤
∥ ∥ ∥ ∥d
σ
t,
0

d
µ
t
−

1

∥ ∥ ∥ ∥ t
·(

1
−

∆
t)
i

U
si

n
g

th
e

fi
rs

t
p
ar

t
of

L
em

m
a

11
(s

ee
S
ec

ti
on

6)
∥ ∥ ∥ ∥d
σ
t,
0

d
µ
t
−

1∥ ∥ ∥ ∥ t
≤
β

3
/
2

t

∥ ∥ ∥ ∥
d
σ
t,
0

d
µ
t−

1
−

1∥ ∥ ∥ ∥ t
−

1

+
√
β
t(
β
t
−

1)
,

co
n
cl

u
d
in

g
th

e
p
ro

of
.

A
n

al
te

rn
at

iv
e

re
cu

rr
en

ce
,

u
si

n
g

th
e

se
co

n
d

p
ar

t
of

L
em

m
a

1
1
,

is

ξ t
≤

(1
−

∆
t)
τ t

(√
β
tξ
t−

1
+
√
β
t
−

1)
,

w
h
ic

h
is

b
et

te
r

fo
r

la
rg

e
β
t

b
u
t

w
or

se
fo

r
β
t
≈

1.

W
e

w
ou

ld
li
k
e

to
ad

ap
ti

ve
ly

ch
o
os

e
τ t

to
m

ak
e

th
e

ri
gh

t-
h
an

d
si

d
e

(7
)

sm
a
ll
.

W
h
il
e

th
e

va
lu

e
of

th
e

er
ro

r
ξ t
−

1
at

th
e

p
re

v
io

u
s

ro
u
n
d

is
n
ot

av
ai

la
b
le

fo
r

th
is

p
u
rp

os
e,

le
t

u
s

m
a
in

ta
in

an
u
p
p

er
b

ou
n
d
u
t−

1
on

th
is

er
ro

r.
T

h
u
s,

w
e

m
ay

w
ri

te
τ t

as
a

fu
n
ct

io
n
τ t

(u
t−

1
,s
t,
r t
,β
t)

.
S
u
p
p

os
e

at
ro

u
n
d
t

=
0

w
e

en
su

re
th

at
ξ 0
≤
u

0
.

T
h
en

,
re

cu
rs

iv
el

y,
w

e
m

ay
co

m
p
u
te
u
t

a
s

th
e

u
p
p

er
b

ou
n
d

in
(7

):

u
t
≥

(1
−

∆
t)
τ t

(β
3
/
2

t
u
t−

1
+
√
β
t(
β
t
−

1)
)

(8
)

T
h
en

,
gi

ve
n

th
e

in
it

ia
l

co
n
d
it

io
n
,

w
e

h
av

e
ξ t
≤
u
t

fo
r

al
l
t
≥

0.
L

et
u
s

co
n
si

d
er

so
m

e
co

n
se

q
u
en

ce
s

of
T

h
eo

re
m

6.
In

p
ar

ti
cu

la
r,

w
e

ar
e

in
te

re
st

ed
in

si
tu

at
io

n
s

w
h
en

w
e

ca
n

tr
ac

k
th

e
d
is

tr
ib

u
ti

o
n
s

w
it

h
on

ly
o
n

e
st

ep
of

th
e

ra
n
d
o
m

w
a
lk

.

C
o
ro

ll
a
ry

7
L

et
τ t

=
1

fo
r

a
ll
t
≥

1
a
n

d
su

p
po

se
ξ 0
≤
u

0
=
√
β

0
(β

0
−

1)
/∆

0
w

it
h

∆
0

=
1

C
d
3
ν
2
≤

1 2
.

A
ss

u
m

e
th

a
t
β
t

is
n

o
n

-d
ec

re
a
si

n
g

a
n

d
∆
t

is
n

o
n

-i
n

cr
ea

si
n

g
in
t,

a
n

d
su

p
po

se

β
3
/
2

t
≤

1
+

∆
2 t

1
−

∆
t

(9
)

fo
r

a
ll
t
≥

1.
T

h
en

w
e

h
a
ve

ξ t
≤
u
t

=

√
β
t(
β
t
−

1)

∆
t

fo
r

a
ll
t
≥

0.
In

pa
rt

ic
u

la
r,

(9
)

is
sa

ti
sfi

ed
w

h
en

ev
er
β
t
−

1
≤

0.
4∆

2 t
.

T
h
e

p
ro

of
of

th
e

ab
ov

e
co

ro
ll
ar

y
fo

ll
ow

s
fr

om
th

e
m

or
e

ge
n
er

al
re

su
lt

:

C
o
ro

ll
a
ry

8
F

ix
a

se
qu

en
ce
ε 0
,.
..
,ε
t,
..
.

o
f

po
si

ti
ve

ta
rg

et
a
cc

u
ra

ci
es

a
n

d
a
ss

u
m

e
ξ 0
≤
ε 0

.
It

is
th

en
en

o
u

gh
to

se
t

τ t
=

⌈
1 ∆
t

lo
g

( β
3
/
2

t
·ε

t−
1

ε t
+

√
β
t(
β
t
−

1)

ε t

)⌉
(1

0
)

in
o
rd

er
to

en
su

re
ξ t
≤
ε t

fo
r

ea
ch

t
≥

0
.
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E
f
f
ic
ie
n
t
S
a
m
p
l
in
g

P
ro

o
f

Im
m

ed
iate

b
y

w
ritin

g

u
t

=
(1−

∆
t )
τ
t(β

3
/
2

t
ε
t−

1
+
√
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∆
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∆
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con
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b
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⌈
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p
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-em
p
ty

in
terior.

E
x
a
m

p
le

1
S

u
p
po

se
K

is
given

by
m

lin
ea

r
co

n
stra

in
ts

o
f

th
e

fo
rm
〈a
j ,x〉

≤
b
j ,
j

=
1
,...,m

.
T

h
en

F
(x

)
=
−
∑

mj=
1

log
(b
j −
〈a
j ,x〉)

is
a

self-co
n

co
rd

a
n

t
ba

rrier
w

ith
pa

ra
m

eter
ν

=
m

.
T

h
e

H
essia

n
is

ea
sily

co
m

p
u

ta
ble:

D
2F

(x
)

=
m
∑j=

1

a
j a

Tj

(b
j −
〈a
j ,x〉)

2
.

E
x
a
m

p
le

2
L

etK
=
{
x
∈
R
d

:
f
j (x

)≤
0,j

=
1,...,m

}
w

h
ere

ea
ch
f
j

is
a

co
n

vex
qu

a
d
ra

tic
fo

rm
.

T
h
en

F
(x

)
=
−
∑

mj=
1

log
(−
f
j (x

))
is

a
self-co

n
co

rd
a
n

t
ba

rrier
w

ith
pa

ra
m

eter
m

.
A

s

a
n

exa
m

p
le,

th
e

fu
n

ctio
n
−

log
(R
−
‖
x‖

2)
is

a
self-co

n
co

rd
a
n

t
ba

rrier
fo

r
th

e
u

n
it

E
u

clid
ea

n
sp

h
ere
{x

:‖x‖
2−

1
≤

0},
w

ith
pa

ra
m

eter
ν

=
1,

a
n

d
th

e
H

essia
n

is
given

by

D
2F

(x
)

=
2

1−
‖
x‖

2
I

+
4

(1−
‖
x‖

2)
2
x
x

T
.

Im
p

ortan
tly,

th
ere

alw
ay

s
ex

ists
a

self-con
cord

an
t

b
arrier

w
ith

ν
=
O

(d
);

yet,
for

som
e

con
vex

sets
(su

ch
as

th
e

sp
h
ere)

th
e

p
aram

eter
can

even
b

e
con

stan
t.

S
elf-con

cord
an

t
b
arriers

can
b

e
com

b
in

ed
:

if
F
j

is
ν
j -self-con

cord
an

t
forK

j ,
j

=
1,...,m

,
th

en
∑

j
F
j

is ∑
j
ν
j -self-con

cord
an

t
for

th
e

in
tersection

∩
i K

i ,
given

th
at

it
h
as

n
on

em
p
ty

in
terior.

T
h
u
s,

closed
form

s
for

th
e

H
essian

of
th

e
b
arrier,

req
u
ired

for
d
efi

n
in

g
G
rx

in
ou

r
M

arkov
ch

ain
,

can
b

e
calcu

lated
for

m
an

y
sets

K
of

in
terest.

W
e

refer
to

(N
em

irov
sk

ii,
2004;

N
esterov

an
d

N
em

irov
sk

ii,
199

4)
for

fu
rth

er
p

ow
erfu

l
m

eth
o
d
s

for
con

stru
ctin

g
th

e
b
arriers.

5
.1

S
a
m

p
lin

g
fro

m
P

o
ste

rio
r

in
E

x
p

o
n

e
n
tia

l
F
a
m

ilie
s

S
u
p
p

ose
d
ata

y
1 ,y

2 ,...∈
Y

are
d
istrib

u
ted

i.i.d
.

accord
in

g
to

a
m

em
b

er
of

an
ex

p
on

en
tial

fam
ily

w
ith

n
atu

ral
p
aram

eter
x

:

p
(y|x

)
=

ex
p{〈x

,T
(y

)〉−
A

(x
)}
h

(y
)

w
h
ere

A
(x

)
=
∫
h

(y
)

ex
p{〈x

,T
(y

)〉}
is

a
con

vex
fu

n
ction

an
d
T

:Y
7→

R
d

is
a

su
ffi

cien
t

statistic.
S
u
p
p

ose
x
∈
K

;
th

at
is,

w
e

h
ave

som
e

k
n
ow

led
ge

ab
ou

t
th

e
su

p
p

ort
of

th
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d
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p
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p
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e
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p
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b
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p
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b
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d
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d
is

tr
ib

u
ti

o
n

re
st

ri
ct

ed
to

a
co

n
v
ex

se
t.

T
h
is

p
ro

b
le

m
h
as

a
lo

n
g

h
is

to
ry

(s
ee

e.
g.

(D
ev

ro
ye

,
1
9
8
6
;

G
il
k
s

an
d

W
il
d
,
19

92
))

,
an

d
it

is
re

co
gn

iz
ed

th
at

sa
m

p
li
n
g

fr
om

tr
u
n
ca

te
d

d
is

tr
ib

u
ti

o
n
s

is
d
iffi

cu
lt

ev
en

fo
r

n
ic

e
fo

rm
s

su
ch

as
th

e
N

or
m

al
d
is

tr
ib

u
ti

o
n
.

O
n
e

su
cc

es
sf

u
l
ap

p
ro

ac
h

to
th

is
p
ro

b
le

m
is

th
e

G
ib

b
s

sa
m

p
li
n
g

m
et

h
o
d

(R
ob

er
t,

19
95

;
D

am
ie

n
an

d
W

al
ke

r,
20

01
),

y
et

th
e

ra
te

o
f

co
n
ve

rg
en

ce
is

n
ot

ge
n
er

al
ly

av
ai

la
b
le

.
T

h
e

M
C

M
C

m
et

h
o
d

of
th

is
p
ap

er
y
ie

ld
s

a
p
ro

va
b
ly

fa
st

al
go

ri
th

m
fo

r
su

ch
si

tu
at

io
n
s.

F
u
rt

h
er

m
or

e,
w

e
ca

n
tr

ac
k

a
d
ri

ft
in

g
d
is

tr
ib

u
ti

o
n

ov
er
K

w
it

h
a

sm
al

l
n
u
m

b
er

of
st

ep
s.

F
or

il
lu

st
ra

ti
on

p
u
rp

os
es

,
w

e
st

u
d
y

a
si

m
p
le

ex
am

p
le

of
a

tr
u
n
ca

te
d

N
or

m
a
l
d
is

tr
ib

u
ti

o
n
;

th
e

sa
m

e
te

ch
n
iq

u
es

,
h
ow

ev
er

,
ap

p
ly

m
or

e
ge

n
er

al
ly

.
T

o
si

m
p
li
fy

ca
lc

u
la

ti
on

s,
su

p
p

o
se

th
e

d
is

tr
ib

u
ti

on
s
µ
t

ar
e

d
efi

n
ed

to
b

e
N

(c
t,

1 d
I
)

ov
er

a
co

n
ve

x
co

m
p
ac

t
se

t
K
⊂

R
d

a
n
d

su
p
p

o
se

th
e

m
ea

n
c
t

is
d
ri

ft
in

g
w

it
h
in

a
E

u
cl

id
ea

n
b
a
ll

of
ra

d
iu

s
R

.
W

it
h

th
e

d
efi

n
it

io
n

in
(1

)
w

e
h
av

e
s t

(x
)

=
1 2
‖x
−

c
t‖

2
.

D
efi

n
e

th
e

d
ri

ft
δ t

=
‖c
t
−

c
t−

1
‖.

In
v
ie

w
of

(4
),

lo
g
β
t
≤

su
p

x
∈K
‖c
t
−

c
t−

1
‖·
‖2
x
−

c
t
−

c
t−

1
‖
≤
C
R
,K
δ t

w
h
er

e
C
R
,K

d
ep

en
d
s

on
th

e
ra

d
iu

s
R

an
d

th
e

ra
d
iu

s
of

a
sm

al
le

st
E

u
cl

id
ea

n
b
a
ll

en
cl

o
si

n
g
K

.
In

th
e

sa
m

e
m

an
n
er

,
th

e
L

ip
sc

h
it

z
co

n
st

an
t

of
s t

(x
)

ov
er
K

ca
n

b
e

u
p
p

er
b

o
u
n
d
ed

b
y
L
R
,K

th
at

d
ep

en
d
s

so
le

ly
on

th
e

tw
o

ra
d
ii
.

W
e

m
ay

th
u
s

se
t

th
e

st
ep

si
ze

to
b

e
r t

=
m

in
{1 d
,

1
L
R
,K
}.

If
w

e
ai

m
fo

r
a

fi
x
ed

ta
rg

et
ac

cu
ra

cy
ε

fo
r

al
l
t,

b
y

C
or

ol
la

ry
8,

it
is

en
ou

gh
to

m
a
ke

τ t
=

⌈
1 ∆
t

lo
g

( β
3
/
2

t
+

√
β
t(
β
t
−

1)

ε

)⌉
(1

5
)

st
ep

s.
In

th
e

ca
se

th
at

th
e

d
ri

ft
δ t

is
sm

al
l

en
o
u
gh

,
on

ly
on

e
st

ep
is

su
ffi

ci
en

t.
T

o
q
u
a
n
ti

fy
th

e
re

gi
m

e
w

h
en

th
is

h
ap

p
en

s,
ob

se
rv

e
th

at
β
t
≤

ex
p
{C

R
,K
δ}
≤

1
+
C
δ t

,
a
n
d

it
is

th
en

en
ou

gh
to

re
q
u
ir

e

δ t
=
O
( ∆

2 t

) =
O
(

m
in
{1
/d

2
,1
/L

2 R
,K
}

ν
2
d

)

in
v
ie

w
of

(9
).

It
is

q
u
it

e
re

m
ar

ka
b
le

th
at

th
e

on
e-

st
ep

ra
n
d
om

w
al

k
ca

n
tr

ac
k

th
e

ch
a
n
g
in

g

d
is

tr
ib

u
ti

on
u
p

to
th

e
ac

cu
ra

cy
O
( δ t

ν
2
d

r
2 t

) ,
p
ro

p
or

ti
on

al
to

th
e

si
ze

of
th

e
d
ri

ft
.

O
f

co
u
rs

e,

b
et

te
r

ac
cu

ra
cy

ca
n

b
e

ac
h
ie

ve
d

b
y

p
er

fo
rm

in
g

m
or

e
st

ep
s,

as
p

er
C

or
ol

la
ry

8
.

A
n
ot

h
er

re
la

te
d

ap
p
li
ca

ti
on

is
to

m
o
d
el

in
g

w
it

h
m

ix
tu

re
s

of
lo

g-
co

n
ca

v
e

d
is

tr
ib

u
ti

o
n
s.

S
u
ch

m
o
d
el

s
h
av

e
b

ee
n

su
cc

es
sf

u
l

in
cl

u
st

er
in

g
(M

cL
ac

h
la

n
a
n
d

P
ee

l,
20

00
;

W
a
lt

h
er

,
2
0
0
9
),

w
it

h
a

m
ix

tu
re

of
n
or

m
al

d
is

tr
ib

u
ti

on
s

b
ei

n
g

a
cl

as
si

ca
l
ex

am
p
le

(F
ra

le
y

an
d

R
a
ft

er
y
,
2
0
0
2
).

A
m

ix
tu

re
of

p
ar

a
m

et
ri

c
lo

g-
co

n
ca

v
e

d
is

tr
ib

u
ti

on
s

ca
n

b
e

w
ri

tt
en

as
∑

k i=
1
α
iπ
i(
θ i

;x
);

h
er

e
α
i

ar
e

p
os

it
iv

e
m

ix
in

g
w

ei
gh

ts
su

m
m

in
g

to
on

e,
an

d
π
i

ar
e

a
d
is

tr
ib

u
ti

on
s

on
K

p
a
ra

m
et

ri
ze

d
b
y
θ i

.
A

cl
as

si
ca

l
m

et
h
o
d

fo
r

fi
tt

in
g

m
o
d
el

s
to

d
at

a
is

th
e

E
M

al
g
or

it
h
m

.
G

iv
en

th
a
t

th
e

p
ar

am
et

er
s
{θ
i}
k i=

1
an

d
th

e
m

ix
in

g
w

ei
gh

ts
{α

i}
k i=

1
h
av

e
b

ee
n

es
ti

m
at

ed
fr

o
m

d
a
ta

,
o
n
e

m
ay

re
q
u
ir

e
ra

n
d
om

sa
m

p
le

s
fr

om
th

is
m

o
d
el

fo
r

in
te

gr
at

io
n

or
ot

h
er

p
u
rp

o
se

s.
G

iv
en

o
u
r

p
ro

ce
d
u
re

fo
r

sa
m

p
li
n
g

fr
om

a
si

n
gl

e
lo

g-
co

n
ca

ve
d
is

tr
ib

u
ti

on
,

on
e

m
ay

si
m

p
ly

p
ic

k
th

e
m

ix
tu

re
ac

co
rd

in
g

to
th

e
w

ei
gh

ts
α
i

an
d

th
en

sa
m

p
le

fr
om

th
e

co
m

p
on

en
t.

T
h
e

si
tu

a
ti

o
n
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E
f
f
ic
ie
n
t
S
a
m
p
l
in
g

b
eco

m
es

in
terestin

g
in

th
e

case
of

on
lin

e
arrival

of
d
ata

,
w

h
en

w
e

n
eed

to
re-co

m
p
u
te

th
e

E
M

so
lu

tio
n

in
ligh

t
of

ad
d
ition

al
d
ata.

B
y

th
e

argu
m

en
ts

o
f

(R
a
k
h
lin

an
d

C
ap

on
n
etto,

2
0
0
6
;

C
a
p

o
n
n
etto

an
d

R
ak

h
lin

,
2006),

th
e

solu
tion

to
clu

sterin
g

p
rob

lem
s

(th
e

an
aly

sis
w

as
p

erfo
rm

ed
fo

r
sq

u
are

loss)
is

sta
ble

in
th

e
follow

in
g

sen
se:

ad
d
ition

of
o( √

n
)

n
ew

d
ata

to
a

sa
m

p
le

o
f

size
n

is
u
n
likely

to
d
rastically

m
ove

th
e

solu
tion

(th
e

argu
m

en
t

is
b
ased

o
n

u
n
iq

u
en

ess
of

th
e

m
ax

im
u
m

of
an

em
p
irical

p
ro

cess).
T

h
is

in
tu

rn
im

p
lies

th
at

th
e

p
a
ra

m
eters{

θ
i }

are
u
n
likely

to
ch

an
ge

b
y

a
large

am
ou

n
t,

an
d

w
e

m
ay

th
u
s

u
se

th
e

m
eth

o
d

o
f

sam
p
lin

g
fro

m
a

d
riftin

g
d
istrib

u
tion

d
escrib

ed
ea

rlier.
W

e
also

rem
ark

th
at

th
e

m
eth

o
d

ca
n

b
e

ea
sily

p
arallelized

sin
ce

th
e

M
arkov

ch
ain

s
fo

r
th

e
k

com
p

on
en

ts
d
o

n
ot

in
teract.

5
.3

S
im

u
la

te
d

A
n

n
e
a
lin

g
fo

r
C

o
n
v
e
x

O
p

tim
iz

a
tio

n

L
et
f

(x
)

b
e

a
p
rop

er
con

vex
1-L

ip
sch

itz
fu

n
ction

.
T

h
e

aim
of

con
vex

op
tim

iza
tion

is
to

fi
n
d

x̃
w

ith
th

e
p
rop

erty
f

(x̃
)−

m
in
x∈K

f
(x

)≤
ε

for
a

given
target

accu
racy

ε
>

0.
W

e
con

sid
er

th
e

sp
ecia

l
ca

se
of

lin
ear

fu
n
ction

f
(x

)
=
〈`,x〉,

k
n
ow

n
as

L
in

ear
O

p
tim

ization
.

C
om

p
lex

ity
o
f

a
n

o
p
tim

iza
tion

p
ro

ced
u
re

is
often

m
easu

red
in

term
s

of
o
ra

cle
ca

lls
–

q
u
eries

ab
ou

t
th

e
u
n
k
n
ow

n
fu

n
ction

.
A

q
u
ery

ab
ou

t
th

e
fu

n
ction

valu
e

is
k
n
ow

n
as

th
e

zero-th
ord

er
in

fo
rm

a
tio

n
,

w
h
ile

a
q
u
ery

ab
ou

t
a

su
b
grad

ien
t

at
a

p
oin

t
–

a
s

th
e

fi
rst

ord
er

in
form

ation
.

In
th

e
case

th
a
t

th
e

oracle
an

sw
er

is
given

w
ith

ou
t

n
oise,

it
is

k
n
ow

n
th

at
th

e
co

m
p
lex

ity
sca

les
a
s
O

(p
o
ly

(d
,log

(1/ε))).
T

h
e

state-of-th
e-art

resu
lt

h
ere

is
th

e
m

eth
o
d

of
(K

alai
a
n
d

V
em

p
a
la

,
2
006;

L
ov

ász
an

d
V

em
p
ala,

2006)
w

h
ich

attain
s

th
e
d

4
.5

d
ep

en
d
en

ce
on

th
e

d
im

en
sio

n
.

W
e

n
ow

a
p
p
ly

ou
r

m
ach

in
ery

to
ob

tain
a
O
(ν

2d
3
.5

log
(1/ε) )

m
eth

o
d
.

In
p
articu

lar,
th

is
y
ield

s
a
n

im
p
roved

d
3
.5

d
ep

en
d
en

ce
on

th
e

d
im

en
sion

for
th

e
case

w
h
en
K

h
a
s

a
favorab

le
g
eo

m
etry

:
th

ere
ex

ists
a

self-con
cord

an
t

b
arrier

w
ith

a
p
aram

eter
ν

=
O

(1).
W

e
u
se

th
e

an
n
ealin

g
sch

em
e

of
(K

alai
an

d
V

em
p
ala,

2006).
T

o
th

is
en

d
,

w
e

set
s
t

=
(1−

d −
1
/
2 )−

tf
an

d
ob

serve
th

at
th

e
assu

m
p
tion

of
L

em
m

a
5

is
satisfi

ed
w

ith
δ

=
d −

1
/
2.

S
in

ce
fu

n
ctio

n
s

are
lin

ear,
w

e
m

ay
set

th
e

step
size

r
t

=
1/d

for
all

t.
H

en
ce,

α
t
≤

5
w

h
en

ever
d
>

8
(an

d
a

d
iff

eren
t

con
sta

n
t

can
b

e
ob

tain
ed

for
sm

aller
d

from
th

e
p
ro

of).
B

y
P

ro
p

o
sitio

n
9

w
ith

a
con

stan
t

accu
racy

ε
t

=
ε·

( √
d

log
(d
/ε)) −

1,
b
y

m
ak

in
g

τ
t

=

⌈
C
d

3ν
2

log (
5 √

d
log

(d
/ε)

ε

)
⌉

(16)

step
s

fo
r
t

=
1,...,k

,
w

e
gu

aran
tee

d
T
V

(σ
k
,τ
k ,µ

k )≤
k
ε( √

d
log

(d
/ε)) −

1
.

(17)

A
cco

rd
in

g
to

(K
alai

an
d

V
em

p
ala,

2006,
L

em
m

a
4.1),

if
X

is
ch

osen
from

a
d
istrib

u
tion

w
ith

d
en

sity
p
rop

ortion
al

to
ex

p{−
T
−

1〈`,x〉},
w

ith
‖
`‖

=
1

an
d

som
e

tem
p

eratu
re
T
>

0,
th

en
E

(〈`,X
〉)−

m
in

x∈K
〈`,x〉≤

d
T
.

H
en

ce,
w

e
ta

ke
th

e
d
esired

tem
p

eratu
re

to
b

e
T

=
ε/
d
,

an
d

th
e

n
u
m

b
er

of
ch

a
in

s
th

at
p

erm
its

th
e

a
n
n
ealin

g
sch

ed
u
le

to
reach

th
is

tem
p

eratu
re

ca
n

b
e

calcu
lated

as
k

=
√
d

log
(
dε ).

In
v
iew

o
f

(1
7
),

th
e

fi
n
al

ou
tp

u
t

of
th

e
p
ro

ced
u
re

is
an
ε-accu

rate
solu

tion
to

th
e

op
tim

ization
p
ro

b
lem

.
T

h
e

com
p
lex

ity
of

th
e

m
eth

o
d

is
th

en
O

(d
3
.5ν

2
log

2(d
/ε)).
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N
a
r
a
y
a
n
a
n
a
n
d

R
a
k
h
l
in

T
h
is

resu
lt

can
b

e
ex

ten
d
ed

to
L

ip
sch

itz
con

v
ex

fu
n
ction

s
b

eyon
d

lin
ear

op
tim

ization
.

H
ow

ever,
th

e
step

size
con

d
ition

for
con

v
ex

L
ip

sch
itz

fu
n
ctio

n
s

req
u
ires

th
e

step
s

to
b

e
O

(1/ε)
tow

ard
s

th
e

en
d

of
th

e
an

n
ealin

g
sch

ed
u
le.

T
h
is

in
tu

rn
im

p
lies

on
ly

a
su

b
op

tim
al

Õ
(ν

2d
/ε

2)
com

p
lex

ity.
It

is
an

op
en

q
u
estion

of
w

h
eth

er
D

ik
in

W
alk

can
h
an

d
le

su
ch

an
n
ealin

g
sch

ed
u
les

in
a

m
ore

gracefu
l

m
an

n
er.

5
.4

S
e
q
u

e
n
tia

l
P

re
d
ic

tio
n

A
n
oth

er
ap

p
lication

of
th

e
p
rop

osed
sam

p
lin

g
tech

n
iq

u
e

is
to

th
e

p
rob

lem
of

sequ
en

tia
l

p
red

ictio
n

w
ith

co
n
vex

cost
fu

n
ction

s.
W

ith
in

th
is

settin
g,

th
e

learn
er

(or,
th

e
S
tatistician

)
is

task
ed

w
ith

m
ak

in
g

a
series

of
p
red

iction
s

w
h
ile

ob
serv

in
g

a
seq

u
en

ce
of

o
u
tcom
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m
et

h
o
d
s

(N
es

te
ro

v
an

d
N

em
ir

ov
sk

ii
,

19
94

;
N

em
ir

ov
sk

ii
,

20
0
4
).

S
im

il
a
rl

y
to

th
e

fa
st

co
n
ve

rg
en

ce
of

th
e

ch
ai

n
u
n
d
er

th
e

lo
w

er
b

ou
n
d

o
n

co
n
d
u
ct

an
ce

,
o
n
e

h
a
s

fa
st

q
u
ad

ra
ti

c
lo

ca
l

co
n
ve

rg
en

ce
of

in
te

ri
or

p
oi

n
t

m
et

h
o
d
s.

O
n
e

m
ay

th
er

ef
or

e
m

a
ke

p
a
ra

ll
el

s
b

et
w

ee
n

co
n
d
u
ct

an
ce

an
d

lo
ca

l
cu

rv
at

u
re

.
A

fu
rt

h
er

in
ve

st
ig

at
io

n
of

th
es

e
co

n
n
ec

ti
o
n
s

is
n
ee

d
ed

,
es

p
ec

ia
ll
y

in
v
ie

w
of

th
e

re
ce

n
t

d
ev

el
op

m
en

ts
on

p
os

it
iv

e
R

ic
ci

cu
rv

a
tu

re
o
f

M
a
rk

ov
ch

ai
n
s

(O
ll
iv

ie
r,

20
09

).

6
.

P
ro

o
fs

L
e
m

m
a

1
1

F
o
r

a
n

y
t

a
n

d
i
≥

0,
it

h
o
ld

s
th

a
t

∥ ∥ ∥ ∥d
σ
t,
i

d
µ
t
−

1

∥ ∥ ∥ ∥ t
≤
β

3
/
2

t

∥ ∥ ∥ ∥
d
σ
t,
i

d
µ
t−

1
−

1

∥ ∥ ∥ ∥ t
−

1

+
√
β
t(
β
t
−

1)

a
n

d
,

a
lt

er
n

a
ti

ve
ly

,
∥ ∥ ∥ ∥d
σ
t,
i

d
µ
t
−

1

∥ ∥ ∥ ∥ t
≤
β

1
/
2

t

∥ ∥ ∥ ∥
d
σ
t,
i

d
µ
t−

1
−

1∥ ∥ ∥ ∥ t
−

1

+
√
β
t
−

1

P
ro

o
f

L
et

u
s

u
se

th
e

sh
or

th
an

d
d
σ

=
d
σ
t+

1
,i

an
d
β

=
β
t+

1
.

U
si

n
g

(3
),

w
e

m
ay

w
ri

te
∥ ∥ ∥ ∥

d
σ

d
µ
t+

1
−

1

∥ ∥ ∥ ∥ t
+

1

≤
√
β

∥ ∥ ∥ ∥
d
σ

d
µ
t+

1
−

1

∥ ∥ ∥ ∥ t
≤
√
β

(∥ ∥ ∥ ∥
d
σ

d
µ
t+

1
−

1

∥ ∥ ∥ ∥ t
−
∥ ∥ ∥ ∥
d
σ

d
µ
t
−

1

∥ ∥ ∥ ∥ t
+

∥ ∥ ∥ ∥
d
σ

d
µ
t
−

1

∥ ∥ ∥ ∥ t

)
.

B
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y,

∥ ∥ ∥ ∥
d
σ

d
µ
t+

1
−

1

∥ ∥ ∥ ∥ t
−
∥ ∥ ∥ ∥
d
σ

d
µ
t
−

1

∥ ∥ ∥ ∥ t
≤
∥ ∥ ∥ ∥

d
σ

d
µ
t+

1
−
d
σ

d
µ
t

∥ ∥ ∥ ∥ t
.
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E
f
f
ic
ie
n
t
S
a
m
p
l
in
g

F
o
r

an
y

fu
n
ction

f
:K
→

R
,

let
f

+
(x

)
=

m
ax

(0
,f

(x
))

an
d
f
−

(x
)

=
m

in
(0
,f

(x
)).

In
v
iew

o
f

(3
),

∥∥∥∥
d
σ

d
µ
t+

1 −
d
σ

d
µ
t ∥∥∥∥

2t

=

∥∥∥∥∥ (
d
σ

d
µ
t+

1 −
d
σ

d
µ
t )

+ ∥∥∥∥∥

2t

+

∥∥∥∥∥ (
d
σ

d
µ
t+

1 −
d
σ

d
µ
t )
− ∥∥∥∥∥

2t

≤
∥∥∥∥
d
σ

d
µ
t (β
−

1)1 [
1
<

d
µ
t

d
µ
t+

1 ] ∥∥∥∥
2t

+

∥∥∥∥
d
σ

d
µ
t (

1−
1β )

1 [
1
≥

d
µ
t

d
µ
t+

1 ] ∥∥∥∥
2t

≤
(β
−

1)
2 ∥∥∥∥

d
σ

d
µ
t ∥∥∥∥

2t

.

T
h
erefo

re,
∥∥∥∥

d
σ

d
µ
t+

1 −
1 ∥∥∥∥

t −
∥∥∥∥
d
σ

d
µ
t −

1 ∥∥∥∥
t ≤

(β
−

1
) ∥∥∥∥

d
σ

d
µ
t ∥∥∥∥
t ≤

(β
−

1) (
1

+

∥∥∥∥
d
σ

d
µ
t −

1 ∥∥∥∥
t )

.

T
h
e

fi
rst

sta
tem

en
t

follow
s

b
y

rearran
gin

g
th

e
term

s.
A

ltern
a
tively,

w
e

can
ob

tain
an

in
eq

u
ality

th
at

is
sligh

tly
w

eaker
for

β
−

1
≈

0
an

d
stro

n
g
er

for
la

rge
β

b
y

sim
p
ly

w
ritin

g

∥∥∥∥
d
σ

d
µ
t+

1 −
1 ∥∥∥∥

2t+
1

=

∫K

(
d
σ

d
µ
t+

1 −
1 )

2

d
µ
t+

1

=

∫K

d
σ

2

d
µ
t+

1 −
1

=

∫K

d
σ

2

d
µ

2t

d
µ
t

d
µ
t+

1
d
µ
t −

1
.

U
sin

g
β

a
s

a
n

u
p
p

er
b

ou
n
d

on
th

e
on

e-sid
ed

ch
an

ge
‖
d
µ
t /d

µ
t+

1 ‖K
lead

s
to

β

∫K

d
σ

2

d
µ

2t

d
µ
t −

1
=
β

∥∥∥∥
d
σ

d
µ
t −

1 ∥∥∥∥
2t

+
β
−

1

a
n
d

su
b
a
d
d
itiv

ity
of

th
e

sq
u
are

ro
ot

fu
n
ction

con
clu

d
es

th
e

p
ro

of.

P
ro

o
f

[P
ro

o
f

o
f

T
h

e
o
re

m
1

]
G

iven
in

terior
p

oin
ts
x
,y

in
in
t(K

),
su

p
p

ose
p
,q

are
th

e
en

d
s

of
th

e
ch

ord
in
K

con
tain

in
g

x
,y

a
n
d
p
,x
,y
,q

lie
in

th
at

ord
er.

D
en

ote
th

e
cro

ss
ra

tio
b
y

σ
(x
,y

)
=
|x
−
y||p−

q|
|p−

x||q−
y| ,

a
n
d

fo
r

tw
o

sets
S

1
an

d
S

2
let

σ
(S

1 ,S
2 ),

in
f

x∈
S
1
,y∈

S
2

σ
(x
,y

).

A
resu

lt
d
u
e

to
L

ov
ász

an
d

V
em

p
ala

(20
07)

states
th

e
follow

in
g.

If
S

1
an

d
S

2
are

m
easu

rab
le

su
b
sets

o
fK

a
n
d
µ

a
p
rob

ab
ility

m
easu

re
su

p
p

orted
o
n
K

th
at

p
ossesses

a
d
en

sity
w

h
ose

lo
g
a
rith

m
is

co
n
cave,

th
enµ

((K
\
S

1 )\
S

2 )≥
σ

(S
1 ,S

2 )µ
(S

1 )µ
(S

2 ).

1
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N
a
r
a
y
a
n
a
n
a
n
d

R
a
k
h
l
in

T
h
is

is
a

n
on

-triv
ial

isop
erim

etric
in

eq
u
ality

w
h
ich

say
s

th
at

for
an

y
p
artition

of
th

e
con

v
ex

setK
in

to
S

1 ,S
2

an
d
S

3 ,
th

e
“volu

m
e”

of
S

3
is

large
relative

to
th

a
t

of
S

1
an

d
S

2
w

h
en

ever
S

1
an

d
S

2
are

sep
arated

.
G

iven
th

is
isop

erim
etric

resu
lt,

to
p
rove

th
e

th
eorem

it
on

ly
rem

ain
s

to
sh

ow
th

at
th

e
σ

-d
istan

ce
can

b
e

low
er

b
ou

n
d
ed

(u
p

to
a

m
u
ltip

licative
con

stan
t)

b
y

th
e

R
iem

an
n
ian

m
etric

ρ
.

T
h
e

p
ro

o
f

of
th

is
fact

go
es

th
rou

gh
th

e
H

ilb
ert

(p
ro

jective)
m

etric,
w

h
ich

is
d
efi

n
ed

b
y

d
H

(x
,y

),
ln

(1
+
σ

(x
,y

))
.

F
u
rth

er,
for

x
∈
K

an
d

a
vector

v
,

let|v|x
,

su
p

x±
α
v∈K

α
.

T
h
e

follow
in

g
tw

o
relation

s
b

etw
een

th
e

in
tro

d
u
ced

n
otion

s
h
old

.
T

h
e

fi
rst

on
e

(see
N

esterov
an

d
N

em
irov

sk
ii

(N
esterov

an
d

N
em

irov
sk

ii,
1994,

T
h
eorem

2.3.2
(iii)))

is

|h|x ≤
‖h‖

x ≤
2(1

+
3
ν

)|h|x
(20)

for
all

h
∈
R
d

an
d
x
∈
in
t(K

),
w

h
ere

ν
is

th
e

self-con
cord

an
ce

p
aram

eter
of
F

.
T

h
e

secon
d

relation
(see

N
esterov

an
d

T
o
d
d

(N
esterov

an
d

T
o
d
d
,

2008,
L

em
m

a
3.1

))
states

th
at

‖x
−
y‖

x −
‖
x
−
y‖

2x ≤
ρ
(x
,y

)≤
−

ln
(1−

‖
x
−
y‖

x ).
(21)

w
h
en

ever‖x
−
y‖

x
<

1.

F
or

an
y
z

on
th

e
segm

en
t
x
y

a
n

easy
com

p
u
ta

tion
sh

ow
s

th
at

d
H

(x
,z

)
+
d
H

(z
,y

)
=

d
H

(x
,y

).
T

h
erefore

it
su

ffi
ces

to
p
rov

e
th

e
resu

lt
in

fi
n
itesim

ally.
F

rom
(21),

lim
y→

x
ρ
(x
,y

)
‖
x−

y‖
x

=
1
,

an
d

a
d
irect

com
p
u
tation

sh
ow

s
th

at

lim
y→

x

d
H

(x
,y

)

|x
−
y|x

=
lim
y→

x

σ
(x
,y

)

|x
−
y|x
≥

1
.

H
en

ce,
in

v
iew

of
(20),

th
e

H
ilb

ert
m

etric
an

d
th

e
R

iem
an

n
ian

m
etric

satisfy

ρ
(x
,y

)≤
2(1

+
3
ν

)d
H

(x
,y

).

U
sin

g
ln

(1
+
x

)≤
x

con
clu

d
es

th
e

p
ro

of.

P
ro

o
f

[P
ro

o
f

o
f

L
e
m

m
a

4
]

T
h
e

argu
m

en
t

rou
gh

ly
follow

s
th

e
stan

d
ard

p
ath

,
w

h
ich

is
ex

p
lain

ed
,

for
in

stan
ce,

in
(V

em
p
ala,

2005).
L

et
S

1
b

e
a

m
easu

rab
le

su
b
set

o
fK

su
ch

th
at

µ
(S

1 )≤
12

an
d
S

2
=
K
\
S

1
b

e
its

com
p
lem

en
t.

F
ix

a
C
>

1
an

d
let

S
′1

=
S

1 ∩
{
x ∣∣P

x (S
2 )≤

1
/C
}

an
d

S
′2

=
S

2 ∩
{
y ∣∣P

y (S
1 )≤

1
/C
}
.

T
h
at

is,
p

oin
ts

in
th

e
set

S
′1

are
u
n
likely

to
tran

sition
to

th
e

set
S

2 ,
an

d
S
′2

is
an

alogou
sly

u
n
likely

to
reach

S
1

in
on

e
step

.
B

y
th

e
reversib

ility
of

th
e

ch
ain

,
w

h
ich

is
easily

ch
ecked

,

∫

S
1

P
x (S

2 )d
µ

(x
)

=

∫

S
2

P
y (S

1 )d
µ

(y
).

2
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E
f
f
ic
ie
n
t
S
a
m
p
l
in
g

F
or

an
y
x
∈
S
′ 1

an
d
y
∈
S
′ 2
,

d
T
V

(P
x
,P

y
)

=
1
−
∫ K

m
in

(
d
P
x

d
µ

(w
),
d
P
y

d
µ

(w
))
d
µ

(w
)
≥

1
−

1 C
.

T
h
at

is
,
th

e
tr

an
si

ti
on

p
ro

b
ab

il
it

ie
s

fo
r

a
p
ai

r
in
S
′ 1

an
d
S
′ 2

m
u
st

b
e

d
is

si
m

il
ar

.
B

u
t

L
em

m
a

3
im

p
li
es

th
at

if
ρ
(x
,y

)
≤

r
C
√
d
,

th
en

d
T
V

(P
x
,P

y
)
≤

1
−

1 C
.

T
h
er

ef
or

e

ρ
(S
′ 1
,S
′ 2
)
≥

r

C
√
d
.

W
e

co
n
cl

u
d
e

th
at

th
e

se
ts
S
′ 1

an
d
S
′ 2

m
u
st

b
e

w
el

l-
se

p
ar

at
ed

.
T

h
er

ef
or

e,
th

e
is

op
er

im
et

ri
c

re
su

lt
of

T
h
eo

re
m

1
im

p
li
es

th
at

µ
((
K
\S
′ 1
)
\S
′ 2
)
≥
ρ
(S
′ 1
,S
′ 2
)

2(
1

+
3
ν

)
m

in
(µ

(S
′ 1
),
µ

(S
′ 2
))
≥

r

C
ν
√
d

m
in

(µ
(S
′ 1
),
µ

(S
′ 2
))
.

F
ir

st
su

p
p

os
e
µ

(S
′ 1
)
≥

(1
−

1 C
)µ

(S
1
)

an
d
µ

(S
′ 2
)
≥

(1
−

1 C
)µ

(S
2
).

T
h
en

,

∫ S
1

P
x
(S

2
)d
µ

(x
)

=
1 2

∫ S
1

P
x
(S

2
)d
µ

(x
)

+
1 2

∫ S
2

P
x
(S

1
)d
µ

(x
)

≥
1 2C
µ

((
K
\S
′ 1
)
\S
′ 2
)

≥
r

2C
2
ν
√
d

m
in

(µ
(S
′ 1
),
µ

(S
′ 2
))

≥
1
−

1
/C

2C
2

r

ν
√
d

m
in

(µ
(S

1
),
µ

(S
2
))
,

p
ro

v
in

g
th

e
re

su
lt

.
O

th
er

w
is

e,
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
su

p
p

o
se
µ

(S
′ 1
)
≤

(1
−

1 C
)µ

(S
1
).

T
h
en

∫ S
1

P
x
(S

2
)d
µ

(x
)

=
1 2

∫ S
1

P
x
(S

2
)d
µ

(x
)

+
1 2

∫ S
2

P
x
(S

1
)d
µ

(x
)

≥
1 2

∫ S
1
\S
′ 1

P
x
(S

2
)d
µ

(x
)
≥
µ

(S
1
)

2
C

2
,

co
n
cl

u
d
in

g
th

e
p
ro

of
.

P
ro

o
f

[P
ro

o
f

o
f

L
e
m

m
a

5
]

T
h
e

p
ro

of
cl

os
el

y
fo

ll
ow

s
th

at
in

(K
al

ai
an

d
V

em
p
al

a,
20

0
6)

.
B

y
d
efi

n
it

io
n
,

‖d
µ
t/
d
µ
t+

1
‖2 t+

1
=

∫ K

(
d
µ
t

d
µ
t+

1

) 2
d
µ
t+

1
=

∫ K

d
µ

2 t

d
µ
t+

1
=

∫ K

ex
p
{−

2s
t}

Z
2 t

·
Z
t+

1

ex
p
{−
s t

+
1
}
.

W
ri

ti
n
g

ou
t

th
e

n
or

m
al

iz
at

io
n

te
rm

s,

‖d
µ
t/
d
µ
t+

1
‖2 t+

1
=

∫ K
ex

p
{−
s t

+
1
}∫
K

ex
p
{s
t+

1
−

2
s t
}

( ∫
K

ex
p
{−
s t
})

2
=
Y

(1
)Y

(−
1

+
2(

1
−
δ)

)

Y
(1
−
δ)
Y

(1
−
δ)
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N
a
r
a
y
a
n
a
n
a
n
d

R
a
k
h
l
in

w
h
er

e
Y

(a
)

=
∫ K

ex
p
{−
a
s t

+
1
}.

A
s

sh
ow

n
in

(K
al

ai
an

d
V

em
p
al

a,
20

06
,

L
em

m
a

3
.1

),
th

e
fu

n
ct

io
n
a
d
Y

(a
)

is
lo

g-
co

n
ca

ve
in
a
,

an
d

th
u
s

Y
(a

)Y
(b

)

Y
( a

+
b

2

) 2
≤
(
( a

+
b

2

) 2

a
b

)
d

.

A
p
p
ly

in
g

th
is

in
eq

u
al

it
y

w
it

h
a

=
1

an
d
b

=
−

1
+

2(
1
−
δ)

,

‖d
µ
t/
d
µ
t+
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−
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.

In
p
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−
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√
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b
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∫ K
η
` t

(x
)d
µ
t−

1
(x

)
=
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b
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T ∑ t=

1

D
(µ
t−

1
||µ

t)

=
η
−

1
(D

(p
U
||µ

0
)
−
D

(p
U
||µ

T
))

+
η
−

1
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b
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is
fo

rm
,

on
e

ca
n

ob
ta

in
u
p
p
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b
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1
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p
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1
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b
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b
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p
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en
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th
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>
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>
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x
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‖·‖
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S
in
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rig
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e
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e
E‖
z‖
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r
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G
rx .

F
u
rth

er,
w

ith
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t
loss

of
gen

erality,
w

e
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a
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a
ssu

m
e
s(x

)
=

0.
P

ro
o
f
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ro

o
f

o
f

L
e
m

m
a

3
]

In
v
iew

o
f

th
e

fi
rst

in
eq

u
ality

in
E

q
.

(21),

‖
x
−
y‖

x −
‖
x
−
y‖

2x ≤
ρ
(x
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r

C
√
d
.

W
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o
u
t
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ss
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erality,
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m
e

r
C
√
d
≤

18 .
F
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w

e
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y‖

x
m
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b
e
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a
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F
o
r
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e
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con
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,
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p
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‖
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y‖

x
>

1
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2
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a
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o
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t
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w
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y ′‖

x
=

1
/
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e
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b
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x
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d
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e
R
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n
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C

learly,
ρ
(x
,y ′)

≤
r

C
√
d
≤

18 ,
yet

b
y

E
q
.

(21
)

w
e

h
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14
≤
ρ
(x
,y ′),

co
n
tra

d
ictin

g
o
u
r
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m

p
tion

.
H

en
ce,‖

x
−
y‖

x ≤
1/
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an

d
,

th
erefore,‖

x
−
y‖

x ≤
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C
√
d
.
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a
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to
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K
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d
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−
y‖
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C
√
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T
V
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=
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B
y

d
efi

n
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,
w

e
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1−
d
T
V
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=

E
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1
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g
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en
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T
h
u
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ffi
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C
>

1

P
[
m
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p
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rx (z

)
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p
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)) }
>

1C
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≥
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.

B
y

o
u
r
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m
p
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,
x
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th

e
origin
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d
D

2F
(x

)
=
I
,

th
e

latter
im

p
ly

in
g

th
a
t
V

(x
)

=
0.

T
h
u
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G
ry (z
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G
rx (z

)
=
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p {
−
d‖
y−

z‖
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r
2

+
V

(y
)

+
d‖
z‖

2

r
2

}
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G
rz (x

)
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p
(s(x
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G
rx (z
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p
(s(z
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r
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V
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2
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n
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.
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d
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l
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b
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√
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>

0
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>
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u
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b
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c/d
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con
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e
b
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ab
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d
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>
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ab
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z‖
x
<
C
′r,

w
e

also
h
ave
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p
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con
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+
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/ √
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ué

be
c,

C
an

ad
a

E
di

to
r:

R
us

la
n

Sa
la

kh
ut

di
no

v

A
bs

tr
ac

t
W

e
pr

es
en

t
an

ap
pr

oa
ch

ba
se

d
on

fe
ed

-f
or

w
ar

d
ne

ur
al

ne
tw

or
ks

fo
r

le
ar

ni
ng

th
e

di
st

ri
bu

tio
n

ov
er

te
xt

ua
ld

oc
um

en
ts

.
T

hi
s

ap
pr

oa
ch

is
in

sp
ir

ed
by

th
e

N
eu

ra
lA

ut
or

eg
re

ss
iv

e
D

is
tr

ib
ut

io
n

E
st

i-
m

at
or

(N
A

D
E

)m
od

el
w

hi
ch

ha
sb

ee
n

sh
ow

n
to

be
a

go
od

es
tim

at
or

of
th

e
di

st
ri

bu
tio

n
ov

er
di

sc
re

te
-

va
lu

ed
hi

gh
-d

im
en

si
on

al
ve

ct
or

s.
In

th
is

pa
pe

r,
w

e
pr

es
en

th
ow

N
A

D
E

ca
n

su
cc

es
sf

ul
ly

be
ad

ap
te

d
to

te
xt

ua
ld

at
a,

re
ta

in
in

g
th

e
pr

op
er

ty
th

at
sa

m
pl

in
g

or
co

m
pu

tin
g

th
e

pr
ob

ab
ili

ty
of

an
ob

se
rv

at
io

n
ca

n
be

do
ne

ex
ac

tly
an

d
ef

fic
ie

nt
ly

.T
he

ap
pr

oa
ch

ca
n

al
so

be
us

ed
to

le
ar

n
de

ep
re

pr
es

en
ta

tio
ns

of
do

cu
m

en
ts

th
at

ar
e

co
m

pe
tit

iv
e

to
th

os
e

le
ar

ne
d

by
al

te
rn

at
iv

e
to

pi
c

m
od

el
in

g
ap

pr
oa

ch
es

.F
in

al
ly

,
w

e
de

sc
ri

be
ho

w
th

e
ap

pr
oa

ch
ca

n
be

co
m

bi
ne

d
w

ith
a

re
gu

la
r

ne
ur

al
ne

tw
or

k
N

-g
ra

m
m

od
el

an
d

su
bs

ta
nt

ia
lly

im
pr

ov
e

its
pe

rf
or

m
an

ce
,b

y
m

ak
in

g
its

le
ar

ne
d

re
pr

es
en

ta
tio

n
se

ns
iti

ve
to

th
e

la
rg

er
,

do
cu

m
en

t-
le

ve
lc

on
te

xt
.

K
ey

w
or

ds
:

N
eu

ra
l

ne
tw

or
ks

,
D

ee
p

le
ar

ni
ng

,
To

pi
c

m
od

el
s,

L
an

gu
ag

e
m

od
el

s,
A

ut
or

eg
re

ss
iv

e
m

od
el

s

1.
In

tr
od

uc
tio

n

O
ne

of
th

e
m

os
tc

om
m

on
pr

ob
le

m
s

in
m

ac
hi

ne
le

ar
ni

ng
is

to
es

tim
at

e
a

di
st

ri
bu

tio
n
p
(v

)
of

m
ul

tid
i-

m
en

si
on

al
da

ta
fr

om
a

se
to

fe
xa

m
pl

es
{v

(t
) }
T t=

1
.I

nd
ee

d,
go

od
es

tim
at

es
of
p
(v

)
im

pl
ic

itl
y

re
qu

ir
e

m
od

el
in

g
th

e
de

pe
nd

en
ci

es
be

tw
ee

n
th

e
va

ri
ab

le
s

in
v

,w
hi

ch
is

re
qu

ir
ed

to
ex

tr
ac

tm
ea

ni
ng

fu
lr

ep
-

re
se

nt
at

io
ns

of
th

is
da

ta
or

m
ak

e
pr

ed
ic

tio
ns

ab
ou

tt
hi

s
da

ta
.

W
e

ar
e

pa
rt

ic
ul

ar
ly

in
te

re
st

ed
in

th
e

ca
se

w
he

re
v

is
no

ta
se

qu
en

ce
,w

he
re

th
e

or
de

ri
n

th
e

ve
ct

or
is

no
tr

el
ev

an
t(

ra
nd

om
or

de
r)

.
T

he
bi

gg
es

t
ch

al
le

ng
e

on
e

fa
ce

s
in

di
st

ri
bu

tio
n

es
tim

at
io

n
is

th
e

w
el

l-
kn

ow
n

cu
rs

e
of

di
m

en
-

si
on

al
ity

.
In

fa
ct

,t
hi

s
is

su
e

is
pa

rt
ic

ul
ar

ly
im

po
rt

an
ti

n
di

st
ri

bu
tio

n
es

tim
at

io
n,

ev
en

m
or

e
so

th
an

in
ot

he
rm

ac
hi

ne
le

ar
ni

ng
pr

ob
le

m
s.

T
hi

s
is

be
ca

us
e

a
go

od
di

st
ri

bu
tio

n
es

tim
at

or
m

us
tp

ro
vi

de
an

c ©
20

17
St

an
is

la
s

L
au

ly
,Y

in
Z

he
ng

,A
le

xa
nd

re
A

lla
uz

en
an

d
H

ug
o

L
ar

oc
he

lle
.

L
ic

en
se

:C
C

-B
Y

4.
0,

se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr

ib
ut

io
n

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
0
1
7
.
h
t
m
l

.

JM
L

R
 1

8(
11

3)
:1

-2
4,

 2
01

7

L
A

U
LY

,Z
H

E
N

G
,A

L
L

A
U

Z
E

N
&

L
A

R
O

C
H

E
L

L
E

ac
cu

ra
te

va
lu

e
of
p
(v

)
fo

r
an

y
gi

ve
n

v
(i

.e
.n

ot
on

ly
fo

r
lik

el
y

va
lu

es
of

v
),

w
hi

le
th

e
nu

m
be

r
of

po
ss

ib
le

va
lu

es
gr

ow
s

ex
po

ne
nt

ia
lly

as
th

e
nu

m
be

ro
fd

im
en

si
on

s
of

th
e

in
pu

tv
ec

to
rv

in
cr

ea
se

s.
O

ne
ex

am
pl

e
of

su
ch

a
m

od
el

th
at

ha
s

be
en

su
cc

es
sf

ul
at

ta
ck

lin
g

th
e

cu
rs

e
of

di
m

en
si

on
al

ity
is

th
e

re
st

ri
ct

ed
B

ol
tz

m
an

n
m

ac
hi

ne
(R

B
M

)(
H

in
to

n,
20

02
).

T
he

R
B

M
an

d
ot

he
rm

od
el

s
de

riv
ed

fr
om

it
(e

.g
.t

he
R

ep
lic

at
ed

So
ft

m
ax

of
Sa

la
kh

ut
di

no
v

an
d

H
in

to
n

(2
00

9)
)a

re
fr

eq
ue

nt
ly

tr
ai

ne
d

as
m

od
el

s
of

th
e

pr
ob

ab
ili

ty
di

st
ri

bu
tio

n
of

hi
gh

-d
im

en
si

on
al

ob
se

rv
at

io
ns

an
d

th
en

us
ed

as
fe

at
ur

e
ex

tr
ac

to
rs

.
U

nf
or

tu
na

te
ly

,o
ne

pr
ob

le
m

w
ith

th
es

e
m

od
el

s
is

th
at

fo
rm

od
er

at
el

y
la

rg
e

m
od

el
s,

ca
lc

ul
at

in
g

th
ei

r
es

tim
at

e
of
p
(v

)
is

in
tr

ac
ta

bl
e.

In
de

ed
,t

hi
s

ca
lc

ul
at

io
n

re
qu

ir
es

co
m

pu
tin

g
th

e
pa

rt
iti

on
fu

nc
tio

n
w

hi
ch

no
rm

al
iz

es
th

e
m

od
el

di
st

ri
bu

tio
n.

T
he

co
ns

eq
ue

nc
es

of
th

is
pr

op
er

ty
of

th
e

R
B

M
ar

e
th

at
ap

pr
ox

im
at

io
n

m
us

t
be

ta
ke

n
to

tr
ai

n
it

by
m

ax
im

um
lik

el
ih

oo
d,

an
d

th
at

its
es

tim
at

io
n

of
p
(v

)
ca

nn
ot

be
en

tir
el

y
tr

us
te

d.
In

an
at

te
m

pt
to

ta
ck

le
th

es
e

is
su

es
of

th
e

R
B

M
,t

he
N

eu
ra

lA
ut

or
eg

re
ss

iv
e

D
is

tr
ib

ut
io

n
E

st
i-

m
at

or
(N

A
D

E
)

w
as

in
tr

od
uc

ed
by

L
ar

oc
he

lle
an

d
M

ur
ra

y
(2

01
1)

.
N

A
D

E
’s

pa
ra

m
et

ri
za

tio
n

is
in

-
sp

ir
ed

by
th

e
R

B
M

,b
ut

us
es

fe
ed

-f
or

w
ar

d
ne

ur
al

ne
tw

or
ks

an
d

th
e

fr
am

ew
or

k
of

au
to

re
gr

es
si

on
fo

r
m

od
el

in
g

th
e

pr
ob

ab
ili

ty
di

st
ri

bu
tio

n
of

bi
na

ry
va

ri
ab

le
s

in
hi

gh
-d

im
en

si
on

al
ve

ct
or

s.
Im

po
rt

an
tly

,
co

m
pu

tin
g

th
e

pr
ob

ab
ili

ty
of

an
ob

se
rv

at
io

n
un

de
rN

A
D

E
ca

n
be

do
ne

ex
ac

tly
an

d
ef

fic
ie

nt
ly

.
In

th
is

pa
pe

r,
w

e
de

sc
ri

be
a

va
ri

et
y

of
w

ay
st

o
ex

te
nd

N
A

D
E

to
m

od
el

da
ta

fr
om

te
xt

do
cu

m
en

ts
.

W
hy

w
or

k
w

ith
te

xt
,

w
he

re
th

e
w

or
d

or
de

r
is

im
po

rt
an

t,
w

he
n

w
e

sa
id

pr
ev

io
us

ly
th

at
w

e
ar

e
in

te
re

st
ed

in
th

e
or

de
rn

ot
be

in
g

re
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va
nt
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B
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e
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n
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pr
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d
w
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d
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s
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n
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he

or
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r
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e

w
or

ds
.

T
he

ad
va

nt
ag

e
he

re
is

th
at

w
e

ca
n

m
od

el
a

go
od

pa
rt

of
th

e
te

xt
se

m
an

tic
al

ly
w

hi
le

ig
no

ri
ng

its
sy

nt
ax

.
W

e
st

ar
tb

y
de

sc
ri

bi
ng

D
oc

um
en

tN
A

D
E

(D
oc

N
A

D
E

),
a

si
ng

le
hi

dd
en

la
ye

rf
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d-
fo
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ar

d
ne

ur
al

ne
tw

or
k

m
od

el
fo

r
ba

g-
of

-w
or
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ob

se
rv

at
io

ns
,i

.e
.o

rd
er

le
ss

se
ts

of
w

or
ds

.
T

hi
s

re
qu

ir
es

ad
ap

tin
g

N
A

D
E

to
ve

ct
or

ob
se

rv
at

io
ns

v
,w

he
re

ea
ch

of
el

em
en

tv
i

re
pr

es
en

ts
a

w
or

d
an

d
w

he
re

th
e

or
de

ro
f

th
e

di
m

en
si

on
s

is
ra

nd
om

.E
ac

h
w

or
d

is
re

pr
es

en
te

d
w

ith
a

lo
w

er
-d

im
en

si
on

al
,r

ea
l-

va
lu

ed
em

be
d-

di
ng

ve
ct

or
,w

he
re

si
m

ila
rw

or
ds

sh
ou

ld
ha

ve
si

m
ila

re
m

be
dd

in
gs

.T
hi

s
is

in
lin

e
w

ith
m

uc
h

of
th

e
re

ce
nt

w
or

k
on

us
in

g
fe

ed
-f

or
w

ar
d

ne
ur

al
ne

tw
or

k
m

od
el

st
o

le
ar

n
w

or
d

ve
ct

or
em

be
dd

in
gs

(B
en

gi
o

et
al

.,
20

03
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h
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d

H
in
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07
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00
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M
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ov
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to
co

un
te

ra
ct

th
e

cu
rs

e
of

di
m

en
si
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al

-
ity

.H
ow
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n

D
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N
A

D
E

,t
he

w
or

d
re

pr
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en
ta
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ar
e

tr
ai

ne
d

to
re

fle
ct

th
e

to
pi
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.e
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em
an
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of
do

cu
m

en
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on
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,a
s

op
po

se
d

to
th

ei
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yn
ta
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ic

al
pr

op
er

tie
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du
e

to
th

e
or

de
rl

es
s

na
tu

re
of

ba
gs

-o
f-

w
or

ds
.

W
e

th
en

de
sc

ri
be

ho
w

to
tr

ai
n

a
de

ep
ve

rs
io

n
of

D
oc

N
A

D
E

.
Fi

rs
t

de
sc

ri
be

d
by

Z
he

ng
et

al
.

(2
01

5)
in

th
e

co
nt

ex
to

fi
m

ag
e

m
od

el
in

g,
he

re
w

e
em

pi
ri

ca
lly

ev
al
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te

th
em

fo
rt

ex
td

oc
um

en
ts

an
d

sh
ow

th
at

th
ey

ar
e

co
m

pe
tit

iv
e

to
ex

is
tin

g
to

pi
c

m
od

el
s,

bo
th

in
te

rm
s

of
pe

rp
le

xi
ty

an
d

do
cu

m
en

t
re

tr
ie

va
lp

er
fo

rm
an

ce
s.

Fi
na

lly
,w

e
pr

es
en

th
ow

th
e

to
pi

c-
le

ve
lm

od
el

in
g

ab
ili

ty
of

D
oc

N
A

D
E

ca
n

be
us

ed
to

ob
ta

in
a

us
ef

ul
re

pr
es

en
ta

tio
n

of
co

nt
ex

t(
se

m
an

tic
in

fo
rm

at
io

n
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ou
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he
pa

st
)
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r
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ng

ua
ge

m
od

el
in

g.
W

e
em

pi
ri

ca
lly
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m

on
st

ra
te

th
at

by
le
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ng
a

to
pi

ca
lr

ep
re

se
nt

at
io

n
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ep
re

se
nt

at
io

n
ba

se
d

on
su

bj
ec

ts
,

to
pi

cs
)

of
pr

ev
io

us
se

nt
en

ce
s,

w
e

ca
n

im
pr

ov
e

th
e

pe
rp

le
xi

ty
pe

rf
or

m
an

ce
of

an
N

-g
ra

m
ne

ur
al

la
ng

ua
ge

m
od

el
.
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D
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en
tN

A
D

E
(D

oc
N

A
D

E
)

D
oc

N
A

D
E
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de

riv
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th
e

N
eu

ra
l

A
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iv
e

D
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ut
io

n
E

st
im

at
io

n
(N

A
D

E
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W
e

fir
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N
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D
E
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D
O

CN
A

D
E

2.1
N

euralA
utoregressive

D
istribution

E
stim

ation
(N

A
D

E
)

N
A

D
E

,introduced
by

L
arochelle

and
M

urray
(2011),is

a
tractable

distribution
estim

ator
for

m
od-

eling
the

distribution
over

high-dim
ensionalbinary

vectors.
L

etus
consider

a
binary

vector
of
D

observations,
v
∈
{
0
,1}

D
,w

here
the

order
has

no
m

eaning.
W

e
use

the
notation

v
i to

denote
the

i-th
com

ponent
of

v
and

v
<
i ∈
{
0
,1}

i−
1

to
contain

the
first

i−
1

com
ponents

of
v

.
v
<
i

is
the

sub-vector
[v

1 ,...,v
i−

1 ] >
:

v
=

[v
1 ,
...
,v
i−

1
︸

︷︷
︸

v
<
i

,v
i ,
...
,v
D

] T
.

(1)

T
he

N
A

D
E

m
odelestim

ates
the

probability
of

the
vector

v
by

applying
the

probability
chain

rule
as

follow
s:

p
(v

)
=

D∏i=
1

p
(v
i |v

<
i ).

(2)

T
he

peculiarity
of

N
A

D
E

lies
in

the
neuralarchitecture

designed
to

estim
ate

the
conditionalprob-

abilities
involved

in
E

quation
2.

To
predictthe

com
ponent

i,the
m

odelfirstcom
putes

its
hidden

layerofdim
ension

H

h
i (v

<
i )

=
g

(c
+

W
:,<

i ·
v
<
i )
,

(3)

leading
to

the
follow

ing
probability

m
odel:

p
(v
i

=
1|v

<
i )

=
sigm

(b
i
+

V
i,: ·h

i (v
<
i ))
.

(4)

In
these

tw
o

equations,sigm
(x

)
=

1/
(1

+
ex

p
(−
x

))
denotes

the
sigm

oid
activation

function
w

hile
function

g
(·)

could
be

any
activation

function.
L

arochelle
and

M
urray

(2011)
used

the
sigm

oid
function

for
g

(·).
W
∈
R
H
×
D

and
V
∈
R
D
×
H

are
the

param
eter

m
atrices

along
w

ith
the

associ-
ated

bias
term

s
b
∈

R
D

and
c
∈

R
H

.
T

he
notation

W
:,<

i
represents

a
m

atrix
m

ade
of

the
i−

1
firstcolum

ns
of

W
.

T
he

vector
V
i,: is

m
ade

from
the

i-th
row

of
V

and
is

com
posed

of
w

eights
associated

to
a

logistic
classifier,m

eaning
thateach

row
of

V
representa

differentlogistic
classifier.

Instead
of

a
single

projection
of

the
inputvector

(like
for

a
typicalautoencoder,the

leftpartof
Figure

1),the
N

A
D

E
m

odelrelies
on

a
setofseparate

hidden
layers

h
i (v

<
i )

thateach
representthe

previous
inputs

in
a

latentspace
(rightpartofFigure

1).T
he

connections
betw

een
the

inputdim
en-

sion
v
i

and
each

hidden
layer

h
i (v

<
i )

are
tied

as
show

n
w

ith
the

blue
lines

in
Figure

1,allow
ing

the
m

odelto
com

pute
allthe

hidden
layers

forone
inputin

O
(D
H

).T
he

param
eters{

b
,c
,W

,V
}

are
learned

by
m

inim
izing

the
average

negative
log-likelihood

using
stochastic

gradientdescent.

2.2
From

N
A

D
E

to
D

ocN
A

D
E

T
he

D
ocum

entN
A

D
E

m
odel(D

ocN
A

D
E

)aim
satlearning

m
eaningfulrepresentationsoftextsfrom

a
collection

ofunlabeled
docum

ents.Im
plem

ented
as

a
feed-forw

ard
architecture,itextends

N
A

D
E

to
provide

an
efficientand

m
eaningfulgenerative

m
odelof

docum
entbags-of-w

ords.
T

his
m

odel
em

beds,asN
A

D
E

did,a
setofhidden

layers.T
heirrole

isto
capture

salientstatisticalpatternsin
the

3
JM

L
R

 18(113):1-24, 2017

L
A

U
LY,Z

H
E

N
G

,A
L

L
A

U
Z

E
N

&
L

A
R

O
C

H
E

L
L

E

A
)

A
utoencoder

B
)

N
A
D
E

Figure
1:

A
)

Typical
structure

for
an

autoencoder.
B

)
Illustration

of
N

A
D

E
.C

olored
lines

iden-
tify

the
connections

that
share

param
eters

and
v̂
i

is
a

shorthand
for

the
autoregressive

conditional
p
(v
i |v

<
i ).T

he
observations

v
i are

binary.

co-occurrence
of

w
ords

w
ithin

docum
ents

and
can

be
considered

as
m

odeling
hidden

topics.
T

his
is

called
topic

m
odeling

(Steyvers
and

G
riffiths,2007),w

here
a

topic
m

odelgives
a

m
athem

atical
representation

of
a

docum
entin

the
form

of
a

vector
(of

realvalues).
In

our
case

each
elem

entof
the

vectoris
a

neuron
ofthe

hidden
layerand

can
be

associated
to

a
hidden

subjectw
here

its
value

w
ould

represent
how

m
uch

that
subject

is
part

of
the

text.
T

his
representation

can
be

seen
as

a
com

position
ofthe

subjects.
To

represent
a

docum
ent

for
D

ocN
A

D
E

,
w

e
transform

a
bag-of-w

ords
into

a
sequence

v
of

arbitrary
size

D
.E

ach
elem

entof
v

corresponds
to

a
m

ultinom
ialobservation

(representing
a

w
ord)

overa
fixed

vocabulary
ofsize

V
:

v
=

[v
1 ,v

2 ,
...
,v
D

],
v
i ∈
{1
,2
,
...
,V
}
.

(5)

T
herefore

v
i represents

the
index

in
the

vocabulary
ofthe

i-th
w

ord
ofthe

docum
ent.

Fornow
,

w
e

assum
e

thatan
ordering

of
the

w
ords

is
given,butw

e
w

illdiscuss
the

generalcase
of

orderless
bags-of-w

ords
in

the
nextSection

(2.2.1)
and

show
thatw

e
can

sim
ply

use
a

random
order

for
the

w
ords

during
training.

T
he

D
ocN

A
D

E
m

odel
uses

a
w

ord
representation

m
atrix

W
∈

R
H
×
V

,
w

here
each

colum
n

W
:,v
i ofthe

m
atrix

is
a

vectorrepresenting
one

ofthe
w

ords
in

the
vocabulary

(see
Figure

2).T
his

m
atrix

m
akes

the
connection

possible
betw

een
the

index
v
i ofa

w
ord

and
its

em
bedding.

T
he

m
ain

approach
taken

by
D

ocN
A

D
E

is
sim

ilar
to

N
A

D
E

,
but

differs
significantly

in
the

design
ofparam

etertying.T
he

probability
ofa

docum
ent

v
is

estim
ated

using
the

probability
chain

rule,butthe
architecture

is
m

odified
to

cope
w

ith
large

vocabularies.
E

ach
w

ord
observation

v
i of

the
docum

entv
leads

to
a

hidden
layer

h
i ,w

hich
represents

the
pastobservations

v
<
i (see

figure
3).
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C
N

A
D
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0.
1

0.
3

0.
8 . . . -.2

0.
4

0.
2

-.9 . . . 0.
3

0.
1

0.
7

0.
8 . . . 0.
3

th
e

a
do
g

Fi
gu

re
2:

W
or

d
re

pr
es

en
ta

tio
n

m
at

ri
x

W
,w

he
re

ea
ch

co
lu

m
n

of
th

e
m

at
ri

x
is

a
ve

ct
or

re
pr

es
en

tin
g

a
w

or
d

of
th

e
vo

ca
bu

la
ry

.

T
hi

s
hi

dd
en

la
ye

ri
s

co
m

pu
te

d
as

fo
llo

w
s:

h
i(

v
<
i)

=
g

(
c

+
∑ k
<
i

W
:,
v
k

)
,

(6
)

w
he

re
ea

ch
co

lu
m

n
of

th
e

m
at

ri
x

W
ac

ts
as

a
ve

ct
or

of
si

ze
H

th
at

re
pr

es
en

ts
a

w
or

d.
T

he
em

be
d-

di
ng

of
th

e
it
h

w
or

d
in

th
e

do
cu

m
en

ti
s

th
us

th
e

co
lu

m
n

of
in

de
x
v i

in
th

e
m

at
ri

x
W

.

0.
1

0.
3

0.
8 . . . -.2

0.
4

0.
2

-.9 . . . 0.
3

0.
1

0.
7

0.
8 . . . 0.
3

0.
6

0.
2

0.
2 . . . -.5

Fi
gu

re
3:

(L
ef

t)
R

ep
re

se
nt

at
io

n
of

th
e

co
m

pu
ta

tio
n

of
a

hi
dd

en
la

ye
r
h
i,

fu
nc

tio
n

g
(·)

ca
n

be
an

y
ac

tiv
at

io
n

fu
nc

tio
n.

(R
ig

ht
)I

llu
st

ra
tio

n
of

D
oc

N
A

D
E

.C
on

ne
ct

io
ns

be
tw

ee
n

ea
ch

m
ul

ti-
no

m
ia

lo
bs

er
va

tio
n
v i

an
d

hi
dd

en
un

its
ar

e
al

so
sh

ar
ed

,a
nd

ea
ch

co
nd

iti
on

al
p
(v
i|v

<
i)

is
de

co
m

po
se

d
in

to
a

tr
ee

of
bi

na
ry

lo
gi

st
ic

re
gr

es
si

on
s.

N
ot

ic
e

th
at

by
sh

ar
in

g
th

e
w

or
d

re
pr

es
en

ta
tio

n
m

at
ri

x
ac

ro
ss

po
si

tio
ns

in
th

e
do

cu
m

en
t,

ea
ch

hi
dd

en
la

ye
r

h
i(

v
<
i)

is
in

fa
ct

in
de

pe
nd

en
t

of
th

e
or

de
r

of
th

e
w

or
ds

w
ith

in
v
<
i.

W
e

m
ad

e
th

e
hy

po
th

es
is

th
at

ev
en

if
th

e
w

or
d

or
de

r
af

fe
ct

se
m

an
tic

s,
m

os
to

f
its

in
fo

rm
at

io
n

de
pe

nd
s

on
th

e
se

t
of

w
or

ds
us

ed
.

D
oc

N
A

D
E

ig
no

re
s

in
w

hi
ch

or
de

r
th

e
pr

ev
io

us
ly

ob
se

rv
ed

w
or

ds
ap

pe
ar

ed
.

T
he

im
pl

ic
at

io
ns

of
th

is
ch

oi
ce

is
th

at
th

e
le

ar
ne

d
hi

dd
en

re
pr

es
en

ta
tio

n
w

ill
no

t
m

od
el

th
e

sy
nt

ac
tic

st
ru

ct
ur

e
of

th
e

do
cu

m
en

ta
nd

fo
cu

s
en

tir
el

y
on

its
do

cu
m

en
t-

le
ve

ls
em

an
tic

s,
i.e

.i
ts

to
pi

cs
.

It
al

so
m

ea
ns

th
at

th
e

fir
st

w
or

d
at

th
e

be
gi

nn
in

g
of

th
e

se
qu

en
ce

ha
s

th
e

sa
m

e
in

flu
en

ce
as

th
e

la
st

on
e,

an
d
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N
&

L
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C
H

E
L

L
E

its
im

po
rt

an
ce

co
m

pa
re

d
to

th
e

ot
he

r
w

or
ds

do
es

no
td

et
er

io
ra

te
ov

er
tim

e.
T

hi
s

ph
en

om
en

on
ca

n
be

ob
se

rv
ed

in
th

e
le

ft
pa

rt
of

Fi
gu

re
3.

W
ith

th
is

ill
us

tr
at

io
n

w
e

se
e

th
at

if
w

e
sw

ap
th

e
fir

st
w

or
d

v 1
w

ith
th

e
la

st
on

e
v i
−
1

w
e

w
ou

ld
ob

ta
in

th
e

sa
m

e
hi

dd
en

re
pr

es
en

ta
tio

n
h
i.

It
is

al
so

w
or

th
no

tic
in

g
th

at
w

e
ca

n
co

m
pu

te
h
i+

1
re

cu
rs

iv
el

y
by

ke
ep

in
g

tr
ac

k
of

th
e

pr
e-

ac
tiv

at
io

n
of

th
e

pr
ev

io
us

hi
dd

en
la

ye
rh

i
as

fo
llo

w
s:

h
i+

1
(v
<
i+

1
)

=
g

      
W

:,
v
i

+
c

+
∑ k
<
i

W
:,
v
k

︸
︷︷

︸
Pr

ec
om

pu
te

d
fo

r
h
i
(v
<
i
)      

(7
)

T
he

w
ei

gh
ts

ha
ri

ng
be

tw
ee

n
th

e
hi

dd
en

la
ye

rs
en

ab
le

s
us

to
co

m
pu

te
al

lt
he

hi
dd

en
la

ye
rs

h
i(

v
<
i)

fo
ra

do
cu

m
en

ti
n
O

(D
H

).
To

co
m

pu
te

th
e

pr
ob

ab
ili

ty
of

a
fu

ll
do

cu
m

en
tp

(v
),

w
e

ne
ed

to
es

tim
at

e
al

lc
on

di
tio

na
lp

ro
ba

-
bi

lit
ie

s
p
(v
i|v

<
i)

.A
st

ra
ig

ht
fo

rw
ar

d
so

lu
tio

n
w

ou
ld

be
to

co
m

pu
te

ea
ch
p
(v
i|v

<
i)

us
in

g
a

so
ft

m
ax

la
ye

r
w

ith
a

sh
ar

ed
w

ei
gh

tm
at

ri
x

an
d

bi
as

w
ith

ea
ch

of
th

e
hi

dd
en

la
ye

rs
h
i.

H
ow

ev
er

,t
he

co
m

-
pu

ta
tio

na
l

co
st

of
th

is
ap

pr
oa

ch
is

pr
oh

ib
iti

ve
,

as
it

sc
al

es
lin

ea
rl

y
w

ith
th

e
vo

ca
bu

la
ry

si
ze

.1
To

ov
er

co
m

e
th

is
is

su
e,

w
e

re
pr

es
en

ta
di

st
ri

bu
tio

n
ov

er
th

e
vo

ca
bu

la
ry

by
a

pr
ob

ab
ili

st
ic

bi
na

ry
tr

ee
,

w
he

re
th

e
le

av
es

co
rr

es
po

nd
to

th
e

w
or

ds
.

T
hi

s
ap

pr
oa

ch
is

w
id

el
y

us
ed

in
th

e
fie

ld
of

ne
ur

al
pr

ob
ab

ili
st

ic
la

ng
ua

ge
m

od
el

s
(M

or
in

an
d

B
en

gi
o,

20
05

;
M

ni
h

an
d

H
in

to
n,

20
09

).
E

ac
h

w
or

d
is

re
pr

es
en

te
d

by
a

pa
th

in
th

e
tr

ee
,g

oi
ng

fr
om

th
e

ro
ot

to
th

e
le

af
as

so
ci

at
ed

to
th

at
w

or
d.

A
bi

na
ry

lo
gi

st
ic

re
gr

es
si

on
un

it
is

as
so

ci
at

ed
to

ea
ch

no
de

in
th

e
tr

ee
an

d
gi

ve
s

th
e

pr
ob

ab
ili

ty
of

th
e

bi
na

ry
ch

oi
ce

,g
oi

ng
le

ft
or

ri
gh

t.
A

w
or

d
pr

ob
ab

ili
ty

ca
n

th
er

ef
or

e
be

es
tim

at
ed

by
th

e
pa

th
’s

pr
ob

ab
ili

ty
in

th
is

tr
ee

,r
es

ul
tin

g
in

a
co

m
pl

ex
ity

in
O

(l
og
V

)
fo

ra
ba

la
nc

ed
tr

ee
.I

n
ou

re
xp

er
im

en
ts

,w
e

us
ed

a
ra

nd
om

ly
ge

ne
ra

te
d

fu
ll

bi
na

ry
tr

ee
w

ith
V

le
av

es
,e

ac
h

as
si

gn
ed

to
a

un
iq

ue
w

or
d

in
th

e
vo

ca
bu

la
ry

.

Fi
gu

re
4:

Pa
th

of
th

e
w

or
d
v i

in
a

bi
na

ry
tr

ee
.

W
e

co
m

pu
te

th
e

pr
ob

ab
ili

ty
of

th
e

le
ft

/r
ig

ht
ch

oi
ce

(0
/1

)f
or

ea
ch

no
de

of
th

e
pa

th
.

M
or

e
fo

rm
al

ly
,l

et
’s

de
no

te
by

l(
v i

)
th

e
se

qu
en

ce
of

no
de

s
co

m
po

si
ng

th
e

pa
th

,f
ro

m
th

e
ro

ot
of

th
e

tr
ee

to
th

e
le

af
co

rr
es

po
nd

in
g

to
th

e
w

or
d
v i

.T
he

n,
π

(v
i)

is
th

e
se

qu
en

ce
of

le
ft

/r
ig

ht
de

ci
si

on
s

of
th

e
no

de
s

in
l(
v i

).
Fo

re
xa

m
pl

e,
th

e
ro

ot
of

th
e

tr
ee

is
al

w
ay

s
th

e
fir

st
el

em
en

tl
(v
i)
1

an
d

th
e

va
lu

e

1.
Fo

rm
os

tn
at

ur
al

la
ng

ua
ge

pr
oc

es
si

ng
ta

sk
s,

th
e

vo
ca

bu
la

ry
si

ze
ex

ce
ed

s
1
0
,0
0
0

.
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D
O

CN
A

D
E

π
(v
i )
1

w
illbe

0
if

the
w

ord
is

in
the

leftsub-tree
and

1
if

itis
in

the
rightsub-tree

(see
figure

4).
T

he
m

atrix
V

stores
by

row
the

w
eights

associated
to

each
logistic

classifier.
T

here
is

one
logistic

classifier
per

node
in

the
tree,butonly

a
fraction

of
them

is
used

for
each

w
ord.

L
et

V
l(v

i )
m
,: and

b
l(v

i )
m

be
the

w
eights

and
bias

ofthe
logistic

unitassociated
w

ith
the

node
n

(v
i )
m

.T
he

probability
p
(v
i |v

<
i )

given
the

tree
and

the
hidden

layer
h
i (v

<
i )

is
com

puted
by

the
follow

ing
form

ulas:

p
(v
i

=
w|v

<
i )

=

|π
(v
i )|

∏m
=
1

p
(π

(v
i )
m

=
π

(w
)
m |v

<
i ),

w
ith

(8)

p
(π

(v
i )
m

=
1|v

<
i )

=
sigm

(b
l(v

i )
m

+
V
l(v

i )
m
,: ·

h
i (v

<
i ) )

.
(9)

T
his

hierarchical
architecture

allow
s

us
to

efficiently
com

pute
the

probability
of

each
w

ord
in

a
docum

entand
therefore

the
probability

of
the

w
hole

docum
entw

ith
the

probability
chain

rule
(see

E
quation

2).
A

s
in

the
N

A
D

E
m

odel,
the

param
eters

of
the

m
odel{

b
,c
,W

,V
}

are
learnt

by
m

inim
izing

the
negative

log-likelihood
using

stochastic
gradientdescent.

Since
there

is
log

(V
)

logistic
regression

units
for

a
w

ord
(one

per
node),each

of
them

has
a

tim
e

com
plexity

of
O

(H
),the

com
plexity

ofcom
puting

the
probability

fora
docum

entof
D

w
ords

is
in
O

(lo
g
(V

)D
H

).
Forusing

D
ocN

A
D

E
to

extractfeatures
from

a
com

plete
docum

ent,w
e

propose
to

use

h
(v

)
=

h
D
+
1 (v

<
D
+
1 )

=
g (

c
+

D
∑k
=
1

W
:,v
k )

(10)

w
hich

w
ould

be
the

hidden
layer

com
puted

to
obtain

the
conditionalprobability

of
a

hypothetical
(D

+
1
)-th

w
ord

appearing
in

the
docum

ent.
In

other
w

ords,
h

(v
)

is
the

representation
of

allthe
w

ords
in

the
docum

ent.
N

otice
that

w
e

do
not

average
the

docum
ent

representation
to

becom
e

invariant
to

docum
ent

length.
A

veraging
did

not
result

in
any

perform
ance

im
provem

ent
in

our
prelim

inary
experim

ents.
W

e
conjecture

that
it

is
because

every
w

ord
count

n
i

in
the

data
w

as
replaced

by
lo

g
(1

+
n
i ),

w
hich

reduces
the

variability
of

the
input

values
and

m
akes

the
m

odel
m

ore
invariant

to
the

docum
ent

length.
H

ow
ever,

averaging
som

etim
es

is
useful,

such
as

for
the

language
m

odelapproach
(see

Section
4).

A
lgorithm

1
gives

the
pseudo-code

for
com

puting
the

negative
log-likelihood

costused
during

training
and

the
hidden

layerused
forrepresenting

the
w

hole
docum

entunderD
ocN

A
D

E
.

2.2.1
T

R
A

IN
IN

G
F

R
O

M
B

A
G

-O
F-W

O
R

D
S

C
O

U
N

T
S

So
far,

w
e

have
assum

ed
that

the
ordering

of
the

w
ords

in
the

docum
ent

is
know

n.
H

ow
ever,

a
docum

entoften
takes

the
form

ofw
ord-countvectors

in
w

hich
the

originalw
ord

order,required
for

specifying
the

sequence
ofconditionals

p
(v
i |v

<
i ),has

been
lost.

Itis
how

ever
stillpossible

to
successfully

train
a

D
ocN

A
D

E
despite

the
absence

of
this

infor-
m

ation.
T

he
idea

is
to

assum
e

thateach
observed

docum
ent

v
w

as
generated

by
initially

sam
pling

a
seed

docum
ent

ṽ
from

D
ocN

A
D

E
,w

hose
w

ords
w

ere
then

shuffled
using

a
random

ly
generated

ordering
to

produce
v

.
W

ith
this

approach,
w

e
can

express
the

probability
distribution

of
v

by
com

puting
the

m
arginaloverallpossible

seed
docum

ent:

p
(v

)
=

∑ṽ∈V
(v

) p
(v
,ṽ

)
=

∑ṽ∈V
(v

) p
(v|ṽ

)p
(ṽ

)
(11)
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L
A

U
LY,Z

H
E

N
G

,A
L

L
A

U
Z

E
N

&
L

A
R

O
C

H
E

L
L

E

A
lgorithm

1
C

om
puting

of
the

cost
for

training
and

the
hidden

layer
for

representing
an

entire
docum

ent(D
ocN

A
D

E
m

odel)
Input:M

ultinom
ialobservation

v

a
←

c
N
L
L
←

0
For

i
=

1
to
D

D
o

h
i ←

g
(a

)

p
(v
i )←

1
For

m
=

1
to|π

(v
i )|D

o
p
(π

(v
i )
m

=
1|v

<
i )←

sigm
(b
l(v

i )
m

+
V
l(v

i )
m
,: ·h

i (v
<
i ) )

p
(v
i )←

p
(v
i )

(p
(π

(v
i )
m

=
1|v

<
i )
π
(v
i )
m

+
(1−

p
(π

(v
i )
m

=
1|v

<
i )
1−
π
(v
i )
m

))
E

nd
for

N
L
L
←
N
L
L
−

log
p
(v
i )

a
←

a
+

W
:,v
i

E
nd

for

h
f
in
a
l ←

g
(a

)

R
eturn

N
L
L

,
h
f
in
a
l

w
here

p
(ṽ

)ism
odeled

by
D

ocN
A

D
E

.ṽ
isthe

sam
e

asthe
observed

docum
entv

butw
ith

a
different

(random
)

w
ord

sequence
order,and

V
(v

)
is

the
setof

allthe
docum

ents
ṽ

thathas
the

sam
e

w
ord

count
n

(v
)

=
n

(ṽ
).

W
ith

the
assum

ption
of

orderings
being

uniform
ly

sam
pled,w

e
can

replace
p
(v|ṽ

)
w

ith
1

|V
(v

)| giving
us:

p
(v

)
=

∑ṽ∈V
(v

)

1

|V
(v

)| p
(ṽ

)
=

1

|V
(v

)|
∑ṽ∈V

(v
) p

(ṽ
)
.

(12)

In
practice,

one
approach

to
training

the
D

ocN
A

D
E

m
odel

over
ṽ

is
to

artificially
generate

ordered
docum

ents
by

uniform
ly

sam
pling

w
ords,w

ithoutreplacem
ent,from

the
bags-of-w

ords
in

the
dataset.

T
his

w
ould

be
equivalentto

taking
each

originaldocum
entand

shuffling
the

order
of

its
w

ords.
T

his
approach

can
be

show
n

to
m

inim
ize

a
stochastic

upper
bound

on
the

true
negative

log-likelihood
ofdocum

ents.A
s

w
e

w
illsee,experim

ents
show

thatconvincing
perform

ance
could

stillbe
reached.

W
ith

this
training

procedure,D
ocN

A
D

E
show

s
its

ability
to

learn
and

predicta
new

w
ord

in
a

docum
entata

random
position

w
hile

preserving
the

overallsem
antic

properties
of

the
docum

ent.
T

he
m

odelis
therefore

learning
notto

insertintruder
w

ords,i.e.w
ords

thatdo
notbelong

w
ith

the
others.

A
fter

training,a
docum

ent’s
learned

representation
should

contain
valuable

inform
ation

to
identify

intruderw
ords

forthis
docum

ent.Itis
interesting

to
note

thatthe
detection

ofsuch
intruder

w
ords

has
been

used
previously

as
a

task
in

userstudies
to

evaluate
the

quality
ofthe

topics
learned

by
L

D
A

,though
atthe

levelofsingle
topics

and
notw

hole
docum

ents
(C

hang
etal.,2009).
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D
O

C
N

A
D

E

T
he

go
al

w
ith

D
oc

N
A

D
E

is
to

ha
ve

a
si

m
pl

e,
po

w
er

fu
l,

fa
st

w
ay

to
tr

ai
n

m
od

el
th

at
ca

n
al

so
be

us
ed

w
ith

da
ta

th
at

ha
ve

lo
st

th
e

in
fo

rm
at

io
n

ab
ou

to
rd

er
in

g.
W

e
w

an
tt

o
le

ar
n

to
pi

c-
le

ve
ls

em
an

tic
s,

w
he

re
th

e
or

de
r

of
th

e
w

or
ds

is
le

ss
im

po
rt

an
tt

ha
n

th
e

ex
is

te
nc

e
of

w
or

ds
is

,i
ns

te
ad

of
le

ar
ni

ng
sy

nt
ax

,w
he

re
th

e
or

de
ro

ft
he

w
or

ds
is

m
or

e
im

po
rt

an
t.

In
th

is
co

nt
ex

t,
it

m
ak

es
no

se
ns

e
to

ap
pl

y
an

R
N

N
-l

ik
e

m
od

el
on

ra
nd

om
ly

sh
uf

fle
d

w
or

ds
,s

in
ce

th
er

e’
s

no
po

si
tio

n
va

ry
in

g
in

fo
rm

at
io

n
to

m
od

el
.

3.
D

ee
p

D
oc

um
en

tN
A

D
E

T
he

si
ng

le
hi

dd
en

la
ye

r
ve

rs
io

n
of

D
oc

N
A

D
E

al
re

ad
y

ac
hi

ev
es

ve
ry

co
m

pe
tit

iv
e

pe
rf

or
m

an
ce

fo
r

to
pi

c
m

od
el

in
g

(L
ar

oc
he

lle
an

d
L

au
ly

,
20

12
).

E
xt

en
di

ng
it

to
a

de
ep

ar
ch

ite
ct

ur
e

w
ith

m
ul

tip
le

hi
dd

en
la

ye
r

co
ul

d
ho

w
ev

er
en

ab
le

be
tte

r
pe

rf
or

m
an

ce
,a

s
su

gg
es

te
d

by
th

e
re

ce
nt

an
d

im
pr

es
si

ve
su

cc
es

s
of

de
ep

ne
ur

al
ne

tw
or

ks
.

U
nf

or
tu

na
te

ly
,d

er
iv

in
g

a
de

ep
ve

rs
io

n
of

D
oc

N
A

D
E

ca
nn

ot
be

ac
hi

ev
ed

so
le

ly
by

ad
di

ng
hi

dd
en

la
ye

rs
to

th
e

de
fin

iti
on

of
th

e
co

nd
iti

on
al

s
p
(v
i|v

<
i)

.
In

de
ed

,
co

m
pu

tin
g
p
(v

)
re

qu
ir

es
co

m
pu

tin
g

ea
ch
p
(v
i|v

<
i)

co
nd

iti
on

al
(o

ne
fo

r
ea

ch
w

or
d)

,a
nd

it
is

no
lo

ng
er

po
ss

ib
le

to
us

e
E

qu
at

io
n

7
to

co
m

pu
te

th
e

se
qu

en
ce

of
al

l
hi

dd
en

la
ye

rs
in
O

(D
H

)
w

he
n

th
er

e
ar

e
m

ul
tip

le
de

ep
hi

dd
en

la
ye

rs
.

In
th

is
Se

ct
io

n,
w

e
de

sc
ri

be
an

al
te

rn
at

iv
e

tr
ai

ni
ng

pr
oc

ed
ur

e
th

at
en

ab
le

s
us

th
e

in
tr

od
uc

tio
n

of
m

ul
tip

le
st

ac
ke

d
hi

dd
en

la
ye

rs
.T

hi
s

pr
oc

ed
ur

e
w

as
fir

st
in

tr
od

uc
ed

by
Z

he
ng

et
al

.(
20

15
)t

o
m

od
el

im
ag

es
,w

hi
ch

w
as

its
el

fb
or

ro
w

in
g

fr
om

th
e

tr
ai

ni
ng

sc
he

m
e

in
tr

od
uc

ed
by

U
ri

a
et

al
.(

20
14

).

A
s

m
en

tio
ne

d
in

Se
ct

io
n

2.
2.

1,
D

oc
N

A
D

E
ca

n
be

tr
ai

ne
d

on
ra

nd
om

pe
rm

ut
at

io
ns

of
th

e
w

or
ds

fr
om

tr
ai

ni
ng

do
cu

m
en

ts
.A

sn
ot

ic
ed

by
U

ri
a

et
al

.(
20

14
),

th
e

us
e

of
m

an
y

or
de

ri
ng

sd
ur

in
g

tr
ai

ni
ng

ca
n

be
se

en
as

th
e

in
st

an
tia

tio
n

of
m

an
y

di
ff

er
en

t
D

oc
N

A
D

E
m

od
el

s
th

at
sh

ar
e

a
si

ng
le

se
t

of
pa

ra
m

et
er

s.
T

hu
s,

tr
ai

ni
ng

D
oc

N
A

D
E

w
ith

ra
nd

om
pe

rm
ut

at
io

ns
al

so
am

ou
nt

s
to

m
in

im
iz

in
g

th
e

ne
ga

tiv
e

lo
g-

lik
el

ih
oo

d
av

er
ag

ed
ac

ro
ss

al
lp

os
si

bl
e

or
de

ri
ng

s,
fo

re
ac

h
tr

ai
ni

ng
ex

am
pl

e
v

.

In
th

e
co

nt
ex

to
fd

ee
p

N
A

D
E

m
od

el
s,

a
ke

y
ob

se
rv

at
io

n
is

th
at

tr
ai

ni
ng

on
al

lp
os

si
bl

e
or

de
ri

ng
s

im
pl

ie
s

th
at

fo
r

a
gi

ve
n

co
nt

ex
tv

<
i,

w
e

en
co

ur
ag

e
th

e
m

od
el

to
be

eq
ua

lly
go

od
at

pr
ed

ic
tin

g
an

y
of

th
e

re
m

ai
ni

ng
w

or
ds

ap
pe

ar
in

g
ne

xt
.T

hu
s,

w
e

re
de

si
gn

th
e

tr
ai

ni
ng

al
go

ri
th

m
su

ch
th

at
,i

ns
te

ad
of

sa
m

pl
in

g
a

co
m

pl
et

e
or

de
ri

ng
of

al
lw

or
ds

fo
r

ea
ch

up
da

te
,w

e
in

st
ea

d
sa

m
pl

e
a

si
ng

le
co

nt
ex

t
v
<
i

an
d

pe
rf

or
m

an
up

da
te

of
th

e
co

nd
iti

on
al

s
us

in
g

th
at

co
nt

ex
t.

T
hi

s
is

do
ne

as
fo

llo
w

s.
Fo

r
a

gi
ve

n
do

cu
m

en
t,

af
te

rg
en

er
at

in
g

ve
ct

or
v

by
sh

uf
fli

ng
th

e
w

or
ds

fr
om

th
e

do
cu

m
en

t,
a

sp
lit

po
in

ti
is

ra
nd

om
ly

dr
aw

n.
Fr

om
th

is
sp

lit
po

in
tw

e
ob

ta
in

tw
o

pa
rt

s
of

th
e

do
cu

m
en

t,
v
<
i

an
d

v
≥
i:

v
=

[v
1
,
..
.
,v
i−

1
︸

︷︷
︸

v
<
i

,v
i,
..
.
,v
D

︸
︷︷

︸
v
≥
i

]>
.

(1
3)

T
he

ve
ct

or
v
<
i

is
co

ns
id

er
ed

as
th

e
in

pu
ta

nd
th

e
ve

ct
or

v
≥
i

co
nt

ai
ns

th
e

ta
rg

et
s

to
be

pr
ed

ic
te

d
by

th
e

m
od

el
.

Si
nc

e
a

tr
ai

ni
ng

up
da

te
re

lie
s

on
th

e
co

m
pu

ta
tio

n
of

a
si

ng
le

la
te

nt
re

pr
es

en
ta

tio
n,

th
at

of
v
<
i

fo
r

th
e

dr
aw

n
va

lu
e

of
i,

de
ep

er
hi

dd
en

la
ye

rs
ca

n
be

ad
de

d
at

a
re

as
on

ab
le

in
cr

ea
se

in
co

m
pu

ta
tio

n.
W

e
ca

ll
a

de
ep

D
oc

N
A

D
E

tr
ai

ne
d

w
ith

th
is

pr
oc

ed
ur

e
a

D
ee

pD
oc

N
A

D
E

.
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0.
6

0.
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0.
2 . . . -.5
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1
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0
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Fi
gu

re
5:

(L
ef

t)
R

ep
re

se
nt

at
io

n
of

th
e

co
m

pu
ta

tio
n

by
su

m
m

at
io

n
of

th
e

fir
st

hi
dd

en
la

ye
r

h
(1
) ,

w
hi

ch
is

eq
ui

va
le

nt
to

m
ul

tip
ly

in
g

th
e

ba
g-

of
-w

or
ds

x
(v
<
i)

w
ith

th
e

w
or

d
re

pr
es

en
ta

tio
n

m
at

ri
x

W
(1
)

.(
R

ig
ht

)I
llu

st
ra

tio
n

of
D

ee
pD

oc
N

A
D

E
ar

ch
ite

ct
ur

e.

In
D

ee
pD

oc
N

A
D

E
th

e
co

nd
iti

on
al

s
p
(v
i|v

<
i)

ar
e

m
od

el
ed

as
fo

llo
w

s.
T

he
fir

st
hi

dd
en

la
ye

r
h
(1
) (

v
<
i)

re
pr

es
en

ts
th

e
co

nd
iti

on
in

g
co

nt
ex

tv
<
i

as
in

th
e

si
ng

le
hi

dd
en

la
ye

rD
oc

N
A

D
E

:

h
(1
)
(v
<
i)

=
g

(
c
(1
)

+
∑ k
<
i

W
(1
)

:,
v
k

)
=

g
( c

(1
)

+
W

(1
)
·x

(v
<
i)
)

(1
4)

w
he

re
x

(v
<
i)

is
th

e
hi

st
og

ra
m

ve
ct

or
re

pr
es

en
ta

tio
n

(b
ag

-o
f-

w
or

ds
)o

ft
he

w
or

d
se

qu
en

ce
v
<
i,

an
d

th
e

ex
po

ne
nt

is
us

ed
as

an
in

de
x

ov
er

th
e

hi
dd

en
la

ye
rs

an
d

its
pa

ra
m

et
er

s,
w

ith
(1

)
re

fe
rr

in
g

to
th

e
fir

st
la

ye
r

(s
ee

Fi
gu

re
5)

.
T

he
m

at
ri

x
W

(1
)

is
th

e
w

or
d

re
pr

es
en

ta
tio

n
m

at
ri

x
of

D
ee

pD
oc

N
A

D
E

.
N

ot
ic

e
th

at
lik

e
D

oc
N

A
D

E
,t

he
fir

st
hi

dd
en

la
ye

r
h
(1
) (

v
<
i)

of
D

ee
pD

oc
N

A
D

E
is

in
de

pe
nd

en
to

f
th

e
or

de
r

of
th

e
w

or
ds

w
ith

in
v
<
i.

W
e

ca
n

no
w

ea
si

ly
ad

d
ne

w
hi

dd
en

la
ye

rs
as

in
a

re
gu

la
r

de
ep

fe
ed

-f
or

w
ar

d
ne

ur
al

ne
tw

or
k: h
(n

) (
v
<
i)

=
g

(c
(n

)
+

W
(n

)
·h

(n
−
1
) (

v
<
i)

),
(1

5)

fo
r
n

=
2,
..
.,
N

,w
he

re
N

is
th

e
to

ta
ln

um
be

r
of

hi
dd

en
la

ye
rs

.
Fr

om
th

e
la

st
hi

dd
en

la
ye

r
h
(N

) ,
w

e
co

m
pu

te
th

e
co

nd
iti

on
al
p
(v
i

=
w
|v
<
i)

,f
or

an
y

w
or

d
w

:

ŷ w
=
p
(v
i

=
w
|v
<
i)

=
so

ft
m

ax
(V

w
,:
·h

(N
) (

v
<
i)

+
b w

),
(1

6)

ŷ
=

so
ft

m
ax

(V
·h

(N
) (

v
<
i)

+
b

),
(1

7)
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D
O

CN
A

D
E

w
here

V
∈

R
V
×
H

(N
)

is
the

output
param

eter
m

atrix
and

b
the

bias
vector.

T
he

notation
ŷ

is
a

vector
thatrepresents

the
probability

of
allthe

vocabulary
w

ords
com

puted
atonce.

E
ach

elem
ent

of
the

vector,
ŷ
1

to
ŷ
V

,
represents

one
of

the
w

ords
in

the
vocabulary.

W
e

use
ŷ
w

to
m

ake
the

connection
w

ith
v
i

=
w

(the
index

ofthe
w

ord
w

attim
e
i).

Finally,the
loss

function
used

to
update

the
m

odelforthe
given

context
v
<
i is:

L
(v

)
=

D
v

D
v −

i
+

1

∑w
∈
v
≥
i −

log
p
(v
i

=
w|v

<
i ),

(18)

w
here

D
v

is
the

num
ber

ofw
ords

in
v

,and
the

sum
m

ation
iterates

overallthe
w

ords
w

presentin
v
≥
i .T

hus,as
described

earlier,the
m

odelpredicts
each

rem
aining

w
ord

afterthe
splitting

position
i

as
if

it
w

as
actually

at
position

i.
T

he
factor

in
front

of
the

sum
m

ation
com

es
from

the
fact

thatthe
com

plete
log-likelihood

w
ould

contain
D

v
log-conditionals

and
thatw

e
are

averaging
over

D
v
−
i

+
1

possible
choices

for
the

w
ord

at
position

i.
For

a
m

ore
detailed

presentation,
see

Z
heng

etal.(2015).T
he

average
loss

function
ofE

quation
18

is
optim

ized
w

ith
stochastic

gradient
descent. 2

N
ote

thatto
com

pute
the

probability
p
(v
i

=
w|v

<
i ),a

probabilistic
tree

could
again

be
used.

H
ow

ever,since
all

probabilities
needed

for
an

update
are

based
on

a
single

context
v
<
i ,a

single
softm

ax
layeris

sufficientto
com

pute
allnecessary

quantities.T
herefore

the
com

putationalburden
of

a
conventionalsoftm

ax
is

notas
prohibitive

as
for

D
ocN

A
D

E
,especially

w
ith

an
efficientim

-
plem

entation
on

the
G

PU
.Forthis

reason,in
ourexperim

ents
w

ith
D

eepD
ocN

A
D

E
w

e
opted

fora
regularsoftm

ax.

4.D
ocN

A
D

E
L

anguage
M

odel

W
hile

topic
m

odelssuch
asD

ocN
A

D
E

can
be

usefulin
learning

topic
representationsofdocum

ents,
they

are
very

poor
m

odels
of

language.
In

D
ocN

A
D

E
,this

is
due

to
the

factthat,w
hen

assigning
a

probability
to

the
nextw

ord
in

a
sentence,itignores

the
order

in
w

hich
the

previously
observed

w
ords

appeared.Y
et,this

ordering
ofw

ords
conveys

a
lotofinform

ation
regarding

a
syntactic

role
of

the
next

w
ord

or
the

finer
sem

antics
w

ithin
the

sentence.
In

fact,
m

ost
of

that
inform

ation
is

predictable
from

the
lastfew

w
ords,w

hich
is

w
hy

N
-gram

language
m

odels
rem

ain
a

dom
inating

approach
to

language
m

odeling.
In

thisSection,w
e

propose
a

new
m

odelthatextendsD
ocN

A
D

E
to

m
itigate

the
influence

ofboth
shortand

long
term

dependencies
in

a
single

m
odel,w

hich
w

e
refer

to
as

the
D

ocN
A

D
E

language
m

odelorD
ocN

A
D

E
-L

M
.T

he
solution

w
e

propose
enhances

the
bag-of-w

ords
representation

w
ith

the
explicitinclusion

of
n-gram

dependencies.
Figure

6
depicts

the
overallarchitecture.

T
his

m
odelcan

be
seen

as
an

extension
of

the
sem

-
inalw

ork
on

neurallanguage
m

odels
by

B
engio

etal.(2003)
thatincludes

the
representation

of
a

docum
ent’s

larger
context.

Itcan
also

be
seen

as
a

neuralextension
of

the
cache-based

language
m

odelintroduced
in

(K
uhn

and
M

ori,1990),w
here

the
n-gram

probability
is

interpolated
w

ith
the

2.A
docum

ent
is

usually
represented

as
bag-of-w

ords.
G

enerating
a

w
ord

vector
v

from
its

bag-of-w
ords,shuffling

the
w

ord
countvector

v
,splitting

it,and
then

regenerating
the

histogram
x
(v
<
i )

and
x
(v
≥
i )

is
unfortunately

fairly
inefficientfor

processing
sam

ples
in

a
m

ini-batch
fashion.

H
ence,in

practice,w
e

splitthe
originalhistogram

x
(v

)
directly

by
uniform

ly
sam

pling,for
each

w
ord

individually,how
m

any
are

puton
the

leftof
the

split(the
others

are
puton

the
rightofthe

split).T
his

procedure,used
also

by
Z

heng
etal.(2015),is

only
an

approxim
ation

to
the

correct
procedure

m
entioned

in
the

m
ain

text,butresults
in

substantialspeedup
w

hile
also

yielding
good

perform
ance.

11
JM

L
R

 18(113):1-24, 2017

L
A

U
LY,Z

H
E

N
G

,A
L

L
A

U
Z

E
N

&
L

A
R

O
C

H
E

L
L

E

. . .

+

. . . . . .

Figure
6:

Illustration
ofthe

conditionalp
(v
i |v

<
i )in

a
trigram

N
A

D
E

language
m

odel.C
om

pared
to

D
ocN

A
D

E
,this

m
odelincorporates

the
architecture

ofa
neurallanguage

m
odel,thatfirst

m
aps

previous
w

ords
(2

fora
trigram

m
odel)to

vectors
using

an
em

bedding
m

atrix
W

L
M

before
connecting

them
to

the
hidden

layerusing
regular(untied)param

eterm
atrices(U

1 ,
U

2
for

a
trigram

).
In

our
experim

ents,each
conditional

p
(v
i |v

<
i )

exploits
decom

posed
into

a
tree

oflogistic
regressions,the

hierarchicalsoftm
ax.

w
ord

distribution
observed

in
a

dynam
ic

cache.T
his

cache
ofa

fixed
size

keeps
track

ofpreviously
observed

w
ords

to
include

long
term

dependencies
in

the
prediction

and
preserve

sem
antic

consis-
tency

beyond
the

scope
of

the
n-gram

.
T

he
D

ocN
A

D
E

language
m

odelm
aintains

an
unbounded

cache
and

defines
a

proper,jointly
trained

solution
to

m
itigate

these
tw

o
kinds

(long
and

short)
of

dependencies.
A

s
in

D
ocN

A
D

E
,a

docum
ent

v
is

m
odeled

as
a

sequence
of

m
ultinom

ial
observations.

T
he

sequence
size

is
arbitrary

and
this

tim
e

the
order

is
im

portant,each
elem

ent
v
i

consists
of

the
i-th

w
ord

ofthe
sequence

and
representan

index
in

a
vocabulary

ofsize
V

.T
he

conditionalprobability
of

a
w

ord
given

its
history

p
(v
i |v

<
i )

is
now

expressed
as

a
sm

ooth
function

of
a

hidden
layer

h
i (v

<
i )

used
to

predict
w

ord
v
i .

T
he

peculiarity
of

the
D

ocN
A

D
E

language
m

odel
lies

in
the

definition
ofthis

hidden
layer,w

hich
now

includes
tw

o
term

s:

h
i (v

<
i )

=
g

(b
+

h
D
N

i
(v
<
i )

+
h
L
M
i

(v
<
i )).

(19)

T
he

firstterm
borrow

s
from

the
D

ocN
A

D
E

m
odelby

aggregating
em

beddings
for

allthe
previous

w
ords

in
the

history:

h
D
N

i
(v
<
i )

=
1

i−
1

∑k
<
i

W
D
N

:,v
k
,

(20)

w
here

i−
1

is
the

num
ber

of
w

ords
used

to
create

h
D
N

i
(v
<
i ).

W
e

average
the

hidden
rep-

resentation
by

the
num

ber
of

w
ords

to
getgood

results
for

the
language

m
odeling

task,so
thatthe
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D
O

C
N

A
D

E

re
pr

es
en

ta
tio

n
ca

n
be

co
m

e
in

va
ri

an
tt

o
th

e
do

cu
m

en
t’s

le
ng

th
.T

he
hi

dd
en

re
pr

es
en

ta
tio

n
h
D
N

i
(v
<
i)

m
od

el
s

th
e

se
m

an
tic

as
pe

ct
s

of
th

e
te

xt
th

at
ha

ve
be

en
ob

se
rv

ed
so

fa
r.

A
s

w
e

ex
pl

ai
ne

d
ea

rl
ie

rf
or

D
oc

N
A

D
E

,t
he

or
de

r
of

th
e

w
or

ds
w

ith
in

v
<
i

is
no

tm
od

el
ed

.
T

he
hi

dd
en

la
ye

r
h
D
N

i
(v
<
i)

ca
n

be
se

en
as

a
co

nt
ex

tr
ep

re
se

nt
at

io
n

of
th

e
pa

st
w

he
re

th
e

in
flu

en
ce

of
a

w
or

d
re

la
tiv

e
to

ot
he

r
w

or
ds

do
es

no
td

im
in

is
h

ov
er

tim
e.

T
he

se
co

nd
co

nt
ri

bu
tio

n
de

riv
es

fr
om

a
ne

ur
al
n

-g
ra

m
la

ng
ua

ge
m

od
el

as
fo

llo
w

s:

h
L
M
i

(v
<
i)

=
n
−
1

∑ k
=
1

U
k
·W

L
M

:,
v
i−
k
.

(2
1)

In
th

is
fo

rm
ul

a,
th

e
hi

st
or

y
fo

r
th

e
w

or
d
v i

is
re

st
ri

ct
ed

to
th

e
n
−

1
pr

ec
ed

in
g

w
or

ds
,

fo
llo

w
in

g
th

e
co

m
m

on
n

-g
ra

m
as

su
m

pt
io

n.
T

he
te

rm
h
L
M
i

he
nc

e
re

pr
es

en
ts

th
e

co
nt

in
uo

us
re

pr
es

en
ta

tio
n

of
th

es
e
n
−

1
w

or
ds

,
in

w
hi

ch
w

or
d

em
be

dd
in

gs
ar

e
lin

ea
rl

y
tr

an
sf

or
m

ed
by

th
e

or
de

re
d

m
at

ri
ce

s
U

1
,U

2
,.
..
,U

n
−
1
.

M
or

eo
ve

r,
b

ga
th

er
s

th
e

bi
as

te
rm

s
fo

r
th

e
hi

dd
en

la
ye

r.
In

th
is

m
od

el
,

tw
o

se
ts

of
w

or
d

em
be

dd
in

gs
ar

e
de

fin
ed

,
W

D
N

an
d

W
L
M

,
w

hi
ch

ar
e

re
sp

ec
tiv

el
y

as
so

ci
at

ed
to

th
e

D
oc

N
A

D
E

an
d

ne
ur

al
la

ng
ua

ge
m

od
el

pa
rt

s.
Fo

r
si

m
pl

ic
ity

,w
e

as
su

m
e

bo
th

ar
e

of
th

e
sa

m
e

si
ze

H
.

G
iv

en
hi

dd
en

la
ye

rh
i(

v
<
i)

,c
on

di
tio

na
lp

ro
ba

bi
lit

ie
sp

(v
i|v

<
i)

ca
n

be
es

tim
at

ed
,a

nd
th

us
p
(v

).
Fo

r
th

e
af

or
em

en
tio

ne
d

re
as

on
ex

pl
ai

ne
d

in
D

oc
N

A
D

E
,t

he
ou

tp
ut

la
ye

r
is

st
ru

ct
ur

ed
as

a
pr

ob
a-

bi
lis

tic
tr

ee
fo

re
ffi

ci
en

tc
om

pu
ta

tio
ns

.S
pe

ci
fic

al
ly

,w
e

de
ci

de
d

to
us

e
a

va
ri

at
io

n
of

th
e

pr
ob

ab
ili

st
ic

bi
na

ry
tr

ee
,k

no
w

n
as

a
hi

er
ar

ch
ic

al
so

ft
m

ax
la

ye
r.

In
th

is
ca

se
,i

ns
te

ad
of

ha
vi

ng
bi

na
ry

no
de

s
w

ith
m

ul
tip

le
le

ve
ls

in
th

e
tr

ee
,w

e
ha

ve
on

ly
tw

o
le

ve
ls

w
he

re
al

lw
or

ds
ha

ve
th

ei
rl

ea
fa

tl
ev

el
tw

o
an

d
ea

ch
no

de
is

a
m

ul
tic

la
ss

(i
.e

.s
of

tm
ax

)
lo

gi
st

ic
re

gr
es

si
on

w
ith

ro
ug

hl
y
√
V

cl
as

se
s

(o
ne

fo
r

ea
ch

ch
ild

re
n)

.
C

om
pu

tin
g

pr
ob

ab
ili

tie
s

in
su

ch
a

st
ru

ct
ur

ed
la

ye
r

ca
n

be
do

ne
us

in
g

on
ly

tw
o

m
at

ri
x

m
ul

tip
lic

at
io

ns
,w

hi
ch

ca
n

be
ef

fic
ie

nt
ly

co
m

pu
te

d
on

th
e

G
PU

.
W

ith
a

hi
dd

en
la

ye
ro

fs
iz

e
H

,t
he

co
m

pl
ex

ity
of

co
m

pu
tin

g
th

e
so

ft
m

ax
at

on
e

no
de

is
O

(H
√
V

).
If

w
e

ha
ve
D

w
or

ds
in

a
gi

ve
n

do
cu

m
en

t,
th

e
co

m
pl

ex
ity

of
co

m
pu

tin
g

al
ln

ec
es

sa
ry

pr
ob

ab
ili

tie
s

fr
om

th
e

hi
dd

en
la

ye
rs

is
th

us
O

(D
H
√
V

).
It

al
so

re
qu

ir
es
O

(D
H

)
co

m
pu

ta
tio

ns
to

co
m

pu
te

th
e

hi
dd

en
re

pr
es

en
ta

tio
ns

fo
r

th
e

D
oc

N
A

D
E

pa
rt

an
d
O

(n
H

2
)

fo
r

th
e

la
ng

ua
ge

m
od

el
pa

rt
.

T
he

fu
ll

co
m

pl
ex

ity
fo

rc
om

pu
tin

g
p
(v

)
an

d
th

e
up

da
te

sf
or

th
e

pa
ra

m
et

er
si

st
hu

sO
(D
H
√
V

+
D
H

+
n
H

2
).

O
nc

e
ag

ai
n,

th
e

lo
ss

fu
nc

tio
n

of
th

e
m

od
el

is
th

e
ne

ga
tiv

e
lo

g-
lik

el
ih

oo
d,

an
d

w
e

m
in

im
iz

e
it

by
us

in
g

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

t
ov

er
do

cu
m

en
ts

,
to

le
ar

n
th

e
va

lu
es

of
th

e
pa

ra
m

et
er

s
{b
,c
,V

,W
L
M
,W

D
N
,U

1
,.
..
,U

n
}.

5.
R

el
at

ed
W

or
k

A
s

N
A

D
E

w
as

in
sp

ir
ed

by
th

e
R

B
M

,D
oc

N
A

D
E

ca
n

be
se

en
as

re
la

te
d

to
th

e
R

ep
lic

at
ed

So
ft

m
ax

m
od

el
(S

al
ak

hu
td

in
ov

an
d

H
in

to
n,

20
09

),
an

ex
te

ns
io

n
of

th
e

R
B

M
to

do
cu

m
en

tm
od

el
in

g.
H

er
e,

w
e

de
sc

ri
be

in
m

or
e

de
ta

il
th

e
R

ep
lic

at
ed

So
ft

m
ax

,a
lo

ng
w

ith
its

re
la

tio
ns

hi
p

w
ith

D
oc

N
A

D
E

.
M

uc
h

lik
e

th
e

R
B

M
,

th
e

R
ep

lic
at

ed
So

ft
m

ax
m

od
el

s
ob

se
rv

at
io

ns
us

in
g

a
la

te
nt

,
st

oc
ha

st
ic

bi
na

ry
la

ye
rh

.H
er

e,
th

e
ob

se
rv

at
io

n
is

a
do

cu
m

en
tv

an
d

in
te

ra
ct

s
w

ith
th

e
hi

dd
en

la
ye

rh
th

ro
ug

h
an

en
er

gy
fu

nc
tio

n
si

m
ila

rt
o

R
B

M
’s

:

E
(v
,h

)
=
−
D

c
>

h
+

D ∑ i=
1

−
h
>

W
:,
v
i
−
b v
i

=
−
D

c
>

h
−

h
>

W
n

(v
)
−

b
>

n
(v

),
(2

2)
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R
ep

lic
at

ed
So

ft
m

ax
m

od
el

.
E

ac
h

m
ul

tin
om

ia
l

ob
se

rv
at

io
n
v i

is
a

w
or

d.
C

on
ne

ct
io

ns
be

tw
ee

n
ea

ch
m

ul
tin

om
ia

lo
bs

er
va

tio
n
v i

an
d

hi
dd

en
un

its
ar

e
sh

ar
ed

.

w
he

re
n

(v
)

is
a

ba
g-

of
-w

or
ds

ve
ct

or
of

si
ze
V

(t
he

si
ze

of
th

e
vo

ca
bu

la
ry

)
co

nt
ai

ni
ng

th
e

w
or

d
co

un
to

fe
ac

h
w

or
d

in
th

e
vo

ca
bu

la
ry

fo
rd

oc
um

en
tv

.h
is

a
st

oc
ha

st
ic

,b
in

ar
y

hi
dd

en
la

ye
rv

ec
to

r,
an

d
W

:,
v
i

is
th

e
v i

-t
h

co
lu

m
n

ve
ct

or
of

m
at

ri
x

W
.
c

an
d

b
ar

e
th

e
bi

as
ve

ct
or

s
fo

r
th

e
vi

si
bl

e
an

d
th

e
hi

dd
en

la
ye

rs
.

W
e

se
e

he
re

th
at

th
e

la
rg

er
v

is
,t

he
bi

gg
er

th
e

nu
m

be
r

of
te

rm
s

in
th

e
su

m
ov

er
i

is
,r

es
ul

tin
g

in
a

hi
gh

en
er

gy
va

lu
e.

Fo
r

th
is

re
as

on
,t

he
hi

dd
en

bi
as

te
rm

c
>

h
is

m
ul

tip
lie

d
by

D
,t

o
be

co
m

m
en

su
ra

te
w

ith
th

e
co

nt
ri

bu
tio

n
of

th
e

vi
si

bl
e

la
ye

r..
W

e
ca

n
se

e
al

so
th

at
co

nn
ec

tio
n

pa
ra

m
et

er
s

ar
e

sh
ar

ed
ac

ro
ss

di
ff

er
en

tp
os

iti
on

s
i

in
v

,a
s

ill
us

tr
at

ed
in

Fi
gu

re
7.

T
he

co
nd

iti
on

al
pr

ob
ab

ili
tie

s
of

th
e

hi
dd

en
an

d
th

e
vi

si
bl

e
la

ye
rf

ac
to

ri
ze

as
in

th
e

R
B

M
,i

n
th

e
fo

llo
w

in
g

w
ay

:

p
(h
|v

)
=
∏ j

p
(h
j
|v

)
,

p
(v
|h

)
=

D ∏ i=
1

p
(v
i|h

)
(2

3)

w
he

re
th

e
fa

ct
or

s
p
(h
j
|v

)
an

d
p
(v
i|h

)
ar

e
su

ch
th

at

p
(h
j

=
1|

v
)

=
si

gm
(D
c j

+
∑ i

W
jv
i
)

(2
4)

p
(v
i

=
w
|h

)
=

ex
p

(b
w

+
h
>

W
:,
w

)
∑

w
′
ex

p
(b
w
′
+

h
>

W
:,
w
′ )

(2
5)

T
he

no
rm

al
iz

ed
ex

po
ne

nt
ia

lp
ar

ti
n
p
(v
i

=
w
|h

)
is

si
m

pl
y

th
e

so
ft

m
ax

fu
nc

tio
n.

To
tr

ai
n

th
is

m
od

el
,

w
e

m
in

im
iz

e
th

e
ne

ga
tiv

e
lo

g-
lik

el
ih

oo
d

(N
L

L
).

It
s

gr
ad

ie
nt

fo
ra

do
cu

m
en

tv
(t
)

w
ith

re
sp

ec
tt

o
th

e
pa

ra
m

et
er

s
θ

=
{W

,c
,b
}i

s
ca

lc
ul

at
ed

as
fo

llo
w

s:

−
∂

lo
g
p
(v

(t
) )

∂
θ

=
EE
h
|v

(t
)

[
∂ ∂
θ
E

(v
(t
) ,

h
)] −

EE
v
,h

[
∂ ∂
θ
E

(v
,h

)] .
(2

6)

A
s

w
ith

th
e

co
nv

en
tio

na
l

R
B

M
,

th
e

se
co

nd
ex

pe
ct

at
io

n
in

E
qu

at
io

n
26

is
co

m
pu

ta
tio

na
lly

in
-

tr
ac

ta
bl

e.
T

he
gr

ad
ie

nt
of

th
e

ne
ga

tiv
e

lo
g-

lik
el

ih
oo

d
is

th
er

ef
or

e
ap

pr
ox

im
at

ed
by

re
pl

ac
in

g
th

e
se

co
nd

ex
pe

ct
at

io
n

w
ith

an
es

tim
at

ed
va

lu
e

ob
ta

in
ed

by
co

nt
ra

st
iv

e
di

ve
rg

en
ce

(H
in

to
n,

20
02

).
T

hi
s

ap
pr

oa
ch

co
ns

is
ts

of
pe

rf
or

m
in

g
K

st
ep

s
of

bl
oc

k
G

ib
bs

sa
m

pl
in

g,
st

ar
tin

g
at

v
(t
)

an
d

us
in

g
E

qu
a-

tio
ns

24
an

d
25

,
to

ob
ta

in
a

po
in

t
es

tim
at

e
of

th
e

ex
pe

ct
at

io
n

ov
er

v
.

A
la

rg
e

va
lu

es
of
K

m
us

t
be

us
ed

to
re

du
ce

th
e

bi
as

of
gr

ad
ie

nt
es

tim
at

es
an

d
ob

ta
in

go
od

es
tim

at
es

of
th

e
di

st
ri

bu
tio

n.
T

hi
s

ap
pr

ox
im

at
io

n
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us
ed

to
pe

rf
or

m
st

oc
ha

st
ic

gr
ad
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nt
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D
O

CN
A

D
E

D
uring

G
ibbs

sam
pling,the

R
eplicated

Softm
ax

m
odelm

ustcom
pute

and
sam

ple
from

p
(v
i

=
w|h

),w
hich

requires
the

com
putation

ofa
large

softm
ax.M

ostim
portantly,the

com
putation

ofthe
softm

ax
m

ostbe
repeated

K
tim

es
for

each
update,w

hich
can

be
prohibitive,especially

for
large

vocabularies.U
nlike

D
ocN

A
D

E
,this

softm
ax

cannotsim
ply

be
replaced

by
a

structured
softm

ax.
D

ocN
A

D
E

is
closely

related
to

how
the

R
eplicated

Softm
ax

approxim
ates,through

m
ean-field

inference,
the

conditionals
p
(v
i

=
w|v

<
i ).

C
om

puting
the

conditional
p
(v
i

=
w|v

<
i )

w
ith

the
R

eplicated
Softm

ax
is

intractable.
H

ow
ever,w

e
could

use
m

ean-field
inference

to
approxim

ate
the

fullconditional
p
(v
i ,v

>
i ,h|v

<
i )

by
introducing

a
factorized

approxim
ate

distribution:

q(v
i ,v

>
i ,h|v

<
i )

=
∏k≥

i q(v
k |v

<
i ) ∏

j

q(h
j |v

<
i )
,

(27)

w
here

q(v
k

=
w|v

<
i )

=
µ
k
w

(i)
and

q(h
j

=
1|v

<
i )

=
τ
j (i).

W
e

w
ould

find
the

param
eters

µ
k
w

(i)
and

τ
j (i)

thatm
inim

ize
the

K
L

divergence
betw

een
q(v

i ,v
>
i ,h|v

<
i )

and
p
(v
i ,v

>
i ,h|v

<
i )

by
applying

the
follow

ing
m

essage
passing

equations
untilconvergence:

τ
j (i)←

sigm


D
c
j

+
∑k≥

i

V
∑w
′=

1

W
jw
′µ
k
w
′(i)

+
∑k
<
i

W
jv
k 

,
(28)

µ
k
w

(i)←
ex

p
(b
w

+
∑

j
W
jw
τ
j (i))

∑
w
′ ex

p
(b
w
′
+
∑

j
W
jw
′τ
j (i)) .

(29)

w
ith

k
∈
{i,...,D

},
j∈
{
1,...,H

}
and

w
∈
{1
,...,V

}.T
he

conditional
p
(v
i

=
w|v

<
i )

is
then

estim
ated

w
ith

µ
k
w

(i)
forall

i.W
e

note
thatone

iteration
ofm

ean-field
(w

ith
µ
k
w
′(i)

initialized
to

0)in
the

R
eplicated

Softm
ax

correspondsto
the

conditionalp
(v
i

=
w|v

<
i )com

puted
by

D
ocN

A
D

E
w

ith
a

single
hidden

layerand
a

flatsoftm
ax

outputlayer.
In

ourexperim
ent,w

e
show

thatD
ocN

A
D

E
com

pares
favorably

to
R

eplicated
Softm

ax.

5.1
R

elated
w

ork
discussion

W
ith

D
ocN

A
D

E
,the

conditionalprobability
ofeach

w
ord

in
a

docum
entis

com
puted

given
the

set
ofpreviously

observed
w

ords.T
he

probability
distribution

ofthe
w

hole
docum

entis
m

odeled
using

the
probability

chain
rule.

D
ocN

A
D

E
autom

atically
learns

the
underlying

w
ord

representations
and

can
com

pute
the

probability
of

a
docum

ent
exactly

and
efficiently.

Sim
ilarly,the

R
eplicated

Softm
ax

(Salakhutdinov
and

H
inton,

2009)
also

m
odels

the
distribution,

but
because

calculating
the

needed
partition

function
for

m
oderately

large
m

odels
is

intractable,
an

approxim
ation

m
ust

be
m

ade
to

com
pute

the
probability

of
a

docum
ent,

m
aking

the
estim

ate
not

entirely
trustable.

T
here

are
also

otherw
orks

thatcan
learn

good
w

ord
representations

like
D

ocN
A

D
E

,such
as

typical
autoencoder,

w
ord2vec,

doc2vec,
etc.

For
exam

ple,
people

could
use

continuous
bag-of-w

ords
autoencoder

to
learn

good
representations.

T
he

popular
w

ord2vec
approaches,C

B
O

W
and

Skip-
gram

(M
ikolov

etal.,2013),also
learn

w
ord

representations.
T

he
C

B
O

W
task

is
to

predicta
w

ord
given

a
surrounding

context
of

N
w

ords
w

here
the

Skip-gram
does

the
opposite,

predicting
the

N
context

w
ords

surrounding
a

specific
w

ord.
To

generate
a

docum
ent

representation,
D

oc2vec
(L

e
and

M
ikolov,2014)(also

called
paragraph-vectors)m

odifies
w

ord2vec
by

adding
a

docum
ent-

unique
feature

vectorduring
training.Forinference,a

new
docum

entis
presented,and

allthe
m

odel
param

eters
are

fixed
to

calculate
the

docum
entvector.

T
he

advantage
of

D
ocN

A
D

E
over

allthese
above

proposalsisthatitcan
m

odelthe
probability

ofthe
docum

entsasw
ellaslearn

representations
ofw

ords.H
ence,the

representations
are

m
ore

suitable
fordocum

entretrievaltasks.
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6.Topic
m

odeling
experim

ents

To
com

pare
the

topic
m

odels,tw
o

quantitative
m

easures
are
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T

he
firstone

evaluates
the

gen-
erative

ability
of

differentm
odels,by

com
puting

the
perplexity

on
held-outtexts.

T
he

second
one

com
pares

the
quality

ofdocum
entrepresentations

forinform
ation

retrieval.
Tw

o
differentdatasets

are
used

forthe
experim

ents
in

this
Section,a

sm
allone

and
a

relatively
big

one,
20

N
ew

sgroups
and

R
C

V
1-V

2
(R

euters
C

orpus
Volum

e
I)

respectively.
T

he
20

N
ew

s-
groups

corpus
has

18,786
docum

ents
(postings)

partitioned
into

20
differentclasses

(new
sgroups).

R
C

V
1-V

2
is

a
m

uch
bigger

datasetcom
posed

of
804,414

docum
ents

(new
sw

ire
stories)

m
anually

categorized
into

103
classes

(topics).T
he

tw
o

datasets
w

ere
preprocessed

by
stem

m
ing

the
textand

rem
oving

com
m

on
stop-w

ords.
T

he
2,000

m
ostfrequentw

ords
of

the
20

N
ew

sgroups
training

set
and

the
10,000

m
ostfrequentw

ords
ofthe

R
C

V
1-V

2
training

setw
ere

used
to

create
the

dictionary
foreach

dataset.A
lso,every

w
ord

countn
i ,used

to
representthe

num
beroftim

es
a

w
ord

appears
in

a
docum

ent,w
as

replaced
w

ith
log

(1
+
n
i )

rounded
to

the
nearestinteger,follow

ing
Salakhutdinov

and
H

inton
(2009).

For
these

experim
ents,

all
the

hidden
representations

of
all

the
m

odels
are

com
posed

of
50

dim
ensionalfeatures.

E
arly

stopping
on

the
validation

setis
used

for
avoiding

overfitting
and

for
m

odelselection.

6.1
G

enerative
M

odelE
valuation

For
the

generative
m

odelevaluation,w
e

follow
the

experim
entalsetup

proposed
by

Salakhutdinov
and

H
inton

(2009)
for

20
N

ew
sgroups

and
R

C
V

1-V
2

datasets.
W

e
use

the
exactsam

e
splitfor

the
sake

of
com

parison.
T

he
setup

consists
of

respectively
11,284

and
402,207

training
exam

ples
for

20
N

ew
sgroups

and
R

C
V

1-V
2.W

e
random

ly
extract1,000

and
10,000

docum
ents

from
the

training
sets

of20
N

ew
sgroups

and
R

C
V

1-V
2,respectively,to

build
a

validation
set.T

he
average

perplexity
per

w
ord

is
used

for
com

parison.
T

his
perplexity

is
estim

ated
using

the
50

first
docum

ents
of

a
separate

testset,as
follow

s:

ex
p (
−

1T

∑

t

1

|v
t|

lo
g
p
(v
t) )

,
(30)

w
here

T
is

the
totalnum

berofexam
ples

in
the

testsetand
v
tis

the
t-th

testdocum
ent. 3

Table
1

presents
the

perplexities
per

w
ord

results
for

20
N

ew
sgroups

and
R

C
V

1-V
2.

W
e

com
-

pare
5

differentm
odels:

the
L

atentD
irichletA

llocation
(L

D
A

)
(B

leietal.,2003),the
R

eplicated
Softm

ax,the
recently

proposed
fastD

eep
A

utoR
egressive

N
etw

orks
(fD

A
R

N
)

(M
nih

and
G

regor,
2014),D

ocN
A

D
E

and
D

eepD
ocN

A
D

E
(D

eepD
N

in
the

table).
E

ach
m

odeluses
50

latenttopics
(size

of
the

representation
of

a
docum

ent).
For

the
experim

ents
w

ith
D

eepD
ocN

A
D

E
,w

e
provide

the
perform

ance
w

hen
using

1,2,and
3

hidden
layers.

A
s

show
n

in
Table

1,D
eepD

ocN
A

D
E

re-
sults

in
the

bestgenerative
perform

ances.
O

ur
bestD

eepD
ocN

A
D

E
m

odels
w

ere
trained

w
ith

the
A

dam
optim

izer
(K

ingm
a

and
B

a,2014)
and

w
ith

tan
h

activation
function.

T
he

hyper-param
eters

ofA
dam

w
ere

selected
on

the
validation

set.

3.
N

ote
thatthere

is
a

difference
betw

een
the

sizes,forthe
training

sets
and

testsets
of20

N
ew

sgroups
and

R
C

V
1-V

2
reported

in
this

paperand
the

one
reported

in
the

originaldata
paperofSalakhutdinov

and
H

inton
(2009).T

he
correct

values
are

the
ones

given
in

this
Section,w

hich
w

as
confirm

ed
afterpersonalcom

m
unication

w
ith

Salakhutdinov
and

H
inton

(2009).
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Figure
9:

Precision-R
ecall

curves
for

docum
ent

retrieval
task.

O
n

the
left

are
the

results
using

a
hidden

layersize
of128,w

hile
the

plots
on

the
rightare

fora
size

of512.

W
e

have
also

attem
pted

to
m

easure
w

hether
the

hidden
units

of
the

firsthidden
layer

of
D

oc-
N

A
D

E
and

D
eepD

ocN
A

D
E

m
odels

m
odeled

distinct
topics.

U
nderstanding

the
function

repre-
sented

by
hidden

units
in

neural
netw

orks
is

not
a

trivial
affair,

but
w

e
considered

the
follow

ing
sim

ple
approach.Fora

given
hidden

unit,its
connections

to
w

ords
are

interpreted
as

the
im

portance
of

the
w

ord
for

the
associated

topic.
W

e
thus

select
the

w
ords

having
the

strongestpositive
con-

nections
for

a
hidden

unit,i.e.for
the

i-th
hidden

unitw
e

chose
the

w
ords

w
thathave

the
highest

connection
values

W
i,w

.
W

ith
this

approach,fifty
topics

w
ere

obtained
from

a
D

ocN
A

D
E

m
odel(w

ith
the

sigm
oid

acti-
vation

function)trained
on

20
N

ew
sgroups.Fourofthe

fifty
topics

are
show

n
in

Table
3

and
can

be
readily

interpreted
as

topics
representing:

religion,space,sports
and

security.
N

ote
thatthose

four
topics

are
actual(sub)categories

in
20

N
ew

sgroups.
T

hat
said,

w
e

have
had

less
success

understanding
the

topics
extracted

w
hen

using
the

tan
h

activation
function

or
w

hen
using

D
eepD

ocN
A

D
E

.It
thus

seem
s

that
these

m
odels

learn
a

latent
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JM

L
R

 18(113):1-24, 2017

L
A

U
LY,Z

H
E

N
G

,A
L
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E
N

&
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R
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C
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E

L
L

E

H
idden
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shuttle
season

encryption
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orbit
players

escrow
christianity

lunar
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nsa
atheists

space
playoffs

rutgers
bible

launch
rangers

clipper
christians

saturn
hockey

secure
sin

billion
pitching

encrypted
atheist

satellite
team

keys

Table
3:

Illustration
ofsom

e
topics

learned
by

D
ocN

A
D

E
.A

topic
iis

visualized
by

picking
the

10
w

ords
w

w
ith

strongestconnection
W
iw

.

representation
that

does
not

align
its

dim
ensions

w
ith

concepts
that

are
easily

interpretable,
even

though
itis

clearly
capturing

w
ellthe

statistics
ofdocum

ents.

7.L
anguage

M
odeling

E
xperim

ents

In
this

Section,w
e

testw
hetherourproposed

approach
to

incorporating
a

D
ocN

A
D

E
com

ponentto
a

neurallanguage
m

odelcan
im

prove
the

perform
ance

ofa
neurallanguage

m
odel.Specifically,w

e
considered

treating
a

textcorpus
as

a
sequence

ofdocum
ents.W

e
used

the
A

PN
ew

s
dataset,as

pro-
vided

by
M

nih
and

H
inton

(2009).U
nfortunately,inform

ation
aboutthe

originalsegm
entation

into
docum

ents
ofthe

corpus
w

as
notavailable

in
the

data
as

provided
by

M
nih

and
H

inton
(2009),thus

w
e

sim
ulated

the
presence

of
docum

ents
by

grouping
one

or
m

ore
adjacentsentences,for

training
and

evaluating
D

ocN
A

D
E

-L
M

,m
aking

sure
the

generated
docum

ents
w

ere
non-overlapping.

T
his

approach
still

allow
s

us
to

test
w

hether
D

ocN
A

D
E

-L
M

is
able

to
effectively

leverage
the

larger
contextofw

ords
in

m
aking

its
predictions.

Since
language

m
odels

are
generative

m
odels,the

perplexity
m

easured
on

som
e

held-outtexts
is

w
idely

used
forevaluation.Follow

ing
M

nih
and

H
inton

(2007)and
M

nih
and

H
inton

(2009),w
e

use
the

A
PN

ew
s

datasetcontaining
A

ssociated
Press

new
s

stories
from

1995
and

1996.T
he

dataset
is

again
split

into
training,

validation
and

test
sets

w
ith

respectively
633,143,

43,702
and

44,601
sentences.T

he
vocabulary

is
com

posed
of17,964

w
ords.

For
these

experim
ents,

all
the

hidden
representations

of
all

the
m

odels
are

com
posed

of
100

dim
ensionalfeatures.

E
arly

stopping
on

the
validation

setis
used

for
avoiding

overfitting
and

for
m

odelselection.T
he

perplexity
scores

ofTable
4

are
com

puted
on

the
testset.

T
he

L
M

m
odel

in
Table

4
corresponds

to
a

regular
neural

(feed-forw
ard)

netw
ork

language
m

odel.
Itis

equivalentto
using

only
the

language
m

odelpartof
D

ocN
A

D
E

-L
M

.T
hese

results
are

m
eantto

m
easure

w
hetherthe

D
ocN

A
D

E
partofD

ocN
A

D
E

-L
M

indeed
im

proves
perform

ances.
W

e
also

com
pare

againstthe
log-bilinear

language
(L

B
L

)
m

odelof
M

nih
and

H
inton

(2007)).
W

hile
w

e
used

a
hierarchical

softm
ax

to
com

pute
the

conditional
w

ord
probabilities

for
the

L
M

m
odel(see

Section
4),the

L
B

L
m

odeluses
a

fullsoftm
ax

outputlayerthatuses
the

sam
e

w
ord

rep-
resentation

m
atrix

atthe
inputand

output.T
his

latterm
odelis

therefore
slow

erto
train.L

ater,M
nih
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p
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m
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c
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h
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u
r
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d
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d
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p
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p
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al.,
2007;

G
ou

d
arzi
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h
ave

b
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e
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le
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d
ices

sh
ow

n
to

th
e

n
etw

ork
.
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p
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u
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th
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b
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rob
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w
e
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con
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b
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g
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d

m
u
ltip
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ou
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u
t

F
B
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s.

R
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u
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L
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T

L
)
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th
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u
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n
etw
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s
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b
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u
e
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target
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p
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an

ce.
T

o
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p
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th
e
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fu
rth

er
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p
rovem

en
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w
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u
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B

N
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rricu
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b
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th

e
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w

e
ou

tlin
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th
e
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t

w
ork
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target
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rricu

la.

1
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x
a
m

p
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C
u
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u
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T
h
e
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p
roach

w
e

p
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g
in
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rricu

la.
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w
e
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b
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e
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e
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t
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b
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ou
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p
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C
u
rricu
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m
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g
b
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p
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in
g
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k
in

g
of

exa
m

p
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b

e
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o
m

ain
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p
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C
u
rricu

lu
m

L
earn

in
g

(C
L

)
an

d
S
elf-P
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L

earn
in

g
(S

P
L
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u
m
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et

al.,
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In
th

e
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er
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e
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in
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riori
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ile
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e
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1
.
W

ith
p
u
rely

b
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a
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p
red
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n
d
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e
L
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n
d
L
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T
a
r
g
e
t
C
u
r
r
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u
l
a
v
ia

S
e
l
e
c
t
io
n
o
f
M
in
im

u
m

F
e
a
t
u
r
e
S
e
t
s

w
it

h
th

e
m

o
d
el

.
J
ia

n
g

et
al

.
(2

01
5)

d
em

o
n
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ra
te

d
a

co
m

b
in

ed
ap

p
ro

ac
h
—

in
tu

it
iv

el
y
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ed

S
el
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P
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ed

C
u
rr
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u
lu

m
L
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in
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w
h
er

e
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n
st

ra
in
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e
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am

p
le

-r
an

k
in

g
ar

e
im

p
os

ed
b
y

a
fi
x
ed
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rr

ic
u
lu

m
an

d
th

e
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n
k
in

g
is

le
ar

n
ed

jo
in
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y

w
it

h
th

e
m

o
d
el

b
u
t

su
b

je
ct

to
th

e
cu

rr
ic

u
lu

m
co

n
st

ra
in

ts
.

S
P

L
an

d
C

L
em

er
g
e

as
sp

ec
ia

l
ca

se
s

of
th

ei
r

fr
am

ew
or

k
.

T
h
ey

p
re

se
n
t

p
os

it
iv

e
re

su
lt

s
in

co
m

p
ar

is
on

to
b
as

el
in

e
m

et
h
o
d
s

on
m

at
ri

x
fa

ct
o
ri

za
ti

on
an

d
m

u
lt

im
ed

ia
ev

en
t

d
et

ec
ti

on
p
ro

b
le

m
s.

S
p
it

ko
v
sk

y
et

al
.

(2
00

9)
d
em

on
st

ra
te

d
th

e
su

cc
es

s
of

a
cu

rr
ic

u
lu

m
of

sa
m

p
le

s
of

in
cr

ea
s-

in
g

co
m

p
le

xi
ty

on
th

e
p
ro

b
le

m
of

d
et

er
m

in
in

g
gr

am
m

ar
fr

om
fr

ee
-f

o
rm

se
n
te

n
ce

s.
T

h
ei

r
p
ro

x
y

fo
r

co
m

p
le

x
it

y
in

th
is

ca
se

is
th

e
le

n
gt

h
of

th
e

ex
am

p
le

se
n
te

n
ce

.
T

h
ey

al
so

n
ot

ed
th

e
ap

p
ea

ra
n
ce

of
a

“s
w

ee
t-

sp
ot

”
in

se
n
te

n
ce

le
n
gt

h
,

th
e

in
cl

u
si

on
of

sa
m

p
le

s
ab

ov
e

w
h
ic

h
re

d
u
ce

d
p

er
fo

rm
an

ce
.

T
h
e

co
m

b
in

at
io

n
of

b
ot

h
th

ei
r

cu
rr

ic
u
lu

m
an

d
co

m
p
le

x
it

y
li
m

it
at

io
n

im
p
ro

ve
d

on
th

e
st

at
e-

of
-t

h
e-

ar
t.

It
is

im
p

or
ta

n
t

to
n
ot

e
th

at
th

e
te

rm
s

C
u
rr

ic
u
lu

m
L

ea
rn

in
g

(C
L

)
an

d
S
el

f-
P

ac
ed

L
ea

rn
-

in
g

(S
P

L
)

u
se

d
w

it
h
in

th
is

su
b
se

ct
io

n
re

la
te

d
ex

a
m

p
le

cu
rr

ic
u
la

.
It

is
p

o
ss

ib
le

to
al

so
co

n
si

d
er

a
le

ar
n
er

—
in

a
M

L
C

fr
am

ew
or

k
—

to
b

e
fo

ll
ow

in
g

a
cu

rr
ic

u
lu

m
of

ta
rg

et
s

(o
r

to
b

e
se

lf
-p

ac
ed

in
th

e
sa

m
e

re
sp

ec
t)

.
W

e
p
ri

m
ar

il
y

co
ve

r
th

e
fo

rm
er

ca
se

of
a

fi
x
ed

cu
rr

ic
u
lu

m
of

ta
rg

et
s,

an
d

th
ro

u
gh

ou
t

th
is

p
ap

er
“c

u
rr

ic
u
lu

m
”

w
il
l

re
fe

r
to

a
cu

rr
ic

u
lu

m
of

ta
rg

et
s.
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e
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u
rr
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L
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ta
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et
s
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n
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en
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y
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h
a
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p
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n
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b
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p
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an

a,
19

97
;

W
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.,

20
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b
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b
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b
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p
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b
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b
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p
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p
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v
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u
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p
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ra
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h
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h
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b
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b
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d
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p
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c
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d
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p
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b
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d
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d
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o
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d
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en
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u
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d
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o
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u
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w
h
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h
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b
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d
b
in

ar
y

ta
rg

et
s,

ra
p
id
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p
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p
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p
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b
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p
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b
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h
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b
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b
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b
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p
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h
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u
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b
y

u
se

o
f

fe
at

u
re

se
le

ct
io

n
m

et
h
o
d
s.
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in
g

se
ct

io
n

d
es

cr
ib

es
ou

r
ap

p
ro

ac
h
.

2
.
L
e
a
rn

in
g
T
a
rg

e
ts

in
O
rd

e
r

H
er

e
w

e
d
es

cr
ib

e
th

re
e

lo
ss

fu
n
ct

io
n
s

w
h
ic

h
w

e
u
se

d
to

en
fo

rc
e

a
cu

rr
ic

u
lu

m
o
f

ta
rg

et
s,

as
w

el
l

as
a

n
ov

el
m

et
h
o
d

fo
r

ob
ta

in
in

g
sa

id
cu

rr
ic

u
lu

m
w

h
ic

h
re

d
u
ce

s
th

e
p
ro

b
le

m
to
m

in
st

an
ce

s
of

th
e

M
in

im
u
m

-F
ea

tu
re

-S
et

(m
in

F
S
)

p
ro

b
le

m
.

2
.1

H
ie

ra
rc

h
ic

a
l

L
o
ss

F
u

n
c
ti

o
n

s

A
ss

u
m

e
a

tw
o-

ta
rg

et
B

o
ol

ea
n

M
L

C
fo

r
w

h
ic

h
w

e
h
av

e
th

re
e

ca
n
d
id

at
e

le
ar

n
er

s,
a
n
d

a
ss

u
m

e
w

e
k
n
ow

th
at

th
e

fi
rs

t
ta

rg
et

is
“e

as
ie

r”
u
n
d
er

so
m

e
d
efi

n
it

io
n

th
an

th
e

se
co

n
d
.

T
h
e

fi
rs

t
le

ar
n
er

la
b

el
s

ta
rg

et
1

co
rr

ec
tl

y
an

d
ta

rg
et

2
in

co
rr

ec
tl

y
fo

r
al

l
ex

am
p
le

s.
T

h
e

se
co

n
d

le
a
rn

er
d
o
es

th
e

op
p

os
it

e,
an

d
th

e
th

ir
d

le
ar

n
er

la
b

el
s

50
%

of
th

e
ex

am
p
le

s
in

co
rr

ec
tl

y
fo

r
b

o
th

ta
rg

et
s.

A
ll

th
re

e
n
et

w
or

k
s

w
il
l

h
av

e
an

eq
u
al
L

1-
lo

ss
.

T
h
e

ra
ti

on
al

e
b

eh
in

d
th

e
lo

ss
fu

n
ct

io
n
s

w
e

ar
e

ab
ou

t
to

d
efi

n
e

is
th

at
th

e
fi
rs

t
o
f
th

e
a
b

ov
e

le
ar

n
er

s
sh

ou
ld

b
e

p
re

fe
rr

ed
.

B
y

fo
cu

si
n
g

on
ea

si
er

ta
rg

et
s

ea
rl

ie
r

in
th

e
tr

a
in

in
g

p
ro

ce
ss

th
e

n
et

w
or

k
is

m
or

e
li
k
el

y
to

fi
n
d

su
b
st

ru
ct

u
re

s
u
se

fu
l

to
la

te
r

ta
rg

et
s.

T
h
e

ex
p

ec
ta

ti
o
n

is
fa

st
er

co
n
ve

rg
en

ce
sp

ee
d
,

b
et

te
r

ge
n
er

al
is

at
io

n
or

b
ot

h
.

T
h
e
L
1
-l

os
s

is
si

m
p
ly

th
e

m
ea

n
of

th
e

er
ro

r
m

at
ri

x
.

In
ad

d
it

io
n
,

w
e

co
n
si

d
er

th
re

e
lo

ss
fu

n
ct

io
n
s

w
h
ic

h
h
ie

ra
rc

h
ic

al
ly

ag
gr

eg
at

e
th

e
er

ro
r

m
at

ri
x

el
em

en
ts

in
p
ro

g
re

ss
iv

el
y

m
o
re

st
ri

ct
w

ay
s:

•
a

li
n
ea

rl
y

w
ei

gh
te

d
m

ea
n
:
L
w

,

•
a

lo
ca

ll
y

h
ie

ra
rc

h
ic

al
m

ea
n
:
L
lh

,
an

d

•
a

gl
ob

al
ly

h
ie

ra
rc

h
ic

al
m

ea
n
:
L
g
h
.

A
ll

d
efi

n
it

io
n
s

b
el

ow
as

su
m

e
th

e
ta

rg
et

s
ar

e
or

d
er

ed
b
y

d
iffi

cu
lt

y,
w

it
h

th
e

si
m

p
le

st
ta

rg
et

at
th

e
lo

w
es

t
in

d
ex

.

T
h
e

fi
rs

t
fu

n
ct

io
n
,
L
w

,
en

co
u
ra

ge
s

th
e

ta
rg

et
cu

rr
ic

u
lu

m
b
y

w
ei

gh
ti

n
g

th
e

ea
si

er
ta

rg
et

s
m

or
e

h
ig

h
ly

.
T

h
e

w
ei

gh
ti

n
g

is
li
n
ea

r
a
n
d

th
e

re
su

lt
in

g
su

m
m

at
io

n
is

n
or

m
al

is
ed

to
th

e
u
n
it
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T
a
r
g
e
t
C
u
r
r
ic
u
l
a
v
ia

S
e
l
e
c
t
io
n
o
f
M
in
im

u
m

F
e
a
t
u
r
e
S
e
t
s

in
terva

l:

L
w

=
2

m
(m
−

1)|I| ∑i∈I

m
∑j=

1

(m
−
j

+
1)
E
i,j

.

W
e

n
a
m

ed
th

e
secon

d
fu

n
ction

,
L
lh ,

th
e

loca
lly

h
iera

rch
ica

l
loss,

as
it

en
forces

a
h
ierarch

y
o
f

ta
rg

ets
on

a
p

er-ex
am

p
le

b
asis.

T
h
e

learn
er

is
rew

ard
ed

for
correctly

lab
ellin

g
ta

rget
j

o
f

ex
a
m

p
le
i

if
an

d
on

ly
if

it
h
as

also
correctly

lab
elled

all
p
rior

targets{
1
,2
,...,j−

1}
fo

r
th

a
t

exa
m

p
le.

T
o

d
efi

n
e

th
is

fu
n
ction

,
for

each
ex

am
p
le
i,

w
e

d
efi

n
e

th
e

recu
rren

ce:

a
i,1

=
E
i,1

a
i,k

+
1

=

{
E
i,k

+
1 ,

if
a
i,k

=
0

1,
if
a
i,k

=
1

,

fro
m

w
h
ich

w
e

can
d
efi

n
e

L
lh

=
1

m
|I| ∑i∈I

m
∑k
=
1

a
i,k

.

T
h
e

fi
n
a
l

lo
ss,

L
g
h ,

follow
s

th
e

sam
e

p
rin

cip
le

as
th

e
form

er
b
u
t

across
all

ex
am

p
les.

F
o
r

th
is

rea
so

n
w

e
n
am

ed
it

th
e

glo
ba

lly
h
iera

rch
ica

l
loss.

In
th

is
case

th
e

lea
rn

er
is

given
rew

a
rd

fo
r

co
rrectly

lab
ellin

g
target

j
(of

an
y

ex
am

p
le)

if
an

d
on

ly
if

it
h
as

also
correctly

la
b

elled
a
ll

p
rio

r
targets{

1,2,...,j−
1}

for
all

ex
am

p
les

given
.

T
h
is

fu
n
ction

is
eff

ectiv
ely

a
“
so

ft”
eq

u
iva

len
t

to
learn

in
g

th
e

targ
ets

rigid
ly

in
ord

er.
W

e
can

d
efi

n
e
L
g
h

u
sin

g
th

e
m

ean
p

er-ta
rg

et
erro

rs
(th

e
row

-m
ean

s
of
E

):

δ
j

=
1|I| ∑i∈I

E
i,j

.

T
h
ese

ca
n

b
e

u
sed

to
d
efi

n
e

an
oth

er
recu

rren
ce,

b
0

=
δ
0

b
k
+
1

=

{
δ
k
+
1 ,

if
b
k

=
0

1,
if
b
k
>

0
,

g
iv

in
g

L
g
h

=
1m

m
∑j=

1

b
j

.

U
n
less

th
e

d
iffi

cu
lty

ord
er

is
k
n
ow

n
,

or
su

sp
ected

,
from

d
om

ain
sp

ecifi
c

k
n
ow

led
ge

w
e

a
lso

req
u
ire

a
m

eth
o
d

for
estim

atin
g

th
e

target
ord

er
from

th
e

train
in

g
ex

am
p
les.

W
e

d
escrib

e
a

m
eth

o
d

su
itab

le
for

B
o
olean

or
catego

rical
M

L
C

s
in

th
e

fo
llow

in
g

section
.

2
.2

M
e
a
su

rin
g

T
a
rg

e
t

O
v
e
rla

p
a
n

d
D

iffi
c
u

lty
O

rd
e
r

T
h
e

key
req

u
irem

en
t

for
ord

erin
g

targets
is

an
estim

ation
of

th
eir

relativ
e

d
iffi

cu
lty.

It
is

likely
m

o
st

su
itab

le
to

u
se

d
om

ain
k
n
ow

led
ge

w
h
ere

availa
b
le,

h
ow

ever
in

cases
w

h
ere

th
is

is
im

p
o
ssib

le
o
r

d
iffi

cu
lt

to
ob

tain
w

e
su

ggest
a

ru
le

o
f

th
u
m

b
:

ord
er

b
y

in
creasin

g
in

trin
sic

d
im

en
sio

n
.

W
e

p
resen

t
an

in
tu

itive
ap

p
roach

b
elow

u
sin

g
a

com
b
in

atorial
p
rob

lem
w

h
ich
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F
e
n
n
a
n
d

M
o
sc

a
t
o

d
id

n
ot

sign
ifi

can
tly

in
crease

th
e

learn
in

g
tim

e
for

th
e

in
stan

ces
con

sid
ered

.
In

S
ection

3.4
w

e
sh

ow
th

at
th

e
target

ord
er

estim
ated

b
y

th
is

m
eth

o
d

gives
gen

eralisation
im

p
rov

em
en

ts
close

to
th

ose
ob

tain
ed

u
sin

g
th

e
k
n
ow

n
ord

er
(S

ection
3.3).

O
u
r

key
assu

m
p
tion

is
th

at
a

target
can

b
e

ex
p

ected
to

b
e

sim
p
ler

th
an

an
oth

er
if

its
in

trin
sic

d
im

en
sion

(th
e

n
u
m

b
er

of
in

p
u
t

variab
les

on
w

h
ich

it
tru

ly
d
ep

en
d
s)

is
sm

aller.
T

h
is

assu
m

p
tion

is
stron

g
b
u
t

th
ere

is
also

a
stron

g
b
asis

for
it

as
a

ru
le-of-th

u
m

b
in

th
e

B
o
olean

d
om

ain
,
as

a
fu

n
ction

’s
in

trin
sic

d
im

en
sion

p
laces

an
u
p
p

er
b

ou
n
d

on
th

e
size

of
th

e
sm

allest
F

B
N

w
h
ich

im
p
lem

en
ts

it.
F

u
rth

erm
ore,

in
trin

sic
d
im

en
sion

is
sh

ow
in

g
p
rom

ise
as

a
m

eth
o
d

for
estim

atin
g

th
e

com
p
lex

ity
of

arb
itrary

d
ata

(G
ran

ata
an

d
C

arn
evale,

2016)
an

d
as

su
ch

w
e

ex
p

ect
th

e
valid

ity
of

th
is

id
ea

m
ay

ex
ten

d
b

eyon
d

th
e

B
o
olea

n
case.

T
h
e

likelih
o
o
d

of
eff

ective
in

form
ation

tran
sfer

can
also

b
e

estim
ated

b
y

m
easu

rin
g

th
e

ov
erlap

in
in

trin
sic

in
p
u
t

featu
res.

T
h
u
s

estim
atin

g
b

oth
target

overlap
,

an
d

rela
tive

com
p
lex

ity,
is

red
u
ced

to
th

e
p
rob

lem
of

d
eterm

in
in

g
th

e
m

in
im

u
m

set
of

in
p
u
t

featu
res

on
w

h
ich

a
valid

fu
n
ction

can
b

e
d
efi

n
ed

;
th

at
is,

w
h
ere

n
o

p
attern

is
m

ap
p

ed
to

m
u
ltip

le
target

valu
es.

T
h
is

is
w

ell
k
n
ow

n
as

th
e

M
in

im
u
m

-F
eatu

re-S
et

(m
in

F
S
)

p
rob

lem
.

2
.2
.1

T
h
e
M
in
im

u
m
-F

e
a
t
u
r
e
-S
e
t
P
r
o
b
l
e
m

T
h
e

sm
allest

in
trin

sic
d
im

en
sion

of
an

y
B

o
olean

fu
n
ction

w
h
ich

is
in

fu
ll

agreem
en

t
w

ith
given

set
of

ex
am

p
les

can
b

e
fou

n
d

u
sin

g
th

e
M

in
im

u
m

-F
eatu

re-S
et

(m
in

F
S
)

p
rob

lem
.

It
ask

s:
w

h
at

is
th

e
sm

allest
su

b
set

of
given

in
p
u
t

featu
res,

on
w

h
ich

a
sin

g
le

target
can

still
form

a
n
on

-con
trad

ictory
m

ap
p
in

g?
T

h
is

p
rob

lem
,

an
d

p
articu

larly
th

is
v
iew

of
it,

is
n
ot

in
an

y
w

ay
n
ew

to
th

e
m

ach
in

e
learn

in
g

com
m

u
n
ity

(D
av

ies
an

d
R

u
ssell,

1994).
H

ow
ever,

to
ou

r
k
n
ow

led
ge,

it
h
as

n
ot

b
een

u
sed

to
estim

ate
relative

targ
et

d
iffi

cu
lty

b
efore.

T
h
is

eq
u
ivalen

t
d
ecision

p
rob

lem
is

k
n
ow

n
as

th
e

k-F
ea

tu
re-S

et
(kF

S
)

p
rob

lem
.

F
or-

m
ally

:

k-F
ea

tu
re-S

et

G
iven

:
A

b
in

ary
n×

p
m

atrix
,M

,
w

h
ere

th
e

row
s

d
escrib

e
n

ex
am

p
les

an
d

th
e

co
lu

m
n
s

d
escrib

e
p

in
p
u
t

featu
res

as
w

ell
as
n

-elem
en

t
ta

rget
vector,T

,
an

d
a

p
ositive

in
teger

k
.

Q
u
estion

:∃
S
⊆

[1,...,p
],|S|≤

k
,

su
ch

th
at,∀

i,j∈
[1,...,n

]
w

h
ere
T
i 6=
T
j ,∃

l∈
S

su
ch

th
atM

i,l 6=
M

j,l ?

T
h
at

is:
is

th
ere

a
card

in
ality

k
su

b
set,

S
,

of
th

e
in

p
u
t

featu
res,

su
ch

th
at

n
o

p
air

of
ex

am
p
les

w
h
ich

h
ave

id
en

tical
valu

es
across

all
featu

res
in
S

h
ave

a
d
iff

eren
t

valu
e

fo
r

th
e

target
featu

re?

T
h
e

p
rob

lem
is

N
P

-com
p
lete

(D
av

ies
an

d
R

u
ssell,

1994)
an

d
assu

m
ed

to
n
ot

b
e

fi
x
ed

-
p
aram

eter
tractab

le,
w

h
en

p
aram

etrised
b
y
k
,
u
n
d
er

cu
rren

t
com

p
lex

ity
assu

m
p
tion

s
(C

otta
an

d
M

oscato,
2003).

N
on

eth
eless

th
e

ex
act

solver
u
sed

h
erein

solved
all

in
stan

ces
in

sig-
n
ifi

can
tly

less
tim

e
th

an
w

as
req

u
ired

for
su

b
seq

u
en

tly
op

tim
isin

g
th

e
F

B
N

.
A

t
least

on
e

fast
m

eta-h
eu

ristic
solver

ex
ists

for
a

gen
eralised

version
of

th
e

p
rob

lem
,

w
ith

reason
ab

le
ru

n
-tim

es
for

very
large

in
stan

ces
(R

o
ch

a
d
e

P
au

la
et

al.,
2015

),
an

d
p
rob

lem
in

stan
ces

can
b

e
reform

u
lated

as
in

stan
ces

of
th

e
w

ell
k
n
ow

n
S
et

C
over

P
rob

lem
,

for
w

h
ich

th
ere

are
n
u
m

erou
s

p
ow

erfu
l

h
eu

ristic
solvers.

W
e

im
p
lem

en
ted

in
stan

ces
of

th
e

m
in

F
S

p
rob

lem
b

elow
as

M
ix

ed
-In

teger
P

ro
gram

s
an

d
solved

u
sin

g
th

em
u
sin

g
th

e
P

y
th

on
in

terface
to

th
e

IB
M

C
P

L
E

X
solver.

W
ith

a
solu

tion

8
JM

L
R

 18(114):1-26, 2017



T
a
r
g
e
t
C
u
r
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ic
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l
a
v
ia

S
e
l
e
c
t
io
n
o
f
M
in
im

u
m

F
e
a
t
u
r
e
S
e
t
s

p
ro

ce
d
u
re

in
h
an

d
w

e
ca

n
n
ow

d
efi

n
e

a
si

m
p
le

m
et

h
o
d

fo
r

es
ti

m
at

in
g

th
e

ta
rg

et
d
iffi

cu
lt

y
or

d
er

an
d

th
e

le
ve

l
of

ta
rg

et
ov

er
la

p
.

2
.2
.2

T
a
r
g
e
t
o
r
d
e
r
in
g

m
e
t
h
o
d

G
iv

en
a

p
ro

ce
d
u
re

fo
r
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p
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d
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u
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p
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p
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p
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d
ic

at
in

g
th

at
th

e
p
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d
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g
th

at
th

er
e

is
an

ov
er

la
p
,

an
d

th
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b
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b
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d
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p
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p
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re
em

en
t

b
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d
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d
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d
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b
in

ed
on

ly
w

it
h

a
sl

ig
h
t

ch
an

ge
in

th
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at
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d
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b
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p
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c
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p
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p
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h
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b
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b
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p
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u
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b
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u
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u
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p
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p
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p
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u
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p
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.
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−
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e
L

ou
rad

ou
r,

R
on

an
C

ollob
ert,

an
d

J
ason

W
eston

.
C

u
rricu

lu
m

lea
rn

-
in

g.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

),
p
ages

41–48.
A

C
M

,
2009.

E
d
m

u
n
d

K
.

B
u
rke

an
d

Y
u
ri

B
y
kov

.
A

late
accep

tan
ce

strategy
in

h
ill-clim

b
in

g
for

ex
am

i-
n
ation

tim
etab

lin
g

p
rob

lem
s.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

th
e

P
ra

ctice
a
n

d
T

h
eo

ry
o
f

A
u

to
m

a
ted

T
im

eta
blin

g
(P

A
T

A
T

),
2008.

R
ich

C
aru

an
a.

M
u
ltitask

learn
in

g.
M

a
ch

in
e

L
ea

rn
in

g,
28(1):41–75,

1997.

J
osu

C
eb

erio,
A

lex
an

d
er

M
en

d
ib

u
ru

,
an

d
J
ose

A
.

L
ozan

o.
T

h
e

lin
ear

ord
erin

g
p
rob

lem
rev

isited
.

E
u

ro
pea

n
J

o
u

rn
a
l

o
f

O
pera

tio
n

a
l

R
esea

rch
,

241(3):686–696,
M

arch
2015.

C
arlos

C
otta

an
d

P
ab

lo
M

oscato.
T

h
e

k
-featu

re
set

p
rob

lem
is

W
[2]-com

p
lete.

J
o
u

rn
a
l

o
f

C
o
m

p
u

ter
a
n

d
S

ystem
S

cien
ces,

67(4):686–690,
D

ecem
b

er
2003.

M
atth

ieu
C

ou
rb

ariau
x
,

Itay
H

u
b
ara,

D
an

iel
S
ou

d
ry,

R
an

E
l-Y

an
iv

,
an

d
Y

osh
u
a

B
en

gio.
B

in
arized

n
eu

ral
n
etw

ork
s:

T
rain

in
g

d
eep

n
eu

ral
n
etw

ork
s

w
ith

w
eig

h
ts

a
n
d

activation
s

con
strain

ed
to

+
1

or
-1.

a
rX

iv:1
6
0
2
.0

2
8
3
0

[cs],
F

eb
ru

a
ry

2016.

24
JM

L
R

 18(114):1-26, 2017



T
a
r
g
e
t
C
u
r
r
ic
u
l
a
v
ia

S
e
l
e
c
t
io
n
o
f
M
in
im

u
m

F
e
a
t
u
r
e
S
e
t
s

S
co

tt
D

av
ie

s
an

d
S
tu

ar
t

R
u
ss

el
l.

N
P

-C
om

p
le

te
n
es

s
of

se
ar

ch
es

fo
r

sm
al

le
st

p
os

si
b
le

fe
at

u
re

se
ts

.
In

A
A

A
I

S
ym

po
si

u
m

o
n

In
te

ll
ig

en
t

R
el

ev
a
n

ce
,

p
ag

es
37

–3
9.

A
A

A
I

P
re

ss
,

19
94

.

A
li
re

za
G

ou
d
ar

zi
,

C
h
ri

st
of

T
eu

sc
h
er

,
N

at
al

i
G

u
lb

ah
ce

,
an

d
T

h
im

o
R

oh
lf

.
L

ea
rn

in
g,

ge
n
er

-
al

is
at

io
n
,

an
d

fu
n
ct

io
n
al

en
tr

op
y

in
ra

n
d
om

au
to

m
at

a
n
et

w
or

k
s.

In
te

rn
a
ti

o
n

a
l

J
o
u

rn
a
l

o
f

A
u

to
n

o
m

o
u

s
a
n

d
A

d
a
p
ti

ve
C

o
m

m
u

n
ic

a
ti

o
n

s
S

ys
te

m
s,

7(
3)

:2
95

–3
14

,
20

14
.

D
an

ie
le

G
ra

n
at

a
an

d
V

in
ce

n
zo

C
ar

n
ev

al
e.

A
cc

u
ra

te
es

ti
m

at
io

n
of

th
e

in
tr

in
si

c
d
im

en
si

on
u
si

n
g

gr
ap

h
d
is

ta
n
ce

s:
U

n
ra

ve
li
n
g

th
e

ge
om

et
ri

c
co

m
p
le

x
it

y
of

d
at

a
se

ts
.

S
ci

en
ti

fi
c

R
e-

po
rt

s,
6:

31
37

7,
A

u
gu

st
20

16
.

Ç
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á
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h
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b
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d
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m
iz

at
io

n
al

go
ri

th
m

s
su

ch
as

st
o
ch

as
ti

c
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d
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;
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It
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k
n
ow

n
th
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t

b
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h
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go
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th
m
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ar

e
re

la
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ve
ly
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to
p
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al
le
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.
H

ow
ev

er
,

on
a

si
n
gl

e
m

ac
h
in

e,
th
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n
ve

rg
e

m
or

e
sl

ow
ly

th
an

th
e

m
o
d
er

n
st

o
ch

as
ti

c
op

ti
m

iz
at

io
n

al
go

ri
th

m
s

d
u
e
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th

ei
r

h
ig

h
p

er
-

it
er

at
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n
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m
p
u
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on
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S
p

ec
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ca
ll
y,

it
h
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b
ee

n
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ow
n

th
at

th
e

m
o
d
er

n
st

o
ch

a
st

ic
op

ti
m

iz
at

io
n

al
go

ri
th

m
s

co
n
ve

rg
e

fa
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er
th

an
th

e
tr

ad
it

io
n
al
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al

go
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th
m
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n
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ri
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d
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at
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n
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b
le
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s.

T
h
e

fa
st

er
co

n
ve

rg
en
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n
b

e
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an

te
ed

in
th

eo
ry

an
d

ob
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ed
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p
ra
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e.
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h
e

fa
st
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n
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ge
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of
m

o
d
er

n
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o
ch
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ti

c
op

ti
m

iz
at

io
n

m
et

h
o
d
s

h
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le
d

to
st

u
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ie

s
to

ex
te

n
d

th
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e
m

et
h
o
d
s

to
th

e
d
is

tr
ib

u
te
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co

m
p
u
ti

n
g

se
tt

in
g.

S
p

ec
ifi

ca
ll
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th
is

p
a
p

er
co

n
si

d
er

s
th

e
ge

n
er

al
iz

at
io

n
of

S
to

ch
as

ti
c

D
u
al

C
o
or

d
in

at
e

A
sc

en
t

(S
D

C
A

)
m

et
h
o
d

(H
si

eh
et

al
.,

20
08

;
S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
,
20

13
)

an
d

it
s

p
ro

x
im

al
va

ri
an

t
(S

h
al

ev
-S

h
w

a
rt

z
a
n
d

Z
h
an

g,
20

14
)

to
h
an

d
le

d
is

tr
ib

u
te

d
tr

ai
n
in

g
u
si

n
g

d
at

a
p
ar

al
le

li
sm
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A

lt
h
ou

g
h

th
is

p
ro

b
le

m
h
as

b
ee

n
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n
si

d
er

ed
p
re
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io

u
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y
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an
g,

20
13

;
J
ag
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et

al
.,

20
14

;
M

a
et

al
.,
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01
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),

th
es

e
ea

rl
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r
ap

p
ro
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h
es

w
or
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w

it
h

th
e

d
u
al

fo
rm

u
la

ti
on

th
at

is
th

e
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m
e

as
th

e
tr

ad
it

io
n
al

si
n
g
le

-m
a
ch

in
e

d
u
al

fo
rm

u
la

ti
on

,
w

h
er

e
d
u
al

va
ri

ab
le

s
ar

e
co

u
p
le

d
,
an

d
h
en

ce
ru

n
in

to
d
iffi

cu
lt

ie
s

w
h
en

th
ey

tr
y

to
m

ot
iv

at
e

an
d

an
al

y
ze

th
e

d
er

iv
ed

m
et

h
o
d
s

u
n
d
er

th
e

d
is

tr
ib

u
te

d
en

v
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o
n
m

en
t.

O
n
e

co
n
tr

ib
u
ti

on
of

th
is

w
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k
is

to
in

tr
o
d
u
ce

a
n
ew

d
u
al

fo
rm

u
la

ti
on

sp
ec

ifi
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ll
y

fo
r

d
is

tr
ib

u
te

d
re

gu
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ri
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d
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m
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im

iz
at

io
n

p
ro

b
le

m
s

w
h
en

d
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a
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e
d
is

tr
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u
te

d
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m
u
lt
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le

m
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h
in

es
.

In
ou

r
n
ew

fo
rm

u
la

ti
on

,
w

e
d
ec

ou
p
le

th
e

lo
ca

l
d
u
al

va
ri

ab
le

s
th

ro
u
g
h

in
tr

o
d
u
c-

in
g

an
ot

h
er

d
u
al

va
ri

ab
le
β
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T

h
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u
n
iq

u
e

d
u
al
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rm

u
la

ti
on

al
lo

w
s

u
s

to
n
a
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ra
ll
y

ex
te

n
d

th
e

p
ro

x
im

al
S
D

C
A

al
go

ri
th

m
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ro
x
S
D

C
A

)
of

(S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
,

2
0
1
4
)

to
th

e
se

tt
in

g
of

m
u
lt

i-
m

ac
h
in

e
d
is

tr
ib

u
te

d
op

ti
m

iz
at

io
n

th
at

ca
n

b
en

efi
t

fr
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d
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m

.
M
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al
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x
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b
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A
G
e
n
e
r
a
l
D
ist

r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

la
tion

,
lea

d
in

g
to

n
ew

th
eoretical

resu
lts.

T
h
is

n
ew

d
u
al

form
u
lation

can
also

b
e

com
b
in

ed
w

ith
th

e
a
cceleration

tech
n
iq

u
e

of
(S

h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2014)

to
fu

rth
er

im
p
rove

co
n
verg

en
ce.

In
th

e
p
ro

p
osed

form
u
lation

,
each

iteration
of

th
e

d
istrib

u
ted

d
u
a
l

co
ord

in
a
te

ascen
t

o
p
tim

iza
tio

n
is

n
atu

rally
d
ecom

p
osed

in
to

a
lo

cal
step

an
d

a
glob

al
step

.
In

th
e

lo
cal

step
,

w
e

a
llow

th
e

u
se

of
an

y
lo

cal
p
ro

ced
u
re

to
op

tim
ize

a
lo

cal
d
u
al
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jective

fu
n
ction

u
sin

g
lo

cal
p
a
ra

m
eters

a
n
d

lo
cal

d
ata

on
each

m
ach

in
e.

T
h
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fl
ex

ib
ility
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sim
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th
o
se
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a
et

al.,
2
0
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;
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a
g
g
i

et
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F
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p
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w
e
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ay
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p
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P
rox

S
D

C
A
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lo

cal
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ced
u
re.

In
th

e
lo
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p
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d
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en
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w
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ith

each
oth

er.
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h
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e
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com
m

u
n
icate

w
ith

each
o
th
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ch
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th
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n
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g
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u
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ication
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W
e
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m
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con
trib

u
tion
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w
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h
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d
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D
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d
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c
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d
irectly

gen
eralize

th
e

a
n
a
ly

sis
o
f

P
rox

S
D

C
A

in
(S

h
alev

-S
h
w

artz
an

d
Z

h
an

g,
201

4)
to

th
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+
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d
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p
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ased
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d
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b
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n
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e
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n
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sin
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m

ach
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e.
W

e
call
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e

resu
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g
p
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ced
u
re

A
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ted
D
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ltern
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tin
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xim
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cc-D
A

D
M
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T
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e

m
ain
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th
e
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al
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m

u
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tio
n

u
sin
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en
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ap
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rox

im
ation
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th
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ave
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ger

regu
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tion
s.

M
oreover,

w
e

d
irectly

ad
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t
th

eoretical
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ses

of
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S
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A

to
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e
d
istrib

u
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an
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e
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tees
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.
O

u
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ob
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e
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D
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d
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s

m
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d
s
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M
a

et
al.,

2
0
1
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)

w
h
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iteration
com

p
lex

ities
grow
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th

e
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d
ition

n
u
m

b
er.

L
atter

m
eth

o
d
s

p
o
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il
to

p
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e
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p
u
tation

tim
e
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p
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en
t

over
th

e
sin

gle-m
ach
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e

P
rox

S
D

C
A

w
h
en
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e
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n
d
ition

n
u
m

b
er

is
large.

E
x
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n
siv

e
e
m

p
iric

a
l
stu

d
ie

s
W

e
p

erform
ex

ten
sive

ex
p

erim
en

ts
to

com
p
are

th
e

co
n
ver-

g
en

ce
a
n
d

th
e

scalab
ility

of
th

e
accelerated

ap
p
ro

ach
w

ith
th

at
of

p
rev

iou
s

state-of-th
e-art

d
istrib

u
ted

d
u
a
l

co
ord

in
ate

ascen
t

m
eth

o
d
s.

O
u
r

em
p
irical

stu
d
ies

sh
ow

th
a
t

A
cc-D

A
D

M
ca

n
a
ch

ieve
fa

ster
con

vergen
ce

an
d

b
etter

scalab
ility

th
an

th
e

p
rev

iou
s

state-of-th
e-art,

in
p
a
rticu

la
r

w
h
en

th
e

con
d
ition

n
u
m

b
er

is
large.
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h
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p
h
en
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en
on

is
con

sisten
t

w
ith

ou
r

th
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ry.
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Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

W
e

organ
ize

th
e

rest
of

th
e

p
ap

er
as

follow
s.

S
ection

2
d
iscu

sses
related

w
ork

s.
S
ection

3
p
rov

id
es

p
relim

in
ary

d
efi

n
ition

s.
S
ection

4
to

6
p
resen

t
th

e
d
istrib

u
ted

p
rim

al
form

u
la-

tion
,

th
e

d
istrib

u
ted

d
u
al

form
u
lation

an
d

ou
r

D
A

D
M

m
eth

o
d

resp
ectively.

S
ection

7
th

en
p
rov

id
es

th
eorem

s
for

D
A

D
M

.
S
ection

8
in

tro
d
u
ces

th
e

accelerated
version

an
d

p
rov

id
es

corresp
on

d
in

g
th

eoretical
gu

aran
tees.

S
ection

9
in

clu
d
es

all
p
ro

ofs
of

th
is

p
ap

er.
S
ection

10
p
rov

id
es

ex
ten

sive
em

p
irical

stu
d
ies

of
ou

r
n
ovel

m
eth

o
d
.

F
in

ally,
S
ectio

n
1
1

con
clu

d
es

th
e

w
h
ole

p
ap

er.

2
.
R
e
la
te
d
W

o
rk

S
everal

gen
eralization

s
of

S
D

C
A

to
th

e
d
istrib

u
ted

settin
gs

h
av

e
b

een
p
rop

osed
in

th
e

literatu
re,

in
clu

d
in

g
D

isD
C

A
(Y

an
g,

2013),
C

oC
oA

(J
aggi

et
al.,

2014
),

an
d

C
oC

oA
+

(M
a

et
al.,

2017).

D
isD

C
A

w
as

th
e

fi
rst

attem
p
t

to
stu

d
y

d
istrib

u
ted

S
D

C
A

,
an

d
it

p
rov

id
ed

a
b
asic

th
eoretical

an
aly

sis
an

d
a

p
ractical

varian
t

th
at

b
eh

av
es

w
ell

em
p
irically.

N
ev

erth
eless,

th
eir

th
eoretical

resu
lt

on
ly

ap
p
lies

to
a

few
sp

ecially
ch

osen
m

in
i-b

atch
lo

cal
d
u
al

u
p

d
ates

th
at

d
iff

er
from

th
e

p
ractical
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con
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p
le

,
w

e
m

ay
co

n
si

d
er

th
e
L
2
-L

1
re

gu
la

ri
ze

d
le

as
t

sq
u
a
re

s
p
ro

b
le

m
,

w
h
er

e
φ
i(
x
> i
w

)
=

(w
>
x
i
−
y i

)2
fo

r
ve

ct
or

in
p
u
t

d
at

a
x
i
∈
R
d

an
d

re
al

va
lu

ed
o
u
tp

u
t
y i
∈
R

,
g
(w

)
=
‖w
‖2 2

+
a
‖w
‖ 1

,
an

d
h

(w
)

=
b‖
w
‖ 1

fo
r

so
m

e
a
,b
≥

0.
If

w
e

se
t
h

(w
)

=
0,

th
en

it
is

w
el

l-
k
n
ow

n
(s

ee
,

fo
r

ex
am

p
le

,
(S

h
al

ev
-S

h
w

a
rt

z
a
n
d

Z
h
a
n
g
,

20
14

))
th

at
th

e
p
ri

m
al

p
ro

b
le

m
(1

)
h
as

an
eq

u
iv

al
en

t
si

n
g
le

-m
ac

h
in

e
d
u
al

fo
rm

o
f

m
ax

α
∈R

n

[ D
(α

)
:=
−

n ∑ i=
1

φ
∗ i(
−
α
i)
−
λ
n
g
∗
(
∑

n i=
1
X
iα
i

λ
n

)]
,

(2
)

w
h
er

e
α

=
[α

1
,·
··
,α

n
],
α
i
∈
R
q

(i
=

1,
..
.,
n

)
ar

e
d
u
al

va
ri

a
b
le

s,
φ
∗ i

is
th

e
co

n
ve

x
co

n
ju

g
a
te

fu
n
ct

io
n

of
φ
i,

an
d

si
m

il
ar

ly
,
g
∗

is
th

e
co

n
ve

x
co

n
ju

ga
te

fu
n
ct

io
n

of
g
.

T
h
e

st
o
ch

as
ti

c
d
u
al

co
or

d
in

at
e

as
ce

n
t

m
et

h
o
d
,

re
fe

rr
ed

to
as

S
D

C
A

in
(S

h
a
le

v
-S

h
w

a
rt

z
an

d
Z

h
an

g,
20

14
),

m
ax

im
iz

es
th

e
d
u
al

fo
rm

u
la

ti
on

(2
)

b
y

op
ti

m
iz

in
g

on
e

ra
n
d
o
m

ly
ch

o
-

se
n

d
u
al

va
ri

ab
le

at
ea

ch
it

er
at

io
n
.

T
h
ro

u
gh

ou
t

th
e

al
go

ri
th

m
,

th
e

fo
ll
ow

in
g

p
ri

m
a
l-

d
u
a
l

re
la

ti
on

sh
ip

is
m

ai
n
ta

in
ed

:

w
(α

)
=
∇
g
∗
(
∑

n i=
1
X
iα
i

λ
n

)
,

(3
)

fo
r

so
m

e
su

b
gr

ad
ie

n
t
∇
g
∗ (
v
).

It
is

k
n
ow

n
th

at
w

(α
∗ )

=
w
∗ ,

w
h
er

e
w
∗

an
d
α
∗

a
re

op
ti

m
al

so
lu

ti
on

s
o
f

th
e

p
ri

m
a
l

p
ro

b
le

m
an

d
th

e
d
u
al

p
ro

b
le

m
re

sp
ec

ti
v
el

y.
It

w
as

sh
ow

n
in

(S
h
al

ev
-S

h
w

ar
tz

a
n
d

Z
h
a
n
g,

20
14

)
th

at
th

e
d
u
al

it
y

ga
p

d
efi

n
ed

as
P

(w
(α

))
−
D

(α
),

w
h
ic

h
is

an
u
p
p

er
-b

o
u
n
d

o
f

th
e

p
ri

m
al

su
b
-o

p
ti

m
al

it
y
P

(w
(α

))
−
P

(w
∗ )

,
co

n
ve

rg
es

to
ze

ro
.

M
or

eo
ve

r,
a

co
n
ve

rg
en

ce
ra

te
ca

n
b

e
es

ta
b
li
sh

ed
.

In
p
ar

ti
cu

la
r,

fo
r

sm
o
ot

h
lo

ss
fu

n
ct

io
n
s,

th
e

co
n
ve

rg
en

ce
ra

te
is

li
n
ea

r.
W

e
n
ot

e
th

at
S
D

C
A

is
su

it
ab

le
fo

r
op

ti
m

iz
at

io
n

on
a

si
n
gl

e
m

ac
h
in

e
b

ec
a
u
se

it
w

o
rk

s
w

it
h

a
d
u
al

fo
rm

u
la

ti
on

th
at

is
su

it
ab

le
fo

r
a

si
n
gl

e
m

ac
h
in

e.
In

th
e

fo
ll
ow

in
g
,

w
e

w
il
l
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A
G
e
n
e
r
a
l
D
ist

r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

g
en

era
lize

th
e

sin
gle-m

ach
in

e
d
u
al

form
u
lation

(2)
to

th
e

d
istrib

u
ted

settin
g
,

an
d

stu
d
y

th
e

co
rresp

o
n
d
in

g
d
istrib

u
ted

version
of

S
D

C
A

.

In
th

e
d
istrib

u
ted

settin
g,

w
e

assu
m

e
th

at
th

e
train

in
g

d
ata

are
p
artition

ed
an

d
d
is-

trib
u
ted

to
m

m
ach

in
es.

In
oth

er
w

ord
s,

th
e

in
d
ex

set
S

=
{
1
,...,n}

of
th

e
train

in
g

d
ata

is
d
iv

id
ed

in
to
m

n
on

-overlap
p
in

g
p
artition

s,
w

h
ere

each
m

ach
in

e
`∈
{1,...,m

}
con

tain
s

its
ow

n
p
a
rtitio

n
S
` ⊆

S
.

W
e

assu
m

e
th

at∪
` S
`

=
S

,
an

d
w

e
u
se
n
`

:=
|S
` |

to
d
en

ote
th

e
size

o
f

th
e

tra
in

in
g

d
ata

on
m

ach
in

e
`.

N
ex

t,
w

e
ca

n
rew

rite
th

e
p
rim

al
p
rob

lem
(1)

as
th

e
follow

in
g

con
strain

ed
m

in
im

ization
p
ro

b
lem

th
a
t

is
su

itab
le

for
th

e
m

u
lti-m

ach
in

e
d
istrib

u
ted

settin
g:

m
in

w
;{
w
` }
m`
=
1

m
∑`=

1

P
` (w

` )
+
h

(w
)

s.t.
w
`

=
w
,

for
all

`∈
{1
,...,m

},
w

h
ere

P
` (w

` )
:=
∑i∈
S
` φ

i (X
>i
w
` )

+
λ
n
` g

(w
` ),

(4)

w
h
ere

w
`

rep
resen

ts
th

e
lo

cal
p
rim

al
variab

le
on

each
m

ach
in

e
`,
P
`

is
th

e
corresp

on
d
in

g
lo

ca
l
p
rim

a
l
p
ro

b
lem

an
d

th
e

con
stra

in
ts
w
`

=
w

are
im

p
osed

to
sy

n
ch

ron
ize

th
e

lo
cal

p
rim

al
va

ria
b
les.

O
b
v
iou

sly
th

is
m

u
lti-m

ach
in

e
d
istrib

u
ted

p
rim

al
form

u
lation

(4)
is

eq
u
ivalen

t
to

th
e

o
rigin

a
l

p
rim

al
p
rob

lem
(1).

W
e

n
o
te

th
a
t

th
e

id
ea

of
ob

jectiv
e

sp
littin

g
in

(4)
is

sim
ilar

to
th

e
glob

al
variab

le
con

-
sen

su
s

fo
rm

u
la

tion
d
escrib

ed
in

(B
oy

d
et

al.,
2011).

In
stead

of
u
sin

g
th

e
com

m
on

ly
u
sed

A
D

M
M

(A
ltern

atin
g

D
irection

M
eth

o
d

of
M

u
ltip

liers)
m

eth
o
d

th
at

is
n
ot

a
gen

eralization
o
f

(2
),

in
th

is
p
ap

er
w

e
d
erive

a
d
istrib

u
ted

d
u
al

form
u
lation

b
ased

on
(4)

th
at

d
irectly

g
en

eralizes
(2

).
W

e
fu

rth
er

p
rop

ose
a

fram
ew

ork
called

D
istrib

u
ted

A
ltern

atin
g

D
u
al

M
ax

-
im

iza
tio

n
(D

A
D

M
)

to
solve

th
e

d
istrib

u
ted

d
u
al

form
u
lation

.
O

n
e

ad
van

tage
of

D
A

D
M

over
A

D
M

M
is

th
at

D
A

D
M

d
o
es

n
ot

n
eed

to
solve

th
e

su
b
p
rob

lem
s

in
h
igh

accu
racy,

an
d

th
u
s

it
ca

n
n
a
tu

rally
en

joy
th

e
trad

e-off
b

etw
een

com
p
u
tation

an
d

com
m

u
n
ication

,
w

h
ich

is
sim

ila
r

to
related

m
eth

o
d
s

su
ch

as
D

isD
C

A
,

C
oC

oA
an

d
C

oC
oA

+
.

5
.
D
istrib

u
te
d
D
u
a
l
F
o
rm

u
la
tio

n

T
h
e

o
p
tim

iza
tion

p
rob

lem
(4)

can
b

e
fu

rth
er

rew
ritten

as:

m
in

w
;{
w
` }
;{
u
i }

m
∑`=

1  ∑i∈
S
` φ

i (u
i )

+
λ
n
` g

(w
` ) 

+
h

(w
)

s.t
u
i

=
X
>i
w
` ,

for
all

i∈
S
`

w
`

=
w
,

for
all

`∈
{1
,...,m

}
.

(5)

H
ere

w
e

in
tro

d
u
ce
n

d
u
al

variab
les

α
:=
{α

i }
ni=

1 ,
w

h
ere

each
α
i
is

th
e

L
agra

n
ge

m
u
ltip

lier
fo

r
th

e
co

n
stra

in
t
u
i −

X
>i
w
`

=
0,

an
d
m

d
u
a
l

variab
les

β
:=
{β

` }
m`=

1 ,
w

h
ere

each
β
`

is
th

e
L

a
gran

g
e

m
u
ltip

lier
for

th
e

con
strain

t
w
` −

w
=

0.
W

e
can

n
ow

in
tro

d
u
ce

th
e

p
rim

al-d
u
al
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Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

ob
jective

fu
n
ction

w
ith

L
agran

ge
m

u
ltip

liers
as

follow
s:

J
(w

;{w
` };{u

i }
;{
α
i };{β

` }
)

:=
m
∑`=

1  ∑i∈
S
` (
φ
i (u

i )
+
α
>i

(u
i −

X
>i
w
` ) )

+
λ
n
` g

(w
` )

+
β
>`

(w
` −

w
) 

+
h

(w
).

P
ro

p
o
sitio

n
1

D
efi

n
e

th
e

d
u

a
l

o
bjective

a
s

D
(α
,β

)
:=

m
∑`=

1  ∑i∈
S
` −
φ
∗i (−

α
i )−

λ
n
` g ∗ (

∑
i∈
S
`
X
i α
i −

β
`

λ
n
`

) 
−
h
∗ (
∑

`

β
` )

.

T
h
en

w
e

h
a
ve

D
(α
,β

)
=

m
in

w
;{
w
` }
;{
u
i }
J

(w
;{w

` };{u
i };{α

i }
;{
β
` }

),

w
h
ere

th
e

m
in

im
izers

a
re

a
ch

ieved
w

h
en

th
e

fo
llo

w
in

g
equ

a
tio

n
s

a
re

sa
tisfi

ed

∇
φ
i (u

i )
+
α
i

=
0,

−


∑i∈
S
` X

i α
i −

β
` 

+
λ
n
` ∇
g
(w

` )
=

0,

−
∑

`

β
`

+
∇
h

(w
)

=
0,

(6)

fo
r

so
m

e
su

bgra
d
ien

ts∇
φ
i (u

i ),∇
g
(w

` ),
a
n

d
∇
h

(w
).

W
h
en

β
=
{
β
` }

are
fi
x
ed

,
w

e
m

ay
d
efi

n
e

th
e

lo
cal

sin
gle-m

ach
in

e
d
u
a
l

form
u
lation

on
each

m
ach

in
e
`

w
ith

resp
ect

to
α
(`)

as

D̃
` (α

(`) |β
` )

:=
∑i∈
S
` −
φ
∗i (−

α
i )−

λ
n
` g ∗ (

∑
i∈
S
`
X
i α
i −

β
`

λ
n
`

)
,

(7)

w
h
ere

α
(`)

rep
resen

ts
lo

cal
d
u
al

variab
les
{
α
i ;i∈

S
` }

on
m

ach
in

e
`,
β
` ∈

R
d

serves
as

a
carrier

for
sy

n
ch

ron
ization

of
m

ach
in

e
`.

B
ased

on
P

rop
osition

1,
w

e
ob

tain
th

e
follow

in
g

m
u
lti-m

ach
in

e
d
istrib

u
ted

d
u
al

form
u
lation

for
th

e
corresp

on
d
in

g
p
rim

al
p
rob

lem
(4):

D
(α
,β

)
=

m
∑`=

1

D̃
` (α

(`) |β
` )−

h
∗ (

m
∑`=

1

β
` )

.
(8)

M
oreover,

w
e

h
ave

th
e

n
on

-n
egative

d
u
ality

ga
p
,

an
d

zero
d
u
ality

gap
can

b
e

ach
iev

ed
w

h
en

w
is

th
e

m
in

im
izer

of
P

(w
)

an
d

(α
,β

)
m

ax
im

izes
th

e
d
u
al
D

(α
,β

).

P
ro

p
o
sitio

n
2

G
iven

a
n

y
(w
,α
,β

),
th

e
fo

llo
w

in
g

d
u

a
lity

ga
p

is
n

o
n

-n
ega

tive:

P
(w

)−
D

(α
,β

)≥
0
.

M
o
reo

ver,
zero

d
u

a
lity

ga
p

ca
n

be
a
ch

ieved
a
t

(w
∗,α
∗,β
∗),

w
h
ere

w
∗

is
th

e
m

in
im

izer
o
f

P
(w

)
a
n

d
(α
∗,β
∗)

is
a

m
a

xim
izer

o
f
D

(α
,β

).8
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A
G
e
n
e
r
a
l
D
is
t
r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

W
e

n
ot

e
th

at
th

e
p
ar

am
et

er
s
{β

`}
m `=

1
p
as

s
th

e
gl

ob
al

in
fo

rm
at

io
n

ac
ro

ss
m

u
lt

ip
le

m
a-

ch
in

es
.

W
h
en

β
`

is
fi
x
ed

,
D̃
`(
α
(`
)|β

`)
w

it
h

re
sp

ec
t

to
α
(`
)

co
rr

es
p

on
d
s

to
th

e
d
u
al

of
th

e
ad

ju
st

ed
lo

ca
l

p
ri

m
al

p
ro

b
le

m
:

P̃
`(
w
`|β

`)
:=
∑ i∈
S
`

φ
i(
X
> i
w
`)

+
λ
n
`g̃
`(
w
`)
,

(9
)

w
h
er

e
th

e
or

ig
in

al
re

gu
la

ri
ze

r
λ
n
`g

(w
`)

in
P
`(
w
`)

is
re

p
la

ce
d

b
y

th
e

ad
ju

st
ed

re
gu

la
ri

ze
r

λ
n
`g̃
`(
w
`)

:=
λ
n
`g

(w
`)

+
β
> `
w
`.

S
im

il
ar

to
th

e
si

n
gl

e-
m

ac
h
in

e
p
ri

m
al

-d
u
al

re
la

ti
o
n
sh

ip
of

(3
),

w
e

h
av

e
th

e
fo

ll
ow

in
g

lo
ca

l
p
ri

m
al

-d
u
al

re
la

ti
on

sh
ip

on
ea

ch
m

ac
h
in

e
as

:

w
`(
α
(`
),
β
`)

=
∇
g
∗

(ṽ
`)

=
∇
g̃
∗ `

(v
`)
,

(1
0)

w
h
er

e

v `
=

∑
i∈
S
`
X
iα
i

λ
n
`

,
ṽ `

=
v `
−

β
`

λ
n
`
.

M
or

eo
ve

r,
w

e
ca

n
d
efi

n
e

th
e

gl
ob

al
p
ri

m
al

-d
u
al

re
la

ti
on

sh
ip

as

w
(α
,β

)
=
∇
g
∗

(ṽ
)

=
∇
g̃
∗

(v
)
,

(1
1)

w
h
er

e

v
=

∑
n i=

1
X
iα
i

λ
n

,
ṽ

=
v
−
∑

`
β
`

λ
n

.

W
e

ca
n

al
so

es
ta

b
li
sh

th
e

re
la

ti
on

sh
ip

o
f

gl
ob

al
-l

o
ca

l
d
u
al

it
y

in
P

ro
p

os
it

io
n

3.

P
ro

p
o
si

ti
o
n

3
G

iv
en

(w
,α
,β

)
a
n

d
{w

`}
su

ch
th

a
t
w
1

=
··
·=

w
m

=
w

,
w

e
h
a
ve

th
e

fo
ll

o
w

in
g

d
ec

o
m

po
si

ti
o
n

o
f

gl
o
ba

l
d
u

a
li

ty
ga

p
a
s

th
e

su
m

o
f

lo
ca

l
d
u

a
li

ty
ga

p
s:

P
(w

)
−
D

(α
,β

)
≥

m ∑ `=
1

[ P̃
`(
w
`|β

`)
−
D̃
`(
α
(`
)|β

`)
] ,

a
n

d
th

e
eq

u
a
li

ty
h
o
ld

s
w

h
en
∇
h

(w
)

=
∑

`
β
`

fo
r

so
m

e
su

bg
ra

d
ie

n
t
∇
h

(w
).

A
lt

h
ou

gh
w

e
al

lo
w

ar
b
it

ra
ry

h
(w

),
th

e
ca

se
of
h

(w
)

=
0

is
of

sp
ec

ia
l

in
te

re
st

s.
T

h
is

co
rr

es
p

on
d
s

to
th

e
co

n
ju

ga
te

fu
n
ct

io
n

h
∗ (
β

)
=

{
+
∞

if
β
6=

0

0
if
β

=
0
.

T
h
at

is
,

th
e

te
rm

h
∗

(∑
m `=

1
β
`)

is
eq

u
iv

al
en

t
to

im
p

os
in

g
th

e
co

n
st

ra
in

t
∑

m `=
1
β
`

=
0.
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01
7

Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

A
lg

o
ri

th
m

1
L

o
ca

l
D

u
al

U
p

d
at

e

R
et

ri
ev

e
lo

ca
l

p
ar

am
et

er
s

(α
(t
−
1
)

`
,ṽ

(t
−
1
)

`
)

R
an

d
om

ly
p
ic

k
a

m
in

i-
b
at

ch
Q
`
⊂
S
`

A
p
p
ro

x
im

at
el

y
m

ax
im

iz
e

(1
2)

w
.r

.t
∆
α
Q
`

U
p

d
at

e
α
(t
)

i
as
α
(t
)

i
=
α
(t
−
1
)

i
+

∆
α
i

fo
r

al
l
i
∈
Q
`

re
tu

rn
∆
v
(t
)

`
=

1
λ
n
`

∑
i∈
Q
`
X
i∆
α
i

6
.
D
is
tr
ib
u
te
d
A
lt
e
rn

a
ti
n
g
D
u
a
l
M

a
x
im

iz
a
ti
o
n

M
in

im
iz

in
g

th
e

p
ri

m
al

fo
rm

u
la

ti
on

(4
)

is
eq

u
iv

al
en

t
to

m
ax

im
iz

in
g

th
e

d
u
al

fo
rm

u
la

ti
o
n

(8
),

an
d

th
e

la
tt

er
ca

n
b

e
ac

h
ie

ve
d

b
y

re
p

ea
te

d
ly

u
si

n
g

th
e

fo
ll
ow

in
g

al
te

rn
at

in
g

o
p
ti

m
iz

a
ti

o
n

st
ra

te
gy

,
w

h
ic

h
w

e
re

fe
r

to
as

D
is

tr
ib

u
te

d
A

lt
er

n
at

in
g

D
u
al

M
ax

im
iz

at
io

n
(D

A
D

M
):

•
L

o
c
a
l
st

e
p

:
fi
x
β
`

an
d

le
t

ea
ch

m
ac

h
in

e
ap

p
ro

x
im

at
el

y
op

ti
m

iz
e
D̃
`(
α
(`
)|β

`)
w

.r
.t
α
(`
)

in
p
ar

al
le

l.

•
G

lo
b

a
l

st
e
p

:
m

ax
im

iz
e

th
e

gl
ob

al
d
u
al

ob
je

ct
iv

e
w

.r
.t
β
`,

an
d

se
t

th
e

g
lo

b
a
l

p
ri

m
al

p
ar

am
et

er
w

ac
co

rd
in

gl
y.

T
h
e

ab
ov

e
st

ep
s

ar
e

ap
p
li
ed

in
it

er
at

io
n
s
t

=
1,

2
,.
..
,T

.
A

t
th

e
b

eg
in

n
in

g
o
f

ea
ch

it
er

at
io

n
t,

w
e

as
su

m
e

th
at

th
e

lo
ca

l
p
ri

m
al

an
d

d
u
a
l

va
ri

ab
le

s
on

ea
ch

lo
ca

l
m

a
ch

in
e

a
re

(α
(t
−
1
)

(`
)

,β
(t
−
1
)

`
,v

(t
−
1
)

`
),

th
en

w
e

se
ek

to
u
p

d
at

e
α
(t
−
1
)

(`
)

to
α
(t
)

(`
)

an
d
v
(t
−
1
)

`
to
v
(t
)

`
in

th
e

lo
ca

l

st
ep

,
an

d
se

ek
to

u
p

d
at

e
β
(t
−
1
)

`
to
β
(t
)

`
in

th
e

gl
ob

al
st

ep
.

W
e

n
ot

e
th

at
th

e
lo

ca
l

st
ep

ca
n

b
e

ex
ec

u
te

d
in

p
ar

al
le

l
w

.r
.t

d
u
al

va
ri

a
b
le

s
{α

(`
)}
m `=

1
.

In
p
ra

ct
ic

e,
it

is
of

te
n

u
se

fu
l

to
op

ti
m

iz
e

(7
)

ap
p
ro

x
im

at
el

y
b
y

u
si

n
g

a
ra

n
d
o
m

ly
se

le
ct

ed

m
in

i-
b
at

ch
Q
`
⊂
S
`

of
si

ze
|Q

`|
=
M
`.

T
h
at

is
,

w
e

w
an

t
to

fi
n
d

∆
α
(t
)

i
w

it
h
i
∈
Q
`

to
ap

p
ro

x
im

at
el

y
m

ax
im

iz
e

th
e

lo
ca

l
d
u
al

ob
je

ct
iv

e
as

fo
ll
ow

s:

D̃
(t
)

Q
`
(∆
α
Q
`
)

:=
−
∑ i∈
Q
`

φ
∗ i(
−
α
(t
−
1
)

i
−

∆
α
i)
−
λ
n
`g
∗
( ṽ

(t
−
1
)

`
+

∑
i∈
Q
`
X
i∆
α
i

λ
n
`

)
.

(1
2
)

T
h
is

st
ep

is
d
es

cr
ib

ed
in

A
lg

or
it

h
m

1.
W

e
ca

n
u
se

an
y

so
lv

er
fo

r
th

is
a
p
p
ro

x
im

a
te

op
ti

m
iz

at
io

n
,

an
d

in
ou

r
ex

p
er

im
en

ts
,

w
e

ch
o
os

e
P

ro
x
S
D

C
A

.
T

h
e

gl
ob

al
st

ep
is

to
sy

n
ch

ro
n
iz

e
al

l
lo

ca
l

so
lu

ti
on

s,
w

h
ic

h
re

q
u
ir

es
co

m
m

u
n
ic

a
ti

on
am

on
g

th
e

m
ac

h
in

es
.

T
h
is

is
ac

h
ie

v
ed

b
y

op
ti

m
iz

in
g

th
e

fo
ll
ow

in
g

d
u
al

o
b

je
ct

iv
e

w
it

h
re

sp
ec

t
to

al
l
β

=
{β

`}
:

β
(t
)
∈

ar
g

m
ax β
D

(α
(t
) ,
β

).
(1

3
)

P
ro

p
o
si

ti
o
n

4
G

iv
en

v
,

le
t
w

(v
)

be
th

e
u

n
iq

u
e

so
lu

ti
o
n

o
f

th
e

fo
ll

o
w

in
g

o
p
ti

m
iz

a
ti

o
n

p
ro

b-
le

m

w
(v

)
=

ar
g

m
in w

[ −
λ
n
w
>
v

+
λ
n
g
(w

)
+
h

(w
)]

(1
4
)

th
a
t

sa
ti

sfi
es

λ
n
∇
g
(w

)
+
∇
h

(w
)

=
λ
n
v

1
0
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A
G
e
n
e
r
a
l
D
ist

r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

fo
r

so
m

e
su

bgra
d
ien

ts∇
g
(w

)
a
n

d
∇
h

(w
)

=
ρ

a
t
w

=
w

(v
).

T
h
en

β̄
(v

)
=
ρ

is
a

so
lu

tio
n

o
f

m
ax
b

[−
λ
n
g ∗ (

v−
bλ
n )
−
h
∗(b) ]

,

a
n

d

w
(v

)
=
∇
g ∗ (

v−
β̄

(v
)

λ
n

)
.

P
ro

p
o
sitio

n
5

G
iven

α
,

a
so

lu
tio

n
o
fm

ax
β

D
(α
,β

)

ca
n

be
o
bta

in
ed

by
settin

g

β
`

=
λ
n
` (
v
` (α

(`) )−
v
(α

)
+
β̄

(v
(α

))

λ
n

)

w
h
ere

β̄
(v

(α
))

is
d
efi

n
ed

in
P

ro
po

sitio
n

4
,

v
(α

)
=

∑
ni=

1
X
i α
i

λ
n

,
v
` (α

(`) )
=

∑
i∈
S
`
X
i α
i

λ
n
`

.

M
o
reo

ver,
if

w
e

let

w
=
w

(α
,β

)
=
w

(v
(α

))
=
∇
g ∗ (

v
(α

)−
β̄

(v
(α

))

λ
n

)
,

w
h
ere

w
(v

)
is

d
efi

n
ed

in
P

ro
po

sitio
n

4
,

a
n

d

w
`

=
w
` (α

(`) ,β
` )

=
∇
g ∗ (

v
` (α

(`) )−
β
`

λ
n
` )

,

th
en

w
=
w
`

fo
r

a
ll
`,

a
n

d

P
(w

)−
D

(α
,β

)
=

m
∑`=

1 [P̃
` (w

` |β
` )−

D̃
` (α

(`) |β
` )].

A
ccord

in
g

to
P

rop
osition

5,
th

e
solu

tion
of

(13)
is

given
b
y

β
(t)
`

=
λ
n
` (

v
(t)
`
−
v
(t)

+
ρ
(t)

λ
n

)
,

w
h
ere

v
(t)

=
m
∑`=

1

n
`

n
v
(t)
`

=
v
(t−

1
)

+
m
∑`=

1

n
`

n
∆
v
(t)
`
,
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Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

A
lg

o
rith

m
2

D
istrib

u
ted

A
ltern

atin
g

D
u
al

M
ax

im
ization

(D
A

D
M

)

In
p

u
t:

O
b

jective
P

(w
),

target
d
u
ality

gap
ε,

w
arm

start
variab

les
w

in
it,α

in
it,β

in
it,v

in
it,

(if
n
ot

sp
ecifi

ed
,

set
w

in
it

=
0,α

in
it

=
0,β

in
it

=
0,v

in
it

=
0),

.
In

itia
liz

e
:

let
w

(0
)

=
w

in
it,
α
(0
)

=
α
in
it,
β
(0
)

=
β
in
it,
v
(0
)

=
v
in
it.

fo
r
t

=
1,2,...

d
o

(L
o
c
a
l

ste
p

)
fo

r
a
ll

m
a
ch

in
e
s
`

=
1,2

,...,m
in

p
a
ra

lle
l

d
o

call
an

arb
itrary

lo
cal

p
ro

ced
u
re,

su
ch

as
A

lgorith
m

1
e
n

d
fo

r
(G

lo
b

a
l

ste
p

)

A
g
g
re

g
a
te

v
(t)

=
v
(t−

1
)

+
∑

m`=
1
n
`
n

∆
v
(t)
`

C
om

p
u
te
ṽ
(t)

accord
in

g
to

(15)
L

et
∆
ṽ
(t)

=
ṽ
(t)−

ṽ
(t−

1
)

fo
r

a
ll

m
a
ch

in
e
s
`

=
1,2

,...,m
in

p
a
ra

lle
l

d
o

u
p

d
ate

lo
cal

p
aram

eter
ṽ
(t)
`

=
ṽ
(t−

1
)

`
+

∆
ṽ
(t)

e
n

d
fo

r
S

to
p

p
in

g
c
o
n

d
itio

n
:

S
top

if
P

(w
(t))−

D
(α

(t),β
(t))≤

ε.
e
n

d
fo

r
re

tu
rn

w
(t)

=
∇
g ∗(ṽ

(t)),
α
(t),

β
(t),

v
(t),

a
n
d

th
e

d
u
ality

gap
P

(w
(t))−

D
(α

(t),β
(t)).

an
d
ρ
(t)

=
∇
h

(w
(t))

is
a

su
b
grad

ien
t

of
h

a
t

th
e

solu
tion

w
(t)

of

w
(t)

=
arg

m
in
w

[−
λ
n
w
>
v
(t)

+
λ
n
g
(w

)
+
h

(w
) ]
,

th
at

can
ach

ieve
th

e
fi
rst

ord
er

op
tim

ality
con

d
ition

−
λ
n
v
(t)

+
λ
n∇

g
(w

(t))
+
ρ
(t)

=
0

for
som

e
su

b
grad

ien
t∇

g
(w

(t)).
T

h
e

d
efi

n
ition

of
ṽ

im
p
lies

th
at

after
each

glob
al

u
p

d
ate,

w
e

h
ave

ṽ
(t)
`

=
ṽ
(t)

=
v
(t)−

ρ
(t)

λ
n

=
∇
g
(w

(t)),
for

all
`

=
1,...,m

.
(15)

S
in

ce
th

e
ob

jectiv
e

(12)
for

th
e

lo
cal

step
on

each
m

ach
in

e
on

ly
d
ep

en
d
s

on
th

e
m

in
i-

b
atch

Q
`

(sam
p
led

from
S
` )

an
d

th
e

vector
ṽ
(t)
`

,
w

h
ich

n
eed

s
to

b
e

sy
n
ch

ron
ized

at
each

glob
al

step
,

w
e

k
n
ow

from
(15)

th
at

at
each

tim
e
t,

w
e

can
p
ass

th
e

sam
e

vector
ṽ
(t)

as
ṽ
(t)
`

to
all

n
o
d
es.

In
p
ractice,

it
m

ay
b

e
b

en
efi

cial
to

p
ass

∆
ṽ
(t)

in
stead

,
esp

ecially
w

h
en

∆
ṽ
(t)

is
sp

arse
b
u
t
ṽ
(t)

is
d
en

se.
P

u
t

th
in

gs
togeth

er,
th

e
lo

cal-glob
al

D
A

D
M

iteration
s

can
b

e
su

m
m

arized
in

A
lgorith

m
2.

If
w

e
con

sid
er

th
e

sp
ecial

case
of
h

(w
)

=
0,

th
e

solu
tion

of
(15

)
is

sim
p
ly
ṽ
(t)
`

=
ṽ
(t)

=
v
(t),

an
d

th
e

glob
al

step
in

A
lgorith

m
2

can
b

e
sim

p
lifi

ed
as

fi
rst

aggregatin
g

u
p

d
ates

b
y

∆
ṽ
(t)

=
∆
v
(t)

=
m
∑`=

1

n
`

n
∆
v
(t)
`
,

1
2
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A
G
e
n
e
r
a
l
D
is
t
r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

an
d

th
en

u
p

d
at

in
g

lo
ca

l
p
ar

am
et

er
s

in
p
ar

al
le

l.
F

u
rt

h
er

,
if
h

(w
)

=
0

an
d

th
e

d
at

a
p
ar

ti
ti

on
is

b
al

an
ce

d
,

th
at

is
n
`

ar
e

id
en

ti
ca

l
fo

r
al

l
`

=
1
,.
..
,m

,
it

ca
n

b
e

ve
ri

fi
ed

th
at

th
e

D
A

D
M

p
ro

ce
d
u
re

(i
gn

or
in

g
th

e
m

in
i-

b
at

ch
va

ri
at

io
n
)

is
eq

u
iv

al
en

t
to

C
oC

oA
+

.
T

h
er

ef
or

e
th

e
fr

am
ew

or
k

p
re

se
n
te

d
h
er

e
m

ay
b

e
re

ga
rd

ed
as

an
al

te
rn

at
iv

e
in

te
rp

re
ta

ti
on

.

M
or

eo
ve

r,
w

h
en

th
e

ad
d
ed

re
gu

la
ri

za
ti

on
in

(1
)

is
co

m
p
le

x
an

d
m

ig
h
t

in
vo

lv
es

m
or

e
th

an
on

e
n
on

-s
m

o
ot

h
te

rm
,

co
n
si

d
er

in
g

th
e

sp
li
tt

in
g

of
g
(w

)
an

d
h

(w
)

ca
n

b
ri

n
g

co
m

p
u
ta

ti
on

al
ad

va
n
ta

ge
s.

F
or

ex
am

p
le

,
to

p
ro

m
ot

e
b

ot
h

sp
ar

si
ty

an
d

gr
ou

p
sp

ar
si

ty
in

th
e

p
re

d
ic

to
r

w
e

of
te

n
u
se

th
e

sp
ar

se
gr

ou
p

la
ss

o
re

gu
la

ri
za

ti
on

(F
ri

ed
m

an
et

a
l.
,
20

10
),

w
h
er

e
a

co
m

b
in

a
ti

on
of
L
1

n
or

m
an

d
m

ix
ed

L
2
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p
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b
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b
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d
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e

p
ri

m
a
l

su
b

-o
p
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p
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re
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b
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d
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p
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d
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h
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e
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+
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h
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≥
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+
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ñ
ε(

0
)

D n
G

)e
},

ñ
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p
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h
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e
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r
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p
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√
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+
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w

(t)
+
ν

(w
(t)−

w
(t−

1
)).

4
.

U
p

d
a
te

:
ξ
t

=
(1−

η
/2)ξ

t−
1 .
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7
all

im
p
ly

th
at

w
h
en

th
e

con
d
ition

n
u
m

b
er

1γ
λ

or
L
2

λ
is

relatively
sm

all,
D

A
D

M
co

n
verg

es
fast.

H
ow

ever,
th

e
con

vergen
ce

m
ay

b
e

slow
w

h
en

th
e

con
d
ition

n
u
m

b
er

is
la

rg
e

an
d

d
o
m

in
ates

th
e

iteration
com

p
lex

ity.
In

fact,
w

e
ob

serve
em

p
irically

th
at

th
e

b
a
sic

D
A

D
M

m
eth

o
d

con
v
erges

slow
ly

w
h
en

th
e

regu
lariza

tion
p
aram

eter
λ

is
sm

all.
T

h
is

p
h
en

o
m

en
o
n

is
also

con
sisten

t
w

ith
th

at
of

S
D

C
A

for
th

e
sin

gle-m
ach

in
e

case.
In

th
is

sectio
n
,

w
e

in
tro

d
u
ce

th
e

A
ccelerated

D
istrib

u
ted

A
ltern

atin
g

D
u
al

M
ax

im
ization

(A
cc-

D
A

D
M

)
m

eth
o
d

th
at

can
allev

iate
th

e
p
rob

lem
.

T
h
e

p
ro

ced
u
re

is
m

otivated
b
y

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2014),

w
h
ich

em
p
loy

s
an

in
n
er-o

u
ter

iteration
:

at
every

iteration
t,

w
e

solve
a

sligh
tly

m
o
d
ifi

ed
ob

jective,
w

h
ich

ad
d
s

a
reg

u
la

riza
tio

n
term

cen
tered

arou
n
d

th
e

vector

y
(t−

1
)

=
w

(t−
1
)

+
ν (

w
(t−

1
)−

w
(t−

2
) )
,

(18)

w
h
ere

ν
∈

[0,1]
is

called
th

e
m

om
en

tu
m

p
aram

eter.
T

h
e

a
ccelerated

D
A

D
M

p
ro

ced
u
re

(d
escrib

ed
in

A
lgorith

m
3)

can
b

e
sim

ila
rly

v
iew

ed
as

a
n

in
n
er-o

u
ter

algorith
m

,
w

h
ere

D
A

D
M

serves
as

th
e

in
n
er

iteration
.

In
th

e
ou

ter
iteration

,
w

e
a
d
ju

st
th

e
regu

larization
vector

y
(t−

1
).

T
h
at

is,
at

each
ou

ter
iteration

t,
w

e
d
efi

n
e

a
m

o
d
ifi

ed
lo

cal
p
rim

al
ob

jective
on

each
m

ach
in

e
`,

w
h
ich

h
as

th
e

sam
e

form
as

th
e

origin
al

lo
cal

p
rim

a
l

o
b

jective
(9),

ex
cep

t
th

at
g̃
` (w

` )
is

m
o
d
ifi

ed
to
g̃
`
t (w

` )
th

at
is

d
efi

n
ed

b
y

λ
n
` g̃
`
t (w

` )
=
λ
n
` g
t (w

` )
+
β
>`
w
` ,

λ
g
t (w

` )
=
λ
g
(w

` )
+
κ2 ‖
w
` −

y
(t−

1
)‖

22 .
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Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

It
follow

s
th

at
w

e
w

ill
n
eed

to
solve

a
m

o
d
ifi

ed
d
u
al

at
each

lo
cal

step
w

ith
g ∗(·)

rep
laced

b
y
g ∗t (·)

in
th

e
lo

cal
d
u
al

p
rob

lem
(12).

T
h
erefore,

com
p
ared

to
th

e
b
asic

D
A

D
M

p
ro

ced
u
re,

n
oth

in
g

ch
an

ges
oth

er
th

an
g ∗(·)

b
ein

g
rep

laced
b
y
g ∗t (·)

at
each

iteration
.

S
p

ecifi
cally,

w
h
en

th
e

n
u
m

b
er

of
m

ach
in

es
m

eq
u
als

1,
th

is
algorith

m
red

u
ces

to
A

ccP
rox

S
D

C
A

d
escrib

ed
in

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2014).

T
h
u
s

A
cc-D

A
D

M
can

b
e

n
atu

rally
regard

ed
as

th
e

d
istrib

u
ted

gen
era

lization
of

th
e

sin
gle-m

ach
in

e
A

ccP
rox

S
D

C
A

.
M

oreover,
A

cc-D
A

D
M

also
allow

s
arb

itrary
lo

cal
p
ro

ced
u
res

as
D

A
D

M
d
o
es.

O
u
r

em
p
irical

stu
d
ies

sh
ow

th
at

A
cc-D

A
D

M
sign

ifi
can

tly
ou

tp
erform

s
D

A
D

M
in

m
an

y
cases.

T
h
ere

are
p
rob

ab
ly

tw
o

reason
s.

O
n
e

reason
is

th
e

u
se

of
a

m
o
d
ifi

ed
regu

larizer
g
t (w

)
th

at
is

m
ore

stron
gly

con
vex

th
an

th
e

origin
al

regu
larizer

g
(w

)
w

h
en

κ
is

m
u
ch

larger
th

an
λ

.
T

h
e

oth
er

reason
is

closely
related

to
th

e
d
istrib

u
ted

settin
g

con
sid

ered
in

th
is

p
ap

er.
O

b
serve

th
at

in
th

e
m

o
d
ifi

ed
lo

cal
p
rim

al
ob

jectiv
e

P̃
`
t (w

` |β
` )

:=
P̃
` (w

` |β
` )

+
κ
n
`

2
‖
w
` −

y
(t−

1
)‖

22 ,

th
e

fi
rst

term
corresp

on
d
s

to
th

e
origin

al
lo

cal
p
rim

al
ob

jective
a
n
d

th
e

secon
d

term
is

an
ex

tra
regu

larization
d
u
e

to
acceleration

th
at

con
strain

s
w
`

to
b

e
close

to
y
(t−

1
).

T
h
e

eff
ect

is
th

at
d
iff

eren
t

lo
ca

l
p
rob

lem
s

b
ecom

e
m

ore
sim

ilar
to

each
oth

er,
w

h
ich

stab
ilize

th
e

overall
sy

stem
.

8
.1

T
h

e
o
re

tic
a
l

R
e
su

lts
o
f

A
c
c
-D

A
D

M
fo

r
S

m
o
o
th

L
o
sse

s

T
h
e

follow
in

g
th

eorem
estab

lish
es

th
e

com
p
u
tation

effi
cien

cy
gu

aran
tees

for
A

cc-D
A

D
M

.

T
h

e
o
re

m
1
1

A
ssu

m
e

th
a
t

ea
ch

φ
i

is
(1/γ

)-sm
oo

th
,

a
n

d
g

is
1
-stro

n
gly

co
n

vex
w

.r.t‖·‖
2 ,

‖
X
i ‖

22
≤
R

fo
r

a
ll
i,
M
`

=
|Q

` |
is

fi
xed

o
n

ea
ch

m
a
ch

in
e.

T
o

o
bta

in
expected

ε
p
rim

a
l

su
b-o

p
tim

a
lity:

E
[P

(w
(t))]−

P
(w
∗)≤

ε,

it
is

su
ffi

cien
t

to
h
a
ve

th
e

fo
llo

w
in

g
n

u
m

ber
o
f

sta
ges

in
A

lgo
rith

m
3

T
o
u
ter ≥

1
+

2η
log (

ξ
0ε )

=
1

+

√
4(λ

+
2
κ

)

λ

(
log (

2λ
+

2
κ

λ

)
+

log (
P

(0)−
D

(0,0)

ε

))
,

a
n

d
th

e
n

u
m

ber
o
f

in
n

er
itera

tio
n

s
in

D
A

D
M

a
t

ea
ch

sta
ge:

T
in
n
er ≥

(
R

γ
(λ

+
κ

)
+

m
ax
`

n
`

M
` )
(

log (
R

γ
(λ

+
κ

)
+

m
ax
`

n
`

M
` )

+
7

+
52

log (
λ

+
2
κ

λ

))
.

In
pa

rticu
la

r,
su

p
po

se
w

e
a
ssu

m
e
n
1

=
n
2

=
...

=
n
m

,
a
n

d
M

1
=
M

2
=
...

=
M
m

=
b,

th
en

th
e

to
ta

l
vecto

r
co

m
p
u

ta
tio

n
s

fo
r

ea
ch

m
a
ch

in
e

a
re

bo
u

n
d
ed

by

Õ
(T

o
u
ter T

in
n
er b)

=
Õ
(
(

1
+

√
κ

+
λ

λ

)
(

R

γ
(λ

+
κ

)
+

nm
b )

b )
.

R
e
m

a
rk

1
2

W
h
en

κ
=

0
,

th
en

th
e

gu
a
ra

n
tees

red
u

ce
to

D
A

D
M

.
H

o
w

ever,
D

A
D

M
o
n

ly
en

jo
ys

lin
ea

r
speed

u
p

o
ver

P
ro

xS
D

C
A

w
h
en

th
e

n
u

m
ber

o
f

m
a
ch

in
es

sa
tisfi

es
m
≤

(n
γ
λ

)/R
,

1
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A
G
e
n
e
r
a
l
D
is
t
r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

a
n

d
be

in
g

a
bl

e
to

o
bt

a
in

su
b-

li
n

ea
r

sp
ee

d
u

p
w

h
en

R λ
γ

=
O

(n
).

B
es

id
es

en
jo

yi
n

g
th

e
p
ro

pe
rt

ie
s

d
es

cr
ib

ed
a

bo
ve

a
s

D
A

D
M

,
if

w
e

ch
oo

se
κ

in
A

lg
o
ri

th
m

3
a
s
κ

=
m
R
γ
n
−
λ

,
a
n

d
b

=
1
,

th
en

th
e

to
ta

l
ve

ct
o
r

co
m

p
u

ta
ti

o
n

s
fo

r
ea

ch
m

a
ch

in
e

a
re

bo
u

n
d
ed

by

Õ
(
√
R
m

γ
n
λ

(
n m

))
=
Õ
(
√

R
n

γ
λ
m

)
,

w
h
ic

h
m

ea
n

s
A

cc
-D

A
D

M
ca

n
be

m
u

ch
fa

st
er

th
a
n

D
A

D
M

w
h
en

th
e

co
n

d
it

io
n

n
u

m
be

r
is

la
rg

e
a
n

d
a
lw

a
ys

o
bt

a
in

a
re

d
u

ct
io

n
o
f

co
m

p
u

ta
ti

o
n

s
o
ve

r
th

e
si

n
gl

e-
m

a
ch

in
e

A
cc

P
ro

xS
D

C
A

by
a

fa
ct

o
r

o
f
Õ

(√
1/
m

).

8
.2

A
c
c
e
le

ra
ti

o
n

fo
r

N
o
n

-s
m

o
o
th

,
L

ip
sc

h
it

z
L

o
ss

e
s

T
h
eo

re
m

11
es

ta
b
li
sh

es
th

e
ra

te
of

co
n
v
er

ge
n
ce

fo
r

sm
o
ot

h
lo

ss
fu

n
ct

io
n
s,

b
u
t

th
e

ac
ce

l-
er

at
io

n
fr

am
ew

or
k

ca
n

al
so

b
e

u
se

d
on

n
on

-s
m

o
o
th

,
L

ip
sc

h
it

z
lo

ss
fu

n
ct

io
n
s.

T
h
e

m
ai

n
id

ea
is

to
u
se

th
e

N
es

te
ro

v
’s

sm
o
ot

h
in

g
te

ch
n
iq

u
e

(N
es

te
ro

v
,

20
05

)
to

co
n
st

ru
ct

a
sm

o
ot

h
ap

p
ro

x
im

at
io

n
of

th
e

n
on

-s
m

o
ot

h
fu

n
ct

io
n
φ
i(
·),

b
y

ad
d
in

g
a

st
ro

n
gl

y
-c

on
ve

x
re

gu
la

ri
za

ti
on

te
rm

on
th

e
co

n
ju

ga
te

of
φ
i(
·): φ̃
∗ i(
−
α
i)

:=
φ
∗ i(
−
α
i)

+
γ 2
‖α

i‖
2 2
,

b
y

th
e

p
ro

p
er

ty
of

co
n
ju

ga
te

fu
n
ct

io
n
s

(e
.g

.
L

em
m

a
2

in
(S

h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g,
2
01

4)
),

w
e

k
n
ow

φ̃
i(
·),

as
th

e
co

n
ju

ga
te

fu
n
ct

io
n

of
φ̃
∗ i(
·)

is
(1
/γ

)-
sm

o
ot

h
,

an
d

0
≤
φ̃
i(
u
i)
−
φ
i(
u
i)
≤
γ
L
2

2
.

T
h
en

in
st

ea
d

of
th

e
or

ig
in

al
fu

n
ct

io
n

w
it

h
n
on

-s
m

o
ot

h
lo

ss
es

,
w

e
m

in
im

iz
e

th
e

sm
o
o
th

ed
ob

je
ct

iv
e:

m
in

w
∈R

d

[ P̂
(w

)
:=

n ∑ i=
1

φ̃
i(
X
> i
w

)
+
λ
n
g
(w

)
+
h

(w
)] .

(1
9)

T
h
e

fo
ll
ow

in
g

co
ro

ll
ar

y
es

ta
b
li
sh

es
th

e
co

m
p
u
ta

ti
on

effi
ci

en
cy

gu
ar

an
te

es
fo

r
A

cc
-D

A
D

M
on

n
on

-s
m

o
ot

h
,

L
ip

sc
h
it

z
lo

ss
fu

n
ct

io
n
s.

C
o
ro

ll
a
ry

1
3

A
ss

u
m

e
th

a
t

ea
ch

φ
i

is
L

-L
ip

sc
h
it

z,
a
n

d
g

is
1
-s

tr
o
n

gl
y

co
n

ve
x

w
.r

.t
‖·
‖ 2

,
‖X

i‖
2 2
≤
R

fo
r

a
ll
i,
M
`

=
|Q

`|
is

fi
xe

d
o
n

ea
ch

m
a
ch

in
e.

T
o

o
bt

a
in

ex
pe

ct
ed
ε

n
o
rm

a
li

ze
d

p
ri

m
a
l

su
b-

o
p
ti

m
a
li

ty
:

E

[ P
(w

(t
) )

n

]
−
P

(w
∗ )

n
≤
ε,

it
is

su
ffi

ci
en

t
to

ru
n

A
lg

o
ri

th
m

3
o
n

th
e

sm
oo

th
ed

o
bj

ec
ti

ve
(1

9)
,

w
it

h

γ
=

ε L
2
,

a
n

d
th

e
fo

ll
o
w

in
g

n
u

m
be

r
o
f

st
a
ge

s,

T
o
u
te
r
≥

1
+

2 η
lo

g

(
2ξ

0 ε

)
=

1
+

√
4(
λ

+
2
κ

)

λ

( lo
g

(
2λ

+
2
κ

λ

)
+

lo
g

(
2(
P

(0
)
−
D

(0
,0

))

ε

))
,
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:1
-5

2,
 2

01
7

Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

a
n

d
th

e
n

u
m

be
r

o
f

in
n

er
it

er
a
ti

o
n

s
in

D
A

D
M

a
t

ea
ch

st
a
ge

:

T
in
n
er
≥
(

L
2
R

ε(
λ

+
κ

)
+

m
ax `

n
`

M
`

)
( lo

g

(
L
2
R

ε(
λ

+
κ

)
+

m
ax `

n
`

M
`

)
+

7
+

5 2
lo

g

(
λ

+
2
κ

λ

))
.

In
pa

rt
ic

u
la

r,
su

p
po

se
w

e
a
ss

u
m

e
n
1

=
n
2

=
..
.

=
n
m

,
a
n

d
M

1
=
M

2
=
..
.

=
M
m

=
b,

th
en

th
e

to
ta

l
ve

ct
o
r

co
m

p
u

ta
ti

o
n

s
fo

r
ea

ch
m

a
ch

in
e

a
re

bo
u

n
d
ed

by

Õ
(T

o
u
te
rT

in
n
er
b)

=
Õ
(
(

1
+

√
κ

+
λ

λ

)
(

L
2
R

ε(
λ

+
κ

)
+

n m
b

)
b)

.

R
e
m

a
rk

1
4

W
h
en

κ
=

0,
th

en
th

e
gu

a
ra

n
te

es
re

d
u

ce
to

D
A

D
M

fo
r

L
ip

sc
h
it

z
lo

ss
es

.
M

o
re

-
o
ve

r,
w

h
en

L
2
R
m
≥
n
ελ

,
if

w
e

ch
oo

se
κ

in
A

lg
o
ri

th
m

3
a
s
κ

=
m
L
2
R

n
ε
−
λ

,
a
n

d
b

=
1,

th
en

th
e

to
ta

l
ve

ct
o
r

co
m

p
u

ta
ti

o
n

s
fo

r
ea

ch
m

a
ch

in
e

a
re

bo
u

n
d
ed

by

Õ
(
√
L
2
R
m

n
ελ

(
n m

))
=
Õ
(
L

√
R
n

ελ
m

)
,

w
h
ic

h
m

ea
n

s
A

cc
-D

A
D

M
ca

n
be

m
u

ch
fa

st
er

th
a
n

D
A

D
M

w
h
en

ε
is

sm
a
ll

a
n

d
a
lw

a
ys

o
b-

ta
in

a
re

d
u

ct
io

n
o
f

co
m

p
u

ta
ti

o
n

s
o
ve

r
th

e
si

n
gl

e-
m

a
ch

in
e

A
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P
ro

xS
D

C
A
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a

fa
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o
r

o
f

Õ
(√

1
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n
,

w
e
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t
p
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n
t

p
ro
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s
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t
se

ve
ra

l
p
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v
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u
s

p
ro

p
os

it
io

n
s

to
es

ta
b
li
sh

ou
r

fr
am

ew
or

k
so

li
d
ly

.
T

h
en

b
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ed
on

ou
r

n
ew

d
is

tr
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u
te

d
d
u
al

fo
rm

u
la
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o
n
,

w
e

d
ir

ec
tl

y
ge

n
er

al
iz

e
th

e
an

al
y
si

s
of

S
D

C
A

an
d

ad
ap

t
it

to
D

A
D

M
in

th
e

co
m

m
on

ly
u
se

d
m

in
i-

b
a
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h
se

tu
p
.

F
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,
w

e
d
es

cr
ib

e
th

e
p
ro

of
fo

r
th

e
th

eo
re

ti
ca

l
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ar
an

te
es

of
A
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-D

A
D
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.
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p
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P
ro

o
f
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t
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p
ar
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et

er
s

(w
;{
w
`}

;{
u
i}

;{
α
i}

;{
β
`}

),
w

e
h
av

e

m
in

w
;{
w
`
};
{u
i
}J

(w
;{
w
`}

;{
u
i}

;{
α
i}

;{
β
`}

)

=
m

in
w
;{
w
`
}

m ∑ `=
1

 ∑ i∈
S
`

m
in
u
i

( φ
i(
u
i)

+
α
> i

(u
i
−
X
> i
w
`)
)

+
λ
n
`g

(w
`)

+
β
> `

(w
`
−
w

) 
+
h

(w
)
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︷︷

︸
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w
h
ere

th
e

m
in

im
u
m

is
ach

iev
ed

at{u
i }

su
ch

th
at∇

φ
i (u

i )
+
α
i

=
0.

B
y

elim
in

a
tin

g
u
i

w
e

o
b
ta

in

A
=

m
in

w
;{
w
` }

m
∑`=

1  ∑i∈
S
` (−

φ
∗i (−

α
i )−

α
>i
X
>i
w
` )

+
λ
n
` g

(w
` )

+
β
>`

(w
` −

w
) 

+
h

(w
)

=
m

in
w

m
∑`=

1

m
in
w
`

 ∑i∈
S
` −
φ
∗i (−

α
i )−


∑i∈
S
` X

i α
i −

β
` 
>

w
`

+
λ
n
` g

(w
` )−

β
>`
w 

+
h

(w
)

︸
︷︷

︸
B

,

w
h
ere

m
in

im
u
m

is
ach

ieved
at{

w
` }

su
ch

th
at−

(∑
i∈
S
`
X
i α
i −

β
` )

+
λ
n
` ∇
g
(w

` )
=

0.
B

y

elim
in

a
tin

g
w
`

w
e

ob
tain

B
=

m
in
w

m
∑`=

1  ∑i∈
S
` −
φ
∗i (−

α
i )−

λ
n
` g ∗ (

∑
i∈
S
`
X
i α
i −

β
`

λ
n
`

)
−
β
>`
w 

+
h

(w
)

=
m
∑`=

1  ∑i∈
S
` −
φ
∗i (−

α
i )−

λ
n
` g ∗ (

∑
i∈
S
`
X
i α
i −

β
`

λ
n
`

) 
−
h
∗ (
∑

`

β
` )

︸
︷︷

︸
D
(α
,β
)

,

w
h
ere

th
e

m
in

im
izer

is
ach

ieved
at
w

su
ch

th
a
t−

∑
`
β
`

+
∇
h

(w
)

=
0.

T
h
is

com
p
letes

th
e

p
ro

o
f.

9
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ro
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P
ro

p
o
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n
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P
ro

o
f

G
iven

an
y
w

,
if

w
e

take
u
i

=
X
>i
w
`

an
d
w
`

=
w

for
all

i
an

d
`,

th
en

P
(w

)
=

J
(w

;{w
` };{u

i };{α
i }

;{
β
` })

for
arb

itrary
({
α
i }

;{
β
` }).

It
follow

s
from

P
rop

osition
1

th
at

P
(w

)
=
J

(w
;{w

` };{u
i }

;{
α
i };{β

` }
)≥

D
(α
,β

).

w
∗

is
th

e
m

in
im

izer
of
P

(w
).

W
h
en

w
=

w
∗,

w
e

m
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set
u
i

=
u
∗i

=
X
>i
w
∗

an
d

w
`

=
w
∗`

=
w
∗.

F
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e

fi
rst

ord
er

op
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con

d
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,
w

e
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ob
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∑

i

X
i ∇
φ
i (u
∗i )

+
∑

`

λ
n
` ∇
g
(w
∗` )

+
∇
h

(w
∗)

=
0.

If
w

e
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k
e
α
∗i

=
−
∇
φ
i (u
∗i )

an
d
β
∗`

=
∑

i∈
S
`
X
i α
∗i −

λ
n
` ∇
g
(w
∗` )

fo
r

som
e

su
b
grad

ien
ts,

th
en

it
is

n
o
t

d
iffi
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lt

to
ch

eck
th

at
all

eq
u
ation

s
in

(6)
are

satisfi
ed

.
It

follow
s

th
at

w
e

can
a
ch

ieve
eq

u
ality

in
P

rop
osition

1
as

P
(w
∗)

=
J

(w
∗;{w

∗` }
;{
u
∗i }

;{
α
∗i };{β

∗` })
=
D

(α
∗,β
∗).
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e
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gap
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b
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∗.
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to
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(α
∗,β
∗)

m
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im
izes

D
(α
,β
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ce
for

an
y

(α
,β
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w

e
h
ave

D
(α
,β

)≤
J

(w
∗;{

w
∗` };{u

∗i };{α
i }

;{
β
` })

=
P
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∗)

=
D

(α
∗,β
∗).
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P
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p
o
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n
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P
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o
f

W
e

h
ave

th
e

d
ecom

p
osition

s

D
(α
,β

)
=

m
∑`=

1

D̃
` (α

(`) |β
` )−

h
∗ (
∑

`

β
` )

,

an
d

P
(w

)
=

m
∑`=

1

P̃
` (w

` |β
` )−

(
∑

`

β
` )
>

w
+
h

(w
).

It
follow

s
th

at
th

e
d
u
ality

gap

P
(w

)−
D

(α
,β

)
=

m
∑`=

1 [P̃
` (w

` |β
` )−

D̃
` (α

(`) |β
` )]+

h
∗ (
∑

`

β
` )

+
h

(w
)−

(
∑

`

β
` )
>

w
.

N
ote

th
at

th
e

d
efi

n
ition

of
con

vex
con

ju
ga

te
fu

n
ction

im
p
lies

th
at

h
∗ (
∑

`

β
` )

+
h

(w
)−

(
∑

`

β
` )
>

w
≥

0,

an
d

th
e

eq
u
ality

h
old

s
w

h
en
∇
h

(w
)

=
∑

`
β
` .

T
h
is

im
p
lies

th
e

d
esired

resu
lt.

9
.4

P
ro

o
f

o
f

P
ro

p
o
sitio

n
4

P
ro

o
f

It
is

easy
to

ch
eck

b
y

u
sin

g
th

e
d
u
ality

th
at

for
an

y
b

an
d
w

:

−
λ
n
g ∗ (

v−
bλ
n )
−
h
∗(b)

≤
[−

λ
n
w
>
(
v−

bλ
n )

+
λ
n
g
(w

) ]
+
[−
b >
w

+
h

(w
) ]

=
−
λ
n
w
>
v

+
λ
n
g
(w

)
+
h

(w
),

an
d

th
e

eq
u
ality

h
old

s
if
b

=
∇
h

(w
)

an
d
v−

bλn
=
∇
g
(w

)
for

som
e

su
b
grad

ien
ts.

B
ased

on
th

e
assu

m
p
tion

s,
th

e
eq

u
ality

can
b

e
ach

ieved
at
b

=
β̄

(v
)

=
∇
h

(w
(v

))
an

d
w

=
w

(v
).

T
h
is

p
roves

th
e

d
esired

resu
lt

b
y

n
oticin

g
th

at
v−

bλn
=
∇
g
(w

)
im

p
lies

th
at
w

=
∇
g ∗(v−

b/
(λ
n

)).
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P
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P
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p
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S
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is
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ed

,
w

e
k
n
ow

th
at

th
e

p
ro

b
le

m
m

ax
β
D

(α
,β

)
is

eq
u
iv

a
le

n
t

to

m
ax β

[
m ∑ `=
1

−
λ
n
`g
∗
( v `

(α
(`
))
−

β
`

λ
n
`

)
−
h
∗
(
∑ `

β
`)
] .

N
ow

b
y

u
si

n
g

J
en

se
n
’s

in
eq

u
al

it
y,

w
e

ob
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fo

r
an

y
(β
′ `)

:

m ∑ `=
1

−
λ
n
`g
∗
( v `

(α
(`
))
−

β
′ `

λ
n
`

)
−
h
∗
(
∑ `

β
′ `)

≤
−
λ
n
g
∗
(

m ∑ `=
1

n
` n

∑
i∈
S
`
X
iα
i
−
β
′ `

λ
n
`

)
−
h
∗
(
∑ `

β
′ `)

=
−
λ
n
g
∗
( v

(α
)
−
∑

`
β
′ `

λ
n

)
−
h
∗
(
∑ `

β
′ `)

≤
−
λ
n
g
∗
( v

(α
)
−
β̄

(v
(α

))

λ
n

)
−
h
∗
( β̄

(v
(α

))
) .

(2
0)

In
th

e
ab

ov
e

d
er

iv
at

io
n
,

th
e

la
st

in
eq

u
al

it
y

h
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u
se

d
P

ro
p

os
it

io
n

4.
H

er
e

th
e

eq
u
al

it
ie

s
ca

n
b

e
ac

h
ie

v
ed

w
h
en

v `
(α

(`
))
−

β
′ `

λ
n
`

=
v
(α

)
−
β̄

(v
(α

))

λ
n

fo
r

al
l
`,

w
h
ic

h
ca

n
b

e
ob

ta
in

ed
w

it
h

th
e

ch
oi

ce
of
{β
′ `}

=
{β

`}
gi

ve
n

in
th

e
st

at
em

en
t

of
th

e
p
ro

p
os

it
io

n
.
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f
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f
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m
6

T
h
e
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is

th
e

m
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i-
b
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n
of

a
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s
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x
S
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p
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in
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ro
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is
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fo
r

co
m

p
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te
n
es
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L
e
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u
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e
th
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t
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∗ i

is
γ

-s
tr
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n
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n
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w
.r
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‖ 2

(w
h
er

e
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ca
n
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ze
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)

a
n

d
g
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is
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m
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th
w

.r
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‖·
‖ 2
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E

ve
ry

lo
ca

l
st

ep
,

w
e

ra
n

d
o
m

ly
p
ic

k
a

m
in

i-
ba

tc
h
Q
`
⊂
S
`,

w
h
o
se

si
ze

is
M
`

:=
|Q

`|,
a
n

d
o
p
ti

m
iz

e
w

.r
.t

d
u

a
l

va
ri

a
bl

es
α
i,
i
∈
Q
`.

T
h
en

,
u

si
n

g
th

e
si

m
p
li

fi
ed

n
o
ta

ti
o
n

P
`(
w

(t
−
1
)

`
)

=
P̃
`(
w

(t
−
1
)

`
|β

(t
−
1
)

`
),

D
`(
α
(t
−
1
)

(`
)

)
=
D̃
`(
α
(t
−
1
)

(`
)
|β

(t
−
1
)

`
),

w
e

h
a
ve

E
[D

`(
α
(t
)

(`
))
−
D
`(
α
(t
−
1
)

(`
)

)]
≥
s `
M
`

n
`

E
[P
`(
w

(t
−
1
)

`
)
−
D
`(
α
(t
−
1
)

(`
)

)]
−
s2 `
M

2 `

2λ
n
2 `

G
(t
)

`

w
h
er

e

G
(t
)

`
:=
∑ i∈
S
`

[ ‖
X
i‖

2 2
−
γ
λ
n
`(

1
−
s `

)

M
`s
`

] E
[ ‖
u
(t
−
1
)

i
−
α
(t
−
1
)

i
‖2 2

]

∆
α̃
i

:=
α
(t
)

i
−
α
(t
−
1
)

i
=
s `

(u
(t
−
1
)

i
−
α
(t
−
1
)

i
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r

a
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i
∈
Q
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Z
h
e
n
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,
W
a
n
g
,
X
ia
,
X
u
,
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n
d

Z
h
a
n
g
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1
)
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=
∇
φ
i(
X
> i
w

(t
−
1
)

`
),
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∈
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].

P
ro

o
f

S
in

ce
on

ly
th

e
el

em
en

ts
in
Q
`
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e

u
p

d
at

ed
,

th
e

im
p
ro

ve
m

en
t

in
th

e
d
u
a
l

o
b

je
ct

iv
e

ca
n

b
e

w
ri

tt
en

as

D
`(
α
(t
)

(`
))
−
D
`(
α
(t
−
1
)

(`
)

)

=

 
∑ i∈
Q
`

−
φ
∗ i(
−
α
(t
)

i
)
−
λ
n
`g
∗

 
v
(t
−
1
)

`
+

(λ
n
`)
−
1
∑ i∈
Q
`

X
i∆
α̃
i 
 

−

 
∑ i∈
Q
`

−
φ
∗ i(
−
α
(t
−
1
)

i
)
−
λ
n
`g
∗
( v

(t
−
1
)

`

) 

≥

 
∑ i∈
Q
`

−
φ
∗ i(
−
α
(t
−
1
)

i
−

∆
α̃
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−
∇
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v
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−
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`
)>

 
∑ i∈
Q
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X
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−

1
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λ
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‖
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Q
`

X
i∆
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2 2

 

︸
︷︷

︸
A
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∑ i∈
Q
`

−
φ
∗ i(
−
α
(t
−
1
)

i
) 

︸
︷︷

︸
B

,

w
h
er

e
w

e
h
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e
u
se

d
th

e
fa

ct
th

e
g
∗

is
1-

sm
o
ot

h
in

th
e

d
er

iv
at

io
n

of
th

e
in

eq
u
a
li
ty

.

B
y

th
e

d
efi

n
it

io
n

of
th

e
u
p

d
at

e
in

th
e
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go

ri
th

m
,

an
d

th
e

d
efi

n
it

io
n

of
∆
α̃
i

=
s `

(u
(t
−
1
)

i
−

α
(t
−
1
)

i
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s `
∈
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,1

],
w

e
h
av

e

A
≥
∑ i∈
Q
`

−
φ
∗ i(
−

(α
(t
−
1
)

i
+
s `

(u
(t
−
1
)

i
−
α
(t
−
1
)

i
))

−
∇
g
∗ (
v
(t
−
1
) )
>

 
∑ i∈
Q
`

X
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u
(t
−
1
)

i
−
α
(t
−
1
)

i
) 

−
1

2
λ
n
`
‖
∑ i∈
Q
`

X
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`(
u
(t
−
1
)

i
−
α
(t
−
1
)

i
)‖

2 2

(2
1
)

F
ro

m
n
ow
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,

w
e
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it

th
e

su
p

er
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ri
p
t

(t
−

1
).

S
in

ce
φ
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is
γ

-s
tr

on
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y
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n
ve

x
w

.r
.t
‖·
‖ 2

,
w

e
h
av

e

φ
∗ i(
−

(α
i
+
s `

(u
i
−
α
i)

))
=
φ
∗ (
s `

(−
u
i)

+
(1
−
s `

)(
−
α
i)

)

≤
s `
φ
∗ (
−
u
i)

+
(1
−
s `

)φ
∗ i(
−
α
i)
−
γ 2
s `

(1
−
s `

)‖
u
i
−
α
i‖

2 2

(2
2
)
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A
G
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n
e
r
a
l
D
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r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

B
rin

g
in

g
E

q
.

(22)
in

to
E

q
.

(21),
w

e
get

A
≥
∑i∈
Q
` (−

s
` φ
∗i (−

u
i )−

(1−
s
` )φ
∗i (−

α
i )

+
γ2
s
` (1−

s
` )‖
u
i −

α
i ‖

22 )

−
w
>`


∑i∈
Q
` s
` X

i (u
i −

α
i ) 
−

1

2
λ
n
` ‖
∑i∈
Q
` s
` X

i (u
i −

α
i )‖

22

≥


∑i∈
Q
` −
φ
∗i (−

α
i ) 

︸
︷︷

︸
B

+
∑i∈
Q
` (
s
` (
w
>`
X
i (−

u
i )−

φ
∗i (−

u
i ) )

+
s
` φ
∗i (−

α
i )

+
s
` w
>`
X
i α
i )

+
∑i∈
Q
`

γ2
s
` (1−

s
` )‖u

i −
α
i ‖

22 −
∑i∈
Q
`

M
` ‖
X
i (u

i −
α
i )‖

22

2
λ
n
`

s
2` ,

w
h
ere

w
e

g
et

th
e

secon
d

in
eq

u
ality

accord
in

g
to

th
e

fa
ct

th
at‖ ∑

i∈
Q
`
a
i ‖

22 ≤
∑

i∈
Q
`
M
` ‖
a
i ‖

22 .

S
in

ce
w

e
ch

o
ose
−
u
i

=
∇
φ
i (X

>i
w
` ),

for
som

e
su

b
g
rad

ien
ts
∇
φ
i (X

>i
w
` ),

w
h
ich

y
ield

s
w
>`
X
i (−

u
i )−

φ
∗i (−

u
i )

=
φ
i (X

>i
w
` ),

th
en

w
e

ob
tain

A
−
B
≥
∑i∈
Q
` s
` [φ

i (X
>i
w
` )

+
φ
∗i (−

α
i )

+
w
>`
X
i α
i ]

+
∑i∈
Q
` s
` ‖u

i −
α
i ‖

22 [
γ

(1−
s
` )

2
−
s
` M

` ‖X
i ‖

22

2
λ
n
`

]
.

=
∑i∈
Q
` s
` [φ

i (X
>i
w
` )

+
φ
∗i (−

α
i )

+
w
>`
X
i α
i ]

+
M
`

2
λ
n
`

∑i∈
Q
` s

2` ‖
u
i −

α
i ‖

22 [
γ
λ
n
` (1−

s
` )

M
` s
`

−
‖
X
i ‖

22 ]
.

(23)

R
eca

ll
th

a
t

w
ith

w
`

=
∇
g ∗(ṽ

` ),
w

e
h
ave

g
(w

)
+
g ∗(ṽ

)
=
w
>
ṽ
.

T
h
en

w
e

d
erive

th
e

lo
cal

d
u
a
lity

g
a
p

a
s

P
` (w

` )−
D
` (α

(`) )

=
∑i∈
S
` φ

i (X
>i
w
` )

+
λ
n
` g

(w
` )

+
β
>`
w
` −


∑i∈
S
` −
φ
∗i (−

α
i )−

λ
n
` g ∗ (

∑
i∈
S
`
X
i α
i −

β
`

λ
n
`

) 

=
∑i∈
S
` (
φ
i (X

>i
w
` )

+
φ
∗i (−

α
i )

+
w
>`
X
i α
i )
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e
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,
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n
g
,
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,
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u
,
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d

Z
h
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n
g

T
h
en

,
tak

in
g

th
e

ex
p

ectation
of

E
q
.

(23)
w

.r.t
th

e
ran

d
om

ch
oice

of
m

in
i-b

atch
set

Q
`

at
rou

n
d
t,

w
e

ob
tain

E
t [A

` −
B
` ]≥

M
`

n
`

∑i∈
S
` s
` [φ

i (X
>i
w
` )

+
φ
∗i (−

α
i )

+
w
>`
X
i α
i ]

+
M

2`

2λ
n
2`

∑i∈
S
` s

2` ‖
u
i −

α
i ‖

22 [
γ
λ
n
` (1−

s
` )

M
` s
`

−
‖
X
i ‖

22 ]

=
s
` M

`

n
`

∑i∈
S
` [φ

i (X
>i
w
` )

+
φ
∗i (−

α
i )

+
w
>`
X
i α
i ]

−
M

2`

2λ
n
2`

∑i∈
S
` s

2` ‖
u
i −

α
i ‖

22 [‖X
i ‖

22 −
γ
λ
n
` (1−

s
` )

M
` s
`

]
.

T
ake

ex
p

ectation
of

b
oth

sid
es

w
.r.t

th
e

ran
d
om

n
ess

in
p
rev

iou
s

iteratio
n
s,

w
e

h
ave

E
[A

` −
B
` ]≥

s
` M

`

n
`

E
[P

` (w
` )−

D
` (α

(`) ) ]−
s
2` M

2`

2
λ
n
2`

G
(t)
`
,

w
h
ere

G
(t)
`

:=
∑i∈
S
` [‖X

i ‖
22 −

γ
λ
n
` (1−

s
` )

M
` s
`

]
E
[‖u

i −
α
i ‖

22 ]
.

P
ro

o
f

o
f

T
h

e
o
re

m
6
.

P
ro

o
f

W
e

w
ill

ap
p
ly

L
em

m
a

15
w

ith

s
`

=
1

1
+

R
M
`

γ
λ
n
`

=
γ
λ
n
`

γ
λ
n
`

+
M
` R
∈

[0,1],i∈
S
` .

R
ecall

th
at‖

X
i ‖

22 ≤
R

for
all

i∈
S
` ,

th
en

w
e

h
av

e

‖
X
i ‖

22 −
γ
λ
n
` (1−

s
` )

M
` s
`

≤
0
,

for
all

i∈
S
` ,

w
h
ich

im
p
lies

th
a
t
G

(t)
`
≤

0
for

all
`.

It
follow

s
th

a
t

for
all

`
after

th
e

lo
cal

u
p

d
ate

step
w

e
h
ave:

E
[D̃

` (α
(t)
(`) |β

(t−
1
)

`
)−

D̃
` (α

(t−
1
)

(`)
|β

(t−
1
)

`
)]

≥
s
` M

`

n
`

E
[P̃

` (w
(t−

1
)

`
|β

(t−
1
)

`
)−

D̃
` (α

(t−
1
)

(`)
|β

(t−
1
)

`
) ]
.

(24)

N
ow

w
e

n
ote

th
at

after
th

e
glob

al
step

at
itera

tion
t−

1,
th

e
ch

oices
of
w

(t−
1
)

an
d
β
(t−

1
)

in
D

A
D

M
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accord
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g
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th
e
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P
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e
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p
t
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iz
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io
n
F
r
a
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e
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o
r
k

P
ro

p
os

it
io

n
5

th
at

th
e

fo
ll
ow

in
g

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
gl

ob
al

an
d

lo
ca

l
d
u
al

it
y

g
ap

at
th

e
b

eg
in

n
in

g
of

th
e
t-

th
it

er
at

io
n

is
sa

ti
sfi

ed
:

P
(w

(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

=
∑ `

[ P̃
`(
w

(t
−
1
)

`
|β

(t
−
1
)

`
)
−
D̃
`(
α
(t
−
1
)

(`
)
|β

(t
−
1
)

`
)] .

U
si

n
g

th
is

d
ec

om
p

os
it

io
n

an
d

su
m

m
in

g
ov

er
`

in
(2

4
),

w
e

ob
ta

in

E
[D

(α
(t
) ,
β
(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

]
≥
qE

[P
(w

(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

],

w
h
er

e

q
=

m
in `

s `
M
`

n
`

=
m

in `

γ
λ
M
`

γ
λ
n
`

+
M
`R
.

S
in

ce
D

(α
(t
) ,
β
(t
) )
≥
D

(α
(t
) ,
β
(t
−
1
) )

,
w

e
ob

ta
in

E
[D

(α
(t
) ,
β
(t
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

]
≥
qE

[P
(w

(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

].

L
et

(α
∗ ,
β
∗ )

b
e

th
e

op
ti

m
al

so
lu

ti
on

of
th

e
d
u
al

p
ro

b
le

m
,

w
e

h
av

e
d
efi

n
ed

th
e

d
u
al

su
b

op
ti

m
al

it
y

as
ε(
t) D

:=
D

(α
∗ ,
β
∗ )
−
D

(α
(t
) ,
β
(t
) )

.
L

et
ε(
t−

1
)

G
=
P

(w
(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

,

an
d

w
e

k
n
ow

th
at
ε(
t−

1
)

D
≤
ε(
t−

1
)

G
.

It
fo

ll
ow

s
th

at

E[
ε(
t−

1
)

D
]
≥

E[
ε(
t−

1
)

D
−
ε(
t) D

]
≥
qE

[ε
(t
−
1
)

G
]
≥
qE

[ε
(t
−
1
)

D
].

T
h
er

ef
or

e
w

e
h
av

e

qE
[ε
(t
)

G
]
≤

E[
ε(
t) D

]
≤

(1
−
q)
E[
ε(
t−

1
)

D
]
≤

(1
−
q)
t ε

(0
)

D
≤
e−

q
t ε

(0
)

D
.

T
o

ob
ta

in
an

ex
p

ec
te

d
d
u
al

it
y

ga
p

of
E

[ε
(T

)
G

]
≤
ε,

ev
er

y
T

,
w

h
ic

h
sa

ti
sfi

es

T
≥

1 q
lo

g

(
1 q

ε(
0
)

D ε

)
,

is
su

ffi
ci

en
t.

T
h
is

p
ro

ve
s

th
e

d
es

ir
ed

b
ou

n
d
.

9
.7

P
ro

o
f

o
f

T
h

e
o
re

m
7

N
ow

,
w

e
co

n
si

d
er

L
-L

ip
sc

h
it

z
lo

ss
fu

n
ct

io
n
s

an
d

u
se

th
e

fo
ll
ow

in
g

b
as

ic
le

m
m

a
fo

r
L

-
L

ip
sc

h
it

z
lo

ss
es

ta
ke

n
fr

om
(S

h
al

ev
-S

h
w

a
rt

z
an

d
Z

h
an

g,
20

13
,

20
14

).

L
e
m

m
a

1
6

L
et
φ

:
R
q
→

R
be

a
n
L

-L
ip

sc
h
it

z
fu

n
ct

io
n

w
.r

.t
‖·
‖ 2

,
th

en
w

e
h
a
ve
φ
∗ (
α

)
=
∞

,
fo

r
a
n

y
α
∈
R
q

s.
t.
‖α
‖ 2
>
L

.

P
ro

o
f

o
f

T
h

e
o
re

m
7
.

P
ro

o
f

A
p
p
ly

in
g

L
em

m
a

15
w

it
h
γ

=
0
,

th
en

w
e

h
av

e

G
(t
)

`
=
∑ i∈
S
`

‖X
i‖

2 2
E
[ ‖
u
(t
−
1
)

i
−
α
(t
−
1
)

i
‖2 2

] .
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Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

A
cc

or
d
in

g
to

L
em

m
a

16
,

w
e

k
n
ow

th
at
‖u

(t
−
1
)

i
‖ 2
≤
L

an
d
‖α

(t
−
1
)

i
‖ 2
≤
L

,
th

u
s

w
e

h
av

e

‖u
(t
−
1
)

i
−
α
(t
−
1
)

i
‖2 2
≤

2
( ‖
u
(t
−
1
)

i
‖2 2

+
‖α

(t
−
1
)

i
‖2 2

)
≤

4
L
2
.

R
ec

al
l

th
at
‖X

i‖
2 2
≤
R

,
th

en
w

e
h
av

e
G

(t
)

`
≤
G
`,

w
h
er

e
G
`

=
4n

`R
L
2
.

C
o
m

b
in

in
g

th
is

in
to

L
em

m
a

15
,

w
e

h
av

e

E
[D̃

`(
α
(t
)

(`
)|β

(t
−
1
)

`
)
−
D̃
`(
α
(t
−
1
)

(`
)
|β

(t
−
1
)

`
)]

≥
s `
M
`

n
`

E
[ P̃

`(
w

(t
−
1
)

`
|β

(t
−
1
)

`
)
−
D̃
`(
α
(t
−
1
)

(`
)
|β

(t
−
1
)

`
)] −

s2 `
M

2 `

2
λ
n
2 `

G
`.

(2
5
)

N
ow

w
e

al
so

n
ot

e
th

at
af

te
r

th
e

gl
ob

al
st

ep
at

it
er

at
io

n
t
−

1,
th

e
ch

oi
ce

s
o
f
w

(t
−
1
)

a
n
d

β
(t
−
1
)

in
D

A
D

M
is

ac
co

rd
in

g
to

th
e

ch
oi

ce
of

P
ro

p
os

it
io

n
4

an
d

P
ro

p
os

it
io

n
5
.

It
fo

ll
ow

s
fr

om
P

ro
p

os
it

io
n

5
th

at
th

e
fo

ll
ow

in
g

re
la

ti
on

sh
ip

of
gl

ob
al

an
d

lo
ca

l
d
u
al

it
y

g
a
p

a
t

th
e

b
eg

in
n
in

g
of

th
e
t-

th
it

er
at

io
n

is
sa

ti
sfi

ed
:

P
(w

(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

=
∑ `

[ P̃
`(
w

(t
−
1
)

`
|β

(t
−
1
)

`
)
−
D̃
`(
α
(t
−
1
)

(`
)
|β

(t
−
1
)

`
)] .

S
u
m

m
in

g
th

e
in

eq
u
al

it
y

(2
5)

ov
er
`,

co
m

b
in

in
g

w
it

h
th

e
ab

ov
e

d
ec

om
p

os
it

io
n

a
n
d

b
ri

n
g
-

in
g
D

(α
(t
) ,
β
(t
) )
≥
D

(α
(t
) ,
β
(t
−
1
) )

in
to

it
,

w
e

ge
t

E[
D

(α
(t
) ,
β
(t
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

]
≥
qE

[P
(w

(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )

]−
m ∑ `=
1

q2 2λ
G
`,

(2
6
)

w
h
er

e
q
∈

[0
,m

in
`
M
`

n
`

],
q

=
s `
M
`

n
`

an
d
s `
∈

[0
,1

]
is

ch
os

en
so

th
at

al
l
s `
M
`

n
`

(`
=

1
,.
..
,m

)
a
re

eq
u
al

.
L

et
(α
∗ ,
β
∗ )

b
e

th
e

op
ti

m
al

so
lu

ti
on

fo
r

th
e

d
u
al

p
ro

b
le

m
D

(α
,β

),
a
n
d

w
e

h
av

e
d
efi

n
ed

th
e

d
u
al

su
b

op
ti

m
al

it
y

as
ε(
t) D

:=
D

(α
∗ ,
β
∗ )
−
D

(α
(t
) ,
β
(t
) )

.
N

ot
e

th
at

th
e

d
u
a
li
ty

g
a
p

is
a
n

u
p
p

er
b

ou
n
d

of
th

e
d
u
al

su
b

op
ti

m
al

it
y,
P

(w
(t
−
1
) )
−
D

(α
(t
−
1
) ,
β
(t
−
1
) )
≥
ε(
t−

1
)

D
.

T
h
en

(2
6)

im
p
li
es

th
at

E

[ ε
(t
)

D n

]
≤

(1
−
q)
E

[ ε
(t
−
1
)

D

n

]
+
q2
G 2
λ
,

w
h
er

e
G

=
1 n

m ∑ `=
1

G
`

=
4R
L
2

S
ta

rt
in

g
fr

om
th

is
re

cu
rs

io
n
,

w
e

ca
n

n
ow

ap
p
ly

th
e

sa
m

e
an

al
y
si

s
fo

r
L

-L
ip

sc
h
it

z
lo

ss
fu

n
ct

io
n
s

of
th

e
si

n
gl

e-
m

ac
h
in

e
S
D

C
A

in
(S

h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g,
20

13
)

to
o
b
ta

in
th

e
fo

ll
ow

in
g
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ñ

=
m

ax
`(
n
`/
M
`)

.
F

u
rt

h
er

ap
p
ly

in
g

th
e

sa
m

e
st

ra
te

gi
es

in
(S

h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g,
20

13
)

b
as

ed
on

(2
7)

p
ro

ve
s

th
e

d
es

ir
ed

b
o
u
n
d
.

2
6

JM
L

R
 1

8(
11

5)
:1

-5
2,

 2
01

7



A
G
e
n
e
r
a
l
D
ist

r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

9
.8

P
ro

o
f

o
f

T
h

e
o
re

m
1
1

O
u
r

p
ro

o
f

stra
tegy

follow
s

(S
h
alev

-S
h
w

a
rtz

an
d

Z
h
an

g,
2014)

an
d

(F
rostig

et
al.,

2015),
w

h
ich

b
o
th

u
sed

acceleration
tech

n
iq

u
es

of
(N

esterov
,
2004)

on
top

o
f

ap
p
rox

im
ate

p
rox

im
al

p
o
in

t
step

s,
th

e
m

ain
d
iff

eren
ces

com
p
ared

w
ith

(S
h
alev

-S
h
w

artz
an

d
Z

h
an

g,
2014)

an
d

(F
ro

stig
et

a
l.,

2015)
are

h
ere

w
e

w
arm

start
w

ith
tw

o
grou

p
s

d
u
a
l

varia
b
les

(α
an

d
β

)
w

h
ere

(S
h
a
lev

-S
h
w

artz
an

d
Z

h
an

g,
2014)

w
arm

start
on

ly
w

ith
α

as
it

co
n
sid

er
th

e
sin

gle
m

ach
in

e
settin

g
,

an
d

(F
rostig

et
al.,

2015)
w

arm
start

from
p
rim

al
variab

les
w

.
P

ro
o
f

T
h
e

p
ro

of
con

sists
of

th
e

follow
in

g
step

s:

•
In

L
em

m
a

17
w

e
sh

ow
th

at
on

e
can

con
stru

ct
a

q
u
ad

ratic
low

er
b

ou
n
d

of
th

e
origin

al
o
b

jective
P

(w
)

from
an

ap
p
rox

im
ate

m
in

im
izer

of
th

e
p
rox

im
al

ob
jectiv

e
P
t (w

).

•
U

sin
g

th
e

q
u
ad

ratic
low

er
b

ou
n
d

w
e

con
stru

ct
an

estim
ation

seq
u
en

ce,
b
ased

on
w

h
ich

in
L

em
m

a
18

w
e

p
rove

th
e

accelerated
co

n
v
erg

en
ce

rate
for

th
e

ou
ter

lo
o
p
s.

•
W

e
sh

ow
in

L
em

m
a

19
th

at
b
y

w
arm

start
th

e
iterates

from
th

e
last

stage,
th

e
d
u
al

su
b
-op

tim
ality

for
th

e
n
ex

t
stage

is
sm

all.

B
a
sed

o
n

L
em

m
a

19,
w

e
k
n
ow

th
e

con
traction

facto
r

b
etw

een
th

e
in

itial
d
u
al

su
b
-op

tim
ality

a
n
d

th
e

ta
rg

et
p
rim

al-d
u
al

gap
at

stage
t

can
b

e
u
p
p

er
b

ou
n
d
ed

b
y

D
t (α

(t)
o
p
t ,β

(t)
o
p
t )−

D
t (α

(t−
1
),β

(t−
1
))

(η
ξ
t−

1 )/(2
+

2
η −

2)
≤

ε
t−

1

(η
ξ
t−

1 )/
(2

+
2
η −

2)
+

36κ
ξ
t−

3

λ
(η
ξ
t−

1 )/
(2

+
2
η −

2)

≤
1

1−
η
/2

+
36(2

+
2
η −

2)

η
(1−

η
/2)

2
·
κλ

≤
2

+
36

η
5(1−

η
2)

w
h
ere

th
e

last
step

w
e

u
sed

th
e

fact
th

at
η −

4
=

(η −
2−

1)(η −
2
+

1)+
1
>

(η −
2−

1)(η −
2
+

1)
=

2
κ
(η −

2
+
1
)

λ
.

T
h
u
s

u
sin

g
th

e
resu

lts
from

p
lain

D
A

D
M

(T
h
eorem

6),
w

e
k
n
ow

th
e

n
u
m

b
er

of
in

n
er

itera
tio

n
s

in
each

stage
is

u
p
p

er
b

ou
n
d
ed

b
y

χ

(
log

(χ
)

+
log (

D
t (α

(t)
o
p
t ,β

(t)
o
p
t )−

D
t (α

(t−
1
),β

(t−
1
))

(η
ξ
t−

1 )/
(2

+
2
η −

2)

)
)

≤
χ

(
log

(χ
)

+
7

+
52

lo
g (

λ
+

2
κ

λ

))
,

w
h
ere

χ
=

R
γ
(λ

+
κ
)

+
m

ax
`
n
`

M
` .

9
.9

P
ro

o
f

o
f

C
o
ro

lla
ry

1
3

B
y

th
e

p
ro

p
erty

of
φ̃
i (u

i ),
for

every
w

w
e

h
ave

0
≤
P̂

(w
)

n
−
P

(w
)

n
≤
γ
L
2

2
,

27
JM

L
R

 18(115):1-52, 2017

Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

th
u
s

if
w

e
fou

n
d

a
p
red

ictor
w

(t)
th

at
is

ε2 -su
b

op
tim

al
w

ith
resp

ect
to

P̂
(w

)
n

:

P̂
(w

(t))

n
−

m
in
w

P̂
(w

)

n
≤
ε2
,

an
d

w
e

ch
o
ose

γ
=
ε/L

2,
w

e
k
n
ow

it
m

u
st

b
e
ε-su

b
op

tim
al

w
ith

resp
ect

to
P
(w

)
n

,
b

ecau
se

P
(w

(t))

n
−
P

(w
∗)

n
≤
P̂

(w
(t))

n
−
P̂

(w
∗)

n
+
γ
L
2

2

≤
P̂

(w
(t))

n
−

m
in
w

P̂
(w

)

n
+
ε2
≤
ε.

T
h
e

rest
of

th
e

p
ro

of
ju

st
follow

s
th

e
sm

o
oth

case
as

p
roved

in
T

h
eorem

11.

D
u

a
l

su
b

p
ro

b
le

m
s

in
A

c
c
-D

A
D

M
D

efi
n
e:
λ̃

=
λ

+
κ

,
f

(w
)

=
λλ̃
g
(w

)
+

κ2
λ̃ ‖w‖

22 .
L

et

P
t (w

)
=

n
∑i=

1

φ
i (X

>i
w

)
+
λ
n
g
(w

)
+
h

(w
)

+
κ
n2

∥∥∥
w
−
y
(t−

1
) ∥∥∥

22

=
n
∑i=

1

φ
i (X

>i
w

)
+
λ̃
n (

f
(w

)−
κλ̃
w
>
y
(t−

1
) )

+
h

(w
)

+
κ
n
`

2

∥∥∥
y
(t−

1
) ∥∥∥

22

b
e

th
e

glob
al

p
rim

al
p
rob

lem
to

solve,
a
n
d

P
`
t (w

` )
=
∑i∈
S
` φ

i (X
>i
w
` )

+
λ
n
` g

(w
` )

+
κ
n
`

2

∥∥∥
w
` −

y
(t−

1
) ∥∥∥

22

b
e

th
e

sep
arated

lo
cal

p
rob

lem
.

G
iv

en
each

d
u
al

varia
b
le
β
` ,

w
e

also
d
efi

n
e

th
e

ad
ju

sted
lo

cal
p
rim

al
p
rob

lem
as:

P̃
`
t (w

` |β
` )

=
∑i∈
S
` φ

i (X
>i
w
` )

+
λ
n
` g

(w
` )

+
β
>`
w
`

+
κ
n
`

2

∥∥∥
w
` −

y
(t−

1
) ∥∥∥

22
,

it
is

n
ot

h
ard

to
see

th
e

ad
ju

sted
lo

cal
d
u
al

p
rob

lem
is

D̃
`
t (α

(`) |β
` )

=
∑i∈
S
` −
φ
∗i (−

α
i )−

λ̃
n
` f
∗ (
∑

i∈
S
`
X
i α
i −

β
`

+
κ
n
` y

(t−
1
)

λ̃
n
`

)
+
κ
n
`

2

∥∥∥
y
(t−

1
) ∥∥∥

22
,

an
d

th
e

glob
al

d
u
al

ob
jective

can
b

e
w

ritten
as

D
t (α

,β
)

=
m
∑`=

1

D̃
`
t (α

(`) |β
` )−

h
∗ (

m
∑`=

1

β
` )

.

Q
u

a
d

ra
tic

lo
w

e
r

b
o
u

n
d

fo
r
P

(w
)

b
a
se

d
o
n

a
p

p
ro

x
im

a
te

p
ro

x
im

a
l
p

o
in

t
a
lg

o
rith

m

S
in

ce
P
t (w

)
=
P

(w
)

+
κ
n2

∥∥
w
−
y
(t−

1
) ∥∥

22 ,
an

d
let

w
(t)
o
p
t

=
arg

m
in
w
P
t (w

).
T

h
e

fo
llow

in
g

lem
m

a
sh

ow
s

w
e

can
con

stru
ct

a
low

er
b

ou
n
d

of
P

(w
)

from
an

ap
p
rox

im
ate

m
in

im
izer

of
P
t (w

).

2
8

JM
L

R
 18(115):1-52, 2017



A
G
e
n
e
r
a
l
D
is
t
r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

L
e
m

m
a

1
7

L
et
w

+
be

a
n
ε-

a
p
p
ro

xi
m

a
te

d
m

in
im

iz
er

o
f
P
t(
w

),
i.

e.

P
t(
w

+
)
≤
P
t(
w

(t
)

o
p
t)

+
ε.

W
e

ca
n

co
n

st
ru

ct
th

e
fo

ll
o
w

in
g

qu
a
d
ra

ti
c

lo
w

er
bo

u
n

d
fo

r
P

(w
),

a
s
∀w

P
(w

)
≥
P

(w
+

)
+
Q

(w
;w

+
,y

(t
−
1
) ,
ε)
,

(2
8)

w
h
er

e

Q
(w

;w
+
,y

(t
−
1
) ,
ε)

=
λ
n 4

∥ ∥ ∥ ∥w
−
( y

(t
−
1
)
−
( 1

+
2
κ λ

)
(y

(t
−
1
)
−
w

+
))∥ ∥ ∥ ∥

2 2

−
κ
2
n λ

∥ ∥ ∥w
+
−
y
(t
−
1
)∥ ∥ ∥

2 2
−
(

2
κ

+
2
λ

λ

)
ε.

P
ro

o
f

S
in

ce
w

(t
)

o
p
t

is
th

e
m

in
im

iz
er

of
a

(κ
+
λ

)n
-s

tr
on

gl
y

co
n
ve

x
ob

je
ct

iv
e
P
t(
w

),
w

e
k
n
ow

∀w
,

P
t(
w

)
≥
P
t(
w

(t
)

o
p
t)

+
(κ

+
λ

)n

2

∥ ∥ ∥w
−
w

(t
)

o
p
t∥ ∥ ∥2 2

≥
P
t(
w

+
)

+
(κ

+
λ

)n

2

∥ ∥ ∥w
−
w

(t
)

o
p
t∥ ∥ ∥2 2
−
ε,

w
h
ic

h
is

eq
u
iv

al
en

t
to

P
(w

)
≥
P

(w
+

)
+

(κ
+
λ

)n

2

∥ ∥ ∥w
−
w

(t
)

o
p
t∥ ∥ ∥2 2
−
ε

+
κ
n 2

( ∥ ∥ ∥
w

+
−
y
(t
−
1
)∥ ∥ ∥

2 2
−
∥ ∥ ∥w
−
y
(t
−
1
)∥ ∥ ∥

2 2

)
.

S
in

ce κ
+
λ
/
2

2

∥ ∥ w
−
w

+
∥ ∥2 2

=
κ

+
λ
/
2

2

∥ ∥ ∥w
−
w

(t
)

o
p
t

+
w

(t
)

o
p
t
−
w

+
∥ ∥ ∥2 2

=
κ

+
λ
/
2

2

( ∥ ∥ ∥
w
−
w

(t
)

o
p
t∥ ∥ ∥2 2

+
∥ ∥ ∥w

(t
)

o
p
t
−
w

+
∥ ∥ ∥2 2

)

+
(κ

+
λ
/
2)
〈w
−
w

(t
)

o
p
t,
w

(t
)

o
p
t
−
w

+
〉

≤
κ

+
λ
/
2

2

( ∥ ∥ ∥
w
−
w

(t
)

o
p
t∥ ∥ ∥2 2

+
∥ ∥ ∥w

(t
)

o
p
t
−
w

+
∥ ∥ ∥2 2

)
+
λ
/
2

2

∥ ∥ ∥w
(t
)

o
p
t
−
w
∥ ∥ ∥2 2

+
(κ

+
λ
/
2)

2

λ

∥ ∥ ∥w
+
−
w

(t
)

o
p
t∥ ∥ ∥2 2

,

re
-o

rg
an

iz
in

g
te

rm
s

w
e

ge
t

κ
+
λ

2

∥ ∥ ∥w
(t
)

o
p
t
−
w
∥ ∥ ∥2 2
≥
κ

+
λ
/
2

2

∥ ∥ w
−
w

+
∥ ∥2 2
−

(κ
+
λ

)(
κ

+
λ
/
2)

λ

∥ ∥ ∥w
+
−
w

(t
)

o
p
t∥ ∥ ∥2 2

S
o

P
(w

)
≥
P

(w
+

)
+

(κ
+
λ
/
2)
n

2

∥ ∥ w
−
w

+
∥ ∥2 2
−

(κ
+
λ

)(
κ

+
λ
/
2)
n

λ

∥ ∥ ∥w
+
−
w

(t
)

o
p
t∥ ∥ ∥2 2
−
ε

+
κ
n 2

( ∥ ∥ ∥
w

+
−
y
(t
−
1
)∥ ∥ ∥

2 2
−
∥ ∥ ∥w
−
y
(t
−
1
)∥ ∥ ∥

2 2

)

29
JM

L
R

 1
8(

11
5)

:1
-5

2,
 2

01
7

Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

A
ls

o
n
ot

ed
th

at
(κ

+
λ
)n

2

∥ ∥ ∥w
+
−
w

(t
)

o
p
t∥ ∥ ∥2 2
≤
ε,

w
e

ge
t

P
(w

)
≥
P

(w
+

)
+

(κ
+
λ
/
2)
n

2

∥ ∥ w
−
w

+
∥ ∥2 2
−
(

2κ
+

2
λ

λ

)
ε

+
κ
n 2

( ∥ ∥ ∥
w

+
−
y
(t
−
1
)∥ ∥ ∥

2 2
−
∥ ∥ ∥w
−
y
(t
−
1
)∥ ∥ ∥

2 2

)

D
ec

om
p

os
e
‖w
−
w

+
‖2 2

w
e

ge
t

∥ ∥ w
−
w

+
∥ ∥2 2

=
∥ ∥ ∥w
−
y
(t
−
1
)∥ ∥ ∥

2
+
∥ ∥ ∥y

(t
−
1
)
−
w

+
∥ ∥ ∥2 2

+
2
〈w
−
y
(t
−
1
) ,
y
(t
−
1
)
−
w

+
〉.

S
o

P
(w

)
≥
P

(w
+

)
+

(λ
/
2)
n

2

∥ ∥ ∥w
−
y
(t
−
1
)∥ ∥ ∥

2 2
−
(

2
κ

+
2
λ

λ

)
ε

+
(2
κ

+
λ
/
2)
n

2

∥ ∥ ∥y
(t
−
1
)
−
w

+
∥ ∥ ∥2 2

+
(κ

+
λ
/
2)
n
〈w
−
y
(t
−
1
) ,
y
(t
−
1
)
−
w

+
〉

N
ot

ic
ed

th
at

th
e

ri
gh

t
h
an

d
si

d
e

of
ab

ov
e

in
eq

u
al

it
y

is
a

q
u
ad

ra
ti

c
fu

n
ct

io
n

w
it

h
re

sp
ec

t
to

w
,

an
d

th
e

m
in

im
u
m

is
ac

h
ie

ve
d

w
h
en

w
=
y
(t
−
1
)
−
( 1

+
2κ λ

)
(y

(t
−
1
)
−
w

+
),

w
it

h
m

in
im

u
m

va
lu

e

−
κ
2
n λ

∥ ∥ ∥w
+
−
y
(t
−
1
)∥ ∥ ∥

2 2
−
(

2κ
+

2
λ

λ

)
ε,

w
it

h
ab

ov
e

w
e

fi
n
is

h
ed

th
e

p
ro

of
of

L
em

m
a

17
.

C
o
n
v
e
rg

e
n

c
e

p
ro

o
f

D
efi

n
e

th
e

fo
ll
ow

in
g

se
q
u
en

ce
of

q
u
a
d
ra

ti
c

fu
n
ct

io
n
s

ψ
0
(w

)
=
P

(0
)

+
λ
n 4
‖w
‖2 2
−
(

2κ
+

2
λ

λ

)
(P

(0
)
−
D

(0
,0

))
,

an
d

fo
r
t
≥

1,

ψ
t(
w

)
=

(1
−
η
)ψ

t−
1
(w

)
+
η
(P

(w
(t
) )

+
Q

(w
;w

(t
) ,
y
(t
−
1
) ,
ε t

))
,

w
h
er

e
η

=
√

λ
λ
+
2
κ

,
W

e
fi
rs

t
ca

lc
u
la

te
th

e
ex

p
li
ci

t
fo

rm
of

th
e

q
u
ad

ra
ti

c
fu

n
ct

io
n
ψ
t(
w

)
a
n
d

it
s

m
in

im
iz

er
v
(t
)

=
ar

g
m

in
w
ψ
t(
w

).
C

le
ar

ly
v
(0
)

=
0,

an
d

n
ot

ic
ed

th
at
ψ
t(
w

)
is

a
lw

ay
s

a
λ
n 2

-s
tr

on
gl

y
co

n
ve

x
fu

n
ct

io
n
,

w
e

k
n
ow

ψ
t(
w

)
is

in
th

e
fo

ll
ow

in
g

fo
rm

:

ψ
t(
w

)
=
ψ
t(
v
(t
) )

+
λ
n 4

∥ ∥ ∥w
−
v
(t
)∥ ∥ ∥

2 2
.
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B
ased

o
n

th
e

d
efi

n
ition

of
ψ
t+

1 (w
),

an
d
v
(t+

1
)

is
m

in
im

izin
g
ψ
t+

1 (w
),

b
ased

on
fi
rst-ord

er
o
p
tim

a
lity

co
n
d
ition

,
w

e
k
n
ow

(1−
η
)λ
n

2
(v

(t+
1
)−

v
(t))

+
η
λ
n

2

(
v
(t+

1
)−
(
y
(t)−

(
1

+
2
κλ

)
(y

(t)−
w

(t+
1
)) ))

=
0,

rea
rra

n
g
in

g
w

e
get

v
(t+

1
)

=
(1−

η
)v

(t)
+
η (

y
(t)−

(
1

+
2κλ

)
(y

(t)−
w

(t+
1
)) )

.

T
h
e

follow
in

g
lem

m
a

p
rov

es
th

e
con

vergen
ce

rate
of
w

(t)
to

its
m

in
im

izer.

L
e
m

m
a

1
8

L
et

ε
t ≤

η

2(1
+
η −

2) ξ
t ,

a
n

d

ξ
t

=
(1−

η
/2)

tξ
0 ,

w
e

w
ill

h
a
ve

th
e

fo
llo

w
in

g
co

n
vergen

ce
gu

a
ra

n
tee:

P
(w

(t))−
P

(w
∗)≤

ξ
t .

P
ro

o
f

It
is

su
ffi

cien
t

to
p
rove

P
(w

(t))−
m

in
w
ψ
t (w

)≤
ξ
t ,

(29)

th
en

w
e

get

P
(w

(t))−
P

(w
∗)≤

P
(w

(t))−
ψ
t (w
∗)≤

P
(w

(t))−
m

in
w
ψ
t (w

)≤
ξ
t .

W
e

p
rove

eq
u
ation

(29)
b
y

in
d
u
ction

.
W

h
en

t
=

0,
w

e
h
ave

P
(w

(0
))−

φ
0 (v

(0
))

=

(
2κ

+
2
λ

λ

)
ε
0

=
ξ
0 ,
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Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

w
h
ich

verifi
ed

(29)
is

tru
e

for
t

=
0.

S
u
p
p

ose
th

e
claim

h
old

s
for

som
e
t≥

1,
for

th
e

stage
t

+
1,

w
e

h
ave

ψ
t+

1 (v
(t+

1
))

=
(1−

η
) (
ψ
t (v

(t))
+
λ
n4

∥∥∥
v
(t+

1
)−

v
(t) ∥∥∥

22 )

+
η
(P

(w
(t+

1
))

+
Q

(v
(t+

1
);w

(t+
1
),y

(t),ε
t ))

=
(1−

η
)ψ

t (v
(t))

+
(1−

η
)η

2λ
n

4

∥∥∥∥
v
(t)−

(
y
(t)−

(
1

+
2κλ

)
(y

(t)−
w
t+

1) ) ∥∥∥∥
22

+
η
P

(w
(t+

1
))

+
η
(1−

η
)
2λ
n

4

∥∥∥∥
v
(t)−

(
y
(t)−

(
1

+
2κλ

)
(y

(t)−
w

(t+
1
)) ) ∥∥∥∥

22

−
η
κ
2n

λ

∥∥∥
y
(t)−

w
(t+

1
) ∥∥∥

22 −
η (

2κ
+

2
λ

λ

)
ε
t

=
(1−

η
)ψ

t (v
(t))

+
η
P

(w
(t+

1
))−

η
κ
2n

λ

∥∥∥
y
(t)−

w
(t+

1
) ∥∥∥

22 −
η (

2κ
+

2
λ

λ

)
ε
t

+
η
(1−

η
)λ
n

4

∥∥∥∥
v
(t)−

(
y
(t)−

(
1

+
2κλ

)
(y

(t)−
w

(t+
1
)) ) ∥∥∥∥

22

.

S
in

ce−
η
κ
2n

λ

∥∥∥
y
(t)−

w
(t+

1
) ∥∥∥

22
+
η
(1−

η
)λ
n

4

∥∥∥∥
v
(t)−

(
y
(t)−

(
1

+
2κλ

)
(y

(t)−
w

(t+
1
)) ) ∥∥∥∥

22

≥
(
−
η
κ
2n

λ
+
η
(1−

η
)λ
n

4

(
1

+
2
κλ

)
2 )
∥∥∥
y
(t)−

w
(t+

1
) ∥∥∥

22

+
η
(1−

η
)n (

κ
+
λ2 )
〈v

(t)−
y
(t),y

(t)−
w

(t+
1
)〉

≥
(−

η
κ
2n

λ
+
η
(1−

η
)κ

2n

λ

)
∥∥∥
y
(t)−

w
(t+

1
) ∥∥∥

22

+
η
(1−

η
)n (

κ
+
λ2 )
〈v

(t)−
y
(t),y

(t)−
w

(t+
1
)〉

=
−
η
2κ

2n

λ

∥∥∥
y
(t)−

w
(t+

1
) ∥∥∥

22
+
η
(1−

η
)n (

κ
+
λ2 )
〈v

(t)−
y
(t),y

(t)−
w

(t+
1
)〉

T
h
u
s

ψ
t+

1 (v
(t+

1
))≥

(1−
η
)ψ

t (v
(t))

+
η
P

(w
(t+

1
))−

η (
2κ

+
2
λ

λ

)
ε
t

−
η
2κ

2n

λ

∥∥∥
y
(t)−

w
(t+

1
) ∥∥∥

22
+
η
(1−

η
)n (

κ
+
λ2 )
〈v

(t)−
y
(t),y

(t)−
w

(t+
1
)〉

3
2

JM
L

R
 18(115):1-52, 2017



A
G
e
n
e
r
a
l
D
is
t
r
ib
u
t
e
d

D
u
a
l
C
o
o
r
d
in
a
t
e
O
p
t
im

iz
a
t
io
n
F
r
a
m
e
w
o
r
k

A
ls

o
u
si

n
g

(2
8)

w
it

h
w

=
w

(t
) ,

w
e

h
av

e

P
(w

(t
) )
≥
P

(w
(t
+
1
) )

+
λ
n 4

∥ ∥ ∥ ∥w
(t
)
−
( y

(t
)
−
( 1

+
2κ λ

)
(y

(t
)
−
w

(t
+
1
) )

)∥ ∥ ∥ ∥
2 2

−
κ
2
n λ

∥ ∥ ∥w
(t
+
1
)
−
y
(t
)∥ ∥ ∥

2 2
−
(

2κ
+

2
λ

λ

)
ε t

≥
P

(w
(t
+
1
) )

+
n

( κ
+
λ 2

)
〈w

(t
)
−
y
(t
) ,
y
(t
)
−
w

(t
+
1
) 〉
−
(

2
κ

+
2
λ

λ

)
ε t

+

(
λ
n 4

( 1
+

2
κ λ

) 2
−
κ
2
n λ

)
∥ ∥ ∥w

(t
+
1
)
−
y
(t
)∥ ∥ ∥

2 2

≥
P

(w
(t
+
1
) )

+
n

( κ
+
λ 2

)
〈w

(t
)
−
y
(t
) ,
y
(t
)
−
w

(t
+
1
) 〉
−
(

2
κ

+
2
λ

λ

)
ε t

+
κ
n
∥ ∥ ∥w

(t
+
1
)
−
y
(t
)∥ ∥ ∥

2 2
.

w
e

ge
t

P
(w

(t
+
1
) )
−
ψ
t+

1
(v

(t
+
1
) )
≤

(1
−
η
)(
P

(w
(t
) )
−
ψ
t(
v
(t
) )

)
+

(
2κ

+
2
λ

λ

)
ε t

+

(
η
2
κ
2
n

λ
−

(1
−
η
)κ
n

)
∥ ∥ ∥y

(t
)
−
w

(t
+
1
)∥ ∥ ∥

2 2

+
(1
−
η
)n

( κ
+
λ 2

)
〈y

(t
)
−
w

(t
) ,
y
(t
)
−
w

(t
+
1
) 〉.

+
η
(1
−
η
)n

( κ
+
λ 2

)
〈y

(t
)
−
v
(t
) ,
y
(t
)
−
w

(t
+
1
) 〉

S
in

ce (1
−
η
)(
P

(w
(t
) )
−
ψ
t(
v
(t
) )

)
+

(
2κ

+
2
λ

λ

)
ε t
≤

(1
−
η
)ξ
t
+

(
2
κ

+
2
λ

λ

)
·

η

2(
1

+
η
−
2
)ξ
t

=
( 1
−
η

+
η 2

) ξ t
=
ξ t
+
1
,

an
d

η
2
κ
2
n

λ
−

(1
−
η
)κ
n

=
κ
n

(
κ

λ
+

2
κ

+

√
λ

λ
+

2
κ
−

1

)
≤

0
,

If
w

e
se

t
y
(t
)

=
(η
v
(t
)

+
w

(t
) )
/(

1
+
η
),

w
h
ic

h
is

eq
u
iv

al
en

t
to

th
e

u
p

d
a
te

ru
le

as
y
(t
)

=
w

(t
)

+
ν

(w
(t
)
−
w

(t
−
1
) )

,
b

ec
au

se
in

th
at

w
ay

w
e

h
av

e

η
v
(t
)

=
η
((

1
−
η
)v

(t
−
1
) )

+
η
2

( y
(t
−
1
)
−
( 1

+
2κ λ

)
(y

(t
−
1
)
−
w

(t
) )

)

=
w

(t
)

+
(1
−
η
)(
η
v
(t
−
1
)
−

(1
+
η
)y

(t
−
1
) )

=
w

(t
)
−

(1
−
η
)w

(t
−
1
) ,
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Z
h
e
n
g
,
W
a
n
g
,
X
ia
,
X
u
,
a
n
d

Z
h
a
n
g

th
u
s

y
(t
)

=
η
v
(t
)

+
w

(t
)

1
+
η

=
2
w

(t
)
−

(1
−
η
)w

(t
−
1
)

1
+
η

=
w

(t
)

+
ν

(w
(t
)
−
w

(t
−
1
) )
.

S
o

y
(t
)
−
w

(t
)

+
η
(y

(t
)
−
v
(t
) )

=
0,

co
m

b
in

in
g

ab
ov

e
w

e
ob

ta
in

P
(w

(t
+
1
) )
−
ψ
t+

1
(v

(t
+
1
) )
≤
ξ t
+
1
,

w
h
ic

h
co

n
cl

u
d
es

th
e

p
ro

of
.

In
it

ia
l
d

u
a
l
su

b
-o

p
ti

m
a
li

ty
in

e
a
ch

a
c
c
e
le

ra
ti

o
n

st
a
g
e

In
th

e
le

m
m

a
b

el
ow

w
e

u
p
p

er
b

ou
n
d

th
e

q
u
an

ti
ty

D
t(
α
(t
)

o
p
t,
β
(t
)

o
p
t)
−
D
t(
α
(t
−
1
) ,
β
(t
−
1
) )
,

w
h
er

e
α
(t
)

o
p
t,
β
(t
)

o
p
t

=
ar

g
m

ax
α
,β
D
t(
α
,β

).

L
e
m

m
a

1
9

W
e

h
a
ve

th
e

fo
ll

o
w

in
g

u
p
pe

r
bo

u
n

d
o
n

th
e

in
it

ia
l

d
u

a
l

su
b-

o
p
ti

m
a
li

ty
a
t

st
a
ge

t:

D
t(
α
(t
)

o
p
t,
β
(t
)

o
p
t)
−
D
t(
α
(t
−
1
) ,
β
(t
−
1
) )
≤
ε t
−
1

+
36
κ

λ
ξ t
−
3
.

P
ro

o
f

O
n

on
e

h
an

d
,

si
n
ce
f

(·)
is

1-
st

ro
n
gl

y
co

n
ve

x
,

w
e

k
n
ow

f
∗ (
·)

is
1-

sm
o
o
th

.
T

h
u
s

λ̃
n
`f
∗
(
∑

i∈
S
`
X
iα

(t
−
1
)

i
−
β
(t
−
1
)

`
+
κ
n
`y

(t
−
1
)

λ̃
n
`

)

≤
λ̃
n
`f
∗
(
∑

i∈
S
`
X
iα

(t
−
1
)

i
−
β
(t
−
1
)

`
+
κ
n
`y

(t
−
2
)

λ̃
n
`

)

+
κ
n
`∇
f
∗
(
∑

i∈
S
`
X
iα

(t
−
1
)

i
−
β
(t
−
1
)

`
+
κ
n
`y

(t
−
2
)

λ̃
n
`

)
>

(y
(t
−
1
)
−
y
(t
−
2
) )

+
κ
2
n
2 `

2
λ̃
n
`

∥ ∥ ∥y
(t
−
1
)
−
y
(t
−
2
)∥ ∥ ∥

2 2
,

n
ot

ed
th

at

∇
f
∗
(
∑

i∈
S
`
X
iα

(t
−
1
)

i
−
β
(t
−
1
)

`
+
κ
n
`y

(t
−
2
)

λ̃
n
`

)
=
w

(t
−
1
) ,
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w
e

see

−
D̃
`
t (α

(t−
1
)

(`)
|β

(t−
1
)

`
)

+
D̃
`
t−

1 (α
(t−

1
)

(`)
|β

(t−
1
)

`
)

≤
κ
n
` w

(t−
1
)

`

>
(y

(t−
1
)−

y
(t−

2
))

+
κ
2n

2`

2
λ̃
n
` ∥∥∥
y
(t−

1
)−

y
(t−

2
) ∥∥∥

22

+
κ
n
`

2

∥∥∥
y
(t−

2
) ∥∥∥

22 −
κ
n
`

2

∥∥∥
y
(t−

1
) ∥∥∥

22
.

O
n

th
e

o
th

er
h
an

d
,

sin
ce

P̃
`
t (w

(t−
1
)

`
|β

(t−
1
)

`
)−

P̃
`
t−

1 (w
(t−

1
)

`
|β

(t−
1
)

`
)

=
κ
n
` w

(t−
1
)

`

>
(y

(t−
2
)−

y
(t−

1
))−

κ
n
`

2

∥∥∥
y
(t−

2
) ∥∥∥

22
+
κ
n
`

2

∥∥∥
y
(t−

1
) ∥∥∥

22
.

C
o
m

b
in

in
g

a
b

ov
e

w
e

k
n
ow

P̃
`
t (w

(t−
1
)

`
|β

(t−
1
)

`
)−

D̃
`
t (α

(t−
1
)

(`)
|β

(t−
1
)

`
)

≤
P̃
`
t−

1 (w
(t−

1
)

`
|β

(t−
1
)

`
)−

D̃
`
t−

1 (α
(t−

1
)

(`)
|β

(t−
1
)

`
)

+
κ
2n

2`

2
λ̃
n
` ∥∥∥
y
(t−

1
)−

y
(t−

2
) ∥∥∥

22
,

S
in

ce
κ
≤
λ̃

,
su

m
m

in
g

over
ab

ov
e

in
eq

u
ality

w
e

k
n
ow

P
t (w

(t−
1
)

`
)−

D
t (α

(t−
1
),β

(t−
1
))≤

ε
t−

1
+
κ
n2

∥∥∥
y
(t−

1
)−

y
(t−

2
) ∥∥∥

22
,

a
lso

n
o
ted

th
at
P
t (w

(t−
1
)

`
)≥

D
t (α

(t)
o
p
t ,β

(t)
o
p
t ),

w
e

get

D
t (α

(t)
o
p
t ,β

(t)
o
p
t )−

D
t (α

(t−
1
),β

(t−
1
))≤

ε
t−

1
+
κ
n2

∥∥∥
y
(t−

1
)−

y
(t−

2
) ∥∥∥

22
.

F
o
r

th
e

term
∥∥
y
(t−

1
)−

y
(t−

2
) ∥∥

22 ,
b
ased

on
th

e
d
efi

n
ition

of
y
(t−

1
)

an
d

th
e

fact
η
≤

1,
w

e
k
n
ow
∥∥∥
y
(t−

1
)−

y
(t−

2
) ∥∥∥

2 ≤
∥∥∥
w

(t−
1
)−

w
(t−

2
)−

η
(w

(t−
1
)−

w
(t−

2
)−

(w
(t−

2
)−

w
(t−

3
))) ∥∥∥

2

≤
3

m
ax

i=
{
1
,2} ∥∥∥

w
(t−

i)−
w

(t−
i−

1
) ∥∥∥

2
.

T
h
en

w
e

u
p
p

er
b

ou
n
d
∥∥
w

(t−
i)−

w
(t−

i−
1
) ∥∥

2
u
sin

g
ob

jective
su

b
-o

p
tim

ality,
u
sin

g
trian

gle
in

eq
u
a
lity

a
n
d

th
e

fact
th

at
P

(w
∗)

is
λ
n

-stron
gly

con
vex

,
w

e
h
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ti
m

at
or

of
th

e
H

es
si

an
in

ve
rs

e,
le

ad
in

g
to

an
effi

ci
en

t
ap

p
ro

x
im

at
e

N
ew

to
n

st
ep

(E
q
u
a
ti

o
n

1)
.

T
h
e

es
ti

m
at

or
is

b
as

ed
on

th
e

w
el

l
k
n
ow

n
T

ay
lo

r
ap

p
ro

x
im

at
io

n
of

th
e

in
ve

rs
e

(F
a
ct

2
)

an
d

is
d
es

cr
ib

ed
fo

rm
al

ly
in

S
ec

ti
on

3.
1.

W
e

p
ro

ve
th

e
fo

ll
ow

in
g

in
fo

rm
al

th
eo

re
m

a
b

o
u
t

L
iS

S
A

.

1
.

It
ca

n
b

e
se

en
th

a
t

so
m

e
o
f

th
es

e
a
ss

u
m

p
ti

o
n

s
ca

n
b

e
re

la
x
ed

in
o
u

r
a
n

a
ly

se
s,

b
u

t
si

n
ce

th
es

e
ch

o
ic

es
a
re

st
a
n

d
a
rd

in
M

L
,

w
e

m
a
k
e

th
es

e
a
ss

u
m

p
ti

o
n

s
to

si
m

p
li

fy
th

e
d

is
co

u
rs

e.
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S
e
c
o
n
d
-O

r
d
e
r
S
t
o
c
h
a
st

ic
O
p
t
im

iz
a
t
io
n
f
o
r
M
a
c
h
in
e
L
e
a
r
n
in
g

in
L
in
e
a
r
T
im

e

T
h

e
o
re

m
1

(In
fo

rm
a
l)

L
iS

S
A

retu
rn

s
a

po
in

t
x
t

su
ch

th
a
t
f

(x
t )≤

m
in

x
∗
f

(x
∗)

+
ε

in
to

ta
l

tim
e

Õ

(
(m

+
S
1 κ

)
d

log (
1ε ))

w
h
ere

κ
is

th
e

u
n

d
erlyin

g
co

n
d
itio

n
n

u
m

ber
o
f

th
e

p
ro

blem
a
n

d
S
1

is
a

bo
u

n
d

o
n

th
e

va
ria

n
ce

o
f

th
e

estim
a
to

r.

T
h
e

p
recise

version
of

th
e

ab
ove

th
eo

rem
ap

p
ears

as
T

h
eo

rem
7.

In
th

eo
ry,

th
e

b
est

b
o
u
n
d

w
e

ca
n

sh
ow

for
S
1

is
O

(κ
2);

h
ow

ever,
in

ou
r

ex
p

erim
en

ts
w

e
ob

serve
th

at
settin

g
S
1

to
b

e
a

sm
a
ll

con
stan

t
(often

1)
is

su
ffi

cien
t.

W
e

con
jectu

re
th

at
S
1

can
b

e
im

p
roved

to
O

(1)
a
n
d

leav
e

th
is

for
fu

tu
re

w
ork

.
If

in
d
eed

S
1

can
b

e
im

p
roved

to
O

(1)
(a

s
is

in
d
icated

b
y

o
u
r

ex
p

erim
en

ts),
L

iS
S
A

en
joy

s
a

con
verg

en
ce

rate
com

p
arab

le
to

fi
rst-ord

er
m

eth
o
d
s.

W
e

p
rov

id
e

a
d
etailed

com
p
arison

of
ou

r
resu

lts
w

ith
ex

istin
g

fi
rst-ord

er
a
n
d

secon
d
-ord

er
m

eth
o
d
s

in
S
ection

1.2.
M

oreover,
in

S
ection

7
w

e
p
resen

t
ex

p
erim

en
ts

on
real

w
orld

d
ata

sets
th

a
t

d
em

o
n
strate

th
at

L
iS

S
A

as
an

op
tim

ization
m

eth
o
d

p
erform

s
w

ell
as

com
p
ared

to
p

o
p
u
lar

fi
rst-ord

er
m

eth
o
d
s.

W
e

also
sh

ow
th

at
L

iS
S
A

ru
n
s

in
tim

e
p
rop

ortion
al

to
in

p
u
t

sp
a
rsity,

m
a
k
in

g
it

an
attractive

m
eth

o
d

for
h
igh

-d
im

en
sion

al
sp

arse
d
ata.

L
iS

S
A

-S
a
m

p
le

:
T

h
is

varian
t

b
rin

gs
togeth

er
effi

cien
t

fi
rst-ord

er
algorith

m
s

w
ith

m
a
trix

sa
m

p
lin

g
tech

n
iq

u
es

(L
i
et

al.,
2013;

C
oh

en
et

al.,
2015)

to
ach

ieve
b

etter
ru

n
tim

e
gu

aran
tees

th
a
n

th
e

sta
te-of-th

e-art
in

con
vex

op
tim

ization
for

m
a
ch

in
e

learn
in

g
in

th
e

reg
im

e
w

h
en

m
>
d
.

S
p

ecifi
cally,

w
e

p
rove

th
e

follow
in

g
th

eorem
:

T
h

e
o
re

m
2

(In
fo

rm
a
l)

L
iS

S
A

-S
a
m

p
le

retu
rn

s
a

po
in

t
x
t

su
ch

th
a
t
f

(x
t )≤

m
in

x
∗
f

(x
∗)+

ε
in

to
ta

l
tim

e

Õ
(
m

+
√
κ
d )
d

log
2 (

1ε )
log

log (
1ε )

.

T
h
e

a
b

ove
resu

lt
im

p
roves

u
p

on
th

e
b

est
k
n
ow

n
ru

n
n
in

g
tim

e
for

fi
rst-ord

er
m

eth
o
d
s

a
ch

ieved
b
y

a
cceleration

w
h
en

w
e

are
in

th
e

settin
g

w
h
ere

κ
>
m

>
>
d
.

W
e

d
iscu

ss
th

e
im

p
lica

tio
n

of
ou

r
b

ou
n
d
s

an
d

fu
rth

er
w

ork
in

S
ection

1.3.

In
a
ll

o
f
o
u
r

resu
lts

stated
ab

ove
κ

corresp
on

d
s

to
th

e
con

d
ition

n
u
m

b
er

of
th

e
u
n
d
erly

in
g

p
ro

b
lem

.
In

p
a
rticu

lar
w

e
assu

m
e

som
e

stron
g

con
vex

ity
for

th
e

u
n
d
erly

in
g

p
rob

lem
.

T
h
is

is
a

sta
n
d
a
rd

a
ssu

m
p
tion

w
h
ich

is
u
su

ally
en

forced
b
y

th
e

ad
d
ition

of
th

e
`
2

regu
larizer.

In
sta

tin
g

o
u
r

resu
lts

form
ally

w
e

stress
on

th
e

n
u
an

ces
b

etw
een

d
iff

eren
t

n
otio

n
s

of
th

e
co

n
d
itio

n
n
u
m

b
er

(ref.
S
ection

2.1),
an

d
w

e
state

ou
r

resu
lts

p
recisely

w
ith

resp
ect

to
th

ese
n
o
tio

n
s.

In
g
en

eral,
all

of
ou

r
gen

eralization
/relax

ation
s

of
th

e
con

d
ition

n
u
m

b
er

are
sm

aller
th

an
1λ

w
h
ere

λ
is

th
e

regu
larization

p
aram

eter,
an

d
th

is
is

u
su

ally
taken

to
b

e
th

e
co

n
d
ition

n
u
m

b
er

o
f

th
e

p
rob

lem
.

T
h
e

con
d
ition

of
stron

g
con

vex
ity

h
as

b
een

relax
ed

in
literatu

re
b
y

in
tro

d
u
cin

g
p
rox

im
al

m
eth

o
d
s.

It
is

an
in

terestin
g

d
irection

to
ad

ap
t

ou
r

resu
lts

in
th

ose
settin

g
w

h
ich

w
e

leave
for

fu
tu

re
w

ork
.

W
e

a
lso

rem
ark

th
at

all
of

ou
r

resu
lts

fo
cu

s
on

th
e

very
h
igh

accu
racy

regim
e.

In
gen

eral
th

e
b

en
efi

ts
o
f

lin
ear

con
vergen

ce
an

d
secon

d
-ord

er
m

eth
o
d
s

can
b

e
seen

to
b

e
eff

ective
on

ly
w

h
en

co
n
sid

era
b
ly

sm
all

error
is

req
u
ired

.
T

h
is

is
a
lso

th
e

case
for

recen
t

ad
va

n
ces

in
fa

st
fi
rst-o

rd
er

m
eth

o
d
s

w
h
ere

th
eir

im
p
rovem

en
t

over
sto

ch
astic

grad
ien

t
d
escen

t
b

ecom
es

a
p
p
a
ren

t
on

ly
in

th
e

h
igh

accu
racy

regim
e.

O
u
r

ex
p

erim
en

ts
also

d
em

on
strate

th
at

secon
d
-

o
rd

er
m

eth
o
d
s

can
im

p
rove

u
p

on
fast

fi
rst-ord

er
m

eth
o
d
s

in
th

e
regim

e
o
f
very

h
igh

accu
racy.
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A
g
a
r
w
a
l
,
B
u
l
l
in
s
a
n
d

H
a
z
a
n

W
h
ile

it
is

p
ossib

le
th

at
th

is
regim

e
is

less
in

terestin
g

for
gen

eralization
,

in
th

is
p
ap

er
w

e
fo

cu
s

on
th

e
op

tim
ization

p
rob

lem
itself.

W
e

fu
rth

er
con

sid
er

th
e

sp
ecial

case
w

h
en

th
e

fu
n
ction

f
is

self-con
cord

an
t.

S
elf-

con
cord

an
t

fu
n
ction

s
are

a
su

b
-class

of
con

vex
fu

n
ction

s
w

h
ich

h
ave

b
een

ex
ten

sively
stu

d
-

ied
in

con
v
ex

op
tim

ization
literatu

re
in

th
e

con
tex

t
of

in
terior

p
oin

t
m

eth
o
d
s

(N
em

irov
sk

i,
2004).

F
or

self-con
cord

an
t

fu
n
ction

s
w

e
p
rop

ose
an

algorith
m

(A
lgorith

m
5)

w
h
ich

ach
ieves

lin
ear

con
vergen

ce
w

ith
ru

n
n
in

g
tim

e
gu

aran
tees

in
d
ep

en
d
en

t
of

th
e

con
d
ition

n
u
m

b
er.

W
e

p
rove

th
e

form
al

ru
n
n
in

g
tim

e
gu

aran
tee

as
T

h
eorem

25.

W
e

b
elieve

ou
r

m
ain

con
trib

u
tion

to
b

e
a

d
em

on
stration

o
f

th
e

fact
th

at
secon

d
-ord

er
m

eth
o
d
s

are
com

p
arab

le
to,

or
even

b
etter

th
an

,
fi
rst-ord

er
m

eth
o
d
s

in
th

e
large

d
ata

regim
e,

in
b

oth
th

eory
an

d
p
ractice.

1
.1

O
v
e
rv

ie
w

o
f

T
e
ch

n
iq

u
e
s

L
iS

S
A

:
T

h
e

k
ey

id
ea

u
n
d
erly

in
g

L
iS

S
A

is
th

e
u
se

of
th

e
T

ay
lor

ex
p
an

sion
to

con
stru

ct
a

n
atu

ral
estim

ator
of

th
e

H
essian

in
v
erse.

In
d
eed

,
as

can
b

e
seen

from
th

e
d
escrip

tion
of

th
e

estim
ator

in
S
ection

3.1,
th

e
estim

ator
w

e
con

stru
ct

b
ecom

es
u
n
b
iased

in
th

e
lim

it
as

w
e

in
clu

d
e

ad
d
ition

al
term

s
in

th
e

series.
W

e
n
ote

th
at

th
is

is
n
ot

th
e

case
w

ith
estim

ators
th

at
w

ere
con

sid
ered

in
p
rev

iou
s

w
ork

s
su

ch
as

th
at

o
f

E
rd

ogd
u

an
d

M
on

tan
ari

(2015),
an

d
so

w
e

th
erefore

con
sid

er
ou

r
estim

ator
to

b
e

m
ore

n
atu

ral.
In

th
e

im
p
lem

en
tation

of
th

e
a
lgo

rith
m

w
e

ach
ieve

th
e

op
tim

al
b
ias/varian

ce
trad

e-o
ff

b
y

tru
n
catin

g
th

e
series

ap
p
ro

p
riately.

A
n

im
p

ortan
t

ob
servation

u
n
d
erly

in
g

ou
r

lin
ear

tim
e
O

(d
)

step
is

th
at

fo
r

G
L

M
fu

n
c-

tion
s,∇

2f
i (x

)
h
as

th
e

form
α

v
i v
>i

w
h
ere

α
is

a
scalar

d
ep

en
d
en

t
on

v
>i

x
.

A
sin

gle
step

of
L

iS
S
A

req
u
ires

u
s

to
effi

cien
tly

com
p
u
te
∇

2f
i (x

)b
for

a
given

vector
b

.
In

th
is

case
it

can
b

e
seen

th
at

th
e

m
atrix

-vector
p
ro

d
u
ct

red
u
ces

to
a

v
ector-vector

p
ro

d
u
ct,

giv
in

g
u
s

an
O

(d
)

tim
e

u
p

d
ate.

L
iS

S
A

-S
a
m

p
le

:
L

iS
S
A

-S
am

p
le

is
b
ased

on
A

lgorith
m

2,
w

h
ich

rep
resen

ts
a

gen
eral

fam
ily

of
algorith

m
s

th
at

cou
p
les

th
e

q
u
ad

ratic
m

in
im

ization
v
iew

of
N

ew
ton

’s
m

eth
o
d

w
ith

an
y

effi
cien

t
fi
rst-ord

er
m

eth
o
d
.

In
essen

ce,
N

ew
ton

’s
m

eth
o
d

allow
s

u
s

to
red

u
ce

(u
p

to
log

log
factors)

th
e

op
tim

ization
of

a
gen

eral
con

vex
fu

n
ction

to
solv

in
g

in
term

ed
iate

q
u
ad

ratic
or

rid
ge

regression
p
rob

lem
s.

S
u
ch

a
red

u
ction

is
u
sefu

l
in

tw
o

w
ay

s.

F
irst,

as
w

e
d
em

on
strate

th
rou

gh
ou

r
algorith

m
L

iS
S
A

-S
am

p
le,

th
e

q
u
ad

ratic
n
atu

re
of

rid
ge

regression
p
rob

lem
s

allow
s

u
s

to
leverag

e
p

ow
erfu

l
sam

p
lin

g
tech

n
iq

u
es,

lead
in

g
to

an
im

p
rovem

en
t

over
th

e
ru

n
n
in

g
tim

e
of

th
e

b
est

k
n
ow

n
accelerated

fi
rst-ord

er
m

eth
o
d
.

O
n

a
h
igh

level
th

is
im

p
rovem

en
t

com
es

from
th

e
fact

th
at

w
h
en

solv
in

g
a

sy
stem

of
m

lin
ear

eq
u
ation

s
in
d

d
im

en
sion

s,
a

con
stan

t
n
u
m

b
er

of
p
asses

th
rou

gh
th

e
d
ata

is
en

ou
gh

to
red

u
ce

th
e

sy
stem

to
O

(d
log

(d
))

eq
u
ation

s.
W

e
carefu

lly
cou

p
le

th
is

p
rin

cip
le

a
n
d

th
e

com
p
u
tation

req
u
ired

w
ith

accelerated
fi
rst-ord

er
m

eth
o
d
s

to
ach

ieve
th

e
ru

n
n
in

g
tim

es
for

L
iS

S
A

-S
am

p
le.

T
h
e

resu
lt

for
th

e
q
u
ad

ratic
su

b
-p

rob
lem

(rid
ge

regression
)

is
stated

in
T

h
eorem

15,
an

d
th

e
resu

lt
for

con
vex

op
tim

ization
is

stated
in

T
h
eorem

16.

T
h
e

secon
d

ad
van

tage
of

th
e

red
u
ction

to
q
u
ad

ratic
su

b
-p

rob
lem

s
com

es
from

th
e

ob
ser-

vation
th

at
th

e
in

term
ed

iate
q
u
ad

ra
tic

su
b
-p

rob
lem

s
can

p
oten

tially
b

e
b

etter
con

d
ition

ed
th

an
th

e
fu

n
ction

itself,
allow

in
g

u
s

a
b

etter
ch

oice
of

th
e

step
size

in
p
ractice.

W
e

d
efi

n
e

th
ese

lo
cal

n
otion

s
of

con
d
ition

n
u
m

b
er

form
ally

in
S
ection

2.1
an

d
su

m
m

arize
th

e
ty

p
ical

b
en

efi
ts

for
su

ch
algorith

m
s

in
T

h
eorem

13.
In

th
eory

th
is

is
n
ot

a
sign

ifi
can

t
im

p
rove-
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S
e
c
o
n
d
-O

r
d
e
r
S
t
o
c
h
a
st

ic
O
p
t
im

iz
a
t
io
n
f
o
r
M
a
c
h
in
e
L
e
a
r
n
in
g

in
L
in
e
a
r
T
im

e

m
en

t;
h
ow

ev
er

,
in

p
ra

ct
ic

e
w

e
b

el
ie

ve
th

at
th

is
co

u
ld

b
e

si
gn

ifi
ca

n
t

an
d

le
ad

to
ru

n
ti

m
e

im
p
ro

ve
m

en
ts

.2

T
o

ac
h
ie

ve
th

e
b

ou
n
d

fo
r

L
iS

S
A

-S
am

p
le

w
e

ex
te

n
d

th
e

d
efi

n
it

io
n

an
d

p
ro

ce
d
u
re

fo
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ed
on

p
ro

b
le

m
sp

ec
ifi

c
p
ar

am
et

er
s.

S
ec

on
d
-o

rd
er

m
et

h
o
d
s

h
av

e
a
ls

o
en

jo
ye

d
su

cc
es

s
in

th
e

d
is

tr
ib

u
te

d
se

tt
in

g
(S

h
am

ir
et

al
.,

20
14

).

Q
u

a
si

-N
ew

to
n

M
et

h
od

s:
T

h
e

ex
p

en
si

ve
co

m
p
u
ta

ti
on

of
th

e
N

ew
to

n
st

ep
h
a
s

a
ls

o
b

ee
n

ta
ck

le
d

v
ia

es
ti

m
at

io
n

of
th

e
cu

rv
at

u
re

fr
om

th
e

ch
an

ge
in

gr
ad

ie
n
ts

.
T

h
es

e
a
lg

o
ri

th
m

s
ar

e
ge

n
er

al
ly

k
n
ow

n
as

q
u
as

i-
N

ew
to

n
m

et
h
o
d
s

st
em

m
in

g
fr

om
th

e
se

m
in

a
l

B
F

G
S

a
lg

o
-
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S
e
c
o
n
d
-O

r
d
e
r
S
t
o
c
h
a
st

ic
O
p
t
im

iz
a
t
io
n
f
o
r
M
a
c
h
in
e
L
e
a
r
n
in
g

in
L
in
e
a
r
T
im

e

rith
m

(B
roy

d
en

,
1970;

F
letch

er,
1970;

G
old

farb
,

1970;
S
h
an

n
o,

1970).
T

h
e

b
o
ok

of
N

o
ced

al
a
n
d

W
rig

h
t

(2
0
06)

is
an

ex
cellen

t
referen

ce
for

th
e

algorith
m

an
d

its
lim

ited
m

em
ory

va
ri-

a
n
t

(L
-B

F
G

S
).

T
h
e

m
ore

recen
t

w
ork

in
th

is
area

h
as

fo
cu

sed
on

sto
ch

astic
q
u
asi-N

ew
ton

m
eth

o
d
s

w
h
ich

w
ere

p
rop

osed
an

d
an

aly
zed

in
variou

s
settin

gs
b
y

S
ch

rau
d
olp

h
et

al.
(2007);

M
o
k
h
ta

ri
an

d
R

ib
eiro

(2014);
B

y
rd

et
al.

(2016).
T

h
ese

w
ork

s
ty

p
ically

ach
iev

e
su

b
-lin

ear
co

n
verg

en
ce

to
th

e
op

tim
u
m

.
A

sign
ifi

can
t

ad
van

cem
en

t
in

th
is

lin
e

of
w

ork
w

as
p
rov

id
ed

b
y

M
o
ritz

et
a
l.

(2016)
w

h
o

p
rop

ose
an

a
lgorith

m
b
ased

on
L

-B
F

G
S

b
y

in
corp

oratin
g

id
eas

fro
m

va
rian

ce
red

u
ction

to
ach

ieve
lin

ear
con

vergen
ce

to
th

e
op

tim
u
m

in
th

e
stron

gly
con

v
ex

settin
g
.

A
lth

o
u
gh

th
e

algorith
m

ach
ieves

lin
ear

con
vergen

ce,
th

e
ru

n
n
in

g
tim

e
of

th
e

algo-
rith

m
d
ep

en
d
s

p
o
orly

on
th

e
con

d
ition

n
u
m

b
er

(as
ack

n
ow

led
ged

b
y

th
e

a
u
th

ors).
In

d
eed

,
in

a
p
p
lica

tion
s

th
at

in
terest

u
s,

th
e

con
d
ition

n
u
m

b
er

is
n
ot

n
ecessarily

a
con

stan
t

as
is

ty
p
ica

lly
a
ssu

m
ed

to
b

e
th

e
case

for
th

e
th

eoretical
resu

lts
in

M
oritz

et
al.

(2016).

O
u
r

key
o
b
servation

of
lin

ear
tim

e
H

essian
-vector

p
ro

d
u
ct

com
p
u
tation

s
for

m
ach

in
e

lea
rn

in
g

a
p
p
lica

tion
s

p
rov

id
es

ev
id

en
ce

th
at

in
su

ch
in

stan
ces,

ob
tain

in
g

tru
e

H
essian

in
for-

m
atio

n
is

effi
cien

t
en

ou
gh

to
allev

iate
th

e
n
eed

for
q
u
asi-N

ew
ton

in
form

a
tion

v
ia

grad
ien

ts.

1
.3

D
isc

u
ssio

n
a
n
d

S
u

b
se

q
u

e
n
t

W
o
rk

In
th

is
sectio

n
w

e
p
rov

id
e

a
b
rief

su
rv

ey
o
f

certain
tech

n
ica

l
asp

ects
of

o
u
r

b
ou

n
d
s

w
h
ich

h
ave

sin
ce

b
een

im
p
rov

ed
b
y

su
b
seq

u
en

t
w

ork
.

A
n

im
m

ed
iate

im
p
rovem

en
t

in
term

s
of

S
2
∼

κ
(in

fact
su

ggested
in

th
e

origin
al

m
an

u
scrip

t)
w

a
s

ach
ieved

b
y

B
ollap

ragad
a

et
al.

(2016)
v
ia

con
ju

gate
gra

d
ien

t
on

a
su

b
-

sa
m

p
led

H
essia

n
w

h
ich

red
u
ces

th
is

to
√
κ

.
A

sim
ilar

im
p
rov

em
en

t
can

a
lso

b
e

ach
ieved

in
th

eo
ry

th
ro

u
gh

th
e

ex
ten

sion
s

of
L

iS
S
A

p
rop

osed
in

th
e

p
ap

er.
A

s
w

e
sh

ow
in

S
ection

7
,

th
e

w
o
rse

d
ep

en
d
en

ce
on

con
d
ition

n
u
m

b
er

h
as

an
eff

ect
on

th
e

ru
n
n
in

g
tim

e
w

h
en

κ
is

q
u
ite

large. 3
A

ccelerated
fi
rst-ord

er
m

eth
o
d
s,

su
ch

as
A

P
C

G
(L

in
et

al.,
2014),

ou
tp

erform
L

iS
S
A

in
th

is
regim

e.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge

secon
d
-ord

er
sto

ch
astic

m
eth

o
d
s

h
ave

so
fa

r
n
o
t

ex
h
ib

ited
an

im
p
rovem

en
t

in
th

a
t

regim
e

ex
p

erim
en

tally.
W

e
b

elieve
a

m
ore

p
ra

ctica
l

version
of

L
iS

S
A

-S
am

p
le

cou
ld

lead
to

im
p
rovem

en
ts

in
th

is
regim

e,
leav

in
g

th
is

a
s

fu
tu

re
w

o
rk

.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge

th
e

factor
of
S
1

=
κ
2

th
at

ap
p

ears
to

red
u
ce

th
e

va
rian

ce
o
f

o
u
r

estim
a
tor

h
as

yet
n
ot

b
een

im
p
roved

d
esp

ite
it

b
ein

g
O

(1)
in

ou
r

ex
p

erim
en

ts.
T

h
is

is
a
n

in
terestin

g
q
u
estion

to
w

h
ich

p
artial

an
sw

ers
h
ave

b
een

p
rov

id
ed

in
th

e
an

aly
sis

of
Y

e
et

a
l.

(2
0
17

).

S
ig

n
ifi

ca
n
t

p
rogress

h
as

b
een

m
ad

e
in

th
e

sp
ace

of
in

ex
act

N
ew

ton
m

eth
o
d
s

b
ased

on
m

a
trix

sketch
in

g
tech

n
iq

u
es.

W
e

refer
th

e
read

er
to

th
e

w
ork

s
of

P
ilan

ci
an

d
W

ain
w

righ
t

(2
0
1
5
);

X
u

et
a
l.

(2016);
C

oh
en

(2016);
L

u
o

et
al.

(2016);
Y

e
et

al.
(2017)

an
d

th
e

referen
ces

th
erein

.

W
e

w
o
u
ld

also
like

to
com

m
en

t
on

th
e

p
resen

ce
of

a
w

arm
start

p
aram

eter
1
κ
M

in
o
u
r

p
ro

o
fs

o
f

T
h
eorem

s
7

an
d

15.
In

ou
r

ex
p

erim
en

ts
th

e
w

arm
start

w
e

req
u
ired

w
ou

ld
b

e
q
u
ite

sm
a
ll

(often
a

few
step

s
of

grad
ien

t
d
escen

t
w

ou
ld

b
e

su
ffi

cien
t)

to
m

ak
e

L
iS

S
A

co
n
verg

e.
T

h
e

w
arm

start
d
o
es

n
ot

aff
ect

th
e

asy
m

p
totic

resu
lts

p
roven

in
T

h
eorem

s
7

an
d

1
5

b
eca

u
se

gettin
g

to
su

ch
a

w
arm

start
is

in
d
ep

en
d
en

t
of
ε.

H
ow

ever,
im

p
rov

in
g

th
is

w
arm

sta
rt,

esp
ecia

lly
in

th
e

con
tex

t
of

T
h
eorem

15,
is

left
as

in
terestin

g
fu

tu
re

w
ork

.

3
.

E
q
u

iva
len

tly,
λ

is
sm

a
ll.
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A
g
a
r
w
a
l
,
B
u
l
l
in
s
a
n
d

H
a
z
a
n

O
n

th
e

com
p
lex

ity
sid

e,
A

rjevan
i

an
d

S
h
am

ir
(2016

)
p
rov

ed
low

er
b

ou
n
d
s

on
th

e
b

est
ru

n
n
in

g
tim

es
ach

ievab
le

b
y

secon
d
-ord

er
m

eth
o
d
s.

In
p
articu

lar,
th

ey
sh

ow
th

at
to

get
th

e
faster

rates
ach

ieved
b
y

L
iS

S
A

-S
am

p
le,

it
is

n
ecessary

to
u
se

a
n
on

-u
n
iform

sam
p
lin

g
b
ased

m
eth

o
d

as
em

p
loyed

b
y

L
iS

S
A

-S
am

p
le.

W
e

w
ou

ld
like

to
rem

ark
th

at
in

th
eo

ry,
u
p

to
logarith

m
ic

factors,
th

e
ru

n
n
in

g
tim

e
of

L
iS

S
A

-S
am

p
le

is
still

th
e

b
est

ach
ieved

so
far

in
th

e
settin

g
m
>
>
d
.

S
om

e
of

th
e

tech
n
iq

u
es

an
d

m
otivation

s
from

th
is

w
ork

w
ere

also
gen

eralized
b
y

th
e

au
th

ors
to

p
rov

id
e

faster
rates

fo
r

a
large

fam
ily

of
n
on

-con
vex

op
tim

ization
p
rob

lem
s

(A
garw

al
et

al.,
2017).

1
.4

O
rg

a
n

iz
a
tio

n
o
f

th
e

P
a
p

e
r

T
h
e

p
ap

er
is

organ
ized

as
follow

s:
w

e
fi
rst

p
resen

t
th

e
n
ecessary

d
efi

n
ition

s,
n
otation

s
an

d
con

ven
tion

s
ad

op
ted

th
rou

gh
ou

t
th

e
p
ap

er
in

S
ectio

n
2.

W
e

th
en

d
escrib

e
ou

r
estim

ator
for

L
iS

S
A

,
as

w
ell

as
state

an
d

p
rove

th
e

co
n
vergen

ce
gu

ara
n
tee

for
L

iS
S
A

in
S
ectio

n
3.

A
fter

p
resen

tin
g

a
gen

eric
p
ro

ced
u
re

to
cou

p
le

fi
rst-ord

er
m

eth
o
d
s

w
ith

N
ew

ton
’s

m
eth

o
d

in
4,

w
e

p
resen

t
L

iS
S
A

-S
am

p
le

an
d

th
e

asso
cia

ted
fast

q
u
ad

ratic
solver

in
S
ection

5.
W

e
th

en
p
resen

t
ou

r
resu

lts
regard

in
g

self-con
cord

an
t

fu
n
ction

s
in

S
ection

6.
F

in
ally,

w
e

p
resen

t
an

ex
p

erim
en

tal
evalu

ation
of

L
iS

S
A

in
S
ection

7.

2
.
P
re
lim

in
a
rie

s

W
e

ad
op

t
th

e
con

ven
tion

of
d
en

otin
g

vectors
an

d
scalars

in
low

ercase,
m

atrices
in

u
p
p

ercase,
an

d
vectors

in
b

old
face.

W
e

w
ill

u
se‖·‖

w
ith

ou
t

a
su

b
scrip

t
to

d
en

ote
th

e
`
2

n
orm

for
vectors

an
d

th
e

sp
ectral

n
orm

for
m

atrices.
T

h
rou

gh
ou

t
th

e
p
ap

er
w

e
d
en

ote
x
∗,

argm
in

x∈K
f

(x
).

A
con

vex
fu

n
ction

f
is

d
efi

n
ed

to
b

e
α

-stron
gly

con
v
ex

an
d
β

-sm
o
oth

if,
for

all
x
,y

,

∇
f

(x
) >

(y
−

x
)

+
β2 ‖y

−
x‖

2≥
f

(y
)−

f
(x

)≥
∇
f

(x
) >

(y
−

x
)

+
α2 ‖y

−
x‖

2.

T
h
e

follow
in

g
is

a
w

ell
k
n
ow

n
fact

ab
ou

t
th

e
in

verse
of

a
m

atrix
A

s.t.‖A‖
≤

1
an

d
A
�

0:

A
−
1

=
∞∑i=
0 (I−

A
)
i.

(2)

2
.1

D
e
fi

n
itio

n
o
f

C
o
n

d
itio

n
N

u
m

b
e
rs

W
e

n
ow

d
efi

n
e

several
m

easu
res

for
th

e
con

d
ition

n
u
m

b
er

of
a

fu
n
ction

f
.

T
h
e

d
iff

eren
ces

b
etw

een
th

ese
n
otion

s
are

su
b
tle

an
d

w
e

u
se

th
em

to
p
recisely

ch
aracterize

th
e

ru
n
n
in

g
tim

e
for

ou
r

algorith
m

s. 4

F
or

an
α

-stron
gly

con
vex

an
d
β

-sm
o
oth

fu
n
ction

f
,
th

e
con

d
ition

n
u
m

b
er

of
th

e
fu

n
ction

is
d
efi

n
ed

as
κ

(f
)
,

βα
,

or
κ

w
h
en

th
e

fu
n
ction

is
clear

from
th

e
con

tex
t.

N
ote

th
at

b
y

d
efi

n
ition

th
is

corresp
on

d
s

to
th

e
follow

in
g

n
otion

:

κ
,

m
ax

x
λ
m
a
x (∇

2f
(x

))

m
in

x
λ
m
in (∇

2f
(x

))
.

4
.

D
u

rin
g

in
itia

l
rea

d
in

g
w

e
su

g
g
est

th
e

rea
d

er
to

sk
ip

th
e

su
b

tlety
w

ith
th

ese
n

o
tio

n
s

w
ith

th
e

k
n

ow
led

g
e

th
a
t

th
ey

a
re

a
ll

sm
a
ller

th
a
n

th
e

p
essim

istic
b

o
u

n
d

o
n

e
ca

n
a
ch

iev
e

b
y

co
n

sid
erin

g
a

va
lu

e
p

ro
p

o
rtio

n
a
l

to
O

(λ
−
1),

w
h

ere
λ

is
th

e
co

effi
cien

t
o
f

th
e
`
2

reg
u

la
rizer.
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S
e
c
o
n
d
-O

r
d
e
r
S
t
o
c
h
a
st

ic
O
p
t
im

iz
a
t
io
n
f
o
r
M
a
c
h
in
e
L
e
a
r
n
in
g

in
L
in
e
a
r
T
im

e

W
e

d
efi

n
e

a
sl

ig
h
tl

y
re

la
x
ed

n
ot

io
n

of
co

n
d
it

io
n

n
u
m

b
er

w
h
er

e
th

e
m
a
x

m
ov

es
ou

t
of

th
e

fr
ac

ti
on

ab
ov

e.
W

e
re

fe
r

to
th

is
n
ot

io
n

as
a

lo
ca

l
co

n
d
it

io
n

n
u
m

b
er
κ
l

as
co

m
p
ar

ed
to

th
e

gl
o
ba

l
co

n
d
it

io
n

n
u
m

b
er
κ

d
efi

n
ed

ab
ov

e:

κ
l
,

m
ax x

λ
m
a
x
(∇

2
f

(x
))

λ
m
in

(∇
2
f

(x
))

.

It
fo

ll
ow

s
th

at
κ
l
≤
κ

.
T

h
e

ab
ov

e
n
ot

io
n
s

ar
e

d
efi

n
ed

fo
r

an
y

ge
n
er

al
fu

n
ct

io
n
f

,
b
u
t

in
th

e
ca

se
of

fu
n
ct

io
n
s

of
th

e
fo

rm
f

(x
)

=
1 m

m ∑ k
=
1

f k
(x

),
a

fu
rt

h
er

d
is

ti
n
ct

io
n

is
m

ad
e

w
it

h
re

sp
ec

t
to

th
e

co
m

p
on

en
t

fu
n
ct

io
n
s.

W
e

re
fe

r
to

su
ch

d
efi

n
it

io
n
s

of
th

e
co

n
d
it

io
n

n
u
m

b
er

b
y
κ̂

.
In

su
ch

ca
se

s
on

e
ty

p
ic

al
ly

as
su

m
es

th
e

ea
ch

co
m

p
on

en
t

is
b

ou
n
d
ed

b
y

β
m
a
x
(x

)
,
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(∇

2
f k

(x
))

.
T

h
e
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n
n
in
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ti

m
es
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al

go
ri

th
m

s
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ke

S
V

R
G

d
ep

en
d

on
th

e

fo
ll
ow

in
g

n
ot

io
n

of
co

n
d
it
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n

n
u
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b
er

:
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m
ax
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.
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n
e
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io
n
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n
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b
er
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in
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f
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an
d

it
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ai
n
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s
th

at
κ̂
l
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F
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d
m
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d
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in

(∇
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f k
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.
W

e
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n
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ow

d
efi

n
e

κ̂
m
a
x

l
,

m
ax x

β
m
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x
(x

)
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m
in

(x
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p
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n
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d
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e
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ow
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p
ti
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ou
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th

e
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v
en
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n
f
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1 m
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f k
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e
th
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y
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si
er
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e
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t
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e
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e
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za
ti
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te
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b
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ed
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f k
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).

W
e
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er
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m
e
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at
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ch
∇

2
f k

(x
)
�
I
.5
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e
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e
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α
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tr

on
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y
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n
ve
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an
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β
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m
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l

is
th
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at
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lo
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n
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n

n
u
m
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an
d
∇

2
f

h
as

a
L
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h
it

z
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n
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an
t

b
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n
d
ed

b
y

M
. W

e
n
ow
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t
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y
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n
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p
ts

an
d
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-e
x
is
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n
g
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su
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s
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w
e

u
se

fo
r

ou
r

an
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y
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in
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e

re
st
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th

e
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a
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T
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n
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at
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n
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r
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d
ep

en
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en
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m

at
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6

A
n

ex
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ll
en

t
re
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n
ce

fo
r

th
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m
a
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b
y

T
ro

p
p
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01
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.

5
.

T
h
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a
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n
g

is
w

it
h

o
u

t
lo
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o
f

g
en
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a
li
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h
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o
k
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a
t
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d

d
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p
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m
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e
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r
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n
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g
en

ce
.
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.

T
h

e
th

eo
re

m
in

th
e

re
fe
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n
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a
te

s
th

e
in

eq
u

a
li
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r
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e
m
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u
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n
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d
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u

n
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ri
a
n

ce
ca

se
.

W
e
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te
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e
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p
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r
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h
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p
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n
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w
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∑
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≥
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‖
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b
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∑
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p
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−
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Õ
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w
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p
re

ss
io

n
fo

r
w

ri
ti

n
g

th
e

in
ve

rs
e

of
ra

n
k

on
e

p
er

tu
rb

at
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1
−
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−
1
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T
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−
1
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+
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−
1
v
.
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S
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w
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p
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v
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h
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e
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e
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e
T

ay
lo

r
ex

p
an

si
on

(E
q
u
at

io
n

2)
,

w
e

m
ay

d
es

cr
ib

e
an

u
n
b
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n
e
A
−
1

j
as

th
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∞
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e
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∇
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∇
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p
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−
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∇
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∞
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b
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p
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∇
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=
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d
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p
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d
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n
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p
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fo
r
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to
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e
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w
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b
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d
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b
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b
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con
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.
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e
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w
e
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p
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g
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ew
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step
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e
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p
resen

t
ou

r
m

ain
th

eorem
w

h
ich

an
aly

zes
th
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b
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ra
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w
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Õ
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l d
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Õ
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l d
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Õ
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Õ

h
id

es
log

factors
of
κ
,d
,
1δ .

W
e

n
ote

th
at

ou
r

b
ou

n
d

(κ̂
m
a
x

l
)
2

on
th

e
varian

ce
is

p
ossib

ly
p

essim
istic

an
d

can
likely

b
e

im
p
rov

ed
to

a
m

ore
av

erage
q
u
an

tity.
H

ow
ever,

sin
ce

in
ou

r
ex

p
erim

en
ts

settin
g

th
e

p
aram

eter
S
1
∼
O

(1)
su

ffi
ces,

w
e

h
av

e
n
ot

tried
to
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fu
rth

er.

W
e

n
ow

p
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ou
r

m
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th
eorem
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ou

t
th

e
con
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ce

of
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iS
S
A
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h
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o
f

[P
ro
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T
h
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7]
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at

sin
ce

w
e
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se

a
fi
rst-ord

er
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m
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a
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tion
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accu

ra
cy

at
lea

st
1

4
κ̂
l M

,
w

e
h
ave

th
at

‖x
1 −

x
∗‖
≤

1

4κ̂
l M

.
(3)

A
s

can
b

e
seen

from
D

efi
n
ition

5,
a

sin
gle

step
of

ou
r

algorith
m
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eq

u
ivalen

t
to

x
t+

1
=

x
t −
∇̃
−
2f

(x
t )∇

f
(x
t ),

w
h
ere∇̃

−
2f

(x
t )
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e
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of
S
1
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ep

en
d
en

t
estim
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−
2f

(x
t )
S
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e
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9
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1
=

x
t −
∇̃
−
2f

(x
t )∇

f
(x
t ),

a
s
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a

sin
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tio
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o
f

A
lgo

rith
m

1
,

a
n

d
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p
po

se
S
1 ,S

2
a
re

a
s

d
efi

n
ed

in
A

lgo
rith

m
1
.

T
h
en

if
w

e
ch

oo
se
S
2 ≥

2κ̂
l ln

(2κ̂
l )

w
e

h
a
ve

th
e

fo
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w
in

g
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a
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n
tee

o
n

th
e
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n

vergen
ce

ra
te
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r

every
step

w
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p
ro
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1−
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‖x
t+

1 −
x
∗‖
≤
γ‖

x
t −

x
∗‖

+
M
‖∇
−
2f

(x
t )‖‖x

t −
x
∗‖

2

w
h
ere

γ
=

16κ̂
m
a
x

l

√
ln
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δ −

1
)

S
1

+
11
6 .

S
u
b
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g
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S
1
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d
S
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b
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g

E
q
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(3)
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d
L
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m

a
9,
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d

n
otin

g
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at‖∇
−
2f
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t )‖
≤
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l ,
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e
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e
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e
N
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ton

p
h
ase
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e
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g
in

eq
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h
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s:

‖
x
t+

1 −
x
∗‖
≤
‖
x
t −

x
∗‖

4
+
M
κ̂
m
a
x

l
‖x

t −
x
∗‖

2≤
‖
x
t −

x
∗‖

2
.

It
can

b
e
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ow

n
v
ia
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d
u
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e
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p
rop
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h
old

s
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t≥

T
1 ,

w
h
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con
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d
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e

p
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e
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p
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of
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D

efi
n
e
χ
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t)

=
∫ 1 0
∇

2
f
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∗ +

τ
(x
t
−

x
∗ )

)d
τ
.
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ot

e
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at
∇
f

(x
t)

=
χ

(x
t)

(x
t
−

x
∗ )

.
F

ol
lo

w
in

g
an
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al

y
si

s
si

m
il
ar

to
th

at
of

N
es

te
ro

v
(2
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3)

,
w

e
h
av

e
th

at

‖x
t+

1
−

x
∗ ‖

=
‖x

t
−

x
∗
−
∇̃
−
2
f

(x
t)
∇
f

(x
t)
‖

=
‖x

t
−

x
∗
−
∇̃
−
2
f

(x
t)
χ

(x
t)

(x
t
−

x
∗ )
‖

≤
‖I
−
∇̃
−
2
f

(x
t)
χ

(x
t)
‖‖

x
t
−

x
∗ ‖
.

F
ol

lo
w

in
g

fr
om

th
e

p
re

v
io

u
s

eq
u
at

io
n
s,

w
e

h
av

e
th
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‖x
t+

1
−

x
∗ ‖

‖x
t
−

x
∗ ‖
≤
‖I
−
∇̃
−
2
f

(x
t)
χ

(x
t)
‖

=
‖I
−
∇
−
2
f

(x
t)
χ

(x
t)

︸
︷︷

︸
a

−
( ∇̃
−
2
f

(x
t)
−
∇
−
2
f

(x
t)
) χ

(x
t)

︸
︷︷

︸
b

‖.

W
e

n
ow

an
al

y
ze

th
e

ab
ov

e
tw

o
te

rm
s
a

an
d
b

se
p
ar

at
el

y
:

‖a
‖

=
‖I
−
∇
−
2
f

(x
t)
χ

(x
t)
‖

≤
‖∇
−
2
f

(x
t)

∫
1

0

( ∇
2
f

(x
t)
−
∇

2
f

(x
∗

+
τ
(x
t
−

x
∗ )

)d
τ
) ‖

≤
M
‖∇
−
2
f

(x
t)
‖‖

x
t
−

x
∗ ‖
.

T
h
e

se
co

n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
L

ip
sc

h
it

z
b

ou
n
d
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th

e
H

es
si

an
.

T
h
e

se
co

n
d

te
rm

ca
n

b
e

b
ou

n
d
ed
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fo

ll
ow

s:

‖b
‖
≤
( ‖
( ∇̃
−
2
f

(x
t)
−
∇
−
2
f

(x
t)
) ‖
‖χ

(x
t)
‖)
≤
γ
.

T
h
e

p
re

v
io

u
s

cl
ai

m
fo

ll
ow

s
fr

om
L

em
m

a
10

w
h
ic

h
sh

ow
s

a
co

n
ce

n
tr

at
io

n
b

ou
n
d

o
n

th
e

sa
m

p
le

d
es

ti
m

at
or

an
d

b
y

n
ot

in
g

th
at

d
u
e

to
ou

r
as

su
m

p
ti

on
on

th
e

fu
n
ct

io
n
,

w
e

h
av

e
th

at
fo

r
al

l
x
,
‖∇

2
f

(x
)‖
≤

1,
an

d
h
en

ce
‖χ

(x
)‖
≤

1.
P

u
tt

in
g

th
e

ab
ov

e
tw

o
b

ou
n
d
s

to
ge

th
er

an
d

u
si

n
g

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y,

w
e

h
av

e
th

at

‖x
t+

1
−

x
∗ ‖

‖x
t
−

x
∗ ‖
≤
M
‖∇
−
2
f

(x
t)
‖‖

x
t
−

x
∗ ‖

+
γ

w
h
ic

h
co

n
cl

u
d
es

th
e

p
ro

of
.

L
e
m

m
a

1
0

L
et
∇̃
−
2
f

(x
t)

be
th

e
a
ve

ra
ge

o
f
S
1

in
d
ep

en
d
en

t
sa

m
p
le

s
o
f
∇̃
−
2
f

(x
t)
S
2
,

a
s

d
efi

n
ed

in
D

efi
n

it
io

n
5

a
n

d
u

se
d

in
th

e
pe

r-
st

ep
u

pd
a
te

o
f

A
lg

o
ri

th
m

1
,

a
n

d
le

t
∇

2
f

(x
t)

be
th

e
tr

u
e

H
es

si
a
n

.
If

w
e

se
t
S
2
≥

2
κ̂
l
ln

(κ̂
lS

1
),

th
en

w
e

h
a
ve

th
a
t

P
r( ‖
∇̃
−
2
f

(x
t)
−
∇
−
2
f

(x
t)
‖
>

16
κ̂
m
a
x

l

√
ln

(d
δ
)

S
1

+
1
/1

6)
≤
δ.

P
ro

o
f

[P
ro

of
of

L
em

m
a

10
]

F
ir

st
n
ot

e
th

e
fo

ll
ow

in
g

st
at

em
en

t
w

h
ic

h
is

a
st

ra
ig

h
tf

or
w

ar
d

im
p
li
ca

ti
on

of
ou

r
co

n
st

ru
ct

io
n

of
th

e
es

ti
m

at
or

:

E
[∇̃
−
2
f

(x
t)

]
=

E
[∇̃
−
2
f

(x
t)
S
2
]

=

S
2 ∑ i=
0

(I
−
∇

2
f

(x
t)

)i
.
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l
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W
e
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n
ow
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E
q
u
at

io
n

(2
)

th
at

fo
r

m
at

ri
ce

s
X

su
ch

th
at
‖X
‖
≤

1
an

d
X
�

0
,

X
−
1

=
∞ ∑ i=
0

(I
−
X

)i
.

S
in

ce
w

e
h
av

e
sc

al
ed

th
e

fu
n
ct

io
n

su
ch

th
at
‖∇

2
f k
‖
≤

1,
it

fo
ll
ow

s
th

at

∇
−
2
f

(x
t)

=
E
[ ∇̃
−
2
f

(x
t)
S
2

] +
∞ ∑

i=
S
2
+
1

(I
−
∇

2
f

(x
t)

)i
.

(4
)

A
ls

o
n
ot

e
th

at
si

n
ce
∇

2
f

(x
t)
�

I κ̂
l
,

it
fo

ll
ow

s
th

at
‖I
−
∇

2
f

(x
t)
‖
≤

1
−

1 κ̂
l
.

O
b
se

rv
in

g
th

e
se

co
n
d

te
rm

in
th

e
ab

ov
e

eq
u
at

io
n
,

‖
∞ ∑ i=
S
2

(I
−
∇

2
f

(x
t)

)i
‖
≤
‖(
I
−
∇

2
f

(x
t)

)‖
S
2

(
∞ ∑ i=
0

‖I
−
∇

2
f

(x
t)
‖i
)

≤
(1
−

1 κ̂
l
)S

2

(
∞ ∑ i=
0

(1
−

1 κ̂
l
)i

)

≤
(1
−

1 κ̂
l
)S

2
κ̂
l

≤
ex

p

( −
S
2

κ̂
l

)
κ̂
l.

S
in

ce
w

e
h
av

e
ch

os
en

S
2
≥

2κ̂
l
ln

(4
κ̂
l)

,
w

e
ge

t
th

at
th

e
a
b

ov
e

te
rm

is
b

ou
n
d
ed

b
y

1 1
6
.

W
e

w
il
l

n
ow

sh
ow

,
u
si

n
g

th
e

m
at

ri
x

B
er

n
st

ei
n

in
eq

u
al

it
y

(T
h
eo

re
m

3)
,

th
at

th
e

es
ti

m
a
te
∇̃
−
2
f

is
co

n
ce

n
tr

at
ed

ar
ou

n
d

it
s

ex
p

ec
ta

ti
on

.
T

o
ap

p
ly

th
e

in
eq

u
al

it
y

w
e

fi
rs

t
n
ee

d
to

b
o
u
n
d

th
e

sp
ec

tr
al

n
or

m
of

ea
ch

ra
n
d
om

va
ri

ab
le

.
T

o
th

at
en

d
w

e
n
ot

e
th

at
∇̃
−
2
f S

2
h
a
s

m
a
x
im

u
m

sp
ec

tr
al

n
or

m
b

ou
n
d
ed

b
y

‖∇̃
−
2
f S

2
‖
≤

S
2 ∑ i=
0

(1
−

1
/κ̂

m
a
x

l
)i
≤
κ̂
m
a
x

l
.

W
e

ca
n

n
ow

ap
p
ly

T
h
eo

re
m

3,
w

h
ic

h
gi

v
es

th
e

fo
ll
ow

in
g:

P
r
( ‖
∇̃
−
2
f
−

E
[∇̃
−
2
f

]‖
>
ε)
≤

2d
ex

p

(
−
ε2
S
1

64
(κ̂

m
a
x

l
)2

)
.

S
et

ti
n
g
ε

=
16
κ̂
m
a
x

l

√
ln
(
d δ
)

S
1

gi
ve

s
u
s

th
at

th
e

p
ro

b
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il
it

y
ab

ov
e

is
b

ou
n
d
ed

b
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δ.
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ow

p
u
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in
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th
er

th
e

b
ou

n
d
s

an
d

E
q
u
at

io
n

(4
)

w
e

ge
t

th
e

re
q
u
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re

su
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.
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g
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a
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A
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y
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p
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a
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b
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p
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p
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a
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A
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Õ
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l
)
2κ̂
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.

W
e
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in
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from
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T
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T
h

e
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m
1
2

C
o
n

sid
er

A
lgo

rith
m

1
,

let
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be
o
f

th
e

fo
rm
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su
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m
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o
f

th
e
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m
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p
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en
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m
a
x

l
)
2κ
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o
f
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b
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L
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=
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=
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v
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0

,
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d
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n
sid
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e
u
p

d
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c
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1
=
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−
λ
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d
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=
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−
λ
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d

v
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=
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λ
)d
j ∇̃
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1
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)(c
j ∇
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d
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w
h
ere

λ
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e
b
a
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o
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a
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∇
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u
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X
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=
c
j ∇
f

(x
)

+
d
j v
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=
∇
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d
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λ
)c
j )∇
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λ
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1
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c
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1 ∇
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)(c
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∇̃
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] (x

)v
j
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b
e

calcu
lated
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O
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e.
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b
e

seen
th
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b
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4
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L
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secon
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s.
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b
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∇
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l
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z
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,
A
L
G
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T
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ε

x
0
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t (y

)
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∇
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T∇
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1
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−
2f

(x
)

u
sed

in
L

iS
S
A

.
C

on
sid

er
ru

n
n
in

g
grad

ien
t

d
escen

t
on

th
e

ab
ove

q
u
ad

ratic
Q
t ,

an
d

let
y
it

b
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∇
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∇
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ex
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d
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b
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b
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b
ecau

se
w

e
h
ave

a
p
recise

estim
ate

of
grad

ien
t

of
th

e
fu

n
ction

f
an

d
a

sto
ch

astic
estim

ate
for
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con
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d
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m
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con
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Q
t
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d

an
error
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e
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p
ro-

d
u
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‖
y
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≤
ε

(5)

w
ith

p
rob

ab
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least
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δ
A
L
G
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=
argm

in
Q
t .
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total
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b
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algorith
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A
L
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u
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e
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t
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e
T
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G
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p
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A
L
G
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i.e.
T
A
L
G
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to
log

(
1ε )

w
ith

p
rob

ab
ility

at
least

1−
δ
A
L
G

.

G
iven

su
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an
algorith

m
A
L
G

,
L

iS
S
A

-Q
u
ad

,
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d
escrib

ed
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A
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m
2,

gen
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im
p
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en
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e

a
b

ove
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L
iS

S
A

b
y
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e
in
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er
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w
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A
L
G

.
T

h
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g
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a
m
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ab
ou

t
th

e
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vergen
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p
rop

erties
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L
iS

S
A

-Q
u
ad

.

T
h

e
o
re

m
1
3

G
iven

th
e

fu
n

ctio
n
f

(x
)

=
∑
f
i (x

)
w

h
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α

-stro
n
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n
vex,

let
x
∗

be
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e
m

in
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o
f

th
e

fu
n

ctio
n
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n

d{x
t }
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d
efi
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ed
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lgo
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2
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p
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th

e
a
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rith
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A
L
G
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n
d
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(5
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A
L
G
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p
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p
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A
L
G
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r
a
m
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S
et

th
e

pa
ra

m
eters

in
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e
a
lgo

rith
m

a
s

fo
llo

w
s:

T
1

=
T
A
L
G

(1/
4α
M

),
T

=
log

log
(1
/ε),

δ
A
L
G

=
δ/T

,
w

h
ere

ε
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th
e

fi
n

a
l
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r

gu
a
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n
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o
n

e
w
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T
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en

w
e

h
a
ve
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t
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T
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s,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,

m
in

t=
{
1
...T} ‖

x
t −

x
∗‖
≤
ε.
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p
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∗ ‖
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p
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→
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∇
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r
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p
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b
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c
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ra
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h
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p
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d
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p
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p
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p
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h
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p
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p
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p
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Õ
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b
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p
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p
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ra
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p
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∗ ‖
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∗ ‖
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∗ ‖
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∇
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tr

ix
A

=
∑
A
i

w
h
er

e
ea

ch
A
i

is
o
f

th
e

fo
rm

A
i

=
v
iv
T i

+
λ
I

fo
r

so
m

e
v
i
∈

R
d
,‖

v
i‖
≤

1
a
n

d
λ
≥

0
a

fi
xe

d
pa

ra
m

et
er

,
A

lg
o
ri

th
m

4
co

m
p
u

te
s

a
ve

ct
o
r

ṽ
su

ch
th

a
t
‖A
−
1
b
−

ṽ
‖
≤
ε

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

in
to

ta
l

ti
m

e

Õ

( m
d

lo
g

(
1 ε

)
+

( d
+
√
κ
sa
m
p
le

(A
)d

)
d

lo
g
2

(
1 ε

))
.

Õ
()

co
n

ta
in

s
fa

ct
o
rs

lo
ga

ri
th

m
ic

in
m
,d
,κ

sa
m
p
le

(A
),
‖b
‖,
δ.

κ
sa
m
p
le

(A
)

is
th

e
co

n
d
it

io
n

n
u
m

b
er

of
an

O
(d

lo
g
(d

))
si

ze
d

sa
m

p
le

of
A

a
n
d

is
fo

rm
a
ll
y

d
efi

n
ed

in
E

q
u
at

io
n

(1
1)

.
W

e
ca

n
n
ow

u
se

A
lg

or
it

h
m

4
to

co
m

p
u
te

an
ap

p
ro

x
im

a
te

N
ew

to
n

st
ep

b
y

se
tt

in
g
A

=
∇

2
f

(x
)

an
d

b
=
∇
f

(x
).

W
e

th
er

ef
or

e
p
ro

p
o
se

L
iS

S
A

-S
a
m

p
le

to
b

e
a

va
ri

an
t

of
L

iS
S
A

-Q
u
ad

w
h
er

e
A

lg
or

it
h
m

4
is

u
se

d
as

th
e

su
b
ro

u
ti

n
e

A
L

G
an

d
a
n
y

fi
rs

t-
o
rd

er
al

go
ri

th
m

ca
n

b
e

u
se

d
in

th
e

in
it

ia
l

p
h
as

e.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

b
ou

n
d
in

g
th

e
ru

n
n
in

g
ti

m
e

of
L

iS
S
A

-S
am

p
le

fo
ll
ow

s
im

m
ed

ia
te

ly
fr

om
T

h
eo

re
m

13
an

d
T

h
eo

re
m

1
5
.

T
h

e
o
re

m
1
6

G
iv

en
a

G
L

M
fu

n
ct

io
n
f

(x
)

=
∑

i
f i

(x
),

le
t

x
∗

=
ar

gm
in
f

(x
).

L
iS

S
A

-
S

a
m

p
le

p
ro

d
u

ce
s

a
po

in
t

x
su

ch
th

a
t

‖x
−

x
∗ ‖
≤
ε

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

in
to

ta
l

ti
m

e

Õ

((
m
d

lo
g

(
1 ε

)
+

( d
+
√
κ
sa
m
p
le

(f
)d

)
d

lo
g
2

(
1 ε

))
lo

g
lo

g

(
1 ε

))
.

Õ
()

co
n

ta
in

s
fa

ct
o
rs

lo
ga

ri
th

m
ic

in
m
,d
,κ

sa
m
p
le

(f
),
G
,δ

.

5
.1

F
a
st

Q
u

a
d

ra
ti

c
S

o
lv

e
r

-
O

u
tl

in
e

In
th

is
se

ct
io

n
w

e
p
ro

v
id

e
a

sh
or

t
ov

er
v
ie

w
of

A
lg

or
it

h
m

4.
T

o
si

m
p
li
fy

th
e

d
is

cu
ss

io
n
,

le
ts

co
n
si

d
er

th
e

ca
se

w
h
en

w
e

h
av

e
to

co
m

p
u
te

A
−
1
b

fo
r

a
d
×
d

m
at

ri
x
A

g
iv

en
as

A
=
∑

m i=
1
v
iv
T i

=
V
V
T

w
h
er

e
th

e
it
h

co
lu

m
n

of
V

is
v
i.

T
h
e

co
m

p
u
ta

ti
on

ca
n

b
e

re
ca

st

as
m

in
im

iz
at

io
n

of
a

co
n
ve

x
q
u
ad

ra
ti

c
fu

n
ct

io
n
Q

(y
)

=
y
T
A
y

2
+

b
T
y

an
d

ca
n

b
e

so
lv

ed

u
p

to
ac

cu
ra

cy
ε

in
to

ta
l

ti
m

e
( m

+
√
κ

(A
)m
) d

lo
g
(1
/ε

)
as

ca
n

b
e

se
en

fr
o
m

T
h
eo

re
m

4
A

lg
or

it
h
m

4
im

p
ro

ve
s

u
p

on
th

e
ru

n
n
in

g
ti

m
e

b
ou

n
d

in
th

e
ca

se
w

h
en

m
>
d
.

In
th

e
fo

ll
ow

in
g

w
e

p
ro

v
id

e
a

h
ig

h
le

ve
l

ou
tl

in
e

of
th

e
p
ro

ce
d
u
re

w
h
ic

h
is

fo
rm

al
ly

d
es

cr
ib

ed
a
s

A
lg

or
it

h
m

4.
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S
e
c
o
n
d
-O

r
d
e
r
S
t
o
c
h
a
st

ic
O
p
t
im

iz
a
t
io
n
f
o
r
M
a
c
h
in
e
L
e
a
r
n
in
g

in
L
in
e
a
r
T
im

e

•
G

iven
A

w
e

w
ill

com
p
u
te

a
low

com
p
lex

ity
con

stan
t

sp
ectral

ap
p
rox

im
a
tion

B
of
A

.

S
p

ecifi
ca

lly
B

=
∑

O
(d

lo
g
(d
))

i=
1

u
i u
Ti

an
d
B
�
A
�

2B
.

T
h
is

is
ach

ieved
b
y

tech
n
iq

u
es

d
evelo

p
ed

in
m

atrix
sam

p
lin

g/sketch
in

g
literatu

re,
esp

ecially
th

ose
of

C
oh

en
et

al.
(2

0
1
5
).

T
h
e

p
ro

ced
u
re

req
u
ires

solv
in

g
a

con
stan

t
n
u
m

b
er

of
O

(d
log

(d
))

sized
lin

ear
sy

stem
s,

w
h
ich

w
e

d
o

v
ia

A
ccelerated

S
V

R
G

.

•
W

e
u
se
B

as
a

p
recon

d
ition

er
an

d
com

p
u
te
B
A
−
1b

b
y

m
in

im
izin

g
th

e
q
u
ad

ratic
y
T
A
B
−
1
y

2
+

b
T
y

.
N

ote
th

at
th

is
q
u
ad

ratic
is

w
ell

con
d
ition

ed
an

d
can

b
e

m
in

im
ized

u
sin

g
g
ra

d
ien

t
d
escen

t.
In

ord
er

to
com

p
u
te

th
e

grad
ien

t
of

th
e

q
u
ad

ratic
w

h
ich

is
g
iven

b
y
A
B
−
1y

,
w

e
again

u
se

A
ccelerated

S
V

R
G

to
solve

a
lin

ear
sy

stem
in

B
.

•
F

in
ally,

w
e

com
p
u
te
A
−
1b

=
B
−
1B
A
−
1b

u
sin

g
A

ccelerated
S
V

R
G

to
solve

a
lin

ear
sy

stem
in

B
.

In
th

e
rest

of
th

e
section

w
e

form
ally

d
escrib

e
th

e
p
ro

ced
u
re

ou
tlin

ed
an

d
p
rov

id
e

th
e

n
ecessa

ry
d
efi

n
ition

s.
O

n
e

k
ey

n
u
an

ce
w

e
m

u
st

take
in

to
accou

n
t

is
th

e
fact

th
at

b
ased

o
n

o
u
r

a
ssu

m
p
tion

w
e

h
ave

in
clu

d
ed

th
e

regu
larization

term
in

to
th

e
com

p
on

en
t

fu
n
ction

s.
D

u
e

to
th

is,
th

e
H

essian
d
o
es

n
ot

n
ecessarily

lo
ok

like
a

su
m

of
ran

k
o
n
e

m
atrices.

O
f

co
u
rse,

o
n
e

ca
n

d
ecom

p
ose

th
e

id
en

tity
m

atrix
th

at
ap

p
ears

d
u
e

to
th

e
reg

u
larizer

as
a

su
m

o
f

ra
n
k

o
n
e

m
a
trices.

H
ow

ever,
n
ote

th
at

th
e

p
ro

ced
u
re

ab
ove

req
u
ires

th
at

each
of

th
e

su
b
-sa

m
p
les

m
u
st

h
ave

go
o
d

con
d
ition

n
u
m

b
er

to
o

in
ord

er
to

solv
e

lin
ear

sy
stem

s
on

th
em

w
ith

A
ccelera

ted
S
V

R
G

.
T

h
erefore,

th
e

su
b
-sam

p
les

gen
erated

m
u
st

lo
ok

like
su

b
-sam

p
les

fo
rm

ed
fro

m
th

e
H

essian
s

of
com

p
on

en
t

fu
n
ction

s.
F

or
th

is
p
u
rp

ose
w

e
ex

ten
d

th
e

p
ro

ced
u
re

a
n
d

th
e

d
efi

n
ition

for
leverage

scores
d
escrib

ed
b
y

C
oh

en
et

al.
(2015)

to
th

e
case

w
h
en

th
e

m
atrix

is
giv

en
as

a
su

m
of

P
S
D

m
atrices

an
d

n
ot

ju
st

ran
k

on
e

m
atrices.

W
e

reform
u
late

a
n
d

rep
rove

th
e

b
asic

th
eorem

s
p
roved

b
y

C
oh

en
et

al.
(2015)

in
th

is
con

tex
t.

T
o

m
a
in

tain
co

m
p
u
ta

tio
n
a
l

effi
cien

cy
of

th
e

p
ro

ced
u
re,

w
e

th
en

m
ak

e
u
se

of
th

e
fact

th
at

each
of

th
e

P
S
D

m
a
trices

a
ctu

ally
is

a
ran

k
on

e
m

atrix
p
lu

s
th

e
Id

en
tity

m
atrix

.
W

e
n
ow

p
rov

id
e

th
e

n
ecessa

ry
p
relim

in
aries

for
th

e
d
escrip

tion
of

th
e

algorith
m

an
d

its
an

aly
sis.

5
.2

P
re

lim
in

a
rie

s
fo

r
F
a
st

Q
u

a
d

ra
tic

S
o
lv

e
r

F
o
r

a
ll

th
e

d
efi

n
ition

s
an

d
p
relim

in
aries

b
elow

assu
m

e
w

e
are

given
a
d
×
d

P
S
D

m
atrix

A
,
∑

mi=
1
A
i

w
h
ere

A
i

are
also

P
S
D

m
atrices.

L
et
A
·
B

,
T
r(B

T
A

)
b

e
th

e
stan

d
ard

m
a
trix

d
ot

p
ro

d
u
ct.

G
iven

tw
o

m
atrices

A
an

d
B

w
e

say
B

is
a
λ

-sp
ectral

ap
p
rox

im
ation

o
f
A

if
1λ
A
�
B
�
A

.

D
e
fi

n
itio

n
1
7

(G
e
n

e
ra

liz
e
d

M
a
trix

L
e
v
e
ra

g
e

S
c
o
re

s)
D

efi
n

e

τ
i (A

),
A

+
·A

i
(7)

τ
Bi

(A
),

B
+
·A

i .
(8)

T
h
en

w
e

h
ave

th
e

follow
in

g
facts:

F
a
c
t

1
8

n
∑i=

1

τ
i (A

)
=
T
r (∑

A
+
A
i )

=
T
r(A

+
A

)
=
ra
n
k
(A

)≤
d
.

(9)
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A
g
a
r
w
a
l
,
B
u
l
l
in
s
a
n
d

H
a
z
a
n

F
a
c
t

1
9

If
B

is
a
λ

-spectra
l

a
p
p
ro

xim
a
tio

n
o
f
A

,
th

en
τ
i (A

)≤
τ
Bi

(A
)≤

λ
τ
i (A

).

G
iven

A
of

th
e

form
A

=
∑
A
i ,

w
e

d
efi

n
e

a
sam

p
le

of
A

of
size

r
as

th
e

follow
in

g.
C

on
sid

er
a

su
b
set

of
in

d
ices

of
size

r,
I

=
{
i1
...ir }

⊆
[m

].
F

or
ev

ery
su

ch
sam

p
le
I

an
d

given
a

w
eigh

t
vector

w
∈
R
r,

w
e

can
asso

ciate
th

e
follow

in
g

m
atrix

:

S
a
m
p
le(w

,I
),

∑j∈
I

w
j A

j .
(10)

W
h
en

th
e

sam
p
le

is
u
n
w

eigh
ted

,
i.e.,

w
=

1
,

w
e

w
ill

sim
p
ly

d
en

ote
th

e
ab

ove
as
S
a
m
p
le(I

).
W

e
can

n
ow

d
efi

n
e
κ
sa
m
p
le (A

,r)
to

b
e

κ
sa
m
p
le (A

,r),
m

ax
I
:|I|≥

r
κ

(S
a
m
p
le(r,I

)).
(11)

T
h
is

is
th

e
w

orst-case
con

d
ition

n
u
m

b
er

of
an

u
n
w

eigh
ted

su
b
-sam

p
le

of
size

r
of

th
e

m
atrix

A
.

F
or

ou
r

resu
lts

w
e

w
ill

b
e

con
cern

ed
w

ith
a

Ω
(d

log
(d

))
sized

su
b
-sam

p
le,

i.e.,
th

e
q
u
an

tity
κ
sa
m
p
le (A

,O
(d

log
(d

))).
W

e
rem

in
d

th
e

read
er

th
at

b
y

d
efi

n
ition

κ
sa
m
p
le

fo
r

H
essian

s
of

th
e

fu
n
ction

s
w

e
are

con
cern

ed
w

ith
is

alw
ay

s
larger

th
an

1/λ
,

w
h
ere

λ
is

th
e

co
effi

cien
t

of
th

e
`
2

regu
larizer.

T
h
e

follow
in

g
lem

m
a

is
a

gen
eralization

of
th

e
leverage

score
sam

p
lin

g
lem

m
a

(L
em

m
a

4,
C

oh
en

et
al.

2015).
T

h
e

p
ro

of
is

very
sim

ilar
to

th
e

origin
al

p
ro

of
b
y

C
oh

en
et

al.
(2015)

an
d

is
in

clu
d
ed

in
th

e
A

p
p

en
d
ix

for
com

p
leten

ess.

L
e
m

m
a

2
0

(S
p

e
c
tra

l
A

p
p

ro
x
im

a
tio

n
v
ia

L
e
v
e
ra

g
e

S
c
o
re

S
a
m

p
lin

g
)

G
iven

a
n

er-
ro

r
pa

ra
m

eter
0
<
ε
<

1,
let

u
be

a
vecto

r
o
f

levera
ge

sco
re

o
verestim

a
tes,

i.e.,
τ
i (A

)≤
u
i ,

fo
r

a
ll
i∈

[m
].

L
et
α

be
a

sa
m

p
lin

g
ra

te
pa

ra
m

eter
a
n

d
let

c
be

a
fi

xed
po

sitive
co

n
sta

n
t.

F
o
r

ea
ch

m
a
trix

A
i ,

w
e

d
efi

n
e

a
sa

m
p
lin

g
p
ro

ba
bility

p
i (α

)
=

m
in{

1,α
u
i c

log
d}.

L
et
I

be
a

ra
n

d
o
m

sa
m

p
le

o
f

in
d
ices

d
ra

w
n

fro
m

[m
]

by
sa

m
p
lin

g
ea

ch
in

d
ex

w
ith

p
ro

ba
bility

p
i (α

).
D

efi
n

e
th

e
w

eigh
t

vecto
r

w
(α

)
to

be
th

e
vecto

r
su

ch
th

a
t

w
(α

)
i

=
1

p
i (α

) .
B

y
d
efi

n
itio

n
o
f

w
eigh

ted
sa

m
p
les

w
e

h
a
ve

th
a
t

S
a
m
p
le(w

(α
),I

)
=

m
∑i=

1

1

p
i (α

) A
i 1
x
i ∼
p
i (α

) (x
i

=
1)

w
h
ere

x
i

is
a

B
ern

o
u

lli
ra

n
d
o
m

va
ria

ble
w

ith
p
ro

ba
bility

p
i (α

).
If

w
e

set
α

=
ε −

2,
S

=
S
a
m
p
le(w

(α
),I

)
is

fo
rm

ed
by

a
t

m
o
st ∑

i m
in{

1,α
u
i c

log
(d

)}
≤

α
c

log
(d

)‖u‖
1

en
tries

in
th

e
a
bo

ve
su

m
,

a
n

d
1

1
+
ε S

is
a

1
+
ε

1−
ε

spectra
l

a
p
p
ro

xim
a
tio

n
fo

r
A

w
ith

p
ro

ba
bility

a
t

lea
st

1−
d −

c/
3.

T
h
e

follow
in

g
th

eorem
is

an
an

alogu
e

of
th

e
key

th
eorem

reg
ard

in
g

u
n
iform

sam
p
lin

g
(T

h
eorem

1,
C

oh
en

et
al.

2015).
T

h
e

p
ro

of
is

id
en

tical
to

th
e
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Õ

in
th

e
ab

ov
e

co
n
ta

in
s

fa
ct

or
s

lo
ga

ri
th

m
ic

in
m
,d
,‖
A
‖ F

.
N

ot
e

th
at

th
e

F
ro

b
en

iu
s

n
or

m
of
A

is
b

ou
n
d
ed

b
y
d
‖A
‖

w
h
ic

h
is

b
ou

n
d
ed

in
ou

r
ca

se
b
y
d
.

A
lg

o
ri

th
m

4
F
a
st

Q
u

a
d

ra
ti

c
S

o
lv

e
r

(F
Q

S
)

1
:

In
p

u
t:
A

=
∑

m i=
1
(v
iv
T i

+
λ
I
),

b
,
ε

2
:

O
u

tp
u

t
:

ṽ
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1ŷ
−
A
−
1b‖

.

A
sim

p
le

a
p
p
lication

of
th

e
trian

gle
in

eq
u
ality

p
roves

th
at‖

A
−
1b−

ṽ‖
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Õ
(m
d

+
L
I
N

(B
,ε̂))

log (
1ε̃ )

w
h
ere

ε̂
=

ε
4
0
0‖
A
‖‖
B
‖ −

1
G
Q

=
Ω
(

ε
κ
(A

)G
Q )

.
N

ow
w

e
can

b
ou

n
d
L
I
N

(B
,ε)

b
y
Õ
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Ã
′
=

O
(d

lo
g
(d
))

∑i=
1

v
i v
Ti

+
λ
I

=

O
(d

lo
g
(d
))

∑i=
1

b
i b
Ti

2
4

JM
L

R
 18(116):1-40, 2017



S
e
c
o
n
d
-O

r
d
e
r
S
t
o
c
h
a
st

ic
O
p
t
im

iz
a
t
io
n
f
o
r
M
a
c
h
in
e
L
e
a
r
n
in
g

in
L
in
e
a
r
T
im

e

w
h
er

e
su

ch
a

d
ec

om
p

os
it

io
n

ca
n

b
e

ac
h
ie

ve
d

ea
si

ly
v
ia

d
ec

om
p

os
in

g
th

e
id

en
ti

ty
in

to
ca

n
on

-
ic

al
ve

ct
or

s.
T

h
er

ef
or

e,
an

y
su

ch
Ã
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(Ã
′ )
+

v
i‖

2 2
.

B
y

th
e

J
oh

n
so

n
-

L
in

d
en

st
ra

u
ss

le
m

m
a,

se
tt

in
g
k

=
O

(l
og

(m
d
))

,
w

e
h
av

e
th

at
w

it
h

h
ig

h
p
ro

b
ab

il
it

y,

1/
2‖
B
T

(Ã
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äıd

H
arch

aou
i.

A
u
n
iv

ersal
cataly

st
for

fi
rst-ord

er
o
p
tim

iza
tio

n
.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
a
ges

3
384–3392,

2
0
1
5
.

Q
ih

a
n
g

L
in

,
Z

h
aoson

g
L

u
,

an
d

L
in

X
iao.

A
n

accelerated
p
rox

im
al

co
ord

in
ate

grad
ien

t
m

eth
o
d
.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

3059–
3067,

2014.

H
a
ip

en
g

L
u
o
,

A
lek

h
A

garw
al,

N
icolò

C
esa-B

ian
ch

i,
an

d
J
oh

n
L

an
gford

.
E

ffi
cien

t
secon

d
o
rd

er
o
n
lin

e
learn

in
g

b
y

sk
etch

in
g.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
a
g
es

9
0
2
–9

1
0,

2016.

J
a
m

es
M

a
rten

s.
D

eep
learn

in
g

v
ia

H
essian

-free
o
p
tim

ization
.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ages

735–742,
2010.

A
n
d
rew

M
cC

a
llu

m
.

R
eal-sim

,
1997.

A
vailab

le
at

h
t
t
p
s
:
/
/
w
w
w
.
c
s
i
e
.
n
t
u
.
e
d
u
.
t
w
/
~
c
j
l
i
n
/

l
i
b
s
v
m
t
o
o
l
s
/
d
a
t
a
s
e
t
s
/
b
i
n
a
r
y
.
h
t
m
l
#
r
e
a
l
-
s
i
m
.

A
rya

n
M

o
k
h
ta

ri
an

d
A

lejan
d
ro

R
ib

eiro.
R

E
S
:
regu

larized
sto

ch
astic

B
F

G
S

algorith
m

.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

S
ign

a
l

P
rocessin

g,
62(23

):6089–6104
,

2014.

P
h
ilip

p
M

oritz,
R

ob
ert

N
ish

ih
ara,

an
d

M
ich

ael
J
ord

an
.

A
lin

early
-con

v
ergen

t
sto

ch
a
stic

L
-B

F
G

S
a
lgo

rith
m

.
In

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics,

p
ages

249–258,
20

16.

A
rka

d
i
N

em
irov

sk
i.

In
terior

p
oin

t
p

oly
n
om

ial
tim

e
m

eth
o
d
s

in
con

vex
p
rogram

m
in

g.
L

ectu
re

n
o
tes,

2
0
0
4
.

3
9

JM
L

R
 18(116):1-40, 2017

A
g
a
r
w
a
l
,
B
u
l
l
in
s
a
n
d

H
a
z
a
n

Y
u
rii

N
esterov

.
A

m
eth

o
d

of
solv

in
g

a
con

vex
p
rog

ram
m

in
g

p
rob

lem
w

ith
con

vergen
ce

rate
O

(1/k
2).

In
S

o
viet

M
a
th

em
a
tics

D
o
kla

d
y,

v
olu

m
e

27,
p
ages

372–376,
1983.

Y
u
rii

N
esterov

.
In

trod
u

cto
ry

L
ectu

res
o
n

C
o
n

vex
O

p
tim

iza
tio

n
:

A
B

a
sic

C
o
u

rse.
S
p
rin

ger
S
cien

ce
&

B
u
sin

ess
M

ed
ia,

2013.

J
orge

N
o
ced

al
an

d
S
tep

h
en

W
righ

t.
N

u
m

erica
l

O
p
tim

iza
tio

n
.

S
p
rin

ger
S
cien

ce
&

B
u
sin

ess
M

ed
ia,

2006.

M
ert

P
ilan

ci
an

d
M

artin
J
.

W
ain

w
righ

t.
N

ew
ton

sketch
:

A
lin

ear-tim
e

op
tim

ization
algo-

rith
m

w
ith

lin
ear-q

u
ad

ratic
con

vergen
ce.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
5
.0

2
2
5
0
,

2015.

H
erb

ert
R

ob
b
in

s
an

d
S
u
tton

M
on

ro.
A

sto
ch

astic
ap

p
rox

im
ation

m
eth

o
d
.

T
h
e

A
n

n
a
ls

o
f

M
a
th

em
a
tica

l
S

ta
tistics,

p
ages

400–407,
1951.

N
icolas

L
.
R

ou
x
,
M

ark
S
ch

m
id

t,
an

d
F

ran
cis

R
.
B

ach
.

A
sto

ch
astic

grad
ien

t
m

eth
o
d

w
ith

an
ex

p
on

en
tial

con
v
ergen

ce
rate

for
fi
n
ite

train
in

g
sets.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

2663–2671,
2012.

N
icol

N
.

S
ch

rau
d
olp

h
,

J
in

Y
u
,

an
d

S
im

on
G

ü
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on
al

in
te

r-
d
ep

en
d
en

ci
es

,
b
u
il
d
in

g
a

m
o
d
el

w
h
er

e
co

u
n
tr

y
sp

ec
ifi

c
m

ac
ro

ec
on

om
ic

in
d
ic

at
or

s
ev

ol
v
e

ac
co

rd
in

g
to

a
V

A
R

m
o
d
el

an
d

th
ey

ar
e

in
fl
u
en

ce
d

ex
og

en
ou

sl
y

b
y

ke
y

m
ac

ro
ec

on
o
m

ic
va

ri
ab

le
s

fr
o
m

n
ei

g
h
b

o
ri

n
g

co
u
n
tr

ie
s/

re
gi

on
s.

F
in

al
ly

,
A

b
ey

si
n
gh

e
(2

0
01

)
st

u
d
ie

s
th

e
im

p
ac

t
of

th
e

p
ri

ce
o
f

o
il

o
n

G
ro

ss
D

om
es

ti
c

P
ro

d
u
ct

gr
ow

th
ra

te
s

fo
r

a
n
u
m

b
er

of
co

u
n
tr

ie
s,

w
h
il
e

co
n
tr

o
ll
in

g
fo

r
o
th

er
ex

og
en

ou
s

va
ri

ab
le

s
su

ch
as

th
e

co
u
n
tr

y
’s

co
n
su

m
p
ti

on
an

d
in

ve
st

m
en

t
ex

p
en

d
it

u
re

s
a
lo

n
g

w
it

h
it

s
tr

ad
e

b
al

an
ce

.

T
h
e

p
ro

p
os

ed
m

o
d
el

gi
ve

s
ri

se
to

a
n
et

w
or

k
st

ru
ct

u
re

th
a
t

in
it

s
m

os
t

ge
n
er

a
l

fo
rm

co
r-

re
sp

on
d
s

to
a

m
u
lt

i-
p
ar

ti
te

gr
ap

h
,

d
ep

ic
te

d
in

F
ig

u
re

1
fo

r
3

b
lo

ck
s,

th
at

ex
h
ib

it
s

a
d
ir

ec
te

d
a
cy

cl
ic

st
ru

ct
u

re
b

et
w

ee
n

th
e

co
n
st

it
u
en

t
b
lo

ck
s,

an
d

ca
n

al
so

ex
h
ib

it
ad

d
it

io
n
a
l

d
ep

en
-

d
en

ce
b

et
w

ee
n

th
e

n
o
d
es

in
ea

ch
b
lo

ck
.

S
el

ec
te

d
p
ro

p
er

ti
es

of
su

ch
m

u
lt

i-
b
lo

ck
st

ru
ct

u
re

s,
k
n
ow

n
as

ch
a
in

gr
a
p
h
s,

h
av

e
b

ee
n

st
u
d
ie

d
in

th
e

li
te

ra
tu

re
.

S
p

ec
ifi

ca
ll
y,

th
ei

r
m

a
x
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

io
n

fo
r

in
d
ep

en
d
en

t
a
n

d
id

en
ti

ca
ll

y
d
is

tr
ib

u
te

d
G

au
ss

ia
n

d
at

a
u
n
d
er

a
h
ig

h
-

d
im

en
si

on
al

sp
a
rs

e
re

gi
m

e
is

th
or

ou
gh

ly
in

ve
st

ig
at

ed
in

L
in

et
al

.
(2

01
6)

,
w

h
er

e
a

p
ro

va
b
ly

co
n
ve

rg
en

t
es

ti
m

at
io

n
p
ro

ce
d
u
re

is
in

tr
o
d
u
ce

d
an

d
it

s
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

a
re

es
ta

b
li
sh

ed
.
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E
st

im
a
t
in
g

a
n
d

T
e
st

in
g

f
o
r
H
ig
h
-d

im
e
n
sio

n
a
l
V
A
R

x
t−

1

y
t−

1

z
t−

1

x
t

y
t

z
t

x
t+

1

y
t+

1

z
t+

1

tim
e
t

tim
e
t−

1
tim

e
t

+
1

F
igu

re
1:

D
iagram

for
a

d
y
n
am

ic
sy

stem
w

ith
th

ree
grou

p
s

o
f

variab
les

G
iven

th
e

w
id

e
ran

ge
of

ap
p
lication

s
of

m
u
lti-b

lo
ck

V
A

R
m

o
d
els,

w
h
ich

in
ad

d
ition

en
co

m
p
a
ss

th
e

w
id

ely
u
sed

V
A

R
-X

m
o
d
el,

th
e

k
ey

con
trib

u
tio

n
s

of
th

e
cu

rren
t

p
ap

er
are

fo
u
rfo

ld
:

(i)
fo

rm
u
latin

g
th

e
m

o
d
el

as
a

recu
rsiv

e
d
y
n
am

ical
sy

stem
an

d
ex

am
in

in
g

its
stab

il-
ity

p
ro

p
erties;

(ii)
d
evelop

in
g

a
p
rovab

ly
con

vergen
t

algorith
m

for
ob

tain
in

g
th

e
regu

larized
m

a
x
im

u
m

lik
elih

o
o
d

estim
ates

(M
L

E
)

of
th

e
m

o
d
el

p
a
ram

eters
u
n
d
er

h
igh

-d
im

en
sion

al
scal-

in
g
;

(iii)
esta

b
lish

in
g

th
eoretical

p
rop

erties
of

th
e

M
L

estim
ates;

an
d

(iv
)

d
ev

isin
g

a
testin

g
p
ro

ced
u
re

fo
r

th
e

p
aram

eters
th

at
con

n
ect

th
e

con
stitu

en
t

b
lo

ck
s

of
th

e
m

o
d
el:

if
th

e
n
u
ll

h
y
p

o
th

esis
is

n
ot

rejected
,

th
en

on
e

is
d
ealin

g
w

ith
a

set
of

in
d
ep

en
d
en

tly
evolv

in
g

V
A

R
m

o
d
els,

o
th

erw
ise

w
ith

th
e

p
osited

m
u
lti-b

lo
ck

V
A

R
m

o
d
el.

F
in

ally,
th

e
m

o
d
el,

estim
a-

tio
n

a
n
d

testin
g

p
ro

ced
u
res

are
illu

strated
on

an
im

p
o
rtan

t
p
rob

lem
in

m
acro

econ
o
m

ics,
a
s

g
lea

n
ed

b
y

th
e

b
ack

grou
n
d

of
th

e
p
rob

lem
an

d
d
iscu

ssion
of

th
e

resu
lts

p
rov

id
ed

in
S
ectio

n
6
.

F
o
r

th
e

m
u
lti-b

lo
ck

V
A

R
m

o
d
el,

w
e

assu
m

e
th

at
th

e
tim

e
series

w
ith

in
each

b
lo

ck
are

g
en

era
ted

b
y

a
G

au
ssian

V
A

R
p
ro

cess.
F

u
rth

er,
th

e
tran

sitio
n

m
atrices

w
ith

in
an

d
across

b
lo

ck
s

ca
n

b
e

eith
er

spa
rse

or
lo

w
ra

n
k.

T
h
e

p
osited

regu
larized

G
au

ssian
likelih

o
o
d

fu
n
ction

is
n
o
t

jo
in

tly
co

n
vex

in
all

th
e

m
o
d
el

p
aram

eters,
w

h
ich

p
oses

a
n
u
m

b
er

of
tech

n
ical

ch
al-

len
g
es

th
a
t

a
re

com
p

ou
n
d
ed

b
y

th
e

p
resen

ce
o
f

tem
p

oral
d
ep

en
d
en

ce.
T

h
ese

are
su

ccessfu
lly

a
d
d
ressed

a
n
d

resolved
in

S
ection

3,
w

h
ere

w
e

p
rov

id
e

a
n
u
m

erically
con

vergen
t

algorith
m

a
n
d

esta
b
lish

th
e

th
eoretical

p
rop

erties
o
f

th
e

resu
ltin

g
M

L
estim

ates,
th

at
con

stitu
tes

a
key

co
n
trib

u
tio

n
in

th
e

stu
d
y

of
m

u
lti-b

lo
ck

V
A

R
m

o
d
els.

T
h
e

rem
a
in

d
er

of
th

is
p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2,
w

e
in

tro
d
u
ce

th
e

m
o
d
el

setu
p

a
n
d

th
e

corresp
on

d
in

g
estim

ation
p
ro

ced
u
re.

In
S
ection

3,
w

e
p
rov

id
e

con
sisten

cy
p
ro

p
erties

of
th

e
ob

tain
ed

M
L

estim
ates

u
n
d
er

a
h
igh

-d
im

en
sion

al
scalin

g.
In

S
ection

4,
w

e
in

tro
d
u
ce

th
e

p
rop

osed
testin

g
fram

ew
ork

,
b

oth
for

low
-ran

k
an

d
sp

arse
in

teraction
m

a
trices

b
etw

een
th

e
b
lo

ck
s.

S
ection

5
co

n
tain

s
selected

n
u
m

erical
resu

lts
th

at
assess

th
e

p
erfo

rm
a
n
ce

o
f

th
e

estim
ation

an
d

testin
g

p
ro

ced
u
res.

F
in

ally,
an

ap
p
licatio

n
to

fi
n
an

cial
a
n
d

m
a
cro

econ
om

ic
d
ata

th
at

w
as

p
rev

iou
sly

d
iscu

ssed
as

m
otivation

for
th

e
m

o
d
el

u
n
d
er

co
n
sid

era
tio

n
is

p
resen

ted
in

S
ection

6.

N
o
ta

tio
n

.
T

h
rou

gh
ou

t
th

is
p
ap

er,
w

e
u
se
|||A|||1

an
d
|||A|||∞

resp
ectively

to
d
en

ote
th

e
m

a
trix

in
d
u
ced

1-n
orm

an
d

in
fi
n
ity

n
orm

of
A
∈
R
m
×
n
,
th

at
is,|||A|||1

=
m

ax
1≤
j≤
n ∑

mi=
1 |a

ij |,
|||A|||∞

=
m

ax
1≤
i≤
m
∑

nj=
1 |a

ij |,
an

d
u
se‖

A‖
1

an
d
‖A‖∞

resp
ectively

to
d
en

ote
th

e
elem

en
t-

w
ise

1
-n

o
rm

a
n
d

in
fi
n
ity

n
orm

:
‖
A‖

1
=
∑

i,j |a
ij |,‖

A‖∞
=

m
ax

i,j |a
ij |.

M
oreover,

w
e

u
se

|||A|||∗ ,|||A|||F
a
n
d
|||A|||o

p
to

d
en

ote
th

e
n
u
clear,

F
rob

en
iu

s
an

d
op

erator
n
o
rm

s
of
A

,
resp

ec-
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L
in

a
n
d

M
ic
h
a
il
id
is

tively.
F

or
tw

o
m

atrices
A

an
d
B

of
com

m
en

su
rate

d
im

en
sion

s,
d
en

ote
th

eir
in

n
er

p
ro

d
u
ct

b
y
〈〈A
,B
〉〉

=
trace(A

′B
).

F
in

ally,
w

e
w

rite
A

%
B

if
th

ere
ex

ists
som

e
ab

so
lu

te
con

stan
t
c

th
at

is
in

d
ep

en
d
en

t
of

th
e

m
o
d
el

p
ara

m
eters

su
ch

th
at
A
≥
cB

.

2
.
P
ro

b
le
m

F
o
rm

u
la
tio

n
.

T
o

con
v
ey

th
e

m
a
in

id
eas

an
d

th
e

key
tech

n
ical

con
trib

u
tion

s,
w

e
con

sid
er

a
recu

rsive
lin

ear
d
y
n
am

ical
sy

stem
com

p
risin

g
of

tw
o

b
lo

ck
s

of
variab

les,
w

h
ose

stru
ctu

re
is

giv
en

b
y
:

X
t

=
A
X
t−

1
+
U
t ,

Z
t

=
B
X
t−

1
+
C
Z
t−

1
+
V
t ,

(1)

w
h
ere

X
t ∈

R
p

1,Z
t ∈

R
p

2
are

th
e

variab
les

in
grou

p
s

1
an

d
2,

resp
ectiv

ely.
T

h
e

tem
p

oral
in

tra-b
lo

ck
d
ep

en
d
en

ce
is

cap
tu

red
b
y

tran
sition

m
atrices

A
an

d
C

,
w

h
ile

th
e

in
ter-b

lo
ck

d
ep

en
d
en

ce
b
y
B

.
N

oise
p
ro

cesses{
U
t }

an
d
{
V
t },

resp
ectively,

cap
tu

re
ad

d
ition

al
con

tem
-

p
oran

eou
s

in
tra-b

lo
ck

d
ep

en
d
en

ce
of
X
t

an
d
Z
t ,

after
con

d
ition

in
g

on
th

eir
resp

ective
p
ast

valu
es.

F
u
rth

er,
w

e
assu

m
e

th
at
U
t

an
d
V
t

follow
m

ean
zero

G
au

ssian
d
istrib

u
tion

s
w

ith
covarian

ce
m

atrices
giv

en
b
y

Σ
u

an
d

Σ
v ,

i.e.,

U
t ∼
N

(0,Σ
u ),

an
d

V
t ∼
N

(0,Σ
v ).

W
ith

th
e

ab
ove

m
o
d
el

setu
p
,

th
e

p
aram

eters
of

in
terest

are
tra

n
sition

m
atrices

A
∈
R
p

1 ×
p

1,
B
∈
R
p

2 ×
p

1
an

d
C
∈
R
p

2 ×
p

2,
as

w
ell

as
th

e
covarian

ces
Σ
u ,Σ

v .
In

h
igh

-d
im

en
sion

al
settin

gs,
d
iff

eren
t

com
b
in

ation
s

of
stru

ctu
ral

assu
m

p
tion

s
can

b
e

im
p

osed
on

th
ese

tran
sition

m
atrices

to
en

ab
le

th
eir

estim
ation

from
lim

ited
tim

e
series

d
ata.

In
p
articu

lar,
th

e
in

tra-b
lo

ck
tran

sition
m

atrices
A

an
d
C

are
sp

arse,
w

h
ile

th
e

in
ter-b

lo
ck

m
atrix

B
can

b
e

eith
er

sp
arse

or
low

ran
k
.

N
ote

th
at

th
e

b
lo

ck
of
X
t

variab
les

acts
a
s

an
exogen

o
u

s
eff

ect
to

th
e

evolu
tion

of
th

e
Z
t

b
lo

ck
(e.g.,

C
u
sh

m
an

an
d

Z
h
a,

199
7;

N
icolson

et
al.,

2016).
F

u
rth

er,
w

e
assu

m
e

Ω
u

:=
Σ
−

1
u

an
d

Ω
v

:=
Σ
−

1
v

are
sp

arse.

R
e
m

a
rk

1
F

o
r

ea
se

o
f

expo
sitio

n
,

w
e

po
sit

a
V

A
R

(1)
m

od
elin

g
stru

ctu
re.

E
xten

sio
n

s
to

gen
era

l
m

u
lti-block

stru
ctu

res
a
kin

to
th

e
o
n

e
d
ep

icted
in

F
igu

re
1

a
n

d
V

A
R

(d
)

specifi
ca

tio
n

s
a
re

ra
th

er
stra

igh
tfo

rw
a
rd

a
n

d
briefl

y
d
iscu

ssed
in

S
ectio

n
7
.

T
h
e

trian
gu

lar
(recu

rsive)
stru

ctu
re

of
th

e
sy

stem
en

ab
les

a
certain

d
egree

of
sep

arab
ility

b
etw

een
X
t

an
d
Z
t .

In
th

e
p

osited
m

o
d
el,

X
t

is
a

stan
d
-alon

e
V

A
R

(1)
p
ro

cess,
an

d
th

e
tim

e
series

in
b
lo

ck
Z
t

is
“G

ran
ger-cau

sed
”

b
y

th
at

in
b
lo

ck
X
t ,

b
u
t

n
ot

v
ice

versa.
T

h
e

secon
d

eq
u
ation

in
(1),

as
m

en
tion

ed
in

th
e

in
tro

d
u
ctory

section
,

also
corresp

on
d
s

to
th

e
so-called

“V
A

R
-X

”
m

o
d
el

in
th

e
econ

om
etrics

literatu
re

(e.g.,
S
im

s,
1980;

B
ian

ch
i

et
al.,

2010),
th

at
ex

ten
d
s

th
e

stan
d
ard

V
A

R
m

o
d
el

to
in

clu
d
e

in
fl
u
en

ces
from

lagged
valu

es
of

exogen
o
u

s
variab

les.
C

on
sid

er
th

e
join

t
p
ro

cess
W
t

=
(X
′t ,Z
′t ) ′,

it
corresp

on
d
s

to
a

V
A

R
(1)

m
o
d
el

w
h
ose

tran
sition

m
atrix

G
h
as

a
b
lo

ck
trian

gu
lar

form
:

W
t

=
G
W
t−

1
+
ε
t ,

w
h
ere

G
:=

[
A

O
B

C

]
,

ε
t

=

[
U
t

V
t ]
.

(2)

T
h
e

m
o
d
el

in
(2)

can
also

b
e

v
iew

ed
from

a
S
tru

ctu
ral

E
q
u
ation

s
M

o
d
elin

g
v
iew

p
oin

t
in

-
volv

in
g

tim
e

series
d
ata,

an
d

also
h
as

a
M

ov
in

g
A

verage
rep

resen
tation

corresp
on

d
in

g
to

a
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E
st

im
a
t
in
g

a
n
d

T
e
st

in
g

f
o
r
H
ig
h
-d

im
e
n
si
o
n
a
l
V
A
R

st
ru

ct
u
ra

l
V

A
R

re
p
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p
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d
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sa
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o
d
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e
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ra
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r
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e
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an
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S
ys
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S
ta
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.
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o

en
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th
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th

e
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in
t

p
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is

st
ab

le
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tk

ep
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20
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re
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ir
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ed

b
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of
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an

si
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th
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b
y

re
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u
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g

th
at
ρ
(A

)
<

1
an

d
ρ
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)
<

1,
si

n
ce

|λ
I p

1
×
p

2
−
G
|=

∣ ∣ ∣ ∣λ
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1
−
A

O
−
B

λ
I p
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−
C
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|λ

I p
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||λ

I p
2
−
C
|,

im
p
ly
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g

th
at

th
e

se
t
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ei

ge
n
va
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es
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G
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th

e
u
n
io

n
of

th
e

se
ts

of
ei

ge
n
va

lu
es

of
A

an
d
C

,
h
en

ce
ρ
(A

)
<

1
,ρ

(C
)
<

1
,

⇒
ρ
(G

)
=

m
ax
{ρ

(A
),
ρ
(C

)}
<

1
.

T
h
e

la
tt

er
re

la
ti

on
im

p
li
es

th
at

th
e

st
ab

il
it

y
of

su
ch

a
re

cu
rs

iv
e

sy
st

em
im

p
o
se

s
sp

ec
tr

u
m

co
n
st

ra
in

ts
on

ly
on

th
e

d
ia

go
n
al

b
lo

ck
s

th
at

go
ve

rn
th

e
in

tr
a-

b
lo

ck
ev

ol
u
ti

on
,

w
h
er

ea
s

th
e

off
-d

ia
go

n
al

b
lo

ck
th

at
go

ve
rn

s
th

e
in

te
r-

b
lo

ck
in

te
ra

ct
io

n
is

le
ft

u
n
re

st
ri

ct
ed

.

S
pe

ct
ru

m
o
f

th
e

jo
in

t
p
ro

ce
ss

.
T

h
ro

u
gh

ou
t,

w
e

as
su

m
e

th
a
t

th
e

sp
ec

tr
al

d
en

si
ty

of
{W

t}
ex

is
ts

,
w

h
ic

h
th

en
p

os
se

ss
es

a
sp

ec
ia

l
st

ru
ct

u
re

as
a

re
su

lt
of

th
e

b
lo

ck
tr

ia
n
gu

la
r

tr
an

si
ti

on
m

at
ri

x
G

.
F

or
m

al
ly

,
w

e
d
efi

n
e

th
e

sp
ec

tr
al

d
en

si
ty

of
{W

t}
as

f W
(θ

)
=

1 2π

∞ ∑

h
=
−
∞

Γ
W

(h
)e
−
ih
θ
,

θ
∈

[−
π
,π

],

w
h
er

e
Γ
W

(h
)

:=
EW

tW
′ t+
h
.

F
or

tw
o

(g
en

er
ic

)
p
ro

ce
ss

es
{X

t}
an

d
{Z

t}
,

d
efi

n
e

th
ei

r
cr

os
s-

co
va

ri
an

ce
as

Γ
X
,Z

(h
)

=
EX

tZ
′ t+
h

an
d

Γ
Z
,X

(h
)

=
EZ

tX
′ t+
h
.

In
ge

n
er

al
,

Γ
X
,Z

(h
)
6=

Γ
Z
,X

(h
).

T
h
e

cr
os

s-
sp

ec
tr

a
ar

e
d
efi

n
ed

as
:

f X
,Z

(θ
)

:=
1 2
π

∞ ∑

h
=
−
∞

Γ
X
,Z

(h
)e
−
ih
θ
,

an
d

f Z
,X

(θ
)

:=
1 2
π

∞ ∑

h
=
−
∞

Γ
Z
,X

(h
)e
−
ih
θ
,
θ
∈

[−
π
,π

].

F
or

th
e

m
o
d
el

gi
v
en

in
(2

),
b
y

w
ri

ti
n
g

ou
t

th
e

d
y
n
am

ic
s

of
Z
t,

th
e

cr
os

s-
sp

ec
tr

a
b

et
w

ee
n

X
t

an
d
Z
t

ar
e

gi
v
en

b
y

f X
,Z

(θ
)(

I p
2
−
C
′ e
−
iθ

)
=
f X

(θ
)B
′ e
−
iθ
,

an
d

(I
p

2
−
C
ei
θ
)f
Z
,X

(θ
)

=
B
ei
θ
f X

(θ
).

(3
)

S
im

il
ar

ly
,

w
e

h
av

e
(I
p

2
−
C
ei
θ
)f
Z

(θ
)

=
B
ei
θ
f X

,Z
(θ

)
+
f V
,Z

(θ
).

(4
)

C
om

b
in

in
g

(3
)

an
d

(4
),

th
e

sp
ec

tr
u
m

of
th

e
jo

in
t

p
ro

ce
ss
W
t

is
gi

v
en

b
y

f W
(θ

)
=
[ H

1
(e
iθ

)] −
1
( [
H

2
(e
iθ

)][
1

2
×

2
⊗
f X

(θ
)][
H

2
(e
−
iθ

)] >
+

[ O
O

O
Σ
v

] )
[ H

1
(e
−
iθ

)] −
>
,

(5
)
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L
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a
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d

M
ic
h
a
il
id
is

w
h
er

e
1

2
×

2
is

a
2
×

2
m

at
ri

x
w

it
h

al
l

en
tr

ie
s

b
ei

n
g

1,
an

d

H
1
(x

)
:=

[ I p
1

O
O

I p
2
−
C
x

]
∈
R

(p
1
+
p

2
)×

(p
1
+
p

2
) ,

H
2
(x

)
:=

[ I p
1

O
O

B
x

]
∈
R

(p
1
+
p

2
)×

(2
p

1
) .

E
q
u
at

io
n

(5
)

im
p
li
es

th
at

th
e

sp
ec

tr
u
m

of
th

e
jo

in
t

p
ro

ce
ss
{W

t}
ca

n
b

e
d
ec

o
m

p
o
se

d
in

to
th

e
su

m
of

tw
o

p
ar

ts
:

th
e

fi
rs

t,
is

a
fu

n
ct

io
n

of
f X

(θ
),

w
h
il
e

th
e

se
co

n
d

p
a
rt

in
v
o
lv

es
th

e
id

io
sy

n
cr

at
ic

er
ro

r
p
ro

ce
ss
{V

t}
,

w
h
ic

h
on

ly
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ec
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th
e

ri
gh

t-
b

ot
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m
b
lo

ck
of

th
e

sp
ec

tr
u
m

.
N

ot
e

th
at

si
n
ce
{W

t}
is

a
V

A
R

(1
)

p
ro

ce
ss

,
it

s
m
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x
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al
u
ed
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ar
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te
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p
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n
o
m
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l
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n

b
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:=
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p
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p
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G
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an
d

it
s
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ec

tr
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d
en

si
ty

al
so
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ke

s
th

e
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ll
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in
g
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rm
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.f

.
H

an
n
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,
19

70
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f W
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=

1 2π
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1
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=
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=
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b
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b
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b
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d
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−
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b
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b
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w
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p
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at
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.
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] ′
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Z
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1
z 2

..
.
z T
] ′
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p
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p
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−
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X
=
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0
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1
..
.
x
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] ′
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d
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=
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.
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] ′
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b
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p
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e
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p
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ct
u
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p
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p
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k
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T

o
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e
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m
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at
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n
p
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b
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m
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w
e
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p
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y
b
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o
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d
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e

d
es
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n
t
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ri
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m
s,
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in

to
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e

d
es
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L
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.
(2

0
1
6
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o
b
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e
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A
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v
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u
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y
m
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,
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is

n
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n
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u
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d
”

b
y
Z
t
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d

h
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a
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a
n
d
-
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e
V

A
R
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p
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;
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u
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p
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at
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p
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g
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n
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e
X
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p
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1
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e
Z
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p
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,
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Σ
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1
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T
e
st
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g
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o
r
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e
n
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n
a
l
V
A
R

E
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a
tio

n
o
f
A

a
n

d
Σ
−

1
u

.
C

on
d
ition

al
on

th
e

in
itial

ob
servation

x
0 ,

th
e

likelih
o
o
d

of
{
x
t }
Tt=

1
is

g
iv

en
b
y
:

L
(x
T
,x

T−
1 ,···

,x
1 |x

0 )
=
L

(x
T |x

T−
1 ,···

,x
0 )L

(x
T−

1 |x
T−

2 ,···
,x

0 )···L
(x

1 |x
0 )

=
L

(x
T |x

T−
1 )L

(x
T−

1 |x
T−

2 )···L
(x

1 |x
0 ),

w
h
ere

th
e

seco
n
d

eq
u
ality

follow
s

from
th

e
M

arkov
p
rop

erty
of

th
e

p
ro

cess.
T

h
e

log-
likelih

o
o
d

fu
n
ction

is
giv

en
b
y
:

`(A
,Σ
−

1
u

)
=
T2

log
d
et(Σ

−
1

u
)−

12

T
∑t=

1 (x
t −

A
x
t−

1 ) ′Σ
−

1
u

(x
t −

A
x
t−

1 )
+

con
stan

t.

L
ettin

g
Ω
u

:=
Σ
−

1
u

,
th

en
th

e
p

en
alized

m
ax

im
u
m

lik
elih

o
o
d

estim
ator

can
b

e
w

ritten
as

(Â
,Ω̂

u
)

=
arg

m
in

A
∈
R

p
1 ×

p
2

Ω
u ∈

S
+

+
p
1 ×

p
1 {

tr [Ω
u
(X

T
−
X
A
′) ′(X

T
−
X
A
′)/T ]−

lo
g

d
et

Ω
u

+
λ
A ‖
A‖

1
+
ρ
u ‖Ω

u ‖
1
,o

ff }
.

(6
)

A
lg

o
rith

m
1

d
escrib

es
th

e
key

step
s

for
ob

tain
in

g
Â

an
d

Ω̂
u .

A
lg

o
rith

m
1
:

C
om

p
u
tation

al
p
ro

ced
u
re

for
estim

atin
g
A

an
d

Σ
−

1
u

.

In
p

u
t:

T
im

e
series

d
ata
{x

t }
Tt=

1 ,
tu

n
in

g
p
aram

eter
λ
A

an
d
ρ
u .

1
In

itia
liz

a
tio

n
:

In
itialize

w
ith

Ω̂
(0

)
u

=
Ip

1 ,
th

en

Â
(0

)
=

arg
m

in
A

{
1T ∣∣ ∣∣ ∣∣X

T
−
X
A
′ ∣∣ ∣∣ ∣∣ 2F

+
λ
A ‖A‖

1 }
;

2
Ite

ra
te

u
n
til

c
o
n
v
e
rg

e
n

c
e
:

–
U

p
d
ate

Ω̂
(k

)
u

b
y

grap
h
ical

L
asso

(F
ried

m
an

et
al.,

2008)
o
n

th
e

resid
u
a
ls

w
ith

th
e

p
lu

g
-in

estim
ate

Â
(k

);

–
U

p
d
a
te
Â

(k
)

w
ith

th
e

p
lu

g-in
Ω̂

(k−
1
)

u
an

d
cy

clically
u
p

d
ate

each
row

w
ith

a
L

asso
p

en
alty,

w
h
ich

solv
es

m
in
A

{
1T

tr [Ω̂
(k−

1
)

u
(X

T
−
X
A

) ′(X
T
−
X
A

)/T ]
+
λ
A ‖
A‖

1 }
.

(7)

O
u

tp
u

t:
E

stim
ated

sp
arse

tran
sition

m
atrix

Â
an

d
sp

arse
Ω̂
u .

E
stim

a
tio

n
o
f
B

,
C

a
n

d
Σ
−

1
v

.
S
im

ila
rly,

to
ob

tain
estim

ates
of
B

,
C

an
d

Ω
v

:=
Σ
−

1
v

,
w

e
form

u
la

te
th

e
op

tim
iza

tion
p
rob

lem
as

fo
llow

s:

(B̂
,Ĉ
,Ω̂

v )
=

a
rg

m
in

B
∈
R

p
2 ×

p
1
,C
∈
R

p
2 ×

p
2

Ω
v ∈

S
+

+
p
2 ×

p
2

{
tr [Ω

v (Z
T
−
X
B
′−
Z
C
′) ′(Z

T
−
X
B
′−
Z
C
′)/T ]−

log
d
et

Ω
v

+
λ
B R

(B
)

+
λ
C ‖C
‖

1
+
ρ
v ||Ω

v ||1
,o

ff }
,

(8
)

w
h
ere

th
e

reg
u
larizerR

(B
)

=
‖
B
‖

1
if
B

is
assu

m
ed

to
b

e
sp

arse,
an

d
R

(B
)

=
|||B
|||∗

if
B

is

a
ssu

m
ed

to
b

e
low

ran
k
.

A
lgorith

m
2

ou
tlin

es
th

e
p
ro

ced
u
re

for
ob

tain
in

g
estim

ates
B̂

,
Ĉ
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L
in

a
n
d

M
ic
h
a
il
id
is

A
lg

o
rith

m
2
:

C
om

p
u
tation

al
p
ro

ced
u
re

for
estim

atin
g
B

,
C

an
d

Σ
−

1
v

.

In
p

u
t:

T
im

e
series

d
ata
{x

t }
Tt=

1
an

d
{
z
t }
Tt=

1 ,
tu

n
in

g
p
aram

eters
λ
B

,
λ
C

,
ρ
v .

1
In

itia
liz

a
tio

n
:

In
itialize

w
ith

Ω̂
(0

)
v

=
Ip

2 ,
th

en

(B̂
(0

),Ĉ
(0

))
=

arg
m

in
(B
,C

)

{
1T ∣∣ ∣∣ ∣∣Z

T
−
X
B
′−
Z
C
′ ∣∣ ∣∣ ∣∣ 2F

+
λ
B R

(B
)

+
λ
C ‖C
‖

1 }
.

2
Ite

ra
te

u
n
til

c
o
n
v
e
rg

e
n

c
e
:

–
U

p
d
ate

Ω̂
(k

)
v

b
y

grap
h
ical

L
asso

on
th

e
resid

u
als

w
ith

th
e

p
lu

g-in
estim

ates
B̂

(k
)

an
d
Ĉ

(k
);

–
F

or
fi
x
ed

Ω̂
(k

)
v

,
(B̂

(k
+

1
),Ĉ

(k
+

1
))

solv
es

m
in

B
,C

{
1T

tr [Ω̂
(k

)
v

(Z
T
−
X
B
′−
Z
C
′) ′(Z

T
−
X
B
′−
Z
C
′) ]

+
λ
B R

(B
)

+
λ
C ‖C
‖

1 }
.

·
F

ix
Ĉ

[s],
u
p

d
ate

B̂
[s+

1
]

b
y

L
asso

or
sin

gu
lar

valu
e

th
resh

old
in

g,
w

h
ich

solves

m
in
B

{
1T

tr [Ω̂
(k

)
v

(Z
T
−
X
B
′−
Z
Ĉ

[s] ′) ′(Z
T
−
X
B
′−
Z
Ĉ

[s] ′) ]
+
λ
B R

(B
) }

;

·
F

ix
B̂

[s],
u
p

d
ate

Ĉ
[s]

b
y

L
asso,

w
h
ich

solv
es

m
in
C

{
1T

tr [Ω̂
(k

)
v

(Z
T
−
X
B̂

[s] ′−
Z
C
′) ′(Z

T
−
X
B̂

[s] ′−
Z
C
′) ]

+
λ
C ‖
C
‖

1 }
.

O
u

tp
u

t:
E

stim
ated

tran
sition

m
atrices

B̂
,
Ĉ

an
d

sp
arse

Ω̂
v .

an
d

Ω̂
v .

N
ote

th
a
t
B̂

(k
)

an
d
Ĉ

(k
)

n
eed

to
b

e
treated

as
a

“join
t

b
lo

ck
”

in
th

e
ou

ter
u
p

d
ate

an
d

con
v
ergen

ce
of

th
e

“join
t

b
lo

ck
”

is
req

u
ired

b
efore

m
ov

in
g

on
to

u
p

d
atin

g
Ω
v .

N
ote

th
at

th
e

o
b

jective
fu

n
ction

in
(6)

is
n
ot

jo
in

tly
co

n
vex

in
b

oth
p
aram

eters,
b
u
t

bico
n

vex.
S
im

ila
rly

in
(8),

th
e

ob
jective

fu
n
ctio

n
is

b
ico

n
vex

in
[(B

,C
),Ω

v ].
C

on
seq

u
en

tly,
con

verg
en

ce
to

a
station

ary
p

oin
t

is
g
u
a
ra

n
teed

,
as

lon
g

as
estim

a
tes

from
a
ll

iteration
s

lie
w

ith
in

a
b
a
ll

a
rou

n
d

th
e

tru
e

valu
e

of
th

e
p
a
ra

m
eters,

w
ith

th
e

rad
iu

s
o
f

th
e

b
all

u
p
p

er
b

ou
n
d
ed

b
y

a
u
n
iversal

con
stan

t
th

a
t

on
ly

d
ep

en
d
s

on
m

o
d
el

d
im

en
sion

s
a
n
d

sam
p
le

size
(L

in
et

a
l.,

20
16

,
T

h
eorem

4
.1

).
T

h
is

con
d
itio

n
is

satisfi
ed

u
p

on
th

e
estab

lish
m

en
t

of
con

sisten
cy

p
rop

erties
of

th
e

estim
a
tes.

T
o

estab
lish

con
sisten

cy
p
ro

p
erties

o
f

th
e

estim
a
tes

req
u
ires

th
e

ex
isten

ce
o
f

g
o
o
d

in
itial

valu
es

for
th

e
m

o
d
el

p
aram

eters
(A
,Ω

u
),

a
n
d

(B
,C
,Ω

v ),
resp

ectively,
in

th
e

sen
se

th
a
t

th
ey

are
su

ffi
cien

tly
close

to
th

e
tru

e
p
aram

eters.
F

or
th

e
(A
,Ω

u
)

p
aram

eters,
th

e
resu

lts
in

B
asu

a
n
d

M
ich

ailid
is

(2015
)

gu
aran

tee
th

at
for

ran
d
om

rea
lization

s
of{

X
t ,E

t },
w

ith
su

ffi
cien

tly
large

sam
p
le

size,
th

e
errors

of
Â

(0
)

an
d

Ω̂
(0

)
u

are
b

ou
n
d
ed

w
ith

h
ig

h
p
rob

ab
ility,

w
h
ich

p
rov

id
es

u
s

w
ith

go
o
d

in
itia

lizatio
n

valu
es.

Y
et,

ad
d
ition

al
h
an

d
lin

g
of

th
e

b
o
u
n
d
s

is
req

u
ired

to
en

su
re

th
at

estim
ates

from
su

b
seq

u
en

t
iteration

s
are

also
u
n
ifo

rm
ly

close
to

th
e

tru
e

va
lu

e
(see

S
ection

3.2
T

h
eo

rem
5).

A
sim

ila
r

p
rop

erty

for
(B̂

(0
),Ĉ

(0
),Ω̂

(0
)

v
)

a
n
d

su
b
seq

u
en

t
iteration

s
is

esta
b
lish

ed
in

S
ection

3
.2

T
h
eo

rem
6

(see
also

T
h
eorem

15
in

A
p
p

en
d
ix

A
).

3
.
T
h
e
o
re
tica

l
P
ro

p
e
rtie

s.

In
th

is
section

,
w

e
in

vestigate
th

e
th

eo
retical

p
rop

erties
of

th
e

p
en

a
lized

m
ax

im
u
m

lik
elih

o
o
d

es-
tim

ation
p
ro

ced
u
re

p
rop

o
sed

in
S
ection

2,
w

ith
an

em
p
h
asis

on
th

e
erro

r
b

ou
n
d
s

for
th

e
ob

tain
ed
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E
st

im
a
t
in
g

a
n
d

T
e
st

in
g

f
o
r
H
ig
h
-d

im
e
n
si
o
n
a
l
V
A
R

es
ti

m
at

es
.

W
e

fo
cu

s
on

th
e

m
o
d
el

sp
ec

ifi
ca

ti
on

in
w

h
ic

h
th

e
in

te
r-

b
lo

ck
tr

a
n
si

ti
on

m
at

ri
x
B

is
lo

w
ra

n
k,

w
h
ic

h
is

o
f

in
te

re
st

in
m

a
n
y

ap
p
li
ed

se
tt

in
gs

.
S
p

ec
ifi

ca
ll
y,

w
e

co
n
si

d
er

th
e

co
n
si

st
en

cy
p
ro

p
er

ti
es

o
f
Â

an
d

(B̂
,Ĉ

)
th

a
t

ar
e

so
lu

ti
o
n
s

to
th

e
fo

ll
ow

in
g

tw
o

op
ti

m
iz

at
io

n
p
ro

b
le

m
s:

(Â
,Ω̂

u
)

=
ar

g
m

in
A
,Ω

u

{ tr
[ Ω

u
(X

T
−
X
A
′ )
′ (
X
T
−
X
A
′ )
/T
] −

lo
g

d
et

Ω
u

+
λ
A
‖A
‖ 1

+
ρ
u
‖Ω

u
‖ 1
,o

ff

} ,
(9

)

an
d

(B̂
,Ĉ
,Ω̂

v
)

=
a
rg

m
in

B
,C
,Ω

v

{ tr
[ Ω

v
(Z

T
−
X
B
′ −
Z
C
′ )
′ (
Z
T
−
X
B
′ −
Z
C
′ )
/
T
] −

lo
g

d
et

Ω
v

+
λ
B
|||B
||| ∗

+
λ
C
‖C
‖ 1

+
ρ
v
||Ω

v
|| 1
,o

ff

} .

(1
0)

T
h
e

ca
se

of
a

sp
ar

se
B

ca
n

b
e

h
an

d
le

d
si

m
il
ar

ly
to

th
at

of
A

an
d
/o

r
C

w
it

h
m

in
or

m
o
d
ifi

-
ca

ti
on

s
(d

et
ai

ls
sh

ow
n

in
S
u
p
p
le

m
en

ta
ry

M
a
te

ri
al

?
?
).

3
.1

A
ro

a
d

m
a
p

fo
r

e
st

a
b

li
sh

in
g

th
e

c
o
n

si
st

e
n

c
y

re
su

lt
s.

N
ex

t,
w

e
ou

tl
in

e
th

e
m

ai
n

st
ep

s
fo

ll
ow

ed
in

es
ta

b
li
sh

in
g

th
e

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

fo
r

th
e

m
o
d
el

p
ar

am
et

er
s.

T
h
ro

u
gh

ou
t,

w
e

d
en

ot
e

w
it

h
a

su
p

er
sc

ri
p
t

“
?”

th
e

tr
u
e

va
lu

e
o
f

th
e

co
rr

es
p

on
d
in

g
p
ar

am
et

er
s.

T
h
e

fo
ll
ow

in
g

ke
y

co
n
ce

p
ts

,
w

id
el

y
u
se

d
in

h
ig

h
-d

im
en

si
on

al
re

gu
la

ri
ze

d
es

ti
m

at
io

n
p
ro

b
-

le
m

s,
ar

e
n
ee

d
ed

in
su

b
se

q
u
en

t
d
ev

el
op

m
en

ts
.

D
e
fi

n
it

io
n

2
(R

e
st

ri
c
te

d
S

tr
o
n

g
C

o
n
v
e
x
it

y
(R

S
C

))
F

o
r

so
m

e
ge

n
er

ic
o
pe

ra
to

r
X

:
R
m

1
×
m

2
7→

R
T
×
m

1
,

it
sa

ti
sfi

es
th

e
R

S
C

co
n

d
it

io
n

w
it

h
re

sp
ec

t
to

n
o
rm

Φ
w

it
h

cu
rv

a
tu

re
α
R
S
C
>

0
a
n

d
to

le
ra

n
ce
τ
>

0
if

1 2
T
|||X

(∆
)|||

2 F
≥
α
R
S
C
|||∆
|||2 F
−
τ
Φ

2
(∆

),
fo

r
so

m
e

∆
∈
R
m

1
×
m

2
.

N
ot

e
th

at
th

e
ch

oi
ce

of
th

e
n
or

m
Φ

is
co

n
te

x
t

sp
ec

ifi
c.

F
or

ex
am

p
le

,
in

sp
ar

se
re

gr
es

si
on

p
ro

b
le

m
s,

Φ
(∆

)
=
‖∆
‖ 1

co
rr

es
p

on
d
s

to
th

e
el

em
en

t-
w

is
e
` 1

n
or

m
of

th
e

m
a
tr

ix
(o

r
th

e
u
su

al
ve

ct
or
` 1

n
or

m
fo

r
th

e
ve

ct
or

iz
ed

ve
rs

io
n
).

T
h
e

R
S
C

co
n
d
it

io
n

b
ec

om
es

eq
u
iv

al
en

t
to

th
e

re
st

ri
ct

ed
ei

ge
n

va
lu

e
(R

E
)

co
n

d
it

io
n

(s
ee

L
oh

an
d

W
ai

n
w

ri
g
h
t,

20
12

;
B

as
u

an
d

M
ic

h
ai

li
d
is

,
20

15
,

an
d

re
fe

re
n
ce

s
th

er
ei

n
).

T
h
is

is
th

e
ca

se
fo

r
th

e
p
ro

b
le

m
of

es
ti

m
a
ti

n
g

tr
an

si
ti

on
m

at
ri

x
A

.
F

or
es

ti
m

at
in

g
B

an
d
C

,
d
efi

n
e
Q

to
b

e
th

e
w

ei
gh

te
d

re
gu

la
ri

ze
r
Q

(B
,C

)
:=

|||B
||| ∗

+
λ
C
λ
B
‖C
‖ 1

,
an

d
th

e
as

so
ci

at
ed

n
or

m
Φ

in
th

is
se

tt
in

g
is

d
efi

n
ed

as

Φ
(∆

)
:=

in
f

B
a
u
g
+
C

a
u
g
=

∆
Q

(B
,C

).

D
e
fi

n
it

io
n

3
(D

ia
g
o
n

a
l

d
o
m

in
a
n

c
e
)

A
m

a
tr

ix
Ω
∈
R
p
×
p

is
st

ri
ct

ly
d
ia

go
n

a
ll

y
d

o
m

in
a
n

t
if

|Ω
ii
|>

∑ j6=
i

|Ω
ij
|,
∀
i

=
1,
··
·,
p
.

D
e
fi

n
it

io
n

4
(I

n
c
o
h

e
re

n
c
e

c
o
n

d
it

io
n

(R
a
v
ik

u
m

a
r

e
t

a
l.
,

2
0
1
1
))

A
m

a
tr

ix
Ω
∈
R
p
×
p

sa
ti

sfi
es

th
e

in
co

h
er

en
ce

co
n

d
it

io
n

if
:

m
ax

e∈
(S

Ω
)c
‖H

eS
Ω

(H
S

Ω
S

Ω
)−

1
‖ 1
≤

1
−
ξ,

fo
r

so
m

e
ξ
∈

(0
,1

),
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L
in

a
n
d

M
ic
h
a
il
id
is

w
h
er

e
H
S

Ω
S

Ω
d
en

o
te

s
th

e
H

es
si

a
n

o
f

th
e

lo
g-

d
et

er
m

in
a
n

t
ba

rr
ie

r
lo

g
d
et

Ω
re

st
ri

ct
ed

to
th

e
tr

u
e

ed
ge

se
t

o
f

Ω
d
en

o
te

d
by

S
Ω

,
a
n

d
H
eS

is
si

m
il

a
rl

y
d
efi

n
ed

.

T
h
e

ab
ov

e
tw

o
co

n
d
it

io
n
s

ar
e

as
so

ci
at

ed
w

it
h

th
e

in
ve

rs
e

co
va

ri
an

ce
m

a
tr

ic
es

Ω
u

a
n
d

Ω
v
.

S
p

ec
ifi

ca
ll
y,

th
e

d
ia

go
n
al

d
om

in
an

ce
co

n
d
it

io
n

is
re

q
u
ir

ed
fo

r
Ω
? u

an
d

Ω
? v

a
s

w
e

b
u
il
d

th
e

co
n
si

st
en

cy
p
ro

p
er

ti
es

fo
r
Â

an
d

(B̂
,Ĉ

)
w

it
h

th
e

p
en

al
iz

ed
m

ax
im

u
m

li
ke

li
h
o
o
d

fo
rm

u
-

la
ti

on
.

T
h
e

in
co

h
er

en
ce

co
n
d
it

io
n

is
p
ri

m
ar

il
y

re
q
u
ir

ed
fo

r
es

ta
b
li
sh

in
g

th
e

co
n
si

st
en

cy
o
f

Ω̂
u

an
d

Ω̂
v
.

W
e

ad
d
it

io
n
al

ly
in

tr
o
d
u
ce

th
e

u
p
p

er
a
n
d

lo
w

er
ex

tr
em

es
o
f

th
e

sp
ec

tr
u
m

,
d
efi

n
ed

a
s

M
(f
X

)
:=

es
ss

u
p

θ
∈[
−
π
,π

]
Λ

m
a
x
(f
X

(θ
))

an
d

m
(f
X

)
:=

es
si

n
f

θ
∈[
−
π
,π

]
Λ

m
in

(f
X

(θ
))
.

A
n
al

og
ou

sl
y,

th
e

u
p
p

er
ex

tr
em

e
fo

r
th

e
cr

os
s-

sp
ec

tr
u
m

is
gi

ve
n

b
y
:

M
(f
X
,Z

)
:=

es
ss

u
p

θ
∈[
−
π
,π

]

√
Λ

m
a
x
(f
∗ X
,Z

(θ
)f
X
,Z

(θ
))
,

w
it

h
f
∗ X
,Z

(θ
)

b
ei

n
g

th
e

co
n
ju

ga
te

tr
an

sp
os

e
of
f X

,Z
(θ

).
W

it
h

th
is

d
efi

n
it

io
n
,

M
(f
X
,Z

)
=
M

(f
Z
,X

).

N
ex

t,
co

n
si

d
er

th
e

so
lu

ti
on

to
(9

)
th

at
is

ob
ta

in
ed

b
y

th
e

al
te

rn
at

e
u
p

d
a
te

b
et

w
ee

n
A

an
d

Ω
u
.

If
Ω
u

is
h
el

d
fi
x
ed

,
th

en
A

so
lv

es
(1

1)
,

an
d

w
e

d
en

ot
e

th
e

so
lu

ti
on

b
y
Ā

a
n
d

it
s

co
rr

es
p

on
d
in

g
ve

ct
or

iz
ed

ve
rs

io
n

as
β̄
A

:=
ve

c(
Ā

):

β̄
A

:=
ar

g
m

in

β
∈R

p
2 1

{
−

2β
′ γ
X

+
β
′ Γ
X
β

+
λ
A
‖β
‖ 1
} ,

(1
1)

w
h
er

e
Γ
X

=
Ω
u
⊗
X
′ X T
,

γ
X

=
1 T

( Ω
u
⊗
X
′)

ve
c(
X
T

).
(1

2
)

U
si

n
g

a
si

m
il
ar

n
ot

at
io

n
,

if
A

is
h
el

d
fi
x
ed

,
th

en
Ω
u

so
lv

es
(1

3)
w

it
h

th
e

so
lu

ti
o
n

b
ei

n
g

Ω̄
u
:

Ω̄
u

:=
ar

g
m

in
Θ
∈S

+
+

p
1
×
p
1

{ lo
g

d
et

Ω
u
−

tr
ac

e
(S
u
Ω
u
)

+
ρ
u
‖Ω

u
‖ 1
,o

ff

} ,
(1

3
)

w
h
er

e
S
u

=
1 T

(X
T
−
X
A
′ )
′ (
X
T
−
X
A
′ )
.

(1
4
)

F
or

fi
xe

d
re

al
iz

at
io

n
s

of
X

an
d
U,

b
y

B
as

u
an

d
M

ic
h
ai

li
d
is

(2
0
15

),
th

e
er

ro
r

b
o
u
n
d

o
f
β̄
A

re
li
es

on
(1

)
Γ
X

sa
ti

sf
y
in

g
th

e
R

S
C

co
n
d
it

io
n

d
efi

n
ed

ab
ov

e;
a
n
d

(2
)

th
e

tu
n
in

g
p
a
ra

m
et

er
λ
A

is
ch

os
en

in
ac

co
rd

an
ce

w
it

h
a

d
ev

ia
ti

on
b

ou
n
d

co
n
d
it

io
n

as
so

ci
at

ed
w

it
h
‖X
′ U

Ω
u
/
T
‖ ∞

.
B

y
R

av
ik

u
m

ar
et

al
.

(2
01

1)
,

th
e

er
ro

r
b

o
u
n
d

of
Ω̄
u

re
li
es

on
h
ow

w
el

l
S
u

co
n
ce

n
tr

a
te

s
ar

ou
n
d

Σ
? u
,

th
at

is
,
‖S

u
−

Σ
? u
‖ ∞

.
S
p

ec
ifi

ca
ll
y,

fo
r

(1
2)

an
d

(1
4)

,
w

it
h

Ω
? u

an
d
A
?

p
lu

g
g
ed

in
re

sp
ec

ti
ve

ly
,
fo

r
ra

n
d
o
m

re
al

iz
at

io
n
s

of
X

an
d
U,

th
es

e
co

n
d
it

io
n
s

h
ol

d
w

it
h

h
ig

h
p
ro

b
a
b
il
it

y.
In

th
e

ac
tu

al
im

p
le

m
en

ta
ti

on
of

th
e

al
go

ri
th

m
,

h
ow

ev
er

,
q
u
an

ti
ti

es
in

(1
2
)

a
n
d

(1
4
)

a
re

su
b
st

it
u
te

d
b
y

es
ti

m
at

es
so

th
at

at
it

er
at

io
n
k
,
β̂

(k
)

A
an

d
Ω̂

(k
)

u
so

lv
e

β̂
(k

)
A

:=
ar

g
m

in

β
∈R

p
2 1

{
−

2β
′ γ̂

(k
)

X
+
β
′ Γ̂

(k
)

X
β

+
λ
A
‖β
‖ 1
} ,

Ω̂
(k

)
u

:=
ar

g
m

in
Ω
u
∈S

+
+

p
1
×
p
1

{ lo
g

d
et

Ω
u
−

tr
ac

e(
Ŝ

(k
)

u
Ω
u

) +
ρ
u
‖Ω

u
‖ 1
,o

ff

} ,
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E
st

im
a
t
in
g

a
n
d

T
e
st

in
g

f
o
r
H
ig
h
-d

im
e
n
sio

n
a
l
V
A
R

w
h
ere

Γ̂
(k

)
X

=
Ω̂

(k−
1
)

u
⊗
X
′XT
,

γ̂
(k

)
X

=
1T (Ω̂

(k−
1
)

u
⊗
X
),

Ŝ
(k

)
u

=
1T [X

T−
X

(Â
(k

)) ′ ]′ [X
T−
X

(Â
(k

)) ′ ].

A
s

a
co

n
seq

u
en

ce,
to

estab
lish

th
e

fi
n
ite-sam

p
le

b
ou

n
d
s

of
Â

an
d

Ω̂
u

given
in

(9),
w

e
n
eed

Γ̂
(k

)
X

to
sa

tisfy
th

e
R

S
C

con
d
ition

,
a

b
ou

n
d

on
‖X
′U

Ω̂
(k−

1
)

u
‖∞

a
n
d

a
b

ou
n
d

o
n
‖
Ŝ

(k
)

u
−

Σ
?u ‖∞

fo
r

a
ll
k
.

T
ow

a
rd

th
is

en
d
,

w
e

p
rove

th
at

for
ra

n
d
om

realization
s

ofX
an

d
U

,
w

ith
h
igh

p
ro

b
a
b
ility,

th
e

R
S
C

con
d
ition

for
Γ̂

(k
)

X
an

d
th

e
u
n
iversal

b
ou

n
d
s

for
‖X
′U

Ω̂
(k−

1
)

u
‖∞

an
d

‖Ŝ
(k

)
u
−

Σ
?u ‖∞

h
old

for
a
ll

itera
tio

n
s
k
,

alb
eit

th
e

q
u
an

tities
of

in
terest

rely
on

estim
ates

from
th

e
p
rev

io
u
s

o
r

cu
rren

t
iteration

s.
C

on
sisten

cy
resu

lts
of
Â

a
n
d

Ω̂
u

th
en

read
ily

follow
.

N
ex

t,
co

n
sid

er
th

e
solu

tion
to

(10)
th

at
altern

ately
u
p

d
ates

(B
,C

)
an

d
Ω
v .

A
s

th
e

regu
-

la
riza

tio
n

term
in

volv
es

b
oth

th
e

n
u
clear

n
orm

p
en

alty
an

d
th

e
`
1

n
orm

p
en

a
lty,

ad
d
ition

al
h
an

d
lin

g
o
f

th
e

n
orm

s
is

req
u
ired

w
h
ich

leverages
th

e
id

ea
of

d
ecom

p
o
sab

le
regu

larizers
(A

g
a
rw

a
l

et
a
l.,

2012).
S
p

ecifi
cally,

if
Ω
v

an
d

(B
,C

)
are

resp
ectively

h
eld

fi
x
ed

,
th

en

(B̄
,C̄

)
:=

a
rg

m
in

B
,C

{
1T

tr [Ω
v (Z

T
−
X
B
′−
Z
C
′) ′(Z

T
−
X
B
′−
Z
C
′) ]

+
λ
B |||B

|||∗
+
λ
C ||C
||1 }

,

Ω̄
v

:=
a
rg

m
in

Ω
v

{
log

d
et

Ω
v −

trace (S
v Ω

v )
+
ρ
v ‖Ω

v ‖
1
,o

ff }
,

w
h
ere

S
v

=
1T

(Z
T
−
X
B
′−
Z
C
′) ′(Z

T
−
X
B
′−
Z
C
′).

If
w

e
letW

:=
[X
,Z

]∈
R
T×

(p
1
+
p

2
),

a
n
d

d
efi

n
e

th
e

op
erator

W
Ω
v

:R
p

2 ×
(p

1
+
p

2
)7→

R
T×

p
2

in
d
u
ced

join
tly

b
y
W

a
n
d

Ω
v

as

W
Ω
v (∆

)
:=
W

∆
′Ω

1
/
2

v
for

∆
∈
R
p

2 ×
(p

1
+
p

2
),

(15)

th
en

B̄
a
u

g
:=

[B̄
,O

p
2 ×
p

2 ]
an

d
C̄

a
u

g
:=

[O
p

2 ×
p

1 ,C̄
]

are
eq

u
ivalen

tly
given

b
y

(B̄
a
u
g ,C̄

a
u
g )

=
arg

m
in

B
,C

{
1T ∣∣∣ ∣∣∣ ∣∣∣ Z

T
Ω

1
/
2

v
−

W
Ω

v (B
a
u
g

+
C

a
u
g ) ∣∣∣ ∣∣∣ ∣∣∣ 2F

+
λ
B |||B

|||∗
+
λ
C ||C
||1 }

,
(16

)

w
h
ere

B
a
u

g
:=

[B
,O

p
2 ×
p

2 ],C
a
u

g
:=

[O
p

2 ×
p

1 ,C
]∈

R
p

2 ×
(p

1
+
p

2
).

T
h
en

,
for

fi
x
ed

realization
s

of
Z

,X
a
n
d
V

,
w

ith
an

ex
ten

sion
of

A
garw

al
et

al.
(2012)

th
e

error
b

ou
n
d

of
(B̄

a
u

g ,C̄
a
u

g )
relies

o
n

(1
)

th
e

o
p

erator
W

Ω
v

satisfy
in

g
th

e
R

S
C

con
d
ition

;
an

d
(2)

tu
n
in

g
p
aram

eters
λ
B

an
d

λ
C

a
re

resp
ectively

ch
osen

in
accord

an
ce

w
ith

th
e

d
ev

iation
b

ou
n
d

con
d
ition

s
asso

ciated
w

ith
|||W

′V
Ω
v /T|||o

p
an

d
|||W

′V
Ω
v /T|||∞

.
(17)

T
h
e

error
b

o
u
n
d

of
Ω̄
v

again
relies

on
‖S

v −
Σ
?v ‖∞

.
In

an
a
n
alogou

s
w

ay,
for

th
e

actu
al

a
ltern

a
te

u
p

d
ate,

(B̂
(k

)
a
u

g ,Ĉ
(k

)
a
u

g )
=

arg
m

in
B
,C

{
1T ∣∣∣ ∣∣∣ ∣∣∣ Z

T [Ω̂
(k−

1
)

v

]
1
/
2−

W
Ω̂

(k−
1
)

v
(B

a
u

g
+
C

a
u

g ) ∣∣∣ ∣∣∣ ∣∣∣ 2F
+
λ
B |||B

|||∗
+
λ
C ||C
||1 }

,

Ω̂
(k

)
v

:=
arg

m
in

Ω
v

{
log

d
et

Ω
v −

trace (Ŝ
(k

)
v

Ω
v )

+
ρ
v ‖Ω

v ‖
1
,o

ff }
,

a
n
d

th
e

erro
r

b
ou

n
d

of
(B̂
,Ĉ
,Ω̂

v )
d
efi

n
ed

in
(10)

d
ep

en
d
s

on
th

e
p
ro

p
erties

of
W

Ω̂
(k

)
v

,

|||W
′V

Ω
(k

)
v
/
T|||o

p
an

d
|||W

′V
Ω

(k
)

v
/T|||∞

for
all

k
.

S
p

ecifi
cally,

w
h
en

Ω
v

an
d

(B
,C

)
(in

(15)
a
n
d

(1
7),

resp
.)

are
su

b
stitu

ted
b
y

estim
ated

q
u
an

tities,
w

e
p
rove

th
at

th
e

R
S
C

con
d
ition

a
n
d

b
o
u
n
d
s

h
o
ld

w
ith

h
igh

p
rob

ab
ility

for
ran

d
om

realization
s

of
Z

,
X

an
d
V

,
for

a
ll

itera
tio

n
s
k
,

w
h
ich

th
en

estab
lish

es
th

e
con

sisten
cy

p
ro

p
erties

of
(B̂
,Ĉ

)
an

d
Ω̂
v .
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L
in

a
n
d

M
ic
h
a
il
id
is

3
.2

C
o
n

siste
n

c
y

re
su

lts
fo

r
th

e
M

a
x
im

u
m

L
ik

e
lih

o
o
d

e
stim

a
to

rs.

T
h
eorem

s
5

an
d

6
b

elow
give

th
e

error
b

ou
n
d
s

for
th

e
estim

ators
in

(9)
an

d
(10)

ob
tain

ed
th

rou
gh

A
lgorith

m
s

1
an

d
2,

u
sin

g
ran

d
om

realization
s

com
in

g
from

th
e

stab
le

V
A

R
sy

stem
d
efi

n
ed

in
(1).

A
s

p
rev

iou
sly

m
en

tion
ed

,
to

estab
lish

error
b

ou
n
d
s

for
b

oth
th

e
tran

sition
m

atrices
an

d
th

e
in

v
erse

covarian
ce

m
atrix

ob
tain

ed
from

altern
atin

g
u
p

d
ates,

w
e

n
eed

to
take

in
to

accou
n
t

th
at

th
e

q
u
an

tities
asso

ciated
w

ith
th

e
R

S
C

con
d
ition

an
d

th
e

d
ev

iation
b

ou
n
d

con
d
ition

are
b
ased

on
estim

a
ted

qu
a
n

tities
ob

tain
ed

from
th

e
p
rev

iou
s

iteration
.

O
n

th
e

oth
er

h
an

d
,

th
e

sou
rces

of
ran

d
om

n
ess

con
tain

ed
in

th
e

ob
served

d
ata

are
fi
x
ed

,
h
en

ce
errors

from
ob

served
d
ata

stop
accu

m
u
latin

g
on

ce
a
ll

sou
rces

of
ran

d
om

n
ess

are
con

sid
ered

after
a

few
iteration

s,
w

h
ich

govern
b

oth
th

e
lead

in
g

term
of

th
e

error
b

ou
n
d
s

an
d

th
e

p
rob

ab
ility

for
th

e
b

ou
n
d
s

to
h
old

.

S
p

ecifi
cally,

u
sin

g
th

e
sam

e
n
otation

as
d
efi

n
ed

in
S
ection

3.1,
w

e
ob

tain
th

e
error

b
ou

n
d
s

of
th

e
estim

ated
tran

sition
m

atrices
an

d
in

verse
covarian

ce
m

atrices
iteratively,

b
u
ild

in
g

u
p

on
th

at
for

all
iteration

s
k
:

(1)
Γ̂

(k
)

X
or

th
e

op
erator

W
Ω̂

(k
)

v
satisfi

es
th

e
R

S
C

con
d
ition

;

(2)
d
ev

iation
b

ou
n
d
s

h
old

for‖X
′U

Ω̂
(k

)
u
/T‖∞

,‖W
′V

Ω̂
(k

)
v
/T‖∞

,
an

d
|||W

′V
Ω̂

(k
)

v
/T|||o

p ;

(3)
a

go
o
d

con
cen

tration
given

b
y
‖
Ŝ

(k
)

u
−

Σ
?u ‖∞

an
d
‖Ŝ

(k
)

v
−

Σ
?v ‖∞

.

W
e

keep
track

of
h
ow

th
e

b
ou

n
d
s

ch
an

ge
in

ea
ch

iteration
u
n
til

con
vergen

ce,
b
y

p
rop

erly
con

trollin
g

th
e

n
orm

s
an

d
track

th
e

rate
of

th
e

error
b

o
u
n
d

th
at

d
ep

en
d
s

on
p

1 ,p
2

an
d
T

,
an

d
reach

th
e

con
clu

sion
th

at
th

e
error

b
ou

n
d
s

h
o
ld

u
n

ifo
rm

ly
fo

r
a
ll

itera
tio

n
s,

for
th

e
estim

ates
of

b
oth

th
e

tran
sition

m
atrices

A
,B

an
d
C

an
d

th
e

in
verse

covarian
ce

m
atrices

Ω
u

an
d

Ω
v .

T
h

e
o
re

m
5

C
o
n

sid
er

th
e

sta
ble

G
a
u

ssia
n

V
A

R
p
rocess

d
efi

n
ed

in
(1)

in
w

h
ich

A
?

is
a
s-

su
m

ed
to

be
s
?A

-spa
rse.

F
u

rth
er,

a
ssu

m
e

th
e

fo
llo

w
in

g:

C
.1

T
h
e

in
co

h
eren

ce
co

n
d
itio

n
h
o
ld

s
fo

r
Ω
?u .

C
.2

Ω
?u

is
d
ia

go
n

a
lly

d
o
m

in
a
n

t.

C
.3

T
h
e

m
a
xim

u
m

n
od

e
d
egree

o
f

Ω
?u

sa
tisfi

es
d

m
a
x

Ω
?u

=
o(p

1 ).

T
h
en

,
fo

r
ra

n
d
o
m

rea
liza

tio
n

s
o
f{
X
t }

a
n

d
{U

t },
a
n

d
th

e
sequ

en
ce{Â

(k
),Ω̂

(k
)

u
}
k

retu
rn

ed
by

A
lgo

rith
m

1
o
u

tlin
ed

in
S

ectio
n

2
.1

,
th

ere
exist

co
n

sta
n

ts
c

1 ,c
2 ,c̃

1 ,c̃
2
>

0
,τ

>
0

su
ch

th
a
t

fo
r

sa
m

p
le

size
T

%
m

ax{(d
m

a
x

Ω
?u

)
2,s

?A }
log

p
1 ,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
c
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‖Ŝ

(k
)

v
−

Σ
? v
‖ ∞
≤
C
′′ 0

√
(p

1
+
p

2
)+
p

2

T
.

A
s

a
co

n
se

qu
en

ce
,

th
e

fo
ll

o
w

in
g

bo
u

n
d
s

h
o
ld

u
n

if
o
rm

ly
fo

r
a
ll

it
er

a
ti

o
n

s
k
≥

1:

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣B̂
(k

)
−
B
?
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 F

+
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Ĉ
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n
d

µ
m

in (G
)≥

(1−
ρ
(G

))
2·|||P

||| −
2

o
p
· ∣∣ ∣∣ ∣∣P

−
1 ∣∣ ∣∣ ∣∣ −

2

o
p
,

w
h
ere

G
=
P

Λ
G
P
−

1
w

ith
Λ
G

b
ein

g
a

d
iagon

al
m

atrix
con

sistin
g

of
th

e
eigen

valu
es

of
G

.
S
in

ce
|||P
−

1|||o
p ≥
|||P
||| −

1
o
p

,
it

follow
s

th
at

|||P
||| −

2
o
p
· ∣∣ ∣∣ ∣∣P

−
1 ∣∣ ∣∣ ∣∣ −

2

o
p
≥
∣∣ ∣∣ ∣∣P

−
1 ∣∣ ∣∣ ∣∣ 2o

p · ∣∣ ∣∣ ∣∣P
−

1 ∣∣ ∣∣ ∣∣ −
2

o
p

=
1,

a
n
d

th
erefo

re

µ
m

in (G
)≥

(1−
m

ax{ρ
(A

),ρ
(C

)})
2
.

(20)

R
e
m

a
rk

8
T

h
e

im
p
act

of
th

e
sy

stem
’s

low
er-trian

gu
lar

stru
ctu

re
on

th
e

estab
lish

ed
b

ou
n
d
s.

C
o
n

sid
er

th
e

bo
u

n
d
s

in
(19)

a
n

d
(20).

A
n

u
p
per

bo
u

n
d

o
f
µ

m
a
x (G

)
d
epen

d
s

o
n
|||G
|||∞

a
n

d
|||G
|||1 ,

w
h
erea

s
a

lo
w

er
bo

u
n

d
o
f
µ

m
in (G

)
in

vo
lves

o
n

ly
th

e
spectra

l
ra

d
iu

s
o
f
G

.
C

o
m

bin
ed

w
ith

(1
8
),

th
is

su
ggests

th
a
t

th
e

lo
w

er
extrem

e
o
f

th
e

spectra
l

d
en

sity
is

a
ssocia

ted
w

ith
th

e
a
vera

ge
o
f

th
e

m
a
xim

u
m

w
eigh

ted
in

-d
egree

a
n

d
o
u

t-d
egree

o
f

th
e

system
,

w
h
erea

s
th

e
u

p
per

extrem
e

is
a
ssocia

ted
w

ith
th

e
sta

bility
co

n
d
itio

n
:

th
e

less
th

e
sy

stem
is

in
tra-

an
d

in
ter-

co
n
n
ected

,
th

e
tigh

ter
th

e
b

ou
n
d

fo
r

th
e

lo
w

er
extrem

e
w

ill
be;

sim
ila

rly,
th

e
m

ore
stab

le
(exh

ibits
sm

a
ller

tem
po

ra
l

d
epen

d
en

ce)
th

e
system

is,
th

e
tigh

ter
th

e
b

ou
n
d

fo
r

th
e

u
p
per

extrem
e

w
ill

be.
F

in
a
lly,

w
e

n
o
te

th
a
t

a
n

u
p
per

bo
u

n
d

fo
r

(|||G
|||∞

+
|||G
|||1 )

is
given

by

m
ax{|||A|||∞

+
|||B
|||∞

,|||C
|||∞
}

+
m

ax{|||A|||1 ,|||B
|||1

+
|||C
|||1 }.

T
h
e

p
resen

ce
o
f|||B

|||∞
a
n

d
|||B
|||1

d
ep

icts
th

e
ro

le
o
f

th
e

in
ter-co

n
n

ected
n

ess
betw

een
{X

t }
a
n

d
{
Z
t }

o
n

th
e

lo
w

er
extrem

e
o
f

th
e

spectru
m

,
w

h
ich

is
a
ssocia

ted
w

ith
th

e
o
vera

ll
cu

rva
tu

re
o
f

th
e

jo
in

t
p
rocess.

T
h
e

im
p
a
ct

o
f

th
e

sy
stem

’s
low

er-trian
gu

lar
stru

ctu
re

on
th

e
sy

stem
ca

p
a
city.

W
ith

G
bein

g
a

lo
w

er-tria
n

gu
la

r
m

a
trix,

w
e

o
n

ly
requ

ire
ρ
(A

)
<

1
a
n

d
ρ
(C

)
<

1
to

en
su

re
th

e
sta

bility
o
f

th
e

system
.

T
h
is

en
a
bles

th
e

system
to

h
a
ve

“
la

rger
ca

pa
city”

(ca
n

a
cco

m
m

od
a
te

m
o
re

cro
ss-d

epen
d
en

ce
w

ith
in

ea
ch

block),
sin

ce
th

e
tw

o
spa

rse
co

m
po

n
en

ts
A

a
n

d
C

ca
n

exh
ibit

la
rger

a
vera

ge
w

eigh
ted

in
-

a
n

d
o
u

t-d
egrees

co
m

pa
red

w
ith

a
system

w
h
ere

G
d
oes

n
o
t

po
ssess

su
ch

tria
n

gu
la

r
stru

ctu
re.

In
th

e
ca

se
w

h
ere

G
is

a
co

m
p
lete

m
a
trix,

o
n

e
d

ea
ls

w
ith

a
(p

1
+
p

2 )-d
im

en
sio

n
a
l

V
A

R
system

a
n

d
ρ
(G

)
<

1
is

requ
ired

to
en

su
re

its
sta

bility.
A

s
a

co
n

sequ
en

ce,
th

e
a
vera

ge
w

eigh
ted

in
-

a
n

d
o
u

t-d
egree

requ
irem

en
ts

fo
r

ea
ch

tim
e

series
beco

m
e

m
o
re

restrictive.

4
.
T
e
stin

g
G
ro

u
p
G
ra

n
g
e
r-C

a
u
sa
lity

.

In
th

is
sectio

n
,

w
e

d
ev

elop
a

p
ro

ced
u
re

for
testin

g
th

e
h
y
p

oth
esis

H
0

:
B

=
0.

N
ote

th
at

w
ith

o
u
t

th
e

p
resen

ce
of
B

,
th

e
b
lo

ck
s
X
t

an
d
Z
t

in
th

e
m

o
d
el

b
ecom

e
d
eco

u
p
led

an
d

can
b

e
trea

ted
a
s

tw
o

sep
arate

V
A

R
m

o
d
els,

w
h
ereas

w
ith

a
n
on

zero
B

,
th

e
grou

p
of

variab
les

in
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L
in

a
n
d

M
ic
h
a
il
id
is

Z
t

is
collectively

“G
ran

ger-cau
sed

”
b
y

th
ose

in
X
t .

M
oreover,

sin
ce

w
e

are
testin

g
w

h
eth

er
or

n
ot

th
e

en
tire

b
lo

ck
of
B

is
zero,

w
e

d
o

n
ot

n
eed

to
rely

on
th

e
ex

act
d
istrib

u
tio

n
of

its
in

d
iv

id
u
al

en
tries,

b
u
t

rath
er

on
th

e
p
rop

erly
m

easu
red

correlation
b

etw
een

th
e

resp
on

ses
an

d
th

e
covariates.

T
o

facilitate
p
resen

tation
of

th
e

testin
g

p
ro

ced
u
re,

w
e

illu
stra

te
th

e
p
rop

osed
fram

ew
o
rk

v
ia

a
sim

p
ler

m
o
d
el

settin
g

w
ith

Y
t

=
Π
X
t

+
ε
t

an
d

testin
g

w
h
eth

er
Π

=
0;

su
b
seq

u
en

tly,
w

e
tran

slate
th

e
resu

lts
to

th
e

actu
al

settin
g

of
in

terest,
n
am

ely,
w

h
eth

er
or

n
ot
B

=
0

in
th

e
m

o
d
el
Z
t

=
B
X
t−

1
+
C
Z
t−

1
+
V
t .

T
h
e

testin
g

p
ro

ced
u
re

fo
cu

ses
on

th
e

follow
in

g
seq

u
en

ce
o
f

tests
for

th
e

ran
k

of
B

:

H
0

:
ran

k
(B

)≤
r,

for
an

arb
itrary

r
<

m
in

(p
1 ,p

2 ).
(21)

N
ote

th
at

th
e

h
y
p

oth
esis

of
in

terest,
B

=
0

co
rresp

o
n
d
s

to
th

e
sp

ecial
case

w
ith

r
=

0.
T

o
test

for
it,

w
e

d
evelop

a
p
ro

ced
u
re

asso
ciated

w
ith

ca
n

o
n

ica
l

co
rrela

tio
n

s,
w

h
ich

lev
erages

id
eas

p
resen

t
in

th
e

literatu
re

(see
A

n
d
erson

,
2002).

A
s

m
en

tion
ed

ab
ove,

w
e

con
sid

er
a

sim
p
ler

settin
g

sim
ilar

to
th

at
in

A
n
d
erson

(2002),
given

b
y

Y
t

=
Π
X
t
+
ε
t ,

w
h
ere

Y
t ∈

R
p

2,
X
∈
R
p

1
an

d
ε
t

is
in

d
ep

en
d
en

t
of
X
t .

A
t

th
e

p
op

u
lation

level,
let

E
Y
t Y
′t
=

Σ
Y
,

E
X
t X
′t
=

Σ
X
,

E
Y
t X
′t
=

Σ
Y
X

=
Σ
′X
Y
.

T
h
e

p
op

u
lation

can
on

ical
correlation

s
b

etw
een

Y
t

an
d
X
t

are
th

e
ro

ots
o
f

∣∣∣∣ −
ρ
Σ
Y

Σ
Y
X

Σ
X
Y
−
ρ
Σ
X ∣∣∣∣

=
0,

i.e.,
th

e
n
on

n
egative

solu
tion

s
to|Σ

Y
X

Σ
−

1
X

Σ
X
Y
−
ρ

2Σ
Y |

=
0,

(22)

w
ith

ρ
b

ein
g

th
e

u
n
k
n
ow

n
.

B
y

th
e

resu
lts

in
A

n
d
erson

(2002),
th

e
n
u
m

b
er

of
p

ositive
solu

tion
s

to
(22)

is
eq

u
al

to
th

e
ran

k
of

Π
,

an
d

in
d
icates

th
e

“d
egree

of
d
ep

en
d
en

cy
”

b
etw

een
p
ro

cesses
Y
t

an
d
X
t .

T
h
is

su
ggests

th
at

if
ran

k
(Π

)
≤
r
<
p
,

w
e

w
ou

ld
ex

p
ect

∑
pk
=
r
+

1
λ
k

to
b

e
sm

all,
w

h
ere

th
e
λ

’s
solv

e
th

e
eigen

-eq
u
ation

|S
Y
X
S
−

1
X
S
X
Y
−
λ
S
Y |

=
0,

w
ith

λ
1 ≥

λ
2 ≥
···≥

λ
p ,

an
d
S
X
,S

X
Y

an
d
S
Y

are
th

e
sam

p
le

cou
n
terp

arts
corresp

on
d
in

g
to

Σ
X
,Σ

X
Y

an
d

Σ
Y

,
resp

ectively.

W
ith

th
is

b
ack

grou
n
d
,

w
e

sw
itch

to
ou

r
m

o
d
el

settin
g

given
b
y

Z
t

=
B
X
t−

1
+
C
Z
t−

1
+
V
t ,

(23)

w
h
ere

V
t
is

assu
m

ed
to

b
e

in
d
ep

en
d
en

t
of
X
t−

1
an

d
Z
t−

1 ,
B

en
co

d
es

th
e

can
on

ical
correlation

b
etw

een
Z
t

an
d
X
t−

1 ,
con

d
ition

al
on

Z
t−

1 .
W

e
u
se

th
e

sam
e

n
ota

tion
as

in
S
ection

3;
th

at

1
6
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E
st

im
a
t
in
g

a
n
d

T
e
st

in
g

f
o
r
H
ig
h
-d

im
e
n
si
o
n
a
l
V
A
R

is
,

le
t

Γ
X

(h
)

=
EX

tX
′ t+
h
,

Γ
Z

(h
)

=
EZ

tZ
′ t+
h
,

an
d

Γ
X
,Z

(h
)

=
EX

tZ
′ t+
h
,

w
it

h
(h

)
om

it
te

d
w

h
en

ev
er
h

=
0.

A
t

th
e

p
op

u
la

ti
on

le
ve

l,
u
n
d
er

th
e

G
au

ss
ia

n
a
ss

u
m

p
ti

on
,

 
Z
t

X
t−

1

Z
t−

1

 
∼
N

 
 0 0 0

 
, 

Γ
Z

Γ
′ X
,Z

(1
)

Γ
Z

(1
)

Γ
X
,Z

(1
)

Γ
X

Γ
X
,Z

Γ
′ Z

(1
)

Γ
′ X
,Z

Γ
Z

  
,

w
h
ic

h
su

gg
es

ts
th

at
co

n
d
it

io
n
al

ly
,

Z
t∣ ∣ Z

t−
1
∼
N
( Γ

Z
(1

)Γ
−

1
Z
Z
t−

1
,Σ

0
0

)
an

d
X
t−

1

∣ ∣ Z
t−

1
∼
N
( Γ

X
,Z

Γ
−

1
Z
Z
t−

1
,Σ

1
1

) ,

w
h
er

e

Σ
0
0

:=
Γ
Z
−

Γ
Z

(1
)Γ
−

1
Z

Γ
′ Z

(1
)

an
d

Σ
1
1

:=
Γ
X
−

Γ
X
,Z

Γ
−

1
Z

Γ
′ X
,Z
.

(2
4)

T
h
en

,
w

e
h
av

e
th

at
jo

in
tl

y

[
Z
t

X
t−

1

] ∣ ∣ ∣
Z
t−

1
∼
N
([

Γ
Z

(1
)

Γ
X
,Z

] Γ
−

1
Z
Z
t−

1
,

[
Γ
Z

Γ
′ X
Z

(1
)

Γ
X
Z

(1
)

Γ
Z

] −
[ Γ

Z
(1

)
Γ
X
Z

] Γ
−

1
Z

[ Γ
′ Z

(1
)

Γ
Z
X

])
,

so
th

e
p
ar

ti
al

co
va

ri
an

ce
m

at
ri

x
b

et
w

ee
n
Z
t

an
d
X
t−

1
co

n
d
it

io
n
al

on
Z
t−

1
is

gi
v
en

b
y

Σ
1
0

=
Σ
′ 0
1

:=
Γ
X
,Z

(1
)
−

Γ
Z

(1
)Γ
−

1
Z

Γ
X
,Z
.

(2
5)

T
h
e

p
op

u
la

ti
on

ca
n
on

ic
al

co
rr

el
at

io
n
s

b
et

w
ee

n
Z
t

an
d
X
t−

1
co

n
d
it

io
n
a
l

on
Z
t−

1
a
re

th
e

n
on

-n
eg

at
iv

e
ro

ot
s

of
∣ ∣ Σ

0
1
Σ
−

1
1
1

Σ
1
0
−
ρ

2
Σ

0
0

∣ ∣ =
0,

an
d

th
e

n
u
m

b
er

of
p

os
it

iv
e

so
lu

ti
on

s
co

rr
es

p
on

d
s

to
th

e
ra

n
k

of
B

;
se

e
A

n
d
er

so
n

(1
95

1)
fo

r
a

d
is

cu
ss

io
n

in
w

h
ic

h
th

e
au

th
or

is
in

te
re

st
ed

in
es

ti
m

at
in

g
an

d
te

st
in

g
li
n
ea

r
re

st
ri

ct
io

n
s

on
re

gr
es

si
on

co
effi

ci
en

ts
.

T
h
er

ef
or

e,
to

te
st

ra
n
k
(B

)
≤
r,

it
is

ap
p
ro

p
ri

at
e

to
ex

am
in

e
th

e

b
eh

av
io

r
of

Ψ
r

:=
∑

m
in

(p
1
,p

2
)

k
=
r
+

1
φ
k
,

w
h
er

e
φ

’s
ar

e
or

d
er

ed
n
on

-i
n
cr

ea
si

n
g

so
lu

ti
on

s
to

|S
0
1
S
−

1
1
1
S

1
0
−
φ
S

0
0
|=

0,
(2

6)

an
d
S

0
1
,
S

1
1

an
d
S

0
0

ar
e

th
e

em
p
ir

ic
al

su
rr

og
at

es
fo

r
th

e
p

op
u
la

ti
on

q
u
an

ti
ti

es
Σ

0
1
,Σ

1
1

an
d

Σ
0
0
.

F
or

su
b
se

q
u
en

t
d
ev

el
op

m
en

ts
,

w
e

m
ak

e
th

e
ve

ry
m

il
d

as
su

m
p
ti

on
th

at
p

1
<
T

an
d

p
2
<
T

so
th

at
Z
′ Z

is
in

ve
rt

ib
le

.
P

ro
p

os
it

io
n

9
gi

ve
s

th
e

ta
il

b
eh

av
io

r
of

th
e

ei
ge

n
va

lu
es

an
d

C
or

ol
la

ry
11

gi
ve

s
th

e
te

st
in

g
p
ro

ce
d
u
re

fo
r

b
lo

ck
“G

ra
n
ge

r-
ca

u
sa

li
ty

”
as

a
d
ir

ec
t

co
n
se

q
u
en

ce
.

P
ro

p
o
si

ti
o
n

9
C

o
n

si
d
er

th
e

m
od

el
se

tu
p

gi
ve

n
in

(2
3)

,
w

h
er

e
B
∈

R
p

2
×
p

1
.

F
u

rt
h
er

,
a
s-

su
m

e
a
ll

po
si

ti
ve

ei
ge

n
va

lu
es
µ

o
f

th
e

fo
ll

o
w

in
g

ei
ge

n
-e

qu
a
ti

o
n

a
re

o
f

a
lg

eb
ra

ic
m

u
lt

ip
li

ci
ty

o
n

e:
∣ ∣ Σ

0
1
Σ
−

1
1
1

Σ
1
0
−
µ

Σ
0
0

∣ ∣ =
0,

(2
7)

w
h
er

e
Σ

0
0
,Σ

1
1

a
n

d
Σ

0
1

a
re

gi
ve

n
in

(2
4)

a
n

d
(2

5)
.

T
h
e

te
st

st
a
ti

st
ic

fo
r

te
st
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ẑ T

+
1
,

p
ar

ti
al

ly
d
u
e

to
th

e
sm

al
l

to
ta

l
m

ag
n
it

u
d
e

of
th

e
d
en

om
in

at
or

.

T
h
e

re
su

lt
s

sh
ow

th
at

an
in

cr
ea

se
in

th
e

sp
ec

tr
al

ra
d
iu

s
(k

ee
p
in

g
th

e
ot

h
er

st
ru

ct
u
ra

l
p
ar

am
et

er
s

fi
x
ed

)
le

ad
s

to
a

d
ec

re
as

e
of

th
e

re
la

ti
ve

er
ro

r,
si

n
ce

fu
tu

re
ob

se
rv

at
io

n
s

b
ec

om
e

m
or

e
st

ro
n
gl

y
co

rr
el

at
ed

ov
er

ti
m

e.
O

n
th

e
ot

h
er

h
an

d
,

an
in

cr
ea

se
in

d
im

en
si

o
n

le
ad

s
to

a
d
et

er
io

ra
ti

on
in

fo
re

ca
st

in
g,

si
n
ce

th
e

av
ai

la
b
le

sa
m

p
le

si
ze

im
p
ac

ts
th

e
q
u
al

it
y

of
th

e
p
ar

am
et

er
es

ti
m

at
es

.
F

in
al

ly
,

an
in

cr
ea

se
in

th
e

ra
n
k

of
th

e
B

m
at

ri
x

is
b

en
efi

ci
al

fo
r

fo
re

ca
st

in
g,

si
n
ce

it
p
la

y
s

a
st

ro
n
ge

r
ro

le
in

th
e

sy
st

em
’s

te
m

p
or

al
ev

ol
u
ti

on
.

T
ab

le
3:

O
n
e-

st
ep

-a
h
ea

d
re

la
ti

ve
fo

re
ca

st
in

g
er

ro
r.

‖x̂
T

+
1
−
x
T

+
1
‖ 2

‖x
T

+
1
‖ 2

‖ẑ
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.
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0
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∆
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λ
C
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S
C
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α
R
S
C
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.
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W
′ V
/T
∣ ∣∣ ∣∣ ∣
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.
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T
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T
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5
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d

6
,

w
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ection

3.2.
P
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f
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ro
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f
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f
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h
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1
4

]
F
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r
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w

e
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Â
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Â
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)

w
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en
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o
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m

b
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u
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β
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?)
an

d
d
en

o
te
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∆
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∆
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β
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,
resp

ectiv
ely.

B
y
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e
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ality
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Â
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d
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e

feasib
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A
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e
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g
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equ

a
lity
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A
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∆
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w
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u
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∆
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∆
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β
A
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+
λ
A
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+
∆
β
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(32)

w
h
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X
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y
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in
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e
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p
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∆
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N
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∆
β
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1 ≤
3‖∆

β
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? ‖

1
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β
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1
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s
?A ‖∆
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λ
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n
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y
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λ
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β
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∆
β
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(34)

C
o
m
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w
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C

con
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β
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∆
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∆
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∆
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∈
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b
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b
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r
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∆
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∆
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⊥
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⊥
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p
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=
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S
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2|∆
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R
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∈
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Θ
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∈
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cΘ

is
ob

tain
ed

b
y

settin
g

th
e

en
tries

of
M

w
h
ose

in
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+
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d
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,Ĉ

)
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h
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,Ĉ
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T
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a
u
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Ĉ

a
u
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λ
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W
0 (B

?
+
C
?)||| 2F

+
λ
B |||B

?|||∗ +
λ
C ||C

?||1 ,

B
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∆
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u

g
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u
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C
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,∆

C
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g
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a
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1T ∣∣ ∣∣ ∣∣W
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Ba
u

g
+

∆
Ca
u
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u

g
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∆
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u
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,Ĉ
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öld

er’s
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u
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∆
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B S B
?
||| ∗
≤

(√
2r
? B

)|||
∆
B S B

?
||| F
≤

(√
2r
? B

)|||
∆
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∆
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∆
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h
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at
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||| ∗
} .

B
y

T
h
eo

re
m

14
,

it
s

er
ro

r
b

ou
n
d

is
gi

ve
n

b
y

||Â
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⊗
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re
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re
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p
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p
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−
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Γ̂
(0

)
X

sa
ti

sfi
es

R
S
C

co
n
d
it

io
n

w
it

h
α

R
S

C
=
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√
lo

g
p

1

T
,

fo
r

so
m

e
co

n
st

an
t
C

0
.

H
en

ce
w

it
h

p
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‖Â
(0

)
−
A
?
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√
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Ŝ
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Ŝ
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Ŝ
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‖Ŝ
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‖Ŝ
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b
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b
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p
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−
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−
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>
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‖ ∞
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√
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Ŝ
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Â
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Â
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+
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Â

(0
) )
( X

′ X T

) (A
?
−
Â
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b
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(
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−
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b
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at
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c ′2

lo
g
p

1 )−
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Ŝ
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′Γ̂
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⊗
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(0

))
=

arg
m

in
(B
,C

)

{
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+
p
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v ∈
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Ŝ

(0
)

v
=

1 T
(Z

T
−
X
B̂

(0
)′
−
Z
Ĉ
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as
p
ro

p
os

ed
in

W
u

(2
0
1
7
)

to
im

p
ro

ve
th

e
p

er
fo

rm
an

ce
of

b
lo

ck
w

is
e

d
at

a
p
ro

ce
ss

in
g.

In
W

u
(2

01
7)

,
th

e
a
sy

m
p
to

ti
c

b
ia

s
an

d
va

ri
an

ce
of

B
C

R
K

N
on

a
si

n
gl

e
d
at

a
se

t
w

as
ch

ar
a
ct

er
iz

ed
,

w
h
ic

h
in

d
ic

a
te

s
B

C
R

K
N

h
as

sm
al

le
r

b
ia

s
th

an
R

K
N

an
d

th
u
s

im
p
li
es

it
s

effi
ci

en
cy

in
le

ar
n
in

g
w

it
h

b
lo

ck
w

is
e

d
a
ta

in
tu

it
iv

el
y.

E
m

p
ir

ic
al

st
u
d
y

al
so

co
n
fi
rm

ed
th

is
.

H
ow

ev
er

,
w

it
h
o
u
t

ri
go

ro
u
s

a
n
a
ly

si
s

o
f

th
e

er
ro

r
b

ou
n
d
s,

th
er

e
is

la
ck

of
th

eo
re

ti
ca

l
gu

ar
an

te
e.

In
th

is
p
ap

er
,

w
e

w
il
l

d
er

iv
e

th
e

er
ro

r
b

ou
n
d
s

an
d

le
ar

n
in

g
ra

te
s

of
B

C
K

R
N

b
ot

h
fo

r
a

si
n
gl

e
d
at

a
se

t
an

d
fo

r
d
is

tr
ib

u
te

d
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L
e
a
r
n
in
g

T
h
e
o
r
y
o
f
D
ist

r
ib
u
t
e
d

R
e
g
r
e
ssio

n
w
it
h
B
C
R
K
N

reg
ressio

n
.

T
h
is

w
ill

p
rov

id
e

a
th

eoretical
gu

aran
tee

for
th

e
u
se

of
B

C
R

K
N

from
a

learn
in

g
th

eo
ry

p
ersp

ective.
T

h
e

rest
o
f

th
is

p
ap

er
w

ill
b

e
arran

ged
as

follow
s.

In
S
ection

2
w

e
w

ill
d
escrib

e
th

e
B

C
R

K
N

a
lg

o
rith

m
an

d
state

ou
r

m
ain

resu
lts.

In
p
articu

lar,
w

e
sh

ow
th

at
B

C
R

K
N

can
a
ch

ieve
th

e
m

in
im

ax
op

tim
al

rates
in

b
oth

sin
gle

d
ata

learn
in

g
an

d
d
istrib

u
ted

learn
in

g.
M

o
reover,

B
C

R
K

N
relax

es
th

e
satu

ration
eff

ect
of

R
K

N
.
In

S
ection

3
w

e
d
iscu

ss
th

e
relation

s
o
f

o
u
r

resu
lts

w
ith

ex
istin

g
w

ork
an

d
con

d
u
ct

som
e

com
p
arison

s.
T

h
e

p
ro

ofs
of

ou
r

resu
lts

a
re

giv
en

in
S
ection

s
4-8.

2
.
M

a
in

re
su

lts

L
etX

d
en

o
te

th
e

in
p
u
t

sp
ace

w
h
ich

is
assu

m
ed

to
b

e
a

com
p
act

m
etric

sp
ace.

A
M

ercer
kern

el
on
X

is
a

con
tin

u
ou

s,
sy

m
m

etric,
an

d
p

ositive-sem
id

efi
n
ite

fu
n
ction

K
:X
×
X
→

R
.

T
h
e

fu
n
ctio

n
class

sp
an

n
ed

b
y
{
K
x

=
K

(x
,·)

:
x
∈
X
}

a
n
d

eq
u
ip

p
ed

w
ith

th
e

in
n
er

p
ro

d
u
ct

satisfy
in

g
〈K

x ,K
t 〉
K

=
K

(x
,t)

form
s

a
p
re-H

ilb
ert

sp
ace.

Its
com

p
letion

is
called

a
rep

ro
d
u
cin

g
kern

el
H

ilb
ert

sp
ace

(R
K

H
S
)H

K
asso

ciated
to

th
e

kern
el
K

,
w

ith
th

e
n
am

e
co

m
in

g
a
fter

th
e

rep
ro

d
u
cin

g
p
rop

erty
f

(x
)

=
〈f
,K

(x
,·)〉

K
,∀
f
∈
H
K
.

N
ote

th
at|f

(x
)|≤

√
K

(x
,x

)‖f‖
K

for
all

f
∈
H
K

.
C

on
seq

u
en

tly,
w

ith
κ

=
su

p
x∈X

√
K

(x
,x

)
<
∞
,H

K
can

b
e

em
b

ed
d
ed

in
to
C

(X
)

an
d
‖
f‖∞

≤
κ‖f‖

K
.

M
ore

oth
er

p
rop

erties
of

R
K

H
S

th
at

w
ill

n
ot

b
e

u
sed

in
th

is
p
ap

er
can

b
e

fou
n
d

in
A

ron
sza

jn
(19

50).
G

iven
th

e
d
ata

D
an

d
th

e
R

K
H

S
H
K
,

R
K

N
estim

ates
th

e
tru

e
m

o
d
el

b
y

f
D
,λ

=
arg

m
in

f∈H
K

1|D
|

|D
|

∑i=
1 (y

i −
f

(x
i ))

2
+
λ‖f‖

2K
,

(1)

w
h
ere

λ
>

0
is

a
regu

larization
p
aram

eter
th

at
trad

es
off

th
e

fi
ttin

g
error

an
d

m
o
d
el

co
m

p
lex

ity.
T

h
e

w
ell

k
n
ow

n
rep

resen
ter

th
eorem

(W
ah

b
a,

1990)
tells

th
at

f
D
,λ (x

)
=

|D
|

∑i=
1

c
i K

(x
i ,x

)

w
ith

th
e

co
effi

cien
ts

c
=

(c
1 ,...,c|D

| ) >
satisfy

in
g

(λ|D
|I

+
K

)c
=

y
D

w
h
ere

I
rep

resen
ts

a
n

id
en

tity
m

a
trix

(or
op

erator),
K

=
(K

(x
i ,x

j )) |D
|

i,j=
1

is
th

e
kern

el
m

atrix
on

th
e

in
p
u
t

d
a
ta

x
D

=
{x

1 ,...,x
|D
| }

an
d

y
D

=
(y

1 ,···
,y|D

| ) >
is

th
e

vector
of

th
e

resp
on

se
d
ata.

L
et

S
D

:H
K
→

R
|D
|

b
e

th
e

sam
p
lin

g
op

erator
d
efi

n
ed

b
y

S
D
f

=
(f

(x
1 ),...,f

(x
|D
| )) >

,
∀
f
∈
H
K
.

Its
d
u
a
l

o
p

erator
S
∗D

is
giv

en
b
y

S
∗D

c
=

|D
|

∑i=
1

c
i K

x
i ∈
H
K
,

∀
c
∈
R
|D
|.

T
h
en

f
D
,λ

h
a
s

th
e

follow
in

g
op

erator
rep

resen
tation

(S
m

ale
an

d
Z

h
ou

,
2007)

f
D
,λ

=
1|D| (

λ
I

+
1|D
S
∗D
S
D )
−
1
S
∗D

y
D
.

(2)

3
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G
u
o
,
S
h
i
a
n
d

W
u

N
ote

th
at

th
e

op
erator

1|D| S
∗D
S
D

is
a

sam
p
le

version
of

th
e

in
tegral

op
erator

L
K
f

(x
)

=
E
t [K

(x
,t)f

(t)]
=

∫X
K

(x
,t)f

(t)d
ρX

(t)

w
h
ere

ρX
is

th
e

m
argin

al
d
istrib

u
tion

of
ρ

on
X
.
R

ecall
th

at
L
K

d
efi

n
es

a
com

p
act,

sy
m

m
et-

ric,
an

d
p

ositive
op

erator
on
H
K
.

In
th

e
seq

u
el

w
e

also
u
se

th
e

n
otation

L
K
,D

=
1|D| S
∗D
S
D

an
d

w
rite

f
D
,λ

=
(λ
I

+
L
K
,D

) −
1 (

1|D| S
∗D

y
D )

.

B
y

th
e

aid
of

op
erator

rep
resen

tation
(2),

th
e

asy
m

p
totic

b
ias

of
R

K
N

can
b

e
ch

arac-
terized

as
−
λ

(λ
I

+
L
K

) −
1f
∗.

T
h
e

b
ias

corrected
regu

larization
kern

el
n
etw

ork
(B

C
R

K
N

)
is

d
efi

n
ed

b
y

su
b
tractin

g
a

p
lu

g-in
estim

ator
of

th
e

b
ias

(W
u
,

2017)

f
]D
,λ

=
f
D
,λ

+
λ

(λ
I

+
L
K
,D

) −
1
f
D
,λ .

(3)

It
is

also
verifi

ed
in

W
u

(2017)
th

at

f
]D
,λ (x

)
=

n
∑i=

1

c
]i K

(x
i ,x

)

w
ith

c
]

=
c

+
λ (λ

I
+

1n
K
)−

1
c
.

T
h
e

eff
ectiven

ess
of

B
C

R
K

N
h
as

b
een

tested
em

p
irically

b
y

a
variety

of
sim

u
lation

s
an

d
real

ap
p
lication

s
in

W
u

(2017).
T

h
e

m
ain

p
u
rp

ose
of

th
is

p
ap

er
is

to
verify

its
eff

ectiven
ess

in
d
istrib

u
ted

regression
fro

m
a

learn
in

g
th

eory
p

ersp
ective.

T
o

p
erform

rigorou
s

error
an

aly
sis

an
d

p
resen

t
ou

r
m

ain
resu

lts,
w

e
n
eed

som
e

n
otation

s
an

d
assu

m
p
tion

s
th

at
are

u
sed

th
rou

gh
ou

t
th

e
p
ap

er.
F

irstly,
w

e
assu

m
e
|y|≤

M
alm

ost
su

rely
for

som
e

con
stan

t
M

>
0.

T
h
is

im
p
lies

th
e

tru
e

reg
ression

fu
n
ction

f
∗

satisfi
es

‖
f
∗‖∞

≤
M
.

N
ote

th
at

w
e

can
ex

ten
d

th
e

d
om

ain
of
L
K

to
L
2ρX

an
d

ob
tain

a
com

p
act,

sy
m

m
etric,

an
d

p
ositive

op
erator

on
L
2ρX
,

w
h
ich

w
ill

b
e

d
en

oted
b
y
L

.
W

e
can

in
tu

rn
say

L
K

is
th

e
restriction

of
L

on
H
K
.

S
o
L
f

=
L
K
f

for
f
∈
H
K

an
d

w
e

d
o

n
ot

n
eed

to
d
iff

eren
tiate

th
em

w
h
en

op
eratin

g
on

fu
n
ction

s
in
H
K
.

O
u
r

secon
d

assu
m

p
tion

is
a

regu
larity

con
d
ition

on
th

e
tru

e
m

o
d
el:

f
∗

=
L
r(u
∗)

for
som

e
r
>

0
an

d
u
∗∈

L
2ρX
.

(4)

T
h
is

assu
m

p
tion

h
as

b
een

w
id

ely
u
sed

in
th

e
literatu

re
of

learn
in

g
th

eory
to

ch
aracterize

th
e

ap
p
rox

im
ation

ab
ility

ofH
K

;
see

e.g.
D

e
V

ito
et

al.
(2005);

S
m

ale
an

d
Z

h
ou

(2007);

B
au

er
et

al.
(2007);

Z
h
an

g
et

al.
(2015)

an
d

m
an

y
referen

ces
th

erein
.

R
ecall

th
at
L

12
is

an
isom

orp
h
ism

from
H
K

on
to
H
K

,
i.e.

‖
f‖

L
2ρX

=
‖L

12f‖
K
,

for
f
∈
H
K
,

(5)

w
h
ere
H
K

is
th

e
closu

re
ofH

K
in
L
2ρX
.

S
o

if
r≥

12 ,
th

e
con

d
ition

(4)
im

p
lies

f
∗∈
H
K
.

W
e

sh
all

u
se

th
e

eff
ective

d
im

en
sion

N
(λ

)
=

T
r((L

K
+
λ
I
) −

1L
K

),
th

at
is,

th
e

trace
of

(L
K

+
λ
I
) −

1L
K
,
to

m
easu

re
th

e
com

p
lex

ity
ofH

K
w

ith
resp

ect
to
ρX
.
W

e
assu

m
e

th
at

th
ere

ex
ist

a
con

stan
t
C
0
>

0
an

d
som

e
0
<
β
≤

1
su

ch
th

at
for

all
λ
>

0

N
(λ

)≤
C
0 λ
−
β
.

(6)
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L
e
a
r
n
in
g

T
h
e
o
r
y
o
f
D
is
t
r
ib
u
t
e
d

R
e
g
r
e
ss
io
n
w
it
h
B
C
R
K
N

A
ga

in
th

is
is

a
n
at

u
ra

l
an

d
w

id
el

y
u
se

d
as

su
m

p
ti

on
in

th
e

li
te

ra
tu

re
;

se
e

e.
g.

D
e

V
it

o
et

al
.

(2
00

5)
;

C
ap

on
n
et

to
an

d
D

e
V

it
o

(2
00

7)
;

Z
h
an

g
et

al
.

(2
01

3)
;

L
in

et
al

.
(2

01
7)

.
A

ss
u
m

e
κ
≥

1
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
fo

r
ot

h
er

w
is

e
al

l
ou

r
st

at
em

en
ts

an
d

p
ro

of
s

ar
e

st
il
l

va
li
d

b
y

d
efi

n
in

g
κ

=
m

ax
{1
,s

u
p

x
∈X

√
K

(x
,x

)}
.

D
en

ot
e

B |
D
|,λ

=
2κ √
|D
|{

κ
√
|D
|λ

+
√
N

(λ
)}

.

T
h
e

co
n
si

st
en

cy
of

R
K

N
as

w
el

l
as

B
C

R
K

N
ge

n
er

al
ly

re
q
u
ir

es
th

e
re

gu
la

ri
za

ti
on

p
a-

ra
m

et
er
λ

to
b

e
ch

os
en

ac
co

rd
in

g
to

th
e

sa
m

p
le

si
ze

an
d

sa
ti

sf
y
λ
→

0
an

d
λ
|D
|→
∞

as
|D
|→
∞
.

T
h
is

im
p
li
es
λ

is
u
p
p

er
b

ou
n
d
ed

b
y

an
ab

so
lu

te
co

n
st

a
n
t.

S
o,

in
th

e
se

q
u
el

,
w

e
w

il
l

as
su

m
e
λ
≤

1
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
to

si
m

p
li
fy

ou
r

n
ot

at
io

n
s

an
d

p
re

se
n
ta

ti
on

s.
A

s
th

e
p

er
fo

rm
an

ce
of

d
is

tr
ib

u
te

d
le

ar
n
in

g
h
ig

h
ly

d
ep

en
d
s

on
th

e
b
as

e
al

go
ri

th
m

,
w

e
w

il
l

co
n
d
u
ct

a
th

or
ou

gh
er

ro
r

an
al

y
si

s
of

B
C

R
K

N
fo

r
a

si
n
gl

e
d
at

a
se

t
fi
rs

t
an

d
th

en
tu

rn
to

th
e

d
is

tr
ib

u
te

d
re

gr
es

si
on

.

2
.1

E
rr

o
r

b
o
u

n
d

fo
r

le
a
rn

in
g

w
it

h
a

si
n

g
le

d
a
ta

se
t

W
e

d
er

iv
e

th
e

fo
ll
ow

in
g

er
ro

r
b

ou
n
d
s

an
d

le
ar

n
in

g
ra

te
s

fo
r

B
C

R
K

N
w

h
en

it
is

ap
p
li
ed

on
a

si
n
gl

e
d
at

a
se

t.

T
h

e
o
re

m
1

If
th

e
re

gu
la

ri
ty

co
n

d
it

io
n

(4
)

h
o
ld

s
w

it
h

0
<
r
≤

2
a
n

d
0
<
λ
≤

1,
th

en
fo

r
a
n

y
0
<
δ
<

1
,

w
it

h
co

n
fi

d
en

ce
a
t

le
a
st

1
−
δ,

‖f
] D
,λ
−
f
∗ ‖
L
2 ρ X
≤
C

(
B |
D
|,λ

√
λ

+
1

) 3
( B
|D
|,λ

+
λ
r
)(

lo
g

4 δ

) 4
,

(7
)

w
h
er

e
C

is
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
|D
|o

r
δ.

C
o
n

se
qu

en
tl

y,
w

e
h
a
ve

E

[ ‖
f
] D
,λ
−
f
∗ ‖

2 L
2 ρ X

]
≤

4Γ
(9

)C
2

(
B |
D
|,λ

√
λ

+
1

) 6
( B
|D
|,λ

+
λ
r
) 2
.

(8
)

C
o
ro

ll
a
ry

2
A

ss
u

m
e

th
e

re
gu

la
ri

ty
co

n
d
it

io
n

(4
)

h
o
ld

s
w

it
h

0
<
r
≤

2
a
n

d
(6

)
h
o
ld

s
w

it
h

0
<
β
≤

1.

(i
)

If
0
<
r
<

1 2
,

ch
oo

se
λ

=
|D
|−

1
1
+
β
.

T
h
en

fo
r

a
n

y
0
<
δ
<

1,
w

it
h

co
n

fi
d
en

ce
a
t

le
a
st

1
−
δ,

w
e

h
a
ve

‖f
] D
,λ
−
f
∗ ‖
L
2 ρ X
≤
C
1
|D
|−

r
1
+
β

( lo
g

4 δ

) 4
,

w
h
er

e
C
1

is
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
|D
|o

r
δ.

C
o
n

se
qu

en
tl

y,

E

[ ‖
f
] D
,λ
−
f
∗ ‖

2 L
2 ρ X

]
=
O
( |
D
|−

2
r

1
+
β

) .

(i
i)

If
1 2
≤
r
≤

2
,

ch
oo

se
λ

=
|D
|−

1
2
r
+
β

.
T

h
en

fo
r

a
n

y
0
<
δ
<

1,
w

it
h

co
n

fi
d
en

ce
a
t

le
a
st

1
−
δ,

w
e

h
a
ve

‖f
] D
,λ
−
f
∗ ‖
L
2 ρ X
≤
C
2
|D
|−

r
2
r
+
β

( lo
g

4 δ

) 4
,
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G
u
o
,
S
h
i
a
n
d

W
u

w
h
er

e
C
2

is
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
|D
|o

r
δ.

C
o
n

se
qu

en
tl

y,

E

[ ‖
f
] D
,λ
−
f
∗ ‖

2 L
2 ρ X

]
=
O
( |
D
|−

2
r

2
r
+
β

) .

R
ec

al
l

th
at

th
e

m
in

im
ax

op
ti

m
al

le
ar

n
in

g
ra

te
u
n
d
er

th
e

as
su

m
p
ti

on
s

(4
)

a
n
d

(6
)

is

O
( |
D
|−

2
r

2
r
+
β

) .
T

h
eo

re
m

1
te

ll
s

th
at

,
w

h
en

r
≥

1 2
,

B
C

R
K

N
ac

h
ie

ve
s

th
e

m
in

im
a
x

o
p
ti

m
al

le
ar

n
in

g
ra

te
on

a
si

n
gl

e
d
at

a
se

t.
S
in

ce
f
∗
∈
H
K

w
h
en

r
≥

1 2
,

w
e

ca
n

a
ls

o
m

ea
su

re
th

e
co

n
v
er

ge
n
ce

of
f
] D
,λ

to
f
∗

in
H
K

.
A

s
p

oi
n
te

d
ou

t
in

S
m

al
e

an
d

Z
h
ou

(2
00

7)
,

th
e

co
n
v
er

ge
n
ce

in
H
K

im
p
li
es

th
e

co
n
ve

rg
en

ce
in
C
s
(X

)
if
K
∈
C

2
s
(X
×
X

),
h
er

e
C
s
(X

)
is

th
e

sp
ac

e
of

al
l

fu
n
ct

io
n
s

on
X
⊂

R
p

w
h
os

e
p
ar

ti
al

d
er

iv
at

iv
es

u
p

to
or

d
er
s

ar
e

co
n
ti

n
u
ou

s
w

it
h
‖f
‖ C

s
(X

)
=
∑
|α
|≤
s
‖D

α
f
‖ ∞

.
S
o

th
e

co
n
ve

rg
en

ce
in
H
K

is
m

u
ch

st
ro

n
ge

r.
It

is
n
ot

on
ly

fo
r

th
e

ta
rg

et
fu

n
ct

io
n

it
se

lf
,

b
u
t

a
ls

o
fo

r
it

s
d
er

iv
at

iv
es

.

T
h

e
o
re

m
3

If
th

e
re

gu
la

ri
ty

co
n

d
it

io
n

(4
)

h
o
ld

s
w

it
h

1 2
<
r
≤

2
,

th
en

fo
r

a
n

y
0
<
δ
<

1
w

it
h

co
n

fi
d
en

ce
a
t

le
a
st

1
−
δ,

‖f
] D
,λ
−
f
∗ ‖
K
≤
C
K

(
B |
D
|,λ

√
λ

+
1

) 2
(λ
−

1 2
B |
D
|,λ

+
λ
r
−

1 2
)

( lo
g

4 δ

) 3
,

(9
)

w
h
er

e
C
K

is
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
|D
|o

r
δ.

If
(6

)
h
o
ld

s
w

it
h

0
<
β
≤

1
a
n

d
λ

=

|D
|−

1
2
r
+
β

,
th

en
fo

r
a
n

y
0
<
δ
<

1
,

w
it

h
co

n
fi

d
en

ce
a
t

le
a
st

1
−
δ,

w
e

h
a
ve

‖f
] D
,λ
−
f
∗ ‖
K
≤
C̃
K
|D
|−

r
−

1 2
2
r
+
β

( lo
g

4 δ

) 3
,

(1
0
)

w
h
er

e
C̃
K

is
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
|D
|o

r
δ.

M
o
re

o
ve

r,

E
[ ‖
f
] D
,λ
−
f
∗ ‖

2 K

] =
O
( |
D
|−

2
r
−
1

2
r
+
β

) .
(1

1
)

U
n
d
er

th
e

as
su

m
p
ti

on
s

(4
)

w
it

h
r
>

1 2
an

d
(6

)
w

it
h

0
<
β
≤

1
,
th

e
m

in
im

a
x

o
p
ti

m
a
li
ty

of

th
e

b
ou

n
d
O
( |
D
|−

2
r
−
1

2
r
+
β

)
in

th
e
H
K

-m
et

ri
c

h
as

b
ee

n
p
ro

ve
d

in
G

u
o

et
al

.
(2

01
6
).

T
h
eo

re
m

3

in
d
ic

at
es

th
at

th
e

st
ro

n
ge

r
co

n
ve

rg
en

ce
of

B
C

R
K

N
is

al
so

ra
te

op
ti

m
al

in
th

e
m

in
im

a
x

se
n
se

.
W

h
en

0
<
r
<

1 2
,

w
e

ar
e

u
n
fo

rt
u
n
at

el
y

n
ot

ab
le

to
ob

ta
in

th
e

m
in

im
a
x

ra
te

b
y

th
e

in
te

gr
al

op
er

at
or

te
ch

n
iq

u
e

u
n
d
er

th
e

as
su

m
p
ti

on
(6

).
N

ot
e

th
at

if
H
K

is
fi
n
it

e
d
im

en
si

o
n
a
l

th
e

ra
n
ge

of
L
r

is
ex

ac
tl

y
H
K

fo
r

al
l
r
>

0.
T

h
e

as
su

m
p
ti

o
n

(4
)

al
w

ay
s

im
p
li
es
f
∗
∈
H
K

.
S
o

th
e

si
tu

at
io

n
0
<
r
<

1 2
m

ak
es

se
n
se

on
ly

w
h
en
H
K

is
in

fi
n
it

e
d
im

en
si

o
n
a
l.

In
th

is
ca

se
,
L
K

h
as

in
fi
n
it

e
p

os
it

iv
e

ei
ge

n
va

lu
es

w
h
ic

h
co

n
v
er

ge
to

0.
T

h
is

im
p

o
se

s
th

e
m

ai
n

d
iffi

cu
lt

y
of

er
ro

r
an

al
y
si

s
v
ia

in
te

g
ra

l
te

ch
n
iq

u
e

–
al

th
ou

gh
L
K
,D

co
n
ve

rg
es

w
el

l
to

L
K

at
a

ra
te
O

(|D
|−

1
/
2
),

th
e

d
iff

er
en

ce
of

(λ
I

+
L
K
,D

)−
1

an
d

(λ
I

+
L
K

)−
1

ca
n
n
o
t

b
e

w
el

l
b

ou
n
d
ed

w
h
en

λ
→

0
.

A
ct

u
al

ly
,

ev
en

fo
r

R
K

N
w

h
ic

h
h
as

b
ee

n
ex

h
au

st
ed

ly
st

u
d
ie

d
in

th
e

li
te

ra
tu

re
,

it
is

an
op

en
p
ro

b
le

m
to

ob
ta

in
th

e
m

in
im

ax
ra

te
u
n
d
er

th
e

as
su

m
p
ti

o
n
s

(4
)

a
n
d

(6
).

H
ow

ev
er

,
if

th
er

e
is

su
ffi

ci
en

t
am

ou
n
t

of
u
n
la

b
el

ed
d
at

a
w

h
ic

h
h
el

p
s

to
im

p
ro

v
e

th
e

es
ti

m
at

e
of

th
e

in
te

gr
al

op
er

at
or

,
m

in
im

ax
ra

te
ca

n
b

e
a
ch

ie
ve

d
,

as
h
as

b
ee

n
v
er

ifi
ed

in

6
JM

L
R

 1
8(

11
8)

:1
-2

5,
 2

01
7



L
e
a
r
n
in
g

T
h
e
o
r
y
o
f
D
ist

r
ib
u
t
e
d

R
e
g
r
e
ssio

n
w
it
h
B
C
R
K
N

B
la

n
ch

a
rd

a
n
d

K
räm

er
(2010).

F
or

th
is

p
u
rp

ose
w

e
p
rop

ose
th

e
follow

in
g

sem
i-su

p
erv

ised
a
p
p
ro

a
ch

.
A

ssu
m

e,
in

ad
d
ition

to
th

e
lab

eled
d
ata

D
,

w
e

h
ave

a
seq

u
en

ce
of

u
n
lab

elled
d
a
ta
x
|D
|+

1 ,...,x
|D
′| .

W
e

create
a

fu
lly

lab
eled

d
ata

set

D
′
=
{
(x

1 ,y ′1 ),···
,(x
|D
| ,y ′|D

| ),(x
|D
|+

1 ,0),···
,(x
|D
′| ,0)}

,

w
h
ere

y ′i
=
|D
′|
|D
| y
i

for
1
≤
i
≤
|D
|.

W
e

can
ap

p
ly

R
K

N
an

d
B

C
R

K
N

o
n
D
′

to
ob

tain

sem
i-su

p
erv

ised
estim

ators
f
D
′,λ

an
d
f
]D
′,λ .

N
ote

th
at

D
=
D
′

w
h
en
|D
′|

=
|D
|.

S
o

th
e

sem
i-su

p
erv

ised
m

eth
o
d

can
b

e
regard

ed
as

an
ex

ten
sion

of
th

e
su

p
erv

ised
m

eth
o
d

w
h
ile

th
e

su
p

erv
ised

m
eth

o
d

is
a

sp
ecial

case
of

th
e

sem
i-su

p
erv

ised
m

eth
o
d

w
ith

n
o

u
n
lab

eled
d
a
ta

.
T

h
e

n
ex

t
th

eorem
con

fi
rm

s
th

at
B

C
R

K
N

can
ach

iev
e

th
e

m
in

im
ax

rate
for

0
<
r
<

12
w

h
en

th
ere

a
re

en
ou

gh
u
n
lab

eled
d
ata.

T
h

e
o
re

m
4

A
ssu

m
e

th
e

regu
la

rity
co

n
d
itio

n
(4)

w
ith

0
<
r
<

12 .
F

o
r

a
n

y
0
<
δ
<

1
,

w
e

h
a
ve

w
ith

co
n

fi
d
en

ce
a
t

lea
st

1−
δ,

‖
f
]D
′,λ −

f
∗‖
L
2ρX
≤
(

2
Mκ

+
4‖u

∗‖
L
2ρX )

(
B
|D
′|,λ
√
λ

+
1 )

3(B
|D
|,λ

+
λ
r ) (

log
4δ )

3

.
(12)

If
in

a
d
d
itio

n
(6)

h
o
ld

s
w

ith
0
<
β
≤

1
a
n

d
r

+
β
≥

12 ,
λ

=
|D
| −

1
2
r
+
β

,|D
′|≥
|D
|

1
+
β

2
r
+
β
,

th
en

fo
r

a
n

y
δ∈

(0,1),
w

ith
co

n
fi

d
en

ce
a
t

lea
st

1−
δ,

th
ere

h
o
ld

s

‖
f
]D
′,λ −

f
∗‖
L
2ρX
≤
C
′|D
| −

r
2
r
+
β (

log
4δ )

3

(13)

w
h
ere

th
e

co
n

sta
n

t
C
′

is
in

d
epen

d
en

t
o
f
δ,|D

|
o
r
|D
′|

a
n

d
w

ill
be

given
exp

licitly
in

th
e

p
roo

f.

2
.2

E
rro

r
b

o
u

n
d

o
f

d
istrib

u
te

d
re

g
re

ssio
n

w
ith

B
C

R
K

N

W
h
en

B
C

R
K

N
is

u
sed

as
a

b
ase

algorith
m

for
d
istrib

u
ted

regression
,

a
b
ig

d
ata

set
D

is
sp

lit
in

to
m

b
lo

ck
s
D

1 ,D
2 ,...,D

m
.

O
n

each
b
lo

ck
D
j ,

B
C

R
K

N
is

ap
p
lied

to
p
ro

d
u
ce

an

estim
a
to

r
f
]D
j ,λ ,

an
d

th
e

w
eigh

ted
average

of
f
]D
j ,λ ,

f
]D
,λ

=
m
∑j=

1 |D
j |
|D
|
f
]D
j ,λ ,

(14)

is
u
sed

fo
r

th
e

p
u
rp

oses
of

p
red

iction
an

d
in

feren
ce.

F
or

th
is

d
iv

id
e-a

n
d
-con

q
u
er

ap
p
roach

,
w

e
fi
rst

g
iv

e
a

gen
eral

error
b

ou
n
d

for
an

arb
itrary

m
.

H
ere

w
e

d
o

n
ot

req
u
ire

ea
ch

b
lo

ck
to

h
av

e
th

e
sa

m
e

sam
p
le

size.

T
h

e
o
re

m
5

If
th

e
regu

la
rity

co
n

d
itio

n
(4)

h
o
ld

s
w

ith
12
≤
r
≤

2
a
n

d
λ
≤

1,
th

en
th

ere
exists

a
co

n
sta

n
t
C̄

in
d
epen

d
en

t
o
f
m

o
r
|D

j |
su

ch
th

a
t

E

[‖
f
]D
,λ −

f
∗‖

2L
2ρX ]
≤
C̄

m
∑j=

1 |D
j |
|D
| (
B
|D
j |,λ
√
λ

+
1 )

6 (
|D

j |
|D
| B

2|D
j |,λ

+
λ
2N

(λ
)

|D
|

+
λ
2
r )

.
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G
u
o
,
S
h
i
a
n
d

W
u

W
e

n
ex

t
sh

ow
th

at
th

e
d
istrib

u
ted

B
C

R
K

N
(14)

can
ach

ieve
th

e
op

tim
al

learn
in

g
rate

p
rov

id
ed

th
at
m

is
n
ot

to
o

large.

T
h

e
o
re

m
6

A
ssu

m
e

th
e

regu
la

rity
co

n
d
itio

n
(4)

w
ith

12
≤
r
≤

2.
If

(6)
h
o
ld

s
w

ith
0
<

β
≤

1
,|D

1 |
=
|D

2 |
=
···

=
|D

m |,
λ

=
|D
| −

1
2
r
+
β

,
a
n

d
th

e
n

u
m

ber
o
f

th
e

loca
l

m
a
ch

in
es

sa
tisfi

es

m
≤
|D
| m

in {
2

2
r
+
β
,
2
r−

1
2
r
+
β }
,

(15)

th
en

E

[‖
f
]D
,λ −

f
∗‖

2L
2ρX ]

=
O
(|D
| −

2
r

2
r
+
β )

.

3
.
R
e
la
tio

n
s
to

e
x
istin

g
w
o
rk

a
n
d
d
iscu

ssio
n
s

T
h
e

m
in

im
ax

an
aly

sis
of

regu
larized

least
sq

u
are

algorith
m

h
as

received
atten

tion
in

statis-
tics

an
d

learn
in

g
th

eory
literatu

re
(D

eV
ore

et
al.,

2004;
G

y
örfi

et
al.,

2006;
T

em
ly

akov
,
20

08;
C

ap
on

n
etto

an
d

D
e

V
ito,

2007;
S
tein

w
art

et
al.,

2009).
In

p
articu

lar,
assu

m
e
L
K

ad
m

its
an

eigen
d
ecom

p
osition

L
K

=
∑
∞i=

1
τ
i φ
i ⊗

φ
i ,

w
h
ere

τ
i ≥

0
an

d
φ
i

are
th

e
eigen

valu
es

an
d

eigen
fu

n
ction

s
of
L
K

,
resp

ectively.
It

is
p
roved

in
C

ap
on

n
etto

an
d

D
e

V
ito

(200
7)

th
at,

if
th

e
regu

larity
con

d
ition

(4)
h
old

s
w

ith
som

e
r≥

12
an

d
th

e
eigen

valu
es

satisfy
τ
i ∼

i −
2
α

for
som

e
α
>

12 ,
th

en
th

e
m

in
im

ax
op

tim
al

learn
in

g
rate

of
reg

u
larized

least
sq

u
are

algorith
m

isO
(|D
| −

2
α

4
α
r
+
1).

It
is

also
p
roved

th
at

R
K

N
can

ach
ieve

m
in

im
ax

rate
if

12
<
r≤

1.
W

h
en

r
=

12 ,
th

ey
ob

tain
ed

a
su

b
op

tim
al

rate
O
((

lo
g|D
|

|D
|

)
−

2
α

2
α
+
1 )

.
In

S
tein

w
art

et
al.

(2009),

u
n
d
er

th
e

ad
d
ition

al
restriction

‖f‖∞
≤
C
‖
f‖

12
α
K
‖
f‖

1−
12
α

L
2ρX

,
∀
f
∈
H
K
,

it
is

p
roved

th
at

th
e

p
ro

jected
(or

clip
p

ed
)

R
K

N
estim

ato
r

can
ach

ieve
th

e
m

in
im

ax
learn

in
g

rate.
M

ore
recen

tly,
L

in
et

al.
(2017)

p
roved

th
at

R
K

N
can

ach
ieve

m
in

im
ax

learn
in

g
rate

for
r

in
th

e
w

h
ole

ran
ge

of
[
12 ,1]

w
ith

ou
t

an
y

restriction
s

ex
cep

t
for

th
e

con
d
ition

s
(4

)
an

d
τ
i ∼

i −
2
α
.
It

im
p
roves

th
e

resu
lts

in
C

ap
on

n
etto

an
d

D
e

V
ito

(2007);
S
tein

w
art

et
al.

(2009).
W

h
en
r≥

1,
R

K
N

su
ff

ers
th

e
satu

ration
eff

ect
an

d
th

e
learn

in
g

rate
w

ill
n
ot

im
p
rove.

N
ote

ou
r

con
d
ition

(6)
on

th
e

eff
ective

d
im

en
sion

is
n
early

eq
u
ivalen

t
to
τ
i ∼

i −
2
α

w
ith

β
=

12
α

.
T

h
e

resu
lt

in
C

orollary
2

tells
th

a
t

B
C

R
K

N
can

ach
ieve

th
e

m
in

im
ax

learn
in

g
rate

for
r∈

[
12 ,2]

an
d

th
u
s

relax
es

th
e

satu
ration

eff
ect

of
R

K
N

.

F
or

d
istrib

u
ted

regression
p
rob

lem
,

assu
m

e
all

d
ata

b
lo

ck
s
D
i ,
i

=
1,...,m

,
are

of
eq

u
al

size.
If

R
K

N
is

u
sed

as
th

e
b
ase

algo
rith

m
,

u
n
d
er

th
e

assu
m

p
tion

s
th

a
t

E
[|φ

i (x
)| 2

k]≤
A

2
k

for
som

e
k
>

2
an

d
con

stan
t
A
<
∞

,
λ
i ≤

a
i −

2
α
,

an
d
f
∗∈
H
K

(i.e.
r

=
12 ),

it
is

p
roved

in

Z
h
an

g
et

al.
(2015)

th
at

th
e

op
tim

al
learn

in
g

rate
ofO

(n
−

2
α

2
α
+
1)

can
b

e
ach

ieved
b
y

ch
o
osin

g

λ
=
|D
| −

2
α

2
α
+
1

an
d

restrictin
g

th
e

n
u
m

b
er

of
lo

cal
p
ro

cessors

m
≤
c
α 
|D
|
2
(k−

4
)α
−
k

2
α
+
1

A
4
k

log
k|D
| 

1
k−

2

.
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L
e
a
r
n
in
g

T
h
e
o
r
y
o
f
D
is
t
r
ib
u
t
e
d

R
e
g
r
e
ss
io
n
w
it
h
B
C
R
K
N

L
at

er
in

L
in

et
al

.
(2

01
7)

th
e

re
gu

la
ri

ty
co

n
d
it

io
n

(4
)

w
as

ta
ke

n
in

to
co

n
si

d
er

at
io

n
an

d
it

is
p
ro

ve
d

th
at

th
e

d
is

tr
ib

u
te

d
re

gr
es

si
on

ca
n

ac
h
ie

ve
th

e
m

in
im

ax
op

ti
m

al
ra

te
fo

r
al

l
r
∈

[1 2
,1

]
if

m
≤
|D
|m

in
{6
α
(2
r
−
1
)+

1
5
(4
α
r
+
1
)
,2
α
(2
r
−
1
)

4
α
r
+
1
} .

(1
6)

T
h
e

m
et

h
o
d

su
ff

er
s

fr
om

th
e

sa
tu

ra
ti

on
eff

ec
t

in
h
er

it
ed

fr
om

R
K

N
.

S
o

th
e

le
ar

n
in

g
ra

te
ca

n
n
ot

im
p
ro

ve
w

it
h
r
>

1
.

W
h
en

B
C

R
K

N
is

ap
p
li
ed

as
th

e
b
as

e
al

go
ri

th
m

fo
r

d
is

tr
ib

u
te

d
re

gr
es

si
on

,
th

e
sa

tu
ra

ti
on

eff
ec

t
is

re
la

x
ed

an
d

th
e

m
in

im
ax

op
ti

m
al

le
ar

n
in

g
ra

te
ca

n
b

e
ac

h
ie

ve
d

fo
r

th
e

w
h
ol

e
ra

n
ge

r
∈

[1 2
,2

]
as

in
th

e
si

n
gl

e
d
at

a
le

ar
n
in

g
ca

se
.

C
om

p
ar

e
(1

5)
w

it
h

(1
6)

an
d

w
e

se
e

ou
r

an
al

y
si

s
al

so
re

la
x
es

th
e

re
st

ri
ct

io
n

on
th

e
n
u
m

b
er
m

of
lo

ca
l

p
ro

ce
ss

or
s.

W
h
en

r
<

1
w

e
n
ot

ic
e

th
at

d
is

tr
ib

u
te

d
re

gr
es

si
on

w
it

h
R

K
N

an
d

B
C

R
K

N
b

ot
h

re
ac

h
th

e
op

ti
m

al
ra

te
s

b
y

u
n
d
er

re
gu

la
ri

za
ti

on
,

th
at

is
,

se
le

ct
in

g
th

e
re

gu
la

ri
za

ti
on

p
a
ra

m
et

er
ac

co
rd

in
g

to
th

e
n
u
m

b
er

of
al

l
ob

se
rv

at
io

n
s
|D
|,

n
ot

th
e

n
u
m

b
er

of
ob

se
rv

at
io

n
s

in
ea

ch
b
lo

ck
|D

i|.
B

u
t

d
u
e

to
th

e
re

d
u
ce

d
b
ia

s
th

e
p
ar

am
et

er
se

le
ct

io
n

of
B

C
R

K
N

is
le

ss
se

n
si

ti
v
e

an
d

th
u
s

co
u
ld

b
e

ad
va

n
ta

ge
ou

s
in

p
ra

ct
ic

e.
W

e
sh

ow
th

is
b
y

an
il
lu

st
ra

ti
v
e

ex
am

p
le

u
se

d
in

Z
h
an

g
et

al
.

(2
01

5)
.

C
on

si
d
er

th
e

m
o
d
el
f
∗ (
x

)
=

m
in
{x
,1
−
x
}

w
it

h
x
∼

U
n
if

or
m

[0
,1

]
an

d
th

e
n
oi

se
ε
∼
N

(0
,σ

2
)

w
it

h
σ
2

=
1 5
.

L
et
K

(x
,t

)
=

1
+

m
in
{x
,t
}.

T
h
en

f
∗
∈
H
K

an
d
‖f
∗ ‖
K

=
1.

W
e

fi
rs

t
co

m
p
ar

e
th

e
d
is

tr
ib

u
te

d
R

K
N

an
d

th
e

d
is

tr
ib

u
te

d
B

C
R

K
N

w
h
en

λ
=
|D
|−

2
/
3
,

a
th

eo
re

ti
ca

ll
y

op
ti

m
al

ch
oi

ce
.

W
e

ge
n
er

at
e
|D
|=

40
98

sa
m

p
le

p
oi

n
ts

an
d

u
se

n
u
m

b
er

of
p
ar

ti
ti

on
s
m
∈
{2
,4
,8
,1

6,
32
,6

4,
12

8,
25

6,
51

2
,1

0
24
}.

T
h
e

m
ea

n
sq

u
ar

ed
er

ro
rs

of
tw

o
m

et
h
o
d
s

ar
e

p
lo

tt
ed

in
F

ig
u
re

1
(a

).
W

e
se

e
B

C
R

K
N

sl
ig

h
tl

y
ou

tp
er

fo
rm

s
R

K
N

fo
r

al
l
m

.
R

ec
al

l
th

at
th

e
an

al
y
se

s
in

Z
h
an

g
et

al
.

(2
01

5)
;

L
in

et
al

.
(2

01
7)

an
d

th
is

p
ap

er
in

d
ic

at
e

th
e

op
ti

m
al

ch
oi

ce
of

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
is
λ

=
|D
|−
θ

w
it

h
θ

an
in

d
ex

d
ep

en
d
in

g
on

th
e

re
gu

la
ri

ty
of

th
e

tr
u
e

ta
rg

et
fu

n
ct

io
n
f
∗

an
d

th
e

eff
ec

ti
ve

d
im

en
si

on
of

th
e

in
te

gr
al

op
er

at
or
L
K

.
C

le
ar

ly
b

ot
h

ar
e

u
n
k
n
ow

n
in

p
ra

ct
ic

e
an

d
th

u
s

a
th

eo
re

ti
ca

l
o
p
ti

m
al

ch
oi

ce
of

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
is

ac
tu

al
ly

n
ot

av
ai

la
b
le

.
A

t
th

e
sa

m
e

ti
m

e,
in

a
b
ig

d
at

a
se

tt
in

g
w

h
er

e
d
is

tr
ib

u
te

d
re

gr
es

si
on

is
n
ec

es
sa

ry
gl

ob
al

ly
tu

n
in

g
th

e
op

ti
m

al
p
ar

am
et

er
is

ei
th

er
im

p
os

si
b
le

or
to

o
ti

m
e

co
n
su

m
in

g.
A

re
as

on
ab

le
w

ay
is

to
tu

n
e

th
e

p
ar

am
et

er
lo

ca
ll
y

to
ge

t
op

ti
m

al
ch

oi
ce
λ
i

=
|D

i|−
θ

on
D
i

an
d

th
en

u
n
d
er

re
gu

la
ri

ze
it

u
si

n
g

λ
=
λ

lo
g
|D
|

lo
g
|D
i
|

i
=
|D
|−
θ
.

S
o

w
e

n
ex

t
co

m
p
ar

e
th

e
u
se

of
R

K
N

a
n
d

B
C

R
K

N
in

d
is

tr
ib

u
te

d
re

gr
es

si
on

w
h
en

th
is

p
a-

ra
m

et
er

se
le

ct
io

n
st

ra
te

gy
is

u
se

d
.

T
h
e

re
su

lt
s

ar
e

sh
ow

n
in

F
ig

u
re

1
(b

).
W

e
se

e
th

e
re

q
u
ir

em
en

t
on

th
e

n
u
m

b
er

of
lo

ca
l

p
ro

ce
ss

or
s

b
ec

om
es

m
or

e
re

st
ri

ct
iv

e
fo

r
b

o
th

m
et

h
o
d
s,

in
d
ic

at
in

g
th

at
u
n
d
er

re
gu

la
ri

zi
n
g

lo
ca

ll
y

op
ti

m
al

p
ar

am
et

er
d
o
es

n
ot

le
ad

to
gl

ob
a
ll
y

op
ti

-
m

al
p
ar

am
et

er
.

B
C

R
K

N
si

gn
ifi

ca
n
tl

y
ou

tp
er

fo
rm

s
R

K
N

as
m

in
cr

ea
se

s,
in

d
ic

at
in

g
it

is
le

ss
se

n
si

ti
ve

to
th

e
p
ar

am
et

er
se

le
ct

io
n

w
h
en

a
gl

ob
al

ly
op

ti
m

al
p
ar

am
et

er
is

n
ot

av
ai

la
b
le

.
N

ot
e

th
at

th
e

u
p
p

er
b

ou
n
d
s

on
th

e
n
u
m

b
er

of
lo

ca
l

p
ro

ce
ss

or
s

ar
e

co
n
st

ra
in

ed
b
y

th
e

an
al

y
si

s
te

ch
n
iq

u
es

,
n
ot

n
ec

es
sa

ri
ly

re
fl
ec

t
th

e
tr

u
e

li
m

it
on

th
e

n
u
m

b
er

of
lo

ca
l

p
ro

ce
ss

or
s

al
lo

w
ed

in
p
ra

ct
ic

e.
A

ls
o,

si
n
ce

u
n
d
er

re
gu

la
ri

za
ti

on
is

n
ec

es
sa

ry
in

d
is

tr
ib

u
te

d
re

gr
es

si
on

b
u
t

gl
ob

al
ly

tu
n
in

g
th

e
op

ti
m

al
p
ar

am
et

er
is

im
p
ra

ct
ic

al
,

th
e

im
p
ac

t
of

p
ar

am
et

er
se

le
ct

io
n

st
ra

te
gy

on
th

e
n
u
m

b
er

of
lo

ca
l
p
ro

ce
ss

or
s

is
u
n
k
n
ow

n
.

F
u
rt

h
er

in
ve

st
ig

at
io

n
on

th
es

e
is

su
es

is
of

gr
ea

t
in

te
re

st
in

fu
tu

re
re

se
ar

ch
.
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8(

11
8)

:1
-2

5,
 2

01
7

G
u
o
,
S
h
i
a
n
d

W
u

1
2

3
4

5
6

7
8

9
10

lo
g 2
(m

)

012345678 MSE

×
10

-3

R
KN

BC
R
KN

1
2

3
4

5
6

7
8

9
10

lo
g 2
(m

)

0

0.
00
2

0.
00
4

0.
00
6

0.
00
8

0.
01

0.
01
2

0.
01
4

0.
01
6

0.
01
8

MSE

R
KN

BC
R
KN

(a
)

(b
)

F
ig

u
re

1:
M

S
E

of
d
is

tr
ib

u
te

d
R

K
N

an
d

d
is

tr
ib

u
te

d
B

C
R

K
N

.
(a

)
λ

=
|D
|−

2
/
3

is
u
se

d
.

(b
)

λ
is

fi
rs

t
tu

n
ed

lo
ca

ll
y

an
d

th
e

u
n
d
er

re
gu

la
ri

ze
d
.

F
in

al
ly

,
it

is
w

or
th

m
en

ti
on

in
g

th
at

d
eb

ia
si

n
g

te
ch

n
iq

u
es

h
av

e
al

so
b

ee
n

d
ev

el
o
p

ed
to

im
p
ro

ve
th

e
ac

cu
ra

cy
of

st
at

is
ti

ca
l

in
fe

re
n
ce

of
d
is

tr
ib

u
te

d
la

ss
o

an
d

re
ce

iv
ed

co
n
si

d
er

a
b
le

at
te

n
ti

on
re

ce
n
tl

y
(B

ü
h
lm

an
n
,

20
13

;
Z

h
an

g
an

d
Z

h
an

g,
20

14
;

J
av

an
m

ar
d

a
n
d

M
o
n
ta

n
a
ri

,
20

14
;

L
ee

et
al

.,
20

17
;

B
at

te
y

et
al

.,
20

15
).

4
.
P
re
li
m
in
a
ry

le
m
m
a
s

T
h
e

fo
ll
ow

in
g

le
m

m
as

ca
n

b
e

fo
u
n
d

in
L

in
et

al
.

(2
01

7)
;

G
u
o

et
al

.
(2

01
7a

).

L
e
m

m
a

7
L

et
D

be
a

sa
m

p
le

d
ra

w
n

in
d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
ρ

a
n

d
g

be
a

m
ea

su
ra

bl
e

bo
u

n
d
ed

fu
n

ct
io

n
o
n
Z

a
n

d
ξ g

be
a

ra
n

d
o
m

va
ri

a
bl

e
w

it
h

va
lu

es
o
n
H
K

gi
ve

n
by

ξ g
(z

)
=

g
(z

)K
x

fo
r
z

=
(x
,y

)
∈
Z
.

F
o
r

a
n

y
0
<
δ
<

1,
w

it
h

co
n

fi
d
en

ce
a
t

le
a
st

1
−
δ,

th
er

e
h
o
ld

s

∥ ∥ ∥ ∥ ∥(λ
I

+
L
K

)−
1 2

(
1 |D
|∑ z
∈D

ξ g
(z

)
−

E
[ξ
g
])
∥ ∥ ∥ ∥ ∥ K
≤
‖g
‖ ∞

lo
g

2 δ

κ
B |
D
|,λ
.

L
e
m

m
a

8
L

et
D

be
a

sa
m

p
le

d
ra

w
n

in
d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
ρ
.

If
|y
|≤

M
a
lm

o
st

su
re

ly
,

th
en

w
it

h
co

n
fi

d
en

ce
a
t

le
a
st

1
−
δ,

th
er

e
h
o
ld

s

∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(

1 |D
|S
∗ D

y
D
−
L
K
,D
f
∗ )
∥ ∥ ∥ K
≤

2
M
B |
D
|,λ

lo
g

2 δ
.

L
e
m

m
a

9
L

et
D

be
a

sa
m

p
le

d
ra

w
n

in
d
ep

en
d
en

tl
y

a
cc

o
rd

in
g

to
ρ
.

If
|y
|≤

M
a
lm

o
st

su
re

ly
,

th
en

fo
r

a
n

y
0
<
δ
<

1
,

w
it

h
co

n
fi

d
en

ce
a
t

le
a
st

1
−
δ,

th
er

e
h
o
ld

s

Ξ
D

:=
‖(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D

)‖
≤
B |
D
|,λ

lo
g

2 δ
,

(1
7)

1
0

JM
L

R
 1

8(
11

8)
:1

-2
5,

 2
01

7



L
e
a
r
n
in
g

T
h
e
o
r
y
o
f
D
ist

r
ib
u
t
e
d

R
e
g
r
e
ssio

n
w
it
h
B
C
R
K
N

If
A

a
n
d
B

a
re

in
v
ertib

le
op

erators
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a
B

an
ach

sp
ace,

th
en

b
y
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e

seco
n
d

ord
er

op
erator

d
eco

m
p

o
sitio

n
p
rop

osed
in

L
in

et
al.

(20
17),

w
e

h
av

e

A
−
1−

B
−
1

=
B
−
1(B
−
A

)B
−
1(B
−
A

)A
−
1

+
B
−
1(B
−
A

)B
−
1.

(18)

T
h
is

im
p
lies

th
e

follow
in

g
d
ecom

p
osition

of
th

e
op

erator
p
ro

d
u
ct

B
A
−
1

=
(B
−
A

)B
−
1(B
−
A

)A
−
1

+
(B
−
A

)B
−
1

+
I
.
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W
ith

A
=
L
K
,D

+
λ
I

an
d
B

=
L
K

+
λ
I

in
(19),

an
d

ap
p
ly

in
g

L
em

m
a

9,
w

e
h
ave

th
e

follow
in

g
b

o
u
n
d

fo
r‖

(L
K

+
λ
I
)(L

K
,D

+
λ
I
) −

1‖
;

for
th

e
d
etailed

p
ro

of
see

G
u
o

et
al.

(2017
a).

P
ro

p
o
sitio

n
1
0

F
o
r

a
n

y
0
<
δ
<

1,
w

ith
co

n
fi

d
en

ce
a
t

lea
st

1−
δ,

th
ere

h
o
ld

s

Ω
D

:=
‖
(L

K
+
λ
I
)(L

K
,D

+
λ
I
) −

1‖
≤
(
B
|D
|,λ

log
2δ

√
λ

+
1 )

2

.

M
o
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ver,
th

e
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n
fi

d
en
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set

is
th

e
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m
e

a
s

th
a
t

in
L

em
m

a
9
.

L
e
m

m
a

1
1

L
et
Q

be
po

sitive
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n
d
o
m

va
ria

ble.
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th
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a
re

co
n

sta
n

ts
a
>

0,b
>

0,τ
>

0
su

ch
th

a
t

fo
r

a
n

y
0
<
δ
≤

1
,

w
ith

co
n

fi
d
en

t
a
t

lea
st

1−
δ,

th
ere

h
o
ld

s
Q
≤
a
(log

bδ )
τ,

th
en

fo
r

a
n

y
s
>

0
w

e
h
a
ve

E
[Q

s]≤
a
sbΓ

(τ
s

+
1).

P
ro

o
f

N
o
te

th
e

con
d
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p
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t
>

0
th
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P
r [Q

1τ
>
t ]≤

b
ex

p (−
t

a
1
/
τ )

.

S
o

w
e

h
ave

E
[Q

s]
=

E
[(
Q

1
/
τ )

τ
s ]

=
τ
s ∫

∞0
t τ
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1
P

r [Q
1τ
>
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d
t

≤
τ
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∞0
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1
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/
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d
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bτ
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=
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+
1).

T
h
is
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E
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r
a
n
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f
B
C
R
K
N

in
L
2ρX

w
h
e
n

r≥
12

W
e

w
ill

sp
lit

th
e

p
ro

of
of

T
h
eorem

1
in

to
th

ree
cases:

0
<
r
<

12 ,
12
≤
r≤

32 ,
an

d
32
<
r≤

2
.

In
th

is
sectio

n
w

e
p
rove

it
for

th
e

secon
d

a
n
d

th
ird

cases
w

h
ile

leav
e

th
e

fi
rst

case
to

S
ectio

n
7
.

D
en

ote
∆
D

=
1|D| S
∗D

(y
D
−
S
D
f
∗).

P
ro

p
o
sitio

n
1
2

If
12
≤
r≤

32 ,
w

e
h
a
ve

‖
f
]D
,λ −

f
∗‖
L
2ρX
≤

2Ω
D

∥∥∥
(λ
I

+
L
K

) −
12∆

D ∥∥∥
K

+
λ
r(Ω

D
)
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u
∗‖
L
2ρX
.
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L
2ρX
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E
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]D
,λ ]−

f
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L
2ρX

,
(20)

w
h
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E
∗[f

]D
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=
(2λ

I
+
L
K
,D
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I

+
L
K
,D

) −
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K
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∗
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d
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y
D
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x
D
.
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∥∥∥
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∥∥∥
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∥∥∥
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∥∥∥
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L
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K

) −
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K
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) −
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(21)
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d
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‖
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‖
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secon
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=
[(2λ

I
+
L
K
,D

)(λ
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+
L
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,D

) −
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K
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−
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B
y
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∗ ∥∥∥
L
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=
λ
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(λ
I
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L
K
,D

) −
2L
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L
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≤
λ
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L
K
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I
+
L
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) −
2L
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12
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∗ ∥∥∥∥
K

≤
λ
2 ∥∥∥
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+
L
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) −
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L
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) −
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12
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L
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D
)
12 ∥∥∥∥
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L
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) −
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K

∥∥∥∥ ‖u
∗‖
L
2ρX
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∥∥∥∥
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∥∥∥∥
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≤
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−
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(λ
I

+
L
K
,D

)−
r
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1 2
(λ
I
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−
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λ
I

+
L
K
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∥ ∥ ∥ ∥
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λ
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−
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D
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−
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.
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∥ ∥ ∥E
∗ [
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]
−
f
∗∥ ∥ ∥
L
2 ρ X

≤
λ
r
(Ω

D
)r
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∗ ‖
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h
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b
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≤
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e
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∗ ‖
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∥ ∥ ∥(
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I
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∗ ‖
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P
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st
,
‖f

] D
,λ
−
f
∗ ‖
L
2 ρ X
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n

b
e

d
iv

id
ed

in
to

tw
o

te
rm

s
b
y

(2
0)

.
T

h
e

fi
rs

t
te

rm
h
as

b
ee

n
es

ti
m

at
ed

in
P

ro
p

os
it

io
n

12
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(2
1)

.
W

e
n
ow

fo
cu

s

on
th

e
se

co
n
d

te
rm

.
T

o
th

is
en

d
,

b
y

(2
2)

,
w

e
on

ly
n
ee

d
to

es
ti

m
at

e

∥ ∥ ∥ ∥(
λ
I

+
L
K
,D

)−
3 2
L
r
−

1 2
K

∥ ∥ ∥ ∥.
W

h
en

3 2
≤
r
<

2,
w

e
h
av

e

(λ
I

+
L
K
,D

)−
3 2
L
r
−

1 2
K

=
(λ
I

+
L
K
,D

)−
1 2
[ (λ

I
+
L
K
,D

)−
1
−

(λ
I

+
L
K

)−
1
] L

r
−

1 2
K

+
(λ
I

+
L
K
,D

)−
1 2
(λ
I

+
L
K

)−
1
L
r
−

1 2
K

=
(λ
I

+
L
K
,D

)−
1 2
(λ
I

+
L
K

)−
1
(L

K
−
L
K
,D

)(
λ
I

+
L
K
,D

)−
1
(λ
I

+
L
K

)(
λ
I

+
L
K

)−
1
L
r
−

1 2
K

+
(λ
I

+
L
K
,D

)−
1 2
(λ
I

+
L
K

)1 2
(λ
I

+
L
K

)−
3 2
L
r
−

1 2
K

.

B
y

th
e

b
ou

n
d
s
∥ ∥ ∥(
λ
I

+
L
K
,D

)−
1 2

∥ ∥ ∥
≤

1 √
λ
,
∥ ∥ ∥(
λ
I

+
L
K

)−
1 2

∥ ∥ ∥
≤

1 √
λ
,

an
d
‖L

K
‖
≤
κ
2
,

w
e

h
av

e,

∥ ∥ ∥ ∥(
λ
I

+
L
K
,D

)−
3 2
L
r
−

1 2
K

∥ ∥ ∥ ∥

≤
1 λ

∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D

)∥ ∥ ∥∥ ∥
(λ
I

+
L
K
,D

)−
1
(λ
I

+
L
K

)∥ ∥
∥ ∥ ∥ ∥(
λ
I

+
L
K

)−
1
L
r
−

1 2
K

∥ ∥ ∥ ∥

+
∥ ∥ ∥(
λ
I

+
L
K
,D

)−
1 2
(λ
I

+
L
K

)1 2

∥ ∥ ∥∥ ∥ ∥ ∥(
λ
I

+
L
K

)−
3 2
L
r
−

1 2
K

∥ ∥ ∥ ∥

≤
λ
−
1
Ω
D

∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D

)∥ ∥ ∥κ
2
r
−
3

+
λ
r
−
2
(Ω

D
)1 2
.

T
h
er

ef
or

e,
p
u
tt

in
g

th
e

ab
ov

e
b

ou
n
d

b
a
ck

in
to

(2
2)

y
ie

ld
s

∥ ∥ ∥E
∗ [
f
] D
,λ

]−
f
∗∥ ∥ ∥
L
2 ρ X

≤
λ
∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D

)∥ ∥ ∥(
Ω
D

)3 2
κ
2
r
−
3
‖u
∗ ‖
L
2 ρ X

+
λ
r
Ω
D
‖u
∗ ‖
L
2 ρ X
.
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4)
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W
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ow
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b
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p
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in

g
(2

1)
an

d
(2

4)
in

to
(2
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.

N
ow

w
e

ar
e

re
ad

y
to

p
ro

v
e

T
h
eo

re
m

1
an

d
C

or
ol

la
ry

2
fo

r
r
≥

1 2
.

P
ro

o
f

o
f

T
h

e
o
re

m
1
:

C
a
se

1 2
≤
r
≤

2
.

B
y

L
em

m
a

8,
w

e
h
av

e
w

it
h

co
n
fi
d
en

ce
a
t

le
as

t

1
−

δ 2
,

∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
∆
D

∥ ∥ ∥ K
≤

2
M
B |
D
|,λ

lo
g

4 δ
.

(2
5
)

B
y

L
em

m
a

9
an

d
P

ro
p

os
it

io
n

10
,

w
e

ob
ta

in
th

at
,

w
it

h
co

n
fi
d
en

ce
at

le
as

t
1
−

δ 2
,

Ξ
D

=
‖(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D

)‖
≤
B |
D
|,λ

lo
g

4 δ
(2

6
)

an
d

Ω
D

=
‖(
L
K

+
λ
I
)(
L
K
,D

+
λ
I
)−

1
‖
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(
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D
|,λ
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g
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√
λ

+
1

)
2

(2
7
)

h
ol

d
si

m
u
lt

an
eo

u
sl

y.
W

h
en

1 2
≤
r
≤

3 2
,

w
e

ap
p
ly

(2
5)

an
d

(2
7)

to
P

ro
p

os
it

io
n

12
an

d
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ta
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‖f
] D
,λ
−
f
∗ ‖
L
2 ρ X
≤
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(
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D
|,λ
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g

4 δ
√
λ

+
1

)
2

B |
D
|,λ

lo
g
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+
λ
r

(
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D
|,λ

lo
g
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√
λ

+
1

)
2
r

‖u
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L
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≤
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M

+
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∗ ‖
L
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)

(
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D
|,λ

√
λ

+
1

) 3
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|,λ

+
λ
r
)

( lo
g

4 δ

) 4

W
h
en

3 2
<
r
≤

2
,

w
e

ap
p
ly

(2
5)

,
(2

6)
an
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7
)

to
P
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it
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n
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an

d
ob

ta
in

‖f
] D
,λ
−
f
∗ ‖
L
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≤
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M

(
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D
|,λ

lo
g
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√
λ

+
1

)
2

B |
D
|,λ

lo
g
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λ
B |
D
|,λ
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(
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D
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g
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√
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+
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κ
2
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−
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∗ ‖
L
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+
λ
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(
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D
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g
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√
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+
1

)
2

‖u
∗ ‖
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2
κ
2
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3
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∗ ‖
L
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)

(
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D
|,λ

√
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1
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+
λ
r
)

( lo
g

4 δ
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.

S
o

(7
)
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p
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v
ed

fo
r

al
l
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≤
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≤

2.
A
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in
g

L
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m
a
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w

it
h
b

=
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n
d
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2
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w
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ed
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m
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n
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(8
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P
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o
f

o
f
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.
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it

h
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≤
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≤
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√
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√
|D
|

+
√
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√
λ

+
1
≤

2
κ

(κ
+
√
C
0 )|D
| −

r
2
r
+
β|D
|

1
2
r
+
β

+
1
≤

2
κ (

κ
+
√
C
0 )

+
1
.

(29)

T
h
en

th
e

co
n
clu

sion
s

follow
from

T
h
eorem

1.

6
.
E
rro

r
a
n
a
ly
sis

in
H
K

In
th

is
section

,
w

e
d
eriv

e
th

e
error

b
ou

n
d

for‖f
]D
,λ −

f
∗‖
K

an
d

p
rove

th
e

con
v
ergen

ce
of

B
C

R
K

N
in
H
K
.

It
is

sim
ilar

to
th

e
error

an
aly

sis
in
L
2ρX
.

P
ro

p
o
sitio

n
1
4

If
r∈

[
12 ,

32 ],
w

e
h
a
ve

‖f
]D
,λ −

f
∗‖
K
≤

2
λ
−

12(Ω
D

)
12 ∥∥∥

(λ
I

+
L
K

) −
12∆

D ∥∥∥
K

+
λ
r−

12(Ω
D

)
r−

12‖u
∗‖
L
2ρX
.

If
r∈

(
32 ,2],

w
e

h
a
ve

‖
f
]D
,λ −

f
∗‖
K
≤

2λ
−

12(Ω
D

)
12 ∥∥∥

(λ
I

+
L
K

) −
12∆

D ∥∥∥
K

+
λ

12Ξ
D

Ω
D
κ
2
r−

3‖u
∗‖
L
2ρX

+
λ
r−

12Ω
D ‖
u
∗‖
L
2ρX
.

P
ro

o
f

B
y

th
e

trian
gle

in
eq

u
ality

in
H
K

,
w

e
h
ave

‖f
]D
,λ −

f
∗‖
K
≤
‖f

]D
,λ −

E
∗[f

]D
,λ ]‖

K
+
‖E
∗[f

]D
,λ ]−

f
∗‖
K
.

T
o

estim
a
te

th
e

fi
rst

term
,

w
e

see
th

a
t

f
]D
,λ −

E
∗[f

]D
,λ ]

=
(2
λ
I

+
L
K
,D

)(λ
I

+
L
K
,D

) −
2∆

D
.

T
h
en

∥∥∥
f
]D
,λ −

E
∗[f

]D
,λ ] ∥∥∥

K
=
‖(2λ

I
+
L
K
,D

)(λ
I

+
L
K
,D

) −
2∆

D ‖
K

≤
∥∥∥
(2λ

I
+
L
K
,D

)(λ
I

+
L
K
,D

) −
32 ∥∥∥ ∥∥∥

(λ
I

+
L
K
,D

) −
12(λ

I
+
L
K

)
12 ∥∥∥ ∥∥∥

(λ
I

+
L
K

) −
12∆

D ∥∥∥
K

≤
2
λ
−

12(Ω
D

)
12 ∥∥∥

(λ
I

+
L
K

) −
12∆

D ∥∥∥
K
.

F
o
r

th
e

seco
n
d

term
,

w
e

h
ave

∥∥∥
E
∗[f

]D
,λ ]−

f
∗ ∥∥∥
K

=
∥∥
λ
2(λ

I
+
L
K
,D

) −
2L

ru
∗ ∥∥
K
≤
λ
2‖

(λ
I

+
L
K
,D

) −
2L

r−
12

K
‖‖u

∗‖
L
2ρX
.

F
o
llow

in
g

th
e

sam
e

id
ea

as
in

th
e

p
ro

of
of

P
rop

osition
12,

w
e

ob
tain

for
r∈

[
12 ,

32 ],
∥∥∥
E
∗[f

]D
,λ ]−

f
∗ ∥∥∥
K
≤
λ
r−

12(Ω
D

)
r−

12‖
u
∗‖
L
2ρX

a
n
d

fo
llow

in
g

th
e

id
ea

in
th

e
p
ro

of
of

P
rop

osition
13,

w
e

ob
tain

for
r∈

(
32 ,2

],
∥∥∥
E
∗[f

]D
,λ ]−

f
∗ ∥∥∥
K
≤
λ

12Ξ
D

Ω
D
κ
2
r−

3‖u
∗‖
L
2ρX

+
λ
r−

12Ω
D ‖
u
∗‖
L
2ρX
.
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G
u
o
,
S
h
i
a
n
d

W
u

T
h
e

d
esired

error
b

ou
n
d
s

n
ow

follow
b
y

com
b
in

in
g

th
e

estim
ates

for
b

oth
term

s.

P
ro

o
f

o
f

T
h

e
o
re

m
3
.

N
ote

th
at

(25),
(26)

an
d

(27)
h
old

sim
u
ltan

eou
sly

w
ith

p
rob

ab
ility

at
least

1−
δ.

T
h
erefore,

w
h
en

12
≤
r≤

32 ,
w

e
h
ave

w
ith

con
fi
d
en

ce
at

least
1−

δ

‖f
]D
,λ −

f
∗‖
K
≤

2
λ
−

12 (
B
|D
|,λ

log
4δ

√
λ

+
1 )

2
M
B
|D
|,λ

log
4δ

+
λ
r−

12 (
B
|D
|,λ

log
4δ

√
λ

+
1 )

2
r−

1‖u
∗‖
L
2ρX

≤
(4M

+
‖
u
∗‖
L
2ρX

) (
B
|D
|,λ

√
λ

+
1 )

2

(λ
−

12B
|D
|,λ

+
λ
r−

12) (
log

4δ )
3

an
d
,

w
h
en

32
<
r≤

2
,

‖f
]D
,λ −

f
∗‖
K
≤

2λ
−

12 (
B
|D
|,λ

log
4δ

√
λ

+
1 )

2
M
B
|D
|,λ

log
4δ

+
λ

12B
|D
|,λ

log
4δ (
B
|D
|,λ

log
4δ

√
λ

+
1 )

2

κ
2
r−

3‖
u
∗‖
L
2ρX

+
λ
r−

12 (
B
|D
|,λ

log
4δ

√
λ

+
1 )

2‖u
∗‖
L
2ρX

≤
(

4M
+

2
κ
2
r−

3‖u
∗‖
L
2ρX ) (

B
|D
|,λ

√
λ

+
1 )

2

(λ
−

12B
|D
|,λ

+
λ
r−

12) (
log

4δ )
3

.

T
h
is

p
roves

th
e

error
b

ou
n
d

(9).
T

h
en

(10)
follow

s
from

estim
ates

(28)
an

d
(29),

an
d

(11)
follow

s
b
y

ap
p
ly

in
g

L
em

m
a

11.

7
.
Im

p
ro
v
e
th

e
e
rro

r
a
n
a
ly
sis

b
y
u
n
la
b
e
lle

d
d
a
ta

T
h
e

error
an

aly
sis

for
th

e
sem

i-su
p

erv
ised

ap
p
roach

is
m

ore
in

volved
.

B
efore

w
e

m
ove

on
,

n
otice

th
at

T
h
eorem

1
w

ith
0
<
r
<

12
is

a
sp

ecial
case

of
T

h
eorem

4
w

ith
D
′

=
D

w
h
en

th
ere

is
n
o

u
n
lab

eled
d
ata.

S
o

u
p

on
fi
n
ish

in
g

T
h
eorem

4,
w

e
also

ob
tain

T
h
eorem

1
w

ith
0
<
r
<

12 .

W
e

n
eed

to
in

tro
d
u
ce

an
in

term
ed

iate
fu

n
ction

.
R

ecall
L

is
a

com
p
act

op
erator

on
L
2ρX
.

L
et
{
τ
i } ∞i=

1
an

d
{
ψ
i } ∞i=

1
b

e
th

e
eigen

valu
es

an
d

eigen
fu

n
ction

s
of
L

.
T

h
en
{ψ

i } ∞i=
1

form
an

orth
on

orm
al

b
asis

of
L
2ρX
.

L
et
P
λ

b
e

th
e

p
ro

jection
op

erator
on

L
2ρX

th
at

p
ro

jects
each

f
∈
L
2ρX

on
to

th
e

su
b
sp

ace
sp

an
n
ed

b
y
{
ψ
i

:
τ
i ≥

λ}
,

i.e.

P
λ f

=
∑{
i:τ
i ≥
λ} 〈ψ

i ,f〉
L
2ρX
ψ
i ,

∀
f
∈
L
2ρX
.
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h
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D
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R
e
g
r
e
ss
io
n
w
it
h
B
C
R
K
N

B
y

th
e

is
om

or
p
h
is

m
p
ro

p
er

ty
(5

)
of
L

1 2
,
{φ

i
=
√
τ i
ψ
i

:
σ
i
>

0}
fo

rm
an

or
th

on
or

m
al

b
as

is
of
H
K
.

S
in

ce
{i

:
τ i
≥
λ
}

is
a

fi
n
it

e
se

t,
it

is
ob

v
io

u
s
P
λ
f
∈
H
K

fo
r

al
l
f
∈
L
2 ρ X
.

D
efi

n
e

f
tr λ

=
P
λ
f
∗ .

W
e

ca
n

b
ou

n
d
‖f

] D
′ ,
λ
−
f
∗ ‖
L
2 ρ X

as
fo

ll
ow

s.

P
ro

p
o
si

ti
o
n

1
5

W
e

h
a
ve

‖f
] D
′ ,
λ
−
f
∗ ‖
L
2 ρ X
≤
I 1

+
I 2

+
I 3
,

w
h
er

e

I 1
=

∥ ∥ ∥(
λ
I

+
L
K

)1 2
(2
λ
I

+
L
K
,D
′ )

(λ
I

+
L
K
,D
′ )
−
2
(

1 |D
′ |
S
∗ D
′y
D
′
−
L
K
,D
′ f
tr λ

)∥ ∥ ∥
K

I 2
=

∥ ∥ ∥λ
2
(λ
I

+
L
K

)1 2
(λ
I

+
L
K
,D
′ )
−
2
f
tr λ

∥ ∥ ∥ K
,

I 3
=
‖f

tr λ
−
f
∗ ‖
L
2 ρ X
.

P
ro

o
f

N
ot

e
th

at

‖f
] D
′ ,
λ
−
f
∗ ‖
L
2 ρ X
≤
‖f

] D
′ ,
λ
−
f
tr λ
‖ L

2 ρ X
+
‖f

tr λ
−
f
∗ ‖
L
2 ρ X
.

(3
0)

S
in

ce
f
] D
′ ,
λ
−
f
tr λ
∈
H
K
,

b
y

th
e

is
om

et
ry

p
ro

p
er

ty
(5

)
of
L

1 2
=
L

1 2 K
,

w
e

h
av

e

‖f
] D
′ ,
λ
−
f
tr λ
‖ L

2 ρ X
=
‖L

1 2 K
(f
] D
′ ,
λ
−
f
tr λ

)‖
K
≤
‖(
λ
I

+
L
K

)1 2
(f
] D
′ ,
λ
−
f
tr λ

)‖
K
.

(3
1)

R
ec

al
l

th
at

f
] D
′ ,
λ

=
f D
′ ,
λ

+
λ

(λ
I

+
L
K
,D
′ )
−
1
f D
′ ,
λ

=
(2
λ
I

+
L
K
,D
′ )

(λ
I

+
L
K
,D
′ )
−
2

1 |D
′ |S
∗ D
′y
D
′ .

It
is

ea
sy

to
ch

ec
k

th
at

f
] D
′ ,
λ
−
f
tr λ

=
(2
λ
I

+
L
K
,D
′ )

(λ
I

+
L
K
,D
′ )
−
2

(
1 |D
′ |S
∗ D
′y
D
′
−
L
K
,D
′ f
tr λ

)

−
λ
2
(λ
I

+
L
K
,D
′ )
−
2
f
tr λ
.

P
u
tt

in
g

th
is

in
(3

1)
w

e
h
av

e
‖f

] D
′ ,
λ
−
f
tr λ
‖ L

2 ρ X
b

ou
n
d
ed

b
y
I 1

+
I 2

.
T

og
et

h
er

w
it

h
(3

0)
,

w
e

ob
ta

in
th

e
d
es

ir
ed

co
n
cl

u
si

on
.

N
ex

t
w

e
es

ti
m

at
e

th
e

th
re

e
te

rm
s

re
sp

ec
ti

ve
ly

.
T

h
e

th
ir

d
te

rm
I 3

ca
n

b
e

ea
si

ly
b

ou
n
d
ed

b
y

th
e

fo
ll
ow

in
g

le
m

m
a,

w
h
ic

h
h
as

b
ee

n
p
ro

ve
d

in
C

ap
on

n
et

to
(2

00
6)

.

L
e
m

m
a

1
6

W
e

h
a
ve
‖f

tr λ
−
f
∗ ‖
L
2 ρ X
≤
λ
r
‖u
∗ ‖
L
2 ρ X

a
n

d
‖f

tr λ
‖ K
≤
λ
−

1 2
+
r
‖u
∗ ‖
L
2 ρ X
.

F
or

th
e

fi
rs

t
te

rm
I 1

,
w

e
h
av

e
th

e
fo

ll
ow

in
g

b
ou

n
d
.

P
ro

p
o
si

ti
o
n

1
7

F
o
r

a
n

y
δ
∈

(0
,1

),
w

it
h

co
n

fi
d
en

ce
a
t

le
a
st

1
−
δ,

th
er

e
h
o
ld

s

I 1
≤
(

2
M κ

+
2
‖u
∗ ‖
L
2 ρ X

)
(
B |
D
′ |,
λ

√
λ

+
1

) 3
( B
|D
|,λ

+
λ
r
)(

lo
g

4 δ

) 3
.

17
JM

L
R

 1
8(

11
8)

:1
-2

5,
 2

01
7

G
u
o
,
S
h
i
a
n
d

W
u

P
ro

o
f

S
in

ce
2
λ
I

+
L
K
,D
′

an
d

(λ
I

+
L
K
,D
′ )
−
1

co
m

m
u
te

,
w

e
h
av

e

I 1
=

∥ ∥ ∥ ∥(
λ
I

+
L
K

)1 2
(2
λ
I

+
L
K
,D
′ )

(λ
I

+
L
K
,D
′ )
−
2

(
1 |D
′ |S
∗ D
′y
D
′
−
L
K
,D
′ f
tr λ

)∥ ∥ ∥ ∥
K

≤
∥ ∥ ∥(
λ
I

+
L
K

)1 2
(λ
I

+
L
K
,D
′ )
−

1 2

∥ ∥ ∥∥ ∥
(2
λ
I

+
L
K
,D
′ )

(λ
I

+
L
K
,D
′ )
−
1
∥ ∥

×
∥ ∥ ∥(
λ
I

+
L
K
,D
′ )
−

1 2
(λ
I

+
L
K

)1 2

∥ ∥ ∥∥ ∥ ∥ ∥(
λ
I

+
L
K

)−
1 2

(
1 |D
′ |S
∗ D
′y
D
′
−
L
K
,D
′ f
tr λ

)∥ ∥ ∥ ∥
K

≤
2Ω

D
′

∥ ∥ ∥ ∥(
λ
I

+
L
K

)−
1 2

(
1 |D
′ |S
∗ D
′y
D
′
−
L
K
,D
′ f
tr λ

)∥ ∥ ∥ ∥
K

.

P
ro

p
os

it
io

n
10

en
su

re
s

th
at

,
w

it
h

co
n
fi
d
en

ce
at

le
as

t
1
−

δ 2
,

Ω
D
′
≤
(
B |
D
′ |,
λ

√
λ

+
1

) 2
( lo

g
4 δ

) 2
.

(3
2
)

N
ow

it
su

ffi
ce

s
to

co
n
si

d
er

th
e

te
rm
∥ ∥ ∥(
λ
I

+
L
K

)−
1 2

(
1 |D
′ |
S
∗ D
′y
D
′
−
L
K
,D
′ f
tr λ

)∥ ∥ ∥
K
.
W

e
fu

rt
h
er

d
iv

id
e

it
in

to
th

re
e

p
ar

ts
as

fo
ll
ow

s

∥ ∥ ∥ ∥(
λ
I

+
L
K

)−
1 2

(
1 |D
′ |S
∗ D
′y
D
′
−
L
K
,D
′ f
tr λ

)∥ ∥ ∥ ∥
≤

∥ ∥ ∥ ∥(
λ
I

+
L
K

)−
1 2

(
1 |D
′ |S
∗ D
′y
D
′
−
L
K
f
∗)
∥ ∥ ∥ ∥ K

+
∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
f
∗
−
L
K
f
tr λ

)∥ ∥ ∥ K
+
∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D
′ )
f
tr λ

∥ ∥ ∥ K
.

B
y

th
e

d
efi

n
it

io
n

of
y
′ i,

it
is

ea
sy

to
ch

ec
k

th
at

1 |D
′ |
S
∗ D
′y
D
′

=
1 |D
|S
∗ D

y
D
.

A
p
p
ly

in
g

L
em

m
a

7

w
it

h
ξ g

(z
)

=
y
K
x
,

w
e

ob
ta

in
,

w
it

h
co

n
fi
d
en

ce
at

le
as

t
1
−

δ 2
,

∥ ∥ ∥ ∥(
λ
I

+
L
K

)−
1 2

(
1 |D
′ |S
∗ D
′y
D
′
−
L
K
f
∗)
∥ ∥ ∥ ∥ K
≤
M

lo
g

4 δ

κ
B |
D
|,λ
.

B
y

L
em

m
a

16
,

w
e

h
av

e

∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
f
∗
−
L
K
f
tr λ

)∥ ∥ ∥ K
≤
‖f
∗
−
f
tr λ
‖ L

2 ρ X
≤
λ
r
‖u
∗ ‖
L
2 ρ X
.

F
or
∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D
′ )
f
tr λ

∥ ∥ ∥ K
,

ob
se

rv
e

th
at

∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D
′ )
f
tr λ

∥ ∥ ∥ K
≤
∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D
′ )
∥ ∥ ∥‖
f
tr λ
‖ K
.

B
y

L
em

m
a

16
,

w
e

h
av

e
‖f

tr λ
‖ K
≤
λ
−

1 2
+
r
‖u
∗ ‖
L
2 ρ X
.

B
y

L
em

m
a

9,
w

e
h
av

e
w

it
h

co
n
fi
d
en

ce
a
t

le
as

t
1
−

δ 2
,

∥ ∥ ∥(
λ
I

+
L
K

)−
1 2
(L

K
−
L
K
,D
′ )
f
tr λ

∥ ∥ ∥ K
≤
λ
r
B |
D
′ |,
λ

√
λ
‖u
∗ ‖
L
2 ρ X

lo
g

4 δ
,
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D
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R
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g
r
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n
w
it
h
B
C
R
K
N

w
ith

th
e

co
n
fi
d
en

ce
set

th
e

sam
e

as
th
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b
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=
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−
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≥
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.
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b
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c
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con
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p
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d
it
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con
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p
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b
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is
b

ou
n
d
ed

to
95%

con
fi
d
en

ce
b
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b
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p
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m
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b
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b
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b
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at
ic

im
pl
em

en
ta
ti
on

of
su
ch

id
ea
s
an

d
cl
ar
ify

th
ei
r
pr
ac
ti
ca
ll
im

it
at
io
ns
.

C
on

si
de

r
a
lin

ea
r
gr
ap

hi
ca
lc

au
sa
lm

od
el

(S
pi
rt
es

et
al
.,
20

00
;P

ea
rl
,2

00
0)

w
he

re
,g

iv
en

a
di
re
ct
ed

ac
yc
lic

gr
ap

h
(D

A
G
)
G
w
it
h
ve
rt
ex

se
t

V
,w

e
de
fin

e
a
jo
in
t
di
st
ri
bu

ti
on

in
te
rm

s
of

co
nd

it
io
na

lr
el
at
io
ns
hi
ps

be
tw

ee
n
ea
ch

va
ri
ab

le
V
i
an

d
it
s
gi
ve
n
pa
re
nt
s
in
G:

V
i

=
∑

V
j
∈p
a
r G

(i
)

λ
ij
V
j

+
e i
.

(1
)

T
ha

t
is
,e

ac
h
ra
nd

om
va
ri
ab

le
V
i
co
rr
es
po

nd
s
to

a
ve
rt
ex

in
G,

w
he
re
p
a
r G

(i
)
ar
e
th
e
pa

re
nt
s

of
V
i
in
G

an
d
e i

is
an

in
de

pe
nd

en
t
er
ro
r
te
rm

.
E
qu

at
io
n
(1
)
is

ca
lle

d
a
st
ru
ct
ur
al

eq
ua

ti
on

in
th
e
se
ns
e
th
at

it
en
co
de

s
a
re
la
ti
on

sh
ip

th
at

re
m
ai
ns

st
ab

le
un

de
r
a
pe
rf
ec
t
in
te
rv
en
ti
on

on
ot
he

r
va
ri
ab

le
s.

Fo
llo

w
in
g
th
e
no

ta
ti
on

of
P
ea
rl

(2
00

0)
,
w
e
us
e
th
e
in
de
x
“d
o(
V
k

=
v k

)”
to

de
no

te
th
e
re
gi
m
e
un

de
r
w
hi
ch

va
ri
ab

le
V
k
is
fix

ed
to

so
m
e
le
ve
lv

k
by

an
ex
te
rn
al

ag
en
t.

If
V
k
is

a
pa

re
nt

of
V
i,
th
e
(d
iff
er
en
ti
al
)
ca
us
al

eff
ec
t
of
V
k
on

V
i
is

de
fin

ed
as
:

∂
E[
V
i
|d
o(
V
k

=
v k

)]

∂
v k

=
λ
ik
.

(2
)

E
ac
h
λ
ik

w
ill

be
re
fe
rr
ed

to
as

a
st
ru
ct
ur
al

co
effi

ci
en
t.

O
ur

go
al

is
to

es
ti
m
at
e
th
e
di
ffe

re
nt
ia
l

ca
us
al

eff
ec
t
of

so
m
e
tr
ea
tm

en
t
X

on
so
m
e
ou

tc
om

e
Y

fr
om

ob
se
rv
at
io
na

l
da

ta
.

If
th
e

co
m
m
on

hi
dd

en
ca
us
es

of
th
es
e
tw

o
va
ri
ab

le
s
ca
n
be

bl
oc
ke
d
by

ot
he

r
ob

se
rv
ab

le
va
ri
ab

le
s,

a
fo
rm

ul
a
su
ch

as
th
e
ba

ck
-d
oo

r
ad

ju
st
m
en
t
of

P
ea
rl

(2
00

0)
or

th
e
P
re
di
ct
io
n
A
lg
or
it
hm

of
Sp

ir
te
s
et

al
.(

20
00

)
ca
n
be

us
ed

to
in
fe
r
it
.
In

ge
ne
ra
l,
un

m
ea
su
re
d
co
nf
ou

nd
er
s
of
X

an
d

Y
m
ig
ht

re
m
ai
n
un

bl
oc
ke
d.

W
he

n
un

m
ea
su
re
d
co
nf
ou

nd
in
g
re
m
ai
ns
,a

nd
w
he

re
it
is
re
as
on

ab
le

to
as
su
m
e
th
e
lin

ea
r

st
ru
ct
ur
e
(1
),

a
po

ss
ib
ili
ty

is
to

ex
pl
oi
t
an

in
st
ru
m
en
ta
l
va
ri
ab
le

(o
r
in
st
ru
m
en
t,

or
IV

;
M
or
ga

n
an

d
W

in
sh
ip
,
20

15
):

so
m
e
ob

se
rv
ab

le
va
ri
ab

le
W

th
at

is
no

t
an

eff
ec
t
of

ei
th
er
X

an
d
Y
,i
t
is

un
co
nf
ou

nd
ed

w
it
h
Y
,a

nd
ha

s
no

di
re
ct

eff
ec
t
on

Y
.

F
ig
ur
e
1
ill
us
tr
at
es

on
e
po

ss
ib
le

D
A
G

co
nt
ai
ni
ng

an
in
st
ru
m
en
t.

Le
t
σ
a
b
re
pr
es
en
t
th
e

co
va
ri
an

ce
of

tw
o
va
ri
ab

le
s
A

an
d
B
.
T
he

pa
ra
m
et
er
iz
at
io
n
in

(1
)
im

pl
ie
s
σ
w
x

=
λ
x
w
σ
w
w

an
d
σ
w
y

=
λ
y
x
λ
x
w
σ
w
w
.
It

fo
llo

w
s
th
at
λ
y
x

=
σ
w
y
/σ

w
x
.
W
e
ca
n
es
ti
m
at
e
σ
w
y
an

d
σ
w
x
fr
om

ob
se
rv
at
io
ns
,a

llo
w
in
g
fo
r
a
co
ns
is
te
nt

es
ti
m
at
e
of
λ
y
x
.
N
ot
ic
e
th
at
σ
w
x
6=

0
is

re
qu

ir
ed
.
W

in
th
is

ca
se

is
ca
lle

d
an

in
st
ru
m
en
ta
lv

ar
ia
bl
e
fo
r
th
e
ca
us
al

re
la
ti
on

sh
ip
X
→
Y
.

It
is

no
t
po

ss
ib
le

to
te
st

w
he

th
er

so
m
e
ob

se
rv
ab

le
va
ri
ab

le
is

an
IV

fr
om

it
s
jo
in
t
di
s-

tr
ib
ut
io
n
w
it
h
X

an
d
Y

al
on

e.
IV

as
su
m
pt
io
ns

ca
n
ne
ve
rt
he

le
ss

be
fa
ls
ifi
ed

by
ex
pl
oi
ti
ng

co
ns
tr
ai
nt
s
in

th
e
jo
in
t
di
st
ri
bu

ti
on

of
m
ul
ti
pl
e
ob

se
rv
ab

le
va
ri
ab

le
s
(C

hu
et

al
.,
20

01
;B

ri
to

an
d
P
ea
rl
,2

00
2;

K
ur
ok

ia
nd

C
ai
,2

00
5)
,w

he
re

su
ch

co
ns
tr
ai
nt
s
ar
e
ne

ce
ss
ar
y
bu

t
no

t
su
ffi
-

ci
en
t
to

id
en
ti
fy

IV
s
an

d
th
e
co
rr
es
po

nd
in
g
ca
us
al

eff
ec
ts
.
O
ur

co
nt
ri
bu

ti
on

ar
e
IV

di
sc
ov
er
y

al
go

ri
th
m
s
fo
r
ca
us
al

eff
ec
t
es
ti
m
at
io
n.

W
e
ch
ar
ac
te
ri
ze

in
w
hi
ch

w
ay
s
su
ch

al
go

ri
th
m
s
ca
n

fin
d
th
e
co
rr
ec
t
ca
us
al

eff
ec
t,
an

d
in

w
hi
ch

se
ns
e
th
ey

w
ill

fa
il.

W
e
al
so

in
tr
od

uc
e
va
ri
at
io
ns

of
th
e
as
su
m
pt
io
ns

th
at

ar
e
ne
ed

ed
fo
r
pr
ac
ti
ca
l
re
as
on

s,
co
m
pl
em

en
ti
ng

ex
is
ti
ng

m
et
ho

ds
th
at

re
ly

on
ot
he
r
se
ts

of
as
su
m
pt
io
ns
.
So

m
e
of

th
e
id
ea
s
us
ed

in
ou

r
m
et
ho

ds
ar
e
ba

se
d
on

pr
in
ci
pl
es

fr
om

ca
us
al

di
sc
ov
er
y
in

lin
ea
r
no

n-
G
au

ss
ia
n
m
od

el
s
(S
hi
m
iz
u
et

al
.,
20

06
).

T
he

st
ru
ct
ur
e
of

th
e
pa

pe
ri
sa

sf
ol
lo
w
s.

In
Se
ct
io
n
2,

w
e
di
sc
us
st

he
ch
al
le
ng

es
of

in
fe
rr
in
g

ca
us
al

eff
ec
ts

w
he

n
tr
ea
tm

en
t
an

d
ou

tc
om

e
ar
e
co
nf
ou

nd
ed

by
un

ob
se
rv
ed

va
ri
ab

le
s,

an
d
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L
ea

r
n
in

g
In

stru
m
en

ta
l

V
a
r
ia

bles
w

ith
S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

U

W
X

Y

F
igure

1:
A

graph
illustrating

a
possible

IV
structure.

X
and

Y
have

an
unm

easured
con-

founder
U
.
W

is
an

instrum
ent

as
it

is
unconfounded

w
ith

Y
,
has

no
direct

effect
on

it,and
causes

X
.
In

this
paper,variables

nam
ed

“U
”
w
illdenote

hidden
variables.

provide
an

overview
ofour

approach.
In

Section
3,w

e
discuss

the
theory

behind
tw

o
classes

of
testable

constraints
that

can
be

detected
from

data.
T
he

resulting
algorithm

has
several

practical
issues,

and
a
m
ore

realistic
alternative

is
provided

in
Section

4,
w
hich

is
then

validated
experim

entally
in

Section
5.

O
ther

related
approaches

are
discussed

in
Section

6.

2.
O
u
tlin

e
of

M
eth

od
ology:

L
earn

in
g
u
n
d
er

U
n
m
easu

red
C
on

fou
n
d
in
g

W
e
assum

e
that

the
system

ofinterest
is
a
linear

causalm
odelw

hich
is
M
arkov

w
ith

respect
to

an
unknow

n
D
A
G
G

w
ith

vertices
V
≡

O
∪

U
∪
{X

,Y
}.

Set
O

is
the

set
of

observable
variables

besides
treatm

ent
variable

X
and

outcom
e
variable

Y
.
Set

U
is

the
set

of
unob-

servable
(also

called
latent,

or
hidden)

variables.
X

and
Y

do
not

precede
any

elem
ent

of
V
\{X

,Y
}.

Y
does

not
precede

X
.

T
he

task
is

to
estim

ate
the

differential
causal

effect
of
X

on
Y
.
O
ur

problem
s
of

interest
are

form
ulated

so
that

all
have

a
target

causal
effect

λ
y
x
corresponding

to
edge

X
→
Y
.
T
o
avoid

constant
repetition,in

severalresults
that

ap-
pear

in
this

paper,w
e
w
illoften

refer
to

vertices
and

edges
of

a
(possibly

unnam
ed)

causal
graph

G
w
hile

im
plicitly

assum
ing

the
structural

assum
ptions

and
notation

introduced
in

this
paragraph.
Focusing

on
a
single

λ
y
x
is
com

m
on

in
applied

sciences:
in

particular,scenarios
w
here

w
e

have
a
targetcausaleffect

X
→
Y

to
be

estim
ated,and

a
set

O
ofcovariatespreceding

X
and

Y
is
available.

M
organ

and
W

inship
(2015)

provide
severalexam

ples.
T
his

is
in

contrast
to

the
m
ore

fam
iliar

causalstructure
discovery

tasks
in

the
m
achine

learning
literature,w

here
an

equivalence
class

of
a
w
hole

causalsystem
is

learned
from

data,and
w
here

som
e
causal

queries
m
ay

or
m
ay

not
be

identifiable
(Spirtes

et
al.,2000).

T
he

focus
here

in
on

quantifying
the

strength
ofa

particular
causaleffect

λ
y
x ,as

opposed
to

unveiling
the

directionalities
and

connections
ofa

causalgraph.
T
his

allow
s
m
ore

focused
algorithm

s
that

bypass
a
fullgraph

estim
ation.

T
his

philosophy
w
as

exploited
by

E
ntner

et
al.

(2012)
in

the
task

of
finding

possible
sets

of
observable

variables
that

can
block

the
effect

of
any

hidden
com

m
on

cause
of
X

and
Y
.

H
ow

ever,the
approach

by
E
ntner

et
al.

w
illnot

provide
a
causaleffect

estim
ate

if
such

a
set

does
not

exist.
For

instance,
in

F
igure

1,
if
U

is
a
latent

variable,
their

algorithm
w
ill

provide
no

answ
er

concerning
the

causal
effect

of
X

on
Y
.
O
ur

goal
is

to
cover

this
scenario,

w
hich

com
plem

ents
approaches

that
require

unm
easured

confounding
to

be
blocked.

T
he

m
ethodological

fram
ew

ork
to

accom
plish

this
task

is
by

discovering
candidate

instru-

3
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S
ilva

a
n
d

S
h
im

izu

2

W
X

Y

U
Z

1Z
2 1

X
Y

U

W W

(a)
(b)

1
W

2

1
U

U
2

Y
X

Z

W
2 1

X
Y

U

W W

(c)
(d)

F
igure

2:
(a)

V
ariable

W
is
an

instrum
ent

for
the

relation
X
→
Y

conditioning
on
{
Z
1 ,Z

2 }.
T
his

can
be

verified
by

noticing
that

W
is

d-separated
from

Y
given

{Z
1 ,Z

2 }
in

the
graph

obtained
by

rem
oving

edge
X
→

Y
from

the
given

figure.
(b)

B
oth

W
1
and

W
2
are

instrum
ents

conditioning
on

the
em

pty
set
∅.

(c)
T
he

typical
covariance

constraints
(“tetrads”)

that
are

im
plied

by
instrum

entalvariables
also

happen
in

the
case

w
here

no
instrum

ents
exist,im

plying
that

rank
constraints

in
the

covariance
m
atrix

are
not

enough
inform

ation
to

discover
IV

s.
(d)

A
case

that
is

diffi
cult

even
w
hen

considering
inform

ation
from

non-G
aussian

distributions.

m
entalvariables

w
ithout

prior
know

ledge
ofthe

causalstructure,besides
the

stated
ordering

assum
ptions

about{
X
,Y
}.

T
he

challenge
is

that
w
e
cannot

guarantee
w
hich

candidate
in-

strum
entalvariables

are
actualinstrum

ents
w
ithout

further
assum

ptions.
W
e
w
ill

m
ake

use
of

structural
characterizations

of
causality

using
graphical

m
odels

(P
earl,

2000;
Spirtes

et
al.,

2000).
P
rior

exposure
to

causal
graphical

m
odels

is
assum

ed,
w
ith

key
definitions

sum
m
arized

in
Section

2.1.
In

Section
2.2,w

e
outline

the
challenges

and
explain

the
general

concept
of

equivalence
class

of
causal

effects,
a
concept

adapted
from

the
w
ork

ofM
aathuis

et
al.(2009)

to
the

instrum
entalvariable

case.
F
inally,in

Section
2.3

w
e
provide

a
road

m
ap

of
the

steps
used

in
our

approach.

2.1
G
rap

h
ical

T
erm

in
ology

D
irected

acyclic
graphs

(D
A
G
s)

encode
independencies

am
ong

vertices,w
hich

correspond
to

independencies
am

ong
random

variables.
T
his

follow
s
from

the
usualone-to-one

relationship
betw

een
vertices

in
a
graph

and
random

variables
in

a
distribution.

In
a
D
A
G
,
any

tw
o

vertices{
V
i ,V

j }
can

be
connected

by
up

to
one

directed
edge.

G
iven

an
edge

V
i →

V
j ,

w
e

say
that

V
i is

the
tailand

V
j
is
the

head
ofthe

edge.
W
e
also

say
that

V
i and

V
j
are

endpoints
of

edge
V
i →

V
j
w
here

V
i
is

a
parent

of
V
j
and

V
j
is

a
child

or
V
i .

A
path

in
a
graph

is
a
sequence

ofedges,w
here

any
tw

o
consecutive

edges
in

the
sequence

share
a
com

m
on

endpoint.
P
aths

are
sim

ple
if

no
vertex

appears
tw

ice,
and

non-sim
ple
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L
ea

r
n
in

g
In

st
ru

m
en

ta
l

V
a
r
ia

bl
es

w
it

h
S
tr

u
ct

u
r
a
l

a
n
d

N
o
n
-G

au
ss

ia
n
it

y
A

ss
u
m
pt

io
n
s

ot
he

rw
is
e.

Fo
r
in
st
an

ce
,
W
→

X
←

U
→

Y
is

a
pa

th
in

F
ig
ur
e
1.

A
n
ex
am

pl
e
of

a
no

n-
si
m
pl
e
pa

th
is
W
→

X
←

U
→

X
←

U
→

Y
.
Fo

r
m
os
t
of

ou
r
pr
es
en
ta
ti
on

,i
t
is

su
ffi
ci
en
t

to
ju
st

as
su
m
e
th
at

th
e
pa

th
s
re
fe
rr
ed

to
ar
e
si
m
pl
e
un

le
ss

st
at
ed

ot
he

rw
is
e.

A
co
lli
de
r
in

a
pa

th
is

a
ve
rt
ex

th
at

is
co
m
m
on

to
tw

o
co
ns
ec
ut
iv
e
ed

ge
s
su
ch

th
at

th
is

ve
rt
ex

is
th
e
he

ad
of

bo
th

ed
ge
s.

Fo
r
in
st
an

ce
,X

is
a
co
lli
de

r
in

th
e
pa

th
gi
ve
n
in

th
e
pr
ev
io
us

ex
am

pl
e,

w
hi
le

U
is

no
t.

A
ve
rt
ex

V
is

an
en
dp
oi
nt

of
a
pa
th
P

if
it

is
on

e
of

th
e
en

dp
oi
nt
s
of

th
e
fir
st

or
la
st

ed
ge
E

in
th
e
pa

th
,
an

d
V

is
no

t
sh
ar
ed

w
it
h
th
e
(p
os
si
bl
e)

ed
ge

ne
xt

to
E

in
P
.
Fo

r
in
st
an

ce
,W

an
d
Y

ar
e
th
e
en

dp
oi
nt
s
of
W
→
X
←
U
→
Y
.

A
pa

th
P

is
be
tw
ee
n
ve
rt
ic
es
V
i
an

d
V
j
if
V
i
an

d
V
j
ar
e
th
e
en

dp
oi
nt
s
of
P
.
A

tr
ek

is
a

pa
th

w
it
h
no

co
lli
de

rs
.
Fo

r
in
st
an

ce
,
W
→

X
←

U
→

Y
is

no
t
a
tr
ek
,
bu

t
X
←

U
→

Y
an

d
W
→

X
→

Y
ar
e.

A
tr
ek

P
m
us
t
ha

ve
an

un
iq
ue

so
ur
ce
,
th
e
ve
rt
ex

in
P

th
at

is
no

t
th
e
he
ad

of
an

y
ed

ge
in
P
.
A

sp
ec
ia
lc

as
e
of

a
tr
ek

is
a
di
re
ct
ed

pa
th
,w

hi
ch

is
a
tr
ek

w
he

re
th
e
so
ur
ce

is
on

e
of

th
e
en

dp
oi
nt
s.

Fo
r
in
st
an

ce
,
W
→

X
→

Y
is

a
di
re
ct
ed

pa
th

be
tw

ee
n

W
an

d
Y

w
he

re
W

is
th
e
so
ur
ce
.
W
e
al
so

sa
y
th
at

th
is

pa
th

is
fr
om

so
ur
ce

(W
)
in
to

th
e

ot
he

r
en

dp
oi
nt

(Y
).

T
he

so
ur
ce
V
i
in

a
di
re
ct
ed

pa
th

P
is

an
an

ce
st
or

of
al
l
el
em

en
ts
V
j

in
P
,
w
hi
le
V
j
is

a
de
sc
en
da
nt

of
V
i.

It
is

po
ss
ib
le

th
at
V
i

=
V
j
,
so
V
i
is

an
an

ce
st
or

an
d

de
sc
en

da
nt

of
it
se
lf.

A
no

n-
di
re
ct
ed

pa
th

is
a
pa

th
th
at

is
no

t
di
re
ct
ed

.

A
ba
ck
-d
oo
r
(p
at
h)

be
tw

ee
n
V
i
an

d
V
j
is

a
tr
ek

th
at

is
in
to

V
i
an

d
V
j
.

Fo
r
in
st
an

ce
,

X
←
U
→
Y

is
a
ba

ck
-d
oo

r
be

tw
ee
n
X

an
d
Y
.

A
ve
rt
ex

V
is

ac
ti
ve

on
a
pa
th

w
it
h
re
sp
ec
t
to

so
m
e
ve
rt
ex

se
t

S
if

it
is

ei
th
er

(i
)
a

co
lli
de

r
in

th
is
pa

th
an

d
it
se
lf
or

on
e
of

it
s
de

sc
en

da
nt
s
is
in

S
;o

r
(i
i)
no

t
a
co
lli
de

r
an

d
no

t
in

S
.
A

pa
th

is
ac
ti
ve

if
al
lo

fi
ts

ve
rt
ic
es

ar
e
ac
ti
ve
,b

lo
ck
ed

ot
he

rw
is
e.

T
he

no
ti
on

of
ac
ti
ve

an
d
bl
oc
ke
d
pa

th
s
w
ill

be
im

po
rt
an

t
in

th
e
se
qu

el
,a

s
ac
ti
va
ti
on

ha
s
im

pl
ic
at
io
ns

on
w
hi
ch

va
ri
ab

le
s
ca
n
be

co
ns
id
er
ed

to
be

an
in
st
ru
m
en
t
w
it
h
re
sp
ec
t
to

w
hi
ch

co
nd

it
io
ni
ng

se
ts
.

T
he

se
de

fin
it
io
ns

le
ad

to
th
e
co
nc

ep
t
of

d-
se
pa
ra
ti
on

(P
ea
rl
,
20

00
).

A
ve
rt
ex

V
i
is

d-
se
pa

ra
te
d
fr
om

a
ve
rt
ex

V
j
gi
ve
n
a
se
t

S
if

an
d
on

ly
if

ev
er
y
pa

th
be

tw
ee
n
V
i
an

d
V
j
is

bl
oc
ke
d
by

S
.
T
he

in
te
rp
re
ta
ti
on

of
th
is

de
fin

it
io
n
is

ex
pl
ai
ne

d
at

le
ng

th
in

th
e
gr
ap

hi
ca
l

m
od

el
in
g
lit
er
at
ur
e
an

d
w
e
w
ill

as
su
m
e
fa
m
ili
ar
it
y
w
it
h
it
.
W
e
sa
y
a
pr
ob

ab
ili
st
ic

m
od

el
M

is
M
ar
ko
v
w
it
h
re
sp
ec
t
to

a
D
A
G
G
if
ev
er
y
d-
se
pa

ra
ti
on

in
G
co
rr
es
po

nd
s
to

a
co
nd

it
io
na

l
in
de

pe
nd

en
ce

co
ns
tr
ai
nt

in
M

.
A

m
od

el
M

is
fa
it
hf
ul

to
G

if
ev
er
y

d-
se
pa

ra
ti
on

in
G

co
rr
es
po

nd
s
to

a
co
nd

it
io
na

l
in
de

pe
nd

en
ce

co
ns
tr
ai
nt

in
M

an
d
vi
ce
-v
er
sa
.
W
e
so
m
et
im

es
us
e
th
e
no

ta
ti
on

V
i
⊥⊥

V
j
|S

(D
aw

id
,
19

79
)
to

de
no

te
co
nd

it
io
na

l
in
de

pe
nd

en
ce

of
V
i
an

d
V
j
gi
ve
n

S
in

a
di
st
ri
bu

ti
on

,a
nd

al
so

to
de

no
te

d-
se
pa

ra
ti
on

w
he

n
ap

pl
ie
d
to

ve
rt
ex

se
ts

in
a
gr
ap

h.

2.
2
S
co
p
e
an

d
Fu

n
d
am

en
ta
l
C
h
al
le
n
ge
s

T
he

id
en
ti
fic

at
io
n
of

st
ru
ct
ur
al

co
effi

ci
en
ts

fr
om

gi
ve
n
ca
us
al

gr
ap

hs
is
a
cl
as
si
ca
lp

ro
bl
em

in
th
e
st
ru
ct
ur
al

eq
ua

ti
on

m
od

el
in
g
lit
er
at
ur
e
(B

ol
le
n,

19
89

).
M
uc
h
pr
og

re
ss

ha
s
be

en
ac
hi
ev
ed

on
de

sc
ri
bi
ng

in
cr
ea
si
ng

ly
in
tr
ic
at
e
co
m
bi
na

ti
on

s
of

st
ru
ct
ur
al

fe
at
ur
es

th
at

le
ad

to
th
e

id
en
ti
fic

at
io
n
of

su
ch

co
effi

ci
en
ts

(B
ri
to

an
d
P
ea
rl
,
20

02
;
Fo

yg
el

et
al
.,
20

11
;
C
he

n
et

al
.,

20
14

).
A
s
th
es
e
so
ph

is
ti
ca
te
d
cr
it
er
ia

al
so

le
ad

to
co
ns
tr
ai
nt
s
w
hi
ch

ar
e
ha

rd
to

de
te
ct

fr
om

da
ta
,
w
e
fo
cu

s
in
st
ea
d
on

th
e
cl
as
s
of

st
ru
ct
ur
es

th
at

co
rr
es
po

nd
s
to

cl
as
si
ca
l
ac
co
un

ts
of

in
st
ru
m
en
ta
lv

ar
ia
bl
es

(A
ng

ri
st

an
d
P
is
ch
ke
,2

00
9)

as
de

sc
ri
be

d
by

B
ri
to

an
d
P
ea
rl

(2
00

2)
.
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S
il
va

a
n
d

S
h
im

iz
u

B
ri
to

an
d
P
ea
rl
’s

cr
it
er
ia

ar
e
as

fo
llo

w
s.

G
iv
en

th
e
ca
us
al

gr
ap

h
G

of
a
sy
st
em

th
at

in
cl
ud

es
an

ed
ge

X
→

Y
,
a
ve
rt
ex

W
is

a
(c
on

di
ti
on

al
)
in
st
ru
m
en
t
va
ri
ab

le
fo
r
X
→

Y
gi
ve
n

Z
if
an

d
on

ly
if:

1.
Z

do
es

no
t
d-
se
pa

ra
te
W

fr
om

X
in
G,

an
d

2.
Z

d-
se
pa

ra
te
s
W

fr
om

Y
in

th
e
gr
ap

h
ob

ta
in
ed

by
re
m
ov

in
g
th
e
ed

ge
X
→
Y

fr
om
G,

an
d

3.
Z

ar
e
no

n-
de

sc
en

da
nt
s
of
X

an
d
Y

in
G.

Fo
r
th
e
re
st

of
th
e
pa

pe
r,

w
e
w
ill

ca
ll
th
e
ab

ov
e
co
nd

it
io
ns

th
e
gr
ap
hi
ca
l
cr
it
er
ia

fo
r

in
st
ru
m
en
ta
l
va
ri
ab
le

va
lid

it
y,

or
si
m
pl
y
“G

ra
ph

ic
al

C
ri
te
ri
a.
”

N
ot
ic
e
th
at

th
e
va
lid

it
y
of

a
ve
rt
ex

as
an

IV
is

de
pe

nd
en
t
on

w
hi
ch

se
t

Z
w
e
co
nd

it
io
n
on

.
T
ha

t
is
,
if
in

th
e
co
rr
e-

sp
on

di
ng

ca
us
al

gr
ap

h
w
e
fin

d
so
m
e
se
t

Z
th
at

bl
oc
ks

al
l
an

d
on

ly
th
e
pa

th
s
re
le
va
nt

to
th
e
G
ra
ph

ic
al

C
ri
te
ri
a,

th
en

w
e
ca
n
id
en
ti
fy
λ
y
x
as
σ
w
y
.z
/σ

w
x
.z
,
w
he

re
σ
a
b.
s
re
pr
es
en
ts

th
e

pa
rt
ia
lc

ov
ar
ia
nc

e1
of

tw
o
va
ri
ab

le
s
A

an
d
B

gi
ve
n
so
m
e
se
t

S
.
F
ig
ur
e
2(
a)

ill
us
tr
at
es

a
ca
se
.

U
nl
es
s
st
ro
ng

ba
ck
gr
ou

nd
kn

ow
le
dg

e
is

av
ai
la
bl
e,

th
e
re
le
va
nt

st
ru
ct
ur
e
ne
ed

s
to

be
le
ar
ne

d
fr
om

th
e
da

ta
.
A
s
an

ex
am

pl
e,

co
ns
id
er

F
ig
ur
e
1.

W
he

n
U

is
un

ob
se
rv
ed

an
d
th
e

di
st
ri
bu

ti
on

is
fa
it
hf
ul

to
th
e
gr
ap

h,
th
e
ab

se
nc

e
of

th
e
ed
ge

W
→

Y
is

no
t
te
st
ab

le
(C

hu
et

al
.,
20

01
).

H
ow

ev
er
,
in

a
si
tu
at
io
n
su
ch

as
F
ig
ur
e
2(
b)
,
th
e
si
m
ul
ta
ne
ou

s
la
ck

of
ed
ge
s

W
1
→

Y
an

d
W

2
→

Y
ha

s
a
te
st
ab

le
im

pl
ic
at
io
n,

as
th
e
ab

se
nc
e
of

ea
ch

ed
ge

im
pl
ie
s

λ
y
x

=
σ
w

1
y
/σ

w
1
x
an

d
λ
y
x

=
σ
w

2
y
/σ

w
2
x
,r

es
pe

ct
iv
el
y.

T
hi
s
le
ad

s
to

a
te
tr
ad

co
ns
tr
ai
nt
,

σ
w

1
y
σ
w

2
x
−
σ
w

1
x
σ
w

2
y

=
0,

(3
)

w
hi
ch

ca
n
be

te
st
ed

us
in
g
ob

se
rv
ab

le
da

ta
.
U
nf
or
tu
na

te
ly
,t
he

te
tr
ad

co
ns
tr
ai
nt

is
ne

ce
ss
ar
y,

bu
t
no

t
su
ffi
ci
en
t,
to

es
ta
bl
is
h
th
at

bo
th

el
em

en
ts

in
th
is
pa

ir
of

va
ri
ab

le
s
ar
e
in
st
ru
m
en
ta
l.

A
s
an

ex
am

pl
e,
co
ns
id
er

F
ig
ur
e
2(
c)
.
It
is
no

th
ar
d
to

sh
ow

th
at
σ
w

1
y
.z
σ
w

2
x
.z
−
σ
w

1
x
.z
σ
w

2
y
.z

=
0.

H
ow

ev
er
,
th
e
G
ra
ph

ic
al

C
ri
te
ri
a
fo
r
IV

s
ar
e
no

t
sa
ti
sfi
ed

as
W

1
is

no
t
d-
se
pa

ra
te
d
fr
om

Y
gi
ve
n
Z

if
w
e
re
m
ov
e
ed

ge
X
→
Y
.
T
hi
s
is

be
ca
us
e
pa

th
W

1
←
U
1
→
U
2
→
Y

is
ac
ti
ve
.

In
de

ed
,
in

th
is

ca
se
λ
y
x
ca
n
be

m
uc
h
di
ffe

re
nt

fr
om

σ
w

1
y
.z
/σ

w
1
x
.z
.
A

m
aj
or

co
m
po

ne
nt

of
ou

r
co
nt
ri
bu

ti
on

is
to

ch
ar
ac
te
ri
ze

gr
ap

hi
ca
lly

in
w
hi
ch

w
ay
s
th
e
so
lu
ti
on

is
no

t
un

iq
ue
.

W
e
ca
n
su
m
m
ar
iz
e
th
e
m
ai
n
id
en
ti
fic

at
io
n
ch
al
le
ng

e
as

fo
llo

w
s.

In
th
e
G
ra
ph

ic
al

C
ri
te
ri
a,

th
e
ch
al
le
ng

in
g
co
nd

it
io
n
is

th
e
se
co
nd

,
as

th
e
fir
st

is
ea
si
ly

te
st
ab

le
by

fa
it
hf
ul
ne

ss
an

d
th
e
th
ir
d
is

gi
ve
n
by

as
su
m
pt
io
n.

A
no

th
er

w
ay

of
ph

ra
si
ng

co
nd

it
io
n
2,

w
it
h
re
sp
ec
t
to

co
nd

it
io
ni
ng

se
t

Z
,i
s
as

fo
llo

w
s:

2a
.
th
er
e
is
no

ac
ti
ve

no
n-
di
re
ct
ed

pa
th

be
tw

ee
n
W

an
d
Y

th
at

do
es

no
t
in
cl
ud

e
X

(t
ha

t
is
,n

o
ac
ti
ve

ba
ck
-d
oo

r
pa

th
no

r
an

y
ac
ti
ve

pa
th

th
at

in
cl
ud

es
a
co
lli
de

r)
,a

nd

2b
.
th
er
e
is

no
ac
ti
ve

di
re
ct
ed

pa
th

fr
om

W
to
Y

th
at

do
es

no
t
in
cl
ud

e
X
.

W
hi
le

w
e
w
ill

be
ab

le
to

ch
ec
k
2a

,w
e
w
ill

no
t
be

ab
le

to
ve
ri
fy

2b
,l
ea
rn
in
g
to

m
ul
ti
pl
e

ca
nd

id
at
e
ca
us
al

eff
ec
ts
.

1.
A
na

lo
go
us

to
th
e
(m

or
e
w
id
el
y
us
ed

)
no

ti
on

of
pa

rt
ia
l
co
rr
el
at
io
n,

w
e
de

fin
e
pa

rt
ia
l
co
va
ri
an

ce
as

th
e

co
va
ri
an

ce
be

tw
ee
n

th
e
re
si
du

al
s
of

th
e
le
as
t-
sq
ua

re
s
re
gr
es
si
on

of
A

an
d
B

on
S
,
gi
ve
n

by
σ
a
b
.s
≡

σ
a
b
−

Σ
a
b
,s

Σ
−
1

s
s

Σ
s
,b
a
,w

he
re

Σ
is

th
e
jo
in
t
co
va
ri
an

ce
m
at
ri
x
an

d
σ
ij
≡

Σ
ij

fo
r
sc
al
ar
s
i,
j.
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L
ea

r
n
in

g
In

stru
m
en

ta
l

V
a
r
ia

bles
w

ith
S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

... 1

W
2

Z
0

W
p

X
Y

U
W

F
igure

3:
In

this
m
odel,variables

W
1 ,...W

p
are

instrum
entalvariables

conditioning
on

the
em

pty
set.

H
ow

ever,
conditioning

on
Z
0
w
illintroduce

an
active

path
from

each
W
i
to
Y

via
U
,
destroying

their
validity.

T
his

is
particularly

an
issue

for
algo-

rithm
s
such

as
sisV

IV
E

(K
ang

et
al.,2016)

and
IV

-B
Y

-M
A

JO
R

IT
Y
∞

(Section
3),w

here
each

variable
is
either

deem
ed

an
IV

or
a
conditioning

variable.
A
n
algo-

rithm
such

as
IV

-T
E
T

R
A

D
∞

(Section
3)

is
able

to
avoid

this
m
istake,although

the
com

putationalcost
can

be
high.

2.3
R
oad

m
ap

In
general,

the
best

w
e
can

do
is

to
provide

a
set

of
candidate

causal
effects,

one
of

w
hich

w
ill

be
correct

if
at

least
tw

o
instrum

ental
variables

(under
the

sam
e
conditioning

set)
are

present
in

the
true

graph.
In

this
case,

the
set

can
be

used,
for

instance,
to

provide
low

er
and

upper
bounds

on
the

causal
effect.

W
e
w
ill

discuss
our

m
ethods

in
the

context
of

different
assum

ptions
about

the
existence

of
instrum

ents,particularly
about

the
num

ber
of

instrum
ents

that
exist

in
the

true
unknow

n
graph.

T
hat

is,w
e
propose

algorithm
s
that

in
theory

return
equivalence

classes
ofcausaleffects.

Such
a
class

of
algorithm

s
w
illbe

sound
in

this
equivalence

class
sense

of
returning

a
set

of
candidate

effects
that

includes
the

true
effect

ifthere
are

instrum
entalvariables,but

w
illbe

incorrect
otherw

ise.
Follow

ing
C
ooper

(1997),
M
aniet

al.(2006)
and

E
ntner

et
al.(2012),

w
e
w
illnot

need
to

discover
fullgraphs

in
order

to
identify

the
causaleffect,but

w
e
w
illnot

also
find

allcausaleffects
that

are
identifiable

from
faithfulness

assum
ptions.

In
particular,

w
e
w
illconsider

in
w
hich

sense
our

algorithm
s
are

com
plete:

that
is,ifthere

are
instrum

ental
variables

satisfying
the

G
raphical

C
riteria,

w
e
w
ill

characterize
under

w
hich

conditions
w
e

w
illfind

them
.
C
om

putationalconsiderations
are

relevant
here.

In
the

next
section,

w
e
introduce

algorithm
s
that

return
an

equivalence
class

of
causal

effects
using

tetrad
constraints,

w
hich

are
com

plem
ented

by
non-G

aussianity
assum

ptions.
M
otivated

by
sim

plicity
of

presentation,allapproaches
in

Section
3
assum

e
that

the
distri-

bution
of

the
population

is
know

n
and

that
com

putational
resources

are
unbounded.

W
e

do
not

claim
these

algorithm
s
are

practical—
the

goalis
to

use
them

as
a
theoreticalbasis

to
choose

and
justify

stronger
assum

ptions
that

achieve
practicallearning.

In
Section

4,w
e

discuss
practical

m
ethods

for
learning

from
data

and
the

com
putational

and
identification

com
prom

ises
w
e
adopt.

A
roadm

ap
for

allalgorithm
s
introduced

in
this

paper
is
show

n
in

T
able

1.
In

the
table,

w
e
provide

the
m
ain

assum
ptions

used
by

each
m
ethod

and
w
hether

or
not

the
algorithm
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S
ilva

a
n
d

S
h
im

izu

A
lgorithm

M
ain

A
ssum

ptions
T
ractable

1:
IV

-B
Y

-M
A

JO
R

IT
Y
∞

there
exists

a
set

W
⊆

O
,of

size
larger

than
Y
es

|O
|/

2,such
that

each
W
∈

W
is

a
valid

IV
given

O
\{W

}.
2:

IV
-T

E
T

R
A

D
∞

there
exists

a
set

W
⊆

O
,of

size
at

least
2,

N
o

and
a
set

Z
⊆

O
\W

,such
that

each
W
∈

W
is

a
valid

IV
given

Z
.

3:
IV

-T
E
T

R
A

D
+∞

the
assum

ptions
of

IV
-T

E
T

R
A

D
∞
,plus

the
N
o

assum
ption

that
no

non-directed
paths

betw
een

each
W

and
Y

are
active

given
Z
∪

W
\{W

},
and

that
the

distribution
is

non-G
aussian.

4:
IV

-T
E
T

R
A

D
+

the
assum

ptions
of

IV
-T

E
T

R
A

D
+∞
,plus

the
Y
es

assum
ptions

that
Z

=
O
\
W

and
|W
|≥

K
for

som
e
given

K
≥

2.

5:
IV

-T
E
T

R
A

D
+
+

the
assum

ptions
of

IV
-T

E
T

R
A

D
+
.

Y
es

(by
M
C
M
C
)

T
able

1:
A
ll
algorithm

s
introduced

in
this

paper,
along

w
ith

their
m
ain

assum
ptions

and
w
hether

they
are

com
putationally

tractable.
A
lgorithm

s
2-5

assum
e
also

a
form

of
faithfulness

discussed
in

Section
3.

Further
assum

ptions
can

be
added

on
top

ofthe
assum

ptions
listed

below
in

order
to

reduce
the

size
ofthe

equivalence
class

returned,as
discussed

in
Sections

3
and

4.

is
tractable

as
a
function

of|O
|,the

num
ber

of
observed

variables
other

than
treatm

ent
X

and
outcom

e
Y
.
T
he

relationship
am

ong
these

algorithm
s
is

a
follow

s.
A
lgorithm

1,introduced
at

the
beginning

ofSection
3,is

inspired
by

current
approaches

for
learning

instrum
ental

variables.
O
ne

of
its

m
ain

requirem
ents

is
the

existence
of

a
large

num
ber

of
valid

instrum
ents,

w
hich

grow
s
w
ith
|O
|.

It
does

not,
how

ever,
require

faithfulness.
A
lgorithm

s
2
and

3,
introduced

in
Sections

3.1
and

3.3
respectively,

are
m
otivated

by
the

requirem
ent

of
only

tw
o
valid

instrum
ents.

A
lso,

there
is

no
requirem

ent
concerning

a
specialchoice

for
the

respective
conditioning

set:
it

can
be

a
strict

subset
of

the
rem

aining
variables.

T
he

tw
o
algorithm

s,
how

ever,
assum

e
a
variant

of
faithfulness

explained
in

the
next

section.
A
lgorithm

3
requires

stronger
assum

ptions
than

A
lgorithm

2,
but

as
it

w
ill

be
show

n,
it

w
ill

return
an

equivalence
class

no
larger

than
A
lgorithm

2
w
hile

som
etim

es
guaranteeing

a
strictly

sm
aller

equivalence
class.

U
nlike

the
previous

algorithm
s,A

lgorithm
4,introduced

in
Section

4,is
aim

ed
at

prac-
tical

learning
w
ith

finite
sam

ple
sizes

and
lim

ited
com

putational
resources.

T
hat

is,
here

com
putational

tractability
and

the
handling

of
statistical

variability
are

im
portant

issues
to

be
considered.

W
e
achieve

a
reduction

on
statistical

variability
by

enforcing
a
stronger

constraint:
the

unknow
n
true

m
odel

m
ust

contain
a
set

of
valid

IV
s
no

sm
aller

than
K
,
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ea

r
n
in

g
In

st
ru

m
en

ta
l

V
a
r
ia

bl
es

w
it

h
S
tr

u
ct

u
r
a
l

a
n
d

N
o
n
-G

au
ss

ia
n
it

y
A

ss
u
m
pt

io
n
s

A
lg
or
it
h
m

1
IV

-B
Y

-M
A

JO
R

IT
Y
∞

1:
In
p
u
t:

se
t
of

ra
nd

om
va
ri
ab

le
s

O
∪
{X

,Y
}
w
it
h
kn

ow
n
jo
in
t
di
st
ri
bu

ti
on

2:
O
u
tp
u
t:

th
e
ca
us
al

eff
ec
t
of
X

on
Y
,o

r
a
va
lu
e
(N

A
)
in
di
ca
ti
ng

la
ck

of
kn

ow
le
dg

e
3:

fo
r
ea
ch
W
i
∈

O
d
o

4:
Z
i
←

O
\{
W
i}

5:
β
i
←
σ
w
i
y
.z
i
/σ

w
i
x
.z
i

6:
en

d
fo
r

7:
if

m
or
e
th
an

ha
lf
of

se
t
{β

i}
is

eq
ua

lt
o
th
e
sa
m
e
fin

it
e
va
lu
e
β
th
en

8:
re
tu
rn

β
9:

en
d
if

10
:
re
tu
rn

N
A

a
us
er
-d
efi

ne
d
pa

ra
m
et
er
.
W
e
ac
hi
ev
e
tr
ac
ta
bi
lit
y,

an
d
al
so

a
fu
rt
he

r
re
du

ct
io
n
on

st
at
is
-

ti
ca
l
va
ri
ab

ili
ty
,
by

re
qu

ir
in
g
th
e
co
nd

it
io
ni
ng

se
t
to

be
au

to
m
at
ic
al
ly

de
te
rm

in
ed

gi
ve
n
a

ca
nd

id
at
e
ch
oi
ce

of
IV

s,
as

in
A
lg
or
it
hm

1.

F
in
al
ly
,
A
lg
or
it
hm

5
is

in
tr
od

uc
ed

la
te

in
Se

ct
io
n

5.
3.
2
as

an
ex
am

pl
e
of

a
B
ay
es
ia
n

va
ri
at
io
n
of

A
lg
or
it
hm

4.
T
he

go
al

is
to

ill
us
tr
at
e
ho

w
va
ri
at
io
ns

of
A
lg
or
it
hm

4
ca
n
be

cr
ea
te
d
to

re
sp
on

d
to

pa
rt
ic
ul
ar

ne
ed

s
of

an
in
di
vi
du

al
ap

pl
ic
at
io
n,

su
ch

as
th
e
pr
ov
is
io
n
of

B
ay
es
ia
n
m
ea
su
re
s
of

un
ce
rt
ai
nt
y
of

ou
r
es
ti
m
at
es
.
T
he

al
go

ri
th
m

is
st
ill

tr
ac
ta
bl
e
as
su
m
in
g

M
ar
ko
v
ch
ai
n
M
on

te
C
ar
lo

(M
C
M
C
)
ca
n
be

re
lia

bl
y
ru
n
on

an
ac
ce
pt
ab

le
am

ou
nt

of
ti
m
e.

A
lt
ho

ug
h

it
se
em

s
th
at

w
e
ta
ke

a
st
ep

ba
ck
w
ar
ds

in
A
lg
or
it
hm

4,
by

en
fo
rc
in
g
ba

ck
as
su
m
pt
io
ns

ab
ou

t
Z
th
at

ar
e
si
m
ila

r
to

A
lg
or
it
hm

1,
w
e
w
ill

ex
pl
ai
n
in

Se
ct
io
n
4
th
at

th
es
e

ar
e
no

t
fu
nd

am
en
ta
l.
H
ow

ev
er
,p

ra
ct
ic
al

le
ar
ni
ng

w
it
h
fin

it
e
sa
m
pl
e
si
ze
s
is
ha

rd
to

ac
hi
ev
e

ot
he

rw
is
e.

3.
Fr
om

S
tr
u
ct
u
ra
l
C
on

st
ra
in
ts

to
In
st
ru
m
en
ts

an
d
C
au

sa
l
E
ff
ec
ts

C
on

si
de

r
A
lg
or
it
hm

1
as

a
m
et
ho

d
fo
r
le
ar
ni
ng

ca
us
al

eff
ec
ts

gi
ve
n
th
e
di
st
ri
bu

ti
on

of
th
e

po
pu

la
ti
on

(h
en

ce
,
th
e
“∞

”
sy
m
bo

l
in

th
e
na

m
e
of

th
e
al
go

ri
th
m
,
in
di
ca
ti
ng

th
at

th
is

is
eq
ui
va
le
nt

to
ha

vi
ng

in
fin

it
e
sa
m
pl
e
si
ze
s)
.

If
W
i
is

an
IV

co
nd

it
io
ne

d
on

Z
i
≡

O
\W

i,
th
en

β
i
≡
σ
w
i
y
.z
i
/σ

w
i
x
.z
i

=
λ
y
x
,
th
e
tr
ue

ca
us
al

eff
ec
t.

W
it
ho

ut
kn

ow
in
g
w
he

th
er
W
i
is

a
co
nd

it
io
na

lI
V

w
it
h
re
sp
ec
t
to

Z
i,
w
e
ca
nn

ot
m
ak
e
cl
ai
m
s
ab

ou
t
th
e
ca
us
al

eff
ec
t.

H
ow

ev
er
,
if

m
or
e
th
an

ha
lf

of
th
e
el
em

en
ts
W
i
∈

O
ar
e
co
nd

it
io
na

l
IV

s
gi
ve
n
th
e
re
-

sp
ec
ti
ve

Z
i,

th
en

it
fo
llo

w
s
th
at

m
or
e
th
an

ha
lf
of

th
e
el
em

en
ts

in
se
t
{β

i}
w
ill

be
eq
ua

l,
an

d
eq
ua

l
to
λ
y
x
.
T
hi
s
is

th
e
sa
m
e
co
re

as
su
m
pt
io
n
in
tr
od

uc
ed

by
K
an

g
et

al
.
(2
01

6)
.
It

si
de

st
ep

s
th
e
pr
ob

le
m
s
in
tr
od

uc
ed

by
m
od

el
s
su
ch

as
th
e
on

e
in

F
ig
ur
e
2(
c)

by
as
su
m
in
g
th
at

m
or
e
th
an

ha
lf
of

O
ar
e
“v
al
id
”
IV

s.
T
ha

t
is
,w

e
ca
n
pa

rt
it
io
n

O
in
to

tw
o
se
ts
,O

=
W
∪

Z
,

su
ch

th
at

ea
ch
W
∈

W
is
a
co
nd

it
io
na

lI
V

gi
ve
n

Z
∪

W
\{
W
}.

T
hi
s
is
do

ne
w
it
ho

ut
kn

ow
l-

ed
ge

of
w
hi
ch

va
ri
ab

le
s
ar
e
va
lid

an
d
w
hi
ch

ar
e
no

t.
A
s
di
sc
us
se
d
by

K
an

g
et

al
.
(2
01

6)
,

th
er
e
ar
e
si
tu
at
io
ns

w
he
re

th
is

as
su
m
pt
io
n
is

pl
au

si
bl
e,

or
at

le
as
t
w
ea
ke
r
th
an

in
st
an

da
rd

ap
pr
oa

ch
es
,a

s
in

so
m
e
ge
ne

ti
c
st
ud

ie
s
w
he

re
O

ar
e
ge
ne

ti
c
fe
at
ur
es

of
a
ce
ll
an

d
X
,Y

ar
e

ph
en

ot
yp

es
.

K
an

g
et

al
.
(2
01

6)
in
tr
od

uc
ed

th
e

si
sV

IV
E

al
go

ri
th
m

(“
so
m
e
in
va
lid

,
so
m
e
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S
il
va

a
n
d

S
h
im

iz
u

A
lg
or
it
h
m

2
IV

-T
E
T

R
A

D
∞

1:
In
p
u
t:

se
t
of

ra
nd

om
va
ri
ab

le
s

O
∪
{X

,Y
}
w
it
h
kn

ow
n
jo
in
t
di
st
ri
bu

ti
on

2:
O
u
tp
u
t:
C,

a
se
t
of

ca
nd

id
at
e
di
ffe

re
nt
ia
lc

au
sa
le

ffe
ct
s
of
X

on
Y

3:
In
it
ia
liz

e
C
←
∅

4:
fo
r
ea
ch

pa
ir
{W

i,
W
j
}
⊆

O
d
o

5:
fo
r
ev
er
y
se
t

Z
⊆

O
\{
W
i,
W
j
}
d
o

6:
if
σ
w
i
x
.z

=
0
or

σ
w
j
x
.z

=
0
th
en

7:
n
ex
t

8:
en

d
if

9:
if
σ
w
i
x
.z
σ
w
j
y
.z
6=
σ
w
i
y
.z
σ
w
j
x
.z
th
en

10
:

n
ex
t

11
:

en
d
if

12
:

C
←
C
∪
{σ

w
i
y
.z
/σ

w
i
x
.z
}

13
:

en
d
fo
r

14
:
en

d
fo
r

15
:
re
tu
rn
C

va
lid

IV
es
ti
m
at
or
”)

w
hi
ch
,
al
th
ou

gh
ve
ry

di
ffe

re
nt

2
fr
om

A
lg
or
it
hm

1,
re
lie

s
on

th
e
sa
m
e

fu
nd

am
en
ta
la

ss
um

pt
io
ns

an
d
as

su
ch

w
ill

be
us
ed

in
ou

r
be

nc
hm

ar
k
m
et
ho

ds
in

Se
ct
io
n
5.

H
ow

ev
er
,
th
is

as
su
m
pt
io
n

ca
n

be
fa
ls
e
ev
en

w
he

n
ne
ar
ly

al
l
of

O
ar
e
po

ss
ib
ly

va
lid

in
st
ru
m
en
ts
.
C
on

si
de

r
F
ig
ur
e
3
w
he

re
w
e
ha

ve
an

ar
bi
tr
ar
y
nu

m
be

r
of

IV
s
W

1
,.
..
,W

p
th
at

ar
e
va
lid

by
co
nd

it
io
ni
ng

on
th
e
em

pt
y
se
t.

N
on

e
of

th
em

ar
e
va
lid

by
co
nd

it
io
ni
ng

on
Z
0
.

In
th
is
si
tu
at
io
n,

IV
-B

Y
-M

A
JO

R
IT

Y
∞

w
ill

re
tu
rn

N
A

an
d

si
sV

IV
E

lo
se
s
it
s
gu

ar
an

te
es
,

po
te
nt
ia
lly

pe
rf
or
m
in
g
ba

dl
y.

W
e
w
ill

ch
ar
ac
te
ri
ze

ho
w

th
is

ha
pp

en
s
by

us
in
g
fa
it
hf
ul
ne
ss
.

3.
1
S
tr
u
ct
u
ra
l
S
ig
n
at
u
re
s
of

T
et
ra
d
C
on

st
ra
in
ts

an
d
th
e
G
ra
p
h
ic
al

C
ri
te
ri
a

C
on

si
de

rA
lg
or
it
hm

2
as

a
m
et
ho

d
fo
rl
ea
rn
in
g
ca
us
al

eff
ec
ts
,d

is
re
ga

rd
in
g
fo
rn

ow
it
s
co
m
pu

-
ta
ti
on

al
co
m
pl
ex
it
y.

T
he

id
ea

is
to

fin
d
tr
ip
le
ts

(W
i,
W
j
,Z

)
su
ch

th
at

(W
i,

Z
)
an

d
(W

j
,Z

)
bo

th
sa
ti
sf
y
th
e
G
ra
ph

ic
al

C
ri
te
ri
a.

U
nd

er
th
e
as
su
m
pt
io
n
of

lin
ea
r
fa
it
hf
ul
ne
ss

(S
pi
rt
es

et
al
.,
20
00

),
Li
ne

6
of

th
e
al
go

ri
th
m

is
eq
ui
va
le
nt

to
it
em

1
of

th
e
G
ra
ph

ic
al

C
ri
te
ri
a.

T
o

ch
ar
ac
te
ri
ze

w
ha

t
A
lg
or
it
hm

2
ca
n
sa
y
ab

ou
t
it
em

2
of

th
e
G
ra
ph

ic
al

C
ri
te
ri
a,

w
e
w
ill

ne
ed

ot
he

r,
le
ss

us
ua

l,
gr
ap

hi
ca
ld

efi
ni
ti
on

s
in
tr
od

uc
ed

in
th
e
ne

xt
se
ct
io
n.

A
lg
or
it
hm

2
is

si
m
pl
e,

bu
t
to

th
e
be

st
of

ou
r
kn

ow
le
dg

e
is

ha
s
no

t
be

en
de

sc
ri
be

d
in

th
e
lit
er
at
ur
e.

A
po

ss
ib
le

re
as
on

fo
r
th
e
ab

se
nc

e
of

th
is

al
go

ri
th
m

in
th
e
lit
er
at
ur
e
is

th
at

ch
ar
ac
te
ri
zi
ng

it
s
lim

it
at
io
ns

is
no

t
st
ra
ig
ht
fo
rw

ar
d.

O
ne

of
th
e
m
ai
n
co
nt
ri
bu

ti
on

s
of

th
is

pa
pe

r
is

th
e
an

al
ys
is

of
IV

-T
E
T

R
A

D
∞

in
Se

ct
io
n

3.
2,

fo
r
w
hi
ch

w
e
w
ill

fir
st

ne
ed

th
e

fo
llo

w
in
g
th
eo
ry
.

2.
si
sV

IV
E

us
es

a
m
od

ifi
ed

sp
ar
se

re
gr
es
si
on

m
et
ho

d
th
at

is
ar
gu

ab
ly

m
or
e
st
at
is
ti
ca
lly

el
eg
an

t
th
an

us
in
g,

fo
r
in
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an

ce
,
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po
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te
st
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g
to

de
ci
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w
hi
ch
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m
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ed

λ
i
ar
e
st
at
is
ti
ca
lly

th
e
sa
m
e.

T
he

m
et
ho

d
re
m
ai
ns

co
m
pu

ta
ti
on

al
ly

effi
ci
en
t.

W
e
in
tr
od

uc
ed

A
lg
or
it
hm

1
be

ca
us
e
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os
el
y
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d
to

th
e
ot
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r
al
go
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th
m
s
di
sc
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se
d
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th
is

pa
pe

r
an

d
he

nc
e
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ov

id
es

m
or
e
di
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in
si
gh
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on

th
e
in
te
rp
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y

be
tw

ee
n
di
ffe

re
nt

as
su
m
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io
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an
d
id
en
ti
fic
at
io
n
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su
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N
ot
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w
ev
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E
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r
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m
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e
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L
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n
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g
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m
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l

V
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r
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S
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r
a
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a
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d

N
o
n
-G
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ssia

n
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A
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m
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3.1.1
t
-S

epa
r
at

io
n

a
n
d

R
a
n
k

C
o
n
st

r
a
in

t
s

In
this

section,
w
e
describe

the
notion

of
t-separation

(Sullivant
et

al.,
2010),

the
m
ost

im
portant

graphical
concept

in
our

approach.
R
eaders

fam
iliar

w
ith

this
concept

can
skip

this
section.
R
ecallthe

basic
definition

of
a
trek

from
Section

2.1.
A
nother

w
ay

of
describing

a
trek

T
is

by
ordering

its
endpoints

(such
that

a
trek

is
“from

”
V
i
“to”

V
j ),

im
plying

an
ordered

pair
of(possibly

em
pty)

directed
paths

(P
1 ;P

2 )
w
here:

P
1
has

sink
(vertex

w
ithout

children
in
T
)
V
i ;
P
2
has

sink
V
j ;

and
P
1 ,P

2
have

the
sam

e
source

(vertex
in
T

w
ithout

parents
in

T
).

D
efi

n
ition

1
(t-sep

aration
)
T
he

ordered
pair

of
vertex

sets
(C

A
;C

B
)
t-separates

vertex
set

A
from

vertex
set

B
if,for

every
trek

(P
1 ;P

2 )
from

a
vertex

in
A

to
a
vertex

in
B
,either

P
1
contains

a
vertex

in
C

A
or
P
2
contains

a
vertex

in
C

B
.

Spirtes
(2013)

and
Sullivant

et
al.

(2010)
discuss

a
generalization

of
this

notion
and

further
exam

ples.
A
s
the

definition
is

som
ew

hat
com

plex,
later

in
this

section
w
e
provide

som
e
basic

exam
ples

of
this

concept
in

the
context

of
instrum

entalvariables.
Like

d-separation,t-separation
is
relevant

ifit
im

plies
testable

im
plications

that
decrease

the
set

ofgraphicalstructures
com

patible
w
ith

the
data

(Spirtes
et

al.,2000).
W

hile
w
e
w
ill

see
that

t-separation
can

also
im

ply
independence

constraints
am

ong
observable

variables,
this

w
ould

be
of

lim
ited

interest
as

d-separation
can

also
im

ply
such

constraints.
T
he

im
portance

oft-separation
isthe

possibility
ofim

plying
testable

consequence
ofd-separations

given
unobserved

variables.
T
his

is
done

under
the

assum
ption

of
linearity,

w
hich

w
illlead

to
rank

constraints
(Spirtes,2013).

D
efi

n
ition

2
(ran

k
con

straint)
A

rank
constraint

in
a
m
atrix

M
is

any
constraint

ofthe
type

ra
n
k
(M

)≤
r,

w
here

r
is

som
e
constant

and
ra
n
k
(M

)
is

the
rank

of
m
atrix

M
.

If
M

is
the

cross-covariance
subm

atrix
given

by
variables{

V
i ,V

j }
indexing

the
row

s,and
by
{
V
k ,V

l }
indexing

the
colum

ns,
then

the
rank

constraint
ra
n
k
(M

)≤
1
im

plies
σ
ik σ

jl −
σ
il σ

jk
=

0.
T
hat

is,
the

determ
inant

of
M

is
zero,

and
a
corresponding

tetrad
constraint

holds.
Let

Σ
A
B
be

the
cross-covariance

m
atrix

ofset
A

(row
s)

and
set

B
(colum

ns).
T
he

D
A
G

T
rek

Separation
T
heorem

of
Sullivant

et
al.(2010)

says:

T
h
eorem

3
(T

rek
S
ep

aration
for

D
A
G
s)

LetG
be

a
D
A
G

w
ith

vertex
set

V
.
Let

A
and

B
be

subsets
of

V
.
W
e
have

ra
n
k
(Σ

A
B

)≤
r
in

all
linear

structural
equation

m
odels

w
ith

graph
G
if
and

only
if
there

exist
subsets

C
A

and
C

B
of

V
w
ith
|C

A |+
|C

B |≤
r
such

that
(C

A
;C

B
)
t-separates

A
from

B
.

T
o
jum

p
from

(testable)
rank

constraints
to

(unobservable)
structuralconstraints

in
G
,

w
e
assum

e
our

m
odeldistribution

P
is
rank-faithfulto

a
D
A
G
G
(Spirtes,2013):

D
efi

n
ition

4
((lin

ear)
ran

k-faith
fu
ln
ess)

D
istribution

P
is

rank-faithful
to

a
D
A
G
G

if
every

rank
constraint

holding
on

a
covariance

(sub)m
atrix

derived
from

P
is

entailed
by

every
linear

structuralequation
m
odelM

arkov
w
ith

respect
to
G
.
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S
ilva

a
n
d

S
h
im

izu

O
ne

im
plication

of
rank-faithfulness

is
that|Σ

Z
Z |
>

0
for

any
set

Z
of

vertices
in
G
,
a

fact
w
hich

w
e
w
illm

ake
use

of
in

som
e
proofs.

U
nlike

d-separation,
t-separation

is
defined

by
a
pair

of
conditioning

sets.
M
oreover,

w
hen

w
e
say

that
V
i
is

t-separated
from

V
j
given

som
e
ordered

pair
(C

I ;C
J
),the

order
of

the
sets

in
the

conditioning
pair

m
atters.

T
hese

tw
o
sets

do
not

need
to

be
disjoint

and
can

also
contain

V
i
and

V
j .

E
xam

p
le

1
C
onsider

F
igure

1
again.

In
this

exam
ple,

X
alone

cannot
d-separate

W
from

Y
,
due

to
the

active
path

W
→

X
←

U
→

Y
.
W
e
need

also
to

condition
on

U
,
but

w
e

cannot
directly

test
the

respective
conditional

independence
if
U

is
a
latent

variable.
It

is
how

ever
the

case
that

if
A
≡
{W
}
and

B
≡
{Y
},then

(∅
;{
X
})

t-separates
A

from
B
:
using

the
notation

of
D
efinition

1,
the

only
trek

betw
een

W
and

Y
is

(∅
;W
→
X
→
Y

).
C

A
=
∅

and
C

B
=
{
X
}
w
illsuffi

ce
to

im
ply

the
t-separation.

M
oreover,by

T
heorem

3,cross-covariance
m
atrix

Σ
A
B
has

rank
at

m
ost|∅|+

|{X
}|

=
1.

N
otice,how

ever,thatthisistrue
regardlessornotthist-separation

holds.
T
herefore,w

ithout
know

ing
the

graph,w
e
stillcannot

exclude
edge

W
→
Y
.

If
w
e
try

to
redefine

the
problem

such
that

A
≡
{
W
,X
}
and

B
≡
{
X
,Y
},

hoping
to

show
that

Σ
A
B

w
illnot

be
fullrank,then

this
w
illnot

w
ork

either.
T
his

is
because

(∅,X
)

does
not

im
ply

the
t-separation

anym
ore,as

there
is
now

the
trek

(X
←
U

;U
→
Y

)
betw

een
A

and
B
.
P
air

(∅;{X
}
)
does

not
block

this
trek.

W
e
need

the
conditioning

set
pair

to
be

({
X
},{X

}
).

B
y
the

notation
of

T
heorem

3,
this

m
eans

C
A

=
C

B
=
{X
}
and

all
the

theorem
im

plies
is

that
Σ
A
B

has
rank

at
m
ost|{X

}|
+
|{X
}|

=
2.

O
nce

again,this
is

true
regardless

of
the

absence
of

the
edge

W
→
Y
.

�

E
xam

p
le

2
C
onsider

F
igure

2(b)
again.

P
air

A
≡
{W

1 ,W
2 }

is
t-separated

from
B
≡

{
X
,Y
}
by

(∅
,{
X
}).

T
o
check

this,
enum

erate
all

sim
ple

treks
(P

1 ;P
2 )

such
that

path
P
1
has

its
sink

in
{
W

1 ,W
2 }

and
path

P
2
has

its
sink

in
{
X
,Y
}.

W
e
obtain:

•
(P

[1
]

1
;P

[1
]

2
)≡

(∅;W
1 →

X
),

•
(P

[2
]

1
;P

[2
]

2
)≡

(∅
;W

1 →
X
→
Y

),

•
(P

[3
]

1
;P

[3
]

2
)≡

(∅
;W

1 →
W

2 →
X

),

•
(P

[4
]

1
;P

[4
]

2
)≡

(∅
;W

1 →
W

2 →
X
→
Y

),

•
(P

[5
]

1
;P

[5
]

2
)≡

(∅
;W

2 →
X

),

•
(P

[6
]

1
;P

[6
]

2
)≡

(∅
;W

2 →
X
→
Y

),

•
(P

[7
]

1
;P

[7
]

2
)≡

(W
2 ←

W
1 ;W

1 →
X

),

•
(P

[8
]

1
;P

[8
]

2
)≡

(W
2 ←

W
1 ;W

1 →
X
→
Y

).
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L
ea

r
n
in

g
In

st
ru

m
en

ta
l

V
a
r
ia

bl
es

w
it

h
S
tr

u
ct

u
r
a
l

a
n
d

N
o
n
-G

au
ss

ia
n
it

y
A

ss
u
m
pt

io
n
s

W
e
ca
n
th
en

ve
ri
fy

th
at
,f
or

ea
ch

ca
se
,i
ti
si
nd

ee
d
tr
ue

th
at
{X
}b

lo
ck
sa

ll
pa

th
sP

[1
]

2
,.
..
,P

[8
]

2
,.

Si
nc

e
|∅
|+
|{
X
}|

=
1,

th
en
|Σ

A
B
|h

as
ra
nk

at
m
os
t
1.

T
hi
s
co
ns
tr
ai
nt

is
no

t
sa
ti
sfi
ed

un
de

r
ra
nk

-f
ai
th
fu
ln
es
s
if,

fo
r
in
st
an

ce
,
ed

ge
W

1
→

Y
w
er
e
to

be
pr
es
en
t.

T
ha

t
is
,
ev
en

th
ou

gh
X

do
es

no
t
d-
se
pa

ra
te
{W

1
,W

2
}
fr
om

Y
,
it

al
on

e
is

re
sp
on

si
bl
e
fo
r
a
t-
se
pa

ra
ti
on

an
d
no

hi
dd

en
va
ri
ab

le
is

ev
ok

ed
in

it
s
te
st
ab

le
cl
ai
m

of
ra
n
k
(Σ

A
B

)
≤

1
.

�

E
xa

m
p
le

3
C
on

si
de
r
F
ig
ur
e
2(
c)

ag
ai
n.

U
si
ng

st
an

da
rd

d-
se
pa
ra
ti
on

,
w
e
ca
n
ve
ri
fy

th
at

Z
al
on

e
do
es

no
t
d-
se
pa
ra
te
{W

1
,W

2
}
fr
om
{X

,Y
}.

In
st
ea
d,
{U

1
,Z
},

or
{U

2
,Z
},

sh
ou

ld
be

us
ed

in
st
ea
d.

In
th
e
ab
se
nc
e
of

th
e
ca
us
al

gr
ap
h,

w
e
ca
nn

ot
di
sc
ov
er

th
is

d-
se
pa
ra
ti
on

by
di
re
ct
ly

te
st
in
g
th
e
co
rr
es
po
nd

in
g
co
nd

it
io
na

li
nd

ep
en
de
nc
e
gi
ve
n
a
la
te
nt

va
ri
ab
le
.
W
e
ne
ed

in
di
re
ct

ev
id
en
ce

fo
r
th
is

d-
se
pa
ra
ti
on

th
at

us
es

ob
se
rv
ab
le

va
ri
ab
le
s
on

ly
.

T
ha

t
is

w
he
re

co
nd

it
io
na

l
te
tr
ad

co
ns
tr
ai
nt
s
pl
ay

a
ro
le
.

A
ss
um

in
g
Z

is
ob

se
rv
ab

le
,

w
e
co
ul
d
de
-a
ct
iv
at
e
al
l
di
re
ct
ed

pa
th
s
fr
om
{W

1
,W

2
}
to
{X

,Y
}
th
at

go
th
ro
ug

h
Z

an
d

co
ns
id
er

th
e
pa
rt
ia
l
cr
os
s-
co
va
ri
an

ce
m
at
ri
x

of
{W

1
,W

2
}

ag
ai
ns
t
{X

,Y
}

gi
ve
n
Z
.

T
he

T
re
k
Se

pa
ra
ti
on

T
he

or
em

fo
r
D
A
G
s,
ho

w
ev
er
,s
ay
s
no

th
in
g
ex
pl
ic
it
ab

ou
t
co
nd

it
io
na

lc
ro
ss
-

co
va
ri
an

ce
s.

T
he

in
de

pe
nd

en
ce

m
od

el
gi
ve
n
by

co
nd

it
io
ni
ng

on
a
va
ri
ab

le
is

so
m
et
im

es
a

D
A
G

it
se
lf,

bu
t
th
is

is
no

t
tr
ue

in
ge
ne

ra
l
(R

ic
ha

rd
so
n
an

d
Sp

ir
te
s,

20
02

).
Su

lli
va
nt

et
al
.

(2
01

0)
pr
es
en
t
ve
rs
io
ns

of
th
e
th
eo
re
m

fo
r
so
m
e
cl
as
se
s
of

D
A
G
s
un

de
r
co
nd

it
io
ni
ng

,
bu

t
no

t
in

a
co
m
pl
et
el
y
ge
ne
ra
lw

ay
,a

s
fu
rt
he

r
ex
pl
ai
ne

d
in

A
pp

en
di
x
A
.

Fo
rt
un

at
el
y,

fo
r
ou

r
pu

rp
os
es
,
co
nd

it
io
ni
ng

ca
n
be

ea
si
ly

de
al
t
w
it
h:

le
t
us

si
m
pl
y
in
-

tr
od

uc
e
th
e
co
nd

it
io
ni
ng

va
ri
ab

le
s
in

bo
th

se
ts

A
an

d
B
.

In
th
is

ex
am

pl
e,

de
fin

e
A
≡

{W
1
,W

2
,Z
}
an

d
B
≡
{X

,Y
,Z
}.

T
he

n
it

is
no

t
ha

rd
to

ve
ri
fy

th
at

(∅
;{
U
1
,Z
})

t-
se
pa

ra
te
s

A
fr
om

B
:
th
is

fo
llo

w
s
by

fir
st

ve
ri
fy
in
g
th
at

al
lt

re
ks

be
tw

ee
n
{W

1
,W

2
,Z
}
an

d
{X

,Y
,Z
}

in
cl
ud

e
U
1
or

Z
.3

C
ro
ss
-c
ov
ar
ia
nc

e
Σ
A
B

is
no

w
ra
nk

-d
efi

ci
en
t
si
nc
e
|∅
|+
|{
U
1
,Z
}|

=
2
<

3
,
w
hi
ch

m
ea
ns

it
s
de

te
rm

in
an

t
is

ze
ro
.

B
ec
au

se
it
s
de

te
rm

in
an

t
ca
n
be

w
ri
tt
en

as
σ
z
z
(σ
w

1
x
.z
σ
w

2
y
.z
−
σ
w

1
y
.z
σ
w

2
x
.z

)
an

d
w
e
as
su
m
e
σ
z
z
6=

0,
th
e
(c
on

di
ti
on

al
)
te
tr
ad

co
ns
tr
ai
nt

w
ill

ho
ld
.
T
hi
s
m
ea
ns

th
at

w
it
ho

ut
ob

se
rv
in
g
U
1
w
e
ca
n
m
ak
e
cl
ai
m
s
ab

ou
t
th
e
co
nd

it
io
na

l
st
ru
ct
ur
e
be

tw
ee
n
{W

1
,W

2
}
an

d
{X

,Y
}.

�

Li
ke

d-
se
pa

ra
ti
on

,
it

is
po

ss
ib
le

th
at

m
or
e
th
an

on
e
co
nd

it
io
ni
ng

se
t
pa

ir
im

pl
ie
s
t-

se
pa

ra
ti
on

be
tw

ee
n
tw

o
se
ts

A
an

d
B
.
In

th
e
la
st

ex
am

pl
e,
it
is
al
so

th
e
ca
se

th
at

(∅
;{
U
2
,Z
})

im
pl
ie
s
t-
se
pa

ra
ti
on

.
In

A
pp

en
di
x
A
,
w
e
pr
ov
id
e
fu
rt
he

r
ex
am

pl
es

of
t-
se
pa

ra
ti
on

.
Li
ne
ar

fa
it
hf
ul
ne
ss
,
th
e

as
su
m
pt
io
n
th
at

va
ni
sh
in
g
pa

rt
ia
lc

or
re
la
ti
on

s
ho

ld
in

th
e
di
st
ri
bu

ti
on

if
an

d
on

ly
if
a
co
r-

re
sp
on

di
ng

d-
se
pa

ra
ti
on

al
so

ho
ld
s
in
G
(S
pi
rt
es

et
al
.,
20

00
),
is
a
sp
ec
ia
lc

as
e
of

ra
nk

fa
it
h-

fu
ln
es
s
si
nc

e
t-
se
pa

ra
ti
on

su
bs
um

es
d-
se
pa

ra
ti
on

(S
ul
liv

an
t
et

al
.,
20

10
),
as

al
so

di
sc
us
se
d
in

A
pp

en
di
x
A
.

3.
2
A
n
al
ys
is

of
A
lg
or
it
h
m

2

T
he

al
go
ri
th
m

se
ar
ch
es

fo
r
ra
nk

co
ns
tr
ai
nt
s
am

on
g
qu

ar
te
ts
{W

i,
W
j
}×
{X

,Y
}
w
he

re
X

is
th
e
tr
ea
tm

en
t
an

d
Y

is
th
e
ou

tc
om

e.
4

W
e
ne

ed
to

ch
ar
ac
te
ri
ze

w
hi
ch

st
ru
ct
ur
es

ar
e

3.
T
he

“t
ri
vi
al

tr
ek

Z
,”

co
m
po

se
d
of

th
e
si
ng

le
ve
rt
ex

Z
an

d
no

ed
ge
s,

do
es

no
t
vi
ol
at
e
th
is

st
at
em

en
t,

as
Z

is
t-
se
pa

ra
te
d
fr
om

it
se
lf
by

(∅
;{
U

1
,Z
})

if
w
e
de

fin
e
th
is

tr
iv
ia
lt
re
k
to

be
(∅

;Z
).

4.
Fo

r
si
m
pl
ic
it
y,

w
e
as
su
m
e
th
at

th
er
e
is

an
ed

ge
X
→

Y
co
rr
es
po

nd
in
g
to

a
no

n-
ze
ro

co
effi

ci
en
t
λ
y
x
.

O
th
er
w
is
e,
if
W
i
sa
ti
sfi
es

th
e
G
ra
ph

ic
al

C
ri
te
ri
a
fo
r
X
→
Y

gi
ve
n
Z
,t
he

n
un

de
r
un

m
ea
su
re
d
co
nf
ou

nd
in
g

13
JM

L
R

 1
8(

12
0)

:1
-4

9,
 2

01
7

S
il
va

a
n
d

S
h
im

iz
u

co
m
pa

ti
bl
e
w
it
h
th
e
T
re
k
Se

pa
ra
ti
on

T
he
or
em

an
d,

am
on

g
th
os
e,
w
hi
ch

sa
ti
sf
y
th
e
G
ra
ph

ic
al

C
ri
te
ri
a.

W
e
st
ar
t
w
it
h
th
e
fo
llo

w
in
g
ob

se
rv
at
io
n.

P
ro
p
os
it
io
n
5

In
Li
ne

9
of

A
lg
or
it
hm

2,
un

de
r
ra
nk
-f
ai
th
fu
ln
es
s
th
e
co
nd

it
io
na

l
te
tr
ad

co
ns
tr
ai
nt

is
eq
ui
va
le
nt

to
ra
n
k
(Σ

A
B

)
≤
|Z
|+

1
,

(4
)

fo
r

A
=
{W

i,
W
j
}∪

Z
an

d
B

=
{X

,Y
}∪

Z
.

P
ro

of
of

P
ro

po
si

ti
on

5.
A
s
in

E
xa

m
pl
e
2,

th
e
de

te
rm

in
an

t
|Σ

A
B
|=
|Σ

Z
Z
|(σ

w
i
x
.z
σ
w
j
y
.z
−

σ
w
i
y
.z
σ
w
j
x
.z

)
is
ze
ro

if
an

d
on

ly
if
th
e
co
nd

it
io
na

lt
et
ra
d
co
ns
tr
ai
nt
σ
w
i
x
.z
σ
w
j
y
.z

=
σ
w
i
y
.z
σ
w
j
x
.z

ho
ld
s,

as
|Σ

Z
Z
|>

0
by

ra
nk

-f
ai
th
fu
ln
es
s.

H
en

ce
,

Σ
A
B

is
no

t
fu
ll
ra
nk

,
th
at

is
,
it
s
ra
nk

is
st
ri
ct
ly

le
ss

th
an

m
in

(|A
|,|

B
|)

=
|Z
|+

2
.

�

If
th
e
co
ns
tr
ai
nt

ho
ld
s,

by
T
he

or
em

3
it

fo
llo

w
s
th
at

th
er
e
is

so
m
e
pa

ir
(C

A
;C

B
)
th
at

t-
se
pa

ra
te
s
{W

i,
W
j
}∪

Z
fr
om
{X

,Y
}∪

Z
.
It

is
re
qu

ir
ed

th
at

Z
⊆

C
A
∪

C
B
,
si
nc
e

Z
is

co
nt
ai
ne

d
in

bo
th

A
an

d
B
.
T
hi
s
im

pl
ie
s
th
e
lo
w
er

bo
un

d
|C

A
|+
|C

B
|≥
|Z
|s

o
th
at

at
m
os
t
on

e
el
em

en
t
of

Z
be

lo
ng

s
to

C
A
∩

C
B
,a

nd
at

m
os
t
on

e
el
em

en
t
no

t
in

Z
ca
n
be

lo
ng

to
C

A
∪

C
B
.
T
he

m
ai
n
re
su
lt
of

th
is
se
ct
io
n
is
a
ch
ar
ac
te
ri
za
ti
on

of
th
e
w
ay
s
th
is
m
ay

ha
pp

en
su
ch

th
at

w
e
fa
il
to

di
sc
ov
er

th
e
co
rr
ec
t
ca
us
al

eff
ec
t.

C
on

si
de

r
th
e
ca
se

w
he

re
th
er
e
ex
is
ts

a
tr
ek

T
,
co
nt
ai
ni
ng

no
el
em

en
t
of

Z
,
w
hi
ch

is
be

tw
ee
n
so
m
e
W
∈
{W

i,
W
j
}
an

d
{X

,Y
}.

C
A
∪

C
B

m
us
t
co
nt
ai
n
an

el
em

en
t
of
T

fo
r
th
e

t-
se
pa

ra
ti
on

to
ho

ld
.
Si
nc

e
by

(4
)
an

d
T
he
or
em

3
w
e
ha

ve
th
at
|C

A
|+
|C

B
|≤
|Z
|+

1,
th
en

w
e
ca
n
us
e
ex
ac
tl
y
on

e
(p
os
si
bl
y
la
te
nt
)
el
em

en
t
ou

t
of

Z
bu

t
in

C
A
∪

C
B

to
ex
pl
ai
n
th
is

t-
se
pa

ra
ti
on

.
M
or
eo
ve
r,
si
nc

e
Z
⊆

C
A
∪

C
B
,n

o
ve
rt
ex

ca
n
ap

pe
ar

in
bo

th
C

A
an

d
C

B
,o

r
ot
he

rw
is
e
|C

A
|+
|C

B
|>
|Z
|+

1
.
T
ha

t
is
,t

he
ex
is
te
nc

e
of
T

im
pl
ie
s

C
A
∩

C
B

=
∅.

W
e
ca
ll
an

y
ve
rt
ex

in
T

sa
ti
sf
yi
ng

th
e
de

fin
it
io
n
be

lo
w

a
co
nd

it
io
na

l
ch
ok
e
po
in
t.

A
co
nd

it
io
na

lc
ho

ke
po

in
t
ca
n
be

a
“le

ft
”
or

“r
ig
ht
”
ch
ok
e
po

in
t:

D
efi

n
it
io
n
6
(l
ef
t
co
n
d
it
io
n
al

ch
ok
e
p
oi
nt
)
In

a
ca
us
al

D
A
G
G
w
it
h
ve
rt
ex

se
tV

,V
0
is

a
le
ft
co
nd

it
io
na

lc
ho

ke
po

in
t
fo
r
pa
ir
s
{W

i,
W
j
}×
{X

,Y
}g

iv
en

Z
,w

he
re
{V

0
,W

i,
W
j
,X
,Y
}∪

Z
⊆

V
,
if

1.
so
m
e

(C
A

;C
B

)
t-
se
pa
ra
te
s
{W

i,
W
j
}
fr
om
{X

,Y
}
in
G,

su
ch

th
at
V
0
∈

C
A
\{

Z
∪C

B
},

C
A
∪

C
B

=
Z
∪
{V

0
},

C
A
∩

C
B

=
∅,

an
d

2.
fo
r
an

y
tr
ek

(P
1
;P

2
)
fr
om

a
ve
rt
ex

in
{W

i,
W
j
}
to

a
ve
rt
ex

in
{X

,Y
}
in
G
th
at

co
nt
ai
ns

no
m
em

be
r
of

Z
,
P
1
co
nt
ai
ns

V
0
,
an

d

3.
th
er
e
ex
is
ts

at
le
as
t
on

e
su
ch

a
tr
ek
.

be
tw

ee
n
tr
ea
tm

en
t
an

d
ou

tc
om

e
w
e
ha

ve
th
at

th
e
la
ck

of
an

ed
ge

X
→

Y
im

pl
ie
s
W
i
⊥⊥

Y
|Z

an
d

W
i
6⊥⊥
Y
|Z
∪
{X
}.

T
hi
s
co
rr
es
po

nd
s
to

th
e
co
lli
de

r
or
ie
nt
at
io
n
ru
le

of
th
e
F
C
I
al
go
ri
th
m

(S
pi
rt
es

et
al
.,

20
00
)
th
at

im
pl
ie
s
λ
y
x

=
0
.
If

on
to
p
of

th
e
la
ck

of
ed

ge
X
→

Y
w
e
ha

ve
th
at

th
er
e
is

no
un

bl
oc
ke
d

un
m
ea
su
re
d
co
nf
ou

nd
in
g
be

tw
ee
n
X

an
d
Y
,
th
en

X
⊥⊥
Y
|Z

,
w
hi
ch

ag
ai
n
by

fa
it
hf
ul
ne

ss
w
ill

al
lo
w

us
to

in
fe
r
λ
y
x

=
0
(S
pi
rt
es

et
al
.,
20
00
).

A
lg
or
it
hm

2
is

as
su
m
ed

to
be

in
vo
ke
d
on

ly
if
th
e
F
C
I
al
go
ri
th
m

an
d
th
e
m
et
ho

d
of

E
nt
ne

r
et

al
.(

20
12
)
do

no
t
pr
ov
id
e
an

y
re
su
lt
s.
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L
ea
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n
in

g
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m
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V
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r
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w
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S
tru
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r
a
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a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

A
“right

conditional
choke

point”
follow

s
an

equivalent
definition

w
ith

respect
to

C
B

and
P
2 .

T
he

literature
has

characterizations
of

unconditional
choke

points
(Shafer

et
al.,

1993;Sullivant
et

al.,2010),relating
them

to
unconditionaltetrad

constraints.
T
o
the

best
of

our
know

ledge,
this

is
the

first
tim

e
that

conditional
choke

points
are

explicitly
defined

and
used.

T
he

reason
for

the
nam

e
“choke

point”
is

explained
later

in
this

section.
A

second
category

of
choke

point,now
for

vertices
in

Z
,w

illbe
defined

as
follow

s:

D
efi

n
ition

7
(collid

er
ch
oke

p
oint)

In
a
causal

D
A
G
G

w
ith

vertex
set

V
,
Z
0
is

a
col-

lider
choke

point
for

pairs
{W

i ,W
j }
×
{
X
,Y
}
given

Z
,
w
here

{W
i ,W

j ,X
,Y
}
∪

Z
⊆

V
,

if

1.
som

e
(C

A
;C

B
)
t-separates{

W
i ,W

j }
from

{X
,Y
}
in
G
,such

that
Z
0 ∈

Z
,
C

A
∪

C
B

=
Z
,

C
A
∩

C
B

=
Z
0 ,

and

2.
for

any
(possibly

non-sim
ple)

path
P

from
a
vertex

in
{W

i ,W
j }

to
a
vertex

in
{X

,Y
}

in
G
that

contains
a
collider

in
Z
,
P

contains
Z
0 ,

and

3.
there

exists
at

least
one

such
a
path.

T
he

sam
e
vertex

can
be

a
conditional

and
a
collider

choke
point

depending
on

the
conditioning

set.
For

instance,
Z
0
is

a
(right)

conditional
choke

point
in

F
igure

3
for

each
{W

i ,W
j }×
{X

,Y
}
given

the
em

pty
set,since

(∅
;Z

0 )
t-separates

each
pair

in
{
W

1 ,...W
p }×

{X
,Y
}
and

it
lies

on
allofsuch

treks.
T
he

tetrad
constraint

σ
w
i x σ

w
j y

=
σ
w
i y σ

w
j x

holds,and
w
e
can

recover
the

correct
causaleffect

from
σ
w
i y /σ

w
i x

as
the

G
raphicalC

riteria
is
satisfied.

O
n

the
other

hand,
if

w
e
take

the
conditioning

set
to

be
Z
0
itself,

then
the

conditional
tetrad

constraint
σ
w
i x
.z

0 σ
w
j y
.z

0
=
σ
w
i y
.z

0 σ
w
j x
.z

0
also

holds,
as

w
ell

as
the

corresponding
t-

separation.
H
ow

ever,there
is

no
conditionalchoke

point
as

alltreks
in
{W

i ,W
j }×

{
X
,Y
}

contain
an

elem
ent

of
the

conditioning
set,

Z
0
itself.

Z
0
is

now
a
collider

choke
point,

as
it

lies
as

a
collider

on
all

active
paths

betw
een
{W

1 ,...,W
p }

and
{X

,Y
}.

N
otice

that
the

G
raphical

C
riteria

does
not

hold
as
W

1
is

not
d-separated

from
Y

given
Z
0
in

the
graph

that
m
odifies

F
igure

3
by

rem
oving

edge
X
→
Y
.

C
hoke

points
do

not
need

to
be

unique,in
the

sam
e
w
ay

that
t-separation

betw
een

sets
m
ay

be
im

plied
by

m
ore

than
one

conditioning
pair.

For
instance,

both
U
1
and

U
2
are

right
conditional

choke
points

in
F
igure

2(c),
corresponding

to
the

different
choices

of
C

B

discussed
in

E
xam

ple
3.

W
e
are

now
ready

to
characterize

w
hen

A
lgorithm

2
m
ay

provide
an

incorrect
value

for
the

target
causaleffect.

T
he

proof
of

this
result

is
given

in
A
ppendix

B
.

T
h
eorem

8
LetC

be
the

outcom
e
ofA

lgorithm
2
as

applied
to

a
distribution

w
hich

is
rank-

faithfulto
som

e
causalD

A
G
G
.
Let

β
i ∈
C,

and
let

(W
i ,W

j ,Z
)
be

the
respective

triplet
that

generated
β
i
by

passing
the

check
in

Line
9.

T
hen

(W
i ,W

j ,Z
)
fails

to
satisfy

the
G
raphical

C
riteria

if
and

only
if
exactly

one
of

these
is

true:

(i)
there

is
at

least
one

trek
betw

een
{W

i ,W
j }

and
Y

that
do

not
contain

any
m
em

ber
of

Z
∪
{
X
},

and
allof

those
treks

intersect
at

the
sam

e
conditionalchoke

point
V
0 ;

(ii)
there

is
at

least
one

(possibly
non-sim

ple)
active

path
betw

een
{
W
i ,W

j }
and

Y
that

contains
a
collider

in
Z

and
does

not
contain

X
,
and

allofthose
paths

intersect
at

the
sam

e
collider

choke
point

Z
0 .
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S
ilva

a
n
d

S
h
im

izu

M
oreover,it

is
not

possible
that

for
(W

i ,W
j ,Z

)
both

a
conditionalchoke

point
and

a
collider

choke
point

exist
in
G
regardless

of
w
hether

the
G
raphicalC

riteria
hold.

T
hat

is,
if

a
candidate

triplet
(W

i ,W
j ,Z

)
does

not
correspond

to
valid

(conditional)
instrum

ental
variables,

then
all

offending
paths

that
avoid

X
and

connect
the

candidate
instrum

ents
to
Y

m
ustpass

through
a
single

variable
V
∈

V
\{X
}.

If
V

is
in

the
conditioning

set
Z
,then

this
variable

m
ust

be
a
collider

in
allof

the
offending

paths.
For

instance,
U

is
a
conditional

choke
point

w
ith

respect
to

Z
=
∅
in

F
igure

2(d)
and

Z
0
is

a
collider

choke
point

for
Z

=
{Z

0 }
in

F
igure

3.
T
he

difference
betw

een
valid

and
invalid

instrum
ents

that
im

ply
tetrad

constraints
is

that,
in

the
form

er,
X

is
a
conditional

choke
point.

A
lthough

this
is

not
used

by
A
lgorithm

2,
if
conditional

tetrad
constraints

hold
for

all
pairs

in
som

e
set

W
≡
{W

1 ,...,W
p }

given
Z
,it

follow
s
that

alloffending
paths

from
W

to
Y

go
through

a
com

m
on

variable
V
.
A
s
a
m
atter

of
fact,

the
nam

e
“choke

point,”
originally

coined
by

Spirtes
et

al.(2000)
for

the
specialcase

Z
=
∅,com

es
from

this
idea

ofhaving
allconnecting

paths
(treks

only,in
the

originalcase)
betw

een
tw

o
sets

passing
through

a
single

variable.
W
e
can

form
alize

a
suffi

cient
assum

ption
that

guarantees
that

A
lgorithm

2
does

not
return

a
incorrect

causaleffect
as

follow
s:

C
orollary

9
LetG

be
a
causal

D
A
G

w
ith

observable
vertices

O
,
treatm

ent
vertex

X
and

outcom
e
vertex

Y
.

For
all{

W
i ,W

j }
∪

Z
⊂

O
w
here

a
tetrad

constraint
σ
w
i x
.z σ

w
j y
.z

=
σ
w
i y
.z σ

w
j x
.z
holds,

if
X

is
a
corresponding

conditionalchoke
point

in
G
,
then

the
output

set
of

A
lgorithm

T
E
T

R
A

D
-IV

∞
w
illnot

contain
an

incorrect
causaleffect.

T
he

result
above

allow
s
for

an
em

pty
output

setC,
w
hich

w
ill

happen
if
no

valid
pair

of
instrum

entalvariables
exists.

H
ow

ever,even
if
allelem

ents
ofC

are
equalto

som
e
λ
C ,it

does
not

m
ean

that
λ
C

=
λ
y
x
in

case
the

assum
ptions

ofC
orollary

9
fail.

It
is
im

possible
to

distinguish,based
on

tetrad
relations,the

graph
in

F
igure

2(b)
from

the
one

in
2(d).

In
the

form
er,

X
can

take
the

role
ofa

conditionalchoke
point

explaining
the

tetrad
constraint.

In
the

latter,
X

cannot
take

this
role

because
of

the
active

trek
W

1 →
U
→

Y
,
but

vertex
U

can,
resulting

on
a
tetrad

constraint
but

on
invalid

IV
s.

In
general,

w
e
w
ill

have
problem

s
in

a
graph

w
hich

includes
an

interm
ediate

latent
variable

that
is

a
com

m
on

ancestor
of
X

and
Y

and
blocks

all
treks

from
W

1
and

W
2
to
X
.
A
s
another

exam
ple,

vertex
U
1
takes

the
role

of
a
conditional

choke
point

given
Z

in
F
igure

2(c),
w
hile

X
cannot

take
this

role
because

of
the

active
trek

W
1 ←

U
1 →

U
2 →

Y
.

O
ne

m
ight

argue
that

the
assum

ptions
of

C
orollary

9
are

not
too

restrictive,
as

failing
them

require
that

all
offending

paths
intersect

at
an

unique
vertex.

If
tw

o
disjoint

paths
from

W
1
to
Y

via
latent

variables
exist,

for
instance,

then
no

tetrad
constraint

w
ill

hold
and

at
w
orst

w
e
w
ould

be
conservative

and
not

return
any

causaleffect.
H
ow

ever,w
e
argue

that
these

assum
ptions

should
not

be
taken

lightly.
T
he

w
hole

m
otivation

for
including

a
conditioning

set
Z

is
to

block
paths

such
that

a
“desirable”

choke
point

em
erges:

treatm
ent

X
.
T
he

assum
ptions

that
m
ake

the
presence

of
an

instrum
ental

variable
possible

are
the

sam
e
that

m
ake

the
presence

of
undesirable

choke
points

plausible.
Instead,

the
output

of
IV

-T
E
T

R
A

D
∞

is
better

interpreted
as

an
equivalence

class
of

causaleffects,differing
from

the
usualoutput

ofcausaldiscovery
algorithm

s
such

as
the

P
C

algorithm
(Spirtes

et
al.,

2000):
the

P
C

algorithm
returns

a
set

of
graphs

of
w
hich

som
e

graphicalfeatures
m
ight

be
the

sam
e
(for

instance,
they

allshare
the

sam
e
directed

edge),
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bl
es

w
it

h
S
tr

u
ct

u
r
a
l

a
n
d

N
o
n
-G

au
ss

ia
n
it

y
A

ss
u
m
pt

io
n
s

X
Y

U

W
1
a

W
1
b

W
2
a

W
2
b

W
p
a

W
p
b

..
.

U
1 U
2

U
p

U
0

F
ig
ur
e
4:

V
er
ti
ce
s
na

m
ed

U
?
ar
e
la
te
nt

va
ri
ab

le
s,

w
it
h
X

be
in
g
th
e
tr
ea
tm

en
t
an

d
Y

be
in
g

th
e
ou

tc
om

e.
W

he
n
gi
ve
n
as

in
pu

t
to

al
go
ri
th
m
s
fo
r
fin

di
ng

lo
ca
lly

co
va
ri
an

ce
eq
ui
va
le
nt

so
lu
ti
on

s,
th
e
re
su
lt

w
ill

in
cl
ud

e
a
(p
ot
en
ti
al
ly

di
ffe

re
nt
)
ca
us
al

eff
ec
t

ca
nd

id
at
e
fo
r
ea
ch

of
th
e
pa

ir
w
is
e
gr
ou

pi
ng

s
{W

ia
,W

ib
},
i

=
1,

2,
..
.,
p
,
w
he

re
p

=
|O
|/

2
.

an
d
w
he

re
so
m
e
ca
us
al

eff
ec
ts

m
ig
ht

be
id
en
ti
fie

d
ba

se
d
on

th
e
co
m
m
on

fe
at
ur
es
.
T
ha

t
is
,

th
e
P
C

al
go

ri
th
m

ei
th
er

gi
ve
s
(i
n
th
e
lim

it
of

in
fin

it
e
da

ta
)
th
e
co
rr
ec
t
an

sw
er
,o

r
it
an

sw
er
s

“I
do

n’
t
kn

ow
.”

T
he

sa
m
e
is

tr
ue

of
th
e
m
et
ho

d
in
tr
od

uc
ed

by
E
nt
ne

r
et

al
.(
20

12
).

In
co
nt
ra
st
,I

V
-T

E
T

R
A

D
∞

m
ay

re
tu
rn

an
em

pt
y
se
t
of

so
lu
ti
on

s,
bu

t
at

th
e
sa
m
e
ti
m
e

al
ls
ol
ut
io
ns

in
a
no

n-
em

pt
y
ou

tp
ut

se
t
C
m
ay

be
w
ro
ng

in
ca
se

th
e
as
su
m
pt
io
ns

of
C
or
ol
la
ry

9
do

no
t
ho

ld
.
T
he

ne
ed

to
re
po

rt
an

eq
ui
va
le
nc

e
cl
as
s
is
ill
us
tr
at
ed

by
th
e
fo
llo

w
in
g
re
su
lt
.

P
ro
p
os
it
io
n
10

T
he
re

ex
is
t
pr
ob
le
m
s
w
he
re

th
e
ou

tp
ut

of
IV

-T
E
T

R
A

D
∞

w
ill

co
nt
ai
n

O
(|O
|)

di
ffe

re
nt

el
em

en
ts
,
no

ne
of

w
hi
ch

is
th
e
co
rr
ec
t
so
lu
ti
on

λ
y
x
.

P
ro

of
of

P
ro

po
si

ti
on

10
.

T
hi
s
is

ill
us
tr
at
ed

by
F
ig
ur
e
4:

gi
ve
n

O
=
{W

1
a
,W

1
b
,W

2
a
,

..
.,
W
p
b
},
p

=
|O
|/

2,
th
e
st
ru
ct
ur
e
sh
ow

n
in

th
e
F
ig
ur
e
w
ill

ge
ne

ra
te

so
lu
ti
on

s
fo
r
al
lp

ai
rs

{W
ia
,W

ib
}×
{X

,Y
}
w
it
h
co
rr
es
po

nd
in
g
co
nd

it
io
ni
ng

se
t

Z
i
≡

O
\{
W
ia
,W

ib
}.

Fo
r
pa

ra
m
e-

te
rs

ge
ne

ra
te
d
ra
nd

om
ly

an
d
in
de

pe
nd

en
tl
y,

it
is
cl
ea
r
ea
ch

re
su
lt
in
g
λ
i
w
ill

be
un

iq
ue

.
T
he

co
rr
es
po

nd
in
g
ch
ok

e
po

in
t
in

ea
ch

ca
se

is
U
i,
an

d
no

ne
of

th
e
re
tu
rn
ed

ca
us
al

eff
ec
ts

w
ill

in
ge
ne

ra
lb

e
co
rr
ec
t.

�

Fo
r
pr
ac
ti
ca
l
pu

rp
os
es
,
on

e
sh
ou

ld
be

w
ill
in
g
to

to
as
su
m
e
th
at

at
le
as
t
on

e
so
lu
ti
on

ex
is
ts
,
th
at

is
,
th
er
e
ex
is
ts

at
le
as
t
on

e
pa

ir
of

IV
s
co
nd

it
io
ne

d
on

th
e
sa
m
e
se
t

Z
.
U
nd

er
th
is

co
nd

it
io
n,

w
e
ob

ta
in

th
e
fo
llo

w
in
g
gu

ar
an

te
e:

C
or
ol
la
ry

11
Le

t
C
be

th
e
ou

tp
ut

of
IV

-T
E
T

R
A

D
∞

as
ap
pl
ie
d
to

a
di
st
ri
bu
ti
on

w
hi
ch

is
ra
nk
-f
ai
th
fu
lt
o
a
ca
us
al

D
A
G
G
w
it
h
ob
se
rv
ab
le
ve
rt
ic
es

O
∪{
X
,Y
}
an

d
ta
rg
et

ed
ge
X
→
Y
.

Le
t
λ
y
x
be

th
e
co
rr
es
po
nd

in
g
tr
ue

ca
us
al

eff
ec
t.

A
ss
um

in
g
th
at

th
er
e
ex
is
ts

at
le
as
t
on

e
se
t
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S
il
va

a
n
d

S
h
im

iz
u

{W
i,
W
j
}∪

Z
⊆

O
w
he
re
{W

i,
W
j
}
sa
ti
sfi
es

th
e
G
ra
ph
ic
al

C
ri
te
ri
a
co
nd

it
io
ne
d
on

Z
,
th
en

th
e
m
in
im

um
an

d
m
ax
im

um
el
em

en
ts

of
C
w
ill

pr
ov
id
e
lo
w
er

an
d
up

pe
r
bo
un

ds
on

λ
y
x
.

T
he

pr
oo

fo
ft
hi
s
C
or
ol
la
ry

is
im

m
ed

ia
te

fr
om

th
e
pr
ev
io
us

di
sc
us
si
on

s.
Su

m
m
ar
ie
s
ot
he

r
th
an

lo
w
er

bo
un

ds
an

d
up

pe
r
bo

un
ds

ar
e
po

ss
ib
le
:
fo
r
in
st
an

ce
,i
ft
he

m
ax

im
um

of
C
is
m
uc
h

la
rg
er

th
an

th
e
se
co
nd

la
rg
es
t
el
em

en
t,

an
d
ba

ck
gr
ou

nd
kn

ow
le
dg

e
sa
ys

th
at

su
ch

a
la
rg
e

va
lu
e
is

un
lik

el
y,

w
e
m
ay

op
t
to

ex
cl
ud

e
it

or
to

re
w
ei
gh

t
el
em

en
ts

of
C
ac
co
rd
in
g
to

so
m
e

pr
io
r.

M
or
e
of

th
at

is
di
sc
us
se
d
in

Se
ct
io
n
5.

A
ss
um

in
g
th
at

on
e
so
lu
ti
on

ex
is
ts

is
a
m
uc
h
w
ea
ke
r
as
su
m
pt
io
n
th
an

th
e
on

e
in

IV
-B

Y
-

M
A

JO
R

IT
Y

/
si

sV
IV

E
.H

ow
ev
er
,i
t
do

es
re
qu

ir
e
ra
nk

-f
ai
th
fu
ln
es
s
an

d
it
ca
n
on

ly
pr
ov
id
e

bo
un

ds
an

d
ot
he

r
su
m
m
ar
ie
s
of

an
eq
ui
va
le
nc

e
cl
as
s.

If
in

th
e
ap

pl
ic
at
io
n
of

th
e
al
go
ri
th
m

w
e
ha

ve
th
at

al
le

le
m
en
ts

of
C
ar
e
th
e
sa
m
e,

th
en

fr
om

th
e
as
su
m
pt
io
n
th
at

th
er
e
is
at

le
as
t

on
e
va
lid

tu
pl
e
it
fo
llo

w
s
th
at

w
e
fo
un

d
th
e
tr
ue

ca
us
al

eff
ec
t.

A
di
sc
us
si
on

of
w
ha

t
fu
rt
he

r
as
su
m
pt
io
ns

ar
e
ne

ce
ss
ar
y
in

pr
ac
ti
ca
ll
ea
rn
in
g
is

po
st
po

ne
d
to

Se
ct
io
n
4.

T
he

so
un

dn
es
s
of

A
lg
or
it
hm

IV
-T

E
T

R
A

D
∞

ca
n

be
de

fin
ed

in
te
rm

s
of

th
e
bo

un
ds

gi
ve
n

by
C
or
ol
la
ry

11
,
or

ot
he

r
su
m
m
ar
ie
s
of

in
te
re
st
,
pr
ov
ab

ly
ca
pt
ur
in
g
th
e
tr
ue

λ
y
x
.

So
un

dn
es
s
is
ho

w
ev
er

of
lim

it
ed

va
lu
e
if
th
e
eq
ui
va
le
nc

e
cl
as
s
is
to
o
la
rg
e
or

tr
iv
ia
l(
th
at

is
,

if
th
er
e
is

a
la
ck

of
sp
ec
ifi
ci
ty

in
th
e
co
ns
tr
ai
nt
s
ch
os
en

to
di
st
in
gu

is
h
po

ss
ib
le

m
od

el
s)
,
or

if
th
e
al
go

ri
th
m

ca
nn

ot
fin

d
al
l
el
em

en
ts

of
th
e
eq
ui
va
le
nc

e
cl
as
s
(a

la
ck

of
co
m
pl
et
en
es
s)
.

W
hi
le

so
un

dn
es
s
an

d
co
m
pl
et
en

es
s
ar
e
a
m
at
te
r
of

m
at
he
m
at
ic
al

pr
oo

f,
sp
ec
ifi
ci
ty

m
us
t
be

ar
gu

ed
in

th
e
co
nt
ex
t
of

th
e
sc
ie
nt
ifi
c
pl
au

si
bi
lit
y
of

as
su
m
pt
io
ns

an
d
pr
ac
ti
ca
l
m
at
te
rs

of
co
m
pu

ta
ti
on

al
an

d
st
at
is
ti
ca
lt

ra
ct
ab

ili
ty
.

T
he

M
ar
ko
v
eq
ui
va
le
nc
e
cl
as
s
us
ed

by
va
ri
ou

s
ca
us
al

di
sc
ov
er
y
al
go
ri
th
m
s
ha

s
a
na

tu
ra
l

sp
ec
ifi
ci
ty
,a

si
nd

ep
en
de

nc
e
co
ns
tr
ai
nt
sa

re
no

np
ar
am

et
ri
c
re
st
ri
ct
io
ns

th
at

re
qu

ir
e
no

fu
rt
he

r
as
su
m
pt
io
ns

ab
ou

tt
he

pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

un
de

rl
yi
ng

th
e
ca
us
al

m
od

el
.
T
he

m
ot
iv
at
io
n

fo
r
th
e
sp
ec
ifi
ci
ty

of
ou

r
m
et
ho

d
is

le
ss

cl
ea
r
an

d
di
sc
us
se
d
by

fir
st

fo
rm

al
ly

de
fin

in
g
th
e

fo
llo

w
in
g
co
nc
ep

t:

D
efi

n
it
io
n
12

(l
oc
al
ly

co
va
ri
an

ce
eq
u
iv
al
en
t
ca
u
sa
l
eff

ec
t)

W
e
sa
y
th
at

tw
o
ra
ti
os
β
i(
z
)

≡
σ
w
i
y
.z
/σ

w
i
x
.z

an
d
β
j(
z
′ )
≡
σ
w
j
y
.z
′ /
σ
w
j
x
.z
′
ar
e
lo
ca
lly

co
va
ri
an

ce
eq
ui
va
le
nt

ca
us
al

eff
ec
ts

if
th
er
e
is

so
m
e
pa
ir
{W

k
,W

l}
,
W
i
6=
W
k
,
W
j
6=
W
l,
w
he
re
β
i(
z
)

=
β
k
(z
)
an

d
β
j(
z
′ )

=
β
l(
z
′ )
.

IV
-T

E
T

R
A

D
∞

is
so
un

d
an

d
co
m
pl
et
e
in

th
e
se
ns
e
th
at

by
co
ns
tr
uc

ti
on

it
re
tu
rn
s
al
l

an
d
on

ly
lo
ca
lly

co
va
ri
an

ce
eq
ui
va
le
nt

ca
us
al

eff
ec
ts
.
T
he

eff
ec
ts

ar
e
“lo

ca
l”
in

th
e
se
ns
e
th
at

it
do

es
no

tu
se

co
va
ri
an

ce
in
fo
rm

at
io
n
fr
om

th
e
jo
in
td

is
tr
ib
ut
io
n
of
{W

i,
W
j
,W

k
,W

l}
∪Z
∪Z
′

be
yo
nd

w
ha

t
is
fo
un

d
in

th
e
m
ar
gi
na

ls
{W

i,
W
k
}∪

Z
an

d
{W

j
,W

l}
∪

Z
′ .
T
hi
s
is
m
ot
iv
at
ed

by
th
e
fo
llo

w
in
g
de

si
de

ra
ta
:

D
es
id
er
at
a
1
(L
oc
al

C
ov
ar
ia
n
ce

D
is
co
ve
ry
)
W
e
sa
y
th
at

an
al
go
ri
th
m

ob
ey
s
th
e
lo
ca
l

co
va
ri
an

ce
di
sc
ov
er
y
de
si
de
ra
ta

if
it
fo
llo

w
s
th
es
e
co
nd

it
io
ns
:

1.
on

ly
su
bs
tr
uc
tu
re
s
w
he
re

tw
o
or

m
or
e
va
ri
ab
le
s
fo
llo

w
th
e
G
ra
ph
ic
al

C
ri
te
ri
a
co
nd

i-
ti
on

ed
on

a
co
m
m
on

se
tZ
⊂

O
ca
n
be

us
ed

to
se
le
ct

co
nd

it
io
na

li
ns
tr
um

en
ta
lv
ar
ia
bl
es
;

2.
on

ly
co
va
ri
an

ce
in
fo
rm

at
io
n
is

us
ed
.
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L
ea

r
n
in

g
In

stru
m
en

ta
l

V
a
r
ia

bles
w

ith
S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

A
lgorith

m
3

IV
-T

E
T

R
A

D
+∞

1:
In
p
u
t:

set
of

zero-m
ean

random
variables

O
∪
{
X
,Y
}
w
ith

know
n
joint

distribution
2:

O
u
tp
u
t:C,a

set
of

candidate
differentialcausaleffects

of
X

on
Y

3:
InitializeC

←
∅

4:
for

each
pair{

W
i ,W

j }
⊆

O
d
o

5:
for

every
set

Z
⊆

O
\{W

i ,W
j }

d
o

6:
if
σ
w
i x
.z

=
0
or

σ
w
j x
.z

=
0
th
en

7:
n
ext

8:
en

d
if

9:
if
σ
w
i x
.z σ

w
j y
.z 6=

σ
w
i y
.z σ

w
j x
.z
th
en

10:
n
ext

11:
en

d
if

12:
r
W
i ←

r
esP

ro
j(W

i ,Z
∪
{
W
j }

)
13:

r
W
j ←

r
esP

ro
j(W

j ,Z
∪
{
W
i }})

14:
r
Y
←

r
esP

ro
j(Y

,Z
∪
{
W
i ,W

j })
15:

if
r
W
i ⊥⊥

r
Y
an

d
r
W
j ⊥⊥

r
Y
th
en

16:
C
←
C
∪
{σ

w
i y
.z /σ

w
i x
.z }

17:
en

d
if

18:
en

d
for

19:
en

d
for

20:
retu

rn
C

T
he

requirem
ent

for
covariance

inform
ation

only
allow

s
us

to
use

only
second

m
om

ents,
w
hich

is
relatively

statistically
effi

cient.
T
his

w
illbe

relaxed
in

the
next

section.
T
he

need
for

“tw
o
or

m
ore”

variables
in

condition
1
is
necessary,since

the
G
raphicalC

riteria
provides

no
testable

im
plications

for
a
single

instrum
ent,as

discussed
in

the
introduction.

It
is

also
desirable,as

it
considers

variables
that

are
jointly

instrum
entalby

conditioning
on

the
sam

e
set

Z
.
T
o
drop

this
criterion

is
to

require
a
search

space
w
here

different
conditioning

sets
are

required
for

each
IV

,resulting
in

an
algorithm

that
effectively

reconstructs
a
“non-local”

graphicalsubstructure
that

w
illrequire

the
identification

ofstructuralcoeffi
cients

other
than

λ
y
x .

T
his

is
w
hat

is
done,for

instance,in
one

ofthe
first

published
extensions

ofthe
G
raph-

ical
C
riteria

(B
rito

and
P
earl,

2002).
H
ow

ever,
identification

of
causal

effects
using

given
IV

s
is

an
easier

problem
than

discovering
IV

s
from

lim
ited

structure
inform

ation.
Inferring

structure
from

data
is

statistically
challenging,

and
w
e
claim

that
restricting

a
m
ethod

to
the

desiderata
above

provides
a
baseline

w
here

stronger
assum

ptions,
and

com
putational

and
statisticalcosts,can

be
exchanged

for
greater

specificity
of

the
solutions

returned.

3.3
E
xp

loitin
g
N
on

-G
au

ssian
ity

A
ssu

m
p
tion

s

T
his

Section
introduces

a
variant

of
IV

-T
E
T

R
A

D
∞

that
can

verify
the

validity
of

item
2a

of
the

G
raphicalC

riteria,as
discussed

in
Section

2.3.
W
e
assum

e
our

causalm
odelis

a
LiN

G
A
M

m
odel,

a
linear

structural
equation

m
odel

w
ith

independent,
non-G

aussian
error

term
s,w

hich
m
ay

include
latent

variables
(Shim

izu
et

al.,2006).
W
e
callthis

A
lgorithm

IV
-

T
E
T

R
A

D
+∞
,w

hich
is

show
n
in

A
lgorithm

3.
W
e
w
illalso

discuss
the

diffi
culties

posed
by

2b
even

under
the

assum
ption

ofnon-G
aussianity.

T
he

m
otivation

is
to

reduce
the

size
ofthe
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S
ilva

a
n
d

S
h
im

izu

equivalence
class

by
trading

it
off

w
ith

the
addition

ofm
ore

assum
ptions

(non-G
aussianity)

and
a
w
eakening

ofcom
pleteness

(som
e
solutions

m
ight

be
m
issed,as

w
e
w
illcharacterize).

In
A
lgorithm

3,
function

r
esP

ro
j(V

,S
)
is

a
function

that
returns

the
residual

of
the

least-squares
projection

of
V

into
the

set
of

random
variables

S
rearranged

as
a
colum

n
vector,

r
esP

ro
j(V

,S
)≡

V
−

E
[S
ᵀV

]E
[S

S
ᵀ] −

1S
,

w
hich

is
itself

a
random

variable.
W
e
assum

e
that

V
and

S
have

zero
m
ean.

3.3.1
M

a
in

R
esu

lt

T
he

validity
of

A
lgorithm

3
holds

“alm
ost

everyw
here,”

in
the

sense
it

holds
for

all
but

a
(Lebesgue)m

easure
zero

subsetofthe
setofpossible

structuralcoeffi
cients

λ
ij
and

variances 5

ω
i ofeach

respective
error

term
e
i ,
θG
≡
{λ

ij |
V
j ∈

p
a
rG

(i)}∪
{ω

i }.
T
he

m
otivation

for
this

concept
is
analogous

to
the

different
variations

offaithfulness,see
the

discussion
on

generic
identifiability

by
Foygelet

al.(2011)
and

Sullivant
et

al.(2010).
T
he

m
ain

result
of

this
section

is
the

follow
ing:

T
h
eorem

13
Let

O
∪
{
Y
}
be

a
subset

of
the

variables
in

a
zero-m

ean
LiN

G
A
M

m
odel

w
ith

graph
G
,
w
here

Y
has

no
descendants

in
G
.
Let

O
i ∈

O
and

Z
⊆

O
\{O

i },
and

let
r
i ≡

O
i −

a
ᵀZ

be
the

residual
of

the
least-squares

regression
of
O
i
on

Z
,
w
ith

a
being

the
corresponding

least-squares
coeffi

cients.
A
nalogously,let

r
y ≡

Y
−
b
i O

i −
b
ᵀZ

be
the

residual
of

the
corresponding

least-squares
regression.

T
hen,

alm
ost

everyw
here,

r
i ⊥⊥

r
y
if
and

only
if
there

are
no

active
non-directed

paths
betw

een
O
i
and

Y
conditioned

on
Z

T
he

proof
is

given
in

A
ppendix

B
.
T
his

generalizes
the

m
ain

result
of

E
ntner

et
al.

(2012),w
hich

considers
the

case
w
here

Z
contains

no
descendant

of
O
i .

E
ven

under
non-G

aussianity,
w
e
w
ill

see
that

it
is

still
possible

for
conditional

choke
points

in
the

true
graph

to
add

incorrect
causaleffect

estim
ates

to
the

output
ofA

lgorithm
3.

H
ow

ever,only
the

follow
ing

specialcase
can

occur:

D
efi

n
ition

14
(d
ow

n
stream

con
d
ition

al
ch
oke

p
oint)

In
a
causalD

A
G
G
w
ith

vertex
set

V
,
V
0
is

a
dow

nstream
conditional

choke
point

for
pairs

{
W
i ,W

j }×
{
X
,Y
}
given

Z
,

w
here

{
V
0 ,W

i ,W
j ,X

,Y
}∪

Z
⊆

V
,
if
V
0
is

a
conditionalchoke

point
w
hich

is
a
descendant

of{W
i ,W

j }
in
G
,
an

ancestor
ofboth

X
and

Y
,
such

that
no

active
back-door

paths
betw

een
V
0
and
{
W
i ,W

j }
exist

in
G
.

T
his

im
plies

that
collider

choke
points

are
now

ruled
out,as

show
n
in

the
follow

ing
result

proved
in

A
ppendix

B
:

T
h
eorem

15
LetC

be
the

outcom
e
ofA

lgorithm
3
as

applied
to

a
distribution

w
hich

is
rank-

faithfulto
som

e
causalD

A
G
G
.
Let

β
i ∈
C,

and
let

(W
i ,W

j ,Z
)
be

the
respective

triplet
that

generated
β
i
by

passing
the

check
in

Line
15.

T
hen

(W
i ,W

j ,Z
)
fails

to
satisfy

the
G
raphical

C
riteria

if
and

only
if:

there
is

at
least

one
directed

path
betw

een
{W

i ,W
j }

and
Y

that
does

not
contain

any
m
em

ber
of

Z
∪
{
X
},

and
all

of
those

directed
paths

intersect
at

the
sam

e
dow

nstream
conditionalchoke

point
V
0 .

5.
A
s
error

term
s
are

non-G
aussian,

other
param

eters
are

expected
to

exist,
but

our
results

are
agnostic

w
ith

respect
to

them
.
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en

ta
l

V
a
r
ia

bles
w

ith
S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

A
lgorith

m
4

IV
-T

E
T

R
A

D
+

1:
In
p
u
t:
D
,
a
sam

ple
from

the
joint

distribution
of

random
variables

O
∪
{
X
,Y
};
K
,

num
ber

of
instrum

ents
to

consider
2:

O
u
tp
u
t:

tw
o
sets

of
estim

ates
of

the
differentialcausaleffect

of
X

on
Y

3:
R
em

ove
from

O
any

elem
ent

that
is

not
in

the
M
arkov

blanket
of

either
X

or
Y
,
and

also
any

elem
ent

w
hich

is
m
arginally

uncorrelated
w
ith

X
or
Y

4:
Let

λ̂
i ←

σ̂
w
i y
.o
\
i /
σ̂
w
i x
.o
\
i
for

each
W
i ∈

O
5:

InitializeC
and
C
R
as

em
pty

sets,and
W

as
O

6:
w
h
ile
|W
|≥

K
d
o

7:
Sort

W
as
W

(1
),...,W

(|W
|)
according

to
the

corresponding
{
λ̂}

8:
F
ind

j∈
{1,2,...,|W

|}
that

m
inim

izes
S
c
o
r
eT

et
r
a
d
s(W

(j:j+
K
−
1
),O

,X
,Y
,D

)
9:

W
j ←

E
x
pa

n
d
T

et
r
a
d
s(j,K

,W
,O

,X
,Y
,D

)
10:

if
T

est
T

et
r
a
d
s(W

j ,O
,X
,Y
,D

)
t
h
en

11:
λ̂
T
S
L
S
←

T
S
L
S

(W
j ,O
\
W

j ,X
,Y
,D

)
12:

if
T

est
R

esid
u
a
ls(W

j ,O
,X
,Y
,D

)
t
h
en

13:
C
←
C
∪
λ̂
T
S
L
S

14:
else

15:
C
R
←
C
R
∪
λ̂
T
S
L
S

16:
en

d
if

17:
en

d
if

18:
W
←

W
\W

j

19:
en

d
w
h
ile

20:
retu

rn
(C
,C
R

)

C
orollary

18
LetC

be
the

output
of

IV
-T

E
T

R
A

D
+∞

as
applied

to
a
distribution

w
hich

is
rank-faithfulto

a
causalD

A
G
G
w
ith

observable
vertices

O
∪{X

,Y
}
and

targetedge
X
→
Y
.

Let
λ
y
x
be

the
corresponding

true
causal

effect.
A
ssum

ing
that

there
exists

at
least

one
set

{
W
i ,W

j }∪
Z
⊆

O
w
here

{W
i ,W

j }
satisfies

the
G
raphical

C
riteria

conditioned
on

Z
,
and

that
no

non-directed
path

betw
een
{
W
i ,W

j }
and

X
is

active
given

Z
,then

the
m
inim

um
and

m
axim

um
elem

ents
ofC

w
illprovide

low
er

and
upper

bounds
on

λ
y
x .

T
he

trade-off
betw

een
IV

-T
E
T

R
A

D
∞

and
IV

-T
E
T

R
A

D
+∞

can
be

im
plem

ented
in

different
w
ays

w
ithin

a
practicalalgorithm

,as
w
e
shallsee

next.

4.
P
ractical

L
earn

in
g
from

D
ata

T
esting

tetrad
constraints

from
data

is
diffi

cult
in

practice,
particularly

w
ithout

assum
ing

G
aussianity

and
under

conditioning.
In

order
to

search
for

candidate
IV

s,w
e
w
illfirst

adopt
the

stronger
(but

falsifiable)
assum

ption
that,if

any
set

of
valid

conditionalIV
s
exist,then

there
is

at
least

one
such

set
W

of
size

K
,
w
hich

rem
ains

valid
by

conditioning
on

O
\W

.
O
ne

m
otivation

is
to

avoid
a
com

binatorial
search

for
conditioning

sets,
w
hile

still
having

the
option

ofrejecting
a
solution

ifconfounding
or

collider
biases

rem
ain

by
doing

a
test

at
the

end.
T
he

other
m
otivation

is
the

statisticalunreliability
of

candidate
sets

of
sm

allsize:
in

a
large

system
w
here

the
treatm

ent
m
ay

have
m
any

observed
causes,instrum

ents
w
illin
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S
ilva

a
n
d

S
h
im

izu

general
be

w
eakly

associated
w
ith

the
treatm

ent,
leading

to
high

variance
estim

ates.
T
his

issue
of

“w
eak

instrum
ents”

is
pervasive

in
real

problem
s
and

one
m
itigation

is
to

consider
instrum

ent
sets

of
a
m
inim

um
size.

T
he

algorithm
,
IV

-T
E
T

R
A

D
+
,
is

show
n
in

A
lgorithm

4.
Its

im
plem

entation
diverges

from
a
direct

adaptation
of

IV
-T

E
T

R
A

D
+∞

w
here

hypothesis
testing

w
ould

be
used

to
to

check
the

required
constraints.

T
his

is
because

w
e
found

that,
in

sim
ulations,

directly
testing

conditionaltetrad
constraints

is
not

a
very

robust
strategy.

Instead,IV
-T

E
T

R
A

D
+

includes
interm

ediate
steps

along
the

lines
of

a
“score-based

approach”
(C

ooper,
1999)

for
causal

discovery.
In

the
algorithm

,
w
e
search

for
a
w
indow

of
K

estim
ated

causal
effects

{
λ̂}

w
ithin

a
sorted

list,
scoring

this
set

according
to

a
particular

m
easure

of
variability

of
its

elem
ents.

Ideally,
a
perfect

score
of

0
is

obtained
w
hen

all
λ̂
in

this
w
indow

are
equal.

T
his

corresponds
to

an
alternative

view
ofLine

9
of

IV
-T

E
T

R
A

D
+∞
,
w
here

w
e
find

a
set

of
K

variables
W
i
w
ith

corresponding
ratios

σ̂
w
i y
.o
\
i /
σ̂
w
i x
.o
\
i
as

close
as

possible
to

each
other,

in
a
form

alsense
defined

below
.

T
he

algorithm
m
akes

use
of

T
S
L
S

(W
,Z
,X
,Y
,D

),
the

tw
o-stage

least
squares

(T
SLS)

estim
ator

for
som

e
set

of
conditional

instrum
ents

W
and

conditioning
set

Z
,
given

a
data

setD
.
T
he

T
SLS

estim
ator 6

λ̂
T
S
L
S
is
m
otivated

by
the

redundant
w
ays

ofestim
ating

λ
y
x
if

w
e
have

m
ore

than
one

instrum
ent.

For
instance,w

e
could

have
used

either
σ
w
i y
.z /σ

w
i x
.z
or

σ
w
j y
.z /σ

w
j x
.z
in

the
previous

algorithm
s
w
ithout

any
difference.

W
hen

finite
sam

ple
covari-

ance
m
atrices

are
used

instead
of

population
covariance

m
atrices,

differences
w
ill

appear.
T
he

T
SLS

is
a
classic

w
ay

of
com

bining
all

postulated
instrum

ents
into

a
single

estim
ator

(A
ngrist

and
P
ischke,2009).

T
his

is
particularly

relevant
in

IV
-T

E
T

R
A

D
+
,w

here
w
e
use

m
ore

than
tw

o
instrum

ents
in

each
causaleffect

estim
ate

inside
function

S
c
o
r
eT

et
r
a
d
s,

as
explained

in
the

next
paragraphs.

T
he

output
of

the
algorithm

is
a
pair

of
tw

o
sets,C

and
C
R
,
w
here

the
latter

excludes
from

C
allelem

ents
that

correspond
to

each
W
i detected

to
be

connected
to
Y

via
an

active
non-directed

path,as
in

IV
-T

E
T

R
A

D
+∞
.

4.1
Interp

retation

T
he

details
of

the
algorithm

are
as

follow
s:

•
In

Line
3,w

e
rem

ove
variables

from
O

that
are

considered
to

be
conditionally

indepen-
dent

of
X

or
Y
.
T
he

deletion
of

variables
outside

the
M
arkov

blanket
of
X

correspond
to

Line
6
in

IV
-T

E
T

R
A

D
+∞
.
A
s
discussed

in
the

beginning
ofthis

section,w
e
assum

e
that

ifvalid
IV

s
exist,then

O
can

be
partitioned

into
instrum

ent
set

W
and

condition-
ing

set
Z
≡

O
\
W

.
B
y
P
roposition

16,
W
i ∈

W
rem

ains
a
valid

IV
ifthe

conditioning
set

is
O
i ≡

O
\{
W
i }.

W
e
rem

ove
also

variables
w
hich

are
statistically

independent
of

Y
given

the
rem

aining
variables

in
O
.
T
his

is
m
otivated

by
the

instability
ofthe

ratio
of

estim
ates

σ̂
w
i y
.z /σ̂

w
i x
.z

w
hen

both
are

close
to

zero.
If
W

is
d-connected

to
X

and
edge

X
→
Y

exists,then
in

theory
w
e
w
illnot

rem
ove

any
valid

IV
by

doing
this

test.

6.
A
ssum

ing
D

is
centered

to
have

zero
em

piricalm
ean,this

is
defined

as
follow

s:
let

R
W
,
R
X
,
R
Y
denote

the
corresponding

em
piricalresiduals

ofthe
least-squares

regression
of

W
,
X

and
Y

on
Z
.
T
he

projection
m
atrix

P
W

is
defined

as
R
W

(R
>W
R
W

) −
1R
>W
.
L
et

R̂
X

denote
the

predicted
value

R̂
X
≡
P
W

R
X
.
T
he

tw
o-stage

least
squares

coeffi
cient

is
then

given
by

the
least-squares

regression
of

R
Y

on
R̂
X
,
resulting

in
λ̂
T
S
L
S
≡

(R
>X
P
W

R
X

) −
1R
>X
P
W

R
Y
.
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L
ea

r
n
in

g
In

st
ru

m
en

ta
l

V
a
r
ia

bl
es

w
it

h
S
tr

u
ct

u
r
a
l

a
n
d

N
o
n
-G

au
ss

ia
n
it

y
A

ss
u
m
pt

io
n
s

In
ou

r
ex
pe

ri
m
en
ts

in
th
e
ne

xt
Se

ct
io
n,

Li
ne

3
is

im
pl
em

en
te
d

by
ru
nn

in
g

L
A

R
S

(E
fr
on

et
al
.,
20

04
),
re
gr
es
si
ng

se
pa

ra
te
ly
X

on
O

an
d
Y

on
O
.
W
e
th
en

re
m
ov
e
fr
om

O
an

y
el
em

en
t
th
at

is
gi
ve
n
a
co
effi

ci
en
t
of

va
lu
e
ze
ro

in
ei
th
er

re
gr
es
si
on

.

M
or
eo
ve
r,

w
e
al
so

re
m
ov
e
fr
om

O
an

y
el
em

en
t
m
ar
gi
na

lly
un

co
rr
el
at
ed

w
it
h
X

or
Y

by
a
te
st

of
va
ni
sh
in
g
Sp

ea
rm

an
co
rr
el
at
io
ns

at
a

0.
05

le
ve
l;7

•
In

Li
ne

4,
ea
ch

σ̂
a
b.
z
is

an
es
ti
m
at
ed

pa
rt
ia
l
co
va
ri
an

ce
as

gi
ve
n

by
th
e
em

pi
ri
ca
l

co
va
ri
an

ce
m
at
ri
x
de

ri
ve
d
fr
om
D
,a

nd
O
\i
≡

O
\{
W
i}
.

•
T
he

lo
op

th
at

st
ar
ts

in
Li
ne

6
w
ill

se
ar
ch

fo
r
a
su
bs
et

of
W

of
si
ze

at
le
as
t
K

th
at

re
sp
ec
ts

de
si
ra
bl
e
te
tr
ad

an
d
re
si
du

al
in
de

pe
nd

en
ce

co
ns
tr
ai
nt
s.

E
ve
ry

ti
m
e
a
se
t
of

m
in
im

um
si
ze

is
fo
un

d,
it
is

re
m
ov
ed

fr
om

W
an

d
th
e
pr
oc
es
s
re
pe

at
s;

•
In

Li
ne

8,
fu
nc

ti
on

S
c
o
r
eT

et
r
a
d
s(
W

(j
:j
+
K
−
1
) ,

V
,X
,Y
,D

)
re
tu
rn
s
th
e
m
ed

ia
n

of
th
e
ab

so
lu
te

di
ffe

re
nc
es

be
tw

ee
n
λ̂
T
S
L
S
an

d
ea
ch
λ̂
(j
) ,
..
.λ̂

(j
+
K
−
1
) ,
w
he
re
λ̂
T
S
L
S
≡

T
S
L
S

({
W

(j
) ,
..
.,
W

(j
+
K
−
1
) }
,V
\{
W

(j
) ,
..
.,
W

(j
+
K
−
1
) }
,X
,Y
,D

);

•
In

Li
ne

9,
fu
nc

ti
on

E
x
pa

n
d
T

et
r
a
d
s
pe

rf
or
m
s
a
gr
ee
dy

se
ar
ch

to
op

ti
m
iz
e
S
c
o
r
eT

e-
t
r
a
d
s
by

ex
pa

nd
in
g
th
e
cu

rr
en
t
se
t
{W

(j
) ,
..
.,
W

(j
+
K
−
1
) }

as
ei
th
er
{W

(j
−
1
) ,
..
.,

W
(j
+
K
−
1
) }

or
{W

(j
) ,
..
.,
W

(j
+
K
) }
.
T
hi
s
is
do

ne
un

ti
la

lo
ca
lm

ax
im

um
fo
r
S
c
o
r
eT

e-
t
r
a
d
s
is

fo
un

d;

•
A
t
th
e
en

d
of

Li
ne

9,
w
e
ha

ve
a
se
t
of

pr
op

os
ed

in
st
ru
m
en
ta
l
va
ri
ab

le
s
w
hi
ch

ar
e

fo
un

d
to

ap
pr
ox

im
at
el
y
im

pl
y
th
e
sa
m
e
ca
us
al

eff
ec
t,

as
de

fin
ed

by
Li
ne

4.
T
hi
s
al
so

im
pl
ie
s
ap

pr
ox

im
at
el
y
sa
ti
sf
yi
ng

th
e
co
rr
es
po

nd
in
g
te
tr
ad

co
ns
tr
ai
nt
s.

In
Li
ne

10
,

w
e
fo
rm

al
ly

ch
ec
k
th
e
va
lid

it
y
of

th
is

ca
nd

id
at
e
se
t
by

pe
rf
or
m
in
g
W

is
ha

rt
te
st
s
of

co
nd

it
io
na

l
te
tr
ad

co
ns
tr
ai
nt
s
(W

is
ha

rt
,
19

28
;
Sp

ir
te
s
et

al
.,
20

00
)
fo
r
ev
er
y
po

ss
ib
le

pa
ir

in
W

j
ag

ai
ns
t
pa

ir
{X

,Y
}.

8
Fu

nc
ti
on

T
es

t
T

et
r
a
d
s
re
tu
rn
s
tr
ue

if
an

d
on

ly
if
m
or
e
th
an

ha
lf
of

th
e
te
st
ed

pa
ir
s
re
tu
rn

a
te
st

p-
va
lu
e
gr
ea
te
r
th
an

a
pa

rt
ic
ul
ar

pr
e-
de

fin
ed

le
ve
l.

In
ou

r
ex
pe

ri
m
en
ts

in
th
e
ne

xt
se
ct
io
n,

th
is

le
ve
l
w
as

se
t
at

0
.0

5.
T
hi
s
st
ep

ha
s
th
er
ef
or
e
a
di
re
ct

co
rr
es
po
nd

en
ce

to
th
e
te
tr
ad

ch
ec
ks

in
IV

-T
E
T

R
A

D
+ ∞
,

au
gm

en
te
d
w
it
h
a
pr
e-
se
le
ct
io
n
of

pa
ir
s;

•
F
in
al
ly
,i
n
Li
ne

12
,f
or

ea
ch

W
∈

W
j
,f
un

ct
io
n

T
es

t
R

es
id

u
a
ls

is
de

fin
ed

su
ch

th
at

w
e
fir
st

ob
ta
in

th
e
re
si
du

al
r W

of
th
e
le
as
t-
sq
ua

re
s
re
gr
es
si
on

of
W

on
O
\W

,a
s
w
el
la

s
th
e
re
si
du

al
r X

of
th
e
re
gr
es
si
on

of
X

on
O

(a
lt
er
na

ti
ve
ly

w
e
co
ul
d
ca
lc
ul
at
e
r Y

,b
ut

w
e

ex
pe

ct
X

to
be

m
or
e
st
ro
ng

ly
as
so
ci
at
ed

w
it
h
W

as
in

th
eo
ry

th
er
e
is
no

ed
ge

be
tw

ee
n

W
an

d
Y
).

W
e
pe

rf
or
m

a
m
ar
gi
na

l
in
de

pe
nd

en
ce

te
st

of
th
es
e
tw

o
re
si
du

al
s
us
in
g

H
S
IC

(G
re
tt
on

et
al
.,
20
07

).
A
s
w
it
h
th
e
te
tr
ad

te
st
s,

T
es

t
R

es
id

u
a
ls

w
ill

re
tu
rn

tr
ue

if
an

d
on

ly
if

m
or
e
th
an

ha
lf

of
th
e
p-
va
lu
es

ar
e
ab

ov
e
a
pa

rt
ic
ul
ar

th
re
sh
ol
d

(a
ga

in
0
.0

5
in

ou
r
ex
pe

ri
m
en
ts
).

7.
A
lt
ho

ug
h

th
is

ru
le
s
ou

t
po

ss
ib
le

IV
s
w
hi
ch

ar
e
de

pe
nd

en
t
on

X
on

ly
if

w
e
co
nd

it
io
n

in
so
m
e
ot
he

r
ob

se
rv
ed

va
ri
ab

le
(f
or

in
st
an

ce
,
if
th
e
on

ly
pa

th
be

tw
ee
n
W
i
an

d
X

is
W
i
→

Z
←

U
z
→

X
fo
r
so
m
e

Z
∈
Z

an
d
U
z
∈
U
),

in
pr
el
im

in
ar
y
ru
ns

w
e
fo
un

d
th
is

to
pr
ov
id
e
m
or
e
st
ab

le
ou

tp
ut
s.

8.
W
e
ig
no

re
th
at

th
e
te
st

di
st
ri
bu

ti
on

in
W

is
ha

rt
’s
te
st

as
su
m
es

G
au

ss
ia
ni
ty

an
d
m
ar
gi
na

lc
ov
ar
ia
nc
es
.
A
s

di
sc
us
se
d
by

Sp
ir
te
s
(2
01
3)
,t
he

re
is
ev
id
en

ce
th
at

te
st
s
w
it
ho

ut
G
au

ss
ia
ni
ty

as
su
m
pt
io
ns

(B
ol
le
n,

19
90
)

ha
ve

no
cl
ea
r
ad

va
nt
ag
e
co
m
pa

re
d
to

W
is
ha

rt
’s
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 2
01

7

S
il
va

a
n
d

S
h
im

iz
u

T
he

ra
ti
on

al
e
fo
r
A
lg
or
it
hm

4
is

as
fo
llo

w
s.

In
th
e
lim

it
of

in
fin

it
e
da

ta
,
an

y
se
t
of
K

va
ri
ab

le
s
w
hi
ch

sa
ti
sfi
es

th
e
co
rr
es
po

nd
in
g
te
tr
ad

co
ns
tr
ai
nt
s
w
ill

re
tu
rn

a
va
lu
e
of

ze
ro

fo
r

S
c
o
r
eT

et
r
a
d
s,

w
hi
ch

w
ill

th
en

be
ex
pa

nd
ed

by
E
x
pa

n
d
T

et
r
a
d
s
to

in
cl
ud

e
an

y
re
m
ai
n-

in
g
ca
nd

id
at
e
IV

s
th
at

im
pl
y
th
e
sa
m
e
ra
ti
o
λ
.
Se

ts
of

si
ze
K

th
at

sa
ti
sf
y
th
e
G
ra
ph

ic
al

C
ri
te
ri
a
w
ill

co
nt
ri
bu

te
w
it
h
th
e
tr
ue

ca
us
al

eff
ec
t
to
C,

as
w
ill

al
so

se
ts

of
si
ze
K

or
la
rg
er

co
rr
es
po

nd
in
g
to

lo
ca
lly

co
va
ri
an

ce
eq
ui
va
le
nt

ca
us
al

eff
ec
ts
.
T
he

al
go

ri
th
m

ca
n
fa
il
to

pr
o-

du
ce

in
fo
rm

at
io
n
th
at

a
m
or
e
ex
ha

us
ti
ve

al
go
ri
th
m

w
ou

ld
pr
od

uc
e
if
su
bs
et
s
of

co
nd

it
io
ni
ng

se
ts

O
\W

i
w
er
e
co
ns
id
er
ed

in
st
ea
d
(f
or

in
st
an

ce
,i
n
th
e
lim

it
of

in
fin

it
e
da

ta
,I

V
-T

E
T

R
A

D
+

w
ill

re
tu
rn

an
em

pt
y
C R

fo
r
da

ta
ge
ne

ra
te
d
by

th
e
m
od

el
in

F
ig
ur
e
3,

w
hi
ch

is
in

th
eo
ry

av
oi
da

bl
e)
.

T
he

se
pa

ra
ti
on

be
tw

ee
n
C
an

d
C R

is
du

e
to

th
e
fa
ct

th
at

fu
ll
au

to
m
at
io
n
of

eff
ec
td

is
co
ve
ry

is
no

t
re
co
m
m
en

de
d,

as
th
er
e
ar
e
un

id
en
ti
fia

bi
lit
y
tr
ad

e-
off

s.
R
ec
al
lt
ha

t
in

th
e
gr
ap

h
w
he

re
W

1
an

d
W

2
ar
e
va
lid

IV
s,

bu
t
w
he

re
W

1
an

d
X

sh
ar
e
an

un
m
ea
su
re
d
co
nf
ou

nd
er
,t

ha
t
th
e

re
si
du

al
te
st

w
ill

as
ym

pt
ot
ic
al
ly

re
je
ct

th
is

ca
nd

id
at
e
pa

ir
.
It

is
to

re
m
in
d
th
e
us
er

of
th
is

po
ss
ib
ili
ty

th
at

th
e
al
go

ri
th
m

se
pa

ra
te
s,

in
a
se
co
nd

se
t,

th
e
ou

tc
om

es
fil
te
re
d
by

a
m
or
e

st
ri
ng

en
t
cr
it
er
ia
.
T
he

pr
ic
e
to

be
pa

id
is

th
e
st
ro
ng

er
as
su
m
pt
io
n
co
nc

er
ni
ng

th
e
ex
is
te
nc

e
of

a
pa

rt
it
io
n

(W
,Z

)
of

O
su
ch

th
at

W
ar
e
va
lid

IV
s
gi
ve
n

Z
an

d
th
at
|W
|≥

K
.
If

th
is

ex
is
te
nc

e
cr
it
er
ia

al
so

in
cl
ud

es
th
at

no
el
em

en
ts

in
W

ha
s
an

ac
ti
ve

no
n-
di
re
ct
ed

pa
th

w
it
h

Y
gi
ve
n

Z
,
th
en
C R

w
ill

be
no

la
rg
er

an
d

so
m
et
im

es
sm

al
le
r
th
an
C.

B
ot
h

se
ts

ca
n

be
su
m
m
ar
iz
ed

in
m
an

y
w
ay

s,
in
cl
ud

in
g
us
in
g
th
em

to
pr
ov
id
e
lo
w
er

an
d
up

pe
r
bo

un
ds

to
λ
y
x

in
a
w
ay

an
al
og

ou
s
to

C
or
ol
la
ri
es

11
an

d
18

.

4.
2
Fu

rt
h
er

C
om

m
en
ts

IV
-T

E
T

R
A

D
+

ca
n
in

pr
in
ci
pl
e
be

ex
pa

nd
ed

to
in
cl
ud

e
a
gr
ee
dy

se
ar
ch

ov
er

se
ts

Z
w
hi
ch

ar
e
st
ri
ct

su
bs
et
s
of

O
\{
W
i}
.
So

m
e
no

n-
tr
iv
ia
lt
he
or
y
on

ho
w
to

do
it
w
it
h
fo
rm

al
gu

ar
an

te
es

an
d
no

n-
tr
iv
ia
la

ss
um

pt
io
ns

is
le
ft
as

fu
tu
re

w
or
k.

T
he

m
os
t
im

m
ed

ia
te

m
od

ifi
ca
ti
on

of
IV

-
T

E
T

R
A

D
+

w
ou

ld
be

to
in
cl
ud

e
a
fu
rt
he

r
ou

te
r
lo
op

,
w
he

re
ot
he
r
co
nd

it
io
ni
ng

se
ts

ar
e

us
ed

in
st
ea
d
of

O
\i
,s
ta
rt
in
g
fr
om

th
e
em

pt
y
se
t.

T
he

ou
te
r
lo
op

w
ou

ld
in
cr
ea
se

th
is
se
t
by

on
e
el
em

en
t
at

a
ti
m
e,

op
ti
m
iz
in
g

S
c
o
r
eT

et
r
a
d
s.

A
s
th
is

is
a
re
la
ti
ve
ly

st
ra
ig
ht
fo
rw

ar
d

he
ur
is
ti
c
w
it
ho

ut
an

y
in
si
gh

tf
ul

th
eo
ry

be
hi
nd

it
,
an

d
th
e
st
at
is
ti
ca
l
va
ri
an

ce
of

th
e
fin

al
re
su
lt

w
ill

ju
st

in
cr
ea
se

co
ns
id
er
ab

ly
,
w
e
do

no
t
di
sc
us
s
it

fu
rt
he

r.
O
ur

pr
ef
er
re
d
so
lu
ti
on

is
to

le
t
th
e
al
go

ri
th
m

re
tu
rn

an
em

pt
y
se
t
if
no

te
tr
ad

co
ns
tr
ai
nt
s
an

d
re
si
du

al
te
st
s
ar
e

sa
ti
sfi
ed

,
ig
no

ri
ng

th
e
se
ar
ch

fo
r
a
m
or
e
sp
ec
ifi
c
co
nd

it
io
ni
ng

se
t.

T
he

th
eo
ry

be
hi
nd

IV
-

T
E
T

R
A

D
+ ∞

is
us
ed

in
IV

-T
E
T

R
A

D
+

to
pr
ov
id
e
gu

ar
an

te
es

ab
ou

t
C R

.
It

al
so

pr
ov

id
es

th
e
ex
pl
an

at
io
n

of
w
ha

t
ca
n

go
w
ro
ng

by
im

pr
op

er
ly

co
nd

it
io
ni
ng

on
a
co
va
ri
at
e.

T
hi
s

th
eo
ry

ca
n
be

co
m
bi
ne

d
w
it
h
ba

ck
gr
ou

nd
kn

ow
le
dg

e
to

m
an

ua
lly

se
le
ct

a
pr
e-
de
fin

ed
se
t

of
co
nd

it
io
ni
ng

se
ts

th
at

ar
e
be

lie
ve
d
to

be
ad

eq
ua

te
fo
r
fin

di
ng

in
st
ru
m
en
ts
,
in

ca
se

th
e

de
fa
ul
t

O
\i

is
de

em
ed

in
su
ffi
ci
en
t.

T
he

ch
oi
ce

of
K

is
no

t
a
st
ra
ig
ht
fo
rw

ar
d

qu
es
ti
on

.
T
hi
s
de

ci
si
on

is
a
bi
as
-v
ar
ia
nc

e
tr
ad

e-
off

:
sm

al
le
r
K

m
ea
ns

w
ea
ke
r
as
su
m
pt
io
ns

bu
t
hi
gh

er
va
ri
an

ce
.
W
e
do

no
t
pr
ov
id
e
a

do
m
ai
n-
fr
ee

ru
le

of
th
um

b:
ou

r
re
co
m
m
en

da
ti
on

is
to

se
t
K

as
hi
gh

as
po

ss
ib
le

ac
co
rd
in
g

to
kn

ow
le
dg

e
fr
om

th
e
do

m
ai
n
of

in
te
re
st
.
N
ot
ic
e
th
at
,
un

lik
e

si
sV

IV
E
,
th
is

nu
m
be

r
do

es
no

t
ne

ed
to

gr
ow

w
it
h
|O
|.

Se
ns
it
iv
it
y
an

al
ys
is
,w

he
re

di
ffe

re
nt

va
lu
es

of
K

ar
e
at
te
m
pt
ed

,
ca
n
be

a
va
lu
ab

le
to
ol

to
di
ag
no

se
th
e
im

pa
ct

of
th
is

ch
oi
ce
.
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L
ea

r
n
in

g
In

stru
m
en

ta
l

V
a
r
ia

bles
w

ith
S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

X

1

Z
C

W
possible

U
2

U
S

U
0

W
best1

W
best2

Z
D

Z
S

Y

U

F
igure

6:
E
xam

ple
of

a
synthetic

graph
generated

by
the

tem
plate

used
in

Section
5.

W
best

1 ,W
best

2
and

W
p
o
ssible

are
valid

IV
s
conditioned

on
Z
D

and
Z
S
only,as

con-
ditioning

on
Z
C
activates

the
path

W
p
o
ssible →

Z
C
←
U
1 →

Y
,w

hich
invalidates

that
instrum

ent.
H
ow

ever,
W
best

1
and

W
best

2
rem

ain
valid

even
after

conditioning
on

allother
observed

variables.

5.
E
xp

erim
ents

W
e
assess

how
IV

-T
E
T

R
A

D
+

com
pares

to
other

m
ethods

in
a
series

of
sim

ulations.
W
e

then
provide

an
exam

ple
on

how
the

m
ethod

can
be

used
in

an
em

piricalstudy
and

assess
its

robustness.

5.1
S
ynth

etic
S
tu
d
ies

for
F
in
d
in
g
a
S
in
gle

C
au

sal
E
ff
ect

A
ssu

m
in
g
IV

s
E
xist

W
e
generate

synthetic
m
odels

ofparticular
structures,intended

to
capture

features
such

as
confounding

and
collider

bias
that

should
be

avoided
by

proper
conditioning.

In
order

to
allow

for
a
direct

a
com

parison
of

IV
-T

E
T

R
A

D
+
against

alternative
m
ethods

that
return

a
single

causal
effect

estim
ate,

w
e
pragm

atically
force

our
algorithm

to
choose

a
single

elem
ent

in
each

outputC
∪
C
R

for
the

sake
of

sim
plifying

com
parisons. 9

T
he

choice
is

the
effect

estim
ate

corresponding
to

the
set

W
j
that

m
inim

izes
S
c
o
r
eT

et
r
a
d
s
at

the
end

of
Line

9,w
hich

is
then

contrasted
against

the
true

effect. 10

Sim
ulations

are
perform

ed
as

follow
s.

T
reatm

ent
X

and
outcom

e
Y

have
tw

o
latent

parents,
U
1
and

U
2 .

U
1
is

connected
to

observed
covariates

as
described

below
,
so

its
variance

decreases
by

conditioning.
U
2
is
not

directly
connected

to
the

observed
covariates.

W
e
then

generate
synthetic

graphs
by

splitting
the

observed
covariates

in
different

groups.

9.
A
lso,in

this
setup,the

non-G
aussianity

test
of

L
ine

12
does

not
play

a
role

in
the

finaloutput.
10.

It
is
theoretically

possible
that

this
criterion

w
illm

ake
IV

-T
E
T

R
A

D
+
return

the
w
rong

causaleffect
in

the
lim

it
ofinfinite

data,as
by

design
w
e
introduce

locally
covariance

equivalent
causaleffects.

H
ow

ever,
w
ith

finite
data

this
criterion

typically
chooses

solutions
corresponding

to
correct

IV
s:

in
our

setup,
the

non-IV
vertices

that
im

ply
locally

covariance
equivalent

effects
tend

to
be

m
ore

w
eakly

associated
w
ith

outcom
e
Y

than
the

true
IV

s,as
paths

from
such

vertices
to

outcom
e
Y

pass
through

latent
choke

points.
T
his

inflates
the

variance
of

the
corresponding

λ̂
i ,
leading

to
higher

disparity
com

pared
to

the
effect

estim
ated

by
tw

o-stage
least

squares.
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S
ilva

a
n
d

S
h
im

izu

C
onfounding

λ
x
u

=
λ
y
u

=
0.125

λ
x
u

=
λ
y
u

=
0.25

N
1000

5000
10000

1000
5000

10000
N
A
IV

E
1

0.25,0.79
0.25,0.81

0.25,0.81
0.50,0.58

0.50,0.58
0.50,0.59

N
A
IV

E
2

0.16,0.84
0.16,0.84

0.15,0.85
0.37,0.68

0.36,0.66
0.35,0.69

N
A
IV

E
3

0.54,0.56
0.54,0.56

0.54,0.56
0.78,0.43

0.78,0.40
0.78,0.42

O
R
A
C
LE

0.04,0.94
0.02,0.95

0.01,0.98
0.13,0.88

0.04,0.95
0.02,0.98

S-O
R
A
C
LE

0.06,0.92
0.03,0.95

0.02,0.97
0.17,0.78

0.06,0.93
0.03,0.93

W
-O

R
A
C
LE

0.25,0.80
0.23,0.79

0.21,0.77
0.52,0.58

0.47,0.60
0.44,0.63

SISV
IV

E
0.34,0.73

0.35,0.72
0.31,0.75

0.64,0.56
0.67,0.56

0.68,0.57
IV

-T
E
T
R
A
D

+
0.23,0.78

0.12,0.86
0.07,

0.86
0.56,

0.61
0.26,0.77

0.10,
0.79

T
able

2:
E
xperim

entalresults
for

8
m
ethods

as
described

in
the

text,including
three

oracle
com

petitors
that

illustrate
idealized

scenarios
w
here

parts
of

the
structure

are
know

n.
T
w
o
experim

ental
param

eters
are

varied:
sam

ple
size

N
and

the
am

ount
λ
x
u

=
λ
y
u
ofunm

easured
confounding

betw
een

X
and

Y
.
For

each
pair

ofm
ethod

and
experim

entalcondition,w
e
report

the
sum

m
arized

perform
ance

over
100

trials
in

tw
o
w
ays:

the
m
edian

absolute
difference

betw
een

the
estim

ated
causal

effect
and

true
λ
y
x
(the

sm
aller,the

better);and
the

proportion
in

w
hich

the
sign

ofthe
estim

ated
effect

and
the

sign
of

the
true

effect
agree

(the
higher,the

better).
IV

-
T

E
T

R
A

D
+
beats

allnon-oracle
com

petitors
at

sam
ple

size
10000,w

ith
a
p-value

p
<

0.001
according

to
a
binom

ialtest
(in

bold).
N
otice

that
N

A
IV

E
2
is
actually

the
closer

com
petitor

to
IV

-T
E
T

R
A

D
+
,
w
hile

in
this

particular
setup

sisV
IV

E
does

not
im

prove
even

w
ith

large
sam

ple
sizes.

G
roup

W
are

variables
w
hich

can
be

used
as

conditional
IV

s.
T
his

group
has

tw
o

subgroups,
W

best
and

W
p
o
ssible .

T
he

form
er

rem
ains

a
set

of
valid

IV
s
conditioned

on
all

other
observed

covariates.
T
he

latter
w
illhave

active
collider

paths
w
ith

treatm
ent

X
that

can
be

in
principle

deactivated
by

a
com

binatorial
search,

w
hich

is
not

perform
ed

by
any

algorithm
in

our
benchm

ark.
G
roup

Z
S
is

a
set

of
covariates

w
ith

a
com

m
on

latent
child

U
S
w
hich

is
also

a
parent

of
X

and
Y
,m

aking
U
S
a
spurious

choke
point

betw
een

Z
S
and

{
X
,Y
}.

G
roup

Z
D

is
a
set

of
covariates

w
hich

are
parents

of
both

X
and

Y
and

as
such

are
not

blocked
by

choke
points,

latent
or

not.
G
roup

Z
C

are
variables

w
hich

are
children

of
W

p
o
ssible

and
U
1 .

F
inally,

all
variables

in
W

Z
≡

W
∪

Z
S
∪

Z
D

have
a
com

m
on

latent
parent

U
0 ,m

aking
conditioning

on
W

Z\W
required

for
W
∈

W
best to

be
a
valid

IV
.F

igure
6
show

s
an

exam
ple

w
here|W

best |
=

2,|W
p
o
ssible |

=
1,|Z

S |
=

2,|Z
D |

=
1
and
|Z
C |

=
1.

T
he

m
ethods

w
e
com

pare
against

are:

1.
N

A
IV

E
1,the

least-squares
regression

coeffi
cient

of
Y

on
X
;

2.
N

A
IV

E
2,

tw
o-stage

least
squares

(T
SLS)

of
Y

on
X

using
all

variables
O

=
W
∪

Z
S
∪

Z
C
∪

Z
D

as
instrum

ents;

3.
N

A
IV

E
3,least-squares

regression
of
Y

on
X

and
O
;
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st
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bl
es

w
it

h
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tr

u
ct

u
r
a
l

a
n
d

N
o
n
-G

au
ss

ia
n
it

y
A

ss
u
m
pt

io
n
s

4.
O

R
A

C
L
E
,
T
SL

S
es
ti
m
at
io
n
us
in
g
th
e
co
rr
ec
t
se
t
of

IV
s

W
an

d
co
rr
ec
t
ad

ju
st
m
en
t

se
t

Z
S
∪

Z
D
;

5.
W

-O
R

A
C

L
E
,
T
SL

S
us
in
g

W
as

IV
s,

bu
t
co
nd

it
io
ni
ng

on
al
l
of

th
e
ot
he

r
va
ri
ab

le
s

Z
S
∪

Z
D
∪

Z
C
;

6.
S
-O

R
A

C
L
E
,t
he

al
go

ri
th
m

of
K
an

g
et

al
.(
20
16

)
ex
ec
ut
ed

by
fir
st

co
rr
ec
tl
y
re
m
ov
in
g

th
e
se
t

Z
C
fr
om

th
e
in
pu

t;

7.
S
IS

V
IV

E
,t
he

al
go

ri
th
m

of
K
an

g
et

al
.(
20
16

)
ex
ec
ut
ed

in
th
e
st
an

da
rd

w
ay
,b

y
ta
ki
ng

al
lv

ar
ia
bl
es

O
as

in
pu

t;

8.
IV

-T
E
T

R
A

D
+
,o

ur
m
et
ho

d,
us
in
g
al
lv

ar
ia
bl
es

O
as

in
pu

t
an

d
K

=
1
0.

A
ll
er
ro
r
va
ri
ab

le
s
an

d
la
te
nt

va
ri
ab

le
s
ar
e
ze
ro
-m

ea
n
La

pl
ac
ia
n
di
st
ri
bu

te
d,

an
d
co
effi

-
ci
en
ts

ar
e
sa
m
pl
ed

fr
om

st
an

da
rd

G
au

ss
ia
ns

an
d
re
-s
ca
le
d
su
ch

th
at

th
e
ob

se
rv
ed

va
ri
ab

le
s

ha
ve

a
va
ri
an

ce
of

1.
A

si
m
ul
at
io
n
is
re
je
ct
ed

un
ti
l|
λ
y
x
|>

0
.0

5.
C
oe
ffi
ci
en
ts

be
tw

ee
n
{X

,Y
}

an
d
la
te
nt

va
ri
ab

le
s
{U

1
,U

2
}
ar
e
se
t
su
ch

th
at
λ
x
u
1

=
λ
y
u
1

=
λ
y
u
2

=
λ
y
u
2
,
at

tw
o
le
ve
ls
,

(0
.1

25
,0
.2

5)
.
T
he

di
ffi
cu

lt
y
of

th
e
pr
ob

le
m

in
cr
ea
se
s
w
it
h
λ
x
u
1
,
as

th
is

m
ak

es
un

m
ea
su
re
d

co
nf
ou

nd
in
g
st
ro
ng

er
.

C
om

pa
ri
so
ns

ar
e
sh
ow

n
in

T
ab

le
2,

w
it
h
th
e
se
tu
p
|W

be
st
|=

15
,

|W
p
o
ss
ib
le
|=

10
,
|Z
S
|=

10
,
|Z
D
|=

5
,
|Z
C
|=

10
.
T
hi
s
sa
ti
sfi
es

th
e
cr
it
er
io
n
of
|W
|b

ei
ng

ha
lf
th
e
nu

m
be

r
of

re
m
ai
ni
ng

va
ri
ab

le
s,

al
th
ou

gh
on

ly
th
e
15

va
ri
ab

le
s

Z
S
∪

Z
D

sh
ou

ld
be

us
ed

as
a
co
nd

it
io
ni
ng

se
t.

W
e
ge
ne

ra
te

10
0
sy
nt
he

ti
c
pr
ob

le
m
s
w
it
h
a
da

ta
se
t
of

10
,0
00

po
in
ts

ea
ch

an
d
as
se
ss

m
et
ho

ds
us
in
g
al
so

su
bs
et
s
of

si
ze

10
00

an
d
50

00
.
Fo

r
λ
x
u

=
0.

12
5
,t
he

em
pi
ri
ca
ld

is
tr
ib
ut
io
n

of
eff

ec
ts
λ
y
x
ha

d
a
m
ed

ia
n

of
0.

34
,
an

up
pe

r
qu

ar
ti
le

of
0.

55
an

d
a
m
ax

im
um

of
1.

05
.

Fo
r
λ
y
u

=
0.

25
,
a
m
ed
ia
n
of

0
.3

5,
an

up
pe

r
qu

ar
ti
le

of
0
.7

5
an

d
a
m
ax

im
um

of
1.

28
.
Fo

r
as
se
ss
m
en
t,
w
e
us
e
tw

o
m
ea
su
re
s
th
at

su
m
m
ar
iz
e
ab

so
lu
te

de
vi
an

ce
fr
om

λ
y
x
an

d
ag

re
em

en
t

w
it
h
it
s
si
gn

.
T
he

m
es
sa
ge

in
T
ab

le
2
is

as
fo
llo

w
s.

T
he

pa
ra
m
et
er

es
ti
m
at
io
n

pr
ob

le
m

is
ea
sy

if
on

e
kn

ow
s
th
e
co
rr
ec
t
IV

s
an

d
ba

ck
gr
ou

nd
va
ri
ab

le
s
(O

R
A

C
L
E
),

bu
t
it

sh
ow

s
al
re
ad

y
it
s

ch
al
le
ng

es
if
on

e
ha

s
po

te
nt
ia
lly

co
rr
ec
t
IV

s
bu

t
co
nd

it
io
ns

on
th
e
w
ro
ng

se
t
(W

-O
R

A
C

L
E
).

si
sV

IV
E

ca
n
w
or
k
ve
ry

w
el
li
fo

ne
kn

ow
s
in

ad
va
nc

e
w
hi
ch

co
nd

it
io
ni
ng

va
ri
ab

le
s
to

di
sc
ar
d

(S
-O

R
A

C
L
E
).

In
ge
ne

ra
l
w
e
w
ill

no
t
ha

ve
th
is

kn
ow

le
dg

e,
an

d
si

sV
IV

E
ca
n
po

te
nt
ia
lly

be
ha

ve
ba

dl
y,

ev
en

w
or
se

th
an

a
na

ïv
e
m
et
ho

d
(c
om

pa
re

N
A

IV
E
3

to
S
IS

V
IV

E
).

T
he

la
rg
e
co
nt
ra
st

be
tw

ee
n

S
-O

R
A

C
L
E

an
d

S
IS

V
IV

E
is
a
w
ar
ni
ng

ag
ai
ns
t
ig
no

ri
ng

th
e
eff

ec
ts

of
in
co
rr
ec
t
co
nd

it
io
ni
ng

.
O
f
al
l
no

n-
or
ac
le

m
et
ho

ds
,
IV

-T
E
T

R
A

D
+

is
th
e
cl
ea
r
w
in
ne

r,
al
th
ou

gh
as

ex
pe

ct
ed

it
is

a
hi
gh

va
ri
an

ce
es
ti
m
at
or

an
d
sh
ou

ld
be

ad
va
nt
ag

eo
us

on
ly

fo
r

re
la
ti
ve
ly

la
rg
e
sa
m
pl
e
si
ze
s.

In
Se

ct
io
n
5.
3
w
e
ill
us
tr
at
e
w
ay

s
in

w
hi
ch

th
e
un

ce
rt
ai
nt
y
of

th
is

es
ti
m
at
or

ca
n
be

as
se
ss
ed

.

5.
2
R
es
id
u
al

T
es
t
A
ss
es
sm

en
t

W
e
as
se
ss

th
e
ro
bu

st
ne

ss
of

th
e
re
si
du

al
te
st

va
lid

at
io
ns

of
IV

-T
E
T

R
A

D
+

in
a
se
ri
es

of
si
m
ul
at
io
ns
.
W
e
de

si
gn

ed
th
re
e
sc
en

ar
io
s
as

ill
us
tr
at
ed

in
F
ig
ur
e
7,

w
he

re
{U

0
,U
}
ar
e
la
te
nt

va
ri
ab

le
s:
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S
il
va

a
n
d

S
h
im

iz
u

Z
1

U
0

W
2

Y

U

X
W

X
1

U
0

W
2

Y

U

W
X

1

U
0

W
2

Y

U

W

(a
)

(b
)

(c
)

F
ig
ur
e
7:

T
he

th
re
e
di
ffe

re
nt

co
nfi

gu
ra
ti
on

s
us
ed

in
th
e
as
se
ss
m
en
t
pe

rf
or
m
ed

in
Se
ct
io
n

5.
2.

S
1
:
T
he

gr
ap

h
is

gi
ve
n
by

F
ig
ur
e
7(
a)
.
T
he

id
ea
l
ou

tp
ut

is
to

fa
ls
ify

th
e
nu

ll
hy

po
th
es
is

of
re
si
du

al
in
de

pe
nd

en
ce

be
tw

ee
n
W

1
an

d
X

gi
ve
n
{W

2
,Z
},

an
d
W

2
an

d
X

gi
ve
n

{W
1
,Z
}.

S
2
:
T
he

gr
ap

h
is

gi
ve
n
by

F
ig
ur
e
7(
b)
.
T
he

id
ea
l
ou

tp
ut

is
to

fa
ls
ify

th
e
nu

ll
hy

po
th
es
is

of
re
si
du

al
in
de
pe

nd
en

ce
be

tw
ee
n
W

1
an

d
X

gi
ve
n
W

2
,a

nd
W

2
an

d
X

gi
ve
n
W

1
.

S
3
:
T
he

gr
ap

h
is
gi
ve
n
by

F
ig
ur
e
7(
c)
.
T
he

id
ea
lo

ut
pu

t
is
no

tt
o
fa
ls
ify

th
e
nu

ll
hy

po
th
es
is

of
re
si
du

al
in
de

pe
nd

en
ce

be
tw

ee
n
W

1
an

d
X

gi
ve
n
W

2
,a

nd
W

2
an

d
X

gi
ve
n
W

1
.

In
ea
ch

sc
en
ar
io
,
w
e
si
m
ul
at
e
10
0
sy
nt
he

ti
c
pr
ob

le
m
s
an

d
ge
ne
ra
te

a
da

ta
se
t
of

si
ze

10
,0
00

fr
om

ea
ch
.

T
he

si
m
ul
at
io
n
of

pa
ra
m
et
er
s
is

si
m
ila

r
to

Se
ct
io
n
5.
1,

al
so

in
cl
ud

in
g

tw
o
le
ve
ls

of
co
nf
ou

nd
in
g
by

se
tt
in
g
λ
x
u

=
λ
y
u
to

ei
th
er

0
.1

25
or

0.
25

.
W
e
al
so

in
cr
ea
se

th
e
no

n-
G
au

ss
ia
ni
ty

of
th
e
er
ro
r
te
rm

s:
ea
ch

er
ro
r
te
rm

is
ge
ne
ra
te
d
by

sa
m
pl
in
g
a
La

pl
ac
e

di
st
ri
bu

te
d
ra
nd

om
va
ri
ab

le
as

be
fo
re
,
an

d
th
en

ra
is
in
g
it

to
th
e
po

w
er

of
1.
5,

pr
es
er
vi
ng

th
e
si
gn

,
an

d
re
sc
al
in
g
it

ba
ck

to
ha

ve
th
e
sa
m
e
va
ri
an

ce
re
qu

ir
ed

so
th
at

ea
ch

la
te
nt

an
d

ob
se
rv
ed

va
ri
ab

le
ha

s
a
m
ar
gi
na

lv
ar
ia
nc

e
of

1.
W
e
do

no
t
cl
ai
m

th
at

th
e
te
st
s
pr
op

os
ed

ar
e

pa
rt
ic
ul
ar
ly

st
ro
ng

w
he
n
th
e
sa
m
pl
e
si
ze

is
no

t
la
rg
e
or

th
e
ra
nd

om
va
ri
ab

le
s
ar
e
no

t
cl
ea
rl
y

no
n-
G
au

ss
ia
n.

W
e
do

ill
us
tr
at
e
th
at
,a

cc
or
di
ng

to
th
e
th
eo
ry
,w

e
sh
ou

ld
ge
t
be

tt
er

de
ci
si
on

s
w
it
h
in
cr
ea
si
ng

sa
m
pl
e
si
ze
s.

A
jo
in
t
de

ci
si
on

is
gi
ve
n

fo
r
th
e
pa

ir
of

va
ri
ab

le
s
{W

1
,W

2
},

as
in

th
e
de

fin
it
io
n

of
T

es
t
R

es
id

u
a
ls

us
ed

in
A
lg
or
it
hm

4.
T
hi
s
is

do
ne

by
vo
ti
ng

:
fo
r
ea
ch

ca
nd

id
at
e
IV

W
∈
{W

1
,W

2
},

w
e
te
st

th
e
in
de

pe
nd

en
ce

of
r W

ag
ai
ns
t
r X

us
in
g

H
S
IC

(G
re
tt
on

et
al
.,

20
07

)
co
nd

it
io
ni
ng

on
th
e
re
m
ai
ni
ng

ob
se
rv
ed

va
ri
ab

le
s.

If
m
or
e
th
an

ha
lf
of

th
e
ca
nd

id
at
e

IV
s
re
su
lt

in
a
co
rr
es
po

nd
in
g
p-
va
lu
e
gr
ea
te
r
th
an

th
e
ch
os
en

le
ve
l
of

0
.0

5
(i
n
ou

r
se
tu
p,

th
is
m
ea
ns

th
at

bo
th
W

1
an

d
W

2
pa

ss
th
e
te
st
),
th
en

th
e
m
od

el
pa

ss
es

th
e
te
st

an
d
th
e
IV

s
ar
e
no

t
fa
ls
ifi
ed

.
O
th
er
w
is
e,

th
e
m
od

el
is
re
je
ct
ed

.
In

ou
r
si
m
ul
at
io
n,

w
e
ar
e
co
rr
ec
t
in

ea
ch

si
m
ul
at
ed

in
st
an

ce
if
w
e
re
je
ct

th
e
ca
nd

id
at
e
in
st
ru
m
en
t
pa

ir
in

sc
en

ar
io
s
S
1
an

d
S
2
,
or

if
w
e
do

no
t
re
je
ct

it
in

sc
en

ar
io
S
3
.

W
e
us
e
a
Sh

ap
ir
o-
W

ilk
te
st

of
G
au

ss
ia
ni
ty

fo
llo

w
ed

by
th
e
H

S
IC

te
st

as
im

pl
em

en
te
d
in

th
e

R
pa

ck
ag

e
d
H

S
IC

,1
1
bo

th
at

a
le
ve
l
0.
05

.
T
ha

t
is
,
if
fo
r
ca
nd

id
at
e
in
st
ru
m
en
t
W

th
e

G
au

ss
ia
ni
ty

as
su
m
pt
io
n
ca
nn

ot
be

re
je
ct
ed

fo
r
th
e
re
si
du

al
s
r W

or
r X

,t
he

n
W

by
de

fa
ul
t
is

11
.
A
va
ila

bl
e
at

th
e
C
om

pr
eh

en
si
ve

R
A
rc
hi
ve

N
et
w
or
k,

C
R
A
N
,h

tt
ps

:/
/c

ra
n.

r-
pr

oj
ec

t.
or

g/
.
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L
ea

r
n
in

g
In

stru
m
en

ta
l

V
a
r
ia

bles
w

ith
S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

C
onfounding

N
=

1000
N

=
5000

N
=

10
000

S
1

S
2

S
3

S
1

S
2

S
3

S
1

S
2

S
3

λ
y
u

=
0.125

0.54
0.28

0.87
0.77

0.85
0.89

0.82
0.93

0.83
λ
y
u

=
0.25

0.63
0.59

0.79
0.85

0.98
0.83

0.86
1.00

0.83

T
able

3:
E
xperim

ental
results

for
assessing

the
detection

of
invalid

instrum
ent

candidates
based

on
the

dependenciesbetw
een

least-squaresresidualsofinstrum
entsand

treat-
m
ents

on
a
com

m
on

pool
of

covariates.
W

ithin
each

sam
ple

size
and

am
ount

of
confounding,

w
e
show

the
proportion

of
tim

es
w
e
correctly

decided
w
hether

the
corresponding

pair
of

candidate
IV

s
are

indeed
valid

or
not

(out
of

100
sim

ula-
tions).

T
he

three
problem

s
S
1 ,
S
2
and

S
3
are

discussed
in

the
m
ain

text.
T
he

correct
decisions

are
to

reject
the

candidates
in

problem
s
of

type
S
1
and

S
2 ,

and
not

reject
them

in
S
3 .

not
rejected

as
a
plausible

instrum
ent. 12

O
nly

default
d
H

S
IC

hyperparam
eters

w
ere

used
to

m
ake

the
results

m
ore

conservative:
w
e
believe

better
results

can
be

obtained
by

m
ore

sophisticated
approaches

for
hyperparam

eter
selection.

Sim
ilarly,

the
p-value

threshold
of

0
.0

5
should

not
be

seen
the

levelofthe
test

but
as

a
regularization

param
eter,and

should
be

adapted
as

the
sam

ple
size

increases
(K

alisch
and

B
ühlm

ann,2007).
R
esults

are
sum

m
arized

in
T
able

3.

A
s
expected,

correctly
rejecting

the
m
odel

in
scenarios

S
1
and

S
2
is

easier
w
hen

con-
founding

is
stronger,w

hich
is
precisely

w
hen

w
e
w
ould

like
to

be
m
ore

conservative
regarding

our
choice

of
instrum

ents.
Scenario

S
2
is

particularly
hard

under
sm

aller
sam

ple
sizes,

as
correlations

quickly
go

to
zero

given
a
single

path
of

length
3
betw

een
candidate

instru-
m
ents

and
treatm

ent/outcom
e.

T
he

perform
ance

in
Scenario

S
3
plateaus,m

eaning
that

in
this

particular
sim

ulated
distribution

ofparam
eters

w
e
stillerroneously

reject
the

valid
IV

s
approxim

ately
17%

of
the

tim
e.

T
he

T
ype

I
error

probability
is

not
that

straightforw
ard

to
calculate

due
to

the
voting

m
echanism

and
the

dependency
of

the
least-squares

rejec-
tion

estim
ates

and
the

residualestim
ates.

H
ow

ever,as
it
is

know
n,in

any
constraint-based

search
algorithm

w
e
should

decrease
the

test
level

hyperparam
eter

from
0.05

tow
ards

zero
as

sam
ple

size
increases

if
w
e
w
ant

consistency.
T
his

is
analogous

to
the

behavior
of

other
algorithm

s
such

as
the

P
C

algorithm
(Spirtes

et
al.,2000).

T
o
conclude,despite

the
noted

shortcom
ings

ofrequiring
detectable

non-G
aussianity

and
large

sam
ple

sizes,the
tests

do
provide

a
validation

of
proposed

instrum
ents

as
advertised.

M
oreover,they

are
expected

to
be

m
ore

effective
in

discarding
possibly

invalid
IV

s
as

unm
ea-

sured
confounding

gets
stronger,w

hich
is

a
desired

behavior.
H
ow

ever,w
e
stillrecom

m
end

that
w
e
output

candidate
effects

both
w
ith

and
w
ithout

the
residualindependence

tests
as

done
by

IV
-T

E
T

R
A

D
+
,for

the
reasons

explained.

12.
In

theory
the

goal
is

to
save

com
putational

tim
e.

In
this

cases
the

independence
assum

ption
is

likely
not

to
be

rejected
anyw

ay,
but

the
H

S
IC

test
can

be
costly

if
done

m
any

tim
es

so
w
e
w
ant

to
avoid

perform
ing

it
w
henever

possible.

31
JM

L
R

 18(120):1-49, 2017

S
ilva

a
n
d

S
h
im

izu

5.3
E
m
p
irical

Illu
stration

W
e
consider

the
application

of
our

m
ethod

to
the

study
by

Sachs
et

al.
(2005).

T
hat

study
collected

cell
activity

m
easurem

ents
(concentration

of
proteins

and
lipids)

for
single

cell
data

under
a
variety

of
conditions.

W
hile

searching
for

instrum
ental

variables
under

a
com

bination
of

experim
ental

conditions
is

an
interesting

topic,
w
e
w
ill

focus
on

a
single

condition
(described

in
the

paper
as

stim
ulation

w
ith

anti-C
D
3
and

anti-C
D
28).

T
here

are
11

variables
and

853
data

points,
of

w
hich

w
e
selected

the
m
anipulation

of
concentration

levels
of

m
olecule

E
rk

as
the

treatm
ent,

and
concentration

of
A
kt

as
the

outcom
e.

W
e
use

as
background

know
ledge

the
m
odelinference

result
show

n
as

F
igure

3A
presented

by
Sachs

et
al.(2005),encoding

that
the

other
9
cellproducts

are
not

causally
affected

by
either

E
rk

or
A
kt.

A
lthough

previously
unknow

n,evidence
for

this
causallink

w
as

also
given

support
by

an
experim

ent
perform

ed
by

Sachs
et

al.(2005).
T
he

data
show

s
som

e
w
eak

correlations,but
w
e
w
illassum

e
for

sim
plicity

that
no

con-
ditionalindependencies

w
illhold

betw
een

the
treatm

ent
variable

and
the

rem
aining

10
vari-

ables.
T
he

m
otivation

for
Step

3
in

A
lgorithm

4
w
as

prim
ary

as
a
variance

reduction
tech-

nique.
Instead,

here
w
e
w
illbe

prim
arily

concerned
about

illustrating
how

w
e
could

assert
uncertainty

in
our

estim
ates

using
the

m
odified

B
ayesian

approach
introduced

by
Silva

and
K
alaitzis

(2015).
R
unning

the
standard

regression
adjustm

ent
N

A
IV

E
3
on

this
data,w

e
get

a
differential

causal
effect

of
1.36.

sisV
IV

E
reports

an
effect

of
1.58,

w
here

all
variables

w
ere

chosen
as

instrum
ents

and
as

such
this

estim
ate

here
is

the
sam

e
as

N
A

IV
E
2.

T
his

suggests
that

unm
easured

confounding
m
ay

be
w
eakening

the
association

betw
een

treatm
ent

and
outcom

e,but
sam

pling
variability

m
ay

be
high

as
discussed

in
the

next
section.

W
e
run

IV
-

T
E
T

R
A

D
+
as

in
Section

5.1
(and

skipping
Step

3),w
here

a
single

effect
of1.43

is
returned

by
m
inim

izing
S
c
o
r
eT

et
r
a
d
s.

For
this

run
w
e
chose

a
w
indow

size
K

=
3,

as
K

=
2

is
in

general
too

noisy
of

a
choice

since
it

cannot
exploit

any
redundancies

of
the

tetrad
constraints

im
plied

by
the

candidate
instrum

ent
sets.

T
est

R
esid

u
a
ls

does
not

reject
any

candidate
set

proposed
by

the
tetrad

search.
For

K
=

4
and

K
>

4
the

results
w
ere

1.38
and

1.58
respectively,illustrating

som
e
of

the
diffi

culties
of

w
orking

w
ith

a
relatively

sm
all

sam
ple

size
(853

points)
using

an
algorithm

that
has

been
show

n
to

require
large

sam
ples.

T
o
illustrate

w
hat

a
practitioner

should
do

in
this

case,
w
e
describe

w
ays

of
assessing

the
uncertainty

of
the

output
of

IV
-T

E
T

R
A

D
+
.

5.3.1
E
x
plo

r
at

io
n

w
it

h
t
h
e

B
o
o
t
st

r
a
p

F
irst,

w
e
show

a
sim

ple
com

parison
based

on
the

bootstrap:
w
e
sam

ple
the

data
w
ith

replacem
ent

and
show

the
corresponding

(bootstrapped)
sam

pling
distribution

of
the

esti-
m
ates

obtained
by

N
A

IV
E
3,

sisV
IV

E
and

the
single-output

IV
-T

E
T

R
A

D
+
w
ith

K
=

3.
A

sm
oothed

estim
ate

of
the

respective
bootstrapped

outcom
es

is
show

n
in

F
igure

8.
It

is
evident

that
as

the
m
ethod

gets
m
ore

flexible,the
entropy

ofthe
respective

sam
pling

distri-
bution

ofthe
estim

ates
also

increases.
T
here

is
som

e
evidence

ofbim
odality

ofthe
sam

pling
distribution,w

ith
IV

-T
E
T

R
A

D
+
being

particularly
m
ore

extrem
e.

B
ootstrap

can
in

principle
be

used
to

find
confidence

intervals
for

the
corresponding

causal
effects.

H
ow

ever,
it

is
relevant

also
to

discuss
B
ayesian

approaches
for

quantifying
uncertainty.

T
his

is
particularly

interesting
for

a
m
ethod

like
IV

-T
E
T

R
A

D
+
,
w
hich

po-

32
JM

L
R

 18(120):1-49, 2017



L
ea

r
n
in

g
In

st
ru

m
en

ta
l

V
a
r
ia

bl
es

w
it

h
S
tr

u
ct

u
r
a
l

a
n
d

N
o
n
-G

au
ss

ia
n
it

y
A

ss
u
m
pt

io
n
s

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

02468
N

A
IV

E
3

di
ffe

re
nt

ia
l c

au
sa

l e
ffe

ct

Density

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

0.00.51.01.52.02.5

si
sV

IV
E

di
ffe

re
nt

ia
l c

au
sa

l e
ffe

ct

Density

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

0.00.51.01.5

IV
−T

E
T

R
A

D

di
ffe

re
nt

ia
l c

au
sa

l e
ffe

ct

Density

F
ig
ur
e
8:

Sm
oo

th
ed

sa
m
pl
in
g
di
st
ri
bu

ti
on

of
th
e
es
ti
m
at
ed

ca
us
al

eff
ec
ts

fo
r
th
e
th
re
e
di
s-

cu
ss
ed

m
et
ho

ds
us
in
g
50

0
bo

ot
st
ra
pp

ed
sa
m
pl
es

an
d
ke
rn
el

de
ns
it
y
es
ti
m
at
io
n.

te
nt
ia
lly

re
tu
rn
s
se
ts

of
ca
us
al

eff
ec
ts

of
va
ry
in
g
si
ze
s.

It
is

no
t
cl
ea
r
w
ha

t
a
co
nfi

de
nc

e
in
te
rv
al

(o
r
co
nfi

de
nc

e
se
t)

w
ou

ld
be

he
re
.
R
et
ur
ni
ng

a
su
m
m
ar
y
su
ch

as
th
e
m
in
im

um
an

d
m
ax

im
um

el
em

en
ts

of
th
e
se
t,

an
d
bu

ild
in
g
co
nfi

de
nc

e
in
te
rv
al
s
on

bo
un

ds
of

th
e
ca
us
al

eff
ec
t,
m
ay

be
to
o
co
ns
er
va
ti
ve

an
d
no

t
ve
ry

ro
bu

st
to

ou
tl
ie
rs
.
In

th
e
ne
xt

se
ct
io
n,

w
e
w
ill

sh
ow

a
B
ay
es
ia
n
so
lu
ti
on

to
th
at

pr
ob

le
m
.
F
ir
st
,
le
t
us

st
ar
t
by

st
ill

co
ns
id
er
in
g
th
e
ca
se

w
he

re
IV

-T
E
T

R
A

D
+
re
tu
rn
s
a
si
ng

le
el
em

en
t
as

ch
os
en

by
S
c
o
r
eT

et
r
a
d
s.

O
bt
ai
ni
ng

a
po

st
er
io
r
di
st
ri
bu

ti
on

ov
er

th
e
ca
us
al

eff
ec
t
of

in
te
re
st

re
qu

ir
es

a
lik

el
ih
oo

d
fu
nc

ti
on

th
at

in
cl
ud

es
al
l
ob

se
rv
ed

va
ri
ab

le
s.

T
he

us
ua

l
B
ay
es
ia
n
ap

pr
oa

ch
fo
r
gr
ap

hi
ca
l

m
od

el
in
g
w
ou

ld
re
qu

ir
e
ex
pl
or
in
g
a
sp
ac
e
of

co
nd

it
io
na

l
te
tr
ad

an
d
re
si
du

al
in
de

pe
nd

en
ce

co
ns
tr
ai
nt
s,

w
he

re
an

y
ch
os
en

se
t
of

co
ns
tr
ai
nt
s
de

fin
es

a
m
od

el
.
W
e
w
ou

ld
th
en

ev
al
ua

te
th
e
m
ar
gi
na

ll
ik
el
ih
oo

d
of

ea
ch

m
od

el
an

d
se
ar
ch

fo
r
th
e
m
ax

im
um

a
po

st
er
io
ri
or

lis
t
se
ve
ra
l

m
od

el
s
of

hi
gh

pr
ob

ab
ili
ty
.
A
lt
er
na

ti
ve
ly
,w

e
in

pr
in
ci
pl
e
co
ul
d
pe

rf
or
m

M
ar
ko
v
ch
ai
n
M
on

te
C
ar
lo

(M
C
M
C
)
sa
m
pl
in
g
in

th
e
sp
ac
e
of

pa
ra
m
et
er
s
an

d
m
od

el
co
ns
tr
ai
nt
s.

A
ve
ry

di
ffe

re
nt

al
go

ri
th
m

fr
om

IV
-T

E
T

R
A

D
+

w
ou

ld
be

ne
ce
ss
ar
y,

as
it

do
es

no
t
se
ar
ch

am
on

g
co
m
pl
et
e

m
od

el
s.

Su
ch

an
al
go

ri
th
m

w
ou

ld
be

co
m
pu

ta
ti
on

al
ly

ve
ry

in
te
ns
e,

an
d
it

is
no

t
cl
ea
r
ho

w
to

pa
ra
m
et
er
iz
e
a
jo
in
t
lik

el
ih
oo

d
fo
r
an

y
gi
ve
n
se
t
of

co
ns
tr
ai
nt
s,

w
he

th
er

la
te
nt

va
ri
ab

le
s

ar
e
ex
pl
ic
it
ly

in
tr
od

uc
ed

or
no

t.

5.
3.

2
L
ea

r
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ra
ge

co
ns
tr
ai
nt
-b
as
ed

al
go

ri
th
m
s
w
it
h
fe
w

m
od

ifi
ca
ti
on

s.
T
he

m
os
t
de

lic
at
e
de

si
gn

ch
oi
ce
s
ar
e
th
e
ch
oi
ce

of
α
cu
t
an

d
τ
.
O
ne

po
ss
ib
ili
ty

to
as
se
ss

it
s
im

pa
ct

is
by

sa
m
pl
in
g
fr
om

th
e
pr
io
r
an

d
pl
ot
ti
ng

th
e
im

pl
ie
d
di
st
ri
bu

ti
on

on
di
ffe

re
nt
ia
l

ca
us
al

eff
ec
ts
.
T
hi
s
is

do
ne

in
F
ig
ur
e
9,

w
he

re
th
e
bl
ac
k-
bo

x
di
st
ri
bu

ti
on

is
a
m
ix
tu
re

of
5
G
au

ss
ia
ns

w
it
h

th
e
fo
llo

w
in
g
pr
io
rs
:
th
e
m
ix
in
g
di
st
ri
bu

ti
on

is
gi
ve
n

a
D
ir
ic
hl
et

pr
io
r

w
it
h
hy

pe
rp
ar
am

et
er

(2
,2
,2
,2
,2

);
th
e
co
va
ri
an

ce
m
at
ri
x

Σ
c
of

ea
ch

m
ix
tu
re

co
m
po

ne
nt
c
is

gi
ve
n
an

in
ve
rs
e
W

is
ha

rt
pr
io
r
w
it
h
ν

=
11

+
3
de

gr
ee
s
of

fr
ee
do

m
an

d
a
ν
I
sc
al
e
m
at
ri
x,

w
it
h

I
be

in
g
th
e

11
×

11
id
en
ti
ty

m
at
ri
x;

th
e
m
ea
n
ve
ct
or
µ
c
of

ea
ch

co
m
po

ne
nt

is
gi
ve
n
a

m
ul
ti
va
ri
at
e
G
au

ss
ia
n
pr
io
r
w
it
h
ze
ro

m
ea
n
an

d
co
va
ri
an

ce
m
at
ri
x

Σ
c
.

G
iv
en

th
e
pr
io
r
fo
r
th
e
ba

se
di
st
ri
bu

ti
on

,
F
ig
ur
e
9
sh
ow

s
a
sm

oo
th
ed

de
pi
ct
io
n
of

10
00

sa
m
pl
es

fr
om

th
e
pr
io
rs

de
fin

ed
by

sa
m
pl
in
g
th
e
m
ix
tu
re

m
od

el
pa

ra
m
et
er
s
fr
om

th
e
ba

se
di
st
ri
bu

ti
on

an
d
pa

ss
in
g
th
em

th
ro
ug

h
IV

-T
E
T

R
A

D
+
+
,w

he
re

w
e
ch
oo

se
th
e
si
ng

le
el
em

en
t

th
at

m
in
im

iz
es

S
c
o
r
eT

et
r
a
d
s.

T
o
ge
ne

ra
te

th
e
fig

ur
e,

w
e
us
ed

th
e
th
e
fo
llo

w
in
g
co
nfi

g-
ur
at
io
ns
:
i.

(α
cu
t

=
10
,τ

=
0
.0

1)
;
ii.

(α
cu
t

=
3
,τ

=
0
.0

1)
an

d
iii
.

(α
cu
t

=
1
0
,τ

=
0
.0

0
1
).
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L
ea

r
n
in

g
In

stru
m
en

ta
l

V
a
r
ia
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w
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S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

−
4

−
2

0
2

4

0.0 0.1 0.2 0.3 0.4 0.5 IV
−T

E
T

R
A

D
 (10,0.01)

differential causal effect

Prior density

−
4

−
2

0
2

4

0.0 0.2 0.4 0.6 0.8

IV
−T

E
T

R
A

D
 (3,0.01)

differential causal effect

Prior density

−
4

−
2

0
2

4

0.0 0.4 0.8 1.2 IV
−T

E
T

R
A

D
 (10,0.001)

differential causal effect

Prior density

F
igure

9:
E
xam

ples
of

the
im

plied
prior

on
the

differentialcausaleffect
using

the
B
ayesian

projections
algorithm

IV
-T

E
T

R
A

D
+
+

w
ith

three
choices

of
hyperparam

eters
(α

cu
t

=
10,τ

=
0.01),

(α
cu
t

=
3,τ

=
0.01)

and
(α

cu
t

=
10,τ

=
0.001).

0.0
0.5

1.0
1.5

2.0
2.5

3.0

0.0 0.5 1.0 1.5 2.0 2.5

IV
−T

E
T

R
A

D
, single choice

differential causal effect

Posterior density

0.0
0.5

1.0
1.5

2.0
2.5

3.0

0.0 0.5 1.0 1.5 2.0 IV
−T

E
T

R
A

D
, equivalence class

differential causal effect

Posterior density

(a)
(b)

F
igure

10:
(a)

T
he

posterior
distribution

w
hen

a
single

value
is

chosen
as

the
output

of
IV

-T
E
T

R
A

D
+
+
.
(b)

T
he

resulting
posterior

w
here

w
e
uniform

ly
sam

ple
one

of
the

elem
ents

of
the

equivalence
class.

A
s
expected,decreasing

these
tw

o
hyperparam

eters
m
akes

the
prior

narrow
er.

A
t
the

sam
e

tim
e,since

the
effect

is
given

by
the

ratio
ofcovariance

entries,w
e
expect

the
im

plied
prior

to
be

heavy-tailed.
For

illustration
purposes,

w
e
proceed

to
analyze

the
Sachs

et
al.

data
by

choosing
(α

cu
t

=
10,τ

=
0.01)

as
the

prior
configuration.

5.3.3
R

esu
lt

s

F
igure

10(a)
show

s
the

resulting
posterior

after
running

M
C
M
C
for

the
m
ixture

ofG
aussians

for
10,000

iterations
and

thinning
it

dow
n
to

1000
sam

ples.
T
he

evidence
that

5
m
ixture

com
ponents

is
enough

is
given

by
the

fact
that

the
com

ponent
of

sm
allest

posterior
proba-

bility
w
as

assigned
alm

ost
zero

m
ass.

T
he

figure
illustrates

the
diffi

culty
ofthe

problem
and
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S
ilva

a
n
d

S
h
im

izu

w
hy

a
single

point
estim

ate
m
ight

not
be

a
good

sum
m
ary

of
the

outcom
e
even

in
the

case
w
here

a
single

causaleffect
is

returned.
M
ore

interestingly,
the

B
ayesian

approach
allow

s
us

to
generate

posteriors
over

equiv-
alence

classes
in

a
relatively

sim
ple

w
ay,

w
ithout

resorting
to

potentially
uninform

ative
sum

m
aries

based
on

bounds.
T
his

how
ever

requires
subject

m
atter

inform
ation,

as
the

data
cannot

distinguish
the

elem
ents

in
an

equivalence
class.

Follow
ing

the
philosophy

of
R
ichardson

et
al.

(2011),
w
e
separate

priors
for

elem
ents

w
hich

are
inform

ed
by

the
data

(equivalence
class)

from
priors

for
elem

ents
w
hich

cannot
be

distinguished
(the

choice
w
ithin

the
equivalence

class,given
the

equivalence
class).

F
igure

10(b)
show

s
the

posterior
distri-

bution
that,

for
each

sam
ple

m
of

the
M
arkov

chain,
generates

a
sam

ple
causal

effect
by

sam
pling

uniform
ly

at
random

from
the

elem
ents

in
the

corresponding
equivalence

class
of

sam
ple

m
.
T
hat

is,the
extra

inform
ation

here
is

the
uniform

prior,w
hich

m
ay

be
taken

as
a
default

choice.
In

principle,
another

prior
can

be
used.

For
instance,

if
it

is
agreed

that
the

choice
should

be
m
ade

based,for
instance,on

a
distribution

that
assigns

m
ass

in
a
w
ay

that
is

inversely
proportional

to
the

m
agnitude

of
each

elem
ent

in
the

class
(this

assum
es

that
sm

aller
effects

are
m
ore

likely
than

large
effects).

In
any

case,
the

im
portant

lesson
is

the
understanding

that
this

final
com

ponent
of

the
posterior

is
independent

of
the

data
given

the
equivalence

class. 13
T
he

conclusion
from

F
igure

10(b)
is

that
the

bim
odality

is
explained

not
only

by
the

data,
but

also
by

the
indeterm

inacy
of

the
solution,

in
contrast

to
the

bim
odality

found
in

F
igure

8,w
hich

is
an

artefact
ofthe

sam
pling

distribution
ofthe

corresponding
estim

ators.

6.
R
elated

W
ork

T
he

notion
of

“equivalence
class

of
causaleffects”

is
not

new
,even

if
not

previously
nam

ed
as

such.
H
oyer

et
al.(2008)

discuss
how

causaleffects
in

LiN
G
A
M

m
odels

can
be

partially
identified

if
the

num
ber

of
latent

confounders
is

know
n.

T
heir

m
ethod

also
returns

sets
of

causal
effects,

but
w
ithout

any
need

for
further

covariates
and

instrum
ents.

H
ow

ever,
the

size
of

the
equivalence

class
of

causal
effects

grow
s
rapidly

w
ith

the
num

ber
of

assum
ed

latent
variables

and
it
is
unclear

how
to

determ
ine

the
num

ber
ofunm

easured
confounders.

M
aathuis

et
al.

(2009)
present

extensions
of

the
P
C

algorithm
w
hich

return
sets

of
causal

effects
that

follow
from

different
m
em

bers
ofan

equivalence
class

ofD
A
G
s
com

patible
w
ith

the
observable

independence
constraints.

D
idelez

and
Sheehan

(2007)
present

a
survey

on
instrum

ental
variables

from
the

point
ofview

ofapplications
in

M
endelian

random
ization.

A
com

plem
entary

m
ethod

to
sisV

IV
E

based
on

sim
ilar

assum
ptions,

but
perform

ing
estim

ation
by

the
rew

eighted
m
edian

of
co-

variance
ratios,

is
discussed

by
B
ow

den
et

al.
(2016).

T
he

diffi
culty

of
estim

ating
effects

w
ith

w
eak

instrum
ents

is
w
ell-know

n
in

the
statistics

literature.
A

review
that

covers
som

e
background

on
the

estim
ation

w
ith

w
eak

instrum
ents

is
provided

by
B
urgess

et
al.(2017).

A
different

w
ay

ofinducing
“approxim

ate”
instrum

entalvariables
w
as

introduced
by

Silva
and

E
vans

(2016).
In

that
case,only

(approxim
ate)

independence
constraints

are
exploited.

T
he

sam
e
m
achinery

in
principle

could
include

approxim
ate

tetrad
constraints,

although

13.
T
his

idea
could

also
be

adapted
to

the
case

w
here

the
em

pty
set

is
returned

in
som

e
of

the
M
C
M
C

sam
ples:

the
posterior

w
ould

be
a
m
ixture

m
odelw

ith
positive

m
ass

on
the

em
pty

set
and

the
rem

aining
m
ass

spread
over

the
values

found.
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T
he

pr
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eq
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le
nc

e
cl
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s
of
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ts

is
al
so

pr
es
en
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th
at
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ch
.

In
su
ch
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en
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ho

w
ev
er
,
th
er
e
ar
e
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fin

it
el
y

m
an

y
al
te
rn
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es
,
w
hi
ch

ca
n
be

re
pr
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en
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an
in
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al
.
T
he

w
id
th

of
th
e
in
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rv
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is
ty
pi
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in
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ds
fo
r
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le
s

(D
id
el
ez
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d
Sh

ee
ha

n,
20

07
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bu

t
th
e
ap

pr
oa

ch
in
tr
od

uc
ed

by
Si
lv
a
an

d
E
va
ns

(2
01

6)
al
lo
w
s

fo
r
th
e
in
tr
od

uc
ti
on

of
st
ro
ng

er
as
su
m
pt
io
ns

as
a
w
ay

of
re
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ng

th
e
si
ze

of
th
e
eq
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e
cl
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s.

T
hi
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bo

rr
ow

s
so
m
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co
nc

ep
ts

fr
om

ea
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ie
r
w
or
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su
ch
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th
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on

e
R
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sa
ha
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20
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T
he

us
e
of

te
tr
ad

co
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nt
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fo
r
te
st
in
g
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va
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it
y
of

pa
rt
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ul
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ge

ex
cl
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lin

ea
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ca
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al

m
od

el
s
ha

s
a
lo
ng

hi
st
or
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da
ti
ng

ba
ck

at
le
as
t
to

Sp
ea
rm

an
(1
90

4)
.
A
lt
ho

ug
h

th
e
ge
ne

ra
liz

at
io
ns

di
sc
us
se
d

by
Su

lli
va
nt

et
al
.
(2
01

0)
w
er
e
pr
es
en
te
d

in
th
e
co
nt
ex
t
of

G
au

ss
ia
n
m
od

el
s,
th
is
di
st
ri
bu

ti
on

al
as
su
m
pt
io
n
is
no

t
ne

ce
ss
ar
y,

w
it
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th
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r
ra
nk
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nt

re
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lt
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ex
pl
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d
ev
en

in
th
e
co
nt
ex
t
of

pa
rt
ia
lly

no
n-
lin

ea
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m
od

el
s
by

Sp
ir
te
s
(2
01

3)
.
M
or
e

re
ce
nt
ly
,t
et
ra
d
co
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s
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be

en
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ed

in
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e
di
sc
ov
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y
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la
te
nt

va
ri
ab

le
m
od

el
st
ru
ct
ur
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(S
ilv

a
et

al
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20

06
;S

pi
rt
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,2

01
3)
,w

he
re

st
ru
ct
ur
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su
ch

as
F
ig
ur
e
2(
c)

em
er
ge

bu
t
no

di
re
ct

re
la
ti
on

sh
ip
s
am

on
g
ob

se
rv
ab

le
s
(s
uc
h
as

X
→

Y
)
ar
e
di
sc
ov
er
ab

le
.
T
he

co
m
bi
na

ti
on

of
te
tr
ad

co
ns
tr
ai
nt
s
an

d
no

n-
G
au

ss
ia
ni
ty

as
su
m
pt
io
ns

ha
s
be

en
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d
by

Sh
im

iz
u
et

al
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00

9)
,
ag
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n
w
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e
ta
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et
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s.

T
et
ra
d
te
st
s
fo
r

th
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at
ed

IV
s
w
er
e
di
sc
us
se
d
by

K
ur
ok

ia
nd

C
ai

(2
00

5)
.

T
he

lit
er
at
ur
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re
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at
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d
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ra
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.
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.
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a
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at
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ad
ap
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F
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w
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at
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w

em
pi
ri
ca
li
m
pr
ov
em

en
t
ca
n
be

ob
ta
in
ed

.

W
e
ex
pe

ct
th
at

th
eo
re
ti
ca
lc

ha
lle

ng
es

in
in
st
ru
m
en
ta
lv

ar
ia
bl
e
di
sc
ov
er
y
ca
n
be

fu
rt
he

r
ta
ck
le
d
by

bu
ild

in
g
on

th
e
fin

di
ng

s
sh
ow

n
he

re
.
In

pa
rt
ic
ul
ar
,a

s
al
so

hi
nt
ed

by
K
an

g
et

al
.

(2
01

6)
,
so
m
e
of

th
e
id
ea
s
he

re
ra
is
ed

ex
te
nd

to
no

n-
lin

ea
r
(a
dd

it
iv
e)
,
he

te
ro
ge
ne

ou
s
eff

ec
ts

an
d
bi
na

ry
m
od

el
s.

M
et
ho

ds
de

ve
lo
pe

d
by

P
et
er
s
et

al
.
(2
01

4)
ca
n
po

te
nt
ia
lly

pr
ov
id
e
a

st
ar
ti
ng

po
in
t
on

ho
w

to
al
lo
w

fo
r
no

n-
lin

ea
ri
ti
es

in
th
e
co
nt
ex
t
of

in
st
ru
m
en
ta
l
va
ri
ab

le
s.

A
s
di
sc
us
se
d
by

Sp
ir
te
s
(2
01

3)
,
lin

ea
ri
ty

is
on

ly
re
al
ly

ne
ed

ed
“d
ow

ns
tr
ea
m
”
of

th
e
ch
ok
e

po
in
t:

th
at

is
,
it

w
ou

ld
be

en
ou

gh
th
at

on
ly

th
e
st
ru
ct
ur
al

eq
ua

ti
on

fo
r
ou

tc
om

e
Y

is
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S
il
va

a
n
d

S
h
im

iz
u j1

V
i2

V
j2

V
1

V
0

V
2

V
i1

V

F
ig
ur
e
11

:
T
he

gr
ap

h
us
ed

in
A
pp

en
di
x
A

fo
r
m
or
e
co
m
pl
ex

ex
am

pl
es

of
t-
se
pa

ra
ti
on

.
W
e

ar
e
in
te
re
st
ed

on
m
ak

in
g
cl
ai
m
s
ab

ou
t
th
is
st
ru
ct
ur
e
by

ob
se
rv
in
g
so
m
e,

bu
t
no

t
al
l,
of

it
s
ve
rt
ic
es
.

lin
ea
r.

T
he

or
et
ic
al

de
ta
ils

ne
ed

to
be

so
rt
ed

ou
t,
bu

t
IV

-T
E
T

R
A

D
+
sh
ou

ld
in

pr
in
ci
pl
e
be

pr
ac
ti
ca
lly

ap
pl
ic
ab

le
to

no
n-
lin

ea
r
m
od

el
s
w
it
h
lin

ea
ri
ty

fo
r
Y

on
ly
.

M
or
e
so
ph

is
ti
ca
te
d

gr
ap

hi
ca
l
cr
it
er
ia

fo
r
th
e
id
en
ti
fic

at
io
n

of
ca
us
al

eff
ec
ts

in
lin

ea
r

sy
st
em

s
w
er
e
in
tr
od

uc
ed

by
B
ri
to

an
d
P
ea
rl

(2
00

2)
.
Fu

rt
he
r
w
or
k
ha

s
le
d
to

ri
ch

gr
ap

hi
ca
l

cr
it
er
ia

to
id
en
ti
fy

ca
us
al

eff
ec
ts

in
co
nf
ou

nd
ed

pa
ir
s
(F
oy
ge
l
et

al
.,
20

11
),

go
in
g
be

yo
nd

th
e
IV

cr
it
er
ia

di
sc
us
se
d
he

re
.
T
hi
s
op

en
s
up

th
e
po

ss
ib
ili
ty

el
ab

or
at
ed

di
sc
ov
er
y
al
go

ri
th
m
s

w
he

re
ba

ck
-d
oo

r
bl
oc
ki
ng

(E
nt
ne

r
et

al
.,
20

12
)
an

d
th
e
m
et
ho

ds
in

th
is
pa

pe
r
ca
nn

ot
pr
ov
id
e

a
so
lu
ti
on

.
H
ow

to
pe

rf
or
m

th
is

ta
sk

in
a
co
m
pu

ta
ti
on

al
ly

an
d
st
at
is
ti
ca
lly

tr
ac
ta
bl
e
w
ay

re
m
ai
ns

an
op

en
qu

es
ti
on

.
C
od

e
fo
r
al
le

xp
er
im

en
ts

is
av
ai
la
bl
e
at

ht
tp

:/
/w

ww
.h

om
ep

ag
es

.u
cl

.a
c.

uk
/~

uc
gt

rb
d/

co
de

/i
v_

di
sc

ov
er

y.

A
ck
n
ow

le
d
gm

en
ts

W
e
th
an

k
R
ob

in
E
va
ns
,P

et
er

Sp
ir
te
s
an

d
K
un

Zh
an

g
fo
r
se
ve
ra
lu

se
fu
ld

is
cu

ss
io
ns
.
P
ar
t

of
th
e
di
sc
us
si
on

s
w
er
e
po

ss
ib
le

by
tr
av
el

fu
nd

in
g
su
pp

or
ti
ng

th
e
at
te
nd

an
ce

of
R
S
an

d
SS

in
th
e
Sh

or
t
T
he

m
at
ic

P
ro
gr
am

“S
ta
ti
st
ic
al

C
au

sa
lI
nf
er
en
ce

an
d
A
pp

lic
at
io
ns

to
G
en

et
ic
s”

or
ga

ni
ze
d
an

d
sp
on

so
re
d
by

th
e
C
en
tr
e
th
e
R
ec
he

rc
he

s
M
at
hé
m
at
iq
ue

s,
U
ni
ve
rs
it
y
of

M
on

-
tr
ea
l,
C
an

ad
a.

R
S’
s
vi
si
t
w
as

al
so

pa
rt
ia
lly

su
pp

or
te
d
by

a
gr
an

t
fr
om

A
do

be
R
es
ea
rc
h.

R
S

al
so

ac
kn

ow
le
dg

es
tr
av
el

su
pp

or
t
fr
om

th
e
C
en
te
r
fo
r
C
au

sa
l
D
is
co
ve
ry

in
P
it
ts
bu

rg
h,

PA
,

w
he

re
pa

rt
of

th
e
di
sc
us
si
on

s
th
at

or
ig
in
at
ed

th
is
pa

pe
r
to
ok

pl
ac
e.

T
hi
s
w
or
k
w
as

pa
rt
ia
lly

su
pp

or
te
d
by

th
e
A
la
n
T
ur
in
g
In
st
it
ut
e
un

de
r
th
e
E
P
SR

C
gr
an

t
E
P
/N

51
01

29
/1

.
T
hi
sm

an
us
cr
ip
th

as
st
ro
ng

ly
be

ne
fit
ed

fr
om

su
gg

es
ti
on

sa
nd

cl
ar
ifi
ca
ti
on

qu
es
ti
on

sr
ai
se
d

by
th
re
e
an

on
ym

ou
s
re
vi
ew

er
s.

A
p
p
en

d
ix

A
.
M
or
e
ab

ou
t
T
-s
ep

ar
at
io
n

W
e
st
ar
t
w
it
h
a
fe
w

m
or
e
ex
am

pl
es

of
t-
se
pa

ra
ti
on

.
C
on

si
de

r
F
ig
ur
e
11

.
V
er
te
x
V
0
do

es
no

t
d-
se
pa

ra
te
V
i1

fr
om

V
j2
.
H
ow

ev
er
,p

ai
r

(V
0
;V

0
)
t-
se
pa

ra
te
s
V
i1

fr
om

V
j2
.
T
o
se
e
th
at
,l
et

us
lis
t
al
lt

hr
ee

(s
im

pl
e)

tr
ek
s
be

tw
ee
n
V
i1

an
d
V
j2
:
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L
ea

r
n
in

g
In

stru
m
en

ta
l

V
a
r
ia

bles
w

ith
S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

•
(P

[1
]

1
;P

[1
]

2
)≡

(V
i1 ←

V
1 ;V

1 →
V
0 →

V
j2 )

•
(P

[2
]

1
;P

[2
]

2
)≡

(V
i1 ←

V
0 ;V

0 →
V
j2 )

•
(P

[3
]

1
;P

[3
]

2
)≡

(V
i1 ←

V
0 ←

V
2 ;V

2 →
V
j2 )

In
the

first
trek,

V
0
is
contained

in
P

[1
]

2
;in

the
second

case,both
paths

in
the

trek
satisfy

the
criterion

ofcontaining
V
0 ;in

the
finaltrek,

P
[3
]

1
plays

this
role.

N
otice

that
(V

0 ;∅)
does

not
t-separate

V
i1

from
V
j2

(first
trek

rem
ains

“unblocked”)
and

neither
does

(∅
;V

0 )
(third

trek
rem

ains
“unblocked”).

T
hat

V
i1
is
t-separated

from
V
j2

given
(V

0 ;V
0 ),how

ever,brings
out

no
usefulim

plication
about

the
cross-covariance

m
atrix

Σ
A
B

of
(A
≡
{
V
i1 },

B
≡
{
V
j2 }):

all
it

says
is

that
ra
n
k
(Σ
{
V
i1 }{

V
j
2 } )
≤

2,
w
hich

is
a
vacuous

claim
.

W
e
m
ay

attem
pt

to
introduce

V
0
in

the
tw

o
sets

A
and

B
,
assum

ing
V
0
is

observable,
as

this
is

com
patible

w
ith

the
notion

that
V
0
can

t-separate
itself

from
itself.

U
nfortunately,

there
is

nothing
to

be
gained,

as
ra
n
k
(Σ
{
V
i1
V
0 }{

V
j
2
V
0 } )≤

2,w
hich

is
again

a
vacuous

claim
.

P
air

(∅
;V

0 )doest-separate
V
i1
and

V
i2
w
ith

a
testable

im
plication

ra
n
k
(Σ
{
V
i1
V
0 }{

V
i2
V
0 } )≤

1,butthisdoesnotprovide
anything

usefulto
a
structure

learning
algorithm

,asd-separation
of
V
i1

and
V
i2

given
V
0
can

be
tested

directly
instead.

C
onsider

now
A
≡
{V

i1 ,V
i2 },

B
≡
{V

j1 ,V
j2 }.

T
o
be

useful,w
e
need

a
conditioning

pair
(C

A
;C

B
)w

here|C
A |+
|C

B |≤
1.

Follow
ing

the
previousexam

ples,itshould
be

clearthatno
such

a
pair

w
illexist

out
ofthe

given
variables.

H
ow

ever,w
e
could

consider
de-activating

the
path

V
i1 ←

V
1 →

V
0
by

considering
the

partialcross-covariance
m
atrix

of{V
i1 ,V

i2 }
against

{
V
j1 ,V

j2 }
given

V
1 .

T
he

T
rek

Separation
T
heorem

for
D
A
G
s,how

ever,says
nothing

explicit
about

partial
cross-covariances.

Sullivant
et

al.
(2010)

present
versions

of
the

theorem
for

som
e
classes

of
D
A
G
s
under

conditioning,
but

not
in

a
com

pletely
general

w
ay.

T
heorem

2.17
ofSullivant

et
al.(2010)

assum
es

that
conditioning

can
be

encoded
by

undirected
edges

so
that

no
vertices

adjacent
to

an
undirected

edge
can

also
be

at
the

arrow
head

endpoint
of

a
directed

edge.
A
lthough

one
can

show
this

does
not

affect
the

M
arkov

properties
of

generalD
A
G
s
under

conditioning,as
ancestralgraphs

(R
ichardson

and
Spirtes,2002)

are
a

specialcase
of

this,it
is

not
im

m
ediately

obvious
how

this
affects

param
etric

constraints.
Fortunately,

even
in

the
conditioning

case
w
e
do

not
need

to
consider

anything
but

D
A
G
s:

sim
ply

introduce
the

conditioning
variables

in
both

sets
A

and
B
.
In

this
exam

ple,
define

A
≡
{
V
i1 ,V

i2 ,V
1 }

and
B
≡
{
V
j1 ,V

j2 ,V
1 }.

T
hen

it
is

not
hard

to
verify

that
(V

0 ;V
1 )

t-separates
A

from
B

(recallthat
V
1
“t-separates

itselffrom
itself”

using
the

conditioning
set

pair
(∅;V

1 )).
C
ross-covariance

Σ
A
B

is
rank-deficient,

w
hich

m
eans

its
determ

inant
is

zero.
B
ecause

its
determ

inant
can

be
w
ritten

as
σ
1
1 (σ

i1
j1
.1 σ

i2
j2
.1 −

σ
i1
j2
.1 σ

i2
j1
.1 )

and
w
e
assum

e
σ
1
1 6=

0,the
(conditional)

tetrad
constraint

w
illhold.

T
he

relationship
betw

een
t-separation

and
d-separation

is
given

by
T
heorem

2.11
of

Sullivant
et

al.
(2010).

N
am

ely,
d-separation

betw
een

set
A

and
set

B
given

set
C

holds
if
and

only
if
w
e
can

partition
C

as
tw

o
sets

C
A

and
C

B
such

that
(C

A
;C

B
)
t-separates

A
∪

C
A

from
B
∪

C
B
.
T
hat

is,any
d-separation

can
be

cast
as

som
e
type

of
t-separation.

H
ow

ever,
as

t-separation
of

A
∪

C
A

from
B
∪

C
B

im
plies

t-separation
of

A
from

B
,
this

allow
s
us

to
derive

rank
constraints

using
the

m
arginaldistribution

of
A
∪

B
only,unlike

the
conditional

independence
constraints

directly
im

plied
by

conditioning
on

C
.
If

C
contains
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S
ilva

a
n
d

S
h
im

izu

hidden
variables,

this
is

another
w
ay

of
understanding

how
t-separation

im
plies

testable
constraints

that
cannot

be
achieved

directly
by

testing
for

conditionalindependencies.

A
p
p
en

d
ix

B
.
P
roofs

W
e
being

by
proving

the
m
ain

result
of

Section
3.2.

P
roof

of
T
heorem

8.
If

(W
i ,W

j ,Z
)
satisfies

the
G
raphicalC

riteria,then
there

should
be

no
active

path
betw

een
any

elem
ent

of{
W
i ,W

j }
and

Y
that

does
not

include
X
.
H
ence,

neither
point

(i)
nor

point
(ii)

in
the

theorem
statem

ent
are

possible.
A
ssum

e
now

that
(W

i ,W
j ,Z

)
does

not
satisfy

the
G
raphicalC

riteria.
T
hen

there
m
ust

be
at

least
one

active
path,

conditioned
on

Z
,
connecting

som
e
W
∈
{W

i ,W
j }

to
Y

w
hich

does
not

contain
X
.

O
therw

ise,
if

all
active

paths
contained

X
,
then

they
w
ould

all
be

interrupted
by

the
rem

oval
of

edge
X
→

Y
,
as

all
other

edges
adjacent

to
X

are
into

X
,

and
X

is
not

in
the

conditioning
set

Z
.

Suppose
one

of
these

active
paths

is
a
trek

T
,w

hich
should

not
contain

any
m
em

ber
of

Z
or

otherw
ise

it
w
ould

not
be

active.{W
i ,W

j ,Z}
m
ust

be
t-separated

from
{
X
,Y
,Z}

by
som

e
(C

A
;C

B
),

as
im

plied
by

T
heorem

3
and

the
conditional

tetrad
constraint

detected
in

Line
9.

A
s
argued

in
the

discussion
leading

to
the

definition
of

conditional
choke

point,
C

A
∪

C
B

=
Z
∪{
V
0 }

for
som

e
conditionalchoke

point
V
0
not

in
Z
.
Ifthere

is
som

e
other

trek
that

is
active

and
contains

no
m
em

ber
of

Z
∪
{V

0 },
then

this
w
ould

im
ply

the
existence

of
another

elem
ent

of
C

A
∪

C
B
not

in
Z
∪{
V
0 },contrary

to
the

fact
that|C

A |+
|C

B |≤
|Z|+

1.
H
ence,scenario

(i)
in

the
theorem

statem
ent

w
illhappen

ifw
e
do

not
satisfy

the
G
raphical

C
riteria

and
there

exists
an

active
trek

betw
een
{W

i ,W
j }

and
Y
.

A
ssum

e
that

there
exists

a
active

path
C
′
w
ith

endpoints
W
∈
{W

i ,W
j }

and
Y
,
and

w
hich

contains
at

least
one

collider
in

Z
.
A
llow

ing
this

path
to

be
non-sim

ple,w
e
have

that
allcolliders

in
this

path
m
ust

be
in

Z
,and

no
non-colliders

are
in

Z
.
Let

Z
1 ,Z

2 ,...,Z
K

be
the

colliders
in
C
′as

w
e
m
ove

from
W

tow
ards

Y
.
T
hen

the
trek

(P
K1

;P
K2

)
linking

Z
K

to
Y

is
such

that
Z
K

is
the

sink
of
P
K1

and
hence

Z
K
∈

C
A
.
Likew

ise,
Z
1
w
illbe

the
sink

of
P

12
in

the
trek

(P
11
;P

12
)
betw

een
W

and
Z
1 ,so

that
Z
1 ∈

C
B
.
A
s
w
e
m
ove

from
Z
1
tow

ards
Z
K

in
C
′,
w
e
w
ill

be
forced

to
m
ake

one
elem

ent
of

Z
to

belong
to

both
C

A
and

C
B
,
as

and
w
e
cannot

have
allconsecutive

treks
Z
i ←
···→

Z
i+

1
such

that
Z
i
and

Z
i+

1
are

both
only

in
C

A
or

only
in

C
B
.
T
his

is
illustrated

in
F
igure

12.
T
herefore,

there
exists

som
e

Z
′∈

C
A
∩

C
B
.
Since

|C
A |

+
|C

B |≤
|Z|

+
1,

w
e
cannot

have
both

(i)
and

(ii)
being

true,
as
Z
′m

ust
be

counted
tw

ice
and

Z
⊆

C
A
∪

C
B

(as
w
e
have

seen,
if
there

is
a
conditional

choke
point

then
C

A
∩

C
B

=
∅).

M
oreover,w

e
cannot

have
another

path
C
′′satisfying

the
properties

of
C
′but

w
hich

does
not

contain
Z
′,as

the
existence

of
another

Z
′′6=

Z
′w

ould
again

violate|C
A |+

|C
B |≤

|Z|
+

1.
A
s
all

active
paths

connecting
{W

i ,W
j }

to
Y

m
ust

be
either

treks
or

paths
w
here

all
colliders

are
ancestors

of
Z
,then

these
tw

o
cases

cover
allpossibilities.

�

W
e
now

proof
the

other
core

result
from

Section
3.3:

P
roof

of
T
heorem

15.
B
y
the

sam
e
reasoning

ofT
heorem

8,passing
Line

9
leaves

us
w
ith

the
tw

o
possible

scenarios
of

that
theorem

.
H
ow

ever,
scenario

(ii)
cannot

take
place

since,
by

T
heorem

13
and

Line
15,there

m
ust

be
no

active
non-directed

paths
betw

een
{W

i ,W
j }
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→
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→

U
4
→
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m
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co
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←
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→
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ra
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ev
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th
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ar
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an
d
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r
th
e
sa
m
e
re
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on
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ch
ok
e
po
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V
0
ca
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ot
lie
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an

ac
ti
ve

no
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di
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pa
th

be
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ee
n
W
∈
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W
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∪
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ra
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m
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m
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h
eo
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pe
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ri
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t
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=
∑
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1
α
ie
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=
∑
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β
ie
i
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r
so
m
e
co
effi

ci
en
ts
{α

i}
,
{β
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.
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v 1

an
d

v 2
ar
e
in
de
pe
nd

en
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th
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th
os
e
e j
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r
w
hi
ch

α
j
6=
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β
j
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0
ar
e
G
au

ss
ia
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T
he

id
ea
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th
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if
w
e
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su
m
e
{e
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ar
e
no

t
G
au

ss
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ar
e
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m
m
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so
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if
an

d
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if
th
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pe
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im
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)
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r
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20
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t
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ep
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sc
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on
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w
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th
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ca
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y.
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w
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an
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r
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va
ri
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le
(a
ss
um

in
g

w
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ut
lo
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ge
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ra
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y
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s
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.
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r
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V
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e
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s
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E
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V
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m
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se
t
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al
l
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re
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E
m

to
V
k
.
Fo

r
ea
ch

pa
th

p
∈
P k

m
,
de

fin
e
φ
k
m
p

=
∏
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λ
jj
′ ,

th
e
pr
od

uc
t
of

al
l
co
effi

ci
en
ts

al
on

g
th
is

pa
th

fo
r
V
j
∈

V
∩
p
w
he

re
V
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=
p
∩
p
a
r G
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)
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ha

t
is
,
V
j′
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th
e
pa

re
nt

of
V
j
in

th
is

pa
th
.
W
e
m
ul
ti
pl
y
co
effi

ci
en
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fo
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w
in
g
a
se
qu

en
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E
m
→
··
·→

V
j′
→
V
j
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V
k
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th
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V
k

=
∑

E
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G
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)
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p
∈P

k
m

φ
k
m
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E
m
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w
he

re
A
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k
)
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th
e
se
t
of

ex
og

en
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s
an

ce
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s
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V
k
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he
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fo
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E
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=
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w
e
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φ
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1
an

d
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p
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gi
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th
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ge
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W
e
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th
e
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n
a
fe
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e
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oo
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a
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m
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s
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n
be

w
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ra
m
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p
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∪
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O
ve
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r
a
Li
N
G
A
M

m
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w
it
h
D
A
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w
e
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d
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∪
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a
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∈
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ca
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w
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ra
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re
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m
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re
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re
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e
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re
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V
a
r
ia

bles
w
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S
tru

ctu
r
a
l

a
n
d

N
o
n
-G

au
ssia

n
ity

A
ssu

m
ptio

n
s

{
O

(1
)

k6=
j ′ }

on
O

(1
)

j ′
to

obtain
O

(2
),iterating

untilw
e
are

left
w
ith

O
(n−

1
)
containing

the
single

elem
ent

O
(n−

1
)

i
,resulting

in
O

(n−
1
)

i
=
r
i .

T
he

elim
ination

sequence
can

be
arbitrary.

Let
O
j
be

a
vertex

in
O
\
i .

Let
λ
k
m

be
the

structural
coeffi

cient
betw

een
O
k
and

any
X
m
∈

O
∪

U
.
W
e
define

λ
k
m
≡

0
if
X
m

is
not

a
parent

of
O
k
in
G
.
Since

O
k

=
λ
k
j O

j
+

∑

X
m
∈
p
a
rG

(k
)\
O
j

λ
k
m
X
m

+
e
k ,

w
e
have

σ
k
j

=
λ
k
j σ
jj

+
∑

X
m
∈
p
a
rG

(k
)\
O
j

λ
k
m
σ
m
j

+
σ
e
k
j ,

w
here

σ
e
k
j
is
the

covariance
of
e
k
and

O
j
and

σ
m
j
here

represents
the

covariance
of
X
m

and
O
j .

D
ividing

both
sides

by
σ
jj

im
plies

a
(1
)

k
j

=
λ
k
j

+
∑

X
m
∈
p
a
rG

(k
)\
O
j

λ
k
m
a
(1
)

m
j

+
a
(1
)

e
k
j ,

(6)

w
here

a
(1
)

e
k
j
is

the
least-squares

regression
coeffi

cient
of
e
k
on

O
j .

T
his

m
eans

O
(1
)

k
=
O
k −

a
(1
)

k
j
O
j
can

be
w
ritten

as

O
(1
)

k
=

∑

X
m
∈
p
a
rG

(k
)\
O
j

λ
k
m
X

(1
)

m
+
e
(1
)

k
(7)

w
ith

X
(1
)

m
and

e
(1
)

k
defined

analogously.
W
e
can

iterate
this

process
untilw

e
are

left
w
ith

r
i :

r
i

=
∑

U
k ∈
p
a
rG

(i)∩
U

λ
ik U

(n−
1
)

k
+
e
(n−

1
)

i
.

(8)

V
ariable

U
(n−

1
)

k
is

the
residualof

the
regression

of
U
k
on

O
\
i ,sim

ilarly
for

e
(n−

1
)

i
.

W
hat

w
e
w
ill

show
next

is
that

w
ithin

(8)
each

U
(n−

1
)

k
and

e
(n−

1
)

i
can

be
expanded

as
polynom

ialfunctions
of
θG

and
X
G ,and

the
end

result
w
illcontain

non-vanishing
m
onom

ials
that

are
a
(linear)

function
ofonly

the
exogenous

variables
E
m

w
hich

are
d-connected

to
O
i

given
O
\O

i
in

the
expanded

graph
ofM

.
Since

the
m
onom

ials
cannot

vanish
except

for
a

strict
subset

of
low

er
dim

ensionality
than

that
of

the
set

of
possible

θG ,the
result

w
illhold

alm
ost

everyw
here.

Since
w
e
are

free
to

choose
the

elim
ination

ordering
leading

to
r
i ,

as
they

all
lead

to
the

sam
e
equivalent

relation
(8),

let
us

define
it

in
a
w
ay

that
a
vertex

can
be

elim
inated

at
stage

t
only

w
hen

its
has

no
ancestors

in
O

(t−
1
)
(w

here
O

(0
)≡

O
\
i ).

W
e
w
illdefine

the
m
eaning

ofthe
ancestralrelationship

for
elem

ents
of

O
(t)shortly

in
term

s
ofD

A
G
sG

(t),but
for

t
=

0
it
is

the
one

im
plied

by
the

expanded
version

ofG
.

For
t

=
1,the

only
exogenous

variables
w
hich

w
illhave

a
non-zero

coeffi
cient

m
ultiplying

O
j
in

the
least-squares

regression
are

the
parents

of
O
j
in

the
expanded

graph,since
O
j
has
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S
ilva

a
n
d

S
h
im

izu

no
other

ancestors. 14
Let

U
(1
)

k
be

the
residualof

som
e
latent

parent
of
O
j ,

U
(1
)

k
=
U
k −

a
k
j 

∑

E
m
∈A
G
(j)

∑p∈P
j
m

φ
jm

p E
m 

,
(9)

w
here

φ
jm

p ≡
λ
jm

if
E
m

is
a
latent

variable,or
1
if
E
m

=
e
j .

M
oreover,

a
k
j

=
λ
jk ω

k
k /σ

jj ,
w
here

ω
k
k
is

the
variance

param
eter

of
U
k
and

σ
jj

is
a
polynom

ialfunction
of
θG .

W
e
can

m
ultiply

both
sides

ofthe
equation

above
by

σ
jj

(as
w
ellallequations

referring
to

any
O

(1
)

k

or
X

(1
)

m
such

as
(7))

to
get

a
new

system
of

variables
that

is
polynom

ial
in
θG .

W
e
w
ill

adopt
this

step
im

plicitly
and

claim
that

from
(9)

w
e
have

that
U

(1
)

k
can

be
expanded

as
param

eters
that

are
polynom

ial
functions

of
θG .

M
oreover,

it
is

clear
from

(9)
that

there
w
illbe

at
least

one
non-vanishing

m
onom

ialcontaining
each

E
m
.
In

w
hat

follow
s,w

e
refer

to
any

expression
analogous

to
(9)

as
the

expansion
of
U

(t)
k

for
t

=
1,2

,...,n
−

1.
W
e
define

a
D
A
G
G
(1
)
w
ith

vertices
{
X

(1
)

m
},

w
here

the
children

of
X

(1
)

m
are

defined
as

alland
only

the
O

(1
)

k
such

that
X
m

is
a
parent

of
O
k
in

the
originalextended

graph
of

the
m
odel.

T
hat

is,G
(1
)
is

the
extended

graph
over

residuals
after

the
first

regression.
T
he

respective
m
odelM

(1
)
is
given

by
equations

oftype
(7)

w
ith

param
eters

com
ing

from
θG . 15

For
any

t
>

1,
let

O
(t)
j

be
the

vertex
being

elim
inated.

E
ach

U
(t)
k

in
w
hich

U
(t−

1
)

k
is

a
parent

of
O

(t−
1
)

j
in
G
(t−

1
)
w
ill

be
a
polynom

ial
function

of
θG

and
a
linear

function
of

the
union

of
the

exogenous
variables

present
in

the
expansion

of
each

parent
of
O

(t−
1
)

j
:
the

expansion
analogous

to
(9)

in
the

new
m
odel

w
ill

alw
ays

introduce
new

sym
bols

λ
j?

into
existing

m
onom

ials,
or

create
new

m
onom

ials
w
ith

e
j ,

as
vertex

O
(t−

1
)

j
had

no
elim

inated
descendants

up
to

iteration
t.

A
s
such,

no
exogenous

variable
w
ill

be
elim

inated
from

the
algebraic

expansion
of

the
respective

U
(t)
k

.
F
inally,the

expansion
of
λ
ik U

(n−
1
)

k
in

(8)
w
illnot

cancelany
m
onom

ialin
the

expansion
of

som
e
other

λ
ik ′U

(n−
1
)

k ′
:
since

U
k
and

U
k ′

are
both

parents
of
O
i ,

no
m
onom

ial
in

the
expansion

of
U
k
can

differ
from

a
m
onom

ial
in

the
expansion

of
U
k ′

by
a
factor

of
λ
ik λ

ik ′.
So

(8)
w
illdepend

algebraically
on

the
union

ofthe
exogenous

term
s
leading

to
each

U
(n−

1
)

k
.

T
o
prove

the
Lem

m
a,

w
e
start

by
pointing

out
that

U
(n−

1
)

k
w
ill

have
a
latent/error

parent
of

som
e
O
j
in

its
expansion

if
and

only
if
there

is
at

least
one

sequence
of

vertices
(O

c ,...,O
j )

w
here

O
c
is
an

observable
child

of
U
k
and

any
tw

o
consecutive

elem
ents

in
this

sequence
have

at
least

one
com

m
on

latent
parent

in
G

(the
sequence

can
be

a
singleton,

O
c

=
O
j ).

T
o
see

this,notice
that

the
different

U
(t)
k

form
an

equivalence
relation:

each
U

(t)
k

w
ith

a
O

(t−
1
)

j
child

w
hich

is
being

elim
inated

at
iteration

t
w
illinclude

into
its

expansion
the

exogenous
variables

found
in

the
expansion

of
the

other
parents

of
O

(t−
1
)

j
.
T
his

partitions
O
\
i
into

sets
in

w
hich

each
vertex

O
j
can

“reach”
som

e
other

vertex
O
k
by

first
m
oving

to
som

e
O
j ′w

hich
shares

a
latent

parent
w
ith

O
j
and

w
hich

can
“reach”

O
k .

T
he

latent
parents

of
O

are
then

partitioned
according

to
their

observed
children.

14.
A
ssum

ing
O
j
is

not
a
child

of
O
i .

In
this

case,w
ithout

loss
of

generality
w
e
assum

e
that

the
parents

of
O
i
are

added
to

the
parents

of
O
j ,and

rem
ove

O
i
from

the
m
odelat

any
iteration

t.
15.

T
o
be

m
ore

precise,
polynom

ial
functions

of
such

param
eters,

as
w
e
are

im
plicitly

m
ultiplying

each
equation

by
σ
j
j .
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ifi
ca

ti
on

p
ro

b
le

m
fo

r
S
S
T

S
.

S
ec

ti
on

3
d
is

cu
ss

es
re

la
te

d
w

o
rk

a
n
d

p
ro

-
p

os
es

a
th

re
e-

ca
te

go
ry

ta
x
on

om
y

of
ti

m
e

se
ri

es
cl

as
si

fi
ca

ti
on

al
go

ri
th

m
s.

S
ec

ti
o
n
s

4
a
n
d

5
in

tr
o
d
u
ce

th
e

G
T

C
re

p
re

se
n
ta

ti
on

an
d

th
e

G
T

C
-S

et
/D

F
m

o
d
el

s.
S
ec

ti
on

6
p
re

se
n
ts

a
n
d

d
et

ai
ls

ou
r

tw
o

cl
as

si
fi
ca

ti
on

al
go

ri
th

m
s.

S
ec

ti
on

7
su

m
m

ar
iz

es
re

su
lt

s
of

em
p
ir

ic
a
l

ev
a
l-

u
at

io
n
s

an
d

co
m

p
ar

is
on

s,
an

d
S
u
b
se

ct
io

n
7.

7
sh

ow
s

h
ow

a
u
se

r
ca

n
in

te
rp

re
t

a
G

T
C

-S
et

m
o
d
el

.
C

on
cl

u
d
in

g
re

m
ar

k
s

w
ra

p
u
p

th
e

p
ap

er
in

S
ec

ti
on

8.

2
JM

L
R

 1
8(

12
1)

:1
-3

4,
 2

01
7



C
l
a
ssif

ic
a
t
io
n
o
f
T
im

e
S
e
q
u
e
n
c
e
s
u
sin

g
G
r
a
p
h
s
o
f
T
e
m
p
o
r
a
l
C
o
n
st

r
a
in
t
s

tim
e

scalars   events

e
1

e
2

e
3

s
1

s
2

s
3

F
ig

u
re

1
:

E
x
am

p
le

of
an

S
S
T

S
w

ith
th

ree
ev

en
t

sy
m

b
ols

an
d

th
ree

sca
lar

va
riab

les.

2
.

P
ro

b
le

m
D

e
fi
n
itio

n

A
S
y
m

b
olic

an
d

S
calar

T
im

e
S
eq

u
en

ce
(S

S
T

S
)

is
a

tem
p

oral
d
a
ta

set
rep

resen
ta

tion
w

ith
a

h
ig

h
p

ow
er

o
f

ex
p
ression

.
It

is
d
efi

n
ed

as
follow

s:

L
et
E

=
{
e
1 ,...,e

n }
b

e
a

set
of
n

d
istin

ct
sy

m
b

ols
ca

lled
even

t
sym

bo
ls.

L
et
S

=
{
s
1 ,...,s

m }
b

e
a

set
of
m

d
istin

ct
sy

m
b

ols
called

sca
la

r
sym

bo
ls.

A
n

even
t

is
a

tu
p
le〈e

i ,x〉
w

h
ere

x
∈

R
is

a
tim

estam
p
.

A
sca

la
r

m
a
p
p
in

g
is

a
tu

p
le
〈s
i ,f

i 〉
w

h
ere

f
i

is
a

fu
n
ction

R
7→

R
;t→

v
th

at
m

ap
s

each
tim

e-sta
m

p
t

to
a

valu
e
v
.

F
in

ally,
a

sym
bo

lic
a
n

d
sca

la
r

tim
e

sequ
en

ce
d

=
〈P
,Q
〉

is
a

tu
p
le

w
h
ere

P
is

a
set

of
ev

en
ts

an
d
Q

is
a

set
o
f

scalar
m

ap
p
in

g.
B

y
con

ven
tio

n
,

an
even

t
of

ty
p

e
e
i

is
said

to
“h

ap
p

en
”

at
tim

e
t

if〈e
i ,t〉∈

P
,

an
d

th
e

valu
e

o
f

th
e

sca
la

r
s
j

at
tim

e
t

is
f
i (t)

w
ith
〈s
i ,f

i 〉∈
Q

.
F

igu
re

1
sh

ow
s

an
ex

am
p
le

of
S
S
T

S
.

N
o
te

th
a
t

a
n

S
S
T

S
can

con
tain

several
even

ts
w

ith
th

e
sam

e
(even

t)
sy

m
b

ol.

T
h
e

S
S
T

S
classifi

cation
p
rob

lem
is

d
efi

n
ed

as
follow

s:
G

iven
a

set
of

lab
eled

S
S
T

S
s

an
d

a
set

o
f

u
n
la

b
eled

S
S
T

S
s

d
raw

n
from

th
e

sam
e

u
n
d
erly

in
g

d
istrib

u
tion

,
in

fer
th

e
lab

els
of

th
e

u
n
la

b
eled

S
S
T

S
s.

3
.

R
e
la

te
d

W
o
rk

P
u
b
lish

ed
resea

rch
in

to
tem

p
oral

d
ata

classifi
cation

ca
n

b
e

grou
p

ed
in

to
th

ree
categories:

d
ista

n
ce

ba
sed

m
eth

od
s,

fl
a
tten

in
g

m
eth

od
s

an
d

m
od

el
ba

sed
m

eth
od

s.
T

h
is

categorization
d
o
es

n
o
t

ta
k
e

in
to

accou
n
t

p
ossib

le
d
ata

p
re-p

ro
cessin

g
step

s.

D
ista

n
ce

ba
sed

m
eth

od
s

rely
on

a
d
efi

n
ition

of
a

d
istan

ce
b

etw
een

p
airs

o
f
tim

e
series,

an
d

th
e

u
se

o
f

a
d
istan

ce-b
ased

classifi
cation

algorith
m

(su
ch

as
e.g.

k
-n

earest
n
eigh

b
o
rs).

If
th

e
d
ista

n
ce

m
etric

req
u
ires

tu
n
in

g
of

its
p
aram

eters
to

op
tim

ize
th

e
d
ata

fi
t,

th
e

ob
servation

s
ava

ila
b
le

fo
r

train
in

g
are

sp
lit

in
to

sep
arate

train
in

g
an

d
valid

ation
sam

p
les.

M
eth

o
d
s

fallin
g

in
to

th
is

ca
teg

o
ry

in
clu

d
e

n
earest

n
eigh

b
or

an
d

E
u
clid

ean
d
istan

ce
(N

N
+

E
D

)
(D

in
g

et
al.,

2
0
0
8
),

N
N

+
L

1
(D

in
g

et
al.,

2008),
N

N
+

L
in

f
(D

in
g

et
al.,

2008),
D

T
W

(B
ern

d
t

an
d

C
liff

ord
,

1
9
9
4
),

L
C

S
S

(V
lach

os
et

al.,
2002),

E
R

P
(C

h
en

et
al.,

2005),
E

D
R

(C
h
en

a
n
d

N
g,

2004),
D

IS
S
IM

(F
ren

tzos
et

al.,
2007),

S
W

A
L

E
(M

orse
an

d
P

atel,
200

7),
T

Q
U

E
S
T

(A
ßfalg

et
al.,

2
0
0
6
).

F
la

tten
in

g
m

eth
od

s
w

ork
in

tw
o

step
s.

F
irstly,

tem
p

oral
d
ata

is
tran

sform
ed

in
to

a
fl
at

ta
b
le

in
w

h
ich

each
tim

e
series

is
d
ecom

p
osed

in
to

a
set

of
featu

res
an

d
th

en
it

is
rep

re-
sen

ted
b
y

a
sin

gle
row

of
th

e
tab

le.
S
econ

d
ly,

a
stan

d
ard

classifi
cation

algorith
m

is
ap

p
lied

to
th

u
sly

p
rep

a
red

fl
at-tab

le
d
ata

(R
an

d
om

F
orest

(B
reim

an
,

2001),
S
V

M
(M

ey
er

et
al.,

2
0
0
3
),

A
rtifi

cia
l

N
eu

ral
N

etw
ork

s,
or

A
d
aB

o
ost

(F
reu

n
d

an
d

S
ch

ap
ire,

2009)
h
ave

all
b

een
u
sed

in
th

is
co

n
tex

t).
T

y
p

es
of

featu
res

th
at

are
com

m
on

ly
u
sed

for
fl
atten

in
g

in
clu

d
e

b
asic

3
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G
u
il
l
a
m
e
-B

e
r
t
a
n
d

D
u
b
r
a
w
sk

i

statistics
of

th
e

tem
p

oral
d
ata

com
p
u
ted

ov
er

m
ov

in
g

tim
e

w
in

d
ow

s
(m

ean
,

stan
d
ard

d
e-

v
iation

,
skew

n
ess,

k
u
rtosis,

etc.),
p
aram

eters
p
revalen

t
in

forecastin
g

a
p
p
lication

s
(tren

d
s,

p
erio

d
icity

),
an

d
p

op
u
lar

tem
p

oral
sign

al
p
ro

jection
s

(F
ou

rier
T

ran
sform

,
W

avelet
T

ran
s-

form
s,

S
in

gu
lar

V
alu

e
D

ecom
p

osition
,
etc.).

M
eth

o
d
s

th
at

rely
on

ex
tractin

g
a

large
am

ou
n
t

of
p
attern

s
from

raw
d
ata

follow
ed

b
y

eith
er

ap
p
ly

in
g

featu
re

selection
an

d
/or

ap
p
ly

in
g

o
n
e

of
th

e
classifi

cation
algorith

m
s

to
id

en
tify

com
b
in

ation
s

of
p
attern

s
th

at
are

eff
ective

on
th

e
task

,
fall

in
to

th
is

category
(G

u
illam

e-B
ert

an
d

D
u
b
raw

sk
i,

2014;
B

atal
et

al.,
2012;

L
iu

et
al.,

1998;
L

i
et

al.,
2001).

In
th

is
case,

large
am

ou
n
t

of
p
attern

s
are

ex
tracted

acco
rd

in
g

to
u
ser

d
efi

n
ed

con
strain

ts
(e.g.

m
in

im
u
m

su
p
p

ort)
an

d
scores

(e.g.
F

1),
b

efore
b

ein
g

fed
in

to
a

classifi
er.

H
ow

ever,
th

ese
m

eth
o
d
s

are
o
ften

slow
b

ecau
se

of
th

e
large

am
ou

n
t

of
p
attern

s
to

ex
tract.

A
n
d

b
ecau

se
d
iscrim

in
an

t
p

ow
er

for
classifi

catio
n

d
o
es

n
ot

alw
ay

s
im

p
ly

h
igh

score
for

a
p
attern

,
th

e
m

eth
o
d
s

m
ay

m
iss

im
p

orta
n
t

p
attern

s.

F
in

ally,
d
irect-m

od
el-ba

sed
m

eth
od

s
d
irectly

ex
tract

from
d
ata

a
m

o
d
el

th
at

con
tain

s
tem

p
oral

in
form

ation
.

E
x
am

p
les

of
su

ch
m

eth
o
d
s

in
clu

d
e

R
o
d
ŕıgu

ez
an

d
A

lon
so

(2004)
an

d
D

en
g

et
al.

(2013)
w

h
o

h
av

e
m

o
d
ifi

ed
th

e
d
ecision

forest
fra

m
ew

ork
(B

reim
an

,
2001)

to
h
an

d
le

tim
e

series.
In

th
ese

ap
p
roach

es,
con

d
ition

s
in

th
e

n
on

-leaf
n
o
d
es

of
th

e
d
ecision

trees
are

of
th

e
form

f
i (t1 ,t2 )

<
α

w
ith

f
i (t1 ,t2 )

fu
n
ction

com
p
u
tin

g
a

p
red

efi
n
ed

statistic
on

all
tim

e
series

p
oin

ts
b

etw
een

t1
an

d
t2 .

F
or

R
o
d
ŕıgu

ez
an

d
A

lon
so

(2004),
f
i (t1 ,t2 )

is
th

e
m

ean
,

stan
d
ard

d
ev

iation
or

th
e

d
y
n
am

ic
tim

e
w

arp
in

g
d
istan

ce
to

a
tem

p
late

tim
e

series.
F

or
D

en
g

et
al.

(2013),
f

is
eith

er
th

e
m

ean
,

stan
d
ard

d
ev

iation
,

or
an

estim
ation

of
th

e
slop

e.
M

eth
o
d
s

p
resen

ted
in

R
o
d
rigu

ez
et

al.,
D

en
g

et
al.

an
d

Y
e

an
d

K
eogh

(2009)
d
o

n
ot

fi
t

th
e

fl
atten

in
g

p
arad

igm
b

ecau
se

th
e

featu
res

or
con

d
ition

s
are

d
eterm

in
ed

at
th

e
tim

e
w

h
en

th
e

m
o
d
el

is
b
u
ilt

in
stead

of
at

a
sep

arate
p
re-p

ro
cessin

g
stage.

In
d
u
ctive

L
ogic

P
rogram

m
in

g
(M

u
ggleton

,
1991)

(IL
P

)
is

a
gen

eral
fram

ew
ork

th
at

is
cap

ab
le

to
ex

p
ress

m
an

y
tem

p
oral

p
attern

s.
R

o
d
rigu

ez
et

al.
(200

0)
h
as

sh
ow

n
an

ex
am

p
le

of
h
ow

to
u
se

IL
P

to
classify

tim
e

series.
H

ow
ever,

from
ou

r
ex

p
erien

ce
an

d
b

ecau
se

of
th

eir
gen

eral
n
atu

re,
it

is
u
n
clear

h
ow

IL
P

solv
ers

cou
ld

learn
effi

cien
tly

tem
p

oral
p
attern

s
con

tain
in

g
tim

e
con

strain
ts

w
h
ich

are
n
ot

p
red

efi
n
ed

b
y

th
e

u
sers.

T
h
e

tw
o

algorith
m

s
p
rop

osed
in

th
is

p
ap

er
fall

in
th

is
last

category
of

m
eth

o
d
s.

O
n
e

of
th

e
tw

o
p
rop

osed
algorith

m
s

(G
T

C
-S

et)
ex

tracts
large

am
ou

n
t

of
G

T
C

p
attern

s
(see

d
efi

n
ition

in
section

4),
an

d
u
se

th
em

w
ith

a
sim

p
le

v
otin

g
m

ech
an

ism
(each

active
p
attern

casts
a

vote—
th

e
m

ost
rep

resen
ted

class
is

p
red

icted
).

T
h
is

algorith
m

can
b

e
d
escrib

ed
trou

gh
th

e
p
attern

-b
ased

classifi
cation

fra
m

ew
ork

d
escrib

ed
b
y

B
rin

gm
an

n
et

al.
B

rin
gm

an
n

et
al.

(2011).
In

th
is

fram
ew

ork
,

a
p
attern

-b
ased

classifi
cation

algorith
m

is
d
iv

id
ed

in
to

th
ree

p
arts:

(1)
T

h
e

ex
traction

of
a

p
o
o
l

of
p
attern

s,
(2)

th
e

selection
of

a
su

b
set

of
p
attern

s,
an

d
(3)

th
e

train
in

g
of

a
cla

ssifi
er

b
ased

on
th

e
p
attern

s.
T

h
e

class
of

an
algorith

m
is

d
efi

n
e

b
y

w
h
eth

er
or

n
o
t

th
e

lab
els

are
u
sed

in
th

e
stage

(1)
an

d
(2)

i.e.
su

p
erv

ised
or

n
on

-su
p

erv
ised

p
attern

ex
traction

an
d

p
attern

selection
:

T
h
e

m
ain

ad
van

tages
of

u
sin

g
lab

els
in

early
stages

is
to

“d
irect”

th
e

p
a
ttern

ex
traction

an
d

selection
,

an
d

to
gen

erate
a

sm
aller

an
d

m
ore

sp
ecialized

(an
d

h
op

efu
lly

m
ore

p
erform

an
t)

set
of

p
attern

s.
O

n
th

e
oth

er
h
an

d
,

n
ot

u
sin

g
lab

els
in

th
e

fi
rst

stage
allow

s
th

e
u
se

w
ell

stu
d
ied

of
freq

u
en

t
p
attern

m
in

in
g

algorith
m

s
(e.g.

freq
u
en

t
item

set
m

in
in

g
(A

graw
al

an
d

S
rikan

t,
1994;

H
an

et
al.,

2004),
freq

u
en

t
seq

u
en

ce
m

in
in

g
(S

rikan
t

an
d

A
graw

al,
1996;

Z
ak

i,
2001;

P
ei

et
al.,

2001),
freq

u
en

t
grap

h
m

in
in

g
(Y

an
et

al.,
2008;

N
ow

ozin
et

al.,
2007)).

In
th

is
fram

ew
ork

,
th

e
G

T
C

-S
et

algorith
m

w
e

p
rop

ose
is

a
“M

o
d
el-d

ep
en

d
en

t
itera

tiv
e

m
in

in
g”
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C
l
a
ss
if
ic
a
t
io
n
o
f
T
im

e
S
e
q
u
e
n
c
e
s
u
si
n
g

G
r
a
p
h
s
o
f
T
e
m
p
o
r
a
l
C
o
n
st

r
a
in
t
s

al
go

ri
th

m
(i

.e
.

th
e

la
b

el
s

ar
e

u
se

d
in

th
e

p
at

te
rn

ex
tr

ac
ti

on
st

ag
e)

,
an

d
it

d
o
es

n
ot

co
n
ta

in
s

a
p
at

te
rn

se
le

ct
io

n
n
or

tr
ai

n
in

g
of

a
cl

as
si

fi
er

st
ag

es
:

A
ll

ex
tr

ac
te

d
p
at

te
rn

s
ar

e
d
ir

ec
tl

y
an

d
in

d
ep

en
d
en

tl
y

u
se

d
.

S
u
ch

si
m

p
le

ap
p
li
ca

ti
on

of
ex

tr
ac

te
d

p
at

te
rn

s
is

on
ly

p
os

si
b
le

b
ec

au
se

of
th

e
sp

ec
ifi

c
ex

tr
ac

ti
on
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in
g,

a
n

d
it

gu
a
ra

n
ti

es
th

a
t

if
bu

il
t

it
er

a
ti

ve
ly

,
th

e
G

T
C

s
a
t

su
cc

es
si

ve
st

ep
s

h
a
ve

d
ec

re
a
si

n
g

su
p
po

rt
.

A
G

T
C

ca
n

b
e

se
en

as
a

d
ir

ec
te

d
gr

a
p
h

w
er

e
ea

ch
ve

rt
ex

ex
p
re

ss
es

th
e

ex
is

te
n
ti

al
co

n
d
it

io
n

fo
r

an
ev

en
t

(c
on

d
it

io
n
ed

b
y

a
sy

m
b

ol
),

i.
e.

a
te

st
,

an
d

w
h
er

e
ea

ch
ed

g
e

ex
p
re

ss
es

a
te

m
p

or
al

co
n
st

ra
in

t
b

et
w

ee
n

th
e

ve
rt

ic
es

it
co

n
n
ec

ts
,
i.
e.

a
co

n
st

ra
in

t.
A

G
T

C
ca

n
co

n
ta

in
u
n
d
ir

ec
te

d
cy

cl
es

an
d

d
is

co
n
n
ec

te
d

co
m

p
on

en
ts

.
F

ig
.

2
sh

ow
s

tw
o

ex
am

p
le

s
o
f

G
T

C
s.

L
et

u
s

n
ow

in
tr

o
d
u
ce

so
m

e
as

p
ec

ts
of

n
ot

at
io

n
u
se

d
fo

r
d
es

cr
ib

in
g

G
T

C
s.

A
G

T
C

in
st

an
ce
{k

i}
i∈

1
,.
..
,n

as
si

gn
s

ti
m

es
k
i

to
ea

ch
of

th
e

te
st

s
q i

of
G

T
C
A

so
th

a
t

a
ll

te
st

s
a
n
d

al
l

co
n
st

ra
in

ts
of
A

ar
e

tr
u
e.

B
y

co
n
ve

n
ti

on
,
A

(d
)

d
en

ot
es

th
e

se
t

of
in

st
an

ce
s

o
f
A

in
a
n

S
S
T

S
d
.

N
ot

e
th

at
d
iff

er
en

t
in

st
an

ce
s

ca
n

p
ar

ti
al

ly
ov

er
la

p
w

it
h

ea
ch

ot
h
er

.
B

y
co

n
ve

n
ti

o
n
,

A
is

tr
u
e

in
an

S
S
T

S
d

if
d

co
n
ta

in
s

at
le

as
t

on
e

in
st

an
ce

of
A

,
i.
e.
|A

(d
)|
>

0
.

T
ra

ce
T

(q
i,
d
)

of
th

e
te

st
q i

of
A

on
th

e
S
S
T

S
d

is
d
efi

n
ed

a
s

th
e

se
t

of
ti

m
es

ta
m

p
s

a
ss

o
ci

a
te

d
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C
l
a
ssif

ic
a
t
io
n
o
f
T
im

e
S
e
q
u
e
n
c
e
s
u
sin

g
G
r
a
p
h
s
o
f
T
e
m
p
o
r
a
l
C
o
n
st

r
a
in
t
s

G
T

C
 #1

a

b

c

d

a

[2,10]

[-2,5]

[0,5]
[2,5]

G
T

C
 #2

f

g

h

s2>
5

[-3,3][0,2]

F
ig

u
re

2
:

T
w

o
ex

am
p
les

of
G

T
C

s.
D

ash
ed

vertex
(or

ed
ge)

rep
resen

ts
a

vertex
(or

ed
ge)

w
ith

a
n
egative

fl
ag.

D
iam

on
d

sh
ap

es
rep

resen
t

scalar
tests.

w
ith

th
e

test
q
i

for
an

y
in

stan
ces

of
A

on
d
:
T

(q
i ,d

)
=
{k

i |∀{k
1 ,...,k

i ,...,k
n }
∈
A

(d
)}

.
G

iven
a

set
o
f

S
S
T

S
D

=
{
d
1 ,...,d

n },
A

(D
)

is
th

e
su

b
set

of
S
S
T

S
for

w
h
ich

A
is

tru
e:

A
(D

)
=
{
d
i |
d
i ∈

D
w

ith
|A

(d
i )|
>

0}
.

B
y

con
ven

tion
,

a
G

T
C

w
ith

ou
t

tests
is

alw
ay

s
tru

e.
F

in
a
lly,

given
a

set
of

S
S
T

S
D

,
th

e
su

p
p

ort
of
A

is
th

e
fra

ction
of

S
S
T

S
w

h
ere

A
is

tru
e:

su
p
p
(A

)
=
|A

(D
)|/|D

|.
T

estin
g

th
e

ex
isten

ce
of

a
G

T
C

in
an

S
S
T

S
(i.e.

com
p
u
tin

g
th

e
ex

isten
ce

of
in

stan
ces)

ca
n

b
e

d
on

e
b
y

(1)
E

x
tractin

g
a

set
of

sp
an

n
in

g
trees

of
th

e
G

T
C

(on
e

tree
fo

r
each

of
th

e
G

T
C

s
d
iscon

n
ected

com
p

on
en

ts),
(2)

In
d
ep

en
d
en

tly
m

atch
in

g
each

tree
to

th
e

S
S
T

S
reco

rd
s

w
h
ile

con
tin

u
ou

sly,
an

d
(3)

C
h
eck

in
g

an
y

ad
d
ition

al
con

strain
ts

th
at

w
ere

n
ot

th
e

p
a
rt

of
th

e
sp

a
n
n
in

g
trees.

T
h
e

cost
of

testin
g

a
G

T
C

is
p

oly
n
om

ial
w

ith
th

e
n
u
m

b
er

of
even

ts
an

d
ex

p
o
n
en

tial
w

ith
th

e
n
u
m

b
er

of
n
o
d
es.

T
h
e

sm
aller

th
e

su
rfaces

of
th

e
tem

p
oral

co
n
stra

in
ts

b
etw

een
n
o
d
es,

th
e

less
ex

ten
sive

th
e

ex
p
loration

,
an

d
th

e
faster

th
e

G
T

C
m

a
tch

in
g
.

H
ow

ever,
in

p
ractice

(cf.
E

x
p

erim
en

tal
evalu

ation
section

b
elow

),
th

e
cost

of
testin

g
G

T
C

s
is

in
sign

ifi
can

t
in

com
p
arison

to
th

e
cost

of
learn

in
g

th
ese

G
T

C
s.

It
ap

p
ears

th
a
t

b
eca

u
se

th
e

con
strain

ts
on

th
e

ed
ges

are
selected

to
b

e
d
iscrim

in
an

t,
th

ey
ten

d
to

b
e

restrictive
an

d
h
elp

in
p
ru

n
in

g
large

p
arts

of
th

e
ex

p
loration

sp
ace.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

G
T

C
is

a
n
ov

el
rep

resen
tation

,
b
u
t

it
can

b
e

related
to

so
m

e
ex

istin
g

tem
p

oral
p
attern

rep
resen

tation
fra

m
ew

ork
s.

T
h
e

closest
a
re

th
e

T
em

p
oral

C
o
n
stra

in
t

N
etw

ork
(T

C
N

)
of

D
ech

ter
(1

991),
th

e
C

h
ron

icles
of

D
ou

sson
an

d
V

u
D

u
o
n
g

(1
9
9
9
)

a
n
d

th
e

T
ita

ru
les

of
G

u
illam

e-B
ert

(2012).
T

C
N

an
d

C
h
ron

icles
can

b
e

seen
as

red
u
ced

ca
ses

o
f

G
T

C
s

in
w

h
ich

tests
an

d
con

strain
ts

d
o

n
ot

h
ave

n
ega

tive
fl
ags

an
d

in
w

h
ich

th
ere

a
re

n
o

scalar
tests.

T
ita

ru
les

allow
n
o
d
e

n
egation

b
u
t

d
o

n
ot

allow
u
n
d
irected

cy
cles

o
r

d
isjo

in
t

com
p

on
en

ts.

5
.

C
la

ssifi
ca

tio
n

w
ith

G
T

C
s

In
th

is
sectio

n
,
w

e
in

tro
d
u
ce

tw
o

S
S
T

S
cla

ssifi
cation

m
o
d
els

th
at

u
se

G
T

C
s

as
th

eir
b
u
ild

in
g

b
lo

ck
s.

T
h
e

fi
rst

m
o
d
el

w
e

call
G

T
C

-S
et.

A
G

T
C

-S
et

is
an

u
n
stru

ctu
red

set
of

lab
eled

(a
ssig

n
ed

to
rep

resen
t

a
p
articu

lar
u
n
iq

u
e

class
of

S
T

S
S
)

G
T

C
s.

G
iven

an
u
n
lab

eled
S
S
T

S
d
,

th
e

p
red

icted
lab

el
for

d
is

th
e

m
ost

com
m

on
lab

el
am

on
g

all
of

th
e

G
T

C
s

th
at

are
tru

e
o
n
d
.

N
o
te

th
a
t

th
is

m
o
d
el

w
ou

ld
p

erform
p

o
orly

if
it

w
ere

to
con

tain
all

p
ossib

le
G

T
C

s
(even

w
ith

a
su

p
p

ort
con

strain
t).

F
igu

re
3

sh
ow

s
a
n

ex
am

p
le

of
a

G
T

C
-S

et.
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G
u
il
l
a
m
e
-B

e
r
t
a
n
d

D
u
b
r
a
w
sk

i

a
b

c
c
1

a
b

c
c
2

a
d

a
bc

c
c
2

a
a

a
c
3

b
bc
1

c
1

(a)

a

a
b

a
d

a
b

c

c
1

c
2

parent
grand-parent
grand-parent

parent
positive node

negative node

c
3

c
1

c
3

(b
)

F
igu

re
3:

E
x
am

p
les

of
a

G
T

C
-S

et
(a)

an
d

a
tree

in
a

G
T

C
-D

F
(b

).
C

lass
lab

els
in

th
e

leaf
n
o
d
es

a
re

d
en

oted
w

ith
c
i .

T
h
e

secon
d

m
o
d
el

w
e

call
G

T
C

D
ecisio

n
F

o
rest

(G
T

C
-D

F
).

A
G

T
C

-D
F

is
a

set
of

d
ecision

trees
w

h
ere

each
n
on

-leaf
n
o
d
e

is
asso

ciated
w

ith
a

p
articu

lar
G

T
C

a
n
d

it
h
as

tw
o

ch
ild

ren
.

A
d
d
ition

ally,
th

e
G

T
C

attach
ed

to
a

d
ecision

tree
n
o
d
e

is
con

strain
ed

to
b

e
d
irectly

d
erived

from
th

e
G

T
C

of
th

e
p
aren

t
n
o
d
e

if
con

n
ected

b
y

a
p

ositive
d
ecision

tree
b
ran

ch
,

an
d

from
th

e
gran

d
p
aren

t
n
o
d
e

oth
erw

ise.
T

h
is

con
strain

t
is

im
p

ortan
t

an
d

it
w

ill
b

e
d
iscu

ssed
an

d
ju

stifi
ed

in
th

e
n
ex

t
section

.
W

h
en

ap
p
ly

in
g

a
G

T
C

-D
F

to
classify

a
q
u
ery

in
th

e
form

of
a

S
T

S
S
,

th
e

d
ecision

trees
are

in
d
ep

en
d
en

tly
trav

ersed
in

a
fam

iliar
w

ay.
U

p
on

arrival
in

a
n
o
d
e,

its
asso

ciated
G

T
C

is
tested

for
fi
tn

ess
to

th
e

d
ata

an
d

th
e

resu
lt

of
th

is
test

d
eterm

in
es

th
e

d
irection

of
fu

rth
er

traversal.
A

s
in

th
e

origin
al

d
ecision

forest
algorith

m
(B

reim
an

,
2001),

class
lab

el
d
istrib

u
tion

s
are

agglom
erated

across
th

e
fi
n
al

active
leaf

n
o
d
es

of
each

com
p

on
en

t
tree,

in
ord

er
to

ob
tain

th
e

join
t

p
red

iction
.

F
igu

re
3

sh
ow

s
an

ex
am

p
le

of
a

tree
in

a
G

T
C

-D
F

.

In
d
ep

en
d
en

ce
of

com
p

on
en

ts
in

G
T

C
-S

ets
m

akes
th

ese
m

o
d
els

som
ew

h
a
t

easier
to

in
-

terp
ret

b
y

th
e

u
sers

th
an

G
T

C
D

ecision
F

orests
b

ecau
se

each
of

th
em

can
b

e
co

n
sid

ered
in

d
iv

id
u
ally.

C
on

versely,
in

terp
retation

of
a

G
T

C
D

ecision
F

orest
m

o
d
el,

as
w

ell
as

its
in

fer-
en

ce
p
ro

cess
in

resp
on

se
to

a
p
articu

lar
q
u
ery,

req
u
ires

con
sid

eration
of

G
T

C
s

corresp
on

d
in

g
to

th
e

su
b
seq

u
en

t
n
o
d
es

in
each

tree.

6
.

L
e
a
rn

in
g

T
e
m

p
o
ra

l
P

a
tte

rn
s

W
e

in
tro

d
u
ce

tw
o

algorith
m

s
to

resp
ectiv

ely
ex

tract
G

T
C

-S
ets

an
d

G
T

C
-D

F
s

from
a

set
of

lab
eled

S
S
T

S
in

stan
ces.

B
oth

algorith
m

s
sh

are
th

e
sam

e
su

b
-rou

tin
es

b
u
t

d
iff

er
in

th
e

stru
ctu

re
of

th
eir

m
ain

lo
op

s
an

d
th

erefore
in

th
e

stru
ctu

re
of

th
e

ex
tracted

G
T

C
s.

T
h
ese

algorith
m

s
can

b
e

seen
as

com
p
lem

en
tary.

E
x
p

erim
en

tation
sh

ow
s

th
at

ex
tractin

g
G

T
C

-D
F

is
on

average
40%

faster,
an

d
it

y
ield

s
less

com
p
lex

m
o
d
els

w
h
ich

ty
p
ically

p
erform

sligh
tly

b
etter

w
h
en

com
p
ared

to
G

T
C

-S
et

m
o
d
els

ob
tain

ed
from

th
e

sam
e

d
ata

(cf.
S
ectio

n
7.6).

O
n

th
e

oth
er

h
an

d
,

G
T

C
-S

ets
allow

easier
in

terp
retatio

n
of

th
e

resu
lts

an
d

th
e

m
o
d
els

th
em

selves
b
y

th
e

u
sers

(S
ection

7.7).
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C
l
a
ss
if
ic
a
t
io
n
o
f
T
im

e
S
e
q
u
e
n
c
e
s
u
si
n
g

G
r
a
p
h
s
o
f
T
e
m
p
o
r
a
l
C
o
n
st

r
a
in
t
s

B
ot

h
al

go
ri

th
m

s
b
u
il
d

G
T

C
s

b
y

re
cu

rs
iv

el
y

ap
p
ly

in
g

co
n
st

ru
ct

iv
e

op
er

at
io

n
s.

In
th

e
p
ro

ce
ss

,
se

le
ct

io
n

of
th

e
n
ex

t
op

er
at

io
n

to
ap

p
ly

is
gu

id
ed

b
y

m
ax

im
iz

in
g

th
e

lo
ca

l
in

fo
rm

a-
ti

on
ga

in
.

T
h
is

se
ct

io
n

p
re

se
n
ts

G
T

C
b
u
il
d
in

g
op

er
at

io
n
s,

d
efi

n
es

th
e

co
n
ce

p
t

of
in

fo
rm

at
io

n
ga

in
of

an
op

er
at

io
n
,

p
re

se
n
ts

h
ow

to
effi

ci
en

tl
y

id
en

ti
fy

th
e

op
er

at
io

n
w

it
h

th
e

h
ig

h
es

t
in

-
fo

rm
at

io
n

ga
in

,
an

d
d
et

ai
ls

th
e

m
ai

n
lo

op
s

of
th

e
tw

o
al

go
ri

th
m

s.
O

u
r

p
ro

p
os

ed
so

lu
ti

on
to

h
ow

to
effi

ci
en

tl
y

ex
tr

ac
t

op
ti

m
al

te
m

p
or

al
co

n
st

ra
in

ts
fo

r
th

e
ed

ge
s

in
G

T
C

s
is

on
e

of
th

e
m

ai
n

n
ov

el
ti

es
of

th
is

w
or

k
.

6
.1

C
o
n

st
ru

c
ti

v
e

O
p

e
ra

ti
o
n

s
o
n

G
T

C
s

C
on

st
ru

ct
iv

e
op

er
at

io
n
s

on
a

G
T

C
in

cl
u
d
e:

O
1:

A
d
d
it

io
n

of
a

n
ew

te
st

(i
.e

.
ad

d
it

io
n

of
a

ve
rt

ex
),

O
2:

A
d
d
it

io
n

of
a

co
n
st

ra
in

t
b

et
w

ee
n

tw
o

ex
is

ti
n
g

te
st

s
(i

.e
.

ad
d
it

io
n

of
an

ed
ge

),
O

3:
A

d
d
it

io
n

of
a

sc
al

ar
te

st
to

an
ex

is
ti

n
g

te
st

,
O

4:
A

d
d
it

io
n

of
a

n
ew

te
st

an
d

ad
d
it

io
n

of
a

co
n
st

ra
in

t
b
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sh
ol

d

S
o
rt
L

ac
co

rd
in

g
to

th
e

fi
rs

t
co

lu
m

n
va

lu
es

h
′
←

+
∞

;
i′
←

0
;
w
←
f
a
ls
e

X
←
{0
}×

C
w

it
h
C

th
e

n
u
m

b
er

o
f

cl
as

se
s

Y
←

su
ch

th
at
Y
i

is
th

e
n
u
m

b
er

of
S
S
T

S
o
f

cl
as

s
c i

fo
r
i
←

1
to

n
−

1
d

o
X

L
[i
,2
]
←
X

L
[i
,2
]
+

1
Y
L
[i
,2
]
←
Y
L
[i
,2
]
−

1
if
L

[i
+

1
,1

]
6=
L

[i
,1

]
∧

(L
[i

+
1
,2

]
6=
L

[i
,2

]
∨
w

)
th

e
n

w
←
f
a
ls
e

h
←
en
tr
op
y
(X

)i
+
en
tr
op
y
(Y

)(
n
−
i)

if
h
<
h
′
th

e
n

h
′
←
h

;
i′
←
i

e
ls

e w
←
tr
u
e

α
←

(L
[i
′ ,

1]
+
L

[i
′ +

1
,1

])
/2

6
.6

F
in

d
in

g
th

e
O

p
ti

m
a
l

S
e
g
m

e
n
t

o
f

R

O
p

er
at

io
n
s

O
2

an
d

O
4

re
q
u
ir

e
sp

ec
ifi

ca
ti

on
of

a
ti

m
e

co
n
st

ra
in

t.
In

th
is

w
o
rk

,
w

e
re

st
ri

ct
ti

m
e

co
n
st

ra
in

ts
to

b
e

co
n
ti

gu
ou

s
se

gm
en

ts
[a
,b

]
∈
R

,
al

b
ei

t
in

ge
n
er

al
th

is
re

st
ri

ct
io

n
ca

n
b

e
li
ft

ed
w

it
h
ou

t
h
ar

m
.

T
h
e

d
at

a
se

t
b

ei
n
g

fi
n
it

e,
th

e
n
u
m

b
er

of
m

ea
n
in

g
fu

l
ca

n
d
id

a
te

b
ou

n
d
ar

ie
s

fo
r
a

an
d
b

is
al

so
fi
n
it

e.
G

iv
en

a
G

T
C

A
an

d
an

op
er

at
io

n
O

2
or

O
4

to
ap

p
ly

,
w

e
d
efi

n
e
M

(d
k
)
⊂

R
a
s

fo
ll
ow

s.
F

or
op

er
at

io
n

O
2,

gi
v
en

tw
o

te
st

s
q i

an
d
q j

of
A

,
M

is
d
efi

n
ed

as
M

(d
k
)

=
{x

1
−
x
2
|∀
x
1
∈

T
(q
i,
d
k
),
x
2
∈
T

(q
j
,d
k
)}

.
F

or
op

er
at

io
n

O
4,

gi
ve

n
a
n

ex
is

ti
n
g

te
st
q i

of
A

a
n
d

a
n

ev
en

t
sy

m
b

ol
e j

,
M

is
d
efi

n
ed

as
M

(d
k
)

=
{x

1
−
x
2
|∀
x
∈
T

(q
i,
d
k
),
∃〈
e j
,x

2
〉∈

d
k
}.

N
o
te

th
a
t
M

is
co

m
p
u
te

d
fr

om
th

e
tr

ac
e
T

th
at

is
it

se
lf

co
m

p
u
te

d
d
u
ri

n
g

th
e

G
T

C
ev

al
u
a
ti

o
n
.

B
y

d
es

ig
n
,

(1
)

If
A

is
n
ot

va
li
d

on
an

S
S
T

S
d
k
,

th
en

M
(d
k
)

is
em

p
ty

;
a
n
d

(2
)

If
A

is
va

li
d

on
an

S
S
T

S
d
k
,

th
en

th
e

G
T

C
re

su
lt

in
g

fr
om

ap
p
ly

in
g

th
e

cu
rr

en
t

o
p

er
a
ti

o
n

w
it

h
co

n
st

ra
in

t
[a
,b

]
on

A
is

va
li
d

on
d
k

if
an

d
on

ly
if
∃x
∈
M

(d
k
)

su
ch

th
at
x
∈

[a
,b

].
W

e
d
efi

n
e
Y

=
⋃
k
M

(d
k
),

an
d
Y
i

to
b

e
th

e
it
h

sm
al

le
st

el
em

en
t

of
Y

.
F

in
a
ll
y,

w
e

d
efi

n
e

Z
as

th
e

se
t

of
al

l
ca

n
d
id

at
e

b
ou

n
d
ar

ie
s

(i
.e

.
a
,b
∈
Z

)
as
Z
i

=
{(
Y
i
+
Y
i+

1
)/

2
} i∈

[1
,|Y
|]
∪
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C
l
a
ssif

ic
a
t
io
n
o
f
T
im

e
S
e
q
u
e
n
c
e
s
u
sin

g
G
r
a
p
h
s
o
f
T
e
m
p
o
r
a
l
C
o
n
st

r
a
in
t
s

{
Y
1 }
∪
{
Y
|Y
| }.

In
case

of
large

d
ata

sets,
or

in
case

o
f

sm
all

d
ata

sets
w

ith
h
igh

risk
of

over-fi
ttin

g,
th

e
set

of
can

d
id

ate
Z

can
b

e
ran

d
om

ly
sam

p
led

d
ow

n
.

S
u
ch

d
ow

n
sa

m
p
lin

g
is

in
essen

ce
eq

u
ivalen

t
to

attrib
u
te

sam
p
lin

g
u
sed

e.g.
in

R
an

d
om

F
orest.

In
p
ractice,

th
is

sig
n
ifi

ca
n
tly

sp
eed

s
u
p

th
e

search
for

th
e

op
tim

al
tim

e
con

strain
t

w
ith

ou
t

red
u
cin

g
th

e
m

o
d
el

a
ccu

ra
cy

b
ecau

se
of

th
e

red
u
n
d
an

t
n
atu

re
of

th
e

d
ecision

tree
or

d
ecision

set
m

o
d
els.

W
e

o
b
served

ex
p

erim
en

tally
th

at
lim

itin
g
Z

to
40

elem
en

ts
(i.e.

40
2

in
terval

can
d
id

ates)
d
o
es

n
o
t

im
p
a
ct

th
e

m
o
d
els’

em
p
irical

accu
racy.

F
in

d
in

g
th

e
segm

en
t

[a
,b]

th
at

m
ax

im
izes

th
e

in
form

ation
gain

is
an

op
tim

ization
p
rob

-
lem

in
a

fi
n
ite

an
d

cou
n
tab

le
tw

o
d
im

en
sion

al
sp

a
ce.

T
h
e

n
aive

an
d

d
irect

solu
tion

to
th

is
p
ro

b
lem

req
u
ires

evalu
atin

g
a

G
T

C
on

each
S
S
T

S
for

each
u
n
iq

u
e

p
oin

t
in

th
e

search
sp

ace
(i.e.

fo
r

each
p

ossib
le

(a
,b)∈

Z
2

w
ith

a
<
b).

T
h
is

solu
tion

lead
s

to
th

e
w

orst
case

com
-

p
u
ta

tio
n
a
l

co
st

of
O

(|Z| 2n
E

)
w

ith
n

b
ein

g
th

e
n
u
m

b
er

of
S
S
T

S
s

an
d
E

th
e

com
p
u
tation

al
co

st
to

com
p
u
te

th
e

in
stan

ces
of

a
G

T
C

on
an

S
S
T

S
.

T
h
is

cost
m

ay
easily

b
eco

m
e

p
ro-

h
ib

itively
ex

p
en

sive
for

an
y

realistically
com

p
lex

ap
p
lication

.
A

n
altern

ative,
m

ore
effi

cien
t

so
lu

tio
n

is
to

iterate
over

M
to

evalu
ate

ap
p
lication

of
th

e
G

T
C

.
T

h
is

solu
tion

on
ly

req
u
ires

eva
lu

a
tin

g
th

e
in

itial
G

T
C

on
ce,

it
d
o
es

n
ot

req
u
ire

evalu
atin

g
th

e
resu

ltin
g

G
T

C
,

an
d

it
h
a
s

a
co

m
p
u
ta

tion
al

cost
of
O

(|Z| 2n
+
E
n

).
It

allow
s

u
s

to
h
an

d
le

m
u
ch

larger
p
rob

lem
s

th
a
n

w
h
en

u
sin

g
th

e
n
aive

ap
p
roach

.
In

stea
d

of
th

ese
tw

o
im

p
lem

en
tation

s,
w

e
p
rop

ose
a

th
ird

solu
tion

w
ith

a
tim

e
co

m
p
lex

ity
o
f
O

(|Z| 2
+
n
E

)
(in

stead
of
O

(|Z| 2n
E

)
of
O

(|Z| 2n
+
E
n

),
as

ab
ove).

T
h
is

n
ew

ap
p
roach

relies
o
n

th
e

tw
o

follow
in

g
p
rop

erties:
(1)

If
h
∈
M

(d
k ),

th
en

th
e

G
T

C
resu

ltin
g

from
th

e
cu

rren
t

o
p

era
tion

w
ith

th
e

tim
e

con
strain

t
[h
,h

]
is

tru
e

on
th

e
S
S
T

S
d
k ;

(2)
If

th
e

G
T

C
w

ith
th

e
n
ew

co
n
strain

t
[a
,b]

is
tru

e
on

th
e

S
S
T

S
d
k ,

th
en

all
G

T
C

s
w

ith
a

tim
e

con
strain

t
[a ′,b ′]⊃

[a
,b]

w
ill

also
b

e
tru

e
on

th
e

S
S
T

S
d
k .

T
h
e

la
st

so
lu

tion
relies

on
b
u
ild

in
g

a
|Z|×

|Z|×
(C
−

1)
m

atrix
P

w
h
ere

C
is

th
e

n
u
m

b
er

o
f

cla
sses

in
th

e
classifi

cation
p
rob

lem
.

A
fter

b
ein

g
b
u
ilt,

each
elem

en
t

of
P

[x
,y
,z

]
rep

resen
ts

th
e

n
u
m

b
er

of
S
S
T

S
s

in
train

in
g

d
ata

w
h
ich

b
elon

g
to

class
z

an
d

th
at

m
atch

th
e

G
T

C
A

a
fter

it
w

as
su

b
jected

to
th

e
n
ew

op
eration

w
ith

th
e

tim
e

con
strain

t
[Z
x ,Z

y ].
O

n
ce

th
e

m
a
trix

P
is

com
p
u
ted

,
search

for
th

e
op

tim
al

tim
e

con
strain

t
can

b
e

d
on

e
in

on
e

p
ass

over
P

b
y

itera
tin

g
over

x
an

d
y
,

th
en

over
z

in
th

e
in

n
er

lo
op

.
A

lgorith
m

4
sh

ow
s

h
ow

to
effi

cien
tly

co
n
stru

ct
m

atrix
P

.
N

ote
th

at
in

p
ractice,

sea
rch

for
th

e
op

tim
a
l

tim
e

con
strain

t
ca

n
b

e
m

erg
ed

w
ith

th
e

last
“for”

lo
op

of
th

e
algorith

m
.

F
igu

re
6

illu
strates

th
e

A
lgorith

m
4

step
b
y

step
u
sin

g
a

sm
all

ex
am

p
le.

A
lso

n
ote

th
at

w
h
ile

w
e

u
se
P

to
op

tim
ize

in
form

ation
g
a
in

,
P

ca
n

b
e

u
sed

to
op

tim
ize

an
y

m
etric

th
at

relies
on

G
T

C
m

atch
in

g
cou

n
ts.

7
.

E
x
p

e
rim

e
n
ta

l
E

v
a
lu

a
tio

n

In
th

is
sectio

n
w

e
rep

ort
an

d
d
iscu

ss
p

erform
an

ce
of

th
e

tw
o

p
rop

osed
algo

rith
m

s
(G

T
C

-D
F

a
n
d

G
T

C
-S

et)
as

com
p
ared

to
a

w
id

e
variety

of
altern

ative
ap

p
roach

es
fo

u
n
d

in
literatu

re.
T

h
e

a
lg

o
rith

m
s

are
evalu

ated
on

a
collection

of
59

u
n
iq

u
e

d
ata

sets
d
escrib

ed
b

elow
.

A
ll

th
ese

d
a
ta

sets
are

p
u
b
licly

availab
le

on
lin

e.

7
.1

S
y
n
th

e
tic

D
a
ta

(1
se

t)

T
h
e

sy
n
th

etic
d
ata

set
is

com
p

osed
of

a
relatively

sim
p
le

collection
of

200
com

p
u
ter-

g
en

era
ted

,
p
u
rely

sy
m

b
olic

S
S
T

S
s.

E
ach

of
th

em
con

tain
s

on
e

in
stan

ce
of

each
ty

p
e

of
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G
u
il
l
a
m
e
-B

e
r
t
a
n
d

D
u
b
r
a
w
sk

i

A
lg

o
rith

m
4
:

B
u
ild

in
g

m
atrix

P
.

in
p

u
t

:
Z

:
T

h
e

set
of

can
d
id

ate
b

o
u
n
d
aries.

M
:

T
h
e

“
m

eet”
sets.

o
u

tp
u

t:
P

:
M

a
trix

P
.

/
/
a
.

I
n
i
t
i
a
l
i
z
a
t
i
o
n

P
←

a
|Z|×

|Z|×
(C
−

1
)

m
a
trix

fi
lled

w
ith

zero
s

fo
r
k

=
1

to
|D
|
d

o
k
←
−

1;c←
class

of
d
k

if
c

=
C

th
e
n

c
o
n
tin

u
e

m
←
M

(d
k )

/
/
m

i
i
s
t
h
e
i
t
h
s
m
a
l
l
e
s
t
e
l
e
m
e
n
t
o
f
m
.

fo
r
i

=
1

to
|m
|
d

o
j←

su
ch

th
at
Z
j ≤

m
i
<
Z
j
+
1
/
/
N
o
t
e
:

i7→
j
i
s
m
o
n
o
t
o
n
i
c
a
l
l
y
i
n
c
r
e
a
s
i
n
g

P
[j,j,c]←

P
[j,j,c]+

1
if
k
6=
−

1
th

e
n

P
[j,k

,c]←
P

[i,k
,c]−

1
k
←
i

/
/
b
.

V
e
r
t
i
c
a
l
u
p
w
a
r
d
s
p
r
e
a
d

fo
r
i

=
1

to
|Z|

d
o

X
←
{0}×

(C
−

1)
fo

r
j

=
i

to
|Z|

d
o

X
←
X

+
P

[j,i,
]

P
[j,i,

]←
X

/
/
c
.

H
o
r
i
z
o
n
t
a
l
l
e
f
t
s
p
r
e
a
d

fo
r
i

=
1

to
|Z|

d
o

X
←
{0}×

(C
−

1)
fo

r
j

=
i

to
1

d
o

X
←
X

+
P

[i,j,
]

/
/
N
o
t
e
:

H
e
r
e
X

c
o
n
t
a
i
n
s
t
h
e
c
l
a
s
s
d
i
s
t
r
i
b
u
t
i
o
n
f
o
r
t
h
e
c
a
n
d
i
d
a
t
e
G
T
C

w
i
t
h
t
i
m
e
c
o
n
s
t
r
a
i
n
t
s

[Z
j ,Z

i ].
P

[i,j,
]←

X

even
ts

from
th

e
set

A
,
B

an
d
C

,
resp

ectively
at

tim
es
ta ,

tb
an

d
tc .

F
or

each
S
S
T

S
,
ta

is
sam

p
led

u
n
iform

ly
from

[0,200],
an

d
tb

an
d
tc

are
sam

p
led

u
n
iform

ly
from

[ta −
15,ta

+
15].

If|ta −
tb |

<
10

an
d
|ta −

tc |
<

10
an

d
|tb −

tc |
<

10,
th

en
th

e
S
S
T

S
is

la
b

eled
as

class
1.

E
lse,

if|ta −
tb |

<
10,

th
en

th
e

S
S
T

S
is

lab
eled

as
class

2.
If

n
on

e
of

th
ese

con
d
ition

s
are

valid
,

th
e

S
S
T

S
is

lab
eled

as
class

3.
T

h
is

d
ata

set
aim

s
to

evalu
ate

ou
r

algorith
m

cap
ab

ility
of

correctly
learn

in
g

tem
p

oral
con

strain
ts

from
d
ata.

T
h
e

sy
n
th

etic
d
ata

set
as

w
ell

as
a

P
y
th

on
scrip

t
u
sed

to
gen

erate
it

are
availab

le
at

m
a
th

ieu
.gu

illa
m

e-bert.co
m

/
d
a
ta

set.

7
.2

U
C

R
T

im
e

S
e
rie

s
C

la
ssifi

c
a
tio

n
R

e
p

o
sito

ry
(4

1
U

C
R

D
a
ta

S
e
ts)

T
h
e

U
n
iversity

of
C

aliforn
ia

at
R

iversid
e

(U
C

R
)

b
en

ch
m

ark
d
ata

is
a

collection
of

41
d
iv

erse
d
ata

sets
rep

resen
tin

g
tim

e
series

classifi
catio

n
p
rob

lem
s

of
vary

in
g

com
p
lex

ity.
T

h
ese

d
ata

sets
h
ave

th
e

p
articu

larity
to

b
e

a
lign

ed
i.e.

given
a

d
ata

set,
th

e
i-th

ob
servation

s
of

all
tim

e
series

refl
ect

th
e

sam
e

p
h
en

om
en

on
ob

served
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p
rev

iou
s

m
eth

o
d
s

w
h
ere

on
ly
S
j

is
stored

in
m

ach
in

e
j,

ou
r

m
eth

o
d

req
u
ires

m
o
re

storage
sp

ace
or

m
ach

in
es

b
u
t

sign
ifi

can
tly

few
er

rou
n
d
s

o
f

com
m

u
n
ication

to
a
ch

ieve
a
n
ε-op

tim
al

solu
tion

for
(1)

w
h
en

th
e

p
rob

lem
’s

p
aram

eters
are

in
a

p
ractical

reg
im

e,
sh

ow
in

g
th

e
ad

van
tage

of
th

e
n
ew

settin
g.

M
oreov

er,
w

e
d
efi

n
e

a
b
road

cla
ss

of
d
istrib

u
ted

a
lg

o
rith

m
s

for
(1)

u
n
d
er

th
e

n
ew

settin
g,

w
h
ich

in
clu

d
es

th
e

p
rop

osed
m

eth
o
d
,

a
n
d

esta
b
lish

a
low

er
b

ou
n
d

for
th

e
n
u
m

b
er

of
rou

n
d
s

of
com

m
u
n
ication

n
eed

ed
b
y

an
y

a
lg

o
rith

m
in

th
is

class
to

fi
n
d

an
ε-op

tim
al

solu
tion

.
T

h
is

low
er

b
ou

n
d

m
a
tch

es
th

e
n
u
m

b
er

o
f

ro
u
n
d
s

req
u
ired

b
y

th
e

p
rop

osed
m

eth
o
d

u
p

to
loga

rith
m

ic
factors,

in
d
icatin

g
th

at
ou

r
low

er
b

o
u
n
d

is
tigh

t
an

d
th

e
p
rop

osed
m

eth
o
d

is
n
early

op
tim

al
in

th
is

class.

1
.1

P
e
rfo

rm
a
n

c
e

M
e
tric

s

In
th

e
d
esig

n
o
f

d
istrib

u
ted

algorith
m

s,
on

e
often

n
eed

s
to

con
sid

er
m

ore
p

erform
an

ce
m

et-
rics

th
a
n

in
th

e
sin

gle-m
ach

in
e

scen
ario.

A
p
riori,

th
e

m
ost

im
p

ortan
t

p
erform

an
ce

m
etric

is
th

e
tota

l
ru

n
tim

e
of

algorith
m

—
th

e
tim

e
d
iff

eren
ce

b
etw

een
th

e
start

of
th

e
fi
rst

m
ach

in
e

a
n
d

th
e

en
d

o
f

th
e

last
m

ach
in

e.
H

ow
ev

er,
th

ere
are

oth
er

factors
th

an
th

e
m

ach
in

es’
C

P
U

tim
e

th
a
t

a
ff

ect
th

e
total

ru
n
tim

e
su

ch
as

th
e

com
m

u
n
ication

b
etw

een
m

ach
in

es.
M

oreover,
th

e
la

ten
cy

in
in

itiatin
g

com
m

u
n
ication

is
also

n
on

-n
egligib

le,
an

d
often

th
e

b
ottlen

eck
of

th
e

en
tire

sy
stem

.
W

e
u
se

th
e

follow
in

g
sy

n
ch

ron
ou

s
m

essage
p
assin

g
m

o
d
el

from
th

e
d
istrib

u
ted

com
p
u
-

ta
tio

n
litera

tu
re,

e.g.,
G

rop
p

et
al.

(1996)
an

d
D

ean
an

d
G

h
em

aw
at

(200
8):

W
e

assu
m

e
th

e
co

m
m

u
n
ica

tion
o
ccu

rs
in

rou
n
d
s—

in
each

rou
n
d
,

m
ach

in
es

ex
ch

an
ges

m
essag

es
w

ith
ea

ch
o
th

er
a
n
d
,

b
etw

een
tw

o
rou

n
d
s,

m
ach

in
es

on
ly

p
erform

com
p
u
tation

b
ased

on
th

eir
lo

ca
l

in
form

a
tio

n
(lo

cal
d
ata

p
oin

ts
an

d
m

essag
es

received
b

efore).
U

n
d
er

th
is

m
o
d
el,

th
ree

m
etrics

a
re

o
f

m
ain

in
terests

to
u
s:

•
P

a
ra

lle
l
ru

n
tim

e
:

T
h
e

lon
gest

ru
n
n
in

g
tim

e
of

th
e
m

m
ach

in
es

sp
en

t
in

lo
cal

p
ara

llel
co

m
p
u
ta

tion
.

In
d
istrib

u
ted

fi
rst-o

rd
er

op
tim

ization
m

eth
o
d
s,

w
e

m
easu

re
it

b
y

th
e

n
u
m

b
er

o
f

grad
ien

t
com

p
u
tation

s,
i.e.,∇

f
i (x

)
com

p
u
ted

for
an

y
i

an
d
x

,
in

p
ara

llel.

•
T

h
e

a
m

o
u

n
t

o
f

c
o
m

m
u

n
ic

a
tio

n
:

T
h
e

total
am

ou
n
t

of
com

m
u
n
ication

am
on

g
m

m
a
ch

in
es,

m
easu

red
b
y

th
e

n
u
m

b
er

of
b
its

tran
sm

itted
th

rou
gh

th
e

n
etw

o
rk

.
It

d
o
es

n
o
t

in
clu

d
e

th
e

b
its

of
th

e
com

m
u
n
ication

for
d
istrib

u
tin

g
fu

n
ction

s
to

m
ach

in
es

b
e-

fo
re

a
n

a
lgorith

m
starts.

F
or

th
e

algorith
m

s
th

at
on

ly
com

m
u
n
icate

iterates
x

an
d

g
ra

d
ien

ts∇
f
i (x

),
th

e
am

ou
n
t

of
com

m
u
n
icatio

n
can

b
e

m
ea

su
red

b
y

th
e

n
u
m

b
er

of
vecto

rs
o
f

size
O

(d
)

tran
sm

itted
th

rou
gh

th
e

n
etw

ork
.

•
T

h
e

n
u

m
b

e
r

o
f

ro
u

n
d

s
o
f

c
o
m

m
u

n
ic

a
tio

n
:

H
ow

m
an

y
tim

es
m

m
ach

in
es

h
av

e
to

p
a
u
se

th
eir

lo
cal

com
p
u
tation

an
d

in
itiate

a
rou

n
d

of
com

m
u
n
ica

tion
to

ex
ch

an
ge

m
essa

g
es.

W
e

also
refer

it
as

“rou
n
d
s”

or
“rou

n
d

com
p
lex

ity
”

for
sim

p
licity.

T
y
p
ica

lly,
trad

e-off
s

ex
ist

am
on

g
th

ese
th

ree
m

etrics
a
n
d

algorith
m

s
n
eed

to
b

e
d
esign

ed
w

ith
a

b
a
la

n
ce

of
th

ese
m

etrics.
In

th
is

p
ap

er,
w

e
m

ostly
fo

cu
s

on
th

e
th

ird
m

etric,
th

e

3
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

n
u
m

b
er

of
rou

n
d
s

of
com

m
u
n
ication

an
algorith

m
n
eed

s
for

solv
in

g
(1),

w
h
ich

h
as

a
sign

if-
ican

t
im

p
act

on
th

e
total

ru
n
tim

e
of

an
algorith

m
w

h
en

th
e

sp
eed

of
n
etw

ork
tran

sm
ission

is
slow

or
in

itiatin
g

th
e

com
m

u
n
ication

b
etw

een
m

ach
in

es
in

each
rou

n
d

is
tim

e
con

su
m

in
g.

1
.2

M
a
in

C
o
n
trib

u
tio

n
s

D
istrib

u
te

d
a
lg

o
rith

m
s

w
ith

lo
w

ro
u

n
d

c
o
m

p
le

x
ity

:
F

irst,
w

e
p
rop

ose
a

d
is-

tribu
ted

stoch
a
stic

va
ria

n
ce

red
u

ced
gra

d
ien

t
(D

S
V

R
G

)
m

eth
o
d

in
th

e
n
ew

d
istrib

u
ted

set-
tin

g
w

h
ere

m
ach

in
e
j

h
as

access
to

tw
o

su
b
sets

of{
f
i }
i∈

[N
] :

a
su

b
set

S
j

of
size

n
from

a
ran

d
om

p
artition

of
{
f
i }
i∈

[N
]

an
d

a
su

b
set

R
j

of
size

α
n

w
ith

α
>

0
sam

p
led

w
ith

rep
lacem

en
t

from
{
f
i }
i∈

[N
] .

T
h
is

m
eth

o
d

is
a

sim
p
le

d
istrib

u
ted

im
p
lem

en
tation

of
th

e
sin

gle-m
ach

in
e

sto
ch

astic
varian

ce
red

u
ced

grad
ien

t
(S

V
R

G
)

m
eth

o
d

(J
oh

n
son

an
d

Z
h
an

g,
2013;

M
ah

d
av

i
et

al.,
2013;

X
iao

an
d

Z
h
an

g,
2014;

K
on

ečn
ỳ

an
d

R
ich

tárik
,

2017
).

W
e

sh
ow

in
T

h
eorem

14
th

at
th

e
D

S
V

R
G

m
eth

o
d

w
ith

α
=

Θ
(1

)
req

u
ires

O
((

κn )
log (

1ε ) )
rou

n
d
s

of
com

m
u
n
ication

to
fi
n
d

an
ε-op

tim
al

solu
tion

for
(1)

in
a

realistic
regim

e
of
ε

an
d
κ

th
at

con
tain

s
m

ost
of

E
R

M
p
rob

lem
s

in
p
ractices.

S
econ

d
,
u
sin

g
th

e
acceleration

tech
n
iq

u
es

d
ev

elop
ed

b
y

F
rostig

et
al.

(2015)
an

d
L

in
et

al.
(2015),

w
e

p
rop

ose
a

d
istribu

ted
a
ccelera

ted
stoch

a
stic

va
ria

n
ce

red
u

ced
gra

d
ien

t
(D

A
S
V

R
G

)
m

eth
o
d

th
at

fu
rth

er
im

p
roves

th
e

th
eoretica

l
p

erform
an

ce
of

D
S
V

R
G

.
In

a
p
ractical

regim
e

of
ε

an
d
κ

sim
ilar

to
D

S
V

R
G

,
w

e
sh

ow
in

T
h
eorem

16
th

a
t

D
A

S
V

R
G

w
ith

α
=

Θ
(1)

req
u
ires

on
ly
O
((√

κn )
lo

g (
κn )

log (
1ε ) )

rou
n
d
s

of
com

m
u
n
ication

to
fi
n
d

an
ε-op

tim
al

solu
tion

,

w
h
ich

is
low

er
th

an
th

e
rou

n
d

com
p
lex

ity
of

m
an

y
ex

istin
g

tech
n
iq

u
es

in
th

e
tra

d
ition

al
settin

g
w

ith
R
j

=
∅
,

sh
ow

in
g

th
e

ad
van

tage
of

th
e

n
ew

d
istrib

u
ted

settin
g.

T
h
e

p
rop

osed
algorith

m
s

m
ay

req
u
ire

m
ore

m
ach

in
es

th
an

p
rev

iou
s

ap
p
ro

ach
es

in
ord

er
to

h
ave

ex
tra

sp
ace

for
storin

g
R
j

in
ad

d
ition

al
to

S
j .

H
ow

ever,
w

h
en

α
=

Θ
(1)

(e.g.,
α

=
1),

th
e

req
u
ired

n
u
m

b
er

of
m

ach
in

es
w

ill
in

crease
on

ly
b
y

a
co

n
stan

t
factor

u
n
d
er

th
e

n
ew

settin
g.

R
o
u

n
d

c
o
m

p
le

x
ity

lo
w

e
r

b
o
u

n
d

s:
W

e
also

con
trib

u
te

to
th

e
an

sw
er

of
a

fu
n
d
am

en
tal

q
u
estion

ab
ou

t
th

e
rou

n
d

com
p
lex

ity
for

solv
in

g
(1)

u
n
d
er

th
e

n
ew

settin
g:

W
h
en

ea
ch

m
a
ch

in
e

receives
fu

n
ctio

n
s

fro
m

bo
th

ra
n

d
o
m

pa
rtitio

n
a
n

d
sa

m
p
lin

g
w

ith
rep

la
cem

en
t,

w
h
a
t

is
th

e
m

in
im

u
m

n
u

m
ber

o
f

ro
u

n
d
s

o
f

co
m

m
u

n
ica

tio
n

a
d
istribu

ted
o
p
ti-

m
iza

tio
n

a
lgo

rith
m

n
eed

s
in

o
rd

er
to

o
bta

in
a
n
ε-o

p
tim

a
l

so
lu

tio
n

fo
r

(1
)?

S
in

ce
d
iff

eren
t

algorith
m

s
u
tilize

d
iff

eren
t

op
eration

s
in

lo
cal

com
p
u
tation

w
h
ich

m
ay

in
fl
u
en

ce
h
ow

m
an

y
rou

n
d
s

are
n
eed

ed
,

a
class

of
algorith

m
s

m
u
st

b
e

sp
ecifi

ed
b

efore
w

e
can

an
sw

er
th

e
q
u
estion

ab
ove

affi
rm

ativ
ely.

H
en

ce,
w

e
d
efi

n
e

a
b
ro

ad
class

of
algorith

m
s

called
d
istribu

ted
(exten

d
ed

)
fi

rst-o
rd

er
a
lgo

rith
m

,
d
en

oted
b
y
F
α

(see
D

efi
n
ition

1).

In
F
α

w
ith

α
≥

0,
m

ach
in

e
j

h
as

access
to

th
e

su
b
sets

S
j

an
d
R
j

of
{f
i }
i∈

[N
]

as
d
escrib

ed
in

th
e

D
S
V

R
G

an
d

D
A

S
V

R
G

m
eth

o
d
s

ab
ove

w
ith
|R

j |
=
α
n

.
O

n
e

realistic
settin

g
is

w
h
en

α
≤
O

(1)
so

th
at

th
e

m
em

ory
sp

ace
req

u
ired

in
each

m
ach

in
e

rem
ain

s
|R

j |+
|S
j |

=
Θ

(|S
j |)

=
Θ

(n
).

It
is

on
ly

in
terestin

g
to

con
sid

er
α
<
m
−

1,
sin

ce,
oth

erw
ise,

|R
j |+
|S
j |≥

N
w

h
ich

m
ean

s
th

e
m

em
ory

sp
ace

of
m

ach
in

e
j

is
large

en
ou

g
h

to
store

all
th

e
N

fu
n
ction

s
so

th
at

d
istrib

u
ted

com
p
u
tin

g
is

n
o

lon
ger

n
eed

ed
.

In
F
α
,

each
m

ach
in

e
lo

cally
m

ain
tain

s
a

set
of

v
ectors

W
w

h
ich

can
b

e
sh

ared
w

ith
oth

er
m

ach
in

es
an

d
m

erged
th

e
W

sets
sen

t
from

oth
er

m
ach

in
es

d
u
rin

g
a

rou
n
d

of
com

m
u
n
ica

tion
.

B
etw

een
th

e
rou

n
d
s

of
com

m
u
n
ication

,
m

ach
in

e
j

can
ad

d
to

W
arb

itrarily
m

an
y

lin
ear

com
b
in

ation
s

of
th

e
vectors

in
W

an
d

th
e

(p
rox

im
al)

grad
ien

ts
of

th
e

fu
n
ction

s
in
S
j ∪

R
j

evalu
ated

on
th

e

4
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D
is
t
r
ib
u
t
e
d

S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

ve
ct

or
s

in
W

.
W

it
h

fl
ex

ib
le

sc
h
em

es
of

co
m

m
u
n
ic

at
io

n
an

d
co

m
p
u
ta

ti
on

,
th

e
cl

as
s
F α

w
it

h
α

=
0

(i
.e

.,
R
j

=
∅)

co
ve

rs
m

an
y

ex
is

t
m

et
h
o
d
s

in
th

e
cl

as
si

ca
l

se
tt

in
g.

W
h
en

α
>

0,
th

e
cl

as
s
F α

co
ve

rs
th

e
p
ro

p
os

ed
D

S
V

R
G

an
d

D
A

S
V

R
G

m
et

h
o
d
s.

W
e

sh
ow

th
at

,
w

h
en

f
is
µ

-s
tr

on
gl

y
co

n
ve

x
(µ
>

0)
,

an
y

al
go

ri
th

m
in
F α

n
ee

d
s

at
le

as
t

Ω̃
(√

κ
/
n

+
α

(α
+

1
)3

lo
g
( 1 ε

))
ro

u
n
d
s

of
co

m
m

u
n
ic

at
io

n
in

or
d
er

to
fi
n
d

an
ε-

op
ti

m
al

so
lu

ti
on

.
H

er
e

an
d

el
se

w
h
er

e
in

th
e

p
ap

er
,

Ω̃
(·)

an
d
Õ

(·)
h
id

e
a

lo
g
ar

it
h
m

ic
fa

ct
or

of
m

.
In

th
e

sc
en

ar
io

w
h
er

e
α
≤
O

(1
),

th
is

lo
w

er
b

ou
n
d

b
ec

om
es

Ω̃
( √

κ n
lo

g
( 1 ε

))
,

w
h
ic

h
su

gg
es

ts
th

at
th

e
ro

u
n
d

co
m

p
le

x
it

y
of

D
A

S
V

R
G

w
it

h
α

=
Θ

(1
)

is
n
ea

rl
y

op
ti

m
al

an
d

ou
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t

Ω
((
√
δκ
) lo

g
( 1 ε

))
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D
ist

r
ib
u
t
e
d

S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

ro
u
n
d
s

of
co

m
m

u
n
ication

to
fi
n
d

an
ε-op

tim
al

solu
tion

for
(3).

W
h
en

δ
=

Ω
(1),

th
eir

low
er

b
o
u
n
d

ca
n

b
e

ach
ieved

b
y

a
straigh

tforw
ard

cen
tralized

d
istrib

u
ted

im
p
lem

en
tation

o
f

a
ccelerated

g
rad

ien
t

m
eth

o
d
s.

In
a

sp
ecifi

c
con

tex
t

o
f

lin
ear

regression
w

ith
fu

n
ction

s
in

S
j

b
ein

g
a

i.i.d
.

sam
p
le,

it
w

as
sh

ow
n

b
y

S
h
am

ir
et

al.
(2014)

th
at
δ

=
O

(
1√n

).
In

th
is

case,

th
e

low
er

b
o
u
n
d

b
y

A
rjevan

i
an

d
S
h
am

ir
(2015

)
b

ecom
es
O

(
√
κ

n
.2
5

log
(

1ε )),
w

h
ich

h
as

a
lread

y
b

een
a
ch

iev
ed

b
y

D
IS

C
O

(Z
h
an

g
an

d
L

in
,

2015)
an

d
A

ID
E

(R
ed

d
i

et
al.,

2016).

W
ith

ou
r

n
otation

,
th

e
aforem

en
tion

ed
algorith

m
s

all
b

elon
g

to
th

e
fam

ily
F

0
w

h
ere

ea
ch

m
a
ch

in
e

on
ly

receives
th

e
su

b
set

S
j

from
th

e
ran

d
om

p
artition

of{
f
i }
i∈

[N
] .

U
n
like

all
p
rev

io
u
s

w
o
rk

,
th

e
D

S
V

R
G

an
d

D
A

S
V

R
G

algorith
m

s
w

e
p
rop

ose
b

elon
g

to
F
α

w
ith

α
>

0
so

th
a
t

ea
ch

m
a
ch

in
e

h
as

access
to

a
su

b
set

R
j

sam
p
led

w
ith

rep
lacem

en
t

from
{f
i }
i∈

[N
]

in
a
d
d
itio

n
to
S
j .

M
oreover,

in
th

e
settin

g
of

A
rjevan

i
an

d
S
h
am

ir
(20

15),
m

ach
in

e
j

p
ro

cesses
th

e
en

tire
lo

cal
average

fu
n
ction

f̄
j

in
(4)

in
th

e
lo

cal
com

p
u
tation

w
h
ile

m
a
ch

in
e
j

in
ou

r
a
lg

o
rith

m
s

ca
n

p
ro

cess
each

in
d
iv

id
u
al

fu
n
ctio

n
in
S
j ∪
R
j .

B
ecau

se
of

th
ese

key
d
iff

eren
ces,

D
S
V

R
G

a
n
d

D
A

S
V

R
G

d
o

n
ot

fall
in

to
th

e
class

of
algorith

m
s

su
b

ject
to

th
e

low
er

b
ou

n
d

in
A

rjeva
n
i

a
n
d

S
h
am

ir
(2015).

T
h
at’s

w
h
y

th
e

com
m

u
n
ication

low
er

b
o
u
n
d

w
e

estab
lish

fo
rF

α
a
n
d

th
e

com
m

u
n
ication

u
p
p

er
b

ou
n
d

en
su

red
b
y

D
A

S
V

R
G

can
b

e
b

oth
low

er
th

an
th

e
low

er
b

o
u
n
d

b
y

A
rjevan

i
an

d
S
h
am

ir
(2015).

T
h
e

“w
orst”

set
of

fu
n
ction

s
{f
i }
i∈

[N
]

co
n
stru

cted
in

ou
r

m
ain

p
ro

of
is

a
gen

eralization
o
f

th
e

set
of

fu
n
ction

s
in

A
rjevan

i
an

d
S
h
a
m

ir
(2

0
1
5).

C
h
en

et
al.

(2017)
estab

lish
ed

low
er

b
ou

n
d
s

for
th

e
ro

u
n
d

co
m

p
lex

ity
w

h
en

th
e

d
a
ta

is
p
a
rtition

ed
on

featu
res

w
h
ich

is
d
iff

eren
t

from
th

e
settin

g
in

ou
r

p
ap

er
an

d
A

rjeva
n
i

a
n
d

S
h
am

ir
(2015)

w
h
ere

th
e

d
ata

is
p
artition

ed
on

sam
p
les.

R
ecen

tly,
th

ere
h
ave

b
een

m
an

y
d
istrib

u
ted

op
tim

ization
algorith

m
s

p
rop

osed
fo

r
p
rob

-
lem

(1
)

w
h
en

f
is

stron
gly

con
vex

.
W

e
list

several
of

th
em

,
in

clu
d
in

g
a

d
istrib

u
ted

im
p
le-

m
en

ta
tio

n
o
f

th
e

accelerated
grad

ien
t

m
eth

o
d

(A
ccel

G
rad

)
b
y

N
esterov

(2
013),

in
T

ab
le

1
a
n
d

p
resen

t
th

eir
rou

n
d
s

an
d

key
assu

m
p
tion

s
fo

r
a

clear
com

p
arison

.
E

x
cep

t
D

S
V

R
G

a
n
d

D
A

S
V

R
G

,
a
ll

a
lgorith

m
s

in
T

ab
le

1
b

elon
g

to
F

0
(i.e.,

R
j

=
∅).

T
h
e
O

( √
κ
f

log
(

1ε ))
rou

n
d
s

of
com

m
u
n
ication

(κ
f

:=
L
f

µ
)

of
A

ccel
G

rad
in

T
ab

le
1

is
d
irectly

fro
m

th
e

iteration
com

p
lex

ity
of

th
e

sin
gle-m

ach
in

e
accelerated

grad
ien

t
m

eth
o
d
,

a
n
d

th
e
O

( √
κ

log
(

1ε ))
rou

n
d

com
p
lex

ity
of

cen
tralized

A
D

M
M

w
as

given
b
y

D
en

g
an

d
Y

in
(2

0
1
6).

T
h
e

d
istrib

u
ted

d
u
al

co
ord

in
a
te

ascen
t

m
eth

o
d
,

in
clu

d
in

g
D

isD
C

A
(Y

an
g,

2
0
1
3
),

C
o
C

oA
(J

aggi
et

al.,
2014)

an
d

C
oC

oA
+

(M
a

et
a
l.,

2015),
is

a
class

of
d
istrib

u
ted

co
ord

in
a
te

o
p
tim

ization
algorith

m
s

w
h
ich

can
b

e
ap

p
lied

to
th

e
con

ju
gate

d
u
al

form
u
la

tion
o
f

(2
)

w
h
en

f
i (x

)
=
φ

(x
,ξ
i )

=
φ
i (ξ

Ti
x

)
fo

r
φ
i

on
R

1.
B

y
M

a
et

al.
(20

15)
an

d
J
aggi

et
a
l.

(2
0
1
4
),

C
oC

oA
+

req
u
ires

O
(κ

log
(1/ε))

rou
n
d
s

of
com

m
u
n
ication

to
fi
n
d

an
ε-op

tim
al

so
lu

tio
n
. 2

T
h
erefore,

w
h
en

ap
p
licab

le,
b

oth
D

S
V

R
G

an
d

D
A

S
V

R
G

w
ith

α
=

Θ
(1

)
req

u
ire

few
er

ro
u
n
d
s

o
f

com
m

u
n
ication

th
an

th
e

m
eth

o
d
s

m
en

tion
ed

ab
ove.

A
ssu

m
in

g
th

e
p
rob

lem
(1)

h
as

th
e

form
of

(2)
w

ith
ξ
i ’s

i.i.d
.

sam
p
led

from
a

d
istrib

u
tion

D
(d

en
o
ted

b
y
ξ
i
iid
∼
D

),
th

e
D

A
N

E
(S

h
am

ir
et

al.,
2014)

an
d

D
IS

C
O

(Z
h
an

g
an

d
L

in
,
20

15)

a
lg

o
rith

m
s

req
u
ire

O
((1

+
√
κ

n
.2
5 )

log
(1/ε))

an
d
O

((1
+
κ
2n
)

log
(1/ε))

rou
n
d
s

of
co

m
m

u
n
ication

,
resp

ectively.
H

en
ce,

D
S
V

R
G

u
ses

few
er

rou
n
d
s

of
com

m
u
n
ication

th
a
n

D
A

N
E

an
d

few
er

th
a
n

D
IS

C
O

w
h
en

κ
≤
n

1
.5.

If
ap

p
licab

le,
D

A
S
V

R
G

alw
ay

s
u
ses

few
er

rou
n
d
s

of
com

m
u
-

n
ica

tio
n

th
a
n

D
IS

C
O

an
d

D
A

N
E

.
F

u
rth

erm
ore,

D
A

N
E

on
ly

h
as

th
e

th
eoretical

gu
aran

tee

2
.

C
o
C

o
A

+
h

a
s

a
b

etter
th

eo
retica

l
p

erfo
rm

a
n

ce
th

a
n

C
o
C

o
A

.
A

cco
rd

in
g

to
M

a
et

a
l.

(2
0
1
5
),

C
o
C

o
A

+
is

eq
u

iva
len

t
to

D
isD

C
A

w
ith

“
p

ra
ctica

l
u

p
d

a
tes”

(Y
a
n

g
,

2
0
1
3
)

u
n

d
er

certa
in

ch
o
ices

o
f

p
a
ra

m
eters.
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

A
lgorith

m
R

ou
n
d
s

S
ettin

gs
(w

h
en

A
ssu

m
p
tion

1
h
old

s)

D
S
V

R
G

(1
+

κn
)

log
1ε

κ
log (

1ε )≤
O

(N
),
α

=
Θ

(1)

D
A

S
V

R
G

(1
+
√

κn
)

log
(1

+
κn

)
log

1ε
(1

+
√

κn
)

log
(1

+
κn

)
lo

g
1ε ≤

O
(m

),
α

=
Θ

(1)

D
IS

C
O

(1
+
√
κ

n
.2
5 )

log
1ε

(2)
w

ith
ξ
i
iid
∼
D

an
d

q
u
ad

ratic
φ

(x
,ξ
i )

d
.2

5 (
(1

+
√
κ

n
.2
5 )

log
1ε

+
κ
1
.5

n
.7
5 )

(2)
w

ith
ξ
i
iid
∼
D

δ
2κ

2
log

1ε
δ-related

{f̄
j }
j∈

[m
]

D
A

N
E

(1
+

κ
2n
)

log
1ε

(2)
w

ith
ξ
i
iid
∼
D

an
d

q
u
ad

ratic
φ

(x
,ξ
i )

κ
f

log
1ε

√
δκ

log
1ε

δ-related
{f̄
j }
j∈

[m
]

A
ID

E
(1

+
√
κ

n
.2
5 )

log
1ε

(2)
w

ith
ξ
i
iid
∼
D

an
d

q
u
ad

ratic
φ

(x
,ξ
i )

√
κ
f

log
1ε

C
oC

oA
+

κ
log

1ε
(2)

w
ith

φ
(x
,ξ
i )

=
φ
i (ξ

Ti
x

)

A
ccel

G
rad

√
κ
f

log
1ε

A
D

M
M

√
κ

log
1ε

µ
-stron

gly
con

v
ex

f
i

T
ab

le
1:

R
ou

n
d
s

an
d

settin
gs

of
d
iff

eren
t

d
istrib

u
ted

op
tim

ization
algorith

m
s.

E
x
cep

t
D

S
V

R
G

an
d

D
A

S
V

R
G

,
all

algorith
m

s
in

th
is

tab
le

on
ly

req
u
ire

α
=

0
(i.e.,

th
ey

d
o

n
ot

req
u
ire

a
su

b
set

R
j

sam
p
led

w
ith

rep
lacem

en
t).

m
en

tion
ed

ab
ove

w
h
en

it
is

ap
p
lied

to
q
u
ad

ratic
p
rob

lem
s.

A
lso,

D
IS

C
O

on
ly

ap
p
lies

to
self-con

cord
an

t
fu

n
ction

s
w

ith
easily

com
p
u
ted

H
essian

3
an

d
m

akes
stron

g
statistical

a
s-

su
m

p
tion

s
on

th
e

d
ata

p
oin

ts.
O

n
th

e
con

trary,
D

S
V

R
G

an
d

D
A

S
V

R
G

w
ork

s
for

a
m

ore

gen
eral

p
rob

lem
(1)

an
d

d
o

n
ot

assu
m

e
ξ
i
iid
∼
D

for
(2).

In
each

iteration
,

D
A

N
E

req
u
ires

solv
in

g
a

n
on

-triv
ial

su
b
-p

rob
lem

to
op

tim
ality.

R
ed

d
i

et
al.

(2016)
p
rop

osed
an

IN
E

X
A

C
T

D
A

N
E

algorith
m

th
at

is
sim

ilar
to

D
A

N
E

b
u
t

on
ly

n
eed

s
to

solve
th

e
su

b
-p

rob
lem

ap
p
rox

im
ately

a
n
d

still
ach

ieves
th

e
sam

e
rou

n
d

com
p
lex

ity
as

D
A

N
E

u
p

to
a

logarith
m

ic
factor.

A
p
p
ly

in
g

th
e

acceleration
tech

n
iq

u
es

d
evelop

ed
b
y

F
rostig

et
al.

(2015)
an

d
L

in
et

al.
(2015)

to
IN

E
X

A
C

T
D

A
N

E
,
R

ed
d
i
et

al.
(2016)

fu
rth

er
p
rop

osed
an

A
ccelerated

In
ex

act
D

an
E

(A
ID

E
)

algorith
m

th
at

m
atch

es
th

e
rou

n
d

com
p
lex

ity
of

D
IS

C
O

u
p

to
a

logarith
m

ic
factor.

S
h
am

ir
(2016)

con
sid

er
a

w
ith

ou
t-rep

lacem
en

t
S
V

R
G

w
h
ich

,
if

im
p
lem

en
ted

in
a

d
is-

trib
u
ted

w
ay,

is
sim

ilar
to

th
e

D
S
V

R
G

p
rop

osed
h
ere.

T
h
e

m
ain

d
iff

eren
ce

b
etw

een
h
is

m
eth

o
d

an
d

D
S
V

R
G

is
th

at
h
is

m
eth

o
d

seq
u
en

tially
accesses

th
e

d
ata

p
oin

ts
in
S
j

w
h
ile

w
h
ile

D
S
V

R
G

accesses
th

e
d
ata

p
oin

ts
in
R
j

for
th

e
lo

cal
u
p

d
a
te.

S
in

ce
S
h
am

ir
(2016)

assu
m

es
th

at
th

e
con

caten
ation

of{
S
j }
j∈

[m
]

form
s

a
ran

d
om

p
erm

u
tation

of{
f
i }

[N
] ,

h
is

m
eth

o
d

essen
tially

p
erform

s
th

e
iterativ

e
u
p

d
ate

of
S
V

R
G

b
y

sam
p
lin

g
from

{
f
i }

[N
]
w

ith
ou

t
rep

lacem
en

t.
W

h
en

κ
is

sm
aller

th
an

N
an

d
ε

is
n
ot

ex
trem

ely
sm

all
(th

e
sam

e
a
s

w
h
at

D
S
V

R
G

req
u
ires),

h
is

m
eth

o
d

ob
tain

s
th

e
sam

e
rou

n
d

com
p
lex

ity
as

D
S
V

R
G

.
H

ow
ever,

h
is

com
p
lex

ity
an

aly
sis

on
ly

ap
p
lies

for
q
u
ad

ratic
{f
i }

[N
] .

K
on

ečn
ý

et
al.

(2016)
p
rop

osed
a

3
.

T
h

e
ex

a
m

p
les

in
Z

h
a
n

g
a
n

d
L

in
(2

0
1
5
)

a
ll

ta
k
e

th
e

fo
rm

o
f
f
i (x

)
=
φ
i (ξ

Ti
x

)
fo

r
so

m
e

fu
n

ctio
n
φ
i

o
n
R

1,
w

h
ich

is
m

o
re

sp
ecifi

c
th

a
n
φ

(x
,ξ
i ),

so
th

a
t

it
is

rela
tiv

ely
ea

sy
to

co
m

p
u

te
th

e
H

essia
n

o
f
f
i .
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D
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t
r
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u
t
e
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S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

F
ed

er
at

ed
S
V

R
G

al
go

ri
th

m
w

h
ic

h
is

al
so

a
d
is

tr
ib

u
te

d
im

p
le

m
en

ta
ti

on
of

S
V

R
G

an
d

ca
n

b
e

v
ie

w
ed

as
a

sp
ec

ia
l

ca
se

of
IN

E
X

A
C

T
D

A
N

E
w

it
h

sp
ec
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c

ch
oi

ce
s

of
p
ar
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et

er
s

(R
ed

d
i

et
al

.,
20

16
).

H
ow

ev
er

,
th

e
p

er
fo

rm
an

ce
an

al
y
si

s
of

IN
E

X
A

C
T

D
A

N
E

u
n
d
er

th
os

e
sp

ec
ifi

c
ch

oi
ce

s
of

p
ar
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et

er
s

is
on

ly
av
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la

b
le

w
h
en
{f
i}

[N
]

ar
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allow
th

e
a
lgorith

m
to

u
se

lo
cal

H
essian

for
p
reco

n
d
itio

n
in

g
.

T
h
is

m
akes

ou
r

low
er

b
ou

n
d
s

in
T

h
eorem

2
stro

n
g
e
r:

E
ven

w
ith

m
ore

o
p
tio

n
s

in
d
istrib

u
tin

g
d
ata

an
d

w
ith

algorith
m

s
m

ore
p

ow
erfu

l
th

an
fi
rst-o

rd
er

m
eth

o
d
s

(in
term

s
o
f

th
e

class
of

op
eration

s
it

can
take),

th
e

n
u
m

b
er

of
rou

n
d
s

n
eed

ed
to

fi
n
d

an
ε-o

p
tim

a
l

so
lu

tion
still

can
n
ot

b
e

red
u
ced

.

T
h
e
κ
≥

1
.5
n

con
d
ition

is
n
ot

critical
b

ecau
se,

w
h
en

κ
≤

n
1−

2
δ

3
2

<
1.5n

for
a

con
stan

t

0
<
δ
<

12 ,
w

e
w

ill
sh

ow
in

P
rop

ositio
n

15
in

S
ection

5.2
th

at
D

S
V

R
G

on
ly

n
eed

s
O

(
lo

g
(1
/
ε)

δ
lo

g
n

)
ro

u
n
d
s,

w
h
ich

a
lm

ost
m

eets
th

e
triv

ial
low

er
b

ou
n
d

Ω
(1).

A
sim

ila
r

resu
lt

can
b

e
ob

tain
ed

for
th

e
n
on

-stron
gly

con
vex

case.

T
h

e
o
re

m
3

S
u

p
po

se
m
≥

(e
+

4
m

ax{
1
,α}

)
2

a
n

d
th

ere
exists

a
n

a
lgo

rith
m
A
∈
F
α

w
ith

th
e

fo
llo

w
in

g
p
ro

perty:

“
F

o
r

a
n

y
ε
>

0
a
n

d
a
n

y
N

co
n

vex
fu

n
ctio

n
s
{f
i }
i∈

[N
]

sa
tisfyin

g
A

ssu
m

p
tio

n
1

w
ith

µ
=

0,
th

ere
exists

H
ε

su
ch

th
a
t

th
e

o
u

tp
u

t
x̂

=
A

({f
i }
i∈

[N
] ,{
S
′j }
j∈

[m
] ,H

ε )
sa

tisfi
es

E
[f

(x̂
)−

f
(x
∗)]≤

ε,
w

h
ere

th
e

sets{S
′j }
j∈

[m
]

a
re

gen
era

ted
a
s

in
D

efi
n

itio
n

1
.”

T
h
en

,
w

ith
k
≡
d(e

+
4

m
ax{1

,α}
)

log
m
e,

w
e

m
u

st
h
a
ve
H
ε ≥

√
(1−

1e )
L‖
x
∗‖

2

6
4
k
3
n
ε .

4
.

P
ro

o
fs

o
f

M
a
in

R
e
su

lts

In
th

is
sectio

n
,

w
e

w
ill

p
rov

id
e

th
e

p
ro

ofs
for

T
h
eo

rem
2

an
d

3.
B

efore
p
resen

tin
g

all
tech

n
ica

l
d
eta

ils,
w

e
w

ill
fi
rst

give
an

in
form

al
sketch

of
th

e
p
ro

ofs.

4
.1

S
k
e
tch

o
f

P
ro

o
f

fo
r

M
a
in

R
e
su

lts

W
e

w
ill

o
n
ly

p
rov

id
e

an
in

form
al

p
ro

of
sketch

for
T

h
eorem

2.
T

h
e

p
ro

of
o
f

T
h
eo

rem
3

fo
llow

s
a

sim
ila

r
strategy.

L
et
k

b
e

an
in

teger
w

ith
k

=
Θ

(log
(m

)),
µ
′

=
n
µ

an
d
κ
′

=
Lµ ′ .

F
or

sim
p
licity,

w
e

a
ssu

m
e
mk

is
a
n

in
teger

in
th

is
p
ro

of
sketch

alth
o
u
gh

T
h
eorem

2
an

d
3

h
old

w
ith

ou
t

th
is

a
ssu

m
p
tio

n
.

L
et
E

0
=
{
0}

w
h
ere

0
is

th
e

all-zero
vector

in
R
b

an
d

let
E
t

b
e

th
e

su
b
sp

ace
o
fR

b
co

n
sistin

g
of

th
e

vectors
w

h
ose

n
on

-zero
valu

es
on

ly
ap

p
ear

in
th

e
fi
rst

t
co

o
rd

in
ates.

M
o
tiva

ted
b
y

th
e

p
ro

of
for

th
e

low
er

b
ou

n
d

of
th

e
iteration

com
p
lex

ity
of

fi
rst-ord

er
m

eth
o
d
s

(N
esterov

,
2013),

w
e

con
stru

ct
a

con
vex

q
u
ad

ratic
fu

n
ction

p̄
:
R
b
→

R
an

d
rep

resen
t

it
a
s

th
e

av
erage

of
k

con
vex

q
u
ad

ratic
fu

n
ction

s
p
s

:R
b→

R
for

s
=

1
,2
,...,k

.
In

p
a
rticu

la
r,

w
e

con
stru

ct
p̄
(w

)
=

12 w
T

Σ
w

+
q
T
w

+
µ
′2 ‖
w‖

2
=

1k ∑
ks=

1
p
s ,

w
h
ere

p̄
s (w

)
=

12 w
T

Σ
s w

+
q
Ts
w

+
µ
′2 ‖w‖

2
for

s
=

1,2,...,k
.

W
e

are
ab

le
to

ch
o
ose

Σ
,

Σ
s ,
q

an
d
q
s

h
ere

su
ch

th
a
t

th
e

fo
llow

in
g

p
rop

erties
are

sa
tisfi

ed

1
.

T
h
e

m
atrix

Σ
=

1k ∑
ks=

1
Σ
s .

T
h
e

m
atrix

Σ
is

trid
iagon

al
an

d
th

e
m

atrix
Σ
s

is
b
lo

ck
d
ia

go
n
a
l

w
ith

a
2×

2
b
lo

ck
an

d
k−

2
con

secu
tiv

e
zero

en
tries

altern
atively

ap
p

earin
g

a
lo

n
g

its
d
iagon

al.
T

h
e

sp
arsity

p
attern

s
of

Σ
an

d
Σ
s

can
b

e
seen

in
F

igu
re

1
in

an
ex

a
m

p
le

w
ith

b
=

15
an

d
k

=
3.

2.
T

h
e

v
ecto

r
q

=
1k ∑

ks=
1
q
s

w
ith

q,q
s ∈

E
1

for
s

=
1,...,k

.

3
.

E
a
ch

p
s

is
L

-sm
o
oth

an
d
p̄

is
µ
′-stron

gly
con

vex
.
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

F
igu

re
1:

T
h
e

sp
arsity

p
attern

of
Σ

a
n
d

Σ
′

w
h
en

U
=
{
2,3}

,
b

=
15

an
d
k

=
3.

4.
T

h
e

vector
w
∗

=
arg

m
in
w
p̄
(w

)
is

n
on

-zero
in

all
co

ord
in

ates
an

d
,
w

h
en
b

is
su

ffi
cien

tly
larger

th
an

t,‖
ŵ
−
w
∗‖

2≥
Ω

((1−
1
√
κ
′ )

2
t)

for
an

y
ŵ
∈
E
t .

B
ecau

se
th

e
grad

ien
t
∇
p̄
(w

)
=

(Σ
+
µ
′I

)w
+
q,

w
h
ere

Σ
is

trid
iagon

al
an

d
q
∈
E

1 ,
if

a
fi
rst-ord

er
m

eth
o
d

is
ap

p
lied

to
m

in
w
p̄
(w

)
w

ith
an

in
itial

solu
tion

of
0

,
th

e
solu

tion
w

ill
stay

in
E
t

after
t

iteration
s.

A
ccord

in
g

to
th

e
4th

p
rop

erty
ab

ove,
a

large
n
u
m

b
er

of
iteration

s
is

n
eed

ed
for

th
e

fi
rst-ord

er
m

eth
o
d

to
ach

ieve
an

ε-op
tim

al
solu

tion
.

W
e

w
ill

u
se

a
sim

ilar
argu

m
en

t
to

sh
ow

th
at,

w
h
en

m
in
w
p̄
(w

)
is

solved
b
y

a
d
istrib

u
ted

fi
rst-ord

er
m

eth
o
d

b
u
t

each
m

ach
in

e
d
o
es

n
ot

h
av

e
a

fu
ll

collection
of{

p
s }
s∈

[k
] ,

a
large

n
u
m

b
er

of
rou

n
d
s

of
com

m
u
n
ication

is
n
eed

ed
in

ord
er

to
fi
n
d

an
ε-op

tim
al

solu
tion

.

S
u
p
p

ose
a

m
ach

in
e

can
on

ly
lo

cally
access

th
e

fu
n
ction

s
in
{
p
s }
s∈
U

w
ith

U
$

[k
].

B
y

th
e

sp
arsity

p
attern

s
of

Σ
an

d
Σ
s ,

Σ
′

=
∑

s∈
U

Σ
s

w
ill

b
e

b
lo

ck
d
iagon

al
w

ith
th

e
size

of
each

b
lo

ck
b

ein
g

at
m

ost
(k

+
1)×

(k
+

1).
T

h
e

sp
arsity

p
attern

s
of

Σ
′

can
b

e
seen

in
F

igu
re

1
for

an
ex

am
p
le

w
ith

U
=
{
2,3}

,
b

=
15

an
d
k

=
3.

S
in

ce
q,q

s
∈
E

1 ,
if

th
e

lo
cal

com
p
u
tation

of
th

is
m

ach
in

e
starts

w
ith

an
in

itial
solu

tion
in
E
t

an
d

th
e

solu
tion

is
u
p

d
ated

on
ly

u
sin

g
lin

ear
com

b
in

ation
s

of
grad

ien
ts∇

p
s (w

)
=

(Σ
s

+
µ
′I

)w
+
q
s

for
s∈

U
,

th
is

m
ach

in
e

can
on

ly
p
ro

d
u
ce

a
solu

tion
in
E
t+
k

n
o

m
atter

h
ow

m
an

y
lo

cal
iteration

s
are

p
erform

ed
.

A
ccord

in
g

to
th

e
4th

p
rop

erty
ab

ove,
th

is
m

ach
in

e
h
as

to
receive

a
solu

tion
ou

tsid
e
E
t+
k

from
oth

er
m

ach
in

es
in

o
rd

er
to

m
ake

p
rogress

in
ap

p
rox

im
tin

g
w
∗.

H
en

ce,
if

n
o

m
ach

in
e

in
a

d
istrib

u
ted

fi
rst-ord

er
m

eth
o
d

h
as

a
fu

ll
collection

of{
p
s }
s∈

[k
] ,

m
an

y
rou

n
d
s

of
com

m
u
n
ication

is
n
eed

ed
in

ord
er

to
gen

erate
an

ε-op
tim

al
solu

tion
for

m
in
w
p̄
(w

).

S
in

ce
p̄

is
th

e
av

erage
of

on
ly
k

=
Θ

(log
(m

))
fu

n
ction

s
w

h
ile

th
e

com
m

u
n
ication

low
er

b
ou

n
d

is
given

for
m

in
im

izin
g

th
e

average
of
N

fu
n
ction

s,
w

e
w

ill
m

ake
a

few
cop

ies
of

{
p
s }
s∈

[k
]

an
d

ad
d

som
e

zero
fu

n
ction

s
to

th
em

.
In

p
articu

lar,
let

v
=

mk
an

d
{g
i }
i∈

[N
]

b
e

th
e

m
u
lti-set

of
fu

n
ction

s
on

R
b

th
at

con
sists

of
v

co
p
ies

of{p
s }
s∈

[k
]

an
d
N
−
v
k

zero

fu
n
ction

s.
T

h
erefore,

ḡ
(w

)≡
1N

∑
Ni=

1
g
i (w

)
=

p̄
(w

)
n

so
th

at
w
∗

=
arg

m
in
w
ḡ
(w

).
In

ad
d
ition

,

each
g
i

is
L

-sm
o
oth

d
u
e

to
th

e
3rd

p
rop

erty
ab

ove
an

d
g

is
µ
′n
-stron

gly
(i.e.,

µ
-stron

gly
)

con
vex

b
ecau

se
m
g
i ’s

are
µ
′-stron

gly
con

v
ex

an
d
N
−
m
g
i ’s

are
zero.

S
u
p
p

ose
an

algorith
m

in
F
α

is
ap

p
lied

to
m

in
w
ḡ
(w

)
w

ith
th

e
in

itial
solu

tion
0

.
E

ach
m

ach
in

e
w

ill
receives

n
fu

n
ction

s
from

{
g
i }
i∈

[N
]

b
y

ran
d
om

p
a
rtition

an
d

an
oth

er
α
n

fu
n
c-

1
2
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D
is
t
r
ib
u
t
e
d

S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

ti
on

s
fr

om
{g
i}
i∈

[N
]

b
y

ra
n
d
om

sa
m

p
li
n
g

w
it

h
re

p
la

ce
m

en
t.

S
in

ce
k

=
Θ

(l
og

(m
))

an
d

{g
i}
i∈

[N
]

co
n
ta

in
s

on
ly
v
k

=
m

fu
n
ct

io
n
s

fr
om
{p
s
} s
∈[
k
]

an
d
N
−
m

ze
ro

fu
n
ct

io
n
s,

w
e

ca
n

sh
ow

th
at

,
w

it
h

a
h
ig

h
p
ro

b
ab

il
it

y,
n
o

m
ac

h
in

e
w

il
l

re
ce

iv
e
k

or
m

o
re

fu
n
ct

io
n
s

fr
om

{p
s
} s
∈[
k
].

A
cc

or
d
in

g
to

th
e

p
re

v
io

u
s

d
is

cu
ss

io
n
,

th
e

n
u
m

b
er

of
n
on

-z
er

o
co

or
d
in

at
e

in
th

e
so

lu
ti

on
ge

n
er

at
ed

b
y

th
e

al
go

ri
th

m
w

il
l

on
ly

in
cr

ea
se

b
y

at
m

os
t
k

b
et

w
ee

n
tw

o
co

n
se

c-
u
ti

ve
ro

u
n
d
s

of
co

m
m

u
n
ic

at
io

n
.

In
ot

h
er

w
or

d
s,

if
ŵ

is
th

e
so

lu
ti

on
fo

u
n
d

b
y
F α

af
te

r
H

ro
u
n
d
s

of
co

m
m

u
n
ic

at
io

n
,

w
e

m
u
st

h
av

e
ŵ
∈
E
t

w
it

h
t

=
H
k
.

B
y

th
e

4t
h

p
ro

p
er

ty
ab

ov
e,

th
e

d
is

ta
n
ce
‖ŵ
−
w
∗ ‖

2
≥

Ω
((

1
−

1 √
κ
′)

2
t )

.
S
in

ce
ḡ

is
st

ro
n
gl

y
co

n
ve

x
,

th
is

d
is

ta
n
ce

im
p
li
es

an
ob

je
ct

iv
e

fu
n
ct

io
n

ga
p

of
ḡ
(ŵ

)
−
ḡ
(w
∗ )
≥

Ω
((

1
−

1 √
κ
′)

2
t )

.
H

en
ce

,
in

or
d
er

to

en
su

re
ḡ
(ŵ

)
−
ḡ
(w
∗ )
≤
ε,

w
it

h
a

h
ig

h
p
ro

b
ab

ly
,

th
e

ro
u
n
d
s

of
co

m
m

u
n
ic

at
io

n
m

u
st

sa
ti

sf
y

H
=

t k
≥

Ω
(√
κ
′ )

lo
g
( 1 ε

) =
Ω

(√
κ n

)
lo

g
( 1 ε

) .
T

h
is

p
ro

v
id

es
th

e
lo

w
er

b
ou

n
d
s

fo
r

th
e

ro
u
n
d
s

of
co

m
m

u
n
ic

at
io

n
w

e
fo

u
n
d

in
th

is
p
ap

er
.

F
in

al
ly

,
w

e
sh

ow
th

at
th

e
sa

m
e

lo
w

er
b

ou
n
d

ca
n

b
e

p
ro

ve
d

w
it

h
ou

t
h
av

in
g

an
y

ze
ro

fu
n
ct

io
n

in
th

e
N

fu
n
ct

io
n
s.

T
o

d
o

so
,

w
e

ra
is

e
th

e
d
i-

m
en

si
on

of
th

e
p
ro

b
le

m
fr

om
b

to
d

=
n
b

b
y

co
n
st

ru
ct

in
g

a
p
ro

b
le

m
li
ke

(1
),

w
h
er

e
{f
i}
i∈

[N
]

co
n
si

st
s

of
v
n

co
p
ie

s
of
{p
s
} s
∈[
k
]

w
it

h
th

e
fi
rs

t
v

co
p
ie

s
d
efi

n
ed

on
th

e
fi
rs

t
b

co
or

d
in

at
es

of
x

,
th

e
se

co
n
d
v

co
p
ie

s
d
efi

n
ed

on
th

e
se

co
n
d
b

co
or

d
in

at
es

of
x

an
d

so
on

.
P

ro
b
le

m
(1

)
w

it
h

su
ch
{f
i}
i∈

[N
]
ca

n
b

e
so

lv
ed

as
n

in
d
ep

en
d
en

t
p
ro

b
le

m
s

on
R
b

w
it

h
ea

ch
p
ro

b
le

m
eq

u
iv

al
en

t
to

m
in
w
ḡ
(w

)
so

th
at

th
e

sa
m

e
co

m
m

u
n
ic

at
io

n
lo

w
er

b
ou

n
d

ca
n

b
e

ob
ta

in
ed

.

4
.2

S
o
m

e
D

e
fi

n
it

io
n

s
a
n

d
L

e
m

m
a
s

B
ef

or
e

w
e

st
ar

t
th

e
fo

rm
al

p
ro

of
fo

r
T

h
eo

re
m

2,
so

m
e

d
efi

n
it

io
n
s

an
d

te
ch

n
ic

al
le

m
m

as
ar

e
p
ro

v
id

ed
in

th
is

se
ct

io
n
.

G
iv

en
a

ve
ct

or
x
∈
R
d

an
d

a
se

t
of

in
d
ic

es
D
⊂

[d
],

w
e

u
se
x
D

to
re

p
re

se
n
t

th
e

su
b
-v

ec
to

r
of
x

th
at

co
n
si

st
s

of
th

e
co

or
d
in

at
es

of
x

in
d
ex

ed
b
y
D

.

D
e
fi

n
it

io
n

4
A

fu
n

ct
io

n
f

:
R
d
→

R
is
d
ec
o
m
p
o
sa

b
le

w
it

h
re

sp
ec

t
to

a
pa

rt
it

io
n
D

1
,.
..
,D

r

o
f

co
o
rd

in
a
te

s
[d

]
if
f

(x
)

=
g

1
(x
D

1
)

+
··
·+

g
r
(x
D
r
)

w
it

h
g
l

:
R
|D
i
|
→

R
fo

r
l

=
1
,.
..
,r

.
A

se
t

o
f

fu
n

ct
io

n
s
{f
i}
i∈

[N
]

is
si
m
u
lt
a
n
eo

u
sl
y
d
ec
o
m
p
o
sa

b
le

w
it

h
re

sp
ec

t
to

a
pa

rt
it

io
n

D
1
,.
..
,D

r
if

ea
ch

f i
is

d
ec

o
m

po
sa

bl
e

w
it

h
re

sp
ec

t
to
D

1
,.
..
,D

r
.

It
fo

ll
ow

s
th

e
D

efi
n
it

io
n

1
an

d
D

efi
n
it

io
n

4
st

ra
ig

h
tf

or
w

ar
d
ly

th
at

:

P
ro

p
o
si

ti
o
n

5
S

u
p
po

se
th

e
fu

n
ct

io
n

s
{f
i}
i∈

[N
]

in
(1

)
a
re

si
m

u
lt

a
n

eo
u

sl
y

d
ec

o
m

po
sa

bl
e

w
it

h

re
sp

ec
t

to
a

pa
rt

it
io

n
D

1
,.
..
,D

r
so

th
a
t
f i

(x
)

=
∑

r l=
1
g
l i(
x
D
l
)

w
it

h
g
l i

:
R
|D
l|
→

R
fo

r
i

=
1,
..
.,
N

a
n

d
l

=
1,
..
.,
r.

L
et
x
∗

be
th

e
o
p
ti

m
a
l

so
lu

ti
o
n

o
f

(1
).

W
e

m
u

st
h
a
ve

x
∗ D
l
∈

ar
g

m
in

w
∈R
|D
l|

{ ḡ
l (
w

)
≡

1 N

N ∑ i=
1

g
l i(
w

)} ,
fo

r
l

=
1,

2,
..
.,
r.

(6
)

M
o
re

o
ve

r,
a
n

y
a
lg

o
ri

th
m
A
∈
F α

,
w

h
en

a
p
p
li

ed
to
{f
i}
i∈

[N
],

be
co

m
es

d
ec

o
m

po
sa

bl
e

w
it

h
re

sp
ec

t
to

th
e

sa
m

e
pa

rt
it

io
n
D

1
,.
..
,D

r
in

th
e

fo
ll

o
w

in
g

se
n

se
:

F
o
r
l

=
1,
..
.,
r,

th
er

e
ex

is
ts

a
n

a
lg

o
ri

th
m
A
l
∈
F α

su
ch

th
a
t,

a
ft

er
a
n

y
n

u
m

be
r

o
f

ro
u

n
d
s
H

,

E[
f

(x̂
)
−
f

(x
∗ )

]
=

r ∑ l=
1

E[
ḡ
l (
ŵ
l )
−
ḡ
l (
x
∗ D
l
)]
,

w
h
er

e
x̂

=
A

({
f i
} i∈

[N
],
{S
′ j}
j∈

[m
],
H

)
∈
R
d

a
n

d
ŵ
l

=
A
l(
{g
l i}
i∈

[N
],
{S
′ j}
j∈

[m
],
H

)
∈
R
|D
l|

fo
r

l
=

1,
2
,.
..
,r

a
n

d
{S
′ j}
j∈

[m
]

is
ge

n
er

a
te

d
a
s

in
D

efi
n

it
io

n
1
.
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

P
ro

o
f

T
h
e

p
ro

of
of

th
is

p
ro

p
os

it
io

n
is

st
ra

ig
h
tf

or
w

ar
d
.

S
in

ce
{f
i}
i∈

[N
]

in
(1

)
a
re

si
m

u
lt

a
-

n
eo

u
sl

y
d
ec

om
p

os
ab

le
w

it
h

re
sp

ec
t

to
a

p
ar

ti
ti

on
D

1
,.
..
,D

r
,

w
e

h
av

e

f
(x

)
=

1 N

N ∑ i=
1

r ∑ l=
1

g
l i(
x
D
l
)

=
r ∑ l=
1

ḡ
l (
x
D
l
)

so
th

at
th

e
p
ro

b
le

m
(1

)
ca

n
b

e
so

lv
ed

b
y

so
lv

in
g

(6
)

fo
r

ea
ch
l

se
p
ar

at
el

y
an

d
x
∗ D
l

m
u
st

b
e

th
e

so
lu

ti
on

of
th

e
l-

th
p
ro

b
le

m
in

(6
).

In
ad

d
it

io
n
,
th

e
fu

n
ct

io
n
F
j

in
D

efi
n
it

io
n

1
is

al
so

d
ec

om
p

os
ab

le
w

it
h

re
sp

ec
t

to
th

e
sa

m
e

p
ar

ti
ti

on
D

1
,.
..
,D

r
.

A
s

a
re

su
lt

,
it

s
gr

ad
ie

n
t
∇
F
j
(x

)
a
ls

o
h
as

a
d
ec

om
p

os
ed

st
ru

ct
u
re

in
th

e
se

n
se

th
at

th
e

b
lo

ck
[∇
F
j
(x

)]
D
l

on
ly

d
ep

en
d
s

on
x
D
l
.

S
im

il
ar

ly
,

it
s

H
es

si
an

m
a
tr

ix
∇

2
F
j
(x

)
is

a
b
lo

ck
d
ia

go
n
al

m
at

ri
x

w
it

h
r

b
lo

ck
s

a
n
d

th
e
l-

th
b
lo

ck
on

ly
d
ep

en
d
s

o
n
x
D
l
.

T
h
es

e
p
ro

p
er

ti
es

en
su

re
th

at
ea

ch
op

er
at

io
n
A

is
ab

le
to

ap
p
ly

(a
s

in
D

efi
n
it

io
n

1)
to

so
m

e
x
∈
R
d

ca
n

b
e

d
ec

om
p

os
ed

in
to
r

in
d
ep

en
d
en

t
op

er
at

io
n
s

ap
p
li
ed

on
x
D

1
,x

D
2
,.
..
,x

D
r

se
p
a
ra

te
ly

.
H

en
ce

,
gi

ve
n

th
e

se
ts
{S
′ j}
j∈

[m
],

th
e

se
q
u
en

ce
of

op
er

at
io

n
s

co
n
d
u
ct

ed
b
y
A

o
n
x
D
l

ca
n

b
e

v
ie

w
ed

as
an

al
go

ri
th

m
A
l
∈
F α

ap
p
li
ed

to
{g
l i}
i∈

[N
]
so

th
at
ŵ
l

=
A
l(
{g
l i}
i∈

[N
],
{S
′ j}
j∈

[m
],
H

)
is

in
d
ee

d
th

e
su

b
-v

ec
to

r
x̂
D
l

of
th

e
ve

ct
or
x̂

=
A

({
f i
} i∈

[N
],
{S
′ j}
j∈

[m
],
H

)
fo

r
l

=
1,

2,
..
.,
r

an
d

an
y
H

.

B
ec

au
se
m
≥

(e
+

4
m

ax
{1
,α
})

2
an

d
k
≡
d(
e

+
4

m
ax
{1
,α
})

lo
g
m
e,

w
e

ca
n

sh
ow

th
a
t

m k
≥

m

1
.2

5(
e

+
4

m
ax
{1
,α
})

lo
g
m
≥

e
+

4
m

ax
{1
,α
}

2.
5

lo
g
(e

+
4

m
ax
{1
,α
})
≥

e
+

4

2.
5

lo
g
(e

+
4
)
>

3

fo
r

an
y
α
≥

0,
w

h
er

e
w

e
u
se

th
e

fa
ct

th
at

1
.2

5x
≥
dx
e

fo
r
x
≥

4
an

d
th

e
fa

ct
th

a
t

x
lo

g
x

is
m

on
ot

on
ic

al
ly

in
cr

ea
si

n
g

on
[e
,+
∞

).
In

th
e

re
st

of
th

e
p
ap

er
,

w
e

d
efi

n
e

v
≡
⌊ m
k

⌋
an

d
θ
≡
v
k m
.

It
is

ea
sy

to
sh

ow
th

at
2 3
<

1
−

k m
<
θ
≤

1,
w

h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

is
b

ec
a
u
se

m k
>

3
a
n
d

th
e

se
co

n
d

an
d

th
e

la
st

in
eq

u
al

it
ie

s
ar

e
b
y

th
e

d
efi

n
it

io
n
s

of
v

an
d
θ.

4
.3

P
ro

o
f

fo
r

T
h

e
o
re

m
2

N
ow

w
e

ar
e

re
ad

y
to

gi
ve

th
e

p
ro

of
fo

r
T

h
eo

re
m

2
in

th
is

su
b
se

ct
io

n
.

L
et

µ
′ ≡

µ
n θ
,

κ
′ ≡

L µ
′

=
θκ n

>
2
κ

3
n
≥

1
.

(7
)

W
e

fi
rs

t
ge

n
er

al
iz

e
th

e
m

ac
h
in

er
y

b
y

A
rj

ev
an

i
an

d
S
h
am

ir
(2

01
5)

to
co

n
st

ru
ct
k

fu
n
ct

io
n
s

on
R
b

w
h
er

e
b

=
u
k

fo
r

so
m

e
in

te
ge

rs
k
,u
≥

1.
T

h
e

va
lu

es
of
k

an
d
u

w
il
l

b
e

sp
ec

ifi
ed

la
te

r.
In

p
ar

ti
cu

la
r,

fo
r
i,
j

=
1,
..
.,
b,

le
t
δ i
,j

b
e

an
b
×
b

m
at

ri
x

w
it

h
it

s
(i
,j

)
en

tr
y

b
ei

n
g

o
n
e

a
n
d

ot
h
er

s
b

ei
n
g

ze
ro

s.
L

et
M

0
,M

1
,.
..
,M

b−
1

b
e
b
×
b

m
at

ri
ce

s
d
efi

n
ed

as

M
i

=

    

δ 1
,1

fo
r
i

=
0

δ i
,i
−
δ i
,i

+
1
−
δ i

+
1
,i

+
δ i

+
1
,i

+
1

fo
r

1
≤
i
≤
b
−

2

δ b
−

1
,b
−

1
−
δ b
−

1
,b
−
δ b
,b
−

1
+
√
κ
′ +
k
−

1
+

3
√
k

√
κ
′ +
k
−

1
+
√
k
δ b
,b

fo
r
i

=
b
−

1.
(8

)
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D
ist

r
ib
u
t
e
d

S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

F
o
r
s∈

[k
],

let

Σ
s

=
u−

1
∑i=

0

M
ik

+
s−

1 .
(9)

F
o
r

ex
a
m

p
le,

w
h
en

u
=

2
an

d
k

=
3

(so
b

=
6),

th
e

m
atrices

Σ
s ’s

are
given

as
follow

s

Σ
1

=



1
0

0
0

0
0

0
0

0
0

0
0

0
0

1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
0


,Σ

2
=



1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0


,

Σ
3

=



0
0

0
0

0
0

0
1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
1
−

1
0

0
0

0
−

1
K


,

w
h
ere
K

=
√
κ
′+
k−

1
+

3 √
k

√
κ
′+
k−

1
+
√
k

.

W
e

d
efi

n
e
k

fu
n
ction

s
p

1 ,...,p
k

:R
b→

R
a
s

follow
s

p
s (w

)
=



L4 [(
1−

µ
′L )

w
T

Σ
1
w

2
−
(

1−
µ
′L )
e >1
w ]

+
µ
′2 ‖
w‖

2
for

s
=

1

L4 [(
1−

µ
′L )

w
T

Σ
s
w

2

]
+

µ
′2 ‖w‖

2
for

s
=

2,...,k
,

(10)

w
h
ere

e
1

=
(1,0

,...,0)
T
∈
R
b,

an
d

d
en

ote
th

eir
av

erage
b
y

p̄
≡

1k

k
∑s=

1

p
s

=
L
−
µ
′

4
k

[
12
w
T

(
k
∑s=

1

Σ
s )

w
−
e
T1
w ]

+
µ
′2
‖w‖

2.
(11)

A
cco

rd
in

g
to

(7),
w

e
h
ave

1−
µ
′L
>

0
so

th
at
p
s

for
an

y
s
∈

[k
]

an
d
p̄

are
all

µ
′-stron

gly
co

n
vex

fu
n
ctio

n
s.

It
is

also
easy

to
sh

ow
th

at,
for

each
s,
λ

m
a
x (Σ

s )≤
4

so
th

at∇
p
s

h
as

a

L
ip

sch
itz

con
tin

u
ity

con
stan

t
of
L
(

1−
µ
′L )

+
µ
′
=
L

an
d
p
s

is
L

-sm
o
oth

.

N
ex

t,
w

e
ch

aracterize
th

e
op

tim
al

solu
tion

of
m

in
w
∈
R
b
p̄
(w

).

L
e
m

m
a

6
L

et
h
∈
R

be
th

e
sm

a
ller

roo
t

o
f

th
e

equ
a
tio

n
h

2−
2 (

κ
′−

1
+

2
k

κ
′−

1

)
h

+
1

=
0,

n
a
m

ely,

h
≡
√
κ
′+
k−

1−
√
k

√
κ
′+
k−

1
+
√
k
.

T
h
en

,
w
∗

=
(w
∗1 ,w

∗2 ,...,w
∗b )
T
∈
R
b

w
ith

w
∗j

=
h
j,

fo
r
j

=
1,2,...,b

(12)

is
th

e
o
p
tim

a
l

so
lu

tio
n

s
o
f

m
in
w
∈
R
b
p̄
(w

).
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

P
ro

o
f

B
y

(9),
w

e
h
av

e

k
∑s
=
1

Σ
s

=



2
−

1
0

0
0

0
−

1
2
−

1
0

0
0

0
−

1
2
−

1
0

0
...

...
...

...
...

...
0

0
0
−

1
2

−
1

0
0

0
0
−

1
√
κ
′+
k−

1
+
3 √
k

√
κ
′+
k−

1
+
√
k



.

W
ith

th
is

trid
iagon

al
stru

ctu
re

in
its

H
essian

m
atrix

,
p̄
(w

)
is

related
to

b
u
t

d
iff

eren
t

from
th

e
fu

n
ction

s
con

stru
cted

b
y

N
esterov

(2013)
an

d
L

an
an

d
Z

h
ou

(2017)
to

estab
lish

th
e

iteration
low

er
b

ou
n
d

for
sin

gle-m
ach

in
e

fi
rst-ord

er
algorith

m
s.

W
e

can
sh

ow
th

at
th

e
op

tim
al

solu
tion

of
m

in
w
∈
R
b
p̄
(w

)
m

u
st

satisfy
th

e
follow

in
g

op
tim

ality
con

d
ition

s

w
∗2 −

2 (
κ
′−

1
+

2
k

κ
′−

1

)
w
∗1

+
1

=
0

w
∗j+

1 −
2 (

κ
′−

1
+

2
k

κ
′−

1

)
w
∗j

+
w
∗j−

1
=

0
,

for
j

=
2,3

,...,b−
1

(13)

−
(
√
κ
′+

k−
1

+
3 √

k
√
κ
′+

k−
1

+
√
k

+
4k

κ
′−

1 )
w
∗b

+
w
∗b−

1
=

0
.

W
e

can
easily

verify
th

at
w
∗j

=
h
j

for
j

=
1
,2
,...,b

satisfy
all

eq
u
ation

s
in

(1
3)

su
ch

th
at

w
∗

is
th

e
op

tim
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-z
er

o
fu

n
ct

io
n
s

in
th

e
se

t
{f
i}
i∈

[N
]

w
e

co
n
st

ru
ct

ed
in

th
is

w
ay

co
n
st

it
u
te

s
a

m
u
lt

i-
se

t
as

fo
ll
ow

s
        

p
1
(x
D

1
),

p
2
(x
D

1
),
··
·,

p
k
(x
D

1
),
··
·,

p
1
(x
D

1
),

p
2
(x
D

1
),
··
·,

p
k
(x
D

1
)

p
1
(x
D

2
),

p
2
(x
D

2
),
··
·,

p
k
(x
D

2
),
··
·,

p
1
(x
D

2
),

p
2
(x
D

2
),
··
·,

p
k
(x
D

2
)

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
p

1
(x
D
n
),

p
2
(x
D
n
),
··
·,

p
k
(x
D
n
),

..
.,

p
1
(x
D
n
),

p
2
(x
D
n
),
··
·,

p
k
(x
D
n
)        

,
(1

9
)

w
h
er

e
th

e
l-

th
ro

w
co

n
si

st
s

of
v

co
p
ie

s
o
f
{p
s
} s
∈[
k
]

ap
p
li
ed

on
x
D
l
.

B
ec

au
se

of
L

em
m

a
6

an
d

th
e

fa
ct

th
at

f
(x

)
=

1 N

N ∑ i=
1

f i
(x

)
=

v N

n ∑ l=
1

k ∑ s=
1

q l
,s

(x
)

=
v N

n ∑ l=
1

k ∑ s=
1

p
s
(x
D
l
)

=
θ n

n ∑ l=
1

p̄
(x
D
l
),

(2
0
)

1
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D
ist

r
ib
u
t
e
d

S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

th
e

o
p
tim

a
l

so
lu

tion
x
∗

for
(1)

w
ith
{
f
i }
i∈

[N
]

con
stru

cted
as

(19)
is
x
∗

=
1
n
⊗
w
∗

=

(w
∗,w

∗,...,w
∗)
T

w
h
ere

w
∗∈

R
d

is
d
efi

n
ed

as
(12)

an
d

rep
eated

for
n

tim
es

in
x
∗.

N
ow

,
w

e
w

a
n
t

to
verify

th
at

th
e

fu
n
ction

s{f
i }
i∈

[N
]

satisfy
ou

r
assu

m
p
tion

s.
In

fact,
w

e
h
ave

sh
ow

n
th

a
t
p
s

is
L

-sm
o
oth

for
each

s∈
[k

].
S
in

ce
f
i

is
eith

er
a

zero
fu

n
ction

or
eq

u
als

p
s (x

D
l )

fo
r

so
m

e
l∈

[n
]

an
d
s
∈

[k
],

th
e

fu
n
ctio

n
f
i

is
L

-sm
o
o
th

for
each

i∈
[N

]
as

w
ell.

S
in

ce
p̄

is
µ
′-stron

gly
con

vex
(on

R
b)

an
d
µ
′

=
n
µθ

,
th

e
fu

n
ction

f
d
efi

n
ed

in
(1)

m
u
st

b
e

µ
-stro

n
g
ly

co
n
vex

(on
R
d)

accord
in

g
to

th
e

relation
sh

ip
(20).

A
cco

rd
in

g
to

its
con

stru
ction

,{
f
i }
i∈

[N
]

are
sim

u
ltan

eou
sly

d
ecom

p
osab

le
w

ith
resp

ect
to

th
e

p
a
rtitio

n
D

1 ,...,D
n

w
ith

D
l

=
{b(l−

1)
+

1
,b(l−

1)
+

2
,...,bl}

(see
D

efi
n
ition

4
).

In
fa

ct,
f
i (x

)
=
p
s (x

D
l )

for
som

e
s∈

[k
]

an
d
l∈

[n
]

so
th

at
f
i (x

)
can

b
e

rep
resen

ted
as

f
i (x

)
=

n
∑l=

1

g
li (x

D
l ),

(21)

w
h
ere

g
li ∈
{
p
s }
s∈

[k
]

for
ex

actly
on

e
l∈

[n
]

an
d
g
li ≡

0
for

o
th

er
l’s.

M
oreover,

for
an

y
l∈

[n
],

th
e

follow
in

g
eq

u
ality

h
old

s
b

etw
een

th
e

tw
o

m
u
lti-sets

{g
li }
i∈

[N
]
=
{
g
i }
i∈

[N
] ,

(22)

w
h
ere{g

i }
i∈

[N
]
are

d
efi

n
ed

as
(14). 4

B
y

P
rop

osition
5,A

can
b

e
d
ecom

p
osed

w
ith

resp
ective

to
th

e
sa

m
e

p
a
rtition

D
1 ,D

2 ,...,D
n

in
to
A

1 ,...,A
n
∈
F
α

an
d
A
l

is
ap

p
lied

to

m
in

w
∈
R
b {

ḡ
l≡

1N

N
∑i=

1

g
li

=
1N

N
∑i=

1

g
i

=
ḡ }

,
(23)

w
h
ich

is
ex

a
ctly

th
e

p
rob

lem
(15)

an
d

h
as

th
e

form
of

(1).
R

ecall
D

efi
n
ition

1
for

th
e

p
ro

ced
u
re

o
f

g
en

eratin
g
S
′j

=
S
j ∪

R
j ,

W
h
en
{
f
i |i
∈
S
′j }

is
allo

cated
to

m
ach

in
e
j

for

a
lg

o
rith

m
A

,
w

h
at

h
ap

p
en

s
at

th
e

sam
e

tim
e

is
th

at{g
li |i∈

S
′j }

is
allo

cated
to

m
ach

in
e
j

fo
r

a
lg

o
rith

m
A
l

for
l

=
1,2,...,n

.

W
e

n
ow

fo
cu

s
on

th
e

solu
tion

gen
erated

b
y
A
l

for
so

m
e
l.

F
or

m
ach

in
e
j

in
A
l ,

let
Y

1
,j

b
e

th
e

n
u
m

b
er

of
fu

n
ction

s
in
{p
s }
s∈

[k
]

(rep
etition

s
co

u
n
ted

)
th

at
are

con
tain

ed
in
S
j

an
d

Y
2
,j

b
e

th
e

n
u
m

b
er

of
fu

n
ction

s
in
{p
s }
s∈

[k
]

(rep
etition

s
cou

n
ted

)
th

at
are

con
tain

ed
in
R
j .

D
u
e

to
(1

4
)

an
d

(22),
ex

actly
v
k

fu
n
ction

s
in
{g
li }
i∈

[N
]

are
from

{p
s }
s∈

[k
]

an
d

th
e

oth
er

N
−
v
k

fu
n
ctio

n
s

are
zero.

H
en

ce,
Y

1
,j

h
as

a
h
y
p

erg
eo

m
etric

d
istrib

u
tion

w
h
ere

P
rob

(Y
1
,j

=
r)

eq
u
a
ls

th
e

p
rob

ab
ility

of
r

su
ccesses

in
n

d
raw

s,
w

ith
ou

t
rep

lacem
en

t,
from

a
p

op
u
lation

o
f

size
N

th
a
t

con
tain

s
v
k

su
ccesses.

L
et
r

=
e

log
m

.
A

ccord
in

g
to

C
h
vata

l
(1979)

an
d

4
.

T
h

e
eq

u
a
tio

n
(2

2
)

d
o
es

n
o
t

m
ea

n
s
g
li

=
g
i

fo
r

a
n
y
l

a
n

d
i.

It
o
n

ly
m

ea
n

s,
fo

r
a
n
y
l

a
n

d
i,

th
ere

ex
ists

a
n

i ′∈
[N

]
so

th
a
t
g
li

=
g
i ′.

1
9
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

v
kN
≤

1n
,

w
e

h
ave

P
rob

(Y
1
,j ≥

r)≤
(
v
k
n

N
r )

r (
n−

v
k
n
/N

n−
r

)
n−

r≤
(

1r )
r (

n−
1

n−
r )

n−
r
,

w
h
ich

im
p
lies

P
rob

(Y
1
,j ≥

e
log

m
)
≤

(
1

e
log

m

)
e

lo
g
m
(

n
−

1

n
−
e

log
m

)
n−

e
lo

g
m

=

(
1

e
log

m

)
e

lo
g
m
(

1
+
e

log
m
−

1

n
−
e

log
m

)
n−

e
lo

g
m

<

(
1

e
log

m

)
e

lo
g
m

e
e

lo
g
m
−

1
=

1e (
1

log
m

)
e

lo
g
m

≤
1e (

1

2
log

(e
+

1) )
e

lo
g
m

≤
1

em
2
,

(24)

w
h
ere

th
e

secon
d

in
eq

u
ality

is
b

ecau
se

(1
+

1x
)
x
<
e,

th
e

th
ird

in
eq

u
ality

is
b

ecau
se
m
≥

(e
+

4
m

ax{
1,α}

)
2≥

(e
+

1)
2,

an
d

th
e

last
in

eq
u
ality

is
b

ecau
se

(2
log

(e
+

1))
e
>
e

2.

O
n

th
e

oth
er

h
an

d
,

w
e

h
ave

Y
2
,j

=
0

w
h
en

α
=

0
an

d
Y

2
,j

=
∑

i∈
R
j
1
g
li ∈{

p
s }
s∈

[k
]

w
h
en

α
>

0,
w

h
ere

1
g
li ∈{

p
s }
s∈

[k
]

for
i
∈
R
j

are
α
n

i.i.d
.

b
in

ary
ran

d
om

variab
les

w
h
ich

eq
u
al

on
e

w
ith

a
p
rob

ab
ility

of
v
kN

an
d

zero
w

ith
a

p
rob

ab
ility

of
1−

v
kN
.

S
u
p
p

ose
α
>

0.
T

h
e

m
ean

an
d

th
e

varian
ce

of
1
g
li ∈{

p
s }
s∈

[k
]

are
θn

an
d
θn
(1−

θn
),

resp
ectively.

H
en

ce,
b
y

B
ern

stein

in
eq

u
ality

(U
sp

en
sk

y
,

1937),
w

e
h
ave

P
rob

(Y
2
,j ≥

4
m

ax{
1,α}

log
m

)
≤

P
rob

(Y
2
,j
>
α
θ

+
3

m
ax{1

,α}
log

m
)

≤
ex

p (
−

12 (3
m

ax{
1,α}

log
m

)
2

α
θ (1−

θn )
+

m
ax{1

,α}
log

m

)

≤
ex

p (
−

12 (3
m

ax{
1
,α}

log
m

)
2

2
m

ax{1
,α}

log
m

)

≤
ex

p
(−

2
m

ax{
1,α}

log
m

)≤
1m

2
,

(25)

w
h
ere

th
e

fi
rst

in
eq

u
ality

is
b

ecau
se

m
ax{1

,α}
log

m
>

α
θ

an
d

th
e

th
ird

in
eq

u
a
lity

is
b

ecau
se

m
ax{1

,α}
log

m
≥
α
θ (1−

θn ).
S
u
p
p

ose
α

=
0.

(25)
h
old

s
triv

ia
lly.

C
om

b
in

in
g

(24)
an

d
(25)

for
j

=
1,2

,...,m
an

d
u
sin

g
th

e
u
n
io

n
b

ou
n
d
,

w
e

h
ave

P
rob

(Y
1
,j

+
Y

2
,j
<

(e
+

4
m

ax{
1,α})

log
m

for
j

=
1,2,...,m

)≥
1−

2m
.

T
h
erefore,

w
e

h
ave

sh
ow

n
th

at,
w

ith
a

p
rob

ab
ility

of
at

least
1−

2m
,

th
e

m
u
lti-set{

g
li |i∈

S
′j }

con
tain

s
few

er
th

an
(e

+
4

m
ax{

1,α})
log

m
≤
k

fu
n
ction

s
fro

m
{
p
s }
s∈

[k
]
(rep

etition
cou

n
ted

)

for
an

y
j∈

[m
].

In
oth

er
w

ord
s,

w
ith

a
p
rob

ab
ility

of
at

least
1−

2m
,

n
o

m
ach

in
e

in
A
l

h
as

all
of

th
e

fu
n
ction

s
in
{p
s }
s∈

[k
] .

If
th

e
even

t
th

at
“
n

o
n

e
o

f
th

e
m

m
a
ch

in
es

h
a
s

a
ll

fu
n

ctio
n

s
in
{
p
s }
s∈

[k
] ”

(sam
e

as
th

e
even

tE
in

L
em

m
a

8)
in

d
eed

h
ap

p
en

s
in
A
l ,

w
e

callA
l

ba
d
.

T
h
en

,
sin

ce
m
≥

(e
+

4
m

ax{
1,α}

)
2,

w
e

h
ave

actu
ally

p
roved

P
rob

(A
l

is
b
ad

)≥
1−

2m
≥

1−
1e
.

(26)
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D
is
t
r
ib
u
t
e
d

S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

B
y

P
ro

p
os

it
io

n
5,

af
te

r
H

ro
u
n
d
s,

th
e

so
lu

ti
on

s
x̂

=
A

({
f i
} i∈

[N
],
{S
′ j}
j∈

[m
],
H

)
∈
R
d

an
d

ŵ
l

=
A
l(
{g
l i}
i∈

[N
],
{S
′ j}
j∈

[m
],
H

)
∈
R
|D
l|

fo
r
l

=
1,

2
,.
..
,n

sa
ti

sf
y

E[
f

(x̂
)
−
f

(x
∗ )

]
=

n ∑ l=
1

E[
ḡ
l (
ŵ
l )
−
ḡ
l (
x
∗ D
l
)]

=
n ∑ l=

1

E[
ḡ
(ŵ

l )
−
ḡ
(x
∗ D
l
)]

≥
n ∑ l=

1

E[
ḡ
(ŵ

l )
−
ḡ
(x
∗ D
l
)|A

l
is

b
ad

]P
ro

b
(A

l
is

b
ad

)

≥
n ∑ l=

1

E[
ḡ
(ŵ

l )
−
ḡ
(x
∗ D
l
)|A

l
is

b
ad

]( 1
−

1 e

)
.

T
h
er

ef
or

e,
if
E[
f

(x̂
)
−
f

(x
∗ )

]
≤
ε,

th
er

e
m

u
st

ex
is

t
an

l
∈

[n
]

su
ch

th
at

E[
ḡ
(ŵ

l )
−
ḡ
(x
∗ D
l
)|A

l
is

b
ad

]( 1
−

1 e

)
≤
ε n
.

(2
7)

W
h
en
A
l

is
b
ad

,
n
on

e
of

th
e
m

m
ac

h
in

es
in
A
l

h
as

al
l

fu
n
ct

io
n
s

in
{p
s
} s
∈[
k
].

B
y

L
em

m
a

8,
th

er
e

ex
is

t
u

an
d
b

=
u
k

su
ch

th
at

(2
7)

h
ap

p
en

s
on

ly
if

H
≥

(
√
κ
′ +

k
−

1
−
√
k

4k
√
k

)
lo

g

((
1
−

1 e

)
µ
n
‖w
∗ ‖

2

4
ε

)

=

(
√
κ
′ +

k
−

1
−
√
k

4k
√
k

)
lo

g

((
1
−

1 e

)
µ
‖x
∗ ‖

2

4ε

)
,

≥
(
√
κ
′ −

1

4√
2
k
√
k

)
lo

g

((
1
−

1 e

)
µ
‖x
∗ ‖

2

4ε

)
,

w
h
ic

h
is

th
e

d
es

ir
ed

lo
w

er
b

ou
n
d

af
te

r
ap

p
ly

in
g
κ
′ ≥

2
κ

3
n

.

4
.4

P
ro

o
f

fo
r

T
h

e
o
re

m
3

W
e

p
ro

v
id

e
th

e
p
ro

of
fo

r
T

h
eo

re
m

3
in

th
is

su
b
se

ct
io

n
b
y

fo
ll
ow

in
g

a
si

m
il
ar

ar
gu

m
en

t
to

th
e

p
ro

of
of

T
h
eo

re
m

2.
S
om

e
n
ot

at
io

n
s

in
th

e
p
re

v
io

u
s

se
ct

io
n
s

w
il
l

b
e

u
se

d
h
er

e
b
u
t

d
efi

n
ed

d
iff

er
en

tl
y.

W
e

fi
rs

t
u
se

th
e

m
ac

h
in

er
y

d
ev

el
op

ed
in

S
ec

ti
on

2.
1.

1
b
y

N
es

te
ro

v
(2

01
3)

to
co

n
st

ru
ct

k
fu

n
ct

io
n
s

on
R
b

w
h
er

e
b

=
u
k

fo
r

so
m

e
in

te
ge

rs
k
,u
≥

1.
In

p
ar

ti
cu

la
r,

fo
r
i,
j

=
1,
..
.,
b,

le
t
δ i
,j

b
e

an
b
×
b

m
at

ri
x

w
it

h
it

s
(i
,j

)
en

tr
y

b
ei

n
g

on
e

an
d

ot
h
er

s
b

ei
n
g

ze
ro

s.
L

et
M

0
,M

1
,.
..
,M

b−
1

b
e
b
×
b

m
at

ri
ce

s
d
efi

n
ed

as

M
i

=

{
δ 1
,1

fo
r
i

=
0

δ i
,i
−
δ i
,i

+
1
−
δ i

+
1
,i

+
δ i

+
1
,i

+
1

fo
r

1
≤
i
≤
b
−

1
.

(2
8)

H
er

e,
on

ly
th

e
M
b−

1
in

(2
8)

is
d
iff

er
en

t
fr

om
th

e
M
b−

1
in

(8
).

F
or

s
∈

[k
],

le
t

Σ
s

=
∑

u
−

1
i=

0
M
ik

+
s−

1
w

h
ic

h
h
as

th
e

sa
m

e
fo

rm
as

(9
)

b
u
t

w
it

h
a

d
iff

er
en

t
M
b−

1
.

F
or

ex
a
m

p
le

,
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

w
h
en

u
=

2
an

d
k

=
3

(s
o
b

=
6)

,
th

e
m

at
ri

ce
s

Σ
s
’s

ar
e

gi
ve

n
as

fo
ll
ow

s.

Σ
1

=

       

1
0

0
0

0
0

0
0

0
0

0
0

0
0

1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
0

       
,Σ

2
=

       

1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0

       
,

Σ
3

=

       

0
0

0
0

0
0

0
1
−

1
0

0
0

0
−

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
1
−

1
0

0
0

0
−

1
1

       
.

W
e

d
efi

n
e
k

fu
n
ct

io
n
s
p

1
,.
..
,p
k

:
R
b
→

R
as

fo
ll
ow

s

p
s
(w

)
=

  

L 4

[ w
T

Σ
1
w

2
−
e> 1
w
]

fo
r
s

=
1

L 4

[ w
T

Σ
s
w

2

]
fo

r
s

=
2,
..
.,
k
,

(2
9
)

w
h
er

e
e 1

=
(1
,0
,.
..
,0

)T
∈
R
b
,

an
d

d
en

ot
e

th
ei

r
av

er
ag

e
b
y

p̄
≡

1 k

k ∑ s=
1

p
s

=
L 4k

[ 1 2
w
T

(
k ∑ s=

1

Σ
s

)
w
−
eT 1
w

] .
(3

0
)

It
is

al
so

ea
sy

to
sh

ow
th

at
λ

m
a
x
(Σ

s
)
≤

4
so

th
a
t
∇
p
s

h
as

a
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
co

n
st

a
n
t

of
L

so
th

at
p
s

is
L

-s
m

o
ot

h
.

O
b
se

rv
in

g
th

at

k ∑ s
=
1

Σ
s

=

        

2
−

1
0

0
0

0
−

1
2
−

1
0

0
0

0
−

1
2
−

1
0

0
. . .

. . .
. .

.
. .

.
. .

.
. . .

0
0

0
−

1
2
−

1
0

0
0

0
−

1
2

        
,

w
e

n
ot

e
th

at
th

e
fu

n
ct

io
n
p̄
(w

)
d
efi

n
ed

in
(3

0
)

is
th

e
on

e
st

u
d
ie

d
in

S
ec

ti
on

2.
1
.2

b
y

N
es

te
ro

v
(2

01
3)

fo
r

es
ta

b
li
sh

in
g

th
e

lo
w

er
b

ou
n
d

fo
r

th
e

it
er

at
io

n
co

m
p
le

x
it

y
fo

r
si

n
gl

e-
m

a
ch

in
e

fi
rs

t-
or

d
er

m
et

h
o
d
s.

F
ol

lo
w

in
g

S
ec

ti
on

2.
1.

2
b
y

N
es

te
ro

v
(2

01
3)

,
th

e
op

ti
m

al
so

lu
ti

o
n

a
n
d

th
e

op
ti

m
al

va
lu

e
of

m
in
w
∈R

b
p̄
(w

)
ca

n
b

e
ch

ar
ac

te
ri

ze
d

as
fo

ll
ow

s.

L
e
m

m
a

9
(N

e
st

e
ro

v
(2

0
1
3
))

T
h
e

ve
ct

o
r
w
∗

=
(w
∗ 1
,w
∗ 2
,.
..
,w
∗ b)
T
∈
R
b

w
it

h

w
∗ j

=
1
−

j

b
+

1
,

fo
r
j

=
1,

2,
..
.,
b

(3
1
)

is
th

e
o
p
ti

m
a
l

so
lu

ti
o
n

o
f

m
in
w
∈R

b
p̄
(w

).
M

o
re

o
ve

r,
‖w
∗ ‖

2
≤

b+
1

3
a
n

d
p̄
(w
∗ )

=
L 8
k

( −
1

+
1
b+

1

) .

T
h
e

fo
ll
ow

in
g

le
m

m
a

ca
n

b
e

ex
tr

ac
te

d
fr

om
S
ec

ti
on

2.
1.

2
in

N
es

te
ro

v
(2

0
1
3
)

w
h
ic

h
ch

ar
ac

te
ri

ze
s

th
e

op
ti

m
al

va
lu

e
of
p̄

w
h
en

re
st

ri
ct

ed
in

th
e

su
b
sp

ac
e

of
fi
rs

t
t

co
o
rd

in
a
te

s.
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D
ist

r
ib
u
t
e
d

S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

G
r
a
d
ie
n
t
M
e
t
h
o
d
s

L
e
m

m
a

1
0

(N
e
ste

ro
v

(2
0
1
3
))

L
et
p̄

d
efi

n
ed

a
s

(3
0
).

W
e

h
a
ve

m
in

(w
1
,...,w

t )∈
R
t p̄

(w
1 ,...,w

t ,0,...,0
)

=
L8k

(−
1

+
1

t
+

1 )
.

W
e

ca
n

sh
ow

th
at{p

s }
s∈

[k
]

d
efi

n
ed

in
(29)

h
as

th
e

follow
in

g
p
rop

erties.

L
e
m

m
a

1
1

S
u

p
po

se
U

is
a

stric
t

su
bset

o
f{p

s }
s∈

[k
]

d
efi

n
ed

in
(1

0
),

a
n

d
q

is
a
n

a
rbitra

ry
lin

ea
r

co
m

bin
a
tio

n
o
f

so
m

e
fu

n
ctio

n
s
p
s

in
U

.
T

h
e

H
essia

n
o
f
q

is
a

block
d
ia

go
n

a
l

m
a
trix

w
h
ere

ea
ch

block
is

a
squ

a
re

m
a
trix

o
f

a
size

a
t

m
o
st
k

.

P
ro

o
f

S
a
m

e
a
s

th
e

p
ro

of
of

L
em

m
a

7.

L
e
m

m
a

1
2

F
o
r

a
n

y
b

=
u
k

w
ith

in
tegers

k
,u
≥

1,
let{

g
i }
i∈

[N
]

be
th

e
m

u
lti-set

o
f

fu
n

ctio
n

s

o
n
R
b

th
a
t

co
n

sists
o
f
v

co
p
ies

o
f{p

s }
s∈

[k
]

d
efi

n
ed

a
s

(2
9
)

a
n

d
N
−
v
k

zero
fu

n
ctio

n
s.

M
o
re

specifi
ca

lly,
{g
i }
i∈

[N
]

is
d
efi

n
ed

a
s

(1
4
)

bu
t

w
ith
{p
s }
s∈

[k
]

d
efi

n
ed

a
s

(2
9
).

S
u

p
po

se
a
n

a
lgo

rith
m
A
∈
F
α

is
a
p
p
lied

to
(1

5
)

a
n

d
th

e
sets{

S
′j }
j∈

[m
]

a
re

gen
era

ted
a
s

in
D

efi
n

itio
n

1
.

L
etE

be
th

e
ra

n
d
o
m

even
t

th
a
t

n
o
n

e
o
f

th
e
m

m
a
ch

in
es

h
a
s

a
ll

fu
n

ctio
n

s
in
{p
s }
s∈

[k
] .

L
et

ŵ
=
A

({
g
i }
i∈

[N
] ,{
S
′j }
j∈

[m
] ,H

).
T

h
en

,
fo

r
a
n

y
ε
>

0
a
n

d
k
≥

1
,

th
ere

exist
u

a
n

d
b

=
u
k

su
ch

th
a
t
E

[g
(ŵ

)−
g
(w
∗)|E

]≤
ε

o
n

ly
if
H
≥
√

3
L‖
w
∗‖

2

1
2
8
k
3
n
ε

.

P
ro

o
f

L
et
u

=
2H

+
1,
b

=
2H

k
+
k

an
d
w
∗∈

R
b

d
efi

n
ed

as
(31).

S
in

ce
ḡ

=
1N

∑
Ni=

1
g
i

=
vN

∑
ks=

1
p
s

=
θ
p̄n
,

w
e

h
ave

w
∗

=
arg

m
in
w
∈
R
b
p̄
(w

)
=

arg
m

in
w
∈
R
b
ḡ
(w

)
b
y

L
em

m
a

9.
L

et
E
t

d
efi

n
ed

as
in

th
e

p
ro

of
of

L
em

m
a

8
.

F
ollow

in
g

th
e

sam
e

argu
m

en
t

as
in

th
e

p
ro

o
f

of
L

em
m

a
8,

w
e

can
sh

ow
th

at,
ifE

h
ap

p
en

s,
after

H
rou

n
d
s

in
algorith

m
A

,
w

e
m

u
st

h
ave
∪
j W

j ⊂
E
H
k ,

w
h
ere

W
j

is
th

e
w

ork
in

g
set

of
m

ach
in

e
j

b
y

D
efi

n
ition

1.
L

et
t

=
H
k
.

S
in

ce
ŵ

=
A

({g
i }
i∈

[N
] ,{S

′j }
j∈

[m
] ,H

),
w

e
m

u
st

h
ave

ŵ
∈
E
t

ifE
h
ap

p
en

s.
A

ccord
in

g
to

L
em

m
a

10
,

w
e

h
ave

p̄
(ŵ

)≥
m

in
(w

1
,...,w

t )∈
R
t p̄

(w
1 ,...,w

t ,0
,...,0)

=
L8
k

(−
1

+
1

H
k

+
1 )

,

w
h
ich

,
to

g
eth

er
w

ith
L

em
m

a
9,

im
p
lies

E
[
p̄
(ŵ

)−
p̄
(w
∗)

‖w
∗‖

∣∣E ]
≥

L8
k (−

1
+

1
H
k
+
1

+
1−

1
b
+
1 )

13
(b

+
1)

≥
3L

32
k
3(H

+
1
)
2
≥

3L

128
k
3H

2
.

B
a
sed

o
n

th
is

in
eq

u
ality,

w
h
en

E
[ḡ

(ŵ
)−

ḡ
(w
∗)|E

]
≤
ε,

or
eq

u
ivalen

tly,
w

h
en

E
[p̄

(ŵ
)−

p̄
(w
∗)|E

]≤
n
εθ ≤

3
n
ε

2
,

w
e

m
u
st

h
ave

H
≥
√

L‖
w
∗‖

2

6
4
k
3
n
ε
.

T
h
e

rest
o
f

th
e

p
ro

of
of

T
h
eorem

3
is

alm
ost

id
en

tical
to

th
at

of
T

h
eo

rem
2

so
w

e
w

ill
o
n
ly

p
rov

id
e

a
b
rief

sketch
.

In
p
articu

lar,
w

e
w

ill
con

stru
ct
N

sp
ecial

n
on

-stron
gly

co
n
v
ex

fu
n
ctio

n
s{
f
i }
i∈

[N
]

on
R
d

w
ith

d
=
n
b

for
a

su
ffi

cien
tly

large
b

b
ased

on
{p
s }
s∈

[k
]

d
efi

n
ed

as
(2

9
),

a
n
d

sh
ow

th
at

an
y

algorith
m
A
∈
F
α

w
ill

n
eed

at
lea

st
th

e
targ

eted
am

ou
n
t

o
f

ro
u
n
d
s

o
f

co
m

m
u
n
ica

tion
w

h
en

it
is

ap
p
lied

to
{f
i }
i∈

[N
] .

F
o
r

a
la

rg
e

en
ou

gh
u

an
d
b

=
u
k
,

w
e

p
artition

th
e

set
of

in
d
ices

[d
]

=
{
1,...,d}

in
to
n

d
isjo

in
t

su
b
sets

D
1 ,D

2 ,...,D
n

w
ith
|D

l |
=
b

an
d
D
l

=
{
b(l−

1)
+

1
,b(l−

1)
+

2
,...,bl}

.
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

F
or

an
y
l∈

[n
]

an
d
s
∈

[k
],

let
q
l,s (x

)
b

e
a

fu
n
ction

on
R
d

d
efi

n
ed

as
(18)

w
h
ere
{
p
s }
s∈

[k
]

is
d
efi

n
ed

as
(29).

W
e

d
efi

n
e{
f
i }
i∈

[N
]

to
b

e
a

set
th

at
con

sists
of
v

cop
ies

of{q
l,s }

l∈
[n

],s∈
[k

]

an
d
N
−
v
k
n

zeros
fu

n
ction

s.
In

oth
er

w
o
rd

s,
th

e
set

of
n
on

-zero
fu

n
ction

s
in
{
f
i }
i∈

[N
]

is
d
efi

n
ed

as
(19)

w
ith
{
p
s }
s∈

[k
]

given
as

(29).
It

is
easy

to
verify

th
at

th
e

each
fu

n
ction

in
{
f
i }
i∈

[N
]

is
L

-sm
o
oth

.

B
ecau

se
of

L
em

m
a

9
an

d
(20),

th
e

o
p
tim

al
solu

tion
x
∗

for
(1)

w
ith
{
f
i }
i∈

[N
]
co

n
stru

cted

as
ab

ov
e

is
x
∗

=
1
n ⊗

w
∗

=
(w
∗,w

∗,...,w
∗)
T

w
h
ere

w
∗∈

R
d

is
d
efi

n
ed

as
(31).

B
y

its
con

stru
ction

,{
f
i }
i∈

[N
]

are
sim

u
ltan

eou
sly

d
ecom

p
osab

le
w

ith
resp

ect
to

th
e

p
ar-

tition
D

1 ,...,D
n

w
ith

D
l

=
{
b(l−

1)
+

1,b(l−
1)

+
2,...,bl}

.
In

fact,
f
i (x

)
=
p
s (x

D
l )

for
som

e
s
∈

[k
]

an
d
l∈

[n
]

w
ith
{
p
s }
s∈

[k
]

d
efi

n
ed

as
(29)

so
th

at
f
i (x

)
can

b
e

rep
resen

ted
as

(21)
w

h
ere

g
li ∈
{
p
s }
s∈

[k
]

for
ex

actly
on

e
l∈

[n
]

an
d
g
li ≡

0
for

oth
er
l’s.

M
oreover,

for
an

y
l∈

[n
],

th
e

eq
u
ality

(22)
h
old

s
w

ith
{g
i }
i∈

[N
]

d
efi

n
ed

as
(14)

an
d
{p
s }
s∈

[k
]

d
efi

n
ed

as
(29).

B
y

P
rop

osition
5,A

can
b

e
d
ecom

p
osed

w
ith

resp
ective

to
th

e
p
artition

D
1 ,D

2 ,...,D
n

in
to
A

1 ,...,A
n
∈
F
α

an
d
A
l

is
ap

p
lied

to
(23)

(th
e

sam
e

as
(15)).

L
et
S
′j

=
S
j ∪

R
j

gen
erated

as
in

D
efi

n
ition

1.
W

h
en
{f
i |i∈

S
′j }

is
allo

cated
to

m
ach

in
e
j

fo
r

algorith
m
A

,

th
e

set{
g
li |i∈

S
′j }

is
allo

cated
to

m
ach

in
e
j

for
algorith

m
A
l

for
l

=
1,2

,...,n
.

W
e

still
callA

l
ba

d
if

n
on

e
of

th
e
m

m
ach

in
es

in
algorith

m
A
l

h
as

all
fu

n
ction

s
in
{p
s }
s∈

[k
] .

T
h
en

,
follow

in
g

ex
actly

th
e

sam
e

argu
m

en
t

as
in

T
h
eorem

2,
w

e
can

ob
tain

(26)
w

h
ich

in
d
icates

th
atA

l
can

b
e

ba
d

w
ith

a
con

stan
t

p
rob

ab
ility

for
each

l.
A

s
a

resu
lt,

ifE
[f

(x̂
)−

f
(x
∗)]≤

ε,
th

ere
m

u
st

ex
ist

an
l∈

[n
]

su
ch

th
at

(27)
h
old

s.

W
h
en
A
l

is
b
ad

,
after

th
e

d
ata

d
istrib

u
tion

stage,
n
on

e
of

th
e
m

m
ach

in
es

in
A
l

h
as

all
fu

n
ction

s
in
{p
s }
s∈

[k
] .

A
ccord

in
g

to
L

em
m

a
12,

th
ere

ex
ists

b
su

ch
th

at
(27)

h
ap

p
en

s
on

ly

if
H
≥
√
(1−

1e )
L‖
x
∗‖

2

6
4
k
3
n
ε ,

w
h
ich

is
th

e
d
esired

low
er

b
ou

n
d
.

5
.

D
istrib

u
te
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)
m

m
u
lti-sets
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R
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j∈
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]

w
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=
α
n

u
n
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p
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w
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en
t
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],
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d
(c)

d
ata
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i∈

S
j ∪
R
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sto
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n

m
ach

in
e
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2
:
k
←

1
3
:
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itia

lize
ρ

=
µ

+
2
σ

µ
an

d
z

0
=
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0

4
:

fo
r
p

=
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,...,P

−
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5
:

C
en

ter
com

p
u
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y
p

=
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1
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1
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p
+
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1
+
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1
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p

an
d
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0
=
x̂
p

an
d

sen
d
s
y
p
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ea

ch

m
a
ch
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e

6
:
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r
`
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,...,K
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o

7
:

C
en

ter
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d
s
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`
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m
ach
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e

8
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fo
r

m
a
ch
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e
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=
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in

p
a
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l
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o

9
:

C
o
m

p
u
te
h
`j
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∑

i∈
S
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an
d

sen
d

it
to
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1
0
:

e
n

d
fo

r
1
1
:

C
en

ter
com

p
u
tes

h
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=
1N

∑
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1
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an
d

sen
d
s

it
to

m
ach
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e
k

1
2
:

(x̃
`+
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j∈
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S
S
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V
R

G
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`,{

f
σ
,i (x

;y
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i∈
[N

] ,h
`,{R
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j∈
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] ,k
,η
,T

)
1
3
:

e
n

d
fo

r
1
4
:

M
a
ch

in
e
k

com
p
u
tes
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p
+

1
=
x̃
K

an
d

sen
d
s
x̂
p
+

1
to

cen
ter

1
5
:

C
en

ter
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m
p
u
tes

z
p
+

1
=

(1−
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1
/
2)z

p
+
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1
/
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p −
ρ
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x̂
p
+
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1
6
:
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n

d
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B
y
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u
a
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an
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th
e

ch
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K

,
w

e
can
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at
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e
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tion

x̂
p
+

1
gen
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from

th
e
p
-th

ou
ter
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A

lgorith
m

3
satisfi
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)
w

ith

ε
p

=
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(
µ

2
σ

+
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3
/
2 [
f
σ
(x̂
p ;y

p )−
m
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x∈

R
d
f
σ
(x
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.

U
sin

g
th
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lt
an

d
L

em
m

a
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3.4
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3.5
an

d
3.6
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F

rostig
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w

e
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sh
ow
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E
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(x̂
P
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f
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2
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2
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µ
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µ

2σ
+
µ )

P
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(x̂
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h
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A
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3
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n
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2
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(x̂
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µ
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p
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o
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m
3

p
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s
T
K
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u
p
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w
ith
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e
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o
f
R
k

rem
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u
p

d
a
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u
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T
K
P
≤
∑

j∈
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] |R
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=
α
N

,
w

h
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b
y
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e
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o
f
T

a
n
d
K

,
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e
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ove
u
p
p

er
b
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n
d
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P
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d
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p
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α
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m
3
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e
rou
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b
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V
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p
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L
e
e
,
L
in
,
M
a
a
n
d

Y
a
n
g

R
k

=
∅
),

it
n
eed

s

K
P

+
T
K
P

α
n

=

(
Tα
n

+
1 )

K
P

≤
(

96κ
(f
σ
)

α
n

+
1 )

2

log
(9/8) √

2
σ

+
µ

µ
log (

4 (
2σ

+
µ

µ

)
3
/
2 )

log (
(2
σ

+
2
µ

)(f
(x̂

0 )−
f

(x
∗)

µ
ε

)

≤
(

192

α
+
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2
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2
κn

+
1
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2
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+
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3
/
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2
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+
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(x̂
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ε
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n
d
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m
u
n
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n
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ε-op

tim
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.
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e

secon
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in
eq
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e
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e

fact
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σ

=
Ln
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d
κ
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σ

)
n

=
L
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σ

n
µ

+
n
σ
≤

n
+

1
n
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2
.

T
h
e
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n
d

con
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e
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e
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con
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.

A
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g
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T
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D

A
S
V

R
G
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α
≥
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(
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√
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at
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+
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=

n
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+
1
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+
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F
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E
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M
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κ
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( √
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d
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√

mn
+

1
log

( √
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b
e
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=

Θ
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in
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D
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√
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( √
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=
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u
rth
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e

ob
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alth

ou
gh
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e
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m

ach
in

e
settin

g,
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e
acceleration

sch
em

e
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F
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et
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e
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e
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p
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b
y
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e
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settin
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e
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b
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h
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p
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acceleration
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e.
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D
S
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R
G

an
d

D
A

S
V

R
G

,
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e
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b
sets

{S
j }
j∈
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]
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u
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p
u
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e

b
atch

grad
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t
∇
f
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`).

T
h
erefore,

b
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D
S
V

R
G

an
d

D
A

S
V

R
G
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b

e
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p
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w
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th
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u
n
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settin
g
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artition
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i∈
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]
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n
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p
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p
artition
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e
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e
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b
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R
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n
early

op
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w
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F
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.

7
.

D
A

S
V

R
G

fo
r

N
o
n
-S
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n
g
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C
o
n
v
e
x

P
ro

b
le

m
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th

is
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,
w

e
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w
h
en

f
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n
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stron
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con
vex
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=

0)
b
y

th
e

stan
d
ard

tech
n
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u
e

of
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p
ly

in
g

D
A

S
V

R
G

to
th

e
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g
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u
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(1)

m
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x∈
R
d {

f
λ(x

)≡
f

(x
)

+
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‖
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2
=

1N

N
∑i=

1

f
λi (x

) }
,
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w
h
ere

f
λi (x

)≡
f
i (x

)
+

λ2 ‖x‖
2

an
d
λ
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a

p
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e
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t.

N
ote

th
at

p
rob

lem
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A
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m
p
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1
w
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∇
f
λi

b
ein

g
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+
λ

)-L
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sch
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con
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u
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d
f
λ

b
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g
λ
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.
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D
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c
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n
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n
u
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b
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f
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L
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λ
.

W
it

h
λ
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al

l
en

ou
gh

,
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e
ε-

so
lu

ti
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o
f

(3
7)

fo
u
n
d

b
y

D
A

S
V

R
G

ca
n

b
e

an
ε-

so
lu

ti
on

fo
r

(1
).

A
lt

h
ou

gh
th
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m

et
h
o
d
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w
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k
n
ow

n
,

w
e

p
re

se
n
t

it
h
er

e
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st
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sh
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th
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th
e

lo
w

er
b

ou
n
d
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u
n
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m

p
le

x
it

y
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r
n
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tr
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y
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n
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x
p
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b
le
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T

h
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3
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n
b

e
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u
p
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m
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u
n
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T
h

e
o
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m
1
7

S
u

p
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se
A

lg
o
ri

th
m

3
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a
p
p
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ed
to
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7
)

w
h
er

e
λ

=
ε
D
∗

w
it

h
D
∗
≥
‖x
∗ ‖

2
.

W
h
en

σ
=

L
+
λ

n
,
η

=
1

1
6
(L

+
λ

)
,
T

=
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κ

(f
λ σ
)

=
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L
+
λ

+
σ

λ
+
σ

,
K

=
1
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g
(9
/
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)
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g
( 4
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σ

+
λ

λ
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/
2
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a
n

d

α
≥
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4

lo
g
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/8
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√
2D
∗ L
n
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+
3

lo
g
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4

(
2D
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n
ε

+
3
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/
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)
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g
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2
D
∗ L
n
ε

+
3

)
f

(x̂
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)
−
f
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∗ )

ε/
2

)
.
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8
)

A
lg

o
ri

th
m

3
fi

n
d

a
n
ε-

o
p
ti

m
a
l

so
lu

ti
o
n

o
f

(1
)

w
it

h
P

=
√

8
σ

+
4
λ

λ
lo

g
( (2

σ
+

2
λ

)(
f

(x̂
0
)−
f
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λ
ε/

2

)

a
n

d
( 1

9
2
α

+
1
)

2
lo

g
(9
/
8
)

√
2
D
∗ L
n
ε

+
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lo
g
( 4
( 2
D
∗ L
n
ε

+
3
) 3
/
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D
∗ L
n
ε

+
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(x̂
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)−
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2

)
ro

u
n

d
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o
f
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m

m
u

n
ic

a
ti

o
n

.

In
pa
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ic

u
la

r,
if

th
e

ri
gh

t
h
a
n

d
si

d
e

o
f
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8
)

is
a
t

m
o
st
O
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)

in
a
d
d
it

io
n

to
th

e
p
re

vi
o
u

s
co

n
d
it

io
n

s,
A

lg
o
ri

th
m

1
w

it
h
α

=
Θ

(1
)

fi
n

d
s

a
n
ε-

o
p
ti

m
a
l

so
lu

ti
o
n

o
f

(1
)

w
it

h
a
t

m
o

st

Õ

( (√
L n
ε
)

lo
g

2
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ro

u
n

d
s

o
f

co
m

m
u

n
ic

a
ti

o
n

.

P
ro

o
f

L
et
x̂
P

b
e

th
e

ou
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u
t

of
A

lg
or

it
h
m

3
w

h
en

it
is

ap
p
li
ed

to
(3
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w

it
h

th
e

sp
ec
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c
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lu
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of
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σ

,
T

an
d
K

gi
ve

n
in

th
e

st
at

em
en

t
of

th
e

th
eo

re
m

.
B

ec
au

se
∇
f
λ i

is
(L

+
λ

)-
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
an

d
f
λ

is
λ

-c
on

ve
x
,

ac
co

rd
in

g
to

T
h
eo

re
m
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,
x̂
P

is
an

ε 2
-o

p
ti

m
al

so
lu

ti
on

of
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an

d
it

is
fo

u
n
d

w
it

h
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e
n
u
m

b
er

of
ro

u
n
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of
co

m
m

u
n
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at
io

n
st

at
ed

in
th

e
co

n
cl

u
si

on
.

M
or

eo
ve

r,
w

e
ca

n
ea

si
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sh
ow

th
at

E[
f

(x̂
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(x̂
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‖x̂
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∗ ‖
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∗ ‖
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∗ ‖
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w
h
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e
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e
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st
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u
al
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w
it
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∗ ‖

2
.
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en
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T
h
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b
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p
ro
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ed
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h
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w
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le
d
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b
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tr
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b
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ö
tt

in
ge

n
,

3
7
0
7
7
,

G
er

m
a
n

y

A
x
e
l

M
u

n
k

a
m
u
n
k
1
@
g
w
d
g
.d
e

In
st

it
u

te
fo

r
M

a
th

em
a
ti

ca
l

S
to

ch
a
st

ic
s

G
eo

rg
-A

u
gu

st
-U

n
iv

er
si

tä
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as
th

ey
ar

is
e

in
ke

rn
el

le
ar

n
in

g,
se

e,
e.

g.
,

D
e

V
it

o
et

al
.

(2
00

6)
.

R
os

ip
al

(2
00

3)
in

ve
st

ig
at

ed
th

e
p

er
fo

rm
an

ce
of

ke
rn

el
p
ar

ti
al

le
as

t
sq

u
ar

es
fo

r
n
o
n
-l

in
ea

r
d
is

cr
im

in
an

t
an

al
y
si

s.
B

la
n
ch

ar
d

an
d

K
rä

m
er

(2
01

0a
)

p
ro

ve
d

th
e

co
n
si

st
en

cy
o
f
K

P
L

S
w

h
en

th
e

al
go

ri
th

m
is

st
op

p
ed

ea
rl

y
w

it
h
ou

t
gi

v
in

g
co

n
ve

rg
en

ce
ra

te
s.

C
ap

on
n
et

to
an

d
d
e

V
it

o
(2

00
7)

sh
ow

ed
th

at
ke

rn
el

ri
d
ge

re
gr

es
si

on
(K

R
R

)
a
tt

a
in

s
o
p
-

ti
m

al
p
ro

b
ab

il
is

ti
c

ra
te

s
of

co
n
ve

rg
en

ce
fo

r
in

d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
d
a
ta

,
u
si

n
g

a
so

u
rc

e
an

d
a

p
ol

y
n
om

ia
l

eff
ec

ti
ve

d
im

en
si

on
al

it
y

co
n
d
it

io
n
.

A
ge

n
er

a
li
za

ti
o
n

o
f

th
es

e
re

su
lt

s
to

a
w

id
er

cl
as

s
of

eff
ec

ti
ve

d
im

en
si

on
al

it
y

co
n
d
it

io
n
s

an
d

ex
te

n
si

o
n

to
ke

rn
el

p
ri

n
ci

p
al

co
m

p
on

en
t

re
gr

es
si

on
ca

n
b

e
fo

u
n
d

in
D

ic
ke

r
et

al
.

(2
0
17

).
F

or
in

d
ep

en
d
en

t
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
d
at

a
B

la
n
ch

ar
d

an
d

K
rä

m
er

(2
0
1
0
b
)

o
b
ta

in
ed

p
ro

b
ab

il
is

ti
c

co
n
v
er

ge
n
ce

ra
te

s
fo

r
a

ce
rt

ai
n

ke
rn

el
co

n
ju

ga
te

gr
ad

ie
n
t

es
ti

m
a
to

r
u
n
d
er

ea
rl

y
st

op
p
in

g,
w

h
il
e

L
in

an
d

Z
h
ou

(2
01

7)
co

n
si

d
er

ed
ke

rn
el

p
ar

ti
al

le
as

t
sq

u
ar

es
es

ti
m

a
to

rs
w

it
h

th
e

cr
os

s-
va

li
d
at

io
n

st
op

p
in

g
ru

le
.

In
co

n
tr

as
t

to
ex

is
ti

n
g

w
or

k
s,

w
e

d
er

iv
e

p
ro

b
ab

il
is

ti
c

co
n
v
er

ge
n
ce

ra
te

s
o
f

th
e

ke
rn

el
p
ar

ti
al

le
as

t
sq

u
ar

es
es

ti
m

at
or

to
th

e
tr

u
e

re
gr

es
si

on
fu

n
ct

io
n

w
h
en

th
e

in
p
u
t

d
a
ta

a
re

n
ot

in
d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
,

b
u
t

ra
th

er
st

at
io

n
ar

y
ti

m
e

se
ri

es
.

T
o

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

,
n
on

e
of

th
e

k
er

n
el

re
gr

es
si

on
m

et
h
o
d
s

h
av

e
b

ee
n

co
n
si

d
er

ed
fo

r
th

e
d
ep

en
d
en

t
d
at

a
so

fa
r.

O
u
r

re
su

lt
s

ca
n

b
e

ap
p
li
ed

to
st

at
io

n
ar

y
d
ep

en
d
en

ce
st

ru
ct

u
re

s,
g
iv

en
th

at
ce

rt
ai

n
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
fo

r
th

es
e

d
at

a
h
ol

d
.

T
h
e

d
er

iv
ed

co
n
ve

rg
en

ce
ra

te
s

d
ep

en
d

n
ot

on
ly

on
th

e
co

m
p
le

x
it

y
of

th
e

ta
rg

et
fu

n
ct

io
n

an
d

of
th

e
d
at

a
m

a
p
p

ed
in

to
th

e
ke

rn
el

sp
ac

e,
b
u
t

al
so

on
th

e
p

er
si

st
en

ce
of

th
e

d
ep

en
d
en

ce
in

th
e

d
at

a.
F

or
m

ea
su

ri
n
g

th
e

co
m

p
le

x
it

y
of

th
e

d
at

a
w

e
co

n
si

d
er

ge
n
er

a
l
eff

ec
ti

ve
d
im

en
si

on
al

it
y

co
n
d
it

io
n
s.

In
a

G
a
u
ss

ia
n

se
tt

in
g

w
e

p
ro

ve
th

at
th

e
sh

or
t

ra
n
ge

d
ep

en
d
en

ce
st

il
l

le
ad

s
to

op
ti

m
al

ra
te

s,
b
u
t

if
th

e
d
ep

en
d
en

ce
is

m
or

e
p

er
si

st
en

t,
th

e
ra

te
s

b
ec

om
e

sl
ow

er
.

W
e

il
lu

st
ra

te
th

e
g
o
o
d

p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

of
K

P
L

S
b
y

an
ap

p
li
ca

ti
on

to
th

e
m

o
le

cu
la

r
d
y
n
am

ic
s

of
a

b
a
ct

er
io

p
h
a
g
e

p
ro

te
in

.

2
.

K
e
rn

e
l

P
a
rt

ia
l

L
e
a
st

S
q
u
a
re

s

C
on

si
d
er

th
e

n
on

-p
ar

am
et

ri
c

re
gr

es
si

on
p
ro

b
le

m

y t
=
f
∗ (
X
t)

+
ε t
,
t
∈
Z.

(1
)

H
er

e
{X

t}
t∈

Z
is

a
d
-d

im
en

si
on

al
,
d
∈

N
,

st
at

io
n
ar

y
ti

m
e

se
ri

es
on

a
p
ro

b
a
b
il
it

y
sp

a
ce

(Ω
,A
,P

)
an

d
{ε
t}
t∈

Z
is

an
in

d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
se

q
u
en

ce
o
f

re
a
l

va
lu

ed
ra

n
d
om

va
ri

ab
le

s
w

it
h

ex
p

ec
ta

ti
on

ze
ro

an
d

va
ri

an
ce
σ
2
>

0
th

at
is

in
d
ep

en
d
en

t
o
f
{X

t}
t∈

Z
.
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K
e
r
n
e
l
P
a
r
t
ia
l
L
e
a
st

S
q
u
a
r
e
s
f
o
r
S
t
a
t
io
n
a
r
y
D
a
t
a

L
et

X
b

e
a

ra
n
d
om

vector
th

at
is

in
d
ep

en
d
en

t
of
{X

t }
t∈

Z
an

d
{ε
t }
t∈

Z
w

ith
th

e
sam

e
d
istrib

u
tio

n
a
s
X

0 .
T

h
e

target
fu

n
ction

w
e

seek
to

estim
ate

is
f
∗∈
L
2 (P

X ).
F

o
r

th
e

p
u
rp

ose
of

su
p

erv
ised

learn
in

g
assu

m
e

th
at

w
e

h
av

e
a

train
in

g
sam

p
le

{
(X

t ,y
t )}

nt=
1

for
som

e
n
∈

N
.

In
th

e
follow

in
g

w
e

in
tro

d
u
ce

som
e

b
asic

n
o
tation

for
th

e
kern

el
b
a
sed

lea
rn

in
g

ap
p
roach

.
D

efi
n
e

w
ith

(H
,〈·,·〉H

)
th

e
R

K
H

S
of

fu
n
ction

s
on

R
d

w
ith

rep
ro

d
u
cin

g
kern

el
k

:R
d×

R
d→

R
,

i.e.,
it

h
old

s
g
(x

)
=
〈g
,k

(·,x
)〉H

,
x
∈
R
d,g
∈
H
.

(2)

T
h
e

co
rresp

on
d
in

g
in

n
er

p
ro

d
u
ct

an
d

n
orm

in
H

is
d
en

oted
b
y
〈·,·〉H

an
d
‖·‖H

,
resp

ec-
tively.

W
e

refer
to

B
erlin

et
an

d
T

h
om

as-A
gn

an
(2004)

for
ex

am
p
les

of
H

ilb
ert

sp
aces

an
d

th
eir

rep
ro

d
u
cin

g
kern

els.
In

th
e

follow
in

g
w

e
d
eal

w
ith

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
a
ces

w
h
ich

fu
lfi

ll
th

e
follow

in
g,

rath
er

stan
d
a
rd

,
con

d
ition

s:

(K
1
)
H

is
sep

a
rab

le,

(K
2
)

T
h
ere

ex
ists

a
κ
>

0
su

ch
th

at|k
(x
,y

)|≤
κ

for
a
ll
x
,y
∈
R
d

an
d
k

is
m

easu
rab

le.

U
n
d
er

(K
1
)

th
e

H
ilb

ert-S
ch

m
id

t
n
orm

‖·‖
H
S

for
op

erators
m

ap
p
in

g
from

H
to
H

is
w

ell
d
efi

n
ed

.
If

co
n
d
ition

(K
2)

h
old

s,
all

fu
n
ction

s
in
H

are
b

ou
n
d
ed

,
see

B
erlin

et
an

d
T

h
om

as-
A

g
n
an

(2
0
0
4
),

ch
ap

ter
2.

T
h
e

con
d
ition

s
are

satisfi
ed

for
a

variety
of

p
op

u
lar

kern
els,

e.g.,
G

au
ssia

n
o
r

trian
gu

lar.
T

h
e

m
ain

p
rin

cip
le

of
R

K
H

S
m

eth
o
d
s

is
th

e
m

ap
p
in

g
of

th
e

d
ata

X
t

in
to
H

v
ia

th
e

fea
tu

re
m

a
p
s
φ
t

=
k
(·,X

t ),
t

=
1,...,n

.
T

h
is

m
ap

p
in

g
can

b
e

d
o
n
e

im
p
licitly

b
y

u
sin

g
th

e
kern

el
trick

〈φ
t ,φ

s 〉H
=
k
(X

t ,X
s )

an
d

th
u
s

on
ly

th
e
n
×
n

d
im

en
sion

al
kern

el
m

atrix
K
n

=
n
−
1[k

(X
t ,X

s )] nt,s=
1

is
n
eed

ed
in

th
e

com
p
u
tation

s.
T

h
en

th
e

task
fo

r
R

K
H

S
m

eth
o
d
s

is
to

fi
n
d

co
effi

cien
ts
α
1 ,...,α

n
su

ch
th

at
f
α

=
∑

nt=
1
α
t φ
t

is
an

ad
eq

u
ate

ap
p
rox

im
ation

of
f
∗

in
H

,
m

ea
su

red
in

th
e
L
2 (P

X )
n
orm

‖·‖
2 .

T
h
ere

a
re

a
variety

of
d
iff

eren
t

ap
p
roach

es
to

estim
ate

th
e

co
effi

cien
ts
α
1 ,...,α

n
,

in
-

clu
d
in

g
kern

el
rid

ge
regression

,
kern

el
p
rin

cip
al

com
p

on
en

t
regression

an
d
,

o
f

cou
rse,

kern
el

p
a
rtia

l
lea

st
sq

u
ares.

T
h
e

latter
m

eth
o
d

w
as

in
tro

d
u
ced

b
y

R
osip

a
l

an
d

T
rejo

(2001)
an

d
is

th
e

fo
cu

s
o
f

th
e

cu
rren

t
w

ork
.

It
w

a
s

sh
ow

n
b
y

K
räm

er
an

d
B

rau
n

(2007)
th

at
th

e
K

P
L

S
algorith

m
solves

α̂
i

=
arg

m
in

v∈K
i (K

n
,y
) n
−
1‖y−

K
n
v‖

2,
i

=
1,...,n

,
(3)

w
ith

y
=

(y
1 ,...,y

n
)
T
.

H
ere
K
i (K

n
,y

)
=

sp
an {

y
,K

n
y
,K

2n y
,...,K

i−
1

n
y }

,
i

=
1,...,n

,
is

th
e
ith

o
rd

er
K

ry
lov

sp
ace

w
ith

resp
ect

to
K
n

an
d
y

an
d
‖·‖

d
en

otes
th

e
E

u
clid

ean
n
orm

.
T

h
e

d
im

en
sio

n
i

of
th

e
K

ry
lov

sp
ace

is
th

e
regu

larization
p
aram

eter
fo

r
K

P
L

S
.

W
e

w
ill

in
tro

d
u
ce

several
op

erators
th

at
w

ill
b

e
cru

cial
for

ou
r

fu
rth

er
an

a
ly

sis.
D

efi
n
e

tw
o

in
teg

ral
o
p

erators:
th

e
kern

el
in

tegra
l
op

erator
T
∗

:L
2 (P

X )→
H
,g
7→

E{
k
(·,X

)g
(X

)}
a
n
d

th
e

ch
a
n
g
e

of
sp

ace
op

erator
T

:H
→
L
2 (P

X )
,g
7→

g
,

w
h
ich

is
w

ell
d
efi

n
ed

if
(K

2)
h
o
ld

s.
It

is
ea

sy
to

see
th

at
T
,T
∗

are
ad

join
t,

i.e.,
for

u
∈
H

an
d
v
∈
L
2 (P

X )
it

h
old

s
〈T
∗v
,u〉H

=
〈v
,T
u〉

2
w

ith
〈·,·〉

2
b

ein
g

th
e

in
n
er

p
ro

d
u
ct

in
L
2 (P

X ).
T

h
e

sam
p
le

an
alogu

es
of
T
,T
∗

are
T
n

:H
→

R
n
,g
7→
{g

(X
1 ),...,g

(X
n
)}

T
an

d
T
∗n

:
R
n
→
H
,(v

1 ,...,v
n
)
T
7→
n
−
1 ∑

nt=
1
v
t k

(·,X
t ),

resp
ectiv

ely.
B

oth
op

erators
are

ad
join

t
w

ith
resp

ect
to

th
e

rescaled
E

u
clid

ean
p
ro

d
u
ct
n
−
1u

T
v
,
u
,v
∈
R
d

3
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S
in
g
e
r
,
K
r
iv
o
b
o
k
o
v
a
a
n
d

M
u
n
k

F
in

ally,
w

e
d
efi

n
e

th
e

sam
p
le

kern
el

covarian
ce

op
erator

S
n

=
T
∗n T

n
:H
→
H

an
d

th
e

p
op

u
lation

kern
el

covarian
ce

op
erator

S
=
T
∗T

:H
→
H

.
N

ote
th

at
it

h
old

s
K
n

=
T
n
T
∗n .

U
n
d
er

(K
1)

an
d

(K
2)
S

is
a

self-ad
join

t
com

p
act

op
erator

w
ith

op
erator

n
orm

‖
S‖L

≤
κ

,
see

C
ap

on
n
etto

an
d

d
e

V
ito

(2007).
W

ith
th

is
n
otation

w
e

can
restate

(3)
for

th
e

fu
n
ction

f
α

f
α̂
i

=
arg

m
in

g∈K
i (S

n
,T

∗n
y
) n
−
1‖y−

{g
(X

1 ),...,g
(X

n
)}

T‖
2

=
arg

m
in

g∈K
i (S

n
,T

∗n
y
) n
−
1‖
y−

T
n
g‖

2.
(4)

H
en

ce,
w

e
are

lo
ok

in
g

for
fu

n
ction

s
th

at
m

in
im

ize
th

e
sq

u
ared

d
istan

ce
to
y

con
strain

ed
to

a
seq

u
en

ce
of

K
ry

lov
sp

aces.
In

th
e

literatu
re

of
ill-p

osed
p
rob

lem
s

it
is

w
ell

k
n
ow

n
th

at
w

ith
ou

t
fu

rth
er

con
d
ition

s
on

th
e

target
fu

n
ction

f
∗

th
e

con
v
ergen

ce
rate

of
th

e
con

ju
gate

gra
d
ien

t
algorith

m
can

b
e

arb
itrarily

slow
,

see
H

an
ke

(1995),
ch

ap
ter

3.2.
O

n
e

com
m

on
a-p

riori
assu

m
p
tion

on
th

e
regression

fu
n
ction

f
∗

is
a

sou
rce

con
d
ition

:

(S
)

T
h
ere

ex
ist

r≥
0,
R
>

0
an

d
u
∈
L
2 (P

X )
su

ch
th

at
f
∗

=
(T
T
∗)
ru

an
d
‖
u‖

2 ≤
R

.

If
r
≥

1
/2,

th
en

th
e

target
fu

n
ction

f
∗
∈
L
2 (P

X )
coin

cid
es

alm
ost

su
rely

w
ith

a
fu

n
ction

f
∈
H

an
d

w
e

can
w

rite
f
∗

=
T
f

,
see

C
u
cker

an
d

S
m

ale
(2002).

W
ith

th
is

th
e

kern
el

p
artial

least
sq

u
ares

estim
ator

f
α̂
i

estim
ates

th
e

correct
target

fu
n
ction

,
n
ot

on
ly

its
b

est
ap

p
rox

im
ation

in
H

.
T

h
is

case
is

k
n
ow

n
as

th
e

in
n
er

case.
T

h
e

situ
ation

w
ith

r
<

1/
2

is
referred

to
as

th
e

ou
ter

case.
U

n
d
er

ad
d
ition

al
assu

m
p
-

tion
s,

e.g.,
th

e
availab

ility
of

ad
d
ition

al
u
n
lab

eled
d
ata,

it
is

still
p

ossib
le

th
at

an
estim

ator
of
f
∗

con
verges

to
th

e
tru

e
target

fu
n
ction

in
L
2 (P

X )
n
orm

w
ith

op
tim

al
rates

(w
ith

re-
sp

ect
to

th
e

n
u
m

b
er
n

of
lab

eled
d
ata

p
oin

ts).
S
ee

D
e

V
ito

et
al.

(2006)
for

a
d
etailed

d
escrip

tion
of

th
is

sem
i-su

p
erv

ised
ap

p
roach

for
kern

el
rid

ge
regression

in
th

e
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

case.
W

e
d
o

n
ot

treat
th

e
case

r
<

1/
2

in
th

is
w

ork
.

A
sou

rce
con

d
ition

is
often

in
terp

reted
as

an
ab

stract
sm

o
oth

en
ess

con
d
ition

,
see,

e.g.,
B

issan
tz

et
al.

(2007)
for

several
ex

am
p
les.

T
h
is

can
b

e
seen

as
follow

s.
L

et
η
1 ≥

η
2 ≥

...
b

e
th

e
eigen

valu
es

an
d
ψ
1 ,ψ

2 ,...
th

e
co

rresp
on

d
in

g
eigen

fu
n
ction

s
of

th
e

com
p
act

o
p

erator
S

.
T

h
en

it
is

easy
to

see
th

at
th

e
sou

rce
con

d
ition

(S
)

is
eq

u
ivalen

t
to
f

=
∑
∞j=

1
b
j ψ

j ∈
L
2 (P

X )

w
ith

b
j

su
ch

th
at
∑
∞j=

1
η −

2
(r
+
1
/
2
)

j
b
2j
<
∞

.
H

en
ce,

th
e

h
igh

er
r

is
ch

osen
th

e
faster

th
e

seq
u
en

ce
{
b
j } ∞j=

1
m

u
st

con
verge

to
zero.

T
h
erefore,

th
e

sets
of

fu
n
ction

s
for

w
h
ich

sou
rce

con
d
ition

s
h
old

are
n
ested

,
i.e.,

th
e

larger
r

is
th

e
sm

aller
th

e
corresp

on
d
in

g
set

w
ill

b
e.

T
h
e

set
w

ith
r

=
1/

2
is

th
e

largest
on

e
an

d
corresp

on
d
s

to
a

zero
sm

o
oth

n
ess

con
d
ition

,
i.e., ∑

∞j=
1
η −

2
j
b
2j
<
∞

,
w

h
ich

is
eq

u
ivalen

t
to
f
∈
H

.
F

or
m

ore
d
etails

w
e

refer
to

D
ick

er
et

al.
(2017).

3
.

C
o
n
siste

n
cy

o
f

K
e
rn

e
l

P
a
rtia

l
L

e
a
st

S
q
u
a
re

s

T
h
e

K
C

G
algorith

m
as

d
escrib

ed
b
y

B
lan

ch
ard

an
d

K
räm

er
(2010b

)
is

con
sisten

t
w

h
en

stop
p

ed
early

an
d

con
vergen

ce
rates

can
b

e
ob

tain
ed

w
h
en

a
sou

rce
con

d
ition

(S
)

h
old

s.
H

ere
w

e
w

ill
p
ro

o
f

th
e

sam
e

p
rop

erty
for

K
P

L
S
.

E
arly

stop
p
in

g
in

th
is

con
tex

t
m

ean
s

th
at

w
e

stop
th

e
algorith

m
at

som
e
a

=
a
(n

)≤
n

an
d

con
sid

er
th

e
estim

ator
f
α̂
a

for
f
∗.

T
h
e

d
iff

eren
ce

b
etw

een
K

C
G

an
d

K
P

L
S

is
th

e
n
orm

w
h
ich

is
op

tim
ized

.
T

h
e

kern
el

con
ju

gate
grad

ien
t

algorith
m

stu
d
ied

in
B

lan
ch

ard
an

d
K

räm
er

(2010b
)

estim
ates

th
e

co-
effi

cien
ts
α
∈

R
n

of
f
α

v
ia
α̂
C
G

i
=

arg
m

in
v∈K

i (K
n
,y
) 〈y−

K
n
v
,K

n
(y−

K
n
v
)〉.

It
is

easy
to

4
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K
e
r
n
e
l
P
a
r
t
ia
l
L
e
a
st

S
q
u
a
r
e
s
f
o
r
S
t
a
t
io
n
a
r
y
D
a
t
a

se
e

th
at

th
is

op
ti

m
iz

at
io

n
p
ro

b
le

m
ca

n
b

e
re

w
ri

tt
en

fo
r

th
e

fu
n
ct

io
n
f α

as

m
in

g
∈K

i
(S
n
,T

∗ n
y
)
n
−
1
‖T
∗ n
y
−
S
n
g
‖2 H

=
m

in
g
∈K

i
(S
n
,T

∗ n
y
)
n
−
1
‖T
∗ n

(y
−
T
n
g
)
‖2 H
,

co
m

p
ar

ed
to

(4
)

fo
r

K
P

L
S
.

T
h
u
s,

K
C

G
ob

ta
in

s
th

e
le

as
t

sq
u
ar

es
ap

p
ro

x
im

a
ti

on
g

in
th

e
H

-n
or

m
fo

r
th

e
n
or

m
al

eq
u
at

io
n
T
∗ n
y

=
T
∗ n
T
n
g

an
d

K
P

L
S

fi
n
d
s

a
fu

n
ct

io
n

th
a
t

m
in

im
iz

es
th

e
re

si
d
u
al

su
m

of
sq

u
ar

es
.

In
b

ot
h

m
et

h
o
d
s

th
e

so
lu

ti
on

s
ar

e
re

st
ri

ct
ed

to
fu

n
ct

io
n
s

g
∈
K i

(S
n
,T
∗ n
y
).

A
n

ad
va

n
ta

ge
of

th
e

ke
rn

el
co

n
ju

ga
te

gr
ad

ie
n
t

es
ti

m
at

or
is

th
at

co
n
ce

n
tr

at
io

n
in

eq
u
al

i-
ti

es
ca

n
b

e
es

ta
b
li
sh

ed
fo

r
b

ot
h
T
∗ n
y

an
d
S
n

an
d

ap
p
li
ed

d
ir

ec
tl

y
as

th
e

op
ti

m
iz

at
io

n
fu

n
ct

io
n

co
n
ta

in
s

b
ot

h
q
u
an

ti
ti

es
.

T
h
e

st
op

p
in

g
in

d
ex

fo
r

th
e

re
gu

la
ri

za
ti

on
ca

n
b

e
ch

os
en

b
y

a
d
is

-
cr

ep
an

cy
p
ri

n
ci

p
le

as
a
∗

=
m

in
{1
≤
i
≤
n

:
‖S

n
f α̂

C
G

i
−
T
∗ n
y
‖
≤

Λ
n
}

w
it

h
Λ
n

b
ei

n
g

a
th

re
sh

ol
d

se
q
u
en

ce
th

at
go

es
to

ze
ro

as
n

in
cr

ea
se

s.
O

n
th

e
ot

h
er

h
an

d
,

th
e

fu
n
ct

io
n

to
b

e
op

ti
m

iz
ed

fo
r

K
P

L
S

co
n
ta

in
s

on
ly
y

an
d
T
n
g

=
{g

(X
1
),
..
.,
g
(X

n
)}

T
fo

r
w

h
ic

h
st

a
ti

st
ic

al
p
ro

p
er

ti
es

ar
e

n
ot

re
ad

il
y

av
ai

la
b
le

.
T

h
u
s,

w
e

n
ee

d
to

fi
n
d

a
w

ay
to

ap
p
ly

th
e

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
fo

r
T
∗ n
y

an
d
S
n

to
th

is
sl

ig
h
tl

y
d
iff

er
en

t
p
ro

b
le

m
.

T
h
is

le
ad

s
to

co
m

p
li
ca

ti
on

s
in

th
e

p
ro

of
of

co
n
si

st
en

cy
an

d
a

ra
th

er
d
iff

er
en

t
an

d
m

or
e

te
ch

n
ic

al
st

op
p
in

g
ru

le
fo

r
ch

o
os

in
g

th
e

op
ti

m
a
l

re
gu

la
ri

za
ti

on
p
ar

am
e-

te
r
a
∗

is
u
se

d
,
as

ca
n

b
e

se
en

in
T

h
eo

re
m

1.
T

h
is

st
op

p
in

g
ru

le
h
as

it
s

or
ig

in
in

H
an

ke
(1

99
5)

.

In
th

e
fo

ll
ow

in
g
‖
·‖
L

d
en

ot
es

th
e

op
er

at
or

n
or

m
an

d
‖
·‖

H
S

is
th

e
H

il
b

er
t-

S
ch

m
id

t
n
or

m
.

T
h

e
o
re

m
1

A
ss

u
m

e
th

a
t

co
n

d
it

io
n

s
(K

1
),

(K
2
),

(S
)

h
o
ld

w
it

h
r
≥

3/
2

a
n

d
th

er
e

a
re

co
n

st
a
n

ts
C
δ
(ν

),
C
ε(
ν

)
>

0
a
n

d
a

se
qu

en
ce
{γ

n
} n
∈N
⊂

[0
,∞

),
γ
n
→

0,
su

ch
th

a
t

w
e

h
a
ve

fo
r
ν
∈

(0
,1

]

P
(‖
S
n
−
S
‖ L
≤
C
δ
(ν

)γ
n
)
≥

1
−
ν
/2
,

P
(‖
T
∗ n
y
−
S
f
‖ H
≤
C
ε(
ν

)γ
n
)
≥

1
−
ν
/2
.

D
efi

n
e

th
e

st
o
p
p
in

g
in

d
ex
a
∗

by

a
∗

=
m

in

{
1
≤
a
≤
n

:
a ∑ i=
0

‖S
n
f α̂

i
−
T
∗ n
y
‖−

2
H
≥

(C
γ
n
)−

2

}
,

(5
)

w
it

h
C

=
C
ε(
ν

)
+
κ
r
−
1
/
2
(r

+
1
/2

)R
{1

+
C
δ
(ν

)}
.

T
h
en

it
h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
ν

th
a
t

‖f
α̂
a
∗
−
f
∗ ‖

2
=
O
{ γ

2
r
/
(2
r
+
1
)

n

}
,

‖f
α̂
a
∗
−
f
‖ H

=
O
{ γ

(2
r
−
1
)/
(2
r
+
1
)

n

}
,

w
it

h
f
∗

=
T
f

.

It
ca

n
b

e
sh

ow
n

th
at

th
e

st
op

p
in

g
ru

le
(5

)
a
lw

ay
s

d
et

er
m

in
es

a
fi
n
it

e
in

d
ex

,
i.
e.

,
th

e
se

t
th

e
m

in
im

u
m

is
ta

ke
n

ov
er

is
n
ot

em
p
ty

,
se

e
H

an
ke

(1
99

5)
,

ch
ap

te
r

4.
3.
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8(

12
3)

:1
-4

1,
 2

01
7

S
in
g
e
r
,
K
r
iv
o
b
o
k
o
v
a
a
n
d

M
u
n
k

T
h
e

th
eo

re
m

y
ie

ld
s

tw
o

co
n
v
er

ge
n
ce

re
su

lt
s,

on
e

in
th

e
H

-n
or

m
an

d
on

e
in

th
e
L2
( P

X
) -

n
or

m
.

It
h
ol

d
s

th
at
‖v
‖ 2

=
‖S

1
/
2
v
‖ H

.
T

h
es

e
ar

e
th

e
en

d
p

oi
n
ts

of
a

co
n
ti

n
u
u
m

o
f

n
o
rm

s
‖v
‖ β

=
‖S

β
v
‖ H

,
β
∈

[0
,1
/
2]

th
at

w
er

e
co

n
si

d
er

ed
in

N
em

ir
ov

sk
ii

(1
98

6)
fo

r
th

e
d
er

iv
a
ti

o
n

of
co

n
ve

rg
en

ce
ra

te
s

fo
r

K
C

G
al

go
ri

th
m

s
in

a
d
et

er
m

in
is

ti
c

se
tt

in
g.

T
h
e

co
n
v
er

ge
n
ce

ra
te

of
th

e
ke

rn
el

p
ar

ti
al

le
as

t
sq

u
ar

es
es

ti
m

at
or

d
ep

en
d
s

cr
u
ci

a
ll
y

o
n

th
e

se
q
u
en

ce
γ
n

an
d

th
e

so
u
rc

e
p
ar

am
et

er
r.

If
γ
n

=
O

(n
−
1
/
2
),

th
is

y
ie

ld
s

th
e

sa
m

e
co

n
ve

r-
ge

n
ce

ra
te

as
T

h
eo

re
m

2.
1

of
B

la
n
ch

ar
d

an
d

K
rä

m
er

(2
01

0b
)

fo
r

ke
rn

el
co

n
ju

g
a
te

g
ra

d
ie

n
t

or
d
e

V
it

o
et

al
.

(2
00

5)
fo

r
ke

rn
el

ri
d
ge

re
gr

es
si

o
n

w
it

h
in

d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

-
tr

ib
u
te

d
d
at

a.
F

or
st

at
io

n
ar

y
G

au
ss

ia
n

ti
m

e
se

ri
es

w
e

w
il
l

d
er

iv
e

co
n
ce

n
tr

at
io

n
in

eq
u
a
li
ti

es
in

th
e

n
ex

t
se

ct
io

n
an

d
ob

ta
in

co
n
v
er

ge
n
ce

ra
te

s
d
ep

en
d
in

g
on

th
e

so
u
rc

e
p
a
ra

m
et

er
r

a
n
d

th
e

ra
n
ge

of
d
ep

en
d
en

ce
.

N
ot

e
th

at
T

h
eo

re
m

1
is

ra
th

er
ge

n
er

al
an

d
it

ca
n

b
e

a
p
p
li
ed

to
an

y
k
in

d
of

d
ep

en
d
en

ce
st

ru
ct

u
re

,
as

lo
n
g

as
th

e
n
ec

es
sa

ry
co

n
ce

n
tr

a
ti

on
in

eq
u
a
li
ti

es
ca

n
b

e
es

ta
b
li
sh

ed
.

T
h
e

n
ex

t
th

eo
re

m
d
er

iv
es

fa
st

er
co

n
ve

rg
en

ce
ra

te
s

u
n
d
er

as
su

m
p
ti

on
s

o
n

th
e

eff
ec

ti
ve

d
im

en
si

on
al

it
y

of
op

er
at

or
S

,
w

h
ic

h
is

d
efi

n
ed

as
d
λ

=
tr
{(
S

+
λ

)−
1
S
}.

T
h
e

co
n
ce

p
t

o
f

eff
ec

ti
ve

d
im

en
si

on
al

it
y

w
as

in
tr

o
d
u
ce

d
in

Z
h
an

g
(2

00
3)

to
ge

t
sh

ar
p

er
ro

r
b

ou
n
d
s

fo
r

g
en

er
a
l

le
ar

n
in

g
p
ro

b
le

m
s

co
n
si

d
er

ed
th

er
e.

If
H

is
a

fi
n
it

e
d
im

en
si

on
al

sp
ac

e,
it

w
as

sh
ow

n
in

Z
h
a
n
g

(2
00

3)
th

at
d
λ
≤

d
im

(H
).

F
or

in
fi
n
it

e
d
im

en
si

on
al

sp
ac

es
it

d
es

cr
ib

es
th

e
co

m
p
le

x
it

y
o
f

th
e

in
te

ra
ct

io
n
s

b
et

w
ee

n
d
at

a
an

d
re

p
ro

d
u
ci

n
g

ke
rn

el
.

If
d
λ

=
O

(λ
−
s
)

fo
r

so
m

e
s
∈

(0
,1

],
C

ap
on

n
et

to
an

d
d
e

V
it

o
(2

00
7
)

sh
ow

ed
th

a
t

th
e

or
d
er

op
ti

m
al

co
n
ve

rg
en

ce
ra

te
s
n
−
r
/
(2
r
+
s)

ar
e

at
ta

in
ed

fo
r

K
R

R
w

it
h

in
d
ep

en
d
en

t
a
n
d

id
en

ti
ca

ll
y

d
is

tr
ib

u
te

d
d
at

a.
T

h
e

eff
ec

ti
v
e

d
im

en
si

on
al

it
y

cl
ea

rl
y

d
ep

en
d
s

on
th

e
b

eh
av

io
u
r

of
ei

ge
n
va

lu
es

o
f
S

.
If

th
es

e
co

n
v
er

ge
su

ffi
ci

en
tl

y
fa

st
to

ze
ro

,
n
ea

rl
y

p
ar

am
et

ri
c

ra
te

s
of

co
n
ve

rg
en

ce
ca

n
b

e
ac

h
ie

ve
d

fo
r

re
p
ro

d
u
ci

n
g

k
er

n
el

H
il
b

er
t

sp
ac

e
m

et
h
o
d
s,

se
e,

e.
g.

,
D

ic
ke

r
et

al
.
(2

0
1
7
).

In
p
a
r-

ti
cu

la
r,

th
e

b
eh

av
io

u
r

of
d
λ

ar
ou

n
d

ze
ro

is
of

in
te

re
st

,
si

n
ce

it
d
et

er
m

in
es

h
ow

il
l-

co
n
d
it

io
n
ed

th
e

op
er

at
or

(S
+
λ

)−
1

b
ec

om
es

.
In

th
e

fo
ll
ow

in
g

th
eo

re
m

w
e

se
t
λ

=
λ
n

fo
r

a
se

q
u
en

ce
{λ

n
} n
∈N
⊂

(0
,∞

)
th

at
co

n
ve

rg
es

to
ze

ro
.

T
h

e
o
re

m
2

A
ss

u
m

e
th

a
t

co
n

d
it

io
n

s
(K

1
),

(K
2
),

(S
)

h
o
ld

w
it

h
r
≥

1/
2

a
n

d
th

a
t

th
e

eff
ec

-
ti

ve
d
im

en
si

o
n

a
li

ty
d
λ

is
kn

o
w

n
.

A
d
d
it

io
n

a
ll

y,
th

er
e

a
re

co
n

st
a
n

ts
C
δ
(ν

),
C
ε(
ν

),
C
ψ
>

0
a
n

d
a

se
qu

en
ce
{γ

n
} n
∈N
⊂

[0
,∞

),
γ
n
→

0,
su

ch
th

a
t

fo
r
ν
∈

(0
,1

]
a
n

d
n

su
ffi

ci
en

tl
y

la
rg

e

P
{‖
S
n
−
S
‖ L
≤
C
δ
(ν

)γ
n
}
≥

1
−
ν
/3
,

P
{ ‖

(S
+
λ
n
)−

1
/
2
(T
∗ n
y
−
S
f

)‖
H
≤
C
ε(
ν

)√
d
λ
n
γ
n

}
≥

1
−
ν
/3
,

P
{ ‖

(S
+
λ
n
)1
/
2
(S
n

+
λ
n
)−

1
/
2
‖ L
≤
C
ψ

}
≥

1
−
ν
/3
,

H
er

e
{λ

n
} n
∈N
⊂

(0
,∞

)
is

a
se

qu
en

ce
co

n
ve

rg
in

g
to

ze
ro

su
ch

th
a
t

fo
r
n

la
rg

e
en

o
u

gh

γ
n
≤
λ
r
−
1
/
2

n
.

(6
)

T
a
ke
ζ n

=
m

ax
{√

λ
n
d
λ
n
γ
n
,λ

r
+
1
/
2

n
}

D
efi

n
e

th
e

st
o
p
p
in

g
in

d
ex
a
∗

by

a
∗

=
m

in

{
1
≤
a
≤
n

:
a ∑ i=
0

‖S
n
f α̂

i
−
T
∗ n
y
‖−

2
H
≥

(C
ζ n

)−
2

}
,

(7
)
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K
e
r
n
e
l
P
a
r
t
ia
l
L
e
a
st

S
q
u
a
r
e
s
f
o
r
S
t
a
t
io
n
a
r
y
D
a
t
a

w
ith

C
=

4R
m

ax{1
,C

2ψ
,(r−

1
/2)κ

r−
3
/
2C

δ (ν
),2 −

1
/
2R
−
1C

ψ
C
ε (ν

)}
.

T
h
en

it
h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
ν

th
a
t

‖
f
α̂
a ∗ −

f
∗‖

2
=
O
{
λ
−
1
/
2

n
ζ
n }

,

‖f
α̂
a ∗ −

f‖H
=
O
{
λ
−
1

n
ζ
n }
,

w
ith

f
∗

=
T
f

.

T
h
e

co
n
d
itio

n
(6)

h
old

s
triv

ially
for

r
=

1/2
as

γ
n

con
verges

to
zero.

F
or

r
>

1/
2

th
e

seq
u
en

ce
λ
n

m
u
st

n
ot

con
verge

to
zero

arb
itrarily

fast.
In

its
g
en

eral
form

T
h
eorem

2
d
o
es

n
ot

give
im

m
ed

ia
te

in
sigh

t
in

th
e

p
rob

ab
ilistic

co
n
verg

en
ce

ra
tes

of
th

e
kern

el
p
artial

least
sq

u
ares

estim
ator.

T
h
erefo

re,
w

e
state

tw
o

co
ro

lla
ries,

w
h
ere

th
e

fu
n
ction

d
λ

is
sp

ecifi
ed

.
In

b
oth

corollaries
w

e
ex

p
licitly

sta
te

th
e

ch
o
ice

o
f

th
e

seq
u
en

ce
λ
n

th
at

y
ield

th
e

corresp
on

d
in

g
rates.

C
o
ro

lla
ry

3
A

ssu
m

e
th

a
t

th
ere

exists
s
∈

(0,1]
su

ch
th

a
t
d
λ

=
O

(λ
−
s)

fo
r
λ
→

0.
T

h
en

u
n

d
er

co
n

d
itio

n
s

o
f

T
h
eo

rem
2

w
ith

λ
n

=
γ
2
/
(2
r
+
s)

n
it

h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
ν

th
a
t

‖f
α̂
a ∗ −

f
∗‖

2
=
O
{
γ
2
r
/
(2
r
+
s)

n

}
.

P
o
ly

n
o
m

ia
l

d
ecay

of
th

e
eff

ective
d
im

en
sio

n
ality

d
λ

=
tr{

(S
+
λ

) −
1S}

o
ccu

rs
if

th
e

eigen
-

va
lu

es
of
S

a
lso

d
ecay

p
oly

n
om

ially
fast,

th
at

is,
µ
i

=
c
s i −

1
/
s

for
s
∈

(0,1],
sin

ce
in

th
is

ca
se
d
λ

=
∞∑i=
1 {

1
+
λ
/c
s i 1

/
s} −

1
=
O

(λ
−
s).

T
h
is

h
old

s,
for

ex
am

p
le,

for
th

e
S
ob

olev
ker-

n
el
k
(x
,y

)
=

m
in

(x
,y

),
x
,y
∈

[0,1]
an

d
d
ata

th
at

are
u
n
iform

ly
d
istrib

u
ted

on
[0,1],

see
R

ask
u
tti

et
al.

(2014).
If
γ
n

=
n
−
1
/
2,

th
en

th
e

K
P

L
S

estim
ator

con
verges

in
th

e
L
2 (P

X )-n
orm

w
ith

a
rate

of

n
−
r
/
(2
r
+
s).

T
h
is

rate
is

sh
ow

n
to

b
e

op
tim

al
in

C
ap

on
n
etto

an
d

d
e

V
ito

(20
07)

for
K

R
R

w
ith

in
d
ep

en
d
en

t
id

en
tically

d
istrib

u
ted

d
ata.

N
o
te

th
a
t

th
e

rate
ob

tain
ed

in
T

h
eorem

1
corresp

on
d
s

to
γ
−
2
r
/
(2
r
+
s)

n
w

ith
s

=
1,

i.e.,
th

e
w

o
rst

case
rate

w
ith

resp
ect

to
th

e
p
aram

eter
s∈

(0,1].
In

th
e

n
ex

t
corollary

to
T

h
eorem

2
w

e
assu

m
e

th
at

th
e

eff
ective

d
im

en
sion

a
lity

b
eh

aves
in

a
lo

g
a
rith

m
ic

fash
ion

.

C
o
ro

lla
ry

4
L

et
d
λ

=
O
{log

(1
+
a
/
λ

)}
fo

r
λ
→

0
a
n

d
a
>

0.
T

h
en

u
n

d
er

th
e

co
n

d
itio

n
s

o
f

T
h
eo

rem
2

w
ith

λ
n

=
γ
2n

log{
γ
−
2

n
}

a
n

d
r

=
1/

2
it

h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
ν

th
a
t

‖
f
α̂
a ∗ −

f
∗‖

2
=
O
{
γ
n

log
(1/2

γ
−
2

n
) }
.

T
h
e

eff
ective

d
im

en
sion

ality
takes

th
e

sp
ecial

form
con

sid
ered

in
th

is
corollary,

for
ex

a
m

p
le,

w
h
en

th
e

eig
en

valu
es

of
S

d
ecay

ex
p

on
en

tially
fast.

T
h
is

h
old

s,
for

ex
am

p
le,

if
th

e
d
ata

a
re

G
a
u
ssia

n
a
n
d

th
e

G
au

ssian
kern

el
is

u
sed

,
see

S
ection

A
.

If
γ
n

=
O

(n
−
1
/
2),

th
en

th
e

co
n
verg

en
ce

ra
te

is
of

ord
er
O
{n
−
1

log
(n

)}
,

w
h
ich

is
n
early

p
a
ram

etric.
It

is
n
otew

orth
y

th
at

th
e

so
u
rce

con
d
ition

on
ly

im
p
acts

th
e

ch
o
ice

of
th

e
seq

u
en

ce
λ
n
,

n
ot

th
e

con
vergen

ce
ra

tes
o
f

th
e

estim
ator

in
th

eL
2 (P

X )-n
orm

.
T

h
erefore,

w
e

stated
th

e
corollary

for
r

=
1/2,
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S
in
g
e
r
,
K
r
iv
o
b
o
k
o
v
a
a
n
d

M
u
n
k

w
h
ich

is
a

m
in

im
al

sm
o
oth

n
ess

con
d
ition

on
f
∗,

i.e.,
th

a
t
f
∗

=
T
f

alm
ost

su
rely

for
an

f
∈
H

.

T
h
e

rates
ob

tain
ed

in
C

orollaries
3

an
d

4
for

γ
n

=
n
−
1
/
2

w
ere

d
erived

in
D

icker
et

al.
(2017)

for
kern

el
rid

ge
regression

an
d

kern
el

p
rin

cip
al

com
p

on
en

t
regression

u
n
d
er

th
e

as-
su

m
p
tion

of
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

d
ata.

4
.

C
o
n
ce

n
tra

tio
n

In
e
q
u
a
litie

s
fo

r
G

a
u
ssia

n
T

im
e

S
e
rie

s

C
ru

cial
assu

m
p
tion

s
of

T
h
eorem

1
an

d
2

are
th

e
con

cen
tration

in
eq

u
alities

for
S
n

an
d

T
∗n y

an
d

con
v
ergen

ce
of

th
e

seq
u
en

ce
{
γ
n }

n∈
N

.
H

ere
w

e
estab

lish
su

ch
in

eq
u
alities

in
a

G
au

ssian
settin

g
for

station
ary

tim
e

series.
A

t
th

e
en

d
o
f

th
is

section
w

e
w

ill
state

ex
p
licit

con
vergen

ce
rates

for
f
α̂
a ∗

th
at

d
ep

en
d

n
ot

on
ly

on
th

e
sou

rce
p
aram

eter
r
≥

1
/2

an
d

th
e

eff
ective

d
im

en
sion

ality
d
λ ,

b
u
t

also
on

th
e

p
ersisten

ce
of

th
e

d
ep

en
d
en

ce
in

th
e

d
ata.

T
h
e

G
au

ssian
settin

g
is

su
m

m
arized

in
th

e
follow

in
g

assu
m

p
tion

s

(D
1)

(X
h ,X

0 )
T
∼
N

2
d (0,Σ

h ),
h

=
1,...,n

−
1,

w
ith

Σ
h

=

[
τ
0

τ
h

τ
h

τ
0 ]⊗

Σ
.

H
ere

Σ
∈

R
d×
d

an
d
V

=
[τ|i−

j| ] ni,j=
1
∈

R
n×

n
are

p
ositive

d
efi

n
ite,

sy
m

m
etric

m
a-

trices
an

d
⊗

d
en

otes
th

e
K

ron
ecker

p
ro

d
u
ct

b
etw

een
m

atrices.
F

u
rth

erm
ore

X
0
∼

N
d (0,τ

0 Σ
).

(D
2)

F
or

th
e

au
to

correlation
fu

n
ction

ρ
h

=
τ −

1
0
τ
h

th
ere

ex
ists

a
q
>

0
su

ch
th

at
|ρ
h |≤

(h
+

1) −
q

for
h

=
0,...,n

−
1.

C
on

d
ition

(D
1)

is
a

sep
arab

ility
con

d
ition

fo
r

th
e

covarian
ce

m
atrices

Σ
h ,
h

=
0,...,n

−
1.

D
u
e

to
(D

1)
th

e
eff

ects
(on

th
e

covarian
ce)

over
tim

e
an

d
b

etw
een

th
e

d
iff

eren
t

variab
les

can
b

e
treated

sep
arately.

U
n
d
er

con
d
ition

(D
2)

it
is

easy
to

see
th

at
from

q
>

1
follow

s
th

e
ab

solu
te

su
m

m
ab

ility
of

th
e

au
to

correlation
fu

n
ction

ρ
an

d
th

u
s{
X
t }
t∈

Z
is

a
sh

ort
m

em
ory

p
ro

cess.
S
tation

ary
sh

ort
m

em
ory

p
ro

cesses
k
eep

m
an

y
o
f

th
e

p
rop

erties
of

in
d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

d
ata,

see,
e.g.,

B
ro

ck
w

ell
an

d
D

av
is

(1991).

O
n

th
e

oth
er

h
an

d
q
∈

(0,1]
y
ield

s
a

lon
g

m
em

ory
p
ro

cess,
see,

e.g.,
D

efi
n
ition

3.1.2
in

G
iraitis

et
al.

(2012).
E

x
am

p
les

of
lon

g
m

em
ory

p
ro

cesses
a
re

th
e

fraction
al

G
au

ssian
n
oise

w
ith

an
au

to
correlation

fu
n
ction

th
at

b
eh

aves
like

(h
+

1) −
2
(1−

H
),

w
ith

H
∈

[0,1)
b

ein
g

th
e

H
u
rst

co
effi

cien
t.

S
tation

ary
lon

g
m

em
ory

p
ro

cesses
ex

h
ib

it
d
ep

en
d
en

cies
b

etw
een

ob
servation

s
th

at
are

m
ore

p
ersisten

t,
an

d
m

an
y

statistical
resu

lts
th

at
h
old

for
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

d
ata,

tu
rn

ou
t

to
b

e
false.

S
ee

S
am

oro
d
n
itsk

y
(2007)

for
m

ore
d
etails.

T
h
e

n
ex

t
th

eorem
gives

con
cen

tration
in

eq
u
alities

for
b

oth
estim

ators
S
n

an
d
T
∗n y

in
a

G
au

ssian
settin

g
w

ith
con

vergen
ce

rates
d
ep

en
d
in

g
on

th
e

p
a
ram

eter
q
>

0.
T

h
ese

in
eq

u
alities

are
th

e
on

es
n
eed

ed
in

T
h
eorem

1
an

d
T

h
eorem

2.
R

ecall
th

at
d
λ

=
tr{

(S
+

λ
) −

1S}
d
en

otes
th

e
eff

ective
d
im

en
sion

ality
of
S

.
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K
e
r
n
e
l
P
a
r
t
ia
l
L
e
a
st

S
q
u
a
r
e
s
f
o
r
S
t
a
t
io
n
a
r
y
D
a
t
a

T
h

e
o
re

m
5

(i
)

D
efi

n
e

d
µ
h
(x
,y

)
=

d
P
X
h
,X

0
(x
,y

)
−

d
P
X

0
(x

)d
P
X

0
(y

).
U

n
d
er

A
ss

u
m

p
ti

o
n

s
(K

1
)

a
n

d
(K

2
)

it
h
o
ld

s
fo

r
ν
∈

(0
,1

]
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
ν

th
a
t

‖S
n
−
S
‖2 L
≤

2ν
−
1

n
2

n
−
1

∑ h
=
1

(n
−
h

)

∫ R
2
d

k
2
(x
,y

)d
µ
h
(x
,y

)
+
ν
−
1

n

[ E
{k

2
(X

0
,X

0
)}
−
‖S
‖2 H

S

] ,

‖T
∗ n
y
−
S
f
‖2 H
≤

2ν
−
1

n
2

n
−
1

∑ h
=
1

(n
−
h

)

∫ R
2
d

k
(x
,y

)f
(x

)f
(y

)d
µ
h
(x
,y

)

+
ν
−
1

n

[ E
{ k

(X
0
,X

0
)f

2
(X

0
)}
−
‖S
f
‖2 H

+
σ
2
E
{k

2
(X

0
,X

0
)}
] .

(i
i)

A
ss

u
m

e
th

a
t

a
d
d
it

io
n

a
ll

y
to

(K
1
),

(K
2
)

a
ls

o
(D

1
),

(D
2
)

fo
r
q
>

0
a
re

fu
lfi

ll
ed

.
D

en
o
te
M

=
su

p
x
∈R

d
|f

(x
)|.

T
h
en

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C

(q
)
>

0
su

ch
th

a
t

‖S
n
−
S
‖ L
≤
ν
−
1
/
2
{γ

2 n
(q

)κ
C
γ

+
n
−
1
(κ

2
−
‖S
‖2 H

S
)}

1
/
2
,

‖T
∗ n
y
−
S
f
‖ H
≤
ν
−
1
/
2
[ γ

2 n
(q

)M
C
γ

+
n
−
1
{ κ

(M
+
σ
2
)
−
‖S
f
‖2 H
}]

1
/
2
,

fo
r
C
γ

=
C
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h
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=
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d
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ra
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=
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e
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w
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u
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h
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r
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p
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b
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b
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d
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d
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b
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d
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b
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b
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b
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b
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e
ro

ot
m

ea
n

sq
u
ar

ed
d
ev

ia
ti

on
y t

b
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ra
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b
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p
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h
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d
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∈
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∈
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]
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]
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]
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∑
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]
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=
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]
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]

1
,i

) 1
/
2
( x

[r
]
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∈

[0
,x

[r
]

1
,i
],
i

=
1
,.
..
,n

.

T
h
en

it
h
o
ld

s
fo

r
u
≥
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=
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:
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p
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≥
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=
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p
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≥
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+
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p
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=
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−
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<
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+
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−
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−
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−
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−
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−
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=
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.
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=
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k ′′ }]

≤
κ
2tr

2{
(S

+
λ

) −
1S}

=
κ
2d

2λ .
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d
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√
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p
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p
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=
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−
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Σ )}

−
1 (

xy ) ]
.

D
en

o
te
G
−
1

=
2Σ
−
1

h
−
τ −

1
0

(
Σ

0
0

Σ )
.
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=
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=
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=
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d
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=
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f‖

2H
≤
ν −

1E‖T
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t ⊗
k
t )(k

s ⊗
k
s )}

]−
2E

[tr{(k
0 ⊗

k
0 )S}]+

‖S‖
2H
S )
.

F
or

th
e

fi
rst

su
m

m
an

d
w

e
get

E
[tr{(k

t ⊗
k
t )(k

s ⊗
k
s )}]

=
E{k

2(X
t ,X

s )},
d
u
e

to
L

em
m

a
17(i).

U
sin

g
th

e
station

arity
of{X

t }
nt=
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−
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{∥∥∥
(S

+
λ

) −
1
/
2T
∗n ε ∥∥∥
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0 ‖
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0 ⊗
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t ⊗
k
t −

S
)(k

s ⊗
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0 ⊗
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‖(
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−
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∈
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√
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→
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rä

m
er
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√
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∈
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=
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=
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⊂
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n
es

s
is

of
co

u
rs

e
im

p
os

si
b
le

to
d
efi

n
e.

”
T

h
e

p
op

u
la

r
d
efi

n
it

io
n

w
h
ic

h
al

so
in

d
ic

at
es

th
e

m
ai

n
d
ir

ec
ti

on
s

of
re

se
ar

ch
in

th
is

a
re

a
is

d
u
e

to
B

er
ge

r
(1

99
4)

:
“R

ob
u
st

B
ay

es
ia

n
an

al
y
si

s
is

th
e

st
u
d
y

of
th

e
se

n
si

ti
v
it

y
of

B
ay

es
ia

n
a
n
sw

er
s
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R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

to
u
n
certa

in
in

p
u
ts.

T
h
ese

u
n
certain

in
p
u
ts

are
ty

p
ically

th
e

m
o
d
el,

p
rior

d
istrib

u
tion

,
or

u
tility

fu
n
ctio

n
,

or
som

e
com

b
in

ation
th

ereof.”
N

otab
le

w
ork

s
on

rob
u
stn

ess
of

B
ay

esian
p
ro

ced
u
res

to
m

o
d
el

m
issp

ecifi
cation

in
clu

d
e

D
ok

su
m

an
d

L
o

(1990)
an

d
H

off
(2007)

th
at

in
vestiga

te
m

eth
o
d
s

b
ased

on
con

d
ition

in
g

on
p
artial

in
form

ation
,

a
s

w
ell

as
a

m
ore

recen
t

p
a
p

er
b
y

M
iller

an
d

D
u
n
son

(2015)
w

h
o

in
tro

d
u
ced

th
e

n
otion

of
th

e
“coarsen

ed
”

p
osterior;

h
ow

ev
er,

its
b

eh
av

ior
in

th
e

p
resen

ce
of

ou
tliers

is
n
ot

ex
p
licitly

ad
d
ressed

.
O

u
tliers

are
ty

p
ica

lly
a
cco

m
m

o
d
ated

b
y

eith
er

em
p
loy

in
g

h
eav

y
-tailed

likelih
o
o
d
s

(e.g.,
S
ven

sen
an

d
B

ish
op

,
2
0
0
5)

or
b
y

attem
p
tin

g
to

id
en

tify
an

d
rem

ove
th

em
as

a
fi
rst

step
(as

in
B

ox
a
n
d

T
ia

o
,

1
9
68

or
B

ayarri
an

d
B

erger,
1994).

T
h
e

co
m

m
on

assu
m

p
tion

in
th

e
B

ayesian
litera

tu
re

is
th

a
t

th
e

d
istrib

u
tion

of
th

e
ou

tliers
can

b
e

m
o
d
eled

(e.g.,
u
sin

g
a
t-d

istrib
u
tion

,
co

n
ta

m
in

a
tio

n
b
y

a
larger

varian
ce

p
aram

etric
d
istrib

u
tion

,
etc).

In
th

is
p
ap

er,
w

e
in

stead
b
y
p
a
ss

th
e

n
eed

to
p
lace

a
m

o
d
el

on
th

e
ou

tliers
a
n
d

d
o

n
ot

req
u
ire

th
eir

rem
oval

p
rior

to
a
n
a
ly

sis;
sim

ilar
ap

p
roach

h
as

p
rev

iou
sly

b
een

ad
vo

cated
b
y

H
o
oker

an
d

V
id

yash
an

kar
(2

0
1
4
).

W
e

b
a
se

in
feren

ce
on

th
e

m
ed

ia
n

po
sterio

r,
w

h
ose

rob
u
stn

ess
can

b
e

form
ally

an
d

p
recisely

q
u
an

tifi
ed

in
term

s
of

con
cen

tration
p
rop

erties
arou

n
d

th
e

tru
e

d
elta

m
easu

re
u
n
d
er

th
e

p
o
ten

tial
in

fl
u
en

ce
of

ou
tliers

an
d

con
tam

in
ation

s
of

arb
itrary

n
atu

re.

A
lso

releva
n
t

is
th

e
recen

t
p
rogress

in
scalab

le
B

ayesian
algorith

m
s.

M
ost

m
eth

o
d
s

d
esig

n
ed

fo
r

d
istrib

u
ted

com
p
u
tin

g
sh

are
a

com
m

on
featu

re:
th

ey
effi

cien
tly

u
se

th
e

d
ata

su
b
set

ava
ila

b
le

to
a

sin
gle

m
ach

in
e

an
d

com
b
in

e
th

e
“lo

cal”
resu

lts
for

“glo
b
al”

learn
in

g,
w

h
ile

m
in

im
izin

g
co

m
m

u
n
ication

am
on

g
clu

ster
m

ach
in

es
(S

m
ola

an
d

N
arayan

am
u
rth

y
,
20

10).
A

w
id

e
va

riety
o
f

op
tim

ization
-b

ased
ap

p
roach

es
are

availab
le

for
d
istrib

u
ted

learn
in

g
(B

oy
d

et
a
l.,

2
0
1
1);

h
ow

ever,
th

e
n
u
m

b
er

of
sim

ilar
B

ay
esian

m
eth

o
d
s

is
lim

ited
.

O
n
e

of
th

e
rea

so
n
s

fo
r

th
is

lim
itation

is
th

at
B

ayesian
ap

p
roach

es
ty

p
ica

lly
req

u
ire

an
ap

p
rox

im
ation

to
th

e
fu

ll
p

o
sterior

d
istrib

u
tion

in
stead

of
ju

st
a

p
oin

t
estim

ate
of

p
aram

eters.

S
evera

l
m

a
jo

r
a
p
p
roach

es
ex

ist
for

scalab
le

B
ay

esian
learn

in
g

in
a

d
istrib

u
ted

settin
g.

T
h
e

fi
rst

a
p
p
ro

a
ch

in
d
ep

en
d
en

tly
evalu

ates
th

e
likelih

o
o
d

for
each

d
ata

su
b
set

across
m

u
ltip

le
m

a
ch

in
es

a
n
d

retu
rn

s
th

e
likelih

o
o
d
s

to
a

“m
aster”

m
ach

in
e,

w
h
ere

th
ey

are
ap

p
rop

riately
co

m
b
in

ed
w

ith
th

e
p
rior

u
sin

g
con

d
ition

al
in

d
ep

en
d
en

ce
assu

m
p
tion

s
of

th
e

p
rob

ab
ilistic

m
o
d
el.

T
h
ese

tw
o

step
s

are
rep

eated
at

ev
ery

M
C

M
C

iteration
(see

S
m

o
la

an
d

N
arayan

a-
m

u
rth

y
,

2
0
1
0
;

A
garw

al
an

d
D

u
ch

i,
2012).

T
h
is

ap
p
roach

is
p
rob

lem
-sp

ecifi
c

an
d

in
volv

es
ex

ten
sive

co
m

m
u
n
ication

am
on

g
m

ach
in

es.
T

h
e

secon
d

ap
p
roach

u
ses

a
so-called

sto
ch

astic
a
p
p
rox

im
a
tio

n
(S

A
)

an
d

su
ccessiv

ely
learn

s
“n

oisy
”

ap
p
rox

im
ation

s
to

th
e

fu
ll

p
osterio

r
d
is-

trib
u
tio

n
u
sin

g
d
ata

in
sm

all
m

in
i-b

atch
es.

A
grou

p
of

m
eth

o
d
s

b
ased

on
th

is
ap

p
roach

u
ses

sa
m

p
lin

g
-b

a
sed

tech
n
iq

u
es

to
ex

p
lore

th
e

p
osterior

d
istrib

u
tion

th
rou

gh
m

o
d
ifi

ed
H

am
ilto-

n
ia

n
o
r

L
a
n
g
ev

in
d
y
n
am

ics
(e.g.,

W
ellin

g
an

d
T

eh
,

20
11;

A
h
n

et
al.,

2012;
K

orattikara
et

a
l.,

2
01

3
).

U
n
fortu

n
ately,

th
ese

m
eth

o
d
s

fail
to

accom
m

o
d
ate

d
iscrete-valu

ed
p
ara

m
eters

a
n
d

m
u
ltim

o
d
a
lity.

A
n
oth

er
su

b
grou

p
of

m
eth

o
d
s

u
ses

d
eterm

in
istic

varia
tion

al
ap

p
rox

i-
m

a
tio

n
s

a
n
d

learn
s

th
e

variation
al

p
aram

eters
of

th
e

ap
p
rox

im
ated

p
osterior

th
rou

gh
an

o
p
tim

iza
tio

n
-b

a
sed

ap
p
roach

(see
W

an
g

et
al.,

2011;
H

off
m

an
et

al.,
2013;

B
ro

d
erick

et
al.,

2
0
1
3
).

A
lth

o
u
g
h

th
ese

tech
n
iq

u
es

often
h
ave

ex
cellen

t
p
red

ictive
p

erform
an

ce,
it

is
w

ell
k
n
ow

n
(B

ish
o
p
,

2006)
th

at
variation

al
m

eth
o
d
s

ten
d

to
su

b
stan

tially
u
n
d
erestim

ate
p

oste-
rio

r
u
n
certain

ty
an

d
p
rov

id
e

a
p

o
or

ch
aracterization

of
p

osterior
d
ep

en
d
en

ce,
w

h
ile

lack
in

g
th

eo
retica

l
g
u
a
ran

tees.
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M
in
sk

e
r
e
t
a
l
.

O
u
r

ap
p
roach

in
stead

falls
in

a
class

of
m

eth
o
d
s

w
h
ich

avoid
ex

ten
sive

com
m

u
n
ication

am
on

g
m

ach
in

es
b
y

ru
n
n
in

g
in

d
ep

en
d
en

t
M

C
M

C
ch

ain
s

for
each

d
ata

su
b
set

an
d

ob
tain

-
in

g
d
raw

s
from

su
b
set

p
osteriors.

T
h
ese

su
b
set

p
osteriors

can
b

e
com

b
in

ed
in

a
variety

of
w

ay
s.

S
om

e
of

th
ese

m
eth

o
d
s

sim
p
ly

average
d
raw

s
from

each
su

b
set

(S
cott

et
al.,

2013).
O

th
er

altern
ativ

es
u
se

an
ap

p
rox

im
ation

to
th

e
fu

ll
p

osterio
r

d
istrib

u
tion

b
ased

on
kern

el
d
en

sity
estim

ates
(N

eisw
an

ger
et

al.,
2013)

o
r

th
e

so-ca
lled

W
eierstrass

tran
sform

(W
an

g
an

d
D

u
n
son

,
2013).

T
h
ese

m
eth

o
d
s

h
ave

lim
itation

s
related

to
th

e
d
im

en
sion

of
th

e
p
aram

-
eter,

m
oreover,

th
eir

ap
p
licab

ility
an

d
th

eoretical
ju

stifi
cation

are
restricted

to
p
aram

etric
m

o
d
els.

U
n
like

th
e

m
eth

o
d

p
rop

osed
b

elow
,

n
on

e
of

th
e

aforem
en

tion
ed

algorith
m

s
are

p
rovab

ly
rob

u
st.

A
n
oth

er
closely

related
m

eth
o
d

is
th

e
so-called

W
A

S
P

(S
rivastava

et
al.,

2015b
).

It
is

scala
b
le

b
u
t

still
lack

s
rob

u
stn

ess
gu

aran
tees.

O
u
r

w
ork

w
as

in
sp

ired
b
y

recen
t

m
u
ltivariate

m
ed

ian
-b

ased
tech

n
iq

u
es

for
rob

u
st

estim
ation

d
evelop

ed
in

M
in

sker
(2015)

(see
also

H
su

an
d

S
ab

ato,
2013;

A
lon

et
al.,

1996;
L

erasle
an

d
O

liveira,
2011;

N
em

irov
sk

ĭı
an

d
D

av
id

,
1983

w
h
ere

sim
ilar

id
eas

w
ere

ap
p
lied

in
d
iff

eren
t

fram
ew

ork
s).

2
.
P
re
lim

in
a
rie

s

W
e

p
ro

ceed
b
y

recallin
g

k
ey

d
efi

n
ition

s
an

d
facts

w
h
ich

w
ill

b
e

u
sed

th
rou

gh
ou

t
th

e
p
ap

er,
follow

ed
b
y

th
e

d
efi

n
ition

of
th

e
M

-P
osterior

d
istrib

u
tion

in
S
ection

2
.4.

2
.1

N
o
ta

tio
n

In
w

h
at

follow
s,‖·‖

2
d
en

otes
th

e
stan

d
ard

E
u
clid

ean
d
istan

ce
in

R
p

an
d
〈·,·〉R

p
th

e
asso-

ciated
d
ot

p
ro

d
u
ct.

G
iven

a
totally

b
o
u
n
d
ed

m
etric

sp
a
ce

(Y
,d

),
th

e
p
ack

in
g

n
u
m

b
er
M

(ε,Y
,d

)
is

th
e

m
ax

im
al

n
u
m

b
er
N

su
ch

th
at

th
ere

ex
ist

N
d
isjo

in
t
d
-b

alls
B

1 ,...,B
N

of
rad

iu
s
ε

con
tain

ed
in

Y
,

i.e.,
N⋃j=

1
B
j ⊆

Y
.

L
et{p

θ ,
θ
∈

Θ
}

b
e

a
fam

ily
of

p
rob

ab
ility

d
en

sity
fu

n
ction

s
on

R
p.

L
et
l,u

:R
p7→

R
+

b
e

tw
o

fu
n
ction

s
su

ch
th

at
l(x

)≤
u

(x
)

for
ev

ery
x
∈
R
p

an
d
d

2(l,u
)

:=
∫R
p ( √

u−
√
l)

2(x
)d
x
<
∞

.

A
b
racket

[l,u
]

con
sists

of
all

fu
n
ction

s
g

:R
p
7→

R
su

ch
th

at
l(x

)
≤
g
(x

)
≤
u

(x
)

for
all

x
∈

R
p.

F
or
A
⊆

Θ
,

th
e

b
racketin

g
n
u
m

b
er
N

[] (ε,A
,d

)
is

d
efi

n
ed

as
th

e
sm

allest
n
u
m

b
er

N
su

ch
th

at
th

ere
ex

ist
N

b
rackets

[li ,u
i ],

i
=

1
,...,N

satisfy
in

g
{
p
θ ,
θ
∈
A}
⊆

N⋃i=
1 [li ,u

i ]

an
d
d
(li ,u

i )≤
ε

for
all

1
≤
i≤

N
.

F
or
y
∈
Y

,
δ
y

d
en

otes
th

e
D

irac
m

easu
re

con
cen

trated
at
y
.

In
oth

er
w

ord
s,

for
an

y
B

o
rel-

m
easu

rab
le
B

,
δ
y (B

)
=
I{
y
∈
B
}
,

w
h
ere

I{·}
is

th
e

in
d
icator

fu
n
ction

.

W
e

w
ill

say
th

at
k

:Y
×

Y
7→

R
is

a
kern

el
if

it
is

a
sy

m
m

etric,
p

ositive
d
efi

n
ite

fu
n
ction

.
A

ssu
m

e
th

at
(H
,〈·,·〉H

)
is

a
rep

ro
d
u
cin

g
kern

el
H

ilb
ert

sp
a
ce

(R
K

H
S
)

of
fu

n
ction

s
f

:Y
7→

4
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R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

R
.

T
h
en

k
is

a
re

p
ro

d
u

ci
n

g
ke

rn
el

fo
r
H

if
fo

r
an

y
f
∈

H
an

d
y
∈

Y
,
〈f
,k

(·,
y
)〉

H
=
f

(y
)

(s
ee

A
ro

n
sz

a
jn

,
19

50
fo

r
d
et

ai
ls

).

F
or

a
sq

u
ar

e-
in

te
gr

ab
le

fu
n
ct

io
n
f
∈
L

2
(R

p
),
f̂

st
an

d
s

fo
r

it
s

F
o
u
ri

er
tr

an
sf

or
m

.
F

or
x
∈
R

,
bx
c

d
en

ot
es

th
e

la
rg

es
t

in
te

ge
r

n
ot

gr
ea

te
r

th
an

x
.

F
in

al
ly

,
gi

ve
n

tw
o

n
on

n
eg

at
iv

e
se

q
u
en

ce
s
{a

n
}

an
d
{b
n
},

w
e

w
ri

te
a
n
.
b n

if
a
n
≤
C
b n

fo
r

so
m

e
C
>

0
an

d
al

l
n

.
O

th
er

ob
je

ct
s

an
d

d
efi

n
it

io
n
s

ar
e

in
tr

o
d
u
ce

d
in

th
e

co
u
rs

e
of

ex
p

os
it

io
n

w
h
en

n
ec

es
si

ty
ar

is
es

.

2
.2

G
e
n

e
ra

li
z
a
ti

o
n

s
o
f

th
e

U
n

iv
a
ri

a
te

M
e
d

ia
n

L
et

Y
b

e
a

n
or

m
ed

sp
ac

e
w

it
h

n
or

m
‖·
‖,

an
d

le
t
µ

b
e

a
p
ro

b
ab

il
it

y
m

ea
su

re
on

(Y
,‖
·‖

)
eq

u
ip

p
ed

w
it

h
B

or
el
σ

-a
lg

eb
ra

.
D

efi
n
e

th
e

ge
o
m

et
ri

c
m

ed
ia

n
of
µ

b
y

x
∗

=
ar

gm
in

y
∈Y

∫ Y
(‖
y
−
x
‖−
‖x
‖)
µ

(d
x

).

In
th

is
p
ap

er
,

w
e

fo
cu

s
on

th
e

sp
ec

ia
l

ca
se

w
h
en

µ
is

a
u
n
if

or
m

d
is

tr
ib

u
ti

on
on

a
fi
n
it

e
co

ll
ec

ti
on

of
at

om
s
x

1
,.
..
,x

m
∈
Y

,
so

th
at

x
∗

=
m

ed
g
(x

1
,.
..
,x

m
)

:=
ar

gm
in

y
∈Y

m ∑ j=
1

‖y
−
x
j
‖.

(1
)

T
h
e

ge
om

et
ri

c
m

ed
ia

n
ex

is
ts

u
n
d
er

ra
th

er
ge

n
er

al
as

su
m

p
ti

on
s;

fo
r

ex
am

p
le

,
if

Y
is

a
H

il
b

er
t

sp
ac

e
(t

h
is

ca
se

w
il
l

b
e

ou
r

m
ai

n
fo

cu
s;

m
or

e
ge

n
er

al
co

n
d
it

io
n
s

w
er

e
ob

ta
in

ed
b
y

K
em

p
er

m
an

,
19

87
).

M
or

eo
ve

r,
it

is
w

el
l-

k
n
ow

n
th

at
in

th
is

si
tu

at
io

n
x
∗
∈

co
(x

1
,.
..
,x

m
)—

th
e

co
n
ve

x
h
u
ll

of
x

1
,.
..
,x

m
(m

ea
n
in

g
th

at
th

er
e

ex
is

t
n
on

n
eg

at
iv

e
α
j
,
j

=
1
..
.m

,
m ∑ j=

1
α
j

=

1
su

ch
th

at
x
∗

=
m ∑ j=

1
α
j
x
j
).

A
n
ot

h
er

u
se

fu
l

ge
n
er

al
iz

at
io

n
of

th
e

u
n
iv

ar
ia

te
m

ed
ia

n
is

d
efi

n
ed

as
fo

ll
ow

s.
L

et
(Y
,d

)
b

e
a

m
et

ri
c

sp
ac

e
w

it
h

m
et

ri
c
d
,
an

d
x

1
,.
..
,x

k
∈
Y

.
D

efi
n
e
B
∗

to
b

e
th

e
d
-b

al
l
of

m
in

im
al

ra
d
iu

s
su

ch
th

at
it

is
ce

n
te

re
d

at
on

e
of
{x

1
,.
..
,x

m
}

an
d

co
n
ta

in
s

at
le

as
t

h
al

f
of

th
es

e
p

oi
n
ts

.
T

h
en

th
e

m
ed

ia
n

m
ed

0
(x

1
,.
..
,x

m
)

of
x

1
,.
..
,x

m
is

th
e

ce
n
te

r
of
B
∗.

In
ot

h
er

w
or

d
s,

le
t

ε ∗
:=

in
f
{ ε

>
0

:
∃j

=
j(
ε)
∈
{1
,.
..
,m
}

an
d
I
(j

)
⊂
{1
,.
..
,m
}

su
ch

th
a
t

(2
)

|I
(j

)|
>
m 2

an
d
∀i
∈
I
(j

),
d
(x
i,
x
j
)
≤

2ε
} ,

j ∗
:=

j(
ε ∗

),
w

h
er

e
ti

es
ar

e
b
ro

ke
n

ar
b
it

ra
ri

ly
,

a
n
d

se
t

x
∗

=
m

ed
0
(x

1
,.
..
,x

m
)

:=
x
j ∗
.

(3
)

W
e

w
il
l

sa
y

th
at
x
∗

is
th

e
m

et
ri

c
m

ed
ia

n
of
x

1
,.
..
,x

m
.

N
ot

e
th

at
x
∗

al
w

ay
s

b
el

on
g
s

to
{x

1
,.
..
,x

m
}

b
y

d
efi

n
it

io
n
.

A
d
va

n
ta

g
es

of
th

is
d
efi

n
it

io
n

ar
e

it
s

ge
n
er

al
it

y
(o

n
ly

m
et

ri
c

sp
ac

e
st

ru
ct

u
re

is
as

su
m

ed
)

an
d

si
m

p
li
ci

ty
of

n
u
m

er
ic

al
ev

al
u
at

io
n

si
n
ce

on
ly

th
e

p
ai

rw
is

e
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M
in
sk

e
r
e
t
a
l
.

d
is

ta
n
ce

s
d
(x
i,
x
j
),
i,
j

=
1,
..
.,
m

ar
e

re
q
u
ir

ed
to

co
m

p
u
te

th
e

m
ed

ia
n
.

T
h
is

co
n
st

ru
ct

io
n

w
as

p
re

v
io

u
sl

y
em

p
lo

ye
d

b
y

N
em

ir
ov

sk
ĭı

an
d

D
av

id
(1

98
3)

in
th

e
co

n
te

x
t

o
f

st
o
ch

a
st

ic
op

ti
m

iz
at

io
n

an
d

is
fu

rt
h
er

st
u
d
ie

d
b
y

H
su

an
d

S
ab

at
o

(2
01

3)
.

A
cl

os
el

y
re

la
te

d
n
o
ti

o
n

o
f

th
e

m
ed

ia
n

w
as

u
se

d
b
y

L
op

u
h
aa

an
d

R
ou

ss
ee

u
w

(1
99

1)
u
n
d
er

th
e

n
am

e
o
f

th
e

“
m

in
im

a
l

vo
lu

m
e

el
li
p
so

id
”

es
ti

m
at

or
.

F
in

al
ly

,
w

e
re

ca
ll

an
im

p
or

ta
n
t

p
ro

p
er

ty
of

th
e

m
ed

ia
n

(s
h
ar

ed
b

ot
h

b
y

m
ed
g

a
n
d

m
ed

0
)

w
h
ic

h
st

at
es

th
at

it
tr

an
sf

or
m

s
a

co
ll
ec

ti
on

of
in

d
ep

en
d
en

t,
“w

ea
k
ly

co
n
ce

n
tr

a
te

d
”

es
ti

m
a
-

to
rs

in
to

a
si

n
gl

e
es

ti
m

at
or

w
it

h
si

gn
ifi

ca
n
tl

y
st

ro
n
ge

r
co

n
ce

n
tr

at
io

n
p
ro

p
er

ti
es

.
G

iv
en

q,
α

su
ch

th
at

0
<
q
<
α
<

1
/
2,

d
efi

n
e

a
n
on

n
eg

at
iv

e
fu

n
ct

io
n
ψ

(α
,q

)
v
ia

ψ
(α
,q

)
:=

(1
−
α

)
lo

g
1
−
α

1
−
q

+
α

lo
g
α q
.

(4
)

T
h
e

fo
ll
ow

in
g

re
su

lt
is

an
ad

ap
ta

ti
on

of
T

h
eo

re
m

3.
1

in
(M

in
sk

er
,

20
15

):

T
h

e
o
re

m
1

a
A

ss
u

m
e

th
a
t

(H
,‖
·‖

)
is

a
H

il
be

rt
sp

a
ce

a
n

d
θ 0
∈
H

.
L

et
θ̂ 1
,.
..
,θ̂
m
∈
H

be
a

co
ll

ec
ti

o
n

o
f

in
d
ep

en
d
en

t
ra

n
d
o
m

va
ri

a
bl

es
.

L
et
κ

be
a

co
n

st
a
n

t
sa

ti
sf

yi
n

g
0
≤
κ
<

1 3
.

S
u

p
po

se
ε
>

0
is

su
ch

th
a
t

fo
r

a
ll
j,

1
≤
j
≤
b(

1
−
κ

)m
c+

1
,

P
r
( ‖
θ̂ j
−
θ 0
‖
>
ε)
≤

1 7
.

(5
)

L
et
θ̂ ∗

=
m

ed
g
(θ̂

1
,.
..
,θ̂
m

)
be

th
e

ge
o
m

et
ri

c
m

ed
ia

n
o
f
{θ̂

1
,.
..
,θ̂
m
}.

T
h
en

P
r
( ‖
θ̂ ∗
−
θ 0
‖
>

1
.5

2ε
)
≤
[ e(1

−
κ

)ψ
(

3
/
7
−
κ

1
−
κ
,1
/
7
)]
−
m

.

b
A

ss
u

m
e

th
a
t

(Y
,d

)
is

a
m

et
ri

c
sp

a
ce

a
n

d
θ 0
∈

Y
.

L
et
θ̂ 1
,.
..
,θ̂
m
∈

Y
be

a
co

ll
ec

ti
o
n

o
f

in
d
ep

en
d
en

t
ra

n
d
o
m

va
ri

a
bl

es
.

L
et
κ

be
a

co
n

st
a
n

t
sa

ti
sf

yi
n

g
0
≤
κ
<

1 3
.

S
u

p
po

se
ε
>

0
is

su
ch

th
a
t

fo
r

a
ll
j,

1
≤
j
≤
b(

1
−
κ

)m
c+

1
,

P
r
( d

(θ̂
j
,θ

0
)
>
ε)
≤

1 4
.

(6
)

L
et
θ̂ ∗

=
m

ed
0
(θ̂

1
,.
..
,θ̂
m

).
T

h
en

P
r
( d

(θ̂
∗,
θ 0

)
>

3
ε)
≤
[ e(1

−
κ

)ψ
(

1
/
2
−
κ

1
−
κ
,1
/
4
)]
−
m

.

P
ro

o
f

S
ee

S
ec

ti
on

A
.1

in
th

e
ap

p
en

d
ix

.

R
e
m

a
rk

2
W

h
il

e
w

e
re

qu
ir

e
κ
<

1/
3

a
bo

ve
fo

r
cl

a
ri

ty
a
n

d
to

ke
ep

th
e

co
n

st
a
n

ts
sm

a
ll

,
w

e
p
ro

ve
a

sl
ig

h
tl

y
m

o
re

ge
n

er
a
l

re
su

lt
th

a
t

h
o
ld

s
fo

r
a
n

y
κ
<

1/
2.

6
JM

L
R

 1
8(

12
4)

:1
-4

0,
 2

01
7



R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

T
h
eo

rem
1

im
p
lies

th
at

th
e

con
cen

tration
of

th
e

geom
etric

m
ed

ian
of

in
d
ep

en
d
en

t
estim

ators
a
ro

u
n
d

th
e

“
tru

e”
p
aram

eter
valu

e
im

p
roves

geom
etrically

fast
w

ith
resp

ect
to

th
e

n
u
m

b
er

o
f

su
ch

estim
ators,

w
h
ile

th
e

estim
ation

rate
is

p
reserved

,
u
p

to
a

con
stan

t.
In

ou
r

case,
th

e
ro

le
o
f
θ̂
j ’s

w
ill

b
e

p
layed

b
y

p
osterior

d
istrib

u
tion

s
b
ased

on
d
isjoin

t
su

b
sets

of
ob

servation
s,

v
iew

ed
a
s

elem
en

ts
of

th
e

sp
ace

of
sign

ed
m

easu
res

eq
u
ip

p
ed

w
ith

a
su

itab
le

d
istan

ce.

P
a
ra

m
eter

κ
a
llow

s
tak

in
g

corru
p
ted

ob
servation

s
in

to
accou

n
t:

if
th

e
in

itia
l
sam

p
le

con
tain

s
n
o
t

m
o
re

th
a
n
bκ
m
c

ou
tliers

(of
arb

itrary
n
atu

re),
th

en
at

m
ostbκ

m
c

estim
ators

am
on

gst
{
θ

1 ,...,θ
m }

ca
n

b
e

aff
ected

b
u
t

th
eir

m
ed

ian
rem

ain
s

sta
b
le,

still
b

ein
g

close
to

th
e

u
n
k
n
ow

n
θ

0
w

ith
h
ig

h
p
rob

ab
ility.

T
o

clarify
th

e
n
otio

n
of

“rob
u
stn

ess”
th

a
t

su
ch

a
statem

en
t

p
rov

id
es,

a
ssu

m
e

th
at
θ̂

1 ,...,θ̂
m

are
con

sisten
t

estim
a
tors

of
θ

0
b
ased

on
d
isjoin

t
sam

p
les

o
f

size
n
/
m

ea
ch

.
If

nm
→
∞

,
th

en
κ
mn
→

0,
h
en

ce
th

e
b
reak

d
ow

n
p

oin
t

of
th

e
estim

ator
θ̂∗

is
0

is
g
en

era
l.

H
ow

ever,
it

is
ab

le
to

h
an

d
le

a
n
u
m

b
er

of
ou

tliers
th

at
grow

s
like

o(n
)

w
h
ile

p
reserv

in
g

co
n
sisten

cy,
w

h
ich

is
th

e
b

est
o
n
e

can
h
op

e
for

w
ith

ou
t

im
p

osin
g

an
y

ad
d
ition

al
a
ssu

m
p
tio

n
s

o
n

th
e

u
n
d
erly

in
g

d
istrib

u
tion

,
p
aram

eter
of

in
terest

or
n
atu

re
of

th
e

ou
tliers.

L
et

u
s

a
lso

m
en

tion
th

at
th

e
th

e
geom

etric
m

ed
ian

of
a

collection
of

p
oin

ts
in

a
H

ilb
ert

sp
ace

b
elo

n
g
s

to
th

e
con

vex
h
u
ll

of
th

ese
p

oin
ts.

T
h
u
s,

on
e

can
th

in
k

ab
ou

t
“d

ow
n
w

eigh
in

g”
som

e
o
b
serva

tio
n
s

(p
oten

tial
ou

tliers)
an

d
in

creasin
g

th
e

w
eigh

t
of

oth
ers,

an
d

geom
etric

m
ed

ian
g
ives

a
w

ay
to

form
alize

th
is

ap
p
roach

.
T

h
e

m
ed

ian
m

ed
0

d
efi

n
ed

in
(3)

corresp
on

d
s

to
th

e
ex

trem
e

ca
se

w
h
en

all
b
u
t

on
e

w
eigh

t
are

eq
u
al

to
0.

Its
p

oten
tial

ad
va

n
tage

lies
in

th
e

fa
ct

th
a
t

its
evalu

ation
req

u
ires

on
ly

th
e

k
n
ow

led
ge

of
p
airw

ise
d
istan

ces
d
(θ̂
i ,θ̂

j ),
i,j

=
1
,...,m

,
see

(2
).

2
.3

D
ista

n
c
e
s

B
e
tw

e
e
n

P
ro

b
a
b

ility
M

e
a
su

re
s

N
ex

t,
w

e
d
iscu

ss
th

e
sp

ecial
fam

ily
of

d
istan

ces
b

etw
een

p
rob

ab
ility

m
easu

res
th

at
w

ill
b

e
u
sed

th
ro

u
g
h
o
u
t

th
e

p
ap

er.
T

h
ese

d
istan

ces
p
rov

id
e

th
e

n
ecessary

stru
ctu

re
to

d
efi

n
e

an
d

eva
lu

a
te

m
ed

ia
n
s

in
th

e
sp

ace
of

m
easu

res,
as

d
iscu

ssed
ab

ove.
S
in

ce
on

e
of

ou
r

goals
w

as
to

d
evelo

p
com

p
u
tation

ally
effi

cien
t

tech
n
iq

u
es,

w
e

fo
cu

s
on

d
istan

ces
th

at
ad

m
it

accu
rate

n
u
m

erica
l

a
p
p
rox

im
ation

.

A
ssu

m
e

th
a
t

(X
,ρ

)
is

a
sep

arab
le

m
etric

sp
ace,

an
d

letF
=
{f

:X
7→

R}
b

e
a

collection
of

rea
l-va

lu
ed

fu
n
ction

s.
G

iven
tw

o
B

orel
p
rob

ab
ility

m
easu

res
P
,Q

o
n
X

,
d
efi

n
e

‖P
−
Q
‖F

:=
su

p
f∈F

∣∣∣∣ ∫

X
f

(x
)d

(P
−
Q

)(x
) ∣∣∣∣ .

(7)

Im
p

o
rta

n
t

sp
ecial

cases
in

clu
d
e

th
e

situ
ation

w
h
en

F
=
F
L

:=
{
f

:
Θ
7→

R
s.t.‖f‖

L
≤

1}
,

(8)

w
h
ere
‖
f‖

L
:=

su
p

x
1 6=
x
2

|f
(x

1
)−
f

(x
2
)|

ρ
(x

1
,x

2
)

is
th

e
L

ip
sch

itz
con

stan
t

of
f

.

It
is

w
ell-k

n
ow

n
(D

u
d
ley

,
2002,

T
h
eorem

11.8.2)
th

at
in

th
is

case
‖
P
−
Q
‖F

L
is

eq
u
al

to
th

e
W

a
sserstein

d
istan

ce
(also

k
n
ow

n
as

th
e

K
an

torov
ich

-R
u
b
in

stein
d
istan

ce)

d
W

1
,ρ (P

,Q
)

=
in

f {E
ρ
(X

,Y
)

:L
(X

)
=
P
,
L

(Y
)

=
Q
}
,

(9)
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M
in
sk

e
r
e
t
a
l
.

w
h
ereL

(Z
)

d
en

otes
th

e
law

of
a

ran
d
om

variab
le
Z

an
d

th
e

in
fi
m

u
m

on
th

e
righ

t
is

tak
en

over
th

e
set

of
all

join
t

d
istrib

u
tion

s
of

(X
,Y

)
w

ith
m

argin
als

P
an

d
Q

.

A
n
oth

er
fru

itfu
l

stru
ctu

re
em

erges
w

h
en
F

is
a

u
n
it

b
all

in
a

R
ep

ro
d
u
cin

g
K

ern
el

H
ilb

ert
S
p
ace

(H
,〈·,·〉H

)
w

ith
a

rep
ro

d
u
cin

g
kern

el
k

:X
×

X
7→

R
.

T
h
at

is,

F
=
F
k

:=
{f

:X
7→

R
,
‖
f‖

H
:=
√
〈f
,f〉H

≤
1}
.

(10)

L
etP

k
:=
{P

is
a

p
rob

ab
ility

m
easu

re,
∫X √

k
(x
,x

)d
P

(x
)
<
∞
},

an
d

assu
m

e
th

at
P
,Q
∈

P
k .

T
h
eorem

1
p
roven

b
y

S
rip

eru
m

b
u
d
u
r

et
al.

(2010)
im

p
lies

th
at

th
e

corresp
on

d
in

g
d
istan

ce
b

etw
een

m
easu

res
P

an
d
Q

takes
th

e
form

‖P
−
Q
‖F

k
=

∥∥∥∥ ∫

X
k
(x
,·)d

(P
−
Q

)(x
) ∥∥∥∥

H
.

(11)

It
follow

s
th

at
P
7→
∫X
k
(x
,·)d

P
(x

)
is

an
em

b
ed

d
in

g
ofP

k
in

to
th

e
H

ilb
ert

sp
ace

H
w

h
ich

can
b

e
seen

as
an

ap
p
lication

of
th

e
“kern

el
trick

”
in

ou
r

settin
g.

T
h
e

H
ilb

ert
sp

ace
stru

ctu
re

allow
s

on
e

to
u
se

fast
n
u
m

erical
m

eth
o
d
s

to
ap

p
rox

im
ate

th
e

geom
etric

m
ed

ian
,

see
S
ection

4
b

elow
.

R
e
m

a
rk

3
N

o
te

th
a
t

w
h
en

P
a
n

d
Q

a
re

d
iscrete

m
ea

su
res

(e.g.,
P

=
N

1
∑j=

1
β
j δ
z
j

a
n

d
Q

=

N
2
∑j=

1
γ
j δ
y
j ),

th
en

‖
P
−
Q
‖

2F
k

=

N
1

∑i,j=
1

β
i β
j k

(z
i ,z

j )+
(12)

N
2

∑i,j=
1

γ
i γ
j k

(y
i ,y

j )−
2

N
1

∑i=
1

N
2

∑j=
1

β
i γ
j k

(z
i ,y

j ).

In
th

is
p
ap

er,
w

e
w

ill
on

ly
con

sid
er

ch
a
ra

cteristic
kern

els,
w

h
ich

m
ean

s
th

at‖P
−
Q
‖F

k
=

0
if

an
d

on
ly

if
P

=
Q

.
It

follow
s

from
T

h
eorem

7
in

S
rip

eru
m

b
u
d
u
r

et
al.

(2010)
th

at
a

su
ffi

cien
t

con
d
ition

for
k

to
b

e
ch

aracteristic
is

its
strict

po
sitive

d
efi

n
iten

ess:
w

e
say

th
at

k
is

strictly
po

sitive
d
efi

n
ite

if
it

is
b

ou
n
d
ed

,
m

easu
rab

le,
an

d
su

ch
th

at
for

all
n
on

-zero
sign

ed
B

orel
m

easu
res

ν
∫∫

X×
X

k
(x
,y

)d
ν

(x
)d
ν

(y
)
>

0
.

W
h
en

X
=

R
p,

a
sim

p
le

su
ffi

cien
t

criterion
for

th
e

k
ern

el
k

to
b

e
ch

aracteristic
follow

s
from

T
h
eorem

9
in

S
rip

eru
m

b
u
d
u
r

et
al.

(201
0):

P
ro

p
o
sitio

n
4

L
et

X
=

R
p,

p
≥

1.
A

ssu
m

e
th

a
t
k
(x
,y

)
=
φ

(x
−
y
)

fo
r

so
m

e
bo

u
n

d
ed

,
co

n
tin

u
o
u

s,
in

tegra
ble,

po
sitive-d

efi
n

ite
fu

n
ctio

n
φ

:R
p7→

R
.

1
.

L
et
φ̂

be
th

e
F

o
u

rier
tra

n
sfo

rm
o
f
φ

.
If|φ̂

(x
)|
>

0
fo

r
a
ll
x
∈
R
p,

th
en

k
is

ch
a
ra

cter-
istic;
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b
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b
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.
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p
po

rt
ed
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th
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is
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a
ra

ct
er

is
ti
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R
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rk

5
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im
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n

t
to

m
en

ti
o
n

th
a
t

in
p
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ct
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a
l

a
p
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ca
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w
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en
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h
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p
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ic
a
l
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ea
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s
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o
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a
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ll
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o
n

o
f

M
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M
C

sa
m

p
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s
fr

o
m
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e

po
st
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io

r
d
is

tr
ib

u
ti

o
n

.
A

n
a
tu

ra
l

qu
es

ti
o
n

is
th

e
fo

ll
o
w

in
g:

if
P

a
n

d
Q

a
re

p
ro

ba
bi

li
ty

m
ea

su
re

s
o
n
R
D

a
n

d
P
m

,
Q
n

a
re

th
ei

r
em

p
ir

ic
a
l

ve
rs

io
n

s,
w

h
a
t

is
th

e
si

ze
o
f

th
e

er
ro

r

e m
,n

:=
∣ ∣ ∣‖
P
−
Q
‖ F

k
−
‖P

m
−
Q
n
‖ F

k

∣ ∣ ∣?

F
o
r

i.
i.

d
sa

m
p
le

s,
a

u
se

fu
l

a
n

d
fa

vo
ra

bl
e

fa
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is
th

a
t
e m

,n
o
ft

en
d
oe

s
n

o
t
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ep

en
d

o
n
D

:
u

n
d
er

w
ea

k
a
ss

u
m

p
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o
n

s
o
n

ke
rn

el
k

,
e m

,n
h
a
s

a
n

u
p
pe

r
bo

u
n

d
o
f

o
rd

er
m
−

1
/
2

+
n
−

1
/
2

(t
h
a
t

is
,

li
m
m
,n
→
∞

P
r
( e
m
,n
≥
C

(m
−

1
/
2

+
n
−

1
/
2
))

ca
n

be
m

a
d
e

a
rb

it
ra

ri
ly

sm
a
ll

by
ch

oo
si

n
g
C

bi
g

en
o
u

gh
,

se
e

C
o
ro

ll
a
ry

1
2

in
S

ri
pe

ru
m

bu
d
u

r
et

a
l.

,
2
0
0
9
).

O
n

th
e

o
th

er
h
a
n

d
,

th
e

bo
u

n
d

fo
r

th
e

(s
tr

o
n

ge
r)

W
a
ss

er
st

ei
n

d
is

ta
n

ce
is

n
o
t

d
im

en
si

o
n

-f
re

e
a
n

d
is

o
f

o
rd

er
m
−

1
/
(D

+
1
)

+
n
−

1
/
(D

+
1
) .

S
im

il
a
r

er
ro

r
ra

te
s

h
o
ld

fo
r

em
p
ir

ic
a
l

m
ea

su
re

s
ba

se
d

o
n

sa
m

p
le

s
fr

o
m

M
a
rk

o
v

ch
a
in

s
u

se
d

to
a
p
p
ro

xi
m

a
te

in
va

ri
a
n

t
d
is

tr
ib

u
ti

o
n

s,
in

cl
u

d
in

g
M

C
M

C
sa

m
p
le

s
(s

ee
B

o
is

sa
rd

a
n

d
L

e
G

o
u

ic
,

2
0
1
4

a
n

d
F

o
u

rn
ie

r
a
n

d
G

u
il

li
n

,
2
0
1
5
).

If
X

is
a

se
p
ar

ab
le

H
il
b

er
t

sp
ac

e
w

it
h

d
ot

p
ro

d
u
ct
〈·,
·〉 X

an
d
P

1
,P

2
ar

e
p
ro

b
ab

il
it

y
m

ea
su

re
s

w
it

h
∫ X
‖x
‖ X
d
P
i(
x

)
<
∞
,
i

=
1,

2,

it
w

il
l

b
e

u
se

fu
l

to
as

su
m

e
th

at
th

e
cl

as
s
F

is
ch

os
en

su
ch

th
at

th
e

d
is

ta
n
ce

b
et

w
ee

n
th

e
m

ea
su

re
s

is
lo

w
er

b
ou

n
d
ed

b
y

th
e

d
is

ta
n
ce

b
et

w
ee

n
th

ei
r

m
ea

n
s,

n
am

el
y

∥ ∥ ∥ ∥∫ X
x
d
P

1
(x

)
−
∫ X
x
d
P

2
(x

)∥ ∥ ∥ ∥ X
≤
C
‖P

1
−
P

2
‖ F

(1
3)

fo
r

so
m

e
ab

so
lu

te
co

n
st

an
t
C
>

0.
C

le
ar

ly
,

th
is

h
ol

d
s

if
F

co
n
ta

in
s

th
e

se
t

of
co

n
ti

n
u
ou

s
li
n
ea

r
fu

n
ct

io
n
al

s
L

=
{x
7→
〈u
,x
〉 X
,
u
∈
X
,
‖u
‖ X
≤

1/
C
},

si
n
ce

∥ ∥ ∥ ∥∫ X
x
d
P
i(
x

)∥ ∥ ∥ ∥ X
=

su
p

‖u
‖ X
≤

1

∫ X
〈x
,u
〉 X
d
P
i(
x

),
i

=
1,

2.

In
p
ar

ti
cu

la
r,

th
is

is
tr

u
e

fo
r

th
e

W
as

se
rs

te
in

d
is

ta
n
ce
d
W

1
,ρ

(·,
·)

d
efi

n
ed

w
it

h
re

sp
ec

t
to

th
e

m
et

ri
c
ρ

su
ch

th
at
ρ
(x
,y

)
≥
c 1
‖x
−
y
‖ X

.
N

ex
t,

w
e

w
il
l

st
at

e
a

si
m

p
le

su
ffi

ci
en

t
co

n
d
it

io
n

on
th

e
ke

rn
el
k
(·,
·)

fo
r

(1
3)

to
h
ol

d
fo

r
th

e
u
n
it

b
al

l
F k

.

P
ro

p
o
si

ti
o
n

6
L

et
X

be
a

se
pa

ra
bl

e
H

il
be

rt
sp

a
ce

,
k

0
:
X
×
X
7→

R
-

a
ch

a
ra

ct
er

is
ti

c
ke

rn
el

,
a
n

d
d
efi

n
e

k
(x
,y

)
:=

k
0
(x
,y

)
+
〈x
,y
〉 X
.

T
h
en

k
is

ch
a
ra

ct
er

is
ti

c
a
n

d
sa

ti
sfi

es
(1

3
)

w
it

h
C

=
1.

P
ro

o
f

L
et

H
1

an
d
H

2
b

e
tw

o
re

p
ro

d
u
ci

n
g

k
er

n
el

H
il
b

er
t

sp
ac

es
w

it
h

ke
rn

el
s
k

1
an

d
k

2

re
sp

ec
ti

ve
ly

.
It

is
w

el
l-

k
n
ow

n
(e

.g
.,

A
ro

n
sz

a
jn

,
19

50
)

th
at

th
e

sp
ac

e
co

rr
es

p
on

d
in

g
to

ke
rn

el
k

=
k

1
+
k

2
is

H
=
{f

=
f 1

+
f 2
,
f 1
∈
H

1
,
f 2
∈
H

2
}
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M
in
sk

e
r
e
t
a
l
.

w
it

h
th

e
n
or

m
‖f
‖2 H

=
in

f{
‖f

1
‖2 H

+
‖f

2
‖2 H
,
f 1

+
f 2

=
f
}.

H
en

ce
,

th
e

u
n
it

b
al

l
o
f
H

co
n
ta

in
s

th
e

u
n
it

b
al

ls
of

H
1

an
d
H

2
,

so
th

at
fo

r
an

y
p
ro

b
ab

il
it

y
m

ea
su

re
s
P
,Q

‖P
−
Q
‖ F

k
≥

m
ax
( ‖
P
−
Q
‖ F

k
1
,‖
P
−
Q
‖ F

k
2

) ,

w
h
ic

h
ea

si
ly

im
p
li
es

th
e

re
su

lt
.

T
h
e

ke
rn

el
s

of
th

e
fo

rm
k
(x
,y

)
=
k

0
(x
,y

)+
〈x
,y
〉 X

w
il
l
p
ro

ve
es

p
ec

ia
ll
y

u
se

fu
l
in

th
e

si
tu

a
ti

o
n

w
h
en

th
e

p
ar

am
et

er
of

in
te

re
st

is
fi
n
it

e-
d
im

en
si

on
al

(s
ee

S
ec

ti
on

3.
2

fo
r

d
et

a
il
s)

.

F
in

al
ly

,
w

e
re

ca
ll

th
e

d
efi

n
it

io
n

of
th

e
w

el
l-

k
n
ow

n
H

el
li
n
ge

r
an

d
to

ta
l

va
ri

a
ti

o
n

d
is

ta
n
ce

s.
A

ss
u
m

e
th

at
P

an
d
Q

ar
e

p
ro

b
ab

il
it

y
m

ea
su

re
s

on
R
D

w
h
ic

h
ar

e
ab

so
lu

te
ly

co
n
ti

n
u
o
u
s

w
it

h
re

sp
ec

t
to

L
eb

es
gu

e
m

ea
su

re
w

it
h

d
en

si
ti

es
p

an
d
q

re
sp

ec
ti

ve
ly

.
T

h
en

th
e

H
el

li
n
g
er

d
is

ta
n
ce

b
et

w
ee

n
P

an
d
Q

is
gi

v
en

b
y

h
(P
,Q

)
:=

√
1 2

∫ R
D

( √
p
(x

)
−
√
q(
x

)) 2
d
x
.

T
h
e

to
ta

l
va

ri
at

io
n

d
is

ta
n
ce

b
et

w
ee

n
tw

o
p
ro

b
ab

il
it

y
m

ea
su

re
s

d
efi

n
ed

on
a
σ

-a
lg

eb
ra

B
is

‖P
−
Q
‖ T

V
=

su
p

B
∈B
|P

(B
)
−
Q

(B
)|.

W
e

ar
e

re
ad

y
to

in
tr

o
d
u
ce

th
e

m
ed

ia
n

po
st

er
io

r
(o

r
M

-P
os

te
ri

or
)

d
is

tr
ib

u
ti

o
n
.

2
.4

C
o
n

st
ru

c
ti

o
n

o
f

th
e

M
-P

o
st

e
ri

o
r

D
is

tr
ib

u
ti

o
n

L
et
{P

θ
,
θ
∈

Θ
}

b
e

a
fa

m
il
y

of
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

ov
er

R
D

in
d
ex

ed
b
y

Θ
.

S
u
p
p

o
se

th
at

fo
r

al
l
θ
∈

Θ
,
P
θ

is
ab

so
lu

te
ly

co
n
ti

n
u
ou

s
w

it
h

re
sp

ec
t

to
L

eb
es

gu
e

m
ea

su
re
d
x

o
n
R
D

w
it

h
d
P
θ
(·)

=
p
θ
(·)
d
x

.
In

w
h
at

fo
ll
ow

s,
w

e
eq

u
ip

Θ
w

it
h

a
m

et
ri

c
(t

h
at

w
e

w
il
l

re
fe

r
to

a
s

th
e

“H
el

li
n
ge

r
m

et
ri

c”
)

ρ
(θ

1
,θ

2
)

:=
h

(P
θ 1
,P

θ 2
),

(1
4
)

an
d

as
su

m
e

th
at

th
e

m
et

ri
c

sp
ac

e
(Θ
,ρ

)
is

se
p
ar

ab
le

.

L
et
k

b
e

a
ch

ar
ac

te
ri

st
ic

ke
rn

el
d
efi

n
ed

on
Θ
×

Θ
.

K
er

n
el
k

d
efi

n
es

a
m

et
ri

c
o
n

Θ
v
ia

ρ
k
(θ

1
,θ

2
)

:=
‖k

(·,
θ 1

)
−
k
(·,
θ 2

)‖
H

=
( k

(θ
1
,θ

1
)

+
k
(θ

2
,θ

2
)
−

2
k
(θ

1
,θ

2
)) 1

/
2
,

(1
5
)

w
h
er

e
H

is
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e
R

K
H

S
as

so
ci

at
ed

to
k
.

W
e

w
il
l

as
su

m
e

th
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(Θ
,ρ
k
)
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se

p
ar

a
b
le

.
N

o
te

th
a
t

th
e

H
el

li
n
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r
m

et
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c
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(θ

1
,θ

2
)
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a

p
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la
r
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es
p
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d
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g
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th
e

ke
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el

k
H
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,θ

2
)

:=
〈 √

p
θ 1
,√
p
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〉 L
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(d
x

)
.

A
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su
b
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q
u
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p
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to
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l
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W
h
il
e
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n
at

u
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l
m
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c
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r
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e
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m

,
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e
d
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k
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d
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n
u
m
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y.
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ea
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il
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ρ
k

th
at

ar
e

d
om

in
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b
y
ρ
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al
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p
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n
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n
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u
tion

P
0

:=
P
θ
0

for
som

e
θ

0
∈

Θ
.

B
ayesian

in
feren

ce
of
P

0
req

u
ires

sp
ecify

in
g

a
p
rior

d
istrib

u
tion

Π
over

Θ
(eq

u
ip

p
ed

w
ith

th
e

B
orel

σ
-algeb

ra
in

d
u
ced

b
y

ρ
).

T
h
e

p
o
sterior

d
istrib

u
tion

given
th

e
ob

servation
s
X
n

:=
{X

1 ,...,X
n }

is
a

ran
d
om

p
ro

b
a
b
ility

m
ea

su
re

on
Θ

d
efi

n
ed

b
y

Π
n
(B
|X
n
)

:=

∫B

∏
ni=

1
p
θ (X

i )d
Π

(θ)

∫Θ

∏
ni=

1
p
θ (X

i )d
Π

(θ)

fo
r

a
ll

B
orel

m
easu

rab
le

sets
B
⊆

Θ
.

It
is

k
n
ow

n
(see

G
h
osal

et
al.,

2000)
th

at
u
n
d
er

rath
er

g
en

era
l

a
ssu

m
p
tion

s
th

e
p

osterior
d
istrib

u
tion

Π
n

co
n

tra
cts

tow
ard

s
θ

0 ,
m

ean
in

g
th

at

Π
n
(θ
∈

Θ
:
ρ
(θ,θ

0 )≥
ε
n |X

n
)→

0

a
lm

o
st

su
rely

o
r

in
p
rob

ab
ility

as
n
→
∞

for
a

su
itab

le
seq

u
en

ce
ε
n
→

0.

O
n
e

o
f

th
e

q
u
estion

s
th

at
w

e
ad

d
ress

can
b

e
form

u
lated

as
follow

s:
w

h
a
t

h
ap

p
en

s
if

so
m

e
o
b
serva

tio
n
s

in
X
n

are
corru

p
ted

,
e.g.,

ifX
n

con
tain

s
ou

tliers
of

arb
itrary

n
atu

re
an

d
m

ag-
n
itu

d
e?

E
ven

if
th

ere
is

on
ly

on
e

ou
tlier,

th
e

u
su

al
p

osterior
d
istrib

u
tion

m
igh

t
con

cen
trate

m
o
st

o
f

its
m

ass
far

from
th

e
tru

e
valu

e
θ

0 .

W
e

p
ro

ceed
w

ith
a

gen
eral

d
escrip

tio
n

of
ou

r
p
rop

osed
algorith

m
fo

r
con

stru
ctin

g
a

rob
u
st

versio
n

o
f

th
e

p
osterior

d
istrib

u
tion

.
L

et
1
≤
m
≤
n
/2

b
e

an
in

teger.
D

iv
id

e
th

e
sam

p
leX

n

in
to
m

d
isjoin

t
grou

p
s
G

1 ,...,G
m

of
size
|G

j |≥
bn
/m
c

each
:

{
X

1 ,...,X
n }

=
m⋃j=

1

G
j ,
G
i ∩

G
l

=
∅

for
i6=

j,
|G

j |≥
bn
/m
c,
j

=
1
...m

.

A
g
o
o
d

ch
o
ice

of
m

effi
cien

tly
ex

p
loits

th
e

availab
le

com
p
u
tation

al
resou

rce
w

h
ile

en
su

rin
g

th
at

th
e

g
ro

u
p
s
G
j s

are
su

ffi
cien

tly
large.

L
et

Π
b

e
a

p
rio

r
d
istrib

u
tion

over
Θ

,
an

d
let

{
Π

(j)(·)
:=

Π
|G
j | (·|G

j ),
j

=
1,...,m

}

b
e

th
e

fam
ily

o
f

su
b
set

p
osterior

d
istrib

u
tion

s
d
ep

en
d
in

g
o
n

d
isjoin

t
su

b
grou

p
s
G
j ,
j

=
1
,...,m

:

Π
|G
j | (B
|G

j )
:=

∫B

∏
i∈
G
j
p
θ (X

i )d
Π

(θ)

∫Θ

∏
i∈
G
j
p
θ (X

i )d
Π

(θ) .

D
efi

n
e

th
e

M
-P

osterior
as

Π̂
n
,g

:=
m

ed
g (Π

(1
),...,Π

(m
)),

(16)

o
r

Π̂
n
,0

:=
m

ed
0 (Π

(1
),...,Π

(m
)),

(17)
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M
in
sk

e
r
e
t
a
l
.

w
h
ere

th
e

m
ed

ian
s

m
ed
g (·)

an
d

m
ed

0 (·)
are

evalu
ated

w
ith

resp
ect

to
‖
·‖F

L
or
‖
·‖F

k

in
tro

d
u
ced

in
S
ection

2.2
ab

ove.
N

ote
th

a
t

Π̂
n
,g

an
d

Π̂
n
,0

are
a
lw

ay
s

p
rob

ab
ility

m
easu

res:
in

d
eed

,
d
u
e

to
th

e
aforem

en
tion

ed
p
rop

erties
of

a
geom

etric
m

ed
ian

,
th

ere
ex

ists
α

1
≥

0
,...,α

m
≥

0
,

m∑j=
1
α
j

=
1

su
ch

th
at

Π̂
n
,g

=
m∑j=

1
α
j Π

(j),
an

d
Π̂
n
,0 ∈
{Π

(1
)(·),...,Π

(m
)(·)}

b
y

d
efi

n
ition

.

W
h
ile

Π̂
n
,g

an
d

Π̂
n
,0

p
ossess

several
n
ice

p
rop

erties
(su

ch
as

rob
u
stn

ess
to

ou
tliers),

in
p
ractice

th
ey

often
ov

erestim
ate

th
e

u
n
certain

ty
ab

ou
t
θ

0 ,
esp

ecially
w

h
en

th
e

n
u
m

b
er

of
grou

p
s
m

is
large:

in
d
eed

,
if

for
ex

am
p
le
θ
∈

R
a
n
d

B
ern

stein
-von

M
ises

th
eorem

h
old

s,
th

en
each

Π
|G
j | (·|G

j )
is

“ap
p
rox

im
ately

n
orm

al”
w

ith
cova

rian
ce

mn
I −

1(θ
0 )

(h
ere,

I
(θ

0 )
is

th
e

F
ish

er
in

form
ation

).
H

ow
ever,

th
e

asy
m

p
totic

covarian
ce

of
th

e
p

osterior
d
istrib

u
tion

b
ased

on
th

e
w

h
ole

sam
p
le

is
1n
I −

1(θ
0 ).

T
o

overcom
e

th
is

d
iffi

cu
lty,

w
e

p
rop

ose
a

m
o
d
ifi

cation
of

ou
r

ap
p
roach

w
h
ere

th
e

ran
d
om

m
easu

res
Π

(j)
n

are
rep

laced
b
y

th
e

stoch
a
stic

a
p
p
ro

xim
a
tio

n
s

Π
|G
j |,m

(·|G
j ),

j
=

1,...,m
of

th
e

fu
ll

p
osterior

d
istrib

u
tion

.
T

o
th

is
en

d
,

d
efi

n
e

th
e

“sto
ch

astic
ap

p
rox

im
ation

”
b
a
sed

on
th

e
su

b
sam

p
le
G
j

as

Π
|G
j |,m

(B
|G

j )
:=

∫B

(∏
i∈
G
j
p
θ (X

i ) )
m
d
Π

(θ)

∫Θ

(∏
i∈
G
j
p
θ (X

i ) )
m
d
Π

(θ) ,
(18)

w
h
ere

w
e

assu
m

e
th

at
p
mθ

(·)
is

an
in

tegrab
le

fu
n
ctio

n
for

all
θ.

In
oth

er
w

ord
s,

Π
|G
j |,m

(·|G
j )

is
ob

tain
ed

as
a

p
osterior

d
istrib

u
tion

given
th

at
each

d
ata

p
oin

t
from

G
j

is
ob

serv
ed

m
tim

es.
W

h
ile

each
of

Π
|G
j |,k (·|G

j )
m

igh
t

u
n
d
erestim

ate
u
n
certain

ly,
th

e
m

ed
ian

Π̂
stn,g

(or
Π̂

stn,0 )
of

th
ese

ran
d
om

m
easu

res
y
ield

s
cred

ib
le

sets
w

ith
m

u
ch

b
etter

coverage.
T

h
is

ap
p
roach

sh
ow

s
go

o
d

p
erform

an
ce

in
n
u
m

erical
ex

p
erim

en
ts.

O
n
e

of
ou

r
m

ain
resu

lts
(see

S
ection

3.2)
p
rov

id
es

a
ju

stifi
cation

for
th

is
ob

servation
,

alb
eit,

u
n
d
er

rath
er

stron
g

assu
m

p
tion

s
an

d
for

th
e

p
aram

etric
case.

3
.
T
h
e
o
re
tica

l
A
n
a
ly
sis

W
e

p
ro

ceed
w

ith
a

d
iscu

ssion
of

th
e

th
eoretical

gu
aran

tees
for

th
e

M
-P

osterior,
startin

g
w

ith
th

e
con

traction
rates

an
d

rob
u
stn

ess
p
rop

erties.

3
.1

C
o
n
v
e
rg

e
n

c
e

o
f

P
o
ste

rio
r

D
istrib

u
tio

n
a
n

d
R

o
b

u
st

B
a
y
e
sia

n
In

fe
re

n
c
e

O
u
r

fi
rst

resu
lt

estab
lish

es
th

e
“w

eak
con

cen
tration

”
p
ro

p
erty

of
th

e
p

osterior
d
istrib

u
tion

arou
n
d

th
e

tru
e

p
aram

eter.
L

et
δ

0
:=

δ
θ
0

b
e

th
e

D
irac

m
easu

re
su

p
p

orted
on

θ
0
∈

Θ
.

R
ecall

th
e

follow
in

g
version

of
T

h
eorem

2.1
in

G
h
osal

et
al.

(2000)
(w

e
state

th
e

resu
lt

for
th

e
W

asserstein
d
istan

ce
d
W

1
,ρ (Π

n
(·|X

l ),δ
0 )

rath
er

th
an

th
e

closely
related

con
traction

rate
of

th
e

p
osterior

d
istrib

u
tion

).
H

ere,
th

e
W

asserstein
d
istan

ce
is

evalu
ated

w
ith

resp
ect

to
th

e
“H

ellin
ger

m
etric”

ρ
(·,·)

d
efi

n
ed

in
(14).1
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R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

T
h

e
o
re

m
7

L
et
X l

=
{X

1
,.
..
,X

l}
be

a
n

i.
i.

d
.

sa
m

p
le

fr
o
m
P

0
.

A
ss

u
m

e
th

a
t
ε l
>

0
a
n

d
Θ
l
⊂

Θ
a
re

su
ch

th
a
t

fo
r

so
m

e
co

n
st

a
n

t
C
>

0

(1
)

th
e

pa
ck

in
g

n
u

m
be

r
sa

ti
sfi

es
lo

g
M

(ε
l,

Θ
l,
ρ
)
≤
lε

2 l
,

(2
)

Π
(Θ
\Θ

l)
≤

ex
p
(−
lε

2 l
(C

+
4)

),

(3
)

Π

(
θ

:
−
P

0

( lo
g
p
θ

p
0

)
≤
ε2 l
,
P

0

( lo
g
p
θ

p
0

) 2
≤
ε2 l

)
≥

ex
p
(−
C
lε

2 l
).

T
h
en

th
er

e
ex

is
ts
R

=
R

(C
)

a
n

d
a

u
n

iv
er

sa
l

co
n

st
a
n

t
K̃

su
ch

th
a
t

P
r
( d

W
1
,ρ

(δ
0
,Π

l(
·|X

l)
)
≥
R
ε l

+
e−

K̃
lε

2 l

)
≤

1 lε
2 l

+
4
e−

K̃
lε

2 l
.

(1
9)

P
ro

o
f

T
h
e

p
ro

of
cl

os
el

y
m

im
ic

s
th

e
ar

gu
m

en
t

b
eh

in
d

T
h
eo

re
m

2.
1

in
(G

h
os

al
et

a
l.
,
20

00
).

F
or

re
ad

er
’s

co
n
ve

n
ie

n
ce

,
d
et

ai
ls

ar
e

ou
tl

in
ed

in
S
ec

ti
on

A
.2

of
th

e
a
p
p

en
d
ix

.

C
on

d
it

io
n
s

of
T

h
eo

re
m

7
ar

e
st

an
d
ar

d
as

su
m

p
ti

on
s

gu
ar

an
te

ei
n
g

th
at

th
e

re
su

lt
in

g
p

o
st

er
io

r
d
is

tr
ib

u
ti

on
co

n
tr

ac
ts

to
th

e
tr

u
e

p
ar

am
et

er
θ 0

at
th

e
ra

te
ε n

.
N

ot
e

th
at

th
e

b
ou

n
d
s

fo
r

th
e

d
is

ta
n
ce
d
W

1
,ρ

(δ
0
,Π

l(
·|X

l)
sl

ig
h
tl

y
d
iff

er
fr

om
th

e
co

n
tr

ac
ti

on
ra

te
it

se
lf

:
in

d
ee

d
,

w
e

h
av

e

d
W

1
,ρ

(δ
0
,Π

l(
·|X

l)
)
≤
ε l

+

∫

h
(P
θ
,P

0
)≥
ε l

d
Π
l(
·|X

l)
,

h
en

ce
to

ob
ta

in
th

e
in

eq
u
al

it
y
d
W

1
,ρ

(δ
0
,Π

l(
·|X

l)
)
.
ε l

,
w

e
u
su

al
ly

re
q
u
ir

e
∫

h
(P
θ
,P

0
)≥
ε l

d
Π
l(
·|X

l)
.

ε l
,

w
h
ic

h
ad

d
s

an
ex

tr
a

lo
ga

ri
th

m
ic

fa
ct

or
in

th
e

p
ar

am
et

ri
c

ca
se

.

C
om

b
in

at
io

n
of

T
h
eo

re
m

s
7

an
d

1
im

m
ed

ia
te

ly
y
ie

ld
s

th
e

co
ro

ll
ar

y
fo

r
Π̂
n
,0

.
L

et
H

b
e

th
e

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
w

it
h

th
e

re
p
ro

d
u
ci

n
g

k
er

n
el

k
H

(θ
1
,θ

2
)

=
1 2

〈 √
p
θ 1
,√
p
θ 2

〉 L
2
(d
x

)
.

L
et
f
∈
H

an
d

n
ot

e
th

at
,

d
u
e

to
th

e
re

p
ro

d
u
ci

n
g

p
ro

p
er

ty
an

d
C

au
ch

y
-S

ch
w

ar
z

in
eq

u
a
li
ty

,
w

e
h
av

e

f
(θ

1
)
−
f

(θ
2
)

=
〈f
,k
H

(·,
θ 1

)
−
k
H

(·,
θ 2

)〉
H

≤
‖f
‖ H
∥ ∥ k

H
(·,
θ 1

)
−
k
H

(·,
θ 2

)∥ ∥
H

=
‖f
‖ H

ρ
(θ

1
,θ

2
).

(2
0)

T
h
er

ef
or

e,
F k
⊆
F L

an
d
‖P
−
Q
‖ F

k
≤
‖P
−
Q
‖ F

L
,

w
h
er

e
F k

an
d
F L

w
er

e
d
efi

n
ed

in
(1

0)
an

d
(8

)
re

sp
ec

ti
ve

ly
,

an
d

th
e

u
n
d
er

ly
in

g
m

et
ri

c
st

ru
ct

u
re

is
gi

ve
n

b
y
ρ
.

In
p
ar

ti
cu

la
r,

co
n
ve

rg
en

ce
w

it
h

re
sp

ec
t

to
‖·
‖ F

L
im

p
li
es

co
n
ve

rg
en

ce
w

it
h

re
sp

ec
t

to
‖·
‖ F

k
.

C
o
ro

ll
a
ry

8
L

et
X

1
,.
..
,X

n
be

a
n

i.
i.

d
.

sa
m

p
le

fr
o
m
P

0
,

a
n

d
a
ss

u
m

e
th

a
t

Π̂
n
,g

is
d
efi

n
ed

w
it

h
re

sp
ec

t
to

th
e

n
o
rm
‖·
‖ F

L
a
s

in
(1

7
)

a
bo

ve
.

S
et
l

:=
bn
/m
c,

a
ss

u
m

e
th

a
t

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

7
h
o
ld

,
a
n

d
,

m
o
re

o
ve

r,
th

a
t
ε l

sa
ti

sfi
es

1 lε
2 l

+
4
e−

(1
+
K
/
2
)l
ε2 l
/
2
<

1 7
.
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4)

:1
-4

0,
 2

01
7

M
in
sk

e
r
e
t
a
l
.

T
h
en

P
r
(∥ ∥ ∥

δ 0
−

Π̂
n
,g

∥ ∥ ∥ F
k
H

≥
1.

52
( R

ε l
+
e−

K̃
lε

2 l

))
≤
[ eψ

(3
/
7
,1
/
7
)]
−
m
<

1
.2

7−
m
.

P
ro

o
f

It
is

en
ou

gh
to

ap
p
ly

p
ar

t
(a

)
of

T
h
eo

re
m

1
w

it
h
κ

=
0

to
th

e
in

d
ep

en
d
en

t
ra

n
d
o
m

m
ea

su
re

s
Π
n
(·|
G
j
),
j

=
1,
..
.,
m

.
N

ot
e

th
at

th
e

“w
ea

k
co

n
ce

n
tr

at
io

n
”

as
su

m
p
ti

o
n

(2
9
)

is
im

p
li
ed

b
y

(1
9)

.

O
n
ce

ag
ai

n
,

n
ot

e
th

e
ex

p
on

en
ti

al
im

p
ro

ve
m

en
t

of
co

n
ce

n
tr

at
io

n
as

co
m

p
ar

ed
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p
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>
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>
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er

e
ex

is
ts

a
te

st
φ
n

:=
φ
n
(X

1
,.
..
,X

n
)

su
ch

th
a
t

fo
r

so
m

e
γ
>
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≤
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p
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⊆
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=
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p
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a
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=
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.
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d
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−
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p
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=
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=
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b
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∈
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=
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.
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rem
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=
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ch

in
d
iv

id
u
al

ra
n
d
om

m
ea

su
re

Π
|G
j
|(
·|G

j
),
j

=
1,
..
.,
m

is
b
as

ed
on

sa
m

p
le

o
f

si
ze
l
'

n m
w

h
ic

h
ca

n
b

e
m

u
ch

sm
al

le
r

th
an

n
.

O
n
e

w
ay

to
re

d
u
ce

th
e

va
ri

an
ce

of
ea

ch
su

b
se

t
p

os
te

ri
or

d
is

tr
ib

u
ti

on
is

to
re

p
ea

t
ea

ch
ob

se
rv

at
io

n
in
G
j
m

ti
m

es
(a

lt
h
ou

gh
ot

h
er

al
te

rn
at

iv
es

,
su

ch
as

b
o
ot

st
ra

p
,

ar
e

p
o
ss

ib
le

;
fo

r
in

st
an

ce
,

b
o
ot

st
ra

p
-r

el
at

ed
te

ch
n
iq

u
es

h
av

e
b

ee
n

in
v
es

ti
ga

te
d

b
y

K
le

in
er

et
al

.
(2

01
4)

in
th

e
fr

eq
u
en

ti
st

se
tt

in
g)

,
G̃
j

=
{G

j
,.
..
,G

j
}

︸
︷︷

︸
m

ti
m

es

.
F

or
m

al
ap

p
li
ca

ti
on

of
th

e
B

ay
es

ru
le

in
th

is

si
tu

at
io

n
y
ie

ld
s

a
co

ll
ec

ti
on

of
n
ew

m
ea

su
re

s
on

th
e

p
ar

am
et

er
sp

ac
e:

Π
|G
j
|,m

(B
|G

j
)

:=

∫ B

( ∏
i∈
G
j
p
θ
(X

i)
) m

d
Π

(θ
)

∫ Θ

( ∏
i∈
G
j
p
θ
(X

i)
) m

d
Π

(θ
),

w
h
er

e
w

e
h
av

e
as

su
m

ed
th

at
p
θ
(·)

is
in

te
gr

ab
le

.
H

er
e,
( ∏

i∈
G
j
p
θ
(X

i)
) m

ca
n

b
e

v
ie

w
ed

as

an
ap

p
ro

x
im

at
io

n
of

th
e

fu
ll

d
at

a
li
k
el

ih
o
o
d
.

W
e

ca
ll

th
e

ra
n
d
om

m
ea

su
re

Π
|G
j
|,m

(·|
G
j
)

th
e

j-
th

st
oc

h
a
st

ic
a
p
p
ro

xi
m

a
ti

o
n

to
th

e
fu

ll
p

os
te

ri
or

d
is

tr
ib

u
ti

on
.

O
f

co
u
rs

e,
su

ch
a

“c
or

re
ct

io
n
”

n
eg

at
iv

el
y

aff
ec

ts
co

ve
ra

ge
p
ro

p
er

ti
es

of
th

e
cr

ed
ib

le
se

ts
as

so
ci

at
ed

w
it

h
ea

ch
m

ea
su

re
Π
|G
j
|(
·|G

j
).

H
ow

ev
er

,
ta

k
in

g
th

e
m

ed
ia

n
of

st
o
ch

as
ti

c
ap

p
ro

x
-

im
at

io
n
s

y
ie

ld
s

im
p
ro

ve
d

co
ve

ra
ge

of
th

e
re

su
lt

in
g

M
-P

os
te

ri
or

d
is

tr
ib

u
ti

on
.

T
h
e

m
ai

n
go

al
of

th
is

se
ct

io
n

is
to

es
ta

b
li
sh

an
as

y
m

p
to

ti
c

st
at

em
en

t
in

sp
ir

it
of

a
B

er
n
st

ei
n
-v

on
M

is
es

th
e-

or
em

fo
r

th
e

M
-P

os
te

ri
or

b
as

ed
on

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
s

Π
|G
j
|,m

(B
|G

j
),
j

=
1,
..
.,
m

.

W
e

w
il
l

st
ar

t
b
y

sh
ow

in
g

th
at

u
n
d
er

ce
rt

ai
n

as
su

m
p
ti

o
n
s

th
e

u
p
p

er
b

ou
n
d
s

fo
r

th
e

co
n
-

ve
rg

en
ce

ra
te

s
of

Π
|G
j
|,m

(·|
G
j
)

to
w

ar
d
s
δ 0

ar
e

th
e

sa
m

e
as

fo
r

Π
|G
j
|(
·|G

j
),

th
e

“s
ta

n
d
a
rd

”
p

os
te

ri
or

d
is

tr
ib

u
ti

on
gi

ve
n
G
j
.

F
or
A
⊆

Θ
,

le
t
N

[]
(u
,A
,d

)
b

e
th

e
b
ra

ck
et

in
g

n
u
m

b
er

of
{p
θ
,
θ
∈
A
}

w
it

h
re

sp
ec

t
to

th
e

d
is

ta
n
ce
d
(l
,u

)
:=
∫ R
D

( √
l(
x

)
−
√
u

(x
)) 2

d
x

,
an

d
le

t

H
[]

(u
;A

)
:=

lo
g
N

[]
(u
,A
,d

)

b
e

th
e

br
a
ck

et
in

g
en

tr
o
p
y.

In
w

h
at

fo
ll
ow

s,
B

(θ
0
,r

)
:=
{θ
∈

Θ
:
h

(P
θ
,P

θ 0
)
≤
r}

d
en

ot
es

th
e

“H
el

li
n
ge

r
b
al

l”
of

ra
d
iu

s
r

ce
n
te

re
d

at
θ 0

.

T
h

e
o
re

m
1
4

(W
o
n

g
e
t

a
l.

,
1
9
9
5
,

T
h

e
o
re

m
1
)

T
h
er

e
ex

is
t

co
n

st
a
n

ts
c j
,
j

=
1,
..
.,

4
a
n

d
ζ
>

0
su

ch
th

a
t

if
√

2
ζ

∫

ζ
2
/
2
8

H
1
/
2

[]

( u
/c

3
;B

(θ
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,ζ
√

2)
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u
≤
c 4
√
lζ

2
,
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en

P
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p
θ
:h

(P
θ
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0
)≥
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1

p
θ
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(X

j
)
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e−

c 1
lζ

2

 
≤

4
e−

c 2
lζ

2
.

In
pa

rt
ic

u
la

r,
o
n

e
ca

n
ch
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se
c 1

=
1/

24
,
c 2

=
(4
/2
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(1
/1

9
26
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c 3

=
10

a
n

d
c 4

=
(2
/
3
)5
/
2
/
5
12

.

In
“t

y
p
ic

al
”

p
ar

am
et

ri
c

p
ro

b
le

m
s

(Θ
⊆

R
p
),

th
e

b
ra

ck
et

in
g

en
tr

op
y

ca
n

b
e

b
o
u
n
d
ed

as
H

[]
(u

;B
(θ

0
,r

))
≤
C

1
lo

g
(C

2
r/
u

),
w

h
en

ce
th

e
m

in
im

al
ζ

th
at

sa
ti

sfi
es

co
n
d
it

io
n
s

o
f

T
h
eo

re
m

14
is

of
or

d
er
ζ
'
√

1 l
.

In
p
ar

ti
cu

la
r,

it
is

ea
sy

to
ch

ec
k

(e
.g

.,
u
si

n
g

T
h
eo

re
m

2.
7
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1
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n

d
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V
aa

rt
an

d
W
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)
th

at
th

is
is

th
e

ca
se

w
h
en

(a
)

th
er

e
ex

is
ts
r 0
>

0
su

ch
th

at

h
(P

θ
,P

θ 0
)
≥
K

1
‖θ
−
θ 0
‖ 2

w
h
en

ev
er
h

(P
θ
,P

θ 0
)
≤
r 0

,
an

d

(b
)

th
er

e
ex

is
ts
α
>

0
su

ch
th

at
fo

r
θ 1
,θ

2
∈
B

(θ
0
,r

0
),

|p
θ 1

(x
)
−
p
θ 2

(x
)|
≤
F

(x
)
‖θ

1
−
θ 2
‖α 2

w
it

h
∫ R

D
F

(x
)d
x
<
∞

.

A
p
p
li
ca

ti
on

of
th

eo
re

m
14

to
th

e
an

al
y
si

s
of

“s
to

ch
as

ti
c

ap
p
ro

x
im

at
io

n
s”

y
ie

ld
s

th
e

fo
ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
1
5

L
et
ε l
>

0
be

su
ch

th
a
t

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

1
4

h
o
ld

w
it

h
ζ

:=
ε l

,
a
n

d

(a
)

fo
r

so
m

e
C
>

0

Π

(
θ

:
−
P

0

( lo
g
p
θ

p
0

)
≤
ε2 l
,
P

0

( lo
g
p
θ

p
0

) 2
≤
ε2 l

)
≥

ex
p
(−
C
lε

2 l
),

(b
)
k

is
a

po
si

ti
ve

-d
efi

n
it

e
ke

rn
el

th
a
t

sa
ti

sfi
es

a
ss

u
m

p
ti

o
n

1
fo

r
th

e
H

el
li

n
ge

r
d
is

ta
n

ce
fo

r
so

m
e
C̃

(θ
0
)

a
n

d
γ
>

0
.

T
h
en

th
er

e
ex

is
ts
R̃

=
R̃

(C
,C̃
,γ

)
>

0
su

ch
th

a
t

P
r
( ‖
δ 0
−

Π
l,
m

(·|
X l

)‖
F k
≥
R̃
ε1
/
γ

l
+
e−

m
lε

2 l

)
≤

1 lε
2 l

+
4
e−

c 2
C̃

2
R̃

2
γ
lε

2 l
.

P
ro

o
f

S
ee

S
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ti
on

A
.4
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e
ap

p
en

d
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.

R
e
m

a
rk

1
6

N
o
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t
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r
th

e
ke

rn
el
k
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o
f

th
e
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rm

(2
2
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a
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u
m

p
ti

o
n

1
re

d
u
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s

to
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e
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u

a
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n
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e
H
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n
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r
a
n

d
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n
d
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n
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R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

A
s

b
efo

re,
T

h
eorem

1
com

b
in

ed
w

ith
th

e
“w

eak
con

cen
tration

”
in

eq
u
ality

of
T

h
eorem

15
g
ives

stro
n
g
er

g
u
aran

tees
for

th
e

m
ed

ian
Π̂

stn,g
(or

its
altern

ative
Π̂

stn,0 )
of

Π
|G

1 |,m
(·|G

1 ),...,Π
|G
m
|,m

(·|G
m

).

E
x
a
ct

statem
en

t
is

v
ery

sim
ilar

in
sp

irit
to

C
orollary

13.

O
u
r

n
ex

t
g
o
a
l

is
to

ob
tain

th
e

resu
lt

d
escrib

in
g

th
e

asy
m

p
totic

b
eh

av
ior

of
th

e
M

-P
osterior

d
istrib

u
tio

n
Π̂

stn,0
in

th
e

p
aram

etric
case.

W
e

start
w

ith
a

resu
lt

th
at

ad
d
resses

each
in

-
d
iv

id
u
a
l

sto
ch

a
stic

ap
p
rox

im
ation

Π
|G
j |,m

(·|G
j ),

j
=

1
,...,m

.
A

ssu
m

e
th

at
Θ
⊆

R
p

h
as

n
o
n
-em

p
ty

in
terior.

F
or
θ
∈

Θ
,

let

I
(θ)

:=
E
θ
0 [

∂∂
θ

log
p
θ (X

) (
∂∂
θ

lo
g
p
θ (X

) )
T ]

b
e

th
e

F
ish

er
in

form
ation

m
atrix

(w
e

are
assu

m
in

g
th

at
it

is
w

ell-d
efi

n
ed

).
W

e
w

ill
say

th
at

th
e

fa
m

ily
{P

θ ,
θ
∈

Θ
}

is
d
iff

eren
tia

ble
in

qu
a
d
ra

tic
m

ea
n

(see
C

h
ap

ter
7

in
va

n
d
er

V
aart,

2
0
0
0

fo
r

d
eta

ils)
if

th
ere

ex
ists

˙̀θ
0

:R
D
7→

R
p

su
ch

th
at

∫

R
D

(√
p
θ
0
+
h −
√
p
θ
0 −

12
h
T

˙̀θ
0 √
p
θ
0 )

2

=
o(‖

h‖
22 )

a
s
h
→

0
;

u
su

a
lly,

˙̀θ (x
)

=
∂∂θ

log
p
θ (x

).
N

ex
t,

d
efi

n
e

∆
l,θ

0
:=

1√
l

l
∑j=

1

I −
1(θ

0 )
˙̀θ

0 (X
j ).

W
e

w
ill

fi
rst

sta
te

a
p
relim

in
ary

resu
lt

for
ea

ch
in

d
iv

id
u
al

“su
b
set

p
osterior”

d
istrib

u
tion

:

P
ro

p
o
sitio

n
1
7

L
et
X

1 ,...,X
l

be
a
n

i.i.d
.

sa
m

p
le

fro
m
P
θ
0

fo
r

so
m

e
θ

0
in

th
e

in
terio

r
o
f

Θ
.

A
ssu

m
e

th
a
t

(a
)

th
e

fa
m

ily
{
P
θ ,
θ
∈

Θ
}

is
d
iff

eren
tia

ble
in

qu
a
d
ra

tic
m

ea
n

;

(b)
th

e
p
rio

r
Π

h
a
s

a
d
en

sity
(w

ith
respect

to
th

e
L

ebesgu
e

m
ea

su
re)

th
a
t

is
co

n
tin

u
o
u

s
a
n

d
po

sitive
in

th
e

n
eigh

bo
rh

ood
o
f
θ

0 ;

(c)
co

n
d
itio

n
s

o
f

T
h
eo

rem
1
4

h
o
ld

w
ith

ζ
=

C√
l

fo
r

so
m

e
C
>

0
a
n

d
l

la
rge

en
o
u

gh
.

T
h
en

fo
r

a
n

y
in

teger
m
≥

1,
∥∥∥∥
Π
l,m

(·|X
1 ,...,X

l )−
N

(
θ

0
+

∆
l,θ

0
√
l
,

1

l·m
I −

1(θ
0 ) ) ∥∥∥∥

T
V

→
0

in
P
θ
0 -p

ro
ba

bility
a
s
l→
∞

.

P
ro

o
f

T
h
e

p
ro

of
follow

s
stan

d
ard

step
s

(e.g.,
T

h
eorem

10.1
in

van
d
er

V
aart,

2000),
w

h
ere

th
e

ex
isten

ce
o
f

tests
is

su
b
stitu

ted
b
y

th
e

in
eq

u
ality

of
T

h
eorem

14.
S
ee

S
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A
.5
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th

e
a
p
p

en
d
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fo
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d
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T
h
e
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n

of
th

is
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e
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e
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p

e
(22),

for
su

ffi
cien

tly
regu

lar
p
a
ram

etric
fam

ilies
(d

iff
eren

tiab
le

in
q
u
a
d
ratic

m
ean

,
w

ith
“w

ell-b
eh

aved
”

b
rack

etin
g

n
u
m

b
ers,

satisfy
in

g
assu

m
p
tion

1
for

th
e

E
u
clid

ean
d
istan

ce
w

ith
γ

=
1)

an
d

regu
lar

p
riors,

th
en

(a)
th

e
M

-P
osterior

is
w

ell
ap

p
rox

im
ated

b
y

a
n
orm

al
d
istrib

u
tion

cen
tered

at
th

e
“rob

u
st”

estim
ator

θ ∗
o
f

u
n
k
n
ow

n
θ

0 ;

(b
)

th
e

estim
ator

θ ∗
is

a
cen

ter
of

th
e

con
fi
d
en

ce
set

of
level

1.15 −
m

an
d

d
iam

eter
of

ord
er

√
mn

(sam
e

as
w

e
w

ou
ld

ex
p

ect
for

th
is

level
for

th
e

u
su

al
p

osterior
d
istrib

u
tion

-
h
ow

ev
er,

th
e

b
ou

n
d

for
th

e
M

-P
osterior

h
old

s
for

fi
n
ite

sam
p
le

sizes).

T
h
is

is
form

alized
b

elow
:

T
h

e
o
re

m
1
8

(a
)

L
et
k

be
th

e
kern

el
o
f

type
(2

2
),

a
n

d
su

p
po

se
th

a
t

th
e

a
ssu

m
p
tio

n
s

o
f

P
ro

po
sitio

n
1
7

h
o
ld

.
M

o
reo

ver,
let

th
e

p
rio

r
Π

be
su

ch
th

a
t ∫R

p ‖
θ‖

22 d
Π

(θ)
<
∞

.
T

h
en

fo
r

a
n

y
fi

xed
m
≥

1,
∥∥∥∥
Π̂

stn,0 −
N

(
θ ∗,

1n
I −

1(θ
0 ) ) ∥∥∥∥

T
V

→
0

a
s
n
→
∞
,

in
P
θ
0 -p

ro
ba

bility
w

h
en

n
→
∞

,
w

h
ere

θ ∗
is

th
e

m
ea

n
o
f

Π̂
stn,0 .

(b)
A

ssu
m

e
th

a
t

co
n

d
itio

n
s

(a
),

(b)
o
f

T
h
eo

rem
1
5

h
o
ld

w
ith

ε
l &

1√
l '

√
mn

a
n

d
γ

=
1.

T
h
en

fo
r

a
ll
n
≥
n

0
a
n

d
R̄

la
rge

en
o
u

gh
,

P
r (‖θ ∗−

θ
0 ‖

2 ≥
R̄
(
ε
l
+
e −

m
lε

2l ))
≤

1
.15 −

m
.

P
ro

o
f

(a)
It

is
easy

to
see

th
at

con
vergen

ce
in

total
variation

n
orm

,
togeth

er
w

ith
an

assu
m

p
tion

th
at

th
e

p
rior

d
istrib

u
tion

satisfi
es

∫

R
p ‖
θ‖

22 d
Π

(θ)
<
∞
,

im
p
lies

th
at

th
e

ex
p

ectation
s

con
v
erg

e
in
P
θ
0 -p

rob
ab

ility
as

w
ell:

∥∥∥∥ ∫

Θ
θ (

d
Π
l,m

(θ|X
l )−

d
N

(
θ

0
+

∆
l,θ

0
√
l
,

1

l·
m
I −

1(θ
0 ) )

(θ) ) ∥∥∥∥
2 →

0
as
l→
∞
.

T
ogeth

er
w

ith
an

ob
servation

th
at

th
e

totalvariation
d
istan

ce
b

etw
een

N
(µ

1 ,Σ
)

an
d
N

(µ
2 ,Σ

)

is
b

ou
n
d
ed

b
y

th
e

m
u
ltip

le
of‖

µ
1 −

µ
2 ‖

2 ,
it

im
p
lies

th
at

w
e

can
rep

lace
θ

0
+

∆
l,θ

0
√
l

b
y

th
e

m
ean

θ̄
l,m

(X
1 ,...,X

l )
:=

∫

Θ
θd

Π
l,m

(θ|X
l ),

2
0
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R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

in
ot

h
er

w
or

d
s,

th
e

co
n
cl

u
si

on
of

P
ro

p
os

it
io

n
17

ca
n

b
e

st
at

ed
a
s

∥ ∥ ∥ ∥Π
l,
m

(·|
X l

)
−
N

( θ̄ l
,m
,

1

l
·m

I
−

1
(θ

0
))∥ ∥ ∥ ∥

T
V

→
0

as
l
→
∞
,

in
P
θ 0

-p
ro

b
ab

il
it

y.
N

ow
as

su
m

e
th

at
m

=
bn l
c

is
fi
x
ed

,
an

d
le

t
n
,l
→
∞

.
A

s
b

ef
o
re

,
le

t
G

1
,.
..
,G

m
b

e
d
is

jo
in

t
gr

ou
p
s

of
i.
i.
d
.

ob
se

rv
at

io
n
s

fr
om

P
θ 0

of
ca

rd
in

al
it

y
l

ea
ch

.
R

ec
al

l

th
at

,
b
y

th
e

d
efi

n
it

io
n

(3
)

of
m

ed
0
(·)

,
Π

st n,
0

=
Π
l,
m

(·|
X l
∗
)

fo
r

so
m

e
l ∗
≤
m

,
an

d
θ∗

:=
θ l
∗,
m

is
th

e
m

ea
n

of
Π

st n,
0
.

C
le

ar
ly

,
w

e
h
av

e
∥ ∥ ∥ ∥Π

st n,
0
−
N

( θ∗
,

1

l
·m

I
−

1
(θ

0
))∥ ∥ ∥ ∥

T
V

≤

m
ax

j=
1
,.
..
,m

∥ ∥ ∥ ∥Π
l,
m

(·|
G
j
)
−
N

( θ̄ l
,m

(G
j
),

1

l
·m

I
−

1
(θ

0
))∥ ∥ ∥ ∥

T
V

→
0

as
n
→
∞
.

(2
5)

(b
)

L
et
ε l
≥
C
√

1 l
w

h
er

e
C

la
rg

e
en

ou
gh

so
th

at

1 lε
2 l

+
4
e−

c 2
C̃

2
R̃

2
lε

2 l
≤

1 4
,

w
h
er

e
c 2

,
R̃

ar
e

th
e

sa
m

e
as

in
T

h
eo

re
m

15
.

A
p
p
ly

in
g

T
h
eo

re
m

15
,

w
e

ge
t

P
r
( ‖
δ θ

0
−

Π
l,
m

(·|
X l

)‖
F k
≥
R̃
ε l

+
e−

m
lε

2 l

)
≤

1 4
.

B
y

p
ar

t
(b

)
of

T
h
eo

re
m

1,
∥ ∥ ∥Π̂

st n,
0
−
δ θ

0

∥ ∥ ∥ F
k̃

≤
3
( R̃

ε l
+
e−

m
lε

2 l

)

w
it

h
p
ro

b
ab

il
it

y
≥

1
−

1
.1

5−
m

.
S
in

ce
k
er

n
el
k̃

is
of

th
e

ty
p

e
(2

2)
,

p
ro

p
os

it
io

n
(6

)
im

p
li
es

th
at

‖θ
∗
−
θ 0
‖ 2
≤
∥ ∥ ∥Π̂

st n,
0
−
δ θ

0

∥ ∥ ∥ F
k̃

,
(2

6)

an
d

th
e

re
su

lt
fo

ll
ow

s.

In
p
ar

ti
cu

la
r,

fo
r
m

=
A

lo
g
(n

)
an

d
ε l
'
√

m n
,

w
e

ob
ta

in
th

e
b

ou
n
d

P
r

(
‖θ
∗
−
θ 0
‖ 2
≥
R̄

√
A

lo
g
n

n

)
≤
n
−
A
.

fo
r

so
m

e
co

n
st

an
t
R̄

in
d
ep

en
d
en

t
of
m

.
N

ot
e

th
at
θ∗

it
se

lf
d
ep

en
d
s

on
m

,
h
en

ce
th

is
b

ou
n
d

is
n

o
t

u
n

if
o
rm

,
an

d
h
ol

d
s

on
ly

fo
r

a
gi

ve
n

co
n
fi
d
en

ce
le

ve
l

1
−
n
−
A

.

It
is

co
n
ve

n
ie

n
t

to
in

te
rp

re
t

th
is

(i
n
fo

rm
al

ly
)

in
te

rm
s

of
th

e
cr

ed
ib

le
se

ts
:

to
ob

ta
in

th
e

cr
ed

ib
le

se
t

w
it

h
“f

re
q
u
en

ti
st

”
co

ve
ra

ge
le

ve
l
≥

1
−
n
−
A

,
p
ic

k
m

=
A

lo
g
n

an
d

u
se

th
e

(1
−
n
−
A

)
-

cr
ed

ib
le

se
t

of
th

e
M

-P
os

te
ri

or
Π̂

st n,
0
.
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M
in
sk

e
r
e
t
a
l
.

A
lg

o
ri

th
m

1
E

va
lu

at
in

g
th

e
ge

om
et

ri
c

m
ed

ia
n

of
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

v
ia

W
ei

sz
fe

ld
’s

al
go

ri
th

m

In
p
u
t:

1
.

D
is

cr
et

e
m

ea
su

re
s
Q

1
,.
..
,Q

m
;

2
.

T
h

e
k
er

n
el
k
(·,
·)

:
R
p
×

R
p
7→

R
;

3
.

T
h

re
sh

o
ld
ε
>

0
;

In
it
ia
li
z
e
:

1
.

S
et
w

(0
)

j
:=

1 m
,
j

=
1
..
.m

;

2
.

S
et
Q

(0
)
∗

:=
1 m

m ∑ j
=
1

Q
j
;

re
p
e
a
t

S
ta

rt
in

g
fr

o
m
t

=
0
,

fo
r

ea
ch

j
=

1
,.
..
,m

:

1
.

U
p

d
a
te
w

(t
+
1
)

j
=

‖Q
(
t
)
∗
−
Q

j
‖−

1
F
k

m ∑ i
=

1
‖Q

(
t
)
∗
−
Q

i
‖−

1
F
k

;
(a

p
p

ly
(1

2
)

to
ev

a
lu

a
te
‖Q

(t
)
∗
−
Q
i
‖ F

k
);

2
.

U
p

d
a
te
Q

(t
+
1
)

∗
=

m ∑ j
=
1

w
(t
+
1
)

j
Q
j
;

u
n
ti
l
‖Q

(t
+
1
)

∗
−
Q

(t
)
∗
‖ F

k
≤
ε;

R
e
tu

rn
:
w
∗

:=
(w

(t
+
1
)

1
,.
..
,w

(t
+
1
)

m
).

4
.
N
u
m
e
ri
ca

l
A
lg
o
ri
th

m
s
a
n
d
E
x
a
m
p
le
s

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

ex
am

p
le

s
an

d
ap

p
li
ca

ti
on

s
in

w
h
ic

h
co

m
p
ar

is
on

s
a
re

m
a
d
e

fo
r

th
e

in
fe

re
n
ce

b
as

ed
on

th
e

u
su

al
p

os
te

ri
or

d
is

tr
ib

u
ti

on
an

d
on

th
e

M
-P

os
te

ri
o
r.

O
n
e

o
f

th
e

w
el

l-
k
n
ow

n
an

d
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t

w
ay

s
to

fi
n
d

th
e

ge
om

et
ri

c
m

ed
ia

n
in

H
il
b

er
t

sp
ac

es
is

th
e

fa
m

ou
s

W
ei

sz
fe

ld
’s

a
lg

o
ri

th
m

,
in

tr
o
d
u
ce

d
in

W
ei

sz
fe

ld
(1

93
6
).

D
et

a
il
s

o
f

im
p
le

m
en

ta
ti

on
ar

e
d
es

cr
ib

ed
in

A
lg

or
it

h
m

s
1

an
d

2.
A

lg
or

it
h
m

1
is

a
p
ar

ti
cu

la
r

ca
se

o
f

W
ei

sz
fe

ld
’s

al
go

ri
th

m
ap

p
li
ed

to
su

b
se

t
p

os
te

ri
or

d
is

tr
ib

u
ti

on
s

an
d

d
is

ta
n
ce
‖·
‖ F

k
,

w
h
il
e

A
lg

or
it

h
m

2
sh

ow
s

h
ow

to
ob

ta
in

an
ap

p
ro

x
im

at
io

n
to

M
-P

os
te

ri
or

gi
ve

n
th

e
sa

m
p
le

s
fr

o
m

Π
n
,m

(·|
G
j
),
j

=
1
..
.m

.
N

ot
e

th
at

th
e

su
b
se

t
p

os
te

ri
or

s
Π
n
,m

(·|
G
j
)

w
h
os

e
“w

ei
g
h
ts

”
w
∗,
j

in
th

e
ex

p
re

ss
io

n
of

th
e

M
-P

os
te

ri
or

ar
e

sm
al

l
(i

n
ou

r
ca

se
,

sm
al

le
r

th
an

1/
(2
m

))
a
re

ex
cl

u
d
ed

fr
om

th
e

an
al

y
si

s.
O

u
r

ex
te

n
si

ve
si

m
u
la

ti
on

s
sh

ow
th

e
em

p
ir

ic
al

ev
id

en
ce

in
fa

vo
r

o
f

th
is

ad
d
it

io
n
al

th
re

sh
ol

d
in

g
st

ep
.

D
et

ai
le

d
d
is

cu
ss

io
n

of
co

n
ve

rg
en

ce
ra

te
s

an
d

ac
ce

le
ra

ti
on

te
ch

n
iq

u
es

fo
r

W
ei

sz
fe

ld
’s

m
et

h
o
d

fr
om

th
e

v
ie

w
p

oi
n
t

of
m

o
d
er

n
op

ti
m

iz
at

io
n

ca
n

b
e

fo
u
n
d

in
B

ec
k

a
n
d

S
ab

ac
h

(2
0
1
3
).

F
o
r

a
l-

te
rn

at
iv

e
ap

p
ro

ac
h
es

an
d

ex
te

n
si

on
s

of
W

ei
sz

fe
ld

’s
al

go
ri

th
m

,
se

e
B

os
e

et
al

.
(2

0
0
3
),

O
st

re
sh

(1
97

8)
,

O
v
er

to
n

(1
98

3)
,

C
h
an

d
ra

se
ka

ra
n

an
d

T
a
m

ir
(1

99
0)

,
C

ar
d
ot

et
al

.
(2

0
1
2
),

C
a
rd

o
t

et
al

.
(2

01
3)

,
am

on
g

ot
h
er

w
or

k
s.

In
al

l
n
u
m

er
ic

al
si

m
u
la

ti
on

s
b

el
ow

,
w

e
u
se

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
s

an
d

th
e

co
rr

es
p

o
n
d
in

g
M

-P
os

te
ri

or
Π̂

st n,
g
,

u
n
le

ss
n
ot

ed
ot

h
er

w
is

e.
T

h
e

p
os

te
ri

or
Π̂

st n,
0

b
as

ed
on

th
e

m
et

ri
c

m
ed

ia
n

is
m

ai
n
ly

of
th

eo
re

ti
ca

l
in

te
re

st
,

w
h
il
e

n
u
m

er
ic

al
re

su
lt

s
ob

ta
in

ed
fo

r
it

ar
e

ty
p
ic

a
ll
y

in
fe

ri
o
r

co
m

p
ar

ed
to

th
e

ge
om

et
ri

c
m

ed
ia

n
,

so
w

e
d
o

n
ot

d
is

cu
ss

th
em

fu
rt

h
er

.
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R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

A
lg

o
rith

m
2

A
p
p
rox

im
atin

g
th

e
M

-P
osterior

d
istrib

u
tion

In
p
u
t:

1
.

S
a
m

p
les{

Z
j
,i }

S
j

i=
1 ∼

Π
n
,m

(·|G
j ),

j
=

1
...m

(see
eq

u
a
tio

n
(1

8
));

D
o
:1

.
Q
j

:=
1Sj

S
j
∑i=

1

δ
Z

j
,i ,
j

=
1
...m

-
em

p
irica

l
a
p

p
rox

im
a
tio

n
s

o
f

Π
n
,m

(·|G
j ).

2
.

A
p

p
ly

A
lg

o
rith

m
1

to
Q

1 ,...,Q
m

;
retu

rn
w
∗

=
(w
∗
,1
...w

∗
,m

);

3
.

F
o
r
j

=
1
,...,m

,
set

w̄
j

:=
w
∗
,j I{

w
∗
,j ≥

1
2
m
}
;

d
efi

n
e
ŵ
∗j

:=
w̄
j / ∑

mi=
1
w̄
i .

R
e
tu

rn
:

Π̂
stn,g

:=
∑
mi=

1
ŵ
∗i Q

i .

B
efo

re
p
resen

tin
g

th
e

resu
lts

of
n
u
m

erical
an

aly
sis,

let
u
s

rem
ark

on
tw

o
im

p
ortan

t
com

p
u
-

ta
tio

n
a
l

a
sp

ects.

R
e
m

a
rk

1
9

(a
)

T
h
e

n
u

m
ber

o
f

su
bsets

m
a
p
pea

rs
a
s

a
“

free
pa

ra
m

eter”
en

terin
g

th
e

th
eo

retica
l

gu
a
r-

a
n
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fo

r
M

-P
o
sterio

r.
O

n
e

in
terp

reta
tio

n
o
f
m

(in
term

s
o
f

th
e

cred
ible

sets)
is

given
in

th
e

en
d

o
f

S
ectio

n
3
.2

.
O

u
r

resu
lts

a
lso

im
p
ly

th
a
t

pa
rtitio

n
in

g
th

e
d
a
ta

in
to
m

=
2
k

+
1
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gu
a
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n
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ro
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stn
ess

to
th

e
p
resen
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o
f
k

o
u

tliers
o
f

a
rbitra

ry
n

a
tu

re.

In
m

a
n

y
a
p
p
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tio
n

s,
m
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d
icta

ted
by

th
e

sa
m

p
le

size
a
n

d
co

m
p
u

ta
tio

n
a
l

reso
u
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(e.g.,

th
e

n
u

m
ber

o
f

a
va

ila
ble

m
a
ch

in
es).

In
S

ectio
n

A
.6

,
w

e
d
escribe

a
h
eu

ristic
a
p
p
roa

ch
to

selectio
n

o
f
m

th
a
t

sh
o
w

s
good

p
ra

ctica
l

perfo
rm

a
n

ce.
A

s
a

ru
le

o
f

a
th

u
m
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w

e
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m
m

en
d

ch
oo

sin
g

m
.
√
n

a
s

la
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o
f
m

lea
d

to
a
n

M
-P

o
sterio

r
th

a
t

o
verestim

a
tes

u
n

certa
in

ty.
T

h
is

h
eu

ristic
is

su
p
po

rted
by

th
e

n
u

m
erica

l
resu

lts
p
resen

ted
belo

w
.

(b)
It

is
ea

sy
to

get
a

gen
era

l
id

ea
rega

rd
in

g
th

e
po

ten
tia

l
im

p
ro

vem
en

t
in

co
m

p
u

ta
tio

n
a
l

tim
e

co
m

p
lexity

a
ch

ieved
by

th
e

M
-P

o
sterio

r.
G

iven
th

e
d
a
ta

set
X
n

=
{
X

1 ,...,X
n }
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ré

Z
it

t.
E

ffi
ci

en
t

an
d

fa
st

es
ti

m
a
ti

o
n

o
f

th
e

ge
om

et
ri

c
m

ed
ia

n
in

H
il
b

er
t

sp
ac

es
w

it
h

an
av

er
ag

ed
st

o
ch

as
ti

c
gr

ad
ie

n
t

a
lg

o
ri

th
m

.
B

er
n

o
u

ll
i,

19
(1

):
18

–4
3,

20
13

.

B
ob

C
ar

p
en

te
r,

A
n
d
re

w
G

el
m

an
,

M
at

t
H

off
m

an
,

D
an

ie
l

L
ee

,
B

en
G

o
o
d
ri

ch
,

M
ic

h
a
el

B
e-

ta
n
co

u
rt

,
M

ic
h
ae

l
A

B
ru

b
ak

er
,

J
iq

ia
n
g

G
u
o,

P
et

er
L

i,
an

d
A

ll
en

R
id

d
el

l.
S
ta

n
:

A
p
ro

b
-

ab
il
is

ti
c

p
ro

gr
am

m
in

g
la

n
gu

ag
e.

J
o
u

rn
a
l

o
f

S
ta

ti
st

ic
a
l

S
o
ft

w
a
re

,
20

:1
–3

7,
2
0
1
6
.

R
am

as
w

am
y

C
h
an

d
ra

se
ka

ra
n

an
d

A
ri

e
T

am
ir

.
A

lg
eb

ra
ic

op
ti

m
iz

at
io

n
:

th
e

F
er

m
a
t-

W
eb

er
lo

ca
ti

on
p
ro

b
le

m
.

M
a
th

em
a
ti

ca
l

P
ro

gr
a
m

m
in

g,
46

(1
-3

):
21

9–
22

4,
19

90
.

K
je

ll
A

D
ok

su
m

an
d

A
lb

er
t

Y
L

o.
C

on
si

st
en

t
an

d
ro

b
u
st

B
ay

es
p
ro

ce
d
u
re

s
fo

r
lo

ca
ti

on
b
as

ed
on

p
ar

ti
al

in
fo

rm
at

io
n
.

T
h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

p
ag

es
44

3–
45

3,
19

9
0
.

R
ic

h
ar

d
M

D
u
d
le

y.
R

ea
l

A
n

a
ly

si
s

a
n

d
P

ro
ba

bi
li

ty
,

v
ol

u
m

e
74

.
C

am
b
ri

d
ge

U
n
iv

er
si

ty
P

re
ss

,
20

02
.

D
av

id
B

D
u
n
so

n
an

d
C

h
u
an

h
u
a

X
in

g.
N

on
p
ar

am
et

ri
c

B
ay

es
m

o
d
el

in
g

o
f

m
u
lt

iv
a
ri

a
te

ca
te

go
ri

ca
l

d
at

a.
J

o
u

rn
a
l

o
f

th
e

A
m

er
ic

a
n

S
ta

ti
st

ic
a
l

A
ss

oc
ia

ti
o
n

,
10

4(
4
8
7
):

1
0
4
2
–
1
0
5
1
,

20
09

.

N
ic

ol
as

F
ou

rn
ie

r
an

d
A

rn
au

d
G

u
il
li
n
.

O
n

th
e

ra
te

of
co

n
ve

rg
en

ce
in

w
as

se
rs

te
in

d
is

ta
n
ce

o
f

th
e

em
p
ir

ic
al

m
ea

su
re

.
P

ro
ba

bi
li

ty
T

h
eo

ry
a
n

d
R

el
a
te

d
F

ie
ld

s,
16

2(
3)

:7
07

–
7
3
8
,

A
u
g

2
0
1
5.

S
u
b
h
as

h
is

G
h
os

al
,

J
ay

an
ta

K
G

h
os

h
,

an
d

A
ad

W
V

an
D

er
V

aa
rt

.
C

on
v
er

g
en

ce
ra

te
s

o
f

p
os

te
ri

or
d
is

tr
ib

u
ti

on
s.

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

28
(2

):
50

0–
53

1,
20

00
.

P
et

er
D

H
off

.
E

x
te

n
d
in

g
th

e
ra

n
k

li
ke

li
h
o
o
d

fo
r

se
m

ip
ar

am
et

ri
c

co
p
u
la

es
ti

m
a
ti

o
n
.

T
h
e

A
n

n
a
ls

o
f

A
p
p
li

ed
S

ta
ti

st
ic

s,
p
ag

es
26

5–
28

3
,

20
07

.

38
JM

L
R

 1
8(

12
4)

:1
-4

0,
 2

01
7



R
o
b
u
st

a
n
d

S
c
a
l
a
b
l
e
B
a
y
e
s

M
a
tth

ew
D

.
H

o
ff

m
an

,
D

av
id

M
.
B

lei,
C

h
on

g
W

an
g,

an
d

J
oh

n
P

aisley.
S
to

ch
a
stic

variatio
n
al

in
feren

ce.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
14:1303–1347,

2
013.

G
iles

H
o
o
ker

a
n
d

A
n
an

d
N

V
id

yash
an

kar.
B

ayesian
m

o
d
el

rob
u
stn

ess
v
ia

d
isp

arities.
T

est,
2
3
(3

):55
6
–
5
8
4,

2014.

D
a
n
iel

H
su

a
n
d

S
ivan

S
ab

ato.
L

oss
m

in
im

ization
an

d
p
aram

eter
estim

a
tion

w
ith

h
eav

y
ta

ils.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
3
0
7
.1

8
2
7
,

2013.

P
eter

J
.

H
u
b

er
an

d
E

lvezio
M

.
R

o
n
ch

etti.
R

o
bu

st
S

ta
tistics.

W
iley

S
eries

in
P

rob
a
b
ility

a
n
d

S
ta

tistics.
J
oh

n
W

iley
&

S
on

s
In

c.,
secon

d
ed

ition
,

2009.

J
.

H
.

B
.

K
em

p
erm

an
.

T
h
e

m
ed

ian
o
f

a
fi
n
ite

m
easu

re
on

a
B

an
ach

sp
ace.

S
ta

tistica
l

D
a
ta

A
n

a
lysis

B
a
sed

o
n

th
e
L

1 -n
o
rm

a
n

d
R

ela
ted

M
eth

od
s,

N
o
rth

-H
o
lla

n
d
,

A
m

esterd
a
m

,
p
ag

es
2
1
7
–
2
3
0
,

1
9
8
7.

A
riel

K
lein

er,
A

m
eet

T
alw

alkar,
P

u
rn

am
rita

S
a
rkar,

an
d

M
ich

ael
I

J
ord

an
.

A
scala

b
le

b
o
o
tstra

p
for

m
assive

d
ata.

J
o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
tistica

l
S

ociety:
S

eries
B

(S
ta

tistica
l

M
eth

od
o
logy),

76(4):795–816,
2014.

A
n
o
o
p

K
o
ra

ttikara,
Y

u
tian

C
h
en

,
an

d
M

ax
W

ellin
g.

A
u
sterity

in
M

C
M

C
lan

d
:

cu
ttin

g
th

e
M

etro
p

olis-H
astin

gs
b
u
d
get.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
3
0
4
.5

2
9
9
,

2013.

M
a
tth

ieu
L

era
sle

an
d

R
ob

erto
I.

O
liv

eira.
R

o
b
u
st

em
p
irical

m
ean

estim
ato

rs.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
1
1
2
.3

9
1
4
,

2011.

H
en

d
rik

P
L

op
u
h
aa

an
d

P
eter

J
R

ou
sseeu

w
.

B
reak

d
ow

n
p

oin
ts

of
affi

n
e

eq
u
ivarian

t
esti-

m
a
to

rs
o
f

m
u
ltivariate

lo
cation

an
d

covarian
ce

m
atrices.

T
h
e

A
n

n
a
ls

o
f

S
ta

tistics,
p
ages

2
2
9
–
2
4
8
,

1
9
9
1.

J
eff

rey
W

M
iller

an
d

D
av

id
B

D
u
n
son

.
R

ob
u
st

B
ayesian

in
feren

ce
v
ia

coarsen
in

g.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
6
.0

6
1
0
1
,

2015.

S
ta

n
islav

M
in

sk
er.

G
eom

etric
m

ed
ian

an
d

rob
u
st

estim
ation

in
B

an
ach

sp
aces.

B
ern

o
u

lli,
2
1
(4

):23
0
8
–
2
335,

2015.

W
illie

N
eisw

a
n
ger,

C
h
on

g
W

an
g,

an
d

E
ric

X
in

g.
A

sy
m

p
totically

ex
act,

em
b
arrassin

gly
p
a
ra

llel
M

C
M

C
.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
3
1
1
.4

7
8
0
,

2013.

A
rka

d
i

S
.

N
em

irov
sk

ĭı
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er
iz

ed
o
u
tp

u
t

d
en

si
ti

es
b
a
se

d
o
n

sa
m

p
le

s
o
f

th
e

o
b
se

rv
a
b
le

co
m

p
on

en
t.

F
ro

m
cl

as
si

ca
l

th
eo

ry
,

it
is

k
n
ow

n
th

at
u
n
d
er

su
it

ab
le

re
gu

la
ri

ty
co

n
d
it

io
n
s,

th
e

m
a
x
im

u
m

li
k
el

ih
o
o
d

es
ti

m
a
te

(M
L

E
)

in
a
n

H
M

M
h
a
s

g
o
o
d

st
a
ti

st
ic

a
l

p
ro

p
er

ti
es

(B
ic

k
el

et
a
l.
,

1
9
9
8
).

H
ow

ev
er

,
g
iv

en
th

e
p

o
te

n
ti

a
ll
y

n
o
n
co

n
v
ex

n
a
tu

re
o
f

th
e

li
k
el

ih
o
o
d

su
rf

a
ce

,
co

m
p

u
ti

n
g

th
e

gl
ob

al
m

ax
im

u
m

th
at

d
efi

n
es

th
e

M
L

E
is

n
ot

a
st

ra
ig

h
tf

or
w

ar
d

ta
sk

.
In

fa
ct

,
th

e
H

M
M

es
ti

m
at

io
n

p
ro

b
le

m
in

fu
ll

ge
n

er
al

it
y

is
k
n

ow
n

to
b

e
co

m
p

u
ta

ti
on

al
ly

in
tr

ac
ta

b
le

u
n
d
er

cr
y
p
to

g
ra

p
h
ic

a
ss

u
m

p
ti

o
n
s

(T
er

w
ij

n
,

2
0
0
2
).

In
p
ra

ct
ic

e,
h
ow

ev
er

,
th

e
B

a
u
m

-W
el

ch
a
lg

o
ri

th
m

(B
a
u
m

et
a
l.
,

1
9
7
0
)

is
fr

eq
u
en

tl
y

a
p
p
li
ed

a
n
d

le
a
d
s

to
g
o
o
d

re
su

lt
s.

It
ca

n
b

e
u
n
d
er

st
o
o
d

a
s

th
e

sp
ec

ia
li
za

ti
o
n

o
f

th
e

E
M

a
lg

o
ri

th
m

(D
em

p
st

er
et

a
l.
,

1
9
7
7
)

to
th

e
m

a
x
im

u
m

li
k
el

ih
o
o
d

es
ti

m
a
ti

o
n

p
ro

b
le

m
a
ss

o
ci

a
te

d
w

it
h

th
e

H
M

M
.

D
es

p
it

e
it

s
w

id
e

u
se

in
m

a
n
y

a
p
p
li
ca

ti
o
n
s,

th
e

B
a
u
m

-W
el

ch
a
lg

o
ri

th
m

ca
n

g
et

tr
a
p
p

ed
in

lo
ca

l
o
p
ti

m
a

o
f

th
e

li
k
el

ih
o
o
d

fu
n
ct

io
n
.

U
n
d
er

st
a
n
d
in

g
w

h
en

th
is

u
n
d
es

ir
a
b
le

b
eh

av
io

r
o
cc

u
rs

—
o
r

d
o
es

n
o
t

o
cc

u
r—

h
as

re
m

ai
n
ed

an
op

en
q
u
es

ti
on

fo
r

se
v
er

al
d
ec

ad
es

.

A
m

or
e

re
ce

n
t

li
n
e

of
w

or
k

(M
os

se
l

an
d

R
o
ch

,
20

06
;

S
id

d
iq

i
et

al
.,

20
10

;
H

su
et

al
.,

20
12

)
h
as

fo
cu

se
d

on
d
ev

el
op

in
g

tr
ac

ta
b
le

es
ti

m
at

or
s

fo
r

H
M

M
s,

v
ia

ap
p
ro

ac
h
es

th
at

ar
e

d
is

ti
n
ct

fr
o
m

th
e

B
a
u
m

-W
el

ch
a
lg

o
ri

th
m

.
N

o
n
et

h
el

es
s,

it
h
a
s

b
ee

n
o
b
se

rv
ed

th
a
t

th
e

p
ra

ct
ic

a
l

p
er

fo
rm

a
n
ce

o
f

su
ch

m
et

h
o
d
s

ca
n

b
e

si
g
n
ifi

ca
n
tl

y
im

p
ro

v
ed

b
y

ru
n
n
in

g
th

e
B

a
u
m

-W
el

ch
al

go
ri

th
m

u
si

n
g

th
ei

r
es

ti
m

at
or

s
as

th
e

in
it

ia
l

p
oi

n
t;

se
e,

fo
r

in
st

an
ce

,
th

e
d

et
ai

le
d

em
p

ir
ic

al
st

u
d
y

in
K

o
n
to

ro
v
ic

h
et

a
l.

(2
0
1
3
).

T
h
is

cu
ri

o
u
s

p
h
en

o
m

en
o
n

h
a
s

b
ee

n
o
b
se

rv
ed

in
o
th

er
co

n
te

x
ts

(C
h
a
g
a
n
ty

a
n
d

L
ia

n
g
,

2
0
1
3
),

b
u
t

h
a
s

n
o
t

b
ee

n
ex

p
la

in
ed

to
d
a
te

.
O

b
ta

in
in

g
a

th
eo

re
ti

ca
l

ch
ar

ac
te

ri
za

ti
on

of
w

h
en

an
d

w
h
y

th
e

B
au

m
-W

el
ch

al
go

ri
th

m
b

eh
av

es
w

el
l

is
th

e
m

ai
n

ob
je

ct
iv

e
of

th
is

p
ap

er
.

1
.1

R
e
la

te
d

w
o
rk

a
n

d
o
u

r
c
o
n
tr

ib
u
ti

o
n

s

O
u
r

w
or

k
b
u
il
d
s

u
p

on
a

fr
am

ew
or

k
fo

r
an

al
y
si

s
of

E
M

,
as

p
re

v
io

u
sl

y
in

tr
o
d
u
ce

d
b
y

a
su

b
se

t
of

th
e

cu
rr

en
t

au
th

or
s

(B
al

ak
ri

sh
n
an

et
al

.,
20

14
);

se
e

al
so

th
e

fo
ll
ow

-u
p

w
or

k
to

re
gu

la
ri

ze
d

E
M

al
go

ri
th

m
s

(Y
i

an
d

C
ar

am
an

is
,

20
15

;
W

an
g

et
al

.,
20

14
).

A
ll

of
th

is
p
as

t
w

o
rk

a
p
p
li
es

to
m

o
d
el

s
b
a
se

d
o
n

i.
i.
d
.

sa
m

p
le

s,
a
n
d

a
s

w
e

sh
ow

in
th

is
p
a
p

er
,

th
er

e
a
re

a
n
u
m

b
er

o
f

n
on

-t
ri

v
ia

l
st

ep
s

re
q
u

ir
ed

to
d

er
iv

e
an

al
og

ou
s

th
eo

ry
fo

r
th

e
d
ep

en
d

en
t

va
ri

ab
le

s
th

at
ar

is
e

fo
r

H
M

M
s.

B
ef

or
e

d
oi

n
g

so
,

le
t

u
s

p
u
t

th
e

re
su

lt
s

of
th

is
p
ap

er
in

co
n
te

x
t

re
la

ti
ve

to
o
ld

er
an

d
m

or
e

cl
as

si
ca

l
w

or
k

on
B

au
m

-W
el

ch
an

d
re

la
te

d
al

go
ri

th
m

s.

U
n
d
er

m
il
d

re
gu

la
ri

ty
co

n
d
it

io
n
s,

it
is

w
el

l-
k
n
ow

n
th

at
th

e
m

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

e
(M

L
E

)
fo

r
a
n

H
M

M
is

a
co

n
si

st
en

t
a
n
d

a
sy

m
p
to

ti
ca

ll
y

n
o
rm

a
l

es
ti

m
a
to

r;
fo

r
in

st
a
n
ce

,
se

e
B

ic
ke

l
et

al
.

(1
99

8)
,

as
w

el
l

as
th

e
ex

p
os

it
or

y
w

or
k
s

(C
ap

p
é

et
al

.,
20

04
;

va
n

H
an

d
el

,
20

08
).

O
n

th
e

a
lg

o
ri

th
m

ic
le

v
el

,
th

e
o
ri

g
in

a
l

p
a
p

er
s

o
f

B
a
u
m

a
n
d

co
-a

u
th

o
rs

(B
a
u
m

et
a
l.
,

1
9
7
0
;

B
a
u

m
a
n

d
P

et
ri

e,
1
9
6
6
)

sh
ow

ed
th

a
t

th
e

B
a
u

m
-W

el
ch

a
lg

o
ri

th
m

co
n
v
er

g
es

to
a

st
a
ti

o
n

a
ry

p
o
in

t
o
f

th
e

sa
m

p
le

li
k
el

ih
o
o
d
;

th
es

e
re

su
lt

s
a
re

in
th

e
sp

ir
it

o
f

th
e

cl
a
ss

ic
a
l

co
n
v
er

g
en

ce
an

al
y
si

s
of

th
e

E
M

al
go

ri
th

m
(W

u
,

19
83

;
D

em
p
st

er
et

al
.,

19
77

).
T

h
es

e
cl

as
si

ca
l

co
n
ve

rg
en

ce
re

su
lt

s
on

ly
p
ro

v
id

e
a

re
la

ti
ve

ly
w

ea
k

gu
ar

an
te

e—
n
am

el
y,

th
at

if
th

e
al

go
ri

th
m

is
in

it
ia

li
ze

d
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

θ

�(θ
)

θ
*

�n (θ
)

θ
M

L
E

r
θ

�(θ
)

θ
*

�n (θ
)

θ
M

L
Er

(a)
(b

)

F
ig

u
re

1
:

(a
)

A
p

o
o
rly

b
eh

av
ed

sa
m

p
le

lik
elih

o
o
d
,

fo
r

w
h

ich
th

ere
a
re

m
a
n
y

lo
ca

l
o
p

tim
a

a
t

va
ry

in
g

d
ista

n
ces

fro
m

th
e

M
L

E
.

It
w

o
u
ld

req
u
ire

a
n

in
itia

liza
tio

n
ex

trem
ely

clo
se

to
th

e
M

L
E

in
o
rd

er
to

en
su

re
th

a
t

th
e

B
a
u
m

-W
elch

a
lg

o
rith

m
w

o
u
ld

n
o
t

b
e

tra
p
p

ed
a
t

a
su

b
-op

tim
al

fi
x
ed

p
oin

t.
(b

)
A

w
ell-b

eh
aved

sam
p
le

likelih
o
o
d
,

for
w

h
ich

all
lo

cal
op

tim
a

lie
w

ith
in

an
e
n
-b

all
of

th
e

M
L

E
,

as
w

ell
as

th
e

tru
e

p
aram

eter
θ ∗.

In
th

is
case,

th
e

B
au

m
-W

elch
algorith

m
,

w
h

en
in

itialized
w

ith
in

a
b

all
of

large
rad

iu
s
r,

w
ill

con
verge

to
th

e
b

all
of

m
u

ch
sm

aller
rad

iu
s
e
n
.

T
h
e

goal
of

th
is

p
ap

er
is

to
give

su
ffi

cien
t

con
d
ition

s
for

w
h
en

th
e

sam
p
le

likelih
o
o
d

ex
h
ib

its
th

is
favorab

le
stru

ctu
re.

su
ffi

cien
tly

close
to

th
e

M
L

E
,

th
en

it
w

ill
con

verge
to

it.
H

ow
ever,

th
e

classical
an

aly
sis

d
o
es

n
o
t

q
u

a
n
tify

th
e

size
o
f

th
is

n
eig

h
b

o
rh

o
o
d

,
a
n

d
a
s

a
critica

l
co

n
seq

u
en

ce,
it

d
oes

n
o
t

ru
le

o
u
t

th
e

p
a
th

o
lo

g
ica

l
ty

p
e

o
f

b
eh

av
io

r
illu

stra
ted

in
p
a
n
el

(a
)

o
f

F
ig

u
re

1
.

H
ere

th
e

sa
m

p
le

likelih
o
o
d

h
as

m
u
ltip

le
op

tim
a,

b
oth

a
glob

al
op

tim
u
m

corresp
on

d
in

g
to

th
e

M
L

E
as

w
ell

as
m

a
n
y

lo
ca

l
o
p

tim
a

fa
r

a
w

a
y

fro
m

th
e

M
L

E
th

a
t

a
re

a
lso

fi
x
ed

p
o
in

ts
o
f

th
e

B
a
u

m
-W

elch
algorith

m
.

In
su

ch
a

settin
g,

th
e

B
au

m
-W

elch
algorith

m
w

ill
on

ly
con

verge
to

th
e

M
L

E
if

it
is

in
itia

lized
in

an
ex

trem
ely

sm
all

n
eigh

b
orh

o
o
d
.

In
con

trast,
th

e
goal

of
th

is
p
ap

er
is

to
give

su
ffi

cien
t

con
d
ition

s
u
n
d
er

w
h
ich

th
e

sam
p
le

lik
elih

o
o
d

h
a
s

th
e

m
o
re

fav
o
ra

b
le

stru
ctu

re
sh

ow
n

in
p
a
n
el

(b
)

o
f

F
ig

u
re

1
.

H
ere,

ev
en

th
o
u
g
h

th
e

M
L

E
d
o
es

n
o
t

h
av

e
a

la
rg

e
b
a
sin

o
f

a
ttra

ctio
n
,

th
e

sa
m

p
le

lik
elih

o
o
d

h
a
s

a
ll

o
f

its
o
p
tim

a
(in

clu
d
in

g
th

e
M

L
E

)
lo

ca
lized

to
a

sm
a
ll

reg
io

n
a
ro

u
n
d

th
e

tru
e

p
a
ra

m
eter

θ ∗.
O

u
r

stra
teg

y
to

rev
ea

l
th

is
stru

ctu
re,

a
s

in
o
u
r

p
a
st

w
o
rk

(B
a
la

k
rish

n
a
n

et
a
l.,

2
0
1
4
),

is
to

sh
ift

p
ersp

ectiv
e:

in
stea

d
o
f

stu
d
y
in

g
co

n
v
erg

en
ce

o
f

B
a
u
m

-W
elch

u
p

d
a
tes

to
th

e
M

L
E

,
w

e
stu

d
y

th
eir

co
n
v
erg

en
ce

to
a
n
ε
n
-b

a
ll

o
f

th
e

tru
e

p
a
ra

m
eter

θ ∗,
a
n
d

m
o
reov

er,
in

stea
d

o
f

fo
cu

sin
g

ex
clu

siv
ely

o
n

th
e

sa
m

p
le

lik
elih

o
o
d
,

w
e

fi
rst

stu
d
y

th
e

stru
ctu

re
o
f

th
e

p
o
p
u
la

tio
n

lik
elih

o
o
d
,

co
rresp

o
n
d
in

g
to

th
e

id
ea

lized
lim

it
o
f

in
fi
n
ite

d
a
ta

.
O

u
r

fi
rst

m
a
in

resu
lt

(T
h
eo

rem
1
)

p
rov

id
es

su
ffi

cien
t

co
n
d
itio

n
s

u
n
d
er

w
h
ich

th
ere

is
a

la
rg

e
b
a
ll

o
f

ra
d
iu

s
r,

ov
er

w
h
ich

th
e

p
o
p
u
la

tio
n

v
ersio

n
o
f

th
e

B
a
u
m

-W
elch

u
p

d
a
tes

co
n
v
erg

e
a
t

a
geom

etric
rate

to
θ ∗.

O
u

r
secon

d
m

ain
resu

lt
(T

h
eorem

2)
u

ses
em

p
irical

p
ro

cess
th

eory
to

a
n

a
ly

ze
th

e
fi

n
ite-sa

m
p

le
v
ersio

n
o
f

th
e

B
a
u
m

-W
elch

a
lg

o
rith

m
,

co
rresp

o
n
d

in
g

to
w

h
a
t

is
a
ctu

a
lly

im
p

lem
en

ted
in

p
ra

ctice.
In

th
is

fi
n

ite
sa

m
p

le
settin

g
,

w
e

g
u

a
ra

n
tee

th
a
t

ov
er

th
e

b
all

of
rad

iu
s
r,

th
e

B
au

m
-W

elch
u
p

d
ates

w
ill

con
verge

to
an

ε
n
-b

all
w

ith
ε
n
�
r,

an
d

m
ost

im
p

o
rta

n
tly,

th
is
ε
n
-b

a
ll

co
n
ta

in
s

th
e

tru
e

p
a
ra

m
eter

θ ∗.
T

y
p

ica
lly

th
is

b
a
ll

a
lso

co
n
ta

in
s

th
e

M
L

E
w

ith
h
igh

-p
rob

ab
ility,

b
u
t

ou
r

th
eory

d
o
es

n
o
t

gu
aran

tee
con

vergen
ce

to
th

e
M

L
E

,
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Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

b
u

t
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n ∏ i=

2

p
(z
i
|z

i−
1
;β

)
n ∏ i=

1

p
(x
i|z

i;
µ

),
(5

)

w
h
er

e
th

e
p
a
ir
θ

:=
(β
,µ

)
p
a
ra

m
et

er
iz

es
th

e
tr

a
n
si

ti
o
n

a
n
d

o
b
se

rv
a
ti

o
n

fu
n
ct

io
n
s.

T
h
e

li
ke

li
h
o
o
d

th
en

re
ad

s

p
(x
n 1
;θ

)
=
∑ z
n 1

p
(z
n 1
,x

n 1
;θ

).

F
o
r

o
u
r

co
n
v
en

ie
n
ce

in
su

b
se

q
u
en

t
a
n
a
ly

si
s,

w
e

a
ls

o
d
efi

n
e

a
fo

rm
o
f

co
m

p
le

te
li
k
el

ih
o
o
d

in
cl

u
d
in

g
an

ad
d
it

io
n
al

h
id

d
en

va
ri

ab
le
z 0

w
h
ic

h
is

n
ot

as
so

ci
at

ed
to

an
y

ob
se

rv
a
ti

o
n
x

0

p
(z
n 0
,x

n 1
;θ

)
=
π

0
(z

0
)
n ∏ i=

1

p
(z
i
|z

i−
1
;β

)
n ∏ i=

1

p
(x
i|z

i;
µ

),
(6

)

w
h
er

e
π

0
=
π

.
N

o
te

th
a
t

it
p
re

se
rv

es
th

e
u
su

a
l

re
la

ti
o
n
sh

ip
∑

z
n 0
p
(z
n 0
,x

n 1
;θ

)
=
p
(x
n 1
;θ

)
b

et
w

ee
n

th
e

or
d
in

ar
y

an
d

co
m

p
le

te
li
ke

li
h
o
o
d
s

in
E

M
p
ro

b
le

m
s.

A
si

m
p
le

ex
a
m

p
le

:
A

sp
ec

ia
l

ca
se

h
el

p
s

to
il
lu

st
ra

te
th

es
e

d
efi

n
it

io
n
s.

In
p
a
rt

ic
u
la

r,
su

p
p

o
se

th
a
t

w
e

h
av

e
a

M
a
rk

ov
ch

a
in

w
it

h
s

=
2

st
a
te

s.
C

o
n
si

d
er

a
m

a
tr

ix
o
f

tr
a
n
si

ti
o
n

p
ro

b
ab

il
it

ie
s
A
∈
R

2
×

2
of

th
e

fo
rm

A
=

1

eβ
+
e−

β

[
eβ

e−
β

e−
β

eβ

]
=

[
ζ

1
−
ζ

1
−
ζ

ζ

] ,
(7

)

w
h
er

e
ζ

:=
eβ

eβ
+
e−
β
.

B
y

co
n
st

ru
ct

io
n
,

th
is

M
a
rk

ov
ch

a
in

is
re

cu
rr

en
t

a
n
d

a
p

er
io

d
ic

w
it

h
th

e
u
n
iq

u
e

st
a
ti

o
n
a
ry

d
is

tr
ib

u
ti

o
n
π

=
[ 1 2

1 2

] T
.

M
o
re

ov
er

,
b
y

ca
lc

u
la

ti
n
g

th
e

6
JM

L
R

 1
8(

12
5)

:1
-5

3,
 2

01
7



T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

eig
en

va
lu

es
o
f

th
e

tra
n
sitio

n
m

a
trix

,
w

e
fi
n
d

th
a
t

th
e

m
ix

in
g

co
n
d
itio

n
(4)

h
o
ld

s
w

ith
ρ

m
ix

:=
|2
ζ−

1|
=
|tan

h
(β

)|.
S
u
p
p

ose
m

oreover
th

at
th

e
ob

served
variab

les
in

R
d

are
con

d
ition

ally
G

au
ssian

,
say

w
ith

p
(x
t |z

t ;µ
)

=

{
1

(2
π
σ
2
)
d
/
2

ex
p {
−

1
2
σ
2 ‖x
−
µ‖

22 }
if
z
t

=
1

1
(2
π
σ
2
)
d
/
2

ex
p {
−

1
2
σ
2 ‖x

+
µ‖

22 }
if
z
t

=
2.

(8)

W
ith

th
is

ch
oice,

th
e

m
argin

al
d
istrib

u
tion

of
each

X
t

is
a

tw
o-state

G
au

ssian
m

ix
tu

re
w

ith
m

ean
vectors

µ
an

d
−
µ

,
an

d
covarian

ce
m

atrices
σ

2I
d .

W
e

p
rov

id
e

sp
ecifi

c
con

seq
u
en

ces
of

o
u
r

g
en

eral
th

eory
for

th
is

sp
ecial

case
in

th
e

seq
u
el.

2
.2

B
a
u

m
-W

e
lch

u
p

d
a
te

s
fo

r
H

M
M

s

W
e

n
ow

d
escrib

e
th

e
B

au
m

-W
elch

u
p

d
ates

for
a

gen
eral

d
iscrete-state

h
id

d
en

M
arkov

m
o
d
el.

A
s

a
sp

ecial
case

of
th

e
E

M
algorith

m
,

th
e

B
au

m
-W

elch
algorith

m
is

gu
aran

teed
to

ascen
d

on
th

e
likelih

o
o
d

fu
n
ction

of
th

e
h
id

d
en

M
arkov

m
o
d
el.

It
d
o
es

so
in

d
irectly,

b
y

fi
rst

com
p
u
tin

g
a

low
er

b
o
u
n
d

on
th

e
likelih

o
o
d

(E
-step

)
an

d
th

en
m

ax
im

izin
g

th
is

low
er

b
ou

n
d

(M
-step

).

F
or

a
given

in
teger

n
≥

1,
su

p
p

ose
th

at
w

e
ob

serve
a

seq
u

en
ce
x
n1

=
(x

1 ,...,x
n
)

d
raw

n
from

th
e

m
argin

al
d
istrib

u
tion

over
X
n1

d
efi

n
ed

b
y

th
e

m
o
d
el

(5).
T

h
e

rescaled
log

likelih
o
o
d

o
f

th
e

sa
m

p
le

p
ath

x
n1

is
given

b
y

`
n
(θ)

=
1n

log (∑z
n0

p
(z
n0
,x

n1
;θ) )

T
h

e
E

M
lik

elih
o
o
d

is
b

a
sed

o
n

low
er

b
o
u

n
d

in
g

th
e

lik
elih

o
o
d

v
ia

J
en

sen
’s

in
eq

u
a
lity.

F
o
r

a
n
y

ch
o
ice

o
f

p
a
ra

m
eter

θ ′
a
n
d

p
o
sitiv

e
in

teg
ers

i
≤
j

a
n
d
a
<
b,

let
E
Z
ji |x

ba
,θ ′

d
en

o
te

th
e

ex
p

ecta
tio

n
u
n
d
er

th
e

co
n
d
itio

n
a
l

d
istrib

u
tio

n
p
(Z

ji
|
x
ba ;θ ′).

W
ith

th
is

n
o
ta

tio
n
,

th
e

con
cav

ity
of

th
e

logarith
m

an
d

J
en

sen
’s

in
eq

u
ality

im
p
ly

th
at

for
an

y
ch

oice
of
θ ′,

w
e

h
ave

th
e

low
er

b
o
u
n
d

`
n
(θ)

=
1n

log [E
Z
n0 |x

n1
,θ ′

p
(Z

n0
,x

n1
;θ)

p
(Z

n0
|
x
n1
;θ ′) ]

≥
1n
E
Z
n0 |x

n1
,θ ′ [

log
p
(Z

n0
,x

n1
;θ) ]

︸
︷︷

︸
Q
n

(θ|θ ′)

+
1n
E
Z
n0 |x

n1
,θ ′ [−

log
p
(Z

n0
|
x
n1
;θ ′)]

︸
︷︷

︸
H
n

(θ ′)

.

F
o
r

a
g
iv

en
ch

o
ice

o
f
θ ′,

th
e

E
-step

co
rresp

o
n
d
s

to
th

e
co

m
p
u
ta

tio
n

o
f

th
e

fu
n
ctio

n
θ7→

Q
n
(θ
|
θ ′).

T
h
e
M

-step
is

d
efi

n
ed

b
y

th
e

E
M

o
p

erator
M
n

:
Ω̃
7→

Ω̃

M
n
(θ ′)

=
arg

m
ax

θ∈
Ω̃
Q
n
(θ
|
θ ′),

(9)

w
h
ere

Ω̃
is

th
e

set
of

feasib
le

p
aram

eter
vectors.

O
verall,

given
an

in
itial

vector
θ

0
=

(β
0,µ

0),
th

e
E

M
a
lg

o
rith

m
gen

erates
a

seq
u
en

ce
{θ
t} ∞t=

0
accord

in
g

to
th

e
recu

rsion
θ
t+

1
=
M
n
(θ
t).
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Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

T
h

is
d

escrip
tion

can
b

e
m

ad
e

m
ore

con
crete

for
an

H
M

M
,

in
w

h
ich

case
th

e
Q

-fu
n

ction
takes

th
e

form

Q
n
(θ|

θ ′)
=

1n
E
Z
0 |x

n1
,θ ′ [

log
π

0 (Z
0 ;β

) ]
+

1n

n
∑i=

1 E
Z
i−

1
,Z
i |x

n1
,θ ′ [

log
p
(Z

i |
Z
i−

1 ;β
) ]

+
1n

n
∑i=

1 E
Z
i |x

n1
,θ ′ [

log
p
(x
i |
Z
i ;µ

) ],
(10)

w
h
ere

th
e

d
ep

en
d
en

ce
o
f
π

0
o
n
β

co
m

es
fro

m
th

e
a
ssu

m
p
tio

n
th

a
t
π

0
=
π

.
N

o
te

th
a
t

th
e

Q
-fu

n
ctio

n
ca

n
b

e
d
eco

m
p

o
sed

a
s

th
e

su
m

o
f

a
term

w
h
ich

is
so

lely
d
ep

en
d
en

t
o
n
µ

,
a
n
d

an
oth

er
on

e
w

h
ich

on
ly

d
ep

en
d
s

on
β

—
th

at
is

Q
n
(θ|

θ ′)
=
Q

1
,n

(µ
|
θ ′)

+
Q

2
,n

(β
|
θ ′)

(1
1)

w
h

ere
Q

1
,n

(µ
|
θ ′)

=
1n ∑

ni=
1 E

Z
i |x

n1
,θ ′ [

log
p
(x
i |
Z
i ,µ

) ],
an

d
Q

2
,n

(β
|
θ ′)

collects
th

e
rem

ain
-

in
g

term
s.

In
o
rd

er
to

co
m

p
u
te

th
e

ex
p

ecta
tio

n
s

d
efi

n
in

g
th

is
fu

n
ctio

n
(E

-step
),

w
e

n
eed

to
d
eterm

in
e

th
e

m
a
rg

in
a
l

d
istrib

u
tio

n
s

ov
er

th
e

sin
g
leto

n
s
Z
i

a
n
d

p
a
irs

(Z
i ,Z

i+
1 )

u
n
d
er

th
e

jo
in

t
d
istrib

u
tio

n
p
(Z

n0
|
x
n1
;θ ′).

T
h
ese

m
a
rg

in
a
ls

ca
n

b
e

o
b
ta

in
ed

effi
cien

tly
u
sin

g
a

recu
rsive

m
essage-p

assin
g

algorith
m

,
k
n

ow
n

eith
er

as
th

e
forw

ard
-b

ack
w

ard
or

su
m

-p
ro

d
u

ct
algorith

m
(K

sch
isch

an
g

et
al.,

2001;
W

ain
w

righ
t

an
d

J
ord

an
,

200
8).

In
th

e
M

-step
,

th
e

d
eco

m
p

o
sitio

n
(11)

su
g
g
ests

th
a
t

th
e

m
a
x
im

iza
tio

n
ov

er
th

e
tw

o
co

m
p

o
n
en

ts
(β
,µ

)
ca

n
a
lso

b
e

d
eco

u
p
led

.
A

cco
rd

in
g
ly,

w
ith

a
slig

h
t

a
b
u
se

o
f

n
o
ta

tio
n
,

w
e

often
w

rite

M
µn
(θ ′)

=
arg

m
ax

µ∈
Ω
µ

Q
1
,n

(µ
|
θ ′),

an
d

M
βn
(θ ′)

=
arg

m
ax

β∈
Ω
β

Q
2
,n

(β
|
θ ′)

fo
r

th
ese

tw
o

d
eco

u
p
led

m
a
x
im

iza
tio

n
step

s,
w

h
ere

Ω
β

a
n
d

Ω
µ

d
en

o
te

th
e

fea
sib

le
set

o
f

tra
n
sitio

n
a
n
d

o
b
serva

tio
n

p
a
ra

m
eters

resp
ectiv

ely
a
n
d

Ω̃
:=

Ω
β ×

Ω
µ
.

In
th

e
fo

llow
in

g
,

u
n
less

oth
erw

ise
stated

,
Ω
µ

=
R
d,

so
th

at
th

e
m

ax
im

ization
over

th
e

ob
servation

p
aram

eters
is

u
n
con

strain
ed

.

3
.
M

a
in

re
su

lts

W
e

n
ow

tu
rn

to
th

e
statem

en
t

of
ou

r
m

ain
resu

lts,
alon

g
w

ith
a

d
iscu

ssion
of

som
e

of
th

eir
co

n
seq

u
en

ces.
T

h
e

fi
rst

step
is

to
esta

b
lish

th
e

ex
isten

ce
o
f

a
n

a
p
p
ro

p
ria

te
p

o
p
u
la

tio
n

a
n
a
lo

g
o
f

th
e
Q

-fu
n
ctio

n
.

A
lth

o
u
g
h

th
e

ex
isten

ce
o
f

su
ch

a
n

o
b

ject
is

a
stra

ig
h
tfo

rw
a
rd

con
seq

u
en

ce
of

th
e

law
of

large
n
u

m
b

ers
in

th
e

case
of

i.i.d
.

d
ata,

it
req

u
ires

som
e

tech
n

ical
eff

o
rt

to
esta

b
lish

ex
isten

ce
fo

r
th

e
ca

se
o
f

d
ep

en
d
en

t
d

a
ta

;
in

p
a
rticu

la
r,

w
e

d
o

so
u

sin
g

a
k

-tru
n
cated

version
of

th
e

fu
ll
Q

-fu
n
ction

(see
P

rop
osition

1).
T

h
is

tru
n
cated

ob
ject

p
lay

s
a

cen
tral

role
in

th
e

rem
ain

d
er

of
ou

r
an

aly
sis.

In
p

articu
lar,

w
e

fi
rst

an
aly

ze
a

version
of

th
e

B
a
u

m
-W

elch
u

p
d

a
tes

o
n

th
e

ex
p

ected
k
-tru

n
ca

ted
Q

-fu
n

ctio
n

fo
r

a
n

ex
ten

d
ed

seq
u

en
ce

o
f

o
b

serva
tio

n
s
x
n

+
k

1−
k
,

a
n

d
p

rov
id

e
su

ffi
cien

t
co

n
d

itio
n

s
fo

r
th

ese
p

o
p

u
la

tio
n

-lev
el

u
p

d
a
tes

to
b

e
co

n
tra

ctiv
e

(see
T

h
eo

rem
1
).

W
e

th
en

u
se

n
o
n
-a

sy
m

p
to

tic
fo

rm
s

o
f

em
p
irica

l
p
ro

cess
th

eo
ry

to
sh

ow
th

a
t

u
n
d
er

su
ita

b
le

co
n
d
itio

n
s,

th
e

a
ctu

a
l

sa
m

p
le-b

a
sed

E
M

u
p

d
a
tes—

i.e.,
th

e
u
p

d
ates

th
at

are
actu

ally
im

p
lem

en
ted

in
p
ractice—

are
also

w
ell-b

eh
aved

in
th

is
region

w
ith

h
ig

h
p
ro

b
a
b
ility

(see
T

h
eo

rem
2
).

In
su

b
seq

u
en

t
a
n
a
ly

sis
to

fo
llow

in
S
ectio

n
4
,

w
e

sh
ow

th
at

th
is

in
itialization

rad
iu

s
is

su
itab

ly
large

for
an

H
M

M
w

ith
G

au
ssian

ou
tp

u
ts.
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

3
.1

E
x
is

te
n

c
e

o
f

p
o
p

u
la

ti
o
n
Q

-f
u

n
c
ti

o
n

In
th

e
an

al
y
si

s
of

B
al

ak
ri

sh
n
an

et
al

.
(2

01
4)

,
th

e
ce

n
tr

al
ob

je
ct

is
th

e
n
ot

io
n

of
a

p
op

u
la

ti
on

Q
-f

u
n
ct

io
n
—

n
a
m

el
y,

th
e

fu
n
ct

io
n

th
a
t

u
n
d
er

li
es

th
e

E
M

a
lg

o
ri

th
m

in
th

e
id

ea
li
ze

d
li
m

it
o
f

in
fi
n
it

e
d
a
ta

.
In

th
ei

r
se

tt
in

g
o
f

i.
i.
d
.

d
a
ta

,
th

e
st

a
n
d
a
rd

la
w

o
f

la
rg

e
n
u
m

b
er

s
en

su
re

s
th

at
as

th
e

sa
m

p
le

si
ze
n

in
cr

ea
se

s,
th

e
sa

m
p
le

-b
as

ed
Q

-f
u
n
ct

io
n

ap
p
ro

ac
h
es

it
s

ex
p

ec
ta

ti
on

,
n
am

el
y

th
e

fu
n
ct

io
n

Q
(θ
|θ
′ )

=
E[
Q
n
(θ
|θ
′ )
]

=
E[

E Z
1
|X

1
,θ
′[

lo
g
p
(X

1
,Z

1
;θ

)]
] .

H
er

e
w

e
u

se
th

e
sh

o
rt

h
a
n

d
E

fo
r

th
e

ex
p

ec
ta

ti
o
n

ov
er

a
ll

sa
m

p
le

s
X

th
a
t

a
re

d
ra

w
n

fr
o
m

th
e

jo
in

t
d
is

tr
ib

u
ti

on
(i

n
th

is
ca

se
E

:=
E X

n 1
|θ
∗
).

W
h
en

th
e

sa
m

p
le

s
ar

e
d
ep

en
d
en

t,
th

e
q
u
an

ti
ty

E[
Q
n
(θ
|θ
′ )
] is

n
o

lo
n
ge

r
in

d
ep

en
d
en

t
of

n
,

a
n

d
so

a
n

a
d

d
it

io
n

a
l

st
ep

is
re

q
u

ir
ed

.
A

re
a
so

n
a
b

le
ca

n
d

id
a
te

fo
r

a
g
en

er
a
l

d
efi

n
it

io
n

o
f

th
e

p
op

u
la

ti
on

Q
-f

u
n
ct

io
n

is
gi

ve
n

b
y

Q
(θ
|θ
′ )

:=
li
m

n
→

+
∞

[E
Q
n
(θ
|θ
′ )

].
(1

2)

A
lt

h
o
u
g
h

it
is

cl
ea

r
th

a
t

th
is

d
efi

n
it

io
n

is
se

n
si

b
le

in
th

e
i.
i.
d
.

ca
se

,
it

is
n
ec

es
sa

ry
fo

r
d
ep

en
d
en

t
sa

m
p
li
n
g

sc
h
em

es
to

p
ro

ve
th

at
th

e
li
m

it
gi

ve
n

in
d
efi

n
it

io
n

(1
2)

ac
tu

al
ly

ex
is

ts
.

In
th

is
p

ap
er

,
w

e
d

o
so

b
y

co
n

si
d

er
in

g
a

su
it

ab
ly

tr
u

n
ca

te
d

ve
rs

io
n

of
th

e
sa

m
p

le
-b

as
ed

Q
-f

u
n

ct
io

n
.

S
im

il
a
r

a
rg

u
m

en
ts

h
av

e
b

ee
n

u
se

d
in

p
a
st

w
o
rk

(e
.g

.,
(C

a
p

p
é

et
a
l.

,
2
0
0
4
;

va
n

H
an

d
el

,
20

08
))

to
es

ta
b
li
sh

co
n
si

st
en

cy
of

th
e

M
L

E
;

h
er

e
ou

r
fo

cu
s

is
in

st
ea

d
on

th
e

b
eh

av
io

r
o
f

th
e

B
a
u
m

-W
el

ch
a
lg

o
ri

th
m

.
L

et
u
s

co
n
si

d
er

a
se

q
u
en

ce
{(
X
i,
Z
i)
}n

+
k

i=
1
−
k
,

a
ss

u
m

ed
to

b
e

d
ra

w
n

fr
o
m

th
e

st
a
ti

o
n
a
ry

d
is

tr
ib

u
ti

o
n

o
f

th
e

ov
er

a
ll

ch
a
in

.
R

ec
a
ll

th
a
t
E Z

j i
|x
b a
,θ

d
en

o
te

s

ex
p

ec
ta

ti
o
n

s
ta

k
en

ov
er

th
e

d
is

tr
ib

u
ti

o
n
p
(Z

j i
|x

b a
,θ

).
T

h
en

,
fo

r
a

p
o
si

ti
v
e

in
te

g
er
k

to
b

e
ch

os
en

,
w

e
d
efi

n
e

Q
k n
(θ
|θ
′ )

=
1 n

[ E Z
0
|x
k −
k
,θ
′
lo

g
p
(Z

1
;β

)
+

n ∑ i=
1

E Z
i i−

1
|x
i+
k

i−
k
,θ
′
lo

g
p
(Z

i
|Z

i−
1
;β

)

+
n ∑ i=

1

E Z
i
|x
i+
k

i−
k
,θ
′
lo

g
p
(x
i
|Z

i;
µ

)] .
(1

3)

In
an

an
al

og
ou

s
fa

sh
io

n
to

th
e

d
ec

om
p

os
it

io
n

in
eq

u
at

io
n

(1
0)

,
w

e
ca

n
d
ec

om
p

os
e
Q
k n

in
th

e
fo

rm

Q
k n
(θ
|θ
′ )

=
Q
k 1
,n

(µ
|θ
′ )

+
Q
k 2
,n

(β
|θ
′ )
.

W
e

a
ss

o
ci

a
te

w
it

h
th

is
tr

ip
le

t
o
f
Q

-f
u
n
ct

io
n
s

th
e

co
rr

es
p

o
n
d
in

g
E

M
o
p

er
a
to

rs
M

k n
(θ
′ )

,

M
µ
,k

n
(θ
′ )

a
n
d
M

β
,k

n
(θ
′ )

a
s

in
E

q
u
a
ti

o
n

(9
).

N
o
te

th
a
t

a
s

o
p
p

o
se

d
to

th
e

fu
n
ct

io
n
Q
n

fr
o
m

eq
u
a
ti

o
n

(1
0)

,
th

e
d
efi

n
it

io
n

o
f
Q
k n

in
v
o
lv

es
va

ri
a
b
le

s
Z
i,
Z
i−

1
th

a
t

a
re

n
o
t

co
n

d
it

io
n
ed

o
n

th
e

fu
ll

o
b
se

rv
a
ti

o
n

se
q
u
en

ce
x
n 1
,

b
u
t

in
st

ea
d

o
n
ly

o
n

a
2
k

w
in

d
ow

ce
n
te

re
d

a
ro

u
n
d

th
e

in
d
ex

i.
B

y
co

n
st

ru
ct

io
n
,

w
e

a
re

g
u
a
ra

n
te

ed
th

a
t

th
e
k
-t

ru
n
ca

te
d

p
o
p
u
la

ti
o
n

fu
n
ct

io
n

a
n
d

it
s

d
ec

om
p

os
ed

an
al

og
s

gi
ve

n
b
y

Q
k
(θ
|θ
′ )

:=
li
m

n
→
∞
EQ

k n
(θ
|θ
′ )

=
EQ

k 1
,n

(µ
|θ
′ )

+
li
m

n
→
∞
EQ

k 2
,n

(β
|θ
′ )

:=
Q
k 1
(µ
|θ
′ )

+
Q
k 2
(β
|θ
′ )

(1
4)
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Y
a
n
g
,
B
a
l
a
k
r
is
h
n
a
n
a
n
d

W
a
in
w
r
ig
h
t

ar
e

w
el

l-
d
efi

n
ed

.
In

p
ar

ti
cu

la
r,

d
u
e

to
st

at
io

n
ar

it
y

of
th

e
ra

n
d
om

se
q
u
en

ce
s
{p

(z
i
|X

i+
k

i−
k

)}
n i=

1

an
d
{p

(z
i i−

1
|X

i+
k

i−
k
)}
n i=

1
,

th
e

ex
p

ec
ta

ti
on

ov
er
{(
X
i,
Z
i)
}n

+
k

i=
1
−
k

is
in

d
ep

en
d

en
t

of
th

e
sa

m
p

le
si

ze
n

.
N

o
ti

ce
th

a
t

th
e

B
a
u
m

-W
el

ch
a
lg

o
ri

th
m

in
p
ra

ct
ic

e
es

se
n
ti

a
ll
y

co
rr

es
p

o
n
d
s

to
u
si

n
g

k
=
n

.

O
u

r
fi

rs
t

re
su

lt
u

se
s

th
e

ex
is

te
n

ce
o
f

th
is

tr
u

n
ca

te
d

p
o
p

u
la

ti
o
n

o
b

je
ct

in
o
rd

er
to

sh
ow

th
at

th
e

st
an

d
ar

d
p

op
u
la

ti
on

Q
-f

u
n
ct

io
n

fr
om

eq
u
at

io
n

(1
2)

is
in

d
ee

d
w

el
l-

d
efi

n
ed

.
In

d
oi

n
g

so
,

w
e

m
ak

e
u
se

of
th

e
su

p
-n

or
m

‖Q
1
−
Q

2
‖ ∞

:=
su

p
θ
,θ
′ ∈

Ω̃

∣ ∣ ∣Q
1
(θ
|θ
′ )
−
Q

2
(θ
|θ
′ )
∣ ∣ ∣.

(1
5
)

W
e

re
q
u
ir

e
in

th
e

fo
ll
ow

in
g

th
at

th
e

ob
se

rv
at

io
n

d
en

si
ti

es
sa

ti
sf

y
th

e
fo

ll
ow

in
g

b
ou

n
d
ed

n
es

s
co

n
d
it

io
n

su
p

θ
∈Ω̃

E[
m

ax
z i
∈[
s]

∣ ∣ l
og
p
(X

i
|z

i,
θ)
∣ ∣]
<
∞
.

(1
6
)

P
ro

p
o
si

ti
o
n

1
U

n
d
er

th
e

p
re

vi
o
u

sl
y

st
a
te

d
a
ss

u
m

p
ti

o
n

s,
th

e
po

p
u

la
ti

o
n

fu
n

ct
io

n
Q

d
efi

n
ed

in
eq

u
a
ti

o
n

(1
2)

ex
is

ts
.

T
h
e

p
ro

o
f

o
f

th
is

cl
a
im

is
g
iv

en
in

A
p
p

en
d

ix
A

.
It

h
in

g
es

o
n

th
e

fo
ll
ow

in
g

a
u
x
il
ia

ry
cl

a
im

,
w

h
ic

h
b

ou
n
d
s

th
e

d
iff

er
en

ce
b

et
w

ee
n
EQ

n
an

d
th

e
k
-t

ru
n
ca

te
d
Q

-f
u
n
ct

io
n

a
s

‖E
Q
n
−
Q
k
‖ ∞
≤

c
s4

ε9 m
ix
π

2 m
in

( 1
−
ε m

ix
π

m
in

) k
+
c(
π

m
in
,s
,ε

m
ix

)

n
,

(1
7
)

w
h
er

e
π

m
in

:=
m

in
β
∈Ω

β
,j
∈[
s]
π

(j
|β

)
is

th
e

m
in

im
u
m

p
ro

b
ab

il
it

y
in

th
e

st
at

io
n
ar

y
d
is

tr
ib

u
ti

on
,

ε m
ix

is
th

e
m

ix
in

g
co

n
st

a
n
t

fr
o
m

eq
u
a
ti

o
n

(3
),

a
n
d
c(
·)

is
a

co
n
st

a
n
t

d
ep

en
d
en

t
o
n
ly

o
n

th
e

in
h
er

en
t

m
o
d
el

p
a
ra

m
et

er
s.

T
h
e

d
ep

en
d
en

ci
es

o
n
ε m

ix
a
n
d
π

m
in

a
re

n
o
t

o
p
ti

m
iz

ed
h
er

e.
S
in

ce
th

is
b

o
u
n
d

h
o
ld

s
fo

r
a
ll
n

,
it

sh
ow

s
th

a
t

th
e

p
o
p
u
la

ti
o
n

fu
n
ct

io
n
Q

ca
n

b
e

u
n
if

o
rm

ly
a
p
p
ro

x
im

a
te

d
b
y
Q
k
,

w
it

h
th

e
a
p
p
ro

x
im

a
ti

o
n

er
ro

r
d
ec

re
a
si

n
g

g
eo

m
et

ri
ca

ll
y

a
s

th
e

tr
u
n
ca

ti
on

le
ve

l
k

gr
ow

s.
T

h
is

fa
ct

p
la

y
s

an
im

p
or

ta
n
t

ro
le

in
th

e
an

al
y
si

s
to

fo
ll
ow

.

3
.2

A
n

a
ly

si
s

o
f

u
p

d
a
te

s
b

a
se

d
o
n
Q
k

O
u
r

u
lt

im
at

e
go

al
is

to
es

ta
b
li
sh

a
b

ou
n
d

on
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

sa
m

p
le

-b
as

ed
B

au
m

-
W

el
ch

es
ti

m
at

e
an

d
θ∗

,
in

p
ar

ti
cu

la
r

sh
ow

in
g

co
n
tr

ac
ti

on
of

th
e

B
au

m
-W

el
ch

u
p

d
at

e
to

w
ar

d
s

th
e

tr
u
e

p
a
ra

m
et

er
.

O
u
r

st
ra

te
g
y

fo
r

d
o
in

g
so

in
v
o
lv

es
fi
rs

t
a
n
a
ly

zi
n
g

th
e

B
a
u
m

-W
el

ch
it

er
at

es
at

th
e

p
op

u
la

ti
on

le
ve

l,
w

h
ic

h
is

th
e

fo
cu

s
of

th
is

se
ct

io
n
.

T
h
e

q
u
a
n
ti

ty
Q

is
si

g
n
ifi

ca
n
t

fo
r

th
e

E
M

u
p

d
a
te

s
b

ec
a
u
se

th
e

p
a
ra

m
et

er
θ∗

sa
ti

sfi
es

th
e

se
lf

-c
o
n
si

st
en

cy
p
ro

p
er

ty
θ∗

=
ar

g
m

ax
θ
Q

(θ
|θ
∗ )

.
In

th
e

i.
i.
d
.

se
tt

in
g
,

th
e

fu
n
ct

io
n
Q

ca
n

o
ft

en
b

e
co

m
p
u
te

d
in

cl
o
se

d
fo

rm
,

a
n
d

h
en

ce
d
ir

ec
tl

y
a
n
a
ly

ze
d
,

a
s

w
a
s

d
o
n
e

in
p
a
st

w
o
rk

B
a
la

k
ri

sh
n
a
n

et
a
l.

(2
0
1
4
).

In
th

e
H

M
M

ca
se

,
th

is
fu

n
ct

io
n
Q

n
o

lo
n
g
er

h
a
s

a
cl

o
se

d
fo

rm
,

so
a
n

a
lt

er
n
a
ti

v
e

ro
u
te

is
n
ee

d
ed

.
H

er
e

w
e

a
n
a
ly

ze
th

e
p

o
p
u
la

ti
o
n

v
er

si
o
n

v
ia

th
e

tr
u
n
ca

te
d

fu
n
ct

io
n
Q
k

(1
4)

in
st

ea
d
,

w
h
er

e
k

is
a

g
iv

en
tr

u
n
ca

ti
o
n

le
v
el

(t
o

b
e

ch
o
se

n
in

th
e

se
q
u
el

).
A

lt
h
o
u
g
h
θ∗

is
n
o

lo
n
g
er

a
fi
x
ed

p
o
in

t
o
f
Q
k
,

th
e

b
o
u
n
d

(1
7)

co
m

b
in

ed
w

it
h

1
0
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

th
e

a
ssu

m
p
tio

n
o
f

stro
n
g

co
n
cav

ity
o
f
Q
k

im
p
ly

a
n

u
p
p

er
b

o
u
n
d

o
n

th
e

d
ista

n
ce

o
f

th
e

m
ax

im
izers

of
Q
k

an
d
Q

.
W

ith
th

is
setu

p
,

w
e

con
sid

er
an

id
ealized

p
op

u
lation

-level
algorith

m
th

at,
b
ased

on
som

e
in

itia
liza

tio
n
θ̃

0∈
Ω

=
B

2 (r;µ
∗ )×

Ω
β
,

gen
erates

th
e

seq
u
en

ce
of

iterates

θ̃
t+

1
=
M

k(θ̃
t)

:=
arg

m
ax

θ∈
Ω̃

Q
k(θ
|
θ̃
t).

(18)

w
h
ere

Ω̃
=

Ω
β ×

Ω
µ

is
a

larger
set

th
an

Ω
,

esp
ecially

Ω
µ

=
R
d.

S
in

ce
Q
k

is
an

ap
p
rox

im
ate

v
ersio

n
o
f
Q

,
th

e
u
p

d
a
te

o
p

era
to

r
M

k
sh

o
u
ld

b
e

u
n
d
ersto

o
d

a
s

a
n

a
p
p
rox

im
a
tio

n
to

th
e

id
ea

lized
p

o
p
u
la

tio
n

E
M

o
p

era
to

r
M

w
h
ere

th
e

m
a
x
im

u
m

is
ta

k
en

w
ith

resp
ect

to
Q

.
A

s
p
a
rt

(a
)

o
f

th
e

fo
llow

in
g

th
eo

rem
sh

ow
s,

th
e

a
p
p
rox

im
a
tio

n
erro

r
is

w
ell-co

n
tro

lled
u
n
d
er

su
ita

b
le

co
n
d
itio

n
s.

W
e

a
n
a
ly

ze
th

e
co

n
v
erg

en
ce

o
f

th
e

seq
u
en

ce
{θ̃
t} ∞t=

0
in

term
s

o
f

th
e

n
o
rm
‖·‖

?
:

Ω
µ ×

Ω
β
→

R
+

given
b
y

‖θ−
θ ∗‖

?
=
‖(µ

,β
)−

(µ
∗,β
∗)‖

?
:=
‖µ
−
µ
∗‖

2
+
‖
β
−
β
∗‖

2 .
(19)

C
o
n
tra

ctio
n

in
th

is
n
o
rm

im
p
lies

th
a
t

b
o
th

p
a
ra

m
eters

µ
,β

co
n
v
erg

e
lin

ea
rly

to
th

e
tru

e
p
a
ra

m
eter.

C
o
n

d
itio

n
s

o
n
Q
k:

L
et

u
s

n
ow

in
tro

d
u
ce

th
e

co
n
d
itio

n
s

o
n

th
e

tru
n
ca

ted
fu

n
ctio

n
Q
k

th
a
t

u
n
d
erlie

o
u
r

an
aly

sis.
F

or
th

is
p
u
rp

ose,
w

e
con

cen
trate

on
a

p
oten

tially
sm

a
ller

set

Ω
:=

B
2 (r;µ

∗)×
Ω
β

w
ith

rad
iu

s
r
>

0,
w

h
ere

Ω
β

is
th

e
set

of
allow

ab
le

H
M

M
tran

sition
p
aram

eters.
T

h
e

goal
is

to
fi
n
d

th
e

largest
Ω
⊂

Ω̃
,

in
w

h
ich

said
con

d
ition

s
are

fu
lfi

lled
.

T
h
is

set
Ω

is
th

en
eq

u
ivalen

t
to

th
e

b
a
sin

o
f

a
ttra

ctio
n

,
i.e.

th
e

set
in

w
h

ich
w

e
ca

n
in

itia
lize

th
e

a
lg

o
rith

m
a
n

d
o
b

ta
in

lin
ea

r
co

n
v
erg

en
ce

to
a

go
o
d

op
tim

u
m

.
F

irst,
let

u
s

say
th

a
t

th
e

fu
n

ctio
n
Q
k(·|

θ ′)
is

(λ
µ
,λ

β
)-stro

n
gly

co
n

ca
ve

in
Ω

if
fo

r
a
ll

θ ′∈
Ω

w
e

h
ave

Q
k1 (µ

1 |
θ ′)−

Q
k1 (µ

2 |
θ ′)−

〈∇
µ
Q
k1 (µ

2 |
θ ′),µ

1 −
µ

2 〉≤
−
λ
µ2
‖µ

1 −
µ

2 ‖
22

(20a)

a
n
d

Q
k2 (β

1 |
θ ′)−

Q
k2 (β

2 |
θ ′)−

〈∇
β
Q
k2 (β

2 |
θ ′),β

1 −
β

2 〉≤
−
λ
β2
‖β

1 −
β

2 ‖
22

(20b
)

fo
r

a
ll

(µ
1 ,β

1 ),(µ
2 ,β

2 )∈
Ω

.
S
econ

d
,

w
e

im
p

ose
fi

rst-o
rd

er
sta

bility
con

d
ition

s
on

th
e

grad
ien

ts
of

each
com

p
on

en
t

of
Q
k:

•
F

o
r

ea
ch

µ
∈

Ω
µ
,θ ′∈

Ω
,

w
e

h
ave

‖∇
µ
Q
k1 (µ
|
µ
′,β
′)−
∇
µ
Q
k1 (µ
|
µ
∗,β
′)‖

2 ≤
L
µ
,1 ‖
µ
′−

µ
∗‖

2
(21a)

‖∇
µ
Q
k1 (µ
|
µ
′,β
′)−
∇
µ
Q
k1 (µ
|
µ
′,β
∗)‖

2 ≤
L
µ
,2 ‖
β
′−

β
∗‖

2 ,
(21b

)

W
e

refer
to

th
is

con
d
ition

as
L
µ
-F

O
S

for
sh

ort.
•

S
eco

n
d
ly,

fo
r

a
ll
β
∈

Ω
β
,θ ′∈

Ω
,

w
e

req
u
ire

th
at

‖∇
β
Q
k2 (β
|
µ
′,β
′)−
∇
β
Q
k2 (β
|
µ
∗,β
′)‖

2 ≤
L
β
,1 ‖µ

′−
µ
∗‖

2
(22a)

‖∇
β
Q
k2 (β
|
µ
′,β
′)−
∇
β
Q
k2 (β
|
µ
′,β
∗)‖

2 ≤
L
β
,2 ‖β

′−
β
∗‖

2 .
(22b

)
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Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

W
e

refer
to

th
is

co
n
d
itio

n
a
s
L
β
-F

O
S

fo
r

sh
o
rt.

T
h
e

ex
p

erien
ced

rea
d
er

m
ay

fi
n
d

th
a
t

th
e

(L
µ
,L

β
)-F

O
S

co
n
d
itio

n
s

lo
o
k

in
trig

u
in

g
ly

sim
ila

r
to

th
e

L
ip

sch
itz

g
ra

d
ien

t
co

n
d
itio

n
s

often
en

cou
n
tered

w
h

en
p

rov
in

g
geom

etric
con

vergen
ce

for
grad

ien
t

d
escen

t
m

eth
o
d

s.
O

n
a

h
ig

h
lev

el,
sm

o
o
th

n
ess

req
u
ires

fu
n
ctio

n
va

lu
es

o
f

o
n
e

fu
n
ctio

n
to

b
e

clo
se

fo
r

a
n
y

p
a
ir

o
f

a
rg

u
m

en
ts

th
a
t

a
re

clo
se.

A
lth

o
u
g
h

o
u
r

co
n
d
itio

n
s

seem
to

in
v
o
k
e

L
ip

sch
itz

g
ra

d
ien

ts
a
s

w
ell,

it
is

actu
ally

of
a

com
p
letely

d
iff

eren
t

n
atu

re.
T

h
e

im
p

ortan
t

d
iff

eren
ce

arises
from

th
e

ex
isten

ce
of

tw
o

p
aram

eters,
as

w
e

n
ow

clarify.
A

s
o
p
p

o
sed

to
g
ra

d
ien

t
d
escen

t,
th

e
E

M
u
p

d
a
tes

o
p
tim

ize
ov

er
th

e
fi
rst

p
a
ra

m
eter

θ
o
f

a
fu

n
ctio

n
Q
k(·|

θ ′)
d

efi
n

ed
b
y

th
e

seco
n

d
p
a
ra

m
eter

θ ′
a
t

ev
ery

tim
e

step
.

If
w

e
co

u
ld

a
ccess

Q
k(·|

θ ∗),
E

M
w

o
u
ld

co
n
v
erg

e
in

o
n
e

step
to

th
e

tru
e

o
p
tim

u
m

.
T

h
erefo

re,
if

w
e

ca
n

g
u
a
ra

n
tee

th
a
t
Q
k(·|

θ ′)
a
n
d
Q
k(·|

θ ∗)
a
re

clo
se

in
so

m
e

sen
se,

th
ere

sh
o
u
ld

b
e

g
o
o
d

rea
so

n
s

to
h

o
p

e
th

a
t

u
n

d
er

so
m

e
m

o
re

reg
u

la
rity

a
ssu

m
p

tio
n

s
th

e
m

a
x
im

izers
a
re

clo
se

a
s

w
ell,

i.e.
th

at
M

k(θ ′)
is

close
to
θ ∗.

T
h
e

(L
µ
,L

β
)-F

O
S

con
d
ition

s
are

p
recisely

en
cou

ragin
g

closen
ess

of
th

ese
tw

o
fu

n
ction

s
in

a
fi
rst-ord

er
sen

se.
In

p
articu

lar,
w

e
req

u
ire

th
e

grad
ien

ts
(w

ith
resp

ect
to

th
e

fi
rst

argu
m

en
t

θ)
to

b
e

L
ip

sch
itz

in
th

e
seco

n
d

a
rg

u
m

en
t
θ ′.

T
y
p
ica

l
sm

o
o
th

n
ess

h
ow

ev
er

is
a

p
ro

p
erty

w
ith

resp
ect

to
a

fi
xed

fu
n
ctio

n
(i.e.

a
fi
x
ed

θ ′
in

o
u
r

ca
se)

a
n
d

th
u
s

req
u
ires

g
ra

d
ien

ts
to

b
e

L
ip

sch
itz

in
th

e
fi
rst

argu
m

en
t.

L
o
osely

sp
eak

in
g

it
u
p
p

er
b

ou
n
d
s

th
e

cu
rva

tu
re

of
said

fu
n
ctio

n
,

a
n
d

th
u
s

is
m

o
re

lik
e

a
seco

n
d
-o

rd
er

co
n
d
itio

n
b
y

n
a
tu

re.
T

h
is

d
istin

ctio
n

a
lso

ex
p
la

in
s

w
h
y

(L
µ
,L

β
)-F

O
S

co
n
d
itio

n
s

req
u
ire

to
b

e
u
n
ifo

rm
ly

sa
tisfi

ed
o
n
ly

ov
er

th
e

fi
rst

argu
m

en
t,

w
h

ile
on

e
of

th
e

secon
d

argu
m

en
ts

can
b

e
fi

x
ed

at
µ
∗

or
β
∗

resp
ectively.

F
in

ally,
as

w
e

sh
ow

in
S
ection

4,
th

ese
con

d
ition

s
h
old

for
con

crete
m

o
d
els.

C
o
n
v
e
rg

e
n

c
e

g
u

a
ra

n
te

e
fo

r
Q
k-u

p
d

a
te

s:
W

e
a
re

n
ow

eq
u
ip

p
ed

to
sta

te
o
u
r

m
a
in

con
vergen

ce
gu

aran
tee

for
th

e
u
p

d
ates.

It
in

volves
th

e
q
u
an

tities

L
:=

m
ax{L

µ
1 ,L

µ
2 }

+
m

ax{
L
β
1 ,L

β
2 }
,

λ
:=

m
in{λ

µ
,λ

β }
an

d
κ

:=
Lλ
,

(23)

w
ith

κ
g
en

era
lly

req
u
ired

to
b

e
sm

a
ller

th
a
n

o
n
e,

a
s

w
ell

a
s

th
e

a
d
d
itiv

e
n
o
rm
‖·‖

?
fro

m
eq

u
ation

(19).
P

art
(a)

of
th

e
th

eorem
con

trols
th

e
a
p
p
ro

xim
a
tio

n
erro

r
in

d
u
ced

b
y

u
sin

g
th

e
k

-tru
n
cated

fu
n

ction
Q
k

as
op

p
osed

to
th

e
ex

act
p

op
u

lation
fu

n
ction

Q
,

w
h

ereas
p

art
(b

)
gu

aran
tees

a
geo

m
etric

ra
te

o
f

co
n

vergen
ce

in
term

s
of
κ

d
efi

n
ed

ab
ove

in
eq

u
ation

(23).

T
h

e
o
re

m
1

(a
)

A
p
p
rox

im
ation

gu
aran

tee:
U

n
d
er

th
e

m
ixin

g
co

n
d
itio

n
(4),

d
en

sity
bo

u
n

d
-

ed
n

ess
co

n
d
itio

n
(16),

a
n

d
(λ
µ
,λ

β
)-stro

n
g

co
n

ca
vity

co
n

d
itio

n
(20),

th
ere

is
a

u
n

iversa
l

co
n

sta
n

t
c

0
su

ch
th

a
t

‖
M

k(θ)−
M

(θ)‖
2? ≤

C
s

4

λ
ε
9m

ix π
2m

in (1−
ε
m

ix π
m

in )
k

︸
︷︷

︸
=

:ϕ
2
(k

)

fo
r

a
ll
θ∈

Ω
,

(24)

w
h
ere

s
is

th
e

n
u

m
ber

o
f

sta
tes,

a
n

d
π

m
in

:=
m

in
β∈

Ω
β

m
in

j∈
[s] π

(j;β
).

(b)
C

on
vergen

ce
gu

aran
tee:

S
u

p
po

se
in

a
d
d
itio

n
th

a
t

th
e

(L
µ
,L

β
)-F

O
S

co
n

d
itio

n
s

(21),(22)
h
o
ld

s
w

ith
pa

ra
m

eter
κ
∈

(0
,1

)
a
s

d
efi

n
ed

in
(23)

fo
r
θ,θ ′∈

Ω
=

B
2 (r;µ

∗ )×
Ω
β
,

a
n

d
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

th
a
t

th
e

tr
u

n
ca

ti
o
n

pa
ra

m
et

er
k

is
su

ffi
ci

en
tl

y
la

rg
e

to
en

su
re

th
a
t

ϕ
(k

)
≤
( 1
−
κ
) r
−
κ

m
ax

β
∈Ω

β

‖β
−
β
∗ ‖

2
.

T
h
en

,
gi

ve
n

a
n

in
it

ia
li

za
ti

o
n
θ̃0
∈

Ω
,

th
e

it
er

a
te

s
{θ̃
t }
∞ t=

0
ge

n
er

a
te

d
by

th
e
M

k
o
pe

ra
to

r
sa

ti
sf

y
th

e
bo

u
n

d

‖θ̃
t
−
θ∗
‖ ?
≤
κ
t ‖
θ̃0
−
θ∗
‖ ?

+
1

1
−
κ
ϕ

(k
).

(2
5)

N
ot

e
th

at
th

e
su

b
tl

et
y

h
er

e
is

th
at
θ∗

is
n
o

lo
n
ge

r
a

fi
x
ed

p
oi

n
t

of
th

e
op

er
at

or
M

k
,

d
u
e

to
th

e
er

ro
r

in
d
u
ce

d
b
y

th
e
k
th

-o
rd

er
tr

u
n
ca

ti
on

.
N

on
et

h
el

es
s,

u
n
d
er

th
e

m
ix

in
g

co
n
d
it

io
n
,

a
s

th
e

b
o
u
n
d
s

(2
4)

a
n
d

(2
5)

sh
ow

,
th

is
a
p
p
ro

x
im

a
ti

o
n

er
ro

r
is

co
n
tr

o
ll
ed

,
a
n
d

d
ec

ay
s

ex
p

on
en

ti
al

ly
in
k
.

T
h
e

p
ro

of
of

th
e

re
cu

rs
iv

e
b

ou
n
d

(2
5)

is
b
as

ed
on

sh
ow

in
g

th
at

‖ M
k
(θ

)
−
M

k
(θ
∗ )
‖ ?
≤
κ
‖θ
−
θ∗
‖ ?

(2
6)

fo
r

a
n
y
θ
∈

Ω
.

In
eq

u
a
li
ty

(2
6)

is
eq

u
iv

a
le

n
t

to
st

a
ti

n
g

th
a
t

th
e

o
p

er
a
to

r
M

k
is

co
n
tr

a
ct

iv
e,

i.
e.

th
at

ap
p
ly

in
g
M

k
to

th
e

p
ai

r
θ

an
d
θ∗

al
w

ay
s

d
ec

re
as

es
th

e
d
is

ta
n
ce

.

F
in

al
ly

,
w

h
en

T
h
eo

re
m

1
is

ap
p
li
ed

to
a

co
n
cr

et
e

m
o
d
el

,
th

e
ta

sk
is

to
fi
n
d

a
b
ig
r

an
d

Ω
β

su
ch

th
a
t

th
e

co
n
d
it

io
n
s

in
th

e
th

eo
re

m
a
re

sa
ti

sfi
ed

,
a
n
d

w
e

d
o

so
fo

r
th

e
G

a
u
ss

ia
n

ou
tp

u
t

H
M

M
in

S
ec

ti
on

4.

3
.3

S
a
m

p
le

-b
a
se

d
re

su
lt

s

W
e

n
ow

tu
rn

to
a

re
su

lt
th

at
ap

p
li
es

to
th

e
sa

m
p
le

-b
as

ed
fo

rm
of

th
e

B
au

m
-W

el
ch

al
go

ri
th

m
—

th
at

is
,

co
rr

es
p

on
d

in
g

to
th

e
u

p
d

at
es

th
at

ar
e

ac
tu

al
ly

ap
p

li
ed

in
p

ra
ct

ic
e.

F
or

a
to

le
ra

n
ce

p
ar

am
et

er
δ
∈

(0
,1

),
w

e
le

t
ϕ
n
(δ
,k

)
b

e
th

e
sm

al
le

st
p

os
it

iv
e

sc
a
la

r
su

ch
th

a
t

P[
su

p
θ
∈Ω
‖M

n
(θ

)
−
M

k n
(θ

)‖
?
≥
ϕ
n
(δ
,k

)] ≤
δ.

(2
7a

)

T
h
is

q
u
a
n
ti

ty
b

o
u
n
d
s

th
e

a
p
p
ro

x
im

a
ti

o
n

er
ro

r
in

d
u
ce

d
b
y

th
e
k
-t

ru
n
ca

ti
o
n
,

a
n
d

is
th

e
sa

m
p

le
-b

as
ed

an
al

og
u

e
of

th
e

q
u

an
ti

ty
ϕ

(k
)

ap
p

ea
ri

n
g

in
T

h
eo

re
m

1(
a)

.
F

or
ea

ch
δ
∈

(0
,1

),

w
e

le
t
εµ n

(δ
,k

)
an

d
εβ n

(δ
,k

)
d
en

ot
e

th
e

sm
al

le
st

p
os

it
iv

e
sc

al
ar

s
su

ch
th

at

P[
su

p
θ
∈Ω
‖M

µ
,k

n
(θ

)
−
M

µ
,k

(θ
)‖

2
≥
εµ n

(δ
,k

)] ≤
δ,

an
d

(2
7b

)

P[
su

p
θ
∈Ω
‖M

β
,k

n
(θ

)
−
M

β
,k

(θ
)‖

2
≥
εβ n

(δ
,k

)] ≤
δ,

w
h
er

e
M

µ
,k

n
(·)

a
n
d
M

β
,k

n
(·)

co
rr

es
p

o
n
d

to
th

e
tr

u
n
ca

te
d

v
er

si
o
n
s

o
f
M

µ n
(·)

a
n
d
M

β n
(·)

.

F
u
rt

h
er

m
o
re

w
e

d
efi

n
e
ε n

(δ
,k

)
:=

εµ n
(δ
,k

)
+
εβ n

(δ
,k

).
F

o
r

a
g
iv

en
tr

u
n
ca

ti
o
n

le
v
el
k
,

th
es

e
va

lu
es

g
iv

e
a
n

u
p
p

er
b

o
u
n
d

o
n

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

p
o
p
u
la

ti
o
n

a
n
d

sa
m

p
le

-b
a
se

d
M

-o
p

er
at

or
s,

as
in

d
u
ce

d
b
y

h
av

in
g

on
ly

a
fi
n
it

e
n
u
m

b
er
n

of
sa

m
p
le

s.
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Y
a
n
g
,
B
a
l
a
k
r
is
h
n
a
n
a
n
d

W
a
in
w
r
ig
h
t

T
h

e
o
re

m
2

(S
a
m

p
le

B
a
u

m
-W

e
lc

h
)

S
u

p
po

se
th

a
t

th
e

tr
u

n
ca

te
d

po
p
u

la
ti

o
n

E
M

o
pe

ra
to

r
M

k
sa

ti
sfi

es
th

e
lo

ca
l

co
n

tr
a
ct

io
n

bo
u

n
d

(2
6)

w
it

h
pa

ra
m

et
er
κ
∈

(0
,1

)
in

Ω
.

F
o
r

a
gi

ve
n

sa
m

p
le

si
ze
n

,
su

p
po

se
th

a
t

(k
,n

)
a
re

su
ffi

ci
en

tl
y

la
rg

e
to

en
su

re
th

a
t

ϕ
n
(δ
,k

)
+
ϕ

(k
)

+
εµ n
( δ
,k
) ≤

(1
−
κ

)
r
−
κ

m
ax

β
∈Ω

β

‖β
−
β
∗ ‖

2
.

(2
8
a)

T
h
en

gi
ve

n
a
n

y
in

it
ia

li
za

ti
o
n
θ̂0
∈

Ω
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2
δ,

th
e

B
a
u

m
-W

el
ch

se
qu

en
ce
{θ̂
t }
∞ t=

0
sa

ti
sfi

es
th

e
bo

u
n

d

‖θ̂
t
−
θ∗
‖ ?
≤

κ
t ‖
θ̂0
−
θ∗
‖ ?

︸
︷︷

︸
G

eo
m

et
ri

c
d
ec

a
y

+
1

1
−
κ

{ ϕ
n

( δ
,k
) +

ϕ
(k

)
+
ε n
( δ
,k
)}

︸
︷︷

︸
R

es
id

u
a
l

er
ro

r
e n

.
(2

8
b
)

T
h

e
b

o
u

n
d

(2
8b

)
sh

ow
s

th
a
t

th
e

d
is

ta
n
ce

b
et

w
ee

n
θ̂t

a
n

d
θ∗

is
b

o
u

n
d

ed
b
y

tw
o

te
rm

s:
th

e
fi

rs
t

d
ec

ay
s

ge
om

et
ri

ca
ll

y
as
t

in
cr

ea
se

s,
an

d
th

e
se

co
n

d
te

rm
co

rr
es

p
on

d
s

to
a

re
si

d
u

al
er

ro
r

te
rm

th
at

re
m

ai
n

s
in

d
ep

en
d

en
t

of
t.

T
h
u

s,
b
y

ch
o
os

in
g

th
e

it
er

at
io

n
n
u

m
b

er
T

la
rg

er
th

an
lo

g
(2
r
/
ε)

lo
g
κ

,
w

e
ca

n
en

su
re

th
at

th
e

fi
rs

t
te

rm
is

at
m

os
t
ε.

T
h
e

re
si

d
u
al

er
ro

r
te

rm
ca

n
b

e
co

n
tr

o
ll
ed

b
y

re
q
u
ir

in
g

th
a
t

th
e

sa
m

p
le

si
ze
n

is
su

ffi
ci

en
tl

y
la

rg
e,

a
n
d

th
en

ch
o
o
si

n
g

th
e

tr
u
n
ca

ti
on

le
ve

l
k

ap
p
ro

p
ri

at
el

y.
W

e
p
ro

v
id

e
a

co
n
cr

et
e

il
lu

st
ra

ti
on

of
th

is
p
ro

ce
d
u
re

in
th

e
fo

ll
ow

in
g

se
ct

io
n
,

w
h
er

e
w

e
a
n
a
ly

ze
th

e
ca

se
o
f

G
a
u
ss

ia
n

o
u
tp

u
t

H
M

M
s.

In
p
a
rt

ic
u
la

r,
w

e
ca

n
se

e
th

a
t

th
e

re
si

d
u

a
l

er
ro

r
is

o
f

th
e

sa
m

e
o
rd

er
a
s

fo
r

th
e

M
L

E
a
n

d
th

a
t

th
e

re
q
u

ir
ed

in
it

ia
li
za

ti
on

ra
d
iu

s
is

op
ti

m
al

u
p

to
co

n
st

an
ts

.
L

et
u
s

em
p
h
as

iz
e

h
er

e
th

at
k

as
w

el
l

as
th

e
tr

u
n
ca

te
d

op
er

at
or

s
ar

e
p
u
re

ly
th

eo
re

ti
ca

l
ob

je
ct

s
w

h
ic

h
w

er
e

in
tr

o
d
u
ce

d
fo

r
th

e
a
n
a
ly

si
s.

4
.
C
o
n
cr
e
te

re
su

lt
s
fo
r
th

e
G
a
u
ss
ia
n
o
u
tp

u
t
H
M

M

W
e

n
ow

re
tu

rn
to

th
e

co
n
cr

et
e

ex
a
m

p
le

o
f

a
G

a
u
ss

ia
n

o
u
tp

u
t

H
M

M
,

a
s

fi
rs

t
in

tr
o
d
u
ce

d
in

S
ec

ti
o
n

2
.1

,
a
n
d

sp
ec

ia
li
ze

o
u
r

g
en

er
a
l

th
eo

ry
to

it
.

B
ef

o
re

d
o
in

g
so

,
le

t
u
s

m
a
k
e

so
m

e
p
re

li
m

in
ar

y
co

m
m

en
ts

ab
ou

t
ou

r
n
ot

at
io

n
an

d
as

su
m

p
ti

on
s.

R
ec

al
l

th
at

ou
r

G
au

ss
ia

n
ou

tp
u
t

H
M

M
is

b
a
se

d
o
n
s

=
2

h
id

d
en

st
a
te

s,
u
si

n
g

th
e

tr
a
n
si

ti
o
n

m
a
tr

ix
fr

o
m

eq
u
a
ti

o
n

(7
),

a
n
d

th
e

G
a
u
ss

ia
n

o
u
tp

u
t

d
en

si
ti

es
fr

o
m

eq
u
a
ti

o
n

(8
).

F
o
r

co
n
v
en

ie
n
ce

o
f

a
n
a
ly

si
s,

w
e

le
t

th
e

h
id

d
en

va
ri

ab
le

s
Z
i

ta
ke

va
lu

es
in
{−

1,
1}

.
In

ad
d
it

io
n
,

w
e

re
q
u
ir

e
th

at
th

e
m

ix
in

g
co

effi
ci

en
t

ρ
m

ix
=

1
−
ε m

ix
is

b
ou

n
d
ed

aw
ay

fr
om

1
in

or
d
er

to
en

su
re

th
at

th
e

m
ix

in
g

co
n
d
it

io
n

(3
)

is
fu

lfi
ll
ed

.
W

e
d
en

o
te

th
e

u
p
p

er
b

o
u
n
d

fo
r
ρ

m
ix

a
s
b
<

1
so

th
a
t
ρ

m
ix
≤
b

a
n
d
ε m

ix
≥

1
−
b.

T
h
e

fe
a
si

b
le

se
t

o
f

th
e

p
ro

b
a
b
il

it
y

p
a
ra

m
et

er
ζ

a
n

d
it

s
lo

g
o
d
d

s
a
n
a
lo

g
β

=
1 2

lo
g
(

ζ
1
−
ζ

)
a
re

th
en

gi
ve

n
b
y

Ω
ζ

=

{ ζ
∈
R
|1
−
b

2
≤
ζ
≤

1
+
b

2

}
,

an
d

Ω
β

=
{ β
∈
R
|
|β
|<

1 2
lo

g
( 1

+
b

1
−
b

)

︸
︷︷

︸
β
B

} .
(2

9
)
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

4
.1

E
x
p

lic
it

fo
rm

o
f

B
a
u

m
-W

e
lch

u
p

d
a
te

s

W
e

b
eg

in
b
y

d
eriv

in
g

a
n

ex
p
licit

fo
rm

o
f

th
e

B
a
u
m

-W
elch

u
p

d
a
tes

fo
r

th
is

m
o
d
el.

U
sin

g
th

is
n
o
ta

tio
n
,

th
e

B
au

m
-W

elch
u
p

d
ates

take
th

e
form

µ̂
t+

1
=

1n

n
∑i=

1 (2p
(Z

i
=

1
|
x
n1
;θ̂
t)−

1)x
i ,

(30a)

ζ̂
t+

1
=

Π
Ω
ζ 

1n

n
∑i=

1 ∑Z
i

p
(Z

i
=
Z
i+

1 |
x
n1
;θ̂
t) 

,
an

d
(30

b
)

β̂
t+

1
=

12
log (

ζ̂
t+

1

1−
ζ̂
t+

1 ),
(30c)

w
h

ere
Π

Ω
ζ

d
en

o
tes

th
e

E
u

clid
ea

n
p

ro
jectio

n
o
n
to

th
e

set
Ω
ζ .

N
o
te

th
a
t

th
e

m
a
x
im

iza
tio

n
step

s
a
re

ca
rried

o
u
t

o
n

th
e

d
eco

m
p

o
sed

Q
-fu

n
ctio

n
s
Q

1
,n

(·|
θ
t),Q

2
,n

(·|
θ
t).

In
a
d
d
itio

n
,

sin
ce

w
e

are
d

ealin
g

w
ith

a
on

e-d
im

en
sion

al
q
u

an
tity

β
,

th
e

p
ro

jection
of

th
e

u
n

con
strain

ed
m

ax
im

izer
on

to
th

e
in

terval
Ω
ζ

is
eq

u
ivalen

t
to

th
e

con
strain

ed
m

ax
im

izer
over

th
e

feasib
le

set
Ω
ζ .

T
h
is

step
is

in
gen

eral
n
ot

valid
for

h
igh

er
d
im

en
sion

al
tran

sition
p
aram

eters.

4
.2

P
o
p

u
la

tio
n

a
n

d
sa

m
p

le
g
u

a
ra

n
te

e
s

W
e

n
ow

u
se

th
e

resu
lts

fro
m

S
ectio

n
3

to
sh

ow
th

a
t

th
e

p
o
p
u
la

tio
n

a
n
d

sa
m

p
le-b

a
sed

v
ersio

n
o
f

th
e

B
a
u
m

-W
elch

u
p

d
a
tes

a
re

lin
ea

rly
co

n
v
erg

en
t

in
a

b
a
ll

a
ro

u
n
d
θ ∗

o
f

fi
x
ed

ra
d
iu

s.
In

esta
b
lish

in
g

th
e

p
o
p
u
la

tio
n
-lev

el
g
u
a
ra

n
tee,

th
e

k
ey

co
n
d
itio

n
s

w
h
ich

n
eed

to
b

e
fu

lfi
lled

—
a
n
d

th
e

o
n
e

th
a
t

a
re

th
e

m
o
st

tech
n
ica

lly
ch

a
llen

g
in

g
to

esta
b
lish

—
a
re

th
e

(L
µ
,L

β
)-F

O
S

co
n
d
itio

n
s

(21),
(22).

In
p
a
rticu

la
r,

w
e

w
a
n
t

to
sh

ow
th

a
t

th
ese

co
n
d
itio

n
s

h
old

w
ith

L
ip

sch
itz

con
stan

ts
L
µ
,L

β
th

at
d

ecrease
ex

p
on

en
tially

w
ith

th
e

sep
aration

of
th

e
m

ix
tu

res.
A

s
a

con
seq

u
en

ce,
w

e
ob

tain
th

at
for

large
en

ou
gh

sep
aration

Lλ
<

1,
i.e.

th
e

E
M

o
p

era
to

r
is

con
tractive

tow
ard

s
th

e
tru

e
p
aram

eter.
In

ord
er

to
ease

n
otation

,
ou

r
ex

p
licit

track
in

g
of

p
aram

eter
d
ep

en
d
en

ce
is

lim
ited

to
th

e
stan

d
ard

d
ev

iation
σ

an
d

E
u
clid

ean
n
orm
‖
µ
∗‖

2 ,
w

h
ich

togeth
er

d
eterm

in
e

th
e

sign
al-to-n

oise

ra
tio

η
2

:=
‖
µ
∗‖

22
σ
2

of
th

e
m

ix
tu

re
m

o
d
el.

T
h
rou

gh
ou

t
th

is
section

,
w

e
th

erefore
u
se
c

0 ,c
1

to
d

en
ote

u
n

iversal
con

stan
ts

an
d
C

0 ,C
1

for
q
u

an
tities

th
at

d
o

n
ot

d
ep

en
d

on
(‖
µ
∗‖

2 ,σ
),

b
u

t
m

ay
d
ep

en
d

o
n

oth
er

p
aram

eters
su

ch
as
π

m
in ,

ρ
m

ix ,
b,

an
d

so
on

.
W

e
b

eg
in

b
y

sta
tin

g
a

resu
lt

fo
r

th
e

seq
u

en
ce
{θ̃
t} ∞t=

0
o
b

ta
in

ed
b
y

rep
ea

ted
ly

a
p

p
ly

in
g

th
e
k
-tru

n
ca

ted
p

o
p
u
la

tio
n
-lev

el
B

a
u
m

-W
elch

u
p

d
a
te

o
p

era
to

r
M

k.
O

u
r

fi
rst

co
ro

lla
ry

estab
lish

es
th

at
th

is
seq

u
en

ce
is

lin
early

con
vergen

t,
w

ith
a

con
vergen

ce
rate

κ
=
κ

(η
)

th
at

is
g
iv

en
b
y

κ
(η

)
:=

C
1 η

2(η
2

+
1)

e −
c
2
η
2

1−
b
2

.
(31)

C
o
ro

lla
ry

1
(P

o
p

u
la

tio
n

B
a
u

m
-W

e
lch

)
C

o
n

sid
er

a
tw

o
-sta

te
G

a
u

ssia
n

o
u

tp
u

t
H

M
M

th
a
t

is
m

ixin
g

(i.e.
sa

tisfi
es

equ
a
tio

n
(3)),

a
n

d
w

ith
its

S
N

R
lo

w
er

bo
u

n
d
ed

a
s
η

2≥
C

fo
r

a
su

ffi
cien

tly
la

rge
co

n
sta

n
t
C

.
G

iven
th

e
ra

d
iu

s
r

=
‖
µ
∗‖

2

4
,

su
p
po

se
th

a
t

th
e

tru
n

ca
tio

n
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Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

pa
ra

m
eter

k
is

su
ffi

cien
tly

la
rge

to
en

su
re

th
a
t
ϕ

(k
)≤

(1−
κ

)r−
κ

m
a
x
β∈

Ω
β ‖β−

β
∗‖

2 .
T

h
en

fo
r

a
n

y
in

itia
liza

tio
n
θ̃

0
=

(µ̃
0,β̃

0)∈
B

2 (r;µ
∗ )×

Ω
β

,
th

e
sequ

en
ce
{
θ̃
t} ∞t=

0
gen

era
ted

by
M

k

sa
tisfi

es
th

e
bo

u
n

d

‖
θ̃
t−

θ ∗‖
? ≤

κ
t‖θ̃

0−
θ ∗‖

?
+

1

1−
κ
ϕ

(k
)

(32)

fo
r

a
ll

itera
tio

n
s
t

=
1,2

,....

F
rom

d
efi

n
ition

(31)
it

follow
s

th
at

as
lon

g
as

th
e

sign
al-to-n

oise
ratio

η
is

larger
th

an
a

u
n

iv
ersa

l
co

n
sta

n
t,

th
e

co
n
v
erg

en
ce

ra
te
κ

(η
)
<

1
.

T
h

e
b

o
u

n
d

(32)
th

en
en

su
res

a
ty

p
e

o
f

con
traction

an
d

th
e

p
re-con

d
ition

ϕ
(k

)≤
(1−

κ
)r−

κ
m

ax
β∈

Ω
β ‖β
−
β
∗‖

2
can

b
e

satisfi
ed

b
y

ch
o
o
sin

g
th

e
tru

n
ca

tio
n

p
a
ra

m
eter

k
la

rg
e

en
o
u

g
h

.
If

w
e

u
se

a
fi

n
ite

tru
n
ca

tio
n

p
a
ra

m
eter

k
,

th
en

th
e

co
n
tra

ctio
n

o
ccu

rs
u
p

to
th

e
erro

r
fl
o
o
r

g
iv

en
b
y
ϕ

(k
),

w
h
ich

refl
ects

th
e

b
ia

s
in

tro
d
u
ced

b
y

tru
n
ca

tin
g

th
e

lik
elih

o
o
d

to
a

w
in

d
ow

o
f

size
k
.

A
t

th
e

p
o
p
u
la

tio
n

lev
el

(in
w

h
ich

th
e

eff
ective

sam
p
le

size
is

in
fi
n
ite),

w
e

cou
ld

take
th

e
lim

it
k
→
∞

so
as

to
elim

in
ate

th
is

b
ias.

H
ow

ever,
th

is
is

n
o

lon
ger

p
ossib

le
in

th
e

fi
n
ite

sam
p
le

settin
g,

in
w

h
ich

w
e

m
u
st

n
ecessarily

h
ave

k
�
n

.
W

h
ile

large
k

give
a

b
etter

tru
n
cation

ap
p
rox

im
ation

,
it

allow
s

for
few

er
sam

p
les

w
h
ich

are
“su

ffi
cien

tly
in

d
ep

en
d
en

t”
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(M

µ
,k

(θ
)
|θ

)
−

C
s4

ε9 m
ix
π

2 m
in

ρ̃
k m

ix
.
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

S
in

ce
M

µ
,k(θ)

is
op

tim
al,

th
e

fi
rst-ord

er
con

d
ition

s
fo

r
op

tim
ality

im
p
ly

th
at

〈Q
k1 (M

µ
,k(θ)|

θ),
θ−

M
µ
,k(θ)〉≤

0
for

a
ll
θ∈

Ω
.

C
o
m

b
in

in
g

th
is

fact
w

ith
stron

g
con

cav
ity

of
Q
k(·|θ)

for
all

θ,
w

e
ob

tain

C
s

4

ε
9m

ix π
2m

in

ρ̃
km

ix ≥
Q
k1 (M

µ
,k(θ)|

θ)−
Q

1 (M
µ
(θ)|

θ)

≥
Q
k1 (M

µ
,k(θ)|

θ)−
Q
k1 (M

µ
(θ)|

θ)−
C
s

4

ε
9m

ix π
2m

in

ρ̃
km

ix

≥
λ
µ2
‖
M

µ
(θ)−

M
µ
,k(θ)‖

22 −
C
s

4

ε
9m

ix π
2m

in

ρ̃
km

ix

a
n
d

th
erefo

re
‖
M

µ
(θ)−

M
µ
,k(θ)‖

22
≤

4
C
s
4

λ
ε
9m
ix
π
2m
in
ρ̃
km

ix .
In

p
a
rticu

la
r,

settin
g
θ

=
θ ∗

a
n
d

id
en

tifi
a
b
ility,

i.e.
M

µ
(θ ∗)

=
θ ∗,

y
ield

s

‖
M

µ
,k(θ ∗)−

θ ∗‖
22 ≤

4
C
s

4

λ
µ
ε
9m

ix π
2m

in

ρ̃
km

ix ,

a
n
d

th
e

eq
u
iva

len
t

b
ou

n
d

can
b

e
ob

tain
ed

for
M

β
,k(·)

w
h
ich

y
ield

s
th

e
claim

.

W
e

n
ow

tu
rn

to
th

e
p
ro

of
of

p
art

(b
).

L
et

u
s

su
p
p

ose
th

at
th

e
recu

rsive
b

ou
n
d

(2
6)

h
old

s,
a
n
d

u
se

it
to

co
m

p
lete

th
e

p
ro

o
f

o
f

th
is

cla
im

.
W

e
fi
rst

sh
ow

th
a
t

if
µ̃
t∈

B
2 (r;µ

∗),
th

en
w

e
m

u
st

h
av

e
µ̃
t+

1∈
B

2 (r;µ
∗)

a
s

w
ell.

In
d
eed

,
if
µ̃
t∈

B
2 (r;µ

∗),
th

en
w

e
h
av

e
b
y

tria
n
g
le

in
eq

u
a
lity

an
d

con
traction

in
(26)

‖
M

µ
,k(θ̃

t)−
µ
∗‖

2 ≤
‖M

µ
,k(θ̃

t)−
M

µ
,k(θ ∗)‖

2
+
‖
M

µ
,k(θ ∗)−

µ
∗‖

2

≤
κ

[‖µ̃
t−

µ
∗‖

2
+
‖β̃

t−
β
∗‖

2 ]+
ϕ

(k
)

≤
κ

(r
+

m
ax

β∈
Ω
β ‖β
−
β
∗‖

2 )
+
ϕ

(k
)≤

r,

w
h
ere

th
e

fi
n
a
l

step
u
ses

th
e

a
ssu

m
ed

b
o
u
n
d

o
n
ϕ

.
F

o
r

th
e

jo
in

t
p
a
ra

m
eter

u
p

d
a
te

w
e

in
tu

rn
h
av

e

‖
M

k(θ̃
t)−

θ ∗‖
? ≤
‖M

k(θ̃
t)−

M
k(θ ∗)‖

?
+
‖
M

k(θ ∗)−
θ ∗‖

?

≤
κ‖
θ̃
t−

θ ∗‖
?

+
ϕ

(k
).

(34)

B
y

rep
ea

ted
ly

a
p
p
ly

in
g

in
eq

u
a
lity

(34)
a
n
d

su
m

m
in

g
th

e
g
eo

m
etric

series,
th

e
cla

im
ed

b
o
u
n
d

(2
5
)

fo
llow

s.
It

rem
a
in

s
to

p
rov

e
th

e
b

o
u
n
d

(26).
S
in

ce
th

e
v
ecto

r
M

k(θ ∗)
m

a
x
im

izes
th

e
fu

n
ctio

n
θ7→

Q
k1 (θ
|
θ ∗),

w
e

h
ave

th
e

fi
rst-ord

er
op

tim
ality

con
d
ition

〈∇
Q
k1 (M

µ
,k(θ ∗)|

θ ∗),
M

µ
,k(θ)−

M
µ
,k(θ ∗)〉≤

0
,

valid
for

an
y
θ.

S
im

ilarly,
w

e
h

ave〈∇
Q
k1 (M

µ
,k(θ)|

θ),
M

µ
,k(θ ∗)−

M
µ
,k(θ)〉≤

0,
an

d
ad

d
in

g
togeth

er
th

ese
tw

o
in

eq
u
a
lities

y
ield

s

0
≤
〈∇
Q
k1 ( M

µ
,k(θ ∗)|

θ ∗)−
∇
Q
k1 ( M

µ
,k(θ)|

θ),
M

µ
,k(θ ∗)−

M
µ
,k(θ)〉

1
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Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

O
n

th
e

oth
er

h
an

d
,

b
y

th
e
λ

-stron
g

con
cav

ity
con

d
ition

,
w

e
h
ave

λ
µ ‖
M

µ
,k(θ)−

M
µ
,k(θ ∗)‖

22 ≤
〈∇
Q
k1 (M

µ
,k(θ)|

θ ∗)−
∇
Q
k1 (M

µ
,k(θ ∗)|

θ ∗),
M

µ
,k(θ ∗)−

M
µ
,k(θ)〉

C
om

b
in

in
g

th
ese

tw
o

in
eq

u
alities

w
ith

th
e

(L
µ
,L

β
)-F

O
S

con
d
ition

y
ield

s

λ
µ ‖
M

µ
,k(θ)−

M
µ
,k(θ ∗)‖

22 ≤
〈∇
Q
k1 (M

µ
,k(θ)|

θ ∗)−
∇
Q
k1 (M

µ
,k(θ)|

θ),
M

µ
,k(θ ∗)−

M
µ
,k(θ)〉

≤
[L

µ
1 ‖
µ
−
µ
∗‖

2
+
L
µ
2 ‖β
−
β
∗‖

2 ]‖
M

µ
,k(θ)−

M
µ
,k(θ ∗)‖

2 ,

an
d

sim
ilarly

w
e

ob
tain

λ
β ‖M

β
,k(θ)−

M
β
,k(θ ∗)‖

2 ≤
[L

β
1 ‖µ−

µ
∗‖

2
+
L
β
2 ‖
β−

β
∗‖

2 ].
A

d
d
in

g
b

oth
in

eq
u
alities

y
ield

s
th

e
claim

(26).

5
.2

P
ro

o
f

o
f

T
h

e
o
re

m
2

B
y

th
e

trian
gle

in
eq

u
ality

an
d

in
eq

u
ality

(34),
w

e
h

ave
w

ith
p

rob
ab

ility
at

least
1−

2δ
th

at
for

an
y

iteration

‖θ̂
t+

1−
θ ∗‖

? ≤
‖M

n
(θ̂
t)−

M
kn (θ̂

t)‖
?

+
‖M

kn (θ̂
t)−

M
k(θ̂

t)‖
?

+
‖
M

k(θ̂
t)−

θ ∗‖
?

≤
ϕ
n
(δ,k

)
+
ε
n
(δ,k

)
+
κ‖
θ̂
t−

θ ∗‖
?

+
ϕ

(k
).

In
ord

er
to

see
th

at
th

e
iterates

d
o

n
o
t

leave
B

2 (r;µ
∗ ),

o
b
serv

e
th

at

‖
µ̂
t+

1−
µ
∗‖

2 ≤
‖M

µn
(θ̂
t)−

M
µ
,k

n
(θ̂
t)‖

2
+
‖M

µ
,k

n
(θ̂
t)−

M
µ
,k(θ̂

t)‖
2

+
‖
M

µ
,k(θ̂

t)−
µ
∗‖

2

≤
ϕ
n
(δ,k

)
+
ε
µn
(δ,k

)
+
κ

(‖µ̂
t−

µ
∗‖

2
+

m
ax

β∈
Ω
β ‖β
−
β
∗‖

2 )
+
ϕ

(k
).

(35)

C
on

seq
u
en

tly,
as

lon
g

as‖µ̂
t−

µ
∗‖

2 ≤
r,

w
e

also
h
av

e
‖
µ̂
t+

1−
µ
∗‖

2 ≤
r

w
h
en

ever

ϕ
n
(δ,k

)
+
ϕ

(k
)

+
ε
µn
(δ,k

)≤
(1−

κ
)
r−

κ
m

ax
β∈

Ω
β ‖
β
−
β
∗‖

2 .

C
om

b
in

in
g

in
eq

u
ality

(35)
w

ith
th

e
eq

u
ivalen

t
b

ou
n
d

for
β

,
w

e
ob

ta
in

‖θ̂
t−

θ ∗‖
? ≤

κ‖
θ̂
t−

1−
θ ∗‖

?
+
ϕ
n
(δ,k

)
+
ε
n
(δ,k

)
+
ϕ

(k
)

S
u
m

m
in

g
th

e
geom

etric
series

y
ield

s
th

e
b

ou
n
d

(28b
).

5
.3

P
ro

o
f

o
f

C
o
ro

lla
ry

1

T
h
e

b
ou

n
d
ed

n
ess

con
d
ition

(A
ssu

m
p
tion

(16))
is

easy
to

ch
eck

sin
ce

for
X
∼
N

(µ
∗,σ

2),
th

e
q
u
an

tity
su

p
µ∈

B
2
(r

;µ
∗
) E [

m
ax{‖X

−
µ‖

2 ,‖
X

+
µ‖

2 } ]
is

fi
n
ite

for
an

y
ch

oice
of

rad
iu

s
r
<
∞

.

B
y

T
h
eorem

1,
th

e
k
-tru

n
cated

p
op

u
lation

E
M

iterates
satisfy

th
e

b
ou

n
d

‖
θ̃
t−

θ ∗‖
? ≤

κ
t‖
θ̃

0−
θ ∗‖

?
+

1

1−
κ
ϕ

(k
),

(36)

if
th

e
stron

g
con

cav
ity

(20)
an

d
F

O
S

co
n
d
ition

s
(21),

(22)
h
old

w
ith

su
itab

le
p
a
ram

eters.
In

th
e

rem
ain

d
er

of
p
ro

of—
an

d
th

e
b
u
lk

of
th

e
tech

n
ica

l
w

ork
—

w
e

sh
ow

th
at:

•
stron

g
con

cav
ity

h
old

s
w

ith
λ
µ

=
1

an
d
λ
β
≥

23 (1−
b
2);
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

•
th

e
F

O
S

co
n
d
it

io
n
s

h
ol

d
w

it
h

L
µ
,1

=
c

(η
2

+
1)
ϕ

2
(ε

m
ix

)η
2
e−

cη
2
,

an
d

L
µ
,2

=
c√
‖µ
∗ ‖

2 2
+
σ

2
ϕ

2
(ε

m
ix

)η
2
e−

cη
2

L
β
,1

=
c
1
−
b

1
+
b
ϕ

2
(ε

m
ix

)η
2
e−

cη
2

an
d

L
β
,2

=
c√
‖µ
∗ ‖

2 2
+
σ

2
ϕ

2
(ε

m
ix

)η
2
e−

cη
2
,

w
h
er

e
ϕ

2
(ε

m
ix

)
:=
(

1
lo

g
(1
/
(1
−
ε m

ix
))

+
1

ε m
ix

) .
S
u
b
st

u
ti

n
g

th
es

e
ch

oi
ce

s
in

to
th

e
b

ou
n
d

(3
6)

an
d

p
er

fo
rm

in
g

so
m

e
al

ge
b
ra

y
ie

ld
s

th
e

cl
ai

m
.

5
.3
.1

E
st
a
b
l
is
h
in
g

st
r
o
n
g

c
o
n
c
a
v
it
y

W
e

fi
rs

t
sh

ow
co

n
ca

v
it

y
o
f
Q
k 1
(·
|θ
′ )

a
n
d
Q
k 2
(·
|θ
′ )

se
p
a
ra

te
ly

.
F

o
r

st
ro

n
g

co
n
ca

v
it

y
o
f

Q
k 1
(·
|θ
′ )

,
ob

se
rv

e
th

at

Q
k 1
(µ
|θ
′ )

=
−

1 2
E
[ p

(z
0

=
1
|X

k −
k
;θ
′ )
‖X

0
−
µ
‖2 2

+
(1
−
p
(z

0
=

1|
X
k −
k
;θ
′ )

)‖
X

0
+
µ
‖2 2

+
c]
] ,

w
h
er

e
c

is
a

q
u
an

ti
ty

in
d
ep

en
d
en

t
of
µ

.
B

y
in

sp
ec

ti
on

,
th

is
fu

n
ct

io
n

is
st

ro
n
gl

y
co

n
ca

ve
in
µ

w
it

h
p
ar

am
et

er
λ
µ

=
1.

O
n

th
e

ot
h
er

h
an

d
,

w
e

h
av

e

Q
k 2
(β
|θ
′ )

=
E X

k −
k
|θ
∗
∑ z 0
,z

1

p
(z

0
,z

1
|X

k −
k
;θ
′ )

lo
g

(
eβ
z 0
z 1

eβ
+

e−
β

)
.

T
h

is
fu

n
ct

io
n

h
a
s

se
co

n
d

d
er

iv
a
ti

v
e

∂
2

∂
β
2
Q
k 2
(β
|θ
′ )

=
−

4
e−

2
β

(e
−
2
β

+
1
)2

.
A

s
a

fu
n

ct
io

n
o
f
β
∈

Ω
β
,

th
is

se
co

n
d

d
er

iv
at

iv
e

is
m

ax
im

iz
ed

at
β

=
1 2

lo
g
( 1

+
b

1
−
b

) .
C

on
se

q
u
en

tl
y,

th
e

fu
n
ct

io
n
Q
k 2
(·
|θ
′ )

is
st

ro
n
gl

y
co

n
ca

ve
w

it
h

p
ar

am
et

er
λ
β
≥

2 3
(1
−
b2

).

5
.3
.2

S
e
pa

r
a
t
e
F
O
S
c
o
n
d
it
io
n
s

W
e

n
ow

tu
rn

to
p
ro

v
in

g
th

a
t

th
e

F
O

S
co

n
d
it

io
n
s

in
eq

u
a
ti

o
n
s

(2
1)

a
n
d

(2
2
)

h
o
ld

.
A

k
ey

in
gr

ed
ie

n
t

in
ou

r
p

ro
of

is
th

e
fa

ct
th

at
th

e
co

n
d

it
io

n
al

d
en

si
ty
p
(z
k −
k
|x

k −
k
;µ
,β

)
b

el
on

gs
to

th
e

ex
p

on
en

ti
al

fa
m

il
y

w
it

h
p
ar

am
et

er
s
β
∈
R

,
an

d
γ
i

:=
〈µ
,x
i
〉

σ
2
∈
R

fo
r
i

=
−
k
,.
..
,k

w
h
ic

h
d

efi
n

e
th

e
v
ec

to
r
γ

=
(γ
−
k
,.
..
,γ
k
)

(s
ee

W
a
in

w
ri

g
h
t

a
n

d
J
o
rd

a
n

(2
0
0
8
)

fo
r

m
o
re

d
et

a
il

s
o
n

ex
p

on
en

ti
al

fa
m

il
ie

s.
)

In
p
ar

ti
cu

la
r,

w
e

h
av

e

p
(z
k −
k
|x

k −
k
,µ
,β

)
︸

︷︷
︸

:=
p
(z
k −
k
;γ
,β

)

=
ex

p

{
k ∑ `=
−
k

γ
`z
`

+
β

k
−

1
∑ `=
−
k

z `
z `

+
1
−

Φ
(γ
,β

)}
,

(3
7)

w
h
er

e
th

e
fu

n
ct

io
n
h

ab
so

rb
s

va
ri

ou
s

co
u
p
li
n
g

te
rm

s.
N

ot
e

th
at

th
is

ex
p

on
en

ti
al

fa
m

il
y

is
a

sp
ec

ifi
c

ca
se

of
th

e
fo

ll
ow

in
g

ex
p

on
en

ti
al

fa
m

il
y

d
is

tr
ib

u
ti

on

p̃
(z
k −
k
|x

k −
k
,µ
,β

)
︸

︷︷
︸

:=
p̃
(z
k −
k
;γ
,β

)

=
ex

p

{
k ∑ `=
−
k

γ
`z
`

+
k
−

1
∑ `=
−
k

β
`z
`z
`+

1
−

Φ
(γ
,β

)}
.

(3
8)
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8(

12
5)

:1
-5

3,
 2

01
7

Y
a
n
g
,
B
a
l
a
k
r
is
h
n
a
n
a
n
d

W
a
in
w
r
ig
h
t

T
h
e

d
is

tr
ib

u
ti

on
in

(3
7)

co
rr

es
p

on
d
s

to
(3

8)
w

it
h
β
`

=
β

fo
r

al
l
`

an
d

th
e

so
-c

al
le

d
p
ar

ti
ti

on
fu

n
ct

io
n

Φ
is

gi
ve

n
b
y Φ
(γ
,β

)
=

lo
g
∑ z

ex
p

{
k ∑ `=
−
k

γ
`z
`

+
k
−

1
∑ `=
−
k

β
`z
`z
`+

1

}
.

T
h
e

re
as

on
to

v
ie

w
ou

r
d
is

tr
ib

u
ti

on
as

a
sp

ec
ia

l
ca

se
of

th
e

m
or

e
ge

n
er

al
on

e
in

(3
8
)

b
ec

om
es

cl
ea

r
w

h
en

w
e

co
n
si

d
er

th
e

eq
u
iv

al
en

ce
of

ex
p

ec
ta

ti
on

s
an

d
th

e
d
er

iv
at

iv
es

of
th

e
cu

m
u
la

n
t

fu
n
ct

io
n

∂
Φ

∂
γ
`

∣ ∣ ∣ ∣ θ′
=

E Z
k −
k
|x
k −
k
,θ
′Z
`

an
d

∂
Φ

∂
β

0

∣ ∣ ∣ ∣ θ′
=

E Z
k −
k
|x
k −
k
,θ
′Z

0
Z

1
,

(3
9
)

w
h

er
e

w
e

re
ca

ll
th

a
t
E Z

k −
k
|x
k −
k
,θ
′

is
th

e
ex

p
ec

ta
ti

o
n

w
it

h
re

sp
ec

t
to

th
e

d
is

tr
ib

u
ti

o
n
p̃
(Z

k −
k
|

x
k −
k
;µ
′ ,
β
′ )

w
it

h
β
`

=
β
′ .

N
o
te

th
a
t

in
th

e
fo

ll
ow

in
g

a
n
y

va
lu

e
θ′

fo
r
p̃

is
ta

k
en

to
b

e
o
n

th
e

m
a
n
if

o
ld

o
n

w
h
ic

h
β
`

=
β
′

fo
r

so
m

e
β
′

si
n
ce

th
is

is
th

e
m

a
n
if

o
ld

th
e

a
lg

o
ri

th
m

w
o
rk

s
on

.
A

ls
o,

as
b

ef
or

e,
E

d
en

ot
es

th
e

ex
p

ec
ta

ti
on

ov
er

th
e

jo
in

t
d
is

tr
ib

u
ti

on
of

al
l

sa
m

p
le

s
X
`

d
ra

w
n

ac
co

rd
in

g
to
p
(·;
θ∗

),
in

th
is

ca
se
X
k −
k
.

S
im

il
ar

ly
to

eq
u

at
io

n
s

(3
9)

,
th

e
co

va
ri

an
ce

s
of

th
e

su
ffi

ci
en

t
st

at
is

ti
cs

co
rr

es
p

on
d

to
th

e
se

co
n
d

d
er

iv
at

iv
es

of
th

e
cu

m
u
la

n
t

fu
n
ct

io
n

∂
2
Φ

∂
β
`∂
β

0

∣ ∣ ∣ ∣ θ
=

co
v
(Z

0
Z

1
,Z

`Z
`+

1
|X

k −
k
,θ

)
(4

0
a
)

∂
2
Φ

∂
γ
`∂
γ

0

∣ ∣ ∣ ∣ θ
=

co
v
(Z

0
,Z

`
|X

k −
k
,θ

)
(4

0
b
)

∂
2
Φ

∂
β
`∂
γ

0

∣ ∣ ∣ ∣ θ
=

co
v
(Z

0
,Z

`Z
`+

1
|X

k −
k
,θ

).
(4

0
c)

In
th

e
fo

ll
ow

in
g,

w
e

ad
op

t
th

e
sh

or
th

an
d

co
v
(Z

`,
Z
`+

1
|γ
′ ,
β
′ )

=
co

v
(Z

`,
Z
`+

1
|X

k −
k
,θ
′ )

=
E Z

`
+
1

`
|X

k −
k
,θ
′(
Z
`
−

E Z
`
+
1

`
|X

k −
k
,θ
′Z
`)

(Z
`+

1
−

E Z
`
+
1

`
|X

k −
k
,θ
′Z
`+

1
)

w
h
er

e
th

e
d
ep

en
d
en

ce
on

β
is

o
cc

as
io

n
al

ly
om

it
te

d
so

as
to

si
m

p
li
fy

n
ot

at
io

n
.

5
.3
.3

P
r
o
o
f
o
f
in
e
q
u
a
l
it
y

(2
1a

)

B
y

an
ap

p
li
ca

ti
on

of
th

e
m

ea
n

va
lu

e
th

eo
re

m
,

w
e

h
av

e

‖∇
µ
Q
k 1
(µ
|µ
′ ,
β
′ )
−
∇
µ
Q
k 1
(µ
|µ
∗ ,
β
′ )
‖
≤
∥ ∥ ∥ ∥ ∥E

k ∑ `=
−
k

∂
2
Φ

∂
γ
`∂
γ

0

∣ ∣ ∣ ∣ θ=
θ̃

(γ
′ `
−
γ
∗ `)
X

0

∥ ∥ ∥ ∥ ∥
︸

︷︷
︸

T
1

w
h
er

e
θ̃

=
θ′

+
t(
θ∗
−
θ′

)
fo

r
so

m
e
t
∈

(0
,1

).
S
in

ce
se

co
n
d

d
er

iv
at

iv
es

y
ie

ld
co

va
ri

an
ce

s
(s

ee
eq

u
at

io
n

(4
0)

),
w

e
ca

n
w

ri
te

T
1

=

∥ ∥ ∥ ∥ ∥
k ∑ `=
−
k

EX
0
E
[ co

v
(Z

0
,Z

`
|γ̃

)〈
µ
′ −

µ
∗ ,
X
`〉

σ
2

∣ ∣ ∣ ∣X
0

]∥ ∥ ∥ ∥ ∥
2

,

22
JM

L
R

 1
8(

12
5)

:1
-5

3,
 2

01
7



T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

so
th

a
t

it
su

ffi
ces

to
co

n
tro

l
th

e
ex

p
ected

co
n
d
itio

n
a
l

cova
ria

n
ce.

B
y

th
e

C
a
u
ch

y
-S

ch
w

a
rz

in
eq

u
ality

an
d

th
e

fact
th

at
cov

(X
,Y

)≤
√

var
X
√

var
Y

an
d

var(Z
0 |
X

)≤
1,

w
e

ob
tain

th
e

follow
in

g
b

ou
n
d

on
th

e
ex

p
ected

con
d
ition

al
covarian

ce
b
y

u
sin

g
L

em
m

a
4

(see
A

p
p

en
d
ix

B
)

E
[ ∣∣

cov
(Z

0 ,Z
` |
γ̃

)|
X

0 ∣∣ ]≤
√

E
[var(Z

0 |
γ̃

)|
X

0 ] √
E

[var(Z
` |
γ̃

)|
X

0 ]

≤
√

var(Z
0 |
γ̃

0 ).
(41a)

F
u
rth

erm
o
re,

b
y

L
em

m
a

5
an

d
6

(see
A

p
p

en
d
ix

B
),

w
e

h
ave

|cov
(Z

0 ,Z
` |
γ̃

)|≤
2
ρ
`m

ix ,
an

d
∥∥∥ E

(var(Z
0 |γ̃

0 ))
1
/
2X

0 X
T0 ∥∥∥

o
p ≤

C
e −

cη
2.

(41b
)

F
ro

m
th

e
d
efi

n
ition

of
th

e
op

erator
n
orm

,
w

e
h
ave

‖E
cov

(Z
0 ,Z

` |
γ̃

)X
0 X

T` ∥∥
o
p

=
su

p
‖
u‖

2
=

1
‖
v‖

2
=

1 E
cov

(Z
0 ,Z

` |
γ̃

)〈X
0 ,
v〉〈X

` ,
u〉

≤
su

p
‖
v‖

2
=

1 E|cov
(Z

0 ,Z
` |
γ̃

)|〈X
0 ,
v〉

2

+
su

p
‖
u‖

2
=

1 E|cov
(Z

0 ,Z
` |
γ̃

)|〈X
` ,
u〉

2

=
‖E
X

0 X
T0
E [|cov

(Z
0 ,Z

` |
γ̃

)|
X

0 ]‖
o
p

+
‖E
X
` X

T` E [
cov

(Z
0 ,Z

` |
γ̃

)|
X
` ]‖

o
p

(i)

≤
2

m
in{ρ |`|m

ix ‖E
X

0 X
T0 ‖

o
p ,‖E

var(Z
0 |
γ̃

0 )
1
/
2X

0 X
T0 ‖

o
p }

(ii)

≤
2

m
in{

(‖
µ
∗‖

22
+
σ

2)ρ |`|m
ix ,C

′e −
cη

2}
,

(42)

w
h
ere

in
eq

u
ality

(i)
m

akes
u
se

of
in

eq
u
alities

(41a)
an

d
(41b

),
an

d
step

(ii)
m

akes
u
se

of
th

e
seco

n
d

in
eq

u
a
lity

in
lin

e
(41b

).
B

y
in

eq
u
a
lity

(42),
w

e
fi
n
d

th
at

T
1 ≤
‖µ
′−

µ
∗‖

2

σ
2

k
∑`=
−
k ‖E

cov
(Z

0 ,Z
` |
γ̃

)X
0 X

T` ∥∥
o
p

≤
2 ‖
µ
′−

µ
∗‖

2

σ
2

k
∑`=
−
k

m
in{(‖µ

∗‖
22

+
σ

2)ρ |`|m
ix ,C

e −
cη

2}

≤
4(η

2
+

1) (m
C

e −
cη

2
+

ρ
mm

ix

1−
ρ

m
ix )‖

µ
′−

µ
∗‖

2 .

w
h
ere

m
=

cη
2

lo
g
(1
/
ρ
m
ix

)
is

th
e

sm
a
llest

in
teg

er
su

ch
th

a
t
ρ
mm

ix
≤
C

e −
cη

2
T

h
e

la
st

in
eq

u
a
lity

fo
llow

s
fro

m
th

e
p
ro

o
f

o
f

C
o
ro

lla
ry

1
in

th
e

p
a
p

er
B

a
la

k
rish

n
a
n

et
a
l.

(2
0
1
4
)

if
η

2
>
C

fo
r

so
m

e
u
n
iv

ersa
l

con
stan

t
C

.
W

e
h
ave

th
u
s

sh
ow

n
th

at

‖∇
µ
Q
k1 (µ
|
µ
′,β
′)−
∇
µ
Q
k1 (µ
|
µ
∗,β
′)‖
≤
L
µ
,1 ‖
µ
′−

µ
∗‖

2 ,

w
h
ere

L
µ
,1

=
c
ϕ

1 (η
)ϕ

2 (ε
m

ix )η
2(η

2
+

1)e −
cη

2
as

claim
ed

.

23
JM

L
R

 18(125):1-53, 2017

Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

5
.3
.4

P
r
o
o
f
o
f
in
e
q
u
a
l
it
y

(21b
)

T
h
e

sam
e

argu
m

en
t

v
ia

th
e

m
ean

valu
e

th
eorem

gu
aran

tees
th

at

‖
∂∂
β
Q
k2 (β
|
µ
′,β
′)−

∂∂
β
Q
k2 (β
|
µ
′,β
∗)‖
≤
∥∥∥∥∥ E

k
∑`=
−
k

∂
2Φ

∂
β
` ∂
γ

0 ∣∣∣∣θ
=
θ̃

(β
′−

β
∗)X

0 ∥∥∥∥∥
2

.

In
ord

er
to

b
ou

n
d

th
is

q
u

an
tity,

w
e

again
u

se
th

e
eq

u
ivalen

ce
(40)

an
d

b
ou

n
d

th
e

ex
p

ected
con

d
ition

al
covarian

ce.
F

u
rth

erm
ore,

L
em

m
a

5
an

d
6

y
ield

cov
(Z

0 ,Z
` Z

`+
1 |
γ̃

)
(i)

≤
2ρ

`m
ix

an
d

∥∥E
var(Z

0 |
γ̃

0 )X
0 X

T0 ∥∥
o
p

(ii)

≤
ce −

cη
2.

(43)

H
ere

in
eq

u
ality

(ii)
follow

s
b
y

com
b
in

in
g

in
eq

u
ality

(54c)
from

L
em

m
a

5
w

ith
th

e
fact

th
at

var(Z
0 |
γ̃

0 )≤
1.

‖E
X

0
cov

(Z
0 ,Z

` Z
`+

1 |
γ̃

)‖
2

=
su

p
‖
u‖

2
=

1 E〈X
0 ,u〉

cov
(Z

0 ,Z
` Z

`+
1 |
γ̃

)

≤
su

p
‖
u‖

2
=

1 E|〈X
0 ,u〉|E [|cov

(Z
0 ,Z

` Z
`+

1 |
γ̃

)||
X

0 ]

(iii)

≤
su

p
‖
u‖

2
=

1 E|〈X
0 ,u〉|m

in{
ρ |`|m

ix ,(var(Z
0 |
γ̃

0 ))
1
/
2}

(iv
)

≤
m

in{
su

p
‖
u‖

2
=

1 √
E〈X

0 ,u〉
2ρ |`|m

ix ,
su

p
‖
u‖

2
=

1 √
E〈X

0 ,u〉
2

var(Z
0 |
γ̃

0 ))}

(v
)

≤
m

in{ρ |`|m
ix √
‖E
X

0 X
T0 ‖

o
p , √
‖E

var(Z
0 |
γ̃

0 )X
0 X

T0 ‖
o
p }

(v
i)

≤
m

in{ρ |`|m
ix √
‖µ
∗‖

22
+
σ

2,C
e −

cη
2}

w
h

ere
step

(iii)
u

ses
in

eq
u

a
lity

(43);
step

(iv
)

fo
llow

s
fro

m
th

e
C

a
u

ch
y
-S

ch
w

a
rz

in
eq

u
a
lity

;
step

(v
)

follow
s

from
th

e
d
efi

n
ition

of
th

e
op

erator
n
orm

;
an

d
step

(v
i)

u
ses

in
eq

u
ality

(43)
again

.
P

u
ttin

g
togeth

er
th

e
p
ieces,

w
e

fi
n
d

th
at

∥∥∥∥∥ E
k
∑`=
−
k

∂
2Φ

∂
β
` ∂
γ

0
X

0 ∥∥∥∥∥
2 |β
′−

β
∗|≤

k
∑`=
−
k ‖E

X
0 E

[cov
(Z

0 ,Z
` Z

`+
1 |
γ̃

)|
X

0 ]‖
2 |β
′−

β
∗|

≤
4 √
‖µ
∗‖

22
+
σ

2 (
c
m

e −
cη

2
+

ρ
mm

ix

1−
ρ

m
ix )
|β
′−

β
∗|.

again
w

ith
m

=
cη

2

lo
g
(1
/
ρ
m
ix

) ,
w

e
fi
n
d

th
at

in
eq

u
ality

(21b
)

h
old

s
w

ith

L
µ
,2

=
cϕ

2 (ε
m

ix ) √
‖
µ
∗‖

2
+
σ

2η
2e −

cη
2,

as
claim

ed
.

5
.3
.5

P
r
o
o
f
o
f
in
e
q
u
a
l
it
y

(22a)

B
y

th
e

sam
e

argu
m

en
t

v
ia

th
e

m
ean

va
lu

e
th

eorem
,

w
e

fi
n
d

th
at

∥∥
∂∂
β
Q
k2 (β
|
β
′,µ
′)−

∂∂
β
Q
k2 (β
|
β
′,µ
∗) ∥∥
≤
∣∣∣ E

k
∑`=
−
k

∂
2Φ

∂
γ
` ∂
β

0 ∣∣∣∣θ
=
θ̃ 〈µ

′−
µ
∗,X

` 〉
σ

2

∣∣∣ .

2
4

JM
L

R
 18(125):1-53, 2017



T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

E
q
u
at

io
n

(4
0)

gu
ar

an
te

es
th

at
∂
2
Φ

∂
γ
`
∂
β
0

=
co

v
(Z

0
Z

1
,Z

`
|γ

).
T

h
er

ef
or

e,
b
y

si
m

il
ar

ar
gu

m
en

ts
as

in
th

e
p
ro

of
of

in
eq

u
al

it
ie

s
(2

1)
,

w
e

h
av

e

T
:=
∣ ∣ ∣

k ∑ `=
−
k

E〈
µ
′ −

µ
∗ ,
X
`〉E

[c
ov

(Z
0
Z

1
,Z

`
|γ̃

`,
β
′ )
|X

`]
∣ ∣ ∣

≤
∣ ∣ ∣

k ∑ `=
−
k

E|
〈µ
′ −

µ
∗ ,
X
`〉|

m
in
{ρ
|`| m

ix
,(

va
r(
Z
`
|γ̃

`,
β
′ )

)1
/
2
}∣ ∣ ∣

≤
∣ ∣ ∣

k ∑ `=
−
k

m
in
{ ρ
|`| m

ix
,√

E
va

r(
Z
`
|γ̃

`,
β
′ )
}√

E〈
µ
′ −

µ
∗ ,
X
`〉2
∣ ∣ ∣

≤
√
‖µ
∗ ‖

2 2
+
σ

2
( m

c
e−

cη
2

+
2

k ∑

`=
m

+
1

ρ
` m

ix

) .

w
h
er

e
w

e
h
av

e
u
se

d
in

eq
u
al

it
y

(5
4b

)
fr

om
L

em
m

a
6.

F
in

al
ly

,
ag

ai
n

n
ot

in
g

th
at
m

=
cη

2

lo
g
(1
/
ρ
m
ix

)

y
ie

ld
s

th
at

th
e

F
O

S
co

n
d
it

io
n

h
ol

d
s

w
it

h
L
β
,2

=
c√
‖µ
∗ ‖

2
+
σ

2
ϕ

2
(ε

m
ix

)η
2
e−

cη
2
,

as
cl

ai
m

ed
.

5
.3
.6

P
r
o
o
f
o
f
in
e
q
u
a
l
it
y

(2
2b

)

B
y

th
e

sa
m

e
m

ea
n

va
lu

e
ar

gu
m

en
t,

w
e

fi
n
d

th
at

‖
∂ ∂
β
Q
k 2
(β
|β
′ ,
µ
′ )
−

∂ ∂
β
Q
k 2
(β
|β
∗ ,
µ
′ )
∥ ∥
≤
∣ ∣ ∣E

k ∑ `=
−
k

∂
2
Φ

∂
β
`∂
β

0

∣ ∣ ∣ ∣ θ=
θ̃

(β
′ −

β
∗ )
∣ ∣ ∣.

B
y

th
e

ex
p

on
en

ti
al

fa
m

il
y

v
ie

w
in

eq
u
al

it
y

(4
0)

it
su

ffi
ce

s
to

co
n
tr

ol
th

e
ex

p
ec

te
d

co
n
d
it

io
n
al

co
va

ri
an

ce
.

L
em

m
a

5
an

d
6

gu
ar

an
te

e
th

at

|c
ov

(Z
0
Z

1
,Z

`Z
`+

1
|X

k −
k
,γ̃

)|
≤
ρ
|`| m

ix
,

an
d

E
va

r(
Z

0
Z

1
|γ̃

1 0
,β̃

)
≤
c

1
+
b

1
−
b

e−
cη

2
.

(4
4)

F
u
rt

h
er

m
or

e,
th

e
C

au
ch

y
-S

ch
w

ar
z

in
eq

u
al

it
y

co
m

b
in

ed
w

it
h

th
e

b
ou

n
d

(5
3a

)
fr

om
L

em
m

a
4

y
ie

ld
s

E∣ ∣
co

v
(Z

0
Z

1
,Z

`Z
`+

1
|γ̃

)∣ ∣
≤
√

E
va

r(
Z

0
Z

1
|γ̃
,β̃

)√
E

va
r(
Z
`Z

`+
1
|γ̃
,β̃

)

≤
√

E
va

r(
Z

0
Z

1
|γ̃

1 0
,β̃

)√
E

va
r(
Z
`Z

`+
1
|γ̃

`+
1

`
,β̃

)

≤
E

va
r(
Z

0
Z

1
|γ̃

1 0
,β̃

).
(4

5)

2
5

JM
L

R
 1

8(
12

5)
:1

-5
3,

 2
01

7

Y
a
n
g
,
B
a
l
a
k
r
is
h
n
a
n
a
n
d

W
a
in
w
r
ig
h
t

C
om

b
in

in
g

th
e

b
ou

n
d
s

(4
4)

an
d

(4
5)

y
ie

ld
s

∣ ∣ ∣ ∣ ∣
k ∑ `=
−
k

E
∂

2
Φ

∂
β
`∂
β

0
(β
′ −

β
∗ )

∣ ∣ ∣ ∣ ∣≤
k ∑ `=
−
k

∣ ∣ E
co

v
(Z

0
Z

1
,Z

`Z
`+

1
|γ̃

k −
k
,β̃

)∣ ∣
|β
′ −

β
∗ |

≤
k ∑ `=
−
k

m
in
{ ρ
|`| m

ix
,E

va
r(
Z

0
Z

1
|γ̃

1 0
,β̃

)}
|β
′ −

β
∗ |

≤
2

(
c
1

+
b

1
−
b
m

e−
cη

2
+

k ∑

l=
m

+
1

ρ
` m

ix

)
|β
′ −

β
∗ |

≤
2
c
1

+
b

1
−
b
ϕ

2
(ε

m
ix

)η
2
e−

cη
2
|β
′ −

β
∗ |

w
h
er

e
th

e
fi
n
a
l

in
eq

u
a
li
ty

fo
ll
ow

s
b
y

se
tt

in
g
m

=
cη

2

lo
g
(1
/
ρ
m
ix

)
.

T
h
er

ef
o
re

,
th

e
F

O
S

co
n
d
it

io
n

h
ol

d
s

w
it

h
L
β
,1

=
c

1
−
b

1
+
b
ϕ

2
(ε

m
ix

)η
2
e−

cη
2
,

as
cl

ai
m

ed
.

5
.4

P
ro

o
f

o
f

C
o
ro

ll
a
ry

2

In
or

d
er

to
p
ro

ve
th

is
co

ro
ll
ar

y,
it

is
ag

ai
n

co
n
ve

n
ie

n
t

to
se

p
ar

at
e

th
e

u
p

d
at

es
on

th
e

m
ea

n
v
ec

to
rs
µ

fr
o
m

th
o
se

a
p
p
li
ed

to
th

e
tr

a
n
si

ti
o
n

p
a
ra

m
et

er
β

.
R

ec
a
ll

th
e

d
efi

n
it

io
n
s

o
f
ϕ

,
ϕ
n

an
d
ε n

fr
om

eq
u
at

io
n
s

(2
4)

an
d

(2
7a

)
re

sp
ec

ti
ve

ly
,

as
w

el
l

as
ρ̃

m
ix

=
1
−
ε m

ix
π

m
in

.
U

si
n
g

T
h
eo

re
m

2
w

e
re

a
d
il
y

h
av

e
th

a
t

g
iv

en
a
n
y

in
it

ia
li
za

ti
o
n
θ̂0
∈

Ω
,

w
it

h
p
ro

b
a
b
il
it

y
at

le
as

t
1
−

2
δ,

w
e

ar
e

gu
ar

an
te

ed
th

at

‖θ̂
T
−
θ∗
‖ ?
≤
κ
T
‖θ̂

0
−
θ∗
‖ ?

+
ϕ
n
(δ
,k

)
+
ε n

(δ
,k

)
+
ϕ

(k
)

1
−
κ

.
(4

6
)

In
o
rd

er
to

le
v
er

a
g
e

th
e

b
o
u
n
d

(4
6)

,
w

e
n
ee

d
to

fi
n
d

a
p
p
ro

p
ri

a
te

u
p
p

er
b

o
u
n
d
s

o
n

th
e

q
u
an

ti
ti

es
ϕ
n
(δ
,k

),
ε n

(δ
,k

).

L
e
m

m
a

1
S

u
p
po

se
th

a
t

th
e

tr
u

n
ca

ti
o
n

le
ve

l
sa

ti
si

fe
s

th
e

lo
w

er
bo

u
n

d

k
≥

lo
g

(
C
εn δ

)
( lo

g
1

ρ̃
m

ix

) −
1

w
h
er

e
C
ε

:=
C

ε3 m
ix
π
3 m
in

.
(4

7
a)

T
h
en

,
w

h
en

th
e

n
u

m
be

r
o
f

o
bs

er
va

ti
o
n

s
n

sa
ti

fi
es

th
e

lo
w

er
bo

u
n

d
in

th
e

a
ss

u
m

p
ti

o
n

s
o
f

th
e

co
ro

ll
a
ry

a
n

d
th

e
ra

d
iu

s
is

ch
o
se

n
to

be
r

=
‖µ
∗ ‖

2

4
,

w
e

h
a
ve

εµ n
( δ
,k
) ≤

C
0

1 σ

( ‖
µ
∗ ‖

2 2

σ
2

+
1
) 3
/
2

lo
g
(k

2
/δ

)√
k

3
d

lo
g
n

n
,

a
n

d
(4

7
b
)

εβ n
( δ
,k
) ≤

C
0

1 σ

√
‖µ
∗ ‖

2 2

σ
2

+
1

√
k

3
lo

g
(k

2
/δ

)

n
.

(4
7
c)

L
e
m

m
a

2
S

u
p
po

se
th

a
t

1 2

lo
g
( C

ε
n
/
δ
)

lo
g
(1
/
ρ̃
m
ix

)
≤
k
≤
C

lo
g
( C

ε
n
/
δ
)

lo
g
(1
/
ρ̃
m
ix

)
w

it
h
C
>

1
.

T
h
en

by
ch

oo
si

n
g

r
=
‖µ
∗ ‖

2

4
a
n

d
C

1
la

rg
e

en
o
u

gh
,

w
e

h
a
ve

ϕ
n
(δ
,k

)
≤
C

1

{√
d

lo
g

2
(C

εn
/δ

)

σ
n

+

√
‖µ
∗ ‖

2

σ

lo
g

2
(C

εn
/δ

)

n
+
‖µ
∗ ‖

2

σ

√
δ n

} .
(4

8
)

2
6

JM
L

R
 1

8(
12

5)
:1

-5
3,

 2
01

7



T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

S
ee

A
p
p

en
d
ices

C
.1

an
d

C
.2,

resp
ectively,

for
th

e
p
ro

ofs
of

th
ese

tw
o

lem
m

a
s.

N
ote

th
at

th
e

set
for

w
h
ich

k
sim

u
ltan

eou
sly

satisfi
es

th
e

con
d
ition

s
in

L
em

m
a

1
an

d
2

is
n
on

em
p

ty.
F

u
rth

erem
ore,

th
e

ch
oice

of
k

is
m

ad
e

p
u
rely

for
an

aly
sis

p
u
rp

oses
–

it
d
o
es

n
ot

h
ave

an
y

con
seq

u
en

ce
on

th
e

U
sin

g
th

ese
tw

o
lem

m
as,

w
e

can
n
ow

com
p
lete

th
e

p
ro

of
of

th
e

corollary.
F

rom
th

e
d

efi
n

ition
(31)

of
κ

,
u

n
d

er
th

e
stated

low
er

b
ou

n
d

on
η

2,
w

e
can

en
su

re
th

a
t
κ
≤

12 .
U

n
d
er

th
is

co
n
d
itio

n
,

in
eq

u
a
lity

(28a)
w

ith
r

=
‖
µ
∗‖

2 /
4

red
u
ces

to
sh

ow
in

g
th

a
t

ϕ
n
(δ,k

)
+
ε
µn
(δ,k

)
+
ϕ

(k
)≤
‖
µ
∗‖

2

8
.

(49)

N
ow

a
n
y

ch
o
ice

of
k

satisfy
in

g
b

oth
con

d
ition

s
in

L
em

m
as

1
an

d
2

gu
aran

tees
th

at

ϕ
n
(δ,k

)
+
ε
µn
(δ,k

)
+
ε
βn
(δ,k

)
+
ϕ

(k
)≤

Cσ
( ‖µ

∗‖
22

σ
2

+
1)

3
/
2 √

d
log

8(n
/
δ)

n
.

(50)

F
u
rth

erm
o
re,

a
s

lo
n
g

a
s
n
≥

C
1

‖
µ
∗‖

22
σ
2 (η

2
+

1
)
3d

log
8(d

/δ)
fo

r
a

su
ffi

cien
tly

la
rg

e
C

1 ,
w

e
a
re

g
u
a
ra

n
teed

th
a
t

th
e

b
o
u
n
d

(49)
h
o
ld

s.
S
u
b
stitu

tin
g

th
e

b
o
u
n
d

(50)
in

to
in

eq
u
a
lity

(46)
co

m
p
letes

th
e

p
ro

of
of

th
e

corollary.

6
.
D
iscu

ssio
n

In
th

is
p
a
p

er,
w

e
p
rov

id
ed

g
en

era
l

g
lo

b
a
l

co
n
v
erg

en
ce

g
u
a
ra

n
tees

fo
r

th
e

B
a
u
m

-W
elch

algorith
m

as
w

ell
as

sp
ecifi

c
resu

lts
for

a
h
id

d
en

M
arkov

m
ix

tu
re

of
tw

o
isotrop

ic
G

au
ssian

s.
In

co
n
tra

st
to

th
e

cla
ssica

l
p

ersp
ectiv

e
o
f

fo
cu

sin
g

o
n

th
e

M
L

E
,

w
e

fo
cu

sed
o
n

b
o
u
n
d
in

g
th

e
d
ista

n
ce

b
etw

een
th

e
B

a
u
m

-W
elch

itera
tes

a
n
d

th
e

tru
e

p
a
ra

m
eter.

U
n
d
er

su
ita

b
le

reg
u

la
rity

co
n

d
itio

n
s,

o
u

r
th

eo
ry

g
u

a
ra

n
tees

th
a
t

th
e

itera
tes

co
n
v
erg

e
to

a
n
e
n
-b

a
ll

o
f

th
e

tru
e

p
aram

eter,
w

h
ere

e
n

rep
resen

ts
a

form
of

statistical
error.

It
is

im
p

ortan
t

to
n
ote

th
at

o
u
r

th
eo

ry
d
o
es

n
o
t

g
u
a
ra

n
tee

co
n
v
erg

en
ce

to
th

e
M

L
E

itself,
b
u
t

ra
th

er
to

a
b
a
ll

th
a
t

co
n
ta

in
s

th
e

tru
e

p
a
ra

m
eter,

a
n
d

a
sy

m
p
to

tica
lly

th
e

M
L

E
a
s

w
ell.

W
h
en

a
p
p
lied

to
th

e
G

a
u
ssia

n
m

ix
tu

re
H

M
M

,
w

e
p
rov

ed
th

a
t

th
e

B
a
u
m

-W
elch

a
lg

o
rith

m
a
ch

iev
es

estim
a
tio

n
erro

r
th

a
t

is
m

in
im

a
x

o
p
tim

a
l

u
p

to
lo

g
a
rith

m
ic

fa
cto

rs.
T

o
th

e
b

est
o
f

o
u
r

k
n
ow

led
g
e,

th
ese

are
th

e
fi
rst

rigorou
s

gu
aran

tees
for

th
e

B
au

m
-W

elch
algorith

m
th

at
allow

for
a

large
in

itia
liza

tio
n

ra
d
iu

s.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
is

w
o
rk

w
a
s

p
a
rtia

lly
su

p
p

o
rted

b
y

N
S
F

g
ra

n
t

C
IF

-3
1
7
1
2
-2

3
8
0
0
,

O
N

R
-M

U
R

I
g
ra

n
t

D
O

D
-00

2
8
8
8
,

a
n
d

A
F

O
S
R

gran
t

F
A

9550-14-1-00
16

to
M

J
W

.

27
JM

L
R

 18(125):1-53, 2017

Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
P
ro

p
o
sitio

n
1

In
o
rd

er
to

sh
ow

th
a
t

th
e

lim
it

lim
n→
∞
E
Q
n
(θ
|
θ ′)

ex
ists,

it
su

ffi
ces

to
sh

ow
th

a
t

th
e

seq
u
en

ce
of

fu
n
ction

s{E
Q

1 ,E
Q

2 ,...,E
Q
n }

is
C

au
ch

y
in

th
e

su
p
-n

orm
(as

d
efi

n
ed

p
rev

iou
sly

in
eq

u
a
tio

n
(15)).

In
p
a
rticu

la
r,

it
su

ffi
ces

to
sh

ow
th

a
t

fo
r

ev
ery

ε
>

0
th

ere
is

a
p

o
sitiv

e
in

teger
N

(ε)
su

ch
th

at
for

m
,n
≥
N

(ε),

‖E
Q
m
−

E
Q
n ‖∞

≤
ε.

In
o
rd

er
to

d
o

so
,

w
e

m
a
k
e

u
se

o
f

th
e

p
rev

io
u
sly

sta
ted

b
o
u
n
d

(17)
rela

tin
g
E
Q
n

to
Q
k.

T
ak

in
g

th
is

b
ou

n
d

as
given

for
th

e
m

om
en

t,
an

ap
p
lication

of
th

e
trian

gle
in

eq
u
ality

y
ield

s

‖E
Q
m
−

E
Q
n ‖∞

≤
‖E
Q
m
−
Q
k‖∞

+
‖E
Q
n −

Q
k‖∞

≤
ε,

th
e

fi
n
al

in
eq

u
ality

follow
s

as
lon

g
as

w
e

ch
o
ose

N
(ε)

an
d
k

large
en

ou
gh

(rou
gh

ly
p
rop

ortion
al

to
log

(1
/ε)).

It
rem

ain
s

to
p
rove

th
e

claim
(17).

In
ord

er
to

d
o

so,
w

e
req

u
ire

an
au

x
iliary

lem
m

a:

L
e
m

m
a

3
(A

p
p

ro
x
im

a
tio

n
b
y

tru
n

c
a
tio

n
)

F
o
r

a
M

a
rko

v
ch

a
in

sa
tisfyin

g
th

e
m

ixin
g

co
n

d
itio

n
(3),

w
e

h
a
ve

su
p

θ ′∈
Ω

su
px

∑

z
i

|p
(z
i |
x
n1
;θ ′)−

p
(z
i |
x
i+
k

i−
k ;θ ′)|≤

C
s

2

ε
8m

ix π
m

in (1−
ε
m

ix π
m

in )
m

in{
i,n−

i,k}
(51)

fo
r

a
ll
i∈

[0,n
],

w
h
ere

π
m

in
=

m
in
j∈

[s],β∈
Ω
β
π

(j;β
).

S
ee

A
p
p

en
d
ix

D
.2

for
th

e
p
ro

of
of

th
is

lem
m

a.

U
sin

g
L

em
m

a
3,

let
u
s

n
ow

p
rov

e
th

e
claim

(17).
In

tro
d
u
cin

g
th

e
sh

o
rth

a
n
d

n
otation

h
(X

i ,z
i ,θ,θ ′)

:=
log

p
(X

i |
z
i ;θ)

+
∑z
i−

1

p
(z
i |
z
i−

1 ;θ ′)
log

p
(z
i |z

i−
1 ,θ),

w
e

can
verify

b
y

ap
p
ly

in
g

L
em

m
a

3
th

at

‖E
Q
n −

Q
k‖∞

(52)

=
∣∣∣
su

p
θ
,θ ′

1n

n
∑i=

1 ∑

z
i

E
(p

(z
i |
X
n1
,θ ′)−

p
(z
i |
X
i+
k

i−
k
,θ ′))h

(X
i ,z

i ,θ,θ ′) ∣∣∣

+
∣∣∣ 1n

su
p

θ
,θ ′ E

∑z
0

p
(z

0 |
X
n1
,θ ′)

log
p
(z

0 ;θ) ∣∣∣

≤
su

p
θ
,θ ′

1n

n
∑i=

1 ∑

z
i

su
px

∣∣p
(z
i |
x
n1
,θ ′)−

p
(z
i |
x
i+
k

i−
k ,θ ′) ∣∣E

|h
(X

i ,z
i ,θ,θ ′)|+

1n
log

π
−

1
m

in

≤
C
s

3

ε
8m

ix π
m

in n (2
k
∑i=

1 (1−
ε
m

ix π
m

in )
i
+

(n
−

2k
)(1−

ε
m

ix π
m

in )
k ) [

m
ax

z
i ∈

[s] E|h
(X

i ,z
i ,θ,θ ′)| ]

+
1n

log
π
−

1
m

in

≤
C
s

3

ε
8m

ix π
m

in (
2

n
ε
m

ix π
m

in
+
n
−

2
k

n
(1−

ε
m

ix π
m

in )
k ) [

m
ax

z
i ∈

[s] E|h
(X

i ,z
i ,θ,θ ′)| ]

+
1n

log
π
−

1
m

in

≤
C
s

4

ε
9m

ix π
2m

in (1−
ε
m

ix π
m

in )
k

+
1n

(
log

π
−

1
m

in
+

C
s

4

ε
1
0

m
ix π

3m
in )

,

2
8

JM
L

R
 18(125):1-53, 2017



T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

u
si

n
g

th
e

cr
u
d
e

b
ou

n
d

m
ax

z i
∈[
s]
E|
h

(X
i,
z i
,θ
,θ
′ )
|≤

E
m

ax
z i
∈[
s]

∣ ∣ l
og
p
(X

i
|z

i,
θ)
∣ ∣ +

s
lo

g
(π

m
in
ε m

ix
)−

1
≤

C
s

π
m

in
ε m

ix
.

w
h
ic

h
u
se

s
co

n
d
it

io
n

(1
6)

a
n
d

w
h
er

e
C

d
en

o
te

s
g
en

er
ic

co
n
st

a
n
ts

w
h
ic

h
a
re

p
o
te

n
ti

a
ll
y

d
iff

er
en

t
ea

ch
ti

m
e

th
ey

ap
p

ea
r.

A
p
p
e
n
d
ix

B
.
T
e
ch

n
ic
a
l
d
e
ta
il
s
fo
r
C
o
ro

ll
a
ry

1

In
th

is
se

ct
io

n
,

w
e

co
ll
ec

t
so

m
e

au
x
il
ia

ry
b

ou
n
d
s

on
co

n
d
it

io
n
al

co
va

ri
an

ce
s

in
h
id

d
en

M
ar

ko
v

m
o
d
el

s.
T

h
es

e
re

su
lt

s
ar

e
u
se

d
in

th
e

p
ro

of
of

C
or

ol
la

ry
1
.

L
e
m

m
a

4
F

o
r

a
n

y
H

M
M

w
it

h
o
bs

er
ve

d
-h

id
d
en

st
a
te

s
(X

i,
Z
i)

,
w

e
h
a
ve

E
[ va

r(
Z

0
Z

1
|X

k −
k
)] ≤

E
va

r(
Z

0
Z

1
|X

1 0
)

(5
3a

)

E
[ va

r(
Z

0
|X

k −
k
)
|X

0

] ≤
va

r(
Z

0
|X

0
)

(5
3b

)

w
h
er

e
w

e
h
a
ve

o
m

it
te

d
th

e
d
ep

en
d
en

ce
o
n

th
e

pa
ra

m
et

er
s.

P
ro

o
f

W
e

u
se

th
e

la
w

o
f

to
ta

l
va

ri
a
n
ce

,
w

h
ic

h
g
u
a
ra

n
te

es
th

a
t

va
r
Z

=
E[

va
r(
Z
|X

)]
+

va
r
E[
Z
|X

].
U

si
n
g

th
is

d
ec

om
p

os
it

io
n
,

w
e

h
av

e

E[
va

r(
Z

0
|X

1 0
)
|X

0
]
≤

va
r(
Z

0
|X

0
)

E[
va

r(
Z

0
Z

1
|X

2 0
)
|X

1 0
]
≤

va
r(
Z

0
Z

1
|X

1 0
).

T
h
e

re
su

lt
th

en
fo

ll
ow

s
b
y

in
d
u
ct

io
n
.

W
e

n
ow

sh
ow

th
at

th
e

ex
p

ec
te

d
co

n
d
it

io
n
al

va
ri

an
ce

of
th

e
h
id

d
en

st
at

e
(o

r
p
ai

rs
th

er
eo

f)
co

n
d

it
io

n
ed

o
n

th
e

co
rr

es
p

o
n

d
in

g
o
b

se
rv

a
ti

o
n

(p
a
ir

s
o
f

o
b

se
rv

a
ti

o
n

s)
d

ec
ay

s
ex

p
o
n

en
ti

a
ll

y
w

it
h

th
e

S
N

R
.

L
e
m

m
a

5
F

o
r

a
2-

st
a
te

M
a
rk

o
v

ch
a
in

w
it

h
tr

u
e

pa
ra

m
et

er
θ∗

,
w

e
h
a
ve

fo
r
µ
∈
B 2
( ‖
µ
∗ ‖

2

4
;µ
∗)

a
n

d
β
∈

Ω
β

∥ ∥ ∥E
X

0
X
T 0

(v
ar

(Z
0
|γ

0
,β

))
1
/
2
∥ ∥ ∥ o
p
≤
c 0

e−
cη

2
(5

4a
)

E
va

r(
Z
`
|γ

`,
β

)
≤
c 0

e−
cη

2
(5

4b
)

E
va

r(
Z

0
Z

1
|γ

1 0
,β

)
≤
c 0

1
+
b

1
−
b

e−
cη

2
.

(5
4c

)

P
ro

o
f

B
y

d
efi

n
it

io
n

o
f

th
e

G
a
u
ss

ia
n

H
M

M
ex

a
m

p
le

,
w

e
h
av

e
va

r(
Z
i
|γ

i)
=

4
(e
γ
i
+

e−
γ
i
)2

.

M
o
re

ov
er

,
fo

ll
ow

in
g

th
e

p
ro

o
f

o
f

C
o
ro

ll
a
ry

1
in

th
e

p
a
p

er
B

a
la

k
ri

sh
n
a
n

et
a
l.

(2
0
1
4
),

w
e

a
re

g
u
a
ra

n
te

ed
th

a
t
E

va
r(
Z
i
|γ

i)
≤

8
e−

η
2

3
2

a
n
d
‖E
X
iX

T i
(v

ar
(Z

i|γ
i)

)1
/
2
‖ o
p
≤
c 0

e−
η
2

3
2
,

fr
o
m

w
h
ic

h
in

eq
u
al

it
ie

s
(5

4a
)

an
d

(5
4b

)
fo

ll
ow

.

2
9

JM
L

R
 1

8(
12

5)
:1

-5
3,

 2
01

7

Y
a
n
g
,
B
a
l
a
k
r
is
h
n
a
n
a
n
d

W
a
in
w
r
ig
h
t

W
e

n
ow

p
ro

ve
in

eq
u
al

it
y

(5
4c

)
fo

r
β
∈

Ω
β

an
d
µ
∈
B 2
( ‖
µ
∗ ‖

2

4
;µ
∗)

.
N

ot
e

th
a
t

1 4
va

r(
Z

0
Z

1
|γ

1 0
,β

)
=

e2
γ
1

+
e−

2
γ
1

+
e2
γ
0

+
e−

2
γ
0

[ eβ
(e
γ
0
+
γ
1

+
e−

(γ
0
+
γ
1
) )

+
e−

β
(e
γ
0
−
γ
1

+
e−

(γ
0
−
γ
1
) )
] 2

≤
e2
|β
|

e2
γ
1

+
e−

2
γ
1

+
e2
γ
0

+
e−

2
γ
0

(e
γ
0
+
γ
1

+
e−

(γ
0
+
γ
1
)

+
eγ

0
−
γ
1

+
e−

(γ
0
−
γ
1
) )

2

≤
(

1
+
b

1
−
b

)
[

e|
γ
0
|

e2
γ
0

+
e−

2
γ
0

+
e|
γ
1
|

e2
γ
1

+
e−

2
γ
1

]

w
h
er

e
γ

ar
e

n
ow

ra
n
d
om

va
ri

ab
le

s
an

d
w

e
u
se

d

(e
γ
0
+
γ
1

+
e−

(γ
0
+
γ
1
)

+
eγ

0
−
γ
1

+
e−

(γ
0
−
γ
1
) )2

≥
e−
|γ

0
| (

e−
γ
0

+
eγ

0
)(

e2
γ
1

+
e−

2
γ
1
)

+
e−
|γ

1
| (

e−
γ
1

+
eγ

1
)(

e2
γ
0

+
e−

2
γ
0
)

≥
(e
−
|γ

0
| +

e−
|γ

1
| )

(e
2
γ
0

+
e−

2
γ
0
)(

e2
γ
1

+
e−

2
γ
1
).

It
d
ir

ec
tl

y
fo

ll
ow

s
th

at

1 4
E

va
r(
Z

0
Z

1
|γ

1 0
,β

)
≤

2

(
1

+
b

1
−
b

)
E
[

1

eγ
0

+
e−

3
γ
0
1
γ
0
≥

0
+

1

e3
γ
0

+
e−

γ
0
1
γ
0
≤

0

]

≤
2

(
1

+
b

1
−
b

)
(E

[e
−
γ
0
1
γ
0
≥

0
]+

E[
eγ

0
1
γ
0
≤

0
])

≤
4

(
1

+
b

1
−
b

)
E[

e−
γ
0
1
γ
0
≥

0
]

w
h

er
e

th
e

la
st

in
eq

u
al

it
y

fo
ll

ow
s

fr
om

sy
m

m
et

ry
of

th
e

ra
n

d
om

va
ri

ab
le

s
X
i.

O
n

e
ca

n
th

en
b

ou
n
d

E[
e−

γ
0
1
γ
0
≥

0
]

=
E

e−
‖µ
‖ 2
V
1

σ
2

1
V
1
≥

0
≤

2e
−
η
2

3
2

b
y

em
p
lo

y
in

g
a

si
m

il
ar

p
ro

ce
d
u
re

as
in

th
e

p
ro

of
of

C
or

ol
la

ry
1

in
B

al
ak

ri
sh

n
an

et
al

.
(2

01
4)

.
In

eq
u
al

it
y

(5
4c

)
th

en
fo

ll
ow

s.

T
h
e

la
st

le
m

m
a

p
ro

v
id

es
ri

go
ro

u
s

co
n
fi
rm

at
io

n
of

th
e

in
tu

it
io

n
th

at
th

e
co

va
ri

an
ce

b
et

w
ee

n
an

y
p
ai

r
of

h
id

d
en

st
at

es
sh

ou
ld

d
ec

ay
ex

p
on

en
ti

al
ly

in
th

ei
r

se
p
ar

at
io

n
`:

L
e
m

m
a

6
F

o
r

a
2-

st
a
te

M
a
rk

o
v

ch
a
in

w
it

h
m

ix
in

g
co

effi
ci

en
t
ε m

ix
a
n

d
u

n
if

o
rm

st
a
ti

o
n

a
ry

d
is

tr
ib

u
ti

o
n

,
w

e
h
a
ve

m
ax
{

co
v
(Z

0
,Z

`
|γ

),
co

v
(Z

0
Z

1
,Z

`Z
`+

1
|γ

),
co

v
(Z

0
,Z

`Z
`+

1
|γ

)}
≤

2
ρ
` m

ix
(5

5
)

w
it

h
ρ

m
ix

=
1
−
ε m

ix
fo

r
a
ll
θ
∈

Ω
.

L
em

m
a

6
is

a
m

ix
in

g
re

su
lt

an
d

it
s

p
ro

of
is

fo
u
n
d

in
S
ec

ti
on

D
.3

.

30
JM

L
R

 1
8(

12
5)

:1
-5

3,
 2

01
7



T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

A
p
p
e
n
d
ix

C
.
T
e
ch

n
ica

l
d
e
ta
ils

fo
r
C
o
ro

lla
ry

2

In
th

is
sectio

n
w

e
p
rov

e
L

em
m

a
s

1
a
n
d

2
.

In
o
rd

er
to

d
o

so
,

w
e

lev
era

g
e

th
e

in
d
ep

en
d
en

t
b
lo

ck
s

a
p
p
ro

a
ch

u
sed

in
th

e
a
n
a
ly

sis
o
f

d
ep

en
d
en

t
d
a
ta

(see,
fo

r
in

sta
n
ce,

th
e

p
a
p

ers
Y

u
(1

9
9
4
);

N
o
b

el
a
n

d
D

em
b

o
(1

9
9
3
)).

F
o
r

fu
tu

re
referen

ce,
w

e
sta

te
h
ere

a
n

a
u

x
ilia

ry
lem

m
a

th
a
t

p
lay

s
a
n

im
p

ortan
t

role
in

b
oth

p
ro

ofs.

L
et
{
X
i } ∞i=

−
∞

b
e

a
seq

u
en

ce
sa

m
p
led

fro
m

a
M

a
rk

ov
ch

a
in

w
ith

m
ix

in
g

ra
te
ρ

m
ix

=
1−

ε
m

ix ,
π

m
in

b
e

th
e

m
in

im
u

m
en

try
of

th
e

station
ary

d
istrib

u
tion

an
d
ρ̃

m
ix

=
1−

ε
m

ix π
m

in .
G

iv
en

so
m

e
fu

n
ctio

n
s
f

1
:
R

2
k
→

R
d

a
n
d
f

2
:
R
→

R
d

in
so

m
e

fu
n
ctio

n
cla

ss
F

1 ,F
2

resp
ectively,

o
u
r

goal
is

to
con

trol
th

e
d
iff

eren
ce

b
etw

een
th

e
fu

n
ction

s

g
1 (X

)
:=

1n

n
∑i=

1

f
1 (X

i+
k

i−
k
),

g
2 (X

)
:=

1n

n
∑i=

1

f
2 (X

i )
(56a)

an
d

th
eir

ex
p

ectation
.

D
efi

n
in

g
m

1
:=
bn
/
4kc

an
d
m

2
:=
bn
/kc,

w
e

say
th

at
f

1
resp

ectively
f

2
is

(δ,k
)-co

n
cen

trated
if

P [
su

p
f∈F

1 ‖
1m

1

m
1

∑i=
1

f
1 (X̃

i;2
k )−

E
f

1 (X̃
1
;2
k )‖

2 ≥
ε ]≤

δ8k
,

(56b
)

P [
su

p
f∈F

2 ‖
1m

2

m
2

∑i=
1

f
2 (X̃

i )−
E
f

2 (X̃
1 )‖

2 ≥
ε ]≤

δ2k

w
h
ere
{
X̃
i;2
k }
i∈

N
a
re

a
co

llectio
n

o
f

i.i.d
.

seq
u
en

ces
o
f

len
g
th

2
k

d
raw

n
fro

m
th

e
sa

m
e

M
a
rk

ov
ch

a
in

a
n

d
{X̃

i }
i∈

N
a

co
llectio

n
o
f

i.i.d
.

va
ria

b
les

d
raw

n
fro

m
th

e
sa

m
e

sta
tio

n
a
ry

d
istrib

u
tio

n
.

In
o
u

r
n
o
ta

tio
n

,{
X̃
i;2
k }
i∈

N
u

n
d

er
P

a
re

id
en

tica
lly

d
istrib

u
ted

a
s{X

i;2
k }
i∈

N
u
n
d
er

P
0 .

L
e
m

m
a

7
C

o
n

sid
er

fu
n

ctio
n

s
f

1 ,f
2

th
a
t

a
re

(δ,k
)-co

n
cen

tra
ted

(56b
)

fo
r

a
tru

n
ca

tio
n

pa
ra

m
eter

k
≥

log (
C
n

π
3m
in
ε
3m
ix
δ )

(log
1

ρ̃
m
ix

) −
1.

T
h
en

th
e

a
vera

ged
fu

n
ctio

n
s
g

1 ,g
2

fro
m

equ
a
-

tio
n

(5
6
a
)

sa
tisfy

th
e

bo
u

n
d
s

P [
su

p
g∈F

1 ‖
g

1 (X
)−

E
g

1 (X
)‖

2 ≥
ε ]≤

δ
a
n

d
P [

su
p

g∈F
2 ‖g

2 (X
)−

E
g

2 (X
)‖

2 ≥
ε ]≤

δ.
(57)

P
ro

o
f

W
e

p
rove

th
e

lem
m

a
for

fu
n
ction

s
of

th
e

ty
p

e
(f

1 ,g
1 );

th
e

p
ro

of
for

th
e

case
(f

2 ,g
2 )

is
v
ery

sim
ila

r.
In

o
rd

er
to

sim
p
lify

n
o
ta

tio
n
,

w
e

a
ssu

m
e

th
ro

u
g
h
o
u
t

th
e

p
ro

o
f

th
a
t

th
e

eff
ectiv

e
sa

m
p
le

size
n

is
a

m
u
ltip

le
o
f

4
k
,

so
th

a
t

th
e

b
lo

ck
size

m
=

n4
k

is
in

teg
ra

l.
B

y

d
efi

n
ition

(5
6
a
),

th
e

fu
n
ction

g
is

a
fu

n
ction

of
th

e
seq

u
en

ces{X
1
+
k

1−
k
,X

2
+
k

2−
k
,...,X

n
+
k

n−
k }

.
W

e
b

eg
in

b
y

d
iv

id
in

g
th

ese
seq

u
en

ces
in

to
b
lo

ck
s.

L
et

u
s

d
efi

n
e

th
e

su
b
sets

o
f

in
d
ices

H
ji

=
{4
k
(i−

1)
+
k

+
j|

4k
(i−

1)
+

3
k

+
j},

an
d

R
ji

=
{4
k
(i−

1)−
k

+
j|

4k
(i−

1)
+
k−

1
+
j}.

3
1

JM
L

R
 18(125):1-53, 2017

Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

W
ith

th
is

n
otation

,
w

e
h
av

e
th

e
d
ecom

p
ositio

n

g
(X

)
=

12



12k

2
k
∑j=

1

1m

m
∑i=

1

f
(X

H
ji )

︸
︷︷

︸
g
H
j
(X

)

+
12k

2
k
∑j=

1

1m

m
∑i=

1

f
(X

R
ji )

︸
︷︷

︸
g
R
j
(X

)


,

from
w

h
ich

w
e

fi
n
d

th
at

P [
su

p
g∈F
‖g

(X
)−

E
g
(X

)‖
2 ≤

ε ]≥
P (

2
k
⋂j=

1 {
su

p
g∈F
‖
g
H
j(X

)−
E
g
(X

)‖
2 ≤

ε}

∩
{
su

p
g∈F
‖g
R
j(X

)−
E
g
(X

)‖
2 ≤

ε} )

(i)

≥
1−

4
k
P

(su
p

g∈F
‖g
H

1(X
)−

E
g
(X

)‖
2 ≥

ε),

w
h
ere

(i)
fo

llow
s

u
sin

g
sta

tio
n
a
rity

o
f

th
e

u
n
d
erly

in
g

seq
u
en

ce
co

m
b
in

ed
w

ith
th

e
u
n
io

n
b

ou
n
d
.

In
o
rd

er
to

b
o
u
n
d

th
e

p
ro

b
a
b
ility

P [‖g
H

1(X
)−

E
g
(X

)‖
2
≥
ε ],

it
is

co
n
v
en

ien
t

to
rela

te
it

to
th

e
p
ro

b
a
b
ility

o
f

th
e

sa
m

e
ev

en
t

u
n
d
er

th
e

p
ro

d
u
ct

m
ea

su
re

P
0

o
n

th
e

b
lo

ck
s

{
H

11
,...,H

1m }.
In

p
articu

lar,
w

e
h
ave

P
(‖
g
H

1(X
)−

E
g
(X

)‖
2 ≥

ε)≤
T

1
+
T

2 ,
w

h
ere

T
1

:=
P

0 (‖
g
H

1(X
)−

E
g
(X

)‖
2 ≥

ε),
an

d

T
2

:=
|P

(‖
g
H

1(X
)−

E
g
(X

)‖
2 ≥

ε)−
P

0 (‖
g
H

1(X
)−

E
g
(X

)‖
2 ≥

ε)|.

B
y

o
u
r

a
ssu

m
ed

co
n
cen

tra
tio

n
(56b

),
w

e
h
av

e
T

1
≤

δ8
k
,

a
n
d

so
it

rem
a
in

s
to

sh
ow

th
a
t

T
2 ≤

δ8
k
.

N
ow

fo
llow

in
g

sta
n
d
a
rd

a
rg

u
m

en
ts

(e.g
.,

see
th

e
p
a
p

ers
N

o
b

el
a
n
d

D
em

b
o

(1
9
9
3
);

Y
u

(1994)),
w

e
fi
rst

d
efi

n
e

β
(k

)
=

su
p

A
∈
σ

(S
0−
∞
,S
∞k

) |P
(A

)−
P

0−
∞
×

P
∞1

(A
)|,

(58)

w
h
ere
S

0−∞
a
n
d
S
∞k

a
re

th
e
σ

-a
lg

eb
ra

s
g
en

era
ted

b
y

th
e

ra
n
d
o
m

v
ecto

r
X

0−∞
a
n
d
X
∞k

resp
ectiv

ely,
a
n

d
P

0−
∞
×
P
∞1

is
th

e
p
ro

d
u

ct
m

ea
su

re
u

n
d
er

w
h

ich
th

e
seq

u
en

ces
X

0−∞
a
n
d

X
∞1

a
re

in
d
ep

en
d
en

t.
D

efi
n
e
S
i

to
b

e
th

e
σ

-a
lg

eb
ra

g
en

era
ted

b
y
X
H
ji

fo
r
i

=
{
1
,...,m

};
it

th
en

fo
llow

s
b
y

in
d
u
ctio

n
th

a
t

su
p
A
∈
σ

(S
1
,...,S

m
) |P

(A
)−

P
0 (A

)|≤
m
β

(k
).

A
n

id
en

tica
l

relation
h
old

s
over

th
e

b
lo

ck
s
R
ji .

F
or

ou
r

tw
o-state

H
M

M
,

L
em

m
a

12
im

p
lies

th
at

β
(k

)
=
|p

(x
)−

p
(x
∞k

)p
(x

0−
∞

)|≤
|p

(x
0−
∞
|
x
nk
)−

p
(x

0−
∞

)|
≤
|p

(z
0 |
x
nk
)−

p
(z

0 )|
(i)

≤
3

π
3m

in ε
3m

ix

ρ
km

ix
=

3

π
3m

in ε
3m

ix

e −
k

lo
g
(1
/
ρ
m
ix

),
(59)

3
2

JM
L

R
 18(125):1-53, 2017



T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

w
h
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
in

eq
u
al

it
y

(7
3)

.
F

ro
m

ou
r

as
su

m
ed

lo
w

er
b

ou
n
d

on
k

,
w

e
co

n
cl

u
d
e

th
at
m
β

(k
)
≤

δ 8
k
,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

In
th

e
fo

ll
ow

in
g

se
ct

io
n
s

w
e

ap
p
ly

it
in

or
d
er

to
p
ro

ve
th

e
b

ou
n
d
s

on
th

e
ap

p
ro

x
im

at
io

n
an

d
sa

m
p
le

er
ro

r
of

th
e
M

-o
p

er
at

or
s.

C
.1

P
ro

o
f

o
f

L
e
m

m
a

1

W
e

p
ro

v
e

ea
ch

o
f

th
e

tw
o

in
eq

u
a
li
ti

es
in

eq
u
a
ti

o
n
s

(4
7b

)
a
n
d

(4
7c

)
in

tu
rn

b
y

u
si

n
g

su
it

-
a
b
le

ch
o
ic

es
o
f

th
e

fu
n
ct

io
n
f

in
L

em
m

a
7
.

T
h
ro

u
g
h
o
u
t,

n
o
te

th
a
t

o
u
r

fu
n
ct

io
n

cl
a
ss

is
p
ar

am
et

er
iz

ed
an

d
f
∈
F

is
eq

u
iv

al
en

t
to
θ
∈

Ω
=

B 2
(r

;µ
∗ )
×

Ω
β
.

P
ro

o
f

o
f

in
e
q
u

a
li

ty
(4

7b
):

W
e

u
se

th
e

n
o
ta

ti
o
n

fr
o
m

th
e

p
ro

o
f

o
f

L
em

m
a

7
a
n
d

fu
r-

th
er

m
o
re

d
efi

n
e

th
e

w
ei

g
h
ts
w
θ
(X

i+
k
−

1
i−
k

)
=
p
(Z

i
=

1
|X

i+
k
−

1
i−
k

,θ
),

a
s

w
el

l
a
s

th
e

fu
n
ct

io
n

f 0
(X

i+
k
−

1
i−
k

,θ
′ )

=
(2
w
θ
′ (
X
i+
k
−

1
i−
k

)
−

1)
X
i.

It
is

th
en

p
os

si
b

le
to

w
ri

te
th

e
E

M
op

er
at

or
ex

p
li
c-

it
ly

as
th

e
av

er
ag

e

M
µ
,k

n
(θ
′ )

=
ar

g
m

ax
µ
∈Ω̃

1 n

[
n ∑ i=

1

E Z
i
|X

i+
k

i−
k
,θ
′
lo

g
p
(X

i
|Z

i,
µ

)] =
1 n

n ∑ i=
1

f 0
(X

i+
k
−

1
i−
k

,θ
′ )
.

W
e

ar
e

n
ow

re
ad

y
to

ap
p
ly

L
em

m
a

7
w

it
h

th
e

ch
oi

ce
s
f 1

=
f 0

,
g 1

(X
)

=
M

µ
,k

n
(θ

).
A

cc
or

d
in

g
to

L
em

m
a

7,
gi

ve
n

th
at

th
e

lo
w

er
b

ou
n

d
on

th
e

tr
u

n
ca

ti
on

p
ar

am
et

er
k

h
ol

d
s,

w
e

n
ow

n
ee

d
to

sh
ow

th
at
f 0

is
(δ
,k

)-
co

n
ce

n
tr

at
ed

,
th

at
m

ea
n
s

fi
n
d
in

g
εµ n

su
ch

th
at

P 0

[ su
p

θ
∈Ω

∥ ∥
1 m

m ∑ i=
1

f 0
(X̃

i;
2
k
,θ
′ )
−

Ef
0
(X̃

i;
2
k
,θ
′ )
∥ ∥ 2
≥
εµ n

]
≤

δ 8k
,

w
h
er

e
P 0

d
en

ot
es

th
e

p
ro

d
u
ct

m
ea

su
re

ov
er

th
e

in
d
ep

en
d
en

t
b
lo

ck
s

an
d
m

:=
m

1
=
bn
/
4k
c.

L
et

X
i

b
e

th
e

m
id

d
le

el
em

en
t

o
f

th
e

(i
.i
.d

.
d
ra

w
n
)

se
q
u
en

ce
X̃
i;

2
k

a
n
d
Z
i,
V
i

th
e

co
rr

es
p

o
n
d
in

g
la

te
n
t

a
n
d

n
o
is

e
va

ri
a
b
le

.
W

e
ca

n
th

en
w

ri
te
X
i

=
Z
i

+
V
i

w
h
er

e
V
i

a
re

ze
ro

-m
ea

n
G

au
ss

ia
n

ra
n
d
om

va
ri

ab
le

s
w

it
h

co
va

ri
an

ce
m

at
ri

x
σ

2
I
.

W
it

h
a

m
in

o
r

a
b
u
se

o
f

n
o
ta

ti
o
n
,

le
t

u
s

u
se
X
i,
`

to
d
en

o
te
`t
h

el
em

en
t

in
th

e
b
lo

ck

X̃
i;

2
k

=
(X

i,
1
,.
..
,X

i,
2
k
)T

,
an

d
w

ri
te
X̃

=
{X̃

i;
2
k
}n i=

1
.

In
v
ie

w
of

L
em

m
a

7,
ou

r
ob

je
ct

iv
e

is
to

fi
n
d

th
e

sm
al

le
st

sc
al

ar
εµ n

su
ch

th
at

P[
su

p
θ
∈Ω
‖

1 m

m ∑ i=
1

(2
w
θ
(X̃

i;
2
k
)
−

1)
X
i,
k
−

E(
2w

θ
(X̃

i;
2
k
)
−

1)
X
i,
k

︸
︷︷

︸
f
θ
(X̃

i;
2
k
)

‖ 2
≥
εµ n
] ≤

δ 8k
(6

0)

F
or

ea
ch

u
n
it

n
or

m
ve

ct
or
u
∈
R
d
,

d
efi

n
e

th
e

ra
n
d
om

va
ri

ab
le

Ṽ
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p
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=
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p
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a
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w
e

n
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=
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−
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m
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m
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b
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h
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e

o
rig

in
a
l

E
M

o
p

era
to

r
is

o
b
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Π
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n
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w
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a
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p
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b
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√
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∈
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w
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‖
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√√√√
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=
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‖
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b
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lts
fo

r
th

e
p

o
p
u
la

tio
n

o
p

era
to

rs
d
id

n
o
t

u
se

a
n
y

p
ro

p
erty

o
f

th
e

cova
ria

tes
in

th
e

H
M

M
,

in
p
a
rticu

la
r

n
o
t

th
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∑
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=
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∈
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e
b

ou
n
d

(63)
follow

s
im

m
ed

iately
u
sin

g
th
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‖ ∞
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at
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∣ ∣ ∣
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∣ ∣ ∣
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)∣ ∣ ∣
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︸
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∣ ∣ ≤
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∣ ∣ ∣−
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at
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m
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in

[ k n
lo

g
(ε

m
ix
π

m
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−
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√
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≤
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b
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.
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b
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h
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.
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b
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b
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σ‖µ‖
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‖
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︸
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‖
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≥
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p
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P
r
o
o
f
o
f
L
e
m
m
a
8

W
e

u
se

th
e

follow
in

g
con

cen
tration

th
eorem
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→
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+
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t
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∑i=

1

ε ′i f
θ (X̃

i;2
k ) ∣∣
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∑
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p
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p
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com

p
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p
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p
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b
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e

G
a
u

ssia
n

a
n

d
R

a
d

e
m

a
ch

e
r

c
o
m

p
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)
d
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n
e
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e
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d
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g
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p
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at
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b
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g

th
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X
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x
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i
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)
=
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,X

i,1 〉
σ

2
,..., 〈µ

,X
i,2
k 〉

σ
2

,β
).

(67)

N
ow

w
e
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u
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lts
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e
p
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of

C
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1
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F
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i ;X̃

i;2
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:=
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i;2
k )
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L
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E
u
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n
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L

,
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ρ
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θ̃ ′i ‖
2 |〈X

i,k ,u〉|
(68)
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n
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X
`
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L
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con

tin
u
ity

for
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=
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Z
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(θ̃ ′i ;X̃

i;2
k )|

=
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Z
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−
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√ √ √ √
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−
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∣ ∣
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=
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p
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a
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∑
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∑ i

(
2
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〉.
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ra
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≤
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︸
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P
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k
|z

0
)
−
p
(x
k
)|)

≤
p
(x
k
|z

k
)

p
(x
k
|z

0
)

( ρ
k m

ix
+

1

π
2 m

in

ρ
k m

ix

)

≤
2ρ

k m
ix

p
(z
k
|z

0
)π

2 m
in

≤
2

π
3 m

in
ε m

ix
ρ
k m

ix
.

(7
8)

T
h
e

la
st

st
at

em
en

t
is

tr
u
e

b
ec

au
se

on
e

ca
n

ch
ec

k
th

at
fo

r
al

l
t
∈
N

w
e

h
av

e

m
in

z k
,z

0

p
(z
k
|z

0
)

=
m

in ij
(A

t )
ij
≥

m
in ij

(A
) i
j
≥
ε m

ix
π

m
in

fo
r

an
y

st
o
ch

as
ti

c
m

at
ri

x
A

w
h
ic

h
sa

ti
sfi

es
th

e
m

ix
in

g
co

n
d
it

io
n

(3
).

S
u
b
st

it
u
ti

n
g

(7
6)

w
it

h
(7

8)
an

d
(7

7)
in

to
(7

5)
,

w
e

ob
ta

in

|p
(z

0
)
−
p
(z

0
|x

n k
)|
≤

∑
z k
p
(x
n k
+

1
|z

k
)p

(z
0
)

∑
z k
p
(x
n k
+

1
|z

k
)p

(z
k
|x

k
)

2ρ
k m

ix

π
3 m

in
ε m

ix
+
p
(x
n k
+

1
|x

k
,z

0
)p

(z
0
)

p
(x
n k
+

1
|x

k
)

ρ
k m

ix

π
m

in

≤
(

2s

π
3 m

in
ε3 m

ix

+
1

ε2 m
ix
π

m
in

)
ρ
k m

ix
≤

2s
+

1

π
3 m

in
ε3 m

ix

ρ
k m

ix

4
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Y
a
n
g
,
B
a
l
a
k
r
is
h
n
a
n
a
n
d

W
a
in
w
r
ig
h
t

w
h
er

e
w

e
u
se

(7
2)

to
se

e
th

at

∑
z k
p
(x
n k
+

1
|z

k
)p

(z
k
|x

k
,z

0
)

∑
z k
p
(x
n k
+

1
|z

k
)p

(z
k
|x

k
)
≤

m
ax

z k
p
(x
n k
+

1
|z

k
)

m
in
z k
p
(x
n k
+

1
|z

k
)
≤
ε−

2
m

ix

an
d

si
m

il
ar

ly
fo

r
th

e
fi
rs

t
te

rm
.

L
e
m

m
a

1
3

(F
il

te
r

st
a
b

il
it

y
)

F
o
r

a
n

y
m

ix
in

g
M

a
rk

o
v

ch
a
in

w
h
ic

h
fu

lfi
ll

s
co

n
d
it

io
n

(3
),

th
e

fo
ll

o
w

in
g

h
o
ld

s

‖F
i
..
.F

1
(ν
−
ν
′ )
‖ ∞
≤
ε−

2
m

ix
ρ̃
i m

ix
‖ν
−
ν
′ ‖ 1

w
h
er

e
ρ̃

m
ix

=
1
−
ε m

ix
π

m
in

.
In

pa
rt

ic
u

la
r

w
e

h
a
ve

su
p

z i
|p

(z
i
|x

i 1
)
−
p
(z
i
|x

i −
n
)|
≤

2ε
−

2
m

ix
ρ̃
i m

ix
.

(7
9
)

P
ro

o
f

G
iv

en
th

e
m

ix
in

g
a
ss

u
m

p
ti

o
n

(3
)

w
e

ca
n

sh
ow

th
a
t
K
j|
i(
x
|y

)
≥
εp
j|
i(
x

)
w

it
h

ε
=
ε m

ix
π

m
in

fo
r

so
m

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
p
j|
i(
·).

T
h
is

is
b

ec
au

se
w

e
ca

n
lo

w
er

b
o
u
n
d

K
j|
i(
z j
|z

j−
1
)

=
p
(z
j
|z

j−
1
)p

(x
j
|z

j
)p

(x
i j+

1
|z

j
)

∑
z j
p
(z
j
|z

j−
1
)p

(x
j
|z

j
)p

(x
i j+

1
|z

j
)

≥
ε m

ix
π

(z
j
)p

(x
j
|z

j
)p

(x
i j+

1
|z

j
)

∑
z j

π
(z
j
)

π
m
in
p
(x
j
|z

j
)p

(x
i j+

1
|z

j
)

︸
︷︷

︸
=

:ε
p
j
|i

(z
j
)

w
it

h
ε

=
ε m

ix
π

m
in

.
T

h
is

al
lo

w
s

u
s

to
d
efi

n
e

th
e

st
o
ch

as
ti

c
m

at
ri

x

Q
j|
i

=
1

1
−
ε
(K

j|
i
−
εP

j|
i)

or
K
j|
i

=
εP

j|
i
+

(1
−
ε)
Q
j|
i.

w
h
er

e
(P

j|
i)
k
`

=
p
j|
i(
`)

a
n
d

fo
r

a
n
y

tw
o

p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

o
n
s
ν 1
,ν

2
w

e
h
av

e
(ν

1
−

ν 2
)T
P
j|
i

=
0
.

U
si

n
g
ρ̃

m
ix

=
1
−
ε

w
e

th
en

o
b
ta

in
b
y

in
d
u
ct

io
n
,

H
o
el

d
er

’s
in

eq
u
a
li
ty

a
n
d
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T
h
e
o
r
e
t
ic
a
l
g
u
a
r
a
n
t
e
e
s
f
o
r
t
h
e
B
a
u
m
-W

e
l
c
h
a
l
g
o
r
it
h
m

in
eq

u
a
lity

(7
2
)

‖
(ν

1|i −
ν ′1|i )

T
K

1|i ...K
i|i ‖∞

≤
i
∏j=

1 (1−
ε)‖

(ν
1|i −

ν ′1|i )
T
⊗
ij=

1
Q
j|i ‖

2

≤
ρ̃
im

ix ‖ν
1|i −

ν ′1|i ‖
2

i
∏j=

1 ‖Q
Tj|i ‖

o
p ≤

ρ̃
im

ix ‖ν
1|i −

ν ′1|i ‖
2

≤
ρ̃
im

ix ∥∥∥∥∥
p
(x
i2 |·)ν

(·)
∑

z
1
p
(x
i2 |
z

1 )ν
(z

1 ) −
p
(x
i2 |·)ν ′(·)

∑
z
1
p
(x
i2 |
z

1 )ν ′(z
1 ) ∥∥∥∥∥

2

≤
ρ̃
im

ix [ ∥∥∥
p
(x
i2 |·)

∑
z
1
p
(x
i2 |
z

1 )ν
(z

1 ) (ν
(·)−

ν ′(·)) ∥∥∥
2

+
∣∣∣
su

p
z
1

p
(x
i2 |
z

1 ) (
1

∑
z
1
p
(x
i2 |
z

1 )ν
(z

1 ) −
1

∑
z
1
p
(x
i2 |
z

1 )ν ′(z
1 ) ) ∣∣∣ ‖

ν ′(·)‖
1 ]

≤
ρ̃
im

ix (
su

p
z
1
p
(x
i2 |
z

1 )

in
f
z
1
p
(x
i2 |
z

1 ) )
2‖ν
−
ν ′‖

1 ≤
ε −

2
m

ix ρ̃
im

ix ‖ν
−
ν ′‖

1 ,

sin
ce
Q
j|i

a
re

sto
ch

a
stic

m
a
trices

a
n
d
‖ν‖

2 ≤
‖ν‖

1 ≤
1

fo
r

p
ro

b
a
b
ility

v
ecto

rs.
T

h
e

seco
n
d

sta
tem

en
t

is
read

ily
d
erived

b
y

su
b
stitu

tin
g
ν

(z
1 )

=
p
(z

1 )
an

d
ν ′(z

1 )
=
p
(z

1 |
x

1−
n
).

D
.2

P
ro

o
f

o
f

L
e
m

m
a

3

R
eca

ll
th

e
sh

o
rth

an
d
ρ̃

m
ix

=
1−

ε
m

ix π
m

in .
F

irst
ob

serve
th

at

su
p

z
i

|p
(z
i |
x
n1
)−

p
(z
i |
x
i+
k

i−
k )|≤

|p
(z
i |x

ni+
1 )p

(z
i |x

i1 )−
p
(z
i |x

i+
k

i+
1 )p

(z
i |x

ii−
k
+

1 )|
p
(x
ni+

1 )

p
(x
ni+

1 |x
i1 )p

(z
i )

+
|A
−

1|
p
(x
i+
k

i+
1 )

p
(x
i+
k

i+
1 |x

ii−
k
+

1 )

1

p
(z
i )

w
h
ere

A
=

p
(x
ni+

1
)

p
(x
ni+

1 |x
i1
) (

p
(x
i+
k

i+
1
)

p
(x
i+
k

i+
1 |x

ii−
k
+
1
) )
−

1.
W

e
b

ou
n
d

th
e

tw
o

term
s

in
th

e
su

m
sep

arately.

F
ro

m
L

em
m

a
13

w
e

d
irectly

ob
tain

th
e

follow
in

g
u
p
p

er
b

ou
n
d
s

su
p

z
,x
|p

(z
i |
x
i1 )−

p
(z
i |
x
ii−
k
+

1 )|≤
ε −

2
m

ix ρ̃
m

in{
i,k}

m
ix

su
p

z
,x
|p

(z
i |
x
ni+

1 )−
p
(z
i |
x
i+
k

i+
1 )|≤

ε −
2

m
ix ρ̃

m
a
x{
n−

i,k}
m

ix

w
h
ere

th
e

latter
follow

s
b

ecau
se

of
reversib

ility
assu

m
p
tion

(2)
of

th
e

M
arkov

ch
ain

.
In

eq
u
al-

ity
(7

2
)

ca
n

a
lso

b
e

u
sed

to
sh

ow
th

a
t

p
(x
ni+

1
)

p
(x
ni+

1 |x
i1
) ,

p
(x
i+
k

i+
1
)

p
(x
i+
k

i+
1 |x

ii−
k
+
1
) ≤

ε −
2

m
ix .

A
p
ro

o
f

fo
r

a
sim

ila
r

sta
tem

en
t

is
g
iv

en
a
fter

in
eq

u
a
lity

(8
0).

T
h
e

fi
rst

term
o
f

th
e

su
m

is
th

erefo
re

b
o
u
n
d
ed
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Y
a
n
g
,
B
a
l
a
k
r
ish

n
a
n
a
n
d

W
a
in
w
r
ig
h
t

ab
ove

b
y

2
ρ̃
m
in{

i,n−
i,k}

m
ix

π
m
in
ε
4m
ix

.

F
o
r

th
e

seco
n
d

term
,

w
e

m
a
in

ly
n
eed

to
b

o
u
n
d
|A
−

1|.
In

o
rd

er
to

sim
p
lify

th
e

n
otation

in
th

e
p
ro

of,
w

e
d
iv

id
e

th
e

seq
u
en

ce
of

valu
es

all
ob

served
variab

les
in

th
e

w
in

d
ow

i−
k
,i

+
k

arou
n
d

in
d
ex
i,

i.e.
x

m
a
x{
i+
k
,n}

m
in{

i−
k
,1}

,
in

to
fou

r
d
isjoin

t
ch

u
n
k
s

an
d

call
th

em
a
,b,c,d

in
ch

ron
ological

ord
er,

ex
p
licitly

d
efi

n
ed

as

a
:=

x
m

a
x{
i−
k
,1}

m
in{

i−
k
,1}

b
:=

x
im

a
x{
i−
k
,1}

+
1

c
:=

x
m

in{
i+
k
,n}

i+
1

d
:=

x
m

a
x{
i+
k
,n}

m
in{

i+
k
,n}

+
1 .

N
o
te

th
a
t

th
e

d
efi

n
itio

n
d
ep

en
d
s

o
n

w
h
eth

er
i−

k
>

1
o
r
i

+
k
<
n

.
D

ep
en

d
in

g
o
n

th
e

com
b
in

ation
of
i

+
k
<
n

an
d
i−

k
>

1
b

ein
g

tru
e

or
false,

A
=

{
p
(d|c)p

(a|b)
p
(d|a

,b,c)p
(a|b,c)

if
i−

k
>

1,
i

+
k
<
n

p
(a|b)p

(d|a
,b,c)

p
(a|b,c,d

)p
(d|c)

if
i−

k
>

1
,
i

+
k
>
n
.

F
o
r

th
e

o
th

er
tw

o
p

o
ssib

le
ca

ses,
A

is
a
n

in
v
erse

o
f

th
e

a
b

ov
e.

W
e

d
em

o
n
stra

te
th

e
m

a
in

argu
m

en
t

b
y

lo
ok

in
g

in
to

th
ese

tw
o

cases
in

m
ore

d
etail.

O
b
serve

th
at

th
e

follow
in

g
in

eq
u
ality

h
old

s
for

th
e

fi
rst

case

|A
−

1|≤
|p

(d
|
c)−

p
(d
|
a
,b,c)|

p
(d
|
a
,b,c)

p
(a
|
b)

p
(a
|
b,c)

+
|p

(a
|
b)−

p
(a
|
b,c)|

p
(a
|
b,c)

h
o
ld

s
fo

r
a
ll
x

.
F

o
r

th
e

seco
n
d

ca
se

th
ere

is
o
n
ly

a
n

a
d
d
itio

n
a
l

co
n
d
itio

n
in

g
o
n
d

fo
r

th
e

secon
d

term
on

th
e

righ
t

h
an

d
sid

e.
In

th
e

in
verse

case
th

at
i−

k
<

1
,i

+
k
>
n

w
e

h
ave

|A
−

1|≤
|p

(d
|
c)−

p
(d
|
a
,b,c)|

p
(d
|
c)

p
(a
|
b,c)

p
(a
|
b)

+
|p

(a
|
b)−

p
(a
|
b,c)|

p
(a
|
b)

a
n
d

eq
u
iva

len
tly

w
ith

a
n

a
d
d
itio

n
a
l

co
n
d
itio

n
in

g
o
n
d

fo
r
i−

k
<

1
,i

+
k
<
n

.
It

is
th

u
s

su
ffi

cien
t

to
co

n
sid

er
su

p
x |p

(d
|
c)−

p
(d
|
a
,b,c)|

a
n
d

su
p
x |p

(a
|
b)−

p
(a
|
b,c,d

)|.
W

e
see

later
th

at
th

is
is

also
th

e
critical

q
u
an

tity
to

b
ou

n
d

for
th

e
in

verses.

F
irst

n
ote

th
at

m
ax {

p
(a
|
b)

p
(a
|
b,c) ,

p
(a
|
b,c)

p
(a
|
b)

}
≤
ε −

2
m

ix .
(80)

F
or

th
e

fi
rst

term
w

e
see

th
at

for
all

x
w

e
h
ave

p
(a
|
b)

p
(a
|
b,c)

=
p
(x
βα
|
x
iβ

+
1 )

p
(x
βα
|
x
iβ

+
1 ,x

γi+
1 )

=

∑
z
β
+
1
p
(x
βα
|
z
β

+
1 )p

(z
β

+
1 |
x
iβ

+
1 )

∑
z
β
+
1
p
(x
βα
|
z
β

+
1 )p

(z
β

+
1 |
x
γβ

+
1 )

≤
su

p
z
p
(x
βα
|
z
β

+
1 )

in
f
z
p
(x
βα
|
z
β

+
1 )
≤
ε −

2
m

ix

w
h
ere

th
e

secon
d

in
eq

u
ality

h
old

s
b

ecau
se

of
con

d
ition

al
in

d
ep

en
d
en

ce
of
x
iβ

+
1

an
d
x
βα

given
z
β

+
1

in
a
n

H
M

M
,

a
n
d

th
e

la
st

lin
e

h
o
ld

s
b

eca
u
se

o
f

in
eq

u
a
lity

(72)
a
n
d

th
e

fa
ct

th
a
t

th
e

M
a
rk

ov
ch

a
in

is
in

v
ertib

le.
O

b
serv

e
th

a
t

th
e

sa
m

e
a
rg

u
m

en
ts

g
o
es

th
ro

u
g
h

fo
r

th
e

in
v
erse

as
w

ell
so

th
at

in
eq

u
ality

(80)
h
old

s.
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T
h
e
o
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t
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u
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e
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o
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h
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u
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e
l
c
h
a
l
g
o
r
it
h
m

L
et

u
s

n
ow

lo
ok

at
th

e
re

st
of

th
e

te
rm

s
in

vo
lv

in
g

d
iff

er
en

ce
s.

F
or

th
e

sa
ke

of
si

m
p
li
fi
ca

ti
on

,
le

t
u
s

in
tr

o
d
u
ce

th
e

sh
or

th
an

d
n
ot

at
io

n

α
:=

m
in
{i
−
k
,1
},

β
:=

m
ax
{i
−
k
,1
},

γ
:=

m
in
{i

+
k
,n
},

an
d

δ
:=

m
ax
{i

+
k
,n
}.

T
h
en

w
e

ca
n

w
ri

te
x
β α

=
a
;x

i β
+

1
=
b;
x
γ i+

1
=
c;
x
δ γ

+
1

=
d

a
n
d

b
o
u
n
d
|p

(d
|c

)
−
p
(d
|a
,b
,c

)|.
U

si
n
g

L
em

m
a

13
an

d
in

eq
u
al

it
y

(7
2)

,
w

e
h
av

e
th

e
b

ou
n
d

p
(d
|c

)
−
p
(d
|a
,b
,c

)

p
(d
|a
,b
,c

)
=
|p

(x
δ γ
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et
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et
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m

ay
no

td
ea

le
ffi

ci
en
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ye
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w
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in

uo
us

st
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am
s
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da

ta
fo

ro
ur

ge
ne

ra
lc

la
ss

of
m

od
el

s.
O

n
th

e
ot

he
rh

an
d,

va
ri

at
io

na
li

nf
er

en
ce

bu
ild

s
an

ap
pr

ox
im
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e

m
od

el
fo

rt
he

po
st

er
io

rd
is

tr
ib

u-
tio

n
ov

er
la

te
nt

va
ri

ab
le

s—
ca

lle
d

va
ri

at
io

na
l—

an
d

in
fe

r
pa

ra
m

et
er

s
of

th
e

tr
ue

m
od

el
th

ro
ug

h
th

is
ap

pr
ox

im
at

io
n.

T
he

fit
tin

g
of

th
is

va
ri

at
io

na
ld

is
tr

ib
ut

io
n

is
fo

rm
ul

at
ed

as
an

op
tim

iz
at

io
n

pr
ob

le
m

w
he

re
ef

fic
ie

nt
(d

et
er

m
in

is
tic

)
ite

ra
tiv

e
te

ch
ni

qu
es

su
ch

as
gr

ad
ie

nt
or

co
or

di
na

te
as

ce
nt

m
et

ho
ds

ap
pl

y.
T

hi
s

ap
pr

oa
ch

le
ad

s
to

sc
al

ab
le

in
fe

re
nc

e
sc

he
m

es
(H
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fm

an
et
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.,

20
13
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t
du

e
to

ap
-

pr
ox

im
at

io
ns

,t
he

re
al

w
ay

s
re
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ai

ns
a

ga
p

be
tw

ee
n
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e

va
ri

at
io

na
lp

os
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or

an
d

th
e

tr
ue

po
st
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io
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di
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he
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tv

an
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h
w

he
n

th
e

nu
m

be
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fs
am

pl
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an
d

th
e

nu
m

be
ro

fi
te

ra
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ns
in
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ea
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.

B
ey
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d

th
e
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oi
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of

ap
pr

ox
im

at
e

in
fe
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nc
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te
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ni

qu
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fo
rl

at
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ar
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ar
am

et
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fe
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e
m
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be

tr
ea
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d
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th
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fr
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th

e
fr
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nt
is
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oi
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of
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ew
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.g
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g

m
ax

im
um

lik
el

ih
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d
in

fe
re

nc
e,
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a

B
ay

es
ia

n
po

in
to

f
vi

ew
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he
re

th
e

po
st

er
io

r
di

st
ri

bu
tio

n
of

th
e

pa
ra

m
et

er
gi

ve
n

th
e

ob
se

rv
ed

da
ta

is
ap

pr
ox

im
at

ed
.W

ith
m

as
si

ve
nu

m
be

rs
of

ob
se

rv
at

io
ns

,t
hi

s
po

st
er

io
rd

is
tr

ib
ut

io
n

is
ty

pi
ca

lly
pe

ak
ed

ar
ou

nd
th

e
m

ax
im

um
lik

el
ih

oo
d

es
tim

at
e,

an
d

th
e

tw
o

in
fe

re
nc

e
fr

am
ew

or
ks

sh
ou

ld
no

t
di

ff
er

m
uc

h
(V

an
de

rV
aa

rt
,2

00
0)

.
In

th
is

pa
pe

r,
w

e
fo

cu
s

on
m

et
ho

ds
th

at
m

ak
e

a
si

ng
le

pa
ss

ov
er

th
e

da
ta

to
es

tim
at

e
pa

ra
m

et
er

s.
W

e
m

ak
e

th
e

fo
llo

w
in

g
co

nt
ri

bu
tio

ns
:

1.
W

e
re

vi
ew

an
d

co
m

pa
re

ex
is

tin
g

m
et

ho
ds

fo
ro

nl
in

e
in

fe
re

nc
e

fo
rl

at
en

tv
ar

ia
bl

e
m

od
el

s
fr

om
a

no
n-

ca
no

ni
ca

l
ex

po
ne

nt
ia

l
fa

m
ily

in
Se

ct
io

n
2,

an
d

dr
aw

ex
pl

ic
it

lin
ks

be
tw

ee
n

se
ve

ra
l

pr
ev

io
us

ly
pr

op
os

ed
fr

eq
ue

nt
is

t
or

B
ay

es
ia

n
m

et
ho

ds
.

G
iv

en
th

e
la

rg
e

nu
m

be
r

of
ex

is
tin

g
m

et
ho

ds
,o

ur
un

if
yi

ng
fr

am
ew

or
k

al
lo

w
s

to
un

de
rs

ta
nd

di
ff

er
en

ce
s

an
d

si
m

ila
ri

tie
s

be
tw

ee
n

al
lo

ft
he

m
.

2.
W

e
pr

op
os

e
in

Se
ct

io
n

3
a

no
ve

li
nf

er
en

ce
m

et
ho

d
fo

rt
he

fr
eq

ue
nt

is
te

st
im

at
io

n
of

pa
ra

m
et

er
s,

th
at

ad
ap

ts
M

C
M

C
m

et
ho

ds
to

on
lin

e
in

fe
re

nc
e

of
la

te
nt

va
ri

ab
le

m
od

el
s

w
ith

th
e

pr
op

er
us

e
of

“l
oc

al
”

G
ib

bs
sa

m
pl

in
g.

In
ou

r
on

lin
e

sc
he

m
e,

w
e

ap
pl

y
G

ib
bs

sa
m

pl
in

g
to

th
e

cu
rr

en
t

ob
se

rv
at

io
n,

w
hi

ch
is

“l
oc

al
”,

as
op

po
se

d
to

“g
lo

ba
l”

ba
tc

h
sc

he
m

es
w

he
re

G
ib

bs
sa

m
pl

in
g

is
ap

pl
ie

d
to

th
e

en
tir

e
da

ta
se

t.

3.
A

ft
er

fo
rm

ul
at

in
g

L
D

A
as

a
no

n-
ca

no
ni

ca
l

ex
po

ne
nt

ia
l

fa
m

ily
in

Se
ct

io
n

4,
w

e
pr

ov
id

e
an

ex
te

ns
iv

e
se

to
fe

xp
er

im
en

ts
in

Se
ct

io
n

6,
w

he
re

ou
rn

ew
ap

pr
oa

ch
ou

tp
er

fo
rm

s
al

lp
re

vi
ou

sl
y

pr
op

os
ed

m
et

ho
ds

.I
n

pa
rt

ic
ul

ar
,u

si
ng

G
ib

bs
sa

m
pl

in
g

fo
rl

at
en

tv
ar

ia
bl

e
in

fe
re

nc
e

is
su

pe
ri

or
to

va
ri

at
io

na
li

nf
er

en
ce
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te

rm
so

ft
es

tl
og

-l
ik

el
ih

oo
ds

.M
or

eo
ve

r,
B

ay
es

ia
n

in
fe

re
nc

e
th

ro
ug

h
va

ri
at

io
na

lm
et

ho
ds

pe
rf

or
m

po
or

ly
,s

om
et

im
es

le
ad

in
g

to
w

or
se

fit
s

w
ith

la
te

nt
va

ri
ab

le
s

of
hi

gh
er

di
m

en
si

on
al

ity
.

2.
O

nl
in

e
E

M

W
e

co
ns

id
er

an
ex

po
ne

nt
ia

lf
am

ily
m

od
el

on
ra

nd
om

va
ri

ab
le

s
(X
,h

)
w

ith
pa

ra
m

et
er
η
∈
E
⊆

R
d

an
d

w
ith

de
ns

ity
(L

eh
m

an
n

an
d

C
as

el
la

,1
99

8)
:

p
(X
,h
|η

)
=
a
(X
,h

)
ex

p
[ 〈
φ

(η
),
S

(X
,h

)〉
−
ψ

(η
)]
.

(1
)

W
e

as
su

m
e

th
at
h

is
hi

dd
en

an
d
X

is
ob

se
rv

ed
.

T
he

ve
ct

or
φ

(η
)
∈

R
d

re
pr

es
en

ts
th

e
na

tu
ra

lp
a-

ra
m

et
er

,S
(X
,h

)
∈
R
d

is
th

e
ve

ct
or

of
su

ffi
ci

en
ts

ta
tis

tic
s,
ψ

(η
)

is
th

e
lo

g-
no

rm
al

iz
er

,a
nd
a
(X
,h

)
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is
the

underlying
base

m
easure.

W
e

consider
a

non-canonicalfam
ily

as
in

m
any

m
odels

(such
as

L
D

A
),the

naturalparam
eter

φ
(η

)
does

notcoincide
w

ith
the

m
odelparam

eter
η,thatis,

φ
(η

)6≡
η;

w
e

how
everassum

e
that

φ
is

injective.
W

e
consider

N
i.i.d.observations

(X
i )
i=

1
,...,N

from
a

distribution
t(X

),w
hich

m
ay

be
of

the
form

P
(X
|η ∗)

=
∫
h
p
(X
,h|η ∗)d

h
forourm

odelabove
and

a
certain

η ∗∈
E

(w
ell-specified

m
odel)

ornot(m
isspecified

m
odel).O

urgoalis
to

obtain
a

predictive
density

r(X
)

builtfrom
the

data
and

using
the

m
odeldefined

in
(1),w

ith
the

m
axim

alexpected
log-likelihood

E
t(X

)
log

r(X
).

2.1
M

axim
um

L
ikelihood

E
stim

ation

In
the

frequentist
perpective,

the
predictive

distribution
r(X

)
is

of
the

form
p
(X
|η̂

),
for

a
w

ell-
defined

estim
ator

η̂
∈

E
.

T
he

m
ostcom

m
on

m
ethod

is
the

E
M

algorithm
(D

em
pster

etal.,1977),
w

hich
is

an
algorithm

thataim
s

atm
axim

izing
the

likelihood
ofthe

observed
data,thatis,

m
ax

η∈
E

N
∑i=

1

log
p
(X

i |η
).

(2)

M
ore

precisely,
the

E
M

algorithm
is

an
iterative

process
to

find
the

m
axim

um
likelihood

(M
L

)
estim

ate
given

observations
(X

i )
i=

1
,...,N

associated
to

hidden
variables

(h
i )
i=

1
,...,N

.Itm
ay

be
seen

as
the

iterative
construction

of
low

er
bounds

of
the

log-likelihood
function

(B
ishop,2006).

In
the

exponentialfam
ily

setting
(1),w

e
have,by

Jensen’s
inequality,given

the
m

odeldefined
by
η ′∈

E

from
the

previous
iteration,and

forany
param

eter
η
∈
E

:

lo
g
p
(X

i |η
)

=
log ∫

p
(X

i ,h
i |η

)d
h
i

≥
∫
p
(h
i |X

i ,η ′)
log

p
(X

i ,h
i |η

)

p
(h
i |X

i ,η ′) d
h
i

=

∫
p
(h
i |X

i ,η ′)
(〈φ

(η
),S

(X
i ,h

i )〉−
ψ

(η
))
d
h
i −
C
i (η ′)

=
〈φ

(η
),E

p
(h
i |X

i ,η ′)
[S

(X
i ,h

i )]〉−
ψ

(η
)−

C
i (η ′),

fora
certain

constant
C
i (η ′),w

ith
equality

if
η ′

=
η.

T
hus,E

M
-type

algorithm
s

build
locally

tight
low

erbounds
ofthe

log-likelihood
in

(2),w
hich

are
equalto

〈φ
(η

), ∑
Ni=

1
s
i 〉−

N
ψ

(η
)

+
cst,

forappropriate
values

of
s
i ∈

R
d

obtained
by

com
puting

conditionalexpectations
w

ith
the

distribu-
tion

of
h
i

given
X
i

for
the

currentm
odeldefined

by
η ′(E

-step),i.e.,
s
i

=
E
p
(h
i |X

i ,η ′)
[S

(X
i ,h

i )].
T

hen
this

function
of
η

is
m

axim
ized

to
obtain

the
nextiterate

(M
-step).

In
standard

E
M

applica-
tions,these

tw
o

steps
are

assum
ed

tractable.
In

Section
3,w

e
w

illonly
assum

e
thatthe

M
-step

is
tractable

w
hile

the
E

-step
is

intractable.
Standard

E
M

w
illconsider

s
i

=
E
p
(h
i |X

i ,η ′)
[S

(X
i ,h

)]forthe
previous

value
ofthe

param
eter

η
for

all
i,and

hence,atevery
iteration,allobservations

X
i ,
i

=
1,...,N

are
considered

for
latent

variable
inference,leading

to
a

slow
“batch”

algorithm
forlarge

N
.

Increm
ental

E
M

(N
eal

and
H

inton,
1998)

w
ill

only
update

a
single

elem
ent

s
i

com
ing

from
a

single
observation

X
i

and
update

the
corresponding

partof
the

sum
∑

Nj=
1
s
j

w
ithoutchanging

3
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D
U

P
U

Y
A

N
D

B
A

C
H

other
elem

ents.
In

the
extrem

e
case

w
here

a
single

pass
over

the
data

is
m

ade,then
the

M
-step

at
iteration

im
axim

izes

〈φ
(η

),
i
∑j=

1 E
p
(h
j |X

j ,η
j−

1
)
[S

(X
j ,h

j )]〉−
iψ

(η
),

w
ith

respectto
η.In

the
nextsection,w

e
provide

a
(know

n)otherinterpretation
ofthis

algorithm
.

2.2
Stochastic

A
pproxim

ation

G
iven

our
frequentistobjective

E
t(X

)
log

p
(X
|η

)
to

m
axim

ize
defined

as
an

expectation,w
e

m
ay

consider
tw

o
form

s
of

stochastic
approxim

ation
(K

ushner
and

Y
in,2003),w

here
observations

X
i

sam
pled

from
t(X

)
are

processed
only

once.T
he

firstone
is

stochastic
gradientascent,ofthe

form

η
i

=
η
i−

1
+
ρ
i ∂

log
p
(X

i |η
)

∂
η

,

or
appropriately

renorm
alized

version
thereof,

i.e.,
η
i

=
η
i−

1
+
ρ
i H
−

1
∂

lo
g
p
(X

i |η
)

∂
η

,
w

ith
several

possibilities
for

the
d
×
d

m
atrix

H
,

such
as

the
negative

H
essian

of
the

partial
or

the
full

log-
likelihood,orthe

negative
covariance

m
atrix

ofgradients,w
hich

can
be

seen
as

versions
ofnatural

gradient—
see

Titterington
(1984);D

elyon
etal.(1999);C

appé
and

M
oulines

(2009).
T

his
either

leads
to

slow
convergence

(w
ithout

H
)

or
expensive

iterations
(w

ith
H

),w
ith

the
added

difficulty
ofchoosing

a
properscale

and
decay

forthe
step-size

ρ
i .

A
key

insightof
D

elyon
etal.(1999);C

appé
and

M
oulines

(2009)
is

to
use

a
differentform

u-
lation

of
stochastic

approxim
ation,notexplicitly

based
on

stochastic
gradientascent.

Indeed,they
considerthe

stationary
equation

E
t(X

) [
∂

lo
g
p
(X
|η

)
∂
η

]
=

0
and

expand
itusing

the
exponentialfam

ily
m

odel(1)as
follow

s:

∂
log

p
(X
|η

)

∂
η

=
∂

log ∫
p
(X
,h|η

)d
h

∂
η

=
φ
′(η

)E
p
(h|X

,η
)
[S

(X
,h

)]−
ψ
′(η

).

G
iven

standard
properties

ofthe
exponentialfam

ily,nam
ely

ψ
′(η

)
=
φ
′(η

)E
p
(h
,X
|η

)
[S

(X
,h

)]
1,

and
assum

ing
invertibility

of
φ
′(η

),this
leads

to
the

follow
ing

stationary
equation:

E
t(X

) [E
p
(h|X

,η
)
[S

(X
,h

)] ]
=

E
p
(h
,X
|η

)
[S

(X
,h

)].

1.Proof:
G

iven
(1), ∫

X
,h
p
(X
,h|η

)d
(X
,h

)
=

1
⇒

ψ
(η
)
=

lo
g [∫

X
,h
a
(X
,h

)e 〈
φ
(η

),S
(X
,h

)〉d
(X
,h

) ].
W

e
then

derive
this

identity
w

ith
respectto

η,w
hich

gives:

ψ
′(η

)
=

∫
X
,h
φ
′(η

)S
(X
,h

)a
(X
,h

)e 〈
φ
(η

),S
(X
,h

)〉d
(X
,h

)
∫
X
,h
a
(X
,h

)e 〈
φ
(η

),S
(X
,h

)〉d
(X
,h

)

=
φ
′(η

) ∫
X
,h
S
(X
,h

)a
(X
,h

)e 〈
φ
(η

),S
(X
,h

)〉d
(X
,h

)

e
ψ
(η

)

=
φ
′(η

) ∫

X
,h

S
(X
,h

)p
(X
,h|η

)d
(X
,h

)

=
φ
′(η

)E
p
(h
,X
|η

)
[S
(X
,h

)].
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T
hi

ss
ta

tio
na

ry
eq

ua
tio

n
st

at
es

th
at

at
op

tim
al

ity
th

e
su

ffi
ci

en
ts

ta
tit

ic
sh

av
e

th
e

sa
m

e
ex

pe
ct

at
io

n
fo

rt
he

fu
ll

m
od

el
p
(h
,X
|η

)
an

d
th

e
jo

in
t“

m
od

el
/d

at
a”

di
st

ri
bu

tio
n
t(
X

)p
(h
|X
,η

).
A

no
th

er
im

po
rt

an
ti

ns
ig

ht
of

D
el

yo
n

et
al

.(
19

99
);

C
ap

pé
an

d
M

ou
lin

es
(2

00
9)

is
to

co
ns

id
er

th
e

ch
an

ge
of

va
ri

ab
le
s(
η
)

=
E p

(h
,X
|η

)
[S

(X
,h

)]
on

su
ffi

ci
en

ts
ta

tis
tic

s,
w

hi
ch

is
eq

ui
va

le
nt

to

η
=
η
∗ (
s)
∈

ar
g

m
ax
〈φ

(η
),
s〉
−
ψ

(η
),

(w
hi

ch
is

th
e

us
ua

lM
-s

te
p

up
da

te
).

Se
e

C
ap

pé
an

d
M

ou
lin

es
(2

00
9)

fo
r

de
ta

ile
d

as
su

m
pt

io
ns

al
-

lo
w

in
g

th
is

in
ve

rs
io

n.
W

e
m

ay
th

en
re

w
ri

te
th

e
eq

ua
tio

n
ab

ov
e

as

E t
(X

)(
E p

(h
|X
,η
∗ (
s)

)
[S

(X
,h

)]
) =

s.

T
hi

s
is

a
no

n-
lin

ea
r

eq
ua

tio
n

in
s
∈

R
d
,w

ith
an

ex
pe

ct
at

io
n

w
ith

re
sp

ec
t

to
t(
X

)
w

hi
ch

is
on

ly
ac

ce
ss

ed
th

ro
ug

h
i.i

.d
.s

am
pl

es
X
i,

an
d

th
us

a
go

od
ca

nd
id

at
e

fo
rt

he
R

ob
bi

ns
-M

on
ro

al
go

ri
th

m
to

so
lv

e
st

at
io

na
ry

eq
ua

tio
ns

(a
nd

no
tt

o
m

in
im

iz
e

fu
nc

tio
ns

)
(K

us
hn

er
an

d
Y

in
,2

00
3)

,w
hi

ch
ta

ke
s

th
e

si
m

pl
e

fo
rm

:
s i

=
s i
−

1
−
ρ
i( s

i−
1
−

E p
(h
i
|X
i
,η
∗ (
s i
−
1
))

[S
(X

i,
h
i)

])
,

w
ith

a
st

ep
-s

iz
e
ρ
i.

It
m

ay
be

re
w

ri
tte

n
as

{
s i

=
(1
−
ρ
i)
s i
−

1
+
ρ
iE
p
(h
i
|X
i
,η
i−

1
)[
S

(X
i,
h
i)

]

η i
=
η
∗ (
s i

),
(3

)

w
hi

ch
ha

s
a

pa
rt

ic
ul

ar
ly

si
m

pl
e

in
te

rp
re

ta
tio

n:
in

st
ea

d
of

co
m

pu
tin

g
th

e
ex

pe
ct

at
io

n
fo

r
al

lo
bs

er
-

va
tio

ns
as

in
fu

ll
E

M
,

th
is

st
oc

ha
st

ic
ve

rs
io

n
ke

ep
s

tr
ac

ks
of

ol
d

su
ffi

ci
en

t
st

at
is

tic
s

th
ro

ug
h

th
e

va
ri

ab
le
s i
−

1
w

hi
ch

is
up

da
te

d
to

w
ar

ds
th

e
cu

rr
en

tv
al

ue
E p

(h
i
|X
i
,η
i−

1
)[
S

(X
i,
h
i)

].
T

he
pa

ra
m

et
er
η

is
th

en
up

da
te

d
to

th
e

va
lu

e
η
∗ (
s i

).
C

ap
pé

an
d

M
ou

lin
es

(2
00

9)
sh

ow
th

at
th

is
up

da
te

is
as

ym
p-

to
tic

al
ly

eq
ui

va
le

nt
to

th
e

na
tu

ra
lg

ra
di

en
tu

pd
at

e
w

ith
th

re
e

m
ai

n
im

pr
ov

em
en

ts
:

(a
)

no
m

at
ri

x
in

-
ve

rs
io

n
is

ne
ed

ed
,(

b)
th

e
al

go
ri

th
m

m
ay

be
ac

ce
le

ra
te

d
th

ro
ug

h
Po

ly
ak

-R
up

pe
rt

av
er

ag
in

g
(P

ol
ya

k
an

d
Ju

di
ts

ky
,1

99
2)

,i
.e

.,
us

in
g

th
e

av
er

ag
e
η̄ N

of
al

lη
i

in
st

ea
d

of
th

e
la

st
ite

ra
te
η N

,a
nd

(c
)

th
e

st
ep

-s
iz

e
is

pa
rt

ic
ul

ar
ly

si
m

pl
e

to
se

t,
as

w
e

ar
e

ta
ki

ng
co

nv
ex

co
m

bi
na

tio
ns

of
su

ffi
ci

en
ts

ta
tis

tic
s,

an
d

he
nc

e
on

ly
th

e
de

ca
y

ra
te

of
ρ
i

ha
s

to
be

ch
os

en
,i

.e
.,

of
th

e
fo

rm
ρ
i

=
i−
κ
,f

or
κ
∈

(0
,1

],
w

ith
ou

ta
ny

m
ul

tip
lic

at
iv

e
co

ns
ta

nt
.

2.
2.

1
IN

C
R

E
M

E
N

TA
L

V
IE

W

Fo
r

th
e

sp
ec

ifi
c

st
ep

si
ze
ρ
i

=
1/
i,

th
e

on
lin

e
E

M
al

go
ri

th
m

(3
)

co
rr

es
po

nd
s

ex
ac

tly
to

th
e

in
cr

e-
m

en
ta

lE
M

pr
es

en
te

d
ab

ov
e

(N
ea

la
nd

H
in

to
n,

19
98

),
as

th
en

s i
=

1 i

i ∑ j=
1

E p
(h
j
|X
j
,η
j
−
1
)[
S

(X
j
,h

j
)]
.

Se
e

M
ai

ra
l(

20
14

)f
or

a
de

ta
ile

d
co

nv
er

ge
nc

e
an

al
ys

is
of

in
cr

em
en

ta
la

lg
or

ith
m

s,
in

pa
rt

ic
ul

ar
sh

ow
-

in
g

th
at

st
ep

-s
iz

es
la

rg
er

th
an

1/
i

ar
e

pr
ef

er
ab

le
(w

e
ob

se
rv

e
th

is
in

pr
ac

tic
e

in
Se

ct
io

n
6)

.
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2.
2.

2
M

O
N

T
E

C
A

R
L

O
M

E
T

H
O

D
S

T
he

re
ex

is
ta

lte
rn

at
iv

e
m

et
ho

ds
to

th
e

E
M

al
go

ri
th

m
ba

se
d

on
M

on
te

C
ar

lo
sa

m
pl

in
g

to
co

m
pu

te
th

e
m

ax
im

um
lik

el
ih

oo
d.

Fo
r

in
st

an
ce

,t
he

M
on

te
C

ar
lo

E
M

m
et

ho
d

(M
C

E
M

)
(W

ei
an

d
Ta

nn
er

,
19

90
)

is
a

ge
ne

ra
lB

ay
es

ia
n

ap
pr

oa
ch

(i
.e

.,
η

is
a

ra
nd

om
va

ri
ab

le
)

to
ap

pr
ox

im
at

e
th

e
m

ax
im

iz
er

of
th

e
po

st
er

io
r

di
st

ri
bu

tio
n
p
(η
|X
,h

)
w

ith
M

on
te

C
ar

lo
sa

m
pl

in
g.

M
or

e
pr

ec
is

el
y,

in
th

e
M

C
E

M
m

et
ho

d,
si

m
ila

rl
y

to
E

M
,a

su
rr

og
at

e
fu

nc
tio

n
of

th
e

lo
g-

lik
el

ih
oo

d
is

us
ed

,g
iv

en
by

:

Q
(η
,η
t)

=

∫ h
lo

g
[p

(η
|X
,h

)]
p
(h
|X
,η
t)

d
h
.

T
he

fu
nc

tio
n
Q

is
ap

pr
ox

im
at

ed
by

sa
m

pl
in

g
th

e
la

te
nt

va
ri

ab
le

s
h

fr
om

th
e

cu
rr

en
t

co
nd

iti
on

al
p
(h
|X
,η
t)

:

Q̂
(η
,η
t)

=
P ∑ i=

1

lo
g
p
(η
|X
,h

i )
,

w
he

re
(h
i )
i=

1
,.
..
,P

ar
e

th
e

sa
m

pl
es

dr
aw

n
fr

om
th

e
co

nd
iti

on
al
p
(h
|X
,η
t)

.
T

he
ap

pr
ox

im
at

io
n
Q̂

is
th

en
m

ax
im

iz
e

w
ith

re
sp

ec
tt

o
η

.
N

ot
e

th
at

th
is

m
et

ho
d

is
a

ba
tc

h
m

et
ho

d,
na

m
el

y,
sa

m
pl

es
ar

e
dr

aw
n

ov
er

al
lt

he
da

ta
se

t.

O
th

er
se

qu
en

tia
lM

on
te

C
ar

lo
m

et
ho

ds
(S

M
C

)
us

e
im

po
rt

an
ce

sa
m

pl
in

g
to

es
tim

at
e

th
e

co
nd

i-
tio

na
ld

is
tr

ib
ut

io
ns
p
(h
|X

)
us

in
g

an
au

xi
lia

ry
de

ns
ity

fu
nc

tio
n.

T
hi

s
au

xi
lia

ry
di

st
ri

bu
tio

n
is

th
en

re
w

ei
gh

te
d

at
ea

ch
ite

ra
tio

n.
In

ou
rc

as
e

w
he

re
th

e
co

nd
iti

on
al

di
st

ri
bu

tio
n
p
(h
|X

)
is

in
tr

ac
ta

bl
e

to
co

m
pu

te
,t

he
se

m
et

ho
ds

fa
il

to
ac

cu
ra

te
ly

ap
pr

ox
im

at
e

th
is

di
st

ri
bu

tio
n

(C
ap

pé
et

al
.,

20
05

;K
an

ta
s

et
al

.,
20

15
)

an
d

ou
r

G
ib

bs
sa

m
pl

in
g

sc
he

m
e

is
m

or
e

re
le

va
nt

.
T

he
SM

C
m

et
ho

ds
ar

e
al

so
m

or
e

ad
ap

te
d

to
m

od
el

s
w

ith
de

pe
nd

en
cy

be
tw

ee
n

ob
se

rv
at

io
ns

.

T
he

tw
o

M
on

te
C

ar
lo

m
et

ho
ds

m
en

tio
ne

d
ab

ov
e

al
so

co
ns

is
ti

n
su

ffi
ci

en
ts

ta
tis

tic
s

up
da

te
s

fo
r

th
e

cl
as

s
of

m
od

el
s

co
ns

id
er

ed
he

re
.

3.
O

nl
in

e
E

M
w

ith
In

tr
ac

ta
bl

e
M

od
el

s

T
he

on
lin

e
E

M
up

da
te

s
in

(3
)

le
ad

to
a

sc
al

ab
le

al
go

ri
th

m
fo

r
op

tim
iz

at
io

n
w

he
n

th
e

lo
ca

lE
-s

te
p

is
tr

ac
ta

bl
e.

H
ow

ev
er

,i
n

m
an

y
la

te
nt

va
ri

ab
le

m
od

el
s—

e.
g.

,L
D

A
,h

ie
ra

rc
hi

ca
lD

ir
ic

hl
et

pr
oc

es
se

s
(T

eh
et

al
.,

20
06

),
or

IC
A

(H
yv

är
in

en
et

al
.,

20
04

)—
it

is
in

tr
ac

ta
bl

e
to

co
m

pu
te

th
e

co
nd

iti
on

al
ex

pe
ct

at
io

n
E p

(h
|X
,η

)[
S

(X
,h

)]
.

Fo
llo

w
in

g
R

oh
de

an
d

C
ap

pé
(2

01
1)

,w
e

pr
op

os
e

to
le

ve
ra

ge
th

e
sc

al
ab

ili
ty

of
on

lin
e

E
M

up
da

te
s

(3
)

an
d

lo
ca

lly
ap

pr
ox

im
at

e
th

e
co

nd
iti

on
al

di
st

ri
bu

tio
n
p
(h
|X
,η

)
in

th
e

ca
se

th
is

di
st

ri
bu

tio
n

is
in

tr
ac

ta
bl

e
to

co
m

pu
te

.
W

e
w

ill
ho

w
ev

er
co

ns
id

er
di

ff
er

en
t

ap
pr

ox
im

at
e

m
et

ho
ds

,n
am

el
y

G
ib

bs
sa

m
pl

in
g

or
va

ri
at

io
na

li
nf

er
en

ce
.O

ur
m

et
ho

d
is

th
us

re
st

ri
ct

ed
to

m
od

el
sw

he
re

th
e

hi
dd

en
va

ri
ab

le
h

m
ay

na
tu

ra
lly

be
sp

lit
te

d
in

tw
o

or
m

or
e

gr
ou

ps
of

si
m

pl
e

ra
nd

om
va

ri
ab

le
s.

O
ur

al
go

ri
th

m
is

de
sc

ri
be

d
in

A
lg

or
ith

m
1

an
d

m
ay

be
in

st
an

tia
te

d
w

ith
tw

o
ap

pr
ox

im
at

e
in

fe
re

nc
e

sc
he

m
es

w
hi

ch
w

e
no

w
de

sc
ri

be
.
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O
N

L
IN

E
IN

F
E

R
E

N
C

E
F

O
R

L
A

T
E

N
T

V
A

R
IA

B
L

E
M

O
D

E
L

S

A
lgorithm

1
G

ibbs
/V

ariationalonline
E

M
Input:

η
0 ,
s

0 ,κ
∈

(0,1].
for

i
=

1,...,N
do

•
C

ollectobservation
X
i ,

•
E

stim
ate

p
(h
i |X

i ,η
i−

1 )
w

ith
sam

pling
(G
-
O
E
M)orvariationalinference

(V
-
O
E
M),

•
A

pply
(3)to

sufficientstatistics
s
i and

param
eter

η
i w

ith
ρ
i

=
1/i κ,

end
for

O
utput:

η̄
N

=
1N

∑
Ni=

1
η
i or

η
N

.

3.1
VariationalInference:

V
-
O
E
M

W
hile

variationalinference
had

been
considered

before
foronline

estim
ation

oflatentvariable
m

od-
els,in

particular
for

L
D

A
for

increm
entalE

M
(Sato

etal.,2010),using
itfor

online
E

M
(w

hich
is

em
pirically

faster)had
notbeen

proposed
and

allow
s

to
use

biggerstep-sizes
(e.g.,κ

=
1/2).T

hese
m

ethods
are

based
on

m
axim

izing
the

negative
variational“free-energy”

E
q
(h|η

) [
log

p
(X
,h|η

)

q(h|η
)

]
,

(4)

w
ith

respectto
q(h|η

)having
a

certain
factorized

form
adapted

to
the

m
odelathand,so

thatefficient
coordinate

ascentm
ay

be
used.

See,e.g.,H
offm

an
etal.(2013).

W
e

now
denote

online
E

M
w

ith
variationalapproxim

ation
ofthe

conditionaldistribution
p
(h|X

,η
)

as
V
-
O
E
M.

3.2
Sam

pling
M

ethods:
G
-
O
E
M

M
C

M
C

m
ethodsto

approxim
ate

the
conditionaldistribution

oflatentvariablesw
ith

online
E

M
have

been
considered

by
R

ohde
and

C
appé

(2011),
w

ho
apply

locally
the

M
etropolis-H

asting
(M

-H
)

algorithm
(M

etropolis
etal.,1953;H

astings,1970),and
show

results
on

sim
ple

synthetic
datasets.

W
hile

G
ibbs

sam
pling

is
w

idely
used

for
m

any
m

odels
such

as
L

D
A

due
to

its
sim

plicity
and

lack
of

externalparam
eters,M

-H
requires

a
proper

proposaldistribution
w

ith
frequentacceptance

and
fastm

ixing,w
hich

m
ay

be
hard

to
find

in
high

dim
ensions.

W
e

provide
a

differentsim
pler

local
schem

e
based

on
G

ibbssam
pling

(thusadapted
to

a
w

ide
variety

ofm
odels),and

propose
a

thorough
favorable

com
parison

on
synthetic

and
realdatasets

w
ith

existing
m

ethods.

T
he

G
ibbs

sam
pleris

used
to

estim
ate

posteriordistributions
by

alternatively
sam

pling
parts

of
the

variables
given

the
other

ones
(see

C
asella

and
G

eorge,1992,for
details),and

is
standard

and
easy

to
use

in
m

any
com

m
on

latentvariable
m

odels.
In

the
follow

ing,the
online

E
M

m
ethod

w
ith

G
ibbs

estim
ation

ofthe
conditionaldistribution

p
(h|X

,η
)

is
denoted

G
-
O
E
M.

A
s

m
entioned

above,
the

online
E

M
updates

correspond
to

a
stochastic

approxim
ation

algo-
rithm

and
thus

are
robustto

random
noise

in
the

localE
-step.

A
s

a
result,our

sam
pling

m
ethod

is
particularly

adapted
as

itis
a

random
estim

ate
of

the
E

-step—
see

a
theoreticalanalysis

by
R

ohde
and

C
appé

(2011),and
thus

w
e

only
need

to
com

pute
a

few
G

ibbs
sam

ples
for

the
estim

ation
of

p
(h|X

i ,η
i−

1 ).
A

key
contribution

of
our

paper
is

to
reuse

sam
pling

techniques
that

have
proved

com
petitive

in
the

batch
set-up

and
to

com
pare

them
to

existing
variationalapproaches.
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3.3
“B

oosted”
Inference

A
s

the
variational

and
M

C
M

C
estim

ations
of
p
(h|X

i ,η
i−

1 )
are

done
w

ith
iterative

m
ethods,

w
e

can
boostthe

inference
of

A
lgorithm

1
by

applying
the

update
in

the
param

eter
η

in
(3)

after
each

iteration
ofthe

estim
ation

of
p
(h|X

i ,η
i−

1 ).In
the

contextofL
D

A
,this

w
as

proposed
by

Sato
etal.

(2010)forincrem
entalE

M
and

w
e

extend
itto

allversions
ofonline

E
M

.W
ith

this
boost,w

e
expect

thatthe
globalparam

eters
η

converge
faster,as

they
are

updated
m

ore
often.

In
the

follow
ing,w

e
denote

by
G
-
O
E
M
+
+

(resp.
V
-
O
E
M
+
+)

the
m

ethod
G
-
O
E
M

(resp.
V
-
O
E
M)

augm
ented

w
ith

this
boost.

3.4
VariationalB

ayesian
E

stim
ation

In
the

B
ayesian

perspective
w

here
η

is
seen

as
a

random
variable,w

e
eitherconsidera

distribution
based

on
m

odelaveraging,e.g.,
r(X

)
=
∫
p
(X
|η

)q(η
)d
η

w
here

q(η
)∝

∏
Ni=

1
p
(X

i |η
)p

(η
)

is
the

posteriordistribution,or
r(X

)
=
p
(X
|η̄

),

w
here

η̄
is

the
sum

m
ary

(e.g.,
the

m
ean)

of
the

posterior
distribution

q(η
),

or
of

an
approxim

a-
tion,

w
hich

is
usually

done
in

practice
(see,

e.g.,H
offm

an
and

B
lei,2015)

and
is

asym
ptotically

equivalentw
hen

N
tends

to
infinity.

T
he

m
ain

problem
is

that,even
w

hen
the

conditionaldistribution
oflatentvariables

is
tractable,

itis
intractable

to
m

anipulate
the

joint
posterior

distribution
over

the
latentvariables

h
1 ,...,h

N
,

and
the

param
eter

η.
V

ariational
inference

techniques
consider

an
approxim

ation
w

here
hidden

variables
are

independentofthe
param

eter
η,i.e.,such

that

p
(η
,h

1 ,...,h
N |X

1 ,...,X
N

)≈
q(η

)
N∏i=

1

q(h
i ),

w
hich

corresponds
to

the
m

axim
ization

of
the

follow
ing

low
er

bound—
called

E
vidence

L
ow

er
B

O
und

(E
L

B
O

)—
on

the
log-likelihood

log
p
(X

1 ,...,X
n
)

(B
ishop,2006):

∫
q(η

)
N∏i=

1 q(h
i )

log
p
(η

) ∏
ni=

1
p
(X

i ,h
i |η

)

q(η
) ∏

Ni=
1
q(h

i )
d
η
d
h

1 ···d
h
N
.

T
he

key
insightfrom

H
offm

an
etal.(2010);B

roderick
etal.(2013)

is
to

consider
the

variational
distribution

q(η
)

as
the

globalparam
eter,and

the
costfunction

above
as

a
sum

of
localfunctions

that
depend

on
the

data
X
i

and
the

variational
distribution

q(h
i ).

O
nce

the
local

variational
dis-

tribution
q(h

i )
is

m
axim

ized
out,

the
sum

structure
m

ay
be

leveraged
in

sim
ilar

w
ays

than
for

frequentistestim
ation,eitherby

direct(natural)stochastic
gradient(H

offm
an

etal.,2010)orincre-
m

ental
techniques

that
accum

ulate
sufficient

statistics
(B

roderick
et

al.,2013).
A

nice
feature

of
these

techniques
is

thatthey
extend

directly
to

m
odels

w
ith

intractable
latentvariable

inference,by
m

aking
additionalassum

ptions
on
q(h

i )
(see

forexam
ple

the
L

D
A

situation
in

Section
4).

In
term

s
ofactualupdates,they

are
sim

ilarto
online

E
M

in
Section

3.1,w
ith

a
few

changes,but
w

hich
turn

outto
lead

to
significantdifferencesin

practice.T
he

sim
ilarity

com
esfrom

the
expansion

ofthe
E

L
B

O
as

E
q
(η

) [
N
∑i=

1 E
q
(h
i )

log
p
(X

i ,h
i |η

)

q(h
i )

]
+

E
q
(η

) [
log

p
(η

)

q(η
) ]
.
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at
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d
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n
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at
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)
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re
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m
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lts
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ar
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fa
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aw
ay

fr
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ex
ac

ti
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,e

ve
n

fo
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ar
ge

nu
m

be
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of
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m
pl

es
(s

ee
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es
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Se
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n
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B
ey
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va
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at
io

na
li

nf
er

en
ce

,G
ib

bs
sa

m
pl

in
g

ha
sb

ee
n

re
ce

nt
ly

co
ns

id
er

ed
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G
ao

et
al

.(
20

16
):

th
ei

rm
et

ho
d

co
ns

is
ts

in
sa

m
pl

in
g

hi
dd

en
va

ri
ab

le
s

fo
rt

he
cu

rr
en

td
oc
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en

tg
iv

en
cu

rr
en

tp
ar

am
e-

te
rs

,b
ut

(a
)o

nl
y

so
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e
of

th
e

ne
w
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m
et

er
s

ar
e

up
da

te
d
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en
ta
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g
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e
sa

m
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th
e
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m
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t
w
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t
pa

ra
m

et
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d
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)
th

e
m

et
ho

d
is

sl
ow

er
th

an
G
-
O
E
M

(s
ee

Se
ct

io
n

6)
.

4.
A

pp
lic

at
io

n
to

L
D

A

L
D

A
(B

le
ie

ta
l.,

20
03

)
is

a
pr

ob
ab

ili
st

ic
m

od
el

th
at

in
fe

rs
hi

dd
en

to
pi

cs
gi

ve
n

a
te

xt
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rp
us

w
he

re
ea

ch
do

cu
m

en
to

ft
he

co
rp

us
ca

n
be

re
pr

es
en

te
d
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to

pi
c

pr
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ab
ili

tie
s.

In
pa

rt
ic

ul
ar

,t
he

as
su

m
pt

io
n

be
hi

nd
L

D
A

is
th

at
ea

ch
do

cu
m

en
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s
ge

ne
ra

te
d

fr
om

a
m

ix
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of

to
pi

cs
an

d
th

e
m

od
el
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fe

rs
th

e
hi

dd
en

to
pi

cs
an

d
th

e
to

pi
c

pr
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or
tio

ns
of

ea
ch

do
cu

m
en

t.
In

pr
ac

tic
e,

in
fe

re
nc

e
is

do
ne

us
in

g
B

ay
es

ia
n

va
ri

at
io

na
lE

M
(B

le
ie

ta
l.,

20
03

),
G

ib
bs

sa
m

pl
in

g
(G

ri
ffi

th
s

an
d

St
ey

ve
rs

,2
00

4;
W

al
la

ch
,

20
06

)
or

st
oc

ha
st

ic
va

ri
at

io
na

li
nf

er
en

ce
(H

of
fm

an
et

al
.,

20
10

;B
ro

de
ri

ck
et

al
.,

20
13

;S
at

o
et

al
.,

20
10

).

4.
0.

1
H

IE
R

A
R

C
H

IC
A

L
P

R
O

B
A

B
IL

IS
T

IC
M

O
D

E
L

.

L
et
C

=
{X

1
,.
..
,X

D
}b

e
a

co
rp

us
of
D

do
cu

m
en

ts
,V

th
e

nu
m

be
ro

fw
or

ds
in

ou
rv

oc
ab
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y
an

d
K

th
e

nu
m

be
ro

fl
at

en
tt

op
ic

s
in

th
e

co
rp

us
.E
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h

to
pi

c
β
k

co
rr

es
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nd
s

to
a

di
sc

re
te

di
st

ri
bu

tio
n

on
th

e
V

w
or

ds
(t

ha
ti

s
an

el
em

en
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ft
he

si
m

pl
ex
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V

di
m

en
si

on
s)

.
A

hi
dd

en
di

sc
re

te
di

st
ri

bu
tio

n
θ i

ov
er

th
e
K

to
pi

cs
(t

ha
ti

s
an

el
em

en
to

ft
he

si
m

pl
ex

in
K

di
m

en
si

on
s)

is
at

ta
ch

ed
to

ea
ch

do
cu

m
en

t
X
i.

L
D

A
is

a
ge

ne
ra

tiv
e

m
od

el
ap

pl
ie

d
to

a
co

rp
us

of
te

xt
do

cu
m

en
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w
hi

ch
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su
m

es
th

at
ea

ch
w

or
d

of
th

e
it
h

do
cu

m
en

tX
i

is
ge

ne
ra

te
d

as
fo

llo
w

s:

•
C

ho
os

e
θ i
∼

D
ir

ic
h
le

t(
α

),

•
Fo

re
ac

h
w

or
d
x
n
∈
X
i

=
( x

1
,.
..
,x

N
X
i

) :

–
C

ho
os

e
a

to
pi

c
z n
∼

M
u
lt

in
om

ia
l(
θ i

),

–
C

ho
os

e
a

w
or

d
x
n
∼

M
u
lt

in
om

ia
l(
β
z n

).

In
ou

r
se

tti
ng

s,
an

ob
se

rv
at

io
n

is
a

do
cu

m
en

t
X
i

=
(x

1
,.
..
,x

N
X
i
)

w
he

re
fo

r
al

l
1
≤
n
≤
N
X
i
,

x
n
∈
{0
,1
}V

an
d
∑

V v
=

1
x
n
v

=
1.

E
ac

h
ob

se
rv

at
io

n
X
i

is
as

so
ci

at
ed

w
ith

th
e

hi
dd

en
va

ri
ab

le
s
h
i,

w
ith
h
i
≡

(Z
i

=
(z

1
,.
..
,z
N
X
i
),
θ i

).
T

he
ve

ct
or
θ i

re
pr

es
en

ts
th

e
to

pi
c

pr
op

or
tio

ns
of

do
cu

m
en

tX
i

an
d
Z
i

is
th

e
ve

ct
or

of
to

pi
c

as
si

gn
m

en
ts

of
ea

ch
w

or
d

of
X
i.

T
he

va
ri

ab
le
h
i

is
lo

ca
l,

i.e
.,

at
ta

ch
ed
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D

B
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H
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ob
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at
io
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X
i.

T
he

pa
ra
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et

er
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of
th

e
m

od
el

ar
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re

se
nt

ed
by
η
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(β
,α

),
w

he
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β

re
pr
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e
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α

re
pr
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en

ts
th

e
D
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et
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c
pr

op
or

tio
ns

.
W

e
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e
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D

A
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Se

ct
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n
4.

1
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fin
d
φ

,S
,ψ

an
d
a

su
ch

th
at

th
e

jo
in

tp
ro

ba
bi

lit
y

p
(Z
,θ
|X
,α
,β

)
is

in
a

no
n-

ca
no

ni
ca

le
xp

on
en

tia
lf

am
ily

(1
).

W
e

m
ay

th
en

re
ad

ily
ap

pl
y

al
la

lg
or

ith
m

s
fr

om
Se

ct
io

n
3

by
es

tim
at

in
g

th
e

co
nd

iti
on

al
ex

pe
ct

a-
tio

n
E Z

,θ
|X
,α
,β

[S
(X
,Z
,θ

)]
w

ith
ei

th
er

va
ri

at
io

na
li

nf
er

en
ce

(V
-
O
E
M

)o
rG

ib
bs

sa
m

pl
in

g
(G
-
O
E
M

).
Se

e
Se

ct
io

ns
4.

2
an

d
4.

3
fo

r
on

lin
e

E
M

de
riv

at
io

ns
.

N
ot

e
th

at
th

e
ke

y
di

ffi
cu

lty
of

L
D

A
is

th
e

pr
es

en
ce

of
tw

o
in

te
ra

ct
in

g
hi

dd
en

va
ri

ab
le

s
Z

an
d
θ.

4.
1

L
D

A
an

d
E

xp
on

en
tia

lF
am

ili
es

A
n

ob
se

rv
at

io
n
X

is
a

do
cu

m
en

to
fl

en
gt

h
N
X

,w
he

re
X

=
(x

1
,.
..
,x

N
X

),
ea

ch
w

or
d

is
re

pr
es

en
te

d
by
x
n
∈
{0
,1
}V

w
ith
∑

V v
=

1
x
n
v

=
1.

O
ur

co
rp

us
C

is
a

se
to

fD
ob

se
rv

at
io

ns
C

=
(X

1
,.
..
,X

D
).

Fo
r

ea
ch

do
cu

m
en

t
X
i

a
hi

dd
en

va
ri

ab
le
θi

is
as

so
ci

at
ed

,
co

rr
es

po
nd

in
g

to
th

e
to

pi
c

di
st

ri
bu

tio
n

of
do

cu
m

en
tX

i .
Fo

r
ea

ch
w

or
d
x
n

of
do

cu
m

en
tX

i
a

hi
dd

en
va

ri
ab

le
z n
∈
{0
,1
}K

is
at

ta
ch

ed
,

co
rr

es
po

nd
in

g
to

th
e

to
pi

c
as

si
gn

m
en

to
f

w
or

d
x
n

.
W

e
w

an
tt

o
fin

d
φ

,S
,ψ

an
d
a

su
ch

th
at

,t
he

jo
in

tp
ro

ba
bi

lit
y

is
in

th
e

ex
po

ne
nt

ia
lf

am
ily

(1
):

p
(X
,Z
,θ
|β
,α

)
=
a
(X
,Z
,θ

)
ex

p
[〈φ

(β
,α

),
S

(X
,Z
,θ

)〉
−
ψ

(β
,α

)]
,

gi
ve

n
an

ob
se

rv
at

io
n
X

an
d

hi
dd

en
va

ri
ab

le
s
Z

an
d
θ.

Fo
rt

he
L

D
A

m
od

el
,w

e
ha

ve
:

p
(X
,Z
,θ
|β
,α

)
=

N
X ∏ n

=
1

p
(x
n
|z n
,β

)p
(z
n
|θ)
p
(θ
|α

)
=

N
X ∏ n

=
1

K ∏ k
=

1

V ∏ v
=

1

[ (β
k v
)x
n
v
θ k

] z
n
k

p
(θ
|α

),

w
hi

ch
w

e
ca

n
ex

pa
nd

as
:

p
(X
,Z
,θ
|β
,α

)
=

ex
p

[ N
X ∑ n

=
1

K ∑ k
=

1

z n
k

lo
g
θ k

]
×

ex
p

[ N
X ∑ n

=
1

K ∑ k
=

1

V ∑ v
=

1

x
n
v
z n
k

lo
g
β
k v

]

×
ex

p

[
K ∑ k
=

1

(α
k
−

1)
lo

g
θ k

+
B

(α
)] ,

w
ith

B
(α

)
=

lo
g
[ Γ
( ∑

K i=
1
α
i)]
−
∑

K i=
1

lo
g
[Γ

(α
i)

],
w

he
re

Γ
is

th
e

ga
m

m
a

fu
nc

tio
n.

W
e

de
du

ce
th

e
no

n-
ca

no
ni

ca
le

xp
on

en
tia

lf
am

ily
se

tti
ng
φ

,S
,ψ

a
:

S
(X
,Z
,θ

)
=

    
S

1 k
v
≡
[ N

X ∑ n
=

1
z n
k
x
n
v

] k
v

S
2 k
≡

[l
og
θ k

] k

    
,

(5
)

φ
(β
,α

)
=

 
φ

1 k
v
≡
[ lo

g
β
k v

] k
v

φ
2 k
≡

[α
k
] k

 
,

(6
)
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O
N

L
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E
IN

F
E

R
E

N
C

E
F

O
R

L
A

T
E

N
T

V
A

R
IA

B
L

E
M

O
D

E
L

S

w
ith

S
1,φ

1∈
R
K
×
V

and
S

2,φ
2∈

R
K

,

ψ
(β
,α

)
=

K
∑i=

1

log
[Γ

(α
i )]−

log [
Γ

(
K
∑i=

1

α
i )
]
,

(7)

and

a
(X
,Z
,θ)

=
ex

p [
K
∑k

=
1 (

N
X
∑n

=
1

z
n
k −

1 )
log

θ
k ]
.

T
he

one-to
one

m
apping

betw
een

the
sufficientstatistics

s
=
(
s
1

s
2 )

and
(β
,α

)
is

defined
by:

(β
,α

) ∗[s]
=


arg

m
ax

β≥
0
,α≥

0
〈φ

(β
,α

),s〉−
ψ

(β
,α

)

s.t.
β
>

1
=

1
,

w
here

1
denotes

the
vector

w
hose

allentries
equal1.

T
he

objective〈φ
(β
,α

),s〉−
ψ

(β
,α

)
is

con-
cave

in
β

from
the

concavity
of

log
and

concave
in

any
α
k

for
α
≥

0
as

the
function

B
(α

)
is

concave
as

the
negative

log-partition
of

the
D

irichletdistribution.
W

e
use

the
L

agrangian
m

ethod
for

β
:

L
(β
,λ

)
=

K
∑k

=
1

V
∑v
=

1

s
1k
v

log
β
kv

+
λ
>

(β
>

1
−

1
),

w
ith

λ
∈
R
K

.T
he

derivative
of
L

is
setto

zero
w

hen:

∀
(k
,v

),
s

1k
v

β
kv

+
λ
k

=
0
⇒
λ
k

=
−

V
∑v
=

1

s
1k
v ,

as ∑
Vv
=

1
β
kv

=
1.W

e
then

have
(β
∗(s))

k
v

=
s
1k
v

∑
j
s
1k
j .T

hism
apping

satisfiesthe
constraintβ

≥
0

be-

cause
forany

observation
X

and
hidden

variable
Z

,w
e

have
S

1(X
,Z

)
k
v ≥

0.T
his

com
es

from
(5)

and
the

factthat∀
(n
,k
,v

),(x
n
v ,z

n
k )∈

{0
,1}

2.
W

e
find

the
condition

on
α

by
setting

the
deriva-

tives
to

0,w
hich

gives∀
k
∈

J1
,K

K:

s
2k −

Ψ
([α
∗(s)]k )

+
Ψ

(
K
∑i=

1 [α
∗(s)]i )

=
0,

w
here

Ψ
:
x
7→

∂∂x
[log

Γ
](x

)
is

the
digam

m
a

function.Finally,(α
∗(s),β

∗(s))
satisfies∀

(k
,v

):


(β
∗(s))

k
v

≡
[

s
1k
v

∑
j
s
1k
j ]

k
v

Ψ
([α
∗(s)]k )−

Ψ

(
K∑i=

1 [α
∗(s)]i )

=
s

2k .

(8)

T
he

param
eter

α
∗

is
usually

estim
ated

w
ith

gradientascent(B
leietal.,2003;H

offm
an

etal.,2010).
W

e
can

also
estim

ate
α

w
ith

the
fixed

pointiteration
(M

inka,2000)w
hich

consists
in

repeating
the

follow
ing

update
untilconvergence:

α
n
ew
k

=
Ψ
−

1 (
Ψ
(∑

Ki=
1
α
o
ld
i

)
+
s

2k )
.
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D
U

P
U

Y
A

N
D

B
A

C
H

W
e

use
the

fixed
pointiteration

to
estim

ate
α
∗

as
itis

m
ore

stable
in

practice.
W

e
study

different
updates

for
α

in
A

ppendix
C

.
W

e
can

now
apply

A
lgorithm

1
to

L
D

A
.T

he
only

m
issing

step
is

the
estim

ation
of

the
condi-

tionalexpectation
E
Z
,θ|X

,α
t ,β

t [S
(X
,Z
,θ)],w

ith
X

=
(x

1 ,...,x
N
X

)
and

Z
=

(z
1 ,...,z

N
X

).
W

e
explain

how
to

approxim
ate

this
expectation

w
ith

variationalinference
and

G
ibbs

sam
pling.

4.2
VariationalO

nline
E

M
A

pplied
to

L
D

A
(V
-
O
E
M)

In
this

section
w

e
explain

how
to

approxim
ate

E
Z
,θ|X

,α
t ,β

t [S
(X
,Z
,θ)]w

ith
variationalinference,

in
the

frequentistsetting.See
H

offm
an

etal.(2013)fordetailed
derivations

ofvariationalinference
forL

D
A

in
the

B
ayesian

setting
(from

w
hich

the
updates

in
the

frequentistsetting
m

ay
be

easily
ob-

tained).T
he

idea
behind

variationalinference
is

to
m

axim
ize

the
E

vidence
L

ow
erB

O
und

(E
L

B
O

),
a

low
erbound

on
the

probability
ofthe

observations:

p
(X

)≥
E

L
B

O
(X
,p
,q),

w
here

q
represents

the
variationalm

odel.In
the

case
ofL

D
A

,the
variationalm

odelis
often

setw
ith

a
D

irichlet(γ)prioron
θ

and
a

m
ultinom

ialprioron
Z

(H
offm

an
etal.,2013):

q(Z
,θ)

=
q(θ|γ

)

N
X
∏n
=

1

q(z
n |ζ

n
).

(9)

W
e

then
m

axim
ize

the
E

L
B

O
w

ith
respect

to
γ

and
ζ,

w
hich

is
equivalent

to
m

inim
izing

the
K

ullback-L
eibler(K

L
)divergence

betw
een

the
variationalposteriorand

the
true

posterior:

m
ax
γ
,ζ

E
L

B
O

(X
,p
,q)⇔

m
in

γ
,ζ

K
L

[p
(Z
,θ|X

)||q(θ,Z
)].

(10)

W
e

solve
this

problem
w

ith
block

coordinate
descent,w

hich
leads

to
iteratively

updating
γ

and
ζ

as
follow

s:

ζ
n
k ∝

V∏v
=

1 (
β
kv )

x
n
v

ex
p

[Ψ
(γ
k )],

(11)

γ
k

=
α
k

+
∑

N
X

n
=

1
ζ
n
k .

(12)

W
e

then
approxim

ate
E
Z
,θ|X

,α
t ,β

t [S
(X
,Z
,θ)]w

ith
the

variationalposterior.
G

iven
(5)

and
(9),w

e
have:

E
p
(Z
,θ|X

) [S
(X
,Z
,θ)]≈

E
q
(Z
,θ

) [S
(X
,Z
,θ)]

=



(∑
N
X
t+

1

n
=

1
ζ
n
k x

n
v )

k
v

(
Ψ

(γ
k )−

Ψ
(∑

Kj=
1
γ
j ))

k


.

(13)

T
he

variationalapproxim
ation

ofE
p
(Z
,θ|X

) [S
(X
,Z
,θ)]is

then
done

in
tw

o
steps:

1.
Iteratively

update
ζ

w
ith

(11)and
γ

w
ith

(12),

2.
E
p
(Z
,θ|X

) [S
(X
,Z
,θ)]←

E
q
(Z
,θ|γ

,ζ
) [S

(X
,Z
,θ)]w

ith
equation

(13).

A
s
γ

and
ζ

are
set

to
m

inim
ize

the
distance

betw
een

the
variational

posterior
and

the
true

pos-
terior

(10)
w

e
expect

that
this

approxim
ation

is
close

to
the

true
expectation.

H
ow

ever,
as

the
variationalm

odelis
a

sim
plified

version
ofthe

true
m

odel,there
alw

ays
rem

ains
a

gap
betw

een
the

true
posteriorand

the
variationalposterior.
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4.
3

G
ib

bs
O

nl
in

e
E

M
A

pp
lie

d
to

L
D

A
(G
-
O
E
M

)

In
th

is
se

ct
io

n
w

e
ex

pl
ai

n
ho

w
to

ap
pr

ox
im

at
e
E Z

,θ
|X
,α
t
,β
t
[S

(X
,Z
,θ

)]
w

ith
G

ib
bs

sa
m

pl
in

g.

4.
3.

1
E

X
P

E
C

TA
T

IO
N

O
F
S

1
.

G
iv

en
(5

),
w

e
ha

ve
∀k
∈

J1
,K

K,
∀v
∈

J1
,V

K:

E Z
,θ
|X
,α
,β

[ (S
1
(X
,Z

))
k
v

] =
E Z

,θ
|X
,α
,β

[ N
X ∑ n

=
1

z n
k
x
n
v

]

=

N
X ∑ n

=
1

∫ Z
,θ
z n
k
x
n
v
p
(z
n
,θ
|X
,β
,α

)d
θd
z

=

N
X ∑ n

=
1

x
n
v
p
(z
n
k

=
1|
X
,β
,α

).

W
e

se
e

th
at

w
e

on
ly

ne
ed

th
e

pr
ob

ab
ili

ty
of
z

,a
nd

ca
n

th
us

us
e

co
lla

ps
ed

G
ib

bs
sa

m
pl

in
g

(G
ri

ffi
th

s
an

d
St

ey
ve

rs
,2

00
4)

.W
e

ha
ve

,f
ol

lo
w

in
g

B
ay

es
ru

le
:

p
(z
n
k

=
1|
z −

n
,X
,β
,α

)
∝
p
(x
n
|z n

k
=

1,
β

)p
(z
n
k

=
1|
z −

n
,α

),

w
he

re
z −

n
is

th
e

to
pi

c
as

si
gn

m
en

ts
ex

ce
pt

in
de

x
n

.I
n

th
e

L
D

A
m

od
el

,e
ac

h
w

or
d
x
n

is
dr

aw
n

fr
om

a
m

ul
tin

om
ia

lw
ith

pa
ra

m
et

er
β
z n

,w
hi

ch
gi

ve
s:

p
(x
n
|z n

k
=

1,
β

)
=

V ∑ v
=

1

x
n
v
β
k v
.

In
th

e
fo

llo
w

in
g,

w
e

us
e

th
e

no
ta

tio
n
β
k x
n
≡
∑

V v
=

1
x
n
v
β
k v

fo
r

th
e

sa
ke

of
si

m
pl

ic
ty

.
W

e
th

en
us

e
th

e
fa

ct
th

at
th

e
to

pi
c

pr
op

or
tio

ns
θ

ha
s

a
D

ir
ic

h
le

t(
α

)
pr

io
r,

w
hi

ch
im

pl
ie

s
th

at
Z
|α

fo
llo

w
s

a
D

ir
ic

hl
et

-m
ul

tin
om

ia
ld

is
tr

ib
ut

io
n

(o
r

m
ul

tiv
ar

ia
te

Pó
ly

a
di

st
ri

bu
tio

n)
.

A
s

a
re

su
lt,

th
e

co
nd

iti
on

al
di

st
ri

bu
tio

n
is

:

p
(z
n
k

=
1|
z −

n
,α

)
=

N
−
n
,k

+
α
k

(N
X
−

1)
+
∑

j
α
j
,

w
ith

N
−
n
,k

th
e

nu
m

be
r

of
w

or
ds

as
si

gn
ed

to
to

pi
c
k

in
th

e
cu

rr
en

t
do

cu
m

en
t,

ex
ce

pt
in

de
x
n

.
Fi

na
lly

,w
e

ha
ve

th
e

fo
llo

w
in

g
re

la
tio

n
(G

ri
ffi

th
s

an
d

St
ey

ve
rs

,2
00

4)
:

p
(z
n
k

=
1|
z −

n
,X
,β
,α

)
∝
β
k x
n
×

N
−
n
,k

+
α
k

(N
X
−

1)
+
∑

j
α
j
.

(1
4)

W
e

es
tim

at
e
p
(z
n
k

=
1|
X
,β
,α

)
w

ith
G

ib
bs

sa
m

pl
in

g
by

ite
ra

tiv
el

y
sa

m
pl

in
g

to
pi

c
as

si
gn

m
en

ts
z n

fo
r

ea
ch

w
or

d,
as

de
ta

ile
d

in
A

lg
or

ith
m

2.
W

e
av

er
ag

e
ov

er
th

e
la

st
qu

ar
te

r
of

sa
m

pl
es

to
re

du
ce

no
is

e
in

th
e

fin
al

ou
tp

ut
.W

e
th

en
in

co
rp

or
at

e
th

e
ou

tp
ut

in
A

lg
or

ith
m

1.

4.
3.

2
E

X
P

E
C

TA
T

IO
N

O
F
S

2
.

G
iv

en
(5

),
w

e
al

so
ha

ve
∀k
∈

J1
,K

K,
∀v
∈

J1
,V

K:

E Z
,θ
|X
,α
,β

[(
S

2
(X
,Z

))
k
]

=
E Z

,θ
|X
,α
,β

[l
og
θ k

].
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D
U

P
U

Y
A

N
D

B
A

C
H

O
n

th
e

on
e

ha
nd

,w
e

ha
ve

:

p
(Z
,θ
|X
,β
,α

)
=
p
(Z
|θ
,X
,β
,α

)p
(θ
|X
,β
,α

)
=
C

(α
)
K ∏ k
=

1

θ( ∑
N
X

n
=
1
z n
k

) +
α
k
−

1

k
,

w
ith

C
(α

)
=

Γ
(∑

K i=
1
α
i
)

∏
K i=

1
Γ

(α
i
)

.O
n

th
e

ot
he

rh
an

d:

p
(Z
,θ
|X
,β
,α

)
∝
p
(θ
|Z
,α

)p
(Z
|X
,β

).

W
e

de
du

ce
fr

om
th

e
tw

o
id

en
tit

ie
s:

p
(θ
|Z
,α

)
∝

K ∏ k
=

1

θ( ∑
N
X

n
=
1
z n
k

) +
α
k
−

1

k
⇒
θ|
Z
,α
∼

D
ir

ic
h
le

t
( α

+
∑

N
X

n
=

1
z n

) .

Fi
na

lly
,t

he
ex

pe
ct

at
io

n
is

:

E Z
,θ
|X
,α
,β

[(
S

2
(X
,Z

))
k
]

=
E Z

,θ
|X
,α
,β

[l
og
θ k

]

=
E Z
|X
,β
,α

[ E
θ
|Z
,α

[l
og
θ k

]]

=
E Z
|X
,β
,α

[ Ψ
( [α

(s
)]
k

+
∑

N
X

n
=

1
z n
k

)]
−

Ψ
( ∑

K i=
1
[α

(s
)]
i
+
N
X

) ,

as
th

e
di

st
ri

bu
tio

n
of
θ|
Z
,α

is
D

ir
ic

h
le

t

(
α

+
N
X ∑ n

=
1
z n

)
.

W
e

us
e

th
e

va
lu

es
of
z

sa
m

pl
ed

w
ith

A
lg

or
ith

m
2

to
es

tim
at

e
th

is
ex

pe
ct

at
io

n.
M

or
e

pr
ec

is
el

y,
ke

ep
in

g
no

ta
tio

ns
of

A
lg

or
ith

m
2:

E Z
|X
,β
,α

[ Ψ
( [α

(s
)]
k

+
∑

N
X

n
=

1
z n
k

)]
≈

1 P

P ∑ t=
1

Ψ
( [α

(s
)]
k

+
∑

N
X

n
=

1
z
t n
k

) .

4.
4

B
ay

es
ia

n
A

pp
ro

ac
h

In
a

B
ay

es
ia

n
se

tti
ng

,
w

e
co

ns
id

er
β

as
a

ra
nd

om
va

ri
ab

le
,

w
ith

β
∼

D
ir

ic
h
le

t(
b1

),
w

ith
b
∈

R
an

d
1
∈

R
V

de
no

te
s

th
e

ve
ct

or
w

ho
se

al
l

en
tr

ie
s

eq
ua

l
1

.
T

he
va

ri
at

io
na

l
di

st
ri

bu
tio

n
of

th
e

gl
ob

al
pa

ra
m

et
er
β

is
th

en
se

t
to
q(
β
k
|λ
k
)

=
D

ir
ic

h
le

t(
λ
k
),

w
ith

λ
k
∈

R
V
∀k

=
1
,.
..
,K

.
T

he
m

ai
n

di
ff

er
en

ce
w

ith
th

e
fr

eq
ue

nt
is

t
m

et
ho

ds
ab

ov
e

(G
-
O
E
M

an
d
V
-
O
E
M

)
is

to
op

tim
iz

e
th

e
E

L
B

O
w

ith
re

sp
ec

tt
o

th
e

va
ri

at
io

na
lp

ar
am

et
er

s
(λ
k
) k

.
In

pr
ac

tic
e,

it
is

eq
ui

va
le

nt
to

re
pl

ac
e
β
k v

by
ex

p
[ E

q
[l
og
β
k v
]]

in
al

lt
he

up
da

te
s

ab
ov

e
(i

.e
.,

in
E

qu
at

io
n

(1
1)

fo
rV
-
O
E
M

an
d

in
E

qu
at

io
n

(1
4)

fo
r
G
-
O
E
M

).
T

he
va

ri
at

io
na

lp
ar

m
at

er
λ
k
∈

R
V

is
up

da
te

d
w

ith
st

oc
ha

st
ic

gr
ad

ie
nt

on
th

e
E

L
B

O
,

w
hi

ch
gi

ve
s,

at
ite

ra
tio

n
t:

λ
k
(t

+
1)

=
ρ
tλ
k
(t

)
+

(1
−
ρ
t)
λ̂
k
,

(1
5)

w
ith

λ̂
k
∈
R
V

,λ̂
k v

=
b

+
D
E q
[ S

1 k
v

] ,w
he

re
D

is
th

e
to

ta
ln

um
be

ro
fd

oc
um

en
ts

in
th

e
da

ta
se

t
an

d
b

is
th

e
pr

io
ro

n
β
k

(H
of

fm
an

et
al

.,
20
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).
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E
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O
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E
L
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A
lgorithm

2
G

ibbs
sam

pling
schem

e
to

approxim
ate

p
(z
n
k

=
1|X

,β
,α

)

Input:
β

,α
,
X

.

Initialization:
Z

0n ∼
M

u
lt([β̄

kx
n
]k

=
1
,...,K

),w
ith

β̄
kx
n

=
β
kx
n

∑
j
β
jx
n

∀
n
∈

J1,N
X K.

for
t

=
1,2

,...,P
do

C
om

pute
random

perm
utation

σ
tonJ1,N

X K,
for

n
=

0,1,...,N
X

do
•

Set
Z
t−
n

=
{

(z
tσ
t(i) )

1≤
i<
n
,(z

t−
1

σ
t(i) )

n
<
i≤
N
X }

,

•
C

om
pute∀

k,p
(z
σ
t(n

)k
=

1|Z
t−
n
,X
,β
,α

)
w

ith
E

quation
(14),

•
Sam

ple
z
tσ
t(n

) ∼
M

u
lt [p

(z
σ
t(n

) |Z
t−
n
,X
,β
,α

) ],
end

for
end

for
for

n
=

0,1,...,N
X

do
Set

Z
t−
n

=
{

(z
ti )

1≤
i<
n
,(z

ti )
n
<
i≤
N
X }

for
t≥

34 P
,

p
(z

n
k

=
1|X

,β
,α

)←
4P

P∑t=
34
P

p
(z

n
k

=
1|Z

t−
n
,X
,β
,α

)

end
for

O
utput:∀

k,∀
n:

(z
tn )
t=

1
,...,P

,
p
(z
n
k

=
1|X

,β
,α

).

5.A
pplication

to
H

ierarchicalD
irichletProcess(H

D
P)(Teh

etal.,2006)

T
he

H
D

P
m

odel
is

a
generative

process
to

m
odel

docum
ents

from
an

infinite
set

of
topics

β
k ,

k
=

1,2
,3
,....

E
ach

topic
is

a
discrete

distribution
of

size
V

,
the

size
of

the
vocabulary.

E
ach

topic
is

associated
to

a
w

eight
π
k
∈

[0,1],representing
the

im
portance

of
the

topic
in

the
corpus.

For
each

docum
ent

d,the
(infinite)

topic
proportions

ν
d

are
draw

n
from

ν
d
∼

D
irich

let(bπ
).

W
e

then
generate

w
ords

w
ith

a
sim

ilarschem
e

to
L

D
A

schem
e.M

ore
form

ally
a

corpus
is

generated
as

follow
s:

1.
D

raw
an

infinite
num

beroftopics
β
k ∼

D
irich

let(η
),for

k
∈
{1
,2
,3
,...};

2.
D

raw
corpus

breaking
proportions

π̄
k ∼

B
eta(1

,α
),for

k
=

1,2
,3
,...;w

ith
π
k

=
σ
k (π̄

);

3.
Foreach

docum
ent

d:

(a)
D

raw
docum

ent-leveltopic
proportions:

ν
d ∼

D
irich

let(bπ
);

(b)
Foreach

w
ord

n
in
d:

i.
D

raw
topic

assignm
ent

z
d
n
∼

M
u
ltin

om
ial(ν

d );

ii.
D

raw
w

ord
w
n
∼

M
u
ltin

om
ial(β

z
d
n
).

In
practice,w

e
setthe

initialnum
ber

of
topics

to
T

=
2.

W
e

then
increase

the
num

ber
of

topics
used

in
the

corpus
using

G
ibbs

sam
pling

and
p
(z
d
n
>
T|X

,η
)∝

b(1−
∑

Ti=
1
π
i ).See

Section
5.2

fordetails.
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D
U

P
U

Y
A

N
D

B
A

C
H

5.1
H

D
P

and
E

xponentialFam
ilies

W
e

consideran
exponentialfam

ily
m

odelon
random

variables
(X
,h

)
w

ith
param

eter
η
∈
E
⊆

R
d

and
w

ith
density:

p
(X
,h|η

)
=
a
(X
,h

)
ex

p
[〈φ

(η
),S

(X
,h

)〉−
Ψ

(η
)].

In
the

case
of

H
D

P,an
observation

X
is

a
docum

ent
of

length
N
X

,
w

here
X

=
(x

1 ,...,x
N
X

),
x
n
∈
{0
,1}

V
and

∑
Vv
=

1
x
n
v

=
1.

In
the

frequentist
approach,

the
param

eters
of

the
m

odel
are

global,represented
by

η
≡

(β
,π

),w
here

β
represents

the
corpus

topics,
π

represents
the

corpus
breaking

proportions.
O

ur
corpus

C
is

a
set

of
D

observations
C

=
(X

1,...,X
D

).
For

each
docum

ent
X
d,the

associated
hidden

variables
are

ν
d
∈

[0,1] K
corresponding

to
docum

ent-level
topic

proportions.
For

each
w

ord
x
n

of
docum

ent
X
d,a

hidden
variable

z
n
∈
{
0,1}

T
is

attached,
corresponding

to
the

topic
assignm

entofw
ord

x
n .

W
e

w
antto

find
φ,
S

,ψ
and

a
such

that,the
jointprobability

is
in

the
exponentialfam

ily:

p
(X
,Z
,ν|β

,π
)

=
a
(X
,Z
,ν

)
ex

p
[〈φ

(β
,π

),S
(X
,Z
,ν

)〉−
ψ

(β
,π

)],

given
an

observation
X

and
hidden

variables
Z

and
ν.Forthe

H
D

P
m

odel,w
e

have:

p
(X
,Z
,ν|β

,π
)

=
p
(ν|π

)

N
X
∏n
=

1

p
(x
n |z

n
,β

)p
(z
n |ν

)

=
W

(π
)
∏k∈
N
∗

(ν
k )
bπ
k −

1
N
X
∏n
=

1 ∏

k

(ν
k )
z
n
k ∏

v

(β
k
,v )

x
n
v
z
n
k

=
ex

p
[−
ψ

(π
)]ex

p [∑

k

log
ν
k (

N
X
∑n

=
1

z
n
k −

1 )
]

×
ex

p [∑

k

(bπ
k )

log
ν
k ]

×
ex

p  ∑k
,v

log
β
k
,v

N
X
∑n

=
1

x
n
v z
n
k 
,

w
ith

ψ
(π

)
=
∑

k
log

Γ
(bπ

k )−
log

Γ
(b).W

e
deduce

the
exponentialfam

ily
setting

φ
,S
,a:

S
(X
,Z
,ν

)
=



S
1k ≡

[log
ν
k ]k

S
2k
v ≡

[
N
X
∑n
=

1
z
n
k x

n
v ]

k
v


,

(16)

φ
(β
,π

)
=


φ

1k ≡
[bπ

k ]k

φ
2k
v ≡

[log
β
k
,v ]k

v


,

(17)

w
ith

a
(X
,Z
,ν

)
=

ex
p [∑

k

log
ν
k (

N
X
∑n

=
1

z
n
k −

1 )
]
.
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T
he

on
e-

to
on

e
m

ap
pi

ng
be

tw
ee

n
th

e
su

ffi
ci

en
ts

ta
tis

tic
s
s

=
(s

1
,s

2
)>

an
d

(β
,π

)
is

de
fin

ed
by

:

(β
,π

)∗
[s

]
=

  
ar

g
m

ax
β
≥

0
,1
≥
π
≥

0
〈φ

(β
,π

),
s〉
−
ψ

(β
,π

)

s.
t.

β
>

1
=

1
,

w
he

re
1

de
no

te
s

th
e

ve
ct

or
w

ho
se

al
le

nt
ri

es
eq

ua
l1

.

W
ith

th
e

sa
m

e
co

m
pu

ta
tio

n
th

an
L

D
A

,β
∗ (
s)
k
v
≡
[

s2 k
v

∑
j
s2 k
j

] .W
e

fin
d
π
∗ (
s)

by
so

lv
in

g:

π
∗ (
s)

=
ar

g
m

ax
1
≥
π
≥

0

K ∑ k
=

1

( b
π
k
s1 k
−

lo
g

Γ
(b
π
k
))

+
lo

g
Γ

(b
∑ k

π
k
),

w
hi

ch
gi

ve
s:

Ψ
(b
π
∗ (
s)
k
)
−

Ψ

(
b
∑ i

π
∗ (
s)
i)

=
s1 k
.

w
he

re
Ψ

:
x
7→

∂ ∂
x

[l
og

Γ
](
x

)
is

th
e

di
ga

m
m

a
fu

nc
tio

n.
W

e
es

tim
at

e
(b
π

)∗
w

ith
th

e
fix

ed
po

in
t

ite
ra

tio
n

w
hi

ch
co

ns
is

ts
in

re
pe

at
in

g
th

e
fo

llo
w

in
g

up
da

te
un

til
co

nv
er

ge
nc

e:

(b
π

)n
ew
k

=
Ψ
−

1

(
Ψ

(
∑ i

(b
π
i)
o
ld

)
+
s1 k

)
.

Fi
na

lly
,(
β
,π

)∗
[s

]
sa

tis
fie

s
∀(
k
,v

):
    

(β
∗ (
s)

) k
v

=

[
s2 k
v

∑
j
s2 k
j

]

Ψ
(b
π
∗ (
s)
k
)
−

Ψ
(b
∑

i
π
∗ (
s)
i)

=
s1 k
.

5.
2

In
fe

re
nc

e
w

ith
O

nl
in

e
E

M

In
th

is
se

ct
io

n,
w

e
ex

pl
ai

n
ho

w
to

ap
pr

ox
im

at
e
E Z

,ν
|X
,η

[S
(X
,Z
,ν

)]
w

ith
G

ib
bs

sa
m

pl
in

g
fr

om
a

fr
eq

ue
nt

is
ta

nd
a

B
ay

es
ia

n
pe

rs
pe

ct
iv

e.
In

pa
rt

ic
ul

ar
,a

st
he

to
ta

ln
um

be
ro

ft
op

ic
si

si
nfi

ni
te

,w
e

ne
ed

to
ke

ep
tr

ac
k

of
th

e
pr

ev
io

us
ly

us
ed

to
pi

cs
an

d
ite

ra
tiv

el
y

ex
te

nd
th

e
nu

m
be

ro
ft

op
ic

s
co

ns
id

er
ed

.

5.
2.

1
G

IB
B

S
O

N
L

IN
E

E
M

(G
-
O
E
M

)

In
ou

r
fr

eq
ue

nt
is

tG
-
O
E
M

ap
pr

oa
ch

,η
is

a
pa

ra
m

et
er

.
T

he
G

ib
bs

sa
m

pl
in

g
sc

he
m

e
to

ap
pr

ox
im

at
e

E Z
,ν
|X
,η

[S
(X
,Z
,ν

)]
is

di
ff

er
en

tf
ro

m
L

D
A

an
d

a
pr

ob
ab

ili
ty

of
ad

di
ng

a
ne

w
to

pi
c

to
th

e
cu

rr
en

t
lis

ti
s

co
m

pu
te

d
at

ea
ch

ite
ra

tio
n,

as
ex

pl
ai

ne
d

be
lo

w
.

5.
2.

2
E

X
P

E
C

TA
T

IO
N

O
F
S

1
.

W
e

ha
ve

: E Z
,ν
|X
,η

[S
1
(X
,Z
,ν

)]
k

=
E Z

,ν
|X
,η

[l
og
ν k

]

=
E Z
|X
,η

[ Ψ

(
bπ
k

+

N
X ∑ n

=
1

z n
k

)
]
−

Ψ

(
b
∑ i

π
i
+
N
X

)
,
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D
U

P
U

Y
A

N
D

B
A

C
H

an
d

w
e

us
e

th
e

va
lu

es
of
z

sa
m

pl
ed

w
ith

G
ib

bs
sa

m
pl

in
g

to
co

m
pu

te
:

E Z
|X
,η

[ Ψ

(
bπ
k

+

N
X ∑ n

=
1

z n
k

)
]
≈

1 P

P ∑ t=
1

Ψ

(
bπ
k

+

N
X ∑ n

=
1

z
t n
k

)

5.
2.

3
E

X
P

E
C

TA
T

IO
N

O
F
S

2
.

W
e

ha
ve

:

E Z
,ν
|X
,η

[S
2
(X
,ν

)]
k
v

=
E Z

,ν
|X
,η

[ N
X ∑ n

=
1

z n
k
x
n
v

]
=

N
X ∑ n

=
1

x
n
v
p
(z
n
k

=
1|
X
,η

)

5.
2.

4
S

A
M

P
L

IN
G
z
|X
,η

.

If
T

is
th

e
cu

rr
en

tn
um

be
ro

ft
op

ic
s,

w
e

ha
ve

:

∀k
∈
{1
,.
..
,T
},

p
(z
n
k

=
1|
z
−
n
,X
,η

)
∝

(N
−
n

k
+
bπ
k
)
×
p
(x
n
|z n

i
=

1,
c i
k

=
1,
η
)

∝
(N
−
n

k
+
bπ
k
)
×
β
k
,x
n
,

an
d

th
e

pr
ob

ab
ili

ty
of

sa
m

pl
in

g
a

ne
w

to
pi

c
is

gi
ve

n
by

:

p
(z
n
>
T
|z
−
n
,X
,η

)
∝
b

(
1
−

T ∑ t=
1

π
k

)
/V
.

W
he

n
a

ne
w

to
pi

c
is

ge
ne

ra
te

d,
w

e
in

iti
al

iz
e

th
e

pr
ob

ab
ili

ty
π
T

+
1

w
ith

π̄
T

+
1
∼

B
et

a
(1
,α

)
an

d
π
T

+
1

=
π̄
T

+
1
∏
T t=

1
(1
−
π̄
t)

.

5.
2.

5
B

A
Y

E
S

IA
N

A
P

P
R

O
A

C
H

:
V
A
R
G
I
B
B
S

(W
A

N
G

A
N

D
B

L
E

I,
20

12
)

In
a

B
ay

es
ia

n
se

tti
ng

s
w

he
re
β
k
∼

D
ir

ic
h
le

t(
η
);
q(
β
k
|λ

)
=

D
ir

ic
h
le

t(
λ
k
)

an
d
π
k
∼

B
et

a
(1
,a

);
q(
π
k
|a
k
,b
k
)

=
B

et
a(
a
k
,b
k
),

th
e

sa
m

pl
in

g
sc

he
m

e
is

di
ff

er
en

ta
s

w
e

al
so

sa
m

pl
e
π

an
d

an
au

xi
lia

ry
va

ri
ab

le
s d
k

co
rr

es
po

nd
in

g
to

th
e

nu
m

be
r

of
“t

ab
le

s”
se

rv
in

g
“d

is
h”

k
in

“r
es

ta
ur

an
t”
d

(i
n

th
e

fo
m

ul
at

io
n

of
H

D
P

as
a

C
hi

ne
se

re
st

au
ra

nt
pr

oc
es

s;
se

e
W

an
g

an
d

B
le

i(
20

12
)f

or
de

ta
ils

).
Sa

m
pl

in
g
z

:

p
(z
n
k

=
1|
z
−
n
,λ
,π

)
∝

(N
−
n

d
k

+
bπ
k
)
N
−
n

k
x
n

+
λ
k
x
n

N
−
n

k
+
∑

v
λ
k
v

.

Sa
m

pl
in

g
s:

p
(s
d
k
|N

d
k
,b
π
k
)

=
Γ

(b
π
k
)

Γ
(b
π
k

+
N
d
k
)S

(N
d
k
,s
d
k
)

(b
π
k
)s
d
k
,

w
ith

S
(n
,m

)
ar

e
un

si
gn

ed
St

ir
lin

g
nu

m
be

ro
ft

he
fir

st
ki

nd
.

Sa
m

pl
in

g
π

:

p
(π̄
k
)
∝
π̄
a
k
−

1
+
∑
d
∈
S
s d
k

k
(1
−
π̄
k
)b
k
−
α

+
∑
d
∈
S
∑
∞ j=
k
+
1
s d
j
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W
e

then
set:



λ̂
k
v

=
η

+
D

N
X
∑n
=

1
z
n
k x

n
v

â
k

=
1

+
D
s
d
k

b̂
k

=
α

+
D

∞∑
j=
k
+

1

s
dj

(18)

and
λ
t+

1
=

(1−
ρ
t )λ

t
+
ρ
t λ̂;

a
t+

1
=

(1−
ρ
t )a

t
+
ρ
t â;

b
t+

1
=

(1−
ρ
t )b

t
+
ρ
t b̂.

In
practice,for

each
docum

entw
e

sam
ple

the
hidden

variables
z

for
each

w
ord

and
com

pute
the

topic
counts

N
d
k

fortopic
k

in
docum

ent
d,then

w
e

sam
ple

the
variable

s.Finally,w
e

perform
the

online
E

M
algorithm

by
m

aking
the

approxim
ation

E
p
(h|X

,η
) [S

(X
,h

)]≈
E
q
(h

) [S
(X
,h

)],w
hich

corresponds
to

equation
(18).N

ote
thatin

this
B

ayesian
approach,the

param
eters

(λ
,a
,b)

represent
the

distribution
param

eters
ofthe

random
variables

β
and

π
.

6.E
valuation

W
e

evaluate
ourm

ethod
by

com
puting

the
likelihood

on
held-outdocum

ents,thatis
p
(X
|β
,α

)
for

any
testdocum

entX
.ForL

D
A

,the
likelihood

isintractable
to

com
pute.W

e
approxim

ate
p
(X
|β
,α

)
w

ith
the

“left-to-right”
evaluation

algorithm
(W

allach
etal.,2009)

applied
to

each
testdocum

ent.
T

his
algorithm

is
a

m
ix

of
particle

filtering
and

G
ibbs

sam
pling.

O
n

any
experim

ents,
this

leads
essentially

to
the

sam
e

log-likelihood
than

G
ibbs

sam
pling

w
ith

sufficiently
enough

sam
ples—

e.g.,
200.

In
the

follow
ing,w

e
presentresults

in
term

s
of

log-perplexity,defined
as

the
opposite

of
the

log-likelihood
−

log
p
(X
|η

).
T

he
low

er
the

log-perplexity,the
better

the
corresponding

m
odel.

In
our

experim
ents,w

e
com

pute
the

average
testlog-perplexity

on
N
t

docum
ents.

W
e

com
pare

eight
differentm

ethods:

•
G
-
O
E
M

(ourm
ain

algorithm
):G

ibbs
online

E
M

.O
nline

E
M

algorithm
w

ith
G

ibbs
estim

ation
of

the
conditionaldistribution

p
(h|X

,η
)

(A
lgorithm

2).
Frequentistapproach

and
step-size

ρ
i

=
1/ √

i;

•
V
-
O
E
M
+
+:

variationalonline
E

M
(also

a
new

algorithm
).

O
nline

E
M

algorithm
w

ith
varia-

tionalestim
ation

ofthe
conditionaldistribution

p
(h|X

,η
),augm

ented
w

ith
inference

boosting
from

Section
3.3.Frequentistapproach

and
step-size

ρ
i

=
1/ √

i;

•
O
L
D
A:online

L
D

A
(H

offm
an

etal.,2010).
B

ayesian
approach

w
hich

m
axim

izes
the

E
L

B
O

from
Section

3.4,w
ith

naturalstochastic
gradientascent

and
a

step-size
ρ
i

=
1/ √

i;

•
V
a
r
G
i
b
b
s:

Sparse
stochastic

inference
for

L
D

A
(M

im
no

et
al.,2012).

T
his

m
ethod

also
m

axim
izes

the
E

L
B

O
butestim

ates
the

variationalexpectations
q(Z

,θ)
w

ith
G

ibbs
sam

pling
instead

ofiterative
m

axim
ization

ofvariationalparam
eters—

see
Section

4.2;

•
S
V
B:stream

ing
variationalB

ayes
(B

roderick
etal.,2013).A

variationalB
ayesian

equivalent
of
V
-
O
E
M

w
ith

step-size
ρ
i

=
1/i;
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D
U

P
U

Y
A

N
D

B
A

C
H

•
S
P
L
D
A:single

pass
L

D
A

(Sato
etal.,2010).T

he
difference

w
ith

V
-
O
E
M
+
+

is
that

ρ
i

=
1/i

and
the

updates
in
α

done
w

ith
a

G
am

m
a

prior(see
A

ppendix
C

);

•
S
G
S:

stream
ing

G
ibbs

sam
pling

(G
ao

et
al.,2016).

T
his

m
ethod

is
related

to
G
-
O
E
M

w
ith

ρ
i

=
1/i.

In
this

m
ethod,

α
is

not
optim

ized
and

set
to

a
constant

C
α .

For
com

parison
purposes,

for
each

dataset,
w

e
set

C
α

to
be

the
averaged

final
param

eter
α̂

obtained
w

ith
G
-
O
E
M

on
the

sam
e

dataset:
C
α

=
1K

∑
k
α̂
k .

For
each

observation,
only

the
last

G
ibbs

sam
ple

is
considered,leading

to
extra

noise
in

the
output;

•
L
D
S:Stochastic

gradientR
iem

annian
L

angevin
dynam

ics
sam

pler(Patterson
and

Teh,2013).
T

he
authors

use
the

L
angevin

M
onte

C
arlo

m
ethods

on
probability

sim
plex

and
apply

their
online

algorithm
to

L
D

A
.

For
this

m
ethod

and
only

this
m

ethod,
w

e
set

to
P

=
200

the
num

berofinternalupdates.

For
existing

variational
m

ethods—
O
L
D
A,
S
V
B,
S
P
L
D
A—

β
is

a
random

variable
w

ith
prior

q(β
).

W
e

estim
ate

the
likelihood

p
(X
|β̂
,α

)
w

ith
the

“left-to-right”
algorithm

by
setting

β̂
=

E
q [β

]for
B

ayesian
m

ethods.Forsim
plicity,w

e
only

presentourresultsobtained
w

ith
G
-
O
E
M

and
V
-
O
E
M
+
+.

Indeed,the
inference

boostpresented
in

Section
4

is
only

beneficialfor
V
-
O
E
M.A

detailed
analysis

is
presented

in
A

ppendix
A

.1.

6.1
E

xplicitL
inksfor

L
D

A

In
this

section,w
e

propose
to

m
ake

the
links

betw
een

the
m

ethods
listed

above
explicit,using

the
fram

ew
ork

described
in

Section
4

forthe
particularL

D
A

m
odel.

W
e

presentin
Table

1
a

sum
m

ary
ofthe

com
pared

m
ethod.

6.1.1
C

A
T

E
G

O
R

Y

In
the

frequentistapproach,
β

is
a

param
eter

and
is

updated
w

ith
E

quation
(8),as

the
“M

-step”
in

online
E

M
.

In
a

B
ayesian

setting,
β

is
a

random
variable

w
ith

prior
β
∼

D
irich

let(b1
),

w
ith

b
∈

R
and

1
∈
R
V

denotes
the

vectorw
hose

allentries
equal

1.T
he

variationaldistribution
ofthe

global
param

eter
β

isthen
setto

q(β
k|λ

k)
=

D
irich

let(λ
k),w

ith
λ
k∈

R
V
∀
k

=
1,...,K

.T
he

variational
param

eter
λ
k

is
updated

by
m

axim
izing

the
E

L
B

O
w

ith
stochastic

gradientascent(E
quation

(15)).

C
A

T
E

G
O

R
Y

E
Z
|X
,η [S

(X
,Z

)]
S

T
E

P-S
IZ

E
ρ
t

U
P

D
A

T
E

F
O

R
α

G
-
O
E
M

F
R

E
Q

U
E

N
T

IS
T

G
IB

B
S

S
A

M
P

L
IN

G
F

R
E

E
FIX

E
D

P
O

IN
T

V
-
O
E
M

F
R

E
Q

U
E

N
T

IS
T

V
A

R
IA

T
IO

N
A

L
F

R
E

E
FIX

E
D

P
O

IN
T

O
L
D
A

B
A

Y
E

S
IA

N
V

A
R

IA
T

IO
N

A
L

F
R

E
E

G
R

A
D

IE
N

T
A

S
C

E
N

T

V
A
R
G
I
B
B
S

B
A

Y
E

S
IA

N
G

IB
B

S
S

A
M

P
L

IN
G

F
R

E
E

α
FIX

E
D

S
V
B

B
A

Y
E

S
IA

N
V

A
R

IA
T

IO
N

A
L

FIX
E

D
:

1
/t

G
R

A
D

IE
N

T
A

S
C

E
N

T

S
P
L
D
A

F
R

E
Q

U
E

N
T

IS
T

V
A

R
IA

T
IO

N
A

L
FIX

E
D

:
1
/t

G
A

M
M

A
P

R
IO

R

S
G
S

F
R

E
Q

U
E

N
T

IS
T

G
IB

B
S

S
A

M
P

L
IN

G
FIX

E
D

:
1
/t

α
FIX

E
D

Table
1:C

om
parison

ofexisting
m

ethods
forL

D
A

.
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at
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G
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E
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at
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la
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g
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.
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S

T
E

P
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S
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su
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E Z
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ρ
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lin
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E
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se
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e
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Fo
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e
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et
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e

st
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iz

e
ex
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nt
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ev
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ts

ar
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m
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en

te
d

w
ith

κ
=

1/
2
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ρ
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=
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√
t.

6.
2

G
en

er
al

Se
tt

in
gs

6.
2.

1
IN

IT
IA

L
IZ

A
T

IO
N

W
e

in
iti

al
iz

e
ra

nd
om

ly
η
≡

(β
,α

).
Fo

r
a

gi
ve

n
ex

pe
ri

m
en

t,
w

e
in

iti
al

iz
e

al
lt

he
m

et
ho

ds
w

ith
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e
sa

m
e

va
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es
of
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)
fo

rf
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ex
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S
P
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D
A

th
at

ha
s

its
ow

n
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iti
liz

at
io

n
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he
m

e—
se

e
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et
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.(

20
10
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m
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e
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.
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2.

2
M

IN
IB

A
T

C
H

W
e

co
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id
er

m
in

ib
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ch
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ze
10

0
do

cu
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da
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ng
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le
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00
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.

In
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e
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e
E

M
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E
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at
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w
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e
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pe
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e
m
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d
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.

6.
2.

3
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U
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B
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R
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F
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O
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P
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E

S

Fo
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pr
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w
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M
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w
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m
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.
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2.
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D
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TA

S
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W
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y
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si
x

di
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X

is
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B
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tic

da
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e

en
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e
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00
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m
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t
fr
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w
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of
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is
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ta
se

t
th

at
w

e
no

rm
al

iz
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to
sa

tis
fy

th
e

co
ns

tr
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nt
∑

v
β
k v
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T
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w
or

ds
in

th
e

da
ta

se
ts

IM
D

B
,W

ik
ip

ed
ia

,N
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Y
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k
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m
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m
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an
d

A
m
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ie
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fil
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e
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ov
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N
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=
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n
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L
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L
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the
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log-perplexity
of

variational
B

ayesian
m

ethods—
O
L
D
A

and
S
V
B—

does
notdecrease

significantly
w

ith
K

.
A

s
explained

below
,our

in-
terpretation

is
thatthe

actualm
axim

ization
of

the
E

L
B

O
does

notlead
to

an
im

provem
entin

log-
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D
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≥
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-
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he

r
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ys

is
on

th
e

ef
fe

ct
of

th
e

ch
oi
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of
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ep
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iz

es
as

1
/i
κ
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G
-
O
E
M

.N
ot

e
th

at
w

e
ru

n
al

l
th

e
m

et
ho

ds
on

a
fix

ed
(fi

ni
te

)
nu

m
be

r
of

ob
se

rv
at

io
ns

.
If

w
e

w
er

e
to

ex
te

nd
to

in
fin

ite
da

ta
se

ts
,

th
e

di
ff

er
en

ce
be

tw
ee

n
th

e
st

ep
-s

iz
es

sh
ou

ld
be

th
e

sp
ee

d
of

co
nv

er
ge

nc
e.

H
ow

ev
er

,
ev

en
if

th
e

nu
m

be
r

of
ob

se
rv

at
io

ns
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la
rg

e,
th

e
ga

p
be

tw
ee

n
th

e
st

ep
-s

iz
es

is
st

ill
si

gn
ifi

ca
nt

to
ju

st
if

y
th

e
us

e
of

1/
√
t

fo
r

th
e

st
ep

-s
iz

e.
In

de
ed

,
w

he
n

co
ns

id
er

in
g

la
rg

e
da

ta
se

ts
,

th
e

co
nt

ri
bu

tio
n

of
ea

ch
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ra
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ro
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pi
c

ex
tr

ac
te

d
w

ith
O
L
D
A

m
ix

ho
rr

or
m

ov
ie

s—
e.

g.
,h

or
ro

r,
sc

ar
y—

an
d

gh
os

tm
ov

ie
s—

e.
g.

,g
ho

st
,h

au
nt

.
In

th
is
O
L
D
A

to
pi

c
1,

w
e

ca
n

al
so

ob
se

rv
e

le
ss

re
le

va
nt

w
or

ds
,l

ik
e

ef
fe

ct
iv

e,
m

ys
te

ri
ou

s,
w

hi
ch

ar
e

no
td

ir
ec

tly
lin

ke
d

w
ith

ho
rr

or
an

d
gh

os
tv

oc
ab

ul
ar

ie
s.

W
e

ca
n

m
ak

e
th

e
sa

m
e

re
m

ar
ks

w
ith

to
pi

c
2

an
d

to
pi

c
3,

re
sp

ec
tiv

el
y

re
la

te
d

to
co

m
ed

y
m

ov
ie

s
an

d
ro

m
an

tic
co

m
ed

y
m

ov
ie

s.
In

to
pi

c
2

ex
tr

ac
te

d
w

ith
G
-
O
E
M

,t
he

le
as

tr
el

at
ed

26
JM

L
R

 1
8(

12
6)

:1
-4

5,
 2

01
7



O
N

L
IN

E
IN

F
E

R
E

N
C

E
F

O
R

L
A

T
E

N
T

V
A

R
IA

B
L

E
M

O
D

E
L

S

1
0

2
1

0
3

1
0

4
1

0
5

1
0

6

#
d
o
cu

m
e
n
ts a

n
a
ly

ze
d

9
2

9
4

9
6

9
8

1
0

0

1
0

2

1
0

4

1
0

6

log perplexity

G
-O

E
M

V
-O

E
M

+
+

O
LD

A
V

a
rG

ib
b
s

S
V

B
S
P
LD

A
S
G

S
LD

S

(a)
Synthetic,

K
=

1
0

1
0

2
1

0
3

1
0

4
1

0
5

#
d
o
cu

m
e
n
ts a

n
a
ly

ze
d

6
6

0

6
7

0

6
8

0

6
9

0

7
0

0

7
1

0

7
2

0

7
3

0

7
4

0

log perplexity

G
-O

E
M

V
-O

E
M

+
+

O
LD

A
V

a
rG

ib
b
s

S
V

B
S
P
LD

A
S
G

S
LD

S

(b)
IM

D
B

,
K

=
1
2
8

1
0

2
1

0
3

1
0

4
1

0
5

#
d
o
cu

m
e
n
ts a

n
a
ly

ze
d

1
1

6
0

1
1

8
0

1
2

0
0

1
2

2
0

1
2

4
0

1
2

6
0

1
2

8
0

log perplexity

G
-O

E
M

V
-O

E
M

+
+

O
LD

A
V

a
rG

ib
b
s

S
V

B
S
P
LD

A
S
G

S
LD

S(c)
W

ikipedia,
K

=
1
2
8

1
0

2
1

0
3

1
0

4
1

0
5

#
d
o
cu

m
e
n
ts a

n
a
ly

ze
d

2
3

5
0

2
4

0
0

2
4

5
0

2
5

0
0

2
5

5
0

2
6

0
0

log perplexity

G
-O

E
M

V
-O

E
M

+
+

O
LD

A
V

a
rG

ib
b
s

S
V

B
S
P
LD

A
S
G

S
LD

S

(d)
N

ew
Y

ork
Tim

es,
K

=
1
2
8

1
0

2
1

0
3

1
0

4
1

0
5

1
0

6

#
d
o
cu

m
e
n
ts a

n
a
ly

ze
d

6
5

0

7
0

0

7
5

0

8
0

0

log perplexity

G
-O

E
M

V
-O

E
M

+
+

O
LD

A
V

a
rG

ib
b
s

S
V

B
S
P
LD

A
S
G

S
LD

S

(e)
Pubm

ed,
K

=
1
2
8

1
0

2
1

0
3

1
0

4
1

0
5

#
d
o
cu

m
e
n
ts a

n
a
ly

ze
d

6
1

0

6
2

0

6
3

0

6
4

0

6
5

0

6
6

0

6
7

0

log perplexity

G
-O

E
M

V
-O

E
M

+
+

O
LD

A
V

a
rG

ib
b
s

S
V

B
S
P
LD

A
S
G

S
LD

S

(f)
A

m
azon

m
ovies,

K
=

1
2
8

Figure
4:

Perplexity
through

iterations
on

differenttestsets
w

ith
the

presented
m

ethods.B
estseen

in
color.

27
JM

L
R

 18(126):1-45, 2017

D
U

P
U

Y
A

N
D

B
A

C
H

w
ords

to
com

edy
are

nam
es

of
characters/actors—

i.e.,steve
and

seth—
w

hile
the

w
ords

notrelated
to

com
edy

in
topic

25
of
O
L
D
A

are
m

ore
general,belonging

to
a

differentlexicalfield—
e.g.,sport,

site,progress,brave,definition.In
topic

3
of
G
-
O
E
M,allthe

presented
w

ords
are

related
to

rom
antic

com
edy

w
hile

in
topic

3
of
O
L
D
A,the

w
ords

old,hard
and

review
are

notrelated
to

this
genre.

W
e

also
observe

thatG
-
O
E
M

extracts
strongly

“qualitative”
topics—

topic
4

and
topic

5—
w

hich
is

notdone
w

ith
O
L
D
A.Indeed,itis

difficultto
group

the
top

w
ords

of
topic

4
or

topic
5

of
O
L
D
A

in
the

sam
e

lexicalfield.
E

xceptdialogue
and

suppose,allthe
top

w
ords

of
topic

4
of
G
-
O
E
M

are
negative

w
ords.T

hese
tw

o
w

ordsm
ay

appearin
a

lotofnegative
sentences,leading

to
a

high
w

eight
in

this
topic.

In
topic

5
of
G
-
O
E
M,the

w
ords

absolutely
and

visualare
non

strictly
positive

w
ords

w
hile

the
thirteen

other
w

ords
in

this
topic

convey
a

positive
opinion.

T
he

w
ord

absolutely
is

an
adverb

m
uch

m
ore

em
ployed

in
positive

sentences
than

negative
or

neutral
sentences,

w
hich

can
explain

its
high

w
eightin

topic
5.

T
he

topic
6

ofboth
G
-
O
E
M

and
O
L
D
A

can
be

considered
as

a
“junk”

topic,as
forboth

m
ethod,

m
ostof

its
top

w
ords

are
contractions

of
m

odalverbs
or

frequentw
ords—

e.g.,didn’t,isn’t,w
ait,

bad.T
he

contractions
are

notfiltered
w

hen
rem

oving
the

stop
w

ords
as

they
are

notincluded
in

the
listofw

ords
rem

oved
1.

For
both

G
-
O
E
M

and
O
L
D
A,the

top
w

ords
of

topic
7

are
generalw

ords
aboutm

ovies.
T

hese
w

ords
are

usually
em

ployed
to

describe
a

m
ovie

as
a

w
hole—

e.g.,narrative,film
m

aker.

Finally,the
top

w
ords

of
topic

8
of
G
-
O
E
M

are
related

to
the

situation
of

the
scenes.

W
e

could
notfind

such
topic

in
the

other
presented

m
ethods

and
w

e
can

see
thatthe

top
w

ords
of

topic
8

of
O
L
D
A—

supposedly
close

to
topic

8
of
G
-
O
E
M—

are
related

to
fam

ily
m

ovies.E
ach

w
ord

oftopic
8

of
G
-
O
E
M—

exceptgroup
and

beautiful—
are

related
to

a
spatiallocation,and

m
ay

help
answ

erthe
question

“w
here

does
the

scene
take

place?”.

6.5
R

esultson
H

D
P

Forthe
H

D
P

m
odel,w

e
com

pare
our

G
-
O
E
M

m
ethod

to
the

B
ayesian

V
a
r
G
i
b
b
s

(W
ang

and
B

lei,
2012)m

ethod.W
e

setthe
initialnum

beroftopics
to
T

=
2.W

e
presentin

Figure
5

results
obtained

w
ith

G
-
O
E
M

and
V
a
r
G
i
b
b
s

applied
to

both
L

D
A

and
H

D
P.R

esults
w

ith
error

bars
are

presented
in

A
ppendix

F.Forboth
L

D
A

and
H

D
P,G

-
O
E
M

outperform
s

the
B

ayesian
m

ethod
V
a
r
G
i
b
b
s.

7.C
onclusion

W
e

have
developed

an
online

inference
schem

e
to

handle
intractable

conditional
distributions

of
latentvariables,w

ith
a

properuse
oflocalG

ibbssam
pling

w
ithin

online
E

M
,thatleadsto

significant
im

provem
ents

overvariationalm
ethods

and
B

ayesian
estim

ation
procedures.N

ote
thatallm

ethods
for

the
sam

e
problem

are
sim

ilar
(in

fact
a

few
characters

aw
ay

from
each

other);
ours

is
based

on
a

proper
stochastic

approxim
ation

m
axim

um
likelihood

fram
ew

ork
and

is
em

pirically
the

m
ost

robust.
It

w
ould

be
interesting

to
explore

distributed
large-scale

settings
(B

roderick
et

al.,2013;
Y

an
etal.,2009;G

ao
etal.,2016)and

potentially
larger(e.g.,constant)step-sizes

thathave
proved

efficientin
supervised

learning
(B

ach
and

M
oulines,2013).

1.See
N

LT
K

toolbox
(B

ird
etal.,2009)forthe

exhaustive
listofstop

w
ords.
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Table4:ComparisonoftopicsextractedonIMDBdataset,K=128—15topwordsofeighttopicsextractedwithG-OEMandOLDA.

G-OEM
#TOPIC1TOPIC2TOPIC3TOPIC4TOPIC5TOPIC6TOPIC7TOPIC8
1VIOLENCECOMEDYROMANTICBADBRILLIANTDIDN’TNARRATIVETOWN
2VIOLENTFUNNYCOMEDYWORSTPERFECTI’VEULTIMATELYLOCAL
3DISTURBINGLAUGHLOVEWASTEBEAUTIFULWASN’TCINEMATICMOUNTAIN
4BRUTALJOKEROMANCEBORINGMASTERPIECEISN’TAPPROACHVILLAGE
5MURDERHILARIOUSFUNNYAWFULAMAZINGWE’REPROTAGONISTLOCATION
6GRAPHICCOMICCHARMINGPOORSUPERBI’LLSEEMINGLYROAD
7KILLERCOMEDICCHEMISTRYDIALOGUESTUNNINGCOULDN’TNATUREJOURNEY
8TORTURESTEVESWEETWORSEWONDERFULWOULDN’TTONEGROUP
9VICTIMAMUSINGENJOYDULLABSOLUTELYPRETTYFILMMAKERTRAVEL

10RAPEFUNHEARTFAILBESTBADWHOSECOUNTRY
11KILLGAGNICEMESSINCREDIBLEHAVEN’TCRAFTLANDSCAPE
12HORRORSETHCHARMRIDICULOUSBRILLIANTLYGUESSCONTEMPORARYLAND
13BLOODYFUNNIESTGREATSUPPOSEBEAUTIFULLYAREN’TMANNERBEAUTIFUL
14REVENGECAMEOFUNTERRIBLEVISUALENJOYSERVEAREA
15BLOODSITUATIONWONDERFULUNFORTUNATELYPERFECTLYREVIEWMATERIALTRIP

OLDA
#TOPIC1TOPIC2TOPIC3TOPIC4TOPIC5TOPIC6TOPIC7TOPIC8
1HORRORHILARIOUSLOVEBADGREATWRONGVISUALYOUNG
2NIGHTROMANCEENJOYACTIONBESTDIDN’TFOCUSFAMILY
3DEADCLEVERPRETTYINTERESTINGSTARI’VEREALITYCHILD
4TWISTSMARTOLDORIGINALLONGWAITDIFFICULTFATHER
5SCARYINTRIGUINGFUNNYFARJOHNCATCHFILMMAKERSON
6EFFECTIVECOMEDICCOMEDYSPECIALEXCELLENTEXACTLYIMAGEAGE
7MYSTERIOUSFUNNIESTFUNFIGHTCLASSICWASN’TNARRATIVEWHOSE
8BLOODYPROGRESSHARDHEROBEAUTIFULHUGEINTELLIGENTTALE
9GHOSTSPORTPERFECTENTIREDRAMAI’LLACCEPTDISCOVER

10HAUNTSITELAUGHHALFWONDERFULCHOICEIMPRESSIONEASILY
11FEARBRAVEENTERTAININGSAVEMICHAELETCEXTREMEDREAM
12EVILDREADFULWORTHDIALOGUEHEARTSERIOUSLYCENTRALINTRODUCE
13NIGHTMARESHOULDERNICEFULLFORGETNOTICEMAINTAINMARRY
14GORYGIMMICKFAVORITEVIOLENCEROBERTRIDICULOUSDENYRAISE
15MASKDEFINITIONREVIEWEXAMPLEEARLYANSWERNAILRULE
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A
ppendix

A
.G

ibbs/VariationalO
nline

E
M

A
nalysis

In
thissection

w
e

evaluate
the

proposed
m

ethods
G
-
O
E
M

and
V
-
O
E
M

w
ith

differentsettingsin
term

s
ofstep-sizes,averaging

outputs
and

boosting
internalupdates.

A
.1

E
ffectofInference

B
oosting

on
G
-
O
E
M

and
V
-
O
E
M

T
he

effectof
the

inference
boostas

described
in

Section
3.3

on
G
-
O
E
M

and
V
-
O
E
M

w
ith

synthetic
and

IM
D

B
datasets

is
presented

in
Figure

6
and

in
Figure

7.
Itleads

to
a

m
inor

im
provem

entfor
G
-
O
E
M
+
+

and
a

significantone
for

V
-
O
E
M
+
+.

A
.2

Step-sizesand
Averaging

W
e

apply
G
-
O
E
M

w
ith

differentstepsizes
ρ
i

=
1i κ .N

ote
thatbecause

w
e

average
sufficientstatistics,

there
is

no
needed

proportionality
constants.W

e
firstcom

pare
the

perform
ance

ofthe
lastiterate

η
N

(w
ithoutaveraging)

and
the

average
of

the
iterates

η̄
N

=
1N

∑
Ni=

0
η
i (w

ith
averaging)

for
different

values
of
κ.

R
esults

are
presented

in
Figure

8
on

the
synthetic

data
and

in
Figure

9
on

the
IM

D
B

dataset.
For

κ
∈
[0,

12 [,
averaging

im
proves

the
perform

ance
w

hile
for

κ
∈
]

12 ,1 ],
averaging

deteriorates
the

perform
ance.

For
κ

=
12 ,averaging

is
only

slightly
beneficialon

IM
D

B
dataset.

For
constant

stepsizes
κ

=
0

the
averaging

im
provessignificantly

the
perform

ance,asthe
iteratesdo

notconverge
and

tend
to

oscillate
around

a
localoptim

um
(B

ach
and

M
oulines,2013).

W
e

can
expectthe

sam
e

effectfor
κ
∈
[0
,

12 [
as

the
function

n
7→

1n
κ

deacreases
slow

ly
forsuch

values
of
κ.For

κ
∈
]

12 ,1 ],
the

stochastic
gradientascentschem

e
is

guaranteed
to

converge
to

a
localoptim

um
(B

ottou,1998).
T

he
averaging

then
deteriorates

the
perform

ance
as

itincorporates
the

firstiterates,w
hich

gets
the

lastiterate
aw

ay
from

localoptim
um

.
H

ow
ever,the

stepsize
1/i

(κ
=

1)
is

notcom
petitive.

T
he

perform
ance

w
ith

κ
=

0.75
is

only
slightly

better
on

IM
D

B
dataset.

T
he

setting
κ

=
12

represents
a

good
balance

betw
een

first
and

last
iterates.

For
this

step-size,
perform

ances
w

ith
or

w
ithout

averaging
are

sim
ilarbutresults

w
ithoutaveraging

seem
to

be
m

ore
stable,hence

ourchoice
forall

ourothersim
ulations.

W
e

also
apply

O
L
D
A

w
ith

differentstep-sizes
ρ
t

=
τ
/t κ

fordifferentvalues
of
τ,κ.R

esults
are

presented
in

Figure
10

w
ithouterror

bars
and

in
Figure

11
w

ith
error

bars.
For

O
L
D
A,results

are
very

sim
ilarforany

step-size.
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Figure
6:

G
-
O
E
M.

Perplexity
on

different
test

sets
as

a
function

of
the

num
ber

of
topics

K
for

regular
E

M
and

boosted
E

M
(+
+).

W
e

observe
that

for
alm

ost
all

datasets,there
is

no
significant

im
provem

ent
w

hen
boosting

the
inference.

O
ur

interpretation
is

that
each

G
ibbs

sam
ple

is
noisy

and
does

notprovide
a

stable
boost.B

estseen
in

color.
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fr

om
th

e
m

o
d
el

al
l

si
te

s
w

h
os

e
fr

eq
u
en

cy
h
it

s
ei

th
er

th
e

b
o
u
n
d
a
ry

1
o
r

0
,

S
aw

ye
r

an
d

H
ar

tl
(1

99
2)

p
ro

ve
th

at
th

e
li
m

it
in

g
d
is

tr
ib

u
ti

on
of

th
e

fr
ac

ti
on

s
o
f

m
u
ta

n
ts

in
th

e
in

te
rv

al
[0
,1

]
is

a
P

oi
ss

on
ra

n
d
om

fi
el

d
w

it
h

m
ea

n
d
en

si
ty

α
x
−
1
d
x
.

(4
)

In
te

re
st

in
gl

y,
th

e
ra

te
m

ea
su

re
of

th
e

P
R

F
co

in
ci

d
es

w
it

h
th

e
d
is

tr
ib

u
ti

on
o
f

w
ei

g
h
ts

in
th

e
on

e-
p
ar

am
et

er
b

et
a

p
ro

ce
ss

gi
ve

n
in

E
q
u
at

io
n

(1
).

T
h
is

m
ea

n
s

th
at

at
eq

u
il
ib

ri
u
m

th
e

n
u
m

b
er

of
si

te
s

w
h
os

e
fr

eq
u
en

ci
es
X
i(
t)

ar
e

in
an

y
gi

ve
n

in
te

rv
al

(a
,b

]
is

P
oi

ss
o
n

d
is

tr
ib

u
te

d

w
it

h
ra

te
α
∫ b a
x
−
1
d
x

,
an

d
th

es
e

ar
e

in
d
ep

en
d
en

t
fo

r
n
on

ov
er

la
p
p
in

g
in

te
rv

a
ls

.
In

te
g
ra

ti
n
g

(4
)

ov
er

[0
,1

]
sh

ow
s

th
at

th
e

n
u
m

b
er

of
m

u
ta

ti
on

s
in

th
e

p
op

u
la

ti
on

th
at

h
as

n
o
t

b
ee

n
fi
x
ed

or
go

n
e

ex
ti

n
ct

is
in

fi
n
it

e.
H

ow
ev

er
,

m
os

t
m

u
ta

ti
on

s
ar

e
p
re

se
n
t

in
a

v
er

y
sm

a
ll

p
ro

p
o
rt

io
n

of
th

e
p

op
u
la

ti
on

.

3
.
T
im

e
-V

a
ry

in
g
F
e
a
tu

re
A
ll
o
ca

ti
o
n
M

o
d
e
l

T
h
e

d
er

iv
at

io
n

of
th

e
P

R
F

in
th

e
p
re

v
io

u
s

se
ct

io
n

sh
ow

s
th

at
,

as
lo

n
g

as
si

te
s

re
a
ch

in
g

fr
eq

u
en

cy
1

or
0

ar
e

re
m

ov
ed

fr
om

th
e

m
o
d
el

,
th

e
eq

u
il
ib

ri
u
m

d
is

tr
ib

u
ti

o
n

o
f

th
e

P
R

F
is

re
la

te
d

to
th

e
on

e-
p
ar

am
et

er
b

et
a

p
ro

ce
ss

.
In

th
is

se
ct

io
n

w
e

ge
n
er

al
iz

e
th

e
P

R
F

so
th

at
it

is
b

et
te

r
ad

ap
te

d
to

ap
p
li
ca

ti
on

s
in

fe
at

u
re

al
lo

ca
ti

o
n

m
o
d
el

in
g.

S
p

ec
ifi

ca
ll
y,

w
e

id
en

ti
fy

m
u
ta

n
t

si
te

s
w

it
h

fe
at

u
re

s,
an

d
id

en
ti

fy
th

e
p
ro

p
or

ti
on

of
th

e
p

op
u
la

ti
o
n

h
av

in
g

th
e

m
u
ta

n
t

ge
n
e

w
it

h
th

e
p
ro

b
ab

il
it

y
of

th
e

fe
at

u
re

o
cc

u
rr

in
g

in
a

d
at

a
ob

se
rv

a
ti

o
n
.

T
h
e

P
R

F
ca

n
b

e
th

en
u
se

d
in

a
ti

m
e-

va
ry

in
g

fe
at

u
re

al
lo

ca
ti

on
m

o
d
el

w
h
er

eb
y

fe
a
tu

re
s

a
ri

se
a
t

so
m

e
u
n
k
n
ow

n
ti

m
e

p
oi

n
t,

ch
an

ge
th

ei
r

p
ro

b
ab

il
it

y
sm

o
ot

h
ly

ac
co

rd
in

g
to

a
W

-F
d
iff

u
si

on
p
ro

ce
ss

an
d

ev
en

tu
al

ly
d
ie

w
h
en

th
ei

r
p
ro

b
a
b
il
it

y
re

ac
h
es

ze
ro

.

3
.1

T
h

e
W

F
-I

B
P

R
ec

al
l

fr
om

th
e

p
re

v
io

u
s

se
ct

io
n

th
a
t

m
u
ta

n
t

si
te

s
w

h
os

e
fr

eq
u
en

cy
h
it

s
1

a
re

re
m

ov
ed

fr
om

th
e

P
R

F
m

o
d
el

.
T

h
is

m
ea

n
s

th
at

fe
at

u
re

s
w

it
h

h
ig

h
p
ro

b
ab

il
it

y
of

o
cc

u
rr

en
ce

ca
n

b
e

re
m

ov
ed

fr
om

th
e

m
o
d
el

in
st

an
ta

n
eo

u
sl

y,
w

h
ic

h
d
o
es

n
ot

m
ak

e
m

o
d
el

in
g

se
n
se

.
In

st
ea

d
,

on
e

ex
p

ec
ts

a
fe

at
u
re

p
ro

b
ab

il
it

y
to

ch
an

ge
sm

o
ot

h
ly

an
d

to
b

e
re

m
ov

ed
fr

o
m

th
e

m
o
d
el

on
ly

on
ce

it
s

p
ro

b
ab

il
it

y
of

o
cc

u
rr

en
ce

is
sm

a
ll

.
A

si
m

p
le

so
lu

ti
on

to
th

is
co

n
u
n
d
ru

m
is

to
p
re

v
en

t
1

fr
om

b
ei

n
g

an
ab

so
rb

in
g

st
at

e
b
y

u
si

n
g

in
st

ea
d

a
W

-F
(0
,β

)
d
iff

u
si

o
n

w
it

h
β
>

0.
T

h
is

is
a

d
ep

ar
tu

re
fr

om
S
aw

ye
r

an
d

H
ar

tl
(1

99
2)

,
d
u
e

to
th

e
d
iff

er
in

g
m

o
d
el

in
g

re
q
u
ir

em
en

ts
of

ge
n
et

ic
s

ve
rs

u
s

fe
at

u
re

al
lo

ca
ti

on
m

o
d
el

in
g.

A
t

th
e

sa
m

e
ti

m
e,

b
o
th

m
o
d
el

s
le

t
fe

at
u
re

s
d
is

ap
p

ea
r

on
ce

th
ei

r
p
ro

b
ab

il
it

y
ge

ts
to

0,
w

h
ic

h
is

su
it

ab
le

fr
o
m

a
fe

a
tu

re
al

lo
ca

ti
on

p
er

sp
ec

ti
ve

an
d
,

as
w

e
n
ow

se
e,

al
lo

w
s

fo
r

a
n
on

tr
iv

al
eq

u
il
ib

ri
u
m

m
ea

n
d
en

si
ty

.
W

e
sh

al
l

d
en

ot
e

th
e

m
o
d
ifi

ed
st

o
ch

as
ti

c
p
ro

ce
ss

as
P

R
F

(α
,β

).
T

h
e

fo
ll
ow

in
g

th
eo

re
m

d
er

iv
es

th
e

eq
u
il
ib

ri
u
m

m
ea

n
d
en

si
ty

of
P

R
F

(α
,β

),
w

it
h

p
ro

of
gi

ve
n

in
A

p
p

en
d
ix

A
:

T
h

e
o
re

m
1

T
h
e

eq
u

il
ib

ri
u

m
m

ea
n

d
en

si
ty

o
f

th
e

P
R

F
(α
,β

)
is

l(
x

)
=
α
x
−
1
(1
−
x

)β
−
1
d
x
.

(5
)
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P
o
isso

n
R

a
n
d
o
m

F
ie

l
d
s

f
o
r

D
y
n
a
m

ic
F

e
a
t
u
r
e

M
o
d
e
l
s

In
o
th

er
w

o
rd

s,
th

e
m

ean
d
en

sity
of

th
e

P
R

F
(α
,β

)
is

th
e

L
év

y
m

easu
re

of
th

e
tw

o-p
aram

eter
b

eta
p
ro

cess,
w

ith
th

e
im

m
igration

rate
α

id
en

tifi
ed

w
ith

th
e

m
ass

p
aram

eter,
an

d
β

id
en

ti-
fi
ed

w
ith

th
e

con
cen

tration
p
aram

eter
o
f

th
e

b
eta

p
ro

cess.
W

h
en

β
=

1
th

e
on

e-p
aram

eter
b

eta
p
ro

cess
is

recovered
.

W
e

assu
m

e
th

at
th

e
in

itial
d
istrib

u
tion

o
f

P
R

F
(α
,β

)
is

its
eq

u
i-

lib
riu

m
d
istrib

u
tion

,
th

at
is,

a
P

oisson
ran

d
o
m

fi
eld

w
ith

m
ean

d
en

sity
(5),

so
th

at
th

e
m

a
rg

in
al

d
istrib

u
tion

of
th

e
P

R
F

at
an

y
p

oin
t

in
tim

e
is

th
e

sa
m

e.

W
e

w
ill

n
ow

m
ake

th
e

con
n
ection

m
ore

p
recise

b
y

sp
ecify

in
g

h
ow

a
P

R
F

can
b

e
u
sed

in
a

tim
e-va

ry
in

g
featu

re
allo

cation
m

o
d
el.

D
en

ote
b
y
X
k (t)

th
e

p
rob

ab
ility

of
featu

re
k

b
ein

g
a
ctive

at
tim

e
t

an
d

d
efi

n
e

ou
r

P
R

F
as

th
e

sto
ch

astic
p
ro

cess
X

:=
{X

k (t)}
.

A
ssu

m
e

th
a
t

a
t

a
fi
n
ite

n
u
m

b
er

of
tim

e
p

oin
ts
t

=
t0 ,...,tT

th
ere

are
N
t

ob
jects

w
h
ose

o
b
servab

le
p
ro

p
erties

d
ep

en
d

on
a

p
oten

tially
in

fi
n
ite

n
u
m

b
er

of
laten

t
fea

tu
res.

L
et
D
it

b
e

th
e

o
b
serva

tion
asso

ciated
w

ith
ob

ject
i

=
1,...,N

t
at

tim
e
t

=
t0 ,...,tT

.
C

o
n
sid

er
a

set
o
f

ra
n
d
o
m

featu
re

allo
cation

m
atrices

Z
t

su
ch

th
at

en
try

Z
ik
t

is
eq

u
al

to
1

if
ob

ject
i

at
tim

e
t

p
o
ssesses

featu
re
k
,

an
d

0
oth

erw
ise.

L
et
Z

:=
{Z

ik
t }

.
F

in
ally,

let
ρ
k

b
e

som
e

laten
t

p
a
ra

m
eters

o
f

featu
re
k

an
d
ρ

=
{ρ

k }
b

e
th

e
set

of
all

featu
re

p
aram

eters.
O

u
r

com
p
lete

W
F

-IB
P

m
o
d
el

is
given

as
follow

s.

X
∼

P
R

F
(α
,β

),

Z
ik
t |
X

in
d
∼

B
ern

ou
lli(X

k (t)),

ρ
k
iid
∼
H
,

D
it |

ρ
,Z

it
in
d
∼
F

({
ρ
k

:
Z
ik
t

=
1}

),
(6)

w
h
ere

i
=

1
,...,N

t ,
t

=
t0 ,...,tT

an
d
k

=
1
,2
,...,

H
is

th
e

p
rior

d
istrib

u
tio

n
fo

r
featu

re
p
a
ra

m
eters,

a
n
d

w
h
ere

F
(ρ

)
is

th
e

ob
servation

m
o
d
el

for
an

ob
ject

w
ith

a
set

of
featu

res
w

ith
p
a
ra

m
eters

ρ
.

S
in

ce
th

e
featu

re
p
rob

ab
ilities

X
h
ave

m
argin

al
d
en

sity
(5),

at
each

tim
e
t

th
e

featu
re

a
llo

ca
tio

n
m

a
trix

Z
t

h
as

m
argin

al
d
istrib

u
tion

given
b
y

th
e

tw
o-p

a
ram

eter
In

d
ian

b
u
ff

et
p
ro

cess
(T

h
ib

a
u
x

an
d

J
ord

an
,

2007).
F

u
rth

er,
sin

ce
X

varies
over

tim
e,

th
e

com
p
lete

m
o
d
el

is
a

tim
e-vary

in
g

In
d
ian

b
u
ff

et
p
ro

cess
featu

re
allo

cation
m

o
d
el.

T
h
e

corresp
on

d
in

g
D

e
F

in
etti

m
easu

re
w

ou
ld

th
en

b
e

a
tim

e-vary
in

g
b

eta
p
ro

cess.
M

ore
p
recisely,

th
is

is
th

e
m

ea
su

re-va
lu

ed
sto

ch
astic

p
ro

cess
G

=
{G

(t)}
w

h
ere

G
(t)

=
∞∑k
=
1

X
k (t)δ

ρ
k ,

w
h
ich

h
a
s

m
argin

al
d
istrib

u
tion

given
b
y

a
b

eta
p
ro

cess
w

ith
p
aram

eters
α

,
β

an
d

b
ase

d
istrib

u
tio

n
H

.
W

e
d
en

ote
th

e
d
istrib

u
tion

of
G

as
W

F
B

P
(α
,β
,H

).
W

e
can

also
ex

p
ress

th
e

fea
tu

re
a
llo

cation
s

u
sin

g
ran

d
om

m
easu

res
as

w
ell.

In
p
articu

lar,
let

B
it

=
∞∑k
=
1

Z
ik
t δ
ρ
k

b
e

a
B

ern
o
u
lli

p
ro

cess
B

eP
(G

(t))
w

ith
m

ean
m

easu
re

given
b
y

th
e

b
eta

p
ro

cess
G

(t)
at

tim
e
t.

A
n

eq
u
ivalen

t
w

ay
to

ex
p
ress

ou
r

m
o
d
el

(6)
u
sin

g
th

e
in

tro
d
u
ced

ran
d
om

m
easu

res

7
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P
e
r
r
o
n
e
,

J
e
n
k
in

s,
S
pa

n
ò

a
n
d

T
e
h

is
th

en

G
∼

W
F

B
P

(α
,β
,H

),

B
it |

G
∼

B
eP

(G
(t)),

D
it |

B
it ∼

F
(B

it ),

w
h
ere

W
F

B
P

d
en

otes
ou

r
tim

e-vary
in

g
b

eta
p
ro

cess,
an

d
w

e
h
ave

u
sed

F
(B

)
to

d
en

ote
th

e
sam

e
ob

servation
m

o
d
el

as
b

efore,
b
u
t

w
ith

B
b

ein
g

a
ran

d
o
m

m
easu

re
w

ith
an

atom
for

each
featu

re,
an

d
w

h
ose

lo
cation

is
th

e
corresp

on
d
in

g
featu

re
p
aram

eter.
In

th
e

follow
in

g,
w

e
u
se

th
e

n
otation

in
tro

d
u
ced

in
(6)

in
stead

of
in

term
s

o
f

b
eta

an
d

B
ern

ou
lli

p
ro

cesses
for

sim
p
licity.

A
s

in
th

e
tw

o-p
aram

eter
IB

P
,
α

an
d
β

sep
arately

con
tro

l
th

e
d
istrib

u
tion

of
th

e
n
u
m

b
er

of
featu

res
p

er
ob

ject
an

d
th

e
total

n
u
m

b
er

of
featu

res.
In

ad
d
ition

,
th

e
d
iscrete

tim
e

p
oin

ts
t0 ,...,tT

at
w

h
ich

th
e

ob
servation

s
are

given
in

fl
u
en

ce
th

e
n
u
m

b
er

of
tim

e
u
n
its

for
w

h
ich

th
e

W
-F

d
iff

u
sion

s
sh

ou
ld

b
e

sim
u
lated

.
T

h
is

in
tro

d
u
ces

a
p
aram

eter
th

at
regu

lates
th

e
stren

gth
of

th
e

tim
e-d

ep
en

d
en

cy
or

a
ccou

n
ts

for
gap

s
of

vary
in

g
sizes

b
etw

een
su

ccessive
ob

servation
s.

T
h
e

tim
e

p
aram

eter
ca

n
also

b
e

ch
osen

accord
in

g
to

th
e

ex
p

ected
life

tim
e

of
featu

res
(see

C
h
ap

ter
15

of
K

arlin
an

d
T

ay
lor,

1981).
A

d
etailed

d
escrip

tion
of

h
ow

to
sim

u
late

from
th

e
m

o
d
el

is
given

in
A

p
p

en
d
ix

B
.

3
.2

R
e
la

te
d

m
o
d

e
ls

T
h
e

W
F

-IB
P

fi
ts

a
lin

e
of

research
th

at
aim

s
at

in
tro

d
u
cin

g
d
ep

en
d
en

cy
stru

ctu
res

in
to

th
e

IB
P

.
A

n
u
m

b
er

o
f

th
ese

ex
ten

sion
s

are
d
esign

ed
to

d
rop

th
e

ex
ch

an
geab

ility
assu

m
p
tion

from
th

e
IB

P
b
y

cou
p
lin

g
th

e
row

s
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b
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d
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b
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a
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p
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b
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p
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∈
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d
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d
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∞
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con
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d
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b
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d
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b
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b
eh

av
io

r
o
f

th
ese

p
articles

resem
b
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b
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d
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d
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d
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b
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b
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d
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ab
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d
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b
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b
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b
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b
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∞
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a
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d
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ab
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P
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n
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ò

a
n
d

T
e
h

A
lg

o
rith
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n
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=
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p
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itj
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itj
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+

1;

e
n

d

C
om

p
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−
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p
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=
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p
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h
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p
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p
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e
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p
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b
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d
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e

ke
ep

in
g

in
fe

re
n
ce

ex
ac

t,
re

d
u
ci

n
g

th
e

co
m

p
u
ta

ti
on

al
co

st
of

si
m

u
la

ti
n
g

fe
a
tu

re
s

w
it

h
sm

a
ll

p
ro

b
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w
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d
.

T
h
e

k
ey

in
si

gh
t

h
as

b
ee

n
b
u
il
d
in

g
on

th
e

P
R

F
fr

o
m

p
o
p
u
la

ti
o
n

ge
n
et

ic
s

to
d
er

iv
e

a
su

it
ab

le
m

o
d
el

fo
r

th
e

p
re

va
le

n
ce

an
d

ev
ol

u
ti

on
of

fe
at

u
re

s
ov

er
co

n
ti

n
u
-

ou
s

ti
m

e.
W

e
h
av

e
d
ev

el
op

ed
an

in
te

re
st

in
g

M
C

M
C

fr
am

ew
or

k
fo

r
ex

ac
t

p
os

te
ri

o
r

in
fe

re
n
ce

w
it

h
th

is
m

o
d
el

,
an

d
p
re

se
n
te

d
an

al
te

rn
at

iv
e

fi
n
it

e-
d
im

en
si

on
al

ap
p
ro

x
im

a
ti

o
n

w
h
er

e
th

e
n
u
m

b
er

of
fe

at
u
re

s
is

fi
x
ed

.
A

s
an

ap
p
li
ca

ti
on

of
th

e
W

F
-I

B
P

,
w

e
h
av

e
d
es

cr
ib

ed
a

ti
m

e-
d
ep

en
d
en

t
fo

cu
se

d
to

p
ic

m
o
d
el

th
at

b
u
il
d
s

on
W

il
li
am

so
n

et
al

.
(2

01
0b

).
T

h
e

W
F

-I
B

P
to

p
ic

m
o
d
el

a
ll
ow

s
fo

r
a

fl
ex

ib
le

ev
ol

u
ti

on
of

th
e

p
op

u
la

ri
ty

of
an

u
n
k
n
ow

n
n
u
m

b
er

of
to

p
ic

s
ov

er
ti

m
e,

a
n
d

co
m

p
a
re

s
fa

vo
ra

b
ly

to
H

D
P

m
o
d
el

s
b
y

d
ec

ou
p
li
n
g

to
p
ic

p
ro

b
ab

il
it

ie
s

an
d

w
it

h
in

-d
o
cu

m
en

t
to

p
ic

p
ro

p
or

ti
on

s.
W

e
h
av

e
u
se

d
ou

r
m

o
d
el

to
ex

p
lo

re
th

e
d
at

a
se

t
co

n
si

st
in

g
o
f

th
e

fu
ll

te
x
t

of
N

IP
S

co
n
fe

re
n
ce

p
ap

er
s

fr
om

19
87

to
20

15
an

d
ob

ta
in

ed
an

in
te

re
st

in
g

v
is

u
a
li
za

ti
o
n

o
f

h
ow

th
e

p
op

u
la

ri
ty

of
th

e
u
n
d
er

ly
in

g
to

p
ic

s
ev

ol
ve

d
ov

er
th

es
e

29
ye

ar
s.

In
a
d
d
it

io
n
,

te
st

-
se

t
p

er
p
le

x
it

y
re

su
lt

s
h
av

e
sh

ow
n

th
at

in
co

rp
or

at
in

g
ti

m
e

al
so

im
p
ro

ve
s

on
th

e
p
re

d
ic

ti
v
e

p
er

fo
rm

an
ce

of
th

e
m

o
d
el

.
A

n
u
m

b
er

of
d
ir

ec
ti

on
s

fo
r

fu
tu

re
w

or
k

ar
e

op
en

.
F

ir
st

,
as

K
→
∞

th
e

fi
x
ed

-K
a
p
-

p
ro

x
im

at
io

n
m

ar
g
in

al
ly

co
n
ve

rg
es

to
th

e
in

fi
n
it

e
m

o
d
el

,
an

d
si

m
u
la

ti
on

s
sh

ow
ed

th
a
t

th
ei

r
d
y
n
am

ic
s

ar
e

re
m

ar
ka

b
ly

si
m

il
ar

;
fu

rt
h
er

w
or

k
co

u
ld

fo
rm

al
ly

in
ve

st
ig

at
e

th
e

ex
a
ct

re
-

la
ti

on
sh

ip
b

et
w

ee
n

th
e

tw
o

d
y
n
am

ic
s.

S
ec

on
d
,

th
e

cu
rr

en
t

M
C

M
C

fr
am

ew
o
rk

co
u
ld

b
e

ge
n
er

al
iz

ed
to

in
cl

u
d
e

in
fe

re
n
ce

on
th

e
IB

P
p
ar

am
et

er
s

an
d

th
e

W
-F

d
iff

u
si

o
n

ti
m

e
st

ep
.

T
h
ir

d
,

an
ex

te
n
si

on
of

th
is

w
or

k
co

u
ld

m
o
d
if

y
th

e
P

R
F

b
y

le
tt

in
g

fe
at

u
re

s
ev

o
lv

e
a
cc

o
rd

-
in

g
to

a
m

or
e

ge
n
er

al
W

-F
d
iff

u
si

on
w

it
h

se
le

ct
io

n
an

d
re

co
m

b
in

at
io

n
,

w
h
ic

h
w

o
u
ld

a
ll
ow

fo
r

fe
at

u
re

-s
p

ec
ifi

c
d
ri

ft
s

in
p

op
u
la

ri
ty

an
d

th
e

co
u
p
le

d
ev

ol
u
ti

on
of

d
iff

er
en

t
fe

a
tu

re
s,

re
-

sp
ec

ti
ve

ly
.

F
in

al
ly

,
ou

r
n
ov

el
ti

m
e-

d
ep

en
d
en

t
b

et
a

p
ro

ce
ss

is
a

ge
n
er

al
co

n
st

ru
ct

io
n

w
it

h
ap

p
li
ca

ti
on

s
n
ot

li
m

it
ed

to
to

p
ic

m
o
d
el

in
g.

D
iff

er
en

t
d
at

a
an

d
li
ke

li
h
o
o
d

m
o
d
el

s
co

u
ld

b
e

ex
p
lo

re
d

fo
ll
ow

in
g

ou
r

w
or

k
,

fo
r

ap
p
li
ca

ti
on

s
su

ch
as

th
e

m
o
d
el

in
g

of
ti

m
e-

ev
o
lv

in
g

so
ci

al
n
et

w
or

k
s

or
ge

n
e

ex
p
re

ss
io

n
p
at

te
rn

s.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

au
th

or
s

w
ou

ld
li
k
e

to
th

an
k

th
e

an
on

y
m

ou
s

re
v
ie

w
er

s
an

d
th

e
ed

it
or

fo
r

th
ei

r
in

si
g
h
tf

u
l

an
d

co
n
st

ru
ct

iv
e

fe
ed

b
ac

k
.

V
al

er
io

P
er

ro
n
e

is
su

p
p

or
te

d
b
y

E
P

S
R

C
[E

P
/L

01
6
7
1
0
/
1
].

P
a
u
l

J
en

k
in

s
is

su
p
p

or
te

d
in

p
ar

t
b
y

E
P

S
R

C
[E

P
/
L

01
84

97
/1

].
D

ar
io

S
p
an

ò
is

su
p
p

o
rt

ed
in

p
ar

t
b
y

C
R

iS
M

,
an

E
P

S
R

C
-H

E
F

C
E

U
K

gr
an

t.
Y

ee
W

h
ye

T
eh

is
su

p
p

or
te

d
b
y

E
P

S
R

C
fo

r
re

se
ar

ch
fu

n
d
in

g
u
n
d
er

th
e

E
u
ro

p
ea

n
U

n
io

n
’s

S
ev

en
th

F
ra

m
ew

or
k

P
ro

gr
am

m
e

(F
P

7
/
2
0
0
7-

20
13

)
E

R
C

gr
an

t
ag

re
em

en
t

n
o.

61
70

71
.
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P
o
isso

n
R

a
n
d
o
m

F
ie

l
d
s

f
o
r

D
y
n
a
m

ic
F

e
a
t
u
r
e

M
o
d
e
l
s

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
T
h
e
o
re
m

1

T
h
e

m
ea

n
d
en

sity
of

a
P

R
F

w
ith

im
m

igration
p
aram

eter
α

is

l(x
)

=
α
m

(x
)d
x
,

w
h
ere

m
(x

)
=

e
I
(x

)

σ
2(x

) ,
w

ith
I
(x

)
:=

∫
x

0

2γ
(y

)

σ
2(y

)
d
y
,

(12)

is
th

e
sp

eed
d
en

sity
of

th
e

p
ro

cess
(see

G
riffi

th
s,

2003).
γ

an
d
σ

are
th

e
d
rift

an
d

d
iff

u
sion

term
s

a
s

d
efi

n
ed

in
(2)

an
d

(3).
P

lu
ggin

g
(2)

w
ith

µ
=

0
an

d
(3)

in
to

th
e

in
tegral,

w
e

h
av

e

I
(x

)
=
β

ln
(1−

x
)

so
th

a
t

m
(x

)
=

(1−
x

)
β

x
(1−

x
)

=
x
−
1(1−

x
)
β−

1.

It
fo

llow
s

th
at

l(x
)

=
α
m

(x
)d
x

=
α
x
−
1(1−

x
)
β−

1d
x

is
th

e
resu

ltin
g

m
ean

d
en

sity,
w

h
ich

com
p
letes

th
e

p
ro

of.

R
e
m

a
rk

2
W

h
en

µ
,β

=
0

it
is

n
ecessa

ry
to

co
n

d
itio

n
ea

ch
d
iff

u
sio

n
o
n

h
ittin

g
th

e
bo

u
n

d
-

a
ry

0
befo

re
1

in
reverse

tim
e,

w
h
ich

lea
d
s

to
a
n

extra
term

in
th

e
a
n

a
logo

u
s

resu
lt

in
S

a
w

yer
a
n

d
H

a
rtl

(1
9
9
2
).

A
p
p
e
n
d
ix

B
.
S
im

u
la
tin

g
fro

m
th

e
m
o
d
e
l

C
o
n
sid

er
th

e
p
rob

lem
of

sim
u
latin

g
from

th
e

m
o
d
el,

n
am

ely
gen

eratin
g

featu
re

p
rob

ab
ilities

a
n
d

th
e

co
rresp

on
d
in

g
featu

re
allo

cation
m

atrices
at

a
d
iscrete

set
of

tim
e

p
oin

ts.

S
im

u
la

tin
g
X

S
et

a
tru

n
cation

level
u
>

0
an

d
con

sid
er

th
e

task
of

sim
u
latin

g
fea

tu
res

w
h
o
se

p
ro

b
a
b
ility

is
ab

ove
th

e
th

resh
old

u
at

tw
o

tim
es
t0

an
d
t1 .

A
s

w
e

k
n
ow

h
ow

to
sim

u
la

te
m

a
rg

in
ally

from
th

e
b

eta
p
ro

cess,
w

e
can

fi
rst

gen
erate

th
e

featu
re

p
rob

ab
ilities

a
b

ove
u

at
tim

e
t0

an
d

let
th

em
evolve

in
d
ep

en
d
en

tly
to

tim
e
t1 .

T
h
is

y
ield

s
featu

res
w

h
ose

p
ro

b
a
b
ility

is
g
reater

th
an

u
at

tim
e
t0 ,

m
ean

in
g

th
at

w
e

are
still

m
issin

g
th

ose
featu

res
w

h
o
se

p
rob

a
b
ility

is
b

elow
u

at
tim

e
t0 .

T
o

sim
u
lated

th
ese,

w
e

p
ro

ceed
as

follow
s:

w
e

g
en

era
te

th
ese

featu
res

b
y

d
raw

in
g

th
em

from
th

e
b

eta
p
ro

cess
at

tim
e
t1

an
d

p
rop

ag
ate

th
em

b
a
ck

w
ard

s
to

tim
e
t0 .

F
in

ally,
in

ord
er

n
ot

to
d
ou

b
le-cou

n
t

featu
res,

all
featu

res
th

at
in

th
e

reverse
sim

u
lation

h
ave

p
rob

ab
ility

greater
th

an
u

at
tim

e
t0

h
ave

to
b

e
rejected

.
N

ow
tra

n
sla

te
th

ese
id

eas
in

to
th

e
follow

in
g

sam
p
lin

g
sch

em
e.

A
t

tim
e
t0 ,

sam
p
le

from
a

tru
n
ca

ted
version

of
th

e
P

R
F

,
n
am

ely
from

a
P

oisson
p
ro

cess
on

[u
,1)

w
ith

ra
te

m
easu

re
α
x
−
1(1
−
x

)
β−

1d
x

.
T

h
is

can
b

e
d
on

e,
for

in
stan

ce,
v
ia

a
n

ad
ap

tive
th

in
n
in

g
sch

em
e

as
d
escrib

ed
in

O
g
ata

(1981).
A

s
th

e
tru

n
cation

level
u

elim
in

ates
th

e
p

o
in

t
zero

w
h
ich

h
as

a
n

in
fi
n
ite

m
a
ss,

th
is

sam
p
lin

g
p
ro

ced
u
re

y
ield

s
an

a
lm

ost
su

rely
fi
n
ite

n
u
m

b
er

of
sam

p
les.

D
en

o
te

b
y
K

th
e

resu
ltin

g
set

of
featu

re
in

d
ices

an
d

p
ro

ceed
as

follow
s.
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P
e
r
r
o
n
e
,

J
e
n
k
in

s,
S
pa

n
ò

a
n
d

T
e
h

1.
F

or
all

k
∈
K

,
sim

u
late

X
k (t)|{X

k (t0 )
=
x
k (t0 )}

∼
W

F
(0
,β

)
for

t∈
[t0 ,t1 ].

2.
A

t
tim

e
t1 ,

sam
p
le

th
e

can
d
id

ate
n
ew

b
orn

featu
res

X
(t1 )

from
th

e
tru

n
cated

P
R

F
as

ab
ove.

L
etL

d
en

ote
th

e
resu

ltin
g

set
of

featu
res.

3.
F

or
all

l∈
L

,
sim

u
late

X
l (t)|{X

l (t1 )
=
x
l (t1 )}

∼
W

F
(0,β

)
b
ack

w
ard

s
for

t∈
[t1 ,t0 ]

an
d

rem
ov

e
from

L
th

e
in

d
ices

in
th

e
set{l

:
x
l (t0 )≥

u}
.

4.
G

en
erate

Z
ik
t |{

X
k (t)

=
x
k (t)}

iid
∼

B
ern

ou
lli(x

k (t)),
for

t
=
t0 ,t1 ,∀

k
∈
K
∪
L

an
d

∀
i

=
1,...,N

t .

A
s

m
en

tion
ed

p
rev

iou
sly,

th
e

id
ea

b
eh

in
d

step
s

2
an

d
3

is
to

com
p

en
sate

for
th

e
featu

res
w

ith
p
rob

ab
ility

sm
aller

th
an

u
th

at
w

ere
d
iscard

ed
w

h
en

gen
eratin

g
featu

res
at

tim
e
t0 .

T
h
is

con
stru

ction
gen

eralizes
to

a
set

of
tim

e
p

oin
ts
t

=
t0 ,...,tT

,
ob

serv
in

g
th

at
at

a
given

tim
e
tt ∗∈

{t1 ,...,tT }
step

3
n
eed

s
to

b
e

m
o
d
ifi

ed
b
y

sim
u
latin

g
th

e
W

-F
d
iff

u
sio

n
s

b
ack

w
ard

s
to

tim
e
t0

an
d

rem
ov

in
g

from
L

th
e

in
d
ices

su
ch

th
at∃

t∈
{t0 ,...,tt ∗−

1 }
su

ch
th

at
x
l (t)≥

u
.

S
im

u
la

tin
g
Z

a
n

d
th

e
u

n
d

e
rly

in
g
X

C
on

sid
er

n
ow

th
e

m
ore

com
p
lex

task
of

sim
u
latin

g
b

oth
th

e
featu

re
allo

cation
m

atrices
Z

an
d

th
e

featu
res

X
ap

p
earin

g
in

th
em

.
F

irst
n
ote

th
at,

alth
ou

gh
th

e
P

R
F

d
escrib

es
th

e
evolu

tion
of

an
in

fi
n
ite

n
u
m

b
er

of
featu

res,
w

e
can

sam
p
le

th
e

featu
re

allo
cation

m
atrices

Z
t
0

an
d
Z
t
1

at
tw

o
tim

es
t0

an
d
t1

ex
actly,

as
a

p
rop

erty
of

th
e

IB
P

is
th

at
th

e
n
u
m

b
er

of
ob

served
featu

res
is

alm
ost

su
rely

fi
n
ite

(G
riffi

th
s

an
d

G
h
ah

ram
an

i,
2011).

It
is

th
en

p
ossib

le
to

sam
p
le

th
e

featu
res

th
at

are
active

in
at

least
on

e
ob

ject
at

tim
es
t0

an
d
t1

an
d

th
e

corresp
on

d
in

g
allo

cation
m

atrices
Z
t
0

an
d
Z
t
1

as
follow

s.
F

irst,
d
raw

Z
t
0

from
th

e
IB

P
,

an
d

u
se

its
realisation

to
d
raw

th
e

p
osterior

p
rob

ab
ilities

X
(t0 )

of
th

e
featu

res
seen

in
Z
t
0

as
in

th
e

p
osterior

b
eta

p
ro

cess.
T

h
en

,
sim

u
late

from
th

e
W

-F
d
iff

u
sion

to
p
rop

agate
th

ese
featu

res
to

tim
e
t1

an
d

gen
erate

Z
t
1

u
sin

g
th

ese
featu

re
p
rob

ab
ilities.

W
e

are
n
ow

on
ly

m
issin
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ò.
E

x
act

sim
u
lation

of
th

e
W

righ
t-F

ish
er

d
iff

u
sion

.
A

n
n

a
ls

o
f

A
p
p
lied

P
ro

ba
bility,

2017.
T

o
ap

p
ear.

S
.

K
arlin

an
d

H
.

M
.

T
ay

lor.
A

S
eco

n
d

C
o
u

rse
in

S
toch

a
stic

P
rocesses.

A
cad

em
ic

P
ress,

1981.

J
.

F
.

C
.

K
in

gm
an

.
C

om
p
letely

ran
d
om

m
easu

res.
P

a
cifi

c
J

o
u

rn
a
l

o
f

M
a
th

em
a
tics,

21(1):
59–78,

1967.

Y
.

L
eC

u
n
,

Y
.

B
en

gio,
an

d
G

.
E

.
H

in
ton

.
D

eep
learn

in
g.

N
a
tu

re,
521:436–444,

2015.

K
.

T
.

M
iller,

T
.

L
.

G
riffi

th
s,

an
d

M
.

I.
J
ord

an
.

T
h
e

P
h
y
lo

gen
etic

In
d
ian

B
u
ff

et
P

ro
cess:

A
N

on
-E

x
ch

an
g
eab

le
N

on
p
aram

etric
P

rior
for

L
aten

t
F

eatu
res.

U
A

I,
ab

s/1206.3279:
403–410,

2012.

Y
.

O
gata.

O
n

L
ew

is’
sim

u
lation

m
eth

o
d

for
p

oin
t

p
ro

cesses.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

In
fo

r-
m

a
tio

n
T

h
eo

ry,
27(1):23–30,

1981.

V
.

R
ao

an
d

Y
.

W
.

T
eh

.
S
p
atial

N
orm

alized
G

am
m

a
P

ro
cesses.

N
IP

S
,

p
ages

1
554–1562,

2009.

S
.

A
.

S
aw

yer
an

d
D

.
L

.
H

artl.
P

op
u
lation

gen
etics

of
p

oly
m

orp
h
ism

an
d

d
iverg

en
ce.

G
e-

n
etics,

132(4):1161–1176,
1992.

Y
.

W
.

T
eh

,
M

.
I.

J
ord

an
,

M
.

J
.

B
ea

l,
an

d
D

.
M

.
B

lei.
H

ierarch
ical

D
irich

let
P

ro
cesses.

J
o
u

rn
a
l

o
f

th
e

A
m

erica
n

S
ta

tistica
l

A
ssocia

tio
n

,
101(476):1566–1581,

2006.

4
4

JM
L

R
 18(127):1-45, 2017



P
o
is

so
n

R
a
n
d
o
m

F
ie

l
d
s

f
o
r

D
y
n
a
m

ic
F

e
a
t
u
r
e

M
o
d
e
l
s

Y
.

W
.

T
eh

,
D

.
G

ör
ü
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R
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f ˚puq“

su
p
zPR

d xz
,uy´

fpzq.
T

h
e

su
b
-d

iff
eren

tial
of

a
fu

n
ction

f
a
t

a
p

oin
t
x

is
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Π
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p
os

si
b
le

(a
n
d

to
co

n
ta

in
θ̂p
λ
q )

,

•
th

e
co

m
p
u
ta

ti
on

of
th

e
q
u
an

ti
ty

m
ax

θ
PR

Ω
D g
pX

J g
θq

to
b

e
ch

ea
p
.

T
h
e

la
te

r
m

ea
n
s

th
at

sa
fe

re
gi

on
s

sh
ou

ld
b

e
si

m
p
le

ge
om

et
ri

c
ob

je
ct

s,
si

n
ce

ot
h
er

w
is

e,
ev

al
u
at

in
g

th
e

te
st

co
u
ld

le
ad

to
a

co
m

p
u
ta

ti
on

al
b
u
rd

en
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m

it
in

g
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e
b
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sc
re

en
in
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N
d
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y
e
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a
l.

3
.2

G
a
p

S
a
fe

R
e
g
io

n
s

V
ar

io
u
s

sh
ap

es
h
av

e
b

ee
n

co
n
si

d
er

ed
in

p
ra

ct
ic

e
fo

r
th

e
sa

fe
re

gi
on
R

su
ch

a
s

b
a
ll
s

(E
l

G
h
ao

u
i
et

al
.,

20
12

),
d
om

es
(F

er
co

q
et

al
.,

20
15

)
or

m
or

e
re

fi
n
ed

se
ts

(s
ee

X
ia

n
g

et
a
l.

(2
0
1
4
)

fo
r

a
su

rv
ey

).
H

er
e

w
e

co
n
si

d
er

fo
r

si
m

p
li
ci

ty
th

e
so

-c
al

le
d

“s
p
h
er

e
re

gi
on

s”
(f

o
ll
ow

in
g

th
e

te
rm

in
ol

og
y

in
tr

o
d
u
ce

d
b
y

E
l

G
h
ao

u
i

et
al

.
(2

01
2)

)
ch

o
os

in
g

a
b
al

l
R
“
Bp
θ,
rq

a
s

a
sa

fe
re

gi
on

.
T

h
an

k
s

to
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y,

w
e

h
av

e:

m
ax

θ
PB
pθ,
r
qΩ

D g
pX

J g
θq
ď

Ω
D g
pX

J g
θq
`

m
ax

θ
PB
pθ,
r
qΩ

D g
pX

J g
pθ
´
θqq
,

an
d

d
en

ot
in

g
Ω
D g
pX

g
q:
“

su
p
u
‰0

Ω
D g
pX
J g
u
q

‖u
‖ 2

th
e

op
er

at
or

n
or

m
of
X
g

as
so

ci
at

ed
to

Ω
D g
p¨q

,
w

e

d
ed

u
ce

fr
om

P
ro

p
os

it
io

n
7

th
e

sc
re

en
in

g
ru

le
fo

r
th

e
g
-t

h
gr

ou
p
:

S
af

e
sp

h
er

e
te

st
:

If
Ω
D g
pX

J g
θq
`
rΩ

D g
pX

g
qă

1
,

th
en

β̂
pλ
q

g
“

0
.

(8
)

3
.2
.1

F
in
d
in
g

a
C
e
n
t
e
r

T
o

cr
ea

te
a

u
se

fu
l

ce
n
te

r
fo

r
a

sa
fe

sp
h
er

e,
on

e
n
ee

d
s

to
b

e
ab

le
to

cr
ea

te
d
u
a
l

fe
a
si

b
le

p
oi

n
ts

,
i.

e.
,

p
oi

n
ts

in
th

e
d
u
al

fe
as

ib
le

se
t

∆
X

.
O

n
e

su
ch

p
oi

n
t

is
θ m

a
x

:“
´G

p0q
{λ

m
a
x

w
h
ic

h
le

ad
s

to
th

e
or

ig
in

al
st

at
ic

sa
fe

ru
le

s
p
ro

p
os

ed
b
y

E
l

G
h
ao

u
i

et
al

.
(2

01
2
).

Y
et

,
it

h
a
s

a
li
m

it
ed

in
te

re
st

,
b

ei
n
g

h
el

p
fu

l
on

ly
fo

r
a

sm
al

l
ra

n
ge

o
f

(l
ar

ge
)

re
g
u
la

ri
za

ti
o
n

p
a
ra

m
et

er
s

λ
,

as
d
is

cu
ss

ed
in

S
ec

ti
on

4.
1.

A
m

or
e

ge
n
er

ic
w

ay
of

cr
ea

ti
n
g

a
d
u
al

p
oi

n
t

th
a
t

w
il
l

b
e

ke
y

fo
r

cr
ea

ti
n
g

ou
r

sa
fe

ru
le

s
is

to
re

sc
al

e
an

y
p

oi
n
t
z
PR

n
su

ch
th

at
it

is
in

th
e

d
u
a
l

se
t

∆
X

.
T

h
e

re
sc

al
ed

p
oi

n
t

is
d
en

ot
ed

b
y

Θ
pzq

an
d

is
d
efi

n
ed

b
y

Θ
pzq

:“
#
z
,

if
Ω
D
pX

J z
qď

1,
z

Ω
D
pX
J
z
q,

ot
h
er

w
is

e.
(9

)

T
h
is

ch
oi

ce
gu

ar
an

te
es

th
at
@z
PR

n
,Θ
pzq

P∆
X

.
A

ca
n
d
id

at
e

of
te

n
co

n
si

d
er

ed
fo

r
co

m
p
u
t-

in
g

a
d
u
al

p
oi

n
t

is
th

e
(g

en
er

al
iz

ed
)

re
si

d
u
al

te
rm

z
“
´G

pX
β
q{λ

.
T

h
is

ch
oi

ce
is

m
o
ti

va
te

d
b
y

th
e

p
ri

m
al

-d
u
al

li
n
k

eq
u
at

io
n

5
i.

e.
,
θ̂p
λ
q “

´G
pX
β̂
pλ
q q{
λ

.

3
.2
.2

F
in
d
in
g

a
R
a
d
iu
s

N
ow

th
at

w
e

h
av

e
se

en
h
ow

to
cr

ea
te

a
ce

n
te

r
ca

n
d
id

at
e

fo
r

th
e

sp
h
er

e,
w

e
n
ee

d
to

fi
n
d

a
p
ro

p
er

ra
d
iu

s,
th

at
w

ou
ld

al
lo

w
th

e
as

so
ci

at
ed

sp
h
er

e
to

b
e

sa
fe

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

p
ro

p
os

es
a

w
ay

to
ob

ta
in

a
ra

d
iu

s
u
si

n
g

th
e

d
u
al

it
y

ga
p
.

T
h
e

q
u
an

ti
ty

G
ap

λ
pβ
,θ
q:
“
P
λ
pβ
q´

D
λ
pθq

(1
0
)

is
of

te
n

re
fe

rr
ed

to
as

th
e

d
u
al

it
y

ga
p

in
th

e
co

n
ve

x
op

ti
m

iz
at

io
n

li
te

ra
tu

re
,

h
en

ce
th

e
n
a
m

e
of

ou
r

p
ro

p
os

ed
G

ap
S
af

e
fr

am
ew

or
k
.

T
h
is

q
u
an

ti
ty

is
al

so
a

u
se

fu
l

to
ol

w
h
en

d
es

ig
n
in

g
a

st
op

p
in

g
cr

it
er

io
n
:

n
ot

in
g

th
at

fo
r

an
y
β
PR

p
,θ
P∆

X
,
P
λ
pβ
q´

P
λ
pβ̂
pλ
q q
ď

G
a
p
λ
pβ
,θ
q,

it
su

ffi
ce

s
to

fi
n
d

a
p
ri

m
al

-d
u
al

p
ai

r
w

it
h

a
d
u
al

it
y

ga
p

sm
al

le
r

th
an

ε
to

en
su

re
a
n
ε-

a
cc

u
ra

cy
p
ri

m
al

so
lu

ti
on

fo
r

P
ro

b
le

m
3.

T
h

e
o
re

m
6

(G
a
p

S
a
fe

S
p

h
e
re

)
A

ss
u

m
in

g
th

a
t
F

h
a
s

1{
γ

-L
ip

sc
h
it

z
gr

a
d
ie

n
t,

w
e

h
a
ve

@β
PR

p
,@
θ
P∆

X
,
∥ ∥ ∥θ̂
pλ
q ´

θ∥ ∥ ∥
2
ď

d
2G

ap
λ
pβ
,θ
q

γ
λ

2
.

(1
1
)
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G
a
p
S
a
f
e
S
c
r
e
e
n
in
g

R
u
l
e
s

H
en

ce
th

e
setR

“
Bpθ, a

2G
ap

λ pβ
,θq{γ

λ
2q

is
a

sa
fe

regio
n

fo
r

a
n

y
βP

R
n

a
n

d
θP

∆
X

.

P
ro

o
f

R
em

em
b

er
th

at@
iP

rns,f
i

is
d
iff

eren
tiab

le
w

ith
a

1{γ
-L

ip
sch

itz
grad

ien
t.

A
s

a
co

n
seq

u
en

ce,@
iP

rns,f
i̊

is
γ

-stron
gly

con
vex

(H
iriart-U

rru
ty

an
d

L
em

aréch
al,

1993,
T

h
eo

rem
4
.2

.2
,

p
.

83)
an

d
so

th
e

d
u
al

fu
n
ction

D
λ

is
γ
λ

2-stron
gly

con
cave:

@pθ
1 ,θ

2 qP
R
nˆ

R
n
,

D
λ pθ

2 qď
D
λ pθ

1 q`
x∇
D
λ pθ

1 q,θ
2 ´

θ
1 y´

γ
λ

2

2
‖
θ

1 ´
θ

2 ‖
22
.

S
p

ecify
in

g
th

e
p
rev

iou
s

in
eq

u
ality

for
θ

1 “
θ̂ pλq,θ

2 “
θP

∆
X

,
on

e
h
as

D
λ pθqď

D
λ pθ̂ pλqq`

x∇
D
λ pθ̂ pλqq,θ´

θ̂ pλqy´
γ
λ

2

2

∥∥∥
θ̂ pλq´

θ ∥∥∥
22
.

B
y

d
efi

n
itio

n
,
θ̂ pλq

m
ax

im
izes

D
λ

on
∆
X

,
so,x∇

D
λ pθ̂ pλqq,θ´

θ̂ pλqyď
0
.

T
h
is

im
p
lies

D
λ pθqď

D
λ pθ̂ pλqq´

γ
λ

2

2

∥∥∥
θ̂ pλq´

θ ∥∥∥
22
.

B
y

w
ea

k
d
u
ality

@
β
P
R
p,D

λ pθ̂ pλqqď
P
λ pβq,

h
en

ce@
β
P
R
p,@

θP
∆
X
,D

λ pθqď
P
λ pβq´

γ
λ

2

2
‖
θ̂ pλq´

θ‖
22

an
d

th
e

con
clu

sion
follow

s.

R
e
m

a
rk

7
T

o
bu

ild
a

G
a
p

S
a
fe

regio
n

a
s

in
E

qu
a
tio

n
(11),

w
e

o
n

ly
n

eed
stro

n
g

co
n

vexity
in

th
e

d
u

a
l

w
h
ich

is
equ

iva
len

t
to

sm
oo

th
n

ess
o
f

th
e

lo
ss

fu
n

ctio
n

w
h
erea

s
th

e
screen

in
g

p
ro

p
-

erty
(7

),
requ

ires
gro

u
p

sepa
ra

bility
o
f

n
o
rm

s.
H

en
ce

o
u

r
fra

m
ew

o
rk

o
f

G
a
p

S
a
fe

screen
in

g
ru

le
a
u

to
m

a
tica

lly
a
p
p
lies

fo
r

a
la

rge
cla

ss
o
f

p
ro

blem
s.

R
e
m

a
rk

8
D

u
rin

g
th

e
review

p
rocess,

w
e

beca
m

e
a
w

a
re

o
f

a
po

ssible
im

p
ro

vem
en

t
fo

r
th

e
ra

d
iu

s
J

o
h
n

so
n

a
n

d
G

u
estrin

(2
0
1
6
).

In
th

e
B

litz
fra

m
ew

o
rk,

th
eir

a
p
p
roa

ch
lea

d
s

to
a

po
ten

tia
lly

sm
a
ller

ra
d
iu

s,
u

sin
g

a
stro

n
gly

co
n

ca
ve

u
p
per

bo
u

n
d

o
f

th
e

d
u

a
l

fu
n

ctio
n

w
h
o
se

m
a
xim

u
m

is
kn

o
w

n
.

In
o
u

r
fra

m
ew

o
rk,

th
is

ca
n

be
u

sed
to

im
p
ro

ve
th

e
sa

fe
ra

d
iu

s
by

a ?
2

fa
cto

r
in

th
e

sta
tic

ca
se.

T
h
is

is
u

n
clea

r
to

u
s

w
h
eth

er
th

is
ca

n
be

d
o
n

e
fo

r
th

e
sequ

en
tia

l
a
n

d
d
yn

a
m

ic
versio

n
.

F
o
r

th
e

S
V

M
p
ro

blem
Z

im
m

ert
et

a
l.

(2
0
1
5
)

go
t

th
e

sa
m

e
im

p
ro

vem
en

t
by

w
ritin

g
th

e
d
u

a
lity

ga
p

a
s

a
fu

n
ctio

n
o
f

p
rim

a
l

va
ria

bles
o
n

ly.

3
.2
.3

S
a
f
e
A
c
t
iv
e
S
e
t

N
o
te

th
a
t

a
n
y

tim
e

a
safe

ru
le

is
p

erform
ed

th
a
n
k
s

to
a

safe
region

R
“
Bpθ,rq,

on
e

can
a
sso

cia
te

a
sa

fe
a
ctive

set
A
θ
,r ,

con
sistin

g
of

th
e

featu
res

th
at

can
n
ot

b
e

rem
oved

yet
b
y

th
e

test
in

E
q
u
ation

(8).
H

en
ce,

th
e

safe
active

set
con

tain
s

th
e

tru
e

su
p
p

ort
of
β̂ pλq.

D
e
fi

n
itio

n
9

(S
a
fe

A
c
tiv

e
S

e
t)

F
o
r

a
cen

ter
θ
P

∆
X

a
n

d
a

ra
d
iu

s
r
ě

0,
th

e
sa

fe
(sp

h
ere)

a
ctive

set
co

n
sists

o
f

th
e

va
ria

bles
n

o
t

elim
in

a
ted

by
th

e
a
ssocia

ted
(sp

h
ere)

sa
fe

ru
le,

i.e.,

Apθ,rq
:“
tgP

G
:

Ω
Dg pX

Jg
θq`

rΩ
Dg pX

g qě
1u

.
(12)
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N
d
ia
y
e

et
a
l.

W
h
en

ch
o
osin

g
z
“
´
GpX

βq{λ
as

p
rop

osed
in

S
ection

3.2.1
as

th
e

cu
rren

t
resid

u
al,

th
e

com
p
u
tation

of
θ“

Θpzq
in

E
q
u
ation

(9)
in

volv
es

th
e

com
p
u
tation

of
Ω
DpX

J
zq.

A
straigh

tforw
ard

im
p
lem

en
tation

w
ou

ld
costOpn

pq
op

eration
s.

T
h
is

can
b

e
avoid

ed
:

w
h
en

u
sin

g
a

safe
ru

le
on

e
k
n
ow

s
th

at
th

e
in

d
ex

ach
iev

in
g

th
e

m
ax

im
u
m

for
th

is
n
orm

is
in

Apθ,rq.
In

d
eed

,
b
y

con
stru

ction
of

th
e

safe
active

set,
it

is
easy

to
see

th
at

Ω
DpX

J
zq“

m
ax

gPApθ
,rq

Ω
Dg pX

Jg
zq.

In
p
ractice

th
e

evalu
ation

of
th

e
d
u
al

gap
is

th
erefore

Opn
qq

w
h
ere

q
is

th
e

size
ofApθ,rq.

In
oth

er
w

ord
s,

u
sin

g
a

safe
screen

in
g

ru
le

also
sp

eed
s

u
p

th
e

evalu
ation

of
th

e
stop

p
in

g
criterion

.

3
.3

O
u

tlin
e

o
f

th
e

A
lg

o
rith

m

W
h
en

d
esign

in
g

a
su

p
erv

ised
learn

in
g

algorith
m

w
ith

sp
arsity

en
forcin

g
p

en
alties,

th
e

tu
n
in

g
of

th
e

p
aram

eter
λ

in
P

rob
lem

(3)
is

cru
cial

an
d

is
u
su

ally
d
on

e
b
y

cro
ss-valid

ation
w

h
ich

req
u
ires

evalu
ation

over
a

grid
of

p
aram

eter
valu

es.
A

stan
d
ard

grid
con

sid
ered

in
th

e
literatu

re
is
λ
t “

λ
m

a
x 10 ´

δ
t{pT´

1q
w

ith
a

sm
all

δ,
say

δ“
10 ´

2
or

10 ´
3,

see
for

in
stan

ce
(B

ü
h
lm

an
n

an
d

van
d
e

G
eer,

2011)[2.12.1]
or

th
e

glm
n

et
p
ackage

(F
ried

m
an

et
al.,

2010).
T

h
e

p
aram

eter
δ

h
as

an
im

p
ortan

t
in

fl
u
en

ce
on

th
e

com
p
u
tation

al
b
u
rd

en
:

com
p
u
tin

g
tim

e
ten

d
s

to
in

crease
for

sm
all

λ
,

th
e

p
rim

al
iterates

b
ein

g
less

an
d

less
sp

arse,
an

d
th

e
p
rob

lem
to

solv
e

m
ore

an
d

m
ore

ill-p
osed

.
It

is
cu

stom
ary

to
start

from
th

e
largest

regu
larizer

λ
0 “

λ
m

a
x

an
d

th
en

to
p

erform
iterativ

ely
th

e
com

p
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th
a
t

o
u
r

sa
fe

re
gi

on
s

co
n
ve

rg
e

to
th

e
si

n
gl

et
on
tθ̂
pλ
q u

(s
ee

S
ec

ti
on

4
fo

r
m

or
e

d
et

ai
ls

).
In

d
ee

d
,

th
ei

r
p
ro

p
os

ed
sa

fe
sp

h
er

e
w

as
ce

n
te

re
d

on
y
{λ

,
an

d
th

ei
r

ra
d
iu

s
ca

n
on

ly
b

e
gr

ea
te

r
th

a
n
‖y
{λ
´

θ̂p
λ
q ‖

in
th

e
L

as
so

ca
se

th
ey

co
n
si

d
er

.
W

e
p
ro

v
id

e
a

v
is

u
al

co
m

p
ar

is
on

in
F

ig
u
re

1
.

6
.

E
x
ce

p
t

fo
r
λ

0
“
λ

m
a
x
,

w
h

er
e
θ m

a
x

:“
´G

p0q
{λ

m
a
x

ca
n

b
e

co
m

p
u

te
d

ex
a
ct

ly
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G
a
p
S
a
f
e
S
c
r
e
e
n
in
g

R
u
l
e
s

(a
)

B
o
n
n

efoy
et

a
l.

(2
0
1
4
)

sa
fe

reg
io

n
(b

)
G

a
p

S
a
fe

reg
io

n

F
ig

u
re

1
:

Illu
stration

of
safe

region
d
iff

eren
ces

b
etw

een
B

on
n
efoy

et
a
l.

(2014)
an

d
G

ap
S
a
fe

strategies
for

th
e

L
asso

case;
n
ote

th
at
γ“

1
in

th
is

case.
H

ere
β

is
a

p
rim

al
p

o
in

t,
θ

is
a

d
u
al

feasib
le

p
oin

t
(th

e
feasib

le
region

∆
X

is
in

o
ran

ge,
w

h
ile

th
e

resp
ective

safe
b
allsR

are
in

b
lu

e).

4
.4

A
c
tiv

e
W

a
rm

S
ta

rt

A
n

a
n
o
th

er
va

rian
t

to
fu

rth
er

red
u
ce

ru
n
n
in

g
tim

e
in

th
e

a
ctive

w
a
rm

sta
rt,

recen
tly

in
tro

d
u
ced

b
y

N
d
iaye

et
al.

(2016a)
for

sp
eed

in
g-u

p
con

com
itan

t
L

asso
com

p
u
tation

s.
In

stea
d

o
f

sim
p
ly

leveragin
g

th
e

p
rev

iou
s

p
rim

al
solu

tion
,

th
e

a
ctive

w
a
rm

sta
rt

strat-
eg

y
a
lso

m
a
kes

u
se

of
th

e
p
rev

iou
s

safe
active

set
Apθ

t´
1 ,r

t´
1 q,

w
ith

θ
t´

1 “
θ̌ pλ

t´
1 q

an
d

r
t´

1 “
r
λ
t´

1 pβ̌ pλ
t´

1 q,θ̌ pλ
t´

1 qq.
T

h
e

id
ea

is
to

tak
e

as
a

n
ew

p
rim

al
w

arm
start

p
oin

t,
th

e
(a

p
p
rox

im
a
te)

m
in

im
izer

of
P
λ
t

u
n
d
er

th
e

ad
d
ition

a
l

co
n
strain

t
th

at
its

su
p
p

ort
is

in
clu

d
ed

in
th

e
sa

fe
active

setApθ
t´

1 ,r
t´

1 q
i.e.,

rβ pλ
t´

1
,λ
t qP

arg
m

in
βPR

p
Fpβq`

λ
t Ωpβq

s.t.
su

p
ppβqĎ

Apθ
t´

1 ,r
t´

1 q
.

(13)

In
(1

3
),

w
e

still
ch

o
ose

β̌ pλ
t´

1 q
as

a
stan

d
ard

w
arm

start
in

itialization
w

ith
th

e
sam

e
n
u
m

b
er

o
f

in
n
er

lo
op

s
a
n
d
/or

accu
racy

as
in

(3)
(to

avoid
th

e
m

u
ltip

lication
of

p
aram

eters
to

b
e

set
b
y

th
e

u
ser).

N
ote

th
at

u
n
-safe

estim
ators

of
th

e
active

set
can

b
e

u
sed

as
for

active
w

a
rm

sta
rt.

In
p
ractice,

w
e

can
u
se

th
e

(u
n
-safe)

stron
g

active
set

p
rov

id
ed

b
y

th
e

S
tron

g
ru

les
in

tro
d
u
ced

b
y

T
ib

sh
iran

i
et

al.
(201

2).
T

h
is

S
tro

n
g

w
a
rm

sta
rt

strategy
is

d
etailed

in
S
ectio

n
4
.6

.
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N
d
ia
y
e

et
a
l.

4
.5

T
h

e
o
re

tic
a
l

A
n

a
ly

sis

D
y
n
am

ic
safe

screen
in

g
ru

les
h
ave

p
ractical

b
en

efi
ts

sin
ce

th
ey

in
crease

th
e

n
u
m

b
er

of
screen

ed
ou

t
variab

les
as

th
e

algorith
m

p
ro

ceed
s.

In
th

is
section

,
it

is
sh

ow
n

th
at

G
ap

S
afe

ru
les

allow
to

h
ave

sh
arp

er
an

d
sh

arp
er

d
u
a
l

region
s

alon
g

th
e

iteration
s,

acceleratin
g

su
p
p

ort
id

en
tifi

cation
.

B
efore

th
is,

th
e

follow
in

g
p
rop

osition
states

th
at

if
on

e
relies

on
a

p
rim

al
con

vergin
g

algorith
m

,
th

en
th

e
d
u
al

seq
u
en

ce
w

e
p
rop

ose
is

also
con

vergin
g.

N
ote

th
at

th
e

con
v
ergen

ce
is

m
ain

tain
ed

to
th

e
sam

e
p
rim

al
solu

tion
w

h
en

th
e

p
rim

al
solu

tion
is

n
on

-u
n
iq

u
e.

P
ro

p
o
sitio

n
1
1

(C
o
n
v
e
rg

e
n

c
e

o
f

th
e

D
u

a
l

P
o
in

ts)
L

et
β
k

be
a

cu
rren

t
estim

a
te

o
f

a
p
rim

a
l

so
lu

tio
n
β̂ pλq

a
n

d
θ
k
“

Θp´
GpX

β
k q{λq

be
th

e
cu

rren
t

estim
a
te

o
f
θ̂ pλq.

T
h
en

,
lim

kÑ
`8

β
k “

β̂ pλq
im

p
lies

lim
kÑ
`8

θ
k “

θ̂ pλq.

P
ro

o
f

L
et
α
k “

m
axpλ

,Ω
DpX

J
GpX

β
k qqq,

w
e

h
ave:

∥∥∥
θ
k ´

θ̂ pλq ∥∥∥
2 “

∥∥∥∥∥
GpX

β̂ pλqq
λ

´
GpX

β
k q

α
k

∥∥∥∥∥
2 ď

ˇ̌ˇ̌ 1λ
´

1α
k ˇ̌ˇ̌‖GpX

β
k q‖

2 `
∥∥∥
GpX

β̂ pλqq´
GpX

β
k q ∥∥∥

2

λ
.

If
β
k
Ñ

β̂ pλq,
th

en
α
k
Ñ

m
axpλ

,Ω
DpX

J
GpX

β̂ pλqqqq“
m

axpλ
,λ

Ω
DpX

J
θ̂ pλqqq“

λ
sin

ce
GpX

β̂ pλqq“
´
λ
θ̂ pλq

th
an

k
s

to
th

e
lin

k
-eq

u
ation

(5)
an

d
sin

ce
θ̂ pλq

is
feasib

le,
Ω
DpX

J
θ̂ pλqqď

1.
H

en
ce,

b
oth

term
s

in
th

e
p
rev

iou
s

in
eq

u
ality

con
verg

e
to

zero.

L
et

u
s

n
ow

d
escrib

e
th

e
n
otion

of
con

v
ergin

g
safe

region
s

an
d

con
v
ergin

g
safe

ru
les

in
tro

d
u
ced

in
(F

erco
q

et
al.,

2015,
D

efi
n
itio

n
1).

D
e
fi

n
itio

n
1
2

L
etpR

k q
kPN

be
a

sequ
en

ce
o
f

clo
sed

co
n

vex
sets

in
R
n

co
n

ta
in

in
g
θ̂ pλq.

It
is

a
co

n
vergin

g
sequ

en
ce

o
f

sa
fe

regio
n

s
if

th
e

d
ia

m
eters

o
f

th
e

sets
co

n
verge

to
zero

.
T

h
e

a
ssocia

ted
sa

fe
screen

in
g

ru
les

a
re

referred
to

a
s

co
n

vergin
g.

W
h
en

θ
k “

Θp´
GpX

β
k q{λq,

P
rop

osition
11

gu
aran

tees
th

at
G

ap
S
afe

sp
h
eres

are
con

-
vergin

g.
In

d
eed

,
th

e
seq

u
en

ce
of

rad
iu

s
r
k “

p2G
ap

λ pβ
k ,θ

k q{pγ
λ

2qq
1{2

con
verges

to
0

w
ith

k
b
y

stron
g

d
u
ality,

h
en

ce
th

e
seq

u
en

ceBpθ
k ,r

k q
con

verges
totθ̂ pλqu

w
h
ich

m
ean

s
th

at
th

e
p
rop

osed
G

ap
S
afe

sp
h
ere

is
asy

m
p
totically

op
tim

al.

W
e

n
ow

p
rove

th
at

on
e

recovers
a

sp
ecifi

c
set,

called
th

e
equ

ico
rrela

tio
n

set
in

fi
n
ite

tim
e

w
ith

an
y

con
v
ergin

g
strategy.

D
e
fi

n
itio

n
1
3

T
h
e

equ
ico

rrela
tio

n
set

is
d
efi

n
ed

a
sE

λ
:“

!
gP
G

:
Ω
Dg pX

Jg
θ̂ pλqq“

1 )
.

In
d
eed

,
th

e
follow

in
g

p
rop

osition
asserts

th
at

after
a

fi
n
ite

n
u
m

b
er

of
step

s,
th

e
eq

u
icorre-

lation
setE

λ
is

ex
actly

id
en

tifi
ed

.
S
u
ch

a
p
rop

erty
is

som
etim

es
referred

to
as

fi
n
ite

id
en

ti-
fi
cation

of
th

e
su

p
p

ort
(L

ian
g

et
al.,

2014)
an

d
is

su
m

m
arized

in
th

e
follow

in
g

p
rop

osition
.

Y
et,

n
ote

th
at

th
e

(p
rim

al)
op

tim
al

su
p
p

ort
can

b
e

strictly
sm

aller
th

an
th

e
eq

u
ico

rrela-
tion

set,
see

T
ib

sh
iran

i
(2013).

F
or

clarity,
lin

k
s

b
etw

een
op

tim
al

su
p
p

ort,
su

re
active

sets,
eq

u
icorrelation

set
are

illu
strated

in
F

igu
re
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e
e
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g

R
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F
ig

u
re

2:
Il

lu
st

ra
ti

on
of

th
e

in
cl

u
si

on
s

b
et

w
ee

n
se

ve
ra

l
re

m
ar

ka
b
le

se
ts

:
su

p
p
pβ
q
Ď

A
pθ,

rq
Ď
rps

an
d

su
p
p
pβ̂
pλ
q q
Ď
E λ
Ď
A
pθ,

rq
Ď
rps

,
w

h
er

e
β
,θ

is
a

p
ri

m
al

/d
u
al

p
ai

r.

P
ro

p
o
si

ti
o
n

1
4

(I
d

e
n
ti

fi
c
a
ti

o
n

o
f

th
e

E
q
u

ic
o
rr

e
la

ti
o
n

S
e
t)

F
o
r

a
n

y
se

qu
en

ce
o
f

co
n

ve
rg

in
g

sa
fe

a
ct

iv
e

se
t
pA
pθ k

,r
k
qq k
PN

,
w

e
h
a
ve

li
m
k
Ñ
8
A
pθ k

,r
k
q“

E λ
.

M
o
re

p
re

ci
se

ly
,

th
er

e
ex

is
ts

a
n

in
te

ge
r
k

0
PN

su
ch

th
a
t
A
pθ k

,r
k
q“
E λ

fo
r

a
ll
k
ě
k

0
.

P
ro

o
f

W
e

p
ro

ce
ed

b
y

d
ou

b
le

in
cl

u
si

on
.

F
ir

st
re

m
ar

k
th

at
E λ
“
A
pθ̂p

λ
q ,
r̂ λ
qw

h
er

e
r̂ λ

:“
2
pP

λ
pβ̂
pλ
q q
´
D
λ
pθ̂p

λ
q qq
{γ
λ

2
“

0
(t

h
an

k
s

to
st

ro
n
g

d
u
al

it
y
),

so
fo

r
al

l
k
P

N
,

w
e

h
av

e
E λ
Ď
A
pθ k

,r
k
q.

R
ec

ip
ro

ca
ll
y,

su
p
p

os
e

th
at

th
er

e
ex

is
ts

a
n
on

ac
ti

v
e

gr
ou

p
g
P
G

i.
e.

,
Ω
D g
pX

J g
θ̂p
λ
q q
ă

1
th

at
re

m
ai

n
s

in
th

e
ac

ti
ve

se
t
A
pθ k

,r
k
qf

or
al

l
it

er
at

io
n
s

i.
e.

,
@k

P
N
,

Ω
D g
pX

J g
θ k
q`

r k
Ω
D g
pX

g
qě

1.
S
in

ce
li
m
k
Ñ
8
θ k
“
θ̂p
λ
q

a
n
d

li
m
k
Ñ
8
r k
“

0,
w

e
ob

ta
in

Ω
D g
pX

J g
θ̂p
λ
q q
ě

1
b
y

p
as

si
n
g

to
th

e
li
m

it
.

H
en

ce
,

b
y

co
n
tr

ad
ic

ti
on

,
th

er
e

ex
it

s
an

in
te

ge
r
k

0
PN

su
ch

th
at

Ec λ
Ď
A
pθ k

0
,r
k

0
qc .

4
.6

A
lt

e
rn

a
ti

v
e

S
tr

a
te

g
ie

s:
a

B
ri

e
f

S
u

rv
e
y

4
.6
.1

T
h
e
S
e
m
in
a
l
S
a
f
e
R
e
g
io
n
s

T
h
e

fi
rs

t
S
af

e
S
cr

ee
n
in

g
ru

le
s

in
tr

o
d
u
ce

d
b
y

E
l

G
h
ao

u
i

et
al

.
(2

01
2
)

ca
n

b
e

ge
n
er

al
iz

ed
to

P
ro

b
le

m
(3

)
as

fo
ll
ow

s.
T

ak
e
θ̂p
λ

0
q

th
e

op
ti

m
al

so
lu

ti
on

of
th

e
d
u
a
l

p
ro

b
le

m
(4

)
w

it
h

a
re

gu
la

ri
za

ti
on

p
ar

am
et

er
λ

0
.

S
in

ce
θ̂p
λ
q

is
op

ti
m

al
fo

r
p
ro

b
le

m
(4

)
on

e
o
b
ta

in
s
θ̂p
λ
q
Pt

θ
:

D
λ
pθq
ě
D
λ
pθ̂p

λ
0
q qu

.
T

h
is

se
t

w
as

p
ro

p
o
se

d
as

a
sa

fe
re

gi
on

b
y

E
l

G
h
ao

u
i

et
al

.
(2

01
2)

.

In
th

e
re

gr
es

si
on

ca
se

(w
h
er

e
f i
pzq

“
py i
´
z
q2 {

2)
,

it
is

st
ra

ig
h
tf

or
w

ar
d

to
se

e
th

at
it

co
rr

es
p

on
d
s

to
th

e
sa

fe
sp

h
er

e
Bp
y
{λ
,‖
y
{λ
´
θ̂p
λ

0
q ‖

2
q.

4
.6
.2

S
T
3
a
n
d

D
y
n
a
m
ic

S
T
3

F
ol

lo
w

in
g

(7
),

th
e

sa
fe

sp
h
er

e
te

st
gi

ve
n

b
y

E
q
u
at

io
n

(8
)

is
m

or
e

effi
ci

en
t

w
h
en

θ
is

n
ea

r
θ̂p
λ
q a

n
d
r

cl
os

e
to

ze
ro

.
T

h
is

m
ot

iv
at

ed
th

e
fo

ll
ow

in
g

im
p
ro

ve
m

en
ts

.
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N
d
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y
e

et
a
l.

A
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n
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h
er

e
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n
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e
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ed
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e

re
g
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n
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se
b
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p
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it
in

g
g
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m
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c
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io
n
s
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th

e
d
u
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e.
T

h
is

m
et

h
o
d

w
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or
ig
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al

ly
p
ro

p
os

ed
in

X
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n
g

et
a
l.

(2
0
1
1
)
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d

ex
te

n
d
ed

in
B
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n
ef
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et

al
.
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0
14

)
w
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a
d
y
n
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n
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en
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g
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L
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g ‹
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g
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Ω
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J y
q(
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e
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‹pX

J y
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λ
m

a
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le
t

u
s

d
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n
e

V ‹
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ď
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d
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n
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J g ‹
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1
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W
e
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su

m
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d
u
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n
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m
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d
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er
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X
J g ‹
y
{λ
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d
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n

a
lk

n
ow

le
d
g
e

b
y

in
cl

u
si

on
/e

x
cl

u
si

on
of

a
su

b
je

ct
(D

w
or

k
et

al
.,

20
14

),
an

d
n
ot

fr
om

ga
in

in
g

k
n
ow

le
d
g
e

fr
om

re
le

as
ed

d
at

a
it

se
lf

.
T

h
er

ef
or

e,
an

ad
ve

rs
ar

y
m

ay
st

il
l

gu
es

s
se

n
si

ti
ve

a
tt

ri
b
u
te

s
o
f

su
b

je
ct

s
fr

om
d
iff

er
en

ti
al

ly
-p

ri
va

te
at

tr
ib

u
te

s
w

it
h

co
n
fi
d
en

ce
.

T
o

p
re

se
rv

e
p
ri

va
cy

of
co

n
ti

n
u
ou

s
h
ig

h
d
im

en
si

on
al

d
at

a
fr

om
in

fe
re

n
ce

a
tt

a
ck

s,
th

is
p
a-

p
er

p
ro

p
os

es
an

ap
p
ro

ac
h

w
h
ic

h
d
iff

er
s

si
gn

ifi
ca

n
tl

y
fr

om
p
re

v
io

u
s

sy
n
ta

ct
ic

o
r

d
iff

er
en

ti
a
ll
y
-

p
ri

va
te

ap
p
ro

ac
h
es

.
C

on
si

d
er

a
sc

en
ar

io
w

h
er

e
a

so
ci

al
m

ed
ia

u
se

r
w

an
ts

to
o
b
fu

sc
a
te

al
l

fa
ce

s
in

h
er

p
ic

tu
re

w
it

h
m

in
im

al
d
is

to
rt

io
n

b
ef

or
e

p
os

ti
n
g

th
e

p
ic

tu
re

on
li
n
e.

T
h
e

o
b
fu

s-
ca

ti
on

m
ec

h
an

is
m

p
ro

p
os

ed
in

th
e

p
ap

er
is

a
ty

p
e

of
fi

lt
er

in
g

of
th

e
or

ig
in

a
l

fe
a
tu

re
s

b
y

a
n
on

-i
n
ve

rt
ib

le
tr

an
sf

or
m

at
io

n
.

H
ow

to
ch

o
os

e
an

op
ti

m
al

fi
lt

er
is

ex
p
la

in
ed

in
th

e
fo

l-
lo

w
in

g
ge

n
er

al
d
es

cr
ip

ti
on

.
O

n
ce

th
e

fi
lt

er
ed

d
at

a
(e

.g
.,

ob
fu

sc
at

ed
p
ic

tu
re

s)
a
re

re
le

a
se

d
,

an
ad

ve
rs

ar
y

w
il
l

tr
y

to
in

fe
r

se
n
si

ti
ve

or
id

en
ti

fy
in

g
at

tr
ib

u
te

s
fr

om
th

e
d
at

a
in

p
a
rt

ic
u
la

r
u
si

n
g

m
ac

h
in

e
le

ar
n
in

g
p
re

d
ic

to
rs

.
T

h
er

ef
o
re

th
e

d
at

a
ow

n
er

n
ee

d
s

a
fi
lt

er
th

a
t

ca
n

m
in

i-
m

iz
e

th
e

m
ax

im
u
m

ac
cu

ra
cy

th
at

an
y

ad
ve

rs
ar

y
m

ay
ac

h
ie

ve
in

p
re

d
ic

ti
n
g

th
e

se
n
si

ti
v
e

o
r

id
en

ti
fy

in
g

at
tr

ib
u
te

s.
T

h
is

is
an

in
st

an
ce

of
m

in
im

a
x

ga
m

es
b

et
w

ee
n

th
e

d
a
ta

ow
n
er

a
n
d

th
e

ad
v
er

sa
ry

.
T

h
e

p
ri

va
cy

of
fi
lt

er
ed

d
at

a
is

m
ea

su
re

d
b
y

th
e

ex
pe

ct
ed

ri
sk

o
f

a
d
v
er

sa
ri

a
l

al
go

ri
th

m
s

on
sp

ec
ifi

c
in

fe
re

n
ce

ta
sk

s
su

ch
as

id
en

ti
fi
ca

ti
on

.
H

ow
ev

er
,

if
p
ri

va
cy

is
th

e
o
n
ly

go
al

,
n
ea

r-
p

er
fe

ct
p
ri

va
cy

is
ac

h
ie

va
b
le

w
it

h
a

si
m

p
le

m
ec

h
an

is
m

th
at

se
n
d
s

n
o

o
r

g
a
rb

a
g
e

d
at

a,
w

h
ic

h
h
as

n
o

u
ti

li
ty

fo
r

an
y

p
ar

ty
.

T
o

av
oi

d
th

os
e

tr
iv

ia
l

so
lu

ti
on

s,
(d

is
)u

ti
li
ty

of
fi
lt

er
ed

d
at

a
n
ee

d
s

to
b

e
co

n
si

d
er

ed
as

th
e

se
co

n
d

go
al

.
D

is
u
ti

li
ty

ca
n

b
e

m
ea

su
re

d
b
y

th
e

am
ou

n
t

of
d
is

to
rt

io
n

of
th

e
or

ig
in

al
d
at

a
af

te
r

fi
lt

er
in

g.
A

lt
er

n
at

iv
el

y,
if

th
er

e
a
re

p
a
rt

ic
u
la

r
ta

sk
s

of
in

te
re

st
to

b
e

p
er

fo
rm

ed
on

th
e

d
at

a
b
y

n
on

-a
d
v
er

sa
ri

al
an

a
ly

st
s,

th
en

a
g
a
in

th
e

ex
p

ec
te

d
ri

sk
of

th
e

ta
rg

et
ta

sk
s

ca
n

b
e

u
se

d
as

d
is

u
ti

li
ty

.
T

h
e

tw
o

go
al

s—
a
ch

ie
v
in

g
p
ri

-
va

cy
an

d
u
ti

li
ty

—
ar

e
of

te
n

m
u
tu

al
ly

co
n
fl
ic

ti
n
g,

an
d

fi
n
d
in

g
an

op
ti

m
al

tr
a
d
eo

ff
b

et
w

ee
n

th
e

tw
o

is
a

ce
n
tr

al
q
u
es

ti
on

in
p
ri

va
cy

re
se

ar
ch

(s
ee

R
el

at
ed

w
or

k
.)

T
h
is

p
a
p

er
p
ro

p
o
se

s
to

m
in

im
iz

e
th

e
d
iff

er
en

ce
of

tw
o

ri
sk

s
b
y

th
e

m
in

im
ax

op
ti

m
iz

at
io

n
of

(7
).

T
h
e

so
lu

ti
o
n

to
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
w

il
l

b
e

re
fe

rr
ed

to
as

m
in

im
a
x

fi
lt

e
r.

In
th

e
li
te

ra
tu

re
,

se
ve

ra
l

m
et

h
o
d
s

h
av

e
b

ee
n

u
se

d
to

so
lv

e
co

n
ti

n
u
ou

s
m

in
im

ax
op

ti
m

iz
at

io
n

p
ro

b
le

m
s,

in
cl

u
d
in

g
th

e
m

et
h
o
d

b
y

K
iw

ie
l

(1
98

7)
u
se

d
in

H
am

m
(2

01
5)

.
T

h
e

p
ap

er
u
se

s
a

si
m

p
le

r
o
p
ti

m
iz

a
ti

o
n

m
et

h
o
d

b
as

ed
on

th
e

cl
as

si
c

th
eo

re
m

of
D

an
sk

in
(1

96
7)

.
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L
e
a
r
n
in
g

t
o

P
r
e
se

r
v
e
P
r
iv
a
c
y
f
r
o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

A
n
o
ta

b
le

assu
m

p
tion

th
is

p
ap

er
m

ak
es

is
th

at
th

e
train

in
g

d
ata

for
com

p
u
tin

g
an

o
p
tim

a
l

fi
lter

a
re

in
d
ep

en
d
en

t
of

th
e

test
d
ata.

F
or

ex
am

p
le,

th
ere

are
p
u
b
licly

availab
le

d
a
ta

sets
th

a
t

can
b

e
u
sed

to
com

p
u
te

m
in

im
ax

fi
lters

su
ch

as
th

ose
from

th
e

U
C

I
d
ata

rep
o
sito

ry. 1
A

s
th

e
train

in
g

d
ata

set
is

alread
y

p
u
b
lic

in
form

ation
,

th
e

p
ap

er
con

sid
ers

on
ly

th
e

p
riva

cy
o
f

th
e

su
b

jects
w

h
o

u
se

th
e

fi
lter

a
t

test
tim

e.
A

sim
ilar

assu
m

p
tion

w
as

m
ad

e
in

H
a
m

m
et

al.
(2

0
16)

for
k
n
ow

led
ge

tran
sfer

p
u
rp

oses.
A

fter
th

e
fi
lter

is
learn

ed
from

train
in

g
d
a
ta

,
a

n
ew

test
su

b
ject

can
u
se

th
e

fi
lter

to
ob

fu
scate

h
er

d
ata

b
y

h
erself

w
ith

ou
t

req
u
irin

g
a

th
ird

p
a
rty

to
collect

an
d

p
ro

cess
h
er

raw
d
ata.

N
ote

th
at

th
is

settin
g

is
a
n
alogou

s
to

th
e

settin
g

o
f

lo
ca

l
d
iff

eren
tial

p
rivacy

(D
u
ch

i
et

al.,
2013)

w
h
ere

th
e

en
tity

th
at

collects
d
ata

is
n
o
t

tru
sted

.
S
in

ce
th

e
train

in
g

p
ro

ced
u
re

can
on

ly
access

em
p
irical

risk
s,

th
e

p
erform

an
ce

o
f

th
e

fi
lter

o
n

test
d
ata

is
given

in
th

e
form

of
ex

p
ectation

/p
rob

ab
ility.

T
h
e

p
a
p

er
p
resen

ts
a
n

a
n
a
ly

sis
o
f

gen
eralization

error
for

em
p
irical

m
in

im
ax

op
tim

izers
in

an
alo

gy
w

ith
th

e
a
n
a
ly

sis
o
f

em
p
irical

risk
m

in
im

izers
(E

R
M

).

T
h
e

g
o
a
l

o
f

m
in

im
ax

fi
lter

is
to

p
reven

t
in

feren
ce

attack
s,

an
d

its
p
rivacy

gu
aran

tee
is

q
u
ite

d
iff

eren
t

from
th

ose
of

oth
er

p
rivacy

m
ech

an
ism

s.
It

is
task

-d
ep

en
d
en

t
an

d
is

g
iven

in
p
ro

b
a
b
ility

or
ex

p
ectation

rath
er

th
an

given
ab

solu
tely,

w
h
ich

m
ay

b
e

con
sid

ered
w

ea
ker

th
a
n

o
th

er
p
rivacy

criteria
su

ch
as

d
iff

eren
tial

p
rivacy.

F
u
rth

erm
ore,

th
e

san
itized

d
a
ta

w
h
o
se

sen
sitiv

e
in

form
ation

is
fi
ltered

ou
t

m
ay

b
ecom

e
u
n
safe

in
th

e
fu

tu
re

if
p

eop
le’s

p
ercep

tio
n

o
f

w
h
ich

attrib
u
te

is
sen

sitiv
e

ch
an

ges
over

tim
e.

S
in

ce
th

e
goal

of
m

in
im

ax
fi
lter

a
n
d

th
e

g
oal

of
d
iff

eren
tial

p
rivacy

are
very

d
iff

eren
t,

it
is

n
atu

ral
to

ask
if

th
e

tw
o

m
eth

o
d
s

ca
n

b
e

com
b
in

ed
to

tak
e

ad
van

tages
of

b
oth

m
eth

o
d
s.

C
on

seq
u
en

tly,
th

is
p
ap

er
p
resen

ts
a
n

ex
ten

sion
of

m
in

im
ax

fi
lter

ca
lled

n
o
isy

m
in

im
a
x

fi
lte

r,
w

h
ich

com
b
in

es
th

e
fi
lter

w
ith

ad
d
itive

n
oise

m
ech

an
ism

to
satisfy

th
e

d
iff

eren
tia

l
p
rivacy

criterio
n
.

T
w

o
m

eth
o
d
s

o
f

com
b
in

ation
—

p
rep

ro
cessin

g
an

d
p

ostp
ro

cessin
g—

are
p
ro

p
o
sed

(see
F

ig.
2.)

In
th

e
p
rep

ro
cessin

g
ap

p
roach

,
m

in
im

ax
fi
lter

is
ap

p
lied

b
efore

p
ertu

rb
ation

to
red

u
ce

th
e

sen
sitiv

ity
o
f

tran
sform

ed
d
ata,

so
th

a
t

th
e

sam
e

level
of

d
iff

eren
tial

p
rivacy

is
ach

ieved
w

ith
less

n
o
ise.

S
im

ilar
id

eas
h
ave

b
een

u
tilized

b
efore,

w
h
ere

d
ata

are
tran

sform
ed

b
y

D
iscrete

F
o
u
rier

T
ran

sform
(R

astogi
an

d
N

ath
,

2010)
an

d
b
y

W
avelet

T
ran

sform
(X

iao
et

a
l.,

2
0
1
1)

b
efore

n
oise

is
ad

d
ed

.
In

th
e

p
ostp

ro
cessin

g
ap

p
roach

,
m

in
im

ax
fi
lter

is
ap

p
lied

a
fter

p
ertu

rb
a
tion

,
an

d
its

p
erform

an
ce

is
com

p
ared

w
ith

th
e

p
rep

ro
cessin

g
ap

p
roach

.

M
in

im
a
x

fi
lter

an
d

its
ex

ten
sion

s
are

evalu
ated

w
ith

several
real-w

orld
task

s
in

clu
d
-

in
g

fa
cia

l
ex

p
ression

classifi
cation

,
sp

eech
em

otion
classifi

cation
,

an
d

activ
ity

classifi
cation

fro
m

m
otio

n
.

E
x
p

erim
en

ts
sh

ow
th

at
p
u
b
licly

availab
le

con
tin

u
ou

s
an

d
h
igh

-d
im

en
sion

al
d
a
ta

sets
a
re

su
rp

risin
gly

su
scep

tib
le

to
su

b
ject

id
en

tifi
cation

attack
s,

a
n
d

th
at

m
in

im
ax

fi
lters

ca
n

red
u
ce

th
e

p
rivacy

risk
s

to
n
ear

ch
an

ce
levels

w
ith

ou
t

sacrifi
cin

g
u
tility

m
u
ch

.
E

x
p

erim
en

ts
w

ith
n
oisy

m
in

im
ax

fi
lter

also
y
ield

in
tu

itiv
e

resu
lts.

D
iff

eren
tial

p
rivacy

an
d

resilien
ce

to
in

feren
ce

attack
are

in
d
eed

d
iff

eren
t

goals,
su

ch
th

at
u
sin

g
d
iff

eren
tially

p
ri-

vate
m

ech
a
n
ism

alon
e

to
ach

ieve
th

e
latter

req
u
ires

a
large

am
ou

n
t

of
n
o
ise

th
at

d
estroy

s
u
tility

o
f

d
ata

.
In

con
trast,

m
in

im
ax

fi
lters

can
su

p
p
ress

in
feren

ce
a
ttack

w
ith

little
loss

o
f

u
tility

w
ith

or
w

ith
ou

t
p

ertu
rb

ation
.

T
h
erefore,

ad
d
in

g
a

sm
all

am
ou

n
t

of
n
oise

to
th

e
m

in
im

a
x

fi
lter

can
p
rov

id
e

a
form

al
d
iff

eren
tial

p
rivacy

to
a

d
egree

an
d

also
h
igh

on
-average

ta
sk

-d
ep

en
d
en

t
u
tility

an
d

p
rivacy

aga
in

st
in

feren
ce

a
ttack

s.

T
o

su
m

m
a
rize,

th
e

p
ap

er
h
as

th
e

follow
in

g
con

trib
u
tion

s.

1
.
h
t
t
p
:
/
/
a
r
c
h
i
v
e
.
i
c
s
.
u
c
i
.
e
d
u
/
m
l
/
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H
a
m
m

•
T

h
e

p
ap

er
p
rop

oses
a

n
ovel

fi
lterin

g
a
p
p
roach

w
h
ich

p
reserv

es
p
rivacy

of
con

tin
u
ou

s
an

d
h
igh

-d
im

en
sion

al
attrib

u
tes

a
gain

st
in

feren
ce

attack
s.

T
h
is

m
ech

an
ism

is
d
iff

eren
t

from
p
rev

iou
s

m
ech

an
ism

s
in

m
an

y
w

ay
s;

in
p
articu

lar,
it

is
a

lea
rn

in
g-b

ased
ap

p
roach

an
d

is
task

-d
ep

en
d
en

t.

•
T

h
e

p
ap

er
m

easu
res

u
tility

an
d

p
rivacy

b
y

ex
p

ected
risk

s,
an

d
form

u
lates

th
e

u
tility

-
p
rivacy

trad
eoff

as
a

m
in

-d
iff

-m
ax

op
tim

izatio
n

p
rob

lem
.

T
h
e

p
ap

er
p
rov

id
es

an
E

R
M

-like
an

aly
sis

of
th

e
gen

eralization
p

erform
an

ce
of

em
p
irical

op
tim

izers.

•
T

h
e

p
ap

er
p
resen

ts
a

p
ractical

algorith
m

w
h
ich

can
fi
n
d

m
in

im
ax

fi
lters

for
a

b
road

fam
ily

of
fi
lters

an
d

losses/classifi
ers.

T
h
e

p
rop

osed
op

tim
ization

algorith
m

an
d

su
p
-

p
ortin

g
classes

can
b

e
fou

n
d

on
th

e
op

en
-so

u
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rep
ository. 2

•
T

h
e

p
ap

er
p
rop

oses
p
rep

ro
cessin

g
an

d
p

ostp
ro

cessin
g

ap
p
roach

es
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b
in

e
m
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ax
fi
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w
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T

h
e
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g
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b
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ation
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e
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d
d
iff
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tial

p
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e.

•
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h
e

p
ap
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m
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orld
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an
d
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p
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resen

tative
algorith

m
s
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e
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re.

T
h
e

rest
of

th
e

p
ap

er
is
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ized
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follow

s.
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ec.

2
p
resen

ts
related

w
ork

in
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e
liter-

atu
re.

S
ec.

3
p
resen
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m

in
im

ax
fi
lters

an
d
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p
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d
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cu
lty

of
solv

in
g

gen
eral

m
in

im
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p
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ation

b
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6
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ax
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con
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er
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2
.
R
e
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te
d
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rk

O
p
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al
u
tility

-p
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trad
eoff
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e
of

th
e
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ain
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p
rivacy
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w
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u
n
d
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p
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D
w
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D
w
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con
tex
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m

ith
,
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A
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al.,
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D

u
ch

i
et

al.,
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an
d
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ility
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asiv
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an
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an
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al.,
2011).

O
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p
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an
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.
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form
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an
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b
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u
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a
n
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p
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d
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con
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p
rivacy

an
d

u
tility,

w
h
ich

is
d
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p
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R
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b
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an

d
S
h
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p
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b
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d
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d
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u
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i
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l
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P
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f
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b
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d
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b
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d
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m
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d
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d
is

cr
et

e
at

tr
ib

u
te

se
-

le
ct

io
n
,

an
d

d
em

on
st

ra
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.
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p
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d
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p
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p
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b
le

m
s

w
it

h
d
is

cr
et

e
d
is

tr
ib

u
ti

on
s

ar
e

q
u
it

e
d
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b
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h
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d
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tr
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b
u
ti
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lg
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r
p
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rv
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g

p
ri
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ig

h
-d

im
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im

ag
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h
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b
ee

n
p
ro

p
os

ed
p
re

v
io

u
sl

y.
N

ew
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n
et

al
.
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00
5)

ap
p
li
ed

k
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o
n
y
m

it
y
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im

ag
es

;
E

n
ev

et
al

.
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01
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p
ro

p
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ed
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le
ar

n
a

li
n
ea

r
fi
lt

er
u
si

n
g

P
ar
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al

L
ea

st
S
q
u
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re
d
u
ce
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e
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ri
an
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b

et
w

ee
n

fi
lt

er
ed

d
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an

d
p
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b

el
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W
h
it
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il
l
an

d
M
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n
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01
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al
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p
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ed
a

li
n
ea

r
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lt

er
u
si

n
g
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e

lo
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ra
ti

o
of
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e

F
is

h
er

’s
L

in
ea

r
D
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in
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A
n
al

y
si
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X
u

et
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.
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01
7)

p
re

se
n
te

d
a

re
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te
d

m
et

h
o
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p
re

se
rv

in
g

p
ri

va
cy

of
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n
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r
p
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ic
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rs

u
si

n
g

th
e

A
u
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en
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d
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ra
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n
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ap
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T
h
is

p
ap

er
d
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s
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o
m

th
es
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ra
l
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p
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:
it
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n
o
t

li
m
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to
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n
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r
fi
lt

er
s

an
d

is
ap

p
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b
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b
it

ra
ry

d
iff
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n
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n
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lt
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u
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ra
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d
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m
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e

u
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-p
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ri
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in
st
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d
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m
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g
h
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d
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s

or
L

D
A

lo
g-

ra
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b
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p
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n
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a

d
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o
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u
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d
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e

F
ou

ri
er

T
ra

n
s-

fo
rm

to
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p
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p
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d
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d
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d
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h
o
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p
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n
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d
a

d
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p
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te

ra
n
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-c
ou

n
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n
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m
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o
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w
h
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e

d
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a
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ef
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e
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d
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g
n
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ff
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h
o
d

w
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a
n
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y
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d
an

d
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d
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ra
te

d
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p
ir
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.

T
h
e

n
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m

in
im

ax
fi
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er
p
re
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n
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d
in

th
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p
ap

er
,

es
p

ec
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ll
y

th
e

p
re

p
ro

ce
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in
g

ap
p
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ac
h
,

is
si

m
il
ar
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n
ce

p
t

to
th

os
e

w
or

k
s
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at
th

e
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m
b
in

at
io

n
of

d
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a
tr

an
sf
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m

at
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n
an

d
p

er
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rb
at
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n
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u
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d
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en
h
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ce
u
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.
H
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ev

er
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th
e

tr
an

sf
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m
in
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is

p
ap

er
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.e
.,

th
e

m
in

im
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fi
lt

er
)

is
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ar
n
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fr
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d
at

a
fo

r
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ec
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c
ta

sk
s

u
n
li
ke

th
e

F
ou

ri
er

or
th

e
W

av
el

et
tr

an
sf

or
m

w
h
ic

h
ar

e
d
at

a
a
n
d

ta
sk

in
d
ep

en
d
en

t.

L
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tl
y,

th
e

al
te

rn
at

in
g

op
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m
iz

at
io

n
al

go
ri

th
m

(A
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.
1)

p
re

se
n
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d
in

th
is

p
ap

er
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re
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te
d
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th

e
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m

p
ro
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b
y
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o
o
d
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T

h
e
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m
p
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is

p
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er
so
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a
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p
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b
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m
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n
d
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o
p
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m
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u
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e
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o
d
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4)

so
lv
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b
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le
ar

n
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er
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o
d
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s.
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d

in
co

n
fe
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p
ro
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p
ap

er
in
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u
d
e
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u
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s
of
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n
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p
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an
d
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R
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e
an

al
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s
of
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er
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at
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n
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r,
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p
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r
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ax
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b
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d
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r
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at
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b
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ra
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b
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-v
al

u
ed

ve
ct

or
s.

N
ot

e
th

at
d
is

cr
et

e
at

tr
ib

u
te

s
ca

n
a
ls

o
b

e
re

p
re

se
n
te

d
b
y

re
al

ve
ct

or
s,

e.
g.

,
b
y

on
e-

h
o
t

ve
ct

or
.

L
et

th
e

fi
lt

er
b

e
a

m
a
p

g
(x

;u
)
∈
G

:
X
×
U
→

R
d

(1
)

w
h
ic

h
is

co
n
ti

n
u
ou

s
in
x

an
d

is
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
w

.r
.t

.
th

e
p
ar

am
et

er
u
∈
U.

G
iv

en
a

fi
lt

er
ed

ou
tp

u
t
g
(x

),
an

ad
ve

rs
ar

y
ca

n
m

ak
e

a
p
re

d
ic

ti
o
n
h
p
(g

(x
);
v
)

of
a

p
ri

va
te

va
ri

a
b
le

y
w

h
ic

h
ca

n
b

e
an

id
en

ti
fy

in
g

or
se

n
si

ti
ve

at
tr

ib
u
te

.
T

h
e

p
re

d
ic

ti
on

fu
n
ct

io
n
h
p
(g

(x
);
v
)

p
ar

am
et

er
iz

ed
b
y
v
∈
V

is
al

so
as

su
m

ed
to

b
e

co
n
ti

n
u
ou

s
in
v

an
d

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
a
b
le

w
.r

.t
.

to
th

e
in

p
u
t
g
(x

).
T

h
e

p
ap

er
p
ro

p
os

es
to

u
se

ex
p

ec
te

d
ri

sk
to

m
ea

su
re

th
e

p
ri

va
cy

of
fi
lt

er
ed

ou
tp

u
t

ag
ai

n
st

ad
ve

rs
ar

ia
l

in
fe

re
n
ce

:

f p
ri
v
(u
,v

)
,
E

[l
p
(h
p
(g

(x
;u

);
v
),
y
)]
,

(2
)

w
h
er

e
l p

(·)
is

a
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
lo

ss
fu

n
ct

io
n
.

F
ro

m
th

e
as

su
m

p
ti

o
n
s

a
b

ov
e,
f p

ri
v

is
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
w

.r
.t

.
th

e
fi
lt

er
p
ar

am
et

er
u

.
T

ri
v
ia

l
so

lu
ti

on
s

to
m

ax
im

iz
e

p
ri

va
cy

al
re

ad
y

ex
is

t,
w

h
ic

h
ar

e
th

e
fi
lt

er
s

th
a
t

o
u
tp

u
t

ra
n
d
om

or
co

n
st

an
t

n
u
m

b
er

s
in

d
ep

en
d
en

t
of

ac
tu

al
d
at

a.
H

ow
ev

er
,

su
ch

fi
lt

er
s

h
av

e
n
o

u
ti

li
ty

w
h
at

so
ev

er
fo

r
an

y
p
ar

ty
.

T
o

av
oi

d
su

ch
tr

iv
ia

l
so

lu
ti

on
s,

it
is

n
ec

es
sa

ry
to

co
n
si

d
er

th
e

se
co

n
d
ar

y
go

al
of

m
ax

im
iz

in
g

u
ti

li
ty

.
S
u
p
p

os
e

th
e

d
is

u
ti

li
ty

of
fi
lt

er
ed

d
at

a
is

m
ea

su
re

d
b
y

th
e

d
is

to
rt

io
n

of
th

e
o
ri

g
in

a
l
d
a
ta

.
If

g
(x

;u
)

is
th

e
fi
lt

er
/e

n
co

d
er
X
→

R
d
,

th
en

on
e

ca
n

co
n
st

ru
ct

th
e

d
ec

o
d
er
h

(·
;w

)
:
R
d
→
X

,
su

ch
th

at
fo

ll
ow

in
g

re
co

n
st

ru
ct

io
n

er
ro

r

f u
ti
l(
u
,w

)
,
E

[‖
h
u
(g

(x
;u

);
w

)
−
x
‖2

],
(3

)

is
m

in
im

iz
ed

(i
.e

.,
m

in
w
f u

ti
l(
u
,w

).
)

F
or

an
ot

h
er

ex
am

p
le

of
u
ti

li
ty

,
le

t
z

b
e

a
ta

rg
et

va
ri

ab
le

th
at

is
of

in
te

re
st

to
th

e
su

b
je

ct
s

an
d

an
al

y
st

s
su

ch
as

m
ed

ic
al

d
ia

gn
os

is
of

u
se

rs
’

d
at

a.
A

n
an

al
y
st

ca
n

m
a
ke

a
p
re

d
ic

ti
on

h
u
(g

(x
);
w

)
p
ar

am
et

er
iz

ed
b
y
w
∈
W

,
w

h
ic

h
is

as
su

m
ed

to
b

e
co

n
ti

n
u
o
u
s

in
w

an
d

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
w

.r
.t

.
th

e
in

p
u
t
g
(x

).
T

h
e

(d
is

)u
ti

li
ty

of
th

e
fi
lt

er
ed

o
u
tp

u
t

fo
r

a
n
on

-a
d
v
er

sa
ri

al
an

al
y
st

ca
n

al
so

b
e

m
ea

su
re

d
b
y

th
e

ex
p

ec
te

d
ri

sk

f u
ti
l(
u
,w

)
,
E

[l
u
(h
u
(g

(x
;u

);
w

),
z
)]
,

(4
)

w
h
er

e
l u

(·)
is

a
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
lo

ss
fu

n
ct

io
n
,

su
ch

th
at

f u
ti
l

is
co

n
ti

n
u
o
u
sl

y
d
iff

er
en

ti
ab

le
w

.r
.t

.
th

e
fi
lt

er
p
ar

am
et

er
u

.
T

o
fa

ci
li
ta

te
th

e
an

al
y
si

s,
th

e
p
a
p

er
a
ss

u
m

es
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L
e
a
r
n
in
g

t
o

P
r
e
se

r
v
e
P
r
iv
a
c
y
f
r
o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

th
a
t

th
e

co
n
strain

t
setsW

,V
,

an
d
U

are
com

p
act

an
d

con
v
ex

su
b
sets

of
E

u
clid

ean
sp

aces
su

ch
a
s

a
b
a
ll

w
ith

a
large

b
u
t

fi
n
ite

rad
iu

s.
A

lon
g

w
ith

th
e

assu
m

p
tion

th
at

th
e

fi
lter

g
an

d
th

e
risk

s
f
p
riv

a
n
d
f
u
til

are
all

con
tin

u
ou

s,
m

in
an

d
m

ax
valu

es
are

b
ou

n
d
ed

an
d

atta
in

ab
le.

In
a
d
d
itio

n
,

th
e

solu
tion

s
to

m
in

or
m

ax
p
rob

lem
s

are
assu

m
ed

to
b

e
in

th
e

in
terior

ofW
,

V
,

a
n
d
U

,
en

forced
b
y

ad
d
in

g
ap

p
rop

riate
regu

larization
(e.g,

λ‖w‖
2)

to
th

e
op

tim
ization

p
ro

b
lem

s
if

n
ecessary.

F
or

th
is

reason
,

m
in

or
m

ax
p
rob

lem
s

th
at

ap
p

ear
in

th
e

p
ap

er
w

ill
b

e
trea

ted
a
s

u
n
con

strain
ed

an
d

th
e

n
otation

s
u
∈
U

,
v
∈
V

,
an

d
w
∈
W

w
ill

b
e

om
itted

.

H
av

in
g

d
efi

n
ed

th
e

p
rivacy

m
easu

re
an

d
th

e
u
tility

m
easu

re,
th

e
goal

of
a

fi
lter

d
esign

er
is

to
fi
n
d

a
fi
lter

th
at

ach
iev

es
th

e
follow

in
g

tw
o

ob
jectives.

T
h
e

fi
rst

ob
jective

is
to

m
a
xim

ize
p
riva

cy

m
ax
u

m
inv
f
p
riv (u

,v
)

(or
eq

u
ivalen

tly
,

m
in
u

m
ax
v
−
f
p
riv (u

,v
))

(5)

w
h
ere

m
in
v
f
p
riv (u

,v
)

rep
resen

ts
th

e
risk

of
th

e
w

orst
(i.e.,

m
ost

cap
ab

le)
ad

versa
ry

:
th

e
sm

a
ller

th
e

risk
,

th
e

m
ore

accu
rately

can
sh

e
in

fer
th

e
sen

sitive
variab

le
y
.

A
s

m
en

tion
ed

b
efo

re,
th

is
p
ro

b
lem

alon
e

h
as

a
triv

ial
solu

tion
su

ch
as

a
con

stan
t

fi
lter

th
at

ou
tp

u
ts

zero
s.

T
h
e

seco
n
d

o
b

jective
is

to
m

in
im

ize
d
isu

tility

m
in
u

m
in
w
f
u
til (u

,w
)

(or
eq

u
ivalen

tly
,

m
in
u
−

m
ax
w
−
f
u
til (u

,w
))

(6)

w
h
ere

m
in
w
f
u
til (u

,w
)

rep
resen

ts
th

e
risk

of
th

e
b

est
an

aly
st:

th
e

sm
aller

th
e

risk
,

th
e

m
o
re

a
ccu

ra
tely

can
th

e
an

aly
st

recon
stru

ct
origin

a
l

d
ata

x
or

p
red

ict
th

e
variab

le
of

in
terest

z
.

T
o

a
ch

ieve
th

e
tw

o
op

p
osin

g
goals,

w
e

can
solve

th
e

join
t

p
rob

lem
of

m
in

im
izin

g
th

e
w

eig
h
ted

su
m

m
in
u

[m
ax
v
−
f
p
riv (u

,v
)

+
ρ

m
in
w
f
u
til (u

,w
) ]
,

(7)

o
r

eq
u
iva

len
tly

th
e

w
eigh

ted
d
iff

eren
ce

of
m

ax
valu

es

m
in
u

[m
ax
v
−
f
p
riv (u

,v
)−

ρ
m

ax
w
−
f
u
til (u

,w
) ]
.

(8)

T
h
e

co
n
sta

n
t
ρ
>

0
d
eterm

in
es

th
e

relative
im

p
ortan

ce
of

u
tility

versu
s

p
rivacy.

F
or

a
sm

all
ρ
�

1
,

th
e

p
ro

b
lem

is
close

to
a

triv
ial

p
rivacy

-on
ly

ta
sk

,
an

d
for

a
large

ρ
�

1,
th

e
p
rob

lem
is

clo
se

to
a

u
tility

-on
ly

task
.

T
h
e

solu
tion

to
(7)

o
r

(8)
w

ill
b

e
referred

to
a
s

m
in

im
a
x

fi
lte

r
3

a
n
d

is
b
y

d
efi

n
ition

an
op

tim
a
l

fi
lter

for
u
tility

-p
rivacy

trad
eoff

in
term

s
of

ex
p

ected
risk

s
g
iven

th
e

fam
ily

of
fi
lters

{g
(·

;u
)|u
∈
U},

th
e

fam
ily

of
p
rivate

losses/classifi
ers

{
lp (h

p (·
;v

))|v
∈
V}

an
d

th
e

fam
ily

of
u
tility

losses/classifi
ers{

lu (h
u (·

;w
))|w

∈
W
}
.

N
ote

th
a
t

th
e

ch
o
ice

of
fi
lter

an
d

loss/classifi
er

fam
ilies

is
v
ery

fl
ex

ib
le,

w
ith

th
e

assu
m

p
tion

o
f

d
iff

eren
tia

b
ility

on
ly.

In
p
ractice,

alm
ost-every

w
h
ere

d
iff

eren
tiab

ility
su

ffi
ces

to
u
se

th
e

a
lg

o
rith

m
in

th
e

p
ap

er.
F

ig.
1

sh
ow

s
an

ex
am

p
le

fi
lter/classifi

er
from

th
e

class
of

m
u
ltilayer

n
eu

ra
l

n
etw

o
rk

s.
A

s
an

asid
e,

th
e

join
t

p
rob

lem
m

ay
b

e
form

u
lated

as
m

in
im

ization
of

d
isu

tility
w

ith
a

h
ard

con
strain

t
on

p
rivacy

risk
.

W
h
en

u
sin

g
in

terior-p
oin

t
m

eth
o
d
s,

th
e

p
ro

ced
u
re

is
sim

ilar
to

solv
in

g
(8)

iteratively
w

ith
an

in
creasin

g
ρ
,

w
h
ich

is
m

ore
d
em

an
d
in

g
th

a
n

m
in

im
izin

g
th

e
w

eigh
ted

su
m

on
ly

on
ce

as
th

e
p
ap

er
p
rop

oses.

3
.

T
o

b
e

p
recise,

th
e

jo
in

t
ta

sk
(7

)
is

a
m

in
-d

iff
-m

a
x

p
ro

b
lem

a
n

d
th

e
p

riva
cy

-o
n

ly
ta

sk
(5

)
is

a
m

in
im

a
x

p
ro

b
lem

.
H

ow
ev

er,
b

o
th

w
ill

b
e

referred
to

a
s

m
in

im
a
x

a
s

(7
)

ca
n

b
e

rew
ritten

a
s

a
sta

n
d

a
rd

m
in

im
a
x

p
ro

b
lem

.
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H
a
m
m

F
igu

re
1:

M
in

im
a
x

fi
lter

w
ith

a
fi
lter/classifi

ers
from

th
e

class
of

m
u
ltilayer

n
eu

ral
n
etw

o
rk

s.

3
.2

N
o
te

s
o
n

p
riv

a
te

a
n

d
u

tility
ta

sk
s

T
h
e

p
rivate

variab
le
y

can
b

e
an

y
attrib

u
te

w
h
ich

is
con

sid
ered

sen
sitive

or
id

en
tify

in
g.

F
or

ex
am

p
le,

let
y

b
e

an
y

n
u
m

b
er

or
strin

g
u
n
iq

u
e

to
a

p
erson

in
th

e
d
ata

set.
S
u
ch

id
en

tifi
ers

are
b
ijective

w
ith
{1
,...,S},

w
h
ere

S
is

th
e

total
n
u
m

b
er

of
su

b
jects,

so
assu

m
e

y
∈
{1,...,S}

.
T

h
e

p
rivate

task
for

an
ad

versary
is

th
en

to
p
red

ict
th

e
su

b
ject

n
u
m

b
er
y

from
th

e
fi
ltered

d
ata

g
(x

),
w

h
ose

in
accu

racy
is

m
easu

red
b
y

th
e

ex
p

ected
risk

of
th

e
id

en
tifi

ca
tion

task
.

T
h
at

is,
th

e
less

accu
rate

th
e

p
rivate

classifi
er

is,
th

e
m

ore
an

on
y
m

ou
s

th
e

fi
ltered

ou
tp

u
t

is.
T

h
e

id
en

tity
variab

le
can

also
b

e
grou

p
id

en
tifi

ers,
e.g.,

y
is

a
d
em

ograp
h
ic

grou
p
in

g
b
ased

on
age,

sex
,

eth
n
icity,

etc.
A

n
oth

er
ex

a
m

p
le

of
p
rivate

task
s

is
to

sin
gle-ou

t
a

p
articu

lar
su

b
ject

am
on

g
th

e
rest,

in
w

h
ich

ca
se
y

is
b
in

ary
:
y

=
−

1
m

ean
s

‘n
ot

th
e

target
su

b
ject’

an
d
y

=
1

m
ean

s
‘target

su
b

ject’.
T

o
su

m
m

arize,
an

on
y
m

ity
of

fi
ltered

d
ata

in
th

is
p
ap

er
m

ean
s

resilien
ce

to
in

feren
ce

attack
s

on
an

y
variab

le
y

th
a
t

w
e

ch
o
ose.

T
h
is

u
n
ify

in
g

ap
p
roach

is
con

v
en

ien
t

sin
ce

w
e

n
eed

n
o
t

d
eterm

in
e

w
h
eth

er
an

attrib
u
te

is
an

id
en

tifi
er,

a
q
u
asi-id

en
tifi

er
or

a
sen

sitiv
e

attrib
u
te

as
in

sy
n
ta

ctic
an

on
y
m

izatio
n
.

A
n
y

in
form

ation
h
id

d
en

in
th

e
con

tin
u
ou

s
h
igh

-d
im

en
sion

al
featu

res
w

h
ich

are
relevan

t
to

th
e

p
rivate

variab
le
y
—

w
h
atever

it
m

ay
b

e—
w

ill
b

e
m

ax
im

ally
fi
ltered

ou
t

b
y

con
stru

ction
.

S
im

ilarly,
th

e
target

variab
le
z

of
in

terest
can

b
e

an
y

variab
le

th
at

is
n
ot

th
e

sam
e

as
th

e
p
rivate

variab
le
y
.

In
th

e
p
ath

ological
case

w
h
ere

th
ey

are
th

e
sam

e
(z

=
y
),

th
e

ob
jective

(8)
b

ecom
es

m
in
u

[(1−
ρ
)

m
ax
v
−
f

(u
,v

) ]
(9)

w
h
ich

is
eith

er
a

triv
ial

p
rivacy

-on
ly

p
rob

lem
w

h
en

0
≤
ρ
<

1,
or

a
u
tility

-on
ly

p
rob

lem
w

h
en

ρ
>

1.
In

gen
eral,

z
an

d
y

w
ill

b
e

correlated
to

a
certain

d
egree,

a
n
d

th
e

m
in

im
ax

fi
lter

w
ill

fi
n
d

th
e

b
est

com
p
rom

ise
of

u
tility

an
d

p
rivacy

risk
s.
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L
e
a
r
n
in
g

t
o

P
r
e
se

r
v
e
P
r
iv
a
c
y
f
r
o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

A
ls

o,
p
ri

va
te

an
d

ta
rg

et
ta

sk
s

n
ee

d
n
ot

b
e

cl
as

si
fi
ca

ti
on

ta
sk

s
o
n
ly

.
R

eg
re

ss
io

n
ta

sk
s

ca
n

al
so

b
e

u
se

d
as

a
ta

rg
et

ta
sk

,
as

w
el

l
as

u
n
su

p
er

v
is

ed
ta

sk
s

th
at

d
o

n
o
t

re
q
u
ir

e
la

b
el
z
.

U
n
su

p
er

v
is

ed
ta

sk
s

ar
e

u
se

fu
l
w

h
en

th
e

ta
rg

et
ta

sk
is

u
n
k
n
ow

n
or

n
on

-s
p

ec
ifi

c.
F

or
ex

am
p
le

,
(3

)
m

ea
su

re
s

th
e

ex
p

ec
te

d
le

as
t-

sq
u
ar

es
er

ro
r

b
et

w
ee

n
th

e
or

ig
in

al
an

d
th

e
re

co
n
st

ru
ct

ed
fe

at
u
re

s.

3
.3

M
u

lt
ip

le
ta

sk
s

E
x
te

n
si

on
of

th
e

id
ea

in
th

e
p
re

v
io

u
s

se
ct

io
n

to
m

u
lt

ip
le

p
ri

va
te

an
d

ta
rg

et
ta

sk
s

is
st

ra
ig

h
t-

fo
rw

ar
d
.

S
u
p
p

os
e

th
er

e
ar

e
N
p

p
ri

va
te

ta
sk

s
f
1 p
ri
v
(u
,v

1
),
..
.,
f
N
p

p
ri
v
(u
,v
N
p
)

as
so

ci
at

ed
w

it
h

p
ri

va
te

ra
n
d
om

va
ri

ab
le

s
y
1
,.
..
,y
N
p
.

N
ot

e
th

at
f
i p
ri
v
(u
,v
i)

=
E

[l
i p
(h
i (
g
(x

;u
);
v i

),
y
i )

].
S
im

i-

la
rl

y,
su

p
p

os
e

th
er

e
ar

e
N
u

ta
rg

et
ta

sk
s
f
1 u
ti
l(
u
,w

1
),
..
.,
f
N
u

u
ti
l(
u
,w

N
u
)

as
so

ci
at

ed
w

it
h

ta
rg

et
ra

n
d
om

va
ri

ab
le

s
z 1
,.
..
,z
N
u
.

If
κ
1
,.
..
,κ

N
p

ar
e

th
e

co
effi

ci
en

ts
re

p
re

se
n
ti

n
g

re
la

ti
ve

im
p

or
-

ta
n
ce

of
p
ri

va
te

ta
sk

s,
an

d
ρ
1
,.
..
,ρ
N
u

ar
e

th
e

co
effi

ci
en

ts
fo

r
u
ti

li
ty

ta
sk

s,
th

en
th

e
fi
n
al

ob
je

ct
iv

e
is

to
so

lv
e

th
e

fo
ll
ow

in
g

p
ro

b
le

m

m
in u

 
N
p

∑ i=
1

κ
i
m

ax v i
−
f
i p
ri
v
(u
,v
i)

+

N
u

∑ i=
1

ρ
i
m

in
w
i

f
i u
ti
l(
u
,w

i)

 
.

(1
0)

S
in

ce
th

is
ca

n
b

e
re

w
ri

tt
en

as

m
in u

 
m

ax
v
1
,.
..
,v
N
p

−
N
p

∑ i=
1

κ
if
i p
ri
v
(u
,v
i)

+
m

in
w

1
,.
..
,w
N
u

N
u

∑ i=
1

ρ
if
i u
ti
l(
u
,w

i)

 
,

(1
1)

th
is

m
u
lt

ip
le

ta
sk

p
ro

b
le

m
is

n
ea

rl
y

id
en

ti
ca

l
to

th
e

or
ig

in
al

si
n
gl

e
ta

sk
p
ro

b
le

m
(7

),
w

it
h

th
e

n
ew

u
ti

li
ty

an
d

p
ri

va
cy

ta
sk

s
d
efi

n
ed

as

f̂ p
ri
v
(u
,v

=
(v

1
,.
..
,v
N
p
))

,
∑ i

κ
if
i p
ri
v
(u
,v
i)
,

an
d

(1
2)

f̂ u
ti
l(
u
,w

=
(w

1
,.
..
,w

N
u
))

,
∑ i

ρ
if
i u
ti
l(
u
,w

i)
,

(1
3)

w
it

h
ρ

=
1.

U
si

n
g

th
is

,
it

is
st

ra
ig

h
tf

or
w

ar
d

to
ex

te
n
d

th
e

a
n
al

y
si

s
an

d
al

go
ri

th
m

s
d
ev

el
op

ed
fo

r
si

n
gl

e
ta

sk
s

to
th

os
e

fo
r

m
u
lt

ip
le

ta
sk

s.

3
.4

G
e
n

e
ra

li
z
a
ti

o
n

p
e
rf

o
rm

a
n

c
e

o
f

m
in

im
a
x

fi
lt

e
r

T
h
e

p
ro

p
os

ed
p
ri

va
cy

m
ec

h
an

is
m

is
a

le
ar

n
in

g-
b
as

ed
ap

p
ro

ac
h
.

A
n

op
ti

m
al

fi
lt

er
is

on
e

th
at

so
lv

es
th

e
ex

p
ec

te
d

ri
sk

op
ti

m
iz

at
io

n
(7

).
H

ow
ev

er
,

in
re

al
it

y,
an

op
ti

m
al

fi
lt

er
h
as

to
b

e
es

ti
m

at
ed

fr
om

fi
n
it

e
tr

ai
n
in

g
sa

m
p
le

s,
an

d
w

e
n
ee

d
a

gu
ar

an
te

e
on

th
e

p
er

fo
rm

an
ce

of
th

e
le

ar
n
ed

fi
lt

er
on

u
n
se

en
te

st
sa

m
p
le

s.
T

h
is

se
ct

io
n

d
er

iv
es

g
en

er
al

iz
at

io
n

b
ou

n
d
s

fo
r

em
p
ir

ic
al

m
in

im
ax

fi
lt

er
si

m
il
ar

to
th

e
d
er

iv
at

io
n

of
b

ou
n
d
s

fo
r

em
p
ir

ic
al

ri
sk

m
in

im
iz

er
s

(E
R

M
).

T
h
e

jo
in

t
p
ro

b
le

m
fo

r
ex

p
ec

te
d

ri
sk

s
w

as

m
in u

[ m
ax v
−
f p

ri
v
(u
,v

)
+
ρ

m
in w
f u

ti
l(
u
,w

)]
=

m
in u

[ m
ax v
−
E

[l
p
(u
,v

)]
+
ρ

m
in w
E

[l
u
(u
,w

)]
] .

(1
4)
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 2

01
7

H
a
m
m

A
jo

in
t

lo
ss
l J

is
in

tr
o
d
u
ce

d
fo

r
co

n
ve

n
ie

n
ce

:

l J
(u
,v
,w

)
,
−
l p

(u
,v

)
+
ρ
l u

(u
,w

).
(1

5
)

L
et

(u
∗ ,
v
∗ ,
w
∗ )

b
e

a
so

lu
ti

on
to

th
e

ex
p

ec
te

d
ri

sk
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

E
D

[l
J
(u
∗ ,
v
∗ ,
w
∗ )

]
=

m
in u

[ m
ax v
E
D

[−
l p

(u
,v

)]
+
ρ

m
in w
E
D

[l
u
(u
,w

)]
] ,

(1
6
)

w
h
er

e
E
D

[·]
is

th
e

ex
p

ec
te

d
va

lu
e

w
.r

.t
.

th
e

u
n
k
n
ow

n
d
at

a
d
is

tr
ib

u
ti

on
P

(x
,y

).
S
im

il
a
rl

y,
le

t
(û
,v̂
,ŵ

)
b

e
a

so
lu

ti
on

to
th

e
em

p
ir

ic
a
l

ri
sk

m
in

im
ax

p
ro

b
le

m
:

E
S

[l
J
(û
,v̂
,ŵ

)]
=

m
in u

[ m
ax v
E
S

[−
l p

(u
,v

)]
+
ρ

m
in w
E
S

[l
u
(u
,w

)]
] ,

(1
7
)

w
h
er

e
th

e
em

p
ir

ic
al

m
ea

n
E
S

[·]
fo

r
S

=
{(
x
1
,y

1
),
··
·,

(x
N
,y
N

)}
is

E
S

[l
(x
,y

)]
,

1 N

∑

(x
,y
)∈
S

l(
x
,y

).
(1

8
)

T
h
e

go
al

in
th

is
an

al
y
si

s
is

to
sh

ow
th

at
th

e
ex

p
ec

te
d

an
d

th
e

em
p
ir

ic
al

op
ti

m
iz

er
s

p
er

fo
rm

eq
u
al

ly
w

el
l

in
ex

p
ec

ta
ti

on
/p

ro
b
ab

il
it

y
gi

ve
n

en
ou

gh
tr

ai
n
in

g
sa

m
p
le

s:

E
D

[l
J
(û
,v̂
,ŵ

)]
'
E
D

[l
J
(u
∗ ,
v
∗ ,
w
∗ )

],
as

N
→
∞
.

(1
9
)

T
h
e

m
ai

n
re

su
lt

is
th

e
T

h
eo

re
m

4
w

h
ic

h
is

p
ro

ve
d

in
th

e
re

m
ai

n
d
er

of
th

is
se

ct
io

n
.

L
et

’s
d
efi

n
e

op
ti

m
al

p
ar

am
et

er
s
v
(u

)
an

d
w

(u
)

gi
ve

n
u

as

v
∗ (
u

)
,

ar
g

m
ax v
E
D

[−
l p

(u
,v

)]
,

v̂
(u

)
,

ar
g

m
ax v
E
S

[−
l p

(u
,v

)]
,

(2
0
)

w
∗ (
u

)
,

ar
g

m
in w
E
D

[l
u
(u
,w

)]
,

ŵ
(u

)
,

ar
g

m
in w
E
S

[l
u
(u
,w

)]
.

(2
1
)

O
n
e

ca
n

th
en

w
ri

te

E
D

[l
J
(u
∗ ,
v
∗ ,
w
∗ )

]
=

m
in u

[E
D

[−
l p

(u
,v
∗ (
u

))
]+

ρ
E
D

[l
u
(u
,w
∗ (
u

))
]]

(2
2
)

=
m

in u
E
D

[l
J
(u
,v
∗ (
u

),
w
∗ (
u

))
],

(2
3
)

an
d

si
m

il
ar

ly

E
S

[l
J
(û
,v̂
,ŵ

)]
=

m
in u

[E
S

[−
l p

(u
,v̂

(u
))

]+
ρ
E
S

[l
u
(u
,ŵ

(u
))

]]
=

m
in u
E
S

[l
J
(u
,v̂

(u
),
ŵ

(u
))

]. (2
4
)

F
ro

m
th

es
e

d
efi

n
it

io
n
s

w
e

h
av

e
fo

r
a
ll
u

,

E
D

[l
J
(u
∗ ,
v
∗ ,
w
∗ )

]
≤

E
D

[l
J
(u
,v
∗ (
u

),
w
∗ (
u

))
],

(2
5
)

E
S

[l
J
(û
,v̂
,ŵ

)]
≤

E
S

[l
J
(u
,v̂

(u
),
ŵ

(u
))

].
(2

6
)

A
ls

o
fr

om
d
efi

n
it

io
n
,

fo
r

al
l

(u
,v
,w

),

E
D

[l
J
(u
,v
,w
∗ (
u

))
]
≤

E
D

[l
J
(u
,v
,w

)]
≤

E
D

[l
J
(u
,v
∗ (
u

),
w

)]
,

(2
7
)

E
S

[l
J
(u
,v
,ŵ

(u
))

]
≤

E
S

[l
J
(u
,v
,w

)]
≤

E
S

[l
J
(u
,v̂

(u
),
w

)]
.

(2
8
)

T
h
es

e
ob

se
rv

at
io

n
s

im
p
ly

th
e

fo
ll
ow

in
g

th
eo

re
m

.
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L
e
a
r
n
in
g

t
o

P
r
e
se

r
v
e
P
r
iv
a
c
y
f
r
o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

T
h

e
o
re

m
1

T
h
e

risk
d
iff

eren
ce

o
f

expected
a
n

d
em

p
irica

l
o
p
tim

izers
is

a
t

m
o
st

tw
ice

th
e

la
rgest

d
iff

eren
ce

o
f

expected
a
n

d
em

p
irica

l
risks

o
f

a
n

y
set

o
f

pa
ra

m
eters:

|E
D

[lJ
(û
,v̂
,ŵ

)]−
E
D

[lJ
(u
∗,v ∗,w

∗)]|≤
2

su
p

u
,v
,w |E

D
[lJ

(u
,v
,w

)]−
E
S

[lJ
(u
,v
,w

)]|.
(29)

P
ro

o
f

T
h
e

ex
p

ected
risk

of
em

p
irical

risk
op

tim
izers

(û
,v̂
,ŵ

)
is

u
p
p

er-b
ou

n
d
ed

b
y

th
e

risk
o
f

ex
p

ected
risk

op
tim

izers
(u
∗,v ∗,w

∗)
as

follow
s:

E
D

[lJ
(û
,v̂
,ŵ

)]−
E
D

[lJ
(u
∗,v ∗,w

∗)]

=
E
D

[lJ
(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)]−
(E

D
[lJ

(u
∗,v ∗,w

∗)]−
E
S

[lJ
(û
,v̂
,ŵ

)])

≤
E
D

[lJ
(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)]−
(E

D
[lJ

(u
∗,v ∗,w

∗)]−
E
S

[lJ
(u
∗,v̂

(u
∗),ŵ

(u
∗))])

(from
(26))

≤
E
D

[lJ
(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)]−
(E

D
[lJ

(u
∗,v̂

(u
∗),w

∗)]−
E
S

[lJ
(u
∗,v̂

(u
∗),ŵ

(u
∗))])

(from
(27))

≤
E
D

[lJ
(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)]−
(E

D
[lJ

(u
∗,v̂

(u
∗),w

∗)]−
E
S

[lJ
(u
∗,v̂

(u
∗),w

∗)])
(from

(28))

≤
2

su
p

u
,v
,w |E

D
[lJ

(u
,v
,w

)]−
E
S

[lJ
(u
,v
,w

)]|.

T
h
e

d
iff

eren
ce

can
also

b
e

low
er-b

ou
n
d
ed

as
follow

s:

E
D

[lJ
(u
∗,v ∗,w

∗)]−
E
D

[lJ
(û
,v̂
,ŵ

)]

=
E
D

[lJ
(u
∗,v ∗,w

∗)]−
E
S

[lJ
(û
,v̂
,ŵ

)]−
(E

D
[lJ

(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)])

≤
E
D

[lJ
(û
,v ∗(û

),w
∗(û

))]−
E
S

[lJ
(û
,v̂
,ŵ

)]−
(E

D
[lJ

(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)])
(from

(25))

≤
E
D

[lJ
(û
,v ∗(û

),w
∗(û

))]−
E
S

[lJ
(û
,v ∗(û

),ŵ
)]−

(E
D

[lJ
(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)])
(from

(28))

≤
E
D

[lJ
(û
,v ∗(û

),ŵ
)]−

E
S

[lJ
(û
,v ∗(û

),ŵ
)]−

(E
D

[lJ
(û
,v̂
,ŵ

)]−
E
S

[lJ
(û
,v̂
,ŵ

)])
(from

(27))

≤
2

su
p

u
,v
,w |E

D
[lJ

(u
,v
,w

)]−
E
S

[lJ
(u
,v
,w

)]|.

T
o

b
o
u
n
d

th
e

R
H

S
of

(29),
on

e
can

u
se

th
e

R
ad

em
ach

er
com

p
lex

ity
th

eory
(e.g.,

L
em

m
a

2
6
.2

o
f

S
h
a
lev

-S
h
w

artz
an

d
B

en
-D

av
id

(2014).)

L
e
m

m
a

2
L

et
F

be
a

cla
ss

o
f

rea
l-va

lu
ed

fu
n

ctio
n

s,
a
n

d
let

S
be

a
set

o
f
N

sa
m

p
les

S
=
{(x

1 ,y
1 ),...,(x

N
,y
N

)}.
T

h
en

,

E
S∼

D
N

[
su

p
f∈
F |E

D
[f

]−
E
S

[f
]| ]
≤

2E
S∼

D
N

[R
(F
◦
S

)],
(30)

w
h
ere

R
(F
◦
S

)
is

th
e

em
p
irica

l
R

a
d
em

a
ch

er
co

m
p
lexity

R
(f
◦
S

),
1N
E
σ∼
{−

1
,+

1}
N

[
su

p
f∈
F

N
∑i=

1

σ
i f

(x
i ,y

i ) ]
(31)

fo
r

th
e

cla
ss

o
f

rea
l-va

lu
ed

fu
n

ctio
n

s{(x
,y

)7→
f

(x
,y

)
:
∀
f
∈
F
}
.

C
o
n
sid

er
th

e
class

of
real-valu

ed
fu

n
ction

s
d
efi

n
ed

from
th

e
join

t
loss

(15):

lJ ◦
H
J ◦

S
,
{
(x
,y
,z

)7→
lJ

(x
,y
,z

;u
,v
,w

)
:
u
∈
U
,v
∈
V
,w
∈
W
}

(32)

=
{
(x
,y
,z

)7→
−
lp (h

v (g
u (x

)),y
)

+
ρ
lu (h

w
(g
u (x

)),z
)

:
u
∈
U
,v
∈
V
,w
∈
W
}
.
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H
a
m
m

L
et

R
(lJ
◦
H
J
◦
S

)
d
en

ote
th

e
em

p
irical

R
ad

em
ach

er
com

p
lex

ity
of

th
e

jo
in

t
lo

ss
class.

F
u
rth

erm
ore,

th
e

R
ad

em
ach

er
com

p
lex

ity
of

su
m

of
fu

n
ction

s
can

b
e

u
p
p

er-b
ou

n
d
ed

b
y

th
e

su
m

of
com

p
lex

ities:

L
e
m

m
a

3
T

h
e

em
p
irica

l
R

a
d
em

a
ch

er
co

m
p
lexity

o
f

th
e

jo
in

t
p
riva

cy-u
tility

lo
ss

is
u

p
per-

bo
u

n
d
ed

a
sR

(lJ ◦
H
J ◦

S
)≤

R
(lp ◦

H
p ◦

G
◦
S

)
+
ρ
R

(lu ◦
H
u ◦

G
◦
S

),
(ρ
>

0)
(33)

w
h
ere

lp ◦
H
p ◦

G
◦
S

,
{(x

,y
,z

)7→
lp (h

p (g
u (x

)),y
)

:
u
∈
U
,v
∈
V},

(34)

lu ◦
H
u ◦

G
◦
S

,
{(x

,y
,z

)7→
lu (h

u (g
u (x

)),z
)

:
u
∈
U
,w
∈
W
}.

(35)

P
ro

o
f

R
(lJ ◦

H
J ◦

S
)

=
1N
E
σ [

su
p

u
,v
,w ∣∣∣∣∣

N
∑i=

1

σ
i lJ

(x
i ,y

i ,z
i ;u

,v
,w

) ∣∣∣∣∣ ]
(36)

=
1N
E
σ [

su
p

u
,v
,w ∣∣∣∣∣

N
∑i=

1

σ
i (−

lp (x
i ,y

i ;u
,v

)
+
ρ
lu (x

i ,z
i ;u

,w
)) ∣∣∣∣∣ ]

(37)

≤
1N
E
σ [

su
p

u
,v

∣∣∣∣∣
N
∑i=

1

σ
i lp (x

i ,y
i ;u

,v
) ∣∣∣∣∣

+
ρ

su
p

u
,w

∣∣∣∣∣
N
∑i=

1

σ
i lu (x

i ,z
i ;u

,w
) ∣∣∣∣∣ ]

(38)

=
R

(lp ◦
H
p ◦

G
◦
S

)
+
ρ
R

(lu ◦
H
u ◦

G
◦
S

).
(39)

F
rom

T
h
eorem

1
an

d
L

em
m

as
2

an
d

3,
w

e
get

th
e

fo
llow

in
g

gen
eralization

b
ou

n
d
s

in
term

s
of

th
e

R
ad

em
ach

er
com

p
lex

ity.

T
h

e
o
re

m
4

E
S∼

D
m

[|E
D

[lJ
(u
∗,v ∗,w

∗)]−
E
D

[lJ
(û
,v̂
,ŵ

)]|]
≤

4
E
S∼

D
m

[R
(lp ◦

H
p ◦

G
◦
S

)
+
ρ
R

(lu ◦
H
u ◦

G
◦
S

)].
(40)

A
p
rob

ab
ilistic

b
ou

n
d

in
stead

of
ex

p
ected

valu
e

can
also

b
e

ob
tain

ed
b
y

ap
p
ly

in
g

M
cD

i-
arm

id
’s

in
eq

u
ality,

w
h
ich

is
om

itted
.

T
h
e

R
ad

em
ach

er
com

p
lex

ity
of

p
rivacy

an
d

u
tility

losses
d
ep

en
d
s

on
ou

r
ch

oice
of

loss
fu

n
ction

s,
h
y
p

oth
esis

classes,
an

d
fi
lter

classes.
F

or
th

e
sim

p
le

case
o
f

lin
ear

fi
lters

an
d

lin
ear

classifi
ers,

on
e

can
com

p
u
te

th
e

com
p
lex

ity
u
sin

g
th

e
follow

in
g

lem
m

as
(26.9

an
d

26.10
from

S
h
alev

-S
h
w

artz
an

d
B

en
-D

av
id

(2014)):

L
e
m

m
a

5
S

u
p
po

se
φ

:
R
→

R
is
α

-L
ip

sch
itz,

i.e.,|φ
(a

)−
φ

(b)|≤
α|a
−
b|,
∀
a
,b
∈

R
.

T
h
en

,

R
(φ
◦
F

)
=
α
R

(F
).

(41)
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L
e
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n
in
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P
r
e
se
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P
r
iv
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f
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o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

L
e
m

m
a

6
F

o
r

th
e

cl
a
ss

o
f

li
n

ea
r

cl
a
ss

ifi
er

s
H

=
{x
7→
w
T
x

:
‖w
‖ 2
≤

1}
,

R
(H
◦S

)
≤

1 √
N

su
p

x
∈S
‖x
‖ 2
.

(4
2)

. F
ro

m
th

es
e

le
m

m
as

an
d

T
h
eo

re
m

4,
w

e
h
av

e
a

co
ro

ll
a
ry

fo
r

a
si

m
p
le

ca
se

of
li
n
ea

r
fi
lt

er
s

an
d

cl
as

si
fi
er

s.

C
o
ro

ll
a
ry

7
L

et
th

e
lo

ss
fu

n
ct

io
n

s
l u

a
n

d
l p

be
α

-L
ip

sc
h
it

z
(e

.g
.,
α

=
1

fo
r

lo
gi

st
ic

re
gr

es
-

si
o
n

.)
S

u
p
po

se
U

is
a
d
×
D

re
a
l

m
a
tr

ix
w

it
h

a
bo

u
n

d
ed

n
o
rm
‖U
‖ 2
≤

1,
a
n

d
w

a
n

d
v

a
re

ve
ct

o
rs

w
it

h
bo

u
n

d
ed

n
o
rm

s
(‖
w
‖ 2
≤

1
a
n

d
‖v
‖ 2
≤

1
).

If
th

e
fe

a
tu

re
d
o
m

a
in
X

is
a
ls

o
bo

u
n

d
ed

w
it

h
a

ra
d
iu

s
r

=
m

ax
x
∈X
‖x
‖ 2

,
th

en
w

e
h
a
ve

|E
D

[l
J
(u
∗ ,
v
∗ ,
w
∗ )

]−
E
D

[l
J
(û
,v̂
,ŵ

)]
|≤

4(
1

+
ρ
)
α
r

√
N

.
(4

3)

A
lt

er
n
at

iv
el

y,
on

e
ca

n
u
se

th
e

V
C

d
im

en
si

on
to

sp
ec

if
y

th
e

b
ou

n
d
.

In
an

y
ca

se
,

th
e

ge
n
er

al
iz

at
io

n
b

ou
n
d
s

in
th

is
se

ct
io

n
ju

st
if

y
th

e
cl

ai
m

th
at

m
in

im
ax

fi
lt

er
ca

n
p
re

se
rv

e
u
ti

li
ty

-p
ri

va
cy

of
u
n
se

en
te

st
d
at

a
in

ex
p

ec
ta

ti
on

or
p
ro

b
ab

il
it

y.

4
.
M

in
im

a
x
O
p
ti
m
iz
a
ti
o
n

T
h
is

se
ct

io
n

p
re

se
n
ts

th
eo

re
ti

ca
l

an
d

n
u
m

er
ic

al
so

lu
ti

on
s

of
th

e
jo

in
t

p
ro

b
le

m
(8

),
w

h
ic

h
is

a
va

ri
an

t
of

u
n
co

n
st

ra
in

ed
co

n
ti

n
u
ou

s
m

in
im

ax
p
ro

b
le

m
s.

(S
ee

R
u
st

em
an

d
H

ow
e

(2
00

9)
fo

r
a

re
v
ie

w
.)

T
h
e

p
ro

b
le

m
(8

)
ca

n
b

e
w

ri
tt

en
in

an
eq

u
iv

al
en

t
fo

rm

m
in u

Φ
(u

)
=

m
in u

[Φ
p
ri
v
(u

)
−
ρ

Φ
u
ti
l(
u

)]
(4

4)

=
m

in u
[m

ax v
−
f p

ri
v
(u
,v

)
−
ρ

m
ax w
−
f u

ti
l(
u
,w

)]
(4

5)

T
h
e

op
ti

m
iz

at
io

n
ab

ov
e

is
a

m
in

-d
iff

-m
ax

p
ro

b
le

m
an

d
ca

n
b

e
co

n
si

d
er

ed
as

si
m

u
lt

an
e-

ou
sl

y
so

lv
in

g
tw

o
su

b
p
ro

b
le

m
s

m
in
u
[m

ax
v
−
f p

ri
v
(u
,v

)]
a
n
d

m
in
u
[−

m
ax

w
−
f u

ti
l(
u
,w

)]
,

b
u
t

is
ev

id
en

tl
y

n
ot

th
e

sa
m

e
as

su
m

m
in

g
in

d
iv

id
u
al

so
lu

ti
on

s

m
in u

Φ
(u

)
6=

m
in u

[m
ax v
−
f p

ri
v
(u
,v

)]
+

m
in u

[−
ρ

m
ax w
−
f u

ti
l(
u
,w

)]
.

(4
6)

S
in

ce
th

e
se

co
n
d

su
b
p
ro

b
le

m
m

in
u
[−

m
ax

w
−
f u

ti
l(
u
,w

)]
=

m
in
u
,w
f u

ti
l(
u
,w

)
is

a
st

an
d
ar

d
m

in
im

iz
at

io
n

p
ro

b
le

m
,

le
t’

s
fo

cu
s

on
ly

on
th

e
fi
rs

t
su

b
p
ro

b
le

m
m

in
u
[m

ax
v
−
f p

ri
v
(u
,v

)]
w

h
ic

h
is

a
co

n
ti

n
u
ou

s
m

in
im

ax
p
ro

b
le

m
.

C
on

ti
n
u
ou

s
m

in
im

ax
p
ro

b
le

m
s

ar
e

in
ge

n
er

al
m

or
e

ch
al

le
n
gi

n
g

to
so

lv
e

th
an

st
an

d
ar

d
m

in
im

iz
at

io
n

p
ro

b
le

m
s,

as
th

e
in

n
er

op
ti

m
iz

at
io

n
Φ
p
ri
v
(u

)
=

m
ax

v
−
f p

ri
v

d
o
es

n
ot

u
su

al
ly

h
av

e
a

cl
os

ed
-f

or
m

so
lu

ti
on

;
w

h
en

it
d
o
es

,
th

e
w

h
ol

e
p
ro

b
le

m
ca

n
b

e
tr

ea
te

d
as

a
st

an
d
ar

d
m

in
im

iz
at

io
n

p
ro

b
le

m
.

F
u
rt

h
er

m
or

e,
th

er
e

ca
n

b
e

m
or

e
th

an
on

e
so

lu
ti

on
to

Φ
p
ri
v
(u

)
=

m
ax

v
−
f p

ri
v
.

T
o

b
et

te
r

u
n
d
er

st
an

d
m

in
im

ax
p
ro

b
le

m
s,

w
e

lo
ok

at
se

v
er

al
ex

am
p
le

s
st

ar
ti

n
g

fr
om

a
si

m
p
le

ca
se

w
h
er

e
Φ
p
ri
v

an
d

Φ
u
ti
l

h
av

e
cl

os
ed

-f
or

m
so

lu
ti

on
s.
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H
a
m
m

4
.1

S
im

p
le

c
a
se

:
e
ig

e
n
v
a
lu

e
p

ro
b

le
m

C
on

si
d
er

fi
n
d
in

g
a

m
in

im
ax

fi
lt

er
fo

r
th

e
fo

ll
ow

in
g

p
ro

b
le

m
.

T
h
e

fi
lt

er
cl

a
ss

is
a

li
n
ea

r
d
im

en
si

on
al

it
y

re
d
u
ct

io
n

(g
(x

;u
)

=
U
T
x

)
p
ar

am
et

er
iz

ed
b
y

th
e

m
at

ri
x
U
∈
R
D
×
d
,

a
n
d

th
e

p
ri

va
te

an
d

ta
rg

et
ta

sk
s

ar
e

le
as

t-
sq

u
ar

es
re

gr
es

si
on

s
p
ar

am
et

er
iz

ed
b
y

th
e

m
a
tr

ic
es
V

a
n
d

W
:

f p
ri
v
(U
,V

)
=

1 N

∑ i

‖V
T
U
T
x
i
−
y i
‖2
,

an
d

(4
7
)

f u
ti
l(
U
,W

)
=

1 N

∑ i

‖W
T
U
T
x
i
−
z i
‖2
.

(4
8
)

In
th

is
ca

se
,
Φ
p
ri
v
(U

)
=

m
ax

V
−
f p

(U
,V

)
an

d
Φ
u
ti
l(
U

)
=

m
ax

W
−
f u

(U
,W

)
ar

e
b

o
th

co
n
ca

ve
p
ro

b
le

m
s

w
it

h
cl

os
ed

-f
or

m
so

lu
ti

on
s

V̂
=

ar
g

m
in V
f p

ri
v

=
(U

T
C
x
x
U

)−
1
U
T
C
x
y

a
n
d

(4
9
)

Ŵ
=

ar
g

m
in
W

f u
ti
l
=

(U
T
C
x
x
U

)−
1
U
T
C
x
z
,

(5
0
)

w
h
er

e

C
x
y

=
1 N

∑ i

x
iy
T i
,
C
x
z

=
1 N

∑ i

x
iz
T i
,

an
d
C
x
x

=
1 N

∑ i

x
ix
T i
.

(5
1
)

T
h
e

co
rr

es
p

on
d
in

g
m

in
va

lu
es

ar
e

Φ
p
ri
v
(U

)
=
−
f p

ri
v
(U
,V̂

)
=

T
r
[ (U

T
C
x
x
U

)−
1
U
T
C
x
y
C
T x
y
U
] +

co
n
st
,

a
n
d

(5
2
)

Φ
u
ti
l(
U

)
=
−
f u

ti
l(
U
,Ŵ

)
=

T
r
[ (U

T
C
x
x
U

)−
1
U
T
C
x
z
C
T x
z
U
] +

co
n
st
.

(5
3
)

T
h
e

ou
te

r
m

in
im

iz
at

io
n

ov
er
u

is
th

en

m
in U

Φ
(U

)
=

m
in U

[Φ
p
ri
v
(U

)
−
ρ
Φ
u
ti
l(
U

)]
(5

4)

=
m

in U

[ −
f p

ri
v
(U
,V̂

)
+
ρ
f u

ti
l(
U
,Ŵ

)] =
m

in U
T

r
[ (U

T
C
x
x
U

)−
1
U
T
C
x
y
z
U
] ,(5

5
)

w
h
er

e
C
x
y
z

=
C
x
y
C
T x
y
−
ρ
C
x
z
C
T x
z
.

(5
6
)

T
h
e

p
ro

b
le

m
(5

5)
ca

n
b

e
re

fo
rm

u
la

te
d

as
a

ge
n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m
.

L
et
Q

=
C

1
/
2

x
x
U

b
e

a
D
×
d

fu
ll
-r

an
k

m
at

ri
x
.

T
h
e

p
ro

b
le

m
ca

n
b

e
re

w
ri

tt
en

as

m
in U

T
r
[ (U

T
C
x
x
U

)−
1
U
T
C
x
y
z
U
]

=
m

in Q
T

r
[ (Q

T
Q

)−
1
Q
T
C
−
1
/
2

x
x

C
x
y
z
C
−
1
/
2

x
x

Q
] .

(5
7
)

F
u
rt

h
er

m
or

e,
n
ot

e
th

at
m

in
va

lu
e

(5
5
)

is
in

va
ri

an
t

to
th

e
ri

gh
t

m
u
lt

ip
li
ca

ti
o
n

o
f
U

b
y

a
n
y

d
×
d

n
on

si
n
gu

la
r

m
at

ri
x
R

.
S
o

ch
os

e
R

so
th

at
Q
T
Q

=
R
T
U
T
C
x
x
U
R

=
I d

w
it

h
o
u
t

lo
ss

o
f

ge
n
er

al
it

y.
L

et
A

=
(C
−
1
/
2

x
x

)T
C
x
y
z
C
−
1
/
2

x
x

,
an

d
th

e
m

in
im

ax
p
ro

b
le

m
b

ec
om

es
th

e
fo

ll
ow

in
g

ei
ge

n
va

lu
e

p
ro

b
le

m
:

m
in U

Φ
(U

)
=

m
in

{Q
|Q

T
Q
=
I d
}

T
r
Q
T
A
Q
,

(5
8
)
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L
e
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r
n
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g

t
o

P
r
e
se

r
v
e
P
r
iv
a
c
y
f
r
o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

w
h
ich

is
th

e
su

m
of

th
e
d

sm
allest

eigen
valu

es
of
A

w
h
ich

m
ay

n
ot

b
e

p
ositive

sem
id

efi
n
ite.

N
o
te

th
a
t

th
is

sp
ecial

case
p
rob

lem
is

q
u
ite

sim
ilar

to
th

e
ob

jective
of

E
n
ev

et
al.

(2012):

m
ax
u

[−
λ
u
T
C
Tx
y C

x
y u

+
u
T
C
Tx
z C

x
z u

],
s.

t.
u
T
u

=
1.

T
h
e

p
ap

er
a
lso

p
rop

oses
a

varian
t

of
th

e
eigen

valu
e

p
rob

lem
(58),

called
P

riv
a
c
y

L
D

S
w

h
ich

is
an

a
n
a
logu

e
of

lin
ear

d
iscrim

in
an

t
an

aly
sis

(L
D

S
)

for
p
rivacy

-u
tility

op
tim

ization
p
ro

b
lem

.
D

efi
n
e

th
e

sy
m

m
etric

p
ositive

sem
id

efi
n
ite

m
atrix

C
u

a
s

C
u

=
K
∑k
=
1

N
k (µ

k −
µ

)(µ
k −

µ
)
T
,

(59)

w
h
ere

z
∈
{1
,...,K

}
,
N
k

=
N
∑i=

1

I
[z
i

=
k
],
µ
k

=
1N
k

N
∑i=

1

x
i I

[z
i

=
k
],

an
d
µ

=
1N

N
∑i=

1

x
i ,

(60)

D
efi

n
e
C
p

sim
ilarly

w
ith

y
∈
{1,...,K

′},
N
′k

=
N

′
∑i=

1

I
[y
i

=
k
],

an
d
µ
′k

=
1N
′k

N
′

∑i=
1

x
i I

[y
i

=
k
].

(61)

T
h
e

p
rop

o
sed

P
rivacy

L
D

S
is

a
lin

ear
fi
lter

g
(x

;U
)

=
U
T
x

,
w

h
ere

U
=

[u
1 ,...,u

d ]
is

a
m

a
trix

o
f

top
eigen

vectors
u
i ’s

from
th

e
follow

in
g

gen
eralized

eigen
valu

e
p
rob

lem
:

m
ax

‖
u‖

=
1

u
T

(C
u

+
λ
I
)u

u
T

(C
p

+
λ
I
)u
.

(62)

T
h
is

p
a
p

er
u
ses

P
rivacy

L
D

S
as

a
h
eu

ristic
to

fi
n
d

th
e

in
itial

lin
ear

fi
lter

b
efore

fi
n
e-tu

n
in

g
th

e
p
a
ra

m
eter

u
u
sin

g
a

gen
eral

op
tim

ization
m

eth
o
d

p
resen

ted
in

th
e

follow
in

g
section

s.
N

o
te

th
a
t

th
is

in
itialization

is
ap

p
licab

le
o
n
ly

to
lin

ear
fi
lters.

4
.2

S
a
d

d
le

-p
o
in

t
p

ro
b

le
m

C
o
n
tin

u
o
u
s

m
in

im
ax

p
rob

lem
s

can
n
ot

in
gen

eral
b

e
so

lved
in

closed
form

a
n
d

req
u
ire

n
u
-

m
erica

l
solvers.

T
h
ere

is
a

su
b

class
of

con
tin

u
ou

s
m

in
im

ax
p
rob

lem
s

w
h
ich

are
easier

to
so

lve
th

a
n

o
th

ers.
S
ad

d
le-p

oin
t

p
rob

lem
s

are
m

in
im

ax
p
rob

lem
s

for
w

h
ich

f
(u
,v

)
is

con
v
ex

in
u

a
n
d

con
cav

e
in
v
,

su
ch

as
th

e
fo

llow
in

g
“sad

d
le”

p
rob

lem

m
in
u

m
ax
v
f

(u
,v

)
=

m
in
u

m
ax
v

[u
2−

v
2].

(63)

A
n
a
lo

g
o
u
s

to
con

vex
p
rob

lem
s,
f

(u
,v

)
h
as

a
glo

b
al

o
p
tim

u
m

(u
∗,v ∗)

w
h
ich

satisfi
es

f
(u
∗,v

)≤
f

(u
∗,v ∗)≤

f
(u
,v ∗).

(64)

T
h
e

co
n
verg

en
ce

rate
of

a
sim

p
le

su
b
grad

ien
t-d

escen
t

m
eth

o
d

for
sad

d
le-p

oin
t

p
rob

lem
s

w
as

p
rev

io
u
sly

a
n
a
ly

zed
b
y

N
ed

ić
an

d
O

zd
aglar

(2009).
U

n
fortu

n
ately,

th
e

m
in

im
ax

p
rob

lem
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H
a
m
m

m
in
u

m
ax

v −
f
p
riv

con
sid

ered
in

th
is

p
ap

er
is

n
o
t

a
sad

d
le-p

oin
t

p
rob

lem
even

for
a

relatively
sim

p
le

case.
S
u
p
p

ose
on

e
ch

o
oses

lin
ear

fi
lters,

con
vex

d
iff

eren
tiab

le
losses

(e.g.,
least-

sq
u
ares,

logistic,
or

ex
p

on
en

tial
losses)

an
d

lin
ear

classifi
ers

for
th

e
p
rob

lem
.

T
h
en

−
f
p
riv (u

,v
)

=
−
E

[l(g
(u

);v
)]

=
−
E

[l(y
v
T
U
T
x

)]
(65)

is
th

e
n
egative

ex
p

ected
valu

e
of

th
e

com
p

osition
of

a
con

vex
l(·)

an
d

a
lin

ear
U
T
x

,
w

h
ich

is
con

cave
in
U

an
d

is
also

con
cave

in
v
,

w
h
ich

can
n
ot

b
e

a
sad

d
le-p

oin
t

p
rob

lem
.

4
.3

G
e
n

e
ra

l
p

ro
b

le
m

A
gen

eral
n
u
m

erical
solu

tion
to

th
e

op
tim

ization
(44)

is
d
escrib

ed
in

th
is

section
.

L
et

f
(u
,v

)
b

e
a

real-valu
ed

fu
n
ction

f
:U
×
V
→

R
,

w
h
ereU

an
d
V

are
com

p
act

su
b
sets

of
th

e
E

u
clid

ean
sp

ace.
S
u
p
p

ose
f

is
join

tly
con

tin
u
ou

s
an

d
h
a
s

a
con

tin
u
ou

s
p
artial

d
eriva

tive
∇
u f

w
.r.t.

th
e

fi
rst

variab
le
u

.
T

h
e

m
ax

im
u
m

over
v

Φ
(u

)
=

m
ax

v∈V
f

(u
,v

)
(66)

h
as

a
p
rop

erty
th

at
Φ

(u
)

is
in

gen
era

l
n
ot

d
iff

eren
tiab

le
in
u

even
if
f

(u
,v

)
is

(D
an

sk
in

,
1967).

S
u
p
p

ose
V

(u
)

is
th

e
set

of
m

ax
im

izers
of
f

given
u

:

V
(u

)
=
{
v̂
∈
V
|
f

(u
,v̂

)
=

m
ax

v∈V
f

(u
,v

)}
.

(67)

D
an

sk
in

p
rov

ed
th

at
th

e
d
irection

al
d
erivative

D
y Φ

(u
)

in
an

y
d
irection

y
∈

R
d

can
b

e
w

ritten
as

th
e

m
ax

im
u
m

d
irection

al
d
erivatives

of
f

(u
,v

)
over

all
v̂
∈
V

(u
):

D
y Φ

(u
)

=
m

ax
v̂∈
V
(u

) D
y f

(u
,v̂

),
(68)

w
h
ere

D
y f

(u
,v

)
is

th
e

d
irection

al
d
erivativ

e
of
f

w
.r.t.

u
.

F
u
rth

erm
ore,

in
th

e
case

w
h
ere

V
(u

)
is

a
sin

gleton
{v̂

(u
)}

for
each

u
,

w
e

h
ave

D
y Φ

(u
)

=
D
y f

(u
,v̂

(u
)).

(69)

T
h
ere

are
several

classic
m

in
im

ax
op

tim
izatio

n
a
lgorith

m
s

u
sin

g
th

is
p
rop

erty.
S
u
p
p

ose
f

(u
,v

)
is

also
con

tin
u
ou

sly
d
iff

eren
tia

b
le

w
.r.t.

v
,

an
d
∇
u f

is
con

tin
u
ou

sly
d
iff

eren
tiab

le
w

.r.t.
v
.

A
fi
rst-ord

er
m

eth
o
d

for
m

in
im

ax
p
rob

lem
s

w
as

p
rop

osed
b
y

P
an

in
(1981)

an
d

w
as

later
refi

n
ed

b
y

K
iw

iel
(1987).

T
h
e

latter
u
ses

a
lin

ear
ap

p
rox

im
ation

of
f

at
a

fi
x
ed

ū
alon

g
th

e
d
irection

q
f
l(q,v

)
=
f

(ū
,v

)
+
〈∇

u f
(ū
,v

),
q〉,

(70)

an
d

u
ses

it
to

com
p
u
te

th
e

ap
p
rox

im
ate

m
ax

valu
e

Φ
l(q)

=
m

ax
v
f
l(q,v

).
(71)

U
sin

g
th

is
ap

p
rox

im
ation

,
a

lin
e

search
can

b
e

p
erform

ed
alon

g
th

e
d
escen

t
d
irection

q
th

at
m

in
im

izes
th

e
m

ax
fu

n
ction

Φ
(ū

+
α
q).

In
p
articu

lar,
w

ith
ad

d
ition

al
assu

m
p
tion

s
of

L
ip

sch
itz

con
tin

u
ity

of∇
u f

an
d

com
p
actn

ess
ofU

an
d
V

,
K

iw
iel’s

algorith
m

m
on

oton
ically

d
ecreases

f
for

each
iteration

an
d

con
verges

to
a

station
ary

p
oin

t
u
∗,

i.e.,
a

p
oin

t
u

for
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L
e
a
r
n
in
g

t
o

P
r
e
se

r
v
e
P
r
iv
a
c
y
f
r
o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

w
h
ic

h
m

ax
v
〈∇

u
f

(u
∗ ,
v
),
q〉
≥

0
fo

r
al

l
d
ir

ec
ti

on
s
q.

P
re

v
io

u
sl

y,
H

am
m

(2
0
15

)
u
se

d
K

iw
ie

l’
s

al
go

ri
th

m
to

so
lv

e
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

(4
4)

.
H

ow
ev

er
,
on

e
d
is

ad
va

n
ta

ge
of

th
e

m
et

h
o
d

w
as

it
s

sl
ow

sp
ee

d
in

p
ra

ct
ic

e,
d
u
e

to
th

e
au

x
il
ia

ry
ro

u
ti

n
e

of
fi
n
d
in

g
th

e
d
es

ce
n
t

d
ir

ec
ti

on
q

at
ea

ch
it

er
at

io
n
,

d
es

cr
ib

ed
in

th
e

su
p
p
le

m
en

ta
ry

m
at

er
ia

l
o
f

H
am

m
(2

01
5)

.

In
st

ea
d
,

th
is

p
ap

er
p
ro

p
os

es
a

si
m

p
le

al
te

rn
at

in
g

al
go

ri
th

m
(A

lg
.

1)
fo

r
so

lv
in

g
m

in
-d

iff
-

m
ax

p
ro

b
le

m
b
as

ed
d
ir

ec
tl

y
on

D
an

sk
in

’s
th

eo
re

m
.

T
h
e

al
go

ri
th

m
on

ly
as

su
m

es
f p

ri
v
(u
,v

)
an

d
f u

ti
l(
u
,w

)
to

b
e

jo
in

tl
y

co
n
ti

n
u
ou

s
an

d
h
av

e
co

n
ti

n
u
ou

s
p
ar

ti
al

d
er

iv
a
ti

ve
s
∇
u
f p

ri
v

an
d

∇
u
f u

ti
l.

A
d
d
it

io
n
al

ly
,

if
f p

ri
v
(u
,v

)
an

d
f u

ti
l(
u
,w

)
ar

e
co

n
ve

x
in
v

an
d
w

re
sp

ec
ti

ve
ly

,
th

en
th

e
gl

ob
al

m
in

im
a

v t
=

ar
g

m
in v
f p

ri
v
(u
t,
v
)

an
d
w
t

=
a
rg

m
in w
f u

ti
l(
u
t,
w

)
(7

2)

ca
n

b
e

fo
u
n
d

ea
si

ly
,

ei
th

er
ap

p
ro

x
im

at
el

y
or

ac
cu

ra
te

ly
.

F
u
rt

h
er

m
or

e,
if
f u

ti
l

an
d
f p

ri
v

a
re

st
ro

n
gl

y
co

n
ve

x
(e

.g
.,

d
u
e

to
re

gu
la

ri
za

ti
on

),
th

e
so

lu
ti

on
s

ar
e

u
n
iq

u
e.

C
o
n
se

q
u
en

tl
y,

th
e

d
es

ce
n
t

d
ir

ec
ti

on
q t

in
A

lg
.

1
is

tr
u
ly

th
e

(n
eg

at
iv

e)
gr

ad
ie

n
t

of
Φ

(u
)

(4
4)

as
d
es

ir
ed

:

q t
=
∇
u
f p

ri
v
(u
,v
t)
−
ρ
∇
u
f u

ti
l(
u
,w

t)
=
−
∇
u
Φ
p
ri
v
(u

)
+
ρ
∇
u
Φ
u
ti
l(
u

)
=
−
∇
u
Φ

(u
).

(7
3)

N
ot

e
th

at
it

is
st

il
l

a
h
eu

ri
st

ic
fo

r
n
on

-c
on

ve
x
f u

ti
l

an
d
f p

ri
v

su
ch

as
w

h
en

u
si

n
g

n
eu

ra
l

n
et

w
or

k
s

fo
r

th
e

fi
lt

er
an

d
/o

r
th

e
cl

as
si

fi
er

s.
A

re
la

te
d

h
eu

ri
st

ic
fo

r
m

in
im

ax
p
ro

b
le

m
s

w
as

p
ro

p
os

ed
b
y

G
o
o
d
fe

ll
ow

et
al

.
(2

01
4)

fo
r

le
ar

n
in

g
ge

n
er

at
iv

e
m

o
d
el

s.

A
lg

o
ri

th
m

1
A

lt
er

n
at

in
g

al
go

ri
th

m
fo

r
m

in
-d

iff
-m

ax

In
p
u

t:
d
at

a
{(
x
i,
y i
,z
i)
},

fi
lt

er
g
,

lo
ss
l,

cl
as

si
fi
er
h

,
tr

ad
eo

ff
co

effi
ci

en
t
ρ
,

m
ax

it
er

at
io

n
T

,
le

ar
n
in

g
ra

te
s

(α
t)

O
u

tp
u

t:
op

ti
m

al
fi
lt

er
p
ar

am
et

er
u

B
eg

in
:

In
it

ia
li
ze
u
1

fo
r
t

=
1,
..
.,
T

d
o

S
ol

ve
(a

p
p
ro

x
im

at
el

y
)

v t
=

ar
g

m
in v
f p

ri
v
(u
t,
v
)

an
d
w
t

=
ar

g
m

in w
f u

ti
l(
u
t,
w

),
w

h
er

e
(7

4)

f p
ri
v
(u
,v

)
=

1 N

N ∑ i=
1

l p
(h
p
(g

(x
i;
u

);
v
),
y i

)
an

d
f u

ti
l(
u
,w

)
=

1 N

N ∑ i=
1

l u
(h
u
(g

(x
i;
u

);
w

),
z i

).

(7
5)

C
om

p
u
te

th
e

d
es

ce
n
t

d
ir

ec
ti

on
b
y

q t
=
∇
u
f p

ri
v
(u
,v
t)
−
ρ
∇
u
f u

ti
l(
u
,w

t)
(7

6)

P
er

fo
rm

li
n
e

se
ar

ch
al

on
g
q t

an
d

u
p

d
at

e
u
t+

1
=
u
t
+
α
t
·q
t

E
x
it

if
so

lu
ti

on
co

n
ve

rg
ed

e
n

d
fo

r

1
7

JM
L

R
 1

8(
12

9)
:1

-3
1,

 2
01

7

H
a
m
m

T
h
e

p
ro

p
os

ed
op

ti
m

iz
at

io
n

al
go

ri
th

m
an

d
su

p
p

or
ti

n
g

cl
as

se
s

ar
e

im
p
le

m
en

te
d

in
P

y
th

o
n

an
d

ar
e

av
ai

la
b
le

on
th

e
op

en
-s

ou
rc

e
re

p
os

it
or

y
4
.

5
.
N
o
is
y
M

in
im

a
x
F
il
te
r

T
h
e

p
ri

va
cy

gu
ar

an
te

e
th

at
m

in
im

ax
fi
lt

er
p
ro

v
id

es
is

v
er

y
d
iff

er
en

t
fr

om
th

at
o
f
d
iff

er
en

ti
a
ll
y
-

p
ri

va
te

m
ec

h
an

is
m

s.
A

s
th

e
fi
lt

er
is

le
ar

n
ed

fr
om

tr
ai

n
in

g
d
at

a,
it

s
p
ri

va
cy

g
u
a
ra

n
te

e
fo

r
te

st
d
at

a
is

gi
ve

n
on

ly
in

ex
p

ec
ta

ti
on

/p
ro

b
ab

il
it

y.
B

es
id

es
,

it
is

a
d
et

er
m

in
is

ti
c

m
ec

h
a
n
is

m
w

h
ic

h
ca

n
n
ot

p
ro

v
id

e
d
iff

er
en

ti
al

p
ri

va
cy

.
T

h
is

se
ct

io
n

p
re

se
n
ts

th
e

n
o
is

y
m

in
im

a
x

fi
lt

er
th

at
co

m
b
in

es
m

in
im

ax
fi
lt

er
w

it
h

ad
d
it

iv
e

n
oi

se
m

ec
h
an

is
m

to
sa

ti
sf

y
th

e
d
iff

er
en

ti
a
l

p
ri

va
cy

cr
it

er
io

n
.

T
w

o
m

et
h
o
d
s

of
co

m
b
in

at
io

n
—

p
re

p
ro

ce
ss

in
g

an
d

p
os

tp
ro

ce
ss

in
g—

a
re

p
ro

p
o
se

d
an

d
co

m
p
ar

ed
.

F
or

co
m

p
le

te
n
es

s,
th

e
d
efi

n
it

io
n

of
d
iff

er
en

ti
al

p
ri

va
cy

is
gi

v
en

b
ri

efl
y.

5
.1

D
iff

e
re

n
ti

a
l

p
ri

v
a
c
y

A
ra

n
d
om

iz
ed

al
go

ri
th

m
th

at
ta

ke
s

d
at

a
D

as
in

p
u
t

an
d

ou
tp

u
ts
f̃

(D
)

is
ca

ll
ed
ε-

d
iff

er
en

ti
a
ll
y

p
ri

va
te

if
P
r(
f̃

(D
)
∈
S)
≤
eε
P
r(
f̃

(D
′ )
∈
S)

(7
7)

fo
r

al
l

m
ea

su
ra

b
le
S
⊂
T

of
th

e
ou

tp
u
t

ra
n
ge

an
d

fo
r

al
l

d
at

a
se

ts
D

an
d
D
′

d
iff

er
in

g
in

a
si

n
gl

e
it

em
,

d
en

ot
ed

b
y
D
∼
D
′ .

T
h
a
t

is
,

ev
en

if
an

ad
ve

rs
ar

y
k
n
ow

s
th

e
w

h
o
le

d
a
ta

se
t

D
ex

ce
p
t

fo
r

a
si

n
gl

e
it

em
,

sh
e

ca
n
n
o
t

in
fe

r
m

u
ch

m
or

e
ab

o
u
t

th
e

u
n
k
n
ow

n
it

em
fr

o
m

th
e

ou
tp

u
t

of
th

e
al

go
ri

th
m

.
A

w
el

l-
k
n
ow

n
m

ec
h
an

is
m

fo
r

tu
rn

in
g

a
n
on

-p
ri

va
te

fu
n
ct

io
n
f

in
to

a
p
ri

va
te

fu
n
ct

io
n
f̃

is
th

e
p

er
tu

rb
at

io
n

b
y

ad
d
it

iv
e

n
oi

se
.

W
h
en

an
al

go
ri

th
m

o
u
tp

u
ts

a
re

al
-v

al
u
ed

ve
ct

or
f

(D
)
∈
R
D

,
it

s
gl

ob
al

se
n
si

ti
v
it

y
(D

w
or

k
et

al
.,

20
06

)
is

d
efi

n
ed

a
s

S
(f

)
=

m
ax

D
∼
D

′‖
f

(D
)
−
f

(D
′ )
‖

(7
8
)

w
h
er

e
‖·
‖

is
a

n
o
rm

su
ch

as
th

e
E

u
cl

id
ea

n
n
or

m
.

A
n

im
p

or
ta

n
t

re
su

lt
fr

om
D

w
o
rk

et
a
l.

(2
00

6)
is

th
at

th
e

p
er

tu
rb

at
io

n
b
y

ad
d
it

iv
e

n
oi

se

f̃
(D

)
=
f

(D
)

+
ξ,

(7
9
)

w
h
er

e
ξ

h
as

th
e

L
ap

la
ce

-l
ik

e
p
ro

b
ab

il
it

y
d
en

si
ty

w
h
os

e
sc

al
e

p
ar

am
et

er
is

p
ro

p
o
rt

io
n
a
l

to
S

(f
)

P
(ξ

)
∝
e−

ε
S
(f

)
‖ξ
‖ ,

(8
0
)

is
ε-

d
iff

er
en

ti
al

ly
p
ri

va
te

.
T

h
is

p
ap

er
co

n
si

d
er

s
lo

ca
l

d
iff

er
en

ti
al

p
ri

va
cy

(D
u
ch

i
et

al
.,

20
13

)
of

th
e

fi
lt

er
o
u
tp

u
t

g
(x

),
th

at
is

,
p

er
tu

rb
at

io
n

is
ap

p
li
ed

b
y

ea
ch

su
b

je
ct

b
ef

or
e
g
(x

)
is

re
le

as
ed

to
a

th
ir

d
p
a
rt

y.
L

et
X

=
{x

1
,.
..
,x

S
}

b
e

a
co

ll
ec

ti
on

of
d
at

a
fr

om
S

su
b

je
ct

s.
T

h
en

,
X

=
{x

1
,.
..
,x

S
}

a
n
d

X
′

=
{x
′ 1,
..
.,
x
′ S}

ar
e

d
efi

n
ed

as
n
ei

gh
b

or
s

if
x
i

=
x
′ i

fo
r

al
l
i

=
1
,.
..
,S

ex
ce

p
t

fo
r

so
m

e
j
∈

1,
..
.,
S

.
F

or
th

is
su

b
je

ct
,
x
j

an
d
x
′ j

ca
n

b
e

an
y

tw
o

sa
m

p
le

s
fr

o
m

th
e

co
m

m
o
n

fe
a
tu

re
sp

ac
e
X

of
al

l
su

b
je

ct
s.

C
on

se
q
u
en

tl
y,

a
ra

n
d
om

iz
ed

fi
lt

er
g̃
(·)

is
ε-

d
iff

er
en

ti
a
ll
y

p
ri

va
te

if
fo

r
al

l
x
,x
′ ∈
X

an
d

al
l

m
ea

su
ra

b
le
S
⊂
T

of
th

e
ou

tp
u
t

ra
n
ge

,

P
r(
g̃
(x

)
∈
S

)
≤
eε
P
r(
g̃
(x
′ )
∈
S

).
(8

1
)

4
.
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
j
i
h
u
n
h
a
m
m
/
M
i
n
i
m
a
x
F
i
l
t
e
r 18

JM
L

R
 1

8(
12

9)
:1

-3
1,

 2
01
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L
e
a
r
n
in
g

t
o

P
r
e
se

r
v
e
P
r
iv
a
c
y
f
r
o
m

In
f
e
r
e
n
c
e
A
t
t
a
c
k
s

P
re-processing

P
ost-processing

data
filter

noise
g(x)

b(g(x))+
ξ

x

data
noise

filter
b(x)+

ξ
g(b(x)+

ξ)
x

T
arget task

P
rivate task

T
arget task

P
rivate task

F
ig

u
re

2
:

P
rep

ro
cessin

g
an

d
p

ostp
ro

cessin
g

ap
p
roach

es
to

d
iff

eren
tially

p
rivate

m
in

im
ax

fi
lterin

g.

T
o

u
se

a
d
d
itive

n
oise

m
ech

an
ism

(79),
th

e
sen

sitiv
ity

(78)
of

th
e

ou
tp

u
t
g
(·)

n
eed

s
to

b
e

d
eterm

in
ed

:

S
(g

)
=

su
p

x
,x

′∈X
‖
g
(x

)−
g
(x
′)‖,

(82)

w
h
ich

is
fi
n
ite

ifX
is

com
p
act

an
d
g
(·)

is
con

tin
u
ou

s.
IfX

is
u
n
b

o
u
n
d
ed

,
on

e
can

d
irectly

b
o
u
n
d

th
e

d
ia

m
eter

of
g
(X

)
b
y

bo
u

n
d
in

g
fu

n
ctio

n
s.

E
x
a
m

p
les

of
th

e
b

ou
n
d
in

g
fu

n
ction

b
:R

D
→

R
D

a
re

1
.

H
a
rd

-b
o
u
n
d
in

g
b
y

clip
p
in

g:
b(h

)
=

m
in{

1/a
,

1/‖
h‖}·

h
for

som
e
a
>

0,

2
.

S
o
ft-b

o
u
n
d
in

g
b
y

sq
u
ash

in
g:
b(h

)
=

tan
h
(a‖h‖)

for
som

e
a
>

0,
an

d

3
.

N
orm

a
liza

tion
after

clip
p
in

g:
b(h

)
=
h
/‖
h‖

,

w
h
ere

h
=
g
(x

)
is

th
e

fi
lter

ou
tp

u
t

of
a

sam
p
le
x
∈
X

.
N

ote
th

at
th

ese
fu

n
ction

s
en

force
th

e
sen

sitiv
ity

S
(b(g

))
to

b
e

at
m

ost
2,

regard
less

ofX
or

g
(·).

T
h
e

th
resh

old
a

can
b

e
d
eterm

in
ed

fro
m

th
e

train
in

g
d
ata.

5
.2

P
re

p
ro

c
e
ssin

g
v
s

p
o
stp

ro
c
e
ssin

g

M
in

im
a
x

fi
lters

can
b

e
m

ad
e

lo
cally

d
iff

eren
tially

p
rivate

u
sin

g
th

e
ad

d
itive

n
oise

m
ech

an
ism

(7
9
)

in
th

e
sig

n
a
l
ch

ain
of

fi
lterin

g.
T

h
e

p
ap

er
p
rop

o
ses

tw
o

ap
p
roach

es.
In

th
e

p
rep

rocessin
g

a
p
p
roa

ch
,

fi
lterin

g
is

p
erform

ed
fi
rst

an
d

is
follow

ed
b
y

p
ertu

rb
ation

.
In

th
e

po
stp

rocessin
g

a
p
p
roa

ch
,

p
ertu

rb
ation

is
ap

p
lied

fi
rst

an
d

is
follow

ed
b
y

fi
lterin

g.
N

ote
th

at
p
rep

ro
cessin

g
a
n
d

p
o
stp

ro
cessin

g
ap

p
roach

es
are

sim
ilar

to
ou

tp
u
t

p
ertu

rb
ation

an
d

in
p
u
t

p
ertu

rb
ation

in
S
a
rw

a
te

a
n
d

C
h
au

d
h
u
ri

(2013).
F

ig.
2

sh
ow

s
th

e
sign

al
ch

ain
s

of
th

e
tw

o
ap

p
roach

es.
In

p
rep

ro
cessin

g,
th

e
origin

al
featu

re
x

is
fi
rst

fi
ltered

b
y
g
(x

),
an

d
th

en
m

ad
e

d
iff

eren
tial

p
riva

te
b
y

a
b

o
u
n
d
in

g
fu

n
ction

an
d

p
ertu

rb
ation

b(g
(x

))+
ξ.

In
p

ostp
ro

cessin
g,

th
e

origin
al

fea
tu

re
x

is
fi
rst

m
ad

e
d
iff

eren
tially

p
rivate

b
y

a
b

ou
n
d
in

g
fu

n
ction

an
d

p
ertu

rb
ation

b(x
)+
ξ

fo
llow

ed
b
y

fi
lterin

g
g
(b(x

)+
ξ).

B
y

ad
d
in

g
an

a
p
p
rop

riate
am

ou
n
t

of
n
oise,

b
oth

ap
p
roach

es
ca

n
b

e
m

a
d
e
ε-d

iff
eren

tially
p
rivate

regard
less

of
d
ata

d
istrib

u
tion

.
H

ow
ever,

w
h
en

th
e

n
o
isy

m
ech

a
n
ism

is
u
sed

in
con

ju
n
ction

w
ith

a
m

in
im

ax
fi
lter

w
h
ich

is
d
ep

en
d
en

t
o
n

d
ata

19
JM

L
R

 18(129):1-31, 2017

H
a
m
m

d
istrib

u
tion

P
(x
,y
,z

),
p
rep

ro
cessin

g
an

d
p

ostp
ro

cessin
g

ap
p
roach

es
h
ave

d
iff

eren
t

eff
ects

th
at

d
ep

en
d

on
th

e
d
istrib

u
tion

.
A

scen
ario

w
h
en

p
rep

ro
cessin

g
is

p
referab

le
to

p
ostp

ro
cessin

g
is

as
follow

s.
F

or
th

e
con

ven
ien

ce
of

ex
p
lan

ation
,

let’s
assu

m
e

th
at

su
b

ject
id

en
tifi

cation
is

th
e

p
rivate

task
.

L
et

y
(x

)
b

e
th

e
su

b
ject

id
en

tity
lab

el
of

sam
p
le
x

an
d

let
z
(x

)
b

e
th

e
target

lab
el

of
sam

p
le

x
for

an
y

target
task

.
D

efi
n
e

betw
een

-su
bject

d
ia

m
eter

as
th

e
m

ax
d
istan

ce
of

tw
o

sam
p
les

x
,x
′

from
d
iff

eren
t

su
b

jects
th

at
h
ave

th
e

sam
e

target
lab

el:

S
b ,

m
ax

x
,x

′∈X
‖x
−
x
′‖

s.t.
y
(x

)6=
y
(x
′),

z
(x

)
=
z
(x
′).

(83)

S
im

ilarly,
d
efi

n
e

w
ith

in
-su

bject
d
ia

m
eter

as
th

e
m

ax
d
istan

ce
of

tw
o

sam
p
les

x
,x
′

from
th

e
sam

e
su

b
ject

th
at

h
ave

d
iff

eren
t

target
lab

els:

S
w
,

m
ax

x
,x

′∈X
‖
x
−
x
′‖

s.t.
y
(x

)
=
y
(x
′),

z
(x

)6=
z
(x
′).

(84)

A
lso

for
th

e
p
u
rp

ose
of

ex
p
lan

ation
,

assu
m

e
th

at
th

e
fi
lter

g
is

an
orth

ogon
al

p
ro

jection
on

to
a

low
er-d

im
en

sion
al

E
u
clid

ean
sp

ace.
F

or
a

given
d
ata

setX
,

if
th

e
b

etw
een

-su
b

ject
d
iam

eter
is

larger
th

an
th

e
w

ith
in

-su
b

ject
d
iam

eter
(S
b
>
S
w

)
in

th
e

origin
a
l

featu
re

sp
ace

(F
ig.

3a),
th

en
m

in
im

ax
fi
lterin

g
can

p
oten

tially
red

u
ce

th
e

d
iam

eter
S

(g
)

=
m

ax
x
,x

′‖g
(x

)−
g
(x
′)‖

sign
ifi

can
tly.

T
h
is

tran
slates

to
less

am
ou

n
t

of
n
oise

req
u
ired

to
ach

ieve
th

e
sa

m
e
ε-

p
rivacy

th
an

th
e

am
ou

n
t

of
n
oise

req
u
ired

b
efore

fi
lterin

g,
as

th
e

d
ata

d
iam

eter
h
as

sh
ru

n
k
.

T
h
is

w
ill

resu
lt

in
b

etter
u
tility

of
th

e
p
rep

ro
cessin

g
ap

p
roach

over
th

e
p

ostp
ro

cessin
g

ap
p
roach

w
h
ere

n
oise

is
ad

d
ed

b
efore

fi
lterin

g.
F

rom
th

e
sam

e
reason

in
g,

if
th

e
op

p
osite

is
tru

e
(S
w
>
S
b )

(F
ig.

3b
),

th
en

th
e

d
iam

eter
S

(g
)

after
m

in
im

ax
fi
lterin

g
d
o
es

n
ot

ch
an

ge
m

u
ch

,
an

d
th

e
p
rep

ro
cessin

g
ap

p
roach

m
ay

n
ot

off
er

m
u
ch

b
en

efi
t

over
th

e
p

ostp
ro

cessin
g

ap
p
roach

.
H

ow
ev

er,
th

ere
are

still
oth

er
d
iff

eren
ces

b
etw

een
th

e
tw

o
ap

p
roach

es.
T

h
is

p
ap

er
assu

m
es

th
at

th
e

train
in

g
d
ata

are
p
u
b
lic

in
form

ation
an

d
th

eir
p
rivacy

is
n
ot

th
e

p
rim

ary
con

cern
u
n
like

th
e

p
rivacy

of
test

d
ata.

H
ow

ever,
if

w
e

b
egin

to
con

sid
er

th
e

p
rivacy

of
train

in
g

d
ata

as
w

ell,
th

en
on

e
sh

ou
ld

b
e

aw
are

th
at

th
e

learn
ed

fi
lters

can
leak

p
rivate

in
form

ation
,

an
alogou

s
to

h
ow

th
e

P
C

A
com

p
on

en
ts

can
leak

in
form

ation
ab

ou
t

train
in

g
d
ata

(C
h
au

d
h
u
ri

et
al.,

2012),
an

d
th

at
th

e
fi
lters

also
n
eed

to
b

e
san

itized
b

efore
release.

T
h
e

p
ostp

ro
cessin

g
ap

p
roach

m
akes

th
e

w
h
ole

p
ro

cess
sim

p
ler.

In
th

is
case,

after
each

d
ata

ow
n
er

p
ertu

rb
s

th
e

d
ata

b
y

h
erself,

an
y

su
b
seq

u
en

t
p

ostp
ro

cessin
g,

w
h
eth

er
it

is
th

e
p
ro

cess
of

ap
p
ly

in
g

p
retrain

ed
fi
lters

or
th

e
p
ro

cess
o
f

train
in

g
m

in
im

ax
fi
lters,

d
o
es

n
ot

w
orsen

d
iff

eren
tial

p
rivacy

gu
aran

tees
(D

w
ork

et
al.,

20
14),

a
n
d

th
erefore

th
e

p
ostp

ro
cessin

g
ap

p
roach

is
a

safer
ch

oice
w

h
en

th
e

d
ata

ow
n
ers

can
n
ot

tru
st

th
e

en
tity

th
at

collects
train

in
g

d
ata.

6
.
E
x
p
e
rim

e
n
ts

In
th

is
section

,
th

e
algorith

m
s

p
rop

osed
in

th
e

p
ap

er
are

evalu
ated

u
sin

g
th

ree
real-w

orld
d
ata

sets:
face

d
ata

for
gen

d
er/ex

p
ression

classifi
cation

,
sp

eech
d
ata

for
em

otion
classifi

-
cation

,
an

d
m

otion
d
ata

for
activ

ity
classifi
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g

en
tr

ie
s,

a
ta

sk
k
n
ow

n
a
s

li
n

k
p
re

-
d
ic

ti
o
n

or
kn

o
w

le
d
ge

gr
a
p
h

co
m

p
le

ti
o
n

.
T

h
e

n
ee

d
fo

r
h
ig

h
q
u
al

it
y

p
re

d
ic

ti
o
n
s

re
q
u
ir

ed
b
y

li
n
k

p
re

d
ic

ti
on

ap
p
li
ca

ti
on

s
m

ad
e

it
p
ro

g
re

ss
iv

el
y

b
ec

om
e

th
e

m
ai

n
p
ro

b
le

m
in

st
a
ti

st
ic

a
l

re
la

ti
on

al
le

ar
n
in

g
(G

et
o
or

an
d

T
as

ka
r,

20
07

),
a

re
se

ar
ch

fi
el

d
in

te
re

st
ed

in
re

la
ti

o
n
a
l

d
a
ta

re
p
re

se
n
ta

ti
on

an
d

m
o
d
el

in
g.

K
n
ow

le
d
ge

gr
ap

h
s

w
er

e
b

or
n

w
it

h
th

e
ad

ve
n
t

of
th

e
S
em

an
ti

c
W

eb
,
p
u
sh

ed
b
y

th
e

W
o
rl

d
W

id
e

W
eb

C
on

so
rt

iu
m

(W
3C

)
re

co
m

m
en

d
at

io
n
s.

N
am

el
y,

th
e

R
es

ou
rc

e
D

es
cr

ip
ti

o
n

F
ra

m
e-

w
or

k
(R

D
F

)
st

an
d
ar

d
,

th
at

u
n
d
er

li
es

k
n
ow

le
d
ge

gr
ap

h
s’

d
at

a
re

p
re

se
n
ta

ti
o
n
,

p
ro

v
id

es
fo

r
th

e
fi
rs

t
ti

m
e

a
co

m
m

on
fr

am
ew

or
k

ac
ro

ss
al

l
co

n
n
ec

te
d

in
fo

rm
at

io
n

sy
st

em
s

to
sh

a
re

th
ei

r
d
at

a
u
n
d
er

th
e

sa
m

e
p
ar

ad
ig

m
.

B
ei

n
g

m
or

e
ex

p
re

ss
iv

e
th

an
cl

as
si

ca
l

re
la

ti
o
n
a
l

d
a
ta

b
a
se

s,
al

l
ex

is
ti

n
g

re
la

ti
on

al
d
at

a
ca

n
b

e
tr

an
sl

at
ed

in
to

R
D

F
k
n
ow

le
d
ge

gr
ap

h
s

(S
a
h
o
o

et
a
l.
,

20
09

). K
n
ow

le
d
ge

gr
ap

h
s

ex
p
re

ss
d
at

a
as

a
d
ir

ec
te

d
gr

ap
h

w
it

h
la

b
el

ed
ed

ge
s

(r
el

a
ti

o
n
s)

b
e-

tw
ee

n
n
o
d
es

(e
n
ti

ti
es

).
N

at
u
ra

l
re

d
u
n
d
an

ci
es

b
et

w
ee

n
th

e
re

co
rd

ed
re

la
ti

on
s

o
ft

en
m

a
ke

it
p

os
si

b
le

to
fi
ll

in
th

e
m

is
si

n
g

en
tr

ie
s

of
a

k
n
ow

le
d
ge

gr
ap

h
.

A
s

an
ex

am
p
le

,
th

e
re

la
ti

o
n

C
o
u
n
t
r
y
O
f
B
i
r
t
h

co
u
ld

n
ot

b
e

re
co

rd
ed

fo
r

al
l

en
ti

ti
es

,
b
u
t

it
ca

n
b

e
in

fe
rr

ed
if

th
e

re
la

-
ti

on
C
i
t
y
O
f
B
i
r
t
h

is
k
n
ow

n
.

T
h
e

go
al

of
li
n
k

p
re

d
ic

ti
on

is
th

e
au

to
m

at
ic

d
is

co
ve

ry
o
f

su
ch

re
gu

la
ri

ti
es

.
H

ow
ev

er
,

m
an

y
re

la
ti

on
s

ar
e

n
on

-d
et

er
m

in
is

ti
c:

th
e

co
m

b
in

at
io

n
o
f

th
e

tw
o

fa
ct

s
I
s
B
o
r
n
I
n
(
J
o
h
n
,
A
t
h
e
n
s
)

an
d
I
s
L
o
c
a
t
e
d
I
n
(
A
t
h
e
n
s
,
G
r
e
e
c
e
)

d
o
es

n
o
t

a
lw

ay
s

im
p
ly

th
e

fa
ct

H
a
s
N
a
t
i
o
n
a
l
i
t
y
(
J
o
h
n
,
G
r
e
e
c
e
)
.

H
en

ce
,

it
is

n
at

u
ra

l
to

h
an

d
le

in
fe

re
n
ce

p
ro

b
a
-

b
il
is

ti
ca

ll
y,

an
d

jo
in

tl
y

w
it

h
ot

h
er

fa
ct

s
in

vo
lv

in
g

th
es

e
re

la
ti

on
s

an
d

en
ti

ti
es

.
T

o
th

is
en

d
,

an
in

cr
ea

si
n
gl

y
p

op
u
la

r
m

et
h
o
d

is
to

st
at

e
th

e
k
n
ow

le
d
ge

gr
ap

h
co

m
p
le

ti
on

ta
sk

a
s

a
3
D

b
in

ar
y

te
n
so

r
co

m
p
le

ti
on

p
ro

b
le

m
,

w
h
er

e
ea

ch
te

n
so

r
sl

ic
e

is
th

e
ad

ja
ce

n
cy

m
a
tr

ix
o
f

o
n
e

re
la

ti
on

in
th

e
k
n
ow

le
d
ge

gr
ap

h
,

an
d

co
m

p
u
te

a
d
ec

om
p

os
it

io
n

of
th

is
p
ar

ti
a
ll
y
-o

b
se

rv
ed

te
n
so

r
fr

om
w

h
ic

h
it

s
m

is
si

n
g

en
tr

ie
s

ca
n

b
e

co
m

p
le

te
d
.

F
ac

to
ri

za
ti

on
m

o
d
el

s
w

it
h

lo
w

-r
an

k
em

b
ed

d
in

gs
w

er
e

p
op

u
la

ri
ze

d
b
y

th
e

N
et

fl
ix

ch
a
l-

le
n
ge

(K
or

en
et

al
.,

20
09

).
A

p
ar

ti
al

ly
-o

b
se

rv
ed

m
at

ri
x

or
te

n
so

r
is

d
ec

o
m

p
o
se

d
in

to
a

p
ro

d
u
ct

of
em

b
ed

d
in

g
m

at
ri

ce
s

w
it

h
m

u
ch

sm
a
ll
er

d
im

en
si

on
s,

re
su

lt
in

g
in

fi
x
ed

-d
im

en
si

o
n
a
l

ve
ct

or
re

p
re

se
n
ta

ti
on

s
fo

r
ea

ch
en

ti
ty

an
d

re
la

ti
on

in
th

e
gr

ap
h
,
th

at
al

lo
w

co
m

p
le

ti
o
n

o
f

th
e

m
is

si
n
g

en
tr

ie
s.

F
or

a
gi

ve
n

fa
ct

r(
s,

o
)

in
w

h
ic

h
th

e
su

b
je

ct
en

ti
ty
s

is
li
n
ke

d
to

th
e

o
b

je
ct

en
ti

ty
o

th
ro

u
gh

th
e

re
la

ti
on

r,
a

sc
or

e
fo

r
th

e
fa

ct
ca

n
b

e
re

co
ve

re
d

as
a

m
u
lt

il
in

ea
r

p
ro

d
u
ct

b
et

w
ee

n
th

e
em

b
ed

d
in

g
ve

ct
or

s
of
s,
r

an
d
o,

or
th

ro
u
gh

m
or

e
so

p
h
is

ti
ca

te
d

co
m

p
o
si

ti
o
n

fu
n
ct

io
n
s

(N
ic

k
el

et
al

.,
20

16
a)

.

B
in

ar
y

re
la

ti
on

s
in

k
n
ow

le
d
ge

gr
a
p
h
s

ex
h
ib

it
va

ri
ou

s
ty

p
es

of
p
at

te
rn

s:
h
ie

ra
rc

h
ie

s
a
n
d

co
m

p
os

it
io

n
s

li
ke

F
a
t
h
e
r
O
f
,
O
l
d
e
r
T
h
a
n

or
I
s
P
a
r
t
O
f
,

w
it

h
st

ri
ct

/n
on

-s
tr

ic
t

o
rd

er
s

o
r

p
re

-
or

d
er

s,
an

d
eq

u
iv

al
en

ce
re

la
ti

on
s

li
ke

I
s
S
i
m
i
l
a
r
T
o
.

T
h
es

e
ch

ar
ac

te
ri

st
ic

s
m

a
p
s

to
d
iff

er
en

t
co

m
b
in

at
io

n
s

of
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

:
re

fl
ex

iv
it

y
/i

rr
efl

ex
iv

it
y,

sy
m

m
et

ry
/
a
n
ti

sy
m

m
et

ry
an

d
tr

an
si

ti
v
it

y.
A

s
d
es

cr
ib

ed
in

B
or

d
es

et
al

.
(2

01
3a

),
a

re
la

ti
on

al
m

o
d
el

sh
o
u
ld

(i
)

b
e

a
b
le

to
le

ar
n

al
l

co
m

b
in

at
io

n
s

of
su

ch
p
ro

p
er

ti
es

,
an

d
(i

i)
b

e
li
n
ea

r
in

b
ot

h
ti

m
e

a
n
d

m
em

o
ry

in
or

d
er

to
sc

al
e

to
th

e
si

ze
of

p
re

se
n
t-

d
ay

k
n
ow

le
d
ge

gr
ap

h
s,

an
d

ke
ep

u
p

w
it

h
th

ei
r

g
ro

w
th

.

A
n
at

u
ra

l
w

ay
to

h
an

d
le

an
y

p
os

si
b
le

se
t

of
re

la
ti

on
s

is
to

u
se

th
e

cl
a
ss

ic
ca

n
o
n
ic

a
l

p
ol

ya
d
ic

(C
P

)
d
ec

om
p

os
it

io
n

(H
it

ch
co

ck
,

19
27

),
w

h
ic

h
y
ie

ld
s

tw
o

d
iff

er
en

t
em

b
ed

d
in

g
s

fo
r

ea
ch

en
ti

ty
an

d
th

u
s

lo
w

p
re

d
ic

ti
on

p
er

fo
rm

an
ce

s
as

sh
ow

n
in

S
ec

ti
on

5.
W

it
h

u
n
iq

u
e

en
ti

ty
em

b
ed

d
in

gs
,

m
u
lt

il
in

ea
r

p
ro

d
u
ct

s
sc

al
e

w
el

l
an

d
ca

n
n
at

u
ra

ll
y

h
an

d
le

b
o
th

sy
m

m
et

ry

2
JM

L
R
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K
n
o
w
l
e
d
g
e
G
r
a
p
h
C
o
m
p
l
e
t
io
n
v
ia

C
o
m
p
l
e
x
T
e
n
so

r
F
a
c
t
o
r
iz
a
t
io
n

a
n
d

(ir)-refl
ex

iv
ity

of
relation

s,
an

d
w

h
en

com
b
in

ed
w

ith
an

ap
p
rop

ria
te

loss
fu

n
ction

,
d
o
t

p
ro

d
u
cts

ca
n

even
h
an

d
le

tran
sitiv

ity
(B

ou
ch

ard
et

al.,
2015).

H
ow

ever,
d
ealin

g
w

ith
a
n
tisy

m
m

etric—
an

d
m

ore
gen

erally
asy

m
m

etric—
relation

s
h
as

so
far

alm
ost

alw
ay

s
im

p
lied

su
p

erlin
ea

r
tim

e
an

d
sp

ace
com

p
lex

ity
(N

ickel
et

al.,
2011;

S
o
ch

er
et

al.,
2013)

(see
S
ection

2
),

m
a
k
in

g
m

o
d
els

p
ron

e
to

overfi
ttin

g
an

d
n
ot

scalab
le.

F
in

d
in

g
th

e
b

est
trad

e-off
b

etw
een

ex
p
ressiven

ess,
gen

eralization
an

d
com

p
lex

ity
is

th
e

k
ey

ston
e

of
em

b
ed

d
in

g
m

o
d
els.

In
th

is
w

o
rk

,
w

e
argu

e
th

at
th

e
stan

d
ard

d
ot

p
ro

d
u
ct

b
etw

een
em

b
ed

d
in

gs
can

b
e

a
very

eff
ective

com
p

osition
fu

n
ction

,
p
rov

id
ed

th
at

on
e

u
ses

th
e

righ
t

rep
resen

ta
tio

n
:

in
stead

of
u
sin

g
em

b
ed

d
in

gs
con

tain
in

g
real

n
u
m

b
ers,

w
e

d
iscu

ss
an

d
d
em

on
strate

th
e

cap
ab

ilities
of

co
m

p
lex

em
b

ed
d
in

gs.
W

h
en

u
sin

g
com

p
lex

vectors,
th

at
is

vectors
w

ith
en

tries
in

C
,

th
e

d
o
t

p
ro

d
u
ct

is
often

called
th

e
H

erm
itia

n
(or

sesq
u
ilin

ea
r)

d
ot

p
ro

d
u
ct,

as
it

in
volves

th
e

co
n
ju

g
a
te-tra

n
sp

ose
of

on
e

of
th

e
tw

o
vectors.

A
s

a
con

seq
u
en

ce,
th

e
d
ot

p
ro

d
u
ct

is
n
ot

sy
m

m
etric

a
n
y

m
ore,

an
d

facts
ab

ou
t

on
e

relation
can

receive
d
iff

eren
t

sco
res

d
ep

en
d
in

g
on

th
e

o
rd

erin
g

of
th

e
en

tities
in

volved
in

th
e

fact.
In

su
m

m
ary,

com
p
lex

em
b

ed
d
in

gs
n
atu

rally
rep

resen
t

a
rb

itrary
relation

s
w

h
ile

retain
in

g
th

e
effi

cien
cy

of
a

d
ot

p
ro

d
u
ct,

th
at

is
lin

earity
in

b
o
th

sp
a
ce

a
n
d

tim
e

com
p
lex

ity.

T
h
is

p
a
p

er
ex

ten
d
s

a
p
rev

iou
sly

p
u
b
lish

ed
article

(T
rou

illon
et

al.,
2016).

T
h
is

ex
ten

d
ed

versio
n

a
d
d
s

p
ro

ofs
of

ex
isten

ce
of

th
e

p
rop

osed
m

o
d
el

in
b

oth
sin

gle
an

d
m

u
lti-relation

al
settin

g
s,

a
s

w
ell

as
p
ro

ofs
of

th
e

n
on

-u
n
iq

u
en

ess
o
f

th
e

com
p
lex

em
b

ed
d
in

gs
for

a
giv

en
rela

tio
n
.

B
o
u
n
d
s

on
th

e
ran

k
of

th
e

p
rop

osed
d
ecom

p
osition

are
also

d
em

o
n
strated

an
d

d
iscu

ssed
.

T
h
e

learn
in

g
algorith

m
is

p
rov

id
ed

in
m

ore
d
etails,

an
d

m
ore

ex
p

erim
en

ts
are

p
rov

id
ed

,
esp

ecially
regard

in
g

th
e

train
in

g
tim

e
of

th
e

m
o
d
els.

T
h
e

rem
a
in

d
er

of
th

e
p
ap

er
is

organ
ized

as
follow

s.
W

e
fi
rst

p
rov

id
e

ju
stifi

cation
an

d
in

tu
itio

n
fo

r
u
sin

g
com

p
lex

em
b

ed
d
in

g
s

in
th

e
sq

u
are

m
atrix

case
(S

ectio
n

2),
w

h
ere

th
ere

is
o
n
ly

a
sin

g
le

ty
p

e
of

relation
b

etw
een

en
tities,

an
d

sh
ow

th
e

ex
isten

ce
of

th
e

p
rop

osed
d
eco

m
p

o
sitio

n
for

all
p

ossib
le

relation
s.

T
h
e

form
u
lation

is
th

en
ex

ten
d
ed

to
a

stack
ed

set
o
f

sq
u
a
re

m
atrices

in
a

th
ird

-ord
er

ten
sor

to
rep

resen
t

m
u
ltip

le
relation

s
(S

ection
3).

T
h
e

sto
ch

a
stic

grad
ien

t
d
escen

t
algorith

m
u
sed

to
learn

th
e

m
o
d
el

is
d
etailed

in
S
ection

4
,

w
h
ere

w
e

p
resen

t
an

eq
u
ivalen

t
reform

u
lation

of
th

e
p
rop

osed
m

o
d
el

th
a
t

in
volves

on
ly

rea
l

em
b

ed
d
in

g
s.

T
h
is

sh
ou

ld
h
elp

p
ractition

ers
w

h
en

im
p
lem

en
tin

g
ou

r
m

eth
o
d
,

w
ith

ou
t

req
u
irin

g
th

e
u
se

of
com

p
lex

n
u
m

b
ers

in
th

eir
softw

are
im

p
lem

en
tation

.
W

e
th

en
d
escrib

e
ex

p
erim

en
ts

o
n

large-scale
p
u
b
lic

b
en

ch
m

ark
k
n
ow

led
ge

grap
h
s

in
w

h
ich

w
e

em
p
irically

sh
ow

th
at

th
is

rep
resen

tation
lead

s
n
ot

on
ly

to
sim

p
ler

an
d

faster
algo

rith
m

s,
b
u
t

also
gives

a
sy

stem
atic

a
ccu

racy
im

p
rovem

en
t

over
cu

rren
t

state-of-th
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,ē
o
〉)

w
r
∈
C
K

O
(K

)
O

(K
)

T
ab

le
1:

S
co

ri
n
g

fu
n
ct

io
n
s

of
st

at
e-

of
-t

h
e-

ar
t

la
te

n
t

fa
ct

or
m

o
d
el

s
fo

r
a

gi
ve

n
fa

ct
r(
s,
o)

,
al

on
g

w
it

h
th

e
re

p
re

se
n
ta

ti
on

of
th

ei
r

re
la

ti
on

p
ar

am
et

er
s,

an
d

ti
m

e
an

d
sp

ac
e

(m
em

or
y
)

co
m

p
le

x
it

y.
K

is
th

e
d
im

en
si

on
al

it
y

of
th

e
em

b
ed

d
in

gs
.

T
h
e

en
ti

ty
em

b
ed

d
in

gs
e s

an
d
e o

of
su

b
je

ct
s

an
d

ob
je

ct
o

a
re

in
R
K

fo
r

ea
ch

m
o
d
el

,
ex

ce
p
t

fo
r
C
o
m
p
l
E
x

,
w

h
er

e
e s
,e
o
∈

C
K

.
x̄

is
th

e
co

m
p
le

x
co

n
ju

ga
te

,
an

d
D

is
an

ad
d
it

io
n
al

la
te

n
t

d
im

en
si

on
of

th
e

N
T

N
m

o
d
el

.
F

an
d
F
−

1
d
en

ot
e

re
sp

ec
ti

ve
ly

th
e

F
ou

ri
er

tr
an

sf
or

m
an

d
it

s
in

v
er

se
,
�

is
th

e
el

em
en

t-
w

is
e

p
ro

d
u
ct

b
et

w
ee

n
tw

o
ve

ct
or

s,
R

e(
.)

d
en

ot
es

th
e

re
al

p
ar

t
of

a
co

m
p
le

x
v
ec

to
r,

an
d
〈·,
·,·
〉

d
en

ot
es

th
e

tr
il
in

ea
r

p
ro

d
u
ct

.

co
m

po
si

ti
o
n

fu
n

ct
io

n
s,

th
at

al
lo

w
m

or
e

ge
n
er

al
co

m
b
in

at
io

n
s

of
em

b
ed

d
in

gs
.

W
e

b
ri

efl
y

re
ca

ll
se

ve
ra

l
ex

am
p
le

s
of

sc
or

in
g

fu
n
ct

io
n
s

in
T

ab
le

1
,

as
w

el
l

as
th

e
ex

te
n
si

on
p
ro

p
os

ed
in

th
is

p
ap

er
.

T
h
es

e
m

o
d
el

s
p
ro

p
os

e
d
iff

er
en

t
tr

ad
e-

off
s

b
et

w
ee

n
th

e
th

re
e

es
se

n
ti

al
p

oi
n
ts

:

•
E

x
p
re

ss
iv

en
es

s,
w

h
ic

h
is

th
e

ab
il
it

y
to

re
p
re

se
n
t

sy
m

m
et

ri
c,

an
ti

sy
m

m
et

ri
c

a
n
d

m
or

e
ge

n
er

al
ly

as
y
m

m
et

ri
c

re
la

ti
on

s.

•
S
ca

la
b
il
it

y,
w

h
ic

h
m

ea
n
s

ke
ep

in
g

li
n
ea

r
ti

m
e

an
d

sp
ac

e
co

m
p
le

x
it

y
sc

or
in

g
fu

n
ct

io
n
.

•
G

en
er

al
iz

at
io

n
,

fo
r

w
h
ic

h
h
av

in
g

u
n
iq

u
e

en
ti

ty
em

b
ed

d
in

gs
is

cr
it

ic
al

.

R
E

S
C

A
L

(N
ic

ke
l

et
al

.,
20

11
)

an
d

N
T

N
(S

o
ch

er
et

al
.,

20
13

)
ar

e
ve

ry
ex

p
re

ss
iv

e,
b
u
t

th
ei

r
sc

or
in

g
fu

n
ct

io
n
s

h
av

e
q
u
ad

ra
ti

c
co

m
p
le

x
it

y
in

th
e

ra
n
k

of
th

e
fa

ct
o
ri

za
ti

on
.

M
or

e
re

ce
n
tl

y
th

e
H
o
l
E

m
o
d
el

(N
ic

ke
l

et
al

.,
20

16
b
)

p
ro

p
os

es
a

so
lu

ti
on

th
at

h
as

q
u
as

i-
li
n
ea

r
co

m
p
le

x
it

y
in

ti
m

e
an

d
li
n
ea

r
sp

ac
e

co
m

p
le

x
it

y.
D
is
t
M
u
lt

(Y
an

g
et

al
.,

2
0
15

)
ca

n
b

e
se

en
as

a
jo

in
t

or
th

og
on

al
d
ia

go
n
al

iz
at

io
n

w
it

h
re

al
em

b
ed

d
in

gs
,

h
en

ce
h
an

d
li
n
g

on
ly

sy
m

m
et

ri
c

re
la

ti
on

s.
C

on
ve

rs
el

y,
T
r
a
n
sE

(B
or

d
es

et
al

.,
20

13
b
)

h
an

d
le

s
sy

m
m

et
ri

c
re

la
ti

on
s

to
th

e
p
ri

ce
of

st
ro

n
g

co
n
st

ra
in

ts
on

it
s

em
b

ed
d
in

g
s.

T
h
e

ca
n
on

ic
al

-p
ol

ya
d
ic

d
ec

om
p

os
it

io
n

(C
P

)
(H

it
ch

co
ck

,
19

27
)

ge
n
er

al
iz

es
p

o
or

ly
w

it
h

it
s

d
iff

er
en

t
em

b
ed

d
in

gs
fo

r
en

ti
ti

es
as

su
b

je
ct

an
d

as
ob

je
ct

.

W
e

re
co

n
ci

le
ex

p
re

ss
iv

en
es

s,
sc

al
ab

il
it

y
an

d
ge

n
er

al
iz

at
io

n
b
y

go
in

g
b
a
ck

to
th

e
re

al
m

of
w

el
l-

st
u
d
ie

d
m

at
ri

x
fa

ct
or

iz
at

io
n
s,

an
d

m
ak

in
g

u
se

of
co

m
p
le

x
li
n
ea

r
al

ge
b
ra

,
a

sc
ar

ce
ly

u
se

d
to

ol
in

th
e

m
ac

h
in

e
le

ar
n
in

g
co

m
m

u
n
it

y. 5
JM

L
R

 1
8(

13
0)

:1
-3

8,
 2

01
7

T
r
o
u
il
l
o
n
,
D
a
n
c
e
,
G
a
u
ss
ie
r
,
W

e
l
b
l
,
R
ie
d
e
l
a
n
d

B
o
u
c
h
a
r
d

2
.1
.2

D
e
c
o
m
p
o
si
t
io
n
in

t
h
e
C
o
m
p
l
e
x
D
o
m
a
in

W
e

in
tr

o
d
u
ce

a
n
ew

d
ec

om
p

os
it

io
n

of
re

al
sq

u
ar

e
m

at
ri

ce
s

u
si

n
g

u
n
it

ar
y

d
ia

g
o
n
a
li
za

ti
o
n
,

th
e

ge
n
er

al
iz

at
io

n
of

or
th

og
on

al
d
ia

go
n
al

iz
at

io
n

to
co

m
p
le

x
m

at
ri

ce
s.

T
h
is

a
ll
ow

s
d
ec

o
m

-
p

os
it

io
n

of
a
rb

it
ra

ry
re

al
sq

u
ar

e
m

at
ri

ce
s

w
it

h
u
n
iq

u
e

re
p
re

se
n
ta

ti
on

s
of

ro
w

s
a
n
d

co
lu

m
n
s.

L
et

u
s

fi
rs

t
re

ca
ll

so
m

e
n
ot

io
n
s

of
co

m
p
le

x
li
n
ea

r
al

ge
b
ra

as
w

el
l

as
sp

ec
ifi

c
ca

se
s

o
f

d
ia

go
n
al

iz
at

io
n

of
re

al
sq

u
ar

e
m

at
ri

ce
s,

b
ef

or
e

b
u
il
d
in

g
ou

r
p
ro

p
os

it
io

n
u
p

o
n

th
es

e
re

su
lt

s.

A
co

m
p
le

x
-v

al
u
ed

ve
ct

or
x
∈
C
K

,
w

it
h
x

=
R

e(
x

)
+
iI

m
(x

)
is

co
m

p
os

ed
o
f

a
re

a
l

p
a
rt

R
e(
x

)
∈
R
K

an
d

an
im

ag
in

ar
y

p
ar

t
Im

(x
)
∈
R
K

,
w

h
er

e
i

d
en

ot
es

th
e

sq
u
ar

e
ro

o
t

o
f
−

1
.

T
h
e

co
n
ju

ga
te
x

of
a

co
m

p
le

x
v
ec

to
r

in
ve

rt
s

th
e

si
gn

of
it

s
im

ag
in

ar
y

p
ar

t:
x

=
R

e(
x

)
−
iI

m
(x

).

C
on

ju
ga

ti
on

a
p
p

ea
rs

in
th

e
u
su

al
d
ot

p
ro

d
u
ct

fo
r

co
m

p
le

x
n
u
m

b
er

s,
ca

ll
ed

th
e

H
er

m
it

ia
n

p
ro

d
u
ct

,
or

se
sq

u
il

in
ea

r
fo

rm
,

w
h
ic

h
is

d
efi

n
ed

as
:

〈u
,v
〉

:=
ū
>
v

=
R

e(
u

)>
R

e(
v
)

+
Im

(u
)>

Im
(v

)

+
i(

R
e(
u

)>
Im

(v
)
−

Im
(u

)>
R

e(
v
))
.

A
si

m
p
le

w
ay

to
ju

st
if

y
th

e
H

er
m

it
ia

n
p
ro

d
u
ct

fo
r

co
m

p
os

in
g

co
m

p
le

x
ve

ct
o
rs

is
th

a
t

it
p
ro

v
id

es
a

va
li
d

to
p

ol
og

ic
al

n
or

m
in

th
e

in
d
u
ce

d
ve

ct
or

sp
ac

e.
F

or
ex

am
p
le

,
x̄
>
x

=
0

im
p
li
es
x

=
0

w
h
il
e

th
is

is
n
ot

th
e

ca
se

fo
r

th
e

b
il
in

ea
r

fo
rm

x
>
x

as
th

er
e

ar
e

m
a
n
y

co
m

p
le

x
ve

ct
or

s
x

fo
r

w
h
ic

h
x
>
x

=
0.

T
h
is

y
ie

ld
s

an
in

te
re

st
in

g
p
ro

p
er

ty
of

th
e

H
er

m
it

ia
n

p
ro

d
u
ct

co
n
ce

rn
in

g
th

e
o
rd

er
o
f

th
e

in
vo

lv
ed

ve
ct

or
s:
〈u
,v
〉=
〈v
,u
〉,

m
ea

n
in

g
th

at
th

e
re

al
p
ar

t
of

th
e

p
ro

d
u
ct

is
sy

m
m

et
ri

c,
w

h
il
e

th
e

im
ag

in
ar

y
p
ar

t
is

an
ti

sy
m

m
et

ri
c.

F
or

m
at

ri
ce

s,
w

e
sh

al
l

w
ri

te
X
∗
∈
C
n
×
m

fo
r

th
e

co
n
ju

g
at

e-
tr

an
sp

os
e
X
∗

=
(X

)>
=
X
>

.
T

h
e

co
n
ju

ga
te

tr
an

sp
os

e
is

al
so

of
te

n
w

ri
tt

en
X
†

or
X

H
.

D
e
fi

n
it

io
n

2
A

co
m

p
le

x
sq

u
a
re

m
a
tr

ix
X
∈

C
n
×
n

is
u

n
it

a
ri

ly
d
ia

go
n

a
li

za
bl

e
if

it
ca

n
be

w
ri

tt
en

a
s
X

=
E
W
E
∗ ,

w
h
er

e
E
,W
∈

C
n
×
n

,
W

is
d
ia

go
n

a
l,

a
n

d
E

is
u

n
it

a
ry

su
ch

th
a
t

E
E
∗

=
E
∗ E

=
I

.

D
e
fi

n
it

io
n

3
A

co
m

p
le

x
sq

u
a
re

m
a
tr

ix
X

is
n

o
rm

a
l

if
it

co
m

m
u

te
s

w
it

h
it

s
co

n
ju

ga
te

-
tr

a
n

sp
o
se

so
th

a
t
X
X
∗

=
X
∗ X

.

W
e

ca
n

n
ow

st
at

e
th

e
sp

ec
tr

al
th

eo
re

m
fo

r
n
or

m
al

m
at

ri
ce

s.

T
h

e
o
re

m
1

(S
p

e
c
tr

a
l

th
e
o
re

m
fo

r
n

o
rm

a
l

m
a
tr

ic
e
s,

v
o
n

N
e
u

m
a
n

n
(1

9
2
9
))

L
et
X

be
a

co
m

p
le

x
sq

u
a
re

m
a
tr

ix
.

T
h
en

X
is

u
n

it
a
ri

ly
d
ia

go
n

a
li

za
bl

e
if

a
n

d
o
n

ly
if
X

is
n

o
rm

a
l.

It
is

ea
sy

to
ch

ec
k

th
at

al
l

re
al

sy
m

m
et

ri
c

m
at

ri
ce

s
ar

e
n
or

m
al

,
an

d
h
av

e
p
u
re

re
a
l

ei
ge

n
ve

ct
or

s
an

d
ei

ge
n
va

lu
es

.
B

u
t

th
e

se
t

of
p
u
re

ly
re

al
n
or

m
al

m
at

ri
ce

s
al

so
in

cl
u
d
es

a
ll

re
al

an
ti

sy
m

m
et

ri
c

m
at

ri
ce

s
(u

se
fu

l
to

m
o
d
el

h
ie

ra
rc

h
ic

al
re

la
ti

on
s

su
ch

as
I
s
O
l
d
e
r
),

a
s

w
el

l
as

al
l

re
al

or
th

og
on

al
m

at
ri

ce
s

(i
n
cl

u
d
in

g
p

er
m

u
ta

ti
o
n

m
at

ri
ce

s)
,

an
d

m
an

y
o
th

er
m

a
tr

ic
es

th
at

ar
e

u
se

fu
l

to
re

p
re

se
n
t

b
in

ar
y

re
la

ti
on

s,
su

ch
as

as
si

gn
m

en
t

m
at

ri
ce

s
w

h
ic

h
re

p
re

se
n
t

b
ip

ar
ti

te
gr

ap
h
s.

H
ow

ev
er

,
fa

r
fr

om
al

l
m

at
ri

ce
s

ex
p
re

ss
ed

a
s
X

=
E
W
E
∗

a
re

p
u
re

ly
re

a
l,

an
d

E
q
u
at

io
n

(1
)

re
q
u
ir

es
th

e
sc

or
es
X

to
b

e
p
u
re

ly
re

al
.

6
JM

L
R

 1
8(

13
0)

:1
-3

8,
 2

01
7



K
n
o
w
l
e
d
g
e
G
r
a
p
h
C
o
m
p
l
e
t
io
n
v
ia

C
o
m
p
l
e
x
T
e
n
so

r
F
a
c
t
o
r
iz
a
t
io
n

A
s

w
e

o
n
ly

fo
cu

s
on

rea
l

sq
u
are

m
atrices

in
th

is
w

ork
,

let
u
s

su
m

m
arize

all
th

e
cases

w
h
ere

X
is

real
sq

u
are

an
d
X

=
E
W
E
∗

if
X

is
u
n
itarily

d
iagon

alizab
le,

w
h
ere

E
,W
∈
C
n×

n
,

W
is

d
ia

g
o
n
a
l

a
n
d
E

is
u
n
itary

:

•
X

is
sy

m
m

etric
if

an
d

on
ly

if
X

is
orth

og
on

ally
d
iagon

alizab
le

an
d
E

a
n
d
W

are
p
u
rely

rea
l.

•
X

is
n
o
rm

al
an

d
n
on

-sy
m

m
etric

if
an

d
on

ly
if
X

is
u
n
itarily

d
iagon

alizab
le

an
d
E

an
d

W
a
re

n
o
t

b
oth

p
u
rely

real.

•
X

is
n
o
t

n
orm

al
if

an
d

on
ly

if
X

is
n
ot

u
n
itarily

d
iagon

alizab
le.

W
e

g
en

era
lize

all
th

ree
cases

b
y

sh
ow

in
g

th
at,

for
an

y
X
∈
R
n×

n
,

th
ere

ex
ists

a
u
n
itary

d
ia

g
o
n
a
liza

tio
n

in
th

e
com

p
lex

d
om

ain
,

of
w

h
ich

th
e

real
p
art

eq
u
als

X
:

X
=

R
e(E

W
E
∗)
.

(2)

In
o
th

er
w

o
rd

s,
th

e
u
n
itary

d
iagon

alization
is

p
ro

jected
on

to
th

e
real

su
b
sp

ace.

T
h

e
o
re

m
2

S
u

p
po

se
X
∈
R
n×

n
is

a
rea

l
squ

a
re

m
a
trix.

T
h
en

th
ere

exists
a

n
o
rm

a
l

m
a
trix

Z
∈
C
n×

n
su

ch
th

a
t

R
e(Z

)
=
X

.

P
ro

o
f

L
et
Z

:=
X

+
iX
>

.
T

h
en

Z
∗

=
X
>
−
iX

=
−
i(iX

>
+
X

)
=
−
iZ
,

so
th

a
t

Z
Z
∗

=
Z

(−
iZ

)
=

(−
iZ

)Z
=
Z
∗Z

.

T
h
erefo

re
Z

is
n
orm

al.

N
o
te

th
a
t

th
ere

also
ex

ists
a

n
orm

al
m

atrix
Z

=
X
>

+
iX

su
ch

th
at

Im
(Z

)
=
X

.
F

o
llow

in
g

T
h
eorem

1
an

d
T

h
eorem

2,
an

y
real

sq
u
are

m
atrix

can
b

e
w

ritten
as

th
e

real
p
a
rt

o
f

a
co

m
p
lex

d
iagon

al
m

atrix
th

rou
gh

a
u
n
itary

ch
an

ge
of

b
asis.

C
o
ro

lla
ry

1
S

u
p
po

se
X
∈

R
n×

n
is

a
rea

l
squ

a
re

m
a
trix.

T
h
en

th
ere

exist
E
,W
∈

C
n×

n
,

w
h
ere

E
is

u
n

ita
ry,

a
n

d
W

is
d
ia

go
n

a
l,

su
ch

th
a
t
X

=
R

e(E
W
E
∗).

P
ro

o
f

F
ro

m
T

h
eorem

2,
w

e
can

w
rite

X
=

R
e(Z

),
w

h
ere

Z
is

a
n
o
rm

al
m

atrix
,

an
d

from
T

h
eo

rem
1
,
Z

is
u
n
itarily

d
iagon

alizab
le.

A
p
p
lied

to
th

e
k
n
ow

led
ge

grap
h

com
p
letion

settin
g,

th
e

row
s

of
E

h
ere

are
vectorial

rep
resen

ta
tio

n
s

of
th

e
en

tities
corresp

on
d
in

g
to

row
s

an
d

colu
m

n
s

of
th

e
relation

score
m

a
trix

X
.

T
h
e

score
for

th
e

relation
h
old

in
g

tru
e

b
etw

een
en

tities
s

an
d
o

is
h
en

ce

x
so

=
R

e(e >s
W
ē
o )

(3)

w
h
ere

e
s ,e

o
∈

C
n

an
d
W
∈

C
n×

n
is

d
iagon

al.
F

or
a

giv
en

en
tity,

its
su

b
ject

em
b

ed
d
in

g
vecto

r
is

th
e

co
m

p
lex

con
ju

gate
of

its
ob

ject
em

b
ed

d
in

g
vector.
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T
r
o
u
il
l
o
n
,
D
a
n
c
e
,
G
a
u
ssie

r
,
W

e
l
b
l
,
R
ie
d
e
l
a
n
d

B
o
u
c
h
a
r
d

T
o

illu
strate

th
is

d
iff

eren
ce

of
ex

p
ressiv

en
ess

w
ith

resp
ect

to
real-valu

ed
em

b
ed

d
in

gs,
let

u
s

con
sid

er
tw

o
com

p
lex

em
b

ed
d
in

gs
e
s ,e

o
∈

C
of

d
im

en
sion

1
,

w
ith

arb
itrary

valu
es:

e
s

=
1
−

2i,
an

d
e
o

=
−

3
+
i;

as
w

ell
as

th
eir

real-valu
ed

,
tw

ice-b
igger

cou
n
terp

arts:
e ′s

=
(

1−2 )
∈

R
2

an
d
e ′o

=
(
−

31

)
∈

R
2.

In
th

e
real-valu

ed
case,

th
at

corresp
on

d
s

to
th

e
D
ist

M
u
lt

m
o
d
el

(Y
an

g
et

al.,
2015),

th
e

score
is
x
so

=
e ′>s

W
′e ′o .

F
igu

re
1

rep
resen

ts
th

e
h
eatm

ap
s

of
th

e
scores

x
so

an
d
x
o
s ,

as
a

fu
n
ction

of
W
∈
C

in
th

e
com

p
lex

-valu
ed

case,
an

d
as

a
fu

n
ction

of
W
′∈

R
2

d
iagon

al
in

th
e

real-valu
ed

case.
In

th
e

real-valu
ed

case,
th

at
is

sy
m

m
etric

in
th

e
su

b
ject

an
d

ob
ject

en
tities,

th
e

scores
x
so

an
d
x
o
s

are
eq

u
al

fo
r

an
y

valu
e

of
W
′∈

R
2

d
iagon

al.
W

h
ereas

in
th

e
com

p
lex

-valu
ed

case,
th

e
variation

of
W
∈
C

allow
s

to
score

x
so

an
d
x
o
s

w
ith

an
y

d
esired

p
air

of
valu

es.
T

h
is

d
ecom

p
osition

h
ow

ev
er

is
n
on

-u
n
iq

u
e,

a
sim

p
le

ex
am

p
le

of
th

is
n
o
n
-u

n
iq

u
en

ess
is

ob
tain

ed
b
y

ad
d
in

g
a

p
u
rely

im
agin

ary
co

n
stan

t
to

th
e

eigen
valu

es.
L

et
X
∈

R
n×

n
,

an
d

X
=

R
e(E

W
E
∗)

w
h
ere

E
is

u
n
itary,

W
is

d
iagon

al.
T

h
en

for
an

y
rea

l
con

stan
t
c∈

R
w

e
h
ave:

X
=

R
e(E

(W
+
icI

)E
∗)

=
R

e(E
W
E
∗

+
icE

I
E
∗)

=
R

e(E
W
E
∗

+
icI

)

=
R

e(E
W
E
∗)
.

In
gen

eral,
th

ere
are

m
an

y
oth

er
p

ossib
le

cou
p
les

of
m

atrices
E

an
d
W

th
at

p
reserve

th
e

real
p
art

of
th

e
d
ecom

p
osition

.
In

p
ractice

h
ow

ever
th

is
is

n
o

sy
n
on

y
m

of
low

gen
eraliza-

tion
ab

ilities,
as

m
an

y
eff

ective
m

atrix
an

d
ten

sor
d
ecom

p
osition

m
eth

o
d
s

u
sed

in
m

ach
in

e
learn

in
g

lead
to

n
on

-u
n
iq

u
e

solu
tion

s
(P

aatero
an

d
T

ap
p

er,
1994;

N
ickel

et
al.,

2011).
In

th
is

case
also,

th
e

learn
ed

rep
resen

tation
s

p
rov

e
u
sefu

l
as

sh
ow

n
in

th
e

ex
p

erim
en

tal
section

.

2
.2

L
o
w

-R
a
n

k
D

e
c
o
m

p
o
sitio

n

A
d
d
ressin

g
k
n
ow

led
ge

grap
h

com
p
letion

w
ith

d
ata-d

riv
en

ap
p
roach

es
a
ssu

m
es

th
a
t

th
ere

is
a

su
ffi

cien
t

regu
larity

in
th

e
ob

served
d
ata

to
gen

eralize
to

u
n
ob

served
facts.

W
h
en

form
u
lated

as
a

m
atrix

com
p
letion

p
rob

lem
,

as
it

is
th

e
case

in
th

is
section

,
on

e
w

ay
of

im
p
lem

en
tin

g
th

is
h
y
p

oth
esis

is
to

m
ake

th
e

assu
m

p
tion

th
at

th
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early
d
ep

en
d
en

t,
h
en

ce
its

sign
-ran

k
is

also
1.

F
rom

C
orollary

3,
w

e
k
n
ow

th
a
t

th
ere

is
a

n
orm

al
m

atrix
w

h
ose

real
p
art

h
as

th
e

sam
e

sign
-p

attern
as
Y

,
an

d
w

h
o
se

ra
n
k

is
a
t

m
ost

2.

H
ow

ev
er,

th
ere

is
n
o

ran
k

1
u
n
itary

d
iagon

alization
of

w
h
ich

th
e

real
p
art

eq
u
als

Y
.

O
th

erw
ise

w
e

cou
ld

fi
n
d

a
2-b

y
-2

com
p
lex

m
atrix

Z
su

ch
th

at
R

e(z
1
1 )
<

0
an

d
R

e(z
2
2 )
>

0,
w

h
ere

z
1
1

=
e

1 w
ē

1
=
w|e

1 | 2,
z

2
2

=
e

2 w
ē

2
=
w|e

2 | 2,
e
∈

C
2,w

∈
C

.
T

h
is

is
o
b
v
io

u
sly

u
n
sa

tisfi
a
b
le.

T
h
is

ex
am

p
le

gen
eralizes

to
an

y
n

-b
y
-n

sq
u
are

sign
m

atrix
th

at
on

ly
h
as−

1
o
n

its
fi
rst

row
an

d
is

h
en

ce
ran

k
1,

th
e

sam
e

argu
m

en
t

h
old

s
con

sid
erin

g
R

e(z
1
1 )
<

0
an

d
R

e(z
n
n
)
>

0
.

T
h
is

ex
a
m

p
le

sh
ow

s
th

at
th

e
u
p
p

er
b

ou
n
d

on
th

e
ran

k
of

th
e

u
n
itary

d
iagon

alization
sh

ow
ed

in
C

o
ro

llaries
2

an
d

3
can

b
e

strictly
greater

th
an

k
,

th
e

ran
k

or
sign

-ran
k
,

of
th

e
d
eco

m
p

o
sed

m
atrix

.
H

ow
ever,

th
ere

m
igh

t
b

e
oth

er
ex

am
p
les

for
w

h
ich

th
e

a
d
d
ition

of
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T
r
o
u
il
l
o
n
,
D
a
n
c
e
,
G
a
u
ssie

r
,
W

e
l
b
l
,
R
ie
d
e
l
a
n
d

B
o
u
c
h
a
r
d

an
im

agin
ary

p
art

cou
ld

—
ad

d
ition

ally
to

m
ak

in
g

th
e

m
atrix

n
orm

al—
create

som
e

lin
ear

d
ep

en
d
en

ce
b

etw
een

th
e

row
s/colu

m
n
s

an
d

th
u
s

d
ecrease

th
e

ran
k

of
th

e
m

atrix
,

u
p

to
a

factor
of

2.

W
e

su
m

m
a
riz

e
th

is
se

c
tio

n
in

th
re

e
p

o
in

ts:

1.
T

h
e

p
rop

osed
factorization

en
com

p
asses

all
p

ossib
le

score
m

atrices
X

for
a

sin
gle

b
in

ary
relation

.

2.
B

y
con

stru
ction

,
th

e
factorization

is
w

ell
su

ited
to

rep
resen

t
b

oth
sy

m
m

etric
an

d
an

tisy
m

m
etric

relation
s.

3.
R

elation
p
attern

s
can

b
e

effi
cien

tly
ap

p
rox

im
ated

w
ith

a
low

-ran
k

factorization
u
sin

g
com

p
lex

-valu
ed

em
b

ed
d
in

gs.

3
.
E
x
te
n
sio

n
to

M
u
lti-R

e
la
tio

n
a
l
D
a
ta

L
et

u
s

n
ow

ex
ten

d
th

e
p
rev

iou
s

d
iscu

ssion
to

m
o
d
els

w
ith

m
u
ltip

le
relation

s.
L

et
R

b
e

th
e

set
of

relation
s,

w
ith
|R
|

=
m

.
W

e
sh

all
n
ow

w
rite

X
∈

R
m
×
n×

n
for

th
e

score
ten

sor,
X
r
∈

R
n×

n
for

th
e

score
m

atrix
of

th
e

relation
r
∈
R

,
an

d
Y
∈
{−

1,1}
m
×
n×

n
for

th
e

p
artially

-ob
served

sign
ten

sor.
G

iven
on

e
relation

r
∈
R

an
d

tw
o

en
tities

s,o
∈
E

,
th

e
p
rob

ab
ility

th
at

th
e

fact
r(s,o

)
is

tru
e

given
b
y
:

P
(y
r
so

=
1)

=
σ

(x
r
so )

=
σ

(φ
(r,s,o;Θ

))
(5)

w
h
ere

φ
is

th
e

scorin
g

fu
n
ction

of
th

e
m

o
d
el

con
sid

ered
an

d
Θ

d
en

otes
th

e
m

o
d
el

p
aram

eters.
W

e
d
en

ote
th

e
set

of
all

p
ossib

le
facts

(or
trip

les)
for

a
k
n
ow

led
ge

grap
h

b
y
T

=
R
×
E
×
E

.
W

h
ile

th
e

ten
sor

X
as

a
w

h
ole

is
u
n
k
n
ow

n
,

w
e

assu
m

e
th

at
w

e
ob

serve
a

set
of

tru
e

a
n
d

false
trip

les
Ω

=
{
((r,s,o),y

r
so )|(r,s,o)∈

T
Ω }

w
h
ere

y
r
so ∈

{−
1
,1}

an
d
T

Ω
⊆
T

is
th

e
set

of
ob

served
trip

les.
T

h
e

goal
is

to
fi
n
d

th
e

p
rob

ab
ilities

of
en

tries
y
r ′s ′o ′

for
a

set
of

targeted
u
n
ob

served
trip

les{
(r ′,s ′,o ′)∈

T
\T

Ω }
.

D
ep

en
d
in

g
on

th
e

scorin
g

fu
n
ction

φ
(r,s,o;Θ

)
u
sed

to
m

o
d
el

th
e

score
ten

so
r

X
,

w
e

ob
tain

d
iff

eren
t

m
o
d
els.

E
x
am

p
les

of
scorin

g
fu

n
ction

s
are

giv
en

in
T

ab
le

1.

3
.1

C
o
m

p
le

x
F
a
c
to

riz
a
tio

n
E

x
te

n
sio

n
to

T
e
n

so
rs

T
h
e

sin
gle-relation

m
o
d
el

is
ex

ten
d
ed

b
y

join
tly

factorizin
g

all
th

e
sq

u
are

m
atrices

of
scores

in
to

a
3

rd-ord
er

ten
sor

X
∈
R
m
×
n×

n
,

w
ith

a
d
iff

eren
t

d
iagon

al
m

atrix
W
r ∈

C
K
×
K

for
each

relation
r,

an
d

b
y

sh
arin

g
th

e
en

tity
em

b
ed

d
in

gs
E
∈
C
n×

K
across

all
relation

s:

φ
(r,s,o;Θ

)
=

R
e(e >s

W
r ē
o )

=
R

e(
K
∑k

=
1

w
r
k e
sk ē

o
k )

=
R

e(〈w
r ,e

s ,ē
o 〉)

(6)

w
h
ere

K
is

th
e

ran
k

h
y
p

erp
aram

eter,
e
s ,e

o ∈
C
K

are
th

e
row

s
in
E

corresp
on

d
in

g
to

th
e

en
tities

s
an

d
o,
w
r

=
d
iag

(W
r )∈

C
K

is
a

com
p
lex

vector,
an

d
〈a
,b,c〉

:=
∑

k
a
k b
k c
k

is
th

e
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K
n
o
w
l
e
d
g
e
G
r
a
p
h
C
o
m
p
l
e
t
io
n
v
ia

C
o
m
p
l
e
x
T
e
n
so

r
F
a
c
t
o
r
iz
a
t
io
n

co
m

p
on

en
t-

w
is

e
m

u
lt

il
in

ea
r

d
ot

p
ro

d
u
ct

2
.

F
or

th
is

sc
or

in
g

fu
n
ct

io
n
,

th
e

se
t

of
p
ar

am
et

er
s

Θ
is
{e
i,
w
r
∈

C
K
,i
∈
E,
r
∈
R
}.

T
h
is

re
se

m
b
le

s
th

e
re

al
p
ar

t
of

a
co

m
p
le

x
m

at
ri

x
d
ec

om
p

os
it

io
n

as
in

th
e

si
n
gl

e-
re

la
ti

on
ca

se
d
is

cu
ss

ed
ab

ov
e.

H
ow

ev
er

,
w

e
n
ow

h
av

e
a

d
iff

er
en

t
v
ec

to
r

of
ei

ge
n
va

lu
es

fo
r

ev
er

y
re

la
ti

on
.

E
x
p
an

d
in

g
th

e
re

al
p
ar

t
of

th
is

p
ro

d
u
ct

gi
ve

s:

R
e(
〈w

r
,e
s
,ē
o
〉)

=
〈R

e(
w
r
),

R
e(
e s

),
R

e(
e o

)〉
+
〈R

e(
w
r
),

Im
(e
s
),

Im
(e
o
)〉

+
〈Im

(w
r
),

R
e(
e s

),
Im

(e
o
)〉

−
〈Im

(w
r
),

Im
(e
s
),

R
e(
e o

)〉
.

(7
)

T
h
es

e
eq

u
at

io
n
s

p
ro

v
id

e
tw

o
in

te
re

st
in

g
v
ie

w
s

of
th

e
m

o
d
el

:

•
C

h
a
n

gi
n

g
th

e
re

p
re

se
n

ta
ti

o
n

:
E

q
u
at

io
n

(6
)

w
ou

ld
co

rr
es

p
on

d
to

D
is
t
M
u
lt

w
it

h
re

al
em

b
ed

d
in

gs
(s

ee
T

ab
le

1)
,

b
u
t

h
an

d
le

s
as

y
m

m
et

ry
th

an
k
s

to
th

e
co

m
p
le

x
co

n
ju

ga
te

of
th

e
ob

je
ct

-e
n
ti

ty
em

b
ed

d
in

g.

•
C

h
a
n

gi
n

g
th

e
sc

o
ri

n
g

fu
n

ct
io

n
:

E
q
u
at

io
n

(7
)

on
ly

in
vo

lv
es

re
al

ve
ct

o
rs

co
rr

es
p

on
d
in

g
to

th
e

re
al

an
d

im
ag

in
ar

y
p
ar

ts
of

th
e

em
b

ed
d
in

gs
an

d
re

la
ti

on
s.

B
y

se
p
ar

at
in

g
th

e
re

al
an

d
im

ag
in

ar
y

p
ar

ts
of

th
e

re
la

ti
on

em
b

ed
d
in

g
w
r

as
sh

ow
n

in
E

q
u
at

io
n

(7
),

it
is

ap
p
ar

en
t

th
at

th
es

e
p
ar

ts
n
at

u
ra

ll
y

ac
t

as
w

ei
gh

ts
on

ea
ch

la
te

n
t

d
im

en
si

on
:

R
e(
w
r
)

ov
er

th
e

re
al

p
ar

t
of
〈e
o
,e
s
〉

w
h
ic

h
is

sy
m

m
et

ri
c,

an
d

Im
(w

)
ov

er
th

e
im

ag
in

ar
y

p
ar

t
of
〈e
o
,e
s
〉w

h
ic

h
is

an
ti

sy
m

m
et

ri
c.

In
d
ee

d
,

th
e

d
ec

om
p

os
it

io
n

of
ea

ch
sc

or
e

m
at

ri
x
X
r

fo
r

ea
ch

r
∈
R

ca
n

b
e

w
ri

tt
en

as
th

e
su

m
of

a
sy

m
m

et
ri

c
m

at
ri

x
an

d
an

an
ti

sy
m

m
et

ri
c

m
at

ri
x
.

T
o

se
e

th
is

,
le

t
u
s

re
w

ri
te

th
e

d
ec

om
p

os
it

io
n

of
ea

ch
sc

or
e

m
at

ri
x
X
r

in
m

at
ri

x
n
ot

at
io

n
.

W
e

w
ri

te
th

e
re

al
p
ar

t
of

m
at

ri
ce

s
w

it
h

p
ri

m
es
E
′ =

R
e(
E

)
an

d
im

ag
in

ar
y

p
ar

ts
w

it
h

d
ou

b
le

p
ri

m
es
E
′′

=
Im

(E
):

X
r

=
R

e(
E
W
r
E
∗ )

=
R

e(
(E
′ +

iE
′′ )

(W
′ r
+
iW
′′ r
)(
E
′ −

iE
′′ )
>

)

=
(E
′ W
′ rE
′>

+
E
′′ W
′ rE
′′>

)
+

(E
′ W
′′ r
E
′′>
−
E
′′ W
′′ r
E
′>

)
.

(8
)

It
is

tr
iv

ia
l

to
ch

ec
k

th
at

th
e

m
at

ri
x
E
′ W
′ rE
′>

+
E
′′ W
′ rE
′′>

is
sy

m
m

et
ri

c
an

d
th

at
th

e

m
at

ri
x
E
′ W
′′ r
E
′′>
−
E
′′ W
′′ r
E
′>

is
an

ti
sy

m
m

et
ri

c.
H

en
ce

th
is

m
o
d
el

is
w

el
l

su
it

ed
to

m
o
d
el

jo
in

tl
y

sy
m

m
et

ri
c

an
d

an
ti

sy
m

m
et

ri
c

re
la

ti
on

s
b

et
w

ee
n

p
ai

rs
of

en
ti

ti
es

,
w

h
il
e

st
il
l

u
si

n
g

th
e

sa
m

e
en

ti
ty

re
p
re

se
n
ta

ti
on

s
fo

r
su

b
je

ct
s

an
d

ob
je

ct
s.

W
h
en

le
ar

n
in

g,
it

si
m

p
ly

n
ee

d
s

to
co

ll
ap

se
W
′′ r

=
Im

(W
r
)

to
ze

ro
fo

r
sy

m
m

et
ri

c
re

la
ti

on
s
r
∈
R

,
an

d
W
′ r

=
R

e(
W
r
)

to
ze

ro
fo

r
an

ti
sy

m
m

et
ri

c
re

la
ti

on
s
r
∈
R

,
as
X
r

is
in

d
ee

d
sy

m
m

et
ri

c
w

h
en

W
r

is
p
u
re

ly
re

al
,

an
d

an
ti

sy
m

m
et

ri
c

w
h
en

W
r

is
p
u
re

ly
im

ag
in

ar
y.

F
ro

m
a

ge
om

et
ri

ca
l

p
oi

n
t

of
v
ie

w
,

ea
ch

re
la

ti
on

em
b

ed
d
in

g
w
r

is
an

an
is

o
tr

o
p
ic

sc
a
li
n
g

of
th

e
b
as

is
d
efi

n
ed

b
y

th
e

en
ti

ty
em

b
ed

d
in

gs
E

,
fo

ll
ow

ed
b
y

a
p
ro

je
ct

io
n

o
n
to

th
e

re
al

su
b
sp

ac
e.

2
.

T
h

is
is

n
o
t

th
e

H
er

m
it

ia
n

ex
te

n
si

o
n

o
f

th
e

m
u

lt
il

in
ea

r
d

o
t

p
ro

d
u

ct
a
s

th
er

e
a
p

p
ea

rs
to

b
e

n
o

st
a
n

d
a
rd

d
efi

n
it

io
n

o
f

th
e

H
er

m
it

ia
n

m
u

lt
il

in
ea

r
p

ro
d

u
ct

in
th

e
li

n
ea

r
a
lg

eb
ra

li
te

ra
tu

re
.
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8(

13
0)

:1
-3

8,
 2

01
7

T
r
o
u
il
l
o
n
,
D
a
n
c
e
,
G
a
u
ss
ie
r
,
W

e
l
b
l
,
R
ie
d
e
l
a
n
d

B
o
u
c
h
a
r
d

3
.2

E
x
is

te
n

c
e

o
f

th
e

T
e
n

so
r

F
a
c
to

ri
z
a
ti

o
n

L
et

u
s

fi
rs

t
d
is

cu
ss

th
e

ex
is

te
n
ce

of
th

e
m

u
lt

i-
re

la
ti

on
al

m
o
d
el

w
h
er

e
th

e
ra

n
k

o
f

th
e

d
ec

o
m

-
p

os
it

io
n
K
≤
n

,
w

h
ic

h
re

la
te

s
to

si
m

u
lt

an
eo

u
s

u
n
it

ar
y

d
ec

om
p

os
it

io
n
.

D
e
fi

n
it

io
n

6
A

fa
m

il
y

o
f

m
a
tr

ic
es
X

1
,.
..
,X

m
∈

C
n
×
n

is
si

m
u

lt
a
n

eo
u

sl
y

u
n

it
a
ri

ly
d
ia

go
-

n
a
li

za
bl

e,
if

th
er

e
is

a
si

n
gl

e
u

n
it

a
ry

m
a
tr

ix
E
∈
C
n
×
n

,
su

ch
th

a
t
X
i

=
E
W
iE
∗

fo
r

a
ll
i

in
1
,.
..
,m

,
w

h
er

e
W
i
∈
C
n
×
n

a
re

d
ia

go
n

a
l.

D
e
fi

n
it

io
n

7
A

fa
m

il
y

o
f

n
o
rm

a
l

m
a
tr

ic
es
X

1
,.
..
,X

m
∈

C
n
×
n

is
a

co
m

m
u

ti
n

g
fa

m
il

y
o
f

n
o
rm

a
l

m
a
tr

ic
es

,
if
X
iX
∗ j

=
X
∗ iX

j
,

fo
r

a
ll
i,
j

in
1,
..
.,
m

.

T
h

e
o
re

m
3

(s
e
e

H
o
rn

a
n

d
J
o
h

n
so

n
(2

0
1
2
))

S
u

p
po

se
F

is
th

e
fa

m
il

y
o
f

m
a
tr

ic
es
X

1
,

..
.
,X

m
∈

C
n
×
n

.
T

h
en
F

is
a

co
m

m
u

ti
n

g
fa

m
il

y
o
f

n
o
rm

a
l

m
a
tr

ic
es

if
a
n

d
o
n

ly
if
F

is
si

m
u

lt
a
n

eo
u

sl
y

u
n

it
a
ri

ly
d
ia

go
n

a
li

za
bl

e.

T
o

ap
p
ly

T
h
eo

re
m

3
to

th
e

p
ro

p
os

ed
fa

ct
or

iz
at

io
n
,
w

e
w

ou
ld

h
av

e
to

m
ak

e
th

e
h
y
p

o
th

es
is

th
at

th
e

re
la

ti
on

sc
or

e
m

at
ri

ce
s
X
r

ar
e

a
co

m
m

u
ti

n
g

fa
m

il
y,

w
h
ic

h
is

to
o

st
ro

n
g

a
h
y
p

o
th

es
is

.
A

ct
u
al

ly
,

th
e

m
o
d
el

is
sl

ig
h
tl

y
d
iff

er
en

t
si

n
ce

w
e

ta
ke

on
ly

th
e

re
al

p
ar

t
o
f

th
e

te
n
so

r
fa

ct
or

iz
at

io
n
.

In
th

e
si

n
gl

e-
re

la
ti

on
ca

se
,

ta
k
in

g
on

ly
th

e
re

al
p
ar

t
of

th
e

d
ec

o
m

p
o
si

ti
o
n

ri
d
s

u
s

of
th

e
n
or

m
al

it
y

re
q
u
ir

em
en

t
of

T
h
eo

re
m

1
fo

r
th

e
d
ec

om
p

os
it

io
n

to
ex

is
t,

a
s

sh
ow

n
in

T
h
eo

re
m

2.
In

th
e

m
u
lt

ip
le

-r
el

at
io

n
ca

se
,

it
is

an
o
p

en
q
u
es

ti
on

w
h
et

h
er

ta
k
in

g
th

e
re

a
l

p
a
rt

of
th

e
si

m
u
lt

an
eo

u
s

u
n
it

ar
y

d
ia

go
n
al

iz
at

io
n

w
il
l

en
ab

le
u
s

to
d
ec

om
p

os
e

fa
m

il
ie

s
o
f

a
rb

it
ra

ry
re

al
sq

u
ar

e
m

at
ri

ce
s—

th
at

is
w

it
h

a
si

n
gl

e
u
n
it

ar
y

m
a
tr

ix
E

th
at

h
as

a
t

m
o
st
n

co
lu

m
n
s.

T
h
ou

gh
it

se
em

s
u
n
li
ke

ly
,

w
e

co
u
ld

n
o
t

fi
n
d

a
co

u
n
te

r-
ex

am
p
le

y
et

.
H

ow
ev

er
,

b
y

le
tt

in
g

th
e

ra
n
k

of
th

e
te

n
so

r
fa

ct
or

iz
at

io
n
K

to
b

e
gr

ea
te

r
th

a
n
n

,
w

e
ca

n
sh

ow
th

at
th

e
p
ro

p
os

ed
te

n
so

r
d
ec

o
m

p
o
si

ti
on

ex
is

ts
fo

r
fa

m
il
ie

s
of

ar
b
it

ra
ry

re
a
l

sq
u
a
re

m
at

ri
ce

s,
b
y

si
m

p
ly

co
n
ca

te
n
at

in
g

th
e

d
ec

om
p

os
it

io
n

of
T

h
eo

re
m

2
of

ea
ch

re
a
l

sq
u
a
re

m
at

ri
x
X
i.

T
h

e
o
re

m
4

S
u

p
po

se
X

1
,.
..
,X

m
∈

R
n
×
n

.
T

h
en

th
er

e
ex

is
ts
E
∈

C
n
×
n
m

a
n

d
W
i
∈

C
n
m
×
n
m

a
re

d
ia

go
n

a
l,

su
ch

th
a
t
X
i

=
R

e(
E
W
iE
∗ )

fo
r

a
ll
i

in
1,
..
.,
m

.

P
ro

o
f

F
ro

m
T

h
eo

re
m

2
w

e
h
av

e
X
i

=
R

e(
E
iW

iE
∗ i)

,
w

h
er

e
W
i
∈

C
n
×
n

is
d
ia

g
o
n
a
l,

a
n
d

ea
ch

E
i
∈
C
n
×
n

is
u
n
it

ar
y

fo
r

al
l
i

in
1
,.
..
,m

.
L

et
E

=
[E

1
..
.E

m
],

an
d

Λ
i

=

 0
((
i−

1
)n

)×
((
i−

1
)n

)

W
i

0
((
m
−
i)
n

)×
((
m
−
i)
n

)

 

w
h
er

e
0
l×
l

th
e

ze
ro
l
×
l

m
at

ri
x
.

T
h
er

ef
or

e
X
i

=
R

e(
E

Λ
iE
∗ )

fo
r

al
l
i

in
1
,.
..
,m

.

B
y

co
n
st

ru
ct

io
n
,

th
e

ra
n
k

of
th

e
d
ec

om
p

os
it

io
n

is
at

m
os

t
n
m

.
W

h
en

m
≤
n

,
th

is
b

ou
n
d

ac
tu

al
ly

m
at

ch
es

th
e

ge
n
er

al
u
p
p

er
b

ou
n
d

on
th

e
ra

n
k

of
th

e
ca

n
o
n
ic

a
l

p
o
ly

a
d
ic

(C
P

)
d
ec

om
p

os
it

io
n

(H
it

ch
co

ck
,

19
27

;
K

ru
sk

al
,

19
89

).
S
in

ce
m

co
rr

es
p

on
d
s

to
th

e
n
u
m

b
er
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K
n
o
w
l
e
d
g
e
G
r
a
p
h
C
o
m
p
l
e
t
io
n
v
ia

C
o
m
p
l
e
x
T
e
n
so

r
F
a
c
t
o
r
iz
a
t
io
n

o
f

rela
tio

n
s

an
d
n

to
th

e
n
u
m

b
er

of
en

tities,
m

is
alw

ay
s

sm
aller

th
an

n
in

real
w

o
rld

k
n
ow

led
g
e

g
ra

p
h
s,

h
en

ce
th

e
b

ou
n
d

h
old

s
in

p
ra

ctice.

T
h
o
u
gh

w
h
en

it
com

es
to

relation
al

learn
in

g,
w

e
m

igh
t

ex
p

ect
th

e
actu

a
l

ran
k

to
b

e
m

u
ch

low
er

th
a
n
n
m

for
tw

o
reason

s.
T

h
e

fi
rst

on
e,

as
d
iscu

ssed
ab

ove,
is

th
a
t

w
e

are
d
ea

lin
g

w
ith

sign
ten

sors,
h
en

ce
th

e
ran

k
of

th
e

m
atrices

X
r

n
eed

on
ly

m
atch

th
e

sign
-ran

k
o
f

th
e

p
a
rtially

-ob
served

m
atrices

Y
r .

T
h
e

secon
d

on
e

is
th

at
th

e
m

atrices
are

related
to

ea
ch

o
th

er,
as

th
ey

all
rep

resen
t

th
e

sam
e

en
tities

in
d
iff

eren
t

relation
s,

an
d

th
u
s

b
en

efi
t

fro
m

sh
a
rin

g
la

ten
t

d
im

en
sion

s.
A

s
op

p
osed

to
th

e
co

n
stru

ction
ex

p
osed

in
th

e
p
ro

of
of

T
h
eo

rem
4
,

w
h
ere

oth
er

relation
s

d
im

en
sion

s
are

can
celed

ou
t.

In
p
ractice,

th
e

ran
k

n
eed

ed
to

g
en

era
lize

w
ell

is
in

d
eed

m
u
ch

low
er

th
an

n
m

as
w

e
sh

ow
ex

p
erim

en
tally

in
F

igu
re

5.

A
lso

,
n
o
te

th
at

w
ith

th
e

con
stru

ction
of

th
e

p
ro

of
of

T
h
eorem

4,
th

e
m

atrix
E

=
[E

1
...E

m
]

is
n
ot

u
n
itary

an
y

m
ore.

H
ow

ever
th

e
u
n
itary

con
strain

ts
in

th
e

m
atrix

case
serve

o
n
ly

th
e

p
ro

of
of

ex
isten

ce,
w

h
ich

is
ju

st
on

e
solu

tion
am

on
g

th
e

in
fi
n
ite

on
es

of
sa

m
e

ra
n
k
.

In
p
ractice,

im
p

osin
g

orth
on

orm
ality

is
essen

tially
a

n
u
m

erical
co

m
m

o
d
ity

for
th

e
d
eco

m
p

o
sition

of
d
en

se
m

atrices,
th

rou
gh

iterative
m

eth
o
d
s

for
ex

am
p
le

(S
aad

,
1992).

W
h
en

it
co

m
es

to
m

atrix
an

d
ten

sor
com

p
letion

,
an

d
th

u
s

g
en

eralisation
,

im
p

osin
g

su
ch

co
n
stra

in
ts

is
m

ore
of

a
n
u
m

erical
h
assle

th
an

an
y
th

in
g

else,
esp

ecially
for

grad
ien

t
m

eth
o
d
s.

A
s

th
ere

is
n
o

a
p
p
aren

t
lin

k
b

etw
een

orth
on

orm
ality

an
d

gen
eralisation

p
rop

erties,
w

e
d
id

n
o
t

im
p

o
se

th
ese

con
strain

ts
w

h
en

learn
in

g
th

is
m

o
d
el

in
th

e
follow

in
g

ex
p

erim
en

ts.

4
.
A
lg
o
rith

m

A
lg

o
rith

m
1

d
escrib

es
sto

ch
astic

grad
ien

t
d
escen

t
(S

G
D

)
to

learn
th

e
p
rop

osed
m

u
lti-

rela
tio

n
a
l

m
o
d
el

w
ith

th
e

A
d
aG

rad
learn

in
g-rate

u
p

d
ates

(D
u
ch

i
et

al.,
2011).

W
e

refer
to

th
e

p
rop

o
sed

m
o
d
el

as
C
o
m
p
l
E
x

,
for

C
om

p
lex

E
m

b
ed

d
in

gs.
W

e
ex

p
ose

a
v
ersion

of
th

e
a
lg

o
rith

m
th

a
t

u
ses

on
ly

real-valu
ed

v
ectors,

in
ord

er
to

fa
cilitate

its
im

p
lem

en
ta

tion
.

T
o

d
o

so
,

w
e

u
se

sep
arate

real-valu
ed

rep
resen

ta
tion

s
of

th
e

real
an

d
im

agin
ary

p
arts

of
th

e
em

b
ed

d
in

g
s.

T
h
ese

rea
l

an
d

im
agin

ary
p
art

vectors
are

in
itialized

w
ith

v
ectors

h
av

in
g

a
zero-m

ean
n
o
rm

al
d
istrib

u
tion

w
ith

u
n
it

varian
ce.

If
th

e
train

in
g

set
Ω

con
tain

s
on

ly
p

ositive
trip

les,
n
eg

a
tives

a
re

gen
erated

for
each

b
atch

u
sin

g
th

e
loca

l
clo

sed
-w

o
rld

a
ssu

m
p
tio

n
as

in
B

ord
es

et
a
l.

(2
0
1
3
b
).

T
h
at

is,
for

each
trip

le,
w

e
ran

d
om

ly
ch

an
ge

eith
er

th
e

su
b

ject
or

th
e

ob
ject,

to
fo

rm
a

n
eg

a
tive

ex
am

p
le.

In
th

is
case

th
e

p
aram

eter
η
>

0
sets

th
e

n
u
m

b
er

of
n
egativ

e
trip

les
to

gen
erate

for
each

p
ositive

trip
le.

C
ollision

w
ith

p
ositive

trip
les

in
Ω

is
n
o
t

ch
ecked

,
a
s

it
o
ccu

rs
ra

rely
in

real
w

orld
k
n
ow

led
ge

gra
p
h
s

as
th

ey
a
re

largely
sp

arse,
an

d
m

ay
also

b
e

co
m

p
u
ta

tio
n
ally

ex
p

en
sive.

S
q
u
a
red

g
ra

d
ien

ts
are

accu
m

u
lated

to
com

p
u
te

A
d
aG

rad
learn

in
g

rates,
th

en
grad

ien
ts

a
re

u
p

d
a
ted

.
E

very
s

iteration
s,

th
e

p
aram

eters
Θ

are
evalu

ated
over

th
e

evalu
ation

set
Ω
v

(eva
lu

a
te

A
P

o
r

M
R

R
(Ω

v ;Θ
)

fu
n
ction

in
A

lgorith
m

1).
If

th
e

d
ata

set
con

tain
s

b
oth

p
o
sitive

a
n
d

n
egative

ex
am

p
les,

average
p
recision

(A
P

)
is

u
sed

to
eva

lu
ate

th
e

m
o
d
el.

If
th

e
d
a
ta

set
co

n
tain

s
on

ly
p

ositives,
th

en
m

ean
recip

ro
cal

ran
k

(M
R

R
)

is
u
sed

as
average

p
recisio

n
ca

n
n
o
t

b
e

com
p
u
ted

w
ith

ou
t

tru
e

n
egatives.

T
h
e

op
tim

ization
p
ro

cess
is

stop
p

ed
w

h
en

th
e

m
ea

su
re

con
sid

ered
d
ecreases

com
p
a
red

to
th

e
last

evalu
ation

(early
sto

p
p
in

g).
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T
r
o
u
il
l
o
n
,
D
a
n
c
e
,
G
a
u
ssie

r
,
W

e
l
b
l
,
R
ie
d
e
l
a
n
d

B
o
u
c
h
a
r
d

B
ern

(p
)

is
th

e
B

ern
ou

lli
d
istrib

u
tion

,
th

e
o
n

e
ra

n
d
o
m

sa
m

p
le(E

)
fu

n
ction

sam
p
le

u
n
i-

form
ly

on
e

en
tity

in
th

e
set

of
all

en
titiesE

,
an

d
th

e
sa

m
p
le

ba
tch

o
f

size
b(Ω

,b)
fu

n
ction

sam
p
le
b

tru
e

an
d

false
trip

les
u
n
iform

ly
at

ran
d
om

from
th

e
train

in
g

set
Ω

.

F
or

a
given

em
b

ed
d
in

g
size

K
,

let
u
s

rew
rite

E
q
u
ation

(7),
b
y

d
en

otin
g

th
e

real
p
art

of
em

b
ed

d
in

gs
w

ith
p
rim

es
an

d
th

e
im

agin
ary

p
art

w
ith

d
ou

b
le

p
rim

es:
e ′i

=
R

e(e
i ),

e ′′i
=

Im
(e
i ),

w
′r

=
R

e(w
r ),

w
′′r

=
Im

(w
r ).

T
h
e

set
of

p
aram

eters
is

Θ
=
{
e ′i ,e ′′i ,w

′r ,w
′′r ∈

R
K
,i∈

E
,r∈

R
},

an
d

th
e

scorin
g

fu
n
ction

in
volves

on
ly

real
vectors:

φ
(r,s,o;Θ

)
=

〈w
′r ,e ′s ,e ′o 〉

+
〈w
′r ,e ′′s ,e ′′o 〉

+
〈w
′′r ,e ′s ,e ′′o 〉−

〈w
′′r ,e ′′s ,e ′o 〉

(9)

w
h
ere

each
en

tity
an

d
each

relation
h
a
s

tw
o

real
em

b
ed

d
in

gs.

G
rad

ien
ts

are
n
ow

easy
to

w
rite:

∇
e ′s φ

(r,s,o;Θ
)

=
(w
′r �

e ′o )
+

(w
′′r �

e ′′o ),

∇
e ′′s φ

(r,s,o;Θ
)

=
(w
′r �

e ′′o )−
(w
′′r �

e ′o ),

∇
e ′o φ

(r,s,o;Θ
)

=
(w
′r �

e ′s )−
(w
′′r �

e ′′s ),

∇
e ′′o φ

(r,s,o;Θ
)

=
(w
′r �

e ′′s )
+

(w
′′r �

e ′s ),

∇
w
′r φ

(r,s,o;Θ
)

=
(e ′s
�
e ′o )

+
(e ′′s �

e ′′o ),

∇
w
′′r φ

(r,s,o;Θ
)

=
(e ′s
�
e ′′o )−

(e ′′s �
e ′o ),

w
h
ere
�

is
th

e
elem

en
t-w

ise
(H

ad
am

ard
)

p
ro

d
u
ct.

W
e

op
tim

ized
th

e
n
egative

log-likelih
o
o
d

of
th

e
logistic

m
o
d
el

d
escrib

ed
in

E
q
u
ation

(5)
w

ith
L

2
regu

larization
on

th
e

p
aram

eters
Θ

:

γ
(Ω

;Θ
)

=
∑

((r,s,o
),y

)∈
Ω

log
(1

+
ex

p
(−
y
φ

(r,s,o;Θ
)))

+
λ||Θ
|| 22

(10)

w
h
ere

λ
∈
R

+
is

th
e

regu
larization

p
ara

m
eter.

T
o

h
an

d
le

regu
larization

,
n
ote

th
at

u
sin

g
sep

arate
rep

resen
tation

s
for

th
e

real
an

d
im

agi-
n
ary

p
arts

d
o
es

n
ot

ch
an

ge
an

y
th

in
g

as
th

e
sq

u
ared

L
2-n

orm
of

a
com

p
lex

vector
v

=
v ′+
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co
d
ed

in
co

m
p
le

x
ve

ct
or

s
th

at
ar

e
th

en
fe

d
in

to
th

e
n
et

w
or

k
.

C
on

ve
rs

el
y

to
th

es
e

co
n
tr

ib
u
ti

on
s,

th
is

w
or

k
su

gg
es

ts
th

at
p
ro

ce
ss

in
g

re
a
l-

va
lu

ed
d
a
ta

w
it

h
co

m
p
le

x
-v

al
u
ed

re
p
re

se
n
ta

ti
on

,
th

ro
u
gh

a
p
ro

je
ct

io
n

on
to

th
e

re
al

-v
a
lu

ed
su

b
sp

a
ce

,
ca

n
b

e
a

ve
ry

si
m

p
le

w
ay

of
in

cr
ea

si
n
g

th
e

ex
p
re

ss
iv

en
es

s
of

th
e

m
o
d
el

co
n
si

d
er

ed
.

6
.2

K
n

o
w

le
d

g
e

G
ra

p
h

C
o
m

p
le

ti
o
n

M
an

y
k
n
ow

le
d
ge

gr
ap

h
s

h
av

e
re

ce
n
tl

y
ar

is
en

,
p
u
sh

ed
b
y

th
e

W
3C

re
co

m
m

en
d
a
ti

o
n

to
u
se

th
e

re
so

u
rc

e
d
es

cr
ip

ti
on

fr
am

ew
or

k
(R

D
F

)
(C

y
ga

n
ia

k
et

al
.,

20
14

)
fo

r
d
at

a
re

p
re

se
n
ta

ti
o
n
.

E
x
am

p
le

s
of

su
ch

k
n
ow

le
d
ge

gr
ap

h
s

in
cl

u
d
e

D
B

P
ed

ia
(A

u
er

et
al

.,
20

07
),

F
re

eb
a
se

(B
o
ll
a
ck

er
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K
n
o
w
l
e
d
g
e
G
r
a
p
h
C
o
m
p
l
e
t
io
n
v
ia

C
o
m
p
l
e
x
T
e
n
so

r
F
a
c
t
o
r
iz
a
t
io
n

et
a
l.,

2
0
0
8)

a
n
d

th
e

G
o
ogle

K
n
ow

led
ge

V
au

lt
(D

on
g

et
al.,

2014).
M

otiva
tin

g
ap

p
lication

s
o
f

k
n
ow

led
g
e

g
rap

h
com

p
letion

in
clu

d
e

q
u
estion

an
sw

erin
g

(B
ord

es
et

al.,
2
014b

)
an

d
m

ore
g
en

era
lly

p
ro

b
ab

ilistic
q
u
ery

in
g

of
k
n
ow

led
ge

b
ases

(H
u
an

g
an

d
L

iu
,

20
09;

K
rom

p
aß

et
al.,

2
0
1
4
).

F
irst

a
p
p
ro

a
ch

es
to

relation
allearn

in
g

relied
u
p

on
p
rob

ab
ilistic

grap
h
ica

lm
o
d
els

(G
eto

or
a
n
d

T
a
ska

r,
2
0
0
7),

su
ch

as
b
ayesian

n
etw

ork
s

(F
ried

m
an

et
a
l.,

1999
)

an
d

m
a
rkov

log
ic

n
et-

w
o
rk

s
(R

ich
a
rd

son
an

d
D

om
in

gos,
2006;

R
aed

t
et

al.,
2016).

W
ith

th
e

fi
rst

em
b

ed
d
in

g
m

o
d
els,

asy
m

m
etry

of
relation

s
w

as
q
u
ick

ly
seen

as
a

p
rob

lem
a
n
d

a
sy

m
m

etric
ex

ten
sion

s
of

ten
sors

w
ere

stu
d
ied

,
m

ostly
b
y

eith
er

con
sid

erin
g

in
d
ep

en
-

d
en

t
em

b
ed

d
in

g
s

(F
ran

z
et

al.,
2009)

or
con

sid
erin

g
relation

s
as

m
atrices

in
stead

o
f

vectors
in

th
e

R
E

S
C

A
L

m
o
d
el

(N
ick

el
et

al.,
2
011),

or
b

oth
(S

u
tskever,

2009).
D

irect
ex

ten
sion

s
w

ere
b
a
sed

on
u
n
i-,b

i-
an

d
trigram

laten
t

factors
for

trip
le

d
ata

(G
arcia-D

u
ran

et
al.,

2016),
a
s

w
ell

as
a

low
-ran

k
relation

m
atrix

(J
en

a
tton

et
al.,

2012).
B

ord
es

et
al.

(2014a)
p
rop

ose
a

tw
o
-layer

m
o
d
el

w
h
ere

su
b

ject
an

d
ob

ject
em

b
ed

d
in

gs
are

fi
rst

sep
arately

com
b
in

ed
w

ith
th

e
rela

tion
em

b
ed

d
in

g,
th

en
each

in
term

ed
iate

rep
resen

tation
is

com
b
in

ed
in

to
th

e
fi
n
al

sco
re.

P
a
irw

ise
in

teraction
m

o
d
els

w
ere

also
con

sid
ered

to
im

p
rove

p
red

ictio
n

p
erform

an
ces.

F
o
r

ex
a
m

p
le,

th
e

U
n
iversal

S
ch

em
a

ap
p
roach

(R
ied

el
et

al.,
2013)

factorizes
a

2D
u
n
fold

in
g

o
f

th
e

ten
so

r
(a

m
atrix

of
en

tity
p
airs

v
s.

relation
s)

w
h
ile

W
elb

l
et

al.
(2016)

ex
ten

d
th

is
a
lso

to
o
th

er
p
airs.

R
ied

el
et

al.
(20

13)
also

co
n
sid

er
au

gm
en

tin
g

th
e

k
n
ow

led
ge

grap
h

fa
cts

b
y

ex
ctra

ctin
g

th
em

from
tex

tu
al

d
ata,

as
d
o
es

T
ou

tan
ova

et
al.

(2015).
In

jectin
g

p
rio

r
k
n
ow

led
ge

in
th

e
form

of
H

orn
clau

ses
in

th
e

ob
jectiv

e
loss

of
th

e
U

n
iversal

S
ch

em
a

m
o
d
el

h
a
s

also
b

een
con

sid
ered

(R
o
ck

tasch
el

et
al.,

2015).
C

h
an

g
et

al.
(2014)

en
h
an

ce
th

e
R

E
S
C

A
L

m
o
d
el

to
tak

e
in

to
accou

n
t

in
form

ation
ab

ou
t

th
e

en
tity

ty
p

es.
F

or
recom

m
en

d
er

sy
stem

s
(th

u
s

w
ith

d
iff

eren
t

su
b

ject/ob
ject

sets
of

en
tities),

B
aru

ch
(2014)

p
rop

osed
a

n
on

-
co

m
m

u
ta

tive
ex

ten
sion

of
th

e
C

P
d
ecom

p
osition

m
o
d
el.

M
ore

recen
tly,

G
aifm

an
m

o
d
els

th
a
t

lea
rn

n
eig

h
b

orh
o
o
d

em
b

ed
d
in

gs
of

lo
cal

stru
ctu

res
in

th
e

k
n
ow

led
ge

grap
h

sh
ow

ed
co

m
p

etitive
p

erform
an

ces
(N

iep
ert,

2016).

In
th

e
N

eu
ral

T
en

sor
N

etw
ork

(N
T

N
)

m
o
d
el,

S
o
ch

er
et

al.
(2

013)
com

b
in

e
lin

ear
tran

s-
fo

rm
a
tio

n
s

a
n
d

m
u
ltip

le
b
ilin

ear
form

s
of

su
b

ject
an

d
ob

ject
em

b
ed

d
in

gs
to

join
tly

feed
th

em
in

to
a

n
o
n
lin

ear
n
eu

ral
layer.

Its
n
on

-lin
earity

an
d

m
u
ltip

le
w

ay
s

of
in

clu
d
in

g
in

-
tera

ctio
n
s

b
etw

een
em

b
ed

d
in

gs
gives

it
an

ad
van

tage
in

ex
p
ressiven

ess
over

m
o
d
els

w
ith

sim
p
ler

sco
rin

g
fu

n
ction

like
D
ist

M
u
lt

or
R

E
S
C

A
L

.
A

s
a

d
ow

n
sid

e,
its

very
large

n
u
m

b
er

o
f

p
a
ra

m
eters

can
m

ake
th

e
N

T
N

m
o
d
el

h
ard

er
to

train
an

d
overfi

t
m

ore
easily.

T
h
e

o
rig

in
a
l

m
u
ltilin

ear
D
ist

M
u
lt

m
o
d
el

is
sy

m
m

etric
in

su
b

ject
an

d
ob

ject
for

every
rela

tio
n

(Y
a
n
g

et
al.,

2015)
an

d
ach

iev
es

go
o
d

p
erform

an
ce

on
F

B
15K

an
d

W
N

18
d
ata

sets.
H

ow
ever

it
is

likely
d
u
e

to
th

e
ab

sen
ce

of
tru

e
n
ega

tives
in

th
ese

d
ata

sets,
as

d
iscu

ssed
in

S
ectio

n
5
.3

.2
.

T
h
e
T
r
a
n
sE

m
o
d
el

from
B

ord
es

et
al.

(2013b
)

also
em

b
ed

s
en

tities
an

d
rela

tion
s

in
th

e
sa

m
e

sp
a
ce

a
n
d

im
p

oses
a

geom
etrical

stru
ctu

ral
b
ias

in
to

th
e

m
o
d
el:

th
e

su
b

ject
en

tity
vecto

r
sh

o
u
ld

b
e

close
to

th
e

ob
ject

en
tity

vector
on

ce
tran

slated
b
y

th
e

rela
tion

vector.

A
recen

t
n
ovel

w
ay

to
h
an

d
le

an
tisy

m
m

etry
is

v
ia

th
e

H
olograp

h
ic

E
m

b
ed

d
in

gs
(H

o
l
E

)
m

o
d
el

b
y

N
ickel

et
al.

(2016b
).

In
H
o
l
E

th
e

circu
lar

correlatio
n

is
u
sed

for
com

b
in

in
g

en
tity

em
b

ed
d
in

gs,
m

easu
rin

g
th

e
covarian

ce
b

etw
een

em
b

ed
d
in

gs
at

d
iff

eren
t

d
im

en
sion
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T
r
o
u
il
l
o
n
,
D
a
n
c
e
,
G
a
u
ssie

r
,
W

e
l
b
l
,
R
ie
d
e
l
a
n
d

B
o
u
c
h
a
r
d

sh
ifts.

T
h
is

m
o
d
el

h
as

b
een

sh
ow

n
to

b
e

eq
u
ivalen

t
to

th
e
C
o
m
p
l
E
x

m
o
d
el

(H
ayash

i
an

d
S
h
im

b
o,

2017;
T

rou
illon

an
d

N
ickel,

2
017).

7
.
D
iscu

ssio
n
a
n
d
F
u
tu

re
W

o
rk

T
h
ou

gh
th

e
d
ecom

p
osition

p
rop

osed
in

th
is

p
ap

er
is

clearly
n
ot

u
n
iq

u
e,

it
is

ab
le

to
learn

m
ean

in
gfu

l
rep

resen
tation

s.
S
till,

ch
aracterizin

g
all

p
ossib

le
u
n
itary

d
iagon

alization
s

th
at

p
reserve

th
e

real
p
art

is
an

in
terestin

g
op

en
q
u
estion

.
E

sp
ecially

in
an

ap
p
rox

im
ation

settin
g

w
ith

a
con

strain
ed

ran
k
,

in
ord

er
to

ch
aracterize

th
e

d
ecom

p
osition

s
th

at
m

in
im

ize
a

given
recon

stru
ction

error.
T

h
at

m
igh

t
allow

th
e

creation
of

an
itera

tiv
e

algorith
m

sim
ilar

to
eigen

d
ecom

p
osition

iterative
m

eth
o
d
s

(S
aad

,
1
992)

for
com

p
u
tin

g
su

ch
a

d
ecom

p
osition

for
an

y
giv

en
real

sq
u
are

m
atrix

.

T
h
e

p
rop

osed
d
ecom

p
osition

cou
ld

also
fi
n
d

ap
p
lication

s
in

m
an

y
oth

er
asy

m
m

etric
sq

u
are

m
atrices

d
ecom

p
osition

s
ap

p
lication

s,
su

ch
as

sp
ectral

grap
h

th
eory

for
d
irected

grap
h
s

(C
vetkov

ić
et

al.,
1997),

b
u
t

also
factorization

of
asy

m
m

etric
m

easu
res

m
atrices

su
ch

as
asy

m
m

etric
d
istan

ce
m

atrices
(M

ao
an

d
S
au

l,
2004)

an
d

asy
m

m
etric

sim
ilarity

m
atrices

(P
irasteh

et
al.,

2015).

F
rom

an
op

tim
ization

p
oin

t
of

v
iew

,
th

e
ob

jectiv
e

fu
n
ction

(E
q
u
ation

(10))
is

clearly
n
on

-con
vex

,
an

d
w

e
cou

ld
in

d
eed

n
o
t

b
e

reach
in

g
a

glob
ally

op
tim

al
d
ecom

p
osition

u
sin

g
sto

ch
astic

grad
ien

t
d
escen

t.
R

ecen
t

resu
lts

sh
ow

th
at

th
ere

are
n
o

sp
u
riou

s
lo

cal
m

in
im

a
in

th
e

com
p
letion

p
rob

lem
of

p
ositive

sem
i-d

efi
n
ite

m
atrix

(G
e

et
al.,

2016;
B

h
o

jan
ap

alli
et

al.,
2016).

S
tu

d
y
in

g
th

e
ex

ten
sib

ility
of

th
ese

resu
lts

to
ou

r
d
ecom

p
osition

is
an

oth
er

p
ossib

le
lin

e
of

fu
tu

re
w

ork
.

T
h
e

fi
rst

step
w

ou
ld

b
e

gen
eralizin

g
th

ese
resu

lts
to

sy
m

m
etric

real-valu
ed

m
atrix

com
p
letion

,
th

en
gen

eralization
to

n
orm

al
m

atrices
sh

ou
ld

b
e

straigh
t-

forw
ard

.
T

h
e

tw
o

last
step

s
w

ou
ld

b
e

ex
ten

d
in

g
to

m
atrices

th
at

are
ex

p
ressed

as
real

p
art

of
n
orm

al
m

atrices,
an

d
fi
n
ally

to
th

e
join

t
d
ecom

p
osition

of
su

ch
m

atrices
as

a
ten

sor.
W

e
in

d
eed

n
oticed

a
rem

arkab
le

stab
ility

of
th

e
scores

across
d
iff

eren
t

ran
d
om

in
itialization

of
C
o
m
p
l
E
x

for
th

e
sam

e
h
y
p

er-p
aram

eters,
w

h
ich

su
ggests

th
e

p
ossib

ility
o
f

su
ch

th
eoretical

p
rop

erty.

P
ractically,

an
ob

v
iou

s
ex

ten
sion

is
to

m
erge

ou
r

ap
p
roach

w
ith

k
n
ow

n
ex

ten
sion

s
to

ten
sor

factorization
m

o
d
els

in
ord

er
to

fu
rth

er
im

p
rove

p
red

ictiv
e

p
erform

an
ce.

F
or

ex
-

am
p
le,

th
e

u
se

of
p
airw

ise
em

b
ed

d
in

gs
(R

ied
el

et
al.,

2013;
W

elb
l

et
al.,

2016)
togeth

er
w

ith
com

p
lex

n
u
m

b
ers

m
igh

t
lead

to
im

p
roved

resu
lts

in
m

an
y

situ
ation

s
th

at
in

v
olve

n
on

-com
p

osition
a
lity.

A
d
d
in

g
b
igram

em
b

ed
d
in

gs
to

th
e

ob
jectiv

e
cou

ld
a
lso

im
p
rove

th
e

resu
lts

as
sh

ow
n

on
oth

er
m

o
d
els

(G
arcia-D

u
ran

et
al.,

2016).
A

n
oth

er
d
irection

w
ou

ld
b

e
to

d
evelop

a
m

ore
in

telligen
t

n
egative

sam
p
lin

g
p
ro

ced
u
re,

to
gen

erate
m

ore
in

form
ative

n
egatives

w
ith

resp
ect

to
th

e
p

ositiv
e

sam
p
le

from
w

h
ich

th
ey

h
ave

b
een

sam
p
led

.
T

h
is

w
ou

ld
red

u
ce

th
e

n
u
m

b
er

of
n
egatives

req
u
ired

to
reach

go
o
d

p
erform

an
ce,

th
u
s

accelerat-
in

g
train

in
g

tim
e.

E
x
ten

sion
to

relation
s

b
etw

een
m

ore
th

an
tw

o
en

tities,
n

-tu
p
les,

is
n
ot

straigh
tforw

ard
,

as
C
o
m
p
l
E
x

’s
ex

p
ressiven

ess
com

es
from

th
e

com
p
lex

con
ju

gation
of

th
e

ob
ject-en

tity,
th

at
b
reak

s
th

e
sy

m
m

etry
b

etw
een

th
e

su
b

ject
an

d
ob

ject
em

b
ed

d
in

gs
in

th
e

scorin
g

fu
n
ction

.
T

h
is

stem
s

from
th

e
H

erm
itian

p
ro

d
u
ct,

w
h
ich

seem
s

to
h
ave

n
o

stan
d
ard

m
u
ltilin

ear
ex

ten
sion

in
th

e
lin

ear
algeb

ra
literatu

re,
th

is
q
u
estio

n
h
en

ce
rem

ain
s

largely
op

en
.
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K
n
o
w
l
e
d
g
e
G
r
a
p
h
C
o
m
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t
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n
v
ia

C
o
m
p
l
e
x
T
e
n
so

r
F
a
c
t
o
r
iz
a
t
io
n

8
.
C
o
n
cl
u
si
o
n

W
e

d
es

cr
ib

ed
a

n
ew

m
at

ri
x

an
d

te
n
so

r
d
ec

om
p

os
it

io
n

w
it

h
co

m
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shrinking
a

large
proportion

ofthe
w

eights
directly

to
zero

(also
referred

to
as

a
hard

thresholding).
In

practice,
L

0
regularization

is
com

putationally
expensive

to
solve

due
to

its
non-differentiability.

T
he

setof
selected

features
also

suffers
from

high
variability

as
the

decisions
of

hard-thresholding
are

based
on

single
random

sam
ples

in
an

online
learning

setting.T
herefore,im

portantfeatures
can

be
discarded

sim
ply

ow
ing

to
random

perturbations.
M

ostrecentsubgradient-based
online

learning
algorithm

sdo
notconsiderpotentialstructuresor

heterogeneity
in

the
inputfeatures.

A
s

pointed
outby

D
uchietal.(2011),currentm

ethods
largely

follow
a

predeterm
ined

proceduralschem
e

thatis
oblivious

to
the

characteristics
ofdata

being
used

at
each

iteration.
In

large-scale
applications,

a
com

m
on

and
im

portant
structure

is
heterogeneity

in
sparsity

levels
of

the
inputfeatures,i.e.,the

variability
in

the
num

ber
of

nonzero
entries

am
ong

features.Forinstance,considerthe
bag-of-w

ord
featuresin

textm
ining

applications. 2
Fora

learning
task,

the
im

portance
of

a
feature

is
not

necessarily
associated

w
ith

the
frequencies

of
its

values.
In

genetics,
for

exam
ple

in
(M

orris
and

Z
eggini,

2010),
rare

variants
(≤

1%
in

the
population)

have
been

found
to

be
associated

w
ith

disease
risks.

B
oth

dense
and

sparse
features

m
ay

contain
im

portantinform
ation

for
the

learning
task.

H
ow

ever,in
the

presence
of

heterogeneity
in

sparsity
levels,

using
a

sim
ple

L
1

regularization
in

an
online

setting
w

ill
predispose

rare
features

to
be

truncated
m

ore
than

necessary.
T

he
resulted

sparse
w

eight
vectors

usually
exhibit

high
variance

in
term

s
of

both
w

eight
values

and
the

m
em

bership
in

the
set

of
features

w
ith

nonzero
w

eights.
A

s
a

result,the
convergence

ofthe
standard

truncation-based
fram

ew
ork

m
ay

also
be

ham
pered

by
this

high
variability.

W
hen

the
am

ount
of

inform
ation

is
scarce

due
to

sparsity
at

each
iteration,

the
convergence

of
the

w
eight

vector
w

ould
understandably

take
a

large
num

ber
of

iterations
to

approach
the

optim
um

.
In

tw
o

recent
papers,

O
iw

a
et

al.
(2011)

and
O

iw
a

et
al.

(2012)
tackle

this
problem

via
L

1
penalty

w
eighted

by
the

accum
ulated

norm
of

subgradients
for

extending
severalbasic

fram
ew

orks
in

sparse
online

learning.
T

heir
results

suggestthat,by
acknow

ledging
the

sparsity
structure

in
the

features,both
prediction

accuracy
and

sparsity
are

im
proved

over
the

originalalgorithm
s

w
hile

m
aintaining

the
sam

e
convergence

rate.
H

ow
ever,their

resulted
w

eight
vectors

are
unstable

as
the

im
posed

subgradient-based
regularization

are
excessively

noisy
due

to
the

random
ness

of
incom

ing
sam

ples
in

online
learning.

T
he

m
em

bership
in

the
set

of
selected

features
w

ith
nonzero

w
eights

is
also

very
sensitive

to
the

orderings
ofthe

training
sam

ples.
In

this
paper,w

e
propose

a
stabilized

truncated
stochastic

gradientdescentalgorithm
forhigh-

dim
ensionalsparse

data.
T

he
learning

fram
ew

ork
is

m
otivated

by
thatof

the
Truncated

G
radient

algorithm
proposed

by
L

angford
etal.(2009).

To
dealw

ith
the

aforem
entioned

issues
w

ith
sparse

online
learning

m
ethods

applied
to

high-dim
ensional

sparse
data,

w
e

introduce
three

innovative
com

ponents
to

reduce
variability

in
the

learned
w

eight
vector

and
stabilize

the
selected

features.
First,

w
hen

applying
the

soft-thresholding,
instead

of
a

uniform
truncation

on
all

features,
w

e
perform

only
inform

ative
truncations,based

on
actualinform

ation
from

individualfeatures
during

the
preceding

com
putation

w
indow

of
K

updates.
B

y
doing

so,
w

e
reduce

the
heterogeneous

truncation
bias

associated
w

ith
feature

sparsity.
T

he
key

idea
here

is
to

ensure
thateach

truncation
for

each
feature

is
based

on
sufficientinform

ation,and
the

am
ountof

shrinkage
is

adjusted
for

the
inform

ation
available

on
each

feature.
Second,beyond

the
soft-thresholding

corresponding
to

the
ordinary

L
1

regularization,
the

resulted
w

eight
vector

is
stabilized

by
staged

purges
of

irrelevant
features

perm
anently

from
the

active
setof

features.
H

ere,irrelevant
features

are
defined

as
fea-

tures
w

hose
w

eights
have

been
repeatedly

truncated.
M

otivated
by

stability
selection

introduced

2.H
ere,by

sparse
features,w

e
refer

to
features

for
w

hich
m

ostsam
ples

assum
e

a
constantvalue

(e.g.,0)
and

a
few

sam
ples

take
on

othervalues.W
ithoutloss

ofgenerality,w
e

assum
e

the
m

ajority
constantis

0
throughoutthis

paper.
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M
A

A
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D
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H
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by
M

einshausen
and

B
ühlm

ann
(2010),

these
perm

anent
purges

prevent
irrelevant

features
from

oscillating
betw

een
the

active
and

non-active
setoffeatures,T

he
“purging”

process
also

resem
bles

hard-thresholding
in

online
feature

selection
and

resultsin
a

stablersparse
solution

than
othersparse

online
learning

algorithm
s.

R
esults

on
the

theoreticalregretbound
(See

Section
4)

show
thatthis

stabilization
step

helps
im

prove
overthe

originaltruncated
gradientalgorithm

,especially
w

hen
the

target
w

eight
vector

is
notably

sparse.
To

attune
the

proposed
learning

algorithm
to

the
sparsity

of
the

rem
aining

active
features,the

third
com

ponentof
our

algorithm
is

adjusting
the

am
ountof

shrinkage
progressively

instead
offixing

itata
predeterm

ined
value

across
allstages

ofthe
learning

process.
A

novel
hyperparam

eter,
rejection

rate,
is

introduced
to

balance
betw

een
exploration

of
different

sparse
com

binations
of

features
at

the
beginning

and
the

exploitation
of

the
selected

features
to

constructaccurate
estim

ate
ata

later
stage.

O
ur

m
ethod

gradually
annealthe

rejection
rate

to
acquire

the
necessary

am
ountofshrinkage

on
the

fly
forachieving

the
desired

balance.
T

he
restof

paper
is

organized
as

follow
s.

Section
2

review
s

the
Truncated

G
radientalgorithm

based
on

Stochastic
G

radientD
escent(SG

D
)fram

ew
ork

forsparse
learning

proposed
by

L
angford

et
al.(2009).

In
Section

3,w
e

introduce,in
details,the

three
novel

com
ponents

of
our

proposed
algorithm

.
T

heoretical
analysis

of
the

expected
online

regret
bound

is
given

in
Section

4,
along

w
ith

the
com

putationalcom
plexity.

Section
5

gives
practicalrem

arks
forefficientim

plem
entation.

In
Section

6,w
e

evaluate
the

perform
ance

of
the

proposed
algorithm

on
several

real-w
orld

high-
dim

ensional
data

sets
w

ith
varying

sparsity
levels.

W
e

illustrate
that

the
proposed

m
ethod

leads
to

im
proved

stability
and

prediction
perform

ance
for

both
sparse

and
dense

data,
w

ith
the

m
ost

im
provem

ent
observed

in
data

w
ith

the
highest

average
sparsity

level.
Section

7
concludes

w
ith

furtherdiscussion
on

the
proposed

algorithm
.

2.Truncated
Stochastic

G
radientD

escentfor
Sparse

L
earning

A
ssum

e
thatw

e
have

a
setof

training
dataD

=
{z
i

=
(x
i ,y

i ),i
=

1
,...,n},w

here
the

feature
vector

x
i ∈

R
p

and
the

scalaroutput
y
i ∈

R
.

In
the

follow
ing,w

e
use

x
i to

representthe
vectorof

the
i th

sam
ple

oflength
p

and
x
·,j

forthe
j
th

feature
vectorofallsam

ples
oflength

n.In
this

paper,
w

e
are

interested
in

the
case

thatboth
p

and
n

are
large

and
the

feature
vectors

x
·,j ’s,

j
=

1
,...,p,

are
sparse.W

e
considera

loss
function

l(ŷ
,y

)
thatm

easures
the

costofpredicting
ŷ

w
hen

the
truth

is
y.T

he
prediction

ŷ
is

given
by

function
f
w

(x
)

from
a

fam
ilyF

param
etrized

by
a

w
eightvector

w
.D

enote
L

(w
,z

)
d

ef
=

=
l(f

w
(x

),y
).T

he
learning

goalis
to

obtain
an

optim
alw

eightvector
ŵ

that

m
inim

ize
the

loss
function

n∑i=
1
L

(w
,z
i )

over
the

training
data,

w
ith

sparsity
in

the
w

eight
vector

induced
by

a
regularization

term
Ψ

(w
).

W
e

can
then

form
ulate

the
learning

task
as

a
regularized

m
inim

ization
problem

:

ŵ
=

arg
m

in
w
∈
R
p

n
∑i=

1

L
(w
,z
i )

+
Ψ

(w
).

(1)

T
he

above
optim

ization
problem

is
often

solved
using

som
e

version
of

gradient
descent.

W
hen

both
p

and
n

are
large,the

com
putation

becom
es

very
dem

anding.
To

address
this

com
putational

com
plexity,the

Stochastic
G

radientD
escent(SG

D
)algorithm

w
as

proposed
as

a
stochastic

approx-
im

ation
of

the
full

gradient
algorithm

.
Instead

of
com

puting
the

gradient
over

the
entire

training
setas

underthe
batch

setting,the
stochastic

gradientdescentalgorithm
uses

approxim
ate

gradients
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C
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B
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.(
20

04
)a
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lin

e
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ar
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an

d
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ha
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iz
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n
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e
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os
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y

re
la
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rc
ha
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ea

bl
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m
os

to
f

th
e
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Fo
r

si
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pl
ic

ity
,i

n
th

e
fo

llo
w

in
g,

w
e

fo
cu

s
ou
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is

cu
ss

io
n

an
d

al
go

ri
th

m
ic

de
sc

ri
pt

io
n

un
de

rt
he

on
lin

e
le

ar
ni

ng
fr

am
e-

w
or

k
w

ith
re

gr
et

bo
un

d
m

od
el

s.
N

on
et

he
le

ss
,o

ur
re

su
lts

ca
n

be
re

ad
ily

ge
ne

ra
liz

ed
to

st
oc

ha
st

ic
op

tim
iz

at
io

n
as

w
el

l.
In

on
lin

e
le

ar
ni

ng
,

th
e

al
go

ri
th

m
re

ce
iv

es
a

tr
ai

ni
ng

sa
m

pl
e
z t

=
(x
t,
y t

)
at

a
tim

e
fr

om
a

co
nt

in
uo

us
fe

ed
.W

ith
ou

ts
pa

rs
ity

re
gu

la
ri

za
tio

n,
at

tim
e
t,

th
e

w
ei

gh
tv

ec
to

ri
s

up
da

te
d

in
an

on
lin

e
fa

sh
io

n
w

ith
a

si
ng

le
tr

ai
ni

ng
sa

m
pl

e
z t
∈
D

dr
aw

n
ra

nd
om

ly

w
t

=
w
t−

1
−
η
L
′ (

w
t−

1
,z
t)
,

(2
)

w
he

re
η
>

0
is

th
e

le
ar

ni
ng

ra
te

an
d
L
′ (

w
t,
z t

)
∈
∂
w
t
L

(w
t,
z t

)
is

a
su

bg
ra

di
en

to
ft

he
lo

ss
fu

nc
tio

n
L

(w
t,
z t

)
w

ith
re

sp
ec

tt
o

w
t.

T
he

se
to

fs
ub

gr
ad

ie
nt

s
of

fa
tt

he
po

in
tx

is
ca

lle
d

th
e

su
bd

iff
er

en
tia

l
of
f

at
x

,a
nd

is
de

no
te

d
∂
f

(x
).

A
fu

nc
tio

n
f

is
ca

lle
d

su
bd

iff
er

en
tia

bl
e

if
it

is
su

bd
iff

er
en

tia
bl

e
at

al
lx
∈

do
m
f

.
W

he
n
L

(w
,·)

is
di

ff
er

en
tia

bl
e

at
w

,∂
w
L

(w
,·)

=
{∇

w
L

(w
,·)
}.

A
tt

he
sa

m
e

tim
e,

a
se

qu
en

ce
of

de
ci

si
on

s
w
t

is
ge

ne
ra

te
d

at
t

=
1
,2
,.
..

,
th

at
en

co
un

te
rs

a
lo

ss
L

(w
t,
z t

)
re

sp
ec

tiv
el

y.
T

he
go

al
of

on
lin

e
le

ar
ni

ng
al

go
ri

th
m

w
ith

sp
ar

si
ty

re
gu

la
ri

za
tio

n
is

to
ac

hi
ev

e
lo

w
re

gr
et

w
ith

re
sp

ec
tt

o
a

fix
ed

op
tim

al
w

ei
gh

tv
ec

to
rw
∗
∈
W
⊂

R
p
.H

er
e,
W

is
th

e
pa

ra
m

et
er

sp
ac

e
fo

rs
pa

rs
e

w
ei

gh
ts

ve
ct

or
s

(s
ee

A
ss

um
pt

io
n

3
on

pa
ge

15
fo

rm
or

e
de

ta
ils

.)
T

he
re

gr
et

is
de

fin
ed

as
:

R
T

(w
∗ )

,
T ∑ t=

1

(L
(w

t,
z t

)
+

Ψ
(w

t)
)
−

T ∑ t=
1

(L
(w
∗ ,
z t

)
+

Ψ
(w
∗ )

)
.

(3
)

In
th

is
pa

pe
r,

w
e

fo
cu

s
on

th
e
L

1
re

gu
la

ri
za

tio
n

w
he

re
Ψ

(w
)

=
g
||w
|| 1

an
d
g

is
th

e
re

gu
la

ri
zi

ng
pa

ra
m

et
er

.W
he

n
ad

op
te

d
in

an
on

lin
e

le
ar

ni
ng

fr
am

ew
or

k,
st

an
da

rd
SG

D
al

go
ri

th
m

do
es

no
tw

or
k

w
el

l
in

ad
dr

es
si

ng
(1

)
w

ith
L

1
pe

na
lty

.
Fi

rs
tly

,
a

si
m

pl
e

on
lin

e
up

da
te

re
qu

ir
es

th
e

pr
oj

ec
tio

n
of

th
e

w
ei

gh
tv

ec
to

r
w

on
to

a
L

1
-b

al
la

te
ac

h
st

ep
,w

hi
ch

is
co

m
pu

ta
tio

na
lly

ex
pe

ns
iv

e
w

ith
a

la
rg

e
nu

m
be

ro
ff

ea
tu

re
s.

Se
co

nd
ly

,w
ith

no
is

y
ap

pr
ox

im
at

e
su

bg
ra

di
en

tc
om

pu
te

d
us

in
g

a
si

ng
le

sa
m

pl
e,

th
e

w
ei

gh
ts

ca
n

ea
si

ly
de

vi
at

e
fr

om
ze

ro
du

e
to

th
e

ra
nd

om
flu

ct
ua

tio
ns

in
z t

’s
.

Su
ch

a
sc

he
m

e
is

th
er

ef
or

e
in

ef
fic

ie
nt

to
m

ai
nt

ai
n

a
su

ffi
ci

en
tly

sp
ar

se
w

ei
gh

tv
ec

to
r.

To
ad

dr
es

s
th

is
is

su
e,

L
an

gf
or

d
et

al
.(

20
09

)
in

du
ce

d
sp

ar
si

ty
in

w
by

su
bj

ec
tin

g
th

e
st

oc
ha

st
ic

gr
ad

ie
nt

de
sc

en
t

al
go

ri
th

m
to

so
ft

-t
hr

es
ho

ld
in

g.
Fo

r
ev

er
y
K
∈

N
+

ite
ra

tio
ns

at
st

ep
t,

ea
ch

of
w

hi
ch

is
as

de
fin

ed
in

(2
),

th
e

w
ei

gh
tv

ec
to

ri
s

sh
ru

nk
by

a
so

ft
-t

hr
es

ho
ld

op
er

at
or
T

w
ith

a
gr

av
ity

pa
ra

m
et

er
g
∈
G
⊂

R
p

w
ith

g j
≥

0
fo

rj
=

1,
..
.,
p

.F
or

a
ve

ct
or

w
=

[w
1
,.
..
,w

p
]
∈
R
p
,

ŵ
t

=
T

(w
t,

g
),

(4
)

w
he

re
T

(w
,g

)
=

[T
(w

1
,g

1
),
..
.,
T

(w
p
,g
p
)]

w
ith

th
e

op
er

at
or
T

de
fin

ed
by

T
(w

j
,g
j
)
,
{

m
ax

(w
j
−
g j
,0

),
if
w
j
>

0
;

m
in

(w
j

+
g j
,0

),
if
w
j
≤

0.
(5

)
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A
lg

or
ith

m
1
B

0
(w

0
,g

0
):

A
bu

rs
t

of
K

up
da

te
s

w
ith

tr
un

ca
tio

n
us

in
g

a
un

iv
er

sa
l

gr
av

ity
as

in
tr

un
ca

te
d

SG
D

by
L

an
gf

or
d

et
al

.(
20

09
).

In
pu

t:
w

0
at

in
iti

al
iz

at
io

n
an

d
th

e
ba

se
gr

av
ity

g 0
.

Pa
ra

m
et

er
s:
K

,η
.

fo
r
t

=
1

to
K

do
D

ra
w
z t
∈
D

un
if

or
m

ly
at

ra
nd

om
.

w
t

=
w
t−

1
−
η
L
′ (

w
t−

1
,z
t)

,w
he

re
L
′ (

w
t−

1
,z
t)
∈
∂
w
t−

1
L

(w
t−

1
,z
t)

.
en

d
fo

r
ŵ

=
T

(w
K
,g

0
K

1
p
).

R
et

ur
n:

ŵ
.

A
s

on
e

ca
n

se
e,

th
e

se
qu

en
ce

of
K

SG
D

up
da

te
s

ca
n

be
tr

ea
te

d
as

a
un

it
co

m
pu

ta
tio

na
lb

lo
ck

,
w

hi
ch

w
ill

be
re

fe
rr

ed
to

as
a

bu
rs

th
er

ea
ft

er
.

H
er

e
th

e
w

or
d

bu
rs

ti
nd

ic
at

es
th

at
it

is
a

se
qu

en
ce

of
re

pe
tit

iv
e

ac
tio

ns
,e

.g
.,

th
e

st
an

da
rd

SG
D

up
da

te
s

as
de

fin
ed

in
(2

),
w

ith
ou

ti
nt

er
ru

pt
io

n.
E

ac
h

bu
rs

t
is

fo
llo

w
ed

by
a

so
ft-

th
re

sh
ol

di
ng

tr
un

ca
tio

n
de

fin
ed

in
(4

),
w

hi
ch

pu
ts

a
sh

ri
nk

ag
e

on
th

e
le

ar
ne

d
w

ei
gh

tv
ec

to
r.

A
bu

rs
tc

an
be

vi
ew

ed
as

a
ba

se
fe

at
ur

e
se

le
ct

io
n

re
al

iz
ed

on
a

se
to

f
ra

nd
om

sa
m

pl
es

w
ith

L
1

re
gu

la
ri

za
tio

n
as

in
th

e
cl

as
si

ca
lL

A
SS

O
by

Ti
bs

hi
ra

ni
(1

99
6)

.
W

ith
in

a
bu

rs
t,

le
tX

K
be

th
e

se
to

f
K

ra
nd

om
sa

m
pl

es
on

w
hi

ch
th

e
w

ei
gh

t
ve

ct
or

ŵ
is

st
oc

ha
st

ic
al

ly
le

ar
ne

d.
W

e
de

fin
e

th
e

se
t

of
fe

at
ur

es
w

ith
no

nz
er

o
w

ei
gh

ts
in

ŵ
as

its
ac

tiv
e

(f
ea

tu
re

)s
et

:

Ŝg
(ŵ

;X
K

)
=
{j

:
|ŵ
j
|>

0
},

(6
)

w
ith

a
co

rr
es

po
nd

in
g

gr
av

ity
g

.T
he

st
ep

s
w

ith
in

a
tr

un
ca

te
d

bu
rs

ta
re

su
m

m
ar

iz
ed

in
A

lg
or

ith
m

1.
In

th
e

tr
un

ca
te

d
gr

ad
ie

nt
al

go
ri

th
m

,t
he

gr
av

ity
pa

ra
m

et
er

is
a

co
ns

ta
nt

ac
ro

ss
al

ld
im

en
si

on
s

as
g

=
g 0
K

1
p
,w

he
re
g 0
∈
R
≥

0
is

a
ba

se
gr

av
ity

fo
re

ac
h

up
da

te
in

a
bu

rs
ta

nd
1
p
,

(1
,.
..
,1

)
∈

R
p
.I

n
ge

ne
ra

l,
w

ith
gr

ea
te

rp
ar

am
et

er
g 0

an
d

sm
al

le
rb

ur
st

si
ze
K

,m
or

e
sp

ar
si

ty
is

at
ta

in
ed

.W
he

n
g 0

=
0,

th
e

up
da

te
in

(4
)b

ec
om

es
id

en
tic

al
to

th
e

st
an

da
rd

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

tu
pd

at
e
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(2

).
L

an
gf

or
d

et
al

.(
20

09
)

sh
ow

ed
th

at
th

is
up

da
tin

g
pr

oc
es

s
ca

n
be

re
ga

rd
ed

as
an

on
lin

e
co

un
te

rp
ar

t
of
L

1
re

gu
la

ri
za

tio
n

in
th

e
se

ns
e

th
at

it
ap

pr
ox

im
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el
y

so
lv
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n

th
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lim
it
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→
∞
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→
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3.
St
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ili

ze
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Tr
un

ca
te

d
SG

D
fo

r
Sp
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se

L
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in
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Tr
un

ca
te

d
SG

D
w
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ks

w
el

l
fo

r
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e

da
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.
W

he
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it
co

m
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to
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im
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al
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in
pu
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ho
w

ev
er

,
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su
ff

er
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fr
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a
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m
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r
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is
su

es
.

Sh
al

ev
-S

hw
ar

tz
an

d
Te

w
ar

i
(2

01
1)

ob
se
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e

th
at

th
e

tr
un

ca
te

d
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ad
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nt
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go
ri

th
m

is
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ca
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e
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m

ai
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si
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e

w
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gh
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ve
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ra
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R
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e
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e
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w
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r
w

is
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d
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pr
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e
tr

ue
ex

pe
ct

ed
gr

ad
ie

nt
us

in
g

on
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e
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s
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ra
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e
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Figure
1:

A
n

exam
ple

of
the

truncated
SG

D
algorithm

by
L

angford
etal.(2009)

and
the

proposed
stabilized

truncated
SG

D
algorithm

applied
to

a
high-dim

ensionalsparse
data

set.
H

ere
w

e
com

pare
the

percentage
of

nonzero
variables

in
the

resulted
w

eight
vector

at
each

iteration
during

the
last

1000
iterations

of
both

algorithm
s.

T
he

underlying
data

set
is

the
text

m
ining

data
set,

D
exter,

w
ith

1
0
,000

features
and

0.48%
of

sparsity,
w

hich
is

described
in

details
in

Section
6.

1000
stochastic

updates
from

the
truncated

gradientalgorithm
im

plem
ented

on
a

high-dim
ensional

sparse
data

setare
show

n
in

Figure
1

3.
Itcan

be
seen

thatthe
num

bers
of

nonzero
features

in
the

w
eightvectors

learned
by

the
truncated

SG
D

algorithm
(K

=
5)

rem
ain

large
and

highly
unstable

throughout
these

1000
iterations,

oscillating
w

ithin
10%

of
the

total
num

ber
of

features.
A

s
a

com
parison,also

in
Figure

1,w
e

plotthe
resultsfrom

ourproposed
stabilized

truncated
SG

D
applied

to
the

sam
e

data.
D

uring
these

last1000
updates,the

proposed
algorithm

is
using

a
less

frequent
truncation

schedule
due

to
ourannealed

rejectrate.Itattains
both

high
sparsity

in
the

w
eightvector

and
high

stability
w

ith
high-dim

ensionalsparse
data.

In
this

section,
w

e
introduce

the
stabilized

truncated
Stochastic

G
radient

D
escent

(SG
D

)
al-

gorithm
.

Itattains
a

truly
sparse

w
eightvector

thatis
stable

and
gives

generalizable
perform

ance.
O

urproposed
m

ethod
attunes

to
the

sparsity
ofeach

feature
and

adopts
inform

ative
truncation.T

he
algorithm

keeps
track

ofw
hetherindividualfeatures

have
had

enough
inform

ation
to

be
confidently

subject
to

soft-thresholding.
B

ased
on

the
truncation

results,w
e

system
atically

reduce
the

active
feature

setby
perm

anently
discarding

features
thatare

truncated
to

zero
w

ith
high

probability
via

stability
selection.

W
e

further
im

prove
the

efficiency
of

our
algorithm

by
adapting

gravity
to

the
sparsity

ofthe
currentactive

feature
setas

the
algorithm

proceeds.

3.T
he

results
are

based
on

the
D

extertextm
ining

data
set.Please

see
Section

6
fordetails.
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3.1
Inform

ative
Truncation

In
the

truncated
SG

D
algorithm

,L
angford

etal.(2009)suggesta
generalguideline

fordeterm
ining

gravity
in

the
batch

m
ode

by
scaling

a
base

gravity
g

0
by

K
,the

num
ber

of
updates,for

a
single

truncation
aftera

burst.
A

directonline
adaptation

ofa
L

1
regularization

w
ould

shrinks
the

w
eight

vectoratevery
iteration.T

he
above

batch
m

ode
operation

is
to

delay
the

shrinkage
for

K
iterations

so
thatthe

truncation
is

executed
based

on
inform

ation
collected

from
K

random
sam

ples
instead

offrom
a

single
instance.

T
his

guideline
im

plicitly
assum

es
thatthe

K
SG

D
updates

in
a

burstare
equally

inform
ative,w

hich
is

in
generaltrue

fordense
features.Forsparse

features,how
ever,under

the
online

learning
setting,notevery

update
is

inform
ative

aboutevery
feature

due
to

the
scarcity

of
nonzero

entries.
T

he
original

uniform
form

ula,
g

=
K
g

0 1
p ,for

gravity
w

ould
then

create
an

undesirable
differential

treatm
ent

for
features

w
ith

different
levels

of
sparsity.

W
ith

a
relatively

sm
all

K
,itis

very
likely

thata
substantialproportion

of
features

w
ould

have
no

non-zero
values

on
a

size-K
subsam

ple
used

in
a

particularburst.T
he

w
eights

forthese
features

rem
ain

unchanged
after

K
updates.

C
onsequently,

the
set

of
sparse

features
run

the
risk

of
being

truncated
to

zero
based

on
very

few
inform

ative
updates.

T
he

truncation
decision

is
therefore

m
ostly

determ
ined

by
a

feature’s
sparsity

level,ratherthan
its

relevance
to

the
class

boundary.
To

m
ake

the
learning

be
inform

ed
of

the
heterogeneity

in
sparsity

level
am

ong
features,

w
e

introduce
the

inform
ative

truncation
step,

extended
from

the
idea

of
base

gradient
used

in
A

lgo-
rithm

1.
Instead

of
applying

a
universal

gravity
proportional

to
K

to
all

features,
the

am
ount

of
shrinkage

is
setproportionalto

the
num

beroftim
es

thata
feature

is
actually

updated
w

ith
nonzero

values
in

the
size-K

subsam
ple,i.e.,the

num
ber

of
inform

ative
updates.

Specifically,w
ithin

each
burst,the

algorithm
keeps

a
vectorof

counters,
k̃
∈
R
p,of

the
num

bers
of

inform
ative

updates
for

the
features

x
·,j ,

j
=

1
,...,p.

L
et
g

0
∈

R
≥

0
be

the
base

gravity
param

eter
thatserves

as
the

unitam
ountofshrinkage

foreach
inform

ative
update

on
each

feature.A
tthe

end
ofeach

burst,w
e

shrink
feature

x
·,j

by
g

0 k̃
j .

In
other

w
ords,here

w
e

set
g

=
g

0 k̃
.

T
he

com
putationalsteps

for
a

burstw
ith

inform
ative

truncation
in

sum
m

arized
in

A
lgorithm

2.

A
lgorithm

2
B

1 (w
0 ,g

0 ):A
burstof

K
updates

w
ith

inform
ative

truncation.
Input:

w
0

atinitialization
and

the
base

gravity
g

0 .
Initialization:

k̃
=

0
p ∈

R
p.

Param
eters:

K
,
η.

for
t

=
1

to
K

do
D

raw
z
t

=
(x
t ,y

t )∈
D

uniform
ly

atrandom
.

w
t

=
w
t−

1 −
η
L
′(w

t−
1 ,z

t ),w
here

L
′(w

t−
1 ,z

t )∈
∂
w
t−

1 L
(w

t−
1 ,z

t ).
k̃
←

k̃
+
I
(|x

t |
>

0).
end

for
ŵ

=
T

(w
K
,g

0 k̃
).

R
eturn:

ŵ
,k̃

.

T
he

proposed
inform

ative
truncation

schem
e

ensures
that

the
decision

of
truncation

is
m

ade
based

on
sufficient

and
equivalent

am
ount

of
evidence

for
evaluating

each
feature.

A
theoretical

justification
ofhow

inform
ative

truncation
helpsim

proving
truncation

biascan
be

found
in

L
em

m
a

3
(Section

4).T
hisfeature-specific

gravity
attunesto

the
sparsity

structure
incurred

ateach
burstw

ith-
outad-hoc

adjustm
ent.

Italso
avoids

data
pre-processing

for
locating

sparse
entries,w

hich
can

be
com

putationally
expensive

and
com

prom
ises

the
advantage

of
online

com
putation.

In
com

parison
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Π̂
j

=

        

M ∑
m

=
1

∑
τ
:k̃

(m
)

j
,τ

>
0
I
(|ŵ

(m
)

j
,τ
|>

0
)

M ∑
m

=
1

n
k ∑ τ
=
1
I
(k̃

(m
)

j
,τ
>

0
)

,
fo

rj
s.

t.
M ∑ m
=

1

n
K ∑ τ
=

1
k̃

(m
)

j,
τ
>

0;

1
,

ot
he

rw
is

e.

(8
)

W
he

n
m

or
e

pr
oc

es
so

rs
ar

e
av

ai
la

bl
e,

a
sm

al
le

rn
K

is
re

qu
ir

ed
fo

rt
he

al
go

ri
th

m
to

ob
ta

in
a

st
ab

le
es

tim
at

e
of

se
le

ct
io

n
pr

ob
ab

ili
ty

.
T

he
de

pe
nd

en
ce

am
on

g
ŵ
τ
’s

is
al

so
at

te
nu

at
ed

w
he

n
M

ra
nd

om
su

bs
et

s
of

sa
m

pl
es

ar
e

us
ed

fo
r

th
e

es
tim

at
io

n.
T

hi
s

st
ra

te
gy

fa
lls

un
de

r
pa

ra
lle

liz
ed

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

tm
et

ho
ds

,w
hi

ch
is

di
sc

us
se

d
in

de
ta

il
by

Z
in

ke
vi

ch
et

al
.(

20
10

).
U

nd
er

th
e

fr
am

ew
or

k
of

st
ab

ili
ty

se
le

ct
io

n,
ea

ch
st

ag
e

on
ev

er
y

pa
th

us
es

a
ra

nd
om

su
bs

am
pl

e.
T

he
es

tim
at

ed
se

le
ct

io
n

pr
ob

ab
ili

ty
qu

an
tifi

es
th

e
ch

an
ce

th
at

a
fe

at
ur

e
is

fo
un

d
to

ha
ve

hi
gh

re
le

-
va

nc
e

to
cl

as
s

di
ff

er
en

ce
s

gi
ve

n
a

ra
nd

om
su

bs
am

pl
e.

A
tt

he
en

d
of

ea
ch

st
ag

e,
st

ab
le

fe
at

ur
es

ar
e

id
en

tifi
ed

as
th

os
e

th
at

be
lo

ng
to

a
la

rg
e

fr
ac

tio
n

of
ac

tiv
e

se
ts

in
cu

rr
ed

du
ri

ng
th

is
st

ag
e

of
bu

rs
ts

.

D
efi

ni
tio

n
2

(S
ta

bl
e

Fe
at

ur
es

)
Fo

r
a

pu
rg

in
g

th
re

sh
ol

d
π

0
∈

[0
,1

],
th

e
se

to
fs

ta
bl

e
fe

at
ur

es
w

ith
gr

av
ity

pa
ra

m
et

er
g

is
de

fin
ed

as

Ω̂
g

=
{j

:
Π

g j
≥
π

0
}.

(9
)

Fo
rs

im
pl

ic
ity

,w
e

w
ri

te
th

e
st

ab
le

se
tΩ̂

g
as

Ω̂
w

he
n

th
er

e
is

no
am

bi
gu

ity
.

St
ab

ili
ty

se
le

ct
io

n
re

ta
in

s
fe

at
ur

es
th

at
ha

ve
hi

gh
se

le
ct

io
n

pr
ob

ab
ili

tie
s

an
d

di
sc

ar
d

th
os

e
w

ith
lo

w
se

le
ct

io
n

pr
ob

ab
ili

tie
s.

A
tt

he
en

d
of

a
st

ag
e

of
M

pa
th

s,
w

e
pu

rg
e

th
e

fe
at

ur
es

th
at

ar
e

no
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n
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A
lgorithm

3
B

2 (w
0 ,g

0 ,Ω̂
,D

(m
)):Inform

ative
truncated

burstw
ith

stability
selection

in
thread

m
.

Input:
w

0 ,
g

0 ,the
inputdataD

(m
)

and
the

currentsetof
stable

features
Ω̂

,w
hich

is
the

output
ofequation

(9)using
(8)w

ith
predeterm

ined
threshold

π
0 .

Param
eters:

K
,
η.

Initialize
v

0
=

(w
0
,j )
j∈

Ω̂
,k̃

=
0
|Ω̂| .

for
t

=
1

to
K

do
D

raw
z
t

=
(x
t ,y

t )
sequentially

from
D

(m
).

z̃
t

=
(z
t,j )

j∈
Ω̂

.
v
t

=
v
t−

1 −
η
L
′(v

t−
1 ,z̃

t ),,w
here

L
′(v

t−
1 ,z

t )∈
∂
v
t−

1 L
(v
t−

1 ,z
t ).

k̃
←

k̃
+
I
(|x

t |
>

0).
end

for
û

=
T

(v
K
,g

0 k̃
).

ŵ
j

=

{
û
j ′,

if
j∈

Ω̂
and

Ω̂
j ′

=
j;

0,
if
j
/∈

Ω̂
.

R
eturn:

ŵ
,k̃

.

the
setof

stable
features

by
perm

anently
setting

their
corresponding

w
eights

to
zero,and

rem
ove

them
from

subsequentupdates.W
e

define
the

stabilized
w

eightvectoras

w̃
=

ŵ
·
I

Ω̂
.

(10)

A
s

discussed
above,due

to
the

nature
of

online
learning

w
ith

sparse
data,there

are
tw

o
unde-

sirable
learning

setbacks
in

a
single

truncated
burst.T

he
firstoccurs

w
hen

an
im

portantfeature
has

its
w

eightstuck
atzero

due
to

inadequate
inform

ation
in

the
subsam

ple
used,w

hile
the

second
case

is
w

hen
a

noise
feature’s

w
eightgets

sporadic
large

updates
by

chance.
U

sing
inform

ative
bursts,

w
e

can
avertthe

firsttype
of

setbacks
and

using
selection

probability
based

on
m

ultiple
bursts,w

e
can

spotnoisy
features

m
ore

easily.In
the

presence
ofa

large
num

berofnoisy
features,the

learned
w

eights
forim

portantfeatures
sufferfrom

high
variance.

V
ia

stability
selection,w

e
system

atically
rem

ove
noisy

features
perm

anently
from

the
feature

pool.
Furtherm

ore,
the

choice
of

a
proper

regularization
param

eter
is

crucialyetknow
n

to
be

difficultfor
sparse

learning,especially
due

to
the

unknow
n

noise
level.A

pplying
stability

selection
renders

the
algorithm

less
sensitive

to
choice

of
the

base
gravity

param
eter

g
0

in
learning

a
sparse

w
eightvector

via
truncated

gradient.
A

s
w

e
w

illshow
using

results
from

ournum
ericalexperim

ents,this
purging

by
stability

selection
leads

to
a

notable
reduction

in
the

estim
ation

variance
of

the
w

eightvector.
H

ere,
π

0
is

a
tuning

param
eter

in
practice.W

e
have

found
thatthe

learning
results

in
the

num
ericalexperim

ents
are

notsensitive
to

differentvaluesof
π

0
w

ithin
a

reasonable
range.U

nderm
ild

assum
ptionsdiscussed

in
Section

4,w
e

derive
a

low
erbound

ofthe
expected

im
provem

entin
convergence

by
em

ploying
stability

selection
in

the
learning

process
in

L
em

m
a

2.

3.3
A

daptive
G

ravity
w

ith
A

nnealed
R

ejection
R

ate

T
he

truncated
SG

D
algorithm

adopts
a

universaland
fixed

base
gravity

param
eteratalltruncations.

A
s

pointed
out

by
L

angford
et

al.
(2009)

,
a

large
value

of
the

base
gravity

g
0

achieves
m

ore
sparsity

but
the

accuracy
is

com
prom

ised,
w

hile
a

sm
all

value
of
g

0
leads

to
less

sparse
w

eight
vectoryetattaining

betterperform
ance.In

otherw
ords,differentextentsofshrinkage

serve
different
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M
A

A
N

D
Z

H
E

N
G

purposes
ofa

learning
algorithm

.T
he

needs
forshrinkage

also
changes

as
the

w
eightvectorand

the
stable

setevolves.
Intuitively,the

truncation
is

expected
to

be
greedy

atthe
beginning

so
thatthe

num
berofnonzero

feature
can

be
quickly

reduced
forbettercom

putationalefficiency
and

learning
perform

ance.A
s

the
algorithm

proceeds,few
erfeatures

rem
ain

in
the

stable
set.W

e
should

then
be

carefulnotto
shrink

im
portantfeatures

w
ith

a
truncation

thatis
too

harsh.
A

large
base

gravity
g

0
is

effective
in

inducing
sparsity

atthe
beginning

of
the

algorithm
w

hen
the

w
eight

vector
ŵ

is
dense.

A
s

the
algorithm

proceeds,
the

sam
e

value
of

gravity
is

likely
to

im
pose

too
m

uch
shrinkage

w
hen

the
learned

w
eightvector

ŵ
becom

es
very

sparse,exposing
som

e
truly

im
portantfeatures

atthe
risk

ofbeing
purged.O

n
the

otherhand,a
sm

allfixed
gravity

is
over-

conservative
so

that
the

algorithm
w

ill
not

shrink
irrelevant

features
effectively,

leading
to

slow
convergence

and
a

dense
w

eightvectoroverridden
by

noise.Tuning
a

reasonable
fixed

base
gravity

param
eter

for
a

particular
data

setdoes
notonly

creates
additionalcom

putationalburden,butalso
inadequate

in
addressing

differentlearning
needs

during
differentstages

ofthe
algorithm

.
A

s
the

role
of

gravity
in

a
learning

algorithm
is

to
induce

sparse
estim

ates,
in

this
paper,

w
e

propose
an

adaptive
gravity

schem
e

that
delivers

the
right

am
ount

of
shrinkage

at
each

stage
of

the
algorithm

tow
ards

a
desirable

level
of

sparsity
for

the
learned

w
eight

vector.
W

e
propose

to
controlsparsity

by
a

targetrejection
rate

β
,thatis,the

proportion
of

updates
thatare

expected
to

be
truncated.

G
uided

by
this

targetrejection
rate,w

e
derive

the
necessary

shrinkage
am

ountand
the

corresponding
gravity.A

s
w

e
discussed

in
Section

3.1,a
base

gravity
g

0
is

used
in

ourlearning
algorithm

s
to

create
gravity

values
for

individual
features

that
are

attuned
to

their
data

sparsity
levels.

T
herefore

our
adaptive

gravity
schem

e
is

carried
outby

adjusting
g

0 .
A

tthe
beginning

of
a

particularstage,w
e

exam
ine

the
truncations

carried
outduring

the
previous

stage.T
he

base
gravity

g
0

is
then

adjusted
to

projectthe
targetrejection

rate
during

the
currentstage.Specifically,atstage

s,w
e

look
at

the
pooled

set
of

non-truncated
w

eight
vectors

and
inform

ative
truncation

counters
{

w
(m

)
τ

,k̃
(m

)
τ

,τ
=

1,...,n
K
,m

=
1,...,M

}
from

allthe
bursts

conducted
in

the
previous

stages
on

m
ultiple

threads.
T

he
adaptive

base
gravity

g
0

for
a

target
rejection

rate
β
s
∈

[0,1]
is

then
obtained

as
g

0
,s (β

s ),
su

p{
g

0 ≥
0

:
p̂
s (g

0 )≤
β
s }
.

(11)

H
ere

p̂
s (g

0 )
is

the
em

piricalprobability,i.e.,

p̂
s (g

0 ),

M∑m
=

1

n
k
∑τ
=

1 ∑
{
j:j∈

Ω̂
s
,k̃

(m
)

j
,τ
>

0}
I ( ∣∣∣∣

∆
w

(m
)

j
,τ

k̃
(m

)
j
,τ

∣∣∣∣
>
g

0 )

M∑m
=

1

n
k
∑τ
=

1 ∑
j∈

Ω̂
s
I (
k̃

(m
)

j,τ
>

0 )
,

w
here

∆
w

(m
)

j,τ
,
w

(m
)

j,τ
−
w

(m
)

j,τ−
1

is
the

am
ountofupdates

on
feature

x
·,j

during
the

τ
th

burst.
W

e
initialize

the
algorithm

w
ith

a
high

rejection
rate

so
that

a
large

proportion
of

the
w

eight
vector

can
be

reduced
to

zero
at

the
end

of
each

burst
during

the
early

stage
of

the
algorithm

.
It

allow
s

the
algorithm

to
explore

as
m

any
sparse

com
bination

offeatures
as

possible
atthe

early
stage

of
the

learning
process.

A
long

w
ith

the
stability

selection,the
setof

stable
features

can
be

quickly
reduced

to
a

m
anageable

size
by

rem
oving

the
m

ajority
ofnoises.W

hen
the

w
eightvectorbecom

es
sparse,w

e
decrease

the
rejection

rate
proportionally.W

ith
a

low
errejection

rate,and
consequently

a
low

er
gravity,the

algorithm
can

better
exploitthe

subsequentstandard
SG

D
updates

for
a

m
ore

accurate
estim

ate
of

the
true

w
eight

vector.
A

s
the

rejection
rate

decreases
to

0,
the

algorithm
converges

to
the

standard
stochastic

gradientdescentalgorithm
on

a
sm

allsubsetofstable
features.
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be
ta

ilo
re

d
to

th
e

da
ta

at
ha

nd
as

w
el

l
as

be
in

g
co

m
pa

ra
bl

e
ac

ro
ss

di
ff

er
en

t
da

ta
se

ts
.

In
Se

ct
io

n
6,

th
e

tu
ni

ng
re

su
lts

in
st

an
tia

te
th

at
a

ne
ga

tiv
e

an
ne

al
in

g
ra

te
is

pr
ef

er
re

d
fo

r
hi

gh
ly

sp
ar

se
da

ta
,s

uc
h

as
th

e
R

C
V

1
da

ta
se

t,
si

nc
e

th
e

a
hi

gh
re

je
ct

io
n

ra
te

ne
ed

s
to

be
m

ai
nt

ai
ne

d
lo

ng
er

al
lo

w
in

g
su

ffi
ci

en
ti

nf
or

m
at

io
n

of
sp

ar
se

fe
at

ur
es

to
be

ev
al

ua
te

d
by

th
e

le
ar

ni
ng

pr
oc

es
s.

O
n

th
e

ot
he

r
ha

nd
,

a
po

si
tiv

e
an

ne
al

in
g

ra
te

is
ch

os
en

fo
r

re
la

tiv
el

y
de

ns
e

da
ta

,s
uc

h
as

th
e

A
rc

en
e

da
ta

se
t,

w
he

re
th

e
hi

gh
fr

eq
ue

nc
y

of
no

nz
er

o
va

lu
es
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M
A

A
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A
lg

or
ith

m
4

Ψ
(D

):
St

ab
ili

ze
d

tr
un

ca
te

d
st

oc
ha

st
ic

gr
ad

ie
nt

de
sc

en
tf

or
sp

ar
se

le
ar

ni
ng

.
In

pu
t:

th
e

tr
ai

ni
ng

da
ta
D

.
Pa

ra
m

et
er

s:
β

0
,γ

,π
0
,K

,n
K

,M
,η

.
In

iti
al

iz
at

io
n:

Fo
r

ea
ch
m
∈
{1
,.
..
,M
},

in
iti

al
iz

e
w̃

(m
)

0
=

0
p
,k̃

=
0
p

an
d
D

(m
)

is
a

ra
nd

om
pe

rm
ut

at
io

n
of
D

;Ω̂
0

=
{1
,.
..
,p
}.

Fo
r
s

=
1,

2
,.
..

,
Se

tŵ
(m

)
0

=
w̃

(m
)

s−
1

re
pe

at
O

bt
ai

n
g 0
,s

(β
s
)

as
in

(1
1)

.
fo

r
al

lm
∈
{1
,.
..
,M
}p

ar
al

le
ld

o
fo

r
τ

=
1

to
n
K

do
ŵ

(m
)

τ
=
B

2

( ŵ
(m

)
τ
−

1
,g

0
,s

(β
s
),

Ω̂
s−

1
,D

(m
))

.
en

d
fo

r
en

d
fo

r
C

om
pu

te
Π̂
s

as
in

(8
)a

nd
up

da
te

th
e

se
to

fs
ta

bl
e

fe
at

ur
es

Ω̂
s

=
{ j

:
Π̂
s,
j
≥
π

0

} .

w̃
(m

)
s

=
ŵ

(m
)

n
K
I Ω̂

s
,m

=
1,
..
.,
M

.

β
s+

1
=
φ

(d
s
;β

0
,γ

)
w

he
re
d
s

=
|Ω̂
s
|

p
.

A
gg

re
ga

tio
n:

w
=

1 M

M ∑ m
=

1
w̃

(m
)

s
.

un
til

w
co

nv
er

ge
s.

R
et

ur
n:

w
.

pe
rm

it
fa

st
re

du
ct

io
n

of
th

e
ac

tiv
e

se
t.

T
he

co
m

pl
et

e
al

go
ri

th
m

of
th

e
st

ab
ili

ze
d

tr
un

ca
te

d
st

oc
ha

st
ic

gr
ad

ie
nt

de
sc

en
ta

lg
or

ith
m

is
su

m
m

ar
iz

ed
in

A
lg

or
ith

m
4.

.

4.
Pr

op
er

tie
so

ft
he

St
ab

ili
ze

d
Tr

un
ca

te
d

St
oc

ha
st

ic
G

ra
di

en
tD

es
ce

nt
A

lg
or

ith
m

T
he

le
ar

ni
ng

go
al

of
sp

ar
se

on
lin

e
le

ar
ni

ng
is

to
ac

hi
ev

e
a

lo
w

re
gr

et
as

de
fin

ed
in

(3
).

In
th

is
se

ct
io

n,
w

e
an

al
yz

e
th

e
on

lin
e

re
gr

et
bo

un
d

of
th

e
pr

op
os

ed
st

ab
ili

ze
d

tr
un

ca
te

d
SG

D
al

go
ri

th
m

in
A

lg
or

ith
m

4
w

ith
co

nv
ex

lo
ss

.F
or

si
m

pl
ic

ity
,t

he
ef

fe
ct

of
ad

ap
tiv

e
gr

av
ity

w
ith

an
ne

al
ed

re
je

ct
io

n
ra

te
is

no
tc

on
si

de
re

d
he

re
.T

o
ac

hi
ev

e
vi

ab
le

re
su

lt,
w

e
m

ak
e

th
e

fo
llo

w
in

g
as

su
m

pt
io

ns
.

A
ss

um
pt

io
n

1
Th

e
ab

so
lu

te
va

lu
es

of
th

e
w

ei
gh

tv
ec

to
r

w
ar

e
bo

un
de

d
ab

ov
e,

th
at

is
,|
w
j
|≤

C
fo

r
so

m
e
C
∈

[0
,∞

),
j

=
1,
..
.,
p

.

A
ss

um
pt

io
n

2
Th

e
lo

ss
fu

nc
tio

n
L

(w
,z

)
is

co
nv

ex
in

w
,a

nd
th

er
e

ex
is

tn
on

-n
eg

at
iv

e
co

ns
ta

nt
s
A

an
d
B

su
ch

th
at

,f
or

al
lw
∈
R
p

an
d
z
∈
R
p
+

1
,|
|∇

w
L

(w
,z

)||
2
≤
A
L

(w
,z

)
+
B

.

Fo
r

lin
ea

r
pr

ed
ic

tio
n

pr
ob

le
m

s,
th

e
cl

as
s

of
lo

ss
fu

nc
tio

n
th

at
sa

tis
fie

s
A

ss
um

pt
io

n
2

in
cl

ud
es

co
m

m
on

lo
ss

fu
nc

tio
ns

us
ed

in
m

ac
hi

ne
le

ar
ni

ng
pr

ob
le

m
s,

su
ch

as
th

e
L

2
lo

ss
,t

he
hi

ng
e

lo
ss

an
d

th
e

lo
gi

st
ic

lo
ss

,w
ith

th
e

co
nd

iti
on

th
at

su
p
x
||x
||
≤
C
x

fo
rs

om
e

co
ns

ta
nt
C
x
>

0
.

A
ss

um
pt

io
n

3
A

ss
um

e
th

at
th

e
se

tW
fo

r
id

en
tif

yi
ng

w
∗

ha
s

th
e

fo
llo

w
in

g
pr

op
er

tie
s:
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1.W
is

the
param

eter
space

for
w

eightvectors
w

thatis
subjectto

a
sparsity

constraint

||w
||0

=
d ∗.

For
the

optim
al

w
eight

vector
w
∗,

w
e

denote
Ω
∗

=
{
j

:|w
∗j |
>

0}
and

d ∗
=
|Ω
∗|.

W
e

further
assum

e
that

d ∗
is

sufficiently
sm

alland
the

gravity
param

eter
g

associated
w

ith
w
∗

is
reasonably

large
so

that,for
τ

=
1
,2
,...,the

average
num

ber
ofactive

selected
features

from
each

truncated
bursts,q

g,given
a

gravity
g,is

greater
than

or
equalto

d ∗.

2.
A

ssum
e

features
x

1 ,...,x
p

has
various

sparsity
distribution

that
P

r(|x
i,j |

>
0)

=
λ
j ,w

here
λ
j ∈

[0,1
],for

i
=

1,...,n
,and

w
∗j

=
0

if
λ
j

=
0,for

j
=

1,...,p.

A
ssum

ption
3

posits
that

w
’s

param
eter

space
of

interest
is

substantially
sparse,w

hich
is

the
m

ain
focus

of
sparse

learning
and

of
this

paper.
T

he
theoreticalanalysis

in
the

follow
ing

concerns
foran

fixed
optim

alw
eightvector

w
∗,ifexists,undersuch

a
constraint.N

evertheless,thiscondition
does

notconfine
the

applicable
scenarios

of
the

proposed
m

ethod
to

a
fixed

subclass
of

problem
s.

It
suggests

a
balance

betw
een

the
m

odel
sparsity

and
the

value
of

the
gravity

param
eter

that
is

im
plicitly

em
bedded

w
ithin

the
param

etertuning
process.

A
ssum

ption
4

Let
Ω

=
{1
,...,p}

and
N

=
Ω
\

Ω
∗.

Let
Ω̂
G

=
⋃

g∈G
Ω̂
g∈G.

A
ssum

e
that

the
classifier

f
w

is
notw

orse
than

random
guessing.Thatis,

E
(|Ω
∗ ⋂

Ω̂
G|)

E
(|N

⋂
Ω̂
G|)
≥
|Ω
∗|
|N
|
.

L
em

m
a

1
(E

rror
C

ontrolin
Stability

Selection
(M

einshausen
and

B
ühlm

ann,2010))
LetV

be
the

setoffalsely
selected

variables.G
iven

thatthe
distribution

of {
I (
j∈

Ŝ
g(ŵ

;X
K )

,
j∈

1,...,p }

is
exchangeable

for
all

g
∈
G

and
if

A
ssum

ption
4

holds,
the

expected
cardinality

of|V
|

is
then

bounded
for

π
0 ∈

(
12 ,1 )

by

E
(|V
|)≤

1

2π
0 −

1

(q
g

)
2

p
.

(13)

L
em

m
a

2
A

ssum
e

all
assum

ptions
above

holds.
Let

ŵ
be

a
non-stabilized

dense
w

eight
vector,

i.e.,
an

output
w

eight
vector

from
A

lgorithm
3.

Let
w̃

be
the

stabilized
w

eight
vector

derived
from

ŵ
,

w
hich

is
purged

by
the

stability
selection

(10)
w

ith
a

set
of

stable
features

Ω̂
.

Let
q
g

be
the

average
num

ber
ofnonzero

entries
in

ŵ
’s

ofthe
previous

truncated
bursts,i.e.,the

num
ber

of
selected

features
from

n
k

truncated
bursts,w

ith
gravity

g.Then,there
exists

an
ε∈

(
0,

π
0
C

(p−
|Ω̂|)

|Ω̂|

)

w
ith

Ŝ
ε

=
{j

:E
(|ŵ

j |)
>
ε}

such
thatthe

bound
on

the
expected

difference
betw

een
the

distance
from

the
non-stabilized

w
eightvector

to
w
∗

and
the

distance
from

the
stabilized

w
eightvector

to
w
∗

is
given

by

E
(||ŵ

−
w
∗|| 2−

||w̃
−

w
∗|| 2 )≥

ε
2(|Ŝ

ε |−
|Ω̂|)

+
2
π

0 C
2 [(

1−
q
g

2
π

0 p−
p )

q
g−

d ∗ ]
.

(14)

W
hen

the
purging

threshold
is

sufficiently
high

such
that

π
0 ∈

(
12

+
(q

g
)
2

2
p
(q

g−
d ∗

) ,1 )
,

E
(||ŵ

−
w
∗|| 2−

||w̃
−

w
∗|| 2 )≥

0
.

15
JM

L
R

 18(131):1-36, 2017

M
A

A
N

D
Z

H
E

N
G

Proof:See
A

ppendix
A

.

L
em

m
a

2
quantifies

the
gain

of
using

stabilization
w

hen
w
∗

is
highly

sparse,
w

here
stability

selection
efficiently

shrinks
high

variable
estim

ates
to

zero.
W

hen
the

purging
threshold

π
0

is
sufficiently

high
such

thatπ
0 ∈

(
12

+
(q

g
)
2

2
p
(q

g−
d ∗

) ,1 ),the
low

erbound
achieved

by
(14)isguaranteed

to
be

positive.Furtherm
ore,this

resultalso
indicates

thatthe
expected

difference
betw

een
distances

from
the

non-stabilized
and

stabilized
w

eight
vector

to
the

sparse
w
∗

depends
on

the
differences

betw
een

the
sizes

of
the

tem
porary

nonzero
setof

features
before

purging,|Ŝ
ε |,and

the
size

of
the

stable
features

after
purging.

In
expectation,

the
stabilized

w
eight

vector
is

closer
to

the
target

sparse
w

eight
vector

as
the

operation
of

purging
efficiently

reduces
the

size
of

stable
features.

T
his

suggests
a

m
uch

faster
convergence

w
ith

stabilization.
L

em
m

a
2

also
provides

an
insight

on
the

benefit
from

using
adaptive

gravity
w

ith
annealed

rejection
rate.

A
t

the
beginning

of
the

algorithm
,

the
gap

betw
een

the
size

of|Ŝ
ε |

and
the

size
of

the
set

of
stable

features
ˆ|Ω|

is
large

w
hen

aim
ing

for
extensive

exploration
of

different
sparse

com
bination

of
features.

H
ence,

the
im

provem
entbroughtby

stabilization
is

m
ore

substantialduring
the

early
state

of
learning

period.
A

s
the

algorithm
proceeds

and
the

setof
stable

features
becom

es
sm

aller
and

stabler,itdw
indles

the
leew

ay
that

allow
s

the
aforem

entioned
tw

o
sets

to
be

different.
C

onsequently,
the

proposed
algorithm

is
gradually

tuned
tow

ard
the

standard
stochastic

gradientdescentalgorithm
to

facilitate
betterconvergence

atthe
laterperiod

ofthe
learning

process.

L
em

m
a

3
Let

w
0

be
the

w
eightvector

atinitialization.A
fter

the
firstburst,let

w̄
1

be
the

truncated
w

eight
vector

using
universal

gravity
g

0 K
as

in
A

lgorithm
1

and
let

ŵ
1

be
the

truncated
w

eight
vector

w
ith

inform
ative

truncation
as

in
A

lgorithm
2.Then,under

A
ssum

ption
3,

E
(||w̄

1 −
w
∗|| 2−

||ŵ
1 −

w
∗|| 2 )≥

2g
0

K
∑t=

1 ‖ζ
t w
∗‖

1 ≥
0
,

(15)

w
here

ζ
t,j

=
I
(|x

t,j |
=

0)
for

j
=

1,...,p
and

ζ
t

=
(ζ
t,1 ,...,ζ

t,p )
T

.

Proof:See
A

ppendix
B

.

In
L

em
m

a
3,

w
e

com
pare

the
distances

tow
ards

w
∗

from
1)

the
w

eight
vector

w
ith

uniform
gravity

and
2)

the
w

eight
vector

w
ith

inform
ative

truncation
that

depends
on

the
num

ber
of

zero
entries

occurred
in

a
burst.

Such
a

gap
suggests

the
effectiveness

of
inform

ative
truncation

on
sparse

data
in

w
hich

feature
sparsity

is
highly

heterogeneous.
In

the
scenarios

w
here

very
few

nonzero
entries

appear
in

a
burst,

the
inform

ative
truncation

im
poses

gravity
that

is
proportional

to
the

inform
ation

presented
in

a
burst.

It
is

a
fairer

treatm
ent

than
uniform

truncation
and

leads
to

a
large

im
provem

ent
in

expectation.
W

hen
features

are
all

considerably
dense

in
a

burst,
the

inform
ative

truncation
is

equivalentto
the

uniform
truncation.

In
short,L

em
m

a
2

dem
onstrates

the
im

provem
entin

expected
squared

errordue
to

stabilization
on

the
w

eightvector.L
em

m
a

3,on
the

otherhand,quantifies
the

im
provem

ents
in

reduce
truncation

bias
w

hen
im

plem
enting

inform
ative

truncation
on

sparse
features

w
ith

heterogeneous
sparsity

levels.
G

iven
L

em
m

a
2

and
L

em
m

a
3,w

e
have

the
expected

regretbound
ofthe

proposed
A

lgorithm
4

in
T

heorem
1.
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T
he

or
em

1
A

ss
um

e
al

la
ss

um
pt

io
ns

ab
ov

e
ho

ld
s.

C
on

si
de

r
th

e
up

da
tin

g
ru

le
s

fo
r

th
e

w
ei

gh
tv

ec
to

r
in

A
lg

or
ith

m
3.

O
n

an
ar

bi
tr

ar
y

pa
th

,w
ith

w
0

=
0

an
d
η
>

0
,l

et
{w

t}
T t=

1
be

th
e

re
su

lte
d

w
ei

gh
t

ve
ct

or
an

d
{ g

t} T t=
1

be
th

e
gr

av
ity

va
lu

es
ap

pl
ie

d
to

th
e

w
ei

gh
tv

ec
to

rs
ge

ne
ra

te
d

by
A

lg
or

ith
m

4,

al
on

g
w

ith
th

e
ba

se
gr

av
ity

pa
ra

m
et

er
s
{ g

0
,t

} T t=
1
.

Se
tt

he
pu

rg
in

g
th

re
sh

ol
d
π

0
to

be
su

ffi
ci

en
tly

la
rg

e
su

ch
th

at
π

0
∈
( 1 2

+
(q

g
)2

2
p
(q

g
−
d
∗ )
,1
) .

Th
er

e
ex

is
ts

a
se

qu
en

ce
of
ε t
∈
( 0
,
π
0
C

(p
−
|Ω̂
t
|)

|Ω̂
t
|

)
at

ea
ch

st
ab

ili
ty

se
le

ct
io

n
w

ith
th

e
se

to
fs

ta
bl

e
fe

at
ur

es
Ω̂
t

su
ch

th
at

th
e

ex
pe

ct
at

io
n

of
th

e
re

gr
et

de
fin

ed
in

(3
)i

s
bo

un
de

d
ab

ov
e

by

E

(
T ∑ t=

1

[ L
(w

t,
z t

)
+
K
g
t||

w
t||

1

] −
T ∑ t=

1

[ L
(w
∗ ,
z t

)
+
K
g
t||

w
∗ ||

1

])

≤
η
A

2
−
η
A

(
E

[
T ∑ t=

1

L
(w
∗ ,
z t

)
+
K
g

0
,t
(||

w
∗ ||

1
−
||w

t||
1
)])

+
1

2
−
η
A

( η
T
B

+
1 η
||w
∗ ||

2

)

−
1

2η
−
η

2
A

T ∑ t=
1

ε2 t
I

(
t

K
n
K
∈
Z)

(|Ŝ
ε t
,t
|−
|Ω̂
t|)
,

(1
6)

w
he

re
Ŝ
ε,
t

=
{j

:
E(
|ŵ
t,
j
|)
>
ε t
}a

nd
ŵ
t

is
th

e
w

ei
gh

tv
ec

to
r

at
tim

e
t

be
fo

re
st

ab
ili

za
tio

n.

Pr
oo

f:
Se

e
A

pp
en

di
x

C
.

In
th

e
re

su
lt

of
T

he
or

em
1,

th
e

fir
st

tw
o

pa
rt

s
of

th
e

ri
gh

t-
ha

nd
-s

id
e

of
th

e
ex

pe
ct

ed
re

gr
et

bo
un

d
(1

6)
is

si
m

ila
r

to
th

e
bo

un
d

ob
ta

in
ed

in
(L

an
gf

or
d

et
al

.,
20

09
).

It
im

pl
ie

s
th

e
tr

ad
e-

of
f

be
tw

ee
n

at
ta

in
ed

sp
ar

si
ty

in
th

e
re

su
lte

d
w

ei
gh

tv
ec

to
ra

nd
th

e
re

gr
et

pe
rf

or
m

an
ce

.W
he

n
th

e
ap

pl
ie

d
gr

av
ity

is
sm

al
l

un
de

r
th

e
jo

in
t

ef
fe

ct
of

th
e

ba
se

gr
av

ity
g 0

an
d

th
e

si
ze

of
ea

ch
bu

rs
t
K

,t
he

sp
ar

si
ty

is
le

ss
bu

tt
he

ex
pe

ct
ed

re
gr

et
bo

un
d

is
lo

w
er

.
O

n
th

e
ot

he
r

ha
nd

,w
he

n
th

e
ap

pl
ie

d
gr

av
ity

is
la

rg
e,

th
e

re
su

lte
d

w
ei

gh
t

ve
ct

or
is

m
or

e
sp

ar
se

bu
t

at
th

e
ri

sk
of

hi
gh

er
re

gr
et

.
B

as
ed

on
L

em
m

a
2,

th
e

pr
op

os
ed

al
go

ri
th

m
is

gu
ar

an
te

ed
to

ac
hi

ev
e

lo
w

er
re

gr
et

bo
un

d
in

ex
pe

ct
at

io
n

w
he

n
th

e
ta

rg
et

sp
ar

se
w

ei
gh

tv
ec

to
ri

s
hi

gh
ly

sp
ar

se
.A

s
qu

an
tifi

ed
in

th
e

th
ir

d
te

rm
of

th
e

ri
gh

t-
ha

nd
-s

id
e

of
(1

6)
,

th
e

im
pr

ov
em

en
tc

om
es

fr
om

th
e

re
du

ct
io

n
of

th
e

ac
tiv

e
se

ta
te

ac
h

pu
rg

in
g.

B
y

its
vi

rt
ue

,n
oi

sy
fe

at
ur

es
ar

e
re

m
ov

ed
fr

om
th

e
se

to
f

st
ab

le
fe

at
ur

es
an

d
th

us
ar

e
ab

se
nt

in
la

te
r

SG
D

up
da

te
s

an
d

tr
un

ca
tio

ns
.

T
he

or
em

1
is

st
at

ed
w

ith
a

co
ns

ta
nt

le
ar

ni
ng

ra
te
η

.I
ti

s
po

ss
ib

le
to

ob
ta

in
a

lo
w

er
re

gr
et

bo
un

d
in

ex
pe

ct
at

io
n

w
ith

ad
ap

tiv
e

le
ar

ni
ng

ra
te
η t

de
ca

yi
ng

w
ith

t,
su

ch
as
η t

=
1 √
t
,w

hi
ch

is
co

m
m

on
ly

us
ed

in
th

e
lit

er
at

ur
e

of
on

lin
e

le
ar

ni
ng

an
d

st
oc

ha
st

ic
op

tim
iz

at
io

n.
H

ow
ev

er
,

th
e

di
sc

us
si

on
of

us
in

g
an

va
ry

in
g

le
ar

ni
ng

ra
te

is
no

t
a

m
ai

n
fo

cu
s

of
th

is
pa

pe
r

an
d

ad
ds

ex
tr

a
co

m
pl

ex
ity

of
th

e
an

al
ys

is
.

W
ith

ou
t

kn
ow

in
g
T

in
ad

va
nc

e,
th

is
m

ay
le

ad
to

a
no

-r
eg

re
t

bo
un

d
as

su
gg

es
te

d
in

(L
an

gf
or

d
et

al
.,

20
09

).
In

st
ea

d,
in

C
or

ol
la

ry
1,

w
e

sh
ow

th
at

th
e

co
nv

er
ge

nc
e

ra
te

of
th

e
pr

op
os

ed
al

go
ri

th
m

is
O

(√
T

)
w

ith
η

=
1 √
T

.
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M
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A
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C
or

ol
la

ry
1

A
ss

um
e

th
at

al
lc

on
di

tio
ns

of
Th

eo
re

m
1

ar
e

sa
tis

fie
d.

Le
tt

he
le

ar
ni

ng
ra

te
η

be
1 √
T

.
Th

e
up

pe
r

bo
un

d
of

th
e

ex
pe

ct
ed

re
gr

et
is

E

(
T ∑ t=

1

[ L
(w

t,
z t

)
+
g
t||

w
t||

1

] −
T ∑ t=

1

[ L
(w
∗ ,
z t

)
+
g
t||

w
∗ ||

1

])
≤
O

(√
T

),

w
he

re
g
t

=
K
g

0
,t

.

Pr
oo

f
B

y
pl

ug
gi

ng
in
η

=
1 √
T

to
th

e
re

su
lt

fr
om

T
he

or
em

1,
w

e
ge

t

E

(
T ∑ t=

1

[ L
(w

t,
z t

)
+
g
t||

w
t||

1

] −
T ∑ t=

1

[ L
(w
∗ ,
z t

)
+
g
t||

w
∗ ||

1

])

≤
A

2
√
T
−
A

(
E

[
T ∑ t=

1

L
(w
∗ ,
z t

)
+
g
t(
||w
∗ ||

1
−
||w

t||
1

])

+
T

2
√
T
−
A

( η
T
B

+
1 η
||w
∗ ||

2

)
−

T

2
√
T
−
A

T ∑ t=
1

ε2 t
I
(

t

K
n
K
∈
Z)

(|Ŝ
ε,
t|
−
|Ω̂
t|)
.

T
he

re
su

lt
is

th
en

st
ra

ig
ht

fo
rw

ar
d.

A
ss

um
e

th
at

th
e

in
pu

t
fe

at
ur

es
ha

ve
d

no
nz

er
o

en
tr

ie
s

on
av

er
ag

e.
W

ith
lin

ea
r

pr
ed

ic
tio

n
m

od
el
f w

(x
)

=
w
T
x

,
th

e
co

m
pu

ta
tio

na
l

co
m

pl
ex

ity
at

ea
ch

ite
ra

tio
n

is
O

(d
).

L
ev

er
ag

in
g

th
e

sp
ar

se
st

ru
ct

ur
e,

th
e

in
fo

rm
at

iv
e

tr
un

ca
tio

n
on

ly
re

qu
ir

es
an

ad
di

tio
na

lO
(K

d
)

sp
ac

e
fo

r
re

co
rd

in
g

th
e

co
un

te
rs

.
T

he
pu

rg
in

g
pr

oc
es

s
of

st
ab

ili
ty

se
le

ct
io

n
co

ns
um

es
O

(δ
),
δ

=
K
n
K
M
d

,
sp

ac
e

fo
r

st
or

in
g

th
e

ge
ne

ra
te

d
in

te
rm

ed
ia

te
w

ei
gh

t
ve

ct
or

s
an

d
O

(δ
lo

g
(δ

))
co

m
pu

ta
tio

na
l

co
m

pl
ex

ity
.

B
ot

h
st

or
ag

e
an

d
co

m
pu

ta
tio

na
l

co
st

de
cr

ea
se

w
he

n
th

e
se

t
of

st
ab

le
fe

at
ur

es
di

m
in

is
he

s
as

th
e

al
go

ri
th

m
pr

oc
ee

ds
.

Si
nc

e
th

e
pa

ra
m

et
er

s
K

,n
K

,a
nd

M
is

no
rm

al
ly

se
t

to
be

sm
al

l
va

lu
es

,t
he

co
m

pl
ex

ity
m

os
tly

de
pe

nd
s

on
O

(d
lo

g
(d

))
.

In
su

m
m

ar
y,

th
e

pr
op

os
ed

al
go

ri
th

m
sc

al
es

w
ith

th
e

nu
m

be
ro

fn
on

ze
ro

en
tr

ie
s

in
st

ea
d

of
th

e
to

ta
ld

im
en

si
on

s,
m

ak
in

g
it

ap
pe

al
in

g
to

hi
gh

-d
im

en
si

on
al

ap
pl

ic
at

io
ns

.

5.
Pr

ac
tic

al
R

em
ar

ks

W
he

n
im

pl
em

en
tin

g
A

lg
or

ith
m

4
in

pr
ac

tic
e,

th
e

pe
rf

or
m

an
ce

ca
n

be
fu

rt
he

r
im

pr
ov

ed
in

te
rm

s
of

bo
th

ac
cu

ra
cy

an
d

co
m

pu
ta

tio
na

l
ef

fic
ie

nc
y

by
em

pl
oy

in
g

a
co

up
le

of
pr

ac
tic

al
te

ch
ni

qu
es

.
It

in
cl

ud
es

ap
pl

yi
ng

in
fo

rm
at

iv
e

pu
rg

in
g

an
d

at
te

nu
at

in
g

th
e

tr
un

ca
tio

n
fr

eq
ue

nc
y

to
ac

hi
ev

e
m

or
e

ac
cu

ra
te

sp
ar

se
le

ar
ni

ng
an

d
st

ea
di

er
co

nv
er

ge
nc

e.
T

he
fir

st
im

pr
ov

em
en

tc
an

be
im

pl
em

en
te

d
by

be
tte

ra
dd

re
ss

in
g

th
e

is
su

e
of

sc
ar

ci
ty

of
in

co
m

in
g

sa
m

pl
es

.
Fo

r
co

m
pu

tin
g

se
le

ct
io

n
pr

ob
ab

ili
tie

s,
in

st
ea

d
of

us
in

g
on

ly
in

fo
rm

at
io

n
fr

om
th

e
cu

rr
en

t
st

ag
e,

w
e

ca
n

in
he

ri
ti

nf
or

m
at

io
n

fr
om

pr
ev

io
us

st
ag

es
fo

rf
ea

tu
re

s
th

at
ar

e
to

o
sc

ar
ce

to
ac

cu
m

ul
at

e
en

ou
gh

up
da

te
s

du
ri

ng
on

e
st

ag
e.

Sp
ec

ifi
ca

lly
,w

e
in

tr
od

uc
e

an
ac

cu
m

ul
at

ed
co

un
te

r
κ
s

at
st

ag
e
s

as
th

e
to

ta
ln

um
be

ro
ft

im
es

th
at

a
fe

at
ur

e
is

up
da

te
d

w
ith

in
a

bu
rs

td
ur

in
g

th
is

st
ag

e:

κ
j,
s

=
M ∑ m
=

1

n
K ∑ τ
=

1

k̃
(m

)
j,
τ
,

j
=

1,
..
.,
p
,
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S
TA

B
IL

IZ
E

D
S

PA
R

S
E

O
N

L
IN

E
L

E
A

R
N

IN
G

F
O

R
S

PA
R

S
E

D
A

TA

w
hich

is
essentially

the
denom

inator
of

the
selection

probability
in

(8).
Sim

ilarly,
w

e
define

an
accum

ulated
truncation

indicator
b
s atstage

s
asthe

totalnum
beroftim

esthata
feature

istruncated
to

zero
given

valid
update(s):

b
j,s

=
M∑m
=

1

∑

τ
:k̃

(m
)

j
,τ
>

0

I
(|ŵ

(m
)

j,τ
|
>

0
),

j
=

1,...,p
.

A
feature

is
then

evaluated
in

the
stability

selection
only

if
there

are
enough

updates
from

the
presentstage

and
from

any
unused

inform
ation

carried
overfrom

previous
stages.G

iven
a

threshold
δ
K
≥

0,let
κ̃
j,s

,
κ̃
j,s−

1 I
(κ̃
j,s−

1
<
δ
K

)
+
κ
j,s

and
b̃
j,s

,
b̃
j,s−

1 I
(κ̃
j,s−

1
<
δ
K

)
+

b
j,s .

T
he

selection
probability

is
m

odified
as

Π̂
j,s

=

{
b̃
j
,s

κ̃
s
,

for
j

s.t.κ̃
s
>
δ
K

;

1
,

otherw
ise,

for
j

=
1,...,p

.
(17)

T
his

strategy
extends

the
key

idea
in

Section
3.1

that,w
ith

sparse
data,each

decision
need

to
be

based
on

sufficientevidence.
U

sing
the

“carried-over”
inform

ation
allow

s
the

algorithm
to

utilize
inform

ation
available

in
a

sequence
of

SG
D

updates
w

hile
attuned

to
the

needs
of

features
w

ith
differentlevels

ofsparsity.In
practice,this

m
odification

facilitates
fasterconvergence

especially
for

ultra-sparse
data.

T
he

second
practicalstrategy

is
thatthe

size
of

each
burst,

K
,can

be
adaptively

adjusted
in

a
sim

ilarfashion
as

the
rejection

rate
β

in
(12).A

tthe
end

ofeach
stage,the

burstsize
K
s

is
updated

as

K
s

=
⌈
K

0
log (

1

α
d
s−

1 )⌉
,

w
here

K
0
>

0
is

the
initial

burst
size

and,
as

in
(12),

d
s

=
|Ω̂
s |
p

.
T

he
tuning

param
eter

α
>

0
adjusts

the
annealing

rate
ofthe

truncation
frequency.A

lthough
the

resultin
T

heorem
1

is
based

on
a

fixed
K

,itcan
be

easily
show

n
thatthe

sam
e

upperbound
can

also
be

attained
w

ith
an

increasing
K
s .

B
y

increasing
K

in
the

later
stage

of
the

algorithm
,w

hen
the

m
ajority

of
irrelevantfeatures

have
been

rem
oved

from
the

stable
set,the

chance
oferroneous

truncation
is

reduced.Such
schem

e
further

steers
the

algorithm
from

the
m

ode
of

exploring
potential

sparse
com

bination
of

features
in

the
early

stage
tow

ard
the

fine
tuning

of
the

w
eightvector

by
exploiting

inform
ation

from
m

ore
sam

ples
in

a
sequence.

Italso
facilitates

fasterconvergence
as

the
size

ofthe
stable

setapproaches
to

a
sufficiently

sm
allnum

ber,asthe
algorithm

convergesto
the

standard
stochastic

gradientdescent
approxim

ately.

6.R
esults

In
this

section,
w

e
present

experim
ental

results
evaluating

the
perform

ance
of

the
proposed

sta-
bilized

truncated
SG

D
algorithm

in
high-dim

ensional
classification

problem
s

w
ith

sparsity
reg-

ularization.
In

this
paper,

w
e

focus
on

linear
prediction

m
odel

for
binary

classification
w

here
f
w

(x
)

=
w
T
x

and
ŷ

=
sign

(f
w

(x
))

w
ith

the
observed

class
label

y
∈
{−

1,1}.
W

e
consider

tw
o

com
m

only
used

convex
loss

functions
in

m
achine

learning
tasks

thatboth
satisfy

A
ssum

ption
1:

•
H

inge
loss:

l(f
,y

)
=

m
ax

(1−
f
y
,0

);
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•
L

ogistic
loss:

l(f
,y

)
=

log
(1

+
ex

p
(−
f
y
)).

U
sing

five
data

sets
from

differentdom
ains,the

perform
ance

of
our

algorithm
and

other
algo-

rithm
sforcom

parison
are

evaluated
on

classification
perform

ance
and

feature
selection

stability
and

sparsity.W
e

firstdefine
m

easure
offeature

stability
in

Section
6.1.

6.1
Feature

Selection
Stability

T
he

goalofsparse
learning

is
to

selecta
subsetoftruly

inform
ative

features
w

ith
stabilized

estim
a-

tion
variance

as
w

ellas
increased

classification
accuracy

and
m

odelinterpretability.
Subgradient-

based
online

learning
m

ethods
depend

heavily
by

the
random

ordering
of

sam
ples

on
w

hich
they

are
fed

to
the

algorithm
.

Such
dependence

leads
to

m
uch

deteriorated
perform

ance
w

hen
itcom

es
to

high-dim
ensionalsparse

inputs.Fora
particularfeature,the

positions
ofits

nonzero
occurrences

in
a

random
ordering

of
sam

ples
greatly

affectits
learning

outcom
e,in

term
s

of
learntw

eightand
m

em
bership

in
the

setof
selected

features.
T

herefore,in
addition

to
attaining

a
low

generalization
error,a

desirable
sparse

online
learning

m
ethod

should
also

produce
an

inform
ative

feature
subset

thatis
stable

and
robustto

random
perm

utations
ofinputdata.To

evaluate
feature

selection
stability

of
subgradient-based

sparse
learning

m
ethods,w

e
define

in
the

follow
ing

a
num

ericalm
easure

of
sim

ilarity
betw

een
selected

feature
subsets

resulted
from

different
random

perm
utations

of
data.

G
iven

an
outputw

eightvector
w

from
a

subgradient-based
algorithm

w
ith

inputdataD
,sim

ilarly
as

in
(6),w

e
denote

the
selected

feature
subsetas

S
(w

;D
)

=
{
j

:|w
j |
>

0
,w

=
Ψ

(D
}.

G
iven

tw
o

random
perm

utations
of

the
training

dataD
,D

(1
)

and
D

(2
),the

sim
ilarity

betw
een

the
tw

o
sets

of
selected

feature
subsetsS

1
=
S

(w
1 ;D

(1
))

and
S

2
=
S

(w
2 ;D

(2
))

is
m

easured
by

the
C

ohen’s
kappa

coefficientintroduced
by

C
ohen
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+
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+
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+
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+
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∩
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∩
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[−
1
,1],w

here
κ

(S
1 ,S

2 )
=
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∅
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∩
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w
ith

insufficientinform
ation

aboutthe
true

gradientdue
to

the
lack

of
nonzero

entries
in

sparse
features.

Truncation
w

ith
logistic

loss
leads

to
over

selection
of

dense
features

and
overfitting.T

he
othertw

o
sparsity-inducing

m
ethods

forcom
parison,R

D
A

and
FO

B
O

S,also
have

large
fluctuations

across
data

sets
w

ith
different

levels
of

sparsity
over

these
tw

o
loss

functions,
especially

w
hen

data
is

highly
sparse.In

com
parison,the

perform
ance

ofthe
proposed

algorithm
is

consistentfor
various

dim
ensions

and
sparsity

levels.
O

ur
algorithm

is
also

show
n

to
be

robustto
differentchoices

ofloss
function.

T
he

com
paratively

low
ertesterrors,especially

forhighly
sparse

data,
m

ainly
ow

es
to

the
proposed

algorithm
’s

fairer
treatm

ents
of

features
w

ith
heterogeneous

sparsity.
From

Table
2

w
e

also
observe

substantially
low

er
variances

in
test

errors
under

random
per-

m
utations

of
sam

ples.
T

he
proposed

algorithm
has

the
low

est
standard

deviations
of

test
errors

across
all

data
sets

and
under

both
loss

functions.
Such

an
im

provem
ent

over
truncated

gradient
algorithm

and
other

com
paring

m
ethods

com
es

from
both

inform
ative

truncation
w

ith
adaptive

gravity
and

stability
selection.

B
ased

on
these

selection
probabilities

w
e

carry
outfeature

purging.
O

ur
selection

probability
is

com
puted

based
on

m
ultiple

bursts
w

hose
truncation

is
guided

by
fair

am
ounts

ofshrinkage.H
ence,the

rem
ovaldecisions

offeatures
from

the
setofstable

variables
are

grounded
in

reliable
inform

ation
on

feature
im

portance,w
hich

is
m

ore
likely

to
be

shared
across

differentperm
utations

ofthe
data.T

he
accum

ulations
ofsufficientinform

ation
forallfeatures

help
the

proposed
algorithm

to
be

robustto
random

fluctuations
in

online
setting.

6.3.2
F

E
A

T
U

R
E

S
E

L
E

C
T

IO
N

A
N

D
S

PA
R

S
IT

Y

A
s

far
as

sparse
learning

for
feature

selection
goes,the

proposed
algorithm

,as
show

n
in

Table
3,

is
the

only
m

ethod
that

delivers
sparse

w
eight

vectors
across

five
exam

ple
data

sets
w

ith
various

sparsity
levels.

It
is

show
n

in
Table

3
that

the
resulted

w
eight

vectors
are

far
m

ore
sparse

than
the

truncated
gradientalgorithm

in
alldata

sets
w

ith
both

loss
functions.

W
hen

com
paring

these
tw

o
algorithm

s,the
distinction

in
attained

sparsity
levels

is
particularly

striking
w

ith
logistic

loss
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M
A

A
N

D
Z

H
E

N
G

D
ata

Set
Standard

SG
D

Truncated
G

radient
R

D
A

FO
B

O
S

Stabilized
Truncated

SG
D

R
C

V
1

2.86
6.59

4.62
8.44

3.01
.08

.09
.10

.15
.04

D
exter

7.77
8.37

11.42
10.91

6.58
.96

.91
.59

1.21
.57

H
inge

L
oss

D
orothea

6.11
6.83

6.83
8.51

5.14
.60

1.23
.18

1.96
0.43

G
isette

2.71
6.32

2.40
5.50

3.05
.43

3.02
.45

1.20
.30

A
rcene

19.26
22.06

22.10
18.72

17.60
3.67

8.08
4.00

3.26
2.62

R
C

V
1

3.68
18.55

5.69
14.18

3.19
.07

.78
.08

.39
.05

D
exter

7.91
10.25

9.41
10.45

6.41
.36

.58
.68

.81
.43

L
ogistic

L
oss

D
orothea

6.26
7.29

6.87
7.15

5.47
.62

1.28
.31

1.35
.35

G
isette

2.52
6.35

2.21
5.98

2.11
.29

4.08
.20

.85
.26

A
rcene

17.38
19.48

21.62
18.44

13.38
2.93

5.01
2.05

3.11
1.26

Table
2:

M
ean

testerrors(%
)and

the
corresponding

standard
deviationsw

ith
hinge

lossand
logistic

loss
over50

random
ordering

ofthe
training

sam
ples.

function
and

w
hen

the
sparsity

levelofthe
inputdata

is
low

,such
as

the
case

ofthe
A

rcene
data

set.
T

hese
resultsalso

indicate
thatthe

truncate
gradientalgorithm

failsto
extractsignificantfeaturesand

to
obtain

sparse
solutions,w

hich
m

otivates
the

developm
entof

techniques
discussed

in
this

paper.
O

n
the

other
hand,the

variances
in

the
percentage

of
nonzero

features
of

the
proposed

algorithm
are

reduced
by

approxim
ately

a
m

agnitude
of10.T

he
contribution

ofstabilization
is

dem
onstrated

again
in

term
s

of
feature

selection.
A

lthough
R

D
A

achieves
very

low
sparsity

in
D

orothea,such
a

behavioris
notobserved

in
otherdata

sets.Itis
show

n
to

resultin
particularly

denserw
eightvector

w
ith

highly
sparse

data,
such

as
R

C
V

1,
indicating

its
w

eakness
in

identifying
truly

inform
ative

features
w

hen
inform

ation
is

scarce.
FO

B
O

S
dem

onstrates
overall

poorer
perform

ance
in

term
s

of
inducing

sparse
w

eightvector
as

com
pared

to
R

D
A

and
the

proposed
algorithm

.
Sim

ilar
to

its
perform

ance
in

term
s

of
testerror,the

proposed
algorithm

delivers
highly

stable
results

in
feature

selection
regardless

of
the

choice
of

loss
function

and
of

random
perm

utations
of

the
data.

W
e

also
achieve

sufficientsparse
resultow

ing
to

stability
selection

w
hich

preventnoisy
features

from
adding

back
to

the
stable

setofvariablesin
the

online
setting.O

n
the

otherhand,the
high

sparsity
in

w
eightvector

does
notovershadow

the
generalizability

perform
ance

as
the

inform
ative

truncation
w

ith
unbiased

shrinkage
underliesa

betterestim
ation

ofthe
selection

probability
forthe

construction
ofthe

setofstable
variables.

W
e

further
com

pare
the

data
sparsity

levels
of

the
features

selected
by

both
sparse

online
learning

algorithm
s.

In
Figure

3,using
the

D
orothea

data
setas

an
exam

ple,w
e

show
the

fraction
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in
su

bg
ra

di
en

t-
ba

se
d

on
lin

e
le

ar
ni

ng
al

go
-

ri
th

m
w

he
n

ap
pl

ie
d

to
hi

gh
-d

im
en

si
on

al
sp

ar
se

da
ta

.B
as

ed
on

th
e

tr
un

ca
te

d
gr

ad
ie

nt
fr

am
ew

or
k,

w
e

re
du

ce
tr

un
ca

tio
n

bi
as

du
e

to
he

te
ro

ge
ne

ity
in

fe
at

ur
e

sp
ar

si
ty

vi
a

in
fo

rm
at

iv
e

tr
un

ca
tio

n.
In

te
gr

at
ed

w
ith

so
ft

-t
hr

es
ho

ld
in

g
tr

un
ca

tio
n,

st
ab

ili
ty

se
le

ct
io

n
he

lp
s

el
im

in
at

e
ir

re
le

va
nt

fe
at

ur
es

al
on

g
th

e
le

ar
ni

ng
pr

oc
es

s
in

or
de

r
to

ac
hi

ev
e

st
ab

le
an

d
su

ffi
ci

en
tly

sp
ar

se
re

su
lts

.
T

he
ad

ap
tiv

e
gr

av
ity

m
et

ho
d

dy
na

m
ic

al
ly

ad
ju

st
s

th
e

sh
ri

nk
ag

e
at

di
ff

er
en

t
st

ag
es

of
th

e
le

ar
ni

ng
pr

oc
es

s
to

ba
la

nc
e

be
tw

ee
n

th
e

ex
pl

or
at

io
n

of
sp

ar
se

co
m

bi
na

tio
n

of
no

nz
er

o
w

ei
gh

ts
an

d
th

e
ex

pl
oi

ta
tio

n
of

fin
ite
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H
inge

L
oss

L
ogistic

L
oss

D
ata

Set
Truncated
G

radient

Stabilized
Truncated

SG
D

Truncated
G

radient

Stabilized
Truncated

SG
D

R
C

V
1

0.38
0.44

0.29
0.60

D
exter

0.46
0.61

0.23
0.58

D
orothea

0.19
0.52

0.19
0.33

G
isette

0.48
0.60

0.54
0.54

A
rcene

0.26
0.55

0.35
0.69

Table
4:

Sum
m

ary
offeature

selection
stability

perform
ance

ofthe
resulted

w
eightvectorm

easured
by

(18)based
on

C
ohen’s

kappa
coefficient.

updates
for

better
convergence.

T
his

strategy
also

consolidates
the

tuning
needs

of
the

proposed
algorithm

into
tw

o
m

ajorparam
eters,the

annealing
rate

γ
and

the
purging

threshold
π

0 .W
e

present
a

theoreticalanalysis
of

the
expected

regretbound,w
hich

offered
a

quantification
of

the
potential

im
provem

ent
attained

by
the

proposed
algorithm

.
A

t
last,

w
e

use
extensive

experim
ental

studies
to

evaluate
the

perform
ance

of
the

proposed
algorithm

.
T

he
results

dem
onstrate

thatour
algorithm

achieve
favorable

results
in

term
s

ofboth
prediction

accuracy
and

feature
selection,com

pared
to

the
originaltruncated

gradientalgorithm
.
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A
ppendices

A
.ProofofL

em
m

a
2

Proof
N

ote
that

w
∗

can
be

w
ritten

as
w
∗I

Ω
∗.

B
ased

on
the

stability
selection

in
(10),

w
e

have
w̃

=
ŵ
I

Ω̂
.

L
et

Ω
=
{1
,...,p}.

T
he

full
set

Ω
can

be
further

divided
into

four
disjoint

sets:
S

1
=

Ω
\

(Ω
∗∪

Ω̂
),S

2
=

Ω
∗\

Ω̂
,
S

3
=

Ω̂
\

Ω
∗,and

S
4

=
Ω
∗∩

Ω̂
,respectively.
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Firstly,
w

e
consider

the
L

2
distance

from
the

non-stabilized
w

eight
vector

ŵ
to

w
∗

under
A

ssum
ption

3
and

the
L

2
distance

from
the

stabilized
w

eightvector
w̃

to
w
∗.

||ŵ
−

w
∗|| 2

=
||ŵ
−

w
∗I

Ω
∗|| 2

=
∑j∈

Ω
∗ (ŵ

j −
w
∗j )

2
+
∑j
/∈
Ω
∗
ŵ

2j ,

=
∑

j∈
S
2 ∪
S
4 (ŵ

j −
w
∗j )

2
+

∑

j∈
S
1 ∪
S
3

ŵ
2j .

Since

(ŵ
I

Ω̂
−

w
∗I

Ω
∗)

2j
=



0,
if
j
/∈

Ω
∗

and
j
/∈

Ω̂
;

(w
∗j )

2,
if
j∈

Ω
∗

and
j
/∈

Ω̂
;

(ŵ
j )

2,
if
j
/∈

Ω
∗

and
j∈

Ω̂
;

(ŵ
j −

w
∗j )

2,
if
j∈

Ω
∗

and
j∈

Ω̂
,

||w̃
−

w
∗|| 2

=
||ŵ

I
Ω̂
−

w
∗I

Ω
∗|| 2

=
∑j∈
S
2 (w
∗j )

2
+
∑j∈
S
3 (ŵ

j )
2

+
∑j∈
S
4 (ŵ

j −
w
∗j )

2.

T
hen||ŵ

−
w
∗|| 2−

||w̃
−

w
∗|| 2

=
∑j∈
S
2 (ŵ

j −
w
∗j )

2
+
∑j∈
S
1

ŵ
2j −

∑j∈
S
2 (w
∗j )

2

=
∑j∈
S
2

ŵ
2j

+
∑j∈
S
2 (w
∗j )

2−
2
∑j∈
S
2

w
∗j ŵ

j −
∑j∈
S
2 (w
∗j )

2
+
∑j∈
S
1

ŵ
2j

=
∑

j∈
S
1 ∪
S
2

ŵ
2j −

2
∑j∈
S
2

w
∗j ŵ

j

=
||ŵ

(1−
I

Ω̂
)|| 2−

2
∑j∈
S
2

w
∗j ŵ

j .
(21)

Forthe
firstpartin

(21),there
exists

a
sm

all
ε∈

(
0
,
π
0
C

(p−
|Ω̂|)

|Ω̂|

)
w

ith
Ŝ
ε

=
{j

:E
(|ŵ

j |)
>
ε}

such
that

E
(||ŵ

(1−
I

Ω̂
)|| 2 )

=
E


p
∑j=

1

ŵ
2j I

(p̂
j ≤

π
0 ) 

=
E


p
∑j=

1

ŵ
2j I

(p̂
j ≤

π
0 )I

(|ŵ
j |≤

ε) 
+

E


p
∑j=

1

ŵ
2j I

(p̂
j ≤

π
0 )I

(|ŵ
j |
>
ε) 

≥
0

+
ε

2E


p
∑j=

1

I
(p̂
j ≤

π
0 )I

(|ŵ
j |≥

ε) 

≥
ε

2(|Ŝ
ε |−
|Ω̂|)

>
0,

(22)
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w
he

re
th

e
la

st
in

eq
ua

lit
y

is
du

e
to
|Ŝ
ε
|>
|Ω̂
|w

ith
th

e
sp

ec
ifi

ed
ra

ng
e

of
ε.

Fo
rt

he
se

co
nd

pa
rt

in
(2

1)
,r

ec
al

lt
ha

tS
2

=
Ω
∗
\Ω̂

=
Ω
∗
\(

Ω̂
\V

).
U

si
ng

(1
3)

fr
om

L
em

m
a

1
in

(M
ei

ns
ha

us
en

an
d

B
üh

lm
an

n,
20

10
),

w
e

ha
ve

E(
|S

2
|)

=
E(

Ω
∗
−

(Ω̂
−
V

))
(2

3)

=
d
∗
−
E

(Ω̂
)
−

E(
V

))

=
d
∗
−
qg

+
E(
V

)

≤
d
∗
−
qg

+
1

2
π

0
−

1

(q
g

)2

p

≤
(

qg

2
π

0
p
−
p
−

1)
qg

+
d
∗ .

A
nd

,s
in

ce
,f

or
an

y
j
∈

Ω
\Ω̂

,P
r(
|ŵ
j
|>

0)
≤
π

0
,

E(
|ŵ
j
|)

=

∫
C

0
P

r(
|ŵ
j
|≥

u
)d
u
≤

P
r(
|ŵ
j
|>

0)
C
≤
π

0
C
.

T
he

n,

E

 
∑ j∈
S
2

w
∗ jŵ

j

 
≤
π

0
C

2
E(
|S

2
|)
≤
π

0
C

2
E(
|S

2
|)
[(

qg

2π
0
p
−
p
−

1

)
qg

+
d
∗]
.

T
hu

s
w

e
ha

ve

E
( ||

ŵ
−

w
∗ ||

2
−
||w̃
−

w
∗ ||

2
) ≥

ε2
(|Ŝ

ε
|−
|Ω̂
|)

+
2
π

0
C

2

[(
1
−

qg

2
π

0
p
−
p

)
qg
−
d
∗]
.

(2
4)

T
he

fir
st

ha
lf

of
(2

4)
is

pr
ov

ed
to

be
no

n-
ne

ga
tiv

e
by

th
e

in
eq

ua
lit

y
in

(2
2)

.
W

ith
a

su
ffi

ci
en

tly
la

rg
e
π

0
∈
( 1 2

+
(q

g
)2

2
p
(q

g
−
d
∗ )
,1
) ,

(2
4)

is
no

n-
ne

ga
tiv

e
by

ta
ki

ng
π

0
in

to
th

e
se

co
nd

ha
lf

of
it

w
ith

C
≥

0
un

de
rA

ss
um

pt
io

n
1.

B
.P

ro
of

of
L

em
m

a
3

Pr
oo

f
B

as
ed

on
A

lg
or

ith
m

1
an

d
A

lg
or

ith
m

2,
w

e
ha

ve
th

e
fo

llo
w

in
g

re
la

tio
ns

hi
ps

:

w̄
1

=
T

(h
1
,K

g 0
)

=
si

gn
(h

1
)

m
ax

(|h
1
|−

g 0
1
p
K
,0

),
(2

5)

ŵ
1

=
T

(h
1
,k̃
g 0

)
=

si
gn

(h
1
)

m
ax

(|h
t|
−
g 0

k̃
1
,0

),
(2

6)

w
he

re

h
1

=
w

0
−

K ∑ t=
1

η
L
′ (

w
t−

1
,z
t)
.
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W
ith

ou
tl

os
s

of
ge

ne
ra

lit
y,

w
e

co
ns

id
er

th
e

di
ff

er
en

ce
in

th
e

sq
ua

re
d

er
ro

rs
to

th
e

op
tim

al
w

ei
gh

t
ve

ct
or

w
∗

be
tw

ee
nw̄

1
an

d
ŵ

1
:

||w̄
1
−

w
∗ ||

2
−
||ŵ

1
−

w
∗ ||

2

=
||(

w̄
1
−

h
1
)
−

(w
∗
−

h
1
)||

2
−
||(

ŵ
1
−

h
1
)
−

(w
∗
−

h
1
)||

2

=
( ||

w̄
1
−

h
1
||2
−
||ŵ

1
−

h
1
||2
) −

2
[ (w̄

1
−

h
1
)T

(w
∗
−

h
1
)
−

(ŵ
1
−

h
1
)T

(w
∗
−

h
1
)]
.

(2
7)

In
th

e
fir

st
pa

rt
of

(2
7)

,b
as

ed
on

(2
5)

an
d

(2
6)

,w
e

ha
ve

||w̄
1
−

h
1
||2

=
p
K

2
g

2 0
,

||ŵ
1
−

h
1
||2

=
||k̃

1
||2
g

2 0
,

w
he

re
k̃

1
is

th
e

co
un

te
r

of
in

fo
rm

at
iv

e
up

da
te

s
in

th
e

fir
st

bu
rs

tw
ith

k̃
1
,j
≤
K

fo
r
j

=
1,
..
.,
p

.
H

en
ce

,

||w̄
1
−

h
1
||2
−
||ŵ

1
−

h
1
||2
≥

0
.

(2
8)

B
as

ed
on

(2
5)

an
d

(2
6)

,

(w̄
1
−

h
t)
T
h

1
=
−
g 0

p ∑ j=
1

si
gn

(h
1
,j

)K
h

1
,j

=
−
g 0
K
||h

t||
1
,

( ŵ
1
−

h
t)
T
h

1
=
−
g 0

p ∑ j=
1

si
gn

(h
1
,j

)k̃
1
,j
h

1
,j

=
−
g 0
||k̃

1
h
t||

1
.

T
hu

s
in

th
e

se
co

nd
pa

rt
of

(2
7)

,w
e

ha
ve

−
2
[ (w̄

1
−

h
1
)T

(w
∗
−

h
1
)
−

(ŵ
1
−

h
1
)T

(w
∗
−

h
1
)]

=
[ (w̄

1
−

h
1
)T

h
1
−

(ŵ
1
−

h
1
)T

h
1

] −
[ (w̄

1
−

h
1
)T

w
∗
−

(ŵ
1
−

h
1
)T

w
∗]

=
2
g 0

[(
K
‖h

1
‖ 1
−
‖k̃

1
h

1
‖ 1
)
−

(w̄
1
−

ŵ
1
)T

w
∗]
.

(2
9)

Si
nc

e
K
≥
k̃

1
,j

fo
r
j

=
1
,.
..
,p

,
th

e
fir

st
pa

rt
of

(2
9)

is
gu

ar
an

te
ed

to
be

no
nn

eg
at

iv
e.

In
th

e
se

co
nd

pa
rt

of
(2

9)
,l

et
ŵ

1
,j

=
v̂ 1
,j
I
(|h

1
,j
|>

k̃
1
,j
g 0

)
an

d
w̄

1
,j

=
v̄ 1
,j
I
(|h

1
,j
|>

K
g 0

).
D

en
ot

e
δ t

=
L

(w
t−

1
,z
t)

to
be

th
e

gr
ad

ie
nt

of
th

e
lo

ss
fu

nc
tio

n
at

a
ce

rt
ai

n
ite

ra
tio

n.
Si

nc
e

in
th

is
pa

pe
rw

e
co

ns
id

er
lin

ea
rp

re
di

ct
io

n
m

od
el

,

δ t
=
L
′ (

w
t−

1
,z
t)

=
G

(f
w

t
−
1
(x
t)

)x
t.

H
en

ce
,δ
t,
j

=
δ t
,j
I
(|x

t,
j
|>

0)
.

A
ga

in
ba

se
d

on
re

la
tio

ns
hi

ps
in

(2
5)

an
d

(2
6)

,w
e

co
ns

id
er

th
e

fo
llo

w
in

g
tw

o
sc

en
ar

io
s:
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•
W

hen
h

1
,j
>

0:

v̂
1
,j

=
K
∑t=

1

[I
(|x

t,j |
>

0)(δ
t,j −

g
0 )],

v̄
1
,j

=
K
∑t=

1

[I
(|x

t,j |
>

0)δ
t,j −

g
0 ].

T
hus,

v̄
1
,j −

v̂
1
,j

=
−

K
∑t=

1

I
(|x

t,j |
=

0
)g

0 ,

w̄
1
,j −

ŵ
1
,j

=
−

K
∑t=

1

I
(|x

t,j |
=

0
)g

0 I
(h

1
,j
>
K
g

0 )−
K
∑t=

1 (h
1
,j

−
k̃

1
,j g

0 )I
(k̃

1
,j g

0
<
h

1
,j
<
K
g

0 )

≤
−

K
∑t=

1

I
(|x

t,j |
=

0)g
0 I

(h
1
,j
>
K
g

0 ).
(30)

•
W

hen
h

1
,j
<

0,sim
ilarly,w

e
get

v̄
1
,j −

v̂
1
,j

=
K
∑t=

1

I
(|x

t,j |
=

0)g
0 ,

w̄
1
,j −

ŵ
1
,j

=
K
∑t=

1

I
(|x

t,j |
=

0)g
0 I

(h
1
,j
<
−
K
g

0 )

+
K
∑t=

1 (h
1
,j

+
k̃

1
,j g

0 )I
(−
K
g

0
<
h

1
,j
<
−
k̃

1
,j g

0 )

≥
K
∑t=

1

I
(|x

t,j |
=

0)g
0 I

(h
1
,j
<
−
K
g

0 ).
(31)

H
ence,based

on
jointly

w
e

have

E
((w̄

1 −
ŵ

1 )
T
w
∗ )

=

p
∑j=

1 E
((w̄

1
,j −

ŵ
1
,j )w

∗j |h
1
,j
>

0)
P

r(h
1
,j
>

0)
+

E
((w̄

1
,j −

ŵ
1
,j )w

∗j |h
1
,j
<

0)
P

r(h
1
,j
<

0)

≤
−
g

0

K
∑t=

1

p
∑j=

1

I
(|x

t,j |
=

0)|w
∗j |≤

0
.

T
he

second
inequality

is
derived

from
the

condition
that

λ
j

=
0

if
w
∗j

=
0

and
the

follow
ing

fact.
Since

h
1

is
the

sum
of
K

stochastic
gradients

descentsteps
and

each
one

ofthe
stochastic

gradient
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M
A

A
N

D
Z

H
E

N
G

w
hich

is
an

unbiased
estim

atorofthe
true

gradient(see
B

ottou,1998,foranalysis),w
e

have

E
(I

(h
1
,j
<

0)w
∗j )
<

0
,

E
(I

(h
1
,j
>

0)w
∗j )
>

0
.

H
ence,togetherw

ith
(28)and

(29),w
e

have

||w̄
1 −

w
∗|| 2−

||ŵ
1 −

w
∗|| 2≥

0.

C
.ProofofT

heorem
1

Proof
A

ta
given

tim
e
t

w
hen

truncation
is

perform
ed,let

h
t

=
w
t−

1 −
η∇

w
t−

1 L
(w

t−
1 ,z

)
and

let
ŵ
t

be
the

truncated
butnon-stabilized

w
eightvector

based
on

the
truncation

in
(4)

that
ŵ
t

=
T

(h
t ,g

0
,t k̃

t )
w

ith
the

base
gravity

g
0
,t .L

et
Ω̂

be
the

currentsetofstable
features

and
the

stabilized
w

eightvectoris
obtained

as
w̃
t

=
ŵ
t I

Ω̂
.

Firstly,w
e

have

||ŵ
t −

w
∗|| 2≤

||w
∗−

ŵ
t || 2

+
||ŵ

t −
h
t || 2

(32)

=
||w
∗−

h
t || 2−

2(w
∗−

ŵ
t )
T

(ŵ
t −

h
t ).

In
the

firstpartof(32),

||w
∗−

h
t || 2

=
||w
∗−

w
t−

1
+

w
t−

1 −
h
t || 2

=
||w
∗−

w
t−

1 || 2
+
||w

t−
1 −

h
t || 2

+
2(w

∗−
w
t−

1 )
T

(w
t−

1 −
h
t )

=
||w
∗−

w
t−

1 || 2
+
||w

t−
1 −

η∇
w
t−

1 L
(w

t−
1 ,z

)−
w
t−

1 || 2

+
2(w

∗−
w
t−

1 )
T

(w
t−

1 −
w
t−

1
+
η∇

w
t−

1 L
(w

t−
1 ,z

))

=
||w
∗−

w
t−

1 || 2
+
η

2||∇
w
t−

1 L
(w

t−
1 ,z

)|| 2
+

2
η
(w
∗−

w
t−

1 )
T∇

w
t−

1 L
(w

t−
1 ,z

).
(33)

Since
L

(w
,z

)
is

convex,

(w
∗−

w
t−

1 )
T∇

w
t−

1 L
(w

t−
1 ,z

)≤
L

(w
∗,z

)−
L

(w
t−

1 ,z
).

A
nd

based
on

A
ssum

ption
1,||∇

w
t−

1 L
(w

t−
1 ,z

)|| 2≤
A
L

(w
t−

1 ,z
)

+
B
.

T
hus

(33)has
the

upperbound

||w
∗−

h
t || 2≤

||w
∗−

w
t−

1 || 2
+
η

2(A
L

(w
t−

1 ,z
)

+
B

)
+

2
η

[L
(w
∗,z

)−
L

(w
t−

1 ,z
)].

In
the

second
partof(32),since

ŵ
t

=
T

(h
t ,g

t ),ŵ
t

=
sign(h

t )
m

ax
(|h

t |−
g

0
,t k̃

t ,0)
and

thus

(ŵ
t −

h
t )
T
ŵ
t

=
−
g

0
,t

p
∑j=

1

sign(h
t,j )k̃

t,j ŵ
t,j

=
−
g

0
,t ||k̃

t ŵ
t ||1 .
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T
he

n
−

(w
∗
−

ŵ
t)
T

(ŵ
t
−

h
t)

=
−

(w
∗ )
T

(ŵ
t
−

h
t)

+
ŵ
T t

(ŵ
t
−

h
t)

≤
−

p ∑ j=
1

|w
∗ j||
ŵ
t,
j
−
h
t,
j
|−

g 0
,t
||k̃

tŵ
t||

1

≤
−
g 0
,t

p ∑ j=
1

|k̃
t,
j
w
∗ j|
−
g 0
,t
||k̃

tŵ
t||

1

≤
−
K
g 0
,t

p ∑ j=
1

|w
∗ j|
−
K
g 0
,t
||ŵ

t||
1

=
−
K
g 0
,t

(||
w
∗ ||

1
−
||ŵ

t||
1
)
.

T
he

se
co

nd
la

st
in

eq
ua

lit
y

is
du

e
to
k̃
j,
t
≤
K

fo
ra

ll
j

=
1,
..
.,
p

.
T

hu
s,

in
to

ta
l,

eq
ua

tio
n

(3
2)

ha
s

th
e

up
pe

rb
ou

nd

||ŵ
t
−

w
∗ ||

2
≤
||w
∗
−

w
t−

1
||2

+
η

2
(A
L

(w
t−

1
,z

)
+
B

)
(3

4)

+
2
η

[L
(w
∗ ,
z
)
−
L

(w
t−

1
,z

)]
+

2
K
g 0
,t

(||
w
∗ ||

1
−
||ŵ

t||
1
)
.

O
n

th
e

ot
he

rh
an

d,
fr

om
L

em
m

a
2

w
e

ha
ve

E
( ||

ŵ
t
−

w
∗ ||

2
−
||w̃

t
−

w
∗ ||

2
) ≥

ε2
(|Ŝ

ε
|−
|Ω̂
|)

+
2
π

0
C

2

[(
1
−

qg
t

2
π

0
p
−
p

)
qg

t
−
d
∗]
,

(3
5)

w
he

re
g
t

=
g 0
,t
k̃
t.

Si
nc

e
π

0
∈
( 1 2

+
(q

g
)2

2
p
(q

g
−
d
∗ )
,1
)

an
d,

by
A

ss
um

pt
io

n
3,
qg
>
d
∗

fo
rt

=
1,
..
.,
T

,w
e

ha
ve

2
π

0
C

2

[(
1
−

qg
t

2
π

0
p
−
p

)
qg

t
−
d
∗]
≥

0,
fo

rt
=

1,
..
.,
T
.

T
hu

s,
w

e
ca

n
fu

rt
he

rw
ri

te
(3

5)
as

E
( ||

w̃
t
−

w
∗ ||

2
) ≤

E
( ||

ŵ
t
−

w
∗ ||

2
) −

ε2
(|Ŝ

ε
|−
|Ω̂
|).

(3
6)

B
y

re
ar

ra
ng

in
g

(3
6)

an
d

co
m

bi
ni

ng
it

w
ith

(3
4)

,w
e

ge
t

E
((

1
−

1 2
η
A

)
L

(w
t−

1
,z
t)

+
K
g 0
,t

η
||w

t−
1
|| 1
)

≤
E
( L

(w
∗ ,
z t

)
+
K
g 0
,t

η
||w
∗ ||

1

)
+

1 2
η
E
( ||

w
∗
−

w
t−

1
||2
−
||w
∗
−

w̃
t||

2
) +

η
B 2

−
ε2 2
η

(|Ŝ
ε t
|−
|Ω̂
|).

(3
7)

B
as

ed
on

A
lg

or
ith

m
3,

le
tw

t
be

th
e

ou
tp

ut
w

ei
gh

tv
ec

to
r

at
th

e
en

d
of

tim
e
t

an
d

le
tg

t
be

th
e

ap
pl

ie
d

gr
av

ity
pa

ra
m

et
er

at
tim

e
t,

w
he

re

g
0
,t

=

{
g
0
,t η
,

if
t/
K

is
an

in
te

ge
r;

0
,

ot
he

rw
is

e.

g
t

=

{
k̃
g
0
,t η
,

if
t/
K

is
an

in
te

ge
r;

0
,

ot
he

rw
is

e.
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s
of
F

given
by

E
q.1

and
E

q.3
respectively.A

n
algorithm

w
as

proposed
by

L
andrieu

and
O

bozinski(2016)to
search

overpartition
space

forsolving
E

q.3
w

ith
the

unary
term

s
(−
u
>
w

)
replaced

by
a

convex
differentiable

function
butitapplies

only
to

functions
F

,w
hich

are
cutfunctions.

In
this

paper,w
e

exploitthe
polytope

structure
ofthese

non-sm
ooth

optim
ization

problem
s

w
ith

exponentially
m

any
constraints,

i.e.,
2
n,

w
here

each
face

of
the

constraint
set

is
indexed

by
an

ordered
partition

of
the

underlying
ground

set
V

=
{1
,...,n}.

T
he

m
ain

insight
of

this
paper

is
thatgiven

the
m

ain
polytope

associated
w

ith
a

subm
odular

function
(nam

ely
the

base
polytope

described
in

Section
2)

and
an

ordered
partition,

w
e

m
ay

uniquely
define

a
tangent

cone
of

the
polytope.Further,orthogonalprojections

onto
the

tangentcone
m

ay
be

done
efficiently

by
isotonic

regressions(B
estand

C
hakravarti,1990).T

he
tim

e
needed

islinearin
the

num
berofelem

entsofthe
ordered

partition
used

to
define

the
tangentcone.W

e
need

SFM
oracles

only
to

check
the

optim
ality

of
the

ordered
partition.

G
iven

the
orthogonalprojection

s
onto

the
tangentcone,if

the
m

inim
um

of
F

(A
)−

s(A
)

w
ith

respectto
A
⊆
V

is
positive

then
itis

optim
al.Ifitis

notoptim
al,itgives

us
the

violating
constraints

in
the

form
ofactive-sets

thatenable
us

to
generate

a
new

ordered
partition

am
ong

the
exponentially

m
any

ordered
partitions.

C
ontributions.W

e
m

ake
tw

o
m

ain
contributions:

−
G

iven
a

subm
odularfunction

F
w

ith
an

SFM
oracle,w

e
propose

a
new

active-setalgorithm
for

totalvariation
denoising

in
Section

3,w
hich

is
m

ore
efficientand

flexible
than

existing
ones.

T
his

algorithm
m

ay
be

seen
as

a
local

descent
algorithm

over
ordered

partitions.
It

has
the

additionaladvantage
ofallow

ing
w

arm
restarts,w

hich
w

illbe
beneficialw

hen
w

e
have

to
solve

a
large

num
beroftotalvariation

denoising
problem

s
as

show
n

in
Section

5.

−
G

iven
a

decom
position

of
F

=
F
1

+
F
2 ,

w
ith

available
SFM

oracles
for

each
F
j ,

w
e

pro-
pose

an
active-setalgorithm

for
totalvariation

denoising
in

Section
4

(and
hence

for
SFM

by
thresholding

the
solution

atzero).
T

hese
algorithm

s
optim

ize
over

ordered
partitions

(one
per

function
F
j ).

Follow
ing

Jegelka
etal.(2013)

and
K

um
ar

etal.(2015),they
are

also
naturally

parallelizable.G
iven

thatonly
SFM

oracles
are

needed,itis
m

uch
m

ore
flexible

than
the

algo-
rithm

s
requiring

a
T

V
oracle,and

allow
m

ore
applications

as
show

n
in

Section
5.

2.R
eview

ofSubm
odular

A
nalysis

A
set-function

F
:

2
V
→

R
is

subm
odular

if
F

(A
)

+
F

(B
)
>
F

(A
∪
B

)
+
F

(A
∩
B

)
for

any
subsets

A
,B

of
V

.
O

ur
m

ain
m

otivating
exam

ples
in

this
paper

are
cuts

in
a

w
eighted

undirected
graph

w
ith

w
eightfunction

a
:
V
×
V
→

R
+

,w
hich

can
be

defined
as

F
(A

)
=
∑i<
j

a
(i,j)|1

i∈
A
−

1
j
/∈
A |,

(7)
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C
H

s
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+
s
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=
F
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)

s
1
+
s
3
=
F
({
1,3}

)
s
2
+
s
3
=
F
({
2,3}

)

s
2
=
F
({
2}
)

s
1
=
F
({
1}
)

s
3
=
F
({
3}
)

s
1

s
2

s
30

B
(F

)

({3}
,{1

,2}
)

({2}
,{1

,3}
)

({1}
,{2

,3}
)

({1
,3}

,{2}
)

({1
,2}

,{3}
)

({2
,3}

,{1}
)

({3}
,{2},{1}

)
({3}

,{1},{2}
)

({2}
,{3},{1}

)

({2}
,{1},{3}

)

({1}
,{3},{2}

)

({1}
,{2},{3}

)

(a)
(b)

Figure
1:

B
ase

polytope
for

n
=

3.(a)definition
from

its
supporting

hyperplanes{s(A
)

=
F

(A
)}.

(b)each
face

(pointorsegm
ent)of

B
(F

)
is

associated
w

ith
an

ordered
partition.

w
here

i,j∈
V

.N
ote

thatthere
are

othersubm
odularfunctions

on
w

hich
ouralgorithm

w
orks,e.g.,

concave
function

on
the

cardinality
set,w

hich
cannotbe

represented
in

the
form

ofE
q.7

(L
adicky

et
al.,2010;

K
olm

ogorov,2012).
H

ow
ever,

w
e

use
cut

functions
as

a
running

exam
ple

to
better

explain
ouralgorithm

as
they

are
m

ostw
idely

studied
and

understood
am

ong
subm

odularfunctions.
W

e
now

review
the

relevantconcepts
from

subm
odular

analysis
(for

m
ore

details,see
B

ach,2013;
Fujishige,2005).

Lovász
extension

and
convexity.

T
he

pow
er

set
2
V

is
naturally

identified
w

ith
the

vertices
{
0,1}

n
of

the
hypercube

in
n

dim
ensions

(going
from

A
⊆

V
to

1
A
∈
{
0
,1}

n).
T

hus,
any

set-function
m

ay
be

seen
as

a
function

f
on{0

,1}
n.Itturns

outthat
f

m
ay

be
extended

to
the

full
hypercube

[0,1] n
by

piecew
ise-linearinterpolation,and

then
to

the
w

hole
vectorspace

R
n.

G
iven

a
vector

w
∈
R
n,and

given
its

unique
level-setrepresentation

as
w

=
∑

mi=
1
v
i 1
A
i ,w

ith
(A

1 ,...,A
m

)
a

partition
of
V

and
v
1
>
···

>
v
m

,
f

(w
)

is
equalto

f
(w

)
=
∑

mi=
1
v
i [F

(B
i )−

F
(B

i−
1 ) ],w

here
B
i

=
(A

1 ∪
···∪

A
i ).

For
cut

functions,the
L

ovász
extension

happens
to

be
equalto

the
totalvariation,

f
(w

)
=
∑

i<
j
a
(i,j)|w

i −
w
j |,hence

ourdenom
ination

totalvariation
denoising

forthe
problem

in
E

q.3.
T

his
extension

is
piecew

ise
linear

for
any

set-function
F

.
Itturns

outthatitis
convex

if
and

only
if
F

is
subm

odular(L
ovász,1982).A

ny
piecew

ise
linearconvex

function
m

ay
be

represented
as

the
supportfunction

ofa
certain

polytope
K

,i.e.,as
f

(w
)

=
m

ax
s∈
K
w
>
s

(R
ockafellar,1997).

Forthe
L

ovász
extension

ofa
subm

odularfunction,there
is

an
explicitdescription

of
K

,w
hich

w
e

now
review

.
B

ase
polytope.W

e
define

the
base

polytope
as

B
(F

)
=
{
s∈

R
n
,
s(V

)
=
F

(V
),∀

A
⊂
V
,s(A

)6
F

(A
) }
.

G
iven

thatitis
included

in
the

affine
hyperplane{s(V

)
=
F

(V
)},itis

traditionally
represented

by
the

projection
on

thathyperplane
(see

Figure
1

(a)).A
key

resultin
subm

odularanalysis
is

thatthe
L

ovász
extension

is
the

supportfunction
of
B

(F
),thatis,forany

w
∈
R
n,

f
(w

)
=

su
p

s∈
B
(F

) w
>
s.

(8)

T
he

m
axim

izers
above

m
ay

be
com

puted
in

closed
form

from
an

ordered
level-setrepresentation

of
w

using
a

greedy
algorithm

,
w

hich
(a)

first
sorts

the
elem

ents
of
w

in
decreasing

order
such
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)
6

F
(A

)}
,

fo
r
A
⊆
V

.
T

he
re

fo
re

,
fa

ce
s

of
B

(F
)

ar
e

in
de

xe
d

by
su

bs
et

s
of

th
e

po
w

er
se

t.
A

s
a

co
ns

eq
ue

nc
e

of
su

bm
od

ul
ar

ity
(B

ac
h,

20
13

;F
uj

is
hi

ge
,2

00
5)

,t
he

fa
ce

s
of

th
e

ba
se

po
ly

to
pe
B

(F
)

ar
e

ch
ar

ac
te

ri
ze

d
by

“o
rd

er
ed

pa
rt

iti
on

s”
A

=
(A

1
,.
..
,A

m
)

w
ith
V

=
A

1
∪
··
·∪
A
m

.T
he

n,
a

fa
ce

of
B

(F
)

is
su

ch
th

at
s(
B
i)

=
F

(B
i)

fo
r

al
lB

i
=
A

1
∪
··
·∪

A
i,
i

=
1,
..
.,
m

.
Se

e
Fi

gu
re

1
(b

)
fo

r
th

e
en

um
er

at
io

n
of

fa
ce

s
fo

r
n

=
3

ba
se

d
on

an
en

um
er

at
io

n
of

al
l

or
de

re
d

pa
rt

iti
on

s.
Su

ch
or

de
re

d
pa

rt
iti

on
s

ar
e

as
so

ci
at

ed
to

ve
ct

or
s
w

=
∑

m i=
1
v i

1 A
i

w
ith

v 1
>
··
·>

v m
w

ith
al

ls
ol

ut
io

ns
of

m
ax

s∈
B
(F

)
w
>
s

be
in

g
on

th
e

co
rr

es
po

nd
in

g
fa

ce
.

Fr
om

a
fa

ce
of
B

(F
)

de
fin

ed
by

th
e

or
de

re
d

pa
rt

iti
on
A

,w
e

m
ay

de
fin

e
its

ta
ng

en
tc

on
e
B̂
A

(F
)

at
th

is
fa

ce
as

th
e

se
t

B̂
A

(F
)

=
{ s
∈
R
n
,s

(V
)

=
F

(V
),
∀i
∈
{1
,.
..
,m
−

1}
,s

(B
i)
6
F

(B
i)
} .

(1
0)

Si
nc

e
w

e
ha

ve
re

la
xe

d
al

lt
he

co
ns

tr
ai

nt
s

un
re

la
te

d
to
A

,t
he

se
ar

e
ou

te
ra

pp
ro

xi
m

at
io

ns
of
B

(F
)

as
ill

us
tr

at
ed

in
Fi

gu
re

2
fo

rt
w

o
or

de
re

d
pa

rt
iti

on
s.

Su
pp

or
tf

un
ct

io
n.

W
e

m
ay

co
m

pu
te

th
e

su
pp

or
tf

un
ct

io
n

of
B̂
A

(F
),

w
hi

ch
is

an
up

pe
r

bo
un

d
on
f

(w
)

si
nc

e
th

is
se

ti
s

an
ou

te
ra

pp
ro

xi
m

at
io

n
of
B

(F
)

as
fo

llo
w

s:

su
p

s∈
B̂
A
(F

)

w
>
s

=
su

p
s∈

R
n

in
f

λ
∈R

m
−
1

+
×
R
w
>
s
−

m ∑ i=
1

λ
i(
s(
B
i)
−
F

(B
i)

)
,u

si
ng

L
ag

ra
ng

ia
n

du
al

ity
,
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A
C

T
IV

E-S
E

T
M

E
T

H
O

D
S

F
O

R
S

U
B

M
O

D
U

L
A

R
M

IN
IM

IZ
A

T
IO

N
P

R
O

B
L

E
M

S

=
in

f
λ∈

R
m
−
1

+
×
R

su
p

s∈
R
n
s > (

w
−

m
∑i=

1 (λ
i
+
···

+
λ
m

)1
A
i )

+
m
∑i=

1 (λ
i
+
···

+
λ
m

) [F
(B

i )−
F

(B
i−

1 ) ],

=
in

f
λ∈

R
m
−
1

+
×
R

m
∑i=

1 (λ
i
+
···

+
λ
m

) [F
(B

i )−
F

(B
i−

1 ) ]

such
that

w
=

m
∑i=

1 (λ
i
+
···

+
λ
m

)1
A
i .

T
hus,by

defining
v
i

=
λ
i

+
···

+
λ
m

,w
hich

are
decreasing,the

supportfunction
is

finite
for

w
having

ordered
levelsets

corresponding
to

the
ordered

partitionA
(w

e
then

say
that

w
is

com
patible

w
ithA

).In
otherw

ords,if
w

=
∑

mi=
1
v
i 1
A
i ,the

supportfunctions
is

equalto
the

L
ovász

extension
f

(w
).O

therw
ise,w

hen
w

is
notcom

patible
w

ithA
,the

supportfunction
is

infinite.
L

et
us

now
denoteW

A
as

a
set

of
all

w
eight

vectors
w

that
are

com
patible

w
ith

the
ordered

partitionA
.T

his
can

be
defined

as

W
A

=

{
w
∈
R
n
|∃
v
∈
R
m
,w

=
m
∑i=

1

v
i 1
A
i ,v

1 ≥
...≥

v
m }

.

T
herefore,

su
p

s∈
B̂
A
(F

) w
>
s

=

{
f

(w
)

if
w
∈
W
A
,

∞
otherw

ise.
(11)

3.2
Isotonic

R
egression

for
R

estricted
Problem

s

G
iven

an
ordered

partitionA
=

(A
1 ,...,A

m
)

of
V

,w
e

considerthe
originalT

V
problem

restricted
to
w

inW
A

.Since
on

this
constraintset

f
(w

)
=
∑

mi=
1
v
i [F

(B
i )−

F
(B

i−
1 ) ]

is
a

linearfunction,
this

is
equivalentto

m
in

v∈
R
m

m
∑i=

1

v
i [F

(B
i )−

F
(B

i−
1 )−

u
(A

i ) ]
+

12 ∑
mi=

1 |A
i |v

2i
such

that
v
1 >
···>

v
m
.

(12)

T
his

m
ay

be
done

by
isotonic

regression
in

com
plexity

O
(m

)
by

the
w

eighted
pool-adjacent-

violator
algorithm

(B
est

and
C

hakravarti,1990).
Typically

the
solution

v
w

ill
have

som
e

values
thatare

equalto
each

other,w
hich

corresponds
to

m
erging

som
e

sets
A
i .Ifthese

m
erges

are
m

ade,
w

e
now

obtain
a

basic
ordered

partition
1

such
that

our
optim

al
w

has
strictly

decreasing
values.

B
ecause

none
of

the
constraints

are
tight,prim

alstationarity
leads

to
explicitvalues

of
v

given
by

v
i

=
u

(A
i )/|A

i |−
(F

(B
i )−

F
(B

i−
1 ))/|A

i |,i.e.,given
A

,the
exactsolution

of
the

T
V

problem
m

ay
be

obtained
in

closed
form

.
D

ual
interpretation.

E
q.

12
is

a
constrained

T
V

denoising
problem

that
m

inim
izes

the
cost

function
in

E
q.3

butw
ith

the
constraintthatw

eights
are

com
patible

w
ith

the
ordered

partition
A

,

1.G
iven

a
subm

odularfunction
F

and
an

ordered
partitionA

,w
hen

the
unique

solution
problem

in
E

q.12
is

such
that

v
1
>
···

>
v
m

,w
e

say
that

w
eA

is
a

basic
ordered

partition
for

F
−
u.

G
iven

any
ordered

partition,isotonic
regression

allow
s

to
com

pute
a

coarserpartition
(obtained

by
partially

m
erging

som
e

sets)w
hich

is
basic.
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K
U

M
A

R
A

N
D

B
A

C
H

i.e.,
m

in
w
∈W

A
f

(w
)−

u
>
w

+
12 ‖
w‖

22 .T
he

dualofthe
problem

can
be

derived
in

exactly
the

sam
e

w
ay

as
show

n
in

E
q.9

in
the

previous
section,using

the
definition

of
the

supportfunction
defined

by
E

q.
11.

T
he

corresponding
dual

is
given

by
m

ax
s∈
B̂
A
(F

) −
12 ‖s−

u‖
22 ,

w
ith

the
relationship

w
=
u
−
s

atoptim
ality.

T
hus,this

corresponds
to

projecting
u

onto
the

outer
approxim

ation
of

the
base

polytope,
B̂
A

(F
),w

hich
only

has
m

constraints
instead

ofthe
2
n−

1
constraints

defining
B

(F
).See

an
illustration

in
Figure

2.

3.3
C

hecking
O

ptim
ality

ofa
B

asic
O

rdered
Partition

G
iven

a
basic

ordered
partition

A
,the

associated
w
∈

R
n

obtained
from

E
q.12

is
optim

alfor
the

T
V

problem
in

E
q.3

ifand
only

if
s

=
u−

w
∈
B

(F
)

due
to

optim
ality

conditions
in

E
q.9,w

hich
can

be
checked

by
m

inim
izing

the
subm

odularfunction
F
−
s.Fora

basic
partition,a

m
ore

efficient
algorithm

is
available.

B
y

repeated
application

ofsubm
odularity,w

e
have

forallsets
C
⊆
V

,if
C
i

=
C
∩
A
i :

F
(C

)−
s(C

)
=

F
(V
∩
C

)−
m
∑i=

1

s(C
i )

(as
s

is
a

m
odularfunction),

=
F

(B
m
∩
C

)−
m
∑i=

1

s(C
i )

+
m
−
1

∑i=
1

F
(B

i ∩
C

)−
F

(B
i ∩

C
)

(as
B
m

=
V

),

=
m
∑i=

1

F
(B

i ∩
C

)−
F

(B
i−

1 ∩
C

)−
s(C

i )
(let

B
0

=
∅

and
as
F

(∅
)

=
0),

=
m
∑i=

1

F
((B

i−
1 ∪

A
i )∩

C
)−

F
(B

i−
1 ∩

C
)−

s(C
i )

(since
B
i

=
B
i−

1 ∪
A
i ),

=
m
∑i=

1

F
((B

i−
1 ∩

C
)∪

(A
i ∩

C
))−

F
(B

i−
1 ∩

C
)−

s(C
i ),

=
m
∑i=

1

F
((B

i−
1 ∩

C
)∪

C
i )−

F
(B

i−
1 ∩

C
)−

s(C
i ),

>
m
∑i=

1 [F
(B

i−
1 ∪

C
i )−

F
(B

i−
1 )−

s(C
i ) ]

(as
(B

i−
1 ∩

C
)⊆

B
i−

1
and

due
to

subm
odularity

of
F

).

M
oreover,

w
e

have
s(A

i )
=

F
(B

i )−
F

(B
i−

1 ),
w

hich
im

plies
s(B

i )
=

F
(B

i )
for

all
i
∈

{1
,...,m

},and
thusallsubproblem

s
m

in
C
i ⊆
A
i
F

(B
i−

1 ∪
C
i )−

F
(B

i−
1 )−

s(C
i )have

non-positive
values.T

his
im

plies
thatw

e
m

ay
check

optim
ality

by
solving

these
m

subproblem
s:
s

is
optim

alif
and

only
ifallofthem

have
zero

values.T
his

leads
to

sm
allersubproblem

s
w

hose
overallcom

plex-
ity

is
less

than
a

single
SFM

oracle
call.

M
oreover,for

cutfunctions,itm
ay

be
solved

by
a

single
oracle

callon
a

graph
w

here
som

e
edges

have
been

rem
oved

(Tarjan
etal.,2006).

G
iven

all
sets

C
i ,

w
e

m
ay

then
define

a
new

ordered
partition

by
splitting

all
A
i

for
w

hich
F

(B
i−

1 ∪
C
i )−

F
(B

i−
1 )−

s(C
i )
<

0.Ifno
splitis

possible,the
pair

(w
,s)

is
optim

alforE
q.3.

O
therw

ise,this
new

strictly
finer

partition
m

ay
notbe

basic,the
value

of
the

optim
ization

problem
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IN
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T
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N
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R

O
B

L
E

M
S

in
E

q.
12

is
st

ri
ct

ly
lo

w
er

as
sh

ow
n

in
Se

ct
io

n
3.

5
(a

nd
le

ad
s

to
an

ot
he

r
ba

si
c

or
de

re
d

pa
rt

iti
on

),
w

hi
ch

en
su

re
s

th
e

fin
ite

co
nv

er
ge

nc
e

of
th

e
al

go
ri

th
m

.

3.
4

A
ct

iv
e-

se
tA

lg
or

ith
m

T
hi

s
le

ad
s

to
th

e
no

ve
la

ct
iv

e-
se

ta
lg

or
ith

m
be

lo
w

.
D

at
a:

Su
bm

od
ul

ar
fu

nc
tio

n
F

w
ith

SF
M

or
ac

le
,u
∈
R
n

,o
rd

er
ed

pa
rt

iti
on
A

R
es

ul
t:

pr
im

al
op

tim
al

:w
∈
R
n

an
d

du
al

op
tim

al
:s
∈
B

(F
)

1
w

hi
le
T
r
u
e

do
2

So
lv

e
E

q.
12

us
in

g
is

ot
on

ic
re

gr
es

si
on

an
d

up
da

te
A

w
ith

th
e

ba
si

c
or

de
re

d
pa

rt
iti

on
;

3
C

he
ck

op
tim

al
ity

by
so

lv
in

g
m

in
C
i
⊆
A
i
F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)−
s(
C
i)

fo
r

i
∈
{1
,.
..
,m
};

4
if
s

is
op

tim
al

th
en

5
b
r
e
a
k

;
6

el
se

7
fo

ri
∈
{1
,.
..
,m
},

sp
lit

th
e

se
tA

i
in

to
C
i

an
d
A
i
\C

i
in

th
at

or
de

rt
o

ge
ta

n
up

da
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d
or
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re

d
pa
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;
8

en
d

9
en

d
R

el
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ns

hi
p

w
ith

di
vi

de
-a

nd
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on
qu

er
al

go
ri

th
m

.
W

he
n

st
ar

tin
g

fr
om

th
e

tr
iv

ia
lo

rd
er

ed
pa

rt
i-

tio
n
A

=
(V

),
th

en
w

e
ex

ac
tly

ob
ta

in
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pa
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lle
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er
si

on
of

th
e

di
vi

de
-a

nd
-c

on
qu

er
al

go
ri

th
m

(G
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en
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si
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m

is
al

w
ay
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.e
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e
ar
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e
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le
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s

w
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no

th
in

g
ha

s
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ge

d.
T

hi
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sh
ow

s
th
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th

e
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m
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ra
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ns

is
th

en
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ss
th

an
n

.
T

he
ke

y
ad

de
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s

in
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r
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at
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th
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po
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e

to
ta

lv
ar

ia
tio

n.
T
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e
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m
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T

V
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w
ith
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.

Se
e
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n
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3.
5
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co
nv

er
ge
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m
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n
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4,
w

e
on
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to

sh
ow

th
at

if
th

e
op

tim
al

ity
ch

ec
k

fa
ils
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st

ep
(4

),
th

en
st

ep
(7

)i
nt

ro
du
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s

sp
lit

s
in

th
e

pa
rt
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,w
hi
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en
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re

s
th
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th

e
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es

si
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)
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th
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ne
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a
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ri
ct
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w
er
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L
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ca

ll
th

e
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ot
on

ic
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gr
es

si
on

pr
ob

le
m

so
lv

ed
in

st
ep

(2
):

m
in

v
∈R

m

m ∑ i=
1

( v i
[ F

(B
i)
−
F

(B
i−

1
)
−
u

(A
i)
] +

1 2
|A

i|v
2 i

)
(1

3)

su
ch

th
at
v 1

>
··
·>

v m
.

(1
4)

St
ep

s
(2

)
en

su
re

s
th

at
th

e
or

de
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d
pa

rt
iti

on
A
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a

ba
si

c
or

de
re

d
pa

rt
iti

on
w

ar
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in

g
th

at
th

e
in

-
eq
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lit

y
co
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s
ar

e
st

ri
ct

,i
.e
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no

tw
o
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rt

iti
on

s
ha

ve
th

e
sa

m
e
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lu

e
v i

an
d

th
e

va
lu

es
v i

fo
r

ea
ch

el
em

en
to

ft
he

pa
rt

iti
on
i

=
{1
,.
..
,m
}i

s
gi

ve
n

th
ro

ug
h

v i
|A

i|
=
u

(A
i)
−

(F
(B

i)
−
F

(B
i−

1
))
,

(1
5)

w
hi

ch
ca

n
be

ca
lc

ul
at

ed
in

cl
os

ed
fo

rm
.

9
JM

L
R

 1
8(

13
2)

:1
-3

1,
 2

01
7

K
U

M
A

R
A

N
D

B
A

C
H

T
he

op
tim

al
ity

ch
ec

k
in

st
ep

(4
)

de
co

up
le

s
in

to
ch

ec
ki

ng
th

e
op

tim
al

ity
in

ea
ch

su
bp

ro
bl

em
as

sh
ow

n
in

Se
ct

io
n

3.
3.

If
th

e
op

tim
al

ity
te

st
fa

ils
,

th
en

th
er

e
is

a
su

bs
et

of
C
i

of
A
i

fo
r

so
m

e
of

el
em

en
ts

of
th

e
pa

rt
iti

on
A

su
ch

th
at

F
(B

i−
1
∪
C
i)
−
F

(B
i−

1
)
−
s(
C
i)
<

0
.

(1
6)

W
e

w
ill

sh
ow

th
at

th
e

sp
lit

s
in

tr
od

uc
ed

by
st

ep
(7

)
st

ri
ct

ly
re

du
ce

s
th

e
fu

nc
tio

n
va

lu
e

of
is

ot
on

ic
re

gr
es

si
on

in
E

q.
13

,w
hi

le
m

ai
nt

ai
ni

ng
th

e
fe

as
ib

ili
ty

of
th

e
pr

ob
le

m
.

T
he

sp
lit

s
m

od
if

y
th

e
co

st
fu

nc
tio

n
of

th
e

is
ot

on
ic

re
gr

es
si

on
as

fo
llo

w
s,

as
th

e
ob

je
ct

iv
e

fu
nc

tio
n

in
E

q.
13

is
eq

ua
lt

o

m ∑ i=
1

( v i
[ F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)
−
u

(C
i)
] +

v i
[ F

(B
i)
−
F

(B
i−

1
∪
C
i)
−
u

(A
i
\C

i)
]

+
1 2
v
2 i
|C
i|

+
1 2
v
2 i
|A

i
\C

i|) .
(1

7)

L
et

us
as

su
m

e
a

po
si

tiv
e
t
∈

R
,w

hi
ch

is
sm

al
le

no
ug

h.
T

he
di

re
ct

io
n

th
at

th
e

is
ot

on
ic

re
gr

es
si

on
m

ov
es

is
v i

+
t

fo
r

th
e

pa
rt

iti
on

co
rr

es
po

nd
in

g
to
C
i

an
d
v i
−
t

fo
r

th
e

pa
rt

iti
on

co
rr

es
po

nd
in

g
to

A
i
\C

i
m

ai
nt

ai
ni

ng
th

e
fe

as
ib

ili
ty

of
th

e
is

ot
on

ic
re

gr
es

si
on

pr
ob

le
m

,i
.e

.,
v 1

>
··
·>

v i
+
t
>

v i
−
t
>
··
·>

v m
.T

he
fu

nc
tio

n
va

lu
e

is
gi

ve
n

by

m ∑ i=
1

( (v
i
+
t)
[ F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)
−
u

(C
i)
]

+
(v
i
−
t)
[ F

(B
i)
−
F

(B
i−

1
∪
C
i)
−
u

(A
i
\C

i)
] +

1 2
(v
i
+
t)

2
|C
i|

+
1 2
(v
i
−
t)

2
|A

i
\C

i|)

=
m ∑ i=
1

( (
v i
[ F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)
−
u

(C
i)
] +

v i
[ F

(B
i)
−
F

(B
i−

1
∪
C
i)
−
u

(A
i
\C

i)
]

+
1 2
v
2 i
|C
i|

+
1 2
v
2 i
|A

i
\C

i|)
+

1 2
t2
|A

i|
+
t
( 2F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)
−
F

(B
i)
−
u

(C
i)

+
u

(A
i
\C

i)
+
v i
|C
i|
−
v i
|A

i
\C

i|)
) .

Fr
om

th
is

w
e

ca
n

co
m

pu
te

th
e

di
re

ct
io

na
ld

er
iv

at
iv

e
of

th
e

fu
nc

tio
n

at
t

=
0,

w
hi

ch
is

gi
ve

n
by

2F
(B

i−
1
∪
C
i)
−
F

(B
i−

1
)
−
F

(B
i)
−
u

(C
i)

+
u

(A
i
\C

i)
+
|C
i|v

i
−
|A

i
\C

i|v
i

=
2
F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)
−
F

(B
i)
−

2
u

(C
i)

+
u

(A
i)

+
2
|C
i|v

i
−
|A

i|v
i

=
2
( F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)
−
u

(C
i)

+
v i
|C
i|)

(s
ub

st
itu

tin
g

E
q.

15
)

=
2
( F

(B
i−

1
∪
C
i)
−
F

(B
i−

1
)
−
s(
C
i)
) <

0
(a

s
s

=
u
−
w

an
d

E
q.

16
).

T
hi

s
sh

ow
s

th
at

th
e

fu
nc

tio
n

st
ri

ct
ly

de
cr

ea
se

s
w

ith
th

e
sp

lit
s

in
tr

od
uc

ed
in

st
ep

(7
).

3.
6

D
is

cu
ss

io
n

C
er

tifi
ca

te
s

of
op

tim
al

ity
.

T
he

al
go

ri
th

m
ha

s
du

al
-i

nf
ea

si
bl

e
ite

ra
te

s
s

(t
he

y
on

ly
be

lo
ng

to
B

(F
)

at
co

nv
er

ge
nc

e)
.

Su
pp

os
e

th
at

af
te

r
st

ep
(3

)
w

e
ha

ve
F

(C
)
−
s(
C

)
>
−
ε

fo
r

al
lC
⊂
V

,w
he

re
ε
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A
C

T
IV

E-S
E

T
M

E
T

H
O

D
S

F
O

R
S

U
B

M
O

D
U

L
A

R
M

IN
IM

IZ
A

T
IO

N
P

R
O

B
L

E
M

S

shrinks
as

w
e

run
m

ore
iterations

ofthe
outerloop.T

his
im

plies
that

s∈
B

(F
+
ε1

C
a
rd∈

(1
,n
) ),i.e.,

s∈
B

(F
ε )

w
ith

F
ε

=
F

+
ε1

C
a
rd∈

(1
,n
) .Since

by
construction

w
=
u
−
s,w

e
have:

f
ε (w

)−
u
>
w

+
12 ‖w‖

22
+

12 ‖
s−

u‖
22

=
ε ∣∣m

ax
j∈
V
w
j −

m
in

j∈
V
w
j ∣∣

+
f

(w
)−

u
>
w

+
‖
w‖

2

=
ε ∣∣m

ax
j∈
V
w
j −

m
in

j∈
V
w
j ∣∣

+
m
∑i=

1

v
i [F

(B
i )−

F
(B

i−
1 )−

u
(A

i ) ]
+

m
∑i=

1 |A
i |v

2i

=
ε ∣∣m

ax
j∈
V
w
j −

m
in

j∈
V
w
j ∣∣(using

E
q.15)

=
ε

ran
ge(w

),

w
here

ra
n
g
e(w

)
=

m
ax

k∈
V
w
k −

m
in
k∈
V
w
k .

T
his

m
eans

that
w

is
approxim

ately
optim

al
for

f
(w

)−
u
>
w

+
12 ‖w‖

22
w

ith
certified

gap
less

than
ε

ran
ge(w

)
+
ε

ran
ge(w

∗).
M

axim
alrange

ofan
active-setsolution.Forany

ordered
partitionA

,and
the

optim
alvalue

of
w

(w
hich

w
e

know
in

closed
form

),w
e

have
ran

ge(w
)6

ran
ge(u

)+
m

ax
i∈
V

{
F

({
i}

)+
F

(V
\{i}

)−
F

(V
) }.

Indeed,forthe
u

partofthe
expression,this

is
because

values
of
w

are
averages

ofvalues
of
u;forthe

F
partofthe

expression,w
e

alw
ays

have
by

subm
odularity:

F
(B

i )−
F

(B
i−

1 )
6

∑k∈
A
i F

({
k})

and

F
(B

i )−
F

(B
i−

1 )
>
−
∑k∈
A
i F

(V
)−

F
(V
\{k}

).

T
his

m
eans

thatthe
certificate

can
be

used
in

practice
by

replacing
ra

n
ge(w

∗)
by

its
upperbound.

See
experim

entalevaluation
fora

2D
totalvariation

denoising
in

A
ppendix

A
.

E
xactsolution.Ifthe

subm
odularfunction

only
takesintegervaluesand

w
e

have
an

approxim
ate

solution
ofthe

T
V

problem
w

ith
gap

ε
6

14
n ,then

w
e

have
the

optim
alsolution

(C
hakrabarty

etal.,
2014).

R
elationship

w
ith

traditionalactive-setalgorithm
.

G
iven

an
ordered

partition
A

,an
active-set

m
ethod

solves
the

unconstrained
optim

ization
problem

in
E

q.12
to

obtain
a

value
of
v

using
the

prim
ary

stationary
conditions.

T
he

corresponding
prim

al
value

w
=
∑

mi=
1
v
i 1
A
i

and
dual

value
s

=
u
−
w

are
optim

al,ifand
only

if,

Prim
alfeasibility

:
w
∈
W
A
,

(18)

D
ualfeasibility

:
s∈

B
(F

).
(19)

IfE
q.18

is
notsatisfied,a

m
ove

tow
ards

the
optim

al
w

is
perform

ed
to

ensure
prim

alfeasibility
by

perform
ing

line
search,i.e.,tw

o
consecutive

sets
A
i and

A
i+

1
w

ith
increasing

values
v
i
<
v
i+

1

are
m

erged
and

a
potential

w
is

com
puted

untilprim
alfeasibility

is
m

et.
T

hen
dualfeasibility

is
checked

and
potentialsplits

are
proposed.

In
our

approach,w
e

consider
a

differentstrategy
w

hich
is

m
ore

directand
does

m
any

m
erges

sim
ultaneously

by
using

isotonic
regression.

O
ur

m
ethod

explicitly
m

oves
from

ordered
partitions

to
ordered

partitions
and

com
putes

an
optim

alvector
w

,w
hich

is
alw

ays
feasible.
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4.D
ecom

posable
Problem

s

M
any

interesting
problem

s
in

signalprocessing
and

com
puter

vision
naturally

involve
subm

odular
functions

F
thatdecom

pose
into

F
=
F
1

+
···+

F
r ,w

ith
r

“sim
ple”

subm
odularfunctions

(B
ach,

2013).
For

exam
ple,a

cutfunction
in

a
2D

grid
decom

poses
into

a
function

F
1

com
posed

of
cuts

along
verticallines

and
a

function
F
2

com
posed

of
cuts

along
horizontallines.

For
both

of
these

functions,SFM
oracles

m
ay

be
solved

in
O

(n
)

by
m

essage
passing.Forsim

plicity,in
this

paper,w
e

considerthe
case

r
=

2
functions,butfollow

ing
K

om
odakis

etal.(2011)and
Jegelka

etal.(2013),
ourfram

ew
ork

easily
extends

to
r
>

2.

4.1
R

eform
ulation

asthe
D

istance
B

etw
een

Tw
o

Polytopes

Follow
ing

Jegelka
etal.(2013),w

e
have

the
prim

al/dualproblem
s

:

m
in

w
∈
R
n
f
1 (w

)
+
f
2 (w

)−
u
>
w

+
12 ‖w‖

22
=

m
in

w
∈
R
n

m
ax

s
1 ∈
B
(F

1
),
s
2 ∈
B
(F

2
) w
>

(s
1

+
s
2 )−

u
>
w

+
12 ‖w‖

22

=
m

ax
s
1 ∈
B
(F

1
),
s
2 ∈
B
(F

2
)

m
in

w
∈
R
n (s

1
+
s
2 −

u
) >
w

+
12 ‖
w‖

22

=
m

ax
s
1 ∈
B
(F

1
),
s
2 ∈
B
(F

2
) −

12 ‖
s
1

+
s
2 −

u‖
22 ,

(20)

w
ith

w
=
u
−
s
1 −

s
2

atoptim
ality.

T
his

is
the

projection
of
u

on
the

sum
ofthe

base
polytopes

B
(F

1 )
+
B

(F
2 )

=
B

(F
).Further,

this
m

ay
be

interpreted
as

finding
the

distance
betw

een
tw

o
polytopes

B
(F

1 )−
u
/2

and
u
/2
−

B
(F

2 ).
N

ote
that

these
tw

o
polytopes

typically
do

not
intersect

(they
w

ill
if

and
only

if
w

=
0

is
the

optim
al

solution
of

the
T

V
problem

,
w

hich
is

an
uninteresting

situation).
W

e
now

review
A

lternating
projections

(A
P)(Jegelka

etal.,2013),A
veraged

alternating
reflections

(A
A

R
)(Jegelka

etal.,2013)and
D

ykstra’s
alternating

projections
(D

A
P)(C

ham
bolle

and
Pock,2015)to

show
that

a
large

num
beroftotalvariation

denoising
problem

s
need

to
be

solved
to

obtain
an

optim
alsolution

ofE
q.20.T

he
ability

to
w

arm
startand

solve
these

totalvariation
denoising

using
ouralgorithm

in
Section

3.4
can

greatly
im

prove
the

perform
ance

ofeach
ofthese

algorithm
s.

A
lternating

projections
(A

P
).T

he
alternating

projection
algorithm

(B
auschke

etal.,1997)
w

as
proposed

to
solve

the
convex

feasibility
problem

,i.e.,to
obtain

a
feasible

pointin
the

intersection
of

tw
o

polytopes.Itis
equivalentto

perform
ing

block
coordinate

descenton
the

dualderived
in

E
q.20.

L
et

us
denote

the
projection

onto
a

polytope
K

as
Π
K

,
i.e.,

Π
K

(y
)

=
argm

ax
x∈
K
−
‖
x
−
y‖

22 .
T

herefore,alternating
projections

lead
to

the
follow

ing
updates

forourproblem
.

z
t

=
Π
u
/
2−
B
(F

2
) Π

B
(F

1
)−
u
/
2 (z

t−
1 ),

w
here

z
0

is
an

arbitrary
starting

point.
T

hus
each

of
these

steps
require

T
V

oracles
for

F
1

and
F
2

since
projection

onto
the

base
polytope

is
equivalentto

perform
ing

T
V

denoising
as

show
n

in
E

q.9.
Averaged

alternating
reflections(A

A
R

).T
he

averaged
alternating

reflection
algorithm

(B
auschke

etal.,2004),w
hich

is
also

know
n

as
D

ouglas-R
achford

splitting
can

be
used

to
solve

convex
feasi-

bility
problem

s.Itis
observed

to
converge

quickerthan
alternating

projection
(Jegelka

etal.,2013;
K

um
aretal.,2015)in

practice.
W

e
now

introduce
a

reflection
operatorforthe

polytope
K

as
R
K

,
i.e.,

R
K

=
2Π

K
−
I
,w

here
I

is
the

identity
operator.T

herefore,reflection
of
t

on
a

polytope
K

is
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A
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E
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H

O
D

S
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O
R

S
U

B
M

O
D

U
L

A
R

M
IN

IM
IZ

A
T

IO
N

P
R

O
B

L
E

M
S

gi
ve

n
by
R
K

(t
)

=
2Π

K
(t

)
−
t.

T
he

up
da

te
s

of
ea

ch
ite

ra
tio

n
of

th
e

av
er

ag
ed

al
te

rn
at

in
g

re
fle

ct
io

ns
,

w
hi

ch
st

ar
ts

w
ith

an
au

xi
lia

ry
se

qu
en

ce
z 0

in
iti

al
iz

ed
to

0
ve

ct
or

,a
re

gi
ve

n
by

z t
=

1 2
(I

+
R
u
/
2
−
B
(F

2
)R

B
(F

1
)−
u
/
2
)(
z t
−
1
).

In
th

e
fe

as
ib

le
ca

se
,i

.e
.,

in
te

rs
ec

tin
g

po
ly

to
pe

s,
th

e
se

qu
en

ce
z t

w
ea

kl
y

co
nv

er
ge

s
to

a
po

in
ti

n
th

e
in

te
rs

ec
tio

n
of

th
e

po
ly

to
pe

s.
H

ow
ev

er
,i

n
ou

rc
as

e,
w

e
ha

ve
no

n
in

te
rs

ec
tin

g
po

ly
to

pe
s

w
hi

ch
le

ad
s

to
a

co
nv

er
gi

ng
se

qu
en

ce
of
z t

w
ith

A
P

bu
ta

di
ve

rg
in

g
se

qu
en

ce
of
z t

w
ith

A
A

R
.H

ow
ev

er
,w

he
n

w
e

pr
oj

ec
tz
t

by
us

in
g

th
e

pr
oj

ec
tio

n
op

er
at

io
n,
s 1
,t

=
Π
B
(F

1
)−
u
/
2
(z
t)

;s
2
,t

=
Π
u
/
2
−
B
(F

2
)(
s 1
,t
)

th
e

se
qu

en
ce

s
s 1
,t

an
d
s 2
,t

co
nv

er
ge

to
th

e
ne

ar
es

tp
oi

nt
s

on
th

e
po

ly
to

pe
s,
B

(F
1
)
−
u
/2

an
d
u
/2
−

B
(F

2
)

(B
au

sc
hk

e
et

al
.,

20
04

)r
es

pe
ct

iv
el

y.
D

yk
st

ra
’s

al
te

rn
at

in
g

pr
oj

ec
tio

ns
(D

A
P

).
D

yk
st

ra
’s

al
te

rn
at

in
g

pr
oj
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tio
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.
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w
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id
er

fin
di

ng
th

e
ne

ar
es

t
po
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ts

on
th

e
po

ly
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pe
s

B
(F

1
)
−
u
/2

an
d
u
/2
−
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2
)

cl
os

es
tt

o
0

,w
hi

ch
ca

n
be

fo
rm

al
ly

w
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tte
n
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:

m
in

s∈
B
(F

1
)−

u 2
s∈

u 2
−
B
(F

2
)

1 2
‖s
‖2 2

=
m

in
s∈

R
n

1 2
‖s
‖2 2

+
ι B

(F
1
)−

u 2
(s

)
+
ιu 2
−
B
(F

2
)(
s)

=
m

in
s∈

R
n

1 2
‖s
‖2 2

+
ι B

(F
1
)−

u 2
(s

)
+
ι B

(F
2
)−

u 2
(−
s)

=
m

in
s∈

R
n

(
1 2
‖s
‖2 2

+
m

ax
w

1
∈R

n
w
> 1
s
−
f 1

(w
1
)

+
w
> 1
u

2
+

m
ax

w
2
∈R

n
−
w
> 2
s
−
f 2

(w
2
)

+
w
> 2
u

2

)

=
m

ax
w

1
∈R

n

w
2
∈R

n

(
−
f 1

(w
1
)
−
f 2

(w
2
)

+
(w

1
+
w
2
)>
u

2
+

m
in

s∈
R
n

(
1 2
‖s
‖2 2

+
(w

1
−
w
2
)>
s))

=
m

ax
w

1
∈R

n

w
2
∈R

n

−
f 1

(w
1
)
−
f 2

(w
2
)

+
(w

1
+
w
2
)>
u

2
−

1 2
‖w

1
−
w
2
‖2 2

=
m

in
w

1
∈R

n

w
2
∈R

n

f 1
(w

1
)

+
f 2

(w
2
)
−

(w
1

+
w
2
)>
u

2
+

1 2
‖w

1
−
w
2
‖2 2
,

w
he

re
s

=
w
2
−
w
1

at
op

tim
al

ity
.T

he
bl

oc
k

co
or

di
na

te
de

sc
en

ta
lg

or
ith

m
th

en
gi

ve
s

w
1
,t

=
pr

ox
f
1
−
u
/
2
(w

2
,t
−
1
)

=
(I
−

Π
B
(F

1
)−
u
/
2
)(
w
2
,t
−
1
),

s 1
,t

=
w
2
,t
−
1
−
w
1
,t
,

w
2
,t

=
pr

ox
f
2
−
u
/
2
(w

1
,t
)

=
(I
−

Π
B
(F

2
)−
u
/
2
)(
w
1
,t
),

s 2
,t

=
w
1
,t
−
w
2
,t
,

w
he

re
I

is
th

e
id

en
tit

y
m

at
ri

x.
T

hi
s

is
ex

ac
tly

th
e

sa
m

e
as

D
yk

st
ra

’s
al

te
rn

at
in

g
pr

oj
ec

tio
n

st
ep

s.
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−
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−
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−
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−
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at
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A

T
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N
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O

B
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E
M
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G
iven
A

,the
prim

alsolution
w

of
the

subproblem
m

ay
be

found
by

isotonic
regression

like
in

Section
3.2

in
tim

e
O

(m
)

w
here

m
is

the
num

ber
of

sets
in
A

.
H

ow
ever,finding

the
optim

aldual
variables

s
1

and
s
2

turns
out

to
be

m
ore

problem
atic.

W
e

know
that

s
1

+
s
2

=
u
−
w

and
that

s
1

+
s
2 ∈

B̂
A

(F
),butthe

splitof
s
1

+
s
2

into
(s

1 ,s
2 )

is
unknow

n.
O

btaining
dual

solutions.
G

iven
ordered

partitions
A

1
and
A

2 ,
a

unique
w

ell-defined
pair

(s
1 ,s

2 )
could

be
obtained

by
using

convex
feasibility

algorithm
s

such
as

alternating
projections

(B
auschke

etal.,1997)oralternating
reflections

(B
auschke

etal.,2004).H
ow

ever,the
resultw

ould
depend

in
non

understood
w

ays
on

the
initialization,and

w
e

have
observed

cycling
of

the
active-

setalgorithm
.

U
sing

D
ykstra’s

alternating
projection

algorithm
allow

s
us

to
converge

to
a

unique
w

ell-defined
pair

(s
1 ,s

2 )
thatw

illlead
to

a
provably

non-cycling
algorithm

.
W

hen
running

the
D

ykstra’s
alternating

projection
algorithm

starting
from

0
on

the
polytopes

B̂
A

1(F
1 )−

u
/
2

and
u
/2−

B̂
A

2(F
2 ),if

w
is

the
unique

distance
vectorbetw

een
the

tw
o

polytopes,
then

the
iterates

converge
to

the
projection

of
0

onto
the

convex
sets

of
elem

ents
in

the
tw

o
poly-

topes
thatachieve

the
m

inim
um

distance
(B

auschke
and

B
orw

ein,1994).
See

Figure
3-(b)

for
an

illustration.
T

his
algorithm

is
how

everslow
to

converge
w

hen
the

polytopes
do

notintersect.
N

ote
that

w
6=

0
in

m
ostof

our
situations

and
convergence

is
hard

to
m

onitor
because

prim
aliterates

of
the

D
ykstra’s

alternating
projection

diverge
(B

auschke
and

B
orw

ein,1994).
Translated

intersecting
polytopes.

In
our

situation,
w

e
have

m
ore

to
w

ork
w

ith
than

just
the

ordered
partitions:

w
e

also
know

the
vector

w
(as

m
entioned

earlier,
it

is
obtained

cheaply
from

isotonic
regression).Indeed,from

L
em

m
a

2.2
and

T
heorem

3.8
from

B
auschke

and
B

orw
ein

(1994),
given

this
vector

w
,w

e
m

ay
translate

the
tw

o
polytopes

and
now

obtain
a

form
ulation

w
here

the
tw

o
polytopes

do
intersect;thatis

w
e

aim
atprojecting

0
on

the
(non-em

pty)intersection
of
B̂
A

1(F
1 )−

u
/2

+
w
/2

and
u
/2−

w
/2−

B̂
A

2(F
2 ).See

Figure
4.W

e
also

referto
this

as
the

translated
D

ykstra
problem

2
in

the
restofthe

paper.T
his

is
equivalentto

solving
the

follow
ing

optim
ization

problem

m
in

s∈
B̂
A
1
(F

1
)−

u−
w

2

s∈
u−

w
2
−
B̂
A
2
(F

2
)

12 ‖
s‖

22
(21)

=
m

in
s∈

R
n

12 ‖
s‖

22
+
ιB̂
A
1
(F

1
)−

u−
w

2
(s)

+
ι
u−

w
2
−
B̂
A
2
(F

2
) (s),

=
m

in
s∈

R
n

12 ‖
s‖

22
+
ιB̂
A
1
(F

1
)−

u−
w

2
(s)

+
ιB̂
A
2
(F

2
)−

u−
w

2
(−
s),

=
m

in
s∈

R
n (

12 ‖
s‖

22
+

m
ax

w
1 ∈W

A
1
w
>1
s−

f
1 (w

1 )
+

w
>1
(u−

w
)

2

+
m

ax
w

2 ∈W
A
2 −

w
>2
s−

f
2 (w

2 )
+
w
>2

(u
−
w

)

2

)
,

=
m

a
x

w
1 ∈W

A
1

w
2 ∈W

A
2 (
−
f
1 (w

1 )−
f
2 (w

2 )
+

(w
1

+
w
2 ) >

(u
−
w

)

2
+

m
in

s∈
R
n

12 ‖s‖
22

+
(w

1 −
w
2 ) >

s )
,

=
m

a
x

w
1 ∈W

A
1

w
2 ∈W

A
2 (
−
f
1 (w

1 )−
f
2 (w

2 )
+

(w
1

+
w
2 ) >

(u
−
w

)

2
−

12 ‖
w
1 −

w
2 ‖

22 )
,

2.W
e

referto
finding

a
D

ykstra
solution

fortranslated
intersecting

polytopes
as

translated
D

ykstra
problem

.
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Figure
4:

Translated
intersecting

polytopes.
(a)

output
of

our
algorithm

before
translation.

(b)Translated
form

ulation.

=
m

in
w

1 ∈W
A
1

w
2 ∈W

A
2 (

f
1 (w

1 )
+
f
2 (w

2 )−
(w

1
+
w
2 ) >

(u
−
w

)

2
+

12 ‖
w
1 −

w
2 ‖

22 )
,

(22)

w
ith

s
=
w
2 −

w
1

atoptim
ality.

In
Section

4.4
w

e
propose

algorithm
s

to
solve

the
above

optim
ization

problem
s.A

ssum
ing

that
w

e
are

able
to

solve
this

step
efficiently,w

e
now

presentouractive-setalgorithm
fordecom

posable
functions

below
.

4.3
A

ctive-setA
lgorithm

for
D

ecom
posable

Functions

D
ata:

Subm
odularfunctions

F
1

and
F
2

w
ith

SFM
oracles,u

∈
R
n,ordered

partitions
A

1 ,A
2

R
esult:

prim
aloptim

al:
w
∈
R
n

and
dualoptim

al:
s
1 ∈

B
(F

1 ),s
2 ∈

B
(F

2 )
1

w
hile

T
r
u
e

do
2

A
=

coalesce(A
1 ,A

2 )
;

3
E

stim
ate

w
by

solving
m

in
w
∈W

A
f

(w
)−

u
>
w

+
12 ‖
w‖

22
using

isotonic
regression

;
4

Projection
step:

E
stim

ate
s
1 ∈

B̂
A

1(F
1 )

and
s
2 ∈

B̂
A

2(F
2 )

by
projecting

0
onto

the
intersection

of
B̂
A

1(F
1 )−

u
/2

+
w
/2

and
u
/2−

w
/2−

B̂
A

2(F
2 )

using
any

ofthe
algorithm

s
described

in
Section

4.4
;

5
M

erge
the

sets
inA

j
w

hich
are

tightfor
s
j ,j∈

{1
,2};

6
C

heck
optim

ality
of
s
1

and
s
2

as
described

in
Section

3.3;
7

if
s
1

and
s
2

are
optim

althen
8

b
r
e
a
k

;
9

else
10

for
j∈
{1,2}

and
ij ∈
{1
,...,m

j },splitthe
set

A
j,ij

into
C
j,ij

and
A
j,ij \

C
j,ij

in
thatorderto

getan
updated

ordered
partitionA

j
;

11
end

12
end

G
iven

tw
o

ordered
partitionsA

1
and
A

2 ,
w

e
obtain

s
1
∈
B̂
A

1(F
1 )

and
s
2
∈
B̂
A

2(F
2 )

as
described

in
the

follow
ing

section.
T

he
solution

w
=
u
−
s
1 −

s
2

is
optim

alif
and

only
if

both
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w
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∈W

A
2
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−
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at
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by
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∈W

A
1

w
2
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f 1
(w

1
)

+
f 2

(w
2
)
−

(w
1
+
w

2
)>

(u
−
w
)

2
+
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Π
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−
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−
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Π
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−
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e
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th
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at
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at
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2
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A
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T
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E
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E
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M
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th
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an
sl

at
ed

ba
se

po
ly

to
pe
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us
in

g
th

e
st

an
da

rd
ac

tiv
e-

se
t

m
et

ho
d

(N
oc

ed
al

an
d

W
ri

gh
t,

20
06

)
by

so
lv

in
g

a
se

to
f

lin
ea

r
eq

ua
tio

ns
.

Fo
r

th
is

pu
rp

os
e,

w
e

de
riv

e
th

e
eq

ui
va

le
nt

op
tim

iz
at

io
n

pr
ob

le
m

s
us

in
g

eq
ua

lit
y

co
ns

tr
ai

nt
s.

T
he

or
de

re
d

pa
rt

iti
on

,A
j

is
gi

ve
n

by
(A

j,
1
,.
..
,A

j,
m
j
),

w
he

re
m
j

is
th

e
nu

m
be

ro
fe

le
m

en
ts

in
th

e
or

de
re

d
pa

rt
iti

on
s.

L
et
B
j,
i j

be
de

fin
ed

as
(A

j,
1
∪
··
·∪

A
j,
i j

).
T

he
re

fo
re

,

f j
(w

j
)

=

m
j

∑ i j
=
1

v j
,i
j

( F
j
(B

j,
i j

)
−
F
j
(B

j,
i j
−
1
))

(2
5)

w
j

=

m
j

∑ i j
=
1

v j
,i
j
1 A

j
,i
j

(2
6)

w
ith

th
e

co
ns

tr
ai

nt
s,
v j
,1
>
··
·>

v j
,m

j
.

(2
7)

O
n

su
bs

tit
ut

in
g

E
q.

25
,E

q.
26

an
d

E
q.

27
in

E
q.

22
,w

e
ha

ve
an

eq
ui

va
le

nt
op

tim
iz

at
io

n
pr

ob
-
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m

:

m
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v
1
,1
≥
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v
1
,m

1
v
2
,1
≥
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v
2
,m
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m
1

∑ i 1
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1
,i
1
)
−
F
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1
,i
1
−
1
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−
u
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1
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1
)
−
w
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1
,i
1
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2

) v 1
,i
1

+

m
2

∑ i 2
=
1

( F
2
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2
,i
2
)
−
F
2
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2
,i
2
−
1
)
−
u
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2
,i
2
)
−
w
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2
,i
2
)

2

) v 2
,i
2

+

m
1

∑ i 1
=
1

1 2
|A

1
,i
1
|v

2 1
,i
1

+

m
2

∑ i 2
=
1

1 2
|A

2
,i
2
|v

2 2
,i
2

m
1

∑ i 1
=
1

m
2

∑ i 2
=
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v 1
,i
1
v 2
,i
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,i
1
1
A

2
,i
2
.

T
hi

s
ca

n
be

w
ri

tte
n

as
a

qu
ad

ra
tic

pr
og

ra
m

in
x

=

(
v 1 v 2

)
w

ith
in

eq
ua

lit
y

co
ns

tr
ai

nt
s

in
th

e

fo
llo

w
in

g
fo

rm

m
in

x
∈R

m
1
+
m

2

D
(A

1
,A

2
)x

<
0

1 2
x
>
Q

(A
1
,A

2
)x

+
c(
A

1
,A

2
)>
x
.

(2
8)

H
er

e,
D

(A
1
,A

2
)

is
a

sp
ar

se
m

at
ri

x
of

si
ze

(m
1

+
m

2
−

2)
×

(m
1

+
m

2
),

w
hi

ch
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a
bl

oc
k

di
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on
al

m
at

ri
x
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ai
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ng
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e
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ff
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fir
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r

de
riv

at
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e
m
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s
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s
m

1
−

1
×
m

1
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d
m

2
−

1
×
m

2
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th
e
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ks
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d
c(
A

1
,A

2
)

is
a

lin
ea

r
ve

ct
or

th
at

ca
n

be
co

m
pu

te
d

us
in

g
th

e
fu
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tio

n
ev

al
ua

tio
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F
1

an
d
F
2
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ot
e

th
at
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e
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U
B
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D
U

L
A

R
M
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IM
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T
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N
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R
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B
L

E
M

S

C
om

puting
Q

(A
1 ,A

2 ).
L

et
us

consider
a

bipartite
graph,

G
=

(A
1 ,A

2 ,E
),w

ith
m

1
+
m

2

nodes
representing

the
ordered

partitions
ofA

1
and
A

2
respectively.

T
he

w
eightof

the
edge

be-
tw

een
each

elem
entof

ordered
partitions

ofA
1 ,represented

by
A

1
,i1

and
each

elem
entof

ordered
partitions

ofA
2 ,

represented
by

A
2
,i2

is
the

num
ber

of
elem

ents
of

the
ground

set
V

that
lie

in
both

these
partitions

and
can

be
w

ritten
as
e(A

1
,i1 ,A

2
,i2 )

=
1 >A

1
,i1 1

A
2
,i2

forall
e∈

E
.

T
he

m
atrix

Q
(A

1 ,A
2 )

represents
the

L
aplacian

m
atrix

ofthe
graph

G
.Figure

5
show

s
a

sam
ple

bipartite
graph

w
ith

m
1

=
6

and
m

2
=

5.

Initializing
w

ith
prim

al
feasible

point.
Prim

al
active-set

m
ethods

start
w

ith
a

prim
al

feasible
pointand

continue
to

m
aintain

prim
alfeasible

iterates.
In

our
case,the

starting
pointm

ay
be

ob-
tained

using
the

w
eightvector

w
thatis

estim
ated

using
isotonic

regression.
T

he
vector

w
is

com
-

patible
both

w
ithA

1
andA

2 ,i.e.,
w
∈
W
A

1
and

w
∈
W
A

2.T
herefore,w

e
m

ay
obtain

the
vectors

v
1

and
v
2

from
w

and
initialize

the
prim

alfeasible
starting

pointusing
v
1

and
v
2 .

O
ptim

izing
the

quadratic
program

in
E

q.28
by

using
active-setm

ethods
is

equivalentto
finding

the
face

ofthe
constraintseton

w
hich

the
optim

alsolution
lies.Forthis

purpose,w
e

need
to

be
able

to
solve

the
quadratic

program
in

E
q.28

w
ith

equality
constraints.

E
quality

constrained
Q

P.L
et

us
now

consider
the

follow
ing

quadratic
program

w
ith

equality
constraints

m
in

p∈
R
m

1
+
m

2

D
′p
=
0

12
p >
Q

(A
1 ,A

2 )p
+
(Q

(A
1 ,A

2 )x
k

+
c(A

1 ,A
2 ) )>

p
,

(29)

w
here

D
′is

the
subsetofthe

constraints
in
D

(A
1 ,A

2 ),i.e.,indices
ofconstraints

thatare
tightand

x
k

is
a

prim
al-feasible

point.
W

e
refer

the
indices

of
the

tightconstraints
as

the
w

orking
setand

representthem
by

the
setW

in
the

algorithm
.T

herefore,the
setofconstraintsin

D
′isthe

restriction
of

the
constraintset

D
(A

1 ,A
2 )

to
the

w
orking

setconstraints
denoted

by
W

.
T

he
vector

p
gives

the
direction

of
strict

descent
of

the
cost

function
in

E
q.28

from
feasible

point
x
k

(N
ocedal

and
W

right,2006).

W
ithout

loss
of

generality,
let

us
assum

e
that

the
equality

constraints
are

v
j,k

j
=
v
j,k

j +
1

for
any

k
j

in
[0,m

j ).
L

etA
′j

be
the

new
ordered

partition
form

ed
by

m
erging

A
j,k

j
and

A
j,k

j +
1

as
v
j,k

j
=
v
j,k

j +
1 .

Sim
ilarly,

x
′t

can
be

com
puted

from
x
t

by
m

erging
the

w
eights

v
j,k

j
and

v
j,k

j +
1

into
a

single
w

eight
for

the
m

erged
elem

ent
of

the
ordered

partition.
Finding

the
optim

al
vector

p ′using
the

quadratic
program

in
E

q.29
w

ith
respectto

the
ordered

partition
A
′j

is
equivalentto

solving
the

follow
ing

unconstrained
quadratic

problem
,

Q
(A
′1 ,A

′2 ,x
′t )

=
m

in
p ′∈

R
m
′1
+
m
′2 (

12
p ′>

Q
(A
′1 ,A

′2 )p ′+
(Q

(A
′1 ,A

′2 )x
′t
+
c(A

′1 ,A
′2 ) )>

p ′ )
,

(30)

w
here

m
′j

is
the

num
berofelem

ents
ofthe

ordered
partitionA

′j .T
his

can
be

estim
ated

by
solving

a
linearsystem

using
conjugate

gradientdescent.T
he

com
plexity

ofeach
iteration

ofthe
conjugate

gradient
is

given
by

O
((m

′1
+
m
′2 )k

)
w

here
k

is
the

num
ber

of
non-zero

elem
ents

in
the

sparse
m

atrix,Q
(A
′1 ,A

′2 )
(V

ishnoi,2013).W
e

can
build

p
from

p ′by
repeating

the
values

forthe
elem

ents
ofthe

partition
thatw

ere
m

erged.
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Figure
5:

B
ipartite

graph
to

com
pute

Q
(A

1 ,A
2 )

w
ith
A

1
having

m
1

=
6

com
ponents

and
A

2

having
m

2
=

5.

Prim
alactive-setalgorithm

.W
e

now
can

describe
the

standard
prim

alactive-setm
ethod.

D
ata:

L
aplacian

m
atrix,Q

(A
1 ,A

2 )
and

vector,c(A
1 ,A

2 ),ordered
partitionsA

1 ,A
2

R
esult:

x
∗∈

R
m

1
+
m

2

1
Initialize:

t
=

0;
2

Prim
alfeasible

x
0

using
the

solution
ofisotonic

regression
w

;
3
W

0
w

ith
indices

ofrow
s

of
D

(A
1 ,A

2 )
thatare

equalto
0;

4
w

hile
T
r
u
e

do
5

E
stim

ate
prim

al:Solve
equality

constrained
Q

P
in

E
q.29

w
ith

equality
constraints

indexed
by

w
orking

set
W
t to

find
optim

al
p

;
6

if
p

=
=

0
then

7
E

stim
ate

dual:
λ

=
D

(A
1 ,A

2 ) −
> (Q

(A
1 ,A

2 )x
t
+
c(A

1 ,A
2 ) );

8
if
λ
i ≥

0
for

all
i∈

W
t then

9
b
r
e
a
k

;
10

else
11

update
j

=
argm

in
j∈
W
t
λ
j

;
12

update
W
t+

1
=
W
t \{

j};
13

update
x
t+

1
=
x
t ;

14
end

15
else

16
L

ine
search:Find

least
β

thatretains
feasibility

of
x
t+

1
=
x
t
+
β
p

and
find

the
blocking

constraints
B
t ;

17
W
t+

1
=
W
t ∪

B
t ;

18
end

19
t

=
t

+
1

20
end

21
return

x
∗

=
x
t

W
e

can
estim

ate
w
1

and
w
2

from
x
∗,

w
hich

w
ill

enable
us

to
estim

ate
s

feasible
in

E
q.

24.
T

herefore
w

e
can

estim
ate

the
dualvariable

s
1 ∈

B
A

1(F
1 )

and
s
2 ∈

B
A

2(F
2 )

using
s.

4.5
D

ecoupled
Problem

In
our

context,the
quadratic

program
in

E
q.28

can
be

decoupled
into

sm
aller

optim
ization

prob-
lem

s.L
etus

considerthe
bipartite

graph
G

=
(A

1 ,A
2 ,E

)
ofw

hich
Q

is
the

L
aplacian

m
atrix.T

he
num

berofconnected
com

ponents
ofthe

graph,G
,is

equalto
the

num
beroflevel-sets

of
w

.
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<
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E
T

H
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D
S

F
O

R
S

U
B

M
O

D
U

L
A

R
M

IN
IM

IZ
A

T
IO

N
P

R
O

B
L

E
M

S

each
callishigherforthe

ourm
ethod

w
hen

com
pared

to
C

ham
bolle

and
D

arbon
(2009).Figure

6(b)
show

s
the

tim
e

required
foreach

ofthe
m

ethods
to

solve
the

T
V

problem
to

convergence.W
e

have
an

optim
ized

code
and

only
use

the
oracle

as
plugin

w
hich

takes
about80-85

percentofthe
running

tim
e.T

hisisprim
arily

the
reason

ourapproach
takesm

ore
tim

e
than

(C
ham

bolle
and

D
arbon,2009)

despite
having

few
eroracle

calls
forsm

allim
ages.

Figure
6(c)

also
show

s
the

ability
to

w
arm

startby
using

the
outputof

a
related

problem
,i.e.,

w
hen

com
puting

the
solution

for
severalvalues

of
λ

(w
hich

is
typicalin

practice).
In

this
case,w

e
use

optim
alordered

partitionsofthe
problem

w
ith

larger
λ

to
w

arm
startthe

problem
w

ith
sm

aller
λ.

Itcan
be

observed
thatw

arm
startofthe

algorithm
requireslessernum

beroforacle
callsto

converge
than

using
the

initialization
w

ith
trivialordered

partition.W
arm

startalso
largely

helps
in

reducing
the

burden
on

the
SFM

oracle.
W

ith
w

arm
starts

the
num

ber
of

ordered
partitions

does
notchange

m
uch

over
iterations.

H
ence,

it
suffices

to
query

only
ordered

partitions
that

have
changed.

To
analyze

this
w

e
define

oracle
com

plexity
as

the
fraction

of
pixels

in
the

elem
ents

of
the

partitions
that

need
to

be
queried.

O
racle

com
plexity

is
averaged

over
iterations

to
understand

the
average

burden
on

the
oracle

periteration.W
ith

w
arm

starts
this

reduces
drastically,w

hich
can

be
observed

in
Figure

6(d).

5.2
D

ecom
posable

TotalVariation
D

enoising
and

SFM

C
utfunctions.

In
the

decom
posable

case,w
e

considerthe
SFM

and
T

V
problem

s
on

a
cutfunction

defined
on

a
3D

-grid.
T

he
3D

-grid
consists

of
lines

parallellines
in

each
dim

ension
as

show
n

in
Figure

7.
Itcan

be
decom

posed
into

tw
o

functions
F
1

and
F
2 ,w

here
F
1

is
com

posed
on

parallel
2D

-grids
and

F
2

is
com

posed
of

parallel
chains.

From
Figure

7,
the

function
F
1

represents
all

the
solid

edges(red
and

blue)
w

hereas
the

function
F
2

represents
the

dashed
edges(m

agenta).
For

brevity,w
e

refer
to

each
2D

-grid
of

the
function

F
1

as
a

fram
e.

T
he

SFM
oracle

for
the

function
F
1

is
the

m
axflow

-m
incut(B

oykov
and

K
olm

ogorov,2004)
algorithm

,w
hich

m
ay

run
in

parallel
for

all
fram

es.
Sim

ilarly
the

SFM
oracle

for
the

function
F
2

is
the

m
essage

passing
algorithm

,
w

hich
m

ay
run

in
parallelfor

allchains.
T

he
corresponding

T
V

oracles,i.e.,projection
algorithm

for
F
1

and
F
2

m
ay

be
solved

using
the

algorithm
described

in
Section

3.4
due

to
availability

of
the

respective
SFM

oracles.
W

e
consider

averaged
alternating

reflection
(A

A
R

)
(B

auschke
etal.,

2004)
by

solving
each

projection
w

ithoutw
arm

-startand
counting

the
totalnum

ber
of

SFM
oracle

calls
of
F
1

to
solve

the
SFM

and
T

V
on

the
3D

-grid
as

our
baseline.

(SG
D

-P)
denotes

the
dual

subgradientbased
m

ethod
(K

om
odakis

etal.,2011)
m

odified
w

ith
Polyak’s

rule
(Poljak,1987)

to
solve

SFM
on

the
3D

-grid.W
e

show
the

perform
ance

ofalternating
projection

(A
P-W

S),averaged
alternating

reflection
(A

A
R

-W
S)(B

auschke
etal.,2004)and

D
ykstra’salternating

projection
(D

A
P-

W
S)(B

auschke
and

B
orw

ein,1994)using
w

arm
startofeach

projection
w

ith
the

ordered
partitions.

W
S

denotesw
arm

startvariantofeach
ofthe

algorithm
.T

he
perform

ance
ofthe

active-setalgorithm
proposed

in
Section

4.3
w

ith
inner

loop
solved

using
the

prim
al

active-set
m

ethod
proposed

in
Section

4.4.2
is

represented
by

(A
C

T
IV

E
).

In
ourexperim

ents,w
e

considerthe
3D

volum
etric

data
setofthe

Stanford
bunny

(m
ax)ofsize

1
0
2×

1
0
0×

7
9.

T
he

function
F
1

represents
102

fram
es

w
hile

F
2

represents
the

7900
chains.

T
he

dim
ension

ofeach
fram

e
in
F
1

is
100×

79,w
hile

the
length

ofeach
chain

in
F
2

is
102.Figure

8
(a)

and
(b)show

that(A
P-W

S),(A
A

R
-W

S),(D
A

P-W
S)and

(A
C

T
IV

E
)require

relatively
less

num
ber

of
oracle

calls
w

hen
com

pared
to

w
hen

com
pared

to
A

A
R

or
SG

D
-P.N

ote
thatw

e
count2D

SFM
oracle

calls
as

they
are

m
ore

expensive
than

the
SFM

oracles
on

chains.
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Figure
7:

(a)C
utfunction

F
defined

on
a

3D
-grid

m
ay

be
decom

posed
into:(b)

F
1

represented
by

solid
edges

(red
and

blue)and
(c)

F
2

represented
by

dashed
lines

(m
agenta)
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de
fin

ed
by

co
m

m
on

se
ts

of
bo

th
th

es
e

pa
rt

iti
on

s,
de

fin
es

th
e

co
al

es
ce

d
or

de
re

d
pa

rt
iti

on
s.

T
he

fo
llo

w
in

g
al

go
ri

th
m

pe
rf

or
m

s
co

al
es

ci
ng

be
tw

ee
n

th
es

e
pa

rt
iti

on
s.

−
In

pu
t:

O
rd

er
ed

pa
rt

iti
on

s
A

1
an

d
A

2
.

−
In

iti
al

iz
e:
x

=
1,
y

=
1,
z

=
1

an
d
C

=
∅

.

−
A

lg
or

ith
m

:I
te

ra
te

un
til
x

=
m

1
an

d
y

=
m

2

1.
If
|B

1
,x
|>
|B

2
,y
|t

he
n
y

:=
y

+
1

.

2.
If
|B

1
,x
|<
|B

2
,y
|t

he
n
x

:=
x

+
1

.
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D
U

L
A

R
M

IN
IM

IZ
A

T
IO

N
P

R
O

B
L

E
M

S

3.
If
B

1
,x

=
=
B

2
,y

then

–
A
z

=
(B

1
,x \

C
),

–
C

=
B

1
,x ,and

–
z

:=
z

+
1.

−
O

utput:
m

=
z,ordered

partitionsA
=

(A
1 ,...,A

m
).

R
unning

tim
e.T

he
algorithm

term
inates

in
m

in
(m

1 ,m
2 )

iterations
and

the
checking

condition
forstep

(3)takes
n

iterations.T
herefore,the

algorithm
overalltakes

a
tim

e
of
O

(m
in

(m
1 ,m

2 )n
).

A
ppendix

C
.O

ptim
ality

ofA
lgorithm

for
D

ecom
posable

Problem
s

In
step

(10)
of

the
algorithm

s,w
hen

w
e

splitpartitions,the
value

of
the

prim
al/dualpair

of
opti-

m
ization

algorithm
s

m
a
x

s
1 ∈
B̂
A
1
(F

1
)

s
2 ∈
B̂
A
2
(F

2
) −

12 ‖u
−
s
1 −

s
2 ‖

22
=

m
in
w
∈W

A
1

w
∈W

A
2

f
1 (w

)
+
f
2 (w

)−
u
>
w

+
12 ‖
w‖

22 ,

cannot
increase.

T
his

is
because,w

hen
splitting,the

constraint
set

for
the

m
inim

ization
problem

only
gets

bigger.Since
atoptim

ality,w
e

have
w

=
u−

s
1 −

s
2 ,‖w‖

2
cannotdecrease,w

hich
show

s
the

firststatem
ent.

N
ow

,if‖
w‖

2
rem

ains
constantafter

an
iteration,then

ithas
to

be
the

sam
e

(and
notonly

have
the

sam
e

norm
),because

the
optim

al
s
1

and
s
2

can
only

m
ove

in
the

direction
orthogonalto

w
.

In
step

(4)ofthe
algorithm

,w
e

project
0

on
the

(non-em
pty)intersection

of
B̂
A

1(F
1 )−

u
/2

+
w
/2

and
u
/
2−

w
/2−

B̂
A

2(F
2 ).

T
his

corresponds
to

m
inim

izing
12 ‖s

1 −
u
/2

+
w
/2‖

2
such

that
s
1
∈
B̂
A

1(F
1 )

and
s
2

=
u
−
w
−
s
1
∈
B̂
A

2(F
2 ).

T
his

is
equivalentto

m
inim

izing
18 ‖s

1 −
s
2 ‖

2.
W

e
have:

m
a
x

s
1 ∈
B̂
A
1
(F

1
)

s
2 ∈
B̂
A
2
(F

2
)

s
1
+
s
2
=
u−

w −
18 ‖s

1 −
s
2 ‖

22
=

m
in

w
1 ∈W

A
1

w
2 ∈W

A
2

m
ax

s
1 ∈

R
n

s
2 ∈

R
n

s
1
+
s
2
=
u−

w (
−

18 ‖s
1 −

s
2 ‖

22
+
f
1 (w

1 )
+
f
2 (w

2 )

−
w
>1
s
1 −

w
>2
s
2 )

=
m

in
w

1 ∈W
A
1

w
2 ∈W

A
2

m
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s
2 ∈

R
n (
−

18 ‖u
−
w
−

2
s
2 ‖

22
+
f
1 (w

1 )
+
f
2 (w

2 )

−
w
>1

(u
−
w
−
s
2 )−

w
>2
s
2 )

=
m

in
w

1 ∈W
A
1

w
2 ∈W

A
2

m
ax

s
2 ∈

R
n (
−

18 ‖u
−
w‖

22 −
12 ‖s

2 ‖
22

+
12
s >2

(u
−
w

)

+
f
1 (w

1 )
+
f
2 (w

2 )−
w
>1

(u
−
w
−
s
2 )−

w
>2
s
2 )

=
m

in
w

1 ∈W
A
1

w
2 ∈W

A
2 −

w
>1

(u
−
w

)
+
f
1 (w

1 )
+
f
2 (w

2 )−
18 ‖u
−
w‖

22

+
m

ax
s
2 ∈

R
n −

12 ‖
s
2 ‖

22
+
s >2 (

u−
w

2
+
w
1 −

w
2 )

=
m

in
w

1 ∈W
A
1

w
2 ∈W

A
2 (
−
w
>1

(u
−
w

)
+
f
1 (w

1 )
+
f
2 (w

2 )−
18 ‖
u
−
w‖

22
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Figure
10:

(a)Totalnum
berofinneriterationsforvarying

α
.(b)Totalnum

berofouteriterationsfor
varying

α
.and

(c)N
um

berofinneriterations
pereach

outeriteration
forthe

α
=

10
1.

+
12 ‖

u−
w

2
+
w
1 −

w
2 ‖

22 )

=
m

in
w

1 ∈W
A
1

w
2 ∈W

A
2 (
−
w
>1

(u
−
w

)
+
f
1 (w

1 )
+
f
2 (w

2 )
+

12 ‖
w
1 −

w
2 ‖

22

+
12

(u
−
w

) >
(w

1 −
w
2 ) )

=
m

in
w

1 ∈W
A
1

w
2 ∈W

A
2 (

f
1 (w

1 )
+
f
2 (w

2 )−
12

(u
−
w

) >
(w

1
+
w
2 )

+
12 ‖w

1 −
w
2 ‖

22 )
,

T
hus

s
1

and
s
2

are
dualto

certain
vectors

w
1

and
w
2 ,w

hich
m

inim
ize

a
decoupled

form
ulation

in
f
1

and
f
2 .

To
check

optim
ality,like

in
the

single
function

case,itdecouples
over

the
constantsets

of
w
1

and
w
2 ,w

hich
is

exactly
w

hatstep
(5)is

perform
ing.

If
the

check
is

satisfied,
it

m
eans

that
w
1

and
w
2

are
in

fact
optim

al
for

the
problem

above
w

ithoutthe
restriction

in
com

patibilities,w
hich

im
plies

thatthey
are

the
D

ykstra
solutions

for
the

T
V

problem
.

Ifthe
check

isnotsatisfied,then
the

sam
e

reasoning
asforthe

one
function

case,leadsdirections
ofdescentforthe

new
prim

alproblem
above.H

ence
itdecreases;since

itsvalue
isequalto−

18 ‖
s
1 −

s
2 ‖

22 ,the
value

of‖
s
1 −

s
2 ‖

22
m

ustincrease,hence
the

second
statem

ent.

A
ppendix

D
.D

ecoupled
Problem

s.

G
iven

thatw
e

dealw
ith

polytopes,know
ing

w
im

plies
thatw

e
know

the
faces

on
w

hich
w

e
have

to
looked

for.
Itturns

outs
thatfor

base
polytopes,these

faces
are

products
of

base
polytopes

for
m

odified
functions

(a
sim

ilarfactholds
fortheirouterapproxim

ations).
G

iven
the

ordered
partitionA

′defined
by

the
levelsets

of
w

(w
hich

have
to

be
finerthanA

1
and

A
2 ),w

e
know

thatw
e

m
ay

restrict
B̂
A
j(F

j )
to

elem
ents

s
such

that
s(B

)
=
F

(B
)

forallsup-level
sets

B
of
w

(w
hich

have
to

be
unions

ofcontiguous
elem

ents
of
A
j );see

an
illustration

below
.
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in
si
ca
lly

di
ffe

re
nt

va
lu
es

an
d
di
ffe

re
nt

tr
aj
ec
to
ry

of
ch
an

ge
s
fo
r
di
ffe

re
nt

in
di
vi
du

al
s.

Se
co
nd

ly
,
th
e
pa

ce
at

w
hi
ch

th
e
tr
aj
ec
to
ry

is
fo
llo

w
ed

(i
.e
.
th
e
w
ay

th
e
cu

rv
e
is
pa

ra
m
et
ri
ze
d)

va
ri
es

be
ca
us
e
so
m
e
in
di
vi
du

al
s
m
ay

fo
llo

w
th
e
sa
m
e

pr
og

re
ss
io
n
pa

tt
er
n
bu

t
at

a
di
ffe

re
nt

ag
e
an

d
po

ss
ib
ly

at
a
di
ffe

re
nt

sp
ee
d.

W
e
re
fe
r
to

th
e

fir
st

ty
pe

of
va
ri
ab

ili
ty

as
a
sp
at
ia
l
va
ri
ab

ili
ty
,a

nd
th
e
se
co
nd

ty
pe

as
a
te
m
po
ra
l
va
ri
ab

ili
ty
,

le
ad

in
g
to
ge
th
er

to
th
e
co
nc

ep
t
of

sp
at
io
te
m
po
ra
l
va
ri
ab

ili
ty
.

T
he

go
al

of
th
is

pa
pe

r
is

to
au

to
m
at
ic
al
ly

es
ti
m
at
e
th
e
ty
pi
ca
l
tr
aj
ec
to
ry

of
ch
an

ge
s

an
d

it
s
sp
at
io
te
m
po

ra
l
va
ri
ab

ili
ty

w
it
hi
n

a
gr
ou

p
of

in
di
vi
du

al
s.

W
e
ai
m

to
in
fe
r
su
ch

sp
at
io
te
m
po

ra
lp

at
te
rn
s
fr
om

lo
ng

it
ud

in
al

da
ta

se
ts
,w

hi
ch

co
ns
is
t
of

re
pe

at
ed

ob
se
rv
at
io
ns

of
th
e
sa
m
e
bi
ol
og

ic
al

ph
en

om
en

on
at

se
ve
ra
l
ti
m
e
po

in
ts

fo
r
a
gr
ou

p
of

in
di
vi
du

al
s.

T
he

ti
m
e
po

in
ts

an
d
th
ei
r
nu

m
be

r
m
ay

va
ry

fo
r
di
ffe

re
nt

in
di
vi
du

al
s.

In
th
e
lit
er
at
ur
e,

m
ix
ed
-e
ffe

ct
s
m
od
el
s
(E

is
en

ha
rt
,1

94
7;

La
ir
d
an

d
W
ar
e,

19
82

)
an

d
(V

er
be

ke
an

d
M
ol
en
be

rg
hs
,
20

09
)
ap

pe
ar

as
a
po

pu
la
r
m
et
ho

d
fo
r
th
e
an

al
ys
is

of
lo
ng

it
u-

di
na

l
da

ta
.
T
he

se
st
at
is
ti
ca
l
m
od

el
s
in
cl
ud

e
fix

ed
an

d
ra
nd

om
eff

ec
ts

w
hi
ch

pr
ov
id
e
th
es
e

m
od

el
s
w
it
h
a
hi
er
ar
ch
ic
al

st
ru
ct
ur
e,
w
he

re
fix

ed
eff

ec
ts

de
sc
ri
be

d
th
e
da

ta
at

th
e
po

pu
la
ti
on

(o
r
gr
ou

p)
le
ve
l,
an

d
th
e
ra
nd

om
eff

ec
ts

at
th
e
in
di
vi
du

al
le
ve
l.

B
y
fit
ti
ng

a
m
ix
ed

-e
ffe

ct
s

m
od

el
,o

ne
ca
n
le
ar
n
an

av
er
ag

e
tr
aj
ec
to
ry

as
w
el
la

s
in
di
vi
du

al
-s
pe

ci
fic

tr
aj
ec
to
ri
es
.
M
or
e-

ov
er
,m

ix
ed

-e
ffe

ct
s
m
od

el
s
en

fo
rc
e
co
nd

it
io
ns

on
th
e
di
st
ri
bu

ti
on

of
th
e
ra
nd

om
eff

ec
ts
,t
hu

s
op

en
in
g
up

th
e
po

ss
ib
ili
ty

to
le
ar
n
a
di
st
ri
bu

ti
on

of
tr
aj
ec
to
ri
es

in
th
e
sp
ac
e
of

ob
se
rv
at
io
ns
.

Li
ne

ar
M
ix
ed

E
ffe

ct
s
(L

M
E
)
m
od

el
s
ar
e
th
e
m
os
t
si
m
pl
e
m
ix
ed

-e
ffe

ct
s
m
od

el
s
in
tr
od

uc
ed

in
La

ir
d
an

d
W
ar
e
(1
98

2)
.
A

pa
rt
ic
ul
ar
,
bu

t
ye
t
in
fo
rm

at
iv
e
ca
se

of
th
e
LM

E
m
od

el
s
fo
r

an
al
ys
in
g
lo
ng

it
ud

in
al

da
ta

is
th
e
ra
nd

om
sl
op
e
an

d
in
te
rc
ep
t
m
od
el
.

T
hi
s
m
od

el
w
ri
te
s:

y
i,
j

=
(t
i,
j
−
t 0

)(
A

+
A
i)

+
(B

+
B
i)

+
ε
i,
j
,w

he
re
t 0
∈
R
an

d
(t
i,
j
) 1
≤
j≤
k
i
de
no

te
st

he
ti
m
e
po

in
ts

at
w
hi
ch

th
e
ob

se
rv
at
io
ns

y
i,
j
∈

R
n
of

th
e
it
h
in
di
vi
du

al
w
er
e
ob

ta
in
ed

.
T
he

po
pu

la
ti
on

pa
ra
m
et
er
s
(o
r
fix

ed
eff

ec
ts
)
of

th
e
m
od

el
ar
e
th
e
sl
op

e
A

an
d
th
e
in
te
rc
ep
t

B
.
T
he

ra
nd

om
eff

ec
ts

ar
e
th
e
su
bj
ec
t-
sp
ec
ifi
c
sl
op

es
(A

i)
1
≤
i≤
p
an

d
in
te
rc
ep

ts
(B

i)
1
≤
i≤
p
,w

hi
ch

ar
e
as
su
m
ed

to
be

no
rm

al
ly

di
st
ri
bu

te
d
an

d
in
de

pe
nd

en
t
of

ea
ch

ot
he

r.
T
hi
s
ra
nd

om
sl
op

e
an

d
in
te
rc
ep

t
m
od

el
es
ti
m
at
es

an
av
er
ag

e
tr
aj
ec
to
ry

D
(t

)
=

(t
−
t 0

)A
+

B
.
T
he

ra
nd

om
eff

ec
ts

of
th
e

m
od

el
al
lo
w
s
us

to
es
ti
m
at
e
in
di
vi
du

al
tr
aj
ec
to
ri
es

D
i(
t)

=
(t
−
t 0

)(
A

+
A
i)

+
(B

+
B
i)
,

w
hi
ch

ar
e
ob

ta
in
ed

by
ad

ju
st
in
g
th
e
sl
op

e
an

d
in
te
rc
ep
t
of

th
e
av
er
ag

e
tr
aj
ec
to
ry
.

T
hi
s

m
od

el
is

es
se
nt
ia
lly

bu
ilt

on
th
e
id
ea

of
re
gr
es
si
ng

th
e
m
ea
su
re
m
en
ts

ag
ai
ns
t
ti
m
e.

T
he

pa
ra
m
et
er
t 0

ca
n
be

un
de

rs
to
od

as
a
re
fe
re
nc
e
ti
m
e.

If
th
e
lo
ng

it
ud

in
al

da
ta
se
t
ar
is
es

fr
om

an
im

al
br
ee
di
ng

st
ud

ie
s,

de
ve
lo
pm

en
ta
l
st
ud

ie
s
or

ph
ar
m
ac
ol
og
ic
al

st
ud

ie
s,

th
e
re
fe
re
nc

e
ti
m
e
t 0

m
ay

be
ch
os
en

to
be

th
e
da

te
of

bi
rt
h
or

th
e
ti
m
e
at

w
hi
ch

a
dr
ug

w
as

ad
m
in
is
te
re
d.
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A
m
ix

ed
-effects

m
o
d
el

fo
r

r
epeated

m
a
n
ifo

ld
-va

lu
ed

d
ata

H
ow

ever,there
are

m
any

situations
in

w
hich

there
is

no
obvious

reference
tim

e
t0

at
w
hich

observations
m
ay

be
com

pared.
In

ageing,
for

instance,
different

individuals
of

the
sam

e
age

m
ay

be
at

different
stages

ofageing,or
stages

ofdisease
progression.

T
herefore,it

does
not

m
ake

sense
to

regress
the

m
easurem

ents
against

age,or,in
other

w
ords,to

statistically
com

pare
m
easurem

ents
at

a
given

age.
In

video
sequences,there

is
no

obvious
w
ay

to
find

the
fram

es
corresponding

to
the

sam
e
event

in
tw

o
different

sequences.
B
y
contrast,

w
e

w
ould

like
this

tem
poral

alignm
ent

of
the

trajectories
to

be
autom

atically
estim

ated
from

the
data.

A
dding

the
reference

tim
e
t0

as
a
new

param
eter

of
the

m
odel

is
not

a
solution

as
the

m
odelbecom

es
non-identifiable:

an
infinite

num
ber

oftriplets
( A
,B
,t0 )

param
etrize

the
sam

e
trajectory.

In
Y
ang

et
al.

(2011)
and

D
elor

et
al.

(2013),
the

authors
addressed

this
problem

by
introducing

tim
e
shifts

in
their

statistical
analysis.

In
D
urrlem

an
et

al.
(2009,

2013),
tim

e
reparam

etrizationscalled
tim

e
w
arps

(sm
ooth

m
onotonic

transform
ationsofthe

realline)are
considered

to
address

this
pointin

the
contextoflongitudinalshape

analysis,and
param

eters
w
ere

estim
ated

by
optim

izing
an

uncontrolled
approxim

ation
ofthe

likelihood.
In

H
ong

etal.
(2014),the

authors
used

param
etric

tim
e
w
arps

w
ith

a
regression

m
odelfor

shape
analysis.

In
Lorenzi

et
al.

(2015),
the

authors
used

R
iem

annian
m
anifold

techniques
to

estim
ate

a
m
odel

of
norm

al
brain

ageing
from

M
R

im
ages.

T
he

m
odel

w
as

used
to

com
pute

a
tim

e
shift,

called
m
orphological

age
shift,

w
hich

corresponds
to

the
actual

anatom
ical

age
of

the
subject

w
ith

respect
to

an
estim

ated
reference

age.
In

(Fonteijn
et

al.,
2012;

Y
oung

et
al.,2015),the

authors
developed

a
statisticalm

odelcalled
the

E
vent-B

ased
M
odel,w

hich
estim

ates
an

ordering
ofcategoricalvariables.

T
he

m
odelis

used
to

estim
ate

the
progression

of
a
series

of
events.

H
ow

ever,
these

m
odels

do
not

allow
for

the
estim

ation
of

the
relative

tim
ing

betw
een

tw
o
consecutive

events.
In

Jedynak
et

al.(2012),
the

authors
m
odeled

the
progression

ofbiom
arkers

using
a
nonlinear

m
ixed-effects

m
odelfor

univariate
observations.

T
his

m
odelestim

ates
individualtrajectories

w
hich

are
defined

using
individual-specific

tim
e

reparam
etrizations

ofan
average

trajectory.
H
ow

ever,the
proposed

m
odelis

not
identifiable

unless
som

e
conditions

are
im

posed
on

the
param

eters
ofthe

m
odel.

T
herefore,generalizing

the
m
odelto

m
ultivariate

observations
is
not

straightforw
ard.

A
lso,the

m
odelis

specific
to

univariate
observations

w
hereas

our
generic

m
odel,

presented
below

,
allow

s
analysing

any
kind

ofobservations
defined

by
sm

ooth
constraints.

T
his

w
ork

offers
pragm

atic
solutions

to
include

the
idea

of
tim

e
raparam

etrization
in

the
estim

ation
of

trajectories
of

changes
for

som
e
specific

applications.
N
evertheless,w

e
are

stilllacking
a
principle

and
generic

approach
to

dealw
ith

the
estim

ation
of

spatiotem
poralvariability

in
longitudinaldata

sets.
Structured

m
ultivariate

data
such

as
im

ages,graphs,shapes,or
positive

definite
m
atrices

add
further

diffi
culty

as
these

data
do

not
lie

in
E
uclidean

spaces.
A
lgebraic

operations
such

as
addition

or
scaling

are
not

defined
or

do
not

yield
an

output
of

the
sam

e
type.

T
he

spaces
in

w
hich

they
live

are
defined

by
sm

ooth
constraints

and
m
ay

be
considered

in
general

as
R
iem

annian
m
anifolds.

T
here

is
no

natural
extension

of
LM

E
m
odels

on
R
iem

annian
m
anifolds.

In
F
letcher

(2011),
the

authors
proposed

an
extension

of
linear

regression
for

R
iem

annian
m
anifolds,

w
hich

w
as

later
extended

for
longitudinal

data
in

a
group

of
diffeom

orphism
s
(Singh

et
al.,

2013,
2014).

N
evertheless,

this
longitudinal

m
odel

strongly
depends

on
a
choice

of
reference

tim
e-point

to
define

random
effects,

therefore
m
aking

diffi
cult

its
coupling

w
ith

tim
e
raparam

etrization.
In

Su
et

al.
(2014),

trajectories
are

defined
by

the
quotient

w
ith

a
tim

e
raparam

etrization
group.

T
his

approach
allow

ed

3
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J.-B
.
S
ch

ir
atti

et
a
l.

for
the

definition
of

statistics
in

the
quotient

space,but
as

a
consequence

did
not

yield
any

estim
ate

of
the

tem
poralvariability.

T
his

paperproposes
a
B
ayesian

m
ixed-effects

m
odel,called

generic
spatiotem

poralm
odel,

defined
for

any
longitudinal

observations
on

a
R
iem

annian
m
anifold.

T
he

fixed
effects

of
the

m
odelare

used
to

define
an

average
trajectory

and
the

random
effects

are
used

to
define

individual-specific
trajectories.

In
order

to
define

such
individualtrajectories,w

e
introduce

the
notion

of“exp-parallelization”
ofa

curve
on

a
R
iem

annian
m
anifold,based

on
the

idea
of

“variations
ofa

curve”.
T
his

construction
allow

s
the

definition
ofrandom

effects
to

account
for

the
spatial

variability,
the

distribution
of

w
hich

(up
to

an
isom

etric
transform

)
does

not
depend

on
a
reference

tim
e-point.

It
allow

s
us,therefore,to

easily
include

random
tim

e
raparam

etrization
to

account
for

the
tem

poralvariability
in

the
m
odel.

A
llin

one,the
m
odel

defines
distributions

of
spatiotem

poral
trajectories

for
data

on
any

R
iem

annian
m
anifolds.

It
gives

a
system

atic
w
ay

to
derive

specific
nonlinear

m
ixed-effects

m
odels

for
a
large

variety
of

observations
and

R
iem

annian
m
anifolds.

T
hese

m
odels

need
to

then
be

fitted
to

given
longitudinaldata

sets.
G
iven

their
strong

non-linear
nature,w

e
propose

to
use

a
stochastic

version
of

the
E
xpectation-M

axim
ization

(E
M
)
(D

em
pster

et
al.,

1977)
algorithm

,
called

the
M
onte

C
arlo

M
arkov

C
hain

Stochastic
A
pproxim

ation
E
M

(M
C
M
C
-SA

E
M
)
algorithm

.
T
heoretical

results
regarding

the
conver-

gence
of

the
M
C
M
C
-SA

E
M

have
been

proven
in

K
uhn

and
Lavielle

(2004),
A
llassonnière

et
al.(2010)

and
ensure

that
the

algorithm
m
axim

izes
the

observed
likelihood.

T
his

technique
allow

s
us

to
propose

a
generic

algorithm
for

the
estim

ation
ofthe

m
odelpa-

ram
eters.

W
e
w
illinstantiate

this
m
ethod

for
a
set

of
m
ultivariate

bounded
m
easurem

ents
and

for
positive

definite
m
atrices.

T
he

paper
is
organized

as
follow

s:
in

Section
2,w

e
give

the
key

m
athem

aticaltools
and

define
the

generic
m
ixed-effects

m
odel

w
ith

spatiotem
poral

transform
ations

for
m
anifold-

valued
m
easurem

ents.
P
articular

cases
of

the
generic

m
odel

are
given

and
discussed

in
Section

3.
Section

4
is

focused
on

the
M
C
M
C
-SA

E
M

w
hich

is
used

to
estim

ate
the

param
-

eters
of

the
statistical

m
odel.

F
inally,

Sections
5.2

and
5
are

dedicated
to

em
pirical

and
experim

entalvalidations
of

our
generic

m
odel.

2.
A

B
ayesian

M
ixed

-E
ff
ects

M
od

el
for

L
on

gitu
d
in
al

O
b
servation

s
on

a
R
iem

an
n
ian

M
an

ifold

T
hissection

aim
satintroducing

a
notion

ofR
iem

annian
geom

etry
called

“exp-parallelization”.
G
iven

a
group-average

trajectory
on

a
R
iem

annian
m
anifold,the

notion
ofexp-parallelization

is
used

to
define

individual
trajectories.

For
a
com

prehensive
review

of
basic

concepts
of

R
iem

annian
geom

etry,
see

D
o
C
arm

o
V
alero

(1992);
P
etersen

(2006).
In

this
section,

w
e

assum
e
that

M
is

an
open

subset
ofR

N
equipped

w
ith

a
R
iem

annian
m
etric

g
M
.

2.1
E
xp

-p
arallelization

on
a
R
iem

an
n
ian

M
an

ifold

T
his

section
introduces

the
notion

of“exp-parallelization”
ofa

curve
on

a
R
iem

annian
m
an-

ifold
(M

,g
M

).
T
he

notion
of

“variation
of

a
differentiable

curve”
on

a
m
anifold

is
defined

in
D
o
C
arm

o
V
alero

(1992)
(C

hapter
9).

It
allow

s
defining

neighbouring
curves

to
a
given

curve
c.

In
the

next
section,

this
construction

w
ill

be
used

to
define

individual
trajecto-
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A
m
ix

ed
-e

ff
ec

ts
m
o
d
el

fo
r

r
ep

ea
te

d
m
a
n
if

o
ld

-v
a
lu

ed
d
at

a

ri
es
.
Le

t
(M

,g
M

)
de

no
te
s
a
ge
od
es
ic
al
ly

co
m
pl
et
e
R
ie
m
an

ni
an

m
an

ifo
ld

eq
ui
pp

ed
w
it
h
it
s

Le
vi
-C

iv
it
a
co
nn

ec
ti
on
∇

M
.

D
efi

n
it
io
n
1

Le
t
c

:
I
⊂

R
→

M
a
di
ffe

re
nt
ia
bl
e
cu
rv
e
on

M
,
t 0
∈
I
an

d
w
∈

T
c(
t 0

)M
a

ta
ng
en
t
ve
ct
or

to
M

at
c(
t 0

).
A
n

ex
p-
pa

ra
lle

liz
at
io
n
of
c
in

th
e
di
re
ct
io
n
of

w
is

a
cu
rv
e

η
w

(c
,·)

:
I
→

M
de
fin

ed
by
: ∀t
∈
I
,
η

w
(c
,t

)
=

E
x
p
M c(
t)

( P
c,
t 0
,t
(w

))
.

(1
)

T
hi
s
co
ns
tr
uc

ti
on

is
ill
us
tr
at
ed

in
F
ig
.1

.
G
iv
en

t
∈
I
,p

ar
al
le
lt
ra
ns
po

rt
ca
rr
ie
s
th
e
ta
ng

en
t

ve
ct
or

w
fr
om

T
c(
t 0

)M
to

T
c(
t)
M

al
on

g
th
e
cu

rv
e
c.

A
t
th
e
po

in
t
c(
t)
,a

ne
w

po
in
t
on

M
is

ob
ta
in
ed

by
ta
ki
ng

th
e
R
ie
m
an

ni
an

ex
po

ne
nt
ia
lo

f
th
e
ta
ng

en
t
ve
ct
or

P
c,
t 0
,t
(w

).
T
hi
s
ne

w
po

in
t
is

de
no

te
d
by
η

w
(c
,t

).
A
s
t
va
ri
es
,
on

e
de

sc
ri
be

s
a
cu

rv
e
η

w
(c
,·)

on
M
,
w
hi
ch

ca
n

be
un

de
rs
to
od

as
a
“p
ar
al
le
l”

to
th
e
cu

rv
e
c.

N
ot
e
th
at

if
M

is
th
e
E
uc

lid
ea
n
sp
ac
e
R
N
,a

n
ex
p-
pa

ra
lle

liz
at
io
n
of

a
cu

rv
e
c,

in
th
e
di
re
ct
io
n
of

a
ta
ng

en
t
ve
ct
or

w
i,
is
th
e
tr
an

sl
at
io
n
of

c
by

th
e
ve
ct
or

w
i.

F
ig
ur
e
1:

E
xp

-p
ar
al
le
liz

at
io
n
on

a
sc
he

m
at
ic

m
an

ifo
ld
.
Le

ft
:
a
no

n-
ze
ro

ve
ct
or

w
i
is
ch
os
en

in
T
c(
t 0

)M
.
M
id
dl
e:

th
e
ta
ng

en
t
ve
ct
or

w
i
is

tr
an

sp
or
te
d
co
nt
in
uo

us
ly

al
on

g
th
e

cu
rv
e
c.

T
he
n,

a
po

in
t
η

w
i
(c
,s

)
is

co
ns
tr
uc

te
d
at

ti
m
e
s
by

us
e
of

th
e
R
ie
m
an

-
ni
an

ex
po

ne
nt
ia
l.

R
ig
ht
:
T
he

cu
rv
e
η

w
i
(c
,·)

is
th
e
“p
ar
al
le
l”

re
su
lt
in
g
fr
om

th
e

co
ns
tr
uc

ti
on

.

2.
2
H
ie
ra
rc
h
ic
al

S
tr
u
ct
u
re

of
th
e
M
od

el

In
th
is

se
ct
io
n,

w
e
co
ns
id
er

a
lo
ng

it
ud

in
al

da
ta
se
t

(y
i,
j
) 1
≤
i≤
p
,1
≤
j≤
k
i
.
T
he

ob
se
rv
at
io
ns

ar
e

ob
ta
in
ed

fo
r
a
gr
ou

p
of
p
in
di
vi
du

al
s.

Fo
r
th
e
it
h
in
di
vi
du

al
,
th
e
ob

se
rv
at
io
ns

(y
i,
j
) 1
≤
j≤
k
i

ar
e
ob

ta
in
ed

at
ti
m
es
t i
,1
<
..
.
<
t i
,k
i
.
T
he

nu
m
be

r
k
i
of

ob
se
rv
at
io
ns

m
ay

va
ry

fr
om

on
e

in
di
vi
du

al
to

an
ot
he

r.

T
he

ge
ne
ri
c
sp
at
io
te
m
po
ra
l
m
od

el
is
a
no

nl
in
ea
r
m
ix
ed

-e
ffe

ct
s
m
od

el
.
A
s
em

ph
as
iz
ed

in
th
e
in
tr
od

uc
ti
on

,
m
ix
ed

-e
ffe

ct
s
m
od

el
s
in
cl
ud

e
fix

ed
an

d
ra
nd

om
eff

ec
ts
.
T
he

fix
ed
-e
ffe

ct
s

ar
e
pa

ra
m
et
er
s
w
hi
ch

ar
e
sh
ar
ed

by
al
lt

he
in
di
vi
du

al
s
an

d
al
lo
w

fo
r
th
e
de

sc
ri
pt
io
n
of

th
e

m
od

el
at

th
e
po

pu
la
ti
on

le
ve
l.
R
an

do
m

eff
ec
ts

ar
e
in
di
vi
du

al
-s
pe

ci
fic

ra
nd

om
va
ri
ab

le
w
hi
ch

de
sc
ri
be

th
e
m
od

el
at

th
e
in
di
vi
du

al
le
ve
l.
T
he

se
tw

o
ty
pe

s
of

eff
ec
ts

pr
ov
id
e
th
e
m
od

el
w
it
h

a
hi
er
ar
ch
ic
al

st
ru
ct
ur
e.

T
he

ge
ne
ri
c
sp
at
io
te
m
po

ra
l
m
od

el
is

co
ns
tr
uc

te
d
as

fo
llo

w
s.

T
o

be
gi
n
w
it
h,

a
gr
ou

p-
av
er
ag

e
tr
aj
ec
to
ry
γ

0
is

de
fin

ed
on

th
e
m
an

ifo
ld

M
.
G
iv
en

th
e
av
er
-

ag
e
tr
aj
ec
to
ry
,s
ub

je
ct
-s
pe

ci
fic

tr
aj
ec
to
ri
es

ar
e
ob

ta
in
ed

by
sp
at
io
te
m
po

ra
lt
ra
ns
fo
rm

at
io
ns
,
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-B

.
S
ch

ir
at

ti
et

a
l.

w
hi
ch

co
ns
is
t
of

ex
p-
pa
ra
lle
liz
at
io
ns

of
th
e
av
er
ag

e
tr
aj
ec
to
ry
γ

0
an

d
ti
m
e
re
pa
ra
m
et
ri
za
ti
on

.
T
he

da
ta

po
in
ts

y
i,
j
ar
e
se
en

as
sa
m
pl
es

al
on

g
th
es
e
in
di
vi
du

al
tr
aj
ec
to
ri
es
.
If
γ
i
de

no
te
s

th
e
tr
aj
ec
to
ry

of
th
e
it
h
in
di
vi
du

al
,
th
e
m
od

el
w
ri
te
s:

y
i,
j

=
γ
i(
t i
,j

)
+
ε i
,j
,
w
he

re
ε i
,j
is

a
G
au

ss
ia
n
no

is
e.

T
he

ob
se
rv
at
io
n

y
i,
j
is

th
er
ef
or
e
co
ns
id
er
ed

as
a
sm

al
l
pe

rt
ur
ba

ti
on

of
a

qu
an

ti
ty

w
hi
ch

lie
s
in

a
R
ie
m
an

ni
an

m
an

ifo
ld
.

T
he

gr
ou

p-
av
er
ag

e
tr
aj
ec
to
ry
γ

0
is

ch
os
en

to
be

th
e
un

iq
ue

ge
od

es
ic
γ

0
=
γ

p
0
,t
0
,v

0
of

M
w
hi
ch

go
es

th
ro
ug

h
th
e
po

in
t

p
0
∈
M

at
ti
m
e
t 0

an
d
w
it
h
ve
lo
ci
ty

v
0
∈
T

p
0
M
.
Le

t
i
∈

{1
,.
..
,p
}d

en
ot
e
th
e
it
h
in
di
vi
du

al
.
T
he

su
bj
ec
t-
sp
ec
ifi
c
tr
aj
ec
to
ry
γ
i
is
de
fin

ed
in

tw
o
st
ep

s.
T
he

fir
st

st
ep

co
ns
is
ts

in
co
ns
tr
uc

ti
ng

th
e
cu

rv
e
η

w
i
(γ

0
,·)

,
w
hi
ch

is
an

ex
p-
pa
ra
lle
liz
at
io
n

of
th
e
av
er
ag

e
tr
aj
ec
to
ry
γ

0
in

th
e
di
re
ct
io
n
of

a
ta
ng

en
t
ve
ct
or

w
i
∈
T

p
0
M
.
T
hi
s
ta
ng

en
t

ve
ct
or

is
ch
os
en

or
th
og

on
al
,f
or

th
e
in
ne

r
pr
od

uc
t
g
M p
0
,t

o
γ̇

0
(t

0
)

=
v

0
.
T
he

ta
ng

en
t
ve
ct
or
s

(w
i)

1
≤
i≤
p
ar
e
ra
nd

om
eff

ec
ts

of
th
e
m
od

el
,c

al
le
d
sp
ac
e
sh
ift
s.

T
he

or
th
og

on
al
it
y
co
nd

it
io
n

on
th
e
sp
ac
e
sh
ift
s
is

di
sc
us
se
d
be

lo
w
.
T
he

se
co
nd

st
ep

co
ns
is
ts

of
re
pa
ra
m
et
ri
zi
ng

in
ti
m
e

th
e
ex
p-
pa

ra
lle

liz
at
io
n
η

w
i
(γ

0
,·)

.
W
e
co
ns
id
er

a
su
bj
ec
t-
sp
ec
ifi
c
affi

ne
m
ap

pi
ng

ψ
i
of

th
e

fo
rm

ψ
i(
t)

=
α
i(
t
−
t 0
−
τ i

)
+
t 0
,w

he
re
α
i
>

0
an

d
τ i
∈
R

ar
e
ra
nd

om
eff

ec
ts

of
ou

r
m
od

el
.

T
he

tr
aj
ec
to
ry
γ
i
of

th
e
it
h
in
di
vi
du

al
is
γ
i(
t)

=
η

w
i
(γ

0
,ψ

i(
t)

).
T
he

m
ap

pi
ng

ψ
i
is

ca
lle

d
ti
m
e
re
pa
ra
m
et
ri
za
ti
on

an
d
th
e
ra
nd

om
eff

ec
ts
α
i
(r
es
pe

ct
iv
el
y
τ i
)
ar
e
ca
lle

d
ac
ce
le
ra
ti
on

fa
ct
or

(r
es
pe

ct
iv
el
y
ti
m
e
sh
ift

).

2.
3
D
efi

n
it
io
n
of

th
e
S
p
ac
e
S
h
if
ts

A
s
m
en
ti
on

ed
ab

ov
e,

th
e
sp
ac
e
sh
ift
s

(w
i)

1
≤
i≤
p
ar
e
re
qu

ir
ed

to
be

or
th
og

on
al

to
γ̇

0
(t

0
)

=
v

0

fo
r
th
e
in
ne

r
pr
od

uc
t
g
M p
0
in
du

ce
d
by

th
e
R
ie
m
an

ni
an

m
et
ri
c
on

M
.
T
hi
s
se
ct
io
n
di
sc
us
se
s

di
ffe

re
nt

m
et
ho

ds
w
hi
ch

al
lo
w
to

im
po

se
th
is
or
th
og

on
al
it
y
co
nd

it
io
n
on

th
e
sp
ac
e
sh
ift
s
in
to

a
st
at
is
ti
ca
lm

od
el
.
T
he

m
et
ho

do
lo
gi
ca
lc

ha
lle

ng
e
ra
is
ed

by
th
is

se
ct
io
n
co
ns
is
ts

of
de

fin
in
g

a
(n
on

lin
ea
r)

m
ix
ed

-e
ffe

ct
s
m
od

el
w
it
h
sm

oo
th

co
ns
tr
ai
nt
s
on

so
m
e
ra
nd

om
eff

ec
t
of

th
e

m
od

el
.

In
or
de

r
to

en
su
re

th
e
in
te
rp
re
ta
bi
lit
y
of

th
e
sp
ac
e
sh
ift
s,

w
e
co
ns
id
er

an
In
de

pe
nd

en
t

C
om

po
ne

nt
A
na

ly
si
s
(I
C
A
)
(H

yv
är
in
en

et
al
.,
20

04
)
de

co
m
po

si
ti
on

of
ea
ch

ta
ng

en
t
ve
ct
or

w
i
as

a
lin

ea
r
co
m
bi
na

ti
on

of
N
s
<
N

st
at
is
ti
ca
lly

in
de

pe
nd

en
t
ta
ng

en
t
ve
ct
or
s

(A
l)

1
≤
l≤
N
s

w
hi
ch

ar
e
ca
lle

d
in
de
pe
nd

en
t
co
m
po
ne
nt
s
or

in
de
pe
nd

en
t
di
re
ct
io
ns
.
A
s
a
co
ns
eq
ue

nc
e,

th
e

sp
ac
e
sh
ift
s

(w
i)

1
≤
i≤
p
ar
e
de

fin
ed

as
fo
llo

w
s:
∀i
∈
{1
,.
..
,p
},

w
i

=
A

s i
=
∑

N
s

l=
1
s l
,i
A
l

w
he

re
A

=
(A

l)
1
≤
l≤
N
s
is

su
ch

th
at

ea
ch

A
i
is

a
ve
ct
or

in
T
γ̇
0
(t

0
)M

.
In

th
is

de
fin

it
io
n,

th
e

w
ei
gh

ts
(s
l,
i)

1
≤
l≤
N
s
ar
e
ra
nd

om
eff

ec
ts

of
th
e
m
od

el
ca
lle

d
so
ur
ce
s.

B
y
de
fin

in
g
th
e
sp
ac
e

sh
ift
s
th
is

w
ay
,
th
e
ge
ne

ri
c
sp
at
io
te
m
po

ra
l
m
od

el
w
ill

es
ti
m
at
e
an

IC
A

de
co
m
po

si
ti
on

of
th
e
sp
ac
e
sh
ift
s.

H
ow

ev
er
,
th
is

de
fin

it
io
n
do

es
no

t
en

su
re

th
e
or
th
og

on
al
it
y
of

th
e
sp
ac
e

sh
ift
s.

A
po

ss
ib
le

so
lu
ti
on

to
m
ak

e
th
e
ve
ct
or
s

w
i
or
th
og

on
al

to
v

0
=
γ̇

0
(t

0
)
co
ns
is
ts

of
de

co
m
po

si
ng

ea
ch

ve
ct
or

(A
l)

1
≤
l≤
N
s
in

an
or
th
on

or
m
al

ba
si
s
of

S
p
an
( γ̇

0
(t

0
))
⊥
⊂

T
p
0
M
.

In
de

ed
,i
f(
B k

) 1
≤
k
≤

(N
−

1
)N

s
is
an

or
th
on

or
m
al

ba
si
s
of

S
p
an
( γ̇

0
(t

0
))
⊥
,w

e
as
su
m
e
th
at
:
∀l
∈

{1
,.
..
,N

s
},

A
l

=
∑

(N
−

1
)N

s

k
=

1
β
l,
k
B k

.
B
y

co
ns
tr
uc

ti
on

,
ea
ch

in
de

pe
nd

en
t
co
m
po

ne
nt

A
l

(1
≤
l
≤
N
s
)
is

or
th
og

on
al
,
fo
r
th
e
in
ne

r
pr
od

uc
t
g
M p
0
,
to

v
0
.
T
he

re
fo
re
,
ea
ch

sp
ac
e
sh
ift

(w
i)

1
≤
i≤
p
is

or
th
og

on
al

to
v

0
si
nc
e
w
e
as
su
m
ed

th
at

it
w
ri
te
s
as

a
lin

ea
r
co
m
bi
na

ti
on

of
th
es
e
in
de

pe
nd

en
t
co
m
po

ne
nt
s.

In
th
e
fo
llo

w
in
g,

th
e
or
th
on

or
m
al

ba
si
s
is

co
m
pu

te
d
us
in
g

th
e
G
ra
m
-S
ch
m
id
t
al
go

ri
th
m

or
th
e
H
ou

se
ho

ld
er

m
et
ho

d
(C

ol
em

an
an

d
So

re
ns
en

,1
98

4)
.
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A
m
ix

ed
-effects

m
o
d
el

fo
r

r
epeated

m
a
n
ifo

ld
-va

lu
ed

d
ata

M
oreover,

it
is

im
portant

to
note

that
the

choice
of

the
form

of
the

distribution
of

the
space-shifts

does
not

depend
on

the
reference

tim
e-point

t0 .
Indeed,

the
w
i

=
A

s
i

are
defined

in
the

tangent
space

of
the

curve
at

point
p

0
=
γ

0 (t0 ).
A
t
another

point
p
′0

=
γ

0 (t ′0 ),
space-shifts

becom
e

w
′i

=
P
γ
0
,t
0
,t ′0 w

i ,
w
here

P
γ
0
,t
0
,t ′0

is
an

orthogonal
m
atrix.

T
hey

are
therefore

distributed
according

to
w
′i

=
P
γ
0
,t
0
,t A

s
i :

the
distribution

ofthe
sources

s
i does

not
change

and
the

independent
com

ponents
(i.e.

the
colum

ns
of

A
)
are

adjusted
to

the
new

position
on

the
average

trajectory.
In

particular,the
variance

ofthe
w
′i is

invariant.
T
his

property
holds

for
isom

etric
invariant

distributions.
For

instance,
if

w
i ∼
N

(0
,Σ

),
then

w
′i ∼
N

(0
,P

γ
0
,t
0
,t ′0

Σ
P
>γ
0
,t
0
,t ′0 ).

2.4
T
h
e
S
tatistical

M
od

el

T
he

generic
spatiotem

poral
m
odel

assum
es

that
the

jth
observation

of
the

ith
individual

derives
from

:

y
i,j

=
η

w
i(γ

0 ,ψ
i (ti,j ))

+
ε
i,j .

(2)

W
ith

the
notations

introduced
above,

let
z

p
o
p

=
(p

0 ,t0 ,v
0 ,(β

l,k )
l,k )

denote
the

population
variables

and
(z
i )

1≤
i≤
p
denote

the
set

ofindividualvariables
w
ith:

z
i

=
(ξ
i ,τ

i ,(s
l,i )

l,i ).
B
oth

z
p

o
p
and

(z
i )

1≤
i≤
p
are

latent
(or

random
)
variables

assum
ed

independent
ofeach

other
and

distributed
as

follow
s:

p
0 ∼
N

( p
0 ,σ

2p
0 ),

t0 ∼
N

(t0 ,σ
2t0 ),

v
0 ∼
N

(v
0 ,σ

2v
0 ),

β
l,k

i.i.d
.
∼
N

(β
l,k ,σ

2β ),
(3)

and
ψ
i (t)

=
α
i (t−

t0 −
τ
i )

+
t0

w
ith

α
i

=
ex

p
(ξ
i )

and
:

ξ
i

i.i.d
.
∼
N

(0,σ
2ξ ),

τ
i

i.i.d
.
∼
N

(0,σ
2τ ),

s
l,i

i.i.d
.
∼
N

(0,1).
(4)

w
here

σ
2p
0 ,
σ

2t0 ,
σ

2v
0
and

σ
2β
are

fixed
variance

param
eters.

T
he

noise
variables

(ε
i,j )

i,j
are

assum
ed

independent
of

the
other

random
variables

and
identically

distributed:

ε
i,j

i.i.d
.
∼
N

(0,σ
2).

(5)

Let
θ

v
a
r

=
(σ

2ξ ,σ
2τ ,σ

2)
denote

the
variance

param
eters

w
hich

are
not

fixed
and

θ
=
(p

0 ,t0 ,v
0 ,(β

l,k ),θ
v
a
r )

be
the

param
eters

ofthe
m
odel.

T
he

dom
ain

of
θ
is
denoted

by
Θ

and
defined

by:Θ
=
{
θ

=
(p

0 ,v
0 ,t0 ,(β

l,k )
l,k ,θ

v
a
r ) /

(p
0 ,v

0 )∈
T
M
,

t0 ∈
R
,(β

l,k )
l,k ∈

R
(N
−

1
)N

s,
θ

v
a
r ∈

]0,+
∞

[ 3 }
.

(6)
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𝑡
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𝒚
𝑖,𝑗

1
≤
𝑖
≤
𝑝

𝒘
𝑖
=
𝑨
𝒔
𝑖

1
≤
𝑙
≤
𝑁
𝑠

𝑠
𝑙,𝑖

𝑨
1
≤
𝑘
≤
(𝑁

−
1
)𝑁

𝑠

𝛽
𝑘

𝜉
𝑖

1
≤
𝑗
≤
𝑛
𝑖

𝜂
𝒘
𝑖
𝜸
,𝜓

𝑖
𝑡
𝑖,𝑗

𝜏
𝑖

𝛼
𝑖
=
exp

𝜉
𝑖

𝜎
𝜎
𝜉

𝜎
𝜏

𝒑
0𝑡
0

𝒗
0

ഥ𝒑
0ҧ𝑡0ഥ𝒗
0

A
c
c
e
le

r
a
t
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n

f
a
c
t
o
r

T
im

e
 

s
h
if
t
s

S
p

a
c
e

s
h
if
t
s

S
o
u
r
c
e
s

T
im

e
 
p

o
in

t
s

M
a
t
r
ix

 
o
f

in
d

e
p

e
n
d
e
n
t

d
ir

e
c
t
io

n
s

1
≤
𝑘
≤
(𝑁

−
1
)𝑁

𝑠

ҧ
𝛽
𝑘

O
r
t
h
o
n
o
r
m

a
l
b

a
s
is

 
o
f
 
ሶ𝜸(𝑡

0 )

1
≤
𝑘
≤
(𝑁

−
1
)𝑁

𝑠

ℬ
𝑘

F
igure

2:
G
raphicalrepresentation

of
the

generic
spatiotem

poralm
odel.

R
ound

shapes
in-

dicate
latent

variables
of

the
m
odel.

B
oxes

w
ith

indexes
in

the
upper

left
corner

indicate
a
repetition.

Shaded
boxes

indicate
that

the
quantity

is
observed.

T
his

figure
illustrates

the
dependence

betw
een

the
variables

of
the

generic
spatiotem

-
poralm

odel.

2.4.1
D
isc

u
ssio

n

T
he

additive,or
extrinsic,noise

m
odelin

E
q.(2)

m
akes

sense
because

w
e
assum

ed
that

M
is

a
subset

of
the

E
uclidean

space
R
N
.
T
he

term
η

w
i(γ

0 ,ψ
i (ti,j ))

belongs
to

the
m
anifold

M
w
hile

the
noise

term
ε
i,j

is
added

in
the

underlying
E
uclidean

space.
H
ow

ever,the
noise

m
odel

is
not

intrinsic
in

the
sense

that
the

noise
term

ε
i,j

is
not

added
on

the
m
anifold.

In
F
letcher

(2011),the
author

have
considered

an
intrinsic

noise
m
odelw

hich
w
ould

w
rite:

y
i,j

=
E

x
p
η
w
i(γ

0
,ψ
i (t
i,j )) (ε

i,j ).T
his

noise
m
odelallow

s
for

it
to

rem
ain

on
the

m
anifold.

Still,
obtaining

m
axim

um
a
posteriori

estim
ates

ofthe
param

eters
w
ith

this
intrinsic

noise
m
odel

is
m
ore

diffi
cult

as
the

m
odellikelihood

m
ight

not
be

available
in

closed-form
.

W
e
assum

e
a
centred

log-norm
al

distribution
for

the
acceleration

factors
α
i .

Indeed,
this

choice
of

probability
distribution

ensures
the

positiveness
of

the
acceleration

factors.
W

ith
this

assum
ption,

the
individual

tim
e
reparam

etrizations
do

not
reverse

tim
e.

O
ther

probability
distributions,such

as
the

exponentialdistribution,could
have

been
considered.
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ri
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th
e
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c
sp
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io
te
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po

ra
lm

od
el

fo
r
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si
ca
lR

ie
m
an

ni
an

m
an

ifo
ld
s.

T
he

m
od

el
s

fo
r
on

e-
di
m
en
si
on

al
ge
od

es
ic
al
ly

co
m
pl
et
e
R
ie
m
an

ni
an

m
an

ifo
ld
s
gi
ve
n
in

Se
ct
io
n
3.
1
w
er
e

in
tr
od

uc
ed

in
Sc
hi
ra
tt
i
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al
.
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01
5c
).

T
he

pr
og

re
ss
io
n
m
od

el
s,

gi
ve
n
in

Se
ct
io
n
3.
3
w
er
e

in
tr
od

uc
ed

in
Sc
hi
ra
tt
ie

t
al
.(
20

15
b)
.

3.
1
T
h
e
ca
se

of
O
n
e-
D
im

en
si
on

al
G
eo
d
es
ic
al
ly

C
om

p
le
te

R
ie
m
an

n
ia
n

M
an

if
ol
d
s

Le
t
M

be
an

op
en

in
te
rv
al

of
R

eq
ui
pp

ed
w
it
h
a
R
ie
m
an

ni
an

m
et
ri
c
g
M
,
fo
r
w
hi
ch

it
is

ge
od

es
ic
al
ly

co
m
pl
et
e.

T
he

ca
se

of
on

e
di
m
en

si
on

al
m
an

ifo
ld
s
is

pa
rt
ic
ul
ar

be
ca
us
e,

fo
r

al
l
p

0
∈
M

,
T
p
M
'

R
an

d
gi
ve
n
v 0
∈

T
p
0
M

,
th
er
e
is

on
ly

on
e
ta
ng

en
t
ve
ct
or

w
at

p
0

w
hi
ch

is
or
th
og

on
al

(f
or

th
e
in
ne

r
pr
od

uc
t
g
M p
0
)
to

v 0
:
w

=
0
.

A
s
a
re
su
lt
,
if
γ

0
is

a
ge
od

es
ic

of
M

,
t 0
∈

R
an

d
w

=
0
,
th
en

fo
r
al
l
s
∈

R
,
η
w

(γ
0
,s

)
=
γ

0
(s

).
T
he

re
fo
re
,
th
e

ge
ne

ri
c
sp
at
io
te
m
po

ra
l
m
od

el
w
ri
te
s:
y i
,j

=
γ

0

( ψ
i(
t i
,j

))
+
ε i
,j
,
w
it
h,

fo
r
al
l
i
∈
{1
,.
..
,p
},

ψ
i(
t)

=
α
i(
t
−
t 0
−
τ i

)
+
t 0

an
d
α
i

=
ex

p
(ξ
i)
.

W
e
sh
ow

th
at
,i
n
th
is
on

e-
di
m
en

si
on

al
fr
am

ew
or
k,

a
di
ffe

re
nt

pr
es
en
ta
ti
on

of
th
e
ge
ne

ri
c

sp
at
io
te
m
po

ra
lm

od
el

is
po

ss
ib
le
.
T
hi
s
pr
es
en
ta
ti
on

pr
ov
id
es

a
di
ffe

re
nt

in
si
gh

t
on

th
e
ro
le

of
th
e
la
te
nt

va
ri
ab

le
s

(α
i,
τ i

) 1
≤
i≤
p
.
Le

t
p

0
∈
M

,t
0
∈
R

an
d
v 0
∈

T
p
0
M
'

R
.
Le

t
γ

0
be

th
e

gr
ou

p-
av
er
ag

e
tr
aj
ec
to
ry

de
fin

ed
as

th
e
ge
od

es
ic

w
hi
ch

go
es

th
ro
ug

h
th
e
po

in
t
p

0
at

ti
m
e

t 0
an

d
w
it
h
ve
lo
ci
ty
v 0
.
Le

t
1
≤
i
≤
p
.
T
he

tr
aj
ec
to
ry
γ
i
of

th
e
it
h
in
di
vi
du

al
is

de
fin

ed
as

th
e
ge
od

es
ic
γ
i
w
hi
ch

go
es

th
ro
ug

h
th
e
po

in
t
p

0
at

ti
m
e
t 0

+
τ i

an
d
w
it
h
ve
lo
ci
ty
α
iv

0
.

H
av
in
g
de

fin
ed

in
di
vi
du

al
tr
aj
ec
to
ri
es

of
pr
og

re
ss
io
n,

th
e
ob

se
rv
at
io
ns

ar
e
se
en

as
ra
nd

om
sa
m
pl
es

al
on

g
th
es
e
tr
aj
ec
to
ri
es
:
y i
,j

=
γ
i(
t i
,j

)
+
ε i
,j
.
In

th
is

de
fin

it
io
n,

th
e
ac
ce
le
ra
ti
on

fa
ct
or
α
i
al
lo
w
s
ch
ar
ac
te
ri
zi
ng

w
he

th
er

th
e
it
h
in
di
vi
du

al
is

pr
og

re
ss
in
g
fa
st
er

(α
i
>

1
)
or

sl
ow

er
(α

i
<

1)
th
an

th
e
av
er
ag
e
tr
aj
ec
to
ry
.
T
he

ti
m
e
sh
ift

τ i
al
lo
w
s
de

te
rm

in
in
g
w
he

th
er

th
e
it
h

in
di
vi
du

al
is

ev
ol
vi
ng

ah
ea
d

(τ
i
<

0)
or

be
hi
nd

(τ
i
>

0)
th
e
av
er
ag

e
tr
aj
ec
to
ry
.

M
or
eo
ve
r,

it
fo
llo

w
s
fr
om

a
un

ic
it
y
pr
op

er
ty

of
th
e
ge
od

es
ic
s
th
at
,
fo
r
al
l
i
∈
{1
,.
..
,p
},

γ
i(
t)

=
γ

0

( ψ
i(
t)
) .

T
hi
s
re
su
lt

le
gi
ti
m
is
es

th
e
ch
oi
ce

of
affi

ne
ti
m
e
re
pa

ra
m
et
ri
za
ti
on

s
of

th
e

fo
rm

ψ
i

:
t
7→
α
i(
t
−
t 0
−
τ i

)
+
t 0
.
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d
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re
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c
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Fo
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th
e
ca
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ca
l
m
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th
e
ge
od
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e
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e
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t
∈

R
7→

a
t

+
b
w
it
h

(a
,b

)
∈
R

2
.
T
he

ge
ne

ri
c
sp
at
io
te
m
po

ra
lm

od
el

w
ri
te
s:
y i
,j

=
p

0
+
α
iv

0
(t
i,
j
−
t 0
−
τ i

)
+
ε i
,j
.

T
hi
s
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re
fe
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ra
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to
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ar
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at
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ra
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.
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r
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-e
ffe

ct
s
m
od

el
w
ri
te
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y i
,j

=
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a
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−
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+
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)+
ε i
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he
re

(A
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B
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p
ar
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ra
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om
eff

ec
ts

of
th
e
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od

el
w
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ch
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e
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to
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fe
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nd

no
rm

al
ly

di
st
ri
bu

te
d
w
it
h
m
ea
n

0
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ce
-

co
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an
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at
ri
x

D
.
T
he

fix
ed

eff
ec
ts

of
th
is
m
od

el
ar
e

(a
,b
,t

0
).

T
hi
s
lin

ea
r
m
od

el
an

al
yz
es

th
e
di
st
ri
bu

ti
on

of
th
e
ob

se
rv
at
io
ns

at
a
fix

ed
re
fe
re
nc
e
ti
m
e
t 0
.
In

co
m
pa

ri
so
n,

th
e
st
ra
ig
ht

lin
es

m
od

el
an

al
yz
es

th
e
di
st
ri
bu

ti
on

of
th
e
ti
m
es

at
w
hi
ch

th
e
ob

se
rv
at
io
ns

re
ac
h
a
gi
ve
n

va
lu
e
of

th
e
m
ea
su
re
m
en
ts
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T
he

tw
o
m
od

el
s
ill
us
tr
at
ed

in
F
ig
.3

ar
e
no

t
eq
ui
va
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nt

be
ca
us
e

th
e
ob

se
rv
at
io
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ge
ne
ra
te
d
by

th
es
e
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o
m
od

el
s
ar
e
di
ffe

re
nt
.
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de

ed
,t
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ra
nd

om
sl
op
e
an

d
in
te
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ep
t
m
od
el

ge
ne
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te
s
st
ra
ig
ht

lin
es

w
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sl
op

e
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+
a
i
an

d
in
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ep

t
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+
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n
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th
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ra
ig
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m
od
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G
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T
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in
te
rc
ep
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−
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τ i
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a
i
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do
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w
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G
au
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ia
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di
st
ri
bu
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.
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m

of
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ra
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va
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ab

le
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w
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G
au

ss
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bu
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be
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ra
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di
st
ri
bu

ti
on

of
a
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ra
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va
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ra
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m
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t 0
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=
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𝑡 𝑖
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−
𝑡 0
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ത 𝑏
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=

ത𝑎
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𝑡 𝑖
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−
𝑡 0
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F
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at
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ra
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d
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ffe
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s
m
od

el
(l
ef
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ra
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=
u
M

(p
)v
,w

he
re
M

(p
)

=
1
/
( p
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−
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w
ar
d
of

th
e
E
uc

lid
ea
n

m
et
ri
c
on

R
by

th
e

lo
gi

t
tr
an

sf
or
m
.
In

Sc
hi
ra
tt
i
et

al
.
(2
01

5c
),

it
is

pr
ov
en

th
at

M
=

]0
,1

[
is
a
ge
od

es
ic
al
ly

co
m
pl
et
e
R
ie
m
an

ni
an

m
an

ifo
ld

an
d
th
at

th
e
ge
ne

ri
c
sp
at
io
te
m
po

ra
lm

od
el
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A
m
ix

ed
-effects

m
o
d
el

fo
r

r
epeated

m
a
n
ifo

ld
-va

lu
ed

d
ata

w
rites:

y
i,j

=

(
1

+
(

1p
0 −

1 )
ex

p (
−
v

0 α
i (ti,j −

t0 −
τ
i )

p
0 (1−

p
0 )

) )
−

1

+
ε
i,j .

(7)

In
this

fram
ew

ork,
the

R
iem

annian
logarithm

at
p

=
1
/
2,

w
hich

corresponds
to

the
inflexion

point
of

the
logistics,

is
given

by:
∀
q
∈

]0,1[,
L

og
1
/
2 (q)

=
(1/

4)logit(q).
H
ow

ever,
in

(7),the
point

p
0
is
not

fixed
to

1
/2,but

is
estim

ated
as

a
fixed

effect.
T
he

m
odelestim

ates
the

p
0 ,and

therefore
the

best
tangent

space,w
hich

best
describes

the
observations.

Further-
m
ore,even

ifone
fixes

p
=

1/2,the
m
odellifted

up
on

the
tangent

space
rem

ains
nonlinear

due
to

the
m
ultiplication

betw
een

the
random

effects
α
i and

τ
i .

T
herefore,the

logistic
curves

m
odelis

not
equivalent

to
a
linear

m
odelon

the
logit

transform
of

the
observations.

3.3
A

P
rogression

M
od

el

T
he

generic
spatiotem

poralm
odelcan

be
used

to
study

the
tem

poralprogression
ofa

fam
ily

of
features

w
hich

characterize
the

evolution
of

a
biological

phenom
enon.

W
e
assum

e
that

each
feature

is
described

by
repeated

univariate
observations,

w
hich

are
random

pertur-
bations

of
quantities

lying
in

a
one-dim

ensional
geodesically

com
plete

R
iem

annian
m
ani-

fold
(M

,g
M

),
open

subset
of

R
.
For

each
individual,

at
each

tim
e
point,

the
observations

(y
i,j )

1≤
i≤
p
,1≤

j≤
k
i
consist

of
a
N
-dim

ensional
vector

of
univariate

features.
H
ence,

for
this

progression
m
odel,

the
observations

(y
i,j )

1≤
i≤
p
,

1≤
j≤
k
i
are

considered
as

random
perturba-

tions
of

quantities
w
hich

belong
to

the
product

m
anifold

M
=
M
×
...×

M
=
M

N
.
Since

each
R
iem

annian
m
anifold

(M
,g
M

)
is
geodesically

com
plete,M

equipped
w
ith

the
product

m
etric

is
also

geodesically
com

plete.
O
n
the

product
m
anifold

M
=
M

N
,
equipped

w
ith

the
product

m
etric,

a
geodesic

is
of

the
form

t7→
(γ

1 (t),...,γ
N

(t) ),
w
here

γ
1 ,...,γ

N
are

geodesics
of

the
one-dim

ensional
R
iem

annian
m
anifold

M
.
B
ecause

w
e
w
ould

like
to

m
odelthe

joint
tem

poralprogression
of

N
features,

w
e
propose

to
choose

the
group-average

trajectory
am

ong
a
param

etric
fam

ily
of

geodesics
ofM

.
T
his

fam
ily

is
of

the
form

:

{
γ

0
,δ

:
t∈

R
7→
(γ

0 (t),γ
0 (t

+
δ

1 ),...,γ
0 (t

+
δ
N
−

1 ) ) }
,

(8)

w
ith

δ
=

(0,δ
1 ,...,δ

N
−

1 ) >
,
δ
i
∈

R
and

γ
0
denotes

a
geodesic

of
the

one-dim
ensional

R
iem

annian
m
anifold

g
M

w
hich

goes
through

a
point

p
0
∈
M

at
tim

e
t0

w
ith

velocity
v

0 .
T
he

relative
delay

betw
een

tw
o
consecutive

biom
arkers

is
given

by
the

param
eters

δ
i

(1
≤
i≤

N
−

1
).

T
he

vector
δ
is

to
be

estim
ated

as
a
fixed

effect
of

the
m
odel.

T
he

first
com

ponent
ofthe

vector
δ
is
chosen

to
be

equalto
zero

in
order

to
ensure

the
identifiability

ofthe
m
odel.

N
ote

that
assum

ing
that

the
group

average
belongs

to
this

param
etric

fam
ily

of
geodesics

is
equivalent

to
assum

ing
that

the
progression

of
each

feature
is

described
by

trajectories
w
hich

have
the

sam
e
shape

but
are

shifted
in

tim
e.

L
em

m
a
2

Let
γ
be

a
geodesic

of
the

product
m
anifold

M
=
M

N
and

let
t0 ∈

R
.
If
η

w
(γ
,·)

denotes
an

exp-parallelization
ofthe

geodesic
γ
using

w
=

(w
1 ,...,w

N )∈
T
γ

(t
0
) M

and
w
ith

γ
(t)

=
(γ

1 (t),...,γ
N

(t)),
w
e
have

η
w

(γ
,s)

=
(γ

1 (
w

1
γ̇
1
(t

0
)

+
s ),...,γ

N (
w
N

γ̇
N

(t
0
)

+
s )),

s∈
R
.
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J.-B
.
S
ch

ir
atti

et
a
l.

In
this

fram
ew

ork,
an

exp-parallelization
of

the
group-average

trajectory
γ

0
,δ

can
be

com
puted

using
the

result
given

in
Lem

m
a
2.

Indeed,
it

follow
s
from

Lem
m
a
2
that

the
generic

spatiotem
poralm

odel2
w
rites

:

y
i,j,k

=
γ

0 (
w
i,k

γ̇
0 (t0

+
δ
k−

1 )
+
ψ
i (ti,j )

+
δ
k−

1 )
+
ε
i,j,k ,

(9)

w
here,

for
all

k
∈
{
1
,...,N

},
(y
i,j )

k
denotes

the
kth

com
ponent

of
y
i,j .

In
other

w
ords,

(y
i,j )

k
is

the
observation

associated
to

the
kth

biom
arker,

for
the

ith
individual,

at
the

jth
tim

e
point.

Sim
ilarly,

(w
i )
k
denotes

the
kth

com
ponent

of
the

space
shift

w
i .

For
all

i∈
{1,...,p},

ψ
i (t)

=
α
i (t−

t0 −
τ
i )

+
t0

is
the

individualspecific
tim

e
reparam

etrization.
T
his

m
odelis

referred
to

as
the

progression
m
odel.

For
this

m
odel,the

latent
variables

are:
z

p
o
p

=
(p

0 ,t0 ,v
0 ,(δ

k )
1≤
k≤

N
−

1 ,(β
l,k )

l,k )
and,for

all
i∈
{1
,...,p},

z
i

=
(ξ
i ,τ

i ,(s
l,i )

l,i ).
T
he

definition
ofthe

individuallatent
variables

(z
i )

1≤
i≤
p
rem

ains
unchanged.

For
the

population
latent

variables
z

p
o
p ,

the
variables

(δ
k )

1≤
k≤

N
−

1
are

added.
W
e
assum

e
that

the
latent

variables
z

p
o
p
are

distributed
as

follow
s:

p
0 ∼
N

(p
0 ,σ

2p
0 ),

t0 ∼
N

(t0 ,σ
2t0 ),

v
0 ∼
N

(v
0 ,σ

2v
0 ),

(10)

and
β
l,k

i.i.d
.
∼
N

(β
l,k ,σ

2β ),
δ
k

i.i.d
.
∼
N

(δ
k ,σ

2δ ),
(11)

w
here

σ
2p
0 ,
σ

2t0 ,
σ

2v
0
and

σ
2δ
are

fixed
variance

param
eters.

Sim
ilarly

to
the

generic
spatiotem

-
poral

m
odel,

the
latent

variables
are

assum
ed

independent
of

each
other

and
independent

of
the

noise
variables

ε
i,j

i.i.d
.
∼
N

(0
,σ

2IN
).

3.4
T
h
e
S
ym

m
etric

P
ositive

D
efi

n
ite

(S
P
D
)
M
atrices

M
od

el

In
this

section,
w
e
describe

how
the

generic
spatiotem

poral
m
odel

can
be

used
to

analyze
longitudinal

datasets
of

sym
m
etric

positive
definite

m
atrices.

Such
datasets

m
ay

arise
in

D
iffusion

T
ensor

Im
aging

(D
T
I)

or
w
hen

observing
the

tem
poral

evolution
of

covariance
m
atrices.

T
he

space
of

3×
3
sym

m
etric

positive
definite

m
atrices

is
usually

denoted
by

S
D

P
(3),

w
hich

is
an

open
subset

of
the

vector
space

of
(3,3)

sym
m
etric

real
m
atrices,

denoted
by

S
y
m

(3).
B
y
identifying

S
y
m

(3)
w
ith

R
6,M

=
S
D

P
(3)

can
be

considered
as

an
open

sub-
m
anifold

of
R

6.
Indeed,

M
can

be
equipped

w
ith

a
R
iem

annian
m
etric.

In
P
ennec

et
al.

(2006),
the

authors
defined

an
affi

ne-invariant
R
iem

annian
m
etric

on
S
P

D
(3).

E
quipped

w
ith

this
m
etric,the

space
ofsym

m
etric

positive
definite

m
atrices

is
a
geodesically

com
plete

R
iem

annian
m
anifold,

w
ithout

boundaries
(m

atrices
w
ith

null
eigenvalues

are
at

infinity).
T
he

results
presented

below
are

obtained
w
ith

the
affi

ne-invariant
m
etric

on
S
P

D
(3).

If
Σ
∈

S
D

P
(3),

Σ
1
/
2
denotes

the
unique

sym
m
etric

positive
definite

m
atrix

S
such

that
:

S
2

=
Σ

and
Σ
−

1
/
2
denotes

its
inverse.

Let
T

Σ
M

denote
the

tangent
space

to
M

at
the

point
Σ
.

T
Σ
M

can
be

identified
w
ith

S
y
m

(3)
and

is
equipped

w
ith

the
inner

product
〈·,·〉

Σ
defined

by
:
∀
(W

1 ,W
2 )
∈

T
Σ
M
,〈W

1 ,W
2 〉

Σ
=

tr (Σ
−

1
/
2W

>1
Σ
−

1W
2 Σ
−

1
/
2 ).

In
order

to
describe

exp-parallelization
in

the
R
iem

annian
m
anifold

S
P

D
(n

)
equipped

w
ith
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A
m
ix

ed
-e

ff
ec

ts
m
o
d
el

fo
r

r
ep

ea
te

d
m
a
n
if

o
ld

-v
a
lu

ed
d
at

a

th
e
affi

ne
in
va
ri
an

t
m
et
ri
c,

w
e
gi
ve

a
cl
os
ed

-f
or
m

ex
pr
es
si
on

of
th
e
pa

ra
lle

l
tr
an

sp
or
t.

T
he

re
su
lt

gi
ve
n
in

Le
m
m
a
3
is

ba
se
d
in

th
e
w
or
k
of

Le
ng

le
t
et

al
.
(2
00

6)
.
Fo

r
P

0
∈

S
P

D
(n

),
t 0
∈
R
,
V

0
∈

T
P

0
S
P

D
(n

)
'

S
Y

M
(n

),
th
e
ge
od

es
ic
γ

0
,
de

fin
ed

by
γ

0
(t

)
=

E
x
p

P
0
,t
0
(V

0
)(
t)

fo
r
al
lt
∈
R
,i
s
gi
ve
n
by

:
γ

0
(t

)
=

P
1
/
2

0
ex

p
( t

P
−

1
/
2

0
V

0
P
−

1
/
2

0

) P
1
/
2

0
,w

he
re

P
1
/
2

0
(r
es
pe

ct
iv
el
y

P
−

1
/
2

0
)
de

no
te
s
th
e
un

iq
ue

sy
m
m
et
ri
c
po

si
ti
ve

de
fin

it
e
sq
ua

re
ro
ot

of
P

0
(r
es
pe

ct
iv
el
y
it
s

in
ve
rs
e)
.
T
he

pr
oo

f
of

Le
m
m
a
3
ca
n
be

ad
ap

te
d
to

ob
ta
in

th
e
ex
pr
es
si
on

of
th
e
ge
od

es
ic
s.

O
ne

ca
n
al
so

ob
ta
in

th
is
ex
pr
es
si
on

by
no

ti
ng

th
at

th
e
ge
od

es
ic

st
ar
ti
ng

at
I n

w
it
h
ve
lo
ci
ty

V
∈

S
Y

M
(n

)
is
gi
ve
n
by

ex
p
(t

V
)
an

d
us
e
th
e
in
va
ri
an

ce
of

th
e
affi

ne
-in

va
ri
an

t
m
et
ri
c
un

de
r

co
ng

ru
en
t
tr
an

sf
or
m
at
io
ns
.
F
in
al
ly
,
th
e
ex
pr
es
si
on

of
th
e
pa

ra
lle

l
tr
an

sp
or
t
al
on

g
su
ch

a
ge
od

es
ic

is
gi
ve
n
by

th
e
fo
llo

w
in
g
le
m
m
a.

L
em

m
a
3

Le
t

P
0
∈

S
P

D
(n

),
t 0
∈

R
an

d
V

0
∈

T
P

0
S
P

D
(n

)
'

S
Y

M
(n

).
Le

t
γ

0
be

th
e

ge
od
es
ic

de
fin

ed
as

ab
ov
e.

If
W

is
a
ta
ng
en
t
ve
ct
or

in
T

P
0
S
P

D
(n

),
th
e
pa
ra
lle
l
tr
an

sp
or
t

P
γ
0
,t
0
,t
(W

)
is

gi
ve
n
by
:

∀t
∈
R
,

P
γ
0
,t
0
,t
(W

)
=

ex
p
( t
−
t 0

2
V

0
P
−

1
0

) W
ex

p
( t
−
t 0

2
P
−

1
0

V
0

) .
(1
2)

T
he

pr
oo

fo
fL

em
m
a
3
is
gi
ve
n
in

A
pp

en
di
x
A
.2
.
It

fo
llo

w
s
fr
om

th
is
le
m
m
a
th
at

th
e
ge
ne

ri
c

sp
at
io
te
m
po

ra
lm

od
el

w
ri
te
s
:

Y
i,
j

=
P
i(
t i
,j

)1
/
2

ex
p
( P

i(
t i
,j

)−
1
/
2
V
i(
t i
,j

)P
i(
t i
,j

)−
1
/
2
) P

i(
t)

1
/
2

+
ε
i,
j
,

(1
3)

w
it
h,

fo
r
al
lt
∈
R
, P

i(
t)

=
P

1
/
2

0
ex

p
( α

i(
t
−
t 0
−
τ i

)P
−

1
/
2

0
V

0
P
−

1
/
2

0

) P
1
/
2

0
,

(1
4)

an
d:

V
i(
t)

=
ex

p
( α

i(
t
−
t 0
−
τ i

)

2
V

0
P
−

1
0

) W
i
ex

p
( α

i(
t
−
t 0
−
τ i

)

2
P
−

1
0

V
0

) .
(1
5)

T
he

pr
io
r
di
st
ri
bu

ti
on

fo
r
th
e
m
at
ri
ce
s

P
0
,

V
0
an

d
(ε
i,
j
) i
,j

ar
e
de

fin
ed

as
fo
llo

w
s:

P
0
∼

SN
(P

0
,σ

2 P
0
),

V
0
∼
SN

(V
0
,σ

2 V
0
)
an

d
ε
i,
j

i.
i.

d
.
∼
SN

(0
,σ

2
),

w
he

re
SN

de
no

te
s
th
e
G
au

s-
si
an

di
st
ri
bu

ti
on

on
th
e
ve
ct
or

sp
ac
e

S
y
m

(n
).

G
iv
en

M
∈

S
Y

M
(n

),
th
e
pr
ob

ab
ili
ty

di
s-

tr
ib
ut
io
n
SN

(M
,σ

2
)
on

S
y
m

(n
)
is

de
fin

ed
by

th
e
de

ns
it
y
fu
nc

ti
on

q
su
ch

th
at
:
q(

M
)

=
1

(2
π

)m
/
2
σ
m

ex
p
( −

1
2
σ
2
tr
[ (M
−

M
)2
])

w
it
h

M
∈

S
y
m

(n
)
an

d
w
it
h
m

=
n

(n
+

1)
/2

.
T
he

“s
ta
n-

da
rd
”
di
st
ri
bu

ti
on
SN

(0
,1

)
is

us
ed

in
ph

ys
ic
s
an

d
in

th
e
th
eo
ry

of
ra
nd

om
m
at
ri
ce
s.

It
is

so
m
et
im

es
ca
lle

d
G
au

ss
ia
n
O
rt
ho
go
na

lE
ns
em

bl
e.

T
he

pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

of
th
e
ot
he

r
ra
nd

om
eff

ec
ts

of
th
e
m
od

el
ar
e
de

fin
ed

as
in

Se
ct
io
n
2.
2.

T
hi
s
m
od

el
w
ill

be
re
fe
rr
ed

to
as

th
e
sy
m
m
et
ri
c
po
si
ti
ve

de
fin

it
e
m
at
ri
ce
s
m
od
el

or
S
P

D
(n

)
m
at
ri
ce
s
m
od
el
.
In

A
rs
ig
ny

et
al
.

(2
00

6)
,
th
e
au

th
or
s
co
ns
id
er
ed

th
e
sp
ac
e

S
P

D
(n

)
eq
ui
pp

ed
w
it
h
th
e
lo
g-
E
uc

lid
ea
n
m
et
ri
c.

T
hi
s
m
et
ri
c
pr
ov
id
es

th
e
sp
ac
e
of

sy
m
m
et
ri
c
po

si
ti
ve

de
fin

it
e
m
at
ri
ce
s
w
it
h
a
st
ru
ct
ur
e
of

R
ie
m
an

ni
an

m
an

ifo
ld
.
U
nl
ik
e
w
it
h
th
e
affi

ne
-in

va
ri
an

t
m
et
ri
c,

th
e
sp
ac
e

S
P

D
(n

)
en

do
w
ed

w
it
h
th
e
Lo

g-
E
uc

lid
ea
n
m
et
ri
c
is
a
fla

t
R
ie
m
an

ni
an

m
an

ifo
ld
,m

ea
ni
ng

th
at

it
s
se
ct
io
na

lc
ur
-

va
tu
re

is
nu

ll
ev
er
yw

he
re
.
B
y
co
nt
ra
st
,t
he

sp
ac
e

S
P

D
(n

)
eq
ui
pp

ed
w
it
h
th
e
affi

ne
-in

va
ri
an

t
m
et
ri
c
is

a
R
ie
m
an

ni
an

m
an

ifo
ld

of
no

n-
po

si
ti
ve

cu
rv
at
ur
e
(S
ko
vg

aa
rd
,1

98
4;

M
oa

kh
er

an
d
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J.
-B

.
S
ch

ir
at

ti
et

a
l.

Zé
ra
ï,
20

11
)
w
it
h
no

cu
t-
lo
cu

s.
W

it
hi
n
th
e
Lo

g-
E
uc
lid

ea
n
fr
am

ew
or
k,

th
e
ge
od

es
ic
s
ar
e
of

th
e
fo
rm

:
ex

p
(V

1
+
tV

2
)
w
it
h

V
1
,V

2
∈

S
Y

M
(n

).
A
s
ex
pe

ct
ed
,t
he

ge
od

es
ic
s
ar
e
th
e
im

ag
e

of
a
st
ra
ig
ht

lin
e
in

S
Y

M
(n

)
by

th
e
m
at
ri
x
ex
po

ne
nt
ia
l
m
ap

.
Fu

tu
re

de
ve
lo
pm

en
ts

sh
ou

ld
in
cl
ud

e
co
m
pa

ri
so
ns

w
it
h
th
e
lo
g-
eu

cl
id
ea
n
m
et
ri
c
on

th
e
sp
ac
e

S
P

D
(3

).

5
0

6
0

7
0

8
0

A
ve

ra
ge

tr
aj

e
ct

o
ry

Pa
ra

lle
l𝜂

𝑊
𝑖 (
𝜸
,𝑡
)

R
ep

ar
am

et
ri

ze
d

p
ar

al
le

l

𝜂
𝑊

𝑖
𝜸
,𝜓

𝑖
𝑡

Ti
m

e 
(Y

ea
rs

)

O
b

se
rv

at
io

n
s 

F
ig
ur
e
4:

Si
m
ul
at
ed

ev
ol
ut
io
ns

of
di
ffu

si
on

te
ns
or
s.

F
ir
st

ro
w

:
av
er
ag

e
tr
aj
ec
to
ry

fr
om

a
hi
gh

ly
an

is
ot
ro
pi
c
di
ffu

si
on

te
ns
or

to
a
sp
he
re
.

Se
co
nd

ro
w

:
a
pa

ra
lle

l
to

th
e
av
er
ag

e
tr
aj
ec
to
ry

ob
ta
in
ed

us
in
g
a
ra
nd

om
sp
ac
e
sh
ift

W
i.

T
hi
rd

ro
w

:
th
e
re
pa

ra
m
et
ri
za
ti
on

of
th
e
ex
p-
pa

ra
lle

liz
at
io
n

w
it
h
α
i

=
0
.7

an
d
τ i

=
−

4
(y
ea
rs
).

Fo
ur
th

ro
w

:
th
e
ob

se
rv
at
io
ns

ar
e
sa
m
pl
es

fr
om

th
e
re
pa

ra
m
et
ri
ze
d

ex
p-
pa

ra
lle

liz
at
io
n.

E
ac
h

di
ffu

si
on

te
ns
or

is
co
lo
re
d

ac
co
rd
in
g
to

it
s
fr
ac
ti
on

al
an

is
ot
ro
py

(r
ed

fo
r
a
hi
gh

ly
an

is
ot
ro
pi
c
te
ns
or
s,

ye
llo

w
fo
r
a
sp
he

re
).

4.
P
ar
am

et
er
s
E
st
im

at
io
n

T
he

ge
ne

ri
c
sp
at
io
te
m
po

ra
lm

od
el

(E
q.

(2
))

is
a
no

nl
in
ea
r
m
ix
ed

-e
ffe

ct
s
m
od

el
fo
r
w
hi
ch

th
e

ob
se
rv
ed

lik
el
ih
oo

d
is
no

t
av
ai
la
bl
e
in

cl
os
ed

-f
or
m
.
In
de

ed
,i
t
w
ri
te
s
as

an
in
tr
ac
ta
bl
e
in
te
gr
al

w
hi
ch

co
ul
d
on

ly
be

ap
pr
ox
im

at
ed

.
In

or
de
r
to

pr
od

uc
e
m
ax

im
um

lik
el
ih
oo

d
es
ti
m
at
es
,w

e
co
ul
d
us
e
th
e
E
xp

ec
ta
ti
on

M
ax

im
iz
at
io
n
(E

M
)
al
go

ri
th
m

(D
em

ps
te
r
et

al
.,
19

77
).

T
he

fir
st

st
ep

of
th
e
E
M

al
go

ri
th
m
,
us
ua

lly
ca
lle

d
“E

-s
te
p”
,
re
qu

ir
es

us
to

co
m
pu

te
th
e
ex
pe

ct
at
io
n

of
th
e
lo
g-
co
m
pl
et
e
lik

el
ih
oo

d
(t
he

lik
el
ih
oo

d
of

th
e
ob

se
rv
at
io
ns

y
=

(y
i,
j
) 1
≤
i≤
p
,1
≤
j≤
k
i
an

d
th
e
la
te
nt

va
ri
ab

le
s

z
)
w
it
h
re
sp
ec
t
to

th
e
co
nd

it
io
na

l
di
st
ri
bu

ti
on

of
th
e
la
te
nt

va
ri
ab

le
s

kn
ow

in
g
th
e
ob

se
rv
at
io
ns

an
d
th
e
cu

rr
en
t
va
lu
es

of
th
e
pa

ra
m
et
er
s.

In
th
e
ca
se

of
ou

r
m
od

el
,

th
is

ex
pe

ct
at
io
n
ca
nn

ot
be

co
m
pu

te
d
in

cl
os
ed

-f
or
m
.

T
he

re
fo
re
,w

e
ch
oo

se
to

es
ti
m
at
e
th
e
pa

ra
m
et
er
s
of

th
e
ge
ne
ri
c
sp
at
io
te
m
po

ra
lm

od
el

by
us
in
g
a
st
oc
ha

st
ic

ve
rs
io
n
of

th
e
E
M

al
go

ri
th
m
,i
n
w
hi
ch

th
is
st
ep

is
re
pl
ac
ed

by
a
st
oc
ha

st
ic

ap
pr
ox
im

at
io
n.

T
hi
s
al
go

ri
th
m

is
th
e
M
on

te
C
ar
lo

M
ar
ko
v
C
ha

in
s
(M

C
M
C
)
St
oc
ha

st
ic

A
pp

ro
xi
m
at
io
n
E
M

(M
C
M
C
-S
A
E
M
)
al
go

ri
th
m

(A
lla

ss
on

ni
èr
e
et

al
.,
20

10
).

T
he

M
C
M
C
-

SA
E
M

it
er
at
es
,u

nt
il
co
nv

er
ge
nc

e,
be

tw
ee
n
th
re
e
st
ep

s:
si
m
ul
at
io
n,

st
oc
ha

st
ic
ap

pr
ox
im

at
io
n

an
d
m
ax

im
iz
at
io
n.
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A
m
ix

ed
-effects

m
o
d
el

fo
r

r
epeated

m
a
n
ifo

ld
-va

lu
ed

d
ata

4.1
S
im

u
lation

S
tep

A
lgorith

m
1
T
he

B
lock

M
etropolis-H

astings-w
ithin-G

ibbs
sam

pler

R
equ

ire:
Set

of
latent

variables
z

(k−
1
)

=
(z

(k−
1
)

p
o
p
,(z

(k−
1
)

i
)
1≤
i≤
p ),

current
estim

ate
of

the
param

eters
θ

(k−
1
),variance-covariance

m
atrices

D
p

o
p
and

(D
i )

1≤
i≤
p
and

θ
h
y
p

er

E
n
su
re:

Set
of

latent
variables

z
(k

)

1:
B
lock

z
(k

)
p

o
p
of

p
op

u
lation

latent
variab

les:

2:
D
raw

a
candidate

z ∗p
o
p ∼
N
(z

(k−
1
)

p
o
p
,D

p
o
p )

3:
C
om

pute
the

acceptance
ratio

α
(z

(k−
1
)

p
o
p
,z ∗p

o
p )

defined
by:

α
(z

(k−
1
)

p
o
p
,z ∗p

o
p )

=
q(y
|
z ∗p

o
p ,(z

(k−
1
)

i
)
1≤
i≤
p ,θ

(k−
1
))q

p
o
p (z ∗p

o
p |
θ

(k−
1
))

q(y
|
z

(k−
1
)

p
o
p
,(z

(k−
1
)

i
)
1≤
i≤
p ,θ

(k−
1
))q

p
o
p (z

(k−
1
)

p
o
p
|
θ

(k−
1
)) ∧

1
.

4:
D
raw

U
∼

U
n
iform

([0,1] )

5:
Set:

z
(k

)
p

o
p

=
z ∗p

o
p
if
U
≤
α

(z
(k−

1
)

p
o
p
,z ∗p

o
p )

and
z

(k
)

p
o
p

=
z

(k−
1
)

p
o
p

otherw
ise.

6:
for

i
=

1
...p

d
o

7:
B
locks

(z
(k

)
i

)
1≤
i≤
p
of

in
d
ivid

u
al

latent
variab

les:

8:
D
raw

a
candidate

z ∗i ∼
N
(z

(k−
1
)

i
,D

in
d

iv )

9:
C
om

pute
the

acceptance
ratio

α
(z

(k−
1
)

i
,z ∗i )

defined
by:

α
(z

(k−
1
)

i
,z ∗i )

=
q(y
|
z

(k
)

p
o
p ,z

(k−
1
),(k

)
−
i

,z ∗i ,θ
(k−

1
))q

i (z ∗i |
θ

(k−
1
))

q(y
|
z

(k
)

p
o
p ,z

(k−
1
),(k

)
−
i

,z
(k−

1
)

i
,θ

(k−
1
))q

i (z
(k−

1
)

i
|
θ

(k−
1
)) ∧

1
.

10:
D
raw

U
∼

U
n
iform

([0,1])

11:
Set:

z
(k

)
i

=
z ∗i

if
U
≤
α

(z
(k−

1
)

i
,z ∗i )

or
z

(k
)

i
=

z
(k−

1
)

i
otherw

ise.
12:

en
d
for

13:
R
etu

rn
:

z
(k

)
=
(z

(k
)

p
o
p ,(z

(k
)

i
)
1≤
i≤
p ).

If
θ̃

(k−
1
)
denotes

the
current

estim
ate

of
θ̃

at
the

beginning
of

the
kth

iteration
of

the
M
C
M
C
-SA

E
M
,
the

sim
ulation

step
consists

of
draw

ing
a
sam

ple
z

(k
)
from

the
transition

kernel
π
θ
(k−

1
),y

(z
(k−

1
),·)

ofan
ergodic

M
arkov

chain
w
hose

stationary
distribution

is
the

con-

ditionaldistribution
q(z
|
y
,θ̃

(k−
1
)),the

distribution
ofthe

latentvariables
z
know

ing
the

ob-
servations

y
and

θ̃
(k−

1
).

T
his

step
is
achieved

using
a
M
onte

C
arlo

M
arkov

C
hain

(M
C
M
C
)

sam
pler.

W
e
chose

to
use

a
B
lock

M
etropolis-H

astings-w
ithin-G

ibbs
(B

lock
M
H
w
G
)sam

pler
for

the
sam

pling
step

ofthe
M
C
M
C
-SA

E
M
.E

ach
M
etropolis-H

astings
step

ofthe
algorithm

consists
in

a
m
ultivariate

sym
m
etric

random
w
alk.

T
he

B
lock

M
H
w
G

sam
pler

updates
si-

m
ultaneously

block
(or

sets)
oflatent

variables
then,at

each
iteration,each

block
is
updated

conditionally
on

the
others.

E
ven

though
the

latent
variables

can
be

grouped
in

severalw
ays,

w
e
chose

to
group

the
latent

variables
as

follow
s:{z

p
o
p }

and
{
z
i }

1≤
i≤
p .

T
his

grouping
being
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J.-B
.
S
ch

ir
atti

et
a
l.

given
by

the
hierarchical

structure
of

the
m
odel.

N
ote

that
the

latent
variables

also
could

have
been

grouped
as

follow
s:
{
p

0 ,t0 ,v
0 },{(β

l,k )
l,k }

and
{
z
i }

1≤
i≤
p .

In
the

case
of

the
progression

m
odels,the

delay
variables

(δ
k )

1≤
k≤

N
−

1
w
ere

grouped
w
ith

z
p

o
p ,although

they
could

also
be

considered
as

a
block

in
itself.

For
each

block,
the

proposal
in

the
M
etropolis-H

astings
step

is
chosen

to
be

a
m
ul-

tivariate
G
aussian

distribution
centred

at
the

current
state

of
the

block.
E
ach

variance-
covariance

m
atrix

of
a

proposal
distribution

is
chosen

to
be

diagonal
m
atrix:

D
p

o
p

=
D

iag (ζ
2p
0 IN

,ζ
2t0 ,ζ

2v
0 IN

,ζ
2β
I(N
−

1
)N

s )
for

the
proposaldistribution

associated
to

z
p

o
p
and

D
in

d
iv

=
D

iag (ζ
2ξ ,ζ

2τ ,ζ
2s )

for
the

proposal
distribution

associated
to

z
i
(1
≤
i≤

p).
T
he

variances
param

eters
ζ

2p
0 ,ζ

2t0 ,ζ
2v
0 ,ζ

2β
and

ζ
2ξ ,ζ

2τ
are

adjusted
by

hand
to

ensure
an

average
acceptance

rate
for

each
block

around
23%

(R
oberts

et
al.,1997).

T
he

B
lock

M
H
w
G

sam
pler

is
described

in
A
lgorithm

1.
Let

θ
h
y
p

er
=

(σ
2p
0 ,σ

2t0 ,σ
2v
0 ,σ

2β
)
denote

the
fixed

hyperparam
eters

w
hich

appear
in

the
probability

distribution
of

the
latent

variables
in

z
p

o
p .

Let
i∈
{1,...,p}

and
q

p
o
p (·|

θ )

(respectively
q
i (·
|
θ)

denote
the

density
function

of
the

joint
distribution

of
the

latent
variables

z
p

o
p
(respectively

z
i )

as
specified

in
the

generative
m
odel(equations

(3)
and

(4)):

q
p

o
p (z

p
o
p |
θ

)∝
ex

p (
−

1

2
σ

2p
0 ‖

p
0 −

p
0 ‖

2 )
ex

p (
−

1

2
σ

2t0

(t0 −
t0 )

2 )

ex
p (
−

1

2
σ

2v
0 ‖v

0 −
v

0 ‖
2 )

ex
p (
−

1

2σ
2β ‖β

−
β‖

2 )
,

(16)

and
q
i (z

i |
θ

)∝
ex

p (
−

1

2σ
2ξ

ξ
2i )

ex
p (
−

1

2
σ

2τ

τ
2i )

ex
p (
−

12 ‖s
i ‖

2 )
,

(17)

w
ith:

β
=

[β
l,k ]1≤

l≤
N
s
,1≤

k≤
N
−

1
and

forall
i∈
{1
,...,p},

s
i

=
[s
l,i ]1≤

l≤
N
s .

T
he

probabil-
ity

distributions
q

p
o
p
and

q
i (1
≤
i≤

p)
are

given
up

to
a
constant.

Indeed,the
norm

alizing
constant

of
q

p
o
p
or

q
i

(1
≤
i
≤
p
)
depends

only
on

the
param

eters
θ.

T
herefore,

these
constants

can
be

om
itted

for
the

com
putation

of
the

acceptance
ratio

in
A
lgorithm

1.

4.1.1
D
isc

u
ssio

n

In
order

to
avoid

tuning
by

hand
the

param
eters

ζ
2p
0 ,
ζ

2t0 ,
ζ

2v
0
and

ζ
2β
of

the
proposal

dis-
tribution

in
the

B
lock

M
H
w
G

sam
pler,

a
possible

solution
w
ould

consist
of

using
an

adap-
tive

(A
tchadé,2006)version

ofthe
B
lock

M
H
w
G

sam
pler,w

here
the

algorithm
autom

atically
adjusts

these
variance

param
eters.

4.2
S
toch

astic
A
p
p
roxim

ation

T
he

convergence
ofthe

M
C
M
C
-SA

E
M

w
as

proven
in

K
uhn

and
Lavielle

(2004)
(for

bounded
latent

variables)
and

in
A
llassonnière

et
al.

(2010)
(for

unbounded
latent

variables)
for

statistical
m
odels

w
hich

belong
to

the
curved

exponential
fam

ily.
T
hat

is
to

say,
m
odels

for
w
hich

the
log

com
plete

likelihood
q(y

,z
,θ

)
w
rites:

∀
θ
∈

Θ
,

log
q(y

,z
,θ

)
=
−

Φ
(θ

)
+

〈S
(y
,z

),Ψ
(θ

)〉,w
here

Φ
,Ψ

are
sm

ooth
functions

ofthe
param

eters,
S

(y
,z

)
is
a
m
easurable

function
of

the
observations

and
latent

variables
called

suffi
cient

statistic
of

the
m
odel

and
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A
m
ix

ed
-e

ff
ec

ts
m
o
d
el

fo
r

r
ep

ea
te

d
m
a
n
if

o
ld

-v
a
lu

ed
d
at

a

〈·,
·〉

is
an

in
ne

r
pr
od

uc
t
on

a
pr
od

uc
t
sp
ac
e.

T
he

ge
ne

ri
c
sp
at
io
te
m
po

ra
lm

od
el

be
lo
ng

s
to

th
e
cu

rv
ed

ex
po

ne
nt
ia
lf
am

ily
.

B
ec
au

se
th
e
ge
ne

ri
c
sp
at
io
te
m
po

ra
lm

od
el

be
lo
ng

s
to

th
e
cu
rv
ed

ex
po

ne
nt
ia
lf
am

ily
,t
he

st
oc
ha

st
ic

ap
pr
ox

im
at
io
n
ca
n
be

do
ne

on
th
e
su
ffi
ci
en
t
st
at
is
ti
cs

of
th
e
m
od

el
.
A
t
th
e
k
th

it
er
at
io
n
of

th
e
M
C
M
C
-S
A
E
M
,w

e
ha

ve
:

S
k

=
S
k
−

1
+
ε k
( S

(y
,z

(k
) )
−

S
k
−

1

) ,
w
he

re
(ε
k
) k
≥

1

is
a
se
qu

en
ce

of
po

si
ti
ve

st
ep

si
ze
s
su
ch

th
at
∑

k
ε k

=
+
∞

an
d
∑

k
ε2 k
<

+
∞

.
If
ε k

=
1,

th
en

S
k
do

es
no

t
de

pe
nd

on
S
k
−

1
.
In
tu
it
iv
el
y,

th
e
se
qu

en
ce

(S
k
) k
≥

0
ha

s
“n
o
m
em

or
y”

as
lo
ng

as
ε k

=
1
an

d
th
e
M
C
M
C
-S
A
E
M

fr
ee
ly

ex
pl
or
es

th
e
pa

ra
m
et
er
s
sp
ac
e
du

ri
ng

th
is

pe
ri
od

.
In

pr
ac
ti
ce
,w

e
ch
oo

se
ε k

=
1
as

lo
ng

as
k
≤
N
b
an

d
ε k

=
(k
−
N
b
)−

0
.6

5
if
k
>
N
b
.

4.
2.
1

M
a
x
im
iz
at

io
n
S
t
ep

T
he

m
ax

im
iz
at
io
n

st
ep

co
ns
is
ts

of
so
lv
in
g
th
e
fo
llo

w
in
g
op

ti
m
iz
at
io
n

pr
ob

le
m

:
θ

(k
)

=
ar

gm
ax

θ
∈Θ

( −
Φ

(θ
)
+
〈S

k
,Ψ

(θ
)〉
) ,

w
he

re
S
k
de

no
te
s
th
e
st
oc
ha

st
ic

ap
pr
ox
im

at
io
n
on

th
e
su
ffi
-

ci
en
ts

ta
ti
st
ic
so

ft
he

m
od

el
,o

bt
ai
ne

d
in

th
e
“s
to
ch
as
ti
c
ap

pr
ox
im

at
io
n
st
ep

”
of

th
e
al
go

ri
th
m
.

Fo
r
th
e
ge
ne

ri
c
sp
at
io
te
m
po

ra
lm

od
el
,t
hi
s
op

ti
m
iz
at
io
n
pr
ob

le
m

is
so
lv
ed

in
cl
os
ed

-f
or
m
.

4.
3
C
om

p
u
ta
ti
on

al
A
sp
ec
ts

Fo
r
th
e
pr
og

re
ss
io
n

m
od

el
(9
),

th
e
M
C
M
C
-S
A
E
M

w
ou

ld
ha

ve
to

es
ti
m
at
e
th
e
fo
llo

w
in
g

pa
ra
m
et
er
s
:
θ

=
( p

0
,t

0
,v

0
,δ

1
,.
..
,δ
N
−

1
,β

1
,.
..
,β

(N
−

1
)N

s
,σ

η
,σ

τ
,σ

).
In

th
is

ex
am

pl
e,

w
e

se
e
th
at

th
e
nu

m
be

r
of

pa
ra
m
et
er
s
to

es
ti
m
at
e
is

6
+

(N
−

1)
(N

s
+

1
).

A
s
th
e
di
m
en

si
on

N
of

th
e
m
an

ifo
ld

M
in
cr
ea
se
s,

th
e
nu

m
be

r
of

pa
ra
m
et
er
s
in
cr
ea
se
s
lin

ea
rl
y.

M
or
eo
ve
r,

as
N

in
cr
ea
se
s,

th
e
nu

m
be

r
N
s
of

in
de

pe
nd

en
t
so
ur
ce
s
ha

s
a
gr
ea
te
r
im

pa
ct

on
th
e
nu

m
be

r
of

pa
ra
m
et
er
s
to

es
ti
m
at
e.

T
he

nu
m
be

r
p
of

in
di
vi
du

al
s
al
so

im
pa

ct
s
on

th
e
ru
nt
im

e
of

th
e
M
C
M
C
-S
A
E
M
.A

s
th
e

nu
m
be

r
p
of

in
di
vi
du

al
s
in
cr
ea
se
s,
th
e
co
st

of
a
si
ng

le
co
m
pu

ta
ti
on

of
th
e
ob

se
rv
ed

lik
el
ih
oo

d
in
cr
ea
se
s.

T
hi
s
st
ep

is
th
e
m
os
t
ex
pe

ns
iv
e
st
ep

of
th
e
M
C
M
C
-S
A
E
M

al
go

ri
th
m
.
T
he

ov
er
al
l

ru
nt
im

e
of

th
e
M
C
M
C
-S
A
E
M

co
ul
d
be

im
pr
ov
ed

by
sa
m
pl
in
g
th
e
bl
oc
ks

(z
i)

1
≤
i≤
p
(i
n
th
e

B
lo
ck

M
H
w
G

sa
m
pl
er
)
in

pa
ra
lle
l.

5.
E
xp

er
im

en
ts

T
he

se
ct
io
n
on

nu
m
er
ic
al

ex
pe

ri
m
en
ts

be
gi
ns

w
it
h
a
co
m
pa

ri
so
n
of

ou
ri
m
pl
em

en
ta
ti
on

of
th
e

M
C
M
C
-S
A
E
M

al
go

ri
th
m

w
it
h
ot
he

r
st
at
e-
of
-t
he

-a
rt

al
go

ri
th
m
s.

It
is

fo
llo

w
ed

by
a
se
ct
io
n

en
ti
tl
ed

“V
al
id
at
io
n
P
ro
ce
du

re
”
w
hi
ch

pr
es
en
ts

an
ev
al
ua

ti
on

cr
it
er
ia

de
si
gn

ed
to

qu
an

ti
fy

ho
w

w
el
l
th
e
ti
m
e
re
pa

ra
m
et
ri
za
ti
on

s
of

th
e
ge
ne

ri
c
sp
at
io
te
m
po

ra
l
m
od

el
al
lo
w
ed

to
te
m
-

po
ra
lly

al
ig
n
th
e
pr
og

re
ss
io
n
of

in
di
vi
du

al
s.

F
in
al
ly
,r
es
ul
ts

ob
ta
in
ed

on
a
sy
nt
he

ti
c
da

ta
se
t

of
Sy

m
m
et
ri
c
P
os
it
iv
e
D
efi

ni
te

(S
P
D
)
m
at
ri
ce
s
an

d
on

a
re
al

da
ta
se
t
of

ne
ur
op

sy
ch
ol
og

ic
al

te
st
s
sc
or
es

ar
e
gi
ve
n.

T
he
se

da
ta
se
ts

ar
e
an

al
yz
ed

us
in
g
th
e
pa

rt
ic
ul
ar

ca
se
s
of

th
e
ge
ne

ri
c

sp
at
io
te
m
po

ra
lm

od
el

de
sc
ri
be

d
in

Se
ct
io
n
3.

5.
1
C
on

ve
rg
en

ce
of

th
e
A
lg
or
it
h
m

In
th
is
se
ct
io
n,

w
e
ai
m

to
co
m
pa

re
ou

r
im

pl
em

en
ta
ti
on

of
th
e
M
C
M
C
-S
A
E
M

w
it
h
st
at
e-
of
-

th
e-
ar
t
al
go

ri
th
m
s.

O
ur

al
go

ri
th
m
,i
m
pl
em

en
te
d
in

M
A
T
L
A
B
,i
s
co
m
pa

re
d
w
it
h
ST

A
N

an
d
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.
S
ch

ir
at

ti
et

a
l.

T
ab

le
1:

R
el
at
iv
e
er
ro
r
on

th
e
pa

ra
m
et
er
s
es
ti
m
at
ed

w
it
h
th
e
di
ffe

re
nt

al
go

ri
th
m
s.

F
ir
st

ro
w
:
re
su
lt
s
ob

ta
in
ed

w
it
h
ou

r
im

pl
em

en
ta
ti
on

of
th
e
M
C
M
C
-S
A
E
M
.S

ec
on

d
ro
w
:

re
su
lt
s
ob

ta
in
ed

w
it
h
S
T
A
N
.T

hi
rd

ro
w
:
re
su
lt
s
ob

ta
in
ed

w
it
h
M
O
N
O
L
IX

.

|p̂
0
−
p
∗ 0
|/
p
∗ 0
|t̂ 0
−
t∗ 0
|/
t∗ 0
|v̂ 0
−
v
∗ 0
|/
v
∗ 0
|σ̂
ξ
−
σ
∗ ξ|/
σ
∗ ξ
|σ̂
τ
−
σ
∗ τ|/
σ
∗ τ
|σ̂
−
σ
∗ |/
σ
∗

0
.0

15
0

0.
00

50
0.

01
76

0
.0

60
0

0
.0

54
5

0
.0

1
0

0
.0

91
7

0.
01

91
0.

10
88

0
.0

60
0

0
.0

38
6

0
.0

1
0

0
.0

41
7

0.
00

86
0.

04
12

0
.0

40
0

0
.0

28
6

0
.0

0
8

M
O
N
O
L
IX

.S
T
A
N

is
a
R
/C

+
+

lib
ra
ry

w
hi
ch

im
pl
em

en
ts

an
ad

ap
ti
ve

H
am

ilt
on

ia
n
M
on

te
C
ar
lo

sa
m
pl
er

ca
lle
d
“t
he

N
o
U
-T
ur
ns

Sa
m
pl
er
”
(N

U
T
S,

H
off

m
an

an
d
G
el
m
an

(2
01
4)
).

M
O
N
O
L
IX

is
a
so
ft
w
ar
e
de

ve
lo
pe

d
by

M
ar
c
La

vi
el
le

an
d
th
e
Li
xo

ft
co
m
pa

ny
.
It

im
pl
e-

m
en
ts

th
e
M
C
M
C
-S
A
E
M

al
go

ri
th
m

w
it
h
so
m
e
te
ch
ni
ca
li
m
pr
ov
em

en
ts

(s
uc
h
as

a
si
m
ul
at
ed

an
ne

al
in
g
sc
he

m
e)
.
N
ot
e
th
at

ou
r
im

pl
em

en
ta
ti
on

of
th
e
M
C
M
C
-S
A
E
M

al
go

ri
th
m

di
ffe

rs
fr
om

M
O
N
O
L
IX

in
th
e
se
ns
e
th
at

it
ca
n
be

us
ed

w
it
h
an

y
pa

rt
ic
ul
ar

ca
se

of
th
e
ge
ne

ri
c

sp
at
io
te
m
po

ra
l
m
od

el
pr
es
en
te
d

in
Se

ct
io
n

3.
In

pa
rt
ic
ul
ar
,
ou

r
im

pl
em

en
ta
ti
on

ca
n

be
us
ed

to
an

al
yz
e
un

iv
ar
ia
te
,a

s
w
el
la

s
m
ul
ti
va
ri
at
e
(s
uc
h
as

co
va
ri
an

ce
m
at
ri
ce
s)
,l
on

gi
tu
di
-

na
lo

bs
er
va
ti
on

s.
In

it
s
cu

rr
en
t
ve
rs
io
n
(2

01
6R

1)
,M

O
N
O
L
IX

do
es

no
t
al
lo
w

ob
se
rv
at
io
ns

to
be

pa
ss
ed

as
m
at
ri
ce
s
or

ve
ct
or
s,

w
hi
ch

is
no

t
co
nv

en
ie
nt

fo
r
th
e
an

al
ys
is

m
ul
ti
va
ri
at
e

lo
ng

it
ud

in
al

ob
se
rv
at
io
ns
.

In
or
de

r
to

co
m
pa

re
th
es
e
al
go

ri
th
m
s,

w
e
co
ns
id
er

a
sy
nt
he
ti
c
lo
ng

it
ud

in
al

da
ta
se
t
of

ob
se
rv
at
io
ns

in
]0
,1

[.
T
he

op
en

se
t

]0
,1

[
is
eq
ui
pp

ed
w
it
h
th
e
R
ie
m
an

ni
an

m
et
ri
c
de
fin

ed
in

Se
ct
io
n
3.
2,

w
hi
ch

ge
ne

ra
te
s
lo
gi
st
ic

sh
ap

ed
ge
od

es
ic
s.

T
hi
s
da

ta
se
t
is
ge
ne

ra
te
d
fo
r
p

=
2
5
0

in
di
vi
du

al
s,
w
it
h
an

av
er
ag

e
of

5
ti
m
e
po

in
ts

pe
r
in
di
vi
du

al
.
E
ac
h
al
go

ri
th
m

is
ru
n
w
it
h
th
e

sa
m
e
in
it
ia
liz

at
io
n
an

d
th
e
lo
gi
st
ic

cu
rv
es

m
od

el
(7
)
w
as

us
ed

to
ge
ne

ra
te

th
e
da

ta
.

T
he

ex
pe

ri
m
en
ta
l
re
su
lt
s
gi
ve
n
in

T
ab

le
1
co
ns
is
t
in

re
la
ti
ve

er
ro
rs

on
th
e
pa

ra
m
et
er
s

es
ti
m
at
ed

w
it
h
th
e
di
ffe

re
nt

al
go

ri
th
m
s.

T
he

ru
nt
im

e
an

d
nu

m
be

r
of

it
er
at
io
n
ne

ed
ed

fo
r

ea
ch

m
et
ho

d
to

co
nv

er
ge

ar
e
re
po

rt
ed

in
T
ab

le
2.

T
he

re
su
lt
s
pr
es
en
te
d
in

th
e
fir
st

ta
bl
e

sh
ow

th
at

al
l
th
e
di
ffe

re
nt

m
et
ho

ds
su
cc
ee
de

d
in

es
ti
m
at
in
g
th
e
pa

ra
m
et
er
s
w
hi
ch

w
er
e

us
ed

to
ge
ne

ra
te

th
e
da

ta
.
T
he

co
rr
es
po

nd
in
g
nu

m
be

r
of

it
er
at
io
ns

sh
ow

th
at

S
T
A
N

is
,b

y
fa
r,

th
e
m
os
t
co
m
pu

ta
ti
on

al
ly

in
te
ns
iv
e
m
et
ho

d.
E
ve
n
th
ou

gh
ou

r
im

pl
em

en
ta
ti
on

of
th
e

M
C
M
C
-S
A
E
M

re
qu

ir
es

m
or
e
it
er
at
io
ns

to
co
nv

er
ge

th
an

M
O
N
O
L
IX

,
th
e
ov
er
al
l
ru
nt
im

e
is
si
m
ila

r.
T
he

fa
ct

th
at

M
O
N
O
L
IX

re
qu

ir
es

fe
w
er

it
er
at
io
ns

to
co
nv

er
ge

ca
n
be

ex
pl
ai
ne
d

by
th
e
fa
ct

th
at

th
e
M
C
M
C
-S
A
E
M

is
co
up

le
d
w
it
h
a
si
m
ul
at
ed

an
ne

al
in
g
pr
oc
ed

ur
e
La

vi
el
le

an
d
M
en
tr
é
(2
00

7)
,w

hi
ch

al
lo
w
s
fo
r
a
be

tt
er

an
d
fa
st
er

ex
pl
or
at
io
n
of

th
e
pa

ra
m
et
er
s
sp
ac
e.

T
he

re
su
lt
s
pr
es
en
te
d
in

th
es
e
ta
bl
es

sh
ow

th
at

th
e
pe

rf
or
m
an

ce
of

ou
r
im

pl
em

en
ta
ti
on

of
th
e
M
C
M
C
-S
A
E
M

is
si
m
ila

r
to

th
e
on

e
of

st
at
e-
of
-t
he

-a
rt

m
et
ho

ds
.
St
ill
,t

he
nu

m
be

r
of

it
er
at
io
ns

ne
ed

ed
to

co
nv

er
ge

co
ul
d
be

fu
rt
he

r
re
du

ce
d,

fo
r
ex
am

pl
e,

by
co
m
bi
ni
ng

se
ve
ra
l

M
C
M
C

sa
m
pl
er
s
in

th
e
sa
m
pl
in
g
st
ep

of
th
e
M
C
M
C
-S
A
E
M
.
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A
m
ix

ed
-effects

m
o
d
el

fo
r

r
epeated

m
a
n
ifo

ld
-va

lu
ed

d
ata

T
able

2:
N
um

ber
ofiterations

and
runtim

e
corresponding

to
the

experim
entalresults

given
in

T
able

1.
F
irst

row
:
results

obtained
w
ith

our
im

plem
entation

of
the

M
C
M
C
-

SA
E
M
.Second

row
:
results

obtained
w
ith

ST
A
N
.T

hird
row

:
results

obtained
w
ith

M
O
N
O
L
IX

.

Iterations
R
untim

e
(for

10
00

iterations)
O
verallruntim

e
3500

30
s

90
s

15000
15

m
in

'
3,75

h
400

110
s

45
s

5.2
V
alid

ation
P
roced

u
re

T
he

idea
is
to

assess
how

w
ellthe

estim
ated

individualtim
e
reparam

etrizations
put

in
corre-

spondence
the

progression
ofthe

individuals.
T
o
this

end,w
e
w
illuse

additionalinform
ation

w
hich

is
not

used
in

the
m
odel:

the
tim

e
at

w
hich

a
particular

event
occurs

in
the

life
ofan

individual.
For

exam
ple,the

event
could

be
the

tim
e
at

w
hich

a
disease

is
diagnosed,or

at
w
hich

a
m
etabolic

change
occurred

for
instance.

Such
an

event
occurs

at
a
different

tim
e

point
(or

age)
for

each
individual.

A
verage 

tim
e

lin
e 

Tim
elin

e o
f 

in
d

ivid
u

al 1
 

Tim
elin

e
 o

f 
in

d
ivid

u
al 2

 

𝑡1
∗ 

𝑡
2
∗ 

𝜓
1
−
1 

𝜓
2
−
1 

𝑡
o
p
t 

𝜓
1
−
1
t
o
p
t

 

𝜓
2
−
1
t
o
p
t

 

F
igure

5:
T
he

average
tim

e
of

event
t o

p
t
is

m
apped

to
the

individualtim
elines

using
ψ
−

1
i

.

T
he

individual
tim

e
reparam

etrization
ψ
i
are

supposed
to

put
into

correspondence
the

tim
e
at

w
hich

sim
ilar

spatiotem
poral

patterns
are

found
in

the
individual

data.
T
o
assess

how
w
ell

this
is

achieved,
w
e
w
ill

test
w
hether

the
tim

e
at

w
hich

a
particular

event
occur

in
the

life
ofthe

individuals
are

m
apped

to
the

sam
e
tim

e-point
in

the
average

trajectory
of

the
m
odel.

For
the

ith
individual,

ψ
i m

aps
the

tim
eline

ofthis
individualto

the
“average

tim
eline”,

nam
ely

the
one

ofthe
average

trajectory.
Let

t ∗i
be

the
tim

e
point

at
w
hich

the
event

occurs
in

the
tim

eline
of

the
ith

individual.
W
e
estim

ate
the

tim
e-point

t o
p

t
that

corresponds
to
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S
ch

ir
atti

et
a
l.

the
occurrence

of
the

event
in

the
average

trajectory
γ

0
by

m
inim

izing
the

sum
of

errors
E

(t)
=
∑

i |t ∗i −
ψ
−

1
i

(t)|.
N
ote

that
t o

p
t
can

be
interpreted

as
a
m
edian

of
the

norm
alized

ages
(ψ

i (t ∗i ))
i ,and

could
therefore

not
be

unique.
T
hen

w
e
m
ap

t o
p

t
back

to
the

individual
tim

elines
by

using
the

m
appings

ψ
−

1
i

,
as

illustrated
in

F
ig.

5.
T
he

value
ψ
−

1
i

(t o
p

t)
m
ay

be
thought

of
as

a
prediction

of
the

m
odel

of
the

tim
e-point

(or
age)

at
w
hich

the
event

occurred
for

the
ith

individual.
W

ithout
errors,

this
tim

e-point
w
ould

be
exactly

t ∗i .
In

practice,
the

difference
|t ∗i −

ψ
−

1
i

(t o
p

t)|allow
s
quantifying

how
w
ellthe

events
the

tim
eline

of
the

ith
individualand

the
average

tim
eline

have
been

put
into

correspondence.
In

the
follow

ing
experim

ents,
the

m
edian

t o
p

t
of (ψ

i (t ∗i ) )
1≤
i≤
p
is

com
puted

unam
bigu-

ously.
T
o
assess

how
w
ellthe

individualtrajectories
and

the
average

trajectory
are

put
into

correspondence,w
e
plot

an
histogram

of
the

errors (|t ∗i −
ψ
−

1
i

(t o
p

t)| )
1≤
i≤
p .

5.3
T
en

sors
:
a
S
ynth

etic
D
ataset

W
e
start

by
presenting

the
synthetic

dataset
of

SP
D

m
atrices

used
for

this
experim

ent
and

then
present

the
results

obtained
w
ith

the
particular

case
of

the
generic

spatiotem
poral

m
odelfor

SP
D

m
atrices

(see
Section

3.4).

5.3.1
D
ata

W
e
considera

synthetic
dataset,in

w
hich

w
e
sim

ulate
repeated

observationsofa
a
sym

m
etric

definite
positive

m
atrix

(also
called

a
diffusion

tensor
in

m
edicalim

aging)
for

one
hundred

individuals.
T
he

observations
w
ere

not
generated

from
the

m
odel.

T
he

observations
w
ere

obtained
instead

by
prescribing

an
ad

hoc
hierarchical

m
odel

on
the

eigenvalues
of

the
diffusion

tensors.
A
tthe

levelofthe
population,the

eigenvaluesofthe
diffusion

tensorsfollow
a
decreasing

piecew
ise

linear
evolution

w
ith

a
change

point
at

50
years

old.
O
bservations

for
a
given

individualw
ere

sim
ulated

by
random

ly
shifting

the
change

point
(tim

e
at

w
hich

a
change

occurs
in

the
speed

at
w
hich

eigenvalues
decrease)

and
random

ly
increasing

or
decreasing

the
slopes

of
each

eigenvalue
(see

F
ig.6,

left).
In

this
synthetic

dataset,
the

individuals
have,on

average,five
tim

e
points.

5.3.2
R
esu

lt
s

T
he

results
presented

below
w
ere

obtained
w
ith

N
s

=
1
source.

A
greater

num
ber

of
independent

sources
w
ould

have
been

possible
but

m
any

m
ore

iterations
w
ould

have
been

necessary
for

the
M
C
M
C
-SA

E
M

to
converge.

T
he

B
ayesian

tensor
m
odelw

ith
the

M
C
M
C
-

SA
E
M

allow
s
estim

ating
an

average
trajectory

of
progression

in
the

space
S
D

P
(3).

T
his

average
trajectory

is
the

geodesic
w
hich

goes
through

the
point

P
0 ,at

tim
e
t0 ,w

ith
velocity

V
0 ,given

by
:

P
0

=


11.30

0
.96

0
.68

0
.96

9
.53

1
.21

0
.68

1
.21

10
.19 

,
t0

=
53.83

years,

and

V
0

=


−

0
.99

−
0.17

−
0
.20

−
0
.17

−
0.75

−
0
.27

−
0
.20

−
0.27

−
0
.85 

unit
per

year.
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A
m
ix

ed
-e

ff
ec

ts
m
o
d
el

fo
r

r
ep

ea
te

d
m
a
n
if

o
ld

-v
a
lu

ed
d
at

a

T
he

ev
ol
ut
io
n

of
th
e
ei
ge
nv
al
ue

s
of

th
e
av
er
ag

e
tr
aj
ec
to
ry
,
pl
ot
te
d

in
F
ig
.
6,

is
si
m
ila

r
to

th
e
m
od

el
us
ed

to
ge
ne

ra
te

th
e
ob

se
rv
at
io
ns
.

H
ow

ev
er
,
th
e
M
C
M
C
-S
A
E
M

te
nd

s
to

un
de

re
st
im

at
e
th
e
fir
st

ei
ge
nv
al
ue

an
d
ov
er
es
ti
m
at
e
th
e
th
ir
d
ei
ge
nv
al
ue

.
T
he

va
ri
ab

ili
ty

in
sp
ee
d
an

d
de

la
y
of

pr
og

re
ss
io
n
is

ca
pt
ur
ed

by
th
e
es
ti
m
at
ed

pa
ra
m
et
er
s
σ
η

=
0.

07
an

d
σ
τ

=
0
.5

ye
ar
.

F
ig
.
6
(l
ef
t)

sh
ow

s
th
at

th
e
ei
ge
nv
al
ue

s
of

ea
ch

in
di
vi
du

al
de

cr
ea
se

at
a

si
m
ila

r
pa

ce
be

fo
re

an
d
af
te
r
th
e
ch
an

ge
po

in
t.

T
hi
s
m
ay

ex
pl
ai
n
w
hy

th
e
m
od

el
ca
pt
ur
ed

sm
al
l
va
ri
at
io
ns

in
sp
ee
d
of

pr
og

re
ss
io
n.

T
he

st
an

da
rd

de
vi
at
io
n
σ
τ
on

th
e
pa

ra
m
et
er
t 0

is
m
uc
h
sm

al
le
r.

T
he

in
di
vi
du

al
ac
ce
le
ra
ti
on

fa
ct
or
,t

im
e
sh
ift

an
d
sp
ac
e
sh
ift

al
lo
w

fit
ti
ng

th
e
av
er
ag

e
tr
aj
ec
to
ry

to
th
e
ob

se
rv
at
io
ns

of
an

in
di
vi
du

al
.
A
s
sh
ow

n
in

F
ig
.6

(r
ig
ht
),

th
e

es
ti
m
at
ed

in
di
vi
du

al
tr
aj
ec
to
ry

is
w
el
l-a

dj
us
te
d
to

th
e
ob

se
rv
at
io
ns

of
th
e
in
di
vi
du

al
.

F
ig
ur
e
6:

Le
ft

:
In

so
lid

bo
ld

lin
e,

th
e
av
er
ag

e
m
od

el
of

ei
ge
nv
al
ue

s
ev
ol
ut
io
n
fo
r
th
e
sy
n-

th
et
ic

da
ta
se
t
of

te
ns
or
s.

In
so
lid

lin
es
,
th
e
ev
ol
ut
io
n
of

th
e
ei
ge
nv
al
ue

s
fo
r
al
l

th
e
in
di
vi
du

al
s
in

th
e
da

ta
se
t.

In
do

tt
ed

lin
e,

th
e
ev
ol
ut
io
n
of

th
e
ei
ge
nv
al
ue

s
of

th
e
av
er
ag

e
tr
aj
ec
to
ry
,
gi
ve
n
by

th
e
M
C
M
C
-S
A
E
M
.
R
ig
ht

:
th
e
ev
ol
ut
io
n
of

th
e
ei
ge
nv
al
ue

s
of

an
in
di
vi
du

al
.
In

do
tt
ed

lin
e,

th
e
ei
ge
nv
al
ue

s
of

th
e
av
er
ag
e

tr
aj
ec
to
ry

es
ti
m
at
ed

by
th
e
M
C
M
C
-S
A
E
M
.W

it
h
sq
ua

re
m
ar
ke
rs
,t
he

ei
ge
nv
al
ue

s
of

th
e
ob

se
rv
at
io
ns

fo
r
th
is

in
di
vi
du

al
.
W

it
h
ro
un

d
m
ar
ke
rs
,
th
e
ei
ge
nv
al
ue

s
of

th
e
es
ti
m
at
ed

in
di
vi
du

al
tr
aj
ec
to
ry
.

T
he

ei
ge
nv
al
ue

s
of

th
e
av
er
ag

e
es
ti
m
at
ed

tr
aj
ec
to
ry

ar
e
sm

oo
th

fu
nc

ti
on

s
of

ti
m
e.

T
he

re
-

fo
re
,
it

w
ou

ld
no

t
ha

ve
be

en
po

ss
ib
le

to
ob

ta
in

a
pi
ec
ew

is
e-
lin

ea
r
pr
og

re
ss
io
n
of

th
e
ei
ge
n-

va
lu
es

fo
r
th
e
av
er
ag

e
tr
aj
ec
to
ry
.
N
ev
er
th
el
es
s,
w
e
ca
n
st
ill

va
lid

at
e
th
e
ab

ili
ty

of
th
e
te
ns
or

m
od

el
to

pu
t
in
to

co
rr
es
po

nd
en

ce
th
e
dy

na
m
ic

of
ea
ch

in
di
vi
du

al
fo
llo

w
in
g
Se

c.
5.
2
by

us
in
g

th
e
in
di
vi
du

al
ch
an

ge
po

in
t
t∗ i
.
Fo

r
th
is

da
ta
se
t,

th
e
su
m

of
er
ro
rs
∑

i
|t∗ i
−
ψ
−

1
i

(t
)|

ha
s
a

un
iq
ue

m
in
im

um
at
to

p
t

=
49
.7

3
ye
ar
s.

T
hi
s
m
in
im

um
to

p
t
is

cl
os
e
to

50
ye
ar
s,

th
e
ti
m
e

at
w
hi
ch

th
e
ch
an

ge
po

in
t
oc
cu

rs
in

th
e
av
er
ag

e
m
od

el
us
ed

to
ge
ne

ra
te

th
e
da

ta
.
F
ig
.
7

sh
ow

s
th
at

th
e
m
od

el
m
ad

e
an

er
ro
r
of

le
ss

th
an

2
ye
ar
s
fo
r
al
m
os
t

60
%

of
th
e
po

pu
la
ti
on

by
pr
ed

ic
ti
ng

th
e
in
di
vi
du

al
ch
an

ge
po

in
t
w
it
h
ψ
−

1
i

(t
o
p

t )
,
an

d
le
ss

th
an

4
ye
ar
s
fo
r

90
%

of
th
e
po

pu
la
ti
on

.
T
he

ch
an

ge
po

in
t
w
as

ge
ne

ra
te
d
us
in
g
a
G
au

ss
ia
n
di
st
ri
bu

ti
on

ce
nt
re
d
at
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S
ch

ir
at

ti
et

a
l.

50
ye
ar
s
w
it
h
a
st
an

da
rd

de
vi
at
io
n
of

2
ye
ar
s.

T
he

re
fo
re
,
th
e
er
ro
r
is

of
th
e
sa
m
e
or
de
r
as

th
e
st
an

da
rd

de
vi
at
io
n
of

th
e
ch
an

ge
po

in
t.

0
1

2
3

4
5

6
7

Y
ea

rs
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10152025303540 Number of individuals

00.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

1

Cumulative probability distribution

F
ig
ur
e
7:

H
is
to
gr
am

of
( |t
∗ i
−
ψ
−

1
i

(t
o
p

t )
|) 1
≤
i≤

1
0
0
su
pe

ri
m
po

se
d
w
it
h
th
e
cu

m
ul
at
iv
e
di
st
ri
-

bu
ti
on

of
th
is

er
ro
r.

H
er
e,
t∗ i

re
pr
es
en
ts

th
e
ag

e
of

th
e
ch
an

ge
po

in
t
fo
r
th
e
it
h

in
di
vi
du

al
.

5.
4
N
eu

ro
p
sy
ch
ol
og

ic
al

T
es
ts

T
hi
s
se
ct
io
n
st
ar
ts

by
pr
es
en
ti
ng

th
e
re
al

da
ta
se
t
of

ne
ur
op

sy
ch
ol
og

ic
al

te
st
s
sc
or
es

fr
om

th
e
A
D
N
I
da

ta
ba

se
.
T
he
n,

w
e
pr
es
en
t
re
su
lt
s
ob

ta
in
ed

us
in
g
th
e
pr
og

re
ss
io
n
m
od

el
(s
ee

E
q.

(9
))

w
it
h
lo
gi
st
ic

cu
rv
es
.

5.
4.
1

D
at
a

T
he

da
ta
se
t
co
ns
is
ts

of
sc
or
es

to
th
e
m
od

ifi
ed

“A
D
A
S-
C
og

”
te
st

(M
oh

s
et

al
.,
19

97
)
ob

ta
in
ed

fr
om

th
e
A
D
N
I1
,
A
D
N
IG

O
an

d
A
D
N
I2

co
ho

rt
s
of

th
e
A
lz
he
im

er
’s

D
is
ea
se

N
eu

ro
im

ag
in
g

In
it
ia
ti
ve
.
T
he

13
it
em

s
w
er
e
gr
ou

pe
d
in
to

4
ca
te
go

ri
es

ac
co
rd
in
g
to

th
e
co
gn

it
iv
e
fu
nc

ti
on

th
ey

as
se
ss
:

m
em

or
y,

la
ng

ua
ge
,
co
nc

en
tr
at
io
n

an
d

pr
ax

is
.

Fo
r
ea
ch

co
gn

it
iv
e
fu
nc

ti
on

,
th
e
sc
or
es

w
er
e
ad

de
d
an

d
no

rm
al
iz
ed

by
th
e
m
ax

im
um

po
ss
ib
le

va
lu
e
th
er
ef
or
e
pr
od

uc
in
g

m
ea
su
re
m
en
ts

in
]0
,1

[.
A
s
a
co
ns
eq
ue

nc
e,

ea
ch

ob
se
rv
at
io
n

is
a
po

in
t
on

th
e
m
an

ifo
ld

M
=

]0
,1

[4
(n
ot
e
th
at

re
su
lt
s
w
it
ho

ut
it
em

po
ol
in
g
ar
e
pr
es
en
te
d
in

Sc
hi
ra
tt
ie

t
al
.(
20
15

a)
).

W
e
us
e

24
8
in
di
vi
du

al
s
w
ho

w
er
e
in
cl
ud

ed
in

th
e
st
ud

y
as

m
ild

co
gn

it
iv
e
im

pa
ir
ed

(M
C
I)

su
bj
ec
ts

an
d
la
te
r
co
nv

er
te
d
to

A
lz
he

im
er
’s

di
se
as
e
(A

D
).
E
ac
h
in
di
vi
du

al
w
as

ob
se
rv
ed

on
av
er
ag

e
6
ti
m
es
.

5.
4.
2

R
es
u
lt
s

T
hi
s
da

ta
se
t
w
as

an
al
yz
ed

us
in
g
th
e
pr
og
re
ss
io
n
m
od
el

gi
ve
n
in

E
q.

(9
)
w
it
h
lo
gi
st
ic

cu
rv
es
.

T
he

nu
m
be

r
of

in
de

pe
nd

en
t
co
m
po

ne
nt
s
co
ul
d
be

ei
th
er

1
,2

or
3,
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th
e
m
an

ifo
ld
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of

di
-

m
en

si
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4
.
T
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m
od

el
w
it
h
on

e
in
de

pe
nd

en
t
co
m
po

ne
nt

es
ti
m
at
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a
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si
du
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e
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A
m
ix

ed
-effects

m
o
d
el

fo
r

r
epeated

m
a
n
ifo

ld
-va

lu
ed

d
ata

σ
2

=
0
.0

1
2
and

explained
79%

of
the

total
variance.

T
he

m
odel

w
ith

tw
o
(resp.

three)
independent

com
ponents

estim
ated

a
noise

variance
σ

2
=

0.008
(resp.

σ
2

=
0.0084)

and
explained

8
4
%

(resp.
85%

)
of

the
total

variance.
B
ecause

the
results

obtained
w
ith

three
independent

com
ponents

are
sim

ilar
to

the
results

obtained
w
ith

tw
o
independent

com
po-

nents,w
e
choose,for

the
sake

ofclarity,to
report

the
results

obtained
w
ith

tw
o
com

ponents
(N

s
=

2).

F
igure

8:
T
he

estim
ated

average
trajec-

tory.
T
he

estim
ated

param
e-

ters
p

0
(resp.

t0 )
are

repre-
sented

by
an

horizontal
(resp.

verticalline)
at
p

0
=

0.3
(resp.

t0
=

72
years).

0
5

10
15

20
Y

ears

0

20 40 60 80

100

120

140

Number of individuals
0 0.2

0.4

0.6

0.8

1

Cumulative probability distribution

F
igure

9:
H
istogram

of
(|t co

n
v

i
−

ψ
−

1
i

(t o
p

t)| )
1≤
i≤

2
4
8

super-
im

posed
w
ith

the
cum

ulative
distribution

of
this

error.

T
he

average
trajectory

estim
ated

by
the

progression
m
odel,

plotted
in

F
ig.

8,
is

char-
acterized

by
the

fixed
effects

p
0

=
0.3,

t0
=

72
years,

v
0

=
0.0

4
unit

per
year

and
δ

=
[0

;−
15

;−
13;−

5]
years.

T
he

first
biom

arker
(m

em
ory)

reaches
the

value
p

0
=

0
.3

at
7
2
years

on
average,

the
second

one
(concentration),

at
t0

+
5

=
77

years,
follow

ed
by

praxis
and

language.
T
he

fixed
effects

provide
an

ordering
ofthe

biom
arkers

and
the

relative
delay

betw
een

them
.
T
he

random
effects

characterize
the

spatiotem
poralvariability

of
the

average
trajectory

am
ong

the
population.

T
he

estim
ated

standard
deviation

of
the

tim
e-

shift
is
σ
τ

=
7.5

years,m
eaning

that
age

of
disease

onset
ranges

betw
een

72±
7
.5

years
for

9
5
%

of
the

individuals.
A

positive
(resp.

negative)
tim

e-shift
m
eans

that
the

individual
is

evolving
behind

(resp.
ahead)

the
average

trajectory.
T
he

estim
ated

standard
deviation

of
the

acceleration
factors

is
σ
η

=
0.9.

A
s
a
consequence,m

ost
ofthe

individuals
are

progress-
ing

betw
een

e
σ
η
'

2.4
tim

es
faster

or
e −

σ
η
'

0
.4

tim
es

slow
er

than
the

average
trajectory

(see
F
ig.

11,
first

row
).

E
stim

ates
of

the
individual

tim
e-shits

and
log-acceleration

factors
are

plotted
in

F
ig.10.

T
his

figure
show

s
a
clear

correspondence
betw

een
the

tim
e
shifts

and
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J.-B
.
S
ch

ir
atti

et
a
l.

the
estim

ated
age

at
w
hich

individuals
w
ere

diagnosed
w
ith

the
disease.

T
his

fact
show

s
that

the
norm

alized
age

ψ
i (t)

is
a
better

tem
poralm

arker
of

disease
progression

than
age.

T
his

is
confirm

ed
by

our
validation

procedure
(F

ig.9),w
hich

show
s
an

error
in

the
prediction

of
age

at
diagnosis

of
less

than
2.5

years
in

50%
of

the
cases.

F
igure

10:
P
lot

of
t0

+
τ
i w

ith
respect

to
the

log-acceleration
factor

η
i .

E
ach

point
is
colored

w
ith

respect
to

the
estim

ated
age

of
conversion

to
A
D
.

In
this

m
ultivariate

setting,
random

effects
also

include
space

shifts,
w
hich

are
a
com

-
bination

of
tw

o
independent

com
ponents

denoted
here

c
1 (A

)
and

c
2 (A

).
A
s
show

n
in

lem
m
a
2,

these
space-shifts

perturb
the

relative
delay

and
the

ordering
in

the
progression

of
biom

arkers.
F
ig.11

show
s
that

individuals
w
ith

a
space

shift
of

the
form

w
i

=
σ
s
i c

1 (A
)

have
m
em

ory
and

concentration
im

paired
at

nearly
the

sam
e
tim

e,w
hile

the
language

and
praxis

rem
ains

nearly
constant.

In
the

opposite
direction,im

pairm
entin

language
and

praxis
nearly

coincide
for

individuals
w
ith

a
space-shift

of
the

form
w
i

=
−
σ
s
i c

1 (A
).

T
he

second
independent

com
ponent

alm
ost

does
not

change
m
em

ory
and

concentration
but

changes
the

delay
and

the
ordering

betw
een

language
and

praxis.
T
hese

results
show

that
the

biom
arkers

tend
to

evolve
in

pairs
:
m
em

ory
&

concentration,language
&

praxis.
Space

shifts
capture

here
the

variability
in

the
profile

ofcognitive
decline

at
the

individuallevelduring
the

onset
of

the
disease.

5.5
B
od

y
M
ass

In
d
ex

in
A
d
olescent

G
irls

W
e
analyzed

a
longitudinaldataset

of
body

fat
percentages

from
162

adolescent
girls.

T
his

datasetistaken
from

the
M
IT

G
row

th
and

D
evelopm

entStudy
B
andinietal.(2002);P

hillips
et

al.
(2003).

T
he

data
is

analyzed
using

the
univariate

logistic
m
odel

(see
supplem

entary
m
aterialfor

the
details

and
results).

T
he

analysis
of

this
data

in
F
itzm

aurice
et

al.
(2012)

requires
the

use
of

the
tim

e
at

m
enarche

to
tem

porally
align

the
data

across
individuals

before
the

statistical
analysis.

B
y
contrast,

our
approach

is
able

to
include

such
an

alignm
ent

as
a
random

effect
of

the
m
odel.

T
he

estim
ated

param
eters
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A
m
ix

ed
-e

ff
ec

ts
m
o
d
el

fo
r

r
ep

ea
te

d
m
a
n
if

o
ld

-v
a
lu

ed
d
at

a

pr
od

uc
ed

an
er
ro
r
of

le
ss

th
an

on
e
ye
ar

fo
r

50
%

of
th
e
in
di
vi
du

al
s
in

th
e
al
ig
nm

en
t
of

th
e

ag
e
at

w
hi
ch

th
e
m
en

ar
ch
e
oc
cu

rr
ed

.

A
c
c
e
l
e
r
a
t
i
o
n
 
f
a
c
t
o
r
 

In
d
e
p
e
n
d
e
n
t
 
d
i
r
e
c
t
i
o
n
 

In
d
e
p
e
n
d
e
n
t
 
d
i
r
e
c
t
i
o
n
 

T
i
m

e
 
s
h

i
f
t
 

+σ -σ

F
ig
ur
e
11

:
V
ar
ia
bi
lit
y
of

th
e
av
er
ag

e
tr
aj
ec
to
ry
γ
δ
in

te
rm

s
of

sp
ac
e
sh
ift
,
ti
m
e
sh
ift

an
d

ac
ce
le
ra
ti
on

fa
ct
or
.
T
he

so
lid

lin
es

re
pr
es
en
t
th
e
av
er
ag
e
tr
aj
ec
to
ry
,
w
hi
le

th
e

do
tt
ed

lin
es

re
pr
es
en
t
th
e
va
ri
ab

ili
ty

of
th
is
av
er
ag

e
tr
aj
ec
to
ry

am
on

g
th
e
po

pu
-

la
ti
on

.

6.
C
on

cl
u
si
on

W
e
pr
op

os
ed

a
m
ix
ed

-e
ffe

ct
s
m
od

el
fo
r
th
e
sp
at
io
te
m
po

ra
la

na
ly
si
s
of

m
an

ifo
ld
-v
al
ue

d
m
ea
-

su
re
m
en
ts
.
T
hi
s
ge
ne

ri
c
m
od

el
ca
n
be

us
ed

to
au

to
m
at
ic
al
ly

le
ar
n
th
e
te
m
po

ra
lp

ro
gr
es
si
on

of
a
bi
ol
og

ic
al

ph
en

om
en

on
fr
om

re
pe

at
ed

ob
se
rv
at
io
ns

of
se
ve
ra
l
sa
m
pl
es
.
T
he

m
od

el
ac
-

co
un

ts
fo
r
th
e
fa
ct

th
at

ea
ch

sa
m
pl
e
ha

s
a
di
ffe

re
nt

ap
pe

ar
an

ce
,
ha

s
di
ffe

re
nt

tr
aj
ec
to
ry

of
ch
an

ge
s
an

d
di
ffe

re
nt

pa
ce

of
ch
an

ge
s.

T
hi
s
is

en
ab

le
d
by

th
e
in
tr
od

uc
ti
on

of
a
hi
er
ar
ch
ic
al

st
at
is
ti
ca
lm

od
el

w
ho

se
fix

ed
eff

ec
ts

de
fin

e
a
gr
ou

p-
av
er
ag

e
tr
aj
ec
to
ry

in
th
e
sp
ac
e
of

m
ea
-

su
re
m
en
ts

an
d
ra
nd

om
eff

ec
ts

ac
co
un

t
fo
r
th
e
sp
at
io
te
m
po

ra
lv

ar
ia
bi
lit
y
of

th
e
tr
aj
ec
to
ri
es

of
ch
an

ge
s
at

th
e
in
di
vi
du

al
le
ve
l.

B
ui
ld
in
g
th
e
m
od

el
in

th
e
fr
am

ew
or
k
of

R
ie
m
an

ni
an

ge
om

et
ry

al
lo
w
ed

us
to

id
en
ti
fy

th
e

ke
y
or
th
og

on
al
it
y
co
nd

it
io
n
to

un
iq
ue

ly
de

co
m
po

se
te
m
po

ra
l
an

d
sp
at
ia
l
va
ri
ab

ili
ty

ac
ro
ss

tr
aj
ec
to
ri
es

of
ch
an

ge
s.

O
ur

pa
rt
ic
ul
ar

us
e
of

pa
ra
lle

lt
ra
ns
po

rt
en

su
re
s
th
e
in
va
ri
an

ce
of

th
e

fo
rm

of
th
e
di
st
ri
bu

ti
on

of
sp
at
ia
lr
an

do
m

eff
ec
ts

in
ti
m
e.

F
in
al
ly
,i
t
al
lo
w
s
th
e
in
st
an

ti
at
io
n

of
th
e
m
od

el
fo
r
a
la
rg
e
va
ri
et
y
of

da
ta

ty
pe

s,
as

sh
ow

n
by

ou
r
ex
pe

ri
m
en
ts

w
it
h
un

iv
ar
ia
te

an
d
m
ul
ti
va
ri
at
e
bo

un
de

d
m
ea
su
re
m
en
ts
,
as

w
el
l
as

sy
m
m
et
ri
c
de

fin
it
e
po

si
ti
ve

m
at
ri
ce
s.

T
hi
s
fr
am

ew
or
k
is

al
so

w
el
l
su
it
ed

fo
r
an

al
ys
in
g
da

ta
w
it
h

sm
oo

th
co
ns
tr
ai
nt
s
or

hi
gh

ly
st
ru
ct
ur
ed

da
ta

su
ch

as
im

ag
es
,n

et
w
or
ks
(
K
ov
al

et
al
.(
20

17
))
,o

r
sh
ap

es
fo
r
in
st
an

ce
.
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S
ch

ir
at

ti
et

a
l.

W
e
re
ly

on
th
e
st
oc
ha

st
ic

ap
pr
ox
im

at
io
n
of

th
e
E
xp

ec
ta
ti
on

-M
ax

im
iz
at
io
n
al
go

ri
th
m

to
es
ti
m
at
e
m
od

el
pa

ra
m
et
er
s.

T
hi
s
al
go

ri
th
m

is
pr
ov
en

to
co
nv

er
ge

as
ym

pt
ot
ic
al
ly
,
an

d
ou

r
ex
pe

ri
m
en
ts

co
nfi

rm
ed

th
is
co
nv

er
ge
nc

e
in

se
ve
ra
lp

ra
ct
ic
al

si
tu
at
io
ns
.
T
hi
sa

lg
or
it
hm

is
ve
ry

ge
ne

ri
c
an

d
al
lo
w
s
a
m
od

ul
ar

im
pl
em

en
ta
ti
on

of
th
e
m
et
ho

d
w
hi
ch

ea
se
s
it
s
in
st
an

ti
at
io
n

fo
r
an

y
ki
nd

of
m
an

ifo
ld
-v
al
ue
d
ob

se
rv
at
io
ns
.
N
ot
e,

ne
ve
rt
he

le
ss
,t
ha

t
sp
ec
ifi
c
op

ti
m
iz
at
io
ns

w
er
e
ne

ed
ed

to
m
at
ch
,a

nd
ev
en

ou
tp
er
fo
rm

st
at
e-
of
-t
he

-a
rt

im
pl
em

en
ta
ti
on

s
fo
r
re
al
-v
al
ue

d
m
ea
su
re
m
en
ts
.

T
he

m
od

el
is

pa
rt
ic
ul
ar
ly

us
ef
ul

to
an

al
yz
e
bi
ol
og

ic
al

ph
en
om

en
on

,
fo
r
w
hi
ch

th
er
e
is

no
ob

vi
ou

s
w
ay

to
te
m
po

ra
lly

al
ig
n
in
di
vi
du

al
da

ta
ti
m
e
se
ri
es
.
T
em

po
ra
l
re
al
ig
nm

en
t
in
-

tr
od

uc
ed

as
ra
nd

om
-e
ffe

ct
al
lo
w
ed

us
to

au
to
m
at
ic
al
ly

pr
ed

ic
t
th
e
ag
e
at

w
hi
ch

pa
ti
en
ts

w
er
e
di
ag

no
se
d
w
it
h
A
lz
he

im
er
’s
di
se
as
e
or

at
w
hi
ch

m
en

ar
ch
e
oc
cu

rr
ed

in
ad

ol
es
ce
nt

gi
rl
s.

A
lt
ho

ug
h
th
e
m
od

el
as
su
m
ed

a
m
on

ot
on

ic
pr
og

re
ss
io
n
of

bo
dy

fa
t
w
it
h
ag

e,
th
is
hy

po
th
es
is

co
ul
d
be

re
la
xe
d
by

re
pl
ac
in
g
th
e
di
st
ri
bu

ti
on

of
th
e
ac
ce
le
ra
ti
on

fa
ct
or
s
an

d
sp
ac
e
sh
ift
s

w
it
h
a
m
ix
tu
re

of
G
au

ss
ia
n
di
st
ri
bu

ti
on

s.
T
hi
s
co
ul
d
al
so

be
ac
hi
ev
ed

by
co
ns
id
er
in
g
no

n-
affi

ne
ti
m
e
re
pa

ra
m
et
ri
za
ti
on

s
of

th
e
av
er
ag
e
tr
aj
ec
to
ry
.
Im

pr
ov
em

en
ts

in
pr
ed
ic
ti
on

an
d

go
od

ne
ss

of
fit

m
ig
ht

re
su
lt

fr
om

ex
te
ns
io
ns

of
th
e
m
od

el
,f
or

in
st
an

ce
by

in
tr
od

uc
in
g
m
ix
-

tu
re

m
od

el
s
to

id
en
ti
fy

po
pu

la
ti
on

cl
us
te
rs

or
by

ad
di
ng

a
dr
ift

in
th
e
pa

ra
lle

lt
ra
ns
po

rt
so

th
at

in
di
vi
du

al
tr
aj
ec
to
ri
es

do
no

t
al
w
ay
s
re
m
ai
ns

pa
ra
lle

lt
o
th
e
av
er
ag

e
tr
aj
ec
to
ry
.

A
ck
n
ow

le
d
gm

en
ts

T
hi
s
w
or
k
w
as

pa
rt
ia
lly

su
pp

or
te
d
by

th
e
F
M
JH

(G
ov
er
ne
m
en
t
P
ro
gr
am

:
A
N
R
-1
0-
C
A
M
P
-

01
51

-0
2)
.

T
he

re
se
ar
ch

le
ad

in
g
to

th
es
e
re
su
lt
s
ha

s
re
ce
iv
ed

fu
nd

in
g
fr
om

th
e
pr
og

ra
m

In
ve
st
is
se
m
en
ts

da
ve
ni
r
A
N
R
-1
0-
IA

IH
U
-0
6.
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A
m
ix

ed
-effects

m
o
d
el

fo
r

r
epeated

m
a
n
ifo

ld
-va

lu
ed

d
ata

A
p
p
en

d
ix

A
.
P
roof

of
L
em

m
a
2
an

d
L
em

m
a
3

In
this

appendix,
w
e
w
ill

first
give

a
proof

of
Lem

m
a
2
and

w
e
shall

then
give

a
proof

of
Lem

m
a
3.

A
.1

P
roof

of
L
em

m
a
2

T
he

definitions
and

properties
given

above
are

usefulto
prove

the
result

given
in

2.
B
efore

proving
this

result,
w
e
recallits

context.
W
e
consider

a
product

m
anifold

M
=
M

N
w
here

M
⊂

R
is

an
open

interval.
M

is
equipped

w
ith

a
R
iem

annian
m
etric

g
and

is
geodesically

com
plete.

T
he

product
m
anifold

M
is

equipped
w
ith

the
product

m
etric.

P
roof

Let
t0 ∈

R
,
γ

=
(γ

1 ,...,γ
N

)
be

a
geodesic

ofM
and

w
=

(w
1 ,...,w

N
)∈

T
γ

(t
0
) M

.
U
sing

the
previous

proposition
on

product
m
anifolds,

the
com

putation
of
η

w
(γ
,t)

boils
dow

n
to

the
com

putation
of

E
x
p
γ
i (t) (P

γ
i ,t

0
,t (w

i ) ).
T
his

term
is

com
puted

in
three

steps.

Let
i∈
{1
,...,N

}.
T
he

paralleltransport
P
γ
i ,t

0
,t (w

i )
is
com

puted
as

follow
s.

F
irst,note

that
M

is
an

open
intervalofR

.
T
herefore,for

all
p
∈
M

,
T
p M
'

R
.
T
he

R
iem

annian
m
et-

ric
g
of
M

is
necessarily

of
the

form
p
∈
M
7→

g
p
w
ith

:∀
(u
,v

)∈
T
p M

,
g
p (u

,v
)

=
u
v
f

(p
)

w
here

f
:
M
→

]0,+
∞

[is
a
sm

ooth
function.

It
follow

s
from

the
definition

of
paralleltransport

along
the

curve
t7→

γ
i
that

:∀
t,

P
γ
i ,t

0
,t (w

i )∈
T
γ
i (t) M

.
Since,

for
all

t,
T
γ
i (t) M

is
a
one-dim

ensional
vector

space,
the

tangent
vector

γ̇
i (t)6=

0
spans

this
space.

A
s
a
consequence,there

exist
a
sm

ooth
function

ξ
i

:
R
→

R
such

that
:
∀
t∈

R
,

P
γ
i ,t

0
,t (w

i )
=
ξ
i (t)γ̇

i (t).
B
ecause

the
parallel

transport
is

an
isom

etry
and

because
γ
i
is

a
geodesic,w

e
have

:

∀
t∈

R
,
g
γ
i (t) (P

γ
i ,t

0
,t (w

i ),γ̇
i (t) )

=
g
γ
i (t

0
) (w

i ,γ̇
i (t0 )).

(18)

T
he

bilinearity
of
g
γ
i (t)

gives
:

g
γ
i (t) (P

γ
i ,t

0
,t (w

i ),γ̇
i (t) )

=
g
γ
i (t) (ξ

i (t)γ̇
i (t),γ̇

i (t) )

=
ξ
i (t)g

γ
i (t) (γ̇

i (t),γ̇
i (t) ).

(19)

U
sing

that
γ̇
i
is

parallelalong
γ
i ,w

e
have

:

∀
t∈

R
,
g
γ
i (t) (γ̇

i (t),γ̇
i (t) )

=
g
γ
i (t

0
) (γ̇

i (t0 ),γ̇
i (t0 ) ).

(20)

A
s
a
consequence,(18),(19)

and
(20)

give
:

∀
t∈

R
,
ξ
i (t)g

γ
i (t

0
) (γ̇

i (t0 ),γ̇
i (t0 ) )

=
g
γ
i (t

0
) (w

i ,γ̇
i (t0 ) ).

(21)

U
sing

the
form

of
the

m
etric

on
M

,(21)
w
rites

:

∀
t∈

R
,
ξ
i (t) (γ̇

i (t0 ) )
2f (γ

i (t0 ) )
=
w
i γ̇
i (t0 )f (γ

i (t0 ) ).
(22)

T
his

last
equation

gives
:∀
t,
ξ
i (t)

=
w
i /

˙
γ
i (t0 ).

F
inally,

∀
i∈
{1
,...,N

}
,∀
t∈

R
,

P
γ
i ,t

0
,t (w

i )
=

w
i

γ̇
i (t0 ) γ̇

i (t).
(23)
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S
ch

ir
atti

et
a
l.

T
he

last
step

consist
in

com
puting

E
x
p
γ
i (t) (P

γ
i ,t

0
,t (w

i ) )
w
ith

t∈
R

fixed.
T
his

is
done

by
introducing

the
curves

c
:
s∈

[0,1]7→
E

x
p
γ
i (t) (sP

γ
i ,t

0
,t (w

i ) ),

and
c̃

:
s∈

[0,1]7→
γ
i (
t

+
s
w
i

γ̇
i (t0 ) )

.

B
oth

curves
c
and

c̃
are

geodesics
of
M

w
hich

satisfy
to

:
c(0)

=
c̃(0)

=
γ
i (t)

and
ċ(0)

=
˙̃c(0)

=
w
i

γ̇
i (t

0
) γ̇
i (t).

B
y
unicity,

the
tw

o
curves

are
equal.

A
s
a
consequence,

for
all

i
∈

{
1,...,N

}
and

all
t∈

R
,

E
x
p
γ
i (t) (P

γ
i ,t

0
,t (w

i ) )
=
γ
i (
t

+
w
i

γ̇
i (t0 ) )

.
(24)

T
his

last
equation

com
pletes

the
proof

of
the

lem
m
a.

A
.2

P
roof

of
L
em

m
a
3

F
irst,som

e
notations

need
to

be
introduced.

Let
m

=
n

(n
+

1)/2
denote

the
dim

ension
ofthe

linear
space

S
Y

M
(n

),
(E

i )
1≤
i≤
m

be
the

canonicalbasis
of

S
Y

M
(n

)
and

(E
∗i )

1≤
i≤
m

its
dual

basis.
T
he

m
atrices

are
indexed

by
a
single

index,
w
hich

corresponds
to

an
enum

eration
of

the
pairs

of
integers

{
(k
,l),

1
≤
k
,l
≤
n
,
k
≤
l}.

A
m
atrix

V
in

S
Y

M
(n

)
w
ill

be
identified

to
the

vector
(v

1 ,...,v
m

)
ofits

coeffi
cients

from
the

upper
triangular

part.
U
sing

the
expression

of
the

C
hristoffelsym

bols
in

term
s
of

the
canonicalbasis

of
S
Y

M
(n

)
and

its
dualbasis,Lenglet

and
collaborators

prove
that

if
t7→

Σ
(t)

=
(σ

1 (t),...,σ
m

(t))
is
a
sm

ooth
curve

in
S
P

D
(n

)
and

t
7→

V
(t)

=
(v

1 (t),...,v
m

(t))
a
vector

field
along

Σ
,
the

covariant
derivative

of
V

along
Σ

is
given

by
the

expression:

D
V
/d
t

=
m
∑

i

d
v
i

d
t

(t)E
i
+

m
∑i,j=

1

v
i (t) d

σ
j

d
t

(t)∇
E
i E

j .
(25)

T
aking

the
Frobenius

inner
product

of
the

previous
equality

(on
both

sides)
w
ith

E
∗k
(1
≤

k
≤
m

),
together

w
ith

the
expression

of
the

C
hristoffel

sym
bols

(see
Lenglet

et
al.

(2006),
E
q.(3)

and
E
q.(4)),one

gets
that

the
vector

field
V

is
parallelalong

the
curve

Σ
ifand

only
if:

d
Vd
t

(t)−
12
V

(t)Σ
(t) −

1
d
Σd
t

(t)−
12

d
Σ

(t)

d
t

(t)Σ
(t) −

1V
(t)

=
0.

(26)

W
e
can

now
give

the
proof

of
Lem

m
a
3.

P
roof

W
ith

the
expression

ofthe
geodesic

γ
0 ,given

in
Section

3.4,one
can

easily
see

that:

∀
t∈

R
,
d
γ

0 (t)

d
t
γ
−

1
0

(t)
=

V
0 P
−

1
0
.

(27)

Let
t7→

V
(t)

be
a
vector

field
parallelalong

γ
0 .

E
q.(26)

is
equivalent

to:

d
V

(t)

d
t

=
12
V

(t)P
−

1
0

V
0 −

12
V

0 P
−

1
0

V
(t).

(28)

28
JM

L
R

 18(133):1-33, 2017



A
m
ix

ed
-e

ff
ec

ts
m
o
d
el

fo
r

r
ep

ea
te

d
m
a
n
if

o
ld

-v
a
lu

ed
d
at

a

N
ot
e
th
at

E
q.

(2
8)

is
a
di
ffe

re
nt
ia
lL

ya
pu

no
v
eq
ua

ti
on

.
It

ca
n
be

so
lv
ed

by
co
ns
id
er
in
g
th
e

m
at
ri
x-
va
lu
ed

fu
nc

ti
on

t
7→

ex
p
(−
tM
>

)R
(t

)
ex

p
(−
tM

),
w
it
h

M
=
−

(1
/
2)

P
−

1
0

V
0
an

d
R
,

an
y
di
ffe

re
nt
ia
bl
e
m
at
ri
x-
va
lu
ed

fu
nc

ti
on

.
G
iv
en

th
at

V
(t

0
)

=
W

,o
ne

ha
s
th
at

th
e
pa

ra
lle

l
tr
an

sp
or
t
in

S
P

D
(n

)
is

gi
ve
n
by

:

V
(t

)
=

ex
p
( t
−
t 0

2
V

0
P
−

1
0

) W
ex

p
( t
−
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−
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by

si
m

pl
y

ru
nn

in
g

co
ns

ta
nt

SG
D

.
In

m
or

e
de

ta
il,

w
e

m
ak

e
th

e
fo

llo
w

in
g

co
nt

ri
bu

tio
ns
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1.
First,

w
e

develop
a

variational
B

ayesian
view

of
stochastic

gradient
descent.

B
ased

on
its

interpretation
as

a
continuous-tim

e
stochastic

process—
specifically

a
m

ultivariate
O

rnstein-
U

hlenbeck
(O

U
)

process
(U

hlenbeck
and

O
rnstein,1930;G

ardiner
etal.,1985)—

w
e

com
-

pute
stationary

distributions
for

a
large

class
of

SG
D

algorithm
s,

all
of

w
hich

converge
to

a
G

aussian
distribution

w
ith

a
non-trivial

covariance
m

atrix.
T

he
stationary

distribution
is

param
eterized

by
the

learning
rate,m

inibatch
size,and

preconditioning
m

atrix.

R
esults

aboutthe
m

ultivariate
O

U
process

m
ake

iteasy
to

m
inim

ize
the

K
L

divergence
be-

tw
een

the
stationary

distribution
and

the
posterioranalytically.W

e
can

thus
relate

the
optim

al
step

size
or

preconditioning
m

atrix
to

the
H

essian
and

noise
covariances

near
the

optim
um

.
T

he
optim

alpreconditioners
relate

to
A

daG
rad

(D
uchietal.,2011),R

M
SProp

(Tielem
an

and
H

inton,
2012),

and
classical

Fisher
scoring

(L
ongford,

1987).
W

e
dem

onstrate
how

these
differentoptim

ization
m

ethods
com

pare
w

hen
used

forapproxim
ate

inference.

2.
W

e
show

that
constant

SG
D

gives
rise

to
a

new
variational

E
M

algorithm
(B

ishop,
2006)

w
hich

allow
s

us
to

use
SG

D
to

optim
ize

hyperparam
eters

w
hile

perform
ing

approxim
ate

in-
ference

in
a

B
ayesian

m
odel.

W
e

dem
onstrate

this
by

fitting
a

posterior
to

a
B

ayesian
m

ulti-
nom

ialregression
m

odel.

3.
W

e
use

ourform
alism

to
derive

the
stationary

distribution
forSG

D
w

ith
m

om
entum

(Polyak,
1964).

O
ur

results
show

that
adding

m
om

entum
only

changes
the

scale
of

the
covariance

of
the

stationary
distribution,

not
its

shape.
T

his
scaling

factor
is

a
sim

ple
function

of
the

dam
ping

coefficient.
T

hus
w

e
can

also
use

SG
D

w
ith

m
om

entum
for

approxim
ate

B
ayesian

inference.

4.
T

hen,
w

e
analyze

scalable
M

C
M

C
algorithm

s.
Specifically,

w
e

use
the

stochastic-process
perspective

to
com

pute
the

stationary
distribution

ofStochastic-G
radientL

angevin
D

ynam
ics

(SG
L

D
)by

W
elling

and
Teh

(2011)w
hen

using
constantlearning

rates,and
analyze

stochastic
gradient

Fisher
scoring

(SG
FS)

by
A

hn
et

al.(2012).
T

he
view

from
the

m
ultivariate

O
U

process
reveals

a
sim

ple
justification

for
this

m
ethod:

w
e

confirm
that

the
preconditioning

m
atrix

suggested
in

SG
FS

is
indeed

optim
al.

W
e

also
derive

a
criterion

for
the

free
noise

param
eter

in
SG

FS
that

can
enhance

num
erical

stability,
and

w
e

show
how

the
stationary

distribution
is

m
odified

w
hen

the
preconditioner

is
approxim

ated
w

ith
a

diagonalm
atrix

(as
is

often
done

in
practice

forhigh-dim
ensionalproblem

s).

5.
Finally,

w
e

analyze
iterate

averaging
(Polyak

and
Juditsky,1992),

w
here

one
successively

averages
the

iterates
of

SG
D

to
obtain

a
low

er-variance
estim

ator
of

the
optim

um
.

B
ased

on
the

stochastic-process
m

ethodology,w
e

give
a

shorter
derivation

of
a

know
n

result,nam
ely

that
the

convergence
speed

of
iterate

averaging
cannot

be
im

proved
by

preconditioning
the

stochastic
gradientw

ith
any

m
atrix.Furtherm

ore,w
e

show
that(undercertain

assum
ptions),

Polyak
iterate

averaging
can

yield
an

optim
alstochastic-gradientM

C
M

C
algorithm

,and
that

thisoptim
alsam

plercan
generate

exactly
one

effectively
independentsam

ple
perpassthrough

the
dataset.T

his
resultis

both
positive

and
negative;itsuggests

thatiterate
averaging

can
be

used
as

a
pow

erful
B

ayesian
sam

pler,
but

it
also

argues
that

no
SG

-M
C

M
C

algorithm
can

generate
m

ore
than

one
useful

sam
ple

per
pass

through
the

data,
and

so
the

cost
of

these
algorithm

s
m

ustscale
linearly

w
ith

datasetsize.
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M
A

N
D

T,H
O

FF
M

A
N

,
A

N
D

B
L

E
I

O
ur

paper
is

organized
as

follow
s.

In
Section

3
w

e
review

the
continuous-tim

e
lim

itof
SG

D
,

show
ing

that
it

can
be

interpreted
as

an
O

U
process.

In
Section

4
w

e
present

consequences
of

this
perspective:

the
interpretation

ofSG
D

as
variationalB

ayes
and

results
around

preconditioning
and

m
om

entum
.

Section
5

discusses
SG

L
angevin

D
ynam

ics
and

SG
Fisher

Scoring.
In

Section
6

w
e

discuss
Polyak

averaging
for

optim
ization

and
sam

pling.
In

the
em

pirical
study

(Section
7),

w
e

show
thatour

theoreticalassum
ptions

are
satisfied

for
differentm

odels,thatw
e

can
use

SG
D

to
perform

gradient-based
hyperparam

eter
optim

ization,
and

that
iterate

averaging
gives

rise
to

a
B

ayesian
sam

plerw
ith

fastm
ixing.

2.R
elated

W
ork

O
urpaperrelates

to
B

ayesian
inference

and
stochastic

optim
ization.

Scalable
M

C
M

C
.

R
ecentw

ork
in

B
ayesian

statistics
focuses

on
m

aking
M

C
M

C
sam

pling
al-

gorithm
s

scalable
by

using
stochastic

gradients.
In

particular,W
elling

and
Teh

(2011)
developed

stochastic-gradient
L

angevin
dynam

ics
(SG

L
D

).
T

his
algorithm

sam
ples

from
a

B
ayesian

poste-
rior

by
adding

artificial
noise

to
the

stochastic
gradient

w
hich,

as
the

step
size

decays,
com

es
to

dom
inate

the
SG

D
noise.

A
lso

see
Sato

and
N

akagaw
a

(2014)
for

a
detailed

convergence
anal-

ysis
of

the
algorithm

.
T

hough
elegant,

one
disadvantage

of
SG

L
D

is
that

the
step

size
m

ust
be

decreased
to

arrive
atthe

correctsam
pling

regim
e,and

as
step

sizes
getsm

allso
does

m
ixing

speed.
O

ther
research

suggests
im

provem
ents

to
this

issue,using
H

am
iltonian

M
onte

C
arlo

(C
hen

etal.,
2014)ortherm

ostats
(D

ing
etal.,2014).Shang

etal.(2015)build
on

therm
ostats

and
use

a
sim

ilar
continuous-tim

e
form

alism
as

used
in

this
paper.

M
a

et
al.

(2015)
give

a
com

plete
classification

of
possible

stochastic
gradient-based

M
C

M
C

schem
es.

B
elow

,w
e

w
illanalyze

propertiesofstochastic
gradientFisherscoring

(SG
FS;A

hn
etal.,2012),

an
extention

to
SG

L
D

.T
his

algorithm
speeds

up
m

ixing
tim

es
in

SG
L

D
by

preconditioning
gradi-

ents
w

ith
the

inverse
gradientnoise

covariance.
A

hn
etal.(2012)

show
that(under

som
e

assum
p-

tions)
SG

FS
can

elim
inate

the
bias

associated
w

ith
running

SG
L

D
w

ith
non-vanishing

learning
rates.

O
ur

approach
to

analysis
can

extend
and

sharpen
the

results
of

A
hn

etal.(2012).
For

exam
-

ple,they
propose

using
a

diagonalapproxim
ation

to
the

gradientnoise
covariance

as
a

heuristic;in
ourfram

ew
ork,w

e
can

analyze
and

rigorously
justify

this
choice

as
a

variationalB
ayesian

approx-
im

ation.
M

aclaurin
etal.(2016)also

interpretSG
D

asa
non-param

etric
variationalinference

schem
e,but

w
ith

differentgoalsand
in

a
differentform

alism
.T

he
paperproposesa

w
ay

to
track

entropy
changes

in
the

im
plicitvariationalobjective,based

on
estim

ates
ofthe

H
essian.A

s
such,the

authors
m

ainly
considersam

pling
distributions

thatare
notstationary,w

hereas
w

e
focus

on
constantlearning

rates
and

distributions
thathave

(approxim
ately)

converged.
N

ote
thattheir

notion
of

hyperparam
eters

does
notreferto

m
odelparam

eters
butto

param
eters

ofSG
D

.
Stochastic

O
ptim

ization.
Stochastic

gradientdescentis
an

active
field

(Z
hang,2004;B

ottou,
1998).

M
any

papers
discuss

constantstep-size
SG

D
.B

ach
and

M
oulines

(2013);Flam
m

arion
and

B
ach

(2015)discuss
convergence

rate
ofaveraged

gradients
w

ith
constantstep

size,w
hile

D
éfossez

and
B

ach
(2015)

analyze
sam

pling
distributions

using
quasi-m

artingale
techniques.

Toulis
et

al.
(2014)calculate

the
asym

ptotic
variance

ofSG
D

forthe
case

ofdecreasing
learning

rates,assum
ing

that
the

data
is

distributed
according

to
the

m
odel.

N
one

of
these

papers
consider

the
B

ayesian
setting.

D
ieuleveut

et
al.

(2017)
also

analyzed
SG

D
w

ith
constant

step
size

and
its

relation
to

4
JM

L
R

 18(134):1-35, 2017



S
T

O
C

H
A

S
T

IC
G

R
A

D
IE

N
T

D
E

S
C

E
N

T
A

S
A

P
P

R
O

X
IM

A
T

E
B

A
Y

E
S

IA
N

IN
F

E
R

E
N

C
E

M
ar

ko
v

ch
ai

ns
.T

he
ir

an
al

ys
is

re
su

lte
d

in
a

no
ve

le
xt

ra
po

la
tio

n
sc

he
m

e
to

im
pr

ov
e

th
e

co
nv

er
ge

nc
e

be
ha

vi
or

of
ite

ra
te

av
er

ag
in

g.

T
he

fa
ct

th
at

op
tim

al
pr

ec
on

di
tio

ni
ng

(u
si

ng
a

de
cr

ea
si

ng
R

ob
bi

ns
-M

on
ro

sc
he

du
le

)i
s

ac
hi

ev
ed

by
ch

oo
si

ng
th

e
in

ve
rs

e
no

is
e

co
va

ri
an

ce
w

as
fir

st
sh

ow
n

in
(S

ak
ri

so
n,

19
65

),
bu

th
er

e
w

e
de

riv
e

th
e

sa
m

e
re

su
lt

ba
se

d
on

di
ff

er
en

ta
rg

um
en

ts
an

d
su

gg
es

ta
sc

al
ar

pr
ef

ac
to

r.
N

ot
e

th
e

op
tim

al
sc

al
ar

le
ar

ni
ng

ra
te

of
2
/T

r(
B
B
>

),
w

he
re
B
B
>

is
th

e
SG

D
no

is
e

co
va

ri
an

ce
(a

s
di

sc
us

se
d

in
Se

ct
io

n
4

or
th

is
pa

pe
r)

,c
an

al
so

be
de

riv
ed

ba
se

d
on

st
ab

ili
ty

ar
gu

m
en

ts
.

T
hi

s
w

as
do

ne
in

th
e

co
nt

ex
to

f
le

as
t

m
ea

n
sq

ua
re

fil
te

rs
(W

id
ro

w
an

d
St

ea
rn

s,
19

85
).

Fi
na

lly
,C

he
n

et
al

.(
20

16
)a

ls
o

dr
aw

an
al

og
ie

sb
et

w
ee

n
SG

D
an

d
sc

al
ab

le
M

C
M

C
.T

he
y

su
gg

es
t

an
ne

al
in

g
th

e
po

st
er

io
r

ov
er

tim
e

to
us

e
sc

al
ab

le
M

C
M

C
as

a
to

ol
fo

r
gl

ob
al

op
tim

iz
at

io
n.

W
e

fo
llo

w
th

e
op

po
si

te
id

ea
an

d
su

gg
es

tt
o

us
e

co
ns

ta
nt

SG
D

as
an

ap
pr

ox
im

at
e

sa
m

pl
er

by
ch

oo
si

ng
ap

pr
op

ri
at

e
le

ar
ni

ng
ra

te
an

d
pr

ec
on

di
tio

ne
rs

.

St
oc

ha
st

ic
di

ffe
re

nt
ia

l
eq

ua
tio

ns
.

T
he

id
ea

of
an

al
yz

in
g

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

t
w

ith
st

oc
ha

st
ic

di
ff

er
en

tia
le

qu
at

io
ns

is
w

el
le

st
ab

lis
he

d
in

th
e

st
oc

ha
st

ic
ap

pr
ox

im
at

io
n

lit
er

at
ur

e
(K

us
h-

ne
ra

nd
Y

in
,2

00
3;

L
ju

ng
et

al
.,

20
12

).
R

ec
en

tw
or

k
fo

cu
se

s
on

dy
na

m
ic

al
as

pe
ct

s
of

th
e

al
go

ri
th

m
.

L
ie

ta
l.

(2
01

5)
di

sc
us

s
se

ve
ra

lo
ne

-d
im

en
si

on
al

ca
se

s
an

d
m

om
en

tu
m

.L
ie

ta
l.

(2
01

7)
gi

ve
a

m
at

h-
em

at
ic

al
ly

ri
go

ro
us

ju
st

ifi
ca

tio
n

of
th

e
co

nt
in

uo
us

-t
im

e
lim

it.
C

he
n

et
al

.(
20

15
)a

na
ly

ze
st

oc
ha

st
ic

gr
ad

ie
nt

M
C

M
C

an
d

st
ud

y
th

ei
rc

on
ve

rg
en

ce
pr

op
er

tie
s

us
in

g
st

oc
ha

st
ic

di
ff

er
en

tia
le

qu
at

io
ns

.

O
ur

w
or

k
m

ak
es

us
e

of
th

e
sa

m
e

fo
rm

al
is

m
bu

t
ha

s
a

di
ff

er
en

t
fo

cu
s.

In
st

ea
d

of
an

al
yz

in
g

dy
na

m
ic

al
pr

op
er

tie
s,

w
e

fo
cu

s
on

st
at

io
na

ry
di

st
ri

bu
tio

ns
.F

ur
th

er
,o

ur
pa

pe
ri

nt
ro

du
ce

s
th

e
id

ea
of

m
in

im
iz

in
g

K
L

di
ve

rg
en

ce
be

tw
ee

n
m

ul
tiv

ar
ia

te
sa

m
pl

in
g

di
st

ri
bu

tio
ns

an
d

th
e

po
st

er
io

r.

Va
ri

at
io

na
lI

nf
er

en
ce

.
V

ar
ia

tio
na

lI
nf

er
en

ce
(V

I)
de

no
te

s
a

se
to

f
m

et
ho

ds
w

hi
ch

ai
m

at
ap

-
pr

ox
im

at
in

g
a

B
ay

es
ia

n
po

st
er

io
r

by
a

si
m

pl
er

,
ty

pi
ca

lly
fa

ct
or

iz
ed

di
st

ri
bu

tio
n.

T
hi

s
is

do
ne

by
m

in
im

iz
in

g
K

ul
lb

ac
k-

L
ei

bl
er

di
ve

rg
en

ce
or

re
la

te
d

di
ve

rg
en

ce
s

be
tw

ee
n

th
es

e
di

st
ri

bu
tio

ns
(J

or
-

da
n

et
al

.,
19

99
;

O
pp

er
an

d
Sa

ad
,

20
01

).
Fo

r
th

e
cl

as
s

of
m

od
el

s
w

he
re

th
e

co
nd

iti
on

al
di

st
ri

-
bu

tio
ns

ar
e

in
th

e
ex

po
ne

nt
ia

l
fa

m
ily

,
th

e
va

ri
at

io
na

l
ob

je
ct

iv
e

ca
n

be
op

tim
iz

ed
by

cl
os

ed
-f

or
m

up
da

te
s

(G
ha

hr
am

an
ia

nd
B

ea
l,

20
00

),
bu

tt
hi

s
is

a
re

st
ri

ct
ed

cl
as

s
of

m
od

el
s

w
ith

co
nj

ug
at

e
pr

io
rs

.
A

sc
al

ab
le

ve
rs

io
n

of
V

I,
te

rm
ed

St
oc

ha
st

ic
V

ar
ia

tio
na

l
In

fe
re

nc
e

(S
V

I)
,r

el
ie

s
on

st
oc

ha
st

ic
gr

a-
di

en
td

es
ce

nt
fo

r
da

ta
su

bs
am

pl
in

g
(H

of
fm

an
et

al
.,

20
13

).
Fo

r
no

n-
co

nj
ug

at
e

m
od

el
s,

B
la

ck
-B

ox
va

ri
at

io
na

li
nf

er
en

ce
(R

an
ga

na
th

et
al

.,
20

14
)

ha
s

en
ab

le
d

SV
I

fo
r

a
la

rg
e

cl
as

s
of

m
od

el
s,

bu
tt

hi
s

ap
pr

oa
ch

m
ay

su
ff

er
fr

om
hi

gh
-v

ar
ia

nc
e

gr
ad

ie
nt

s.
A

m
od

ifi
ed

fo
rm

of
bl

ac
k-

bo
x

va
ri

at
io

na
li

nf
er

-
en

ce
re

lie
s

on
re

-p
ar

am
et

er
iz

at
io

n
gr

ad
ie

nt
s

(S
al

im
an

s
an

d
K

no
w

le
s,

20
13

;K
in

gm
a

an
d

W
el

lin
g,

20
14

;R
ez

en
de

et
al

.,
20

14
;K

uc
uk

el
bi

r
et

al
.,

20
15

;R
ui

z
et

al
.,

20
16

).
T

hi
s

ve
rs

io
n

is
lim

ite
d

to
co

nt
in

uo
us

la
te

nt
va

ri
ab

le
s

bu
tt

yp
ic

al
ly

ha
s

m
uc

h
lo

w
er

-v
ar

ia
nc

e
gr

ad
ie

nt
s.

In
th

is
pa

pe
r,

w
e

co
m

pa
re

ag
ai

ns
tt

he
G

au
ss

ia
n

re
pa

ra
m

et
er

iz
at

io
n

gr
ad

ie
nt

ve
rs

io
n

of
bl

ac
k-

bo
x

va
ri

at
io

na
li

nf
er

en
ce

as
us

ed
in

K
in

gm
a

an
d

W
el

lin
g

(2
01

4)
;R

ez
en

de
et

al
.(

20
14

);
K

uc
uk

el
bi

re
ta

l.
(2

01
5)

w
hi

ch
w

e
re

fe
r

to
as

B
B

V
I.

W
e

fin
d

th
at

ou
r

ap
pr

oa
ch

pe
rf

or
m

s
si

m
ila

rl
y

in
pr

ac
tic

e,
bu

ti
t

is
di

ff
er

en
ti

n
th

at
it

do
es

no
to

pt
im

iz
e

th
e

pa
ra

m
et

er
s

of
a

si
m

pl
e

va
ri

at
io

na
ld

is
tr

ib
ut

io
n.

R
at

he
r,

it
co

nt
ro

ls
th

e
sh

ap
e

of
th

e
ap

pr
ox

im
at

e
po

st
er

io
rv

ia
th

e
pa

ra
m

et
er

s
of

th
e

op
tim

iz
at

io
n

al
go

ri
th

m
,

su
ch

as
th

e
le

ar
ni

ng
ra

te
or

pr
ec

on
di

tio
ni

ng
m

at
ri
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M
A

N
D

T,
H

O
FF

M
A

N
,A

N
D

B
L

E
I

3.
C

on
tin

uo
us

-T
im

e
L

im
it

R
ev

is
ite

d

W
e

fir
st

re
vi

ew
th

e
th

eo
re

tic
al

fr
am

ew
or

k
th

at
w

e
us

e
th

ro
ug

ho
ut

th
e

pa
pe

r.
O

ur
go

al
is

to
ch

ar
ac

-
te

ri
ze

th
e

be
ha

vi
or

of
SG

D
w

he
n

us
in

g
a

co
ns

ta
nt

st
ep

si
ze

.
To

do
th

is
,w

e
ap

pr
ox

im
at

e
SG

D
w

ith
a

co
nt

in
uo

us
-t

im
e

st
oc

ha
st

ic
pr

oc
es

s
(K

us
hn

er
an

d
Y

in
,2

00
3;

L
ju

ng
et

al
.,

20
12

).

3.
1

Pr
ob

le
m

Se
tu

p

C
on

si
de

rl
os

s
fu

nc
tio

ns
of

th
e

fo
llo

w
in

g
fo

rm
:

L(
θ)

=
1 N

∑
N n

=
1
` n

(θ
),

g
(θ

)
≡
∇
θ
L(
θ)
.

(2
)

Su
ch

lo
ss

fu
nc

tio
ns

ar
e

co
m

m
on

in
m

ac
hi

ne
le

ar
ni

ng
,w

he
re
L(
θ)
≡
L(
θ,

x
)

is
a

lo
ss

fu
nc

tio
n

th
at

de
pe

nd
s

on
da

ta
x

an
d

pa
ra

m
et

er
s
θ.

E
ac

h
` n

(θ
)
≡
`(
θ,

x
n
)

is
th

e
co

nt
ri

bu
tio

n
to

th
e

ov
er

al
ll

os
s

fr
om

a
si

ng
le

ob
se

rv
at

io
n

x
n

.
Fo

r
ex

am
pl

e,
w

he
n

fin
di

ng
a

m
ax

im
um

-a
-p

os
te

ri
or

i
es

tim
at

e
of

a
m

od
el

,t
he

co
nt

ri
bu

tio
ns

to
th

e
lo

ss
m

ay
be

` n
(θ

)
=
−

lo
g
p
(x
n
|θ

)
−

1 N
lo

g
p
(θ

),
(3

)

w
he

re
p
(x
n
|θ

)
is

th
e

lik
el

ih
oo

d
an

d
p
(θ

)
is

th
e

pr
io

r.
Fo

r
si

m
pl

er
no

ta
tio

n,
w

e
w

ill
su

pp
re

ss
th

e
de

pe
nd

en
ce

of
th

e
lo

ss
on

th
e

da
ta

.
Fr

om
th

is
lo

ss
w

e
co

ns
tr

uc
t

st
oc

ha
st

ic
gr

ad
ie

nt
s.

L
et
S

be
a

se
t

of
S

ra
nd

om
in

di
ce

s
dr

aw
n

un
if

or
m

ly
at

ra
nd

om
fr

om
th

e
se

t{
1
,.
..
,N
}.

T
hi

s
se

ti
nd

ex
es

fu
nc

tio
ns
` n

(θ
),

an
d

w
e

ca
ll
S

a
“m

in
ib

at
ch

”
of

si
ze
S

.B
as

ed
on

th
e

m
in

ib
at

ch
,w

e
us

ed
th

e
in

de
xe

d
fu

nc
tio

ns
to

fo
rm

a
st

oc
ha

st
ic

es
tim

at
e

of
th

e
lo

ss
an

d
a

st
oc

ha
st

ic
gr

ad
ie

nt
,

L̂ S
(θ

)
=

1 S

∑
n
∈S

` n
(θ

),
ĝ S

(θ
)

=
∇
θ
L̂ S

(θ
).

(4
)

In
ex

pe
ct

at
io

n
th

e
st

oc
ha

st
ic

gr
ad

ie
nt

is
th

e
fu

ll
gr

ad
ie

nt
,i

.e
.,
g
(θ

)
=

E[
ĝ S

(θ
)]

.W
e

us
e

th
is

st
oc

ha
s-

tic
gr

ad
ie

nt
in

th
e

SG
D

up
da

te

θ(
t

+
1)

=
θ(
t)
−
ε
ĝ S

(θ
(t

))
.

(5
)

A
bo

ve
an

d
fo

rw
ha

tf
ol

lo
w

s,
w

e
as

su
m

e
a

co
ns

ta
nt

(n
on

-d
ec

re
as

in
g)

le
ar

ni
ng

ra
te
ε.

E
qs

.4
an

d
5

de
fin

e
th

e
di

sc
re

te
-t

im
e

pr
oc

es
s

th
at

SG
D

si
m

ul
at

es
fr

om
.

W
e

w
ill

ap
pr

ox
im

at
e

it
w

ith
a

co
nt

in
uo

us
-t

im
e

pr
oc

es
s

th
at

is
ea

si
er

to
an

al
yz

e.

3.
2

SG
D

as
an

O
rn

st
ei

n-
U

hl
en

be
ck

Pr
oc

es
s

W
e

no
w

sh
ow

ho
w

to
ap

pr
ox

im
at

e
th

e
di

sc
re

te
-t

im
e

E
q.

5
w

ith
a

co
nt

in
uo

us
-t

im
e

O
rn

st
ei

n-
U

hl
en

be
ck

pr
oc

es
s

(U
hl

en
be

ck
an

d
O

rn
st

ei
n,

19
30

).
T

hi
s

le
ad

s
to

th
e

st
oc

ha
st

ic
di

ff
er

en
tia

le
qu

at
io

n
be

lo
w

in
E

q.
11

.T
o

ju
st

if
y

th
e

ap
pr

ox
im

at
io

n,
w

e
m

ak
e

fo
ur

as
su

m
pt

io
ns

.W
e

ve
ri

fy
its

ac
cu

ra
cy

em
pi

ri
ca

lly
in

Se
ct

io
n

7.

A
ss

um
pt

io
n

1
O

bs
er

ve
th

at
th

e
st

oc
ha

st
ic

gr
ad

ie
nt

is
a

su
m

of
S

in
de

pe
nd

en
t,

un
ifo

rm
ly

sa
m

pl
ed

co
nt

ri
bu

tio
ns

.
In

vo
ki

ng
th

e
ce

nt
ra

l
lim

it
th

eo
re

m
,w

e
as

su
m

e
th

at
th

e
gr

ad
ie

nt
no

is
e

is
G

au
ss

ia
n

w
ith

co
va

ri
an

ce
1 S
C

(θ
),

he
nc

e

ĝ S
(θ

)
≈
g
(θ

)
+

1 √
S

∆
g
(θ

),
∆
g
(θ

)
∼
N

(0
,C

(θ
))
.

(6
)
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P

R
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E
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E
S
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N

IN
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E
R

E
N

C
E

A
ssum

ption
2

W
e

assum
e

thatthe
covariance

m
atrix

C
(θ)

is
approxim

ately
constantw

ith
respect

to
θ.A

s
a

sym
m

etric
positive-sem

idefinite
m

atrix,this
constantm

atrix
C

factorizes
as

C
(θ)≈

C
=
B
B
>
.

(7)

A
ssum

ption
2

is
justified

w
hen

the
iterates

ofSG
D

are
confined

to
a

sm
allenough

region
around

a
localoptim

um
ofthe

loss
(e.g.due

to
a

sm
all
ε)thatthe

noise
covariance

does
notvary

significantly
in

thatregion.
W

e
now

define
∆
θ(t)

=
θ(t

+
1)−

θ(t)
and

com
bine

E
qs.5,6,and

7
to

rew
rite

the
process

as

∆
θ(t)

=
−
ε
g
(θ(t))

+
ε
√
S
B

∆
W
,

∆
W
∼
N

(0,I)
.

(8)

T
his

can
be

interpreted
as

a
finite-difference

equation
thatapproxim

ates
the

follow
ing

continuous-
tim

e
stochastic

differentialequation:

d
θ(t)

=
−
εg

(θ)d
t

+
ε
√
S
B
d
W

(t).
(9)

A
ssum

ption
3

W
e

assum
e

thatw
e

can
approxim

ate
the

finite-difference
equation

(8)by
the

stochas-
tic

differentialequation
(9).

T
his

assum
ption

is
justified

if
either

the
gradients

or
the

learning
rates

are
sm

all
enough

that
the

discretization
errorbecom

es
negligible.

A
ssum

ption
4

W
e

assum
e

thatthe
stationary

distribution
ofthe

iterates
is

constrained
to

a
region

w
here

the
loss

is
w

ellapproxim
ated

by
a

quadratic
function,

L
(θ)

=
12
θ >
A
θ.

(10)

(W
ithoutloss

ofgenerality,w
e

assum
e

thata
m

inim
um

ofthe
loss

is
at
θ

=
0.)

W
e

also
assum

e
that

A
is

positive
definite.

T
he

sym
m

etric
m

atrix
A

is
thus

the
H

essian
atthe

optim
um

.
A

ssum
ption

4
m

akes
sense

w
hen

the
loss

function
is

sm
ooth

and
the

stochastic
process

reaches
a

low
-variance

quasi-stationary
distribu-

tion
around

a
deep

localm
inim

um
.

T
he

exittim
e

of
a

stochastic
process

is
typically

exponential
in

the
heightof

the
barriers

betw
een

m
inim

a,w
hich

can
m

ake
localoptim

a
very

stable
even

in
the

presence
ofnoise

(K
ram

ers,1940).
SG

D
as

an
O

rnstein-U
hlenbeck

process.
T

he
fourassum

ptions
above

resultin
a

specific
kind

ofstochastic
process,the

m
ultivariate

O
rnstein-U

hlenbeck
process(U

hlenbeck
and

O
rnstein,1930):

d
θ(t)

=
−
εA

θ(t)d
t

+
1
√
S
εB

d
W

(t)
(11)

T
his

connection
helps

us
analyze

properties
of

SG
D

because
the

O
rnstein-U

hlenbeck
process

has
an

analytic
stationary

distribution
q(θ)

thatis
G

aussian.
T

his
distribution

w
illbe

the
core

ana-
lytic

toolofthis
paper:

q(θ)∝
ex

p {−
12 θ >

Σ
−

1θ }
.

(12)
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M
A

N
D

T,H
O

FF
M

A
N

,
A

N
D

B
L

E
I

T
he

covariance
Σ

satisfies

Σ
A

+
A

Σ
=

εS
B
B
>
.

(13)

(M
ore

details
are

in
A

ppendix
B

.)W
ithoutexplicitly

solving
this

equation,w
e

see
thatthe

resulting
covariance

Σ
is

proportionalto
the

learning
rate

ε
and

inversely
proportionalto

the
m

agnitude
of
A

and
m

inibatch
size

S
.T

his
characterizes

the
stationary

distribution
ofrunning

SG
D

w
ith

a
constant

step
size.

D
iscussion

ofA
ssum

ptions
1–4.

O
ur

analysis
suggests

thatconstantSG
D

and
L

angevin-type
diffusion

algorithm
s

(W
elling

and
Teh,

2011)
are

very
sim

ilar.
B

oth
types

of
algorithm

s
can

be
characterized

by
three

regim
es.

First,there
is

a
search

phase
w

here
the

algorithm
approaches

the
optim

um
.

In
this

early
phase,

assum
ptions

1–4
are

often
violated

and
it

is
hard

to
say

anything
generalaboutthe

behaviorofthe
algorithm

.Second,there
is

a
phase

w
here

SG
D

has
converged

to
the

vicinity
of

a
localoptim

um
.

H
ere,the

objective
already

looks
quadratic,butthe

gradientnoise
is

sm
allrelative

to
the

average
gradient

g
(θ).T

hus
SG

D
takes

a
relatively

directed
path

tow
ards

the
optim

um
.T

his
is

the
regim

e
w

here
ourassum

ptions
should

be
approxim

ately
valid,and

w
here

our
form

alism
reveals

its
use.

Finally,in
the

third
phase

the
iterates

are
near

the
localoptim

um
.

H
ere,

the
average

gradient
g
(θ)

is
sm

all
and

the
sam

pling
noise

becom
es

m
ore

im
portant.

In
this

final
phase,constantSG

D
begins

to
sam

ple
from

its
stationary

distribution.
Finally,w

e
note

thatifthe
gradientnoise

covariance
C

does
nothave

fullrank,then
neitherw

ill
the

stationary
covariance

Σ
.

T
his

scenario
com

plicates
the

analysis
in

Section
4,so

below
w

e
w

ill
assum

e
that

C
has

fullrank.T
his

could
be

enforced
easily

by
adding

very
low

-m
agnitude

isotropic
artificialG

aussian
noise

to
the

stochastic
gradients.

4.SG
D

asA
pproxim

ate
Inference

W
e

discussed
a

continuous-tim
e

interpretation
ofSG

D
w

ith
a

constantstep
size

(constantSG
D

).W
e

now
discuss

how
to

use
constantSG

D
as

an
approxim

ate
inference

algorithm
.

To
repeatthe

set-up
from

the
introduction,consider

a
probabilistic

m
odel

p
(θ,x

)
w

ith
data

x
and

hidden
variables

θ;
ourgoalis

to
approxim

ate
the

posterior
p
(θ|x

)
in

E
q.1.

W
e

setthe
loss

to
be

the
negative

log-jointdistribution
(E

qs.2
and

3),w
hich

equals
the

neg-
ative

log-posterior
up

to
an

additive
constant.

T
he

classicalgoalof
SG

D
is

to
m

inim
ize

this
loss,

leading
us

to
a

m
axim

um
-a-posterioripointestim

ate
of

the
param

eters.
T

his
is

how
SG

D
is

used
in

m
any

statisticalm
odels,including

logistic
regression,linearregression,m

atrix
factorization,and

neuralnetw
orks.

In
contrast,our

goalhere
is

to
tune

the
param

eters
of

SG
D

so
thatits

stationary
distribution

approxim
ates

the
posterior.

Fig.1
show

s
an

exam
ple.H

ere
w

e
illustrate

tw
o

B
ayesian

posteriors—
from

a
linearregression

problem
(top)and

a
logistic

regression
problem

(bottom
)—

along
w

ith
iterates

from
a

constantSG
D

algorithm
.

In
these

figures,w
e

setthe
param

eters
of

the
optim

ization
to

values
thatm

inim
ize

the
K

ullback-L
eibler

(K
L

)
divergence

betw
een

the
stationary

distribution
of

the
O

U
process

and
the

posterior—
these

results
com

e
from

our
theorem

s
below

.
T

he
leftplots

optim
ize

both
a

precondi-
tioning

m
atrix

and
the

step
size;the

m
iddle

plots
optim

ize
only

the
step

size
(both

are
outlined

in
Section

4.1).
W

e
can

see
thatthe

stationary
distribution

of
constantSG

D
can

be
m

ade
close

to
the

exactposterior.
Fig.2

also
com

pares
the

em
piricalcovariance

of
the

iterates
w

ith
the

predicted
covariance

in
term

s
ofE

q.13.T
he

close
m

atch
supports

the
assum

ptions
ofSection

3.
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E
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E
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C
E

Fi
gu

re
1:

Po
st

er
io

rd
is

tr
ib

ut
io

n
f

(θ
)
∝

ex
p
{−
N
L(
θ)
}(

bl
ue

)a
nd

st
at

io
na

ry
sa

m
pl

in
g

di
st

ri
bu

tio
ns

q(
θ)

of
th

e
ite

ra
te

s
of

SG
D

(c
ya

n)
or

bl
ac

k
bo

x
va

ri
at

io
na

li
nf

er
en

ce
(B

B
V

I)
ba

se
d

on
re

pa
ra

m
e-

te
ri

za
tio

n
gr

ad
ie

nt
s.

R
ow

s:
lin

ea
r

re
gr

es
si

on
(t

op
)

an
d

lo
gi

st
ic

re
gr

es
si

on
(b

ot
to

m
)

di
sc

us
se

d
in

Se
ct

io
n

7.
C

ol
um

ns
:

fu
ll-

ra
nk

pr
ec

on
di

tio
ne

d
co

ns
ta

nt
SG

D
(l

ef
t)

,
co

ns
ta

nt
SG

D
(m

id
dl

e)
,

an
d

B
B

V
I

(K
uc

uk
el

bi
r

et
al

.,
20

15
)

(r
ig

ht
).

W
e

sh
ow

pr
oj

ec
tio

ns
on

th
e

sm
al

le
st

an
d

la
rg

es
t

pr
in

ci
pa

l
co

m
po

ne
nt

of
th

e
po

st
er

io
r.

T
he

pl
ot

al
so

sh
ow

s
th

e
em

pi
ri

ca
lc

ov
ar

ia
nc

es
(3

st
an

da
rd

de
vi

at
io

ns
)

of
th

e
po

st
er

io
r

(b
la

ck
),

th
e

co
va

ri
an

ce
of

th
e

sa
m

pl
es

(y
el

lo
w

),
an

d
th

ei
r

pr
ed

ic
tio

n
(r

ed
)

in
te

rm
s

of
th

e
O

rn
st

ei
n-

U
hl

en
be

ck
pr

oc
es

s,
E

q.
13

.

Fi
gu

re
2:

E
m

pi
ri

ca
la

nd
pr

ed
ic

te
d

co
va

ri
an

ce
s

of
th

e
ite

ra
te

s
of

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

t,
w

he
re

th
e

pr
ed

ic
tio

n
is

ba
se

d
on

E
q.

13
.W

e
us

ed
lin

ea
rr

eg
re

ss
io

n
on

th
e

w
in

e
qu

al
ity

da
ta

se
ta

s
de

ta
ile

d
in

Se
ct

io
n

7.
1.
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M
A

N
D

T,
H

O
FF

M
A

N
,A

N
D

B
L

E
I

W
e

w
ill

us
e

th
is

pe
rs

pe
ct

iv
e

in
th

re
e

w
ay

s.
Fi

rs
t,

w
e

de
ve

lo
p

op
tim

al
co

nd
iti

on
s

fo
r

co
ns

ta
nt

SG
D

to
be

st
ap

pr
ox

im
at

e
th

e
po

st
er

io
r,

co
nn

ec
tin

g
to

w
el

l-
kn

ow
n

re
su

lts
ar

ou
nd

ad
ap

tiv
e

le
ar

ni
ng

ra
te

s
an

d
pr

ec
on

di
tio

ne
rs

(D
uc

hi
et

al
.,

20
11

;T
ie

le
m

an
an

d
H

in
to

n,
20

12
).

Se
co

nd
,w

e
pr

op
os

e
an

al
go

ri
th

m
fo

r
hy

pe
rp

ar
am

et
er

op
tim

iz
at

io
n

ba
se

d
on

co
ns

ta
nt

SG
D

.T
hi

rd
,w

e
us

e
it

to
an

al
yz

e
th

e
st

at
io

na
ry

di
st

ri
bu

tio
n

of
st

oc
ha

st
ic

gr
ad

ie
nt

de
sc

en
tw

ith
m

om
en

tu
m

(P
ol

ya
k,

19
64

).

4.
1

C
on

st
an

tS
to

ch
as

tic
G

ra
di

en
tD

es
ce

nt

Fi
rs

t,
w

e
sh

ow
ho

w
to

tu
ne

co
ns

ta
nt

SG
D

’s
pa

ra
m

et
er

s
to

m
in

im
iz

e
K

L
di

ve
rg

en
ce

to
th

e
po

st
er

io
r;

th
is

is
a

ty
pe

of
va

ri
at

io
na

li
nf

er
en

ce
(J

or
da

n
et

al
.,

19
99

).
T

he
an

al
ys

is
le

ad
s

to
th

re
e

ve
rs

io
ns

of
co

ns
ta

nt
SG

D
—

on
e

w
ith

a
co

ns
ta

nt
st

ep
si

ze
,o

ne
w

ith
a

fu
ll

pr
ec

on
di

tio
ni

ng
m

at
ri

x,
an

d
on

e
w

ith
a

di
ag

on
al

pr
ec

on
di

tio
ni

ng
m

at
ri

x.
E

ac
h

yi
el

ds
sa

m
pl

es
fr

om
an

ap
pr

ox
im

at
e

po
st

er
io

r,
an

d
ea

ch
re

fle
ct

s
a

di
ff

er
en

t
tr

ad
eo

ff
be

tw
ee

n
ef

fic
ie

nc
y

an
d

ac
cu

ra
cy

.
Fi

na
lly

,
w

e
sh

ow
ho

w
to

us
e

th
es

e
al

go
ri

th
m

s
to

le
ar

n
hy

pe
rp

ar
am

et
er

s.
A

ss
um

pt
io

n
4

fr
om

Se
ct

io
n

3
sa

ys
th

at
th

e
po

st
er

io
r

is
ap

pr
ox

im
at

el
y

G
au

ss
ia

n
in

th
e

re
gi

on
th

at
th

e
st

at
io

na
ry

di
st

ri
bu

tio
n

fo
cu

se
s

on
,

f
(θ

)
∝

ex
p
{ −

N 2
θ>
A
θ}
.

(1
4)

T
he

sc
al

ar
N

co
rr

ec
ts

th
e

av
er

ag
in

g
in

eq
ua

tio
n

2.
Fu

rt
he

rm
or

e,
in

th
is

se
ct

io
n

w
e

w
ill

co
ns

id
er

a
m

or
e

ge
ne

ra
lS

G
D

sc
he

m
e

th
at

m
ay

in
vo

lv
e

a
pr

ec
on

di
tio

ni
ng

m
at

ri
x
H

in
st

ea
d

of
a

sc
al

ar
le

ar
ni

ng
ra

te
ε:

θ t
+

1
=
θ t
−
H
ĝ S

(θ
(t

))
.

W
e

w
ill

se
tt

he
pa

ra
m

et
er

s
of

SG
D

to
m

in
im

iz
e

th
e

K
L

di
ve

rg
en

ce
be

tw
ee

n
th

e
st

at
io

na
ry

di
s-

tr
ib

ut
io

n
q(
θ)

(E
qs

.1
2

an
d

13
)a

nd
th

e
po

st
er

io
rf

(θ
)

(E
q.

14
).

T
hi

s
in

vo
lv

es
th

e
th

e
le

ar
ni

ng
ra

te
ε

or
m

or
e

ge
ne

ra
lly

th
e

pr
ec

on
di

tio
ni

ng
m

at
ri

x
H

an
d

th
e

m
in

ib
at

ch
si

ze
S

:

{H
∗ ,
S
∗ }

=
ar

g
m

in
H
,S
K
L

(q
||
f

).

Fi
rs

t,
co

ns
id

er
a

sc
al

ar
le

ar
ni

ng
ra

te
ε

(o
r

a
tr

iv
ia

lp
re

co
nd

iti
on

er
H

=
εI

).
T

he
di

st
ri

bu
tio

ns
f

(θ
)

an
d
q(
θ)

ar
e

bo
th

G
au

ss
ia

ns
.

T
he

ir
m

ea
ns

co
in

ci
de

,a
tt

he
m

in
im

um
of

th
e

lo
ss

,a
nd

so
th

ei
r

K
L

di
ve

rg
en

ce
is

K
L

(q
||f

)
=
−
E q

[l
og
f

(θ
)]

+
E q

[l
og
q(
θ)

]

=
1 2

( N
E q

[θ
>
A
θ]
−

lo
g
|N
A
|−

lo
g
|Σ
|−

D
)

=
1 2

(N
T

r(
A

Σ
)
−

lo
g
|N
A
|−

lo
g
|Σ
|−

D
)
,

w
he

re
|·
|i

s
th

e
de

te
rm

in
an

ta
nd
D

is
th

e
di

m
en

si
on

of
θ.

W
e

su
gg

es
tt

hr
ee

va
ri

an
ts

of
co

ns
ta

nt
SG

D
th

at
ge

ne
ra

te
sa

m
pl

es
fr

om
an

ap
pr

ox
im

at
e

po
st

er
io

r.

T
he

or
em

1
(C

on
st

an
tS

G
D

)
U

nd
er

A
ss

um
pt

io
ns

A
1-

A
4,

th
e

co
ns

ta
nt

le
ar

ni
ng

ra
te

th
at

m
in

im
iz

es
K

L
di

ve
rg

en
ce

fr
om

th
e

st
at

io
na

ry
di

st
ri

bu
tio

n
of

co
ns

ta
nt

SG
D

to
th

e
po

st
er

io
r

is

ε∗
=

2
S N

D
T

r(
B
B
>

)
.

(1
5)
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C
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Proof
To

prove
this

claim
,w

e
face

the
problem

thatthe
covariance

ofthe
stationary

distribution
de-

pends
indirectly

on
ε

through
E

q.13.Inspecting
this

equation
reveals

that
Σ

0 ≡
Sε

Σ
is

independent
of
S

and
ε.T

his
sim

plifies
the

entropy
term

log|Σ|
=
D

log
(ε/S

)
+

log|Σ
0 |.Since

Σ
0

is
constant,

w
e

can
neglectitw

hen
m

inim
izing

K
L

divergence.
W

e
also

need
to

sim
plify

the
term

T
r(A

Σ
),w

hich
stilldependson

ε
and

S
through

Σ
.To

do
this,

w
e

again
use

E
q.13,from

w
hich

follow
s

that
T

r(A
Σ

)
=

12 (T
r(A

Σ
)

+
T

r(Σ
A

))
=

ε2
S

T
r(B

B
>

).
T

he
K

L
divergence

is
therefore,up

to
constantterm

s,

K
L

(q||f
)

c=
ε
N2
S

T
r(B

B
>

)−
D

log
(ε/
S

).
(16)

M
inim

izing
K

L
divergence

over
ε/S

results
in

E
q.15

forthe
optim

allearning
rate.

T
heorem

1
suggests

thatthe
learning

rate
should

be
chosen

inversely
proportionalto

the
average

ofdiagonalentries
ofthe

noise
covariance,and

proportionalto
the

ratio
betw

een
the

m
inibatch

size
and

datasetsize.
Since

both
the

posterior
f

and
the

variational
distribution

q
are

G
aussian,

one
m

ight
w

onder
if

also
the

reverse
K

L
divergence

is
viable.

W
hile

the
K

L
divergence

can
be

com
puted

up
to

a
constant,w

e
cannotrem

ove
its

dependence
on

the
unknow

n
stationary

distribution
Σ

using
E

q.13,
unless

A
and

Σ
com

m
ute.T

his
setup

is
discussed

in
A

ppendix
C

.
Instead

ofusing
a

scalarlearning
rate,w

e
now

considera
positive-definite

preconditioning
m

a-
trix

H
.T

his
gives

us
m

ore
tuning

param
eters

to
betterapproxim

ate
the

posterior.

T
heorem

2
(Preconditioned

constantSG
D

)
The

preconditioner
for

constantSG
D

thatm
inim

izes
K

L
divergence

from
the

stationary
distribution

to
the

posterior
is

H
∗

=
2
SN

(B
B
>

) −
1.

(17)

Proof
To

prove
this,w

e
need

the
O

rnstein-U
hlenbeck

process
w

hich
corresponds

to
preconditioned

SG
D

.R
eplacing

the
constantlearning

rate
in

E
q.11

w
ith

a
positive-definite

preconditioning
m

atrix
H

results
in

d
θ(t)

=
−
H
A
θ(t)d

t
+

1
√
S
H
B
d
W

(t).

A
llourresults

carry
overaftersubstituting

εA
←
H
A
,
εB
←
H
B

.E
q.13,afterthe

transform
ation

and
m

ultiplication
by
H
−

1
from

the
left,becom

es

A
Σ

+
H
−

1Σ
A
H

=
1S
B
B
>
H
.

(18)

U
sing

the
cyclic

property
ofthe

trace,this
im

plies
that

T
r(A

Σ
)

=
12 (T

r(A
Σ

)
+

T
r(H

−
1A

Σ
H

))
=

12
S

T
r(B

B
>
H

).
(19)

C
onsider

now
the

log
determ

inantterm
,
log|Σ|,w

hich
stillhas

an
im

plicitdependence
on
H

.
W

e
first

define
Q

=
Σ
H
−

1,
hence

Q
>

=
H
−

1Σ
since

Σ
,
H

and
H
−

1
are

sym
m

etric.
E

q.18
can

be
w

ritten
as
A

Σ
H
−

1
+
H
−

1Σ
A

=
1S
B
B
>

,
w

hich
is

equivalent
to
Q
A

+
A
Q
>

=
1S
B
B
>

.
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M
A

N
D

T,H
O

FF
M

A
N

,
A

N
D

B
L

E
I

T
hus,w

e
see

that
Q

is
independentof

H
.

T
he

log
determ

inantterm
is

up
to

a
constant

log|Σ|
=

log|H
|+

log|Q
|.C

om
bining

E
q.19

w
ith

this
term

,the
K

L
divergence

is
up

to
a

constant

K
L

(q||f
)

c=
N2
S

T
r(B

B
>
H

)
+

log|H
|+

log|Q
|.

(20)

Taking
derivatives

w
ith

respectto
the

entries
of
H

results
in

E
q.17.

In
high-dim

ensional
applications,

w
orking

w
ith

large
dense

m
atrices

is
im

practical.
In

those
settings

w
e

can
constrain

the
preconditionerto

be
diagonal.T

he
follow

ing
corollaries

are
based

on
the

proofofT
heorem

2:

C
orollary

3
The

optim
al

diagonal
preconditioner

for
SG

D
that

m
inim

izes
K

L
divergence

to
the

posterior
is
H
∗kk

=
2
S

N
B
B
>k
k .

Proof
T

his
follow

s
from

E
q.20,w

here
w

e
restrictthe

preconditioning
m

atrix
to

be
diagonal.

C
orollary

4
U

nder
assum

ptions
A

1-A
4,preconditioning

w
ith

the
fullinverse

noise
covariance

as
in

Theorem
2

results
in

sam
ples

from
the

exactposterior.

Proof
C

onsider
E

q.18.
Inserting

H
=

2
SN

(B
B
>

) −
1

results
in
A

Σ
+
H
−

1Σ
A
H

=
2N

I
w

hich
is

solved
by

Σ
=
A
−

1/N
w

hich
is

the
posteriorcovariance.

W
e

show
ed

thatthe
optim

aldiagonalpreconditioner
is

the
inverse

of
the

diagonalpartof
the

noise
m

atrix.
Sim

ilar
preconditioning

m
atrices

have
been

suggested
earlier

in
optim

alcontrolthe-
ory

based
on

very
differentargum

ents,see
(W

idrow
and

Stearns,1985).
O

ur
resultalso

relates
to

A
daG

rad
and

its
relatives

(D
uchietal.,2011;Tielem

an
and

H
inton,2012),w

hich
also

adjustthe
preconditioner

based
on

the
square

root
of

the
diagonal

entries
of

the
noise

covariance.
In

A
p-

pendix
F

w
e

derive
an

optim
algloballearning

rate
for

A
daG

rad-style
diagonalpreconditioners.

In
Section

7,
w

e
com

pare
three

versions
of

constant
SG

D
for

approxim
ate

posterior
inference:

one
w

ith
a

scalarstep
size,one

w
ith

a
dense

preconditioner,and
one

w
ith

a
diagonalpreconditioner.

R
em

ark
on

estim
ating

the
noise

covariance.
In

orderto
use

ourtheoreticalinsights
in

practice,
w

e
need

to
estim

ate
the

stochastic
gradientnoise

covariance
C
≡
B
B
>

.
W

e
do

this
in

an
online

m
anner.

A
s

before,let
g
t

be
the

fullgradient,
ĝ
S
,t

be
the

stochastic
gradientof

the
fullm

inibatch,
and

ĝ
1
,t

be
the

stochastic
gradientof

the
firstsam

ple
in

the
m

inibatch
attim

e
t

(w
hich

has
a

m
uch

largervariance
if
S
�

1).Forlarge
S

,w
e

can
approxim

ate
g
t ≈

ĝ
S
,t ,and

thus
obtain

an
estim

ator
ofthe

noise
covariance

by
(ĝ

1
,t −

ĝ
S
,t )(ĝ

1
,t −

ĝ
S
,t ) >

.Follow
ing

A
hn

etal.(2012),w
e

can
now

build
an

online
estim

ate
C
t thatapproaches

C
by

the
follow

ing
recursion,

C
t

=
(1−

κ
t )C

t−
1

+
κ
t (ĝ

1
,t −

ĝ
S
,t )(ĝ

1
,t −

ĝ
S
,t ) >

.
(21)

A
bove,

κ
t

is
a

decreasing
learning

rate.
A

hn
etal.(2012)

have
proven

thatsuch
an

online
average

converges
to

the
noise

covariance
in

the
optim

um
atlong

tim
es

(provided
that

κ
t ∼

1/t
and

that
N

is
sufficiently

large).
W

e
found

thatthis
online

estim
ator

w
orks

w
ellin

practice,even
though

our
theoreticalassum

ptions
w

ould
require

preconditioning
SG

D
w

ith
the

true
noise

covariance
in

finite
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tim
e.

R
eg

ar
di

ng
th

e
co

m
pu

ta
tio

na
lo

ve
rh

ea
d

of
th

is
pr

oc
ed

ur
e,

no
te

th
at

si
m

ila
r

on
lin

e
es

tim
at

es
of

th
e

gr
ad

ie
nt

no
is

e
ar

e
ca

rr
ie

d
ou

t
in

ad
ap

tiv
e

SG
D

sc
he

m
es

su
ch

as
A

da
G

ra
d

(D
uc

hi
et

al
.,

20
11

)
or

R
M

SP
ro

p
(T

ie
le

m
an

an
d

H
in

to
n,

20
12

).
W

he
n

us
in

g
a

di
ag

on
al

ap
pr

ox
im

at
io

n
to

th
e

no
is

e
co

va
ri

an
ce

,t
he

co
st

s
ar

e
pr

op
or

tio
na

li
n

th
e

nu
m

be
r

of
di

m
en

si
on

s
an

d
m

in
i-

ba
tc

h
si

ze
;t

hi
s

ef
fic

ie
nc

y
m

ea
ns

th
at

th
e

on
lin

e
es

tim
at

e
do

es
no

ts
po

il
th

e
ef

fic
ie

nc
y

of
SG

D
.F

ul
lp

re
co

nd
iti

on
in

g
sc

al
es

qu
ad

ra
tic

al
ly

in
th

e
di

m
en

si
on

an
d

is
th

er
ef

or
e

im
pr

ac
tic

al
in

m
an

y
re

al
-w

or
d

se
tu

ps
.

4.
2

C
on

st
an

tS
G

D
as

Va
ri

at
io

na
lE

M

C
on

si
de

r
a

su
pe

rv
is

ed
pr

ob
ab

ili
st

ic
m

od
el

w
ith

jo
in

t
di

st
ri

bu
tio

n
p
(y
,θ
|x
,λ

)
=
p
(y
|x
,θ

)p
(θ
|λ

)
th

at
fa

ct
or

iz
es

in
to

a
lik

el
ih

oo
d

an
d

pr
io

r,
re

sp
ec

tiv
el

y.
O

ur
go

al
is

to
fin

d
op

tim
al

hy
pe

rp
ar

am
et

er
s

λ
.

Jo
in

tly
po

in
t-

es
tim

at
in

g
θ

an
d
λ

by
fo

llo
w

in
g

gr
ad

ie
nt

s
of

th
e

lo
g

jo
in

t
le

ad
s

to
ov

er
fit

tin
g

or
de

ge
ne

ra
te

so
lu

tio
ns

.T
hi

sc
an

be
pr

ev
en

te
d

in
a

B
ay

es
ia

n
ap

pr
oa

ch
,w

he
re

w
e

tr
ea

tt
he

pa
ra

m
et

er
sθ

as
la

te
nt

va
ri

ab
le

s.
In

E
m

pi
ri

ca
lB

ay
es

(o
rt

yp
e-

II
m

ax
im

um
lik

el
ih

oo
d)

,w
e

m
ax

im
iz

e
th

e
m

ar
gi

na
l

lik
el

ih
oo

d
of

th
e

da
ta

,i
nt

eg
ra

tin
g

ou
tt

he
m

ai
n

m
od

el
pa

ra
m

et
er

s:

λ
?

=
ar

g
m

ax
λ

lo
g
p
(y
|x
,λ

)
=

ar
g

m
ax

λ
lo

g
∫ θ
p
(y
,θ
|x
,λ

)d
θ.

W
he

n
th

is
m

ar
gi

na
ll

og
-l

ik
el

ih
oo

d
is

in
tr

ac
ta

bl
e,

a
co

m
m

on
ap

pr
oa

ch
is

to
us

e
va

ri
at

io
na

le
xp

ec
ta

tio
n-

m
ax

im
iz

at
io

n
(V

E
M

)
(B

is
ho

p,
20

06
),

w
hi

ch
ite

ra
tiv

el
y

op
tim

iz
es

a
va

ri
at

io
na

ll
ow

er
bo

un
d

on
th

e
m

ar
gi

na
l

lo
g-

lik
el

ih
oo

d
ov

er
λ

.
If

w
e

ap
pr

ox
im

at
e

th
e

po
st

er
io

r
p
(θ
|x
,y
,λ

)
w

ith
so

m
e

di
st

ri
bu

-
tio

n
q(
θ)

,t
he

n
V

E
M

tr
ie

s
to

fin
d

a
va

lu
e

fo
r
λ

th
at

m
ax

im
iz

es
th

e
ex

pe
ct

ed
lo

g-
jo

in
t

pr
ob

ab
ili

ty
E q

[l
og
p
(θ
,y
|x
,λ

)]
.

C
on

st
an

tS
G

D
gi

ve
sr

is
e

to
a

si
m

pl
e

V
E

M
al

go
ri

th
m

th
at

ap
pl

ie
st

o
a

la
rg

e
cl

as
so

fd
iff

er
en

tia
bl

e
m

od
el

s.
D

efi
ne
L(
θ,
λ

)
=
−

lo
g
p
(y
,θ
|x
,λ

).
If

w
e

in
te

rp
re

tt
he

st
at

io
na

ry
di

st
ri

bu
tio

n
of

SG
D

as
a

va
ri

at
io

na
l

ap
pr

ox
im

at
io

n
to

a
m

od
el

’s
po

st
er

io
r,

w
e

ca
n

ju
st

if
y

fo
llo

w
in

g
a

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

ts
ch

em
e

on
bo

th
θ

an
d
λ

:

θ t
+

1
=
θ t
−
ε∗
∇
θ
L(
θ t
,λ

t)
;

λ
t+

1
=
λ
t
−
ρ
t∇

λ
L(
θ t
,λ

t)
.

(2
2)

W
hi

le
th

e
up

da
te

fo
r
θ

us
es

th
e

op
tim

al
co

ns
ta

nt
le

ar
ni

ng
ra

te
ε∗

an
d

th
er

ef
or

e
sa

m
pl

es
fr

om
an

ap
pr

ox
im

at
e

po
st

er
io

r,
th

e
λ

up
da

te
us

es
a

de
cr

ea
si

ng
le

ar
ni

ng
ra

te
ρ
t

an
d

th
er

ef
or

e
co

nv
er

ge
s

to
a

lo
ca

lo
pt

im
um

.T
he

re
su

lt
is

a
ty

pe
of

V
E

M
al

go
ri

th
m

.
W

e
st

re
ss

th
at

th
e

op
tim

al
co

ns
ta

nt
le

ar
ni

ng
ra

te
ε∗

is
no

tu
nk

no
w

n,
bu

tc
an

be
es

tim
at

ed
ba

se
d

on
an

on
lin

e
es

tim
at

e
of

th
e

no
is

e
co

va
ri

an
ce
C
≡
B
B
>

,a
s

gi
ve

n
in

E
q.

21
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n
Se

ct
io

n
7

w
e

sh
ow

th
at

gr
ad

ie
nt

-b
as

ed
hy

pe
rp

ar
am

et
er

le
ar

ni
ng

is
a

ch
ea

p
al

te
rn

at
iv

e
to

cr
os

s-
va

lid
at

io
n.

4.
3

St
oc

ha
st

ic
G

ra
di

en
tw

ith
M

om
en

tu
m

T
he

co
nt

in
uo

us
-t

im
e

fo
rm

al
is

m
al

so
al

lo
w

s
us

to
ex

pl
or

e
ex

te
ns

io
ns

of
cl

as
si

ca
lS

G
D

.O
ne

of
th

e
m

os
tp

op
ul

ar
m

et
ho

ds
is

st
oc

ha
st

ic
gr

ad
ie

nt
w

ith
m

om
en

tu
m

(P
ol

ya
k,

19
64

;S
ut

sk
ev

er
et

al
.,

20
13

).
H

er
e,

w
e

gi
ve

a
ve

rs
io

n
of

th
is

al
go

ri
th

m
th

at
al

lo
w

s
us

to
sa

m
pl

e
fr

om
an

ap
pr

ox
im

at
e

po
st

er
io

r.
SG

D
w

ith
m

om
en

tu
m

do
ub

le
s

th
e

di
m

en
si

on
of

pa
ra

m
et

er
sp

ac
e

in
in

tr
od

uc
in

g
an

ad
di

tio
na

l
m

om
en

tu
m

va
ri

ab
le

v
th

at
ha

s
th

e
sa

m
e

di
m

en
si

on
as
θ.

Po
si

tio
n

an
d

m
om

en
tu

m
ar

e
co

up
le

d
in

su
ch

a
w

ay
th

at
th

e
al

go
ri

th
m

ke
ep

s
m

em
or

y
of

so
m

e
of

its
pa

st
gr

ad
ie

nt
s.

T
he

up
da

te
s

of
SG

D
w

ith
m

om
en

tu
m

ar
e

v(
t

+
1)

=
(1
−
µ

)v
(t

)
−
ε
ĝ S

(θ
(t

))

θ(
t

+
1)

=
θ(
t)

+
v(
t

+
1)
.
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M
A

N
D

T,
H

O
FF

M
A

N
,A

N
D

B
L

E
I

T
hi

s
in

vo
lv

es
th

e
da

m
pi

ng
co

ef
fic

ie
nt
µ
∈

[0
,1

].
Fo

rµ
=

1
(i

nfi
ni

te
da

m
pi

ng
or

ov
er

da
m

pi
ng

),
th

e
m

om
en

tu
m

in
fo

rm
at

io
n

ge
ts

lo
st

an
d

w
e

re
co

ve
rS

G
D

.
A

s
be

fo
re

w
e

as
su

m
e

a
qu

ad
ra

tic
ob

je
ct

iv
e
L

=
1 2
θ>
A
θ.

G
oi

ng
th

ro
ug

h
th

e
sa

m
e

st
ep

s
A

1-
A

4
of

Se
ct

io
n

3
th

at
al

lo
w

ed
us

to
de

riv
e

th
e

O
rn

st
ei

n-
U

hl
en

be
ck

pr
oc

es
s

fo
rS

G
D

,w
e

fin
d

d
v

=
−
µ

vd
t
−
εA
θd
t

+
1 √
S
εB

d
W
,

(2
3)

d
θ

=
vd
t.

W
e

so
lv

e
th

is
se

to
fs

to
ch

as
tic

eq
ua

tio
ns

as
ym

pt
ot

ic
al

ly
fo

rt
he

lo
ng

-t
im

e
lim

it.
W

e
re

fo
rm

ul
at

e
th

e
st

oc
ha

st
ic

eq
ua

tio
n

in
te

rm
s

of
co

up
le

d
eq

ua
tio

ns
fo

r
th

e
m

om
en

ts
.

(T
hi

s
st

ra
te

gy
w

as
al

so
us

ed
by

L
ie

ta
l.

(2
01

5)
in

a
m

or
e

re
st

ri
ct

ed
se

tti
ng

).
T

he
fir

st
m

om
en

ts
of

th
e

se
to

f
co

up
le

d
st

oc
ha

st
ic

di
ff

er
en

tia
le

qu
at

io
ns

gi
ve

d
E[

v]
=
−
µ
E[

v]
d
t
−
εA

E[
θ]
d
t,

d
E[
θ]

=
E[

v]
d
t.

N
ot

e
w

e
us

ed
th

at
ex

pe
ct

at
io

ns
co

m
m

ut
e

w
ith

th
e

di
ff

er
en

tia
lo

pe
ra

to
rs

.T
he

se
de

te
rm

in
is

tic
eq

ua
-

tio
ns

ha
ve

th
e

si
m

pl
e

so
lu

tio
n
E[
θ]

=
0

an
d
E[

v]
=

0
,

w
hi

ch
m

ea
ns

th
at

th
e

m
om

en
tu

m
ha

s
ex

pe
ct

at
io

n
ze

ro
an

d
th

e
ex

pe
ct

at
io

n
of

th
e

po
si

tio
n

va
ri

ab
le

co
nv

er
ge

s
to

th
e

op
tim

um
(a

t0
).

In
or

de
r

to
co

m
pu

te
th

e
st

at
io

na
ry

di
st

ri
bu

tio
n,

w
e

de
riv

e
an

d
so

lv
e

si
m

ila
r

eq
ua

tio
ns

fo
r

th
e

se
co

nd
m

om
en

ts
.T

he
se

ca
lc

ul
at

io
ns

ar
e

ca
rr

ie
d

ou
ti

n
A

pp
en

di
x

D
,w

he
re

w
e

de
riv

e
th

e
fo

llo
w

in
g

co
nd

iti
on

s:

E[
vv
>

]
=

ε 2
E[
θθ
>

]A
+

ε 2
A
E[
θθ
>

],
(2

4)

µ
E[

vv
>

]
=

ε2 2
S
B
B
>
.

E
q.

25
re

la
te

to
eq

ui
lib

ri
um

th
er

m
od

yn
am

ic
s,

w
he

re
E[

vv
>

]i
sa

m
at

ri
x

of
ex

pe
ct

ed
ki

ne
tic

en
er

gi
es

,
w

hi
le

1 2
(E

[θ
θ>

]A
+
A
E[
θθ
>

])
ha

s
th

e
in

te
rp

re
ta

tio
n

of
a

m
at

ri
x

of
ex

pe
ct

ed
po

te
nt

ia
le

ne
rg

ie
s.

T
he

fir
st

eq
ua

tio
n

sa
ys

th
at

en
er

gy
co

ns
er

va
tio

n
ho

ld
si

n
ex

pe
ct

at
io

n,
w

hi
ch

is
th

e
ca

se
fo

ra
n

eq
ui

lib
ri

um
sy

st
em

w
hi

ch
ex

ch
an

ge
se

ne
rg

y
w

ith
its

en
vi

ro
nm

en
t.

T
he

se
co

nd
eq

ua
tio

n
re

la
te

st
he

co
va

ri
an

ce
of

th
e

ve
lo

ci
tie

s
w

ith
B
B
>

,w
hi

ch
pl

ay
s

th
e

ro
le

of
a

m
at

ri
x-

va
lu

ed
te

m
pe

ra
tu

re
.T

hi
s

is
kn

ow
n

as
th

e
flu

ct
ua

tio
n-

di
ss

ip
at

io
n

th
eo

re
m

(N
yq

ui
st

,1
92

8)
.C

om
bi

ni
ng

bo
th

eq
ua

tio
ns

an
d

us
in

g
Σ

=
E[
θθ
>

]
yi

el
ds

Σ
A

+
A

Σ
=

ε µ
S
B
B
>
.

(2
5)

T
hi

s
is

ex
ac

tly
E

q.
13

of
SG

D
w

ith
ou

t
m

om
en

tu
m

,
ho

w
ev

er
,

w
ith

th
e

di
ff

er
en

ce
th

at
th

e
no

is
e

co
va

ri
an

ce
is

re
-s

ca
le

d
by

a
fa

ct
or

ε µ
S

in
st

ea
d

of
ε S

.
W

e
ha

ve
sh

ow
n

th
at
ε,
S

,a
nd
µ

pl
ay

si
m

ila
r

ro
le

s:
on

ly
th

e
co

m
bi

na
tio

n
ε µ
S

af
fe

ct
s

th
e

K
L

di
-

ve
rg

en
ce

to
th

e
po

st
er

io
r.

T
hu

s,
no

si
ng

le
op

tim
al

co
ns

ta
nt

le
ar

ni
ng

ra
te

ex
is

ts
—

m
an

y
co

m
bi

na
tio

ns
of
ε,
µ

,a
nd
S

ca
n

yi
el

d
th

e
sa

m
e

st
at

io
na

ry
di

st
ri

bu
tio

n.
B

ut
di

ff
er

en
tc

ho
ic

es
of

th
es

e
pa

ra
m

et
er

s
w

ill
af

fe
ct

th
e

dy
na

m
ic

s
of

th
e

M
ar

ko
v

ch
ai

n.
Fo

re
xa

m
pl

e,
Su

ts
ke

ve
re

ta
l.

(2
01

3)
ob

se
rv

e
th

at
,f

or
a

gi
ve

n
ef

fe
ct

iv
e

le
ar

ni
ng

ra
te

ε µ
S

,u
si

ng
a

sm
al

le
r
µ

so
m

et
im

es
m

ak
es

th
e

di
sc

re
tiz

ed
dy

na
m

ic
s

of
SG

D
m

or
e

st
ab

le
.A

ls
o,

us
in

g
ve

ry
sm

al
lv

al
ue

s
of
µ

w
hi

le
ho

ld
in

g
ε µ

fix
ed

w
ill

ev
en

tu
al

ly
in

cr
ea

se
th

e
au

to
co

rr
el

at
io

n
tim

e
of

th
e

M
ar

ko
v

ch
ai

n
(b

ut
th

is
ef

fe
ct

is
of

te
n

ne
gl

ig
ib

le
in

pr
ac

tic
e)

.
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S
T

O
C

H
A

S
T

IC
G

R
A

D
IE

N
T

D
E

S
C

E
N

T
A

S
A

P
P

R
O

X
IM

A
T

E
B

A
Y

E
S

IA
N

IN
F

E
R

E
N

C
E

5.A
nalyzing

Stochastic
G

radientM
C

M
C

A
lgorithm

s

W
e

have
analyzed

w
ell-know

n
stochastic

optim
ization

algorithm
s

such
as

SG
D

,
preconditioned

SG
D

and
SG

D
w

ith
m

om
entum

.
W

e
now

investigate
B

ayesian
sam

pling
algorithm

s.
A

large
class

of
m

odern
M

C
M

C
m

ethods
rely

on
stochastic

gradients
(W

elling
and

Teh,2011;A
hn

etal.,2012;
C

hen
etal.,2014;D

ing
etal.,2014;M

a
etal.,2015).T

he
centralidea

is
to

add
artificialnoise

to
the

stochastic
gradientto

asym
ptotically

sam
ple

from
the

true
posterior.

In
practice,

how
ever,

the
algorithm

s
are

used
in

com
bination

w
ith

several
heuristic

approxi-
m

ations,such
as

non-vanishing
learning

rates
or

diagonal
approxim

ations
to

the
H

essian.
In

this
section,

w
e

use
the

variational
perspective

to
quantify

these
biases

and
help

understanding
these

algorithm
s

betterunderm
ore

realistic
assum

ptions.

5.1
SG

L
D

w
ith

C
onstantR

ates

To
begin

w
ith,w

e
w

e
analyze

the
w

ell-know
n

Stochastic
G

radientL
angevin

D
ynam

ics
by

W
elling

and
Teh

(2011).T
hisalgorithm

hasbeen
carefully

analyzed
in

the
long

tim
e

lim
itw

here
the

stochas-
tic

gradientnoise
vanishes

as
the

learning
rate

goes
to

zero,and
w

here
m

ixing
becom

es
infinitely

slow
(Sato

and
N

akagaw
a,2014).H

ere
w

e
analyze

an
approxim

ate
version

ofthe
algorithm

,SG
L

D
w

ith
a

constant
learning

rate.
W

e
are

interested
in

the
stationary

distribution
of

this
approxim

ate
inference

algorithm
.

T
he

discrete-tim
e

process
thatdescribes

Stochastic
G

radientL
angevin

dynam
ics

is

θ
t+

1
=

θ
t −

ε2 N
∇̂
θ L

(θ
t )

+
√
ε
V

(t),

w
here

V
(t)∼

N
(0,I)

is
a

vector
of

independentG
aussian

noises.
Follow

ing
assum

ptions
1–4

of
Section

3,V
becom

es
the

W
ienernoise

d
V

and
the

corresponding
continuous-tim

e
process

is

d
θ

=
−

12 εN
A
θd
t

+
√
εd
V

+
ε

1
√
S
N
B
d
W
.

A
bove,d

V
and

d
W

are
vectors

ofindependentW
ienernoises,i.e.E

[d
W
d
V
>

]
=

E
[d
V
d
W
>

]
=

0.
T

he
analog

ofE
q.13

is
then

12 N
(A

Σ
+

Σ
A

)
=

I
+

εN2
S
B
B
>
.

In
the

lim
it

of
ε
→

0,
w

e
find

that
Σ
−

1
=

N
A

,
m

eaning
the

stationary
distribution

becom
es

identical
to

the
posterior.

H
ow

ever,
for

non-zero
ε,

there
are

discrepancies.
T

hese
correction-

term
s

are
positive.T

his
show

s
thatthe

posteriorcovariance
is

generally
overestim

ated
by

L
angevin

dynam
ics,w

hich
can

be
attributed

to
non-vanishing

learning
rates

atlong
tim

es.

5.2
Stochastic

G
radientFisher

Scoring

W
e

now
investigate

Stochastic
G

radient
Fisher

Scoring
(A

hn
et

al.,
2012),

a
scalable

B
ayesian

M
C

M
C

algorithm
.

W
e

use
the

variational
perspective

to
rederive

the
Fisher

scoring
update

and
identify

it
as

optim
al.

W
e

also
analyze

the
sam

pling
distribution

of
the

truncated
algorithm

,
one

w
ith

diagonalpreconditioning
(as

itis
used

in
practice),and

quantify
the

bias
thatthis

induces.
T

he
basic

idea
here

isthatthe
stochastic

gradientispreconditioned
and

additionalnoise
isadded

to
the

updates
such

thatthe
algorithm

approxim
ately

sam
ples

from
the

B
ayesian

posterior.
M

ore
precisely,the

update
can

be
castinto

the
follow

ing
form

:

θ(t
+

1)
=
θ(t)−

εH
ĝ
(θ(t))

+
√
εH

E
W

(t).
(26)
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M
A

N
D

T,H
O

FF
M

A
N

,
A

N
D

B
L

E
I

T
he

m
atrix

H
is

a
preconditionerand

E
W

(t)
is

G
aussian

noise;w
e

controlthe
preconditionerand

the
covariance

E
E
>

of
the

noise.
Stochastic

gradient
Fisher

scoring
suggests

a
preconditioning

m
atrix

H
thatleads

to
sam

ples
from

the
posterior

even
if

the
learning

rate
ε

is
notasym

ptotically
sm

all.W
e

show
here

thatthis
preconditionerfollow

s
from

ourvariationalanalysis.

T
heorem

5
(Stochastic

G
radientFisher

Scoring)
U

nderA
ssum

ptionsA
1-A

4,the
positive-definite

preconditioner
H

in
E

q.26
thatm

inim
izes

K
L

divergence
from

the
stationary

distribution
ofSG

F
S

to
the

posterior
is

H
∗

=
2N

(εB
B
>

+
E
E
>

) −
1.

(27)

Proof
To

prove
the

claim
,w

e
go

through
the

stepsofSection
3

to
derive

the
corresponding

O
rnstein-

U
hlenbeck

process,d
θ(t)

=
−
εH

A
θ(t)d

t
+
H

[εB
+
√
εE

]d
W

(t).Forsim
plicity,w

e
have

setthe
m

inibatch
size

S
to

1.In
A

ppendix
E

,w
e

derive
the

follow
ing

K
L

divergence
betw

een
the

posterior
and

the
sam

pling
distribution:

K
L

(q||p
)

=
−
N4

T
r(H

(εB
B
>

+
E
E
>

))
+

12
log|T|

+
12

log|H
|
+

12
log|N

A|+
D2
.

(T
is

constant
w

ith
respect

to
H

,
ε,

and
E

.)
W

e
can

now
m

inim
ize

this
K

L
divergence

over
the

param
eters

H
and

E
.W

hen
E

is
given,m

inim
izing

over
H

gives
E

q.27.

E
q.27

notonly
m

inim
izes

the
K

L
divergence,butm

akes
it

0,m
eaning

thatthe
stationary

sam
-

pling
distribution

is
the

posterior.T
his

solution
corresponds

to
the

suggested
FisherScoring

update
in

the
idealized

case
w

hen
the

sam
pling

noise
distribution

is
estim

ated
perfectly

(A
hn

etal.,2012).
T

hrough
this

update,the
algorithm

thus
generates

posterior
sam

ples
w

ithoutdecreasing
the

learn-
ing

rate
to

zero.(T
his

is
in

contrastto
Stochastic

G
radientL

angevin
D

ynam
ics

by
W

elling
and

Teh
(2011).)

In
practice,how

ever,SG
FS

is
often

used
w

ith
a

diagonalapproxim
ation

ofthe
preconditioning

m
atrix

(A
hn

et
al.,2012;

M
a

et
al.,2015).

H
ow

ever,
researchers

have
not

explored
how

the
sta-

tionary
distribution

is
affected

by
this

truncation,w
hich

m
akes

the
algorithm

only
approxim

ately
B

ayesian.W
e

can
quantify

its
deviation

from
the

exactposteriorand
w

e
derive

the
optim

aldiagonal
preconditioner,w

hich
follow

s
from

the
K

L
divergence

in
T

heorem
5:

C
orollary

6
W

hen
approxim

ating
the

Fisher
scoring

preconditioner
by

a
diagonalm

atrix
H
∗kk

or
a

scalar
H
∗sca

la
r ,respectively,then

H
∗kk

=
2N

(εB
B
>k
k

+
E
E
>k
k ) −

1
a
n
d

H
∗sca

la
r

=
2DN

( ∑

k

[εB
B
>k
k

+
E
E
>k
k ]) −

1.

N
ote

thatw
e

have
notm

ade
any

assum
ptions

aboutthe
noise

covariance
E

.W
e

can
adjustitin

favor
of

a
m

ore
stable

algorithm
.

For
exam

ple,in
the

interests
of

stability
w

e
m

ightw
antto

seta
m

axim
um

step
size

h
m
a
x,so

that
H
k
k ≤

h
m
a
x

forall
k.W

e
can

adjust
E

such
that

H
k
k ≡

h
m
a
x

in
E

q.27
becom

es
independentof

k.Solving
for

E
yields

E
E
>k
k

=
2

h
m
a
x
N
−
εB
B
>k
k .

H
ence,to

keep
the

learning
ratesbounded

in
favorofstability,one

can
injectnoise

in
dim

ensions
w

here
the

variance
ofthe

gradientis
too

sm
all.T

his
guideline

is
opposite

to
the

advice
ofA

hn
etal.

(2012)to
choose

B
proportionalto

E
,butfollow

s
naturally

from
the

variationalanalysis.
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ce
D
′ o

fp
re

co
nd

i-
tio

ne
d

ite
ra

te
av

er
ag

in
g

is
th

e
sa

m
e

as
ab

ov
e:

D
′ ≈

1 T
(H
A

)−
1
(

1 √
S
H
B

)(
1 √
S
H
B

)>
((
H
A

)>
)−

1

=
1 T
S
A
−

1
H
−

1
H
B
B
>
H
H
−

1
A
−

1

=
1 T
S
A
−

1
B
B
>
A
−

1
.

(3
1)

B
ot

h
th

e
st

at
io

na
ry

di
st

ri
bu

tio
n

an
d

th
e

au
to

co
rr

el
at

io
n

m
at

ri
x

ch
an

ge
as

a
re

su
lt

of
th

e
pr

ec
on

di
-

tio
ni

ng
,a

nd
th

es
e

ch
an

ge
s

ex
ac

tly
ca

nc
el

ea
ch

ot
he

ro
ut

.
T

hi
s

op
tim

al
ity

of
ite

ra
te

av
er

ag
in

g
w

as
fir

st
de

riv
ed

by
Po

ly
ak

an
d

Ju
di

ts
ky

(1
99

2)
,

us
in

g
qu

as
i-

m
ar

tin
ga

le
s.

O
ur

de
riv

at
io

n
is

ba
se

d
on

st
ro

ng
er

as
su

m
pt

io
ns

,b
ut

is
sh

or
te

r.

6.
2

Fi
ni

te
-W

in
do

w
It

er
at

e
Av

er
ag

in
g

fo
r

Po
st

er
io

r
Sa

m
pl

in
g

A
bo

ve
,w

e
us

ed
th

e
co

nt
in

uo
us

-t
im

e
fo

rm
al

is
m

to
qu

ic
kl

y
re

de
riv

e
kn

ow
n

re
su

lts
ab

ou
tt

he
op

tim
al

-
ity

of
ite

ra
te

av
er

ag
in

g
as

an
op

tim
iz

at
io

n
al

go
ri

th
m

.
N

ex
t,

as
in

Se
ct

io
n

4,
w

e
w

ill
an

al
yz

e
ite

ra
te

av
er

ag
in

g
as

an
al

go
ri

th
m

fo
ra

pp
ro

xi
m

at
e

po
st

er
io

ri
nf

er
en

ce
.

W
e

w
ill

sh
ow

th
at

(u
nd

er
so

m
e

op
tim

is
tic

as
su

m
pt

io
ns

),
ite

ra
te

av
er

ag
in

g
re

qu
ir

es
ex

ac
tly

N
gr

ad
ie

nt
ca

lls
to

ge
ne

ra
te

on
e

sa
m

pl
e

dr
aw

n
fr

om
th

e
ex

ac
tp

os
te

ri
or

di
st

ri
bu

tio
n,

w
he

re
N

is
th

e
nu

m
be

r
of

ob
se

rv
at

io
ns

.
T

ha
t

is
,

th
er

e
ex

is
t

co
nd

iti
on

s
un

de
r

w
hi

ch
ite

ra
te

av
er

ag
in

g
ge

ne
ra

te
s

on
e

tr
ue

po
st

er
io

r
sa

m
pl

e
pe

r
pa

ss
ov

er
th

e
da

ta
.

T
hi

s
re

su
lt

is
bo

th
ex

ci
tin

g
an

d
di

sc
ou

ra
gi

ng
;

it
im

pl
ie

s
th

at
,s

in
ce

ou
ra

ss
um

pt
io

ns
ar

e
al

lo
pt

im
is

tic
an

d
ite

ra
te

av
er

ag
in

g
is

kn
ow

n
to

sa
tu

ra
te

th
e

C
ra

m
ér

-R
ao

bo
un

d,
no

bl
ac

k-
bo

x
st

oc
ha

st
ic

-g
ra

di
en

t
M

C
M

C
al

go
ri

th
m

ca
n

ge
ne

ra
te

sa
m

pl
es

in
tim

e
su

bl
in

ea
ri

n
th

e
nu

m
be

ro
fd

at
a

po
in

ts
.

In
ad

di
tio

n
to

A
ss

um
pt

io
ns

1–
4

of
Se

ct
io

n
3,

w
e

ne
ed

an
ad

di
tio

na
la

ss
um

pt
io

n
fo

ro
ur

th
eo

re
t-

ic
al

co
ns

id
er

at
io

ns
to

ho
ld

:

A
ss

um
pt

io
n

5
A

ss
um

e
th

at
th

e
sa

m
pl

e
si

ze
N

is
la

rg
e

en
ou

gh
th

at
th

e
B

er
ns

te
in

-v
on

M
is

es
th

e-
or

em
(L

e
C

am
,

19
86

)
ap

pl
ie

s
(h

en
ce

th
e

po
st

er
io

r
is

G
au

ss
ia

n)
.

A
ls

o
as

su
m

e
th

at
th

e
ob

se
rv

ed
da

ta
se

t
w

as
dr

aw
n

fr
om

th
e

m
od

el
p
(y
|θ

)
w

ith
pa

ra
m

et
er
θ

=
0.

Th
en
A

=
B
B
>

,
th

at
is

,
th

e
Fi

sh
er

in
fo

rm
at

io
n

m
at

ri
x

eq
ua

ls
th

e
H

es
si

an
.

T
hi

s
si

m
pl

ifi
es

eq
ua

tio
n

13
:

A
Σ

+
Σ
A

=
ε S
B
B
>

A
5

=
⇒

Σ
=

ε 2S
I.

(3
2)
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H
A

S
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G
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A

D
IE

N
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D
E

S
C

E
N

T
A

S
A

P
P

R
O

X
IM

A
T

E
B

A
Y

E
S

IA
N

IN
F

E
R

E
N

C
E

A
lgorithm

1
T

he
Iterate

A
veraging

Stochastic
G

radientsam
pler(IA

SG
)

input:
averaging

w
indow

T
=
N
/S

,num
berofsam

ples
M

,inputforSG
D

.
for

t
=

1
to
M
∗
T

do
θ
t

=
θ
t−

1 −
ε
ĝ
S

(θ
t−

1 );//perform
an

SG
D

step;
if
t
m

o
d
T

=
0

then
µ
t/
T

=
1T

∑
T−

1
t ′=

0
θ
t−
t ′;//average

the
T

m
ostrecentiterates

end
end
output:

return
sam

ples
{µ

1 ,...,µ
M
}.

T
hatis,the

sam
pling

distribution
ofSG

D
is

isotropic.
Stationary

distribution.
W

e
w

illconsiderthe
sam

pling
distribution

ofthe
average

of
T

succes-
sive

sam
ples

from
the

stationary
SG

D
process

w
ith

step
size

ε.
G

oing
to

the
continuous-tim

e
O

U
form

alism
,w

e
show

in
A

ppendix
G

thatthe
stationary

covariance
ofthe

iterate
averaging

estim
ator

defined
in

E
q.30

is

D
=

1S
T
A
−

1
+

1

εS
T

2
U

Λ
−

2(e −
εT

Λ
−

I)U
>
,

(33)

w
here

U
is

orthonorm
al,

Λ
is

diagonal,and
U

Λ
U
>

=
A

is
the

eigendecom
position

ofthe
H

essian
A

.W
e

have
previously

assum
ed

thatthe
posteriorhas

covariance
1N
A
−

1.T
hus,to

leading
orderin

the
ratio

1/
(εT

Λ
),the

stationary
distribution

of
fixed-w

indow
iterate

averaging
is

a
scaled

version
ofthe

posterior.
If

w
e

choose
T

=
N
/S

,
so

that
w

e
average

the
iterates

of
a

single
pass

through
the

dataset,
then

the
iterate-averaging

sam
pling

distribution
w

illhave
approxim

ately
the

sam
e

covariance
as

the
posterior,

D
?

=
1N
A
−

1
+
Sε

1N
2
U

Λ
−

2(e −
εS
N

Λ
−

I)U
>

=
1N
U

Λ
−

1 (
I

+
Sε

1N
Λ
−

1(e −
εS
N

Λ
−

I) )
U
>
.

(34)

D
?

and
A
−

1
have

identicaleigenvectors,and
their

eigenvalues
differ

by
a

factor
thatgoes

to
zero

as
εS

becom
es

large.
C

onversely,as
εS

approaches
zero,allof

these
eigenvalues

approach
ε2
S

as
in

E
q.32.(T

his
can

be
show

n
by

taking
a

second-orderM
aclaurin

approxim
ation

of
e −

ε
NS

Λ.)
O

uranalysis
gives

rise
to

the
Iterate

A
veraging

Stochastic
G

radientsam
pler(IA

SG
),described

in
A

lgorithm
1.W

e
now

investigate
its

approxim
ation

errorand
efficiency.

A
pproxim

ation
error,

step
size,

and
m

inibatch
size.

W
e

now
focus

on
the

correction
term

s
that

lead
to

deviations
betw

een
the

iterate
averaging

estim
ator’s

covariance
D
∗

and
the

posterior
covariance

1N
A
−

1.
T

he
analysisabove

tellsusthatw
e

can
ignore

these
correction

term
sifw

e
choose

a
large

enough
εS .B

utthe
analysis

in
previous

chapters
assum

es
that

εS
is

sm
allenough

thatassum
ptions

1–4
hold.

T
hese

considerations
are

in
tension.

W
hen

is
εS

“large
enough”?

E
q.34

show
s

thatthe
relative

erroris
largestin

the
direction

ofthe
sm

allesteigenvalue
λ

m
in
≡

m
in
k

Λ
k
k

of
A

(corresponding
to

the
least-constrained

direction
in

the

19
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M
A

N
D

T,H
O

FF
M

A
N

,
A

N
D

B
L

E
I

posterior).W
e

w
illfocus

ouranalysis
on

the
relative

errorin
this

direction,w
hich

is
given

by

err
m

a
x ≡

Sε
1

N
λ
m
in

(e −
Sε
N
λ
m
in−

1
).

W
e

are
given

N
and

λ
m

in ,butw
e

can
control

εS .
To

m
ake

err
m

a
x

sm
all,w

e
m

usttherefore
choose

εS
>

c
N
λ
m
in

forsom
e

constant
c.So

largerdatasets
and

low
er-variance

posteriors
letus

use
sm

aller
stepsizes.

Itishard
to

say
in

generalhow
sm

all
εS

needsto
be

to
satisfy

assum
ptions1–4.B

utifassum
ption

4
is

satisfied
(i.e.,the

costis
approxim

ately
quadratic),then

assum
ption

3
(no

discretization
error)

cannothold
if
ε
>

2
λ
m
a
x .

T
his

is
the

step
size

atw
hich

the
discretized

noise-free
gradientdescent

process
becom

es
unstable

forquadratic
costs.(W

e
define

λ
m

a
x ≡

m
ax

k
Λ
k
k

analogous
to
λ

m
in .)

C
om

bining
this

observation
w

ith
the

analysis
above,w

e
see

thatthis
iterate

averaging
schem

e
w

illnotw
ork

unless

2

S
λ

m
a
x
>
εS
>

c

N
λ

m
in
⇒

2c
>
SN

λ
m

a
x

λ
m

in
.

T
hat

is,
w

e
need

the
dataset

size
N

to
be

large
enough

relative
to

the
condition

num
ber

λ
m
a
x

λ
m
in

of
the

H
essian

A
if

this
sim

ple
iterate-averaging

schem
e

is
to

generate
good

posterior
sam

ples.
If

the
condition

num
ber

is
large

relative
to
N

,then
itm

ay
be

necessary
to

replace
the

scalar
step

size
ε

w
ith

a
preconditioning

m
atrix

H
≈
A
−

1
to

reduce
the

effective
condition

num
berofthe

H
essian

A
.

E
fficiency.

N
ext,w

e
theoreticaly

analyze
the

efficiency
w

ith
w

hich
iterate

averaging
can

draw
sam

ples
from

the
posterior,and

com
pare

this
m

ethod
to

otherapproaches.W
e

assum
e

thatthe
cost

of
analyzing

a
m

inibatch
is

proportionalto
S

.
W

e
have

show
n

above
thatw

e
need

to
average

over
T

=
N
/S

sam
ples

of
SG

D
to

create
a

sam
ple

of
iterate

averaged
SG

D
.Since

this
averaging

in-
duces

a
strong

autocorrelation,w
e

can
only

use
every

T
th

sam
ple

ofthe
chain

ofaveraged
iterates.

Furtherm
ore,every

sam
ple

of
SG

D
incurs

a
costatleastproportionalto

D
w

here
D

is
the

dim
en-

sionality
of
θ.T

his
m

eans
thatw

e
cannotgenerate

an
independentsam

ple
from

the
posteriorin

less
than

O
(S
∗
T
∗
D

)
=
O

(N
D

)
tim

e;w
e

m
ustanalyze

atleast
N

observations
perposteriorsam

ple.
W

e
com

pare
this

result
w

ith
the

m
ore

classical
strategy

of
estim

ating
the

posterior
m

ode
via

N
ew

ton’s
m

ethod
(w

hich
has

an
O

(N
D

2
+
D

3)
cost)and

then
estim

ating
the

posteriorcovariance
by

com
puting

the
inverse-H

essian
atthe

m
ode,again

incurring
an
O

(N
D

2
+
D

3)
cost.B

y
contrast,

getting
an

unbiased
full-rank

estim
ate

ofthe
covariance

using
M

C
M

C
requires

generating
atleastD

sam
ples,w

hich
again

costs
O

(N
D

2).If
N
>
D

,then
this

is
w

ithin
a

constantcostofthe
classical

approach.
H

ow
ever,

it
is

conceivable
that

Polyak
averaging

(Section
6.2)

could
be

used
to

estim
ate

the
firstfew

principalcom
ponents

of
the

posterior
relatively

quickly
(i.e.,in

O
(N
D

)
tim

e).
T

his
cor-

responds
to

finding
the

sm
allest

principal
com

ponents
of
A

,
w

hich
cannot

be
done

efficiently
in

general.A
related

question
is

investigated
experim

entally
in

Section
7.2.

T
he

analysis
above

im
plies

an
upper

bound
on

the
efficiency

of
stochastic-gradient

M
C

M
C

(SG
M

C
M

C
)

m
ethods.

T
he

argum
entis

this:
given

thatassum
ptions

1–5
hold,suppose

thatthere
exists

an
SG

M
C

M
C

m
ethod

that,for
large

N
,is

able
to

generate
effectively

independentposterior
sam

ples
using

d
<
O

(N
)

operations.T
hen,ifw

e
w

anted
to

estim
ate

the
posteriorm

ode,w
e

could
sim

ply
average

som
e

large
num

ber
M

of
those

sam
ples

to
obtain

an
estim

ator
w

hose
covariance

w
ould

be
1M
A
−

1.
T

his
approach

w
ould

require
d
M

operations,w
hereas

iterate
averaging

w
ould

require
O

(M
N

)
>

d
M

operations
to

obtain
an

estim
ator

w
ith

the
sam

e
covariance.

B
ut

this
contradicts

the
resultofPolyak

and
Juditsky

(1992)thatno
stochastic-gradient-oracle

algorithm
can
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D
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47
1

10
00

.9
co

ns
ta

nt
SG

D
-d

14
.0

0.
92

1
67

8.
4

co
ns

ta
nt

SG
D

-f
0.

7
0.

00
5

1.
8

SG
L

D
(W

el
lin

g
an

d
Te

h,
20
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)

2.
9

0.
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5
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5
SG

FS
-d

(A
hn
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al

.,
20

12
)
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4
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7.
4

SG
FS

-f
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8
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5

1.
3

B
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V
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K
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ta
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15

)
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.7
5.

74
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8.
1

Ta
bl

e
1:

K
L

di
ve

rg
en

ce
s

be
tw

ee
n

th
e

po
st

er
io

ra
nd

st
at

io
na

ry
sa

m
pl

in
g

di
st

ri
bu

tio
ns

ap
pl

ie
d

to
th

e
da

ta
se

ts
di

sc
us

se
d

in
Se

ct
io

n
7.

1.
To

es
tim

at
e

th
e

K
L

di
ve

rg
en

ce
,w

e
fit

te
d

a
m

ul
tiv

ar
ia

te
G

au
ss

ia
n

to
th

e
ite

ra
te

s
of

ou
r

sa
m

pl
in

g
al

go
ri

th
m

s
an

d
us

ed
a

L
ap

la
ce

ap
pr

ox
im

at
io

n
fo

r
th

e
po

st
er

io
r.

W
e

co
m

pa
re

d
co

ns
ta

nt
SG

D
w

ith
ou

tp
re

co
nd

iti
on

in
g

an
d

w
ith

di
ag

on
al

(-
d)

an
d

fu
ll

ra
nk

(-
f)

pr
ec

on
-

di
tio

ni
ng

ag
ai

ns
tS

to
ch

as
tic

G
ra

di
en

tL
an

ge
vi

n
D

yn
am

ic
s

an
d

St
oc

ha
st

ic
G

ra
di

en
tF

is
he

r
Sc

or
in

g
(S

G
FS

)w
ith

di
ag

on
al

(-
d)

an
d

fu
ll

ra
nk

(-
f)

pr
ec

on
di

tio
ni

ng
,a

nd
B

B
V

I.

ou
tp

er
fo

rm
ite

ra
te

av
er

ag
in

g.
T

hu
s,

th
e

op
tim

al
ity

of
ite

ra
te

av
er

ag
in

g
as

an
op

tim
iz

at
io

n
al

go
ri

th
m

,
ta

ke
n

w
ith

as
su

m
pt

io
ns

1–
5,

im
pl

ie
s

th
at

no
SG

M
C

M
C

al
go

ri
th

m
ca

n
ge

ne
ra

te
po

st
er

io
r

sa
m

pl
es

in
su

bl
in

ea
r

tim
e2 .

T
hi

s
ar

gu
m

en
tr

el
ie

s
on

as
su

m
pt

io
ns

1–
5

be
in

g
tr

ue
,b

ut
on

e
ca

n
ea

si
ly

co
ns
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learning

rate
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ε ∗

of
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15,
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L
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dynam
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w
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largestrate

thatyielded
stable

results
(ε

=
{
10 −
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6,10 −

5}
fordata
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1,2
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3,respectively).Table

1
sum
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results.W

e
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thatconstantSG
D
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com
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approxim
ating

the
posterior

w
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the
M

C
M
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algorithm

s
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consideration.
T
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suggests

thatthe
m

ostim
portantfactor

is
notthe

artificialnoise
involved

in
scalable

M
C

M
C

,butrather
the

approxim
ation

ofthe
preconditioning

m
atrix.

Figure
4:

C
onvergence

speed
com

parison
betw

een
IA

SG
(top),SG

L
D

(m
iddle),and

N
U

T
S

(bot-
tom

)on
linearregression.T

he
plots

show
m

inim
al(yellow

)and
m

axim
al(blue)posteriorm

arginal
variances,

respectively,
as

a
function

of
iterations,

m
easured

in
units

of
passes

through
the

data.
E

rror
bars

denote
one

standard
deviation.

R
ed

solid
lines

show
the

ground
truth.

L
eftplots

w
ere

initialized
in

the
posteriorm

axim
um

,w
hereas

in
the

rightcolum
n,w

e
initialized

random
ly.

7.2
Iterate

Averaging
asA

pproxim
ate

M
C

M
C

In
the

follow
ing,w

e
show

thatunderthe
assum

ptions
specified

in
Section

6.2,iterate
averaging

w
ith

a
constantlearning

rate
and

fixed
averaging

w
indow

results
in

sam
ples

from
the

posterior.
Synthetic

data.
In

orderto
strictly
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the

assum
ptionsoutlined

in
Section

6.2,w
e

generated
artificialdata

thatcam
e

from
the

m
odel.

W
e
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a

linearregression
m

odelw
ith

a
G

aussian
prior

w
ith

precision
λ
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1.
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e

firstgenerated
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=
10
,000
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by

draw
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them
from

a
D

=
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Figure
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Posterior
covariances

as
estim

ated
by

different
m

ethods,
see
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Fig.4.
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results
w
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w

e
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the
m
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um

posteriorm
ode.T

he
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initialized
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A

P
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posterior.
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initializing
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SG
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N

U
T

S
and

SG
L

D
.
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ensionalG
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w
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e
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w
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e
then

generated
the
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response
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m
odel.
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e
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Fig.3.
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atrix
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and
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of
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To
generate

this
plot,w

e
then

ran
constantSG

D
w

ith
a

constantlearning
rate

ε
=
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=
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√
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X
IM

A
T

E
B

A
Y

E
S

IA
N

IN
F

E
R

E
N

C
E

sim
ilarities

in
the

noise
characteristics

ofblack-box
variationalinference

algorithm
s

and
L

angevin-
type

M
C

M
C

.
Further

exploring
the

use
of

iterate
averaging

as
a

B
ayesian

algorithm
is

another
interesting

avenue
forfurtherstudies.
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W
e

w
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i
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T
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as
H
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m
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A
ppendix

A
.E

xam
ples:O

rnstein-U
hlenbeck

Form
alism

L
etus

illustrate
the

O
rnstein-U

hlenbeck
form

alism
based

on
tw

o
sim

ple
exam

ples.
First,consider

the
follow

ing
quadratic

loss,

L
(θ)

=
−

12
N

∑
Nn

=
1 ||x

n −
θ|| 2.

(36)

L
etus

define
x̄

=
1N

∑
Nn

=
1
x
n

as
the

em
piricalm

ean
of

the
data

points.
T

he
gradientis

g
(θ)

=

(x̄−
θ),and

the
stochastic

gradientis
ĝ
(θ)

=
1S

∑
Ss=

1 (x
s −
θ).B

ecause
the

gradientislinearin
x,the

noise
covariance

isjustthe
covariance

ofthe
data:

Σ
x ≡

C
/S

=
1S
2 E
[∑

s,s ′ (x
s −

x̄
)(x

s ′−
x̄

) > ]
=

1S E
[(x

n −
x̄

)(x
n −

x̄
) >

].W
e

can
shiftthe

param
eter

θ
→
θ

+
x̄,resulting

in
θ ∗

=
0.N

ote
thatthe

H
essian

A
≡

I
is

justunity.A
ccording

to
E

q.38,

q(θ)
∝

ex
p {−

S2
ε (θ−

x̄
) >

Σ
−

1
x

(θ−
x̄

) }
.

as
the

resulting
stationary

distribution.N
ext,considerlinearregression,w

here
w

e
m

inim
ize

L
(θ)

=
−

12
N

∑
n
(y
n −

x
>n
θ)

2.
(37)

W
e

can
w

rite
the

stochastic
gradientas

ĝ
=
Â
θ−

µ̂
,w

here
µ̂

=
1S

∑
s
x
s y
s

and
Â

=
1S

∑
s
x
s x
>s

are
estim

ates
based

on
a

m
ini-batch

of
size

S
.

T
he

sam
pling

noise
covariance

is
C

(θ)
=

E
[(ĝ
−

g
)(ĝ
−
g
) >

]
=

E
[ĝ
ĝ >

]−
g
g >

,w
here

E
[ĝ
ĝ >

]
=

E
[(Â

θ−
µ̂

)(Â
θ−

µ̂
) >

].
W

e
see

thatthe
noise

covariance
is

quadratic,butunfortunately
itcannotbe

furthersim
plified.

Fig.
1

show
s

the
objective

function
of

linear
regression

(blue)
and

the
sam

pling
distribution

of
stochastic

gradient
descent

(yellow
)

on
sim

ulated
data.

W
e

see
that

both
distributions

do
not

coincide,because
the

sam
pling

distribution
is

also
affected

by
the

noise
covariance.

A
ppendix

B
.Stationary

C
ovariance

T
he

O
rnstein-U

hlenbeck
process

has
an

analytic
solution

in
term

s
of

the
stochastic

integral(G
ar-

dineretal.,1985),θ(t)
=

ex
p
(−
A
t)θ(0)

+
√

εS ∫
t

0
ex

p
[−
A

(t−
t ′)]B

d
W

(t ′)
(38)

Follow
ing

G
ardiner’s

book
and

using
A

=
A
>

,w
e

derive
an

algebraic
relation

forthe
stationary

covariance
of

the
m

ultivariate
O

rnstein-U
hlenbeck

process.
D

efine
Σ

=
E

[θ(t)θ(t) >
].

U
sing

the

27
JM

L
R

 18(134):1-35, 2017

M
A

N
D

T,H
O

FF
M

A
N

,
A

N
D

B
L

E
I

form
alsolution

for
θ(t)

given
in

the
m

ain
paper,w

e
find

A
Σ

+
Σ
A

=
εS ∫

t

−
∞
A

ex
p
[−
A

(t−
t ′)]B

B
>

ex
p
[−
A

(t−
t ′)]d

t ′

+
εS ∫

t

−
∞

ex
p
[−
A

(t−
t ′)]B

B
>

ex
p
[−
A

(t−
t ′)]d

t ′A

=
εS ∫

t

−
∞

dd
t ′ (

ex
p
[−
A

(t−
t ′)]B

B
>

ex
p
[−
A

(t−
t ′)] )

=
εS
B
B
>
.

W
e

used
thatthe

low
erlim

itofthe
integralvanishes

by
the

positivity
ofthe

eigenvalues
of
A

.

A
ppendix

C
.R

everse
K

L
D

ivergence
Setup

It
is

interesting
to

also
consider

the
case

of
trying

to
m

inim
ize

the
reverse

K
L

divergence,
i.e.

K
L

(f||q)
instead

of
K
L

(q||f
).

O
ne

m
ightassum

e
thatthis

is
possible

since
both

the
variational

distribution
and

the
posterior

are
assum

ed
to

be
G

aussian.
T

his
turns

outto
lead

only
to

a
feasible

algorithm
in

the
specialcase

w
here

the
H

essian
in

the
optim

um
A

and
the

stationary
covariance

Σ
com

m
ute.

In
m

ore
detail,the

K
L

-divergence
betw

een
the

posterior
and

the
stationary

distribution
is

(up
to

constants):

K
L

(f||q)
=

E
f [log

f
]−

E
f

[log
q]

(39)

=
12 E

f [θ >
Σ
−

1θ ]
+

12
log|Σ|+

con
st.

=
12
N

T
r(A
−

1Σ
−

1)
+

12
log|Σ|+

con
st.

W
hile

w
e

w
ere

able
to

derive
this

divergence,it
turns

out
that

w
e

cannot
in

general
elim

inate
its

dependence
in

the
stationary

covariance
and

re-express
itin

term
s

of
B
B
>

,using
E

q.13.H
ow

ever,
if
A

and
Σ

com
m

ute,w
e

can
proceed

as
follow

s:

T
r(A
−

1Σ
−

1)
=

T
r((Σ

A
) −

1)
(40)

A
Σ

=
Σ
A

=
2T

r((Σ
A

+
A

Σ
) −

1)

E
q
.

1
3

=
2
Sε

T
r((B

B
>

) −
1)

Follow
ing

the
logic

ofT
heorem

s
1

and
2,w

e
find

the
follow

ing
resultforthe

optim
allearning

rate:

ε ∗
=

2S

N
D

T
r((B

B
>

) −
1).

(41)

Interestingly,w
hen

com
paring

E
q.15

w
ith

E
q.41,w

e
find

thatthe
inverse

ofthe
trace

ofthe
noise

covariance
gets

replaced
by

the
trace

of
the

inverse
noise

covariance.
W

hile
K
L

(q||f
)

suggests
to

choose
the

learning
rate

inversely
proportionalto

the
largestE

igenvalue
ofthe

noise,K
L

(f||q)
thus

suggests
to

choose
the

learning
rate

proportional
to

the
inverse

of
the

sm
allest

E
igenvalue

of
the

noise.B
oth

approaches
have

thus
a

differentem
phasis

on
how

to
fitthe

posteriorm
ode,in

a
sim

ilar
fashion

as
variationalinference

and
expectation

propagation.
N

ote,how
ever,that

A
and

Σ
rarely

com
m

ute
in

practice,and
thus

K
L

(q||f
)

is
the

only
viable

option.
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A
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D

.S
G

D
W

ith
M

om
en

tu
m

H
er

e,
w

e
gi

ve
m

or
e

de
ta

ils
on

th
e

de
vi

at
io

ns
of

th
e

re
su

lts
on

SG
D

w
ith

m
om

en
tu

m
.

In
or

de
r

to
co

m
pu

te
th

e
st

at
io

na
ry

di
st

ri
bu

tio
n

of
E

q.
23

,
w

e
ne

ed
to

so
lv

e
th

e
eq

ua
tio

ns
fo

r
th

e
se

co
nd

m
om

en
ts

:

d
E[
θθ
>

]
=

E[
d
θθ
>

+
θd
θ>

]

=
(E

[v
θ>

]+
E[
θv
>

])
d
t,

(4
2)

d
E[
θv
>

]
=

E[
d
θv
>

+
θd

v>
]

=
E[

vv
>

]d
t
−
µ
E[
θv
>

]d
t
−
εE

[θ
θ>

]A
d
t,

(4
3)

d
E[

vθ
>

]
=

E[
d

vθ
>

+
vd
θ>

]

=
E[

vv
>

]d
t
−
µ
E[

vθ
>

]d
t
−
εA

E[
θθ
>

]d
t,

(4
4)

d
E[

vv
>

]
=

E[
d

vv
>

+
vd

v>
]+

E[
d

vd
v>

]

=
−

2
µ
E[

vv
>

]d
t
−
εA

E[
θv
>

]d
t
−
εE

[v
θ>

]A
d
t

+
ε2 S
B
B
>
d
t.

(4
5)

In
th

e
la

st
eq

ua
tio

n
w

e
us

ed
th

e
fa

ct
th

at
ac

co
rd

in
g

to
It

o’
s

ru
le

,t
he

re
is

an
ad

di
tio

na
ln

on
-v

an
is

hi
ng

co
nt

ri
bu

tio
n

du
e

to
th

e
no

is
e,

E[
d

vd
v>

]
=

ε2 S
E[
B
d
W
d
W
>
B
>

]
=

ε2 S
B
B
>
d
t.

T
hi

s
co

nt
ri

bu
tio

n
do

es
no

te
xi

st
fo

rt
he

ot
he

rc
or

re
la

to
rs

;f
or

m
or

e
de

ta
ils

se
e

e.
g.

(G
ar

di
ne

re
ta

l.,
19

85
).

Si
nc

e
w

e
ar

e
lo

ok
in

g
fo

r
a

st
at

io
na

ry
so

lu
tio

n,
w

e
se

t
th

e
le

ft
ha

nd
si

de
s

of
al

l
eq

ua
tio

ns
to

ze
ro

.
E

q.
42

im
pl

ie
s

th
at

E[
vθ
>

]
+

E[
θv
>

]
=

0
,h

en
ce

th
e

cr
os

s-
co

rr
el

at
io

n
be

tw
ee

n
m

om
en

tu
m

an
d

po
si

tio
n

is
an

ti-
sy

m
m

et
ri

c
in

th
e

st
at

io
na

ry
st

at
e.

W
e

ca
n

th
us

ad
d

E
qs

.
43

an
d

44
to

fin
d

0
=
d
E[

vθ
>

+
θv
>

]
=

2
E[

vv
>

]d
t
−
εA

E[
θθ
>

]d
t
−
εE

[θ
θ>

]A
d
t.

C
om

bi
ni

ng
th

is
w

ith
E

q.
45

yi
el

ds

E[
vv
>

]
=

ε 2
E[
θθ
>

]A
+

ε 2
A
E[
θθ
>

]

µ
E[

vv
>

]
=

ε2 2
S
B
B
>
−

1 2
ε(
A
E[
θv
>

]+
E[

vθ
>

]A
)

︸
︷︷

︸
=

0

.

L
as

t,
w

e
sh

ow
th

at
th

e
un

de
rb

ra
ce

d
te

rm
is

ze
ro

,
w

hi
ch

gi
ve

s
E

q.
25

in
th

e
m

ai
n

pa
pe

r.
D

en
ot

e
ξ

=
E[
θv
>

]
=
−
ξ>

w
hi

ch
is

an
tis

ym
m

et
ri

c
du

e
to

E
q.

42
.

Fi
rs

t
of

al
l,
A
ξ

+
ξ>
A

is
ob

vi
ou

sl
y

sy
m

m
et

ri
c.

It
is

si
m

ul
ta

ne
ou

sl
y

an
tis

ym
m

et
ri

c
du

e
to

th
e

fo
llo

w
in

g
ca

lc
ul

at
io

n:
∑

k
A
ik
ξ k
j

+
∑

k
ξ> i
k
A
> kj

=
∑

k
A
ik
ξ k
j
−
∑

k
ξ k
iA

jk
=
∑

k
A
ik
ξ k
j
−
∑

k
A
jk
ξ k
i.

T
hi

s
te

rm
sw

ap
s

th
e

si
gn

as
i

an
d
j

ar
e

in
te

rc
ha

ng
ed

.B
ei

ng
bo

th
sy

m
m

et
ri

c
an

d
an

tis
ym

m
et

ri
c,

it
is

ze
ro

.

A
pp

en
di

x
E

.S
to

ch
as

tic
G

ra
di

en
tF

is
he

r
Sc

or
in

g

W
e

st
ar

tf
ro

m
th

e
O

rn
st

ei
n-

U
hl

en
be

ck
pr

oc
es

s
w

ith
m

in
ib

at
ch

si
ze
S

=
1,

d
θ(
t)

=
−
εH

A
θ(
t)
d
t

+
H
[ ε
B
d
W

(t
)

+
√
εE
d
V

(t
)]

⇔
d
θ(
t)

=
−
A
′ θ

(t
)d
t

+
B
′ d
W

(t
),

w
he

re
w

e
de

fin
e
A
′
≡
εH

A
an

d
B
′
≡
H
√
ε2
B
B
>

+
εE
E
>

,a
nd

us
e

th
e

fa
ct

th
at

th
e

dy
na

m
ic

s
of
C
d
W

(t
)

+
D
d
V

(t
)

ar
e

eq
ui

va
le

nt
to
√
C
C
>

+
D
D
>
d
W

(t
).

H
er

e
w

e
ar

e
us

in
g

m
at

ri
x

sq
ua

re
ro

ot
s,

so
B
′ B
′>

=
εH

(ε
B
B
>

+
E
E
>

)H
.
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M
A

N
D

T,
H

O
FF

M
A

N
,A

N
D

B
L

E
I

A
s

de
riv

ed
in

th
e

pa
pe

r,
th

e
va

ri
at

io
na

lb
ou

nd
is

(u
p

to
a

co
ns

ta
nt

)

K
L

c =
N 2

T
r(
A

Σ
)
−

1 2
lo

g
(|Σ
|).

To
ev

al
ua

te
it,

th
e

ta
sk

is
to

re
m

ov
e

th
e

un
kn

ow
n

co
va

ri
an

ce
Σ

fr
om

th
e

bo
un

d.
To

th
is

en
d,

as
be

fo
re

,w
e

us
e

th
e

id
en

tit
y

fo
r

th
e

st
at

io
na

ry
co

va
ri

an
ce
A
′ Σ

+
Σ
A
′>

=
B
′ B
′>

.
T

he
cr

ite
ri

on
fo

r
th

e
st

at
io

na
ry

co
va

ri
an

ce
is

eq
ui

va
le

nt
to

H
A

Σ
+

Σ
A
H

=
εH

B
B
>
H

+
H
E
E
>
H
.

W
e

ca
n

fu
rt

he
rs

im
pl

if
y

th
is

ex
pr

es
si

on
as

fo
llo

w
s:

A
Σ

+
H
−

1
Σ
A
H

=
εB
B
>
H

+
E
E
>
H

⇒
T

r(
A

Σ
)

=
1 2

T
r(
H

(ε
B
B
>

+
E
E
>

))
.

A
s

ab
ov

e,
w

e
ca

n
al

so
re

pa
ra

m
et

er
iz

e
th

e
co

va
ri

an
ce

as
Σ

=
T
H

,s
o

th
at
T

do
es

no
td

ep
en

d
on
H

:

H
A

Σ
+

Σ
A
H

=
εH

B
B
>
H

+
H
E
E
>
H

A
Σ
H
−

1
+
H
−

1
Σ
A

=
εB
B
>

+
E
E
>

A
T

+
T
>
A

=
εB
B
>

+
E
E
>
.

T
he

K
L

di
ve

rg
en

ce
is

th
er

ef
or

e

K
L

=
N 2

T
r(
A

Σ
)
−
D 2
−

1 2
lo

g
(N
|A
|)
−

1 2
lo

g
|Σ
|

=
N 4

T
r(
H

(ε
B
B
>

+
E
E
>

))
−
D 2
−

1 2
lo

g
(N
|A
|)
−

1 2
lo

g
|T
|−

1 2
lo

g
|H
|,

(4
6)

w
hi

ch
is

th
e

re
su

lt
w

e
gi

ve
in

th
e

m
ai

n
te

xt
.

A
pp

en
di

x
F.

Sq
ua

re
R

oo
tP

re
co

nd
iti

on
in

g

W
e

an
al

yz
e

th
e

ca
se

w
he

re
w

e
pr

ec
on

di
tio

n
w

ith
a

m
at

ri
x

th
at

is
pr

op
or

tio
na

lt
o

th
e

sq
ua

re
ro

ot
of

th
e

di
ag

on
al

en
tr

ie
s

of
th

e
no

is
e

co
va

ri
an

ce
.

W
e

de
fin

e

G
=

√
d
ia

g
(B
B
>

)

as
th

e
di

ag
on

al
m

at
ri

x
th

at
co

nt
ai

ns
sq

ua
re

ro
ot

s
of

th
e

di
ag

on
al

el
em

en
ts

of
th

e
no

is
e

co
va

ri
an

ce
.

W
e

us
e

an
ad

di
tio

na
ls

ca
la

rl
ea

rn
in

g
ra

te
ε

.

T
he

or
em

7
(T

ak
in

g
sq

ua
re

ro
ot

s)
C

on
si

de
r

SG
D

pr
ec

on
di

tio
ne

d
w

ith
G
−

1
as

de
fin

ed
ab

ov
e.

U
n-

de
r

th
e

pr
ev

io
us

as
su

m
pt

io
ns

,t
he

co
ns

ta
nt

le
ar

ni
ng

ra
te

w
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−
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.Iterage

Averaging

W
e

now
prove
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covariance
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averaged
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e
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covariance
in
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e −
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(48)
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=
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∫
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∫
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∫
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=
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−
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−
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Λ
−
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+
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1
.1

O
u

r
P

ro
p

o
sa

l

W
e

d
ev

el
op

a
ge

n
er

al
cl

as
s

of
te

n
so

r
re

sp
on

se
re

gr
es

si
on

m
o
d
el

s,
n
am

el
y

S
T

O
R

E
,
a
n
d

em
b

ed
tw

o
ke

y
sp

ar
se

st
ru

ct
u
re

s:
el

em
en

t-
w

is
e

sp
ar

si
ty

an
d

lo
w

-r
an

k
n
es

s.
B

ot
h

st
ru

ct
u
re

s
se

rv
e

to
gr

ea
tl

y
re

d
u
ce

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

th
e

es
ti

m
at

io
n

p
ro

ce
d
u
re

.
M

ea
n
w

h
il
e,

b
o
th

ar
e

sc
ie

n
ti

fi
ca

ll
y

p
la

u
si

b
le

in
p
le

n
ty

of
ap

p
li
ca

ti
on

s,
an

d
h
av

e
b

ee
n

w
id

el
y

em
p
lo

ye
d

in
h
ig

h
-

d
im

en
si

on
al

m
u
lt

iv
ar

ia
te

re
gr

es
si

on
s

(e
.g

.,
T

ib
sh

ir
an

i,
19

96
;

Z
ou

,
20

06
;

Y
u
an

a
n
d

L
in

,
2
0
0
6
;

P
en

g
et

al
.,

20
10

;
Z

h
ou

et
al

.,
20

13
;

R
as

k
u
tt

i
an

d
Y

u
an

,
2
01

6)
.

A
u
n
iq

u
e

fe
at

u
re

o
f

S
T

O
R

E
is

th
at

,
it

ca
n

n
ot

on
ly

h
an

d
le

a
n
on

-s
y
m

m
et

ri
c

te
n
so

r
re

sp
on

se
,
b
u
t

al
so

a
sy

m
m

et
ri

c
te

n
so

r
re

sp
on

se
,

an
d

th
u
s

is
ap

p
li
ca

b
le

to
b

ot
h

st
ru

ct
u
ra

l
an

d
fu

n
ct

io
n
al

n
eu

ro
im

ag
in

g
a
n
a
ly

si
s.

W
e

fo
rm

u
la

te
th

e
le

ar
n
in

g
of

S
T

O
R

E
as

a
n
on

-c
on

v
ex

op
ti

m
iz

at
io

n
p
ro

b
le

m
,

a
n
d

a
c-

co
rd

in
gl

y
d
ev

el
op

an
effi

ci
en

t
al

te
rn

at
in

g
u
p

d
at

in
g

al
go

ri
th

m
.

O
u
r

al
go

ri
th

m
co

n
si

st
s

o
f

tw
o

m
a

jo
r

st
ep

s,
an

d
ea

ch
st

ep
it

er
at

iv
el

y
u
p

d
at

es
a

su
b
se

t
of

th
e

u
n
k
n
ow

n
p
a
ra

m
et

er
s

w
h
il
e

fi
x
in

g
th

e
ot

h
er

s.
In

S
te

p
1,

w
e

re
fo

rm
u
la

te
th

e
es

ti
m

at
io

n
as

a
sp

ar
se

te
n
so

r
d
ec

o
m

p
o
si

ti
o
n

p
ro

b
le

m
an

d
th

en
em

p
lo

y
a

d
ec

om
p

os
it

io
n

a
lg

or
it

h
m

,
th

e
tr

u
n
ca

te
d

te
n
so

r
p

ow
er

m
et

h
o
d

(S
u
n

et
al

.,
20

17
),

fo
r

so
lu

ti
on

.
In

S
te

p
2,

w
e

u
ti

li
ze

th
e

b
i-

co
n
ve

x
st

ru
ct

u
re

o
f

th
e

p
ro

b
le

m
to

ob
ta

in
a

cl
os

ed
-f

or
m

so
lu

ti
on

.

W
e

ca
rr

y
ou

t
a

n
on

-a
sy

m
p
to

ti
c

th
eo

re
ti

ca
l

an
al

y
si

s
fo

r
th

e
ac

tu
al

es
ti

m
a
to

r
o
b
ta

in
ed

fr
om

ou
r

op
ti

m
iz

at
io

n
al

go
ri

th
m

.
B

as
ed

u
p

on
a

se
t

of
ou

r
n
ew

ly
d
ev

el
op

ed
te

ch
n
iq

u
es

to
ta

ck
le

th
e

n
on

-c
on

ve
x
it

y
in

es
ti

m
at

io
n
,

w
e

ob
ta

in
an

ex
p
li
ci

t
er

ro
r

b
ou

n
d

o
f

th
e

a
ct

u
a
l

m
in

im
iz

er
.

S
p

ec
ifi

ca
ll
y,

le
t
E i
,i

=
1,
..
.,
n

,
d
en

ot
e

th
e

er
ro

r
te

n
so

r,
a
n
d

Θ
∗

d
en

o
te

th
e

se
t

of
al

l
tr

u
e

p
ar

am
et

er
s.

G
iv

en
an

in
it

ia
l

p
ar

a
m

et
er

w
it

h
an

in
it

ia
li
za

ti
on

er
ro

r
ε,

th
e

fi
n
it

e
sa

m
p
le

er
ro

r
b

ou
n
d

of
th

e
t-

th
st

ep
so

lu
ti

on
Θ̂

(t
)

co
n
si

st
s

of
tw

o
p
ar

ts
:

D
( Θ̂

(t
) ,

Θ
∗)
≤

κ
t ε

︸︷
︷︸

co
m
p
u
ta
ti
o
n
a
l
er
ro
r

+
1

1
−
κ

m
ax

{
C
·η
(

1 n

n ∑ i=
1

E i
,s

)
,
C̃ √
n

}

︸
︷︷

︸
st
a
ti
st
ic
a
l
er
ro
r

,

w
it

h
a

h
ig

h
p
ro

b
a
b
il
it

y.
H

er
e
κ
∈

(0
,1

)
is

a
co

n
tr

ac
ti

on
co

effi
ci

en
t,
C

an
d
C̃

a
re

so
m

e
p

o
si

-
ti

ve
co

n
st

an
ts

,
an

d
η
( n
−
1
∑

n i=
1
E i
,s
) re

p
re

se
n
ts

th
e
s-

sp
ar

se
sp

ec
tr

a
l

n
or

m
o
f

th
e

av
er

a
g
ed

er
ro

r
te

n
so

r;
se

e
(8

)
fo

r
a

fo
rm

al
d
efi

n
it

io
n

of
th

is
n
or

m
.

T
h
is

er
ro

r
b

ou
n
d

p
o
rt

ra
y
s

th
e

es
ti

m
at

io
n

er
ro

r
in

ea
ch

it
er

at
io

n
,

an
d

re
ve

al
s

an
in

te
re

st
in

g
in

te
rp

la
y

b
et

w
ee

n
th

e
co

m
p
u
-

ta
ti

on
al

effi
ci

en
cy

an
d

th
e

st
at

is
ti

ca
l
ra

te
of

co
n
ve

rg
en

ce
.

N
ot

e
th

at
th

e
co

m
p
u
ta

ti
o
n
a
l
er

ro
r

d
ec

ay
s

ge
om

et
ri

ca
ll
y

w
it

h
th

e
it

er
at

io
n

n
u
m

b
er
t,

w
h
er

ea
s

th
e

st
a
ti

st
ic

al
er

ro
r

re
m

a
in

s
th

e
sa

m
e

w
h
en

t
gr

ow
s.

T
h
er

ef
or

e,
th

is
b

ou
n
d

p
ro

v
id

es
a

m
ea

n
in

gf
u
l

gu
id

an
ce

fo
r

th
e

m
a
x
im

a
l

n
u
m

b
er

of
it

er
at

io
n
s
T

.
T

h
at

is
,

w
e

st
op

w
h
en

th
e

co
m

p
u
ta

ti
on

al
er

ro
r

b
ec

om
es

d
o
m

in
a
te

d
b
y

th
e

st
at

is
ti

ca
l

er
ro

r.
T

h
e

re
su

lt
in

g
es

ti
m

at
or

fa
ll
s

w
it

h
in

th
e

st
at

is
ti

ca
l

p
re

ci
si

o
n

o
f

th
e

tr
u
e

p
ar

am
et

er
Θ
∗ .

A
d
d
it

io
n
al

ly
,

th
is

fi
n
it

e
sa

m
p
le

er
ro

r
b

ou
n
d

p
ro

v
id

es
a

g
en

er
a
l

th
eo

re
t-

ic
al

gu
ar

an
te

e
of

ou
r

es
ti

m
at

or
,

an
d

th
e

re
su

lt
h
ol

d
s

fo
r

an
y

d
is

tr
ib

u
ti

on
of

th
e

er
ro

r
te

n
so

r
E i

,
b
y

n
ot

in
g

th
at

it
re

li
es

on
E i

on
ly

th
ro

u
gh

it
s

sp
ar

se
sp

ec
tr

al
n
or

m
η
( n
−
1
∑

n i=
1
E i
,s
) .

In
S
ec

ti
on

s
4.

3
an

d
4.

4,
w

e
ob

ta
in

ex
p
li
ci

t
fo

rm
s

of
st

at
is

ti
ca

l
er

ro
rs

w
h
en

th
e

d
is

tr
ib

u
ti

o
n

o
f

2
JM

L
R

 1
8(

13
5)

:1
-3

7,
 2

01
7



S
T
O
R
E
:
S
pa

r
se

T
e
n
so

r
R
e
sp

o
n
se

R
e
g
r
e
ssio

n

E
i

is
ava

ila
b
le.

In
p
articu

lar,
w

h
en

th
e

th
ird

-ord
er

error
ten

sorE
i ∈

R
d
1 ×
d
2 ×
d
3,
i

=
1,···

,n
,

fo
llow

s
a
n

i.i.d
.

G
au

ssian
d
istrib

u
tion

,
w

e
h
ave

D
(
Θ̂

(T
),Θ

∗ )
=
O
p (
√
s
3

log
(d

1 d
2 d

3 )

n

)
,

w
h
ere

s
is

th
e

card
in

ality
p
aram

eter
of

th
e

d
ecom

p
osed

com
p

on
en

ts
in

th
e

ten
sor

co
effi

-
cien

ts.
T

h
is

fa
st

estim
ation

error
rate

allow
s

th
e

ten
sor

d
im

en
sion

to
grow

ex
p

on
en

tially
w

ith
th

e
sa

m
p
le

size.
W

h
en

th
e

ord
er

of
th

e
ten

sor
is

on
e,

S
T

O
R

E
red

u
ces

to
th

e
d
-

d
im

en
sio

n
a
l

vector
regression

an
d

ou
r

statistical
error

red
u
ces

to
O
p ( √

s
log

d
/n

),
w

h
ich

is
k
n
ow

n
to

b
e

m
in

im
ax

op
tim

al
(W

an
g

et
al.,

2014).

1
.2

R
e
la

te
d

W
o
rk

s
a
n

d
O

u
r

C
o
n
trib

u
tio

n
s

O
u
r

w
o
rk

is
related

to
b
u
t

also
clearly

d
istin

ct
from

a
n
u
m

b
er

of
recen

t
d
evelop

m
en

t
in

h
ig

h
-d

im
en

sio
n
al

statistical
m

o
d
els

in
volv

in
g

ten
sor

d
ata.

T
h
e

fi
rst

is
a

class
of

ten
sor

d
ecom

p
osition

m
eth

o
d
s

(C
h
i

an
d

K
old

a,
2012;

L
iu

et
al.,

2
0
1
2
;

A
n
a
n
d
k
u
m

ar
et

al.,
2014a,b

;
Y

u
an

an
d

Z
h
an

g,
2016;

S
u
n

et
al.,

2017).
T

en
sor

d
ecom

-
p

o
sitio

n
is

a
n

u
n

su
pervised

learn
in

g
m

eth
o
d

th
at

aim
s

to
fi
n
d

th
e

b
est

low
-ran

k
ap

p
rox

i-
m

atio
n

o
f

a
sin

g
le

ten
sor.

O
u
r

p
rop

osed
ten

sor
resp

on
se

regression
,

h
ow

ever,
is

a
su

pervised
lea

rn
in

g
m

eth
o
d
,

w
h
ich

aim
s

to
estim

ate
th

e
co

effi
cien

t
ten

sor
th

at
ch

aracterizes
th

e
as-

so
cia

tio
n

b
etw

een
th

e
ten

sor
resp

on
se

an
d

th
e

vector
p
red

ictor.
A

lth
ou

gh
w

e
u
tilize

th
e

sp
a
rse

ten
sor

d
ecom

p
osition

step
of

S
u
n

et
al.

(2017)
as

p
art

of
ou

r
estim

ation
alg

orith
m

,
o
u
r

o
b

jective
a
n
d

tech
n
ical

to
ols

in
v
olved

are
com

p
letely

d
iff

eren
t.

P
articu

larly,
b

ecau
se

w
e

w
o
rk

w
ith

m
u

ltip
le

ten
sor

sam
p
les,

th
e

con
sisten

cy
o
f

ou
r

estim
ator

is
in

d
ex

ed
b
y

b
oth

th
e

ten
so

r
d
im

en
sio

n
an

d
th

e
sam

p
le

size.
T

h
is

is
d
iff

eren
t

fro
m

th
e

sp
arse

ten
sor

d
ecom

p
osition

estim
a
to

r
in

S
u
n

et
al.

(2017)
th

at
w

ork
s

w
ith

a
sin

gle
ten

sor
on

ly.
C

on
seq

u
en

tly,
n
ew

large
d
ev

ia
tio

n
in

eq
u
alities

are
n
eed

ed
an

d
d
erived

in
ou

r
th

eoretical
in

vestigation
.

M
o
reover

ou
r

a
lg

o
rith

m
is

n
o
t

restricted
to

an
y

p
articu

lar
d
ecom

p
osition

p
ro

ced
u
re

b
u
t

can
b

e
cou

p
led

w
ith

o
th

er
d
ecom

p
osition

solu
tion

s,
e.g.,

C
h
i

an
d

K
old

a
(2012);

L
iu

et
al.

(2012).
T

h
e

seco
n
d

related
lin

e
of

research
tack

les
ten

sor
regression

w
h
ere

th
e

resp
on

se
is

a
sca

la
r

a
n
d

th
e

p
red

ictor
is

a
ten

sor
(Z

h
ou

et
al.,

2013;
W

an
g

an
d

Z
h
u
,

2017;
Y

u
an

d
L

iu
,

2
0
1
6
).

In
th

o
se

p
ap

ers,
a

low
-ran

k
stru

ctu
re

is
often

im
p

osed
on

th
e

co
effi

cien
t

ten
sor,

w
h
ich

is
sim

ila
r

to
th

e
low

-ran
k

p
rin

cip
le

w
e

also
em

p
loy.

H
ow

ever,
th

ey
all

treated
th

e
ten

sor
as

a
p
red

icto
r,

w
h
ereas

w
e

treat
it

as
a

respo
n

se.
T

h
is

d
iff

eren
ce

in
m

o
d
elin

g
ap

p
roach

lead
s

to
d
iff

eren
t

fo
cu

s
a
n
d

in
terp

retation
.

T
h
e

ten
sor

p
red

ictor
regression

fo
cu

ses
on

u
n
d
erstan

d
in

g
th

e
ch

a
n
g
e

o
f

a
b
iological

ou
tcom

e
as

th
e

ten
sor

im
age

varies,
w

h
ile

th
e

ten
sor

resp
on

se
reg

ressio
n

aim
s

to
stu

d
y

th
e

ch
an

ge
of

th
e

im
age

as
th

e
p
red

ictors
su

ch
a
s

th
e

d
isease

sta
tu

s
a
n
d

a
ge

vary.
W

h
en

it
com

es
to

th
eoretical

an
aly

sis,
th

e
tw

o
m

o
d
els

in
v
o
lve

u
tterly

d
iff

eren
t

tech
n
iq

u
es.

In
a

w
ay,

th
eir

d
iff

eren
ce

is
in

an
alogou

s
to

th
at

b
etw

een
m

u
lti-resp

on
se

reg
ressio

n
a
n
d

m
u
lti-p

red
ictor

regression
in

th
e

classical
v
ector-valu

ed
reg

ression
con

tex
t.

T
h
e

th
ird

a
n
d

m
ore

relevan
t

lin
e

of
w

ork
s

d
irectly

stu
d
ies

regressio
n

w
ith

a
ten

sor
resp

o
n
se

(Z
h
u

et
al.,

2009;
L

i
et

al.,
2011;

R
ab

u
sseau

an
d

K
ad

ri,
2016;

L
i

an
d

Z
h
an

g,
2017;

R
a
sk

u
tti

a
n
d

Y
u
an

,
2016).

A
lth

ou
gh

aim
in

g
to

ad
d
ress

th
e

sam
e

ty
p

e
of

p
rob

lem
,

ou
r

p
ro

p
o
sa

l
is

a
n
a
ly

tically
d
iff

eren
t

in
sev

eral
w

ay
s.

W
e

also
n
u
m

erically
com

p
are

w
ith

som
e

o
f

th
o
se

a
ltern

ative
solu

tion
s

in
sim

u
lation

s
an

d
real

d
ata

an
aly

sis.
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S
u
n
a
n
d

L
i

In
p
articu

lar,
Z

h
u

et
al.

(2009)
con

sid
ered

a
3×

3
sy

m
m

etric
p

ositive
d
efi

n
ite

m
atrix

arisin
g

from
d
iff

u
sion

ten
sor

im
agin

g
as

a
resp

o
n
se,

an
d

d
evelop

ed
an

in
trin

sic
regression

m
o
d
el

b
y

m
ap

p
in

g
th

e
E

u
clid

ean
sp

ace
of

covariates
to

th
e

R
iem

an
n
ian

m
an

ifold
of

p
ositive-

d
efi

n
ite

m
atrices.

U
n
like

th
eir

solu
tion

,
w

e
con

sid
er

a
n
on

-sy
m

m
etric

or
sy

m
m

etric
ten

sor
resp

on
se

in
th

e
E

u
clid

ean
sp

ace,
an

d
allow

th
e

d
im

en
sion

of
th

e
ten

sor
resp

on
se

to
in

crease
w

ith
th

e
sam

p
le

size.
L

i
et

al.
(2011)

estim
ated

regression
p
aram

eters
b
y

b
u
ild

in
g

iteratively
in

creasin
g

n
eigh

b
ors

arou
n
d

each
vox

el
a
n
d

sm
o
oth

in
g

ob
servation

s
w

ith
in

th
e

n
eigh

b
ors

w
ith

w
eigh

ts.
B

y
con

trast,
w

e
m

o
d
el

all
th

e
v
ox

els
in

a
n

im
age

ten
sor

in
a

join
t

fash
ion

.

R
ab

u
sseau

an
d

K
ad

ri
(2016)

con
sid

ered
a

ten
sor

resp
on

se
m

o
d
el

w
ith

a
low

-ran
k

stru
c-

tu
re.

H
ow

ever,
n
o

sp
arsity

is
en

forced
in

th
eir

estim
ator,

an
d

th
u
s

th
eir

m
eth

o
d

is
n
ot

d
irectly

ap
p
licab

le
for

selectin
g

b
rain

su
b
region

s
aff

ected
b
y

th
e

d
isord

er.
O

u
r

ap
p
roach

in
stead

is
cap

ab
le

of
region

selection
,

a
n
d

th
e

resu
ltin

g
estim

ator
is

m
u
ch

easier
to

in
terp

ret.

L
i

an
d

Z
h
an

g
(2017)

p
rop

osed
an

en
velop

e-b
ased

ten
sor

resp
on

se
m

o
d
el

th
at

is
n
otab

ly
d
iff

eren
t

from
ou

r
p
rop

osal.
F

irst,
th

ey
u
tilized

a
gen

eralized
sp

arsity
p
rin

cip
le

to
ex

p
loit

th
e

red
u
n
d
an

t
in

form
ation

in
th

e
ten

sor
resp

on
se,

b
y

seek
in

g
lin

ear
com

b
in

ation
s

of
th

e
resp

on
se

th
at

are
irrelevan

t
to

th
e

regression
.

O
u
r

m
eth

o
d

in
stead

u
tilizes

th
e

elem
en

t-w
ise

sp
arsity

in
term

s
of

th
e

in
d
iv

id
u
al

en
tries.

A
s

su
ch

ou
r

m
eth

o
d

can
ach

ieve
region

selection
,

w
h
ereas

th
eir

ap
p
roach

can
n
ot.

S
eco

n
d
,

th
ey

ob
tain

ed
th

e
√
n

-con
vergen

ce
rate

for
th

e
glo

ba
l

m
in

im
izer

of
th

eir
ob

jective
fu

n
ction

w
h
en

th
e

ten
sor

d
im

en
sion

is
fi
x
ed

.
H

ow
ever,

th
eir

ob
jective

fu
n
ction

is
n
on

-con
vex

an
d

th
ere

is
n
o

gu
aran

tee
th

at
th

e
op

tim
ization

algorith
m

can
fi
n
d

th
is

glob
al

m
in

im
izer.

B
y

con
trast,

w
e

d
erive

th
e
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rate

of
th

e
a
ctu

a
l

m
in

im
izer

of
ou

r
algorith

m
at

each
iteration

,
an

d
w

e
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p
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it
an
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crea

sin
g

ten
sor

d
im

en
sion

.
T

h
ird

,
th

eir
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p
roach
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ld

n
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d
irectly
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e

sy
m

m
etry
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t
w

h
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e
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sy
m

m
etric,

w
h
ich

is
often

en
cou

n
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fu

n
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im

agin
g

an
aly
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T

o
th

e
b

est
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r

k
n
ow

led
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e
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eou
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b
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-sy
m

m
etric
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d

a
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m
m
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setu

p
.

R
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u
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d
evelop
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a

class
of
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o
d
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u
n
d
er
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e

assu
m

p
tion
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G
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ssian

error,
w

h
en

eith
er

or
b

oth
th

e
resp

on
se

an
d

p
red

ictor
are

ten
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W
h
en

th
e

error
d
istrib

u
tion

is
G

au
ssian

,
ou

r
error

b
ou

n
d

m
atch

es
th

eirs.
H

ow
ever,

ou
r

b
ou

n
d

is
ob

tain
ed

for
a

gen
eral

error
d
istrib

u
tion

,
w

h
ere

th
e

n
orm

ality
is

n
ot

n
ecessarily

req
u
ired

.
In

ad
d
ition

,
th

ey
req

u
ired

an
oth

er
cru

cial
co

n
d
ition

th
at

th
e

regu
larizer

m
u
st

b
e

con
vex

an
d

w
eak

ly
d
ecom

p
osab

le.
W

e
d
o

n
ot

im
p

ose
th
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assu

m
p
tion

,
b
u
t

in
stead
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a
n
on

-con
vex

op
tim

ization
p
rob
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,

an
d

em
p
loy

a
d
iff

eren
t

set
of

p
ro

of
tech

n
iq

u
es.

F
in

ally,
th

ey
ach

ieved
th

e
low

-ran
k
n
ess

of
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e
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ator
th

rou
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a
ten

sor
n
u
clear

n
orm

,
w

h
ich

is
k
n
ow

n
to

b
e

com
p
u
tation

ally
N

P
-h

ard
(F

ried
lan

d
an

d
L

im
,

2014).
B

y
con

trast,
ou

r
rate

is
estab

lish
ed

for
th

e
actu

al
estim

ator
ob

tain
ed

from
ou

r
op

tim
ization

algorith
m

,
w

h
ich

w
e

sh
ow

later
is

b
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feasib
le

an
d

scalab
le.

O
u
r

m
a
jor

con
trib

u
tion

is
tw

o-fold
.

F
irst,

w
e

p
rop

ose
a

n
ew

class
of

regression
m

o
d
els

w
ith

ten
sor

as
a

resp
on

se.
T

h
is

m
o
d
el

is
u
sefu

l
for

a
w

id
e

ran
ge

of
scien

tifi
c
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p
lication

s,
b
u
t

h
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received
on

ly
lim

ited
atten

tion
in

th
e

statistics
literatu

re,
esp

ecially
for

th
e

sy
m

m
etric

ten
sor

resp
on

se
case.

O
u
r

p
rop

osal
is

sh
ow

n
to

ex
h
ib

it
n
u
m

erou
s

ad
van

tages
com

p
ared

to
th

e
ex

istin
g

solu
tion

s.
S
econ

d
,

w
e

d
evelop

a
set

of
n
ew

to
ols

for
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e
th

eoretical
an

aly
sis

of
n
on

-con
vex

op
tim

ization
,

w
h
ich

is
n
otab

ly
d
iff

eren
t

from
recen

t
d
ev

elop
m

en
t

in
th

is
area

(W
an

g
et

al.,
2014;

Y
i

an
d

C
aram

an
is,

2015
;

S
u
n

et
al.,

2015;
B

alak
rish

n
an

et
al.,

2017).
A

com
m

on
tech

n
iq

u
e

u
sed

in
th

e
n
on

-con
v
ex

op
tim

ization
an

aly
sis

is
to

sep
arately
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I d
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b
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or
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‖
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b
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∈
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‖
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∈
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∈
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d
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b
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d
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e
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n
so

r
re

sp
on

se
re

gr
es

si
on

m
o
d
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p
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at
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b
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p
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d
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ve
r,

w
e

as
su

m
e
w
∗ m
a
x

=
w
∗ 1
≥
··
·≥

w
∗ K

=
w
∗ m
in
>

0
,

a
n
d

as
su

m
e

ea
ch
w
∗ i

to
b

e
b

ou
n
d
ed

aw
ay

fr
om

0
an

d
∞

.
U

n
d
er

th
e

st
ru

ct
u
re

of
(2

),
es

ti
m

a
ti

n
g

B∗
re

d
u
ce

s
to

th
e

es
ti

m
at

io
n

of
w
∗ k,
β
∗ k,
1
,.
..
,β
∗ k,
m
+
1

fo
r

an
y
k
∈

[K
],

an
d

th
e

co
rr

es
p

o
n
d
in

g

p
ar

am
et

er
sp

ac
e

b
ec

om
es

B
:=
{w

k
∈

R
,β

k
,j
∈

R
d
j
,k
∈

[K
],
j
∈

[m
+

1
]|
c 1
≤
|w
k
|≤

c 2
,‖
β
k
,j
‖ 2

=
1,
‖β

k
,j
‖ 0
≤
d
j0
}.

A
cc

or
d
in

gl
y,

th
e

n
u
m

b
er

of
u
n
k
n
ow

n
p
ar

am
et

er
s

is
re

d
u
ce

d
fr

om
p
∏
m j=

1
d
j

to
K

(∑
m j=

1
d
j

+
p
).

T
o

es
ti

m
at

e
th

os
e

u
n
k
n
ow

n
p
ar

am
et

er
s,

w
e

p
ro

p
o
se

to
so

lv
e

th
e

fo
ll
ow

in
g

co
n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

m
in

w
k
,β
k
,1
,.
..
,β
k
,m

+
1

k
∈[
K
],
j∈

[m
+
1
]

1 n

n ∑ i=
1

∥ ∥ ∥Y
i
−
∑ k
∈[
K
]

w
k
(β
> k,
m
+
1
x
i)
β
k
,1
◦·
··
◦β

k
,m

∥ ∥ ∥2 F
,

(3
)

su
b

je
ct

to
‖β

k
,j
‖ 2

=
1,
‖β

k
,j
‖ 0
≤
s j
,

w
h
er

e
s j

is
th

e
ca

rd
in

al
it

y
p
ar

am
et

er
of

th
e
j-

th
co

m
p

on
en

t.
H

er
e

w
e

en
co

u
ra

g
e

th
e

sp
a
rs

it
y

of
th

e
d
ec

om
p

os
ed

co
m

p
on

en
ts

v
ia

a
h
ar

d
-t

h
re

sh
ol

d
in

g
p

en
al

ty
to

co
n
tr

ol
‖β

k
,j
‖ 0

.
C

o
m

-
p
ar

ed
to

th
e

la
ss

o
ty

p
e

p
en

al
iz

ed
ap

p
ro

ac
h

in
sp

a
rs

e
le

ar
n
in

g,
th

e
h
ar

d
-t

h
re

sh
o
ld

in
g

m
et

h
o
d

av
oi

d
s

b
ia

s
an

d
h
as

b
ee

n
sh

ow
n

to
b

e
m

or
e

ap
p

ea
li
n
g

in
n
u
m

er
o
u
s

h
ig

h
-d

im
en

si
o
n
a
l
le

a
rn

in
g

p
ro

b
le

m
s

(S
h
en

et
al

.,
20

12
,

20
13

;
W

an
g

et
al

.,
20

14
).

3
.
E
st
im

a
ti
o
n

T
h
e

p
ro

b
le

m
in

(3
)

is
a

n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
.

T
h
e

ke
y

of
ou

r
es

ti
m

at
io

n
p
ro

ce
d
u
re

is
to

ex
p
lo

re
it

s
bi

-c
o
n

ve
x

st
ru

ct
u
re

.
In

p
ar

ti
cu

la
r,

th
e

o
b

je
ct

iv
e

fu
n
ct

io
n

in
(3

)
is

b
i-

co
n
ve

x
in

(β
k
,1
,.
..
,β

k
,m

+
1
),
k
∈

[K
],

in
th

at
it

is
co

n
ve

x
in
β
k
,j

w
h
en

a
ll

ot
h
er

p
ar

am
et

er
s

a
re

fi
x
ed

.
U

ti
li
zi

n
g

th
is

p
ro

p
er

ty
,

w
e

p
ro

p
os

e
an

effi
ci

en
t

al
te

rn
at

in
g

u
p

d
at

in
g

al
go

ri
th

m
to

so
lv

e
(3

).

3
.1

A
lg

o
ri

th
m

W
e

fi
rs

t
su

m
m

ar
iz

e
ou

r
es

ti
m

at
io

n
p
ro

ce
d
u
re

in
A

lg
or

it
h
m

1,
th

en
p
re

se
n
t

th
e

tw
o

k
ey

al
te

rn
at

iv
e

st
ep

s.
S

te
p

1
:

T
h
e

fi
rs

t
co

re
st

ep
of

ou
r

al
go

ri
th

m
is

to
u
p

d
at

e
w
k
,β

k
,1
,.
..
,β

k
,m

fo
r

ea
ch

k
=

1
,.
..
,K

,
gi

ve
n
β
j,
m
+
1
,
j

=
1
,.
..
,K

an
d
w
k
′ ,
β
k
′ ,
1
,.
..
,β
k
′ ,
m

,
k
′
6=
k
.

L
et

ti
n
g
α
ik

:=
β
> k,
m
+
1
x
i,
i

=
1,
..
.,
n

,
w

e
n
ot

e
th

at
(3

)
is

eq
u
iv

al
en

t
to

m
in

w
k
,β
k
,1
,.
..
,β
k
,m

‖β
k
,j
‖ 2

=
1
,‖
β
k
,j
‖ 0
≤
s j
,j
∈[
m
]

1 n

n ∑ i=
1

α
2 ik

∥ ∥ ∥R
i
−
w
k
β
k
,1
◦·
··
◦β

k
,m

∥ ∥ ∥2 F
,

(4
)

w
h
er

e
th

e
re

si
d
u
al

te
n
so

r
te

rm
R
i

is
of

th
e

fo
rm

,

R
i

:=
[ Y

i
−

∑

k
′ 6=
k
,k
′ ∈

[K
]

w
k
′ α
ik
′ β
k
′ ,
1
◦·
··
◦β

k
′ ,
m

] /α
ik
.

(5
)

T
h
e

n
ex

t
le

m
m

a
sh

ow
s

th
at

(4
)

ca
n

b
e

so
lv

ed
v
ia

a
sp

ar
se

te
n
so

r
d
ec

om
p

os
it

io
n

p
ro

ce
d
u
re

.
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S
T
O
R
E
:
S
pa

r
se

T
e
n
so

r
R
e
sp

o
n
se

R
e
g
r
e
ssio

n

A
lg

o
rith

m
1

A
ltern

atin
g

u
p

d
atin

g
algorith

m
for

S
T

O
R

E
.

1
:

In
p

u
t:

d
a
ta
{
(x
i ,Y

i ),i
=

1,...,n}
,

ran
k
K

,
card

in
ality

vector
(s

1 ,...,s
m

).
2
:

In
itia

liz
e
w
k

=
1

an
d

ran
d
om

u
n
it-n

orm
vectors

β
k
,1 ,...,β

k
,m

+
1

for
each

k
∈

[K
].

3
:

U
n
til

th
e

term
in

ation
con

d
ition

is
m

et,
D

o
4
:

S
tep

1:
F

or
k

=
1

to
K

,
ob

tain
ŵ
k ,β̂

k
,1 ,...,β̂

k
,m

b
y

solv
in

g
(6)

v
ia

th
e

sp
arse

ten
sor

d
eco

m
p

o
sition

p
ro

ced
u
re

of
S
u
n

et
al.

(20
17)

w
ith

p
a
ram

eters
K

an
d

(s
1 ,...,s

m
).

5
:

S
tep

2:
F

or
k

=
1

to
K

,
ob

tain
β̂
k
,m

+
1

u
sin

g
L

em
m

a
2.

6
:

O
u

tp
u

t:
ŵ
k ,β̂

k
,1 ,...,β̂

k
,m

+
1

for
each

k
∈

[K
].

L
e
m

m
a

1
D

en
o
te

(ŵ
k ,β̂

k
,1 ,...,β̂

k
,m

)
a
s

th
e

so
lu

tio
n

o
f

(4),
a
n

d
d
en

o
te

(w̃
k ,β̃

k
,1 ,...,β̃

k
,m

)
a
s

th
e

so
lu

tio
n

o
f

m
in

w
k
,β
k
,1
,...,β

k
,m

‖
β
k
,j ‖

2
=
1
,‖
β
k
,j ‖

0 ≤
s
j ,j∈

[m
] ∥∥∥ R̄

−
w
k β

k
,1 ◦···◦

β
k
,m ∥∥∥

2F
,

(6)

w
h
ere
R̄

:=
1n ∑

ni=
1
α
2ik R

i .
T

h
en

it
sa

tisfi
es

th
a
t
ŵ
k

=
n
w̃
k / ∑

ni=
1
α
2ik

a
n

d
β̂
k
,l

=
β̃
k
,l ,

fo
r

l
=

1,...,m
a
n

d
k

=
1,...,K

.

L
em

m
a

1
im

p
lies

th
at

th
e

op
tim

ization
p
rob

lem
in

(4)
red

u
ces

to
a

sp
arse

ran
k
-on

e
ten

sor
d
eco

m
p

o
sitio

n
on

th
e

averaged
ten

sorR̄
.

T
o

effi
cien

tly
solve

(6),
in

th
is

p
ap

er
w

e
em

p
loy

a
tru

n
ca

tio
n
-b

ased
sp

arse
ten

sor
d
ecom

p
osition

p
ro

ced
u
re

(S
u
n

et
al.,

2017),
b
y

fi
rst

so
lv

in
g

th
e

n
o
n
-sp

a
rse

ten
sor

d
ecom

p
osition

com
p

on
en

ts
an

d
th

en
tru

n
catin

g
th

em
to

a
ch

ieve
th

e
d
esira

b
le

sp
arsity.

It
is

also
n
otew

orth
y

th
at

ou
r

m
eth

o
d

is
fl
ex

ib
le

in
th

e
ch

oice
of

op
ti-

m
iza

tio
n

a
lg

o
rith

m
for

solv
in

g
(6),

an
d

A
lgorith

m
1

can
b

e
cou

p
led

w
ith

m
an

y
oth

er
sp

arse
ten

so
r

d
eco

m
p

osition
algorith

m
s,

e.g.,
C

h
i

an
d

K
old

a
(2012);

L
iu

et
al.

(2
012).

W
h
en

th
e

ten
sor

resp
on

seY
i

is
sy

m
m

etric,
th

e
resu

ltin
g

co
effi

cien
tB

sh
o
u
ld

b
e

sy
m

m
et-

ric
to

o
.

O
u
r

a
lg

orith
m

can
easily

ad
ap

t
to

th
is

scen
ario,

b
y

settin
g
β
k
,1

=
···

=
β
k
,m

=
β
k

fo
r

ea
ch

k
∈

[K
],

an
d

th
e

card
in

ality
p
aram

eters
s
1

=
···

=
s
m

=
s.

T
h
at

is,
w

e
sligh

tly
m

o
d
ify

S
tep

1
in

A
lgorith

m
1

as:
for

k
=

1
to
K

,
com

p
u
te
R
i

in
(5)

a
n
d

solv
e
ŵ
k ,β̂

k
v
ia

th
e

sy
m

m
etric

sp
arse

ten
sor

d
ecom

p
osition

w
ith

p
aram

eters
K

an
d
s.

S
te

p
2

:
T

h
e

secon
d

core
step

of
ou

r
algorith

m
is

to
u
p

d
ate

β
k
,m

+
1

for
each

k
=

1,...,K
,

g
iven

w
j ,β

j,1 ,...,β
j,m

,
j

=
1,...,K

an
d
β
k ′,m

+
1 ,
k ′6=

k
.

L
ettin

g
A
k

=
w
k β

k
,1 ◦···◦

β
k
,m

,
th

en
(3

)
is

eq
u
ivalen

t
to

m
in
α

1n

n
∑i=

1 ∥∥∥ T
i −

α
>

x
i A

k ∥∥∥
2F
,

(7)

w
h
ere

th
e

resid
u
al

ten
sorT

i
=
Y
i −
∑

k ′6=
k
,k ′∈

[K
] w

k ′(β
>k ′,m

+
1 x

i )β
k ′,1 ◦···◦

β
k ′,m

.
T

h
e

n
ex

t
lem

m
a

g
iv

es
a

closed
-form

solu
tion

of
(7).

L
e
m

m
a

2
T

h
e

so
lu

tio
n

o
f

(7)
is

given
by

β̂
k
,m

+
1

=

(
1n

n
∑i=

1

x
i x
>i )
−
1
n
−
1 ∑

ni=
1 〈T

i ,A
k 〉x

i

‖A
k ‖

2F

.

7
JM

L
R

 18(135):1-37, 2017

S
u
n
a
n
d

L
i

In
ou

r
n
eu

roim
agin

g
ex

am
p
le

in
S
ection

6,
th

e
d
im

en
sion

o
f

th
e

p
red

ictor
vector

is
p

=
3.

F
or

su
ch

a
sm

all
valu

e
of
p
,

th
e

sam
p
le

size
n

is
gen

erally
m

u
ch

larg
er,

an
d

w
e

can
d
irectly

in
v
ert

th
e

sam
p
le

covarian
ce

m
atrix

n
−
1 ∑

ni=
1
x
i x
>i

.
If
n
<
p
,

th
is

m
atrix

is
n
ot

in
vertib

le.
T

h
en

on
e

m
ay

em
p
loy

sp
arse

gra
p
h
ical

m
o
d
el

estim
ation

(Y
u
an

a
n
d

L
in

,
2007;

F
ried

m
an

et
al.,

2008;
Z

h
an

g
an

d
Z

ou
,
2014)

an
d

rep
lace

th
is

in
v
erse

w
ith

a
sp

arse
p
recision

m
atrix

estim
ator.

A
ltern

atively,
on

e
m

ay
also

in
tro

d
u
ce

ad
d
ition

al
sp

arsity
con

strain
t

on
th

e
p
aram

eter
β
k
,m

+
1

an
d

resort
to

a
regu

larized
estim

ation
ap

p
roach

to
u
p

d
a
te
β
k
,m

+
1 .

F
in

ally,
w

e
term

in
ate

th
e

altern
atin

g
u
p

d
ate

of
S
tep

s
1

an
d

2
w

h
en

th
e

n
ew

estim
a
tes

are
close

to
th

e
on

es
from

th
e

p
rev

iou
s

iteration
.

T
h
e

term
in

ation
con

d
ition

is
set

as

m
ax

j∈
[m

+
1
],k∈

[K
] m

in {‖
β̂
(t)
k
,j −

β̂
(t−

1
)

k
,j
‖,‖β̂

(t)
k
,j

+
β̂
(t−

1
)

k
,j
‖ }
≤

10 −
4.

3
.2

T
u

n
in

g
P

a
ra

m
e
te

r
S

e
le

c
tio

n

In
A

lgorith
m

1,
th

e
ran

k
K

an
d

th
e

card
in

ality
s
1 ,...,s

m
are

tu
n
in

g
p
a
ram

eters.
W

e
p
rop

ose
to

select
th

ose
p
aram

eters
v
ia

a
B

IC
-ty

p
e

criterion
.

S
p

ecifi
cally,

giv
en

a
p
re-

sp
ecifi

ed
set

of
ran

k
valu

es
K

an
d

a
p
re-sp

ecifi
ed

set
of

card
in

ality
valu

es
S
1 ,...,S

m
,

w
e

ch
o
ose

th
e

com
b
in

ation
of

p
aram

eters
(K̂

,ŝ
1 ,...,ŝ

m
)

th
at

m
in

im
izes

B
IC

=
log (

n
∑i=

1 ‖Y
i −
B̂
×
m
+
1

x
i ‖

2F )
+

log
(n ∏

mj=
1
d
m

)

n ∏
mj=

1
d
m

K
∑k
=
1

m
∑j=

1 ‖
β̂
k
,j ‖

0 .

T
h
is

criterion
b
alan

ces
b

etw
een

m
o
d
el

fi
ttin

g
an

d
m

o
d
el

sp
arsity,

an
d

a
sim

ilar
version

h
as

b
een

com
m

on
ly

em
p
loyed

in
ran

k
estim

ation
(Z

h
ou

et
al.,

2013).

4
.
T
h
e
o
ry

N
ex

t
w

e
estab

lish
th

e
error

b
ou

n
d

of
th

e
actu

al
S
T

O
R

E
estim

ator
ob

tain
ed

from
ou

r
A

lgo-
rith

m
1.

T
h
e

resu
ltin

g
error

b
ou

n
d

con
sists

of
tw

o
q
u
an

tities:
a

com
p
u
tation

al
error

an
d

a
statistical

error.
T

h
e

com
p
u
tation

al
error

cap
tu

res
th

e
error

cau
sed

b
y

th
e

n
on

-con
v
ex

ity
of

th
e

op
tim

ization
,

w
h
ereas

th
e

statistical
error

m
easu

res
th

e
error

d
u
e

to
fi
n
ite

sam
p
les.

In
ord

er
to

com
p
u
te

th
e

d
istan

ce
b

etw
een

th
e

estim
ator

an
d

th
e

tru
th

,
w

e
d
efi

n
e

th
e

d
istan

ce
m

easu
re

b
etw

een
tw

o
u
n
it

vectors
u
,v
∈

R
d

as
D

(u
,v

)
:=
√

1−
(u
>

v
)
2.

W
e

th
en

h
av

e
D

(u
,v

)≤
m

in{‖u
−

v‖
,‖

u
+

v‖}
≤
√

2
D

(u
,v

).
T

h
e

d
istan

ce
fu

n
ction

D
(u
,v

)
resolves

th
e

sign
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re
re

se
ar

ch
.
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S
T
O
R
E
:
S
pa

r
se

T
e
n
so

r
R
e
sp

o
n
se

R
e
g
r
e
ssio

n

4
.3

G
a
u

ssia
n

T
e
n

so
r

E
rro

r

W
e

d
erive

th
e

ex
p
licit

form
of

th
e

statistical
error

in
T

h
eorem

6
w

h
en
E
i ,i

=
1,...,n

,
are

i.i.d
.

G
a
u
ssia

n
ten

sors;
i.e.,

th
e

en
tries

ofE
i

are
i.i.d

.
stan

d
ard

G
au

ssian
ran

d
om

variab
les.

C
o
ro

lla
ry

7
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
6
,

a
n

d
a
ssu

m
in

g
E
i
∈

R
d
1 ×
d
2 ×
d
3,i

=
1
,...,n

,
a
re

i.i.d
.

G
a
u

ssia
n

ten
so

rs,
w

e
h
a
ve

η (
1n

n
∑i=

1 E
i ,s )

=
O
p (
√
s
3

log
(d

1 d
2 d

3 )

n

)
.

C
o
n

sequ
en

tly
th

e
estim

a
to

r
a
t

th
e
T

-th
itera

tio
n

o
f

A
lgo

rith
m

1
sa

tisfi
es

m
a
x {

m
ax
k
‖
ŵ

(T
)

k
−
w
∗k ‖

2 ,m
ax
k
,j
D
(
β̂
(T

)
k
,j
,β
∗k
,j ) }

=
O
p (
√
s
3

log
(d

1 d
2 d

3 )

n

)
.

W
e

p
rov

id
e

som
e

in
sigh

t
ab

ou
t

th
e

statistical
error

O
p ( √

s
3

log
(d

1 d
2 d

3 )/n
).

N
ote

th
at,

s
is

th
e

m
a
x
im

a
l

card
in

ality
of

vectors
β̂
k
,j

for
k
∈

[K
]

an
d
j∈

[m
],

an
d

h
en

ce
th

ere
are

at
m

o
st
O

(s
3)

n
o
n
-zero

elem
en

ts
an

d
O

(d
1 d

2 d
3 )

free
p
aram

eters
in

th
e

tru
e

ten
sor

co
effi

cien
t

B
∗.

T
h
is

error
rate

allow
s

th
e

ten
sor

d
im

en
sion

to
grow

ex
p

on
en

tially
w

ith
th

e
sam

p
le

size
a
n
d

m
a
tch

es
th

e
on

e
estab

lish
ed

b
y

R
ask

u
tti

an
d

Y
u
an

(2016)
for

sp
arse

ten
sor

regression
.

W
h
en

th
e

o
rd

er
of

ten
sor

is
on

e,
i.e.,

m
=

1,
it

red
u
ces

to
th

e
statistical

error
O
p ( √

s
log

d
/n

)
fo

r
th

e
h
ig

h
-d

im
en

sion
al

v
ector

regression
y

=
X
β

+
ε

w
ith

β
∈
R
d

an
d
‖β‖

0 ≤
s,

an
d

is
k
n
ow

n
to

b
e

m
in

im
ax

op
tim

al
(W

an
g

et
al.,

2014).

4
.4

S
y
m

m
e
tric

M
a
trix

E
rro

r

N
ex

t
w

e
co

n
sid

er
th

e
case

w
h
en

th
e

resp
on

se
Y
i

is
a

sy
m

m
etric

m
atrix

(m
=

2).
S
u
ch

a
scen

a
rio

is
o
ften

en
cou

n
tered

in
fu

n
ction

al
n
eu

roim
agin

g
an

aly
sis,

w
h
ere

th
e

target
of

in
terest

is
th

e
b
rain

con
n
ectiv

ity
p
attern

en
co

d
ed

in
th

e
form

of
a

sy
m

m
etric

correlation
m

a
trix

.
T

h
e

sy
m

m
etry

of
th

e
co

effi
cien

t
B
∗

req
u
ires

th
at
β
∗k
,1

=
β
∗k
,2

=
β
∗k .

H
en

ceforth
,

B
∗

=
∑

k∈
[K

] w
∗k ·
β
∗k ◦
β
∗k ◦
β
∗k
,3 ,

w
h
ere

w
∗k ∈

R
,‖
β
∗k ‖

2
=

1,‖
β
∗k ‖

0 ≤
d
0 ,

an
d
β
∗k
,3 ∈

S
p.

T
o

fa
cilita

te
th

e
d
erivation

of
th

e
ex

p
licit

fo
rm

of
η (

1n ∑
ni=

1 E
i ,s ),

w
e

assu
m

e
th

at
th

e
error

m
a
trix
E
i

sa
tisfi

es

E
i

=
(Ẽ
i
+
Ẽ
>i

)/
2,

(12)

w
h
ere
Ẽ
i ∈

R
d×
d

is
a

m
atrix

w
h
ose

en
tries

are
i.i.d

.
stan

d
ard

G
au

ssian
.

T
h
is

assu
m

p
tio

n
is

m
a
in

ly
fo

r
tech

n
ical

reason
s,

an
d

th
e

th
eo

retical
an

aly
sis

of
a

m
ore

g
en

eral
sy

m
m

etric
ten

so
r

resp
o
n
se

is
left

as
fu

tu
re

w
ork

.

C
o
ro

lla
ry

8
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
6
,

a
n

d
a
ssu

m
in

g
E
i ,i

=
1,...,n

a
re

i.i.d
.

a
n

d
o
f

th
e

fo
rm

(12),
w

e
h
a
ve

η (
1n

n
∑i=

1 E
i ,s )

=
O
p (
√
s
2

log
(d

2)

n

)
.
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S
u
n
a
n
d

L
i

5
.
S
im

u
la
tio

n
s

In
th

is
section

,
w

e
in

v
estigate

th
e

n
u
m

erical
p

erform
an

ce
of

ou
r

m
eth

o
d
,

an
d

d
em

on
strate

its
su

p
erior

p
erform

an
ce

w
h
en

com
p
ared

to
som

e
altern

ative
solu

tion
s.

T
o

evalu
ate

th
e

estim
ation

accu
racy,

w
e

rep
ort

th
e

estim
ation

error‖B̂
−
B‖

F
.

T
o

evalu
-

ate
th

e
variab

le
selection

accu
racy,

w
e

com
p
u
te

th
e

tru
e

p
ositiv

e
rate,

T
P

R
:=

m
−
1 ∑

mj=
1

T
P

R
j ,

an
d

th
e

false
p

ositiv
e

rate,
F

P
R

:=
m
−
1 ∑

mj=
1

F
P

R
j ,

w
h
ere

T
P

R
j

:=
K
−
1 ∑

Kk
=
1 ∑

i 1([β
k
,j ]i 6=

0
,[β̂

k
,j ]i 6=

0)/ ∑
i 1([β

k
,j ]i 6=

0),
F

P
R
j

:=
K
−
1 ∑

Kk
=
1 ∑

i 1([β
k
,j ]i

=
0,[β̂

k
,j ]i 6=

0)/ ∑
i 1([β

k
,j ]i

=
0).

W
e

also
rep

o
rt

th
e

F
1

score,
F
1

:=
2(recall −

1
+

p
recision −

1) −
1,

w
h
ere

p
recision

=
m
−
1K
−
1 ∑

mj=
1 ∑

Kk
=
1 ∑

i 1([β
k
,j ]i 6=

0
,[β̂

k
,j ]i 6=

0)/ ∑
i 1([β̂

k
,j ]i

=
0
)

a
n
d

recall
=

T
P

R
.

T
h
e

T
P

R
,

F
P

R
an

d
F

1
score

are
all

b
etw

een
0

an
d

1,
w

ith
a

larger
valu

e
of

T
P

R
an

d
F

1
an

d
a

sm
aller

valu
e

of
F

P
R

in
d
icatin

g
a

b
etter

selection
p

erform
an

ce.

W
e

com
p
are

ou
r

S
T

O
R

E
m

eth
o
d

w
ith

fou
r

altern
ative

solu
tion

s.
T

h
e

fi
rst

is
ord

in
ary

least
sq

u
ares

(O
L

S
)

th
at

fi
ts

on
e

resp
on

se
variab

le
at

a
tim

e.
A

lth
ou

gh
a

n
aive

solu
tion

,
O

L
S

is
w

id
ely

u
sed

in
n
eu

roim
agin

g
an

aly
sis

d
u
e

to
its

sim
p
licity.

T
h
e

secon
d

is
th

e
sp

arse
ord

in
ary

least
sq

u
ares

m
eth

o
d

(S
p
arse

O
L

S
)

of
P

en
g

et
al.

(2010)
th

at
fi
rst

vectorizes
th

e
ten

sor
resp

on
se

th
en

fi
ts

a
regu

larized
m

u
ltivariate

regression
w

ith
th

e
lasso

p
en

alty.
T

h
e

th
ird

is
th

e
en

velop
e-b

ased
ten

sor
resp

on
se

regression
m

eth
o
d

(E
N

V
)

of
L

i
a
n
d

Z
h
an

g
(2017)

th
at

u
tilizes

a
gen

eralized
sp

arsity
p
rin

cip
le.

It
is

n
otew

orth
y

th
at,

in
L

i
an

d
Z

h
an

g
(2017),

E
N

V
h
as

b
een

sh
ow

n
to

clearly
ou

tp
erform

th
e

ten
sor

p
red

ictor
regression

m
eth

o
d

of
Z

h
ou

et
al.

(2013).
H

en
ce,

w
e

d
irectly

com
p
are

w
ith

E
N

V
b
u
t

n
o

lo
n
ger

w
ith

Z
h
ou

et
al.

(2013).
T

h
e

fou
rth

is
th

e
h
igh

er-ord
er

low
-ran

k
regression

m
eth

o
d

(H
O

L
R

R
)

of
R

ab
u
sseau

an
d

K
ad

ri
(2016)

th
at

im
p

oses
a

low
-ran

k
ten

so
r

stru
ctu

re.
W

e
also

com
m

en
t

th
at,

O
L

S
an

d
sp

arse
O

L
S

b
oth

ign
ore

th
e

ten
sor

stru
ctu

re
of

th
e

d
ata,

w
h
ereas

n
eith

er
of

O
L

S
,

E
N

V
,

an
d

H
O

L
R

R
p

erform
s

region
selection

.

5
.1

3
D

T
e
n

so
r

R
e
sp

o
n

se
E

x
a
m

p
le

W
e

fi
rst

con
sid

er
an

ex
am

p
le

of
a

th
ird

-ord
er

ten
sor

resp
on

se
(m

=
3).

T
h
e

d
ata

w
as

gen
erated

from
m

o
d
el

(1)
w

ith
x
i

a
scalar

tak
in

g
va

lu
es

0
or

1
w

ith
an

eq
u
al

p
rob

ab
ility,

an
d

th
e

co
effi

cien
t

ten
sorB

∈
R
d
1 ×
d
2 ×
d
3

o
f

th
e

form
,B

=
∑

k∈
[K

] w
k β

k
,1 ◦

β
k
,2 ◦

β
k
,3 ◦

β
k
,4 ,

w
k ∈

R
,
β
k
,j
∈

S
d
j.

F
or

each
k
∈

[K
],

w
e

fi
rst

gen
erated

i.i.d
.

stan
d
ard

G
au

ssian
en

tries
of

th
e

th
ree

vectors
β
k
,1 ,β

k
,2 ,β

k
,3 ,

th
en

tru
n
cated

each
vector

w
ith

th
e

card
in

ality
p
aram

eters
s
0
1 ,s

0
2 ,s

0
3

accord
in

gly.
N

ex
t

w
e

n
orm

alized
each

vector
an

d
aggregated

th
e

co
effi

cien
ts

as
w
k .

W
e

set
β
k
,4

as
on

e.
In

all
sim

u
lation

s,
w

e
fi
x
ed

th
e

ten
sor

d
im

en
sion

s
d
1

=
100,d

2
=

50,d
3

=
20.

W
e

set
th

e
tru

e
card

in
ality

s
0
j

=
s∗
d
j

(j
=

1,2,3),
an

d
varied

th
e

sp
arsity

level
s
∈
{
0
.3
,0
.5}

an
d

ran
k
K
∈
{
2
,5}

.
W

e
con

sid
ered

th
e

sam
p
le

size
n
∈
{
20,100}.

B
ased

on
ou

r
th

eoretical
fi
n
d
in

g,
a

larger
sam

p
le

size
lead

s
to

a
b

etter
estim

ation
p

erform
an

ce.
W

e
h
ave

ch
osen

a
relatively

sm
all

sam
p
le

size
to

m
im

ic
th

e
situ

ation
w

h
ere

th
e

n
u
m

b
er

of
su

b
jects

is
lim

ited
.

S
u
ch

a
situ

ation
is

com
m

on
ly

en
cou

n
tered

in
n
eu

roim
agin

g
stu

d
ies.

In
total,

th
ere

are
8

com
b
in

ation
s

of
d
iff

eren
t

scen
arios.

F
or

S
T

O
R

E
,

th
e

tu
n
in

g
p
a
ram

eters
w

ere
ch

osen
accord

in
g

to
th

e
B

IC
criterion

in
S
ection

3.2
b
y

settin
g
K

=
{1
,2
,...,10}

an
d

S
=
{0
.1
,0
.2
,...,0.9}

.
T

h
e

tu
n
in

gs
for

S
p
a
rse

O
L

S
an

d
H

O
L

R
R

w
ere

con
d
u
cted

b
a
sed

on
th

eir
recom

m
en

d
ed

ap
p
roach

es.
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he
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F
ig

u
re

1:
T

h
e

co
m

p
u
ta

ti
on

al
ti

m
e

of
ou

r
al

go
ri

th
m

as
th

e
sa

m
p
le

si
ze

an
d

th
e

te
n
so

r
d
i-

m
en

si
on

va
ri

es
.

T
h
e

th
eo

re
ti

ca
l

li
n
ea

r
ra

te
is

sh
ow

n
in

re
d

tr
ia

n
gl

e.

T
ab

le
1

re
p

or
ts

si
m

u
la

ti
on

re
su

lt
s

b
as

ed
o
n

20
re

p
li
ca

ti
on

s.
It

is
se

en
th

at
ou

r
S
T

O
R

E
m

et
h
o
d

cl
ea

rl
y

ac
h
ie

ve
s

a
su

p
er

io
r

p
er

fo
rm

an
ce

th
an

al
l

th
e

co
m

p
et

in
g

m
et

h
o
d
s

in
te

rm
s

of
b

ot
h

es
ti

m
at

io
n

ac
cu

ra
cy

an
d

va
ri

ab
le

se
le

ct
io

n
ac

cu
ra

cy
.

T
h
e

sa
m

e
p
at

te
rn

h
ol

d
s

fo
r

d
iff

er
en

t
sa

m
p
le

si
ze
n

,
ra

n
k
K

,
an

d
sp

ar
si

ty
le

ve
l
s.

It
is

al
so

n
ot

ed
th

at
,

si
n
ce

O
L

S
,

E
N

V
,

an
d

H
O

L
R

R
d
o

n
ot

in
co

rp
or

at
e

en
tr

y
-w

is
e

sp
ar

si
ty

,
th

ei
r

co
rr

es
p

on
d
in

g
T

P
R

an
d

F
P

R
va

lu
es

ar
e

al
w

ay
s

on
e,

an
d

th
ei

r
F

1
sc

or
es

ar
e

u
n
d
efi

n
ed

d
u
e

to
ze

ro
in

th
e

d
en

om
in

at
or

of
th

e
p
re

ci
si

on
.

W
e

al
so

st
u
d
ie

d
th

e
co

m
p
u
ta

ti
on

al
ti

m
e

of
ou

r
al

go
ri

th
m

w
h
en

th
e

sa
m

p
le

si
ze

an
d

th
e

te
n
so

r
d
im

en
si

on
in

cr
ea

se
.

T
h
e

co
d
e

is
w

ri
tt

en
in

R
an

d
is

im
p
le

m
en

te
d

on
a

la
p
to

p
w

it
h

2.
5

G
H

z
In

te
l

C
or

e
i7

p
ro

ce
ss

or
.

F
ig

u
re

5.
1

re
p

or
ts

th
e

re
su

lt
s

b
as

ed
on

20
re

p
li
ca

ti
on

s.
S
p

ec
ifi

ca
ll
y,

w
e

fi
x
ed

th
e

ra
n
k
K

=
2

an
d

th
e

sp
a
rs

it
y
s

=
0
.3

.
In

th
e

le
ft

p
an

el
,

w
e

fi
x
ed

th
e

te
n
so

r
d
im

en
si

on
s
d
1

=
10

0,
d
2

=
50
,d

3
=

20
,

b
u
t

va
ri

ed
th

e
sa

m
p
le

si
ze

n
∈

{1
00
,2

00
,3

00
,4

00
,5

00
}.

In
th

e
ri

gh
t

p
an

el
,

w
e

fi
x
ed

n
=

20
,
d
2

=
50

,
d
3

=
20

,
b
u
t

va
ri

ed
th

e
d
im

en
si

on
d
1
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k ′(β̂
>k ′,m

+
1 x

i )β̂
k ′,1 ◦···◦

β̂
k ′,m

,
an

d
th

e
closed

-form
estim

ator
in

S
tep

2
of

ou
r

algorith
m

is

β̂
k
,m

+
1

=

(
1n

n
∑i=

1

x
i x
>i )
−
1
n
−
1 ∑

ni=
1 〈T̂

i ,Â
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Â
k

=
ŵ
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Â
k
〉−
‖Â
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(Ê
,d

0
+
s)≥

w
∗m
in /4

.

T
h
erefore,

w
e

h
ave

D
(β̂

k
,3 ,β

∗k
,3 )≤

4 √
5w
∗m
a
x C

3

w
∗m
in

ε
2

+
4 √

5

w
∗m
in

η
(Ê
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‖Â
k
−
A
∗ k‖
F

=
∥ ∥ ∥ŵ
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|ŵ
k
−
w
∗ k|
≤
ε

an
d
ε
≤
w
∗ m
in
/2

,
w

e
h
av

e
|ŵ
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k
|≤

2

w
∗ m
in

ε.

In
ad

d
it

io
n
,

n
ot

e
th

at
fo

r
an

y
ve

ct
or

s
a
∈
R
m
,b
∈
R
n
,

si
n
ce

th
e

ra
n
k

of
th

e
m

a
tr

ix
a
◦b
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1,

w
e

h
av

e
‖a
◦b
‖ F

=
‖a
◦b
‖ 2

.
T

h
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y

an
d
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e

fa
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=
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1
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3
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r
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R
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I
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‖Â
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F
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∥∥∥
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,1 −

β
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,2 ◦
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k
,3 ∥∥∥

F
∥∥∥
ŵ
k β̂

k
,1 ◦
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k
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,1 −

β
∗k
,1 ‖

2

|ŵ
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w
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u
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u
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|ŵ
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w

e
sh

ow
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w
ell
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th
e

fa
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th
a
t
D
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)≤
m
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−
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u
+

v‖
2 }
≤
√

2
D

(u
,v

)
for

u
n
it

vectors
u
,v

.
B

y
a
p
p
ly

in
g

sim
ila

r
p
ro

of
tech

n
iq

u
es,

w
e
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h
ave

I
3

‖Â
k ‖
F

≤
2 √
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I
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‖Â
k ‖
F

≤
2 √
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ε.

C
o
m

b
in

g
th

e
a
b

ove
fou

r
in

eq
u
alities,

w
e

ob
tain

th
e

d
esirab

le
b

ou
n
d

for
(I

)
in

(A
6).

B
o
u

n
d

(I
I
):
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easy
to
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th

at

(I
I
)≤

1n ∑
ni=

1 〈E
i ,Â

k 〉‖Ω
x
i ‖
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‖Â
k ‖

2F
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A
cco

rd
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g
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th
e
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p
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Ω
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p
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efi
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b
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C
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m
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0.
In

a
d
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in
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e
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a
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em

m
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n
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n
d
,

w
e

h
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w
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h
igh

p
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1n

n
∑i=

1 〈E
i ,Â

k 〉≤
E
[

1√n 〈G
,Â

k 〉 ]
≤

1√n
E
[‖G‖

F ‖Â
k ‖
F ]
,

fo
r

so
m

e
G

a
u
ssian
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sor
G
∈

R
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1 ×
d
2 ×
d
3

w
h
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en
tries
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b
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ab
ility,

th
e

d
esirab

le
in

eq
u
ality

in
(A

7)
h
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b
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sion

are
b

ou
n
d
ed

.
�

A
3
.8

P
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a
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.
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p
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n
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C
>

0.
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‖
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∑i=
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i ×

1
u
×

2
v
×

3
w
∣∣∣

=
su

p
‖
u‖

=
‖
v‖

=
‖
w
‖
=
1

‖
u‖

0 ≤
s,‖

v‖
0 ≤
s,‖

w
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0 ≤
s 〈

1n

n
∑i=

1 E
i ,u
◦

v
◦

w

〉
.

C
learly,

for
an

y
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n
it-n
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vectors

u
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e
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1n
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◦
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◦
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n
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v
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◦
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‖
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‖
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u
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1
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A

2
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u
2 ◦

v
2 ◦

w
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w
e

h
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∑i=

1 E
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A
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A
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F
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1√n
〈G
,A
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A
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T
h
erefore,
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g
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L
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m
a

10,
w

e
h
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r
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>
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P
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η (
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n
∑i=
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i ,s )

>
x ]
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P
[

1√n
η

(G
,s)

>
x ]
.

(A
9)

S
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g
e

2
:

W
e

sh
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th
e

fu
n
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η
(·,s)
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a

L
ip

sch
itz

fu
n
ction

in
its

fi
rst

argu
m

en
t.

F
or

an
y

tw
o

ten
sorsG

1 ,G
2 ∈

R
d
1 ×
d
2 ×
d
3,

d
en

ote
A
∗

=
su

pA 〈G
1 ,A
〉.

W
e

h
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su
p
A
〈G

1 ,A
〉−

su
p
A
〈G

2 ,A
〉≤
〈G

1 ,A
∗〉−

su
p
A
〈G

2 ,A
〉≤
〈G

1 ,A
∗〉−

〈G
2 ,A

∗〉≤
〈G

1 −
G
2 ,A

∗〉.
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n
d

th
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ir

d
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u
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b
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se
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‖u
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◦w
‖ 2
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‖u
‖ 2
‖v
‖ 2
‖w
‖ 2

=
1
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r

an
y

u
n
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s
u
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p
p
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co
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n
tr

at
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n
re
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L
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h
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z
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G
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ra
n
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fo
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e

G
au
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e
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e
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−
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η
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|≥
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≤

2
ex

p

( −
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S
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g
e

3
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W
e
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b
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η

(G
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)]
|.

F
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a
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n
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r
T
∈

R
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d
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1
-

n
or

m
re

gu
la

ri
ze

r
R

(T
)

=
∑

j 1

∑
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∑
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D
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b
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∈
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2
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.

F
or

an
y
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s

u
∈
R
d
1
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∈
R
d
2
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∈
R
d
3

sa
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sf
y
in

g
‖u
‖ 2

=
‖v
‖ 2

=
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‖u
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an
d
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d
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.
L

em
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13

im
p
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T
h
er
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e,
w

e
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=
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p
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〉] .

T
h
is

re
su

lt
,

to
ge

th
er

w
it

h
L

em
m

a
12

,
im

p
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√
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b
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√
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−
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√
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√
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√
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p
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p
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P
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p
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.
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p
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p
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p
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p
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.

G
e,

an
d

M
.

J
an

za
m

in
.
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ra
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p
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p
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.
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.
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pe

rf
or
m
an

ce
ca
n
be

ve
ry

se
ns
it
iv
e
to

th
e
us
ed

va
lu
es

(S
in
gh

et
al
.,
20

09
;L

u
et

al
.,
20

16
).

P
re
fe
re
nc
e-
ba
se
d
re
in
fo
rc
em

en
t
le
ar
ni
ng

(P
bR

L)
is

a
pa

ra
di
gm

fo
r
le
ar
ni
ng

fr
om

no
n-

nu
m
er
ic
al

fe
ed

ba
ck

in
se
qu

en
ti
al

do
m
ai
ns
.
It
s
ke
y
id
ea

is
th
at

th
e
re
qu

ir
em

en
t
fo
r
a
nu

m
er
-

ic
al

fe
ed

ba
ck

si
gn

al
is

re
pl
ac
ed

w
it
h
th
e
as
su
m
pt
io
n
of

a
pr
ef
er
en
ce
-b
as
ed

fe
ed

ba
ck

si
gn

al
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P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

that
indicates

relative
instead

of
absolute

utility
values.

P
references

enable
a
definition

of
feedback

that
is
not

subject
to

arbitrary
rew

ard
choices,rew

ard
shaping,rew

ard
engineering

or
predefined

objective
trade-offs.

P
bR

L
aim

s
at

rendering
reinforcem

ent
learning

applicable
to

a
w
ider

spectrum
oftasks

and
non-expert

users.
Severalalgorithm

s
have

been
developed

for
solving

this
class

of
problem

s,
how

ever,
the

field
still

lacks
a
coherent

fram
ew

ork.
Fur-

therm
ore,m

ost
publications

do
not

explicitly
state

the
assum

ptions
that

are
relevant

for
the

application
ofthe

algorithm
s.

In
this

paper,w
e
w
illsurvey

and
categorize

preference-based
form

ulations
of

reinforcem
ent

learning
and

m
ake

these
assum

ptions
explicit.

W
e
also

show
the

relation
to

other
R
L-based

settings
that

deviate
from

the
basic

setting,such
as

inverse
reinforcem

ent
learning

or
learning

w
ith

advice.
T
his

paper
is

based
on

a
prelim

inary
survey

(W
irth

and
F
ürnkranz,

2013c),
but

has
been

extended
in

alm
ost

every
aspect.

In
particular,

the
design

principles
have

been
re-

w
orked

to
better

capture
all

relevant
aspects,

w
e
provide

substantially
m
ore

depth
about

the
differences,advantages

and
disadvantages

ofthe
surveyed

m
ethods,and

w
e
considerably

broadened
the

scope
of

the
survey.

T
he

paper
starts

w
ith

the
problem

setting
and

the
task

description
in

Sec.
2,

including
a
short

discussion
of

related
approaches.

W
e
then

explain
the

design
principles

ofthe
algorithm

s
that

fit
in

this
fram

ew
ork

in
Sec.3.

E
xperim

entaldo-
m
ains,including

som
e
real-w

orld
problem

s
that

have
been

solved
w
ith

P
bR

L,are
described

in
Sec.4.

O
pen

research
questions

are
pointed

out
in

Sec.5
before

the
paper

concludes.

2.
P

relim
in

aries

P
reference-based

reinforcem
ent

learning
algorithm

s
try

to
solve

the
reinforcem

ent
learning

problem
(Sutton

and
B
arto,1998)

using
preferences

betw
een

states,actions
or

trajectories. 1

T
he

goal
is

to
learn

a
policy

that
is

m
ost

consistent
w
ith

the
preferences

of
the

expert.
H
ence,

a
P
bR

L
algorithm

m
ust

determ
ine

the
intention

of
the

expert
and

find
a
policy

that
is

m
axim

ally
consistent

w
ith

it.
For

im
proving

its
estim

ate,
the

algorithm
s
create

trajectories
w
hich

are
evaluated

by
the

expert,
thereby,

exploring
the

state-action
space.

T
herefore,

m
any

algorithm
s
use

the
policy

evaluation
/policy

im
provem

ent
cycle

(Sutton
and

B
arto,

1998)
encountered

in
classical

reinforcem
ent

learning.
Y
et,

this
cycle

differs
in

the
evaluation

m
ethod

from
classicalR

L
as

w
e
can’t

obtain
and

propagate
num

eric
feedback,

but
can

only
use

pairw
ise

preferences.

2.1
P
referen

ce
L
earn

in
g

P
reference

learning
is

a
recent

addition
to

the
suite

of
learning

tasks
in

m
achine

learning
(F

ürnkranz
and

H
üllerm

eier,2010).
R
oughly

speaking,
preference

learning
is

about
induc-

ing
predictive

preference
m
odels

from
em

pirical
data,

thereby
establishing

a
link

betw
een

m
achine

learning
and

research
fields

related
to

preference
m
odeling

and
decision

m
aking.

T
he

key
difference

to
conventionalsupervised

m
achine

learning
settings

is
that

the
training

inform
ation

is
typically

not
given

in
the

form
ofscalar

target
values

(like
in

classification
and

regression),but
instead

in
the

form
ofpairw

ise
com

parisons
expressing

preferences
betw

een
different

objects
or

labels.
T
hus,

in
a
w
ay,

preference
learning

is
com

parable
to

reinforce-
m
ent

learning
in

that
in

both
settings,

the
learner

m
ay

not
receive

inform
ation

about
the

1.
State

and
action

preferences
can

be
m
apped

to
trajectory

preferences,as
w
e
discuss

in
Sec.3.1

3
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C
.
W

irth
et

a
l

correct
target

choice,but
instead

feedback
about

a
single

option
(in

reinforcem
ent

learning)
or

a
com

parison
betw

een
tw

o
options

(in
preference

learning).
A

preference
z
i �

z
j
denotes

that
z
i
is

preferred
over

z
j
for

tw
o
choices

z
i
and

z
j
in

a
set

of
possible

choicesZ
.
Severalshort-hand

notations
can

be
used

(K
reps,1988):

–
z
i �

z
j :

T
he

first
choice

is
strictly

preferred.

–
z
i ≺

z
j :

T
he

second
choice

is
strictly

preferred,i.e.,
z
j �

z
i .

–
z
i ∼

z
j :

T
he

choices
are

indifferent,m
eaning

neither
z
i �

z
j
nor

z
j �

z
i
holds.

–
z
i �

z
j :

T
he

first
choice

is
w
eakly

preferred,i.e.,
z
j �

z
i
does

not
hold.

–
z
i �

z
j :

T
he

second
choice

is
w
eakly

preferred,i.e.,
z
i �

z
j
does

not
hold.

D
epending

on
w
hat

constitutes
the

set
of

choicesZ
,F

ürnkranz
and

H
üllerm

eier
(2010)

distinguish
betw

een
learning

from
object

preferences,
w
here

the
training

data
is

given
in

the
form

ofpairw
ise

com
parisons

betw
een

data
objects,and

learning
from

labelpreferences,
w
here

the
training

data
is

given
in

the
form

of
pairw

ise
com

parisons
betw

een
labels

that
are

attached
to

the
objects.

In
the

form
er

case,
a
com

m
on

perform
ance

task
is

to
rank

a
new

set
of

objects
(object

ranking;
K
am

ishim
a
et

al.
2010),

w
hereas

in
the

latter
case,

the
perform

ance
task

is
to

rank
the

set
of

labels
for

a
new

object
(label

ranking;
V
em

bu
and

G
ärtner

2010).
For

exam
ple,in

a
reinforcem

ent
learning

context,states
m
ay

be
considered

as
objects,and

actions
m
ay

be
considered

as
labels,so

that
the

decision
problem

ofranking
the

states
according

to
their

desirability
is

an
object

ranking
problem

,w
hereas

ranking
the

available
actions

in
a
given

state
m
ay

be
considered

as
a
labelranking

problem
(F

ürnkranz
et

al.,2012).
T
here

are
tw

o
m
ain

approaches
to

learning
representations

ofpreferences,nam
ely

utility
functions,

w
hich

evaluate
individual

alternatives,
and

preference
relations,

w
hich

com
pare

pairs
ofcom

peting
alternatives.

From
a
m
achine

learning
point

ofview
,the

tw
o
approaches

give
rise

to
tw

o
kinds

of
learning

problem
s,to

w
hich

w
e
w
illreturn

in
Sec.3.2.

2.2
M
arkov

D
ecision

P
rocesses

w
ith

P
referen

ces

In
this

section,
w
e
w
ill

introduce
M
arkov

decision
processes

w
ith

preferences
(M

D
P
P
),

a
form

al,
m
athem

atical
fram

ew
ork

for
preference-based

reinforcem
ent

learning.
It

is
based

upon
M
arkov

decision
processes

w
ithout

rew
ard

(M
D
P
\R

),
w
hich

have
been

proposed
by

A
bbeeland

N
g
(2004),but

extends
the

setting
to

preference
based

feedback.
A
n
M
D
P
P

is
defined

by
a
sextuple

(S
,A
,µ
,δ,γ

,ρ
)
w
ith

a
state

space
S

and
action

space
A
.
T
he

states
and

actions
can

be
discrete

or
continuous.

A
(s)

defines
the

set
of

actions
available

in
state

s
and

µ
(s)

is
the

distribution
of

possible
initial

states.
T
he

states
can

also
be

represented
by

feature
vectors

φ
(s)

and
state

action
pairs

by
the

feature
vector

ϕ
(s,a

).
W
e
w
illdenote

a
trajectory

τ
as

a
sequence

of
states

and
actions,i.e.,

τ
=
{
s

0 ,a
0 ,s

1 ,a
1 ,...,s

n−
1 ,a

n−
1 ,s

n }
.

Som
e
algorithm

s
(W

irth
et

al.,
2016;

W
ilson

et
al.,

2012;
A
krour

et
al.,

2011,
2012;

Jain
et

al.,2013,2015;G
ritsenko

and
B
erenson,2014;Zucker

et
al.,2010;Jain

et
al.,2013,2015;
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P
r
ef

er
en

ce
-B

a
se

d
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
S
u
rv

ey

G
ri
ts
en

ko
an

d
B
er
en

so
n,

20
14

)
al
so

re
qu

ir
e
th
e
de

fin
it
io
n
of

a
fe
at
ur
e-
ba

se
d
de

sc
ri
pt
io
n
of

a
tr
aj
ec
to
ry
,w

hi
ch

w
e
de

no
te

as
ψ

(τ
).

A
s
in

th
e
st
an

da
rd

M
D
P

de
fin

it
io
n,

th
e
st
at
e
tr
an

si
ti
on

m
od
el
δ(
s′
|s
,a

)
is

as
su
m
ed

to
be

st
oc
ha

st
ic

an
d
th
e
pa

ra
m
et
er
γ
∈

[0
,1

)
is

th
e
di
sc
ou

nt
fa
ct
or
.
A

po
lic

y
π

(a
|s

)
is

a
co
nd

it
io
na

l
di
st
ri
bu

ti
on

th
at

as
si
gn

s
pr
ob

ab
ili
ti
es

to
ac
ti
on

ch
oi
ce
s
ba

se
d
on

th
e
cu

rr
en
t

st
at
e.

T
he

po
lic

y
is

ty
pi
ca
lly

gi
ve
n
by

a
pa

ra
m
et
ri
c
di
st
ri
bu

ti
on

π
(a
|s
,θ

),
ho

w
ev
er
,
no

n-
pa

ra
m
et
ri
c
ap

pr
oa

ch
es

ar
e
al
so

co
ns
id
er
ed

(A
kr
ou

r
et

al
.,
20

12
;
W

ir
th

et
al
.,
20

16
;
B
us
a-

Fe
ke
te

et
al
.,
20

13
,2

01
4)
.

In
co
nt
ra
st

to
co
nv

en
ti
on

al
M
D
P
s,

w
e
do

no
t
as
su
m
e
a
nu

m
er
ic

re
w
ar
d
si
gn

al
r(
s,
a
).

In
st
ea
d,

th
e
ag
en
t
ca
n
ob

se
rv
e
a
pr
ef
er
en

ce
re
la
ti
on

ov
er

tr
aj
ec
to
ri
es
τ
i
�
τ
j
.

La
te
r,

in
Se

c.
3.
1,

w
e
w
ill

al
so

co
ns
id
er

pr
ef
er
en

ce
s
be

tw
ee
n
st
at
es

an
d
ac
ti
on

s,
an

d
sh
ow

th
at

th
ey

ca
n
be

re
du

ce
d
to

pr
ef
er
en

ce
s
be

tw
ee
n
tr
aj
ec
to
ri
es
.
W
e
fu
rt
he

r
as
su
m
e
th
at

a
pr
ef
er
en

ce
fo
r
a
gi
ve
n
pa

ir
of

tr
aj
ec
to
ri
es

is
ge
ne

ra
te
d
st
oc
ha

st
ic
al
ly

w
it
h
a
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

ρ
be

ca
us
e
th
e
ex
pe

rt
ca
n
er
r
an

d
th
er
ef
or
e
in
tr
od

uc
e
no

is
e.

W
e
us
e
ρ
(τ

i
�
τ
j
)
fo
r
de

no
ti
ng

th
e
pr
ob

ab
ili
ty

w
it
h

w
hi
ch
τ
i
�
τ
j
ho

ld
s
fo
r
a
gi
ve
n

pa
ir

of
tr
aj
ec
to
ri
es

(τ
i,
τ
j
).

T
he

di
st
ri
bu

ti
on

ρ
is

ty
pi
ca
lly

no
t
kn

ow
n,

ye
t
th
e
ag

en
t
ca
n
ob

se
rv
e
a
se
t
of

pr
ef
er
en

ce
s

ζ
=
{ζ
i}

=
{τ

i1
�
τ
i2
} i=

1
..
.N
,

(1
)

w
hi
ch

ha
s
be

en
sa
m
pl
ed

us
in
g
ρ
.

Υ
de

no
te
s
th
e
se
t
of

al
lt

ra
je
ct
or
ie
s
th
at

ar
e
pa

rt
of
ζ
.
A

ke
y
pr
ob

le
m

in
P
bR

L
is
to

ob
ta
in

a
re
pr
es
en
ta
ti
ve

se
t
of

pr
ef
er
en

ce
s
ζ
.
T
w
o
co
m
m
on

si
m
pl
i-

fic
at
io
ns

ar
e
to

di
sr
eg
ar
d
th
e
st
oc
ha

st
ic
it
y
of

th
e
ex
pe

rt
an

d
as
su
m
e
st
ri
ct

pr
ef
er
en

ce
s.

T
he

st
ri
ct

pr
ef
er
en

ce
as
su
m
pt
io
n
im

pl
ie
s
a
to
ta
lo

rd
er
,i
.e
.,
fo
r
ea
ch

pa
ir
τ
i
an

d
τ
j
,e

xa
ct
ly

on
e
of

th
e
tw

o
st
ri
ct

pr
ef
er
en

ce
re
la
ti
on

s
ho

ld
s.

P
hr
as
ed

ot
he

rw
is
e,
ρ
(τ

i
�
τ
j
)

=
1
−
ρ
(τ

j
�
τ
i)
.

A
s
a
co
ns
eq
ue

nc
e,
th
er
e
ar
e
no

in
co
m
pa

ra
bl
e
pa

ir
s
of

tr
aj
ec
to
ri
es
.
In
co
m
pa

ra
bi
lit
y
ca
n
oc
cu

r
w
he

n
ev
al
ua

ti
ng

tr
aj
ec
to
ri
es

ba
se
d
on

m
ul
ti
pl
e
cr
it
er
ia
,w

he
re

it
is
im

po
ss
ib
le
to

im
pr
ov
e
on

e
cr
it
er
ia

w
hi
le

de
cr
ea
si
ng

an
ot
he

r
on

e.
If

th
er
e
ar
e
in
co
m
pa

ra
bl
e
pa

ir
s
w
he

re
no

pr
ef
er
en

ce
re
la
ti
on

ca
n
be

de
fin

ed
,t
he

pr
ef
er
en

ce
s
fo
rm

a
pa

rt
ia
lo

rd
er
.

2.
3
O
b
je
ct
iv
e

T
he

ge
ne

ra
lo

bj
ec
ti
ve

of
th
e
ag

en
t
is

to
fin

d
a
po

lic
y
π
∗
th
at

m
ax

im
al
ly

co
m
pl
ie
s
w
it
h
th
e

gi
ve
n
se
t
of

pr
ef
er
en

ce
s
ζ
.
A

pr
ef
er
en

ce
τ

1
�
τ

2
∈
ζ
is

sa
ti
sfi
ed

if

τ
1
�
τ

2
⇔

P
r π

(τ
1
)
>

P
r π

(τ
2
),

w
it
h

P
r π

(τ
)

=
µ

(s
0
)

|τ
|

∏ t=
0

π
(a
t
|s

t)
δ(
s t

+
1
|s

t,
a
t)
,

as
th
e
pr
ob

ab
ili
ty

of
re
al
iz
in
g
a
tr
aj
ec
to
ry
τ

w
it
h

a
po

lic
y
π
.

H
ow

ev
er
,
sa
ti
sf
yi
ng

th
is

co
nd

it
io
n
is

ty
pi
ca
lly

no
t
su
ffi
ci
en
t
as

th
e
di
ffe

re
nc

e
ca
n
be

in
fin

it
es
im

al
.
M
or
eo
ve
r,

du
e
to

th
e
st
oc
ha

st
ic
it
y
of

th
e
ex
pe

rt
,t

he
ob

se
rv
ed

pr
ef
er
en

ce
s
ca
n
al
so

co
nt
ra
di
ct

ea
ch

ot
he

r.
W
e
ca
n
no

w
re
fo
rm

ul
at
e
th
e
ob

je
ct
iv
e
fo
r
a
si
ng

le
pr
ef
er
en

ce
as

a
m
ax

im
iz
at
io
n
pr
ob

le
m

co
nc

er
ni
ng

th
e
di
ffe

re
nc

e
of

th
e
pr
ob

ab
ili
ti
es

of
tr
aj
ec
to
ri
es
τ

1
an

d
τ

2
,e

.g
.,

τ
1
�
τ

2
⇔
π
∗

=
ar

g
m

ax π
(P

r π
(τ

1
)
−

P
r π

(τ
2
))
,

(2
)
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01
7

C
.
W

ir
th

et
a
l

w
hi
ch

is
eq
ui
va
le
nt

to
cr
ea
ti
ng

,
if

fe
as
ib
le
,
on

ly
do

m
in
at
in
g
tr
aj
ec
to
ri
es
.

H
ow

ev
er
,
th
is

de
fin

it
io
n
di
sr
eg
ar
ds

th
e
qu

es
ti
on

of
ho

w
to

de
al

w
it
h
m
ul
ti
pl
e
pr
ef
er
en

ce
s.

In
ge
ne

ra
l,

th
e
go

al
of

al
l
al
go

ri
th
m
s
is

to
m
in
im

iz
e
a
si
ng

le
pr
ef
er
en
ce

lo
ss
L

(π
,ζ
i)
,

e.
g.
,
L

(π
,τ

1
�
τ

2
)

=
−

(P
r π

(τ
1
)
−

P
r π

(τ
2
))
.

T
he

do
m
ai
n

of
L

di
ffe

rs
,
de
pe

nd
in
g
on

th
e
ap

pr
oa

ch
.

Y
et
,
in

th
e
m
ul
ti
-p
re
fe
re
nc

e
ca
se
,
m
in
im

iz
in
g
th
e
lo
ss

fo
r
on

e
pr
ef
er
en

ce
m
ig
ht

in
te
rf
er
e
w
it
h

m
in
im

iz
in
g
th
e
lo
ss

fo
r
an

ot
he
r
pr
ef
er
en
ce
.

H
en

ce
,
w
it
ho

ut
fu
rt
he

r
in
fo
rm

at
io
n,

w
e
ar
e
no

t
ab

le
to

de
fin

e
a
si
ng

le
lo
ss

fu
nc

ti
on

bu
t
ca
n
on

ly
sp
ec
ify

a
m
ul
ti
-

ob
je
ct
iv
e
cr
it
er
io
n
fo
r
th
e
op

ti
m
al

po
lic

y
w
he

re
ea
ch

pr
ef
er
en
ce

de
fin

es
a
lo
ss

fu
nc

ti
on

L
(π
,ζ

)
=

(L
(π
,ζ

0
),
L

(π
,ζ

1
),
..
.,
L

(π
,ζ
n
))

O
pt
im

iz
in
g
th
is
m
ul
ti
-o
bj
ec
ti
ve

lo
ss

re
su
lt
s
in

se
ve
ra
lP

ar
et
o-
op

ti
m
al

so
lu
ti
on

s.
H
ow

ev
er
,w

e
ty
pi
ca
lly

w
an

t
to

ob
ta
in

a
si
ng

le
op

ti
m
al

so
lu
ti
on

.
T
o
do

so
,w

e
ca
n
de

fin
e
a
sc
al
ar

ob
je
ct
iv
e

as
th
e
w
ei
gh
te
d
pa
ir
w
is
e
di
sa
gr
ee
m
en
t
lo
ss
L,

as
in
tr
od

uc
ed

by
D
uc
hi

et
al
.(

20
10

),

L(
π
,ζ

)
=

N ∑ i=
1

α
iL

(π
,ζ
i)
,

(3
)

w
he

re
α
i
is

th
e
w
ei
gh

t
or

im
po

rt
an

ce
as
si
gn

ed
to
ζ i
.
U
si
ng

su
ch

a
w
ei
gh

ti
ng

is
a
co
m
m
on

st
ra
te
gy

in
pr
ef
er
en

ce
le
ar
ni
ng

w
he

re
di
ffe

re
nt

ev
al
ua

ti
on

cr
it
er
ia
,
lik

e
th
e
K
en

da
ll
or

th
e

Sp
ea
rm

en
di
st
an

ce
(K

am
is
hi
m
a
et

al
.,
20

10
),

ar
e
av
ai
la
bl
e
fo
r
di
ffe

re
nt

do
m
ai
ns
.
W
e
in
tr
o-

du
ce

th
e
w
ei
gh

ti
ng

α
i
to

ill
us
tr
at
e
al
lp

re
fe
re
nc

e
ev
al
ua

ti
on

cr
it
er
ia

in
a
un

ifi
ed

fr
am

ew
or
k.

In
P
bR

L,
w
e
w
an

t
to

fin
d

a
po

lic
y
th
at

m
ax

im
iz
es

th
e
re
al
iz
at
io
n
pr
ob

ab
ili
ty

of
un

-
do

m
in
at
ed

tr
aj
ec
to
ri
es

w
hi
le

no
t
ge
ne

ra
ti
ng

do
m
in
at
ed

tr
aj
ec
to
ri
es
,
if
po

ss
ib
le
.
T
he
re
fo
re
,

pr
ef
er
en

ce
s
co
nc

er
ni
ng

th
e
le
as
t
do

m
in
at
ed

tr
aj
ec
to
ri
es

sh
ou

ld
ha

ve
th
e
hi
gh

es
t
w
ei
gh

t,
be

-
ca
us
e
th
e
ac
co
rd
in
g
pr
ef
er
en

ce
s
ar
e
m
os
t
im

po
rt
an

t.
A
lt
ho

ug
h
in

ot
he
r
se
tt
in
gs
,
it

m
ig
ht

be
m
or
e
re
le
va
nt

to
re
al
iz
e
pr
ef
er
en

ce
s
in
vo
lv
in
g
hi
gh

ri
sk

tr
aj
ec
to
ri
es

fo
r
pr
ev
en
ti
ng

m
aj
or

ac
ci
de

nt
s.

H
en

ce
,
di
ffe

re
nt

w
ei
gh

ts
α
i
ca
n
be

re
qu

ir
ed

.
H
ow

ev
er
,
al
l
av
ai
la
bl
e
ap

pr
oa

ch
es

di
sr
eg
ar
d
th
is
pr
ob

le
m

an
d
us
e
a
un

ifo
rm

w
ei
gh

t
di
st
ri
bu

ti
on

,b
ut

fo
cu
s
on

re
qu

es
ti
ng

pr
ef
-

er
en

ce
s
ov
er

(n
ea
rl
y)

un
do

m
in
at
ed

tr
aj
ec
to
ri
es
,w

hi
ch

ha
s
a
si
m
ila

r
eff

ec
t
as

a
w
ei
gh

ti
ng

.
In

Se
c.

3,
w
e
ex
pl
ai
n
th
e
di
ffe

re
nt

de
fin

it
io
ns

of
th
e
si
ng

le
pr
ef
er
en

ce
lo
ss
L

(π
,ζ
i)
.

2.
4
P
re
fe
re
n
ce
-B

as
ed

R
ei
n
fo
rc
em

en
t
L
ea
rn
in
g
A
lg
or
it
h
m
s

Le
ar
ni
ng

fr
om

pr
ef
er
en

ce
s
is
a
pr
oc
es
s
th
at

in
vo

lv
es

tw
o
ac
to
rs
:
an

ag
en
t,
th
at

ac
ts

ac
co
rd
in
g

to
a
gi
ve
n
po

lic
y
an

d
an

ex
pe
rt

ev
al
ua

ti
ng

it
s
be

ha
vi
or
.
T
he

pr
oc
es
s
is

ty
pi
ca
lly

co
m
po

se
d

of
se
ve
ra
l
co
m
po

ne
nt
s,

as
ill
us
tr
at
ed

in
F
ig
.
1.

T
he

le
ar
ni
ng

us
ua

lly
st
ar
ts

w
it
h
a
se
t
of

tr
aj
ec
to
ri
es
,
ei
th
er

pr
ed

efi
ne
d
or

sa
m
pl
ed

fr
om

a
gi
ve
n
po

lic
y.

A
n
ex
pe

rt
ev
al
ua

te
s
on

e
or

m
or
e
tr
aj
ec
to
ry

pa
ir
s

(τ
i1
,τ

i2
)
an

d
in
di
ca
te
s
he

r
pr
ef
er
en

ce
.

T
he

m
et
ho

d
fo
r
in
di
ca
ti
ng

a
pr
ef
er
en

ce
ca
n

di
ffe

r
(c
f.

Se
c.

3.
1)
.

Fo
r
co
m
pu

ti
ng

a
pr
ef
er
en

ce
-b
as
ed

po
lic

y
π
,
th
re
e

di
ffe

re
nt

le
ar
ni
ng

ap
pr
oa

ch
es

ca
n
be

fo
un

d
in

th
e
lit
er
at
ur
e:

•
le
ar
ni
ng

a
po
lic

y
co
m
pu

te
s
a
po

lic
y
th
at

tr
ie
s
to

m
ax

im
al
ly

co
m
pl
y
w
it
h
th
e
pr
ef
er
-

en
ce
s;

•
le
ar
ni
ng

a
pr
ef
er
en
ce

m
od
el

le
ar
ns

a
m
od

el
fo
r
ap

pr
ox
im

at
in
g
th
e
ex
pe

rt
’s

pr
ef
er
en

ce
re
la
ti
on

,a
nd
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P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

F
igure

1:
P
bR

L:Learning
policies

from
preferences

via
direct

(dashed
path)

and
surrogate-

based
(dotted

path)
approaches.

•
learning

a
utility

function
estim

ates
a
num

eric
function

for
the

expert’s
evaluation

criterion.

T
he

dashed
path

in
F
ig.1

relates
to

policy
learning.

B
oth

other
approaches,learning

either
a
preference

m
odel

or
a
utility

function,
are

surrogate-based
in

that
they

learn
a
surrogate

from
the

obtained
preferences,

w
hich

is
in

turn
used

for
deriving

a
m
axim

izing
policy

(cf.
the

dotted
path

in
F
ig.

1).
For

this
optim

ization,
often

conventional
rew

ard-based
policy

im
provem

ent
(P

I)
algorithm

s
can

be
used.

A
ll

three
cases

are
explained

in
m
ore

detail
in

Sec.
3.2,

but
the

result
is

alw
ays

a
new

policy
π

new ,
that

can
be

used
to

sam
ple

new
trajectories.

T
ypically,new

trajectoriesare
evaluated

repeatedly,and
hence,learning

from
preferences

becom
es

an
interactive

process
betw

een
the

expert
and

the
algorithm

,w
here

the
algorithm

presents
new

trajectory
pairs

to
the

expert
and

the
expert

evaluates
them

.
H
ow

ever,in
the

interactive
setting,

a
criterion

has
to

be
defined

for
the

selection
of

the
preference

queries
that

should
be

presented
to

the
expert,

as
described

in
Sec.

3.4.
T
his

criterion
m
ust

also
resolve

the
exploration/exploitation

trade-off
as

w
e
can

only
obtain

feedback
for

explicitly
requested

preferences.

A
single

pass
through

the
P
bR

L
cycle

is
often

perform
ed

in
a
batch

setting,
w
here

available
trajectories

and
preference

data
are

used
to

com
pute

a
policy

offl
ine.

2.5
R
elated

P
rob

lem
S
ettin

gs

P
reference-based

reinforcem
ent

learning
is

closely
related

to
severalother

learning
settings,

w
hich

w
e
w
illbriefly

discuss
in

this
section.
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C
.
W

irth
et

a
l

2.5.1
L
ea

r
n
in

g
w

it
h

A
d
v
ic

e

A
dvice-based

algorithm
s
(T

orrey
and

T
aylor,

2013;
K
nox

and
Stone,

2010,
2012;

G
riffi

th
et

al.,
2013)

differ
from

P
bR

L
in

that
the

(possibly
preference-based)

advice
is

given
in

addition
to

a
num

eric
rew

ard
signal.

H
ence,

the
m
ain

source
of

feedback
is

still
num

eric,
not

preference-based,
and

preferences
are

only
used

as
additional

constraints
for

speeding
up

the
learning

process.
In

addition,not
alladvice-taking

algorithm
s
use

preferences.
T
he

advice
can

also
be

defined
via

other
m
eans,such

as
rules

(M
aclin

et
al.,2005).

Faust
et

al.(2016)
assum

e
that

advice
is
only

given
in

term
s
ofattracting

and
repulsing

states,w
ithout

an
additionalrew

ard
signal.

Such
advice

is
sim

ilar
to

state
preferences,but

the
states

are
dem

onstrated
by

the
expert

and
not

evaluated
in

a
pairw

ise
m
anner.

2.5.2
O

r
d
in

a
l

F
eed

bac
k

P
bR

L
m
ethods

can
also

be
used

to
solve

related
problem

settings.
For

exam
ple,

dom
ains

w
ith

ordinal
feedback

signals
can

be
cast

as
preference

problem
s
by

deriving
pairw

ise
pref-

erences
from

the
ranking

of
the

ordinal
sym

bols.
H
ow

ever,
conversely,

trying
to

determ
ine

a
grading

for
the

ordinal
sym

bols
(W

eng,
2011)

is
not

feasible
if
only

pairw
ise

preferences
are

available.
D
anielet

al.(2014)
assum

e
a
num

eric
rating

oftrajectories.
A

num
eric

rating
also

im
plicitly

defines
a
ranking

w
hich

can
be

again
reduced

to
preferences.

W
hile

a
ranking

im
plicitly

contains
m
ore

inform
ation

than
a
binary

preference
it

is
not

clear
w
hether

this
additionalinform

ation
can

also
be

transm
itted

reliably
by

the
expert.

K
upcsik

et
al.(2015)

introduced
an

approach
that

can
use

preference
as

w
ellas

num
eric

feedback.
T
he

presented
experim

ents
indicate

that
m
ixing

preference
feedback

and
num

eric
feedback

queries
lead

to
a
better

perform
ance.

H
ow

ever,m
ore

experim
ents

w
ith

hum
an

subjects
are

needed
to

shed
light

on
the

question
of

how
to

com
bine

these
feedback

types.

2.5.3
In

v
er

se
R

ein
fo

rc
em

en
t

lea
r
n
in

g

In
inverse

reinforcem
ent

learning
(IR

L;
N
g
and

R
ussell

2000;
Zhifei

and
M
eng

Joo
2012),

the
goal

is
not

to
find

a
policy,

but
the

rew
ard

signal
that

explains
the

expert’s
behavior.

Stated
differently,IR

L
assum

es
that

the
expert

m
axim

izes
an

internalrew
ard

function
and

the
goalis

to
identify

this
function.

H
ow

ever,the
expert

m
ay

use
an

unknow
n,true

rew
ard

w
hich

cannot
be

reconstructed
as

it
m
ay

not
be

subject
to

the
M
arkov

property.
A
lthough,

it
is
usually

suffi
cient

to
find

a
rew

ard
function

that
produces

the
sam

e
output

in
each

state.
In

this
setting,the

trajectories
are

supplied
by

the
expert,not

by
the

algorithm
.
T
here

are
also

no
explicit

pairw
ise

preferences,yet
they

can
be

derived
based

on
im

plicit
assum

p-
tions.

In
the

IR
L
setting,the

dem
onstrated

sequences
can

be
assum

ed
to

be
preferred

over
allother

trajectories.
H
ence,the

rew
ard-based

utility
function

learning
approaches

m
ay

also
be

used
to

solve
IR

L
problem

s.
M
any

IR
L

approaches
are

based
on

preferences
that

are
defined

by
im

plicit
assum

ptions
and

can
be

applied
to

rew
ard-based

utility
P
bR

L
by

adapt-
ing

them
to

explicit
preferences

(see
Sec.3.2.3).

Such
im

plicit
preferences

are
also

used
by

K
nox

and
Stone

(2009),how
ever,the

approach
is
based

on
positive

(preferred)
and

negative
(dom

inated)
feedback.

A
ll
positively

evaluated
sequences

are
im

plicitly
preferred

over
all

negatively
evaluated

ones.
W

hile
m
ost

IR
L
settings

assum
e
optim

aldem
onstrations,a

few
m
ethods

(R
othkopfand

D
im

itrakakis,2011;Ziebart
et

al.,2008)
relax

this
assum

ption
and

allow
sub-optim

al
dem

onstrations,
based

on
a
param

etric
optim

ality
prior

like
a
softm

ax
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P
r
ef

er
en

ce
-B

a
se

d
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
S
u
rv

ey

fu
nc

ti
on

.
Fu

rt
he
rm

or
e,

as
al
l
tr
aj
ec
to
ri
es

ar
e
gi
ve
n
by

an
ex
pe

rt
,
IR

L
ap

pr
oa

ch
es

ar
e
no

t
ab

le
to

ob
ta
in

ne
w

fe
ed

ba
ck

fo
r
tr
aj
ec
to
ri
es

an
d,

he
nc

e,
ca
n
no

t
im

pr
ov
e
up

on
th
e
ex
pe

rt
de

m
on

st
ra
ti
on

s.

2.
5.

4
U

n
su

pe
rv

is
ed

L
ea

r
n
in

g

A
di
ffe

re
nt

lin
e
of

w
or
k
(M

eu
ni
er

et
al
.,

20
12

;
M
ay
eu

r
et

al
.,

20
14

)
us
es

pr
ef
er
en

ce
s
fo
r

le
ar
ni
ng

w
it
ho

ut
a
su
pe

rv
is
ed

fe
ed

ba
ck

si
gn

al
.
It

is
as
su
m
ed

th
at

th
e
pe

rf
or
m
an

ce
of

th
e

po
lic
y
de

gr
ad

es
ov
er

ti
m
e,

w
hi
ch

is
re
as
on

ab
le

in
so
m
e
do

m
ai
ns
.
T
he

y
ap

pl
y
th
ei
r
ap

pr
oa

ch
to

a
ro
bo

t
fo
llo

w
in
g
ta
sk
,
w
he

re
a
ro
bo

t
ne

ed
s
to

fo
llo

w
a
se
co
nd

ro
bo

t
ba

se
d
on

vi
su
al

in
fo
rm

at
io
n.

W
it
ho

ut
an

op
ti
m
al

po
lic

y,
th
e
pa

th
of

th
e
fo
llo

w
er

w
ill

de
vi
at
e
fr
om

th
e

le
ad

er
ov
er

ti
m
e.

T
he
re
fo
re
,s

ta
te
s
en

co
un

te
re
d
ea
rl
y
in

th
e
tr
aj
ec
to
ry

ar
e
as
su
m
ed

to
ha

ve
hi
gh

er
qu

al
it
y
th
an

la
te
rs

ta
te
s,
w
hi
ch

ag
ai
n
de

fin
es

an
im

pl
ic
it
pr
ef
er
en
ce
.
T
he

se
pr
ef
er
en

ce
s

ar
e
us
ed

to
le
ar
n
th
e
va
lu
e
fu
nc

ti
on

,w
hi
ch

in
du

ce
s
th
e
po

lic
y.

2.
5.

5
D

u
el

in
g

B
a
n
d
it

s

A
no

th
er

re
la
te
d
se
tt
in
g
is

th
e
du

el
in
g
ba
nd

it
(Y

ue
et

al
.,
20

12
),

w
hi
ch

us
es

pr
ef
er
en

ce
s
in

an
in
te
ra
ct
iv
e,

bu
t
no

n
se
qu

en
ti
al

pr
ob

le
m

se
tt
in
g.

Fe
ed

ba
ck

co
nc

er
ns

co
m
pa

ri
so
ns

of
ar
m
s

of
a
k-
ar
m
ed

ba
nd

it
.
H
ow

ev
er
,
P
bR

L
ca
n
be

ph
ra
se
d
as

a
du

el
in
g
ba

nd
it

pr
ob

le
m
,
w
he

n
us
in
g
po

lic
ie
s
as

ar
m
s.

B
us
a-
Fe

ke
te

et
al
.(

20
13
,2

01
4)

re
al
iz
ed

th
at

id
ea
,w

hi
ch

w
e
di
sc
us
s

in
Se

c.
3.
2.
1.

A
pp

ro
ac
he

s
th
at

le
ar
n
a
pr
ef
er
en

ce
m
od

el
fr
om

ac
ti
on

pr
ef
er
en

ce
s
al
so

sh
ar
e

si
m
ila

ri
ti
es

(c
f.

Se
c.

3.
2.
2)
.

E
ac
h
st
at
e
de

fin
es

a
ba

nd
it

w
it
h
th
e
ac
ti
on

s
as

ar
m
s,

bu
t
it

is
re
qu

ir
ed

to
op

ti
m
iz
e
ov
er

se
qu

en
ce
s
of

ba
nd

it
s.

Fu
rt
he

rm
or
e,

th
e
m
en
ti
on

ed
ap

pr
oa

ch
es

ex
te
nd

th
e
du

el
in
g
ba

nd
it

se
tt
in
g
by

ei
th
er

ge
ne
ra
liz

in
g
ov
er

m
ul
ti
pl
e
st
at
es

(b
an

di
ts
)
or

by
de

ri
vi
ng

(m
ul
ti
pl
e)

ac
ti
on

pr
ef
er
en

ce
s
fr
om

tr
aj
ec
to
ry

pr
ef
er
en

ce
s.

R
el
at
ed

to
du

el
in
g

ba
nd

it
s
is

th
e
us
e
of

tw
o-
po

in
t
fe
ed

ba
ck

fo
r
on

lin
e
co
nv

ex
op

ti
m
iz
at
io
n

(A
ga

rw
al

et
al
.,

20
10

;
Sh

am
ir
,
20

17
),

w
hi
ch

ha
s
re
ce
nt
ly

be
en

ex
te
nd

ed
to

st
ru
ct
ur
ed

pr
ed

ic
ti
on

pr
ob

le
m
s

(S
ok
ol
ov

et
al
.,
20

16
).

3.
D

es
ig

n
P

ri
n
ci

p
le

s
fo

r
P

b
R

L

P
re
fe
re
nc

e-
ba

se
d
re
in
fo
rc
em

en
t
le
ar
ni
ng

al
go

ri
th
m
s
ar
e
su
bj
ec
t
to

di
ffe

re
nt

de
si
gn

ch
oi
ce
s,

w
hi
ch

w
e
w
ill

re
vi
ew

in
th
is
se
ct
io
n.

F
ir
st
,w

e
co
ns
id
er

th
e
di
ffe

re
nt

ty
pe

s
of

pr
ef
er
en

ce
s,
i.e

.,
tr
aj
ec
to
ry
,
ac
ti
on

or
st
at
e
pr
ef
er
en

ce
s.

T
he

se
ty
pe

s
in
tr
od

uc
e
di
ffe

re
nt

le
ve
ls

of
co
m
pl
ex
it
y

fo
r
th
e
ex
pe

rt
an

d
al
go

ri
th
m

(S
ec
.
3.
1)
.

T
he

se
co
nd

de
si
gn

ch
oi
ce

is
ho

w
th
e
le
ar
ni
ng

pr
ob

le
m

is
ph

ra
se
d,

i.e
,
di
re
ct
ly

le
ar
ni
ng

a
po
lic

y,
le
ar
ni
ng

a
pr
ef
er
en
ce

re
la
ti
on

m
od
el

or
a
ut
ili
ty

fu
nc
ti
on

as
su
rr
og

at
e
(S
ec
.
3.
2)
.
T
he

le
ar
ne

d
re
pr
es
en
ta
ti
on

is
co
nn

ec
te
d
to

th
e

pr
ob

le
m

of
as
si
gn

in
g
pr
ef
er
en
ce
s
to

st
at
es

an
d
ac
ti
on

s,
gi
ve
n
a
de

la
ye
d
fe
ed

ba
ck

si
gn

al
.
W
e

ex
pl
ai
n
th
is

pr
ob

le
m

an
d
po

ss
ib
le

ap
pr
oa

ch
es

in
Se

c.
3.
3.

T
he

ne
xt

de
si
gn

pr
in
ci
pl
e
is

ho
w

to
co
lle
ct

ne
w

fe
ed

ba
ck
,i
.e
.,
ho

w
ne

w
tr
aj
ec
to
ri
es

ar
e
ge
ne

ra
te
d
an

d
se
le
ct
ed

to
ob

ta
in

ne
w

pr
ef
er
en

ce
s,

w
hi
ch

w
e
di
sc
us
s
in

Se
c.

3.
4.

H
av
in
g
ob

ta
in
ed

a
re
pr
es
en
ta
ti
on

,
w
e
ne

ed
to

de
ri
ve

an
op

ti
m
iz
ed

po
lic

y.
In

Se
c.

3.
5,

w
e
di
sc
us
s
di
ffe

re
nt

op
ti
m
iz
at
io
n
st
ra
te
gi
es

th
at

ca
n

be
us
ed

to
th
is

en
d.

Fu
rt
he

rm
or
e,

P
bR

L
al
go

ri
th
m
s
m
ay

em
pl
oy

di
ffe

re
nt

te
ch
ni
qu

es
fo
r

ca
pt
ur
in
g
th
e
tr
an

si
ti
on

dy
na

m
ic
s,

w
hi
ch

co
m
e
w
it
h
di
ffe

re
nt

as
su
m
pt
io
ns
,a

s
ex
pl
ai
ne

d
in

Se
c.

3.
6.

Se
c.

3.
7
sh
ow

s
a
ta
bu

la
r
ov
er
vi
ew

of
al
la

lg
or
it
hm

s.
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C
.
W

ir
th

et
a
l

3.
1
T
yp

es
of

Fe
ed

b
ac
k

T
he

re
ar
e
th
re
e
di
ffe

re
nt

ty
pe

s
of

pr
ef
er
en
ce

fe
ed

ba
ck

th
at

ca
n
be

fo
un

d
in

th
e
lit
er
at
ur
e,

ac
ti
on

,
st
at
e
an

d
tr
aj
ec
to
ry

pr
ef
er
en

ce
s.

T
he

m
os
t
im

po
rt
an

t
di
ffe

re
nc

e
of

th
e
pr
ef
er
en

ce
ty
pe

s
is

th
at

th
ey

im
po

se
di
ffe

re
nt

ch
al
le
ng

es
fo
r
th
e
ex
pe

rt
an

d
th
e
al
go

ri
th
m
.

3.
1.

1
A

c
t
io

n
P
r
ef

er
en

c
es

A
n
ac
ti
on

pr
ef
er
en
ce

co
m
pa

re
s
tw

o
ac
ti
on

s
fo
r
th
e
sa
m
e
st
at
e.

T
he

ac
ti
on

pr
ef
er
en
ce
a
i1
�
s

a
i2

ex
pr
es
se
s
th
at

in
st
at
e
s,

ac
ti
on

a
i1

sh
ou

ld
be

pr
ef
er
re
d
to
a
i2
.

W
e
ne

ed
to

di
st
in
gu

is
h
be

tw
ee
n
sh
or
t-
te
rm

op
ti
m
al
it
y
(e
.g
.
op

ti
m
al
,i
m
m
ed
ia
te

re
w
ar
d

in
te
rm

s
of

re
in
fo
rc
em

en
t
le
ar
ni
ng

)
an

d
lo
ng

-t
er
m

op
ti
m
al
it
y
(o
pt
im

al
,
ex
pe

ct
ed

re
tu
rn
).

K
no

x
an

d
St
on

e
(2
01

2)
an

d
T
ho

m
az

an
d
B
re
az
ea
l
(2
00
6)

an
al
yz
ed

th
is

pr
ob

le
m

in
an

ad
-

vi
ce

se
tt
in
g
an

d
ob

se
rv
ed

th
at

fe
ed

ba
ck

re
la
ti
ng

to
im

m
ed

ia
te

re
w
ar
ds

ar
e
di
ffi
cu

lt
to

us
e

an
d
fe
ed

ba
ck

co
nc

er
ni
ng

th
e
ex
pe

ct
ed

,
lo
ng

-t
er
m

re
tu
rn

sh
ou

ld
be

pr
ef
er
re
d.

T
hi
s
ob

se
r-

va
ti
on

ca
n
be

ex
pl
ai
ne

d
by

th
e
ar
gu

m
en
t
th
at

it
is

di
ffi
cu

lt
to

ag
gr
eg
at
e
sh
or
t-
te
rm

ac
ti
on

pr
ef
er
en

ce
s,
as

th
ey

ar
e
on

ly
va
lid

fo
r
a
gi
ve
n
st
at
e.

It
is
un

cl
ea
r
ho

w
th
e
sh
or
t-
te
rm

pr
ef
er
-

en
ce
s
re
la
te

to
lo
ng

-t
er
m

op
ti
m
al
it
y
as

w
e
ar
e
no

t
ab

le
to

tr
ad

e-
off

pr
ef
er
en

ce
s
fo
r
di
ffe

re
nt

st
at
es
.
A
ct
io
n
pr
ef
er
en
ce
s
ar
e
de

m
an

di
ng

fo
r
th
e
ex
pe

rt
,
sh
e
ne
ed

s
to

be
fa
m
ili
ar

w
it
h
th
e

ex
pe

ct
ed

lo
ng

-t
er
m

ou
tc
om

e.
C
om

pu
ta
ti
on

al
ly
,t
hi
s
pr
ob

le
m

is
fa
ir
ly

si
m
pl
e
as

it
is
su
ffi
ci
en
t

to
se
le
ct

th
e
m
os
t
pr
ef
er
re
d
ac
ti
on

in
ev
er
y
st
at
e,

w
hi
ch

al
re
ad

y
im

pl
ie
s
th
e
be

st
lo
ng

-t
er
m

ou
tc
om

e.
H
en

ce
,
on

ly
ge
ne

ra
liz

at
io
n
is
su
es

re
m
ai
n.

T
he

ac
ti
on

-p
re
fe
re
nc

e-
ba

se
d
ap

pr
oa

ch
of

F
ür
nk

ra
nz

et
al
.
(2
01

2)
al
so

us
es

lo
ng

-t
er
m

ac
ti
on

pr
ef
er
en
ce
s,

bu
t
no

t
co
nc

er
ni
ng

an
un

kn
ow

n,
op

ti
m
al

po
lic

y.
T
he

y
su
pp

ly
a
po

lic
y
fo
r
co
m
pu

ti
ng

th
e
lo
ng

te
rm

ex
pe

ct
at
io
n.

H
en

ce
,
th
e
ex
pe

rt
do

es
no

t
ne

ed
to

be
fa
m
ili
ar

w
it
h
th
e
ex
pe

ct
ed

,
op

ti
m
al

po
lic
y
bu

t
ca
n

co
ns
id
er

sa
m
pl
es

fr
om

th
e
pr
ov

id
ed

po
lic

y
fo
r
it
s
co
m
pa

ri
so
n.

3.
1.

2
S
ta

t
e

P
r
ef

er
en

c
es

A
st
at
e
pr
ef
er
en
ce

s i
1
�
s i

2
de

te
rm

in
es

th
at

st
at
e
s i

1
is

pr
ef
er
re
d

to
st
at
e
s i

2
.

A
st
at
e

pr
ef
er
en

ce
is

eq
ui
va
le
nt

to
sa
yi
ng

th
at

th
er
e
is

an
ac
ti
on

in
st
at
e
s i

1
th
at

is
pr
ef
er
re
d
to

al
l

ac
ti
on

s
av
ai
la
bl
e
in

st
at
e
s i

2
.

St
at
e
pr
ef
er
en

ce
s
ar
e
m
or
e
in
fo
rm

at
iv
e
th
an

ac
ti
on

pr
ef
er
en

ce
s
as

th
ey

de
fin

e
re
la
ti
on

s
be

tw
ee
n
pa

rt
s
of

th
e
gl
ob

al
st
at
e
sp
ac
e.

Y
et
,
th
ey

al
so

su
ffe

r
fr
om

th
e
lo
ng

-t
er
m
/s
ho

rt
-

te
rm

op
ti
m
al
it
y
pr
ob

le
m
.
Lo

ng
-t
er
m

st
at
e
pr
ef
er
en

ce
s
de

fin
e
a
cl
ea
rl
y
de

fin
ed

se
tt
in
g
as

it
is

su
ffi
ci
en
t
to

di
sc
ov
er

th
e
m
os
t
pr
ef
er
re
d
su
cc
es
so
r
st
at
e
fo
r
ea
ch

st
at
e
an

d
m
ax

im
iz
e
it
s

se
le
ct
io
n
pr
ob

ab
ili
ty
,
as

an
al
yz
ed

by
W

ir
th

an
d
F
ür
nk

ra
nz

(2
01
2,

20
15

).
Sh

or
t-
te
rm

st
at
e

pr
ef
er
en

ce
s
do

no
t
de

fin
e
a
tr
ad

e-
off

,b
ec
au

se
it
is
un

cl
ea
r
w
he

th
er

vi
si
ti
ng

an
un

do
m
in
at
ed

st
at
e
on

ce
sh
ou

ld
be

pr
ef
er
re
d
ov
er

vi
si
ti
ng

a
ra
re
ly

do
m
in
at
ed

st
at
e
m
ul
ti
pl
e
ti
m
es
.
Sh

or
t-

te
rm

st
at
e
pr
ef
er
en

ce
s
ar
e
us
ed

by
Zu

ck
er

et
al
.(
20

10
)
w
he
re

th
ey

tr
y
to

re
so
lv
e
th
e
tr
ad

e-
off

pr
ob

le
m

us
in
g
an

ap
pr
ox
im

at
ed

re
w
ar
d.

St
at
e
pr
ef
er
en

ce
s
ar
e
sl
ig
ht
ly

le
ss

de
m
an

di
ng

fo
r
th
e
ex
pe

rt
as

it
is

no
t
re
qu

ir
ed

to
co
m
pa

re
ac
ti
on

s
fo
r
a
gi
ve
n
st
at
e.

H
ow

ev
er
,
th
e
ex
pe

rt
st
ill

ne
ed

s
to

es
ti
m
at
e
th
e
fu
tu
re

ou
tc
om

e
of

th
e
po

lic
y
fo
r
a
gi
ve
n
st
at
e.

St
at
e
pr
ef
er
en
ce
s
do

no
t
di
re
ct
ly

im
pl
y
a
po

lic
y,

bu
t

it
ca
n
be

ea
si
ly

de
ri
ve
d
w
it
h
kn

ow
le
dg

e
of

th
e
tr
an

si
ti
on

m
od

el
,a

s
ex
pl
ai
ne

d
in

Se
c.

3.
2.
3.
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P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

3.1.3
T

r
a
jec

t
o
ry

P
r
efer

en
c
es

A
trajectory

preference
τ
i1 �

τ
i2

specifies
that

the
trajectory

τ
i1

should
be

preferred
over

the
dom

inated
trajectory

τ
i2 .

T
rajectory

preferences
are

the
m
ost

generalform
offeedback

and
the

m
ost

w
idely

used.
T
rajectory

preferences
are

arguably
the

least
dem

anding
preferences

type
for

the
expert

as
she

can
directly

evaluate
the

outcom
es

of
fulltrajectories.

T
rajectories

can
be

evaluated
in

term
s
of

the
resulting

behavior
(e.g.,

a
jerky

vs.
a
straight

m
ovem

ent
tow

ards
a
goal

state),or
by

considering
the

occurrences
of

states
that

are
know

n
to

be
good.

U
sually,the

goalis
to

keep
com

plexity
aw

ay
from

the
expert,rendering

trajectory
preferences

the
m
ost

com
m
on

approach.
Y
et,a

diffi
culty

w
ith

trajectory
preferences

is
that

the
algorithm

needs
to

determ
ine

w
hich

states
or

actions
are

responsible
for

the
encountered

preferences,w
hich

is
also

know
n
as

the
tem

poralcredit
assignm

ent
problem

.
T
his

assignm
ent

problem
is
particu-

larly
diffi

cult
ifnot

alltrajectories
are

starting
in

the
sam

e
state.

T
rajectories

w
ith

different
starting

states
are

solutions
to

different
initial

situations.
H
ence,

the
preference

could
be

attributed
to

the
initialsituation

or
the

applied
policy.

In
practice,no

algorithm
know

n
to

the
authors

is
capable

of
dealing

w
ith

preferences
betw

een
trajectories

w
ith

different
initial

states.
T
rajectory

preferences
are

the
m
ost

generalform
of

preference-based
feedback

because,
form

ally,allpreferences
can

be
m
apped

to
trajectory

preferences
w
hen

w
e
adm

it
trajectories

w
ith

only
a
single

elem
ent.

A
n
action

preference
a
i1 �

s
a
i2

is
equivalent

to
the

trajectory
preference

τ
i1 �

τ
i2 ,τ

i1
=
{
s,a

i1 },τ
i2

=
{s,a

i2 }.
T
he

case
of

a
state

preference
s
i1 �

s
i2

can
be

reform
ulated

as
indicated

above,
yielding

the
set

of
trajectory

preferences
{∀
a
i2
∈

A
(s
i2 )

:
(s
i1 ,π

∗(s
i1 ))�

(s
i2 ,a

i2 )}.

3.2
D
efi

n
in
g
th
e
L
earn

in
g
P
rob

lem

A
s
discussed

in
Sec.

2.4,
preferences

can
be

used
to

directly
learn

a
policy,

or
to

learn
a

qualitative
preference

m
odel

or
a
quantitative

utility
function,

both
of

w
hich

can
then

be
used

forderiving
a
policy.

In
the

follow
ing,w

e
w
illdiscuss

differentoptions
for

representing
a

policy,a
preference

m
odelora

utility
function,w

hich
have

been
used

in
various

algorithm
s
in

the
literature.

U
nless

required
otherw

ise,w
e
only

consider
the

loss
for

the
preferred

relation
�
,
as

explained
in

Sec.
2.2.

W
e
use

the
sym

bol
L
�

for
a
loss

that
is

only
valid

for
the
�

relation
to

differentiate
from

the
general,single

preference
loss

L
,introduced

in
Sec.2.3

3.2.1
L
ea

r
n
in

g
a

P
o
lic

y

D
irect

policy
learning

assum
es

a
param

etric
policy

space.
T
he

learning
task

is
to

find
a
param

etrization
that

m
axim

izes
the

correspondence
of

the
policies

w
ith

the
observed

preferences.
T
w
o
different

approaches
have

been
tried,nam

ely
to

induce
a
distribution

over
a
param

etric
policy

space
(W

ilson
et

al.,2012),or
to

com
pare

and
rank

policies
(B

usa-Fekete
et

al.,2013,2014).

A
p
p
roxim

atin
g
th
e
P
olicy

D
istrib

u
tion

.
W

ilson
et

al.(2012)
approxim

ate
the

policy
distribution

via
a
B
ayesian

likelihood
function

subject
to

the
preference-based

data
proba-

bility.
A

param
eterized

policy
space

π
(a
|
s,θ

)
is

used
for

defining
the

policy
distribution

P
r(π
|
ζ
).

A
lgorithm

1
show

s
how

to
collect

the
preferences.

T
he

basic
strategy

is
to

sam
-
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L
R
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C
.
W

irth
et

a
l

A
lgorith

m
1
P
olicy

Likelihood
R
equ

ire:
prior

P
r(π

),step
lim

it
k,sam

ple
lim

it
m
,iteration

lim
it
n

1:
ζ

=
∅

.
Start

w
ith

em
pty

preference
set

2:
for

i
=

0
to

n
d
o

3:
ζ̃

=
∅

.
C
lear

potentialpreference
queries

4:
for

j
=

0
to

m
d
o

5:
s∼

µ
(s)

.
D
raw

initialstate
s

6:
π

1 ,π
2 ∼

P
r(π
|
ζ
)

.
D
raw

tw
o
policies

from
posterior

7:
for

j
=

0
to

n
d
o

8:
τ
π
1

=
ro

llo
u
t

(s,π
1 ,k

)
.
C
reate

k-step
trajectory

using
policy

π
1

9:
τ
π
2

=
ro

llo
u
t

(s,π
2 ,k

)
.
C
reate

k-step
trajectory

using
policy

π
2

10:
ζ̃
←
ζ̃∪

(τ
π
1,τ

π
2)

.
A
dd

trajectory
pair

to
potentialpreference

queries
11:

en
d
for

12:
en

d
for

13:
(τ

1 ,τ
2 )

=
selec

t
Q

u
ery

(ζ̃
)

.
Select

a
preference

query
14:

ζ
←
ζ∪

o
bta

in
T

r
a
jec

t
o
ry

P
r
efer

en
c
es(τ

1 ,τ
2 )

.
Q
uery

expert
15:

en
d
for

16:
retu

rn
arg

m
ax

π
P

r(π
|
ζ
)

.
R
eturn

m
axim

um
-a-posterior

ple
tw

o
policies,described

by
a
param

eter
vector,from

the
posterior

distribution
P

r(π
|
ζ
)

induced
by

the
preferences.

E
ach

policy
pair

is
used

to
create

one
or

m
ore

trajectories,
defining

a
potential

preference
query

by
pairing

the
resulting

trajectories.
O
ne

of
m
ultiple

selection
criteria,

that
w
e
discuss

in
Sec.

3.4.3,
is

used
to

select
the

query
to

pose
to

the
expert.

V
ariants

of
the

criteria
also

depend
on

the
policy

that
created

the
trajectory

or
allow

to
stop

the
sam

pling
process

before
m

policy
pairs

are
created.

T
he

likelihood
P

r(π
|
ζ
)
is

m
odeled

by
com

paring
trajectories

τ
π
that

are
realized

by
a

policy
π

w
ith

the
preferred

and
dom

inated
trajectories

in
ζ.

T
he

likelihood
is

high
if
the

realized
trajectories

τ
π
of

the
policy

π
are

closer
to

preferred
trajectory,i.e.,

P
r(τ

1 �
τ

2 |
π

)
=

Φ

(
E

[d
(τ

1 ,τ
π
)]−

E
[d

(τ
2 ,τ

π
)]

√
2
σ
p

)
,

(4)

w
here

the
function

Φ
is
the

c.d.fofN
(0,1),w

hich
resem

bles
a
sigm

oidalsquashing
function.

T
he

param
eter

σ
p
accounts

for
feedback

noise
to

allow
the

expert
to

err.
T
he

function
d

is
a
distance

function
com

paring
tw

o
trajectories.

T
he

policy
distribution

is
then

given
by

applying
B
ayes

theorem
,i.e,

P
r(π
|
ζ
)∝

P
r(π

) ∏

i

P
r(τ

1 �
τ

2 |
π

),
(5)

and
the

posterior
is

approxim
ated

using
M
arkov

C
hain

M
onte

C
arlo

sim
ulation

(A
ndrieu

et
al.,

2003).
T
his

approach
requires

the
specification

of
a
m
eaningful

distance
function,

w
hich

is
hard

to
define

in
m
any

dom
ains

and
requires

a
large

am
ount

ofdom
ain

know
ledge.

W
ilson

et
al.(2012)

use
an

E
uclidean

distance
function.

Y
et,E

uclidean
distances

are
hard

to
use

in
m
any

dom
ains

such
as

those
w
ith

high-dim
ensionalcontinuous

state
spaces.

Fur-
therm

ore,
if
the

state
space

is
not

continuous
it

m
ay

be
hard

to
define

a
suitable

distance

12
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P
r
ef

er
en

ce
-B

a
se

d
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
S
u
rv

ey

A
lg
or
it
h
m

2
P
ol
ic
y
R
an

ki
ng

R
eq
u
ir
e:

ca
nd

id
at
e
po

lic
ie
s

Π
0
,s

te
p
lim

it
k
,s

am
pl
e
lim

it
m
,i
te
ra
ti
on

lim
it
n

1:
fo
r
i

=
0
to

n
d
o

2:
ζ

=
∅

3:
fo
r

0
to

m
d
o

4:
π

1
,π

2
=

se
le

c
t
P
o
li

c
ie

s(
Π
i,
ζ
)

.
Se

le
ct

po
lic

ie
s
to

co
m
pa

re
5:

s
∼
µ

(s
)

.
D
ra
w

in
it
ia
ls

ta
te
s

6:
τ
π
1

=
ro

ll
o
u
t

(s
,π

1
,k

)
.
C
re
at
e
k-
st
ep

tr
aj
ec
to
ry

us
in
g
po

lic
y
π
a

7:
τ
π
2

=
ro

ll
o
u
t

(s
,π

2
,k

)
.
C
re
at
e
k-
st
ep

tr
aj
ec
to
ry

us
in
g
po

lic
y
π

2

8:
ζ
←
ζ
∪

o
bt

a
in

T
r
a
je

c
t
o
ry

P
r
ef

er
en

c
es

(τ
π
1
,τ

π
2
)

.
Q
ue

ry
ex
pe

rt
9:

en
d
fo
r

10
:

Π
i+

1
=

E
D

P
S

(Π
i,
ζ
)

.
C
om

pu
te

ca
nd

id
at
e
po

lic
ie
s,

ba
se
d
on

pr
ef
er
en

ce
s

11
:
en

d
fo
r

12
:
re
tu
rn

ar
g

m
ax

π
∑

π
,π
′ ∈

Π
n
P
r(
π
�
π
′ )

.
R
et
ur
n
hi
gh

es
t
ra
nk

ed
po

lic
y

m
ea
su
re
d
.
T
he

de
fin

it
io
n
of

a
pa

ra
m
et
ri
c
po

lic
y
al
so

re
qu

ir
es

do
m
ai
n
kn

ow
le
dg

e,
al
th
ou

gh
go

od
pa

ra
m
et
ri
c
po

lic
y
re
pr
es
en
ta
ti
on

sa
re

kn
ow

n
fo
rm

an
y
do

m
ai
ns
,s
uc
h
as

ro
bo

ti
cs

(K
ob

er
et

al
.,
20

13
).

O
ft
en

,s
uc
h
po

lic
y
re
pr
es
en
ta
ti
on

s
re
du

ce
th
e
di
m
en

si
on

al
it
y
of

th
e
po

lic
y
an

d
th
er
ef
or
e
th
e
le
ar
ni
ng

co
m
pl
ex
it
y.

C
om

p
ar
in
g
an

d
R
an

ki
n
g
P
ol
ic
ie
s.

A
lt
er
na

ti
ve
ly
,w

e
ca
n
di
re
ct
ly

co
m
pa

re
tw

o
po

lic
ie
s

π
1
an

d
π

2
by

qu
er
yi
ng

th
e
ex
pe

rt
fo
r
di
ffe

re
nt

tr
aj
ec
to
ry

pa
ir
s
τ
π
1
an

d
τ
π
2
th
at

ha
ve

be
en

re
al
iz
ed

by
th
e
tw

o
po

lic
ie
s
(B

us
a-
Fe

ke
te

et
al
.,
20

13
,2

01
4)
.
T
he

m
et
ho

d
m
ai
nt
ai
ns

a
se
t
of

po
lic
ie
s

Π
i,
de

sc
ri
be

d
by

th
ei
r
pa

ra
m
et
er

ve
ct
or
s.

T
he

pr
ef
er
en

ce
se
t
ζ
is
us
ed

to
co
m
pu

te
a

ra
nk

in
g
ov
er

po
lic

ie
s,
as

sh
ow

n
in

A
lg
or
it
hm

2.
A

co
nfi

de
nc

e
bo

un
d
m
et
ho

d
th
at

w
e
di
sc
us
s

in
Se

c.
3.
4.
1
de
te
rm

in
es

w
hi
ch

po
lic

ie
s
to

se
le
ct

fo
r
ge
ne

ra
ti
ng

th
e
ne

xt
tr
aj
ec
to
ry

pa
ir

fo
r

w
hi
ch

a
pr
ef
er
en

ce
qu

er
y
is

po
se
d.

T
he

ou
tc
om

e
of

th
is
co
m
pa

ri
so
n
is
th
en

us
ed

to
co
m
pu

te
ne

w
po

lic
ie
s
th
at

ar
e
m
or
e
lik

el
y

to
re
al
iz
e
pr
ef
er
re
d
tr
aj
ec
to
ri
es
.
A

po
lic

y
π

1
is

pr
ef
er
re
d
ov
er

a
po

lic
y
π

2
if
th
e
ge
ne

ra
te
d

tr
aj
ec
to
ri
es
τ
π
1
ar
e
on

ex
pe

ct
at
io
n
pr
ef
er
re
d
ov
er

th
e
tr
aj
ec
to
ri
es
τ
π
2
re
al
iz
ed

by
th
e
se
co
nd

po
lic
y,

i.e
.,

P
r(
π

1
�
π

2
)
⇔

E τ
π
1
,τ
π
2
[ρ

(τ
π
1
�
τ
π
2
)]
.

(6
)

Fo
r
an

ob
se
rv
ed

se
t
of

pr
ef
er
en

ce
s
ζ
,t
he

ex
pe

ct
at
io
n
in

(6
)
ca
n
be

ap
pr
ox
im

at
ed

as

P
r(
π

1
�
π

2
)
≈

1 N

N ∑ i=
1

I(
τ
π
1
i
�
τ
π
2
i

).
(7
)

T
he

ob
je
ct
iv
e
is
to

fin
d
th
e
se
t
of

op
ti
m
al

po
lic

es
π
∗

=
ar

g
m

ax
π
∑

π
,π
′ ∈

Π
P
r(
π
�
π
′ )
.
In

co
nt
ra
st

to
W

ils
on

et
al
.(
20

12
),
no

di
st
an

ce
fu
nc

ti
on

is
re
qu

ir
ed

.
H
ow

ev
er
,p

re
fe
re
nc

es
ca
n

no
t
be

re
us
ed

as
w
e
ne

ed
to

ob
ta
in

ne
w

pr
ef
er
en

ce
s
fo
r
ea
ch

po
lic

y
pa

ir
an

d,
he

nc
e,

a
hi
gh

am
ou

nt
of

pr
ef
er
en

ce
si
sr

eq
ui
re
d.

B
us
a-
Fe

ke
te

et
al
.(
20

13
,2

01
4)

de
al

w
it
h
in
co
m
pa

ra
bi
lit
ie
s

an
d
in
di
ffe

re
nc

e
by

as
su
m
in
g

τ
i1
∼
τ
i2
⇔

ρ
(τ

i1
≺
τ
i2

)
=
ρ
(τ

i1
�
τ
i2

)
=

0
.5
.
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C
.
W

ir
th

et
a
l

A
lg
or
it
h
m

3
P
re
fe
re
nc

e-
ba

se
d
A
pp

ro
xi
m
at
e
P
ol
ic
y
It
er
at
io
n

R
eq
u
ir
e:

in
it
ia
lp

ol
ic
y
π

0
,i
te
ra
ti
on

lim
it
m
,s

ta
te

sa
m
pl
e
lim

it
k
,r
ol
lo
ut

lim
it
n

1:
fo
r
i

=
0
to

m
d
o

2:
fo
r

0
to

k
d
o

3:
s
∼
µ

(s
)

.
Sa

m
pl
e
k
st
at
es

pe
r
it
er
at
io
n

4:
Υ

=
∅,
ζ

=
∅

5:
fo
r
∀a
∈
A

(s
)
d
o

6:
fo
r

0
to

n
d
o

7:
Υ
←

Υ
∪

ro
ll

o
u
t

(s
,a
,π
i)

.
C
re
at
e
tr
aj
ec
to
ry
,s

ta
rt
in
g
w
it
h

(s
,a

)
8:

en
d
fo
r

9:
en

d
fo
r

10
:

ζ
←

o
bt

a
in

A
c
t
io

n
P
r
ef

er
en

c
es

(Υ
)

.
Q
ue

ry
ex
pe

rt
11
:

en
d
fo
r

12
:

C
π
i

=
c
o
m

pu
t
eP

r
ef

er
n
c
eM

o
d
el

(ζ
)

.
C
om

pu
te

th
e
pr
ef
er
en
ce

fu
nc
ti
on

C
13
:

π
i+

1
=

c
o
m

pu
t
eP

o
li

c
y

(C
π
i
)

.
C
om

pu
te

gr
ee
dy

po
lic

y
14
:
en

d
fo
r

15
:
re
tu
rn

im
pr
ov
ed

po
lic
y
π
m

T
he

op
ti
m
iz
at
io
n
it
se
lf
ca
n
be

pe
rf
or
m
ed

w
it
h
al
go

ri
th
m
s
si
m
ila

r
to

ev
ol
ut
io
na

ry
di
re
ct

po
lic

y
se
ar
ch

(E
D
P
S;

H
ei
dr
ic
h-
M
ei
sn
er

an
d
Ig
el

20
09

).
P
ol
ic
y
co
m
pa

ri
so
n
ap

pr
oa

ch
es

fo
l-

lo
w
in
g
th
e
id
ea
s
of

B
us
a-
Fe

ke
te

et
al
.(
20

13
,2

01
4)

ca
n
be

se
en

as
ca
se
s
of

pr
ef
er
en
ce
-b
as
ed

m
ul
ti
-a
rm

ed
ba

nd
it

op
ti
m
iz
at
io
n,

w
he

re
ea
ch

ar
m

re
pr
es
en
ts

on
e
po

lic
y.

Fo
r
a
su
rv
ey

of
su
ch

pr
ef
er
en

ce
-b
as
ed

ba
nd

it
m
et
ho

ds
,w

e
re
fe
r
to

B
us
a-
Fe

ke
te

an
d
H
ül
le
rm

ei
er

(2
01

4)
.

3.
2.

2
L
ea

r
n
in

g
a

P
r
ef

er
en

c
e

M
o
d
el

In
st
ea
d
of

di
re
ct
ly

le
ar
ni
ng

a
po

lic
y,

on
e
ca
n
al
so

tr
y
to

le
ar
n
a
m
od

el
C

(a
�
a
′
|s

)
th
at

pr
ed

ic
ts

th
e
ex
pe

ct
ed

pr
ef
er
en

ce
re
la
ti
on

be
tw

ee
n
a
an

d
a
′ f
or

a
gi
ve
n
st
at
e
s.

T
he

pr
ef
er
en

ce
re
la
ti
on

be
tw

ee
n
ac
ti
on

s
ca
n
be

us
ed

to
ob

ta
in

a
ra
nk

in
g
fo
r
ac
ti
on

s
gi
ve
n
a
st
at
e,
fr
om

w
hi
ch

a
po

lic
y
ca
n
be

de
ri
ve
d
in

tu
rn
.
T
he

pr
ob

le
m

of
le
ar
ni
ng

C
(a
�
a
′
|s

)
ca
n
be

ph
ra
se
d
as

a
cl
as
si
fic

at
io
n
pr
ob

le
m

tr
yi
ng

to
co
rr
ec
tl
y
pr
ed
ic
t
al
l
ob

se
rv
ed

pr
ef
er
en

ce
s.

A
s
sh
ow

n
in

A
lg
or
it
hm

3,
pr
ef
er
en
ce
-b
as
ed

ap
pr
ox
im

at
e
po
lic

y
it
er
at
io
n
ob

ta
in
s
m
ul
ti
pl
e
tr
aj
ec
to
ri
es

fo
r

ea
ch

ac
ti
on

in
k
sa
m
pl
ed

st
at
es

(F
ür
nk

ra
nz

et
al
.,
20

12
).

T
hi
sa

llo
w
st

o
de

ri
ve

m
ul
ti
pl
e
ac
ti
on

pr
ef
er
en

ce
s
by

co
m
pa

ri
ng

tr
aj
ec
to
ri
es
,
ba

se
d
on

th
e
in
it
ia
l
ac
ti
on

s.
A
ct
io
n
pr
ef
er
en

ce
s
ar
e

di
re
ct
ly

us
ed

as
tr
ai
ni
ng

da
ta
{s
i,
a
i1
}
�
{s
i,
a
i2
}
⇔

(a
i1
�
a
i2
|s

i)
fo
r
C
.
Fr
om

th
es
e,

a
se
pa

ra
te

cl
as
si
fie

r
C
ij

(s
)
is

tr
ai
ne

d,
w
hi
ch

pr
ed

ic
ts

w
he

th
er
a
i
�
a
j
w
ill

ho
ld

in
a
st
at
e
s.

Fo
rd

er
iv
in
g
a
ra
nk

in
g
ov
er

al
la

ct
io
ns

in
a
gi
ve
n
st
at
e,
th
e
pa

ir
w
is
e
pr
ef
er
en
ce

pr
ed
ic
ti
on

s
of

th
e
tr
ai
ne

d
cl
as
si
fie

rs
C
ij

m
ay

be
co
m
bi
ne

d
vi
a
vo

ti
ng

or
w
ei
gh

te
d
vo
ti
ng

(H
ül
le
rm

ei
er

et
al
.,
20

08
),
w
he

re
ea
ch

pr
ed

ic
ti
on

is
su
es

a
vo
te

fo
r
it
s
pr
ef
er
re
d
ac
ti
on

.
T
he

re
su
lt
in
g
co
un

t
k
(s
,a

)
fo
r
ea
ch

ac
ti
on

a
in

st
at
e
s

k
(s
,a

)
=

∑

∀a
i
∈A

(s
),
a
j
6=
a

C
(a
i
�
a
j
|s

)
=

∑

∀a
i
∈A

(s
),
a
j
6=
a

C
ij

(s
)

(8
)
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P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

correlates
w
ith

ρ
(

(s,a
i )�

(s,a
j )

)
if
the

classifiers
C

approxim
ate

ρ
w
ell.

H
ence,

w
e
can

derive
a
policy

π
∗(a
|
s)

=

{
1

if
a

=
arg

m
ax

a ′k
(s,a ′)

0
else

,

that
m
axim

izes
the

realization
probability

for
the

m
ost

preferred
action,satisfying

(2).
W

irth
and

F
ürnkranz

(2013a,b)
also

use
action

preferences
in

a
sim

ilar
w
ay.

H
ow

ever,
they

treat
C

as
a
continuous

function,returning
a
w
eighted

vote
for

each
action

instead
of

a
binary

vote.
H
ence,

k
(s,a

)
now

also
contains

the
uncertainty

ofthe
estim

ated
preference,

w
hich

allow
s
for

m
ore

effi
cient

exploration.
In

this
case,

the
function

C
is

defined
by

a
tabular

representation
w
ith

a
single

value
for

each
state/action/action

triplet,and
updated

using
a
gradient-based

m
ethod.

F
ürnkranz

et
al.

(2012)
use

a
neural

netw
ork

(B
ishop,

1995)
that

is
retrained

com
pletely

in
every

iteration,allow
ing

for
generalization

at
the

cost
of

potentialapproxim
ation

errors.

3.2.3
L
ea

r
n
in

g
a

U
t
ilit

y
F
u
n
c
t
io

n

U
tility-based

approaches
estim

ate
a
surrogate

utility
U

(τ
)
for

a
given

trajectory.
In

m
any

cases,
this

trajectory
utility

can
be

decom
posed

into
state-action

utilities
U

(s,a
),

i.e,
U

(τ
)

=
∑

t U
(s
t ,a

t ).
N
ote

that
this

surrogate
function

is
not

directly
com

parable
to

an
approxim

ated
rew

ard
or

return
function

because
it

m
ay

be
subject

to
concept

drift
if
the

estim
ate

of
the

expert’s
optim

ality
criterion

can
change

over
tim

e.
A
s
in

the
IR

L
case,the

expert
m
ay

derive
the

preferences
from

an
unknow

n,
true

rew
ard

w
hich

cannot
be

recon-
structed

as
it

m
ay

not
be

subject
to

the
M
arkov

property.
H
ow

ever,in
the

P
bR

L
case

it
is

suffi
cient

to
find

a
rew

ard
function

that
induces

the
sam

e,optim
alpolicy

as
the

true
rew

ard
function.

C
onsequently,w

e
callthis

function
a
utility

function
to

distinguish
it
from

a
fixed

rew
ard

function
2.

G
iven

the
surrogate

utility,
the

policy
should

then
m
axim

ize
the

expected
trajectory

utility
π
∗

=
m

ax
π

E
P

r
π

(τ
) [U

(τ
)],

(9)

w
hich

is
com

parable
to

the
expected

return
in

classic
reinforcem

entlearning.
B
esides

explor-
ing

the
policy

space,as
in

classic
reinforcem

ent
learning,w

e
also

need
to

explore
the

utility
space

in
preference-based

R
L

algorithm
s.

E
stim

ating
a
utility

function
has

the
advantage

that
w
e
can

evaluate
new

trajectories
w
ithout

asking
the

expert
for

explicit
feedback.

Y
et,

utility
function

approaches
m
ay

suffer
from

the
approxim

ation
errors

induced
by

the
esti-

m
ated

utility
function.

A
com

m
on

utility-based
approach

is
to

assum
e
a
scalar

utility
for

the
trajectories,i.e.,

τ
i1 �

τ
i2 ⇔

U
(τ

i1 )
>
U

(τ
i2 ).

A
scalar

utility
function

alw
ays

exists
provided

that
there

are
no

incom
parable

trajectory
pairs

(von
N
eum

ann
and

M
orgenstern,1944).

A
lgorithm

4
sum

m
arizes

a
generalprocess

ofutility-based
P
bR

L,w
hich

form
s
the

basis
of

a
variety

of
different

realizations.
P
reference

queries
are

generated
by

sam
pling

one
or

2.
T
he

definition
of

a
utility

function
m
ay

differ
from

the
functions

encountered
in

utility
theory,

but
is

inline
w
ith

existing
P
bR

L
approaches

and
the

preference
learning

literature.
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C
.
W

irth
et

a
l

A
lgorith

m
4
U
tility-based

P
bR

L
R
equ

ire:
initialpolicy

π
0 ,iteration

lim
it
m
,state

sam
ple

lim
it
k,rollout

lim
it
n

1:
ζ

=
∅

2:
for

i
=

0
to

m
d
o

3:
Υ

=
∅

4:
for

0
to

k
d
o

5:
s∼

µ
(s)

.
Sam

ple
k
states

per
iteration

6:
for

0
to

n
d
o

7:
Υ
←

Υ
∪

ro
llo

u
t

(s,π
i )

.
C
reate

trajectory,starting
w
ith

state
s

8:
en

d
for

9:
en

d
for

10:
(τ

1 ,τ
2 )

=
c
r
eat

eQ
u
ery

(Υ
)

.
C
reate

a
preference

query
11:

ζ
←
ζ∪

o
bta

in
T

r
a
jec

t
o
ry

P
r
efer

en
c
es(τ

1 ,τ
2 )

.
Q
uery

expert
12:

U
π
i

=
c
o
m

pu
t
eU

t
ilit

y
F
u
n
c
t
io

n
(ζ

)
.
C
om

pute
the

utility
function

13:
π
i+

1
=

c
o
m

pu
t
eP

o
lic

y
(U

π
i)

.
C
om

pute
a
policy

14:
en

d
for

15:
retu

rn
im

proved
policy

π
m

m
ore

trajectories
from

a
policy

and
derive

queries
by

exhaustive
or

selective
com

parison
(cf.Sec.3.4.1

&
3.4.2).

T
he

preferences
are

then
used

to
com

pute
a
utility

function
(Fried-

m
an

and
Savage,

1952)
w
hich,

in
turn,

can
be

used
to

optim
ize

policies
according

to
the

expected
utility.

D
ifferent

learning
algorithm

s
can

be
used

for
m
odeling

the
utility

function.
In

the
follow

ing,w
e
prim

arily
discrim

inate
betw

een
linear

and
non-linear

utility
m
odels.

L
in
ear

u
tility

fu
n
ction

s.
T
he

m
ost

com
m
on

approach
is

to
use

utility
functions

that
are

linear
in

a
feature

vector.
W
e
m
ay

use
state

action
features

ϕ
(s,a

)
resulting

in
a
utility

U
(s,a

)
=
θ
T
ϕ

(s,a
),or

trajectory
features

ψ
(τ

)
yielding

U
(τ

)
=
θ
T
ψ

(τ
).

In
order

to
find

such
a
linear

utility
function,w

e
can

define
a
loss

function
L
w
hich

is
given

by
the

(w
eighted)

sum
of

the
pairw

ise
disagreem

ent
loss

L
,i.e.,

L
(θ
,ζ

)
=

|ζ|
∑i=

1

α
i L

(θ
,ζ
i ),

(10)

as
described

in
Sec.2.3.

U
sing

the
linearity

ofthe
utility

function,w
e
can

define
the

utility
difference

d
(θ
,ζ
i )

=
θ
T

(ψ
(τ

i1 )−
ψ

(τ
i2 ))

(11)

for
tw

o
trajectories.

D
ifferent

definitions
ofthe

pairw
ise

disagreem
ent

loss
L

(θ
,ζ
i )
have

been
used

in
the

literature
and

m
ost

of
them

use
the

utility
difference.

A
n
intuitive

loss
directly

correlating
w
ith

the
obtained

binary
feedback

is
the

indicator
loss

L
�

(θ
,ζ
i )

=
I
(d

(θ
,ζ
i )≤

ε)
,

(12)

w
hich

states
that

the
utility

difference
has

to
be

alw
ays

larger
then

ε,as
used

by
Sugiyam

a
et

al.
(2012).

H
ow

ever,
such

a
binary

loss
function

is
typically

diffi
cult

to
optim

ize
and

there
is
no

notion
ofpreference

violation
(or

fulfillm
ent)

for
trading

off
m
ultiple

preferences.
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P
r
ef

er
en

ce
-B

a
se

d
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
S
u
rv

ey

N
am

e
Lo

ss
E
qu

at
io
n

R
ef
er
en

ce

ra
nk

in
g
SV

M
L
�

(θ
,ζ
i)

=
m

ax
(0
,1
−
d
(θ
,ζ
i)

)

A
kr
ou

r
et

al
.(

20
11
,2

01
2)

Zu
ck
er

et
al
.(
20
10
)

W
ir
th

an
d
F
ür
nk

ra
nz

(2
01
2,

20
15
)

R
un

ar
ss
on

an
d
Lu

ca
s
(2
01
2,

20
14
)

IR
L

L
�

(θ
,ζ
i)

=
c(
d
(θ
,ζ
i)

)

c(
x

)
=

{
−

2x
if
x
≤

0

−
x

ot
h
er
w
is
e

W
ir
th

et
al
.(
20
16
)

cu
m
ul
at
iv
e

p
θ
(ζ
i)

=
Φ

(
d
(θ
,ζ
i
)

√
(2

)σ
p

)
K
up

cs
ik

et
al
.(

20
15
)

si
gm

oi
d

p
si

g
θ
(ζ
i)

=
1

1
+

ex
p

(−
m
·d

(θ
,ζ
i
))

C
hr
is
ti
an

o
et

al
.(
20
17
)

0/
1

p
01

θ
(ζ
i)

=
I(
d
(θ
,ζ
i)
<

0
)

Su
gi
ya
m
a
et

al
.(
20
12
)

co
m
bi
ne

d
p
θ
(ζ
i)

=
|ζ
|−

1
|ζ
|
p
01

θ
(ζ
i)

+
1 |ζ
|p

si
g
θ
(ζ
i)

W
ir
th

et
al
.(
20
16
)

in
te
gr
at
ed

pi
ec
ew

is
e

p
θ
(ζ
i)

=
∫ ε

m
ax

0
c(
d
(θ
,ζ
i)
,ε

)

c(
x
,ε

)
=

    

0
if
x
<
−
ε

1
if
x
>
ε

ε+
x

2
ε

el
se
,

A
kr
ou

r
et

al
.(

20
13
,2

01
4)

T
ab

le
1:

Lo
ss

fu
nc

ti
on

s
fo
r
lin

ea
r
ut
ili
ty

fu
nc

ti
on

s

T
he

re
fo
re
,
co
nt
in
uo

us
lo
ss

fu
nc

ti
on

s
ar
e
m
or
e
of
te
n

us
ed

.
A

nu
m
be

r
of

co
nt
in
uo

us
lo
ss

fu
nc

ti
on

s
ha

ve
be

en
pr
op

os
ed

in
th
e
lit
er
at
ur
e.

T
bl
.
1
sh
ow

s
a
su
m
m
ar
y
of

lo
ss

fu
nc
ti
on

s
an

d
lik

el
ih
oo

d
fu
nc

ti
on

s
th
at

ca
n
be

fo
un

d
in

th
e
lit
er
at
ur
e.

A
ll

th
es
e
ap

pr
oa

ch
es

tr
y

to
fin

d
a
go

od
tr
ad

e-
off

be
tw

ee
n

po
te
nt
ia
lly

vi
ol
at
in
g
pr
ef
er
en

ce
s
an

d
op

ti
m
iz
in
g
th
e
ut
ili
ty

di
ffe

re
nc

e
of

pr
ef
er
re
d
tr
aj
ec
to
ri
es
.
So

m
e

al
go

ri
th
m
s
(A

kr
ou

r
et

al
.,
20
11

,2
01

2;
Zu

ck
er

et
al
.,
20

10
;W

ir
th

an
d
F
ür
nk

ra
nz

,2
01

2,
20

15
;

R
un

ar
ss
on

an
d
Lu

ca
s,

20
12

,2
01

4)
de

fin
e
th
e
lo
ss

fu
nc

ti
on

L
�

(θ
,ζ
i)

as
hi
ng

e
lo
ss

(F
ig
.2

a)
th
at

ca
n
be

op
ti
m
iz
ed

us
in
g
SV

M
ra
nk

in
g
al
go

ri
th
m
s
(J
oa

ch
im

s,
20

02
;H

er
br
ic
h
et

al
.,
19

99
),

ot
he

rs
(W

ir
th

et
al
.,
20

16
)
as

a
pi
ec
ew

is
e
lin

ea
r
lo
ss

fu
nc

ti
on

(F
ig
.
2b

)
in
sp
ir
ed

by
in
ve
rs
e

re
in
fo
rc
em

en
t
le
ar
ni
ng

al
go

ri
th
m
s
(N

g
an

d
R
us
se
ll,

20
00

).
O
th
er

al
go

ri
th
m
s
us
e
si
gm

oi
da

l
lo
ss

fu
nc

ti
on

s
to

sa
tu
ra
te

th
e
eff

ec
t
of

a
hi
gh

ut
ili
ty

di
ffe

re
nc

es
,i
n
or
de

rt
o
ov
er
co
m
e
th
e
lim

it
at
io
ns

of
a
lin

ea
rl
os
s.

Su
ch

si
gm

oi
da

ll
os
s
fu
nc

ti
on

s
ar
e
of
te
n
m
od

el
ed

as
lik

el
ih
oo

d
fu
nc

ti
on

s
p
θ
(ζ
i)

fo
r
th
e
pr
ef
er
en

ce
s.

In
th
is
ca
se
,w

e
ha

ve
to

op
ti
m
iz
e
th
e
lo
g
lik

el
ih
oo

d,
i.e

.,

L(
θ
,ζ

)
=
−

lo
g

|ζ
|

∏ i=
1

p
θ
(ζ
i)

=
−
|ζ
|

∑ i=
1

lo
g

(p
θ
(ζ
i)

)
=

|ζ
|

∑ i=
1

L(
θ
,ζ
i)
,

w
it
h
L(
θ
,ζ

)
=
−

lo
g

(p
θ
(ζ
i)

).
M
os
t
al
go

ri
th
m
s
(A

kr
ou

r
et

al
.,

20
14

;
W

ir
th

et
al
.,

20
16

;
K
up

cs
ik

et
al
.,

20
15

)
do

no
t
di
re
ct
ly

m
ax

im
iz
e
th
e
lik

el
ih
oo

d,
bu

t
ob

ta
in

th
e
po

st
er
io
r
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C
.
W

ir
th

et
a
l

d
(θ
,ζ
i)

loss

(a
)
hi
ng

e

d
(θ
,ζ
i)

loss

(b
)
IR

L

F
ig
ur
e
2:

Sh
ap

e
of

lo
ss

fu
nc
ti
on

s

d
(θ
,ζ
i)

likelihood (a
)
cu
m
.
lik

el
ih
oo

d

d
(θ
,ζ
i)

likelihood

(b
)
si
gm

oi
d
lik

el
ih
oo

d

d
(θ
,ζ
i)

likelihood

(c
)
in
t.

pi
ec
ew

is
e
lik

el
.

d
(θ
,ζ
i)

likelihood (d
)
0/
1
lik

el
ih
oo

d

d
(θ
,ζ
i)

likelihood

(e
)
co
m
b.

lik
el
ih
oo

d

d
(θ
,ζ
i)

loss (f
)
cu
m
.
lo
g
lo
ss

d
(θ
,ζ
i)

loss

(g
)
co
m
bi
ne
d
lo
g
lo
ss

F
ig
ur
e
3:

Sh
ap

e
of

lik
el
ih
oo

d
fu
nc

ti
on

s
an

d
th
e
ac
co
rd
in
g
ne
ga

ti
ve

lo
g
lik

el
ih
oo

d

di
st
ri
bu

ti
on

P
r(
θ
|ζ

)
∝

P
r(
θ

)
∏ i

p
θ
(ζ
i)
.

(1
3)

T
he

ex
pe

ct
ed

ut
ili
ty

of
a
ne

w
tr
aj
ec
to
ry

is
th
en

ob
ta
in
ed

by
co
m
pu

ti
ng

th
e
ex
pe

ct
at
io
n
ov
er

th
e
po

st
er
io
r.

T
he

po
st
er
io
r
is

co
m
pu

te
d
us
in
g
M
C
M
C

(A
nd

ri
eu

et
al
.,
20

03
)
by

A
kr
ou

r
et

al
.
(2
01

4)
an

d
W

ir
th

et
al
.
(2
01

6)
,
w
he

re
as

th
e
la
tt
er

us
es

el
lip

ti
c
sl
ic
e
sa
m
pl
in
g
(E

LS
;

M
ur
ra
y
et

al
.
20

10
).

T
he

se
pr
oc
ed
ur
es

ar
e
sa
m
pl
in
g
ba

se
d
an

d
ca
n
on

ly
ob

ta
in

a
co
st
ly

ap
pr
ox
im

at
io
n
of

th
e
po

st
er
io
r.

T
he

ut
ili
ty

fu
nc

ti
on

’s
po

st
er
io
r
is
al
so

co
m
pu

te
d
by

K
up

cs
ik

et
al
.(
20

15
),
bu

t
us
in
g
m
or
e
effi

ci
en
t
co
nv
ex

op
ti
m
iz
at
io
n.

W
ir
th

et
al
.(
20

16
)
al
so

co
m
pa

re
w
it
h
a
di
re
ct

m
ax

im
iz
at
io
n
of

th
e
lik

el
ih
oo

d.
T
he

di
re
ct

m
ax

im
um

lik
el
ih
oo

d
ap

pr
oa

ch
is

m
or
e
op

ti
m
is
ti
c
in

th
e
se
ns
e
th
at

it
di
sr
eg
ar
ds

th
e
un

ce
rt
ai
nt
y.

T
he

on
ly

ap
pr
oa
ch

th
at

do
es

no
t
us
e
an

ex
pl
ic
it
co
st

fu
nc
ti
on

fo
r
ob

ta
in
in
g
th
e
ut
ili
ty

is
by

Ja
in

et
al
.(
20

13
,2

01
5)
.
It

us
es

th
e
pr
ef
er
en

ce
s
to

co
m
pu

te
a
gr
ad

ie
nt

fo
r
th
e
pa

ra
m
et
er

ve
ct
or

of
th
e
ut
ili
ty

fu
nc

ti
on

,
i.e

.,
θ
k
+

1
=
θ
k

+
α
( ψ

(τ
k
1
)
−
ψ

(τ
k
2
))
,
w
he

re
α

is
a
st
ep

-

18
JM

L
R

 1
8(

13
6)

:1
-4

6,
 2

01
7



P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

size.
In

this
case,

the
param

eter
vector

is
updated

such
that

it
is

correlated
w
ith

the
feature

vector
of

the
preferred

trajectory.
Such

a
gradient

can
be

m
apped

to
the

sim
ple

loss
function

L
(θ
,ζ
i )

=
−
d
(θ
,ζ
i ).

In
general,

it
is

unclear
how

the
aggregated

utility
loss

L
(θ
,ζ

)
is

related
to

the
policy

loss
L

(π
,ζ

)
(see

Sec.
2.3),

as
the

policy
is

subject
to

the
system

dynam
ics

w
hereas

the
utility

is
not.

N
evertheless,it

is
assum

ed
that

m
axim

izing
the

expected
utility

(9)
yields

m
ore

preferred
trajectories.

N
on

-L
in
ear

U
tility

Fu
n
ction

s.
Few

approaches
allow

the
use

ofnon-linear
utility

func-
tions.

T
he

utility
feature

space
is

usually
assum

ed
to

be
defined

in
advance,

shifting
the

problem
to

the
user.

H
ow

ever,defining
such

a
feature

space
usually

requires
expert

know
l-

edge.
M
ethods

that
can

use
non-linear

utilities
are

easier
to

apply
but

m
ay

require
a
higher

am
ount

ofpreferences
or

trajectory
sam

ples,because
the

learning
problem

is
m
ore

com
plex.

G
ritsenko

and
B
erenson

(2014)
convert

the
preferences

into
a
ranking

and
do

not
operate

directly
on

the
preference

level.
Instead,

their
algorithm

tries
to

learn
a
utility

distance
d
(U
,ζ
i ),w

hich
m
odels

the
rank

difference
k
i
of

a
trajectory

pair
τ
i1

and
τ
i1 ,i.e.,

L
�

(U
,ζ
i )

=
‖
d
(U
,ζ
i )−

k
i ‖

2 ,
(14)

T
his

loss
function

can
be

m
inim

ized
by

any
regression

algorithm
.
For

exam
ple,

G
ritsenko

and
B
erenson

(2014)
use

M
5’(W

ang
and

W
itten,1997).

T
he

rank
values

are
subject

to
a
som

ew
hat

arbitrary
scale

(e.g.,the
difference

betw
een

m
ispredictions

ofneighboring
ranks

is
alw

ays
the

sam
e).

A
s
an

alternative,the
rank

values
can

be
encoded

as
classes

instead
ofnum

eric
values

(G
ritsenko

and
B
erenson,2014).

Such
a

m
ulti-class

problem
can

be
learned

by
any

conventional
classification

algorithm
,
G
ritsenko

and
B
erenson

(2014)
use

C
4.5

(Q
uinlan,

1993).
T
he

classification
m
odel

is
again

used
as

the
utility

function
w
here

the
class

is
used

as
utility

value.
T
he

m
ulti-class

loss
can

not
be

directly
m
apped

to
a
preference

loss
L
�

(θ
,ζ
i )

as
the

classification
problem

is
discrete

and
disregards

the
rank

or
utility

difference.
C
hristiano

et
al.

(2017)
use

deep
neural

netw
orks

for
approxim

ating
a
non-linear

util-
ity

function.
T
hey

directly
m
inim

ize
the

negative
log

likelihood
−
∑

Ni=
1

lo
g

(p
θ
(ζ
i ))

w
ith

a
sigm

oid
likelihood

function.
T
he

utility
function

is
not

linear
in

the
features,

but
con-

vex.
H
ence,

it
is

possible
to

com
pute

a
gradient

for
the

param
eters

θ
and

use
com

m
on

backpropagation
techniques

for
m
inim

izing
the

loss.
W

irth
et

al.(2016)
and

K
upcsik

et
al.(2015)

also
allow

for
non-linear

utility
functions

by
using

kernel-based
feature

spaces.
W

hile
the

likelihood
function

is
linear

in
the

resulting,
infinite

feature
space,the

effective
feature

space
depends

non-linearly
on

the
used

sam
ples.

W
irth

et
al.

(2016)
use

G
aussian

kernel
functions

w
hereas

K
upcsik

et
al.

(2015)
em

ploy
G
aussian

process
preference

learning
(C

hu
and

G
hahram

ani,2005).
In

case
the

utility
function

should
be

applicable
to

states
or

state/action
pairs,

the
linearity

of
the

M
D
P
s
rew

ard
has

to
be

considered
(W

irth
et

al.,
2016).

H
ence,

the
utility

m
ust

be
linear

over
the

state/action
pairs

w
ithin

a
trajectory

and
non-linearity

has
to

be
achieved

by
m
apping

the
state/action

features
itself,as

w
e
w
illdiscuss

in
Sec.3.3.3.

3.3
T
h
e
T
em

p
oral

C
red

it
A
ssign

m
ent

P
rob

lem

A
s
in

all
sequence

learning
problem

s,
a
key

problem
is

that
it

is
usually

not
know

n
w
hich

states
or

actions
are

responsible
for

the
obtained

preference.
T
his

tem
poralcreditassignm

ent
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C
.
W

irth
et

a
l

problem
is

com
parable

to
the

delayed
rew

ard
problem

in
classic

reinforcem
ent

learning.
It

is
possible

to
circum

vent
it
by

directly
estim

ating
a
policy’s

return
in

order
to

approxim
ate

the
policy

value.
M
ethods

that
provide

explicit
solutions

to
the

credit
assignm

ent
typically

com
e
w
ith

the
advantage

that
standard,

rew
ard-based

R
L
m
ethods

can
be

em
ployed.

Y
et,

if
w
e
try

to
solve

the
credit

assignm
ent

problem
explicitly,

w
e
also

require
the

expert
to

com
ply

w
ith

the
M
arkov

property.
T
his

assum
ption

can
easily

be
violated

if
w
e
do

not
use

a
full

state
representation,

i.e.,
if
the

expert
has

m
ore

know
ledge

about
the

state
than

the
policy.

D
epending

on
how

the
considered

algorithm
solves

the
credit

assignm
ent

problem
,

different
types

of
utility

functions
or

preferences
can

be
inferred,

w
hich

w
e
w
ill

discuss
in

the
next

subsections.

3.3.1
V
a
lu

e-ba
sed

U
t
ilit

y

V
alue-based

utility
functionsestim

ate
the

expected
long-term

utility
fora

given
state,sim

ilar
to

a
value

function
in

reinforcem
ent

learning.
W

irth
and

F
ürnkranz

(2012,2015);R
unarsson

and
Lucas

(2012,2014)
use

state-preferences
s
i1 �

s
i2 ,w

hich
are

assum
ed

to
originate

from
the

expected
utility

of
the

long-term
behavior,

if
w
e
are

in
the

current
state

and
follow

an
optim

al
policy.

T
he

tem
poral

credit
assignm

ent
problem

is
in

this
case

left
to

the
hum

an
expertand

also
notsolved

explicitly
by

the
algorithm

,asw
e
can

sim
ply

selectactions,leading
to

states
w
ith

m
axim

al
(long-term

)
utility.

T
o
com

pute
the

utility
U

(s)
=
θ
T
φ

(s)
from

a
state

preference,w
e
can

again
m
ake

use
ofthe

utility
difference

d
(θ
,ζ
i )

=
θ
T

(φ
(s
i1 )−

φ
(s
i2 ))

using
one

ofthe
specified

loss
functions

from
T
bl.1.

U
sing

the
utility

function,w
e
can

define
the

policy
π
∗(a
|
s)

=
I(a

=
arg

m
ax

a ′
E
δ [U

(s ′)|s,a ′]),
(15)

as
a
greedy

policy
m
axim

izing
the

expected
value

of
the

next
state

s ′.
H
ow

ever,
this

ex-
pectation

can
only

be
com

puted
exactly

if
the

transition
m
odel

δ
is

know
n
and

the
state

space
is
discrete.

M
oreover,value-based

utilities
alw

ays
depend

on
a
specific,optim

alpolicy.
H
ence,it

is
diffi

cult
to

transfer
the

learned
value-utility

function
to

other
dom

ains.

3.3.2
R

et
u
r
n
-ba

sed
U

t
ilit

y

M
any

approaches
that

use
trajectory

preferences
circum

vent
the

tem
poralcredit

assignm
ent

problem
by

disregarding
the

tem
poralstructure

ofthe
solution.

T
hey

directly
optim

ize
the

policy
return

(A
krour

et
al.,

2011,
2012;

Jain
et

al.,
2013,

2015;
G
ritsenko

and
B
erenson,

2014;K
upcsik

et
al.,2015)

as
defined

by
a
return-utility

function
U

(τ
).

T
he

return
utility

function
U

(τ
)

=
θ
T
ψ

(τ
)
is

typically
defined

by
a
low

dim
ensionaltrajectory

feature
space

ψ
(τ

).
T
his

feature
space

is
usually

assum
ed

to
be

dom
ain-specific

(Zucker
et

al.,
2010;

Jain
et

al.,
2013,

2015;
G
ritsenko

and
B
erenson,

2014),
how

ever,
A
krour

et
al.

(2011,
2012)

proposed
to

cluster
the

state
space

using
ε-m

eans
clustering

(D
uda

and
H
art,

1973)
for

defining
trajectory

features.
T
he

trajectory
features

are
given

by
the

relative
am

ount
of

states
in

a
trajectory

belonging
to

a
cluster.

Such
features

can
not

be
directly

described
as

state
features

as
they

also
depend

on
the

length
of

the
trajectory.

K
upcsik

et
al.

(2015)
also

learn
a
return-based

utility
U

(τ
)
but

represent
a
trajectory

τ
=

[s
,ω

]w
ith

a
context

vector
s
that

describes
the

current
task

and
a
param

eter
vector

ω
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P
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ap
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y
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R
L
m
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th
e
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Zu
ck
er

et
al
.(
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10
)
pr
op

os
e
a
si
m
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e
so
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su
m
in
g
st
at
e
pr
ef
er
en

ce
s
s 1
�
s 2

th
at

ca
n
be

di
re
ct
ly

us
ed

fo
r
le
ar
ni
ng

a
st
at
e
ut
ili
ty
U

(s
).

Fo
r
le
ar
ni
ng

a
re
w
ar
d-
ba

se
d
ut
ili
ty

fr
om

tr
aj
ec
to
ry

pr
ef
er
en

ce
s,
A
kr
ou

r
et

al
.(
20
13

,2
01

1,
20

14
)
an

d
W

ir
th

et
al
.(
20
16

)
us
e
th
e

fe
at
ur
e
av
er
ag
e
(N

g
an

d
R
us
se
ll,

20
00

)
al
on

g
a
tr
aj
ec
to
ry

ψ
(τ

)
=

|τ
|

∑ t=
0

γ
t ϕ

(s
t,
a
t)
,

(1
6)

to
de

fin
e
tr
aj
ec
to
ry

fe
at
ur
es
.
H
en

ce
,t
he

ut
ili
ty

re
tu
rn

is
de

fin
ed

by

U
(τ

)
=
θ
T
ψ

(τ
)

=

|τ
|

∑ t=
0

γ
t U

(s
t,
a
t)
,

w
it
h
U

(s
t,
a
t)

=
θ
T
ϕ

(s
t,
a
t)
,
w
hi
ch

co
in
ci
de

s
w
it
h
th
e
de

fin
it
io
n
of

th
e
re
tu
rn

in
re
in
fo
rc
e-

m
en
t
le
ar
ni
ng

.
T
he

tr
aj
ec
to
ry

ut
ili
ty
U

(τ
)
is

a
lin

ea
r
su
m

ov
er

th
e
st
at
e/
ac
ti
on

ut
ili
ti
es

bu
t
th
e
st
at
e/
ac
ti
on

ut
ili
ti
es

th
em

se
lv
es

ca
n
be

no
n-
lin

ea
r.

A
s
an

ex
am

pl
e,

W
ir
th

et
al
.

(2
01

6)
us
e
a
ke
rn
el

fu
nc

ti
on

to
ob

ta
in

su
ch

a
no

n-
lin

ea
r
ut
ili
ty

by
ap

pl
yi
ng

th
e
ke
rn
el

on
a

st
at
e/
ac
ti
on

le
ve
l.

Su
gi
ya
m
a
et

al
.
(2
01

2)
pr
op

os
ed

an
al
te
rn
at
iv
e
le
ar
ni
ng

m
et
ho

d,
ba

se
d

on
th
e
su
m

of
fu
tu
re

ut
ili
ti
es

U
(s
,a

)
=
∑ s′
∈S

(
δ(
s′
|s
,a

)

(
U

(s
,s
′ )

+
m

ax
a
′ ∈
A

∑ s′
′ ∈
S

δ(
s′
′ ,
s′
,a
′ )
U

(s
′ |
s′
′ )

)
)
,

U
(s
,s
′ )

=
θ
T
ϕ

(s
,s
′ )
,

(1
7)

w
it
h
U

(s
,s
′ )
as

th
e
ut
ili
ty

fo
rt

he
st
at
e
tr
an

si
ti
on
s
to
s′
.
H
ow

ev
er
,t
hi
si
de

a
is
on

ly
ap

pl
ic
ab

le
w
it
h
a
kn

ow
n
tr
an

si
ti
on

fu
nc

ti
on

an
d
a
di
sc
re
te

ac
ti
on

sp
ac
e.

M
or
e
re
ce
nt
ly
,
a
m
et
ho

d
w
as

pr
op

os
ed

th
at

do
es

no
t
re
qu

ir
e
th
e
ut
ili
ty

to
be

lin
ea
r
in

th
e
st
at
e/
ac
ti
on

fe
at
ur
es
.
C
hr
is
ti
an

o
et

al
.(
20

17
)
de

fin
e
a
le
ar
ni
ng

m
et
ho

d
fo
r
a
tr
aj
ec
to
ry

ut
ili
ty
U

(τ
)

=
∑
|τ
|

t=
0
U

(s
t,
a
t)
,
th
at

us
es

a
de

ep
ne

ur
al

ne
tw

or
k
fo
r
U

(s
t,
a
t)
.
T
hi
s
m
et
ho

d
gr
ea
tl
y
im

pr
ov
es

on
th
e
sc
al
ab

ili
ty

of
th
e
le
ar
ni
ng

pr
oc
es
s
an

d
al
lo
w
s
m
or
e
ex
pr
es
si
ve

ut
ili
ty

fu
nc

ti
on

s,
bu

t
re
qu

ir
es

a
hi
gh

am
ou

nt
of

pr
ef
er
en

ce
s.

In
co
nt
ra
st

to
co
nv

en
ti
on

al
re
in
fo
rc
em

en
t
le
ar
ni
ng

,a
di
sc
ou

nt
fa
ct
or

of
γ

=
1
is
us
ed

fo
r

U
(τ

)
in

al
la

pp
ro
ac
he

s
be

ca
us
e
th
e
ex
pe

rt
sh
ou

ld
no

t
ne

ed
to

co
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id
er

th
e
eff

ec
ts

of
de
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y.

H
ow

ev
er
,u

si
ng

an
un

di
sc
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re
tu
rn

is
no

t
a
m
aj
or

pr
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le
m
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al
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de

re
d
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ha
ve

a
fin

it
e
le
ng

th
.

T
he

pa
ra
m
et
er
s
θ

ca
n

no
w

be
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ti
m
at
ed

by
us
in
g
on

e
of

th
e
lo
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fu
nc

ti
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s
pr
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en
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d
in

Se
c.

3.
2.
3,

w
he

re
tr
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ec
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ry

pr
ef
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en

ce
s
ar
e
us
ed

as
co
ns
tr
ai
nt
s
fo
r
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C
.
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ir
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et
a
l

th
e
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).

T
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ut
ili
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.e
.,
U
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)
=
U

(s
).

In
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ut
ili
ty

fu
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s,
re
w
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ba

se
d
ut
ili
ty

fu
nc

ti
on

s
ca
n
be

ea
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sf
er
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d

ac
ro
ss
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m
ai
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M
or
eo
ve
r,

a
re
w
ar
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ba

se
d

ut
ili
ty

is
al
so

in
de

pe
nd

en
t
of

th
e

sy
st
em

dy
na

m
ic
s
an

d,
th
er
ef
or
e,

of
te
n

ha
s
a
si
m
pl
er

st
ru
ct
ur
e
th
an

va
lu
e
ba

se
d

ut
ili
ti
es

re
nd

er
in
g
th
em

si
m
pl
er

to
le
ar
n
an

d
ge
ne

ra
liz

e.

3.
3.

4
In

t
er

m
ed

ia
t
e

A
c
t
io

n
P
r
ef

er
en

c
es

W
ir
th

an
d
F
ür
nk

ra
nz

(2
01

3a
)
ex
te
nd

th
e
ac
ti
on

pr
ef
er
en

ce
al
go

ri
th
m

of
F
ür
nk

ra
nz

et
al
.

(2
01

2)
by

de
ri
vi
ng

ad
di
ti
on

al
ac
ti
on

pr
ef
er
en

ce
s
fo
r
in
te
rm

ed
ia
te

st
at
es

in
tr
aj
ec
to
ry

pr
ef
er
-

en
ce
s,

de
fin

in
g
an

ap
pr
ox

im
at
e
so
lu
ti
on

to
th
e
te
m
po

ra
l
cr
ed

it
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si
gn

m
en
t
pr
ob

le
m
.
A
s
in

th
e
or
ig
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al
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go

ri
th
m
,p

re
fe
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nc

es
ar
e
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su
m
ed

to
re
la
te

to
th
e
lo
ng

-t
er
m

ex
pe

ct
at
io
n.

T
he

as
si
gn

m
en
t
pr
ob

le
m

is
so
lv
ed

by
at
tr
ib
ut
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g
pr
ef
er
en
ce
s
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an
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nk

no
w
n)

su
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et
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s
m
ad

e
in

st
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in
g
in

bo
th

tr
aj
ec
to
ri
es
,
w
he

n
fo
llo

w
in
g
a
fix

ed
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lic
y
in

al
l

ot
he

r
st
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es
.
T
hi
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er
en
ce
.

T
hi
s
ap

pr
oa

ch
m
ay

co
nv

er
ge

fa
st
er

th
an

th
e
on

e
of

F
ür
nk

ra
nz

et
al
.(
20

12
)
us
in
g
a
lo
w
er

am
ou

nt
of

pr
ef
er
en

ce
s.

H
ow

ev
er
,
th
e
sp
ee
du

p
co
m
es

at
th
e
co
st

of
po

ss
ib
le

ap
pr
ox
im

at
io
n

er
ro
rs

du
e
to

po
ss
ib
ly

in
co
rr
ec
t,
he

ur
is
ti
c
es
ti
m
at
es

of
th
e
pr
ef
er
en
ce
s.

W
ir
th

an
d
F
ür
nk

ra
nz

(2
01

3b
)
ex
te
nd

th
is

id
ea

fu
rt
he

r
by

ob
ta
in
in
g
m
or
e
re
lia

bl
e,

in
te
rm

ed
ia
te

pr
ef
er
en
ce
s
ba

se
d

on
th
e
as
su
m
pt
io
n
th
at

ea
ch

ti
m
e
st
ep

co
nt
ri
bu

te
d
eq
ua

lly
to

th
e
re
tu
rn

of
th
e
tr
aj
ec
to
ry
.

A
s
a
re
su
lt
,
an

ev
en

lo
w
er

am
ou

nt
of

pr
ef
er
en
ce
s
is

su
ffi
ci
en
t.

H
ow

ev
er
,
m
an

y
do

m
ai
ns

do
no

t
sa
ti
sf
y
th
is

un
ifo

rm
re
w
ar
d
as
su
m
pt
io
n.

3.
4
T
ra
je
ct
or
y
P
re
fe
re
n
ce

E
li
ci
ta
ti
on

P
bR

L
m
ay

be
vi
ew

ed
as

an
in
te
ra
ct
iv
e
pr
oc
es
s
th
at

it
er
at
iv
el
y
qu

er
ie
s
th
e
ex
pe

rt
’s
pr
ef
er
en

ce
fu
nc

ti
on

to
ob

ta
in

m
or
e
kn

ow
le
dg

e
ab

ou
t
th
e
ob

je
ct
iv
es

of
th
e
ex
pe

rt
w
hi
le

al
so

ex
pl
or
in
g

th
e
sy
st
em

dy
na

m
ic
s.

In
de

ci
si
on

m
ak

in
g,

th
is
pr
oc
es
s
is
al
so

kn
ow

n
as

pr
ef
er
en
ce

el
ic
it
at
io
n.

Se
ve
ra
l
ap

pr
oa

ch
es

di
sr
eg
ar
d
th
is

pr
ob

le
m

an
d
on

ly
w
or
k
w
it
h
an

in
it
ia
l
se
t
of

pr
ef
er
-

en
ce
s
(W

ir
th

an
d
F
ür
nk

ra
nz

,2
01

2,
20

15
;R

un
ar
ss
on

an
d
Lu

ca
s,

20
12

,2
01

4;
G
ri
ts
en

ko
an

d
B
er
en

so
n,

20
14

;Z
uc
ke
r
et

al
.,
20

10
;S

ug
iy
am

a
et

al
.,
20

12
).

F
ür
nk

ra
nz

et
al
.(

20
12

)
co
lle

ct
ne

w
pr
ef
er
en

ce
fe
ed

ba
ck
,b

ut
as
su
m
e
ex
ha

us
ti
ve

sa
m
pl
es

of
th
e
sy
st
em

dy
na

m
ic
s
an

d,
he
nc

e,
no

ad
di
ti
on

al
ex
pl
or
at
io
n
is

ne
ed
ed

.
In
te
ra
ct
iv
e
P
bR

L
al
go

ri
th
m
s
ne

ed
to

de
ci
de

ho
w

to
ge
ne

ra
te

ne
w

tr
aj
ec
to
ri
es

an
d
ho

w
to

us
e
th
es
e
tr
aj
ec
to
ri
es

to
qu

er
y
th
e
ex
pe

rt
’s
pr
ef
er
en

ce
fu
nc

ti
on

.
T
yp

ic
al
ly
,a

n
ex
pl
or
at
io
n

m
et
ho

d
is
us
ed

th
at

re
du

ce
s
th
e
un

ce
rt
ai
nt
y
of

th
e
tr
an

si
ti
on

fu
nc

ti
on

as
w
el
la

s
th
e
ex
pe

rt
’s

pr
ef
er
en

ce
fu
nc

ti
on

.
Y
et
,
so
m
e
ap

pr
oa

ch
es

ap
pl
y
tw

o
di
st
in
ct

m
et
ho

ds
fo
r
ex
pl
or
in
g
th
e

sy
st
em

dy
na

m
ic
s
an

d
th
e
pr
ef
er
en

ce
sp
ac
e.

U
su
al
ly
,w

e
w
an

t
to

m
in
im

iz
e
th
e
am

ou
nt

of
ex
pe

rt
qu

er
ie
s
as

th
ey

re
qu

ir
e
co
st
ly
,h

um
an

in
te
ra
ct
io
n
w
hi
le

ge
ne

ra
ti
ng

ne
w

tr
aj
ec
to
ri
es

ca
n
be

a
ch
ea
pe

r,
m
os
tl
y
au

to
no

m
ou

s
pr
oc
es
s.

M
or
eo
ve
r,

a
tr
aj
ec
to
ry

ca
n
gi
ve

us
us
ef
ul

in
fo
rm

at
io
n
ab

ou
t
th
e
sy
st
em

dy
na

m
ic
s
ev
en

if
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P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

it
is

not
used

for
preference

generation.
H
ence,

the
num

ber
of

trajectories
can

be
consid-

erably
higher

than
the

num
ber

of
generated

preferences.
Y
et,

m
any

algorithm
s
ignore

the
potentially

higher
costs

of
preference

generation
in

com
parison

to
trajectory

generation,as
w
e
w
illelaborate

in
the

follow
ing

discussion.

3.4.1
T

r
a
jec

t
o
ry

G
en

er
at

io
n

Interactive
P
bR

L
algorithm

s
need

to
generate

diverse
trajectories.

In
order

to
be

infor-
m
ative,

the
obtained

preferences
should

be
different

from
existing

trajectories.
Y
et,

the
trajectories

should
also

be
close

to
optim

alin
order

to
obtain

usefulinform
ation.

Further-
m
ore,

the
trajectories

need
to

contain
suffi

cient
inform

ation
about

the
transition

function
to

com
pute

an
optim

alpolicy.

U
n
d
irected

H
om

ogen
eou

s
E
xp

loration
.

H
om

ogeneous
exploration

em
ploys

a
single

exploration
to

generate
diverse

solutions,
either

directed
or

undirected.
Such

m
ethods

are
undirected

if
they

only
com

pute
stochastic

policies
that

allow
deviations

from
the

optim
al

strategy
w
hile

directed
m
ethods

im
plem

ent
a
separate

criterion
for

guiding
the

exploration
in

areas
of

the
state

space
w
here

uncertainty
can

be
reduced.

D
irected

m
ethods

usually
w
ork

better
in

low
-dim

ensionalpolicy
spaces

but
do

not
scale

w
ell.

M
ost

approaches
(B

usa-Fekete
et

al.,
2013,

2014;
Jain

et
al.,

2013,
2015;

W
irth

and
F
ürnkranz,

2013a,b;
K
upcsik

et
al.,

2015;
W

irth
et

al.,
2016;

C
hristiano

et
al.,

2017)
only

use
undirected

exploration
for

the
system

dynam
ics

and
m
ake

the
assum

ption
that

this
w
ill

also
explore

the
expert’s

preference
function

suffi
ciently

w
ell.

B
usa-Fekete

et
al.(2013,2014)

use
a
covariance

m
atrix

adaptation
evolution

strategy
(C

M
A
-E

S;H
ansen

and
K
ern

2004)
for

optim
ization

and
exploration.

T
hey

im
plem

ent
a
criterion

for
lim

iting
the

am
ount

of
sam

-
ples

that
have

to
be

evaluated
to

obtain
a
ranking.

T
he

algorithm
m
aintains

a
collection

of
candidate

policies
and

discards
candidates

once
they

can
be

considered
suboptim

al,accord-
ing

to
the

H
oeffding

bound
(H

oeffding,1963).
Jain

et
al.(2013,2015)

use
rapidly-exploring

random
trees

(LaV
alle

and
K
uffner,

1999)
w
hereas

W
irth

and
F
ürnkranz

(2013a,b)
em

-
ploy

approxim
ate

policy
iteration

(D
im

itrakakis
and

Lagoudakis,2008)
w
ith

an
E
X
P
3-like

exploration
m
ethod

(A
uer

et
al.,1995).

W
irth

et
al.

(2016)
use

relative
entropy

policy
search

(R
E
P
S;

P
eters

et
al.

2010)
for

com
puting

a
stochastic

policy
based

on
the

policy’s
return,

estim
ated

w
ith

least
squares

tem
poraldifference

(LST
D
)
learning

(B
oyan,1999).

K
upcsik

et
al.(2015)

em
ploy

contextual
R
E
P
S

(K
upcsik

et
al.,2014),but

directly
in

param
eter

space
instead

ofstate
action

space.
T
his

variant
is
able

to
evaluate

param
etric

policies
w
ithout

requiring
transition

sam
ples

due
to

the
black-box

character
ofthe

algorithm
.
T
he

result
ofthe

policy
im

provem
ent

step
is

a
distribution

over
param

etric
policies

that
is
used

to
sam

ple
new

trajectories
for

querying
new

preferences.
In

turn,the
distribution

over
possible

utility
functions

is
updated

for
com

puting
an

im
proved

estim
ate

of
the

expected
utilities

for
the

next
policy

update
step.

C
hristiano

et
al.(2017)

use
T
rust

R
egion

P
olicy

O
ptim

ization
(T

R
P
O
;Schulm

an
et

al.
2015)

and
(synchronous)

A
3C

(M
nih

et
al.,2016),w

hich
are

policy
optim

ization
algorithm

s
for

R
L

w
ith

deep
neural

netw
orks.

B
oth

algorithm
s
also

ensure
exploration

by
defining

stochastic
policies,hence

they
are

undirected.

D
irected

H
om

ogen
eou

s
E
xp

loration
.

In
contrast

to
undirected

approaches,
W

ilson
et

al.(2012)
propose

tw
o
directed

exploration
criteria

that
are

derived
from

the
preference
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C
.
W

irth
et

a
l

learning
m
ethod

explained
in

Sec.3.4.3.
H
ow

ever,they
also

only
use

a
single,hom

ogeneous
exploration

m
ethod.

T
he

policy
im

provem
ent

is
com

puted
by

updating
the

posterior
dis-

tribution
of

a
param

etric
policy

space,given
a
preference-based

likelihood
function.

A
new

preference
query

is
then

created
by

applying
tw

o
policies

to
the

M
D
P,

selected
by

the
di-

rected
exploration

criterion.
T
he

com
putation

ofthese
criteria

requires
m
ultiple

trajectories,
but

they
are

not
used

for
the

queries
them

selves
or

for
the

policy
im

provem
ent

step.

H
eterogen

eou
s

E
xp

loration
.

H
eterogeneous

exploration
m
ethods

use
tw

o
distinct

strategies
for

exploring
the

system
dynam

ics
and

the
preference

function.
For

exam
ple,

A
krour

et
al.

(2011,
2012,

2014)
em

ploy
different

criteria
that

are
w
ell

suited
for

the
tw

o
tasks.

A
policy

search
strategy

w
ith

an
intrinsic

exploration
m
ethod

is
used

to
optim

ize
a

given
utility

function.
In

addition,
the

utility
function

im
plem

ents
a
criterion

for
directed

exploration
ofthe

preference
function.

T
herefore,the

resulting
policy

can
be

used
to

sam
ple

trajectories
for

preference
queries

that
reduce

the
uncertainty

over
the

expert’s
feedback.

Such
a
strategy

com
es

at
the

cost
of

sam
pling

new
trajectories

for
m
ultiple

policy
update

steps
before

each
new

preference
query.

A
krour

et
al.(2014)

propose
an

alternative
version

using
least

squares
policy

iteration
(Lagoudakis

and
P
arr,2003),that

does
not

require
addi-

tionalsam
ples

for
updating

the
policy

in
an

off-policy
m
anner.

Y
et,this

approach
requires

a
suffi

cient
am

ount
of

sam
ples

collected
in

advance
w
hich

is
unrealistic

in
m
any

scenarios.

U
ser-G

u
id
ed

E
xp

loration
.

U
ser-guided

exploration
allow

s
the

expert
to

provide
addi-

tional
trajectories

to
guide

the
exploration

process.
T
he

algorithm
by

Zucker
et

al.
(2010)

assum
es

a
set

of
initialstate

preferences
and

optim
ize

the
resulting

utility
function

using
a

random
ized

planner
(anytim

e
A
*
;Likhachev

et
al.2003).

T
he

planning
algorithm

sam
ples

new
trajectories

and
the

expert
can

select
any

encountered
state

to
provide

additionalpref-
erences,i.e.,the

expert
is
guiding

the
exploration

ofits
preference

space.
In

case
the

expert
does

not
provide

additional
preferences,

no
further

exploration
of

the
preference

function
is

used.
T
he

approach
of

Jain
et

al.
(2013,

2015)
extends

the
used

hom
ogeneous

strategy
w
ith

user-guided
exploration.

G
iven

a
trajectory

that
has

been
autonom

ously
generated,

the
expert

m
ay

correct
the

trajectory
w
hich

sim
ultaneously

also
provides

a
preference.

3.4.2
P
r
efer

en
c
e

Q
u
ery

G
en

er
at

io
n

H
aving

generated
the

trajectories,
w
e
need

to
decide

w
hich

trajectories
to

use
to

query
the

expert’s
evaluation

function.
T
ypically,

the
new

ly
generated

trajectories
are

com
pared

to
so

far
undom

inated
trajectories

(A
krour

et
al.,

2012,
2011;

W
irth

et
al.,

2016;
A
krour

et
al.,

2014).
Y
et,

this
solution

is
only

feasible
if
all

trajectories
are

directly
com

parable,
e.g.,

they
start

in
the

sam
e
initial

state,
w
hich

is
a
standard

assum
ption

for
m
ost

P
bR

L
algorithm

s.
A
lternatively,both

trajectories
are

explicitly
generated

by
the

algorithm
(B

usa-
Fekete

et
al.,

2013,
2014;

Jain
et

al.,
2013,

2015;
W

irth
and

F
ürnkranz,

2013a,b;
K
upcsik

et
al.,2015;W

ilson
et

al.,2012)
or

the
user

selects
the

sam
ples

for
a
preference

query
(Zucker

et
al.,2010).

E
xh

au
stive

P
referen

ce
Q
u
ery

G
en

eration
.

Som
e
approaches

require
that

each
tra-

jectory
is
evaluated

by
the

expert
by

defining
preferences

regarding
every

possible
trajectory

pair,either
for

com
paring

and
selecting

policies
(B

usa-Fekete
et

al.,2013,2014)
or

for
eval-

uating
and

updating
a
single

policy
(Jain

et
al.,2013,2015;W

irth
and

F
ürnkranz,2013a,b;
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P
r
ef

er
en

ce
-B

a
se

d
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
S
u
rv

ey

K
up

cs
ik

et
al
.,
20

15
).

T
he

se
ap

pr
oa

ch
es

ig
no

re
th
at

ge
ne

ra
ti
ng

pr
ef
er
en

ce
s
ca
n
be

m
or
e

co
st
ly

th
an

ge
ne

ra
ti
ng

tr
aj
ec
to
ri
es

an
d,

he
nc
e,

ty
pi
ca
lly

re
qu

ir
e
a
la
rg
e
am

ou
nt

of
ex
pe

rt
qu

er
ie
s.

G
re
ed

y
P
re
fe
re
n
ce

Q
u
er
y
G
en

er
at
io
n
.

In
gr
ee
dy

ap
pr
oa

ch
es

(A
kr
ou

r
et

al
.,
20

14
),
w
e

fu
lly

op
ti
m
iz
e
a
gi
ve
n
ob

je
ct
iv
e,

de
sc
ri
be

d
in

Se
c.

3.
4.
3,

w
hi
ch

ca
n
be

ei
th
er

an
un

di
re
ct
ed

or
di
re
ct
ed

ex
pl
or
at
io
n
ob

je
ct
iv
e.

A
ft
er

th
e
op

ti
m
iz
at
io
n
is

fin
is
he

d,
w
e
us
e
a
tr
aj
ec
to
ry

ge
ne

ra
te
d
fr
om

th
e
op

ti
m
iz
ed

po
lic

y
to

qu
er
y
th
e
ex
pe

rt
’s

ev
al
ua

ti
on

fu
nc

ti
on

.
W

hi
le

th
is

ap
pr
oa

ch
is
ty
pi
ca
lly

m
uc
h
m
or
e
effi

ci
en
t
in

th
e
nu

m
be

r
of

ex
pe

rt
qu

er
ie
s,
it
m
ay

ne
ed

m
an

y
tr
aj
ec
to
ri
es

to
be

ge
ne

ra
te
d
in

or
de

r
to

op
ti
m
iz
e
th
e
po

se
d
ob

je
ct
iv
e.

Fu
rt
he

rm
or
e,

m
an

y
of

th
es
e
tr
aj
ec
to
ri
es

m
ig
ht

ha
ve

be
en

un
ne

ce
ss
ar
ily

ge
ne

ra
te
d
as

th
e
po

se
d
ob

je
ct
iv
e
is
ty
pi
ca
lly

qu
it
e
er
ro
r-
pr
on

e
in

th
e
be

gi
nn

in
g
of

th
e
le
ar
ni
ng

pr
oc
es
s.

H
en

ce
,
th
e
op

ti
m
iz
at
io
n
m
ig
ht

ex
pl
or
e
po

or
tr
aj
ec
to
ri
es

w
hi
ch

co
ul
d
ha

ve
be

en
av
oi
de

d
if
ne

w
pr
ef
er
en

ce
s
w
ou

ld
ha

ve
be

en
re
qu

es
te
d
ea
rl
ie
r
be

fo
re

re
ac
hi
ng

th
e
m
ax

im
um

of
th
e
gi
ve
n
ob

je
ct
iv
e.

In
te
rl
ea
ve
d
P
re
fe
re
n
ce

Q
u
er
y
G
en

er
at
io
n
.

T
he

ab
ov
e-
m
en
ti
on

ed
pr
ob

le
m

w
as

re
co
g-

ni
ze
d
by

se
ve
ra
la

ut
ho

rs
(A

kr
ou

r
et

al
.,
20

12
,2

01
1;

W
ir
th

et
al
.,
20

16
;W

ils
on

et
al
.,
20

12
;

C
hr
is
ti
an

o
et

al
.,
20

17
).

A
si
m
pl
e
so
lu
ti
on

to
al
le
vi
at
e
it
is
to

pr
em

at
ur
el
y
st
op

th
e
op

ti
m
iz
a-

ti
on

of
th
e
gi
ve
n
ob

je
ct
iv
e
an

d
re
qu

es
t
ne

w
pr
ef
er
en

ce
s.

T
he

pr
ef
er
en

ce
s
ar
e
su
bs
eq
ue

nt
ly

us
ed

to
up

da
te

th
e
gi
ve
n
op

ti
m
iz
at
io
n
ob

je
ct
iv
e
(s
ee

Se
c.
3.
4.
3)
.
T
hi
s
ap

pr
oa

ch
is
fo
llo

w
ed

by
A
kr
ou

r
et

al
.(
20

12
,2

01
1)

w
he

re
th
e
se
ar
ch

in
pa

ra
m
et
er

sp
ac
e
is
st
op

pe
d
ea
rl
y,

af
te
r
a
gi
ve
n

nu
m
be

r
of

it
er
at
io
ns
.
W

ir
th

et
al
.
(2
01

6)
;
C
hr
is
ti
an

o
et

al
.
(2
01

7)
re
qu

es
t
ne

w
pr
ef
er
en

ce
s

af
te
r
a
si
ng

le
it
er
at
io
n
of

th
e
us
ed

po
lic

y
op

ti
m
iz
at
io
n
al
go

ri
th
m
.
In

ea
ch

it
er
at
io
n,

se
ve
ra
l

tr
aj
ec
to
ri
es

ar
e
ge
ne

ra
te
d
by

th
e
cu

rr
en
t
po

lic
y
bu

t
on

ly
a
su
bs
et

(t
yp

ic
al
ly

on
e)

is
us
ed

fo
r

an
ex
pe

rt
qu

er
y.

W
ir
th

et
al
.(
20
16

)
pr
op

os
e
to

us
e
th
e
tr
aj
ec
to
ry

w
it
h
th
e
hi
gh

es
t
ex
pe

ct
ed

ac
cu

m
ul
at
ed

ut
ili
ty
,
w
he

re
as

C
hr
is
ti
an

o
et

al
.
(2
01

7)
us
e
a
va
ri
an

ce
es
ti
m
at
e,

ba
se
d
on

an
en

se
m
bl
e
te
ch
ni
qu

e.
W

ils
on

et
al
.(
20

12
)
ap

pl
y
th
e
sa
m
e
id
ea

to
a
pa

ra
m
et
ri
c
po

lic
y
sp
ac
e,

us
in
g
a
se
le
ct
io
n
cr
it
er
io
n
ba

se
d
on

ex
pe

ct
ed

be
lie

f
ch
an

ge
.
A
n
al
te
rn
at
iv
e
m
et
ho

d
se
le
ct
s

tw
o
po

lic
ie
s
th
at

ar
e
us
ed

fo
r
cr
ea
ti
ng

tr
aj
ec
to
ri
es

fo
r
a
ne

w
pr
ef
er
en

ce
qu

er
y.

In
co
nt
ra
st

to
W

ir
th

et
al
.(
20

16
),
th
is

al
go

ri
th
m

co
m
pl
et
el
y
di
sc
ar
ds

tr
aj
ec
to
ri
es

th
at

ar
e
no

t
us
ed

fo
r

pr
ef
er
en

ce
qu

er
ie
s,

as
it

is
on

ly
ab

le
to

us
e
ex
pl
ic
it
ly

ev
al
ua

te
d
tr
aj
ec
to
ri
es
.
H
en

ce
,
no

t
al
l

tr
aj
ec
to
ri
es

ar
e
ev
al
ua

te
d,

bu
t
on

ly
ev
al
ua

te
d
tr
aj
ec
to
ri
es

ar
e
us
ed

to
up

da
te

th
e
po

lic
y.

T
he

re
su
lt
in
g
al
go

ri
th
m
s
al
lo
w

to
ch
oo

se
th
e
tr
ad

e-
off

be
tw

ee
n
th
e
co
st

of
tr
aj
ec
to
ry

ge
ne

ra
ti
on

an
d
pr
ef
er
en

ce
ge
ne

ra
ti
on

by
co
nt
ro
lli
ng

th
e
ra
ti
o
of

ge
ne

ra
te
d
tr
aj
ec
to
ri
es

to
ge
ne

ra
te
d
pr
ef
er
en

ce
s.

A
kr
ou

r
et

al
.
(2
01

2,
20

11
);

W
ir
th

et
al
.
(2
01

6)
ca
n
al
so

effi
ci
en
tl
y

ex
pl
or
e
th
e
tr
aj
ec
to
ry

sp
ac
e
as

w
el
la

s
th
e
pr
ef
er
en

ce
sp
ac
e
as

th
ey

ca
n
us
e
tr
aj
ec
to
ri
es

no
t

ev
al
ua

te
d
by

th
e
ex
pe

rt
fo
r
po

lic
y
op

ti
m
iz
at
io
n.

3.
4.

3
O

bj
ec

t
iv

es
fo

r
E
x
pl

o
r
in

g
t
h
e

P
r
ef

er
en

c
e

F
u
n
c
t
io

n
S
pa

c
e

A
fe
w

al
go

ri
th
m
s
fo
rm

ul
at
e
an

ex
pl
ic
it

ob
je
ct
iv
e
in

or
de

r
to

effi
ci
en
tl
y
re
du

ce
th
e
un

ce
r-

ta
in
ty

ov
er

th
e
ex
pe

rt
’s

pr
ef
er
en

ce
fu
nc

ti
on

.
D
iff
er
en
t
ve
rs
io
ns

ha
ve

be
en

pr
op

os
ed

,b
ut

no
ex
ha

us
ti
ve

co
m
pa

ri
so
n
of

al
le

xp
lo
ra
ti
on

m
et
ho

ds
ca
n
be

fo
un

d
in

th
e
lit
er
at
ur
e.

A
lim

it
ed

,
co
m
pa

ra
ti
ve

ev
al
ua

ti
on

w
as

co
nd

uc
te
d
by

W
ils
on

et
al
.
(2
01

2)
w
ho

co
m
pa

re
d
tw

o
cr
it
er
ia

pr
op

os
ed

in
th
e
pa

pe
r.

T
he

y
su
gg

es
t
to

sa
m
pl
e
m
ul
ti
pl
e
po

lic
ie
s
fr
om

th
e
po

st
er
io
r
di
st
ri
bu

ti
on

of
th
e
po

lic
y

sp
ac
e
an

d
us
e
th
em

to
co
m
pu

te
tr
aj
ec
to
ri
es

fo
r
pr
ef
er
en

ce
qu

er
ie
s.

T
he

fir
st

m
et
ho

d
on

ly
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C
.
W

ir
th

et
a
l

co
ns
id
er
s
th
e
ex
pe

ct
ed

di
ffe

re
nc

e
of

th
e
tr
aj
ec
to
ri
es

ge
ne

ra
te
d
by

tw
o
po

lic
ie
s

∫ (τ
i
,τ
j
)
P

r(
τ
i
|π

i)
P

r(
τ
j
|π

j
)d

(τ
i,
τ
j
),

(1
8)

w
he

re
d
(τ

i,
τ
j
)
is

a
tr
aj
ec
to
ry

di
ffe

re
nc

e
fu
nc

ti
on

(s
ee

(4
))
.
If

tw
o
po

lic
ie
s
di
sa
gr
ee

gr
ea
tl
y

on
w
ha

t
tr
aj
ec
to
ri
es

to
cr
ea
te
,
it

is
as
su
m
ed

to
be

be
ne

fic
ia
l
to

ru
le

ou
t
on

e.
T
he
re
fo
re
,

sa
m
pl
es

fr
om

π
i
an

d
π
j
ar
e
ev
al
ua

te
d
an

d
a
qu

er
y
is
po

se
d
in

ca
se

th
e
va
lu
e
of

th
e
cr
it
er
io
n

ex
ce
ed

s
a
gi
ve
n
th
re
sh
ol
d.

T
he

se
co
nd

cr
it
er
io
n

co
m
pu

te
s
th
e
ex
pe

ct
ed

be
lie

f
ch
an

ge
ov
er

th
e
po

lic
y
sp
ac
e
th
at

re
su
lt
s
fr
om

ad
di
ng

a
pr
ef
er
en

ce

V
(P

r(
π
|ζ

)||
P

r(
π
|ζ
∪
{τ

i1
,p
i,
τ
i2
})
,

(1
9)

us
in
g
po

te
nt
ia
lq

ue
ri
es

by
sa
m
pl
in
g
po

lic
ie
sf
ro
m

th
e
cu

rr
en
td

is
tr
ib
ut
io
n.

D
iff
er
en
tm

ea
su
re
s

co
ul
d

be
us
ed

as
V
,
e.
g.

th
e
K
ul
lb
ac
k-
Le

ib
le
r
di
ve
rg
en

ce
.

W
ils
on

et
al
.
(2
01

2)
us
e
an

ap
pr
ox
im

at
io
n
of

th
e
va
ri
at
io
na

ld
is
ta
nc

e.
T
he

qu
er
y
m
ax

im
iz
in
g
th
e
cr
it
er
io
n,

ba
se
d
on

a
fin

it
e
tr
aj
ec
to
ry

sa
m
pl
e
se
t,

is
th
en

po
se
d
to

th
e
ex
pe

rt
.

A
kr
ou

r
et

al
.
(2
01

1,
20

12
,
20

14
)
de

fin
e
a
ut
ili
ty

fu
nc
ti
on

th
at

in
cl
ud

es
an

ex
pl
or
at
io
n

te
rm

.
T
he

si
m
pl
es
t
fo
rm

Ũ
(π

)
=
U

(π
)

+
α
E

(π
),

U
(π

)
=

E P
r π

(τ
)[
U

(τ
)]
,

E
(π

)
=

m
in

∆
(π
,π
′ )
,π
′ ∈

Π
t,

∆
(π
,π
′ )

=
|S

1
|+
|S

2
|−
|S

3
|

√
|S

1
|+
|S

3
|√
|S

2
|+
|S

3
|,

(2
0)

us
ed

by
A
kr
ou

r
et

al
.
(2
01

1)
,
ad

ds
a
di
ve
rs
it
y
te
rm

to
th
e
ex
pe

ct
ed

ut
ili
ty

of
a
po

lic
y,

co
m
pa

ri
ng

th
e
st
at
es

in
S

1
,
on

ly
vi
si
te
d

by
π
,
th
e
st
at
es

in
S

2
,
on

ly
vi
si
te
d

by
π
′
an

d
th
e
st
at
es

in
S

3
vi
si
te
d

by
bo

th
po

lic
ie
s.

Π
t
ar
e
al
l
po

lic
ie
s
ob

ta
in
ed

up
to

th
e
cu

rr
en
t

it
er
at
io
n.

C
an

di
da

te
po

lic
ie
s
ar
e
ge
ne

ra
te
d
by

an
ev
ol
ut
io
na

ry
st
ra
te
gy

an
d
E P

r π
(τ

)[
U

(τ
)]
is

ap
pr
ox
im

at
ed

vi
a
sa
m
pl
es
.
T
he

di
ve
rs
it
y
fu
nc

ti
on

∆
(π
,π
′ )
re
w
ar
ds

di
ffe

re
nc

es
in

th
e
st
at
es

vi
si
te
d
an

d
is
on

ly
ap

pl
ic
ab

le
to

di
sc
re
te

st
at
e
sp
ac
es
,h

ow
ev
er
,a

di
sc
re
te

de
sc
ri
pt
io
n
ca
n
be

ob
ta
in
ed

us
in
g
a
cl
us
te
ri
ng

al
go
ri
th
m

(s
ee

Se
c.

3.
3.
2)
.
A
kr
ou

r
et

al
.(
20

12
,2

01
4)

pr
op

os
e
a

di
ffe

re
nt

se
le
ct
io
n
cr
it
er
io
n
th
at

m
ax

im
iz
es

th
e
ex
pe

ct
ed

ut
ili
ty

of
se
le
ct
io
n

Ũ
(τ

)
=

P
r(
τ
�
τ
∗
|U

)E
ζ
∪{

τ
�
τ
∗ }

[U
(τ

)]
+

P
r(
τ
≺
τ
∗
|U

)E
ζ
∪{

τ
≺
τ
∗ }

[U
(τ
∗ )

],
(2
1)

w
it
h
τ
∗
as

th
e
cu

rr
en
tl
y
un

do
m
in
at
ed

tr
aj
ec
to
ry
.
It

co
m
pu

te
s
th
e
ex
pe

ct
ed

ut
ili
ty

fo
r
th
e

un
do

m
in
at
ed

tr
aj
ec
to
ry
,
di
ffe

re
nt
ia
ti
ng

th
e
ca
se
s
w
he
re

th
e
ne

w
tr
aj
ec
to
ry
τ

is
pr
ef
er
re
d

ov
er

th
e
cu

rr
en
t
be

st
an

d
w
he

re
it

do
es

no
t
im

pr
ov
e.

P
r(
τ
�
τ
∗
|U

)
is

th
e
pr
ob

ab
ili
ty

of
im

pr
ov
em

en
t,

gi
ve
n
th
e
cu
rr
en
t
di
st
ri
bu

ti
on

ov
er

ut
ili
ty

fu
nc

ti
on

s.
T
he

ex
pe

ct
ed

ut
ili
ty

E ζ
∪{

τ
�
τ
∗ }

[U
(τ

)]
is
th
en

co
m
pu

te
d
w
it
h
th
e
as
su
m
pt
io
n
th
at

th
e
ne
w

pr
ef
er
en
ce

is
ad

de
d
to

th
e
pr
ef
er
en

ce
se
t
ζ
.
T
he

tw
o
pu

bl
ic
at
io
ns

(A
kr
ou

r
et

al
.,
20

12
,2

01
4)

di
ffe

r
in

th
e
m
et
ho

d
us
ed

to
ap

pr
ox
im

at
e
th
e
cr
it
er
io
n.
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P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

W
irth

et
al.

(2016)
also

m
aintains

the
current,

best
trajectory

for
preference

queries.
T
he

trajectory
m
axim

izing
the

expected
utility

τ
=

arg
m

a
x

τ∈
τ
[i] E

[U
ζ (τ

)],
(22)

is
selected

to
obtain

the
second

trajectory
for

the
preference

query.
τ

[i]is
a
set

oftrajectories
obtained

by
sam

pling
from

the
currentpolicy

π
i .

T
rajectoriesobtained

from
sam

pling
form

er
policies

are
not

considered.
C
hristiano

et
al.(2017)

also
use

trajectories
obtained

from
the

current
policy,but

eval-
uate

pairs
based

on
the

variance
ofthe

utility.
T
hey

approxim
ate

the
variance

by
obtaining

utility
sam

ples
from

an
ensem

ble
ofutility

functions.
E
ach

utility
function

uses
a
random

ly
sam

pled
subset

of
the

available
preferences,hence,the

learned
functions

m
ay

differ.

3.5
P
olicy

O
p
tim

ization

A
m
ajorconsideration

ishow
the

policy
isoptim

ized
and

how
the

policy
optim

ization
m
ethod

affects
the

optim
ality

of
the

learned
policy

and
the

sam
ple

requirem
ents

of
the

algorithm
.

3.5.1
D

ir
ec

t
P
o
lic

y
S
ea

rc
h

D
irect

policy
search

approaches
typically

directly
search

in
the

param
eter

space
of

the
pol-

icy
and

do
not

assum
e
the

M
arkov

property
or

use
dynam

ic
program

m
ing

such
as

standard
reinforcem

ent
learning

approaches.
T
hey

m
axim

ize
the

objective
defined

by
(2)

and
(3),

how
ever,this

is
diffi

cult
to

com
pute

directly
due

to
the

dependence
on

the
transition

dynam
-

ics.
H
ence,m

ethods
like

policy
likelihood

or
ranking

(cf.Sec.3.2.1)
are

used.
A
lternatively,

com
m
on

return-based
optim

ization
can

be
em

ployed
by

defining
an

utility-based
return,as

introduced
in

Sec.3.3.2.
D
irect

policy
search

m
ethods

are
typically

not
very

sam
ple-effi

cient,
as

the
tem

poral
structure

of
the

problem
is

ignored,
but

they
can

obtain
good

results
because

of
their

sim
plicity.

T
hese

m
ethods

can
be

typically
used

for
policies

w
ith

a
m
oderate

num
ber

of
param

eters,typically
less

than
one

hundred.
W

ilson
et

al.(2012)
em

ploy
M
arkov

C
hain

M
onte

C
arlo

(M
C
M
C
;A

ndrieu
et

al.2003)
sam

pling
to

obtain
the

posterior
distribution

ofa
param

etric
policy

space.
T
he

sam
pling

is
com

putational
costly,

but
does

not
require

new
trajectory

sam
ples.

A
sam

pling
approach

is
also

used
by

B
usa-Fekete

et
al.(2013,2014),but

w
ithin

an
evolutionary

algorithm
w
here

policies
are

described
w
ith

a
set

ofparam
eters.

A
krour

et
al.(2011,2012,2014)

also
use

an
evolutionary

strategy
(1

+
λ
E
S;A

uger
2005)

for
optim

ization
in

a
param

etric
policy

space,
w
hich

requires
a
high

am
ount

of
trajectory

sam
ples.

T
he

contextual
R
E
P
S
(K

upcsik
et

al.,
2014)

algorithm
,
as

em
ployed

by
K
upcsik

et
al.

(2015),is
also

a
strategy

for
optim

izing
param

eters
ofthe

policy.
In

the
contextualsettings,

w
e
can

learn
to

adapt
the

policy
param

eters
to

the
context

of
the

task.
For

exam
ple,

it
can

learn
to

adapt
the

robot’s
trajectory

if
w
e
need

to
throw

a
ball

for
a
larger

distance
(K

upcsik
et

al.,2014).
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3.5.2
V
a
lu

e-ba
sed

R
ein

fo
rc

em
en

t
L
ea

r
n
in

g

V
alue-based

approaches
exploit

the
tem

poralstructure
ofthe

problem
by

using
the

M
arkov

property,w
hich,in

principle
allow

s
for

m
ore

sam
ple

effi
cient

policy
optim

ization.
H
ow

ever,
these

m
ethods

m
ight

suffer
from

approxim
ation

errors
w
hich

can
lead

to
instabilities

and
divergence.

T
ypically,

value-based
m
ethods

use
som

e
variant

of
policy

iteration
that

is
again

com
posed

of
a
policy

evaluation
step

and
a
policy

im
provem

ent
step.

In
the

policy
evaluation

step,
the

estim
ated

rew
ard-based

utility
(A

krour
et

al.
2014;

W
irth

et
al.

2016;
C
hristiano

et
al.

2017;
cf.

Sec.
3.2.3)

is
used

to
com

pute
a
value

function
for

the
policy.

T
his

value
function

can,for
exam

ple,be
estim

ated
by

tem
poraldifference

m
ethods

such
as

least
squares

tem
poral

difference
learning

(LST
D
;
B
oyan

1999).
G
iven

the
value

function,
a
new

policy
can

be
obtained

in
the

policy
im

provem
ent

step.
For

exam
ple,

W
irth

et
al.

(2016)
uses

a
variant

of
the

relative
entropy

policy
search

(R
E
P
S)

algorithm
(P

eters
et

al.,
2010)

to
update

the
policy.

T
he

R
E
P
S
algorithm

perform
s
a
soft-greedy

policy
update

that
stabilizes

the
policy

iteration
process

and
is

also
applicable

in
continuous

action
spaces.

T
he

T
R
P
O

(Schulm
an

et
al.,

2015)
algorithm

em
ployed

by
C
hristiano

et
al.

(2017)
w
orks

com
parably,

but
uses

deep
neural

netw
orks

for
approxim

ating
the

value
function

and
the

policy.
A

separate
algorithm

for
com

puting
the

value
function

is
not

required.
In

discrete
action

spaces,greedy
updates

using
the

m
ax-operator

have
been

used
(A

krour
et

al.,
2014).

H
ow

ever,
this

approach
requires

a
suffi

cient
am

ount
of

transition
sam

ples
to

be
obtained

beforehand
w
hich

again
stabilizes

the
policy

iteration
process.

O
ther

authors
(F

ürnkranz
et

al.,
2012;

W
irth

and
F
ürnkranz,

2012,
2013a,b,

2015;
R
unarsson

and
Lucas,2012,2014;Sugiyam

a
et

al.,2012)
assum

e
a
utility

function
directly

defining
the

expected
outcom

e
of

a
state

or
action.

H
ence,

an
optim

al
policy

is
derived

by
directly

selecting
the

action
m
axim

izing
the

utility.
In

case
of

state
values

(W
irth

and
F
ürnkranz,2012,2015;R

unarsson
and

Lucas,2012,2014),this
step

requires
the

transition
m
odelto

be
know

n.

3.5.3
P
la

n
n
in

g

M
any

other
approaches

(Zucker
et

al.,
2010;

Jain
et

al.,
2013,

2015;
G
ritsenko

and
B
eren-

son,
2014)

use
planning

algorithm
s
for

optim
izing

policies.
P
lanning-based

algorithm
s
use

utility-based
approaches

to
derive

an
evaluation

m
easure

for
trajectories

(or
state/actions).

Furtherm
ore,a

m
odelofthe

system
dynam

ics
is
required

to
determ

ine
the

effects
ofactions.

It
is

then
possible

to
plan

a
sequence

of
actions

that
m
axim

izes
the

given
utility.

H
ow

ever,
a
m
odelof

the
system

dynam
ics

is
in

m
any

cases
not

available
w
ith

a
suffi

cient
accuracy.

T
he

use
of

sam
pling-based

rapidly-exploring
random

trees
(R

R
T
;
LaV

alle
and

K
uffner

1999)
and

their
constrained

bi-directional
variant

(C
B
iR

R
T
;
B
erenson

et
al.

2009)
w
as

ex-
plored

in
(Jain

et
al.,2013,2015;G

ritsenko
and

B
erenson,2014).

R
R
T
s
are

guaranteed
to

find
a
solution

to
a
planning

problem
,
but

provide
no

guarantees
for

the
optim

ality
of

the
found

solution.
O
ther

planning
algorithm

s
com

e
w
ith

such
guarantees,such

as
anytim

e
A
*

(A
R
A
*;

Likhachev
et

al.2003),as
used

by
Zucker

et
al.(2010).

P
lanning

m
ethods

require
an

accurate
m
odel

of
the

system
dynam

ics
and

inherently
suffer

from
m
odel

errors.
Sm

all
inaccuracies

in
the

m
odel

m
ight

be
exploited

by
the

planning
m
ethod

w
hich

m
ay

result
in

solutions
that

are
not

feasible
on

the
realsystem

.
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th
e
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T
he
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s
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e
ap
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ar
e
ap
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.
M
od
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-b
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ap
pr
oa
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es

as
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m
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th
e
sy
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em

dy
na

m
ic
s
ar
e
kn

ow
n
in

ad
va
nc

e,
w
hi
ch

al
lo
w
s
th
e
us
e

of
pl
an

ni
ng

al
go
ri
th
m
s
(J
ai
n
et

al
.,
20

13
,2

01
5;

G
ri
ts
en

ko
an

d
B
er
en

so
n,

20
14

;Z
uc
ke
r
et

al
.,

20
10

)
or

to
di
re
ct
ly

de
ri
ve

an
op

ti
m
al

po
lic

y
(W

ir
th

an
d
F
ür
nk

ra
nz

,
20

12
,
20
15

;
R
un

ar
s-

so
n
an

d
Lu

ca
s,

20
12

,
20

14
;
Su

gi
ya
m
a
et

al
.,
20

12
).

In
ad

di
ti
on

,
so
m
e
ap

pr
oa

ch
es

re
qu

ir
e

a
m
od

el
to

be
ab

le
to

si
m
ul
at
e
th
e
sy
st
em

in
it
ia
liz

ed
at

ar
bi
tr
ar
y
st
at
es

(F
ür
nk

ra
nz

et
al
.,

20
12

;W
ils
on

et
al
.,
20

12
).

T
he

tr
an

si
ti
on

dy
na

m
ic
s
of

re
al

w
or
ld

pr
ob

le
m
s
ar
e
us
ua

lly
no

t
kn

ow
n,

as
th
ey

ar
e

su
bj
ec
t
to

a
w
id
e
va
ri
at
e
of

(u
nk

no
w
n)

fa
ct
or
s.

H
en

ce
,
m
an

y
m
od

el
-b
as
ed

ap
pr
oa

ch
es

tr
y

to
le
ar
n
th
e
dy

na
m
ic
s
ba

se
d
on

ob
se
rv
ed

tr
an

si
ti
on

s
(G

rü
ne
w
äl
de

r
et

al
.,
20

12
).

H
ow

ev
er
,

m
od

el
le
ar
ni
ng

ca
n

be
a
co
m
pl
ic
at
ed

ta
sk

in
pa

rt
ic
ul
ar

fo
r
co
nt
in
uo

us
sy
st
em

s
an

d
is

a
re
se
ar
ch

fie
ld

on
it
s
ow

n
(N

gu
ye
n-
T
uo

ng
an

d
P
et
er
s,
20

11
).

It
m
ig
ht

re
qu

ir
e
a
hi
gh

am
ou

nt
of

sa
m
pl
es
,
w
e
ne

ed
to

ch
oo

se
a
su
it
ab

le
m
od

el
cl
as
s
an

d
th
e
re
su
lt
in
g
m
od

el
er
ro
rs

of
te
n

de
cr
ea
se

th
e
qu

al
it
y
of

th
e
re
su
lt
in
g
po

lic
y.

A
lt
er
na

ti
ve
ly
,
m
od
el
-f
re
e

ap
pr
oa
ch
es

ne
it
he

r
as
su
m
e

a
m
od

el
,

no
r

ap
pr
ox

im
at
e

it
(F

ür
nk

ra
nz

et
al
.,

20
12

;
W

ir
th

an
d

F
ür
nk

ra
nz

,
20
13

a,
b;

B
us
a-
Fe

ke
te

et
al
.,

20
13

,
20

14
;

W
ir
th

et
al
.,
20

16
;
A
kr
ou

r
et

al
.,
20

14
).

Fo
r
ex
am

pl
e,

A
kr
ou

r
et

al
.
(2
01

4)
as
su
m
e
a
la
rg
e

da
ta
ba

se
of

pr
e-
ge
ne
ra
te
d
sa
m
pl
es

w
hi
ch

ca
n
be

su
bs
eq
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nt
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ed
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r
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od

el
-f
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y

re
in
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en
t
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ar
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go

ri
th
m
s.

M
os
t
m
od

el
-f
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e
P
bR

L
ap

pr
oa

ch
es
,
w
it
h
th
e
ex
ce
pt
io
n

of
W

ir
th

et
al
.(

20
16

),
ar
e
no

t
ab

le
to

re
us
e
sa
m
pl
es
,
an

d
th
er
ef
or
e
re
qu

ir
e
a
la
rg
e
am

ou
nt

of
sa
m
pl
es

fo
r
co
m
pa

ri
ng

or
ev
al
ua

ti
ng

po
lic
ie
s.

A
ll
al
go

ri
th
m
s
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at

em
pl
oy

di
re
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po
lic
y

se
ar
ch

st
ra
te
gi
es

ar
e
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pr
in
ci
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e
m
od

el
-f
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th
e
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re
qu

ir
em

en
t
of

su
ch

al
go

ri
th
m
s
is

th
at

a
po

lic
y
ca
n
be

ex
ec
ut
ed

on
th
e
re
al

sy
st
em

.
H
ow

ev
er
,
as

th
es
e
al
go

ri
th
m
s
of
te
n
re
-

qu
ir
e
a
lo
t
of

po
lic

y
ex
ec
ut
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ns

in
or
de

r
to

fin
d
an

op
ti
m
al

po
lic

y,
it
is
of
te
n
as
su
m
ed

th
at

a
si
m
ul
at
or

is
av
ai
la
bl
e
to

av
oi
d
th
e
co
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ly

op
ti
m
iz
at
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n
on

th
e
re
al

sy
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em

.
A

no
ta
bl
e
ex
ce
p-

ti
on

is
th
e
al
go

ri
th
m

by
K
up

cs
ik

et
al
.
(2
01

5)
w
he

re
th
e
po

lic
y
op

ti
m
iz
at
io
n
is

pe
rf
or
m
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w
it
ho

ut
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ir
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g
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na

m
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s.

T
ra
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e
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3.
7
S
u
m
m
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y
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P
b
R
L
A
lg
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h
m
s

T
bl
.2

sh
ow

s
a
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la
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m
m
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y
of

th
e
di
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m
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gr
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d
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e
di
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3.
2.

W
e
lis
t
th
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e
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T
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re
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T
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at
io
n

an
d

po
lic

y
op
ti
m
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at
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ra
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.
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a
l

Learning a Policy Preferences Traj. Gen. Pref. Gen. Surrogate Opt. Policy Opt. Require.
Busa-Fekete et al. (2013, 2014) Trajectory Homogen Exhaustive - CMA-ES PP
Wilson et al. (2012) Trajectory Homogen Interleaved - MCMC PP,M/S0

Learning a Preference Model Preferences Traj. Gen. Pref. Gen. Surrogate Opt. Policy Opt. Require.
Fürnkranz et al. (2012) Action - Exhaustive MLP Direct Max. M/S0, DA
Wirth and Fürnkranz (2013a,b) Trajectory Homogen Exhaustive Gradient Direct Max. DS, DA

Learning a Utility Function Preferences Traj. Gen. Pref. Gen. Surrogate Opt. Policy Opt. Require.
Akrour et al. (2011, 2012) Trajectory Heterogen Interleaved SVM 1 + λ-ES PP
Akrour et al. (2014) Trajectory Heterogen Greedy MCMC LSTD, CMA-ES MA or PP
Christiano et al. (2017) Trajectory Homogen Interleaved Gradient TRPO, A3C
Gritsenko and Berenson (2014) Trajectory - - C4.5, M5P CBiRRT M
Jain et al. (2013, 2015) Trajectory Homogen+Guided Exhaustive Gradient RRT M
Kupcsik et al. (2015) Trajectory Homogen Exhaustive convex solver C-REPS PP
Runarsson and Lucas (2012, 2014) State - - SVM Direct Max. M
Sugiyama et al. (2012) Trajectory - - convex solver Direct Max. M, DS, DA
Wirth and Fürnkranz (2012, 2015) State - - SVM, LP Direct Max. M
Wirth et al. (2016) Trajectory Homogen Interleaved LP, ELS LSTD, REPS
Zucker et al. (2010) State Homogen Guided SVM ARA* M

Table 2: Overview of PbRL approaches by design principle

Algorithms: 1 + λ-ES : 1 + λ Evolution Strategy (Auger, 2005), A3C : Asynchronous Advantage Actor-Critic (Mnih et al., 2016),
ARA* : Anytime A* (Likhachev et al., 2003), C-REPS : Contextual Relative Entropy Policy Search (Kupcsik et al., 2014), C4.5 : C4.5
Classifier (Quinlan, 1993), CBiRRT : Constrained Bi-directional Rapidly-Exploring Random Tree (Berenson et al., 2009), CMA-ES :
Covariance Matrix Adaptation Evolution Strategy (Hansen and Kern, 2004), ELS : Elliptic Slice Sampling (Murray et al., 2010), LP : Linear
Programming, LSTD : Least Squares Temporal Difference Learning (Boyan, 1999), M5P : M5P Regression Model Trees (Wang and Witten,
1997), MCMC :Markov Chain Monte Carlo (Andrieu et al., 2003), MLP : Multi-layer Perceptron (Bishop, 1995), REPS : Relative Entropy
Policy Search (Peters et al., 2010), RRT : Rapidly-exploring Random Tree (LaValle and Kuffner, 1999), SVM : Ranking Support Vector
Machine (Joachims, 2002; Herbrich et al., 1999), TRPO : Trust Region Policy Optimization (Schulman et al., 2015)

Requirements: DA: discrete action space, DS : discrete state space, M : transition model is known, MA: pre-generated samples required, PP :
parametric policy, S0: all states can be used as initial state
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g
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4.
E
xp

erim
ent

D
om

ain
s

M
ost

practical
applications

for
P
bR

L
focus

on
robot

teaching
tasks

and
on

board
gam

e
dom

ains.
T
hese

dom
ains

can
be

subject
to

com
plex

rew
ard

shaping
problem

s
(N

g
et

al.,
1999)as

itis
required

to
notonly

solve
the

task
itself,butalso

considerconstraints
like

m
otor

lim
itations

or
obstacle

avoidance.
Furtherm

ore,a
robot

acting
in

uncontrolled
environm

ents
needs

to
cope

w
ith

changing
environm

ents,
interact

w
ith

non
expert

users
and

adapt
to

new
tasks.

For
such

tasks,
P
bR

L
is

a
suitable

tool
as

it
allow

s
robots

to
learn

w
ithout

expert
know

ledge
or

predefined
rew

ards.
In

the
follow

ing,w
e
highlight

a
few

dom
ains

w
here

preference-based
approaches

have
been

successfully
em

ployed
in

the
past.

4.1
O
b
ject

H
an

d
over

K
upcsik

et
al.(2015)

use
a
preference-based

approach
to

learn
a
robot

handover
task

w
here

a
robot

has
to

pass
a
bottle

to
a
person

sitting,w
alking

or
running,as

show
n
in

F
ig.4.

T
he

handover
should

be
perform

ed
as

com
fortably

as
possible

for
the

hum
an

w
hich

approaches
at

different
speed.

H
ence,

the
stiffness

as
w
ell

as
the

trajectory
of

the
robot’s

end-effector
need

to
be

adapted
by

the
learning

procedure.

F
igure

4:
T
he

robot
handover

task
w
ith

a
sitting,standing

and
running

person

A
s
described

in
Strabala

et
al.(2013),this

task
consists

ofthree
stages:

approach,signal
and

transfer.
F
irst,

the
robot

needs
to

approach
the

hum
an

and
get

ready
for

the
actual

handover.
In

the
signaling

phase,
the

robot
and

the
hum

an
need

to
exchange

inform
ation

for
determ

ining
the

intended
joint

position
for

the
handover.

T
his

inform
ation

exchange
is

often
non-verbal.

Lastly,
the

joint
contact

needs
to

be
established.

T
his

physical
transfer

should
be

dynam
ic

and
should

not
require

a
stationary

contact
phase.

T
he

focus
ofK

upcsik
et

al.
(2015)

is
on

this
last

phase.
E
xperim

ents
are

perform
ed

w
ith

a
real

7-D
oF

K
U
K
A

LB
R

arm
and

a
R
obotiq

3-finger
hand

in
a
laboratory

setup,as
show

n
in

F
ig.5.

T
he

robot
perform

s
severalhandover

trials
w
ith

a
hum

an
receiving

the
object.

Feedback
is
obtained

in
term

s
of

trajectory
preferences,

but
can

be
enhanced

w
ith

an
ordinalevaluation

on
a
1–10

scale.
T
he

trajectories
are

considered
to

be
sam

ples
of

a
param

etric
policy

and
the

related
feedback

is
used

to
learn

an
evaluation

function
for

policies,
as

described
in

Sec.
3.2.3

and
3.4.1.

T
he

evaluation
function

uses
the

policy
param

eters
as

input,
allow

ing
to

define
a
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C
.
W

irth
et

a
l

F
igure

5:
T
he

robot
K
U
K
A

robot
w
ith

a
3-finger

hand

likelihood
function

for
the

feedback,
given

a
param

etric
policy.

U
sing

B
ayesian

inference
and

a
G
aussian

process
prior,it

is
possible

to
infer

the
policy

evaluation
function

explicitly.
P
olicies

can
be

evaluated
w
ithout

obtaining
trajectory

sam
ples

by
directly

evaluating
the

policy
param

eters.
H
ence,no

costly
environm

ent
calls

are
needed

for
optim

izing
the

policy.
T
he

perform
ed

evaluation
show

s
a
steady

im
provem

ent,averaged
over

5
trials.

Further-
m
ore,the

return
of

the
policy

approaches
a
plateau

after
80

policy
updates.

H
ow

ever,the
exact

am
ount

ofused
preferences

as
w
ellas

the
perform

ance
difference

to
an

optim
alpolicy

rem
ain

unclear.
In

general,
the

approach
is

very
interesting

for
dom

ains
w
here

(low
-dim

ensional)
para-

m
etric

policies
are

available
and

trajectory
generation

is
expensive.

O
nly

learning
the

utility
function

requires
trajectory

sam
pling.

Furtherm
ore,the

process
can

probably
be

im
proved

further
by

considering
specific

preference
function

exploration
criteria,

as
introduced

in
Sec.

3.4.3.
H
ow

ever,
the

approach
is

m
ost

likely
not

suited
for

high-dim
ensional

policy
spaces

because
ofthe

G
aussian

process.
G
aussian

process-based
m
ethods

are
com

putational
expensive

and
require

a
high

num
ber

of
sam

ples
to

suffi
ciently

capture
com

plex
policies.

H
ence,a

high
num

ber
of

trajectory
sam

ples
and

preferences
w
ould

be
required.

4.2
P
ath

P
lan

n
in
g

Jain
et

al.
(2013,

2015)
also

tries
to

solve
robotic

tasks,
but

use
a
sim

ulated
setup,

show
n

in
F
ig.6a.

D
ue

to
the

sim
ulated

setup,the
authors

w
ere

able
to

evaluate
their

system
on

a
w
ide

range
of

path
planning

tasks,nam
ely:

•
pick

and
place,e.g.,m

oving
a
glass

of
w
ater

w
ithout

spilling
w
ater;

•
inserting,e.g.,placing

or
knife

inside
a
holder;

•
pouring,e.g.,pouring

w
ater

into
a
cup;

•
heavy-fragile

m
ovem

ent,e.g.,m
oving

a
heavy

object
w
ith

a
fragile

object
close

by;

•
liquid-electronic

m
ovem

ent,e.g.,m
oving

a
glass

of
w
ater

w
ith

a
laptop

in
vicinity;
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(a
)
T
he

si
m
ul
at
io
n
en
vi
ro
nm

en
t

(b
)
T
he

re
al

ro
bo

t

F
ig
ur
e
6:

T
he

ex
pe

ri
m
en
t
se
tu
p
of

Ja
in

et
al
.(
20

13
,2

01
5)

•
sh
ar
p-
ob

je
ct

m
ov
em

en
t,

e.
g.
,m

ov
in
g
a
kn

ife
w
it
h
a
hu

m
an

in
ra
ng

e;

•
ho

t-
ob

je
ct

m
ov
em

en
t,

e.
g.
,s

er
vi
ng

a
ho

t
dr
in
k.

O
ve
ra
ll,

fo
r
ev
al
ua

ti
ng

th
ei
r
ap

pr
oa

ch
,t
he

y
de

fin
ed

35
ta
sk
s
by

ch
an

gi
ng

th
e
ob

je
ct
s
an

d/
or

en
vi
ro
nm

en
t.

T
he

ro
bo

t
de
m
on

st
ra
te
s
a
se
t
of

tr
aj
ec
to
ri
es
,
w
hi
ch

ar
e
ra
nk

ed
by

th
e
al
-

go
ri
th
m
.

T
he

us
er

ca
n

th
en

de
fin

e
pr
ef
er
en

ce
s
by

re
-r
an

ki
ng

th
em

or
by

su
pp

ly
in
g
ne
w

tr
aj
ec
to
ri
es
,w

hi
ch

ar
e
as
su
m
ed

to
be

an
im

pr
ov
em

en
t
ov
er

al
lt
ra
je
ct
or
ie
s
de

m
on

st
ra
te
d
by

th
e
ro
bo

t.
H
en

ce
,t
he

y
ar
e
ad

de
d
to

th
e
ra
nk

in
g
as

th
e
to
p-
ra
nk

ed
el
em

en
t.

P
re
fe
re
nc

es
ar
e

th
en

ob
ta
in
ed

by
co
m
pu

ti
ng

al
lp

ai
rw

is
e
pr
ef
er
en

ce
s
co
nt
ai
ne

d
in

th
e
ra
nk

in
g.

Fo
r
ev
al
ua

ti
ng

th
e
ap

pr
oa

ch
,a

n
ex
pe

rt
sc
or
ed

21
00

tr
aj
ec
to
ri
es

in
to
ta
l,
ba

se
d
on

a
1–

5
sc
al
e.

Fr
om

th
es
e
sc
or
es
,t
he

au
th
or
s
de

ri
ve

a
ra
nk

in
g
an

d
co
m
pa

re
it
w
it
h
a
ra
nk

in
g
ba

se
d

on
th
e
le
ar
ne

d
ut
ili
ty
.
T
he

y
ac
hi
ev
e
an

nD
C
G
@
1(
nD

C
G
@
3)

ra
nk

in
g
er
ro
r
(M

an
ni
ng

et
al
.,

20
08

)
of

0
.7

8(
0.

66
)
to

0
.9

3(
0.

92
)
af
te
r
ob

ta
in
in
g
fe
ed

ba
ck

20
ti
m
es
.
T
he

ra
nk

in
g
er
ro
r
is

av
er
ag

ed
ov
er

m
ul
ti
pl
e
ta
sk
s,

gr
ou

pe
d
in
to

th
re
e
ca
te
go

ri
es
.
T
he

us
ed

fe
ed

ba
ck

is
on

ly
a

re
-r
an

ki
ng

of
5
ob

ta
in
ed

tr
aj
ec
to
ri
es

by
pi
ck
in
g
th
e
m
os
t
pr
ef
er
re
d
on

e.
T
he

ex
ac
t
am

ou
nt

of
de

ri
ve
d
pr
ef
er
en

ce
s
is

un
cl
ea
r.

T
he

w
or
k
of

Ja
in

et
al
.(
20

13
,2

01
5)

is
es
pe

ci
al
ly

in
te
re
st
in
g
be

ca
us
e
it
w
as

de
m
on

st
ra
te
d

to
be

ap
pl
ic
ab

le
in

a
w
id
e
ra
ng

e
of

do
m
ai
ns
.
In

co
nt
ra
st

to
K
up

cs
ik

et
al
.
(2
01

5)
,
a
lo
w
-

di
m
en

si
on

al
po

lic
y
sp
ac
e
is
no

tr
eq
ui
re
d,

bu
ta

pr
ed
efi

ne
d
tr
aj
ec
to
ry

fe
at
ur
e
sp
ac
e.

A
rg
ua

bl
y,

th
is

re
qu

ir
em

en
t
is

ea
si
er

to
sa
ti
sf
y
an

d
ap

pl
y.

H
ow

ev
er
,
th
e
ut
ili
ty

fu
nc

ti
on

ha
s
to

be
lin

ea
r
in

th
e
gi
ve
n
fe
at
ur
e
sp
ac
e
bu

t
th
e
m
et
ho

d
co
ul
d
be

co
m
bi
ne

d
w
it
h
no

n-
lin

ea
r
ut
ili
ty

fu
nc

ti
on

s,
as

in
tr
od

uc
ed

by
W

ir
th

et
al
.(
20

16
).

4.
3
C
h
es
s
A
ge
nt

A
n
ap

pl
ic
at
io
n
of

P
bR

L
to

bo
ar
d
ga

m
es

w
as

de
m
on

st
ra
te
d
by

W
ir
th

an
d
F
ür
nk

ra
nz

(2
01

2,
20

15
).

T
he

y
us
e
al
re
ad

y
av
ai
la
bl
e
da

ta
fr
om

th
e
ch
es
s
do

m
ai
n
to

le
ar
n
an

ar
ti
fic

ia
l
ch
es
s

ag
en
t.

P
ro
fe
ss
io
na

lc
he

ss
ga

m
es

ar
e
co
m
m
on

ly
st
or
ed

in
la
rg
e
da

ta
ba

se
s,
w
he

re
m
an

y
ga
m
es

an
no

ta
te

m
ov
e
an

d
po

si
ti
on

w
it
h
a
un

ifi
ed

sy
m
bo

ls
et
,a

s
sh
ow

n
in

F
ig
.7

.
T
he

an
no

ta
ti
on

sy
m
bo

ls
de
fin

e
th
e
qu

al
it
y
of

a
po

si
ti
on

or
m
ov
e,

e.
g.
,
th
e
w
hi
te
/b

la
ck

pl
ay
er

ha
s
a
de

ci
-

si
ve
/m

od
er
at
e/
sl
ig
ht

ad
va
nt
ag

e
ov
er

he
r
op

po
ne

nt
3 .

In
th
e
gi
ve
n
ex
am

pl
e,

th
e
an

no
ta
to
r

3.
ht

tp
:/

/p
or

ta
bl

eg
am

en
ot

at
io

n.
co

m/
Sy

mb
ol

s.
ht

ml 33
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C
.
W

ir
th

et
a
l

F
ig
ur
e
7:

A
ch
es
s
po

si
ti
on

w
it
h
m
ov
e
hi
st
or
y
an

d
an

no
ta
ti
on

s.

re
m
ar
ke
d
th
at

W
hi
te
’s

m
ov
e
13
.B

d2
!

w
as

a
ve
ry

go
od

m
ov
e
(i
nd

ic
at
ed

by
th
e
ex
cl
am

a-
ti
on

m
ar
k

at
th
e
en

d
of

th
e
m
ov
e)
,
an

d
pr
ov
id
es

th
re
e
al
te
rn
at
iv
e
re
pl
ie
s
fo
r
th
e
m
ov
e

13
..
.f

X
e5

th
at

w
as

pl
ay
ed

in
th
e
ga

m
e:

13
..
.a
5?
!
is

du
bi
ou

s,
13

..
.Q

X
c2
?

is
a
m
is
ta
ke
,

an
d
13

..
.N

X
c2
??

is
a
lo
si
ng

m
ov
e.

T
he

po
si
ti
on

s
at

th
e
en
d
of

th
es
e
va
ri
at
io
ns

ar
e
al
so

an
no

ta
te
d
w
it
h
sy
m
bo

ls
lik

e
±
,
in
di
ca
ti
ng

a
sm

al
l
ad

va
nt
ag
e
fo
r
W

hi
te
,
or

+
−

in
di
ca
ti
ng

a
de

ci
si
ve

ad
va
nt
ag

e
fo
r
W

hi
te
.
It

is
st
ra
ig
ht
-f
or
w
ar
d
to

de
ri
ve

pr
ef
er
en

ce
s
ov
er

m
ov
es

an
d

po
si
ti
on

s
fr
om

su
ch

an
no

ta
ti
on

s.
T
he

pr
ef
er
en
ce
s
ca
n
th
en

be
us
ed

to
le
ar
n
a
st
at
e
ut
ili
ty

fu
nc

ti
on

w
hi
ch

es
ti
m
at
es

th
e
ex
pe

ct
ed

ou
tc
om

e
of

a
po

si
ti
on

.
A

po
lic

y
is

th
en

de
ri
ve
d
by

m
ax

im
iz
in
g
th
e
ut
ili
ty
,u

si
ng

th
e
al
re
ad

y
kn

ow
n
ch
es
s
tr
an

si
ti
on

fu
nc

ti
on

.
T
he

re
su
lt
s
in

th
is
do

m
ai
n
sh
ow

th
at

it
is
po

ss
ib
le
to

ap
pr
oa

ch
th
e
pe

rf
or
m
an

ce
of

a
ne
ar
-

op
ti
m
al

ha
nd

cr
af
te
d
ut
ili
ty

fu
nc

ti
on

.
H
ow

ev
er
,
th
e
be

st
re
su
lt
s
re
qu

ir
e

2.
12

M
pr
ef
er
en

ce
s

an
d
us
e
a
pr
e-
de

fin
ed

ut
ili
ty

fe
at
ur
e
sp
ac
e
w
it
h
on

ly
15

di
m
en
si
on

s.
It

ca
n

be
co
nc

lu
de

d
th
at

th
is

ap
pr
oa
ch

is
in
te
re
st
in
g
fo
r
do

m
ai
ns

w
he

re
it

is
ea
si
ly

po
ss
ib
le

to
de

ri
ve

hi
gh

nu
m
be

r
of

(n
oi
sy
)
pr
ef
er
en

ce
s.

H
ow

ev
er
,
if
op

ti
m
al

po
lic

ie
s
ar
e
of

im
po

rt
an

ce
,
it

sh
ou

ld
pr
ob

ab
ly

on
ly

be
us
ed

fo
r
co
m
pu

ti
ng

an
in
it
ia
l
so
lu
ti
on

th
at

ca
n
be

fu
rt
he

r
re
fin

ed
by

ap
pl
yi
ng

on
e
of

th
e
ot
he

r
P
bR

L
ap

pr
oa

ch
es
.

4.
4
O
th
er

D
om

ai
n
s

N
ea
rl
y
al
l
ot
he

r
ap

pr
oa

ch
es

ar
e
ev
al
ua

te
d
on

cl
as
si
ca
l
re
in
fo
rc
em

en
t
le
ar
ni
ng

to
y
do

m
ai
ns
,

w
he

re
qu

al
it
at
iv
e
pr
ef
er
en

ce
s
ar
e
de

ri
ve
d
fr
om

th
e
qu

an
ti
ta
ti
ve

re
tu
rn
s
of

th
e
tr
aj
ec
to
ri
es
.

C
om

m
on

ly
us
ed

do
m
ai
ns

ar
e
th
e
m
ou

nt
ai
n
ca
r
(S
ut
to
n
an

d
B
ar
to
,1

99
8)
,p
en
du

lu
m

sw
in
g-
up

(Å
st
rö
m

an
d
Fu

ru
ta
,2

00
0)
,c
ar
t-
po
le

ba
la
nc
in
g
(W

an
g
et

al
.,
19

96
),
ac
ro
bo
t
(S
po

ng
,1

99
4)
,
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P
r
efer

en
ce-B

a
sed

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
S
u
rv

ey

and
the

bicycle
balance

(R
andløv

and
A
lstrøm

,
1998)

dom
ains.

T
w
o
approaches

also
use

a
sim

ple
grid

w
orld

defined
by

A
krour

et
al.

(2014).
T
his

grid
w
orld

is
easy

to
solve

from
a

reinforcem
ent

learning
point

ofview
,but

diffi
cult

for
preference

learning
as

the
ground-truth

rew
ard

values
are

very
sim

ilar
for

som
e
states.

T
ypical

state-of-the-art
approaches

require
5−

4
0
preferences

to
com

pute
an

optim
al

policy
in

these
dom

ains.
Several

algorithm
s
are

also
evaluated

on
a
cancer

treatm
ent

task,
derived

from
a
rew

ard
based

setting
by

Zhao
et

al.(2009).
M
ore

com
plex

toy
dom

ains
have

been
used

by
C
hristiano

et
al.(2017),as

they
em

ploy
the

A
T
A
R
Ilearning

environm
ent(B

ellem
are

etal.,2013)and
the

M
uJoC

o
fram

ew
ork

(T
odorov

et
al.,

2012)
for

learning
m
ovem

ent
and

other
robotic

tasks.
Interestingly,

they
have

been
able

to
outperform

state-of-the-artR
L
approaches

w
ith

num
eric

rew
ards

in
several

dom
ains,how

ever
they

required
severalhundred

preferences.
R
unarsson

and
Lucas

(2012,2014)
use

the
board

gam
e
O
thello,in

a
setting

that
is
sim

-
ilar

to
the

experim
ents

by
W

irth
and

F
ürnkranz

(2012,2015).
H
ow

ever,preferences
are

not
derived

from
hum

an
annotations,

but
by

assum
ing

that
observed

state/action
choices

are
preferable

to
unseen

alternatives.
T
his

relates
the

approach
closely

to
inverse

reinforcem
ent

learning,although,the
system

directly
learns

a
value

function
instead

ofa
rew

ard
function.

Sugiyam
a
et

al.(2012)
derive

preferences
from

num
eric

ratings
and

also
learn

a
value

func-
tion,

how
ever,

in
a
hum

an
dialog

setting.
T
hey

show
im

provem
ents

over
classic

R
L

and
IR

L
approaches.

A
detailed

overview
of

experim
ent

dom
ains

and
evaluated

approaches
is

given
in

T
bl.

3.
D
om

ain
setups

are
not

alw
ays

identical
and

m
ay

differ
in

details
such

as
the

noise
level,used

feature
space

or
action

lim
its.

H
ence,even

in
the

few
cases

w
here

tw
o

papers
do

publish
results

ofthe
sam

e
evaluation

dom
ain,the

results
are

usually
not

directly
com

parable.

5.
D

iscu
ssion

W
hile

there
has

been
m
uch

progress
in

the
recent

years
in

P
bR

L,m
any

open
questions

and
shortcom

ings
of

the
approaches

rem
ain.

For
exam

ple,none
of

the
utility-based

approaches
are

able
to

produce
a
set

of
P
areto-optim

al
policies

in
case

of
incom

parabilities.
O
nly

the
direct

policy
learning

m
ethod

of
B
usa-Fekete

et
al.(2014)

can
handle

incom
parabilities

by
assum

ing
that

the
incom

parable
trajectories

should
be

evaluated
equally,i.e.,that

both
trajectories

receive
the

sam
e
probability.

A
potentialsolution

to
cope

w
ith

incom
parabilities

w
ould

be
to

learn
a
non-scalar

utility
function,

allow
ing

the
utility

functions
to

differ
in

m
ultiple

dim
ensions.

A
set

of
P
areto-optim

al
policies

could
then

be
learned

using
m
ulti-

objective
reinforcem

ent
learning

(Liu
et

al.,2015).
T
he

question
of

preference-space
exploration

has
also

not
yet

been
addressed

satis-
factorily.

W
hile

a
few

approaches
for

preference-space
exploration

have
been

proposed
(Sec.3.4.3),a

principled
integration

into
the

policy-space
exploration

strategy
is

stillm
iss-

ing.
B
oth

tasks
should

be
com

bined
effi

ciently
to

reduce
the

am
ount

of
trajectory

sam
ples

and
preferences

that
are

required.
In

addition,
very

few
utility-based

approaches
are

able
to

learn
non-linear

utility
functions.

G
ritsenko

and
B
erenson

(2014)
learn

non-linear
util-

ities
but

require
that

the
P
bR

L
problem

is
turned

into
an

ordinal
ranking

problem
first

(Sec.
3.2.3).

O
rdinal

rankings
are

problem
atic

in
that

arbitrary
distances

betw
een

ranks
are

introduced
w
hen

they
are

treated
as

regression
problem

s,w
hereas

the
classification

case
suffers

from
a
severe

loss
of

inform
ation.

W
irth

et
al.(2016);K

upcsik
et

al.(2015)
em

ploy
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C
.
W

irth
et

a
l

classic
discrete

classic
continuous

robotics
gam

es

End of Maze
Grid world
River Swim
Acrobot
Bicycle Balance
Inverted Pendulum
Mountain Car
Swing Up
MuJoCo
NAO Robot
path planning
unhang wheel
terrain locomotion
object handover
ATARI
Chess
Othello
Cancer
Dialog Data

A
krour

et
al.(2011)

7
7

A
krour

et
al.(2012)

7
7

A
krour

et
al.(2014)

7
7

7
7

B
usa-Fekete

et
al.(2013,2014)

7

C
hristiano

et
al.(2017)

7
7

F
ürnkranz

et
al.(2012)

7
7

7

G
ritsenko

and
B
erenson

(2014)
7

Jain
et

al.(2013,2015)
7

K
upcsik

et
al.(2015)

7

R
unarsson

and
L
ucas

(2012,2014)
7

Sugiyam
a
et

al.(2012)
7

W
ilson

et
al.(2012)

7
7

7
7

W
irth

and
F
ürnkranz

(2013a,b)
7

7
7

W
irth

and
F
ürnkranz

(2012,2015)
7

W
irth

et
al.(2016)

7
7

7
7

Zucker
et

al.(2010)
7

T
able

3:
O
verview

of
evaluation

dom
ains

kernels
for

overcom
ing

this
problem

,an
idea

applicable
to

alllinear
utility

function
learning

problem
s.

H
ow

ever,
this

results
in

a
high-dim

ensional
utility

space
and

is
com

putational
costly.

H
ence,the

approaches
do

not
scale

w
ellto

high
dim

ensionalspaces.
T
he

deep
neural

netw
ork

based
approach

by
C
hristiano

et
al.(2017)

overcom
es

the
scalability

issues
ofkernel-

based
m
ethods

but
requires

a
high

am
ount

of
preferences.

Further
research

is
required

to
either

scale
preference-based

learning
w
ith

kernels
to

larger
problem

s
spaces

or
to

im
prove

the
results

from
D
N
N
-based

approaches
w
ith

low
am

ounts
of

training
data.

A
nother

im
portant

research
question

is
to

find
principled

w
ays

for
com

bining
various

types
offeedback

from
the

hum
an

expert,such
as

preferences,ordinalor
num

eric
feedback,

and
dem

onstrations.
In

particular,
inverse

reinforcem
ent

learning
from

dem
onstrated

tra-
jectories

could
be

used
to

provide
good

initializations
for

learning
a
utility

function.
T
his

utility
could

then
be

refined
by

preferences
of

the
experts.

Furtherm
ore,

P
bR

L
can

currently
not

be
used

to
perform

risk-averse
optim

ization
(C

oraluppi
and

M
arcus,

1999;
G
eibel,

2001).
R
isk-adverse

optim
ization

guarantees
that
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P
r
ef

er
en

ce
-B

a
se

d
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
S
u
rv

ey

th
e
w
or
st

ca
se

pe
rf
or
m
an

ce
of

th
e
al
go

ri
th
m

is
bo

un
de

d.
In

m
an

y
ca
se
s,

it
is

re
qu

ir
ed

th
at

ce
rt
ai
n
tr
aj
ec
to
ri
es

ar
e
no

t
re
al
iz
ed

,f
or

ex
am

pl
e,

tr
aj
ec
to
ri
es

th
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ũ
k
,ṽ
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)ũ
k
ṽ
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re
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p
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+
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u
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p
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⊆
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d
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√
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∑
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e
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l
e

a
n
d

F
é
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b
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b
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u
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b
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u
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d
ata-d
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e
en

tries
W

ij
of

th
e

n
oise

m
atrix

are
n
ot

n
ecessarily

eq
u
al,

an
d

m
ay

d
ep

en
d

on
th

e
sign

al
m

atrix
X

.

A
s

an
illu

strative
ex

am
p
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con
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1 ũ
1 ṽ
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w
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In

th
is

p
ap

er,
ex

am
p
les

of
d
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=
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w
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p
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p
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∑
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at
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p
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p
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p
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d
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m
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p
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t

go
in

g
to

in
fi

n
it

y
in

th
e

a
sy

m
p
to

ti
c

fr
a
m

ew
o
rk

w
h
er

e
th

e
se

qu
en

ce
m

=
m
n
≥
n

is
su

ch
th

a
t

li
m
n
→

+
∞

n m
=
c

w
it

h
0
<
c
≤

1.

In
th

e
G

au
ss

ia
n

sp
ik

ed
p

op
u
la

ti
on

m
o
d
el

,
th

e
as

y
m

p
to

ti
c

lo
ca

ti
on

s
of

th
e

em
p
ir

ic
al

si
n
gu

la
r

va
lu

es
σ̃

1
≥
..
.
≥
σ̃

m
in

(n
,m

)
ar

e
w

el
l

u
n
d
er

st
o
o
d

in
th

e
ra

n
d
om

m
at

ri
x

th
eo

ry
(f

u
rt

h
er

d
et

ai
ls

ar
e

gi
ve

n
in

S
ec

ti
on

3.
1)

.
N

ot
e

th
at

th
e

se
tt

in
g

w
h
er

e
th

e
ra

n
k
r∗

is
n
ot

h
el

d
fi
x
ed

b
u
t

al
lo

w
ed

to
gr

ow
w

it
h

m
in

(n
,m

)
is

ve
ry

d
iff

er
en

t
(s

ee
e.

g.
L

ed
oi

t
an

d
W

ol
f

(2
01

2)
an

d
re

fe
re

n
ce

s
th

er
ei

n
).

U
n
d
er

th
e

G
au

ss
ia

n
sp

ik
ed

p
op

u
la

ti
on

m
o
d
el

,
ou

r
co

n
tr

ib
u
ti

on
s

ar
e

th
en

a
s

fo
ll
ow

s:

•
w

e
p
ro

v
e

th
e

co
n
ve

rg
en

ce
of

th
e

S
U

R
E

fo
rm

u
la

w
h
en

th
e

d
im

en
si

on
s

of
Y

te
n
d

to
in

fi
n
it

y,

•
it

is
sh

ow
n

th
at

m
in

im
iz

in
g

th
e

as
y
m

p
to

ti
c

va
lu

e
of

S
U

R
E

le
ad

s
to

th
e

sa
m

e
es

ti
m

at
or

as
th

e
li
m

it
in

g
va

lu
e

of
th

e
es

ti
m

at
or

ob
ta

in
ed

b
y

m
in

im
iz

in
g

th
e

S
U

R
E

,
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B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

•
th

is
m

o
d
el

al
lo

w
s

to
sh

ow
th

at
th

e
n
ov

el
d
at

a-
d
ri

ve
n

sp
ec

tr
al

es
ti

m
at

or
s

d
er

iv
ed

in
th

is
p
ap

er
ar

e
as

y
m

p
to

ti
ca

ll
y

co
n
n
ec

te
d

to
ex

is
ti

n
g

op
ti

m
al

sh
ri

n
ka

ge
ru

le
s

(S
h
a
b
a
li
n

a
n
d

N
ob

el
,

20
13

;
G

av
is

h
an

d
D

on
oh

o,
20

17
;

N
ad

ak
u
d
it

i,
20

14
)

fo
r

lo
w

-r
a
n
k

m
a
tr

ix
d
e-

n
oi

si
n
g,

•
in

th
is

se
tt

in
g,

w
e

ar
e

al
so

ab
le

to
co

n
n
ec

t
th

e
ch

oi
ce

of
th

e
p

en
al

ty
fu

n
ct

io
n

2
|s|
p
n
,m

in
(7

)
w

it
h

S
te

in
’s

n
ot

io
n

of
d
eg

re
es

o
f

fr
ee

d
om

(s
ee

e.
g.

B
ra

d
le

y
(2

00
4
))

fo
r

sp
ec

tr
a
l

es
ti

m
at

or
s.

1
.4

.4
N

u
m

e
r
ic

a
l

e
x
p
e
r
im

e
n
t
s

a
n
d

p
u
b
l
ic

ly
a
v
a
il

a
b
l
e

so
u
r
c
e

c
o
d
e

A
s

th
e

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

of
ou

r
es

ti
m

at
o
rs

ar
e

st
u
d
ie

d
in

an
as

y
m

p
to

ti
c

se
tt

in
g
,

w
e

re
p

or
t

th
e

re
su

lt
s

of
va

ri
ou

s
n
u
m

er
ic

al
ex

p
er

im
en

ts
to

an
al

y
ze

th
e

p
er

fo
rm

an
ce

s
o
f

th
e

p
ro

-
p

os
ed

es
ti

m
at

or
s

fo
r

fi
n
it

e-
d
im

en
si

on
al

m
at

ri
ce

s.
T

h
es

e
ex

p
er

im
en

ts
al

lo
w

th
e

co
m

p
a
ri

so
n

w
it

h
ex

is
ti

n
g

sh
ri

n
ka

ge
ru

le
s

fo
r

G
au

ss
ia

n
-d

is
tr

ib
u
te

d
m

ea
su

re
m

en
ts

an
d

th
ey

a
re

a
ls

o
u
se

d
to

sh
ed

so
m

e
li
gh

ts
on

th
e

fi
n
it

e
sa

m
p
le

p
ro

p
er

ti
es

of
th

e
m

et
h
o
d

fo
r

G
am

m
a
-d

is
tr

ib
u
te

d
or

P
oi

ss
on

-d
is

tr
ib

u
te

d
m

ea
su

re
m

en
ts

.
W

e
al

so
ex

h
ib

it
th

e
se

tt
in

gs
w

h
er

e
th

e
si

g
n
a
l

m
a
tr

ix
X

is
ei

th
er

ea
sy

o
r

m
or

e
d
iffi

cu
lt

to
re

co
ve

r.
F

ro
m

th
es

e
ex

p
er

im
en

ts
,

th
e

m
a
in

fi
n
d
in

g
s

ar
e

th
e

fo
ll
ow

in
g

on
es

:

•
th

e
u
se

of
an

ap
p
ro

p
ri

at
e

ac
ti

ve
se

t
s

of
si

n
gu

la
r

va
lu

es
is

an
es

se
n
ti

al
st

ep
fo

r
th

e
q
u
a
li
ty

of
sh

ri
n
ka

ge
es

ti
m

at
or

s
w

h
os

e
w

ei
gh

ts
ar

e
d
at

a-
d
ri

ve
n

b
y

S
U

R
E

-l
ik

e
es

ti
m

a
to

rs
;
ta

k
in

g
s

=
{1
,.
..
,m

in
(n
,m

)}
le

ad
s

to
p

o
or

re
su

lt
s

w
h
il
e

th
e

ch
oi

ce
of
s

=
s∗

m
in

im
iz

in
g

th
e

A
IC

cr
it

er
io

n
(7

)
ap

p
ea

rs
to

y
ie

ld
th

e
b

es
t

p
er

fo
rm

an
ce

s,

•
fo

r
G

au
ss

ia
n

n
o
is

e,
th

e
p

er
fo

rm
an

ce
s

of
ou

r
ap

p
ro

ac
h

ar
e

si
m

il
ar

to
th

os
e

o
b
ta

in
ed

b
y

th
e

as
y
m

p
to

ti
ca

ll
y

op
ti

m
al

sp
ec

tr
a
l

es
ti

m
at

or
p
ro

p
os

ed
in

G
av

is
h

an
d

D
o
n
o
h
o

(2
0
1
7
)

w
h
en

th
e

tr
u
e

ra
n
k
r∗

of
th

e
si

gn
al

m
at

ri
x
X

is
su

ffi
ci

en
tl

y
sm

al
l,

b
u
t

fo
r

la
rg

e
to

m
o
d
er

at
e

va
lu

es
of

th
e

si
gn

al
-t

o-
n
oi

se
ra

ti
o

ou
r

ap
p
ro

ac
h

m
ay

p
er

fo
rm

b
et

te
r

th
a
n

ex
is

ti
n
g

m
et

h
o
d
s

in
th

e
li
te

ra
tu

re
,

•
fo

r
G

am
m

a
or

P
oi

ss
on

d
is

tr
ib

u
te

d
m

ea
su

re
m

en
ts

,
th

e
sp

ec
tr

al
es

ti
m

at
or

s
p
ro

p
o
se

d
in

th
is

p
ap

er
gi

ve
b

et
te

r
re

su
lt

s
th

an
es

ti
m

at
or

s
b
as

ed
o
n

P
C

A
(r

es
tr

ic
te

d
to

th
e

a
ct

iv
e

se
t

s∗
)

or
so

ft
-t

h
re

sh
ol

d
in

g
of

si
n
gu

la
r

va
lu

es
.

B
ey

on
d

th
e

ca
se

of
G

au
ss

ia
n

n
oi

se
,

th
e

im
p
le

m
en

ta
ti

on
of

th
e

es
ti

m
at

or
s

is
n
o
t

st
ra

ig
h
t-

fo
rw

ar
d
,

an
d

w
e

th
u
s

p
ro

v
id

e
p
u
b
li
cl

y
av

ai
la

b
le

so
u
rc

e
co

d
e

at

h
t
t
p
s
:
/
/
w
w
w
.
m
a
t
h
.
u
-
b
o
r
d
e
a
u
x
.
f
r
/
~
c
d
e
l
e
d
a
l
/
g
s
u
r
e
_
l
o
w
_
r
a
n
k

to
re

p
ro

d
u
ce

th
e

fi
gu

re
s

an
d

th
e

n
u
m

er
ic

al
ex

p
er

im
en

ts
of

th
is

p
ap

er
.

1
.5

R
e
la

te
d

re
su

lt
s

in
th

e
li

te
ra

tu
re

E
ar

ly
w

or
k

on
si

n
gu

la
r

va
lu

e
th

re
sh

ol
d
in

g
b

eg
an

w
it

h
th

e
w

or
k

in
E

ck
ar

t
an

d
Y

o
u
n
g

(1
9
3
6)

on
th

e
b

es
t

ap
p
ro

x
im

at
io

n
of

fi
x
ed

ra
n
k

to
th

e
d
at

a
m

at
ri

x
Y

.
S
p

ec
tr

al
es

ti
m

a
to

rs
w

it
h

d
iff

er
en

t
am

ou
n
ts

of
sh

ri
n
ka

ge
fo

r
ea

ch
si

n
gu

la
r

va
lu

e
of

th
e

d
at

a
m

at
ri

x
h
av

e
th

en
b

ee
n

p
ro

p
os

ed
in

E
fr

on
an

d
M

or
ri

s
(1

97
2,

19
76

).
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th
e

ca
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m
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m
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G
e
n
e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

sin
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
isin

g

h
o
m

o
sced

astic
varian

ce,
th

e
p
rob

lem
of

estim
atin

g
X

u
n
d
er

a
low

-ran
k

assu
m

p
tion

h
as

recen
tly

received
a

lot
of

atten
tion

in
th

e
literatu

re
on

h
igh

-d
im

en
sion

al
statistics

(see
e.g

.
C

a
n
d
ès

et
a
l.

(2013);
D

on
oh

o
an

d
G

av
ish

(20
14);

J
osse

an
d

S
ard

y
(2015);

S
h
ab

alin
an

d
N

o
b

el
(2

0
1
3
)).

R
ecen

t
w

ork
s

(G
av

ish
an

d
D

on
oh

o,
2017;

N
ad

ak
u
d
iti,

2
014)

also
con

sid
er

th
e

m
ore

g
en

era
l

settin
g

w
h
ere

th
e

d
istrib

u
tion

of
th

e
ad

d
itive

n
oise

m
atrix

W
is

orth
ogon

ally
in

va
ria

n
t,

a
n
d

su
ch

th
at

its
en

tries
are

iid
ran

d
om

variab
les

w
ith

zero
m

ean
an

d
fi
n
ite

fou
rth

m
om

en
t.

In
a
ll

th
ese

p
ap

ers,
th

e
au

th
ors

h
av

e
fo

cu
sed

on
sp

ectra
l

estim
ators

w
h
ich

sh
rin

k
o
r

th
resh

o
ld

th
e

sin
gu

lar
valu

es
of
Y

,
w

h
ile

its
sin

gu
lar

vecto
rs

are
left

u
n
ch

an
ged

.
In

th
is

settin
g
,

th
e

m
a
in

issu
e

is
to

d
erive

op
tim

al
sh

rin
kage

ru
les

th
at

d
ep

en
d
s

on
th

e
cla

ss
of

sp
ectral

estim
a
tors

th
at

is
con

sid
ered

,
on

th
e

loss
fu

n
ction

u
sed

to
m

easu
re

th
e

risk
of

an
estim

a
to

r
o
f
X

,
an

d
on

ap
p
rop

riate
assu

m
p
tion

s
for

th
e

d
istrib

u
tion

of
th

e
ad

d
itiv

e
n
oise

m
a
trix

W
.

1
.6

O
rg

a
n

iz
a
tio

n
o
f

th
e

p
a
p

e
r

S
ectio

n
2

is
d
evoted

to
th

e
an

aly
sis

of
a

d
ata

m
atrix

w
h
ose

en
tries

are
d
istrib

u
ted

accord
in

g
to

a
co

n
tin

u
o
u
s

ex
p

on
en

tial
fam

ily.
S
U

R
E

-like
form

u
la

are
fi
rst

given
for

th
e

m
ean

sq
u
ared

erro
r

risk
,

a
n
d

th
en

for
th

e
K

u
llb

ack
-L

eib
ler

risk
.

A
s

an
ex

am
p
le

of
d
iscrete

ex
p

on
en

tial
fa

m
ily,

w
e

also
d
erive

su
ch

risk
estim

ators
for

P
oisson

d
istrib

u
ted

m
ea

su
rem

en
ts.

T
h
e

co
m

p
u
ta

tio
n

o
f

d
ata-d

riven
sh

rin
ka

ge
ru

les
is

th
en

d
iscu

ssed
fo

r
G

au
ssia

n
,

G
am

m
a

an
d

P
o
isso

n
n
o
ises.

In
S
ection

3,
w

e
restrict

ou
r

atten
tion

to
th

e
G

a
u
ssian

sp
iked

p
o
p
u
lation

m
o
d
el

in
o
rd

er
to

d
erive

asy
m

p
totic

p
rop

erties
of

ou
r

ap
p
roach

.
W

e
stu

d
y

th
e

asy
m

p
totic

b
eh

av
io

r
of

th
e

S
U

R
E

form
u
la

p
rop

osed
in

C
an

d
ès

et
al.

(2013);
D

on
oh

o
an

d
G

av
ish

(2014)
fo

r
sp

ectra
l

estim
ators

u
sin

g
to

ols
from

R
M

T
.

T
h
is

resu
lt

allow
s

to
m

a
ke

a
con

n
ection

b
etw

een
d
a
ta-d

riven
sp

ectral
estim

ators
m

in
im

izin
g

th
e

S
U

R
E

for
G

au
ssian

n
o
ise,

an
d

th
e

a
sy

m
p
to

tica
lly

op
tim

al
sh

rin
kage

ru
les

p
rop

osed
in

S
h
ab

alin
an

d
N

ob
el

(2
013

);
N

ad
a
k
u
d
iti

(2
0
1
4
)

a
n
d

G
av

ish
an

d
D

on
oh

o
(201

7).
In

S
ection

4,
w

e
stu

d
y

th
e

p
en

alized
log-likelih

o
o
d

criterio
n

(7
)

u
sed

to
select

an
activ

e
set

of
sin

gu
lar

valu
es.

Its
con

n
ection

to
th

e
d
egrees

of
freed

o
m

o
f
sp

ectral
estim

ators
an

d
ran

k
estim

ation
in

m
atrix

d
en

oisin
g

is
d
iscu

ssed
.

V
ariou

s
n
u
m

erica
l

ex
p

erim
en

ts
are

fi
n
ally

p
rop

osed
in

S
ection

5
to

illu
strate

th
e

u
sefu

ln
ess

of
th

e
a
p
p
ro

a
ch

d
ev

elop
ed

in
th

is
p
ap

er
for

low
-ran

k
d
en

oisin
g

an
d

to
com

p
are

its
p

erform
an

ces
w

ith
ex

istin
g

m
eth

o
d
s.

T
h
e

p
ro

ofs
of

th
e

m
ain

resu
lts

o
f

th
e

p
a
p

er
are

gath
ered

in
a

tech
n
ica

l
A

p
p

en
d
ix

A
,

an
d

n
u
m

erical
im

p
lem

en
tation

d
eta

ils
a
re

d
escrib

ed
in

A
p
p

en
d
ix

B
.

2
.
S
U
R
E
-lik

e
fo
rm

u
la
s
in

e
x
p
o
n
e
n
tia

l
fa
m
ilie

s

F
o
r

a
n

in
tro

d
u
ction

to
ex

p
on

en
tial

fam
ilies,

w
e

refer
to

B
row

n
(1986).

T
h
e

id
ea

of
u
n
b
iased

risk
estim

a
tion

in
ex

p
on

en
tial

fam
ilies

d
ates

b
ack

to
H

u
d
son

(1978).
M

ore
recen

tly,
g
en

er-
a
lized

S
U

R
E

fo
rm

u
las

h
ave

b
een

p
rop

osed
for

th
e

estim
ation

of
th

e
M

S
E

risk
,

for
d
en

oisin
g

u
n
d
er

va
rio

u
s

con
tin

u
ou

s
an

d
d
iscrete

d
istrib

u
tion

s
in

R
ap

h
an

an
d

S
im

on
celli

(2007),
an

d
for

in
verse

p
rob

lem
s

w
h
ith

in
th

e
con

tin
u
ou

s
ex

p
on

en
tial

fa
m

ilies
in

E
ld

ar
(2009

).
In

D
eled

alle
(2

0
1
7
),

S
U

R
E

-like
form

u
la

are
d
erived

for
th

e
estim

ation
of

th
e

K
u
llb

ack
-L

eib
ler

risk
th

at
a
p
p
lies

to
b

o
th

con
tin

u
ou

s
an

d
d
iscrete

ex
p

on
en

tial
fa

m
ilies.

In
w

h
at

follow
s,

w
e

b
orrow

so
m

e
id

ea
s

a
n
d

resu
lts

from
th

ese
w

ork
s.

W
e

fi
rst

treat
th

e
case

of
con

tin
u
ou

s
ex

p
on

en
tial

fa
m

ilies,
a
n
d

th
en

w
e

fo
cu

s
on

P
oisson

d
ata

in
th

e
d
iscrete

case.
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B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

2
.1

D
a
ta

sa
m

p
le

d
fro

m
a

c
o
n
tin

u
o
u

s
e
x
p

o
n

e
n
tia

l
fa

m
ily

W
e

recall
th

at
Y

is
an

n
×
m

m
atrix

w
ith

in
d
ep

en
d
en

t
an

d
real

en
tries

Y
ij .

F
or

each
1
≤
i
≤
n

an
d

1
≤
j
≤
m

,
w

e
a
ssu

m
e

th
at

th
e

ran
d
om

variab
le
Y
ij

is
sam

p
led

from
a

con
tin

u
ou

s
ex

p
on

en
tial

fam
ily,

in
th

e
sen

se
th

at
each

Y
ij

ad
m

its
a

p
rob

ab
ility

d
en

sity
fu

n
ction

(p
d
f)
q(y

;X
ij )

w
ith

resp
ect

to
th

e
L

eb
esg

u
e

m
easu

re
d
y

on
th

e
real

lin
e
Y

=
R

.
T

h
e

p
d
f
q(y

;X
ij )

of
Y
ij

can
th

u
s

b
e

w
ritten

in
th

e
gen

eral
form

:

q(y
;X

ij )
=
h

(y
)

ex
p

(η
(X

ij )y−
A

(η
(X

ij )))
,
y
∈
Y
,

(14)

w
h
ere

η
(th

e
lin

k
fu

n
ction

)
is

a
on

e-to-on
e

an
d

sm
o
oth

fu
n
ction

,
A

(th
e

log-p
artition

fu
n
c-

tion
)

is
a

tw
ice

d
iff

eren
tiab

le
m

ap
p
in

g,
h

is
a

k
n
ow

n
fu

n
ction

,
an

d
X

ij
is

an
u
n
k
n
ow

n
p
aram

eter
of

in
terest

b
elon

gin
g

to
som

e
op

en
su

b
set
X

of
R

.
T

h
rou

gh
ou

t
th

e
p
ap

er,
w

e
w

ill
su

p
p

ose
th

at
th

e
follow

in
g

assu
m

p
tion

h
old

s:

A
ssu

m
p

tio
n

2
T

h
e

lin
k

fu
n

ctio
n
η

a
n

d
th

e
log-pa

rtitio
n

fu
n

ctio
n
A

a
re

su
ch

th
a
t

A
′(η

(x
))

=
x

fo
r

a
ll
x
∈
X
,

w
h
ere

A
′

d
en

o
tes

th
e

fi
rst

d
eriva

tive
o
f
A

.

S
in

ce
E

[Y
ij ]

=
A
′(η

(X
ij ))

for
ex

p
on

en
tial

fam
ilies

in
th

e
gen

eral
form

(14),
A

ssu
m

p
tion

2
im

p
lies

th
at

E
[Y

ij ]
=
X

ij ,
an

d
th

u
s

th
e

d
ata

m
atrix

satisfi
es

th
e

relation
Y

=
X

+
W

w
h
ere

W
is

a
cen

tered
n
oise

m
atrix

,
w

h
ich

is
in

agreem
en

t
w

ith
m

o
d
el

(1).
N

ow
,

if
w

e
let

Θ
=
η
(X

),
it

w
ill

b
e

also
con

ven
ien

t
to

con
sid

er
th

e
ex

p
ression

of
th

e
p

d
f

of
Y
ij

in
th

e
can

on
ical

form
:

p
(y

;θ
ij )

=
h

(y
)

ex
p

(θ
ij y−

A
(θ
ij ))

,
y
∈
Y
,

(15)

w
h
ere

θ
ij

=
η
(X

ij )∈
Θ

is
u
su

ally
called

th
e

ca
n
on

ical
p
aram

eter
of

th
e

ex
p

on
en

tial
fam

ily.
F

in
ally,

w
e

recall
th

e
relation

V
ar(Y

ij )
=
A
′′(θ

ij )
=
A
′′(η

(X
ij ))

w
h
ere

A
′′

d
en

otes
th

e
secon

d
d
erivative

of
A

.
T

h
en

,
w

e
d
en

ote
b
y
θ

th
e
n×

m
m

atrix
w

h
ose

en
tries

are
th

e
θ
ij ’s.

E
x
am

p
les

of
d
ata

satisfy
in

g
m

o
d
el

(14)
are

th
e

follow
in

g
on

es:

G
a
u

ssia
n

n
o
ise

w
ith

k
n

o
w

n
v
a
ria

n
c
e
τ

2:

q(y
;X

ij )
=

1
√

2
π

ex
p (−

(y−
X

ij )
2

2
τ

2

)
,
E

[Y
ij ]

=
X

ij ,
V

ar(Y
ij )

=
τ

2,

Y
=

R
,X

=
R
,

Θ
=

R
,
h

(y
)

=
1
√

2
π
τ

ex
p (−

y
2

2
τ

2 )
,
η
(x

)
=

xτ
2
,
A

(θ)
=
τ

2
θ

22
.

G
a
m

m
a
-d

istrib
u

te
d

m
e
a
su

re
m

e
n
ts

w
ith

k
n

o
w

n
sh

a
p

e
p

a
ra

m
e
te

r
L
>

0
:

q(y
;X

ij )
=

L
L
y
L−

1

Γ
(L

)X
Lij

ex
p (−

L
y

X
ij )

11
]0
,+
∞

[ (y
),

E
[Y

ij ]
=
X

ij ,
V

ar(Y
ij )

=
X

2ij

L
,

Y
=

R
,X

=
]0,+
∞

[,
Θ

=
]−
∞
,0[,

h
(y

)
=
L
L
y
L−

1

Γ
(L

)
11

]0
,+
∞

[ (y
),
η
(x

)
=
−
Lx
,
A

(θ)
=
−
L

log (−
θL

)
.

8
JM

L
R

 18(137):1-50, 2017



G
e
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e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

si
n
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
is

in
g

T
h
e

m
at

ri
x
θ

=
η
(X

)
ca

n
th

en
b

e
es

ti
m

at
ed

v
ia

th
e
n
×
m

m
at

ri
x
θ̂
f

=
θ̂
f
(Y

)
w

h
os

e
en

tr
ie

s
ar

e
gi

ve
n

b
y

θ̂
f ij

(Y
)

=
η
( X̂

f ij

) ,
fo

r
al

l
1
≤
i
≤
n
,

1
≤
j
≤
m
,

(1
6)

w
h
er

e
X̂

f ij
is

a
sp

ec
tr

al
es

ti
m

at
or

as
d
efi

n
ed

in
eq

.
(3

).
In

th
e

re
st

of
th

is
se

ct
io

n
,

w
e

fo
ll
ow

th
e

ar
gu

m
en

ts
in

E
ld

a
r

(2
00

9)
an

d
D

el
ed

al
le

(2
01

7)

to
d
er

iv
e

S
U

R
E

-l
ik

e
fo

rm
u
la

s
u
n
d
er

th
e

ex
p

on
en

ti
al

fa
m

il
y

fo
r

th
e

es
ti

m
at

or
s
θ̂
f

an
d
X̂

f
,

u
si

n
g

ei
th

er
th

e
m

ea
n
-s

q
u
ar

ed
er

ro
r

(M
S
E

)
ri

sk
or

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
(K

L
)

ri
sk

.

2
.1

.1
U

n
b
ia

se
d

e
st

im
a
t
io

n
o
f

t
h
e

M
S
E

r
is

k

W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

M
S
E

ri
sk

w
h
ic

h
p
ro

v
id

es
a

m
ea

su
re

of
d
is

cr
ep

an
cy

in
th

e
sp

ac
e

Θ
of

n
at

u
ra

l
p
ar

am
et

er
s,

an
d

th
en

in
d
ir

ec
tl

y
in

th
e

sp
ac

e
of

in
te

re
st
X

.

D
e
fi

n
it

io
n

3
T

h
e

sq
u

a
re

d
er

ro
r

(S
E

)
ri

sk
o
f
θ̂
f

is
S
E

(θ̂
f
,θ

)
=
‖θ̂

f
−
θ
‖2 F

,
a
n

d
th

e
m

ea
n

-

sq
u

a
re

d
er

ro
r

(M
S

E
)

ri
sk

o
f
θ̂
f

is
d
efi

n
ed

a
s

M
S
E

(θ̂
f
,θ

)
=

E
[ S

E
(θ̂
f
,θ

)] =
E
[ ‖
θ̂
f
−
θ
‖2 F
] .

U
si

n
g

th
e

ab
ov

e
M

S
E

ri
sk

to
co

m
p
ar

e
θ̂
f

an
d
θ

im
p
li
es

th
at

th
e

d
is

cr
ep

an
cy

b
et

w
ee

n

th
e

es
ti

m
at

or
X̂

f
an

d
th

e
m

at
ri

x
of

in
te

re
st
X

is
m

ea
su

re
d

b
y

th
e

q
u
an

ti
ty

M
S
E
η
(X̂

f
,X

)
=

M
S
E

(η
(X̂

f
),
η
(X

))
w

h
ic

h
is

d
iff

er
en

t
fr

om
M

S
E

(X̂
f
,X

).
F

or
G

au
ss

ia
n

n
oi

se
,
M

S
E
η
(X̂

f
,X

)
=

1 τ
2
E
[ ‖
X̂

f
−
X
‖2 F
] ,

w
h
il
e

fo
r

G
am

m
a

d
is

tr
ib

u
te

d
m

ea
su

re
m

en
ts

w
it

h
k
n
ow

n
sh

ap
e

p
ar

am
-

et
er
L
>

0,
it

fo
ll
ow

s
th

at M
S
E
η
(X̂

f
,X

)
=
L

2
n ∑ i=

1

m ∑ j=
1

 
X

ij
−
X̂

f ij

X
ij
X̂

f ij

 
2

.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
gi

ve
s

a
S
U

R
E

fo
rm

u
la

fo
r

th
e

M
S
E

ri
sk

in
tr

o
d
u
ce

d
in

D
efi

n
it

io
n

3. P
ro

p
o
si

ti
o
n

4
S

u
p
po

se
th

a
t

th
e

d
a
ta

a
re

sa
m

p
le

d
fr

o
m

a
co

n
ti

n
u

o
u

s
ex

po
n

en
ti

a
l

fa
m

il
y.

A
ss

u
m

e
th

a
t

th
e

fu
n

ct
io

n
h

,
in

th
e

d
efi

n
it

io
n

(1
5)

o
f

th
e

ex
po

n
en

ti
a
l

fa
m

il
y,

is
tw

ic
e

co
n

-
ti

n
u

o
u

sl
y

d
iff

er
en

ti
a
bl

e
o
n
Y

=
R

.
If

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

h
o
ld

s

E
[∣ ∣ ∣
θ̂
f ij

(Y
)∣ ∣ ∣]

<
+
∞
,

fo
r

a
ll

1
≤
i
≤
n
,

1
≤
j
≤
m
,

(1
7)

th
en

,
th

e
qu

a
n

ti
ty

G
S
U

R
E

(θ̂
f
)

=
‖θ̂

f
(Y

)‖
2

+
n ∑ i=

1

m ∑ j=
1

( 2
h
′ (
Y
ij

)

h
(Y

ij
)
θ̂
f ij

(Y
)

+
h
′′ (
Y
ij

)

h
(Y

ij
)

)
+

2
d
iv
θ̂
f
(Y

),
(1

8)

w
h
er

e
d
iv
θ̂
f
(Y

)
=

n ∑ i=
1

m ∑ j=
1

∂
θ̂
f ij

(Y
)

∂
Y
ij

,
is

a
n

u
n

bi
a
se

d
es

ti
m

a
to

r
o
f

M
S
E

(θ̂
f
,θ

)
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:1
-5

0,
 2

01
7

B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

N
ot

e
th

at
G

S
U

R
E

(θ̂
f
)

is
an

u
n
b
ia

se
d

es
ti

m
at

or
of

M
S
E

(θ̂
f
,θ

)
an

d
n
ot

of
M

S
E

(X̂
f
,X

).
It

is
sh

ow
n

in
S
ec

ti
on

3.
3

th
at

th
e

re
su

lt
s

of
P

ro
p

os
it

io
n

17
co

in
ci

d
e

w
it

h
th

e
a
p
p
ro

a
ch

in
C

an
d
ès

et
al

.
(2

01
3)

on
th

e
d
er

iv
at

io
n

of
a

S
U

R
E

fo
rm

u
la

in
th

e
ca

se
o
f

G
au

ss
ia

n
n
o
is

e
fo

r
sm

o
ot

h
sp

ec
tr

al
es

ti
m

at
or

s.
In

th
e

ca
se

of
G

am
m

a
n
oi

se
,

as
su

m
in

g
L
>

2
im

p
li
es

th
a
t

th
e

co
n
d
it

io
n
s

on
th

e
fu

n
ct

io
n
h

in
P

ro
p

os
it

io
n

4
is

sa
ti

sfi
ed

,
h
en

ce
as

su
m

in
g

th
a
t

co
n
d
it

io
n
s

(1
7)

h
ol

d
s

as
w

el
l,

an
d

u
si

n
g

th
at

θ̂
f ij

(Y
)

=
−

L

f i
j
(Y

)
an

d
∂
θ̂
f ij

(Y
)

∂
Y
ij

=
L

|f i
j
(Y

)|2
∂
f i
j
(Y

)

∂
Y
ij

,

it
fo

ll
ow

s
th

at

G
S
U

R
E

(θ̂
f
)

=
n ∑ i=

1

m ∑ j=
1

L
2

|f i
j
(Y

)|2
−

2
L

(L
−

1)

Y
ij
f i
j
(Y

)
+

2
L

|f i
j
(Y

)|2
∂
f i
j

(Y
)

∂
Y
ij
−

(L
−

1
)(
L
−

2
)

|Y
ij
|2

. (1
9
)

2
.1

.2
U

n
b
ia

se
d

e
st

im
a
t
io

n
o
f

K
L

r
is

k
s

F
ol

lo
w

in
g

th
e

te
rm

in
ol

og
y

in
D

el
ed

al
le

(2
01

7)
,

le
t

u
s

n
ow

in
tr

o
d
u
ce

tw
o

d
iff

er
en

t
n
o
ti

o
n
s

o
f

K
u
ll
b
ac

k
-L

ei
b
le

r
ri

sk
,

w
h
ic

h
ar

is
e

fr
om

th
e

n
on

-s
y
m

m
et

ry
of

th
is

d
is

cr
ep

an
cy

m
ea

su
re

.

D
e
fi

n
it

io
n

5
L

et
f

:
R
n
×
m
→

R
n
×
m

be
a

sm
oo

th
sp

ec
tr

a
l

fu
n

ct
io

n
.

C
o
n

si
d
er

th
e

es
ti

m
a
to

r

θ̂
f

d
efi

n
ed

by
(1

6)
,

w
h
er

e
Y

is
a

m
a
tr

ix
w

h
o
se

en
tr

ie
s
Y
ij

a
re

in
d
ep

en
d
en

t
ra

n
d
o
m

va
ri

a
bl

es
sa

m
p
le

d
fr

o
m

th
e

ex
po

n
en

ti
a
l

fa
m

il
y

(1
5)

in
ca

n
o
n

ic
a
l

fo
rm

:

•
th

e
K

u
ll

ba
ck

-L
ei

bl
er

sy
n

th
es

is
(K

L
S

)
ri

sk
o
f
θ̂
f

is
d
efi

n
ed

a
s

K
L

S
(θ̂
f
,θ

)
=

n ∑ i=
1

m ∑ j=
1

∫ R
lo

g

 
p
(y

;θ̂
f ij

)

p
(y

;θ
ij

) 
p
(y

;θ̂
f ij

)
d
y
,

a
n

d
th

e
m

ea
n

K
L

S
ri

sk
o
f
θ̂
f

is
d
efi

n
ed

a
s

M
K

L
S
(θ̂
f
,θ

)
=

E
[ K

L
S
(θ̂
f
,θ

)] ,

•
th

e
K

u
ll

ba
ck

-L
ei

bl
er

a
n

a
ly

si
s

(K
L

A
)

ri
sk

o
f
θ̂
f

is
d
efi

n
ed

a
s

K
L

A
(θ̂
f
,θ

)
=

n ∑ i=
1

m ∑ j=
1

∫ R
lo

g

 
p
(y

;θ
ij

)

p
(y

;θ̂
f ij

) 
p
(y

;θ
ij

)
d
y
,

a
n

d
th

e
m

ea
n

K
L

A
ri

sk
o
f
θ̂
f

is
d
efi

n
ed

a
s

M
K

L
A

(θ̂
f
,θ

)
=

E
[ K

L
A

(θ̂
f
,θ

)] .

A
ke

y
ad

va
n
ta

ge
of

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
ri

sk
is

th
at

it
m

ea
su

re
s

th
e

d
is

cr
ep

a
n
cy

b
e-

tw
ee

n
th

e
u
n
k
n
ow

n
d
is

tr
ib

u
ti

on
p
(y

;θ
ij

)
an

d
it

s
es

ti
m

at
e
p
(y

;θ̂
f ij

).
It

is
th

u
s

in
va

ri
a
n
t

w
it

h
re

sp
ec

t
to

th
e

re
p
ar

am
et

ri
za

ti
on
θ̂
f

=
η
(X̂

f
)

(u
n
li
ke

th
e

M
S
E

ri
sk

),
an

d
w

e
m

ay
a
ls

o

w
ri

te
M

K
L

S
(θ̂
f
,θ

)
=

M
K

L
S
(X̂

f
,X

)
an

d
M

K
L

A
(θ̂
f
,θ

)
=

M
K

L
A

(X̂
f
,X

).
A

s
su

g
g
es

te
d
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G
e
n
e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

sin
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
isin

g

in
D

eled
a
lle

(2
0
17),

th
e

M
K

L
A

risk
rep

resen
ts

h
ow

w
ell

th
e

d
istrib

u
tion

p
(y

;θ̂
fij )

ex
p
lain

a
ran

d
om

va
ria

b
le
Y
ij

sam
p
led

from
th

e
p

d
f
p
(y

;θ
ij ).

T
h
e

M
K

L
A

risk
is

a
n
atu

ral
loss

fu
n
c-

tio
n

in
m

an
y

statistical
p
rob

lem
s

sin
ce

it
tak

es
as

a
referen

ce
m

easu
re

th
e

tru
e

d
istrib

u
tion

o
f

th
e

d
a
ta

(see
e.g.

H
all

(1987)).
T

h
e

M
K

L
S

risk
rep

resen
ts

h
ow

w
ell

on
e

m
ay

gen
erate

an

in
d
ep

en
d
en

t
co

p
y

of
Y
ij

b
y

sam
p
lin

g
a

ran
d
om

variab
le

from
th

e
p

d
f
p
(y

;θ̂
fij ).

T
h
e

M
K

L
S

risk
h
a
s

a
lso

b
een

con
sid

ered
in

variou
s

in
feren

ce
p
rob

lem
s

in
statistics

(H
an

n
ig

an
d

L
ee,

2
0
0
6
;

Y
a
n
ag

im
o
to,

1994).
B

y
sim

p
le

calcu
lation

,
it

follow
s

th
at

M
K

L
S
(θ̂
f,θ

)
=

n
∑i=

1

m
∑j=

1 E
[(
θ̂
fij −

θ
ij )

A
′(θ̂

fij ) ]
+
A

(θ
ij )−

E
[A

(θ̂
fij ) ]

,
(20)

a
n
d

M
K

L
A

(θ̂
f,θ

)
=

n
∑i=

1

m
∑j=

1 E
[(
θ
ij −

θ̂
fij )

A
′(θ

ij ) ]
+

E
[A

(θ̂
fij ) ]−

A
(θ
ij ).

(21)

H
en

ce,
in

th
e

case
of

G
au

ssian
m

easu
rem

en
ts

w
ith

k
n
ow

n
varian

ce
τ

2,
w

e
easily

retrieve

th
a
t

M
K

L
S
(θ̂
f,θ

)
=

M
K

L
A

(θ̂
f,θ

)
=

τ
22
M

S
E

(θ̂
f,θ

)
=

1
2
τ
2 E
[‖
X̂

f−
X
‖

2F ]
.

In
th

e
case

of

G
a
m

m
a

d
istrib

u
ted

m
easu

rem
en

ts
w

ith
k
n
ow

n
sh

ap
e

p
aram

eter
L
>

0,
it

follow
s

th
at

M
K

L
S
(θ̂
f,θ

)
=

L
n
∑i=

1

m
∑j=

1 E


X̂

fij

X
ij −

log 
X̂

fij

X
ij 
−

1 
,

M
K

L
A

(θ̂
f,θ

)
=

L
n
∑i=

1

m
∑j=

1 E


X

ij

X̂
fij −

log 
X

ij

X̂
fij 
−

1 
.

B
elow

,
w

e
u
se

som
e

of
th

e
resu

lts
in

D
eled

alle
(2017)

w
h
o
se

m
ain

con
trib

u
tion

s
are

th
e

d
erivatio

n
o
f

n
ew

u
n
b
iased

estim
ators

of
th

e
M

K
L

S
an

d
M

K
L

A
risk

s.
F

or
con

tin
u
ou

s
ex

p
o
n
en

tia
l

fa
m

ily,
th

e
risk

estim
ate

d
erived

in
D

eled
alle

(2017)
is

u
n
b
iased

for
th

e
M

K
L

S
risk

,
w

h
ile

it
is

on
ly

asy
m

p
totically

u
n
b
iased

for
th

e
M

K
L

A
risk

w
ith

resp
ect

to
th

e
sign

al-
to

-n
o
ise

ra
tio

.
F

or
d
ata

sam
p
led

from
a

con
tin

u
ou

s
ex

p
on

en
tia

l
fam

ily,
th

is
m

akes
sim

p
ler

th
e

u
se

o
f

th
e

M
K

L
S

risk
to

d
erive

d
ata-d

riv
en

sh
in

kage
in

low
ran

k
m

atrix
d
en

oisin
g,

an
d

w
e

h
ave

th
erefo

re
ch

osen
to

con
cen

trate
ou

r
stu

d
y

on
th

is
risk

in
th

is
settin

g.
T

h
e

follow
in

g
p
ro

p
o
sitio

n
esta

b
lish

es
a

S
U

R
E

form
u
la

to
estim

ate
th

e
M

K
L

S
risk

in
th

e
con

tin
u
ou

s
ca

se.

P
ro

p
o
sitio

n
6

S
u

p
po

se
th

a
t

th
e

d
a
ta

a
re

sa
m

p
led

fro
m

a
co

n
tin

u
o
u

s
expo

n
en

tia
l

fa
m

ily.
A

ssu
m

e
th

a
t

th
e

fu
n

ctio
n
h

,
in

th
e

d
efi

n
itio

n
(15)

o
f

th
e

expo
n

en
tia

l
fa

m
ily,

is
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
o
n
Y

=
R

.
S

u
p
po

se
th

a
t

th
e

fu
n

ctio
n
A

,
in

th
e

d
efi

n
itio

n
(15)

o
f

th
e

expo
-

n
en

tia
l

fa
m

ily,
is

tw
ice

co
n

tin
u

o
u

sly
d
iff

eren
tia

ble
o
n

Θ
.

If
th

e
fo

llo
w

in
g

co
n

d
itio

n
h
o
ld

s

E
[ ∣∣∣ A

′(θ̂
fij (Y

)) ∣∣∣ ]
<

+
∞
,

fo
r

a
ll

1
≤
i≤

n
,

1
≤
j≤

m
,

(22)

th
en

,
th

e
qu

a
n

tity

S
U

K
L

S
(θ̂
f)

=
n
∑i=

1

m
∑j=

1 ((
θ̂
fij (Y

)
+
h
′(Y

ij )

h
(Y

ij ) )
A
′(θ̂

fij (Y
))−

A
(θ̂
fij (Y

)) )
+

d
iv
f

(Y
),

(23)
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B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

w
h
ere

d
iv
f

(Y
)

=
m
∑i=

1

n
∑j=

1

∂
f
ij (Y

)

∂
Y
ij

,
is

a
n

u
n

bia
sed

estim
a
to

r
o
f

M
K

L
S
(θ̂
f,θ

)−
n
∑i=

1

m
∑j=

1

A
(θ
ij ).

A
key

d
iff

eren
ce

in
th

e
form

u
la

of
u
n
b
iased

estim
ates

for
th

e
M

S
E

an
d

th
e

K
L

risk
s

is

th
e

com
p
u
tation

o
f

th
e

d
ivergen

ce
term

in
(18)

an
d

(23),
w

h
en
X̂

f
=
∑

m
in

(n
,m

)
k
=

1
f
k (σ̃

k )ũ
k ṽ

tk

is
a

sm
o
oth

sp
ectral

estim
ator

in
th

e
sen

se
w

h
ere

each
fu

n
ction

f
k

:R
+
→

R
+

is
assu

m
ed

to
b

e
(alm

ost
every

w
h
ere)

d
iff

eren
tiab

le
for

1
≤
k
≤

m
in

(n
,m

).
In

th
is

settin
g,

th
e

d
ivergen

ce

term
in

th
e

ex
p
ression

of
G

S
U

R
E

(θ̂
f)

d
ep

en
d
s

u
p

on
th

e
m

atrix
θ̂
f(Y

)
=
η
(X̂

f).
T

h
erefore,

w
h
en

η
is

a
n
on

lin
ear

m
ap

p
in

g,
it

is
gen

erally
n
ot

p
ossib

le
to

ob
tain

a
sim

p
ler

ex
p
ression

for
d
iv
θ̂
f(Y

).
T

o
th

e
con

trary,
for

S
U

K
L

S
(θ̂
f),

th
e

d
ivergen

ce
term

is
d
iv
f

(Y
)

w
h
ich

h
as

th
e

follow
in

g
closed

-form
ex

p
ression

for
an

y
sm

o
oth

sp
ectra

l
estim

ators

d
iv
f

(Y
)

=
|m
−
n|

m
in

(n
,m

)
∑k

=
1

f
k (σ̃

k )

σ̃
k

+

m
in

(n
,m

)
∑k

=
1

f
′k (σ̃

k )
+

2

m
in

(n
,m

)
∑k

=
1

f
k (σ̃

k )

m
in

(n
,m

)
∑`=
1
;`6=

k

σ̃
k

σ̃
2k −

σ̃
2`

,

(24)
th

an
k
s

to
th

e
resu

lts
from

T
h
eorem

IV
.3

in
C

an
d
ès

et
al.

(2013).

N
ote

th
at

S
U

K
L

S
(X̂

rw
)

=
τ
22

S
U

R
E

(X̂
rw

)
for

G
au

ssian
m

easu
rem

en
ts,

h
en

ce,
th

e
G

S
U

R
E

an
d

S
U

K
L

S
strategies

m
atch

in
th

is
case.

In
th

e
case

of
G

am
m

a
m

easu
rem

en
ts,

assu
m

in
g

th
at
L
>

2
im

p
lies

th
at

th
e

con
d
ition

s
on

th
e

fu
n
ction

h
in

P
rop

osition
6

is
satisfi

ed
,

an
d

b
y

assu
m

in
g

th
at

con
d
ition

(22)
h
old

s
as

w
ell,

it
follow

s
th

at

S
U

K
L

S
(θ̂
f)

=
n
∑i=

1

m
∑j=

1 (
(L
−

1) f
ij (Y

)

Y
ij
−
L

log
(f
ij (Y

)) )
−
L
m
n

+
d
iv
f

(Y
),

w
h
ere

th
e

ex
p
ression

of
d
iv
f

(Y
)

is
given

b
y

(24).
N

ote
th

at
it

is
im

p
licitly

u
n
d
ersto

o
d

in
th

e
d
efi

n
ition

of
d
iv
f

(Y
)

th
at

each
m

ap
p
in

g
f
ij

:R
n×

m
→

R
is

d
iff

eren
tiab

le.
T

h
e

d
iff

eren
tiab

ility
of

th
e

sp
ectral

fu
n
ction

f
(an

d
th

u
s

of
its

com
p

on
en

ts
f
ij )

is
a

con
seq

u
en

ce
of

th
e

a
ssu

m
p
tion

th
at

th
e

fu
n
ction

s
f

1 ,...,f
m

in
(n
,m

)

(actin
g

on
th

e
sin

gu
lar

valu
es)

are
su

p
p

o
sed

to
b

e
d
iff

eren
tiab

le.
F

or
fu

rth
er

d
etails,

on
th

e
d
iff

eren
tiab

ility
of
f

an
d

th
e
f
ij ’s,

w
e

refer
to

S
ection

IV
in

C
an

d
ès

et
al.

(2013).
F

rom
th

e
argu

m
en

ts
in

C
an

d
ès

et
al.

(2013),
it

follow
s

th
at

form
u
la

(24)
fo

r
th

e
d
ivergen

ce
of
f

is
also

valid
u
n
d
er

th
e

assu
m

p
tion

th
at

each
fu

n
ction

f
k

is
d
iff

eren
tiab

le
o
n
R

+
ex

cep
t

on
a

set
of

L
eb

esgu
e

m
easu

re
zero.

2
.2

T
h

e
c
a
se

o
f

P
o
isso

n
d

a
ta

F
or

P
oisson

d
ata,

th
e

key
resu

lt
to

ob
tain

u
n
b
iased

estim
ate

of
a

giv
en

risk
is

th
e

follow
in

g
lem

m
a

w
h
ich

d
ates

b
ack

to
th

e
w

ork
in

H
u
d
son

(1978).

L
e
m

m
a

7
L

et
f

:Z
n×

m
→

R
n×

m
be

a
m

ea
su

ra
ble

m
a
p
p
in

g.
L

et
1
≤
i≤

n
a
n

d
1
≤
j≤

m
,

a
n

d
d
en

o
te

by
f
ij

:Z
n×

m
→

R
a

m
ea

su
ra

ble
fu

n
ctio

n
.

L
et
Y
∈

Z
n×

m
be

a
m

a
trix

w
h
o
se

en
tries

a
re

in
d
epen

d
en

tly
sa

m
p
led

fro
m

a
P

o
isso

n
d
istribu

tio
n

o
n
Z

.
T

h
en

,

E


n
∑i=

1

m
∑j=

1

X
ij f

ij (Y
) 

=
E


n
∑i=

1

m
∑j=

1

Y
ij f

ij (Y
−
e
i e
tj ) 

,
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G
e
n
e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

si
n
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
is

in
g

w
h
er

e,
fo

r
ea

ch
1
≤
i
≤
n

a
n

d
1
≤
j
≤
m

,
f i
j
(Y

)
d
en

o
te

s
th

e
(i
,j

)-
th

en
tr

y
o
f

th
e

m
a
tr

ix
f

(Y
),

a
n

d
e
i

(r
es

p
.
e
j
)

d
en

o
te

s
th

e
ve

ct
o
r

o
f
Zn

(r
es

p
.
Zm

)
w

it
h

th
e
i-

th
en

tr
y

(r
es

p
.
j-

th
en

tr
y)

eq
u

a
ls

to
o
n

e
a
n

d
a
ll

o
th

er
s

eq
u

a
l

to
ze

ro
.

H
u
d
so

n
’s

le
m

m
a

p
ro

v
id

es
a

w
ay

to
es

ti
m

at
e

(i
n

an
u
n
b
ia

se
d

w
ay

)
th

e
ex

p
ec

ta
ti

on
of

th
e

F
ro

b
en

iu
s

in
n
er

p
ro

d
u
ct

b
et

w
ee

n
th

e
m

at
ri

x
X

an
d

th
e

m
at

ri
x
f

(Y
).

T
o

se
e

th
e

u
se

fu
ln

es
s

of
th

is
re

su
lt

,
on

e
m

ay
co

n
si

d
er

th
e

fo
ll
ow

in
g

m
ea

n
-s

q
u
a
re

d
er

ro
r

M
S
E

(X̂
f
,X

)
=

E
[ ∥ ∥ ∥
X̂

f
−
X
∥ ∥ ∥2 F

]
=

E

 ∥ ∥ ∥
X̂

f
∥ ∥ ∥2 F
−

2
n ∑ i=

1

m ∑ j=
1

X
ij
X̂

f ij
(Y

)
+
‖X
‖2 F

 
.

T
h
er

ef
or

e,
b
y

L
em

m
a

7,
on

e
im

m
ed

ia
te

ly
ob

ta
in

s
th

at

P
U

R
E

(θ̂
f
)

=
∥ ∥ ∥X̂

f
∥ ∥ ∥2 F
−

2
n ∑ i=

1

m ∑ j=
1

Y
ij
f i
j
(Y
−
e
ie
t j
),

(2
5)

is
an

u
n
b
ia

se
d

es
ti

m
at

e
fo

r
th

e
q
u
an

ti
ty

M
S
E

(X̂
f
,X

)
−
‖X
‖2 F

.
F

or
P

oi
ss

on
d
at

a,
on

e
m

ay
al

so
d
efi

n
e

th
e

fo
ll
ow

in
g

K
L

ri
sk

s

M
K

L
S
(θ̂
f
,θ

)
=

n ∑ i=
1

m ∑ j=
1

E

  X
ij
−
X̂

f ij
−
X̂

f ij
lo

g

 
X

ij

X̂
f ij

 
 
,

(2
6)

M
K

L
A

(θ̂
f
,θ

)
=

n ∑ i=
1

m ∑ j=
1

E

  X̂
f ij
−
X

ij
−
X

ij
lo

g

 
X̂

f ij

X
ij

 
 
,

(2
7)

w
h
ic

h
ar

e
in

ag
re

em
en

t
w

it
h

D
efi

n
it

io
n

5
of

K
L

ri
sk

s
fo

r
d
at

a
sa

m
p
le

d
fr

om
a

P
oi

ss
on

d
is

tr
ib

u
ti

on
.

F
ro

m
th

e
ar

gu
m

en
ts

in
D

el
ed

al
le

(2
01

7)
,

th
er

e
d
o
es

n
ot

cu
rr

en
tl

y
ex

is
t

an
ap

p
ro

ac
h

to
d
er

iv
e

a
S
U

R
E

fo
rm

u
la

fo
r

th
e

M
K

L
S

ri
sk

in
th

e
P

oi
ss

on
ca

se
si

n
ce

th
ey

ar
e

n
o

u
n
b
ia

se
d

fo
rm

u
la

fo
r
X̂

f ij
lo

g
X

ij
.

N
ev

er
th

el
es

s,
as

sh
ow

n
in

D
el

ed
al

le
(2

01
7)

,
H

u
d
-

so
n
’s

L
em

m
a

7
p
ro

v
id

es
an

u
n
b
ia

se
d

es
ti

m
at

or
fo

r
X

ij
lo

g
X̂

f ij
,

a
n
d

th
en

it
is

p
os

si
b
le

to
u
n
b
ia

se
d
ly

es
ti

m
at

e
th

e
M

K
L

A
ri

sk
as

fo
ll
ow

s.

P
ro

p
o
si

ti
o
n

8
F

o
r

d
a
ta

sa
m

p
le

d
fr

o
m

a
P

o
is

so
n

d
is

tr
ib

u
ti

o
n

,
th

e
qu

a
n

ti
ty

P
U

K
L

A
(θ̂
f
)

=
n ∑ i=

1

m ∑ j=
1

X̂
f ij
−
Y
ij

lo
g
( f
ij

(Y
−
e
ie
t j
))
,

(2
8)

is
a
n

u
n

bi
a
se

d
es

ti
m

a
to

r
o
f

M
K

L
A

(θ̂
f
,θ

)
+

n ∑ i=
1

m ∑ j=
1

X
ij
−
X

ij
lo

g
(X

ij
).

2
.3

D
a
ta

-d
ri

v
e
n

sh
ri

n
k
a
g
e

in
lo

w
-r

a
n

k
m

a
tr

ix
d

e
n

o
is

in
g

F
or

a
m

at
ri

x
X

w
it

h
en

tr
ie

s
X

ij
∈
X

=
R

,
w

e
co

n
si

d
er

sh
ri

n
ka

ge
es

ti
m

at
or

s
of

th
e

fo
rm

X̂
s w

=
f

(Y
)

=
∑ k
∈s
w
k
σ̃
k
ũ
k
ṽ
t k
,

(2
9)
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B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

w
it

h
s
⊆
I

=
{1
,2
,.
..
,m

in
(n
,m

)}
an

d
w
k
∈

[0
,1

],
fo

r
al

l
k
∈
s.

W
h
en

th
e

u
n
d
er

ly
in

g
m

at
ri

x
X

is
co

n
st

ra
in

ed
to

h
av

e
p

os
it

iv
e

en
tr

ie
s,

e.
g
.
X

=
]0
,+
∞

[
in

th
e

G
am

m
a

an
d

P
oi

ss
on

ca
se

s,
w

e
co

n
si

d
er

in
st

ea
d

es
ti

m
at

or
s

of
th

e
fo

rm

X̂
s w

=
f

(Y
)

=
m

a
x

[ ∑ k
∈s
w
k
σ̃
k
ũ
k
ṽ
t k
,ε

] ,
(3

0
)

w
h
er

e
ε
>

0
is

an
a

p
ri

o
ri

lo
w

er
b

ou
n
d

on
th

e
sm

a
ll
es

t
va

lu
e

of
X

ij
,

w
h
er

e
fo

r
a
n
y

m
a
tr

ix
X

,
m

ax
[X

,ε
] i
j

=
m

ax
[X

ij
,ε

],
fo

r
al

l
1
≤
i
≤
m

an
d

1
≤
j
≤
n

.

T
h
e

co
n
st

ru
ct

io
n

of
th

e
su

b
se

t
s

is
p

os
tp

on
ed

to
S
ec

ti
on

4,
an

d
w

e
fo

cu
s

h
er

e
in

se
le

ct
in

g
th

e
w

ei
gh

ts
in

a
d
at

a-
d
ri

v
en

w
ay

fo
r

a
fi
x
ed

gi
ve

n
s.

In
th

e
fo

ll
ow

in
g,

w
e

d
en

o
te

b
y
sc

th
e

co
m

p
le

m
en

ta
ry

se
t

of
s

in
I,

i.
e.

,
sc

=
I
\
s,

an
d

w
e

le
t
θ̂
s w

=
η
( X̂

s w

) .
W

h
en
X

=
]0
,+
∞

[,

w
e

h
av

e
fo

u
n
d

th
at

co
n
si

d
er

in
g

es
ti

m
at

or
s

of
th

e
fo

rm
(3

0)
is

m
or

e
ap

p
ro

p
ri

a
te

th
a
n

tr
y
in

g
to

fi
n
d

sh
ri

n
k
in

g
w

ei
gh

ts
(w

k
) k
∈s

su
ch

th
at

al
l

th
e

en
tr

ie
s

of
th

e
m

at
ri

x
∑

k
∈s
w
k
σ̃
k
ũ
k
ṽ
t k

ar
e

p
os

it
iv

e,
fo

r
a

gi
ve

n
su

b
se

t
s.

G
a
u
ss

ia
n

n
o
is

e
w

it
h

k
n
o
w

n
h
o
m

o
sc

e
d
a
st

ic
v
a
r
ia

n
c
e
τ

2

B
y

ap
p
ly

in
g

th
e

G
S
U

R
E

fo
rm

u
la

(1
8)

fo
r

G
au

ss
ia

n
d
is

tr
ib

u
te

d
m

ea
su

re
m

en
ts

a
n
d

th
a
n
k
s

to
th

e
ex

p
re

ss
io

n
(2

4)
fo

r
th

e
d
iv

er
ge

n
ce

of
sm

o
ot

h
sp

ec
tr

al
es

ti
m

at
or

s,
w

e
o
b
ta

in
fo

r
X̂

s w
,

as
d
efi

n
ed

in
(2

9)
,

th
e

S
U

R
E

ex
p
re

ss
io

n
gi

ve
n

b
y

S
U

R
E

(X̂
s w

)
=
−
m
n
τ

2
+
∑ k
∈s

(w
k
−

1)
2
σ̃

2 k
+
∑ k
∈s
c

σ̃
2 k

+
2
τ

2
s ∑ k
=

1

 
1

+
|m
−
n
|+

2

m
in

(n
,m

)
∑

`=
1
;`
6=
k

σ̃
2 k

σ̃
2 k
−
σ̃

2 `

 
w
k

w
h
ic

h
u
n
b
ia

se
d
ly

es
ti

m
at

e
M

S
E

(X̂
s w
,X

).
H

en
ce

,
fo

r
ea

ch
k
∈
s,

b
y

d
iff

er
en

ti
a
ti

n
g

th
e

a
b

ov
e

ex
p
re

ss
io

n
w

it
h

re
sp

ec
t

to
w
k
,

it
fo

ll
ow

s
th

at
a

d
at

a-
d
ri

v
en

w
ei

gh
t

fo
r

th
e
k
-t

h
em

p
ir

ic
a
l

si
n
gu

la
r

va
lu

e
is

gi
ve

n
b
y

w
k
(Y

)
=

 
1
−
τ

2

σ̃
2 k

 
1

+
|m
−
n
|+

2

m
in

(n
,m

)
∑

`=
1
;`
6=
k

σ̃
2 k

σ̃
2 k
−
σ̃

2 `

 
 

+

,
(3

1
)

w
h
ic

h
fu

ll
fi
ls

th
e

re
q
u
ir

em
en

t
th

at
w
k
(Y

)
∈

[0
,1

].
N

ot
e

th
at

as
S
U

K
L

S
(X̂

s w
)

=
τ
2 2

S
U

R
E

(X̂
s w

)
fo

r
G

au
ss

ia
n

m
ea

su
re

m
en

ts
,

th
e

ex
ac

t
sa

m
e

d
at

a-
d
ri

ve
n

w
ei

gh
t

w
ou

ld
b

e
ob

ta
in

ed
b
y

m
in

-
im

iz
in

g
an

es
ti

m
at

e
of

th
e

M
K

L
S
(X̂

s w
,X

).

T
h
e

ca
se

o
f

es
ti

m
a
to

rs
w

it
h

ra
n

k
o
n

e.
C

on
si

d
er

th
e

ca
se

of
es

ti
m

at
or

s
w

it
h

ra
n
k

1
,

i.
e.

,

le
t
s

=
{1
}.

It
fo

ll
ow

s
th

at
X̂

1 w
=
X̂
{1
}

w
=
w

1
X̂

1
w

h
er

e
w

1
∈

[0
,1

]
is

gi
ve

n
b
y

w
1
(Y

)
=

 
1
−
τ

2

σ̃
2 1

 
1

+
|m
−
n
|+

2

m
in

(n
,m

)
∑

`=
1
;`
6=

1

σ̃
2 1

σ̃
2 1
−
σ̃

2 `

 
 

+

.
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G
e
n
e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

sin
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
isin

g

G
a
m

m
a

a
n
d

P
o
isso

n
d
ist

r
ib

u
t
e
d

m
e
a
su

r
e
m

e
n
t
s

In
G

a
m

m
a

an
d

P
oisson

cases,
it

is
n
ot

p
o
ssib

le
to

follow
th

e
sa

m
e

strategy
as

in
th

e
G

a
u
ssia

n
ca

se
to

d
erive

op
tim

al
w

eigh
ts

for
(30)

in
a

closed
-form

u
sin

g
th

e
estab

lish
ed

S
U

R
E

-like
form

u
las.

W
e

sh
all

in
vestigate

h
ow

d
ata-d

riv
en

sh
in

kage
can

b
e

ap
p
rox

im
ated

in
S
ectio

n
5

o
n

n
u
m

erical
ex

p
erim

en
ts

u
sin

g
fast

algorith
m

s.
N

ev
erth

eless,
w

h
en

th
e

estim
ator

is
restricted

to
ran

k
1,

op
tim

izin
g

K
L

risk
estim

ators
lead

to
closed

-form
ex

p
ression

s
u
n
d
er

th
e

a
ssu

m
p
tio

n
th

at
all

th
e

en
tries

o
f

th
e

d
ata

m
atrix

Y
are

strictly
p

ositiv
e.

T
h
e

ca
se

o
f

estim
a
to

rs
w

ith
ra

n
k

o
n

e
u

n
d
er

G
a
m

m
a

n
o
ise.

C
on

sid
er

again
th

e
case

of

estim
a
to

rs
w

ith
ran

k
1,

i.e.,
let

s
=
{
1}

,
an

d
let
X̂

1
=
σ̃

1 ũ
1 ṽ

t1
d
en

ote
th

e
P

C
A

ap
p
rox

-
im

a
tio

n
o
f

ra
n
k

1
of
X

.
If

all
th

e
en

tries
of

th
e

m
atrix

Y
are

strictly
p

ositive,
b
y

th
e

P
erro

n
-F

ro
b

en
iu

s
th

eorem
,

all
th

e
en

tries
of

th
e

fi
rst

sin
gu

lar
vectors

ũ
1

a
n
d
ṽ

1
are

strictly

p
o
sitive.

T
h
erefore,

all
th

e
en

tries
of
X̂

1
b

elon
g

to
th

e
setX

=
]0,+
∞

[,
an

d
w

e
can

con
sid

er

X̂
1w

=
X̂
{
1}
w

=
w

1 σ̃
1 ũ

1 ṽ
t1

as
d
efi

n
ed

in
(29)

in
stead

of
(30).

A
ssu

m
in

g
L
>

2
fo

r
th

e
S
U

K
L

S
fo

rm
u
la

to
h
o
ld

,
it

follow
s

b
y

sim
p
le

ca
lcu

lation
s

th
at

S
U

K
L

S
(θ̂

1w
)

=
n
∑i=

1

m
∑j=

1 (L
−

1)w
1

X̂
1ij

Y
ij
−
m
n
L

log
(w

1 )−
L

log (
X̂

1ij

Y
ij )
−
L
m
n

+
(1

+
|m
−
n|)w

1
+

2
w

1

m
in

(n
,m

)
∑`=

2

σ̃
21

σ̃
21 −

σ̃
2`

.

H
en

ce,
b
y

d
iff

eren
tiatin

g
th

e
ab

ove
ex

p
ression

w
ith

resp
ect

to
w

1
an

d
as

it
is

m
on

oton
ic

on

b
o
th

sid
es

o
f

its
u
n
iq

u
e

m
in

im
u
m

,
th

e
op

tim
al

valu
e

of
w

1 ∈
[0,1]

m
in

im
izin

g
S
U

K
L

S
(θ̂

1w
)

is
g
iv

en
b
y

w
1 (Y

)
=

m
in 

1
, 

L
−

1

L
m
n

n
∑i=

1

m
∑j=

1

X̂
1ij

Y
ij

+
1

L
m
n


1

+
|m
−
n|+

2

m
in

(n
,m

)
∑`=

2

σ̃
21

σ̃
21 −

σ̃
2` 

−

1 
,

w
h
ich

y
ield

s
th

e
sh

rin
k
in

g
ru

le
(11)

stated
in

th
e

in
tro

d
u
ction

of
th

is
p
ap

er.
N

ote
th

at
it

is
n
o
t

p
o
ssib

le
to

ob
tain

,
in

a
closed

-form
,

th
e

op
tim

al
valu

e
of

th
e

w
eigh

t
w

1
th

at
m

in
im

izes

th
e

criterio
n

G
S
U

R
E

(θ̂
1w

).

T
h
e

ca
se

o
f

estim
a
to

rs
w

ith
ra

n
k

o
n

e
u

n
d
er

P
o
isso

n
n

o
ise.

U
sin

g
a
gain

th
a
t

all
th

e
a
ssu

m
p
tio

n
th

a
t

th
e

en
tries

of
Y

are
p

ositive,
w

e
can

con
sid

er
(b

y
th

e
P

erron
-F

rob
en

iu
s

th
eo

rem
)
X̂

1w
=
X̂
{
1}
w

=
w

1 σ̃
1 ũ

1 ṽ
t1

as
d
efi

n
ed

in
(29)

in
stead

of
(30).

T
h
en

,
th

e
P

U
R

E

fo
rm

u
la

(25
)

a
n
d

P
rop

osition
8

ap
p
ly

to
th

e
estim

ator
θ̂

1w
=

log (
X̂

1w )
w

h
ich

y
ield

to

P
U

R
E

(θ̂
1w

)
=
w

21 σ̃
21 −

2
n
∑i=

1

m
∑j=

1

Y
ij w

1 σ̃
(ij)
1
ũ

(ij)
1
,i
ṽ

(ij)
1
,j
,

a
n
d

P
U

K
L

A
(θ̂

1w
)

=
n
∑i=

1

m
∑j=

1

w
1 X̂

1ij −
Y
ij (

log
(w

1 )
+

log (
σ̃

(ij)
1
ũ

(ij)
1
,i
ṽ

(ij)
1
,j ))

,
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B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

w
h
ere

X̂
1ij

=
σ̃

1 ũ
1
,i ṽ

1
,j ,
σ̃

(ij)
1

is
th

e
largest

sin
gu

lar
valu

e
of

th
e

m
atrix

Y
−
e
i e
tj ,

an
d
ũ

(ij)
1

(resp
.
ṽ

(ij)
1

)
d
en

otes
its

left
(resp

.
righ

t)
sin

gu
lar

vectors.
T

h
erefore,

b
y

d
iff

eren
tiatin

g
th

e
ab

ove
ex

p
ression

w
ith

resp
ect

to
w

1
a
n
d

as
it

is
m

on
oton

ic
on

b
oth

sid
es

of
its

u
n
iq

u
e

m
in

im
u
m

,
an

op
tim

al
valu

e
for

w
1 ∈

[0,1]
w

h
ich

m
in

im
izes

P
U

R
E

(θ̂
1w

)
is

given
b
y

w
1 (Y

)
=

m
in 

1
,

1σ̃
21

n
∑i=

1

m
∑j=

1

Y
ij σ̃

(ij)
1
ũ

(ij)
1
,i
ṽ

(ij)
1
,j 

.

H
ow

ever,
th

is
op

tim
al

sh
rin

k
in

g
ru

le
can

n
ot

b
e

u
sed

in
p
ractice

sin
ce

eva
lu

atin
g

th
e

valu
es

of
σ̃

(ij)
1

,ũ
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e
fo

ll
ow

in
g

re
su

lt
(w

h
os

e
p
ro

of
ca

n
b

e
fo

u
n
d

in
th

e
A

p
p

en
d
ix

)
to

st
u
d
y

so
m

e
of

th
e

te
rm

s
in

ex
p
re

ss
io

n
(2

4)
of

th
e

d
iv

er
ge

n
ce

o
f
f

(Y
).
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G
e
n
e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

sin
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
isin

g

P
ro

p
o
sitio

n
1
0

A
ssu

m
e

th
a
t
Y

=
X

+
W

is
a

ra
n

d
o
m

m
a
trix

sa
m

p
led

fro
m

th
e

G
a
u

ssia
n

sp
iked

po
p
u

la
tio

n
m

od
el

w
ith

τ
=

1
√
m

a
n

d
X

=
∑

r ∗k
=

1
σ
k u

k v
tk .

T
h
en

,
fo

r
a
n

y
fi

xed
1
≤
k
≤

r ∗
su

ch
th

a
t
σ
k
>
c

1
/
4,

o
n

e
h
a
s

th
a
t,

a
lm

o
st

su
rely,

lim
n→

+
∞

1n

n
∑`=
1
;`6=

k

σ̃
k

σ̃
2k −

σ̃
2`

=
1

ρ
(σ
k ) (

1
+

1σ
2k )

.

In
w

h
at

fo
llow

s,
w

e
restrict

ou
r

an
aly

sis
to

th
e

follow
in

g
class

of
sp

ectral
estim

ators
(th

e
term

in
o
log

y
in

th
e

d
efi

n
ition

b
elow

is
b

orrow
ed

from
G

av
ish

an
d

D
on

oh
o

(2017)).

D
e
fi

n
itio

n
1
1

L
et
X̂

f
=
f

(Y
)

=
∑

m
in

(n
,m

)
k
=

1
f
k (σ̃

k )ũ
k ṽ

tk
be

a
sm

oo
th

spectra
l

estim
a
to

r.
F

o
r

a
given

1
≤
r
≤

m
in

(n
,m

),
th

e
estim

a
to

r
f

is
sa

id
to

be
a

spectra
l

sh
rin

ker
o
f

o
rd

er
r

th
a
t

co
lla

p
ses

th
e

bu
lk

to
0

if
{
f
k (σ

)
=

0
w

h
en

ever
σ
≤
c

+
a
n

d
1
≤
k
≤
r,

f
k (σ

)
=

0
fo

r
a
ll
σ
≥

0
a
n

d
k
>
r.

T
h
e

rea
so

n
for

restrictin
g

th
e

stu
d
y

to
sp

ectral
estim

ators
su

ch
th

at
f
k (σ̃

k )
=

0
w

h
en

ever
σ̃
k
<
c

+
is

lin
ked

to
th

e
ch

oice
of

th
e

active
set

s ∗
(8)

of
sin

gu
lar

valu
es

in
th

e
G

au
ssian

ca
se,

a
s

d
eta

iled
in

S
ection

4.
N

ow
,

for
a

sp
ectral

sh
rin

ker
X̂

f
of

ord
er
r

th
at

collap
ses

th
e

b
u
lk

to
0
,

w
e

stu
d
y

th
e

asy
m

p
totic

b
eh

av
ior

of
th

e
term

s
in

ex
p
ression

(38)
th

at
on

ly
d
ep

en
d

o
n
f

,
n
am

ely

S
U

R
E
(
X̂

f )
=

r
∑k

=
1 (f

k (σ̃
k )−

σ̃
k )

2
+

2 (
1−

nm

)
r
∑k

=
1

f
k (σ̃

k )

σ̃
k

+
2m

r
∑k

=
1

f
′k (σ̃

k )

+
4
nm

r
∑k

=
1

f
k (σ̃

k ) 
1n

n
∑`=
1
;`6=

k

σ̃
k

σ̃
2k −

σ̃
2` 

(39)

T
h
e

rea
so

n
for

stu
d
y
in

g
S
U

R
E
(
X̂

f )
is

th
at

fi
n
d
in

g
an

op
tim

al
sh

rin
kage

ru
le

th
at

m
in

im
izes

S
U

R
E
(
X̂

f )
is

eq
u
ivalen

t
to

m
in

im
izin

g
ex

p
ression

(3
9)

over
sp

ectral
sh

rin
kers

o
f

o
rd

er
r

th
a
t

collap
ses

th
e

b
u
lk

to
0
,

sin
ce

S
U

R
E
(
X̂

f )−
S
U

R
E
(
X̂

f )
=
−
n

+
∑

nk
=
r
+

1
σ̃

2k

fo
r

su
ch
X̂

f.
T

h
en

,
u
sin

g
P

rop
osition

9,
P

rop
osition

10,
an

d
th

e
assu

m
p
tion

th
at

th
e
f
k ’s

are
con

tin
-

u
o
u
sly

d
iff

eren
tiab

le
fu

n
ction

s
on

R
+

,
w

e
im

m
ed

iately
o
b
tain

th
e

follow
in

g
resu

lt.

L
e
m

m
a

1
2

A
ssu

m
e

th
a
t
Y

=
X

+
W

is
a

ra
n

d
o
m

m
a
trix

sa
m

p
led

fro
m

th
e

G
a
u

ssia
n

sp
iked

po
p
u

la
tio

n
m

od
el

w
ith

τ
=

1
√
m

a
n

d
X

=
∑

r ∗k
=

1
σ
k u

k v
tk .

L
et
X̂

f
be

a
spectra

l
sh

rin
ker

o
f

o
rd

er
r
≤
r ∗

th
a
t

co
lla

p
ses

th
e

bu
lk

to
0
,

su
ch

th
a
t

ea
ch

fu
n

ctio
n
f
k ,

fo
r

1
≤
k
≤
r,

is
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
o
n

]c
+
,+
∞

[.
M

o
reo

ver,
a
ssu

m
e

th
a
t
σ
k
>
c

1
/
4

fo
r

a
ll

1
≤
k
≤
r.

T
h
en

,
o
n

e
h
a
s

th
a
t,

a
lm

o
st

su
rely,

lim
n→

+
∞

S
U

R
E
(
X̂

f )
=

r
∑k

=
1 (f

k (ρ
(σ
k ))−

ρ
(σ
k ))

2
+

2
f
k (ρ

(σ
k )) (

σ
2k (1

+
c)

+
2
c

σ
2k ρ

(σ
k )

)
(40)
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B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

A
sy

m
p

to
tic

a
lly

o
p

tim
a
l
sh

rin
k
a
g
e

o
f

sin
g
u

la
r

v
a
lu

e
s.

T
h
an

k
s

to
L

em
m

a
12,

on
e

m
ay

d
eterm

in
e

an
asy

m
p
totic

op
tim

alsp
ectralsh

rin
ker

as
th

e
on

e
m

in
im

izin
g

lim
n→

+
∞

S
U

R
E
(
X̂

f )
.

F
or

th
is

p
u
rp

ose,
let

u
s

d
efi

n
e

th
e

class
of

estim
ators

X̂
rw

=
r
∑k

=
1

w
k σ̃

k
11{
σ̃
k
>
c
+ } ũ

k ṽ
tk ,

(41)

w
h
ere

1
≤
r
≤
r ∗

is
a

given
in

teger,
an

d
th

e
w
k ’s

are
p

ositive
w

eig
h
ts.

In
p
ractice,

th
e

estim
ator

X̂
rw

is
com

p
u
ted

b
y

rep
lacin

g
th

e
b
u
lk

ed
g
e
c

+
b
y

its
ap

p
rox

im
ation

c
n
,m

+
=

1
+
√

nm
in

eq
.

(41).
F

or
m

o
d
erate

to
large

valu
es

of
n

an
d
m

,
th

e
q
u
an

tities
c

+
an

d
c
n
,m

+

are
v
ery

close,
an

d
th

is
rep

lacem
en

t
d
o
es

n
ot

ch
an

ge
th

e
n
u
m

erical
p

erform
an

ces
of
X̂

rw
.

T
h
en

,
p
rov

id
ed

th
at
σ
k
>
c

1
/
4

for
all

1
≤
k
≤
r,

it
follow

s
from

L
em

m
a

12
th

at

lim
n→

+
∞

S
U

R
E
(
X̂

rw )
=

r
∑k

=
1

ρ
2(σ

k )(w
k −

1)
2

+
2
w
k (

σ
2k (1

+
c)

+
2
c

σ
2k

)
.

D
iff

eren
tiatin

g
th

e
ab

ove
ex

p
ression

w
ith

resp
ect

to
each

w
eigh

t
w
k

lead
s

to
th

e
follow

in
g

ch
oice

of
asy

m
p
totically

op
tim

al
w

eigh
ts

w
∗k

=
1−

σ
2k (1

+
c)

+
2
c

σ
2k ρ

2(σ
k )

fo
r

all
1
≤
k
≤
r.

(42)

T
h
erefore,

if
th

e
sin

gu
lar

valu
es

of
th

e
m

atrix
X

to
b

e
estim

ated
are

su
ffi

cien
tly

large
(n

am
ely

σ
k
>
c

1
/
4

for
all

1
≤
k
≤
r),

b
y

u
sin

g
P

rop
o
sition

9
an

d
eq

.
(42),

on
e

h
as

th
at

an
asy

m
p
totically

op
tim

al
sp

ectral
sh

rin
ker

of
ord

er
r≤

r ∗
is

g
iven

b
y

th
e

ch
oice

of
fu

n
ction

s

f
∗k (ρ

(σ
k ))

=

{
(

1−
σ
2k
(1

+
c)+

2
c

σ
2k
ρ
2
(σ
k
)

)
ρ
(σ
k )

if
ρ
(σ
k )
>
c

+
,

0
oth

erw
ise,

for
all

1
≤
k
≤
r.

(43)

U
sin

g,
th

e
relation

(32)
on

e
m

ay
also

ex
p
ress

th
e

asy
m

p
totically

op
tim

al
sh

rin
k
in

g
ru

le
(43)

eith
er

as
a

fu
n
ction

of
ρ
(σ
k )

on
ly,

f
∗k (ρ

(σ
k ))

=

{
1

ρ
(σ
k
) √

(ρ
2(σ

k )−
(c

+
1))

2−
4
c

if
ρ
(σ
k )
>
c

+
,

0
oth

erw
ise.

(44)

or
as

fu
n
ction

of
σ
k

on
ly

(u
sin

g
th

at
ρ
(σ
k )
>
c

+
is

eq
u
ivalen

t
to
σ
k
>
c

1
/
4),

f
∗k (ρ

(σ
k ))

=

{
σ
4k −
c

σ
k √

(1
+
σ
2k
)(c+

σ
2k
)

if
σ
k
>
c

1
/
4,

0
oth

erw
ise.

(45)

T
h
erefore,

for
sp

ectral
sh

rin
k
er

of
ord

er
r,

w
e

rem
ark

th
at

th
e

sh
rin

kage
ru

le
(44)

coin
-

cid
es

w
ith

th
e

ru
le

(35)
w

h
ich

h
as

b
een

ob
tain

ed
in

G
av

ish
an

d
D

on
oh

o
(2017).

S
im

ilarly,
w

h
en

th
e

q
u
an

tity
f
∗k (ρ

(σ
k ))

is
ex

p
ressed

as
a

fu
n
ction

of
σ
k

on
ly

in
(45),

th
en

w
e

retrieve
th

e
sh

rin
k
in

g
ru

le
(36)

d
eriv

ed
in

N
ad

ak
u
d
iti

(2014).
T

h
erefore,

it
ap

p
ears

th
at

m
in

im
izin

g

eith
er

th
e

asy
m

p
totic

b
eh

av
ior

of
th

e
S
U

R
E

,
th

at
is

lim
n→

+
∞

S
U

R
E
(
X̂

f )
,

o
r

th
e

lim
it

of
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G
e
n
e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

si
n
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
is

in
g

S
E

ri
sk

(3
4)

le
ad

s
to

th
e

sa
m

e
ch

oi
ce

of
an

as
y
m

p
to

ti
ca

ll
y

op
ti

m
al

sp
ec

tr
al

es
ti

m
at

or
.

D
a
ta

-d
ri

v
e
n

sh
ri

n
k
a
g
e

o
f

e
m

p
ir

ic
a
l

si
n

g
u

la
r

v
a
lu

e
s.

F
ro

m
th

e
re

su
lt

s
in

S
ec

ti
on

2.
3,

th
e

p
ri

n
ci

p
le

of
S
U

R
E

m
in

im
is

at
io

n
le

a
d
s

to
th

e
fo

ll
ow

in
g

d
at

a-
d
ri

ve
n

ch
oi

ce
of

sp
ec

tr
al

sh
ri

n
ke

r
of

or
d
er
r

th
at

co
ll
ap

se
s

th
e

b
u
lk

to
0

X̂
r w

=
r ∑ k
=

1

f k
(σ̃
k
)ũ

k
ṽ
t k
,

(4
6)

w
h
er

e
f k

(σ̃
k
)

=
w
k
(Y

)σ̃
k
11
{σ̃
k
>
c +
},

fo
r

al
l

1
≤
k
≤
r,

w
it

h
w
k
(Y

)
gi

ve
n

b
y

(3
1)

.
F

ro
m

P
ro

p
os

it
io

n
9

an
d

P
ro

p
os

it
io

n
10

it
fo

ll
ow

s
th

at
,

if
σ
k
>
c1
/
4
,

th
en

,
a
lm

os
t

su
re

ly
,

li
m

n
→

+
∞
f k

(σ̃
k
)

=

( 1
−
σ

2 k
(1

+
c)

+
2
c

σ
2 k
ρ

2
(σ
k
)

)
ρ
(σ
k
),

fo
r

al
l

1
≤
k
≤
r
≤
r∗
.

T
h
er

ef
or

e,
th

e
d
at

a-
d
ri

ve
n

sp
ec

tr
al

es
ti

m
a
to

r
X̂

r w
(4

6)
as

y
m

p
to

ti
ca

ll
y

le
ad

s
to

th
e

op
ti

m
al

sh
ri

n
k
in

g
ru

le
of

si
n
gu

la
r

va
lu

es
gi

ve
n

b
y

(4
3)

w
h
ic

h
h
as

b
ee

n
o
b
ta

in
ed

b
y

m
in

im
iz

in
g

th
e

as
y
m

p
to

ti
c

b
eh

av
io

r
of

th
e

S
U

R
E

.
N

ot
e

th
at

w
h
en

τ
6=

1/
√
m

,
it

su
ffi

ce
s

to
re

p
la

ce
th

e
co

n
d
it

io
n
σ̃
k
>

c +
b
y
σ̃
k
>

τ
(√
m

+
√
n

)
in

th
e

d
efi

n
it

io
n

of
X̂

r w
,

w
h
ic

h
y
ie

ld
s

th
e

sh
ri

n
k
in

g
ru

le
(1

3)
st

at
ed

in
th

e
in

tr
o
d
u
ct

io
n

of
th

is
p
ap

er
.

4
.
E
st
im

a
ti
n
g
a
ct
iv
e
se
ts

o
f
si
n
g
u
la
r
v
a
lu
e
s
in

e
x
p
o
n
e
n
ti
a
l
fa
m
il
ie
s

In
th

is
se

ct
io

n
,

w
e

p
ro

p
os

e
to

fo
rm

u
la

te
a

n
ew

A
ka

ik
e

in
fo

rm
at

io
n

cr
it

er
io

n
(A

IC
)

to
se

le
ct

an
ap

p
ro

p
ri

at
e

se
t

of
si

n
gu

la
r

va
lu

es
ov

er
w

h
ic

h
a

sh
ri

n
ka

ge
p
ro

ce
d
u
re

m
ig

h
t

b
e

ap
p
li
ed

.
T

o
th

is
en

d
,

w
e

sh
al

l
co

n
si

d
er

th
e

es
ti

m
at

or
X̃

s
=
∑

k
∈s
σ̃
k
ũ
k
ṽ
t k

d
efi

n
ed

fo
r

a
su

b
se

t
s
⊆

I
=
{1
,2
,.
..
,m

in
(n
,m

)}
,

an
d

w
e

ad
d
re

ss
th

e
p
ro

b
le

m
of

se
le

ct
in

g
an

op
ti

m
al

su
b
se

t
s?

fr
om

th
e

d
at

a
Y

.
In

th
e

ca
se

of
G

au
ss

ia
n

m
ea

su
re

m
en

ts
,

th
e

sh
ri

n
ka

ge
es

ti
m

at
or

s
th

at
w

e
u
se

in
o
u
r

n
u
m

er
ic

al
ex

p
er

im
en

ts
ar

e
of

th
e

fo
rm

X̂
f

=
∑

k
∈s
?
f k

(σ̃
k
)ũ

k
ṽ
t k

w
h
er

e

s?
=
{k

;
σ̃
k
>
cn
,m

+
}

w
it

h
cn
,m

+
=

1
+

√
n m
,

fo
r

so
m

e
(p

os
si

b
ly

d
at

a-
d
ep

en
d
en

t)
sh

ri
n
ka

ge
fu

n
ct

io
n
s
f k

.
T

h
e

se
t
s?

is
b
as

ed
on

th
e

k
n
ow

le
d
ge

of
an

ap
p
ro

x
im
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b
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.
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b
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at
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p
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d
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√
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√
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ũ
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∈
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l
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ũ
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√
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∈
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b
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p
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d
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b
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w
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d
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d
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ra
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b
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p
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ra
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p
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n
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σ
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∞
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[ d
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∞
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d
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√
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∞
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√
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√
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b
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p
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re
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d
el

selection
(A

ka
ik

e,
1
9
7
4
).

D
e
fi

n
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∑
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k ũ
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√
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∏
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d
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b
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s ∗
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e

argu
m

en
ts

in
S
ection

2.3,
for

G
am

m
a

or
P
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con
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.
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e

op
tim

isation
p
rob

lem
(5

2)
b

ecom
es

sep
a-

rab
le.

In
ou

r
n
u
m

erical
ex

p
erim

en
ts,

w
e

h
ave

fou
n
d

th
at
s̃

selects
a

relevan
t

set
of

active
sin

gu
lar

valu
es

w
h
ich

sep
arates

w
ell

th
e

stru
ctu

ral
con

ten
t

of
X

w
h
ile

rem
ov

in
g

m
ost

of
th

e
n
oise
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.
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m
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−
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ũ

1
ṽ
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ŵ

1
=
σ̂

1
/
σ̃

1
is

n
ec

es
sa

ry
in

th
e

ra
n
ge

[0
,1

]
fo

r
al

l
co

n
si

d
er

ed
es

ti
m

at
or

s.
In

F
ig

u
re

1,
w

e
co

m
p
ar

e
th

e
es

ti
m

at
ed

si
n
gu

la
r-

va
lu

es
σ̂

1
an

d
th

e
es

ti
m

at
ed

w
ei

g
h
ts
ŵ
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tk

w
ith

σ̂
k

=
(σ̃
k −

λ
(Y

))
+
,

•
A

sy
m

p
to

tica
lly

op
tim

al
sh

rin
kage

p
rop

osed
in

N
ad

ak
u
d
iti

(2014)
an

d
G

av
ish

an
d

D
on

o
h
o

(2
0
1
7
)

X̂
r∗

=
r
∑k

=
1

σ̂
k ũ
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tk

w
ith

σ̂
k

=
1σ̃
k √
(σ̃

2k −
(c

+
1) )

2−
4
c

11{
k
≤
r̂} ,

•
S
U

R
E

-d
riven

w
eigh

ted
estim

ator
th

at
w

e
h
ave

d
erived

in
S
ection

2.3

X̂
rw

=
r
∑k

=
1

σ̂
k ũ
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k ṽ
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1 ṽ
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ec

tr
al

m
ea

su
re
µ
W
W

t
of

th
e

W
is

h
ar

t
m

a
tr

ix
W
W

t .
B

y
d
efi

n
it

io
n
,

th
e

ei
ge

n
va

lu
es

of
W
W

t
ar

e
λ
`(
W

)
=
σ

2 `
(W

)
fo

r
al

l
1
≤
`
≤
n

a
n
d
µ
W
W

t

is
th

u
s

d
efi

n
ed

as

µ
W
W

t
=

1 n

n ∑ `=
1

δ λ
`
(W

).

It
is

w
el

l
k
n
ow

(s
ee

e.
g.

T
h
eo

re
m

3.
6

in
B

a
i

an
d

S
il
ve

rs
te

in
(2

01
0)

)
th

at
,

o
n
ce
m

=
m
n
≥
n

an
d

li
m
n
→

+
∞

n m
=
c

w
it

h
0
<
c
≤

1,
th

en
,

al
m

os
t

su
re

ly
,

th
e

em
p
ir

ic
al

sp
ec

tr
a
l

m
ea

su
re

µ
W
W

t
co

n
ve

rg
es

w
ea

k
ly

to
th

e
so

-c
al

le
d

M
ar

ch
en

ko
-P

as
tu

r
d
is

tr
ib

u
ti

on
µ
M
P

w
h
ic

h
is

d
e-

te
rm

in
is

ti
c

an
d

h
as

th
e

fo
ll
ow

in
g

d
en

si
ty

d
µ
M
P

(λ
)

d
λ

=
1

2
π
cλ

√
(c

2 +
−
λ

)(
λ
−
c2 −

)
1I [
c2 −
,c

2 +
](
λ

).
W

e

re
ca

ll
th

at
su

ch
a

co
n
ve

rg
en

ce
ca

n
al

so
b

e
ch

ar
ac

te
ri

ze
d

th
ro

u
gh

th
e

so
-c

al
le

d
C

a
u
ch

y
o
r

S
ti

el
tj

es
tr

an
sf

or
m

w
h
ic

h
is

d
efi

n
ed

fo
r

an
y

p
ro

b
ab

il
it

y
m

ea
su

re
µ

on
R

as

∀z
∈
C

ou
ts

id
e

th
e

su
p
p

or
t

of
µ
,

g µ
(z

)
=

∫
1

z
−
λ
d
µ

(λ
).

B
y

eq
.

(3
.3

.2
)

in
B

ai
an

d
S
il
ve

rs
te

in
(2

01
0)

,
on

e
ob

ta
in

s
th

at
,

al
m

os
t

su
re

ly
,

li
m

n
→
∞

∫
1

z
−
λ
d
µ
W
W

t
(λ

)
=
g M

P
(z

)
fo

r
an

y
z
∈
C
\R

,
(5

6
)

w
h
er

e
g M

P
is

th
e

C
au

ch
y

tr
an

sf
or

m
of
µ
M
P

an
d

g M
P

(z
)

=

∫
1

z
−
λ
d
µ
M
P

(λ
)

=
z
−

(1
−
c)
−
√

(z
−

(c
+

1
))

2
−

4
c

2
cz

fo
r

al
l
z
∈
C
\[
c2 −
,c

2 +
].

M
or

eo
ve

r,
b
y

P
ro

p
os

it
io

n
6

in
P

as
tu

r
an

d
L

ej
ay

(2
00

3)
,

th
e

co
n
ve

rg
en

ce
(5

6
)

is
u
n
if

o
rm

ov
er

an
y

co
m

p
ac

t
su

b
se

t
of

C
\R

.

T
h
en

,
it

fo
ll
ow

s
fr

om
th

e
so

-c
al

le
d

W
ey

l’
s

in
te

rl
ac

in
g

in
eq

u
a
li
ti

es
(s

ee
e.

g.
T

h
eo

re
m

3
.1

.2
in

H
or

n
an

d
J
oh

n
so

n
(1

99
1)

)
th

at
fo

r
al

l
1
≤
`
≤
n

σ
`+
r
∗
(W

)
≤
σ
`(
Y

)
≤
σ
`−
r
∗
(W

),
(5

7
)

w
it

h
th

e
co

n
ve

n
ti

on
th

at
σ
k
(W

)
=
−
∞

if
k
>
n

an
d
σ
k
(W

)
=

+
∞

if
k
≤

0
.

T
h
a
n
k
s

to
th

e
re

su
lt

s
th

at
h
av

e
b

ee
n

re
ca

ll
ed

ab
ov

e
on

th
e

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

of
µ
W
W

t
,

o
n
e

m
ay

u
se

in
eq

u
al

it
ie

s
(5

7)
to

p
ro

ve
th

at
,

al
m

os
t

su
re

ly
,

th
e

ra
n
d
om

m
ea

su
re
µ
k

co
n
ve

rg
es

w
ea

k
ly

to
th

e
M

ar
ch

en
ko

-P
as

tu
r

d
is

tr
ib

u
ti

on
µ
M
P

.
U

n
d
er

th
e

as
su

m
p
ti

on
s

of
P

ro
p

o
si

ti
o
n

1
0

a
n
d

u
si

n
g

P
ro

p
os

it
io

n
9,

it
ca

n
b

e
sh

ow
n

th
at

th
er

e
ex

is
ts
η k
>

0
su

ch
th

a
t,

al
m

o
st

su
re

ly
a
n
d

fo
r

al
l

su
ffi

ci
en

tl
y

la
rg

e
n

λ̃
`
/∈
K
k

:=
[ρ

2
(σ
k
)
−
η k
,ρ

2
(σ
k
)

+
η k

]
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G
e
n
e
r
a
l
iz

e
d

S
U

R
E

f
o
r

o
p
t
im

a
l

sh
r
in

k
a
g

e
o
f

sin
g

u
l
a
r

v
a
l
u
e
s

in
l
o
w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
isin

g

fo
r

a
n
y

1
≤
`≤

n
w

ith
`6=

k
.

N
ow

,
recall

th
at

th
e

su
p
p

ort
su

p
p
(µ

k )
of

th
e

ran
d
om

m
easu

re

µ
k

is {
λ̃
` ;1
≤
`≤

n
,
`6=

k }
,
an

d
th

at
su

p
p
(µ

M
P

)
=

[c
2−
,c

2+
].

H
en

ce,
for

all
su

ffi
cien

tly
large

n
,

o
n
e

h
a
s

th
a
t

su
p
p
(µ

k )∩
K

k
=
∅

an
d

su
p
p
(µ

M
P

)∩
K

k
=
∅.

T
h
erefo

re,
th

a
n
k
s

to
th

e
w

eak
con

vergen
ce

of
µ
k

to
µ
M
P

an
d

u
sin

g
A

scoli’s
T

h
eorem

,
on

e
m

ay
p
rove

th
a
t

lim
n→
∞

su
p

z∈
K
k |g

k (z
)−

g
M
P

(z
)|

=
0

alm
ost

su
rely

.
(58)

T
h
a
n
k
s

to
o
u
r

assu
m

p
tion

s,
on

e
h
as

th
at,

alm
ost

su
rely,

lim
n→

+
∞
σ̃

2k
=
ρ

2
(σ
k )

b
y

P
rop

o-
sitio

n
9
.

H
en

ce,
alm

ost
su

rely
an

d
for

all
su

ffi
cien

tly
large

n
,

on
e

h
as

th
at
σ̃

2k
∈
K
k

an
d

so

|g
k (σ̃

2k )−
g
M
P

(ρ
2

(σ
k ))|≤

su
p

z∈
K
k |g

k (z
)−

g
M
P

(z
)|

+
|g
M
P

(σ̃
2k )−

g
M
P

(ρ
2

(σ
k ))|.

T
h
erefo

re,
u
sin

g
th

e
u
n
iform

con
vergen

ce
(5

8)
of
g
k

to
g
M
P

an
d

th
e

con
tin

u
ity

of
g
M
P

at
z

=
ρ

2
(σ
k ),

o
n
e

ob
tain

s
th

at,
alm

ost
su

rely,

lim
n→

+
∞
g
k (σ̃

2k )
=
g
M
P

(ρ
2

(σ
k ))

=
1

ρ
2

(σ
k ) ×

ρ
2

(σ
k )−

1
+
c−

√
(ρ

2
(σ
k )−

(c
+

1))
2−

4
c

2
c

.

S
in

ce
g
k (σ̃

2k )
=

1n ∑
n`=

1
;`6=

k
1

σ̃
2k −
σ̃
2` ,

u
sin

g
th

e
ab

ove
eq

u
ation

an
d

relation
(32),

it
follow

s

im
m

ed
ia

tely
th

at
g
M
P

(ρ
2

(σ
k ))

=
1

ρ
2
(σ
k
) (

1
+

1σ
2k )

so
th

at,
alm

ost
su

rely,

lim
n→

+
∞

1n

n
∑`=
1
;`6=

k

σ̃
k

σ̃
2k −

σ̃
2`

=
lim

n→
+
∞
σ̃
k g
k (σ̃

2k )
=
ρ

(σ
k )
g
M
P

(ρ
2

(σ
k ))

=
1

ρ
(σ
k ) (

1
+

1σ
2k )

,

w
h
ich

co
m

p
letes

th
e

p
ro

of.

A
.2

A
te

ch
n

ic
a
l

re
su

lt
to

p
ro

v
e

S
U

R
E

-lik
e

fo
rm

u
la

s

W
e

reca
ll

th
e

k
ey

lem
m

a
n
eed

ed
to

p
rov

e
th

e
S
U

R
E

-like
form

u
las

in
an

ex
p

on
en

tial
fam

ily
in

th
e

co
n
tin

u
ou

s
case.

S
im

ilar
resu

lts
h
av

e
alread

y
b

een
fo

rm
u
lated

in
d
iff

eren
t

p
ap

ers
in

th
e

litera
tu

re,
see

e.g.
th

e
rev

iew
p
rop

osed
in

D
eled

alle
(2017).

L
e
m

m
a

1
6

L
et
Y
∈
R
n×

m
be

a
ra

n
d
o
m

m
a
trix

w
h
o
se

en
tries

Y
ij

a
re

in
d
epen

d
en

tly
sa

m
-

p
led

fro
m

th
e

co
n

tin
u

o
u

s
expo

n
en

tia
l

fa
m

ily
(15)

in
ca

n
o
n

ica
l

fo
rm

(th
a
t

is
th

e
d
istribu

tio
n

o
f
Y
ij

is
a
bso

lu
tely

co
n

tin
u

o
u

s
w

ith
respect

to
th

e
L

ebesgu
e

m
ea

su
re
d
y

o
n
R

).
S

u
p
po

se
th

a
t

th
e

fu
n

ctio
n
h

is
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
o
n
Y

=
R

.
L

et
1
≤
i≤

n
a
n

d
1
≤
j≤

m
,

a
n

d
d
en

o
te

by
F
ij

:R
n×

m
→

R
a

co
n

tin
u

o
u

sly
d
iff

eren
tia

ble
fu

n
ctio

n
su

ch
th

a
t

E
[|F

ij (Y
)|]
<

+
∞
.

(59)

T
h
en

,
th

e
fo

llo
w

in
g

rela
tio

n
h
o
ld

s

E
[θ
ij F

ij (Y
)]

=
−
E
[
h
′(Y

ij )

h
(Y

ij )
F
ij (Y

)
+
∂
F
ij (Y

)

∂
Y
ij

]
.
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B
ig

o
t
,

D
e
l
e
d
a
l
l
e

a
n
d

F
é
r
a
l

P
ro

o
f

U
sin

g
th

e
ex

p
ression

(15)
of

th
e

p
d
f

of
th

e
ran

d
om

varib
les
Y
ij ,

on
e

h
a
s

th
at

E
[θ
ij F

ij (Y
)]

=

∫

R
n×

m

F
ij (Y

)h
(y
ij )θ

ij
ex

p
(θ
ij y

ij −
A

(θ
ij ))

d
y
ij

n
∏1≤
k≤

n
1≤
`≤
m

(k
,`)6=

(i,j) p
(y
k
` ;θ

k
` )

d
y
k
` .

w
h
ere

Y
=

(y
k
` )

1≤
k≤

n
,1≤

`≤
m

.
T

h
an

k
s

to
con

d
ition

(59),
it

follow
s

th
at

∫

R
n×

m

F
ij (Y

)h
(y
ij )

ex
p

(θ
ij y

ij −
A

(θ
ij ))

d
y
ij

n
∏1≤
k≤

n
1≤
`≤
m

(k
,`)6=

(i,j) p
(y
k
` ;θ

k
` )

d
y
k
`
<

+
∞
.

(60)

T
h
erefore,

given
th

at
θ
ij

ex
p

(θ
ij y

ij −
A

(θ
ij ))

=
∂

ex
p

(θ
ij y

ij −
A

(θ
ij ))

∂
y
ij

,
an

in
tegration

b
y

p
a
rt

an
d

eq
.

(60)
im

p
ly

th
at

E
[θ
ij F

ij (Y
)]

=
−
∫

R
n×

m

∂
F
ij (Y

)h
(y
ij )

∂
y
ij

ex
p

(θ
ij y

ij −
A

(θ
ij ))

d
y
ij

n
∏1≤
k≤

n
1≤
`≤
m

(k
,`)6=

(i,j) p
(y
k
` ;θ

k
` )

d
y
k
` .

N
ow

,
sin

ce
∂
F
ij (Y

)h
(y
ij )

∂
y
ij

=
h
′(y

ij )F
ij (Y

)
+

∂
F
ij (Y

)
∂
y
ij

h
(y
ij ),

w
e

fi
n
ally

ob
tain

th
at

E
[θ
ij F

ij (Y
)]

=
−
E
[
h
′(Y

ij )

h
(Y

ij )
F
ij (Y

)
+
∂
F
ij (Y

)

∂
Y
ij

]
,

w
h
ich

com
p
letes

th
e

p
ro

of.

A
.3

P
ro

o
f

o
f

P
ro

p
o
sitio

n
4

W
e

rem
ark

th
at

M
S
E

(θ̂
f,θ

)
=

n
∑i=

1

m
∑j=

1 (E
[|θ̂

fij (Y
)| 2−

2
θ
ij θ̂

fij (Y
) ]

+
θ

2ij )
.

(61)

U
sin

g
L

em
m

a
16

w
ith

F
ij (Y

)
=
θ̂
fij (Y

)
an

d
con

d
ition

(17),
it

follow
s

th
at

E
[θ

ij θ̂
fij (Y

) ]
=

E
[
h
′(Y

ij )

h
(Y

ij )
θ̂
fij (Y

) ]
+

E


∂
θ̂
fij (Y

)

∂
Y
ij


.

(62)

T
h
en

,
b
y

d
efi

n
ition

(15)
of

th
e

ex
p

on
en

tial
fam

ily,
w

e
rem

ark
th

a
t

E
[
h
′′(Y

ij )

h
(Y

ij ) ]
=

∫

R
h
′′(y

ij )
ex

p
(θ
ij y

ij −
A

(θ
ij ))

d
y
ij .

H
en

ce,
u
sin

g
an

in
tegration

b
y

p
arts

tw
ice,

w
e

a
rriv

e
at

E
[
h
′′(Y

ij )

h
(Y

ij ) ]
=
θ

2ij ∫

R
h

(y
ij )

ex
p

(θ
ij y

ij −
A

(θ
ij ))

d
y
ij

=
θ

2ij .
(63)

T
o

com
p
lete

th
e

p
ro

of,
it

su
ffi

ces
to

in
sert

eq
u
alities

(62)
an

d
(63)

in
to

(61).
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v
a
l
u
e
s

in
l
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w

-r
a
n
k

m
a
t
r
ix

d
e
n
o
is

in
g

A
.4

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

6

T
h
an

k
s

to
eq

.
(2

1)
,

on
e

h
as

th
at

M
K

L
S
(θ̂
f
,θ

)
=

n ∑ i=
1

m ∑ j=
1

E
[ θ̂

f ij
(Y

)A
′ (
θ̂
f ij

(Y
))
−
θ
ij
A
′ (
θ̂
f ij

(Y
))
−
A

(θ̂
f ij

(Y
))
] +

A
(θ
ij

).
(6

4)

U
si

n
g

L
em

m
a

16
w

it
h
F
ij

(Y
)

=
A
′ (
θ̂
f ij

(Y
))

an
d

co
n
d
it

io
n

(2
2)

,
it

fo
ll
ow

s
th

at

E
[ θ

ij
A
′ (
θ̂
f ij

(Y
))
] =
−
E
[ h
′ (
Y
ij

)

h
(Y

ij
)
A
′ (
θ̂
f ij

(Y
))

] −
E

 
∂
θ̂
f ij

(Y
)

∂
Y
ij

A
′′ (
θ̂
f ij

(Y
))

 
.

(6
5)

T
h
u
s,

in
se

rt
in

g
eq

u
al

it
y

(6
5)

in
to

(6
4)

im
p
li
es

th
at

S
U

K
L

S
(θ̂
f
)

=
n ∑ i=

1

m ∑ j=
1

((
θ̂
f ij

(Y
)

+
h
′ (
Y
ij

)

h
(Y

ij
)

)
A
′ (
θ̂
f ij

(Y
))
−
A

(θ̂
f ij

(Y
))

)
+

n ∑ i=
1

m ∑ j=
1

A
′′ (
θ̂
f ij

(Y
))
∂
θ̂
f ij

(Y
)

∂
Y
ij

is
an

u
n
b
ia

se
d

es
ti

m
at

or
of

M
K

L
S
(θ̂
f
,θ

)
−
∑

n i=
1

∑
m j=

1
A

(θ
ij

).
N

ow
re

ca
ll

th
at
f i
j
(Y

)
=

η
−

1
( θ̂

f ij
(Y

))
an
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äk

i
et

al
.,

20
05

;
A

b
ra

h
a
o

a
n
d

K
le

in
b

er
g,

20
08

;
C

ar
te

r
et

al
.,

20
10

)
an

d
re

fe
re

n
ce

s
th

er
ei

n
.

E
ar

ly
w

or
k

on
d
im

en
si

on
es

ti
m

at
io

n
d
at

es
b
ac

k
to

(S
h
ep

ar
d
,

19
62

a,
b
;

K
ru

sk
a
l,

1
9
6
4
a
,b

;
B

en
n
et

t,
19

69
)

on
m

u
lt

id
im

en
si

on
al

sc
al

in
g.

T
h
e

id
ea

is
th

at
on

e
h
as

m
ea

su
re

m
en

ts
o
f

si
m

il
ar

it
ie

s
(o

r
d
is

si
m

il
ar

it
ie

s)
b

et
w

ee
n

d
at

a
p

oi
n
ts

,
an

d
w

ou
ld

li
ke

to
fi
n
d

p
o
in

ts
in

a
p

o
-

te
n
ti

al
ly

h
ig

h
-d

im
en

si
on

al
ve

ct
or

sp
ac

e
th

at
ar

e
co

n
si

st
en

t
w

it
h

th
e

ob
se

rv
ed

si
m

il
a
ri

ti
es

(r
es

p
.

d
is

si
m

il
ar

it
ie

s)
.

O
th

er
ap

p
ro

ac
h
es

su
ch

as
th

at
of

(F
u
k
u
n
ag

a
an

d
O

ls
en

,
1
9
7
1
;

F
u
k
u
-

n
ag

a,
19

82
)

ar
e

b
as

ed
on

K
ar

h
u
n
en

–L
oè
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d
im

en
sio

n
.

B
y

ex
p
lorin

g
th

is,
o
n
e

ca
n

ex
tract

in
form

ation
ab

ou
t

d
im

en
sion

ality
b
y

in
v
ertin

g
th

ese
relation

s.
A

sim
ila

r
id

ea
is

u
sed

in
(A

m
saleg

et
al.,

2015)
b
y

recu
rrin

g
to

n
otion

s
fro

m
ex

trem
e

va
lu

e
th

eo
ry.

S
ee

a
lso

(E
rik

sson
an

d
C

rov
ella,

2012)
for

a
clu

sterin
g-b

ased
ap

p
roach

,
an

d
th

e
w

ork
o
f

(L
ev

in
a

a
n
d

B
ickel,

2004)
for

an
estim

ator
b
ased

on
an

ap
p
rox

im
ation

of
th

e
lik

elih
o
o
d
.

T
h
ere

is
so

m
e

ro
om

for
im

p
rov

em
en

t
in

th
e

ap
p
roach

es
m

en
tion

ed
ab

ove.
S
o
m

e
of

th
em

rely
on

ra
th

er
ex

ten
sive

k
n
ow

led
ge

ab
ou

t
d
istan

ces
b

etw
een

all
p

ossib
le

p
airs

of
ob

-
serva

tio
n
s,

so
m

etim
es

also
of

p
ertu

rb
a
tion

s
th

ereof,
o
r

on
certain

h
ierarch

ical
con

stru
cts

like
d
en

d
rog

ra
m

s;
b

ecau
se

ex
ecu

tion
tim

es
ten

d
to

scale
q
u
ad

ratically
w

ith
th

e
sam

p
le

size
a
n
d

lin
ea

rly
w

ith
d
im

en
sion

,
th

ese
q
u
ick

ly
b

ecom
e

com
p
u
tation

ally
costly

as
th

e
n
u
m

b
er

o
f

o
b
serva

tio
n
s

or
th

e
d
im

en
sion

of
th

e
m

easu
rem

en
ts

is
h
igh

–
ex

actly
th

e
situ

ation
w

h
ere

d
im

en
sio

n
estim

ation
is

m
ost

im
p

ortan
t.

(In
gen

etics
an

d
com

p
u
ter

v
ision

ap
p
lication

s,
fo

r
in

sta
n
ce,

th
e

n
u
m

b
er

of
ob

served
d
im

en
sion

s
can

easily
reach

h
u
n
d
red

s
of

th
o
u
san

d
s.)

T
h
erefo

re,
eith

er
d
u
e

to
th

e
volu

m
e

or
to

com
p
lex

ity
of

th
e

d
ata,

w
e

m
ay

b
e

com
p
u
tation

-
a
lly

lim
ited

to
w

ork
w

ith
v
ery

cru
d
e

in
form

ation
,

su
ch

as
k
n
ow

in
g

on
ly

w
h
eth

er
each

p
air

of
o
b
serva

tio
n
s

is
close

or
n
ot.

B
ecau

se
of

th
is,

it
is

of
in

terest
to

d
evelo

p
m

eth
o
d
s

to
estim

ate
d
im

en
sio

n
th

at
rely

on
as

little
in

form
ation

as
p

ossib
le.

A
n
o
th

er
a
sp

ect
th

at
is

often
ov

erlo
ok

ed
in

th
e

literatu
re

is
th

at
th

e
in

trin
sic

d
im

en
sion

o
f

a
d
a
ta

set
is

u
su

ally
scale-d

ep
en

d
en

t:
th

e
d
im

en
sion

o
f

th
e

d
ata

set
d
ep

en
d
s

on
th

e
scale

a
t

w
h
ich

w
e

an
aly

se
it;

cf.
(B

u
rges,

2
010).

S
ay

w
e

sam
p
le

p
oin

ts
u
n
iform

ly
at

ran
d
om

on
a

m
an

ifo
ld

w
ith

n
oise;

if
w

e
lo

ok
at

th
e

d
ata

set
on

a
fi
n
e

scale
w

e
on

ly
p
ick

u
p

on
th

e
n
oise,

w
h
erea

s
a
t

a
la

rger
scale

th
e

featu
res

of
th

e
m

an
ifold

w
ill

d
om

in
ate.

T
h
e

m
a
n
ifold

itself
ca

n
h
ave

d
iff

eren
t

d
im

en
sion

s
d
ep

en
d
in

g
on

w
h
ich

scale
w

e
lo

ok
at

it,
a
n
d

th
e

n
oise

m
ay

h
ave

a
rb

itra
ry

d
im

en
sion

.
It

is
th

erefore
n
ot

clear
w

h
at

“th
e

d
im

en
sion

of
a

d
ata

set”
is,

u
n
less

w
e

sp
ecify

a
scale

to
go

w
ith

it
(or

if
th

e
su

p
p

o
rt

of
th

e
d
istrib

u
tion

of
th

e
d
ata

is
h
o
m

o
g
en

eo
u
s

o
r

u
n
stru

ctu
red

).
H

ow
ever,

ev
en

th
en

th
e

d
im

en
sion

is
v
ery

d
ep

en
d
en

t
on

th
e

sp
ecifi

c
d
a
ta

(e.g.,
stru

ctu
re

of
th

e
m

an
ifold

,
d
istrib

u
tion

of
th

e
n
oise).

A
p
p
roach

es
b
ased

o
n

reg
ressin

g
th

e
logarith

m
of

th
e

correlation
in

tegral
on

th
e

logarith
m

of
its

argu
m

en
t

fail
to

ca
p
tu

re
th

is
an

d
in

stead
retu

rn
som

eth
in

g
ak

in
to

an
average

d
im

en
sion

across
scales

for
th

e
d
a
ta

set.
A

p
p
roach

es
b
ased

on
k
-n

earest-n
eigh

b
ou

r
grap

h
s

also
h
ave

lim
itation

s
w

ith
reg

a
rd

s
to

th
is;

th
e

d
istan

ce
from

a
d
atap

oin
t

to
its

k
-n

earest
n
eigh

b
ou

r
scales

in
a

n
on

-
triv

ia
l

w
ay

w
ith

d
im

en
sion

an
d

is
q
u
ite

d
ep

en
d
en

t
on

th
e

d
istrib

u
tion

of
th

e
ob

servation
s.

T
h
is

m
ak

es
it

d
iffi

cu
lt

to
estim

ate
d
im

en
sion

b
y

in
versio

n
w

ith
ou

t
sp

ecifi
c

k
n
ow

led
ge

on
th

e
d
istrib

u
tion

o
f

th
e

d
ata.

In
th

is
p
a
p

er
w

e
resolve

th
e

lim
itatio

n
s

id
en

tifi
ed

ab
ov

e.
W

e
estim

ate
th

e
in

trin
sic

d
im

en
sio

n
o
f

a
d
ata

set
at

a
u
ser-p

rescrib
ed

scale
b
ased

solely
on

b
in

ary
n
eigh

b
o
u
rh

o
o
d

3
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S
e
r
r
a
a
n
d

M
a
n
d
je
s

relation
s

b
etw

een
ob

servation
s.

M
ore

sp
ecifi

cally,
w

e
assu

m
e

th
at

certain
u
n
d
irected

grap
h
s

(or
th

eir
ad

jacen
cy

m
atrices)

can
b

e
ob

served
.

In
th

is
grap

h
,

each
v
ertex

corresp
on

d
s

to
an

ob
servation

th
at

lives
in

som
e

h
igh

-
(p

ossib
ly

in
fi
n
ite-)

d
im

en
sion

al
sp

ace.
A

n
ed

ge
is

p
resen

t
b

etw
een

tw
o

vertices
if

th
e

corresp
on

d
in

g
ob

servation
s

are
clo

se.
W

h
at

w
e

con
sid

er
to

b
e

close
d
eterm

in
es

th
e

scale
at

w
h
ich

w
e

an
aly

se
th

e
d
ata.

T
h
e

goal
is

to
estim

ate
th

e
in

trin
sic

d
im

en
sion

of
th

e
d
ata

set
b
a
sed

on
th

e
ad

jacen
cy

m
atrix

of
th

e
grap

h
on

ly,
i.e.,

w
ith

ou
t

ex
p
licit

access
to

d
istan

ce
in

form
ation

.
W

e
m

o
d
el

su
ch

a
grap

h
accord

in
g

to
a

su
b
set

of
a

ran
d
om

con
n
ection

m
o
d
el,

a
m

o
d
el

from
con

tin
u
u
m

p
ercolation

;
cf.

(P
en

rose,
1991),

an
d

(M
eester

an
d

R
oy

,
1996)

for
an

overv
iew

on
th

e
su

b
ject.

M
ore

sp
ecifi

cally,
w

e
m

o
d
el

it
accord

in
g

to
a

su
b
grap

h
of

a
grap

h
sam

p
led

from
th

e
so

called
P

oisson
b
lob

m
o
d
el;

cf.
(G

rim
m

ett,
1999).

W
e

p
rop

ose
an

estim
ator

b
ased

on
th

e
d
ou

b
lin

g
p
rop

erty
of

th
e

L
eb

esgu
e

m
easu

re
an

d
on

th
e

n
otion

of
correlation

in
tegral.

T
h
e

estim
ator

d
o
es

n
ot

rely
on

d
istan

ce
in

form
ation

ab
ou

t
th

e
ob

servation
s

an
d

h
as

com
p
u
tation

tim
e

th
at

scales
like

n
log

n
,

w
h
ich

is
p
artic-

u
larly

im
p

ortan
t

w
h
en

d
ealin

g
w

ith
large,

h
igh

-d
im

en
sion

al
d
ata

sets.
S
in

ce
on

ly
(sp

arse)
ad

jacen
cy

m
atrices

h
ave

to
b

e
stored

,
ou

r
ap

p
roach

also
lead

s
to

a
red

u
ction

of
th

e
re-

q
u
ired

storage
sp

ace.
U

n
d
er

an
id

en
tifi

ab
ility

con
d
ition

,
w

e
sh

ow
th

at
th

e
estim

ator
is

con
sisten

t
an

d
asy

m
p
totically

G
au

ssian
,

an
d

w
e

com
p
u
te

its
rate

of
con

vergen
ce.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge

su
ch

resu
lts

are
n
ot

yet
availab

le
in

th
e

literatu
re.

T
h
e

estim
ator

stron
gly

con
cen

tra
tes

arou
n
d

its
ex

p
ectation

b
u
t

in
gen

eral
th

e
con

stan
ts

in
volved

in
th

e
rate

scale
ex

p
on

en
tially

w
ith

th
e

in
trin

sic
d
im

en
sion

;
th

e
b
ias

p
lay

s
an

im
p

ortan
t

role
as

it
is

th
e

m
ain

b
ottlen

eck
in

th
e

p
ro

ced
u
re

lead
in

g
to

a
logarith

m
ic

rate.
W

e
p
rop

ose
a

b
ias

corrected
estim

ator
th

at
follow

s
th

e
sam

e
(op

tim
al)

asy
m

p
totics,

b
u
t

w
h
ich

p
erform

s
m

u
ch

b
etter

accord
in

g
to

ou
r

n
u
m

erical
ex

p
erim

en
ts.

M
in

im
ax

rates
are

u
n
k
n
ow

n
for

th
e

ty
p

e
of

d
ata

th
at

w
e

con
sid

er,
b
u
t

in
th

e
(easier)

case
w

h
ere

on
e

h
as

access
to

th
e

actu
al

ob
servation

s,
th

ese
can

b
e

fou
n
d

in
(K

oltch
in

sk
ii,

2000)
an

d
are

logarith
m

ic.
(F

or
th

e
n
oiseless

case
see

K
im

et
a
l.,

2016.)
T

h
is

m
ean

s
th

at
ou

r
p
ro

ced
u
re

is
essen

tially
op

tim
al

an
d

th
at

its
com

p
u
tation

al
effi

cacy
is

n
ot

ob
tain

ed
at

th
e

ex
p

en
se

of
p
recision

.
F

u
rth

erm
ore,

w
e

are
cap

ab
le

of
p
ro

d
u
cin

g
estim

ates
of

th
e

sp
read

of
th

e
estim

ator,
w

ith
ou

t
a

n
eed

for
resam

p
lin

g
,

an
d

th
ese

q
u
an

tify
th

e
u
n
certain

ty
in

th
e

estim
ate

fairly
w

ell.
T

h
is

is
p
articu

larly
im

p
ortan

t
given

th
e

slow
con

v
ergen

ce
rate,

an
d

is
a

m
a

jor
im

p
rovem

en
t

over
com

p
etin

g
ap

p
roach

es,
w

h
ich

ten
d

to
overly

con
cen

trate
arou

n
d

b
iased

estim
ates.

W
e

also
ru

n
som

e
n
u
m

erical
sim

u
lation

s
th

at
sh

ow
th

at
ou

r
estim

a
tor

com
p
ares

favou
rab

ly
w

ith
com

p
etin

g
estim

ato
rs

(p
articu

larly
w

h
en

it
com

es
to

recu
p

erate
an

in
teger

d
im

en
sion

),
in

clu
d
in

g
estim

ators
th

at
rely

on
d
istan

ce
in

form
ation

.

T
h
is

p
ap

er
is

stru
ctu

red
as

follow
s.

In
S
ection

2
w

e
form

ally
d
efi

n
e

ou
r

m
o
d
el.

T
h
e

in
terp

retation
of

th
e

eff
ect

of
scale

in
th

e
m

o
d
el

is
given

in
S
ection

3.
S
ection

4
h
as

a
d
escrip

tion
of

ou
r

estim
ator.

S
ection

5
con

tain
s

con
sisten

cy
resu

lts
for

a
relevan

t
p
rob

ab
ility

in
th

e
m

o
d
el.

S
ection

6
h
as

ou
r

m
ain

resu
lt

ab
ou

t
th

e
con

sisten
cy

of
ou

r
estim

ator
for

th
e

in
trin

sic
d
im

en
sion

,
an

d
a

com
p
arison

w
ith

rela
ted

w
ork

from
th

e
literatu

re.
In

S
ection

7
w

e
p
resen

t
som

e
n
u
m

erical
illu

stration
s

for
o
u
r

m
eth

o
d
,

an
d

w
e

p
rop

o
se

ou
r

b
ias

corrected
estim

ator.
W

e
close

w
ith

som
e

con
clu

sion
s

in
S
ection

8
.

T
h
e

p
ro

ofs
of

ou
r

m
ain

resu
lts

a
re

collected
in

th
e

A
p
p

en
d
ix

.
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D
im

e
n
si
o
n
E
st

im
a
t
io
n
U
si
n
g

R
a
n
d
o
m

C
o
n
n
e
c
t
io
n
M
o
d
e
l
s

2
.
S
a
m
p
li
n
g
,
M

o
d
e
l,
N
o
ta
ti
o
n
,
a
n
d
P
ro

b
le
m

F
o
rm

u
la
ti
o
n

C
on

si
d
er

th
e

fo
ll
ow

in
g

m
o
d
el

.
S
am

p
le

d
es

ig
n

po
in

ts
X

1
,.
..
,X

n
∈

R
D

,
in

d
ep

en
d
en

tl
y,

fr
om

a
d
is

tr
ib

u
ti

on
F

,
w

h
er

e
D
∈

N
is

so
m

e
a
m

bi
en

t
d
im

en
si

o
n

.
G

iv
en

th
e

d
es

ig
n

p
oi

n
ts

X
=

(X
1
,.
..
,X

n
)T

,
co

n
st

ru
ct

a
ra

n
d
om

u
n
d
ir

ec
te

d
gr

ap
h

b
y

p
la

ci
n
g

an
ed

ge
b

et
w

ee
n

tw
o

v
er

ti
ce

s
i
<
j
∈
{1
,.
..
,n
}

if
r(
X
i,
X
j
)
≤
ε,
ε
>

0,
w

h
er

e
r

is
a

m
et

ri
c1

on
R
D

.
W

e
d
en

ot
e

th
e

ad
ja

ce
n
cy

m
at

ri
x

of
th

e
re

su
lt

in
g

ra
n
d
om

gr
ap

h
as
A
ε.

If
w

e
d
is

re
ga

rd
th

at
ou

r
d
es

ig
n

p
oi

n
ts

ar
e

ty
p
ic

al
ly

co
n
ce

n
tr

at
ed

(s
in

ce
th

ey
ar

e
sa

m
p
le

d
fr

om
F

),
th

is
is

a
su

b
se

t
of

a
gr

ap
h

sa
m

p
le

d
fr

om
w

h
at

is
u
su

al
ly

ca
ll
ed

th
e

P
oi

ss
on

b
lo

b
m

o
d
el

,
a

m
o
d
el

fr
om

co
n
ti

n
u
u
m

p
er

co
la

ti
on

.
In

th
is

m
o
d
el

w
e

al
lo

w
ε

=
ε n

to
co

n
ve

rg
e

to
0

as
n
→
∞

,
if

n
ee

d
b

e;
w

e
d
is

cu
ss

th
e

ro
le

of
ε

in
m

or
e

d
et

ai
l

in
S
ec

ti
on

3.
M

os
t

of
th

e
q
u
an

ti
ti

es
th

at
w

e
d
efi

n
e

in
th

e
fo

ll
ow

in
g

d
ep

en
d

on
n

b
u
t

th
is

is
om

it
te

d
fr

om
th

e
n
ot

a
ti

on
ex

ce
p
t

w
h
en

n
p
la

y
s

a
ro

le
.

W
e

as
su

m
e

th
at

th
e

ob
se

rv
at

io
n
s

in
ou

r
d
at

a
se

t
ac

tu
al

ly
li
ve

(p
ot

en
ti

al
ly

in
a
p
p
ro

x
im

at
e

fo
rm

)
in

a
lo

w
er

(p
ot

en
ti

al
ly

fr
ac

ti
on

al
)

d
im

en
si

on
al

sp
ac

e.
F

or
in

st
an

ce
,

th
e

d
es

ig
n

p
oi

n
ts

ca
n

h
av

e
th

e
fo

rm
X
i

=
ϕ

(X̃
i)

+
σ
·ε
i,
σ
≥

0,
w

h
er

e
ϕ

:
R
d
7→

R
D

,
d
≤
D

,
is

so
m

e
em

b
ed

d
in

g.
T

h
e

ob
se

rv
at

io
n
s

ca
n

th
er

ef
or

e
b

e
h
ig

h
ly

st
ru

ct
u
re

d
;

th
ey

ca
n

b
e

co
n
ce

n
tr

at
ed

ar
ou

n
d
,

sa
y,

a
m

an
if

ol
d
.

T
h
e

n
u
m

b
er
d

is
ca

ll
ed

th
e

in
tr

in
si

c
d
im

en
si

o
n

o
f

th
e

d
at

a
se

t
X

,
an

d
it

is
ou

r
ob

je
ct

of
in

te
re

st
.

O
u
r

st
at

is
ti

ca
l

p
ro

b
le

m
is

th
e

fo
ll
ow

in
g:

fo
r

a
d
at

a
se

t
w

it
h
n

ob
se

rv
at

io
n
s

w
e

h
av

e
ac

ce
ss

to
a

sy
m

m
et

ri
c,

b
in

ar
y

m
at

ri
x
A

w
h
er

e
A
i,
j

=
A
j,
i

=
1

if
,

an
d

on
ly

if
,

th
e
i-

th
an

d
j-

th
ob

se
rv

at
io

n
s

ar
e

“c
lo

se
”;

th
e

d
at

a
p

oi
n
ts

(o
r

d
is

ta
n
ce

s
b

et
w

ee
n

d
at

a
p

oi
n
ts

)
ar

e
n
ot

ac
tu

al
ly

ob
se

rv
ed

.
W

e
as

su
m

e
th

at
ou

r
n
ot

io
n

of
“c

lo
se

”
is

re
as

on
ab

le
,

in
th

e
se

n
se

th
at

w
e

ca
n

m
o
d
el

A
ac

co
rd

in
g

to
a

ra
n
d
om

co
n
n
ec

ti
on

m
o
d
el

:
A

=
A
ε

fo
r

so
m

e
ε

an
d

so
m

e
m

et
ri

c
r

(w
h
ic

h
ar

e
n
ot

n
ec

es
sa

ri
ly

k
n
ow

n
to

u
s)

.
G

iv
en

ac
ce

ss
to

su
ch

ad
ja

ce
n
cy

m
at

ri
ce

s2

w
e

w
ou

ld
li
ke

to
es

ti
m

at
e

th
e

in
tr

in
si

c
d
im

en
si

on
d
.

T
h
e

p
oi

n
t

is
th

at
al

th
ou

gh
th

e
su

p
p

or
t

of
F

m
ay

b
e

h
ig

h
-d

im
en

si
on

al
,

m
os

t
of

th
e

m
as

s
of
F

m
ig

h
t

b
e

co
n
ce

n
tr

at
ed

on
a

(l
ow

er
)

d
im

en
si

on
al

su
b
-s

p
ac

e
or

m
an

if
ol

d
(e

v
en

tu
a
ll
y

as
n
→
∞

,
or
σ
→

0)
,

su
ch

th
at

on
e

ca
n

fi
n
d

a
p
ar

si
m

on
io

u
s

re
p
re

se
n
ta

ti
on

fo
r

th
at

d
at

a
th

at
st

il
l

p
re

se
rv

es
it

s
m

ai
n

fe
at

u
re

s.

W
e

d
en

ot
e

b
y
B
ε

th
e

d
eg

re
es

of
th

e
ve

rt
ic

es
in

th
e

gr
ap

h
su

ch
th

at
B
ε

=
(B

ε,
1
,.
..
,B

ε,
n
),

B
ε,
i

=
n ∑ j=
1

A
ε,
i,
j
,

i
=

1,
..
.,
n
,

(1
)

w
h
er

e
th

e
(b

in
ar

y
)

en
tr

ie
s
A
ε,
i,
j

of
th

e
ad

ja
ce

n
cy

m
at

ri
x
A
ε

sa
ti

sf
y

A
ε,
i,
j

=
A
ε,
j,
i

=
1
{r

(X
i
,X
j
)≤
ε}
,

an
d

A
ε,
i,
i

=
0,

i,
j

=
1,
..
.,
n
,
i
6=
j.

(2
)

B
y

co
n
st

ru
ct

io
n
,

th
e

d
is

tr
ib

u
ti

on
of

th
e

ra
n
d
om

m
at

ri
x
A
ε

is
in

va
ri

an
t

u
n
d
er

an
y

p
er

m
u
ta

-
ti

on
of

it
s

ro
w

s
an

d
co

lu
m

n
s

so
th

at
th

e
B
ε,
i

ar
e

id
en

ti
ca

ll
y

d
is

tr
ib

u
te

d
b
u
t

n
ot

in
d
ep

en
d
en

t.
D

efi
n
e

th
e

tw
o

fu
n
ct

io
n
s

p
ε(
x

)
=

P{
r(
X
,x

)
≤
ε}
,

an
d

p
ε(
x
,y

)
=

P{
r(
X
,x

)
≤
ε,
r(
X
,y

)
≤
ε}
,

(3
)

1
.

A
ll

o
f

th
e

a
ss

u
m

p
ti

o
n

s
o
n

th
e

m
et

ri
c

w
il

l
b

e
im

p
li

ci
t.

2
.

In
fa

ct
w

e
co

n
si

d
er

tw
o

a
d

ja
ce

n
cy

m
a
tr

ic
es

a
s

it
w

il
l

b
ec

o
m

e
cl

ea
r

fr
o
m

th
e

d
efi

n
it

io
n

o
f

o
u

r
es

ti
m

a
to

r
in

(7
).

W
e

a
rg

u
e

in
S

ec
ti

o
n

4
,

th
a
t

th
is

is
in

ev
it

a
b

le
si

n
ce
ε

tr
a
d

es
o
ff

w
it

h
th

e
st

a
n

d
a
rd

d
ev

ia
ti

o
n

o
f
F

.
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S
e
r
r
a
a
n
d

M
a
n
d
je
s

w
h
er

e
th

e
p
ro

b
ab

il
it

y
is

ta
k
en

w
it

h
re

sp
ec

t
to

X
∼
F

.
T

h
is

is
th

e
(l

o
ca

l)
co

n
n
ec

ti
o
n

p
ro

b
ab

il
it

y
fo

r
a

d
es

ig
n

p
oi

n
t

at
si

te
x

,
an

d
th

e
p
ro

b
ab

il
it

y
of

tw
o

d
es

ig
n

p
o
in

ts
a
t

si
te

s
x

an
d
y

sh
ar

in
g

a
n
ei

gh
b

ou
r.

W
it

h
th

is
n
ot

at
io

n
,

B
ε,
i|X

i
∼

B
in
{n
−

1
,
p
ε(
X
i)
}.

(4
)

F
ro

m
th

is
w

e
se

e
th

at
if
p

w
er

e
co

n
st

an
t,

th
en

th
e

m
o
d
el

w
ou

ld
re

d
u
ce

to
th

e
E

rd
ő
s–

R
én

y
i

m
o
d
el

of
(E

rd
ős

an
d

R
én

y
i,

19
59

).
If
p
ε

(w
h
ic

h
d
ep

en
d
s

ex
cl

u
si

ve
ly

on
F

a
n
d
ε)

is
n
ot

co
n
st

an
t,

th
en

th
is

le
ad

s
to

so
m

e
in

h
om

og
en

ei
ty

fo
r

th
e

re
su

lt
in

g
ra

n
d
om

gr
a
p
h
.

In
w

h
at

fo
ll
ow

s
w

e
d
en

ot
e,

fo
r
i,
j,
k

m
u
tu

al
ly

d
iff

er
en

t,

p
ε,
1

=
EA

ε,
i,
j
,

an
d

p
ε,
2

=
EA

ε,
i,
k
A
ε,
k
,j
.

(5
)

T
h
es

e
tw

o
n
u
m

b
er

s
(o

r
se

q
u
en

ce
s,

if
ε
→

0)
ar

e
th

e
p
ro

b
ab

il
it

y
th

at
tw

o
ve

rt
ic

es
co

n
n
ec

t
an

d
th

e
p
ro

b
ab

il
it

y
th

at
tw

o
ve

rt
ic

es
h
av

e
a

co
m

m
on

n
ei

gh
b

ou
r,

re
sp

ec
ti

ve
ly

.
N

o
te

th
a
t

if
X
,Y
,Z

ar
e

in
d
ep

en
d
en

t
an

d
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
F

,
th

en

p
ε,
1

=
P{
r(
X
,Y

)
≤
ε}

=
EP
{r

(X
,Y

)
≤
ε|X
}

=
Ep

ε(
X

),

an
d

in
th

e
sa

m
e

w
ay

,

p
ε,
2

=
EP
{r

(X
,Z

)
≤
ε,
r(
Z
,Y

)
≤
ε|X

,Y
}

=
Ep

ε(
X
,Y

).

B
y

d
efi

n
it

io
n
,
p
ε(
X
,X

)
=
p
ε(
X

).
A

ls
o,

b
y

in
d
ep

en
d
en

ce
an

d
J
en

se
n
’s

in
eq

u
a
li
ty

,

p
ε,
2

=
EP
{r

(X
,Z

)
≤
ε,
r(
Z
,Y

)
≤
ε|Z
}

=
E{
p
ε(
Z

)2
}
≥

E{
p
ε(
Z

)}
2

=
p
2 ε,
1
.

In
fa

ct
,

th
e

(n
on

-n
eg

at
iv

e)
d
iff

er
en

ce
p
ε,
2
−
p
2 ε,
1

is
th

e
va

ri
an

ce
of

th
e

co
n
n
ec

ti
o
n

p
ro

b
a
b
il
it

y
fu

n
ct

io
n
p
ε(
x

)
w

h
ic

h
w

il
l

p
la

y
an

im
p

or
ta

n
t

ro
le

la
te

r
in

th
e

p
ap

er
.

B
ot

h
p
ε,
1

an
d
p
ε,
2

d
ep

en
d

on
ε

(a
n
d
F

),
b
u
t

al
so

on
th

e
d
im

en
si

on
al

it
y

o
f

th
e

d
a
ta

.
F

or
ex

am
p
le

,
it

is
cl

ea
r

th
at
p
ε,
1

an
d
p
ε,
2

d
ec

re
as

e
as
ε

d
ec

re
as

es
.

In
fa

ct
,

m
os

t
o
f

w
h
a
t

fo
ll
ow

s
is

b
as

ed
on

th
is

d
ep

en
d
en

ce
.

B
ef

or
e

w
e

gi
ve

th
e

in
tu

it
io

n
b

eh
in

d
ou

r
es

ti
m

a
to

r,
w

e
d
is

cu
ss

th
e

ro
le

of
ε

in
ou

r
ap

p
ro

ac
h
.

3
.
R
o
le

o
f
ε
in

th
e
M

o
d
e
l

T
h
e

p
ar

am
et

er
1
/ε

ca
n

b
e

se
en

as
a

re
so

lu
ti

on
le

ve
l

th
at

d
et

er
m

in
es

at
w

h
ic

h
d
is

ta
n
ce

w
e

d
is

ti
n
gu

is
h

b
et

w
ee

n
d
es

ig
n

p
oi

n
ts

.
T

h
is

p
ar

am
et

er
p
la

y
s

a
cr

u
ci

al
ro

le
in

ou
r

a
p
p
ro

a
ch

a
s

is
ex

p
la

in
ed

in
th

is
se

ct
io

n
.

In
F

ig
u
re

1
w

e
ex

em
p
li
fy

th
e

eff
ec

t
of

th
e

si
ze

of
ε.

W
e

sa
m

p
le

d
p

oi
n
ts

u
n
if

or
m

ly
at

ra
n
d
om

on
a

m
an

if
ol

d
,
th

en
ad

d
ed

so
m

e
(3

-d
im

en
si

on
al

)
G

a
u
ss

ia
n

n
o
is

e;
th

es
e

p
oi

n
ts

ar
e

th
e

d
es

ig
n

p
oi

n
ts
X

an
d

ar
e

em
b

ed
d
ed

on
a

3-
d
im

en
si

on
al

sp
a
ce

.
W

e
th

en
to

ok
on

e
of

th
e

d
es

ig
n

p
oi

n
ts

,
an

d
co

lo
u
re

d
re

d
a
ll

p
oi

n
ts

th
at

fa
ll

w
it

h
in

a
g
iv

en
E

u
cl

id
ea

n
d
is

ta
n
ce
ε

of
th

e
se

le
ct

ed
d
es

ig
n

p
oi

n
t;

th
e

th
re

e
p
lo

ts
co

rr
es

p
on

d
to

d
iff

er
en

t
ch

o
ic

es
o
f
ε.

If
ε

is
so

sm
al

l
th

at
n
o

re
d

d
ot

s
w

ou
ld

b
e

p
re

se
n
t,

th
en

th
e

d
et

ec
te

d
d
im

en
si

o
n

is
0
.

If
ε

is
la

rg
e

en
ou

gh
to

ca
p
tu

re
ju

st
a

fe
w

n
ea

re
st

n
ei

g
h
b

ou
rs

(l
ef

tm
os

t
p
lo

t)
,

th
en

w
e

ca
p
tu

re
o
n
ly

th
e

eff
ec

t
of

th
e

n
oi

se
–

3-
d
im

en
si

on
al

in
ou

r
ca

se
–

b
u
t

ar
b
it

ra
ry

in
ge

n
er

a
l.

In
cr

ea
si

n
g
ε

(c
en

tr
al

p
lo

t)
,

th
e

in
te

rs
ec

ti
on

is
n
ow

a
2-

d
im

en
si

on
al

se
ct

io
n

of
th

e
su

rf
ac

e
o
f

th
e

m
a
n
if

o
ld

.
F

u
rt

h
er

in
cr

ea
si

n
g
ε

(r
ig

h
tm

os
t

p
lo

t)
ch

an
ge

s
th

e
sh

ap
e

of
th

e
in

te
rs

ec
ti

on
w

h
ic

h
is

n
ow

th
e
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D
im

e
n
sio

n
E
st

im
a
t
io
n
U
sin

g
R
a
n
d
o
m

C
o
n
n
e
c
t
io
n
M
o
d
e
l
s

F
ig

u
re

1
:

D
esig

n
p

o
in

ts
sa

m
p

led
u

n
ifo

rm
ly

o
n

a
to

ru
s,

w
ith

n
o
ise.

D
esig

n
p

o
in

ts
w

ith
in

a
n
ε

d
ista

n
ce

(in
crea

sin
g

fro
m

left
to

rig
h
t)

o
f

a
fi

x
ed

d
esig

n
p

o
in

t
a
re

co
lo

u
red

red
.

(1
-d

im
en

sio
n
a
l)

su
rface

of
a

tu
b

e.
In

eith
er

ca
se,

w
ith

m
u
ch

larger
ch

oices
for

ε
w

e
w

ou
ld

ca
p
tu

re
a
ll

d
esign

p
oin

ts
an

d
th

e
volu

m
e

of
th

e
in

tersection
w

ou
ld

van
ish

w
ith

resp
ect

to
ε;

th
is

w
o
u
ld

a
g
a
in

lead
th

e
triv

ial
case

w
h
ere

d
im

en
sion

0
is

d
etected

.

O
f

co
u
rse

th
e

d
im

en
sion

can
also

b
e

fra
ctal,

an
d

w
e

cou
ld

also
b

e
in

terested
in

th
e

d
im

en
sio

n
o
f

ju
st

a
region

of
th

e
m

a
n
ifold

in
w

h
ich

case
th

e
ch

oice
of
ε

(an
d

th
e

d
esign

p
o
in

t
th

a
t

d
efi

n
es

th
e

n
eigh

b
ou

rh
o
o
d
)

p
lay

s
an

im
p

ortan
t

role
again

.
T

h
e

b
ottom

lin
e

is
th

a
t
ε

sh
o
u
ld

b
e

con
sid

ered
a

p
aram

eter
of

th
e

m
o
d
el

(as
op

p
osed

to
a

p
ara

m
eter

of
th

e
estim

a
to

r)
in

th
at

th
e

target
in

trin
sic

d
im

en
sion

sh
ou

ld
b

e
seen

as
a

fu
n
ction

of
ε;

cf.
(B

u
rg

es,
2
0
10)

for
a

sim
ilar

d
iscu

ssion
.

In
oth

er
w

o
rd

s,
th

e
resolu

tion
level

sh
ou

ld
b

e
ch

o
sen

in
lin

e
w

ith
th

e
goals

of
th

e
an

aly
sis;

to
learn

th
e

stru
ctu

re
of

th
e

n
oise

o
n
e

w
ou

ld
p
ick

rela
tively

sm
all

valu
es

of
ε,

w
h
ile

to
learn

th
e

d
im

en
sion

o
f

th
e

m
an

ifold
w

e
w

ou
ld

h
ave

to
p
ick

la
rg

er
valu

es.
T

h
is

is
related

to
th

e
scale

of
th

e
ob

servation
s,

an
d

it
sh

ou
ld

b
e

taken
in

to
co

n
sid

eration
w

h
en

ch
o
osin

g
ε.

A
n
oth

er
issu

e
is

th
at

on
e

sh
ou

ld
also

accou
n
t

for
th

e
sa

m
p
le

size
in

th
e

form
of

a
fi
n
ite

sam
p
le

correction
.

W
e

retu
rn

to
th

is
p

oin
t

in
S
ectio

n
7

w
h
ere

w
e

u
se

som
e

n
u
m

erical
ex

p
erim

en
ts

to
illu

strate
th

is
p

oin
t.

N
ex

t
w

e
d
efi

n
e

an
d

giv
e

th
e

in
tu

ition
for

ou
r

estim
ator

of
th

e
in

trin
sic

d
im

en
sion

d
.

4
.
E
stim

a
tio

n
o
f
th

e
In

trin
sic

D
im

e
n
sio

n

W
e

sta
rt

b
y

p
rov

id
in

g
som

e
h
eu

ristic
m

otivation
for

ou
r

estim
ator

of
d
.

C
on

sid
er,

for
x
∈
R
m

,
m
∈
N

th
e

b
alls

V
ε (x

,m
)

=
{y
∈
R
m

:
r(x

,y
)≤

ε}
for

a
h
om

ogen
eou

s,
tran

sla
tion

-
in

va
ria

n
t

m
etric

r,
an

d
d
en

ote
V
ε (m

)
=
V
ε (0,m

).
A

ssu
m

e,
w

ith
ou

t
loss

of
gen

era
lity,

th
at

0
∈
X
⊆

R
D

,
w

h
ere
X

is
an

ap
p
rop

riate
h
igh

p
rob

ab
ility

set
in

th
e

su
p
p

ort
of
F

.
If
ε

is
sm

a
ll

(o
r

if
ε
→

0)
an

d
if
F

ad
m

its
a

con
tin

u
ou

s
d
en

sity
f

w
ith

resp
ect

to
th

e
L

eb
esgu

e
m

ea
su

re
µ

,
th

en
w

e
ex

p
ect

p
ε (x

)≈
∫X

1
V
ε (x

,D
) (y

)
f

(y
)
d
µ

(y
)≈

f
(x

)· ∫X
1
V
ε (D

) (y
)
d
µ

(y
),

f
(x

)·v
ε .

T
h
e

a
ssu

m
p
tio

n
th

at
th

e
in

trin
sic

d
im

en
sion

of
th

e
d
ata

set
is
d
,

corresp
on

d
s

to
assu

m
in

g,
w

ith
m

ild
a
b
u
se

of
th

e
n
otation

,
th

a
t

(for
all

ap
p
rop

riately
sm

all
ε)

v
ε ,

µ{
V
ε (D

)∩
X
}
≈
µ{V

ε (d
)}
.

(In
fa

ct,
th

is
relation

can
b

e
seen

as
a

d
efi

n
ition

of
th

e
ε-sca

le
in

trin
sic

d
im

en
sion

.)
T

h
is

h
as

th
e

in
terp

reta
tion

th
at

at
th

e
ε-scale

th
e

d
ata

lo
ok

s
d
-d

im
en

sion
al.

T
h
e

p
oin

t
is

th
at
p
ε (x

)
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S
e
r
r
a
a
n
d

M
a
n
d
je
s

sh
ou

ld
n
ot

b
e

sen
sitive

to
th

e
d
im

en
sion

D
of

th
e

d
ata

p
oin

ts,
b
u
t

in
stead

to
th

e
in

trin
sic

d
im

en
sion

d
of

th
e

d
ata

set
an

d
an

ε-scale.

S
in

ce
p
ε,1

=
E{
p
ε (X

)}
,

w
e

can
ap

p
rox

im
ate

p
ε,1 ≈

E
f

(X
)·µ{V

ε (d
)}
.

O
n
e

can
estim

ate
d

b
y

rep
lacin

g
p
ε,1

b
y

an
estim

ator
an

d
in

vertin
g

th
e

relation
ab

ove.
H

ow
ever,

th
is

w
ou

ld
on

ly
b

e
feasib

le
w

ith
k
n
ow

led
ge

of
th

e
d
istrib

u
tion

F
v
ia

th
e

con
stan

t
E
f

(X
)

an
d

of
th

e
p
aram

eter
ε,

w
h
ich

in
gen

eral
w

e
d
o

n
ot

h
ave

access
to.

A
rgu

ab
ly,

th
e

m
ost

reason
ab

le
w

ay
to

get
rid

of
th

e
d
ep

en
d
en

ce
on

F
an

d
ε

is
to

ex
am

in
e

th
e

d
ata

at
tw

o
d
iff

eren
t

scales
sim

u
ltan

eou
sly.

F
or

ap
p
rop

riately
sm

all
ε,

p
2
ε,1

p
ε,1
≈
µ{
V
2
ε (d

)}
µ{
V
ε (d

)}
·

(6)

T
h
is

is
a

n
atu

ral
id

ea.
L

o
ok

in
g

b
ack

at
F

ig
u
re

1,
th

e
(h

y
p

er-)volu
m

e
of

th
e

in
tersection

s
(w

h
ich

can
b

e
in

ferred
from

th
e

n
u
m

b
er

of
p

oin
ts

in
th

e
in

tersection
)

d
o
es

n
ot

give
u
s

an
y

in
form

ation
ab

ou
t

d
im

en
sion

;
it

is
h
ow

th
is

q
u
an

tity
sca

les
w

ith
ε

th
at

is
in

form
ativ

e.

W
ith

th
is

ap
p
rox

im
ation

in
m

in
d
,

w
e

d
efi

n
e

an
estim

ator
for

d
:

for
an

arb
itrary

fu
n
ction

g
ε (d

)
–

id
eally

p
2
ε,1 /p

ε,1 ,
b
u
t

in
gen

eral
an

y
reason

ab
le

ap
p
rox

im
ation

of
µ{V

2
ε (d

)}
/µ{V

ε (d
)}

–
th

e
estim

ator
is

d
efi

n
ed

as
(an

y
)

im
p
licit

solu
tion

d̂
n

to
th

e
eq

u
ality

p̂
n
,2
ε,1

p̂
n
,ε,1

=
g
ε (d̂

n ),
(7)

w
h
ere

p̂
n
,ε,1

is
an

y
estim

ator
for

p
ε,1 ,

ε
>

0.
If
d

is
an

in
teg

er,
th

en
w

e
can

con
sid

er
an

estim
ator

[d̂
n

],
w

h
ere

[·]
rep

resen
ts

th
e

argu
m

en
t

rou
n
d
ed

to
th

e
closest

in
teger.

N
o
te

th
at

th
e

fu
n
ction

g
ε

is
allow

ed
to

d
ep

en
d

on
n

.

T
h
e

n
eed

to
lo

ok
at

th
e

d
ata

at
tw

o
d
iff

eren
t

scales
sim

u
ltan

eou
sly

sh
ou

ld
n
ot

b
e

a
su

rp
rise.

T
h
e

p
rob

ab
ility

p
ε,1

itself
d
o
es

n
ot

carry
an

y
in

form
ation

ab
ou

t
d
im

en
sion

if
F

is
u
n
k
n
ow

n
;

it
is

in
stead

h
ow

p
ε,1

scales
as

a
fu

n
ction

of
ε

th
at

p
rov

id
es

in
fo

rm
atio

n
ab

ou
t

d
im

en
sion

.
T

h
is

n
otion

of
scalin

g
is

in
fact

con
n
ected

w
ith

th
e

n
otion

of
ex

p
an

sion
d
im

en
sion

of
(K

arger
an

d
R

u
h
l,

2002).

F
or

a
given

m
etric

r
on

e
can

n
u
m

erically
ap

p
rox

im
ate

th
e

fu
n
ction

µ{V
2
ε (d

)}
/µ{V

ε (d
)}

,
b
u
t

in
an

alogy
to

th
e

d
ou

b
lin

g
p
rop

erty
of

th
e

L
eb

esgu
e

m
easu

re
th

is
fu

n
ction

sh
ou

ld
b

e
con

stan
t

over
ε,

at
least

if
ε

is
ap

p
rop

riately
sm

all.
S
o

a
can

on
ical

ch
oice

(in
d
ep

en
d
en

t
of

ε)
w

ou
ld

b
e
g
ε (d

)
=

2
d,

in
w

h
ich

case
on

e
h
as

an
ex

p
licit

estim
ator

for
d
:

d̂
n

=
log

p̂
n
,2
ε,1 −

log
p̂
n
,ε,1

log
2

·
(8)

T
h
is

is
ju

st
an

ex
am

p
le

of
a

p
ossib

le
form

th
at

th
e

estim
ator

can
take.

H
ow

ever,
it

d
o
es

su
ggest

th
at

at
least

for
certain

m
o
d
els

on
e

can
ex

p
ect

to
h
ave

ex
p
licit

estim
ators

for
d

th
at

d
o

n
ot

req
u
ire

k
n
ow

led
ge

of
ε,
F

,
or
r

an
d

are
th

erefore
com

p
letely

p
aram

eter-free.

A
lth

ou
gh

ε
sh

ou
ld

b
e

k
n
ow

n
(or

in
d
eed

p
icked

,
as

p
oin

ted
ou

t
in

th
e

d
iscu

ssion
in

S
ection

3),
on

e
can

d
efi

n
e

reason
ab

le
estim

ators
for

d
in

th
e

case
w

h
ere

ε
is

u
n
k
n
ow

n
.

In
fact,

it
is

is
n
ot

p
ossib

le
to

estim
ate

ε
con

sisten
tly

from
ad

jacen
cy

m
atrices

A
ε

w
ith

ou
t
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D
im

e
n
si
o
n
E
st

im
a
t
io
n
U
si
n
g

R
a
n
d
o
m

C
o
n
n
e
c
t
io
n
M
o
d
e
l
s

k
n
ow

le
d
ge

of
th

e
d
is

tr
ib

u
ti

on
F

.
T

h
is

fo
ll
ow

s
fr

om
th

e
tr

ad
e-

off
b

et
w

ee
n

th
e

st
an

d
ar

d
d
ev

ia
ti

on
of

th
e

d
is

tr
ib

u
ti

on
F

an
d

th
e

ra
d
iu

s
ε.

L
et
σ
>

0,
an

d
sa

y
A
ε/
σ

is
a
ss

o
ci

at
ed

w
it

h
d
es

ig
n

p
oi

n
ts
X
∼
F

an
d
A
′ ε

is
as

so
ci

at
ed

w
it

h
d
es

ig
n

p
oi

n
ts
X
′ ∼

F
(·/
σ

);
th

en

A
ε/
σ
,i
,j

=
1
{r

(X
i
,X
j
)≤
ε/
σ
}

=
1
{r

(σ
X
i
,σ
X
j
)≤
ε}
∼
A
′ ε,i
,j
,

so
th

at
in

fo
rm

at
io

n
ab

ou
t
ε

ca
n
n
ot

b
e

re
tr

ie
ve

d
fr

om
th

e
ad

ja
ce

n
cy

m
at

ri
x

w
it

h
ou

t
k
n
ow

l-
ed

ge
of

th
e

d
is

tr
ib

u
ti

on
F

.
H

ow
ev

er
,

if
ε

is
k
n
ow

n
,

on
e

m
ay

tr
y

to
fl
es

h
ou

t
lo

w
er

or
d
er

te
rm

s
in

th
e

ap
p
ro

x
im

at
io

n
ab

ov
e

to
re

d
u
ce

th
e

b
ia

s
of

th
e

es
ti

m
at

es
.

W
e

ca
n

m
or

e
p
re

ci
se

ly
ap

p
ro

x
im

at
e

th
e

lo
ca

l
co

n
n
ec

ti
on

p
ro

b
ab

il
it

y
as

p
ε(
x

)
≈
f

(x
)
·v
ε

+

∫ X
1
V
ε
(x
,D

)(
y
)

(y
−
x

)T
∇
f

(x
)
d
µ

(y
),

w
h
er

e
∇
f

d
en

ot
es

th
e

gr
ad

ie
n
t

of
th

e
d
en

si
ty
f

,
so

th
at

b
y

ta
k
in

g
ex

p
ec

ta
ti

on
,

p
ε,
1
≈

Ef
(X

)
·v
ε
·(

1
+

∆
ε)
,

∆
ε

=
E
∫ X

1
V
ε
(X
,D

)(
y
)

(y
−
X

)T
∇
f

(X
)
d
µ

(y
),

Ef
(X

)
·v
ε

·

F
or

ou
r

ca
n
on

ic
al

ch
oi

ce
g ε

(d
)

=
2d

w
e

th
u
s

ob
ta

in
th

e
ap

p
ro

x
im

at
io

n

lo
g
p
2
ε,
1
−

lo
g
p
ε,
1

lo
g

2
≈

lo
g
v 2
ε
−

lo
g
v ε

+
lo

g
( 1

+
∆

2
ε)
−

lo
g
( 1

+
∆
ε)

lo
g

2
≈
d

+
∆

2
ε
−

∆
ε

lo
g

2
.

B
y

th
e

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
al

it
y

to
th

e
in

n
er

p
ro

d
u
ct

(y
−
x

)T
∇
f

(x
),

w
e

co
n
cl

u
d
e

th
at

|∆
2
ε
−

∆
ε|

lo
g

2
≤

3

lo
g

2
·E
‖∇

f
(X

)‖
Ef

(X
)
·ε
.

A
lt

h
ou

gh
th

e
m

u
lt

ip
li
er

ab
ov

e
is

u
n
k
n
ow

n
,

it
d
ep

en
d
s

on
ly

on
F

an
d

is
th

er
ef

or
e

fi
x
ed

.
F

u
rt

h
er

m
or

e,
it

is
re

as
on

ab
le

to
ex

p
ec

t
th

e
m

u
lt

ip
li
er

to
b

e
of

or
d
er
d
,

si
n
ce

th
e

gr
ad

ie
n
t

of
th

e
d
en

si
ty

sh
ou

ld
on

ly
b

e
n
on

-t
ri

v
ia

l
a
lo

n
g
d

in
d
ep

en
d
en

t
d
ir

ec
ti

on
s.

T
h
is

m
ea

n
s

th
at

ce
rt

ai
n

ch
oi

ce
s

fo
r

th
e

fu
n
ct

io
n
g ε

(d
),

li
ke

fo
r

ex
am

p
le

ch
oi

ce
s

th
at

ar
e

in
d
ep

en
d
en

t
of

th
e

sc
al

e
ε,

sh
ou

ld
re

su
lt

in
a

b
ia

s
of

or
d
er
O

(d
·ε

).
W

e
re

tu
rn

to
th

is
d
is

cu
ss

io
n

in
S
ec

ti
on

6
af

te
r

w
e

h
av

e
sp

ec
ifi

ed
th

e
as

y
m

p
to

ti
cs

of
d̂
n

fo
r

ar
b
it

ra
ry
g ε

.

R
e
m

a
rk

1
A

si
m

il
a
r

re
a
so

n
in

g
to

th
e

o
n

e
th

a
t

w
a
s

a
p
p
li

ed
to
p
ε,
1

a
bo

ve
ca

n
be

a
p
p
li

ed
to

o
th

er
p
ro

ba
bi

li
ti

es
a
ss

oc
ia

te
d

w
it

h
th

e
m

od
el

,
li

ke
fo

r
ex

a
m

p
le
p
ε,
2
,

to
m

o
ti

va
te

a
lt

er
n

a
ti

ve
es

ti
m

a
to

rs
fo

r
th

e
in

tr
in

si
c

d
im

en
si

o
n

.
A

lt
h
o
u

gh
n

o
t

re
po

rt
ed

h
er

e,
w

e
d
id

n
o
t

fi
n

d
a
n

y
n

o
ti

ce
a
bl

e
d
iff

er
en

ce
be

tw
ee

n
th

e
d̂
n

es
ti

m
a
to

r
d
efi

n
ed

in
(7

)
a
n

d
a
p
ε,
2

ba
se

d
es

ti
m

a
to

r.

F
ro

m
th

e
d
is

cu
ss

io
n

ab
ov

e,
it

is
cl

ea
r

th
at

th
e

co
n
si

st
en

cy
of

th
e

es
ti

m
a
to

rs
d
efi

n
ed

in
(7

)
d
ep

en
d
s

on
th

re
e

fa
ct

or
s:

th
e

co
n
si

st
en

cy
of

th
e

es
ti

m
at

es
of
p
ε,
1

th
at

ar
e

u
se

d
,

th
e

q
u
al

it
y

of
th

e
ap

p
ro

x
im

at
io

n
in

(6
),

an
d

th
e

sl
op

e
of
g ε

(d
)

ar
ou

n
d

th
e

u
n
d
er

ly
in

g
in

tr
in

si
c

d
im

en
si

on
d
.

F
ir

st
w

e
ad

d
re

ss
th

e
es

ti
m

at
io

n
of
p
ε,
1
.
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:1
-3

5,
 2

01
7

S
e
r
r
a
a
n
d

M
a
n
d
je
s

5
.
E
st
im

a
te
s
o
f
th

e
C
o
n
n
e
ct
io
n
P
ro

b
a
b
il
it
y
a
n
d
th

e
ir

A
sy

m
p
to
ti
cs

A
n

es
ti

m
at

or
fo

r
p
ε,
1

is
ob

ta
in

ed
b
y

av
er

ag
in

g
off

-d
ia

go
n
al

en
tr

ie
s

of
th

e
m

a
tr

ix
A
ε.

F
o
r

an
y
m
n
≤
n

(m
n

is
fo

r
n
ow

le
ft

u
n
sp

ec
ifi

ed
,

an
d

is
a

p
ar

am
et

er
of

th
e

es
ti

m
a
to

r)
,

p̂
n
,ε
,1

=
1 m
n

m
n

∑ i=
1

B
ε,
i

n
−

1
=

2

m
n
(n
−

1)

m
n

∑ i=
1

n ∑

j=
i+

1

A
ε,
i,
j
,

(9
)

u
si

n
g

th
e

sy
m

m
et

ry
of
A
ε.

S
in

ce
EB

ε,
i/

(n
−

1)
=
p
ε,
1
,

th
e

es
ti

m
at

or
p̂
n
,ε
,1

is
u
n
b
ia

se
d
.

T
h
is

es
ti

m
at

or
ca

n
b

e
ev

al
u
at

ed
in
O

(n
m
n
)

in
st

ru
ct

io
n
s.

If
w

e
se

t
m
n

=
n

th
en

th
e

ex
ec

u
ti

o
n

ti
m

e
m

ay
b

e
p
ro

h
ib

it
iv

e
if
n

is
la

rg
e

so
th

e
p
ar

am
et

er
m
n

off
er

s
so

m
e

fl
ex

ib
il
it

y.
H

ow
ev

er
,

as
w

e
w

il
l

se
e

b
el

ow
an

d
in

S
ec

ti
on

s
6

an
d

7,
th

e
ro

le
of

th
e

se
q
u
en

ce
m
n

go
es

b
ey

o
n
d

ju
st

co
n
tr

ol
li
n
g

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

th
e

es
ti

m
at

or
.

In
S
ec

ti
on

7.
2,

in
p
a
rt

ic
u
la

r,
w

e
d
is

cu
ss

w
h
at

co
n
st

it
u
te

s
a

“g
o
o
d
”

ch
oi

ce
fo

r
m
n
.

T
h
e

fo
ll
ow

in
g

th
eo

re
m

p
ro

v
id

es
th

e
as

y
m

p
to

ti
cs

fo
r

th
e

es
ti

m
at

or
in

(9
).

T
h

e
o
re

m
2

L
et
m
n
≤
n

a
n

d
m
n
→
∞

a
s
n
→
∞

.
If
m
n

=
o(
n

),
a
n

d
p
ε,
2
>
p
2 ε,
1
,

th
en

S
−
1
/
2

n
,ε
,1
·{

p̂
n
,ε
,1

p
ε,
1
−

1}
d −→
N

(0
,1

),
w

h
er

e
S
n
,ε
,1

=
p
ε,
2
−
p
2 ε,
1

m
n
p
2 ε,
1

.
(1

0
)

If
m
n

=
n

th
en

th
e

p
re

vi
o
u

s
d
is

p
la

y
a
ls

o
h
o
ld

s
if

w
e

fu
rt

h
er

a
ss

u
m

e
th

a
t
n

(p
ε,
2
−
p
2 ε,
1
)2
→
∞

.
(T

h
is

a
ss

u
m

p
ti

o
n

a
lw

a
ys

h
o
ld

s
if
ε

is
fi

xe
d
.)

T
h
e

p
ro

of
of

th
is

th
eo

re
m

ca
n

b
e

fo
u
n
d

in
th

e
A

p
p

en
d
ix

.
T

h
is

re
su

lt
is

va
li
d

ir
re

sp
ec

-
ti

ve
ly

of
th

e
d
is

tr
ib

u
ti

on
F

,
an

d
h
ol

d
s

ev
en

if
ε
→

0,
as
n
→
∞

,
so

th
at
p
ε,
1
,p
ε,
2
→

0
.

T
h
e

d
iff

er
en

ce
p
ε,
2
−
p
2 ε,
1

=
E{
p
ε(
X

)2
}−
{E
p
ε(
X

)}
2

is
th

e
va

ri
an

ce
of

th
e

fu
n
ct

io
n
p
ε.

F
ro

m
th

is
w

e
se

e
th

at
p
ε

b
ei

n
g

m
or

e
va

ri
ab

le
h
as

a
n
eg

at
iv

e
im

p
ac

t
on

th
e

es
ti

m
at

io
n

o
f
p
ε,
1
,

w
h
ic

h
is

n
ot

su
rp

ri
si

n
g.

If
ε

is
fi
x
ed

,
th

en
p
ε,
1

ca
n

b
e

es
ti

m
a
te

d
w

it
h

ra
te
m
−
1
/
2

n
.

H
ow

ev
er

,
if
ε
→

0
th

e
ra

te
s

m
ay

b
e

d
iff

er
en

t
d
ep

en
d
in

g
on

h
ow

th
e

p
ro

b
ab

il
it

ie
s

in
vo

lv
ed

sc
al

e
w

it
h
ε,

w
h
ic

h
in

tu
rn

d
ep

en
d
s

on
th

e
sp

ec
ifi

c
d
is

tr
ib

u
ti

on
F

an
d

th
e

m
et

ri
c
r

at
h
an

d
.

N
ex

t
w

e
gi

ve
co

n
d
it

io
n
s

u
n
d
er

w
h
ic

h
th

e
es

ti
m

at
or

s
(7

)
ar

e
co

n
si

st
en

t
fo

r
d
.

6
.
C
o
n
si
st
e
n
cy

o
f
E
st
im

a
te
s
fo
r
th

e
In

tr
in
si
c
D
im

e
n
si
o
n

B
as

ed
on

th
e

as
y
m

p
to

ti
cs

of
p̂
n
,ε
,1

fr
om

th
e

p
re

v
io

u
s

se
ct

io
n
,
w

h
et

h
er

th
e

p
ro

ce
d
u
re

o
u
tl

in
ed

in
S
ec

ti
on

4
d
el

iv
er

s
co

n
si

st
en

t
es

ti
m

at
es

fo
r
d

or
n
ot

,
n
ow

d
ep

en
d
s

on
th

e
sp

ec
ifi

c
m

o
d
el

in
q
u
es

ti
on

an
d

on
g ε

(d
).

T
h

e
o
re

m
3

C
o
n

si
d
er

th
e

im
p
li

ci
t

es
ti

m
a
to

rs
(7

).
A

ss
u

m
e

th
a
t

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

2

re
qu

ir
ed

fo
r

th
e

co
n

ve
rg

en
ce

o
f
p̂
n
,ε
,1

a
n

d
p̂
n
,2
ε,
1

w
it

h
ra

te
m
−
1
/
2

n
h
o
ld

.
F

o
r

th
a
t
ε,
d

,
a
n

d
m
n

,
a
ss

u
m

e
th

a
t,

a
s
n
→
∞

,

p
2
ε,
1

=
p
ε,
1
·g
ε{ d

+
o(
m
−
1
/
2

n
)} .

(B
)
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D
im

e
n
sio

n
E
st

im
a
t
io
n
U
sin

g
R
a
n
d
o
m

C
o
n
n
e
c
t
io
n
M
o
d
e
l
s

A
ssu

m
e

a
lso

th
a
t

th
e

d
eriva

tive
(w

ith
respect

to
d

)
o
f
g
ε (d

)
exists,

is
co

n
tin

u
o
u

s
a
n

d
n

o
n

-zero
a
t
d

.
If
p
ε,1 ·(1−

p
2
ε,1 )

=
o [n{

p
ε,2
ε,2 −

p
ε,1 ·

p
2
ε,1 } ]

a
n

d
m
n

=
o(n

),
th

en
a
s
n
→
∞

,

S
−
1
/
2

n
,ε
· {
d̂
n −

d }
d
−→

N
(0,

1),
w

h
ere

S
n
,ε

=

{
∂

log
g
ε (d

)

∂
d

}
2·
V
ε

m
n

w
h
ere

fo
r
p
ε
1
,ε
2
,2

=
P{
r(X

,Z
)≤

ε
1 ,r(Y

,Z
)≤

ε
2 },

V
ε

=
p
2ε,1 ·

p
2
ε,2 −

2·
p
ε,2
ε,2 ·p

ε,1 ·p
2
ε,1

+
p
22
ε,1 ·

p
ε,2

p
2ε,1 ·p

22
ε,1

R
e
m

a
rk

4
In

T
h
eo

rem
3

w
e

co
n

sid
er

th
e

ca
se
m
n

=
o(n

),
w

h
ich

is
th

e
m

o
st

releva
n

t
ca

se
in

p
ra

ctice.
T

h
e

gen
era

l
exp

ressio
n

fo
rV

ε
(m

ea
n

in
g

fo
r

a
n

y
sequ

en
ce
m
n
≤
n

)
ca

n
be

fo
u

n
d

in
(1

6
),

in
th

e
A

p
pen

d
ix.

R
e
m

a
rk

5
C

o
n

d
itio

n
(B

)
co

n
tro

ls
th

e
a
sym

p
to

tic
bia

s
o
f

th
e

estim
a
to

r
fo

r
d

.
N

o
te

th
a
t

th
is

co
n

d
itio

n
sh

o
u

ld
be

in
terp

reted
a
s

a
co

n
d
itio

n
o
n
g
ε

a
n

d
o
n

th
e

sequ
en

ce
m
n

,
a
n

d
n

o
t

a
co

n
d
itio

n
o
n
ε,

sin
ce
ε

is
a

m
od

ellin
g

pa
ra

m
eter

set
by

th
e

u
ser.

If
co

n
d
itio

n
(B

)
d
oes

n
o
t

h
o
ld

,
th

en
th

e
sta

tem
en

t
o
f

th
e

p
revio

u
s

th
eo

rem
is

still
va

lid
if

w
e

cen
tre

d̂
n

w
ith

E
(
d̂
n

)
in

stea
d

o
f
d

,
bu

t
in

th
a
t

ca
se

th
e

estim
a
to

r
m

igh
t

be
a
sym

p
to

tica
lly

bia
sed

.
A

ltern
a
tively,

if
(B

)
h
o
ld

s
w

ith
r
n

=
o(m

n
),

in
stea

d
o
f
m
n

,
th

en
w

e
co

n
clu

d
e

th
a
t
r −

1
/
2

n

(d̂
n −

d )
=
o
P

(1).
(N

o
te

th
a
t

th
e

co
n

d
itio

n
beco

m
es

m
o
re

restrictive
fo

r
fa

ster
ra

tes.)

F
o
r

th
e

ex
p
licit

estim
ator

in
(8)

th
e
g
ε (d

)-d
ep

en
d
en

t
scalin

g
in

th
e

varian
ce

is
log

(2) −
2.

In
th

is
ca

se,
th

e
b
ias

con
d
ition

(B
)

red
u
ces

to

p
2
ε,1

=
p
ε,1 ·

2
d
+
o (
m

−
1
/
2

n

)
.

T
h
is

req
u
ires

th
e

con
n
ection

p
rob

ab
ility

p
ε,1

to
a
p
p
rox

im
ately

h
ave

a
d
ou

b
lin

g
p
rop

erty
:

if
th

e
d
ista

n
ce

at
w

h
ich

vertices
con

n
ect

d
ou

b
les,

th
en

th
e

p
rob

ab
ility

of
con

n
ection

go
es

u
p

b
y

a
fa

ctor
2
d,

a
p
p
rox

im
ately.

(N
ote

th
at

also
ε

sh
ou

ld
in

gen
eral

d
ep

en
d

on
n

,
b
u
t

w
e

retu
rn

to
th

is
p

o
in

t
in

S
ection

7.1.)
H

ow
m

u
ch

lev
erage

w
e

h
ave

in
term

s
of

th
e

ap
p
rox

im
atio

n
d
ep

en
d
s

m
o
stly

on
th

e
seq

u
en

ce
m
n

an
d

is,
in

a
sen

se,
th

e
p
rice

to
p
ay

for
th

e
com

p
u
tation

al
sp

eed
-u

p
.

H
ow

ever,
th

e
ch

oice
of
m
n

go
es

w
ell

b
eyon

d
th

is.

R
e
m

a
rk

6
S

in
ce

o
u

r
estim

a
to

r
fo

r
d

o
n

ly
requ

ires
a
ccess

to
m
n

ro
w

s
o
f
A
ε

a
n

d
A

2
ε ,

o
n

e

ca
n

o
bta

in
severa

l
(co

rrela
ted

)
estim

a
tes

d̂
(1
)

n
,
d̂
(2
)

n
,

...,
o
f
d

ba
sed

o
n

d
isjo

in
t

sets
o
f

ro
w

s
if
m
n

=
o(n

).
F

ro
m

th
ese

o
n

e
ca

n
estim

a
te

th
e

va
ria

n
ce

o
f
d̂
n

.
S

a
y

th
a
t

w
e

co
n

sid
er

th
e

fo
llo

w
in

g
estim

a
to

r
fo

r
th

e
va

ria
n

ce

σ̂
2n

=
V̂
d̂
n

=
1

tn −
1

t
n −

1
∑i=

1

{
d̂
(i)
n
−
d̄
n }

2,
w

ith
d̄
n

=
1tn

t
n
∑i=

1

d̂
(i)
n
,

w
h
ere

tn
∈
N

is
a
t

m
o
st
n
/m

n
.

It
is

stra
igh

tfo
rw

a
rd

to
ch

eck
th

a
t

E
σ̂
2n

=
σ
2 [1−

ρ {
d̂
(1
)

n
,d̂

(2
)

n

} ],
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S
e
r
r
a
a
n
d

M
a
n
d
je
s

w
h
ere

ρ
(X
,Y

)
rep

resen
ts

th
e

co
rrela

tio
n

betw
een

X
a
n

d
Y

.
M

a
kin

g
u

se
o
f

th
e

fa
ct

th
a
t

p̂
(i)
n
,ε,1

a
n

d
p̂
(i)
n
,2
ε,1

a
re

in
d
epen

d
en

t
fo

r
i∈

N
,

w
e

h
a
ve

V {
d̂
(1
)

n
,d̂

(2
)

n

}
=

1
{

log
(2)

2 }
[V {

log
p̂
(1
)

n
,ε,1 ,lo

g
p̂
(2
)

n
,ε,1 }

+
V {

log
p̂
(1
)

n
,2
ε,1 ,log

p̂
(2
)

n
,2
ε,1 } ]

.

U
sin

g
th

e
a
p
p
ro

xim
a
tio

n
3
V

(log
X
,log

Y
)
≈

V
(X
,Y

)/(E
X
·E
Y

),
it

is
en

o
u

gh
to

loo
k

a
t

V {
p̂
(1
)

n
,ε,1 ,p̂

(2
)

n
,ε,1 }

.
If

w
e

d
en

o
te

th
e

ra
n

ge
o
f

ro
w

s
a
ssocia

ted
w

ith
th

ese
tw

o
estim

a
to

rs
a
s

respectively
I
1

a
n

d
I
2 ,

th
en

w
ritin

g
th

e
co

va
ria

n
ce

a
s

a
fo

u
r-fo

ld
su

m
,

w
e

get

V {
p̂
(1
)

n
,ε,1 ,p̂

(2
)

n
,ε,1 }

=

{
2

m
n
(n
−

1) }
2
∑i1 ∈
I
1 ∑i2 ∈

I
2

n
∑j

1
=
i1
+
1

n
∑j

2
=
i2
+
1 V (A

ε,i1
,j
1 ,A

ε,i2
,j
2 )

≤
4

n
−

1 (p
ε,2 −

p
2ε,1 ),

w
h
ere

w
e

u
se

th
e

fa
ct

th
a
t

sin
ce
I
1 ∩

I
2

=
∅
,

th
en

V (A
ε,i1

,j
1 ,A

ε,i2
,j
2 )

=
p
ε,2 −

p
2ε,1

if
j
1

=
j
2 ,

a
n

d
V (A

ε,i1
,j
1 ,A

ε,i2
,j
2 )

=
0,

if
j
1 6=

j
2 .

F
in

a
lly,

u
n

d
er

th
e

co
n

d
itio

n
s

o
f

T
h
eo

rem
s

2
a
n

d
3
,

w
e

ca
n

p
u

t
everyth

in
g

togeth
er

to
bo

u
n

d

∣∣E
σ̂
2n −

σ
2 ∣∣.

m
n

n
·
S
n
,ε,1

S
n
,ε

;

th
is

u
p
per

bo
u

n
d

co
n

verges
to

zero
fo

r
a
p
p
ro

p
ria

te
ε,

if
m
n

=
o(n

).

N
ote

th
at

w
h
en

th
e

m
etric

r
is

in
d
u
ced

b
y

th
e

E
u
clid

ean
n
orm

‖·‖
2 ,

an
d
m
n

=
n

,
th

e
estim

ator
p̂
n
,ε,1

(as
a

fu
n
ction

of
ε)

coin
cid

es
w

ith
a

realisation
of

th
e

so-called
correlation

in
tegral;

cf.
(C

am
astra

an
d

V
in

ciarelli,
2
002).

T
h
is

is
d
efi

n
ed

in
th

e
follow

in
g

w
ay.

W
ith

x
1 ,...,x

n
d
en

otin
g

p
oin

ts
on

a
m

an
ifold

w
h
ose

d
im

en
sion

w
e

w
ou

ld
like

to
m

easu
re,

let

C
n
(ε)

=
2

n
(n
−

1)

n−
1

∑i=
1

n
∑j=
i+

1

1
{‖
x
i −
x
j ‖

2 ≤
ε} ;

(11)

th
e

correlation
in

tegral
C

(ε)
is

th
e

lim
it,

w
h
en

n
→
∞

,
of
C
n
(ε).

T
h
e

u
n
d
erly

in
g

id
ea

b
eh

in
d

th
e

in
trin

sic
d
im

en
sion

b
ein

g
d

is
th

at
C

(ε)
sh

ou
ld

scale
like

ε
d

so
th

at
th

e
lim

it
as

ε→
0

of
log{

C
(ε)}/

log
(ε)

is
d
;

th
is

is
th

en
called

th
e

co
rrelation

d
im

en
sion

,
w

h
ich

is
a

ty
p

e
of

fractal
d
im

en
sion

.
F

ollow
in

g
u
p

on
R

em
ark

1,
b
asin

g
ou

r
estim

ator
on

p
ε,2

w
ou

ld
lead

to
a

variation
on

th
e

correlation
in

tegral
ab

ove.
W

e
fou

n
d

n
o

ad
van

tage
in

u
sin

g
th

e
p
ε,2

b
ased

estim
ator

over
th

e
p
ε,1

b
ased

on
e.

S
om

e
estim

ators
for

in
trin

sic
d
im

en
sion

like
th

at
of

(G
rassb

erger
an

d
P

ro
caccia,

1983)
are

b
ased

on
th

e
id

ea
of

regressin
g

log{C
n
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H
ow

ev
er

,
th

is
q
u
a
n
ti

ty
st

il
l

d
ep

en
d
s

o
n
ε

a
n
d
d
,

so
it

is
in

te
re

st
in

g
to

se
e

h
ow

it
b

eh
av

es
fo

r
d
iff

er
en

t
d
is

tr
ib

u
ti

on
s

fo
r

th
e

d
es

ig
n

p
o
in

ts
.

In
F

ig
u
re

2
w

e
p
lo

t
th

e
lo

ga
ri

th
m

of
m
n
·S

n
,ε

,
as

a
fu

n
ct

io
n

of
th

e
in

tr
in

si
c

d
im

en
si

o
n
d

fo
r

se
ve

ra
l

d
iff

er
en

t
ch

oi
ce

s
fo

r
th

e
d
is

tr
ib

u
ti

on
of

th
e

d
es

ig
n

p
oi

n
ts

,
fo

r
th

re
e

ch
o
ic

es
o
f
ε.

If
ε

is
fi
x
ed

,
th

en
m
n
S
n
,ε

is
ju

st
th

e
co

n
st

an
t

th
at

fe
at

u
re

s
in

th
e

ra
te

of
co

n
ve

rg
en

ce
o
f

th
e

es
ti

m
at

or
of
d̂
n
.

(T
h
e

cu
rv

es
w

er
e

co
m

p
u
te

d
b
y

n
u
m

er
ic

al
in

te
gr

at
io

n
,

b
u
t

a
re

o
th

er
w

is
e

ex
ac

t.
)

T
h
e

co
or

d
in

at
es

of
th

e
d
es

ig
n

p
oi

n
ts
X
i

w
er

e
sa

m
p
le

d
in

d
ep

en
d
en

tl
y

fr
o
m

th
e

in
d
ic

at
ed

d
is

tr
ib

u
ti

on
s

(u
n
if

or
m

,
G

au
ss

ia
n
,

ex
p

on
en

ti
al

,
an

d
b

et
a
{2
,5
},

al
l

sc
a
le

d
st

a
n
d
a
rd

d
ev

ia
ti

on
1;

C
au

ch
y

w
it

h
sc

al
e

p
ar

am
et

er
1)

.
T

h
e

m
ai

n
m

es
sa

ge
is

th
at

fo
r

a
p
p
ro

p
ri

a
te

ly
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D
im

e
n
sio

n
E
st

im
a
t
io
n
U
sin

g
R
a
n
d
o
m

C
o
n
n
e
c
t
io
n
M
o
d
e
l
s

ε
=

2

d

log{ p2ε,1 pε,1} log(2)

1
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3
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5
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7
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9
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●
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●

●

●

●

●
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U

niform
G

aussian
C

auchy
E

xponential
B

eta

ε
=

1

d
log{ p2ε,1 pε,1} log(2)

1
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3
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5
6

7
8

9
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●
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ε
=

1
2

d

log{ p2ε,1 pε,1} log(2)

1
2

3
4

5
6

7
8

9
10

1 2 3 4 5 6 7 8 9 10

●

●

●

●

●

●

●

●

●

●

F
ig

u
re

3
:

E
ff

ect
o
f

th
e

d
istrib

u
tio

n
o
f

th
e

d
esig

n
p

o
in

ts,
d
,

a
n

d
ε

o
n
{
lo

g
p
2
ε
,1 −

lo
g
p
ε
,1 }
/

lo
g
(2

).
L

eft
to

rig
h
t,

th
e

p
lo

ts
co

rresp
o
n

d
to
ε∈
{
2
,1
,1
/
2}

.
T

h
e

sh
a
d

ed
a
rea

co
rresp

o
n

d
s

to
d±

1
/
2
.

la
rg

e
d

(a
b

o
u
t
d
≥

5)
th

e
lin

es
in

crease
rou

gh
ly

lin
early,

w
h
ich

w
ou

ld
m

ean
th

at
th

e
co

n
sta

n
ts

in
th

e
asy

m
p
totic

statem
en

t
in

T
h
eorem

3
in

crease
ex

p
on

en
tially

w
ith

d
.

In
g
en

era
l,
d

is
fi
x
ed

,
b
u
t

th
ese

p
lots

give
an

in
d
ication

th
at

if
th

e
in

trin
sic

d
im

en
sion

is
large,

th
en

in
o
rd

er
to

attain
a

given
level

of
p
recision

,
o
n
e

sh
ou

ld
n
eed

a
fairly

large
n
u
m

b
er

of
o
b
serva

tio
n
s.

T
h
is

sh
ou

ld
give

a
n
otion

of
w

h
en

th
e

asy
m

p
totics

d
escrib

ed
in

S
ection

6
kick

in
.

T
h
e

eff
ect

of
ε,

on
th

e
oth

er
h
an

d
,

d
o
es

n
ot

seem
to

o
p
ron

ou
n
ced

an
d

aff
ects

m
o
stly

h
ow

th
e

lin
es

b
eh

ave
w

h
en

th
e

in
trin

sic
d
im

en
sion

d
is

relativ
ely

sm
all.

W
h
ile

th
e

varian
ce

of
th

e
estim

ator
is,

u
p

to
th

e
scalin

g
{∂

log
g
ε (d

)/∂
d}

2,
on

ly
m

o
d
el

d
ep

en
d
en

t,
th

e
b
ias

d
ep

en
d
s

greatly
on

th
e

fu
n
ction

g
ε

u
sed

in
th

e
d
efi

n
ition

of
th

e
estim

ator.
In

p
a
rticu

la
r

it
d
ep

en
d
s

on
h
ow

w
ell

g
ε (d

)
ap

p
rox

im
ates

p
2
ε,1 /p

ε,1
as

p
rescrib

ed
b
y

th
e

b
ias

co
n
d
itio

n
(B

).
A

s
d
iscu

ssed
in

S
ection

4,
for

ap
p
rop

riately
sm

all
ε,

it
sh

ou
ld

h
old

th
at

p
2
ε,1 /

p
ε,1 ≈

2
d,

m
ak

in
g
g
ε (d

)
=

2
d

ou
r

can
on

ical
ch

oice
for

g
ε .

F
or

th
is

ch
o
ice

of
g

an
d

for
th

e
sa

m
e

d
istrib

u
tion

s
as

b
efore,

in
F

igu
re

3
w

e
p
lot

d
7→
{
log

p
2
ε,1 −

lo
g
p
ε,1 }/

log
(2

),
for

d
iff

eren
t
ε;

w
e

com
p
are

it
w

ith
th

e
id

en
tity

d
7→
d
.

In
th

e
p
lo

ts
ab

ove,
th

e
b
lack

d
otted

lin
e

alon
g

th
e

d
iagon

al
is

th
e

id
en

tity,
an

d
th

e
grey

sh
a
d
ed

a
rea

en
com

p
asses

d±
1
/
2

(for
referen

ce).
A

s
b

efore,
th

e
rem

ain
in

g
lin

es
corresp

on
d

to
d
iff

eren
t

d
istrib

u
tion

s
for

th
e

d
esign

p
oin

ts.
A

s
ex

p
ected

from
th

e
d
iscu

ssion
in

S
ection

4,
a
s
ε

g
ets

sm
aller,

th
ese

lin
es

m
im

ic
th

e
d
o
u
b
lin

g
p
rop

erty
of

th
e

L
eb

esgu
e

m
easu

re
m

ore
clo

sely
so

th
at

d
7→

p
2
ε,1 /p

ε,1
in

d
eed

gets
closer

to
d
7→

2
d.

T
h
e

p
lots

also
su

g
gest

th
at

co
n
sid

erin
g
g
ε (d

)
=

2
d

sh
ou

ld
lead

to
th

e
d
im

en
sion

b
ein

g
sy

stem
atically

u
n
d
erestim

ated
,

a
n
d

th
a
t

o
n
e

m
ay

w
an

t
to

con
sid

er
a

m
u
ltip

licative
correction

b
ased

on
ε.

In
a

sen
se,

th
is

is
th

e
p
rice

to
b

e
p
aid

for
h
av

in
g

a
p
aram

eter-free
estim

ato
r.

P
a
rt

o
f

th
e

b
ias

is
a

con
seq

u
en

ce
of

th
e

fact
th

at,
in

gen
eral,

w
e

d
o

n
ot

h
ave

access
to

a
g
o
o
d

(m
o
d
el

d
ep

en
d
en

t)
fu

n
ction

g
.

F
or

ex
am

p
le,

if
g

is
con

stan
t

ov
er
ε,

as
d
iscu

ssed
in

S
ectio

n
4
,

th
e

b
ias

sh
ou

ld
,

in
fact,

b
e

of
ord

er
ε.

O
n
e

sh
ou

ld
th

erefore
con

sid
er

to
take

ε
sm

a
ll

to
red

u
ce

th
e

b
ias

of
th

e
estim

ates.
H

ow
ever,

th
is

is
som

ew
h
at

at
o
d
d
s

w
ith

th
e

n
o
tio

n
p
u
t

fo
rw

ard
in

S
ection

3,
w

h
ere

w
e

ex
p
lain

th
at
ε

d
eterm

in
es

th
e

scale
a
t

w
h
ich

w
e

ex
a
m

in
e

th
e

d
a
ta

an
d

is
th

erefore
a

(fi
x
ed

)
m

o
d
ellin

g
p
aram

eter.
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S
e
r
r
a
a
n
d

M
a
n
d
je
s

A
s

it
tu

rn
s

ou
t,

th
ere

is
a

ju
stifi

cation
for

tak
in

g
ε

=
ε
n

con
vergin

g
to

zero.
T

h
e

ration
ale

is
th

e
follow

in
g.

T
y
p
ically,

th
ere

w
ill

b
e

n
oise

in
ou

r
d
ata

so
th

at
th

e
su

p
p

ort
of
F

is
an

en
larged

version
of

th
e

m
an

ifold
w

h
o
se

d
im

en
sion

w
e

w
ou

ld
like

to
estim

ate.
If

th
e

d
esign

p
oin

ts
are

relatively
con

cen
trated

,
in

th
e

sen
se

th
at

P {
r(0,X

)
>
x }

.
ex

p
(−
x
2),

x
>

0,
say,

th
en

,
b
y

th
e

u
n
ion

b
ou

n
d
,

P {
m

ax
i=

1
,...,n

r(0,X
i )
>
√
δ

log
n }
≤

n
∑i=

1 P {
r(0,X

i )
>
√
δ

log
n }

.
n
1−
δ,

δ
>

1
.

In
oth

er
w

ord
s,

if
ε
1

is
to

ex
p
ress

th
e

d
istan

ce
at

w
h
ich

w
e

w
ou

ld
like

to
an

aly
se

th
e

d
ata,

th
en

if
w

e
ob

serve
on

ly
n

p
oin

ts
an

d
take

ε≡
ε
1 ,

w
e

are
overestim

a
tin

g
th

e
ty

p
ical

d
istan

ces
b

etw
een

p
oin

ts
b
y

rou
gh

ly
a

factor √
log

n
.

In
a

sen
se,

th
is

grow
in

g
sp

read
can

b
e

th
ou

gh
t

of
as

arisin
g

from
n
oise,

so
th

at
w

e
sh

ou
ld

th
erefore

estab
lish

con
n
ectio

n
s

at
a

sligh
tly

sm
aller

d
istan

ce,
say

for
in

stan
ce
ε
n

=
ε
1 / √

log
(1

+
n

),
ε
1
>

0.
T

h
is

can
also

b
e

seen
as

a
fi
n
ite

sam
p
le

correction
for

th
e

estim
ator;

cf.
(G

rassb
erger,

1988).
A

n
oth

er
reason

to
con

sid
er

ε
of

th
is

k
in

d
w

ou
ld

b
e

to
en

su
re

th
at

th
e

ad
jacen

cy
m

a
trices

th
at

w
e

w
ork

w
ith

rem
ain

relatively
sp

arse.
T

h
is

m
ean

s
th

at
w

e
avoid

storage
p
rob

lem
s

even
w

h
en

th
e

sa
m

p
le

size
n

is
large.

T
h
is

can
also

b
e

m
otivated

from
th

e
p

oin
t

of
v
iew

of
d
iscrim

in
ab

ility
;

cf.
(B

eyer
et

al.,
1999;

W
eb

er
et

al.,
1998;

H
ou

le,
2013).

If
th

e
d
im

en
sion

ality
of

th
e

d
ata

is
h
igh

,
th

en
d
istan

ce
valu

es
are

less
d
iscrim

in
ativ

e,
in

th
e

sen
se

th
at

th
ey

ten
d

to
con

cen
trate

m
ore

arou
n
d

th
e

m
ean

of
th

eir
d
istrib

u
tion

.
B

ecau
se

of
th

is,
it

m
akes

sen
se

to
in

crease
th

e
strictn

ess
w

ith
w

h
ich

n
ew

con
n
ection

s
are

accep
ted

as
th

e
sam

p
le

size
grow

s.

T
h
is

h
as

th
ree

im
p

ortan
t

con
seq

u
en

ces.
T

h
e

fi
rst

is
th

at
for

th
e

p
aram

eter-free
es-

tim
ator

(8),
w

ith
th

e
fi
n
ite

sam
p
le

correction
d
escrib

ed
ab

ove
sh

ou
ld

h
av

e
sq

u
ared

b
ias

O
(1/

log
n

).
T

h
is

m
ean

s
th

at
th

e
seq

u
en

ce
m
n

sh
ou

ld
b

e
set

to
O

(log
n

)
to

b
alan

ce
vari-

an
ce

an
d

sq
u
ared

b
ias.

T
h
e

p
roverb

ia
l

less
is

m
o
re

com
es

to
m

in
d
:

p
ick

in
g
m
n

large
an

d
averagin

g
over

m
an

y
vertices

lead
s

to
d
ecep

tiv
e

resu
lts,

sin
ce

th
e

varian
ce

of
th

e
estim

ate
is

red
u
ced

,
w

h
ile

th
e

b
ias

rem
ain

s
u
n
ch

an
g
ed

.
T

h
is

is
an

in
h
eren

t
featu

re
o
f

estim
a
tors

ob
tain

ed
v
ia

in
version

,
b
u
t

it
is

som
eth

in
g

th
at

is
in

variab
ly

m
issed

in
th

e
literatu

re
–

es-
tim

ates
are

stron
gly

con
cen

trated
arou

n
d

b
iased

estim
ates.

T
h
is

is
u
n
d
esirab

le
from

th
e

p
oin

t
of

v
iew

of
u
n
certain

ty
q
u
an

tifi
cation

;
see

also
th

e
n
ex

t
section

.
B

y
d
oin

g
th

is
ou

r
estim

ator
attain

s
th

e
m

in
im

ax
rate

for
th

is
p
rob

lem
w

h
ich

is
k
n
ow

n
to

b
e

logarith
m

ic;
cf.

(K
oltch

in
sk

ii,
2000).

T
h
e

secon
d

con
seq

u
en

ce
follow

s
from

th
e

fi
rst:

settin
g
m
n

=
O

(log
n

)
lead

s
to

an
algorith

m
w

ith
co

m
p
lex

ity
O

(n
log

n
).

T
h
is

is
a

great
ad

van
tage

over
com

p
etin

g
algo-

rith
m

s
w

h
ose

ex
ecu

tion
tim

e
ty

p
ically

scales
like

O
(n

2),
som

etim
es

like
O

(D
n
2);

cf.
T

ab
le

1
in

(E
rik

sson
an

d
C

rovella,
2012).

F
in

ally,
sin

ce
m
n

is
rath

er
sm

all
com

p
ared

w
ith

n
,

th
is

m
ean

s
th

at
w

e
are

estim
atin

g
d

b
ased

on
th

e
d
egrees

of
on

ly
a

few
vertices.

B
y

rep
eatin

g
th

e
estim

ation
for

d
isjoin

t
sets

of
vertices

w
e

ca
n

estim
ate

th
e

stan
d
ard

d
ev

iatio
n

of
th

e
estim

ator
w

ith
ou

t
a

n
eed

for
resam

p
lin

g.
T

h
e

con
clu

sion
is

th
at

p
ick

in
g

sm
all

m
n

is
b

etter,
b

oth
from

a
th

eoretical
an

d
p
ractical

p
ersp

ective.

In
th

e
n
ex

t
su

b
section

w
e

p
erform

som
e

n
u
m

erical
ex

p
erim

en
ts

to
in

vestigate
m

ore
closely

th
e

con
seq

u
en

ces
of

d
iff

eren
t

ch
oices

for
m
n
.
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D
im

e
n
si
o
n
E
st

im
a
t
io
n
U
si
n
g

R
a
n
d
o
m

C
o
n
n
e
c
t
io
n
M
o
d
e
l
s

F
ig

u
re

4:
E

x
a
m

p
le

o
f

5
·1

0
4

p
o
in

ts
sa

m
p

le
d

u
n

if
o
rm

ly
a
t

ra
n

d
o
m

o
n

a
S

ie
rp

in
sk

i
ca

rp
et

.
P

o
in

ts
li

k
e

th
es

e
a
re

u
se

d
a
s

d
es

ig
n

p
o
in

ts
in

th
e

si
m

u
la

ti
o
n

s
in

th
is

se
ct

io
n

.

7
.2

D
iff

e
re

n
t

C
h

o
ic

e
s

o
f
m
n

In
th

is
se

ct
io

n
w

e
lo

ok
m

or
e

cl
os

el
y

at
th

e
ch

oi
ce

of
m
n

b
y

ex
em

p
li
fy

in
g

th
e

eff
ec

t
th

at
th

e
ch

oi
ce

of
th

is
se

q
u
en

ce
s

h
as

on
:

a)
th

e
b
ia

s,
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T

h
is

is
p
a
rticu

la
rly

relevan
t

w
h
en

d
ealin

g
w

ith
large

d
ata

sets.
M

o
d
ellin

g
th

e
resu

ltin
g

grap
h

as
a

ra
n
d
o
m

con
n
ection

m
o
d
el

allow
s

u
s

to
p
rov

id
e

b
ou

n
d
s

on
th

e
p
rob

ab
ility

of
recu

p
eratin

g
th

e
co

rrect
in

trin
sic

d
im

en
sion

of
th

e
d
ata

set,
u
n
d
er

a
m

ild
id

en
tifi

ab
ility

con
d
ition

.

O
u
r

n
u
m

erical
ex

p
erim

en
ts

sh
ow

th
at

th
e

in
trin

sic
d
im

en
sion

can
b

e
w

ell
recu

p
erated

even
w

ith
o
u
t

a
ccess

to
an

y
d
istan

ce
in

form
ation

b
etw

een
th

e
ob

servation
s.

F
u
rth

erm
ore,

o
u
r

estim
a
to

r
p
rop

erly
p
ick

s
u
p

on
th

e
u
n
certain

ty
of

th
e

estim
ate

(th
e

stan
d
ard

d
ev

iation
o
f

th
e

estim
a
to

r
can

b
e

estim
ated

w
ith

ou
t

n
eed

for
resam

p
lin

g),
w

h
ich

can
b

e
u
sed

to
avoid

th
e

estim
ato

r
to

b
e

ov
erly

con
cen

trated
arou

n
d

its
b
ia

sed
m

ean
.

D
istan

ce-b
ased

estim
ators

ten
d

to
b

e
m

u
ch

m
ore

costly,
com

p
u
tation

ally.
T

h
e

estim
ato

r
is

p
aram

eter-free,
b
u
t

it
can

ea
sily

b
e

im
p
roved

b
y

u
sin

g
an

y
k
n
ow

led
ge

on
e

m
ay

h
ave

ab
ou

t
th

e
d
istrib

u
tion

of
th

e
d
a
ta

.
T

h
is

is
d
on

e
b
y

in
corp

oratin
g

th
is

k
n
ow

led
ge

in
to

th
e

ch
oice

of
th

e
fu

n
ction

g
ε

th
at

fea
tu

res
in

th
e

d
efi

n
ition

of
th

e
estim

ator.

S
im

ila
r

d
istan

ce-free
estim

ators
su

ch
as

th
ose

b
ased

on
k
-n

earest-n
eigh

b
ou

rs,
seem

to
so

m
ew

h
a
t

u
n
d
erp

erform
in

com
p
arison

.
A

lth
ou

gh
b
ased

o
n

a
sim

ilar
id

ea,
it

seem
s

like
th

e
n
u
m

b
er

o
f
k
-n

earest-n
eigh

b
ou

rs
to

a
fi
x
ed

o
b
servation

s
d
o
es

n
ot

scale
in

a
sim

p
le

w
ay

w
ith

th
e

d
im

en
sion

,
m

ak
in

g
it

m
ore

d
iffi

cu
lt

to
recu

p
erate

th
e

d
im

en
sion

accu
rately

from
su

ch
k
in

d
o
f

in
form

ation
alon

e.
It

is
also

n
ot

clear
h
ow

to
con

trol
ex

actly
a
t

w
h
ich

scale
th

e
d
im

en
sio

n
is

b
ein

g
recu

p
erated

b
y

ch
oice

of
k
.

T
h
is

su
ggests

th
at

in
d
ata

sets
w

ith
d
iff

eren
t

d
im

en
sion

s
at

d
iff

eren
t

scales,
or

d
ata

sets
corru

p
ted

w
ith

n
oise,

th
ose

estim
a
tors

m
ay

retu
rn

so
m

e
form

of
“average

d
im

en
sion

”
across

scales.
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S
e
r
r
a
a
n
d

M
a
n
d
je
s

A
n
oth

er
p

oin
t

to
m

ake
is

th
at

on
e

can
a
lso

u
se

ou
r

w
o
rk

for
estim

ation
of

lo
cal

d
im

en
sion

;
cf.

(A
m

saleg
et

al.,
2015).

T
h
ese

are
cases

w
h
ere

th
e

d
im

en
sion

of
th

e
u
n
d
erly

in
g

m
an

ifold
of

in
terest

is
n
ot

eq
u
al

every
w

h
ere,

an
d

th
e

sp
ace

is
in

stead
som

e
h
eterogen

eou
s

m
an

ifold
.

O
u
r

estim
ator

is
b
ased

on
lo

ok
in

g
at

ju
st
m
n

vertices
in

th
e

u
n
d
erly

in
g

n
eigh

b
ou

rh
o
o
d

grap
h
.

If
w

e
fo

cu
s

on
vertices

corresp
on

d
in

g
to

th
e

region
of

th
e

m
an

ifold
w

h
ere

w
e

w
ou

ld
like

to
estim

ate
th

e
lo

cal
d
im

en
sion

(rath
er

th
an

p
ick

in
g

th
ese

m
n

vertices
arb

itrarily
),

th
en

ou
r

estim
ator

p
rom

p
tly

d
elivers

an
estim

ate
of

th
is

lo
cal

d
im

en
sion

.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

w
ou

ld
like

to
th

an
k

th
e

A
ction

E
d
itor

an
d

th
e

tw
o

an
on

y
m

ou
s

R
eferees

for
p

oin
tin

g
ou

t
in

con
sisten

cies
in

th
e

n
otation

of
ou

r
in

itial
su

b
m

ission
,

for
su

ggestin
g

referen
ces

to
oth

er
closely

related
w

o
rk

,
an

d
for

th
eir

u
sefu

l
com

m
en

ts
an

d
su

ggestion
s.

A
p
p
e
n
d
ix

In
th

is
ap

p
en

d
ix

w
e

collect
th

e
p
ro

ofs
to

ou
r

resu
lts.

P
ro

o
f

o
f

T
h

e
o
re

m
2
:

B
y

th
e

sy
m

m
etry

of
A
ε

it
su

ffi
ces

to
con

trol
th

e
su

m

m
n

∑i=
1

n
∑j=
i+

1 {
A
ε,i,j −

p
ε,1 }

=

m
n

∑i=
1

m
n

∑j=
i+

1 {
A
ε,i,j −

p
ε,1 }

+

m
n

∑i=
1

n
∑

j=
m
n
+
1 {
A
ε,i,j −

p
ε,1 }

=
(A

)
+

(B
).

T
h
e

p
ro

of
n
ow

p
ro

ceed
s

in
tw

o
d
iff

eren
t

w
ay

s:
if
m
n

=
n

th
en

(B
)

=
0

an
d

u
se

th
e

m
artin

-
gale

cen
tral

lim
it

th
eorem

to
sh

ow
th

at
a

p
rop

erly
rescaled

v
ersion

of
(A

)
is

asy
m

p
totically

stan
d
ard

G
au

ssian
7;

if
m
n

=
o(n

)
th

en
(B

)
d
om

in
ates

(A
),

so
w

e
sh

ow
in

stead
th

at
(B

)
is

asy
m

p
totically

G
au

ssian
.

L
et
m
n

=
n

.
B

y
th

e
sy

m
m

etry
of
A
ε ,

an
d

sin
ce
A
ε,i,i

=
0,

(A
)

can
b

e
rew

ritten
as

n
∑i=

2 
i−

1
∑j=

1 {
A
ε,i,j −

p
ε (X

j ) }
+

(n
−
i) {

p
ε (X

i )−
p
ε,1 } 

+
(n
−

1
) {
p
ε (X

1 )−
p
ε,1 }

.

(N
ote

th
at

w
e

are
ju

st
ad

d
in

g
an

d
su

b
tractin

g
p
ε (X

j )
in

sid
e

th
e

d
ou

b
le

su
m

an
d

reord
erin

g
term

s.)
D

en
ote

th
e

term
in

sq
u
are

b
ra

ckets
a
s
η
n
,i .

T
h
e

tw
o

term
s

in
th

e
p
rev

iou
s

d
isp

lay
are

u
n
correlated

;
th

e
varian

ce
of

th
e

secon
d

term
is

(n
−

1)
2(p

ε,2 −
p
2ε,1 ).

F
u
rth

er,
η
n
,i

h
as

ex
p

ectation
0,

an
d

is
m

easu
rab

le
w

ith
resp

ect
to
F
n
,i

=
F
i

=
σ

(X
1 ,...,X

i ).
S
in

ce
j
<
i,

E [η
n
,i |F

i−
1 ]

=
i−

1
∑j=

1 {E [A
ε,i,j |

X
j ]−

p
ε (X

j ) }
+

(n
−
i) {E

p
ε (X

i )−
p
ε,1 }

=
0,

i
=

2,...,n
,

so
th

at
η
n
,i

is
a

m
artin

gale
in

crem
en

t.
T

h
is

m
ean

s
th

at
if

w
e

d
efi

n
e
S
n
,k

=
∑

ki=
2
η
n
,i ,

th
en

{
S
n
,k ,F

n
,k ,2
≤
k
≤
n
,n
≥

2}
is

a
m

artin
gale

array.

7
.

T
h

e
ca

se
w

h
ere

O
(n

)≤
m
n
<
n

is
co

n
tro

lled
in

th
e

sa
m

e
w

ay.
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D
im

e
n
si
o
n
E
st

im
a
t
io
n
U
si
n
g

R
a
n
d
o
m

C
o
n
n
e
c
t
io
n
M
o
d
e
l
s

W
e

sh
ow

th
at

a
sc

al
ed

ve
rs

io
n

of
S
n
,n

is
as

y
m

p
to

ti
ca

ll
y

st
an

d
ar

d
G

a
u
ss

ia
n
,

as
n
→

∞
.

W
it

h
th

e
co

n
ve

n
ti

on
th

at
p
ε(
X
i,
X
i)

=
p
ε(
X
i)

,
b
y

ex
p
an

d
in

g
th

e
sq

u
ar

e
an

d
ta

k
in

g
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

s
te

rm
-w

is
e

it
h
ol

d
s

th
at

E[
η
2 n
,i
|F

i−
1

] =
i−

1
∑ j 1
=
1

i−
1

∑ j 2
=
1

{ p
ε(
X
j 1
,X

j 2
)
−
p
ε(
X
j 1

)p
ε(
X
j 2

)}
+

+
2(
n
−
i)
i−

1
∑ j=

1

{ E
[ A

ε,
i,
j
p
ε(
X
i)
|X

j

] −
p
ε,
1
p
ε(
X
j
)}

+
(n
−
i)

2
(p
ε,
2
−
p
2 ε,
1
),

(1
4)

w
h
er

e
w

e
u
se

th
e

d
efi

n
it

io
n
s

of
p
ε(
X

)
a
n
d
p
ε(
X
,Y

),
th

e
fa

ct
th

at
p
ε(
X
j
)
∈
F n

,i
−
1
,

fo
r

j
≤
i
−

1,
an

d
th

at
X
i

–
or

in
d
ee

d
p
ε(
X
i)

–
is

in
d
ep

en
d
en

t
of
F n

,i
−
1
,
i

=
2,
..
.,
n

.

T
h
e

ex
p

ec
ta

ti
on

of
η
2 n
,i

is
ob

ta
in

ed
b
y

ta
k
in

g
ex

p
ec

ta
ti

on
of

th
e

p
re

v
io

u
s

d
is

p
la

y
an

d
n
ot

in
g

th
at

fo
r

an
y
j 1
,j

2
,j
6=
i,

E{
p
ε(
X
j 1
,X

j 2
)
−
p
ε(
X
j 1

)p
ε(
X
j 2

)}
=
{p
ε,
1
−

V
P
ε(
X

)}
1
{j

1
=
j 2
}

+
p
ε,
2
1 {
j 1
6=
j 2
}
−
p
2 ε,
1
,

E{
E[
A
ε,
i,
j
p
ε(
X
i)
|X

j

] −
p
ε,
1
p
ε(
X
j
)}

=
p
ε,
2
−
p
2 ε,
1
.

N
ot

e
th

at
∑

n i=
2
(i
−

1)
is
n
2
{1
/2

+
o(

1)
},

an
d

th
e

su
m

s
∑

n i=
2
(n
−
i)

2
,

2
∑

n i=
2
(n
−
i)

(i
−

1)
,

an
d
∑

n i=
2
(i
−

1)
(i
−

2)
ar

e
al

l
n
3
{1
/
3

+
o(

1)
}.

W
e

as
su

m
e8

th
at
p
ε,
1
−
p
ε,
2

=
o{
n

(p
ε,
2
−
p
2 ε,
1
)}

,
as
n
→
∞

so
th

at
th

e
va

ri
an

ce
of
S
n
,n

b
ec

om
es

V
S
n
,n

=
n ∑ i=
2

Eη
2 n
,i

=

{
n
2 2
(p
ε,
1
−
p
2 ε,
1
)

+
n
3
(p
ε,
2
−
p
2 ε,
1
)}
{1

+
o(

1)
}

=
n
3
(p
ε,
2
−
p
2 ε,
1
){

1
+
o(

1)
}.

W
e

th
er

ef
or

e
d
efi

n
e
Z
n
,i

=
S
n
,i
/{

V
S
n
,n
}1
/
2
,

w
it

h
in

cr
em

en
ts
ξ n
,i

=
η n
,i
/
{V
S
n
,n
}1
/
2
.

B
as

ed
on

th
e

p
re

ce
d
in

g,
{Z

n
,i
,F

n
,i
,2
≤
i
≤
n
,n
≥

2}
is

a
(z

er
o-

m
ea

n
,

u
n
it

va
ri

an
ce

)
m

ar
ti

n
ga

le
ar

ra
y.

S
in

ce
F n

,i
=
F i

,
th

e
σ

-fi
el

d
s

sa
ti

sf
y
F n

,i
⊆
F n

+
1
,i
,

2
≤
i
≤
n

,
n
≥

2
,

so
th

at
th

ey
ar

e
n
es

te
d
.

W
e

ch
ec

k
th

e
co

n
d
it

io
n
s

of
C

or
ol

la
ry

3.
1

of
(H

al
l

an
d

H
ey

d
e,

20
14

):

n ∑ i=
2

E[
ξ2 n
,i
1
{|
ξ n
,i
|>
δ
}
|F

i−
1

]
P −→

0,
δ
>

0
,

an
d

n ∑ i=
2

E[
ξ2 n
,i
|F

i−
1

]
P −→

1.
(1

5)

T
o

ch
ec

k
th

e
fi
rs

t
co

n
d
it

io
n

w
e

u
se

E[
|Z
|2 1
{|
Z
|>
δ
}]
≤

EZ
4
/δ

2
(b

y
th

e
C

au
ch

y
-S

ch
w

ar
z

in
eq

u
al

it
y,

an
d

M
ar

ko
v
’s

in
eq

u
al

it
y
),

an
d

(a
+
b)

4
≤

2
3
(a

4
+
b4

),
a
,b
∈

R
(b

y
Y

o
u
n
g’

s
in

eq
u
al

it
y
).

T
h
er

ef
or

e,
ch

ec
k
in

g
(1

5)
re

d
u
ce

s
to

sh
ow

in
g

th
at

as
n
→
∞

,

n ∑ i=
2

E[
( ∑

i−
1

j=
1

{ A
ε,
i,
j
−
p
ε(
X
j
)}
) 4
|F

i−
1

]

n
6
(p
ε,
2
−
p
2 ε,
1
)2

P −→
0,

n ∑ i=
2

(n
−
i)

4
E[
( p
ε(
X
i)
−
p
ε,
1

) 4
]

n
6
(p
ε,
2
−
p
2 ε,
1
)2

−→
0
.

If
ε

is
fi
x
ed

,
th

en
p
ε,
1

an
d
p
ε,
2

ar
e

fi
x
ed

,
th

e
n
u
m

er
at

or
s

ar
e

of
or

d
er
n
5

an
d

th
e

co
n
d
it

io
n
s

ar
e

m
et

.
A

ss
u
m

e
th

er
ef

or
e

th
at
ε
→

0
so

th
at
p
ε(
x

)
→

0.
S
in

ce
th

e
su

m
m

an
d
s

ar
e

p
os

it
iv

e,
b

ot
h

co
n
d
it

io
n
s

fo
ll
ow

if
w

e
as

su
m

e
th

at
n

(p
ε,
2
−
p
2 ε,
1
)2
→
∞

.

8
.

T
h

is
a
ss

u
m

p
ti

o
n

is
w

ea
k
er

th
a
n

th
e

a
ss

u
m

p
ti

o
n
n

(p
ε
,2
−
p
2 ε
,1

)2
→
∞

w
h

ic
h

w
il

l
b

e
im

p
o
se

d
la

te
r.
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:1
-3

5,
 2

01
7

S
e
r
r
a
a
n
d

M
a
n
d
je
s

T
o

sh
ow

th
e

se
co

n
d

co
n
d
it

io
n

in
(1

5)
h
ol

d
s,

it
su

ffi
ce

s
to

sh
ow

th
at

th
e

su
m

ov
er
i

=
2
,.
..
,n

of
ea

ch
of

th
e

th
re

e
te

rm
s

in
(1

4)
d
iv

id
ed

b
y
n
3
(p
ε,
2
−
p
2 ε,
1
)

co
n
v
er

g
es

to
1
/
3
,

in
p
ro

b
ab

il
it

y
;

th
is

is
ob

v
io

u
s

fo
r

th
e

th
ir

d
te

rm
,

fo
r

th
e

se
co

n
d

te
rm

it
fo

ll
ow

s
ea

si
ly

fr
o
m

C
h
eb

y
sh

ev
’s

in
eq

u
al

it
y

(s
in

ce
th

e
te

rm
s

in
th

e
su

m
ar

e
in

d
ep

en
d
en

t)
,

so
th

a
t

o
n
ly

th
e

co
n
ve

rg
en

ce
of

th
e

fi
rs

t
te

rm
re

q
u
ir

es
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.
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p
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p
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c
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∈
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n
d
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d
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d
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=
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.
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p
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p
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p
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p
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∈
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d
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p
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p
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=
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p
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b
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p
ri

or
in

eq
.

(3
)

is
al

so
k
n
ow

n
as

th
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p
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b
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.
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e

as
su

m
ed

to
b

e
in

d
ep

en
d
en

t
fo

r
i
6=
j

as
se

en
in

eq
.

(3
)

an
d

(4
).

T
h
is

im
p
li
es

th
a
t

th
e

n
u
m

b
er

o
f

a
ct

iv
e

va
ri

a
b
le

s
fo

ll
ow

s
a

b
in

o
m

ia
l

d
is

tr
ib

u
ti

o
n

a
n
d

h
en

ce
,

th
e

m
ar

gi
n
al

p
ro

b
ab

il
it

y
of
x
i

an
d
x
j

b
ei

n
g

jo
in

tl
y

ac
ti

ve
,

is
gi

ve
n

b
y
p
(x
i
6=

0,
x
j
6=

0)
=
p
2 0

fo
r

a
ll
i
6=
j.

H
ow

ev
er

,
in

m
a
n
y

a
p

p
li

ca
ti

o
n

s
th

e
va

ri
a
b

le
s
{x

k
}D k

=
1

m
ig

h
t

a
p

ri
o
ri

h
av

e
a
n

u
n
d
er

ly
in

g
to

p
og

ra
p
h
ic

re
la

ti
on

sh
ip

su
ch

as
a

sp
at

ia
l

or
te

m
p

or
al

st
ru

ct
u
re

.
W

it
h
ou

t
lo

ss
of

g
en

er
a
li
ty

w
e

w
il
l

a
ss

u
m

e
a

sp
a
ti

a
l

re
la

ti
o
n
sh

ip
,

w
h
er

e
d
i

d
en

o
te

s
th

e
sp

a
ti

a
l

co
o
rd

in
a
te

s
o
f
x
i.

F
o
r

su
ch

m
o
d
el

s,
it

is
o
ft

en
a

re
a
so

n
a
b
le

a
ss

u
m

p
ti

o
n

th
a
t
p
(x
i
6=

0
,x

j
6=

0
)

sh
o
u
ld

5
JM

L
R

 1
8(

13
9)

:1
-5

8,
 2

01
7

A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
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p
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i∣ ∣ ρ
0
,τ

0

)]
,

(5
)

p
(z
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∣ ∣ µ
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e
fo

llow
in

g
w

e
w

ill
ex

ten
d

th
e

stru
ctu

red
sp

ik
e-a

n
d
-sla

b
p
rio

r
d
istrib

u
tio

n
to

m
o
d
el

tem
p

oral
sm

o
oth

n
ess

of
th

e
sp

arsity
p

attern
as

w
ell.

L
et
t∈

[T
]

b
e

th
e

tim
e

in
d

ex
,

th
en
x
t ,

z
t

an
d
γ
t

are
th

e
sign

al
co

effi
cien

ts,
th

e
sp

arsity
p

attern
s

an
d

th
e

laten
t

stru
ctu

re
variab

le
at

tim
e
t.

F
u
rth

erm
ore,

w
e

d
efi

n
e

th
e

corresp
on

d
in

g
m

atrix
q
u
an

tities
X

=
[x

1
x
2
x
T ],

Z
=
[z

1
z
2
z
T ]

an
d

Γ
=
[γ

1
γ
2

...
γ
T ].

T
h
ere

a
re

sev
era

l
n
a
tu

ra
l

tem
p

o
ra

l
ex

ten
sio

n
s

o
f

th
e

m
o
d
el.

T
h
e

sim
p
lest

ex
ten

sio
n

is
to

a
ssu

m
e

th
a
t{
γ
t }
Tt=

1
is

in
d

ep
en

d
en

t
in

tim
e,

so
th

a
t
p
(Z
,Γ

)
=
∏
Tt=

1
p
(z
t ∣∣γ

t ) ∏
Tt=

1
p
(γ
t ),

w
h
ich

is
eq

u
iva

len
t

to
so

lv
in

g
ea

ch
o
f

th
e
T

reg
ressio

n
s

p
ro

b
lem

s
in

eq
.

(1)
in

d
ep

en
d
en

tly.
A

n
o
th

er
sim

p
le

ex
ten

sio
n

is
to

u
se

th
e

so
-ca

lled
jo

in
t

spa
rsity

a
ssu

m
p
tio

n
(C

o
tter

et
a
l.,

2
0
0
5
;

Z
h
a
n
g

a
n
d

R
a
o
,

2
0
1
1
;

Z
in

iel
a
n
d

S
ch

n
iter,

2
0
1
3
b
)

a
n
d

a
ssu

m
e

th
a
t

th
e

sp
a
rsity

p
a
ttern

is
sta

tic
a
cro

ss
tim

e,
a
n

d
th

u
s

a
ll{
x
t }
Tt=

1
v
ecto

rs
sh

a
re

a
co

m
m

o
n

b
in

a
ry

su
p

p
o
rt

v
ecto

r
z

,
a
n

d
p
(X
∣∣z

)
=
∏
Tt=

1 ∏
Di=

1 [(1−
z
i )
δ

(x
i,t )

+
z
i N
(x

i,t ∣∣ρ
0 ,τ

0 )].
A

m
o
re

in
terestin

g
a
n
d

fl
ex

ib
le

m
o
d
el

is
to

a
ssu

m
e

th
a
t

th
e

su
p
p

o
rt

is
slow

ly
ch

a
n
g
in

g
in

tim
e,

b
y

m
o
d
-

ellin
g

th
e

tem
p

o
ra

l
ev

o
lu

tio
n

o
f
γ
t

u
sin

g
a

fi
rst

o
rd

er
G

a
u
ss-M

a
rk

ov
p
ro

cess
o
f

th
e

fo
rm

p (γ
t ∣∣γ

t−
1 )

=
N
(γ

t ∣∣
(1−

α
)
µ
0

+
α
γ
t−

1 ,β
Σ

0 ),
w

h
ere

th
e

h
y
p

erp
a
ra

m
eters

α
∈

[0,1]
a
n
d

β
>

0
co

n
tro

l
th

e
tem

p
oral

correlation
an

d
th

e
“in

n
ovation

”
of

th
e

p
ro

cess,
resp

ectiv
ely.

T
h
e

fi
rst

o
rd

er
m

o
d
el

h
a
s

th
e

a
d
va

n
ta

g
e

th
a
t

it
fa

cto
rizes

a
cro

ss
tim

e,
w

h
ich

m
a
k
es

th
e

resu
ltin

g
in

feren
ce

p
rob

lem
m

u
ch

easier.
O

n
th

e
oth

er
h
an

d
,

fi
rst

ord
er

M
arkov

ian
d
y
n
am

ics
is

o
ften

n
o
t

su
ffi

cien
t

fo
r

ca
p
tu

rin
g

lo
n
g

ra
n
g
e

co
rrela

tio
n
s.

Im
p

o
sin

g
a

G
a
u
ssia

n
p
ro

cess
d
istrib

u
tion

on
Γ

w
ith

arb
itrary

covarian
ce

stru
ctu

re
w

ou
ld

facilitate
m

o
d
elin

g
of

lon
g

ran
ge

co
rrela

tio
n
s

in
b

o
th

tim
e

a
n
d

sp
a
ce.

T
h
erefo

re,
th

e
h
iera

rch
ica

l
p
rio

r
d
istrib

u
tio

n
fo

r
X

b
eco

m
es

p
(X
∣∣Z

)
=

T∏t=
1

D∏i=
1 [(1−

z
i,t )

δ
(x
i,t )

+
z
i,t N

(x
i,t ∣∣ρ

0 ,τ
0 )]

,
(10)

p
(Z
∣∣Γ

)
=

T∏t=
1

B
er (z

t ∣∣φ
(γ
t ) )

,
(11)

p
(Γ

)
=
N
(Γ ∣∣µ

0 ,Σ
0 )
,

(12)

w
h
ere

th
e

m
ean

µ
0 ∈

R
T
D
×
1

an
d

covarian
ce

m
atrix

Σ
0 ∈

R
T
D
×
T
D

are
n
ow

d
efi

n
ed

for
th

e
fu

ll
Γ

-sp
a
ce.

T
h
is

m
o
d
el

is
m

o
re

ex
p
ressiv

e,
b
u
t

th
e

resu
ltin

g
in

feren
ce

p
ro

b
lem

b
eco

m
es

in
fea

sib
le

fo
r

ev
en

m
o
d
era

te
sizes

o
f
D

a
n
d
T

.
B

u
t

if
w

e
a
ssu

m
e

th
a
t

th
e

u
n
d
erly

in
g

sp
a
tio

-tem
p

o
ra

l
g
rid

ca
n

b
e

w
ritten

in
C

a
rtesia

n
p
ro

d
u
ct

fo
rm

,
th

en
cova

ria
n
ce

m
a
trix

sim
p
lifi

es
to

a
K

ron
ecker

p
ro

d
u
ct

p
(Γ

)
=
N
(Γ ∣∣µ

0 ,Σ
tem

p
o
ra
l ⊗

Σ
sp

a
tia

l )
,

(13)

w
h
ere

Σ
tem

p
o
ra
l ∈

R
T×

T
a
n
d

Σ
sp

a
tia

l ∈
R
D
×
D

.
T

h
is

d
eco

m
p

o
sitio

n
lea

d
s

to
m

o
re

effi
cien

t
in

feren
ce

sch
em

es
a
s

w
e

w
ill

d
iscu

ss
in

S
ectio

n
5
.

In
th

e
rem

a
in

d
er

o
f

th
e

p
a
p

er,
w

e
w

ill
fo

cu
s

o
n

th
e

m
o
d
el

w
ith

K
ro

n
eck

er
stru

ctu
re,

b
u
t

w
e

refer
to

(A
n
d
ersen

et
a
l.,

2
0
1
5
)

fo
r

m
ore

d
eta

ils
o
n

th
e

fi
rst

ord
er

m
o
d
el

an
d

join
t

sp
arsity

m
o
d
el.
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A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

T
h
e

co
effi

cien
ts
{x

i,t }
a
re

co
n
d
itio

n
a
lly

in
d
ep

en
d
en

t
g
iv

en
th

e
su

p
p

o
rt
{z
i,t }

.
F

o
r

so
m

e
ap

p
lication

s
it

cou
ld

b
e

d
esirab

le
to

im
p

ose
eith

er
sp

atial
sm

o
oth

n
ess,

tem
p

oral
sm

o
oth

n
ess

or
b

oth
on

th
e

n
on

-zero
co

effi
cien

ts
th

em
selves

(W
u

et
al.,

2014a;
Z

in
iel

an
d

S
ch

n
iter,

2013a),
b
u
t

in
th

is
w

ork
w

e
on

ly
assu

m
e

a
p
riori

k
n
ow

led
ge

of
th

e
stru

ctu
re

of
th

e
su

p
p

ort.
A

lth
ou

gh
tem

p
oral

sm
o
oth

n
ess

of
x
i,t

cou
ld

easily
b

e
in

corp
orated

in
to

th
e

m
o
d
els

d
escrib

ed
ab

ove.

4
.
In

fe
re
n
ce

U
sin

g
S
p
a
tio

-te
m
p
o
ra

l
P
rio

rs

In
th

e
p
rev

io
u
s

sectio
n
s

w
e

h
av

e
d
escrib

ed
th

e
stru

ctu
red

sp
ik

e-a
n
d
-sla

b
p
rio

r
a
n
d

h
ow

to
ex

ten
d

it
to

m
o
d
el

tem
p

o
ra

l
sm

o
o
th

n
ess

a
s

w
ell.

W
e

n
ow

tu
rn

o
u
r

a
tten

tio
n

o
n

h
ow

to
p

erfo
rm

in
feren

ce
u
sin

g
th

ese
m

o
d
els.

W
e

fo
cu

s
o
u
r

d
iscu

ssio
n

o
n

th
e

m
o
st

g
en

era
l

fo
rm

u
la

tio
n

u
sin

g
a
s

g
iv

en
in

eq
.

(10)-(12).
L

et
Y

=
[y

1
y
2

...
y
T ]

b
e

a
n

o
b
serva

tio
n

m
atrix

,
w

h
ere

y
t ∈

R
N

is
an

ob
servation

vector
for

tim
e
t.

W
e

assu
m

e
th

at
th

e
d
istrib

u
tion

on
Y

factors
over

tim
e

an
d

is
given

b
y

p
(Y
∣∣X

)
=

T∏t=
1

p
(y
t ∣∣x

t ).
(14)

W
e

con
sid

er
tw

o
d
iff

eren
t

n
oise

m
o
d
els:

an
isotrop

ic
G

au
ssian

n
oise

m
o
d
el

an
d

a
p
rob

it
n
oise

m
o
d
el.

T
h
e

G
au

ssian
n
oise

m
o
d
el
p
(y
t ∣∣x

t )
=
N
(y

t ∣∣A
x
t ,σ

2 I )
is

su
itab

le
for

lin
ear

in
verse

p
ro

b
lem

s
w

ith
fo

rw
a
rd

m
o
d
el
A
∈
R
N
×
D

o
r

eq
u
iva

len
tly

sp
a
rse

lin
ea

r
reg

ressio
n

p
ro

b
lem

s
w

ith
d
esign

m
atrix

A
∈
R
N
×
D

.
O

n
th

e
oth

er
h
an

d
,

th
e

p
rob

it
m

o
d
el

is
su

itab
le

for
m

o
d
elin

g
b
in

a
ry

o
b
serva

tio
n
s,

w
ith

y
t,n
∈
{−

1
,1}

,
a
n
d

is
g
iv

en
b
y
p
(y
t ∣∣x

t )
=
∏
Nn
=
1
φ

(y
t,n
a
n
,· x

t ),
w

h
ere

a
n
,·

is
th

e
n

’th
row

o
f
A

.
F

o
r

b
o
th

m
o
d
els

w
e

fu
rth

er
a
ssu

m
e

th
a
t

th
e

m
a
trix

A
is

con
stan

t
across

tim
e.

H
ow

ever,
th

is
assu

m
p
tion

can
b

e
easily

relax
ed

to
h
ave

A
d
ep

en
d

on
t.

F
or

b
oth

n
oise

m
o
d
els

th
e

resu
ltin

g
join

t
d
istrib

u
tion

b
ecom

es

p
(Y

,X
,Z
,Γ

)
=
p
(Y
∣∣X

)p
(X
∣∣Z

)p
(Z
∣∣Γ

)p
(Γ

)
(15)

=
T∏t=
1

p
(y
t ∣∣x

t )
T∏t=
1 [(1−

z
t )◦

δ
(x

t )
+
z
t ◦N

(x
t ∣∣0
,τ
I )]

T∏t=
1

B
er (z

t ∣∣φ
(γ
t ) )N

(Γ ∣∣µ
0 ,Σ

0 )
.

(16)

W
e

seek
th

e
p

o
sterio

r
d
istrib

u
tio

n
o
f

th
e

p
a
ra

m
eters

X
,Z

a
n
d

Γ
co

n
d
itio

n
ed

o
n

th
e

ob
servation

s
Y

,
w

h
ich

is
ob

tain
ed

b
y

ap
p
ly

in
g

B
ayes’s

T
h
eorem

to
th

e
join

t
d
istrib

u
tion

in
eq

.
(15)

p (X
,Z
,Γ ∣∣Y

)
=

1Z

T∏t=
1

p
(y
t ∣∣x

t )
T∏t=
1 [(1−

z
t )◦

δ
(x

t )
+
z
t ◦N

(x
t ∣∣0
,τ
I )]

T∏t=
1

B
er (z

t ∣∣φ
(γ
t ) )N

(Γ ∣∣µ
0 ,Σ

0 )
,

(17)
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B
a
y
e
si
a
n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

w
h
er

e
Z

=
p
(Y

)
is

th
e

m
a
rg

in
a
l

li
k
el

ih
o
o
d

o
f
Y

.
D

u
e

to
th

e
p
ro

d
u
ct

o
f

m
ix

tu
re

s
in

th
e

d
is

tr
ib

u
ti

on
p
(X
∣ ∣ Z

),
th

e
ex

p
re

ss
io

n
fo

r
th

e
m

ar
gi

n
al

li
ke

li
h
o
o
d
Z

in
vo

lv
es

a
su

m
ov

er
2D

T

te
rm

s.
T

h
is

re
n

d
er

s
th

e
co

m
p
u

ta
ti

o
n

o
f

th
e

n
o
rm

a
li

za
ti

o
n

co
n

st
a
n
t
Z

in
tr

a
ct

a
b

le
fo

r
ev

en
sm

al
l
D

an
d
T

.
H

en
ce

,
th

e
d

es
ir

ed
p

os
te

ri
or

d
is

tr
ib

u
ti

on
is

al
so

in
tr

ac
ta

b
le

an
d

w
e

h
av

e
to

re
so

rt
to

ap
p
ro

x
im

at
e

in
fe

re
n
ce

.

In
th

e
li
te

ra
tu

re
re

se
ar

ch
er

s
h
av

e
ap

p
li
ed

a
w

h
ol

e
sp

ec
tr

u
m

of
ap

p
ro

x
im

at
e

in
fe

re
n
ce

m
et

h
o
d
s

fo
r

sp
ik

e-
a
n
d
-s

la
b

p
ri

o
rs

,
fo

r
ex

a
m

p
le

,
M

o
n
te

C
a
rl

o
-m

et
h
o
d
s

(M
it

ch
el

l
a
n
d

B
ea

u
ch

a
m

p
,

1
9
8
8
),

m
ea

n
-fi

el
d

va
ri

a
ti

o
n
a
l

in
fe

re
n
ce

(T
it

si
a
s

a
n
d

L
a
za

ro
-G

re
d
il
la

,
2
0
1
1
),

a
p
p
ro

x
im

a
te

m
es

sa
ge

p
as

si
n

g
(V

il
a

an
d

S
ch

n
it

er
,

20
13

)
an

d
ex

p
ec

ta
ti

on
p

ro
p

ag
at

io
n

(H
er

n
án

d
ez

-L
ob

at
o

et
al

.,
20

13
;

A
n
d
er

se
n

et
al

.,
20

14
).

W
e

u
se

th
e

la
tt

er
si

n
ce

ex
p

ec
ta

ti
on

p
ro

p
ag

at
io

n
h
as

b
ee

n
sh

ow
n

to
h
av

e
g
o
o
d

p
er

fo
rm

a
n
ce

fo
r

li
n
ea

r
m

o
d
el

s
w

it
h

sp
ik

e-
a
n
d
-s

la
b

p
ri

o
rs

(H
er

n
á
n
d
ez

-
L

o
b

a
to

et
a
l.

,
2
0
1
5
)

a
n

d
it

h
a
s

b
ee

n
sh

ow
n

to
p

ro
v
id

e
a

m
u

ch
b

et
te

r
a
p

p
ro

x
im

a
ti

o
n

o
f

th
e

fi
rs

t
an

d
se

co
n

d
m

om
en

t
p

os
te

ri
or

m
om

en
t

fo
r

sp
ik

e-
an

d
-s

la
b

m
o
d

el
s

(P
el

to
la

et
al

.,
20

14
).

4
.1

T
h

e
E

x
p

e
c
ta

ti
o
n

P
ro

p
a
g
a
ti

o
n

F
ra

m
e
w

o
rk

In
th

is
se

ct
io

n
,

w
e

b
ri

efl
y

re
v
ie

w
ex

p
ec

ta
ti

o
n

p
ro

p
a
g
a
ti

o
n

fo
r

co
m

p
le

te
n
es

s.
E

x
p

ec
ta

ti
o
n

p
ro

p
a
g
a
ti

o
n

(E
P

)
(M

in
ka

,
2
0
0
1
;

O
p
p

er
a
n
d

W
in

th
er

,
2
0
0
0
)

is
a

d
et

er
m

in
is

ti
c

fr
a
m

ew
o
rk

fo
r

a
p
p
ro

x
im

a
ti

n
g

p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

o
n
s.

C
o
n
si

d
er

a
p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

o
n

ov
er

th
e

va
ri

ab
le
x
∈
R
D

th
at

fa
ct

or
iz

es
in

to
N

co
m

p
on

en
ts

f
(x

)
=

N ∏ i=
1

f i
(x

i)
,

(1
8)

w
h
er

e
x
i

is
ta

k
en

to
b

e
a

su
b
v
ec

to
r

o
f
x

.
E

P
ta

k
es

a
d
va

n
ta

g
e

o
f

th
is

fa
ct

o
ri

za
ti

o
n

a
n
d

ap
p
ro

x
im

at
es
f

w
it

h
a

d
is

tr
ib

u
ti

on
Q

th
at

sh
ar

es
th

e
sa

m
e

fa
ct

or
iz

at
io

n

Q
(x

)
=

N ∏ i=
1

f̃ i
(x

i)
.

(1
9)

E
P

a
p
p
ro

x
im

a
te

s
ea

ch
si

te
te

rm
f i

w
it

h
a

(s
ca

le
d
)

d
is

tr
ib

u
ti

o
n
f̃ i

fr
o
m

th
e

ex
p

o
n
en

ti
a
l

fa
m

il
y.

S
in

ce
th

e
ex

p
o
n
en

ti
a
l

fa
m

il
y
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cl

o
se

d
u
n
d
er

p
ro

d
u
ct

s,
th

e
gl

o
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l
a
p
p
ro
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m
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o
n
Q

w
il

l
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b
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in
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e
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p
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n
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a
l
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m

il
y.
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o
n
si
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er

th
e

p
ro

d
u
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o
f

a
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f̃ i

te
rm

s
ex
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p

t
th

e
j’

th
te

rm

Q
\j

(x
)

=
∏ i6=
j

f̃ i
(x

i)
=

Q
(x

)

f̃ j
(x

j
).

(2
0)
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e

E
P
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m
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se
f̃ j

su
ch

th
a
t
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j
)Q
\j

(x
j
)
≈
f j

(x
j
)
Q
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j
).
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a
p
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im
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ti

n
g
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h
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f
Q
\j

,
w
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t
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e

a
p
p
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m
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e
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f
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h
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a
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g
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e
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d
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n
Q
\j

.
T

h
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e
is
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en
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d

b
y

it
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a
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v
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y
m
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iz
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g
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e
K

u
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b
a
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-L
ei

b
le

r
d
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er
g
en
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K
L
( f j

(x
j
)
Q
\j

(x
)∣ ∣∣ ∣
f̃ j

(x
j
)
Q
\j

(x
)) .

S
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f̃ j

(x
j
)
Q
\j

(x
)

b
el
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p
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fa
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e
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is
ob
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b
y
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g
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p
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d
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t
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at
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,
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9
JM

L
R

 1
8(

13
9)

:1
-5

8,
 2

01
7

A
n
d
e
r
se

n
,
V
e
h
t
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r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

O
n
ce

th
e

so
lu

ti
on

,

Q
∗

=
ar

gm
in

q
K

L
( f j

(x
j
)
Q
\j

(x
)∣ ∣∣ ∣
q)
,

(2
1
)

is
ob

ta
in

ed
,

th
e
j’

th
si

te
ap

p
ro

x
im

at
io

n
is

u
p

d
a
te

d
as

f̃
∗ j

(x
j
)
∝
Q
∗

(x
)

Q
\j

(x
).

(2
2
)

T
h
e

st
ep

s
in

eq
.

(2
0)

,
(2

1)
an

d
(2

2)
ar

e
re

p
ea

te
d

se
q
u
en

ti
al

ly
fo

r
al

l
j
∈

[D
]
u
n
ti

l
co

n
ve

rg
en
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is

ac
h
ie

ve
d
.

4
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h
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E
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c
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ti
o
n
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ro

p
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ti
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n
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p

p
ro

x
im
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n
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h
e
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P
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m

ew
o
rk

p
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v
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ib
il
it
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in
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e
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o
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o
f
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e
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p
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ro
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im
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g
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.
T

h
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e
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d
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o
ff

b
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b
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o
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e

tr
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en
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.
C

o
n
si

d
er

th
e

d
es

ir
ed

p
o
st

er
io

r
d
en

si
ty

o
f

in
te

re
st

p
( X

,Z
,Γ
∣ ∣ Y
) ∝

T ∏ t=
1

p
(y
t∣ ∣ x

t)

︸
︷︷

︸
f
1
(X

)

T ∏ t=
1

[ (1
−
z
t)
◦δ

(x
t)

+
z
t
◦N

( x
t∣ ∣ 0
,τ
I
)]

︸
︷︷

︸
f
2
(X

,Z
)

T ∏ t=
1

B
er
( z
t∣ ∣ φ

(γ
t)
)

︸
︷︷

︸
f
3
(Z
,Γ

)

N
( Γ
∣ ∣ µ

0
,Σ

0

)
︸

︷︷
︸

f
4
(Γ

)

.
(2

3
)

T
h

is
p

os
te

ri
or

d
en

si
ty

is
d

ec
om

p
os

ed
in

to
fo

u
r

te
rm

s
f i

fo
r
i

=
1,
..
,4

,
w

h
er

e
th

e
fi

rs
t

th
re

e
te

rm
s

ca
n

b
e

fu
rt

h
er

d
ec

om
p

os
ed

.
T

h
e

te
rm

f 1
(X

)
is

d
ec

om
p

os
ed

in
to
T

te
rm

s
of

th
e

fo
rm

f 1
,t

(x
t)

=
p
(y
t∣ ∣ x

t)
,

w
h
er

ea
s

th
e

te
rm

s
f 2

an
d
f 3

ar
e

fu
rt

h
er

d
ec

om
p

os
ed

as
fo

ll
ow

s

f 1
(X

)
=

T ∏ t=
1

f̃ 1
,
(x

t)
=

T ∏ t=
1

p
(y
t∣ ∣ x

t)
,

(2
4
)

f 2
(X

,Z
)

=
T ∏ t=
1

D ∏ i=
1

f 2
,i
,t

(x
i,
t,
z i
,t
)

=
T ∏ t=
1

D ∏ i=
1

[ (1
−
z i
,t
)
◦δ

(x
i,
t)

+
z i
,t
◦N

( x
i,
t∣ ∣ ρ
,τ
)]
,

(2
5
)

f 3
(Z
,Γ

)
=

T ∏ t=
1

D ∏ i=
1

f 3
,i
,t

(z
i,
t,
γ
i,
t)

=
T ∏ t=
1

D ∏ i=
1

B
er
( z
i,
t∣ ∣ φ

(γ
i,
t)
) .

(2
6
)

E
ac

h
f 1
,t

te
rm

on
ly

d
ep

en
d
s

on
x
t,
f 2
,i
,t

on
ly

d
ep

en
d
s

on
x
i,
t

an
d
z i
,t

an
d
f 3
,j
,t

on
ly

d
ep

en
d
s

o
n
z i
,t

a
n
d
γ
i,
t.

F
u
rt

h
er

m
o
re

,
th

e
te

rm
s
f 2
,i
,t

co
u
p
le

th
e

va
ri

a
b
le

s
x
i,
t

a
n
d
z i
,t
,

w
h
il
e
f 3
,i
,t

co
u
p
le

th
e

va
ri

ab
le

s
z i
,t

an
d
γ
i,
t.

B
as

ed
on

th
es

e
ob

se
rv
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io

n
s,

w
e

ch
o
os

e
˜ f 1
,t
,
f̃ 2
,i
,t

an
d
f̃ 3
,j
,t

to
h
av

e
th

e
fo

ll
ow

in
g

fo
rm

s

f̃ 1
,t

(x
t)

=
N
( x

t∣ ∣ m̂
1
,t
,V̂

1
,t

) ,
(2

7
)

f̃ 2
,i
,t

(x
i,
t,
z i
,t
)

=
N
( x

i,
t∣ ∣ m̂

2
,i
,t
,v̂

2
,i
,t

) B
er
( z
i,
t∣ ∣ φ

(γ̂
2
,i
,t
))
,

(2
8
)

f̃ 3
,i
,t

(z
i,
t,
γ
i,
t)

=
N
( γ
i,
t∣ ∣ µ̂

3
,j
,t
,σ̂

3
,i
,t

) B
er
( z
i,
t∣ ∣ φ

(γ̂
3
,j
,t
))
.

(2
9
)
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T
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e
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f
1
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d
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u
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w
rt.
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con
d
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on
x

,
w

h
ereas

th
e

ap
p

rox
im

ate
term

f̃
1
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a

fu
n
ction

of
x

th
at

d
ep

en
d
s

on
th

e
d
ata

y
th

rou
gh
m̂

1
an

d
V̂
1

etc.
F

in
ally,

f
4

alread
y

b
elo

n
g
s

to
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e
ex

p
o
n

en
tia

l
fa

m
ily

a
n

d
d

o
es

th
erefo

re
n

o
t

h
av

e
to

b
e

a
p

p
rox

im
a
ted

b
y

E
P

.
T

h
a
t

is,
f̃
4

(Γ
)

=
f
4

(Γ
)

=
N
(Γ ∣∣µ

0 ,Σ
0 ).

D
efi

n
e
m̂

2
,t

=
[m̂

2
,t,1

m̂
2
,t,2

...
m̂

2
,t,D ]

T
,
V̂
2
,t

=
d
iag (v̂

2
,t,1

v̂
2
,t,2

...
v̂
2
,t,D )

T
a
n
d

γ̂
2
,t

=
[γ̂

2
,t,1

γ̂
2
,t,2

...
γ̂
2
,t,D ]

a
n
d

sim
ila

rly
fo

r
µ̂
3
,t ,

Σ̂
3
,t

a
n
d
γ̂
3
,t ,

th
en

th
e

resu
ltin

g
g
lo

b
al

a
p
p
rox

im
ation

b
ecom

es

Q
(X

,Z
,Γ

)∝
T∏t=
1 N

(
x
t ∣∣m̂

1
,t ,V̂

1
,t )

︸
︷︷

︸
f̃
1
,t

T∏t=
1 N

(
x
t ∣∣m̂

2
,t ,V̂

2
,t )

B
er (z

t ∣∣φ
(γ̂

2
,t ) )

︸
︷︷

︸
f̃
2
,t

T∏t=
1 N

(
γ
t ∣∣µ̂

3
,t ,Σ̂

3
,t )

B
er (z

t ∣∣φ
(γ̂

3
,t ) )

︸
︷︷

︸
f̃
3
,t

N
(Γ ∣∣µ

0 ,Σ
0 )

︸
︷︷

︸
f̃
4

∝
T∏t=
1 N

(
x
t ∣∣m̂

t ,V̂
t )

T∏t=
1

B
er (z

t ∣∣φ
(γ̂
t ) )N

(
Γ ∣∣µ̂

,Σ̂
)
,
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w
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p
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In
term

s
of

m
ean

an
d

varia
n
ce,

w
e

get

V̂
t

=
[V̂
−
1

1
,t

+
V̂
−
1

2
,t ]−

1
,

(31)

m̂
t

=
V̂
t [V̂

−
1

1
,t
m̂

1
,t

+
V̂
−
1

2
,t
m̂

2
,t ]
,

(32)

Σ̂
=
[Σ
−
1

0
+

Σ̂
−
1

3

]−
1
,

(33)

µ̂
=

Σ̂
[Σ
−
1

0
µ
0

+
Σ̂
−
1

3
µ̂
3 ]
,

(34)

φ
(γ̂
i,t )

=
φ

(γ̂
2
,i,t )

φ
(γ̂

3
,i,t )

(1−
φ

(γ̂
2
,i,t ))

(1−
φ

(γ̂
3
,j,t ))

+
φ

(γ̂
2
,i,t )

φ
(γ̂

3
,i,t ) ,

(35)

w
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b
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R
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b
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1
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2
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3
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3
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b
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d
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Γ
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a
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p
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p
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a
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u
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=
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th
te

rm
a
t

ti
m

e
t,

th
a
t

is
f̃ 3
,j
,t
.

A
ft

er
co

m
p
u
ti

n
g

th
e

ca
v
it

y
d
is

tr
ib

u
ti

o
n

in
th

e
sa

m
e

m
a
n
n
er

a
s

in
eq

.
(3

8)
-(

40
),

w
e

n
ow

co
m

p
u
te

th
e

m
o
m

en
ts

w
.r

.t
.
γ
j,
t

an
d
z j
,t

of
th

e
(u

n
n
or

m
al

iz
ed

)
ti

lt
ed

d
is

tr
ib

u
ti

on

G
m

=
∑ z j
,t

∫
γ
m j,
t
·f

3
,j
,t

(z
j,
t,
γ
j,
t)
Q
\3
,j
,t

(z
j,
t,
γ
j,
t)

d
γ
j,
t

fo
r

m
=

0,
1,

2,
(4

8
)

Z
1

=
∑ z j
,t

∫
z j
,t
·f

3
,j
,t

(z
j,
t,
γ
j,
t)
Q
\3
,j
,t

(z
j,
t,
γ
j,
t)

d
γ
j,
t.

(4
9
)
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B
a
y
e
sia

n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

G
iven

th
ese

m
o
m

en
ts,

w
e

can
ob

tain
th

e
cen

tral
m

om
en

ts
for

Q
∗

in
eq

.
(21)

E
[γ
j,t ]

=
G

1

G
0
,

V
[γ
j,t ]

=
G

2

G
0 −

G
21

G
20

,
E

[z
j,t ]

=
Z
1

G
0
.

(50)

R
efer

to
A

p
p

en
d
ix

B
for

an
aly

tical
ex

p
ression

of
th

e
m

om
en

ts.
T

h
ese

m
om

en
ts

com
p
letely

d
eterm

in
e
Q
∗

a
n
d

th
e
j’th

site
u
p

d
a
te

a
t

th
e
t

is
co

m
p
u
ted

a
n
a
lo

g
o
u
s

to
f̃
2
,j,t

in
eq

.
(44)

u
sin

g
eq

.
(4

5
),

(46)
an

d
(47).

4
.6

T
h

e
C

o
m

p
u

ta
tio

n
a
l

D
e
ta

ils

In
th

e
p
rev

iou
s

section
s,

w
e

h
ave

d
escrib

ed
h
ow

to
u
se

E
P

for
ap

p
rox

im
ate

in
feren

ce
for

th
e

p
ro

p
o
sed

m
o
d
el,

a
n
d

in
th

is
sectio

n
,

w
e

d
iscu

ss
so

m
e

o
f

th
e

co
m

p
u
ta

tio
n
a
l

d
eta

ils
o
f

th
e

resu
ltin

g
E

P
algorith

m
.

4
.6
.1

U
p
d
a
t
in
g

t
h
e
G
l
o
b
a
l
C
o
v
a
r
ia
n
c
e
M
a
t
r
ic
e
s

G
iven

a
set

of
u
p

d
ated

site
ap

p
rox

im
ation

s,
f̃
2
,t

=
∏
j
f̃
2
,j,t ,

w
e

can
com

p
u
te

th
e

p
aram

eters
fo

r
th

e
g
lo

b
a
l

a
p

p
rox

im
a
te

d
istrib

u
tio

n
o
f
x
t

u
sin

g
eq

.
(31)

a
n

d
(32).

D
irect

eva
lu

a
tio

n
o
f

eq
.

(3
1
)

resu
lts

in
a

com
p
u
tation

al
com

p
lex

ity
ofO

(D
3 ).

R
ecall,

th
at
N

is
assu

m
ed

to
b

e

sm
a
ller

th
a
n
D

.
T

h
is

im
p
lies

th
a
t
V̂
−
1

1
,t

=
1σ
20
A
T
A

h
a
s

low
ra

n
k
.

F
u
rth

erm
o
re,

th
e

m
a
trix

V̂
2
,t

is
d
ia

g
o
n
a
l,

an
d

th
erefore

w
e

can
ap

p
ly

th
e

m
atrix

in
version

lem
m

a
a
s

follow
s

V̂
t

=
V̂
2
,t −

V̂
2
,t A

T
(
σ
20 I

+
A
V̂
2
,t A

T )
−
1
A
V̂
2
,t .

(51)

T
h
e

in
v
erse

o
f
σ
20 I

+
A
V̂
2
,t A

T
=
L
t L

Tt
ca

n
b

e
co

m
p
u
ted

in
O
(N

3 )
u
sin

g
a

C
h
o
lesk

y
d
eco

m
p

o
sitio

n
.

T
h
u
s,

fo
r
N
<
D

eq
.

(51)
sca

les
a
s
O
(N

D
2 ).

M
o
reov

er,
eq

.
(38)

sh
ow

s

th
at

w
e

on
ly

req
u
ire

th
e

d
iagon

al
elem

en
ts

of
Ṽ
t

in
ord

er
to

u
p

d
ate

th
e

site
ap

p
rox

im
ation

p
a
ra

m
eters

fo
r
f̃
2
,t .

H
en

ce,
w

e
ca

n
fu

rth
er

red
u
ce

th
e

co
m

p
u
ta

tio
n
a
l

co
m

p
lex

ity
b
y

o
n
ly

co
m

p
u
tin

g
th

e
d
iagon

al
of
V̂
t

as
follow

s

d
iag [V̂

t ]
=

d
iag [V̂

2
,t ]−

d
iag [V̂

2
,t A

T
L
−
T

t
L
−
1

t
A
V̂
2
,t ]

=
d
iag [V̂

2
,t ]−

d
iag [V̂

22
,t ]◦ (1

T
(R

t ◦
R
t ) )

,
(52)

w
h
ere

R
t ∈

R
N
×
D

is
d
efi

n
ed

as
R
t

=
L
−
1

t
A

an
d

1
is

a
colu

m
n

vector
of

on
es.

T
h
e

resu
ltin

g
com

p
u
tation

al
cost

isO
(N

2D
).

S
im

ilarly,
th

e
m

ean
of

th
e

glob
al

ap
p
rox

im
ate

d
istrib

u
tion

o
f
x
t ,

ca
n

b
e

effi
cien

tly
evalu

ated
as

m̂
t

=
V̂
2
,t η

t −
V̂
2
,t R

Tt
R
t V̂

2
,t η

t ,
(53)

w
h
ere

η
t

=
V̂
−
1

1
,t
m̂

1
,t

+
V̂
−
1

2
,t
m̂

2
,t .

T
h
e

to
ta

l
co

st
o
f

u
p

d
a
tin

g
th

e
p

o
sterio

r
d
istrib

u
tio

n
fo

r

x
t

for
a
ll
t∈

[T
]

is
th

erefore
O
(T
N

2D
).

U
n
fo

rtu
n
a
tely,

w
e

ca
n
n
o
t

g
et

th
e

sa
m

e
sp

eed
u
p

fo
r

th
e

refi
n
em

en
t

o
f

th
e

g
lo

b
a
l

a
p
-

p
rox

im
a
tio

n
o
f

Γ
sin

ce
th

e
p
rio

r
cova

ria
n
ce

m
a
trix

Σ
0

in
g
en

era
l

is
fu

ll
ra

n
k
.

H
ow

ev
er,
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A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

w
e

still
o
n
ly

req
u
ire

th
e

d
ia

g
o
n
a
l

elem
en

ts
o
f

th
e

a
p
p
rox

im
a
te

cova
ria

n
ce

m
a
trix

Σ̂
.

W
e

im
p
lem

en
t

th
e

u
p

d
ate

as
ad

vo
cated

b
y

R
asm

u
ssen

an
d

W
illiam

s
(2006),

th
at

is,

Σ̂
=
[Σ
−
1

0
+

Σ̂
−
1

3

]−
1

=
Σ

0 −
Σ

0 Σ̂
−

12
3

(
Σ̂
−

12
3

Σ
0 Σ̂
−

12
3

+
I )
−
1

Σ̂
−

12
3

Σ
0 ,

(54)

w
h
ere

th
e

seco
n
d

eq
u
a
lity

fo
llow

s
fro

m
th

e
m

a
trix

in
v
erse

lem
m

a
.

A
g
a
in

,
w

e
co

m
p
u
te

th
e

req
u
ired

in
v
erse

m
a
trix

u
sin

g
th

e
C

h
o
lesk

y
d
eco

m
p

o
sitio

n
,

so
th

a
t

th
e

to
ta

l
co

st
is

O
(D

3T
3 ).

4
.6
.2

In
it
ia
l
iz
a
t
io
n
,
C
o
n
v
e
r
g
e
n
c
e
a
n
d

N
e
g
a
t
iv
e
V
a
r
ia
n
c
e
s

W
e

in
itia

lize
a
ll

th
e

site
term

s
to

b
e

ra
th

er
u
n
in

fo
rm

a
tiv

e,
th

a
t

is
m̂

2
,i,t

=
0
,
v̂
2
,i,t

=
1
0
4,

γ̂
2
,i,t

=
0
,
µ̂
3
,i,t

=
0
,
σ̂
3
,i,t

=
1
0
4,
γ̂
3
,i,t

=
0

fo
r

a
ll
i∈

[D
]

a
n
d
t∈

[T
]

a
ssu

m
in

g
sta

n
d
a
rd

scalin
g

of
th

e
forw

ard
m

o
d
el
A

.

T
h
ere

a
re

in
g
en

era
l

n
o

co
n
v
erg

en
ce

g
u
a
ra

n
tees

fo
r

E
P

a
n
d

th
e

p
a
ra

llel
v
ersio

n
in

p
a
r-

ticu
la

r
ca

n
su

ff
er

fro
m

co
n
v
erg

en
ce

p
ro

b
lem

s
(S

eeg
er,

2
0
0
5
).

T
h
e

sta
n
d
a
rd

p
ro

ced
u
re

to
overcom

e
th

is
p
rob

lem
is

to
u
se

“d
am

p
in

g”
w

h
en

u
p

d
atin

g
th

e
site

p
aram

eters

f̃
∗

=
f̃
1−
α

o
ld
f̃
αn
ew
,

(55)

w
h
ere

α
∈

[0,1]
is

th
e

d
am

p
in

g
p
aram

eter
an

d
f̃
o
ld

is
th

e
site

ap
p
rox

im
ation

at
th

e
p
rev

iou
s

iteration
.

S
in

ce
b

oth
f̃
o
ld

an
d
f̃
n
ew

b
elon

gs
to

th
e

ex
p

on
en

tial
fam

ily,
th

e
u
p

d
ate

in
eq

.
(55)

corresp
on

d
s

to
tak

in
g

a
con

vex
com

b
in

ation
of

th
e

p
rev

iou
s

an
d

th
e

n
ew

n
atu

ral
p
aram

eters
of

th
e

site
ap

p
rox

im
ation

.

N
egative

varian
ces

o
ccu

r
“n

atu
rally

”
in

E
P

(B
ish

op
,
2006)

w
h
en

u
p

d
atin

g
th

e
site

ap
p
rox

im
a-

tion
s.

H
ow

ever,
th

is
can

lead
to

in
stab

ilities
of

th
e

algorith
m

,
n
on

-p
ositive

sem
i-d

efi
n
itiven

ess
of

th
e

p
osterior

covarian
ce

m
atrices

an
d

con
vergen

ce
p
rob

lem
s.

W
e

th
erefore

take
m

easu
res

to
p
rev

en
t

n
eg

a
tiv

e
site

va
ria

n
ces.

O
n
e

w
ay

to
circu

m
v
en

t
th

is
is

to
ch

a
n
g
e

a
n
eg

a
tiv

e
va

ria
n

ce
to

+
∞

,
w

h
ich

co
rresp

o
n

d
s

to
m

in
im

izin
g

th
e

K
L

d
iv

erg
en

ce
in

eq
.

(21)
w

ith
th

e
site

varian
ce

con
strain

ed
to

b
e

p
ositive

(H
ern

án
d
ez-L

ob
ato

et
al.,

2013).
In

p
ractice,

w
h
en

en
cou

n
terin

g
a

n
egative

varian
ce

after
u
p

d
atin

g
a

given
site

w
e

u
se
v∞

=
10

2
an

d
σ
∞

=
10

6

for
f̃
2
,i,t

an
d
f̃
3
,i,t ,

resp
ectively.

5
.
F
u
rth

e
r
A
p
p
ro
x
im

a
tio

n
s

A
s

m
en

tion
ed

earlier,
th

e
u
p

d
ates

of
th

e
glob

al
p
aram

eters
for
x
t

an
d

Γ
are

th
e

d
om

in
atin

g
o
p

era
tio

n
s

sca
lin

g
a
s
O
(T
N

2D
)

a
n
d
O
(D

3T
3 ),

resp
ectiv

ely.
T

h
e

la
tter

term
b

eco
m

es
p
roh

ib
itive

for
m

o
d
erate

sizes
of
D

an
d
T

an
d

calls
for

fu
rth

er
ap

p
rox

im
ation

s.
In

th
is

section
,

w
e

in
tro

d
u
ce

th
ree

sim
p
le

a
p
p
rox

im
a
tio

n
s

to
red

u
ce

th
e

co
m

p
u
ta

tio
n
a
l

co
m

p
lex

ity
o
f

th
e

refi
n
em

en
t

of
th

e
p

osterior
d
istrib

u
tion

for
Γ

.
T

h
e

ap
p
rox

im
ation

s
an

d
th

eir
com

p
u
tation

al
com

p
lex

ities
are

su
m

m
arized

in
tab

le
1.
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y
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f
e
r
e
n
c
e
f
o
r
S
pa

t
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e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

A
p

p
ro

x
im

a
ti

o
n

C
o
m

p
le

x
it

y
S

to
ra

g
e

F
u
ll

E
P

(E
P

)
O
( T

3
D

3
)

O
( T

2
D

2
)

L
ow

ra
n
k

(L
R

)
O
( K

2
T
D
)

O
(K

T
D

)
C

om
m

on
p
re

ci
si

on
(C

P
)

O
( T
D

2
+
D
T
2
)

O
( D

2
+
T
2
)

G
ro

u
p

(G
)

O
( T

3 g
D

3 g

)
O
( T

2 g
D

2 g

)

T
ab

le
1:

S
u
m

m
ar

y
of

ap
p
ro

x
im

at
io

n
sc

h
em

es
fo

r
u
p

d
at

in
g

th
e

gl
ob

al
p
a
ra

m
et

er
s

fo
r

Γ
.

5
.1

T
h

e
L

o
w

R
a
n

k
A

p
p

ro
x
im

a
ti

o
n

T
h

e
ei

ge
n
va

lu
e

sp
ec

tr
u

m
of

m
an

y
p

ri
or

co
va

ri
an

ce
st

ru
ct

u
re

s
of

in
te

re
st

,
fo

r
ex

am
p
le

si
m

p
le

n
ei

gh
b

or
h
o
o
d
s,

d
ec

ay
re

la
ti

ve
ly

fa
st

.
T

h
er

ef
or

e,
w

e
ca

n
ap

p
ro

x
im

at
e

Σ
0

w
it

h
a

lo
w

ra
n
k

ap
-

p
ro

x
im

at
io

n
p
lu

s
a

d
ia

go
n
al

m
at

ri
x

Σ
0
≈
U
S
U
T

+
Λ

,
w

h
er

e
S
∈
R
K
×
K

is
a

d
ia

go
n
al

m
at

ri
x

co
n
ta

in
in

g
K

la
rg

es
t

ei
ge

n
va

lu
es

,
an

d
U
∈
R
D
T
×
K

is
a

m
at

ri
x

co
n
ta

in
in

g
th

e
co

rr
es

p
on

d
in

g
ei

ge
n
ve

ct
or

s
(R

ii
h
im

äk
i

et
al

.,
20

14
).

T
h
e

d
ia

go
n
al

m
at

ri
x

Λ
is

ch
os

en
su

ch
th

at
th

e
d
ia

go
n
al

in
th

e
ex

ac
t

p
ri

or
co

va
ri

an
ce

m
at

ri
x

Σ
0

is
p
re

se
rv

ed
.

T
h
is

al
lo

w
s

u
s

to
ap

p
ly

th
e

m
at

ri
x

in
ve

r-
si

on
le

m
m

a
to

co
m

p
u
te

th
e

u
p

d
at

e
of

th
e

p
os

te
ri

or
co

va
ri

an
ce

m
at

ri
x

fo
r
Γ

(s
ee

S
ec

ti
on

4.
6.

1)
.

C
om

p
u
ti

n
g

th
e

ei
ge

n
d
ec

om
p

os
it

io
n

of
Σ

0
∈
R
D
T
×
D
T

sc
al

es
in

ge
n
er

al
as
O
( D

3
T
3
) .

H
ow

ev
er

,
w

h
en

th
e

p
ri

or
co

va
ri

an
ce

h
as

K
ro

n
ec

ke
r

st
ru

ct
u
re

,
th

e
ei

ge
n
d
ec

om
p

os
it

io
n
s

of
Σ

0
=

Σ
t
⊗

Σ
s

ca
n

b
e

effi
ci

en
tl

y
ob

ta
in

ed
fr

om
th

e
ei

ge
n
d
ec

om
p

os
it

io
n
s

of
Σ
t
∈
R
T
×
T

an
d

Σ
s
∈
R
D
×
D

.
In

th
is

ca
se

,
th

e
ei

ge
n
d
ec

om
p

os
it

io
n

of
Σ

0
ca

n
b

e
ob

ta
in

ed
in
O
( D

3
+
T
3
) .

U
si

n
g

a
K

-r
an

k
ap

p
ro

x
im

at
io

n
,

th
e

co
m

p
u
ta

ti
on

al
co

st
of

re
fi
n
in

g
th

e
co

va
ri

an
ce

m
at

ri
x

fo
r

Γ
b

ec
o
m

es
O
( K

2
D
T
)

a
n
d

th
e

m
em

o
ry

fo
o
tp

ri
n
t

is
O

(T
D
K

).
F

o
r

a
fi
x
ed

va
lu

e
o
f
K

th
is

sc
al

es
li
n
ea

rl
y

in
b

ot
h
D

an
d
T

.
H

ow
ev

er
,

to
m

ai
n
ta

in
a

su
ffi

ci
en

tl
y

go
o
d

ap
p
ro

x
im

at
io

n
K

ca
n

sc
al

e
w

it
h

b
ot

h
D

an
d
T

.

5
.2

T
h

e
C

o
m

m
o
n

P
re

c
is

io
n

A
p

p
ro

x
im

a
ti

o
n

R
at

h
er

th
an

ap
p
ro

x
im

at
in

g
th

e
p
ri

or
co

va
ri

an
ce

m
at

ri
x

as
d
on

e
in

th
e

lo
w

ra
n
k

ap
p
ro

x
im

at
io

n
,

w
e

n
ow

a
p
p
ro

x
im

a
te

th
e

E
P

a
p
p
ro

x
im

a
ti

o
n

sc
h
em

e
it

se
lf

.
If

th
e

p
ri

o
r

co
va

ri
a
n
ce

m
a
tr

ix
fo

r
Γ

ca
n

b
e

w
ri

tt
en

in
te

rm
s

o
f

K
ro

n
ec

k
er

p
ro

d
u
ct

s,
w

e
ca

n
si

g
n
ifi

ca
n
tl

y
sp

ee
d

u
p

th
e

co
m

p
u

ta
ti

o
n

o
f

th
e

p
o
st

er
io

r
co

va
ri

a
n

ce
m

a
tr

ix
o
f

Γ
b
y

a
p

p
ro

x
im

a
ti

n
g

th
e

si
te

p
re

ci
si

o
n

s
w

it
h

a
si

n
gl

e
co

m
m

on
p
ar

am
et

er
.

L
et
θ̃
3
∈
R
D
T
×
1

b
e

a
ve

ct
or

co
n
ta

in
in

g
th

e
si

te
p
re

ci
si

on
s

(i
n
ve

rs
e

va
ri

an
ce

s)
fo

r
th

e
si

te
ap

p
ro

x
im

at
io

n
s
{f

3
,i
,t
}

fo
r

al
l
i
∈

[D
]

an
d

fo
r

al
l
t
∈

[T
],

th
en

w
e

m
ak

e
th

e
fo

ll
ow

in
g

ap
p
ro

x
im

at
io

n

Σ̃
3
≈
θ̄−

1
I
,

(5
6)

w
h
er

e
θ̄

is
th

e
m

ea
n

o
f

va
lu

e
o
f
θ̃
3
.

A
ss

u
m

e
th

e
p
ri

o
r

co
va

ri
a
n
ce

m
a
tr

ix
fo

r
Γ

ca
n

b
e

d
ec

o
m

p
o
se

d
in

to
a

te
m

p
o
ra

l
p

a
rt

a
n

d
a

sp
a
ti

a
l

p
a
rt

a
s

fo
ll
ow

s
Σ

0
=

Σ
t
⊗

Σ
s
.

L
et
U
t,
U
s

a
n
d
S
t,
S
s

b
e

ei
g
en

v
ec

to
rs

a
n
d

ei
g
en

va
lu

es
fo

r
Σ
t
∈
R
T
×
T

a
n
d

Σ
s
∈
R
D
×
D

,
re

sp
ec

ti
v
el

y.

T
h
e

g
lo

b
a
l

co
va

ri
a
n
ce

m
a
tr

ix
is

u
p

d
a
te

d
a
s

Σ̃
=

Σ
0

( Σ
0

+
Σ̃

3

) −
1
Σ̃

3
.

W
e

n
ow

u
se

th
e

1
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A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

p
ro

p
er

ti
es

of
ei

ge
n
d
ec

om
p

os
it

io
n
s

fo
r

K
ro

n
ec

ke
r

p
ro

d
u
ct

s
to

co
m

p
u
te

th
e

in
ve

rs
e

m
a
tr

ix

( Σ
t
⊗

Σ
s

+
Σ̃

3

) −
1
≈
( Σ

t
⊗

Σ
s

+
Σ̄
3
I
) −

1

=
[ (U

t
⊗
U
s
)

(S
t
⊗
S
s
)
( U

T t
⊗
U
T s

) +
Σ̄
3
I
] −

1

=
(U

t
⊗
U
s
)
( S

t
⊗
S
s

+
Σ̄
3
I
) −

1
( U

T t
⊗
U
T s

) ,
(5

7
)

w
h
er

e
( S

t
⊗
S
s

+
Σ̄
3
I
)

is
d
ia

g
o
n
a
l

a
n
d

th
er

ef
o
re

fa
st

to
in

v
er

t.
T

h
e

co
m

m
o
n

p
re

ci
si

o
n

ap
p
ro

x
im

at
io

n
Σ̂
C
P

is
th

en
ob

ta
in

ed
as

Σ̂
C
P

=
(Σ

t
⊗

Σ
s
)
( Σ

t
⊗

Σ
s

+
Σ̄
3
I
) −

1
Σ̄
3
I

=
(U

t
⊗
U
s
)

(S
t
⊗
S
s
)
( S

t
⊗
S
s

+
Σ̄
3
I
) −

1
( U

T t
⊗
U
T s

) Σ̄
3
.

(5
8
)

L
et
M
∈
R
T
D
×
1

d
en

ot
e

th
e

d
ia

go
n
al

of
(S

t
⊗
S
s
)
( S

t
⊗
S
s

+
Σ̄
3
I
) −

1
,

th
en

w
e

ca
n

co
m

p
u
te

th
e

d
ia

go
n
al

of
Σ̂
C
P

as
fo

ll
ow

s

d
ia

g
[ Σ̂

C
P

] i
=

Σ̄
3

∑ k

(U
t
⊗
U
s
) i
k
M
k

( U
T t
⊗
U
T s

) k
i

=
Σ̄
3

∑ k

(U
t
⊗
U
s
)2 ik
M
k

⇒
d
ia

g
[ Σ̂

C
P

] =
Σ̄
3

(U
t
◦U

t
⊗
U
s
◦U

s
)
M
,

(5
9
)

w
h
er

e
◦

is
th

e
H

ad
am

ar
d
-p

ro
d
u
ct

.
W

e
n
ow

se
e

th
at

th
e

d
es

ir
ed

d
ia

go
n
al

ca
n

b
e

ob
ta

in
ed

b
y

m
u
lt

ip
ly

in
g

a
K

ro
n

ec
k
er

p
ro

d
u
ct

w
it

h
a

v
ec

to
r

a
n

d
th

is
ca

n
b

e
co

m
p

u
te

d
effi

ci
en

tl
y

u
si

n
g

th
e

id
en

ti
ty

ve
c

[A
B
C

]
=
( C

T
⊗
A
) ve

c
[B

].
(6

0
)

T
h
er

ef
or

e,

d
ia

g
[ Σ̂

C
P

] =
Σ̄
3
·v

ec
[ (U

s
◦U

s
)

ve
c−

1
[M

](
U
t
◦U

t)
T
] .

(6
1
)

S
in

ce
th

e
H

ad
am

ar
d

p
ro

d
u

ct
s

ca
n

b
e

p
re

co
m

p
u

te
d

,
th

is
sc

al
es

as
O
( D

2
T

+
T
2
D
) .

D
u

ri
n

g
th

e
E

P
it

er
at

io
n
s

w
e

on
ly

n
ee

d
to

st
or

e
U
s
∈
R
D
×
D

an
d
U
t
∈
R
T
×
T

,
so

th
e

re
su

lt
in

g
m

em
or

y
fo

o
tp

ri
n
t

is
O
( D

2
+
T
2
) .

T
h
e

p
o
st

er
io

r
m

ea
n

v
ec

to
r

ca
n

a
ls

o
b

e
co

m
p
u
te

d
effi

ci
en

tl
y

b
y

it
er

at
iv

el
y

ap
p
ly

in
g

th
e

re
su

lt
fr

om
eq

.
(6

0)

Σ̂
C
P
η

=
(U

t
⊗
U
s
)

d
ia

g
[M

](
U
T t
⊗
U
T s

) η
,

(6
2
)

w
h
er

e
η

=
Σ̂
−
1

3
µ̂
3

+
Σ̂
−
1

0
µ̂
0
.

T
h
e

p
ro

p
o
se

d
a
p
p
ro

x
im

a
ti

o
n

re
d
u
ce

s
th

e
co

st
fr

o
m
O
( D

3
T
3
)

to
O
( D

2
T

+
T
2
D
) .

If
th

e
sp

a
ti

a
l

co
va

ri
a
n
ce

m
a
tr

ix
is

a
K

ro
n
ec

k
er

p
ro

d
u
ct

it
se

lf
,

fo
r

ex
a
m

p
le

,
Σ
s

=
Σ
x
⊗

Σ
y

o
r

Σ
s

=
Σ
x
⊗

Σ
y
⊗

Σ
z
,

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
ca

n
b

e
fu

rt
h
er

re
d
u
ce

d
.

S
u
ch

co
va

ri
an

ce
st

ru
ct

u
re

s
co

u
ld

o
cc

u
r

in
im

ag
e

ap
p
li
ca

ti
on

or
in

an
al

y
si

s
of

fM
R

I
d
at

a
.
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B
a
y
e
sia

n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

T
h
is

com
m

on
p
recision

ap
p
rox

im
ation

is
closely

related
to

th
e

recen
tly

p
rop

osed
S

toch
a
stic

E
xpecta

tio
n

P
ro

pa
ga

tio
n

(S
E

P
)

(L
i

et
a
l.,

2
0
1
5
),

w
h
ere

b
o
th

th
e

m
ea

n
s

a
n
d

va
ria

n
ces

o
f

th
e

site
a
p
p
rox

im
a
tio

n
term

s
h
av

e
b

een
tied

to
g
eth

er.
T

y
in

g
b

o
th

m
ea

n
s

a
n
d

va
ria

n
ces

is
rea

so
n
a
b
le

w
h
en

th
e

site
term

s
a
re

a
p
p
rox

im
a
tin

g
lik

elih
o
o
d

term
s

a
n
d
N
�

D
.

In
ca

se
o
f

th
e

p
resen

t
m

o
d
el,

w
e

ex
p

ect
p

o
sitiv

e
va

lu
es

o
f

Γ
i,t

fo
r
z
i,t

=
1

a
n
d

n
eg

a
tiv

e
va

lu
es

o
f

Γ
i,t

fo
r
z
i,t

=
0
,

a
n

d
th

u
s

en
fo

rcin
g

a
co

m
m

o
n

m
ea

n
fo

r
th

e
site

a
p

p
rox

im
a
tio

n
term

s
f̃
3
,i,t

w
o
u
ld

n
o
t

m
a
ke

sen
se.

F
ro

m
ex

p
erim

en
ts

w
e

h
av

e
o
b
serv

ed
th

a
t

th
is

co
m

m
o
n

p
recisio

n
a
p
p
ro

a
ch

sig
n
ifi

ca
n
tly

in
creases

th
e

n
u
m

b
er

of
iteration

s
u
n
til

con
vergen

ce.
H

ow
ever,

th
is

p
rob

lem
can

b
e

m
itigated

b
y

rep
eatin

g
th

e
u

p
d

ates
for

th
e

site
ap

p
rox

im
ation

s
f̃
3
,i,t

an
d

th
e

glob
al

ap
p

rox
im

ation
for

Γ
a

few
tim

es
b

efo
re

m
ov

in
g

o
n

to
u
p

d
a
te

th
e

site
a
p
p
rox

im
a
tio

n
s

fo
r
f̃
2
,i,t .

S
p

ecifi
ca

lly,
w

ith
in

each
E

P
iteration

w
e

rep
eat

th
e

u
p

d
ates

for
p

osterior
d
istrib

u
tion

of
Γ

5
tim

es.
T

h
e

ad
d
ed

com
p
u
tation

al
w

ork
load

is
still

n
egligib

le
com

p
ared

to
fu

ll
E

P
.

F
u
rth

erm
ore,

for
som

e
p
ro

b
lem

in
sta

n
ces

C
P

-E
P

ca
n

o
scilla

te.
T

h
e

o
scilla

tio
n

ca
n

b
e

a
llev

ia
ted

h
eu

ristica
lly

b
y

d
ecrea

sin
g

th
e

d
a
m

p
in

g
p
a
ra

m
eter

α
b
y

1
0
%

if
th

e
a
p
p
rox

im
a
te

lo
g

lik
elih

o
o
d

d
ecrea

ses
fro

m
o
n
e

itera
tion

to
an

oth
er

after
th

e
fi
rst

100
iteration

s.

5
.3

G
ro

u
p

in
g

th
e

L
a
te

n
t

S
tru

c
tu

re
V

a
ria

b
le

s

C
on

sid
er

a
p
rob

lem
,

w
h
ere

th
e

sp
atial

co
ord

in
ates

d
i

for
each

x
i,·

form
a

u
n
iform

ly
sp

aced
g
rid

.
A

ssu
m

e
th

e
ch

a
ra

cteristic
len

g
th

-sca
le

o
f

th
e

sp
a
rsity

p
a
ttern

is
la

rg
e

rela
tiv

e
to

th
e

g
rid

size,
th

en
su

p
p

ort
variab

les{z
i }

in
a

n
eigh

b
orh

o
o
d

cou
ld

“sh
are”

th
e

sam
e
γ

-va
riab

le
w

ith
a

little
lo

ss
o
f

a
ccu

ra
cy

(J
a
co

b
et

a
l.,

2
0
0
9
a
;

H
ern

á
n
d
ez-L

o
b
a
to

et
a
l.,

2
0
1
3
).

T
h
is

gro
u

p
in

g
of

th
e

laten
t

variab
les

cou
ld

eith
er

b
e

in
th

e
sp

atial,
tem

p
oral

or
b

oth
d
im

en
sion

s.
L

et
G

b
e

th
e

n
u
m

b
er

o
f

g
ro

u
p

s
a
n

d
g

:
[D

]×
[T

]→
[G

]
b

e
a

g
ro

u
p

in
g

fu
n

ctio
n

th
a
t

m
a
p

s
from

a
sp

atial
an

d
tem

p
oral

in
d
ex

to
a

grou
p

in
d
ex

,
th

en
th

e
grou

p
ed

version
of

th
e

p
rior

is
g
iven

b
y

p
(Z
∣∣γ

)
=

T∏t=
1

D∏i=
1

B
er (z

t,i ∣∣φ (γ
g
(i,t) ))

,
(63)

p
(γ

)
=
N
(γ ∣∣µ

0 ,Σ
0 )
,

(64)

w
h
ere

µ
0 ∈

R
G

a
n
d

Σ
0 ∈

R
G
×
G

a
re

th
e

p
rio

r
m

ea
n

a
n
d

cova
ria

n
ce

fo
r

th
e

n
ew

g
ro

u
p

ed
m

o
d
el.

T
h
e

resu
ltin

g
co

m
p
u
ta

tio
n
a
l

co
m

p
lex

ity
is

in
d
eed

d
eterm

in
ed

b
y

th
e

size
o
f

th
e

g
ro

u
p
s.

F
o
r

ex
a
m

p
le,

a
ssu

m
e

th
a
t

th
e

su
p
p

o
rt

va
ria

b
le

fo
r

a
g
iv

en
p
ro

b
lem

h
av

e
b

een
g
ro

u
p

ed
in

g
ro

u
p
s

o
f

2
in

b
o
th

th
e

sp
a
tia

l
d
im

en
sio

n
a
n
d

tem
p

o
ra

l
d
im

en
sio

n
,

th
en

th
e

total
n
u
m

b
er

of
grou

p
s

b
ecom

es
G

=
12 D

12 T
=

14 D
T

an
d

th
e

resu
ltin

g
com

p
u
tation

al
cost

is

red
u

ced
to

a
fra

ctio
n

o
f (

14 )
3

o
f

th
e

co
st

o
f

th
e

fu
ll

E
P

sch
em

e.
F

u
rth

erm
o
re,

if
n

ecessa
ry

b
o
th

th
e

low
ra

n
k

a
n
d

th
e

co
m

m
o
n

p
recisio

n
a
p
p
rox

im
a
tio

n
ca

n
b

e
a
p
p
lied

o
n

to
p

o
f

th
is

a
p
p
rox

im
a
tio

n
.
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A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

6
.
T
h
e
M

a
rg

in
a
l
L
ik
e
lih

o
o
d
A
p
p
ro
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Ŝ

1 2
p
m

+
ˆ

λ
M
A
P

,
w

h
er

e
{p

m
}M m

=
1

is
a

C
C

D
d
es

ig
n

gr
id

(R
u
e

et
al

.,
20

09
)

in
L

-d
im

en
si

on
s.

T
h
e

p
oi

n
ts

on
th

e
C

C
D

gr
id

co
n
si

st
of

a
fr

ac
ti

on
al

fa
ct

or
ia

l
d
es

ig
n

as
w

el
l

as
2K

st
ar

p
oi

n
ts

an
d

a
ce

n
te

r
p

oi
n
t.

A
ll

p
oi

n
ts

,
ex

ce
p
t

fo
r

th
e

ce
n
te

r
p

o
in

t,
li
v
es

o
n

th
e

su
rf

a
ce

o
f

a
L

-d
im

en
si

o
n
a
l

b
a
ll

w
it

h
ra

d
iu

s
√
L

.
T

h
is

sp
ec

ifi
c

d
es

ig
n

ch
o
ic

e
re

q
u
ir

es
a

m
u
ch

sm
a
ll
er

n
u
m

b
er

o
f

p
o
in

ts
co

m
p
a
re

d
to

a
d
en

se
g
ri

d
.

F
or

ex
am

p
le

,
fo

r
L

=
2,

3,
4,

5
p
ar

am
et

er
s,

th
e

n
u
m

b
er

of
C

C
D

p
oi

n
ts

ar
e
M

=
9,

15
,2

5,
43

,
re

sp
ec

ti
v
el

y.
T

h
e

in
te

g
ra

ti
o
n

w
ei

g
h
ts
{w

m
}M m

=
1

a
re

ch
o
se

n
su

ch
th

a
t

th
e

in
te

g
ra

l
m

a
tc

h
fo

r
th

e
fi
rs

t
th

re
e

m
o
m

en
ts

o
f

a
L

-d
im

en
si

o
n
a
l

st
a
n
d
a
rd

iz
ed

G
a
u
ss

ia
n

ra
n
d
o
m

va
ri

a
b
le

,
z
∼
N

(0
,I
L

),
an

d
E

[1
]

=
1,

E
[z

]
=

0,
E
[ z
T
z
] =

L
.

6
.3

B
a
y
e
si

a
n

O
p
ti

m
iz

a
ti

o
n

T
h
er

e
ca

n
b

e
so

m
e

ch
a
ll
en

g
es

w
it

h
g
ra

d
ie

n
t-

b
a
se

d
o
p
ti

m
iz

a
ti

o
n

o
f

th
e

m
a
rg

in
a
l

li
k
el

ih
o
o
d

a
p
p
ro

x
im

a
ti

o
n
.

F
ir

st
ly

,
th

e
o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
is

in
g
en

er
a
l

n
o
n
-c

o
n
v
ex

a
n
d

th
u
s,

th
e

re
su

lt
s

ca
n

su
ff

er
fr

om
p

o
or

lo
ca

l
op

ti
m

a.
S
ec

on
d
ly

,
fo

r
so

m
e

p
ro

b
le

m
in

st
an

ce
s

th
e

m
ar

gi
n
al

li
ke

li
h
o
o
d

ap
p
ro

x
im

at
e

ca
n

ex
h
ib

it
d
is

co
n
ti

n
u
it

ie
s

(a
s

d
is

cu
ss

ed
in

ex
p

er
im

en
t

7.
1)

.

T
o

co
u
n
te

r
th

es
e

is
su

es
,

w
e

co
n
si

d
er

B
ay

es
ia

n
o
p
ti

m
iz

a
ti

o
n

(S
h
a
h
ri

a
ri

et
a
l.
,

2
0
1
6
;

S
n
o
ek

et
a
l.
,

2
0
1
2
)

a
s

a
th

ir
d

st
ra

te
g
y

to
m

o
d
el

se
le

ct
io

n
a
s

it
d
o
es

n
o
t

d
ep

en
d

o
n

g
ra

d
ie

n
t

in
fo

r-
m

a
ti

o
n
.

A
s

in
d
ic

a
te

d
b
y

th
e

n
a
m

e,
B

ay
es

ia
n

o
p
ti

m
iz

a
ti

o
n

is
a

p
ro

b
a
b
il
is

ti
c

a
p
p
ro

a
ch

to

2
1

JM
L

R
 1

8(
13

9)
:1

-5
8,

 2
01

7

A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

o
p
ti

m
iz

a
ti

o
n
,

w
h
er

e
th

e
o
b

je
ct

iv
e

fu
n
ct

io
n

is
m

o
d
el

le
d

a
s

a
ra

n
d
o
m

fu
n
ct

io
n
.

T
h
u
s,

th
e

a
p
p
ro

a
ch

a
ll
ow

s
u
s

to
m

o
d
el

th
e

p
o
te

n
ti

a
l

d
is

co
n
ti

n
u
it

ie
s.

S
p

ec
ifi

ca
ll
y,

w
e

u
se

a
G

a
u
ss

ia
n

p
ro

ce
ss

to
m

o
d
el

lo
g

p
os

te
ri

or
d
en

si
ty

as
fo

ll
ow

s

ln
Q

(Ω
|Y

)
∼
GP

( µ
(Ω

)
,k
( Ω
,Ω
′))

,
(7

0
)

w
h
er

e
µ

:
R
K
→

R
is

a
m

ea
n

fu
n
ct

io
n

a
n
d
k

:
R
L
×
R
L
→

R
is

th
e

k
er

n
el

fu
n
ct

io
n
.

R
a
th

er
th

an
fo

ll
ow

in
g

th
e

d
ir

ec
ti

on
of

th
e

gr
ad

ie
n
t,

B
ay

es
ia

n
op

ti
m

iz
at

io
n

w
or

k
s

b
y

ex
p
lo

ri
n
g

va
lu

es
of

Ω
,

th
at

ar
e

li
ke

ly
to

im
p
ro

ve
th

e
va

lu
e

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

as
m

ea
su

re
d

b
y

a
so

-c
al

le
d

ac
q
u
is

it
io

n
fu

n
ct

io
n
.

F
or

m
or

e
d
et

ai
ls

on
B

ay
es

ia
n

op
ti

m
iz

at
io

n
,

w
e

re
fe

r
to

(S
h
ah

ri
ar

i
et

al
.,

20
16

;
S
n
o
ek

et
al

.,
20

12
;

B
ro

ch
u

et
al

.,
20

10
)

.

7
.
N
u
m
e
ri
ca

l
E
x
p
e
ri
m
e
n
ts

In
th

is
se

ct
io

n
,

w
e

co
n

d
u

ct
a

se
ri

es
of

ex
p

er
im

en
ts

d
es

ig
n

ed
to

in
ve

st
ig

at
e

th
e

p
ro

p
er

ti
es

of
th

e
p
ro

p
os

ed
m

o
d
el

an
d

th
e

as
so

ci
at

ed
E

P
in

fe
re

n
ce

sc
h
em

e.

W
e

d
es

cr
ib

e
se

ve
n

ex
p

er
im

en
ts

w
it

h
a

G
au

ss
ia

n
ob

se
rv

at
io

n
m

o
d
el

an
d

on
e

ex
p

er
im

en
t

w
it

h
a

p
ro

b
it

o
b
se

rv
a
ti

o
n

m
o
d
el

.
In

th
e

fi
rs

t
fi
v
e

ex
p

er
im

en
ts

,
w

e
fo

cu
s

o
n

p
ro

b
le

m
in

st
a
n
ce

s
w

it
h

a
si

n
g
le

m
ea

su
re

m
en

t
v
ec

to
r.

E
x
p

er
im

en
t

1
in

v
es

ti
g
a
te

s
th

e
eff

ec
t

o
f

th
e

p
ri

o
r

b
y

a
n

a
ly

zi
n

g
a

sy
n
th

et
ic

d
a
ta

se
t

w
it

h
a

ra
n

g
e

o
f

d
iff

er
en

t
va

lu
es

fo
r

th
e

h
y
p

er
p

a
ra

m
et

er
s.

In
th

e
se

co
n

d
ex

p
er

im
en

t,
w

e
co

m
p

a
re

th
e

th
re

e
d

iff
er

en
t

a
p

p
ro

x
im

a
ti

o
n

sc
h

em
es

(l
ow

ra
n

k
,

co
m

m
on

p
re

ci
si

on
,

gr
ou

p
)

to
st

an
d
ar

d
E

P
.

S
p

ec
ifi

ca
ll
y,

w
e

an
al

y
ze

a
sy

n
th

et
ic

d
at

a
se

t
w

it
h

al
l

fo
u
r

m
et

h
o
d
s

an
d

co
m

p
ar

e
th

e
re

su
lt

s.
E

x
p

er
im

en
t

3
is

d
es

ig
n
ed

to
in

ve
st

ig
at

e
h
ow

th
e

E
P

a
lg

o
ri

th
m

s
p

er
fo

rm
a
s

a
fu

n
ct

io
n

o
f

th
e

u
n
d
er

sa
m

p
li
n
g

ra
ti

o
N
/D

g
iv

in
g

ri
se

to
th

e
so

-c
a
ll
ed

p
h
a
se

tr
a
n

si
ti

o
n

cu
rv

es
(D

o
n
o
h
o

a
n
d

T
a
n
n
er

,
2
0
1
0
).

In
ex

p
er

im
en

t
4
,

w
e

a
p
p
ly

th
e

p
ro

p
o
se

d
m

o
d
el

to
a

co
m

p
re

ss
ed

se
n
si

n
g

p
ro

b
le

m
a
n
d

in
ex

p
er

im
en

t
5
,

w
e

a
p
p
ly

o
u
r

m
o
d
el

to
a

b
in

ar
y

cl
as

si
fi
ca

ti
on

ta
sk

,
w

h
er

e
th

e
go

al
is

to
d
is

cr
im

in
at

e
b

et
w

ee
n

u
tt

er
an

ce
s

of
tw

o
d
iff

er
en

t
v
ow

el
s

u
si

n
g

lo
g-

p
er

io
d
og

ra
m

s
as

fe
a
tu

re
s.

In
E

x
p

er
im

en
t

6
-8

,
w

e
tu

rn
o
u
r

a
tt

en
ti

o
n

to
p
ro

b
le

m
s

w
it

h
m

u
lt

ip
le

m
ea

su
re

m
en

t
v
ec

-
to

rs
.

In
th

e
si

x
th

ex
p

er
im

en
t,

w
e

q
u
al

it
at

iv
el

y
st

u
d
y

th
e

p
ro

p
er

ti
es

of
th

e
p
ro

p
os

ed
m

et
h
o
d
s

in
th

e
m

u
lt

ip
le

m
ea

su
re

m
en

t
v
ec

to
r

se
tt

in
g
.

W
e

d
em

o
n
st

ra
te

th
e

b
en

efi
ts

o
f

m
o
d
el

in
g

b
ot

h
th

e
sp

at
ia

l
an

d
te

m
p

or
al

st
ru

ct
u
re

of
th

e
su

p
p

or
t

an
d

d
is

cu
ss

th
e

m
ar

gi
n
al

li
ke

li
h
o
o
d

ap
p
ro

x
im

at
io

n
fo

r
h
y
p

er
p
ar

am
et

er
tu

n
in

g.
E

x
p

er
im

en
t

7
st

u
d

ie
s

th
e

p
er

fo
rm

an
ce

of
th

e
E

P
al

go
ri

th
m

s
as

a
fu

n
ct

io
n

of
th

e
u

n
d

er
sa

m
p

li
n

g
ra

ti
o

w
h

en
m

u
lt

ip
le

m
ea

su
re

m
en

t
ve

ct
or

s
ar

e
av

ai
la

b
le

an
d

co
m

p
ar

e
th

e
re

su
lt

s
to

co
m

p
et

in
g

m
et

h
o
d
s.

F
in

al
ly

,
in

E
x
p

er
im

en
t

8
w

e
ap

p
ly

th
e

p
ro

p
os

ed
m

et
h
o
d

to
an

E
E

G
so

u
rc

e
lo

ca
li
za

ti
on

p
ro

b
le

m
(B

ai
ll
et

et
al

.,
2
0
0
1
).

F
o
r

th
e

su
b
se

t
o
f

ex
p

er
im

en
ts

,
w

h
er

e
th

e
g
ro

u
n
d

tr
u
th

so
lu

ti
o
n
s

a
re

av
a
il
a
b
le

,
w

e
u
se

th
e

N
o
rm

a
li

ze
d

M
ea

n
S

qu
a
re

E
rr

o
r

(N
M

S
E

)
a
n
d

th
e

F
-m

ea
su

re
(R

ij
sb

er
g
en

,
1
9
7
9
)

to
q
u
an

ti
fy

th
e

p
er

fo
rm

an
ce

of
th

e
al

go
ri

th
m

s.
In

p
ar

ti
cu

la
r,

w
e

co
m

p
u
te

th
e

N
M

S
E

b
et

w
ee

n
th

e
p

o
st

er
io

r
m

ea
n
X̂

=
E Q

(X
|Y

)
[X

]
a
n
d

th
e

tr
u
e

so
lu

ti
o
n
X

0
to

q
u
a
n
ti

fy
th

e
a
lg

o
ri

th
m

s
ab

il
it

ie
s

to
re

co
n
st

ru
ct

th
e

tr
u
e

si
gn

al
X

0

N
M

S
E

=
‖X̂
−
X

0
‖2 F

‖X
0
‖2 F

,
(7

1
)

2
2

JM
L

R
 1

8(
13

9)
:1

-5
8,

 2
01

7



B
a
y
e
sia

n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

w
h
ere‖·‖

F
is

th
e

F
rob

en
iu

s
n
orm

.
W

e
u
se

th
e

F
-m

easu
re

to
q
u
an

tify
th

e
algorith

m
s’

ab
ilities

to
recover

th
e

tru
e

su
p
p

ort
set

F
=

2·
p
recision

·
recall

p
recision

+
recall

,
(72)

w
h
ere

p
recisio

n
(p

o
sitiv

e
p
red

ictiv
e

va
lu

e)
is

th
e

fra
ctio

n
o
f

n
o
n

-zero
w

eig
h
ts

fo
u
n
d

b
y

th
e

algorith
m

th
at

are
also

n
on

-zero
in

th
e

tru
e

m
o
d
el,

w
h
ile

recall
sen

sitivity
is

th
e

fraction
of

n
on

-zeros
in

th
e

tru
e

m
o
d
el

th
at

h
ave

b
een

id
en

tifi
ed

b
y

th
e

algorith
m

.
H

ere
a

given
w

eigh
t

x
i,t

is
id

en
tifi

ed
as

b
ein

g
n
on

-zero
if

th
e

p
osterior

m
ean

o
f
z
i,t

is
ab

ov
e

0.5
.

T
h
e

co
d
e

is
ava

ilab
le

at
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
M
i
c
h
a
e
l
R
i
i
s
/
S
S
A
S
.

7
.1

E
x
p

e
rim

e
n
t

1
:

T
h

e
E

ff
e
c
t

o
f

th
e

P
rio

r

In
th

is
ex

p
erim

en
t,

w
e

in
v
estig

a
te

th
e

eff
ect

o
f

th
e

stru
ctu

red
sp

ik
e-a

n
d

-sla
b

p
rio

r
o
n

th
e

reco
n
stru

cted
su

p
p

o
rt

set.
F

o
r

sim
p
licity

w
e

o
n
ly

co
n
sid

er
sp

a
tia

l
stru

ctu
re,

T
=

1
,

a
n
d

w
e

fu
rth

er
a
ssu

m
e

th
a
t

th
e

sp
a
tia

l
co

o
rd

in
a
tes

a
re

o
n

a
reg

u
la

r
1
D

g
rid

.
W

e
co

n
stru

ct
a

sp
a
rse

1
D

test
sig

n
a
l
x
0
∈

R
2
0
0,

w
h
ere

th
e

a
ctiv

e
co

effi
cien

ts
a
re

sa
m

p
led

fro
m

a
co

sin
e

fu
n

ctio
n

,
see

F
ig

u
re

1
(a

)–
(b

).
B

a
sed

o
n

th
is

sig
n

a
l

w
e

g
en

era
te

a
sy

n
th

etic
d

a
ta

set
u
sin

g
th

e
lin

ea
r

m
o
d
el
y

=
A
x
0

+
e
,

w
h
ere

A
ij ∼

N
(0,1),

e
∼
N

(0
,5
I

)
is

iso
tro

p
ic

G
a
u
ssia

n
n
oise

(S
N

R
≈

5d
B

)
an

d
th

e
n
u
m

b
er

of
sam

p
les

is
N

=
0.5D

.
T

h
e

p
rior

on
γ

is
of

th
e

form
p
(γ

)
=
N

(γ|µ
,Σ

),
w

h
ereµ

=
ν
·
1

an
d

Σ
ij

=
κ
21

ex
p (
−
D

2ij

2
κ
22 )

.

W
e

sa
m

p
le

th
e

len
g
th

-sca
le
κ
2

eq
u

id
ista

n
tly

1
0
0

tim
es

in
[10 −

3,50 ]
a
n

d
ru

n
th

e
a
lg

o
rith

m
on

th
e

sy
n
th

etic
d

ata
set

for
each

valu
e

of
κ
2 .

F
or

th
is

ex
p

erim
en

t
w

e
u

se
th

e
stan

d
ard

E
P

sch
em

e
w

ith
n

o
fu

rth
er

a
p

p
rox

im
a
tio

n
s.

T
h

e
n
o
ise

va
ria

n
ce

is
fi
x
ed

to
th

e
tru

e
va

lu
e

a
n
d

th
e

rem
a
in

in
g

h
y
p

erp
a
ra

m
eters

a
re

fi
x
ed

ν
=

0
,
τ

=
1
,κ

21
=

5
.

T
h
e

p
o
sterio

r
resu

lts
a
re

sh
ow

n
in

th
e

p
an

els
in

leftm
ost

colu
m

n
in

F
igu

re
2.

T
h
e

top
m

ost
p
an

el
sh

ow
s

th
e

m
argin

al
lik

elih
o
o
d

a
p
p
rox

im
a
tio

n
a
s

a
fu

n
ctio

n
o
f

th
e

sp
a
tia

l
len

g
th

sca
le
κ
2 .

T
h
e

p
a
n
el

in
th

e
m

id
d
le

sh
ow

s
th

e
p

o
sterio

r
m

ea
n
E
Q
(z
i |y

)
[γ
i ],

a
s

a
fu

n
ctio

n
o
f

th
e

sca
le
κ
2 .

T
h
a
t

is,
ea

ch
colu

m
n

in
th

e
im

age
corresp

on
d
s

to
th

e
p

osterior
m

ean
of
γ

for
a

sp
ecifi

c
valu

e
of
κ
2 .

T
h
e

p
an

el
in

th
e

b
ottom

sh
ow

s
a

sim
ilar

p
lot

for
th

e
p

osterior
su

p
p

ort
p
rob

ab
ilities

E
Q
(z
i |y

)
[z
i ].

W
h
en

κ
2

is
clo

se
to

zero
th

e
p

o
sterio

r
m

ea
n

v
ecto

rs
fo

r
b

o
th
γ

a
n
d
z

a
re

v
ery

irreg
u
-

la
r

a
n
d

resem
b
le

th
e

so
lu

tio
n

o
f

a
n

in
d
ep

en
d
en

t
sp

ik
e-a

n
d
-sla

b
p
rio

r.
A

s
th

e
len

g
th

-sca
le

in
creases

th
e

p
osterior

m
ean

vector
γ

b
ecom

es
m

ore
an

d
m

ore
sm

o
oth

an
d

even
tu

ally
give

rise
to

w
ell-d

efi
n

ed
clu

sters
in

th
e

su
p

p
o
rt.

T
h

e
a
lg

o
rith

m
recov

ers
th

e
co

rrect
su

p
p

o
rt

fo
r

κ
2 ∈

[3,1
5
].

H
ow

ev
er,

a
t
κ
2 ≈

1
5

a
d

isco
n
tin

u
ity

is
seen

.
S

in
ce

th
e

p
rio

r
d

istrib
u

tio
n

o
n
z

d
o
es

n
o
t

ex
h
ib

it
a
n
y

p
h
a
se

tra
n
sitio

n
s

w
ith

reg
a
rd

to
κ
2 ,

th
is

is
lik

ely
to

b
e

a
n

eff
ect

o
f

a
u
n
im

o
d
a
l

a
p
p
rox

im
a
tio

n
to

a
h
ig

h
ly

m
u
ltim

o
d
a
l

d
istrib

u
tio

n
.

T
h
e

d
isco

n
tin

u
ity

is
a
lso

p
resen

t
in

th
e

m
argin

al
likelih

o
o
d

ap
p
rox

im
ation

as
seen

in
th

e
top

p
an

el
an

d
th

erefore
on

e
sh

ou
ld

b
e

cau
tiou

s
w

h
en

op
tim

izin
g

th
e

m
argin

al
likelih

o
o
d

u
sin

g
lin

e
search

b
ased

m
eth

o
d
s.

W
e

rep
eated

th
is

ex
p

erim
en

t
for

m
u
ltip

le
realization

s
of

th
e

n
oise

an
d

th
e

d
iscon

tin
u
ity

w
as

23
JM

L
R

 18(139):1-58, 2017

A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

0
5

0
1

0
0

1
5

0
2

0
0

S
ig

n
a

l d
o

m
a

in

-1

-0
.5 0

x
0

T
ru

e
 s

ig
n

a
l

E
s
tim

a
te

d
 s

ig
n

a
l

(a
)

S
ig

n
a
l

0
5

0
1

0
0

1
5

0
2

0
0

S
ig

n
a

l d
o

m
a

in

0

0
.2

0
.4

0
.6

0
.8 1

s
0

T
ru

e
 s

u
p

p
o

rt

E
s
tim

a
te

d
 s

u
p

p
o

rt

(b
)

S
u

p
p

o
rt

F
igu

re
1:

(a
)

S
y
n
th

etic
test

sig
n
a
l
x
0

su
p

erim
p

o
sed

w
ith

th
e

p
o
sterio

r
m

ea
n

o
f

th
e

test
sign

al.
T

h
e

active
co

effi
cien

ts
are

sam
p
led

from
a

cosin
e

fu
n
ction

(b
)

T
h
e

su
p
p

ort
of

th
e

test
sign

al
su

p
erim

p
osed

w
ith

th
e

p
osterior

su
p
p

ort
p
rob

ab
ilities.

on
ly

p
resen

t
o
ccasion

ally.

T
h
e

rig
h
tm

o
st

co
lu

m
n

in
F

ig
u
re

2
sh

ow
s

eq
u
iva

len
t

fi
g
u
res

fo
r

a
sw

eep
ov

er
ν
,

w
h
ich

is
th

e
p

rior
m

ean
of
γ
i ,

w
h

ere
it

is
seen

th
at

th
e

algorith
m

recovers
th

e
correct

su
p

p
ort

for
ν
∈

[−
15,0].

It
is

seen
th

at
w

h
en

ν
is

b
elow

som
e

th
resh

old
ν
lo
w
er ,

th
e

p
osterior

m
ean

of
z
i

is
close

to
zero

for
all

i∈
[D

].
T

h
e

total
n
u

m
b

er
of

active
variab

les
in

creases
w

ith
ν

,
u
n
til
ν

su
rp

asses
an

u
p
p

er
th

resh
old

ν
u
p
p
er ,

w
h
ere

all
variab

les
are

in
clu

d
ed

in
th

e
su

p
p

ort
set.

It
is

a
lso

seen
th

a
t

va
ria

b
les

a
re

in
clu

d
ed

clu
ster-w

ise
ra

th
er

th
a
n

in
d
iv

id
u
a
lly,

w
h
ich

g
iv

es
rise

to
d
iscon

tin
u
ities

in
th

e
m

argin
al

likelih
o
o
d

in
th

e
top

m
ost

p
an

el.

F
igu

re
1

sh
ow

s
th

e
estim

ated
sign

al
an

d
th

e
estim

ated
su

p
p

ort
p
rob

ab
ilities

for
th

e
op

tim
al

h
y
p

erp
a
ra

m
eter

va
lu

es
in

th
e

to
p

row
o
f

F
ig

u
re

2
,

th
a
t

is
th

e
p
rio

r
m

ea
n
ν

=
−

2
.9

3
a
n
d

len
g
th

sca
le
κ
2

=
7
.7

2
,

w
h
ere

it
is

seen
th

a
t

b
o
th

th
e

estim
a
ted

co
effi

cien
ts
x̂

a
n
d

th
e

estim
a
ted

su
p
p

o
rt
ŝ
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ẑ
0

0
1

0
0

2
0

0
3

0
0

4
0

0
5

0
0

0

0
.2

0
.4

0
.6

0
.8

1

(g
)
ẑ
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∑

i,t |x
i,t −

x
i,t−

1 |.
T

h
e

C
P

-E
P

m
eth

o
d

h
a
s

b
een

in
fo

rm
ed

w
ith

a
p
p
ro

p
ria

te
va

lu
es

o
f

th
e

k
ern

el
h
y
p

erp
a
-

ra
m

eters.
T

h
is

is
p

o
ssib

le
b

eca
u
se

th
e

stru
ctu

re
o
f

th
e

sp
a
rsity

p
a
ttern

is
en

co
d
ed

u
sin

g
gen

eric
covarian

ce
fu

n
ction

s
th

at
are

easily
in

terp
retab

le.
H

ow
ever,

th
is

is
n

ot
an

op
tion

for
th

e
L

A
S
S
S
O

m
eth

o
d
s

as
th

e
regu

larization
p
aram

eters
of

th
ese

m
eth

o
d
s

are
m

ore
d
iffi

cu
lt

to
in

terp
ret

in
term

s
of

th
e

geom
etry

of
th

e
p
rob

lem
.

T
o

com
p

en
sate,

w
e

u
sed

th
e

estim
ated

so
lu

tio
n

o
b
ta

in
ed

u
sin

g
th

e
C

P
-E

P
m

eth
o
d

to
in

fo
rm

th
e

L
A

S
S
O

m
eth

o
d
s

a
s

fo
llow

s.
F

o
r

th
e

reg
u
la

r
L

A
S
S
O

a
n
d

th
e

m
u
lti-ta

sk
L

A
S
S
O

,
w

e
ch

o
se

th
e

va
lu

e
o
f

th
e

reg
u
la

riza
tio

n
p
aram

eter
su

ch
th

at
th

e
n
u
m

b
er

of
active

sou
rces

m
atch

es
th

e
C

P
-E

P
solu

tion
at

th
e

tim
e

p
o
in

t
w

ith
th

e
la

rg
est

n
u

m
b

er
o
f

a
ctiv

e
so

u
rces

(see
F

ig
u

re
1
3
).

F
o
r

th
e

fu
sed

L
A

S
S

O
,

w
e

also
m

atch
ed

th
e

av
erage

au
to

correlation
across

all
sou

rces.

F
igu

re
13

sh
ow

s
th

e
n
u
m

b
er

of
active

d
ip

ole
sou

rces
as

a
fu

n
ction

of
tim

e
for

each
m

eth
o
d
.

T
h

e
recon

stru
cted

su
p

p
ort

for
b

oth
C

P
-E

P
an

d
th

e
fu

sed
L

A
S

S
O

are
w

ell-lo
calized

in
tim

e,
w

h
ereas

th
e

d
istrib

u
tion

of
active

sou
rces

for
L

A
S
S
O

are
very

d
iff

u
se

in
tim

e.
F

or
th

e
C

P
-E

P
m

eth
o
d
,

it
is

seen
th

a
t

th
e

n
u
m

b
er

o
f

a
ctiv

e
so

u
rces

is
zero

u
n
til

ro
u
g
h
ly

tim
e
t≈

1
5
0
m
s,

w
h
ere

th
e

n
u
m

b
er

o
f

a
ctiv

e
so

u
rces

in
crea

se
a
n
d

p
ea

k
s

a
t
t≈

1
8
0
m
s,

w
h
ich

is
co

n
sisten

t
w

ith
th

e
k
n
ow

n
tim

e
d
elay

o
f

a
p
p
rox

im
a
tely

1
7
0
m

s
fo

r
th

e
fa

ce
p

ercep
tio

n
,

th
a
t

is
th

e
so

-ca
lled

N
1
7
0

E
R

P
co

m
p

o
n
en

t
(Itier

a
n
d

T
ay

lo
r,

2
0
0
4
).

F
ig

u
re

1
4

sh
ow

s
a

v
isu

a
liza

tio
n

o
f

th
e

estim
a
ted

sets
o
f

a
ctiv

e
so

u
rces

fo
r

tim
e
t

=
1
8
0
m
s

fro
m

a
to

p
v
iew

,
a

sid
e

v
iew

an
d

a
b

ottom
v
iew

,
resp

ectively.
In

terestin
gly,

C
P

-E
P

d
etects

fou
r

sp
atially

coh
eren

t
areas:

left
an

d
righ

t
o
ccip

ital
an

d
fu

siform
face

areas
th

at
are

asso
ciated

w
ith

th
e

face
p

ercep
tion

(H
en

son
et

al.,
2009).

T
h
e

L
A

S
S
O

,
th

e
M

u
lti-task

L
A

S
S
O

an
d

th
e

fu
sed

L
A

S
S
O

also
d
etect

several
active

d
ip

oles
in

th
e

left
an

d
righ

t
o
ccip

ital
areas,

b
u
t

th
ey

also
d
etect

active
sou

rces
d
istrib

u
ted

ov
er

th
e

en
tire

cortex
as

seen
in

th
e

top
row

.

T
h
u
s,

fro
m

th
is

ex
p

erim
en

t
w

e
co

n
clu

d
e

th
a
t

th
is

p
ro

b
lem

is
to

o
ill-p

o
sed

fo
r

lea
rn

in
g

th
e

h
y
p

erp
a
ra

m
eters

o
f

th
e

m
o
d
el,

b
u
t

w
e

ca
n

still
ex

tra
ct

m
ea

n
in

g
fu

l
in

fo
rm

a
tio

n
fro

m
th

e
d
ata

u
sin

g
th

e
m

o
d
el

if
w

e
h
ave

access
to

ad
d
ition

al
a

p
riori

in
form

ation
.

W
e

n
ote

th
at

learn
in

g
h
y
p

erp
aram

eters
is

often
d

iffi
cu

lt
in

n
eu

roim
agin

g
d

u
e

to
h

igh
-d

im
en

sion
al

sign
als

an
d

p
o
or

sign
al

to
n
oise

con
d
ition

s
(V

aro
q
u
au

x
et

al.,
2017).

3
.

W
e

u
sed

th
e

im
p

lem
en

ta
tio

n
in

S
P

A
M

S
to

o
lb

ox
(J

en
a
tto

n
et

a
l.,

2
0
1
0
;

M
a
ira

l
et

a
l.,

2
0
1
0
).

4
0
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B
a
y
e
si
a
n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

(a
)

C
P

-E
P

(b
)

L
A

S
S

O
(c

)
L

A
S

S
O

M
u

lt
it

a
sk

(d
)

L
A

S
S

O
F

u
se

d

(e
)

C
P

-E
P

(f
)

L
A

S
S

O
(g

)
L

A
S

S
O

M
u

lt
it

a
sk

(h
)

L
A

S
S

O
F

u
se

d

(i
)

C
P

-E
P

(j
)

L
A

S
S

O
(k

)
L

A
S

S
O

M
u

lt
it

a
sk

(l
)

L
A

S
S

O
F

u
se

d

F
ig

u
re

14
:

E
st

im
at

e
su

p
p

or
t

se
ts

fo
r

ea
ch

m
et

h
o
d

at
ti

m
e
t
≈

18
0m

s
fo

r
th

e
fa

ce
p

er
ce

p
ti

on
ex

p
er

im
en

t.
T

h
e

to
p
,

m
id

d
le

an
d

b
ot

to
m

ro
w

s
sh

ow
th

e
b
ra

in
fr

om
th

e
to

p
,

si
d
e

an
d

b
ot

to
m

re
sp

ec
ti

ve
ly

.

4
1

JM
L

R
 1

8(
13

9)
:1

-5
8,

 2
01

7

A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

8
.
S
u
m
m
a
ry

a
n
d
O
u
tl
o
o
k

In
th

is
w

o
rk

,
w

e
h
av

e
a
d
d
re

ss
ed

th
e

p
ro

b
le

m
o
f

so
lv

in
g

m
u
lt

ip
le

u
n
d
er

d
et

er
m

in
ed

li
n
ea

r
in

v
er

se
p

ro
b

le
m

s
su

b
je

ct
to

a
sp

a
rs

it
y

co
n

st
ra

in
t.

W
e

h
av

e
p

ro
p

o
se

d
a

n
ew

g
en

er
a
li

za
ti

o
n

o
f

th
e

sp
ik

e-
a
n

d
-s

la
b

p
ri

o
r

d
is

tr
ib

u
ti

o
n

to
en

co
d
e

a
p

ri
o
ri

co
rr

el
a
ti

o
n

o
f

th
e

su
p

p
o
rt

o
f

th
e

so
lu

ti
o
n

in
b

o
th

sp
a
ce

a
n
d

ti
m

e
b
y

im
p

o
si

n
g

a
tr

a
n
sf

o
rm

ed
G

a
u
ss

ia
n

p
ro

ce
ss

o
n

th
e

sp
ik

e-
a
n

d
-s

la
b

p
ro

b
a
b

il
it

ie
s.

A
n

ex
p

ec
ta

ti
o
n

p
ro

p
a
g
a
ti

o
n

(E
P

)
a
lg

o
ri

th
m

fo
r

p
o
st

er
io

r
in

fe
re

n
ce

u
n

d
er

th
e

p
ro

p
o
se

d
m

o
d

el
h

a
s

b
ee

n
d

er
iv

ed
.

C
o
m

p
u

ta
ti

o
n

s
in

v
o
lv

ed
in

E
P

u
p

d
a
te

s
sc

a
le

li
k
e
O
( D

3
T
3
)

w
h
er

e
D

is
th

e
n
u
m

b
er

o
f

fe
a
tu

re
s

a
n
d
T

is
n
u
m

b
er

o
f

in
v
er

se
p
ro

b
le

m
s,

h
en

ce
fo

r
la

rg
e

sc
a
le

p
ro

b
le

m
s,

th
e

st
a
n
d
a
rd

E
P

a
lg

o
ri

th
m

ca
n

b
e

p
ro

h
ib

it
iv

el
y

sl
ow

.
W

e
th

er
ef

o
re

in
tr

o
d
u
ce

d
th

re
e

d
iff

er
en

t
a
p
p
ro

x
im

a
ti

o
n

sc
h
em

es
fo

r
th

e
co

va
ri

a
n
ce

st
ru

ct
u
re

to
re

d
u
ce

th
e

co
m

p
u
ta

ti
o
n
a
l

co
m

p
le

x
it

y.
F

ir
st

,
a
ss

u
m

in
g

th
a
t

th
e

p
ri

o
r

h
a
s

a
K

ro
n
ec

k
er

d
ec

o
m

p
o
si

ti
o
n

b
ri

n
g
s

co
m

p
le

x
it

y
O
( D

3
+
T
3
) ,

b
a
se

d
o
n

th
is

d
ec

o
m

p
o
si

ti
o
n
,

a
fu

rt
h
er
K

-
ra

n
k

a
p
p
ro

x
im

a
ti

o
n

b
ri

n
g
s

a
re

d
u
ct

io
n

o
f

co
m

p
le

x
it

y
to
O
( K

2
D
T
) ,

w
e

a
ls

o
p
ro

p
o
se

d
a

co
m

m
on

p
re

ci
si

on
ap

p
ro

x
im

at
io

n
of

co
m

p
le

x
it

y
O
( D

2
T

+
T
2
D
) ,

an
d

fi
n
al

ly
a

sc
h
em

e
b
as

ed
on

sp
at

io
-t

em
p

or
al

gr
ou

p
in

g
of

va
ri

ab
le

s
eff

ec
ti

ve
ly

re
d
u
ci

n
g
D

an
d
T

b
y

th
e

gr
ou

p
in

g
fa

ct
or

.
W

e
a
ls

o
d
is

cu
ss

ed
se

v
er

a
l

w
ay

s
to

h
a
n
d
le

u
n
k
n
ow

n
h
y
p

er
p
a
ra

m
et

er
s,

in
cl

u
d
in

g
m

a
x
im

u
m

li
k
el

ih
o
o
d

es
ti

m
a
te

s,
m

a
x
im

u
m

a
p

o
st

er
io

r
es

ti
m

a
te

s
a
n
d

effi
ci

en
t

n
u
m

er
ic

a
l

in
te

g
ra

ti
o
n

u
si

n
g

ce
n
tr

al
co

m
p

os
it

e
d
es

ig
n

(C
C

D
)

a
p
p
ro

ac
h
.

W
e

in
v
es

ti
g
a
te

d
th

e
ro

le
o
f

th
e

sp
a
ti

o
-t

em
p

o
ra

l
p
ri

o
r

a
n
d

th
e

a
p
p
ro

x
im

a
ti

o
n

sc
h
em

es
in

a
se

ri
es

of
ex

p
er

im
en

ts
.

F
ir

st
w

e
st

u
d
ie

d
a

si
m

p
le

1D
p
ro

b
le

m
w

it
h

sp
at

ia
l,

tr
an

sl
at

io
n
al

in
va

ri
a
n
t

sm
o
o
th

n
es

s
o
f

th
e

su
p
p

o
rt

(s
in

g
le

m
ea

su
re

m
en

t
ca

se
,
T

=
1
).

F
o
r

a
si

g
n
a
l

w
it

h
tw

o
sm

a
ll

co
n
n
ec

te
d

co
m

p
o
n
en

ts
in

th
e

su
p
p

o
rt

,
w

e
il
lu

st
ra

te
th

e
so

lu
ti

o
n
s

fo
r

va
ri

a
b
le

sm
o
ot

h
n
es

s
of

th
e

p
ri

or
.

F
or

a
w

id
e

ra
n
ge

of
p
ri

or
p
ar

am
et

er
s

th
e

co
rr

ec
t

fo
rm

of
th

e
su

p
p

or
t

is
re

co
v
er

ed
,

w
h
il
e

th
e

tw
o

su
p
p

o
rt

re
g
io

n
s

w
er

e
fo

u
n
d

to
m

er
g
e

in
a

si
n
g
le

re
g
io

n
a
s

th
e

sm
o
o
th

n
es

s
le

n
g
th

sc
a
le

a
p
p
ro

a
ch

es
th

e
d
is

ta
n
ce

b
et

w
ee

n
th

e
tw

o
re

g
io

n
s.

In
th

e
se

co
n
d

ex
p

er
im

en
t

w
e

in
ve

st
ig

at
ed

th
e

ro
le

of
th

e
th

re
e

co
va

ri
an

ce
fu

n
ct

io
n

ap
p
ro

x
im

at
io

n
s,

al
so

in
a

si
n

g
le

m
ea

su
re

m
en

t
se

tu
p

(T
=

1
).

W
e

fo
u

n
d

th
a
t

a
ll

a
p

p
ro

a
ch

es
a
cc

u
ra

te
ly

re
co

n
st

ru
ct

th
e

tr
u

e
si

m
u

la
te

d
su

p
p

or
t

an
d

in
ve

rs
e

p
ro

b
le

m
so

lu
ti

on
s

d
es

p
it

e
th

e
ap

p
ro

x
im

at
io

n
of

th
e

G
au

ss
ia

n
p
ro

ce
ss

p
os

te
ri

or
.

It
is

w
el

l-
k
n
ow

n
th

at
th

e
q
u
al

it
y

of
th

e
in

fe
rr

ed
so

lu
ti

on
s

st
ro

n
gl

y
d
ep

en
d
s

o
n

b
o
th

th
e

u
n
d
er

sa
m

p
li
n
g

ra
ti

o
a
n
d

th
e

sp
a
rs

it
y

le
v
el

o
f

th
e

tr
u
e

so
lu

ti
o
n
.

W
e

in
ve

st
ig

at
ed

h
ow

th
e

lo
ca

ti
on

of
th

e
p
h
as

e
tr

an
si

ti
on

is
im

p
ro

ve
d

b
y

in
vo

k
in

g
th

e
sm

o
ot

h
n
es

s
p
ri

or
.

W
e

fo
u
n
d

th
at

th
e

m
et

h
o
d
s

b
as

ed
on

as
su

m
ed

p
ri

or
co

rr
el

at
io

n
,

w
er

e
u
n
if

or
m

ly
b

et
te

r
th

an
th

e
m

et
h

o
d

s
w

it
h

in
d

ep
en

d
en

t
p

ri
or

s
b

ot
h

in
te

rm
s

of
th

e
q
u

al
it

y
of

n
or

m
al

iz
ed

m
ea

n
sq

u
ar

e
er

ro
r

an
d

in
te

rm
s

of
th

ei
r

ac
cu

ra
cy

of
su

p
p

or
t

re
co

ve
ry

(F
-m

ea
su

re
).

T
h
e

co
va

ri
an

ce
ap

p
ro

x
im

at
io

n
sc

h
em

es
ar

e
al

m
os

t
as

fa
st

as
th

e
sc

h
em

e
w

it
h

ou
t

sm
o
ot

h
n

es
s,

w
h

il
e

y
ie

ld
in

g
gr

ea
tl

y
im

p
ro

v
ed

p
er

fo
rm

an
ce

.

In
th

e
ex

p
er

im
en

ts
4

a
n
d

5
,

w
e

in
v
es

ti
g
a
te

d
tw

o
a
p
p
li
ca

ti
o
n
s:

co
m

p
re

ss
ed

se
n
si

n
g

o
f

n
u
m

er
ic

al
ch

ar
ac

te
rs

an
d

p
h
on

em
e

re
co

gn
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∫
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b
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]
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.

(8
3)

A
p
p
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p
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)

=
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−
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Σ̂
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∫
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=
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∫
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t
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m
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∑ z t
,j

∫
B

er
( z
t,
j
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∫
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b
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√
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Σ̂
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∫
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i ∣∣µ̂
\
3
,i,Σ̂

\
3
,i )

d
γ
i

+
φ (

γ̂
\
3
,i ) ∫

γ
i φ

(γ
i )N

(
γ
i ∣∣µ̂
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b
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p
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−
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,
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) d
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Ã
n
,·
◦d

ia
g
( V
\1
,t
,n
))

.

(1
1
8)

U
si

n
g

th
es

e
m

om
en

ts
,

w
e

co
m

p
u
te

th
e

u
p

d
a
te

s
fo

r
f̃ 1
,t
,n

as
fo

ll
ow

s

V̂
n
ew

1
,t
,n

=

[ V
[x
t]
−
1
−
( V
\1
,t
,n
) −

1
] −

1

,
(1

1
9)

m̂
n
ew

1
,t
,n

=
V̂

n
ew

1
,t
,n

[ V
[x
t]
−
1
E

[x
t]
−
( V
\1
,t
,n
) −

1
m
\1
,t
,n

] .
(1

2
0
)

A
p
p
e
n
d
ix

D
.
O
n
th

e
P
ri
o
r
M

e
a
n
a
n
d
V
a
ri
a
n
ce

o
f

Γ

T
h
e

p
u
rp

o
se

o
f

th
is

a
p
p

en
d
ix

is
to

el
a
b

o
ra

te
o
n

th
e

in
te

rp
la

y
b

et
w

ee
n

th
e

p
ri

o
r

m
ea

n
a
n
d

th
e

p
ri

o
r

va
ri

a
n
ce

o
f

Γ
.

F
o
r

th
is

a
n
a
ly

si
s

w
e

w
il
l

a
ss

u
m

e
th

a
t

th
e

Γ
h
a
s

co
n
st

a
n
t

m
ea

n
µ
0

=
ν 0

1
fo

r
ν 0
∈

R
,

a
n
d

co
va

ri
a
n
ce

Σ
0

=
κ
2 0
R

0
,

w
h
er

e
1
∈

R
D

is
a

co
lu

m
n

v
ec

to
r

o
f

o
n
es

a
n
d
R

0
∈
R
D
×
D

is
a

co
rr

el
a
ti

o
n

m
a
tr

ix
.

R
ec

a
ll

fr
o
m

eq
.

(8
)

th
a
t

th
e

m
a
rg

in
a
l

p
ri

o
r

p
ro

b
ab

il
it

y
of
z i

=
1

is
gi

v
en

b
y

p̂
=
p
(z
i

=
1)

=

∫
p
(z
i

=
1∣ ∣
γ
i)
p
(γ
i)

d
γ
i

=

∫
φ

(γ
i)
N
( γ
i∣ ∣ µ

i,
Σ
0
,i
i)

d
γ
i

=
φ

(
ν 0

√
1

+
κ
2 0

)
.

(1
2
1)

It
is

se
en

fr
om

th
e

ab
ov

e
ex

p
re

ss
io

n
th

at
th

e
m

ar
gi

n
al

ex
p

ec
te

d
sp

ar
si

ty
le

ve
l

is
co

n
tr

ol
le

d
b
y

ν 0
an

d
κ
2 0
.

F
ig

u
re

15
(a

)
sh

ow
s

th
e

su
rf

ac
e

of
p
(z
i

=
1)

as
a

fu
n
ct

io
n

of
ν 0

an
d
κ
2 0
,

w
h
er

e
th

e
b

la
ck

d
a
sh

ed
is

o
co

n
to

u
rs

co
n

fi
rm

th
a
t

th
e

sa
m

e
le

v
el

o
f

m
a
rg

in
a
l

ex
p

ec
te

d
sp

a
rs

it
y

ca
n

b
e

ob
ta

in
ed

fo
r

an
y

co
m

b
in

at
io

n
of

(ν
0
,κ

2 0
)

th
at

sa
ti

sfi
es

th
e

re
la

ti
on

sh
ip

in
eq

.
(1

2
1
)

fo
r

so
m

e
p̂
∈

(0
,1

).
A

ls
o,

n
ot

e
th

at
th

e
p
ri

or
p
ro

b
ab

il
it

y
p̂

is
b
y

d
efi

n
it

io
n

eq
u
al

to
th

e
ex

p
ec

ta
ti

on
of

φ
(γ
i)

,
th

a
t

is
p̂

=
E p

(γ
i
)
[φ

(γ
i)

].
H

ow
ev

er
,

a
s
φ

is
a

m
o
n
o
to

n
ic

fu
n
ct

io
n
,

w
e

ca
n

d
er

iv
e

th
e

fu
ll

d
is

tr
ib

u
ti

on
of
π

=
φ

(γ
)

th
ro

u
gh

a
ch

an
ge

of
va

ri
ab

le
as

fo
ll
ow

s

p
(π

)
=
p
γ
(φ
−
1
(π

))
∣ ∣d
φ
−
1
(π

)

d
π

∣ ∣ =
N
( φ
−
1
(π

)∣ ∣ ν
0
,κ

2 0

)∣ ∣
d
φ
−
1
(π

)

d
π

∣ ∣ =
N
( φ
−
1
(π

)∣ ∣ ν
0
,κ

2 0

)

N
( φ
−
1
(π

)∣ ∣ 0
,1
)
.

(1
22

)

50
JM

L
R

 1
8(

13
9)

:1
-5

8,
 2

01
7



B
a
y
e
sia

n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

(a
)

E
x
p

ected
sp

a
rsity

v
s.

p
rio

r
m

ea
n

a
n

d
va

ria
n

ce
(b

)
D

istrib
u

tio
n

o
f
φ

(γ
i )

fo
r
p
(z
i

=
1
)

=
14

F
ig

u
re

1
5:

P
rop

erties
of

th
e

p
rior

d
istrib

u
tion

.
(a)

M
argin

al
p
rior

p
rob

ab
ility

p
(z
i

=
1)

as
a

fu
n
ction

of
(ν

0 ,κ
20 ).

T
h
e

b
lack

d
ash

ed
lin

es
are

iso
con

tou
rs.

(b
)

D
istrib

u
tio

n
of

π
=
φ

(γ
i )

for
4

d
iff

eren
t

p
airs

of
(ν

0 ,κ
20 ),

b
u
t

for
fi
x
ed

valu
e

of
p
(z
i

=
1).

F
igu

re
15(b

)
sh

ow
s

a
p
lot

of
th

e
d
en

sity
of
π

for
4

p
airs

of
(ν

0 ,κ
20 )

th
at

all
satisfy

p̂
=

E
[π

]
=

14 .
T

h
u
s,

in
creasin

g
κ
20

w
h
ile

keep
in

g
E

[π
]

fi
x
ed

p
u
sh

es
th

e
m

ass
of
p
(π

)
to

th
e

b
ou

n
d
ary

valu
es.

In
form

ally,
th

e
d
istrib

u
tion

of
p
(π

)
w

ill
ap

p
roach

a
m

ix
tu

re
of

tw
o

D
irac

d
istrib

u
tion

s
at

0
a
n
d

1
w

ith
w

eig
h
ts

1−
E

[π
]

a
n
d
E

[π
],

resp
ectiv

ely,
fo

r
v
ery

la
rg

e
va

lu
es

o
f
κ
20

rela
tiv

e
to

ν
0 6=

0
.

In
S

ectio
n

6
,

w
e

d
iscu

ssed
m

a
x
im

u
m

lik
elih

o
o
d

a
m

o
n

g
o
th

er
m

eth
o
d

s
fo

r
lea

rn
in

g
th

e
h
y
p

erp
aram

eters
of

th
e

stru
ctu

red
sp

ike-an
d
-slab

m
o
d
el.

H
ow

ever,
m

ax
im

u
m

likelih
o
o
d

learn
in

g
of
ν

an
d
κ

can
in

som
e

in
stan

ces
give

rise
to

th
e

sim
ilar

p
rob

lem
s

as
en

cou
n
tered

in
m

ax
im

u
m

likelih
o
o
d

learn
in

g
of

logistic
regression

m
o
d

els
on

d
ata

sets,
th

at
are

com
p

letely
sep

a
ra

ted
in

o
n
e

o
r

m
o
re

d
im

en
sio

n
s

(G
elm

a
n

et
a
l.,

2
0
0
8
).

T
h
e

fo
llow

in
g

sm
a
ll

ex
a
m

p
le

illu
stra

tes
th

e
p
ro

b
lem

.
C

o
n
sid

er
a
n

in
sta

n
ce

o
f
y
1

=
A
x
1

+
ε,

w
h
ere

x
1

is
th

e
sig

n
a
l

sh
ow

n
in

F
ig

u
re

1
6
(a

)
a
n
d

w
h
ere

th
e

sig
n
a
l

to
n
o
ise

ra
tio

is
su

ch
th

a
t

th
e

tru
e

su
p
p

o
rt

o
f

th
e

sig
n

a
l

ca
n

b
e

recov
ered

ex
a
ctly.

T
h

e
d

im
en

sio
n

s
o
f

th
e

fo
rw

a
rd

m
o
d
el

is
A
∈
R
5
0×

1
0
0.

L
et

R
b

e
th

e
sq

u
a
red

ex
p

o
n
en

tia
l

k
ern

el
w

ith
len

g
th

sca
le

fi
x
ed

to
8
.

F
ig

u
re

1
6
(c)

sh
ow

s
th

e
su

rfa
ce

o
f

th
e

m
a
rg

in
a
l

lik
elih

o
o
d

a
p
p
rox

im
a
tio

n
a
s

a
fu

n
ctio

n
o
f
ν
0

a
n
d
κ
20

w
h
ile

th
e

rem
a
in

in
g

h
y
p

erp
a
ra

m
eters

a
re

k
ep

t
fi

x
ed

.
T

h
e

red
d

o
t

in
d

ica
tes

th
e

m
a
x
im

u
m

lik
elih

o
o
d

so
lu

tio
n

co
n
stra

in
ed

to
th

e
d
o
m

a
in

sh
ow

n
in

th
e

fi
g
u
re.

T
h
e

red
d
a
sh

ed
lin

e
sh

ow
s

a

p
lo

t
o
f

th
e

im
p
licit

fu
n
ctio

n
p̂
M
L

=
p
(z
i

=
1
)

=
φ (

ν
0

√
1
+
κ
20 )

th
a
t

in
tersects

th
e

m
a
x
im

u
m

likelih
o
o
d

solu
tion

.
It

is
clear

th
at

th
e

likelih
o
o
d

su
rface

h
as

a
rid

ge
alon

g
th

e
cu

rve
satisfy

in
g

p̂
M
L

=
φ (

ν
0

√
1
+
κ
20 )

an
d

th
at

th
e

likelih
o
o
d

is
in

creasin
g

alon
g

th
at

rid
ge

as
th

e
m

agn
itu

d
e

o
f
ν
0

a
n
d
κ
20

in
crea

se.
T

h
u
s,

th
e

m
a
x
im

u
m

lik
elih

o
o
d

so
lu

tio
n
s

p
u
sh

es
to

m
a
g
n

itu
d
e

o
f
ν
0

an
d
κ
20

to
larger

an
d

larger
valu

es
w

h
ile

keep
in

g
th

e
sp

arsity
level

p̂
M
L

fi
x
ed

an
d

th
erefore,

g
ra

d
ien

t-b
a
sed

o
p

tim
iza

tio
n

o
f

th
e

m
a
x
im

u
m

lik
elih

o
o
d

w
.r.t.

(ν
0 ,κ

20 )
w

ill
n

ev
er

co
n
v
erg

e.
H

ow
ever,

th
is

p
rob

lem
on

ly
o
ccu

rs
w

h
en

th
e

su
p
p

ort
is

sep
arated

as
in

F
igu

re
16(a).

F
igu

re
1
6
(f)

sh
ow

s
th

e
m

a
rg

in
a
l

lik
elih

o
o
d

a
p

p
rox

im
a
tio

n
su

rfa
ce

fo
r
y
2

=
A
x
2

+
ε,

w
h
ere

x
2

in
F

igu
re

16(b
).

It
is

n
ow

seen
th

at
th

e
m

ax
im

u
m

likelih
o
o
d

solu
tion

is
w

ell-d
efi

n
ed

w
ith

in
th

e

51
JM

L
R

 18(139):1-58, 2017

A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

(a
)
x

1
(b

)
L

P
D

fo
r
y
1

(fl
a
t

p
rio

r)
(c)

L
P

D
fo

r
y
1

(stu
-

d
en

t
t

p
rio

r)
(d

)
L

P
D

fo
r
y
1

(lo
g
-

n
o
rm

a
l

p
rio

r)

(e)
x

2
(f)

L
P

D
fo

r
y
2

(fl
a
t

p
rio

r)
(g

)
L

P
D

fo
r
y
2

(stu
-

d
en

t
t

p
rio

r)
(h

)
L

P
D

fo
r
y
2

(lo
g
-

n
o
rm

a
l

p
rio

r)

F
igu

re
16:

(a)
S
ign

al,
w

h
ere

th
e

su
p
p

o
rt

is
con

tigu
ou

s.
(b

),
(c),

(d
):

L
og

p
osterior

d
en

sity
for
y
1

=
A
x
1

+
ε

w
ith

a
fl
at

p
rior,

h
alf

stu
d
en

t
t

p
rior

(d
f

=
4)

an
d

a
log

n
orm

al
p

rior
(m

ean
6,

std
.

d
ev

3)
for

κ
0 ,

resp
ectively.

(e
)

S
ign

al,
w

h
ere

th
e

su
p

p
ort

is
n
ot

con
tigu

ou
s.(f),

(g),
(h

):
L

og
p

osterior
d
en

sity
(L

P
D

)
for
y
2

=
A
x
2

+
ε

w
ith

a
fl
at

p
rior,

h
alf

stu
d
en

t
t

p
rior

(d
f

=
4)

an
d

a
log

n
orm

al
p
rior

(m
ean

6,
std

.
d
ev

3)
for

κ
0 ,

resp
ectively.

T
h

e
red

d
ash

ed
lin

e
sh

ow
s

a
p

lot
of

th
e

im
p

licit
fu

n
ction

p̂
M
L

=
p
(z
i

=
1
)

=
φ (

ν
0

(1
+
κ
20 ) −

12 )
th

a
t

in
tersects

th
e

m
a
x
im

u
m

lik
elih

o
o
d

solu
tion

.

in
terior

ofR
2.

T
h
e

p
rob

lem
is

easily
fi
x
ed

b
y

im
p

osin
g

a
w

eak
ly

in
form

ative
p
rior

on
κ
0

to
en

su
re

th
at

th
e

solu
tion

is
alw

ay
s

w
ell-d

efi
n

ed
.

T
o

illu
strate

th
is,

w
e

re-ru
n

th
is

ex
p

erim
en

t
sh

ow
n

in
F

igu
re

16(c)
w

ith
tw

o
d
iff

eren
t

p
riors

on
κ
0 .

F
igu

res
16(d

)-(e)
sh

ow
th

e
resu

lts
for

a
sta

n
d

a
rd

ized
h

a
lf

stu
d

en
t

t
p

rio
r

w
ith

4
d

eg
rees

o
f

freed
o
m

a
n

d
a

lo
g
-n

o
rm

a
l

p
rio

r
w

ith
m

ea
n

6
a
n

d
sta

n
d

a
rd

d
ev

ia
tio

n
3
,

resp
ectiv

ely.
F

ig
u

res
1
6
(g

)-(h
)

sh
ow

th
e

sa
m

e
p
lo

ts
fo

r
th

e
sign

al
x
2 .

F
igu

re
17

sh
ow

s
th

e
resu

ltin
g

p
osterior

d
istrib

u
tion

for
b

oth
sign

als
w

ith
an

d
w

ith
ou

t
p
riors

d
istrib

u
tion

s.

R
e
fe
re
n
ce

s

M
.

R
.

A
n
d
ersen

,
O

.
W

in
th

er,
an

d
L

.
K

.
H

an
sen

.
B

ayesian
in

feren
ce

for
stru

ctu
red

sp
ike

an
d

slab
p
riors.

In
Z

.
G

h
ah

ram
an

i,
M

.
W

ellin
g,

C
.
C

ortes,
N

.D
.
L

aw
ren

ce,
an

d
K

.Q
.
W

ein
b

erger,
ed

itors,
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
2
7
,

p
ages

1745–1753.
C

u
rran

A
sso

ciates,
In

c.,
2014.

M
ich

a
el

R
.

A
n

d
ersen

,
O

le
W

in
th

er,
a
n

d
L

a
rs

K
a
i

H
a
n

sen
.

S
p

a
tio

-tem
p

o
ra

l
sp

ik
e

a
n

d
sla

b
p
riors

for
M

M
V

p
rob

lem
s.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
8
.0

4
5
5
6
,

201
5.

5
2

JM
L

R
 18(139):1-58, 2017



B
a
y
e
si
a
n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

(a
)

P
o
st

er
io

r
o
f
Γ

fo
r
y
1

(b
)

P
o
st

er
io

r
m

ea
n

su
p
-

p
o
rt

fo
r
y
1

(c
)

P
o
st

er
io

r
o
f
Γ

fo
r
y
2

(d
)

P
o
st

er
io

r
m

ea
n

su
p
-

p
o
rt

fo
r
y
2

F
ig

u
re

17
:

P
os

te
ri

or
d

is
tr

ib
u

ti
on

s
fo

r
y
1

an
d
y
2

fo
r

h
y
p

er
p

ar
am

et
er

va
lu

es
in

d
ic

at
ed

b
y

th
e

co
lo

rs
d
ot

s
in

F
ig

u
re

16
.

J
.

A
sh

b
u
rn

er
,

G
.

B
a
rn

es
,

C
.

C
h
en

,
J
.

D
a
u
n
iz

ea
u
,

G
.

F
la

n
d
in

,
K

.
F

ri
st

o
n
,

D
.

G
it

el
m

a
n
,

S
.

K
ie

b
el

,
J
.

K
il
n
er

,
V

.
L

it
va

k
,

R
o
sa

ly
n

M
o
ra

n
,

W
.

P
en

n
y,

K
.

S
te

p
h
a
n
,

D
.

G
it

el
m

a
n
,

R
.

H
en

so
n
,

C
.

H
u
tt

on
,

V
.

G
la

u
ch

e,
J
.

M
at

to
u
t,

an
d

C
.

P
h
il
li
p
s.

S
P

M
8

m
a
n

u
a
l,

J
u
ly

20
10

.
U

R
L
h
t
t
p
:
/
/
w
w
w
.
f
i
l
.
i
o
n
.
u
c
l
.
a
c
.
u
k
/
s
p
m
/
d
o
c
/
m
a
n
u
a
l
.
p
d
f
.

S
.

B
a
il
le

t,
J
.

C
.

M
o
sh

er
,

J
.

C
.

M
o
sh

er
,

R
.

M
.

L
ea

h
y,

a
n
d

R
.

M
.

L
ea

h
y.

E
le

ct
ro

m
a
g
n
et

ic
b
ra

in
m

ap
p
in

g.
IE

E
E

S
ig

n
a
l

P
ro

ce
ss

in
g

M
a
ga

zi
n

e,
IE

E
E

S
ig

n
a
l

P
ro

ce
ss

M
a
g,

18
(6

):
14

–3
0,

20
01

.
IS

S
N

10
53

58
88

.
d
oi

:
10

.1
10

9/
79

.9
62

27
5.

C
.

M
.

B
is

h
op

.
P

a
tt

er
n

R
ec

og
n

it
io

n
a
n

d
M

a
ch

in
e

L
ea

rn
in

g.
S
p
ri

n
ge

r,
20

06
.

IS
B

N
03

87
31

07
38

,
97

80
38

73
10

73
2.

E
.

B
ro

ch
u
,

V
.

M
.

C
or

a,
an

d
N

d
e

F
re

it
as

.
A

tu
to

ri
al

on
b
ay

es
ia

n
op

ti
m

iz
at

io
n

of
ex

p
en

si
ve

co
st

fu
n
ct

io
n
s,

w
it

h
a
p
p
li
ca

ti
o
n

to
a
ct

iv
e

u
se

r
m

o
d
el

in
g

a
n
d

h
ie

ra
rc

h
ic

a
l

re
in

fo
rc

em
en

t
le

ar
n
in

g.
C

o
R

R
,

ab
s/

10
12

.2
59

9,
20

10
.

U
R

L
h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/
a
b
s
/
1
0
1
2
.
2
5
9
9
.

E
.

J
.

C
a
n
d

ès
,

J
.

R
o
m

b
er

g
,

a
n
d

T
.

T
a
o
.

R
o
b
u
st

u
n
ce

rt
a
in

ty
p
ri

n
ci

p
le

s:
E

x
a
ct

si
g
n
a
l

re
co

n
st

ru
ct

io
n

fr
om

h
ig

h
ly

in
co

m
p
le

te
fr

eq
u
en

cy
in

fo
rm

at
io

n
.

In
fo

rm
a
ti

o
n

T
h
eo

ry
,

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

,
52

(2
):

48
9–

50
9,

20
06

.

P
.

C
ar

b
on

et
to

an
d

M
.

S
te

p
h
en

s.
S
ca

la
b
le

va
ri

at
io

n
al

in
fe

re
n
ce

fo
r

B
ay

es
ia

n
va

ri
ab

le
se

le
ct

io
n

in
re

gr
es

si
on

,
an

d
it

s
ac

cu
ra

cy
in

ge
n
et

ic
as

so
ci

at
io

n
st

u
d
ie

s.
B

a
ye

si
a
n

A
n

a
l.

,
7(

1)
:7

3–
10

8,
M

ar
ch

20
12

.

C
.

M
.

C
ar

va
lh

o,
N

.
G

.
G

.
P

ol
so

n
,

an
d

J
.

G
.

S
co

tt
.

H
an

d
li
n
g

sp
ar

si
ty

v
ia

th
e

h
or

se
sh

o
e.

In
D

av
id

A
.

V
an

D
y
k

an
d

M
ax

W
el

li
n
g,

ed
it

or
s,

A
IS

T
A

T
S

,
vo

lu
m

e
5

of
J

M
L

R
P

ro
ce

ed
in

gs
,

p
ag

es
73

–8
0.

J
M

L
R

.o
rg

,
20

09
.

V
.

C
ev

h
er

,
M

.
F

.
D

u
ar

te
,

C
.

H
eg

d
e,

an
d

R
.

B
ar

an
iu

k
.

S
p
ar

se
si

gn
al

re
co

ve
ry

u
si

n
g

M
ar

ko
v

ra
n

d
om

fi
el

d
s.

In
D

.
K

ol
le

r,
D

.
S

ch
u

u
rm

an
s,

Y
.

B
en

gi
o,

an
d

L
.

B
ot

to
u

,
ed

it
or

s,
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
1
,

p
a
g
es

2
5
7
–
2
6
4
.

C
u
rr

a
n

A
ss

o
ci

a
te

s,
In

c.
,

20
09

.

5
3

JM
L

R
 1

8(
13

9)
:1

-5
8,

 2
01

7

A
n
d
e
r
se

n
,
V
e
h
t
a
r
i,
W

in
t
h
e
r
,
a
n
d

H
a
n
se

n

S
.

F
.

C
ot

te
r,

B
.

D
.

R
ao

,
K

.
E

n
ga

n
,

an
d

K
.

K
re

u
tz

-D
el

ga
d
o.

S
p
ar

se
so

lu
ti

on
s

to
li
n
ea

r
in

ve
rs

e
p
ro

b
le

m
s

w
it

h
m

u
lt

ip
le

m
ea

su
re

m
en

t
v
ec

to
rs

.
S

ig
n

a
l

P
ro

ce
ss

in
g,

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

,
53

(7
):

24
77

–2
48

8,
20

05
.

D
.

L
.

D
on

oh
o.

C
om

p
re

ss
ed

se
n
si

n
g.

IE
E

E
T

ra
n

s.
In

f.
T

h
eo

r.
,

52
(4

):
12

89
–1

30
6,

A
p
ri

l
20

06
.

IS
S
N

0
0
1
8
-9

4
4
8
.

d
o
i:

1
0
.1

1
0
9
/
T

IT
.2

0
0
6
.8

7
1
5
8
2
.

U
R

L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
1
1
0
9
/

T
I
T
.
2
0
0
6
.
8
7
1
5
8
2
.

D
.

L
.

D
on

oh
o

an
d

J
.

T
an

n
er

.
P

re
ci

se
u
n
d
er

sa
m

p
li
n
g

th
eo

re
m

s.
P

ro
ce

ed
in

gs
o
f

th
e

IE
E

E
,

98
(6

):
91

3–
92

4,
20

10
.

D
.

L
.

D
o
n
o
h
o
,

A
.

M
a
le

k
i,

a
n
d

A
.

M
o
n
ta

n
a
ri

.
T

h
e

n
o
is

e-
se

n
si

ti
v
it

y
p
h
a
se

tr
a
n
si

ti
o
n

in
co

m
p
re

ss
ed

se
n
si

n
g.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

In
fo

rm
a
ti

o
n

T
h
eo

ry
,

57
(1

0)
:6

92
0–

69
41

,
20

11
.

B
.

E
.

E
n
ge

lh
ar

d
t

an
d

R
.

P
.

A
d
am

s.
B

ay
es

ia
n

st
ru

ct
u
re

d
sp

ar
si

ty
fr

om
G

au
ss

ia
n

fi
el

d
s.

8
J
u
ly

20
14

.

A
.

G
el

m
a
n
,

A
.

J
a
k
u
li
n
,

M
.

G
.

P
it

ta
u
,

a
n
d

Y
.

S
u
.

A
w

ea
k
ly

in
fo

rm
a
ti

v
e

d
ef

a
u
lt

p
ri

o
r

d
is

tr
ib

u
ti

o
n

fo
r

lo
g
is

ti
c

a
n
d

o
th

er
re

g
re

ss
io

n
m

o
d
el

s.
A

n
n

.
A

p
p
l.

S
ta

t.
,

2
(4

):
1
3
6
0
–
1
3
8
3
,

D
ec

em
b

er
20

08
.

M
.

V
.

G
er

ve
n
,

B
.

C
se

ke
,

R
O

os
te

n
ve

ld
,

an
d

T
.

H
es

ke
s.

B
ay

es
ia

n
so

u
rc

e
lo

ca
li
za

ti
on

w
it

h
th

e
m

u
lt

iv
ar

ia
te

L
ap

la
ce

p
ri

or
.

In
Y

.
B

en
gi

o,
D

.
S
ch

u
u
rm

an
s,

J
.D

.
L

aff
er

ty
,

C
.K

.I
.

W
il
li
am

s,
a
n
d

A
.

C
u
lo

tt
a
,

ed
it

o
rs

,
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
2
,

p
a
g
es

19
01

–1
90

9.
C

u
rr

an
A

ss
o
ci

at
es

,
In

c.
,

20
09

.

T
.

H
a
st

ie
,

R
.

T
ib

sh
ir

a
n

i,
a
n

d
J
.

F
ri

ed
m

a
n

.
T

h
e

E
le

m
en

ts
o
f

S
ta

ti
st

ic
a
l

L
ea

rn
in

g.
S

p
ri

n
g
er

S
er

ie
s

in
S
ta

ti
st

ic
s.

S
p
ri

n
ge

r
N

ew
Y

or
k

In
c.

,
N

ew
Y

or
k
,

N
Y

,
U

S
A

,
20

01
.

R
.

N
.

H
en

so
n
,

Y
.

G
o
sh

en
-G

o
tt

st
ei

n
,

T
.

G
a
n
el

,
L

.
J
.

O
tt

en
,

A
.

Q
u
ay

le
,

a
n
d

M
.

D
.

R
u
g
g
.

E
le

ct
ro

p
h
y
si

ol
og

ic
al

A
n
d

H
ae

m
o
d
y
n
am

ic
C

or
re

la
te

s
O

f
F

ac
e

P
er

ce
p
ti

on
,

R
ec

og
n
it

io
n

A
n
d

P
ri

m
in

g
.

C
er

eb
ra

l
co

rt
ex

(N
ew

Y
o
rk

,
N

.Y
.

:
1
9
9
1
),

1
3
(7

):
7
9
3
–
8
0
5
,

J
u
ly

2
0
0
3
.

IS
S
N

1
0
4
7
-3

2
1
1
.

d
o
i:

1
0
.1

0
9
3
/
ce

rc
o
r/

1
3
.7

.7
9
3
.

U
R

L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
1
0
9
3
/
c
e
r
c
o
r
/

1
3
.
7
.
7
9
3
.

R
.

N
.

A
.

H
en

so
n
,

E
.

M
ou

ch
li
an

it
is

,
an

d
K

.
J
.

F
ri

st
on

.
M

E
G

an
d

E
E

G
d
at

a
fu

si
on

:
S
im

u
lt

a-
n
eo

u
s

lo
ca

li
sa

ti
on

of
fa

ce
-e

vo
ke

d
re

sp
on

se
s.

N
eu

ro
Im

a
ge

,
47

(2
):

58
1–

58
9,

2
0
0
9
.

D
.

H
er

n
án

d
ez

-L
ob

at
o

an
d

J
.

M
.

H
er

n
án

d
ez

-L
ob

at
o.

L
ea

rn
in

g
fe

at
u
re

se
le

ct
io

n
d
ep

en
d
en

ci
es

in
m

u
lt

i-
ta

sk
le

a
rn

in
g
.

In
C

.J
.C

.
B

u
rg

es
,

L
.

B
o
tt

o
u
,

M
.

W
el

li
n
g
,

Z
.

G
h
a
h
ra

m
a
n
i,

a
n
d

K
.Q

.
W

ei
n
b

er
ge

r,
ed

it
or

s,
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2

6
,

p
ag

es
74

6–
75

4.
C

u
rr

an
A

ss
o
ci

at
es

,
In

c.
,

20
13

.

D
.

H
er

n
an

d
ez

-L
ob

at
o,

J
.

M
.

H
er

n
an

d
ez

-L
ob

at
o,

an
d

A
.

S
u
ar

ez
.

E
x
p

ec
ta

ti
on

p
ro

p
ag

at
io

n
fo

r
m

ic
ro

ar
ra

y
d
at

a
cl

as
si

fi
ca

ti
on

.
P

a
tt

er
n

re
co

gn
it

io
n

le
tt

er
s,

31
(1

2)
:1

61
8–

16
26

,
20

10
.

IS
S
N

01
67

86
55

,
18

72
73

44
.

d
oi

:
10

.1
01

6/
j.

p
at

re
c.

20
10

.0
5.

00
7.

D
.

H
er

n
a
n
d
ez

-L
o
b
a
to

,
J
.

M
.

H
er

n
a
n
d
ez

-L
o
b
a
to

,
a
n
d

A
.

S
u
a
re

z.
N

et
w

o
rk

-b
a
se

d
sp

a
rs

e
B

ay
es

ia
n

cl
as

si
fi
ca

ti
on

.
P

a
tt

er
n

re
co

gn
it

io
n

,
44

(4
):

88
6–

90
0,

20
11

.
IS

S
N

00
31

32
03

,
18

73
51

42
.

d
oi

:
10

.1
01

6/
j.

p
at

co
g.

20
10

.1
0.

01
6.

54
JM

L
R

 1
8(

13
9)

:1
-5

8,
 2

01
7



B
a
y
e
sia

n
In

f
e
r
e
n
c
e
f
o
r
S
pa

t
io
-t
e
m
p
o
r
a
l
S
p
ik
e
-a
n
d
-S
l
a
b
P
r
io
r
s

D
.

H
ern

án
d
ez-L

ob
ato,

J
.

M
.

H
ern

án
d
ez-L

ob
ato,

an
d

P
.

D
u
p

on
t.

G
en

eralized
sp

ike-an
d
-slab

p
rio

rs
fo

r
B

ay
esia

n
g
ro

u
p

fea
tu

re
selectio

n
u
sin

g
ex

p
ecta

tio
n

p
ro

p
a
g
a
tio

n
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
14:1891–194

5,
2013.

J
.

M
.

H
ern

á
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term
sofboth

com
putationalefficiency

and
num

ericalaccuracy.U
ndercertain

settings,
w

e
find

thatthe
L

M
M

using
A

R
SV

D
outperform

s
currentstate-of-the-artapproaches

by
im

plicitly
perform

ing
regularization

ofthe
covariance

m
atrix.

T
here

are
three

key
contributions

ofthis
paper:

(i)
W

e
develop

an
adaptive

algorithm
for

random
ized

singular
value

decom
position

(SV
D

)
in

w
hich

both
the

num
ber

of
relevantsingular

vectors
and

the
num

ber
of

iterations
of

the
algo-

rithm
are

inferred
from

the
data

based
on

inform
ative

statisticalcriteria.

(ii)
W

e
use

ouradaptive
random

ized
SV

D
(A

R
SV

D
)algorithm

to
constructtruncated

generalized
eigendecom

position
estim

ators
forPC

A
and

linearm
ixed

m
odels

(L
M

M
s)(L

istgarten
etal.,

2012;Z
hou

and
Stephens,2012).

(iii)
W

e
dem

onstrate
on

sim
ulated

and
realdata

exam
ples

thatthe
random

ized
estim

ators
provide

a
com

putationally
efficientsolution,and,furtherm

ore,often
im

prove
statisticalaccuracy

of
the

predictions.W
e

show
that,in

an
over-param

etrized
setting,this

im
provem

entin
accuracy

is
due

to
im

plicitregularization
im

posed
by

the
random

ized
approxim

ation.

In
Section

2,w
e

describe
the

adaptive
random

ized
SV

D
procedure

w
e

use
forthe

variousdim
en-

sion
reduction

m
ethods.In

Section
2.5,w

e
provide

random
ized

estim
ators

forlinearm
ixed

m
odels

used
in

statisticalgenetics.
In

Section
3,w

e
give

an
explanation

forw
hy

the
random

ized
estim

ator
for

linear
(m

ixed)
m

odels
im

poses
regularization.

In
Section

4,w
e

validate
the

proposed
m

ethod-
ology

on
sim

ulated
and

real
data

and
com

pare
our

approach
w

ith
state-of-the-art

approaches.
In

particular,w
e

show
results

from
ourapproach

forestim
ating

low
dim

ensionalgeographic
structure

in
genom

ic
data

and
forgenetic

association
m

apping
applications.

2.R
andom

ized
A

lgorithm
sfor

D
im

ension
R

eduction

In
this

section,w
e

develop
algorithm

ic
extensions

for
PC

A
.W

e
state

an
algorithm

thatprovides
a

num
erically

efficientand
statistically

robustestim
ate

of
the

highestvariance
directions

in
the

data
using

a
random

ized
algorithm

forsingularvalue
decom

position
(R

andom
ized

SV
D

)(R
okhlin

etal.,
2009;H

alko
etal.,2011).In

this
problem

,the
objective

is
linearunsupervised

dim
ension

reduction
w

ith
the

low
-dim

ensionalsubspace
estim

ated
via

an
eigendecom

position.
R

andom
ized

SV
D

w
ill

serve
as

the
core

com
putationalengine

forthe
otherestim

ators
w

e
develop

in
this

paper.

2.1
N

otation

G
iven

positive
integers

p
and

d
w

ith
p
�

d,R
p×
d

denotes
the

class
of

allm
atrices

of
dim

ension
p×

d
w

ith
realentries.W

e
denote

sym
m

etric
positive

sem
i-definite

m
atrices

asS
p+

.For
B
∈
R
p×
d,
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D
A

R
N

E
L

L,G
E

O
R

G
IE

V,M
U

K
H

E
R

JE
E,&

E
N

G
E

L
H

A
R

D
T

span(B
)denotes

the
subspace

ofR
p

spanned
by

the
colum

ns
of
B

.A
basis

m
atrix

fora
subspaceS

is
any

fullcolum
n

rank
m

atrix
B
∈
R
p×
d

such
thatS

=
span(B

),w
here

d
=

dim
(S

).
W

e
denote

the
data

m
atrix

X
=

(x
1 ,...,x

n
)
T
∈
R
n×

p
w

ith
observations

draw
n

from
p-dim

ensionalm
arginal

distribution,
x
i ∼
P
X

.
W

hen
w

e
consider

supervised
problem

s
such

as
regression

w
e

denote
the

response
vectoraseithera

quantitative
response

Y
∈
R
m

ora
categoricalresponse

Y
∈
{1
,...,C

},
here

C
is

the
num

ber
of

categories.
For

the
joint

setting
of

response
and

predictor
variables

w
e

assum
e

a
jointdistribution,

(X
,Y

)∼
P
X

×
Y

.
W

e
denote

the
orthonorm

allefteigenvector
basis

of
the

data
m

atrix
X

as
eigen-basis(X

).

2.2
C

om
putationalC

onsiderations

T
he

m
ain

com
putationaltoolw

e
use

is
a

random
ized

algorithm
for

approxim
ate

eigendecom
posi-

ton,
w

hich
factorizes

a
n
×
p

m
atrix

of
rank

r
in

tim
e
O

(n
p
r)

using
random

ized
m

ethods
that

take
advantage

of
the

intrinsic
low

-rank
of

the
input

m
atrix,

rather
than

the
O

(n
p
×

m
in

(n
,p

))
tim

e
required

by
determ

inistic
approaches.T

his
is

relevantto
statisticalapplications

to
high

dim
en-

sionaldata
butreflects

a
highly

constrained
process

(e.g.,from
genom

ic
or

financialapplications),
w

hich
suggests

thatthe
data

have
low

intrinsic
dim

ensionality,i.e.,
r
�

n
<
p.

Further
im

prove-
m

ents
have

been
m

ade
to

random
ized

algorithm
s

for
approxim

ate
eigendecom

position
by

noting
thata

structured
random

projection
(such

as
the

subsam
pled

random
Fouriertransform

)can
achieve

com
putationalcom

plexity
of
O

(n
plog

(r)+
(m

+
p
)r

2)
assum

ing
the

inputm
atrix

fits
in

m
ain

m
em

-
ory

(H
alko

etal.,2011).
Since

w
e

use
pow

er
iterations

to
decay

the
eigenspectrum

and
achieve

a
num

erically
accurate

resultindependentof
the

particular
spectralgaps,m

ostof
the

com
putational

gains
from

subsam
pling

m
ethods

w
ould

be
lostw

hen
applied

in
ourfram

ew
ork.Furtherm

ore,since
m

atrix-m
atrix

m
ultiplies

are
highly

optim
ized

on
m

any
com

putationalarchitectures,parallelim
ple-

m
entations

can
reduce

our
asym

ptotic
com

plexity
to

yield
excellent

run
tim

es
in

practice
(H

alko
etal.,2011).

A
n

appealing
characteristic

of
our

random
ized

algorithm
is

the
explicitcontrolof

the
trade-off

betw
een

estim
ation

accuracy
relative

to
the

exact
estim

ates
and

com
putational

efficiency.
R

apid
convergence

to
the

exactestim
ates

has
been

show
n

both
em

pirically
as

w
ellas

in
theory

(R
okhlin

etal.,2009).
From

the
perspective

of
theoreticalcom

puter
science

and
num

ericalanalysis,the
ob-

jective
ofrandom

ized
SV

D
algorithm

s
is,given

a
m

atrix
X

,to
efficiently

com
pute

an
approxim

ate
eigendecom

position
thatis

close
to

the
exacteigendecom

position;w
e

callthis
view

the
approxim

a-
tion

perspective.

2.3
StatisticalC

onsiderations

A
statistical

perspective
w

ill
deviate

from
the

approxim
ation

perspective
in

tw
o

w
ays:

the
data

m
atrix

X
is

not
fixed,

but
a

noisy
random

sam
ple

draw
n

from
a

population,
and

the
inferential

objective
is

to
obtain

estim
ates

of
population

quantities
from

the
sam

ple
X

,
not

estim
ates

of
the

eigendecom
position

of
X

itself.
Taking

a
statisticalperspective

w
illdrive

tw
o

centralconcepts
in

thispaper.T
he

firstconceptisthatthere
isutility

in
considering

random
ized

algorithm
sasstatistical

m
odels.T

he
second

conceptis
thatm

any
form

ulations
ofA

R
SV

D
im

plicitly
im

pose
regularization

constraints.
T

he
acceptable

error
for

the
approxim

ation
perspective

and
the

statistical
perspective

differ;
typically

larger
error

is
tolerated

in
the

statisticalperspective.
For

m
any

statisticalestim
ators,the

errorbetw
een

the
estim

atorand
the

population
quantity

scales
as
ε

=
O

(
1√n

)
w

here
n

is
the

sam
ple
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to

th
is

ba
si

s
an

d
ap

pl
y

SV
D

:

A
lg

or
ith

m
:A

da
pt

iv
e

R
an

do
m

iz
ed

SV
D

(X
,t

m
a
x
,d

m
a
x
,∆

)

(1
)

Fi
nd

or
th

on
or

m
al

ba
si

s
fo

rt
he

ra
ng

e
of
X

;

(i
)

Se
tt

he
nu

m
be

rw
or

ki
ng

di
re

ct
io

ns
:`

=
d
m
a
x

+
∆

;

(i
i)

G
en

er
at

e
ra

nd
om

m
at

ri
x:

Ω
∈
R
n
×
`

w
ith

Ω
ij
ii
d ∼

N
(0
,1

);

(i
ii)

C
on

st
ru

ct
bl

oc
ks

:F
(t
)

=
X
X
T
F

(t
−
1
)

w
ith

F
(0
)

=
Ω

fo
rt
∈
{1
,.
..
,t

m
a
x
};

(iv
)

Se
le

ct
th

e
op

tim
al

bl
oc

k
t∗
∈
{1
,.
..
,t

m
a
x
}

an
d

ra
nk

es
tim

at
e
d
∗
∈
{1
,.
..
,d

m
a
x
},

us
in

g
th

e
st

ab
ili

ty
cr

ite
ri

on
an

d
B

i-
C

ro
ss

-V
al

id
at

io
n

st
at

ed
in

Se
ct

io
n

2.
4.

3;

(v
)

C
om

pu
te

a
ba

si
s

fo
rt

he
se

le
ct

ed
bl

oc
k:
F

(t
∗ )

=
Q
R
∈
R
n
×
` ,
Q
T
Q

=
I
;

(2
)

Pr
oj

ec
td

at
a

on
to

th
e

ra
ng

e
ba

si
s

an
d

co
m

pu
te

th
e

SV
D

;

(i
)

Pr
oj

ec
to

nt
o

th
e

ba
si

s:
B

=
X
T
Q
∈
R
p
×
` ;

(i
i)

Fa
ct

or
iz

e:
B

sv
d

=
U

Σ
W

T
,w

he
re

Σ
=

di
ag

(σ
1
,.
..
,σ

`)
;

(i
ii)

C
om

pu
te

th
e

ra
nk
d
∗

ap
pr

ox
im

at
io

n:
X̂
d
∗

=
U
d
∗
Σ
d
∗
V
T d
∗

U
d
∗

=
(U

1
|.
..
|U
d
∗
)
∈
R
n
×
d
∗

Σ
d
∗

=
di

ag
(σ

1
,.
..
,σ

d
∗
)
∈
R
d
∗ ×
d
∗

V
d
∗

=
Q
×

(W
1
|.
..
|W

d
∗
)
∈
R
p
×
d
∗
;

In
st

ag
e

(1
),

w
e

se
tt

he
nu

m
be

ro
fw

or
ki

ng
di

re
ct

io
ns
`

=
d
m
a
x

+
∆

to
be

th
e

su
m

of
th

e
up

pe
r

bo
un

d
on

th
e

ra
nk

of
th

e
da

ta
d
m
a
x
,a

nd
a

sm
al

lo
ve

rs
am

pl
in

g
pa

ra
m

et
er

∆
,w

hi
ch

en
su

re
s

a
m

or
e

st
ab

le
ap

pr
ox

im
at

io
n

of
th

e
to

p
d
m
a
x

sa
m

pl
e

va
ri

an
ce

di
re

ct
io

ns
;

th
e

es
tim

at
or

te
nd

s
to

be
ro

bu
st

to
ch

an
ge

s
in

∆
,s

o
w

e
us

e
∆

=
10

as
a

su
gg

es
te

d
de

fa
ul

t.
In

st
ep

(1
.ii

i)
,t

he
ra

nd
om

pr
oj

ec
tio

n
m

at
ri

x
Ω

is
ap

pl
ie

d
to

po
w

er
s

of
X
X
T

to
ra

nd
om

ly
sa

m
pl

e
lin

ea
rc

om
bi

na
tio

ns
of

ei
ge

nv
ec

to
rs

of
th

e
da

ta
w

ei
gh

te
d

by
po

w
er

s
of

th
e

ei
ge

nv
al

ue
s:

F
(t
)

︸︷
︷︸

n
×
`

=
(X
X
T

)t
Ω

=
U
S
2
t U

T
Ω

=
U
S
2
t Ω
∗ ,

w
he

re
X

sv
d

=
U
S
V
T
.

T
he

po
w

er
ite

ra
tio

ns
sh

ri
nk

sm
al

le
ig

en
va

lu
es

an
d

in
cr

ea
se

la
rg

e
ei

ge
nv

al
ue

s
w

hi
le

le
av

in
g

th
e

ei
ge

nv
ec

to
rs

un
ch

an
ge

d.
O

bs
er

ve
th

at
ea

ch
co

lu
m

n
of
F

(t
)

ca
n

be
th

ou
gh

t
of

as
dr

aw
n

fr
om

a
m

ul
tiv

ar
ia

te
no

rm
al

,
F

(t
)

j
∼
N

(0
,U
S
4
t U

T
).

T
he

co
va

ri
an

ce
st

ru
ct

ur
e

of
th

is
m

at
ri

x
is

bi
as

ed
to

w
ar

ds
hi

gh
er

di
re

ct
io

ns
of

va
ri

at
io

n
as
t

in
cr

ea
se

s.
T

he
fa

ct
th

at
th

e
po

w
er

ite
ra

tio
ns

sh
ri

nk
no

is
e

di
re

ct
io

ns
sh

ow
s

th
at

po
w

er
ite

ra
tio

ns
im

po
se

a
fo

rm
of

re
gu

la
ri

za
tio

n.
T

he
m

ul
tiv

ar
ia

te
no

rm
al

st
ru

ct
ur

e
of

th
is

sh
ri

nk
ag

e
is

re
la

te
d

to
lo

ca
ls

hr
in

ka
ge

pr
io

rs
de

ve
lo

pe
d

in
Po

ls
on

an
d

Sc
ot

t(
20

10
).

In
st

ep
(iv

),
w

e
se

le
ct

an
op

tim
al

bl
oc

k
F

(t
∗ )

fo
r
t∗
∈
{1
,.
..
,t

m
a
x
}

an
d

es
tim

at
e

an
or

th
on

or
m

al
ba

si
s

fo
rt

he
co

lu
m

n
sp

ac
e.

Fo
rn

um
er

ic
al

st
ab

ili
ty

,e
ac

h
bl

oc
k

in
th

e
in

te
rm

ed
ia

te
po

w
er

ite
ra

tio
ns

sh
ou

ld
be

or
th

go
na

liz
ed

(H
al

ko
et

al
.,

20
11

;G
u,

20
15

).
In

pr
ev

io
us

w
or

k
(R

ok
hl

in
et

al
.,

20
09

),
th

e
au

th
or

s
as

su
m

ed
fix

ed
ta

rg
et

ra
nk
d
∗

an
d

ap
pr

ox
im

at
ed
X

ra
th

er
th

an
X
d
∗
.

T
he

y
sh

ow
ed

th
at

th
e

op
tim

al
st

ra
te

gy
is

to
se

tt
∗

=
t m

a
x
,w

hi
ch

ty
pi

ca
lly

ac
hi

ev
es

ex
ce

lle
nt
d
∗ -

ra
nk

ap
pr

ox
im

at
io

n
ac

cu
ra

cy
fo

rX
,e

ve
n

fo
rr

el
at

iv
el

y
sm

al
lv

al
ue

s
of
t m

a
x
.
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A
D

A
P

T
IV

E
R

A
N

D
O

M
IZ

E
D

D
IM

E
N

S
IO

N
R

E
D

U
C

T
IO

N
O

N
M

A
S

S
IV

E
D

A
TA

In
stage

(2),w
e

rotate
the

orthogonalbasis
Q

com
puted

in
stage

(1)to
the

canonicaleigenvector
basis

and
scale

according
to

the
corresponding

eigenvalues.
In

step
(2.i)

the
data

is
projected

onto
the

low
dim

ensionalorthogonalbasis
Q

.Step
(2.ii)com

putes
the

exactSV
D

in
the

projected
space.

In
this

w
ork,

w
e

focus
on

the
noisy

case,
w

here
E
6=

0,
and

propose
to

adaptively
set

both
d ∗

and
t ∗,aim

ing
to

optim
ize

the
generalization

or
out-of-sam

ple
perform

ance
of

the
random

ized
estim

ator.T
he

estim
ation

strategy
for

d ∗
and

t ∗
is

described
in

detailin
Section

2.4.3.

2.4.2
C

O
M

P
U

TA
T

IO
N

A
L

C
O

M
P

L
E

X
IT

Y

T
he

com
putationalcom

plexity
of

the
random

ization
step

isO
(n
p×

d
m
a
x ×

tm
a
x )

and
the

factor-
izations

in
the

low
er

dim
ensionalspace

have
com

plexity
O

(n
p×

d
m
a
x

+
n
×
d
2m
a
x ).

W
ith

d
m
a
x

sm
allrelative

to
n

and
p,the

runtim
e

in
both

steps
is

dom
inated

by
the

m
ultiplication

by
the

data
m

atrix;
in

the
case

of
sparse

data,
fast

m
ultiplication

can
further

reduce
the

run
tim

e.
W

e
use

a
norm

alized
version

ofthe
above

algorithm
thathas

the
sam

e
run

tim
e

com
plexity

butis
num

erically
m

ore
stable

(M
artinsson

etal.,2010).

2.4.3
A

D
A

P
T

IV
E

M
E

T
H

O
D

T
O

E
S

T
IM

A
T

E
d ∗

A
N

D
t ∗

W
e

propose
to

use
ideas

ofstability
underrandom

projections
in

com
bination

w
ith

cross-validation
to

estim
ate

the
intrinsic

dim
ensionality

of
the

reduced
subspace

d ∗
and

the
optim

al
value

of
the

eigenvalue
shrinkage

param
eter

t ∗.

2.4.4
E

S
T

IM
A

T
IO

N
O

F
t ∗

U
S

IN
G

B
I-C

R
O

S
S-V

A
L

ID
A

T
IO

N

W
e

propose
a

procedure
forselecting

an
optim

alvalue
for

t∈
{1,...,tm

a
x }

by
using

the
B

i-C
ross-

V
alidation

procedure
of

O
w

en
and

Perry
(2009),w

hich
w

as
used

to
estim

ate
the

rank
or

cutoff
for

SV
D

.For
our

procedure,w
e

consider
a

B
i-C

ross-V
alidation

form
ulation

thatuses
the

generalized
G

abriel
holdout

pattern
(G

abriel,
2002)

to
partition

the
data

m
atrix

by
partitioning

the
row

s
and

colum
ns

into
r

=
2

and
c

=
2

groups
respectively

thatare
non-overlapping

as
suggested

in
O

w
en

and
Perry

(2009).W
e

then
com

pute
the

follow
ing

B
i-C

ross-V
alidation

errorby
holding

outeach
of

the
fourblocks

and
estim

ating
a

block
using

the
otherthree

blocks

B
iC

V
(t)

=
14 [‖

A
−
B
D
†t C
|‖

2F
+
‖B
−
A
C
†t D
‖
2F

+
‖
B
−
A
C
†t D
‖
2F

+
(1)

‖
C
−
D
B
†t A‖

2F
+
‖
D
−
C
A
†t B
‖
2F ],

here
X

=

(
A

B
C

D

)
.

In
the

above
equation,‖·‖

2F
is

the
Frobenius

norm
,
U
†t

is
the

M
oore-Penrose

pseudoinverse
of
U

w
here

the
SV

D
of
U

is
com

puted
using

A
daptive

R
andom

ized
SV

D
(t,d

(t),δ
=

10),and
d
(t)

is
set

using
the

stability
criterion

developed
in

the
nextsection.W

e
optim

ize
overthe

range{1
,...,tm

a
x }

to
estim

ate
t ∗

t̂
=

arg
m

in
t∈{

1
,...,t

m
a
x } B

iC
V

(t).

In
our

sim
ulation

results,the
value

of
t ∗

is
estim

ated
sm

allenough
to

notincur
m

uch
com

pu-
tational

overhead,
yet

still
yields

accurate
results

(R
esults

Section).
T

he
original

form
ulation

of
B

i-C
ross-V

alidation
defined

the
hold-outerrorto

be
the

Frobenius
norm

betw
een

the
predicted

and

7
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D
A

R
N

E
L

L,G
E

O
R

G
IE

V,M
U

K
H

E
R

JE
E,&

E
N

G
E

L
H

A
R

D
T

true
subm

atrix
(O

w
en

and
Perry,2009).

W
hile

the
Frobenius

and
spectralnorm

s
both

have
upper

bounds
w

ith
respectto

approxim
ation

accuracy
of

truncated
spectraldecom

positions,m
ore

recent
results

suggestthatthe
spectralnorm

m
ay

generalize
betterifthe

goalis
to

produce
an

accurate
di-

m
ension

reduction
of

m
assive

data
such

as
principalcom

ponents
analysis

(M
ahoney,2011;Szlam

etal.,2014).
W

e
recognize

the
lim

itation
of

the
Frobenius

norm
in

this
context,and

acknow
ledge

thatitm
ay

be
w

ise
forB

i-C
ross-V

alidation
errorto

use
the

spectralnorm
.

2.4.5
E

S
T

IM
A

T
IO

N
O

F
d ∗

U
S

IN
G

S
TA

B
IL

IT
Y

C
R

IT
E

R
IO

N

G
iven

the
num

ber
of

pow
er

iterations
t,

w
e

describe
a

procedure
to

estim
ate

the
rank

param
eter

d ∗(t)
using

a
stability

criterion
based

on
random

projections
ofthe

data.W
e

startw
ith

rough
upper-

bound
estim

ate
d
m
a
x

for
the

dim
ension

param
eter

d ∗.
W

e
then

apply
a

sm
allnum

ber
(B

=
5)

of
independentG

aussian
random

projections
Ω
(b)∈

R
n×

d
m
a
x,

Ω
(b)
ij

iid
∼

N
(0,1

),for
b
∈
{1
,...,B

}.
G

iven
the

projections,w
e

com
pute

an
estim

ate
of

the
eigenvector

basis
of

the
colum

n
space

onto
the

projected
data.W

e
then

denoise
the

estim
ate

by
raising

allthe
eigenvalues

to
the

pow
er
t:

U
(t)
b
≡

(U
(t)
b1 |...|U

(t)
bd

)
=

SV
D

[(X
X
T

)
tΩ

(b)]
for

b∈
{1
,...,B

}.

T
he
k-th

principalbasis
leftsingularvectorestim

ate
(k
∈
{1,...,d})is

assigned
a

stability
score:

stab
(t,k

,B
)

=
1N

B
−
1

∑j
1
=
1

B
∑j

2
=
j
1
+
1 ∣∣∣ cor (

U
(t)
j
1
k ,U

(t)
j
2
k ) ∣∣∣ ,

w
here

N
=
B

(B
−

1)

2
.

H
ere

U
(t)
r
k

is
the

estim
ate

of
the

k
th

principaleigenvector
of
X
T
X

based
on

the
r-th

random
pro-

jection
and

cor (
U

(t)
j
1
k ,U

(t)
j
2
k )

denotes
the

Spearm
an

rank-sum
correlation

betw
een

U
(t)
j
1
k

and
U

(t)
j
2
k .

E
igenvector

directions
that

are
not

dom
inated

by
independent

noise
are

expected
to

have
higher

stability
scores.

W
hen

the
data

has
approxim

ately
low

-rank,
w

e
expect

a
sharp

transition
in

the
eigenvector

stability
betw

een
the

directions
corresponding

to
signaland

to
noise.

In
order

to
esti-

m
ate

this
change

point,w
e

apply
a

non-param
etric

location
shifttest(W

ilcoxon
rank-sum

)
to

each
ofthe

d
m
a
x −

2
stability

score
partitions

ofeigenvectors
w

ith
largerversus

sm
allereigenvalues.T

he
subsetofprincipaleigenvectors

thatcan
be

stably
estim

ated
from

the
data

forthe
given

value
of
tis

determ
ined

by
the

change
pointw

ith
sm

allestp-value
am

ong
all
d
m
a
x −

2
non-param

etric
tests.

d̂
t

=
arg

m
in

k∈{
2
,...,d

m
a
x −

1} p-value(k
,t),

w
here

p-value(k,t)is
the

p-value
from

the
W

ilcoxon
rank-sum

testapplied
to

the{stab
(t,i,B

)}
k−

1
i=

1

and{stab(t,i,B
)}
d
m
a
x

i=
k

.

2.5
FastL

inear
M

ixed
M

odels

M
ultivariate

linear
m

ixed
m

odels
(L

M
M

s)
are

a
w

orkhorse
in

statisticaland
quantitative

genetics
because

they
allow

forthe
regression

ofexplanatory
variables

on
outcom

e
variables

w
hile

capturing
potentially

confounding
relatedness

betw
een

sam
ples

(H
enderson,1984;Price

etal.,2011;K
rote

etal.,2012).In
the

contextofthe
genetic

association
m

apping
ofcom

plex
traits,L

M
M

s
are

used
to

controlfor
observed

(know
n

covariates)
and

unobserved
(random

effects)
statisticalconfounding,

particularly
the

presence
ofpopulation

structure
am

ongstsam
ples.
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D
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T
he

lin
ea

rm
ix

ed
m

od
el

s
in

th
is

pa
pe

rt
ak

e
th

e
fo

rm

y
=

X
β

+
Z

u
+
e,

w
he

re
y

is
an
n
×

1
re

sp
on

se
ve

ct
or

of
ob

se
rv

ed
ph

en
ot

yp
es

,X
is

an
n
×
q

m
at

ri
x

of
fix

ed
ef

fe
ct

st
ha

t
in

cl
ud

es
th

e
ge

no
ty

pe
s

(S
N

Ps
)

an
d

ot
he

r
co

nf
ou

nd
in

g
va

ri
ab

le
s,
β

is
a
q
×

1
ve

ct
or

re
pr

es
en

tin
g

co
ef

fic
ie

nt
s

of
th

e
fix

ed
ef

fe
ct

s,
u
∼
N

(0
,σ

2 g
K

)
is

th
e

ra
nd

om
ve

ct
or

of
ad

di
tiv

e
ge

ne
tic

ef
fe

ct
s

w
ith

in
ci

de
nc

e
m

at
ri

x
Z

,a
nd

th
e

ve
ct

or
e
∼
N

(0
,σ

2 e
I n

)
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×
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does

not
w

ork
because

X
T
X

is
not

invertible.
In

this
high-

dim
ensional

p
�

n
setting,

ridge
regression

(H
oerl

and
K

ennard,
1970)

addresses
m

any
of

the
shortcom

ings
ofO

L
S.T

he
estim

ation
problem

in
ridge

regression
is

form
ulated

as

α̂
=

(X
X
T

+
n
λ
I
) −

1Y
,

w
here

λ
is

a
regularization

param
eterand

the
induced

regression
function

is

ŷ
=

p
∑j=

1

α̂
j x
Tj
x

=
β̂
T
x
,

β̂
=

p
∑j=

1

α̂
j x
j .

W
hen

λ
=

0,
w

e
recover

the
O

L
S

estim
ator,

and,
w

hen
λ

=
∞

,
one

obtains
the

zero
solution

α̂
=

0;
λ

trades
offbetw

een
fitting

the
observations

and
shrinking

the
solution

tow
ards

zero.
A

standard
nonlinearextension

to
ridge

regression
iskernelridge

regression
(Poggio

and
G

irosi,
1990;W

illiam
s

and
Seeger,2001)w

here
the

regression
function

takes
the

form

f
(x

)
=

n
∑i=

1

α
i k

(x
,x

i ),

and
k
(u
,v

)
is

a
positive

(sem
i)

definite
function

called
a

kernel.
O

ne
exam

ple
of

a
kernelfunction

is
the

G
aussian

kernel,
k
(u
,v

)
=

ex
p
(−
h
2‖
u
−
v‖

2).
T

he
param

eters
α

to
be

estim
ated

in
kernel

ridge
regression

(K
R

R
)are

given
by

the
form

ula

α̂
=

(K
+
n
λ
I
) −

1Y
,

w
here

the
kernelm

atrix
K

is
defined

as
K
ij

=
k
(x
i ,x

j ).

3.2
K

R
R

asa
SpectralFilter

Forthe
purposes

ofthis
paperw

e
w

illconsiderspectralfiltering
as

a
procedure

to
filterorsm

ooth
a

signal(vector)by
filtering

the
eigenvalues

ofa
positive

(sem
i)definite

m
atrix.

A
signalprocessing

perspective
of

K
R

R
as

a
filtering

operation
is

as
follow

s:
given

the
response

signal
Y

and
m

atrix
K

,the
filtering

procedure
is

a
m

ap
F

(K
)

:R
n
→

R
n,w

here

Ŷ
=
F
Y
,

F
=
K

(K
+
n
λ
I
) −

1.
(2)

T
he

basic
idea

behind
spectralfiltering

is
thatthe

filter
F

operates
on

the
spectrum

of
the

positive
(sem

i)
definite

m
atrix,

K
.

In
the

K
R

R
setting,a

naturalbasis
for

the
m

atrix
F

is
the

eigenvectors
of
K

,and
w

e
define

the
orthonorm

alm
atrix

V
=

[v
1 ···

v
m

]w
ith

(v
j )
mj=

1
the

m
eigenvectors

of
K

w
ith

nonzero
eigenvalues.T

he
filter

F
can

be
w

ritten
as

F
=

(v
1
v
2
···

v
m

) 

f
(σ

1 )

f
(σ

2 )
0

...

0
...

f
(σ
m

)





v
T1

v
T2...v
Tm


,

(3)
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H

E
R

JE
E,&

E
N

G
E

L
H

A
R

D
T

w
here

the
spectrum

of
K

is
filtered

by
the

function
f

(σ
i )

=
σ
i

σ
i +
λ .

T
he

filter
given

in
equation

(3)
can

be
thought

of
as

a
low

pass
filter

that
is

sm
oothing

the
signal

Y
by

shrinking
higher

fre-
quency

eigenvectors—
those

eigenvectors
corresponding

to
sm

all
eigenvalues.

In
the

case
of

the
linearkernel,w

hich
is

the
focus

ofourpaper,K
is

the
G

ram
m

atrix,K
ij

=
x
Ti
x
j .

3.3
R

andom
ized

PrincipalC
om

ponentR
egression

asa
SpectralFilter

T
he

standard
form

ulation
ofprincipalcom

ponents
regression

(PC
R

)is
specified

by
the

m
odel

y
i

=
β
T
z
i
+
ε
i ,

ε
i
iid
∼

N
(0,σ

2),
(4)

w
here

z
i

=
x
Ti
V

w
ith

x
i an

observation
in

R
p

and
V

=
[v

1 ···
v
m

]are
the

m
eigenvectors

corre-
sponding

to
the

top
eigenvalues

of
the

em
piricalcovariance

m
atrix.

T
he

idea
of

PC
R

is
thatpro-

jection
onto

the
top

principalcom
ponentreduces

variance
w

ithoutm
uch

loss
in

bias.
T

he
nonzero

eigenvalues
ofthe

G
ram

m
atrix

and
the

em
piricalcovariance

m
atrix

are
identical,so

one
can

com
-

pute
V

from
the

G
ram

m
atrix

K
ij

=
x
Ti
x
j .

A
gain,w

e
considerthe

case
w

here
p
�
n

and
assum

e
thatthe

A
R

SV
D

procedure
sets

the
m

ax-
im

um
rank

d
m
a
x
�

n
�

p.
In

the
follow

ing,w
e

w
illform

ulate
principalcom

ponents
regression

as
a

spectralfilteranalogous
to

a
filtering

form
ulation

ofK
R

R
in

(2).W
e

w
illm

ake
som

e
approxi-

m
ations

in
this

analysis
as

the
form

ofthe
filterin

the
case

ofA
R

SV
D

is
notstraightforw

ard
due

to
random

ization.
T

he
random

ization
and

pow
er

iterations
of

A
R

SV
D

im
pactthe

spectralfilter
F

in
tw

o
w

ays:T
he

filterno
longeroperates

on
the

eigenvalues
ofthe

G
ram

m
atrix,and

the
eigenvectors

ofthe
spectralfilterare

notgiven
by

the
eigenvalues

ofthe
G

ram
m

atrix.
O

uranalysis
w

illconsistoftw
o

observations.T
he

firstis
thatthe

eigenvectors
ofthe

exactgram
m

atrix
K

and
the

eigenvectors
of

the
G

ram
m

atrix
induced

by
the

A
R

SV
D

procedure
are

close
approxim

ations.T
his

observation
w

illallow
us

to
use

the
eigenvectors

ofthe
exactG

ram
m

atrix
in

ouranalysis
ofthe

spectralfilter.T
he

second
observation

is
based

on
a

series
ofpapers

(G
erfo

etal.,
2008;R

udietal.,2013,2015)
thatillustrated

a
com

m
on

regularization
fram

ew
ork

for
som

e
fam

-
ilies

of
truncation-based

algorithm
s

including
truncated

SV
D

and
PC

R
,early

stopping
of

iterative
procedures,and

regularization
algorithm

s
such

as
ridge

regression.T
he

filterfunction
forPC

R
is

f
(σ

)
=

{
1

σ
≥
τ

0
otherw

ise,

here
τ

is
the

eigenvalue
cutoff.

In
the

case
of

A
R

SV
D

,w
e

generate
a

random
m

atrix
Ω

w
ith

Ω
ij

iid
∼

N
(0,1).

T
he

follow
ing

pow
eriterations

are
then

taken
ofa

random
projection

onto
the

G
ram

m
atrix

G
(t)

=
(X
X
T

)
tΩ

=
U

Σ
2
tU

T
Ω

=
U

Σ
2
tΩ
∗,

w
ith

X
=
U

Σ
V
T
,

w
here

U
,
Σ

,and
V

correspond
to

a
standard

SV
D

of
X

.A
basis

is
com

puted
from

m
atrix

G
(t)

via
Q
R

decom
position,

G
(t)

=
Q
R
∈
R
n×

`,
Q
T
Q

=
I
.

T
he

data
are

then
projected

onto
this

basis
B

=
X
T
Q
∈

R
p×
`

and
a

standard
SV

D
is

run
on

the
m

uch
low

er
rank

m
atrix

B
.

If
the

eigenvectors
of
X
X
T

and
B
B
T

are
equal,then

the
follow

ing
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fil
te
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sp
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fo
r

th
e

PC
R

w
ith

A
R

SV
D

ba
se

d
on

th
e

ei
ge

nv
al

ue
s

of
th

e
G

ra
m

m
at

ri
x

of
th

e
da

ta

Ŷ
=
F
Y
,

F
=
V

Λ
f
(σ

)
V
T
,

Λ
f
(σ

)
=

di
ag

(f
(σ

1
),
..
.,
f

(σ
n
))
,

f
(σ
i)

=
σ
2
t
i

σ
2
t
i

+
τ
,

(5
)

w
he

re
τ

is
a

th
re

sh
ol

d
pa

ra
m

et
er

.
T

he
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lts
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∞
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1

σ
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>

1

0
σ
i
>

1
.

T
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s
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ys
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su
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al
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g
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ch
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σ
i
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σ
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τ
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n
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th
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d
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l1
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W

e
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w
sh

ow
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e
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X
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B
B
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ar
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rr
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g
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w
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Ω
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∈
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vá

,1
99

3;
H

ec
ht

-N
ie

ls
en

an
d

K
ůr
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A
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D
O

M
IZ

E
D

D
IM

E
N

S
IO

N
R

E
D

U
C

T
IO

N
O

N
M

A
S

S
IV

E
D

A
TA

entries:

s
j

=
s
j−

1
+
ν
j ,

for
j∈
{2
,...,d ∗}

ν
j

iid
∼

E
xp(λ

),
ν
0

=
s
(E

)
1
.

T
he

noise
is

iid
G

aussian:
E
ij

iid
∼
N
(0
,
1n ).T

he
gaps

betw
een

singularvalues,
ν
j ,follow

an
expo-

nentialdistribution
w

ith
rate

param
eter

λ
to

controlthe
signal-to-noise

ratio
(Table

1).
T

he
sam

ple
variance

has
the

SV
D

decom
position

E
sv
d

=
U
E
S
E
V
TE

,w
here

S
E

=
diag (

s
(E

)
1
,...,s

(E
)

m
in
(n
,p
) )

are
the

singularvalues
in

decreasing
order.W

hile
there

existotherw
orking

m
odels

forthe
noise

struc-
ture,here

w
e

chose
to

investigate
the

currentm
odeland

thatof
latentpopulation

structure
because

of
its

relevance
to

the
genetic

data
thatw

e
w

ish
to

m
odel(Section

4.1.4).
O

ur
sim

ulations
and

ge-
netic

data
experim

ents
show

thatthe
assum

ptions
w

e
m

ake
on

this
particularnoise

m
odelgeneralize

w
ellto

genetics
data.

4.1.3
R

E
S

U
LT

S

T
he

firstobjective
is

to
show

thatw
e

can
accurately

estim
ate

singular
values

w
ith

very
few

pow
er

iterations.O
urfocus

is
on

understanding
the

effectofthe
regularization

param
eter

t
controlling

the
singularvalue

shrinkage.L
argervalues

correspond
to

a
strongerw

eighting
on

directions
w

ith
large

eigenvalues.
In

our
first

sim
ulation

w
e

assum
e

the
rank

d ∗
is

fixed
to

50
and

the
input

m
atrix

is
2,0

0
0×

5,0
0
0.Studying

the
estim

ates
ofthe

percentrelative
errorofthe

singular
values

averaged
overten

sim
ulated

data
sets.T

he
relative

errorgiven
a

singularvalue
estim

ate
σ̂

and
singularvalue

σ

is (
σ−

σ̂
σ

).W
e

observed
exponentialconvergence

to
the

sam
ple

estim
atesw

ith
increasing

t(Table
1).

T
his

suggests
thatw

e
can

capture
the

variation
in

the
data

w
ith

a
few

data
m

atrix
m

ultiplications.
W

e
m

easure
the

errorin
ourestim

ates
using

a
signal-to-noise

(S/N
)m

etric

‖S‖
2F

‖E
‖
2F

,
S

is
the

signalm
atrix

and
E

is
the

errororresidualm
atrix.

T
he

signalm
atrix

has
a

m
axim

um
of
d ∗

non-zero
singular

values,and
thus

the
calculation

of
the

Frobenius
norm

only
includes

the
top

d ∗
singularvalues

in
com

puting
both‖S‖

2F
and‖

E
‖
2F

.

λ
S/N

t
=

1
t

=
2

t
=

3
t

=
4

t
=

5

2
2.39

2.34±
1
.23

1.18±
0
.63

0.72±
0.43

0.48±
0
.32

0.35±
0
.25

4
0.61

3.32±
1
.32

1.67±
0
.47

1.00±
0.28

0.68±
0
.20

0.50±
0
.16

6
0.15

5.04±
1
.53

2.97±
0
.66

1.86±
0.41

1.30±
0
.30

0.97±
0
.24

8
0.13

6.26±
1
.87

3.48±
0
.42

2.14±
0.28

1.47±
0
.21

1.08±
0
.18

Table
1:

Singular
values

from
A

R
SV

D
.W

e
reportthe

relative
error

for
singular

value
estim

ates
w

ith±
1

standard
deviation.A

linearincrease
in

the
regularization

param
eter

t
results

in
a

exponentialdecrease
in

the
error.S/N

is
the

signalto
noise

ratio
and

a
function

of
λ.

It
is

also
of

interest
to

characterize
the

decay
in

accuracy
in

estim
ating

singular
values

using
the

random
ized

m
ethod

as
the

m
agnitude

of
the

true
singular

values
decreases.

W
hen

w
e

consider
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D
A

R
N

E
L

L,G
E

O
R

G
IE

V,M
U

K
H

E
R

JE
E,&

E
N

G
E

L
H

A
R

D
T

the
rank-ordered

singularvalues
fora

fixed
m

atrix
as

w
ellas

the
distribution

ofthe
singularvalues

com
puted

via
various

runs
ofthe

A
R

SV
D

,an
interesting

observation
is

thatthe
estim

ates
are

biased
for

sm
allsingular

values
(Figure

1).
D

ata
w

ere
generated

from
n

=
1,000

and
p

=
1,000

w
ith

true
rank

d ∗
=

50.
For

the
sm

allestsingular
values,A

R
SV

D
tends

to
underestim

ate
the

singular
values,and

the
standard

error
is

larger.
T

his
bias

can
be

considered
a

form
of

regularization
that

shrinks
directions

corresponding
to

sm
allsingular

values.
W

e
w

illdiscuss
this

property
further

in
Section

4.1.4.
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●

●
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●
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S
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Figure
1:

Singular
value

accuracy
ofA

R
SV

D
.Sim

ulation
results

com
paring

estim
ation

accuracy
of

singular
values

for
A

R
SV

D
versus

SV
D

on
pseudo-random

m
atrices

of
dim

ension
n

=
1,000

and
p

=
1,000.T

he
exactsingularvalues

are
in

red
and

confidence
intervals

forthe
singularvalues

com
puted

using
A

R
SV

D
are

in
blue.

W
e

can
com

pare
the

runtim
e

ofrandom
ized

SV
D

(R
SV

D
)to

tw
o

standard
spectraldecom

posi-
tions

m
ethods.W

e
denote

the
singularvalue

decom
position

ofa
data

m
atrix

X
as

SV
D

.W
e

denote
as

eig
the

procedure
first

com
puting

Σ̂
=
X
X
T

and
then

com
puting

the
spectral

decom
position

of
Σ̂

.
For

this
sim

ulation,w
e

generate
pseudo-random

m
atrices

thatare
n
×
p

such
that

n
=

p1
0 .

For
the

R
SV

D
procedure

w
e

w
ill

set
the

rank
param

eter
to

100.
W

e
ran

the
SV

D
procedure

on
m

atrices
w

ith
p

=
[2000,40000],w

e
did

notexceed
40,000

due
to

com
putationalconstraints.

W
e

ran
the

eigenvalue
procedure

on
m

atrices
w

ith
p

=
[2000,80000].W

e
ran

ourR
SV

D
procedure

on
m

atrices
w

ith
p

=
[2000

,100000].
E

xam
ining

the
runtim

e
of

the
three

m
ethods

in
term

s
of

C
PU

-
seconds

com
pared

to
the

size
ofthe

m
atrix,w

hich
w

e
index

as
p,w

e
see

on
a

log
scale

thatR
SV

D
dram

atically
outperform

s
the

othertw
o

m
ethods

(Figure
2).
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at
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w
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=
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=
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ra
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p

is
in

cr
em

en
te

d
by

1,
0
0
0

.I
n

th
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at
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E
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S
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N
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E
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U
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T
IO

N
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N
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A
S

S
IV

E
D

A
TA

4.1.4
L

A
T

E
N

T
P

O
P

U
L

A
T

IO
N

S
T

R
U

C
T

U
R

E

W
e

exam
ine

how
accurately

A
R

SV
D

can
be

used
to

correctlatentor
cryptic

population
structure.

Specifically,w
e

com
pared

the
perform

ance
ofan

L
M

M
using

A
R

SV
D

versus
a

standard
L

M
M

.W
e

sim
ulated

genotype
and

phenotype
data

w
here

the
genotypes

have
latentpopulation

structure
that,

once
corrected

for,there
rem

ains
no

association
betw

een
genotype

and
phenotype.

In
otherw

ords,
the

phenotype
is

conditionally
independentof

the
genotype

given
the

latent(population)
structure.

T
his

relation
is

som
etim

es
called

the
confounding

effectof
cryptic

structure
in

genom
ic

data,and
m

otivates
the

need
for

L
M

M
s

in
genom

e-w
ide

studies.
G

iven
thatsim

ulations
are

entirely
under

the
null

hypothesis
of

no
association

betw
een

genotype
and

phenotype,
p-values

should
follow

a
uniform

distribution
if

the
random

effectcontrols
population

structure
appropriately.

W
e

consider
any

resultexceeding
an
α

-threshold
a

false
positive,occurring

atrate
α

.
W

e
use

the
m

odelstated
in

M
im

no
etal.(2014)to

sim
ulate

adm
ixed

genotypesw
ith
K

ancestral
populations.T

he
genotype

ofan
individualis

generated
by

the
follow

ing
hierarchicalm

odel

θ
i
∼

D
irK

(α
),

φ
k
∼

B
eta(1,1

),
k

=
1,...,K

,

(z
1
,ij ,z

2
,ij )

∼
(M

ult(θ
i ),M

ult(θ
i ) )

for
j

=
1,...,p

(x
1
,ij ,x

2
,ij )

∼
(B

in
(φ
z
1
,ij ),B

in(φ
z
2
,ij ) )

for
j

=
1,...,p

.

T
he

firststep
sam

ples
the

the
adm

ixture
proportions

for
individual

i.
T

he
second

step
sam

ples
the

allele
frequency

distribution
for

populations
k

=
1
,...,K

.
T

he
third

step
sam

ples
the

population
of

origin
for

both
allele

copies
over

all
loci,

j
=

1
,...,p.

T
he

final
step

sam
ples

both
copies

of
the

alleles
at

each
locus

j.
W

e
generated

the
phenotype

using
the

follow
ing

relation:
y
i
∼

B
e(0.5

θ
k

+
0
.1

(1−
θ
k )).

W
e

looked
atfour

sim
ulation

settings
n

=
p

=
1
000,

n
=
p

=
5000,

n
=

1000,p
=

5000,
and

n
=

5
00

0,p
=

1000.
U

sing
the

p-values
for

a
L

M
M

using
A

R
SV

D
w

ith
the

rank
param

eter
d ∗

of
the

A
R

SV
D

specified,
w

e
see

that
the

standard
L

M
M

is
recovered

in
the

lim
it

of
d ∗

=
p

(Figure
4).O

fthese
settings,the

case
w

here
n

=
1000,p

=
5000

is
the

m
ostsim

ilarto
the

standard
genom

ics
case

w
here

the
num

ber
of

SN
Ps
p

is
m

uch
larger

than
the

num
ber

of
observations

n.
A

sum
m

ary
of

these
sim

ulation
results

is
that

the
A

R
SV

D
m

ethod
is

m
uch

faster
than

the
standard

L
M

M
and

perform
s

sim
ilarly

w
ith

respect
to

correcting
for

population
structure

and
controlling

false
positives.W

e
observed

that,forthe
sim

ulation
w

ith
n

=
1000,p

=
5000,using

A
R

SV
D

leads
to

a
substantial

reduction
of

com
putational

com
plexity

w
ith

sim
ilar

perform
ance.

In
general,

w
e

expect
the

tradeoff
betw

een
com

putational
efficiency

and
accuracy

to
depend

on
the

data.
In

the
case

of
structured

genom
ic

data,w
e

reportin
these

sim
ulations

and
in

Section
4.1.4

thatm
assive

com
putationalsavings

are
accom

panied
by

num
ericalaccuracy.

4.2
A

ssociation
M

apping
in

L
arge

G
enom

ic
D

ata

W
e

applied
ourL

M
M

w
ith

A
R

SV
D

to
a

large
genom

ic
data

setto
illustrate

thatw
e

can
achieve

con-
siderable

com
putationalefficiency

w
ithoutloss

in
accuracy.

In
particular,w

e
applied

our
m

ethod
to

the
W

ellcom
e

TrustC
ase

C
ontrolC

onsortium
(W

T
C

C
C

)data
(C

onsortium
,2007).

T
he

data
w

e
considerconsistofa

case-controlstudy
of

4,684
individuals.T

he
casesare

individualsw
ith

C
rohn’s

disease,and
the

num
ber

of
features

are
478,765

genetic
variants

across
the

22
autosom

alchrom
o-

som
es

in
the

genom
e.W

e
com

pared
ourA

R
SV

D
m

ethod
w

ith
state-of-the-artL

M
M

s
designed

for
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L
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M
s
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eneralized
E

igendecom
position

and
D

im
ension

R
eduction

T
he

appendix
states

a
variety

of
dim

ension
reduction

m
ethods

supervised,unsupervised,and
non-

linearthatcan
use

the
A

R
SV

D
engine

to
scale

to
m

assive
data.T

he
key

requirem
entisa

form
ulation

ofthe
truncated

generalized
eigendecom

position
problem

thatcan
be

im
plem

ented
by

the
A

daptive
R

andom
ized

SV
D

from
Section

2.4.
T

he
dim

ension
reduction

m
ethods

w
e

w
illfocus

on
are

sliced
inverse

regression
(SIR

)and
localized

sliced
inverse

regression
(L

SIR
).

A
.1

Problem
Form

ulation

A
ssum

e
w

e
are

given
Σ
∈
S
p+
+
,Γ
∈
S
p+

thatcharacterize
pairw

ise
relationships

in
the

data
and

let
r
�

m
in

(n
,p

)
be

the
“intrinsic

dim
ensionality”

of
the

inform
ation

contained
in

the
data.

In
the

case
ofsupervised

dim
ension

reduction
m

ethods
this

corresponds
to

the
dim

ensionality
ofthe

linear
subspace

to
w

hich
the

jointdistribution
of

(X
,Y

)
assigns

non-zero
probability

m
ass.O

urobjective
is

to
find

a
basis

forthatsubspace.ForSIR
and

L
SIR

this
corresponds

to
the

span
ofthe

generalized
eigenvectors{

g
1 ,...,g

r }
w

ith
largesteigenvalues{

λ
m
a
x

=
λ
1 ≥

...≥
λ
r }:

Γ
g

=
λ

Σ
g
.

(6)

A
n

im
portantstructuralconstraintw

e
im

pose
on

Γ
,w

hich
isapplicable

to
a

variety
ofhigh-dim

ensional
data

settings,is
thatithas

low
-rank:

r
≤
d ∗≡

rank(Γ
)�

p.
Itis

this
constraintthatw

e
w

illtake
advantage

ofin
the

random
ized

m
ethods.In

the
case

of
Σ

=
I(unsupervised

case),r
=
d ∗.

A
.2

SufficientD
im

ension
R

eduction

D
im

ension
reduction

is
often

a
first

step
in

the
statistical

analysis
of

high-dim
ensional

data
and

could
be

follow
ed

by
data

visualization
or

predictive
m

odeling.
If

the
ultim

ate
goal

is
the

latter,
then

the
statisticalquantity

ofinterestis
a

low
dim

ensionalsum
m

ary
Z
≡
R

(X
)

w
hich

captures
all

the
predictive

inform
ation

in
X

relevantto
Y

:

Y
=
f

(X
)

+
ε

=
h

(Z
)

+
ε,

X
∈
R
p,Z
∈
R
r,
r�

p
.
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Sufficient
dim

ension
reduction

(SD
R

)
is

one
popular

approach
for

estim
ating

Z
(L

i,1991;
C

ook
and

W
eisberg,1991;L

i,1992;L
ietal.,2005;N

ilsson
etal.,2007;Sugiyam

a,2007;C
ook,2007;

W
u

etal.,2010).In
this

appendix
w

e
focus

on
linearSD

R
s:
G

=
(g

1 ,...,g
r )∈

R
p×
r⇒

R
(X

)
=

G
T
X

,w
hich

provide
a

prediction-optim
alreduction

of
X

.

(Y
|
X

)
d=

(Y
|
G
T
X

),
d=

is
equivalence

in
distribution.

W
e

w
illconsider

tw
o

specific
dim

ension
reduction

m
ethods:

Sliced
Inverse

R
egression

(SIR
)

(L
i,

1991)
and

L
ocalized

Sliced
Inverse

R
egression

(L
SIR

)
(W

u
et

al.,
2010).

SIR
is

effective
w

hen
the

predictive
structure

in
the

data
is

global,i.e.,there
is

single
predictive

subspace
over

the
supportofthe

m
arginaldistribution

of
X

.In
the

case
oflocalorm

anifold
predictive

structure
in

the
data,L

SIR
can

be
used

to
com

pute
a

projection
m

atrix
G

thatcontains
this

non-linear
(m

anifold)
structure.

A
.3

E
fficientSolutionsand

A
pproxim

ate
SV

D

SIR
and

L
SIR

reduce
to

solving
a

truncated
generalized

eigendecom
position

problem
as

form
ulated

in
(6).Since

w
e

considerestim
ating

the
dim

ension
reduction

based
on

sam
ple

data
w

e
focus

on
the

sam
ple

estim
ators

Σ̂
=

1n
X
T
X

and
Γ̂
X
Y

=
X
T
K
X
Y
X

,w
here

K
X
Y

is
sym

m
etric

and
encodes

the
m

ethod-specific
grouping

of
the

sam
ples

based
on

the
response

Y
.

In
the

classic
statistical

setting,w
hen

n
>
p,both

Σ̂
and

Γ̂
X
Y

are
positive

definite
alm

ostsurely.
T

hen,a
typicalsolution

proceeds
by

first
sphering

the
data:

Z
=

Σ̂
−

12X
,

e.g.,
using

a
C

holesky
or

SV
D

representation
Σ̂

=
Σ̂

12(Σ̂
12)
T

.
T

his
is

follow
ed

by
eigendecom

position
of

Γ̂
Z
Y

L
i(1991);W

u
etal.(2010)

and
back-transform

ation
of

the
top

eigenvectors
directions

to
the

canonical
basis.

T
he

com
putational

tim
e

is
O

(n
p
2).

W
hen

n
<
p,

Σ̂
and

Γ̂
are

rank-deficientand
a

unique
solution

to
the

problem
(6)

does
notexist.

O
ne

w
idely-used

approach,w
hich

allow
s

us
to

m
ake

progress
in

this
problem

atic
setting,is

to
restrictour

attention
to

the
directions

in
the

data
w

ith
positive

variance.
T

hen
w

e
can

proceed
as

before,using
an

orthogonalprojection
onto

the
span

of
the

data.
T

he
totalcom

putation
tim

e
in

this
case

is
O

(n
2p

).In
m

any
m

odern
data

analysis
applications

both
n

and
p

are
very

large,
and

hence
algorithm

ic
com

plexity
of
O

[m
ax(n

,p
)×

m
in(n

,p
)
2]

could
be

prohibitive,
rendering

the
above

approaches
unusable.

W
e

propose
an

approxim
ate

solution
that

explicitly
recovers

the
low

-rank
structure

in
Γ

using
A

daptive
R

andom
ized

SV
D

from
Section

2.4.
In

particular,assum
e

rank
(Γ

)
=
d ∗
≥
r

(w
here

r
is

the
dim

ensionality
of

the
optim

aldim
ension

reduction
subspace).

T
hen

Γ
sv
d

=
U
S
2U

T
,w

here
U
∈
R
p×
d ∗.T

he
generalized

eigendecom
position

problem
(6)solution

becom
es

restricted
to

the
subspace

spanned
by

the
colum

ns
of

Γ
:

S
−
1U

T
Σ
U
S
−
1e

=
1λ
e,

e≡
S
U
T
g
.

(7)

T
he

dim
ension

reduction
subspace

is
contained

in
the

span(G
),w

here

G
=

(U
S
−
1e

1 ,...,U
S
−
1e
r ).
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Figure
1:

Surface
ofthe

expected
lossfunction

of(a)least-squares(m
irrored

sym
m

etrically),
(b)

RW
F,and

(c)
W

F
w

hen
x

=
[1,−

1] T.

1.1
O

ur
C

ontribution

T
his

paper
adopts

the
follow

ing
loss

function

`(z):=
12
m

m∑i=
1 (|a

Ti
z|−

y
i )

2
,

(3)

w
hich

is
the

quadratic
loss

ofthe
m

agnitude
m

easurem
ents.

C
om

pared
to

the
loss

function
(2)

of
W

F
that

adopts
the

quadratic
loss

of|a
Ti

z| 2,
the

above
loss

function
adopts

the
quadratic

loss
of|a

Ti
z|and

hence
has

lower-order
variables.

W
hile

both
loss

functions
are

nonconvex
in

z,the
W

F
loss

function
(2)

is
a

fourth-order
sm

ooth
function

of
a
Ti

z
and

our
loss

function
(3)

in
contrast

is
nonsm

ooth.
To

m
inim

ize
such

a
nonconvex

and
nonsm

ooth
loss

function
(3),we

develop
a

gradient
descent

algorithm
,w

hich
sets

the
“gradient”

to
zero

corresponding
to

nonsm
ooth

sam
ples.

W
e

refer
to

such
an

algorithm
together

w
ith

an
initialization

using
a

new
spectralm

ethod
(different

from
that

em
ployed

in
T

W
F

or
W

F)
as

reshaped
W

irtinger
flow

(RW
F).

W
e

show
that

the
new

loss
function

has
great

advantage
in

both
statisticaland

com
putational

effi
ciency,despite

nonsm
oothness.

In
fact,the

curvature
ofsuch

a
loss

function
behaves

sim
ilarly

to
that

ofa
least-squares

problem
w

ith
phase

inform
ation

in
the

neighborhood
of

globaloptim
izers,and

hence
yields

faster
convergence.

To
provide

further
insights,consider

the
standard

problem
ofsolving

x
from

linear
m

easurem
ents〈a

i ,x〉,
i=

1
,···

,m
,w

here
a
i ’s

are
com

posed
ofi.i.d.

standard
G

aussian
entries.

In
this

case,it
is

naturalto
use

the
least-squares

loss
function

`
L
S (z):=

1m

m∑i=
1 (

a
Ti

z
−

a
Ti

x )
2
.

(4)

Exam
ining

the
expected

(w
ith

respect
to

a
i ’s)

loss
surface

of
m

in{`
L
S (z),`

L
S (−

z)}
(to

m
im

ic
sign

am
biguity),

`(z),and
`
W
F (z)

in
Figure

1,w
hose

expressions
can

be
found

in
A

ppendix
A

,it
can

be
seen

that
the

loss
ofRW

F,rather
than

the
loss

ofW
F,has

a
sim

ilar
curvature

to
the

quadratic
least-squares

loss
around

the
globaloptim

izers,which
justifies

its
better

perform
ance

than
W

F.
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Figure
2:

Com
parison

ofconvergence
behaviorbetween

RW
F

and
the

least-squares
gradient

descent
w

ith
the

sam
e

initialization,the
sam

e
param

eters
n

=
1000,

m
=

6n,and
the

sam
e

step
size

µ
=

0.8.

T
he

nonsm
oothness

ofthe
loss

function
(3)

does
not

negatively
im

pact
the

perform
ance

ofRW
F

because
only

with
negligible

probability
the

algorithm
encountersnonsm

ooth
points

for
som

e
sam

ples,w
hich

furtherm
ore

are
set

not
to

contribute
to

the
gradient

direction
by

RW
F.T

he
gradient

ofthe
RW

F
loss

(3)
is

given
as

∇
`(z):=

1m

m∑i=
1 (

a
Ti

z
−
y
i ·sgn(a

Ti
z) )

a
i ,

(5)

w
here

sgn(0)=
0

by
convention.

C
om

paring
this

w
ith

the
gradient

ofthe
least-squares

loss

∇
`
L
S (z)=

1m

m∑i=
1 (

a
Ti

z
−

a
Ti

x )
a
i ,

(6)

one
can

see
that

RW
F

uses
estim

ated
phase

inform
ation

sgn(a
Ti

z)
to

generate
the

gradient
updates,and

the
convergence

behavior
ofRW

F
is

m
uch

sim
ilar

to
that

ofleast-squares
w

ith
phase

inform
ation

ifinitialized
properly.

Indeed,Figure
2

illustrates
that

RW
F

takes
alm

ost
the

sam
e

num
ber

of
iterations

for
recovering

a
signal(w

ith
only

the
m

agnitude
inform

ation)
as

the
least-squares

gradient
descent

m
ethod

for
recovering

a
signal(with

both
the

m
agnitude

and
the

sign
inform

ation).
W

efurtherdevelop
increm

ental/stochasticversionsofRW
F

using
m

ini-batchesofm
easure-

m
ents,called

increm
entalRW

F
(IRW

F),and
show

that
IRW

F
also

enjoys
the

advantageous
localcurvature

ofRW
F,and

achieves
excellent

statisticaland
com

putationalperform
ance.

A
long

the
w

ay,w
e

establish
the

perform
ance

guarantee
ofthe

K
aczm

arz-PR
update

rule
by

interpreting
it

as
a

variant
ofIRW

F.W
e

conduct
extensive

num
ericalexperim

ents
to

dem
onstrate

that
IRW

F
perform

s
better

than
other

com
petitive

increm
entalalgorithm

s
(ITW

F
and

K
aczm

arz-PR
)aswellasbatch

algorithm
s(RW

F,TW
F,W

F
and

A
ltM

inPhase).
W

e
sum

m
arize

our
m

ain
results

as
follow

s.

•
Statistically,w

e
show

that
RW

F
recovers

the
true

signalw
ith
O

(n)
G

aussian
m

ea-
surem

ents,w
hich

is
order-w

ise
optim

al.
T

hus,RW
F

im
proves

the
sam

ple
com

plexity
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co
m

pl
et

io
n

(K
es

ha
va

n
et

al
.,

20
10

;J
ai

n
et

al
.,

20
13

;S
un

an
d

Lu
o,

20
16

;H
ar

dt
,2

01
4;

Sa
et

al
.,

20
15

;Z
he

ng
an

d
La

ffe
rt

y,
20

16
;J

in
et

al
.,

20
16

;G
e

et
al

.,
20

16
),

lo
w

-r
an

k
m

at
rix

re
co

ve
ry

(B
ho

ja
na

pa
lli

et
al

.,
20

16
;C

he
n

an
d

W
ai

nw
rig

ht
,2

01
5;

Tu
et

al
.,

20
15

;Z
he

ng
an

d
La

ffe
rt

y,
20

15
;P

ar
k

et
al

.,
20

16
;W

ei
et

al
.,

20
16

;L
ie

t
al

.,
20

17
),

ro
bu

st
PC

A
(N

et
ra

pa
lli

et
al

.,
20

14
),

ro
bu

st
te

ns
or

de
co

m
po

sit
io

n
(A

na
nd

ku
m

ar
et

al
.,

20
16

),
di

ct
io

na
ry

le
ar

ni
ng

(A
ro

ra
et

al
.,

20
15

;S
un

et
al

.,
20

15
),

co
m

m
un

ity
de

te
ct

io
n

(B
an

de
ira

et
al

.,
20

16
),

ph
as

e
sy

nc
hr

on
iz

at
io

n
(B

ou
m

al
,2

01
6)

,b
lin

d
de

co
nv

ol
ut

io
n

(L
ee

et
al

.,
20

16
b;

Li
et

al
.,

20
16

),
et

c.
Fo

r
m

in
im

iz
in

g
a

ge
ne

ra
ln

on
co

nv
ex

no
ns

m
oo

th
ob

je
ct

iv
e,

va
rio

us
al

go
rit

hm
s

ha
ve

be
en

pr
op

os
ed

,s
uc

h
as

gr
ad

ie
nt

sa
m

pl
in

g
(B

ur
ke

et
al

.,
20

05
;K

iw
ie

l,
20

07
)

an
d

m
aj

or
iz

at
io

n-
m

in
im

iz
at

io
n

(O
ch

s
et

al
.,

20
15

).
T

he
se

al
go

rit
hm

s
ar

e
of

te
n

sh
ow

n
to

co
nv

er
ge

to
cr

iti
ca

l
po

in
ts

w
hi

ch
m

ay
be

lo
ca

lm
in

im
iz

er
s

or
sa

dd
le

po
in

ts
,w

ith
ou

t
an

ex
pl

ic
it

ch
ar

ac
te

riz
at

io
n

of
co

nv
er

ge
nc

e
ra

te
s.

In
co

nt
ra

st
,o

ur
al

go
rit

hm
is

sp
ec

ifi
ca

lly
de

sig
ne

d
fo

rt
he

ph
as

e
re

tr
iev

al
pr

ob
lem

,a
nd

ca
n

be
sh

ow
n

to
co

nv
er

ge
lin

ea
rly

to
th

e
gl

ob
al

op
tim

um
un

de
ra

n
ap

pr
op

ria
te

in
iti

al
iz

at
io

n.
T

he
ad

va
nt

ag
e

of
us

in
g

no
ns

m
oo

th
lo

ss
fu

nc
tio

ns
in

ou
r

st
ud

y
is

an
al

og
ou

s
in

sp
iri

t
to

th
at

of
th

e
re

ct
ifi

er
ac

tiv
at

io
n

fu
nc

tio
n

(o
ft

he
fo

rm
m

ax
{0
,·}

)
in

ne
ur

al
ne

tw
or

ks
.

It
ha

s
be

en
sh

ow
n

th
at

re
ct

ifi
ed

lin
ea

r
un

it
(R

eL
U

)
en

jo
ys

su
pe

rb
ad

va
nt

ag
e

in
re

du
ci

ng
th

e
tr

ai
ni

ng
tim

e
(K

riz
he

vs
ky

et
al

.,
20

12
)

an
d

pr
om

ot
in

g
sp

ar
sit

y
(G

lo
ro

t
et

al
.,

20
11

)
ov

er
its

co
un

te
rp

ar
ts

of
sig

m
oi

d
an

d
hy

pe
rb

ol
ic

ta
ng

en
t

fu
nc

tio
ns

,i
n

sp
ite

of
no

n-
lin

ea
rit

y
an

d
no

n-
di

ffe
re

nt
ia

bi
lit

y
at

ze
ro

.
O

ur
re

su
lts

in
fa

ct
al

so
de

m
on

st
ra

te
th

at
a

no
ns

m
oo

th
bu

t
sim

pl
er

lo
ss

fu
nc

tio
n

yi
el

ds
im

pr
ov

ed
pe

rfo
rm

an
ce

.

1.
3

P
ap

er
O

rg
an

iz
at

io
n

an
d

N
ot

at
io

ns

T
he

re
st

of
th

is
pa

pe
r

is
or

ga
ni

ze
d

as
fo

llo
w

s.
Se

ct
io

n
2

de
sc

rib
es

th
e

RW
F

al
go

rit
hm

in
de

ta
il

an
d

es
ta

bl
ish

es
its

pe
rfo

rm
an

ce
gu

ar
an

te
e.

Se
ct

io
n

3
in

tr
od

uc
es

th
e

IR
W

F
al

go
rit

hm
,

es
ta

bl
ish

es
its

pe
rfo

rm
an

ce
gu

ar
an

te
e

an
d

co
m

pa
re

s
it

w
ith

ex
ist

in
g

st
oc

ha
st

ic
al

go
rit

hm
s.

Se
ct

io
n

4
co

m
pa

re
s

RW
F

an
d

IR
W

F
wi

th
ot

he
r

co
m

pe
tit

iv
e

al
go

rit
hm

s
nu

m
er

ica
lly

.
Fi

na
lly

,
Se

ct
io

n
5

co
nc

lu
de

s
th

e
pa

pe
r

w
ith

co
m

m
en

ts
on

fu
tu

re
di

re
ct

io
ns

.
T

hr
ou

gh
ou

t
th

e
pa

pe
r,

bo
ld

fa
ce

lo
w

er
ca

se
le

tt
er

s
su

ch
as

a
i,

x
,z

de
no

te
ve

ct
or

s,
an

d
bo

ld
fa

ce
ca

pi
ta

ll
et

te
rs

su
ch

as
A
,Y

de
no

te
m

at
ric

es
.

Fo
r

tw
o

m
at

ric
es

,A
≺

B
m

ea
ns

th
at

B
−

A
is

po
sit

iv
e

de
fin

ite
.

Fo
r

a
co

m
pl

ex
m

at
rix

an
d

a
ve

ct
or

,A
∗

an
d

z
∗

de
no

te
co

nj
ug

at
e
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R
eshaped

W
irtinger

F
low

transposes
of

A
and

z,respectively.
For

a
realm

atrix
and

a
vector,

A
T

and
z
T

denote
transposes

of
A

and
z,respectively.

W
e

let�
denotes

elem
ent-w

ise
product.

T
he

indicator
function

1
A

=
1

ifthe
event

A
occurs,and

1
A

=
0

otherw
ise.

W
e

let‖
x‖1

and
‖
x‖

denote
the

l1
norm

and
l2

norm
ofa

vector
x,respectively.

M
oreover,let‖

A
‖
F

and
‖
A
‖

denote
the

Frobenius
norm

and
the

spectralnorm
ofa

m
atrix

A
,respectively.

W
e

note
that

the
constants

c,C
,c0 ,c1 ,c2

m
ay

be
different

in
different

equations,for
the

sake
ofnotational

sim
plicity.

2.
R

eshaped
W

irtinger
Flow

C
onsider

the
Problem

1
for

the
com

plex
case.

It
can

be
observed

that
if

z
is

a
solution,

i.e.,satisfying
Equation

(1),then
z
e −

jφ
is

also
the

solution
ofthe

problem
w

here
φ

is
an

arbitrary
phase

constant.
T

herefore,the
recovery

is
up

to
a

phase
difference.

T
hus,w

e
define

the
Euclidean

distance
between

two
com

plex
vectors

up
to

a
globalphase

difference
(C

andès
et

al.,2015)
as,

dist(z
,x):=

m
in

φ∈[0
,2
π) ‖

z
e −

jφ−
x‖,

(7)

w
hich

is
sim

ply
m

in‖z
±

x‖
for

the
realcase.

In
thispaper,we

focuson
the

real-valued
case

in
ouranalysis,butthe

algorithm
designed

below
isapplicable

to
the

com
plex-valued

case
and

the
case

with
otherm

easurem
entvectors

such
as

coded
diffraction

pattern
(C

D
P)

as
w

e
dem

onstrate
via

num
ericalexperim

ents
in

Section
4.

W
e

design
RW

F
(see

A
lgorithm

1)forsolving
the

phase
retrievalproblem

,which
contains

two
stages:spectralinitialization

and
gradientloop.Thesuggested

valuesfortheparam
eters 2

are
given

by
α
l =

1
,α

u
=

5
and

µ
=

0
.8.

T
he

rescaling
coeffi

cient
in
λ

0
and

the
conjugate

transpose
a
∗i

allow
the

algorithm
readily

applicable
to

the
com

plex
and

CD
P

cases.W
e

next
describe

the
two

stages
ofRW

F
in

details
in

Sections
2.1

and
2.2,respectively,and

establish
the

convergence
guarantee

in
Section

2.3.Finally,we
provide

the
stability

guarantee
ofRW

F
in

Section
2.4.

2.1
Initialization

via
the

SpectralM
ethod

W
hen

solving
nonconvex

problem
s

by
iterative

algorithm
s,the

starting
point

is
critical.

T
he

spectralm
ethod

is
a

popular
choice

in
the

literature
(K

eshavan
et

al.,2010;N
etrapalli

et
al.,2013;C

andès
et

al.,2015;C
hen

and
C

andès,2015),w
hich

often
provides

a
good

initialization.
D

ifferent
from

the
spectralinitialization

used
in

A
ltM

inPhase
(N

etrapalli
et

al.,2013),W
F

(C
andès

et
al.,2015)

and
T

W
F

(C
hen

and
C

andès,2015),w
hich

are
based

on
the

squared
m

agnitudes
as

the
weight

ofeach
rank-one

m
atrix

a
i a
∗i ,we

propose
an

alternative
initialization

in
A

lgorithm
1

that
uses

the
m

agnitudes
instead,and

truncates
sam

ples
that

are
either

too
large

or
too

sm
all.

W
e

show
that

such
an

initialization
achieves

a
sm

aller
sam

ple
com

plexity
than

W
F

and
the

sam
e

sam
ple

com
plexity

as
T

W
F

order-w
ise,

and
furtherm

ore,perform
s

better
than

both
W

F
and

T
W

F
num

erically.
O

ur
initialization

consists
ofestim

ation
ofboth

the
norm

and
the

direction
of

x.
T

he
norm

estim
ation

of
x

is
given

by
λ

0
in

A
lgorithm

1.
Intuitively,w

ith
real-valued

G
aussian

2.
For

the
com

plex
G

aussian
case,w

e
suggest

µ
=

1
.2.
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Zhang,
Zhou,

Liang
and

C
hi

A
lgorithm

1
R

eshaped
W

irtinger
Flow

Input:
y

=
{
y
i }
mi=

1 ,{
a
i }
mi=

1 ;
P

aram
eters:

Lowerand
upperthresholds

α
l ,α

u
fortruncation

in
initialization,step

size
µ;

Initialization:
Let

z
(0)=

λ
0 z̃,w

here
λ

0
=

m
n

∑
mi=

1 ‖
a
i ‖1 · (

1m

∑
mi=

1
y
i )

and
z̃

is
the

leading
eigenvector

of

Y
:=

1m

m∑i=
1
y
i a
i a
∗i 1
{
α
l λ

0
<
y
i <
α
u
λ

0 } .
(8)

G
radient

loop:
for

t=
0

:
T
−

1
do

z
(t+

1)=
z

(t)−
µm

m∑i=
1 (

a
∗i z

(t)−
y
i ·

a
∗i z

(t)

|a
∗i z

(t)| )
a
i .

(9)

O
utput

z
(T

).

m
easurem

ent
vectors

(i.e.,
a
i
∼
N

(0
,I

n×
n )),

the
scaling

coeffi
cient

m
n

∑
mi=

1 ‖
a
i ‖1
≈
√

π2 .
M

oreover,for
i=

1,...,m
,
y
i =
|a
Ti

x|are
independentsub-G

aussian
random

variables
with

m
ean

√
2π ‖x‖,and

thus
1m

∑
mi=

1
y
i ≈

√
2π ‖

x‖.
C

om
bining

these
two

facts
yields

the
desired

argum
ent.

Thedirection
of

x
isapproxim

ated
by

theleading
eigenvectorof

Y
,because

Y
approaches

E[Y
]by

concentration
ofm

easure
argum

ents,and
the

leading
eigenvector

ofE[Y
]takes

the
form

cx
for

som
e

scalar
c∈

R
.

W
e

note
that

(8)
involves

truncation
ofsam

ples
from

both
sides,in

contrastto
truncation

only
by

an
upperthreshold

in
TW

F
(Chen

and
Candès,

2015).
T

he
truncation

param
eters

α
l and

α
u

are
related

to
the

eigenvalue
gap

between
the

top
two

eigenvalues
of

Y
,which

determ
ines

the
estim

ation
accuracy

ofthe
eigenvector

after
running

k
iterations

ofthe
power

m
ethod

3.
T

he
larger

the
eigenvalue

gap,the
better

the
accuracy

ofthe
power

m
ethod

given
a

num
ber

ofiterations.
W

e
note

that
α
l =

1
,α

u
=
∞

yield
the

largest
eigenvalue

gap
from

the
developm

ents
in

A
ppendix

B
.W

e
explicitly

set
a

bounded
α
u

for
the

developm
ent

ofthe
proofand

for
num

ericalstability.
W

e
nextprovide

the
form

alstatem
entthatwith

high
probability,the

proposed
initializa-

tion
lands

in
a

sm
allneighborhood

around
the

true
signal.

P
roposition

1
Fix

δ
>

0
,α

l
=

1
and

α
u
�

1.
T

he
initialization

step
in

A
lgorithm

1
yields

z
(0)

satisfying
dist(z

(0),x)≤
δ‖

x‖
with

the
probability

at
least

1−
exp(−

cm
ε 2),

if
m
>
C

(δ,ε)n,where
c

is
som

e
positive

constantand
C

is
a

positive
constantaffected

by
δ

and
ε.

P
roof.

See
A

ppendix
B.

Finally,
w

e
num

erically
com

pare
different

initialization
m

ethods
in

Figure
3.

It
is

dem
onstrated

that
RW

F
achieves

better
initialization

accuracy
in

term
s

ofthe
relative

error
dist(z

(0),x)/‖x‖
than

W
F,T

W
F,as

w
ellas

the
initialization

m
ethod

proposed
in

TA
F

(W
ang

et
al.,2016).

3.
N

um
ericallinear

algebra
show

s
that

after
k

iterations
ofthe

pow
er

m
ethod,the

estim
ation

accuracy
of

the
eigenvector

is
given

by
O

((λ
2 /
λ

1 )
k),w

here
λ

1
and

λ
2

are
the

top
tw

o
eigenvalues.
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R
es

ha
pe

d
W

ir
ti

ng
er

F
lo

w

0
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00
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00
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00
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00
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00
60

00
70

00
80

00
n:

 s
ig

na
l d

im
en

si
on

0.
6

0.
7

0.
8

0.
91

1.
1

Relative error 

R
el

at
iv

e 
er

ro
r 

af
te

r 
in

it
ia

liz
at

io
n

R
W

F
T

W
F

W
F

T
A

F

Fi
gu

re
3:

Co
m

pa
ris

on
of

di
ffe

re
nt

in
iti

al
iza

tio
n

m
et

ho
ds

wi
th
m

=
6n

an
d

un
de

r5
0

ite
ra

tio
ns

of
po

we
r

m
et

ho
d.

2.
2

G
ra

di
en

t
Lo

op
T

he
gr

ad
ie

nt
lo

op
of

A
lg

or
ith

m
1

is
ba

se
d

on
th

e
lo

ss
fu

nc
tio

n
(3

),
an

d
th

e
up

da
te

ru
le

(9
)

m
ak

es
its

el
fs

ui
ta

bl
e

fo
r

th
e

co
m

pl
ex

ca
se

.
Fo

r
th

e
re

al
ca

se
th

e
up

da
te

di
re

ct
io

n
is

gi
ve

n
as

fo
llo

w
s:

∇
`(

z
):

=
1 m

m ∑ i=
1

( a
T i

z
−
y i
·s

gn
(a

T i
z

))
a
i

=
1 m

m ∑ i=
1

(
a
T i

z
−
y i
·

a
T i

z

|a
T i

z
|)

a
i,

(1
0)

w
he

re
sg

n(
·)

is
th

e
sig

n
fu

nc
tio

n
fo

r
no

nz
er

o
ar

gu
m

en
ts

.
W

e
fu

rt
he

r
se

t
sg

n(
0)

=
0

an
d

0 |0
|

=
0.

In
fa

ct
,∇

`(
z

)
eq

ua
ls

th
e

gr
ad

ie
nt

of
th

e
lo

ss
fu

nc
tio

n
(3

)
ov

er
th

e
sa

m
pl

es
th

at
sa

tis
fy

a
T i

z
6=

0.
Fo

rs
am

pl
es

co
rr

es
po

nd
in

g
to

th
e

no
ns

m
oo

th
po

in
t,

i.e
.,

a
T i

z
=

0,
we

ad
op

t
th

e
Fr

éc
he

t
su

pe
rd

iff
er

en
tia

l(
K

ru
ge

r,
20

03
)

fo
r

no
nc

on
ve

x
fu

nc
tio

ns
to

se
t

th
e

gr
ad

ie
nt

co
m

po
ne

nt
to

be
ze

ro
(a

s
ze

ro
is

an
ele

m
en

t
in

th
e

Fr
éc

he
t

su
pe

rd
iff

er
en

tia
l).

W
ith

ab
us

e
of

te
rm

in
ol

og
y,

we
st

ill
re

fe
r

to
∇
`(

z
)

in
Eq

ua
tio

n
(1

0)
as

th
e

“g
ra

di
en

t”
fo

r
sim

pl
ic

ity
,w

hi
ch

ra
th

er
re

pr
es

en
ts

th
e

up
da

te
di

re
ct

io
n

in
th

e
gr

ad
ie

nt
lo

op
of

A
lg

or
ith

m
1.

2.
3

Li
ne

ar
C

on
ve

rg
en

ce
of

R
W

F
W

e
ch

ar
ac

te
riz

e
th

e
co

nv
er

ge
nc

e
gu

ar
an

te
e

of
RW

F
in

th
e

fo
llo

w
in

g
th

eo
re

m
.

T
he

or
em

2
C

on
si

de
r

th
e

pr
ob

le
m

of
so

lv
in

g
an

y
gi

ve
n

x
∈
R
n

fro
m

a
sy

st
em

of
eq

ua
tio

ns
(1

)
wi

th
G

au
ss

ia
n

m
ea

su
re

m
en

tv
ec

to
rs

.
T

he
re

ex
is

ts
om

e
un

iv
er

sa
lc

on
st

an
ts
µ

0
>

0
(µ

0
ca

n
be

se
t

as
0.

8
in

pr
ac

tic
e)

,
0
<
ρ
,ν

<
1

an
d
c 0
,c

1,
c 2
>

0
su

ch
th

at
if
m
≥
c 0
n

an
d

µ
<
µ

0,
th

en
wi

th
pr

ob
ab

ili
ty

at
lea

st
1
−
c 1

ex
p(
−
c 2
m

),
Al

go
ri

th
m

1
yi

el
ds

di
st

(z
(t

) ,
x

)≤
ν

(1
−
ρ
)t
‖x
‖,
∀t
∈
N
.

(1
1)

P
ro

of
W

e
ou

tli
ne

th
e

pr
oo

fh
er

e
w

ith
th

e
de

ta
ils

de
le

ga
te

d
to

A
pp

en
di

x
C

.C
om

pa
re

d
to

W
F

an
d

T
W

F,
ou

r
pr

oo
fi

s
m

uc
h

sim
pl

er
du

e
to

th
e

lo
w

er
-o

rd
er

lo
ss

fu
nc

tio
n

th
at

RW
F
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Zh
an

g,
Zh

ou
,

Li
an

g
an

d
C

hi

re
lie

s
on

.
W

e
fir

st
in

tr
od

uc
e

a
gl

ob
al

ph
as

e
no

ta
tio

n
fo

r
th

e
re

al
ca

se
as

fo
llo

w
s:

Φ
x
(z

):
=
{

0,
if
‖z
−

x
‖
≤
‖z

+
x
‖,

π
,

ot
he

rw
ise

.
(1

2)

Fo
r

th
e

sa
ke

of
sim

pl
ic

ity
,w

e
le

t
z

be
e−

jΦ
x

(z
) z

,w
hi

ch
in

di
ca

te
s

th
at

z
is

al
w

ay
s

in
th

e
ne

ig
hb

or
ho

od
of

x
.

H
er

e,
th

e
ce

nt
ra

li
de

a
is

to
sh

ow
th

at
w

ith
in

th
e

ne
ig

hb
or

ho
od

of
th

e
gl

ob
al

m
in

im
iz

er
,

RW
F

sa
tis

fie
s

th
e

Re
gu

la
ri

ty
C

on
di

tio
n

RC
(µ
,λ
,c

)
(C

he
n

an
d

C
an

dè
s,

20
15

),
i.e

.,

〈∇
`(

z
),

z
−

x
〉≥

µ 2
‖∇

`(
z

)‖
2

+
λ 2‖

z
−

x
‖2

(1
3)

fo
r

al
lz

ob
ey

in
g
‖z
−

x
‖
≤
c‖

x
‖,

w
he

re
0
<
c
<

1
is

so
m

e
sm

al
lc

on
st

an
t.

T
he

n,
as

sh
ow

n
in

(C
an

dè
s

et
al

.,
20

15
;C

he
n

an
d

C
an

dè
s,

20
15

),
on

ce
th

e
in

iti
al

iz
at

io
n

la
nd

s
in

to
th

is
ne

ig
hb

or
ho

od
,l

in
ea

r
co

nv
er

ge
nc

e
ca

n
be

gu
ar

an
te

ed
w

ith
a

pr
op

er
ch

oi
ce

of
th

e
co

ns
ta

nt
st

ep
siz

e,
i.e

.,

di
st

2
(z
−
µ
∇
`(

z
),

x
)≤

(1
−
µ
λ

)d
ist

2 (z
,x

),
(1

4)

fo
r

an
y

z
sa

tis
fy

in
g
‖z
−

x
‖
≤
c‖

x
‖.

Le
m

m
as

6
an

d
7

in
A

pp
en

di
x

C
yi

el
d

th
at

fo
r

al
lz

sa
tis

fy
in

g
‖z
−

x
‖
≤
c‖

x
‖,

〈∇
`(

z
),

z
−

x
〉≥

(1
−

0.
26
−

3ε
)‖

z
−

x
‖2

=
(0
.7

4
−

3ε
)‖

z
−

x
‖2

w
ith

hi
gh

pr
ob

ab
ili

ty
.

M
or

eo
ve

r,
Le

m
m

a
8

in
A

pp
en

di
x

C
fu

rt
he

r
yi

el
ds

th
at

‖∇
`(

z
)‖
≤

(1
+
δ)
·2
‖z
−

x
‖

(1
5)

wi
th

hi
gh

pr
ob

ab
ili

ty
.

Th
er

ef
or

e,
th

e
ab

ov
e

tw
o

bo
un

ds
im

pl
y

th
at

th
e

R
eg

ul
ar

ity
Co

nd
iti

on
(1

3)
ho

ld
s

fo
r
µ

an
d
λ

sa
tis

fy
in

g 0.
74
−

3ε
≥
µ 2
·4

(1
+
δ)

2
+
λ 2

(1
6)

fo
r

su
ffi

ci
en

tly
sm

al
lε

an
d
δ.

W
e

no
te

th
at

Eq
ua

tio
n

(1
6)

im
pl

ie
s

an
up

pe
r

bo
un

d
fo

r
th

e
st

ep
siz

e
µ
≤

0.
74 2

=
0.

37
,

by
ta

ki
ng

ε
an

d
δ

to
be

su
ffi

ci
en

tly
sm

al
l.

H
ow

ev
er

,i
n

pr
ac

tic
e,

th
e

st
ep

siz
e
µ

ca
n

be
se

t
m

uc
h

la
rg

er
th

an
su

ch
a

bo
un

d,
sa

y
0.

8,
w

hi
le

st
ill

ke
ep

in
g

th
e

al
go

rit
hm

co
nv

er
ge

nt
.

T
hi

s
is

be
ca

us
e

th
e

co
effi

ci
en

ts
in

th
e

pr
oo

fa
re

se
t

fo
r

th
e

co
nv

en
ie

nc
e

of
th

e
pr

oo
fr

at
he

r
th

an
be

in
g

tig
ht

ly
ch

os
en

.
T

he
or

em
2

in
di

ca
te

s
th

at
RW

F
re

co
ve

rs
th

e
tr

ue
sig

na
lw

ith
O

(n
)

sa
m

pl
es

,w
hi

ch
is

or
de

r-
w

ise
op

tim
al

.
Su

ch
an

al
go

rit
hm

im
pr

ov
es

th
e

sa
m

pl
e

co
m

pl
ex

ity
O

(n
lo

gn
)

of
W

F.
Fu

rt
he

rm
or

e,
RW

F
do

es
no

t
re

qu
ire

tr
un

ca
tio

n
of

sa
m

pl
es

in
th

e
gr

ad
ie

nt
st

ep
to

ac
hi

ev
e

th
e

sa
m

e
sa

m
pl

e
co

m
pl

ex
ity

as
T

W
F.

T
hi

s
is

m
ai

nl
y

be
ca

us
e

RW
F

be
ne

fit
s

fro
m

th
e

lo
we

r-
or

de
r

lo
ss

fu
nc

tio
n

gi
ve

n
in

Eq
ua

tio
n

(3
),

th
e

cu
rv

at
ur

e
of

w
hi

ch
be

ha
ve

s
sim

ila
rly

to
th

e
le

as
t-

sq
ua

re
s

lo
ss

fu
nc

tio
n

lo
ca

lly
as

we
ex

pl
ai

n
in

th
e

in
tr

od
uc

tio
n.
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R
eshaped

W
irtinger

F
low

Theorem
2

also
suggeststhatRW

F
convergeslinearly

with
a

constantstep
size.To

reach
ε-accuracy,it

requires
a

com
putationalcost

ofO
(m
n

log(1
/ε))

flops,w
hich

is
better

than
W

F
(O

(m
n

2log(1/ε))
and

on
par

w
ith

T
W

F.N
um

erically,as
we

dem
onstrate

in
Section

4,
RW

F
is

two
tim

es
faster

than
T

W
F

and
four

to
six

tim
es

faster
than

W
F

in
term

s
ofboth

the
iteration

counts
and

the
tim

e
cost

in
various

exam
ples.

2.4
Stability

to
B

ounded
N

oise

W
e

have
established

that
RW

F
guarantees

exact
recovery

at
a

linear
convergence

rate
for

noise-free
m

easurem
ents.

W
e

now
study

RW
F

in
the

presence
ofnoise.

Suppose
the

m
easurem

ents
are

corrupted
by

bounded
noise,and

are
given

by

y
i =
|a
Ti

x|+
w
i ,

1
≤
i≤

m
,

(17)

w
here

w
=
{
w
i }
mi=

1
denote

the
additive

noise.
T

hen
the

follow
ing

theorem
show

s
that

RW
F

is
robust

under
bounded

noise.

T
heorem

3
C

onsider
the

m
odel

(17).
Suppose

that
the

m
easurem

ent
vectors

are
inde-

pendently
G

aussian,
i.e.,

a
i
∼
N

(0
,I)

for
1
≤
i
≤
m

,
and

the
noise

is
bounded,

i.e.,
‖
w
‖
/ √

m
≤
c‖

x‖
where

c
is

a
positive

constant.
T

hen
there

existsom
e

universalconstants
µ

0
>

0
(µ

0
can

be
setas

0
.8

in
practice),0

<
ρ
<

1
and

c0 ,c1 ,c2
>

0
such

thatif
m
≥
c0 n

and
µ
<
µ

0 ,then
with

probability
atleast1−

c1 exp(−
c2 m

),Algorithm
1

yields

dist(z
(t),x).

‖
w
‖

√
m

+
(1−

ρ)
t‖

x‖,
∀
t∈

N
.

(18)

P
roof

See
A

ppendix
D

.
T

heorem
3

show
s

that
under

the
sam

e
sam

ple
com

plexity,RW
F

converges
at

a
linear

rate
to

a
neighborhood

around
the

true
signal,w

hose
radius

is
on

the
levelofthe

noise.
T

he
num

ericalresultunderthe
Poisson

noise
m

odelin
Section

4
furthercorroboratesthe

stability
ofRW

F.

3.
Increm

entalR
eshaped

W
irtinger

Flow
In

large-sam
pleand

onlinescenarios,stochasticalgorithm
sarepreferred

dueto
theirpotential

advantage
offaster

convergence
and

lower
m

em
ory

requirem
ent.

T
hus,in

this
section,we

develop
stochastic

versions
of

RW
F,referred

to
as

increm
entalreshaped

W
irtinger

flow
(IRW

F).W
e

show
that

IRW
F

guarantees
exact

recovery
at

a
linear

convergence
rate

under
the

sam
e

sam
ple

com
plexity.

W
e

further
draw

the
connection

betw
een

IRW
F

and
the

random
ized

K
aczm

arz
m

ethod
recently

developed
for

phase
retrieval(W

ei,2015;Liet
al.,

2015;C
hiand

Lu,2016),and
establish

its
globalconvergence

as
a

side
product.

3.1
(M

ini-batch)
IR

W
F

:A
lgorithm

and
C

onvergence

In
oder

to
fully

exploit
the

processing
throughput

ofC
PU

/G
PU

,we
develop

a
m

ini-batch
IRW

F,described
in

A
lgorithm

2.
T

he
m

ini-batch
IRW

F
applies

the
sam

e
initialization

step
as

in
RW

F,and
uses

a
m

ini-batch
ofm

easurem
ents

for
each

gradient
update.
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Zhang,
Zhou,

Liang
and

C
hi

A
lgorithm

2
M

ini-batch
Increm

entalR
eshaped

W
irtinger

Flow
(m

ini-batch
IRW

F)
Input:

y
=
{
y
i }
mi=

1 ,{
a
i }
mi=

1 ,m
ini-batch

size
k;

Initialization:
Sam

e
as

in
RW

F
(A

lgorithm
1);

G
radient

loop:
for

t=
0

:
T
−

1
do

Choose
Γ
t uniform

ly
atrandom

from
the

subsetsof{1,2,...,m
}

with
the

cardinality
k,and

let

z
(t+

1)=
z

(t)−
µ
·
A
∗Γ
t (

A
Γ
t z

(t)−
y

Γ
t �

Ph(A
Γ
t z

(t)) )
,

(19)

where
A

Γ
t isa

m
atrix

stacking
a
∗i

for
i∈

Γ
t asitsrows,

y
Γ
t isa

vectorstacking
y
i for

i∈
Γ
t

as
its

elem
ents,and

Ph(z)
denotes

the
phase

vector
of

z.
O

utput
z

(T
).

Ifthe
gradient

update
uses

only
a

single
sam

ple,i.e.,
k

=
1,we

refer
to

A
lgorithm

2
as

IRW
F,w

here
the

step
(19)

becom
es

z
(t+

1)=
z

(t)−
µ

(
a
∗it z

(t)−
y
it ·

a
∗it z

(t)

|a
∗it z

(t)| )
a
it .

(20)

W
e

characterize
the

convergence
ofm

ini-batch
IRW

F
in

the
follow

ing
theorem

.

T
heorem

4
C

onsider
the

problem
ofsolving

any
given

x
∈
R
n

from
a

system
ofequations

(1)with
independentG

aussian
m

easurem
entvectors

a
i ∼
N

(0,I).
There

existsom
e

universal
constants

0
<
ρ
,ρ0

<
1

and
c0 ,c1 ,c2

>
0

such
thatif

m
≥
c0 n

and
µ

=
ρ0 /n

for
the

update
rule

(19),then
with

probability
atleast1−

c1 exp(−
c2 m

),we
have

that

E
Γ
t [dist 2(z

(t+
1),x) ]≤

(1−
k
ρn

)
·dist 2(z

(t),x)
(21)

holds
for

all
z

(t)satisfying
dist(z

(t),x)
‖
z‖

≤
110 .

P
roof

See
A

ppendix
E.1.

W
e

suggest
that

ρ0
=

1
and

hence
the

step
size

µ
=

1n
in

practice.
T

heorem
4

characterizes
that

the
error

decays
exponentially

fast
in

expectation
ifthe

estim
ate

lands
into

the
neighborhood

ofthe
globalm

inim
izer.

For
a

generic
optim

ization
objective,it

is
not

anticipated
that

increm
ental/stochastic

first-order
m

ethods
achieve

linear
convergence

due
to

the
variance

ofstochastic
gradients.

H
owever,for

our
specific

problem
,the

variance
ofstochastic

gradients
reduces

as
the

estim
ate

approaches
the

true
signal,and

hence
a

fixed
step

size
can

be
em

ployed
and

exponentialdecay
can

be
established.

A
result

sim
ilar

in
spiritwasalso

established
forthe

stochastic
algorithm

based
on

TW
F

(referred
to

asITW
F)

(K
olte

and
Ö

zgür,2016).
W

e
provide

further
com

parisons
betw

een
IRW

F
and

IT
W

F
in

Section
3.3.

O
n

the
other

hand,it
was

show
n

in
(M

oulines
and

B
ach,2011;N

eedellet
al.,

2016)
that

stochastic
gradient

m
ethods

yield
linear

convergence
to

the
m

inim
izer

x
?

ifthe
objective

F
(x)

=
∑
i f
i (x)

is
a

sm
ooth

and
strongly

convex
function

and
x
?

m
inim

izes
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R
es

ha
pe

d
W

ir
ti

ng
er

F
lo

w

al
lc

om
po

ne
nt

s
f i

(x
).

T
he

su
m

m
an

ds
of

ou
r

ob
je

ct
iv

e
(3

)
al

so
sh

ar
e

th
e

sa
m

e
m

in
im

iz
er

(a
lth

ou
gh

it
is

ne
ith

er
co

nv
ex

no
r

sm
oo

th
),

w
hi

ch
al

so
he

lp
s

to
ex

pl
ai

n
th

e
co

nv
er

ge
nc

e
pr

op
er

ty
of

th
e

IR
W

F.

3.
2

C
on

ne
ct

io
n

to
th

e
K

ac
zm

ar
z

M
et

ho
d

fo
r

P
ha

se
R

et
ri

ev
al

T
he

K
ac

zm
ar

z
m

et
ho

d
w

as
or

ig
in

al
ly

de
ve

lo
pe

d
fo

r
so

lv
in

g
sy

st
em

s
of

lin
ea

r
eq

ua
tio

ns
(K

ac
zm

ar
z,

19
37

).
In

lit
er

at
ur

e
(W

ei,
20

15
;L

ie
ta

l.,
20

15
),

it
wa

sa
da

pt
ed

to
so

lv
e

th
e

ph
as

e
re

tr
ie

va
lp

ro
bl

em
,w

hi
ch

w
e

re
fe

r
to

as
K

ac
zm

ar
z-

PR
.I

t
ha

s
be

en
de

m
on

st
ra

te
d

in
W

ei
(2

01
5)

th
at

K
ac

zm
ar

z-
PR

ex
hi

bi
ts

be
tt

er
em

pi
ric

al
pe

rfo
rm

an
ce

th
an

er
ro

r
re

du
ct

io
n

(E
R

)
(G

er
ch

be
rg

,1
97

2;
Fi

en
up

,1
98

2)
an

d
W

F
(C

an
dè

se
ta

l.,
20

15
).

H
ow

ev
er

,g
lo

ba
lc

on
ve

rg
en

ce
of

K
ac

zm
ar

z-
PR

ha
s

no
t

be
en

w
el

le
st

ab
lis

he
d

ye
t,

al
th

ou
gh

th
e

ra
nd

om
iz

ed
K

ac
zm

ar
z

m
et

ho
d

fo
r

th
e

le
as

t-
sq

ua
re

s
pr

ob
le

m
is

kn
ow

n
to

co
nv

er
ge

at
a

lin
ea

r
ra

te
(S

tr
oh

m
er

an
d

Ve
rs

hy
ni

n,
20

09
;Z

ou
zi

as
an

d
Fr

er
is,

20
13

).
Fo

r
in

st
an

ce
,W

ei
(2

01
5)

ob
ta

in
ed

a
bo

un
d

on
th

e
es

tim
at

io
n

er
ro

r
w

hi
ch

ca
n

be
as

la
rg

e
as

th
e

sig
na

le
ne

rg
y

no
m

at
te

r
ho

w
m

an
y

ite
ra

tio
ns

ar
e

ta
ke

n.
Li
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s
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m

et
ho
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so
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g
th

e
le
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t-
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ua

re
s

pr
ob

le
m

.
H

er
e,

th
e

co
nn

ec
tio

n
is

m
ad

e
po

ss
ib

le
du

e
to

th
e

lo
w

er
-o

rd
er

lo
ss

fu
nc

tio
n
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RW

F,
w

hi
ch

w
as

no
t

ev
id

en
t

in
pr

ev
io

us
st

ud
ie

s
of

W
F

an
d

T
W

F.
To

be
m

or
e

sp
ec

ifi
c,

th
e

K
ac

zm
ar

z-
PR

(W
ei

,2
01

5,
A

lg
or

ith
m

3)
em

pl
oy

s
th

e
fo

llo
w

in
g

up
da

te
ru

le

z
(t

+
1)

=
z

(t
)
−

1
‖a

i t
‖2

(
a
∗ i t

z
(t

)
−
y i
t
·

a
∗ i t

z
(t

)

|a
∗ i t

z
(t

) |)
a
i t
,

(2
2)

wh
er

ei
t

is
se

lec
te

d
eit

he
ri

n
a

de
te

rm
in

ist
ic

m
an

ne
ro

rr
an

do
m

ly.
W

ef
oc

us
on

th
er

an
do

m
ize

d
ca

se
w

he
re
i t

is
se

le
ct

ed
un

ifo
rm

ly
at

ra
nd

om
fro

m
{1
,.
..
,m
}.

C
om

pa
rin

g
Eq

ua
tio

n
(2

2)
an

d
Eq

ua
tio

n
(2

0)
,t

he
up

da
te

ru
le

of
K

ac
zm

ar
z-

PR
be

co
m

es
eq

ui
va

le
nt

to
IR

W
F,

if
w

e
re

pl
ac

e
th

e
st

ep
siz

e
µ

by
1

‖a
i t
‖2

.
M

or
eo

ve
r,

th
es

e
tw

o
up

da
te

ru
le

s
ar

e
cl

os
e

if
µ

is
se

t
as

su
gg

es
te

d,
i.e

.,
µ

=
1 n
,b

ec
au

se
fo

r
G

au
ss

ia
n

m
ea

su
re

m
en

ts
,

‖a
i t
‖2

co
nc

en
tr

at
es

ar
ou

nd
n

by
th

e
la

w
of

la
rg

e
nu

m
be

rs
.

A
s

w
e

de
m

on
st

ra
te

in
th

e
nu

m
er

ic
al

ex
pe

rim
en

ts
(s

ee
Ta

bl
e

1)
,K

ac
zm

ar
z-

PR
an

d
IR

W
F

ha
ve

sim
ila

r
pe

rfo
rm

an
ce

as
an

tic
ip

at
ed

.T
hu

s,
fo

llo
wi

ng
th

e
co

nv
er

ge
nc

e
gu

ar
an

te
e

fo
rI

RW
F

in
Th

eo
re

m
4,

we
es

ta
bl

ish
th

e
co

nv
er

ge
nc

e
gu

ar
an

te
e

fo
r

th
e

ra
nd

om
iz

ed
K

ac
zm

ar
z-

PR
as

fo
llo

w
s.

T
he

or
em

5
As

su
m

e
th

e
m

ea
su

re
m

en
t

ve
ct

or
s

ar
e

in
de

pe
nd

en
t

an
d

ea
ch

a
i
∼
N

(0
,I

).
Th

er
e

ex
ist

so
m

e
un

iv
er

sa
lc

on
st

an
ts

0
<
ρ
<

1
an

d
c 0
,c

1,
c 2
>

0
su

ch
th

at
if
m
≥
c 0
n

,t
he

n
wi

th
pr

ob
ab

ili
ty

at
lea

st
1
−
c 1
m

ex
p(
−
c 2
n

),
th

e
ra

nd
om

iz
ed

K
ac

zm
ar

z-
PR

up
da

te
ru

le
(2

2)
yi

el
ds

E i
t

[ di
st

2 (z
(t

+
1)
,x

)]
≤
( 1
−
ρ n

)
·d

is
t2 (z

(t
) ,

x
)

(2
3)

fo
r

al
lz

(t
)

sa
tis

fy
in

g
di

st
(z

(t
) ,

x
)

‖z
‖

≤
1 10

.
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Zh
an

g,
Zh

ou
,

Li
an

g
an

d
C

hi

P
ro

of
Se

e
A

pp
en

di
x

E.
2.

T
he

or
em

5
im

pl
ie

s
th

at
as

lo
ng

as
th

e
ite

ra
tio

n
se

qu
en

ce
z

(t
)

lie
s

in
th

e
ne

ig
hb

or
ho

od
of

th
e

tr
ue

sig
na

l,
th

e
er

ro
r

de
ca

ys
ex

po
ne

nt
ia

lly
fa

st
in

ex
pe

ct
at

io
n.

H
ow

ev
er

,T
he

or
em

5
do

es
no

tg
ua

ra
nt

ee
th

e
fu

ll
tr

aj
ec

to
ry

of
th

e
es

tim
at

es
to

be
in

th
e

ne
ig

hb
or

ho
od

of
th

e
tr

ue
sig

na
l.

A
fte

r
su

bm
iss

io
n

of
ou

r
wo

rk
,m

or
e

re
ce

nt
st

ud
ie

s
(J

eo
ng

an
d

G
un

tu
rk

,2
01

7;
Ta

n
an

d
Ve

rs
hy

ni
n,

20
17

)
es

ta
bl

ish
ed

th
e

co
nv

er
ge

nc
e

of
fu

ll
tr

aj
ec

to
ry

by
em

pl
oy

in
g

m
ar

tin
ga

le
th

eo
ry

.
Fu

rt
he

rm
or

e,
W

ei
(2

01
5)

al
so

pr
ov

id
ed

a
bl

oc
k

K
ac

zm
ar

z-
PR

(s
im

ila
r

to
th

e
m

in
i-b

at
ch

ve
rs

io
n)

,w
ho

se
up

da
te

ru
le

is
gi

ve
n

by

z
(t

+
1)

=
z

(t
)
−

A
† Γ t

( A
Γ t

z
(t

)
−

y
Γ t
�

Ph
(A

Γ t
z

(t
) ))

,
(2

4)

wh
er

eΓ
t

is
a

se
lec

te
d

bl
oc

k
at

ite
ra

te
t

co
nt

ai
ni

ng
ro

w
in

di
ce

s,
an

d
†r

ep
re

se
nt

sM
oo

re
-P

en
ro

se
ps

eu
do

in
ve

rs
e,

w
hi

ch
is

co
m

pu
te

d
as

fo
llo

w
s:

A
†

=
{

(A
∗ A

)−
1 A
∗ ,

if
A

ha
s

lin
ea

rly
in

de
pe

nd
en

t
co

lu
m

ns
;

A
∗ (

A
A
∗ )
−

1 ,
if

A
ha

s
lin

ea
rly

in
de

pe
nd

en
t

ro
w

s.
(2

5)

C
om

pa
rin

g
Eq

ua
tio

n
(2

4)
an

d
th

e
m

in
i-b

at
ch

IR
W

F
up

da
te

in
Eq

ua
tio

n
(1

9)
,t

he
se

tw
o

up
da

te
ru

le
s

ar
e

sim
ila

r
to

ea
ch

ot
he

r
if

A
Γ t

A
∗ Γ t

ap
pr

oa
ch

es
n ρ
0
I
|Γ
t
|.

Fo
r

th
e

ca
se

w
ith

G
au

ss
ia

n
m

ea
su

re
m

en
ts

,A
Γ t

ha
sl

in
ea

rly
in

de
pe

nd
en

tr
ow

sw
ith

hi
gh

pr
ob

ab
ili

ty
if
|Γ
t|
≤
n

an
d

he
nc

e
A

Γ t
A
∗ Γ t

is
no

t
fa

r
fro

m
n

I
|Γ
t
|.

O
ur

nu
m

er
ic

al
ex

pe
rim

en
ts

(s
ee

Ta
bl

e
1)

fu
rt

he
r

su
gg

es
t

sim
ila

r
co

nv
er

ge
nc

e
ra

te
s

fo
r

th
es

e
tw

o
al

go
rit

hm
s

w
ith

th
e

sa
m

e
bl

oc
k/

m
in

i-b
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ch
siz

e. N
ex

t,
w

e
ar

gu
e

th
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fo
r

th
e

C
D

P
se
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g,
bl

oc
k

K
ac

zm
ar

z-
PR
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th

e
sa

m
e
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th

e
m

in
i-b

at
ch

IR
W

F
w

ith
µ

=
1.

T
he

C
D

P
m

ea
su

re
m

en
ts

ar
e
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lle

ct
ed

in
th

e
fo

llo
w
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rm
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=
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≤
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≤
L
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at
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re
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R
eshaped

W
irtinger

F
low

at
random

from
{1
,2
,...,m

}
for

the
gradient

update
as

follow
s:

z
(t+

1)=
z

(t)−
µ
· |a

Tit z| 2−
y

2it
a
Tit z

a
it 1
E
it
1
,t ∩E

it
3
,

(27)

w
here

1
E
it
1
,t ∩E

it
3

represents
the

truncation
rule

determ
ined

by
the

eventsE
it1
,t and

E
it3 .

A
s

a
com

parison,the
update

rule
ofIRW

F
is

m
uch

sim
pler

due
to

the
use

ofthe
lower-order

loss
function

and
does

not
require

any
truncation

in
the

gradient
loop.

K
olte

and
Ö

zgür
(2016)

proved
that

the
update

(27)
shrinks

the
estim

ate
error

as
long

as
m
/n

is
large

enough
and

the
estim

ate
z.

C
om

pared
to

IT
W

F,the
IRW

F
update

(19)
also

shrinks
the

estim
ate

error,
but

runs
faster

than
IT

W
F

num
erically

as
dem

onstrated
in

Section
4.

4.
N

um
ericalE

xperim
ents

In
this

section,w
e

dem
onstrate

the
num

ericaleffi
ciency

ofRW
F

and
(m

ini-batch)
IRW

F
by

com
paring

their
perform

ance
w

ith
other

com
petitive

algorithm
s.

O
ur

experim
ents

are
conducted

not
only

for
the

realG
aussian

case
but

also
for

the
com

plex
G

aussian
and

the
C

D
P

cases.
A

llthe
experim

ents
are

im
plem

ented
in

M
atlab

2015b
and

conducted
on

a
com

puter
equipped

w
ith

IntelC
ore

i7
3.4G

H
z

C
PU

and
12G

B
R

A
M

.
W

e
first

com
pare

the
sam

ple
com

plexity
ofRW

F
and

IRW
F

w
ith

those
ofT

W
F,W

F,
K

aczm
arz-PR

and
A

ltM
inPhase

via
the

em
piricalsuccessfulrecovery

rate
versusthe

num
ber

ofm
easurem

ents.
For

RW
F,w

e
follow

A
lgorithm

1
w

ith
the

suggested
param

eters.
For

IRW
F,we

adopt
a

block
size

64
for

effi
ciency

and
set

the
step

size
µ

=
1/n.

For
W

F,TW
F,

we
use

the
code

provided
in

the
originalpapers

w
ith

the
suggested

param
eters.

For
IT

W
F,

we
also

adopta
block

size
64

and
setthe

step
size

µ
=

0.6/n
(optim

alstep
size).W

e
conduct

theexperim
entsfortherealG

aussian,com
plex

G
aussian

and
CD

P
casesrespectively.Forthe

realand
com

plex
cases,we

set
the

signaldim
ension

n
to

be
1000,and

set
the

ratio
m
/n

to
take

valuesfrom
2

to
6

with
a

step
0.1.

Foreach
m

,we
run

100
trialsand

countthe
num

ber
ofsuccessfultrials.

For
each

trial,we
run

a
m

axim
alnum

ber
ofiterations/passes

T
=

10000
for

allalgorithm
s,

and
a

trialis
declared

to
be

successfulw
henever

the
iterate

satisfies
dist(z

(T
),x)/‖

x‖
≤

10 −
5.FortherealG

aussian
case,wegeneratethesignal

x
∼
N

(0
,I

n×
n ),

and
generate

the
m

easurem
ent

vectors
a
i ∼
N

(0
,I

n×
n )

i.i.d.
for

i
=

1
,...,m

.
For

the
com

plex
G

aussian
case,

we
generate

the
signal

x
∼
N

(0
,I

n×
n )+

jN
(0
,I

n×
n )

and
the

m
easurem

entvectors
a
i ∼

12 N
(0,I

n×
n )+

j
12 N

(0,I
n×

n )i.i.d.for
i=

1,...,m
.Forthe

CD
P

case
(26),we

set
n

=
1024

for
the

convenience
ofFFT

and
m
/
n

=
L

=
1,2,...,8.

A
llother

settings
are

the
sam

e
as

those
for

the
realcase.

W
e

note
that

for
the

C
D

P
case,the

K
aczm

arz-PR
algorithm

is
identicalto

the
IRW

F
w

ith
step

size
µ

=
1
/n

due
to

the
argum

ent
in

Section
3.2.

M
oreover

under
the

C
D

P
case,

the
A

ltM
inPhase

algorithm
is

identicalto
the

RW
F

with
step

size
µ

=
1

because
the

inverse
ofthe

Fourier
m

easurem
ent

m
atrix

is
nothing

but
its

conjugate
transpose.

In
the

follow
ing

experim
ents

for
the

C
D

P
case,w

e
choose

the
step

size
µ

=
1
/n

for
the

IRW
F

and
µ

=
1

for
the

RW
F,under

w
hich

the
K

aczm
arz-PR

algorithm
coincides

w
ith

the
IRW

F
and

the
A

ltM
inPhase

algorithm
coincides

w
ith

the
RW

F.
Figure

4
plots

the
fraction

ofsuccessfultrials
out

of100
trials

for
allalgorithm

s,w
ith

respect
to

m
/
n.

It
can

be
seen

that
IRW

F
and

K
aczm

arz-PR
exhibit

a
sim

ilar
sam

ple
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Figure
4:

C
om

parison
of

sam
ple

com
plexity

am
ong

RW
F,

IRW
F,

T
W

F,
IT

W
F,

W
F,

K
arzm

arz-PR
and

A
ltM

inPhase.

com
plexity,which

isthe
bestforallthree

cases,and
isclose

to
the

theoreticallim
it(Bandeira

et
al.,2014).

It
can

also
be

seen
that

the
two

increm
entalm

ethods
(IRW

F
and

IT
W

F)
outperform

the
batch

m
ethods(RW

F,TW
F,A

ltM
inPhase

and
W

F).Thiscan
be

due
to

the
inherentnoise

in
increm

entalm
ethods,which

helpsto
escape

bad
localm

inim
a.

Thiscan
be

extrem
ely

helpfulin
the

regim
e

with
a

sm
allnum

berofsam
ples,where

localm
inim

a
do

exist
near

the
globalm

inim
a.

C
om

paring
am

ong
the

batch
m

ethods
(RW

F,T
W

F
A

ltM
inPhase

and
W

F),it
can

be
seen

that
although

RW
F

outperform
s

only
W

F
and

A
ltM

inPhase
(not

TW
F)forthe

realG
aussian

case,ithasa
com

parable
perform

ance
forthe

com
plex

case
and

outperform
s

T
W

F
and

W
F

in
the

C
D

P
case.

A
n

intuitive
explanation

for
the

realcase
is

that
a

substantialnum
ber

ofsam
ples

with
sm

all|a
Ti

z|can
deviate

the
gradient

direction
so

thattruncation
indeed

helpsto
stabilize

the
algorithm

ifthe
num

berofm
easurem

entsisnot
large.W

e
next

com
pare

the
convergence

rate
ofRW

F,IRW
F

w
ith

those
ofT

W
F,IT

W
F,W

F,
K

aczm
arcz

and
A

ltM
inPhase.

W
e

run
allofthe

algorithm
s

w
ith

the
suggested

param
eters

in
the

originalcode.
W

e
generate

the
signaland

m
easurem

ents
in

the
sam

e
way

as
those
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Figure
6:

C
om

parison
ofrelative

error
under

Poisson
noise

between
RW

F
and

T
W

F.

approaches
the

asym
ptotic

loss
Figure

1(b)and
hence

has
no

spurious
localm

inim
a.

D
ue

to
the

result
(Lee

et
al.,2016a),it

is
conceivable

that
the

gradient
descent

algorithm
converges

from
any

random
starting

point.
Sim

ilar
phenom

ena
have

been
observed

in
(Sun

et
al.,

2016;G
e

et
al.,2016).

H
ow

ever,under
a

m
oderate

num
ber

ofm
easurem

ents
(m

<
10
n),

w
e

observe
that

genuine
localm

inim
a

do
exist

and
often

locate
not

far
from

the
global

m
inim

a.
In

such
a

regim
e,the

batch
gradient

m
ethod

often
fails

w
ith

random
initialization.

A
s

anticipated,stochastic
algorithm

s
are

effi
cient

in
escaping

bad
localm

inim
a

or
saddle

points
in

nonconvex
optim

ization
because

ofthe
inherent

noise
(G

e
et

al.,2015;Sa
et

al.,
2015).

W
e

observe
num

erically
that

IRW
F

and
block

IRW
F

from
a

random
starting

point
stillconverge

to
a

globalm
inim

um
even

w
ith

a
very

sm
allsam

ple
size

w
hich

is
close

to
the

theoreticallim
it.

It
is

ofinterest
to

analyze
theoretically

w
hy

stochastic
m

ethods
escape

these
localm

inim
a

(not
just

saddle
points)

effi
ciently.
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E
xpected

Loss
Surfaces

It
is

easy
to

check
that

the
expectation

ofthe
least-squares

loss
is

given
by

E[`
L
S (z)]=

‖
z
−

x‖ 2.
T

he
expectation

ofthe
W

F
loss

function
(2)

is
given

by
(Sun

et
al.,2016)

as

E[`
W
F (z)]=

34 ‖x‖ 4+
34 ‖z‖ 4−

12 ‖x‖ 2‖z‖ 2−
|z
T

x| 2.
(28)

W
e

next
show

that
the

expectation
ofthe

RW
F

loss
function

(3)
has

the
follow

ing
form

:

E[`(z)]=
12 ‖x‖ 2+

12 ‖z‖ 2−
‖
x‖‖z‖·E

[|a
Ti

z|
‖
z‖
· |a

Ti
x|

‖
x‖

]
,

(29)

w
here

E
[|a

Ti
z|

‖z‖
· |a

Ti
x|

‖x‖

]
=


(1−

ρ
2) 3

/2

π

∫
∞0
t(e

ρ
t+

e −
ρ
t)K

0 (t)d
t,

if|ρ|
<

1;
1,

if|ρ|=
1;

(30)

w
here

ρ
=

z
T

x
‖
x‖‖

z‖
and

K
0 (·)

is
the

m
odified

Besselfunction
ofthe

second
kind.

In
order

to
derive

(30),we
first

define

u
:=

a
Ti

z

‖
z‖

and
v

:=
a
Ti

x

‖
x‖

,

and
it

suffi
ces

to
drive

E[|u
v|].

N
ote

that
(u
,v)∼

N
(0,Σ

),w
here

Σ
=
[

1
ρ

ρ
1

]
,

and
ρ

=
z
T

x

‖x‖‖z‖
.

Follow
ing

(D
onahue,1964),the

density
function

of
u
v

is
given

by

φ
u
v (x)=

1
π √

1−
ρ 2

exp
(

ρ
x

1−
ρ 2 )

K
0 (

|x|
1−

ρ 2 )
,

x
6=

0.

T
hus,the

density
function

of|u
v|is

given
by

ψ
|u
v| (x)=

1
π √

1−
ρ 2

[exp
(

ρ
x

1−
ρ 2 )

+
exp

(−
ρ
x

1−
ρ 2 )]

K
0 (

|x|
1−

ρ 2 )
,

x
>

0,
(31)

for|ρ|
<

1.
T

herefore,if|ρ|
<

1,we
have

E[|u
v|]=

∫
∞0
x
·
ψ
ρ (x)d

x

=
∫
∞0
x
·

1
π √

1−
ρ 2

[exp
(

ρ
x

1−
ρ 2 )

+
exp

(−
ρ
x

1−
ρ 2 )]

K
0 (

|x|
1−

ρ 2 )
d
x

=
(1−

ρ 2) 3
/2

π

∫
∞0
t(e

ρ
t+

e −
ρ
t)K

0 (t)d
t,
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R
es

ha
pe

d
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ir
ti

ng
er

F
lo

w

w
he

re
th

e
la

st
st

ep
fo

llo
w

s
fro

m
ch

an
ge

of
va

ria
bl

es
.

If
|ρ
|=

1,
th

en
|u
v
|b

ec
om

es
a
χ

2 1
ra

nd
om

va
ria

bl
e,

w
ith

th
e

de
ns

ity
gi

ve
n

by

ψ
|u
v
|(x

)=
1 √
2π
x
−

1/
2

ex
p(
−
x
/
2)
,

x
>

0,

an
d

he
nc

e
E[
|u
v
|]

=
1.

A
pp

en
di

x
B

.
P

ro
of

of
P

ro
po

si
ti

on
1

Th
e

id
ea

of
us

in
g

tr
un

ca
tio

n
to

bo
un

d
so

m
e

no
n-

su
b-

G
au

ss
ia

n
se

qu
en

ce
sh

as
ap

pe
ar

ed
in

th
e

lit
er

at
ur

e
(C

an
dè

se
ta

l.,
20

13
,L

em
m

a
2.

3)
an

d
(C

he
n

an
d

Ca
nd

ès
,2

01
5)

.
Co

m
pa

re
d

to
th

e
pr

oo
fo

ft
he

in
iti

al
iz

at
io

n
fo

r
T

W
F

(C
he

n
an

d
C

an
dè

s,
20

15
),

ne
w

te
ch

ni
ca

ld
ev

el
op

m
en

ts
ar

e
ne

ed
ed

to
ad

dr
es

s
th

e
m

ag
ni

tu
de

m
ea

su
re

m
en

ts
an

d
tr

un
ca

tio
n

fro
m

bo
th

sid
es

.
W

e
fir

st
es

tim
at

e
th

e
no

rm
of

x
as

λ
0

=
m
n

∑
m i=

1
‖a

i‖
1
·(

1 m

m ∑ i=
1
y i

)
.

(3
2)

Si
nc

e
a
i
∼
N

(0
,I

n×
n
),

by
H

oe
ffd

in
g-

ty
pe

in
eq

ua
lit

y,
it

ca
n

be
sh

ow
n

th
at

∣ ∣ ∣ ∣ ∣∑
m i=

1
‖a

i‖
1

m
n

−
√

2 π

∣ ∣ ∣ ∣ ∣<
ε 3

(3
3)

ho
ld

s
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−

2e
xp

(−
c 1
m
n
ε2

)
fo

r
so

m
e

co
ns

ta
nt
c 1
>

0.
M

or
eo

ve
r,

fo
r

a
fix

ed
x

,y
i’s

ar
e

in
de

pe
nd

en
t

su
b-

G
au

ss
ia

n
ra

nd
om

va
ria

bl
es

.
T

hu
s,

by
H

oe
ffd

in
g-

ty
pe

in
eq

ua
lit

y,
it

ca
n

be
sh

ow
n

th
at

∣ ∣ ∣ ∣ ∣√
π 2

(
1 m

m ∑ i=
1
y i

)
−
‖x
‖∣ ∣ ∣ ∣ ∣<

ε 3‖
x
‖

(3
4)

ho
ld

s
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−

2e
xp

(−
c 1
m
ε2

)
fo

r
so

m
e

co
ns

ta
nt
c 1
>

0.
O

n
th

e
ev

en
t
E

1
=
{b

ot
h

(3
3)

an
d

(3
4)

ho
ld
},

it
ca

n
be

ar
gu

ed
th

at

|λ
0
−
‖x
‖|
<
ε‖

x
‖.

(3
5)

W
ith

ou
tl

os
so

fg
en

er
al

ity
,w

e
let
‖x
‖

=
1.

Th
en

on
th

e
ev

en
tE

1,
th

e
tr

un
ca

tio
n

fu
nc

tio
n

sa
tis

fie
s

th
e

fo
llo

w
in

g
bo

un
ds

1 {
α
l(

1+
ε)
<
|a
T i

x
|<
α
u

(1
−
ε)
}
≤

1 {
α
lλ

0<
y
i
<
α
u
λ

0}
≤

1 {
α
l(

1−
ε)
<
|a
T i

x
|<
α
u

(1
+
ε)
}.

T
hu

s,
de

fin
e

Y
1

:=
1 m

m ∑ i=
1

a
ia
T i
|a
T i

x
|1
{α
l(

1+
ε)
<
|a
T i

x
|<
α
u

(1
−
ε)
}

Y
2

:=
1 m

m ∑ i=
1

a
ia
T i
|a
T i

x
|1
{α
l(

1−
ε)
<
|a
T i

x
|<
α
u

(1
+
ε)
},
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Zh
an

g,
Zh

ou
,

Li
an

g
an

d
C

hi

an
d

we
ha

ve
Y

1
≺

Y
≺

Y
2.

W
e

fu
rt

he
rc

om
pu

te
th

e
ex

pe
ct

at
io

ns
of

Y
1

an
d

Y
2

an
d

ob
ta

in

E[
Y

1]
=

(β
1x

x
T

+
β

2I
),

E[
Y

2]
=

(β
3x

x
T

+
β

4I
),

(3
6)

w
he

re

β
1

:=
E[
|ξ|

3 1 {
α
l(

1+
ε)
<
|ξ
|<
α
u

(1
−
ε)
}]
−

E[
|ξ|

1 {
α
l(

1+
ε)
<
|ξ
|<
α
u

(1
−
ε)
}]
,

β
2

:=
E[
|ξ|

1 {
α
l(

1+
ε)
<
|ξ
|<
α
u

(1
−
ε)
}]

β
3

:=
E[
|ξ|

3 1 {
α
l(

1−
ε)
<
|ξ
|<
α
u

(1
+
ε)
}]
−

E[
|ξ|

1 {
α
l(

1−
ε)
<
|ξ
|<
α
u

(1
+
ε)
}]
,

β
4

:=
E[
|ξ|

1 {
α
l(

1−
ε)
<
|ξ
|<
α
u

(1
+
ε)
}]

wh
er

e
ξ
∼
N

(0
,1

).
Fo

rg
iv

en
α
l

an
d
α
u
,a

sm
al

lv
al

ue
of
ε

yi
eld

s
ar

bi
tr

ar
ily

clo
se
β

1
an

d
β

3,
as

we
ll

as
ar

bi
tr

ar
ily

cl
os

e
β

2
an

d
β

4.
Fo

r
ex

am
pl

e,
ta

ki
ng

α
l

=
1,
α
u

=
5

an
d
ε

=
0.

01
,w

e
ha

ve
β

1
=

0.
96

78
,β

2
=

0.
47

91
,β

3
=

0.
96

88
,β

4
=

0.
48

88
.

N
ow

ap
pl

yi
ng

th
e

st
an

da
rd

re
su

lts
on

ra
nd

om
m

at
ric

es
w

ith
no

n-
iso

tr
op

ic
su

b-
G

au
ss

ia
n

ro
ws

(V
er

sh
yn

in
,2

01
2,

eq
ua

tio
n

(5
.2

6)
)a

nd
no

tic
in

g
th

at
a
ia
T i
|a
T i

x
|1
{α
l(

1+
ε)
<
|a
T i

x
|<
α
u

(1
−
ε)
}

ca
n

be
re

w
rit

te
n

as
b
ib
T i

fo
r

a
su

b-
G

au
ss

ia
n

ve
ct

or
b
i

:=
a
i√
|a
T i

x
|1
{α
l(

1+
ε)
<
|a
T i

x
|<
α
u

(1
−
ε)
},

on
e

ca
n

de
riv

e

‖Y
1
−

E[
Y

1]
‖
≤
δ,
‖Y

2
−

E[
Y

2]
‖
≤
δ

(3
7)

wi
th

pr
ob

ab
ili

ty
at

lea
st

1−
4e

xp
(−
c 1

(δ
)m

)f
or

so
m

e
po

sit
iv

e
c 1

wh
ich

is
on

ly
aff

ec
te

d
by

δ,
pr

ov
id

ed
th

at
m
/n

ex
ce

ed
sa

ce
rt

ai
n

co
ns

ta
nt

.F
ur

th
er

m
or

e,
wh

en
ε

is
su

ffi
cie

nt
ly

sm
al

l,
on

e
fu

rt
he

r
ha

s
‖E

[Y
1]
−

E[
Y

2]
‖
≤
δ.

C
om

bi
ni

ng
th

e
ab

ov
e

fa
ct

s
to

ge
th

er
,o

ne
ca

n
sh

ow
th

at

‖Y
−

(β
1x

x
T

+
β

2I
)‖
≤

3δ
.

(3
8)

Le
t

z̃
(0

)
be

th
e

no
rm

al
iz

ed
le

ad
in

g
ei

ge
nv

ec
to

r
of

Y
.

Fo
llo

w
in

g
th

e
ar

gu
m

en
ts

in
(C

an
dè

s
et

al
.,

20
15

,S
ec

tio
n

7.
8)

an
d

ta
ki

ng
δ

an
d
ε

to
be

su
ffi

ci
en

tly
sm

al
l,

on
e

ha
s

di
st

(z̃
(0

) ,
x

)≤
δ̃,

(3
9)

fo
r

a
gi

ve
n
δ̃
>

0,
as

lo
ng

as
m
/n

ex
ce

ed
s

a
ce

rt
ai

n
co

ns
ta

nt
.

A
pp

en
di

x
C

.
P

ro
of

of
T

he
or

em
2

Th
e

ge
ne

ra
ls

tr
uc

tu
re

of
th

e
pr

oo
ff

ol
lo

ws
th

at
fo

r
W

F
in

(C
an

dè
s

et
al

.,
20

15
)

an
d

TW
F

in
(C

he
n

an
d

C
an

dè
s,

20
15

).
H

ow
ev

er
,t

he
pr

oo
fr

eq
ui

re
s

th
e

de
ve

lo
pm

en
t

of
ne

w
bo

un
ds

du
e

to
th

e
no

ns
m

oo
th

ne
ss

of
th

e
lo

ss
fu

nc
tio

n
an

d
th

e
m

ag
ni

tu
de

m
ea

su
re

m
en

ts
.

O
n

th
e

ot
he

r
ha

nd
,t

he
pr

oo
fi

s
m

uc
h

sim
pl

er
du

e
to

th
e

lo
we

r-
or

de
r

lo
ss

fu
nc

tio
n

ad
op

te
d

in
RW

F.
T

he
id

ea
of

th
e

pr
oo

fi
s

to
sh

ow
th

at
w

ith
in

th
e

ne
ig

hb
or

ho
od

of
th

e
gl

ob
al

op
tim

iz
er

s,
RW

F
sa

tis
fie

s
th

e
Re

gu
la

ri
ty

C
on

di
tio

n
RC

(µ
,λ
,c

)
,i

.e
.,

〈∇
`(

z
),

h
〉≥

µ 2
‖∇

`(
z

)‖
2

+
λ 2‖

h
‖2

(4
0)
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R
eshaped

W
irtinger

F
low

for
all

z
and

h
=

z
−

x
obeying

‖h‖
≤
c‖

x‖,w
here

0
<
c
<

1
is

som
e

constant.
T

hen,as
show

n
in

(C
hen

and
C

andès,2015),once
the

initialization
lands

into
the

neighborhood
that

satisfies‖
z
−

x‖
≤
c‖

x‖,linear
convergence

can
be

guaranteed,i.e.,

dist 2(z
−
µ∇

`(z),x)≤
(1−

µ
λ)dist 2(z

,x),
(41)

for
any

z
w

ith
‖z
−

x‖
≤
c‖

x‖.
To

show
the

regularity
condition,we

firstdefine
a

setS
:=
{
i:1≤

i≤
m
,(a

Ti
z)(a

Ti
x)

<
0}

(w
hich

depends
on

x
and

z),and
then

derive
the

follow
ing

bound:

〈∇
`(z),h〉=

1m

m∑i=
1 (

a
Ti

z
−
|a
Ti

x|sgn(a
Ti

z) )
(a

Ti
h)

=
1m

[
m∑i=

1 (a
Ti

h) 2+
2 ∑i∈S (a

Ti
x)(a

Ti
h) ]

≥
1m

[
m∑i=

1 (a
Ti

h) 2−
2 ∣∣∣∣∣ ∑i∈S (a

Ti
x)(a

Ti
h) ∣∣∣∣∣ ]

≥
1m

[
m∑i=

1 (a
Ti

h) 2−
∑i∈S 2 ∣∣∣ (a

Ti
x)(a

Ti
h) ∣∣∣ ]

.
(42)

T
he

first
term

in
(42)

can
be

bounded
using

Lem
m

a
3.1

in
(C

andès
et

al.,2013),w
hich

we
state

below
.

Lem
m

a
6

For
any

0
<
ε
<

1,there
existconstants

c0 ,c1
>

0
such

thatif
m
>
c0 n

ε −
2,then

with
probability

atleast1−
2exp(−

c1 ε 2m
),

(1−
ε)‖

h‖ 2≤
1m

m∑i=
1 (a

Ti
h) 2≤

(1
+
ε)‖h‖ 2

(43)

holds
for

allnon-zero
vectors

h
∈
R
n.

For
the

second
term

in
(42),we

derive
∑i∈S 2 ∣∣∣ a

Ti
x ∣∣∣ ∣∣∣ a

Ti
h ∣∣∣ ≤

∑i∈S [(a
Ti

x) 2+
(a

Ti
h) 2 ]

=
m∑i=

1 [(a
Ti

x) 2+
(a

Ti
h) 2]·1

{(a
Ti

x)(a
Ti

z)<
0}

=
m∑i=

1 [(a
Ti

x) 2+
(a

Ti
h) 2]·1

{(a
Ti

x) 2+
(a
Ti

x)(a
Ti

h)<
0}

≤
m∑i=

1 [(a
Ti

x) 2+
(a

Ti
h) 2]·1

{|a
Ti

x|<
|a
Ti

h|}

≤
2
m∑i=

1 (a
Ti

h) 2·1
{|a

Ti
x|<
|a
Ti

h|} .
(44)

T
he

right
hand

side
ofthe

above
equation

can
be

further
upper

bounded
by

the
follow

ing
lem

m
a.
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Lem
m

a
7

For
any

ε
>

0,there
existconstants

c0 ,c1 ,C
>

0
such

thatif
m
>
c0 n

ε −
2log

ε −
1,

then
with

probability
atleast1−

C
exp(−

c1 ε 2m
),

1m

m∑i=
1 (a

Ti
h) 2·1

{|a
Ti

x|<
|a
Ti

h|} ≤
(0.13

+
ε)‖h‖ 2

(45)

holds
for

allnon-zero
vectors

h
∈
R
n

satisfying
‖h‖
≤

110 ‖
x‖.

P
roof

See
Section

C
.1.

T
herefore,com

bining
Lem

m
as

6
and

7
w

ith
(42)

yields

〈∇
`(z),h〉≥

(1−
0.26−

3ε)‖h‖ 2
=

(0.74−
3
ε)‖

h‖ 2.
(46)

W
e

further
provide

an
upper

bound
on
‖∇

`(z)‖
in

the
follow

ing
lem

m
a.

Lem
m

a
8

Fix
δ
>

0.
T

here
exist

constatnts
c0 ,c,C

>
0

such
that

if
m
≥
c0 n

then
with

probability
atleast1−

C
exp(−

cm
),

‖∇
`(z)‖

≤
(1

+
δ)·2‖

h‖
(47)

holds
for

allnon-zero
vectors

h
,z
∈
R
n

satisfying
z

=
x

+
h

and
‖
h‖
≤

110 ‖x‖.

P
roof

See
Section

C
.2.

T
hus,applying

Lem
m

a
8

and
(46)

to
(40),we

conclude
that

Regularity
Condition

holds
for

µ
and

λ
satisfying

0
.74−

3
ε≥

µ2
·4(1

+
δ) 2+

λ2
,

(48)

w
hich

concludes
the

proof.

C
.1

P
roof

of
Lem

m
a

7

W
e

first
prove

bounds
for

any
fixed

h
≤

110 ‖
x‖,and

then
develop

a
uniform

bound
later

on.
W

e
introduce

a
series

ofauxiliary
random

Lipschitz
functions

to
approxim

ate
the

indicator
functions.

For
i=

1,...,m
,define

χ
i (t):=



t,
if
t
>

(a
Ti

x) 2;
1δ (t−

(a
Ti

x) 2)+
(a

Ti
x) 2,

if(1−
δ)(a

Ti
x) 2≤

t≤
(a

Ti
x) 2;

0
,

else;
(49)

and
then

χ
i (t)’s

are
random

Lipschitz
functions

w
ith

Lipschitz
constant

1δ .
W

e
further

have

|a
Ti

h| 21
{|a

Ti
x|<
|a
Ti

h|} ≤
χ
i (|a

Ti
h| 2)≤

|a
Ti

h| 21
{(1−

δ)|a
Ti

x| 2
<
|a
Ti

h| 2} .
(50)
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R
es

ha
pe

d
W

ir
ti

ng
er

F
lo

w

Fo
r

co
nv

en
ie

nc
e,

we
de

no
te
γ
i

:=
|a
T i

h
|2

‖h
‖2

1 {
(1
−
δ
)|a

T i
x
|2
<
|a
T i

h
|2
}

an
d
θ

:=
‖h
‖/
‖x
‖.

W
e

ne
xt

es
tim

at
e

th
e

ex
pe

ct
at

io
n

of
γ
i,

by
th

e
fo

llo
w

in
g

co
nd

iti
on

al
ex

pe
ct

at
io

n,

E[
γ
i]

=
∫ Ω
γ
id
P

=
∫∫
∞ −
∞

E
[ γ
i∣ ∣ a

T i
x

=
τ 1
‖x
‖,

a
T i

h
=
τ 2
‖h
‖]
·f

(τ
1,
τ 2

)d
τ 1
d
τ 2
,

(5
1)

w
he

re
f

(τ
1,
τ 2

)
is

th
e

de
ns

ity
of

tw
o

jo
in

t
G

au
ss

ia
n

ra
nd

om
va

ria
bl

es
w

ith
th

e
co

rr
el

at
io

n
ρ

=
h
T

x
‖h
‖‖

x
‖
6=
±

1.
W

e
th

en
co

nt
in

ue
to

de
riv

e

E[
γ
i]

=
∫∫
∞ −
∞
τ

2 2
·1
{√

1−
δ
|τ 1
|<
|τ 2
|θ
}
·f

(τ
1,
τ 2

)d
τ 1
d
τ 2

=
1

2π
√

1
−
ρ

2

∫
∞ −
∞
τ

2 2
ex

p
(
−
τ

2 2 2

)
·∫

|τ
2|
θ

√
1−
δ

−
|τ

2|
θ

√
1−
δ

ex
p
(
−

(τ
1
−
ρ
τ 2

)2

2(
1
−
ρ

2 )

)
d
τ 1
d
τ 2

(5
2)

=
1 2π

∫
∞ −
∞
τ

2 2
ex

p
(
−
τ

2 2 2

)
·∫

|τ
2|
θ

√
1−
δ
−
ρ
τ

2
√

1−
ρ

2

−
|τ

2|
θ

√
1−
δ
−
ρ
τ

2
√

1−
ρ

2

ex
p
(
−
τ

2 2

)
d
τ
d
τ 2

by
ch

an
ge

of
va

ria
bl

es

=
1 2π

∫
∞ −
∞
τ

2 2
ex

p
(
−
τ

2 2 2

)
·√

π 2

 
er

f 
|τ 2
|θ

√
1−
δ
−
ρ
τ 2

√
1
−
ρ

2

 
−

er
f 
−
|τ 2
|θ

√
1−
δ
−
ρ
τ 2

√
1
−
ρ

2

 
 
d
τ 2

=
1 √
2π

∫
∞ 0
τ

2 2
ex

p
(
−
τ

2 2 2

)
· 

er
f 

(
θ

√
1−
δ
−
ρ
)τ

2
√

1
−
ρ

2

 
+

er
f 

(
θ

√
1−
δ

+
ρ
)τ

2
√

1
−
ρ

2

 
 
d
τ 2
.

(5
3)

Fo
r
|ρ
|<

1,
E[
γ
i]

is
a

co
nt

in
uo

us
fu

nc
tio

n
of
ρ
.

Fo
r
|ρ
|=

1,
E[
γ
i]

=
0.

T
he

la
st

in
te

gr
al

(5
3)

ca
n

be
ca

lc
ul

at
ed

nu
m

er
ic

al
ly

.
Fi

gu
re

7
pl

ot
s

E[
γ
i]

fo
r
θ

=
0.

1
an

d
δ

=
0.

01
ov

er
ρ
∈

[−
1,

1]
.

Fu
rt

he
rm

or
e,

(5
2)

in
di

ca
te

s
th

at
E[
γ
i]

is
m

on
ot

on
ic

al
ly

in
cr

ea
sin

g
w

ith
bo

th
θ

an
d
δ.

T
hu

s,
we

ob
ta

in
a

un
iv

er
sa

lb
ou

nd

E[
γ
i]
≤

0.
13

fo
r
θ
<

0.
1

an
d
δ

=
0.

01
,

(5
4)

w
hi

ch
im

pl
ie

s
E[
χ
i(|

a
T i

h
|2 )

]≤
0.

13
‖h
‖2

fo
r
θ
<

0.
1

an
d
δ

=
0.

01
.

Fu
rt

he
rm

or
e,
χ
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a
T i

h
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’s
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e
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ex

po
ne
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lw
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th
e

su
b-

ex
po

ne
nt

ia
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or
m
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h
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By

th
e

su
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ex
po

ne
nt

ia
lt

ai
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ou
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(B
er
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te

in
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pe
)

(V
er

sh
yn

in
,2

01
2)

,w
e

ha
ve

P
[

1 m

m ∑ i=
1

χ
i(|

a
T i

h
|2 )

‖h
‖2

>
(0
.1

3
+
ε)
]
<

ex
p(
−
cm

ε2
),

(5
5)

fo
r

so
m

e
un

iv
er

sa
lc

on
st

an
t
c,

as
lo

ng
as
‖h
‖
≤

1 10
‖x
‖.

W
e

ha
ve
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ov

ed
so
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r

th
at

th
e
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ai

m
ho

ld
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r

a
fix

ed
h

.
W

e
ne
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a
un

ifo
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bo
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d
ov

er
al

lh
sa

tis
fy

in
g
‖h
‖
≤
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‖x
‖.

W
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fir
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sh
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th
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ai

m
ho

ld
s

fo
r

al
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w
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‖h
‖

=
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‖x
‖
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d

th
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e
th
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e
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ai
m

ho
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s
w

he
n
‖h
‖
<
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‖x
‖

to
w

ar
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th
e
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d

of
th

e
pr

oo
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t
ε′

=
ε
‖x
‖

10
an

d
we

co
ns

tr
uc

t
an

ε′
-n

et
N
ε′

co
ve

rin
g

th
e

sp
he

re
w

ith
th

e
ra

di
us

1 10
‖x
‖

in
R
n

w
ith

th
e

ca
rd

in
al

ity
|N

ε′
|≤

(1
+

2 ε
)n

.
T

he
n

fo
r

an
y
‖h
‖

=
1 10
‖x
‖,

th
er

e
ex

ist
s

an
h

0
∈
N
ε′

su
ch

th
at
‖h
−

h
0‖
≤
ε‖

h
‖.

Ta
ki

ng
th

e
un

io
n

bo
un

d
fo

r
al

lt
he

po
in

ts
on

th
e

ne
t,

we
cl

ai
m

th
at

1 m

m ∑ i=
1
χ
i

( |
a
T i

h
0|2
)
≤

(0
.1

3
+
ε)
‖h

0‖
2 ,
∀h

0
∈
N
ε′

(5
6)
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Zh
an
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Zh

ou
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Li
an

g
an

d
C

hi

-1
-0
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-0
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0.
2

0.
4

0.
6

0.
8
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0.
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0.
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0.
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1
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0.
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E[.i]

Fi
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re
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E[
γ
i]

w
ith

re
sp

ec
t
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ρ
.

ho
ld

s
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−

(1
+

2/
ε)
n

ex
p(
−
cm

ε2
).

Si
nc

e
χ
i(t

)’s
ar

e
Li

ps
ch

itz
fu

nc
tio

ns
w

ith
th

e
co

ns
ta

nt
1/
δ,

we
ha

ve
th

e
fo

llo
w

in
g

bo
un

d
∣ ∣ ∣χ
i(|

a
T i

h
|2 )−

χ
i(|

a
T i

h
0|2

)∣ ∣ ∣≤
1 δ

∣ ∣ |a
T i

h
|2
−
|a
T i

h
0|2
∣ ∣ .

(5
7)

M
or

eo
ve

r,
by

(C
he

n
an

d
C

an
dè

s,
20

15
,L

em
m

a
1)

,w
e

ha
ve

1 m

m ∑ i=
1
|a
T i

M
a
i|
≤
c 2
‖M
‖ F
,

fo
r

al
ls

ym
m

et
ric

ra
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-2
m

at
ric

es
M
∈
R
n
×
n
,

(5
8)

ho
ld

s
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−
C

ex
p(
−
c 1
m

)
as

lo
ng

as
m
>
c 0
n

fo
r

so
m

e
co

ns
ta

nt
s

C
,c

0,
c 1
,c

2
>

0.
C

on
se

qu
en

tly
,o

n
th

e
ev

en
t

th
at

(5
8)

ho
ld

s,
we

ha
ve

∣ ∣ ∣ ∣ ∣1 m

m ∑ i=
1
χ
i

( |
a
T i

h
|2)
−

1 m

m ∑ i=
1
χ
i

( |
a
T i

h
0|2
)∣ ∣ ∣ ∣ ∣

≤
1 m

m ∑ i=
1

∣ ∣ ∣χ
i

( |
a
T i

h
|2)
−
χ
i

( |
a
T i

h
0|2
)∣ ∣ ∣

≤
1 δ
·

1 m

m ∑ i=
1

∣ ∣ ∣a
T i

(h
h
T
−

h
0h

T 0
)a

i∣ ∣ ∣
be

ca
us

e
of

(5
7)

≤
1 δ
·c

2‖
h

h
T
−

h
0h

T 0
‖ F

be
ca

us
e

of
(5

8)

≤
1 δ
·3
c 2
‖h
−

h
0‖
·‖

h
‖

≤
3c

2ε δ
‖h
‖2
,

w
he

re
th

e
se

co
nd

to
la

st
in

eq
ua

lit
y

is
du

e
to

(C
he

n
an

d
C

an
dè

s,
20

15
,L

em
m

a
2)

.
O

n
th

e
in

te
rs

ec
tio

n
of

th
e

ev
en

ts
ov

er
w

hi
ch

(5
6)

an
d

(5
8)

ho
ld

re
sp

ec
tiv

el
y,

we
ha

ve

1 m

m ∑ i=
1
χ
i

( |
a
T i

h
|2)
≤

(0
.1

3
+
ε

+
3c

2ε
/δ

)‖
h
‖2
,

(5
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R
eshaped

W
irtinger

F
low

for
all

h
w

ith
‖h‖

=
110 ‖

x‖.
For

the
case

w
hen

‖
h
′‖
<

110 ‖
x‖,

h
′=

ω
h

for
som

e
h

satisfying
‖
h‖

=
110 ‖

x‖
and

0
<
ω
<

1.
By

the
definition

of
χ
i (·),it

can
be

verified
that

χ
i (|a

Ti
h
′| 2)=

χ
i (|a

Ti (ω
h)| 2)≤

ω
2χ

i (|a
Ti

h| 2).
(60)

A
pplying

(59),on
the

sam
e

event
over

w
hich

(56)
and

(58)
hold,we

have

1m

m∑i=
1
χ
i (|a

Ti
h
′| 2 )
≤

(0.13
+
ε+

3
c2 ε/δ)‖

h
′‖ 2,

(61)

for
all‖

h
′‖
<

110 ‖x‖.
Since

ε
can

be
arbitrarily

sm
all,the

proofis
com

pleted.

C
.2

P
roof

of
Lem

m
a

8

D
enote

v
i :=

a
Ti

z
−
|a
Ti

x|sgn(a
Ti

z)
for

i=
1,···

,m
.

T
hen

∇
`(z)=

1m
A
T

v
,

(62)

w
here

A
is

a
m

atrix
w

ith
each

row
being

a
Ti

and
v

=
[v1 ,···

,v
m

] T.
T

hus,

‖∇
`(z)‖

=
∥∥∥∥

1m
A
T

v ∥∥∥∥
≤

1m
‖
A
‖·‖

v‖
≤

(1
+
δ) ‖

v‖
√
m

(63)

as
long

as
m
≥
c1 n

for
som

e
suffi

ciently
large

c1
>

0,
w

here
the

spectral
norm

bound
‖
A
‖
≤
√
m

(1
+
δ)

follow
s

from
(Vershynin,2012,T

heorem
5.32).

W
enextbound‖v‖.Let

v
=

v
(1)+

v
(2),where

v
(1)
i

=
a
Ti

h
and

v
(2)
i

=
2a

Ti
x1
{(a

Ti
z)(a

Ti
x)<

0} .
B

y
the

triangle
inequality,w

e
have

‖
v‖
≤
‖
v

(1)‖
+
‖
v

(2)‖.
Furtherm

ore,given
m
>
c0 n,

follow
ing

from
(C

andès
et

al.,2013,Lem
m

a
3.1),w

ith
probability

at
least

1−
exp(−

cm
),

we
have

1m
‖
v

(1)‖ 2
=

1m

m∑i=
1 (a

Ti
h) 2≤

(1
+
δ)‖

h‖ 2.
(64)

By
Lem

m
a

7,we
have

w
ith

probability
at

least
1−

C
exp(−

c1 m
)

1m
‖
v

(2)‖ 2
=

1m

m∑i=
1 4(a

Ti
x) 2·1

{(a
Ti

x)(a
Ti

z)<
0} ≤

4(0.13
+
ε)‖h‖ 2.

(65)

H
ence,

‖
v‖
√
m
≤
(√

1
+
δ+

2 √
0.13

+
ε )‖

h‖
.

(66)

T
his

concludes
the

proof.
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Zhang,
Zhou,

Liang
and

C
hi

A
ppendix

D
.

P
roof

of
T

heorem
3

T
he

initialization
analysis

is
sim

ilar
to

A
ppendix

B
and

is
hence

om
itted.

To
analyze

the
gradient

loop,we
consider

the
follow

ing
two

regim
es.

•
R

egim
e

1:
c4 ‖z‖

≥
‖
h‖
≥
c3 ‖

w
‖

√
m

.
In

this
regim

e,
the

error
contraction

by
each

gradient
descent

step
is

given
by

dist(z
−
µ∇

`(z),x)≤
(1−

ρ)dist(z
,x).

(67)

It
suffi

ces
to

justify
that∇

`(z)
satisfies

the
RC.

W
e

first
have

∇
`(z)=

1m

m∑i=
1 (

a
Ti

z
−
y
i ·

a
Ti

z

|a
Ti

z| )
a
i

=
1m

m∑i=
1 (

a
Ti

z
−
|a
Ti

x|·
a
Ti

z

|a
Ti

z| )
a
i

︸
︷︷

︸
∇
c
le
a
n
`(z)

−
1m

m∑i=
1 (

w
i ·

a
Ti

z

|a
Ti

z| )
a
i

︸
︷︷

︸
∇
n
o
is
e
`(z)

.
(68)

A
llthe

proofs
for

Lem
m

as
6,7

and
8

are
stillvalid

for∇
clea

n
`(z),and

thus
we

have

〈∇
clea

n
`(z),h〉≥

0.74‖h‖ 2,
(69)

∥∥∥ ∇
clea

n
`(z) ∥∥∥

≤
2(1

+
δ)‖

h‖.
(70)

N
ext,we

analyze
the

contribution
ofthe

noise.Let
w̃
i =

w
i

a
Ti

z

|a
Ti

z| ,and
then

forsuffi
ciently

large
m
/n,we

have

‖∇
n
o
ise`(z)‖

=
∥∥∥∥

1m
A
T

w̃

∥∥∥∥
≤
∥∥∥∥

1√m
A
T ∥∥∥∥ ∥∥∥∥

w̃√m

∥∥∥∥
≤

(1
+
δ) ‖w̃

‖
√
m
≤

(1
+
δ) ‖

w
‖

√
m
,

(71)

where
the

second
inequality

isdue
to

the
spectralnorm

bound
‖A
‖
≤
√
m

(1+
δ)(Vershynin,

2012,T
heorem

5.32).
G

iven
the

regim
e

condition
‖
h‖
≥
c3 ‖

w
‖

√
m

,we
further

have

‖∇
n
o
ise`(z)‖

≤
(1

+
δ)

c3
‖h‖

,
(72)

∣∣∣ 〈∇
n
o
ise`(z),h 〉 ∣∣∣ ≤

∥∥∥ ∇
n
o
ise`(z) ∥∥∥ ·‖

h‖
≤

(1
+
δ)

c3
‖
h‖ 2.

(73)

C
om

bining
these

together,one
has

〈∇
`(z),h〉≥

〈∇
clea

n
`(z),h 〉

−
∣∣∣ 〈∇

n
o
ise`(z),h 〉 ∣∣∣ ≥

(0.74−
(1

+
δ)

c3

)
‖
h‖ 2,

(74)

and

‖∇
`(z)‖

≤
∥∥∥ ∇

clea
n
`(z) ∥∥∥

+
∥∥∥ ∇

n
o
ise`(z) ∥∥∥

≤
(1

+
δ) (2

+
1c3 )
‖h‖

.
(75)

TheRC
isguaranteed

if
µ
,λ

arechosen
properly,

c3 issuffi
ciently

large,and
δ

issuffi
ciently

sm
all.
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ra
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e
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√
m

,t
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ad
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ce
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∇
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√
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.
T
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s,
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e
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∇
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x
)≤

c 5
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√
m

(7
6)

fo
r

so
m

e
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.
A

s
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√
m
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en
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√
m
≤
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ćı
a
-E

sc
u
d
er

o
an

d
G

or
d
al

iz
a

(1
99

9)
in

tr
o
d
u
ce

d
a
n
d

st
u
d
ie

d
tr

im
m

in
g

in
or

d
er

to
ro

b
u
st

if
y

th
e
k
-m

ea
n
s

p
ar

ti
ti

on
in

g
m

et
h
o
d
.

R
o
b
u
st

p
a
rt

it
io

n
-

in
g

m
et

h
o
d
s

w
it

h
h
om

os
ce

d
as

ti
c

cl
u
st

er
s

b
as

ed
on

M
L

–t
y
p

e
p
ro

ce
d
u
re

s
w

h
er

e
p
ro

p
o
se

d
in

G
al

le
go

s
(2

00
2)

an
d

G
al

le
go

s
an

d
R

it
te

r
(2

00
5)

.
H

et
er

os
ce

d
as

ti
ci

ty
in

M
L

-t
y
p

e
p
a
rt

it
io

n
-

in
g

m
et

h
o
d
s

h
as

b
ee

n
in

tr
o
d
u
ce

d
w

it
h

th
e

T
C

L
U

S
T

al
go

ri
th

m
of

G
ar

ćı
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G

),π
0 ,...,π

G
),

w
h
ere

vect(A
)

is
th

e
v
ecto

rized
u
p
p

er
(o

r
low

er)
trian

gle
in

clu
d
in

g
th

e
m

ain
d
iagon

a
l

of
th

e
sy

m
m

etric
sq

u
are

m
a
trix

A
.
δ

a
n
d

th
e

n
u
m

b
er

of
G

au
ssian

com
p

on
en

ts
G

are
con

sid
ered

fi
x
ed

an
d

k
n
ow

n
.

A
lth

ou
gh

th
is

d
o
es

n
o
t

d
efi

n
e

a
p
rop

er
p
rob

ab
ility

m
o
d
el,

it
y
ield

s
a

u
sefu

l
p
ro

ced
u
re

for
d
ata

m
o
d
elled

a
s

a
p
ro

p
ortio

n
of

(1−
π

0 )
of

a
m

ix
tu

re
of

G
au

ssian
d
istrib

u
tion

s,
w

h
ich

h
ave

h
igh

en
o
u
gh

d
en

sity
p

ea
k
s

to
b

e
in

terp
reted

as
clu

sters
p
lu

s
a

p
rop

ortion
π

0
tim

es
so

m
eth

in
g

u
n
sp

ec-
ifi

ed
w

ith
d
en

sity
sm

aller
th

an
or

eq
u
al

to
δ

(w
h
ich

m
ay

even
con

tain
fu

rth
er

G
au

ssian
co

m
p

o
n
en

ts
w

ith
so

few
p

oin
ts

an
d
/or

so
large

w
ith

in
-com

p
on

en
t

variation
th

at
th

ey
a
re

n
o
t

co
n
sid

ered
as

“clu
sters”).

T
h
e

d
efi

n
ition

of
th

e
p
seu

d
o-m

o
d
el

in
(1)

req
u
ires

th
at

th
e

va
lu

e
o
f
δ

is
fi
x
ed

in
ad

van
ce.

T
h
e

ch
oice

of
δ

w
ill

b
e

d
iscu

ssed
in

S
ection

5.2.
G

iven
th

e
sam

p
le

im
p
rop

er
p
seu

d
o-log-likelih

o
o
d

fu
n
ction

ln
(θ)

=
1n

n
∑i=

1

log
ψ
δ (x

i ,θ),
(2)

th
e

R
IM

L
E

is
d
efi

n
ed

as
θ
n
(δ)

=
arg

m
ax

θ∈
Θ
n

ln
(θ),

(3)
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C
o
r
e
t
t
o

a
n
d

H
e
n
n
ig

w
h
ere

Θ
n

is
a

con
strain

ed
p
aram

eter
sp

ace
d
efi

n
ed

in
S
ectio

n
3.2.

θ
n
(δ)

is
th

en
u
sed

to
clu

ster
p

oin
ts

u
sin

g
p
seu

d
o

p
osterior

p
rob

ab
ilities

for
b

elon
gin

g
to

th
e

G
au

ssian
com

p
on

en
ts

or
th

e
im

p
rop

er
u
n
iform

.
T

h
ese

p
seu

d
o

p
osterior

p
rob

a
b
ilities

are
given

b
y

τ
j (x

i ,θ)
:=

{
π
0
δ

ψ
δ
(x
i ,θ

)
if
j

=
0

π
j φ

(x
i ,µ

j ,Σ
j )

ψ
δ
(x
i ,θ

)
if
j

=
1,2,...,G

;
for

i
=

1,2
,...,n

.

P
oin

ts
are

assign
ed

to
th

e
com

p
on

en
t

for
w

h
ich

th
e

p
seu

d
o

p
osterior

p
rob

ab
ility

is
m

ax
i-

m
ized

.
T

h
e

assign
m

en
t

ru
le

is
th

en
giv

en
b
y

J
(x
i ,θ)

:=
arg

m
ax

j∈{
0
,1
,2
,...,G

}
τ
j (x

i ,θ).
(4)

T
h
e

assign
m

en
t

b
ased

on
m

ax
im

u
m

p
osterior

p
rob

ab
ilities

is
com

m
on

to
all

m
o
d
el-b

ased
clu

sterin
g

m
eth

o
d
s.

H
ere,

an
im

p
rop

er
d
en

sity
is

in
volved

,
an

d
so

th
ese

are
“p

seu
d
o

p
oste-

rior
p
rob

ab
ilities”.

W
e

also
d
efi

n
e

a
p

op
u
lation

version
of

th
e

R
IM

L
E

fo
r

later
d
eriv

in
g

con
sisten

cy
resu

lts
for

th
e

seq
u
en

ce{
θ
n
(δ)}

n∈
N

.
L

et
E
P
f

(x
)

b
e

th
e

ex
p

ectation
of
f

(x
)

u
n
d
er
P

.
T

h
e

R
IM

L
E

p
op

u
lation

target
fu

n
ction

an
d

th
e

con
strain

ed
p
aram

eter
set

can
b

e
ob

tain
ed

b
y

rep
lacin

g
th

e
em

p
irical

m
easu

re
w

ith
P

,
an

d
th

e
p

op
u
lation

version
of
ln

(θ)
is

given
b
y

L
(θ)

=
E
P

log
(ψ

δ (x
,θ)).

D
efi

n
e
L
G

=
su

p
θ∈

Θ
G

(P
)
L

(θ),
w

h
ere

Θ
G

(P
)

is
a

con
strain

ed
p
aram

eter
sp

a
ce

d
efi

n
ed

in
S
ection

3.2.

3
.2

T
h

e
c
o
n

stra
in

e
d

p
a
ra

m
e
te

r
sp

a
c
e

S
om

e
n
otation

:
th

e
k
th

elem
en

t
of
µ
j

is
d
en

oted
b
y
µ
j,k

for
k

=
1,2

,...,p
an

d
j

=
1,2

,...,G
.

L
et
λ
j,k

b
e

th
e
k
th

eigen
valu

e
of

Σ
j ,

d
efi

n
e

Λ
(θ)

=
{λ

j,k
:
j

=
1,2,...,G

;
k

=
1,2,...,p}

,
λ

m
in (θ)

=
m

in
j,k {Λ

(θ)}
,
λ

m
a
x (θ)

=
m

ax
j,k {Λ

(θ)}
.

R
e
m

a
rk

1
T

h
e
p
-d

im
en

sio
n

a
l

G
a
u

ssia
n

d
en

sity
ca

n
be

w
ritten

in
term

s
o
f

th
e

eigen
-d

e-
co

m
po

sitio
n

o
f

th
e

co
va

ria
n

ce
m

a
trix:

φ
(x

;µ
,Σ

)
=

(2π
) −

p2 (
p
∏k
=

1

λ
k )
−

12

ex
p (
−

12

p
∑k

=
1

λ
−

1
k

(x
−
µ

) ′v
k v ′k (x

−
µ

) )
,

w
h
ere

λ
k

is
th

e
k

-th
eigen

va
lu

e
o
f

Σ
,

a
n

d
v
k

is
its

a
ssocia

ted
eigen

vecto
r,

fo
r
k

=
1,2

,...,p
.

L
et

λ
0

=
m

in{λ
k ;

k
=

1,2
,...,p}.

T
h
en

,
lim

λ
0 ↘

0
φ

(µ
;µ
,Σ

)
=
∞

,
w

ith
φ

(µ
;µ
,Σ

)
=

O
(λ
−
p
/
2

0
)

a
s
λ

0
↘

0.
O

n
th

e
o
th

er
h
a
n

d
lim

λ
0 ↘

0
φ

(x
;µ
,Σ

)
=

0
fo

r
a
ll
x
6=

µ
,

w
ith

φ
(x

;µ
,Σ

)
=
o(λ

q0 )
fo

r
a
n

y
fi

xed
q

a
s
λ

0 ↘
0
.

T
h
is

im
p
lies

th
a
t

lim
λ
0 ↘

0
φ

(µ
;µ
,Σ

)φ
(x

;µ
,Σ

)→
0

fo
r

a
n

y
x
6=
µ

F
u

rth
erm

o
re,

ea
ch

o
f

th
e

d
en

sity
co

m
po

n
en

ts
in

ψ
δ (·)

ca
n

be
bo

u
n

d
ed

a
bo

ve
in

term
s

o
f

λ
m

a
x (θ)

a
n

d
λ

m
in (θ):

φ
(x

;µ
j ,Σ

j )≤
(2π

λ
m

in (θ)) −
p2

ex
p {−

12
λ

m
a
x (θ) −

1‖x
−
µ
j ‖

2 }
≤

(2π
λ

m
in (θ)) −

p2.
(5)
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R
o
b
u
st

Im
p
r
o
p
e
r
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

C
l
u
st

e
r
in
g

T
h
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

(3
)

re
q
u
ir

es
th

at
Θ
n

is
su

it
ab

ly
d
efi

n
ed

,
ot

h
er

w
is

e
θ n

(δ
)

m
ay

n
ot

ex
is

t.
C

on
si

d
er

a
se

q
u
en

ce
(θ
m

) m
∈N

,
as

d
is

co
v
er

ed
b
y

K
ie

fe
r

an
d

W
ol

fo
w

it
z

(1
95

6)
,

th
e

li
ke

li
h
o
o
d

of
a

G
au

ss
ia

n
m

ix
tu

re
s

d
eg

en
er

at
es

if
λ

1
,1
,m
↘

0
if
µ

1
,m

=
x

1
,

a
n
d

th
is

h
ol

d
s

fo
r

(2
),

to
o.

W
e

h
er

e
u
se

th
e

ei
ge

n
ra

ti
o

co
n
st

ra
in

t

λ
m

a
x
(θ

)/
λ

m
in

(θ
)
≤
γ
<

+
∞

(6
)

w
it

h
a

co
n
st

an
t
γ
≥

1,
w

h
er

e
γ

=
1

co
n
st

ra
in

s
al

l
co

m
p

on
en

t
co

va
ri

an
ce

m
at

ri
ce

s
to

b
e

sp
h
er

ic
al

an
d

eq
u
al

,
as

in
k
-m

ea
n
s

cl
u
st

er
in

g.
T

h
is

ty
p

e
of

co
n
st

ra
in

t
h
as

b
ee

n
p
ro

p
os

ed
b
y

J
r

(1
98

1)
,

w
h
il
e

H
at

h
aw

ay
(1

98
5)

sh
ow

ed
co

n
si

st
en

cy
of

th
e

sc
al

e-
ra

ti
o

co
n
st

ra
in

ed
M

L
E

fo
r

on
e-

d
im

en
si

on
al

G
au

ss
ia

n
m

ix
tu

re
s.

In
gr

as
si

a
(2

00
4)

a
n
d

In
gr

as
si

a
an

d
R

o
cc

i
(2

00
7)

in
tr

o
d
u
ce

d
E

M
al

go
ri

th
m

s
fo

r
im

p
le

m
en

ti
n
g

th
es

e
co

n
st

ra
in

ts
fo

r
m

u
lt

iv
ar

ia
te

d
at

as
et

s.
T

C
L

U
S
T

b
y

G
ar

ćı
a-

E
sc

u
d
er

o
et

al
.

(2
00

8)
an

d
G

ar
ćı

a-
E

sc
u
d
er

o
et

al
.

(2
01

4)
al

so
m

ak
es

u
se

of
ei

ge
n
ra

ti
o

co
n
st

ra
in

ts
.

M
or

eo
ve

r
th

er
e

ar
e

a
n
u
m

b
er

of
al

te
rn

at
iv

e
co

n
st

ra
in

ts
,

se
e

In
gr

as
si

a
an

d
R

o
cc

i
(2

01
1)

;
G

al
le

go
s

an
d

R
it

te
r

(2
00

9)
.

It
m

ay
b

e
se

en
as

a
d
is

ad
va

n
ta

ge
of

(6
)

th
at

th
e

re
su

lt
in

g
es

ti
m

at
or

w
il
l

n
ot

b
e

a
ffi

n
e

eq
u
iv

ar
ia

n
t

(t
h
is

w
ou

ld
re

q
u
ir

e
a
ll
ow

in
g

λ
m

a
x
(θ

)/
λ

m
in

(θ
)
→
∞

w
it

h
in

an
y

co
m

p
on

en
t)

.
A

ffi
n
e

eq
u
iv

ar
ia

n
ce

ca
n

b
e

ac
h
ie

v
ed

b
y

d
efi

n
in

g
a

sp
h
er

ed
ve

rs
io

n
of

th
e

R
IM

L
E

as

θ∗ n
(δ

)
=
θ∗ n

(δ
,x

1
,.
..
,x

n
)

=
θ n

(δ
,x
∗ 1
,x
∗ 2
,.
..
,x
∗ n)

w
it

h
x
∗ i

=
A

(x
i
−
m

),
i

=
1,
..
.,
n

,
w

h
er

e
S

(x
1
,.
..
,x

n
)−

1
=
A
′ A

;
S

(x
1
,.
..
,x

n
)

co
u
ld

b
e

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
or

an
ot

h
er

sc
al

e
m

at
ri

x
an

d
m

th
e

m
ea

n
ve

ct
or

or
an

ot
h
er

lo
ca

ti
on

es
ti

m
at

or
.

T
h
is

y
ie

ld
s

affi
n
e

eq
u
iv

ar
ia

n
ce

b
ec

au
se

th
e

sp
h
er

ed
ve

rs
io

n
s

of
{x

1
,.
..
,x

n
}

a
n
d

{B
x

1
+
b,
..
.,
B
x
n

+
b}

w
it

h
so

m
e

in
ve

rt
ib

le
p
×
p
-m

at
ri

x
B

an
d
b
∈
R
p

a
re

th
e

sa
m

e.
A

ffi
n
e

eq
u
iv

ar
ia

n
ce

is
n
ot

n
ec

es
sa

ri
ly

d
es

ir
ab

le
th

ou
gh

,
se

e
H

en
n
ig

(2
01

5a
),

S
ec

.
31

.3
.4

.
T

h
is

d
efi

n
es

th
e

p
ar

am
et

er
sp

ac
e

Θ̃
:=

  
θ

:
π
j
≥

0
∀j
≥

1,
π

0
+

G ∑ j=
1

π
j

=
1;

λ
m

a
x
(θ

)

λ
m

in
(θ

)
≤
γ

  
.

(7
)

O
cc

as
io

n
al

ly
,

la
te

r,
th

e
n
ot

at
io

n
‖θ
‖

w
il
l

re
fe

r
to

th
e

E
u
cl

id
ea

n
n
or

m
of

a
ve

ct
or

p
ie

ce
d

to
-

ge
th

er
fr

om
al

l
th

e
p
ar

am
et

er
s

co
ll
ec

te
d

in
θ,

in
w

h
ic

h
al

l
co

va
ri

an
ce

m
at

ri
ce

s
ar

e
in

te
rp

re
te

d
as

su
b
ve

ct
or

s
of

al
l

th
e

m
at

ri
x

en
tr

ie
s.

A
lt

h
ou

gh
(6

)
en

su
re

s
th

e
b

ou
n
d
ed

n
es

s
of

th
e

li
ke

li
h
o
o
d

in
st

an
d
ar

d
m

ix
tu

re
m

o
d
el

s
an

d
T

C
L

U
S
T

,
fo

r
R

IM
L

E
th

is
is

n
ot

en
ou

gh
.

T
h
e

G
au

ss
ia

n
co

m
p

on
en

ts
co

u
ld

d
eg

en
er

at
e

on
a

fe
w

p
oi

n
ts

an
d

al
l

ot
h
er

p
oi

n
ts

co
u
ld

b
e

fi
tt

ed
b
y

th
e

im
p
ro

p
er

u
n
if

or
m

co
m

p
on

en
t.

T
h
er

ef
or

e
w

e
im

p
os

e
an

ad
d
it

io
n
al

co
n
st

ra
in

t:

1 n

n ∑ i=
1

τ 0
(x
i,
θ)
≤
π

m
a
x
,

(8
)

fo
r

fi
x
ed

0
<
π

m
a
x
<

1.
T

h
e

q
u
an

ti
ty
n
−

1
∑

n i=
1
τ 0

(x
i,
θ)

ca
n

b
e

in
te

rp
re

te
d

as
th

e
es

ti
m

at
ed

p
ro

p
or

ti
on

of
n
oi

se
p

oi
n
ts

.
T

h
is

co
n
st

ra
in

t
d
ep

en
d
s

on
th

e
d
at

as
et

.
U

n
fo

rt
u
n
at

el
y

th
e

si
m

il
ar

lo
ok

in
g

co
n
st

ra
in

t
π

0
≤
π

m
a
x

in
d
ep

en
d
en

t
of

th
e

d
at

a
w

il
l

n
ot

d
o,

b
ec

au
se

th
is

co
u
ld

n
ot

st
op

m
or

e
th

an
a

p
or

ti
on

o
f
π

0
p

oi
n
ts

to
b

e
fi
tt

ed
b
y

th
e

im
p
ro

p
er

u
n
if

or
m

co
m

p
on

en
t.
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 1
8(

14
2)

:1
-3

9,
 2

01
7

C
o
r
e
t
t
o

a
n
d

H
e
n
n
ig

T
h
er

e
is

th
er

ef
or

e
a

co
n
st

ra
in

ed
eff

ec
ti

ve
p
ar

am
et

er
sp

ac
e

fo
r

R
IM

L
E

es
ti

m
a
ti

o
n

d
e-

p
en

d
in

g
on

th
e

d
at

as
et

:

Θ
n

:=

  
θ
∈

Θ̃
:
π
j
≥

0
∀j
≥

1
,
π

0
+

G ∑ j=
1

π
j

=
1;

1 n

n ∑ i=
1

τ 0
(x
i,
θ)
≤
π

m
a
x
;
λ

m
a
x
(θ

)

λ
m

in
(θ

)
≤
γ

  
.

(9
)

A
n
al

og
ou

sl
y,

ex
is

te
n
ce
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b
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p
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p
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∀j
≥

1;
π

0
+
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m
a
x
(θ
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ca
rd

in
a
li
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p
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re
q
u
ir

es
a

w
ea

ke
r

as
su

m
p
ti

on
A

0(
a)
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re
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>
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er
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p
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A
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a
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L
e
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a
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A
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be
a

se
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a
t
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m
a
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m
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m
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m
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r
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∞
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∞
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λ
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↘
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b
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p
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∃
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∃ν

>
0

su
ch

th
at

fo
r

al
l

su
ch
x
i,
j

=
1,

2
,.
..
,G

a
n
d

la
rg

e
en

ou
gh

m
:
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∏
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∏
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d
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p
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→
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∞
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∞
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∞
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p
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p
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d
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∈
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∑j=

1

π
j φ

(x
i ,µ

j,m
,Σ

j,m
)

π
0
,m
δ


−

1≤
π

m
a
x .

(13)
S
u
p
p

o
se

th
a
t

(π
0
,m

)
m
∈
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con
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∞

,
th

e
left

term
of

(13)
is
≥

0,
an

d
th

e
righ

t
term

(at
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b
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con
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b
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p
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p
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c
e
)

A
ssu

m
e

A
0
.

T
h
en

θ
n
(δ)

exists
fo

r
a
ll
δ≥
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b
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π
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⊂
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=
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Σ
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F
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∑

ni=
1

log
φ

(x
i ;x

1 ,Σ
1 )
>
−
∞
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∞
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∈
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b
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∈
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b
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=
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b
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b
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=
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∞
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∈
N

su
ch

th
at

θ̈
m
→
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∞
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∈
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∞
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∞
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∞
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=
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con
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=
∑
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p
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∈
R
p

:
P
{x

1 ,...,x
G }

<
1−

π
m
a
x .

A
2
L
G
>
L
G
−

1 ,
w

h
ere

for
G
∈
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>
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p
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G
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∞
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eigen
va

lu
es

co
n
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p
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n
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.
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u
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h
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d
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.
If

n
eith

er
A

2
n
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ixtu

re
co

m
po

n
en

ts
fro

m
lea

vin
g

every
co

m
pa

ct
set,

a
n

d
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tribu
te

to
fi

ttin
g

w
h
a
t

o
th
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p
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p
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π

0
=
π
G

=
0

a
n

d
o
th
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ra
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∞
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⊂
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∈
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∈
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b
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p
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in
it

s
sp

ec
tr

al
d
ec
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.

L
et
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in
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x
∈K
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(x
,µ

1
,Σ

1
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>

0.
C

h
o
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e

π
0

=
(π

m
a
x
−
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m
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−
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m
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>

0
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π
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=

1
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π
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∈
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it

h
al
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ot
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er

p
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er
s
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en
ar
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it

ra
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)
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y

E
P

π
0
δ
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δ
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=
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π
0
δ

π
0
δ
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η
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+

∫ K
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π
0
δ

π
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η
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)
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π
0
δ
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δ
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π
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m
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−
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−
π
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a
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−
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F
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m
or
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−
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0
δ
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0
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m
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+
q
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∞
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e
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λ
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>
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λ
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a
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∞
,
ε
>
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)
≤
L
G
−
ε

fo
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ev
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m
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)
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m
a
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it
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m
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≤
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P
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f

S
ta
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h

p
ar

t
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F

ir
st
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n
si

d
er
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se

q
u
en
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m
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Θ
G
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h
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m
a
x
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m
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→

∞
.

T
h
e
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ge

n
va
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e

ra
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ra
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ei
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fi
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an
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th

er
ef
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e

su
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x
φ
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,µ

j,
m
,Σ
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m
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↘

0.
B

u
t

th
is

m
ea

n
s

th
at

E
P

π
0
δ

ψ
δ
(x
,θ
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→

1
>

π
m

a
x

an
d

θ m
6∈

Θ
G

(P
)

ev
en

tu
al

ly
,

u
n
le

ss
π

0
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↘

0,
to

o.
If

th
e

la
tt

er
is

th
e

ca
se

,
ψ
δ
(x
,θ

)
↘

0
u
n
if

or
m

ly
ov

er
al

l
x

an
d
L

(θ
m
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↘
−
∞

,
w

h
ic

h
to

ge
th

er
w

it
h

L
em

m
a

6
m
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it
im

p
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si
b
le

th
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L

(θ
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)
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e
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L
G

fo
r
m

la
rg

e
en
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gh

an
d
λ

m
a
x
(θ
m

)
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o
la

rg
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p
ro

v
in

g
th

e
ex
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te

n
ce

of
th

e
u
p
p

er
b
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n
d
λ
∗ m

a
x
<
∞
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q
u
ir
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.

N
ow

co
n
si

d
er

a
se

q
u
en

ce
{θ
m
} m
∈N
∈

Θ
G

(P
)N

w
it

h
λ

m
in

(θ
m

)
→

0.
D

efi
n
e

A
m
,ε

=

{ x
:

m
in

j=
1
,2
,.
..
,G
‖x
−
µ
j,
m
‖
>
ε}

.

A
1

en
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re
s

th
at

fo
r

0
<
ε 3

th
er

e
ex
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ts
ε
>

0
so

th
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r
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l
m
∈
N

:
P

(A
m
,ε

)
≥
π

m
a
x

+
ε 3

.

B
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ed
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)

d
er
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e

an
u
p
p

er
b

ou
n
d

fo
r
π

0
,m
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th
e

co
n
st

ra
in

t
∫

π
0
,m
δ

π
0
,m
δ
+
η
(x
,θ
m

)
d
P

(x
)
≤

π
m

a
x
:

∫
π

0
,m
δ

π
0
,m
δ

+
η
(x
,θ
m

)d
P

(x
)

=

∫ A
m
,ε

π
0
,m
δ

π
0
,m
δ

+
η
(x
,θ
m

)d
P

(x
)

+
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,ε

π
0
,m
δ

π
0
,m
δ

+
η
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,θ
m

)d
P
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)
≥

≥
P

(A
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,ε
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π

0
,m
δ

π
0
,m
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ax
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∈A
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w
h
ic

h
b
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im
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m
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.
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=
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m
in

(θ
m

)p
/
2

+
ex

p
(−
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+
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m
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m
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≤
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+
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=
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−
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n
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d
co

n
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.
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>
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d
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→
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b
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b
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n
d
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h
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b
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p
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w
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a
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w
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∈
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∈
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∀
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→
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∑
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∈
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π
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=
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π
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π
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p
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−
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b
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n
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−
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b
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∈
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∀
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.l.o.g
.,

θ
m
→

θ
+

a
n
d
,

u
sin

g
F

atou
’s

L
em

m
a,
L
G

=
lim

m
→
∞
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=
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∈
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→
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b
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∈
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−
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b
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e
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e
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∈
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∈
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∞
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∈
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con
verge
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m
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>
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∈
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=
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+

∫
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P
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<
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π
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π
0
,m

(c
+
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⊂
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b
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m
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p
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w
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=
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∈
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=

∫
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ot

n
ee

d
ed

an
d

ca
n
n
ot

b
e

co
n
tr

ol
le

d
fo

r
fi
n
it

e
n

ou
ts

id
e

a
co

m
p
ac

t
se

t.

T
h

e
o
re

m
1
2

(C
o
n

si
st

e
n

c
y
)

A
ss

u
m

e
A

1
a
n

d
A

2
.

T
h
en

fo
r

ev
er

y
ε
>

0
a
n

d
ev

er
y

se
-

qu
en

ce
o
f

m
a
xi

m
iz

er
s
θ n

(δ
)

o
f
l n

:

li
m

n
→
∞
P
{θ
n
(δ

)
∈
K

(θ
?
(δ

),
ε)
}

=
1.

A
ss

u
m

in
g

A
3

in
st

ea
d

o
f

A
2
,

fo
r

ev
er

y
co

m
pa

ct
K
⊃
K

(θ
?
(δ

),
ε)

th
er

e
ex

is
ts

a
se

qu
en

ce
o
f

θ n
th

a
t

m
a
xi

m
iz

e
l n

lo
ca

ll
y

in
K

so
th

a
t

li
m

n
→
∞
P
{θ
n
∈
K

(θ
?
(δ

),
ε)
}

=
1.

1
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C
o
r
e
t
t
o

a
n
d

H
e
n
n
ig

P
ro

o
f

U
n
d
er

A
2,

b
ec

au
se

of
th

e
p
ar

ts
(b

)
of

th
e

L
em

m
as

7
an

d
9

it
ca

n
b

e
a
ss

u
m

ed
th

at
th

er
e

is
a

co
m

p
ac

t
se

t
K

so
th

at
al

l
θ n

(δ
)
∈
K

fo
r

la
rg

e
en

ou
gh

n
a
.s

.
U

n
d
er

A
3
,

co
n
si

d
er

at
io

n
s

ar
e

re
st

ri
ct

ed
to
K

an
y
w

ay
.

B
as

ed
on

T
h
eo

re
m

11
an

d
re

la
te

d
L

em
m

as
|lo

g
ψ
δ
(x
,θ

)|
≤
C

fo
r

so
m

e
fi
n
it

e
co

n
st

a
n
t

C
fo

r
al

l
θ
∈
K

.
S
u
ffi

ci
en

t
co

n
d
it

io
n
s

fo
r

T
h
eo

re
m

2
in

J
en

n
ri

ch
(1

96
9)

ar
e

sa
ti

sfi
ed

,
w

h
ic

h
im

p
li
es

u
n
if

or
m

co
n
ve

rg
en

ce
of
l n

(θ
),

th
at

is
su

p
θ
∈K
|l n

(θ
)
−
L

(θ
)|
→

0
P

-a
.s

.
B

a
se

d
o
n

th
e

la
tt

er
,

an
d

ap
p
ly

in
g

th
e

sa
m

e
ar

gu
m

en
t

as
in

p
ro

of
of

T
h
eo

re
m

5.
7

in
va

n
d
er

V
a
a
rt

(2
00

0)
,

it
h
ol

d
s

tr
u
e

th
at
L

(θ
n
(δ

))
→

L
(θ
?
(δ

))
P

-a
.s

.
B

y
co

n
ti

n
u
it

y
of
L

(θ
)

a
n
d

T
h
eo

re
m

11
w

e
h
av

e
th

at
fo

r
ev

er
y
ε
>

0
th

er
e

ex
is

ts
a
β
>

0
su

ch
th

at
L

(θ
?
(δ

))
−
L

(θ
)
>
β

fo
r

al
l
θ
∈
K
\K

(θ
?
(δ

),
ε)

.
D

en
ot

e
(Ω
,A
,P

)
th

e
p
ro

b
ab

il
it

y
sp

ac
e

w
h
er

e
th

e
sa

m
p
le

ra
n
d
o
m

va
ri

ab
le

s
ar

e
d
efi

n
ed

an
d

co
n
si

d
er

th
e

fo
ll
ow

in
g

ev
en

ts

A
n

=
{ω
∈

Ω
:
θ n

(δ
)
∈
K
\K

(θ
?
(δ

),
ε)
},

an
d

B
n

=
{ω
∈

Ω
:
L

(θ
?
(δ

))
−
L

(θ
n
(δ

))
>
β
}.

C
le

ar
ly
A
n
⊆
B
n

fo
r

al
l
n

.
P

(B
n
)
→

0
fo

r
n
→
∞

im
p
li
es
P

(A
n
)
→

0.
T

h
e

la
tt

er
p
ro

ve
s

th
e

re
su

lt
.

5
.

A
lg

o
ri

th
m

s
a
n
d

p
ra

ct
ic

a
l

is
su

e
s

F
ol

lo
w

in
g

th
e

p
re

se
n
ta

ti
on

of
th

e
p
ro

p
os

ed
al

go
ri

th
m

to
co

m
p
u
te

th
e

R
IM

L
E

,
w

e
d
is

cu
ss

it
s

in
it

ia
li
za

ti
on

an
d

tu
n
in

g.

5
.1

R
IM

L
E

c
o
m

p
u

ti
n

g

In
th

is
se

ct
io

n
w

e
d
ev

el
op

E
x
p

ec
ta

ti
on

–M
ax

im
iz

at
io

n
ty

p
e

al
go

ri
th

m
s

(E
M

)
to

co
m

p
u
te

th
e

R
IM

L
E

(f
or

a
fi
x
ed

δ
).

L
et
s

=
0,

1
,.
..

b
e

th
e

it
er

at
io

n
in

d
ex

.
L

et
a

(s
+

1
)

b
e

th
e

q
u
a
n
ti

ty
a

co
m

p
u
te

d
at

th
e
st

h
st

ep
of

th
e

E
M

al
go

ri
th

m
.

D
efi

n
e

Q
(θ
,θ

(s
) )

=
n ∑ i=

1

G ∑ j=
0

τ j
(x
i,
θ(
s)

)
lo

g
π
j

+
n ∑ i=

1

τ 0
(x
i,
θ(
s)

)
lo

g
δ+

+
n ∑ i=

1

G ∑ j=
1

τ j
(x
i,
θ(
s)

)
lo

g
φ

(x
i;
µ
j
,Σ

j
).

(1
7)

In
cr

ea
si

n
g

(1
7)

b
y

an
ap

p
ro

p
ri

at
e

ch
oi

ce
of
θ

in
cr

ea
se

s
l n

(·)
.

A
n

ap
p
ro

x
im

a
te

ca
n
d
id

at
e

m
ax

im
u
m

of
l n

(θ
)

ca
n

b
e

fo
u
n
d

b
y

th
e

E
M

A
lg

or
it

h
m

1.

P
ro

p
o
si

ti
o
n

1
3

A
ss

u
m

e
A

0
.

T
h
e

se
qu

en
ce
{θ

(s
) }
s∈

N
p
ro

d
u

ce
d

by
A

lg
o
ri

th
m

1
co

n
ve

rg
es

to
a

po
in

t
θe
m
n
∈

Θ
,

a
n

d
l n

(θ
(s

) )
is

in
cr

ea
se

d
in

ev
er

y
st

ep
.

P
ro

o
f

F
in

d
a

se
t
A
n
⊂

R
p

th
at

co
n
ta

in
s

al
l

p
oi

n
ts

in
x
n

w
it

h
L

eb
es

gu
e

m
ea

su
re
M

(A
n
)

=
1
/δ

.
δ

is
th

en
a

p
ro

p
er

u
n
if

or
m

d
en

si
ty

fu
n
ct

io
n

on
A
n
.

H
en

ce
,

fo
r

a
gi

ve
n

d
a
ta

se
t

th
e

p
se

u
d
o-

d
en

si
ty
ψ
δ
(·)

ca
n

b
e

w
ri

tt
en

as
p
ro

p
er

d
en

si
ty

fu
n
ct

io
n
.

T
h
er

ef
or

e
th

e
co

n
v
er

g
en

ce

1
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R
o
b
u
st

Im
p
r
o
p
e
r
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

C
l
u
st

e
r
in
g

A
lg

o
rith

m
1
:

E
M

-algorith
m

in
p

u
t

:{x
1 ,x

2 ,...,x
n }

,
δ,
π

m
a
x ,
γ
,θ

(0
),
t
o
l
¿0

o
u

tp
u

t
:
θ

em

w
h

ile
|ln

(θ
(s+

1
))−

ln
(θ

(s))|
>
t
o
l

d
o

E
–
step

:
com

p
u
te
τ
j (x

i ,θ
(s)),

fo
r

all
i

=
1,2

,...,n
an

d
j

=
0,1

,...,G
M
–
step

:
θ

(s+
1
)←

arg
m

ax
θ∈

Θ
Q

(θ,θ
(s))

e
n

d

θ
em
←
θ

(s+
1
)

T
h
eo

rem
4
.1

in
R

ed
n
er

an
d

W
alker

(198
4)

h
old

s,
w

ith
Q

(θ,θ
(s))

p
lay

in
g

th
e

role
of

th
eir

Q
(·)

fu
n
ction

.

A
lg

o
rith

m
1

is
th

e
an

alog
of

th
e

E
M

algorith
m

for
p
lain

G
au

ssian
m

ix
tu

res
(see

R
ed

n
er

a
n
d

W
a
lk

er,
1
9
84)

ex
cep

t
th

at
n
ow

th
e

M
-step

is
a

con
strain

ed
op

tim
ization

.
W

u
(1983)

sh
ow

ed
th

at
th

e
E

M
algorith

m
con

verges
to

th
e

glob
al

m
ax

im
u
m

if
th

e
likelih

o
o
d

fu
n
ction

is
u
n
im

o
d
al

a
n
d

certain
d
iff

eren
tiab

ility
con

d
ition

s
are

satisfi
ed

.
In

gen
era

l
th

e
lim

it
of

th
e

E
M

alg
o
rith

m
is

n
ot

gu
aran

teed
to

coin
cid

e
w

ith
a

glob
al

m
ax

im
u
m

o
f

likelih
o
o
d

fu
n
ction

.
H

ow
ever,

P
rop

o
sition

13
gu

aran
tees

th
a
t
θ

em
n

is
a

station
a
ry

p
oin

t
of
ln

(·).
R

u
n
n
in

g
th

e
E

M
a
lg

o
rith

m
fo

r
a

large
n
u
m

b
er

of
startin

g
valu

es
in

creases
th

e
ch

an
ces

of
fi
n
d
in

g
th

e
op

tim
al

so
lu

tio
n
.

F
o
r

fi
n
ite

G
au

ssian
m

ix
tu

res
m

o
d
els

it
is

w
ell

k
n
ow

n
th

at
th

e
likelih

o
o
d

su
rface

is
d
iffi

cu
lt

to
ex

p
lore

even
w

h
en

p
is

n
ot

to
o

large,
an

d
th

e
m

ain
ad

van
tag

e
of

th
e

E
M

a
lg

o
rith

m
is

th
at

th
e

M
-step

can
b

e
d
iv

id
ed

in
a

n
u
m

b
er

of
sim

p
ler

op
tim

ization
p
ro

b
lem

s
ea

ch
o
f

w
h
ich

h
as

a
closed

form
solu

tion
.

H
ow

ever,
for

th
e

R
IM

L
E

th
e

con
strain

ts
ad

d
som

e
co

m
p
lex

ity,
a
n
d

in
p
articu

lar
th

e
n
oise

p
rop

ortion
con

strain
t

d
o
es

n
ot

allow
to

sep
arate

th
e

M
-step

in
sim

p
ler

su
b
p
rogram

s.
O

n
e

p
ossib

ility
is

to
p

erform
th

e
M

-step
u
sin

g
n
u
m

erical
o
p
tim

iza
tio

n
p
a
ckages,

b
u
t

th
e

eigen
ra

tio
con

strain
ts

req
u
ires

to
p
aram

eterize
each

Σ
j

term
s

o
f

its
sp

ectra
l

com
p

on
en

ts.
T

h
e

latter
h
as

th
e

d
raw

b
ack

to
ad

d
G
×
p
(1−

p
)/2

p
aram

eters.
F

u
rth

erm
o
re,

th
e

eigen
ratio

con
strain

t
h
as

a
n
on

-sm
o
oth

n
atu

re
th

at
w

ou
ld

m
ak

e
n
u
m

erical
tech

n
iq

u
es

h
a
rd

to
ad

ap
t.

In
C

o
retto

a
n
d

H
en

n
ig

(2016)
com

p
u
tation

s
are

b
ased

on
A

lgorith
m

1
w

h
ere

th
e

M
-step

is
p

erfo
rm

ed
a
s

if
th

e
p
rob

lem
w

ou
ld

b
e

u
n
con

strain
ed

,
an

d
b
reak

in
g

th
e

iteration
w

h
en

u
p

d
a
tes

d
rive

th
e

p
aram

eters
ou

tsid
e

th
e

con
strain

ed
p
aram

eter
sp

ace.
C

oretto
an

d
H

en
n
ig

(2
0
1
6
)

a
lso

p
ro

p
ose

a
h
eu

ristic
m

eth
o
d

to
en

force
th

e
con

stra
in

ts
at

th
e

en
d

of
th

e
iteration

s
if

n
ecessary.

O
f

cou
rse

in
su

ch
situ

ation
s

th
ere

w
ou

ld
b

e
n
o

gu
aran

tee
th

at
th

e
d
elivered

so
lu

tio
n

is
a

station
ary

p
oin

t
of
ln

(·).
H

ere,
w

e
p
rop

ose
A

lgorith
m

2
w

h
ere

con
strain

ts
a
re

a
p
p
lied

ex
a
ctly

in
each

iteration
.

T
h
e

M
-step

in
A

lgorith
m

1
is

rep
laced

w
ith

tw
o

co
n
d
ition

a
l

m
a
x
im

ization
(C

M
)

step
s.

T
h
is

tran
sform

s
A

lgorith
m

1
in

to
an

E
x
p

ectation
-

C
o
n
d
itio

n
a
l

M
a
x
im

ization
algorith

m
(E

C
M

)
as

in
tro

d
u
ced

b
y

M
en

g
an

d
R

u
b
in

(1993).
F

or

ea
se

o
f

n
o
ta

tio
n
,

for
j

=
0,1,...,G

d
efi

n
e
τ

(s)
i,j

=
τ
j (x

i ,θ
(s))

an
d
T

(s)
j

=
∑

ni=
1
τ
j (x

i ,θ
(s)).

R
ew

rite
(1

7
),

u
sin

g
θ

1
=

(µ
1 ,...,µ

G
,vect(Σ

1 ),...,vect(Σ
G

)),
θ

2
=

(π
0 ,π

1 ,...,π
G

) ′,
an

d
θ

=
(θ

1 ,θ
2 ) ′,

a
s

Q
(θ

1 ,θ
2 ,θ

(s))
=
Q

1 (θ
1 ,θ

(s))
+
Q

2 (θ
2 ,θ

(s))
+

con
st,

(18)
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L
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C
o
r
e
t
t
o

a
n
d

H
e
n
n
ig

w
h
ere

Q
1 (θ

1 ,θ
(s))

=
n
∑i=

1

G
∑j=

1

τ
(s)
i,j

lo
g
φ

(x
i ;µ

j ,Σ
j ),

Q
2 (θ

2 ,θ
(s))

=
G
∑j=

0

T
(s)
j

log
π
j ,

an
d

con
st

=
T

(s)
0

log
(δ)

w
h
ich

d
o
es

n
ot

d
ep

en
d

on
θ.

C
on

sid
er

th
e

follow
in

g
p
ro

gram
s:

m
ax

im
ize

θ
1

Q
1 (θ

1 ,θ
(s))

su
b

ject
to

λ
m

a
x (θ

1 )

λ
m

in (θ
1 )
≤
γ
,

(C
M

1
)

an
dm

ax
im

ize
θ
2

Q
2 (θ

2 ,θ
(s))

su
b

ject
to

G
∑j=

0

π
j

=
1,

n
∑i=

1

τ
0 (x

i ,θ
(s+

1
)

1
,θ

2 )≤
n
π

m
a
x .

(C
M

2
)

T
h
e

E
C

M
algorith

m
con

sists
of

solv
in

g
(C

M
1

)
an

d
th

en
(C

M
2

).
T

h
e

seq
u
en

ce
of

op
ti-

m
ization

s
rep

laces
th

e
M

-step
in

A
lgorith

m
1.

N
otice

th
at

in
(C

M
2

),
π
j

=
0

for
som

e
j

=
0,1

,...,G
w

ou
ld

d
riv

e
th

e
ob

jective
fu

n
ction

tow
ard
−
∞

,
so

w
e

d
o

n
ot

n
eed

to
restrict

th
e
π
j

as
>

0.
T

(s)
j

=
0

w
ill

n
ot

h
ap

p
en

,
see

R
em

ark
17.

A
lso

n
otice

th
at

for
δ=

0
th

e
n
oise

p
rop

ortion
con

strain
t

is
au

tom
atically

fu
lfi

lled
,

an
d

fo
r

m
ore

an
aly

sis
on

th
ese

cases
see

R
em

ark
17.

B
efore

p
resen

tin
g

th
e

E
C

M
A

lgo
rith

m
2

w
e

in
tro

d
u
ce

ad
d
ition

al
n
otation

s.
F

or
a
∈
R
d

let
d
iag

(a
)

b
e

th
e
d×
d

d
iagon

al
m

atrix
w

ith
elem

en
ts

of
a

on
th

e
m

ain
d
iagon

al.
F

or
a

m
atrix

A
let

S
p

ec(A
)

=
Γ

Λ
Γ
′
b

e
th

e
sp

ectral
d
ecom

p
osition

of
A

,
th

at
is,

Γ
con

tain
s

th
e

n
orm

alized
eigen

vectors
of
A

corresp
on

d
in

g
to

th
e

eigen
valu

es
co

n
tain

ed
in

th
e

d
iagon

al
m

atrix
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e
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b
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u
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b
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d
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e

C
M

2–step
solve

(C
M

1
)

an
d

(C
M

2
)

resp
ectively.
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=
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)) ′

co
m

p
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e.

P
ro

o
f

B
ased

on
stan

d
ard

n
orm

al
likelih

o
o
d

th
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m
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∑
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∑
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+
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+
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+
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←
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m
ax
{e
j,
k
/e
t,
k
;

t,
j

=
1,

2
,.
..
,G
,
j
6=
t,
k

=
1,

2,
..
.,
p
}
≤
γ

th
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←
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+
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←
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+
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+
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=
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∑
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←
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∑
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+
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+
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=
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←
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←
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←
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p
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b
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+
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−
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ra
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+
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+
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Γ
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Λ
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Γ
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+
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+
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+
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Λ
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=
d
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b
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+
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−
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e
p
re

v
io

u
s

h
ol

d
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+
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+
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=
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Λ
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p
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e
op

ti
m

iz
at

io
n

va
ri

ab
le

s,
an

d
th

er
ef

or
e

th
e

su
m

m
a
n
d
s

o
f

(2
1
)

ca
n

b
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p
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>
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.
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j,
k
,m

)
an

d
(2

1)
is

tr
an

sf
or

m
ed

in
to

m
in

im
iz

e
m

G ∑ j=
1

T
(s

)
j

p ∑ k
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b
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+
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p
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an
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2017).
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m
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e
of

as
y
m

m
et

ry
.

T
h
e

se
co

n
d

sa
m

p
li
n
g

d
es

ig
n

is
ca

ll
ed

G
E

M
(s

ee
F

ig
u
re

3)
.

In
th

is
ca

se
,

th
e

sa
m

p
li
n
g

d
es

ig
n

is
a

m
ix

tu
re

of
tw

o
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s

in
p

=
20

d
im

en
si

on
s,

w
it

h
th

e
a
d
d
it

io
n

o
f

a
fe

w
p

ot
en

ti
al

ou
tl

ie
rs

.
In

th
is

d
es

ig
n
,

th
e

fi
rs

t
cl

u
st

er
h
as

st
ro

n
gl

y
co

rr
el

a
te

d
m

a
rg

in
a
ls

,
w

h
er

ea
s

th
e

se
co

n
d

on
e

is
sp

h
er

ic
al

,
an

d
th

is
p
ro

d
u
ce

s
a

la
rg

e
d
is

cr
ep

an
cy

b
et

w
ee

n
th

e
cl

u
st

er
s’

sh
ap

es
.

D
efi

n
e

th
e
p
×
p

co
rr

el
at

io
n

m
at

ri
x
C

(ρ
)

:=
(ρ
|l−

k
| )
l,
k

fo
r
l,
k

=
1,
..
.,
p

(a
ls

o
ca

ll
ed

A
R

(1
)

co
rr

el
at

io
n

m
o
d
el

).
T

h
e

p
ar

am
et

er
s

of
th

e
G

E
M

d
es

ig
n

a
re

sp
ec

ifi
ed

in
T

ab
le

2.
A

n
ex

p
ec

te
d

2%
of

p
oi

n
ts

ar
e

ge
n
er

at
ed

fr
om

a
20

-d
im

en
si

on
al

t-
d
is

tr
ib

u
ti

o
n

w
it

h
3

d
eg

re
es

of
fr

ee
d
om

,
ce

n
te

re
d

a
t

(0
,0
,−

7
,.
..
,−

7)
′ ,

w
it

h
u
n
it

va
ri

an
ce

s
a
n
d

co
rr

el
a
ti

o
n

m
at

ri
x
C

(0
.9

99
9)

.
T

h
is

p
ro

d
u
ce

s
a

fe
w

p
oi

n
ts

fa
r

fr
om

b
ot

h
cl

u
st

er
s,

al
th

ou
gh

th
es

e
o
u
tl

ie
rs

3
0
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R
o
b
u
st

Im
p
r
o
p
e
r
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

C
l
u
st

e
r
in
g

T
a
b
le

2
:

P
ara

m
eters

of
th

e
G

E
M

sam
p
lin

g
d
esign

.
L

et
π

b
e

th
e

ex
p

ected
p
rop

ortion
.
m

is
th

e
m

ean
p
aram

eter
con

stan
t

a
cross

all
m

argin
als

for
th

e
sam

e
clu

ster.
E

ach
clu

sters
h
as

u
n
it

varian
ce

acro
ss

all
m

arg
in

als
an

d
correlation

m
atrix

given
b
y

C
(ρ

).

P
aram

eter
C

lu
ster

1
2

π
29.4%

68.6%
m

0
4

ρ
0.99

0

a
re

n
o
t

ex
trem

ely
sep

arated
from

th
e

regu
lar

d
ata

.
W

h
ile

n
on

-rob
u
st

m
eth

o
d
s

can
cop

e
w

ith
w

ea
k
ly

sep
arated

ou
tliers

at
th

e
ex

p
en

se
of

larg
e

estim
ation

b
ias,

som
e

rob
u
st

m
eth

o
d
s

ca
p
a
b
le

o
f

h
a
n
d
lin

g
ex

trem
e

ou
tliers

m
igh

t
get

in
trou

b
le

if
th

e
sep

aratio
n

gap
b

etw
een

reg
u
la

r
a
n
d

n
o
n
regu

lar
p

oin
ts

is
m

o
d
est.

In
th

is
ex

p
erim

en
t,

M
L

for
G

au
ssian

m
ix

tu
res

w
ith

u
n
iform

n
oise

an
d

T
C

L
U

S
T

a
re

co
m

p
a
red

w
ith

th
e

R
IM

L
E

op
tim

ally
tu

n
ed

accord
in

g
to

th
e

O
T

R
IM

L
E

m
eth

o
d

in
tro

d
u
ced

in
C

o
retto

a
n
d

H
en

n
ig

(2016).
M

eth
o
d
s

u
n
d
er

com
p
arison

are
set

u
p

as
follow

:

O
trim

le
E

C
M

:
R

IM
L

E
is

com
p
u
ted

b
ased

on
th

e
E

C
M

alg
orith

m
2

on
a

grid
of

5
0

log
(δ))

va
lu

es
a
s

d
escrib

ed
in

S
ection

5.2.
T

h
e

O
T

R
IM

L
E

criterion
p
ro

p
osed

in
C

oretto
a
n
d

H
en

n
ig

(2016)
selects

th
e

b
est

solu
tion

.
T

h
e

in
p
u
t

p
aram

eter
π

m
a
x

is
alw

ay
s

set
to

th
e

co
n
ven

tion
al

50%
.

T
h
e

eigen
ratio

con
strain

t
is

varied
b

etw
een

th
e

stron
gest

restrictio
n

(γ
=

0),
an

d
n
o

restriction
at

all
(γ

=
+
∞

).
In

p
articu

lar,
log

1
0

(γ
)

=
{0
,0
.5
,1
,2
,3
,6
,+
∞
}
.

T
h
e

in
itial

p
artition

is
com

p
u
ted

as
d
escrib

ed
in

S
ectio

n
5.2.

O
trim

leE
C

M
is

com
p
u
ted

u
sin

g
th

e
otrim

le
p
ackage

of
C

oretto
an

d
H

en
n
ig

(2017).

O
trim

le
A

E
M

:
R

IM
L

E
is

com
p
u
ted

u
sin

g
th

e
ap

p
rox

im
ate

E
M

-algorith
m

in
tro

d
u
ced

in
C

o
retto

a
n
d

H
en

n
ig

(2016).
B

oth
π

m
a
x

an
d
γ

a
re

set
for

O
trim

leE
C

M
as

w
ell

a
s

in
itial

va
lu

es.
S
o
ftw

are
for

O
trim

leA
E

M
is

availab
le

as
p
art

of
th

e
su

p
p
lem

en
tary

m
aterials

in
C

o
retto

an
d

H
en

n
ig

(2016).

T
c
lu

stO
ra

c
le

:
T

C
L

U
S
T

w
ith

trim
m

in
g

rate
set

to
th

e
tru

e
u
n
d
erly

in
g

n
oise

p
rop

o
rtio

n
.

T
h
e

eig
en

ratio
con

strain
t

is
treated

as
for

O
trim

leE
C

M
.
T

clu
stO

racle
is

com
p
u
ted

u
s-

in
g

th
e
tclu

st
p
ackage

of
F

ritz
et

al.
(2012)

w
h
ich

d
o
es

n
ot

allow
th

e
u
ser

to
ch

o
ose

an
in

itia
l
p
a
rtition

.
T

C
L

U
S
T

in
itialization

is
ran

d
om

,
an

d
w

e
in

creased
th

e
d
efau

lt
n
u
m

-
b

er
of

ra
n
d
om

starts
to

th
e

sam
p
le

size.
T

h
e

d
efa

u
lt

m
ax

im
u
m

n
u
m

b
er

of
iteration

s
is

a
lso

in
creased

to
500

b
ecau

se
several

con
vergen

ce
p
rob

lem
s

w
ere

record
ed

.

T
c
lu

stF
ix

:
sa

m
e

as
T

clu
stO

racle
b
u
t

w
ith

trim
m

in
g

rate
fi
x
ed

to
a

low
5%

for
th

e
G

E
M

d
esig

n
,

a
n
d

a
h
igh

50%
for

th
e

A
sy

N
oise

d
esign

.
T

h
e

p
ackage

tclu
st

a
lso

in
clu

d
es

th
e

“
ctlcu

rves”-to
ol

for
gu

id
in

g
th

e
u
ser

tow
ard

th
e

ch
oice

of
a

su
itab

le
trim

m
in

g
rate.

U
n
fo

rtu
n
ately,

th
is

grap
h
ical

to
ol

d
o
es

n
ot

give
an

y
clear

in
d
ica

tion
fo

r
th

e
d
ata

sets
g
en

era
ted

in
th

is
ex

p
erim

en
t.
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C
o
r
e
t
t
o

a
n
d

H
e
n
n
ig

M
C

L
U

S
T

n
:

M
L

for
G

au
ssian

m
ix

tu
res

w
ith

u
n
iform

n
oise

as
im

p
lem

en
ted

in
th

e
m
clu

st
p
ackage

of
F

raley
et

al.
(2012).

R
egu

larization
of

th
e

covarian
ce

m
atrices

is
d
on

e
b
y

ch
o
osin

g
an

ap
p
rop

riate
covarian

ce
p
aram

eterization
b
ased

on
th

e
B

IC
(B

ayesian
In

form
ation

C
riterion

).
M

clu
st

req
u
ires

n
oise

in
itialization

,
an

d
th

is
is

in
itialized

as
for

th
e

O
trim

leE
C

M
.

N
ote

th
at

th
e
otrim

le
p
ackage

u
ses

m
clu

st
in

itialization
for

th
e

regu
lar

p
oin

ts,
h
en

ce
O

trim
leE

C
M

an
d

M
C

L
U

S
T

n
b

oth
start

from
th

e
sam

e
p
artition

.

T
h
ere

ex
ist

oth
er

m
eth

o
d
s

cap
ab

le
of

h
an

d
lin

g
n
oise

n
ot

con
sid

ered
h
ere.

T
h
e

tru
e

clu
sters

can
b

e
ch

aracterized
b
y

h
av

in
g

a
con

sid
erab

ly
h
igh

er
d
en

sity
th

an
th

e
n
oise

region
,

so
d
en

sity
b
ased

clu
sterin

g
w

ou
ld

seem
to

b
e

an
oth

er
p
rom

isin
g

ap
p
roach

,
b
u
t

it
su

ff
ers

from
th

e
h
igh

d
im

en
sion

ality
of

th
e

d
ata,

to
o.

T
h
e

D
B

S
C

A
N

algorith
m

of
E

ster
et

a
l.

(1996)
can

h
an

d
le

n
oise,

h
ow

ever
its

p
erform

an
ce

stron
gly

d
ep

en
d
s

on
a

p
air

of
tu

n
in

gs
th

at
n
eed

to
b

e
carefu

lly
selected

b
ased

on
th

e
d
ataset,

an
d

th
is

m
ak

es
it

h
ard

ly
com

p
arab

le
in

a
M

on
te

C
arlo

ex
p

erim
en

t
like

th
e

p
resen

t
on

e.
M

L
b
a
sed

on
t-m

ix
tu

res
of

P
eel

an
d

M
cL

ach
lan

(2000)
w

ou
ld

also
b

e
ap

p
rop

riate,
h
ow

ever
it

req
u
ires

d
iscretion

ary
d
ecision

s
on

h
ow

to
d
efi

n
e

n
oise

in
term

s
of

th
e

tails
of

th
e

estim
ated

stu
d
en

t-t
d
istrib

u
tion

s.
T

h
e

sam
p
le

size
is

set
to

n
=

50
0

for
A

sy
N

oise,
an

d
n

=
100

for
G

E
M

.
W

ith
th

ese
relatively

low
sam

p
le

sizes,
th

e
regu

larization
of

th
e

covarian
ce

m
atrices

b
ecom

es
cru

cial
b

ecau
se

often
sm

all
clu

sters
are

fou
n
d

com
p
ared

to
th

e
d
im

en
sion

ality
p
.

F
or

b
oth

d
ata

sets
1000

M
on

te
C

arlo
rep

licates
h
av

e
b

een
con

sid
ered

.
T

h
e

tru
e

clu
ster

lab
el

of
a

p
oin

t
is

d
efi

n
ed

b
ased

on
th

e
com

p
on

en
t

of
th

e
sam

p
lin

g
d
istrib

u
tion

th
at

gen
erates

it.
M

isclassifi
cation

rates
are

com
p
u
ted

w
ith

resp
ect

to
th

e
m

in
im

izin
g

p
erm

u
tation

of
clu

sters’
in

d
ex

es
n
ot

in
volv

in
g

th
e

estim
ated

n
oise,

w
h
ich

is
alw

ay
s

m
atch

ed
to

th
e

tru
e

n
oise.

T
h
e

u
n
d
erly

in
g

eigen
ratio

b
eh

av
ior

of
th

ese
d
esign

s
is

largely
vary

in
g.

T
h
e

tru
e
γ

is
7

for
A

sy
N

oise,
an

d
it

is
3704.7

for
G

E
M

.
H

ow
ever,

if
on

e
com

p
u
tes

th
e

eigen
ratio

of
sam

p
le

clu
sters’

covarian
ces

b
ased

on
tru

e
lab

els
th

e
fi
gu

re
can

b
e

com
p
letely

d
iff

eren
t.

In
fact,

w
e

co
m

p
u
ted

th
e

(5%
,

95%
)-q

u
an

tiles
of

th
e

M
on

te
C

arlo
d
istrib

u
tion

of
th

ese
q
u
a
n
tities,

an
d

w
e

ob
tain

ed
(44.5,

273.4)
for

A
sy

N
oise,

an
d

(19899.3,
246826.8)

for
G

E
M

.
In

th
e

ex
am

p
les

given
in

S
ection

2
w

e
fi
x
ed
γ

=
100,

b
ecau

se
in

real
w

orld
ap

p
lication

s
on

e
ty

p
ically

d
o
es

n
ot

h
ave

in
form

ation
on

it,
an

d
w

e
u
sed

th
e

cen
tral

valu
e

ad
op

ted
in

th
ese

ex
p

erim
en

ts.
R

esu
lts

are
su

m
m

arized
in

T
ab

les
3

an
d

4
,

an
d

F
igu

res
5

an
d

6.
S
in

ce
M

C
L

U
S
T

n
d
o
es

n
ot

en
force

an
eig

en
ratio

con
strain

t,
resu

lts
are

reco
rd

ed
at
γ

=
+
∞

,
alth

o
u
gh

M
C

L
U

S
T

n
h
as

its
ow

n
covarian

ce
regu

larization
.

M
C

L
U

S
T

n
is

seriou
sly

aff
ected

b
y

con
tam

in
ation

in
b

oth
d
esign

s.
Its

p
erform

an
ce

is
b

etter
for

th
e

A
sy

N
oise

d
esign

for
w

h
ich

th
e

b
ox

p
lot

of
F

igu
re

5
sh

ow
s

th
at

in
som

e
rep

lica
it

can
p
ro

d
u
ce

m
isclassifi

cation
rates

b
elow

10%
.

R
egard

in
g

th
e

O
trim

le
an

d
T

clu
st

version
s,

th
e

p
erform

an
ce

d
ep

en
d
s

on
th

e
settin

g
of

th
e

eigen
ratio

con
strain

t.
H

ow
ever,

O
trim

leE
C

M
off

ers
th

e
m

ost
stab

le
p

erform
an

ce
in

b
oth

d
esign

s.
O

trim
leE

C
M

ach
iev

es
th

e
b

est
m

isclassifi
cation

p
erform

an
ce

in
all

situ
ation

s
ex

cep
t

for
few

cases
w

h
ere

T
clu

stO
racle

d
o
es

b
etter,

b
u
t

in
fact,

T
clu

stO
racle

is
ru

n
w

ith
th

e
assu

m
p
tion

th
at

on
e

k
n
ow

s
th

e
ex

p
ected

am
ou

n
t

of
n
oise

ex
actly,

w
h
ich

is
n
ever

tru
e

in
reality.

N
ote

th
at

T
clu

stO
racle

seem
s

to
n
ot

tolerate
large

valu
es

of
γ

in
b

oth
d
esign

s.
T

h
is

is
cou

n
terin

tu
itive

at
least

for
G

E
M

,
w

h
ere

th
e

tru
e

log
1
0 (γ

)
is

b
etw

een
3

an
d

6,
b
u
t

in
th

is
ran

ge
b

oth
T

clu
stO

racle
an

d
T

clu
stF

ix
h
ave

seriou
s

p
rob

lem
s.

O
trim

leA
E

M
is

th
e

secon
d

b
est

overall,
alth

ou
gh

it
sh

ow
s

a
large

p
ositive

skew
n
ess

in
th

e
d
istrib

u
tion

of
th

e
m

isclassifi
cation

rates
for

A
sy

N
oise,

an
d

in
b

oth
d
esign

s
it

is
n
ot

ab
le

to
en

force
low

γ
valu

es
ap

p
rop

riately.
T

h
is

is
b

ecau
se

in
O

trim
leA

E
M

an
ap

p
rox

im
ate

eigen
ratio

co
n
stra

in
t
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R
o
b
u
st

Im
p
r
o
p
e
r
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

C
l
u
st

e
r
in
g

T
ab

le
3:

M
on

te
C

ar
lo

av
er

ag
es

,
w

it
h

st
an

d
ar

d
er

ro
rs

in
p
ar

en
th

es
is

,
of

m
is

cl
as

si
fi
ca

ti
on

ra
te

s
(%

)
fo

r
th

e
A

sy
N

oi
se

sa
m

p
li
n
g

d
es

ig
n
.

“n
a”

is
re

p
or

te
d

if
th

e
so

ft
w

ar
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d
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p
erim

en
t

selection
p
rob

lem
in

lin
ear

regression
m

o
d
els:

D
e
fi

n
itio

n
1

(e
x
p

e
rim

e
n
t

se
le

c
tio

n
p

ro
b

le
m

in
lin

e
a
r

re
g
re

ssio
n

m
o
d

e
ls)

L
et
X

be
a

kn
o
w

n
n×

p
d
esign

m
a
trix

w
ith

fu
ll

co
lu

m
n

ra
n

k
a
n

d
k

be
th

e
su

bset
bu

d
get,

w
ith

p
≤
k
≤
n

.
A

n
experim

en
t

selectio
n

p
ro

blem
a
im

s
to

fi
n

d
a

su
bset

S
⊆

[n
]

o
f

size
k

,
eith

er
d
eterm

in
isti-

ca
lly

o
r

ra
n

d
o
m

ly,
th

en
o
bserves

y
S

=
X
S
β

0 +
ε̃,

w
h
ere

ea
ch

coo
rd

in
a
te

o
f
ε̃

is
i.i.d

.
G

a
u

ssia
n

ra
n

d
o
m

va
ria

ble
w

ith
zero

m
ea

n
a
n

d
equ

a
l

co
va

ria
n

ce,
a
n

d
th

en
gen

era
tes

a
n

estim
a
te
β̂

o
f

th
e

regressio
n

coeffi
cien

ts
ba

sed
o
n

(X
S
,y
S

).
T

w
o

types
o
f

experim
en

t
selectio

n
a
lgo

rith
m

s
a
re

co
n

sid
ered

:

1
.

W
ith

rep
lacem

en
t:
S

is
a

m
u

lti-set
w

h
ich

a
llo

w
s

d
u

p
lica

tes
o
f

in
d
ices.

N
o
te

th
a
t

fresh
(in

d
epen

d
en

t)
n

o
ise

is
im

po
sed

a
fter,

a
n

d
in

d
epen

d
en

t
o
f,

experim
en

t
selectio

n
,

a
n

d
h
en

ce
d
u

p
lica

te
d
esign

po
in

ts
h
a
ve

in
d
epen

d
en

t
n

o
ise.

W
e

u
se
A

1 (k
)

to
d
en

o
te

th
e

cla
ss

o
f

a
ll

w
ith

rep
la

cem
en

t
experim

en
t

selectio
n

a
lgo

rith
m

s.

2
.

W
ith

o
u
t

rep
lacem

en
t:
S

is
a

sta
n

d
a
rd

set
th

a
t

m
a
y

n
o
t

h
a
ve

d
u

p
lica

te
in

d
ices.

W
e

u
se

A
2 (k

)
to

d
en

o
te

th
e

cla
ss

o
f

a
ll

w
ith

o
u

t
rep

la
cem

en
t

experim
en

t
selectio

n
a
lgo

rith
m

s.

A
s

eva
lu

ation
criterion

,
w

e
con

sid
er

th
e

m
ean

sq
u
are

error
E‖β̂

−
β

0 ‖
22 ,

w
h
ere

β̂
is

an
estim

a
to

r
o
f
β

0
w

ith
X
S

an
d
y
S

as
in

p
u
ts.

W
e

stu
d
y

co
m

p
u

ta
tio

n
a
lly

tra
cta

ble
a
lgorith

m
s

th
a
t

a
p
p
rox

im
a
tely

ach
ieves

th
e

m
in

im
a
x

rate
of

con
vergen

ce
overA

1 (k
)

orA
2 (k

):

in
f

A
′∈A

b (k
)

su
p

β
0 ∈

R
p E
[‖β̂

A
′−

β
0 ‖

22 ]
.

(2)

F
o
rm

a
lly,

w
e

g
ive

th
e

follow
in

g
d
efi

n
ition

:

1
.

“
A

d
d

itiv
e”

m
ea

n
s

th
a
t

th
e

sta
tistica

l
erro

r
o
f

th
e

resu
ltin

g
estim

a
to

r
ca

n
n

o
t

b
e

b
o
u

n
d

ed
b
y

a
m

u
lti-

p
lica

tiv
e

fa
cto

r
o
f

th
e

m
in

im
a
x

o
p

tim
a
l

erro
r.

2
.

T
h

e
lev

era
g
e

sco
re

sa
m

p
lin

g
m

eth
o
d

in
M

a
et

a
l.

(2
0
1
5
)

d
o
es

n
o
t

h
av

e
rig

o
ro

u
s

a
p

p
rox

im
a
tio

n
g
u

a
ra

n
tees

in
term

s
o
f‖
β̂
−
β
0 ‖

22
o
r‖
X
β̂
−
X
β
0 ‖

22 .
H

ow
ev

er,
th

e
b

o
u

n
d

s
in

th
a
t

p
a
p

er
esta

b
lish

th
a
t

lev
era

g
e

sco
re

sa
m

p
lin

g
ca

n
b

e
w

o
rse

o
r

b
etter

th
a
n

u
n

ifo
rm

sa
m

p
lin

g
u

n
d

er
d

iff
eren

t
settin

g
s.

3
JM

L
R

 18(143):1-41, 2017

W
a
n
g
,
Y
u
a
n
d

S
in
g
h

T
ab

le
1:

S
u
m

m
ary

of
ap

p
rox

im
a
tio

n
resu

lts.
Σ
∗

=
X
>

d
ia

g
(π
∗)X

,
w

h
ere

π
∗

is
th

e
o
p
tim

a
l

so
lu

-
tion

of
E

q
.

(4).
S
am

p
lin

g
b
a
sed

algorith
m

s
can

b
e

w
ith

o
r

w
ith

ou
t

rep
lacem

en
t

an
d

are
ran

d
om

ized
,

w
h
ich

su
cceed

w
ith

at
lea

st
0
.8

p
rob

ab
ility.

A
lgorith

m
M

o
d

el
C

on
strain

t
C

(n
,p
,k

)
A

ssu
m

p
tion

s

M
a

et
al.

(2015)
w

ith
rep

.
ad

d
itive

1
- 2

asy
m

p
totic

A
v
ron

an
d

B
ou

tsid
is

(2
013)

w
ith

rep
.

ad
d

itiv
e

O
(n
/k

)
k

=
Ω

(p
)

sam
p

lin
g

w
ith

rep
.

|S|
=
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p
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=
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O
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+
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e
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rn

in
g

(C
h
au

d
h
u
ri

et
a
l.
,
20

15
;
H

az
an

an
d

K
ar

n
in

,
20

15
;

S
ab

at
o

an
d

M
u
n
os

,
20

14
),

w
h
ic

h
is

a
st

ro
n
ge

r
se

tt
in

g
w

h
er

e
fe

ed
b
ac

k
fr

om
p
ri

or
m

ea
su

re
-

m
en

ts
ca

n
b

e
u
se

d
to

gu
id

e
su

b
se

q
u
en

t
d
at

a
se

le
ct

io
n
.

C
h
au

d
h
u
ri

et
al

.
(2

01
5)

an
al

y
ze

s
an

S
D

P
re

la
x
at

io
n

in
th

e
co

n
te

x
t

of
ac

ti
ve

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

io
n
.

H
ow

ev
er

,
th

e
an

al
y
si

s
in

C
h
au

d
h
u
ri

et
al

.
(2

01
5)

on
ly

w
or

k
s

fo
r

th
e

w
it

h
re

p
la

ce
m

en
t

m
o
d
el

a
n
d

th
e

tw
o-

st
ag

e
fe

ed
b
ac

k
-d

ri
ve

n
st

ra
te

gy
p
ro

p
os

ed
in

C
h
au

d
h
u
ri

et
al

.
(2

01
5)

is
n
ot

av
ai

la
b
le

u
n
d
er

th
e

ex
p

er
im

en
t

se
le

ct
io

n
m

o
d
el

d
efi

n
ed

in
D

efi
n
it

io
n

1
w

h
er

e
n
o

fe
ed

b
ac

k
is

as
su

m
ed

.

2
.2

N
o
ta

ti
o
n

s

F
or

a
m

at
ri

x
A
∈
R
n
×
m

,
w

e
u
se
‖A
‖ p

=
su

p
x
6=

0
‖A
x
‖ p

‖x
‖ p

to
d
en

ot
e

th
e

in
d
u
ce

d
p
-n

or
m

of
A

.

In
p
ar

ti
cu

la
r,
‖A
‖ 1

=
m

ax
1
≤
j≤
m
∑

n i=
1
|A

ij
|a

n
d
‖A
‖ ∞

=
m

ax
1
≤
i≤
n
∑

m j=
1
|A

ij
|.
‖A
‖ F

=
√
∑

i,
j
A

2 ij
d
en

ot
es

th
e

F
ro

b
en

iu
s

n
or

m
of
A

.
L

et
σ

1
(A

)
≥
σ

2
(A

)
≥
··
·≥

σ
m

in
(n
,m

)(
A

)
≥

0

b
e

th
e

si
n
gu

la
r

va
lu

es
of
A

,
so

rt
ed

in
d
es

ce
n
d
in

g
or

d
er

.
T

h
e

co
n
d
it

io
n

n
u
m

b
er
κ

2
(A

)
is

d
efi

n
ed

as
κ

(A
)

=
σ

1
(A

)/
σ

m
in

(n
,m

)(
A

).
F

or
se

q
u
en

ce
s

of
ra

n
d
om

va
ri

ab
le

s
X
n

an
d
Y
n
,
w

e
u
se

X
n

p →
Y
n

to
d
en

ot
e
X
n

co
n
ve

rg
es

in
p
ro

b
ab

il
it

y
to
Y
n
.

W
e

sa
y
a
n
.
b n

if
li
m
n
→
∞
|a
n
/b
n
|≤

1
an

d
a
n
&
b n

if
li
m
n
→
∞
|b n
/a

n
|≤

1.
F

or
tw

o
d
-d

im
en

si
on

a
l

sy
m

m
et

ri
c

m
at

ri
ce

s
A

an
d
B

,
w

e
w

ri
te
A
�
B

if
u
>

(A
−
B

)u
≤

0
fo

r
al

l
u
∈

R
d
,

an
d
A
�
B

if
u
>

(A
−
B

)u
≥

0
fo

r
al

l
u
∈
R
d
.

3
.
M

e
th

o
d
s
a
n
d
m
a
in

re
su

lt
s

W
e

d
es

cr
ib

e
tw

o
co

m
p
u
ta

ti
on

al
ly

fe
as

ib
le

al
go

ri
th

m
s

fo
r

th
e

ex
p

er
im

en
t

se
le

ct
io

n
p
ro

b
le

m
,

b
ot

h
b
as

ed
on

a
co

n
ti

n
u
ou

s
co

n
v
ex

op
ti

m
iz

a
ti

on
p
ro

b
le

m
.

S
ta

ti
st

ic
al

effi
ci

en
cy

b
ou

n
d
s

a
re

p
re

se
n
te

d
fo

r
b

ot
h

al
go

ri
th

m
s,

w
it

h
d
et

ai
le

d
p
ro

of
s

gi
ve

n
in

S
ec

.
7.

3
.1

C
o
n
ti

n
u

o
u

s
o
p

ti
m

iz
a
ti

o
n

a
n

d
m

in
im

a
x

lo
w

e
r

b
o
u

n
d

s

W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

co
n
ti

n
u
ou

s
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

w
h
ic

h
is

a
co

n
ve

x
re

la
x
at

io
n

of
th

e
co

m
b
in

at
or

ia
l

A
-o

p
ti

m
al

it
y

cr
it

er
io

n
of

E
q
.

(1
):

π
∗

=
ar

gm
in
π
∈R

n
f

(π
;X

)
=

a
rg

m
in
π
∈R

p
tr

[ (
X
>

d
ia

g
(π

)X
) −

1
] ,

(4
)

s.
t.

π
≥

0,
‖π
‖ 1
≤
k
,

‖π
‖ ∞
≤

1
(o

n
ly

fo
r

th
e

w
it

h
ou

t
re

p
la

ce
m

en
t

m
o
d
el

).
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

N
ot

e
th

at
th

e
‖π
‖ ∞
≤

1
co

n
st

ra
in

t
is

on
ly

re
le

va
n
t

fo
r

th
e

w
it

h
ou

t
re

p
la

ce
m

en
t

m
o
d
el

a
n
d

fo
r

th
e

w
it

h
re

p
la

ce
m

en
t

m
o
d
el

w
e

d
ro

p
th

is
co

n
st

ra
in

t
in

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
.

It
is

ea
sy

to
v
er

if
y

th
at

b
ot

h
th

e
ob

je
ct

iv
e
f

(π
;X

)
an

d
th

e
fe

as
ib

le
se

t
in

E
q
.

(4
)

a
re

co
n
ve

x
,

an
d

h
en

ce
th

e
gl

ob
al

op
ti

m
al

so
lu

ti
on

π
∗

of
E

q
.

(4
)

ca
n

b
e

o
b
ta

in
ed

u
si

n
g

co
m

p
u
ta

ti
o
n
-

al
ly

tr
ac

ta
b
le

al
go

ri
th

m
s.

In
p
ar

ti
cu

la
r,

w
e

d
es

cr
ib

e
a
n

S
D

P
fo

rm
u
la

ti
on

a
n
d

a
p
ra

ct
ic

a
l

p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
in

A
p
p

en
d
ix

B
an

d
D

,
b

ot
h

p
ro

va
b
ly

co
n
v
er

g
e

to
th

e
gl

ob
al

op
ti

m
al

so
lu

ti
on

of
E

q
.

(4
)

w
it

h
ru

n
n
in

g
ti

m
e

sc
al

in
g

p
ol

y
n
om

ia
ll
y

in
n
,p

a
n
d
k
.

W
e

fi
rs

t
p
re

se
n
t

tw
o

fa
ct

s,
w

h
ic

h
ar

e
p
ro

ve
d

in
S
ec

.
7.

F
a
c
t

3
.1

L
et
π

a
n

d
π
′

be
fe

a
si

bl
e

so
lu

ti
o
n

s
o
f

E
q.

(4
)

su
ch

th
a
t
π
i
≤
π
′ i

fo
r

a
ll
i

=
1,
··
·,
n

.
T

h
en

f
(π

;X
)
≥
f

(π
′ ;
X

),
w

it
h

eq
u

a
li

ty
if

a
n

d
o
n

ly
if
π

=
π
′ .

F
a
c
t

3
.2
‖π
∗ ‖

1
=
k

.

W
e

re
m

ar
k

th
at

th
e

in
ve

rs
e

m
on

ot
on

ic
it

y
of
f

in
π

im
p
li
es

se
co

n
d

fa
ct

,
w

h
ic

h
ca

n
p

ot
en

ti
al

ly
b

e
u
se

d
to

u
n
d
er

st
an

d
sp

ar
si

ty
of
π
∗

in
la

te
r

se
ct

io
n
s.

T
h
e

fo
ll
ow

in
g

th
eo

re
m

sh
ow

s
th

at
th

e
op

ti
m

al
so

lu
ti

on
of

E
q
.

(4
)

lo
w

er
b

o
u
n
d
s

th
e

m
in

im
ax

ri
sk

d
efi

n
ed

in
E

q
.

(2
).

It
s

p
ro

of
is

p
la

ce
d

in
S
ec

.
7
.

T
h

e
o
re

m
3

L
et
f
∗ 1
(k

;X
)

a
n

d
f
∗ 2
(k

;X
)

be
th

e
o
p
ti

m
a
l

o
bj

ec
ti

ve
va

lu
es

o
f

E
q.

(4
)

fo
r

w
it

h
re

p
la

ce
m

en
t

a
n

d
w

it
h
o
u

t
re

p
la

ce
m

en
t,

re
sp

ec
ti

ve
ly

.
T

h
en

fo
r
b
∈
{1
,2
},

in
f

A
∈A

b
(k

)
su

p
β
0
∈R

p
E
[ ‖
β̂
A
−
β

0
‖2 2

] ≥
σ

2
·f
∗ b(
k
;X

).
(5

)

D
es

p
it

e
th

e
fa

ct
th

at
E

q
.

(4
)

is
co

m
p
u
ta

ti
on

al
ly

tr
a
ct

ab
le

,
it

s
so

lu
ti

on
π
∗

is
n

o
t

a
va

li
d

ex
p

er
im

en
t

se
le

ct
io

n
al

go
ri

th
m

u
n
d
er

a
m

ea
su

re
m

en
t

b
u
d
ge

t
of
k

b
ec

a
u
se

th
er

e
ca

n
b

e
m

u
ch

m
or

e
th

an
k

co
m

p
on

en
ts

in
π
∗

th
at

ar
e

n
ot

ze
ro

.
In

th
e

fo
ll
ow

in
g

se
ct

io
n
s,

w
e

d
is

cu
ss

st
ra

te
gi

es
fo

r
ch

o
os

in
g

a
su

b
se

t
Ŝ

of
ro

w
s

w
it

h
|Ŝ
|=

O
P
(k

)
(i

.e
.,

so
ft

co
n
st

ra
in

t)
o
r
|Ŝ
|≤

k
(i

.e
.,

h
ar

d
co

n
st

ra
in

t)
,

u
si

n
g

th
e

so
lu

ti
on

π
∗

to
th

e
ab

ov
e.

3
.2

S
a
m

p
li
n

g
b

a
se

d
e
x
p

e
ri

m
e
n
t

se
le

c
ti

o
n

:
so

ft
si

z
e

c
o
n

st
ra

in
t

W
e

fi
rs

t
co

n
si

d
er

a
w

ea
ke

r
se

tt
in

g
w

h
er

e
so

ft
co

n
st

ra
in

t
is

im
p

os
ed

on
th

e
si

ze
o
f

th
e

se
le

ct
ed

su
b
se

t
Ŝ

;
in

p
ar

ti
cu

la
r,

it
is

al
lo

w
ed

th
at
|Ŝ
|=

O
(k

)
w

it
h

h
ig

h
p
ro

b
ab

il
it

y,
m

ea
n
in

g
th

a
t

a
co

n
st

an
t

fr
ac

ti
on

of
ov

er
-s

el
ec

ti
on

is
al

lo
w

ed
.

T
h
e

m
or

e
re

st
ri

ct
iv

e
se

tt
in

g
of

h
a
rd

co
n
st

ra
in

t
is

tr
ea

te
d

in
th

e
n
ex

t
se

ct
io

n
.

A
n
at

u
ra

l
id

ea
of

ob
ta

in
in

g
a

va
li
d

su
b
se

t
S

of
si

ze
k

is
b
y

sa
m

p
li

n
g

fr
o
m

a
w

ei
g
h
te

d

ro
w

d
is

tr
ib

u
ti

on
sp

ec
ifi

ed
b
y
π
∗ .

L
et

Σ
∗

=
X
>

d
ia

g
(π
∗ )
X

an
d

d
efi

n
e

d
is

tr
ib

u
ti

o
n
s
p

(1
)

j
a
n
d

p
(2

)
j

fo
r
j

=
1,
··
·,
n

as

P
(1

)
:
p

(1
)

j
=
π
∗ jx
> j

Σ
−

1
∗
x
j
/p
,

w
it

h
re

p
la

ce
m

en
t;

P
(2

)
:
p

(2
)

j
=
π
∗ j/
k
,

w
it

h
ou

t
re

p
la

ce
m

en
t.

N
ot

e
th

at
b

ot
h
{p

(1
)

j
}n j

=
1

an
d
{p

(2
)

j
}n j

=
1

su
m

to
on

e
b

ec
au

se
∑

n j=
1
π
∗ j

=
k

an
d
∑

n j=
1
π
∗ jx
> j

Σ
−

1
∗
x
j

=

tr
((
∑

n j=
1
π
∗ jx
j
x
> j

)Σ
−

1
∗

)
=

tr
(Σ
∗Σ
−

1
∗

)
=
p
.
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C
o
m
p
u
t
a
t
io
n
a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

in
p

u
t

:
X
∈
R
n×

p,
op

tim
al

solu
tion

π
∗,

target
su

b
set

size
k
.

o
u

tp
u

t:
Ŝ
⊆

[n
],

a
selected

su
b
set

of
size

at
m

ost
O

P (k
).

In
itia

liza
tion

:
t

=
0,
S

0
=
∅.

W
ith

rep
la

cem
en

t :
for

t
=

1,···
,k

d
o:

-
sam

p
le
it ∼

P
(1

)
an

d
set

w
t

=
dπ
∗it /

(k
p

(1
)

it
)e;

-
u
p

d
a
te:

S
t+

1
=
S
t ∪
{
w
t

rep
etition

s
of
x
it }

.
W

ith
o
u

t
rep

la
cem

en
t:

for
i

=
1,···

,n
d
o:

-
sa

m
p
le
w
i ∼

B
ern

ou
lli(k

p
(2

)
j

);

-
u
p

d
a
te:

S
i+

1
=
S
i ∪
{
w
i

rep
etition

s
of
x
i }

.

F
in

a
lly,

o
u
tp

u
t
Ŝ

=
S
k

for
w

ith
rep

lacem
en

t
an

d
Ŝ

=
S
n

for
w

ith
ou

t
rep

lacem
en

t.

F
ig

u
re

1
:

S
am

p
lin

g
b
ased

ex
p

erim
en

t
selection

(ex
p

ected
size

con
strain

t).

U
n
d
er

th
e

w
ith

ou
t

rep
lacem

en
t

settin
g

th
e

d
istrib

u
tion

P
(2

)
is

straig
h
tforw

ard
:
p

(2
)

j
is

p
ro

p
o
rtio

n
a
l

to
th

e
op

tim
al

con
tin

u
ou

s
w

eigh
ts
π
∗j ;

u
n
d
er

th
e

w
ith

rep
lacem

en
t

settin
g,

th
e

sa
m

p
lin

g
d
istrib

u
tion

takes
in

to
accou

n
t

lev
erage

scores
(eff

ective
resistan

ce)
of

each
d
a
ta

p
o
in

t
in

th
e

con
d
ition

ed
covarian

ce
as

w
ell.

L
ater

an
a
ly

sis
(T

h
eorem

5
)

sh
ow

s
th

at
it

h
elp

s
w

ith
th

e
fi
n
ite-sam

p
le

con
d
ition

on
k
.

F
igu

re
1

giv
es

d
etails

of
th

e
sam

p
lin

g
b
ased

a
lg

o
rith

m
s

fo
r

b
oth

w
ith

an
d

w
ith

ou
t

rep
lacem

en
t

settin
gs.

T
h
e

fo
llow

in
g

p
rop

osition
b

ou
n
d
s

th
e

size
o
f
Ŝ

in
h
igh

p
rob

ab
ility

:

P
ro

p
o
sitio

n
4

F
o
r

a
n

y
δ
∈

(0,1
/2)

w
ith

p
ro

ba
bility

a
t

lea
st

1
−
δ

it
h
o
ld

s
th

a
t
|Ŝ|
≤

2
(1

+
1
/
δ)k

.
T

h
a
t

is,|Ŝ|≤
O

P (k
).

P
ro

o
f

A
p
p
ly

M
arkov

’s
in

eq
u
ality

an
d

n
ote

th
at

an
ad

d
ition

al
k

sam
p
les

n
eed

to
b

e
ad

d
ed

d
u
e

to
th

e
ceilin

g
op

erator
in

w
ith

rep
lacem

en
t

sam
p
lin

g.

T
h
e

sa
m

p
lin

g
p
ro

ced
u
re

is
easy

to
u
n
d
erstan

d
in

an
asy

m
p
totic

sen
se:

it
is

easy
to

verify
th

a
t
E
X
>it X

it
=
X
>

d
iag

(π
∗/k

)X
an

d
E

[w
it ]

=
1,

for
b

oth
w

ith
an

d
w

ith
ou

t
rep

lacem
en

t

settin
g
s.

N
o
te

th
at
‖
p

(2
)

it ‖∞
≤

1/k
b
y

feasib
ility

con
strain

ts
an

d
h
en

ce
B

ern
ou

lli(k
p

(2
)

it
)

is
a

va
lid

d
istrib

u
tion

for
all

it ∈
[n

].
F

or
th

e
w

ith
rep

lacem
en

t
settin

g,
b
y

w
eak

law
of

la
rg

e
n
u
m

b
ers,

X
>Ŝ
X
Ŝ

p→
X
>

d
iag

(π
∗)X

as
k
→
∞

an
d

h
en

ce
tr[(X

>S
X
S

) −
1]

p→
f

(π
∗;X

)
b
y

co
n
tin

u
o
u
s

m
ap

p
in

g
th

eorem
.

A
m

ore
refi

n
ed

an
aly

sis
is

p
resen

ted
in

T
h
eorem

5
to

p
rov

id
e

ex
p
licit

con
d
ition

s
u
n
d
er

w
h
ich

th
e

asy
m

p
totic

ap
p
rox

im
ation

s
are

valid
an

d
on

th
e

sta
tistica

l
effi

cien
cy

of
Ŝ

as
w

ell
as

a
n
aly

sis
u
n
d
er

th
e

m
ore

restrictiv
e

w
ith

ou
t

rep
lacem

en
t

reg
im

e.

T
h

e
o
re

m
5

F
ix
ε
>

0
a
s

a
n

a
rbitra

rily
sm

a
ll

a
ccu

ra
cy

pa
ra

m
eter.

S
u

p
po

se
th

e
fo

llo
w

in
g

co
n

d
itio

n
s

h
o
ld

:

W
ith

rep
la

cem
en

t
:
p

log
k
/k

=
O

(ε
2);

W
ith

o
u

t
rep

la
cem

en
t

:
‖Σ
−

1
∗
‖

2 κ
(Σ
∗ )‖

X
‖

2∞
log

p
=
O

(ε
2).
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

H
ere

Σ
∗

=
X
>

d
iag

(π
∗)X

a
n

d
κ

(Σ
∗ )

d
en

o
tes

th
e

co
n

d
itio

n
a
l

n
u

m
ber

o
f

Σ
∗ .

T
h
en

w
ith

p
ro

ba
bility

a
t

lea
st

0.9
th

e
su

bset
O

L
S

estim
a
to

r
β̂

=
(X
>Ŝ
X
Ŝ

) −
1X
>Ŝ
y
Ŝ

sa
tisfi

es

E
[‖β̂
−
β

0 ‖
22 ∣∣∣ X

Ŝ ]
=
σ

2tr [(X
>Ŝ
X
Ŝ

) −
1 ]≤

(1
+
O

(ε))·σ
2f
∗b (X

;k
),

b∈
{1
,2}.

W
e

ad
ap

t
th

e
p
ro

of
tech

n
iq

u
e

of
S
p
ielm

an
an

d
S
rivastava

in
th

eir
sem

in
al

w
ork

o
n

sp
ectral

sp
arsifi

cation
of

grap
h
s

(S
p
ielm

an
a
n
d

S
riva

stava,
2011).

M
ore

sp
ecifi

cally,
w

e
p
rove

th
e

follow
in

g
stron

ger
“tw

o-sid
ed

”
resu

lt
w

h
ich

sh
ow

s
th

at
X
>Ŝ
X
Ŝ

is
a

spectra
l

a
p
p
ro

xim
a
tio

n
of

Σ
∗

w
ith

h
igh

p
rob

ab
ility,

u
n
d
er

su
itab

le
con

d
ition

s.

L
e
m

m
a

6
U

n
d
er

th
e

sa
m

e
co

n
d
itio

n
s

in
T

h
eo

rem
5
,

it
h
o
ld

s
th

a
t

w
ith

p
ro

ba
bility

a
t

lea
st

0
.9

th
a
t

(1−
ε)z >

Σ
∗ z
≤
z >

Σ̂
Ŝ
z
≤

(1
+
ε)z >

Σ
∗ z
,
∀
z
∈
R
p,

w
h
ere

Σ
∗

=
X
>

d
iag

(π
∗)X

a
n

d
Σ
Ŝ

=
X
>Ŝ
X
Ŝ

.

L
em

m
a

6
im

p
lies

th
at

w
ith

h
igh

p
rob

ab
ility

σ
j (Σ̂

Ŝ
)≥

(1−
ε)σ

j (Σ
∗ )

for
all

j
=

1,···
,p

.

R
ecall

th
at

tr[(X
>S
X
S

) −
1]

=
∑

pj=
1
σ
j (Σ̂

Ŝ
) −

1
an

d
f

(π
∗;X

)
=
∑

pj=
1
σ
j (Σ
∗ ).

S
u
b
seq

u
en

tly,

for
ε∈

(0,1−
c]

for
som

e
con

stan
t
c
>

0,
tr[(X

>Ŝ
X
Ŝ

) −
1]≤

(1
+
O

(ε))f
(π
∗;X

).
T

h
eorem

5
is

th
u
s

p
roved

.

3
.3

S
a
m

p
lin

g
b

a
se

d
e
x
p

e
rim

e
n
t

se
le

c
tio

n
:

h
a
rd

siz
e

c
o
n

stra
in

t

In
som

e
ap

p
lication

s
it

is
m

an
d
atory

to
resp

ect
a

h
ard

su
b
set

size
con

strain
t;

th
at

is,
a

ran
d
om

ized
algorith

m
is

ex
p

ected
to

ou
tp

u
t
Ŝ

th
at

satisfi
es
|Ŝ|≤

k
alm

ost
su

rely,
an

d
n
o

over-sam
p
lin

g
is

allow
ed

.
T

o
h
an

d
le

su
ch

h
ard

con
strain

ts,
w

e
rev

ise
th

e
algorith

m
in

F
igu

re
1

as
follow

s:

in
p

u
t

:
X
∈
R
n×

p,
op

tim
al

solu
tion

π
∗,

target
su

b
set

size
k
.

o
u

tp
u

t:
Ŝ
⊆

[n
],

a
selected

su
b
set

of
size

at
m

o
st
k
.

In
itialization

:
t

=
0,
S

0
=
∅,
R

0
=
∅.

1.
W

ith
rep

la
cem

en
t:

sam
p
le
it ∼

P
(1

);
set

w
t

=
dπ
∗it /

(k
p

(1
)

it
)e;

W
ith

o
u

t
rep

la
cem

en
t:

p
ick

ran
d
om

it
/∈
R
t−

1 ;
sam

p
le
w
t ∼

B
ern

ou
lli(k

p
(2

)
it

).

2.
U

pd
a
te

:
S
t

=
S
t−

1 ∪
{
w
t

rep
etition

s
of
it }

,
R
t

=
R
t−

1 ∪
{
it }

.
3.

R
ep

eat
step

s
1

an
d

2
u
n
til

at
som

e
t

=
T

,|S
T

+
1 |
>
k

or
R
T

+
1

=
[n

].
O

u
tp

u
t

Ŝ
=
S
T

.

F
ig

u
re

2
:

S
am

p
lin

g
b
ased

ex
p

erim
en

t
selection

(d
eterm

in
istic

size
con

strain
t).

W
e

h
ave

th
e

follow
in

g
th

eorem
,
w

h
ich

m
im

ics
T

h
eorem

5
b
u
t

w
ith

w
eak

er
a
p
p
rox

im
ation

b
ou

n
d
s:

T
h

e
o
re

m
7

S
u

p
po

se
th

e
fo

llo
w

in
g

co
n

d
itio

n
s

h
o
ld

:

w
ith

rep
la

cem
en

t
:
p

log
k
/k

=
O

(1);

w
ith

o
u

t
rep

la
cem

en
t

:
‖
Σ
−

1
∗
‖

2 κ
(Σ
∗ )‖X

‖
2∞

log
p

=
O

(1).
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C
o
m
p
u
t
a
t
io
n
a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

T
h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

0
.8

th
e

su
bs

et
es

ti
m

a
to

r
β̂

=
(X
> Ŝ
X
Ŝ

)−
1
X
> S
y S

sa
ti

sfi
es

E
[ ‖
β̂
−
β

0
‖2 2

∣ ∣ ∣X
Ŝ

] =
σ

2
tr
[ (X

> Ŝ
X
Ŝ

)−
1
] ≤

O
(1

)
·σ

2
f
∗ b(
X

;k
),

b
∈
{1
,2
}.

T
h
e

fo
ll
ow

in
g

le
m

m
a

is
ke

y
to

th
e

p
ro

of
of

T
h
eo

re
m

7.
U

n
li
k
e

L
em

m
a

6,
in

L
em

m
a

8
w

e
on

ly
p
ro

ve
on

e
si

d
e

of
th

e
sp

ec
tr

al
ap

p
ro

x
im

at
io

n
re

la
ti

on
,

w
h
ic

h
su

ffi
ce

s
fo

r
ou

r
p
u
rp

os
es

.
T

o
h
an

d
le

w
it

h
ou

t
re

p
la

ce
m

en
t,

w
e

ci
te

m
at

ri
x

B
er

n
st

ei
n

fo
r

co
m

b
in

at
or

ia
l

m
at

ri
x

su
m

s
in

(M
ac

ke
y

et
al

.,
20

14
).

L
e
m

m
a

8
D

efi
n

e
Σ̂
Ŝ

=
X
> Ŝ
X
Ŝ

.
S

u
p
po

se
th

e
fo

ll
o
w

in
g

co
n

d
it

io
n

s
h
o
ld

:

W
it

h
re

p
la

ce
m

en
t

:
p

lo
g
T
/T

=
O

(1
);

W
it

h
o
u

t
re

p
la

ce
m

en
t

:
‖Σ
−

1
∗
‖ 2
κ

(Σ
∗)
‖X
‖2 ∞

lo
g
p

=
O

(T
/n

).

T
h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

0.
9

th
e

fo
ll

o
w

in
g

h
o
ld

s:

z
>

Σ̂
Ŝ
z
≥
K
T
z
>

Σ
∗z
,

∀z
∈
R
p
,

(6
)

w
h
er

e
K
T

=
Ω

(T
/k

)
fo

r
w

it
h

re
p
la

ce
m

en
t

a
n

d
K
T

=
Ω

(T
/n

)
fo

r
w

it
h
o
u

t
re

p
la

ce
m

en
t.

F
in

al
ly

,
w

e
n
ee

d
to

re
la

te
co

n
d
it

io
n
s

on
T

in
L

em
m

a
8

to
in

te
rp

re
ta

b
le

co
n
d
it

io
n
s

on
su

b
se

t
b
u
d
ge

t
k
:

L
e
m

m
a

9
L

et
δ
>

0
be

a
n

a
rb

it
ra

ri
ly

sm
a
ll

fi
xe

d
fa

il
u

re
p
ro

ba
bi

li
ty

.
T

h
e

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

w
e

h
a
ve

th
a
t
T
≥
δk

fo
r

w
it

h
re

p
la

ce
m

en
t

a
n

d
T
≥
δn

fo
r

w
it

h
o
u

t
re

p
la

ce
m

en
t.

P
ro

o
f

F
or

w
it

h
re

p
la

ce
m

en
t

w
e

h
av

e
E[
∑

T t=
1
w
t]

=
T

an
d

fo
r

w
it

h
ou

t
re

p
la

ce
m

en
t

w
e

h
av

e

E[
∑

T t=
1
w
t]

=
T
k
/n

.
A

p
p
ly

in
g

M
ar

ko
v
’s

in
eq

u
al

it
y

on
P

r[
∑

T t=
1
w
t
>
k
]

fo
r
T

=
δk

an
d
/o

r
T

=
δn

w
e

co
m

p
le

te
th

e
p
ro

of
of

L
em

m
a

9.

C
om

b
in

in
g

L
em

m
as

8
an

d
9

w
it

h
δ

=
0.

1
an

d
n
ot

e
th

at
T
≤
k

al
m

os
t

su
re

ly
(b

ec
au

se
w
t
≥

1)
,

w
e

p
ro

ve
T

h
eo

re
m

7.

3
.4

G
re

e
d

y
e
x
p

e
ri

m
e
n
t

se
le

c
ti

o
n

in
p

u
t

:
X
∈
R
n
×
p
,

In
it

ia
l

su
b
se

t
S

0
⊆

[n
],

ta
rg

et
si

ze
k
≤
|S

0
|.

o
u

tp
u

t:
Ŝ
⊆

[n
],

a
se

le
ct

ed
su

b
se

t
of

si
ze
k
.

In
it

ia
li
za

ti
on

:
t

=
0.

1.
F

in
d
j∗
∈
S
t

su
ch

th
at

tr
[(
X
> S t
\{
j∗
}X

S
t
\{
j∗
})
−

1
]

is
m

in
im

iz
ed

.

2.
R

em
ov

e
j∗

fr
om

S
t:
S
t+

1
=
S
t\
{j
∗ }

.

3.
R

ep
ea

t
st

ep
s

1
an

d
2

u
n
ti

l
|S
t|

=
k
.

O
u
tp

u
t
Ŝ

=
S
t.

F
ig

u
re

3
:

G
re

ed
y

ex
p

er
im

en
t

se
le

ct
io

n
.

A
v
ro

n
an

d
B

ou
ts

id
is

(2
01

3)
p
ro

p
os

ed
an

in
te

re
st

in
g

gr
ee

d
y

re
m

ov
al

a
lg

or
it

h
m

(o
u
tl

in
ed

in
F

ig
u
re

3)
an

d
es

ta
b
li
sh

ed
th

e
fo

ll
ow

in
g

re
su

lt
:
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14
3)

:1
-4

1,
 2

01
7

W
a
n
g
,
Y
u
a
n
d

S
in
g
h

L
e
m

m
a

1
0

S
u

p
po

se
Ŝ
⊆

[n
]

o
f

si
ze
k

is
o
bt

a
in

ed
by

ru
n

n
in

g
a
lg

o
ri

th
m

in
F

ig
u

re
3

w
it

h
a
n

in
it

ia
l

su
bs

et
S

0
⊆

[n
],
|S

0
|≥

k
.

B
o
th
Ŝ

a
n

d
S

0
a
re

st
a
n

d
a
rd

se
ts

(i
.e

.,
w

it
h
o
u

t
re

p
la

ce
m

en
t)

.
T

h
en

tr
[ (X

> Ŝ
X
Ŝ

)−
1
] ≤
|S

0
|−

p
+

1

k
−
p

+
1

tr
[ (X

> S 0
X
S
0
)−

1
] .

In
A

v
ro

n
an

d
B

ou
ts

id
is

(2
01

3)
th

e
gr

ee
d
y

re
m

ov
al

p
ro

ce
d
u
re

in
F

ig
u
re

3
is

a
p
p
li
ed

to
th

e
en

ti
re

d
es

ig
n

se
t
S

0
=

[n
],

w
h
ic

h
gi

ve
s

ap
p
ro

x
im

at
io

n
gu

ar
an

te
e

tr
[(
X
> Ŝ
X
Ŝ

)−
1
]
≤

n
−
p
+

1
k
−
p
+

1
tr

[(
X
>
X

)−
1
].

T
h
is

re
su

lt
s

in
an

ap
p
ro

x
im

at
io

n
ra

ti
o

of
C

(n
,p
,k

)
=

n
−
p
+

1
k
−
p
+

1
a
s

d
efi

n
ed

in
E

q
.

(2
),

b
y

ap
p
ly

in
g

th
e

tr
iv

ia
l

b
ou

n
d

tr
[(
X
>
X

)−
1
]
≤
f
∗ 2
(k

;X
),

w
h
ic

h
is

ti
g
h
t

fo
r

a
d
es

ig
n

th
at

h
as

ex
ac

tl
y
k

n
on

-z
er

o
ro

w
s.

T
o

fu
rt

h
er

im
p
ro

ve
th

e
ap

p
ro

x
im

at
io

n
ra

ti
o,

w
e

co
n
si

d
er

a
p
p
ly

in
g

th
e

g
re

ed
y

re
m

ov
al

p
ro

ce
d
u
re

w
it

h
S

0
eq

u
al

to
th

e
su

p
p

or
t

of
π
∗ ;

th
a
t

is
,
S

0
=
{j
∈

[n
]

:
π
∗ j
>

0}
.

B
ec

a
u
se

‖π
∗ ‖
∞
≤

1
u
n
d
er

th
e

w
it

h
ou

t
re

p
la

ce
m

en
t

se
tt

in
g,

w
e

h
av

e
th

e
fo

ll
ow

in
g

co
ro

ll
a
ry

:

C
o
ro

ll
a
ry

1
1

L
et
S

0
be

th
e

su
p
po

rt
o
f
π
∗

a
n

d
su

p
po

se
‖π
∗ ‖
∞
≤

1
.

T
h
en

tr
[(
X
> Ŝ
X
Ŝ

)−
1
]
≤
‖π
∗ ‖

0
−
p

+
1

k
−
p

+
1

f
(π
∗ ;
X

)
=
‖π
∗ ‖

0
−
p

+
1

k
−
p

+
1

f
∗ 2
(k

;X
).

It
is

th
u
s

im
p

or
ta

n
t

to
u
p
p

er
b

ou
n
d

th
e

su
p
p

or
t

si
ze
‖π
∗ ‖

0
.

W
it

h
th

e
tr

iv
ia

l
b

o
u
n
d

of
‖π
∗ ‖

0
≤
n

w
e

re
co

v
er

th
e
n
−
p
+

1
k
−
p
+

1
ap

p
ro

x
im

at
io

n
ra

ti
o

b
y

ap
p
ly

in
g

F
ig

u
re

3
to
S

0
=

[n
].

In
or

d
er

to
b

ou
n
d
‖π
∗ ‖

0
aw

ay
fr

om
n

,
w

e
co

n
si

d
er

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
im

p
o
se

d
o
n
X

:

A
ss

u
m

p
ti

o
n

3
.1

D
efi

n
e

m
a
p
p
in

g
φ

:
R
p
→

R
p
(p

+
1
)

2
a
s
φ

(x
)

=
(ξ
ij
x

(i
)x

(j
))

1
≤
i≤
j≤
p
,

w
h
er

e
x

(i
)

d
en

o
te

s
th

e
it

h
co

o
rd

in
a
te

o
f

a
p
-d

im
en

si
o
n

a
l

ve
ct

o
r
x

a
n

d
ξ i
j

=
1

if
i

=
j

a
n

d
ξ i
j

=
2

o
th

er
w

is
e.

D
en

o
te
φ̃

(x
)

=
(φ

(x
),

1)
∈

R
p
(p

+
1
)

2
+

1
a
s

th
e

a
ffi

n
e

ve
rs

io
n

o
f
φ

(x
).

F
o
r

a
n

y
p
(p

+
1
)

2
+

1
d
is

ti
n

ct
ro

w
s

o
f
X

,
th

ei
r

m
a
p
p
in

gs
u

n
d
er
φ̃

a
re

li
n

ea
r

in
d
ep

en
d
en

t.

A
ss

u
m

p
ti

on
3
.1

is
es

se
n
ti

al
ly

a
ge

n
er

al
-p

os
it

io
n

as
su

m
p
ti

on
,

w
h
ic

h
as

su
m

es
th

a
t

n
o

p
(p

+
1
)

2
+

1
d
es

ig
n

p
oi

n
ts

in
X

li
e

on
a

d
eg

en
er

at
e

affi
n
e

su
b
sp

ac
e

af
te

r
a

sp
ec

ifi
c

q
u
a
d
ra

ti
c

m
ap

p
in

g.
L

ik
e

ot
h
er

si
m

il
ar

as
su

m
p
ti

on
s

in
th

e
li
te

ra
tu

re
(T

ib
sh

ir
an

i,
20

13
),

A
ss

u
m

p
ti

on
3.

1
is

ve
ry

m
il
d

an
d

al
m

os
t

al
w

ay
s

sa
ti

sfi
ed

in
p
ra

ct
ic

e,
fo

r
ex

am
p
le

,
if

ea
ch

ro
w

o
f
X

is
in

d
ep

en
d
en

tl
y

sa
m

p
le

d
fr

om
ab

so
lu

te
ly

co
n
ti

n
u
ou

s
d
is

tr
ib

u
ti

on
s.

W
e

ar
e

n
ow

re
ad

y
to

st
at

e
th

e
m

ai
n

le
m

m
a

b
ou

n
d
in

g
th

e
su

p
p

or
t

si
ze

o
f
π
∗ .

L
e
m

m
a

1
2
‖π
∗ ‖

0
≤
k

+
p
(p

+
1
)

2
if

A
ss

u
m

p
ti

o
n

3
.1

h
o
ld

s.

L
em

m
a

12
is

es
ta

b
li
sh

ed
b
y

an
in

te
re

st
in

g
ob

se
rv

at
io

n
in

to
th

e
p
ro

p
er

ti
es

o
f

K
a
ru

sh
-

K
u
h
n
-T

u
ck

er
(K

K
T

)
co

n
d
it

io
n
s

of
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
E

q
.
(4

),
w

h
ic

h
in

v
o
lv

es
a

li
n
ea

r

sy
st

em
w

it
h
p
(p

+
1
)

2
+

1
va

ri
ab

le
s.

T
h
e

co
m

p
le

te
p
ro

of
of

L
em

m
a

12
is

gi
ve

n
in

S
ec

.
7
.5

.
T

o
co

n
tr

as
t

th
e

re
su

lt
s

in
L

em
m

a
12

w
it

h
cl

a
ss

ic
al

ra
n
k
/s

u
p
p

or
t

b
ou

n
d
s

in
S
D

P
a
n
d
/
o
r

li
n
ea

r
p
ro

gr
am

m
in

g
(e

.g
.

th
e

P
at

ak
i’
s

b
ou

n
d

(P
at

ak
i,

19
98

))
,

n
ot

e
th

at
th

e
n
u
m

b
er

o
f

co
n
st

ra
in

ts
in

th
e

S
D

P
fo

rm
u
la

ti
on

of
E

q
.

(4
)

(s
ee

al
so

A
p
p

en
d
ix

B
)

is
li
n
ea

r
in
n

,
an

d
h
en

ce
a
n
a
ly

si
s

si
m

il
ar

to
(P

at
ak

i,
19

98
)

w
ou

ld
re

su
lt

in
an

u
p
p

er
b

ou
n
d

of
‖π
∗ ‖

0
th

at
sc

al
es

w
it

h
n

,
w

h
ic

h
is

le
ss

u
se

fu
l

fo
r

ou
r

an
al

y
ti

ca
l

p
u
rp

os
e.
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C
o
m
p
u
t
a
t
io
n
a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

C
o
m

b
in

in
g

resu
lts

from
b

oth
L

em
m

a
12

an
d

C
orollary

11
w

e
arrive

at
th

e
follow

in
g

th
eo

rem
,

w
h
ich

u
p
p

er
b

ou
n
d
s

th
e

ap
p
rox

im
ation

ratio
of

th
e

greed
y

rem
ova

l
p
ro

ced
u
re

in
F

ig
u
re

3
in

itialized
b
y

th
e

su
p
p

ort
of
π
∗.

T
h

e
o
re

m
1
3

L
et
π
∗

be
th

e
o
p
tim

a
l

so
lu

tio
n

o
f

th
e

w
ith

o
u

t
rep

la
cem

en
t

versio
n

o
f

E
q.

(4
)

a
n

d
Ŝ

be
th

e
o
u

tp
u

t
o
f

th
e

greed
y

rem
o
va

l
p
roced

u
re

in
F

igu
re

3
in

itia
lized

w
ith

S
0

=
{i
∈

[n
]

:
π
∗i
>

0}.
If
k
>
p

a
n

d
A

ssu
m

p
tio

n
3
.1

h
o
ld

s
th

en
th

e
su

bset
O

L
S

estim
a
to

r

β̂
=

(X
>Ŝ
X
Ŝ

) −
1X
>Ŝ
y
Ŝ

sa
tisfi

es

E
[‖β̂
−
β

0 ‖ ∣∣X
Ŝ ]

=
σ

2tr [(X
>Ŝ
X
Ŝ

) −
1 ]≤

(
1

+
p
(p

+
1)

2(k−
p

+
1) )

f
∗2
(k

;X
).

U
n
d
er

a
slig

h
tly

stron
ger

con
d
ition

th
at

k
>

2p
,

th
e

ap
p
rox

im
ation

ratio
C

(n
,k
,p

)
=

1
+

p
(p

+
1
)

2
(k−

p
+

1
)

can
b

e
sim

p
lifi

ed
to

C
(n
,k
,p

)
=

1
+
O

(p
2/k

).
In

ad
d
ition

,
C

(n
,k
,p

)
=

1
+
o(1

)
if
p

2/k
→

0,
m

ean
in

g
th

a
t

n
ea

r-o
p
tim

al
ex

p
erim

en
t

selection
is

ach
ievab

le
w

ith
co

m
p
u
ta

tio
n
a
lly

tractab
le

m
eth

o
d
s

if
O

(p
2)

d
esign

p
o
in

ts
are

allow
ed

in
th

e
selected

su
b
set.

3
.5

In
te

rp
re

ta
b

le
su

b
sa

m
p

lin
g

e
x
a
m

p
le

:
a
n

iso
tro

p
ic

G
a
u

ssia
n

d
e
sig

n

E
ven

th
o
u
g
h

w
e

con
sid

er
a

fi
x
ed

p
o
ol

of
d
esign

p
oin

ts
so

fa
r,

h
ere

w
e

u
se

an
an

iso
trop

ic
G

a
u
ssia

n
d
esig

n
ex

am
p
le

to
d
em

on
strate

th
at

a
n
on

-u
n
iform

sam
p
lin

g
can

ou
tp

erform
u
n
i-

fo
rm

sa
m

p
lin

g
even

u
n
d
er

ran
d
om

d
esign

s,
an

d
to

in
terp

ret
th

e
con

d
ition

s
req

u
ired

in
p
rev

io
u
s

a
n
a
ly

sis.
L

et
x

1 ,···
,x

n
b

e
i.i.d

.
d
istrib

u
ted

accord
in

g
to

an
isotrop

ic
G

au
ssian

d
istrib

u
tio

n
N
p (0,Σ

0 ).

W
e

fi
rst

sh
ow

th
at

n
on

-u
n
iform

w
eigh

ts
π
i 6=

k
/n

cou
ld

im
p
rove

th
e

ob
jective

f
(π

;X
).

L
et
π

u
n

if
b

e
th

e
u
n
iform

ly
w

eigh
ted

solu
tion

of
π

u
n

if
i

=
k
/n

,
corresp

on
d
in

g
to

selectin
g

each
row

o
f
X

u
n
iform

ly
at

ran
d
om

.
W

e
th

en
h
ave

f
(π

u
n

if;X
)

=
1k

tr [(
1n
X
>
X

)
−

1 ]
p→

1k
tr(Σ

−
1

0
).

O
n

th
e

o
th

er
h
an

d
,

let
B

2
=
γ

tr(Σ
0 )

for
som

e
u
n
iv

ersal
con

stan
t
γ
>

1
an

d
B

=
{
x
∈
R
p

:
‖
x‖

22
≤
B

2},
X

=
{
x

1 ,···
,x

n }
.

B
y

M
arkov

in
eq

u
ality,|X

∩
B|&

γ
n

1−
γ
.

D
efi

n
e

w
eigh

ted

so
lu

tio
n
π
w

as
π
wi
∝

1
/p

(x
i |B

)·
I
[x
i ∈

B
]

n
orm

alized
su

ch
th

at‖π
wi ‖

1
=
k
.

1
T

h
en

f
(π
w

;X
)

=
1k

tr [(
1n ∑

x
i ∈

X∩
B

x
i x
>i

p
(x
i |B

) )
−

1 ]

1n ∑
x
i ∈

X∩
B

1/p
(x
i |B

)

p→
1k

n

|X
∩
B| tr [(∫B

x
x
>

d
x )−

1 ]

∫B
1d
x

.
p

2

(1−
γ

)tr(Σ
0 ) .

1
.

N
o
te

th
a
t
π
∗

m
ay

n
o
t

b
e

th
e

o
p

tim
a
l

so
lu

tio
n

o
f

E
q
.

(4
);

h
ow

ev
er,

it
su

ffi
ces

fo
r

th
e

p
u

rp
o
se

o
f

th
e

d
em

o
n

stra
tio

n
o
f

im
p

rov
em

en
t

resu
ltin

g
fro

m
n

o
n

-u
n

ifo
rm

w
eig

h
ts.
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

H
ere

in
th

e
last

in
eq

u
ality

w
e

ap
p
ly

L
em

m
a

17.
B

ecau
se

tr(Σ
−
1

0
)

p
=

1p ∑
pi=

1
1

σ
i (Σ

0
)
≥

(
1p ∑

pi=
1
σ
i (Σ

0 ) )
−

1
=

p
tr(Σ

0
)

b
y

J
en

sen
’s

in
eq

u
ality,

w
e

con
clu

d
e

th
at

in
gen

eral
f

(π
w

;X
)
<

f
(π

u
n

if;X
),

an
d

th
e

gap
is

larger
for

ill-con
d
ition

ed
covarian

ce
Σ

0 .
T

h
is

ex
am

p
le

sh
ow

s
th

at
u
n
even

w
eigh

ts
in
π

h
elp

s
red

u
cin

g
th

e
trace

of
in

verse
of

th
e

w
eigh

ted
covarian

ce
X
>

d
iag

(π
)X

.
U

n
d
er

th
is

m
o
d
el,

w
e

also
sim

p
lify

th
e

con
d
ition

s
for

th
e

w
ith

ou
t

rep
lacem

en
t

m
o
d
el

in

th
eorem

5
an

d
7.

B
ecau

se
x

1 ,···
,x

n
i.i.d

.
∼
N
p (0,Σ

0 ),
it

h
old

s
th

at‖
X
‖

2∞
≤
O

P (‖
Σ

0 ‖
22 p

log
n

).
In

ad
d
ition

,
b
y

sim
p
le

algeb
ra
‖
Σ
−

1
∗
‖

2
≤
p −

1κ
(Σ
∗ )tr(Σ

−
1
∗

)
≤
p −

1κ
(Σ
∗ )f
∗1
(k

;X
).

U
sin

g
a

very
con

servative
u
p
p

er
b

ou
n
d

of
f
∗1
(k

;X
)

b
y

sam
p
lin

g
row

s
in
X

u
n
iform

ly
at

ran
d
om

an
d

ap
p
ly

w
eak

law
of

large
n
u
m

b
ers

an
d

th
e

con
tin

u
ou

s
m

ap
p
in

g
th

eorem
,

w
e

h
ave

th
at

f
∗1
(k

;X
).

1k
tr(Σ

−
1

0
).

In
ad

d
ition

,
tr(Σ

−
1

0
)‖Σ

0 ‖
2 ≤

p‖
Σ
−

1
0
‖

2 ‖
Σ

0 ‖
2

=
p
κ

(Σ
0 ).

S
u
b
seq

u
en

tly,
th

e
con

d
ition

‖Σ
−

1
∗
‖

2 κ
(Σ
∗ )‖

X
‖

2∞
log

p
=
O

(ε
2)

is
im

p
lied

b
y

p
κ

(Σ
∗ )

2κ
(Σ

0 )
log

p
log

n

k
=
O

(ε
2).

(7)

E
ssen

tially,
th

e
co

n
d
ition

is
red

u
ced

to
k
&
κ

(Σ
0 )κ

(Σ
∗ )·

p
log

n
log

p
.

T
h
e

lin
ear

d
ep

en
-

d
en

cy
on

p
is

n
ecessary,

as
w

e
con

sid
er

th
e

low
-d

im
en

sion
al

lin
ear

regression
p
rob

lem
an

d
k
<
p

w
ou

ld
im

p
ly

an
in

fi
n
ite

m
ea

n
-sq

u
are

error
in

estim
ation

of
β

0 .
W

e
also

re-
m

ark
th

at
th

e
con

d
ition

is
scale-in

varian
t,

as
X
′

=
ξX

an
d
X

sh
are

th
e

sam
e

q
u
an

tity
‖Σ
−

1
∗
‖

2 κ
(Σ
∗ )‖

X
‖

2∞
log

k
.

3
.6

E
x
te

n
sio

n
s

W
e

d
iscu

ss
p

ossib
le

ex
ten

sion
of

ou
r

resu
lts

b
eyon

d
estim

ation
of
β

0
in

th
e

lin
ear

regression
m

o
d
el.

3
.6
.1

G
e
n
e
r
a
l
iz
e
d

l
in
e
a
r
m
o
d
e
l
s

In
a

gen
eralized

lin
ear

m
o
d
el
µ

(x
)

=
E

[Y
|x

]
satisfi

es
g
(µ

(x
))

=
η

=
x
>
β

0
for

som
e

k
n
ow

n
lin

k
fu

n
ction

g
:
R
→

R
.

U
n
d
er

regu
la

rity
con

d
ition

s
(V

an
d
er

V
aart,

200
0),

th
e

m
ax

im
u
m

-likelih
o
o
d

estim
ator

β̂
n
∈

argm
ax

β { ∑
ni=

1
log

p
(y
i |x

i ;β
)}

satisfi
es

E‖
β̂
n −

β
0 ‖

22
=

(1
+
o(1))tr(I

(X
,β

0 ) −
1),

w
h
ere

I
(X
,β

0 )
is

th
e

F
ish

er’s
in

form
ation

m
a
trix

:

I
(X
,β

0 )
=
−

n
∑i=

1 E
∂

2
log

p
(y
i |x

i ;β
0 )

∂
β
∂
β
>

=
−

n
∑i=

1 (
E
∂

2
log

p
(y
i ;η

i )

∂
η

2i

)
x
i x
>i
.

(8)

H
ere

b
oth

ex
p

ectation
s

are
taken

over
y

con
d
ition

ed
on

X
an

d
th

e
last

eq
u
ality

is
d
u
e

to
th

e
su

ffi
cien

cy
of
η
i

=
x
>i
β

0 .
T

h
e

ex
p

erim
en

t
selection

p
rob

lem
is

th
en

form
u
la

ted
to

select
a

su
b
set

S
⊆

[n
]

of
size

k
,

eith
er

w
ith

or
w

ith
ou

t
d
u
p
licates,

th
at

m
in

im
izes

tr(I
(X

S
,β

0 ) −
1).

It
is

clear
from

E
q
.

(8)
th

at
th

e
op

tim
al

su
b
set

S
∗

d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
p
aram

eter
β

0 ,
w

h
ich

itself
is

to
b

e
estim

ated
.

T
h
is

issu
e

is
k
n
ow

n
as

th
e

d
esign

d
epen

d
en

ce
p
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∑
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∑
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∑
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>
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>
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≤
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h
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e

o
ri

g
in

a
l

gr
ap

h
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h
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con
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p
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p
rogram

m
in

g
form

u
lation

p
rop

osed
in

ou
r

p
ap

er.
T

h
eir

p
ap

er
p
rov

id
es

som
e

ex
p

erim
en

tal
su

p
p

ort
for

th
is

id
ea,

h
ow

ever,
n
o

th
eoretical

gu
ara

n
tees

are
estab

lish
ed

for
th

e
(su

b
)op

tim
ality

of
su

ch
a

p
ro

ced
u
re.

A
n
aly

zin
g

su
ch

a
tw

o-step
ap

p
roach

cou
ld

b
e

an
in

terestin
g

fu
tu

re
d
irection

.

6
.4

A
p

p
ro

x
im

a
te

lin
e
a
r

m
o
d

e
ls

In
cases

w
h
en

th
e

lin
ear

m
o
d
el
y

=
X
β

0
+
ε

on
ly

ap
p
rox

im
a
tely

h
old

s,
w

e
d
escrib

e
h
ere

a
m

eth
o
d

th
at

tak
es

in
to

con
sid

eration
b

oth
b
ias

an
d

varian
ce

of
O

L
S

estim
ates

on
su

b
-

sam
p
led

d
ata

in
ord

er
to

fi
n
d

go
o
d

su
b
-sa

m
p
les.

S
u
p
p

ose
y

=
f

0 (X
)

+
ε

for
som

e
u
n
-

k
n
ow

n
u
n
d
erly

in
g

fu
n
ction

f
0

th
at

m
igh

t
n
ot

b
e

lin
ear,

an
d

let
β
∗

=
(X
>
X

) −
1X
>
f

0 (X
)

b
e

th
e

op
tim

al
lin

ear
p
red

ictor
on

th
e

fu
ll

sam
p
le
X

.
S
u
p
p

ose
X
S

=
Ψ
X

is
th

e
su

b
-

sam
p
led

d
ata,

w
h
ere

Ψ
∈

R
|S|×

n
is

th
e

su
b
sam

p
lin

g
m

atrix
w

h
ere

each
row

of
Ψ

is
e
i

=
(0
,···

,0
,1
,0
,···

,0)
∈

R
n
,

w
ith

i
∈

[n
]

b
ein

g
th

e
su

b
sam

p
led

row
s

in
X

.
L

et
β̂

=
(X
>S
X
S

) −
1X
>S
y
S

b
e

th
e

O
L

S
on

th
e

su
b
sa

m
p
led

d
ata.

T
h
e

error
of
β̂

can
th

en
b

e
d
ecom

p
osed

an
d

u
p
p

er
b

ou
n
d
ed

as

E‖β̂
−
β
∗‖

22
=
f

0 (X
) >
[(X

>
Ψ
>

Ψ
X

) −
1X
>

Ψ
>

Ψ
−

(X
>
X

) −
1X
> ]
f

0 (X
)

+
σ

2tr [(X
>

Ψ
>

Ψ
X

) −
1 ]

(11)

≤
∥∥∥
(X
>

Ψ
>

Ψ
X

) −
1X
>

Ψ
>

Ψ
−

(X
>
X

) −
1X
> ∥∥∥

o
p ·‖

f
0 (X

)‖
22

+
σ

2tr [(X
>

Ψ
>

Ψ
X

) −
1 ]
.

(12)

In
th

e
h
igh

n
oise

settin
g,

th
e

fi
rst

term
can

b
e

ign
ored

an
d

th
e

solu
tion

is
close

to
th

e
on

e
con

sid
ered

in
th

is
p
ap

er.
In

th
e

low
-n

oise
settin

g,
th

e
secon

d
term

can
b

e
ign

ored
an

d
a

relax
ation

sim
ilar

to
E

q
.

(4)
can

b
e

d
eriv

ed
;

h
ow

ever
a

lin
ear

ap
p
rox

im
ation

m
ay

b
e

u
n
d
esirab

le
in

th
is

case.
In

gen
eral,

w
h
en
‖f

0 (X
)‖

22 ≈
λ

is
k
n
ow

n
or

can
b

e
estim

ated
,

th
e

follow
in

g
con

tin
u
ou

s
op

tim
ization

p
rob

lem
serv

es
as

an
ap

p
rox

im
ate

ob
jective

of
su

b
sam

p
led

lin
ear

regression
w

ith
ap

p
rox

im
ate

lin
ear

m
o
d
els:

m
in

π∈
R
n

λ ∥∥∥∥∥∥ (
n
∑i=

1

π
i x
i x
>i )
−

1

X
>

d
iag

(π
)−

(X
>
X

) −
1X
> ∥∥∥∥∥∥

o
p

+
σ

2tr  (
n
∑i=

1

π
i x
i x
>i )
−

1 

s.t.
n
∑i=

1

π
i ≤

k
,

0
≤
π
i ≤

1
.

U
n
fortu

n
ately,

th
e

relax
ation

in
E

q
.

(12
)

m
ay

b
e

lo
ose

an
d

h
en

ce
th

e
op

tim
ization

p
rob

lem
ab

ove
fails

to
serve

as
a

go
o
d

ob
jective

for
th

e
op

tim
al

su
b
sam

p
lin

g
p
rob

lem
w

ith
ap

p
rox

im
ate

lin
ear

m
o
d
els.

E
x
act

ch
aracterization

of
th

e
b
ias

term
in

E
q
.

(11)
w

ith
ou

t
stron

g
assu

m
p
tion

s
on

f
0

is
an

in
terestin

g
o
p

en
q
u
estio

n
.
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.
P
ro

o
fs

7
.1

P
ro

o
f

o
f

fa
c
ts

in
S

e
c
.

3
.1

P
ro

o
f

[P
ro

of
of

F
ac

t
3.

1]
L

et
A

=
X
>

d
ia

g
(π

)X
an

d
B

=
X
>

d
ia

g
(π
′ )
X

.
B

y
d
efi

n
it

io
n
,

B
=
A

+
∆

w
h
er

e
∆

=
X
>

d
ia

g
(π
′ −

π
)X

is
p

o
si

ti
ve

se
m

i-
d
efi

n
it

e.
S
u
b
se

q
u
en

tl
y,
σ
`(
B

)
≥

σ
`(
A

)
fo

r
al

l
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=
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··
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p
.

W
e

th
en

h
av

e
th

at

f
(π
′ ;
X

)
=

tr
(B
−

1
)

=

p ∑ `=
1

σ
`(
B

)−
1
≤

p ∑ `=
1

σ
`(
A

)−
1

=
tr

(A
−

1
)

=
f

(π
;X

).

N
ot

e
al

so
th

at
if
π
′ 6=

π
th

en
∆
6=

0
an

d
h
en

ce
th

er
e

ex
is

ts
a
t

le
as

t
on

e
`

w
it

h
σ
`(
B

)
<
σ
`(
A

).
T

h
er

ef
or

e,
th

e
eq

u
al

it
y

h
ol

d
s

if
an

d
on

ly
if
π

=
π
′ .

P
ro

o
f

[P
ro

of
of

F
ac

t
3.

2]
S
u
p
p

os
e
‖π
∗ ‖

1
<
k
.

T
h
en

th
er

e
ex

is
ts

so
m

e
co

o
rd

in
at

e
j
∈

{1
,·
··
,n
}

su
ch

th
at
π
∗ j
<

1.
D

efi
n
e
π
′ a

s
π
′ i
=
π
∗ i

fo
r
i
6=
j

an
d
π
′ j

=
m

in
{1
,π
∗ j
+
k
−
‖π
∗ ‖

1
}.

T
h
en
π
′ i

s
al

so
a

fe
as

ib
le

so
lu

ti
on

.
O

n
th

e
ot

h
er

h
an

d
,

B
y

F
ac

t
3
.1

w
e

h
av

e
th

at
f

(π
′ ;
X

)
<

f
(π
∗ ;
X

),
co

n
tr

ad
ic

ti
n
g

th
e

op
ti

m
al

it
y

of
π
∗ .

T
h
er

ef
or

e,
‖π
∗ ‖

1
=
k
.
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P
ro
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T
h

e
o
re

m
3

W
e

on
ly

p
ro

ve
T

h
eo

re
m

3
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r
th

e
w

it
h

re
p
la

ce
m

en
t

se
tt

in
g
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=
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.

T
h
e

p
ro

of
fo

r
th

e
w

it
h
ou

t
re

p
la

ce
m

en
t

se
tt

in
g

is
al

m
os

t
id

en
ti

ca
l.

D
efi

n
e
Ã

1
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)
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th
e
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s
of

d
et

er
m

in
is

ti
c

al
go

ri
th

m
s

th
at

p
ro
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ed
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fo

ll
ow

s:

1.
T

h
e

al
go

ri
th

m
d
et

er
m

in
is
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ll
y

ou
tp

u
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p
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w
i,
x
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}M i=

1
,

w
h
er

e
x
i
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o
n
e

o
f
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e

ro
w

s
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X

an
d
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i}
n i=

1
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w
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≥

0
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∑

M i=
1
w
i
≤
k
.

H
er

e
M

is
an
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b
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fi
n
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e
in
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ge

r.

2.
T

h
e

al
go
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th

m
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es
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1
w
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h
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√
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e
β
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fi
x
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b
u
t

u
n
k
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n
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m

o
d
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an
d
ε i
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d
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2
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T
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e
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th
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m
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β
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b
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ed
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th
e

ob
se
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at

io
n
s
{y
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M i=

1
.

B
ec

au
se

al
l
al

go
ri

th
m

s
in
Ã

1
(k

)
ar

e
d
et

er
m

in
is

ti
c

an
d

th
e

d
es

ig
n

m
at

ri
x

st
il
l
h
as

fu
ll

co
lu

m
n

ra
n
k
,

th
e

op
ti

m
al

es
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m
at

or
of
β̂

gi
ve

n
{(
w
i,
x
i)
}M i=

1
is

th
e

O
L

S
es

ti
m

at
or

.
F

or
a
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ifi
c

d
at

a
se

t
w

ei
gh

te
d
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u
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√
w

1
,·
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,√
w
M

,
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e
m
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m

at
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n
er

ro
r
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h
ic

h
is

ac
h
ie

ve
d

b
y

O
L

S
)

is
gi

ve
n

b
y

in
f
β̂

su
p
β

E
[ ‖
β̂
−
β
‖2 2

] =
su

p
β

E
[ ‖
β̂

o
ls
−
β
‖2 2

] =
σ

2
tr
[ (X̃

>
X̃

)−
1
] =

σ
2
tr

 (
n ∑ i=

1

w̃
ix
ix
> i

)
−

1
 
,

w
h
er

e
w̃
i
is

th
e

ag
gr

eg
at

ed
w

ei
gh

t
of

d
at

a
p

oi
n
t
x
i
in

al
l
th

e
M

w
ei

gh
te

d
p
a
ir

s.
S
u
b
se

q
u
en

tl
y,

in
f

Ã
∈Ã

1
(k

)
su

p
β

E
[ ‖
β̂
Ã
−
β
‖2 2

] =
in

f
w

1
+
···

+
w
M
≤
k
σ

2
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 (
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w
ix
ix
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)
−

1
 

=
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2
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).
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h
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ve
th
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f

Ã
∈Ã

1
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)
su

p
β

E
[ ‖
β̂
Ã
−
β
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f
A
∈A

1
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)
su

p
β

E
[ ‖
β̂
A
−
β
‖2 2

] .

W
e

p
ro

v
e

th
is
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eq

u
al

it
y

b
y

sh
ow

in
g

th
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fo
r

ev
er

y
(p

os
si

b
ly
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n
d
om

)
al

go
ri

th
m
A
∈
A

1
(k

),
th

er
e

ex
is

ts
Ã
∈
Ã

1
(k

)
su

ch
th

at
su

p
β
E[
‖β̂

A
−
β
‖2 2

]
≥

su
p
β
E[
‖β̂

Ã
−
β
‖2 2

].
T

o
se

e
th

is
,

w
e
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n
st
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ct
Ã

b
as

ed
on

A
as

fo
ll
ow

s:

1.
F

or
ev

er
y
k
-s

u
b
se

t
(d

u
p
li
ca

te
s

a
ll
ow

ed
)

of
al

l
p

os
si

b
le

ou
tp

u
ts
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A

(w
h
ic

h
b
y

d
efi

n
it

io
n

ar
e

al
l

su
b
se
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X

)
an

d
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s
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rr
es

p
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d
in

g
w

ei
gh

t
v
ec

to
r
w

,
ad

d
(w
′ i,
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i)
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th

e
d
es

ig
n

se
t

of
Ã

,
w

h
er

e
w
′ i

=
w
i
P

r A
(X̃

).

2.
T

h
e

al
go

ri
th

m
Ã

ob
se

rv
es

al
l

re
sp

on
se

s
{y
i}

fo
r
{(
w
′ i,
x̃
i)
}.

3.
Ã

ou
tp

u
ts

th
e

ex
pe

ct
ed

es
ti

m
at

io
n

of
A

;
th

at
is

,
Ã

(X
,y

)
=

E X̃
[E
y
[β̂
A
|X̃

]]
.

N
o
te

th
a
t

b
y

d
efi

n
it

io
n

of
th

e
es

ti
m

at
or
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s
A

1
(k

),
al

l
es

ti
m

at
or

s
β̂
A

co
n

d
it

io
n

ed
o
n

su
bs

a
m

p
le

d
d
a
ta

po
in

ts
X̃

ar
e

d
et

er
m

in
is

ti
c.

W
e

cl
ai

m
th

at
Ã
∈
Ã

1
(k

)
b

ec
au

se

∑ i

w
′ i

=
∑ X̃

P
r(
X̃

)
k ∑ i=

1

w
i
≤
k
.

F
u
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h
er

m
or

e,
b
y

J
en

se
n
’s

in
eq

u
al

it
y

w
e

h
av

e

E X̃
,y

[ ‖
β̂
A
−
β
‖2 2

] ≥
E y
[ ‖
E X̃

[β̂
A

]
−
β
‖2 2

] =
E y
[ ‖
β̂
Ã
−
β
‖2 2

] .

T
ak

in
g

su
p
re

m
e

ov
er
β

w
e

co
m

p
le

te
th

e
p
ro

of
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7
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P
ro

o
f

o
f

L
e
m

m
a

6

W
it

h
re

p
la

c
e
m

e
n
t

se
tt

in
g

D
efi

n
e

Φ
=

d
ia

g
(π
∗ )

an
d

Π
=

Φ
1
/
2
X

Σ
−

1
∗
X
>

Φ
1
/
2
∈

R
n
×
n
.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
li
st

s
p
ro

p
er

ti
es

of
Π

:

P
ro

p
o
si

ti
o
n

1
4

(P
ro

p
e
rt

ie
s

o
f

p
ro

je
c
ti

o
n

m
a
tr

ix
)

T
h
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s

fo
r

Π
h
o
ld

:

1
.

Π
is

a
p
ro

je
ct

io
n

m
a
tr

ix
.

T
h
a
t

is
,

Π
2

=
Π

.

2
.

R
an

ge
(Π

)
=

R
an

ge
(Φ

1
/
2
X

).

3
.

T
h
e

ei
ge

n
va

lu
es

o
f

Π
a
re

1
w

it
h

m
u

lt
ip

li
ci

ty
p

a
n

d
0

w
it

h
m

u
lt

ip
li

ci
ty
n
−
p
.

4
.

Π
ii

=
‖Π

i,
·‖2 2

=
π
∗ ix
> i

Σ
−

1
∗
x
i.

P
ro

o
f

P
ro

of
of

1:
B

y
d
efi

n
it

io
n
,

Σ
∗

=
X
>

Φ
X

an
d

su
b
se

q
u
en

tl
y

Π
2

=
Φ

1
/
2
X

Σ
−

1
∗
X
>

Φ
1
/
2
Φ

1
/
2
X

Σ
−

1
∗
X
>

Φ
1
/
2

=
Φ

1
/
2
X

(X
>

Φ
X

)−
1
X
>

Φ
X

(X
>

Φ
X

)−
1
Φ

1
/
2

=
Φ

1
/
2
X

(X
>

Φ
X

)−
1
X
>

Φ
1
/
2

=
Π
.
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an
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⊆
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an
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∈

R
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1
/
2X

)
an

d
ex

p
ress

u
as
u

=
Φ

1
/
2X

v
for

som
e
v
∈
R
p.

W
e

th
en

h
ave

Π
u

=
Φ

1
/
2X

Σ
−

1
∗
X
>

Φ
1
/
2u

=
Φ

1
/
2X

(X
>

Φ
X

) −
1X
>

Φ
1
/
2Φ

1
/
2X

v

=
Φ

1
/
2X

v
=
u

a
n
d

h
en

ce
u
∈

R
an

ge(Π
).

P
ro

of
o
f
3:

B
ecau

se
Σ
∗

=
X
>

Φ
X

is
in

vertib
le,

th
e
n×

p
m

atrix
Φ

1
/
2X

m
u
st

h
ave

fu
ll

col-
u
m

n
ra

n
k

a
n
d

h
en

ce
ker(Φ

1
/
2X

)
=
{0}.

C
on

seq
u
en

tly,
d
im

(R
an

ge(Π
))

=
d
im

(R
an

ge(Φ
1
/
2X

))
=

p−
d
im

(ker(Φ
1
/
2X

))
=
p
.

O
n

th
e

oth
er

h
an

d
,

th
e

eigen
valu

es
of

Π
m

u
st

b
e

eith
er

0
or

1
b

eca
u
se

Π
is

a
p
ro

jection
m

atrix
.

S
o

th
e

eigen
valu

es
of

Π
are

1
w

ith
m

u
ltip

licity
p

an
d

0
w

ith
m

u
ltip

licity
n
−
p
.

P
ro

o
f

o
f

4
:

B
y

d
efi

n
ition

,

Π
ii

=
√
π
∗i x
>i

Σ
−

1
∗
x
i √

π
∗i

=
π
∗i x
>i

Σ
−

1
∗
x
i .

In
a
d
d
itio

n
,

Π
is

a
sy

m
m

etric
p
ro

jection
m

atrix
.

T
h
erefore,

Π
ii

=
[Π

2]ii
=

Π
>i,· Π

i,·
=
‖Π

i,· ‖
22 .

T
h
e

fo
llow

in
g

lem
m

a
sh

ow
s

th
at

a
sp

ectral
n
orm

b
ou

n
d

over
d
ev

iation
of

th
e

p
ro

jection
m

atrix
im

p
lies

sp
ectral

ap
p
rox

im
ation

of
th

e
u
n
d
erly

in
g

(w
eigh

ted
)

covarian
ce

m
atrix

.

L
e
m

m
a

1
5

(S
p

ie
lm

a
n

a
n

d
S

riv
a
sta

v
a

(2
0
1
1
),

L
e
m

m
a

4
)

L
et

Π
=

Φ
1
/
2X

Σ
−

1
∗
X
>

Φ
1
/
2

a
n

d
W

be
a
n
n×

n
n

o
n

-n
ega

tive
d
ia

go
n

a
l

m
a
trix.

If‖Π
W

Π
−

Π‖
2 ≤

ε
fo

r
so

m
e
ε∈

(0,1
/2)

th
en

(1−
ε)u
>

Σ
∗ u
≤
u
>

Σ̃
∗ u
≤

(1
+
ε)u
>

Σ
∗ u
,
∀
u
∈
R
p,

w
h
ere

Σ
∗

=
X
>

Φ
X

a
n

d
Σ̃
∗

=
X
>
W

1
/
2Φ
W

1
/
2X

.

W
e

n
ex

t
p
ro

ceed
to

fi
n
d

an
ap

p
rop

riate
d
iagon

al
m

atrix
W

an
d

valid
ate

L
em

m
a

15.

D
efi

n
e
w
∗j

=
π
∗j /

(k
p

(2
)

j
)

an
d

Σ̂
Ŵ

=
∑

kt=
1
w
∗it x

it x
>it .

It
is

ob
v
iou

s
th

at
Σ̂
Ŵ
�

Σ̂
Ŝ

b
eca

u
se

w
i

=
dw
∗i e
≥
w
∗i .

It
th

en
su

ffi
ces

to
low

er
b

ou
n
d

th
e

sp
ectru

m
of

Σ̂
Ŵ

b
y

th
e

sp
ectru

m
of

Σ̂
∗ .

D
efi

n
e

ra
n
d
om

d
iagon

al
m

atrix
W

(1
)

as
(I[·]

is
th

e
in

d
icator

fu
n
ction

)

W
(1

)
jj

=

∑
kt=

1
w
∗it I[it

=
j]

π
∗j

,
j

=
1,···

,n
.

T
h
en

b
y

d
efi

n
ition

,
Σ̃
∗

=
X
>
W

1
/
2Φ
W

1
/
2X

=
∑

kt=
1
w
∗it x

it x
>it

=
Σ̂
R̂

.
T

h
e

follow
in

g
lem

m
a

b
o
u
n
d
s

th
e

p
ertu

rb
ation

‖
Π
W

Π
−

Π‖
2

for
th

is
p
articu

lar
ch

oice
of
W

.

L
e
m

m
a

1
6

F
o
r

a
n

y
ε
>

0
,

P
r [‖Π

W
(1

)Π
−

Π‖
2
>
ε ]≤

2
ex

p {−
C
·
k
ε
2

p
log

k }
,

w
h
ere

C
>

0
is

a
n

a
bso

lu
te

co
n

sta
n

t.
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

P
ro

o
f

D
efi

n
e
n

-d
im

en
sion

al
ran

d
om

vector
v

as
3

P
r [
v

=

√
k
w
∗j

π
∗j

Π
j· ]

=
p

(2
)

j
,

j
=

1,···
,n
.

L
et
v

1 ,···
,v
k

b
e

i.i.d
.

cop
ies

of
v

an
d

d
efi

n
e
A
t

=
v
t v >t

.
B

y
d
efi

n
ition

,
Π
W

(1
)Π

is
eq

u
ally

d
istrib

u
ted

w
ith

1k ∑
kt=

1
A
t .

In
ad

d
ition

,

E
A
t

=
n
∑j=

1

k
w
∗j

π
∗j
p

(2
)

j
Π
j· Π
>j·

=
Π

2
=

Π
,

w
h
ich

satisfi
es‖E

A
t ‖

2
=

1,
an

d

‖
A
t ‖

2
=
‖v
t ‖

22 ≤
∑1≤
j≤
n

k
w
∗j

π
∗j
‖
Π
j· ‖

22 ≤
su

p
1≤
j≤
n

p

x
>j

Σ
−

1
∗
x
j ·x

>j
Σ
−

1
∗
x
j

=
p
.

A
p
p
ly

in
g

L
em

m
a

18
w

e
h
ave

th
at

P
r [‖Π

W
(1

)Π
−

Π‖
2
>
ε ]≤

2
ex

p {−
C
·
k
ε
2

p
log

k }
.

W
ith

L
em

m
a

16,
w

e
k
n
ow

th
at‖

Π
W

Π
−

Π‖
2 ≤

ε
h
old

s
w

ith
p
rob

ab
ility

at
least

0
.9

if
p

lo
g
k

k
=
O

(ε
2).

E
q
.

(6)
th

en
h
old

s
w

ith
h
igh

p
rob

ab
ility

b
y

L
em

m
a

15.

W
ith

o
u

t
re

p
la

c
e
m

e
n
t

se
ttin

g
D

efi
n
e

in
d
ep

en
d
en

tly
d
istrib

u
ted

ran
d
om

m
atrices

A
1 ,···

,A
n

as

A
j

=
(w

j −
π
∗j )x

j x
>j
,

j
=

1,···
,n
.

N
ote

th
at

w
j

is
a

ran
d
om

B
ern

ou
lli

variab
le

w
ith

P
r[w

j
=

1]
=
k
p

(2
)

j
=
π
∗j .

T
h
erefore,

E
A
j

=
0.

In
ad

d
ition

,

su
p

1≤
j≤
n ‖
A
j ‖

2 ≤
su

p
1≤
j≤
n ‖x

j ‖
22 ≤
‖X
‖

2∞
a
.s.

an
d

∥∥∥∥∥∥

n
∑j=

1 E
A

2j ∥∥∥∥∥∥
2

=

∥∥∥∥∥∥

n
∑j=

1

π
∗j (1−

π
∗j )‖x

j ‖
22 x
j x
>j ∥∥∥∥∥∥

2 ≤
‖X
‖

2∞
‖Σ
∗ ‖

2 .

N
otin

g
th

at ∑
nj=

1
A
j

=
X
>Ŝ
X
Ŝ
−
X
>

d
iag

(π
∗)X

=
Σ̂
Ŝ
−

Σ
∗

an
d

in
vok

in
g

L
em

m
a

19
w

ith

t
=
ελ

m
in (Σ

∗ )
w

e
h
ave

th
at

P
r [‖Σ̂

Ŝ
−

Σ
∗ ‖

2
>
ελ

m
in (Σ

∗ ) ]≤
2
p

ex
p {−

ε
2λ

m
in (Σ

∗ )
2

3‖
Σ
∗ ‖

2 ‖X
‖

2∞
+

2‖
X
‖

2∞
·ελ

m
in (Σ

∗ ) }
.

3
.

F
o
r

th
o
se
j

w
ith

π
∗j

=
0
,

w
e

h
av

e
b
y

d
efi

n
itio

n
th

a
t
p
(2

)
j

=
0
.
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C
o
m
p
u
t
a
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a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

E
q
u
at

in
g

th
e

ri
gh

t-
h
an

d
si

d
e

w
it

h
O

(1
)

w
e

h
av

e
th

at

‖Σ
−

1
∗
‖ 2
κ

(Σ
∗)
‖X
‖2 ∞

lo
g
p

=
O

(ε
2
).

F
in

al
ly

,
b
y

W
ey

l’
s

th
eo

re
m

w
e

h
av

e
th

at

∣ ∣ λ
`(

Σ̂
Ŝ

)
−
λ
`(

Σ
∗)
∣ ∣ ≤
‖Σ̂

Ŝ
−

Σ
∗‖

2
≤
ελ

m
in

(Σ
∗)
≤
ελ
`(

Σ
∗)
,

an
d

h
en

ce
th

e
p
ro

of
of

L
em

m
a

6.

7
.4

P
ro

o
f

o
f

L
e
m

m
a

8

W
it

h
re

p
la

c
e
m

e
n
t

se
tt

in
g

D
efi

n
e
w̃
∗ j

=
k
/T
·w
∗ j

=
π
∗ j/

(T
p

(1
)

j
)

an
d

le
t

Σ̂
T

=
∑

T t=
1
w̃
∗ i t
x
i t
x
> i t

.

B
ec

au
se

Σ̂
T

=
k T

Σ̂
Σ̂
W
�

Σ̂
Ŝ

,
w

e
h
av

e
th

at
Σ̂
Ŝ
�

T k
Σ̂
T

a
n
d

h
en

ce
z
>

Σ̂
Ŝ
z
≥

T k
z
>

Σ̂
T
z

fo
r

al
l
z
∈

R
p
.

T
h
er

ef
or

e,
to

lo
w

er
b

ou
n
d

th
e

sp
ec

tr
u
m

of
Σ̂
Ŝ

it
su

ffi
ce

s
to

lo
w

er
b

ou
n
d

th
e

sp
ec

tr
u
m

of
Σ̂
T

.
D

efi
n
e

d
ia

go
n
al

m
at

ri
x
W

(2
)

as

W
(2

)
jj

=

∑
T t=

1
w̃
∗ i t
I[i
t

=
j]

π
∗ j

,
j

=
1,
··
·,
n
.

W
e

h
av

e
th

at
Σ̃
∗

=
Σ̂
T

fo
r

th
is

p
ar

ti
cu

la
r

ch
oi

ce
of
W

.
F

ol
lo

w
in

g
th

e
sa

m
e

an
a
ly

si
s

in
th

e
p
ro

of
of

L
em

m
a

16
,

w
e

h
av

e
th

at
fo

r
ev

er
y
t
>

0

P
r
[ ‖

Π
W

(2
) Π
−

Π
‖ 2
>
t]
≤

2
ex

p

{ −
C
·
T
ε2

p
lo

g
T

}
.

S
et
t

=
O

(1
)

an
d

eq
u
at

e
th

e
ri

gh
t-

h
an

d
si

d
e

of
th

e
ab

ov
e

in
eq

u
al

it
y

w
it

h
O

(1
).

W
e

th
en

h
av

e
P

r
[ Σ̂

T
�

Ω
(1

)
·Σ̂
∗] =

Ω
(1

)
if
p

lo
g
T
/T

=
O

(1
).

S
u
b
se

q
u
en

tl
y,

u
n
d
er

th
e

co
n
d
it

io
n

th
at
p

lo
g
T
/
T

=
O

(1
),

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
0.

9
it

h
ol

d
s

th
at

Σ̂
Ŝ
�

Ω
(T
/k

)
·Σ
∗,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
of

L
em

m
a

8
fo

r
th

e
w

it
h
ou

t
re

p
la

ce
m

en
t

se
tt

in
g.

W
it

h
o
u

t
re

p
la

c
e
m

e
n
t

se
tt

in
g

D
efi

n
e

Σ̂
R̂

=
X
> R
T
X
R
T

=
∑

T t=
1
π
i t
x
i t
x
> i t

.
C

o
n
d
it

io
n
ed

on
R
T

,
th

e
su

b
se

t
Ŝ

=
S
T

is
se

le
ct

ed
u
si

n
g

th
e

sa
m

e
p
ro

ce
d
u
re

of
th

e
so

ft
-c

on
st

ra
in

t
al

go
ri

th
m

F
ig

u
re

1
on

X
R
T

=
{x

i}
i∈
R
T

.
S
u
b
se

q
u
en

tl
y,

fo
ll
ow

in
g

an
al

y
si

s
in

th
e

p
ro

of
of

L
em

m
a

6
w

e
h
av

e

P
r
[ ‖

Σ̂
Ŝ
−

Σ̂
T
‖ 2
>
t∣ ∣ R

T

] ≤
2
p
·e

x
p

{
−

t2

3
‖Σ̂

T
‖ 2
‖X
‖2 ∞

+
2
‖X
‖2 ∞

t}
.

S
et

ti
n
g
t

=
O

(1
)
·λ

m
in

(Σ
T

)
w

e
h
av

e
th

at
,

if
‖ Σ̂
−

1
T
‖ 2
κ

(Σ̂
T

)‖
X
‖2 ∞

lo
g
p

=
O

(1
),

th
en

w
it

h

p
ro

b
ab

il
it

y
at

le
as

t
0.

95
co

n
d
it

io
n
ed

on
Σ̂
T

Ω
(1

)
·Σ̂

T
�

Σ̂
Ŝ
�
O

(1
)
·Σ̂

T
.

(1
3)

2
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01
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

It
re

m
ai

n
s

to
es

ta
b
li
sh

sp
ec

tr
al

si
m

il
ar

it
y

b
et

w
ee

n
Σ̂
T

an
d
T n

Σ
∗,

a
sc

al
ed

ve
rs

io
n

o
f

Σ
∗.

D
efi

n
e

d
et

er
m

in
is

ti
c

m
at

ri
ce

s
A

1
,·
··
,A

n
as

A
j

=
π
∗ jx
j
x
> j
−

1 n
Σ
∗,

j
=

1,
··
·,
n
.

B
y

d
efi

n
it

io
n
,
∑

n j=
1
A
j

=
0

an
d
∑

T t=
1
A
σ

(t
)

=
Σ̂
T
−

T n
Σ
∗,

w
h
er

e
σ

is
a

ra
n
d
om

p
er

m
u
ta

ti
o
n

fr
om

[n
]

to
[n

].
In

ad
d
it

io
n
,

su
p

1
≤
j≤
n
‖A

j
‖ 2
≤

1 n
‖Σ
∗‖

2
+

su
p

1
≤
j≤
n
‖x

j
‖2 2
≤

2
‖X
‖2 ∞

an
d

T n

∥ ∥ ∥ ∥ ∥ ∥

n ∑ j=
1

A
2 j

∥ ∥ ∥ ∥ ∥ ∥ 2

≤
2T n

 
∥ ∥ ∥ ∥ ∥ ∥

n ∑ j=
1

(π
∗ j)

2
‖x

i‖
2 2
x
ix
> i

∥ ∥ ∥ ∥ ∥ ∥ 2

+
1 n
2
‖Σ
∗‖

2 2

 

≤
2T n

 
‖X
‖2 ∞

∥ ∥ ∥ ∥ ∥ ∥

n ∑ j=
1

π
∗ jx
ix
> i

∥ ∥ ∥ ∥ ∥ ∥ 2

+
1 n
2
‖Σ
∗‖

2 2

 

≤
2T n

( ‖
X
‖2 ∞
‖Σ
∗‖

2
+

1 n
2
‖Σ
∗‖

2 2

)

≤
4T n
‖X
‖2 ∞
‖Σ
∗‖

2
.
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vo

k
in

g
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em
m

a
20

,
w

e
h
av

e
th

at

P
r

[∥ ∥ ∥ ∥
Σ̂
T
−
T n
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∗∥ ∥ ∥ ∥ 2
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≤
p

ex
p

{
−
t2
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T n
‖X
‖2 ∞
‖Σ
∗‖

2
+

8
√
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X
‖2 ∞

t] −
1
}
.

S
et
t

=
O
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/n

)
·λ

m
in

(Σ
∗)

.
W

e
th

en
h
av

e
th

at
,

if
‖Σ
−

1
∗
κ

(Σ
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‖X
‖2 ∞

lo
g
p

=
O

(T
/
n

)
h
o
ld

s,
th

en
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
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�
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g
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)

an
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n
ot

in
g

th
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‖Σ̂
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≤
O
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n T
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−
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∗
‖ 2

,
κ

(Σ
T
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≤
O
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)κ

(Σ
∗)

,
w

e
co

m
p
le

te
th

e
p
ro

o
f

of
L

em
m

a
8

u
n
d
er

th
e

w
it

h
ou

t
re

p
la

ce
m

en
t

se
tt

in
g
.

7
.5

P
ro

o
f

o
f

L
e
m

m
a

1
2

L
et
f

(π
;λ
,λ̃
,µ

)
b

e
th

e
L

ag
ra

n
gi

an
m

u
li
p
li
er

fu
n
ct

io
n

of
th

e
w

it
h
ou

t
re

p
la

ce
m

en
t

fo
rm

u
la

-
ti

on
of

E
q
.

(4
):

f
(π

;λ
,λ̃
,µ

)
=
f

(π
;X

)
−

n ∑ i=
1

λ
iπ
i
+

n ∑ i=
1

λ̃
i

( π
i
−

1 k

)
+
µ

(
n ∑ i=

1

π
i
−

1)
.

H
er

e
{λ

i}
n i=

1
≥

0,
{λ̃

i}
n i=

1
≥

0
an

d
µ
≥

0
ar

e
L

ag
ra

n
gi

an
m

u
lt

ip
li
er

s
fo

r
co

n
st

ra
in

ts
π
i
≥

0
,

π
i
≤

1
an

d
∑

i
π
i
≤
k
,

re
sp

ec
ti

ve
ly

.
B

y
K

K
T

co
n
d
it

io
n
,
∂
f

∂
π
i

∣ ∣ π
∗

=
0

an
d

h
en

ce

−
∂
f

∂
π
i

∣ ∣ ∣ ∣ π
∗

=
x
> i

Σ
−

2
∗
x
i

=
λ̃
i
−
λ
i
+
µ
,

i
=

1,
··
·,
n
,
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C
o
m
p
u
t
a
t
io
n
a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

w
h
ere

Σ
∗

=
X
>

d
iag

(π
∗)X

is
a
p×

p
p

ositive
d
efi

n
ite

m
atrix

.
S
p
lit

th
e

in
d
ex

set
[n

]
in

to
th

ree
d
isjoin

t
sets

d
efi

n
ed

as
A

=
{
i
∈

[n
]

:
π
∗i

=
1}

,
B

=
{
i∈

[n
]

:
0
<
π
∗i
<

1}
an

d
C

=
{
i∈

[n
]

:
π
∗i

=
0}

.
N

ote
th

at‖
π
∗‖

0
=
|A|

+
|B
|

an
d

|A|≤
k
.

T
h
erefore,

to
u
p
p

er
b

ou
n
d
‖
π
∗‖

0
it

su
ffi

ces
to

u
p
p

er
b

ou
n
d
|B
|.

B
y

com
p
lem

en
tary

sla
ck

n
ess,

fo
r

a
ll
i∈

B
w

e
h
ave

th
at
λ̃
i

=
λ
i

=
0;

th
at

is,

x
>i

Σ
−

2
∗
x
i

=
〈φ

(x
i ),ψ

(Σ
−

2
∗

)〉
=
µ
,

∀
i∈

B
,

(15)

w
h
ere

φ
:R

p→
R
p
(p

+
1
)/

2
is

th
e

m
ap

p
in

g
d
efi

n
ed

in
A

ssu
m

p
tion

3.1
an

d
ψ

(·)
takes

th
e

u
p
p

er

tria
n
g
le

of
a

sy
m

m
etric

m
atrix

an
d

v
ectorizes

it
in

to
a
p
(p−

1
)

2
-d

im
en

sion
al

v
ector.

A
ssu

m
e

b
y

w
ay

o
f

co
n
tra

d
iction

th
at|B

|
>
p
(p

+
1)/

2
an

d
let

x
1 ,···

,x
p
(p

+
1
)/

2
+

1
b

e
arb

itrary
d
istin

ct
p
(p

+
1
)

2
+

1
row

s
w

h
ose

in
d
ices

b
elo

n
g

to
B

.
E

q
.

(15)
can

th
en

b
e

cast
as

a
h
om

ogen
ou

s

lin
ea

r
sy

stem
w

ith
p
(p

+
1
)

2
+

1
variab

les
an

d
eq

u
ation

s
as

follow
s:



φ̃
(x

1 )

φ̃
(x

2 )
...

φ̃
(x
p
(p

+
1
)/

2
+

1 )



[
ψ

(Σ
−

2
∗

)
−
µ

]
=

0
.

U
n
d
er

A
ssu

m
p
tion

3.1,
Φ̃

=
[φ̃

(x
1 );···

;φ̃
(x
p
(p

+
1
)/

2
+

1 )] >
is

in
v
ertib

le
an

d
h
en

ce
b

oth
ψ

(Σ
−

2
∗

)
a
n
d
µ

m
u
st

b
e

zero.
T

h
is

con
trad

icts
th

e
fact

th
at

Σ
−

2
∗

is
p

ositive
d
efi

n
ite.

A
p
p
e
n
d
ix

A
.
T
e
ch

n
ica

l
le
m
m
a
s

L
e
m

m
a

1
7

L
et

B
=
{x
∈
R
p

:‖x‖
22 ≤

B
2}

a
n

d
vol(B

)
=
∫B

1d
x

be
th

e
vo

lu
m

e
o
fB

.
T

h
en

∫B
x
x
>

d
x

=
B

2

p
+

2 vol(B
)I
p×
p .

P
ro

o
f

L
et

U
b

e
th

e
u
n
iform

d
istrib

u
tion

in
th

e
p
-d

im
en

sion
al

b
all

of
rad

iu
s
B

.
B

y
d
efi

n
itio

n
, ∫B

x
x
>

d
x

=
vol(B

)E
x∼

U
[x
x
>

].
B

y
sy

m
m

etry,
E
x∼

U
[x
x
>

]
=
c·
I
p×
p

for
som

e
co

n
sta

n
t
c

th
a
t

d
ep

en
d
s

on
p

an
d
B

.
T

o
d
eterm

in
e

th
e

con
stan

t
c,

n
ote

th
at

c
=

E
[x

21 ]
=

1p E‖
x‖

22
=

1p ∫
B0
r
p−

1·r
2d
r

∫
B0
r
p−

1d
r

=
B

2

p
+

2
.

L
e
m

m
a

1
8

(R
u

d
e
lso

n
a
n

d
V

e
rsh

y
n

in
(2

0
0
7
))

L
et
x

be
a
p
-d

im
en

sio
n

a
l

ra
n

d
o
m

vec-
to

r
su

ch
th

a
t‖x‖

2 ≤
M

a
lm

o
st

su
rely

a
n

d
‖E
x
x
>‖

2 ≤
1
.

L
et
x

1 ,···
,x

n
be

i.i.d
.

co
p
ies

o
f

x
.

T
h
en

fo
r

every
t∈

(0,1)

P
r [ ∥∥∥∥∥

1n

n
∑i=

1

x
i x
>i
−

E
x
x
> ∥∥∥∥∥

2

>
t ]
≤

2
ex

p {−
C
·

n
t 2

M
2

log
n }

,

w
h
ere

C
>

0
is

so
m

e
u

n
iversa

l
co

n
sta

n
t.

3
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

L
e
m

m
a

1
9

(C
o
ro

lla
ry

5
.2

o
f

(M
a
ck

e
y

e
t

a
l.,

2
0
1
4
),

M
a
trix

B
e
rn

ste
in

)
L

et
(Y
k )
k≥

1

be
a

sequ
en

ce
o
f

ra
n

d
o
m
d

-d
im

en
sio

n
a
l

H
erm

itia
n

m
a
trices

th
a
t

sa
tisfy

E
Y
k

=
0

a
n

d
‖
Y
k ‖

2 ≤
R

a
.s.

D
efi

n
e
X

=
∑

k≥
1
Y
k .

T
h
e

fo
r

a
n

y
t
>

0,

P
r

[‖
X
‖

2 ≥
t]≤

d·
ex

p {−
t 2

3σ
2

+
2
R
t }

fo
r
σ

2
=

∥∥∥∥∥∥ ∑k≥
1 E
Y

2k ∥∥∥∥∥∥
2

.

L
e
m

m
a

2
0

(C
o
ro

lla
ry

1
0
.3

o
f

(M
a
ck

e
y

e
t

a
l.,

2
0
1
4
))

L
et
A

1 ,···
,A

n
be

a
sequ

en
ce

o
f

d
eterm

in
istic

d
-d

im
en

sio
n

a
l

H
erm

itia
n

m
a
trices

th
a
t

sa
tisfy

n
∑k

=
1

A
k

=
0

a
n

d
su

p
1≤
k≤

n ‖A
k ‖

2 ≤
R
.

D
efi

n
e

ra
n

d
o
m

m
a
trix

X
=
∑

mj=
1
A
σ

(j)
fo

r
m
≤
n

,
w

h
ere

σ
is

a
ra

n
d
o
m

perm
u

ta
tio

n
fro

m
[n

]
to

[n
].

T
h
en

fo
r

a
ll
t
>

0,

P
r

[‖
X
‖

2 ≥
t]≤

d
ex

p {−
t 2

12σ
2

+
4 √

2
R
t }

fo
r
σ

2
=
mn

∥∥∥∥∥
n
∑k

=
1

A
2k ∥∥∥∥∥

2

.

A
p
p
e
n
d
ix

B
.
O
p
tim

iza
tio

n
m
e
th

o
d
s

T
w

o
algorith

m
s

for
op

tim
izin

g
E

q
.

(4)
are

d
escrib

ed
.

T
h
e

S
D

P
form

u
lation

is
of

th
eoretical

in
terest

on
ly

an
d

th
e

p
ro

jected
grad

ien
t

d
escen

t
algorith

m
is

p
ractical,

w
h
ich

also
en

joy
s

th
eoretical

con
vergen

ce
gu

aran
tees.

S
D

P
fo

rm
u

la
tio

n
F

or
π
∈

R
n

d
efi

n
e
A

(π
)

=
∑

ni=
1
π
i x
i x
>i

,
w

h
ich

is
a
p
×
p

p
osi-

tive
sem

id
efi

n
ite

m
atrix

.
B

y
d
efi

n
ition

,
f

(π
;X

)
=
∑

pj=
1
e >j
A

(π
) −

1e
j ,

w
h
ere

e
j

is
th

e
p
-

d
im

en
sion

al
vector

w
ith

on
ly
p
th

co
ord

in
a
te

b
ein

g
1.

S
u
b
seq

u
en

tly,
E

q
.

(4)
is

eq
u
ivalen

t
to

th
e

follow
in

g
S
D

P
p
rob

lem
:

m
in
π
,t

p
∑j=

1

tj
su

b
ject

to
0
≤
π
i ≤

1,
n
∑i=

1

π
i ≤

k
,

d
iag

(B
1 ,···

,B
p )�

0
,

w
h
ere

B
j

=

[
A

(π
)
e
j

e >j
tj

]
,

j
=

1,···
,p
.

G
lob

al
op

tim
al

solu
tion

of
an

S
D

P
can

b
e

com
p
u
ted

in
p

oly
n
om

ial
tim

e
(V

an
d
en

b
ergh

e
an

d
B

oy
d
,

1996).
H

ow
ever,

th
is

form
u
lation

is
n
ot

in
ten

d
ed

for
p
ractical

com
p
u
tation

b
ecau

se
of

th
e

large
n
u
m

b
er

of
variab

les
in

th
e

S
D

P
sy

stem
.

F
irst-ord

er
m

eth
o
d
s

su
ch

as
p
ro

jected
grad

ien
t

d
escen

t
is

a
m

ore
ap

p
ro

p
ria

te
ch

oice
for

p
ractical

com
p
u
tation

.
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C
o
m
p
u
t
a
t
io
n
a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

P
ro

je
c
te

d
g
ra

d
ie

n
t

d
e
sc

e
n
t

F
or

an
y

co
n
v
ex

se
t
S

an
d

p
oi

n
t
x

le
t
P S

(x
)

=
ar

gm
in
y
∈S
‖x
−

y
‖ 2

d
en

ot
e

th
e
` 2

p
ro

je
ct

io
n

of
x

on
to
S

.
T

h
e

p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t

al
g
or

it
h
m

is
a

ge
n
er

al
p
u
rp

os
e

m
et

h
o
d

to
so

lv
e

co
n
ve

x
co

n
st

ra
in

ed
sm

o
ot

h
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

of
th

e
fo

rm
m

in x
f

(x
)

su
b

je
ct

to
x
∈
S
.

T
h
e

al
go

ri
th

m
(w

it
h

st
ep

si
ze

se
le

ct
ed

v
ia

b
ac

k
tr

ac
k
in

g
li
n
e

se
ar

ch
)

it
er

at
es

u
n
ti

l
d
es

ir
ed

op
ti

m
iz

at
io

n
ac

cu
ra

cy
is

re
ac

h
ed

:

in
p

u
t

:
b
ac

k
tr

ac
k
in

g
p
ar

am
et

er
s
α
∈

(0
,1
/2

],
β
∈

(0
,1

).
o
u

tp
u

t:
x̂

,
ap

p
ro

x
im

at
e

so
lu

ti
on

of
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

In
it

ia
li
za

ti
on

:
x

0
,
t

=
0.

1.
C

om
p
u
te

gr
ad

ie
n
t
g t

=
∇
f

(x
t)

.

2.
F

in
d

th
e

sm
al

le
st

in
te

ge
r
s
≥

0
su

ch
th

at
f

(x
′ )
−
f

(x
t)
≤
α
g
> t

(x
′ −

x
t)

,
w

h
er

e
x
′ =
P S

(x
t
−
β
s
g t

).
3.

S
et
x
t+

1
=
P S

(x
t
−
β
s
g t

),
t
←
t

+
1

an
d

re
p

ea
t

st
ep

s
1

an
d

2,
u
n
ti

l
th

e
d
es

ir
ed

ac
cu

ra
cy

is
ac

h
ie

ve
d
.

O
u
tp

u
t
x̂

=
x
t.

F
ig

u
re

4
:

T
h
e

p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
.

T
h
e

gr
ad

ie
n
t
∇
π
f

(π
;X

)
in

E
q
.

(4
)

is
ea

sy
to

co
m

p
u
te

:

∂
f

(π
;X

)

∂
π
i

=
−
x
> i

(X
>

d
ia

g
(π

)X
)−

1
x
i,

i
=

1,
··
·,
n
.

B
ec

au
se
X
>

d
ia

g
(π

)X
is

a
sh

ar
ed

te
rm

,
co

m
p
u
ti

n
g
∇
π
f

(π
;X

)
ta

ke
s
O

(n
p

2
+
p

3
)

op
er

a
ti

on
s.

T
h
e

p
ro

je
ct

io
n

st
ep

on
to

th
e

in
te

rs
ec

ti
o
n

of
` 1

an
d
` ∞

b
al

ls
is

co
m

p
li
ca

te
d

an
d

n
on

-t
ri

v
ia

l,
w

h
ic

h
w

e
d
es

cr
ib

e
in

d
et

ai
ls

in
A

p
p

en
d
ix

D
.

In
ge

n
er

al
,

th
e

p
ro

je
ct

io
n

st
ep

ca
n

b
e

d
on

e
in

O
(n

lo
g
‖π
‖ ∞

)
ti

m
e,

w
h
er

e
π

is
th

e
p

oi
n
t

to
b

e
p
ro

je
ct

ed
.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
es

ta
b
li
sh

es
co

n
ve

rg
en

ce
gu

a
ra

n
te

e
fo

r
th

e
p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
.

It
s

p
ro

of
is

gi
ve

n
in

th
e

ap
p

en
d
ix

.

P
ro

p
o
si

ti
o
n

2
1

L
et
π

(0
)

be
th

e
“

fl
a
t”

in
it

ia
li

za
ti

o
n

(i
.e

.,
π

(0
)

i
=

k
/n

)
a
n

d
π

(t
)

be
th

e
so

lu
ti

o
n

a
ft

er
t

p
ro

je
ct

ed
gr

a
d
ie

n
t

it
er

a
ti

o
n

s.
T

h
en

f
(π

(t
) ;X

)
−
f

(π
∗ ;
X

)
≤
‖X
‖4 2

[t
r(

Σ̂
−

1
)]

3
‖π

(0
)
−
π
∗ ‖

2 2

β
t

,

w
h
er

e
Σ̂

=
1 n
X
>
X

.

W
e

al
so

re
m

ar
k

th
at

th
e

p
ro

v
id

ed
co

n
ve

rg
en

ce
sp

ee
d

is
ve

ry
co

n
se

rv
at

iv
e,

es
p

ec
ia

ll
y

in
th

e
ca

se
s

w
h
en
k

is
la

rg
e

w
h
er

e
p
ra

ct
ic

al
ev

id
en

ce
su

gg
es

ts
th

at
th

e
a
lg

or
it

h
m

co
n
ve

rg
es

in
ve

ry
fe

w
it

er
at

io
n
s

(c
f.

S
ec

.
4)

.

A
p
p
e
n
d
ix

C
.
F
e
d
o
ro
v
’s

e
x
ch

a
n
g
e
a
lg
o
ri
th

m

T
h
e

al
go

ri
th

m
st

ar
ts

w
it

h
a

in
it

ia
l

su
b
se

t
S
⊆

[n
],
|S
|≤

k
,

u
su

al
ly

in
it

ia
li
ze

d
w

it
h

ra
n
d
om

in
d
ic

es
.

A
“b

es
t”

p
ai

r
of

ex
ch

an
gi

n
g

in
d
ic

es
ar

e
co

m
p
u
te

d
as

i∗
,j
∗

=
ar

g
m

in
i∈
S
,j
/∈S
`(
S
\{
i}
∪
{j
})
,
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

w
h
er

e
`(
S

)
is

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

to
b

e
m

in
im

iz
ed

.
In

ou
r

ca
se

it
w

o
u
ld

b
e

th
e

A
-

op
ti

m
al

it
y

ob
je

ct
iv

e
`(
S

)
=
F

(S
;X

)
=

tr
((
X
> S
X
S

)−
1
).

T
h
e

al
go

ri
th

m
th

en
“
ex

ch
a
n
g
es

”
i∗

an
d
j∗

b
y

se
tt

in
g
S
′
←

S
\{
i∗
}∪
{j
∗ }

an
d

co
n
ti

n
u
es

su
ch

ex
ch

an
ge

s
u
n
ti

l
n
o

ex
ch

a
n
g
e

ca
n

lo
w

er
th

e
ob

je
ct

iv
e

va
lu

e.
U

n
d
er

w
it

h
ou

t
re

p
la

ce
m

en
t

se
tt

in
gs

,
sp

ec
ia

l
ca

re
n
ee

d
s

to
b

e
ta

ke
n

to
en

su
re

th
at
S

co
n
si

st
s

of
d
is

ti
n
ct

in
d
ic

es
.

C
om

p
u
ti

n
g

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
F

(S
;X

)
=

tr
((
X
> S
X
S

)−
1
)

re
q
u
ir

es
in

ve
rt

in
g

a
p
×
p

m
at

ri
x
,

w
h
ic

h
co

u
ld

b
e

co
m

p
u
ta

ti
on

al
ly

sl
ow

.
A

m
or

e
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t

a
p
p
ro

a
ch

is
to

p
er

fo
rm

ra
n
k
-1

u
p

d
at

e
of

th
e

in
ve

rs
e

of
X
> S
X
S

af
te

r
ea

ch
it

er
at

io
n
,

v
ia

th
e

S
h
er

m
a
n
-

M
or

ri
so

n
fo

rm
u
la

:

(A
+
u
v
>

)−
1

=
A
−

1
−
A
−

1
u
v
>
A
−

1

1
+
u
>
A
−

1
v
.

E
ac

h
ex

ch
an

ge
w

ou
ld

th
en

ta
ke
O

(n
k
p

2
)

op
er

at
io

n
s.

T
h
e

to
ta

l
n
u
m

b
er

of
ex

ch
a
n
g
es

,
h
ow

-
ev

er
,

is
u
n
b

ou
n
d
ed

an
d

co
u
ld

b
e

as
la

rg
e

as
( n k

)
in

th
eo

ry
.

In
p
ra

ct
ic

e
w

e
d
o

o
b
se

rv
e

th
a
t

a
la

rg
e

n
u
m

b
er

of
ex

ch
an

ge
s

ar
e

re
q
u
ir

ed
in

or
d
er

to
fi
n
d

a
lo

ca
l

op
ti

m
al

so
lu

ti
o
n
.

A
p
p
e
n
d
ix

D
.
P
ro

je
ct
io
n
o
n
to

th
e
in
te
rs
e
ct
io
n
o
f
` 1

a
n
d
` ∞

n
o
rm

b
a
ll
s

S
im

il
ar

to
(Y

u
et

a
l.
,
20

12
),

w
e

on
ly

n
ee

d
to

co
n
si

d
er

th
e

ca
se

th
at
π

li
es

in
th

e
fi
rs

t
q
u
a
d
ra

n
t,

i.
e.

,
π
i
≥

0,
i

=
1,

2
,.
..
,n

.
T

h
en

th
e

p
ro

je
ct

io
n
x

al
so

li
es

in
th

e
fi
rs

t
q
u
ad

ra
n
t.

F
u
rt

h
er

m
o
re

,
w

e
as

su
m

e
th

e
p

oi
n
t

to
b

e
p
ro

je
ct

li
es

in
th

e
ar

ea
w

h
ic

h
is

ou
t

of
b

ot
h

n
o
rm

b
a
ll
s

a
n
d

p
ro

je
ct

io
n

p
u
re

ly
on

to
ei

th
er
` 1

or
` ∞

b
al

l
is

n
o
t

th
e

in
te

rs
ec

ti
on

of
b

ot
h
.

O
th

er
w

is
e,

it
is

tr
iv

ia
l

to
co

n
d
u
ct

th
e

p
ro

je
ct

io
n
.

T
h
e

p
ro

je
ct

io
n

p
ro

b
le

m
is

fo
rm

u
la

te
d

as
fo

ll
ow

s:

m
in x

1 2
‖π
−
x
‖2 2

s.
t.

‖x
‖ 1
≤
c 1
,
‖x
‖ ∞
≤
c 2
.

B
y

in
tr

o
d
u
ci

n
g

an
au

x
il
ia

ry
va

ri
ab

le
d
,
th

e
p
ro

b
le

m
ab

ov
e

h
as

th
e

fo
ll
ow

in
g

eq
u
iv

a
le

n
t

fo
rm

:

m
in

x
,d

1 2
‖π
−
x
‖2 2

(1
6
)

s.
t.

‖x
‖ 1
≤
c 1
,

x
i
≤
d
,
i

=
1,

2,
..
.n
,

d
≤
c 2
.

T
h
e

L
ag

ra
n
gi

a
n

of
p
ro

b
le

m
(1

6)
is

L(
x
,d
,λ

1
,λ

2
)

=
1 2
||π
−
x
||2 2

+
∑ i

ω
i(
x
i
−
d
)

+
λ

1
(‖
x
‖ 1
−
c 1

)
+
λ

2
(d
−
c 2

)
(1

7
)
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C
o
m
p
u
t
a
t
io
n
a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

in
p

u
t

:
π
,c

1 ,c
2

an
d

p
recision

p
aram

eter
δ.

o
u

tp
u

t:
x

,
th

e
p
ro

jection
of
π

on
to
{x

:‖x‖
1 ≤

c
1 }∩

{
x

:‖x‖∞
≤
c

2 }.
In

itia
liza

tio
n
:
λ

1
=
‖π‖∞

.
w

h
ile
|h

(λ
1 )|

>
δ

d
o

if
h

(λ
1 )
>
δ

th
e
n

l
=
λ

1 ;
e
lser

=
λ

1 ;
e
n

d
λ

1
=

(l
+
r)/2;

fo
r

e
a
ch

i
d

o
x
i

=
m

in
(m

ax
(π
i −

λ
1 ,0),c

2 );

e
n

d

A
lg

o
rith

m
5
:

P
ro

jectin
g
π

on
to
{x

:‖x‖
1 ≤

c
1 }∩

{
x

:‖x‖∞
≤
c

2 }.

L
et
x
∗,d ∗

a
n
d
λ
∗1 ,λ
∗2

resp
ectively

b
e

th
e

p
rim

al
an

d
d
u
al

so
lu

tion
of

(1
6),

th
en

its
K

K
T

co
n
d
itio

n
is:

0
∈
∂L

x (x
∗,d ∗,λ

∗1 ,λ
∗2 ),

(18)

0
∈
∂L

d (x
∗,d ∗,λ

∗1 ,λ
∗2 ),

(19)

w
∗i (x
∗i −

d ∗)
=

0,
i

=
1,2,...,n

(20)

λ
∗2 (d ∗−

c
2 )

=
0,

(21)

λ
∗1 (‖

x
∗‖

1 −
c

1 )
=

0,
(22)

x
∗i ≤

d ∗,
i

=
1,2,...,n

(23)

d ∗≤
c

2 ,
(24)

‖
x
∗‖

1 ≤
c

1 ,
(25)

x
∗i ,d ∗,λ

∗1 ,λ
∗2 ,w

∗i ≥
0
.

(26)

T
h
e

fo
llow

in
g

lem
m

as
illu

strate
th

e
relation

b
etw

een
th

e
p
rim

al
an

d
d
u
al

solu
tion

of
p
ro

b
lem

(16
):

L
e
m

m
a

2
2

E
ith

er
o
n

e
o
f

th
e

fo
llo

w
in

g
h
o
ld

s:
1
)
d ∗
>

0
a
n

d
∑

i (m
ax

(π
i −
λ
∗1 ,0)−

x
∗i )

=
λ
∗2 ;

2
)
d ∗

=
0

a
n

d
∑

i m
ax

(π
i −

λ
∗1 ,0)≤

λ
∗2 .

L
e
m

m
a

2
3

F
o
r
i

=
1,2

,...,n
,

th
e

o
p
tim

a
l
x
∗i

sa
tisfi

es

x
∗i

=
m

in
(m

ax
(π
i −

λ
∗1 ,0),d ∗).

(27)

P
ro

o
f

L
em

m
a

22
an

d
L

em
m

a
23

can
b

e
b

oth
v
iew

ed
as

th
e

sp
ecial

cases
of

L
em

m
a

6
an

d
7

in
Y

u
et

a
l.

(2012).
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W
a
n
g
,
Y
u
a
n
d

S
in
g
h

N
ow

th
e

K
K

T
con

d
ition

s
can

b
e

red
u
ced

to
fi
n
d
in

g
λ
∗1 ,λ
∗2 ,d ∗

th
at

satisfy
th

e
follow

in
g

eq
u
ation

s:
∑

i

m
in

(m
ax

(π
i −

λ
∗1 ,0),d ∗)−

c
1

=
0
,

(28)

d ∗−
c

2
=

0
,

(29)
∑

i

m
ax

(m
ax

(π
i −

λ
∗1 ,0)−

d ∗,0)
=

λ
∗2

iff
d ∗
>

0,
(30)

∑

i

m
ax

(π
i −

λ
∗1 ,0

)
≤

λ
∗2

iff
d ∗

=
0,

(31)

d ∗≥
0
,λ
∗2 ≥

0
,λ
∗1 ≥

0.
(32)

F
u
rth

er
sim

p
lifi

cation
in

d
u
ces

th
e

follow
in

g
resu

lt:

L
e
m

m
a

2
4

S
u

p
po

se
d ∗

a
n

d
λ
∗1

a
re

th
e

p
rim

a
l

a
n

d
d
u

a
l

so
lu

tio
n

respectively,
th

en

d ∗
=

c
2 ,

(33)

x
∗i

=
m

in
(m

ax
(π
i −

λ
∗1 ,0),c

2 ).
(34)

P
ro

o
f

D
irect

resu
lt

of
(27)

an
d

(29).

(34)
sh

ow
s

th
at

th
e

solu
tion

x
∗

is
d
eterm

in
ed

on
ce

th
e

op
tim

al
λ
∗1

is
fou

n
d
.

G
iven

a
λ

1 ∈
[0,m

ax
i (π

i )],
w

e
on

ly
n
eed

to
ch

eck
w

h
eth

er
(28)

h
old

s
b
y

lo
ok

in
g

in
to

th
e

fu
n
ction

h
(λ

1 )
=
∑

i

m
in

(m
a
x
(π
i −

λ
1 ,0),c

2 )−
c

1 ,
(35)

an
d
λ
∗1

is
sim

p
ly

th
e

zero
p

oin
t

of
h

(·).
T

h
e

follow
in

g
th

eorem
sh

ow
s

th
at
h

(·)
is

a
strictly

m
on

oton
ically

d
ecreasin

g
fu

n
ction

,
so

a
b
in

ary
sea

rch
is

su
ffi

cien
t

to
fi
n
d
λ
∗1 ,

an
d
x
∗i

can
b

e
d
eterm

in
ed

accord
in

gly.

T
h

e
o
re

m
2
5

1
)
h

(λ
1 )

is
a

co
n

tin
u

o
u

s
p
iecew

ise
lin

ea
r

fu
n

ctio
n

in
[0,m

ax
i {
π
i }];

2
)
h

(λ
1 )

is
strictly

m
o
n

o
to

n
ica

lly
d
ecrea

sin
g

a
n

d
it

h
a
s

a
u

n
iqu

e
roo

t
in

[0,m
ax

i {π
i }

].

P
ro

o
f

1)
is

ob
v
iou

sly
tru

e.
It

is
easy

to
ch

eck
th

at
h
′(λ

1 )
<

0
in

each
p
iece,

h
(m

ax
i {π

i }
)
<

0
an

d
h

(0)
>

0,
so

2)
also

h
old

s.

C
o
m

p
le

x
ity

A
n

a
ly

sis:
A

lgorith
m

5
is

p
rop

osed
b
ased

on
th

e
ob

servation
ab

ove
to

solve
th

e
p
ro

jection
p
rob

lem
,

w
h
ich

is
essen

tially
a

b
isection

to
search

λ
1 .

G
iven

a
p
recision

δ,
th

e
iteration

com
p
lex

ity
of

b
isection

is
O

(log
(m

ax
i (π

i )/δ)).
B

esid
es,

th
e

tim
e

com
p
lex

ity
of

evalu
atin

g
h

(·)
is
O

(n
),

so
th

e
total

com
p
lex

ity
of

A
lgorith

m
5

is
O

(n
log

(m
ax

i (π
i )/δ)).

A
p
p
e
n
d
ix

E
.
C
o
n
v
e
rg

e
n
ce

a
n
a
ly
sis

o
f
P
G
D

W
e

p
rov

id
e

a
con

vergen
ce

an
aly

sis
of

th
e

p
ro

jected
grad

ien
t

d
escen

t
algorith

m
u
sed

in
op

tim
izin

g
E

q
.

(4).
T

h
e

an
aly

sis
sh

ow
s

th
a
t

th
e

P
G

D
algorith

m
ap

p
rox

im
ately

com
p
u
tes

th
e

glob
al

op
tim

u
m

of
E

q
.

(4)
in

p
oly

n
om

ial
tim

e.
In

sim
u
lation

stu
d
ies,

m
u
ch

few
er

iteration
s

are
req

u
ired

for
con

v
ergen

ce
th

an
p
red

icted
b
y

th
e

th
eoretical

resu
lts.
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E
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im

e
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t
S
e
l
e
c
t
io
n

B
ec

au
se

w
e’

re
u
si

n
g

ex
ac

t
p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
s,

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

sh
al

l
d
ec

ay
m

on
ot

on
ic

al
ly

an
d

h
en

ce
co

n
ve

rg
en

ce
of

su
ch

a
lg

or
it

h
m

s
ca

n
b

e
es

ta
b
li
sh

ed
b
y

sh
ow

in
g

L
ip

sc
h
it

z
co

n
ti

n
u
it

y
of
∇
f

on
a

sp
ec

ifi
c

le
ve

l
se

t;
th

at
is

,
fo

r
so

m
e

L
ip

sc
h
it

z
co

n
st

an
t
L
>

0
th

e
fo

ll
ow

in
g

h
ol

d
s

fo
r

al
l
π
,π
′

su
ch

th
at
f

(π
),
f

(π
′ )
≤
f

(π
(0

) )
:

‖∇
f

(π
)
−
∇
f

(π
′ )
‖ 2
≤
L
‖π
−
π
′ ‖ 2
,

(3
6)

w
h
er

e
π

(0
)

=
(1
/n
,1
/n
,·
··
,1
/n

)
is

th
e

in
it

ia
li
za

ti
on

p
oi

n
t.

O
n
ce

E
q
.

(3
6
)

h
ol

d
s,

li
n
ea

r
co

n
ve

rg
en

ce
(i

.e
.,
f

(π
(t

) )
−
f

(π
∗ )

=
O

(1
/t

))
ca

n
b

e
es

ta
b
li
sh

ed
v
ia

st
an

d
a
rd

p
ro

je
ct

ed
gr

ad
ie

n
t

an
al

y
si

s.
T

h
e

m
ai

n
id

ea
of

es
ta

b
li
sh

in
g

E
q
.

(3
6)

is
to

u
p
p

er
b

ou
n
d

th
e

sp
ec

tr
al

n
or

m
of

th
e

H
es

si
an

m
at

ri
x
H

=
∇

2
f

(π
)

u
n

if
o
rm

ly
ov

er
al

l
p

oi
n
ts
π

th
at

sa
ti

sfi
es
f

(π
)
≤
f

(π
(0

) )
.

A
s

a
fi
rs

t
st

ep
,

w
e

d
er

iv
e

an
al

y
ti

c
fo

rm
s

of
H

in
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
:

P
ro

p
o
si

ti
o
n

2
6

L
et

Σ̃
=
X
>

d
ia

g
(π

)X
.

W
e

th
en

h
a
ve

th
a
t

H
=

2(
X
>

Σ̃
−

2
X

)
◦(
X
>

Σ̃
−

1
X

),

w
h
er

e
◦

d
en

o
te

s
th

e
el

em
en

t-
w

is
e

H
a
d
a
m

a
rd

p
ro

d
u

ct
be

tw
ee

n
tw

o
m

a
tr

ic
es

o
f

sa
m

e
d
im

en
-

si
o
n

s.

P
ro

o
f

W
e

fi
rs

t
d
er

iv
e

th
e

gr
ad

ie
n
t

of
f

.
F

ix
ar

b
it

ra
ry
i
∈

[n
].

T
h
e

p
ar

ti
al

d
er

iv
at

iv
e

ca
n

b
e

co
m

p
u
te

d
as

∂
f

∂
π
i

=
∂

tr
(Σ̃
−

1
)

∂
π
i

=

〈
∂

tr
(Σ̃
−

1
)

∂
Σ̃

,
∂

Σ̃

∂
π
i

〉
=
〈 −

Σ̃
−

2
,x

ix
> i
〉

=
−
x
> i

Σ̃
−

2
x
i.

H
er

e
〈A
,B
〉=

tr
(B
>
A

)
is

th
e

el
em

en
t-

w
is

e
m

u
lt

ip
li
ca

ti
on

in
n
er

p
ro

d
u
ct

b
et

w
ee

n
tw

o
m

a-
tr

ic
es

.
T

h
e

se
co

n
d
-o

rd
er

p
ar

ti
al

d
er

iv
at

iv
es

ca
n

th
en

b
e

co
m

p
u
te

d
as

∂
2
f

∂
π
i∂
π
j

=
−
∂

(x
> i

Σ̃
−

2
x
i)

∂
π
j

=
−
x
> i
∂

Σ̃
−

2

∂
π
j
x
i

=
x
> i

Σ̃
−

2
∂

Σ̃
2

∂
π
j

Σ̃
−

2
x
i

=
x
> i

Σ̃
−

2
(x
j
x
> j

Σ̃
+

Σ̃
x
j
x
> j

)Σ̃
−

2
x
i

=
2(
x
> i

Σ̃
−

2
x
j
)
·(
x
> i

Σ̃
−

1
x
j
).

S
u
b
se

q
u
en

tl
y,

H
=
∇

2
f

=

[
∂

2
f

∂
π
i∂
π
j

] n i,
j=

1

=
2(
X
>

Σ̃
−

2
X

)
◦(
X
>

Σ̃
−

1
X

).

C
o
ro

ll
a
ry

2
7

S
u

p
po

se
π

sa
ti

sfi
es
f

(π
)
≤
f

(π
(0

) )
=

tr
(Σ
−

1
0

),
w

h
er

e
Σ

0
=

1 n
X
>
X

.
W

e
th

en
h
a
ve

‖H
‖ 2

=
‖∇

2
f

(π
)‖

2
≤

2‖
X
‖4 2
·[

tr
(Σ
−

1
0

)]
3
.

37
JM

L
R

 1
8(

14
3)

:1
-4

1,
 2

01
7

W
a
n
g
,
Y
u
a
n
d

S
in
g
h

P
ro

o
f

L
et
ρ
(A

)
=

m
ax

i
|σ
i(
A

)|
d
en

ot
e

th
e

sp
ec

tr
a
l

ra
n

ge
of

m
at

ri
x
A

.
C

le
ar

ly
,
‖A
‖ 2
≤
ρ
(A

)
an

d
‖A
‖ 2

=
ρ
(A

)
fo

r
p

os
it

iv
e

se
m

i-
d
efi

n
it

e
m

at
ri

ce
s.

In
(H

om
an

d
J
oh

n
so

n
,

1
9
9
1
)

it
is

es
ta

b
li
sh

ed
th

at
ρ
(A
◦B

)
≤
ρ
(A

)ρ
(B

).
S
u
b
se

q
u
en

tl
y,

‖H
‖ 2
≤

2
‖X
‖4 2
‖Σ̃
−

1
‖3 2
≤

2‖
X
‖4 2
·[

tr
(Σ̃
−

1
)]

3
≤

2
‖X
‖4 2
·[

tr
(Σ
−

1
0

)]
3
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
d
u
e

to
th

e
co

n
d
it

io
n

th
at

tr
(Σ̃
−

1
)

=
f

(π
)
≤
f

(π
(0

) )
=

tr
(Σ
−

1
0

).

F
ro

m
C

or
ol

la
ry

27
,

w
e

ca
n

p
ro

ve
th

e
co

n
ve

rg
en

ce
of

th
e

op
ti

m
iz

a
ti

on
p
ro

ce
d
u
re

s
o
u
t-

li
n
ed

in
A

p
p

en
d
ix

.
B

fo
ll
ow

in
g

st
an

d
ar

d
an

al
y
si

s
of

p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t

o
n

o
b

je
ct

iv
e

fu
n
ct

io
n
s

w
it

h
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
gr

ad
ie

n
t:

T
h

e
o
re

m
2
8

S
u

p
po

se
π

(t
)

is
th

e
so

lu
ti

o
n

a
t

th
e
tt

h
it

er
a
ti

o
n

o
f

th
e

p
ro

je
ct

ed
gr

a
d
ie

n
t

d
es

ce
n

t
a
lg

o
ri

th
m

a
n

d
π
∗

is
th

e
o
p
ti

m
a
l

so
lu

ti
o
n

.
W

e
th

en
h
a
ve

f
(π

(t
) )
−
f

(π
∗ )
≤
‖X
‖4 2
·[

tr
(Σ
−

1
0

)]
3
·‖
π

(0
)
−
π
∗ ‖

2 2

β
t

,

w
h
er

e
β
∈

(0
,1

)
is

th
e

ba
ck

tr
a
ck

in
g

pa
ra

m
et

er
in

ba
ck

tr
a
ck

in
g

li
n

e
se

a
rc

h
.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

th
an

k
R

ee
ja

J
ay

an
an

d
C

h
iq

u
n

Z
h
an

g
fo

r
sh

ar
in

g
w

it
h

u
s

d
at

a
on

th
e

m
a
te

ri
a
l
sy

n
th

es
is

ex
p

er
im

en
ts

,
an

d
S
ih

en
g

C
h
en

fo
r

a
p
re

-p
ro

ce
ss

ed
ve

rs
io

n
of

th
e

M
in

n
es

ot
a

w
in

d
sp

ee
d

d
a
ta

se
t.

T
h
is

w
or

k
is

su
p
p

or
te

d
b
y

N
S
F

C
C

F
-1

56
39

18
,

N
S
F

C
A

R
E

E
R

II
S
-1

25
24

1
2

a
n
d

A
F

R
L

F
A

87
50

17
20

21
2.

R
e
fe
re
n
ce

s

A
le

x
an

d
er

A
A

ge
ev

an
d

M
ax

im
I

S
v
ir

id
en

ko
.

P
ip

ag
e

ro
u
n
d
in

g:
A

n
ew

m
et

h
o
d

o
f

co
n
st

ru
ct

-
in

g
al

go
ri

th
m

s
w

it
h

p
ro

ve
n

p
er

fo
rm

an
ce

gu
ar

an
te

e.
J

o
u

rn
a
l

o
f

C
o
m

bi
n

a
to

ri
a
l

O
p
ti

m
iz

a
-

ti
o
n

,
8(

3)
:3

07
–3

28
,

20
04

.

D
av

id
G

A
n
d
er

so
n
,

M
in

g
G

u
,

an
d

C
h
ri

st
op

h
er

M
el

ga
ar

d
.

A
n

effi
ci

en
t

al
g
o
ri

th
m

fo
r

u
n
-

w
ei

gh
te

d
sp

ec
tr

al
gr

ap
h

sp
ar

si
fi
ca

ti
on

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

4
1
0
.4

2
7
3
,

20
1
4
.

H
ai

m
A

v
ro

n
an

d
C

h
ri

st
os

B
ou

ts
id

is
.

F
a
st

er
su

b
se

t
se

le
ct

io
n

fo
r

m
at

ri
ce

s
an

d
a
p
p
li
ca

ti
o
n
s.

S
IA

M
J

o
u

rn
a
l

o
n

M
a
tr

ix
A

n
a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
34

(4
):

14
64

–1
49

9,
20

1
3
.

J
os

h
u
a

B
at

so
n
,

D
an

ie
l

A
S
p
ie

lm
an

,
an

d
N

ik
h
il

S
ri

va
st

av
a.

T
w

ic
e-

ra
m

an
u
ja

n
sp

a
rs

ifi
er

s.
S

IA
M

J
o
u

rn
a
l

o
n

C
o
m

p
u

ti
n

g,
41

(6
):

17
04

–1
72

1,
20

12
.

P
et

er
J

B
ic

ke
l,

Y
a’

ac
ov

R
it

ov
,

an
d

A
le

x
an

d
re

B
T

sy
b
ak

ov
.

S
im

u
lt

an
eo

u
s

an
a
ly

si
s

o
f

la
ss

o
an

d
d
an

tz
ig

se
le

ct
or

.
T

h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

37
(4

):
17

05
–1

73
2,

20
09

.

K
am

al
ik

a
C

h
au

d
h
u
ri

,
S
h
am

K
ak

ad
e,

P
ra

n
ee

th
N

et
ra

p
al

li
,
an

d
S
u
ja

y
S
a
n
gh

av
i.

C
o
n
v
er

g
en

ce
ra

te
s

of
ac

ti
v
e

le
ar

n
in

g
fo

r
m

ax
im

u
m

li
k
el

ih
o
o
d

es
ti

m
at

io
n
.

In
P

ro
ce

ed
in

gs
o
f

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
20

15
.

38
JM

L
R

 1
8(

14
3)

:1
-4

1,
 2

01
7



C
o
m
p
u
t
a
t
io
n
a
l
ly

T
r
a
c
t
a
b
l
e
E
x
p
e
r
im

e
n
t
S
e
l
e
c
t
io
n

S
ih

en
g

C
h
en

,
R

oh
an

V
arm

a,
A

arti
S
in

gh
,

an
d

J
elen

a
K

ovac̆ev
ić.
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ve

st
ig

at
e

th
e

ge
n

er
a
li

ze
d

co
n

d
i-

ti
o
n

a
l

gr
a
d
ie

n
t

(G
C

G
)

st
ra

te
gy

fo
r

sp
ar

se
op

ti
m

iz
a
ti

on
,

w
h
ic

h
h
as

b
ee

n
m

o
ti

va
te

d
b
y

th
e

p
ro

m
is

e
of

re
ce

n
t

sp
ar

se
ap

p
ro

x
im

at
io

n
m

et
h
o
d
s

(H
az

an
,

20
08

;
C

la
rk

so
n
,

20
1
0
).

A
sp

ec
ia

l
ca

se
of

G
C

G
,
k
n
ow

n
as

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

(C
G

),
w

as
or

ig
in

al
ly

p
ro

p
os

ed
b
y

F
ra

n
k

a
n
d

W
ol

fe
(1

95
6)

an
d

h
as

re
ce

iv
ed

si
gn

ifi
ca

n
t

re
n
ew

ed
in

te
re

st
(B

ac
h
,
20

15
;
C

la
rk

so
n
,
2
0
1
0
;
F

re
-

u
n
d

an
d

G
ri

ga
s,

20
16

;
H

az
an

,
20

08
;

J
ag

gi
an

d
S
u
lo

v
sk

y
,

20
10

;
J
ag

gi
,

20
13

;
S
h
a
le

v
-S

h
w

a
rt

z
et

al
.,

20
10

;
T

ew
ar

i
et

al
.,

20
11

;
Y

u
a
n

an
d

Y
a
n
,

20
13

).
T

h
e

ke
y

ad
va

n
ta

g
e

o
f

G
C

G
fo

r
sp

ar
se

es
ti

m
at

io
n

is
th

at
it

n
ee

d
on

ly
co

m
p
u
te

th
e

po
la

r
of

th
e

re
gu

la
ri

ze
r

in
ea

ch
it

er
a
ti

o
n
,

w
h
ic

h
so

m
et

im
es

ad
m

it
s

a
m

u
ch

m
or

e
effi

ci
en

t
u
p

d
at

e
th

an
th

e
P

U
in

A
P

G
.

F
o
r

ex
a
m

p
le

,
u
n
d
er

tr
ac

e
n
or

m
re

gu
la

ri
za

ti
on

,
G

C
G

on
ly

re
q
u
ir

es
th

e
sp

ec
tr

a
l

n
o
rm

of
th

e
g
ra

d
ie

n
t

to
b

e
co

m
p
u
te

d
in

ea
ch

it
er

at
io

n
,

w
h
ic

h
is

an
or

d
er

of
m

ag
n
it

u
d
e

ch
ea

p
er

th
a
n

ev
a
lu

a
ti

n
g

th
e

fu
ll

S
V

D
as

re
q
u
ir

ed
b
y

A
P

G
.

F
u
rt

h
er

m
or

e,
th

e
gr

ee
d
y

n
at

u
re

of
G

C
G

a
ff

o
rd

s
ex

p
li
ci

t
co

n
tr

ol
ov

er
th

e
sp

ar
si

ty
of

in
te

rm
ed

ia
te

it
er

at
es

,
w

h
ic

h
is

n
ot

av
ai

la
b
le

in
A

P
G

.
A

lt
h
o
u
g
h

ex
is

ti
n
g

w
or

k
on

G
C

G
h
as

ge
n
er

al
ly

b
ee

n
re

st
ri

ct
ed

to
co

n
st

ra
in

ed
op

ti
m

iz
a
ti

o
n

(i
.e

.
en

-
fo

rc
in

g
an

u
p
p

er
b

ou
n
d

on
th

e
sp

ar
si

ty
-i

n
d
u
ci

n
g

re
gu

la
ri

ze
r)

,
in

th
is

p
ap

er
w

e
co

n
si

d
er

th
e

m
or

e
ge

n
er

al
re

gu
la

ri
ze

d
ve

rs
io

n
of

th
e

p
ro

b
le

m
.

D
es

p
it

e
th

ei
r

th
eo

re
ti

ca
l

eq
u
iv

a
le

n
ce

,
th

e
re

gu
la

ri
ze

d
fo

rm
al

lo
w

s
m

or
e

effi
ci

en
t

lo
ca

l
op

ti
m

iz
at

io
n

to
b

e
in

te
rl

ea
ve

d
w

it
h

th
e

p
ri

m
a
ry

u
p

d
at

e,
w

h
ic

h
p
ro

v
id

es
a

si
gn

ifi
ca

n
t

ac
ce

le
ra

ti
on

in
p
ra

ct
ic

e.

T
h
is

p
ap

er
is

d
iv

id
ed

in
to

tw
o

m
a
jo

r
p
ar

ts
:

fi
rs

t
w

e
p
re

se
n
t

a
ge

n
er

al
tr

ea
tm

en
t

o
f

G
C

G
an

d
es

ta
b
li
sh

it
s

co
n
ve

rg
en

ce
p
ro

p
er

ti
es

fo
r

co
n
v
ex

op
ti

m
iz

at
io

n
in

S
ec

ti
on

3,
w

it
h

a
sp

ec
ia

l
fo

cu
s

on
co

n
ve

x
ga

u
ge

re
gu

la
ri

ze
rs

;
th

en
w

e
ap

p
ly

th
e

m
et

h
o
d

to
im

p
or

ta
n
t

ca
se

st
u
d
ie

s
to

d
em

on
st

ra
te

it
s

eff
ec

ti
v
en

es
s

on
la

rg
e-

sc
al

e,
sp

ar
se

es
ti

m
at

io
n

p
ro

b
le

m
s

in
S
ec

ti
o
n

4
,

w
it

h
ex

p
er

im
en

ts
p
re

se
n
te

d
in

S
ec

ti
on

5.

In
p
ar

ti
cu

la
r,

in
th

e
fi
rs

t
p
ar

t,
af

te
r

es
ta

b
li
sh

in
g

n
ot

at
io

n
an

d
b
ri

efl
y

d
is

cu
ss

in
g

re
le

va
n
t

op
ti

m
iz

at
io

n
sc

h
em

es
(S

ec
ti

on
2)

,
w

e
p
re

se
n
t

ou
r

fi
rs

t
m

ai
n

co
n
tr

ib
u
ti

on
(S

ec
ti

o
n

3
):

th
e

co
n
ve

rg
en

ce
p
ro

p
er

ti
es

of
G

C
G

fo
r

ge
n
er

al
co

n
ve

x
co

m
p

os
it

e
op

ti
m

iz
at

io
n
.

T
h
e

a
lg

o
ri

th
m

is
th

en
sp

ec
ia

li
ze

d
to

co
n
ve

x
ga

u
ge

re
gu

la
ri

ze
rs

w
it

h
re

fi
n
ed

an
al

y
si

s
(S

ec
ti

o
n

3
.2

).
In

d
ee

d
w

e
p
ro

v
e

th
at

,
u
n
d
er

st
an

d
ar

d
as

su
m

p
ti

o
n
s,

G
C

G
co

n
ve

rg
es

to
th

e
gl

ob
al

o
p
ti

m
u
m

a
t

th
e

ra
te

of
O

(1
/t

)—
w

h
ic

h
is

a
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
t

ov
er

p
re

v
io

u
s

b
ou

n
d
s

(D
u
d
ik

et
a
l.
,

20
12

).
A

lt
h
ou

gh
th

e
co

n
ve

rg
en

ce
ra

te
fo

r
G

C
G

re
m

ai
n
s

in
fe

ri
or

to
th

at
of

A
P

G
,

th
es

e
tw

o

2
JM

L
R

 1
8(

14
4)

:1
-4

6,
 2

01
7



G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

a
lgo

rith
m

s
d
em

on
strate

altern
ative

trad
e-off

s
b

etw
een

th
e

n
u
m

b
er

of
iteratio

n
s

req
u
ired

a
n
d

th
e

p
er-step

com
p
lex

ity.
A

s
sh

ow
n

in
ou

r
ex

p
erim

en
ts,

G
C

G
can

b
e

sig
n
ifi

can
tly

faster
th

a
n

A
P

G
in

term
s

of
o
vera

ll
com

p
u
tation

tim
e

for
large

p
rob

lem
s.

T
h
e

resu
lts

in
S
ection

3
a
re

n
ew

.

E
q
u
ip

p
ed

w
ith

th
e

tech
n
ical

resu
lts

of
G

C
G

on
con

vex
op

tim
ization

,
th

e
secon

d
p
art

o
f

th
e

p
a
p

er
th

en
ap

p
lies

th
e

algorith
m

to
th

e
im

p
ortan

t
ap

p
lication

of
low

ran
k

lea
rn

in
g

(S
ectio

n
4
).

S
in

ce
im

p
osin

g
a

h
ard

b
ou

n
d

on
m

atrix
ran

k
gen

erally
lead

s
to

an
in

tra
ctab

le
p
ro

b
lem

,
in

S
ection

4.2
w

e
fi
rst

p
resen

t
a

gen
eric

relax
ation

strategy
b
ased

on
con

vex
gau

ges
(C

h
a
n
d
ra

seka
ra

n
et

al.,
2012;

T
ew

ari
et

al.,
2011)

th
a
t

y
ield

s
a

con
v
ex

p
ro

gram
(B

ach
et

al.,
2
0
0
8
;

B
ra

d
ley

an
d

B
agn

ell,
2009;

Z
h
an

g
et

al.,
2012).

C
on

ven
ien

tly,
th

e
resu

ltin
g

p
ro

b
lem

ca
n

b
e

ea
sily

o
p
tim

ized
u
sin

g
th

e
G

C
G

alg
orith

m
from

S
ection

3.2.
T

o
fu

rth
er

red
u
ce

com
-

p
u
ta

tio
n

tim
e,

w
e

in
tro

d
u
ce

in
S
ection

4.3
an

au
x
iliary

fi
x
ed

ran
k

su
b
sp

ace
op

tim
ization

w
ith

in
each

iteration
of

G
C

G
.

A
lth

ou
gh

sim
ilar

h
y
b
rid

ap
p
roach

es
h
av

e
b

een
p
rev

iou
sly

su
g
g
ested

(B
u
rer

an
d

M
on

teiro,
2005;

L
au

e,
2012;

M
ish

ra
et

al.,
2013

),
w

e
p
rop

ose
an

effi
-

cien
t

n
ew

a
ltern

ative
th

at,
in

stead
o
f

lo
cally

op
tim

izin
g

a
co

n
stra

in
ed

fi
x
ed

ran
k

p
rob

lem
,

o
p
tim

izes
an

u
n

co
n

stra
in

ed
su

rrogate
ob

jectiv
e

b
ased

on
a

variation
al

rep
resen

tation
of

m
a-

trix
n
o
rm

s.
T

h
is

altern
ative

strategy
allow

s
a

far
m

ore
effi

cien
t

lo
cal

op
tim

ization
w

ith
ou

t
co

m
p
ro

m
isin

g
G

C
G

’s
con

vergen
ce

p
rop

erties.
In

S
ection

4.4
w

e
sh

ow
th

at
th

e
ap

p
roach

can
b

e
a
p
p
lied

to
d
iction

ary
learn

in
g

an
d

m
atrix

com
p
letion

p
ro

b
lem

s,
as

w
ell

as
a

n
on

-triv
ial

m
u
lti-v

iew
fo

rm
of

d
iction

ary
learn

in
g

(W
h
ite

et
al.,

2012).

F
in

a
lly,

in
S
ection

5
w

e
p
rov

id
e

an
ex

ten
sive

ex
p

erim
en

tal
evalu

ation
th

at
com

p
ares

th
e

p
erform

a
n
ce

of
G

C
G

(au
gm

en
ted

w
ith

in
terleaved

lo
cal

search
)

to
sta

te-of-th
e-art

op
-

tim
iza

tio
n

stra
tegies,

across
a

ran
ge

of
p
rob

lem
s,

in
clu

d
in

g
m

atrix
com

p
letion

,
m

u
lti-class

cla
ssifi

ca
tio

n
,

a
n
d

m
u
lti-v

iew
d
iction

ary
learn

in
g.

1
.1

E
x
te

n
sio

n
s

o
v
e
r

P
re

v
io

u
sly

P
u

b
lish

e
d

W
o
rk

S
o
m

e
o
f

th
e

resu
lts

in
th

is
article

h
ave

ap
p

eared
in

a
p
relim

in
ary

fo
rm

in
tw

o
con

feren
ce

p
a
p

ers
(Z

h
a
n
g

et
al.,

2012;
W

h
ite

et
al.,

2012);
h
ow

ev
er,

several
sp

ecifi
c

ex
ten

sio
n
s

h
av

e
b

een
a
d
d
ed

in
th

is
p
ap

er,
in

clu
d
in

g
:

•
A

m
o
re

ex
ten

sive
an

d
u
n
ifi

ed
treatm

en
t

of
G

C
G

in
gen

eral
B

an
ach

sp
aces.

•
A

m
o
re

refi
n
ed

an
aly

sis
of

th
e

con
vergen

ce
p
rop

erties
of

G
C

G
.

•
A

n
ew

a
p
p
lication

of
G

C
G

to
m

u
lti-v

iew
d
iction

ary
learn

in
g.

•
N

ew
ex

p
erim

en
tal

evalu
ation

s
on

larger
d
ata

sets,
in

clu
d
in

g
n
ew

resu
lts

for
m

atrix
co

m
p
letio

n
an

d
im

age
m

u
lti-class

classifi
cation

.

•
O

p
en

sou
rce

M
atlab

co
d
e

released
at

h
t
t
p
s
:
/
/
w
w
w
.
c
s
.
u
i
c
.
e
d
u
/
~
z
h
a
n
g
x
/
G
C
G
.

2
.
P
re
lim

in
a
rie

s

W
e

fi
rst

esta
b
lish

som
e

of
th

e
d
efi

n
ition

s
an

d
n
otation

th
at

w
ill

b
e

u
sed

th
rou

gh
ou

t
th

e
p
a-

p
er,

b
efo

re
p
rov

id
in

g
a

b
rief

b
ack

grou
n
d

on
th

e
relevan

t
op

tim
ization

m
eth

o
d
s

th
at

estab
lish

a
co

n
tex

t
fo

r
d
iscu

ssin
g

G
C

G
.
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Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

2
.1

N
o
ta

tio
n

a
n

d
D

e
fi

n
itio

n
s

T
h
rou

gh
ou

t
th

is
p
ap

er
w

e
assu

m
e

th
a
t

th
e

u
n
d
erly

in
g

sp
ace,

u
n
less

oth
erw

ise
stated

,
is

a
real

B
an

ach
sp

ace
B

w
ith

n
orm

‖·‖
;

for
ex

am
p
le,B

cou
ld

b
e

th
e

E
u
clid

ean
sp

ace
R
d

w
ith

an
y

n
orm

.
T

h
e

d
u
al

sp
ace

(th
e

set
of

all
real-valu

ed
con

tin
u
o
u
s

lin
ear

fu
n
ction

s
on
B

)
is

d
en

oted
B
∗

an
d

is
eq

u
ip

p
ed

w
ith

th
e

d
u
al

n
orm

‖g‖ ◦
=

su
p{

g
(w

)
:‖

w
‖
≤

1}.
N

ote
th

at
for

a
d
iff

eren
tiab

le
fu

n
ction

f
:B
→
R

:=
R
∪
{∞
},

its
(F

rech
ét)

d
erivativ

e
∇
f

is
in

th
e

d
u
al

sp
ace
B
∗.

W
e

u
se

b
old

low
ercase

letters
to

d
en

ote
vectors,

w
h
ere

th
e
i-th

com
p

o
n
en

t
of

a
vector

w
is

d
en

oted
w
i ,

w
h
ile

w
t

d
en

otes
som

e
o
th

er
vector.

W
e

u
se

th
e

sh
orth

an
d
〈w
,g〉

:=
g

(w
)

for
an

y
g
∈
B
∗

an
d

w
∈
B

.
W

e
call

a
fu

n
ction

f
:B
→
R
σ

-stron
gly

con
vex

(w
.r.t.

th
e

n
orm

‖·‖
)

if
th

ere
ex

ists
som

e
σ
≥

0
su

ch
th

at
for

all
0
≤
λ
≤

1
a
n
d

w
,z
∈
B

,

f
(λ

w
+

(1−
λ

)z
)

+
12 σ
λ

(1−
λ

)‖
w
−

z‖
2≤

λ
f

(w
)

+
(1−

λ
)f

(z
).

(1)

In
th

e
case

w
h
ere

σ
=

0
w

e
sim

p
ly

say
f

is
con

v
ex

.
A

set
C
⊆
B

is
called

con
vex

if
for

all
w
,z
∈
C

=⇒
λ
w

+
(1−

λ
)z
∈
C

for
all

0
≤
λ
≤

1.
It

follow
s

from
th

e
d
efi

n
ition

th
at

th
e

d
om

ain
of

a
con

vex
fu

n
ction

f
,

d
en

oted
as

d
om

f
:=
{
w

:
f

(w
)
<
∞
},

is
a

con
vex

set.
T

h
e

fu
n
ction

f
is

called
p
rop

er
if

d
om

f
6=
∅
,

an
d

closed
if

all
su

b
level

sets{w
:
f

(w
)≤

α}
a
re

closed
for

all
α
∈
R

.
T

h
e

su
b

d
iff

eren
tial

of
a

con
vex

fu
n
ction

f
:B
→
R

at
w

is
d
efi

n
ed

as
th

e
set

∂
f

(w
)

=
{
g
∈
B
∗

:
f

(z
)≥

f
(w

)
+
〈z−

w
,g〉

,∀
z
∈
B}

.
K

ey
to

ou
r

su
b
seq

u
en

t
d
evelop

m
en

t
is

tw
o

p
articu

lar
fu

n
ction

s
asso

ciated
w

ith
a

n
on

em
p
ty

set
in
B

:
th

e
in

d
icator

fu
n
ction

ιC
(w

)
=

{
0
,

if
w
∈
C

∞
,

oth
erw

ise
,

(2)

an
d

th
e

gau
ge

fu
n
ction

κ
(w

)
=
κ
A

(w
)

:=
in

f{
ρ
≥

0
:
w
∈
ρ
A},

(3)

w
h
ere

ρ
A

:=
{ρ

w
:

w
∈
A}

,
an

d
th

e
in

fi
m

u
m

is
taken

to
b

e
in

fi
n
ity

over
a
n

em
p
ty

set
(i.e.

w
h
en

th
e

con
d
ition

w
∈
ρ
A

is
n
ot

satisfi
ed

for
an

y
ρ
≥

0).
In

tu
itively,

κ
(w

)
is

th
e

sm
allest

rescalin
g

of
th

e
set

A
to

“b
arely

”
con

tain
w

;
see

F
igu

re
1.

N
ote

th
at

w
e

alw
ay

s
h
ave

κ
(0

)
=

0,
an

d
th

e
gau

ge
fu

n
ction

is
alw

ay
s

p
ositive

h
om

ogen
eou

s
(i.e.,

κ
(tw

)
=
tκ

(w
)

for
all

t≥
0).

L
et

B
=

B
κ

:=
{w

:
κ

(w
)≤

1}
d
en

ote
th

e
“u

n
it

b
all”

of
κ

,
an

d
th

en
κ
B

=
κ
A

.
B
κ

is
ob

v
iou

sly
in

trin
sic

to
κ

,
w

h
ile

d
iff

eren
t

ch
oices

of
A

m
ay

y
ield

th
e

sam
e

ga
u
ge

κ
A

.
C

learly,
th

e
in

d
icator

fu
n
ction

ιC
is

con
v
ex

iff
C

is
con

v
ex

,
w

h
ile

th
e

gau
ge

fu
n
ction

κ
is

con
vex

iff
its

u
n
it

b
all

is
con

vex
.

M
oreover,

th
e

gau
ge

κ
is

a
sem

i-n
orm

iff
its

u
n
it

b
all

B
is

con
v
ex

an
d

sy
m

m
etric

(i.e.
B

=
−
B

).
S
p

ecifi
cally,

all
sem

i-n
orm

s
a
re

con
vex

gau
ge

fu
n
ction

s.
In

p
ractice,

it
is

n
atu

ral
to

en
gin

eer
κ
A

from
a

gen
eral

“atom
ic

set”
A

,
w

h
ich

d
o
es

n
ot

h
ave

to
b

e
con

vex
(an

d
can

even
b

e
d
iscrete)

or
con

tain
th

e
origin

.
E

x
am

p
les

in
clu

d
e

th
e

set
of

p
erm

u
tation

m
atrices

(C
h
an

d
rasekara

n
et

al.,
2012),

an
d

th
e

set
of

x
x
>

w
ith
‖x‖

2
=

1
an

d
x
i ≥

0
for

low
-ran

k
n
on

n
egative

m
atrix

factorization
(x
>

is
th

e
tran

sp
ose

of
x

).
In

th
is

p
ap

er,
w

e
w

ill
w

ork
on

ly
w

ith
co

n
vex

clo
sed

gau
ge

fu
n
ction

s,
for

w
h
ich

a
su

ffi
cien

t
bu

t
n

o
t

n
ecessa

ry
con

d
ition

is
th

at
A

is
con

vex
,

closed
,

an
d

con
tain

in
g

th
e

origin
(an

assu
m

p
tion
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

0
C

w

ρ

F
ig

u
re

1:
D

efi
n
in

g
a

co
n
v
ex

ga
u
ge

v
ia

th
e

M
in

ko
w

sk
i

fu
n
ct

io
n
al

of
a

co
n
ve

x
se

t
C.

m
ad

e
b
y

m
an

y
te

x
tb

o
ok

s)
.

F
or

p
ra

ct
ic

al
fl
ex

ib
il
it

y,
w

e
in

te
n
ti

on
al

ly
av

oi
d

m
ak

in
g

th
e

la
tt

er
as

su
m

p
ti

on
s

in
th

e
fi
rs

t
p
la

ce
,

an
d

th
e

re
su

lt
in

g
te

ch
n
ic

al
co

m
p
li
ca

ti
on

is
m

in
im

al
.

A
re

la
te

d
fu

n
ct

io
n

th
at

u
n
d
er

p
in

s
o
u
r

al
go

ri
th

m
is

th
e

po
la

r
of

a
ga

u
ge

fu
n
ct

io
n
κ
A

,
d
efi

n
ed

fo
r

al
l
g
∈
B∗

as

κ
◦ (

g
)

=
κ
◦ A

(g
)

:=
in

f{
µ
≥

0
:
〈w
,g
〉≤

µ
κ

(w
),
∀w
∈
B}

(4
)

=
su

p
w
∈B

κ

〈w
,g
〉=

su
p

w
∈A
∪{

0
}〈

w
,g
〉.

(5
)

A
s

th
e

n
ot

at
io

n
su

gg
es

ts
,

th
e

p
ol

ar
of

a
n
or

m
(a

bo
n

a
fi

d
e

co
n
ve

x
ga

u
ge

)
is

it
s

d
u
al

n
or

m
.

L
as

tl
y,

a
d
iff

er
en

ti
al

fu
n
ct

io
n
`

:
B
→
R

is
sa

id
to

b
e
L

-s
m

o
ot

h
(w

.r
.t

.
th

e
n
or

m
‖·
‖)

if
fo

r
al

l
w

,
z
∈
B,

`(
w

)
≤

˜̀ L
(w

;z
)

:=
`(

z
)

+
〈w
−

z
,∇
`(

z
)〉

+
L 2
‖w
−

z
‖2
,

(6
)

i.
e.

,
`

is
u
p
p

er
b

ou
n
d
ed

b
y

th
e

q
u
ad

ra
ti

c
ap

p
ro

x
im

at
io

n
ar

ou
n
d

z
.

It
is

w
el

l-
k
n
ow

n
th

at
if

th
e

gr
ad

ie
n
t
∇
`

is
L

-L
ip

sc
h
it

z
co

n
ti

n
u
ou

s,
i.
e.

,
‖∇

`(
w

)
−
∇
`(

z
)‖
◦
≤
L
‖w
−

z
‖

fo
r

al
l
w
,z

,
th

en
`

is
L

-s
m

o
ot

h
.

T
h
e

co
n
ve

rs
e

is
a
ls

o
tr

u
e

if
`

is
ad

d
it

io
n
al

ly
co

n
ve

x
.

W
e

w
il
l

m
ak

e
re

p
ea

te
d

u
se

of
th

is
q
u
ad

ra
ti

c
u
p
p

er
b

ou
n
d

in
ou

r
an

al
y
si

s
b

el
ow

.

2
.2

C
o
m

p
o
si

te
M

in
im

iz
a
ti

o
n

P
ro

b
le

m

M
an

y
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s,

p
a
rt

ic
u
la

rl
y

th
os

e
fo

rm
u
la

te
d

in
te

rm
s

of
re

g
u
la

ri
ze

d
ri

sk
m

in
im

iz
at

io
n
,

ca
n

b
e

fo
rm

u
la

te
d

as
:

in
f

w
∈B
F

(w
),

su
ch

th
at
F

(w
)

:=
`(

w
)

+
f

(w
),

(7
)

w
h
er

e
f

is
co

n
v
ex

an
d
`

is
co

n
v
ex

an
d

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
.

T
y
p
ic

al
ly

,
`

is
a

lo
ss

fu
n
c-

ti
on

an
d
f

is
a

re
gu

la
ri

ze
r

al
th

ou
gh

th
ei

r
ro

le
s

ca
n

b
e

re
ve

rs
ed

in
so

m
e

co
m

m
on

ex
am

p
le

s,
su

ch
as

su
p
p

or
t

ve
ct

or
m

ac
h
in

es
an

d
L

as
so

.

D
u
e

to
th

e
im

p
or

ta
n
ce

of
th

is
p
ro

b
le

m
in

m
ac

h
in

e
le

ar
n
in

g
,

si
gn

ifi
ca

n
t

eff
or

t
h
as

b
ee

n
d
ev

ot
ed

to
d
es

ig
n
in

g
effi

ci
en

t
al

go
ri

th
m

s
fo

r
so

lv
in

g
(7

).
S
ta

n
d
ar

d
m

et
h
o
d
s

ar
e

ge
n
er

al
ly

b
as

ed
on

co
m

p
u
ti

n
g

an
u
p

d
at

e
se

q
u
en

ce
{w

t}
th

at
co

n
ve

rg
es

to
a

g
lo

b
al

m
in

im
iz

er
of
F

w
h
en

F
is

co
n
v
ex

,
or

co
n
ve

rg
es

to
a

st
at

io
n
ar

y
p

oi
n
t

ot
h
er

w
is

e.
F

or
ex

am
p
le

,
a

p
op

u
la

r

5
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 1
8(

14
4)

:1
-4

6,
 2

01
7

Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

ex
am

p
le

is
th

e
m

ir
ro

r
d
es

ce
n
t

(M
D

)
al

go
ri

th
m

(B
ec

k
an

d
T

eb
ou

ll
e,

20
03

),
w

h
ic

h
ta

ke
s

an
ar

b
it

ra
ry

su
b
gr

ad
ie

n
t

g
t
∈
∂
F

(w
t)

an
d

su
cc

es
si

ve
ly

u
p

d
at

es
b
y

w
t+

1
=

ar
g

m
in w

{ 〈
w
,g

t〉
+

1 2η
t
D

(w
,w

t)

}
(8

)

w
it

h
a

su
it

ab
le

st
ep

si
ze
η t
≥

0;
h
er

e
D

(w
,z

)
:=

d
(w

)
−

d
(z

)
−
〈w
−

z
,∇

d
(z

)〉
d
en

o
te

s
a

B
re

gm
an

d
iv

er
ge

n
ce

in
d
u
ce

d
b
y

so
m

e
d
iff

er
en

ti
ab

le
1-

st
ro

n
gl

y
co

n
ve

x
fu

n
ct

io
n
d

:
B
→
R

.
U

n
d
er

m
il
d

as
su

m
p
ti

on
s,

M
D

co
n
ve

rg
es

(i
n

te
rm

s
of

th
e

fu
n
ct

io
n

va
lu

e)
at

a
ra

te
o
f
O

(1
/√

t)
(B

ec
k

an
d

T
eb

ou
ll
e,

20
03

).
H

ow
ev

er
,

th
is

al
go

ri
th

m
ig

n
or

es
th

e
co

m
p

os
it

e
st

ru
ct

u
re

in
(7

)
an

d
ca

n
b

e
im

p
ra

ct
ic

al
ly

sl
ow

fo
r

m
an

y
ap

p
li
ca

ti
on

s.
A

n
ot

h
er

w
id

el
y

u
se

d
al

go
ri

th
m

is
th

e
p
ro

x
im

al
gr

ad
ie

n
t

(P
G

)
(e

.g
.
F

u
k
u
sh

im
a

a
n
d

M
in

e,
19

81
),

al
so

k
n
ow

n
as

th
e

fo
rw

ar
d
-b

ac
k
w

ar
d

sp
li
tt

in
g

p
ro

ce
d
u
re

,
w

h
ic

h
it

er
at

iv
el

y
p

er
fo

rm
s

th
e

p
ro

x
im

al
u
p

d
at

e
(P

U
)

w
t+

1
=

ar
g

m
in w

{ 〈
w
,∇
`(

w
t)
〉+

f
(w

)
+

1 2
η t
D

(w
,w

t)

}
.

(9
)

P
U

d
iff

er
s

fr
om

M
D

u
p

d
at

es
in

th
at

it
d
o
es

n
ot

li
n
ea

ri
ze

th
e

re
gu

la
ri

ze
r
f

.
T

h
e

d
ow

n
si

d
e

is
th

at
(9

)
is

u
su

al
ly

h
ar

d
er

to
so

lv
e

th
an

(8
)

fo
r

ea
ch

it
er

at
io

n
,

w
it

h
an

u
p
si

d
e

th
a
t

a
fa

st
er

O
(1
/t

)
ra

te
of

co
n
ve

rg
en

ce
ca

n
b

e
ac

h
ie

ve
d

(T
se

n
g,

20
10

).
T

h
is

ra
te

ca
n

b
e

fu
rt

h
er

im
p
ro

v
ed

to
O

(1
/t

2
)

w
it

h
th

e
ex

tr
ap

ol
at

io
n

va
ri

an
t

k
n
ow

n
as

ac
ce

le
ra

te
d

p
ro

x
im

al
g
ra

d
ie

n
t

(A
P

G
)

(B
ec

k
an

d
T

eb
ou

ll
e,

20
09

;
N

es
te

ro
v
,

20
13

).
In

p
ar

ti
cu

la
r,

su
p
p

os
e
B

=
R
d
,
D

(w
,z

)
=

1 2
‖w
−

z
‖2 2

,
an

d
f

(w
)

=
‖w
‖ 1

,
w

h
er

e
th

e
l p

n
or

m
is

d
efi

n
ed

as
‖w
‖ p

:=
(∑

d i=
1
|w
i|p

)1
/
p

fo
r
p
≥

1.
T

h
en

P
U

re
co

v
er

s
th

e
so

ft
-s

h
ri

n
ka

ge
op

er
at

or
,

w
h
ic

h
p
la

y
s

an
im

p
o
rt

a
n
t

ro
le

in
sp

ar
se

es
ti

m
at

io
n
:

z
t

=
w
t
−
η t
∇
`(

w
t)
,

an
d

w
t+

1
=

(1
−
η t
/
|z
t|)

+
z
t.

(1
0
)

H
er

e
th

e
al

ge
b
ra

ic
op

er
at

io
n
s

in
th

e
la

tt
er

fo
rm

u
la

ar
e

p
er

fo
rm

ed
co

m
p

on
en

tw
is

e.
S
im

-
il
ar

ly
,

w
h
en
B

=
R
m
×
n
,
D

(W
,Z

)
=

1 2
‖W
−
Z
‖2 F

(F
ro

b
en

iu
s

n
or

m
)

an
d
f

(W
)

=
‖W
‖ t

r

(t
ra

ce
n
or

m
,

i.
e.

su
m

of
si

n
gu

la
r

va
lu

es
),

on
e

re
co

ve
rs

th
e

m
at

ri
x

an
al

og
u
e

of
so

ft
-s

h
ri

n
ka

g
e

u
se

d
fo

r
m

at
ri

x
co

m
p
le

ti
on

(C
an

d
ès

an
d

R
ec

h
t,

20
09

):
h
er

e
th

e
sa

m
e

gr
ad

ie
n
t

u
p

d
a
te

o
f

z
t

in
(1

0)
is

ap
p
li
ed

,
b
u
t

th
e

sh
ri

n
ka

ge
op

er
at

or
on

w
t+

1
in

(1
0)

is
ap

p
li
ed

to
th

e
si

n
gu

-
la

r
va

lu
es

of
Z
t

w
h
il
e

ke
ep

in
g

th
e

si
n
gu

la
r

ve
ct

or
s

in
ta

ct
.

U
n
fo

rt
u
n
at

el
y,

su
ch

a
P

U
ca

n
b

ec
om

e
p
ro

h
ib

it
iv

el
y

ex
p

en
si

ve
fo

r
la

rg
e

m
at

ri
ce

s,
si

n
ce

it
re

q
u
ir

es
a

fu
ll

si
n
g
u
la

r
va

lu
e

d
ec

om
p

os
it

io
n

(S
V

D
)

at
ea

ch
it

er
at

io
n
,

at
a

cu
b
ic

ti
m

e
co

st
.

W
e

w
il
l

se
e

in
S
ec

ti
o
n

3
.2

th
at

an
al

te
rn

at
iv

e
al

go
ri

th
m

on
ly

re
q
u
ir

es
co

m
p
u
ti

n
g

th
e

d
u
al

of
th

e
tr

ac
e

n
or

m
(n

a
m

el
y

th
e

sp
ec

tr
al

n
or

m
‖·
‖ s

p
,

i.
e.

th
e

gr
ea

te
st

si
n
gu

la
r

va
lu

e)
,

w
h
ic

h
re

q
u
ir

es
on

ly
q
u
a
d
ra

ti
c

ti
m

e
p

er
it

er
at

io
n
.

3
.
G
e
n
e
ra

li
ze

d
C
o
n
d
it
io
n
a
l
G
ra

d
ie
n
t
fo
r
C
o
n
v
e
x
O
p
ti
m
iz
a
ti
o
n

In
th

is
se

ct
io

n
w

e
p
re

se
n
t

th
e

ge
n
er

al
iz

ed
co

n
d
it

io
n
al

gr
ad

ie
n
t

(G
C

G
)

al
g
or

it
h
m

,
w

h
ic

h
h
as

re
ce

n
tl

y
b

ee
n

re
ce

iv
in

g
re

n
ew

ed
at

te
n
ti

on
(B

re
d
ie

s
an

d
L

or
en

z,
20

08
;

H
az

a
n
,

2
0
0
8
;

J
a
g
g
i,

20
13

;
S
h
al

ev
-S

h
w

ar
tz

et
al

.,
20

10
;

Y
u
an

an
d

Y
a
n
,

20
13

;
Z

h
an

g
et

al
.,

20
12

).
O

u
r

g
o
a
l

in
th

is
se

ct
io

n
w

il
l

b
e

to
d
ev

el
op

effi
ci

en
t

so
lu

ti
on

m
et

h
o
d
s

fo
r

(7
),

w
h
er

e
f

is
co

n
ve

x
a
n
d
`
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

is
co

n
vex

a
n
d
L

-sm
o
oth

(cf.
(6)).

In
p
articu

lar,
w

e
w

ill
refi

n
e

ou
r

algorith
m

s
to

con
vex

g
a
u
g
e

reg
u
larized

p
rob

lem
s

w
h
ere

sp
ecial

com
p
u
tation

a
l

sav
in

gs
can

b
e

ach
iev

ed
th

rou
gh

its
p

o
la

r.
T

h
ese

are
clearly

am
on

g
th

e
m

ost
im

p
ortan

t
settin

gs
in

p
ractice,

an
d

after
som

e
en

h
a
n
cem

en
ts

th
e

algorith
m

an
d

con
vergen

ce
gu

aran
tees

w
e

estab
lish

in
th

is
section

w
ill

b
e

a
p
p
lied

to
d
iction

ary
learn

in
g

in
S
ection

4.

3
.1

G
e
n

e
ra

l
S

e
ttin

g
w

ith
C

o
n
v
e
x

a
n

d
S

m
o
o
th

`

W
e

fi
rst

d
ev

elo
p

th
e

fram
ew

ork
of

th
e

G
C

G
algorith

m
an

d
its

an
aly

sis
b
y

fo
cu

sin
g

on
gen

eral
co

n
vex

fu
n
ctio

n
s
f

.
F

orm
ally,

w
e

m
ake

th
e

follow
in

g
assu

m
p
tion

th
rou

gh
ou

t
th

is
S
ection

3.

A
ssu

m
p

tio
n

1
`

is
co

n
vex

a
n

d
L

-sm
oo

th
,

a
n

d
f

is
co

n
vex.

P
ro

toco
l:

T
o

av
oid

u
n
n
ecessary

p
ath

o
logies,

w
e

tacitly
assu

m
e

all
fu

n
ction

s
con

sid
ered

in
th

is
w

o
rk

are
p
rop

er
an

d
closed

.
T

o
d
erive

th
e

op
tim

ization
algorith

m
,

fi
rst

ob
serve

th
at

given
th

e
ab

ove
assu

m
p
tion

,
F

=
`

+
f

is
co

n
vex

an
d

so
an

y
w
∈
B

is
glob

ally
op

tim
al

for
(7

)
if,

an
d

on
ly

if,

0
∈
∂
F

(w
)

=
∇
`(w

)
+
∂
f

(w
).

(11)

L
et
f
∗(g

)
:=

su
p
w
〈w
,g〉−

f
(w

)
d
en

ote
th

e
F

en
ch

el
con

ju
gate

of
f

,
an

d
u
sin

g
th

e
fact

th
a
t

g
∈
∂
f

(w
)

iff
w
∈
∂
f
∗(g

)
w

h
en

f
is

closed
(B

orw
ein

an
d

V
an

d
erw

erff
,

2010
),

on
e

can
o
b
serve

th
a
t

th
e

n
ecessary

an
d

su
ffi

cien
t

con
d
ition

for
w

to
b

e
glob

ally
op

tim
al

can
a
lso

b
e

ex
p
ressed

a
s

(1
1
)
⇐
⇒

w
∈
∂
f
∗(−
∇
`(w

))
⇐
⇒

w
∈

(1−
η
)w

+
η
∂
f
∗(−
∇
`(w

)),
(12)

w
h
ere

η
∈

(0,1
).

T
h
en

,
b
y

th
e

d
efi

n
ition

of
f
∗,

w
e

h
ave

d
∈
∂
f
∗(−
∇
`(w

))
⇐
⇒

d
∈

arg
m

in
d
{〈d

,∇
`(w

)〉
+
f

(d
)}
.

(13)

T
h
u
s,

th
e

co
n
d
ition

for
a

glob
al

m
in

im
u
m

can
b

e
ch

aracterized
b
y

th
e

fi
x
ed

-p
o
in

t
in

clu
sion

w
∈

(1−
η
)w

+
η
d

for
som

e
d
∈

arg
m

in
d
{〈d

,∇
`(w

)〉
+
f

(d
)}
.

(14)

T
h
is

p
a
rticu

la
r

fi
x
ed

-p
oin

t
con

d
ition

im
m

ed
iately

su
ggests

an
u
p

d
ate

th
at

p
rov

id
es

th
e

fo
u
n
-

d
a
tio

n
fo

r
th

e
g
en

eralized
con

d
ition

al
grad

ien
t

alg
orith

m
(G

C
G

)
ou

tlin
ed

in
A

lgorith
m

1.
E

a
ch

itera
tion

of
th

is
p
ro

ced
u
re

in
volves

lin
earizin

g
th

e
sm

o
oth

loss
`,

solv
in

g
th

e
su

b
p
rob

-
lem

(1
3
),

selectin
g

a
step

size,
tak

in
g

a
con

v
ex

com
b
in

ation
,

th
en

con
d
u
ctin

g
som

e
form

o
f

lo
ca

l
im

p
rovem

en
t.

T
h
e

G
C

G
u
p

d
ate

b
ased

on
(14)

n
atu

rally
gen

eralizes
th

e
orig

in
al

co
n
d
itio

n
a
l

g
ra

d
ien

t
u
p

d
ate,

w
h
ich

w
as

fi
rst

stu
d
ied

b
y

(F
ran

k
an

d
W

olfe,
1
956)

for
th

e
ca

se
w

h
en

f
=
ιC

for
a

p
oly

h
ed

ral
set

C
.

N
o
te

th
a
t

th
e

su
b
p
rob

lem
(13)

sh
ares

som
e

sim
ilarity

w
ith

th
e

p
rox

im
al

u
p

d
ate

(9):
b

o
th

ch
o
o
se

to
leave

th
e

p
oten

tially
n
on

sm
o
oth

fu
n
ction

f
in

tact,
b
u
t

h
ere

th
e

sm
o
oth

loss
`

is
rep

la
ced

b
y

its
p
lain

lin
earization

rath
er

th
an

its
lin

earization
p
lu

s
a

(strictly
co

n
vex

)
p
rox

im
a
l

reg
u
la

rizer
su

ch
as

th
e

q
u
a
d
ratic

u
p
p

er
b

ou
n
d

˜̀L
(·)

in
(6).

C
o
n
seq

u
en

tly,
th

ere
m

ig
h
t

b
e

m
u

ltip
le

solu
tion

s,
in

w
h
ich

case
w

e
sim

p
ly

ad
op

t
an

y
on

e,
or

n
o

solu
tion

(e.g.
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Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

A
lg

o
rith

m
1

G
en

eralized
C

on
d
ition

al
G

rad
ien

t
(G

C
G

).

1
:

In
itialize:

w
0 ∈

d
om

f
.

2
:

fo
r
t

=
0,1

,...
d

o
3
:

C
om

p
u
te

d
t ∈

arg
m

in
d {〈d

,g
t 〉

+
f

(d
)}

,
w

h
ere

g
t

=
∇
`(w

t ).
4
:

C
h
o
ose

step
size

η
t ∈

[0,1]
an

d
p

erform
u
p

d
ate

w̃
t+

1
=

(1−
η
t )w

t
+
η
t d
t .

5
:

w
t+

1
=

I
m
p
r
o
v
e
(w̃

t+
1 ,`,f

)
.

S
u
b
ro

u
tin

e,
see

D
efi

n
ition

1
6
:

e
n

d
fo

r

d
ivergen

ce),
in

w
h
ich

case
w

e
w

ill
im

p
ose

ex
tra

assu
m

p
tion

s
to

en
su

re
b

ou
n
d
ed

n
ess

(d
etails

b
elow

,
esp

ecially
A

ssu
m

p
tion

2
an

d
T

h
eorem

2).

A
n

im
p

ortan
t

com
p

on
en

t
of

A
lgorith

m
1

is
th

e
fi
n
al

step
,
I
m
p
r
o
v
e
,

in
L

in
e

5,
w

h
ich

is
p
articu

larly
im

p
ortan

t
in

p
ractice:

it
allow

s
for

h
eu

ristic
lo

cal
im

p
rovem

en
t

to
b

e
con

d
u
cted

on
th

e
iterates

w
ith

ou
t

sacrifi
cin

g
an

y
th

eoretical
con

vergen
ce

p
rop

erties
of

th
e

overall
p
ro-

ced
u
re

(see
S
ection

4.3).
A

p
recu

rsor
of

I
m
p
r
o
v
e

ap
p

eared
in

(M
eyer,

1974,
A

lgorith
m

2).
S
in

ce
I
m
p
r
o
v
e

h
as

access
to

b
oth

`
an

d
f

it
ca

n
b

e
very

p
ow

erfu
l

in
p
rin

cip
le—

w
e

w
ill

con
-

sid
er

th
e

follow
in

g
varian

ts
th

at
h
ave

resp
ective

co
n
seq

u
en

ces
for

p
ractice

an
d

su
b
seq

u
en

t
an

aly
sis.

D
e
fi

n
itio

n
1

T
h
e

su
bro

u
tin

e
I
m
p
r
o
v
e

in
A

lgo
rith

m
1

is
ca

lled
N
u
l
l

if
fo

r
a
ll
t,

w
t+

1
=

w̃
t+

1 ;
D
e
s
c
e
n
t

if
F

(w
t+

1 )≤
F

(w̃
t+

1 );
M
o
n
o
t
o
n
e

if
F

(w
t+

1 )≤
F

(w
t );

a
n

d
R
e
l
a
x
e
d

if

F
(w

t+
1 )≤

˜̀L
(w̃

t+
1 ;w

t )
+

(1−
η
t )f

(w
t )

+
η
t f

(d
t ).

(15)

O
b
v
iou

sly,
R
e
l
a
x
e
d

can
b

e
easily

m
orp

h
ed

to
fu

rth
er

satisfy
D
e
s
c
e
n
t

an
d
/or

M
o
n
o
t
o
n
e

b
y

com
p
arin

g
F

(w
t+

1 )
w

ith
F

(w̃
t+

1 )
an

d
/or

F
(w

t ),
w

h
ereas

N
u
l
l

an
d
D
e
s
c
e
n
t

m
u
st

b
e

R
e
l
a
x
e
d

(sin
ce
`

is
L

-sm
o
oth

).

O
u
r

m
ain

goal
rem

ain
s

to
estab

lish
th

at
A

lgorith
m

1
in

d
eed

con
verges

to
a

glob
al

op
-

tim
u
m

u
n
d
er

gen
eral

con
d
ition

s
given

in
A

ssu
m

p
tion

1.
In

ord
er

to
ad

d
ress

th
e

aforem
en

-
tion

ed
issu

e
of

b
ou

n
d
in

g
d
t ,

w
e

n
ex

t
in

tro
d
u
ce

on
e

m
ore

assu
m

p
tion

.

A
ssu

m
p

tio
n

2
T

h
e

sequ
en

ces
{d

t }
a
n

d
{
w
t }

gen
era

ted
by

th
e

a
lgo

rith
m

a
re

bo
u

n
d
ed

fo
r

a
n

y
ch

o
ice

o
f
η
t ∈

[0,1].

A
lth

ou
gh

th
is

assu
m

p
tion

is
m

ore
strin

gen
t,

it
can

fortu
n
ately

b
e

ach
iev

ed
u
n
d
er

variou
s

con
d
ition

s,
w

h
ich

w
e

su
m

m
arize

as
follow

s.
T

h
e

p
ro

of
is

giv
en

in
A

p
p

en
d
ix

A
.1.

P
ro

p
o
sitio

n
2

L
et

A
ssu

m
p
tio

n
1

h
o
ld

.
T

h
en

A
ssu

m
p
tio

n
2

is
sa

tisfi
ed

if
a
n

y
o
f

th
e

fo
l-

lo
w

in
g

h
o
ld

s.

(a
)

T
h
e

su
bro

u
tin

e
I
m
p
r
o
v
e

is
M
o
n
o
t
o
n
e

;
th

e
su

blevel
set{

w
∈

d
om

f
:
F

(w
)≤

F
(w

0 )}
is

co
m

pa
ct;

a
n

d
f

is
co

fi
n

ite,
i.e.,

its
F

en
ch

el
co

n
ju

ga
te
f
∗

h
a
s

fu
ll

d
o
m

a
in

.

(b)
T

h
e

su
bro

u
tin

e
I
m
p
r
o
v
e

is
M
o
n
o
t
o
n
e

;
th

e
su

blevel
set{

w
∈

d
om

f
:
F

(w
)≤

F
(w

0 )}
is

bo
u

n
d
ed

;
a
n

d
f

is
su

per-coercive,
i.e.,

lim
‖
w
‖→
∞
f

(w
)/‖

w
‖
→
∞

.

(c)
d
om

f
is

bo
u

n
d
ed

.
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

In
p
ar

ti
cu

la
r,

u
n
d
er

an
y

of
th

e
co

n
d
it

io
n
s

in
T

h
eo

re
m

2,
L

in
e

3
of

A
lg

or
it

h
m

1
is

w
el

l-
d
efi

n
ed

.
N

ot
e

th
at

if
B

=
R
d
,

th
en

co
n
d
it

io
n

(a
)

is
in

fa
ct

eq
u
iv

al
en

t
to

co
n
d
it

io
n

(b
).

O
n

th
e

ot
h
er

h
an

d
,

if
f

is
a

co
n
ve

x
ga

u
ge

,
th

en
n
on

e
of

th
e

th
re

e
co

n
d
it

io
n
s

ab
ov

e
h
o
ld

s,
an

d
w

e
w

il
l

d
ea

l
w

it
h

th
is

in
S
ec

ti
on

3.
2.

F
in

al
ly

,
fo

r
ea

ch
w
∈
B

w
e

d
efi

n
e

a
q
u
an

ti
ty

,
re

fe
rr

ed
to

as
th

e
d
u

a
li

ty
ga

p
,

th
at

w
il
l

b
e

u
se

fu
l

in
u
n
d
er

st
an

d
in

g
th

e
co

n
ve

rg
en

ce
p
ro

p
er

ti
es

of
G

C
G

:

G
(w

)
:=

F
(w

)
−

in
f

d
{`

(w
)

+
〈d
−

w
,∇
`(

w
)〉

+
f

(d
)}

(l
in

ea
ri

zi
n
g
`

at
w

)
(1

6)

=
〈w
,∇
`(

w
)〉

+
f

(w
)
−

in
f

d
{〈

d
,∇
`(

w
)〉

+
f

(d
)}

=
〈w
,∇
`(

w
)〉

+
f

(w
)

+
f
∗ (
−
∇
`(

w
))
.

(d
efi

n
it

io
n

of
F

en
ch

el
d
u
al

)
(1

7)

S
in

ce
f

an
d
`

ar
e

co
n
ve

x
in

A
ss

u
m

p
ti

on
1,

th
e

d
u
al

it
y

ga
p

p
ro

v
id

es
an

u
p
p

er
b

ou
n
d

on
th

e
su

b
op

ti
m

al
it

y
of

an
y

se
ar

ch
p

oi
n
t,

as
es

ta
b
li
sh

ed
in

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
.

P
ro

p
o
si

ti
o
n

3
L

et
A

ss
u

m
p
ti

o
n

1
h
o
ld

.
T

h
en

G
(w

)
≥
F

(w
)−

in
f d
F

(d
)
≥

0
fo

r
a
ll

w
∈
B.

F
u

rt
h
er

m
o
re

,
G

(w
)

=
0

iff
w

is
gl

o
ba

ll
y

o
p
ti

m
a
l,

i.
e.

w
sa

ti
sfi

es
th

e
co

n
d
it

io
n

(1
1)

.

P
ro

o
f

A
s
`

is
co

n
ve

x
,
(1

6)
im

p
li
es

G
(w

)
≥
F

(w
)−

in
f d
{`

(d
)+
f

(d
)}

=
F

(w
)−

in
f d
F

(d
)
≥

0.
B

y
th

e
F

en
ch

el
-Y

ou
n
g

in
eq

u
al

it
y,

(1
7)

im
p
li
es

G
(w

)
=

0
iff

w
∈
∂
f
∗ (
−
∇
`(

w
))

,
i.
e.

(1
1)

h
ol

d
s. S
in

ce
G

(w
t)

is
an

u
p
p

er
b

ou
n
d

on
th

e
su

b
op

ti
m

al
it

y
of

w
t,

th
e

d
u
al

it
y

ga
p

g
iv

es
a

n
at

u
ra

l
st

op
p
in

g
cr

it
er

io
n

fo
r

(7
)

th
at

ca
n

b
e

ea
si

ly
co

m
p
u
te

d
in

ea
ch

it
er

at
io

n
of

A
lg

or
it

h
m

1.
W

e
ar

e
n
ow

re
ad

y
fo

r
th

e
fi
rs

t
co

n
v
er

ge
n
ce

re
su

lt
re

ga
rd

in
g

A
lg

or
it

h
m

1.

T
h

e
o
re

m
4

L
et

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

h
o
ld

.
A

ls
o

a
ss

u
m

e
th

e
su

br
o
u

ti
n

e
is

R
e
l
a
x
e
d

,
a
n

d
th

e
su

bp
ro

bl
em

(1
3)

is
so

lv
ed

u
p

to
so

m
e

a
d
d
it

iv
e

er
ro

r
ε t
≥

0.
T

h
en

,
fo

r
a
n

y
w
∈

d
om

F
a
n

d
t
≥

0,
A

lg
o
ri

th
m

1
yi

el
d
s

F
(w

t+
1
)
≤
F

(w
)

+
π
t(

1
−
η 0

)(
F

(w
0
)
−
F

(w
))

+
t ∑ s=
0

π
t

π
s
η
2 s
(ε
s
/η
s

+
L 2
‖d

s
−

w
s
‖2

),
(1

8)

w
h
er

e
π
t

:=
∏
t s=

1
(1
−
η s

)
w

it
h
π
0

=
1.

F
u

rt
h
er

m
o
re

,
fo

r
a
ll
t
≥
k
≥

0
,

th
e

m
in

im
a
l

d
u

a
li

ty
ga

p
G̃
t k

:=
m

in
k
≤
s≤
t
G

(w
s
)

sa
ti

sfi
es

G̃
t k
≤

1
∑

t s=
k
η s

[ F
(w

k
)
−
F

(w
t+

1
)

+
t ∑ s=
k

η
2 s

( ε s
/η
s

+
L 2
‖d

s
−

w
s
‖2
)]

.
(1

9)

F
ro

m
T

h
eo

re
m

4
w

e
d
er

iv
e

th
e

fo
ll
ow

in
g

co
n
cr

et
e

ra
te

s
of

co
n
ve

rg
en

ce
.

C
o
ro

ll
a
ry

5
U

n
d
er

th
e

sa
m

e
a
ss

u
m

p
ti

o
n

s
a
s

T
h
eo

re
m

4
,

a
ls

o
le

t
η t

=
2/

(t
+

2)
,
ε t
≤
δη
t/

2
fo

r
so

m
e
δ
≥

0
,

a
n

d
L
F

:=
su

p
t
L
‖d

t
−

w
t‖

2
.

T
h
en

,
fo

r
a
ll
t
≥

1
a
n

d
w

,
A

lg
o
ri

th
m

1
yi

el
d
s F

(w
t)
≤
F

(w
)

+
2(
δ

+
L
F

)

t
+

3
,

a
n

d
G̃
t 1
≤

3(
δ

+
L
F

)

t
ln

2
≤

4
.5

(δ
+
L
F

)

t
.

(2
0)
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Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

T
h
e

p
ro

of
s

of
T

h
eo

re
m

4
an

d
T

h
eo

re
m

5
ca

n
b

e
fo

u
n
d

in
A

p
p

en
d
ix

A
.2

a
n
d

A
p
-

p
en

d
ix

A
.3

re
sp

ec
ti

ve
ly

.
N

ot
e

th
at

th
e

si
m

p
le

st
ep

si
ze

ru
le
η t

=
2/

(t
+

2)
a
lr

ea
d
y

le
a
d
s

to
an

O
(1
/t

)
b

ou
n
d

on
th

e
ob

je
ct

iv
e

va
lu

e
at

ta
in

ed
.

O
f

co
u
rs

e,
it

is
p

os
si

b
le

to
u
se

o
th

er
st

ep
si

ze
ru

le
s.

F
or

in
st

an
ce

,
b

ot
h
η s

=
1
/
(s

+
1)

an
d

th
e

co
n
st

an
t

ru
le
η s

=
1
−

(t
+

1
)1
/
t

le
a
d

to
an

O
(1

+
lo
g
t

t+
1

)
ra

te
;

se
e

(F
re

u
n
d

an
d

G
ri

ga
s,

20
16

)
fo

r
d
et

ai
le

d
ca

lc
u
la

ti
on

s.

W
e

em
p
h
as

iz
e

th
at

G
C

G
w

it
h

th
e

op
en

-l
o
op

st
ep

si
ze

ru
le
η t

=
2/

(t
+

2)
re

q
u
ir

es
n
ei

th
er

th
e

L
ip

sc
h
it

z
co

n
st

an
t
L

n
or

th
e

n
or

m
‖·
‖

to
b

e
k
n
ow

n
.

W
e

ca
n

th
er

ef
or

e
fr

ee
ly

a
d
o
p
t

th
e

b
es

t
ch

oi
ce

s
fo

r
th

e
p
ro

b
le

m
at

h
an

d
in

th
e

a
n
al

y
si

s.
N

ot
e

th
at

,
ev

en
th

ou
gh

th
e

ra
te

d
o
es

n
ot

d
ep

en
d

on
th

e
in

it
ia

l
p

oi
n
t

w
0

p
ro

v
id

ed
η 0

=
1,

b
y

le
tt

in
g
η 0
6=

1
th

e
b

o
u
n
d

ca
n

b
e

sl
ig

h
tl

y
im

p
ro

ve
d

(F
re

u
n
d

an
d

G
ri

ga
s,

20
16

).

R
e
m

a
rk

6
T

h
e

o
bs

er
va

ti
o
n

th
a
t

a
n
O

(1
/t

)
ra

te
ca

n
be

o
bt

a
in

ed
by

a
n

o
pe

n
-l

oo
p

st
ep

si
ze

ru
le

su
ch

a
s
η t

=
O

(1
/t

)
a
p
pe

a
rs

to
h
a
ve

be
en

fi
rs

t
m

a
d
e

by
D

u
n

n
a
n

d
H

a
rs

h
ba

rg
er

(1
9
7
8
).

T
h
e

sa
m

e
ra

te
ca

n
be

a
ch

ie
ve

d
by

th
e

cl
o
se

d
-l

oo
p

st
ep

si
ze

ru
le

w
h
er

e
η t

is
se

le
ct

ed
to

m
in

im
iz

e
`(

(1
−
η t

)w
t
+
η t

d
t)

o
r

it
s

qu
a
d
ra

ti
c

u
p
pe

r
bo

u
n

d
˜̀ (

(1
−
η t

)w
t
+
η t

d
t;

w
t)

(F
ra

n
k

a
n

d
W

o
lf

e,
1
9
5
6
;

L
ev

it
in

a
n

d
P

o
ly

a
k,

1
9
6
6
;

D
em

’y
a
n

o
v

a
n

d
R

u
bi

n
o
v,

1
9
6
7
).

A
si

m
il

a
r

ra
te

o
n

th
e

m
in

im
a
l

d
u

a
li

ty
ga

p
w

a
s

a
ls

o
gi

ve
n

in
(C

la
rk

so
n

,
2
0
1
0
),

a
n

d
ex

te
n

d
ed

by
(J

a
gg

i,
2
0
1
3
).

H
o
w

ev
er

,
a
ll

th
es

e
p
re

vi
o
u

s
w

o
rk

s
fo

cu
se

d
o
n

th
e

sp
ec

ia
l

ca
se

w
h
er

e
f

=
ι C

fo
r

so
m

e
co

m
pa

ct
se

t
C

.
F

u
ku

sh
im

a
a
n

d
M

in
e

(1
9
8
1
)

w
a
s

th
e

fi
rs

t
to

co
n

si
d
er

a
ge

n
er

a
l

co
n

ve
x

fu
n

ct
io

n
f

(a
n

d
po

ss
ib

ly
a

n
o
n

co
n

ve
x
`)

,
bu

t
th

ey
o
n

ly
es

ta
bl

is
h
ed

co
n

ve
rg

en
ce

fo
r

th
e

a
lg

o
ri

th
m

.
B

re
d
ie

s
a
n

d
L

o
re

n
z

(2
0
0
8
)

p
ro

ve
d

th
e
O

(1
/t

)
ra

te
by

u
si

n
g

a
cl

o
se

d
-l

oo
p

st
ep

si
ze

ru
le

.
M

o
re

re
ce

n
tl

y,
B

a
ch

(2
0
1
5
)

co
n

si
d
er

ed
th

e
sp

ec
ia

l
ca

se
w

h
er

e
f

is
st

ro
n

gl
y

co
n

ve
x,

a
n

d
id

en
ti

fi
ed

th
e

eq
u

iv
a
le

n
ce

be
tw

ee
n

G
C

G
a
n

d
M

D
,

h
en

ce
a
ls

o
es

ta
bl

is
h
in

g
th

e
O

(1
/
t)

ra
te

fo
r

th
is

sp
ec

ia
l

ca
se

.

3
.2

Im
p

ro
v
e
d

A
lg

o
ri

th
m

a
n

d
R

e
fi

n
e
d

A
n

a
ly

si
s

w
h

e
n
f

is
a

C
o
n
v
e
x

G
a
u

g
e

A
lt

h
ou

gh
th

e
re

su
lt

s
in

T
h
eo

re
m

4
an

d
T

h
eo

re
m

5
h
ol

d
fo

r
ge

n
er

al
co

n
v
ex

fu
n
ct

io
n
s
f

,
th

ey
re

q
u
ir

e
{d

t}
an

d
{w

t}
to

b
e

b
o
u
n
d
ed

as
in

A
ss

u
m

p
ti

on
2.

S
om

e
su

ffi
ci

en
t

co
n
d
it

io
n
s

w
er

e
p
ro

v
id

ed
b
y

T
h
eo

re
m

2.
U

n
fo

rt
u
n
a
te

ly
,

th
es

e
co

n
d
it

io
n
s

ca
n
n
ot

b
e

sa
ti

sfi
ed

b
y

a
n

im
p

or
ta

n
t

cl
as

s
of

re
gu

la
ri

ze
rs

in
m

ac
h
in

e
le

ar
n
in

g:
n
or

m
s,

se
m

i-
n
or

m
s,

an
d

m
o
re

g
en

er
a
ll
y

co
n
ve

x
ga

u
ge

fu
n
ct

io
n
s,

cf
.

S
ec

ti
on

2
fo

r
th

e
d
et

ai
le

d
d
efi

n
it

io
n
.

E
x
am

p
le

s
in

cl
u
d
e

th
e
` p

n
or

m
s

(p
≥

1)
,

th
e

to
ta

l
va

ri
at

io
n

se
m

i-
n
or

m
,

th
e

tr
ac

e
n
or

m
fo

r
m

at
ri

ce
s,

et
c.

In
d
ee

d
,

th
e

su
b
p
ro

b
le

m
(1

3)
in

L
in

e
3

of
A

lg
or

it
h
m

1
m

ig
h
t

d
iv

er
ge

to
−
∞

,
le

av
in

g
th

e
u
p

d
a
te

u
n
d
efi

n
ed

.
In

th
is

su
b
se

ct
io

n
,

w
e

d
ev

el
op

a
sp

ec
ia

li
ze

d
fo

rm
of

G
C

G
th

a
t

ci
rc

u
m

ve
n
ts

th
is

p
ro

b
le

m
an

d
ex

p
lo

it
s

p
ro

p
er

ti
es

of
co

n
ve

x
ga

u
ge

s
to

si
g
n
ifi

ca
n
tl

y
re

d
u
ce

co
m

p
u
ta

ti
o
n
a
l

ov
er

h
ea

d
.

T
h
e

re
su

lt
in

g
G

C
G

fo
rm

u
la

ti
on

,
w

h
ic

h
is

on
e

of
ou

r
m

ai
n

co
n
tr

ib
u
ti

o
n
s,

w
il
l

b
e

u
se

d
to

ac
h
ie

v
e

effi
ci

en
t

al
go

ri
th

m
s

in
im

p
or

ta
n
t

ca
se

st
u
d
ie

s
in

th
e

se
co

n
d

p
a
rt

o
f

th
e

p
ap

er
,

su
ch

as
m

at
ri

x
co

m
p
le

ti
on

u
n
d
er

tr
ac

e
n
or

m
re

gu
la

ri
za

ti
on

(S
ec

ti
on

4
.2

.1
b

el
ow

).

In
th

e
li
te

ra
tu

re
,

tw
o

m
ai

n
ap

p
ro

ac
h
es

h
av

e
b

ee
n

u
se

d
to

b
y
p
as

s
th

e
u
n
b

o
u
n
d
ed

n
es

s
in

so
lv

in
g

(1
3)

;
u
n
fo

rt
u
n
at

el
y,

b
ot

h
re

m
ai

n
u
n
sa

ti
sf

ac
to

ry
in

d
iff

er
en

t
w

ay
s.

F
ir

st
,

o
n
e

ob
v
io

u
s

w
ay

to
re

st
or

e
b

ou
n
d
ed

n
es

s
to

(1
3)

is
to

re
fo

rm
u
la

te
th

e
re

gu
la

ri
ze

d
p
ro

b
le

m
(7

)
in

it
s

eq
u
iv

al
en

t
co

n
st

ra
in

ed
fo

rm

in
f

w
`(

w
)

s.
t.

f
(w

)
≤
ζ
,

(2
1)
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

w
h
ere

it
is

w
ell-k

n
ow

n
th

at
a

corresp
on

d
en

ce
b

etw
een

(7)
an

d
(2

1)
can

b
e

ach
ieved

if
th

e
co

n
sta

n
t
ζ

is
ch

osen
ap

p
rop

riately.
In

th
is

case,
A

lgorith
m

1
can

b
e

d
irectly

ap
p
lied

as
lon

g
a
s

(2
1
)

h
a
s

a
b

o
u
n
d
ed

d
om

ain
.

M
u
ch

recen
t

w
ork

in
m

a
ch

in
e

learn
in

g
h
as

in
v
estigated

th
is

va
ria

n
t

(H
a
za

n
,

2008;
J
aggi

an
d

S
u
lov

sk
y
,

2010
;

J
aggi,

2013;
S
h
alev

-S
h
w

artz
et

al.,
201

0;
T

ew
a
ri

et
a
l.,

2
011;

Y
u
an

an
d

Y
an

,
2013).

H
ow

ever,
fi
n
d
in

g
th

e
ap

p
rop

riate
va

lu
e

of
ζ

is
co

stly
in

g
en

eral,
an

d
often

on
e

can
n
ot

avoid
con

sid
erin

g
th

e
p

en
alized

form
u
latio

n
(e.g.

w
h
en

it
is

n
ested

in
an

oth
er

p
rob

lem
).

F
u
rth

erm
ore,

th
e

con
strain

ts
in

(21)
p
reclu

d
e

th
e

a
p
p
lica

tio
n

o
f

m
an

y
effi

cien
t

lo
cal

I
m
p
r
o
v
e

tech
n
iq

u
es

d
esign

ed
for

u
n

co
n

stra
in

ed
p
rob

lem
s.

A
seco

n
d
,

a
ltern

ative,
ap

p
roach

is
to

sq
u
are

f
,

w
h
ich

en
su

res
th

a
t

it
b

ecom
es

su
p

er-
co

ercive
(B

ra
d
ley

an
d

B
agn

ell,
2009).

H
ow

ev
er,

th
is

m
o
d
ifi

cation
is

som
ew

h
at

arb
itrary,

in
th

e
sen

se
th

a
t

su
p

er-co
erciven

ess
can

b
e

ach
ieved

b
y

raisin
g

th
e

n
orm

to
th

e
p
th

p
ow

er
fo

r
a
n
y
p
>

1
(w

h
en
B

=
R
d).

M
oreov

er,
th

e
in

sertion
of

a
lo

cal
I
m
p
r
o
v
e

step
in

su
ch

an
a
p
p
ro

a
ch

req
u
ires

th
e

regu
larizer

f
to

b
e

evalu
ated

at
all

iterates,
w

h
ich

is
ex

p
en

sive
for

a
p
p
lica

tion
s

su
ch

as
m

atrix
com

p
letion

.

3
.2
.1

G
e
n
e
r
a
l
iz
e
d

C
o
n
v
e
x
G
a
u
g
e
R
e
g
u
l
a
r
iz
a
t
io
n

T
o

a
d
d
ress

th
e

issu
e

of
en

su
rin

g
w

ell
d
efi

n
ed

iterates,
w

h
ile

also
red

u
cin

g
th

eir
cost,

w
e

d
evelo

p
a
n

a
ltern

ative
m

o
d
ifi

cation
of

G
C

G
.

T
h
e

algorith
m

w
e

d
evelop

also
allow

s
a

m
ild

g
en

era
liza

tio
n

o
f

con
v
ex

gau
ge

regu
larization

b
y

in
tro

d
u
cin

g
a

com
p

osition
w

ith
an

in
creas-

in
g

co
n
v
ex

fu
n
ction

.
In

p
articu

lar,
let

κ
d
en

o
te

a
con

vex
g
au

ge
in

d
u
ced

b
y

a
con

vex
,

closed
setC

co
n
ta

in
in

g
th

e
origin

(cf.
(3))

an
d

let
h

:
R

+
→
R

d
en

o
te

an
in

crea
sin

g
co

n
vex

fu
n
c-

tio
n

over
R

+
:=

[0
,∞

].
T

h
en

regu
larizin

g
b
y
f

(·)
=
h

(κ
(·))

y
ield

s
th

e
p
a
rticu

lar
form

of
(7

)
th

at
w

e
w

ill
ad

d
ress

w
ith

th
is

m
o
d
ifi

ed
ap

p
roa

ch
:

in
f

w
`(w

)
+
h

(κ
(w

)).
(22)

F
o
r

th
e

stru
ctu

red
sp

arse
regu

larizers
ty

p
ically

con
sid

ered
in

m
ach

in
e

learn
in

g,
th

e
setC

u
sed

to
co

n
stru

ct
th

e
gau

ge
fu

n
ction

κ
v
ia

(3)
h
as

ad
d
ition

al
stru

ctu
re

th
a
t

ad
m

its
effi

cien
t

co
m

p
u
ta

tio
n

(C
h
an

d
rasekaran

et
al.,

2012).
In

p
articu

lar,C
is

often
co

n
stru

cted
b
y

tak
in

g
th

e
co

n
vex

h
u
ll

of
som

e
co

m
pa

ct
set

o
f

“atom
s”
A

sp
ecifi

c
to

th
e

p
rob

lem
;

i.e.,C
=

con
vA

.
S
u
ch

a
stru

ctu
red

form
u
lation

allow
s

on
e

to
re-ex

p
ress

th
e

ga
u
ge

as
th

e
“
l1

n
o
rm

”
over

an
a
p
p
rop

ria
te

“
a
tom

ic
d
ecom

p
osition

.”
In

d
etails:

κ
C (w

)
=

in
f {

r
∑i=

1

λ
i

:
w

=
r
∑i=

1

λ
i a
i ,a

i ∈
A
,λ

i ≥
0 }

(23)

κ
◦C (g

)
=

su
p

w
∈A
∪{

0} 〈w
,g〉

.
(24)

T
h
a
t

is,
if

w
e

d
ecom

p
ose

w
as

a
con

ic
com

b
in

ation
of

th
e

“atom
s”

in
A

,
th

en
κ

(w
)

is
th

e
lea

st
l1

n
o
rm

of
th

e
d
ecom

p
osition

co
effi

cien
ts.

D
eterm

in
in

g
th

e
con

vex
gau

ge
κ
C

d
irectly

fro
m

th
e

set
C

is
n
ot

alw
ay

s
easy,

an
d

th
e

follow
in

g
d
u
ality

resu
lt

m
ay

com
e

in
to

aid
(R

o
cka

fella
r

a
n
d

W
ets,

1998,
p
.

491):

C
is

closed
con

vex
an

d
0
∈
C

=⇒
κ
C

=
(κ
◦C ) ◦.

(25)

S
in

ce
A

is
co

m
p
act,

th
e

p
olar

κ
◦C

h
as

fu
ll

d
om

ain
.

In
tu

itiv
ely,

κ
◦

h
as

a
m

u
ch

sim
p
ler

fo
rm

th
a
n
κ

if
th

e
stru

ctu
re

ofA
is

“
sim

p
le.”

In
su

ch
cases,

it
is

ad
van

tag
eou

s
to

d
esign

1
1

JM
L

R
 18(144):1-46, 2017

Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

an
op

tim
ization

algorith
m

th
at

circu
m

ven
ts

evalu
ation

of
κ

,
b
y

in
stead

u
sin

g
κ
◦

w
h
ich

is
gen

erally
far

less
ex

p
en

sive
to

evalu
ate.

T
h
is

w
ill

b
e

th
e

u
n
d
erp

in
n
in

g
m

otivation
of

ou
r

algorith
m

d
esign

.

3
.2
.2

M
o
d
if
ie
d

G
C
G

A
l
g
o
r
it
h
m

f
o
r
G
e
n
e
r
a
l
iz
e
d

G
a
u
g
e
R
e
g
u
l
a
r
iz
a
t
io
n

T
h
e

key
to

th
e

m
o
d
ifi

ed
algorith

m
is

to
avoid

th
e

p
ossib

ly
u
n
b

o
u
n
d
ed

solu
tion

to
(13)

w
h
ile

also
avoid

in
g

ex
p
licit

evalu
ation

of
th

e
gau

ge
κ

.
F

irst,
to

avoid
u
n
b

ou
n
d
ed

n
ess,

w
e

ad
op

t
th

e
tech

n
iq

u
e

of
m

ov
in

g
th

e
regu

larizer
to

th
e

con
strain

t,
as

in
(21),

b
u
t

rath
er

th
an

ap
p
ly

in
g

th
e

m
o
d
ifi

cation
d
irectly

to
(2

2)
w

e
on

ly
u
se

it
in

th
e

su
b
p
rob

lem
(13)

v
ia:

d
t ∈

arg
m

in
d
:h
(κ

(d
))≤

ζ 〈d
,∇
`(w

t )〉
.

(26)

T
h
en

,
to

b
y
p
ass

th
e

com
p
lication

of
d
ealin

g
w

ith
h

an
d

th
e

u
n
k
n
ow

n
b

ou
n
d
ζ
,
w

e
d
ecom

p
ose

d
t

in
to

its
n
orm

alized
d
irection

a
t

an
d

scale
θ
t

(i.e.,
su

ch
th

at
d
t

=
a
t θ
t /η

t ),
d
eterm

in
in

g
each

sep
arately.

In
p
articu

lar,
from

th
is

d
ecom

p
ositio

n
,

th
e

u
p

d
ate

from
L

in
e

4
of

A
lgo-

rith
m

1
can

b
e

eq
u
ivalen

tly
ex

p
ressed

as

w
t+

1
=

(1−
η
t )w

t
+
η
t d
t

=
(1−

η
t )w

t
+
θ
t a
t ,

(27)

h
en

ce
th

e
m

o
d
ifi

ed
algorith

m
n
eed

on
ly

w
ork

w
ith

a
t

an
d
θ
t

d
irectly.

D
eterm

in
in

g
th

e
d
irectio

n
.

F
irst,

th
e

n
orm

alized
d
irection

,
a
t ,

can
b

e
recovered

v
ia

a
t ∈

arg
m

in
a
:κ
(a

)≤
1 〈a

,∇
`(w

t )〉
⇐
⇒

a
t ∈

arg
m

in
a∈A

∪{
0} 〈a

,∇
`(w

t )〉
(b

y
(4))

(28)

⇐
⇒

a
t ∈

arg
m

ax
a∈A

∪{
0} 〈a

,−
∇
`(w

t )〉
.

(29)

O
b
serve

th
at

(29)
eff

ectively
in

volves
com

p
u
tation

of
th

e
p

o
lar

κ
◦(−
∇
`(w

))
on

ly,
b
y

(4).
S
in

ce
th

is
op

tim
ization

m
igh

t
still

b
e

ch
allen

gin
g,

w
e

fu
rth

er
allow

it
to

b
e

solved
on

ly
a
p
p
ro

xim
a
tely

to
w

ith
in

an
ad

d
itive

error
ε
t ≥

0
an

d
a

m
u
ltip

licativ
e

factor
α
t ∈

(0,1];
th

at
is,

b
y

relax
in

g
(28)

th
e

m
o
d
ifi

ed
algo

rith
m

on
ly

req
u
ires

an
a
t ∈
A

to
b

e
fou

n
d

th
at

satisfi
es

〈a
t ,∇

`(w
t )〉≤

α
t (ε

t
+

m
in

a∈A
∪{

0} 〈a
,∇
`(w

t )〉 )
=
α
t (ε

t −
κ
◦(−
∇
`(w

t )) ).
(30)

In
tu

itively,
th

is
form

u
lation

com
p
u
tes

th
e

n
orm

alized
d
irection

th
at

h
as

(ap
p
rox

im
ately

)
th

e
greatest

n
egative

“correlation
”

w
ith

th
e

grad
ien

t∇
`,

y
ield

in
g

th
e

steep
est

lo
cal

d
ecrease

in
`.

Im
p

ortan
tly,

th
is

form
u
lation

d
o
es

n
o
t

req
u
ire

evalu
ation

of
th

e
ga

u
ge

fu
n
ction

κ
.

D
eterm

in
in

g
th

e
sca

le.
N

ex
t,

to
ch

o
ose

th
e

scale
θ
t ,

it
is

n
atu

ral
to

con
sid

er
m

in
im

izin
g

a
sim

p
le

u
p
p

er
b

o
u
n
d

on
th

e
ob

jective
th

at
is

ob
tain

ed
b
y

rep
lacin

g
`(·)

w
ith

its
q
u
ad

ratic
u
p
p

er
ap

p
rox

im
ation

˜̀L
(·;w

t )
given

in
(6):

m
in

θ≥
0

˜̀L
((1−

η
t )w

t
+
θa

t ;w
t )

+
h

(κ
((1−

η
t )w

t
+
θa

t )).
(31)

U
n
fortu

n
ately,

κ
still

p
articip

ates
in

(31
),

so
a

fu
rth

er
ap

p
rox

im
ation

is
req

u
ired

.
H

ere
is

w
h
ere

th
e

d
ecom

p
osition

of
d
t

in
to

a
t

an
d
θ
t

is
p
articu

larly
ad

van
tageou

s.
O

b
serv

e
th

at

h
(κ

((1−
η
t )w

t
+
θa

t ))≤
h

((1−
η
t )κ

(w
t )

+
η
t κ

(θa
t /η

t ))

≤
(1−

η
t )h

(κ
(w

t ))
+
η
t h

(κ
(θa

t /η
t ))

(32)

≤
(1−

η
t )h

(κ
(w

t ))
+
η
t h

(θ/η
t )),

(33)

1
2
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

A
lg

o
ri

th
m

2
G

C
G

fo
r

p
os

it
iv

el
y

h
om

og
en

eo
u
s

re
gu

la
ri

ze
rs

.

R
e
q
u

ir
e
:

T
h
e

se
t
A

w
h
os

e
co

n
ve

x
h
u
ll
C

d
efi

n
es

th
e

ga
u
ge
κ

.
1
:

In
it

ia
li
ze

w
0

an
d
ρ
0
≥
κ

(w
0
).

2
:

fo
r
t

=
0,

1
,.
..

d
o

3
:

C
h
o
os

e
n
or

m
al

iz
ed

d
ir

ec
ti

on
a
t

th
at

sa
ti

sfi
es

(3
0)

.
4
:

C
h
o
os

e
st

ep
si

ze
η t
∈

[0
,1

]
an

d
se

t
th

e
sc

al
in

g
θ t
≥

0
b
y

(3
4)

5
:

w̃
t+

1
=

(1
−
η t

)w
t
+
θ t

a
t,

an
d
ρ̃
t+

1
=

(1
−
η t

)ρ
t
+
θ t

6
:

(w
t+

1
,ρ
t+

1
)

=
I
m
p
r
o
v
e
(w̃

t+
1
,ρ̃
t+

1
,`
,f

)
.

S
u
b
ro

u
ti

n
e,

se
e

T
h
eo

re
m

8
7
:

e
n

d
fo

r

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
co

n
ve

x
it

y
of
κ

an
d

th
e

fa
ct

th
a
t
h

is
in

cr
ea

si
n
g,

th
e

se
co

n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
co

n
v
ex

it
y

of
h

,
an

d
(3

3)
fo

ll
ow

s
fr

om
th

e
fa

ct
th

at
κ

(a
t)
≤

1
b
y

co
n
st

ru
ct

io
n

(a
t
∈
A

in
(4

))
.

A
lt

h
ou

gh
κ

st
il
l

p
ar

ti
ci

p
a
te

s
in

(3
3)

w
e

ca
n

n
ow

b
y
p
as

s
ev

al
u
at

io
n

of
κ

b
y

m
ai

n
ta

in
in

g
a

si
m

p
le

u
p
p

er
b

ou
n
d
ρ
t
≥
κ

(w
t)

,
y
ie

ld
in

g
th

e
re

la
x
ed

u
p

d
at

e

θ t
=

ar
g

m
in

θ
≥
0

{ ˜̀ L
((

1
−
η t

)w
t
+
θa

t;
w
t)

+
(1
−
η t

)h
(ρ
t)

+
η t
h

(θ
/η
t)
}
.

(3
4)

C
ru

ci
al

ly
,

th
e

u
p
p

er
b

ou
n
d
ρ
t
≥
κ

(w
t)

ca
n

b
e

m
ai

n
ta

in
ed

b
y

th
e

si
m

p
le

u
p

d
at

e
ρ
t+

1
=

(1
−
η t

)ρ
t
+
θ t

,
w

h
ic

h
is

su
ffi

ci
en

t
to

en
su

re
th

at
ρ
t+

1
u
p
p

er
b

ou
n
d
s
κ

(w
t+

1
):

ρ
t+

1
=

(1
−
η t

)ρ
t
+
θ t
≥

(1
−
η t

)κ
(w

t)
+
θ t
κ

(a
t)
≥
κ

((
1
−
η t

)w
t
+
θ t

a
t)
≥
κ

(w
t+

1
).

(3
5)

F
ro

m
th

es
e

co
m

p
on

en
ts

w
e

ob
ta

in
th

e
fi
n
al

m
o
d
ifi

ed
p
ro

ce
d
u
re

,
A

lg
or

it
h
m

2
:

a
va

ri
an

t
of

G
C

G
(A

lg
or

it
h
m

1)
th

at
av

oi
d
s

th
e

p
ot

en
ti

al
u
n
b

ou
n
d
ed

n
es

s
of

th
e

su
b
p
ro

b
le

m
(1

3)
b
y

re
p
la

ci
n
g

it
w

it
h

(3
0)

,
w

h
il
e

al
so

co
m

p
le

te
ly

av
oi

d
in

g
ex

p
li
ci

t
ev

al
u
a
ti

on
of

th
e

ga
u
ge

κ
.

T
h
e
I
m
p
r
o
v
e

su
b
ro

u
ti

n
e

ca
n

b
e

ad
a
p
te

d
b
y

m
ir

ro
ri

n
g

T
h
eo

re
m

1.

D
e
fi

n
it

io
n

7
T

h
e

su
br

o
u

ti
n

e
I
m
p
r
o
v
e

in
A

lg
o
ri

th
m

2
is

ca
ll

ed
N
u
l
l

if
fo

r
a
ll
t,

w
t+

1
=

w̃
t+

1
a
n

d
ρ
t+

1
=

ρ̃
t+

1
.

P
ro

vi
d
ed

th
a
t
ρ
t+

1
≥

κ
(w

t+
1
),

I
m
p
r
o
v
e

is
ca

ll
ed

D
e
s
c
e
n
t

if
`(

w
t+

1
)

+
h

(ρ
t+

1
)
≤
`(

w̃
t+

1
)

+
h

(ρ̃
t+

1
);

M
o
n
o
t
o
n
e

if
`(

w
t+

1
)

+
h

(ρ
t+

1
)
≤
`(

w
t)

+
h

(ρ
t)

;
a
n

d
R
e
l
a
x
e
d

if `(
w
t+

1
)

+
h

(ρ
t+

1
)
≤

˜̀ L
(w̃

t+
1
;w

t)
+

(1
−
η t

)h
(ρ
t)

+
η t
h

(θ
t/
η t

).
(3

6)

S
im

il
ar

to
T

h
eo

re
m

1,
R
e
l
a
x
e
d

ca
n

b
e

ea
si

ly
m

or
p
h
ed

to
fu

rt
h
er

sa
ti

sf
y
D
e
s
c
e
n
t

an
d
/o

r
M
o
n
o
t
o
n
e

b
y

co
m

p
ar

in
g

(w
t+

1
,ρ
t+

1
)

w
it

h
(w̃

t+
1
,ρ̃
t+

1
)

an
d
/o

r
(w

t,
ρ
t)

ov
er
`(

w
)
+
h

(ρ
).

A
s

b
ef

or
e
N
u
l
l

an
d
D
e
s
c
e
n
t

ar
e

sp
ec

ia
li
za

ti
on

s
of

R
e
l
a
x
e
d
.

F
or

p
ro

b
le

m
s

of
th

e
fo

rm
(2

2)
,

A
lg

or
it

h
m

2
ca

n
p
ro

v
id

e
si

gn
ifi

ca
n
tl

y
m

or
e

effi
ci

en
t

u
p

d
at

es
th

an
A

lg
or

it
h
m

1.
D

es
p
it

e
th

e
re

la
x
at

io
n
s

in
tr

o
d
u
ce

d
in

A
lg

or
it

h
m

2
to

ac
h
ie

ve
fa

st
er

it
er

at
es

,
th

e
fo

ll
ow

in
g

th
eo

re
m

es
ta

b
li
sh

es
th

at
th

e
p
ro

ce
d
u
re

is
st

il
l
so

u
n
d
,
p
re

se
rv

in
g

es
se

n
ti

al
ly

th
e

sa
m

e
co

n
ve

rg
en

ce
gu

ar
a
n
te

es
as

th
e

m
or

e
ex

p
en

si
ve

A
lg

or
it

h
m

1.

T
h

e
o
re

m
8

L
et
h

:
R

+
→
R

be
a
n

in
cr

ea
si

n
g

co
n

ve
x

fu
n

ct
io

n
,
κ

be
a

co
n

ve
x

ga
u

ge
in

d
u

ce
d

by
th

e
co

n
ve

x
h
u

ll
o
f

a
co

m
pa

ct
a
to

m
ic

se
t
A
∪
{0
},

a
n

d
`

be
L

-s
m

oo
th

a
n

d
co

n
ve

x.
L

et
F

=
`

+
h
◦κ

a
n

d
a
ss

u
m

e
A

lg
o
ri

th
m

2
ge

n
er

a
te

s
a

bo
u

n
d
ed

se
qu

en
ce
{w

t}
.

L
et
α
t
>

0
,
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Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

0
≤
η t
≤

1,
a
n

d
th

e
su

br
o
u

ti
n

e
I
m
p
r
o
v
e

be
R
e
l
a
x
e
d

.
T

h
en

fo
r

a
n

y
w
∈

d
om

F
a
n

d
t
≥

0
,

w
e

h
a
ve

F
(w

t+
1
)
≤
F

(w
)

+
π
t(

1
−
η 0

)(
F

(w
0
)
−
F

(w
))

+
t ∑ s=
0

π
t

π
s
η
2 s

( (
ρ
ε s

+
h

(ρ
/α

s
)
−
h

(ρ
))
/η
s

+
L 2

∥ ∥ ∥
ρ α
s
a
s
−

w
s

∥ ∥ ∥2
) ,

(3
7
)

w
h
er

e
ρ

:=
κ

(w
)

a
n

d
π
t

:=
∏
t s=

1
(1
−
η s

)
w

it
h
π
0

=
1.

T
h
e

p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

A
.4

.
F

ro
m

th
is

th
eo

re
m

,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

ra
te

of
co

n
ve

rg
en

ce
b
y

p
u
rs

u
in

g
a

si
m

il
ar

ar
gu

m
en

t
as

in
th

e
p
ro

of
of

T
h
eo

re
m

5.

C
o
ro

ll
a
ry

9
U

n
d
er

th
e

sa
m

e
se

tt
in

g
a
s

in
T

h
eo

re
m

8
,

le
t
η t

=
2/

(t
+

2)
,
ε t
≤
δη
t/

2
fo

r

so
m

e
a
bs

o
lu

te
co

n
st

a
n

t
δ
>

0
,
α
t

=
α
>

0,
ρ

=
κ

(w
),

a
n

d
L
F

:=
L

su
p
t

∥ ∥ρ α
a
t
−

w
t∥ ∥

2
.

T
h
en

fo
r

a
ll
t
≥

1
a
n

d
w

,
w

e
h
a
ve

F
(w

t)
≤
F

(w
)

+
2(
ρ
δ

+
L
F

)

t
+

3
+
h

(ρ
/α

)
−
h

(ρ
).

(3
8
)

M
o
re

o
ve

r,
if
`
≥

0
a
n

d
h

is
th

e
id

en
ti

ty
m

a
p
,

th
en

F
(w

t)
≤

1 α
F

(w
)

+
2(
ρ
δ

+
L
F

)

t
+

3
.

(3
9
)

S
om

e
re

m
ar

k
s

co
n
ce

rn
in

g
th

is
al

go
ri

th
m

an
d

it
s

co
n
v
er

ge
n
ce

p
ro

p
er

ti
es

a
re

in
o
rd

er
.

R
e
m

a
rk

1
0

W
h
en

α
t

=
1

fo
r

a
ll
t,

a
n

d
h

is
th

e
in

d
ic

a
to

r
ι [
0
,ζ
]

fo
r

so
m

e
ζ
>

0
,

T
h
eo

re
m

9
im

p
li

es
th

e
sa

m
e

co
n

ve
rg

en
ce

ra
te

fo
r

th
e

co
n

st
ra

in
ed

p
ro

bl
em

(2
1)

,
w

h
ic

h
im

m
ed

ia
te

ly
re

co
ve

rs
(s

o
m

e
o
f)

th
e

m
o
re

sp
ec

ia
li

ze
d

re
su

lt
s

d
is

cu
ss

ed
in

(C
la

rk
so

n
,

2
0
1
0
;

H
a
za

n
,

2
0
0
8
;

J
a
gg

i,
2
0
1
3
;

S
h
a
le

v-
S

h
w

a
rt

z
et

a
l.

,
2
0
1
0
;

T
ew

a
ri

et
a
l.

,
2
0
1
1
;

Y
u

a
n

a
n

d
Y

a
n

,
2
0
1
3
).

F
o
r

th
e

sp
ec

ia
l

ca
se

w
h
er

e
h

is
th

e
id

en
ti

ty
m

a
p
,

a
si

m
il

a
r
O

(1
/t

)
ra

te
a
ch

ie
ve

d
by

a
si

m
il

a
r

a
lg

o
ri

th
m

a
p
pe

a
re

d
in

H
a
rc

h
a
o
u

i
et

a
l.

(2
0
1
5
),

w
h
o
se

w
o
rk

sh
o
p

ve
rs

io
n

a
p
pe

a
re

d
a
ro

u
n

d
th

e
sa

m
e

ti
m

e
a
s

o
u

r
co

n
fe

re
n

ce
ve

rs
io

n
(Z

h
a
n

g
et

a
l.

,
2
0
1
2
).

H
a
rc

h
a
o
u

i
et

a
l.

(2
0
1
5
)

co
n

si
d
er

ed
th

e
sl

ig
h
tl

y
m

o
re

re
st

ri
ct

iv
e

se
tt

in
g

w
h
er

e
th

e
co

n
ve

x
ga

u
ge

κ
is

th
e

re
st

ri
ct

io
n

o
f

a
n

o
rm

in
to

a
co

n
ve

x
co

n
e

a
n

d
th

ey
d
id

n
o
t

co
n

si
d
er

(m
u

lt
ip

li
ca

ti
ve

)
a
p
p
ro

xi
m

a
te

po
la

r
co

m
p
u

ta
ti

o
n

s.
T

h
ei

r
a
lg

o
ri

th
m

a
ls

o
n

ee
d
s

to
ev

a
lu

a
te
κ

ex
p
li

ci
tl

y,
w

h
il

e
th

e
ke

y
a
d
va

n
ta

ge
o
f

o
u

r
m

et
h
od

is
to

a
vo

id
th

is
ex

pe
n

si
ve

co
m

p
u

ta
ti

o
n

by
a
n

u
p
pe

r
bo

u
n

d
.

O
n

th
e

o
th

er
h
a
n

d
,

H
a
rc

h
a
o
u

i
et

a
l.

(2
0
1
5
)

in
ve

st
ig

a
te

d
th

e
m

em
o
ry

ba
se

d
a
cc

el
er

a
ti

o
n

in
(H

o
ll

o
w

a
y,

1
9
7
4
;

M
ey

er
,

1
9
7
4
)

w
h
il

e
w

e
d
ev

el
o
p

in
th

e
n

ex
t

se
ct

io
n

a
fi

xe
d
-r

a
n

k
lo

ca
l

im
p
ro

ve
m

en
t

st
ep

.

R
e
m

a
rk

1
1

T
h
e

a
d
d
it

io
n

a
l

fa
ct

o
r
ρ

in
th

e
a
bo

ve
bo

u
n

d
s

is
n

ec
es

sa
ry

be
ca

u
se

th
e

a
p
p
ro

x-
im

a
ti

o
n

in
(3

0)
is

n
o
t

in
va

ri
a
n

t
to

sc
a
li

n
g,

re
qu

ir
in

g
so

m
e

co
m

pe
n

sa
ti

o
n

.
N

o
te

a
ls

o
th

a
t

α
≤

1
,

si
n

ce
th

e
ri

gh
t-

h
a
n

d
si

d
e

o
f

(3
0)

m
u

st
be

co
m

e
n

eg
a
ti

ve
a
s
ε t
→

0
.

T
h
e

re
su

lt
in

(3
9
)

st
a
te

s
ro

u
gh

ly
th

a
t

a
n
α

-a
p
p
ro

xi
m

a
te

su
br

o
u

ti
n

e
(f

o
r

co
m

p
u

ti
n

g
th

e
po

la
r

o
f
κ

)
le

a
d
s

to
a
n

α
-a

p
p
ro

xi
m

a
te

“
m

in
im

u
m

”
,

a
ls

o
a
t

th
e

ra
te

o
f
O

(1
/t

).
T

h
is

o
bs

er
va

ti
o
n

w
a
s

in
d
ep

en
d
en

tl
y

m
a
d
e

in
(B

a
ch

,
2
0
1
3
),

w
h
er

e
th

e
m

u
lt

ip
li

ca
ti

ve
fa

ct
o
r
ρ

is
in

tr
od

u
ce

d
to

so
lv

e
a
p
p
ro

xi
m

a
te

ly
so

m
e

m
a
tr

ix
fa

ct
o
ri

za
ti

o
n

p
ro

bl
em

s.
In

a
si

m
il

a
r

ve
in

,
C

h
en

g
et

a
l.

(2
0
1
6
)

le
ve

ra
ge

d
th

e
m

u
lt

ip
li

ca
ti

ve
gu

a
ra

n
te

e
to

so
lv

e
so

m
e

te
n

so
r

p
ro

bl
em

s.
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

R
e
m

a
rk

1
2

T
h
e

a
ssu

m
p
tio

n
th

a
t{

w
t }

is
bo

u
n

d
ed

ca
n

be
sa

tisfi
ed

ea
sily,

w
h
ich

in
tu

rn
en

su
res

L
F
<
∞

.
T

h
e

sim
p
lest

w
a
y

is
to

po
stu

la
te

th
a
t

th
e

su
blevel

set
{
w
∈

d
o
m
F

:
F

(w
)≤

`(w
0 )

+
h

(ρ
0 )}

is
bo

u
n

d
ed

.
In

th
is

ca
se
{
w
t }

is
trivia

lly
bo

u
n

d
ed

if
M
o
n
o
t
o
n
e

is
u

sed
.

W
h
en

R
e
l
a
x
e
d

is
u

sed
in

stea
d

(w
h
ich

in
clu

d
es

N
u
l
l

a
n

d
D
e
s
c
e
n
t

),
w

e
ca

n
stren

gth
en

it
in

to
M
o
n
o
t
o
n
e

via
th

e
ro

ll-ba
ck

trick
in

T
h
eo

rem
7
.

A
t

fi
rst

sigh
t,

th
e

a
lgo

rith
m

a
p
pea

rs
to

be
stu

ck,
bu

t
in

fa
ct

th
e

d
im

in
ish

in
g

step
size

η
t

w
ill

even
tu

a
lly

lea
d

to
p
rogresses

a
s

gu
a
ra

n
teed

by
T

h
eo

rem
9
.

C
o
m

p
u

ta
tio

n
a
lly,

keep
in

g
tra

ck
o
f
`(w

t )+
h

(ρ
t )

d
oes

n
o
t

in
cu

r
a
n

y
o
verh

ea
d
.

W
e

w
ill

p
ro

vid
e

co
n

crete
va

lu
es/

bo
u

n
d
s

o
f
L
F

fo
r

th
e

ca
se

stu
d
ies

in
S

ectio
n

4
.2

a
n

d
S

ectio
n

4
.4

.

R
e
m

a
rk

1
3

T
h
e

co
n

vergen
ce

resu
lts

in
T

h
eo

rem
8

a
n

d
T

h
eo

rem
9

o
bvio

u
sly

h
o
ld

w
h
en

N
u
l
l

o
r
D
e
s
c
e
n
t

is
em

p
lo

yed
fo

r
I
m
p
r
o
v
e

,
beca

u
se

th
ey

a
re

bo
th

specia
liza

tio
n

s
o
f
R
e
l
a
x
e
d

.
T

h
e

u
pd

a
te

fo
r
θ

in
(34)

requ
ires

kn
o
w

led
ge

o
f

th
e

L
ip

sch
itz

co
n

sta
n

t
L

a
n

d
th

e
n

o
rm
‖·‖.

If
th

e
n

o
rm
‖·‖

is
H

ilbertia
n

a
n

d
h

is
th

e
id

en
tity

m
a
p
,

w
e

h
a
ve

th
e

fo
rm

u
la

θ
t

=
1

L‖
a
t ‖

2
m

ax{〈a
t ,L

η
t w

t −
∇
`(w

t )〉−
1
,0}

.

H
o
w

ever,
it

is
a
lso

ea
sy

to
d
evise

o
th

er
sca

lin
g

a
n

d
step

size
u

pd
a
tes

th
a
t

d
o

n
o
t

requ
ire

th
e

kn
o
w

led
ge

o
f
L

o
r

th
e

n
o
rm
‖·‖,

su
ch

a
s

(η ∗t ,θ ∗t )∈
arg

m
in

1≥
η≥

0
,θ≥

0
`((1−

η
)w

t
+
θa

t )
+

(1−
η
)h

(ρ
t )

+
η
h

(θ/η
),

(40)

fo
llo

w
ed

by
th

e
N
u
l
l

step
.

N
o
te

th
a
t

(40
)

is
jo

in
tly

co
n

vex
in
η

a
n

d
θ,

sin
ce
η
h

(θ/η
)

is
a

perspective
fu

n
ctio

n
.

E
vid

en
tly

th
is

u
pd

a
te

ca
n

be
trea

ted
a
s

a
R
e
l
a
x
e
d

su
bro

u
tin

e,
sin

ce
fo

r
a
n

y
(η
t ,θ

t )
ch

o
sen

in
step

4
o
f

A
lgo

rith
m

2
,

it
fo

llo
w

s
th

a
t

`(w
t+

1 )
+
h

(ρ
t+

1 )≤
`((1−

η ∗t )w
t
+
θ ∗t a

t )
+

(1−
η ∗t )h

(ρ
t )

+
η ∗t h

(θ ∗t /η ∗t )

≤
`((1−

η
t )w

t
+
θ
t a
t )

+
(1−

η
t )h

(ρ
t )

+
η
t h

(θ
t /η

t )
(b

y
(40))

≤
˜̀L

(w̃
t+

1 ;w
t )

+
(1−

η
t )h

(ρ
t )

+
η
t h

(θ
t /η

t ).

T
h
e

u
p
per

bo
u

n
d
ρ
t+

1
≥
κ

(w
t+

1 )
ca

n
be

verifi
ed

in
th

e
sa

m
e

w
a
y

a
s

fo
r

(35);
h

en
ce

th
e

u
pd

a
te

(40
)

en
jo

ys
th

e
sa

m
e

co
n

vergen
ce

gu
a
ra

n
tee

a
s

in
T

h
eo

rem
9
.

R
e
m

a
rk

1
4

A
n

a
ltern

a
tive

w
o
rka

ro
u

n
d

fo
r

so
lvin

g
(7)

w
ith

ga
u

ge
regu

la
riza

tio
n

w
o
u

ld
be

to
im

po
se

a
n

u
p
per

bo
u

n
d
ζ
≥
κ

(w
)

a
n

d
co

n
sid

er
m

in
w
:κ
(w

)≤
ζ {
`(w

)
+
κ

(w
)}

,
w

h
ile

d
yn

a
m

ica
lly

a
d
ju

stin
g
ζ

.
A

sta
n

d
a
rd

G
C

G
a
p
p
roa

ch
,

sim
ila

r
to

(H
a
rch

a
o
u

i
et

a
l.,

2
0
1
5
),

w
o
u

ld
th

en
requ

ire
so

lvin
g

d
t ∈

arg
m

in
d
:κ
(d

)≤
ζ {〈d

,∇
`(w

t )〉
+
κ

(d
)}

(41)

a
s

a
su

bp
ro

blem
,

w
h
ich

ca
n

be
a
s

ea
sy

to
so

lve
a
s

(30).
If,

h
o
w

ever,
o
n

e
w

ish
ed

to
in

clu
d
e

a
loca

l
im

p
ro

vem
en

t
step

I
m
p
r
o
v
e

(w
h
ich

is
essen

tia
l

in
p
ra

ctice),
it

is
n

o
t

clea
r

h
o
w

to
effi

-
cien

tly
m

a
in

ta
in

th
e

co
n

stra
in

t
κ

(w
)≤

ζ
.

M
o
reo

ver,
so

lvin
g

(41)
u

p
to

so
m

e
m

u
ltip

licative
fa

cto
r

m
igh

t
n
o
t

be
a
s

ea
sy

a
s

(30).
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Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

3
.3

A
d

d
itio

n
a
l

D
isc

u
ssio

n
s

a
n

d
R

e
la

te
d

W
o
rk

In
th

is
section

w
e

d
iscu

ss
som

e
fu

rth
er

p
rop

erties
an

d
ex

ten
sion

s
of

th
e

G
C

G
a
lgorith

m
.

S
m

o
o
th

in
g

:
T

h
e

con
vergen

ce
rates

w
e

h
ave

estab
lish

ed
req

u
ire

th
e

con
vex

loss
`

to
b

e
L

-sm
o
oth

.
A

lth
ou

gh
th

is
h
old

s
for

a
va

riety
of

losses
su

ch
as

th
e

sq
u
are

an
d

logistic
loss,

it
d
o
es

n
ot

h
old

for
th

e
h
in

ge
loss

u
sed

in
su

p
p

ort
vector

m
ach

in
es.

H
ow

ever,
on

e
can

alw
ay

s
ap

p
rox

im
ate

a
n
on

sm
o
oth

(L
ip

sch
itz)

loss
b
y

a
sm

o
o
th

fu
n
ction

(N
esterov

,
2005)

b
efore

ap
p
ly

in
g

G
C

G
,

at
th

e
ex

p
en

se
of

gettin
g

a
slow

er
O

(1/ √
t)

rate
of

con
vergen

ce.
T

o
ta

lly
C

o
rre

c
tiv

e
:

A
s
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h
u
u
r
m
a
n
s

4
.1

L
o
w

R
a
n

k
L

e
a
rn

in
g

P
ro

b
le

m
s

M
an

y
m

ac
h
in

e
le

ar
n
in

g
ta

sk
s,

su
ch

as
d
ic

ti
on

ar
y

le
ar

n
in

g
an

d
m

at
ri

x
co

m
p
le

ti
o
n
,

ca
n

b
e

fo
rm

u
la

te
d

as
se

ek
in

g
lo

w
ra

n
k

m
at

ri
x

ap
p
ro

x
im

at
io

n
s

of
a

gi
ve

n
d
at

a
m

a
tr

ix
.

In
th

es
e

p
ro

b
le

m
s,

on
e

is
p
re

se
n
te

d
w

it
h

an
n
×
m

m
a
tr

ix
X

(p
er

h
ap

s
on

ly
p
ar

ti
al

ly
ob

se
rv

ed
)

w
h
er

e
ea

ch
co

lu
m

n
co

rr
es

p
on

d
s

to
a

tr
ai

n
in

g
ex

am
p
le

an
d

ea
ch

ro
w

co
rr

es
p

on
d
s

to
a

fe
a
tu

re
a
cr

os
s

ex
am

p
le

s;
th

e
go

al
is

to
re

co
ve

r
a

lo
w

ra
n
k

m
at

ri
x
W

th
at

ap
p
ro

x
im

at
es

(t
h
e

o
b
se

rv
ed

en
tr

ie
s

of
)
X

.
T

o
ac

h
ie

ve
th

is
,

w
e

as
su

m
e

w
e

ar
e

gi
ve

n
a

co
n
ve

x
lo

ss
fu

n
ct

io
n
`(
W

)
:=

L
(W

,X
)

th
at

m
ea

su
re

s
h
ow

w
el

l
W

ap
p
ro

x
im

at
es
X

.2
If

w
e

im
p

os
e

a
h
ar

d
b

ou
n
d
,
t,

o
n

th
e

ra
n
k

o
f

W
,

th
e

co
re

tr
ai

n
in

g
p
ro

b
le

m
ca

n
th

en
b

e
ex

p
re

ss
ed

as

in
f

W
:r
a
n
k
(W

)≤
t
`(
W

)
=

in
f

U
∈R

n
×
t

in
f

V
∈R

t×
m
`(
U
V

).
(4

3
)

U
n
fo

rt
u
n
at

el
y,

th
is

p
ro

b
le

m
is

n
ot

co
n
v
ex

,
an

d
ex

ce
p
t

fo
r

sp
ec

ia
l

ca
se

s
(s

u
ch

a
s

S
V

D
)

is
b

el
ie

ve
d

to
b

e
in

tr
ac

ta
b
le

.
T

h
e

tw
o

fo
rm

s
of

th
is

p
ro

b
le

m
th

at
w

e
w

il
l

ex
p
li
ci

tl
y

il
lu

st
ra

te
in

th
is

p
a
p

er
a
re

d
ic

ti
o
-

n
ar

y
le

ar
n
in

g
an

d
m

at
ri

x
co

m
p
le

ti
on

.
F

ir
st

,
fo

r
d
ic

ti
on

ar
y

le
ar

n
in

g,
th

e
n
×
m

d
a
ta

m
a
tr

ix
X

is
fu

ll
y

ob
se

rv
ed

,
th

e
n
×
t

m
at

ri
x
U

is
in

te
rp

re
te

d
a
s

a
“d

ic
ti

on
ar

y
”

co
n
si

st
in

g
o
f
t

b
a
si

s
ve

ct
or

s,
an

d
th

e
t
×
m

m
at

ri
x
V

is
in

te
rp

re
te

d
as

th
e

“c
o
effi

ci
en

ts
”

co
n
si

st
in

g
o
f
m

co
d
e

ve
ct

or
s.

F
or

th
is

p
ro

b
le

m
,

th
e

d
ic

ti
on

ar
y

an
d

co
effi

ci
en

t
m

at
ri

ce
s

n
ee

d
to

b
e

in
fe

rr
ed

si
-

m
u

lt
a
n

eo
u

sl
y,

in
co

n
tr

as
t

to
tr

ad
it

io
n
a
l

si
gn

a
l

ap
p
ro

x
im

at
io

n
sc

h
em

es
w

h
er

e
th

e
d
ic

ti
o
n
a
ry

(e
.g

.,
th

e
F

ou
ri

er
or

a
w

av
el

et
b
as

is
)

is
fi
x
ed

a
p
ri

o
ri

.
U

n
fo

rt
u
n
at

el
y,

le
ar

n
in

g
th

e
d
ic

ti
o
n
a
ry

w
it

h
th

e
co

effi
ci

en
ts

cr
ea

te
s

si
gn

ifi
ca

n
t

co
m

p
u
ta

ti
on

al
ch

al
le

n
ge

si
n
ce

th
e

fo
rm

u
la

ti
o
n

is
n
o

lo
n
ge

r
jo

in
tl

y
co

n
ve

x
in

th
e

va
ri

ab
le

s
U

an
d
V

,
ev

en
w

h
en

th
e

lo
ss
`

is
co

n
ve

x
.

In
d
ee

d
,

fo
r

a
fi
x
ed

d
ic

ti
on

ar
y

si
ze
t,

th
e

p
ro

b
le

m
is

k
n
ow

n
to

b
e

N
P

-h
ar

d
(V

av
as

is
,

20
1
0
)

ex
ce

p
t

fo
r

ve
ry

sp
ec

ia
l

ca
se

s
(Y

u
an

d
S
ch

u
u
rm

an
s,

20
11

).
T

h
e

se
co

n
d

le
ar

n
in

g
p
ro

b
le

m
w

e
il
lu

st
ra

te
is

lo
w

ra
n
k

m
at

ri
x

co
m

p
le

ti
o
n
.

H
er

e,
o
n
e

ob
se

rv
es

a
sm

al
l

n
u
m

b
er

of
en

tr
ie

s
in
X
∈
R
n
×
m

an
d

th
e

ta
sk

is
to

in
fe

r
th

e
re

m
a
in

in
g

en
tr

ie
s.

In
th

is
ca

se
,

th
e

op
ti

m
iz

at
io

n
ob

je
ct

iv
e

ca
n

b
e

ex
p
re

ss
ed

as
`(
W

)
:=

L
(P

(W
−
X

))
,

w
h
er

e
L

is
a

re
co

n
st

ru
ct

io
n

lo
ss

(s
u
ch

as
F

ro
b

en
iu

s
n
or

m
sq

u
ar

ed
)

an
d
P

:
R
n
×
m
→
R
n
×
m

is
a

“m
as

k
”

op
er

at
or

th
at

si
m

p
ly

fi
ll
s

th
e

en
tr

ie
s

co
rr

es
p

on
d
in

g
to

u
n
ob

se
rv

ed
in

d
ic

es
in

X
w

it
h

ze
ro

.
V

ar
io

u
s

re
co

m
m

en
d
at

io
n

p
ro

b
le

m
s,

su
ch

as
th

e
N

et
fl
ix

p
ri

ze
,3

ca
n

b
e

ca
st

as
m

at
ri

x
co

m
p
le

ti
on

.
D

u
e

to
th

e
il
l-

p
os

ed
n
at

u
re

of
th

e
p
ro

b
le

m
it

is
st

an
d
a
rd

to
a
ss

u
m

e
th

at
th

e
m

at
ri

x
X

ca
n

b
e

w
el

l
ap

p
ro

x
im

at
ed

b
y

a
lo

w
ra

n
k

re
co

n
st

ru
ct

io
n
W

.
U

n
fo

rt
u
-

n
at

el
y,

th
e

ra
n
k

fu
n
ct

io
n

is
n
ot

co
n
ve

x
,

h
en

ce
h
ar

d
to

m
in

im
iz

e
in

ge
n
er

al
.

C
o
n
v
en

ie
n
tl

y,
b

ot
h

th
e

d
ic

ti
on

ar
y

le
ar

n
in

g
an

d
m

at
ri

x
co

m
p
le

ti
on

p
ro

b
le

m
s

ar
e

su
b
su

m
ed

b
y

th
e

g
en

er
a
l

fo
rm

u
la

ti
on

w
e

co
n
si

d
er

in
(4

3)
.

4
.2

G
e
n

e
ra

l
C

o
n
v
e
x

R
e
la

x
a
ti

o
n

a
n

d
S

o
lu

ti
o
n

v
ia

G
C

G

T
o

d
ev

el
op

a
co

n
ve

x
re

la
x
at

io
n

of
(4

3)
,

w
e

fi
rs

t
co

n
si

d
er

th
e

fa
ct

or
ed

fo
rm

u
la

ti
o
n

ex
p
re

ss
ed

in
te

rm
s

of
U

an
d
V

on
th

e
ri

gh
t

h
an

d
si

d
e.

A
lt

h
ou

gh
it

on
ly

in
vo

lv
es

an
u
n
co

n
st

ra
in

ed
m

in
im

iz
at

io
n

w
h
ic

h
ca

n
b

e
co

n
ve

n
ie

n
t,

ca
re

is
n
ee

d
ed

to
h
an

d
le

th
e

sc
al

e
in

va
ri

a
n
ce

in
tr

o
-

d
u
ce

d
b
y

th
e

fa
ct

or
ed

fo
rm

:
si

n
ce
U

ca
n

al
w

ay
s

b
e

sc
a
le

d
an

d
V

co
u
n
te

r-
sc

a
le

d
to

p
re

se
rv

e

2
.

N
o
te

th
a
t

th
e

m
a
tr

ix
W

n
ee

d
n

o
t

re
co

n
st

ru
ct

th
e

en
tr

ie
s

o
f
X

d
ir

ec
tl

y
:

a
n

o
n

li
n

ea
r

tr
a
n

sf
er

co
u

ld
b

e
in

te
rp

o
se

d
w

h
il

e
m

a
in

ta
in

in
g

co
n
v
ex

it
y

o
f
`;

fo
r

ex
a
m

p
le

,
b
y

u
si

n
g

a
n

a
p

p
ro

p
ri

a
te

B
re

g
m

a
n

d
iv

er
g
en

ce
.

3
.

h
t
t
p
:
/
/
w
w
w
.
n
e
t
f
l
i
x
p
r
i
z
e
.
c
o
m
/
/
c
o
m
m
u
n
i
t
y
/
v
i
e
w
t
o
p
i
c
.
p
h
p
?
i
d
=
1
5
3
7

1
8
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

th
e

p
ro

d
u
ct
U
V

,
som

e
form

of
p

en
alty

or
con

strain
t

is
req

u
ired

to
restore

w
ell-p

osed
n
ess.

A
sta

n
d
a
rd

stra
tegy

is
to

con
strain

U
,

for
w

h
ich

a
p
articu

larly
com

m
on

ch
oice

is
to

con
strain

its
co

lu
m

n
s

to
h
ave

u
n
it

len
gth

;
i.e.‖

U
:i ‖

c ≤
1

for
all

i,
w

h
ere

U
:i

stan
d
s

fo
r

th
e
i-th

colu
m

n
o
f
U

,
a
n
d
c

sim
p
ly

d
en

otes
som

e
n
orm

on
th

e
colu

m
n
s.

In
d
iction

ary
learn

in
g,

fo
r

ex
am

p
le,

th
is

a
m

o
u
n
ts

to
con

strain
in

g
th

e
b
asis

vectors
in

th
e

d
iction

ary
U

to
lie

w
ith

in
th

e
u
n
it

b
all

o
f‖·‖

c .
S
im

ila
r

n
orm

alization
can

b
e

u
sed

to
rep

resen
t

th
e

row
s
V
i: ,

w
ith

th
e

m
ag

n
itu

d
e

en
co

d
ed

b
y
σ
i ≥

0.
In

con
seq

u
en

ce,
th

e
u
n
con

strain
ed

op
tim

ization
over

`(U
V

)
in

(43)
can

b
e

refo
rm

u
la

ted
as

m
in

U
∈
R
n×

t,V
∈
R
t×
m
,σ∈

R
t
`(U

d
iag

(σ
)V

),
s.t.

‖U
:i ‖

c ≤
1
,
‖V

i: ‖
r ≤

1
,

a
n
d
σ
i ≥

0.
(44)

H
ere

σ
:=

(σ
1 ,σ

2 ,...,σ
t ) >

,
an

d
d
iag

(σ
)

is
a

d
iagon

al
m

atrix
w

ith
th

e
i-th

d
iago

n
al

en
try

b
ein

g
σ
i .

T
h
e

sp
ecifi

c
form

of
th

e
row

n
orm
‖·‖

r
p
rov

id
es

ad
d
ition

al
fl
ex

ib
ility

in
p
rom

otin
g

d
iff

eren
t

stru
ctu

res;
for

ex
am

p
le,

th
e
l1

n
orm

lead
s

to
sp

arse
solu

tion
s,

th
e
l2

n
o
rm

y
ield

s
low

ra
n
k

solu
tion

s,
an

d
b
lo

ck
stru

ctu
red

n
orm

s
gen

era
te

grou
p

sp
arsity.

T
h
e

sp
ecifi

c
form

o
f

th
e

co
lu

m
n

n
orm

‖·‖
c

also
h
as

an
eff

ect,
as

d
iscu

ssed
in

S
ection

4.4
b

elow
.

O
f

co
u
rse

th
e

p
rob

lem
rem

ain
s

n
on

-con
vex

.
H

ow
ever,

it
h
as

recen
tly

b
een

ob
served

th
at

a
sim

p
le

relax
ation

of
th

e
ran

k
con

strain
t

in
(43)

allow
s

a
con

v
ex

reform
u
lation

to
b

e
a
ch

ieved
(A

rgy
riou

et
al.,

2008;
B

ach
et

al.,
2008;

B
rad

ley
an

d
B

agn
ell,

2009;
Z

h
an

g
et

al.,
2
0
1
1
).

O
b
serve

th
at

rep
lacin

g
th

e
ra

n
k

con
strain

t
w

ith
a

regu
larization

p
en

alty
on

th
e

m
ag

n
itu

d
e
σ
i

of
each

b
asis

p
air

(U
:i ,V

i: )
y
ield

s
a

relax
ed

form
of

(43):

in
f

U
:‖
U
:i ‖
c ≤

1
in

f
V
:‖
V
i: ‖
r ≤

1
in

f
σ
:σ
i ≥

0
`(U

d
iag

(σ
)V

)
+
λ‖
σ‖

1
,

(45)

w
h
ere

th
e

n
u
m

b
er

of
colu

m
n
s

in
U

(an
d

also
th

e
n
u
m

b
er

of
row

s
in
V

)
is

n
o
t

restricted
.

S
im

ila
r

to
L

a
sso,

th
e
l1

n
orm

on
th

e
“
sin

gu
lar

valu
es”

(com
b
in

ation
w

eigh
ts)
σ

is
u
sed

as
a

p
en

a
lty

th
a
t

serves
as

a
con

vex
p
rox

y
for

ran
k
.

B
y

th
e

sh
rin

kage
eff

ect
of

th
e
l1

n
orm

,
m

an
y

σ
i

w
ill

b
ecom

e
zero,

im
p
ly

in
g

th
at

th
e

corresp
on

d
in

g
colu

m
n
s

of
U

(a
n
d

row
s

of
V

)
can

b
e

d
ro

p
p

ed
.

A
s

a
resu

lt,
th

e
ran

k
of

th
e

solu
tion

—
w

h
ich

is
in

d
eed

u
n
k
n
ow

n
a

p
rio

ri—
can

b
e

ch
o
sen

a
d
a
p
tiv

ely
w

ith
th

e
trad

e-off
p
aram

eter
λ
≥

0.
Im

p
o
rta

n
tly,

alth
ou

gh
th

e
p
rob

lem
(45)

is
still

n
ot

join
tly

con
v
ex

in
th

e
factors

U
,
V

a
n
d
σ

,
it

ca
n

b
e

ex
actly

reform
u
lated

as
a

con
vex

op
tim

ization
as

lon
g

as
`

is
co

n
vex

:

(4
5
)

=
m

in
W

`(W
)

+
λ

in
f {
∑

i

σ
i

:
σ
≥

0
,W

=
∑

i

σ
i U

:i V
i: ,‖

U
:i ‖

c ≤
1
,‖
V
i: ‖

r ≤
1 }

(46)

=
m

in
W

`(W
)

+
λ
κ

(W
),

(47)

w
h
ere

th
e

g
a
u
g
e
κ

is
d
efi

n
ed

b
y

th
e

follow
in

g
setA

w
ith

u
n
cou

n
tab

ly
m

an
y

elem
en

ts

A
:=
{
u

v
>

:
u
∈
R
n
,v
∈
R
m
,‖

u‖
c ≤

1
,‖

v‖
r ≤

1}
.

(48)

T
h
e

resu
ltin

g
con

vex
form

u
lation

(47)
h
as

b
een

ob
served

,
in

variou
s

form
s,

b
y,

e.g.,
A

r-
g
y
riou

et
a
l.

(2
008);

B
ach

et
al.

(2008);
Z

h
an

g
et

al.
(2011);

W
h
ite

et
al.

(201
2).

H
ow

ev
er

o
u
r

d
eriva

tio
n
,

fi
rst

p
resen

ted
in

(Z
h
a
n
g

et
al.,

2012),
p
rov

id
es

a
m

u
ch

sim
p
ler

an
d

fl
ex

ib
le

v
iew

b
a
sed

o
n

con
vex

gau
ges,

w
h
ich

also
estab

lish
es

a
d
irect

con
n
ection

to
th

e
G

C
G

m
eth

o
d

1
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,
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n
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,
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c
h
u
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r
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3.2,
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t
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d
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T
h
e
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u
lation

(47)
reveals
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e

relax
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learn
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g
p
rob
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is
essen

tially
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p
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d
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u
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u
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κ
◦(G

)
=

su
p

A
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cien

t
im

p
lem

en
tation

.
H

ow
ev

er,
th

is
sim

p
licity

m
u
st

b
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con
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b
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‖·‖
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‖·‖
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‖·‖
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b
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m
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m
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b
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vex
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b
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Z
h
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Im
p

ortan
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th
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n
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(45)
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roff

er
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le
fl
ex
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to
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gh
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b
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m
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W
e
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ex
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th
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th
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p
p
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a
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p
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is

su
b
section

w
ith

a
b
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b
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recon
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e
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W
∈
R
n×
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2‖P
‖
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‖
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R
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m
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‖
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b
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p
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b
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f
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l.

(2
0
1
6
)

to
ten

so
r

p
ro

b
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d
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n
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p
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p
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at
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p
ro

b
ab

il
it

y,
ev

en
w

h
en

on
ly

a
sm

al
l

ra
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p
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e
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,

si
n
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(5
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a
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ti
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,

th
e

m
o
d
ifi

ed
G

C
G

al
go

ri
th

m
,

A
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th
m

2,
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n
b

e
im
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p
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.
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p
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h
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n
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w
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e
m
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ra
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P
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ra
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d
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A
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h
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ra

te
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G
C

G
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P
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re
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h
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re
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p
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h
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b
y
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∇
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b
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al

n
or

m
),

w
h
ic

h
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p
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b
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h
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re
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ra
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b
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re
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b
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p
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d
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ra
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b
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b
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b
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an
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o
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=
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l
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m
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b
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∈
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‖ 0

,
th

en
th

e
u
p
p

er
b

ou
n
d

on
L
F

w
il
l

b
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p
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p
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b
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p
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p
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p
er

ti
es

of
a
R
e
l
a
x
e
d

su
b
ro

u
ti

n
e

in
A

lg
or

it
h
m

2,
w

h
ic

h
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b
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b
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ra
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p
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(5
1
)

co
n
ta

in
s

a
t

m
o
st
k

n
o
n

ze
ro

el
em

en
ts

fo
r
k

eq
u

a
l

to
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an
d

con
d
u
cted

50%
of

h
is

w
ork

on
th

is
p
ap

er.
W

e
th

an
k

C
sab

a
S
zep

esv
ári,

th
e

action
ed

itor,
an

d
th

e
rev

iew
ers

at
variou

s
stages

of
th

is
w

ork
for

th
e

m
an

y
con

stru
ctive

com
m

en
ts.

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

fo
r
S
e
ctio

n
3

A
.1

P
ro

o
f

o
f

T
h

e
o
re

m
2

S
in

ce
∇
`

is
L

ip
sch

itz
con

tin
u
ou

s,
it

m
u
st

b
e

u
n
iform

ly
con

tin
u
ou

s
on

b
ou

n
d
ed

set.

(a):
L

et
C

b
e

th
e

closu
re

of
th

e
seq

u
en

ce{w
t }
t .

D
u
e

to
th

e
com

p
actn

ess
assu

m
p
tion

on
th

e
su

b
level

set
an

d
th

e
m

on
oton

icity
of
F

(w
t ),

C
is

com
p
act.

M
oreover

C
⊆

d
om

f
sin

ce
for

all
clu

ster
p

oin
ts,

say
w

,
of

w
t

w
e

h
ave

from
th

e
closed

n
ess

of
F

th
at
F

(w
)
≤

lim
in

f
F

(w
t
k )
≤
F

(w
0 )

<
∞

.
S
in

ce
−
∇
`

is
con

tin
u
o
u
s,
−
∇
`(C

)
is

a
com

p
act

su
b
set

of
in

t(d
om

f
∗),

th
e

in
terior

of
d
om

f
∗.

N
ote

th
at

f
∗

is
con

tin
u
ou

s
on

th
e

in
terior

of
its

d
om

ain
,

th
erefore

its
su

b
d
iff

eren
tial

is
lo

cally
b

ou
n
d
ed

on
−
∇
`(C

),
see

e.g.
(B

orw
ein

an
d

3
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

V
an

d
er

w
er

ff
,

20
10

,
P

ro
p

os
it

io
n

4.
1.

26
).

A
st

an
d
ar

d
co

m
p
ac

tn
es

s
ar

g
u
m

en
t

th
en

es
ta

b
li
sh

es
th

e
b

ou
n
d
ed

n
es

s
of

(∂
f
∗ )

(−
∇
`(
C

))
.

T
h
u
s
{d

t}
t

is
b

ou
n
d
ed

.
(b

):
N

ot
e

fi
rs

t
th

at
th

e
b

ou
n
d
ed

n
es

s
of
{w

t}
t

fo
ll
ow

s
im

m
ed

ia
te

ly
fr

om
th

e
b

ou
n
d
ed

n
es

s
as

su
m

p
ti

on
on

th
e

su
b
le

v
el

se
t,

th
a
n
k
s

to
th

e
m

on
ot

on
ic

p
ro

p
er

ty
of
F

(w
t)

.
S
in

ce
∇
`

is
u
n
if

or
m

ly
co

n
ti

n
u
ou

s,
th

e
se

t
{−
∇
`(

w
t)
} t

is
ag

ai
n

b
ou

n
d
ed

.
O

n
th

e
ot

h
er

h
an

d
,

w
e

k
n
ow

fr
om

(B
or

w
ei

n
an

d
V

an
d
er

w
er

ff
,

20
10

,
T

h
eo

re
m

4.
4.

13
,

P
ro

p
os

it
io

n
4.

1.
25

)
th

at
f

is
su

p
er

-
co

er
ci

ve
iff
∂
f
∗

m
ap

s
b

ou
n
d
ed

se
ts

in
to

b
ou

n
d
ed

se
ts

.
T

h
er

ef
or

e
{d

t}
t

is
ag

ai
n

b
ou

n
d
ed

.
(c

):
T

h
is

is
cl

ea
r.

N
ot

e
th

at
th

e
co

n
ve

x
it

y
of
`

is
n
ot

u
se

d
in

th
is

p
ro

of
.

A
.2

P
ro

o
f

o
f

T
h

e
o
re

m
4

S
in

ce
`

is
L

-s
m

o
ot

h
,

fo
r

th
e

se
q
u
en

ce
s
{w

t}
an

d
{d

t}
ge

n
er

at
ed

b
y

A
lg

or
it

h
m

1,
an

d
fo

r
al

l
η
∈

[0
,1

],
w

e
h
av

e

`(
w
t
+
η
(d

t
−

w
t)

)
≤
`(

w
t)

+
η
〈d

t
−

w
t,
∇
`(

w
t)
〉+

L
η
2

2
‖d

t
−

w
t‖

2
.

(6
3)

S
in

ce
th

e
su

b
ro

u
ti

n
e

is
R
e
l
a
x
e
d

an
d

th
e

su
b
p
ro

b
le

m
(1

3)
is

so
lv

ed
u
p

to
so

m
e
ε t
≥

0,

F
(w

t+
1
)
≤
`(

w
t)

+
η t
〈d

t
−

w
t,
∇
`(

w
t)
〉+

L
η
2 t

2
‖d

t
−

w
t‖

2
+

(1
−
η t

)f
(w

t)
+
η t
f

(d
t)

≤
F

(w
t)
−
η t
G

(w
t)

+
L
η
2 t

2
‖d

t
−

w
t‖

2
+
η t
ε t

=
F

(w
t)
−
η t
G

(w
t)

+
η
2 t
(ε
t/
η t

+
L 2
‖d

t
−

w
t‖

2
).

D
efi

n
e

∆
t

:=
F

(w
t)
−
F

(w
)

an
d
G
t

:=
G

(w
t)

.
T

h
u
s

∆
t+

1
≤

∆
t
−
η t
G
t
+
η
2 t
(ε
t/
η t

+
L 2
‖d

t
−

w
t‖

2
),

an
d

∆
t
≤

G
t.

(6
4)

P
lu

g
th

e
la

tt
er

in
to

th
e

fo
rm

er
an

d
ex

p
an

d
:

∆
t+

1
≤
π
t(

1
−
η 0

)∆
0

+
t ∑ s=
0

π
t

π
s
η
2 s
(ε
s
/η
s

+
L 2
‖d

s
−

w
s
‖2

).
(6

5)

T
o

p
ro

ve
th

e
se

co
n
d

cl
ai

m
,

w
e

h
av

e
fr

om
(6

4)
η t
G
t
≤

∆
t
−

∆
t+

1
+
η
2 t
(ε
t/
η t

+
L 2
‖d

t
−

w
t‖

2
).

S
u
m

m
in

g
fr

om
k

to
t:

(
m

in
k
≤
s≤
t
G
s

)
t ∑ s=
k

η s
≤

t ∑ s=
k

η s
G
s
≤
F

(w
k
)
−
F

(w
t+

1
)

+
t ∑ s=
k

η
2 s
(ε
s
/η
s

+
L 2
‖d

s
−

w
s
‖2

).

R
ea

rr
an

gi
n
g

co
m

p
le

te
s

th
e

p
ro

of
.

A
.3

P
ro

o
f

o
f

T
h

e
o
re

m
5

A
s
η t

=
2
t+

2
,
w

e
h
av

e
η 0

=
1

an
d
π
t

=
2

(t
+
1
)(
t+

2
)
.

F
or

th
e

fi
rs

t
cl

ai
m

(u
p
p

er
b

ou
n
d

on
F

(w
t)

)

al
l

w
e

n
ee

d
to

ve
ri

fy
is

th
at

,
b
y

in
d
u
ct

io
n
,

1
(t
+
1
)(
t+

2
)

∑
t s=

0
s+

1
s+

2
≤

1
t+

4
.

T
h
is

is
el

em
en

ta
ry

.

W
e

p
ro

v
e

th
e

se
co

n
d

cl
ai

m
b
y

a
se

q
u
en

ce
of

ca
lc

u
la

ti
on

s
si

m
il
ar

to
th

at
in

(F
re

u
n
d

an
d

G
ri

ga
s,

20
16

).
F

ir
st

,
u
si

n
g

(1
9)

an
d

th
e

b
ou

n
d

on
F

(w
t)

in
(2

0)
w

it
h
t

=
1

an
d

w
=

w
2
:

G̃
1 1
≤

1 η
1

( F
(w

1
)
−
F

(w
2
)

+
η
2 1 2

(δ
+
L
F

))
≤

3 2

( 1 2
(δ

+
L
F

)
+

2 9
(δ

+
L
F

))
=

1
3

1
2

(δ
+
L
F

),
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Y
u
,
Z
h
a
n
g
,
a
n
d

S
c
h
u
u
r
m
a
n
s

p
ro

v
in

g
th

e
se

co
n
d

cl
ai

m
on

G̃
t 1

fo
r
t

=
1
,2

(n
ot

e
th

a
t
G̃
2 1
≤

G̃
1 1

b
y

d
efi

n
it

io
n
).

F
o
r
t
≥

3
,

w
e

co
n
si

d
er
k

=
t/

2
−

1
if
t

is
ev

en
an

d
k

=
(t

+
1)
/2
−

1
ot

h
er

w
is

e.
C

le
ar

ly
k
≥

1
,

h
en

ce

t ∑ s=
k

η s
=

2
t ∑ s=
k

1

s
+

2
≥

2

∫
t

k
−
1

1

s
+

2
d
s

=
2

ln
t

+
2

k
+

1
≥

2
ln

2
,

t ∑ s=
k

η
2 s
/2

=
2

t ∑ s=
k

1

(s
+

2)
2
≤

2

∫
t+

1

k

1

(s
+

2)
2
d
s

=
2

(
1

k
+

2
−

1

t
+

3

)
.

U
si

n
g

ag
ai

n
(1

9)
,

an
d

th
e

b
ou

n
d

on
F

(w
t)

in
(2

0)
w

it
h
t

=
k

an
d

w
=

w
t+

1
:

G̃
t 1
≤

G̃
t k
≤
δ

+
L
F

2
ln

2

(
2

k
+

3
+

2

k
+

2
−

2

t
+

3

)
≤
δ

+
L
F

ln
2

(
2

t
+

2
+

1

t
+

3

)
≤

3
(δ

+
L
F

)

t
ln

2
.

A
.4

P
ro

o
f

o
f

T
h

e
o
re

m
8

A
p
ro

of
ca

n
b

e
b
as

ed
on

th
e

si
m

p
le

ob
se

rv
at

io
n

th
at

th
e

ob
je

ct
iv

e
va

lu
e
F
?

sa
ti

sfi
es

F
?

:=
in

f
w
{`

(w
)

+
f

(w
)}

=
in

f
w
,ρ
:κ
(w

)≤
ρ
`(

w
)

+
h

(ρ
).

(6
6
)

N
ot

e
th

at
if
ρ

w
er

e
k
n
ow

n
,

th
e

th
eo

re
m

co
u
ld

h
av

e
b

ee
n

p
ro

ve
d

as
b

ef
or

e.
T

h
e

k
ey

id
ea

b
eh

in
d

th
e

st
ep

si
ze

ch
oi

ce
(3

4)
is

to
en

su
re

th
at

A
lg

or
it

h
m

2
p

er
fo

rm
s

al
m

o
st

th
e

sa
m

e
a
s

if
it

k
n
ew

th
e

u
n

kn
o
w

n
b
u
t

fi
x
ed

co
n
st

an
t
ρ

=
κ

(w
)

b
ef

or
eh

an
d
.

C
on

si
d
er

an
ar

b
it

ra
ry

w
an

d
le

t
ρ

=
κ

(w
).

W
e

al
so

u
se

th
e

sh
or

th
an

d
F̂
t

:=
`(

w
t)

+
h

(ρ
t)
≥
`(

w
t)

+
f

(w
t)

=
F

(w
t)

.
T

h
en

,
th

e
fo

ll
ow

in
g

ch
ai

n
of

in
eq

u
al

it
ie

s
ca

n
b

e
ve

ri
fi
ed

:

F̂
t+

1
:=

`(
w
t+

1
)

+
h

(ρ
t+

1
)

≤
F̂
t
+
〈θ
ta
t
−
η t

w
t,
∇
`(

w
t)
〉+

L 2
‖θ
ta
t
−
η t

w
t‖

2
−
η t
h

(ρ
t)

+
η t
h

(θ
t/
η t

)

≤
F̂
t
+
η t

〈
ρ α
t
a
t
−

w
t,
∇
`(

w
t)
〉

+
L
η
2 t

2

∥ ∥ ∥
ρ α
t
a
t
−

w
t∥ ∥ ∥2
−
η t
h

(ρ
t)

+
η t
h

(ρ
/
α
t)

≤
F̂
t
+

m
in

z
:κ
(z
)≤
ρ
η t
〈z
−

w
t,
∇
`(

w
t)
〉+

η t
ρ
ε t

+
L
η
2 t

2

∥ ∥ ∥
ρ α
t
a
t
−

w
t∥ ∥ ∥2
−
η t
h

(ρ
t)

+
η t
h

(ρ
/
α
t)

=
F̂
t
+

m
in

z
:κ
(z
)≤
ρ
η t
〈z
−

w
t,
∇
`(

w
t)
〉−

η t
h

(ρ
t)

+
η t
h

(ρ
)

+
η
2 t

(
L 2

∥ ∥ ∥
ρ α
t
a
t
−

w
t∥ ∥ ∥2

+
(ρ
ε t

+
h

(ρ
/α

t)
−
h

(ρ
))
/η
t

︸
︷︷

︸
:=
δ t

)

=
F̂
t
+
η
2 t
δ t
−
η t

[ 〈
w
t,
∇
`(

w
t)
〉+

h
(ρ
t)
−

m
in

z
:κ
(z
)≤
ρ
〈z
,∇
`(

w
t)
〉+

h
(ρ

)

︸
︷︷

︸
:=

Ĝ
(w

t
)

] ,

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

is
b

ec
au

se
th

e
su

b
ro

u
ti

n
e

is
R
e
l
a
x
e
d
,
th

e
se

co
n
d

in
eq

u
a
li
ty

fo
ll
ow

s
fr

om
th

e
m

in
im

al
it

y
of
θ t

in
(3

4)
,

a
n
d

th
e

th
ir

d
in

eq
u
al

it
y

is
d
u
e

to
th

e
ch

oi
ce

o
f
a
t

in
L

in
e

3
of

A
lg

or
it

h
m

2.
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G
e
n
e
r
a
l
iz
e
d

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
f
o
r
S
pa

r
se

E
st

im
a
t
io
n

R
eca

ll
th

at
ρ

=
κ

(w
).

M
oreover,

d
u
e

to
th

e
con

vex
ity

of
`,

Ĝ
(w

t )
=
〈w

t ,∇
`(w

t )〉
+
h

(ρ
t )−

m
in

z
:κ
(z
)≤
ρ (〈z

,∇
`(w

t )〉
+
h

(ρ
) )

=
h

(ρ
t )−

h
(κ

(w
))

+
m

ax
z
:κ
(z
)≤
κ
(w

) 〈w
t −

z
,∇
`(w

t )〉

≥
h

(ρ
t )−

h
(κ

(w
))

+
m

ax
z
:κ
(z
)≤
κ
(w

) `(w
t )−

`(z
)

≥
F̂
t −

F
(w

).

T
h
u
s

w
e

h
av

e
retrieved

th
e

recu
rsion

:

F̂
t+

1 −
F

(w
)≤

F̂
t −

F
(w

)−
η
t Ĝ

(w
t )

+
η
2t δ
t ,

an
d

F̂
t −

F
(w

)≤
Ĝ

(w
t ).

S
u
m

m
in

g
th

e
in

d
ices

as
in

th
e

p
ro

of
of

T
h
eorem

4
an

d
n
o
tin

g
th

at
F

(w
t )
≤
F̂
t

for
all

t
co

m
p
letes

th
e

p
ro

of.

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

fo
r
S
e
ctio

n
4

B
.1

P
ro

o
f

o
f

T
h

e
o
re

m
1
5

T
h
e

fi
rst

eq
u
ivalen

ce
in

T
h
eorem

15
is

w
ell-k

n
ow

n
sin

ce
G

roth
en

d
ieck

’s
w

ork
on

ten
sor

p
ro

d
u
cts

o
f

B
a
n
ach

sp
aces

(w
h
ere

it
is

u
su

ally
called

th
e

p
ro

jective
ten

sor
n
orm

).
T

h
e

seco
n
d

eq
u
a
lity

follow
s

d
irectly

from
th

e
arith

m
etic-geom

etric
m

ean
in

eq
u
ality.

W
e

fi
rst

n
o
te

th
at

th
e

atom
ic

setA
in

(48)
is

com
p
act,

so
is

its
con

vex
h
u
ll

con
vA

.
It

is
a
lso

ea
sy

to
see

th
atA

is
a

con
n
ected

set
(b

y
con

sid
erin

g
th

e
con

tin
u
o
u
s

m
a
p

(u
,v

)7→
u

v
>

).

B
y

(4
),
κ

(W
)

=
in

f {
ρ
≥

0
:
W

=
ρ ∑

i σ
i a
i ,σ

i ≥
0, ∑

i σ
i

=
1,a

i ∈
A
}

(67)

=
in

f{ρ
≥

0
:
W
∈
ρ

con
vA
}
.

S
in

ce
con

vA
is

com
p
act

w
ith

0
∈

in
t(con

vA
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Follow
ing

the
Leader

and
Fast

R
ates

in
O

nline
Linear

P
rediction

(FT
SL),achieve

logarithm
ic

regret
for

easy
data.

Sim
ulation

results
on

artificialdata
com

plem
ent

the
theoreticalfindings.
W

hile
we

believe
that

w
e
are

the
first

to
point

out
that

the
curvature

ofthe
constraint

setW
can

help
in

speeding
up

learning,
this

effect
is

know
n
in

convex
optim

ization
since

at
least

the
w
ork

ofLevitin
and

Polyak
(1966),w

ho
showed

that
exponentialrates

are
attainable

for
strongly

convex
constraint

sets
ifthe

norm
ofthe

gradients
ofthe

objective
function

adm
it
a
uniform

lower
bound.

M
ore

recently,
G
arber

and
H
azan

(2015)
proved

an
O

(1
/
n

2)
optim

ization
error

bound
(w

ith
problem

-dependent
constants)

for
the

Frank-W
olfe

algorithm
for

strongly
convex

and
sm

ooth
objectives

and
strongly

convex
constraint

sets.
T
he

effect
ofthe

shape
ofthe

constraint
set

was
also

discussed
by

A
bbasi-Yadkori(2009)

w
ho

dem
onstrated

O
( √
n)

regret
in

the
linear

bandit
setting.

A
lthough

at
a
high

levelthese
results

are
sim

ilar
to

ours,our
prooftechnique

is
rather

different.

2.
P

relim
inaries,O

nline
Learning

and
the

Follow
the

Leader
A

lgorithm
W
econsiderthestandard

fram
ework

ofonlineconvex
optim

ization,wherea
learnerand

an
environm

ent
interact

in
a
sequentialm

anner
over

n
rounds:

In
every

round
t=

1,...,n,first
the

learner
predicts

w
t ∈
W

.
T
hen

the
environm

ent
picks

a
loss

function
`
t ∈
L,and

the
learner

suffers
loss

`
t (w

t )
and

observes
`
t .

H
ere,W

is
a
com

pact
and

convex
subset

ofthe
d-dim

ensionalEuclidean
space

R
d
w
ith

non-em
pty

interior,and
L

is
a
set

ofconvex
functions

m
apping

W
to

the
reals.

T
he

elem
ents

ofL
are

called
loss

functions.
T
he

perform
ance

ofthe
learner

is
m
easured

in
term

s
ofits

regret,

R
n

=
n
∑t=

1
`
t (w

t )−
m

in
w
∈W

n
∑t=

1
`
t (w

)
.

T
he

sim
plest

possible
case,w

hich
w
illbe

the
focus

ofthis
paper,is

w
hen

the
losses

are
linear,

that
is,w

hen
`
t (w

)=
〈f
t ,w〉

for
som

e
f
t ∈
F
⊂

R
d.

In
fact,the

linear
case

is
not

only
sim

ple,but
isalso

fundam
entalsince

the
case

ofnonlinearlossfunctionscan
be

reduced
to

it:Indeed,even
ifthe

losses
are

nonlinear,defining
f
t ∈

∂
`
t (w

t )
to

be
a
subgradient 1

of
`
t at

w
t and

letting
˜̀t (u)=

〈f
t ,u〉,

by
the

definition
ofsubgradients,

`
t (w

t )−
`
t (u)≤

`
t (w

t )−
(`
t (w

t )+
〈f
t ,u
−
w
t 〉)=

˜̀t (w
t )−

˜̀t (u),
hence

for
any

u
∈
W

,
∑

t

`
t (w

t )−
∑

t

`
t (u)≤

∑

t

˜̀t (w
t )−

∑

t

˜̀t (u)
.

In
particular,ifan

algorithm
keepsthe

regretsm
allno

m
atterhow

the
linearlossesare

selected
(even

w
hen

allow
ing

the
environm

ent
to

pick
losses

based
on

the
choices

ofthe
learner),the

algorithm
can

also
be

used
to

keep
the

regret
sm

allin
the

nonlinear
case.

H
ence,in

w
hat

follow
s
w
e
w
illstudy

the
linear

case
`
t (w

)=
〈f
t ,w〉

and,in
particular,w

e
w
ill

study
the

regret
ofthe

so-called
“Follow

T
he

Leader”
(FT

L)
learner,w

hich
in

round
t≥

2
picks

w
t =

argm
in

w
∈W

t−
1

∑i=
1
`
i (w

)
.

Forthe
firstround,

w
1 ∈
W

ispicked
in

an
arbitrary

m
anner.

W
hen
W

iscom
pact,the

optim
al
w

of
m

in
w
∈W

∑
t−

1
i=

1 〈w
,f
t 〉

is
attainable,w

hich
w
e
w
illassum

e
henceforth.

Ifm
ultiple

m
inim

izers
exist,

we
sim

ply
fix

one
ofthem

as
w
t .

W
e
w
illalso

assum
e
thatF

is
non-em

pty,com
pact

and
convex.

O
ne

problem
ofthe

linearization
technique

is
that

ifsom
e
algorithm

’s
perform

ance
depends

on
som

e
additionalproperties

ofthe
linear

loss
function,linearization

m
ay

not
preserve

these
and

could
lead

to
suboptim

alperform
ance.

For
exam

ple,ifthe
loss

functions
are

strongly
convex

and
the

optim
um

in
hindsight

(in
fact,

w
n+

1 )
is

an
inner

point
ofW

,FT
L
has

no
chance

to
do

well,since

1.
W
e
let

∂
g(x)

denote
the

subdifferential
of

a
convex

function
g

:
dom

(g)
→

R
at

x,
that

is,
∂
g(x)

=
{
θ
∈

R
d|g(x

′)≥
g(x)+

〈θ
,x

′−
x〉∀

x
′∈

dom
(g) }

,w
here

dom
(g)⊂

R
d
is

the
dom

ain
of
g.
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H
uang,

Lattim
ore,

G
yörgy,

and
Szepesvári

it
w
illalw

ays
predict

points
on

the
boundary.

T
hus,w

hile
our

results
extend

from
linear

losses
to

arbitrary
convex

functions,som
e
ofthe

conditions
ofour

regret
bounds

m
ay

be
violated

or
the

constants
in

the
bounds

m
ight

blow
up,possibly

leading
to

trivialor
w
eak

regret
bounds.

T
hus,

in
practice,one

should
always

check
ifthe

linearization
step

m
akes

sense.
O
n
the

positive
side,no

problem
occurs

ifthe
optim

um
is

outside
ofW

.

2.1
Support

Functions
LetΘ

t =
−

1t ∑
ti=

1
f
i be

the
negative

average
ofthe

first
tvectorsin

(f
t )
nt=

1 ,
f
t ∈
F
.Forconvenience,

we
define

Θ
0

:=
0.

T
hus,for

t≥
2,

w
t =

argm
in

w
∈W

t−
1

∑i=
1 〈w

,f
i 〉=

argm
in

w
∈W
〈w
,−

Θ
t−

1 〉=
argm

ax
w
∈W

〈w
,Θ

t−
1 〉
.

D
enote

by
Φ

(Θ
)

=
m

ax
w
∈W
〈w
,Θ
〉
the

so-called
support

function
ofW

.
T
he

support
function,

being
the

m
axim

um
oflinear

and
hence

convex
functions,is

itselfconvex.
Further

Φ
is

positive
hom

ogenous:
for

a
≥

0
and

θ
∈

R
d,Φ

(a
θ)

=
aΦ

(θ).
It

follow
s
then

that
the

epigraph
epi(Φ

)
=

{(θ,z)|z
≥

Φ
(θ),z

∈
R
,θ∈

R
d }

ofΦ
isa

cone,since
forany

(θ,z)∈
epi(Φ)and

a
≥

0,
a
z
≥
aΦ(θ)=

Φ
(a
θ),(a

θ,a
z)∈

epi(Φ
)
also

holds.
T
he

differentiability
ofthe

support
function

is
closely

tied
to

w
hether

in
the

FT
L
algorithm

the
choice

of
w
t is

uniquely
determ

ined:

P
roposition

1
LetW

6=
∅
be

convex
and

closed.
Fix

Θ
and

letZ
:=
{w
∈
W
|〈w

,Θ
〉=

Φ
(Θ

)}.
Then,

∂Φ
(Θ

)=
Z

and,in
particular,Φ

(Θ
)
is

differentiable
atΘ

ifand
only

ifm
ax
w
∈W
〈w
,Θ〉

has
a

unique
optim

izer.
In

this
case,∇

Φ
(Θ

)=
argm

ax
w
∈W
〈w
,Θ
〉.

T
he

proposition
follow

s
from

D
anskin’s

theorem
w
hen

W
is

com
pact

(e.g.,
Proposition

B
.25

of
Bertsekas1999),buta

sim
ple

directargum
ent,presented

in
A
ppendix

A
.1

forcom
pleteness,can

also
be

used
to

show
that

it
also

rem
ains

true
even

w
hen
W

is
unbounded.

By
Proposition

1,w
hen

Φ
is

differentiable
at

Θ
t−

1 ,
w
t =
∇

Φ
(Θ

t−
1 ).

2.2
A

M
otivating

E
xam

ple

O
D

=
w

∗
=
−
µ

Â
=
−
µ
t

B
B̃

Ã
=
w
t+

1
A

Figure
1:

Illustration
of

how
fast

rates
can

be
achieved

by
FT

L.

W
e
close

this
section

w
ith

an
exam

ple
dem

onstrating
how

fastratescan
be

achieved
by

the
FTL

algorithm
.Consider

thecasewhen
thelossesareindependentand

identically
dis-

tributed
(i.i.d.),which

m
eansthat(f

t )isan
i.i.d.sequence

w
ith

expectation
µ
∈
R
d.

T
hen

E
[Θ

t ]=
−
µ,and

we
have

‖Θ
t +

µ‖
2

=
O

(1/ √
t)

with
high

probability.
ForW

being
the

unitballofR
d
one

has
w
t =

Θ
t /‖Θ

t ‖
2
and

therefore
a

crude
bound

suggests
that‖w

t −
w
∗‖

2
=
O

(1
/ √

t)
w
here

w
∗
is

the
optim

aldecision
in

hindsight,overallpredicting
that

E
[R
n ]=

O
( √
n).

O
n
the

other
hand,in

the
rest

of
the

paper
we

provide
conditions

w
hen

the
expected

regret
can

be
m
uch

sm
aller

than
this.

B
elow

w
e
give

a
sim

ple
geom

etric
explanation

how
it
can

happen.
LetW

=
{
w
|‖w‖

2 ≤
1}

and
consider

a
stochastic

set-
ting

w
here

the
f
t
are

i.i.d.
sam

ples
w
ith

expectation
E

[f
t ]=

µ
=

(−
1
,0
,...,0)

and
‖
f
t ‖∞
≤
M

alm
ost

surely.
It

is
straightforw

ard
to

see
that

w
∗

=
(1
,0
,...,0),

and
thus〈w

∗,µ〉=
−

1.
Let

µ
t =
−

Θ
t denote

our
estim

ate
of

µ
after

ttim
e
steps;then

‖
µ
t −

µ‖
=
O

(1
/ √

t)
w
ith

high
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Fo
ll

ow
in

g
th

e
Le

ad
er

an
d

Fa
st

R
at

es
in

O
nl

in
e

Li
ne

ar
P

re
di

ct
io

n

pr
ob

ab
ili
ty
.
N
ow

co
ns
id
er

Fi
g.

1:
Th

e
or
ig
in

is
de

no
te
d
by

O
,t

he
op

tim
al

pr
ed

ict
io
n
w
∗

=
−
µ
by

D
,

an
d
−
µ
t
by

Â
.
T
he

n
th
e
pr
ed

ic
tio

n
of

FT
L
at

tim
e
t
is
Ã
,t

he
in
te
rs
ec
tio

n
of

th
e
lin

e
co
nn

ec
tin

g
O

an
d
Â

w
ith

th
e
un

it
sp
he

re
,a

nd
its

in
st
an

ta
ne

ou
s
ex
ce
ss

lo
ss

is
〈#

  
  
»

O
Ã
,

#
  
  
»

O
D
〉−

1
=
|B̃
D
|w

he
re
B̃

is
th
e
or
th
og

on
al

pr
oj
ec
tio

n
of
Ã

to
O
D
.
N
ex
t
we

gi
ve

a
sim

pl
e
ge
om

et
ric

ar
gu

m
en
t
sh
ow

in
g
th
at

if
|Â
D
|≤

ε
th
en
|B̃
D
|≤

ε2
.
Si
nc

e
|Â
D
|=
‖µ

t
−
µ
‖

=
O

(1
/√

t)
w
ith

hi
gh

pr
ob

ab
ili
ty
,t

hi
s
m
ea
ns

th
at

th
e
ex
ce
ss

er
ro
r
at

tim
e
t
is
O

(1
/t

),
m
ak

in
g
th
e
re
gr
et
O

(lo
gn

)
in
n
tim

e
st
ep

s,
m
uc
h
sm

al
le
r
th
an

th
e
pr
ev
io
us
ly

an
tic

ip
at
ed

O
(√
n

)
re
gr
et
.
To

fin
ish

,l
et
A

de
no

te
th
e
or
th
og
on

al
pr
oj
ec
tio

n
of
D

to
th
e
lin

e
co
nn

ec
tin

g
O

an
d
Â
;t

he
n
th
e
Py

th
ag
or
ea
n
th
eo
re
m

im
pl
ie
s
th
at
|O
A
|≤
|O
D
|=
|O
Ã
|,
an

d
so
A
∈
O
Ã
.
Th

er
ef
or
e,

th
e
or
th
og
on

al
pr
oj
ec
tio

n
of
A

to
O
D
,d

en
ot
ed

by
B
,b

elo
ng

s
to

th
e
se
gm

en
t

O
B̃
,a

nd
so
|B
D
|≥
|B̃
D
| .

Si
nc

e
th
e
tr
ia
ng

le
s
O
A
D

an
d
A
B
D

ar
e
sim

ila
r,

we
ha

ve
|B
D
|

|A
D
|

=
|A
D
|

|O
D
|.

Th
er
ef
or
e,
|B
D
|≤
|A
D
|2
≤
|Â
D
|2

(b
y
th
e
de

fin
iti
on

of
A
),
im

pl
yi
ng
|B̃
D
|≤
|Â
D
|2 ,

wh
ich

we
wa

nt
ed

to
pr
ov
e.

3.
N

on
-S

to
ch

as
ti

c
A

na
ly

si
s

of
FT

L
W
e
st
ar
t
by

re
wr

iti
ng

th
e
re
gr
et

of
FT

L
in

an
eq
ui
va
len

t
fo
rm

,w
hi
ch

sh
ow

s
th
at

we
ca
n
ex
pe

ct
FT

L
to

en
jo
y
a
sm

al
lr

eg
re
t
w
he
n
su
cc
es
siv

e
we

ig
ht

ve
ct
or
s
m
ov
e
lit
tle

.

P
ro
po

si
ti
on

2
T
he

re
gr
et
R
n
of

FT
L
sa
tis

fie
s
th
e
fo
llo

wi
ng

id
en
tit
y:

R
n

=
n ∑ t=

1
t
〈w

t+
1
−
w
t
,Θ

t
〉.

Th
e
re
su
lt
is
a
di
re
ct

co
ro
lla

ry
of

Le
m
m
a
9
of

M
cM

ah
an

(2
01
0)
,w

hi
ch

ho
ld
sf
or

an
y
se
qu

en
ce

of
lo
ss
es

(e
ve
n
no

n-
co
nv

ex
).

It
is

al
so

a
tig

ht
en

in
g
of

th
e
we

ll-
kn

ow
n
in
eq
ua

lit
y
R
n
≤
∑
n t=

1
` t

(w
t
)−

` t
(w

t+
1)
,

w
hi
ch

ag
ai
n
ho

ld
s
fo
r
ar
bi
tr
ar
y
lo
ss

se
qu

en
ce
s
(e
.g
.,
Le

m
m
a
2.
1
of

Sh
al
ev
-S
hw

ar
tz
,2

01
2)
.
To

ke
ep

th
e
pa

pe
r
se
lf-
co
nt
ai
ne

d,
we

gi
ve

a
di
re
ct

pr
oo

fb
as
ed

on
th
e
su
m
m
at
io
n
by

pa
rt
s
fo
rm

ul
a:

P
ro
of

Th
es

um
m
at
io
n
by

pa
rt
sf
or
m
ul
a
st
at
es

th
at

fo
ra

ny
u

1,
v 1
,.
..
,u
n

+
1,
v n

+
1
re
al
s,
∑
n t=

1
u
t
(v
t+

1−
v t

)=
(u
t+

1v
t+

1−
u

1v
1)
−
∑
n t=

1(
u
t+

1−
u
t
)v
t+

1.
A
pp

ly
in
g
th
is
to

th
ed

efi
ni
tio

n
of

re
gr
et

wi
th
u
t

:=
w
t,
·

an
d
v t

+
1

:=
tΘ

t
,w

e
ge
t

R
n

=
−

n ∑ t=
1〈
w
t
,t

Θ
t
−

(t
−

1)
Θ
t−

1〉
+
〈w

n
+

1,
n

Θ
n
〉

=
−
{ h

h
h
h

h
h

〈w
n

+
1,
n

Θ
n
〉−

0
−

n ∑ t=
1〈
w
t+

1
−
w
t
,t

Θ
t
〉}

+
h
h

h
h
h
h

〈w
n

+
1,
n

Θ
n
〉.

O
ur

ne
xt

pr
op

os
iti
on

gi
ve
s
an

ot
he

r
id
en
tit

y
fo
r
th
e
re
gr
et
.
A
lth

ou
gh

th
is

fo
rm

ul
a
is

no
t
di
re
ct
ly

ne
ed

ed
fo
r
th
e
re
st

of
th
e
pa

pe
r,

it
pr
ov

id
es

in
te
re
st
in
g
in
sig

ht
s:

as
op

po
se
d
to

th
e
pr
ev
io
us

re
su
lt,

it
is

in
de

pe
nd

en
t
of
w
t
,a

nd
di
re
ct
ly

co
nn

ec
ts

th
e
se
qu

en
ce

(Θ
t
) t

to
th
e
ge
om

et
ric

pr
op

er
tie

s
of
W

th
ro
ug

h
th
e
su
pp

or
t
fu
nc

tio
n

Φ
.
A

sim
ila

r
ex
pr
es
sio

n
fo
r
a
ge
ne

ra
l“

Fo
llo

w
th
e
R
eg
ul
ar
iz
ed

Le
ad

er
”

al
go
rit

hm
wa

s
al
so

de
riv

ed
by

A
be

rn
et
hy

et
al
.(
20
14
).

Fo
r
th
is

pr
op

os
iti
on

,w
e
w
ill

m
om

en
ta
ril
y

as
su
m
e
th
at

Φ
is

di
ffe

re
nt
ia
bl
e
at

(Θ
t
) t≥

1.

P
ro
po

si
ti
on

3
As

su
m
e

Φ
is

di
ffe

re
nt
ia
bl
e
at

Θ
1,
..
.,

Θ
n
.
T
he
n

R
n

=
n ∑ t=

1
t
D

Φ
(Θ

t
,Θ

t−
1)
,

(1
)
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8(

14
5)

:1
-3

1,
 2

01
7

H
ua

ng
,

La
tt

im
or

e,
G

yö
rg

y,
an

d
Sz

ep
es

vá
ri

wh
er
e
D

Φ
(θ
′ ,
θ)

=
Φ

(θ
′ )
−

Φ
(θ

)−
〈∇

Φ
(θ

),
θ′
−
θ〉

is
th
e
B
re
gm

an
di
ve
rg
en
ce

of
Φ

an
d
we

us
e
th
e

co
nv
en
tio

n
th
at
∇

Φ
(0

)=
w

1.

P
ro
of

Le
t
v

=
ar

gm
ax
w
∈W
〈w
,θ
〉,
v
′

=
ar

gm
ax
w
∈W
〈w
,θ
′ 〉.

W
he

n
Φ

is
di
ffe

re
nt
ia
bl
e
at
θ,

D
Φ

(θ
′ ,
θ)

=
Φ

(θ
′ )
−

Φ
(θ

)−
〈∇

Φ
(θ

),
θ′
−
θ〉

=
〈v
′ ,
θ′
〉−
〈v
,θ
〉−
〈v
,θ
′ −

θ〉
=
〈v
′ −

v
,θ
′ 〉
.

(2
)

T
he

re
fo
re
,b

y
Pr

op
os
iti
on

2,
R
n

=
∑
n t=

1
t〈w

t+
1
−
w
t
,Θ

t
〉=

∑
n t=

1
t
D

Φ
(Θ

t
,Θ

t−
1)
.

W
he

n
Φ

is
no

n-
di
ffe

re
nt
ia
bl
e
at

so
m
e
of

th
e
po

in
ts

Θ
1,
..
.,

Θ
n
,t

he
eq
ua

lit
y
in

th
e
ab

ov
e
pr
op

o-
sit

io
n

ca
n

be
re
pl
ac
ed

w
ith

in
eq
ua

lit
ie
s.

D
efi

ni
ng

th
e
up

pe
r
B
re
gm

an
di
ve
rg
en

ce
D

Φ
(θ
′ ,
θ)

=
su

p w
∈∂

Φ
(θ

)
Φ

(θ
′ )
−

Φ
(θ

)−
〈w
,θ
′ −

θ〉
an

d
th
e
lo
we

r
Br

eg
m
an

di
ve
rg
en

ce
D

Φ
(θ
′ ,
θ)

sim
ila

rly
w
ith

in
f

in
st
ea
d
of

su
p,

we
ca
n
ea
sil
y
ob

ta
in

an
an

al
og

ue
of

Pr
op

os
iti
on

3:
n ∑ t=

1
t
D

Φ
(Θ

t
,Θ

t−
1)
≤
R
n
≤

n ∑ t=
1
t
D

Φ
(Θ

t
,Θ

t−
1)
.

(3
)

3.
1

C
on

st
ra
in
t
Se

ts
w
it
h
P
os
it
iv
e
C
ur
va
tu
re

T
he

pr
ev
io
us

re
su
lts

sh
ow

in
an

im
pl
ic
it

fa
sh
io
n
th
at

th
e
cu

rv
at
ur
e
of
W

co
nt
ro
ls

th
e
re
gr
et
.
Be

fo
re

pr
es
en
tin

g
ou

r
fir
st

m
ai
n
re
su
lts

,w
hi
ch

m
ak
e
th
is

co
nn

ec
tio

n
ex
pl
ic
it,

we
de

fin
e
so
m
e
ba

sic
no

tio
ns

fr
om

di
ffe

re
nt
ia
l
ge
om

et
ry

re
la
te
d

to
th
e
cu

rv
at
ur
e,

w
hi
le

so
m
e
ex
tr
a
de
ta
ils

ar
e
pr
es
en
te
d

in
A
pp

en
di
x
A
.2

(a
ll
di
ffe

re
nt
ia
lg

eo
m
et
ry

co
nc

ep
ta

nd
re
su
lts

th
at

we
ne

ed
ca
n
be

fo
un

d
in

Se
ct
io
n
2.
5

of
th
e
bo

ok
of

Sc
hn

ei
de

r,
20

14
).

3.
1.

1
C

ur
va

tu
re

an
d

St
ro

ng
C

on
ve

xi
ty

G
iv
en

a
tw

ic
e
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e
pl
an

ar
cu

rv
e
γ
in

R
2 ,

th
er
e
ex
ist

s
a
pa

ra
m
et
riz

at
io
n
w
ith

re
sp
ec
t
to

th
e
cu

rv
e
le
ng

th
s,

su
ch

th
at
‖γ
′ (s

)‖
=
‖(
x
′ (s

),
y
′ (s

))
‖

=
√
x
′ (s

)2
+
y
′ (s

)2
=

1.
U
nd

er
th
e
cu
rv
e
le
ng

th
pa

ra
m
et
riz

at
io
n,

th
e
cu

rv
at
ur
e
of
γ
at
γ

(s
)
is
‖γ
′′ (
s)
‖.

D
efi

ne
th
e
un

it
no

rm
al

ve
ct
or

n(
s)

as
th
e
un

it
ve
ct
or

th
at

is
pe

rp
en

di
cu

la
r
to

γ
′ (s

).2
N
ot
e
th
at

n(
s)
·γ
′ (s

)
=

0.
T
hu

s
0

=
(n

(s
)·
γ
′ (s

))
′

=
n′

(s
)·
γ
′ (s

)+
n(
s)
·γ
′′ (
s)
,a

nd
‖γ
′′ (
s)
‖

=
‖n

(s
)·
γ
′′ (
s)
‖

=
‖n
′ (s

)·
γ
′ (s

)‖
=
‖n
′ (s

)‖
.

T
he

re
fo
re
,t
he

cu
rv
at
ur
e
of
γ
at

po
in
t
γ

(s
)
is

th
e
le
ng

th
of

th
e
di
ffe

re
nt
ia
lo

fi
ts

un
it
no

rm
al

ve
ct
or
.

D
en

ot
e
th
e
bo

un
da

ry
of
W

by
bd

(W
)
an

d
a
ta
ng

en
t
pl
an

e
of

bd
(W

)
at

po
in
t
w

by
T
w
W

.
W
e

sh
al
la

ss
um

e
th
at
W

is
tw

ic
e
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e,

th
at

is,
bd

(W
)
is

a
tw

ic
e
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e
su
bm

an
ifo

ld
of

R
d
.
T
he

n
T
w
W

is
un

iq
ue
,a

nd
th
er
e
ex
ist

s
a
un

iq
ue

un
it

ve
ct
or

at
w

th
at

is
pe

rp
en

di
cu

la
r
to
T
w
W

an
d
po

in
ts

ou
tw

ar
d
of
W

.
In

fa
ct
,o

ne
ca
n
de

fin
e
a
co
nt
in
ou

sly
di
ffe

re
nt
ia
bl
e
no

rm
al

un
it

ve
ct
or

fie
ld

on
bd

(W
),
u
W

:b
d(
W

)
→

Sd
−

1 ,
th
e
so
-c
al
le
d
G
au

ss
m
ap

,
w
hi
ch

m
ap

s
a
bo

un
da

ry
po

in
t
w
∈

bd
(W

)
to

th
e
un

iq
ue

ou
te
r
no

rm
al

ve
ct
or

to
W

at
w
,w

he
re

Sd
−

1
=
{ x
∈
R
d
|‖
x
‖ 2

=
1}

de
no

te
st

he
un

it
sp
he

re
in

R
d
.S

in
ce
u
W

(w
)m

ap
sb

d(
W

)t
o
un

it
ve
ct
or
s,

th
e
di
ffe

re
nt
ia
lo

f
th
e
G
au

ss
m
ap

,
∇
u
W

(w
),

de
fin

es
a
lin

ea
r
en

do
m
or
ph

ism
of
T
w
W

.
M
or
eo
ve
r,

∇
u
W

(w
)
is

a
se
lf-
ad

jo
in
t
op

er
at
or
,w

ith
no

nn
eg
at
iv
e
ei
ge
nv
al
ue

s.
T
he

di
ffe

re
nt
ia
lo

ft
he

G
au

ss
m
ap

,
∇
u
W

(w
),

de
sc
rib

es
th
e
cu

rv
at
ur
e
of

bd
(W

)
vi
a
th
e
se
co
nd

fu
nd

am
en
ta
lf
or
m
.
In

pa
rt
ic
ul
ar
,t

he
pr
in
ci
pa
lc

ur
va
tu
re
s
of

bd
(W

)
at
w
∈

bd
(W

)
ar
e
de

fin
ed

as
th
e
ei
ge
nv

al
ue

s
of
∇
u
W

(w
).

Pe
rh
ap

s
a
m
or
e
in
tu
iti
ve
,y

et
eq
ui
va
le
nt

de
fin

iti
on

,i
s
th
at

th
e
pr
in
ci
pa

lc
ur
va
tu
re
s
ar
e
th
e
ei
ge
nv

al
ue

s
of

th
e
H
es
sia

n
of
f

=
f w

in
th
e
pa

ra
m
et
er
iz
at
io
n
t
7→

w
+
t
−
f w

(t
)u
W

(w
)
of

bd
(W

),
w
hi
ch

is
va
lid

in
a
sm

al
lo

pe
n
ne

ig
hb

or
ho

od
of
w
,w

he
re
f w

:T
w
W
→

[0
,∞

)
is

a
su
ita

bl
e
co
nv

ex
,n

on
ne

ga
tiv

e
va
lu
ed

fu
nc

tio
n
th
at

al
so

sa
tis

fie
s
f w

(0
)

=
0
(s
ee

Fi
g.

2)
.
T
hu

s,
th
e
pr
in
ci
pa

lc
ur
va
tu
re
s
at

so
m
e

po
in
t
w
∈

bd
(W

)
de

sc
rib

e
th
e
lo
ca
ls

ha
pe

of
bd

(W
)
up

to
th
e
se
co
nd

or
de

r.
In

th
is

pa
pe

r,
we

ar
e
in
te
re
st
ed

in
th
e
m
in
im

um
pr
in
ci
pa

lc
ur
va
tu
re

at
w
∈

bd
(W

),
w
hi
ch

ca
n
be

in
te
rp
re
te
d
as

th
e

m
in
im

um
cu

rv
at
ur
e
at
w

ov
er

al
lt
he

pl
an

ar
cu

rv
es
γ
∈

bd
(W

)
th
at

go
th
ro
ug

h
w
.

2.
T
he
re

ex
ist

tw
o
un

it
ve
ct
or
s
th
at

ar
e
pe

rp
en
di
cu

la
r
to
γ

′ (
s)

fo
r
ea
ch

po
in
t
on

γ
.
Pi
ck

th
e
on

es
th
at

ar
e
co
ns
ist

en
tly

or
ie
nt
ed

.
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Follow
ing

the
Leader

and
Fast

R
ates

in
O

nline
Linear

P
rediction

u
W
(w

)
=
γ
′′(s)

v
=
γ
′(s)

w
=
γ
(s)

p
=
w
+
t

t

γ
(0)

γ
(`)

T
w W

u
W
(w

)

v
w

f
w
(t)

p

t
T
w W

−
f
w
(t)u

W
(w

)

Figure
2:

Som
e
differentialgeom

etry
notations.

A
related

concept
that

has
been

used
in

convex
optim

ization
to

show
fast

rates
is

that
of

a
strongly

convex
constraint

set
(Levitin

and
Polyak,1966;G

arber
and

H
azan,2015):W

is
λ-strongly

convex
w
ith

respect
to

the
norm

‖·‖
if,for

any
x
,y
∈
W

and
γ
∈

[0
,1],the

‖·‖-ballw
ith

origin
γ
x+

(1−
γ)y

and
radius

γ(1−
γ)λ‖x

−
y‖

2
/2

isincluded
in
W

.Thatis,forany
z
∈
R
d
with

‖z‖
=

1,
γ
x+

(1−
γ)y+

γ(1−
γ)

λ2 ‖x
−
y‖

2
z
∈
W

.N
extweshow

thata
convex

bodyW
with

twicecontinuously
differentiable

boundary
is
λ-strongly

convex
with

respectto‖·‖
2
ifand

only
ifthe

principalcurvatures
ofthe

surface
bd(W

)
are

allat
least

λ. 3
In

the
rest

ofthe
paper,

B
r (x)=

{
y
∈
R
d|‖x

−
y‖

2 ≤
r }

w
illdenote

the
Euclidean

ballof
radius

r
centered

at
x
(in

case
x
is

the
origin,it

w
illoften

be
om

itted).

P
roposition

4
LetW

⊂
R
d
be

a
convex

body
with

with
twice

continuously
differentiable

boundary
and

supportfunction
ϕ,and

let
λ
be

an
arbitrary

positive
num

ber.
Then

the
following

statem
ents

are
equivalent:

(i)
T
he

sm
allestprincipalcurvature

ofW
is

atleast
λ.

(ii)
W

=
∩
θ∈

S
d−

1 B
1
/
λ (w

θ −
θ/λ)

where
w
θ ∈

∂
ϕ(θ)⊂

bd(W
).

(iii)
W

is
λ-strongly

convex.

C
ondition

(ii),w
hich

is
actually

the
definition

ofPolovinkin
(1996)

for
strongly

convex
sets,m

eans
thatW

can
be

obtained
as

the
intersection

ofclosed
balls

ofradius
1/
λ,such

that
there

is
one

ball
for

every
boundary

point
w

and
tangent

hyperplane
P

w
here

the
balltouches

P
at
w
.
N
ote

that
a
ballw

ith
radius

1
/
λ
satisfies

allconditions:
(i)

and
(ii)

by
definition,w

hile
(iii)

holds,e.g.,by
Exam

ple
13

ofJournée
et

al.(2010).

3.1.2
R

egret
B

ounds

A
s
prom

ised,our
next

result
connects

the
principalcurvatures

ofbd(W
)
to

the
regret

ofFT
L
and

show
s
that

FT
L
enjoys

logarithm
ic

regret
for

highly
curved

surfaces,as
long

as‖Θ
t ‖

2
is
bounded

away
from

zero.

T
heorem

5
Assum

e
d
≥

2
and

letW
⊂

R
d
be

a
convex

body
with

twice
continuously

differentiable
boundary.

Let
M

=
m

ax
f∈F
‖f‖

2
and

assum
e
that

Φ
is

differentiable
at

(Θ
t )
t .

Assum
e
that

the

3.
Follow

ing
Schneider

(2014),a
convex

body
in

R
d
is

any
com

pact,convex
subset

of
R
d
w
ith

non-em
pty

interior.
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H
uang,

Lattim
ore,

G
yörgy,

and
Szepesvári

principalcurvatures
ofthe

surface
bd(W

)
are

allatleast
λ

0
for

som
e
constant

λ
0
>

0
(thatis,W

is
λ

0
strongly

convex)
and

L
n

:=
m

in
1≤
t≤
n ‖Θ

t ‖
2
>

0.
C
hoose

w
1 ∈

bd(W
).

T
hen

R
n
≤

2
M

2

λ
0 L

n (1
+

log
n)
.

B
efore

presenting
the

proofofthe
theorem

,we
discuss

som
e
ofits

im
plications

and
refinem

ents.
A
fter

the
proofwe

w
illprovide

som
e
exam

ples
ofconstraint

sets
w
ith

positive
m
inim

um
principal

curvature.

R
em

ark
6

A
swewillshow

laterin
an

essentially
m
atching

lowerbound,thisbound
istight,showing

that
the

forte
ofFT

L
is

w
hen

L
n
is

bounded
away

from
zero

and
λ

0
is

large.
N
ote

that
the

bound
is

vacuous
as

soon
as

L
n

=
O

(log
n
/
n)

and
is

worse
than

the
m
inim

ax
bound

of
O

( √
n)

w
hen

L
n

=
o(log

n
/ √

n).
O
ne

possibility
to

reduce
the

bound’ssensitivity
to
L
n
isto

use
the

trivialbound
〈w

t+
1 −

w
t ,Θ

t 〉≤
L
W

=
L

sup
w
,w
′∈W
‖w
−
w
′‖

2
for

indices
t
w
hen
‖Θ

t ‖
2 ≤

L
(w

ith
an

arbitrary
L
>

0).
T
hen,by

optim
izing

the
bound

over
L,one

gets
a
data-dependent

bound
ofthe

form

R
n
≤

inf
L
>

0 (
2M

2

λ
0 L

(1
+

log
n)+

L
W

n
∑t=

1
tI(‖Θ

t ‖
2 ≤

L) )
,

(4)

w
hich

is
m
ore

com
plex,but

is
free

of
L
n
and

thus
reflects

the
nature

ofFT
L
better.

N
ote

that
in

the
case

ofstochastic
problem

s,w
here

f1 ,...,f
n
are

independent
and

identically
distributed

(i.i.d.)
w
ith

µ
:=
−
E

[Θ
t ]6=

0,
the

probability
that

‖Θ
t ‖

2
<
‖µ‖

2
/2

is
exponentially

sm
allin

t.
T
hus,

selecting
L

=
‖µ‖

2
/2

in
the

previous
bound,the

contribution
ofthe

expectation
ofthe

second
term

is
O

(‖
µ‖

2
W

),giving
an

overallbound
ofthe

form
O

(
M

2

λ
0 ‖
µ‖

2 log
n

+
‖
µ‖

2
W

).
O
n
the

other
hand,if

‖Θ
t ‖

2
=

1
if
tis

odd
and
‖Θ

t ‖
=

0
otherw

ise
(such

an
exam

ple
is

trivialto
construct),the

optim
al

choice
of
L

in
the

above
bound

is
L

=
Θ
(
Mn

√
log

n
λ

0
W

)
leads

to
a
vacuous

O
(
M
n √

W
log

n
λ

0

)
regret

bound.

R
em

ark
7

N
ow

consider
the

case
ofi.i.d.

losses
in

a
bit

m
ore

detail.
A
ssum

e
thatW

=
F

=
B

1 ,
the

Euclidean
unit

ballcentered
at

the
origin,and

assum
e
E[f

t ]=
µ
6=

0.
T
hen

it
is

straightforward
to

derive
a
high

probability
low

er
bound

for
‖Θ

t ‖ :
U
sing

that
E‖Θ

t ‖
22

=
‖µ‖

22 +
σ

2t
w
here

σ
2

=
E‖f

i ‖
22 −
‖
µ‖

22 ,we
get

P
[‖Θ

t ‖
2 ≤
‖
µ‖

2
2

]
=

P
[‖Θ

t ‖
22 −

E‖Θ
t ‖

22 ≤
−

3‖
µ‖

22
4
−
σ

2t

]
≤
e −

t18 (
3‖
µ
‖

22
4

+
σ

2t )
2≤

e −
t
‖
µ
‖

42
32

,

w
here

the
first

inequality
is

due
to

M
cD

iarm
id’s

inequality
(B

oucheron
et

al.,2013)
after

noticing
that

changing
a
single

f
i to

som
e
f
′i ∈
F

m
ay

change
the

value
of‖Θ

t ‖
22
by

at
m
ost

6/t.
C
om

bining
this

w
ith

(4)
for

L
=
‖µ‖

2 /2,we
get

E
R
n
≤

4
‖µ‖

2 (1
+

log
n)+

‖µ‖
2

4sinh (
‖
µ‖

42
32

)
≤

4
‖µ‖

2 (1
+

log
n)+

O
(1
/‖
µ‖

72 )
.

(5)

K
oolen

et
al.(2016)

also
proved

an
O

(log
n)

bound
on

the
expected

regret
of

the
sophisticated

algorithm
M
etaG

rad
forthe

above
case

(Theorem
3
and

Lem
m
a
5
oftheirpaper):in

particular,they
showed

that
M
etaG

rad
achieves

O
(B
dlog

n)
regret

w
here

B
=

2
λ

m
ax

‖
µ‖

w
ith

λ
m

ax
being

the
m
axim

um
eigenvalue

ofE[f
t f
>t ].Since

λ
m

ax
can

be
aslarge

as1
(if‖f

t ‖
2

=
1),(5)can

im
prove

(asym
ptotically)

a
factor

of
d
over

this
regret

bound.
O
n
the

other
hand,if

f
t is

uniform
ly

distributed
on

the
half

unit
sphere

(e.g.,the
first

coordinate
of
f
t is

nonnegative
w
ith

probability
1),K

oolen
et

al.(2016)
show

s
that

B
≤

24
√
d ,w

hich
leads

to
an

O
( √
dlog

n)
regret,essentially

m
atching

(5),as
one

can
show

that
c
√
d
≤
‖µ‖

2 ≤
1√d

for
som

e
constant

c.
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Fo
ll

ow
in

g
th

e
Le

ad
er

an
d

Fa
st

R
at

es
in

O
nl

in
e

Li
ne

ar
P

re
di

ct
io

n

P
ro
of

of
T
he

or
em

5
Fi
x
θ 1
,θ

2
∈
R
d
an

d
let

w
(1

)
=

ar
gm

ax
w
∈W
〈w
,θ

1〉
,w

(2
)

=
ar

gm
ax
w
∈W
〈w
,θ

2〉
.

N
ot
e
th
at

if
θ 1
,θ

2
6=

0
th
en

w
(1

) ,
w

(2
)
∈

bd
(W

).
Be

lo
w

we
w
ill

sh
ow

th
at

〈w
(1

)
−
w

(2
) ,
θ 1
〉≤

1 2λ
0

‖θ
2
−
θ 1
‖2 2

‖θ
2‖

2
.

(6
)

Pr
op

os
iti
on

2
sh
ow

st
ha

tb
ou

nd
in
g
th
er

eg
re
ti
se

qu
iv
al
en
tt

o
bo

un
di
ng
〈w

t+
1
−
w
t
,Θ

t
〉.

W
et

he
n
ap

pl
y

(6
),

wh
ich

sh
ow

st
ha

tt
he

re
gr
et

ca
n
be

bo
un

de
d
by

co
nt
ro
lli
ng

th
e
st
ab

ili
ty

of
Θ
t
.
A

st
ra
ig
ht
fo
rw

ar
d

ca
lc
ul
at
io
n
sh
ow

s
th
at

Θ
t
ca
nn

ot
m
ov
e
m
uc
h:

fo
r
an

y
no

rm
‖·
‖
on
F
,w

e
ha

ve

‖Θ
t
−

Θ
t−

1‖
=
∥ ∥ ∥ ∥ ∥

1
t
−

1

t−
1

∑ i=
1
f i
−

1 t

t ∑ i=
1
f i

∥ ∥ ∥ ∥ ∥
=
∥ ∥ ∥ ∥ ∥t−

1
∑ i=

1

(
1

t
−

1
−

1 t

)
f i
−

1 t
f t

∥ ∥ ∥ ∥ ∥

≤
∥ ∥ ∥ ∥ ∥t−

1
∑ i=

1

(
1

t
−

1
−

1 t

)
f i

∥ ∥ ∥ ∥ ∥
+
∥ ∥ ∥ ∥1 t
f t

∥ ∥ ∥ ∥
=
∥ ∥ ∥ ∥ ∥t−

1
∑ i=

1

1
t(
t
−

1)
f i

∥ ∥ ∥ ∥ ∥
+
∥ ∥ ∥ ∥1 t
f t

∥ ∥ ∥ ∥

=
1 t

∥ ∥ ∥ ∥ ∥
1

t
−

1

t−
1

∑ i=
1
f i

∥ ∥ ∥ ∥ ∥
+

1 t
‖f
t
‖
≤

2 t
M
.

(7
)

w
he

re
M

=
m

ax
f
∈F
‖f
‖
is

a
co
ns
ta
nt

th
at

de
pe

nd
s
on
F

an
d
th
e
no

rm
‖·
‖.

C
om

bi
ni
ng

in
eq
ua

lit
y
(6
)
w
ith

Pr
op

os
iti
on

2
an

d
(7
),
we

ge
t

R
n

=
n ∑ t=

1
t〈w

t+
1
−
w
t
,Θ

t
〉≤

n ∑ t=
1

t 2λ
0

‖Θ
t
−

Θ
t−

1‖
2 2

‖Θ
t−

1‖
2

≤
2M

2

λ
0

n ∑ t=
1

1
t‖

Θ
t−

1‖
2
≤

2M
2

λ
0L

n

n ∑ t=
1

1 t
≤

2M
2

λ
0L

n
(1

+
lo

gn
).

To
fin

ish
th
e
pr
oo

fw
e
ne

ed
to

sh
ow

(6
).

B
el
ow

we
pr
ov

id
e
a
de

riv
at
io
n
ba

se
d
on

th
e
de
fin

iti
on

of
pr
in
ci
pa

lc
ur
va
tu
re
.
U
sin

g
th
e
eq
ui
va
le
nc

e
be

tw
ee
n
th
e
pr
in
ci
pa

lc
ur
va
tu
re

an
d
th
e
m
od

ul
us

of
st
ro
ng

co
nv

ex
ity

(c
f.,

Pr
op

os
iti
on

4)
,w

e
al
so

pr
ov
id
e
an

al
te
rn
at
iv
e
pr
oo

fi
n
A
pp

en
di
x
A
.3

ba
se
d
on

st
ro
ng

co
nv

ex
ity

,w
hi
ch

le
ad

s
to

th
e
sli
gh

tly
we

ak
er

re
su
lt
(2
4)
,l
oo

sin
g
a
co
ns
ta
nt

fa
ct
or

of
4.

T
he

fo
llo

w
in
g
el
em

en
ta
ry

le
m
m
a
re
la
te
s
th
e
co
sin

e
of

th
e
an

gl
e
be

tw
ee
n
tw

o
ve
ct
or
s
θ 1

an
d
θ 2

to
th
e
sq
ua

re
d
no

rm
al
ize

d
di
st
an

ce
be

tw
ee
n
th
e
tw

o
ve
ct
or
s,

th
er
eb
y
re
du

cin
g
ou

r
pr
ob

lem
to

bo
un

di
ng

th
e
co
sin

e
of

th
is

an
gl
e.

Fo
r
br
ev
ity

,w
e
de

no
te

by
co

s(
θ 1
,θ

2)
th
e
co
sin

e
of

th
e
an

gl
e
be

tw
ee
n
θ 1

an
d

θ 2
.

Le
m
m
a
8

Fo
r
an

y
no

n-
ze
ro

ve
ct
or
s
θ 1
,θ

2
∈
R
d
,

1
−

co
s(
θ 1
,θ

2)
≤

1 2
‖θ

1
−
θ 2
‖2 2

‖θ
1‖

2‖
θ 2
‖ 2
.

(8
)

P
ro
of

N
ot
e
th
at
‖θ

1‖
2‖
θ 2
‖ 2

co
s(
θ 1
,θ

2)
=
〈θ

1,
θ 2
〉.

T
he

re
fo
re
,(

8)
is

eq
ui
va
le
nt

to
2‖
θ 1
‖ 2
‖θ

2‖
2
−

2〈
θ 1
,θ

2〉
≤
‖θ

1
−
θ 2
‖2 2,

wh
ich

,b
y
al
ge
br
ai
cm

an
ip
ul
at
io
ns
,i
si
ts
elf

eq
ui
va
len

tt
o

0
≤

(‖
θ 1
‖ 2
−
‖θ

2‖
2)

2 .

G
iv
en

th
is

re
su
lt,

it
su
ffi
ce
s
to

sh
ow

th
at

co
s(
θ 1
,θ

2)
≤

1
−
λ

0〈
w

(1
)
−
w

(2
) ,

θ
1

‖θ
1
‖ 2
〉,

w
hi
ch

we
pr
ov
e

us
in
g
th
e
to
ol
s
fr
om

di
ffe

re
nt
ia
lg

eo
m
et
ry

in
tr
od

uc
ed

in
Se

ct
io
n
3.
1.
1.

Le
t
θ̃ i

=
θ
i

‖θ
i
‖ 2

fo
r
i

=
1,

2.
T
he

an
gl
e
be

tw
ee
n
θ 1

an
d
θ 2

is
th
e
sa
m
e
as

th
e
an

gl
e
be

tw
ee
n
th
e
no

rm
al
iz
ed

ve
ct
or
s
θ̃ 1

an
d
θ̃ 2
.
To

ca
lc
ul
at
e
th
e
co
sin

e
of

th
e
an

gl
e
be

tw
ee
n
θ̃ 1

an
d
θ̃ 2
,l
et
P

be
a
pl
an

e
sp
an

ne
d
by

θ̃ 1
an

d
w

(1
)
−
w

(2
)

an
d
pa

ss
in
g
th
ro
ug

h
w

(1
)
(P

is
un

iq
ue

ly
de

te
rm

in
ed

if
θ̃ 1

is
no

t
pa

ra
lle

lt
o
w

(1
)
−
w

(2
) ;
if
th
er
e
ar
e

m
ul
tip

le
pl
an

es
,j
us
tp

ick
an

y
of

th
em

).
Fu

rt
he

r,
let

θ̂ 2
∈
Sd
−

1
be

th
e
un

it
ve
ct
or

al
on

g
th
e
pr
oj
ec
tio

n
of
θ̃ 2

on
to

th
e
pl
an

e
P
,a

s
in
di
ca
te
d
in

Fi
g.

3.
C
le
ar
ly
,c

os
(θ̃

1,
θ̃ 2

)≤
co

s(
θ̃ 1
,θ̂

2)
.
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H
ua

ng
,

La
tt

im
or

e,
G

yö
rg

y,
an

d
Sz

ep
es

vá
ri

w
(1
)

θ̃ 1w
(2
)

θ̃ 2 θ̂ 2

P

γ
(s
)

Fi
gu

re
3:

Ill
us
tr
at
io
n
of

th
e
co
ns
tr
uc

tio
n
us
ed

in
th
e
pr
oo

fo
f
(6
).

C
on

sid
er

a
cu

rv
e
γ

(s
)
on

bd
(W

)
co
nn

ec
tin

g
w

(1
)
an

d
w

(2
)
th
at

is
de

fin
ed

by
th
e
in
te
rs
ec
tio

n
of

bd
(W

)
an

d
P

an
d
is

pa
ra
m
et
riz

ed
by

its
cu

rv
e
le
ng

th
s
so

th
at
γ

(0
)

=
w

(1
)
an

d
γ

(l
)

=
w

(2
) ,

w
he

re
l
is

th
e
le
ng

th
of

th
e
cu

rv
e
γ
be

tw
ee
n
w

(1
)
an

d
w

(2
) .

N
ot
e
th
at

sin
ce
γ
is

pa
ra
m
et
riz

ed
by

its
le
ng

th
,‖
γ
′ (s

)‖
2

=
1
fo
r
al
ls
∈

[0
,l

].
Le

t
u
W

(w
)
de

no
te

th
e
ou

te
r
no

rm
al

ve
ct
or

to
W

at
w

as
be

fo
re
,a

nd
le
t
u
γ

:
[0
,l

]→
Sd
−

1
de

no
te

th
e
G
au

ss
m
ap

of
th
e
pl
an

ar
cu
rv
e
γ
,t

ha
t
is,

u
γ
(s

)
=
θ̂

w
he

re
θ̂
is

th
e
un

it
ve
ct
or

pa
ra
lle

lt
o
th
e
pr
oj
ec
tio

n
of
u
W

(γ
(s

))
on

th
e
pl
an

e
P
.
N
ow

,
fo
r
an

y
θ
∈
Sd
−

1 ,
w
θ

=
ar

gm
ax
w
∈W
〈w
,θ
〉i

s
a
po

in
t
w
he

re
a
hy

pe
rp
la
ne

w
ith

no
rm

al
ve
ct
or
θ
to
uc
he

s
W

,
th
us
,u
W

(w
θ
)=

θ.
T
he

re
fo
re
,u

γ
(0

)=
θ̃ 1

an
d
u
γ
(l

)=
θ̂ 2
.
In

fa
ct
γ
ex
ist

s
in

tw
o
ve
rs
io
ns

sin
ce
W

is
a
co
m
pa

ct
co
nv

ex
bo

dy
,h

en
ce

th
e
in
te
rs
ec
tio

n
of
P

an
d

bd
(W

)
is

a
cl
os
ed

cu
rv
e.

O
ft

he
se

tw
o

ve
rs
io
ns

we
ch
oo

se
th
e
on

e
th
at

sa
tis

fie
s
th
at
〈γ
′ (s

),
θ̃ 1
〉≤

0
fo
r
s
∈

[0
,l

].4
G
iv
en

th
e
ab

ov
e,

we
ha

ve

co
s(
θ̃ 1
,θ̂

2)
=
〈θ̂

2,
θ̃ 1
〉=

1+
〈θ̂

2
−
θ̃ 1
,θ̃

1〉
=

1+
〈
∫
l 0
u
′ γ(
s)

ds
,θ̃

1〉
=

1+
∫
l 0
〈u
′ γ(
s)
,θ̃

1〉
ds
.

(9
)

N
ot
e
th
at
γ
is

a
pl
an

ar
cu
rv
e
on

bd
(W

),
th
us

its
cu
rv
at
ur
e
λ

(s
)
sa
tis

fie
s
λ

(s
)≥

λ
0
fo
r
an

y
s
∈

[0
,l

].
A
lso

,f
or

al
ls
∈

[0
,l

],
γ
′ (s

)i
sa

un
it
ve
ct
or

pa
ra
lle

lt
o
P

(s
in
ce
γ
is
pa

ra
m
et
riz

ed
by

its
cu

rv
e
len

gt
h)
.

M
or
eo
ve
r,
u
′ γ(
s)

is
pa

ra
lle

lt
o
γ
′ (s

)
sin

ce
u
γ
(s

)
is

th
e
G
au

ss
m
ap

,a
nd

λ
(s

)=
‖u
′ γ(
s)
‖ 2
.
T
he

re
fo
re
,

〈u
′ γ(
s)
,θ̃

1〉
=
‖u
′ γ(
s)
‖ 2
〈γ
′ (s

),
θ̃ 1
〉≤

λ
0〈
γ
′ (s

),
θ̃ 1
〉,

w
he

re
th
e
la
st

in
eq
ua

lit
y
ho

ld
s
be

ca
us
e
〈γ
′ (s

),
θ̃ 1
〉≤

0.
Pl
ug

gi
ng

th
is

in
to

(9
),

we
ge
t
th
e
de

sir
ed

co
s(
θ̃ 1
,θ̂

2)
≤

1
+
λ

0

∫
l 0
〈γ
′ (s

),
θ̃ 1
〉d
s

=
1

+
λ

0〈
∫
l 0
γ
′ (s

)d
s,
θ̃ 1

〉
=

1
−
λ

0〈
w

(1
)
−
w

(2
) ,
θ̃ 1
〉.

R
eo
rd
er
in
g
an

d
co
m
bi
ni
ng

w
ith

(8
)
we

ob
ta
in

〈w
(1

)
−
w

(2
) ,
θ̃ 1
〉≤

1 λ
0

( 1
−

co
s(
θ̃ 1
,θ̂

2)
)
≤

1 λ
0

(1
−

co
s(
θ 1
,θ

2)
)≤

1 2λ
0

‖θ
1
−
θ 2
‖2 2

‖θ
1‖

2‖
θ 2
‖ 2
.

M
ul
tip

ly
in
g
bo

th
sid

es
by
‖θ

1‖
2
gi
ve
s
(6
),

th
us
,fi

ni
sh
in
g
th
e
pr
oo

f.

N
ex
t
we

pr
es
en
t
th
e
sm

al
le
st

pr
in
ci
pa

lc
ur
va
tu
re

of
so
m
e
co
m
m
on

co
nv

ex
bo

di
es

(t
he

pr
oo

fs
ar
e

re
le
ga

te
d
to

th
e
ap

pe
nd

ix
),

of
te
n
us
ed

as
co
ns
tr
ai
nt

se
ts

in
m
ac
hi
ne

le
ar
ni
ng

.

E
xa

m
pl
e
1

(i
)
T
he

sm
al
le
st

pr
in
ci
pa
lc

ur
va
tu
re
λ

0
of

th
e
Eu

cl
id
ea
n
ba
ll
W

=
{w
|‖
w
‖ 2
≤
r}

of
ra
di
us

r
sa
tis

fie
s
λ

0
=

1 r
.

4.
γ

′
an

d
u

′ γ
de
no

te
th
e
de
ri
va
ti
ve
s
of
γ

an
d
u
γ
,
re
sp
ec
ti
ve
ly
,
w
hi
ch

ex
is
t
si
nc
e

bd
(W

)
is

tw
ic
e
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e.

W
he
n
s

=
0
or
s

=
l,
it

su
ffi
ce
s
to

ta
ke

th
e
co
rr
es
po

nd
in
g
on

e-
si
de
d
de
ri
va
ti
ve
s
or
,e

qu
iv
al
en
tl
y,

ex
te
nd

th
e
de
fin

iti
on

s
of
γ
an

d
u
γ
to

an
in
te
rv
al

[−
ε,
l

+
ε]

fo
r
so
m
e
ε
>

0.
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Follow
ing

the
Leader

and
Fast

R
ates

in
O

nline
Linear

P
rediction

(ii)
Let

Q
be

a
positive

definite
m
atrix.

IfW
=
{
w
|w
>
Q
w
≤

1 }
then

λ
0

=
λ

m
in / √

λ
m

ax ,
where

λ
m

in
and

λ
m

ax
are

the
m
inim

al,respectively,m
axim

aleigenvalues
of
Q
.

(iii)
Let

p
>

1
and
W

=
{w
|‖
w‖

p ≤
1}.

If
p
>

2,then
λ

0
=

0.
O
therwise,if1

<
p
≤

2,then

λ
0

=
m

in
w
∈

bd(W
)

m
in

v∈
S
d−

1:〈w
�

(
p−

1),v〉=
0 (p−

1)
v >

diag (|w
1 | p−

2,···
,|w

d | p−
2 )
v

‖
w
�

(p−
1)‖

2
≥

(p−
1)d

12 −
1p
,

where
w
�

(p−
1)=

(|w
1 | p−

1,...,|w
d | p−

1)
and

diag(a
1 ,...,a

k )
denotes

a
k
×
k
diagonalm

atrix
with

diagonalentries
a

1 ,...,a
k .

(iv)
In

general,let
φ

:R
d
→

R
be

a
twice

continuously
differentiable

convex
function.

T
hen,for

W
=
{w
|φ(w

)≤
1},

λ
0

=
m

in
w
∈

bd(W
) m

in
v∈

S
d−

1:〈φ
′(w

),v〉=
0
v
>
∇

2
φ(w

)v
‖
φ
′(w

)‖
2

.

Som
e
ofthe

results
above

have
been

derived
in

the
literature

based
on

seem
ingly

different
but

equivalent
assum

ptions
explored

in
Proposition

4:
(i)

is
a
standard

result
in

books
on

differential
geom

etry;Polovinkin
(1996)derived

(ii)based
on

the
strong

convexity
definition

(ii)in
Proposition

4,
w
hile

(iii)
w
as

proved
by

G
arber

and
H
azan

(2015)
based

on
the

strong
convexity

definition
(iii)

in
Proposition

4.
O
ther

exam
ples

ofstrongly
sets

convex
sets,that

is,sets
w
ith

positive
m
inim

al
principalcurvature,can

be
found

in
the

paper
ofG

arber
and

H
azan

(2015).
O
ur

last
result

in
this

section
is

a
lower

bound
for

the
linear

gam
e,show

ing
that

FT
L
achieves

the
optim

alrate
under

the
condition

that
m

in
t ‖Θ

t ‖
2 ≥

L
>

0.

T
heorem

9
Let

λ
,L
∈

(0
,1).

Assum
e
that{(1

,−
L),(−

1,−
L)}
⊂
F

and
let

W
=
{

(x
,y)∈

R
2

:
x

2+
y

2

λ
2
≤

1 }

be
an

ellipsoid
with

principalcurvature
λ.

Then,for
any

learning
strategy,there

exists
a
sequence

of
losses

in
F

such
that‖Θ

t ‖
2 ≥

L
for

all
t
and

R
n
≥

1
84 √

2
1λ
L

log
n
−

1λ
L

(
2

1−
e −

λ
2
L

2
+

π
2

108 )
.

(10)

T
he

theorem
states

that
the

regret
of

any
learning

strategy
can

be
m
ade

at
least

as
large

as
Ω

(log
n
/(L

λ)).
N
ote

thatby
Exam

ple
1,the

m
inim

alprincipalcurvature
ofW

in
the

above
theorem

is
λ.

In
fact,it

is
not

too
hard

to
extend

the
above

argum
ent

for
any

set
W

such
that

there
is

w
∈

bd(W
)
w
here

the
curvature

is
λ,and

the
curvature

is
a
continuous

function
in

a
neighborhood

of
w

over
the

boundary
bd(W

).
T
he

constants
in

the
bound

then
depend

on
how

fast
the

curvature
changeswithin

thisneighborhood.
In

the
case

above,forsm
all

λ
L,the

n-independentterm
in

(10)is
oforder

1/(λ
L) 3.

P
roof

W
e
define

a
random

loss
sequence,and

we
w
illshow

that
no

algorithm
on

this
sequence

can
achieve

an
o(log

n
/(λ

0 L)
regret.

Let
P

be
a
random

variable
w
ith

Beta(K
,K

)
distribution

for
som

e
K
>

0,and,given
P
,assum

e
that

X
t ,t≥

1
are

i.i.d.
Bernoullirandom

variables
w
ith

param
eter

P
.

Let
f
t =

X
t (1,−

L)+
(1−

X
t )(−

1,−
L)=

(2X
t −

1,−
L).

Thus,the
second

coordinate
of
f
t isalways

−
L,and

so
‖Θ

t ‖
2

=
∥∥∥

1t ∑
ti=

1
f
i ∥∥∥

2 ≥
L.

Furtherm
ore,the

conditionalexpectation
ofthe

loss
vector

is
f
p
4=

E
[f
t |P

=
p]=

(2p−
1
,−
L).

N
ote

that
X
t isa

function
of
f
t forall

t;thusthe
conditionalexpectation

of
P
,given

f1 ,...,f
t−

1 ,

can
be

determ
ined

by
the

w
ell-know

n
form

ula
P̂
t−

1
=

E
[P
|f1

...f
t−

1 ]=
K

+ ∑
t−

1
i=

1
X
i

2
K

+
t−

1
.
G
iven

p,
denote

the
optim

izer
of
f
p
by

w
p,that

is,
w
p

=
argm

in
w
∈W
〈w
,f
p〉.

T
hen

the
B
ayesian

optim
al
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H
uang,

Lattim
ore,

G
yörgy,

and
Szepesvári

choice
in

round
tisargm

in
w
∈W

E
[[ 〈w

,f
P 〉 ∣∣f1

...f
t−

1 ]=
argm

in
w
∈W

〈w
,E
[
f
P ∣∣f1

...f
t−

1 ]〉

=
argm

in
w
∈W

〈
w
,f
P̂
t−

1 〉

=
w
P̂
t−

1
,

(11)

w
here

the
first

equality
follow

s
by

linearity
ofthe

inner
product,the

second
since

f
p
is

a
linear

function
of
p
and

the
third

by
the

definition
of
w
p.

T
hus,denoting

by
W
t the

prediction
ofan

arbitrary
algorithm

in
round

t,the
expected

regret
can

be
bounded

from
below

as

E
[R
n ]=

E

[m
ax

w
∈W

n
∑t=

1 〈W
t −

w
,f
t 〉 ]

=
E

[E

[
m

ax
w
∈W

n
∑t=

1 〈W
t −

w
,f
t 〉 ∣∣∣∣∣ P

]]

≥
E

[E

[
n
∑t=

1 〈W
t −

w
P
,f
t 〉 ∣∣∣∣∣

P

]]
=

E

[
n
∑t=

1 E
[〈W

t −
w
P
,f
t 〉 ∣∣

P
,f1 ,...,f

t−
1 ] ]

=
E

[
n
∑t=

1 E
[〈W

t −
w
P
,f
P 〉 ∣∣

f1 ,...,f
t−

1 ] ]
(12)

≥
E

[
n
∑t=

1
m

in
w
∈W

E
[〈w
−
w
P
,f
P 〉 ∣∣f1 ,...,f

t−
1 ] ]

=
E

[
n
∑t=

1 E
[〈
w
P̂
t−

1−
w
P
,f
P 〉 ∣∣∣ f1 ,...,f

t−
1 ] ]

(13)

=
n
∑t=

1 E
[〈
w
P̂
t−

1−
w
P
,f
P 〉]

,

w
here

(12)
holds

because
ofthe

independence
ofthe

f
s
given

P
and

since
W
t
is

chosen
based

on
f1 ,...,f

t−
1
(but

not
on

P
),and

(13)
holds

by
(11).

By
Lem

m
a
17,given

in
A
ppendix

A
.4,we

have

n
∑t=

1 E
[〈
w
P̂
t−

1−
w
P
,f
P 〉]≥

λ
L2

n
∑t=

1 E



(
2
P̂
t−

1 −
2
P

λ
L

)
2

√
1

+
(

1−
2
P

λ
L

)2 (
1

+
(

1−
2
P̂
t−

1
λ
L

)
2 )


(14)

=
2λ
L

n
∑t=

1 E


1

√
1

+
(

1−
2
P

λ
L

)2 E


(P̂
t−

1 −
P

) 2

1
+
(

1−
2
P̂
t−

1
λ
L

)
2 ∣∣∣∣∣∣∣ P

 

≥
2λ
L

n
∑t=

1 E


1

√
1

+
(

1−
2
P

λ
L

)2 E


(P̂
t−

1 −
P

) 2

1
+

2 (
1−

2
P

λ
L

)2+
2 (

2
P
−

2
P̂
t−

1
λ
L

)
2 ∣∣∣∣∣∣∣
P

 
,

(15)

where
in

the
laststep

we
used

(a+
b) 2≤

a
2+

b 2.LetG
t be

the
eventthat|P̂

t −
P
|≤

K
|1−

2
P
|

2
K

+
t

+
tλ
L

2
K

+
t ;

note
thatG

t holds
w
ith

high
probability

by
Lem

m
a
18

in
A
ppendix

A
.4.

T
hen,lower

bounding
the
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Fo
ll

ow
in

g
th

e
Le

ad
er

an
d

Fa
st

R
at

es
in

O
nl

in
e

Li
ne

ar
P

re
di

ct
io

n

fir
st

te
rm

by
0,

(1
5)

ca
n
be

lo
we

r
bo

un
de

d
by

2 λ
L

n
−

1
∑ t=

1
E

  
1

√
1

+
( 1
−

2P
λ
L

) 2
E

  
(P̂
t
−
P

)2

1
+

2(
1−

2P
λ
L

) 2
+

2( 2P
−

2P̂
t

λ
L

) 2
I(
G t

)∣ ∣ ∣ ∣ ∣ ∣ ∣P

    

≥
2 λ
L

n
−

1
∑ t=

1
E

   
1

√
1

+
( 1
−

2P
λ
L

) 2
E
[ (P̂

t
−
P

)2 I
(G
t
)∣ ∣ ∣P

]

( 1
+

2(
1−

2P
λ
L

) 2
+

2(
2K 2K

+
t
|1
−

2P
|

λ
L

+
2t

2K
+
t

) 2
)

   

≥
2 λ
L

n
−

1
∑ t=

1
E

 
1

√
1

+
( 1
−

2P
λ
L

) 2
E
[ (P̂

t
−
P

)2 I
(G
t
)∣ ∣ ∣P

]

( 9
+

4(
1−

2P
λ
L

) 2
+

8|
1−

2P
|

λ
L

) 
.

C
om

bi
ni
ng

th
e
ab

ov
e,

an
d
us
in
g

(P̂
t
−
P

)2
≤

1
to
ge
th
er

w
ith

th
e
up

pe
r
bo

un
d
on

th
e
pr
ob

ab
ili
ty

of
th
e
ev
en
t
Gc t

,t
he

co
m
pl
em

en
t
of
G t
,g

iv
en

in
Le

m
m
a
18

,w
e
ge
t

E
[R
n
]≥

2 λ
L

n
−

1
∑ t=

1
E

 
1

√
1

+
( 1
−

2P
λ
L

) 2
E
[ (P̂

t
−
P

)2∣ ∣ ∣
P
] −

P
[G
c t
]

( 9
+

4(
1−

2P
λ
L

) 2
+

8|
1−

2P
|

λ
L

) 

≥
2 λ
L

n
−

1
∑ t=

1

 
E

 
1

√
1

+
( 1
−

2P
λ
L

) 2
E
[ (P̂

t
−
P

)2∣ ∣ ∣
P
]

( 9
+

4(
1−

2P
λ
L

) 2
+

8|
1−

2P
|

λ
L

) 
−
e−

(t
−

1)
λ

2
L

2

 

≥
2 λ
L

 
n
−

1
∑ t=

1
E

 
1

√
1

+
( 1
−

2P
λ
L

) 2
E
[ (P̂

t
−
P

)2∣ ∣ ∣
P
]

( 9
+

4(
1−

2P
λ
L

) 2
+

8|
1−

2P
|

λ
L

) 
−

1
1
−
e−

λ
2
L

2

 
.

(1
6)

N
ow

,b
y
Le

m
m
a
19

,g
iv
en

in
A
pp

en
di
x
A
.4
,w

e
ha

ve

E
[ (P̂

t
−
P

)2∣ ∣ ∣
P
] =

K
2 (

1
−

2P
)2

(2
K

+
t)

2
+
tP

(1
−
P

)
(2
K

+
t)

2
≥
P

(1
−
P

)(
1 t
−

2
t(

2K
+
t)

)
.

C
om

bi
ni
ng

th
is

w
ith

(1
6)

an
d
in
tr
od

uc
in
g
th
e
co
ns
ta
nt

C
=

E

 
1

√
1

+
( 1
−

2P
λ
L

) 2
P

(1
−
P

)
( 9

+
4(

1−
2P
λ
L

) 2
+

8|
1−

2P
|

λ
L

) 

we
ob

ta
in
,f
or

an
y
K
>

0,

E
[R
n
]≥

2 λ
L

[ −
1

1
−
e−

λ
2
L

2
+
n
−

1
∑ t=

1
C

(
1 t
−

2
t(

2K
+
t)

)]
(1
7)

≥
2C λ
L

lo
gn
−

1 λ
L

(
2

1
−
e−

λ
2
L

2
+
C
π

2

3

)
.

(1
8)

w
he

re
we

us
ed
∑
n
−

1
t=

1
≥
∫ n 1

1/
t

=
lo

gn
an

d
∑
n
−

1
t=

1
1/

(t
(2
K

+
t)

)≤
∑
∞ t=

1
1/
t2

=
π

2 /
6.

It
re
m
ai
ns

to
ca
lc
ul
at
e
a
co
ns
ta
nt

lo
we

r
bo

un
d
fo
r
C

th
at

is
in
de

pe
nd

en
t
of
λ
an

d
L
.
D
en

ot
e
|1
−

2P
|

λ
L

by
Y
;t
he

n
0
≤
P

(1
−
P

)=
1−
Y

2
λ

2
L

2

4
≤

1/
4.

D
efi

ne
Ĝ
to

be
th
e
ev
en
t
w
he

n
|Y
|≤

1.
Si
nc

e
P

ha
s
Be

ta
(K
,K

)
di
st
rib

ut
io
n,

E
[P

]=
1 2
an

d
Va

r(
P

)=
1 8K
.
T
he

re
fo
re
,b

y
C
he

by
sh
ev
’s

in
eq
ua

lit
y,

P
[ Ĝ

c
] =

P
[∣ ∣ ∣ ∣
P
−

1 2∣ ∣ ∣ ∣>
λ
L 2

]
≤

1
2K

λ
2 L

2
.
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H
ua

ng
,

La
tt

im
or

e,
G

yö
rg

y,
an

d
Sz

ep
es

vá
ri

T
he

re
fo
re
,

C
=

E
[

1
√

1
+
Y

2
1
−
Y

2 λ
2 L

2

4(
9

+
4Y

2
+

8Y
)]
≥

E
[

1
√

1
+
Y

2
1
−
Y

2 λ
2 L

2

4(
9

+
4Y

2
+

8Y
)I

(Ĝ
)]

≥
1

84
√

2E
[ (1
−
Y

2 λ
2 L

2 )I
(Ĝ

)] ≥
1

84
√

2

( E
[ 1
−
Y

2 λ
2 L

2]
−

P
[ Ĝ

c
])

≥
1

84
√

2

( 1
−

E
[ (1
−

2P
)2]
−

1
2K

λ
2 L

2

)
=

1
84
√

2

( 1
−

1 2K
−

1
2K

λ
2 L

2

)

≥
1

84
√

2
·1 2

fo
r
an

y
K
≥

1
+

1
λ

2
L

2
.
H
en

ce
,

E
[R
n
]≥

1
84
√

2
1 λ
L

lo
gn
−

1 λ
L

(
2

1
−
e−

λ
2
L

2
+

π
2

10
8)

,

w
he

re
we

us
ed

th
e
tr
iv
ia
lu

pp
er

bo
un

d
C
≤

1/
36

(o
bt
ai
ne

d
by

m
ax

im
iz
in
g
th
e
ar
gu

m
en
t
of

th
e

ex
pe

ct
at
io
n
in
P

in
th
e
de

fin
iti
on

of
C

by
se
lec

tin
g
P

=
1/

2)
.
Th

e
re
su
lt
is
co
m
pl
et
ed

by
no

tin
g
th
at

th
e
wo

rs
t-c

as
e
re
gr
et

is
at

lea
st

as
bi
g
as

th
e
ex
pe

ct
ed

re
gr
et
,t
hu

s,
fo
re

ve
ry
n
,t
he

re
ex
ist

a
P

an
d
a

se
qu

en
ce

of
lo
ss

ve
ct
or
s
f 1
,.
..
,f
n
su
ch

th
at

th
e
re
gr
et
R
n
sa
tis

fie
s
(1
0)
.

3.
2

O
th
er

R
eg
ul
ar
it
ie
s

So
fa
r
we

ha
ve

lo
ok

ed
at

th
e
ca
se

w
he

n
FT

L
ac
hi
ev
es

a
lo
w

re
gr
et

du
e
to

th
e
cu

rv
at
ur
e
of

bd
(W

).
T
he

ne
xt

re
su
lt

ch
ar
ac
te
riz

es
th
e
re
gr
et

of
FT

L
w
he

n
W

is
a
po

ly
to
pe

,w
hi
ch

ha
s
a
fla

t,
no

n-
sm

oo
th

bo
un

da
ry

an
d
th
us

Th
eo
re
m

5
is
no

ta
pp

lic
ab

le.
Fo

rt
hi
ss

ta
te
m
en
tr

ec
al
lt
ha

tg
iv
en

so
m
e
no

rm
‖·
‖,

its
du

al
no

rm
is

de
fin

ed
by
‖w
‖ ∗

=
su

p ‖
v
‖≤

1〈
v
,w
〉.

T
he

or
em

10
As

su
m
e
th
at
W

is
a
po
ly
to
pe

an
d
th
at

Φ
is

di
ffe

re
nt
ia
bl
e
at

Θ
i,
i

=
1,
..
.,
n
.
Le

t
w
t

=
ar

gm
ax
w
∈W
〈w
,Θ

t−
1〉
,W

=
su

p w
1
,w

2
∈W
‖w

1
−
w

2‖
∗
an

d
F

=
su

p f
1
,f

2
∈F
‖f

1
−
f 2
‖.

T
he
n
th
e

re
gr
et

of
FT

L
is

R
n
≤
W

n ∑ t=
1
t
I(
w
t+

1
6=
w
t
)‖

Θ
t
−

Θ
t−

1‖
≤
F
W

n ∑ t=
1
I(
w
t+

1
6=
w
t
).

N
ot
e
th
at

w
he

n
W

is
a
po

ly
to
pe

,w
t
is

ex
pe

ct
ed

to
“s
na

p”
to

so
m
e
ve
rt
ex

of
W

.
H
en

ce
,w

e
ex
pe

ct
th
e
re
gr
et

bo
un

d
to

be
no

n-
va
cu

ou
s,

if,
e.g

.,
Θ
t
“s
ta
bi
liz

es
”
ar
ou

nd
so
m
e
va
lu
e.

So
m
e
ex
am

pl
es

af
te
r

th
e
pr
oo

fw
ill

ill
us
tr
at
e
th
is.

P
ro
of

Le
t
v

=
ar

gm
ax
w
∈W
〈w
,θ
〉,
v
′ =

ar
gm

ax
w
∈W
〈w
,θ
′ 〉.

Si
m
ila

rly
to

th
e
pr
oo

fo
fT

he
or
em

5,

〈v
′ −

v
,θ
′ 〉

=
〈v
′ ,
θ′
〉−
〈v
′ ,
θ〉

+
〈v
′ ,
θ〉
−
〈v
,θ
〉+
〈v
,θ
〉−
〈v
,θ
′ 〉

≤
〈v
′ ,
θ′
〉−
〈v
′ ,
θ〉

+
〈v
,θ
〉−
〈v
,θ
′ 〉

=
〈v
′ −

v
,θ
′ −

θ〉
≤
W

I(
v
′
6=
v
)‖
θ′
−
θ‖
,

w
he

re
th
e
fir
st

in
eq
ua

lit
y
ho

ld
s
be

ca
us
e
〈v
′ ,
θ〉
≤
〈v
,θ
〉.

T
he

re
fo
re
,b

y
(7
),

R
n

=
n ∑ t=

1
t
〈w

t+
1
−
w
t
,Θ

t
〉≤

W

n ∑ t=
1
t
I(
w
t+

1
6=
w
t
)‖

Θ
t
−

Θ
t−

1‖
≤
F
W

n ∑ t=
1
I(
w
t+

1
6=
w
t
).

A
s
no

te
d
be

fo
re
,s

in
ce
W

is
a
po

ly
to
pe

,w
t
is

(g
en

er
al
ly
)
at
ta
in
ed

at
th
e
ve
rt
ic
es
.
In

th
is

ca
se
,t
he
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Follow
ing

the
Leader

and
Fast

R
ates

in
O

nline
Linear

P
rediction

epigraph
ofΦ

is
a
polyhedralcone.

T
hen,the

event
w
hen

w
t+

1
6=
w
t ,that

is,w
hen

the
“leader”

switchescorrespondsto
when

Θ
t and

Θ
t−

1
belong

to
differentlinearregionscorresponding

to
different

linear
pieces

ofthe
graph

ofΦ
.

W
e
now

spellout
a
corollary

for
the

stochastic
setting.

In
particular,in

this
case

FT
L
w
illoften

enjoy
a
constant

regret:

C
orollary

11
(Stochastic

setting)
Assum

e
thatW

is
a
polytope

and
that

(f
t )1≤

t≤
n
is

an
i.i.d.

sequence
ofrandom

variables
such

thatE
[f
i ]=

µ
and
‖f
i ‖∞
≤
M

.
Let

W
=

sup
w

1
,w

2 ∈W
‖w

1 −
w

2 ‖
1 .

Further
assum

e
thatthere

exists
a
constant

r
>

0
such

thatΦ
is

differentiable
for

any
ν
such

that
‖ν
−
µ‖∞

≤
r.

T
hen,

E
[R
n ]≤

2M
W

(
3

+
2M

2

r 2
log (

2M
2d

r 2

))
.

T
he

existence
ofan

r
such

that
Φ

is
differentiable

for
any

ν
such

that‖
ν
−
µ‖∞

≤
r
is

equivalent
to

that
Φ

is
differentiable

at
µ.

By
Proposition

1,this
condition

requires
that

at
µ,m

ax
w
∈W
〈w
,θ〉

has
a
unique

optim
izer

(note
that

the
volum

e
ofthe

set
ofvectors

θ
w
ith

m
ultiple

optim
izers

is
zero).

O
n
the

other
hand,

r
should

be
selected

to
be

the
radius

ofthe
largest

ballsuch
that

the
optim

al
decisions

for
the

expected
losses

µ
and

ν
(i.e.,the

m
axim

izers
defining

Φ
(−
µ)

and
Φ

(−
ν))

belong
to

the
sam

e
face

ofW
.

P
roof

Let
V

=
{ν|‖ν

−
µ‖∞

≤
r}.

N
ote

that
the

epigraph
ofthe

function
Φ

is
a
polyhedralcone.

Since
Φ

is
differentiable

in
the

interior
of
V
,{(θ,Φ

(θ))|θ∈
V
}
is

a
subset

of
a
linear

subspace.
T
herefore,for−

Θ
t ,−

Θ
t−

1 ∈
V
,
w
t+

1
=
w
t .

H
ence,by

T
heorem

10,

E
[R
n ]≤

2M
W

n
∑t=

1 P
[−

Θ
t ,−

Θ
t−

1
/∈
V

]≤
4M

W

(
1

+
n
∑t=

1 P
[−

Θ
t
/∈
V

] )
.

(19)

O
n
the

other
hand,note

that‖f
i ‖∞
≤
M

.
T
hen

P
[−

Θ
t
/∈
V

]=
P

[ ∥∥∥∥∥ 1t

t
∑i=

1
f
i −

µ ∥∥∥∥∥
∞
≥
r ]
≤

d
∑j=

1 P

[ ∣∣∣∣∣ 1t

t
∑i=

1
f
i,j −

µ
j ∣∣∣∣∣ ≥

r ]
≤

2
d
e −

t
r 2

2
M

2
,

w
here

the
last

inequality
is

due
to

H
oeffding’s

inequality.
N
ow

,using
that

for
any

α
>

0
and

τ
>

0,
∑
nt=
τ+

1 exp(−
α
t)≤

∫
nτ

exp(−
α
t)d
t≤

1α
exp(−

α
τ),from

(19)
we

obtain

E
[R
n ]≤

2
M
W

(
1

+
τ

+
2dα
e −

α
τ )

.

Setting
α

=
r

2

2
M

2
and

τ
=

1α
log(d

/α)
in

the
above

bound
finishes

the
proof.

4.
A

daptive
A

lgorithm
s

W
hile

FTL
can

exploitthe
curvature

ofthe
surface

ofthe
constraintsetto

achieve
O

(log
n)regret,it

requires
the

curvature
condition

and
m

in
t ‖Θ

t ‖
2 ≥

L
being

bounded
away

from
zero,oritm

ay
suffer

linear
regret.

O
n
the

other
hand,m

any
algorithm

s
such

as
the

follow
the

regularized
leader

(FT
R
L)

are
know

n
to

achieve
a
regret

guarantee
of
O

( √
n)

even
for

the
worst-case

data
in

the
linear

setting
(see,e.g.,Shalev-Shwartz,2012).

This
raises

the
question

ofwhether
one

can
have

an
algorithm

that
can

achieve
constantor

O
(log

n)regretin
the

respective
settingsofCorollary

11
orTheorem

5,while
it
stillm

aintains
O

( √
n)

regret
for

worst-case
data.

O
ne

way
to

design
an

adaptive
algorithm

is
to

use
the

(A
,B)-prod

algorithm
ofSaniet

al.(2014),trivially
leading

to
the

follow
ing

result:
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H
uang,

Lattim
ore,

G
yörgy,

and
Szepesvári

A
lgorithm

1
Follow

T
he

Shrunken
Leader

(FT
SL)

1:
Predict

w
1

=
0;

2:
for

t=
2,...,n

−
1
do

3:
FT

L:C
om

pute
w̃
t =

argm
in
w
∈W
〈w
,F

t−
1 〉.

4:
Shrinkage:

Predict
w
t =

‖
F
t−

1 ‖
2

√
‖
F
t−

1 ‖
22 +
t+

2
w̃
t .

5:
end

for
6:

FT
L:C

om
pute

w̃
n

=
argm

in
w
∈W
〈w
,F

n−
1 〉.

7:
Shrinkage:

Predict
w
n

=
‖
F
n
−

1 ‖
2

√
‖
F
n
−

1 ‖
22 +
n
w̃
n .

P
roposition

12
C
onsider

(A
,B)-prod

of
Sani

et
al.

(2014),
where

algorithm
A

is
chosen

to
be

FT
R
L
with

an
appropriate

regularization
term

,while
B

is
chosen

to
be

FT
L.T

hen
the

regretofthe
resulting

hybrid
algorithm

H
enjoys

the
following

guarantees:

•
IfFT

L
achieves

constantregretas
in

the
setting

ofC
orollary

11,then
the

regretofH
is

also
constant.
•
IfFTL

achieves
a
regretof

O
(log

n)
as

in
the

setting
ofTheorem

5,then
the

regretofH
is

also
O

(log
n).

•
O
therwise,the

regretofH
is

atm
ost

O
( √
n

log
n).

In
the

next
section

w
e
show

that
if
the

constraint
set

is
an

ellipsoid,it
is

possible
to

design
adaptive

algorithm
s
directly.

4.1
A
daptive

A
lgorithm

s
for

E
llipsoid

C
onstraint

Sets
In

this
section

we
provide

som
e
interesting

results
about

adaptive
algorithm

s
for

the
case

when
W

is
an

ellipsoid
in

R
d.First,we

show
thata

variantofFTL
using

shrinkage
asregularization

has
O

(log
n)

regret
w
hen
‖Θ

t ‖
2 ≥

L
>

0
for

all
t,but

it
also

has
O

( √
n)

worst
case

guarantee.
Furtherm

ore,we
show

that
the

standard
FT

R
L
algorithm

is
adaptive

ifthe
constraint

set
is

an
ellipsoid

and
the

loss
vectors

are
stochastic.

T
hroughout

the
section

we
w
illuse

the
notation

F
t =
−
tΘ

t =
∑
ti=

1
f
i .

4.1.1
Follow

the
Shrunken

Leader

In
thissection

we
are

going
to

analyze
a
com

bination
ofthe

FTL
algorithm

and
the

idea
ofshrinkage

often
used

for
regularization

purposes
in

statistics.
W
e
assum

e
thatW

is
the

d-dim
ensionalunit

balland,w
ithout

loss
ofgenerality,we

further
assum

e
that‖f‖

2 ≤
1
for

all
f
∈
F
.
T
he

Follow
T
he

Shrunken
Leader

(FT
SL)

algorithm
is

given
in

A
lgorithm

1.
T
he

m
ain

idea
ofthe

algorithm
is

to
predict

a
shrunken

version
ofthe

FT
L
prediction,in

this
way

keeping
it

away
from

the
boundary

of
W

.The
nexttheorem

showsthatthe
rightam

ountofshrinkage
leadsto

a
robust,adaptive

algorithm
.

T
heorem

13
Assum

e
thatW

=
{
x
∈
R
d|‖x‖

2 ≤
1 }

and
‖f‖

2 ≤
1
for

all
f
∈
F
.
T
hen

the
regret

ofFT
SL

is
O

( √
n).

If,in
addition,there

exists
an

L
>

0
such

that‖Θ
t ‖

2 ≥
L

for
1
≤
t≤

n,then
the

regretofis
O

(log
n
/
L).

P
roof

B
y
the

definition
of
F
t and

W
,
w̃
t =
−
F
t−

1 /‖
F
t−

1 ‖
2
for

t≥
2.

Let
σ
n

=
‖
F
n
−

1 ‖
2

√
‖
F
n
−

1 ‖
22 +
n .

O
ur

prooffollow
s
the

idea
ofA

bernethy
et

al.(2008).
W
e
com

pute
the

upper
bound

on
the

value
ofthe

gam
e
for

each
round

backwards
for

t=
n
,n
−

1,...,1,by
solving

the
optim

alstrategies
for

f
t .

T
he
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Fo
ll

ow
in

g
th

e
Le

ad
er

an
d

Fa
st

R
at

es
in

O
nl

in
e

Li
ne

ar
P

re
di

ct
io

n

va
lu
e
of

th
e
ga

m
e
us
in
g
FT

SL
is

de
fin

ed
as

V
n

=
m

ax
f

1
,.
..
,f
n

n ∑ t=
1〈
w
t
,f
t
〉−

m
in

w
∈W
〈w
,F

n
〉

=
m

ax
f

1
,.
..
,f
n
−

1

n
−

1
∑ t=

1
〈w

t
,f
t
〉+

m
ax f n
‖F

n
−

1
+
f n
‖ 2

+
〈f
n
,w

n
〉

︸
︷︷

︸
=

:U
n

W
e
fir
st

pr
ov
e
th
at
U
n
,t

he
se
co
nd

te
rm

ab
ov
e,

is
bo

un
de

d
fr
om

ab
ov
e
by
√
‖F

n
−

1‖
2 2

+
n
.
To

se
e

th
is,

le
t
f n

=
a
n
F̃
n
−

1
+
b n

Ω
n
−

1
w
he

re
F̃
n
−

1
is
th
e
un

it
ve
ct
or

pa
ra
lle

lt
o
F
n
−

1
an

d
Ω
n
−

1
is
a
un

it
ve
ct
or

or
th
og

on
al

to
F
n
−

1.
Fu

rt
he

rm
or
e,

sin
ce
‖f
n
‖ 2
≤

1,
we

ha
ve
a

2 n
+
b2 n
≤

1.
T
hu

s,

U
n

=
m

ax f n

√
‖F

n
−

1‖
2 2

+
2a
n
‖F

n
−

1‖
2

+
a

2 n
+
b2 n
−
a
n
σ
n

≤
m

ax a

√
‖F

n
−

1‖
2 2

+
2a
‖F

n
−

1‖
2

+
n
−
a
σ
n

=
√
‖F

n
−

1‖
2 2

+
n
,

w
he

re
th
e
la
st

eq
ua

lit
y
fo
llo

w
s
sin

ce
th
e
m
ax

im
um

is
at
ta
in
ed

at
a

=
0.

A
sim

ila
r
st
at
em

en
t
ho

ld
s

fo
r
th
e
ot
he

r
tim

e
in
di
ce
s:

fo
r
an

y
t
≥

1,

m
ax f t

√
‖F

t−
1

+
f t
‖2 2

+
t

+
1

+
〈f
t
,w

t
〉≤

√
‖F

t−
1‖

2 2
+
t

+
1 √
t
.

(2
0)

Be
fo
re

pr
ov
in
g
th
is

in
eq
ua

lit
y,

we
sh
ow

ho
w

it
im

pl
ie
s
th
e
fir
st

st
at
em

en
t
of

th
e
th
eo
re
m
:

V
n
≤

m
ax

f
1
,.
..
,f
n
−

1

n
−

1
∑ t=

1
〈w

t
,f
t
〉+

√
‖F

n
−

1‖
2 2

+
n

≤
m

ax
f

1
,.
..
,f
n
−

2

n
−

2
∑ t=

1
〈w

t
,f
t
〉+

√
‖F

n
−

2‖
2 2

+
n
−

1
+

1
√
n
−

1
≤
..
.

≤
1

+
n
−

1
∑ t=

1

1 √
t
≤

2(
1

+
√
n
−

1)
.

M
or
eo
ve
r,

if
‖Θ

t
‖ 2
≥
L
>

0
fo
r

1
≤
t
≤
n
,a

st
ro
ng

er
ve
rs
io
n
of

(2
0)

al
so

ho
ld
s:

m
ax f t

√
‖F

t−
1

+
f t
‖2 2

+
t

+
1

+
〈f
t
,w

t
〉≤

√
‖F

t−
1‖

2 2
+
t

+
1

(t
−

1)
L
.

(2
1)

T
hi
s
im

pl
ie
s
th
e
se
co
nd

st
at
em

en
t
of

th
e
th
eo
re
m
,s

in
ce

V
n
≤

m
ax

f
1
,.
..
,f
n
−

1

n
−

1
∑ t=

1
〈w

t
,f
t
〉+

√
‖F

n
−

1‖
2 2

+
n

≤
m

ax
f

1
,.
..
,f
n
−

2

n
−

2
∑ t=

1
〈w

t
,f
t
〉+

√
‖F

n
−

2‖
2 2

+
n
−

1
+

1
(n
−

1)
L

≤
..
.

≤
1

+
n
−

1
∑ t=

1

1 tL
≤

1
+

1 L
+

lo
g(
n
−

1)
L

.
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H
ua

ng
,

La
tt

im
or

e,
G

yö
rg

y,
an

d
Sz

ep
es

vá
ri

To
fin

ish
th
e
pr
oo

f,
it
re
m
ai
ns

to
sh
ow

(2
0)

an
d
(2
1)
.
Le

tf
t

=
a
t
F̃
t−

1
+
b t

Ω t
−

1
wh

er
e
F̃
t−

1
is
th
e

un
it
ve
ct
or

pa
ra
lle

lt
o
F
t−

1
an

d
Ω
t−

1
is

a
un

it
ve
ct
or

or
th
og

on
al

to
F
t−

1.
Si
nc

e
‖f
t
‖ 2
≤

1,
ob

se
rv
e

th
at
a

2 t
+
b2 t

=
‖f
t
‖ 2
≤

1.
Fu

rt
he

rm
or
e,

le
t
σ
t

=
‖F
t
−

1
‖ 2

√
‖F
t
−

1
‖2 2

+
t+

2
.
T
he

n,
fo
r
an

y
t
≥

1,

∆
t

=
m

ax f t

√
‖F

t−
1‖

2 2
+

2a
t
‖F

t−
1‖

2
+
a

2 t
+
b2 t

+
t

+
1
−
a
t
σ
t
−
√
‖F

t−
1‖

2 2
+
t

≤
m

ax a t

√
‖F

t−
1‖

2 2
+

2a
t
‖F

t−
1‖

2
+
t

+
2
−
a
t
σ
t
−
√
‖F

t−
1‖

2 2
+
t

=
√
‖F

t−
1‖

2 2
+
t

+
2
−
√
‖F

t−
1‖

2 2
+
t

=
2

√
‖F

t−
1‖

2 2
+
t

+
2

+
√
‖F

t−
1‖

2 2
+
t

(2
2)

≤
1 √
t.

T
hi
s
pr
ov
es

(2
0)
.
M
or
eo
ve
r,

if
‖F

t−
1‖

2
=
‖(
t
−

1)
Θ
‖ 2
≥

(t
−

1)
L
>

0,
by

(2
2)

we
ob

ta
in

∆
t
≤

2
√
‖F

t−
1‖

2 2
+
t

+
2

+
√
‖F

t−
1‖

2 2
+
t
≤

1
‖F

t−
1‖

2
≤

1
(t
−

1)
L
,

pr
ov
in
g
(2
1)
.

R
em

ar
k
14

T
he

ab
ov
e
re
su
lt

ca
n
ea
sil
y
be

ex
te
nd

ed
to

th
e
ca
se

w
he

n
W

is
an

el
lip

so
id
,
th
at

is,
W

=
{ w
|w
>
Q
w
≤

1}
fo
r
so
m
e
po

sit
iv
e-
de

fin
ite

m
at
rix

Q
.
Tr

an
sf
or
m
in
g
th
e
pr
ed
ic
tio

ns
as

ŵ
t

=
Q

1/
2 w

t
an

d
th
e
lo
ss
es
f̂ t

=
Q
−

1/
2 f
t
,w

e
se
e
th
at
,f
or

al
lt
,t
he

ne
w

pr
ed

ict
io
n
ŵ
t
be

lo
ng

s
to

th
e

un
it
ba

ll
(i.
e.
,ŵ

t
∈
B

1)
an

d
〈w

t
,f
t
〉=
〈ŵ

t
,f̂
t
〉.

T
hu

s,
th
e
va
lu
e
of

th
e
ga

m
e
ca
n
be

bo
un

de
d
as

V
n

=
m

ax
f

1
,.
..
,f
n

:‖
f
i
‖ 2
≤

1

n ∑ t=
1〈
w
t
,f
t
〉−

m
in

w
∈W
〈w
,F

n
〉

=
m

ax
f

1
,.
..
,f
n

:‖
f
i
‖ 2
≤

1

n ∑ t=
1〈
ŵ
t
,Q
−

1/
2 f
t
〉−

m
in

ŵ
∈B

1
〈ŵ
,Q
−

1/
2 F

n
〉

=
m

ax
f̂

1
,.
..
,f̂
n

:‖
Q

1/
2
f̂
i
‖ 2
≤

1

n ∑ t=
1〈
ŵ
t
,f̂
t
〉−

m
in

ŵ
∈B

1
〈ŵ
,F̂

n
〉

≤
m

ax
f̂

1
,.
..
,f̂
n

:‖
f̂
i
‖ 2
≤

1
√
λ

m
in

n ∑ t=
1〈
ŵ
t
,f̂
t
〉−

m
in

ŵ
∈B

1
〈ŵ
,F̂

n
〉

=
1

√
λ

m
in

m
ax

f̃
1
,.
..
,f̃
n

:‖
f̃
i
‖ 2
≤

1

n ∑ t=
1〈
ŵ
t
,f̃
t
〉−

m
in

ŵ
∈B

1
〈ŵ
,F̃

n
〉,

w
he

re
λ

m
in

is
th
e
m
in
im

al
ei
ge
nv

al
ue

of
th
e
m
at
rix

Q
,F̂

n
=
∑
n t=

1
f̂ t
,f̃

t
=
√
λ

m
in
f̂ t
,a

nd
F̃
n

=
√
λ

m
in
F̂
n

=
∑
n t=

1
f̃ t
.
T
hu

s,
pl
ay

in
g
ov
er
W

w
ith

lo
ss

ve
ct
or
s
fr
om

th
e
un

it
ba

ll
is

eq
ui
va
le
nt

to
pl
ay
in
g
ov
er

th
e
un

it
ba

ll
B

1
ag
ai
ns
tl
os
se
so

ve
rW

(n
ot
e
th
at
‖Q

1/
2 f̂
i‖

2
≤

1
is
eq
ui
va
len

tt
o
f̂ i
∈
W

),
wh

ich
ca
n
be

re
du

ce
d
to

pl
ay
in
g
ag
ai
ns
tl
os
se
sw

ith
m
ax

im
um

Eu
cli

de
an

no
rm

1.
Th

us
,a

n
al
go
rit

hm
fo
r
th
e
el
lip

so
id

co
ns
tr
ai
nt

se
t
W

is
to

ru
n
FT

SL
ov
er

th
e
un

it
ba

ll
B

1
w
ith

th
e
tr
an

sfo
rm

ed
lo
ss
es

f̃ t
,a

nd
pr
ed

ic
t
w
t

=
Q
−

1/
2 ŵ

t
w
he

re
ŵ
t
is

th
e
pr
ed

ic
tio

n
of

FT
SL

.A
ss
um

in
g
th
at
‖Θ

t
‖ 2
≥
L

fo
r
al
l

t
in

th
e
or
ig
in
al

pr
ob

le
m
,i
n
th
e
tr
an

sfo
rm

ed
pr
ob

le
m

we
ha

ve
‖√

λ
m

in
Q
−

1/
2 Θ

t
‖ 2
≥
L
√
λ

m
in
/λ

m
ax

w
he

re
λ

m
ax

is
th
e
la
rg
es
t
ei
ge
nv

al
ue

of
Q
.
H
en

ce
,t
he

re
gr
et

of
th
e
al
go

rit
hm

(in
bo

th
th
e
or
ig
in
al
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Follow
ing

the
Leader

and
Fast

R
ates

in
O

nline
Linear

P
rediction

and
the

transform
ed

problem
s)is

atm
ost

O
(
√
λ

m
ax

L
λ

m
in

log
n ).

N
ote

thatthis
is

exactly
the

sam
e
rate

as
w
e
can

obtain
from

T
heorem

5
and

Exam
ple

1
(ii)

for
the

(non-adaptive)
FT

L
algorithm

for
the

ellipsoid
constraint

setW
(a

closer
inspection

ofthe
constants

show
s
that

the
leading

constant
for

FT
SL

is
actually

a
factor

of2
better).

4.1.2
F

T
R

L
for

Stochastic
Losses

T
his

section
show

s
that

w
hen
W

is
the

unit
ball

B
1 ,FT

R
L
w
ith

regularizer
R

(w
)=

12 ‖w‖
2
is

an
adaptive

algorithm
achieving

logarithm
ic

regret
for

stochastic
losses.

To
fix

the
notation,in

round
t,

FT
LR

predicts
w
t =

argm
in

w
∈W

η
t 〈F

t−
1 ,w〉+

R
(w

),

if
t
>

1
and

w
1

=
0.

It
has

been
wellknown

that
FTR

L
with

η
t =

1/ √
t−

1
is

guaranteed
to

achieve
O

( √
n)

regret
in

the
adversarialsetting

(see,e.g.,Shalev-Shwartz,2012).
It

rem
ains

to
prove

that
FT

R
L
indeed

achieves
a
fast

rate
in

the
stochastic

setting.

T
heorem

15
Assum

e
thatthe

sequence
ofloss

vectors,
f1 ,...,f

n
∈
R
d
satisfies

‖f
t ‖

2 ≤
1
alm

ost
surely

and
E

[f
t ]=

µ
for

all
t
with

som
e
‖µ‖

2
>

0.
T
hen

FT
R
L
with

η
t =

1/ √
t−

1
suffers

O
(log

n)
regret.

P
roof

U
sing

R
(w

)=
12 ‖w‖

2
as

its
regularization,in

round
t
>

1
FT

R
L
predicts

w
t =

argm
in

w
∈W

η
t 〈F

t−
1 ,w〉+

R
(w

)=
{

1
√
t−

1
F
t−

1
if‖

F
t−

1 ‖
≤
√
t−

1;
F
t−

1
‖
F
t−

1 ‖
otherw

ise.
(23)

For
any

1≤
t≤

n,denote
the

event‖
F
t ‖
≥
√
tby

E
t .

N
ote

that
if‖F

t−
1 ‖
≥
√
t−

1,FT
R
L
predicts

exactly
the

sam
e
w
t as

FT
L.D

enote
the

accum
ulated

loss
ofFT

L
in
n
rounds

by
L
F
T
L

n
.
T
hus,the

regret
ofFT

R
L
is

E
[R
n ]=

E

[
n
∑t=

1 〈f
t ,w

t 〉−
m

in
w
∈W
〈f
t ,w〉 ]

=
E

[
n
∑t=

1 〈f
t ,w

t 〉−
L
F
T
L

n

]
+

E
[L

F
T
L

n
−

m
in

w
∈W
〈f
t ,w〉 ]

≤
2

n
∑t=

1 P
[E
ct ]+

O
(log

n),

where
to

obtain
the

lastinequality
we

applied
(23)forthe

firstterm
,while

the
second

term
is
O

(log
n)

by
R
em

ark
7.

It
rem

ains
to

bound
the

first
term

,2
∑
nt=

1 P
[E
ct ]in

the
above.

For
any

t
>

4
‖
µ‖

22 ,

P
[‖
F
t ‖

2 ≤
√
t ]≤

P
[‖F

t ‖
2
<
t2 ‖
µ‖

2 ]
≤

d
∑i=

1 P
[|F

t,i |
<
t2 |µ

i | ]

≤
d
∑i=

1 P
[|F

t,i −
tµ
i |
>
t2 |µ

i | ]
≤

2
d
∑i=

1
e −

µ
2i4
t
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H
uang,

Lattim
ore,

G
yörgy,

and
Szepesvári

T
hus,

n
∑t=

1 P
[E
ct ]=

4
/‖
µ‖

22
∑t=

1
P

[E
ct ]+

n
∑

t=
4
/‖
µ‖

22 P
[E
ct ]

≤
4
‖µ‖

22
+

2
d
∑i=

1

n
∑t=

0
e −

µ
2i4
t

≤
4
‖µ‖

22
+

2
d
∑i=

1

1

1−
e −

µ
2i4

≤
4
‖µ‖

22
+

2
d
∑i=

1

µ
2i4

=
4
‖µ‖

22
+
‖
µ‖

22
2

.

w
here

in
the

last
inequality

w
e
used

1
/(1−

e −
a)≤

a.
T
herefore,if‖µ‖

>
0,the

regret
ofFT

R
L

satisfies
E

[R
n ]≤

8
‖
µ‖

22
+
‖
µ‖

22 +
O

(log
n)=

O
(log

n).

R
em

ark
16

Sim
ilarly

to
FT

SL,the
above

result
can

be
extended

to
ellipsoid

constraint
sets

w
ith

an
adequate

choice
ofthe

regularizer
R

(w
).

A
ssum

e
thatW

=
{
w
|w
>
Q
w
≤

1 }
for

som
e
positive

definite
m
atrix

Q
,and

let
R

(w
)=

12
w
>
Q
w
.
T
hen

w
t =

argm
in

w
∈W

η
t 〈F

t−
1 ,w〉+

R
(w

)=
Q
−

1
/2argm

in
w̃
∈
B

1

η
t 〈Q
−

1
/2F

t−
1 ,w̃〉+

12 ‖w̃‖
22 ,

and
R
n

=
n
∑t=

1 〈f
t ,w

t 〉−
m

in
w
∈W
〈f
t ,w〉=

n
∑t=

1 〈Q
−

1
/2f

t ,w̃
t 〉−

m
in

w
∈
B

1 〈Q
−

1
/2f

t ,w̃〉.

T
hus,the

problem
is

equivalent
to

the
case

ofa
unit

ballconstraint
set

w
ith

the
loss

vector
Q
−

1
/2f

t

for
tim

e
t,and

FT
R
L
w
ith

the
selected

regularizer
achieves

O
( √
n)

worst
case

regret
and

O
(log

n)
regret

in
the

case
of

an
i.i.d.

loss
sequence.

W
hether

FT
R
L

w
ith

a
constraint-set-independent

regularizer
R

(w
)=

12 ‖
w‖

22
achieves

sim
ilar

adaptivity,rem
ains

an
open

question.

5.
Sim

ulations
W
e
perform

ed
three

sim
ulationsto

illustrate
the

differencesbetween
FTL,FTR

L
with

the
regularizer

R
(w

)=
12 ‖w‖

22
w
hen

w
t =

argm
in
w
∈W

∑
t−

1
i=

1 〈f
i−

1 ,w〉+
R

(w
),and

the
adaptive

algorithm
(A
,B)-

prod
(A

B)
using

FT
L
and

FT
R
L
as

its
candidates,w

hich
we

shallcallA
B(FT

L,FT
R
L).

For
the

experim
ents

the
constraint

setW
was

chosen
to

be
a
slightly

elongated
ellipsoid

in
the

4-dim
ensionalEuclidean

space,with
volum

e
m
atching

thatofthe
4-dim

ensionalunitball.The
actual

ellipsoid
is

given
by
W

=
{
w
∈
R

4|w
>
Q
w
≤

1 }
w
here

Q
is

random
ly

generated
as

Q
=



4.3367
3.6346

−
2.2250

3.5628
3.6346

3.9966
−

2.3613
3.2817

−
2
.2250

−
2.3613

2.0589
−

2
.1295

3.5628
3.2817

−
2.1295

3.4206


.
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L
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e 1
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re
fo
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1 t
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∞
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∈
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fro
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fig
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ow
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re
gr
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ed
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rit
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w
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=
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th
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gr
ow

th
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at
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Θ
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Follow
ing

the
Leader

and
Fast

R
ates

in
O

nline
Linear

P
rediction

worst-case
data

is
generated

exactly
as

above,w
hile

the
generation

process
ofthe

stochastic
data

is
slightly

m
odified

to
increase

the
difference

betw
een

FT
LR

and
FT

L:w
e
sam

ple
the

i.i.d.
vectors

f̂
t
from

a
zero-m

ean
norm

al
distribution

w
ith

independent
com

ponents
w
hose

variance
is

1
/16,

and
let

f̃
t =

f̂
t
if‖f̂

t ‖
2
≤

1
and

f̃
t =

f̂
t / ∥∥∥

f̂
t ∥∥∥

2
w
hen

∥∥∥
f̂
t ∥∥∥

2
>

1
(i.e.,we

only
norm

alize
if
f̂
t
falls

outside
ofthe

unit
ball).

T
he

reason
ofthis

m
odification

is
to

encourage
the

occurrence
ofthe

event
‖F

t−
1 ‖

2
<
√
t−

1.
R
ecallthat

w
hen
‖
F
t−

1 ‖
2
≥
√
t−

1,the
prediction

ofFT
R
L
m
atches

that
of

FT
L,so

w
e
are

trying
to

create
som

e
data

w
here

their
behavior

is
actually

different.
A
s
a
result,

we
w
illbe

able
to

observe
that

the
predictions

ofFT
L
and

FT
R
L
are

different
in

the
early

rounds.
Finally,as

before,we
let

f
t =

f̃
t +

L
e1 ,and

set
the

tim
e
horizon

to
n

=
20,000.

T
he

results
ofthe

sim
ulation

ofthe
stochastic

data
setting

are
show

n
in

Figure
7.

In
the

case
of

L
=

0
.1,FT

R
L
suffers

m
ore

regret
at

the
beginning

for
som

e
rounds,but

then
succeeds

to
m
atch

the
perform

ance
ofFT

L.T
he

results
ofthe

sim
ulation

ofthe
worst-case

data
setting

are
show

n
in

Figure
8,w

here
FT

SL
has

sim
ilar

perform
ance

as
FT

R
L.

Figure
7:

Experim
entalresults

for
stochastic

data
w
hen
W

is
the

unit
ball.

6.
C

onclusion
FT

L
is

a
sim

ple
m
ethod

that
is

know
n
to

perform
wellin

m
any

settings,w
hile

existing
worst-case

results
failto

explain
its

good
perform

ance.
W

hile
taking

a
thorough

look
at

w
hy

and
w
hen

FT
L

can
be

expected
to

achieve
sm

allregret,w
e
discovered

that
the

curvature
ofthe

boundary
ofthe

constraint
and

having
average

loss
vectors

bounded
aw

ay
from

zero
help

keep
the

regret
ofFT

L
sm

all.
T
hese

conditions
are

significantly
different

from
previous

conditions
on

the
curvature

ofthe
loss

functions
w
hich

have
been

considered
extensively

in
the

literature.
It

would
be

interesting
to

further
investigate

this
phenom

enon
for

other
algorithm

s
or

in
other

learning
settings.
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worst-case

data
w
hen
W

is
the

unit
ball.

with
the

D
epartm

entofCom
puting

Science,U
niversity

ofA
lberta

and
with

the
SchoolofInform

atics
and

C
om

puting,Indiana
U
niversity

Bloom
ington.

A
ppendix

A
.

TechnicalR
esults

A
.1

P
roof

of
P
roposition

1
U
nder

the
extra

condition
that

W
is

com
pact

the
result

follow
s
from

D
anskin’s

theorem
(e.g.,

Proposition
B
.25

ofB
ertsekas

1999).
H
owever,com

pactness
is

not
required.

For
com

pleteness,we
provide

a
short,direct

proof.
W
e
need

to
show

thatZ
=
∂
ϕ(Θ

)
w
here

recallthat

∂
ϕ(Θ

)=
{
u
∈
R
d|ϕ(Θ

)+
〈u
,·−

Θ
〉≤

ϕ(·) }
=
{
u
∈
R
d|ϕ(Θ

)≤
〈u
,Θ
〉+

ϕ(·)−
〈u
,·〉 }

.

Since
Z
⊂
W

,if
w
∈
Z
,
ϕ(Θ

′)≥
〈w
,Θ
′〉

for
any

Θ
′by

the
definition

of
ϕ.

H
ence,

ϕ(Θ
)=
〈w
,Θ
〉≤

〈w
,Θ
〉+

ϕ(Θ
′)−
〈w
,Θ
′〉

for
any

Θ
′,im

plying
that

w
∈
∂
ϕ(Θ

).
O
n
the

other
hand,assum

e
w
∈
∂
ϕ(Θ

).
Then

ϕ(Θ
)≤
〈w
,Θ〉

since
ϕ(0)=

〈w
,0〉=

0.
SinceW

is
closed,Z

is
also

closed.
Therefore,if

w
6∈
Z
,the

strictseparation
theorem

(applied
to
{w},a

convex
com

pactset,andZ
,a

convex
closed

set)im
pliesthatthereexists

ρ
∈
R
dsuch

that〈z
,ρ〉

<
〈w
,ρ〉forall

z
∈
Z
.LetΘ

′=
Θ

+
ρ.Then,

ϕ(Θ
′)=

m
ax
u∈W
〈u
,Θ〉+

〈u
,ρ〉

<
ϕ(Θ

)+
〈w
,Θ
′−

Θ〉≤
〈w
,Θ
′〉≤

ϕ(Θ
′),

a
contradiction.

H
ence,

w
∈
Z
.

A
.2

P
relim

inaries
in

D
ifferentialG

eom
etry

In
this

section
we

present
som

e
extra

details
on

the
tools

w
e
use

from
differentialgeom

etry.
W
e

focus
on

providing
the

intuitive
picture

and
foundationalresults

used
in

the
paper,om

itting
form

al
definitions

that
do

not
directly

contribute
to

this
goal.

T
he

interested
reader

can
find

a
detailed

form
altreatm

ent,for
exam

ple,in
Section

2.5
ofthe

book
ofSchneider

(2014).

A
.2.1

P
lanar

C
urves

W
e
only

consider
tw

ice
continuously

differentiable
curves

in
this

paper,defined
as

injective
tw

ice
continuously

differentiable
functions

γ
:

[a
,b]→

X
from

an
interval[a

,b]⊂
R

to
a
differentiable

m
anifold

X
⊂

R
d
such

that
γ
′(u)6=

0.
G
iven

a
differentiable

curve
γ,we

define
its

length
between

γ(u)
and

γ(v)
as
`([u

,v])
=
∫
vu
‖
γ
′(s)‖d

s
for

u
,v
∈

[a
,b];throughout

this
section

‖·‖
denotes

the
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Fo
ll

ow
in

g
th

e
Le

ad
er

an
d

Fa
st

R
at

es
in

O
nl

in
e

Li
ne

ar
P

re
di

ct
io

n

Eu
cl
id
ea
n
no

rm
,a

nd
—
w
ith

a
sli
gh

t
ab

us
e
of

no
ta
tio

n—
w
e
w
ill

al
so

us
e
`
to

de
no

te
th
e
le
ng

th
of

a
cu

rv
e
or

an
in
te
rv
al
.
G
iv
en

a
tw

ic
e
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e
bi
je
ct
iv
e
m
ap

pi
ng

r
:

[a
,b

]→
J

(w
he

re
J
⊂

R
is

an
in
te
rv
al
),
γ
ca
n
be

re
pa

ra
m
et
riz

ed
as

a
tw

ic
e
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e
fu
nc

tio
n

fro
m
J
to
X
,b

y
γ̃

(`
)=

γ
(r
−

1 (
`)

).
In

pa
rt
ic
ul
ar
,w

he
n
th
e
m
ap

pi
ng

is
r(
u

)=
`(

[a
,u

]),
th
at

is,
th
e

cu
rv
e
is

re
pa

ra
m
et
riz

ed
by

th
e
cu

rv
e
le
ng

th
,w

e
ha

ve
r−

1 (
`(

[a
,u

]))
=
u
an

d
r′

(u
)

=
‖γ
′ (u

)‖
>

0.
M
or
eo
ve
r,

sin
ce
`

=
r(
r−

1 (
`)

),
w
e
al
so

ha
ve

1
=

d
r
(r
−

1
(`

))
d
`

=
r′

(u
)d

r
−

1
(`

)
d
`

w
he

re
r(
u

)
=
`.

T
hu

s,
d
r
−

1
(`

)
d
`

=
1

r
′ (
u

)
=

1
‖γ
′ (
u

)‖
,a

nd
so

‖γ̃
′ (`

)‖
=
∥ ∥ ∥ ∥d

γ
(r
−

1 (
`)

)
d
`

∥ ∥ ∥ ∥
=
∣ ∣ ∣ ∣d
r−

1 (
`)

d
`

∣ ∣ ∣ ∣‖
γ
′ (u

)‖
=

1.

T
hu

s,
if
th
e
cu

rv
e
is

pa
ra
m
et
riz

ed
by

th
e
its

le
ng

th
,i
ts

gr
ad

ie
nt

is
al
wa

ys
a
un

it
ve
ct
or
.
Fo

r
th
e
re
st

of
th
is

se
ct
io
n,

we
al
wa

ys
as
su
m
e
th
is

pa
ra
m
et
riz

at
io
n.

A
pl
an

ar
cu

rv
e
is

a
cu

rv
e
in

a
2-
di
m
en

sio
na

lp
la
ne

.
G
iv
en

a
po

in
t
γ

(u
)
on

th
e
cu

rv
e,

on
e
ca
n

co
m
pu

te
its

ta
ng

en
t
ve
ct
or

in
th
e
pl
an

e
by

γ
′ (u

).
N
ot
e
th
at

sin
ce
γ
is

pa
ra
m
et
riz

ed
by

its
cu

rv
e

le
ng

th
,γ
′ (u

)
is

a
un

it
ve
ct
or
.
To

m
ea
su
re

ho
w

cu
rv
ed

a
pl
an

ar
cu

rv
e
is

at
po

in
t
γ

(u
),
we

de
fin

e
its

cu
rv
at
ur
e
as

κ
(γ

(u
))

=
∥ ∥ ∥ ∥d

γ
′ (u

)
d
u

∥ ∥ ∥ ∥
=
‖γ
′′ (
u

)‖
2.

Fu
rt
he
rm

or
e,

sin
ce
γ
′ (u

)
is

a
un

it
ve
ct
or
,

0
=
d

1
d
u

=
d
‖γ
′ (u

)‖
2

d
u

=
d
〈γ
′ (u

),
γ
′ (u

)〉
d
u

=
2〈
γ
′ (u

),
γ
′′ (
u

)〉
,

th
us
γ
′ (u

)
is

pe
rp
en

di
cu
la
r
to
γ
′′ (
u

).

A
.2

.2
M

an
if

ol
ds

,
T

an
ge

nt
P

la
ne

,
an

d
P

ri
nc

ip
al

C
ur

va
tu

re

A
m
an

ifo
ld
M

of
di
m
en

sio
n
d
is

a
H
au

sd
or
ff
to
po

lo
gi
ca
ls

pa
ce

th
at

is
lo
ca
lly

ho
m
eo
m
or
ph

ic
to

R
d
.

G
iv
en

a
co
nv

ex
bo

dy
(a

co
nv

ex
bo

dy
is

a
co
m
pa

ct
,c

on
ve
x
su
bs
et

of
R
d
w
ith

no
n-
em

pt
y
in
te
rio

r)
W
⊂

R
d
,i
ts

bo
un

da
ry

is
a
m
an

ifo
ld
M

=
bd

(W
)
of

di
m
en

sio
n
d
−

1.
A
ss
um

e
th
at

M
is

tw
ic
e

co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e,

an
d
le
t
ζ
de

no
te

th
e
st
an

da
rd

em
be

dd
in
g
m
ap

fr
om

M
to
W

.5
N
ow

le
t
γ

1,
γ

2
:[
−

1,
1]
→

M
be

tw
o
cu

rv
es

(n
ot

ne
ce
ss
ar
ily

pa
ra
m
et
riz

ed
by

cu
rv
e
le
ng

th
),

su
ch

th
at

γ
1(

0)
=
γ

2(
0)

=
w
.
T
he

tw
o
cu

rv
es

ar
e
eq
ui
va
le
nt

at
th
e
po

in
t
w

if
an

d
on

ly
if
th
ei
r
de

riv
at
iv
es

ar
e
eq
ua

la
t
th
e
po

in
t
u
,t
ha

t
is,

(ζ
◦γ

1)
′ (0

)=
(ζ
◦γ

2)
′ (0

)
an

d
th
e
ta
ng

en
t
ve
ct
or

em
be

dd
ed

in
R
d

as
so
ci
at
ed

w
ith

th
is

eq
ui
va
le
nc
e
cl
as
s
is

(ζ
◦γ

1)
′ (0

).
T
he

se
t
of

al
lt

he
ta
ng

en
t
ve
ct
or
s
fo
rm

th
e

ta
ng

en
ts

pa
ce
,d

en
ot
ed

by
T
w
M

or
T
w
W

.O
ne

ca
n
ve
rif
y
th
at
T
w
M

is
a
d
−

1
di
m
en

sio
na

lh
yp

er
pl
an

e
in

R
d
.
N
ot
e
th
at

th
is

de
fin

iti
on

of
ta
ng

en
t
sp
ac
e
is

co
ns
ist

en
t
wi
th

th
e
‘n
at
ur
al
’t

an
ge
nt

pl
an

e
in

th
e

Eu
cl
id
ea
n
sp
ac
e
R

3 .
6

Si
nc

e
T
w
M

is
a
d
−

1
di
m
en

sio
na

l
hy

pe
rp
la
ne

in
R
d
,
th
er
e
ex
ist

s
a
un

iq
ue

ve
ct
or

th
at

is
pe

rp
en
di
cu

la
rt

o
T
w
M

,i
so

fl
en

gt
h
1
an

d
po

in
ts

ou
tw

ar
d
of
W

(n
ot
e
th
at

in
th
is
se
ns
e
M

=
bd

(W
)i
s

or
ien

te
d)
:t

hi
sv

ec
to
ri
sc

al
led

th
e
G
au

ss
ve
ct
or

at
po

in
tw

fo
rW

.T
he

m
ap

pi
ng

u
W

:b
d(
W

)→
Sd
−

1

th
at

m
ap

s
ev
er
y
w
∈

bd
(W

)
to

th
e
co
rr
es
po

nd
in
g
G
au

ss
ve
ct
or

is
ca
lle

d
th
e
G
au

ss
m
ap

.
Si
nc

e
M

is
tw

ic
e
co
nt
in
uo

us
ly

di
ffe
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nt
ia
bl
e,

th
e
G
au

ss
m
ap

u
W

is
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e.

O
ne

ca
n
ac
tu
al
ly

sh
ow

th
at
∇
u
W

(w
),

th
e
so
-c
al
le
d
W
ei
ng

ar
te
n
m
ap

,
is

a
se
lf-
ad

jo
in
t
op

er
at
or

w
ith

no
nn

eg
at
iv
e

ei
ge
nv

al
ue

s,
w
hi
ch

ca
n
be

re
pr
es
en
te
d
as

a
(d
−

1)
×

(d
−

1)
po

sit
iv
e
se
m
id
efi

ni
te

m
at
rix

.
T
he

ei
ge
nv

al
ue

s
of

th
is

m
at
rix

(o
r
th
e
se
lf-
ad

jo
in
t
op

er
at
or
)
ar
e
ca
lle

d
th
e
pr
in
ci
pa

lc
ur
va
tu
re
s
of
M

at

5.
A

de
ta
ile
d
di
sc
us
si
on

of
m
an

ifo
ld
s
in
cl
ud

in
g
lo
ca
lc

ha
rt
s
an

d
at
la
se
s
ca
n
be

fo
un

d
in

Se
ct
io
n
2.
5
of

th
e
bo

ok
of

Sc
hn

ei
de
r
(2
01
4)
,t

og
et
he
r
w
ith

a
fo
rm

al
de
fin

iti
on

of
di
ffe

re
nt
ia
bi
lit
y.

To
bu

ild
th
e
in
tu
iti
on

re
qu

ire
d
to

fo
llo

w
th
e

ar
gu

m
en
ts

in
th
e
pa

pe
r
it
is

su
ffi
ci
en
t
to

th
in
k
of

a
m
an

ifo
ld

as
th
e
bo

un
da

ry
of

a
co
nv

ex
bo

dy
.

6.
M
or
e
ge
ne
ra
lly
,o

ne
ca
n
de
fin

e
th
e
ta
ng

en
t
sp
ac
e
w
ith

ou
t
em

be
dd

in
g
it

to
R
d
,b

ut
,f
or

sim
pl
ic
ity

,w
e
on

ly
co
ns
id
er

he
re

th
e
de
fin

it
io
ns

th
ro
ug

h
th
e
em

be
dd

in
g
ζ
,w

hi
ch

is
al
w
ay
s
po
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ib
le

an
d
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lo
w
s
to

pe
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m
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lc
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io
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in
R
d
.
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8(

14
5)

:1
-3

1,
 2

01
7

H
ua

ng
,

La
tt

im
or

e,
G

yö
rg

y,
an

d
Sz

ep
es

vá
ri

po
in
tw

.
In
tu
iti
ve
ly,

ho
w

fa
st

th
e
G
au

ss
m
ap

u
W

ch
an

ge
sc

ha
ra
ct
er
ize

st
he

cu
rv
at
ur
e
of

th
e
m
an

ifo
ld

M
.
A
n
in
te
re
st
in
g
pr
op

er
ty

of
th
e
op

er
at
or
∇
u
W

(w
)
is

th
at

it
m
ap

s
T
w
M

to
its

el
f:

fo
r
an

y
un

it
ve
ct
or
v
∈
T
w
M

,0
=

lim
ε→

0
∂

1
∂
ε

=
lim

ε→
0
∂
‖u
W

(w
+
εv

)‖
2 2

∂
ε

=
2l

im
ε→

0〈
∇
u
W

(w
+
εv

)v
,
u
W

(w
+
εv

)〉
=

2〈
∇
u
W

(w
)v
,
u
W

(w
)〉

,t
hu

s
∇
u
W

(w
)v

is
pe

rp
en

di
cu
la
r
to
u
W

(w
),
th
us

be
lo
ng

s
to
T
w
M

.

A
.3

Te
ch
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ca
lP

ro
of
s
R
el
at
ed
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St
ro
ng
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C
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x
Se

ts
an

d
P
ri
nc

ip
al

C
ur
va
tu
re
s

P
ro
of

of
P
ro
po

si
ti
on

4
W
e
sh
ow

th
at

(i)
im

pl
ie
s
(ii
),

(ii
)
im

pl
ie
s
(ii
i),

an
d
(ii
i)
im

pl
ie
s
(i)

.
W
e

st
ar
t
w
ith

sh
ow

in
g
th
at

(i)
im

pl
ie
s
(ii
).

Fi
rs
t
no
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th
at

al
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ci
pa
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ur
va
tu
re
s
of
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e
d
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im

en
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l

ba
ll
B

=
B

1/
λ
w
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ra
di
us

1/
λ
(c
en
te
re
d
at

th
e
or
ig
in
)
ar
e
λ
.
T
he

re
fo
re
,(

i)
an

d
T
he

or
em

3.
2.
9

of
Sc
hn

ei
de

r
(2
01
4)

im
pl
ie
s
th
at

th
er
e
is

a
co
nv

ex
bo

dy
M

su
ch

th
at
W

+
M

=
B
,
w
he

re
fo
r

tw
o
se
ts
,
S

1,
S

2
⊂

R
d
,
S

1
+
S

2
is

de
fin

ed
as
{s

1
+
s 2
|s

1
∈
S

1,
s 2
∈
S

2}
.

Fo
r
an

y
θ
∈

Sd
−

1 ,
le
t

m
θ
∈

ar
gm

ax
m
∈M
〈m
,θ
〉.

Th
en

cle
ar
ly
w
θ

+
m
θ
m
ax

im
ize

s〈
b,
θ〉

fo
rb
∈
W

+
M

.T
he

re
fo
re
,W

+
m
θ

is
a
su
bs
et

of
B

an
d
to
uc
he

s
it

at
w
θ

+
m
θ
,o

r
eq
ui
va
le
nt
ly
W
⊂
B
−
m
θ
an

d
th
ey

to
uc
h
ea
ch

ot
he

r,
an

d
a
ta
ng

en
t
hy

pe
rp
la
ne

w
ith

no
rm

al
ve
ct
or
θ,

in
w
θ
.
T
hi
s
pr
ov
es

th
at

(i)
im

pl
ie
s
(ii
).

N
ex
t
we

pr
ov
e
th
at

(ii
)
im

pl
ie
s
(ii
i).

A
ss
um

in
g
(ii
)
ho

ld
s,

le
t
w
∈
W

be
an

y
po

in
t
in

th
e
in
te
rio

r
of
W

,a
nd

le
t
p
∈

bd
(W

)
be

th
e
cl
os
es
t
bo

un
da

ry
po

in
t
to
w
,a

nd
re
ca
ll
th
at
T
p
W

is
th
e
ta
ng

en
t

sp
ac
e
of
W

at
p
.
B
y
co
ns
tr
uc

tio
n,
B
‖w
−
p
‖ 2

(w
)
to
uc
he

s
th
e
bo

un
da

ry
of
W

at
p
(in

th
e
se
ns
e
th
at

th
ey

do
no

t
in
te
rs
ec
t,

bu
t
th
ey

ca
n
ha

ve
m
ul
tip

le
co
m
m
on

po
in
ts
),

an
d
so
w
−
p
is

or
th
og
on

al
to

T
p
W

.
T
he

re
fo
re
,B
‖w
−
p
‖ 2

(w
)
al
so

to
uc
he

s
th
e
bo

un
da

ry
of

th
e
ba

ll
B

=
B

1/
λ
(p

+
w
−
p

λ
‖w
−
p
‖ 2

),
w
hi
ch

co
nt
ai
ns
W

by
as
su
m
pt
io
n
(ii
).

N
ow

co
ns
id
er

an
y
tw

o
po

in
ts
x
,y
∈
W

an
d
γ
∈

[0
,1

]s
uc
h
th
at

w
=
γ
x

+
(1
−
γ

)y
.
T
he

n
th
e
ba

ll
w
ith

ra
di
us
λ
γ

(1
−
γ

)‖
x
−
y
‖2 2/

2
ce
nt
er
ed

at
w

is
co
nt
ai
ne

d
in
B
,

sin
ce
B

is
λ
-s
tr
on

gl
y
co
nv

ex
.
Bu

t
th
en

its
ra
di
us

is
at

m
os
t
‖p
−
w
‖ 2
,a

nd
so

it
is

al
so

co
nt
ai
ne

d
in

W
.
T
hi
s
sh
ow

s
th
at
W

is
λ
-s
tr
on

gl
y
co
nv

ex
,t
hu

s
(ii
i)

ho
ld
s.

u
W
(w

)

v
w

f
(s
) p
=
w
+
sv
−
f
(s
)u
W
(w

)

sv
P

=
(s
,f

(s
))

Fi
gu

re
9:

T
he

lo
ca
lc

oo
rd
in
at
e
sy
s-

te
m

at
w
.

To
fin

ish
th
e
pr
oo

f
of

th
e
pr
op

os
iti
on

,
as
su
m
e
(ii
i).

To
pr
ov
e
th
at

(i)
ho

ld
s,

w
e
ha

ve
to

sh
ow

th
at

fo
r
an

y
po

in
t
w

on
bd

(W
)
an

d
fo
r
an

y
un

it
ve
ct
or
v
∈
T
w
W

,t
he

cu
rv
at
ur
e
of

th
e
bo

un
da

ry
al
on

g
v
is

at
le
as
t
λ
.
U
sin

g
th
e
sa
m
e
no

ta
tio

ns
as

in
Fi
g.

2
in

Se
ct
io
n
3.
1,

le
t
P

be
th
e
hy

pe
rp
la
ne

sp
an

ne
d
by

v
an

d
th
e
ou

te
r
no

rm
al

ve
ct
or

u
W

(w
)
of
W

at
po

in
t
w
,a

nd
co
ns
id
er

th
e
pl
an

ar
cu
rv
e

γ
de

fin
ed

by
bd

(W
)∩

P
.
U
sin

g
v
as

th
e
ax

is
of

a
lo
ca
l

2-
di
m
en

sio
na

lc
oo

rd
in
at
e
sy
st
em

,a
po

in
tγ

(s
)o

n
th
e
cu

rv
e

γ
in

th
e
ne

ig
hb

or
ho

od
of
w

ca
n
be

ex
pr
es
se
d
as
γ

(s
)

=
w

+
sv
−
f

(s
)u
W

(w
),
w
he

re
w

se
rv
es

as
th
e
or
ig
in

in
th
e

lo
ca
lc

oo
rd
in
at
e
sy
st
em

,f
is
th
e
re
st
ric

tio
n
of

th
e
fu
nc

tio
n

f w
(s
v
)(

se
e
Se

ct
io
n
3.
1)

to
P

(t
o
sim

pl
ify

th
e
no

ta
tio

n,
we

de
no

te
it

by
f

(s
),

om
itt

in
g
v
an

d
w
),

an
d
th
e
cu

rv
e
γ
is

th
e
ep

ig
ra
ph

of
th
e
fu
nc

tio
n
f
,a

s
in

Fi
g.

9.
N
ot
e
th
at
f
′ (0

)=
0,

an
d
by

Pr
op

os
iti
on

2.
1
of

Pr
es
sle

y
(2
01

0)
,t
he

cu
rv
at
ur
e
of
γ
at
p
ca
n
be

ob
ta
in
ed

as

f
′′ (
s)

√
1

+
f
′ (s

)2
3

∣ ∣ ∣ ∣ ∣ s=
0

=
f
′′ (

0)
.

N
ow

sin
ce
w

(s
),
w

(−
s)
∈
W

fo
r
a
su
ffi
ci
en
tly

sm
al
ls

,t
he

st
ro
ng

co
nv

ex
ity

of
W

ap
pl
ie
d
to
w

(s
)

an
d
w

(−
s)

w
ith

γ
=

1/
2
im

pl
ie
s
th
at
q

=
w

(s
)+
w

(−
s
)

2
+

λ 8
‖w

(s
)−

w
(−
s)
‖2 2u
∈
W

.
Su

bs
tit

ut
in
g
th
e

de
fin

iti
on

of
w

(s
)
an

d
w

(−
s)
,w

e
ge
t

q
=
p
−
u

[ f
(s

)+
f

(−
s)

2
−
λ 8( 4s

2
+

(f
(s

)−
f

(−
s)

)2)
] .
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Follow
ing

the
Leader

and
Fast

R
ates

in
O

nline
Linear

P
rediction

T
herefore,

q∈
W

im
plies

f(s)+
f(−

s)≥
λ
s 2,and

so

f
′′(0)=

lims→
0

f(s)−
f(0)
s

−
f(0)−

f(−
s)

s

s
=
f(s)+

f(−
s)

s 2
≥
λ
.

T
hus

(i)
holds,finishing

the
proofofthe

proposition.

P
roof

of
a
w
eakened

variant
of

(6)
based

on
strong

convexity
G
iven

θ1
and

θ2 ,for
any

0
<
γ
<

1,define
θ
γ

=
γ
θ1 +

(1−
γ)θ2

and

w
γ

=
γ
w

(1)+
(1−

γ)w
(2)+

λ
02
γ(1−

γ)‖w
(1)−

w
(2)‖

22
θ
γ

‖θ
γ ‖

2
.

B
y
the

strong
convexity

ofW
,
w
γ
∈
W

,
and

so
by

the
definition

and
convexity

of
the

support
function

Φ
,we

have

〈w
γ
,θ
γ 〉≤

Φ
(θ
γ )≤

γΦ
(θ1 )+

(1−
γ)Φ

(θ2 )=
γ〈w

(1),θ1 〉+
(1−

γ)〈w
(2),θ2 〉.

Plugging
in

the
definitions

of
w
γ
and

θ
γ ,and

applying
the

C
auchy-Schwarz

inequality,we
obtain

λ
02
γ(1−

γ)‖
w

(1)−
w

(2)‖
22 ‖θ

γ ‖
2 ≤

γ(1−
γ)〈θ1 −

θ2 ,w
(1)−

w
(2)〉≤

γ(1−
γ)‖

θ1 −
θ2 ‖

2 ‖w
(1)−

w
(2)‖

2
.

R
earranging

and
letting

γ
→

0
im

plies

‖w
(1)−

w
(2)‖

2 ≤
2λ
0 ‖θ1 −

θ2 ‖
2

‖
θ2 ‖

2
.

Finally,the
definition

of
w

(2)and
the

C
auchy-Schwarz

inequality
yields

〈w
(1)−

w
(2),θ1 〉≤

〈w
(1)−

w
(2),θ1 〉+

〈w
(2)−

w
(1),θ2 〉

︸
︷︷

︸
≥

0

=
〈w

(1)−
w

(2),θ1 −
θ2 〉

≤
‖w

(1)−
w

(2)‖
2 ‖
θ1 −

θ2 ‖
2 ≤

2λ
0 ‖θ1 −

θ2 ‖
22

‖
θ2 ‖

2
,

(24)

finishing
the

proof.

P
roofofE

xam
ple

1
W
estartwith

proving
thelaststatem

ent,part(iv),which
im

pliestherest.Fix
w
∈

bd(W
).

N
ote

that
φ
′(w

)isa
norm

alvectorat
w

forbd(W
),thus

T
w W

=
{v

:〈v
,φ
′(w

)〉}.
Then

the
G
auss

m
ap

u
W

ofW
satisfies

u
W

(w
)=

φ
′(w

)
‖
φ
′(w

)‖
2
for

w
∈

bd(W
).

A
ccording

to
Schneider

(2014,
page

105),the
principalcurvatures

ofW
at
w

are
the

eigenvalues
ofthe

W
eingarten

m
ap

W
w (v),

w
hich

is
a
linear

m
ap

from
T
w W

to
itselfdefined

through
the

derivative
of
u
W
:
W
w (v)=

〈
d
u
W

d
w
,v〉.

In
our

case,

W
w (v)=

〈
d
u
W

d
w
,v 〉

=
∇

2φ(w
)v

‖
φ
′(w

)‖
2
−
φ
′(w

)∇
2φ(w

)φ
′(w

) >
v

‖φ
′(w

)‖
32

=
∇

2φ(w
)v

‖φ
′(w

)‖
2
,

where
in

the
laststep

we
used

that
φ
′(w

)isorthogonalto
the

tangentspace
T
w W

(since
itisparallel

to
the

norm
alvector

u
W

(w
)),and

v
∈
T
w W

.
T
herefore,the

sm
allest

principalcurvature
at
w

is
the

sm
allest

eigenvalue
m

in
v∈

S
d−

1:〈φ
′(w

),v〉=
0
v
>
∇

2
φ(w

)v
‖
φ
′(w

)‖
2

.
Taking

m
inim

um
over

all
w
∈

bd(W
)
finishes

the
proof.
N
ow

part
(ii)

follow
s
for

φ(w
)=

w
>
Q
w
,as

w
e
need

to
m
inim

ize
v >
Q
v
/‖
w
>
Q
‖

2 .
It

is
easy

to
see

that
the

denom
inator

is
m
axim

ized
w
hen

w
∈

bd(W
)
is

an
eigenvector

of
Q

corresponding
to
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H
uang,

Lattim
ore,

G
yörgy,

and
Szepesvári

λ
m

ax
(w

ith
length

1/ √
λ

m
ax ),and

the
num

erator
is

m
inim

ized
(for

arbitrary
v
∈
S
d−

1)
w
hen

v
is

an
eigenvector

of
Q

corresponding
to
λ

m
in .

Since
the

two
eigenvectors,

w
and

v
are

orthogonal(or
can

be
chosen

to
be

orthogonalifthey
are

not
unique),

v
is

orthogonalto
φ
′(w

)=
Q
w

=
λ

m
ax w

,and
hence

it
is

a
valid

m
inim

izer.
T
his

com
pletes

the
proofofpart

(ii),and
part

(i)
follow

s
as

a
special

case.Part(iii)followssim
ilarly:D

ueto
sym

m
etry,itisenough

to
consider

w
in

thenonnegativequadrant

(i.e.,
w
i ≥

0
for

all
i).

C
alculating

the
first

and
second

derivatives
of
φ(w

)=
‖w‖

p
=
(∑

di=
1
w
pi )

1
/
p,

for
any

w
∈

bd(W
)
(i.e.,‖w‖

p
=

1),we
obtain

φ
′(w

)=
(

d
∑i=

1
w
pi )

1
/
p−

1

w
�

(p−
1)=

w
�

(p−
1)

and
∇

2φ(w
)=

(p−
1)diag (

w
p−

2
1

,···
,w

p−
2

d

)
.

W
hen

p
>

2,
picking

w
=

(1
,0
,0
,···

,0),
one

can
easily

verify
that

λ
0

=
0.

For
1
<
p
≤

2,
|w
i | p−

2
≥

1
since

|w
i |≤

1
by

the
assum

ption
that

‖w‖
p

=
1.

T
hus,the

m
inim

um
eigenvalue

of
diag (

w
p−

2
1

,···
,w

p−
2

d

)
isatleast1,and

so
λ

0 ≥
(p−

1)/‖w
�

(p−
1)‖

2 since
v >

diag (
w
p−

2
1

,···
,w

p−
2

d

)
v
≥

1.
D
efining

q
via

1/p+
1/q

=
1,forany

w
∈

bd(W
)(i.e.,with

‖
w
p ‖

=
1),H

ölder’sinequality
im

plies

‖w
�

(p−
1)‖

2 ≤
d

12 −
1q‖w

�
(p−

1)‖
q

=
d

12 −
1q (

d
∑i=

1
w

(p−
1)q

i

)
1q

=
d

12 −
1q (

d
∑i=

1
w
pi )

1q

=
d

12 −
1q

=
d

1p −
12
.

T
hus,

λ
0 ≥

(p−
1)d

12 −
1p,as

desired.

A
.4

TechnicalLem
m
as

for
the

Low
er

B
ound,T

heorem
9

Lem
m
a
17

U
nder

the
assum

ptions
ofT

heorem
9,for

any
0
<
P

1 ,P
2
<

1,

〈w
P

2−
w
P

1,f
P

1 〉≥
λ
L2

(
2
P

2 −
2
P

1
λ
L

)2
√

1
+
(

1−
2
P

1
λ
L

)2 (1
+
(

1−
2
P

2
λ
L

)2 )
.

P
roof

Itiseasy
to

seethatforany
p,
w
pison

theboundary
ofW

,thatis,
w
p

=
argm

in
w
∈W
〈w
,f
p〉=

(cos(ϕ
p),λ

sin(ϕ
p))

for
som

e
ϕ
p.

T
hen
〈w

p,f
p〉=

(2
p−

1)cos(ϕ
p)−

λ
L

sin(ϕ
p),and

so
taking

the
derivative

it
is

easy
to

verify
that

tan(ϕ
p)

=
λ
L

1−
2
p
and

sin(ϕ
p)

=
λ
L

√
(λ
L

) 2+
(1−

2
p) 2

>
0.

T
hus,

1−
2P

1
=

λ
L

cos(ϕ
P

1)
sin(ϕ

P
1)

.
To

sim
plify

notation,let
ϕ

1
=
ϕ
P

1
and

ϕ
2

=
ϕ
P

2.
T
hen,

〈w
P

2−
w
P

1,f
P

1〉=
〈(

cos
ϕ

2 −
cos

ϕ
1

λ
(sin

ϕ
2 −

sin
ϕ

1 )

)
, (

−
λ
L

cos
ϕ

1
sin

ϕ
1

−
L

)〉

=
−
λ
L

(
(cos(ϕ

2 )−
cos(ϕ

1 )) cos(ϕ
1 )

sin(ϕ
1 )

+
(sin(ϕ

2 )−
sin(ϕ

1 )) )

=
−
λ
L

sin(ϕ
1 ) (cos(ϕ

2 )cos(ϕ
1 )−

cos 2(ϕ
1 )+

sin(ϕ
1 )sin(ϕ

2 )−
sin

2(ϕ
1 ) )

=
λ
L

sin(ϕ
1 ) (1−

cos(ϕ
2 )cos(ϕ

1 )−
sin(ϕ

1 )sin(ϕ
2 ))

=
λ
L

sin(ϕ
1 ) (1−

cos(ϕ
1 −

ϕ
2 ))

=
λ
L

sin(ϕ
1 ) (

12
(cos(ϕ

1 −
ϕ

2 )−
1) 2+

12
sin

2(ϕ
1 −

ϕ
2 ) )
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Fo
ll

ow
in

g
th

e
Le

ad
er

an
d

Fa
st

R
at

es
in

O
nl

in
e

Li
ne

ar
P

re
di

ct
io

n

≥
λ
L

2s
in

(ϕ
1)

sin
2 (ϕ

1
−
ϕ

2)

=
λ
L 2

sin
(ϕ

1)
sin

2
ϕ

2
(c

ot
(ϕ

1)
−

co
t(
ϕ

2)
)2

.

T
he

pr
oo

f
is

fin
ish

ed
by

su
bs
tit

ut
in
g

co
t(
ϕ
i)

=
1−

2P
i

λ
L

,
sin

(ϕ
1)

=
1

√
1+

(1−
2P

1
λ
L

)2
an

d
sin

2 (
ϕ

2)
=

1
1+

(1−
2P

2
λ
L

)2
.

Le
m
m
a
18

(C
on

ce
nt
ra
ti
on

of
P̂

t
)
Fo

r
an

y
u
>

0,

P
[ |
P̂
t
−
P
|>

K

2K
+
t|1
−

2P
|+

t

2K
+
tu

∣ ∣ ∣ ∣P
]
≤

2e
xp

(−
tu

2 )
.

P
ro
of

R
ec
al
lt
ha

t
P̂
t

=
K

+
∑

t i
=

1
X
i

2K
+
t

.
T
hu

s,

P
[ |
P̂
t
−
P
|>

u
∣ ∣ ∣P
] =

P

[∣ ∣ ∣ ∣ ∣
K

+
∑
t i=

1
X
i

2K
+
t

−
P

∣ ∣ ∣ ∣ ∣>
K

2K
+
t|1
−

2P
|+

t

2K
+
tu

∣ ∣ ∣ ∣ ∣P
]

=
P

[∣ ∣ ∣ ∣ ∣
t ∑ i=
1
X
i
−
P
t

+
K

(1
−

2P
)∣ ∣ ∣ ∣ ∣>

K
|1
−

2P
|+

tu

∣ ∣ ∣ ∣ ∣P
]

≤
P

[∣ ∣ ∣ ∣ ∣
t ∑ i=
1
X
i
−
P
t∣ ∣ ∣ ∣ ∣>

tu

∣ ∣ ∣ ∣ ∣P
] ,

(2
5)

w
he

re
th
e
la
st

in
eq
ua

lit
y
is

du
e
to

P
[|A

+
b|
>
c]
≤

P
[|A
|>

c
−
|b|

].
N
ot
e
th
at

co
nd

iti
on

ed
on

P
,

X
1,
..
.,
X
t
ar
e
in
de

pe
nd
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)
b

e
a

p
ro

b
ab

il
it

y
sp

ac
e

an
d

co
n
si

d
er

a
cl

as
s

of
fu

n
ct

io
n
s

F
on

(X
,µ

).
L

et
X

b
e

d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
µ

an
d

se
t
X

1
,.
..
,X

N
∈
X

to
b

e
N

in
d
ep

en
d
en

t
co

p
ie

s
of
X

.
G

iv
en

an
u
n
k
n
ow

n
ra

n
d
om

va
ri

ab
le
Y

,
le

t
D

=
(X

i,
Y
i)
N i=

1
b

e
a

sa
m

p
le

se
le

ct
ed

ac
co

rd
in

g
to

th
e

jo
in

t
d
is

tr
ib

u
ti

on
of

(X
,Y

).
O

n
e

w
ou

ld
li
ke

to
u
se

th
e

d
a
ta
D

an
d

co
n
st

ru
ct

a
(r

an
d
om

)
fu

n
ct

io
n
f̂

(·)
=
f̂

(D
,·)
∈
F

,
w

it
h
f̂

(X
)

se
rv

in
g

as
a

go
o
d

g
u
es

s
of
Y

.

c ©
2
0
1
7

G
u

il
la

u
m

e
L

ec
u

é
a
n

d
S

h
a
h

a
r

M
en

d
el

so
n

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
8
/
1
6
-
4
2
2
.
h
t
m
l
.
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

W
h
il
e

th
er

e
ar

e
va

ri
ou

s
in

te
rp

re
ta

ti
on

s
of

th
e

m
ea

n
in

g
of

‘a
go

o
d

gu
es

s’
,

th
e

n
o
ti

o
n

w
e

w
il
l

fo
cu

s
on

h
er

e
is

as
fo

ll
ow

s.
In

a
ty

p
ic

al
p
ro

b
le

m
,

ve
ry

li
tt

le
is

a
ss

u
m

ed
o
n

th
e

ta
rg

et
Y

or
on

th
e

m
ea

su
re
µ

;
on

th
e

ot
h
er

h
an

d
,

th
e

cl
as

s
F

is
k
n
ow

n
a
n
d

a
ty

p
ic

al
as

su
m

p
ti

on
is

th
at
F

is
c
o
n
v
e
x

a
n

d
c
lo

se
d

in
L

2
(µ

).
T

h
er

ef
or

e,
th

e
fu

n
ct

io
n
al
f
→

E(
f

(X
)
−
Y

)2
h
as

a
u
n
iq

u
e

m
in

im
iz

er
in

F
,

f
∗

=
ar

gm
in

f
∈F

E(
Y
−
f

(X
))

2
.

(1
.1

)

T
h
e

n
ot

io
n

of
‘a

go
o
d

gu
es

s’
is

th
at
f̂

is
cl

o
se

to
f
∗

in
L

2
(µ

),
an

d
on

e
w

o
u
ld

li
ke

to
ob

ta
in

a
h
ig

h
p
ro

b
ab

il
it

y
b

ou
n
d

on
th

e
L

2
(µ

)
d
is

ta
n
ce

of
th

e
fo

rm

∥ ∥ ∥f̂
−
f
∗∥ ∥ ∥

2 L
2

=
E
[ (
f
∗ (
X

)
−
f̂

(X
))

2
|D
] ≤

α
2 N
.

(1
.2

)

In
th

is
ca

se
,
α

2 N
is

ca
ll
ed

a
ra

te
o
f

co
n

ve
rg

en
ce

,
th

e
er

ro
r

ra
te

or
th

e
L

2
(µ

)-
es

ti
m

a
ti

o
n

ra
te

of
th

e
p
ro

b
le

m
.

C
le

ar
ly

,
on

e
h
as

to
p
ay

a
p
ri

ce
fo

r
al

lo
w

in
g

a
ra

th
er

ge
n
er

al
ta

rg
et
Y

.
A

ls
o
,

to
h
av

e
a
n
y

h
op

e
th

at
f
∗ (
X

)
is

re
as

on
ab

ly
cl

os
e

to
Y

,
on

e
h
as

to
co

n
si

d
er

la
rg

e
cl

as
se

s,
le

a
d
in

g
to

an
er

ro
r
α

2 N
th

at
is

o
ft

en
to

o
la

rg
e

to
b

e
of

an
y

u
se

.
A

p
os

si
b
le

w
ay

of
b
y
p
as

si
n
g

th
e

fa
ct

th
at
F

m
ay

b
e

ve
ry

la
rg

e,
is

th
e

cl
as

si
ca

l
a
p
p
ro

a
ch

to
re

gu
la

ri
za

ti
o
n

,
w

h
er

e
a

ce
rt

ai
n

p
ro

p
er

ty
on

e
b

el
ie

ve
s
f
∗

to
p

os
se

ss
is

em
p
h
a
si

ze
d

b
y

p
en

al
iz

in
g

fu
n
ct

io
n
s

th
at

d
o

n
ot

h
av

e
th

at
p
ro

p
er

ty
.

T
h
e

p
en

al
ty

is
en

d
ow

ed
v
ia

a
re

gu
la

r-
iz

a
ti

o
n

fu
n

ct
io

n
Ψ

(·)
,

d
efi

n
ed

on
an

ap
p
ro

p
ri

at
e

su
b
sp

ac
e
E
⊂
L

2
(µ

)
th

at
co

n
ta

in
s
F

,
a
n
d

fo
r

w
h
ic

h
Ψ

(f
∗ )

is
b

el
ie

ve
d

to
b

e
sm

al
l

(t
h
ou

gh
on

e
d
o
es

n
ot

k
n
ow

th
at

fo
r

ce
rt

a
in

).
A

s
a

co
n
se

q
u
en

ce
,

re
gu

la
ri

za
ti

on
p
ro

ce
d
u
re

s
ar

e
d
es

ig
n
ed

to
fi
t

th
e

d
a
ta

an
d

to
h
av

e
a

sm
a
ll

Ψ
va

lu
e

at
th

e
sa

m
e

ti
m

e.
O

n
e

w
ay

of
ac

h
ie

v
in

g
th

at
is

to
se

ar
ch

fo
r

fu
n
ct

io
n
s

in
F

th
a
t

re
al

iz
e

a
go

o
d

tr
ad

eo
ff

b
et

w
ee

n
fi
tt

in
g

th
at

d
at

a
,

w
h
ic

h
is

m
ea

su
re

d
v
ia

an
em

p
ir

ic
a
l

lo
ss

fu
n
ct

io
n
P
N
` f

,
an

d
th

e
si

ze
of

th
e

re
gu

la
ri

za
ti

on
te

rm
λ

Ψ
(f

).

D
e
fi

n
it

io
n

1
.1

T
h
e

R
eg

u
la

ri
ze

d
E

m
p
ir

ic
a
l

R
is

k
M

in
im

iz
a
ti

o
n

p
ro

ce
d
u

re
(R

E
R

M
)

is
d
efi

n
ed

by
f̂
∈

ar
gm

in
f
∈F

( P
N
` f

+
λ

Ψ
(f

))
,

(1
.3

)

w
h
er

e
h
er

e
a
n

d
th

ro
u

gh
o
u

t
th

e
a
rt

ic
le

,
P
N
h

d
en

o
te

s
th

e
em

p
ir

ic
a
l

m
ea

n
o
f
h

,
` f

is
th

e
lo

ss
fu

n
ct

io
n

a
ss

oc
ia

te
d

w
it

h
f

a
n

d
λ

is
th

e
so

-c
a
ll

ed
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
.

W
e

on
ly

co
n
si

d
er

th
e

sq
u
ar

e
lo

ss
` f

(x
,y

)
=

(y
−
f

(x
))

2
,

an
d

th
u
s,

P
N
` f

=
1 N

N ∑ i=
1

(Y
i
−
f

(X
i)

)2
.

A
w

el
l

k
n
ow

n
ex

am
p
le

to
th

is
,

th
e

“c
la

ss
ic

al
a
p
p
ro

ac
h
”

to
re

g
u
la

ri
za

ti
o
n
,

is
th

e
cu

b
ic

sm
o
ot

h
in

g
sp

li
n
e

th
at

ca
n

b
e

ob
ta

in
ed

w
it

h
th

e
ch

oi
ce

Ψ
(f

)
=

∫
( f
′′ (
t)
) 2
d
t.
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R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

A
n
o
th

er
w

ell-stu
d
ied

ex
am

p
le

is
of

th
e

form

Ψ
(f

)
=

∫

R
d ∣∣f̄

(t) ∣∣ 2

Ḡ
(t)

d
t

w
h
ere

th
e

in
tegration

is
w

ith
resp

ect
to

th
e

L
eb

esgu
e

m
easu

re,
f̄

is
th

e
F

ou
rier

tran
s-

fo
rm

o
f
f

a
n
d
Ḡ

is
som

e
p

ositive
fu

n
ction

ten
d
in

g
to

zero
w

h
en
|t|

go
es

to
in

fi
n
ity

(cf.
G

iro
si

et
a
l.

(1
995)).

In
fact,

th
is

ty
p

e
of

regu
larization

m
eth

o
d
s

d
ates

b
ack

to
T

ik
h
on

ov
(T

ik
h
o
n
ov

(1
9
4
3))

an
d

is
som

etim
es

called
T

ik
h
on

ov
regu

larization
;

it
is

also
k
n
ow

n
as

L
2 -reg

u
la

riza
tio

n
or

R
id

ge
regu

larization
(G

olu
b

et
al.

(1979
)).

T
h
ese

m
eth

o
d
s

an
d

oth
ers

like
th

em
h
ave

b
een

u
sed

to
“sm

o
oth

”
estim

ators
th

at
h
ave

p
o
or

g
en

era
liza

tion
cap

ab
ility

b
ecau

se
of

th
eir

ten
d
en

cy
to

over-fi
t

th
e

d
ata,

an
d

for
th

e
co

rresp
o
n
d
in

g
regu

larization
fu

n
ction

s,
h
av

in
g

a
sm

all
Ψ

valu
e

is
a

gu
aran

tee
of

sm
o
oth

n
ess.

W
e

refer
to

H
a
stie

et
al.

(2009)
for

oth
er

ex
am

p
les

of
regu

lariza
tion

fu
n
ction

s
th

at
h
ave

b
een

u
sed

to
“sm

o
o
th

”
estim

ators.

W
e

sa
id

“
classical

ap
p
roach

to
regu

larization
”

b
ecau

se
in

th
e

m
ore

m
o
d
ern

ap
p
roach

th
e

a
im

is
som

ew
h
at

d
iff

eren
t.

O
n
e

u
ses

a
p

en
alty

th
at

seem
in

gly
h
as

little
to

d
o

w
ith

th
e

p
ro

p
erty

o
n
e

w
ish

es
to

em
p
h
asize

(u
su

ally,
som

e
n
otion

of
spa

rsity).
Y

et
som

eh
ow

,
alm

ost
m

a
g
ica

lly,
th

e
p

en
alty

en
h
an

ces
a

h
id

d
en

p
rop

erty
an

d
th

e
resu

ltin
g

error
rate

d
o
es

n
ot

d
ep

en
d

o
n

Ψ
(f
∗)

b
u
t

on
th

at
h
id

d
en

p
rop

erty
of
f
∗.

W
e

call
su

ch
error

rates
sp

a
rsity

-
d

e
p

e
n

d
e
n
t

e
rro

r
ra

te
s.

T
h
e

fi
rst

p
art

of
th

is
article

(L
ecu

é
an

d
M

en
d
elson

(to
ap

p
ear))

h
as

d
ealt

w
ith

th
e

m
o
d
ern

a
p
p
roa

ch
to

regu
larization

.
H

ere
w

e
w

ou
ld

like
to

com
p
lete

th
e

p
ictu

re
b
y

ex
p
lorin

g
b

o
u
n
d
s

th
a
t

d
ep

en
d

on
Ψ

(f
∗)

rath
er

th
an

on
som

e
h
id

d
en

sp
arsity

stru
ctu

re
of
f
∗.

S
u
ch

erro
r

ra
tes

w
ill

b
e

called
c
o
m

p
le

x
ity

-d
e
p

e
n

d
e
n
t

e
rro

r
ra

te
s,

sin
ce

th
e

aim
is

to
ob

ta
in

ra
tes

o
f

co
n
vergen

ce
th

at
d
ep

en
d

on
th

e
com

p
lex

ity
of

th
e

u
n
k
n
ow

n
tru

e
m

o
d
el{f

∈
F

:
Ψ

(f
)≤

Ψ
(f
∗)}.

O
f

cou
rse,

th
e

tw
o

ap
p
roach

es
m

ay
som

etim
es

b
e

com
b
in

ed
ad

van
tageo

u
sly

(see
so

m
e

ex
a
m

p
les

b
elow

).

In
th

is
co

n
tex

t,
w

e
w

ill
con

sid
er

regu
larization

fu
n
ction

s
th

at
satisfy

th
e

follow
in

g
p
rop

-
erties,

w
h
ich

a
re

m
ore

gen
eral

th
an

th
e

on
es

con
sid

ered
in

L
ecu

é
an

d
M

en
d
elson

(to
a
p
p

ear).

A
ssu

m
p

tio
n

1
.1

A
fu

n
ctio

n
Ψ

:
E
→

R
+

is
a

regu
la

riza
tio

n
fu

n
ctio

n
if

•
It

is
n

o
n

n
ega

tive,
even

,
co

n
vex

a
n

d
Ψ

(0)
=

0
.

•
T

h
ere

is
a

co
n

sta
n

t
η
≥

1
,

fo
r

w
h
ich

,
fo

r
every

f
,h
∈
E

,

Ψ
(f

+
h

)≤
η
(Ψ

(f
)

+
Ψ

(h
)).

•
F

o
r

every
0
≤
α
≤

1
a
n

d
h
∈
E

,
Ψ

(α
h

)≤
α

Ψ
(h

).

R
e
m

a
rk

1
.2

C
la

ssica
l

M
od

el
S

electio
n

regu
la

riza
tio

n
fu

n
ctio

n
s,

su
ch

a
s

th
e

ca
rd

in
a
lity

o
f

th
e

su
p
po

rt
o
f

a
vecto

r
o
r

th
e

ra
n

k
o
f

a
m

a
trix,

a
re

u
su

a
lly

n
o
t

co
n

vex
a
n

d
d
o

n
o
t

sa
tisfy

A
ssu

m
p
tio

n
1
.1

.
S

u
ch

exa
m

p
les

a
re

th
erefo

re
n

o
t

co
n

sid
ered

in
w

h
a
t

fo
llo

w
s.
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

1
.1

C
la

ssic
a
l

v
s.

m
o
d

e
rn

A
s

m
en

tion
ed

ab
ove,

th
e

d
irection

w
e

take
h
ere

is
closely

related
to

th
e

classical
ap

p
roa

ch
to

regu
larization

an
d

is
rath

er
d
iff

eren
t

from
th

e
m

o
d
ern

ap
p
roach

.
T

o
ex

p
lain

th
e

d
iff

eren
ces

w
e

sh
all

u
se

th
e

celeb
rated

L
A

S
S
O

estim
ator

(cf.
T

ib
sh

iran
i
(1

996);
D

on
oh

o
an

d
J
oh

n
ston

e
(1994))

as
an

ex
am

p
le.

L
et
F

b
e

a
class

of
lin

ear
fu

n
ction

als
on

R
d

of
th

e
form

〈t,· 〉.
S
et
t ∗∈

argm
in
t∈

R
d E

(Y
−

〈X
,t 〉)

2,
an

d
con

sid
er

th
e

R
E

R
M

(1.3)
w

ith
th

e
`
d1 -n

orm
,‖t‖

1
=
∑

di=
1 |ti |,

serv
in

g
as

a
regu

larization
fu

n
ction

.
L

et

t̂∈
argm

in
t∈

R
d

(
1N

N
∑i=

1 (Y
i −
〈X

i ,t 〉)
2

+
λ‖
t‖

1 )
,

an
d

th
e

resu
ltin

g
m

in
im

izer
is

th
e

L
A

S
S
O

estim
ator.

E
stim

ation
,

d
e-n

oisin
g,

p
red

iction
an

d
su

p
p

ort
recovery

resu
lts

h
ave

b
een

ob
tain

ed
for

th
e

L
A

S
S
O

in
th

e
last

d
ecad

es
(see,

for
ex

am
p
le,

T
ib

sh
ira

n
i

(1996),
B

ickel
et

al.
(2

009),
an

d
th

e
b

o
ok

s
G

irau
d

(2015);
B

ü
h
lm

an
n

an
d

van
d
e

G
eer

(2011)
an

d
K

o
ltch

in
sk

ii
(2011)

for
ad

d
ition

al
referen

ces).

T
h
e

L
A

S
S
O

h
as

b
een

u
sed

in
h
igh

-d
im

en
sion

a
l

p
rob

lem
s,

in
w

h
ich

th
e

aim
w

as
to

en
h
an

ce
a

low
-d

im
en

sion
al

stru
ctu

re.
T

h
e

h
op

e
w

as
th

at
if

th
e

sign
al
t ∗

w
ere

sp
arse

(th
at

is,
su

p
p

orted
on

relatively
few

co
ord

in
ates),

th
e

regu
larization

p
ro

ced
u
re
t̂

w
ou

ld
estim

ate
t ∗

w
ith

an
error

ra
te

d
ep

en
d
in

g
on

th
e

card
in

ality
o
f

th
e

su
p
p

ort
of
t ∗,

d
en

oted
b
y
‖t ∗‖

0
=

|{j∈
{1,...,d}

:
t ∗j 6=

0}|.
H

ow
ever,

if
t ∗

h
ap

p
en

s
to

b
e

‘w
ell-sp

read
’
rath

er
th

an
sp

arse,
th

ou
gh

w
ith

a
reason

ab
le
`
d1

n
orm

,
th

e
sp

arsity
-d

ep
en

d
en

t
error

rate
is

u
seless,

w
h
ile

a
com

p
lex

ity
-d

ep
en

d
en

t
error

rate,
w

h
ich

y
ield

s
b

ou
n
d
s

in
term

s
of‖t ∗‖

1 ,
is

sh
arp

er.
T

h
e

ob
v
iou

s
ex

am
p
le

is
t ∗1

=
(1/d

,...,1
/d

)
an

d
t ∗2

=
(1,0

,...,0):
alth

ou
gh
‖t ∗1 ‖

1
=
‖
t ∗2 ‖

1
=

1,
th

e
card

in
alities

of
th

eir
su

p
p

orts
are

very
d
iff

eren
t,

an
d

sp
arsity

-d
ep

en
d
en

t
error

rates
w

h
en

t ∗
=
t ∗1

are
lik

ely
to

b
e

b
ad

.
E

x
am

p
les

of
th

at
n
atu

re
are

th
e

reason
w

h
y

error
rates

com
b
in

in
g

b
oth

sp
arsity

an
d

com
-

p
lex

ity
h
ave

b
een

ob
tain

ed
for

th
e

L
A

S
S
O

.
A

ty
p
ical

ex
am

p
le

is
C

orollary
9.1

in
K

oltch
in

sk
ii

(2011).
T

o
form

u
late

it,
L

et
W

1 ,···
,W

N
b

e
N

in
d
ep

en
d
en

t,
cen

tered
su

b
gau

ssia
n

variab
les

w
ith

varian
ce
σ

2
an

d
set

x
1 ,...,x

N
to

b
e
N

d
eterm

in
istic

vectors
in

R
d.

A
ssu

m
e

th
at

th
e

d
esign

m
atrix

,
Γ

=
N
−

1
/
2 ∑

Ni=
1 〈x

i ,· 〉e
i ,

w
h
ose

row
s

are
x
i / √

N
,

satisfi
es

som
e

R
estricted

Isom
etry

P
rop

erty
(cf.

C
an

d
ès

et
al.

(2006)).
If
Y
i

=
〈x

i ,t ∗ 〉
+
W
i ,
i

=
1,...,N

,
th

en
for

a
w

ell
ch

osen
regu

larization
p
aram

eter
λ

,
on

e
h
as,

w
ith

h
igh

p
rob

ab
ility,

E 〈X
,t̂−

t ∗ 〉
2≤

C
m

in {
σ

2‖
t ∗‖

0
log

d

n
,σ‖t ∗‖

1 √
log

d

n

}
(1.4)

for
a

su
itab

le
ab

solu
te

con
stan

t
C

.
T

h
e

error
rate

from
(1.4)

con
sists

of
tw

o
com

p
on

en
ts:

th
e

sp
arsity

-d
ep

en
d
en

t
error

term
σ

2(‖
t ∗‖

0
log

d
)/n

,
an

d
th

e
com

p
lex

ity
-d

ep
en

d
en

t
error

term
σ‖
t ∗‖

1 √
(log

d
)/n

,
an

d
in

w
h
at

follow
s

w
e

w
ill

p
resen

t
a

few
oth

er
ex

am
p
les

th
a
t

com
b
in

e
th

e
tw

o
rates

–
b

ecau
se

th
e

p
ro

ced
u
re

on
e

u
ses

to
ob

tain
b

oth
ty

p
es

of
rate

is
th

e
sam

e.
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R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

T
h
e

ai
m

of
th

is
ar

ti
cl

e
is

to
ad

d
re

ss
th

e
“c

om
p
le

x
it

y
-b

as
ed

”
as

p
ec

t
of

th
e

p
ro

b
le

m
:

to
st

u
d
y

re
gu

la
ri

za
ti

on
p
ro

b
le

m
s

in
w

h
ic

h
on

e
b

el
ie

ve
s

th
at

th
e

Ψ
(f
∗ )

is
re

la
ti

ve
ly

sm
al

l,
an

d
ob

ta
in

an
er

ro
r

ra
te

th
at

d
ep

en
d
s

o
n

Ψ
(f
∗ )

ra
th

er
th

a
n

on
so

m
e

sp
ar

si
ty

p
ro

p
er

ty
of
f
∗ .

1
.2

A
tt

a
in

in
g

M
in

im
a
x

ra
te

s

A
n
at

u
ra

l
b

en
ch

m
ar

k
fo

r
m

ea
su

ri
n
g

th
e

su
cc

es
s

of
a

re
gu

la
ri

za
ti

on
m

et
h
o
d

is
th

e
m

in
im

ax
er

ro
r

ra
te

,
as

su
m

in
g

th
at

Ψ
(f
∗ )

is
k
n
ow

n
:

if
on

e
is

gi
ve

n
ad

d
it

io
n
al

in
fo

rm
at

io
n

on
Ψ

(f
∗ )

,
e.

g.
,

th
at
f
∗
∈
{f

:
Ψ

(f
)
≤
R
},

on
e

m
ay

co
n
si

d
er

th
e

es
ti

m
at

io
n

p
ro

b
le

m
in
{f

:
Ψ

(f
)
≤
R
}

u
si

n
g

th
e

gi
ve

n
ra

n
d
om

d
at

a.
S
u
ch

a
p
ro

b
le

m
h
as

an
op

ti
m

al
er

ro
r

ra
te

(c
a
ll
ed

th
e

m
in

im
ax

ra
te

):
it

is
th

e
b

es
t

ra
te

an
y

le
ar

n
in

g
p
ro

ce
d
u
re

m
ay

ac
h
ie

v
e

in
th

e
cl

as
s
{f

:
Ψ

(f
)
≤
R
}

gi
ve

n
th

e
ra

n
d
om

d
at

a
(X

i,
Y
i)
N i=

1
.

T
h
is

m
in

im
ax

ra
te

w
il
l

se
rv

e
as

ou
r

b
en

ch
m

ar
k
,

an
d

w
il
l

b
e

co
m

p
ar

ed
w

it
h

th
e

er
ro

r
ra

te
s

th
at

w
e

ob
ta

in
.

O
f

co
u
rs

e,
on

e
is

n
o
t

gi
ve

n
ad

d
it

io
n
al

in
fo

rm
at

io
n

on
Ψ

(f
∗ )

an
d

it
is

re
as

o
n
ab

le
to

ex
p

ec
t

th
at

th
e

er
ro

r
ra

te
of

th
e

re
gu

la
ri

za
ti

on
p
ro

ce
d
u
re

w
il
l

b
e

si
gn

ifi
ca

n
tl

y
sl

ow
er

th
an

th
is

b
en

ch
m

ar
k
.

T
h
e

q
u
es

ti
on

w
e

sh
al

l
st

u
d
y

h
er

e
fo

cu
se

s
on

th
at

ga
p
.

In
fa

ct
,

w
e

w
il
l

sh
ow

th
at

th
e

p
ri

ce
on

e
h
as

to
p
ay

fo
r

n
ot

k
n
ow

in
g

Ψ
(f
∗ )

is
su

rp
ri

si
n
gl

y
sm

al
l,

u
n
d
er

ra
th

er
w

ea
k

as
su

m
p
ti

on
s.

F
ro

m
a

te
ch

n
ic

al
p

er
sp

ec
ti

ve
,

al
l

re
gu

la
ri

za
ti

on
-b

as
ed

p
ro

ce
d
u
re

s
sh

ar
e

on
e

cr
u
ci

al
as

-
p

ec
t:

th
e

ca
li
b
ra

ti
on

of
th

e
re

gu
la

ri
za

ti
on

p
ar

am
et

er
λ

.
T

h
at

ch
oi

ce
is

ve
ry

im
p

or
ta

n
t

as
λ

is
an

es
se

n
ti

al
co

m
p

on
en

t
in

en
su

ri
n
g

th
at

th
e

er
ro

r
ra

te
of

th
e

es
ti

m
at

or
f̂

is
w

el
l-

b
eh

av
ed

.
T

h
u
s,

to
st

u
d
y

th
e

ga
p

b
et

w
ee

n
th

e
re

gu
la

ri
za

ti
on

er
ro

r
ra

te
an

d
th

e
m

in
im

ax
ra

te
,

on
e

h
as

to
id

en
ti

fy
th

e
ri

gh
t

ch
oi

ce
of
λ

.

Q
u

e
st

io
n

1
.3

W
h
a
t

is
th

e
‘c

o
rr

ec
t

ch
o
ic

e’
o
f

th
e

re
gu

la
ri

za
ti

o
n

pa
ra

m
et

er
λ

,
a
n

d
gi

ve
n

th
a
t

ch
o
ic

e,
w

h
a
t

is
th

e
ra

te
o
f

co
n

ve
rg

en
ce

o
f

R
E

R
M

?
S

pe
ci

fi
ca

ll
y,

h
o
w

fa
r

is
th

e
re

su
lt

in
g

ra
te

fr
o
m

th
e

o
n

e
th

a
t

co
u

ld
h
a
ve

be
en

a
ch

ie
ve

d
h
a
d

Ψ
(f
∗ )

be
en

gi
ve

n
in

a
d
va

n
ce

?

A
n

an
sw

er
to

Q
u
es

ti
on

1.
3

re
q
u
ir

es
on

e
to

id
en

ti
fy
λ

;
to

fi
n
d

a
h
ig

h
p
ro

b
ab

il
it

y
u
p
p

er
b

ou
n
d

on
‖f̂
−
f
∗ ‖

2 L
2
(µ

)
w

h
er

e
f̂

is
d
efi

n
ed

in
D

efi
n
it

io
n

1.
1

fo
r

th
at

ch
oi

ce
of
λ

;
an

d
th

en
to

co
m

p
ar

e
th

e
er

ro
r

ra
te

to
th

e
m

in
im

a
x

ra
te

of
th

e
es

ti
m

a
ti

on
p
ro

b
le

m
in

th
e

cl
as

s
{f
∈
F

:
Ψ

(f
)
≤

Ψ
(f
∗ )
}

(t
h
e

so
-c

al
le

d
tr

u
e

m
o
d
el

).

T
h
e

st
ra

te
gy

w
e

u
se

b
el

ow
fo

ll
ow

s
a

si
m

il
ar

p
at

h
to

L
ec

u
é

an
d

M
en

d
el

so
n

(t
o

ap
p

ea
r)

an
d

is
b
as

ed
on

th
e

sm
al

l
b
al

l
m

et
h
o
d
,

in
tr

o
d
u
ce

d
in

M
en

d
el

so
n

(2
01

5,
20

14
);

K
ol

tc
h
in

sk
ii

an
d

M
en

d
el

so
n

(2
01

5)
;

M
en

d
el

so
n

(T
o

ap
p

ea
r)

.

1
.3

T
h

e
sm

a
ll
-b

a
ll

m
e
th

o
d

G
iv

en
a

cl
os

ed
an

d
co

n
ve

x
cl

as
s
F

an
d

an
u
n
k
n
ow

n
ta

rg
et
Y

,
re

ca
ll

th
at

f
∗
∈
F

is
a

m
in

im
iz

er
in
F

of
th

e
fu

n
ct

io
n
al
f
→

E(
f

(X
)
−
Y

)2
.

T
h
e

ex
ce

ss
lo

ss
fu

n
ct

io
n
al

as
so

ci
at

ed
w

it
h
f
∈
L

2
(µ

)
is

f
→
L f

(X
,Y

)
=
` f

(X
,Y

)
−
` f
∗
(X
,Y

)
=

(f
(X

)
−
Y

)2
−

(f
∗ (
X

)
−
Y

)2

=
(f
−
f
∗ )

2
(X

)
+

2(
f
∗ (
X

)
−
Y

)(
f
−
f
∗ )

(X
).

(1
.5

)

5
JM

L
R

 1
8(

14
6)

:1
-4

8,
 2

01
7

L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

M
or

eo
ve

r,
si

n
ce
F

is
cl

os
ed

an
d

co
n
ve

x
,

th
en

b
y

th
e

ch
ar

ac
te

ri
za

ti
o
n

o
f

th
e

n
ea

re
st

p
o
in

t
m

ap
in

a
H

il
b

er
t

sp
ac

e, E(
f
∗ (
X

)
−
Y

)(
f
−
f
∗ )

(X
)
≥

0
fo

r
ev

er
y
f
∈
F

;

th
u
s

1 N

N ∑ i=
1

(f
∗ (
X
i)
−
Y
i)

(f
−
f
∗ )

(X
i)
≥

1 N

N ∑ i=
1

(f
∗ (
X
i)
−
Y
i)

(f
−
f
∗ )

(X
i)
−

E(
f
∗ (
X

)
−
Y

)(
f
−
f
∗ )

(X
).

(1
.6

)

L
et
E

b
e

a
su

b
sp

ac
e

th
at

co
n
ta

in
s
F

an
d

se
t

Ψ
(·)

to
b

e
a

re
gu

la
ri

za
ti

on
fu

n
ct

io
n

o
n
E

(i
.e

.,
a

fu
n
ct

io
n
al

th
at

sa
ti

sfi
es

A
ss

u
m

p
ti

on
1.

1)
.

S
et
ρ
≥

0
an

d
p
u
t

K
ρ
(f
∗ )

=
{h
∈
E

:
Ψ

(h
−
f
∗ )
≤
ρ
},

w
h
ic

h
,

b
y

th
e

co
n
ve

x
it

y
of

Ψ
,

is
a

co
n
ve

x
se

t.

D
e
fi

n
it

io
n

1
.4

F
o
r

ev
er

y
λ
>

0
a
n

d
a
n

y
f
∈
L

2
(µ

),
d
efi

n
e

th
e

re
gu

la
ri

ze
d

ex
ce

ss
lo

ss
by

Lλ f
=

(`
f

+
λ

Ψ
(f

))
−

(`
f
∗

+
λ

Ψ
(f
∗ )

)
=
L f

+
λ

(Ψ
(f

)
−

Ψ
(f
∗ )

)
.

N
ot

e
th

at
fo

r
ev

er
y

sa
m

p
le

(X
i,
Y
i)
N i=

1
,

a
m

in
im

iz
er
f̂

of
th

e
em

p
ir

ic
al

re
g
u
la

ri
ze

d
lo

ss
fu

n
ct

io
n
al

(1
.3

)
al

so
m

in
im

iz
es

in
F

th
e

em
p
ir

ic
al

re
gu

la
ri

ze
d

ex
ce

ss
lo

ss
f
→
P
N
Lλ f

.
H

en
ce

,

si
n
ce
Lλ f
∗

=
0,

it
fo

ll
ow

s
th

at
fo

r
ev

er
y

(X
i,
Y
i)
N i=

1
,

th
e

em
p
ir

ic
al

re
gu

la
ri

ze
d

ex
ce

ss
lo

ss
in

f̂
is

n
on

-p
os

it
iv

e:
P
N
Lλ f̂
≤

0.
(1

.7
)

T
h
is

ob
se

rv
at

io
n

is
at

th
e

h
ea

rt
of

ou
r

an
al

y
si

s,
as

it
al

lo
w

s
on

e
to

ex
cl

u
d
e

fu
n
ct

io
n
s
f

in
F

th
at

sa
ti

sf
y
P
N
Lλ f

>
0

as
p

ot
en

ti
al

m
in

im
iz

er
s

of
th

e
em

p
ir

ic
al

re
gu

la
ri

ze
d

lo
ss

fu
n
ct

io
n
.

O
u
r

st
ra

te
gy

is
th

er
ef

or
e

to
sh

ow
th

at
if
f
∈
F

an
d
‖f
−
f
∗ ‖
L
2
(µ

)
is

n
ot

‘t
o
o

sm
a
ll
’,

th
en

n
ec

es
sa

ri
ly
P
N
Lλ f

>
0

(f
or

th
e

ri
gh

t
ch

oi
ce

of
λ

);
h
en

ce
,

fu
n
ct

io
n
s

ca
n
n
ot

b
e

m
in

im
iz

er
s

o
f

th
e

em
p
ir

ic
al

re
gu

la
ri

ze
d

(e
x
ce

ss
)

lo
ss

fu
n
ct

io
n
.

T
o

si
m

p
li
fy

n
ot

at
io

n
,

se
t
ξ

=
Y
−
f
∗ (
X

),

M
f
−
f
∗
(X
,Y

)
=
ξ(
f
−
f
∗ )

(X
)
−

Eξ
(f
−
f
∗ )

(X
)

an
d
Q
f
−
f
∗
(X

)
=

(f
−
f
∗ )

2
(X

);

th
er

ef
or

e,
co

m
b
in

in
g

(1
.5

)
an

d
(1

.6
),

P
N
L f
≥
P
N
Q
f
−
f
∗
−

2
|P
N
M

f
−
f
∗
|.

(1
.8

)

T
h
e

m
ai

n
st

ep
in

th
e

sm
al

l-
b
al

l
m

et
h
o
d

is
to

fi
n
d

a
lo

w
er

b
ou

n
d

on
th

e
q
u
a
d
ra

ti
c

p
ro

ce
ss

f
→

P
N
Q
f
−
f
∗

an
d

an
u
p
p

er
b

ou
n
d

on
f
→
|P
N
M

f
−
f
∗
|.

T
h
e

tw
o

es
ti

m
at

es
sh

o
u
ld

h
ol

d
w

it
h

h
ig

h
p
ro

b
ab

il
it

y
on

ce
rt

ai
n

su
b
se

ts
o
f
F

.
T

h
en

,
th

ey
h
av

e
to

b
e

co
m

p
a
re

d
w

it
h

th
e

b
eh

av
io

u
r

of
th

e
re

gu
la

ri
za

ti
on

te
rm

λ
(Ψ

(f
)−

Ψ
(f
∗ )

)
on

th
os

e
se

ts
to

en
su

re
th

a
t
P
N
Lλ f

>
0.

A
u
n
if

or
m

lo
w

er
b

ou
n
d

on
th

e
q
u
ad

ra
ti

c
co

m
p

on
en

t
P
N
Q
f
−
f
∗

ca
n

b
e

o
b
ta

in
ed

u
n
d
er

th
e

fo
ll
ow

in
g

sm
al

l-
b
al

l
co

n
d
it

io
n
:

6
JM

L
R

 1
8(

14
6)

:1
-4

8,
 2

01
7



R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

A
ssu

m
p

tio
n

1
.2

A
ssu

m
e

th
a
t

th
ere

a
re

co
n

sta
n

ts
κ
>

0
a
n

d
0
<
ε
≤

1,
fo

r
w

h
ich

,
fo

r
every

f
,h
∈
F

,

P
r (|f

(X
)−

h
(X

)|≥
κ‖
f
−
h‖

L
2
(µ

) )≥
ε.

T
h
ere

a
re

n
u
m

erou
s

ex
am

p
les

in
w

h
ich

A
ssu

m
p
tion

1.2
m

ay
b

e
verifi

ed
for

κ
an

d
ε

th
at

are
a
b
so

lu
te

co
n
sta

n
ts

an
d

w
e

refer
th

e
read

er
to

M
en

d
elson

(2014,
201

5);
L

ecu
é

an
d

M
en

d
el-

so
n

(2
0
1
7
);

M
en

d
elson

(T
o

ap
p

ear);
K

oltch
in

sk
ii

an
d

M
en

d
elson

(2015
);

R
u
d
elso

n
a
n
d

V
er-

sh
y
n
in

(20
1
5
)

for
som

e
of

th
em

.

T
o

p
u
t

A
ssu

m
p
tion

1.2
in

som
e

p
ersp

ective,
recall

th
at

th
e

class
F

=
{
f
t

=
〈·,t 〉

:
t∈

R
d}

is
id

en
tifi

a
ble

if
for

ev
ery

t1 ,t2 ∈
R
d,
P
r(f

t
1 6=

f
t
2 )
>

0,
(w

h
ere

th
e

p
rob

ab
ility

is
ta

ken
w

ith
resp

ect
to

th
e

u
n
d
erly

in
g

m
easu

re
µ

).
B

y
lin

earity,
th

is
con

d
ition

is
eq

u
ivalen

t
to

a
ssu

m
in

g
th

at
for

every
t∈

R
d,
P
r(| 〈X

,t 〉|
>

0)
>

0
.

T
h
u
s,

th
e

sm
a
ll-b

all
con

d
ition

(w
h
ich

in
th

is
case

im
p
lies

th
at

for
every

t∈
R
d,
P
r(| 〈X

,t 〉|≥
κ ∥∥ 〈X

,t 〉 ∥∥
L
2 )≥

ε)
is

sim
p
ly

a
u
n
ifo

rm
estim

ate
on

th
e

d
egree

of
id

en
tifi

ab
ility

of
class

F
an

d
is

th
erefore

a
rath

er
w

eak
a
ssu

m
p
tion

fro
m

a
statistical

p
oin

t
o
f

v
iew

.

N
ow

,
let

u
s

in
tro

d
u
ce

tw
o

com
p
lex

ity
p
aram

eters
th

at
p
lay

a
cen

tral
ro

le
in

ou
r

an
aly

sis.
L

et
D

b
e

th
e

u
n
it

b
all

in
L

2 (µ
)

an
d

for
r
>

0
set

rD
f
∗

=
{
f
∈
L

2 (µ
)

:‖f
−
f
∗‖
L
2
(µ

) ≤
r}

=
f
∗

+
rD

.

D
e
fi

n
itio

n
1
.5

G
iven

a
cla

ss
F

o
f

fu
n

ctio
n

s
a
n

d
τ
>

0,
let

r
Q

(F
,τ

)
=
r
Q

(F
,f
∗,τ

)
=

in
f {

r
>

0
:E

su
p

f∈
F
∩
r
D
f ∗ ∣∣∣∣∣

1N

N
∑i=

1

ε
i (f
−
f
∗)(X

i ) ∣∣∣∣∣ ≤
τ
r }

,

w
h
ere

(ε
i )
Ni=

1
a
re

in
d
epen

d
en

t,
sym

m
etric,

{−
1
,1}-va

lu
ed

ra
n

d
o
m

va
ria

bles
th

a
t

a
re

a
lso

in
d
epen

d
en

t
o
f

(X
i ,Y

i )
Ni=

1 .

S
et

φ
N

(F
,f
∗,s)

=
su

p
f∈
F
∩
sD

f ∗ ∣∣∣∣∣
1
√
N

N
∑i=

1

ε
i ξ
i (f
−
f
∗)(X

i ) ∣∣∣∣∣
(1.9)

a
n

d
p
u

t

r
M

(F
,τ,δ)

=
r
M

(F
,f
∗,τ,δ)

=
in

f {
s
>

0
:
P
r (
φ
N

(F
,f
∗,s)≤

τ
s

2 √
N
)
≥

1−
δ }

.

O
n
e

m
ay

sh
ow

th
e

follow
in

g
(see

T
h
eorem

3.1
in

M
en

d
elson

(2015)):

T
h

e
o
re

m
1
.6

L
et
F

be
a

clo
sed

,
co

n
vex

cla
ss

o
f

fu
n

ctio
n

s
th

a
t

sa
tisfi

es
A

ssu
m

p
tio

n
1
.2

w
ith

co
n

sta
n

ts
κ

a
n

d
ε,

a
n

d
set

θ
=
κ

2ε/
16.

F
o
r

every
δ
∈

(0,1),
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ−

2
ex

p
(−
N
ε

2/
2)

o
n

e
h
a
s

bo
th

:

•
fo

r
every

f
∈
F

,|P
N M

f−
f
∗|≤

θ4
m

ax {‖f
−
f
∗‖

2L
2
(µ

) ,r
2M

(F
,θ/

5,δ/4) }
,

7
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

•
fo

r
every

f
∈
F

w
ith
‖
f
−
f
∗‖
L
2
(µ

) ≥
r
Q

(F
,κ
ε/

32),

P
N Q

f−
f
∗≥

θ‖
f
−
f
∗‖

2L
2
(µ

) .

In
pa

rticu
la

r,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ−

2
ex

p
(−
N
ε

2/
2),

P
N L

f
≥

θ2 ‖
f
−
f
∗‖

2L
2
(µ

)
fo

r
every

f
∈
F

th
a
t

sa
tisfi

es

‖f
−
f
∗‖
L
2
(µ

) ≥
m

ax{
r
M

(F
,θ/

5,δ/4)
,r
Q

(F
,κ
ε/

32)}
.

R
e
m

a
rk

1
.7

A
n

im
m

ed
ia

te
o
u

tco
m

e
o
f

T
h
eo

rem
1
.6

is
th

a
t

w
ith

h
igh

p
ro

ba
bility,

a
m

in
i-

m
izer

in
F

o
f

th
e

em
p
irica

l
excess-lo

ss
fu

n
ctio

n
a
l
P
N L

f
m

u
st

sa
tisfy

‖f̃
−
f
∗‖
L
2
(µ

) ≤
m

ax{
r
M

(F
,θ/

5,δ/4)
,r
Q

(F
,κ
ε/

32)}
.

(1.10)

In
fact,

resu
lts

from
L

ecu
é

an
d

M
en

d
elson

sh
ow

th
at

(1.10)
is

op
tim

al
in

th
e

m
in

im
ax

sen
se

u
n
d
er

ad
d
ition

al
m

ild
tech

n
ical

assu
m

p
tion

s
on

F
w

h
en

th
e

d
ata

is
assu

m
ed

to
satisfy

th
e

G
au

ssian
regression

m
o
d
el,

th
at

is,
w

h
en

th
e

targets
are

of
th

e
form

Y
=
f

0 (X
)
+
W

for
f

0 ∈
F

an
d
W

th
at

is
a

cen
tered

G
au

ssian
ran

d
om

va
riab

le,
in

d
ep

en
d
en

t
of
X

.
E

m
p
irica

l
risk

m
in

im
iza

tio
n

p
erform

ed
in

th
e

set

F
∗

=
{f
∈
F

:
Ψ

(f
)≤

Ψ
(f
∗)}

y
ield

s
‖f̃
−
f
∗‖
L
2 ≤

m
ax{r

M
(F
∗,θ/

5
,δ/4)

,r
Q

(F
∗,κ

ε/32)}
,

(1.11)

an
d

th
e

r.h
.s.

of
(1.11)

is
th

e
m

in
im

ax
rate

of
th

e
estim

ation
p
rob

lem
in
F
∗

(u
p

to
som

e
m

ild
tech

n
ical

assu
m

p
tion

s).
T

h
is

w
ill

serve
as

a
b

en
ch

m
ark

for
th

e
p

erform
an

ce
of

th
e

regu
larization

p
ro

ced
u
re

(1.3).

1
.4

T
h

e
M

a
in

re
su

lt

L
et
F
∩
K
ρ (f
∗)

=
{
f
∈
F

:
Ψ

(f
−
f
∗)≤

ρ}
an

d
ob

serve
th

at
th

ese
a
re

con
vex

su
b
sets

of
F

.
T

o
sim

p
lify

n
otation

,
set

r
M

(ρ
)

=
r
M

(
F
∩
K
ρ (f
∗),

κ
2ε

80
,
δ4 )

an
d
r
Q

(ρ
)

=
r
Q (
F
∩
K
ρ (f
∗),

κ
ε

32 )
.

(1.12)

L
et
r(·)

b
e

a
fu

n
ction

th
at

satisfi
es

th
at

for
every

ρ
≥

0,
on

e
h
as

r(ρ
)≥

m
ax{

r
M

(ρ
),r

Q
(ρ

)}
.

(1.13)

It
sh

ou
ld

b
e

n
oted

th
at
r(ρ

)
m

ay
d
ep

en
d

on
f
∗,

an
d

th
at

it
also

d
ep

en
d
s

on
oth

er
p
aram

eters
–

like
δ,
κ

an
d
ε.

W
e

w
ill

n
ot

sp
ecify

th
e

d
ep

en
d
en

ce
on

th
ose

p
aram

eters,
b
u
t

rath
er,

on
ly

on
th

e
rad

iu
s
ρ
.

W
h
en

sh
arp

estim
ates

on
r
M

(ρ
)

an
d
r
Q

(ρ
)

can
b

e
ob

tain
ed

,
on

e
m

ay
set

r(ρ
)

to
b

e
of

th
e

ord
er

of
m

ax{
r
M

(ρ
),r

Q
(ρ

)}
for

th
e

class
F
∩
K
ρ (f
∗).

T
h
is

ch
oice

lead
s

to
th

e
rate

ap
p

earin
g

in
T

h
eorem

1.6
an

d
in

(1.10).
A

s
w

e
m

en
tion

ed
p
rev

iou
sly,

th
e

rate
m

ax{
r
M

(ρ
),r

Q
(ρ

)}
is

op
tim

al
in

th
e

m
in

im
ax

sen
se

u
n
d
er

ad
d
ition

al
m

ild
tech

n
ical

assu
m

p
tion

s
on

F
∩
K
ρ (f
∗).
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R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

M
or

e
in

fo
rm

at
io

n
on

th
e
r(
ρ
)

m
ay

b
e

fo
u
n
d

in
S
ec

ti
on

1
of

L
ec

u
é

a
n
d

M
en

d
el

so
n

or
in

M
en

d
el

so
n

(2
01

5)
.

A
S

it
h
ap

p
en

s,
th

e
ge

om
et

ry
of

th
e

se
ts
F
∩
K
ρ
(f
∗ )

(s
ee

F
ig

u
re

1)
d
et

er
m

in
es

b
ot

h
th

e
er

ro
r

ra
te

an
d

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ

,
w

h
il
e
r(
ρ
)

m
ea

su
re

s
th

e
se

ts
’

‘s
iz

es
’.

T
h
e

ch
oi

ce
of
λ

is
m

ad
e

as
fo

ll
ow

s:

f
∗

K
ρ
(f
∗ )
∩
F

rD
f
∗

F
ig

u
re

1:
L

o
ca

li
za

ti
on

of
th

e
se

t
F
∩
K
ρ
(f
∗ )

,
i.
e.

it
s

in
te

rs
ec

ti
on

w
it

h
L

2
(µ

)-
b
al

ls
of

va
ri

ou
s

ra
d
ii
r

fo
r

th
e

ri
gh

t
ch

oi
ce

of
ra

d
iu

s
ρ
,

p
la

y
s

a
ce

n
tr

al
ro

le
in

th
e

an
al

y
si

s
of

th
e

q
u
ad

ra
ti

c
an

d
m

u
lt

ip
li
er

p
ro

ce
ss

es
.

L
et

O
(ρ

)
=

su
p
( |
P
N
M

f
−
f
∗
|:
f
∈
F
∩
K
ρ
(f
∗ )
∩
r(
ρ
)D

f
∗
)

an
d

fo
r
τ
>

0
an

d
0
<
δ
<

1,
se

t

γ
O

(ρ
,τ
,δ

)
=

in
f
{x

>
0

:
P
r

(O
(ρ

)
≤
τ
x

)
≥

1
−
δ}

an
d

γ
O

(ρ
)

=
γ
O

(ρ
,3
/
(8

0η
3
),
δ)
.

In
ot

h
er

w
or

d
s,
γ
O

(ρ
)

is
p
ro

p
or

ti
on

al
to

th
e

sm
al

le
st

p
os

si
b
le

u
p
p

er
es

ti
m

at
e

on
O

(ρ
)

th
at

st
il
l

h
ol

d
s

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ.

D
e
fi

n
it

io
n

1
.8

F
o
r

a
n

y
τ
>

0
a
n

d
0
<
δ
<

1
,

se
t

λ
0
(δ
,τ

)
=

su
p

ρ
>

0
,f
∗ ∈
F

γ
O

(ρ
,τ
,δ

)

ρ
.

T
o

co
m

p
ar

e
λ

0
(δ
,τ

)
w

it
h
r Q

an
d
r M

,
fi
rs

t
n
ot

e
th

at
r M

(ρ
)

an
d
O

(ρ
)

b
ot

h
d
ep

en
d

on
p
ro

p
er

ti
es

of
th

e
m

u
lt

ip
li
er

p
ro

ce
ss

es
in

d
ex

ed
b
y

lo
ca

li
za

ti
on

s
of
F
∩
K
ρ
(f
∗ )

,
an

d
re

ca
ll

th
at

sy
m

m
et

ri
ze

d
an

d
ce

n
te

re
d

p
ro

ce
ss

es
ar

e
es

se
n
ti

al
ly

eq
u
iv

al
en

t.
S
ec

on
d
,

if
r(
ρ
)

=
r M

(ρ
)

th
en
γ
O

(ρ
)
∼
r2 M

(ρ
);

m
or

eo
v
er

,
γ
O

(ρ
)

is
tr

iv
ia

ll
y

b
ou

n
d
ed

b
y
∼
r2

(ρ
)

fo
r

th
e

ri
gh

t
ch

oi
ce

of
τ

an
d
δ.

H
ow

ev
er

,
if
r M

(ρ
)
≤
r Q

(ρ
),

th
at

is
,

w
h
en

r(
ρ
)

=
r Q

(ρ
)

–
w

h
ic

h
is

th
e

ca
se

w
h
en

ρ
is

ve
ry

la
rg

e
–

on
e

m
ay

fi
n
d

th
at
γ
O

(ρ
)

is
ac

tu
al

ly
si

gn
ifi

ca
n
tl

y
sm

al
le

r
th

an
∼
r2

(ρ
).

T
h
is

ob
se

rv
at

io
n

is
of

cr
u
ci

al
im

p
or

ta
n
ce

b
ec

au
se

of
th

e
ch

oi
ce

of
th

e
re

gu
la

ri
za

ti
on

p
ar

am
et

er
:

fo
r

th
e

ri
gh

t
ch

oi
ce

of
τ
,
γ
O

(ρ
)
≤
r2

(ρ
)

an
d

λ
0
(δ
,τ

)
≤

su
p

ρ
>

0
,f
∗ ∈
F
r2

(ρ
)/
ρ
;
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01
7

L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

th
u
s,

on
e

m
ay

b
e

te
m

p
te

d
to

se
le

ct
th

e
la

tt
er

as
a

re
gu

la
ri

za
ti

on
te

rm
.

H
ow

ev
er

,
th

er
e

ar
e

n
at

u
ra

l
ex

am
p
le

s
in

w
h
ic

h
su

p
ρ
>

0
r2

(ρ
)/
ρ

=
∞

,
re

n
d
er

in
g

th
at

ch
oi

ce
im

p
o
ss

ib
le

,
w

h
er

ea
s

su
p
ρ
>

0
,f
∗ ∈
F
γ
O

(ρ
)/
ρ

tu
rn

s
ou

t
to

b
e

fi
n
it

e.
O

f
co

u
rs

e,
th

er
e

ar
e

st
il
l

ca
se

s
in

w
h
ic

h
su

p
ρ
>

0
,f
∗ ∈
F
r2

(ρ
)/
ρ

is
fi
n
it

e,
an

d
λ

0
(δ
,τ

)
is

of
th

e
sa

m
e

or
d
er

as
su

p
ρ
>

0
,f
∗ ∈
F
r2 M

(ρ
)/
ρ
,

th
ou

gh
th

at
is

n
ot

th
e

ge
n
er

ic
si

tu
at

io
n
.

W
e

n
ow

co
m

e
to

th
e

m
ai

n
re

su
lt

of
th

e
ar

ti
cl

e.

T
h

e
o
re

m
1
.9

L
et
F

be
a

cl
o
se

d
,

co
n

ve
x

cl
a
ss

o
f

fu
n

ct
io

n
s

th
a
t

sa
ti

sfi
es

A
ss

u
m

p
ti

o
n

1
.2

w
it

h
co

n
st

a
n

ts
κ

a
n

d
ε.

S
et

Ψ
(·)

to
be

a
re

gu
la

ri
za

ti
o
n

fu
n

ct
io

n
th

a
t

sa
ti

sfi
es

A
ss

u
m

p
ti

o
n

1
.1

w
it

h
co

n
st

a
n

t
η

.
F

u
rt

h
er

m
o
re

,
a
ss

u
m

e
th

a
t

li
m
ρ
→

0
r(
ρ
)

=
0

a
n

d
p
u

t
λ
>
λ

0
(δ
,3
/
(8

0η
3
))

.

If
f̂

is
th

e
R

E
R

M
w

it
h

a
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
λ

a
s

in
(1

.3
),

th
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2δ
−

2
ex

p
(−
N
ε2
/
2)

,

‖f̂
−
f
∗ ‖

2 L
2
(µ

)
≤

m
ax
{ r2
( 10

η
Ψ

(f
∗ )
) ,
(

3
2

κ
2
ε

) λ
Ψ

(f
∗ )
} .

(1
.1

4
)

O
b
se

rv
e

th
at
λ

0
d
ep

en
d
s

on
ly

on
th

e
os

ci
ll
at

io
n
s

of
th

e
m

u
lt

ip
li
er

p
ro

ce
ss

.
H

en
ce

,
if

th
e

p
ro

b
le

m
is

n
oi

se
-f

re
e

th
en

λ
0

=
0,

sh
ow

in
g

th
at

an
y

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ
>

0
w

o
u
ld

d
o.

M
or

eo
ve

r,
in

th
at

ca
se
r M

(ρ
)

=
0

an
d

so
on

e
ca

n
ch

o
os

e
r(
ρ
)
≥
r Q

(ρ
)

o
b
ta

in
in

g
a
n

er
ro

r
ra

te
th

at
d
ep

en
d
s

on
ly

on
r2 Q

(1
0η

Ψ
(f
∗ )

).

A
s

n
ot

ed
p
re

v
io

u
sl

y,
if

on
e

co
n
si

d
er

s
em

p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
p

er
fo

rm
ed

in
F
∗

=
{f
∈
F

:
Ψ

(f
)
≤

Ψ
(f
∗ )
},

th
e

re
su

lt
in

g
er

ro
r

ra
te

is
‖f̃
−
f
∗ ‖

2 L
2
(µ

)
≤
c 0
r2

(c
Ψ

(f
∗ )

)
fo

r
a

su
it

ab
le

ab
so

lu
te

co
n
st

an
t
c 0

an
d

a
co

n
st

an
t
c

th
at

d
ep

en
d
s

on
κ

,
ε

an
d
δ;

m
o
re

ov
er

,
u
n
d
er

so
m

e
m

in
or

ad
d
it

io
n
al

as
su

m
p
ti

on
s,

th
at

ra
te

is
op

ti
m

al
in

th
e

m
in

im
a
x

se
n
se

(c
f.

L
ec

u
é

an
d

M
en

d
el

so
n
)

w
h
en

on
e

ta
ke

s
r(
ρ
)
∼

m
ax
{ r

M
(ρ

),
r Q

(ρ
)}

.
H

en
ce

,
u
p

to
co

n
st

a
n
ts

in
vo

lv
ed

,
th

e
fi
rs

t
te

rm
in

T
h
eo

re
m

1.
9

is
es

se
n
ti

al
ly

th
e

m
in

im
ax

ra
te

th
at

o
n
e

ca
n

o
b
ta

in
if

Ψ
(f
∗ )

w
er

e
k
n
ow

n
.

If
on

e
ch

o
os

es
λ
∼
λ

0
(δ
,τ

)
fo

r
τ

=
3
/
(8

0η
3
)

th
en

th
e

se
co

n
d

te
rm

in
(1

.1
4
)

is
o
f

th
e

or
d
er

of

λ
Ψ

(f
∗ )

=
( su

p
ρ
,f
∗

γ
O

(ρ
,τ
,δ

)

ρ

)
·Ψ

(f
∗ )
.

N
ot

e
th

at
fo

r
ρ

th
at

is
of

th
e

or
d
er

of
Ψ

(f
∗ )

,
on

e
h
as

γ
O

(ρ
,τ
,δ

)

ρ
·Ψ

(f
∗ )
≤
c 1
γ
O

(ρ
,τ
,δ

)
≤
c 2
r2

(c
3
Ψ

(f
∗ )

),

w
h
ic

h
co

in
ci

d
es

w
it

h
th

e
fi
rs

t
te

rm
,

u
p

to
th

e
co

n
st

an
ts

in
vo

lv
ed

.
T

h
u
s,

th
e

p
ri

ce
th

a
t

o
n
e

h
as

to
p
ay

fo
r

n
ot

k
n
ow

in
g

Ψ
(f
∗ )

is
m

an
if

es
te

d
in

th
e

n
ee

d
to

ta
ke

th
e

su
p
re

m
u
m

ov
er

a
ll

p
os

si
b
le

ch
oi

ce
s

of
ρ

in
th

e
se

co
n
d

te
rm

,
ra

th
er

th
an

co
n
si

d
er

in
g

on
ly

th
e

le
ve

l
ρ
∼

Ψ
(f
∗ )

.
T

h
an

k
fu

ll
y,

th
er

e
ar

e
m

an
y

n
at

u
ra

l
ca

se
s

in
w

h
ic

h
th

at
p
ri

ce
is

ra
th

er
sm

a
ll
,

a
ll
ow

in
g

fo
r

sa
ti

sf
ac

to
ry

ou
tc

om
es

of
T

h
eo

re
m

1.
9

th
at

ar
e

cl
os

e
to

th
e

m
in

im
ax

ra
te

.

2
.
P
ro

o
f
o
f
T
h
e
o
re
m

1
.9

B
ef

or
e

w
e

p
re

se
n
t

th
e

p
ro

of
,

le
t

u
s

in
tr

o
d
u
ce

so
m

e
n
ot

at
io

n
.

T
h
ro

u
gh

ou
t,

a
b
so

lu
te

co
n
-

st
an

ts
or

co
n
st

an
ts

th
at

d
ep

en
d

on
ot

h
er

p
ar

am
et

er
s

ar
e

d
en

o
te

d
b
y
c,
C

,
c 1

,
c 2

,
et

c.
,

(a
n
d
,
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R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

o
f

co
u
rse,

w
e

w
ill

sp
ecify

w
h
en

a
con

stan
t

is
ab

so
lu

te
an

d
w

h
en

it
d
ep

en
d
s

on
oth

er
p
a-

ra
m

eters).
T

h
e

valu
es

of
th

ese
con

stan
ts

m
ay

ch
an

ge
from

lin
e

to
lin

e.
T

h
e

n
ota

tion
x
∼
y

(resp
.
x
.
y
)

m
ean

s
th

at
th

ere
ex

ist
ab

solu
te

con
stan

ts
0
<
c
<
C

for
w

h
ich

cy
≤
x
≤
C
y

(resp
.
x
≤
C
y
).

If
b
>

0
is

a
p
aram

eter,
th

en
x

.
b
y

m
ea

n
s

th
at

x
≤
C

(b)y
for

so
m

e
co

n
sta

n
t
C

(b)
th

at
d
ep

en
d
s

on
ly

on
b.

T
h
e

n
o
rm

ed
sp

ace
`
dp

is
R
d

en
d
ow

ed
w

ith
th

e
n
orm

‖x‖
p

=
(∑

j |x
j | p )

1
/
p;

th
e

corre-

sp
on

d
in

g
u
n
it

b
all

is
d
en

oted
b
y
B
dp

an
d

th
e

u
n
it

E
u
clid

ean
sp

h
ere

in
R
d

is
S
d−

1.
F

in
a
lly,

fro
m

h
ere

on
w

e
w

rite
P
r

an
d
‖
‖
L
2

w
ith

o
u
t

sp
ecify

in
g

th
e

u
n
d
erly

in
g

m
easu

re.
T

h
e

p
ro

o
f

o
f

T
h
eorem

1.9
follow

s
an

alm
ost

id
en

tical
p
ath

as
th

e
p
ro

of
of

T
h
eorem

3.2
fro

m
L

ecu
é

a
n
d

M
en

d
elson

(to
ap

p
ear).

T
h
e

d
iff

eren
ces

b
etw

een
th

e
tw

o
argu

m
en

ts
are

m
in

o
r

a
n
d

th
eir

sou
rce

is
th

e
fact

th
at

u
n
like

L
ecu

é
an

d
M

en
d
elson

(to
ap

p
ea

r),
h
ere

w
e

d
o

n
o
t

a
ssu

m
e

th
a
t

Ψ
is

a
n
orm

.
In

R
em

ark
2.2

w
e

w
ill

ou
tlin

e
h
ow

a
version

of
T

h
eo

rem
1.9

m
ay

b
e

d
eriv

ed
d
irectly

from
T

h
eorem

3.2
in

L
ecu

é
an

d
M

en
d
elson

(to
a
p
p

ear)
w

h
en

Ψ
is

a
n
o
rm

.

T
h
eo

rem
1
.9

is
an

im
m

ed
iate

ou
tco

m
e

of
th

e
follow

in
g

lem
m

a:

L
e
m

m
a

2
.1

L
et
λ

0
=
λ

0 (δ,3/
(80η

3))
a
n

d
set

λ
>
λ

0 .
If

lim
ρ→

0
r(ρ

)
=

0,
ρ
≥

5
η
Ψ

(f
∗)

a
n

d
ρ
>

0
,

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2
δ−

2
ex

p
(−
N
ε

2/
2),

‖
f̂
−
f
∗‖

2L
2 ≤

m
ax {

r
2(ρ

),(3
2
/(κ

2ε))λ
Ψ

(f
∗) }

.

T
o

see
h
ow

L
em

m
a

2.1
can

b
e

u
sed

to
con

clu
d
e

th
e

p
ro

of
of

T
h
eorem

1.9,
ob

serve
th

at
if

Ψ
(f
∗)
>

0
,

on
e

m
ay

sim
p
ly

select
ρ

=
5η

Ψ
(f
∗)

in
th

e
lem

m
a.

If,
o
n

th
e

oth
er

h
an

d
,

Ψ
(f
∗)

=
0
,

let
(γ
n
) ∞n

=
1

b
e

a
p

ositive
seq

u
en

ce
d
ecreasin

g
to

0
an

d
setA

n
=
{‖f̂
−
f
∗‖
L
2 ≤

γ
n }

,
w

h
ich

is
a

d
ecreasin

g
seq

u
en

ce
of

ev
en

ts.
If
P
r(A

n
)≥

1−
ν

for
som

e
0
≤
ν
≤

1
an

d
every

n
th

en
P
r({f̂

=
f
∗})≥

1−
ν

.
S
in

ce
lim

ρ→
0
r(ρ

)
=

0,
on

e
m

ay
ap

p
ly

L
em

m
a

2.1
to

ea
ch

m
em

b
er

o
f

a
n
on

n
egative

seq
u
en

ce
ρ
n

th
at

d
ecreases

to
zero

a
n
d

fo
r

w
h
ich

γ
n

=
r(ρ

n
)

d
ecrea

ses
to

zero.
B

y
L

em
m

a
2.1,

P
r(A

n
)≥

1−
2
δ−

2
ex

p
(−
N
ε

2/
2)

for
every

n
an

d
th

e
p
ro

o
f

o
f

T
h
eo

rem
1.9

follow
s.

P
ro

o
f

o
f

L
e
m

m
a

2
.1

.
F

ix
f
∗

an
d

set
ρ
>

0
th

at
satisfi

es
ρ
≥

5
η
Ψ

(f
∗).

L
et

F
1

=
{f
∈
F

:
Ψ

(f
−
f
∗)≤

ρ}
=
F
∩
K
ρ (f
∗),

a
n
d

F
2

=
{
f
∈
F

:
Ψ

(f
−
f
∗)

=
ρ}.

C
lea

rly,
F

1
is

a
con

v
ex

set
th

at
con

tain
s
f
∗,

an
d

b
y

th
e

con
tin

u
ity

of
th

e
rea

l-valu
ed

fu
n
ction

t
→

Ψ
(f
∗

+
t(f
−
f
∗)),

every
ray

[f
∗,f

)
th

at
orig

in
ates

in
f
∗

an
d

p
asses

th
rou

gh
som

e
f
∈
F
\F

1
in

tersects
F

2 .
L

et
θ

=
κ

2ε/
16

an
d

set

r
Q

(ρ
)

=
r
Q

(F
1 ,κ

ε/32)
an

d
r
M

(ρ
)

=
r
M

(F
1 ,θ/

5,δ/4).

T
h
ere

is
a
n

even
tA

0
of

p
rob

ab
ility

at
least

1−
δ−

2
ex

p
(−
N
ε

2/2),
an

d
for

every
(X

i ,Y
i )
Ni=

1 ∈
A

0
th

e
fo

llow
in

g
h
old

s:
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

•
If
f
∈
F

1
an

d
‖
f
−
f
∗‖
L
2 ≥

r
Q

(ρ
)

th
en

1N

N
∑i=

1 (f
−
f
∗)

2(X
i )≥

θ‖f
−
f
∗‖

2L
2 .

•
If
f
∈
F

1
th

en

∣∣∣∣∣
1N

N
∑i=

1

ξ
i (f
−
f
∗)(X

i )−
E
ξ(f
−
f
∗)(X

) ∣∣∣∣∣ ≤
θ4

m
ax{‖f

−
f
∗‖

2L
2 ,r

2M
(ρ

)}
.

In
p
articu

lar,
if
f
∈
F

1
an

d
‖
f
−
f
∗‖
L
2 ≥

r(ρ
)≥

m
ax{

r
M

(ρ
),r

Q
(ρ

)}
th

en

P
N L

f
≥
θ2 ‖
f
−
f
∗‖

2L
2 .

B
y

th
e

ch
oice

of
λ

,
th

ere
is

an
even

tA
1

of
p
rob

ab
ility

at
least

1−
δ

on
w

h
ich

if
f
∈
F

1
an

d
‖
f
−
f
∗‖
L
2 ≤

r(ρ
),

th
en

∣∣∣∣∣
2N

N
∑i=

1

ξ
i (f
−
f
∗)(X

i )−
E
ξ(f
−
f
∗)(X

) ∣∣∣∣∣
<

3

80η
3
λ
ρ
<

35η
λ
ρ
.

(2.1)

S
etA

=
A

0 ∩
A

1
an

d
let

(X
i ,Y

i )
Ni=

1 ∈
A

.
T

h
e

p
ro

of
n
ow

follow
s

in
th

ree
step

s:

(1)
S
h
ow

th
at

th
e

fu
n
ction

al
f
→
P
N L

λf
is

b
ou

n
d
ed

from
b

elow
–

aw
ay

from
zero

–
in
F

2 .

(2)
A

n
ou

tcom
e

of
(1)

is
th

at
if
f
∈
F
\
F

1 ,
P
N L

λf
>

0;
h
en

ce,
f̂
6∈
F
\
F

1 .

(3)
F

in
ally,

p
in

-p
oin

t
f̂

w
ith

in
F

1
=
{
f
∈
F

:
Ψ

(f
−
f
∗)≤

ρ}.

S
te

p
1
.

F
ix
f
∈
F

2
an

d
n
ote

th
at

b
y

th
e

‘tria
n
gle

in
eq

u
ality

’
satisfi

ed
b
y

Ψ
,

Ψ
(f

)≥
η −

1Ψ
(f
−
f
∗)−

Ψ
(f
∗).

R
ecall

th
at
η −

1Ψ
(f
−
f
∗)≥

η −
1ρ
≥

5Ψ
(f
∗)

an
d

th
u
s,

Ψ
(f

)−
Ψ

(f
∗)≥

(3/
5)η −

1ρ
.

H
en

ce,
if‖

f
−
f
∗‖
L
2 ≥

r(ρ
)

th
en

P
N L

λf
≥

(θ/2)‖
f
−
f
∗‖

2L
2

+
λ
ρ·

35η
>

0
.

O
n

th
e

oth
er

h
an

d
,

b
y

th
e

ch
oice

of
λ

,
if‖

f
−
f
∗‖
L
2 ≤

r(ρ
)

th
en

P
N L

λf
≥
−
∣∣∣∣∣

1N

N
∑i=

1

ξ
i (f
−
f
∗)(X

i )−
E
ξ(f
−
f
∗)(X

) ∣∣∣∣∣
+
λ

(Ψ
(f

)−
Ψ

(f
∗))

≥
−
∣∣∣∣∣

1N

N
∑i=

1

ξ
i (f
−
f
∗)(X

i )−
E
ξ(f
−
f
∗)(X

) ∣∣∣∣∣
+
λ
ρ·

35
η
>

0.
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a
n
d
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h
e

sm
a
l
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a
l
l

m
e
t
h
o
d

f
∗

0

R
>
M

R
>
M

R
>
M

R
>
M

Q
>
M

Q
>
M

Q
>
M

Q
>
M

f

h

F
ig

u
re

2:
P
N
Lλ f

>
0

fo
r

tw
o

d
iff

er
en

t
re

as
o
n
s:

ei
th

er
Q
>
M

–
th

e
q
u
ad

ra
ti

c
co

m
p

on
en

t
d
om

in
at

es
th

e
m

u
lt

ip
li
er

co
m

p
o
n
en

t,
or
R
>
M

–
th

e
re

gu
la

ri
za

ti
on

co
m

p
on

en
t

d
om

in
at

es
th

e
m

u
lt

ip
li
er

co
m

p
on

en
t.

U
n
li
ke

T
h
eo

re
m

3.
2

in
L

ec
u
é

an
d

M
en

d
el

so
n

(t
o

ap
p

ea
r)

,
h
er

e
w

e
ch

o
os

e
ρ
∼

Ψ
(f
∗ )

to
en

su
re

th
at

0
∈
F
∩
K
ρ
(f
∗ )

.

It
sh

ou
ld

b
e

n
ot

ed
th

at
th

e
sa

m
e

p
ro

of
sh

ow
s

th
at

on
th

e
ev

en
t
A

,
fo

r
ev

er
y
f
∈
F

2
,

P
N
L f

+
λ 2η

2
(Ψ

(f
)
−

Ψ
(f
∗ )

)
>

0,
(2

.2
)

a
fa

ct
th

at
w

il
l

b
e

u
se

d
b

el
ow

.
In

d
ee

d
,

(λ
/
2η

2
)
·(

Ψ
(f

)
−

Ψ
(f
∗ )

)
≥

(λ
/
2
η

2
)
·(

3ρ
/
5η

)
an

d
b
y

(2
.1

),
if
‖f
−
f
∗ ‖
L
2
≤
r(
ρ
)

th
en

P
N
L f
≥
−

(3
/8

0)
·(
λ
ρ
/η

3
).

S
te

p
2
.

L
et
f
∈
F
\F

1
an

d
n
ot

e
th

at
b
y

th
e

co
n
ve

x
it

y
of
F

an
d

th
e

co
n
ti

n
u
it

y
of

Ψ
on

ra
y
s,

th
er

e
is

so
m

e
h
∈
F

2
an

d
R
>

1
fo

r
w

h
ic

h
f

=
f
∗

+
R

(h
−
f
∗ )

.
T

h
u
s,

P
N
Lλ f

=
R

2

N

N ∑ i=
1

(h
−
f
∗ )

2
(X

i)
+

2
R N

N ∑ i=
1

ξ i
(h
−
f
∗ )

(X
i)

+
λ

(Ψ
(f

)
−

Ψ
(f
∗ )

)
.

O
b
se

rv
e

th
at

Ψ
(f

)
−

Ψ
(f
∗ )
≥

R 2
η

2
(Ψ

(h
)
−

Ψ
(f
∗ )

)
;

(2
.3

)

in
d
ee

d
, Ψ

(f
∗

+
R

(h
−
f
∗ )

)
≥
η
−

1
Ψ

(R
(h
−
f
∗ )

)
−

Ψ
(f
∗ )
≥
R
η
−

1
Ψ

(h
−
f
∗ )
−

Ψ
(f
∗ )
,

an
d

th
u
s

it
su

ffi
ce

s
to

sh
ow

th
at

R η
Ψ

(h
−
f
∗ )
≥

R 2
η

2
Ψ

(h
)

+
2Ψ

(f
∗ )
.
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

B
u
t

si
n
ce

Ψ
(h
−
f
∗ )
≥

5
η
Ψ

(f
∗ )

,
η
≥

1
an

d
R
≥

1,
on

e
h
as

R η
Ψ

(h
−
f
∗ )
≥
R 2η

Ψ
(h
−
f
∗ )

+
R 2

Ψ
(f
∗ )

+
2
R

Ψ
(f
∗ )

≥
R 2η

(Ψ
(h
−
f
∗ )

+
Ψ

(f
∗ )

)
+

2
Ψ

(f
∗ )
≥

R 2
η

2
Ψ

(h
)

+
2Ψ

(f
∗ )
,

an
d

(2
.3

)
fo

ll
ow

s.

F
in

al
ly

,
ap

p
ly

in
g

(2
.2

)
to
h
∈
F

2
,

P
N
Lλ f
≥
R

2

N

N ∑ i=
1

(h
−
f
∗ )

2
(X

i)
+

2R N

N ∑ i=
1

ξ i
(h
−
f
∗ )

(X
i)

+
λ
R 2
η

2
(Ψ

(h
)
−

Ψ
(f
∗ )

)

≥
R

( P
N
L h

+
λ 2
η

2
(Ψ

(h
)
−

Ψ
(f
∗ )

))
>

0,

an
d
f̂
6∈
F
\F

1
.

S
te

p
3
.

T
u
rn

in
g

to
F

1
=
{f
∈
F

:
Ψ

(f
−
f
∗ )
≤
ρ
}

=
F
∩
K
ρ
(f
∗ )

,
re

ca
ll

th
a
t

if
f
∈
F

1
a
n
d

‖f
−
f
∗ ‖
L
2
≥
r(
ρ
),

th
en

P
N
L f
≥

(θ
/2

)‖
f
−
f
∗ ‖

2 L
2
;

h
en

ce
,

if
f

is
a

p
ot

en
ti

al
m

in
im

iz
er

a
n
d

‖f
−
f
∗ ‖
L
2
≥
r(
ρ
)

th
en

0
≥
P
N
Lλ f
≥

(θ
/2

)‖
f
−
f
∗ ‖

2 L
2

+
λ

(Ψ
(f

)
−

Ψ
(f
∗ )

)
≥

(θ
/2

)‖
f
−
f
∗ ‖

2 L
2
−
λ

Ψ
(f
∗ )
,

an
d

‖f̂
−
f
∗ ‖

2 L
2
≤

2
λ θ

Ψ
(f
∗ )
,

as
cl

ai
m

ed
.

R
e
m

a
rk

2
.2

If
Ψ

h
a
p
pe

n
s

to
be

a
n

o
rm

(w
h
ic

h
is

a
n

a
ss

u
m

p
ti

o
n

sl
ig

h
tl

y
st

ro
n

ge
r

th
a
n

A
s-

su
m

p
ti

o
n

1
.1

),
o
n

e
m

a
y

a
p
p
ly

T
h
eo

re
m

3
.2

fr
o
m

L
ec

u
é

a
n

d
M

en
d
el

so
n

(t
o

a
p
pe

a
r)

d
ir

ec
tl

y.
In

d
ee

d
,

a
n

d
u

si
n

g
th

e
n

o
ta

ti
o
n

fr
o
m

L
ec

u
é

a
n

d
M

en
d
el

so
n

(t
o

a
p
pe

a
r)

if
ρ
&

Ψ
(f
∗ )

th
en

th
e

se
t
K

=
{f

:
Ψ

(f
−
f
∗ )
≤
ρ
/2

0
}

co
n

ta
in

s
a

Ψ
-b

a
ll

a
ro

u
n

d
0
,

a
n

d
Γ
f
∗
(ρ

)
–

th
e

co
ll

ec
ti

o
n

o
f

n
o
rm

in
g

fu
n

ct
io

n
a
ls

(i
.e

.,
th

e
su

b-
gr

a
d
ie

n
t

o
f

Ψ
)

o
f

a
n

y
h
∈
K

–
is

th
e

en
ti

re
u

n
it

ba
ll

in
th

e
d
u

a
l

sp
a
ce

to
(E
,Ψ

).
R

ec
a
ll

th
a
t

∆
(ρ

)
=

in
f
h

su
p

z
∗ ∈

Γ
f
∗

(ρ
)
z
∗ (
h
−
f
∗ )
,

w
h
er

e
th

e
in

fi
m

u
m

is
ta

ke
n

in
th

e
se

t

{h
∈
F

:
Ψ

(h
−
f
∗ )

=
ρ

an
d
‖h
−
f
∗ ‖
L
2
≤
r(
ρ
)}
.

S
in

ce
Γ
f
∗
(ρ

)
is

th
e

en
ti

re
d
u

a
l

u
n

it
ba

ll
,

it
fo

ll
o
w

s
th

a
t

∆
(ρ

)
=
ρ

,
a
n

d
T

h
eo

re
m

3
.2

in
L

ec
u

é
a
n

d
M

en
d
el

so
n

(t
o

a
p
pe

a
r)

m
a
y

be
a
p
p
li

ed
.

T
h
e

d
es

ir
ed

ve
rs

io
n

o
f

T
h
eo

re
m

1
.9

n
o
w

fo
ll

o
w

s
fr

o
m

R
em

a
rk

3
.3

in
L

ec
u

é
a
n

d
M

en
d
el

so
n

(t
o

a
p
pe

a
r)

.
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R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

3
.
T
o
w
a
rd

s
th

e
e
x
a
m
p
le
s
-
p
re
lim

in
a
ry

e
stim

a
te
s

It
is

ra
th

er
ob

v
iou

s
th

at
an

y
im

p
lem

en
tation

of
T

h
eorem

1.9
req

u
ires

sp
ecifi

c
estim

ates
o
n
r
M

,
r
Q

a
n
d
λ

0 .
T

h
is

section
is

d
evoted

to
som

e
p
relim

in
ary

facts
th

at
w

ill
p
lay

an
in

stru
m

en
ta

l
p
art

in
estab

lish
in

g
su

ch
estim

ates.

O
u
r

m
a
in

in
terest

is
th

e
stu

d
y

of
u
p
p

er
b

ou
n
d
s

on
th

e
th

ree
p
ro

cesses
u
sed

to
d
efi

n
e

th
e

p
a
ra

m
eter

r
M

,
r
Q

an
d
γO

,
an

d
w

h
ich

h
ave

th
e

follow
in

g
form

s:

(∗
)

=
su

p
f∈
F ∣∣∣∣∣

N
∑i=

1

ε
i ξ
i f

(X
i ) ∣∣∣∣∣
,

(∗∗)
=

su
p

f∈
F ∣∣∣∣∣

N
∑i=

1

(ξ
i f

(X
i )−

E
ξf

(X
)) ∣∣∣∣∣

an
d
E

su
p

f∈
F ∣∣∣

N
∑i=

1

ε
i f

(X
i ) ∣∣∣ ,

w
h
ere

X
1 ,...,X

N
are

in
d
ep

en
d
en

t
an

d
d
istrib

u
ted

acco
rd

in
g

to
th

e
u
n
d
erly

in
g

m
easu

re
µ

,
ξ

1 ,...,ξ
N

a
re

in
d
ep

en
d
en

t
cop

ies
of
ξ
∈
L
q

for
som

e
q
>

2
(th

ou
gh

(ξ
i )
Ni=

1
n
eed

n
ot

b
e

in
d
ep

en
d
en

t
o
f

(X
i )
Ni=

1 ),
an

d
(ε
i )
Ni=

1
are

in
d
ep

en
d
en

t,
sy

m
m

etric
{−

1
,1}

-valu
ed

ran
d
om

va
ria

b
les

th
a
t

are
in

d
ep

en
d
en

t
of

(X
i )
Ni=

1
an

d
(ξ
i )
Ni=

1 .

S
ta

n
d
a
rd

sy
m

m
etrization

m
eth

o
d
s

(see,
e.g.,

G
in

é
an

d
Z

in
n

(1984);
L

ed
ou

x
a
n
d

T
ala-

g
ra

n
d

(1
9
9
1);

van
d
er

V
aart

an
d

W
elln

er
(1996))

sh
ow

th
at

(∗
)

an
d

(∗∗)
are

eq
u
ivalen

t
in

ex
p

ecta
tio

n
a
n
d

in
d
ev

iation
(u

p
to

a
sligh

t
restrictio

n
on

th
e

d
ev

iation
p
aram

eter).
W

e
w

ill
p
resen

t
on

e
ex

a
m

p
le

in
w

h
ich

th
is

sy
m

m
etrization

argu
m

en
t

is
carried

ou
t

in
fu

ll
(T

h
eorem

4
.2

),
b
u
t

in
th

e
oth

er
ex

am
p
les

w
e

w
ill

on
ly

con
sid

er
th

e
sy

m
m

etrized
case.

3
.1

E
stim

a
te

s
fo

r
su

b
g
a
u

ssia
n

c
la

sse
s

T
h
e

fi
rst

resu
lt

is
from

M
en

d
elson

(2016),
u
n
d
er

th
e

a
ssu

m
p
tion

th
at
F

is
an

L
-su

b
gau

ssian
cla

ss
o
f

fu
n
ctio

n
s.

D
e
fi

n
itio

n
3
.1

A
cla

ss
o
f

fu
n

ctio
n

s
F
⊂
L

2 (µ
)

is
L

-su
bga

u
ssia

n
if

fo
r

every
f
,h
∈
F
∪
{0}

a
n

d
every

u
≥

1
,

P
r(|f

(X
)−

h
(X

)|≥
L
u‖f
−
h‖

L
2
(µ

) )≤
2

ex
p
(−
u

2/
2),

w
h
ere

X
is

d
istribu

ted
a
cco

rd
in

g
to
µ

.

L
et
F
⊂
L

2 (µ
)

an
d

set
{G

f
:
f
∈
F
}

to
b

e
th

e
cen

tered
,

can
on

ical
G

a
u
ssian

p
ro

cess
in

d
ex

ed
b
y
F

(i.e.,
th

e
covarian

ce
op

erator
of

th
e

p
ro

cess
is
E
G
f G

g
=

E
f

(X
)g

(X
)

for
every

f
,g
∈
F

).
P

u
t

` ∗(F
)

=
E

su
p

f∈
F
G
f ,

an
d
d

2 (F
)

=
su

p
f∈
F ‖f‖

L
2
(µ

) .
(3.1)

T
h

e
o
re

m
3
.2

(C
o
ro

lla
ry

1
.1

0
in

M
e
n

d
e
lso

n
(2

0
1
6
))

L
et
X

be
d
istribu

ted
a
cco

rd
in

g
to
µ

,
set

ξ
∈
L
q

fo
r

so
m

e
q
>

2
a
n

d
a
ssu

m
e

th
a
t
F
⊂
L

2 (µ
)

is
a
n
L

-su
bga

u
ssia

n
cla

ss.
T

h
ere

a
re

co
n

sta
n

ts
c,c

0 ,c
1 ,c

2
a
n

d
c

3
th

a
t

d
epen

d
o
n

ly
o
n
q,

fo
r

w
h
ich

,
fo

r
a
n

y
w
,u

>
c,

w
ith

p
ro

ba
bility

a
t

lea
st1−

c
0

log
q
N

w
qN

q
/
2−

1 −
2

ex
p (−

c
1 u

2(` ∗(F
)/d

2 (F
))

2 )
,
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

su
p

f∈
F ∣∣∣∣∣

1N

N
∑i=

1

ε
i ξ
i f

(X
i ) ∣∣∣∣∣ ≤

c
2 L
w
u‖
ξ‖
L
q

` ∗(F
)

√
N

a
n

d

su
p

f∈
F ∣∣∣∣∣

1N

N
∑i=

1

ξ
i f

(X
i )−

E
ξf

(X
) ∣∣∣∣∣ ≤

c
2 L
w
u‖
ξ‖
L
q

` ∗(F
)

√
N

.

C
o
ro

lla
ry

3
.3

U
sin

g
th

e
n

o
ta

tio
n

a
n

d
a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
3
.2

,
let

ξ
=
Y
−
f
∗(X

)
a
n

d
a
ssu

m
e

th
a
t
ξ∈

L
q

fo
r

so
m

e
q
>

2.
F

ix
τ
>

0
a
n

d
0
<
δ
<

1
,

a
n

d
set

A
>

0
fo

r
w

h
ich

c
2 L
w
u‖
ξ‖
L
q
` ∗

(F
∩
A
D
f
∗)≤

τ
A

2 √
N
.

(3.2)

If

δ≥
c

0
log

q
N

w
qN

q
/
2−

1
+

2
ex

p (−
c

1 a
0 u

2 )
(3.3)

th
en

r
M

(F
,τ,δ)≤

A
.

P
ro

o
f.

C
learly,

it
follow

s
from

T
h
eorem

3.2
th

at
if

δ≥
c

0
log

q
N

w
qN

q
/
2−

1
+

2
ex

p (
−
c

1 u
2 (

` ∗(F
∩
A
D
f
∗)

d
2 (F
∩
A
D
f
∗) )

2 )

th
en

r
M

(F
,τ,δ)≤

A
.

T
h
e

claim
follow

s
b

ecau
se

if
F
∩
A
D
f
∗

is
n
on

em
p
ty,

` ∗(F
∩
A
D
f
∗)

d
2 (F
∩
A
D
f
∗)
≥
a

0

for
a

su
itab

le
ab

solu
te

con
stan

t
a

0 .

R
e
m

a
rk

3
.4

T
h
e

estim
a
te

in
C

o
ro

lla
ry

3
.3

ca
n

be
ra

th
er

loo
se.

T
h
e

rea
so

n
fo

r
th

e
su

b-
o
p
tim

a
l

estim
a
te

is
th

a
t

u
su

a
lly,

th
e

G
a
u

ssia
n

m
ea

n
-w

id
th
` ∗(F

∩
A
D
f
∗)

is
m

u
ch

la
rger

th
a
n
d

2 (F
∩
A
D
f
∗).

F
o
r

exa
m

p
le,

let
F

=
{ 〈t,· 〉

:
t∈

S
d−

1}
be

th
e

cla
ss

o
f

lin
ea

r
fu

n
c-

tio
n

a
ls

o
n
R
d

in
d
exed

by
th

e
E

u
clid

ea
n

u
n

it
ba

ll.
A

ssu
m

e
th

a
t
X

is
a
n

iso
tro

p
ic

vecto
r

–
th

a
t

is,
its

co
va

ria
n

ce
stru
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−
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+
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√
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e
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∈
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∪
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p
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b
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b
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=

1
is

a
ra

n
d
om

ve
ct

or
w

it
h

in
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d
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d
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d
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p
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p
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p
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p
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‖x

j
‖ L

2
.

C
o
n

si
d
er

ξ
∈
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=
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≤
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recise

estim
ates

o
n

th
e

m
in

im
a
x

rate
in

th
at

ran
ge.

It
tu

rn
s

o
u
t

th
at

for
th

is
p
rob

lem
–

th
e

so-called
G

au
ssian

lin
ear

m
o
d
el

–
th

e
m

in
im

ax
ra

te
in
ρ
B
d1

is
a
ch

ieved
b
y

th
e

E
m

p
irical

R
isk

M
in

im
ization

p
ro

ced
u
re

(see,
e.g

.,
L

ecu
é

an
d

M
en

d
elso

n
);

h
ow

ever,
an

u
n
d
erly

in
g

assu
m

p
tion

is
th

at
ρ

is
given

.
T

h
an

k
s

to
regu

larization
,

a
n
d

sp
ecifi

ca
lly,

th
an

k
s

to
th

e
L

A
S
S
O

,
on

e
d
o
es

n
ot

n
eed

to
k
n
ow

th
e

valu
e

of‖t0 ‖
1

in
a
d
va

n
ce

to
ach

ieve
th

e
m

in
im

ax
rate,

at
least

u
p

to
a

logarith
m

ic
term

.
In

fa
ct,

as
w

ill
b

e
ex

p
la

in
ed

b
elow

,
th

e
op

tim
al

rate
can

b
e

ach
ieved

u
sin

g
regu

larization
in

a
m

u
ch

m
ore

g
en

era
l

fra
m

ew
ork

th
an

ju
st

th
e

G
au

ssian
lin

ear
m

o
d
el.

In
w

h
a
t

fo
llow

s
w

e
fo

cu
s

on
th

e
p

erform
an

ce
of

th
e

L
A

S
S
O

in
th

e
h
igh

-d
im

en
sion

al
ca

se,
th

a
t

is,
w

h
en

N
≤
c

1 d
.

O
n
e

m
ay

d
o

th
e

sam
e

w
h
en

N
≥
c

0 d
an

d
w

e
leav

e
th

at
to

th
e

rea
d
er.

L
et
X

b
e

a
ran

d
om

v
ector

in
R
d

a
n
d

con
sid

er
th

e
class

of
lin

ear
fu

n
ction

als
F

=
{f
t

=
〈·,t 〉

:
t
∈

R
d}.

In
p
articu

lar,
if
Y
∈
L

2
is

an
arb

itrary
target

ran
d
om

variab
le

th
en

f
∗

=
f
t ∗

=
〈·,t ∗ 〉

satisfi
es

t ∗∈
argm

in
t∈

R
d

E (Y
−
〈X

,t 〉)
2.

(4.2)

A
s

n
o
ted

in
th

e
in

tro
d
u
ction

,
th

e
regu

larization
fu

n
ction

asso
ciated

w
ith

th
e

L
A

S
S
O

is
th

e
`
d1 -n

o
rm

:
fo

r
every

t
=

(tj )
dj=

1 ∈
R
d,

Ψ
(f
t )

=
‖t‖

1
=

d
∑j=

1 |tj |.

C
lea

rly,
as

a
n
o
rm

,
th

e
`
d1 -regu

larizatio
n

fu
n
ction

satisfi
es

A
ssu

m
p
tion

1.1
for

η
=

1.

T
h
e

L
A

S
S
O

w
ith

regu
larization

p
aram

eter
λ

p
ro

d
u
ces

t̂∈
argm

in
t∈

R
d

(
1N

N
∑i=

1 (Y
i −
〈X

i ,t 〉)
2

+
λ‖
t‖

1 )
,

(4.3)
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

an
d

on
e

w
ou

ld
like

to
con

trol‖
f
t̂ −

f
t ∗‖

2L
2

=
E 〈X

,t̂−
t ∗ 〉

2,
w

h
ere

th
e

ex
p

ectation
is

taken
w

ith
resp

ect
to
X

con
d
ition

ally
on

th
e

d
ata.

It
sh

ou
ld

b
e

n
oted

th
at

d
esp

ite
th

e
L

A
S
S
O

’s
p

op
u
larity,

th
ere

are
relatively

few
resu

lts
in

th
e

ran
d
om

d
esign

scen
ario

w
e

are
in

terested
in

(see,
e.g.,

B
artlett

et
al.

(2012),
M

assart
an

d
M

ey
n
et

(2011)
an

d
ch

ap
ter

8.2
in

K
oltch

in
sk

ii
(2011)).

T
h
e

overw
h
elm

in
g

m
a

jo
rity

of
ex

istin
g

resu
lts

h
ave

b
een

ob
tain

ed
for

th
e

lin
ear

m
o
d
el

w
ith

su
b
gau

ssia
n

n
oise

an
d

a
fi
x
ed

d
esign

(i.e.,
each

d
ata

p
oin

t
is

of
th

e
form

Y
i

=
〈t ∗,z

i 〉
+
ξ
i ),

an
d

th
e

d
eterm

in
istic

d
esign

m
atrix

,
w

h
ose

row
s

are
th

e
vectors

z
i ,

w
h
ich

satisfi
es

som
e

form
of

th
e

restricted
iso

m
etry

p
ro

perty
–

for
ex

am
p
le,

th
e

R
estricted

E
igen

va
lu

e
C

o
n

d
itio

n
(R

E
C

)
from

B
ickel

et
al.

(2009)
or

th
e

C
o
m

pa
tibility

C
o
n

d
itio

n
(C

C
)

from
van

d
e

G
eer

(2007)).

T
o

d
efi

n
e

th
e

restricted
eigen

valu
e

co
n
d
ition

,
let

u
s

in
tro

d
u
ce

th
e

follow
in

g
n
otation

:
for

x
∈
R
d

an
d

a
set

S
0 ⊂
{
1
,...,d}

of
card

in
ality

|S
0 |≤

s,
let

S
1

b
e

th
e

set
of

in
d
ices

of
th

e
m

largest
co

ord
in

ates
of

(|x
i |)
di=

1
th

at
are

o
u
tsid

e
S

0 .
L

et
x
S
0
1

b
e

th
e

restriction
of
x

to
th

e
set

S
0
1

=
S

0 ∪
S

1 .

D
e
fi

n
itio

n
4
.1

(B
ick

e
l

e
t

a
l.

(2
0
0
9
))

L
et

Γ
be

a
n
N
×
d

m
a
trix.

F
o
r
c

0
≥

1
a
n

d
a
n

in
teger

1
≤
s≤

m
≤
d

fo
r

w
h
ich

m
+
s≤

d
,

th
e
re
stric

ted
e
ig
e
n
v
a
lu
e
co

n
sta

n
t

is

κ
(s,m

,c
0 )

=
m

in {
‖Γ
x‖

2

‖x
S
0
1 ‖

2

:
S

0 ⊂
{1
,...,d}

,|S
0 |≤

s, ∥∥
x
S
c0 ∥∥

1 ≤
c

0 ‖
x
S
0 ‖

1 }
.

T
h
e

m
a
trix

Γ
sa

tisfi
es

th
e
R
e
stric

ted
E
ig
e
n
v
a
lu
e
C
o
n
d
itio

n
(R

E
C
)
o
f
o
rd

e
r
s
w
ith

a
co

n
sta

n
t
c

if
κ

(s,s,3)≥
c.

O
n
e

can
sh

ow
(see,

B
ickel

et
al.

(2009),
B

ü
h
lm

an
n

an
d

van
d
e

G
eer

(2011))
th

at
if

Γ
satisfi

es
R

E
C

an
d
λ
&
σ √

(log
d
)/N

,
th

en
w

ith
h
igh

p
rob

ab
ility

(w
ith

resp
ect

to
th

e
n
oise),

sim
u
ltan

eou
sly

for
every

1
≤
p
≤

2,

∥∥
t̂−

t ∗ ∥∥
pp .

p ‖
t ∗‖

0 (
σ

κ
(s,s,3) √

log
d

N

)
p

(4.4)

w
h
ere
‖
t ∗‖

0
is

th
e

card
in

ality
of

th
e

su
p
p

ort
of
t ∗.

T
h
e

m
ain

resu
lt

in
th

is
section

is
an

estim
ate

on
‖
f̂
−
f
∗‖

2L
2

th
at

d
ep

en
d
s

on
‖t ∗‖

1

rath
er

th
an

on
th

e
card

in
ality

of
th

e
su

p
p

ort
of
t ∗

(w
e

refer
to

L
ecu

é
an

d
M

en
d
elson

(to
ap

p
ear)

for
sp

arsity
-d

ep
en

d
en

t
rates

of
con

vergen
ce

for
th

e
L

A
S
S
O

in
th

e
sam

e
fram

ew
ork

as
w

e
con

sid
er

h
ere).

S
u
ch

a
resu

lt
follow

s
from

T
h
eorem

1.9,
an

d
to

th
at

en
d
,

on
e

h
as

to
con

stru
ct

a
fu

n
ction

r(·)
as

in
(1.13)

an
d

to
com

p
u
te
λ

0 (δ,γ
)

as
in

D
efi

n
ition

1.8.
W

e
w

ill
d
o

so
in

th
e

follow
in

g
case:

S
et
a

2 ≥
4,

2
≤
p

0
=
a

2
log

d
.
N

,
q
>

2,
r

=
m

in{
1/

2
+
q/4,2}

an
d

r ′
th

at
is

th
e

con
ju

gate
in

d
ex

of
r.

A
ssu

m
e

th
at

4r ′m
ax{2

,1
+
a

0 /a
1 }
≤
a

2
log

N
(w

h
ich

is
eq

u
ivalen

t
to

assu
m

in
g

th
at

q
>

2
+
c

1 /
log

N
fo

r
so

m
e

con
stan

t
c

1
=
c

1 (a
0 ,a

1 ,a
2 )).

L
et
X

=
(x
j )
dj=

1
b

e
a

ran
d
om

vector
an

d
n
ote

th
at

th
e

co
ord

in
ates

x
1 ,...,x

d
n
eed

n
ot

b
e

in
d
ep

en
d
en

t.

A
ssu

m
p

tio
n

4
.1

U
sin

g
th

e
a
bo

ve
n

o
ta

tio
n

,
a
ssu

m
e

th
a
t

th
ere

a
re

co
n

sta
n

ts
κ

0 ,κ
a
n

d
ε

fo
r

w
h
ich

th
e

fo
llo

w
in

g
h
o
ld

s:
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R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

•
F

o
r

ev
er

y
1
≤
j
≤
d

a
n

d
ev

er
y

2
≤
p
≤
p

0
,
‖x

j
‖ L

p
≤
κ

0
√
p
‖x

j
‖ L

2
.

•
X

sa
ti

sfi
es

a
sm

a
ll

-b
a
ll

co
n

d
it

io
n

w
it

h
co

n
st

a
n

ts
κ

a
n

d
ε;

th
a
t

is
,

fo
r

ev
er

y
t
∈
R
d
,

P
r
( |
〈 X

,t
〉 |
≥
κ
∥ ∥〈
X
,t
〉∥ ∥

L
2

)
≥
ε.

(4
.5

)

•
ξ

=
Y
−
f
∗ (
X

)
∈
L
q
.

T
o

p
u
t

th
is

as
su

m
p
ti

on
in

so
m

e
p

er
sp

ec
ti

ve
,

n
ot

e
th

at
an

ob
v
io

u
s

u
n
d
er

ly
in

g
co

n
d
it

io
n

in
an

y
es

ti
m

at
io

n
p
ro

b
le

m
w

it
h

re
sp

ec
t

to
th

e
sq

u
ar

ed
lo

ss
is

th
at

E(
f

(X
)
−
Y

)2
is

d
efi

n
ed

fo
r

an
y
f
∈
F

,
an

d
in

p
ar

ti
cu

la
r,

th
at
ξ

=
Y
−
f
∗ (
X

)
∈
L

2
.

T
h
u
s,

as
su

m
in

g
th

at
ξ
∈
L
q

fo
r

so
m

e
q
>

2
+
c 1
/

lo
g
N

is
n
ot

ve
ry

re
st

ri
ct

iv
e.

A
ls

o,
as

n
ot

ed
p
re

v
io

u
sl

y,
th

e
sm

al
l-

b
al

l
as

su
m

p
ti

on
is

ra
th

er
m

in
im

al
.

T
h
e

m
os

t
re

st
ri

ct
iv

e
co

m
p

on
en

t
of

A
ss

u
m

p
ti

on
4.

1
is

th
e

m
om

en
t

as
su

m
p
ti

on
on

th
e

co
or

d
in

at
es

of
X

,
n
am

el
y

th
at

th
ei

r
m

om
en

ts
ex

h
ib

it
a

su
b
ga

u
ss

ia
n

b
eh

av
io

r,
u
p

to
,
ro

u
gh

ly
,

p
∼

lo
g
d
.

W
h
il
e

th
is

as
su

m
p
ti

on
ca

n
b

e
w

ea
ke

n
ed

to
ot

h
er

ty
p

es
of

m
om

en
t

gr
ow

th
co

n
d
it

io
n

(e
.g

.,
‖x

j
‖ L

p
≤
κ

0
p
α
‖x

j
‖ L

2
fo

r
so

m
e
α
≥

1
/2

an
d

u
p

to
p
∼

lo
g
d
),

th
e

re
su

lt
in

g
a
n
al

y
si

s
is

m
or

e
in

vo
lv

ed
(s

ee
L

ec
u
é

an
d

M
en

d
el

so
n

(2
01

7)
),

an
d

w
il
l

n
ot

b
e

ex
p
lo

re
d

h
er

e.

F
in

al
ly

,
L

ec
u
é

an
d

M
en

d
el

so
n

(2
01

7)
sh

ow
s

th
at

ev
en

if
on

e
as

su
m

es
a

su
b
ga

u
ss

ia
n

b
eh

av
io

r
of

th
e

co
or

d
in

at
es
x
i,

b
u
t

o
n
ly

u
p

to
p
∼

(l
og
d
)/

(l
og

lo
g
d
),

B
as

is
P

u
rs

u
it

m
ay

fa
il

to
re

co
v
er

ev
en

a
1-

sp
ar

se
ve

ct
or

,
im

p
ly

in
g

th
at

th
e

ch
oi

ce
of
p

0
in

A
ss

u
m

p
ti

on
4.

1
ca

n
n
ot

b
e

re
la

x
ed

si
gn

ifi
ca

n
tl

y.

G
iv

en
an

y
ρ
≥

0,
se

t
M

=
m

ax
1
≤
j≤
d
‖x

j
‖ L

2
,

le
t
σ
q

=
‖ξ
‖ q

an
d

p
u
t

Λ
(ρ

)
=
κ

0
ρ
M

κ
2
ε

√
lo

g
d

N
.

M
or

eo
ve

r,
fo

r
R

(t
)

=
E(
Y
−
〈 X

,t
〉 )2

,
on

e
h
as

R
(t

)
−
R

(t
∗ )

=
E〈
X
,t
−
t∗
〉 2
,

b
ec

au
se
〈 X

,t
∗〉

is
th

e
b

es
t

ap
p
ro

x
im

at
io

n
of
Y

in
a

cl
os

ed
su

b
sp

ac
e

of
L

2
.

T
h
u
s,

th
e

es
ti

m
at

io
n

b
ou

n
d
s

al
so

le
ad

to
ex

ce
ss

ri
sk

b
ou

n
d
s.

T
h

e
o
re

m
4
.2

T
h
er

e
a
re

a
bs

o
lu

te
co

n
st

a
n

ts
c 0
,.
..
,c

6
fo

r
w

h
ic

h
th

e
fo

ll
o
w

in
g

h
o
ld

s.
A

ss
u

m
e

th
a
t
X

a
n

d
ξ

=
Y
−
f
∗ (
X

)
sa

ti
sf

y
A

ss
u

m
p
ti

o
n

4
.1

a
n

d
th

a
t
N
≤
d

.
L

et
u
>

2
,v
>

0
a
n

d
w
≥

2,
a
n

d
se

t
p

=
(a

2
/2

)
lo

g
d

a
n

d
m

=
p
/

lo
g
(e
N
/p

).
P

u
t

δ
=

ex
p
(−
p
/
2)

u
2
p

−
4

ex
p
(−
p
/
2)

u
c 0
m

−
c 1

lo
g
q
N

w
q
N
q
/
2
−

1
−

2
ex

p
(−
v

2
t
lo

g
d
)

(4
.6

)

a
n

d
se

t

r2
(ρ

)
=
c 2

{
(u
w

+
u

2
w

)σ
q
Λ

(ρ
)

if
N
≥

(κ
ε/

32
)2
d

m
ax
{ (u

w
+
u

2
v
)σ
q
Λ

(ρ
),
κ

2
Λ

2
(ρ

)}
o
th

er
w

is
e.
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:1
-4

8,
 2

01
7

L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

If
t̂

is
p
ro

d
u

ce
d

by
th

e
L

A
S

S
O

fo
r

a
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er

λ
>
c 4

(u
w

+
u

2
v
)κ

0
‖ξ
‖ L

q
η

3
M

√
lo

g
d

N
,

th
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

5δ
−

2
ex

p
(−
ε2
N
/2

),

R
(t̂

)
−
R

(t
∗ )

=
∥ ∥〈
X
,t̂
−
t∗
〉∥ ∥

2 L
2
≤
c 5

m
ax
{ r2

(c
6
‖t
∗ ‖

1
),

λ κ
2
ε
‖t
∗ ‖

1

} .

O
b
se

rv
e

th
at

li
ke

k
n
ow

n
es

ti
m

at
es

on
th

e
L

A
S
S
O

,
an

d
d
es

p
it

e
im

p
os

in
g

co
n
si

d
er

a
b
ly

w
ea

ke
r

as
su

m
p
ti

on
s

on
X

an
d
Y

,
th

e
re

gu
la

ri
za

ti
on

p
ar

am
et

er
in

T
h
eo

re
m

4
.2

is
o
f

th
e

or
d
er

of
‖ξ
‖ L

q

√
(l

og
d
)/
N

.
A

n
d
,

w
h
en
‖ξ
‖ L

q
is

eq
u
iv

al
en

t
to
σ

–
th

e
L

2
n
o
rm

o
f
ξ

–
th

en
fo

r
N

.
d
,

th
e

ra
te

of
co

n
v
er

ge
n
ce

is

c(
M

)
m

ax

{
σ
‖t
∗ ‖

1

√
lo

g
d

N
,‖
t∗
‖2 1

lo
g
d

N

}

fo
r

a
co

n
st

an
t
c(
M

)
th

at
d
ep

en
d
s

on
ly

on
M

.
H

en
ce

,
u
p

to
a

lo
ga

ri
th

m
ic

fa
ct

or
,

th
e

L
A

S
S
O

at
ta

in
s

th
e

m
in

im
ax

ra
te

in
‖t
∗ ‖

1
B
d 1

w
h
en

lo
g
d
≤
N

.
d

an
d

w
h
en
‖t
∗ ‖

1
≥
σ
√

lo
g
d
/N

;
m

o
re

ov
er

,
it

d
o
es

so
w

it
h
o
u
t

k
n
ow

in
g

in
ad

va
n
ce

th
e

id
en

ti
ty

of
th

e
tr

u
e

m
o
d
el
‖t
∗ ‖

1
B
d 1
.

N
ot

e
th

at
on

e
m

ay
w

an
t

to
co

m
b
in

e
th

e
sp

ar
si

ty
-d

ep
en

d
en

t
er

ro
r

ra
te

fr
om

T
h
eo

re
m

1
.3

in
L

ec
u
é
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th

e
n
ex

t
se

ct
io

n
,

an
d
,

in
p
ar

ti
cu

la
r,

T
h
eo

re
m

5.
4)

.
C

om
b
in

in
g

th
e

tw
o

ap
p
ro

a
ch

es
,

o
n
e

h
a
s

th
at

w
h
en

X
is

is
ot

ro
p
ic

an
d
L

-s
u
b
ga

u
ss

ia
n
,

an
d

w
h
en

ξ
∈
L
q

fo
r

so
m

e
q
>

2
th

en
fo

r
a
n
y

u
,w

>
c

w
it

h
p
ro

b
ab

il
it

y
la

rg
er

th
an

1
−
δ

fo
r

δ
=

2
ex

p
(−
c 2
N
/L

8
)
−

c 0
lo

g
q
N

w
q
N
q
/
2
−

1
−
c 0

ex
p
(−
c 1
u

2
/L

2
),

th
e

L
A

S
S
O

es
ti

m
at

or
t̂

w
it

h
th
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√
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‖
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∩
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b
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∣∣∣∣∣
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∈
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⊂
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∈
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b
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p
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Ψ
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p
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∈
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b
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b
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d
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∈
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b
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∈
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∩
K
ρ
(t
∗ )

=
{t
∈
T

:
Ψ
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b
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p
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b
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∩
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⊂
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b
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∈
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∈
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,·〉
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=
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=
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∩
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∩
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∩
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∩
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√
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b
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=
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m
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∩
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∩
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√
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p
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⊂
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p
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ra
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n
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Ψ
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p
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>
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λ
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s
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p
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−
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−
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−
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Ψ
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p
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b
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r
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h
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:
t∈
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∩
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√
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∩
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c
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+
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λ
0 (γ

).
T

h
e

claim
n
ow

follow
s

from
T

h
eorem
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p
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p
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≥
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=

Ψ
(−
x

),
Ψ

(x
+
y
)≤

η (Ψ
(x

)
+

Ψ
(y

) )
a
n

d
Ψ

(λ
x

)≤
λ

Ψ
(x

).
(5.9)

A
lso

,
reca

ll
th

a
tE

=
{t∈

H
:E 〈X

,t 〉
2≤

1},
σ
q

=
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≥
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)
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e
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g
section

,
w

e
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p
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e
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b
y
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e

R
E
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e
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T
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Ψ
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E
x
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:
`
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1
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≤
∞
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e
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‖t‖
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p
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b
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p
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‖·‖
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√
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h
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√
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p
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h
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re
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u

si
n

g
it
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n

o
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,
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≤
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lo
g
d
)

a
n

d

t̂
∈

ar
gm

in
t∈

R
d
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3 p
L
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u
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√
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g
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w
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h
p
ro
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bi

li
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rg

er
th
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n

th
e

o
n

e
in

(5
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−
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∥ ∥2 2

.
p
,L
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u
σ
q
‖t
∗ ‖
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√
lo

g
d

N
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N

&
L
d
,

m
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{ w
u
σ
q
‖t
∗ ‖
p

√
lo

g
d

N
,‖
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‖2 p

lo
g
d

N

}
o
th

er
w

is
e.

•
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p
≥

1
+

1
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lo
g
d
)

a
n

d

t̂
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R
d
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i
−
〈 X
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+
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σ
q
L
w
u
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√
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1
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√
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w
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h
p
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e
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e
in
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)

∥ ∥ t̂
−
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L
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w
u
σ
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∗ ‖
p
d
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−
1
)/
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p
√
N

if
N

&
L
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,

m
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u
σ
q
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∗ ‖
p
d
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−
1
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p

√
N
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−
1
)/
p

N

}
o
th

er
w
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e.

R
e
m
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h
e

c
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0
<
p
<
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D

es
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e
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n
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n
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n
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fu

n
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ri
za

ti
on

fo
r
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<
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at
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b
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re
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d
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m

in
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c
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(c
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R
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k
u
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et
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R
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le

t
an

d
T
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b
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01
1)

;
V

er
ze

le
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01
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th
e

se
q
u
en
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e

m
o
d
el

D
on

oh
o

an
d

J
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n
st

on
e

(1
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A
b
ra

m
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h

et
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00
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;
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d
th

e
ra

n
d
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d
es

ig
n

li
n
ea

r
re

gr
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si
on

m
o
d
el

W
an

g
et

al
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01
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F
ro

m
ou

r
p

oi
n
t

of
v
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w
,
th

er
e

is
n
o

p
ar

ti
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la
r

re
st
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ct
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n

o
n
p

as
lo

n
g

as
th

e
re

gu
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ri
za

ti
on

fu
n
ct

io
n

sa
ti

sfi
es

A
ss

u
m

p
ti
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W

e
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n
th

er
ef

or
e
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n
si

d
er

th
e

re
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la
ri

za
ti

on
fu

n
ct

io
n

Ψ
(t

)
=
‖t
‖ p

fo
r

an
y

0
<
p
<

1.
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th
at

ra
n
ge

of
p
,

A
ss

u
m

p
ti
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1
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d
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η p
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2

1
/
p
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r
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p
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e
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d
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d
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T
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d

th
e

G
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n
m

ea
n

w
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th
of

th
e

“u
n
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b
al

l”
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so
ci

at
ed

w
it

h
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=
‖·
‖ p

fo
r

0
<
p
<

1
ca

n
al

so
b

e
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m
p
u
te

d
.

T
o

th
at

en
d
,

le
t
{e

1
,.
..
,e
d
}

b
e

th
e

ca
n
on

ic
al

b
as
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R
d
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S
in

ce
{±
e 1
,.
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,±
e d
}
⊂
B
d p
⊂

B
d 1

fo
r
p
<

1,
it

is
ev

id
en

t
th

at
`∗

(B
d p
)
∼
√

lo
g
d
.

T
h
u
s,

th
e

er
ro

r
ra

te
s

o
f

th
e

L
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S
S
O

fr
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h
eo
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ra
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ra
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b
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d
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∈
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d
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h
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p
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d
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p
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ra
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b
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b
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b
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ax

ra
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=
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w
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b
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b
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m
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S
p
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u
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E
x
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p
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a
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p
-r

e
g
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k
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n
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m
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h
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e
b

ee
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u
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d
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m
o
d
el
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si
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H
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S
ta
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ee

,
fo

r
in
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an
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A
b
ra

m
ov
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h

et
a
l.

(2
0
0
6
);

W
an

g
et

al
.

(2
01
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T
o

d
efi

n
e

th
os

e
n
or

m
s,

le
t
t∗ 1
≥
t∗ 2
≥
..
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≥
t∗ d

b
e

th
e

n
o
n
-i

n
cr

ea
si

n
g

re
ar
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n
ge

m
en

t
of
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S
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∞
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p
u
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B
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∞
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≤
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b
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∞
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g
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g
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p

=
1.

A
p
p
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p
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∈
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∞
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∈

ar
gm

in
t∈

R
d

(
1 N
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∞

√
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l
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E
x
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m

p
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:
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e
M
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e
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M
o
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le
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a
n
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P

o
n
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re
g
u

la
riz

a
tio

n
fu

n
c
tio

n
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L
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Θ
b

e
a

n
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p
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con
e
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,∞

)
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an
d
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every

t∈
R
d

set

Ω
(t|Θ

)
=
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Θ
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d
∑j=
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t 2jθ
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θ
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.

(5
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w
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n
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M
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et
al.
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Ω

(·|Θ
)
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n
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R
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h
is
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m
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n
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n
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b
y
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p
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a
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o
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con
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e
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b
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g

Θ
=

[0,∞
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u
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L
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L
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b
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w
ith

in
each

grou
p
G
` },

(5.13)

th
en

Ω
(t|Θ
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b
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b
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p
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b
o
u
n
d
ed

a
n
d

L
ip

sch
itz

(see
T

h
eorem

1
th

ere).
N

atu
rally,

th
e

sq
u
ared

loss
is

n
ot

cov
ered

b
y

su
ch

a
resu

lt
b

ecau
se

it
is

n
ot

b
ou

n
d
ed

in
R
d,

n
or

is
it

L
ip

sch
itz.

O
u
r

a
im

is
to

p
rov

id
e

a
versio

n
o
f

th
e

resu
lt

from
M

au
rer

an
d

P
on

til
(2012

)
for

th
e

q
u
ad

ratic
loss

an
d

w
h
en

X
is

su
b
g
a
u
ssia

n
a
n
d

th
e

n
oise

b
elon

gs
to
L
q

for
som

e
q
>

2.
T

h
e

fi
rst

step
in

th
at

d
irection

is
th

e
fo

llow
in

g
estim

ate
on

th
e

G
au

ssian
m

ean
w

id
th

of
th

e
corresp

on
d
in

g
u
n
it

b
all.

P
ro

p
o
sitio

n
5
.7

L
et

Θ
be

a
n

o
n

em
p
ty

co
n

vex
co

n
e

in
[0,∞

)
d

a
n

d
setB

=
{
t

:
Ω

(t|Θ
)≤

1}
.

L
et
S
d−

1
1

be
th

e
u

n
it

sp
h
ere

o
f
`
d1

a
n

d
p
u

tE
x

to
be

th
e

set
o
f

extrem
e

po
in

ts
o
f

Θ
∩
S
d−

1
1

.
If

M
=

m
a
x
a∈E

x ‖a‖
1
/
2

∞
,

th
en

,
fo

r
a
n

a
bso

lu
te

co
n

sta
n

t
c,

` ∗(B
)≤

1
+
cM
√

2
log (|E

x| ).
(5.14)

T
h
e

p
ro

o
f

o
f

P
rop

osition
5.7

m
ay

b
e

d
erived

in
variou

s
w

ay
s

(see
a

sim
ilar

resu
lt

in
M

a
u
rer

a
n
d

P
on

til
(2012)),

th
ou

gh
w

e
w

ill
u
se

a
ch

ain
in

g
argu

m
en

t
w

h
ich

actu
ally

lea
d
s

to
a

stro
n
g
er

estim
ate

th
an

(5.14).

D
e
fi

n
itio

n
5
.8

L
et
T
⊂

R
d

a
n

d
set‖·‖

to
be

a
n

o
rm

o
n
R
d.

F
o
r

every
α
>

1
let

γ
α
(T
,‖·‖

)
=

in
f

(T
s
) su

p
t∈
T

∞∑s=
0

2
s/
α‖
π
s+

1 t−
π
s t‖

;

th
e

in
fi

m
u

m
is

ta
ken

w
ith

respect
to

a
ll

sequ
en

ces
(T
s )

o
f

su
bsets

o
f
T

fo
r

w
h
ich
|T

0 |
=

1
a
n

d
fo

r
s≥

1,|T
s |≤

2
2
s,

a
n

d
π
s t

d
en

o
tes

th
e

n
ea

rest
po

in
t

to
t

in
T
s

w
ith

respect
to
‖·‖

.

3
1

JM
L

R
 18(146):1-48, 2017

L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

C
learly,

if
T

is
fi
n
ite

th
en

γ
α
(T
,‖
‖
).

su
p
t∈
T ‖t‖·

log
1
/
α|T|.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
5
.7

.
It

is
straigh

tforw
ard

to
verify

(see,
e.g.,

M
au

rer
et

al.
(2010))

th
at

th
e

d
u
al

n
orm

to
Ω

(·|Θ
)

isΩ
∗(t|Θ

)
=

m
ax

a∈E
x (

d
∑j=

1

a
j t 2j )

1
/
2.

(5.15)

L
et
g

1 ,...,g
d

b
e

in
d
ep

en
d
en

t,
stan

d
ard

G
au

ssian
ran

d
om

variab
les,

A
p
p
ly

in
g

a
B

ern
stein

ty
p

e
in

eq
u
ality

for
a

su
m

of
in

d
ep

en
d
en

t
ψ

1
ran

d
om

variab
les

(see
C

orollary
2.10

in
T

ala-
gran

d
(1994)),

it
follow

s
th

at
for

every
a

1 ,...,a
N

,
ev

ery
u
>

0
an

d
an

y
s∈

N
,

P
r  ∣∣∣

d
∑j=

1

a
j (g

2j −
1) ∣∣∣ ≥

u
2
s/

2‖
a‖

2
+
u

22
s‖
a‖∞


≤

2
ex

p
(c

1 2
su

2).

H
en

ce,
u
sin

g
a

sta
n
d
ard

ch
ain

in
g

argu
m

en
t,

E
su

p
a∈E

x

d
∑j=

1

a
j g

2j ≤
1

+
c

2
(γ

2 (E
x
,‖
‖

2 )
+
γ

1 (E
x
,‖
‖∞

))
.

N
ow

on
e

m
ay

ap
p
ly

th
e

triv
ial

estim
ates

on
γ

1
an

d
γ

2 .
F

irstly,
γ

1 (E
x
,‖·‖∞

).
M

2
log

(|E
x|),

an
d

secon
d
ly,

n
otin

g
th

at| ∑
dj=

1
a
j |≤

‖
a‖

1
=

1
an

d
th

u
s‖
a‖

2 ≤
‖a‖

1
/
2
∞

,
on

e
h
as
γ

2 (E
x
,‖·‖

2 ).
M
√

log
(|E
x|).

T
h
erefore,

b
y

J
en

sen
’s

in
eq

u
ality,

E
su

p
a∈E

x (
d
∑j=

1

a
j g

2j )
1
/
2≤

1
+
cM
√

log
(|E
x|).

T
h

e
o
re

m
5
.9

U
sin

g
th

e
n

o
ta

tio
n

a
bo

ve
a
n

d
o
f

T
h
eo

rem
5
.3

,
let

Λ
(t)

=
Ω

(t|Θ
)M

√
log

(|E
x|)

N
.

If

t̂∈
argm

in
t∈

R
d

(
1N

N
∑i=

1 (Y
i −
〈X

i ,t 〉)
2

+
c

2 σ
q L
w
u

Λ
(t) )

th
en

w
ith

p
ro

ba
bility

la
rger

th
a
n

th
e

o
n

e
in

(5.6)

‖ 〈t̂−
t ∗,· 〉‖

2L
2
(µ

) .
L
,q 

σ
q w
u

Λ
(t ∗)

if
N

&
L
d
,

m
ax {

σ
q L
w
u

Λ
(t ∗),Λ

2(t ∗) }
o
th

erw
ise.
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R
e
g
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l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

W
h
en

Θ
=

[0
,∞

)d
th

en
M
√

lo
g
(E
x

)
.
√

lo
g
d
.

H
en

ce
,

T
h
eo

re
m

5.
9

y
ie

ld
s

th
e

sa
m

e
er

ro
r

ra
te

as
th

e
on

e
ob

ta
in

ed
fo

r
th

e
L

A
S
S
O

in
T

h
eo

re
m

4.
2

an
d

in
T

h
eo

re
m

5.
4
,

th
ou

gh
u
n
d
er

a
st

ro
n
ge

r
as

su
m

p
ti

on
on

X
.

T
h
is

is
n
ot

su
rp

ri
si

n
g

b
ec

au
se

w
h
en

Θ
=

[0
,∞

)d
,

Ω
(t
|Θ

)
=
‖t
‖ 1

an
d

th
e

re
su

lt
in

g
R

E
R

M
is

ju
st

th
e

L
A

S
S
O

.
In

th
e

ca
se

of
th

e
gr

ou
p

L
A

S
S
O

,
fo

r
Θ

as
in

(5
.1

3)
,

on
e

h
as
M
√

lo
g
(E
x

)
.
√

lo
g
|T
|,

an
d

Λ
(t
∗ )
∼

Ω
(t
∗ |Θ

)M
√

(l
og
|T
|)/
N

.

E
x
a
m

p
le

:
T

h
e

S
L

O
P

E
re

g
u

la
ri

z
a
ti

o
n

In
S
u

an
d

C
an

d
ès

(2
01

6)
;
B

og
d
an

et
al

.
(2

01
5)

,
th

e
au

th
or

s
in

tr
o
d
u
ce

d
th

e
re

gu
la

ri
za

ti
o
n

fu
n
ct

io
n
:

Ψ
(t

)
=
‖t
‖ S
L
O
P
E

=
d ∑ j=

1

λ
j
t∗ j

w
h
er

e
λ

1
≥
··
·≥

λ
d
≥

0
an

d
t∗ 1
≥
··
·≥

t∗ d
≥

0
is

th
e

n
on

-i
n
cr

ea
si

n
g

re
ar

ra
n
ge

m
en

t
of

(|t
i|)
d i=

1
.

In
S
u

an
d

C
an

d
ès

(2
01

6)
th

e
gi

ve
n

d
at

a
is

ge
n
er

at
ed

b
y

th
e

G
au

ss
ia

n
li
n
ea

r
m

o
d
el

Y
i

=
〈 X

i,
t∗
〉 +

W
i,
i

=
1,
..
.,
N

fo
r

a
G

au
ss

ia
n

d
es

ig
n
X
i
∼
N

(0
,N
−

1
I d
×
d
)

(n
ot

e
th

at
th

e
co

va
ri

an
ce

m
at

ri
x

is
n
or

m
al

iz
ed

b
y

1/
N

)
an

d
a

ce
n
te

re
d

G
au

ss
ia

n
n
oi

se
W
i

w
it

h
va

ri
an

ce
σ

2

th
at

is
in

d
ep

en
d
en

t
of

th
e

d
es

ig
n
X
i.

S
et

ti
n
g

Φ
−

1
(α

)
to

b
e

th
e
α

-t
h

q
u
a
n
ti

le
of

a
st

a
n
d
ar

d
n
or

m
al

d
is

tr
ib

u
ti

on
an

d
q
∈

(0
,1

),
th

e
w

ei
gh

ts
w

er
e

ch
os

en
to

b
e

λ
i

=
Φ
−

1
(1
−
iq
/(

2d
))
,

(5
.1

6)

an
d
,

fo
r

th
is

ch
oi

ce
of

w
ei

gh
ts

,
S
L

O
P

E
w

as
d
efi

n
ed

b
y

t̂
∈

ar
gm

in
t∈

R
d

(
1 2
N

N ∑ i=
1

(Y
i
−
〈 X

i,
t〉

)2
+
σ
‖t
‖ S
L
O
P
E

√
N

) .

T
h
e

re
su

lt
in

S
u

an
d

C
an

d
ès

(2
0
16

)
is

of
an

as
y
m

p
to

ti
c

n
at

u
re

:

T
h

e
o
re

m
5
.1

0
(T

h
e
o
re

m
1
.2

S
u

a
n

d
C

a
n

d
è
s

(2
0
1
6
))

L
et

0
<
ε
<

1
a
n

d
se

t
1
≤
k
≤

d
th

a
t

sa
ti

sf
y
k
/d

=
o(

1)
a
n

d
(k

lo
g
d
)/
N

=
o(

1)
w

h
en

N
→
∞

.
T

h
en

,

li
m

N
→
∞

su
p

‖t
∗ ‖

0
≤
k
P
r(

N
∥ ∥ t̂
−
t∗
∥ ∥2 2

2
σ

2
k

lo
g
(d
/k

)
>

1
+

3
ε)

=
0,

w
h
er

e
th

e
su

p
re

m
u

m
is

ta
ke

n
w

it
h

re
sp

ec
t

to
a
ll

ve
ct

o
rs

th
a
t

a
re

su
p
po

rt
ed

o
n

a
t

m
o
st
k

co
o
rd

in
a
te

s.

It
w

as
sh

ow
n

in
S
u

an
d

C
an

d
ès

(2
01

6)
th

at
2
σ

2
k

lo
g
(d
/k

)/
N

is
th

e
(a

sy
m

p
to

ti
c)

m
in

im
a
x

ra
te

fo
r
t∗

th
at

is
k
-s

p
ar

se
.

T
h
e

ar
ti

cl
e

S
u

an
d

C
an

d
ès

(2
01

6)
(s

ee
S
ec

ti
on

6
th

er
e)

ra
is

es
th

e
q
u
es

ti
o
n

of
ex

te
n
d
in

g
T

h
eo

re
m

5.
10

b
ey

on
d

th
e

G
au

ss
ia

n
ca

se
,

es
p

ec
ia

ll
y

w
h
en

th
e

co
or

d
in

at
es

of
X

m
ay

b
e

co
rr

el
at

ed
.

W
e

st
u
d
y

th
is

q
u
es

ti
on

in
th

e
co

n
te

x
t

of
sp

ar
se

re
co

ve
ry

an
d

fo
r

an
ar

b
it

ra
ry

ch
oi

ce
of

w
ei

gh
ts

in
L

ec
u
é

an
d

M
en

d
el

so
n

(t
o

ap
p

ea
r)

,
le

ad
in

g
to

er
ro

r
b

o
u
n
d
s

th
at

d
ep

en
d

on
‖t
∗ ‖

0
.

H
er

e,
w

e
ob

ta
in

a
co

m
p
le

x
it

y
-d

ep
en

d
en

t
er

ro
r

ra
te

th
at

d
ep

en
d
s

on
‖t
∗ ‖
S
L
O
P
E

.
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

P
ro

p
o
si

ti
o
n

5
.1

1
S

et
B

=
{t
∈

R
d

:
‖t
‖ S
L
O
P
E
≤

1
}.

T
h
er

e
ex

is
ts

a
n

a
bs

o
lu

te
co

n
st

a
n

t
C

,
fo

r
w

h
ic

h
,

if
M

=
m

ax
1
≤
j≤
d
λ
−

1
j

√
lo

g
(e
d
/j

),
th

en
`∗

(B
)
≤
C
M

.

P
ro

o
f.

T
h
e

p
ro

of
is

an
ou

tc
om

e
of

a
st

an
d
ar

d
b
in

om
ia

l
es

ti
m

at
e.

L
et
G

=
(g
i)
d i=

1
b

e
a

st
an

d
ar

d
G

au
ss

ia
n

ve
ct

or
an

d
ob

se
rv

e
th

at

`∗
(B

)
=

E
su

p
t∈
B

〈 G
,t
〉 ≤

E
su

p
t∈
B

d ∑ j=
1

g
∗ jt
∗ j
≤

E
su

p
t∈
B

d ∑ j=
1

g
∗ j λ
j
λ
j
t∗ j
≤

E
m

ax
1
≤
j≤
d

g
∗ j λ
j
.

F
or
u
≥

1,

P
r(

m
ax

1
≤
j≤
d

g
∗ j λ
j
≥
u
) ≤

d ∑ j=
1

P
r
( g
∗ j
≥
u
λ
j

) ≤
d ∑ j=

1

( d j) P
rj

(|g
|≥

u
λ
j
)

≤
2

d ∑ j=
1

ex
p
( j

lo
g
( e
d j

)
−
c 1
ju

2
λ

2 j

)
≤

2
ex

p
(−
c 2
u

2
),

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
if

on
e

se
ts
u

2
≥

m
ax

j
λ
−

2
j

lo
g
(e
d
/j

).
T

h
e

p
ro

o
f

is
co

n
cl

u
d
ed

b
y

in
te

gr
at

in
g

th
e

ta
il
s.

T
h
eo

re
m

5.
3

le
ad

s
to

es
ti

m
at

io
n

p
ro

p
er

ti
es

of
S
L

O
P

E
.

T
h

e
o
re

m
5
.1

2
U

si
n

g
th

e
n

o
ta

ti
o
n

o
f

T
h
eo

re
m

5
.3

,
if

Ψ
(t

)
=
‖t
‖ S
L
O
P
E

,
m

ax
j
λ
−

1
j

√
lo

g
(e
d
/
j)
≤

C
a
n

d

t̂
∈

ar
gm

in
t∈

R
d

(
1 N

N ∑ i=
1

(Y
i
−
〈 X

i,
t〉

)2
+
c 2
σ
q
L
w
u
‖t
‖ S
L
O
P
E

√
N
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en

w
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h
p
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li
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la
rg

er
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a
n

th
e

o
n

e
in

(5
.6
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−
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∥ ∥2 2

.
L
,q
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σ
q
w
u
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∗ ‖
S
L
O
P
E

√
N

if
N

&
L
d
,

m
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σ
q
L
w
u
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∗ ‖
S
L
O
P
E

√
N

,
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∗ ‖

2 S
L
O
P
E

N

}
o
th

er
w

is
e.

A
s

in
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e
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se
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e

L
A

S
S
O

,
on

e
m
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m
b
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e
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e
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ep
en

d
en

t
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ro
r

ra
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fo
r

S
L

O
P

E
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L

ec
u
é

an
d

M
en

d
el

so
n

(t
o

ap
p

ea
r)

an
d
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e

co
m

p
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x
it

y
-d

ep
en

d
en

t
er

ro
r

ra
te

fr
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T
h
eo

re
m

5.
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.
T

o
th

at
en

d
,

as
su

m
e

th
at
X

is
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ot
ro

p
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,
L

-s
u
b
ga

u
ss

ia
n
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Â
−
A ∥∥∥

22
=
∥∥∥ 〈X

,Â
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ä
ıff

a
s

an
d

L
ecu

é
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p
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Â
−
A
∗ ∥∥∥
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‖
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é

an
d

M
en

d
el

so
n
).

T
o

ap
p
ly

T
h
eo

re
m

5.
3,

le
t

u
s

es
ti

m
at

e
th

e
G

au
ss

ia
n

m
ea

n
-w

id
th

of
th

e
u
n
it

b
al

l
of

th
e

m
ax

-n
or

m
b
al

l,
th

at
is

,
of
B

=
{A
∈
R
m
×
T

:
‖A
‖ m

a
x
≤

1}
.

L
e
m

m
a

5
.1

5
T

h
er

e
ex

is
ts

a
n

a
bs

o
lu

te
co

n
st

a
n

t
c

fo
r

w
h
ic

h
,

fo
r

ev
er

y
m

a
n

d
T

,

`∗
(B

)
.
√

(m
T

)(
m

+
T

).

P
ro

o
f.

A
n

ap
p
li
ca

ti
on

of
G

ro
th

en
d
ie

ck
’s

in
eq

u
al

it
y

(s
ee

,
e.

g.
,

N
at

h
an

an
d

A
d
i

(2
00

5)
)

sh
ow

s
th

at
co

n
v
( X
±
) ⊂
B
⊂
K
G

co
n
v
( X
±
)

w
h
er

e
K
G

is
th

e
G

ro
th

en
d
ie

ck
co

n
st

an
t

an
d
X ±

=
{u
v
>

:
u
∈
{±

1
}m
,v
∈
{±

1}
T
}.

If
G

=
(g
ij

) 1
≤
u
≤
m

:1
≤
v
≤
T

is
a

st
an

d
ar

d
m
×
T

G
au

ss
ia

n
m

at
ri

x
,

it
fo

ll
ow

s
fr

om
th

e
G

a
u
ss

ia
n

m
ax

im
al

in
eq

u
al

it
y

(s
ee

,
e.

g.
,

C
h
ap

te
r

3
in

L
ed

ou
x

an
d

T
al

ag
ra

n
d

(1
99

1)
)

th
at

`∗
(B

)
=

E
su

p
A
∈B
|〈 G

,A
〉 |
≤
K
G
E

su
p

A
∈c

o
n
v
(X
±

)
|〈 G

,A
〉 |

=
K
G
E

su
p

A
∈X
±
|〈 G

,A
〉 |

.
m

ax
A
∈X
±
‖A
‖ H

S

√
lo

g
|X
±
|.

√
(m
T

)(
m

+
T

).
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01

7

L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

T
h

e
o
re

m
5
.1

6
U

si
n

g
th

e
a
ss

u
m

p
ti

o
n

s
a
n

d
n

o
ta

ti
o
n

o
f

T
h
eo

re
m

5
.3

,
a
n

d
se

tt
in

g
Λ

(ρ
)

=
ρ
√

(m
T

)(
m

+
T

)/
N

,
if

Â
∈

ar
gm

in
A
∈R

m
×
T

(
1 N

N ∑ i=
1

(Y
i
−
〈 X

i,
A
〉 )2

+
c 2
σ
q
L
w
u

Λ
(‖
A
‖ m

a
x
)) ,

th
en

w
it

h
p
ro

ba
bi

li
ty

la
rg

er
th

a
n

th
e

o
n

e
in

(5
.6

)

‖Â
−
A
∗ ‖

2 S
2
.
L
,q

    

σ
q
w
u

Λ
(‖
A
∗ ‖
m
a
x
)

if
N

&
L
m
T
,

m
ax
{ σ

q
w
u

Λ
(‖
A
∗ ‖
m
a
x
),

Λ
2
(‖
A
∗ ‖
m
a
x
)}

o
th

er
w

is
e.

A
s

a
co

n
se

q
u
en

ce
,

w
e

re
co

ve
r

th
e

m
in

im
ax

ra
te

of
co

n
ve

rg
en

ce
in

th
e

m
a
tr

ix
re

g
re

ss
io

n
m

o
d
el

w
it

h
su

b
ga

u
ss

ia
n

d
es

ig
n

an
d

ga
u
ss

ia
n

n
oi

se
in

th
e

cl
a
ss
‖A
∗ ‖
m
a
x
B

th
a
n
k
s

to
m

a
x
-

n
or

m
re

gu
la

ri
za

ti
on

an
d

w
it

h
ou

t
k
n
ow

in
g
‖A
∗ ‖
m
a
x

in
ad

va
n
ce

.

E
x
a
m

p
le

:
A

to
m

ic
-n

o
rm

re
g
u

la
ri

z
a
ti

o
n

.
T

h
e

at
om

ic
-n

or
m

h
as

b
ee

n
u
se

d
in

C
h
an

d
ra

se
ka

ra
n

et
al

.
(2

01
2)

in
th

e
co

n
te

x
t

o
f

ex
a
ct

an
d

ro
b
u
st

re
co

ve
ry

u
si

n
g

fe
w

G
au

ss
ia

n
li
n
ea

r
m

ea
su

re
m

en
ts

of
a

si
gn

al
or

o
f

a
m

a
tr

ix
.

G
iv

en
A
⊂

R
m
×
T

,
th

e
el

em
en

ts
in
A

ar
e

ca
ll
ed

a
to

m
s.

S
et

co
n
v
(A

)
to

b
e

th
e

co
n
v
ex

h
u
ll

of
A

an
d

p
u
t

‖A
‖ A

=
in

f
{t
>

0
:
A
∈
t
·c

on
v
(A

)}
.

(5
.2

0
)

E
ve

n
th

ou
gh
‖·
‖ A

n
ee

d
n
ot

b
e

a
n
or

m
(b

ec
au

se
co

n
v
(A

)
n
ee

d
n
ot

b
e

ce
n
tr

al
ly

-s
y
m

m
et

ri
c)

,
it

is
p

os
it

iv
e

h
om

og
en

eo
u
s

an
d

sa
ti

sfi
es

a
tr

ia
n
gl

e
in

eq
u
al

it
y
:

fo
r

ev
er

y
A
,B
∈

R
m
×
T

a
n
d

λ
≥

0:
‖A

+
B
‖ A
≤
‖A
‖ A

+
‖B
‖ A

an
d
‖λ
A
‖ A

=
λ
‖A
‖ A

.

A
n
d
,

if
w

e
as

su
m

e
th

at
A

is
ce

n
tr

al
ly

-s
y
m

m
et

ri
c,

th
en
‖
‖ A

is
a

n
or

m
,

(5
.9

)
is

sa
ti

sfi
ed

a
n
d

T
h
eo

re
m

5.
3

ap
p
li
es

.
S
et
B

to
b

e
th

e
u
n
it

b
al

l
w

it
h

re
sp

ec
t

to
‖‖
A

an
d

n
ot

e
th

at
`∗

(B
)

=
`∗

(A
).

F
o
r

ex
a
m

p
le

,
as

su
m

e
th

at
m

=
T

an
d

p
u
t
A

to
b

e
th

e
se

t
of

al
l
or

th
og

on
al

m
at

ri
ce

s.
S
in

ce
th

e
u
n
it

b
a
ll

o
f

th
e

sp
ec

tr
al

n
or

m
is

th
e

co
n
ve

x
h
u
ll

of
th

e
se

t
of

or
th

og
on

al
m

at
ri

ce
s,

on
e

h
a
s
‖·
‖ A

=
‖·
‖ S

2

an
d

`∗
(B

)
=

E
‖G
‖ S

2
≤
√
m
E
‖G
‖ S
∞

.
m
.

T
h

e
o
re

m
5
.1

7
U

si
n

g
th

e
a
ss

u
m

p
ti

o
n

s
a
n

d
n

o
ta

ti
o
n

o
f

T
h
eo

re
m

5
.3

,
le

t
A
⊂

R
m
×
T

be
a

ce
n

tr
a
ll

y-
sy

m
m

et
ri

c
se

t
o
f

a
to

m
s

a
n

d
se

t
Λ

(ρ
)
≥
ρ
`∗

(A
)/
√
N

.
If

Â
∈

ar
gm

in
A
∈R

m
×
T

(
1 N

N ∑ i=
1

(Y
i
−
〈 X

i,
A
〉 )2

+
c 2
σ
q
L
w
u

Λ
(‖
A
‖ A

))

th
en

w
it

h
p
ro

ba
bi

li
ty

la
rg

er
th

a
n

th
e

o
n

e
in

(5
.6

)

∥ ∥ ∥Â
−
A
∗∥ ∥ ∥

2 S
2

.
L
,q

    

σ
q
w
u

Λ
(‖
A
∗ ‖
A

)
if
N

&
L
m
T
,

m
ax
{ σ

q
w
u

Λ
(‖
A
∗ ‖
A

),
Λ

2
(‖
A
∗ ‖
A

)}
o
th

er
w

is
e.
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R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
o
d

6
.
C
o
n
clu

sio
n
s

W
e

h
ave

p
resen

ted
a

gen
eral

resu
lt

(T
h
eorem

1.9)
d
escrib

in
g

statistical
p
rop

erties
of

a
con

-
stra

in
ed

reg
u
la

rized
p
ro

ced
u
re

in
th

e
learn

in
g

th
eoretical

fra
m

ew
ork

.
T

h
is

resu
lt

h
igh

ligh
ts

th
e

ro
le

p
layed

b
y

th
e

q
u
ad

ratic
an

d
m

u
ltip

lier
p
ro

cesses
in

calib
ratin

g
th

e
regu

larization
p
a
ra

m
eter

λ
a
s

w
ell

as
th

eir
eff

ect
on

th
e

estim
ation

error
rate.

It
ap

p
ears

th
at:

1
.

T
h
e

ra
tes

of
con

vergen
ce

d
ep

en
d

on
Ψ

(f
∗)

an
d

w
e

recover
th

e
m

in
im

ax
rate

in
th

e
tru

e
m

o
d
el{f

∈
F

:
Ψ

(f
)≤

Ψ
(f
∗)}

–
u
p

to
a

logarith
m

ic
factor

–
in

m
an

y
w

ell-stu
d
ied

ex
a
m

p
les

.

2
.

N
o

sta
tistical

m
o
d
el

is
n
eed

ed
to

stu
d
y

R
E

R
M

;
all

th
e

an
aly

sis
h
as

b
een

carried
ou

t
in

th
e

gen
eral

learn
in

g
th

eory
setu

p
,

an
d

th
u
s

w
ith

ou
t

assu
m

in
g

an
y

statistical
m

o
d
el.

T
h
eo

rem
1.9

an
d

all
its

corolla
ries

an
d

ap
p
lication

s
are

tru
e

regard
less

of
an

y
relation

b
etw

een
th

e
target

Y
an

d
th

e
in

p
u
t
X

.
F

or
in

stan
ce,

w
h
en

p
red

ictin
g
Y

u
sin

g
lin

ear
fu

n
ctio

n
a
ls

th
ere

is
n
o

n
eed

to
assu

m
e

th
at

Y
=
〈t0 ,X

〉
+
W

for
an

in
d
ep

en
d
en

t
n
oise

W
;

ou
r

resu
lts

h
old

even
if
Y

w
ere,

for
in

stan
ce,

a
n
oisy

version
of

a
q
u
ad

ratic
fu

n
ctio

n
o
f

a
lin

ear
fu

n
ction

al
of
X

(e.g.
p
h
ase

retrieval).

O
u
r

a
n
a
ly

sis
sh

ow
s

th
at

d
esp

ite
con

sid
erin

g
th

is
gen

eral
fram

ew
ork

,
th

e
erro

r
rate

an
d

th
e

reg
u
la

rization
p
aram

eter
u
sed

to
con

stru
ct

R
E

R
M

alm
ost

m
atch

th
e

on
es

th
at

w
o
u
ld

h
ave

b
een

ob
tain

ed
w

ith
m

ore
in

form
ation

–
n
am

ely,
a

giv
en

statistical
m

o
d
el.

In
th

e
ex

am
p
les

w
e

con
sid

ered
,

statistical
m

o
d
els

are
su

p
erfl

u
ou

s
to

th
e

an
aly

sis
of

R
E

R
M

a
n
d

as
a

con
seq

u
en

ce,
th

ey
m

ay
a
ctu

ally
h
id

e
w

h
at

really
d
eterm

in
es

th
e

error
rate

a
n
d

th
e

righ
t

ch
oice

of
a

reg
u
larization

p
aram

eter:

•
ca

lib
ration

of
th

e
regu

larization
p
aram

eter
d
ep

en
d
s

on
ly

on
th

e
m

u
ltip

lier
p
ro

cess
–

w
h
ich

m
easu

res
th

e
em

p
irical

correlation
b

etw
een

th
e

n
oise

Y
−
f
∗(X

)
an

d
th

e
cla

ss
F

.
W

h
en

th
is

correlation
is

sm
all

or
even

n
u
ll

(in
th

e
free-n

oise
case)

th
e

reg
u
larization

p
aram

eter
w

ill
also

b
e

sm
all.

•
th

e
key

p
aram

eters
are

th
e

stru
ctu

re
of

th
e

“u
n
it

b
all”

of
th

e
regu

larization
fu

n
ction

(m
easu

red
h
ere

u
sin

g
th

e
G

au
ssian

m
ean

w
id

th
)

an
d

th
e

n
oise

lev
el,

w
h
ich

is
m

easu
red

th
rou

gh
th

e
L
q

n
orm

of
Y
−
f
∗(X

).

7
.
P
ro

o
f
o
f
T
h
e
o
re
m

3
.6

F
o
llow

in
g

M
en

d
elson

(2016),
th

e
p
ro

of
of

T
h
eorem

3.6
is

b
ased

on
p
rop

erties
of

th
e

follow
in

g
n
o
rm

:

D
e
fi

n
itio

n
7
.1

F
o
r

a
ra

n
d
o
m

va
ria

ble
Z

a
n

d
p
≥

1
,

set

‖Z‖
(p

)
=

su
p

1≤
q≤
p ‖
Z‖

L
q

√
q
.

T
h
e
‖·‖

(p
)

n
o
rm

is
a

‘lo
cal’

version
of

th
e
ψ

2
n
orm

.
W

h
ile

‖
Z‖

ψ
2 ∼

su
p

q≥
1 ‖
Z‖

L
q

√
q
,
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L
e
c
u
é

a
n
d

M
e
n
d
e
l
so

n

‖
Z‖

(p
)

cap
tu

res
th

e
su

b
gau

ssian
b

eh
av

io
r

of
Z

u
p

to
th

e
p
-th

m
om

en
t.

U
n
d
er

A
ssu

m
p
tion

3.1,
a

h
igh

p
rob

ab
ility

b
ou

n
d

on
(3.7)

can
b

e
d
erived

u
sin

g
th

e
n
ex

t
resu

lt.

P
ro

p
o
sitio

n
7
.2

(L
e
m

m
a

2
.8

in
L

e
c
u

é
a
n

d
M

e
n

d
e
lso

n
(2

0
1
7
))

T
h
ere

exists
a
n

a
b-

so
lu

te
co

n
sta

n
t
c

0
fo

r
w

h
ich

th
e

fo
llo

w
in

g
h
o
ld

s.
L

et
Z

be
a

m
ea

n
-zero

rea
l-va

lu
ed

ra
n

-
d
o
m

va
ria

ble
a
n

d
let

Z
1 ,...,Z

N
be

in
d
epen

d
en

t
co

p
ies

o
f
Z

.
L

et
p

1
≥

1
a
n

d
a
ssu

m
e

th
a
t

‖
Z‖

(p
1
) ≤

L
,

th
en

∥∥∥∥∥
1
√
N

N
∑i=

1

Z
i ∥∥∥∥∥

(p
1
) ≤

c
0 L
.

S
ettin

g
U
j

=
N
−

1
/
2 ∑

Ni=
1
ε
i X

i (j)
an

d
p

1
=

log
d

(recallin
g

th
at
t≥

1
an

d
d
≥
N

in
A

ssu
m

p
tion

3.1),
it

follow
s

from
P

rop
osition

7.2
th

at

‖U
j ‖
L
p
1 ≤

c
0 L √

p
1 ‖
x
j ‖
L
2 .

T
h
erefore,

P
r (

m
ax

1≤
j≤
d |U

j |≥
u )
≤

d
∑j=

1

P
r

(|U
j |≥

u
)≤

d
∑j=

1 (
‖
U
j ‖
L
p
1

u

)
p
1

≤
d (

c
0 L √

p
1

m
ax

1≤
j≤
d ‖x

j ‖
L
2

u

)
p
1

=
d (

c
0 L √

log
d

m
ax

1≤
j≤
d ‖
x
j ‖
L
2

u

)
lo

g
d

.

L
et
w
≥
e

an
d

set
u

=
c

0 L
w √

log
d

m
ax

1≤
j≤
d ‖
x
j ‖
L
2 ;

th
erefore,

P
r (

m
ax

1≤
j≤
d |U

j |≥
c

1 L
w √

log
d

m
ax

1≤
j≤
d ‖x

j ‖
L
2 )
≤
(
ew

)
lo

g
d
,

(7.1)

w
h
ich

is
a

h
igh

p
rob

ab
ility

estim
ate

o
n

(3.7)
u
n
d
er

a
lim

ited
m

om
en

t
assu

m
p
tion

.
In

te-
gratin

g
th

e
tail,

E
m

ax
1≤
j≤
d ∣∣∣∣∣

1
√
N

N
∑i=

1

ε
i X

i (j) ∣∣∣∣∣ .
L √

log
d

m
ax

1≤
j≤
d ‖
x
j ‖
L
2

p
rov

in
g

(3.9).

N
ex

t,
w

e
ob

ta
in

h
igh

p
rob

ab
ility

b
ou

n
d
s

on
(3.8),—

estim
ates

th
at

req
u
ire

som
e

p
rep

a-
ration

.

L
et
j∈
{1,...,d}

an
d

set
Z
i

=
X
i (j).

C
on

sid
er

th
e

B
ern

ou
lli

su
m

s

Q
j

=
N
∑i=

1

ε
i ξ
i X

i (j)
=

N
∑i=

1

ε
i ξ
i Z
i .

D
en

ote
b
y

(a ∗i )
Ni=

1
th

e
n
on

-in
creasin

g
rearran

gem
en

t
of

(|a
i |)
Ni=

1 .
A

stra
igh

tforw
ard

ap
p
li-

cation
of

H
öff

d
in

g’s
in

eq
u
ality

sh
ow

s
th

at
con

d
ition

ed
on

(ξ
i )
Ni=

1
an

d
(Z

i )
Ni=

1 ,
for

an
y
v
>

0,

4
0

JM
L

R
 18(146):1-48, 2017



R
e
g

u
l
a
r
iz

a
t
io

n
a
n
d

t
h
e

sm
a
l
l
-b

a
l
l

m
e
t
h
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w
it

h
p
ro

b
ab

il
it

y
at

le
as
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é.

S
h
ar

p
or

ac
le

in
eq

u
al

it
ie

s
fo

r
h
ig

h
-d

im
en

si
o
n
al

m
at

ri
x

p
re

d
ic

ti
on

.
IE

E
E

T
ra

n
s.

In
fo

rm
.

T
h
eo

ry
,

57
(1

0)
:6

94
2–

69
57

,
20

1
1.

IS
S
N

00
18

-
94

48
.

d
oi

:
10

.1
10

9/
T

IT
.2

01
1.

21
36

31
8.

U
R

L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
1
1
0
9
/
T
I
T
.
2
0
1
1
.

2
1
3
6
3
1
8
.

E
va

ri
st

G
in

é
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é

an
d

S
h
ah

ar
M

en
d
el

so
n
.

P
er

fo
rm

a
n
ce

of
em

p
ir

ic
al

ri
sk

m
in

im
iz

a
ti

o
n

in
li
n
ea

r
ag

gr
eg

at
io

n
.

B
er

n
o
u

ll
i,

22
(3

):
15

20
–1

53
4,

20
16

.
IS

S
N

13
50

-7
26

5.
d
o
i:

1
0
.3

1
5
0/

15
-B

E
J
70

1.
U

R
L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
3
1
5
0
/
1
5
-
B
E
J
7
0
1
.

G
u
il
la

u
m

e
L

ec
u
é
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o
ot

h
in

g
(O

h
et

al
.,

20
07

).
A

s
to

b
e

sh
ow

n
b

el
ow

,
it

ca
n

tr
an

sf
or

m
a

ri
ch

cl
as

s
of

(n
on

-r
ob

u
st

)
m

at
ri

x
co

m
p
le

ti
on

a
lg

or
it

h
m

s
in

to
a
lg

o
ri

th
m

s
fo

r
ro

b
u
st

m
at

ri
x

co
m

p
le

ti
on

.

T
h
e

re
st

of
th

is
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
p
ro

v
id

es
fu

rt
h
er

b
a
ck

g
ro

u
n
d

of
m

at
ri

x
co

m
p
le

ti
on

an
d

p
ro

p
os

es
a

n
ew

op
ti

m
iz

at
io

n
cr

it
er

io
n

fo
r

ro
b
u
st

m
a
tr

ix
re

co
ve

ry
.

F
as

t
al

go
ri

th
m

s
ar

e
d
ev

el
op

ed
in

S
ec

ti
on

3
fo

r
p
ra

ct
ic

al
ly

co
m

p
u
ti

n
g

th
e

ro
b
u
st

m
a
tr

ix
es

ti
m

at
e.

T
h
eo

re
ti

ca
l

an
d

em
p
ir

ic
al

p
ro

p
er

ti
es

of
th

e
p
ro

p
os

ed
m

et
h
o
d
ol

o
g
y

a
re

st
u
d
ie

d
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M
a
t
r
ix

C
o
m
p
l
e
t
io
n
w
it
h
N
o
ise

s
a
n
d

O
u
t
l
ie
r
s

in
S
ectio

n
4

a
n
d

S
ection

5
resp

ectiv
ely.

C
on

clu
d
in

g
rem

ark
s

are
giv

en
in

S
ection

6,
w

h
ile

tech
n
ica

l
d
eta

ils
are

relegated
to

th
e

a
p
p

en
d
ix

.

2
.
M

a
trix

C
o
m
p
le
tio

n
w
ith

N
o
isy

O
b
se
rv
a
tio

n
s
a
n
d
O
u
tlie

rs

S
u
p
p

o
se
X

is
an

n
1 ×

n
2

m
atrix

w
h
ich

is
ob

served
for

on
ly

a
su

b
set

of
en

tries
Ω

o
b

s
⊆

[n
1 ]×

[n
2 ],

w
h
ere

[n
]

d
en

otes{
1
,...,n}.

L
et

Ω
⊥o
b

s
b

e
th

e
com

p
lem

en
t

of
Ω

o
b

s .
D

efi
n
e

th
e

p
ro

jectio
n

o
p

erator
P

Ω
o
b
s

as
P

Ω
o
b
s B

=
C

,
w

h
ere

C
ij

=
B
ij

if
(i,j)

∈
Ω

o
b

s
an

d
C
ij

=
0

if
(i,j)6∈

Ω
o
b

s ,
for

an
y
n

1 ×
n

2
m

atrix
B

=
(B

ij )
i∈

[n
1
],j∈

[n
2
] .

T
h
e

follow
in

g
is

a
stan

d
ard

fo
rm

u
la

tio
n

fo
r

m
atrix

com
p
letion

u
sin

g
a

low
ran

k
assu

m
p
tion

:

m
in

im
ize

Y
ran

k
(Y

)

su
b

ject
to

12 ‖P
Ω

o
b
s X
−
P

Ω
o
b
s Y
‖

2F
≤
e,

w
h
ere

e
>

0
a
n
d
‖·‖

F
is

th
e

F
rob

en
iu

s
n
orm

.
C

arry
in

g
ou

t
th

is
ran

k
m

in
im

ization
en

ab
les

a
g
o
o
d

recovery
of

an
y

low
ran

k
m

atrix
w

ith
m

issin
g

en
tries.

N
ote

th
a
t

for
th

e
reason

of
a
cco

m
m

o
d
a
tin

g
n
oisy

m
easu

rem
en

ts,
th

e
con

strain
t

ab
ove

allow
s

for
a

sligh
t

d
iscrep

an
cy

b
etw

een
th

e
recovered

an
d

th
e

ob
serv

ed
m

atrices.
H

ow
ever,

th
is

m
in

im
ization

is
com

b
in

atorially
h
ard

(e.g.,
S
reb

ro
an

d
J
aak

k
ola,

2003).
T

o
a
ch

ieve
fa

st
com

p
u
tation

,
th

e
follow

in
g

con
v
ex

rela
x
ation

is
often

u
sed

:

m
in

im
ize

Y
‖
Y
‖∗

su
b

ject
to

12 ‖P
Ω

o
b
s X
−
P

Ω
o
b
s Y
‖

2F
≤
e,

w
h
ere
‖
Y
‖∗

rep
resen

ts
th

e
n
u
clear

n
orm

of
Y

(i.e.,
th

e
su

m
of

sin
g
u
lar

valu
es

of
Y

).
T

h
e

L
a
g
ra

n
g
ia

n
fo

rm
of

th
is

op
tim

ization
is

m
in

im
ize

Y
f

(Y
|X

)≡
12 ‖P

Ω
o
b
s X
−
P

Ω
o
b
s Y
‖

2F
+
γ‖
Y
‖∗ ,

(1)

w
h
ere

γ
>

0
h
as

a
on

e-to-on
e

corresp
on

d
en

ce
to
e.

T
h
e

sq
u
ared

loss
in

th
e

fi
rst

term
is

u
sed

to
m

ea
su

re
th

e
fi
tn

ess
of

th
e

recovered
m

atrix
to

th
e

ob
serv

ed
m

atrix
.

It
is

w
id

ely
k
n
ow

n
th

a
t

su
ch

a
sq

u
ared

loss
is

very
sen

sitive
to

ou
tliers

an
d

often
lead

s
to

u
n
satisfactory

recovery
resu

lts
if

su
ch

ou
tliers

ex
ist.

M
otivated

b
y

th
e

literatu
re

of
rob

u
st

statistics
(e.g.,

H
u
b

er
a
n
d

R
o
n
ch

etti,
2011),

w
e

p
rop

ose
rep

lacin
g

th
is

sq
u
ared

loss
b
y

th
e

H
u
b

er
loss

fu
n
ctio

n

ρ
c (x

)
=

{
x

2,
|x|≤

c

c(2|x|−
c),

|x|
>
c
,

w
ith

tu
n
in

g
p
a
ram

eter
c.

W
h
en

com
p
arin

g
w

ith
th

e
sq

u
ared

loss,
th

e
H

u
b

er
loss

d
ow

n
w

eigh
s

th
e

eff
ects

o
f

ex
trem

e
m

easu
rem

en
ts.

O
u
r

p
ro

p
osed

solu
tion

for
ro

b
u
st

m
atrix

com
p
letion

is
g
iv

en
b
y

th
e

follow
in

g
m

in
im

ization
:

m
in

im
ize

Y
g
(Y

)≡
12

∑

(i,j)∈
Ω

o
b
s ρ
c (X

ij −
Y
ij )

+
γ‖Y
‖∗ .

(2)
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W
o
n
g

a
n
d

L
e
e

N
ote

th
at

th
e

con
vex

ity
of
ρ
c

gu
aran

tees
th

e
con

vex
ity

of
th

e
ob

jective
criterion

(2).
F

or
m

an
y

rob
u
st

statistical
estim

ation
p
rob

lem
s

th
e

tu
n
in

g
p
aram

eter
c

is
p
re-set

as
c

=
1.345

σ̂
to

ach
ieve

a
95%

statistical
effi

cien
cy,

w
h
ere

σ̂
is

a
n

estim
ate

of
th

e
stan

d
ard

d
ev

iation
of

th
e

n
oise.

F
or

th
e

cu
rren

t
p
ro

b
lem

,
h
ow

ev
er,

th
e

ch
oice

of
c

is
su

ggested
b
y

T
h
eorem

4
b

elow
:
c

=
γ
/ √

n
(1

) p
,

w
h
ere

n
(1

)
=

m
ax{

n
1 ,n

2 }
an

d
p

is
th

e
p

ercen
tage

of
m

issin
g

en
tries.

T
h
is

ch
oice

of
c

w
as

u
sed

th
rou

gh
ou

t
all

o
u
r

n
u
m

erical
w

ork
.

3
.
F
a
st

A
lg
o
rith

m
s
fo
r
M

in
im

iza
tio

n
o
f
(2
)

S
in

ce
th

e
grad

ien
t

of
th

e
H

u
b

er
fu

n
ction

is
n
o
n
-lin

ear,
(2)

is
a

h
ard

er
op

tim
izatio

n
p
rob

lem
w

h
en

com
p
arin

g
to

m
an

y
ty

p
ical

m
atrix

com
p
letion

form
u
latio

n
s

su
ch

as
(1).

A
s

a
n

ex
am

-
p
le,

con
sid

er
(1)

w
h
en

X
is

fu
lly

ob
served

;
i.e.,

Ω
o
b

s
=

[n
1 ]×

[n
2 ].

T
h
rou

gh
su

b
-grad

ien
t

an
aly

sis
(e.g.,

C
ai

et
al.,

2010;
M

a
et

al.,
201

1),
on

e
can

d
erive

a
closed

-fo
rm

solu
tion

to
(1),

d
en

oted
as
S
γ (X

),
w

h
ere

S
γ

is
th

e
soft-th

resh
old

in
g

op
erator

d
efi

n
ed

in
M

azu
m

d
er

et
al.

(2010),
also

given
in

(6)
b

elow
.

H
ow

ever,
ev

en
if
X

w
as

fu
lly

ob
served

,
(2)

d
o
es

n
ot

h
ave

a
closed

-form
solu

tion
.

T
h
e

goal
of

th
is

section
is

to
d
evelop

fast
m

eth
o
d
s

for
m

in
im

izin
g

(2).

3
.1

A
G

e
n

e
ra

l
A

lg
o
rith

m

In
O

h
et

al.
(2007)

a
m

eth
o
d

b
ased

on
th

e
so-called

th
eoretical

con
stru

ct
p
seu

d
o

d
a
ta

is
p
rop

osed
for

rob
u
st

w
avelet

regression
.

T
h
e

id
ea

is
to

tran
sform

a
H

u
b

er-ty
p

e
m

in
im

ization
p
rob

lem
in

to
a

seq
u
en

ce
of

fast
an

d
w

ell
u
n
d
ersto

o
d

sq
u
ared

loss
m

in
im

ization
p
rob

lem
s.

T
h
is

su
b
section

m
o
d
ifi

es
th

is
id

ea
an

d
p
rop

oses
an

algorith
m

to
m

in
im

izin
g

(2).
A

s
sim

ilar
to

O
h

et
al.

(2007),
w

e
d
efi

n
e

a
p
seu

d
o

d
a
ta

m
a
trix

as

Z
=
P

Ω
o
b
s Ỹ

+
12
ψ
c (E

),
(3)

w
h
ere

Ỹ
is

th
e

cu
rren

t
estim

ate
of

th
e

target
m

atrix
,
E

=
P

Ω
o
b
s X
−
P

Ω
o
b
s Ỹ

is
th

e
“resid

u
al

m
atrix

”,
an

d
ψ
c

=
ρ ′c

is
th

e
d
erivative

of
ρ
c .

W
ith

a
slig

h
t

n
otation

ab
u
se,

w
h
en

ψ
c

is
ap

p
lied

to
a

m
atrix

,
it

m
ean

s
ψ
c

is
evalu

ated
in

an
elem

en
t-w

ise
fash

ion
.

S
tra

igh
tforw

ard
algeb

ra
sh

ow
s

th
at

th
e

su
b
-grad

ien
t

of
f

(Y
|Z

)
(w

ith
resp

ect
to
Y

)
evalu

ated
at
Ỹ

,

−
(P

Ω
o
b
s Z
−
P

Ω
o
b
s Ỹ

)
+
γ
∂‖
Ỹ
‖∗ ,

(4)

is
eq

u
ivalen

t
to

th
e

su
b
-grad

ien
t

of
g
(Y

)
(w

ith
resp

ect
to
Y

)
evalu

ated
at
Ỹ

,

−
12
ψ
c (P

Ω
o
b
s X
−
P

Ω
o
b
s Ỹ

)
+
γ
∂‖
Ỹ
‖∗ .

(5)

T
h
e

p
rop

osed
algorith

m
iteratively

u
p

d
a
tes

Ỹ
=

arg
m

in
Y
f

(Y
|Z

)
an

d
Z

u
sin

g
(3).

U
p

on
con

vergen
ce

(im
p
lied

b
y

P
rop

osition
1

b
elow

),
th

e
su

b
-gra

d
ien

t
(4

)
con

tain
s

0
at

th
e

con
-

verged
Ỹ

an
d

th
u
s

th
e

su
b
-grad

ien
t

(5)
also

con
tain

s
0

at
th

is
con

verged
Ỹ

.
T

h
erefore

th
is

Ỹ
is

th
e

solu
tion

to
(2).

D
etails

of
th

is
a
lgorith

m
b
ased

on
p
seu

d
o

d
ata

m
atrix

are
given

in
A

lgorith
m

1.
A

lgorith
m

1
h
as

several
attractive

p
rop

erties.
F

irst,
it

can
b

e
p
aired

w
ith

an
y

ex
istin

g
(n

on
-rob

u
st)

m
atrix

com
p
letion

algorith
m

(or
softw

are),
as

can
b

e
easily

seen
in

S
tep

2(c).
T

h
is

is
a

h
u
ge

ad
van

tage,
as

a
rich

b
o
d
y

of
ex

istin
g

(n
on

-rob
u
st)

m
eth

o
d
s

can
b

e
m

ad
e
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M
a
t
r
ix

C
o
m
p
l
e
t
io
n
w
it
h
N
o
is
e
s
a
n
d

O
u
t
l
ie
r
s

A
lg

o
ri

th
m

1
T

h
e

G
en

er
al

R
ob

u
st

A
lg

or
it

h
m

1
:

P
er

fo
rm

(n
on

-r
ob

u
st

)
m

at
ri

x
co

m
p
le

ti
on

on
X

an
d

as
si

gn
Y

o
ld
←

ar
g

m
in
Y
f

(Y
|X

).
T

h
is
Y

o
ld

is
th

e
in

it
ia

l
es

ti
m

at
e

(s
ta

rt
in

g
p

oi
n
t

of
th

e
al

go
ri

th
m

).
2
:

R
ep

ea
t:

(a
)

C
om

p
u
te
E
←
P Ω

o
b
s
X
−
P Ω

o
b
s
Y

o
ld

.

(b
)

C
om

p
u
te
Z
←
P Ω

o
b
s
Y

o
ld

+
1 2
ψ
c
(E

).

(c
)

P
er

fo
rm

(n
on

-r
ob

u
st

)
m

at
ri

x
co

m
p
le

ti
on

on
Z

an
d

as
si

gn
Y

n
ew

←
ar

g
m

in
Y
f

(Y
|Z

).

(d
)

If
‖Y

n
ew
−
Y

o
ld
‖2 F

‖Y
o
ld
‖2 F

<
ε,

ex
it

.

(e
)

A
ss

ig
n
Y

o
ld
←
Y

n
ew

.

3
:

O
u
tp

u
t
Y

n
ew

.

ro
b
u
st

ag
ai

n
st

ou
tl

ie
rs

.
S
ec

on
d
,

on
ce

su
ch

an
(n

on
-r

ob
u
st

)
al

go
ri

th
m

is
av

ai
la

b
le

,
th

e
re

st
of

th
e

im
p
le

m
en

ta
ti

on
is

st
ra

ig
h
tf

or
w

ar
d

an
d

si
m

p
le

,
an

d
n
o

ex
p

en
si

ve
m

at
ri

x
op

er
at

io
n
s

ar
e

re
q
u
ir

ed
.

L
as

tl
y,

it
h
as

st
ro

n
g

th
eo

re
ti

ca
l

b
ac

k
u
p
,

as
to

b
e

re
p

or
te

d
in

S
ec

ti
on

4.

3
.2

F
u

rt
h

e
r

In
te

g
ra

ti
o
n

w
it

h
E

x
is

ti
n

g
M

a
tr

ix
C

o
m

p
le

ti
o
n

A
lg

o
ri

th
m

s

M
an

y
ex

is
ti

n
g

m
at

ri
x

co
m

p
le

ti
on

al
go

ri
th

m
s

ar
e

it
er

at
iv

e.
A

d
ir

ec
t

ap
p
li
ca

ti
on

of
A

lg
o-

ri
th

m
1

w
ou

ld
le

ad
to

an
al

go
ri

th
m

th
at

is
it

er
at

io
n
s-

w
it

h
in

-i
te

ra
ti

on
s.

A
lt

h
ou

gh
o
u
r

ex
-

te
n
si

ve
n
u
m

er
ic

al
ex

p
er

ie
n
ce

su
gg

es
ts

th
a
t

th
es

e
d
ir

ec
t

im
p
le

m
en

ta
ti

on
s

w
ou

ld
ty

p
ic

al
ly

co
n
ve

rg
e

w
it

h
in

a
fe

w
it

er
at

io
n
s

to
gi

ve
a

re
as

on
ab

ly
fa

st
ex

ec
u
ti

on
ti

m
e,

it
w

ou
ld

st
il
l

b
e

ad
va

n
ta

ge
ou

s
to

sp
ee

d
u
p

th
e

ov
er

al
l

p
ro

ce
d
u
re

.
H

er
e

w
e

sh
ow

th
at

it
is

p
os

si
b
le

to
fu

rt
h
er

im
p
ro

ve
th

e
sp

ee
d

of
th

e
ov

er
al

l
ro

b
u
st

al
go

ri
th

m
b
y

em
b

ed
d
in

g
th

e
p
se

u
d
o

d
at

a
m

at
ri

x
id

ea
d
ir

ec
tl

y
in

to
a

n
on

-r
ob

u
st

al
go

ri
th

m
.

W
e

sh
al

l
il
lu

st
ra

te
th

is
w

it
h

th
e
S
o
f
t
-I
m
p
u
t
e

al
go

ri
th

m
p
ro

p
os

ed
b
y

M
az

u
m

d
er

et
al

.
(2

01
0)

.
T

o
p
ro

ce
ed

w
e

fi
rs

t
re

ca
ll

th
e

d
efi

n
it

io
n

of
th

ei
r

th
re

sh
ol

d
in

g
op

er
at

or
S
γ
:

fo
r

a
n
y

m
at

ri
x
Z

of
ra

n
k
r,

S
γ
(Z

)
=
U
D
γ
V
ᵀ ,

(6
)

w
h
er

e
Z

=
U
D
V
ᵀ

is
th

e
si

n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

of
Z

,
D

=
d
ia

g
[d

1
,.
..
,d
r
]

an
d

D
γ

=
d
ia

g
[(
d

1
−
γ

) +
,.
..
,(
d
r
−
γ

) +
].

N
ow

th
e

m
ai

n
id

ea
is

to
su

it
ab

ly
re

p
la

ce
an

it
er

at
iv

e
m

at
ri

x
es

ti
m

at
e

w
it

h
th

e
p
se

u
d
o

d
at

a
m

at
ri

x
es

ti
m

at
e

gi
ve

n
b
y

(3
).

W
it

h
S
o
f
t
-I
m
p
u
t
e

,
th

e
re

su
lt

in
g

ro
b
u
st

al
go

ri
th

m
is

gi
v
en

in
A

lg
or

it
h
m

2.
W

e
sh

al
l
ca

ll
th

is
al

go
ri

th
m

R
o
b
u
st

-
Im

p
u
t
e

.
A

s
to

b
e

sh
ow

n
b
y

th
e

n
u
m

er
ic

al
st

u
d
ie

s
b

el
ow

,
R
o
b
u
st

-I
m
p
u
t
e

is
ve

ry
fa

st
an

d
p
ro

d
u
ce

s
v
er

y
p
ro

m
is

in
g

em
p
ir

ic
al

re
su

lt
s.

O
u
r

al
go

ri
th

m
al

so
h
as

th
e

sp
ar

se
-p

lu
s-

lo
w

-
ra

n
k

st
ru

ct
u
re

in
th

e
si

n
gu

la
r

va
lu

e
th

re
sh

ol
d
in

g
st

ep
(S

te
p

2a
(i

ii
))

.
T

h
is

li
n
ea

r
al

ge
b
ra

st
ru

ct
u
re

h
as

p
os

it
iv

e
im

p
ac

t
on

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y.
S
ee

S
ec

ti
on

5
of

M
az

u
m

d
er

et
al

.
(2

01
0)

fo
r

d
et

ai
ls

.
M

or
eo

ve
r,

th
e

m
on

ot
on

ic
it

y
an

d
co

n
ve

rg
en

ce
of

ou
r

al
go

ri
th

m
is

gu
ar

an
te

ed
b
y

P
ro

p
os

it
io

n
1

an
d

T
h
eo

re
m

2.
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W
o
n
g

a
n
d

L
e
e

A
lg

o
ri

th
m

2
R
o
b
u
st

-I
m
p
u
t
e

1
:

In
it

ia
li
ze
Y

o
ld

=
S
γ
1
(P

Ω
o
b
s
X

)
an

d
Z

=
X

.
2
:

D
o

fo
r
γ

1
>
γ

2
>
··
·>

γ
K

:

(a
)

R
ep

ea
t:

(i
)

C
om

p
u
te
E
←
P Ω

o
b
s
X
−
P Ω

o
b
s
Y

o
ld

.

(i
i)

C
om

p
u
te
Z
←
P Ω

o
b
s
Y

o
ld

+
1 2
ψ
c
(E

)

(i
ii
)

C
om

p
u
te
Y

n
ew
←
S
γ
k
(P

Ω
o
b
s
Z

+
P Ω
⊥ o
b
s
Y

o
ld

).

(i
v
)

If
‖Y

n
ew
−
Y

o
ld
‖2 F

‖Y
o
ld
‖2 F

<
ε,

ex
it

.

(v
)

A
ss

ig
n
Y

o
ld
←
Y

n
ew

.

(b
)

A
ss

ig
n
Ŷ
γ
k
←
Y

n
ew

.

3
:

O
u
tp

u
t

th
e

se
q
u
en

ce
of

so
lu

ti
on

s
Ŷ
γ
1
,.
..
,Ŷ

γ
K

.

4
.
T
h
e
o
re
ti
ca

l
P
ro

p
e
rt
ie
s

T
h
is

se
ct

io
n

p
re

se
n
ts

so
m

e
th

eo
re

ti
ca

l
b
ac

k
u
p
s

fo
r

th
e

p
ro

p
os

ed
m

et
h
o
d
ol

og
y.

4
.1

M
o
n

o
to

n
ic

it
y

a
n

d
g
lo

b
a
l

c
o
n
v
e
rg

e
n

c
e

W
e

fi
rs

t
p
re

se
n
t

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
co

n
ce

rn
in

g
th

e
m

on
o
to

n
ic

it
y

of
th

e
a
lg

o
ri

th
m

s.
T

h
e

p
ro

of
ca

n
b

e
fo

u
n
d

in
A

p
p

en
d
ix

A
.1

.
W

e
al

so
p
ro

v
id

e
a
n

al
te

rn
at

iv
e

p
ro

o
f

su
g
g
es

te
d

b
y

a
re

fe
re

e,
b
as

ed
on

th
e

id
ea

of
al

te
rn

at
in

g
m

in
im

iz
at

io
n
,

in
A

p
p

en
d
ix

A
.1

P
ro

p
o
si

ti
o
n

1
(M

o
n

o
to

n
ic

it
y
)

L
et
Y

(k
)

a
n

d

Z
(k

)
=
P Ω

o
b
s
Y

(k
−

1
)

+
ψ
c
(P

Ω
o
b
s
X
−
P Ω

o
b
s
Y

(k
−

1
) )/

2

be
,

re
sp

ec
ti

ve
ly

,
th

e
es

ti
m

a
te

a
n

d
th

e
p
se

u
d
o

d
a
ta

m
a
tr

ix
in

th
e
k

-t
h

it
er

a
ti

o
n

.
If
Y

(k
+

1
)

is
th

e
n

ex
t

es
ti

m
a
te

su
ch

th
a
t
f

(Y
(k

+
1
) |Z

(k
+

1
) )
≤
f

(Y
(k

) |Z
(k

+
1
) )

,
th

en
g
(Y

(k
+

1
) )
≤
g
(Y

(k
) )

.

F
or

th
e

ge
n
er

al
ve

rs
io

n
(A

lg
or

it
h
m

1)
,
it

is
ob

v
io

u
s

th
at

th
e

co
n
d
it

io
n
f

(Y
(k

+
1
) |Z

(k
+

1
) )
≤

f
(Y

(k
) |Z

(k
+

1
) )

is
sa

ti
sfi

ed
as

th
e

re
su

lt
of

th
e

m
in

im
iz

at
io

n
Y

o
ld
←

ar
g

m
in
Y
f

(Y
|Z

).
F

or
th

e
sp

ec
ia

li
ze

d
ve

rs
io

n
R
o
b
u
st

-I
m
p
u
t
e

(A
lg

o
ri

th
m

2)
,

th
is

co
n
d
it

io
n

is
im

p
li
ed

b
y

L
em

m
a

2
of

M
az

u
m

d
er

et
al

.
(2

01
0)

.
T

h
er

ef
or

e
b

ot
h

ve
rs

io
n
s

ar
e

m
on

ot
on

ic
.

A
s

p
oi

n
te

d
ou

t
b
y

a
re

fe
re

e,
th

e
p
ro

p
os

ed
al

go
ri

th
m

s
ca

n
al

so
b

e
v
ie

w
ed

a
s

a
n

in
st

a
n
ce

of
th

e
m

a
jo

ri
za

ti
on

-m
in

im
iz

at
io

n
(M

M
)

al
go

ri
th

m
(L

an
ge

et
al

.,
20

00
;

H
u
n
te

r
a
n
d

L
a
n
g
e,

20
04

).
It

ca
n

b
e

sh
ow

n
th

at
,

fo
r

(i
,j

)
∈

Ω
o
b

s,

ρ
c
(X

ij
−
Y
ij

)
≤
ρ
c
(X

ij
−
Y

o
ld

ij
)
−

(Y
ij
−
Y

o
ld

ij
)ψ

c
(X

ij
−
Y

o
ld

ij
)

+
2
·1 2

(Y
ij
−
Y

o
ld

ij
)2

=

[ Y
ij
−
Y

o
ld

ij
−

1 2
ψ
c
(X

ij
−
Y

o
ld

ij
)] 2

+
co
n
st
a
n
t

=
(Y
ij
−
Z
ij

)2
+
co
n
st
a
n
t. 6
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M
a
t
r
ix

C
o
m
p
l
e
t
io
n
w
it
h
N
o
ise

s
a
n
d

O
u
t
l
ie
r
s

T
h
erefo

re,
su

b
ject

to
an

ad
d
itiv

e
con

stan
t

th
at

d
o
es

n
ot

d
ep

en
d

on
Y

,
h

(Y
|Y

o
ld)

=
f

(Y
|Z

)
=

(1/
2
) ∑

(i,j)∈
Ω

o
b
s (Z

ij −
Y
ij )

2
+
γ‖Y
‖∗

is
a

m
a
jorization

of
th

e
ob

jective
fu

n
ction

g
.

W
ith

th
is

m
a

jo
riza

tio
n
,

A
lgorith

m
1

can
b

e
v
iew

ed
as

an
M

M
algorith

m
.

A
d
d
ition

a
lly,

on
e

can
m

a
jo

rize
th

e
u
n
ob

served
en

tries
b
y

(Y
ij −

Z
ij )

2
=

(Y
ij −

Y
o
ld

ij
)
2
≥

0
a
n
d
,

togeth
er

w
ith

th
e

a
b

ove
m

a
jo

rization
of

th
e

ob
served

en
tries,

A
lgorith

m
2

can
also

b
e

sh
ow

n
as

an
M

M
a
lg

o
rith

m
.

T
h
erefore

th
e

m
on

oton
icity

of
th

e
p
rop

osed
algorith

m
s

can
also

b
e

ob
tain

ed
b
y

th
e

g
en

era
l

th
eory

of
M

M
algorith

m
(e.g.,

L
an

ge,
2010

).
M

oreover,
th

e
ex

p
licit

con
n
ection

to
th

e
M

M
a
lg

orith
m

allow
s

p
ossib

le
ex

ten
sion

s
of

th
e

cu
rren

t
algorith

m
to

oth
er

rob
u
st

lo
ss

fu
n
ctio

n
s

su
ch

as
T

u
key

’s
b
iw

eigh
t

loss.
H

ow
ever,

d
u
e

to
n
on

-d
iff

eren
tiab

ility
of

th
e

o
b

jective
fu

n
ction

,
th

e
ty

p
ical

con
vergen

ce
an

aly
sis

of
M

M
algorith

m
(e.g.,

L
an

ge,
2010,

C
h
.

1
5)

d
o
es

n
o
t

ap
p
ly

to
ou

r
case.

W
e

su
m

m
a
rize

th
e

glob
al

con
vergen

ce
rates

of
b

oth
A

lgorith
m

1
an

d
A

lgorith
m

2
in

th
e

fo
llow

in
g

th
eo

rem
.

T
h

e
o
re

m
2

L
et
Y

(k
)

a
n

d
Y

(0
)

be,
respectively,

th
e

estim
a
te

in
th

e
k

-th
itera

tio
n

a
n

d
th

e
sta

rtin
g

po
in

t
o
f

A
lgo

rith
m

1
o
r

A
lgo

rith
m

2
T

h
en

fo
r

a
n

y
k
≥

1,

A
lgo

rith
m

1
:

g
(Y

(k
))−

g
(Y
∗)≤

‖P
Ω

o
b
s Y

(0
)−
P

Ω
o
b
s Y
∗‖

2F

2
k

,
∀
Y
∗∈
Y
,

A
lgo

rith
m

2
:

g
(Y

(k
))−

g
(Y
∗)≤

‖
Y

(0
)−

Y
∗‖

2F

2k
,

∀
Y
∗∈
Y
,

w
h
ere
Y

be
th

e
set

o
f

a
ll

glo
ba

l
m

in
im

izers
o
f
g

(i.e.Y
=

arg
m

in
Y
∈
R
n
1 ×

n
2
g
(Y

)).

T
h
e

g
lo

b
a
l

co
n
v
ergen

ce
an

aly
sis

of
A

lgorith
m

1
can

b
e

carried
ou

t
sim

ilarly
as

in
B

eck
an

d
T

eb
o
u
lle

(2
0
09

)
for

p
rox

im
al

grad
ien

t
m

eth
o
d
,

d
esp

ite
th

at
A

lgorith
m

1
is

n
ot

a
p
rox

im
al

g
ra

d
ien

t
m

eth
o
d
.

F
or

com
p
leten

ess,
w

e
give

th
e

p
ro

of
of

T
h
eorem

2
for

A
lg

orith
m

1
in

A
p
p

en
d
ix

A
.2

.
A

s
for

R
o
b
u
st

-Im
p
u
t
e

(A
lgorith

m
2),

w
e

can
rew

rite
it

as
an

in
stan

ce
of

th
e

p
rox

im
al

g
ra

d
ien

t
m

eth
o
d

ap
p
lied

to
g
(Y

)
=
g

1 (Y
1 )+

g
2 (Y

2 ),
w

h
ere

g
1 (Y

)
=

(1/
2) ∑

(i,j)∈
Ω

o
b
s
ρ
c (X

ij −
Y
ij )

a
n
d
g

2 (Y
)

=
γ‖Y
‖∗ .

In
ou

r
case,

th
e

p
rox

im
al

grad
ien

t
m

eth
o
d

w
ith

step
size

L
iterates

over
Y

(k
+

1
)

=
ξ
L

(Y
(k

))
w

ith

ξ
L

(Ỹ
)

=
arg

m
in
Y

{
g

2 (Y
)

+
L2

∥∥∥∥
Y
−
(
Ỹ
−

1L
∇
g

1 (Ỹ
) ) ∥∥∥∥

2F }
,

w
h
ere

L
is

a
co

n
stan

t
greater

th
an

or
eq

u
al

to
th

e
L

ip
stch

iz
con

stan
t

of
g

1 .
N

ote
th

at
g

1

h
a
s

a
L

ip
sch

itz
con

tan
t

1.
If

w
e

take
L

=
1,

w
e

h
ave

th
e

follow
in

g
sim

p
lifi

cation
.

g
2 (Y

)
+
L2

∥∥∥∥
Y
−
(
Ỹ
−

1L
∇
g

1 (Ỹ
) ) ∥∥∥∥

2F

=
g

2 (Y
)

+
12

∥∥∥∥
Y
−
{
Ỹ

+
12
ψ
c (P

Ω
o
b
s X
−
P

Ω
o
b
s Ỹ

) } ∥∥∥∥
2F

=
g

2 (Y
)

+
12

∥∥∥
Y
−
{P

Ω
⊥o
b
s Ỹ

+
P

Ω
o
b
s Z } ∥∥∥

2F
.

T
h
e

m
in

im
iza

tion
of
ξ

1
is

eq
u
ivalen

t
to

S
tep

2a(iii)
of

A
lgorith

m
2.

T
h
erefore,

th
e

p
rox

im
al

g
ra

d
ien

t
m

eth
o
d

is
th

e
sam

e
as

R
o
b
u
st

-Im
p
u
t
e

.
T

h
is

co
n
n
ection

allow
s

u
s

to
ap

p
ly

th
e

co
n
verg

en
ce

resu
lts

of
p
rox

im
al

grad
ien

t
m

eth
o
d

to
R
o
b
u
st

-Im
p
u
t
e

d
irectly.
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W
o
n
g

a
n
d

L
e
e

2
for

A
lgorith

m
2

follow
s

from
T

h
eorem

3.1
of

B
eck

an
d

T
eb

ou
lle

(2009).
L

astly,
th

e
N

esterov
’s

m
eth

o
d

(N
esterov

,
2007)

can
b

e
ap

p
lied

d
irectly

to
accelerate

A
lgorith

m
2.

T
h
e

resu
lted

accelerated
version

is
ex

p
ected

to
b

e
faster

in
term

s
of

con
vergen

ce.
H

ow
ever,

th
e

acceleration
in

th
e

N
esterov

’s
m

eth
o
d

ru
in

s
th

e
com

p
u
tation

ally
b

en
efi

cia
l

sp
arse-p

lu
s-low

-
ran

k
stru

ctu
re

(M
azu

m
d
er

et
al.,

2010)
in

th
e

sin
g
u
lar

vau
e

th
resh

old
in

g
step

(S
tep

2a(iii)).
H

en
ce,

for
large

m
atrices,

th
e

n
on

-accelerated
version

is
still

p
referred

in
term

s
of

overall
com

p
u
tation

s.
T

h
e

d
etailed

d
iscu

ssion
can

b
e

fou
n
d

in
S
ection

5
of

M
azu

m
d
er

et
al.

(2010).

4
.2

S
ta

b
le

R
e
c
o
v
e
ry

R
ecall

th
e

stab
le

p
rop

erty
of

C
an

d
ès

an
d

P
lan

(2010)
im

p
lies

th
at,

w
ith

h
igh

p
rob

ab
ility,

th
e

recovered
m

a
trix

is
su

b
ject

to
an

error
b

ou
n
d

p
rop

ortion
al

to
th

e
n
oise

level.
T

h
is

su
b
section

sh
ow

s
th

at
th

e
rob

u
st

m
atrix

com
p
letion

d
efi

n
ed

b
y

(2)
is

also
stab

le.

A
lth

ou
gh

th
e

form
u
lation

of
(2)

h
as

its
ro

ot
from

classical
rob

u
st

statistics,
it

is
also

related
to

th
e

m
ore

recen
t

p
rin

cip
al

com
p

on
en

t
p
u
rsu

it
(P

C
P

)
p
rop

osed
b
y

C
an

d
ès

et
al.

(2011).
P

C
P

assu
m

es
th

at
th

e
en

tries
of

th
e

ob
serv

ed
m

atrix
are

n
oiseless,

an
d

th
at

th
is

m
atrix

can
b

e
d
ecom

p
osed

as
th

e
su

m
of

a
low

ran
k

m
atrix

an
d

a
sp

arse
m

atrix
,

w
h
ere

th
e

sp
arse

m
atrix

is
treated

as
th

e
gross

error.
In

C
an

d
ès

et
a
l.

(2011)
it

is
sh

ow
n

th
at

u
sin

g
P

C
P

p
erfect

recovery
is

p
ossib

le
w

ith
or

w
ith

ou
t

m
issin

g
en

tries
in

th
e

ob
served

m
atrix

.
A

n
oth

er
n
otab

le
w

ork
b
y

C
h
an

d
rasekaran

et
al.

(2011)
p
rov

id
e

com
p
letely

d
eterm

in
istic

con
d
ition

s
for

th
e

P
C

P
to

su
cceed

u
n
d
er

n
o

m
issin

g
d
ata.

S
ee

S
ection

1.5
of

C
an

d
ès

et
al.

(2011)
for

a
d
etailed

com
p
arison

b
etw

een
th

ese
tw

o
p
ieces

of
w

ork
.

F
or

th
e

case
of

n
oisy

m
easu

rem
en

ts
w

ith
ou

t
m

issin
g

en
tries,

Z
h
ou

et
al.

(2010)
ex

ten
d

P
C

P
to

stab
le

P
C

P
(S

P
C

P
),

w
h
ich

is
sh

ow
n

to
b

e
stab

le.
H

ow
ever,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
ere

is
n
o

ex
istin

g
th

eoretical
resu

lts
for

th
e

case
of

n
oisy

(an
d
/or

ou
tly

in
g)

m
easu

rem
en

ts
w

ith
m

issin
g

en
tries.

In
sp

ired
b
y

S
h
e

an
d

O
w

en
(2011),

w
e

fi
rst

estab
lish

an
u
sefu

l
lin

k
b

etw
een

rob
u
st

m
a-

trix
com

p
letion

(2)
an

d
P

C
P

in
th

e
follow

in
g

p
rop

osition
.

T
h
e

p
ro

of
can

b
e

fou
n
d

in
A

p
p

en
d
ix

A
.3.

P
ro

p
o
sitio

n
3

(E
q
u

iv
a
le

n
c
e
)

T
h
e

m
in

im
iza

tio
n

(2
)

is
equ

iva
len

t
to

m
in

im
ize

L
,S

12 ‖P
Ω

o
b
s X
−
P

Ω
o
b
s (L

+
S

)‖
2F

+
γ‖L‖∗

+
c‖S‖

1 .
(7)

T
h
a
t

is,
th

e
m

in
im

izin
g
Y

o
f

(2
)

a
n

d
th

e
m

in
im

izin
g
L

o
f

(7
)

co
in

cid
e.

M
in

im
ization

(7)
h
as

a
h
igh

d
egree

of
sim

ila
rity

to
b

oth
P

C
P

an
d

S
P

C
P

.
It

is
eq

u
ivalen

t
to

m
in

im
ize

L
,S

‖L‖∗
+
λ‖
S‖

1
(8)

su
b

ject
to
‖P

Ω
o
b
s X
−
P

Ω
o
b
s (L

+
S

)‖
2F
≤
δ

2,

w
h
ere

λ
=
c/γ

an
d
δ
>

0
h
as

a
on

e-to-on
e

corresp
on

d
en

ce
to
γ

.
W

h
en

com
p
arin

g
w

ith
P

C
P

,
(7)

p
erm

its
th

e
ob

served
m

atrix
to

b
e

d
iff

eren
t

from
th

e
recov

ered
m

atrix
(L

+
S

)
to

allow
for

n
oisy

m
easu

rem
en

ts.
W

h
en

co
m

p
arin

g
w

ith
S
P

C
P

,
(7)

p
erm

its
m

issin
g

en
tries,

w
h
ich

is
n
ecessary

for
m

atrix
com

p
letion

p
rob

lem
s.
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M
a
t
r
ix

C
o
m
p
l
e
t
io
n
w
it
h
N
o
is
e
s
a
n
d

O
u
t
l
ie
r
s

P
ro

p
os

it
io

n
3

h
as

tw
o

im
m

ed
ia

te
im

p
li
ca

ti
on

s.
F

ir
st

,
th

e
p
ro

p
os

ed
A

lg
o
ri

th
m

1
p
ro

v
id

es
a

ge
n
er

al
m

et
h
o
d
ol

og
y

to
tu

rn
a

la
rg

e
an

d
w

el
l-

d
ev

el
op

ed
cl

as
s

of
m

at
ri

x
co

m
p
le

ti
on

al
go

-
ri

th
m

s
in

to
al

go
ri

th
m

s
fo

r
so

lv
in

g
S
P

C
P

w
it

h
m

is
si

n
g

en
tr

ie
s.

S
ec

on
d
,

m
an

y
u
se

fu
l

re
su

lt
s

fr
om

P
C

P
ca

n
b

e
b

or
ro

w
ed

to
st

u
d
y

th
e

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

of
ro

b
u
st

m
at

ri
x

co
m

p
le

-
ti

on
(2

).
In

p
ar

ti
cu

la
r,

w
e

sh
ow

th
at

(2
)

le
ad

s
to

st
ab

le
re

co
ve

ry
.

W
it

h
P

ro
p

os
it

io
n

3,
it

su
ffi

ce
s

to
sh

ow
th

at
(7

)
ac

h
ie

ve
s

st
ab

le
re

co
v
er

y
of

(L
0
,S
′ 0
)

fr
om

th
e

d
at

a
P Ω

o
b
s
(X

)
ge

n
er

-
at

ed
b
y
P Ω

o
b
s
(L

0
+
S

0
)

ob
ey

in
g
‖P

Ω
o
b
s
X
−
P Ω

o
b
s
(L

0
+
S

0
)‖
F
≤
δ

an
d
S
′ 0

=
P Ω

o
b
s
S

0
.

N
ot

e
th

at
L

0
=
X

0
.

W
e

n
ee

d
so

m
e

n
ot

at
io

n
s

to
p
ro

ce
ed

.
F

or
si

m
p
li
ci

ty
,

w
e

as
su

m
e
n

=
n

1
=
n

2
b
u
t

ou
r

re
su

lt
s

ca
n

b
e

ea
si

ly
ex

te
n
d
ed

to
re

ct
an

gu
la

r
m

at
ri

ce
s

(n
1
6=
n

2
).

T
h
e

E
u
cl

id
ea

n
in

n
er

p
ro

d
u
ct
〈Q
,R
〉

is
d
efi

n
ed

as
tr

ac
e(
Q
ᵀ R

).
L

et
p

0
b

e
th

e
p
ro

p
or

ti
on

of
ob

se
rv

ed
en

tr
ie

s.
W

ri
te

Γ
⊂

Ω
o
b

s
as

th
e

se
t

of
lo

ca
ti

on
s

w
h
er

e
th

e
m

ea
su

re
m

en
ts

ar
e

n
oi

sy
(b

u
t

n
ot

ou
tl

it
er

s)
,

an
d

Ω
=

Ω
o
b

s\
Γ

as
th

e
su

p
p

or
t

of
S
′ 0

=
P Ω

o
b
s
S

0
;

i.
e.

,
lo

ca
ti

on
s

of
ou

tl
ie

rs
.

D
en

ot
e

th
ei

r
co

m
p
le

m
en

ts
as

,
re

sp
ec

ti
ve

ly
,

Γ
⊥

an
d

Ω
⊥

.
W

e
d
efi

n
e
P Γ

,
P Ω

,
P Γ
⊥

an
d
P Ω
⊥

si
m

il
ar

ly
to

th
e

d
efi

n
it

io
n

of
P Ω

o
b
s
.

L
et
r

b
e

th
e

ra
n
k

of
L

0
an

d
U
D
V
ᵀ

b
e

th
e

co
rr

es
p

on
d
in

g
si

n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

of
L

0
,

w
h
er

e
U
,V
∈

R
n
×
r

an
d
D
∈

R
r
×
r
.

S
im

il
ar

to
C

an
d
ès

et
a
l.

(2
01

1)
,

w
e

co
n
si

d
er

th
e

li
n
ea

r
sp

ac
e

of
m

at
ri

ce
s

T
:=
{U
Q
ᵀ

+
R
V
ᵀ

:
Q
,R
∈
R
n
×
r
}.

W
ri

te
P T

an
d
P T
⊥

as
th

e
p
ro

je
ct

io
n

op
er

at
or

to
T

an
d
T
⊥

re
sp

ec
ti

ve
ly

.
A

s
in

Z
h
ou

et
al

.
(2

01
0)

,
w

e
d
efi

n
e

a
se

t
of

n
ot

at
io

n
s

fo
r

an
y

p
ai

r
of

m
at

ri
ce

s
M

=
(L
,S

).
H

er
e,

le
t
‖M
‖ F

:=
√
‖L
‖2 F

+
‖S
‖2 F

an
d
‖M
‖ ♦

:=
‖L
‖ ∗

+
λ
‖S
‖ 1

.
W

e
al

so
d
efi

n
e

th
e

p
ro

je
ct

io
n

op
er

at
or

s
P T
×
P Γ
⊥

:
(L
,S

)
7→

(P
T
L
,P

Γ
⊥
S

)
an

d
P T
⊥
×
P Γ

:
(L
,S

)
7→

(P
T
⊥
L
,P

Γ
S

).
In

ou
r

th
eo

re
ti

ca
l

d
ev

el
op

m
en

t,
w

e
co

n
si

d
er

th
e

fo
ll
ow

in
g

sp
ec

ia
l

su
b
sp

ac
es

Ψ
:=
{(
L
,S

)
:
L
,S
∈
R
n
×
n
,P

Ω
o
b
s
L

=
P Ω

o
b
s
S
,P

Ω
⊥ o
b
s
L

=
P Ω
⊥ o
b
s
S

=
0}
,

Ψ
⊥

:=
{(
L
,S

)
:
L
,S
∈
R
n
×
n
,P

Ω
o
b
s
L

+
P Ω

o
b
s
S

=
0}
.

A
n
d

w
e

w
ri

te
th

e
co

rr
es

p
on

d
in

g
p
ro

je
ct

io
n

op
er

at
o
rs

as
P Ψ

an
d
P Ψ
⊥

re
sp

ec
ti

ve
ly

.
L

et
M

0
=

(L
0
,S
′ 0
).

L
as

tl
y,

fo
r

an
y

li
n
ea

r
op

er
at

or
A

,
th

e
op

er
at

or
n
or

m
,

d
en

ot
ed

b
y
‖A
‖,

is
su

p
{‖
Q
‖ F

=
1
}
‖A
Q
‖ F

.
In

b
el

ow
,

w
e

w
ri

te
th

at
an

ev
en

t
o
cc

u
rs

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
if

it

h
ol

d
s

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
O

(n
−

1
0
).

T
o

av
oi

d
ce

rt
ai

n
p
at

h
ol

og
ic

al
ca

se
s

(s
ee

,
e.

g.
,

C
an

d
ès

an
d

R
ec

h
t,

20
09

),
an

in
co

h
er

en
ce

co
n
d
it

io
n

on
U

an
d
V

is
u
su

al
ly

as
su

m
ed

.
T

o
b

e
sp

ec
ifi

c,
th

is
co

n
d
it

io
n

w
it

h
th

e
p
ar

am
et

er
µ

is
:

m
ax i
‖U
ᵀ e
i‖

2
≤
µ
r

n
1
,

m
ax i
‖V
ᵀ e
i‖

2
≤
µ
r

n
2
,

an
d
‖U
V
ᵀ ‖
∞
≤
√

µ
r

n
1
n

2
,

(9
)

w
h
er

e
‖Q
‖

is
th

e
op

er
at

or
n
or

m
or

2-
n
or

m
of

m
at

ri
x
Q

(i
.e

.,
th

e
la

rg
es

t
si

n
gu

la
r

va
lu

e
of
Q

)
an

d
‖Q
‖ ∞

=
m

ax
i,
j
|Q

i.
j
|.

T
h
is

co
n
d
it

io
n

gu
ar

an
te

es
th

at
,

fo
r

sm
al

l
µ

,
th

e
si

n
g
u
la

r
ve

ct
or

s
ar

e
re

as
on

ab
ly

sp
re

ad
ou

t.

T
h

e
o
re

m
4

(S
ta

b
le

R
e
c
o
v
e
ry

)
S

u
p
po

se
th

a
t
L

0
o
be

ys
(9

)
a
n

d
Ω

o
b

s
is

u
n

if
o
rm

ly
d
is

-
tr

ib
u

te
d

a
m

o
n

g
a
ll

se
ts

o
f

ca
rd

in
a
li

ty
m

=
p

0
n

2
w

it
h
p

0
>

0
be

in
g

th
e

p
ro

po
rt

io
n

o
f

o
bs

er
ve

d
en

tr
ie

s.
F

u
rt

h
er

su
p
po

se
th

a
t

ea
ch

o
bs

er
ve

d
en

tr
y

is
gr

o
ss

ly
co

rr
u

p
te

d
to

be
a
n

o
u

tl
ie

r
w

it
h
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 1
8(

14
7)

:1
-2

5,
 2

01
7

W
o
n
g

a
n
d

L
e
e

p
ro

ba
bi

li
ty
τ

in
d
ep

en
d
en

tl
y

o
f

th
e

o
th

er
s.

S
u

p
po

se
L

0
a
n

d
S

0
sa

ti
sf

y
r
≤
ρ
r
n
µ
−

1
(l

o
g
n

)−
2

a
n

d
τ
≤
τ s

w
it

h
ρ
r
,τ
s

be
in

g
po

si
ti

ve
n

u
m

er
ic

a
l

co
n

st
a
n

ts
.

C
h
oo

se
λ

=
1
/√

n
p

0
.

T
h
en

,
w

it
h

h
ig

h
p
ro

ba
bi

li
ty

(o
ve

r
th

e
ch

o
ic

es
o
f

Ω
a
n

d
Ω

o
b

s)
,

fo
r

a
n

y
X

o
be

yi
n

g
‖P

Ω
o
b
s
X
−
P Ω

o
b
s
(L

0
+

S
0
)‖
F
≤
δ,

th
e

so
lu

ti
o
n

(L̂
,Ŝ

)
to

(8
)

sa
ti

sfi
es

‖L̂
−
L

0
‖ F
≤
{ 2

+
8
√
n

( 1
+

√
8 p
0

)}
δ

a
n

d
‖Ŝ
−
S
′ 0
‖ F
≤
{ 2

+
8
√
n

( 1
+

√
8 p
0

)}
√
n
p

0
δ,

w
h
er

e
S
′ 0

=
P Ω

o
b
s
(S

0
).

T
h
e

p
ro

of
of

th
is

th
eo

re
m

ca
n

b
e

fo
u
n
d

in
A

p
p

en
d
ix

A
.4

.

5
.
E
m
p
ir
ic
a
l
P
e
rf
o
rm

a
n
ce

s

T
w

o
se

ts
of

n
u
m

er
ic

al
ex

p
er

im
en

ts
an

d
a

re
al

d
at

a
ap

p
li
ca

ti
on

w
er

e
co

n
d
u
ct

ed
to

ev
a
lu

a
te

th
e

p
ra

ct
ic

al
p

er
fo

rm
an

ce
s

of
th

e
p
ro

p
os

ed
m

et
h
o
d
ol

og
y.

In
p
ar

ti
cu

la
r

th
e

p
er

fo
rm

a
n
ce

o
f

th
e

p
ro

p
os

ed
p
ro

ce
d
u
re

R
o
b
u
st

-I
m
p
u
t
e

is
co

m
p
ar

ed
to

th
e

p
er

fo
rm

an
ce

of
S
o
f
t
-I
m
p
u
t
e

d
ev

el
op

ed
b
y

M
az

u
m

d
er

et
al

.
(2

01
0)

.
T

h
e

re
as

on
s
S
o
f
t
-I
m
p
u
t
e

is
se

le
ct

ed
fo

r
co

m
p
a
ri

so
n

ar
e

th
at

it
is

on
e

of
th

e
m

os
t

p
op

u
la

r
m

at
ri

x
co

m
p
le

ti
on

m
et

h
o
d
s

d
u
e

to
it

s
si

m
p
li
ci

ty
a
n
d

sc
al

ab
il
it

y,
an

d
th

at
it

is
sh

ow
n

b
y

M
az

u
m

d
er

et
al

.
(2

01
0)

th
at

it
ge

n
er

a
ll
y

p
ro

d
u
ce

s
su

p
er

io
r

re
su

lt
s

to
ot

h
er

co
m

m
on

m
at

ri
x

co
m

p
le

ti
on

m
et

h
o
d
s

su
ch

as
M
M
M
F

o
f

R
en

n
ie

an
d

S
re

b
ro

(2
00

5)
,
S
V
T

of
C

ai
et

al
.

(2
01

0)
an

d
O
p
t
S
pa

c
e

of
K

es
h
av

an
et

a
l.

(2
0
1
0
b
)

5
.1

E
x
p

e
ri

m
e
n
t

1
:

G
a
u

ss
ia

n
E

n
tr

ie
s

T
h
is

ex
p

er
im

en
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e
va

li
d
at

io
n

an
d

te
st

in
g

se
ts

m
ay

co
n
ta

in
ou

tl
ie

rs
an

d
th

er
ef

or
e

M
A

D
se

rv
es

as
a

ro
b
u
st

an
d

re
li
ab

le
p

er
fo

rm
an

ce
m

ea
su

re
.

T
h
e

co
rr

es
p

on
d
in

g
re

su
lt

s
ar

e
sh

ow
n

in
T

ab
le

2.
F

ro
m

th
is

ta
b
le

it
ca

n
b

e
se

en
th

at
w

it
h

th
e

p
re

se
n
ce

of
ou

tl
ie

rs
,
R
o
b
u
st

-I
m
p
u
t
e

p
ro

v
id

ed
b

et
te

r
re

su
lt

s.

1
.

T
h

e
so

lu
ti

o
n

p
a
th

(f
o
rm

ed
b
y

th
e

p
re

-s
p

ec
ifi

ed
se

t
o
f
γ

’s
)

m
ay

n
o
t

co
n
ta

in
a
n
y

so
lu

ti
o
n

o
f

ra
n

k
5
0
,
7
5
,
1
0
0

a
n

d
1
2
5
.

T
h
u

s,
th

e
av

er
a
g
e

er
ro

rs
w

er
e

co
m

p
u

te
d

ov
er

th
o
se

fi
tt

in
g
s

th
a
t

co
n
ta

in
ed

th
e

co
rr

es
p

o
n

d
in

g
fi

tt
ed

ra
n

k
s.

A
t

m
o
st

2
%

o
f

th
es

e
fi

tt
in

g
s

w
er

e
d

is
ca

rd
ed

d
u

e
to

th
is

re
a
so

n
.

13
JM

L
R

 1
8(

14
7)

:1
-2

5,
 2

01
7

W
o
n
g

a
n
d

L
e
e

F
ig

u
re

2:
L

ef
t:

th
e

L
en

a
im

ag
e.

M
id

d
le

:
d
eg

ra
d
ed

L
en

a
im

ag
es

b
y

th
e

in
d
ep

en
d
en

t
m

is
si

n
g

m
ec

h
an

is
m

(T
op

)
an

d
th

e
cl

u
st

er
ed

m
is

si
n
g

m
ec

h
an

is
m

(D
ow

n
).

R
ig

h
t:

co
rr

e-
sp

on
d
in

g
re

co
ve

re
d

im
ag

es
of

ra
n
k

10
0

v
ia

R
o
b
u
st

-I
m
p
u
t
e

.

tu
n
in

g
b
y

M
S
E

tu
n
in

g
b
y

M
A

D
ra

n
k

M
S
E

M
A

D
ra

n
k

M
S
E

M
A

D

S
o
f
t
-I
m
p
u
t
e

24
45

.2
0

31
.1

5
21

45
.2

3
31

.1
5

R
o
b
u
st

-I
m
p
u
t
e

24
44

.6
3

29
.0

0
29

44
.5

7
28

.7
6

T
ab

le
2:

R
an

k
an

d
te

st
in

g
er

ro
rs

of
th

e
re

al
d
at

a
ap

p
li
ca

ti
o
n
.

14
JM

L
R

 1
8(

14
7)

:1
-2

5,
 2

01
7



M
a
t
r
ix

C
o
m
p
l
e
t
io
n
w
it
h
N
o
ise

s
a
n
d

O
u
t
l
ie
r
s

6
.
C
o
n
clu

d
in
g
re
m
a
rk

s

In
th

is
p
a
p

er
a

classical
id

ea
from

rob
u
st

statistics
h
as

b
een

b
rou

gh
t

to
th

e
m

atrix
com

-
p
letio

n
p
ro

b
lem

.
T

h
e

resu
lt

is
a

n
ew

m
atrix

com
p
letion

m
eth

o
d

th
at

can
h
an

d
le

n
oisy

an
d

o
u
tly

in
g

en
tries.

T
h
is

m
eth

o
d

u
ses

th
e

H
u
b

er
fu

n
ction

to
d
ow

n
w

eigh
th

e
eff

ects
o
f

ou
tliers.

A
n
ew

a
lg

orith
m

is
d
evelop

ed
to

solve
th

e
co

rresp
o
n
d
in

g
op

tim
ization

p
rob

lem
.

T
h
is

a
lgo-

rith
m

is
relatively

fast,
easy

to
im

p
lem

en
t

an
d

m
on

oton
ic

con
vergen

t.
It

can
b

e
p
aired

w
ith

a
n
y

ex
istin

g
(n

o
n
-rob

u
st)

m
atrix

com
p
letion

m
eth

o
d
s

to
m

ake
su

ch
m

eth
o
d
s

rob
u
st

again
st

o
u
tliers.

W
e

a
lso

d
evelop

ed
a

sp
ecialized

version
of

th
is

algorith
m

,
called

R
o
b
u
st

-Im
p
u
t
e

.
Its

p
ro

m
isin

g
em

p
irical

p
erform

an
ce

h
a
s

b
een

illu
strated

v
ia

n
u
m

erical
ex

p
erim

en
ts.

L
a
stly,

w
e

h
ave

sh
ow

n
th

at
th

e
p
rop

osed
m

eth
o
d

is
stab

le;
th

at
is,

w
ith

h
igh

p
rob

ab
ility,

th
e

error
o
f

recovered
m

atrix
is

b
ou

n
d
ed

b
y

a
con

stan
t

p
rop

ortion
al

to
th

e
n
oise

level.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

a
u
th

o
rs

a
re

m
ost

gratefu
l

to
th

e
referees

an
d

th
e

action
ed

itor
for

th
eir

m
an

y
con

-
stru

ctive
a
n
d

u
sefu

l
com

m
en

ts,
w

h
ich

led
to

a
m

u
ch

im
p
roved

v
ersion

of
th

e
p
ap

er.
T

h
e

w
o
rk

o
f

W
o
n
g

w
as

p
artially

su
p
p

orted
b
y

th
e

N
ation

al
S
cien

ce
F

ou
n
d
ation

u
n
d
er

G
ran

ts
D

M
S
-1

6
1
2
9
85

a
n
d

D
M

S
-1711952

(su
b

con
tract).

T
h
e

w
ork

of
L

ee
w

as
p
artially

su
p
p

o
rted

b
y

th
e

N
a
tion

a
l

S
cien

ce
F

ou
n
d
ation

u
n
d
er

G
ran

ts
D

M
S
-1512945

an
d

D
M

S
-1513484.

A
p
p
e
n
d
ix

A
.
T
e
ch

n
ica

l
D
e
ta
ils

In
th

is
sectio

n
,

w
e

p
rov

id
e

tech
n
ical

d
etails

of
ou

r
th

eoretical
resu

lts.

A
.1

P
ro

o
fs

o
f

P
ro

p
o
sitio

n
1

P
ro

o
f

B
y

rew
ritin

g

‖P
Ω

o
b
s Z

(k
+

1
)−
P

Ω
o
b
s Y

(k
+

1
)‖

2F

=
‖P

Ω
o
b
s Z

(k
+

1
)−
P

Ω
o
b
s Y

(k
)‖

2F
+
‖P

Ω
o
b
s Y

(k
)−
P

Ω
o
b
s Y

(k
+

1
)‖

2F

2×
trace [{P

Ω
o
b
s Z

(k
+

1
)−
P

Ω
o
b
s Y

(k
)}{P

Ω
o
b
s Y

(k
)−
P

Ω
o
b
s Y

(k
+

1
)} ᵀ ]

,

a
n
d

u
sin

g
f

(Y
(k

+
1
)|Z

(k
+

1
))≤

f
(Y

(k
)|Z

(k
+

1
)),

w
e

h
ave

12 ‖P
Ω

o
b
s Y

(k
)−
P

Ω
o
b
s Y

(k
+

1
)‖

2F
+

trace [{P
Ω

o
b
s Z

(k
+

1
)−
P

Ω
o
b
s Y

(k
)}{P

Ω
o
b
s Y

(k
)−
P

Ω
o
b
s Y

(k
+

1
)} ᵀ ]

+
γ‖
Y

(k
+

1
)‖∗ ≤

γ‖Y
(k

)‖∗ .

T
h
u
s,

b
y

su
b
stitu

tin
g
Z

(k
+

1
)

=
P

Ω
o
b
s Y

(k
)

+
12 ρ ′c (P

Ω
o
b
s X
−
P

Ω
o
b
s Y

(k
)),

12 ‖P
Ω

o
b
s Y

(k
)−
P

Ω
o
b
s Y

(k
+

1
)‖

2F
+

12
trace [ρ ′c (P

Ω
o
b
s X
−
P

Ω
o
b
s Y

(k
)){P

Ω
o
b
s Y

(k
)−
P

Ω
o
b
s Y

(k
+

1
)} ᵀ ]
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(Ỹ
)〉

+
1 2
‖P

Ω
o
b
s
Y
−
P Ω

o
b
s
Ỹ
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(Ỹ
)

+
〈Y
−
Ỹ
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(Ỹ
)
−
P Ω

o
b
s
Y
〉.

T
h
is

le
m

m
a

is
p
ro

ve
d

as
fo

ll
ow

s.
S
in

ce
Π

(Ỹ
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Ỹ

)
=

0.
B

y
th

e
co

n
ve

x
it

y
of
g 1

an
d
g 2

,

g 1
(Y

)
≥
g 1

(Ỹ
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Ŝ
−
L

0
−
S
′ 0
)‖
F

≤
√

1
+
λ

2

2

( ‖
P Ω

o
b
s
(L̂

+
Ŝ
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e
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u
r

of
i,

an
d

d
en

ote
th

e
set

of
all

n
eigh

b
ou

rs
of
i

b
y

n
e(i).

W
e

say
th

a
t

a
n

ed
g
e

is
betw

een
its

tw
o

en
d
p

oin
ts.

W
e

u
su

ally
refer

to
a

grap
h

a
s

an
ord

ered
p
air

G
=

(V
,E

).
G

rap
h
s
G

1
=

(V
1 ,E

1 )
an

d
G

2
=

(V
2 ,E

2 )
are

called
equ

a
l

if
(V

1 ,E
1 )

=
(V

2 ,E
2 ).

In
th

is
ca

se
w

e
w

rite
G

1
=
G

2 .
N

o
tice

th
a
t

ou
r

grap
h
s

are
la

beled
,

th
at

is
every

n
o
d
e

is
con

sid
ered

a
d
iff

eren
t

ob
ject.

H
en

ce,
fo

r
ex

a
m

p
le,

grap
h
i

j
k

is
n
ot

eq
u
al

to
j

i
k
.

A
loo

p
is

a
n

ed
ge

w
ith

th
e

sam
e

en
d
p

oin
ts.

H
ere

w
e

on
ly

d
iscu

ss
grap

h
s

w
ith

ou
t

lo
op

s.
M

u
ltip

le
ed

ges
are

ed
ges

w
ith

th
e

sam
e

p
air

o
f

en
d
p

oin
ts.

A
sim

p
le

gra
p
h

h
as

n
eith

er
lo

op
s

n
o
r

m
u
ltip

le
ed

ges.
G

ra
p
h
s

in
th

is
p
ap

er
are

so-called
m

ixed
gra

p
h
s,

w
h
ich

con
tain

th
ree

ty
p

es
of

ed
ges:

lin
es

(i
j),

a
rro

w
s

(i
�
j),

an
d

a
rcs

(i≺
�
j),

w
h
ere

in
th

e
tw

o
latter

ca
ses,

w
e

say
th

a
t

th
ere

is
a
n

a
rro

w
h
ea

d
at
j.

If
w

e
rem

ove
all

arrow
h
ead

s
from

ed
ges

o
f

th
e

grap
h
G

,
th

e
o
b
ta

in
ed

u
n
d
irected

grap
h

is
called

th
e

skeleto
n

of
G

.
T

h
e

sim
p
le

grap
h

w
h
ose

ed
ge

ij
in

d
ica

tes
w

h
eth

er
th

ere
is

an
ed

ge
(or

m
u
ltip

le
ed

ges)
b

etw
een

i
an

d
j

in
G

is
called

th
e

a
d
ja

cen
cy

gra
p
h

of
G

.
It

is
clear

th
at

if
a

grap
h

is
sim

p
le

th
en

its
ad

jacen
cy

grap
h

is
th

e
sa

m
e

a
s

its
skeleton

.
In

th
is

p
ap

er,
on

ly
sk

eleton
of

an
terial

grap
h
s

o
r

its
su

b
classes

a
re

u
sed

,
w

h
ich

,
as

w
ill

b
e

d
efi

n
ed

later,
are

sim
p
le

grap
h
s;

h
en

ce,
w

e
d
en

ote
th

e
sim

p
le
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K
.
S
a
d
e
g
h
i

skeleton
b
y

sk
(G

).
W

e
say

th
at

w
e

d
irect

th
e

ed
ges

of
a

skeleton
b
y

p
u
ttin

g
arrow

h
ead

s
at

th
e

ed
ges

in
ord

er
to

ob
tain

m
ix

ed
grap

h
s.

A
su

bgra
p
h

of
a

grap
h
G

1
is

grap
h
G

2
su

ch
th

at
V

(G
2 )⊆

V
(G

1 )
an

d
E

(G
2 )⊆

E
(G

1 )
an

d
th

e
assign

m
en

t
of

en
d
p

oin
ts

to
ed

ges
in
G

2
is

th
e

sam
e

as
in
G

1 .
W

e
d
efi

n
e

a
su

b
grap

h
in

d
u

ced
by

ed
ges

A
⊆
E

of
G

=
(V
,E

)
to

b
e

a
su

b
grap

h
th

at
con

tain
s
V

as
th

e
n
o
d
e

set
an

d
all

an
d

on
ly

ed
ges

in
A

as
th

e
ed

ge
set.

A
w

a
lk

is
a

list
〈v

0 ,e
1 ,v

1 ,...,e
k ,v

k 〉
of

n
o
d
es

an
d

ed
ges

su
ch

th
at

for
1
≤
i≤

k
,

th
e

ed
ge

e
i

h
as

en
d
p

oin
ts
v
i−

1
an

d
v
i .

A
pa

th
is

a
w

alk
w

ith
n
o

rep
eated

n
o
d
e

or
ed

g
e.

A
m

ax
im

al
set

of
n
o
d
es

in
a

grap
h

w
h
ose

m
em

b
ers

are
con

n
ected

b
y

som
e

p
ath

s
con

stitu
tes

a
co

n
n

ected
co

m
po

n
en

t
of

th
e

grap
h
.

A
cycle

is
a

w
alk

w
ith

n
o

rep
eated

n
o
d
es

or
ed

ges
ex

cep
t

for
v
0

=
v
k .

W
e

say
a

w
alk

is
betw

een
th

e
fi
rst

an
d

th
e

last
n
o
d
es

of
th

e
list

in
G

.
W

e
call

th
e

fi
rst

an
d

th
e

last
n
o
d
es

en
d
po

in
ts

of
th

e
w

alk
an

d
all

oth
er

n
o
d
es

in
n

er
n

od
es.

A
su

bw
a
lk

of
a

w
alk

ω
=
〈i0 ,e

1 ,i1 ,...,e
n
,in 〉

is
a

w
alk
〈ir ,e

r
+
1 ,ir

+
1 ,...,e

p ,ip 〉
th

at
is

a
su

b
seq

u
en

ce
of
ω

b
etw

een
tw

o
o
ccu

rren
ces

o
f

n
o
d
es

(ir ,ip ,
0
≤
r
≤
p
≤
n

).
If

a
su

b
w

alk
form

s
a

p
ath

th
en

it
is

called
a

su
bpa

th
of
ω

.

A
w

alk
ω

=
〈i

=
i0 ,i1 ,...,in

=
j〉

is
d
irected

from
i

to
j

if
all

ed
ges

ik ik
+
1 ,

0
≤
k
≤
n−

1,
are

arrow
s

p
oin

tin
g

from
ik

to
ik

+
1 .

If
th

ere
is

a
d
irected

w
alk

from
i

to
j

th
en
i

is
an

a
n

cesto
r

of
j

an
d
j

is
a

d
escen

d
a
n

t
of
i.

W
e

d
en

ote
th

e
set

of
an

cestors
of
j

b
y

a
n
(j).

A
w

alk
ω

=
〈i

=
i0 ,i1 ,...,in

=
j〉

is
sem

i-d
irected

from
i

to
j

if
it

h
as

at
least

on
e

arrow
,

n
o

arcs,
an

d
every

arrow
ik ik

+
1

is
p

oin
tin

g
from

ik
to
ik

+
1 .

A
w

alk
b

etw
een

i
an

d
j

is
a
n

terio
r

from
i

to
j

if
it

is
sem

i-d
irected

from
i

to
j

or
if

it
is

u
n
d
irected

.
If

th
ere

is
an

an
terior

w
alk

from
i

to
j

th
en

w
e

also
say

th
at
i

is
an

a
n

terio
r

of
j.

W
e

u
se

th
e

n
otation

an
t(j)

for
th

e
set

of
all

an
teriors

of
j.

F
or

a
set

A
,

w
e

d
efi

n
e

an
t(A

)
=
⋃
j∈
A

an
t(j)\

A
.

N
otice

th
at,

u
n
like

in
m

ost
p
laces

in
th

e
literatu

re
(for

ex
am

p
le

R
ich

ard
son

an
d

S
p
irtes

2002),
w

e
u
se

w
alk

s
in

stead
of

p
ath

s
to

d
efi

n
e

an
cestors

an
d

an
teriors.

B
ecau

se
of

th
is

an
d

th
e

fact
th

at
an

cestral
grap

h
s

h
ave

n
o

arrow
h
ead

s
p

oin
tin

g
to

lin
es,

ou
r

d
efi

n
ition

of
an

terior
ex

ten
d
s

th
e

n
otion

of
an

terior
for

an
cestral

grap
h
s

in
R

ich
ard

son
an

d
S
p
irtes

(2002)
w

ith
th

e
m

o
d
ifi

cation
th

at
in

th
is

p
ap

er,
a

n
o
d
e

is
n
ot

an
an

terior
o
f

itself.
U

sin
g

w
alk

s
in

stead
of

p
ath

s
is

im
m

aterial,
as

sh
ow

n
in

L
au

ritzen
an

d
S
ad

egh
i

(2017).

A
sectio

n
ρ

of
a

w
alk

is
a

m
ax

im
al

su
b
w

alk
con

sistin
g

on
ly

of
lin

es,
m

ean
in

g
th

at
th

ere
is

n
o

oth
er

su
b
w

alk
th

at
on

ly
con

sists
of

lin
es

an
d

in
clu

d
es
ρ
.

T
h
u
s,

an
y

w
alk

d
ecom

p
oses

u
n
iq

u
ely

in
to

section
s;

th
ese

are
n
ot

n
ecessarily

ed
ge-d

isjoin
t

an
d

section
s

m
ay

also
b

e
sin

gle
n
o
d
es.

A
section

ρ
on

a
w

alk
ω

is
called

a
co

llid
er

sectio
n

if
on

e
of

th
e

follow
in

g
w

a
lk

s
is

a
su

b
w

alk
of
ω

:
i
�
ρ≺

j,
i≺
�
ρ≺

j,
i≺
�
ρ≺
�
j.

A
ll

oth
er

section
s

on
ω

are
called

n
o
n

-co
llid

er
section

s.
N

otice
th

at
a

section
m

ay
b

e
a

collid
er

on
on

e
w

alk
an

d
a

n
on

-collid
er

on
an

oth
er,

b
u
t

w
e

m
ay

sp
eak

of
collid

er
or

n
on

-collid
er

section
s

w
ith

ou
t

m
en

tion
in

g
th

e
relevan

t
w

alk
w

h
en

th
is

is
ap

p
aren

t
from

th
e

con
tex

t.

2
.2

D
iff

e
re

n
t

C
la

sse
s

o
f

G
ra

p
h

s

A
ll

th
e

su
b

classes
of

grap
h
s

in
clu

d
ed

h
ere

are
a
cyclic

in
th

e
sen

se
th

at
th

ey
d
o

n
ot

con
tain

sem
i-d

irected
cy

cles.
T

h
e

m
ost

gen
eral

class
of

grap
h
s

d
iscu

ssed
h
ere

is
th

e
class

of
ch

a
in

m
ixed

gra
p
h
s

(C
M

G
s)

(S
ad

egh
i,

2016)
th

at
con

tain
s

all
m

ix
ed

grap
h
s

w
ith

ou
t

sem
i-d

irected
cy

cles.
T

h
ey

m
ay

h
ave

m
u
ltip

le
ed

ges
con

tain
in

g
an

arc
an

d
a

lin
e

or
an

arc
an

d
an
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F
a
it
h
f
u
l
n
e
ss

o
f
P
r
o
b
a
b
il
it
y
D
is
t
r
ib
u
t
io
n
s
a
n
d

G
r
a
p
h
s

ar
ro

w
b
u
t

n
ot

a
co

m
b
in

at
io

n
of

an
ar

ro
w

an
d

a
li
n
e

or
ar

ro
w

s
in

op
p

os
it

e
d
ir

ec
ti

on
s,

as
su

ch
co

m
b
in

at
io

n
s

w
ou

ld
co

n
st

it
u
te

se
m

i-
d
ir

ec
te

d
cy

cl
es

.
In

th
is

p
ap

er
,

in
u
si

n
g

th
e

te
rm

“g
ra

p
h
”

w
e

m
ea

n
a

C
M

G
u
n
le

ss
ot

h
er

w
is

e
st

at
ed

.

A
ge

n
er

al
cl

as
s

of
gr

ap
h
s

th
at

p
la

y
s

an
im

p
or

ta
n
t

ro
le

in
th

is
p
ap

er
is

th
e

cl
as

s
of

a
n

te
ri

a
l

gr
a
p
h
s

(A
n
G

s)
(S

ad
eg

h
i,

20
16

).
A

n
G

s
ar

e
C

M
G

s
in

w
h
ic

h
an

en
d
p

oi
n
t

of
an

ar
c

ca
n
n
ot

b
e

an
an

te
ri

or
of

th
e

ot
h
er

en
d
p

oi
n
t.

C
M

G
s

in
cl

u
d
e

su
m

m
a
ry

gr
a

p
h
s

(S
G

s)
(W

er
m

u
th

,
20

11
)

an
d

a
cy

cl
ic

d
ir

ec
te

d
m

ix
ed

gr
a
p
h
s

(A
D

M
G

s)
(R

ic
h
ar

d
so

n
,
20

03
)

as
a

su
b

cl
as

s,
b
u
t

n
ot

in
cl

u
d
e

A
M

P
ch

a
in

gr
a
p
h
s

(A
n
-

d
er

ss
on

et
al

.,
20

01
),

an
d

A
n
G

s
in

cl
u
d
e

a
n

ce
st

ra
l

gr
a
p
h
s

(A
G

s)
(R

ic
h
ar

d
so

n
an

d
S
p
ir

te
s,

20
02

)
b
u
t

n
ot

S
G

s
or

A
D

M
G

s.
T

h
es

e
h
av

e
ty

p
ic

al
ly

b
ee

n
in

tr
o
d
u
ce

d
to

d
es

cr
ib

e
in

d
e-

p
en

d
en

ce
st

ru
ct

u
re

s
ob

ta
in

ed
b
y

m
ar

gi
n
al

iz
at

io
n

an
d

co
n
d
it

io
n
in

g
in

D
A

G
in

d
ep

en
d
en

ce
m

o
d
el

s;
se

e
fo

r
ex

am
p
le

S
ad

eg
h
i

(2
01

3)
.

A
n
G

s
al

so
co

n
ta

in
u

n
d
ir

ec
te

d
a
n

d
bi

d
ir

ec
te

d
ch

a
in

gr
a
p
h
s

(C
G

s)
.

A
ch

ai
n

gr
ap

h
is

an
ac

y
cl

ic
gr

ap
h

so
th

at
if

w
e

re
m

ov
e

al
l

ar
ro

w
s,

al
l

co
n
n
ec

te
d

co
m

p
on

en
ts

of
th

e
re

su
lt

in
g

gr
ap

h
—

ca
ll
ed

ch
a
in

co
m

po
n

en
ts

—
co

n
ta

in
on

e
ty

p
e

o
f

ed
ge

on
ly

.
If

al
l

ch
ai

n
co

m
p

on
en

ts
co

n
ta

in
li
n
es

,
th

e
ch

ai
n

gr
ap

h
is

an
u
n
d
ir

ec
te

d
ch

ai
n

gr
ap

h
(U

C
G

)
(k

n
ow

n
as

L
W

F
ch

a
in

gr
a
p
h
s)

;
if

al
l

ch
ai

n
co

m
p

on
en

ts
co

n
ta

in
ar

cs
it

is
a

b
id

ir
ec

te
d

ch
ai

n
gr

ap
h

(B
C

G
)

(k
n
ow

n
as

m
u

lt
iv

a
ri

a
te

re
gr

es
si

o
n

ch
a
in

gr
a
p
h
s)

.
A

n
G

s
al

so
co

n
ta

in
R

eg
re

ss
io

n
gr

a
p
h
s

(W
er

m
u
th

an
d

S
ad

eg
h
i,

20
12

),
w

h
ic

h
ar

e
ch

ai
n

gr
ap

h
s

co
n
si

st
in

g
of

li
n
es

a
n
d

ar
cs

(a
lt

h
ou

g
h

d
as

h
ed

u
n
d
ir

ec
te

d
ed

ge
s

h
av

e
m

os
tl

y
b

ee
n

u
se

d
in

st
ea

d
of

ar
cs

in
th

e
li
te

ra
tu

re
),

w
h
er

e
th

er
e

is
n
o

ar
ro

w
h
ea

d
p

oi
n
ti

n
g

to
li
n
es

.

T
h
es

e
al

so
co

n
ta

in
gr

ap
h
s

w
it

h
on

ly
on

e
ty

p
e

of
ed

ge
;

n
am

el
y

u
n

d
ir

ec
te

d
gr

a
p
h
s

(U
G

s)
,

co
n
ta

in
in

g
on

ly
li
n
es

;
bi

d
ir

ec
te

d
gr

a
p
h
s

(B
G

s)
,
co

n
ta

in
in

g
on

ly
b
id

ir
ec

te
d

ed
ge

s;
an

d
d
ir

ec
te

d
a
cy

cl
ic

gr
a
p
h
s

(D
A

G
s)

,
co

n
ta

in
in

g
on

ly
ar

ro
w

s
an

d
b

ei
n
g

ac
y
cl

ic
.

C
le

ar
ly

,
a

g
ra

p
h

w
it

h
ou

t
ar

ro
w

s
h
as

n
o

se
m

i-
d
ir

ec
te

d
cy

cl
es

,
an

d
a

se
m

i-
d
ir

ec
te

d
cy

cl
e

in
a

gr
ap

h
w

it
h

on
ly

ar
ro

w
s

is
a

d
ir

ec
te

d
cy

cl
e.

C
ox

an
d

W
er

m
u
th

(1
99

3)
;

K
au

er
m

an
n

(1
99

6)
;

W
er

m
u
th

an
d

C
ox

(1
99

8)
;

D
rt

on
an

d
R

ic
h
ar

d
so

n
(2

00
8)

u
se

d
th

e
te

rm
s

co
n

ce
n

tr
a
ti

o
n

gr
a
p
h
s

an
d

co
va

ri
a
n

ce
gr

a
p
h
s

fo
r

U
G

s
an

d
B

G
s,

re
fe

rr
in

g
to

th
ei

r
in

d
ep

en
d
en

ce
in

te
rp

re
ta

ti
on

as
so

ci
at

ed
w

it
h

co
va

ri
an

ce
an

d
co

n
ce

n
tr

at
io

n
m

at
ri

ce
s

fo
r

G
au

ss
ia

n
gr

ap
h
ic

al
m

o
d
el

s.
D

A
G

s
h
av

e
b

ee
n

p
ar

ti
cu

la
rl

y
u
se

fu
l
to

d
es

cr
ib

e
ca

u
sa

l
M

ar
ko

v
re

la
ti

on
s;

se
e

fo
r

ex
am

p
le

K
ii
ve

ri
et

al
.
(1

9
8
4)

;
P

ea
rl

(1
98

8)
;

L
au

ri
tz

en
an

d
S
p
ie

ge
lh

al
te

r
(1

98
8)

;
G

ei
ge

r
et

al
.

(1
99

0)
;

S
p
ir

te
s

et
al

.
(2

00
0)

.

F
or

an
ex

te
n
si

ve
d
is

cu
ss

io
n

on
th

e
su

b
cl

as
se

s
of

ac
y
cl

ic
gr

ap
h
s

an
d

th
ei

r
re

la
ti

on
sh

ip
s

an
d

h
ie

ra
rc

h
y,

se
e

L
au

ri
tz

en
an

d
S
ad

eg
h
i

(2
01

7)
.

2
.3

In
d

e
p

e
n

d
e
n

c
e

M
o
d

e
ls

a
n

d
T

h
e
ir

P
ro

p
e
rt

ie
s

A
n

in
d
ep

en
d
en

ce
m

od
el
J

ov
er

a
fi
n
it

e
se

t
V

is
a

se
t

of
tr

ip
le

s
〈X
,Y
|Z
〉(

ca
ll
ed

in
d
ep

en
d
en

ce
st

a
te

m
en

ts
),

w
h
er

e
X

,
Y

,
an

d
Z

ar
e

d
is

jo
in

t
su

b
se

ts
of
V

;
Z

m
ay

b
e

em
p
ty

,
b
u
t
〈∅
,Y
|Z
〉

an
d
〈X
,∅
|Z
〉a

re
al

w
ay

s
in

cl
u
d
ed

in
J

.
T

h
e

in
d
ep

en
d
en

ce
st

at
em

en
t
〈X
,Y
|Z
〉i

s
re

a
d

as
“
X

is
in

d
ep

en
d
en

t
of
Y

gi
ve

n
Z

”.
In

d
ep

en
d
en

ce
m

o
d
el

s
m

ay
in

ge
n
er

al
h
av

e
a

p
ro

b
ab

il
is

ti
c

in
te

rp
re

ta
ti

on
,

b
u
t

n
ot

n
ec

es
sa

ri
ly

.
S
im

il
ar

ly
,

n
ot

al
l

in
d
ep

en
d
en

ce
m

o
d
el

s
ca

n
b

e
ea

si
ly

re
p
re

se
n
te

d
b
y

gr
ap

h
s.

F
or

fu
rt

h
er

d
is

cu
ss

io
n

on
ge

n
er

al
in

d
ep

en
d
en

ce
m

o
d
el

s,
se

e
S
tu

d
en

ý
(2

00
5)

.

In
or

d
er

to
d
efi

n
e

p
ro

b
ab

il
is

ti
c

in
d
ep

en
d
en

ce
m

o
d
el

s,
co

n
si

d
er

a
se

t
V

an
d

a
co

ll
ec

ti
on

of
ra

n
d
om

va
ri

ab
le

s
{X

α
} α
∈V

w
it

h
st

at
e

sp
ac

es
X α
,α
∈
V

an
d

jo
in

t
d
is

tr
ib

u
ti

on
P

.
W

e
le

t
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K
.
S
a
d
e
g
h
i

X
A

=
{X

v
} v
∈A

et
c.

fo
r

ea
ch

su
b
se

t
A

of
V

.
F

or
d
is

jo
in

t
su

b
se

ts
A

,
B

,
an

d
C

o
f
V

w
e

u
se

th
e

sh
or

t
n
ot

at
io

n
A
⊥⊥
B
|C

to
d
en

ot
e

th
at
X
A

is
co

n
d
it

io
n

a
ll

y
in

d
ep

en
d
en

t
o
f
X
B

gi
ve

n
X
C

(D
aw

id
,

19
79

;
L

au
ri

tz
en

,
19

96
),

th
at

is
th

at
fo

r
an

y
m

ea
su

ra
b
le

Ω
⊆
X A

a
n
d
P

-a
lm

o
st

al
l
x
B

an
d
x
C

,

P
(X

A
∈

Ω
|X

B
=
x
B
,X

C
=
x
C

)
=
P

(X
A
∈

Ω
|X

C
=
x
C

).

W
e

ca
n

n
ow

in
d
u
ce

an
in

d
ep

en
d
en

ce
m

o
d
el
J

(P
)

b
y

le
tt

in
g

〈A
,B
|C
〉∈
J

(P
)

if
an

d
on

ly
if
A
⊥⊥
B
|C

w
.r

.t
.
P
.

S
im

il
ar

ly
w

e
u
se

th
e

n
ot

at
io

n
A
6⊥⊥
B
|C

fo
r
〈A
,B
|C
〉
/∈
J

(P
).

In
or

d
er

to
u
se

gr
ap

h
s

to
re

p
re

se
n
t

in
d
ep

en
d
en

ce
m

o
d
el

s,
th

e
n
ot

io
n

of
se

pa
ra

ti
o
n

in
a

gr
ap

h
is

fu
n
d
am

en
ta

l.
F

or
th

re
e

d
is

jo
in

t
su

b
se

ts
A

,
B

,
an

d
C

,
w

e
u
se

th
e

n
ot

a
ti

o
n
A
⊥
B
|C

if
A

an
d
B

ar
e

se
pa

ra
te

d
gi

ve
n
C

,
an

d
A
6⊥
B
|C

fo
r
A

an
d
B

n
ot

se
p
ar

at
ed

g
iv

en
C

.

T
h
e

se
p
ar

at
io

n
ca

n
b

e
u
n
ifi

ed
u
n
d
er

on
e

d
efi

n
it

io
n

fo
r

al
l

gr
ap

h
s

b
y

u
si

n
g

w
a
lk

s
in

st
ea

d
of

p
at

h
s:

A
w

al
k
π

is
co

n
n

ec
ti

n
g

gi
ve

n
C

if
ev

er
y

co
ll
id

er
se

ct
io

n
of
π

h
a
s

a
n
o
d
e

in
C

an
d

al
l

n
on

-c
ol

li
d
er

se
ct

io
n
s

ar
e

d
is

jo
in

t
fr

om
C

.
F

or
p
ai

rw
is

e
d
is

jo
in

t
su

b
se

ts
(A
,B
,C

),
A
⊥
B
|C

if
th

er
e

ar
e

n
o

co
n
n
ec

ti
n
g

w
al

k
s

b
et

w
ee

n
A

an
d
B

gi
ve

n
C

.
T

h
is

is
in

w
o
rd

in
g

th
e

sa
m

e
as

th
e

d
efi

n
it

io
n

in
S
tu

d
en

ý
an

d
B

ou
ck

ae
rt

(1
99

8
)

fo
r

u
n
d
ir

ec
te

d
(L

W
F

)
ch

a
in

gr
ap

h
s

(a
lt

h
ou

gh
it

is
in

fa
ct

a
ge

n
er

al
iz

a
ti

on
as

co
ll
id

er
se

ct
io

n
s

ar
e

ge
n
er

a
li
ze

d
),

a
n
d

a
ge

n
er

al
iz

at
io

n
of

th
e
m

-s
ep

a
ra

ti
o
n

u
se

d
w

it
h

d
iff

er
en

t
w

or
d
in

gs
in

R
ic

h
ar

d
so

n
a
n
d

S
p
ir

te
s

(2
00

2)
;

W
er

m
u
th

(2
01

1)
;

W
er

m
u
th

an
d

S
ad

eg
h
i

(2
01

2)
fo

r
A

G
s

an
d

S
G

s,
a
n
d

o
f

th
e

d
-

se
pa

ra
ti

o
n

of
P

ea
rl

(1
98

8)
.

F
or

U
G

s,
th

e
n
ot

io
n

h
as

a
d
ir

ec
t

in
tu

it
iv

e
m

ea
n
in

g
,

so
th

a
t

A
⊥
B
|C

if
al

l
p
at

h
s

fr
om

A
to
B

p
as

s
th

ro
u
gh

C
.

If
A

,
B

,
or

C
h
as

on
ly

on
e

m
em

b
er
{i
},
{j
},

or
{k
},

fo
r

b
et

te
r

re
ad

ab
il
it

y,
w

e
w

ri
te

〈i,
j
|k
〉∈
J

in
st

ea
d

of
〈{
i}
,{
j}
|{
k
}〉
∈
J

;
an

d
si

m
il
ar

ly
fo

r
i
⊥
j
|k

an
d
i
⊥⊥
j
|k

.
W

e
a
ls

o
w

ri
te
A
⊥
B

w
h
en

C
=

∅
;

an
d

si
m

il
ar

ly
A
⊥⊥
B

.

A
gr

ap
h
G

in
d
u
ce

s
an

in
d
ep

en
d
en

ce
m

o
d
el
J

(G
)

b
y

se
p
ar

at
io

n
,

le
tt

in
g

〈A
,B
|C
〉∈
J

(G
)
⇐
⇒

A
⊥
B
|C

in
G
.

A
n

in
d
ep

en
d
en

ce
m

o
d
el
J

ov
er

a
se

t
V

is
a

se
m

i-
gr

a
p
h
o
id

if
it

sa
ti

sfi
es

th
e

fo
u
r

fo
ll
ow

in
g

p
ro

p
er

ti
es

fo
r

d
is

jo
in

t
su

b
se

ts
A

,
B

,
C

,
an

d
D

of
V

:

1.
〈A
,B
|C
〉∈
J

if
an

d
on

ly
if
〈B
,A
|C
〉∈
J

(s
ym

m
et

ry
);

2.
if
〈A
,B
∪
D
|C
〉∈
J

th
en
〈A
,B
|C
〉∈
J

an
d
〈A
,D
|C
〉∈
J

(d
ec

o
m

po
si

ti
o
n

);

3.
if
〈A
,B
∪
D
|C
〉∈
J

th
en
〈A
,B
|C
∪
D
〉∈
J

an
d
〈A
,D
|C
∪
B
〉∈
J

(w
ea

k
u

n
io

n
);

4.
if
〈A
,B
|C
∪
D
〉∈
J

an
d
〈A
,D
|C
〉∈
J

th
en
〈A
,B
∪
D
|C
〉∈
J

(c
o
n

tr
a
ct

io
n

).

N
ot

ic
e

th
at

th
e

re
ve

rs
e

im
p
li
ca

ti
on

of
co

n
tr

ac
ti

on
cl

ea
rl

y
h
ol

d
s

b
y

d
ec

om
p

os
it

io
n

a
n
d

w
ea

k
u
n
io

n
.

A
se

m
i-

gr
ap

h
oi

d
fo

r
w

h
ic

h
th

e
re

ve
rs

e
im

p
li
ca

ti
on

of
th

e
w

ea
k

u
n
io

n
p
ro

p
er

ty
h
o
ld

s
is

sa
id

to
b

e
a

gr
a
p
h
o
id

;
th

at
is

,
it

al
so

sa
ti

sfi
es

5.
if
〈A
,B
|C
∪
D
〉∈
J

an
d
〈A
,D
|C
∪
B
〉∈
J

th
en
〈A
,B
∪
D
|C
〉∈
J

(i
n

te
rs

ec
ti

o
n

).
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F
a
it
h
f
u
l
n
e
ss

o
f
P
r
o
b
a
b
il
it
y
D
ist

r
ib
u
t
io
n
s
a
n
d

G
r
a
p
h
s

F
u
rth

erm
o
re,

a
grap

h
oid

or
sem

i-grap
h
oid

for
w

h
ich

th
e

reverse
im

p
lication

of
th

e
d
ecom

-
p

o
sitio

n
p
ro

p
erty

h
old

s
is

said
to

b
e

co
m

po
sitio

n
a
l,

th
at

is,
it

also
satisfi

es

6
.

if〈A
,B
|C
〉∈
J

an
d
〈A
,D
|C
〉∈
J

th
en
〈A
,B
∪
D
|C
〉∈
J

(co
m

po
sitio

n
).

S
ep

a
ra

tio
n

in
g
rap

h
s

satisfi
es

all
th

ese
p
rop

erties;
see

T
h
eorem

1
in

L
au

ritzen
an

d
S
ad

egh
i

(2
0
1
7
):

P
ro

p
o
sitio

n
1

F
o
r

a
n

y
gra

p
h
G

,
th

e
in

d
epen

d
en

ce
m

od
elJ

(G
)

is
a

co
m

po
sitio

n
a
l
gra

p
h
o
id

.

O
n

th
e

o
th

er
h
an

d
,

p
rob

ab
ilistic

in
d
ep

en
d
en

ce
m

o
d
els

are
alw

ay
s

sem
i-grap

h
o
id

s
(P

earl,
1
9
8
8
),

w
h
erea

s
th

e
con

verse
is

n
ot

n
ecessarily

tru
e;

see
S
tu

d
en

ý
(1989).

If,
for

ex
am

p
le,

P
h
a
s

strictly
p

ositiv
e

d
en

sity,
th

e
in

d
u
ced

in
d
ep

en
d
en

ce
m

o
d
el

is
alw

ay
s

a
g
rap

h
oid

;
see,

fo
r

ex
a
m

p
le,

P
rop

osition
3.1

in
L

au
ritzen

(1996).
S
ee

also
P

eters
(2015)

for
a

n
ecessary

a
n
d

su
ffi

cien
t

con
d
ition

for
th

e
in

tersection
p
rop

erty
to

h
old

.
If

th
e

d
istrib

u
tion

P
is

a
reg

u
la

r
m

u
ltiva

riate
G

au
ssian

d
istrib

u
tion

,J
(P

)
is

a
com

p
osition

al
grap

h
oid

;
for

ex
am

p
le

see
S
tu

d
en

ý
(2005).

P
rob

ab
ilistic

in
d
ep

en
d
en

ce
m

o
d
els

w
ith

p
ositive

d
en

sities
are

n
ot

in
g
en

era
l

co
m

p
o
sition

al;
th

is
on

ly
h
old

s
for

sp
ecial

ty
p

es
of

m
u
ltivariate

d
istrib

u
tion

s
su

ch
a
s,

fo
r

ex
a
m

p
le,

G
au

ssian
d
istrib

u
tion

s
an

d
th

e
sy

m
m

etric
b
in

a
ry

d
istrib

u
tio

n
s

u
sed

in
W

erm
u
th

et
a
l.

(2009).

A
n
o
th

er
im

p
ortan

t
p
rop

erty
th

at
is

satisfi
ed

b
y

sep
aration

in
all

grap
h
s,

b
u
t

n
ot

n
ec-

essa
rily

fo
r

p
ro

b
ab

ilistic
in

d
ep

en
d
en

ce
m

o
d
els,

is
sin

gleto
n

-tra
n

sitivity
(also

called
w

ea
k

tra
n

sitivity
in

P
earl

(1988),
w

h
ere

it
is

sh
ow

n
th

at
for

G
a
u
ssian

an
d

b
in

ary
d
istrib

u
tion

s
P

,J
(P

)
a
lw

ay
s

satisfi
es

it).
F

or
i,
j,

an
d
k
,

sin
gle

elem
en

ts
in
V

,

7
.

if〈i,j|C
〉∈
J

an
d
〈i,j|C

∪
{k}〉∈

J
th

en
〈i,k|C

〉∈
J

or〈j,k|C
〉∈
J

(sin
gleton

-
tra

n
sitiv

ity
).

A
sin

g
leto

n
-tra

n
sitive

com
p

osition
al

grap
h
oid

is
eq

u
iva

len
t

to
w

h
at

is
called

a
G

a
u

sso
id

in
L

n
ěn

ička
a
n
d

M
atú

š
(2007)

w
ith

a
rath

er
d
iff

eren
t

ax
iom

atization
.

T
h
e

n
am

e
rem

in
d
s

o
n
e

th
a
t

th
ese

are
th

e
ax

iom
s

satisfi
ed

b
y

th
e

in
d
ep

en
d
en

ce
m

o
d
el

of
a

regu
lar

G
au

ssian
d
istrib

u
tio

n
(P

earl,
1988).

P
ro

p
o
sitio

n
2

F
o
r

a
gra

p
h
G

,J
(G

)
sa

tisfi
es

sin
gleto

n
-tra

n
sitivity.

P
ro

o
f

If
th

ere
is

a
w

alk
b

etw
een

i
an

d
k

given
C

an
d

a
w

alk
b

etw
een

j
an

d
k

given
C

th
en

b
y

co
n
n
ectin

g
th

ese
tw

o
w

alk
s,

w
e

ob
tain

a
w

alk
π

b
etw

een
i

an
d
j.

E
x
cep

t
th

e
section

ρ
th

a
t

co
n
ta

in
s
k
,

all
collid

er
section

s
on

π
h
ave

a
n
o
d
e

in
C

an
d

a
ll

n
on

-collid
er

section
s

a
re

o
u
tsid

e
C

.
H

en
ce

d
ep

en
d
in

g
on

ρ
b

ein
g

a
collid

er
or

n
on

-collid
er,

π
is

co
n
n
ectin

g
given

C
∪
{
k}

or
C

resp
ectively.

3
.

M
a
rk

o
v

a
n
d

F
a
ith

fu
l

In
d
e
p

e
n
d
e
n
ce

M
o
d
e
ls

In
th

is
section

,
w

e
d
efi

n
e

an
d

d
iscu

ss
th

e
con

cep
ts

of
M

arkov
n
ess

an
d

faith
fu

ln
ess

for
p
rob

-
a
b
ility

d
istrib

u
tion

s,
in

d
ep

en
d
en

ce
m

o
d
els,

an
d

grap
h
s.
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K
.
S
a
d
e
g
h
i

3
.1

M
a
rk

o
v

P
ro

p
e
rtie

s

F
or

a
grap

h
G

=
(V
,E

),
an

in
d
ep

en
d
en

ce
m

o
d
elJ

d
efi

n
ed

ov
er
V

satisfi
es

th
e

glo
ba

l
M

a
rko

v
p
ro

perty
w

.r.t.
G

,
or

is
sim

p
ly

M
a
rko

v
to
G

,
if

for
d
isjo

in
t

su
b
sets

A
,
B

,
a
n
d
C

of
V

it
h
old

s
th

at
A
⊥
B
|C

=⇒
〈A
,B
|C
〉∈
J
,

or
eq

u
ivalen

tly
J

(G
)
⊆
J

.
In

p
articu

lar,
th

e
grap

h
ical

in
d
ep

en
d
en

ce
J

(G
)

is
triv

ially
M

arkov
to

its
grap

h
G

.
F

or
a

p
rob

ab
ility

d
istrib

u
tion

P
,

w
e

sim
p
ly

say
P

is
M

a
rko

v
to

a
gra

p
h
G

ifJ
(P

)
is

M
arkov

to
G

,
th

at
is

ifJ
(G

)
⊆
J

(P
).

N
otice

th
at

every
in

d
ep

en
d
en

ce
m

o
d
el
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V

is
M

arkov
to

th
e

com
p
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grap
h

w
ith

th
e

n
o
d
e

set
V

.
F

or
a

grap
h
G

=
(V
,E

),
an

in
d
ep

en
d
en

ce
m

o
d
elJ

d
efi

n
ed

over
V

satisfi
es

a
pa

irw
ise

M
a
rko

v
p
ro

perty
w

.r.t.
a

grap
h
G

,
or

is
sim

p
ly

pa
irw

ise
M

a
rko

v
to

G
,

if
for

every
n
on

-
ad

jacen
t

p
air

of
n
o
d
es
i,j,

it
h
old

s
th

at〈i,j|C
(i,j)〉∈

J
,

for
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e
C

(i,j),
w

h
ere

C
(i,j)
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th

e
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n
d
itio

n
in

g
set
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th

e
p
airw

ise
M

a
rkov

p
rop

erty
an

d
d
o
es

n
ot

in
clu

d
e
i

an
d
j.

T
h
e

in
d
ep

en
d
en
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m

o
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elJ
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p
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M

arkov
p
rop

erties
w

.r.t.
w

h
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is
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m
a
xim

a
l

gra
p
h
s,

w
h
ich
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grap

h
s

w
h
ere

th
e

lack
o
f

an
ed

ge
b

etw
een

i
a
n
d
j
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d
s

to
a

con
d
ition

al
sep

aration
statem

en
t

for
i

an
d
j.

F
or

a
p
rob

ab
ility

d
istrib

u
tion

P
,

w
e

say
P

is
pa

irw
ise

M
a
rko

v
to

a
grap

h
G

ifJ
(P

)
is

p
airw

ise
M

arkov
to
G

.
F

or
m

ax
im

al
grap

h
s,

a
p
airw

ise
M

a
rk

ov
p
rop

erty
is

d
efi

n
ed

b
y

lettin
g
C

(i,j)
=

an
t(i)∪

an
t(j)\

{
i,j}

(L
au

ritzen
an

d
S
ad

egh
i,

2017),
w

h
ich

w
e

h
en

ceforth
u
se

as
“th

e”
p
airw

ise
M

arkov
p
rop

erty.
T

h
e

con
d
ition

in
g

set
of

th
e

p
airw

ise
M

arkov
p
rop

erty
sim

p
lifi

es
for

D
A

G
s,

C
(i,j)

=
a
n

(i)∪
a
n
(j)\{

i,j}
(R

ich
ard

son
an

d
S
p
irtes,

20
02;

S
ad

egh
i

an
d

L
au

ritzen
,

2014);
for

B
G

s,
C

(i,j)
=

∅
(as

d
efi

n
ed

in
W

erm
u
th

an
d

C
ox

1998);
an

d
for

con
n
ected

U
G

s,
C

(i,j)
=
V
\{
i,j}

(as
d
efi

n
ed

in
L

a
u
ritzen

1996).
T

h
is

p
airw

ise
M

arkov
p
rop

erty,
is

in
fact

eq
u
ivalen

t
to

th
e

glob
al

M
arkov

p
rop

erty
u
n
d
er

com
p

osition
al

grap
h
oid

s;
see

T
h
eorem

4
of

L
au

ritzen
a
n
d

S
ad

egh
i

(2017):

P
ro

p
o
sitio

n
3

L
et
G

be
a

m
a
xim

a
l

gra
p
h
.

If
th

e
in

d
epen

d
en

ce
m

od
elJ

is
a

co
m

po
sitio

n
a
l

gra
p
h
o
id

,
th

en
J

is
pa

irw
ise

M
a
rko

v
to
G

if
a
n

d
o

n
ly

ifJ
is

M
a
rko

v
to
G

.

In
p
articu

lar,
for

U
G

s,
th

e
eq

u
ivalen

ce
of

th
e

glob
al

an
d

p
airw

ise
M

arkov
p
rop

erties
h
old

s
u
n
d
er

grap
h
oid

s,
an

d
for

B
G

s
u
n
d
er

com
p

o
sition

al
sem

i-grap
h
oid

s.
T

w
o

u
n
d
irected

or
tw

o
b
id

irected
grap

h
s
G

an
d
H

,
w

h
ere

G
6=
H

,
in

d
u
ce

d
iff

eren
t

in
d
e-

p
en

d
en

ce
m

o
d
els;

th
at

isJ
(G

)6=
J

(H
).

T
h
is

is
n
ot

n
ecessarily

tru
e

for
larg

er
su

b
classes.

W
e

call
tw

o
grap

h
s
G

an
d
H

su
ch

th
atJ

(G
)

=
J

(H
)

M
a
rko

v
equ

iva
len

t.
C

on
d
ition

s
for

M
arkov

eq
u
ivalen

ce
for

m
ost

su
b

classes
of

grap
h
s

are
k
n
ow

n
;

see
V

erm
a

an
d

P
earl

(1990);
A

li
et

al.
(2009);

W
erm

u
th

an
d

S
ad

egh
i
(2012).

N
otice

th
at

tw
o

M
arkov

eq
u
ivalen

t
m

ax
im

al
grap

h
s

h
av

e
th

e
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e
skeleton

.

3
.2

F
a
ith

fu
ln

e
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a
n

d
M

in
im

a
l

M
a
rk

o
v
n

e
ss

W
e

say
th

at
an

in
d
ep

en
d
en

ce
m

o
d
elJ

an
d

a
p
rob

ab
ility

d
istrib

u
tion

P
are

fa
ith

fu
l

if
J

=
J

(P
).

S
im

ilarly,
w

e
say

th
at
J

an
d

a
g
rap

h
G

are
faith

fu
l

ifJ
=
J

(G
).

W
e

also
say

th
at

P
an

d
G

are
faith

fu
l

ifJ
(P

)
=
J

(G
).

If
P

an
d
G

are
faith

fu
l

th
en

w
e

m
ay

som
etim

es
also

say
th

at
P

is
fa

ith
fu

l
to
G

or
v
ice

versa,
alth

ou
gh

in
p
rin

cip
le

faith
fu

ln
ess

is
a

sy
m

m
etric

relation
;

th
e

sam
e

h
old

s
for

say
in

g
th

atJ
is

faith
fu

l
to
G

or
P

.
N

o
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th
at
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F
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b
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d
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b
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d
ep
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ro
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il
it

y
d
is
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ib

u
ti

on
s

ra
th

er
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on
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ee
n

gr
ap

h
s

an
d

p
ro

b
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il
it

y
d
is

tr
ib

u
ti

on
s
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or

ig
in

al
ly

u
se

d
in

S
p
ir

te
s

et
al

.
(2

00
0)

.
T

h
u
s,

if
J

an
d
G

ar
e

fa
it

h
fu

l
th

en
J

is
M

ar
k
ov

to
G

,
b
u
t

it
al

so
re

q
u
ir

es
ev

er
y

in
d
e-

p
en

d
en

ce
st

at
em

en
t

to
co

rr
es

p
on

d
to

a
se

p
ar

at
io

n
in
G

.
W

e
sa

y
th

at
J

or
G

is
p
ro

ba
bi

li
st

ic
if

th
er

e
is

a
d
is

tr
ib

u
ti

on
P

th
at

is
fa

it
h
fu

l
to
J

o
r
G

re
sp

ec
ti

ve
ly

.
If

th
er

e
is

a
gr

ap
h

th
at

is
fa

it
h
fu

l
to
J

or
P

th
en

w
e

sa
y

th
at
J

or
P

is
gr

a
p
h
ic

a
l.

O
u
r

m
ai

n
go

al
is

to
ch

ar
ac

te
ri

ze
gr

ap
h
ic

al
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s,

an
d

in
ad

d
it

io
n
,

if
ex

is
te

n
t,

to
p
ro

v
id

e
gr

ap
h
s

th
at

ar
e

fa
it

h
fu

l
to

a
gi

ve
n
P

.
W

e
so

lv
e

th
is

p
ro

b
le

m
fo

r
th

e
ge

n
er

al
ca

se
of

in
d
ep

en
d
en

ce
m

o
d
el

s
J

.
F

or
a

gi
ve

n
in

d
ep

en
d
en

ce
m

o
d
el
J

,
w

e
d
efi

n
e

th
e

sk
el

et
o
n

of
J

,
d
en

ot
ed

b
y

sk
(J

),
to

b
e

th
e

u
n
d
ir

ec
te

d
gr

ap
h

th
at

is
ob

ta
in

ed
fr

om
J

as
fo

ll
ow

s:
w

e
d
efi

n
e

th
e

n
o
d
e

se
t

of
sk

(J
)

to
b

e
V

,
an

d
fo

r
ev

er
y

p
ai

r
of

n
o
d
es
i,
j,

w
e

ch
ec

k
w

h
et

h
er
〈i,
j
|C
〉
∈
J

h
ol

d
s

fo
r

so
m

e
C
⊆
V
\{
i,
j}

;
if

it
d
o
es

n
ot

th
en

w
e

d
ra

w
an

ed
ge

b
et

w
ee

n
i

an
d
j.

O
n
e

ca
n

si
m

il
ar

ly
d
efi

n
e

sk
(P

)
fo

r
a

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
P

b
y

ch
ec

k
in

g
w

h
et

h
er
i
⊥⊥
j
|C

.
T

h
is

is
th

e
sa

m
e

as
th

e
gr

ap
h

ob
ta

in
ed

b
y

th
e

fi
rs

t
st

ep
of

th
e

S
G

S
al

go
ri

th
m

(G
ly

m
ou

r
et

al
.,

19
87

).
N

ot
ic

e
th

at
th

is
is

n
ot

n
ec

es
sa

ri
ly

th
e

sa
m

e
as

th
e

u
n
d
ir

ec
te

d
gr

ap
h

ob
ta

in
ed

b
y

th
e

p
ai

rw
is

e
M

ar
ko

v
p
ro

p
er

ty
fo

r
U

G
s;

se
e

S
ec

ti
on

6.
1.

F
or

U
G

s
an

d
B

G
s,

th
e

sk
el

et
on

of
J

u
n
iq

u
el

y
d
et

er
m

in
es

th
e

gr
ap

h
,

w
h
er

ea
s

fo
r

ot
h
er

su
b

cl
as

se
s,

th
er

e
ar

e
se

ve
ra

l
gr

ap
h
s

w
it

h
th

e
sa

m
e

sk
el

et
on

sk
(J

).
A

s
w

il
l

b
e

se
en

,
th

e
p
re

or
d
er

in
g,

d
efi

n
ed

in
th

e
n
ex

t
se

ct
io

n
,

en
ab

le
s

u
s

to
d
ir

ec
t

th
e

ed
g
es

of
th

e
sk

el
et

on
.

P
ro

p
o
si

ti
o
n

4
If

a
n

in
d
ep

en
d
en

ce
m

od
el
J

is
M

a
rk

o
v

to
a

gr
a
p
h
G

th
en

sk
(J

)
is

a
su

b-
gr

a
p
h

o
f

sk
(G

).

P
ro

o
f

S
u
p
p

os
e

th
at

th
er

e
is

n
o

ed
ge

b
et

w
ee

n
i

an
d
j

in
sk

(G
).

S
in

ce
th

e
gl

ob
al

M
ar

k
ov

p
ro

p
er

ty
w

.r
.t

.
G

im
p
li
es

th
e

p
ai

rw
is

e
M

ar
k
ov

p
ro

p
er

ty
,

it
h
ol

d
s

th
at
〈i,
j
|C

(i
,j

)〉
∈
J

,
w

h
ic

h
im

p
li
es
i

is
n
ot

ad
ja

ce
n
t

to
j

in
sk

(J
).

H
en

ce
,

if
J

is
M

ar
ko

v
to

a
gr

ap
h
G

su
ch

th
at

sk
(G

)
=

sk
(J

)
th

en
G

h
as

th
e

fe
w

es
t

n
u
m

b
er

of
ed

ge
s

am
on

g
th

os
e

to
w

h
ic

h
J

is
M

ar
ko

v
.

W
e

sa
y

th
at
J

is
m

in
im

a
ll

y
M

a
rk

o
v

to
a

gr
ap

h
G

if
J

is
M

ar
ko

v
to
G

an
d

sk
(G

)
=

sk
(J

).
T

h
e

sa
m

e
ca

n
b

e
d
efi

n
ed

fo
r

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s,

an
d

h
as

b
ee

n
u
se

d
in

th
e

li
te

ra
tu

re
u
n
d
er

th
e

n
am

e
of

(c
a
u

sa
l)

m
in

im
a
li

ty
a
ss

u
m

p
ti

o
n

(P
ea

rl
,

20
09

;
S
p
ir

te
s

et
al

.,
20

00
;

Z
h
an

g
an

d
S
p
ir

te
s,

20
08

;
N

ea
p

ol
it

an
,

20
0
4)

.
M

in
im

al
ly

M
ar

ko
v

in
d
ep

en
d
en

ce
m

o
d
el

s
to

a
gr

ap
h

ar
e

im
p

o
rt

an
t

si
n
ce

on
ly

th
es

e
ca

n
a
ls

o
b

e
fa

it
h
fu

l
to

th
e

gr
ap

h
:

P
ro

p
o
si

ti
o
n

5
If

a
n

in
d
ep

en
d
en

ce
m

od
el
J

a
n

d
a

gr
a
p
h
G

a
re

fa
it

h
fu

l
th

en
J

is
m

in
im

a
ll

y
M

a
rk

o
v

to
G

.

P
ro

o
f

S
in

ce
J

is
M

ar
ko

v
to
G

,
w

e
n
ee

d
to

p
ro

v
e

th
at

sk
(G

)
=

sk
(J

).
B

y
P

ro
p

os
it

io
n

4,
sk

(J
)

is
a

su
b
gr

ap
h

of
sk

(G
).

N
ow

,
su

p
p

os
e

th
at

th
er

e
is

n
o

ed
ge

b
et

w
ee

n
i

an
d
j

in
sk

(J
).

B
y

th
e

co
n
st

ru
ct

io
n

of
sk

(J
),

it
h
ol

d
s

th
at
〈i,
j
|C
〉∈
J

fo
r

so
m

e
C

.
S
in

ce
J

an
d
G

ar
e

fa
it

h
fu

l,
i
⊥
j
|C

in
G

.
T

h
is

im
p
li
es

th
at
i

is
n
ot

ad
ja

ce
n
t

to
j

in
G

.

H
en

ce
,

w
e

n
ee

d
to

d
is

cu
ss

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
J

is
m

in
im

al
ly

M
ar

ko
v

to
a

g
ra

p
h

as
w

el
l

as
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n
d
it

io
n
s

fo
r

fa
it

h
fu

ln
es

s
of

m
in

im
al

ly
M

ar
ko

v
in

d
ep

en
d
en

ce
m

o
d
el

s
an

d
gr

ap
h
s.

T
h
es

e
w

il
l

b
e

p
re

se
n
te

d
in

S
ec

ti
on

5.

9
JM

L
R

 1
8(

14
8)

:1
-2

9,
 2

01
7

K
.
S
a
d
e
g
h
i

4
.

P
re

o
rd

e
ri

n
g

in
G

ra
p
h
s

a
n
d

O
rd

e
re

d
S
ta

b
il
it

ie
s

In
th

is
se

ct
io

n
,
w

e
fi
rs

t
d
efi

n
e

th
e

p
re

or
d
er

in
g

fo
r

se
ts

an
d

it
s

va
li
d
it

y
fo

r
n
o
d
es

o
f
th

e
g
ra

p
h
s,

an
d

th
en

u
se

p
re

or
d
er

in
g

to
d
efi

n
e

so
m

e
n
ew

p
ro

p
er

ti
es

of
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
.

4
.1

P
re

o
rd

e
ri

n
g

o
f

th
e

N
o
d

e
s

o
f

a
G

ra
p

h

O
ve

r
a

se
t
V

,
a

pa
rt

ia
l

o
rd

er
is

a
b
in

ar
y

re
la

ti
on
≤

th
at

sa
ti

sfi
es

th
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

fo
r

al
l

m
em

b
er

s
a
,b
,c
∈
V

:

•
a
≤
a

(r
efl

ex
iv

it
y

);

•
if
a
≤
b

an
d
b
≤
a

th
en

a
=
b

(a
n

ti
sy

m
m

et
ry

);

•
if
a
≤
b

an
d
b
≤
c

th
en

a
≤
c

(t
ra

n
si

ti
vi

ty
).

If
a
≤
b

or
b
≤
a

th
en

a
an

d
b

ar
e

co
m

pa
ra

bl
e
;

ot
h
er

w
is

e
th

ey
ar

e
in

co
m

pa
ra

bl
e.

A
p
a
rt

ia
l

or
d
er

u
n
d
er

w
h
ic

h
ev

er
y

p
ai

r
of

el
em

en
ts

is
co

m
p
ar

ab
le

is
ca

ll
ed

a
to

ta
l

o
rd

er
o
r

a
li

n
ea

r
o
rd

er
.

A
p
re

o
rd

er
.

ov
er
V

,
on

th
e

ot
h
er

h
an

d
,

is
a

b
in

a
ry

re
la

ti
on

th
at

is
on

ly
re

fl
ex

iv
e

a
n
d

tr
an

si
ti

ve
.

G
iv

en
a

p
re

or
d
er

.
ov

er
V

,
on

e
m

ay
d
efi

n
e

an
eq

u
iv

al
en

ce
re

la
ti

o
n
∼

o
n
V

su
ch

th
at
a
∼
b

if
an

d
on

ly
if
a
.
b

an
d
b
.
a
.

T
h
is

ex
p
la

in
s

th
e

u
se

of
th

e
n
o
ta

ti
o
n
.

.
It

th
en

h
ol

d
s

th
at

•
if
a
.
b

an
d
b
∼
c

th
en

a
.
c;

an
d

•
if
a
.
b

an
d
a
∼
c

th
en

c
.
b.

W
e

al
so

u
se

th
e

n
ot

at
io

n
a
<
b

in
d
ic

at
in

g
th

at
a
.
b

an
d
a
6∼
b.

W
e

fi
rs

t
p
ro

v
id

e
th

e
fo

ll
ow

in
g

re
su

lt
;

se
e

S
ec

ti
on

5.
2.

1
of

S
ch

rö
d
er

(2
00

3
):

P
ro

p
o
si

ti
o
n

6
L

et
.

be
a

p
re

o
rd

er
o
ve

r
th

e
se

t
V

,
a
n

d
∼

th
e

eq
u

iv
a
le

n
ce

re
la

ti
o
n

o
n
V

a
s

d
efi

n
ed

a
bo

ve
.

L
et

a
ls

o
Q

be
th

e
se

t
o
f

a
ll

eq
u

iv
a
le

n
ce

cl
a
ss

es
o
f
V

w
.r

.t
.
∼

.
T

h
en

th
e

re
la

ti
o
n
≤

d
efi

n
ed

o
ve

r
Q

by
[ [a

]
≤

[b
]
⇐
⇒

a
.
b]

is
a

pa
rt

ia
l

o
rd

er
o
ve

r
Q

.

W
e

sa
y

th
at

a
gr

ap
h
G

=
(V
,E

)
a
d
m

it
s

a
va

li
d

p
re

o
rd

er
.

if
,

fo
r

n
o
d
es
i

a
n
d
j

o
f
G

,
th

e
fo

ll
ow

in
g

h
ol

d
s:

•
if
i

j
th

en
i
∼
j;

•
if
i
�j

th
en

j
<
i;

•
if
i≺
�j

th
en

i
an

d
j

ar
e

in
co

m
p
ar

ab
le

.

T
h
e

gl
ob

al
in

te
rp

re
ta

ti
on

of
a

va
li
d

p
re

or
d
er

on
gr

ap
h
s

is
as

fo
ll
ow

s:

P
ro

p
o
si

ti
o
n

7
L

et
.

be
a

va
li

d
p
re

o
rd

er
fo

r
a

gr
a
p
h
G

.
It

th
en

h
o
ld

s
fo

r
n

od
es
i

a
n

d
j

o
f

G
th

a
t

if
i
∈

an
t(
j)

th
en

j
.
i;

in
pa

rt
ic

u
la

r,

1
.

if
th

er
e

is
a

se
m

i-
d
ir

ec
te

d
pa

th
fr

o
m
i

to
j

th
en

j
<
i;

a
n

d

2
.

if
i

a
n

d
j

a
re

co
n

n
ec

te
d

by
a

pa
th

co
n

si
st

in
g

o
n

ly
o
f

li
n

es
th

en
i
∼
j.

1
0
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F
a
it
h
f
u
l
n
e
ss

o
f
P
r
o
b
a
b
il
it
y
D
ist

r
ib
u
t
io
n
s
a
n
d

G
r
a
p
h
s

P
ro

o
f

T
h
e

p
ro

of
follow

s
from

tran
sitiv

ity
of

b
oth

p
reord

ers
an

d
an

terior
p
ath

s.

C
o
ro

lla
ry

8
L

et.
be

a
va

lid
p
reo

rd
er

fo
r

a
gra

p
h
G

a
n

d
G
−

its
su

bgra
p
h

in
d
u

ced
by

lin
es.

T
h
e

equ
iva

len
ce

cla
sses

o
f
G

ba
sed

o
n
.

a
re

th
e

co
n

n
ected

co
m

po
n

en
ts

o
f
G
−

.
In

a
d
d
itio

n
,

≤
d
efi

n
es

a
pa

rtia
l

o
rd

er
o
ver

th
e

co
n

n
ected

co
m

po
n

en
ts

o
f
G
−

by
[if
i
�
j,
i∈

τ
a
n

d
j∈

δ
th

en
τ
>
δ],

fo
r
τ

a
n

d
δ

tw
o

co
n

n
ected

co
m

po
n

en
ts

o
f
G
−

.

P
ro

o
f

T
h
e

resu
lts

follow
s

from
P

rop
osition

s
7

an
d

6.

F
o
r

ex
a
m

p
le,

con
sid

er
th

e
grap

h
in

F
ig.

1.
T

h
e

grap
h

ad
m

its
a

valid
p
reo

rd
er

w
ith

th
e

p
reo

rd
er

p
rov

id
ed

over
th

e
n
o
d
es,

or
eq

u
ivalen

tly
over

th
e

con
n
ected

com
p

on
en

ts
of
G
−

(w
ith

th
e

a
b
u
se

of
th

e
n
otation

for
n
u
m

b
erin

g).
T

h
e

n
otation

im
p
lies

th
at

tw
o

n
o
d
es

w
ith

la
b

el
2

are
in

th
e

sam
e

eq
u
ivalen

ce
class,

2
>

1
an

d
2 ′
>

1 ′,
b
u
t
a
,
b ′,

a
n
d
c ′′,

a
,b,c∈

{1,2}
,

a
re

n
o
t

com
p
a
rab

le.

2
2

1
1

’

2
’

1
’’

F
igu

re
1:

A
p
reord

ered
g
rap

h
.

T
h
ere

m
ay

b
e

m
an

y
d
iff

eren
t

p
reord

ers
th

at
are

va
lid

for
a

grap
h
.

If
th

ere
is

a
valid

p
reo

rd
erin

g
a
n
d

w
e

ex
p

ect
th

e
oth

er
d
irection

of
P

rop
o
sition

7
to

h
old

th
en

w
e

ob
tain

a
u
n
iq

u
e

p
reo

rd
erin

g
for

th
e

grap
h
:

G
iven

a
grap

h
G

,
if
i
/∈

an
t(j)

an
d
j
/∈

an
t(i)

th
en

set
i

a
n
d
j

to
b

e
in

com
p
arab

le.
O

th
erw

ise,
let

i∼
j

w
h
en

i
j,

a
n
d
i
>
j

w
h
en

i
�
j.

It
is

ea
sy

to
see

th
a
t

th
is,

in
fact,

is
a

p
reord

er
for

th
e

n
o
d
es

of
G

.
W

e
call

th
is

p
reord

erin
g

th
e

m
in

im
a
l

p
reo

rd
er

for
G

sin
ce

it
gives

th
e

few
est

p
ossib

le
com

p
arab

le
p
airs

o
f

n
o
d
es.

F
or

ex
a
m

p
le,

th
e

p
reord

erin
g

in
th

e
grap

h
of

F
ig.

1
is

m
in

im
al.

In
th

is
p
ap

er,
w

e
m

ostly
d
eal

w
ith

th
is

ty
p

e
of

p
reord

erin
gs

for
grap

h
s.

It
is

easy
to

ob
serv

e
th

e
follow

in
g:

P
ro

p
o
sitio

n
9

If
G

is
a
n

teria
l

th
en

th
e

m
in

im
a
l

p
reo

rd
er

fo
r
G

is
a

va
lid

p
reo

rd
er

fo
r
G

.

In
fa

ct,
in

gen
eral,

w
e

h
ave

th
e

follow
in

g:

P
ro

p
o
sitio

n
1
0

A
gra

p
h

a
d
m

its
a

va
lid

p
reo

rd
er

if
a
n

d
o
n

ly
if

it
is

a
n

teria
l.

P
ro

o
f

If
a

g
rap

h
G

ad
m

its
a

va
lid

p
reord

er
th

en
b
y

P
rop

osition
7,

th
ere

can
n
ot

b
e

a
d
irected

cy
cle,

n
or

can
th

ere
b

e
an

arc
w

ith
on

e
en

d
p

oin
t

an
terior

of
th

e
oth

er.
T

h
e

con
verse

is
P

ro
p

osition
9.

T
h
erefo

re,
in

a
d
d
ition

to
C

M
G

s,
S
G

s
(an

d
A

D
M

G
s)

d
o

n
ot

ad
m

it
a

valid
p
reord

er,
b
u
t

A
G

s
d
o
.

H
ow

ev
er,

n
otice

th
at

for
every

C
M

G
,

th
ere

ex
ists

a
M

ark
ov

eq
u
iva

len
t

A
n
G

(see
S
a
d
eg

h
i

2
0
1
6
);

an
d

th
e

sam
e

for
S
G

s
a
n
d

A
G

.
H

en
ce,

th
e

q
u
estio

n
of

w
h
eth

er
th

ere
is

a
C

M
G

th
a
t

is
fa

ith
fu

l
to
J

is
th

e
sam

e
as

w
h
eth

er
th

ere
is

an
A

n
G

th
at

is
faith

fu
l

to
J

;
a
n
d

th
e

sa
m

e
h
old

s
for

S
G

an
d

A
G

.

1
1
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L
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K
.
S
a
d
e
g
h
i

A
s

d
iscu

ssed
ab

ove,
th

ere
is

a
on

e-to-on
e

corresp
on

d
en

ce
b

etw
een

A
n
G

s
an

d
th

e
m

in
im

al
p
reord

er
for

th
e

A
n
G

s.
W

h
en

th
e

skeleton
of

th
e

co
n
cern

ed
grap

h
is

k
n
ow

n
,

w
e

h
ave

th
e

follow
in

g
triv

ial
resu

lt:

P
ro

p
o
sitio

n
1
1

G
iven

th
e

skeleto
n

o
f

a
gra

p
h
G

a
n

d
a

p
reo

rd
er

.
o
f

its
n

od
es,

G
ca

n
be

co
n

stru
cted

u
n

iqu
ely

by
d
irectin

g
th

e
ed

ges
o
f

sk
(G

).
In

a
d
d
itio

n
,.

is
a

va
lid

p
reo

rd
er

fo
r

G
.

L
etJ

b
e

d
efi

n
ed

ov
er
V

.
W

e
in

tro
d
u
ce

p
reord

erin
g

in
th

is
p
ap

er
in

ord
er

to
stress

th
at,

in
p
rin

cip
le,

a
p
reord

erin
g

of
m

em
b

ers
of
V

(w
h
ich

are
p

ossib
ly

ra
n
d
om

variab
les)

is
d
efi

n
ed

irresp
ective

of
grap

h
s

to
w

h
ich

th
ey

are
M

arkov
or

faith
fu

l.
H

ow
ev

er,
for

ou
r

p
u
rp

oses,
k
n
ow

in
g

th
e

skeleton
of

su
ch

grap
h
s,

on
e

can
d
irectly

d
iscover

th
e

d
irection

s
of

th
e

ed
ges

of
th

e
grap

h
,

w
h
ich

corresp
on

d
to

th
e

m
in

im
al

p
reord

erin
g

for
th

e
grap

h
,

rath
er

th
an

w
ork

in
g

d
irectly

on
th

e
set

V
.

S
u
p
p

ose
th

at
th

ere
ex

ists
a

p
reord

er.
over

V
.

P
rop

osition
11

im
p
lies

th
at

w
e

can
d
irect

th
e

ed
ges

of
sk

(J
)

b
ased

on
.

in
ord

er
to

d
efi

n
e

a
d
epen

d
en

ce
gra

p
h
G

(J
,.

)
in

d
u
ced

b
y

J
an

d
.

.
N

otice
th

at,
b
y

P
rop

osition
10,

G
(J
,.

)
is

an
terial.

S
im

ilarly,
for

P
,

on
e

can
d
efi

n
e
G

(P
,.

)
=
G

(J
(P

),.
).

A
s

m
en

tion
ed

,
w

e
are

on
ly

in
terested

in
p
reord

erin
gs

th
at

are
m

in
im

al
p
reord

ers
of

grap
h
s.

G
iv

en
J

,
w

e
d
efi

n
e

a
p
reord

erin
g
.

to
b

eJ
-co

m
pa

tible
if.

is
th

e
m

in
im

al
p
reo

rd
er

for
G

(J
,.

).
S
im

ilarly,
on

e
can

d
efi

n
e

a
P

-com
p
atib

le
p
reord

er.

4
.2

O
rd

e
re

d
U

p
w

a
rd

-
a
n

d
D

o
w

n
w

a
rd

-sta
b

ilitie
s

W
e

n
ow

ex
p
loit

th
e

p
reo

d
erin

g
for

in
d
ep

en
d
en

ce
m

o
d
els

in
ord

er
to

d
efi

n
e

tw
o

oth
er

p
rop

-
erties

in
ad

d
ition

to
th

e
seven

p
rop

erties
d
efi

n
ed

in
S
ection

2.3
(n

am
ely

sin
gleton

-tran
sitive

com
p

osition
al

grap
h
oid

ax
iom

s).
W

e
say

th
at

an
in

d
ep

en
d
en

ce
m

o
d
elJ

over
th

e
set

V
resp

ectively
satisfi

es
o
rd

ered
u

p
w

a
rd

-
an

d
d
o
w

n
w

a
rd

-sta
bility

w
.r.t.

a
p
reord

er.
of
V

if
th

e
follow

in
g

h
old

:

8.
if〈i,j|C

〉∈
J

th
en
〈i,j|C

∪
{
k}〉∈

J
for

ev
ery

k
∈
V
\{
i,j}

su
ch

th
at
l.

k
for

som
e
l∈
{i,j}

or
l∼

k
for

som
e
l∈

C
(ord

ered
u
p
w

ard
-stab

ility
);

9.
if〈i,j|C

〉∈
J

th
en
〈i,j|C

\{k}〉∈
J

for
every

k
∈
V
\{i,j}

su
ch

th
at
l6.

k
for

every
l∈
{i,j}

an
d
l6<

k
for

ev
ery

l∈
C
\{
k}

(ord
ered

d
ow

n
w

ard
-stab

ility
).

O
rd

ered
u
p
w

ard
-stab

ility
is

a
gen

eralization
of

a
m

o
d
ifi

cation
of

u
p
w

a
rd

sta
bility,

d
efi

n
ed

in
F

allat
et

al.
(2017),

an
d

stro
n

g
u

n
io

n
,

d
efi

n
ed

in
P

earl
an

d
P

az
(1985),

for
u
n
d
irected

grap
h
s,

w
ith

sin
gleton

s
in

stead
of

n
o
d
e

su
b
sets.
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al
p
re

or
d
er

.
fo

r
G

.
B

y
P

ro
p

os
it

io
n

13
,
G

=
G

(J
,.

).
W

e
sh

ow
th

at
J

a
n
d
G

ar
e

fa
it

h
fu

l.
W

e
n
ee

d
to

sh
ow

th
at

if
〈A
,B
|C
〉∈
J

th
en

A
⊥
B
|C

in
G

.
C

on
si

d
er
i
∈
A

an
d
j
∈
B

.
B

y
d
ec

om
p

os
it

io
n
,

w
e

h
av

e
th

at
〈i,
j
|C
〉
∈
J

,
w

h
ic

h
im

p
li
es

th
at
i

an
d
j

ar
e

n
ot

ad
ja

ce
n
t

in
G

.
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F
a
it
h
f
u
l
n
e
ss

o
f
P
r
o
b
a
b
il
it
y
D
ist

r
ib
u
t
io
n
s
a
n
d

G
r
a
p
h
s

If,
fo

r
co

n
trad

iction
,
C

d
o
es

n
ot

sep
arate

n
o
d
es
i

an
d
j

th
en

th
ere

ex
ists

a
con

n
ectin

g
w

a
lk
π

=
〈i

=
i1 ,i2 ,...,ir

=
j〉,

on
w

h
ich

all
collid

er
section

s
h
av

e
a

n
o
d
e

in
C

an
d

all
n
o
n
-co

llid
er

section
s

are
ou

tsid
e
C

.
In

ad
d
ition

,
for

every
n
o
d
e
iq ,

2
≤
q≤

r−
1,

on
π

d
efi

n
e

C
iq

a
s

fo
llow

s:
If
iq
/∈
C

th
en
C
iq

=
∅

;
if
iq ∈

C
th

en
C
iq

is
th

e
set

of
all

l∈
C
\
π

su
ch

th
at

th
ere

is
a

sem
i-d

irected
p
ath

from
iq

to
l

b
u
t

n
ot

from
an

y
ip ∈

C
to
l,
p
∈
{q

+
1,...,r−

1}
.

L
et
C
π

=
⋃
r−

1
q
=
2
C
iq .

W
e

p
rove

b
y

in
d
u
ction

alon
g

n
o
d
es

of
π

th
at

for
every

q,
2
≤
q
≤
r,

it
h
old

s
th

at
〈i1 ,iq |(∪

q−
1

p
=
2 C

ip )∪
[C
\

({iq ,...,ir }∪
C
π
)]〉

/∈
J

.
T

h
e

b
ase

fo
r
q

=
2

is
triv

ial
sin

ce
b
y

th
e

co
n
stru

ctio
n

o
f
G

(J
,.

),
ad

jacen
t

n
o
d
es

are
d
ep

en
d
en

t
giv

en
an

y
th

in
g.

S
u
p
p

ose
n
ow

th
at

th
e

resu
lt

h
o
ld

s
for

q
an

d
w

e
p
rove

it
for

q
+

1.
F

irst,
a
g
a
in

b
y

th
e

con
stru

ction
of
G

(J
,.

),
it

h
old

s
th

at
〈iq ,iq

+
1 |(∪

q−
1

p
=
2 C

ip )∪
[C
\

({iq ,...,ir }∪
C
π
)]〉

/∈
J

.
B

y
sin

gleton
-tran

sitiv
ity,

th
is

an
d

th
e

in
d
u
ction

h
y
p

oth
esis

im
p
ly

(a
):〈i1 ,iq

+
1 |(∪

q−
1

p
=
2 C

ip )∪
[C
\

({iq ,...,ir }∪
C
π
)]〉

/∈
J

;
or

(b
):〈i1 ,iq

+
1 |{iq }∪

(∪
q−

1
p
=
2 C

ip )∪
[C
\

({
iq ,...,ir }∪

C
π
)]〉

/∈
J

.
W

e
n
ow

h
ave

tw
o

cases:
1
)

If
iq

is
o
n

a
collid

er
section

:
T

h
e

section
con

tain
in

g
iq

h
as

a
n
o
d
e

in
C

.
W

e
ag

ain
co

n
sid

er
tw

o
su

b
cases:

1
.i)

If
iq

is
in
C

:
If

(a)
h
old

s
th

en
fi
rst

n
otice

th
at

iq
is

n
ot

an
an

terior
of{

i1 ,iq
+
1 }

n
o
r

is
th

ere
a

sem
i-d

irected
p
ath

from
iq

to
(∪

q−
1

p
=
2 C

ip )∪
[C
\

({iq ,...,ir }
∪
C
π
)].

W
e

a
p
p
ly

d
ow

n
w

a
rd

-stab
ility

to
(a)

to
ob

tain
(b

).
If
C
iq
6=

∅
th

en
con

sid
er

a
h
igh

est
ord

er

n
o
d
e
l

in
C
iq .

A
gain

b
y

d
ow

n
w

ard
-stab

ility,
w

e
ob

tain
〈i1 ,iq

+
1 |{l}

∪
(∪

q−
1

p
=
2 C

ip )∪
[C
\

({
iq
+
1 ,...,ir }

∪
C
π
)]〉

/∈
J

.
B

y
an

in
d
u
ctive

argu
m

en
t

alon
g

th
e

m
em

b
ers

of
C
iq

(b
y,

a
t

ea
ch

step
,

ch
o
osin

g
a

h
igh

est
ord

er
n
o
d
e

in
C
iq

th
at

h
as

n
ot

y
et

b
een

ch
osen

),
w

e
even

tu
a
lly

o
b
ta

in
〈i1 ,iq

+
1 |(∪

qp
=
2 C

ip )∪
[C
\

({iq
+
1 ,...,ir }∪

C
π
)]〉

/∈
J

.
N

otice
th

at
iq

is
in

th
e

co
n
d
itio

n
in

g
set

of
th

is
d
ep

en
d
en

cy.
1
.ii)

If
iq

is
n
ot

in
C

:
If

(b
)

h
old

s
th

en
ob

serv
e

th
at
iq

is
in

th
e

sam
e

eq
u
iva

len
ce

class
as

th
a
t

o
f

eith
er
iq
+
1

or
a

n
o
d
e
is ∈

C
,
s
<
q.

H
en

ce
w

e
can

ap
p
ly

u
p
w

ard
-stab

ility
to

ob
tain

(a
).

S
in

ce
C
i2

=
∅

,
(a)

is
clearly

th
e

sam
e

as
〈i1 ,iq

+
1 |(∪

qp
=
2 C

ip )∪
[C
\

({
iq
+
1 ,...,ir }∪

C
π
)]〉

/∈
J

.
N

o
tice

th
at
iq

is
n
ot

in
th

e
con

d
ition

in
g

set
of

th
is

d
ep

en
d
en

cy.
2
)

If
iq

is
o
n

a
n
on

-collid
er

section
:

W
e

h
ave

th
a
t
iq

/∈
C

,
an

d
iq
∈

an
t({i1 ,iq

+
1 }

).
H

en
ce,

b
y

u
p
w

ard
-stab

ility,
from

(b
)

w
e

ob
tain

(a).
A

gain
,

sin
ce
C
iq

=
∅

,
w

e
ob

tain
th

e
resu

lt.
T

h
erefo

re,
w

e
estab

lish
ed

th
at〈i1 ,iq |(∪

q−
1

p
=
2 C

ip )∪
[C
\

({iq ,...,ir }∪
C
π
)]〉

/∈
J

,
for

all
q,

w
h
ere

d
ep

en
d
in

g
on

w
h
eth

er
iq
∈
C

or
n
ot,

th
e

con
d
ition

in
g

set
con

tain
s

or
d
o
es

n
ot

co
n
ta

in
iq .

B
y

lettin
g
q

=
r,

w
e

ob
tain

〈i1 ,ir |C
〉
/∈
J

,
a

con
trad

iction
.

T
h
erefore,

it
h
old

s
th

a
t
i⊥

j|C
in
G

.
B

y
th

e
com

p
osition

p
ro

p
erty

for
sep

aration
for

grap
h
s

(P
rop

osition
1),

w
e

o
b
ta

in
th

e
resu

lt.

W
e

fo
llow

th
e

a
rgu

m
en

ts
in

th
e

p
ro

of
for

th
e

follow
in

g
ex

am
p
le.

E
x
a
m

p
le

1
C

o
n

sid
er

th
e

u
n

d
irected

(L
W

F
)

ch
a
in

gra
p
h
G

in
F

ig.
2
.

S
u

p
po

se
th

a
t

a
p
ro

b-
a
bility

d
istribu

tio
n
P

is
m

in
im

a
lly

M
a
rko

v
to
G

,
a
n

d
J

(P
)

sa
tisfi

es
sin

gleto
n

-tra
n

sitivity
a
n

d
o
rd

ered
d
o
w

n
w

a
rd

-
a
n

d
u

p
w

a
rd

-sta
bility

w
.r.t.

th
e

m
in

im
a
l

p
reo

rd
er

fo
r
G

.
In

o
rd

er
to

p
ro

ve
fa

ith
fu

ln
ess,

o
n

e
n

eed
s

to
sh

o
w

th
a
t

if
tw

o
sets

o
f

n
od

es
a
re

n
o
t

sepa
ra

ted
given

a
th

ird
set

th
en

th
ey

a
re

n
o
t

in
d
epen

d
en

t
eith

er.
F

o
r

exa
m

p
le,

w
e

h
a
ve

th
a
t
l6⊥

j|l2 .
N

o
tice

th
a
t

th
is

is
a

ca
se

w
h
ere

th
ere

is
n

o
pa

th
th

a
t

co
n

n
ects

l
a
n

d
j.

In
o
rd

er
to

sh
o
w

th
a
t
l6⊥⊥

j|l2 ,
(a

s
in

th
e

p
roo

f
o
f

th
e

a
bo

ve
th

eo
rem

)
w

e
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K
.
S
a
d
e
g
h
i

sta
rt

fro
m
l

=
l1

a
n

d
m

o
ve

to
w

a
rd

s
j

=
l7

via
th

e
co

n
n

ectin
g

w
a
lk〈l1 ,l2 ,l3 ,l4 ,l5 ,l6 ,l7 〉

given
l2 .

l=
l1

l2
l4

l5

l  =
l6

3j=
l7

F
igu

re
2:

A
n

u
n
d
irected

(L
W

F
)

ch
ain

g
ra

p
h
.

W
e

a
bbrevia

te
sin

gleto
n

-tra
n

sitivity,
o
rd

ered
u

p
w

a
rd

-sta
bility,

a
n

d
o
rd

ered
d
o
w

n
w

a
rd

sta
bility

by
“
st”

,
“
ou
s”

,
a
n

d
“
od
s”

respectively.
W

e
w

rite
th

e
a
rgu

m
en

ts
in

a
co

n
d
en

sed
fro

m
.

F
o
r

exa
m

p
le,

th
e

fi
rst

im
p
lica

tio
n

(o
n

th
e

left
h
a
n

d
sid

e)
sa

ys
th

a
t
l1 6⊥⊥

l2
a
n

d
l2 6⊥⊥

l3 ,
u

sin
g

sin
gleto

n
-tra

n
sitivity,

im
p
ly

th
a
t

eith
er
l1 6⊥⊥

l3
o
r
l1 6⊥⊥

l3 |l2
;

bu
t

n
o
w

o
rd

ered
d
o
w

n
w

a
rd

-sta
bility

im
p
lies

th
a
t

w
e

m
u

st
h
a
ve
l1 6⊥⊥

l3 |l2 .

l1 6⊥⊥
l2

l1 6⊥⊥
l3

l4 6⊥⊥
l5 |l2

l1 6⊥⊥
l5 |{l2 ,l4 }

l6 6⊥⊥
l7 |l2

l1 6⊥⊥
l7 |{l2 ,l6 }

st
⇒

o
r
⇓

od
s

st
⇒

o
r
⇓

o
u

s
st
⇒

o
r
⇓

o
u

s
l2 6⊥⊥

l3
l1 6⊥⊥

l3 |l2
l1 6⊥⊥

l4 |l2
l1 6⊥⊥

l5 |l2
l1 6⊥⊥

l6 |l2
l1 6⊥⊥

l7 |l2 .
st
⇒

o
r
⇑

o
u

s
st
⇒

o
r
⇑

o
u

s
l3 6⊥⊥

l4 |l2
l1 6⊥⊥

l3 |{l2 ,l3 }
l5 6⊥⊥

l6 |l2
l1 6⊥⊥

l6 |{l2 ,l5 }
T

h
e

follow
in

g
ex

am
p
le

sh
ow

s
h
ow

sin
gleton

-tran
sitiv

ity
a
n
d

ord
ered

stab
ilities

are
n
ecessary

for
faith

fu
ln

ess.

E
x
a
m

p
le

2
C

o
n

sid
er

th
e

D
A

G
G

in
F

ig.
3
.

If
a
n

in
d
epen

d
en

ce
m

od
elJ

is
m

in
im

a
lly

M
a
rko

v
to
G

th
en

w
e

m
u

st
h
a
ve
〈h
,k|{j,l}〉∈

J
a
n

d
〈j,l|k〉∈

J
.

N
o
w

,
in

vio
la

tio
n

o
f

fa
ith

fu
ln

ess,
if

o
n

ly
〈h
,k|∅

〉∈
J

in
a
d
d
itio

n
to

th
ese

h
o
ld

s
th

en
u

p
w

a
rd

-sta
bility

is
vio

la
ted

sin
ce

fo
r
j
>
h

,〈h
,k|j〉

∈
J

m
u

st
h
o
ld

.
If,

in
vio

la
tio

n
o

f
fa

ith
fu

ln
ess,

o
n

ly
〈h
,k|j〉

∈
J

in
a
d
d
itio

n
to

th
e

o
rigin

a
l

sta
tem

en
ts

h
o
ld

s
th

en
sin

gleto
n

-tra
n

sitivity
is

vio
la

ted
sin

ce
〈h
,k|j〉∈

J
a
n

d
〈h
,k|{j,l}〉∈

J
m

u
st

im
p
ly

eith
er
〈h
,l|j〉∈

J
o
r
〈k
,l|j〉∈

J
,

w
h
ich

a
re

bo
th

im
po

ssible
d
u

e
to

m
in

im
a
lity

sin
ce
h
,l

a
n

d
k
,l

a
re

a
d
ja

cen
t

in
G

.

l

j
h

k

F
igu

re
3:

A
D

A
G

.

W
ith

ou
t

assu
m

in
g

th
e

M
arkov

assu
m

p
tion

w
e

h
ave

th
e

follow
in

g
:

1
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F
a
it
h
f
u
l
n
e
ss

o
f
P
r
o
b
a
b
il
it
y
D
is
t
r
ib
u
t
io
n
s
a
n
d

G
r
a
p
h
s

T
h

e
o
re

m
1
7

L
et
J

be
a
n

in
d
ep

en
d
en

ce
m

od
el

d
efi

n
ed

o
ve

r
V

.
It

th
en

h
o
ld

s
th

a
t
J

is
gr

a
p
h
ic

a
l

if
a
n

d
o
n

ly
if

1
.
J

is
a

si
n

gl
et

o
n

-t
ra

n
si

ti
ve

co
m

po
si

ti
o
n

a
l

gr
a
p
h
o
id

;
a
n

d

2
.

th
er

e
ex

is
ts

a
J

-c
o
m

pa
ti

bl
e

p
re

o
rd

er
.

o
ve

r
V

w
.r

.t
.

w
h
ic

h
J

sa
ti

sfi
es

o
rd

er
ed

d
o
w

n
w

a
rd

-
a
n

d
u

p
w

a
rd

-s
ta

bi
li

ty
.

In
a
d
d
it

io
n

,
if

1
a
n

d
2

h
o
ld

th
en
J

is
fa

it
h
fu

l
to
G

(J
,.

).

P
ro

o
f

(⇒
)

fo
ll
ow

s
fr

om
P

ro
p

os
it

io
n
s

1,
2,

an
d

12
,

an
d

th
e

fa
ct

th
at

th
er

e
is

al
w

ay
s

an
A

n
G

th
at

is
M

ar
ko

v
eq

u
iv

al
en

t
to

a
gi

ve
n

C
M

G
.
T

o
p
ro

v
e

(⇐
)

an
d

th
e

la
st

st
at

em
en

t
of

th
e

th
eo

re
m

,
co

n
si

d
er
G

(J
,.

).
T

h
eo

re
m

15
im

p
li
es

th
at
J

is
m

in
im

al
ly

M
a
rk

ov
to
G

(J
,.

).
T

h
is

to
ge

th
er

w
it

h
th

e
J

-c
om

p
at

ib
il
it

y
of

th
e

p
re

or
d
er

,
u
si

n
g

P
ro

p
os

it
io

n
16

,
im

p
li
es

th
at

J
an

d
G

(J
,.

)
ar

e
fa

it
h
fu

l.

H
en

ce
,

fo
r

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s,

w
e

h
av

e
th

e
fo

ll
ow

in
g

ch
ar

ac
te

ri
za

ti
o
n
:

C
o
ro

ll
a
ry

1
8

L
et
P

be
a

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

d
efi

n
ed

o
ve

r
{X

α
} α
∈V

.
It

th
en

h
o
ld

s
th

a
t

P
is

gr
a
p
h
ic

a
l

if
a
n

d
o
n

ly
if

1
.
J

(P
)

sa
ti

sfi
es

in
te

rs
ec

ti
o
n

,
co

m
po

si
ti

o
n

,
a
n

d
si

n
gl

et
o
n

-t
ra

n
si

ti
vi

ty
;

a
n

d

2
.

th
er

e
ex

is
ts

a
P

-c
o
m

pa
ti

bl
e

p
re

o
rd

er
.

o
ve

r
V

w
.r

.t
.

w
h
ic

h
J

(P
)

sa
ti

sfi
es

o
rd

er
ed

d
o
w

n
w

a
rd

-
a
n

d
u

p
w

a
rd

-s
ta

bi
li

ty
.

In
a
d
d
it

io
n

,
if

1
a
n

d
2

h
o
ld

th
en

P
is

fa
it

h
fu

l
to
G

(P
,.

).

In
fa

ct
,

w
e

h
av

e
sh

ow
n

in
T

h
eo

re
m

17
th

at
if
J

is
gr

ap
h
ic

al
th

en
fo

r
ev

er
y
J

-c
om

p
at

ib
le

p
re

or
d
er

w
.r

.t
.

w
h
ic

h
J

sa
ti

sfi
es

or
d
er

ed
d
ow

n
w

ar
d
-

an
d

u
p
w

ar
d
-s

ta
b
il
it

y,
G

(J
,.

)
is

a
gr

ap
h

th
at

is
fa

it
h
fu

l
to
J

.
A

co
n
se

q
u
en

ce
o
f

P
ro

p
os

it
io

n
13

im
p
li
es

th
at

su
ch

gr
ap

h
s

(t
h
at

is
G

=
G

(J
,.

)
fo

r
so

m
e

p
re

or
d
er

.
w

.r
.t

.
w

h
ic

h
J

sa
ti

sfi
es

or
d
er

ed
d
ow

n
w

ar
d
-

an
d

u
p
w

ar
d
-

st
ab

il
it

y
)

co
n
st

it
u
te

th
e

se
t

of
al

l
gr

ap
h
s

th
at

ar
e

fa
it

h
fu

l
to
J

,
th

at
is

a
M

ar
ko

v
eq

u
iv

al
en

ce
cl

as
s

of
gr

ap
h
s

w
h
os

e
m

em
b

er
s

ar
e

fa
it

h
fu

l
to
J

.
E

ve
ry

m
em

b
er

of
th

e
eq

u
iv

al
en

ce
cl

as
s

co
rr

es
p

on
d
s

to
a

d
iff

er
en

t
p
re

or
d
er

w
.r

.t
.

w
h
ic

h
J

sa
ti

sfi
es

or
d
er

ed
d
ow

n
w

ar
d
-

an
d

u
p
w

ar
d
-

st
ab

il
it

y.
T

h
is

eq
u
iv

al
en

ce
se

t
ca

n
b

e
re

p
re

se
n
te

d
b
y

on
e

m
em

b
er

(a
gr

ap
h

w
it

h
th

e
le

as
t

n
u
m

b
er

of
ar

ro
w

h
ea

d
s)

si
m

il
ar

to
th

e
id

ea
of

a
C

P
D

A
G

fo
r

th
e

M
ar

ko
v

eq
u
iv

al
en

ce
cl

as
s

of
D

A
G

s
(s

ee
S
p
ir

te
s

et
al

.
20

00
),

b
u
t

w
e

d
o

n
ot

go
th

ro
u
gh

th
e

d
et

ai
ls

of
th

is
h
er

e.

O
f

co
u
rs

e,
if

th
e

go
al

is
to

ve
ri

fy
w

h
et

h
er
J

an
d

a
gi

ve
n
G

ar
e

fa
it

h
fu

l
th

en
w

e
ca

n
u
se

th
e

fo
ll
ow

in
g

co
ro

ll
ar

y
:

C
o
ro

ll
a
ry

1
9

L
et
J

be
a
n

in
d
ep

en
d
en

ce
m

od
el

d
efi

n
ed

o
ve

r
V

,
a
n

d
G

a
n

A
n

G
w

it
h

n
od

e
se

t
V

.
It

th
en

h
o
ld

s
th

a
t

if

1
.
J

is
a

si
n

gl
et

o
n

-t
ra

n
si

ti
ve

co
m

po
si

ti
o
n

a
l

gr
a
p
h
o
id

;
a
n

d

2
.
J

sa
ti

sfi
es

o
rd

er
ed

d
o
w

n
w

a
rd

-
a
n

d
u

p
w

a
rd

-s
ta

bi
li

ty
w

.r
.t

.
th

e
m

in
im

a
l

p
re

o
rd

er
fo

r
G

,

th
en
J

a
n

d
G

a
re

fa
it

h
fu

l.
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K
.
S
a
d
e
g
h
i

It
is

al
so

im
p

or
ta

n
t

to
n
ot

e
th

at
si

n
gl

et
on

-t
ra

n
si

ti
v
it

y
an

d
or

d
er

ed
u
p
w

ar
d

o
r

d
ow

n
w

a
rd

-
st

ab
il
it

y
ar

e
n
ec

es
sa

ry
in

th
e

se
n
se

th
at

th
ey

ar
e

n
ot

im
p
li
ed

b
y

on
e

an
ot

h
er

,
a
lt

h
o
u
g
h

th
er

e
ar

e
d
iff

er
en

t
w

ay
s

to
ax

io
m

at
iz

e
si

n
gl

et
on

-t
ra

n
si

ti
ve

co
m

p
os

it
io

n
al

gr
ap

h
oi

d
s

th
a
t

sa
ti

sf
y

or
d
er

ed
u
p
w

ar
d
-

an
d

d
ow

n
w

ar
d
-s

ta
b
il
it

y.

If
P

is
G

au
ss

ia
n

th
en

w
e

h
av

e
th

e
fo

ll
ow

in
g:

C
o
ro

ll
a
ry

2
0

L
et
P

be
re

gu
la

r
G

a
u

ss
ia

n
d

is
tr

ib
u

ti
o
n

.
It

th
en

h
o
ld

s
th

a
t
P

is
gr

a
p
h
ic

a
l

if
a
n

d
o
n

ly
if

th
er

e
ex

is
ts

a
P

-c
o
m

pa
ti

bl
e

p
re

o
rd

er
.

w
.r

.t
.

w
h
ic

h
J

(P
)

sa
ti

sfi
es

o
rd

er
ed

d
o
w

n
w

a
rd

-
a
n

d
u

p
w

a
rd

-s
ta

bi
li

ty
.

P
ro

o
f

T
h
e

p
ro

of
fo

ll
ow

s
fr

om
th

e
fa

ct
th

at
re

gu
la

r
G

au
ss

ia
n

d
is

tr
ib

u
ti

o
n
s

sa
ti

sf
y

in
te

rs
ec

-
ti

on
,

co
m

p
os

it
io

n
,

an
d

si
n
gl

et
on

-t
ra

n
si

ti
v
it

y.

6
.

S
p

e
ci

a
li
za

ti
o
n

to
S
u
b

cl
a
ss

e
s

T
h
e

d
efi

n
it

io
n
s

an
d

re
su

lt
s

p
re

se
n
te

d
in

th
is

p
ap

er
ca

n
b

e
sp

ec
ia

li
ze

d
to

a
n
y

su
b

cl
a
ss

o
f

C
M

G
s

in
cl

u
d
in

g
an

ce
st

ra
l

gr
ap

h
s

an
d

L
W

F
ch

ai
n

gr
ap

h
s.

H
ow

ev
er

,
h
er

e
w

e
o
n
ly

fo
cu

s
o
n

th
e

th
re

e
of

th
e

m
os

t
u
se

d
cl

as
se

s
of

u
n
d
ir

ec
te

d
(c

on
ce

n
tr

at
io

n
),

b
id

ir
ec

te
d

(c
ov

a
ri

a
n
ce

),
an

d
d
ir

ec
te

d
ac

y
cl

ic
gr

ap
h
s.

6
.1

S
p

e
c
ia

li
z
a
ti

o
n

to
U

n
d

ir
e
c
te

d
a
n

d
B

id
ir

e
c
te

d
G

ra
p

h
s

F
or

co
n
n
ec

te
d

U
G

s,
ev

er
y

tw
o

n
o
d
es

ar
e

in
th

e
sa

m
e

eq
u
iv

al
en

ce
cl

as
s,

an
d

fo
r

B
G

s
ev

er
y

tw
o

n
o
d
es

ar
e

in
co

m
p
ar

ab
le

;
h
en

ce
,

th
e

m
in

im
al

(p
re

)o
rd

er
in

g
is

tr
iv

ia
l

an
d

u
n
in

te
re

st
in

g
in

th
es

e
ca

se
s.

M
or

e
p
re

ci
se

ly
,

or
d
er

ed
u
p
w

ar
d
-

a
n
d

d
ow

n
w

ar
d
-s

ta
b
il
it

ie
s

ca
n

b
e

sp
ec

ia
li
ze

d
fo

r
th

es
e

tw
o

ty
p

es
of

tr
iv

ia
l

p
re

or
d
er

in
g:

8a
.

if
〈i,
j
|C
〉∈
J

th
en
〈i,
j
|C
∪
{k
}〉
∈
J

fo
r

ev
er

y
k
∈
V
\{
i,
j}

(u
p
w

a
rd

-s
ta

bi
li

ty
);

9a
.

if
〈i,
j
|C
〉∈
J

th
en
〈i,
j
|C
\{
k
}〉
∈
J

fo
r

ev
er

y
k
∈
V
\{
i,
j}

(d
o
w

n
w

a
rd

-s
ta

bi
li

ty
).

P
ro

p
o
si

ti
o
n

2
1

A
n

in
d
ep

en
d
en

ce
m

od
el
J

sa
ti

sfi
es

o
rd

er
ed

u
p
w

a
rd

-
a
n

d
d
o
w

n
w

a
rd

-s
ta

bi
li

ty
(8

)
a
n

d
(9

)
w

.r
.t

.
th

e
m

in
im

a
l

p
re

o
rd

er
if

a
n

d
o
n

ly
if

,

1
.

fo
r

co
n

n
ec

te
d

u
n

d
ir

ec
te

d
gr

a
p
h
s,

it
sa

ti
sfi

es
u

p
w

a
rd

-s
ta

bi
li

ty
(8

a
);

2
.

fo
r

bi
d
ir

ec
te

d
gr

a
p
h
s,

it
sa

ti
sfi

es
d
o
w

n
w

a
rd

-s
ta

bi
li

ty
(9

a
).

In
a
d
d
it

io
n

,
if

,
fo

r
u

n
d
ir

ec
te

d
gr

a
p
h
s,
J

sa
ti

sfi
es

(8
a
)

th
en

it
sa

ti
sfi

es
(8

).

P
ro

o
f

T
h
e

p
ro

of
of

1
an

d
2

ar
e

st
ra

ig
h
tf

or
w

ar
d

si
n
ce

in
1

al
l

n
o
d
es

ar
e

in
th

e
sa

m
e

eq
u
iv

al
en

ce
cl

as
s,

an
d

in
2

al
l

n
o
d
es

ar
e

in
co

m
p
ar

ab
le

.
T

h
e

se
co

n
d

p
ar

t
is

tr
iv

ia
l.

A
n
al

og
ou

s
to

P
ro

p
os

it
io

n
12

,
it

is
al

so
st

ra
ig

h
tf

or
w

ar
d

to
sh

ow
th

e
fo

ll
ow

in
g
:

P
ro

p
o
si

ti
o
n

2
2

It
h
o
ld

s
th

a
t

1
.

fo
r

a
n

u
n

d
ir

ec
te

d
gr

a
p
h
G

,
J

(G
)

sa
ti

sfi
es

u
p
w

a
rd

-s
ta

bi
li

ty
;
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F
a
it
h
f
u
l
n
e
ss

o
f
P
r
o
b
a
b
il
it
y
D
ist

r
ib
u
t
io
n
s
a
n
d

G
r
a
p
h
s

2
.

fo
r

a
bid

irected
gra

p
h
G

,J
(G

)
sa

tisfi
es

d
o
w

n
w

a
rd

-sta
bility.

F
o
r

U
G

s
a
n
d

B
G

s,
d
en

ote
th

e
u
n
iq

u
e

an
d

triv
ial

valid
p
reord

ers
b
y
.
∗u

an
d
.
∗b

resp
ectively.

F
o
r

U
G

s,
G
∗u (J

)
:=

G
(J
,.
∗u )

=
sk

(J
),

w
h
ereas

for
B

G
s,
G
∗b (J

)
:=

G
(J
,.
∗b )

is
sk

(J
)

w
ith

a
ll

ed
g
es

d
irected

to
b

e
b
id

irected
.

A
n
oth

er
w

ay
to

con
stru

ct
in

d
u
ced

U
G

s
an

d
B

G
s

b
y

J
is

to
co

n
stru

ct
th

em
b
ased

on
th

eir
corresp

on
d
in

g
p
airw

ise
M

arkov
p
rop

erty,
th

at
is

to
co

n
n
ect

every
p
air

of
n
o
d
es
i

an
d
j

if〈i,j|V
\{
i,j}〉

/∈
J

for
U

G
s,

an
d

if〈i,j|∅
〉
/∈
J

for
B

G
s.

D
en

o
te

th
ese

grap
h
s

b
y
G
u (J

)
an

d
G
b (J

)
resp

ectively.
W

e
th

en
h
ave

th
e

follow
in

g:

P
ro

p
o
sitio

n
2
3

It
h
o
ld

s
th

a
t,

1
.

fo
r

u
n

d
irected

gra
p
h
s,
G
∗u (J

)
=
G
u (J

)
ifJ

sa
tisfi

es
u

p
w

a
rd

-sta
bility;

2
.

fo
r

bid
irected

gra
p
h
s,
G
∗b (J

)
=
G
b (J

)
ifJ

sa
tisfi

es
d
o
w

n
w

a
rd

-sta
bility.

F
o
r

u
p
w

a
rd

-
an

d
d
ow

n
w

ard
-stab

ility,
w

e
also

h
ave

th
e

follow
in

g
ob

servation
:

L
e
m

m
a

2
4

F
o
r

a
n

in
d
epen

d
en

ce
m

od
elJ

th
e

fo
llo

w
in

g
h
o
ld

s:

1
.

IfJ
is

a
sem

i-gra
p
h
o
id

a
n

d
sa

tisfi
es

u
p
w

a
rd

-sta
bility

th
en
J

sa
tisfi

es
co

m
po

sitio
n

.

2
.

IfJ
is

a
sem

i-gra
p
h
o

id
a
n

d
sa

tisfi
es

d
o
w

n
w

a
rd

-sta
bility

th
en
J

sa
tisfi

es
in

tersectio
n

.

P
ro

o
f

1
.

S
u
p
p

ose
th

at
〈A
,B
|C
〉
∈
J

an
d
〈A
,D
|C
〉
∈
J

.
B

y
d
ecom

p
osition

,
it

h
o
ld

s,
fo

r
i∈

A
,
j
∈
B

,
an

d
k
∈
D

,
th

at
〈i,j|C

〉∈
J

an
d
〈i,k|C

〉∈
J

.
B

y
u
p
w

ard
-stab

ility,
w

e
o
b
ta

in
〈i,j|C

∪
{k}〉

∈
J

.
C

on
traction

im
p
lies
〈i,{

j,k}|C
〉
∈
J

.
B

y
an

in
d
u
ctive

a
rg

u
m

en
t,

w
e

o
b
tain

th
e

resu
lt.

2
.

S
u
p
p

o
se

th
at
〈A
,B
|C
∪
D
〉
∈
J

an
d
〈A
,D
|C
∪
B
〉
∈
J

.
B

y
d
ecom

p
osition

,
it

h
o
ld

s,
for

i∈
A

,
j
∈
B

,
an

d
k
∈
D

,
th

at〈i,j|C
∪
{k}〉∈

J
an

d
〈i,k|C

∪
{j}〉∈

J
.

B
y

d
ow

n
w

a
rd

-sta
b
ility,

w
e

ob
tain

〈i,k|C
〉∈
J

.
C

on
traction

im
p
lies〈i,{j,k}|C

〉∈
J

.
B

y
an

in
d
u
ctive

a
rg

u
m

en
t,

w
e

ob
tain

th
e

resu
lt.

L
e
m

m
a

2
5

L
etJ

be
a
n

in
d
epen

d
en

ce
m

od
el,

a
n

d
su

p
po

se
th

a
tJ

is
a

gra
p
h
o
id

.
It

th
en

h
o
ld

s
th

a
tJ

sa
tisfi

es
o
rd

ered
d
o
w

n
w

a
rd

-sta
bility

(9
)

w
.r.t.

th
e

m
in

im
a
l

p
reo

rd
er

fo
r
G
u (J

).

P
ro

o
f

B
y

d
efi

n
ition

,
w

e
k
n
ow

th
at
J

is
p
airw

ise
M

a
rkov

to
G
u (J

).
It

is
k
n
ow

n
th

at
u
n
d
er

g
ra

p
h
o
id

,
th

is
im

p
lies

th
atJ

is
M

arkov
to
G
u (J

);
see

P
earl

(1988
).

N
ow

su
p
p

ose
th

a
t〈i,j|C

〉∈
J

.
T

h
e

on
ly

ap
p
licab

le
k

in
th

e
d
efi

n
ition

of
(9)

is
n
ot

in
th

e
sam

e
con

n
ected

co
m

p
o
n
en

t
a
s

th
at

of
i

or
j.

H
en

ce,
sin

ce
i⊥

j|C
\{
k},

b
y

th
e

glob
al

M
a
rkov

p
rop

erty,
it

h
o
ld

s
th

a
t〈i,j|C

\{
k}〉∈

J
.

A
s

a
co

n
seq

u
en

ce
of

T
h
eorem

15,
w

e
h
ave

th
e

follow
in

g
fo

r
U

G
s

an
d

B
G

s:

C
o
ro

lla
ry

2
6

It
h
o
ld

s
th

a
t

1
.

ifJ
is

a
gra

p
h
o
id

a
n

d
sa

tisfi
es

u
p
w

a
rd

-sta
bility

th
en
J

is
m

in
im

a
lly

M
a
rko

v
to

th
e

u
n

d
irected

gra
p
h
G
u (J

);

2
.
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d
to

sh
ow

th
at

it
sa

ti
sfi

es
u
p
w

a
rd

-s
ta

b
il
it

y.
It

is
st

ra
ig

h
tf

or
w

ar
d

to
sh

ow
th

at
fo

r
su

ffi
ci

en
tl

y
sm

al
l
ε
>

0,
th

e
in

ve
rs

e
o
f
A
G
,ε

,
w

h
ic

h
is

th
e

co
n
ce

n
tr

at
io

n
m

at
ri

x
of

th
e

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
,

is
an

M
-m

a
tr

ix
,

th
a
t

is
a
ll

it
s

on
-d

ia
go

n
al

el
em

en
ts

ar
e

p
os

it
iv

e
an

d
al

l
it

s
off

-d
ia

go
n
al

el
em

en
ts

ar
e

n
on

-p
o
si

ti
ve

.
T

h
is

is
eq

u
iv

al
en

t
to

th
e

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
b

ei
n
g

M
T

P
2
;

se
e

K
ar

li
n

an
d

R
in

ot
t

(1
9
8
3
).

H
en

ce
,

u
p
w

ar
d
-s

ta
b
il
it

y
is

sa
ti

sfi
ed

as
d
is

cu
ss

ed
ab

ov
e.

7
.3

U
n

fa
it

h
fu

ln
e
ss

o
f

C
e
rt

a
in

G
a
u

ss
ia

n
D

is
tr

ib
u

ti
o
n

s
a
n

d
U

n
d

ir
e
c
te

d
G

ra
p

h
s

a
n

d
D

A
G

s

T
h
er

e
ar

e
m

an
y

ex
am

p
le

s
in

th
e

li
te

ra
tu

re
fo

r,
an

d
in

fa
ct

it
is

ea
sy

to
co

n
st

ru
ct

ex
a
m

p
le

s
of

,
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

th
at

ar
e

n
ot

fa
it

h
fu

l
to

u
n
d
ir

ec
te

d
gr

ap
h
s;

fo
r

o
n
e

o
f

th
e

fi
rs

t
ob

se
rv

at
io

n
s

of
th

is
b

eh
av

io
u
r

in
a

d
at

a
se

t,
se

e
E

x
am

p
le

4
of

C
ox

an
d

W
er

m
u
th

(1
9
9
3
).

A
s

a
co

n
st

ru
ct

ed
ex

am
p
le

,
le

t
u
s

d
is

cu
ss

E
x
am

p
le

1
of

S
oh

an
d

T
at

ik
on

d
a

(2
0
1
4
),

w
h
ic

h
p
ro

v
id

ed
th

e
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
fo

r
X

=
(X

1
,X

2
,X

3
,X

4
)

w
it

h
ze

ro
m

ea
n

a
n
d

p
o
si

ti
v
e

d
efi

n
it

e
co

va
ri

an
ce

m
at

ri
x

Σ
=

   

3
2

1
2

2
4

2
1

1
2

7
1

2
1

1
6

   
.

It
ca

n
b

e
se

en
th

at
th

e
co

n
ce

n
tr

at
io

n
m

at
ri

x
Σ
−
1

h
as

n
o

ze
ro

en
tr

ie
s,

b
u
t
X

1
⊥⊥
X

3
|X

2
si

n
ce

Σ
1
3

=
Σ
1
2
Σ
−
1

2
2

Σ
2
3
.

H
en

ce
,

th
e

d
is

tr
ib

u
ti

on
an

d
it

s
co

m
p
le

te
sk

el
et

on
ar

e
n
ot

fa
it

h
fu

l.
T

h
is

is
cl

ea
rl

y
a

co
n
se

q
u
en

ce
of

th
e

v
io

la
ti

on
of

u
p
w

ar
d
-s

ta
b
il
it

y.
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F
a
it
h
f
u
l
n
e
ss

o
f
P
r
o
b
a
b
il
it
y
D
ist

r
ib
u
t
io
n
s
a
n
d

G
r
a
p
h
s

F
o
r

D
A

G
s

to
o,

it
is

easy
to

con
stru

ct
or

ob
serve

ex
am

p
les

w
h
ere

faith
fu

ln
ess

is
v
iolated

.
O

n
e

o
f

th
e

sim
p
lest

of
su

ch
ex

am
p
les,

is
w

h
at

is
related

to
th

e
so-called

“tran
sitiv

ity
of

ca
u
sa

tio
n
”

in
p
h
ilosop

h
ical

cau
sality

;
see,

for
ex

am
p
le,

R
am

sey
et

al.
(2006),

w
h
ere

th
e

goal
is

to
sh

ow
h
ow

th
e

P
C

algorith
m

(S
p
irtes

et
al.,

2000)
errs.

C
on

sid
er

th
e

g
rap

h
a
�
b
�
c,

w
h
ere

a⊥⊥
c

a
n
d
a⊥⊥

c|b.
T

h
is,

in
ou

r
lan

gu
age,

is
a

clear
v
iolation

of
sin

g
leton

-tran
sitiv

ity
sin

ce
th

e
g
ra

p
h

im
p
lies

th
at
a
,b

an
d
b,c

are
alw

ay
s

d
ep

en
d
en

t.

7
.4

F
a
ith

fu
ln

e
ss

o
f

G
a
u

ssia
n

a
n

d
D

isc
re

te
D

istrib
u

tio
n

s
a
n

d
D

A
G

s

It
w

a
s

sh
ow

n
in

M
eek

(1995)
th

at,
in

certain
m

easu
re-th

eoretic
sen

ses,
alm

ost
all

th
e

regu
lar

G
a
u
ssia

n
a
n
d

d
iscrete

d
istrib

u
tion

s
th

a
t

are
M

arkov
to

a
giv

en
D

A
G

are
faith

fu
l

to
it.

It
is

k
n
ow

n
,

fo
r

D
A

G
s,

th
at

th
e

glob
al

M
arkov

p
rop

erty
is

eq
u
ivalen

t
to

th
e

fa
cto

riza
tio

n
p
ro

perty
(see

L
au

ritzen
1996),

w
h
ich

h
old

s
if

th
e

join
t

d
en

sity
can

fa
ctorize

as
fo

llow
s:

f
V

(x
)

=
∏v∈
V

f
V

(x
v |x

p
a
(v
) ).

S
in

ce
G

a
u
ssia

n
an

d
d
iscrete

d
istrib

u
tion

s
satisfy

sin
gleton

-tra
n
sitiv

ity,
in

o
rd

er
to

p
rove

th
e

resu
lt,

o
n
e

n
eed

s
to

sh
ow

th
at

ord
ered

u
p
w

ard
-

an
d

d
ow

n
w

ard
-stab

ilities,
(8b

)
an

d
(9

b
),

are
sa

tisfi
ed

fo
r

a
lm

ost
all

d
istrib

u
tion

s
th

at
factorize

w
.r.t.

th
e

D
A

G
.

W
e

refrain
from

sh
ow

in
g

th
is

ex
p
licitly

h
ere

d
u
e

to
tech

n
icality

of
th

e
p
ro

of,
b
u
t

th
e

g
en

eral
id

ea
is

sim
ila

r
to

th
e

p
ro

o
fs

in
A

p
p

en
d
ix

B
of

M
eek

(1995):
F

or
(9b

),
w

e
h
ave

th
at

th
e

p
rob

ab
ilistic

con
d
ition

al
in

d
ep

en
d
en

ce
h
old

s
for

th
e

m
argin

al
p
rob

ab
ility

ov
er

(i,j,C
,k

),
an

d
w

e
n
eed

to
ex

p
loit

th
e

fa
cto

riza
tion

to
sh

ow
th

at
th

e
sam

e
con

d
ition

al
in

d
ep

en
d
en

ce
form

u
la

h
old

s
for

th
e

m
argin

al
p
ro

b
a
b
ility

over
(i,j,C

)
w

h
en

k
/∈

an
({
i,j}∪

C
.

In
th

is
case

th
e

corresp
on

d
in

g
resu

ltin
g

p
o
ly

n
o
m

ials
a
re

m
u
ch

sim
p
ler

th
an

th
ose

of
M

eek
(1

995)
sin

ce
on

e
n
eed

s
to

co
n
sid

er
ex

tra
m

a
rg

in
a
liza

tio
n

ov
er

on
ly

on
e

variab
le
k
.

F
or

(8b
),

w
e

w
ill

n
eed

to
p
rove

th
e

oth
er

d
irection

in
a

sim
ila

r
fa

sh
ion

.

7
.5

F
a
ith

fu
ln

e
ss

o
f

G
a
u

ssia
n

D
istrib

u
tio

n
s

a
n

d
A

n
c
e
stra

l
G

ra
p

h
s

T
h
e

m
a
in

g
o
a
l

of
R

ich
ard

son
an

d
S
p
irtes

(2002)
is

to
cap

tu
re

th
e

con
d
ition

al
in

d
ep

en
-

d
en

ce
stru

ctu
re

of
a

D
A

G
m

o
d
el

after
m

argin
alization

an
d

con
d
itio

n
in

g;
see

a
lso

S
ad

egh
i

(2
0
1
3
).

T
h
is

w
as

d
on

e
b
y

in
tro

d
u
cin

g
th

e
class

of
A

G
s,

an
d

it
w

as
sh

ow
n

th
at

every
A

G
is

p
ro

b
a
b
ilistic.

In
fact,

th
ere

is
a

G
au

ssian
d
istrib

u
tion

faith
fu

l
to

an
y

A
G

,
w

h
ich

is
in

d
eed

th
e

G
a
u
ssia

n
d
istrib

u
tion

faith
fu

l
to

a
D

A
G

after
m

argin
alization

a
n
d

con
d
ition

in
g;

see
T

h
eo

rem
7.5

o
f

th
is

p
ap

er.
H

ow
ever,

b
y

u
sin

g
ou

r
resu

lts,
w

ith
o
u
t

goin
g

th
rou

gh
th

e
stan

d
ard

th
eory

of
an

cestral
g
ra

p
h
s,

it
is

p
o
ssib

le
to

sh
ow

th
at

d
istrib

u
tion

s
th

at
are

faith
fu

l
to

a
D

A
G

a
re

grap
h
ical

after
m

a
rg

in
a
liza

tio
n

an
d

con
d
ition

in
g:

In
ord

er
to

d
o

so,
w

e
u
se

th
e

n
otation

in
S
ad

eg
h
i

(2013),
fo

r
a
n

in
d
ep

en
d
en

ce
m

o
d
elJ

,
to

d
efi

n
e

th
e

in
d
epen

d
en

ce
m

od
el

a
fter

m
a
rgin

a
liza

tio
n

o
ver

M
a
n

d
co

n
d
itio

n
in

g
o
n
C

,
d
en

oted
b
y
α

(J
;M

,C
),

for
d
isjoin

t
su

b
sets

M
a
n
d
C

of
V

:

α
(J

;M
,C

)
=
{〈A

,B
|D
〉

:〈A
,B
|D
∪
C
〉∈
J

an
d

(A
∪
B
∪
D

)∩
(M
∪
C

)
=

∅
}.

F
irst,

w
e

sh
ow

th
at
α

(J
;M

,C
)

satisfi
es

con
d
ition

1
of

T
h
eorem

17.

P
ro

p
o
sitio

n
3
5

IfJ
sa

tisfi
es

sin
gleto

n
-tra

n
sitivity,

in
tersectio

n
,

a
n

d
co

m
po

sitio
n

th
en

so
d
oes

α
(J

;M
,C

).
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K
.
S
a
d
e
g
h
i

P
ro

o
f

F
or

com
p

o
sition

,
assu

m
e

th
at〈A

,B
|C
′〉∈

α
(J

;M
,C

)
an

d
〈A
,D
|C
′〉∈

α
(J

;M
,C

).
B

y
d
efi

n
ition

,
w

e
h
ave
〈A
,B
|C
′∪

C
〉
∈
J

an
d
〈A
,D
|C
′∪

C
〉
∈
J

.
C

om
p

osition
for
J

im
p
lies
〈A
,B
∪
D
|C
′∪

C
〉
∈
J

.
T

h
erefore,〈A

,B
∪
D
|C
′〉
∈
α

(J
;M

,C
).

P
ro

of
of

th
e

oth
ers

is
sim

ilar
to

th
is

on
e

an
d

as
straigh

tforw
ard

.

D
en

ote
b
y
α

(G
;M

,C
),

th
e

gen
erated

A
G

from
th

e
D

A
G
G

an
d
M

an
d
C

tw
o

d
isjoin

t
su

b
-

sets
of

its
n
o
d
e

set
th

at
are

m
argin

alized
over

an
d

con
d
ition

ed
on

resp
ectively.

H
ere

w
e

d
o

n
ot

go
th

rou
gh

th
e

gen
eratin

g
p
ro

cess
of

A
G

s
from

D
A

G
s;

fo
r

m
ore

d
etails,

see
R

ich
ard

son
an

d
S
p
irtes

(2002);
S
ad

egh
i

(2013).
W

ith
ou

t
ex

p
licitly

u
sin

g
th

e
th

eory
o
f

stab
ility

u
n
d
er

m
argin

alization
an

d
con

d
ition

in
g

for
A

G
s,

w
e

sh
ow

th
e

follow
in

g.

P
ro

p
o
sitio

n
3
6

IfJ
a
n

d
a

D
A

G
G

a
re

fa
ith

fu
l

th
en

α
(J

;M
,C

)
a
n

d
th

e
a
n

cestra
l

gra
p
h

α
(G

;M
,C

)
a
re

fa
ith

fu
l.

P
ro

o
f

B
y

P
rop

osition
35,

w
e

on
ly

n
eed

to
sh

ow
th

at
w

.r.t.
th

e
ord

erin
g

asso
ciated

w
ith

α
(G

;M
,C

),
con

d
ition

2
of

T
h
eorem

17
is

also
satisfi

ed
b
y
α

(J
;M

,C
).

T
o

p
rove

ord
ered

u
p
w

ard
-stab

ility,
assu

m
e

th
at〈i,j|C

′∪
{
k}〉

/∈
α

(J
;M

,C
),

w
h
ere

k
is

an
an

terior
of

a
n
o
d
e
l,
l∈
{
i,j}

or
con

n
ected

b
y

lin
es

to
l,
l∈

C
′

in
H

=
α

(G
;M

,C
).

W
e

h
ave

th
at〈i,j|C

∪
C
′∪
{
k}〉

/∈
J

.
S
in

ce
J

an
d
G

a
re

faith
fu

l,
th

ere
is

a
con

n
ectin

g
w

alk
π

b
etw

een
i

an
d
j

given
C
∪
C
′∪
{k}.

If
k

is
n
o
t

on
π

,
π

is
con

n
ectin

g
giv

en
C
∪
C
′.

O
th

erw
ise,

it
h
old

s
th

at
k

m
u
st

b
e

a
collid

er
on

π
.

B
y

L
em

m
a

2
in

S
ad

egh
i

(2013),
k

is
in

an
cestor

of
a

n
o
d
e
l ′∈
{
i,j}∪

C
∪
C
′.

B
y

rep
lacin

g
th

e
su

b
w

alk
of
π

from
l ′

to
k

b
y

th
e

d
irected

p
ath

from
k

to
l ′

if
l ′∈

{
i,j}

,
or

b
y

ad
d
in

g
th

e
d
irected

p
ath

from
k

to
l ′

p
lu

s
th

e
reverse

from
l ′

to
k

to
π

if
l ′∈

C
∪
C
′,

w
e

con
clu

d
e

th
at
〈i,j|C

∪
C
′〉
/∈
J

.
H

en
ce,

〈i,j|C
′〉
/∈
α

(J
;M

,C
).

T
o

p
rove

ord
ered

d
ow

n
w

ard
-stab

ility,
assu

m
e

th
at〈i,j|C

′\{
k}〉

/∈
α

(J
;M

,C
),

w
h
ere

k
∈
C
′is

n
ot

an
an

terior
of

an
y

n
o
d
e
l∈
{i,j}∪

C
′in

H
.

W
e

h
ave

th
at〈i,j|C

∪
C
′\{
k}〉

/∈
J

.
S
in

ceJ
an

d
G

are
faith

fu
l,

th
ere

is
a

con
n
ectin

g
w

alk
π

b
etw

een
i

an
d
j

given
C
∪
C
′\{k}

.
N

o
d
e
k

can
n
ot

b
e

on
π

sin
ce
k

m
u
st

b
e

a
n
on

-collid
er

an
d

con
seq

u
en

tly
an

an
cestor

of
a

n
o
d
e

in
{
i,j}∪

C
∪
C
′

in
G

,
w

h
ich

b
y

L
em

m
a

3
in

S
a
d
egh

i
(20

13),
im

p
lies

th
at
k
∈

an
(l)

in
H

.
H

en
ce,

k
is

n
ot

on
π

,
an

d
con

seq
u
en

tly
π

is
con

n
ectin

g
given

C
∪
C
′.

W
e

con
clu

d
e

th
at〈i,j|C

∪
C
′〉
/∈
J

.
H

en
ce,〈i,j|C

′〉
/∈
α

(J
;M

,C
).

T
h
is

sh
ow

s
th

at,
for

every
A

G
,

th
ere

is
a

d
istrib

u
tion

faith
fu

l
to

it
sin

ce,
for

every
A

G
,

th
ere

is
a

D
A

G
th

at,
after

m
argin

alizatio
n

an
d

con
d
ition

in
g,

resu
lts
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ý
.

P
ro

ba
bi

li
st

ic
C

o
n

d
it

io
n

a
l

In
d
ep

en
d
en

ce
S

tr
u

ct
u

re
s.

S
p
ri

n
ge

r-
V

er
la

g,
L

on
-

d
on

,
U

n
it

ed
K

in
gd

om
,

20
05

.

M
il
an

S
tu

d
en

ý
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s
G
`

=
([
n

],
E
`)

h
av

in
g

co
m

m
on

v
er

te
x

se
t

[n
]

=
{1
,.
..
,n
},

w
h
er

e
th

e
ed

ge
se

ts
E
`

m
ay

va
ry

fr
o
m

la
ye

r
to

la
ye

r.
T

h
e

gr
ap

h
G
`

w
il
l

b
e

re
fe

rr
ed

to
as

th
e
`t

h
la

ye
r

of
th

e
n
et

w
o
rk

.
W

e
a
ss

u
m

e
th

at
th

e
ve

rt
ic

es
of

th
e

m
u
lt

il
ay

er
n
et

w
or

k
ar

e
re

gi
st

er
ed

,
in

th
e

se
n
se

th
at

a
fi
x
ed

ve
rt

ex
u
∈

[n
]
re

fe
rs

to
th

e
sa

m
e

ac
to

r
ac

ro
ss

al
l
la

y
er

s.
T

h
u
s

th
e

gr
ap

h
G
`

re
fl
ec

ts
th

e
re

la
ti

o
n
sh

ip
s

b
et

w
ee

n
id

en
ti

fi
ed

ac
to

rs
1
,.
..
,n

in
ci

rc
u
m

st
an

ce
`.

T
h
er

e
ar

e
n
o

ed
ge

s
b

et
w

ee
n

v
er

ti
ce

s
in

d
iff

er
en

t
la

y
er

s,
an

d
th

e
la

ye
rs

ar
e

re
ga

rd
ed

as
u
n
or

d
er

ed
so

th
at

th
e

in
d
ic

es
`
∈

[m
]

d
o

n
ot

re
fl
ec

t
an

u
n
d
er

ly
in

g
sp

at
ia

l
or

te
m

p
o
ra

l
or

d
er

am
on

g
th

e
la

ye
rs

.

In
ge

n
er

al
,

th
e

ac
to

rs
of

a
m

u
lt

il
ay

er
n
et

w
or

k
m

ay
n
ot

ex
h
ib

it
th

e
sa

m
e

co
m

m
u
n
it

y
st

ru
ct

u
re

ac
ro

ss
al

l
la

ye
rs

.
F

or
ex

am
p
le

in
so

ci
al

n
et

w
or

k
s,

a
gr

ou
p

of
in

d
iv

id
u
a
ls

m
ay

b
e

w
el

l
co

n
n
ec

te
d

v
ia

fr
ie

n
d
sh

ip
s

on
F

ac
eb

o
ok

;
h
ow

ev
er

,
th

is
co

m
m

on
gr

ou
p

of
ac

to
rs

w
il
l
li
ke

ly
,

fo
r

ex
am

p
le

,
n
ot

w
or

k
at

th
e

sa
m

e
co

m
p
an

y.
In

re
al

is
ti

c
si

tu
at

io
n
s

su
ch

as
th

es
e,

a
g
iv

en
ve

rt
ex

co
m

m
u
n
it

y
w

il
l

on
ly

b
e

p
re

se
n
t

in
a

su
b
se

t
o
f

th
e

la
ye

rs
,

an
d

d
iff

er
en

t
co

m
m

u
n
it

ie
s

m
ay

b
e

p
re

se
n
t

in
d
iff

er
en

t
su

b
se

ts
of

la
y
er

s.
W

e
re

fe
r

to
su

ch
m

u
lt

il
ay

er
sy

st
em

s
as

h
et

er
o
g
en

eo
u
s

a
s

ea
ch

la
ye

r
m

ay
ex

h
ib

it
n
ot

ic
ea

b
ly

d
iff

er
en

t
co

m
m

u
n
it

y
st

ru
ct

u
re

.
C

om
p
le

x
a
n
d

d
iff

er
en

ti
al

re
la

ti
on

sh
ip

s
b

et
w

ee
n

ac
to

rs
w

il
l
b

e
re

fl
ec

te
d

in
th

e
h
et

er
og

en
ou

s
b

eh
av

io
r

of
d
iff

er
en

t
la

ye
rs

of
a

m
u
lt

il
ay

er
n
et

w
or

k
.

In
sp

it
e

of
th

is
h
et

er
og

en
ei

ty
,

m
an

y
ex

is
ti

n
g

co
m

m
u
n
it

y
d
et

ec
ti

o
n

m
et

h
o
d
s

fo
r

m
u
lt

il
ay

er
n
et

w
or

k
s

ty
p
ic

al
ly

as
su

m
e

th
at

th
e

co
m

m
u
n
it

y
st

ru
ct

u
re

is
th

e
sa

m
e

ac
ro

ss
al

l,
or

a
su

b
st

an
ti

al
fr

ac
ti

on
of

,
th

e
la

ye
rs

(B
er

li
n
ge

ri
o

et
al

.,
20

11
;
R

o
ck

li
n

a
n
d

P
in

ar
,

20
13

;
B

ar
ig

oz
zi

et
al

.,
20

11
;

B
er

li
n
ge

ri
o

et
al

.,
20

13
;

H
ol

la
n
d

et
al

.,
19

83
;

P
a
u
l

a
n
d

C
h
en

,
20

15
).
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C
o
m
m
u
n
it
y
E
x
t
r
a
c
t
io
n
in

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

W
e

d
evelo

p
an

d
in

vestigate
a

m
u
ltilayer

com
m

u
n
ity

d
etection

m
eth

o
d

called
M

u
ltilayer

E
x
tra

ctio
n
,

w
h
ich

effi
cien

tly
h
an

d
les

m
u
ltilayer

n
etw

ork
s

w
ith

h
eterogen

eou
s

layers.
T

h
e-

o
retica

l
a
n
d

n
u
m

erical
evalu

ation
of

ou
r

m
eth

o
d

reveals
th

at
M

u
ltilayer

E
x
traction

is
an

eff
ective

ex
p
lo

ratory
to

ol
for

an
aly

zin
g

com
p
lex

m
u
ltilayer

n
etw

ork
s.

O
u
r

con
trib

u
tion

s
to

th
e

cu
rren

t
literatu

re
of

statistical
an

aly
sis

of
m

u
ltilayer

n
etw

ork
s

are
th

reefold

1
.

W
e

d
ev

elop
a

testin
g-b

ased
algorith

m
for

id
en

tify
in

g
d
en

sely
con

n
ected

vertex
-layer

sets
(B
,L

),
w

h
ere

B
⊆

[n
]

is
a

set
o
f

vertices
an

d
L
⊆

[m
]

is
a

set
of

layers
su

ch
th

a
t

th
e

vertices
in
B

are
d
en

sely
con

n
ected

across
th

e
lay

ers
in
L

.
T

h
e

stren
gth

o
f

th
e

co
n
n
ection

s
in

(B
,L

)
is

m
ea

su
red

b
y

a
lo

cal
m

o
d
u
larity

score
d
erived

from
a

n
u
ll

ra
n
d
om

n
etw

ork
m

o
d
el

th
at

is
b
ased

on
th

e
d
egree

seq
u
en

ce
of

th
e

ob
served

m
u
ltilay

er
n
etw

ork
.

Id
en

tifi
ed

com
m

u
n
ities

can
h
ave

overlap
p
in

g
vertex

or
layer

sets,
a
n
d

so
m

e
vertex

-layer
p
airs

m
ay

n
ot

b
elon

g
to

an
y

com
m

u
n
ity.

V
ertex

-layer
p
airs

th
a
t

a
re

n
ot

assign
ed

to
an

y
com

m
u
n
ity

are
in

terp
reted

as
b
ack

grou
n
d

as
th

ey
are

n
ot

stro
n
g
ly

con
n
ected

to
an

y
oth

er.
O

verlap
an

d
b
ack

grou
n
d

are
com

m
o
n

featu
res

of
real

n
etw

o
rk

s
th

at
can

h
ave

d
eleteriou

s
eff

ects
on

p
artition

b
ased

m
eth

o
d
s

(L
an

cich
in

etti
et

a
l.,

2
0
1
1;

W
ilson

et
al.,

2013,
2014).

T
h
e

M
u
ltilay

er
E

x
tractio

n
p
ro

ced
u
re

d
irectly

a
d
d
resses

com
m

u
n
ity

h
eterogen

eity
in

m
u
ltilay

er
n
etw

ork
s.

2
.

W
e

a
ssess

th
e

con
sisten

cy
of

th
e

glob
al

op
tim

izer
of

th
e

aforem
en

tion
ed

lo
cal

m
o
d
u
-

la
rity

sco
re

u
n
d
er

a
gen

erative
m

o
d
el

for
m

u
ltilay

er
n
etw

ork
s

w
ith

com
m

u
n
ities.

T
h
e

g
en

era
tive

m
o
d
el

stu
d
ied

is
a

m
u
ltilayer

gen
eralization

of
th

e
sto

ch
astic

2
b
lo

ck
m

o
d
el

fro
m

S
n
ijd

ers
an

d
N

ow
ick

i
(1997);

W
an

g
an

d
W

o
n
g

(1987)
for

m
u
ltilayer

n
etw

ork
s,

w
h
ich

w
e

call
th

e
M

u
ltilay

er
S
to

ch
astic

B
lo

ck
M

o
d
el

(M
S
B

M
).

T
h
e

M
S
B

M
is

a
gen

er-
a
tive

m
o
d
el

th
at

ch
aracterizes

p
referen

tial
(or

a-p
referen

tial)
b

eh
av

ior
of

p
re-sp

ecifi
ed

vertex
-lay

er
com

m
u
n
ities

in
a

m
u
ltilayer

n
etw

ork
,

v
ia

sp
ecifi

cation
of

in
ter-

an
d

in
tra-

co
m

m
u
n
ity

p
rob

ab
ilities.

W
e

are
ab

le
to

sh
ow

th
at

u
n
d
er

th
e

M
S
B

M
,

th
e

n
u
m

b
er

of
m

is-clu
stered

vertices
an

d
layers

from
th

e
vertex

-layer
com

m
u
n
ity

th
at

m
ax

im
izes

o
u
r

p
ro

p
o
sed

sign
ifi

can
ce

score
van

ish
es

to
zero,

w
ith

h
igh

p
rob

ab
ility,

as
th

e
n
u
m

b
er

of
vertices

ten
d
s

to
in

fi
n
ity.

T
h
ere

h
as

b
een

co
n
sid

erab
le

w
ork

in
th

e
area

of
con

sisten
cy

a
n
aly

sis
for

sin
gle-layer

n
etw

ork
s

(e.g.
Z

h
ao

et
al.,

2012);
h
ow

ever,
to

th
e

b
est

o
f

ou
r

k
n
ow

led
g
e,

w
e

are
th

e
fi
rst

to
ad

d
ress

th
e

join
t

op
tim

ality
p
rop

erties
for

bo
th

vertices
a
n
d

layers
in

m
u
ltilayer

n
etw

ork
s.

F
u
rth

erm
ore,

w
e

p
rov

id
e

com
p
lete

an
d

ex
p
licit

ex
-

p
ressio

n
s

of
all

error
b

ou
n
d
s

in
th

e
p
ro

of,
as

w
e

a
n
ticip

ate
fu

tu
re

an
aly

ses
w

h
ere

th
e

n
u
m

b
er

o
f

layers
is

allow
ed

to
grow

w
ith

th
e

size
of

th
e

n
etw

ork
.

O
u
r

p
ro

of
in

volv
es

a
n
ovel

in
d
u
ctive

argu
m

en
t,

w
h
ich

,
to

ou
r

k
n
ow

led
ge,

h
as

n
ot

b
een

em
p
loyed

elsew
h
ere.

3
.

W
e

a
p
p
ly

M
u
ltilayer

E
x
traction

to
th

ree
d
iv

erse
an

d
im

p
ortan

t
m

u
ltilayer

n
etw

ork
ty

p
es,

in
clu

d
in

g
a

m
u
ltilayer

so
cial

n
etw

ork
,

a
tran

sp
ortation

n
etw

ork
,

an
d

a
collab

-
o
ra

tio
n

n
etw

ork
.

W
e

com
p
are

an
d

con
trast

M
u
ltilayer

E
x
traction

w
ith

co
n
tem

p
orary

m
eth

o
d
s,

an
d

h
igh

ligh
t

th
e

ad
van

tages
of

ou
r

ap
p
roach

over
sin

gle
layer

an
d

agg
re-

g
a
te

a
ltern

ativ
es.

O
u
r

fi
n
d
in

gs
reveal

im
p

ortan
t

in
sig

h
ts

ab
ou

t
th

ese
th

ree
com

p
lex

rela
tio

n
a
l

sy
stem

s.
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W
il
so

n
,
P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

1
.1

R
e
la

te
d

W
o
rk

M
u
ltilayer

n
etw

ork
m

o
d
els

h
ave

b
een

ap
p
lied

to
a

variety
of

p
rob

lem
s,

in
clu

d
in

g
m

o
d
-

elin
g

an
d

an
aly

sis
of

air
tran

sp
ortation

rou
tes

(C
ard

illo
et

al.,
2013),

stu
d
y
in

g
in

d
iv

id
u
als

w
ith

m
u
ltip

le
so

ciom
etric

relation
s

(F
ien

b
erg

et
al.,

1980,
19

85),
an

d
an

aly
zin

g
relation

-
sh

ip
s

b
etw

een
so

cial
in

teraction
s

an
d

econ
om

ic
ex

ch
an

ge
(F

errian
i

et
al.,

2013).
K

ivelä
et

al.
(2014)

an
d

B
o
ccaletti

et
al.

(2
014)

p
rov

id
e

tw
o

recen
t

rev
iew

s
of

m
u
ltilay

er
n
etw

ork
s.

W
e

n
ote

th
at

G
(m
,n

)
is

also
som

etim
es

referred
to

as
a

m
u

ltip
lex

n
etw

ork
.

W
h
ile

th
ere

is
a

large
an

d
grow

in
g

literatu
re

con
cern

in
g

com
m

u
n
ity

d
etection

in
stan

-
d
ard

,
sin

gle-layer,
n
etw

ork
s

(F
ortu

n
ato,

2010;
N

ew
m

an
,
2004;

P
orter

et
al.,

2009
),

th
e

d
evel-

op
m

en
t

of
com

m
u
n
ity

d
etection

m
eth

o
d
s

for
m

u
ltilayer

n
etw

ork
s

is
still

relatively
n
ew

.
O

n
e

com
m

on
ap

p
roach

to
m

u
ltilayer

com
m

u
n
ity

d
etection

is
to

p
ro

ject
th

e
m

u
ltilayer

n
etw

ork
in

som
e

fash
ion

on
to

a
sin

gle-layer
n
etw

ork
an

d
th

en
id

en
tify

com
m

u
n
ities

in
th

e
sin

gle
layer

n
etw

ork
(B

erlin
gerio

et
al.,

2011;
R

o
ck

lin
an

d
P

in
ar,

201
3).

A
secon

d
com

m
on

ap
p
roach

to
m

u
ltilay

er
com

m
u
n
ity

d
etection

is
to

ap
p
ly

a
stan

d
ard

d
etection

m
eth

o
d

to
each

layer
of

th
e

ob
served

n
etw

ork
sep

arately
(B

arigo
zzi

et
al.,

201
1;

B
erlin

gerio
et

al.,
20

13).
T

h
e

fi
rst

ap
p
roach

fails
to

accou
n
t

for
layer-sp

ecifi
c

com
m

u
n
ity

stru
ctu

re
an

d
m

ay
give

an
over-

sim
p
lifi

ed
or

in
com

p
lete

su
m

m
ary

of
th

e
com

m
u
n
ity

stru
ctu

re
of

th
e

m
u
ltilayer

n
etw

ork
;

th
e

secon
d

ap
p
roach

d
o
es

n
ot

en
ab

le
on

e
to

leverage
or

id
en

tify
com

m
on

stru
ctu

re
b

etw
een

layers.
In

ad
d
ition

to
th

e
m

eth
o
d
s

ab
ove,

th
ere

h
ave

also
b

een
several

gen
eralization

s
of

sin
gle-layer

m
eth

o
d
s

to
m

u
ltilayer

n
etw

ork
s.

F
or

ex
a
m

p
le,

H
ollan

d
et

al.
(1983)

an
d

P
au

l
an

d
C

h
en

(2015)
in

tro
d
u
ce

m
u
ltilayer

gen
eralization

s
of

th
e

sto
ch

astic
b
lo

ck
m

o
d
el

from
W

an
g

an
d

W
on

g
(1987)

an
d

S
n
ijd

ers
an

d
N

ow
ick

i
(1997).

N
otab

ly,
th

ese
gen

erativ
e

m
o
d
els

req
u
ire

th
e

com
m

u
n
ity

stru
ctu

re
to

b
e

th
e

sam
e

across
lay

ers.

P
eix

oto
(2015

)
con

sid
ers

a
m

u
ltilayer

gen
eralization

of
th

e
sto

ch
astic

b
lo

ck
m

o
d
el

for
w

eigh
ted

n
etw

ork
s

th
at

m
o
d
els

h
ierarch

ical
com

m
u
n
ity

stru
ctu

re
as

w
ell

as
th

e
d
egree

d
is-

trib
u
tion

of
an

ob
serv

ed
n
etw

ork
.

P
au

l
an

d
C

h
en

(2016)
d
escrib

e
a

class
of

n
u
ll

m
o
d
els

for
m

u
ltilay

er
com

m
u
n
ity

d
etection

b
ased

on
th

e
con

fi
gu

ration
a
n
d

ex
p

ected
d
egree

m
o
d
el.

W
e

u
tilize

a
sim

ilar
m

o
d
el

in
ou

r
con

sid
eration

.
S
tan

ley
et

al.
(201

6)
con

sid
ered

th
e

clu
sterin

g
of

layers
of

m
u
ltilayer

n
etw

ork
s

b
ased

on
recu

rrin
g

co
m

m
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b
er

of
ve

rt
ic

es
in

th
e

n
et

w
or

k
an

d
th

e
to

ta
l

n
u
m

b
er

of
p

os
si

b
le

ed
ge

s
b

et
w

ee
n

th
e

ve
rt

ic
es

in
B

.
T

h
is

sc
o
re

is
on

e
ve

rs
io

n
of

th
e

va
ri

ou
s

se
t-

m
o
d
u
la

ri
ti

es
co

n
si

d
er

ed
in

F
as

in
o

a
n
d

T
u
d
is

co
(2

0
1
6
),

a
n
d

is
re

m
in

is
ce

n
t

of
th

e
lo

ca
l

m
o
d
u
la

ri
ty

sc
or

e
in

tr
o
d
u
ce

d
in

C
la

u
se

t
(2

00
5
).

O
u
r

M
u
lt

il
ay

er
E

x
tr

ac
ti

on
p
ro

ce
d
u
re

se
ek

s
co

m
m

u
n
it

ie
s

th
at

ar
e

a
ss

o
rt

a
ti

ve
a
cr

o
ss

la
y
-

er
s,

in
th

e
se

n
se

th
at
Q
`(
B

)
is

la
rg

e
an

d
p

os
it

iv
e

fo
r

ea
ch

`
∈
L

.
In

li
gh

t
of

th
is

,
w

e
d
efi

n
e

th
e

m
u

lt
il

a
ye

r
se

t
sc

o
re

as

H
(B
,L

)
:=

1 |L
|(
∑ `∈
L

Q
`(
B

) +

)
2

,
(3

)

w
h
er

e
Q

+
d
en

ot
es

th
e

p
os

it
iv

e
p
ar

t
of
Q

.
G

en
er

al
ly

sp
ea

k
in

g,
th

e
sc

or
e

ac
ts

a
s

a
ya

rd
st

ic
k

w
it

h
w

h
ic

h
on

e
ca

n
m

ea
su

re
th

e
co

n
n
ec

ti
on

st
re

n
gt

h
of

a
ve

rt
ex

-l
ay

er
se

t.
L

a
rg

e
va

lu
es

o
f

th
e

sc
or

e
si

gn
if

y
d
en

se
ly

co
n
n
ec

te
d

co
m

m
u
n
it

ie
s.
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C
o
m
m
u
n
it
y
E
x
t
r
a
c
t
io
n
in

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

W
e

n
o
te

th
a
t

th
e

m
u
ltilayer

score
H

(B
,L

)
is

rem
in

iscen
t

of
a

ch
i-sq

u
ared

test-statistic
co

m
p
u
ted

fro
m
|L|

sam
p
les.

T
h
at

is,
u
n
d
er

ap
p
rop

riate
regu

larity
assu

m
p
tion

s
on

Q
` (B

),
th

e
sco

re
in

(3
)

w
ill

b
e

ap
p
rox

im
ately

ch
i-sq

u
ared

w
ith

on
e

d
egree

of
freed

om
.

3
.
C
o
n
siste

n
cy

A
n
a
ly
sis

In
th

is
section

w
e

give
th

eoretical
resu

lts
estab

lish
in

g
th

e
asy

m
p
totic

co
n
sisten

cy
o
f

th
e

M
u
ltilayer

E
x
traction

score
in

tro
d
u
ced

in
S
ection

2.2.
E

x
p
licitly,

w
e

sh
ow

th
at

th
e

g
lob

al
o
p
tim

izer
o
f

th
e

score
h
as

b
ou

n
d
ed

m
isclassifi

cation
error

u
n
d
er

a
2-com

m
u
n
ity

m
u
ltilayer

sto
ch

a
stic

b
lo

ck
m

o
d
el.

W
e

n
o
te

th
at

ou
r

resu
lts

are
p
a
rticu

lar
to

th
e

p
erform

an
ce

of
th

e
score,

rath
er

th
an

th
e

p
erfo

rm
a
n
ce

of
th

e
algorith

m
to

m
ax

im
ize

th
e

score.
T

h
is

ap
p
roach

to
con

sisten
cy

a
n
a
ly

sis
is

co
m

m
on

in
th

e
com

m
u
n
ity

d
etection

literatu
re,

p
articu

larly
for

m
o
d
u
larity

-b
ased

m
eth

o
d
s,

a
s

m
a
x
im

izin
g

m
o
d
u
larity

is
N

P
-h

ard
(B

ran
d
es

et
al.,

2006).
F

o
r

in
stan

ce,
B

ickel
a
n
d

C
h
en

(20
0
9)

sh
ow

ed
th

at
u
n
d
er

th
e

stan
d
ard

(sin
gle-layer)

sto
ch

astic
b
lo

ck
m

o
d
el,

th
e

g
lo

b
a
l

o
p
tim

izer
of

th
e

m
o
d
u
larity

p
a
rtition

score
con

verges
(in

classifi
cation

error)
to

th
e

p
a
rtitio

n
g
iven

b
y

th
e

m
o
d
el.

Z
h
a
o

et
al.

(2012)
ex

ten
d
ed

th
is

resu
lt

to
a

gen
eralized

cla
ss

o
f

p
a
rtition

scores,
w

h
ich

in
clu

d
es

b
oth

m
o
d
u
larity

an
d

th
e

S
B

M
likelih

o
o
d
,

an
d

esta
b
lish

ed
co

n
d
ition

s
u
n
d
er

w
h
ich

glob
al

op
tim

izers
of

th
ose

scores
are

con
sisten

t
u
n
d
er

th
e

d
egree-co

rrected
sto

ch
astic

b
lo

ck
m

o
d
el

(a
n

ex
ten

sion
of

th
e

stan
d
ard

v
ersion

,
see

C
o
ja-

O
g
h
la

n
a
n
d

L
a
n
ka,

2009).
In

Z
h
ao

et
al.

(2011),
a

glob
al-op

tim
izer

con
sisten

cy
resu

lt
for

a
loca

l
set

sco
re,

on
e

n
o
t

b
ased

on
th

e
m

o
d
u
larity

m
etric,

w
as

estab
lish

ed
in

sim
ilar

fash
ion

.
M

a
n
y

o
th

er
a
n
aly

ses
assess

th
e

th
eoretical

“d
etectab

ility
”

of
th

e
com

m
u
n
ity

stru
ctu

re
in

th
e

sto
ch

a
stic

b
lo

ck
m

o
d
el

(e.g.
D

ecelle,
K

rzakala,
M

o
ore,

an
d

Z
d
eb

orov
á,

2011;
M

ossel,
N

eem
a
n
,

a
n
d

S
ly

,
2012;

N
ad

ak
u
d
iti

an
d

N
ew

m
an

,
2012).

A
s

w
ith

th
e

th
eorem

s
w

e
p
resen

t
in

th
is

section
,

m
ost

resu
lts

from
th

e
aforem

en
tion

ed
p
u
b
lica

tion
s

estab
lish

,
or

h
elp

to
estab

lish
,

asy
m

p
totic

“w
ith

h
igh

p
rob

ab
ility

”
statem

en
ts,

a
n
d

a
p
p
ly

o
n
ly

to
th

e
glo

ba
l

m
ax

im
izers

of
th

e
sco

res
u
n
d
er

stu
d
y.

In
o
th

er
w

ord
s,

th
ey

d
o

n
o
t

d
irectly

reg
ard

in
-p

ractice
ap

p
roach

es
to

lo
cal

m
ax

im
ization

of
th

e
scores.

R
egard

less,
th

e
d
em

o
n
stra

tion
of

glob
al

op
tim

izer
con

sisten
cy

for
a

given
score

p
rov

id
es

th
e

m
easu

re
of

co
m

fo
rt

th
a
t

a
n
y

lo
cal

op
tim

ization
m

eth
o
d

h
as

a
sen

sib
le

targ
et.

T
h
e

follow
in

g
a
n
aly

ses
w

ill
serv

e
o
u
r

m
eth

o
d

in
accord

an
ce

w
ith

th
is

in
tu

ition
.

3
.1

T
h

e
M

u
ltila

y
e
r

S
to

ch
a
stic

B
lo

ck
M

o
d

e
l

W
e

a
ssess

th
e

con
sisten

cy
of

th
e

M
u
ltilay

er
E

x
traction

score
u
n
d
er

th
e

m
u
ltilayer

sto
ch

as-
tic

b
lo

ck
m

o
d
el

(M
S
B

M
)

w
ith

tw
o

vertex
co

m
m

u
n
ities,

d
efi

n
ed

as
a

p
rob

ab
ility

d
istrib

u
tion

P
m
,n

=
P
m
,n

(·|P
,π

1 ,π
2 )

on
th

e
fam

ily
of

u
n
d
irected

m
u
ltilayer

n
etw

ork
s

w
ith

m
layers,

n
vertices

an
d

2
com

m
u
n
ities.

T
h
e

d
istrib

u
tion

is
fu

lly
ch

aracterized
b
y

(i)
co

n
tain

m
en

t
p
ro

b
a
b
ilities

π
1 ,π

2
>

0,
w

h
ich

satisfy
π
1

+
π
2

=
1,

an
d

(ii)
a

seq
u
en

ce
of

sy
m

m
etric

2×
2

m
a
trices

P
=
{P

1 ,...,P
m }

w
h
ere

P
`

=
{P

` (i,j)}
w

ith
en

tries
P
` (i,j)

∈
(0,1).

U
n
d
er

th
e

d
istrib

u
tio

n
P
m
,n

,
a

ran
d
om

m
u
ltilayer

n
etw

ork
Ĝ

(m
,n

)
is

gen
era

ted
u
sin

g
tw

o
sim

p
le

step
s:
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W
il
so

n
,
P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

1.
A

su
b
set

ofdπ
1 ne

vertices
are

p
laced

in
com

m
u
n
ity

1,
an

d
rem

ain
in

g
vertices

are
p
laced

in
co

m
m

u
n
ity

2.
E

ach
vertex

u
in

com
m

u
n
ity

j
is

assign
ed

a
com

m
u
n
ity

lab
el

c
u

=
j.

2.
A

n
ed

ge
is

p
laced

b
etw

een
n
o
d
es
u
,v
∈

[n
]

in
layer

`∈
[m

]
w

ith
p
rob

ab
ility

P
` (c

u ,c
v ),

in
d
ep

en
d
en

tly
from

p
air

to
p
air

an
d

across
layers,

a
n
d

n
o

self-lo
op

s
are

allow
ed

.

F
or

a
fi
x
ed

n
an

d
m

,
th

e
com

m
u
n
ity

lab
els

c
n

=
(c

1 ,...,c
n
)

are
ch

osen
on

ce
an

d
on

ly
on

ce,
an

d
th

e
com

m
u
n
ity

lab
els

are
th

e
sam

e
across

each
layer

of
Ĝ

(m
,n

).
O

n
th

e
oth

er
h
an

d
,

th
e

in
n
er

an
d

in
tra

com
m

u
n
ity

con
n
ection

p
rob

ab
ilities

(an
d

h
en

ce
th

e
assortativ

ity
)

can
b

e
d
iff

eren
t

from
layer

to
layer,

in
tro

d
u
cin

g
h
eterogen

eity
am

on
g

th
e

layers.
N

ote
th

at
w

h
en

m
=

1,
th

e
M

S
B

M
red

u
ces

to
th

e
(sin

gle-layer)
sto

ch
astic

b
lo

ck
m

o
d
el

from
W

an
g

an
d

W
on

g
(1987).

3
.2

C
o
n

siste
n

c
y

o
f

th
e

S
c
o
re

W
e

evalu
ate

th
e

con
sisten

cy
of

th
e

M
u
ltilayer

E
x
traction

score
u
n
d
er

th
e

M
S
B

M
d
e-

scrib
ed

ab
ov

e.
O

u
r

fi
rst

resu
lt

ad
d
resses

th
e

v
ertex

set
m

ax
im

izer
of

th
e

score
given

a
fi
x
ed

layer
set

L
⊆

[m
].

O
u
r

secon
d

resu
lt

(T
h
eorem

3
in

S
ection

3.2.1)
leverages

th
e

form
er

to
an

aly
ze

th
e

glob
al

m
ax

im
izer

of
th

e
score

across
lay

ers
an

d
vertex

sets.
E

x
p
licitly,

con
sid

er
a

m
u
ltilayer

n
etw

ork
Ĝ

(m
,n

)
w

ith
d
istrib

u
tion

u
n
d
er

th
e

m
u
ltilay

er
sto

ch
astic

b
lo

ck
m

o
d
el

P
m
,n

=
P
m
,n

(P
,π

1 ,π
2 ).

F
or

a
fi
x
ed

vertex
set

B
⊆

[n
]

an
d

layer
set

L
⊆

[m
],

d
efi

n
e

th
e

ran
d
om

score
b
y

Ĥ
(B
,L

)
:=

1|L| (
∑`∈
L

Q̂
` (B

)
+ )

2

,

w
h
ere

Q̂
` (B

)
is

th
e

set-m
o
d
u
larity

of
B

in
layer

`
u
n
d
er

P
m
,n

.
O

u
r

m
ain

resu
lts

ad
d
ress

th
e

b
eh

av
ior

of
Ĥ

(B
,L

)
u
n
d
er

variou
s

assu
p
tion

s
on

th
e

p
aram

eters
of

th
e

M
S
B

M
.

T
ow

ard
th

e
fi
rst

resu
lt,

for
a

fi
x
ed

lay
er

set
L
⊆

[m
],

let
B̂
o
p
t (n

)
d
en

ote
th

e
n
o
d
e

set
th

at

m
ax

im
izes

Ĥ
(B
,L

)
(if

m
ore

th
an

o
n
e

set
d
o
es,

an
y

m
ay

b
e

ch
osen

arb
itrarily

).
T

o
d
efi

n
e

th
e

n
otion

of
a

“m
isclassifi

ed
”

n
o
d
e,

for
an

y
tw

o
sets

B
1 ,B

2
⊆

[n
]

let
d
h (B

1 ,B
2 )

d
en

ote
th

e
H

am
m

in
g

d
istan

ce
(rigorou

sly
d
efi

n
ed

as
th

e
card

in
ality

of
th

e
sy

m
m

etric
d
iff

eren
ce

b
etw

een
B

1
an

d
B

2 ).
W

e
th

en
d
efi

n
e

th
e

n
u
m

b
er

o
f

m
isclassifi

ed
n
o
d
es

b
y

a
set

B
b
y

E
r
r
o
r
(B

)
:=

m
in{d

h (B
,C

1 ),
d
h (B

,C
2 )}

.

N
ote

th
at

th
is

d
efi

n
ition

accou
n
ts

for
arb

itrary
lab

elin
g

of
th

e
tw

o
com

m
u
n
ities.

A
s

th
e

n
o
d
es

an
d

com
m

u
n
ity

assign
m

en
ts

are
registered

across
lay

ers,
n
eith

er
d
h

n
or

E
r
r
o
r

d
ep

en
d

on
th

e
ch

oice
of
L

.
B

efore
statin

g
th

e
m

ain
th

eorem
,

w
e

d
efi

n
e

a
few

q
u
an

tities
th

at
w

ill
b

e
u
sed

th
rou

gh
ou

t
its

statem
en

t
an

d
p
ro

of:

D
e
fi

n
itio

n
1

L
et

“
d
et”

d
en

o
te

m
a
trix

d
eterm

in
a
n

t.
F

o
r

a
fi

xed
la

yer
set

L
⊆

[m
],

d
efi

n
e

δ
`

:=
d
et
P
`

δ(L
)

:=
m

in
`∈

[L
] δ
`

π
:=

(π
1 ,π

2 )
t

κ
`

:=
π
T
P
` π

κ
(L

)
:=

m
in

`∈
[L

] κ
`

(4)

W
e

n
ow

state
th

e
fi
x
ed

-lay
er-set

con
sisten

cy
resu

lt:
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C
o
m
m
u
n
it
y
E
x
t
r
a
c
t
io
n
in

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

T
h

e
o
re

m
2

F
ix
m

a
n

d
le

t
{Ĝ

(m
,n

)}
n
>
1

be
a

se
qu

en
ce

o
f

m
u

lt
il

a
ye

r
st

oc
h
a
st

ic
2

bl
oc

k
m

od
el

s
w

h
er

e
Ĝ

(m
,n

)
is

a
ra

n
d
o
m

gr
a
p
h

w
it

h
m

la
ye

rs
a
n

d
n

n
od

es
ge

n
er

a
te

d
u

n
d
er

P m
,n

(·|
P
,π

1
,π

2
).

A
ss

u
m

e
π
1
6
π
2
,

a
n

d
th

a
t
π
1
,
π
2
,

a
n

d
P

d
o

n
o
t

ch
a
n

ge
w

it
h
n

.
F

ix
a

la
ye

r
se

t
L
⊆

[m
].

If
δ(
L

)
>

0
th

en
th

er
e

ex
is

t
co

n
st

a
n

ts
A
,η

>
0

d
ep

en
d
in

g
o
n
π
1

a
n

d
δ(
L

)
su

ch
th

a
t

fo
r

a
ll

fi
xe

d
ε
∈

(0
,η

),

P m
,n

( E
r
r
o
r
( B̂

o
p
t(
n

))
<
A
n
ε

lo
g
n
)
>

1
−

ex
p

{ −
κ

(L
)2
ε

32
n
ε
(l

og
n

)2
−
ε

+
lo

g
4|
L
|}

(5
)

fo
r

la
rg

e
en

o
u

gh
n

.

N
ot

e
th

at
th

e
ri

gh
t-

h
an

d
-s

id
e

of
(5

)
co

n
ve

rg
es

to
1

fo
r

al
l
ε
∈

(0
,1

),
re

ga
rd

le
ss

of
η
.

F
u
r-

th
er

m
or

e,
if
ε
∈

(0
,η

),
w

e
h
av

e
n
ε
<
n
ε′

fo
r

al
l
ε′
>
η
.

T
h
er

ef
or

e,
a

co
ro

ll
ar

y
of

T
h
eo

re
m

2
is

th
at

fo
r

an
y
ε
∈

(0
,1

),

P m
,n

( E
r
r
o
r
( B̂

o
p
t(
n

))
<
n
ε

lo
g
n
)
→

1
as

n
→
∞
.

T
h
e

ab
ov

e
st

at
em

en
t

is
p

er
h
ap

s
a

m
or

e
il
lu

st
ra

ti
ve

ve
rs

io
n

of
th

e
T

h
eo

re
m

2,
an

d
sh

ow
s

th
at

th
e

co
n
st

an
ts
A

an
d
η

p
la

y
a

ro
le

on
ly

in
b

ou
n
d
in

g
th

e
co

n
ve

rg
en

ce
ra

te
of

th
e

p
ro

b
ab

il
it

y.
T

h
e

p
ro

of
of

T
h
eo

re
m

2
is

gi
ve

n
in

S
ec

ti
on

4.
1.

W
e

n
ot

e
th

at
th

e
as

su
m

p
ti

o
n

th
at

π
1
6
π
2

is
m

ad
e

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
si

n
ce

th
e

co
m

m
u
n
it

y
la

b
el

s
a
re

ar
b
it

ra
ry

.
W

h
en

m
=

1,
T

h
eo

re
m

2
im

p
li
es

as
y
m

p
to

ti
c
n
→
∞

co
n
si

st
en

cy
in

th
e

(s
in

gl
e-

la
ye

r)
st

o
ch

a
st

ic
b
lo

ck
m

o
d
el

.
In

th
is

ca
se

,
th

e
co

n
d
it

io
n

th
at
δ `

=
P
`(

1,
1)
P
`(

2,
2)
−
P
`(

1,
2)

2
>

0
is

a
n
at

u
ra

l
re

q
u
ir

em
en

t
on

th
e

in
n
er

co
m

m
u
n
it

y
ed

ge
d
en

si
ty

of
a

b
lo

ck
m

o
d
el

.
T

h
is

co
n
d
it

io
n

ap
p

ea
rs

in
a

va
ri

et
y

of
co

n
si

st
en

cy
an

al
y
se

s,
in

cl
u
d
in

g
th

e
ev

al
u
at

io
n

of
m

o
d
u
la

ri
ty

(Z
h
ao

et
al

.,
20

12
).

W
h
en

m
>

1,
T

h
eo

re
m

2
im

p
li
es

th
e

ve
rt

ex
se

t
th

at
m

ax
im

iz
es
H

(B
,L

)
w

il
l

h
av

e
as

y
m

p
to

ti
ca

ll
y

va
n
is

h
in

g
er

ro
r

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
gi

ve
n

th
at
L

is
a

fi
x
ed

la
ye

r
se

t
w

it
h

a
ll

la
ye

rs
sa

ti
sf

y
in

g
δ `
>

0.

3
.2
.1

C
o
n
si
st

e
n
c
y
o
f
t
h
e
jo

in
t
o
p
t
im

iz
e
r

T
h
eo

re
m

2
d
o
es

n
ot

ad
d
re

ss
th

e
jo

in
t

op
ti

m
iz

er
of

th
e

sc
or

e
ac

ro
ss

a
ll

ve
rt

ex
-l

ay
er

p
ai

rs
.

F
ir

st
,

w
e

p
oi

n
t

ou
t

th
at

fo
r

a
fi
x
ed

B
⊆

[n
],

th
e

li
m

it
in

g
b

eh
av

io
r

of
th

e
sc

or
e

Ĥ
(B
,L

)
d
ep

en
d
s

on
L
⊆

[m
]

th
ro

u
gh

th
e

la
ye

r-
w

is
e

d
et

er
m

in
an

ts
{δ
`

:
`
∈

[n
]}

an
d

th
e

sc
al

in
g

co
n
st

an
t

1 |L
|

in
h
er

en
t

to
H

(B
,L

),
as

d
efi

n
ed

in
eq

u
at

io
n

(3
).

L
et
γ

:
N
+
7→

R
+

b
e

a

n
on

-d
ec

re
as

in
g

fu
n
ct

io
n

of
|L
|.

D
efi

n
e

H
γ
(B
,L

)
:=

1

γ
(|L
|)

(
∑ `∈
L

Q
`(
B

) +

)
2

.
(6

)

an
d

le
t
Ĥ
γ
(B
,L

)
b

e
th

e
co

rr
es

p
on

d
in

g
ra

n
d
om

ve
rs

io
n

of
th

is
sc

or
e

u
n
d
er

an
M

S
B

M
.

W
e

an
al

y
ze

th
e

jo
in

t
n
o
d
e-

se
t

op
ti

m
iz

er
of
H
γ

u
n
d
er

so
m

e
re

p
re

se
n
ta

ti
ve

ch
oi

ce
s

of
γ

,
an

an
al

y
si

s
w

h
ic

h
w

il
l

u
lt

im
at

el
y

m
ot

iv
at

e
th

e
ch

oi
ce
γ

(|L
|)

=
|L
|.

W
e

fi
rs

t
p
ro

v
id

e
an

il
lu

st
ra

ti
ve

ex
am

p
le

.
C

on
si

d
er

a
M

S
B

M
w

it
h
m
>

1
la

y
er

s
h
av

in
g

th
e

fo
ll
ow

in
g

st
ru

ct
u
re

:
th

e
fi
rs

t
la

ye
r

h
as

p
os

it
iv

e
d
et

er
m

in
an

t,
an

d
al

l
m
−

1
re

m
ai

n
in

g
la

ye
rs

h
av

e
d
et

er
m

in
an

t
eq

u
al

to
0.

N
ot

e
th

at
δ 1

>
0

im
p
li
es

th
at

th
e

fi
rs

t
la

ye
r

h
as
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W
il
so

n
,
P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

gr
ou

n
d
-t

ru
th

as
so

rt
at

iv
e

co
m

m
u
n
it

y
st

ru
ct

u
re

,
an

d
th

at
δ `

=
0

fo
r

al
l
`
>

1
im

p
li
es

th
at

th
e

re
m

ai
n
in

g
la

ye
rs

ar
e

(i
n
d
ep

en
d
en

t)
E

rd
os

-R
en

y
i
ra

n
d
om

gr
a
p
h
s.

In
th

is
ca

se
,
th

e
d
es

ir
ed

gl
ob

al
op

ti
m

iz
er

of
H
γ
(B
,L

)
is

co
m

m
u
n
it

y
1

(o
r

2)
an

d
th

e
fi
rs

t
la

y
er

.
H

ow
ev

er
,

se
tt

in
g

γ
(|L
|)
≡

1
(e

ff
ec

ti
ve

ly
ig

n
or

in
g

th
e

sc
al

in
g

of
H

)
w

il
l

en
su

re
th

at
,

in
fa

ct
,

th
e

en
ti

re
la

ye
r

se
t

is
op

ti
m

al
,

si
n
ce
Q
`(
B

) +
>

0
b
y

d
efi

n
it

io
n
.

It
fo

ll
ow

s
th

a
t

se
tt

in
g
γ

(|L
|)

to
in

cr
ea

se
(s

tr
ic

tl
y
)

in
|L
|,

w
h
ic

h
in

tr
o
d
u
ce

s
a

p
en

al
ty

on
th

e
si

ze
of

th
e

la
ye

r
se

t,
is

d
es

ir
a
b
le

.

F
or

a
fi
x
ed

sc
al

in
g

fu
n
ct

io
n
γ

,
d
efi

n
e

th
e

gl
ob

al
jo

in
t

op
ti

m
iz

er
of
Ĥ

(B
,L

)
b
y

( B̂
(n

)
o
p
t
,L̂

(n
)

o
p
t)

:=
ar

g
m

ax
2
[n

] ×
2
[m

]

Ĥ
γ
(B
,L

).
(7

)

N
ot

e
th

at
( B̂

(n
)

o
p
t
,L̂

(n
)

o
p
t)

is
ra

n
d
om

,
an

d
m

ay
co

n
ta

in
m

u
lt

ip
le

el
em

en
ts

of
2[
m
]
×

2
[n
] .

T
h
e

n
ex

t
th

eo
re

m
ad

d
re

ss
es

th
e

b
eh

av
io

r
of
( B̂

(n
)

o
p
t
,L̂

(n
)

o
p
t)

u
n
d
er

th
e

M
S
B

M
fo

r
va

ri
o
u
s

ch
o
ic

es

of
γ

(|L
|),

an
d

sh
ow

s
th

at
se

tt
in

g
γ

(|L
|)

=
|L
|i

s
d
es

ir
ab

le
fo

r
co

n
si

st
en

cy
.

T
h

e
o
re

m
3

F
ix
m

a
n

d
le

t
{Ĝ

(m
,n

)}
n
>
1

be
a

se
qu

en
ce

o
f

m
u

lt
il

a
ye

r
st

oc
h
a
st

ic
2

bl
oc

k
m

od
el

s
w

h
er

e
Ĝ

(m
,n

)
is

a
ra

n
d
o
m

gr
a
p
h

w
it

h
m

la
ye

rs
a
n

d
n

n
od

es
ge

n
er

a
te

d
u

n
d
er

P m
,n

(·|
P
,π

1
,π

2
).

A
ss

u
m

e
π
1
6
π
2
,

a
n

d
th

a
t
π
1
,
π
2
,

a
n

d
P

d
o

n
o
t

ch
a
n

ge
w

it
h
n

.
F

ix
0

=
δ(

0
)
<
δ(

1
)
<

1
.

S
u

p
po

se
th

e
la

ye
r

se
t

[m
]

is
sp

li
t

a
cc

o
rd

in
g

to
[m

]
=
∪ i

=
0
,1
L
i,

w
h
er

e
δ `

=
δ(
i)

fo
r

a
ll
`
∈
L
i.

T
h
en

fo
r

a
n

y
ε
>

0
,

th
e

fo
ll

o
w

in
g

h
o
ld

:

(a
)

L
et
L̂
+

:=
{`

:
Q̂
`(
B̂

(n
)

o
p
t
)
>

0
}.

If
γ

(|L
|)
≡

1
,

th
en

fo
r

a
ll
n
>

1
,
L̂
(n

)
o
p
t

=
L̂
+

,
a
n

d

P m
,n

( E
r
r
o
r
( B̂

(n
)

o
p
t

)
<
n
ε

lo
g
n
)
→

1
a
s
n
→
∞
.

(b
)

If
γ

(|L
|)

=
|L
|, P m

,n

( L̂
(n

)
o
p
t

=
L
1
,
E
r
r
o
r
( B̂

(n
)

o
p
t

)
<
n
ε

lo
g
n
)
→

1
a
s
n
→
∞
.

(c
)

If
γ

(|L
|)

=
|L
|2 , P m
,n

( L̂
(n

)
o
p
t
⊆

2
L
1
,
E
r
r
o
r
( B̂

(n
)

o
p
t

)
<
n
ε

lo
g
n
)
→

1
a
s
n
→
∞
.

T
h
e

p
ro

of
of

T
h
eo

re
m

3
is

gi
ve

n
in

S
ec

ti
on

4.
2.

P
ar

t
(a

)
im

p
li
es

th
at

se
tt

in
g
γ

(|L
|)
≡

1
en

su
re

s
th

at
th

e
op

ti
m

al
la

y
er

se
t

w
il
l
b

e,
si

m
p
ly

,
al

l
la

y
er

s
w

it
h

p
os

it
iv

e
m

o
d
u
la

ri
ty

,
th

er
eb

y
m

ak
in

g
th

is
an

u
n
d
es

ir
ab

le
ch

oi
ce

fo
r

th
e

fu
n
ct

io
n
γ

.
P

ar
t

(c
)

sa
y
s

th
at

if
γ

(|L
|)

=
|L
|2 ,

th
e

la
ye

r
se

t
w

it
h

th
e

h
ig

h
es

t
a
ve

ra
ge

la
ye

r-
w

is
e

m
o
d
u
la

ri
ty

w
il
l

b
e

op
ti

m
a
l

(w
it

h
h
ig

h
p
ro

b
ab

il
it

y
as
n
→
∞

),
w

h
ic

h
m

ea
n
s

th
at

al
l

su
b
se

ts
of
L
1

ar
e

as
y
m

p
to

ti
ca

ll
y

eq
u
iv

a
le

n
t

w
it

h
re

sp
ec

t
to
Ĥ

(B
,L

)
(w

it
h

h
ig

h
p
ro

b
a
b
il
it

y
).

B
y

p
ar

t
(b

),
if
γ

(|L
|)

=
|L
|,

th
en
L
1

is
th

e
u
n
iq

u
e

as
y
m

p
to

ti
c

m
ax

im
iz

er
of

th
e

p
op

u
la

ti
on

sc
or

e
(w

it
h

h
ig

h
p
ro

b
ab

il
it

y
).

T
h
er

ef
o
re

,
γ

(|L
|)

=
|L
|i

s
th

e
m

os
t

d
es

ir
ab

le
ch

oi
ce

o
f

sc
al

in
g.

10
JM

L
R

 1
8(

14
9)

:1
-4

9,
 2

01
7



C
o
m
m
u
n
it
y
E
x
t
r
a
c
t
io
n
in

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

3
.3

D
isc

u
ssio

n
o
f

th
e
o
re

tic
a
l

re
su

lts

A
s

m
en

tio
n
ed

p
rev

iou
sly,

th
e

th
eoretical

resu
lts

in
S
ection

3.2
regard

th
e

glo
ba

l
op

tim
izer

o
f

th
e

sco
re.

T
h
e

resu
lts

h
ave

th
e

fo
llow

in
g

in
-p

ractice
im

p
lication

:
if

on
e

sim
u
lates

from
a
n

M
S
B

M
sa

tisfy
in

g
th

e
assu

m
p
tion

s
of

th
e

th
eorem

,
an

d
su

b
seq

u
en

tly
fi
n
d
s

th
e

glo
ba

l
o
p
tim

izer
o
f

th
e

score,
th

e
classifi

cation
error

of
th

e
op

tim
izer

w
ill

b
e

van
ish

in
gly

sm
all

w
ith

in
crea

sin
g
ly

h
igh

p
rob

ab
ility

(as
n
→
∞

).
T

o
illu

strate
th

is
p

oin
t,

con
sid

er
an

M
S
B

M
w

ith
m
>

1
lay

ers,
each

h
av

in
g

com
m

u
n
ity

stru
ctu

re
π
1

=
0.4

an
d

for
r∈

(0,.95),
P

(1,1)
=

P
(2,2

)
=

0.0
5

+
r

an
d
P

(1,2)
=

0
.05.

U
n
d
er

th
is

m
o
d
el,

δ
`

=
r(r

+
0
.1)

>
0

for
all

`∈
[m

],
a
n
d

th
e

a
ssu

m
p
tion

s
of

T
h
eorem

3
are

satisfi
ed

.
T

h
erefore,

if
w

e
w

ere
to

sim
u
late

th
is

M
S
B

M
an

d
fi
n
d

th
e

glob
al

op
tim

izer
of
H

,
w

ith
h
igh

p
rob

ab
ility

(in
creasin

gly,
n
→
∞

)
w

e
w

o
u
ld

recov
er

(1)
th

e
correct

layer
set

[m
],

an
d

(2)
th

e
op

tim
al

n
o
d
e

set
w

ill
h
ave

sm
all

cla
ssifi

ca
tio

n
error

(van
ish

in
gly,

n
→
∞

).
O

f
co

u
rse,

in
p
ractice

it
is

com
p
u
tation

ally
in

feasib
le

to
fi
n
d

th
e

glob
al

op
tim

izer,
so

w
e

em
p
loy

th
e

m
eth

o
d

laid
ou

t
in

S
ection

5
to

fi
n
d

lo
cal

m
ax

im
a.

W
e

fi
n
d

th
rou

gh
sim

u
lation

(see
S
ectio

n
7
)

th
at

ou
r

m
eth

o
d

ach
iev

es
ex

trem
ely

low
error

rates
for

relativ
ely

sm
all

n
et-

w
o
rk

s,
in

clu
d
in

g
on

th
e

M
S
B

M
d
escrib

ed
ab

ov
e,

for
m

an
y

valu
es

of
r.

T
h
ese

resu
lts

refl
ect

th
e

in
tu

itio
n

th
at

th
eoretical

resu
lts

for
glob

al
op

tim
izers

sh
ou

ld
h
ave

p
ractical

im
p
lication

s
w

h
en

lo
ca

l
o
p
tim

ization
m

eth
o
d
s

are
su

ffi
cien

tly
eff

ective.
A

lim
ita

tio
n

of
ou

r
th

eoretical
resu

lts
is

th
a
t

th
ey

assu
m

e
an

M
S
B

M
w

ith
on

ly
tw

o
co

m
m

u
n
ities.

F
u
rth

erm
ore,

th
e

m
o
d
el

d
o
es

n
ot

allow
for

an
y

n
otion

of
ov

erla
p

b
etw

een
co

m
m

u
n
ities.

N
everth

eless,
in

th
e

settin
g

w
e

con
sid

er
w

e
d
em

on
strate

th
at

th
ere

is
a

con
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Ĥ

(B
,L

)
is

cl
os

e
to

th
e

p
op

u
la

ti
on

sc
or

e
H
∗(
B
,L

)
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.
T

h
is

re
su

lt
is

u
se

d
in

th
e

p
ro

of
of

L
em

m
a

12
,

an
d

it
s

p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

A
.

W
e

fi
rs

t
gi

ve
th

e
fo

ll
ow

in
g

d
efi

n
it

io
n
:

D
e
fi

n
it

io
n

8
F

o
r

fi
xe

d
ε
>

0
a
n

d
n
>

1
,

d
efi

n
e
B n

(ε
)

:=
{B
⊆

[n
]

:
|B
|>

n
ε}

.

L
e
m

m
a

9
F

ix
ε
∈

(0
,1

).
L

et
κ

be
a
s

in
D

efi
n

it
io

n
1
.

F
o
r

ea
ch

n
>

1
su

p
po

se
a

co
ll

ec
ti

o
n

o
f

n
od

e
se

ts
B n

is
co

n
ta

in
ed

in
B n

(ε
).

T
h
en

fo
r

la
rg

e
en

o
u

gh
n

,

P n
( su

p
B n

(∣ ∣ ∣
Ĥ
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n
−
1
|d
h
(B
,C

1
,n

)|
=
n
−
1
( |B
\C

1
,n
|+
|C

1
,n
\B
|)

=
n
−
1
( |B
|−
|B
∩
C
1
,n
|+
|C

1
,n
|−
|B
∩
C
1
,n
|)

=
s

+
π
1
−
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s

6
s

+
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+
c
·b
n
,k

)
−

2
(1
−
c
·b
n
,k

)
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=
c
·b
n
,k

+
2
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·b
n
,k
6

3
c
·b
n
,k
.
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)
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n
,k

(c
)
⊆
N

(C
1
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,A
′ ·
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,k

)
⊂
N
n
,k
+
1
(A
′ )
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A
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h
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e
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∈
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n
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h
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h
p
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b
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il
it

y
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p
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n

)
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n
,k
+
1
(A
′ )

.
S
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ce
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n
,k

(c
)
⊆
N
n
,k
+
1
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′ )

,
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ffi
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en
t
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sh

ow
th

at
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o
p
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n
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/∈
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n
,k
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)
∩
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n
,k
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w
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h
h
ig

h
p
ro

b
ab

il
it

y.
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te
d

b
y
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n
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p
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n

)
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p
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su
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t
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b
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n
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r
N
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t
w
o
r
k
s

ova
l.

T
o

th
is

en
d
,

it
is

en
ou

gh
to

sh
ow

th
at,

w
ith

h
igh

p
rob

ab
ility,

Ĥ
(B
,L

)
<
Ĥ

(C
1
,n
,L

)
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r
a
ll

sets
B

in
N
n
,k (A

)∩
R
n
,k (c)

c.
N

ote
th

at
b
y

L
em

m
a

12,

su
p

B
∈
N
n
,k
(A

)
Ĥ

(B
,L

)
<
H
∗ (B

,L
)

+
5|L|b

n
,k

(13)

fo
r

la
rg

e
en

o
u
g
h
n

,
w

ith
p
rob

ab
ility

at
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1−
2
β
n
(ε).

N
ex

t,
sin

ce
cb
n
,k →

0
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n
→
∞

,
b
y

L
em

m
a

7
th

ere
ex
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a
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stan

t
a
>

0
d
ep

en
d
in

g
ju

st
on

π
1

su
ch

th
at

for
large

en
ou

g
h
n

,
B
∈
R
n
,k (c)

c
im

p
lies

H
∗ (B

,L
)
<
H
∗ (C

1
,n

)−
a|L|φ

(L
)cb

n
,k .

A
p
p
ly

in
g

L
em

m
a

12
again

,
w

e

a
lso

h
ave

H
∗ (C

1
,n
,L

)
<
Ĥ

(C
1
,n

)+
5|L|b

n
,k

w
ith

p
rob

ab
ility

at
lea

st
1−

2
β
n
(ε).

F
u
rth

erm
ore,

φ
(L

)>
δ
2

b
y

L
em

m
a

6.
A

p
p
ly

in
g

th
ese

in
eq

u
alities

to
(13),

w
e

ob
tain

su
p

B
∈
N
n
,k
(A

)∩R
n
,k
(c)

c

Ĥ
(B
,L

)
<
Ĥ

(C
1
,n
,L

)−
a|L|δ

2cb
n
,k

+
10|L|b

n
,k

(14)

w
ith

p
ro

b
a
b
ility

at
least

1
−

4
β
n
(ε).

W
ith

c
large

en
ou

gh
,

(14)
im

p
lies

th
at

Ĥ
(B
,L

)
<

Ĥ
(C

1
,n
,L

)
fo

r
all

B
∈
N
n
,k (A

)∩
R
n
,k (c)

c.
T

h
is

p
roves

th
e

resu
lt

in
th

e
π
1
<
π
2

case.
If
π
1

=
π
2 ,

th
e

argu
m

en
t

is
alm

ost
id

en
tical.

W
e

in
stead

d
efi

n
e
R
n
,k (c)

as

R
n
,k (c)

:=
{
B
⊆

[n
]

:
m

ax{|s(B
)−

π
1 |,

ρ
(B

),
1−

ρ
(B

)}
6
c·
b
n
,k }
.

A
d
eriva

tio
n

an
alogou

s
to

th
at

giv
in

g
in

eq
u
ality

(12)
y
ield

s

n
−
1

m
ax{

d
h (B

,C
1
,n

),
d
h (B

,C
2
,n

)}
6

3
c·
b
n
,k ,

w
h
ich

d
irectly

im
p
lies

th
atR

n
,k (c)⊆

N
n
,k
+
1 (A

′)
w

ith
A
′
=

3c.
T

h
e

rem
ain

d
er

of
th

e
argu

-
m

en
t

fo
llow

s
u
n
altered

.

4
.1
.3

P
r
o
o
f
o
f
T
h
e
o
r
e
m

2

R
eca

ll
Q
` (B

)
from

D
efi

n
ition

2
an

d
let

Q̂
` (B

)
b

e
its

ran
d
om

v
ersion

u
n
d
er

th
e

M
S
B

M
,

a
s

in
S
ectio

n
3
.2.

F
or

an
y
B
⊆

[n
],

w
e

h
ave

th
e

in
eq

u
ality

{
Q̂
` (B

) }
+
6

Y
` (B

)

n (|B
|2 )
1
/
2
6

(|B
|2 )

n (|B
|2 )
1
/
2
6
|B
|n
.

(15)

T
h
is

y
ield

s
th

e
follow

in
g

in
eq

u
ality

for
Ĥ

(B
,L

):

Ĥ
(B
,L

)
=
|L| −

1 


∑`∈
[L

] Q
` (B

) 
+ 

26
|L| −

1 
∑`∈
[L

] Q
` (B

)
+ 

26
|L| −

1n
−
2|B
| 2.

(16)

R
eca

ll
th

a
tB

n
(ε)

:=
{
B
∈

2
[n
]

:|B
|>

εn}.
In

eq
u
ality

(16)
im

p
lies

Ĥ
(B
,L

)6
|L|ε

2
for

all

B
∈
B
n
(ε)

c.
B

y
p
art

2
of

L
em

m
a

6,
φ

(L
)>

δ
2.

T
h
erefore,

d
efi

n
in

g
τ

:=
π
212
(1−

π
1 )

4δ
2/

2,

|L|τ
<
|L|φ

(L
) π

212
(1−

π
1 )

4
=
H
∗ (B

,L
).
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W
il
so

n
,
P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

T
h
erefore,

for
all

B
∈
B
n
(ε)

c,
w

e
h
av

e
Ĥ

(B
,L

)
6
|L|ε

2
<
H
∗ (C

1
,n
,L

)−
|L|(τ

−
ε
2).

B
y

L
em

m
a

12,
for

large
en

ou
gh

n
w

e
th

erefore
h
ave

su
p

B
n
(ε)

c

Ĥ
(B
,L

)
<
Ĥ

(C
1
,n
,L

)−
|L|(τ−

ε
2)

+
5|L|γ

1−
ε

n
(17)

w
ith

p
rob

ab
ility

greater
th

an
1−

2
β
n
(ε),

w
h
ere

β
n
(ε)

:=
ex

p{−
κ
2
ε

3
2
n
γ
1−
ε

n
log

n
+

log
4|L|}.

F
or

an
y
ε
<
√
τ
,

in
eq

u
ality

(17)
im

p
lies

Ĥ
(B
,L

)
<
Ĥ

(C
1
,n
,L

)
for

all
B
∈
B
n
(ε),

an
d

th
erefore

B̂
o
p
t (n

)∈
B
n
(ε),

w
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p
rob

ab
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at
least

1−
2β

n
(ε).

N
ote

th
at
ε
<
√
τ
<
π
1 ,

an
d
N
n
,k (ε)

=
B
n
(ε)

b
y

D
efi

n
ition

11.
T

h
erefore,

th
e

con
d
ition

s
for

L
em

m
a

13
w

ith
k

=
1

(an
d
A

=
ε)

are
satisfi
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.

F
or

an
y

fi
x
ed
ε∈

(0,η
)

w
ith

η
:=
√
τ
,

w
e

m
ay

n
ow

ap
p
ly

L
em

m
a

13
recu

rsiv
ely

u
n
til

1
/
2
k
6
ε.

T
h
is

estab
lish

es
th

at
for

su
ffi

cien
tly

large
n

,

P
n (
B̂
o
p
t (n

)∈
N
n
,k (A

) )
>

1−
(2

+
4
k
)β
n
(ε).

(18)

B
y

d
efi

n
ition

,
B̂
o
p
t (n

)∈
N
n
,k (A

)
im

p
lies

th
at

E
r
r
o
r
(B̂

o
p
t (n

))
:=

m
in

C
=
C

1
,C

2

d
h (B̂

o
p
t (n

),C
)6

A
·
n
·
b
n
,k .

(19)

S
in

ce
1
/
2
k
6
ε,

n
ote

th
at

n
·b
n
,k

=
n
γ
1−

12
k

n
=
n
·
n

12
k −

1(log
n

)
1−

12
k
<
n
ε

log
n
.

C
om

b
in

ed
w

ith
in

eq
u
ality

(18),
th

is
com

p
letes

th
e

p
ro

of.
�

4
.2

P
ro

o
f

o
f

T
h

e
o
re

m
3

T
o

p
rove

p
art

(a),
w

e
fi
rst

n
ote

th
at

T
h
eorem

2
im

p
lies

th
at

on
th

e
layer

set
L
1 ,

for

an
y
ε
>

0,
E
r
r
o
r
(B̂

(n
)

o
p
t )

=
O
p (n

ε
lo

g
n

).
L

em
m

a
6

can
b

e
u
sed

to
sh

ow
th

at
H
∗ (B

,L
)

=
0

for
an

y
L
⊆
L
0

an
d

an
y
B
⊆

[n
].

U
sin

g
L

em
m

a
9

an
d

tak
in

g
a

u
n
ion

b
ou

n
d

over
L
0 ,

it
is

th
en

straigh
tforw

ard
to

sh
ow

(u
sin

g
tech

n
iq

u
es

from
th

e
p
ro

of
of

T
h
eorem

2)
th

at
on

th
e

fu
ll

layer
set

[m
],

for
an

y
ε
>

0,
E
r
r
o
r
(B̂

o
p
t )

=
O
p (n

ε
log

n
).

C
on

sid
erin

g
n
ow

L̂
(n

)
o
p
t ,

ob
serve

th
at

if
Q̂
` (B

)6
0,

th
en

Ĥ
(B
,L

)
=
Ĥ

(B
,L
\{`}

).
T

h
is

im
m

ed
iately

im
p
lies

th
at

L̂
(n

)
o
p
t

=
L̂
+

.
T

o
p
rove

p
art

(b
),

w
e

n
ote

th
at

it
is

straigh
tforw

ard
to

sh
ow

(u
sin

g
L

em
m

a
6)

th
at

H
∗ (B

,L
1 )>

H
∗ (B

,L
)

for
an

y
L
⊂

[m
],

w
ith

eq
u
ality

if
an

d
on

ly
if
L

=
L
1 .

U
sin

g
L

em
m

a

9
an

d
a

u
n
ion

b
ou

n
d

over
[m

]
w

ill
sh

ow
th

at
L̂
(n

)
o
p
t

=
L
1

w
ith

h
igh

p
rob

ab
ility.

A
p
p
ly

in
g

T
h
eorem

2
com

p
letes

th
e

p
art.

P
art

(c)
is

sh
ow

n
sim

ilarly,
w

ith
th

e
ap

p
lication

of
L

em
m

a
6

sh
ow

in
g

th
at

for
an

y
L
⊆
L
1

an
d
L
′⊆

[m
],
H
∗ (B

,L
)>

H
∗ (B

,L
′),

w
ith

eq
u
ality

if
an

d
on

ly
if
L
′⊆

L
1 .

�

5
.
T
h
e
M

u
ltila

y
e
r
E
x
tra

ctio
n
P
ro

ce
d
u
re

T
h
e

M
u
ltilayer

E
x
traction

p
ro

ced
u
re

is
b
u
ilt

arou
n
d

th
ree

op
eration

s:
in

itialization
,

ex
-

traction
,

an
d

refi
n
em

en
t.

In
th

e
in

itialization
stage,

a
fam

ily
of

seed
v
ertex

sets
is

sp
ecifi

ed
.
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p
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x
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c
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o
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p
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se
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x
tr
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c
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te
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u
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im
p
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at
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u
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rt
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er

im
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em

en
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to
th

e
sc

or
e

is
p

os
si

b
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.
T

h
e

fa
m

il
y

of
ex

tr
ac

te
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ve
rt

ex
-l

ay
er
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m
u
n
it

ie
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is
th

en
re
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u
ce

d
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si

n
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e

R
e
fi

n
e
m

e
n
t

p
ro

ce
d
u
re

,
w

h
ic

h
en

su
re

s
th

at
th

e
fi
n
al

co
ll
ec

ti
on

of
co

m
m

u
n
it

ie
s

co
n
ta

in
s

th
e

ex
tr

ac
te

d
co

m
m

u
n
it

y
w

it
h

la
rg

es
t

sc
or

e,
a
n
d

th
at

th
e

p
ai

rw
is

e
ov

er
la

p
b

et
w

ee
n

an
y

p
ai

r
of

co
m

m
u
n
it

ie
s

is
at

m
os

t
β

,
w

h
er

e
β
∈

[0
,1

]
is

a
u
se

r-
d
efi

n
ed

p
ar

am
et

er
.

T
h
e

im
p

or
ta

n
ce

an
d

re
le

va
n
ce

of
th

is
p
ar

am
et

er
is

d
is

cu
ss

ed
in

S
ec

ti
on

5.
3.

1.
W

e
d
es

cr
ib

e
th

e
M

u
lt

il
ay

er
E

x
tr

ac
ti

on
al

go
ri

th
m

in
m

or
e

d
et

ai
l

b
el

ow
.

5
.1

In
it

ia
li
z
a
ti

o
n

F
or

ea
ch

ve
rt

ex
u
∈

[n
]

an
d

la
ye

r
`
∈

[m
]

le
t
N

(u
,`

)
=
{v
∈

[n
]

:
{u
,v
}
∈
E
`}

b
e

th
e

se
t

of
v
er

ti
ce

s
co

n
n
ec

te
d

to
u

in
G
`.

W
e

w
il
l

re
fe

r
to
N

(u
,`

)
as

th
e

n
ei

g
h
b

or
h
o
o
d

o
f
u

in
la

ye
r
`.

L
et
B 0

=
{N

(u
,`

),
u
∈

[n
],
`
∈

[m
]}

b
e

th
e

fa
m

il
y

of
al

l
v
er

te
x

n
ei

gh
b

or
h
o
o
d
s

in
th

e
ob

se
rv

ed
m

u
lt

il
ay

er
n
et

w
or

k
G

(m
,n

).
M

u
lt

il
ay

er
E

x
tr

ac
ti

on
u
se

s
th

e
v
er

te
x

se
ts

in
B 0
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se

ed
se

ts
fo

r
id

en
ti

fy
in

g
co

m
m

u
n
it

ie
s.

O
u
r

ch
oi

ce
of

se
ed

se
ts

is
m

ot
iv

at
ed

b
y

G
le

ic
h

an
d

S
es

h
ad

h
ri

(2
01

2)
,

w
h
o

em
p
ir

ic
al

ly
ju

st
ifi

ed
th

e
u
se

of
ve

rt
ex

n
ei

gh
b

or
h
o
o
d
s
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go

o
d

se
ed

se
ts
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r
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l
d
et
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ti

on
m

et
h
o
d
s

se
ek

in
g
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m

m
u
n
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ie
s

w
it

h
lo

w
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n
d
u
ct
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ce

.
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x
tr

a
c
ti
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en
an
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se
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tr
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ay
er
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or
e.
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er
at
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m
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H
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c
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⊆
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p
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w
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u
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a
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ca
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∪
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∪
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b
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=

1
if

a
n
d

o
n
ly

if
(B

q
,L

q
)

=
(B

r
,L

r
)

an
d
J

(q
,r

)
=

0
if

an
d

on
ly

if
(B

q
,L

q
)

a
n
d

(B
r
,L

r
)

ar
e

d
is

jo
in

t.
L

a
rg

er
va

lu
es

of
J

(·,
·)

in
d
ic

at
e

m
or

e
ov

er
la

p
b

et
w

ee
n

co
m

m
u
n
it

ie
s.

In
th

e
fi
rs

t
st

ep
of

th
e

p
ro

ce
d
u
re

,
R

e
fi

n
e
m

e
n
t

id
en

ti
fi
es

an
d

re
ta

in
s

th
e

co
m

m
u
n
it

y
(B

s
,L

s
)

in
C T

w
it

h
th
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d
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u
n
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e
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u
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s

id
en

ti
fi
ed

b
y

M
-E

p
ro

v
id

e
an

ex
am

p
le

o
f

h
ow

ou
r

m
et

h
o
d

ca
n

b
e

u
se

d
to

p
ro

v
id

e
u
se

fu
l

in
si

gh
ts

b
ey

on
d

ag
gr

eg
at

e
an

d
la

ye
r

b
y

la
ye

r
m

et
h
o
d
s.

W
it

h
th

e
ex

ce
p
ti

on
of

In
fo

m
ap

,
al

l
of

th
e

m
et

h
o
d
s

id
en

ti
fy

a
si

m
il
ar

n
u
m

b
er

o
f

co
m

m
u
-

n
it

ie
s

(r
an

gi
n
g

fr
om

5
to

7)
.

In
fo

m
ap

,
on

th
e

ot
h
er

h
an

d
,

id
en

ti
fi
ed

20
sm

a
ll

co
m

m
u
n
it

ie
s

in
th

e
m

u
lt

il
ay

er
n
et

w
or

k
.

T
h
e

11
b
ac

k
gr

ou
n
d

ve
rt

ic
es

id
en

ti
fi
ed

b
y

M
-E

w
er

e
sp

a
rs

el
y

co
n
n
ec

te
d
,

h
av

in
g

tw
o

or
fe

w
er

co
n
n
ec

ti
on

s
in

3
of

th
e

la
ye

rs
.

A
s

se
en

b
y

th
e

co
ve

ra
g
e

m
ea

su
re

in
T

ab
le

2,
th

e
ve

rt
ex

se
ts

id
en

ti
fi
ed

b
y

M
-E

w
er

e
si

m
il
ar

to
th

os
e

id
en

ti
fi
ed

b
y

th
e

si
n
gl

e-
la

ye
r

m
et

h
o
d
s

as
w

el
l

as
b
y

In
fo

m
ap

.
F

u
rt

h
er

m
or

e,
th

e
co

m
m

u
n
it

ie
s

id
en

ti
fi
ed

b
y

th
e

ag
gr

eg
at

e
ap

p
ro

ac
h
es

ar
e

in
fa

ct
w

el
l

co
n
ta

in
ed

in
th

e
fa

m
il
y

id
en

ti
fi
ed

b
y

M
-E

(a
ve

ra
g
e

co
ve

ra
ge

=
0.

78
).

In
su

m
m

ar
y,

th
e

v
er

te
x

se
ts

id
en

ti
fi
ed

b
y

M
-E

re
fl
ec

t
b

ot
h

th
e

a
g
g
re

g
a
te

an
d

se
p
ar

at
e

la
ye

r
co

m
m

u
n
it

y
st

ru
ct

u
re

of
th

e
n
et

w
o
rk

,
an

d
th

e
la

ye
r

se
ts

re
ve

a
l

im
p

o
rt

a
n
t

fe
at

u
re

s
ab

ou
t

th
e

so
ci

al
re

la
ti

on
sh

ip
s

am
on

g
th

e
em

p
lo

ye
es

.

6
.2

E
u

ro
p

e
a
n

A
ir

T
ra

n
sp

o
rt

a
ti

o
n

N
e
tw

o
rk

M
u
lt

il
ay

er
n
et

w
or

k
s

h
av

e
b

ee
n

w
id

el
y

u
se

d
to

an
al

y
ze

tr
an

sp
or

ta
ti

on
n
et

w
o
rk

s
(S

tr
a
n
o

et
al

.,
20

15
;

C
ar

d
il
lo

et
al

.,
20

13
).

H
er

e,
ve

rt
ic

es
ge

n
er

al
ly

re
p
re

se
n
t

sp
at

ia
l

lo
ca

ti
o
n
s

(e
.g

.,
an

in
te

rs
ec

ti
on

of
tw

o
st

re
et

s,
a

ra
il
ro

ad
cr

os
si

n
g,

G
P

S
co

or
d
in

at
es

,
or

an
ai

rp
o
rt

)
a
n
d

la
ye

rs
re

p
re

se
n
t

tr
an

si
t

am
on

g
d
iff

er
en

t
m

o
d
es

of
tr

an
sp

or
ti

on
(e

.g
.,

a
ca

r,
a

su
b
w

ay
,

a
n

a
ir

li
n
e,

or
b
u
s)

.
T

h
e

ty
p
ic

al
ai

m
of

m
u
lt

il
ay

er
an

al
y
si

s
of

tr
an

sp
or

ta
ti

on
n
et

w
or

k
s

is
to

b
et

te
r

u
n
d
er

st
an

d
th

e
effi

ci
en

cy
of

tr
an

si
t

in
th

e
an

al
y
ze

d
lo

ca
ti

on
.

V
er

te
x
-l

ay
er

co
m

m
u
n
it

ie
s

in
tr

an
sp

or
ta

ti
on

n
et

w
or

k
s

co
n
ta

in
co

ll
ec

ti
on

s
of

ve
h
ic

le
s

(l
ay

er
s)

th
at

fr
eq

u
en

tl
y

tr
av

el
a
lo

n
g

th
e

sa
m

e
tr

an
si

t
ro

u
te

(v
er

ti
ce

s)
.

V
er

te
x
-l

ay
er

co
m

m
u
n
it

ie
s

re
ve

al
si

m
il
ar

it
y,

o
r

ev
en

re
d
u
n
-

d
an

cy
,

in
tr

an
sp

or
ta

ti
on

am
on

g
va

ri
ou

s
m

o
d
es

of
tr

an
sp

or
ta

ti
on

an
d

en
ab

le
o
p
ti

m
iz

a
ti

o
n

of
tr

av
el

effi
ci

en
cy

in
th

e
lo

ca
ti

on
.

In
th

e
p
re

se
n
t

ex
am

p
le

,
w

e
u
se

M
-E

to
an

al
y
ze

th
e

E
u
ro

p
ea

n
ai

r
tr

an
sp

or
ta

ti
o
n

n
et

w
o
rk

,
w

h
er

e
v
er

ti
ce

s
re

p
re

se
n
t

45
0

ai
rp

or
ts

in
E

u
ro

p
e

an
d

la
ye

rs
re

p
re

se
n
t

37
d
iff

er
en

t
a
ir

li
n
es

.
A

n
ed

ge
in

la
ye

r
j

is
p
re

se
n
t

b
et

w
ee

n
tw

o
ai

rp
or

ts
if

ai
rl

in
e
j

tr
av

el
ed

a
d
ir

ec
t

fl
ig

h
t

b
et

w
ee

n
th

e
tw

o
ai

rp
or

ts
on

J
u
n
e

1s
t,

20
11

.
N

ot
ab

ly
h
er

e,
ea

ch
ai

rl
in

e
b

el
on

gs
to

on
e

o
f

fi
v
e

cl
a
ss

es
:

m
a
jo

r
(1

8)
;

lo
w

-c
o
st

(1
0)

;
re

gi
o
n

a
l

(6
);

ca
rg

o
(2

);
an

d
o
th

er
(1

).
A

m
u
lt

ip
le

x
v
is

u
a
li
za

ti
o
n

of
th

is
n
et

w
or

k
is

sh
ow

n
in

F
ig

u
re

3.

R
e
su

lt
s

T
h
e

la
ye

r
se

ts
of

th
e

ex
tr

ac
te

d
M

-E
co

m
m

u
n
it

ie
s

ar
e

il
lu

st
ra

te
d

in
F

ig
u
re

2
b

,
a
n
d

a
su

m
m

ar
y

of
M

-E
an

d
th

e
co

m
p

et
in

g
m

et
h
o
d
s

is
av

ai
la

b
le

in
th

e
se

co
n
d

m
a
jo

r
co

lu
m

n
of

T
ab

le
2.

M
-E

id
en

ti
fi
ed

11
sm

al
l

co
m

m
u
n
it

ie
s

(m
ea

n
n
u
m

b
er

of
ve

rt
ic

es
=

1
3
.1

,
m

ea
n

n
u
m

b
er

of
la

ye
rs

=
3.

73
).

T
h
is

su
gg

es
ts

th
at

th
e

ai
rl

in
es

g
en

er
al

ly
fo

ll
ow

d
is

ti
n
ct

ro
u
te

s
co

n
ta

in
in

g
a

sm
al

l
n
u
m

b
er

of
u
n
iq

u
e

ai
rp

or
ts

.
F

u
rt

h
er

m
or

e,
F

ig
u
re

2
il
lu

st
ra

te
s

th
a
t

th
e

la
ye

rs
of

ea
ch

co
m

m
u
n
it

y
ar

e
cl

os
el

y
as

so
ci

at
ed

w
it

h
ai

rl
in

e
cl

as
se

s.
In

d
ee

d
,

a
n

av
er

a
g
e
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C
o
m
m
u
n
it
y
E
x
t
r
a
c
t
io
n
in

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

F
ig

u
re

3
:

A
o
n
e-d

im
en

sion
al

v
isu

alizatio
n

of
th

e
E

u
rop

ea
n

A
ir

T
ran

sp
o
rtation

N
etw

ork
.

E
d
ges

are
p
la

ced
b

etw
een

a
irlin

es
th

at
sh

a
re

at
least

tw
o

rou
tes

b
etw

een
airp

orts.

o
f

7
8

%
o
f

th
e

lay
ers

in
each

com
m

u
n
ity

b
elon

ged
to

th
e

sam
e

airlin
e

class.
T

h
is

refl
ects

th
e

fa
ct

th
a
t

a
irlin

es
of

th
e

sam
e

class
ten

d
to

h
ave

d
irect

fl
igh

ts
b

etw
een

sim
ilar

airp
orts.

T
o
g
eth

er
th

ese
tw

o
fi
n
d
in

gs
su

ggest
th

at
in

gen
eral

th
ere

is
little

red
u
n
d
an

cy
am

on
g

th
e

travel
o
f

a
irlin

es
in

E
u
rop

e
b
u
t

th
at

airlin
es

of
a

sim
ilar

class
ten

d
to

travel
th

e
sam

e
rou

tes.

In
terestin

g
ly,

th
e

regio
n

a
l

airlin
e

N
orw

eg
ian

A
ir

S
h
u
ttle

(N
A

X
)

an
d

th
e

m
a
jo

r
airlin

e
S
ca

n
d
a
n
av

ia
n

A
irlin

es
(S

A
S
)

ap
p

eared
togeth

er
in

4
u
n
iq

u
e

com
m

u
n
ities.

T
h
ese

a
irlin

es
a
re

in
fa

ct
th

e
top

tw
o

air
carriers

in
S
can

d
an

av
ia

an
d

fl
y

p
rim

arily
to

airp
orts

in
N

orw
ay,

S
w

ed
en

,
D

en
m

ark
,

an
d

F
in

lan
d
.

T
h
u
s,

M
-E

reveals
th

at
th

ese
tw

o
airlin

es
sh

are
m

an
y

of
th

e
sa

m
e

tran
sp

ortation
rou

tes
d
esp

ite
th

e
fact

th
at

th
ey

are
d
iff

eren
t

airlin
e

classes.

In
co

m
p
a
rison

to
th

e
com

p
etin

g
m

eth
o
d
s,

w
e

fi
n
d

th
at

b
oth

th
e

sin
gle-layer

m
eth

o
d
s

an
d

M
-E

id
en

tifi
ed

on
th

e
ord

er
of

400
b
ack

grou
n
d

v
ertices

(≈
89%

),
w

h
ich

su
g
gests

th
at

m
a
n
y

o
f

th
e

a
irp

o
rts

a
re

n
ot

freq
u
en

ted
b
y

m
u
ltip

le
airlin

es.
T

h
is

fi
n
d
in

g
align

s
w

ith
th

e
fact

th
at

m
an

y
a
irp

o
rts

in
E

u
rop

e
are

sm
all

an
d

d
o

n
ot

serv
ice

m
u
ltip

le
airlin

e
ca

rriers.
A

ggregate
d
etectio

n
a
p
p
roach

es,
as

w
ell

as
m

u
ltilayer

G
en

L
ou

vain
,

id
en

tifi
ed

a
sim

ila
r

n
u
m

b
er

of
co

m
m

u
n
ities

as
M

-E
.

In
fact,

th
e

resu
lts

of
M

-E
m

ost
closely

m
atch

ed
th

ose
of

G
en

L
ou

vain
(C

overa
g
e

=
0
.64).

W
e

fou
n
d

th
at

In
fom

ap
again

id
en

tifi
ed

th
e

m
ost

co
m

m
u
n
ities

(alm
ost

4
tim

es
a
s

m
a
n
y

as
an

y
oth

er
m

eth
o
d
)

a
n
d
,

like
th

e
aggreg

ate
ap

p
roach

es,
id

en
tifi

ed
few

b
a
ck

g
ro

u
n
d

v
ertices.

6
.3

a
rX

iv
N

e
tw

o
rk

O
u
r

fi
n
a
l

d
em

on
stration

of
M

-E
is

on
th

e
m

u
ltilay

er
collab

oration
arX

iv
n
etw

ork
from

D
e

D
o
m

en
ico

et
al.

(2014).
In

a
m

u
ltilayer

rep
resen

tation
of

a
collab

oration
n
etw

ork
,

ver-
tices

rep
resen

t
research

ers
or

oth
er

p
ossib

le
collab

orators,
an

d
layers

rep
resen

t
scien

tifi
c

fi
eld

s
o
r

su
b
-fi

eld
s

u
n
d
er

w
h
ich

research
ers

collab
orated

.
F

or
th

ese
ap

p
lication

s,
m

u
ltilayer

n
etw

o
rk

s
p
rov

id
e

in
form

ation
ab

ou
t

th
e

d
issem

in
ation

an
d

segm
en

tation
o
f

scien
tifi

c
re-

sea
rch

,
in

clu
d
in

g
th

e
p

ossib
le

ov
erlap

of
collab

orative
w

ork
u
n
d
er

d
iff

eren
t

scien
tifi

c
fi
eld

s.

23
JM

L
R

 18(149):1-49, 2017

W
il
so

n
,
P
a
l
o
w
it
c
h
,
B
h
a
m
id
i
a
n
d

N
o
b
e
l

V
ertex

-layer
com

m
u
n
ities

in
collab

orative
n
etw

ork
s

rep
resen

t
grou

p
s

of
in

d
iv

id
u
als

w
h
o

col-
lab

orated
w

ith
on

e
an

oth
er

across
a

su
b
set

o
f

scien
tifi

c
fi
eld

s.
S
u
ch

com
m

u
n
ities

d
escrib

e
h
ow

d
iff

erin
g

scien
tifi

c
fi
eld

s
overlap

,
w

h
ich

collab
orators

are
w

ork
in

g
in

a
sim

ilar
area,

as
w

ell
as

h
ow

to
d
issem

in
ate

research
across

fi
eld

s
an

d
h
ow

scien
tists

can
m

o
st

easily
take

p
art

in
in

terd
iscip

lin
ary

collab
oration

s.

T
h
e

arX
iv

n
etw

ork
th

at
w

e
an

aly
ze

rep
resen

ts
th

e
au

th
ors

of
all

arX
iv

su
b
m

ission
s

th
at

con
tain

ed
th

e
w

ord
“n

etw
ork

s”
in

its
title

or
ab

stract
b

etw
een

th
e

years
2010

an
d

2012.
T

h
e

n
etw

ork
h
as

14489
v
ertices

rep
resen

tin
g

au
th

ors,
an

d
13

lay
ers

rep
resen

tin
g

th
e

arX
iv

category
u
n
d
er

w
h
ich

th
e

su
b
m

ission
w

as
p
laced

.
A

n
ed

ge
is

p
laced

b
etw

een
tw

o
au

th
ors

in
layer

`
if

th
ey

co-au
th

ored
a

p
ap

er
p
laced

in
th

at
catego

ry.
T

h
e

n
etw

ork
is

sp
arse,

w
ith

each
layer

h
av

in
g

ed
ge

d
en

sity
less

th
an

1.5%
.

R
e
su

lt
s

M
-E

id
en

tifi
ed

272
m

u
ltilayer

com
m

u
n
ities,

w
ith

an
average

of
2.39

layers
p

er
com

m
u
-

n
ity.

T
h
e

com
m

u
n
ities

w
ere

sm
all

in
size,

su
ggestin

g
th

at
n
etw

ork
scien

ce
collab

oration
grou

p
s

are
relatively

tigh
tly

-k
n
it,

b
oth

in
n
u
m

b
er

of
au

th
ors

an
d

n
u
m

b
er

of
d
iff

erin
g

fi
eld

s.
In

F
igu

re
2

c
,

w
e

p
lot

an
ad

jacen
cy

m
atrix

for
layers

w
h
ose

(i,j)
en

try
is

1
if

an
d

on
ly

if
layers

i
an

d
j

w
ere

con
tain

ed
in

at
least

on
e

m
u
ltilayer

com
m

u
n
ity.

U
sin

g
th

e
ad

jacen
cy

m
a-

trix
,

th
e

layers
of

th
e

n
etw

ork
w

ere
p
artition

ed
in

to
com

m
u
n
ities

u
sin

g
S
p

ectral
clu

sterin
g.

T
h
is

fi
gu

re
id

en
tifi

es
th

e
ex

isten
ce

of
th

ree
active

in
terd

iscip
lin

ary
w

ork
in

g
grou

p
s

am
on

g
th

e
selected

resea
rch

ers.
T

h
ese

resu
lts

su
ggest

tw
o

im
p

ortan
t

in
sigh

ts.
F

irst,
n
etw

ork
re-

search
ers

can
id

en
tify

h
is

or
h
er

p
rim

ary
su

b
-fi

eld
co

m
m

u
n
ity

an
d

b
est

d
issem

in
ate

resea
rch

in
th

is
area

b
y

com
m

u
n
icatin

g
w

ith
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ős

-R
én

y
i
ra

n
d
om

gr
ap

h
s

w
it

h
p

=
0.

10
,

so
th

at
in

ea
ch

la
ye

r
ev

er
y

p
ai

r
of

v
er

ti
ce

s
is

co
n
n
ec

te
d

in
d
ep

en
d
en

tl
y

w
it

h
p
ro

b
a
b
il
it

y
0.

10
.

F
or

ea
ch
k
∈
{2
,5
}w

e
va

ry
th

e
p

er
si

st
en

ce
p
ar

am
et

er
τ

fr
om

0.
02

to
1

in
in

cr
em

en
ts

o
f

0
.0

2
,

an
d

fo
r

ea
ch

va
lu

e
of
τ
,

w
e

ru
n

M
-E

as
w

el
l

as
th

e
co

m
p

et
in

g
m

et
h
o
d
s

on
te

n
re

p
li
ca

ti
o
n
s.

T
h
e

av
er

ag
e

m
at

ch
of

ea
ch

m
et

h
o
d

is
re

p
o
rt

ed
in

F
ig

u
re

5.

2
6

JM
L

R
 1

8(
14

9)
:1

-4
9,

 2
01

7



C
o
m
m
u
n
it
y
E
x
t
r
a
c
t
io
n
in

M
u
lt

il
a
y
e
r
N
e
t
w
o
r
k
s

R
e
su

lt
s

F
ig

u
re

5
:

(C
o
lo

r)
S
im

u
lation

resu
lts

p
ersisten

ce
sim

u
lation

s.
In

ea
ch

p
lot,

w
e

rep
ort

th
e

m
atch

of
th

e
id

en
tifi

ed
co

m
m

u
n
ities

w
ith

th
e

tru
e

com
m

u
n
ities

w
h
ere

th
e

m
atch

is
calcu

lated
u
sin

g
th

e
m

atch
score

in
(2

3).

In
b

o
th

b
lo

ck
m

o
d
el

settin
gs

w
ith

k
=

2
an

d
5

com
m

u
n
ities,

M
-E

o
u
tp

erform
s

com
-

p
etin

g
a
g
greg

a
te

an
d

m
u
ltilayer

m
eth

o
d
s

for
sm

all
valu

es
of
τ
.

A
t

th
ese

valu
es,

aggregate
m

eth
o
d
s

p
erfo

rm
p

o
orly

sin
ce

th
e

com
m

u
n
ity

stru
ctu

re
in

th
e

layers
w

ith
sign

al
is

h
id

-
d
en

b
y

th
e

n
o
isy

E
rd
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p
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>
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u
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p
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∈
N
n
,k

(A
)

im
p
li
es

th
at

at
le

as
t

on
e

of
d
h
(B
,C

1
)
6
A
·n
·b
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u
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∈
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∞
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+
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−
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=
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=
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b
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·b
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/
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e
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e
ch

oi
ce

of
k

sa
ti

sf
y
in
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p

{ −
κ
2
ε

32
n
γ
1
−
ε

n
lo
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=
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w
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is

ob
se

rv
at

io
n

w
it

h
li
n
es

(3
5
)

a
n
d

(3
6)

p
ro

v
es

th
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e

ca
se
k
>

1.
If
k

=
1,

as
su

m
e
A

=
ε.

B
y

d
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n
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=
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b
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√
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u
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⊆

[n
]

m
ay

b
e

w
ritten

as
th

e
d
isjoin

t
u
n
ion

B
=
{
C
2 ∩
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B
h
a
m
id
i
a
n
d

N
o
b
e
l

W
e

b
ou

n
d

th
e

righ
t

h
an

d
sid

e
of

eq
u
ation

(47)
in

tw
o

cases:
(i)

u
′,v ′∈

B
,

an
d

(ii)
u
′
/∈

B
,v ′∈

B
.

In
case

(i),
Y

(B
)−

Y
j(B

)
=

1,
an

d

µ̃
(B

)−
µ̃
i(B

)
=

∑

u
,v∈

B
;u6=

v

d
(u

)d
(v

)−
d
j(u

)d
j(v

)

n
2κ

=
d
(u
′)d

(v ′)−
d
j(u
′)d

j(v ′)
n
2κ

=
d
(u
′)d

(v ′)−
(d

(u
′)−

1)(d
(v ′)−

1)

n
2κ

=
d
(u
′)

+
d
(v ′)−

1

n
2κ

,

w
h
ich

is
b

ou
n
d
ed

in
th

e
in

terval
(0
,1)

for
large

en
ou

gh
n

.
T

h
u
s

in
case

(i),
∆

(j)6
2 (|B

|2 )−
1
/
2

b
y

th
e

trian
gle

in
eq

u
ality,

for
large

en
ou

gh
n

.
In

case
(ii),

Y
(B

)−
Y
′(B

)
=

0,
an

d

µ̃
(B

)−
µ̃
j(B

)
=

∑

u
,v∈

B
;u6=

v

d
(u

)d
(v

)−
d
j(u

)d
j(v

)

n
2κ

=

∑

u∈
B
;u6=

v ′ d
(u

) (d
(v ′)−

d
j(v ′) )

n
2κ

=

∑

u∈
B
;u6=

v ′ d
(u

)

n
2κ

6
n|B
|

n
2κ
6
κ
−
1.

H
en

ce
d
u
e

to
eq

u
ation

(47),
w

e
h
av

e
for

su
ffi

cien
tly

large
n

th
at

∆
(j)6

n
−
1 (|B

|2

)
−
1
/
2·

m
ax{

2,κ
−
1}
6
n
−
1 (|B

|2

)
−
1
/
2·

2·
κ
−
1

(48)

for
all

j
∈
I

(B
),

a
s
κ
6

1.
S
in

ce
|I

(B
)|

=
(|B
|2 )

+
|B
||B

C|6
n|B
|,

M
cD

iarm
id

’s
b

ou
n
d
ed

-
d
iff

eren
ce

in
eq

u
ality

im
p
lies

th
at

for
su

ffi
cien

tly
large

n
,

P
(∣∣∣ Q̃

(B
)−

E
(
Q̃

(B
) ) ∣∣∣

>
tn )

=
2

ex
p (

−
t 2

n|B
|∆

(j) )
6

2
ex

p (
−
κ
2
n
2 (|B

|2 )t 2
4n

3|B
|

)

6
2

ex
p (−

κ
2
(|B
|−

1)t 2

8
n

)
6

2
ex

p (−
κ
2
α
t 2

16

)

for
an

y
t
>

0.
R

ep
lacin

g
t

b
y
t/n

gives

P
(∣∣∣ Q̃

(B
)−

E
(
Q̃

(B
) ) ∣∣∣

>
tn
2 )
6

2
ex

p (−
κ
2
α
t 2

16n
2 )

.
(49)

S
tep

3
.

T
u
rn

in
g

ou
r

atten
tion

to
E

(Q̃
(B

)),
recall

th
at
n (|B

|2 )
1
/
2Q̃

(B
)

=
Y

(B
)−

µ̃
(B

)
an

d

th
at

µ̃
(B

)
:=
∑

u
,v∈

B
;u
<
v
d̂
(u

)d̂
(v

)/
(n

2κ
).

A
s

in
p
rev

iou
s

lem
m

as,
w

e
w

ill
sh

orth
an

d
th

e
q
u
an

tities
s(B

),ρ
(B

),
an

d
v
(B

),
b
y
s,ρ

,
an

d
v

(resp
ectively

).
N

ote
th

at

E


2·

∑

u
,v∈

B
;u
<
v

d̂
(u

)d̂
(v

) 
=

E



(
∑u∈
B

d̂
(u

) )
2−

∑u∈
B

d̂
2(u

) 

=
V

ar (
∑u∈
B

d̂
(u

) )
+

E

(
∑u∈
B

d̂
(u

) )
2−

∑u∈
B

E
(
d̂
2(u

) )
.

(50)
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s
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ar
( ∑
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))
6
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.

F
u
rt

h
er

m
or

e,
fo

r
u
∈
C
i

w
e

h
av

e

E
( d̂

2
(u

))
=

V
ar
( d̂

(u
))

+
E
( d̂

(u
)) 2

=
n
π
T
V

(·,
i)
−
V

(i
,i

)
+
n
2
( π

T
P

(·,
i)
−
P

(i
,i

))
2
,

an
d

th
er

ef
or

e
∑

u
∈B

E
( d̂

2
(u

))
6

2
sn

3
.

F
in

al
ly

,
P

ar
t

2
of

L
em

m
a

17
gi

ve
s

∣ ∣ ∣E
( ∑

u
∈B

d̂
(u

))
−
|B
|n
v
T
P
π
∣ ∣ ∣
6
|B
|.

B
y

ex
p
an

si
on

,
th

is
im

p
li
es

th
er

e
ex

is
ts

a
co

n
st

an
t

a
w

it
h
|a
|
<

3
su

ch
th

at
fo

r
la

rg
e

en
ou

gh
n

,
E
( ∑

u
∈B

d̂
(u

)) 2
=
s2
n
4
(v
t P
π

)2
+
a
s2
n
3
.

T
h
er

ef
or

e
ov

er
al

l,
li
n
e

(5
0)

im
p
li
es

th
er

e
ex

is
ts

a
co

n
st

an
t
b

w
it

h
|b|

<
6

su
ch

th
at

fo
r

la
rg

e
en

ou
gh

n
,
E
( 2
·∑

u
,v
∈B

;u
<
v
d̂
(u

)d̂
(v

))
=
s2
n
4
(v
T
P
π

)2
+
bs
n
3
.

T
h
er

ef
or

e,
u
si

n
g

th
e

d
efi

n
it

io
n

of
µ̃

(B
),

E
(µ̃

(B
))

=
s2
n
4
(v
t P
π

)2
+
b(
sn

)−
1

2n
2
κ

=

( s
n 2

)
( 1

+
1

sn
−

1

)
(

(v
t P
π

)2

κ
+

b

κ
sn

)

=

( s
n 2

)
(

(v
t P
π

)2

κ
+

b

κ
sn

+
(v
t P
π

)2

κ
(s
n
−

1)
+

b

κ
sn

(s
n
−

1)

)

=

( s
n 2

)
(

(v
t P
π

)2

κ
+

1

κ
sn

( b
+
sn

(v
t P
π

)2
+
b

sn
−

1

))

=

( s
n 2

)
(

(v
t P
π

)2

κ
+

c 1 κ
sn

)
(5

1)

fo
r

a
co

n
st

an
t
c 1

w
it

h
|c 1
|<

8,
fo

r
la

rg
e

en
ou

gh
n

.
N

ow
,

p
ar

t
1

of
L

em
m

a
17

gi
ve

s
th

at
∣ ∣ ∣E

(Y
(B

))
−
( |B
|

2

) v
t P
v
∣ ∣ ∣6

3
|B
|/

2
fo

r
la

rg
e

en
ou

g
h
n

.
T

h
u
s

th
er

e
ex

is
ts

a
co

n
st

an
t
c 2

w
it

h

|c 2
|<

3
su

ch
th

at
fo

r
la

rg
e

en
ou

gh
n

,
E(
Y

(B
))

=
( |B
|

2

)(
v
t P
v

+
c 2 sn

) .
T

h
u
s

n
E
( Q̃

(B
))

=

( |
B
|

2

) −
1
/
2

(E
(Y

(B
))
−

E(
µ̃

(B
))

)
=
sn √

2

( v
t P
v
−

(v
t P
π

)2

κ
+

1 sn
(c

1
/
κ

+
c 2

))

∗(
√

1
−

1 sn

)
=
sn √

2

( v
t P
v
−

(v
t P
π

)2

κ

)
+
c 1
/κ

+
c 2

√
2

(
√

1
−

1 sn

)
.

T
h
u
s

th
er

e
ex

is
ts

a
co

n
st

an
t
c

w
it

h
|c|
6
|c 1
|/
κ

+
|c 2
|<

8/
κ

+
3

su
ch

th
at

fo
r

la
rg

e
en

ou
gh

n
,
E(
Q̃

(B
))

=
q(
B

)
+
c/
n

.
T

h
is

co
m

p
le

te
s

S
te

p
3.

C
o
m

p
le

ti
o
n

o
f

th
e

p
ro

o
f:

W
e

n
ow

re
ca

ll
th

e
re

su
lt

s
of

th
e

th
re

e
st

ep
s:

(i
)

F
or

la
rg

e
en

ou
gh

n
,

w
e

h
av

e
P
(∣ ∣ ∣
Q̂

(B
)
−
Q̃

(B
)∣ ∣ ∣>

t
2
n
2

+
2 κ
n

)
6

2
ex

p

( −
κ
2
t2

n
2

)
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))∣ ∣ ∣
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2
ex
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α
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)

T
h
er

e
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w
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h
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<
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+
3
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r
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,
E
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)
+
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n

N
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in
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6
<

1,
w

e
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p
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a
u
n
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n
b
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n
d
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e
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lt

s
of
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ep

s
(i

)
an

d
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:

P
( ∣ ∣ ∣
Q̂

(B
)
−

E
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))∣ ∣ ∣

>
t n
2

+
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n

)
6

4
ex

p

( −
κ
2
α
t2

16
n
2

)
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2
)

A
p
p
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g
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e
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eq

u
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y
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−
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h
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)
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p
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m
p
e
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g
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d
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6
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w

e
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m
p
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d
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n
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e

p
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fo
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u
lt

il
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er
E

x
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a
ct

io
n

w
it

h
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e
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ll
ow

in
g

m
et

h
o
d
s:

S
pe

ct
ra

l
cl

u
st

er
in

g
(N

ew
m

a
n

,
2
0
0
6
a
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an
it
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e
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go
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m
b
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o
n
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e
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ec
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p
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e
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.
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e
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d
u
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ri
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m
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x
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e
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se
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n
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w
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k
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u
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te
d

an
d
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s
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g
en
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o
r
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.
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h
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o

d
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g

to
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s
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n
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.
N

ex
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e

m
o
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m
at
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u
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r
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p
h
s
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p
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d
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p
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v
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u
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.

If
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e
m

o
d
u
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e
p
ar
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se
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e
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m
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u
n
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ie
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ar
e
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a
g
a
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d
iv

id
ed

in
to

tw
o

d
is
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t
co

m
m

u
n
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an
d
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e

p
ro
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d
u
re

is
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d
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n
u
n
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l
th

e
m

o
d
u
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n
o
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n
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r
in

cr
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se
s.

F
or

th
e

d
es

ir
ed

ig
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p
h

ob
je

ct
g
r
a
p
h
,

th
e

ca
ll
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r
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in
R

w
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:

c
l
u
s
t
e
r
_
l
e
a
d
i
n
g
_
e
i
g
e
n
(
g
r
a
p
h
,
s
t
e
p
s
=
-
1
,
w
e
i
g
h
t
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=
N
U
L
L
,
s
t
a
r
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N
U
L
L
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o
p
t
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o
n
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p
a
c
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u
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a
l
l
b
a
c
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N
U
L
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x
t
r
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U
L
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n
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=
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e
n
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f
r
a
m
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L
a
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l
P
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o
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a
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a
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n
et

a
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,
2
0
0
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b
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o
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p
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p
a
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A
t

th
e
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l
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b
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b
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b
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p
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i
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L
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=
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L
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p
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w
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=
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óm

ez
-G

ar
d
eñ
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